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Foreword

It is with deep satisfaction that I write this foreword to the Proceedings of the Sixth
National Symposium on Rotor Dynamics (NSRD-2019) held during 2–3 July, 2019
at CSIR-National Aerospace Laboratories, Bengaluru, India. Rotor dynamics is a
key and challenging aspect of engineering applications involving machineries with
rotating parts. The prominent researchers in the field of rotor dynamics and related
areas from India regularly organize this symposium, biennially. It was a great
pleasure to host the Sixth National Symposium fully dedicated on this subject, at
CSIR-NAL, Bengaluru.

I feel proud to state that there has been overwhelming response from students,
research scholars, academicians, scientists and Industry from all over the country in
the form of research papers to this conference. The invited lectures given by
eminent persons with decades of rich experience provided valuable insights on the

xi



subject for all the participants of this symposium. The proceedings of this
symposium published by Springer will serve as an excellent reference book for the
researchers and students.

September 2019 Jitendra J. Jadhav
Director

CSIR-National Aerospace Laboratories
Bengaluru, Karnataka, India

xii Foreword



Preface

Rotor Dynamics is the key element in design and maintenance of all rotating
machinery, which forms the backbone of infrastructure in our country. It is
important that we discuss this subject at national level to bring the desired
awareness on the advances in this field to the Government and industry by the rotor
dynamics community of the country. In view of this, the first National Symposium
on Rotor Dynamics (NSRD-2003) was held at Indian Institute of Technology,
Guwahati in December 2003. Subsequently, four more symposiums were organized
at IIT, Madras (December 2011), Dr. Ambedkar Institute of Technology, Bengaluru
(January 2014), NIT, Rourkela (December 2015) and IIT, Patna (December 2017).
The sixth symposium is being organized at CSIR-National Aerospace Laboratories,
Bengaluru on 2nd and 3rd July 2019 the Centenary Year of Jeffcott Rotor Model
(1919).

The theme of the symposium is Rotor Dynamics and application of related
techniques to solve industrial problems. Major topics included are:

• Analytical, computational and experimental methods
• Nonlinear and parametric effects on rotor
• Misalignment, rotor-bow, crack, rub-impact analyses
• Bearings, dampers and seals
• Vibration control using active and semi active methods
• Condition monitoring, diagnostics and prognostics of rotors
• Bladed disc systems
• Micro rotors and developments
• Any other relevant issues related to rotor dynamics
• Rotor dynamics of turbomachinery and IC engines

This symposium focuses on latest trends in rotor dynamics and various chal-
lenges encountered in the design of rotating machineries through several invited
talks by experts and peers in the field of rotor dynamics from across the globe. The
symposium also offers a good platform to researchers from academia and industry
to present their work through contributed papers. The technical programme consists
of plenary session, invited lectures and contributed paper presentations. The
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symposium starts with a keynote speech followed by a plenary talk. There will be 8
invited talks from academia and R&D institutions, 10 sessions for paper presen-
tation and four technical presentations from sponsors.

We would like to acknowledge the financial support provided by Government
agencies (DST, DAE-BRNS) and industries (PROSIG, COMSOL, ANSYS,
NUMECA, DYNASPEDE, AIMIL, Cubic Transmission, CTTC). We wish to thank
all the authors, reviewers, sponsors, invited speakers, members of the Scientific
Advisory Board and the Local Organizing Committee. We are grateful to
Mr. Jitendra J. Jadhav, Director CSIR-NAL and Prof. J. S. Rao, President,
Vibration Institute of India for their encouragement and support at various stages.
We sincerely thank Mr. Sadanand S. Kulkarni, Mr. Brijeshkumar J. Shah,
Mr. Senthil Kumaran R., Mr. L. P. Manikandan, Mr. Satish Kumar S. and
Mr. Sandip N. for their help in bringing out this Souvenir in time.

Bengaluru, India J. S. Rao
V. Arun Kumar
Soumendu Jana
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Stability Improvement for Upgraded
Four-Stage Centrifugal Compressor
Rotor-Bearing System

Vignesh Selvam, Roman Kochurov, Evgen Kashtanov, Leonid Moroz,
and Abdul Nassar

Abstract As the plant capacity is increased, the equipment in the plant also needs
to be upgraded. Replacing with a new machine is not always the right economical
decision when alternative options for upgrading and retrofitting the exiting machine
exist. Upgrading the machine not only increases the performance thus reducing the
power consumption, but it also increases the system reliability, reducing the down-
time and thus helping the plant operate more efficiently. The compressor used for this
work was in operation, and due to prolonged operation, the impellers had degraded
primarily due to fouling caused by process contaminants. Thismulti-stage centrifugal
compressor was subsequently upgraded to increase the inlet volume flow rate by
20% with the objective of retaining the same casing and rotor shaft. The redesigned
compressor stages has better performance with reduced power consumption. The
redesigned four-stage centrifugal compressor operating at design speed of ~8856 rpm
may be prone to instabilities caused by aerodynamic cross-coupling and hydro-
dynamic bearing modification. The authors in the present study are exploring any
instabilities in the rotor-bearing system that may be caused due to the upgrade of the
compressor for higher volume flow rate. To meet the new operational requirements,
the bearings were redesigned. The stability analysis was performed considering the
destabilizing effects of the aerodynamic excitations, based on which modifications
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were performed on the design to stabilize the multi-stage centrifugal compressor and
to conform to satisfy the API Level I stability criteria. The modifications performed
on the rotor/bearing system resulted in reduced vibration amplitudes for the required
level of rotor unbalance conditions. Thesemodifications also significantly eliminated
the instability that was initially observed, and the redesigned compressor not only
met the requirements for the change in operating conditions but also fully complied
with API 617 standards.

Keywords Destabilizing forces · Rotor-bearing stability · Bearing sensitivity
study · API · Retrofit

List of the Most Important Symbols

API American Petroleum Institute
ISO International Organization of Standardization
FEM Finite element method
FDM Finite difference method
CS Critical speed
FB Front bearing
RB Rear bearing
AF Amplification factor
MOFT Minimum oil film thickness
L Axial length
D Journal diameter
L/D Length-to-diametric ratio
no Operating speed
x amp x-direction amplitude
y amp y-direction amplitude
m Preload (1 − Cb/Cp)
γ Offset
αLE Orientation angle
dϕ1 Axial groove
P Load
Hmin Minimum oil film thickness
Nfr Power loss
Fr Friction factor
�T Temperature rise
Cb Bearing clearance
Cp Pad clearance
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1 Introduction

With increase in plant capacity, there is a need to upgrade different equipment’s
used in the process. Centrifugal compressors are one of such components which can
be upgraded by redesigning the flow path while retaining most of the major parts
like casing and rotor therefore keeping costs relatively low. When the compressor
system is retrofit/upgraded for increasing the volume flow rate or pressure, there
arises additional challenges in terms of meeting the reliability of the system as per
the API standards. In the present work, a four-stage centrifugal compressor was
retrofitted by redesigning the impellers for an increased volume flow rate [1]. The
aerodynamic efficiency of the compressor has been improved and is reported in [1].
In addition to improving the specific power consumption of the compressor, the
mechanical losses also need to be reduced. As the compressor was redesigned to
meet the requirement of increased inlet volume flow rate, the power consumption
also increased, thus necessitating to perform studies on the rotor-bearing system.
The rotordynamics studies were performed using AxSTREAM RotorDynamics™
at first for the existing bearing. As the rotor was found to be unstable with the
existing bearings, it was decided that the bearings had to be redesigned. A sensitivity
study is required not only to reduce the mechanical losses in the bearings, but also
to make ensure that the designed system meets the API standards. To obtain an
optimized bearing, some of the parameters that are considered are power loss due
to bearing, bearing stability, and unbalance responses [2–6]. Recent studies with
bearing optimization are performed using sensitivity analysis based on DOEmethod
[2, 3]. Since the retrofitted multi-stage centrifugal compressor rotor is to be used,
there is little scope for modifications in the rotor and all studies are focused mainly
on the bearing design [1]. To reduce frictional losses and power losses, the minimum
film thickness needs to be increased [6] without increasing the oil film temperature
and the separation margin of the critical speed should also be satisfied per the API
standards. The present study first focuses on the existing elliptical bearing that was
optimized to avoid high temperatures at the bearings and instability in the rotor-
bearing system. Since the requirements were not satisfied even with the optimized
elliptical bearings, tilting pad bearings were considered as the next alternative and
optimized. To study the influence of different parameters on bearing stability, a
sensitivity study was performed based on a set of variables. The sensitivity analysis
was performed manually without considering an optimization algorithm.

2 Rotordynamics Analysis of Baseline Rotor-Bearing
System

The rotor geometry in Fig. 1 was modeled (in AxSTREAM RotorDynamics™) as
beam elements with 47 nodes and impellers as lumped mass-inertia elements (four
degrees of freedom; twodisplacements and rotations in the lateral plane). The existing
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Impeller 1 Impeller 2 Impeller 3 Impeller 4

Rear Bearing
Mid-span Aero Cross Coupling

Front Bearing

Fig. 1 Rotordynamics FE model

elliptical bearing was independently analyzed using AxSTREAM Bearing™ which
is based on FDM and uses Elrod and Adams model [2, 3] with a successive over-
relaxation (SOR) algorithm. The front and rear bearing journals have diameters of
149mm and 126mm, respectively, with preload of 0.34, length of 80mm and 68mm,
respectively, and vertical clearance of 0.11175 mm and 0.0945 mm, respectively.
The bearing gravitation loads are 4107 N and 4067 N for the front and rear bearings,
respectively. The lubricant used is ISO 32 with temperature-dependent properties.
These bearings were designed to operate up to 15 °C temperature rise. The inlet oil
temperature is 50 °C, and the design bulk oil discharge temperature is 65 °C. Since
the strength of the Babbitt material reduces at elevated temperatures, the maximum
temperature should not exceed 85 °C. The results of the hydrodynamic and mechan-
ical characteristics for the rated speed and other rotational speeds as applicable were
also calculated and are presented in Table 3.

2.1 Synchronous Unbalance Response Analysis of Baseline
Design

From the rotordynamics analysis, itwas observed that thefirst three undamped critical
speeds of the machine supported by flexible bearings are within the operating speed
range. The accurate prediction of unbalance response for the rotor-bearing system
is difficult as the unbalance mass (distribution) along the rotor is usually unknown
[7]. In order to excite a mode shape, a certain set of unbalance masses was attached
to the rotor and the unbalance response was calculated in the operating regime. In
this study, at 0.5586 kg mm of unbalance, the first bending mode on bearing stiffness
x-axis direction was excited as calculated according to API 617/684 requirements [8]
and applied at station 13 (see Fig. 2: Case 1). The second bending mode on bearing
stiffness x-axis direction was excited and applied at station 24 as shown in (see Fig. 2:
Case 2). Similarly, the first conical mode on bearing stiffness x-axis direction was
excited by two equal unbalance masses that were applied at stations 1 and 47 as
shifted 180° out of phase (see Fig. 2: Case 3). The conical mode is caused in the
system due to lower bearing stiffness present in the y-axis direction.
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Fig. 2 Unbalances to excite mode shape cases

The damped unbalance responses were evaluated for speeds starting from 0 to
13,367 rpm in steps of 300 rpm using corresponding speed-dependent bearing coef-
ficients. The rated speed was 8856 rpm. For the maximum amplitudes of the major
elliptical whirling orbits, upper limit constraints were mentioned and the unbalance
was calculated for the first case at the front and rear bearing locations (1.26 μm and
1.39μm, respectively) and shaft mid-span location (1.14μm). For the second unbal-
ance case, the response amplitude at the front and rear bearing locations (1.72 and
2.06 μm) and shaft mid-span location (2.52 μm) was calculated. Similarly, the third
unbalance case response amplitude at the front and rear bearing locations (4.66 μm
and 4.25 μm, respectively) and shaft mid-span locations (0.48 μm) was calcu-
lated. Baseline unbalance results are presented in Fig. 3b, and their corresponding
undamped critical speed mode shapes (eigenvectors) are shown in Fig. 3a.

Fig. 3 aUndamped critical speedmode shapes and b frequency response amplitude (peak-to-peak,
μm) for initial existing rotor-bearing system
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2.2 Stability Analysis of Baseline Design

A necessary condition for the rotor-bearing system is to be stable within the oper-
ational speed range which is mentioned in the last paragraph. Indeed, an unstable
systemwould generate high level of vibrationswhichmay severely damage the equip-
ment. If sufficient damping is available to counter the destabilizing forces generated
by seals and aerodynamic cross-coupling, the rotor may become stable even though
there exist some instabilities in the rotor-bearing system. The cumulative summation
of cross-couplings values on each stage is calculated and added at the rotor mid-span
for between bearing rotors like the current one [8]. However, if damping is insuf-
ficient, the instability in a rotor will cause the rotor-bearing system to be unstable
[9]. The stability of the rotor-bearing system is checked by using the “logarithmic
decrement” (defined as the natural log of the ratio of two successive vibration ampli-
tudes) stability criterion of API 684 [8]. As a design criterion, it is desirable to have
a log decrement greater than or equal to +0.1 [8] for a stable behavior to exist. The
stability results are listed in Table 4 for the first four forward and backward whirl
modes. The results show that the second mode is at 61.34 Hz with a log decrement of
−0.43 resulting in an unstable rotor. This requires some modification in the existing
design which is described in the following section. The first, third and fourth modes
are very stable thus satisfying the API requirements.

The mode shapes (eigenvectors) for the second mode are illustrated in Fig. 4.

3 Bearing Sensitivity Study

To overcome the vibration and reliability challenges, the rotor-bearing system needs
to be modified such that the system becomes stable. Additionally, it is also desired to
reduce the power losses so that the overall system efficiency can be improved. It was
decided to perform a sensitivity study by varying selected geometrical parameters of
the bearing without any changes to the rotor [2, 3]. The main design variables used
for the sensitivity analysis are L/D ratio (bearing axial length to journal diameter),
pad offset factor, pad preload factor, orientation angle, angular groove extent and
bearing radial clearance. The pad axial length to journal diameter ratio has an effect

Fig. 4 3D mode shapes for initial existing rotor-bearing system design, second damped natural
frequencies at 8856 rpm
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Fig. 5 Bearing schemes: a elliptical and b tilting pad bearings

on fluid-induced instability as well as on load capacity. When the ratio is increased,
the load carrying capacity increases [10, 11]. With increasing bearing pad offset
factor, the pad pivot position moves from the center of the pad toward the trailing
edge. It is a common practice in the industry to provide journal padswith preload. The
relationship between the two clearances Cb and Cp, namely bearing radial clearance
and bearing pad clearance, is defined as preload. Cp is the difference of the radius of
curvature of the pad, rp, and journal radius, rs. The preload factor can be expressed
as [12].

m = (
(1− Cb)/Cp

)

where Cp and Cb can be computed as:

Cp = rp−rs; Cb = rb−rs

The sensitivity analysis was performed using the following objective functions—
minimum film thickness, maximum oil film temperature rise, power loss, friction
factor, etc. Two different bearings were used in the present study: one elliptical
bearing and the other a tilting pad bearing as shown in Fig. 5. The variables for
sensitivity analysis are listed in Tables 1 and 2.

3.1 Results of Bearing Design Sensitivity Study

The sensitivity analysis ranges for the selected design variables and the corresponding
operating characteristics are shown in Tables 1 and 2 for each bearing type. The
value of m is taken as ranging from 0.25 to 0.6 [5]. The load and bearing tempera-
ture increases as the ellipticity ratio increases. However, it is observed here that the
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Table 1 Ranges for the design variables of the elliptical bearings

Parameters Lower limit Upper limit Lower limit Upper limit

Bearing length, mm L 74.5 96.85 63 81.9

Length to diameter ratio L/D 0.5 0.65 0.5 0.65

Bearing clearance, mm Cb 0.11175 0.2682 0.0945 0.2268

Preload m 0.34 0.56 0.34 0.56

Offset γ 0.5 0.5 0.5 0.5

Orientation, ° αLE 9 25 9 25

Axial groove, ° dϕ1 45 50 45 50

Table 2 Ranges for the design variables of the tilting pad bearings

Parameters Front bearing Rear bearing

Lower limit Upper limit Lower limit Upper limit

Bearing length, mm L 80 149 68 126

Length to diameter ratio L/D 0.54 1 0.54 1

Bearing clearance, mm Cb 0.0745 0.149 0.063 0.126

Preload m 0.2857 0.375 0.2857 0.375

Offset γ 0.55 0.65 0.55 0.65

maximum averaged oil film temperature is 58.54 °C which is lower than the accept-
able limit of 650 °C. The effects of the two clearances in the elliptical bearing on its
steady-state characteristics are shown in Fig. 6a–c. Figure 6 shows the results for a
149 mm diameter front bearing. The main controlling influence on the power loss is
the bearing. When the clearance increases, it leads to a reduction in the power loss as
shown in Fig. 6a. An increase in bearing clearance also tends to decrease maximum
temperature, Fig. 6c. Minimum film thickness increases with increasing clearance
(see Fig. 6b), the effect being a function of the actual values of journal load and

Fig. 6 Results of a power loss [kW], b minimum oil film thickness [μm], c temperature rise [°C]
versus bearing clearances for redesigned elliptical front bearing
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operating speed. Therefore, an increase in the bearing clearance will also produce an
increase in the maximum MOFT. This is due to the formation of a large supporting
oil wedge which is mandatory for stable hydrodynamic lubrication [4]. Similarly,
with minimum clearance, there is more friction which results in more power loss.
Whereas the maximum clearance has better results of reduction in power loss, but it
can cause instability if the clearances are too large.

The effects of the tilting pad bearing on its steady-state characteristics are shown
in Fig. 7a–c. Results show when the clearance increases, it leads to a reduction in
the power loss. Decreasing the L/D ratios also leads to a reduction in the power
loss (Fig. 7a). An increase in bearing clearance tends to decrease the maximum
temperature, and there is a minimum influence for different L/D ratios as shown in
Fig. 7c.Minimumfilm thickness increaseswith increasing clearance (see Fig. 7b), the
effects being a function of the actual values of journal load and operating speed. The
redesigned elliptical front and rear bearings have diameters of 149 mm and 126 mm,
with a preload of 0.56 and 0.34, length of 74.5 mm and 63 mm, respectively, and
clearance of 0.19 mm and 0.2268 mm, respectively. The newly designed tilting pad
front and rear bearings have diameters of 149 mm and 126 mm, with a preload of
0.375, length of 111.75 mm and 95 mm, respectively, and clearance of 0.149 mm
and 0.126 mm, respectively.

The redesign of elliptical bearing increases the front and rear bearing minimum
oil film thickness (MOFT) by 45% and 34%, respectively. Power losses are reduced
by 70% for both bearings. In addition, temperature rises are also reduced by 84%
compared to the original elliptical bearings which is quite significant. The newly
designed tilting pad bearing decreases the front bearingMOFT by 18% and increases
the rear bearing MOFT by 5%. Despite decreasing the corresponding minimum oil
film thickness value also, there are enough load carrying capacity present in the
present retrofitted system. Power losses are reduced by 24 and 28% at the front and
rear bearings, respectively. In addition, temperature rises are significantly reduced:
about 85% compared to the original elliptical bearings. The undamped critical speeds

Fig. 7 Results of a power loss [kW], b minimum oil film thickness [μm], c temperature rise [°C]
versus bearing clearances for tilting pad front bearing
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Table 3 Bearing sensitivity analysis results

Parameters Initial existing
design

Redesigned elliptical
design

Tilting pad bearing

Lower
limit

Upper
limit

Lower
limit

Upper
limit

Lower
limit

Upper
limit

MOFT Hmin
(μm)

90.76 72.24 131.79 96.92 74.30 75.72

Power loss Nfr (kW) 32.26 19.37 10.08 5.45 24.68 13.92

Friction loss Fr, – 0.113 0.081 0.035 0.023 0.086 0.058

Temp rise �T, °C 27.93 28.82 4.84 4.16 4.56 4.01

1st UCS,
X-axis

rpm 2069 1769 4154

2nd UCS,
X-axis

rpm 4167 3580 10,468

3rd UCS,
Y-axis

rpm 4306 3651 –

in the operating range are improved with these bearings. Some of the undamped crit-
ical speeds exist in the original and redesigned bearings, due to their axisymmetric
stiffness and damping characteristics. For the redesigned elliptical bearing case, the
first undamped critical speed decreases from 2069 to 1769 rpm, and the second
undamped critical speed decreases from 4167.6 to 3580.4 rpm. These are suppressed
by the new tilting pad design where the first mode frequency changes from 1769 to
4154.6 rpm. The second and third mode frequencies move away from the 8856 rpm
operating speed range (−15 to+5% of rated speed). Bearing performance character-
istics such as the maximum averaged oil film temperature across the film thickness
Tmax, minimum oil film thickness Hmin, power loss Nfr, friction coefficient Fr and
undamped critical speeds for the selected bearing model can be seen in Table 3.

The impact of the bearings on the vibrational behavior of the rotor system also
becomes more important. For rotors operating below the first critical speed, the
bearing stiffness can play a large part in determining the vibration levels resulting
from critical speed, balance, or aerodynamic cross-coupled forces.

Bearing stability analysis results are presented in Fig. 8a. It shows the results of
shaft center motion trajectories as a result of perturbation in dimensionless coordi-
nates for the initial bearing for an unbalanced rotor mass. At the rotating speed of
Nop= 8856 rpm, the shaft follows an elliptical trajectory within the limit cycle with
a violent whirling motion making contact with the bearing surface, which may result
in a failure of the rotor-bearing system. Based on the initial existing bearing insta-
bility and thermal conditions, the redesign of bearing was carried out to get better
performance and improve the bearing stability.

Figure 8b shows the results of the redesigned elliptical bearing for an unbalanced
rotor mass. At Nop = 8856 rpm, the shaft follows an elliptical orbital path with a
decreasing radius. The results show that the shaft features are acceptable and within
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(a)                                                                  (b)                                                             (c) 

Fig. 8 Bearing stability for front bearings a initial existing elliptical, b redesigned elliptical and
c tilting pad bearing

stable limits. However, these conditions do not satisfy the API recommendations as
discussed in the following section. This is why the new tilting pad design was carried
out to meet these requirements. Finally, Fig. 8c shows the results of the new tilting
pad bearing for an unbalanced rotor mass. At Nop = 8856 rpm, the shaft follows a
circular orbital path with a decreasing radius. The results show that the shaft is more
stable than the previous bearing design. This condition satisfies the API requirements
for the rotor-bearing system.

3.2 Synchronous Unbalance Response Analysis

The same unbalance criteria which were previously described in the original design
configurations were used. The redesigned elliptical bearings improve the unbalance
response amplitudes at both bearings and reduce the amplitudes at the shaft center.
This amplitude reduction can reduce the chances of developing ahard rubwhich could
set off the sensitive second mode as previously described in the stability analysis of
the original rotor-bearing system. In the redesigned elliptical bearings, increased
amount of unbalance response (vibrations) did not cause any of the two bearings
peak-to-peak (p-p) amplitudes to exceed 75% of the minimum design diametral
running clearances throughout the machine. Unbalance results for the redesigned
model are presented in Fig. 9a.

The new tilting pad rotor-bearing system follows the same unbalance criteria used
previously. Figure 2 describes the unbalance cases and their locations. The “worst
case” unbalance condition consists of a 63μmdiametral running clearance. The new
bearings improve the unbalance response amplitudes at both bearings and reduce
them at the shaft center, as shown in Fig. 9. With the new tilting pad bearings, the
increased amount of unbalance response did not cause either bearings peak-to-peak
(p-p) amplitude to exceed 75% of the minimum design diametral running clearances
throughout the machine.

The unbalance response amplitude results of the tilting pad rotor-bearing system
are compared with the redesigned elliptical rotor-bearing system. The front bearing
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Fig. 9 Frequency response amplitude (peak-to-peak, μm) for a redesigned elliptical rotor/bearing
system, b tilting pad rotor/bearing system

response amplitude is decreased by 2.6%. In addition, the amplitude response
increases by 1.5% at the shaft center and reduces by 3.1% at the rear bearing loca-
tion. This increase at the shaft center location represents a change from 0 to 10 μm
p-p. This is acceptable considering that the new tilting pad bearing has a diametric
clearance of 63 μm. The new tilting pad model unbalance results are presented in
Fig. 9b.

3.3 Stability Analysis

The stability analysis was performed considering the destabilizing effects of the
aerodynamic excitations, based on which modifications were applied to the design
in order to stabilize the multi-stage centrifugal compressor and to conform to the
API Level I stability criteria. The stability results are listed in Table 4 for the first
four whirl modes. Particularly noted are the low values of the “log decrements” for
the modes with frequencies near the targeted operating speed of 8856 rpm. Results
reveal that the redesigned elliptical bearings of the second, third and fourth modes
are very stable. The first mode is at 29.66 Hz with a log decrement of +0.02 is only
marginally stable. The second mode is at 102.27 Hz with a log decrement of+0.97.
In addition, the third mode is at 52.32 Hz with a log decrement of +1.99. Finally,
the fourth mode is at 255.75 Hz with a log decrement of +3.43. In the redesigned
elliptical bearings, the rotor stability condition is slightly improved compared to the
original elliptical bearings. The second mode log decrement increases from −0.43
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Table 4 Logarithmic decrement comparison results

Stability

Parameters Mode number Damped natural
frequency, Hz

Log. dec., – Stability condition

Initial existing bearing 1 87.22 1.88 Very stable

2 61.34 −0.43 Unstable

3 90.83 0.68 Stable

4 143.81 4.94 Very stable

Redesigned elliptical
bearing

1 29.66 0.02 Marginally stable

2 102.27 0.97 Stable

3 52.32 1.99 Very stable

4 255.75 3.43 Very stable

Tilting pad bearing 1 238.22 1.58 Very stable

2 438.96 3.11 Very stable

3 80.95 0.15 Stable

4 81.72 0.45 Stable

Fig. 10 Logarithmic decrement for a redesigned elliptical and b tilting pad rotor-bearing system

to +0.97. However, these redesigned log decrements are still lower than the desired
0.1 threshold.

In the new “tilting pad” bearings, the rotor stability condition is very much
improved compared to the redesigned elliptical bearing configurations. The first
mode log decrement increases from +0.02 to +1.58. Finally, these new tilting pad
bearings log decrements satisfy the API recommendations. Comparison of log decre-
ments for the redesigned elliptical bearing and new tilting pad bearing is shown in
Fig. 10.

4 Conclusions

The analysis results have indicated that the redesigned elliptical bearing improves
the rotor stability condition, compared to that with the original elliptical bearings.
However, the redesigned log decrements are still lower than desired as per the API
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recommendations. To increase the value of log decrements and improve stability,
the whirl frequency needs to be shifted further away from the operating speed. For
this, the tilting pad bearing were designed considering the results of the redesigned
elliptical bearings. From the systematic studies done by this approach, we have
obtained an improved bearing that could reduce the possibility of rotor rubbing with
the bearing when there are excessive vibration amplitudes. The tilting pad bearings
designed here significantly improved the rotor-bearing system unbalance response
amplitudes, compared to the response with the original bearings and the redesigned
elliptical bearings. Theworst case unbalance condition considers a 63μmdiametrical
clearance. With the redesigned bearings, this amount of unbalance did not cause the
front bearing peak-to-peak (p-p) amplitude to exceed its 75% diametric clearance
safety limit. These modifications also significantly eliminated the instability that was
initially observed, and the redesigned compressormet not only the changed operating
requirements but also satisfied API 617/684 standards.
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3D Finite Element Rotor Dynamic
Analysis of Turbine Test Rig Rotor-Shaft
Systems

Nanjundaiah Vinod Kumar , Rajeevalochanam Prathapanayaka ,
Revanna Jai Maruthi , and Shashidhar Swaroop

Abstract Design of a 385 kW turbine (T385 turbine) to drive the compressor of
1 kN small gas turbine engine is carried out in Propulsion Division, CSIR-NAL.
Aero-thermodynamic performance evaluation of designed turbine stage was planned
through experimental testing inVTTR, PropulsionDivision, CSIR-NAL. The turbine
speed is 50,500 rpm at the engine design point, and the equivalent design speed in
test rig conditions is 30,000 rpm. Since performance evaluation at higher speeds
consists of high-speed rotating components constituting a complex dynamic system,
it is of prime importance to consider rotor dynamic characteristics to operate the
turbine safely. Test section is designed for the T385 turbine rotor BLISK considering
rotor-shaft system with bearings. The dynamic behavior of test rig rotor systems
was evaluated for vibration reliability. This paper presents the 3D FE rotor dynamic
analysis of T385 turbine rotor-shaft system. The stiffness of bearing supporting
structure is evaluated along the direction of stress field using FEA. T385 turbine rig
rotor system is modeled in FEA using lumped mass method. All the masses of rotor
shaft sytem with inertias are considered in the analysis. The Campbell and response
plots are plotted using frequencies and mode shapes to predict the critical speeds
and unbalance response, respectively. The critical speeds from Campbell diagram
indicates that rotor system is safe to operate in the test rig. The maximum amplitude
due to unbalance is within the limits of clearance at the operating conditions. The
predicted natural frequencies of T385 rotor system frommodal analysis are compared
with impact hammer test and frequencies are matching well with analysis.
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Keywords Gas turbine · T385 turbine rotor · Rotor dynamics · Vibration · FEA ·
Critical frequencies · Critical speed · Campbell diagram

Nomenclature

N Speed
Fn Frequency
ωn Rotational velocity
Cg Center of gravity
MI Polar moment of inertia
K Stiffness
M Mass
RHS Running speed harmonics
NPF Nozzle passing frequencies
FEA Finite element analysis

1 Introduction

Rotor dynamic analysis of a rotor system includes evaluation of dynamic charac-
teristics and resonance of structural systems. The dynamic characteristics include
mode shapes, frequencies, system behavior, and external excitations. Resonance
condition occurs when natural frequency of the system coincides with external exci-
tations leading to release of high strain energy to give rise to higher amplitude. The
resonance condition leads to catastrophic failure at critical speeds. Rotor dynamic
analysis will help the designer in prediction of resonance condition, to keep critical
speeds sufficiently away from the operating speed range. The evaluation of insta-
bility of rotor system and unbalance response is also of critically important in overall
design criterion. Many methods are available for numerical approximation of rotor-
shaft system. The simplest and suitable method which is used for large-scale models
with complex system is FEM. Gas turbine rotating systems are very critical systems
due to the range of operating power and speed. Turbines are most crucial among
all the rotating components as they are subjected to high speeds and temperatures;
hence, dynamic characteristics evaluation of turbine rotor-shaft system is very much
necessary using rotor dynamic analysis.

Swanson et al. [1] presented practical understanding of terminology and behavior
based on visualizing how a shaft vibrates, and examining issues that affect vibration.
It also helps to understand machinery vibrations and all the theoretical concepts
beyond rotor-shaft vibration which can be used as further knowledge for developing
a stable rotor-shaft model. Filho et al. [2] performed a full rotor dynamic analysis
of investigated single-spool gas turbine with dynamic behavior. The rotor-shaft with
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Fig. 1 T385 turbine rotor
BLISK

two bearings is considered with stiffness and damping dynamic properties. C class
formulation by FE model is used to study critical speeds and unbalance response to
avoid overall vibrational problems. Srikrishnanivas [3] submitted a thesis related to
rotor dynamics of gas turbine engine. In his study, RM12 Jet engine rotor model was
evaluated using ANSYS and Dyrobes which helped in understanding simulation
and post processing techniques for rotor dynamics. Borovkov and Artamonov [4]
analyzed natural frequencies of the gas turbine unit rotor with varying bearings
stiffness. Transient process by finite element modeling and natural frequencies of
full-scale gas turbine turbo compressors models were analyzed.

Aero-thermodynamic and mechanical design of a single-stage axial turbine stage
has been carried out for 1 kN small gas turbine engine in Propulsion Division, CSIR-
NAL. From the engine design configuration extract, it is envisaged that the single-
stage axial gas turbine operating close to 50,500 rpm and at an elevated temperature
would meet the power requirement of mixed flow compressor of 385 kW [5]. The
photograph of turbine rotor hardware is shown in Fig. 1. This paper presents the
detailed rotor dynamic analysis and harmonic response due to unbalance of turbine
rotating system which is designed to test the turbine stage using FEA. The stiffness
of bearing supporting structure is evaluated along the direction of stress field using
FEA. Impact hammer test is conducted to verify the rotor dynamic analysis results.

2 Methodology

2.1 T385 Turbine Rotor BLISK

Design and development of gas turbine engine is being carried out in the propul-
sion division, CSIR-NAL. T385 turbine rotor with 50 blades shown in Fig. 1 is an
integrated bladed disk (BLISK) made of nickel-based alloy weighs around 1.65 kg.
Aerodynamic performance evaluation of T385 turbine through experimental testing
was planned to verify the design at versatile turbine test rig (VTTR), PropulsionDivi-
sion, CSIR-NAL. The turbine speed is 50,500 rpm at the engine design point, and
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the equivalent design speed in test rig conditions is 30,000 rpm based on simulated
parameters.

2.2 Versatile Turbine Test Rig (VTTR) Facility

Aerodynamic performance evaluation of T385 turbine through experimental testing
was planned at versatile turbine test rig (VTTR), Propulsion Division, CSIR-NAL.
Versatile Turbine Test Rig (VTTR) facility has been established in Propulsion Divi-
sion, CSIR-NAL to evaluate the turbines performance through testing of small gas
turbine engines. Photograph of VTTR is shown in Fig. 2. Power absorption capacity
of the VTTR facility is 500 kW up to 50,000 rpm (constant power absorption from
14,000 to 50,000 rpm). VTTR facility specifications are as follows:

Specifications of the VTTR facility

• Max air mass flow: 9 kg/s
• Max turbine inlet pressure: 10 kg/cm2

• Max inlet temperature: 700 K
• Turbine tip diameter: 305 mm and variable
• Max speed: 50,000 rpm
• Max power absorbing: 500 kW from 14,000 rpm
• Dynamometer: Eddy current type (bi-directional)
• Stages: Single and multi-stage
• Type of testing: Hot and cold air.

Fig. 2 Photograph of VTTR
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Fig. 3 T385 turbine test section

2.3 T385 Turbine Test Section

To evaluate the aerodynamic performance of the T385 turbine, a suitable test section
is designed by adopting the turbine rotor. This test section is designed by keeping
inlet and exit compressed air systems to match the VTTR facility. Figure 3 shows the
test section designed to test T385 turbine. The test section consists of an inlet adapter
to connect between the existing 10-in. pipe line and the stator inlet, a volute casing
for exhaust, a bearing housing to support the rotating system, and two vertical stands
which support the overall test section. Apart from aerodynamicmeasurements, provi-
sions are made to measure the bearing temperatures and fixing of bearing lubrication
pipelines and accelerometers.

2.4 Turbine Rotor System

The rotor system is designed based on the interface required to mount turbine at one
end and geared coupling for power transmission on other end as shown in Fig. 4.
It is supported by two angular contact bearings at turbine end and cylindrical roller
bearing at coupling end.

At the turbine end, an angular contact ball bearing is chosen to resist axial thrust
load. To improve stiffness of the rotor bearing support structure and to eliminate
preloading of the bearing by a spring, it is suggested to use a pair of bearings in
back-back arrangement. The bearing material is chosen with metal rolling elements
and cage made out of PEEK.

SKF cylindrical roller bearing is chosen at coupling end based on the load and
speed rating. This roller bearing, which can permit 2 mm axial relative displace-
ment between inner and outer rings, acts as floating bearing when the casing
expands/contracts with respect to the rotor.
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Fig. 4 T385 turbine rotor-shaft model

2.5 Bearing and Structural Stiffness

The bearing stiffness data over a range of radial loads and bearing clearances for
the given operating conditions is obtained by consulting with M/s SKF Bearings,
Bangalore. For ball bearing, stiffness value of 753MN/m corresponding tominimum
preload is considered to be on the conservative side. In case of roller bearing, the
measured clearance during assembly is 5 µm and corresponding stiffness value for
this is 104 MN/m and same taken for analysis.

The structural stiffness is computed by taking deformations along the direction of
respective stress field. The slope of the line shown in Fig. 5a, b gives the structural
stiffness at ball bearing and cylindrical roller bearing planes, respectively.

The stiffness of both bearing and supported structure is considered in rotor
dynamic analysis. The rotor dynamic analysis of T385 rotor-shaft system is

Fig. 5 a Structure stiffness at ball bearing plane. b Structure stiffness at roller bearing plane
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Fig. 6 T385 turbine rotor-shaft model with supported component locations

performed usingANSYS by considering centrifugal loads, stiffness, center of gravity
and masses of supported components with lumped mass system.

3 Finite Element Analysis

3.1 Defining the Model

Thefinite element analysis is performedusing lumpedmassmodel. The shaftmaterial
EN-24 is assigned to T385 turbine shaft model. Mass moment of inertia, center of
gravity, and mass of supported components are defined as shown in Fig. 6. The
bearings and structural stiffness are assigned at the bearing planes.

3.2 Meshing

In the present work, both hexahedron and tetrahedron elements are used to mesh the
rotor system. The optimum mesh quality is ascertained to rotor system by taking
Jacobian and aspect ratios close to unity. The grid size of rotor system is 46,092
nodes and 15,357 elements, and representation is shown in Fig. 7.

Fig. 7 Meshing of T385 turbine rotor-shaft model
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4 Results and Discussion

The T385 turbine shaft system for test rig conditions is designed to operate up to
30,000 rpm. The rotor dynamic analysis is performed considering a speed range from
0 to 50,000 rpm. Spin softening is considered in the analysis to get proper forward and
backward whirls. The frequencies for different centrifugal loads and different mode
shapes are extracted from the analysis in undamped condition. Obtained frequencies
from analysis are plotted in Campbell diagram.

Figure 8 shows the Campbell diagram of the T385 turbine shaft system. The
diagram indicates that the first critical speed is 40,000 rpm which is excited from
first-order (rotor unbalance) excitation. First critical is away from maximum oper-
ating speed of 30,000 rpm. Critical speeds may also get excited due to higher-order
excitation as shown in Fig. 8, which needs to be crossed with higher acceleration.
The aerodynamic test points falling at this speed have to be shifted away from this
region with sufficient margin. Critical speeds which are excited due to higher-order
excitations (3X, 4X, 5X, … etc.) need to be carefully crossed as these critical speeds
will not have much energy to affect the rotating system. Critical speeds due to back-
ward whirl are also present, which may occur in rare instance will be considered
during testing.

The Campbell plot indicates that the fourth bending mode at the coupling side is
getting excited from external excitations as shown in Fig. 9. The first six modes are
extracted in FEA to get Campbell diagram, and first few modes are very dangerous
since they havemore strain energy stored in their system.The rotor system is vibrating
in a forwardwhirl and backwardwhirl due to gyroscopic effect. The gyroscopic effect

Fig. 8 Campbell diagram for T385 turbine rotor-shaft system
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Fig. 9 Fourth mode shape (forward whirl) bending at coupling side

is proportional to the rotor speed and the polar mass moment of inertia, which in
turn proportional to the mass and square of the area. The rotor is whirling in forward
direction due to gyroscopic stiffening, and rotor is whirling backward direction due
to gyroscopic softening. The modes with forward whirl have predominant in rising
higher deflections to reach resonant condition.

The harmonic response of rig rotor systems is carried out to find out the response of
the system in the critical region by considering rotor unbalanced mass for balancing
grade of G 2.5. In this analysis, the damping is neglected as the damping provided by
the ball bearings is negligible. It is observed that themaximum amplitude of vibration
is 31 µm at rotor speed of 675 Hz (40,500 rpm) as shown in Fig. 10. The computed
maximum amplitude is checked at all the critical clearance sealing locations and
found that all are within the limits of clearance at the operating conditions.

Impact Hammer Test
Impact hammer test is carried out by considering assembled rotor system to the test
section at the Versatile Turbine Test Rig, CSIR-NAL. Accelerometer is mounted on
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Table 1 Frequency
comparison b/w FEA and
impact hammer test

FEA Fn (Hz) 593 705 878

Test 1 (Hz) 581 731 893

Test 2 (Hz) 575 725 881

the critical region of test section based on mode shapes resulted from FE analysis.
Dytran-make Impulse hammer with aluminum tip is used to give impact on the test
section at different locations. A six-channel OROS DAQ is used to record the read-
ings from accelerometer. The acquired data are processed using OROS NV GATE
software to get the natural frequencies. The results are compared with frequencies
obtained from rotor dynamics to evaluate critical. The frequencies at zero rotor rpm
from rotor dynamic analysis are 593, 705 and 878 Hz which are shown in Fig. 8. The
impact hammer test results and analysis have been listed in Table 1. From Table 1,
it is very clear that impact hammer test results are quite close to analysis which
confirms the analysis.

5 Conclusion

3D FE rotor dynamic analysis of T385 turbine rig rotor-shaft system has been carried
out. The Campbell plot from 3D FE rotor dynamic analysis shows that there are
no critical speeds in the operating range from first-order excitation (1X). There is
a critical speed around 18,837 rpm due to second-order excitation (2X) and care
should be taken while running in test rig to cross this critical speed. There are critical
speeds which are excited due to higher-order excitations (3X, 4X, 5X and 1NPF), and
these critical speeds may not cause major effect on the rotor system. The harmonic
response due to unbalance is carried out using 3D FEA. The maximum amplitude
due to unbalance is within the limits of clearance at the operating conditions. The
predicted natural frequencies of T385 rotor system frommodal analysis are compared
with impact hammer test and frequencies are matching well with analysis.
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Propulsion Division colleagues for their support in carrying out this work.
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Evaluation of Dynamic Characteristics
of a VMC Spindle System Through
Modal and Harmonic Response. Part 1:
Spindle Supported by Angular Contact
Ball Bearings

Gireesha R. Chalageri, Siddappa I. Bekinal, and Mrityunjay Doddamani

Abstract Machine spindle dynamic characteristics are precisely related to the oper-
ation and stability of the machining process. The finite element analysis (FEA) has
been used to find out the dynamic behavior of spindle-bearing system. The unbal-
ance response of the vertical machining center (VMC) spindle system at the cutting
tool due to thrust force is calculated to study the dynamic properties. In this paper,
Ansys Workbench rotordynamic and harmonic response have been used to make the
dynamic investigation of VMC spindle and estimate the final values. Results show
that the obtained critical speeds are nowhere near to the spindle operating speed
range; hence, the resonance would not occur, and at operating speed, the maximum
unbalance response is within an acceptable limit. The effect of rotordynamic and
harmonic response on same VMC spindle system supported by hybrid bearing set is
analyzed in Part 2 as an extension of this work.
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1 Introduction

Rotor dynamics dealswith studies of lateral and torsional vibrations of rotating shafts,
with the objective of predicting the spindle/rotor vibrations and vibration level under
a satisfactory limit [1]. Delgado et al. analyzed the preload effect on stiffness and
frequency response function using Ansys and Spindle Pro FEA tools, and it is shown
that bearing preload has the greatest influence on dynamic response [2]. Static and
dynamic performance of the high-speed electric spindle is investigated for different
spindle span usingAnsys tool [3]. The analysis of rotor is carried out to investigate the
dynamic behaviors of grinding spindle using FE program Ansys Parametric Design
Language (APDL) [4]. Tlalolini et al. developed a system tomeasure the dynamic and
quasi-static characters of machine tool spindle, and classical tap test measurement
is used to compare the obtained FRF results [5]. Spindle dynamic characteristics
are studied under different bearing preload conditions, and it is found that vibra-
tional frequency of spindle increases as bearing preload increases [6]. An analytical
approach is developed to evaluate the critical speeds of multi-section rotor assembly
with varying external loads, and the results obtained by varying rotor dimensional
aspects are compared with APDL program results [7]. Unbalanced forces cause the
backward whirl modes which are dependent on asymmetry of stiffness values at the
rotor support. Direct stiffness asymmetry has greater influence on backward mode,
while cross-coupled stiffness is having negligible effect on backward mode reso-
nance. Further, peak amplitude of backwardmode resonance decreases by increasing
the direct damping [8].A5degrees of freedomanalysismodel proposed and validated
for precision grinding machine tool spindle for dynamic characteristics with varying
loading and geometrical features of spindle-bearing arrangements [9]. Higher rota-
tional speed of milling spindle affects the machining stability and causes dynamic
instability in micro-milling of titanium alloy TiAl4V. Additional degrees of freedom
contribute gradual improvement in the stability limits of milling spindle [10].

The present paper focuses on rotor-dynamic analysis for studying the modal and
harmonic response of the VMC spindle system. Campbell diagrams are obtained for
different preload conditions, and determining critical speed is helpful in analyzing
the spindle vibrational characteristics. Harmonic response of spindle has been done
by incorporating calculated unbalance mass at the cutting tool. In this work, Ansys
Workbench rotordynamic and harmonic response tools have been implemented to
analyze and evaluate the dynamic results.

2 Methodology

In this paper, a Botliboi DTC-50 spindle system of CNCdrill tapmachine as shown in
Fig. 1 is analyzed for rotordynamic characteristics. The pulley belt system connected
to the shaft along with a 3.7 kWmotor to operate spindle at up to 9000 rpm speed. In
the presentmodel, bearings, cutting tool, spindle shaft, and tool holderwere included.
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Fig. 1 Schematic model of
the VMC drilling spindle

Table 1 Spindle element’s geometry

Element numbers 1 2 3 4

Diameter (D) in mm 45 53 55 68

Length (L) in mm 50 95 185 30

All spindle components are represented as separate assembly parts with bearings and
disk along with distributed mass and elasticity.

Table 1 represents the mechanical and geometrical properties of spindle element.
Three masses are considered in the analysis; one is the cutting tool and tool holder
component as rigid disk element 1 and remaining two are bearing masses at bearing
locations 1 and bearing location 2. The stiffness values of each bearing with varying
preload are given in Table 2. A representation of the spindle’s numerical model is
as shown in Fig. 1. In the present work, SKF 7011 CB/P4A type of angular contact
spindle bearings is used. The numbers of rolling elements in these bearings are 26
with ball diameter as 6.74 mm. Each angular contact bearing is having a mass of
0.42 kg. The mass of the disk 1 is considered as 2 kg which includes mass of tool

Table 2 Bearing stiffness
values [11]

Preload types Preload force in N Stiffness in N/m

Bearing 1 Bearing 2

Class A 46 38 × 106 38 × 106

Class B 92 50 × 106 50 × 106

Class C 275 80 × 106 80 × 106
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holder and cutting tool. Case carbonized alloy steel (15Ni2Cr1Mo15) is used as
spindle material with modulus of elasticity as 2.5 × 105 N/mm2.

The spindle unit was preloaded using the clearances created by different set of
spacers as low, medium, and high as shown in Table 2.

Three-dimensional FE model of the spindle-bearing system is being modeled
with the Ansys Workbench program with necessary boundary conditions as shown
in Fig. 2. Shear effect is nullified by constraining element motion along y-axis path
and rotation about y-axis; hence, twist motion and displacement of the spindle about
y-axiswould not occur. The spindle FEmodel ismeshed using hexadent second-order
meshing option as shown in Fig. 3. Rotordynamic analysis of spindle is performed
to determine natural frequencies, mode shapes, critical speeds, and Campbell value.

Fig. 2 Schematic FE model
of the VMC drilling spindle

Fig. 3 FE meshed model of
VMC drilling spindle
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3 Results

The numerical analysis carried out at different speeds ranges from initial 0 to
60,000 rpm.Table 3 shows the expected spindle-bearing assembly (at operating speed
of 9000 rpm) frequencies obtained from rotordynamic module of AnsysWorkbench.
The mode shapes at first four natural frequencies of all preload classes are shown in
Figs. 4, 5 and 6. Also, Fig. 7 shows the Campbell diagrams attained by the numerical
model constructed in Ansys rotordynamic tool.

Table 3 Bearing stiffness
values at 9000 rpm

Natural
frequencies

Rotordynamic model (Hz)

Preload class
A

Preload class
B

Preload class
C

1 490.98 551.29 671.45

2 1083.2 1083.2 1083.2

3 1597 1636.9 1733.8

4 3951.7 3956.8 3969.2

Fig. 4 Mode shapes for preload class A

Fig. 5 Mode shapes for preload class B
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Fig. 6 Mode shapes for preload class C

Fig. 7 Campbell diagram of preload class A

The natural frequencies of three conditions were found out and analyzed. Mode
shapes are observed for careful examination of deformation. The type of mode with
the corresponding frequency has been tabulated. These characteristics prove to be
very helpful in the design of the machine spindle for dynamic conditions. In all the
three cases, preload of bearings and corresponding stiffness increases with all the
modal frequencies except in second mode which remained the same due to 180°
in-phase or out-phase motion.

Structural displacement when excited at natural frequencies is illustrated by the
configuration or the pattern ofmode shapes. From themode shapes deflection pattern,
it is clear that mode 1 and mode 3 are bending modes in opposite vertical direction.
In mode 2, all displacements are either in-phase or 180° out of phase. Mode 4 is
complex nature in which every position can have a different phase angle. The mode
shapes in all three preload conditions are nearly the same, and in all first four modes,
deformation pattern and value are in close agreement (Figs. 8 and 9).

The critical speeds are obtained by referring the Campbell diagrams plotted as
frequency versus speed. The obtained speeds are in terms of radian per second in
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Fig. 8 Campbell diagram of preload class B

Fig. 9 Campbell diagram of preload class C

Ansys Workbench program. The critical speeds (rpm) correspond to preload force
or classes are given in Table 4. Since the critical speeds in all the cases are much
higher than the operating speed, i.e., 9000 rpm the system is stable.

Frequencies determined by rotordynamic analysis were validated through
harmonic response analysis of spindle by adding the unbalanced thrust force. Since
maximum drill bit used in the present VMC is 12 mm and maximum cutting speed is
30 m/min, thrust force of 3492 N is calculated using power and force requirements
of drilling [12]. The response function of frequency shown in Figs. 10, 11 and 12

Table 4 Critical speeds of
vertical machining system

Speed No. Critical speed (rpm)

Preload class A Preload class B Preload class C

1 29,301 32,883 40,000
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Fig. 10 Frequency versus amplitude unbalance response of preload class A

Fig. 11 Frequency versus amplitude unbalance response of preload class B

was measured at cutting tool for different preload conditions, which gives harmonic
frequency vibration modes. From the frequency response function analysis, it is
clear that peak amplitude decreases with increase in the preload and corresponding
decrease in the harmonic frequency modes.

The nodal solutions of harmonic responses have been obtained using the Ansys
Workbench FE harmonic responsemodel. Figure 13 compares themodal frequencies
and harmonic frequencies of VMC spindle with different bearing preload classes.
Results show that the modal and harmonic frequencies are in good agreement and
maximumdifference is less than 6%. These frequencies are dependent on preload and
bearing stiffness values. Generally, increase in preload value increases the frequen-
cies in both modal and harmonic environments. The variation in frequency modes
for both the models is less than 3% except second mode where the variation is nearly
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Fig. 12 Frequency versus amplitude unbalance response of preload class C

Fig. 13 Comparison of modal and harmonic frequencies of spindle with different bearing preload
classes

6%. The harmonic frequency values are slightly higher due to the consideration of
thrust force acting on cutting tool.

4 Conclusions

A drill tap VMC spindle system with defined geometrical and mechanical properties
is analyzed for dynamic characteristics and results are evaluated. Themode shapes of
the spindle at operating speeds, the Campbell diagrams, critical speeds are obtained.
Based on the study, the following conclusions are drawn.
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• Basically, the dynamic behavior of spindle is influenced by preload force and
corresponding stiffness of the bearings.

• The spindle vibrates at lower frequencies in PreloadClassA, and spindle vibrating
frequencies increase gradually as preload increases to Class B and Class C.

• The critical speeds of spindle increase with increase in preload of bearings, and
these coinciding speeds are still far away from the working speed range of the
spindle; thus, the spindle resonance would not occur.
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Evaluation of Dynamic Characteristics
of a VMC Spindle System Through
Modal and Harmonic Response—Part 2:
Spindle Supported by Hybrid Bearing Set

Gireesha R. Chalageri, Siddappa I. Bekinal, and Mrityunjay Doddamani

Abstract This paper extends the proposed dynamic analysis of spindlewith conven-
tional bearings of Part 1 and demonstrates feasibility of hybrid bearing set (HBS)
usage in machine tool spindles. HBS consists of permanent magnet bearing (PMB)
and conventional angular contact bearing (ACB). The rotordynamic and unbalance
response of vertical machining center (VMC) spindle supported byHBS is presented.
Harmonic responses are also determined using AnsysWorkbench finite element tool.
Results show that the system is stable at obtained frequencies, critical speeds are
higher than the spindle operating speed range, and the maximum unbalance response
is within acceptable limit. The comparison between the results of ACB and HBS has
verified that the HBS can effectively be used in machine tool spindles with higher
critical speeds and maximum amplitudes generating due to cutting forces.

Keywords Rotordynamics · VMC spindle · Hybrid magnetic bearings ·
Frequency response

1 Introduction

Forces due to friction and heat are unnecessary in machine spindle. In order to reduce
impact of friction and heat on the system, the integration of magnetic bearings with
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conventional is feasible solution [1]. Prince Owusu-Ansah et al. analyzed flywheel
supported by hybrid magnetic bearing (HMB) which balances levitation and gravita-
tion force by providing away of resolving difficulties associatedwith flywheel energy
storage [2]. Vector approach with Coulombian model is used to develop a mathe-
matical model for axially, radially and perpendicularly magnetized PMB to estimate
the force and stiffness [3–6]. The fundamental of rotor-bearing system dynamics is
provided for simple to complex systems using basic principles and modeling in [7].
FEA applied to 3D HMB models is presented for various conditions of air gap, flux
density distribution, and force current characteristics [8]. Ansys FEA tool is used to
solve set of two symmetrical axial PMBs and one permanent magnet. The air gap
length and axial dimensions between magnetic rings are varied to study the effect of
stiffness and restoring force of bearings [9]. Bekinal et al. achieved complete passive
levitation of the rotor at the speed around 40,000 rpm. The rotor is supported by a
permanent magnet bearing and discrete bump foil bearing for the axial and radial
supports, respectively [10]. The main objective of this paper is to analyze the rotor
supported by HBS for rotor dynamic characteristics using FEA.

2 Methodology

In this paper, a Batliboi DTC-50 VMC spindle system of CNC drill tap machine
tool as shown in Fig. 1 is analyzed for rotordynamic characteristics. The spindle
is designed to operate at 9,000 rpm with a 3.7 kW motor connected to the shaft.
Spindle is supported by HBS, i.e., SKF angular contact B7011 bearing on one end
and PMB on other end. In line with Earnshaw’s theorem, it can be expected that

Fig. 1 Schematic model of
the VMC drilling spindle
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the axial stiffness of a radial magnetic bearing to be negative and twice of its radial
stiffness [11].

The dimensional properties of VMC spindle element are given in Table 1. Tool
holder and cutting tool are considered as rigid disk mass elements. Two bearing
masses are considered at locations of bearings 1 and 2. The stiffnesses of angular
bearings and PMBs with different preloads are given in Table 2. Figure 1 shows the
schematic numerical model of VMC spindle. SKF 7011 CB/P4A type of angular
contact spindle bearings is used along with PMBs in the present study. The numbers
of rolling elements in these bearings are 26 with ball diameter as 6.74 mm. Each
ACB is having a mass of 0.42 kg. The distributed mass of 2 kg is added to disk
which includes mass of drilling tool and tool holder [12]. The modulus of elasticity
for spindle material case carbonized alloy steel (15Ni2Cr1Mo15) is taken as 2.5 ×
105 N/mm2. Different sets of spacers are used to create the clearances in spindle and
angular contact ball-bearing unit to achieve the class A, class B and class C preload
forces.

Figure 2 shows the three-dimensional FEA model of the spindle-bearing system
modeled in the Ansys Workbench program with necessary boundary conditions.
Axial and tangential motions are constrained at top element 1 of the spindle in order
to facilitate cylindrical support condition by nullifying the shear effect, also radial
direction kept free for rotation about y-axis. Figure 3 shows the secondorder hexa dent
type meshing option used to mesh the drilling spindle FEA model. Rotordynamic
response analysis of spindle is performed to determine natural frequencies, mode
shapes, critical speeds, and Campbell value.

Table 1 Spindle element’s geometry

Element numbers 1 2 3 4

Diameter (D) in mm 45 53 55 68

Length (L) in mm 50 95 185 30

Table 2 Bearing stiffness values

Permanent magnetic bearing [13] Angular contact bearing [14]

Radial stiffness = 1 × 105 N/m Preload types Preload force in N Stiffness in N/m

Class A 46 38 × 106

Axial stiffness = −2 × 105 N/m Class B 92 50 × 106

Class C 275 80 × 106
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Fig. 2 Schematic model of
the drilling spindle

Fig. 3 Hex-dominant FEA
model of drilling spindle

3 Results

The numerical analysis is carried out at different speeds ranging from initial 0 to
80,000 rpm. Initially, natural frequencies for angular contact bearings at location 2
and PMB at 1, i.e., near the cutting tool at operating speed of 9000 rpm, are obtained
and results are shown in Table 3. Later, the bearing locations are interchanged as
ACB at 1 and PMB at 2, i.e., near the motor belt transmission, and frequencies are

Table 3 Dynamic parameters
of HBS at 9000 rpm when
bearing 1 as PMB

Natural
frequencies

Rotordynamic model (Hz)

Preload class
A

Preload class
B

Preload class
C

1 255.93 276.02 314.07

2 1083.2 1083.2 1083.2

3 1592.4 1630.1 1720.3

4 3939 3940 3942.7



Evaluation of Dynamic Characteristics of a VMC Spindle … 43

obtained using same procedure as shown in Table 4. The mode shapes at first four
natural frequencies of ACBs of all preload classes and PMB are shown in Figs. 4, 5,
6, 7, 8 and 9.

The natural frequencies of all the conditions were found out and analyzed. Natural
frequencies increase as preload increases in both the cases. Higher frequencies are
observed when PMB is away from cutting tool, due to less experiencing of chattered
vibrations as well as cylindrical support at the element 4 near PMB. Lower frequen-
cies are observed when PMB is nearer the cutting tool as more chattered vibrations
from drilling operations experienced near the tool.

Deformation patterns of spindle unit are studied through careful examination of
mode shapes. The type of mode with the resultant frequency has been compiled.
These features of modes prove to be very useful in the design of the machine spindle
for dynamic situations. In all the three cases, as preload of bearings and corresponding
stiffness increases, all the modal frequencies increase except second mode which
remained same due to 180° in-phase or out-phase motion.

Structural displacement when excited at natural frequencies is illustrated by the
configuration or the pattern of mode shapes. From the mode shape deflection pattern,
it is clear that modes 1 and 3 are bending modes in opposite vertical direction. In
mode 2, all displacements are either in phase or 180° out of phase.Mode 4 is complex
nature in which every position can have a different phase angle. The mode shapes in
all conditions are nearly same, and in all first four modes, deformation pattern and
value are in close agreement.

Table 4 Dynamic parameters
of HBS at 9000 rpm when
bearing 2 as PMB

Natural
frequencies

Rotordynamic model (Hz)

Preload class
A

Preload class
B

Preload class
C

1 449.56 507.23 626.51

2 1083.2 1083.2 1083.2

3 1470.5 1471.5 1474.3

4 3948.7 3952.8 3963.2

Fig. 4 Mode shapes for preload class A when bearing 1 as PMB



44 G. R. Chalageri et al.

Fig. 5 Mode shape for preload class B when bearing 1 as PMB

Fig. 6 Mode shape for preload class C when bearing 1 as PMB

Fig. 7 Mode shape for preload class A when bearing 2 as PMB

The Campbell diagrams for angular contact bearings at different preload classes
and PMB at top and bottom locations are shown in Figs. 10, 11, 12, 13, 14 and
15. The critical speeds are obtained by referring the Campbell diagrams plotted as
frequency versus speed. The critical speeds (rpm) of corresponding spindle-bearing
combinations are given in Table 5. As the critical speeds in all the combinations



Evaluation of Dynamic Characteristics of a VMC Spindle … 45

Fig. 8 Mode shape for preload class B when bearing 2 as PMB

Fig. 9 Mode shape for preload class C when bearing 2 as PMB

Fig. 10 Campbell diagram for preload class A when bearing 1 as PMB

of bearings are much higher than the operating speed, i.e., 9000 rpm, the system is
stable.

Harmonic response analysis is performed to validate the rotordynamic frequen-
cies of spindle by considering the thrust force. Considering the maximum drill bit
used in the present VMC as 12 mm and maximum cutting speed as 30 m/min, thrust
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Fig. 11 Campbell diagram for preload class B when bearing 1 as PMB

Fig. 12 Campbell diagram for preload class C when bearing 1 as PMB

Fig. 13 Campbell diagram for preload class A when bearing 2 as PMB

force of 3492 N is calculated using power and force requirements of drilling [15].
The calculated unbalance mass is applied as center mass of the cutting tool in the
harmonic response. For different spindle-bearing combinations, the response func-
tion of frequency is measured as shown in Figs. 16, 17, 18, 19, 20 and 21. From
analysis, it is observed that peak amplitudes are high when PMB is used near the
cutting tool, i.e., as bearing 1, and peak amplitudes are low when PMB is used away
from the cutting tool, i.e., as bearing 2.
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Fig. 14 Campbell diagram for preload class B when bearing 2 as PMB

Fig. 15 Campbell diagram for preload class C when bearing 2 as PMB

Table 5 Critical speeds of vertical machining spindle system

Spindle-bearing combinations First critical speed (rpm)

Preload class A Preload class B Preload class C

Bearing 1—PMB and bearing 2—ACB 15,510 16,691 18,928

Bearing 1—ACB and bearing 2—PMB 26,998 30,444 37,560

Both the bearings as ACBs 29,301 32,883 40,000

Fig. 16 Frequency versus amplitude unbalance response of preload class A when bearing 1 as
PMB
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Fig. 17 Frequency versus amplitude unbalance response of preload class Bwhen bearing 1 as PMB

Fig. 18 Frequency versus amplitude unbalance response of preload class Cwhen bearing 1 as PMB

Fig. 19 Frequency versus amplitude unbalance response of preload class A when bearing 2 as
PMB

The comparison of harmonic values for different bearing conditions is shown
in Fig. 22. The harmonic response frequencies are very low when PMB is used at
location 1, and these values are very close when both the bearings are ACBs and
bearing 2 as PMB and bearing 1 as ACB.
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Fig. 20 Frequency versus amplitude unbalance response of preload class Bwhen bearing 2 as PMB

Fig. 21 Frequency versus amplitude unbalance response of preload class Cwhen bearing 2 as PMB

Fig. 22 Comparison of harmonic frequencies of spindle with different spindle-bearing conditions

4 Conclusions

A drill tap VMC spindle system with defined mechanical and geometrical properties
supported by HBS is analyzed, and results are evaluated in Ansys Workbench rotor-
dynamic module based on finite element method. Based on the study, the following
results are drawn.
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• The spindle critical speeds with HBS are very close to conventional angular
contact bearings when PMB is used away from cutting tool.

• The difference between rotordynamic frequencies and harmonic frequency
response modes is negligible when PMB is used away from cutting tool, i.e.,
at location 2.

• It is observed that the presented concept of hybrid bearing set can be used to
support VMC spindles with higher critical speeds.
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Dynamic Analysis of Three-Dimensional
Composite Tube Shafts

Pavani Udatha, A. S. Sekhar , and R. Velmurugan

Abstract Three-dimensional (3D) composites have good delamination resistance
along with high specific stiffness and high specific strength. Composite tube shafts
are modeled with different reinforcement architecture such as multi-axial, stitched,
knitted, braided, orthogonalwoven, interlock and z-pinned. The in-plane elastic prop-
erties at different fiber volume fractions of these composites are obtained from the
literature. 3D composite tube shafts are modeled with length: 1 m, internal radius:
25 mm and thickness: 4 mm using modified equivalent modulus beam theory formu-
lation. Modal analysis is carried out, and bending natural frequencies are calculated
for different 3D composite tube shafts with E-glass, carbon and kevlar fibers and
epoxy as matrix materials. The natural frequency reduces with through thickness
reinforcement for orthogonal, knitted, z-pinned and stitched composites. Braided
composites tube shafts have higher natural frequencies compared to that of other
types.
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1 Introduction

Composites are becoming more efficient materials for present automobile, infras-
tructure and aerospace industries due to their special features such as high specific
stiffness, high specific strength and corrosion resistance. In literature, many studies
are carried out on composite tube shafts of UD composite, laminate, etc., for
dynamic analysis. On the other side, research on 3Dcomposites is available; however,
dynamics of 3D composites tube shafts are not explored in detail. 3D composites
are designed by reinforcing the fiber along the thickness direction. The different
applications of 3D woven, braided, stitched and knitted composites are explained by
Mouritz et al. [1]. Different braided preform structures, techniques and applications
of 3D braided composites are studied by Bilisik [2]. 3D composites are classified
intomainly orthogonal, braided, knitted and z-pinned based on type of reinforcement
architecture as shown in Fig. 1. Gereke and Cherif [3] studied the different numerical
models developed for 3D composites. They have observed that 3D composites have
high résistance to impact and delamination, and reduction in the in-plane properties
compared to 2D composites. A comparative study is carried out on in-plane elastic
properties of 3D orthogonal woven, z-pinned and stitched composites [4]. They have
observed that the in-plane properties are notmuch influenced byfiber volume fraction

Fig. 1 Different types of 3D
composites. a orthogonal,
b through thickness
interlock, c layer-to-layer
interlock, d knitted,
e stitched, f z-pinned and
g braided tube shaft [1]
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and diameter of the fiber. Huang et al. [5] reviewed the recent developments in the
mechanical properties, manufacturing processes and applications of layer-to-layer
orthogonal, layer-to-layer angle, through thickness orthogonal and through thick-
ness angle woven composites. The different reinforcing techniques and microstruc-
tural damages for tufting, z-pinning and stitching are explained by Gnaba et al. [6].
Mohamed and Boganovich [7] did a comparative study on different reinforcement
architecture and machines used for preparing 3D non-crimp and 3D interlock weave
composites. Microstructure, manufacturing techniques and mechanical properties of
z-pinned polymer composites are studied by Mouritz [8]. The z-pinning improves
impact damage tolerance, inter-laminar fracture toughness, through thickness prop-
erties and bearing strength and reduces the strength, in-plane elastic modulus and
fatigue life of the laminate. Steeve and Fleck [9] did numerical and experimental
studies for elastic properties of z-pinned composites. They have observed that the
addition of pins reduces the in-plane compressive and tensile strength by 30 and 27%,
respectively. The decrease in the in-plane properties stiffness is due to formation of
voids and misalignment of fiber during the insertion of pins. It is concluded from the
literature that 3D composites have advantages over laminates such as high delamina-
tion resistance, high through thickness properties, fatigue strength, impact resistance
and possibility of complex shapes with reduction in the in-plane properties.

Dynamic analyses of composite tube shafts are performed using layerwise
boundary theory (LBT) and equivalent modulus beam theory (EMBT) [10]. EMBT is
derived from Timoshenko beam theory with shear deformation and LBT developed
from shell theory without considering shear deformation along the thickness direc-
tion. EMBT formulation has less mathematical complexity compared to LBT. Modi-
fied EMBT is developed by adding bending normal coupling, bending twisting and
shear bending coupling to EMBT formulation [11]. The bending natural frequencies
for GFRP and CFRP unidirectional composite tube shafts are calculated at different
stacking sequences. Gurban [12] observed that improved dynamic performance and
reduction in the circumferential deformation of metal and composite hybrid tube
shafts. Modal analysis for GFRP, CFRP, GFRP and CFRP hybrid composite tube
shafts is performed using ANSYS and compared with the experimental studies [13].
Udatha et al. [14] observed that the addition of CNT to GFRP and CFRP hybrid tube
shafts enhances bending natural frequencies. Dynamic analysis of composite tube
shafts is performed for UD, laminate and hybrid composite, but the studies on 3D
composites are limited. The present study is to obtain the bending natural frequencies
for 3D composite tube shafts with different reinforcement architecture.

2 Modified EMBT Formulation

Theoretical formulations for performing dynamic analysis of composite tube shaft
are LBT and EMBT by neglecting the deformations along the thickness direction.
Modified EMBT is achieved with the addition of coupling effects such as shear
normal, bending twisting andnormal bending toEMBTformulation.The input elastic
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Fig. 2 Coordinate system of rotor [11]

properties for the modal analysis are Poisson’s ratio, longitudinal, transverse and
shearmoduli. A tube shaft with disksM1 andM2 is consideredwith simply supported
boundary condition as shown in Fig. 2. The dimensions of the shaft: length ‘l’ is 1 m
and inner and outer radius ‘ri’ is 25 mm and ‘ro’ is 29 mm. The displacements of
the shaft are v, w along Y, Z axes respectively. α and β are the bending slopes in
XZ and XY planes respectively, ϕ is the angle of twist, and whirl velocity is �. The
strain energy of the shaft is due to axial strain, transverse deformation and torsional
deformation. The potential energy of the shaft is given by
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Here, CB, CS and CT are bending, shear and torsional stiffness coefficients of the
tube shaft, respectively [11]. The thickness of 3D composite is divided into sections.
Each section has thickness of 1mm.The sections are equivalent to layers in the lamina
by neglecting the fiber along the thickness direction. The stiffness coefficients are
calculated using the in-plane stiffness properties of the 3D composite at each section.
The kinetic energy of the shaft is due to mass of the shaft, mass of the disks and
gyroscopic effect of the rotor and disks. The kinetic energy of the rotor system is
given by:
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Here, A is area, I and Ip are lateral and polar area moments of inertia, and ρ

is the effective density of shaft. The number of disk is ND, and mass, lateral and
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polar mass moments of inertia of the ith disk are MDi, IDTi and IDpi, respectively.
Equation of motion for the rotor system is derived using Lagrangian equation and
formulation is coded inMATLABR2014a [14]. In the present study, only tube shaft is
consideredwithout disksmounted on it. The bending natural frequencies for different
3D composite tube shafts for a given geometry are calculated.

3 Results and Discussion

3D composite tube shafts have advantages over 2D composites tube shafts such as
high delamination resistance and improved through thickness direction properties.
The dynamic analysis of different 3D composite tube shafts is performed using
modified EMBT formulation and presented below:

3.1 Multi-axial Composite Tube Shafts

Labanieh et al. [15] found the in-plane and through thickness properties of 3Dmulti-
axial (MA) and 3D orthogonal composites from experiments. The 3D composites are
made of glass fiber along in-plane direction and kevlar fiber along the through thick-
ness direction. It is observed that 3DMAcomposites havemore inter-laminar strength
compared to 3D orthogonal composite. The stacking sequences of multi-axial and
orthogonal composites are MA 1: [90/0/45/0/−45/90]s, MA 2: [90/0/45/−45/0/90]s
and OR (O3): [90/0/0/90]s [15]. The natural frequencies of the composites tube
shafts modeled from these materials are shown in Fig. 3. From this figure, it can be
observed that the natural frequency of 3D orthogonal composite is higher than MA
composite for the same volume fraction. This is due to the degradation of in-plane

Fig. 3 Bending natural
frequency of MA (MA1,
MA2) and orthotropic (OR)
composite tube shafts
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properties along length direction. Comparing MA1 and MA2, it is observed that the
change in the bias layer position is not much affecting the natural frequency.

3.2 Stitched Composite Tube Shafts

Stitched and unstitched composite tube shafts are modeled with four-layered (thick-
ness 3 mm) unstitched UD and MA composites with 3 mm stitch length (US1, US2)
and four-layered stitched UD and MA composite with 3 mm stitch length (S1, S4)
and 5 mm stitch length (S2, S5) and eight layered (thickness 6 mm) UD composite
with 5 mm stitch length (S3, S6). The UD andMA laminates with stacking sequence
[90/450/−45]2swith glass/epoxy composites with kevlar fiber along thickness direc-
tion and elastic properties are calculated from an analytical micromechanical model
based on representative volume element (RVE) [16]. The bending natural frequencies
of stitched (S7) and unstitched (US3) carbon/epoxy composites tube shafts using the
elastic properties derived frommodal analysis experiments and finite elementmethod
[17]. The natural frequencies of unstitched and stitched composite tube shafts with
fiber volume fraction are presented in Fig. 4. The fiber volume fraction decreaseswith
stitching, and this is due to the formation of voids during stitching. The in-plane prop-
erties are reduced due to the formation of voids and results in lower bending natural
frequency for UD stitched composites compared to that of UD unstitched compos-
ites. The increase in the stitch length improves the natural frequency for UD stitched
and deteriorates for MA stitched composites by comparing S1, S2 and S4, S5 from
Fig. 4. This is due to increase in the stitch length decreases the fiber content along
the thickness direction and improved elastic properties for UD composite compared
to MA composite. By comparing S2, S3 and S5, S6, the change in the thickness

Fig. 4 Variation of bending natural frequency of stitched and unstitched composite tube shafts with
fiber volume fraction and thicknesses of the shaft
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Fig. 5 Variation of bending
natural frequency of
glass/epoxy warp knitted
composites tube shafts with
fiber volume fraction

of laminate is not much affecting the natural frequency for stitched UD composites
shafts compared to the reduction for stitched MA composites shafts. This is due to
the increase in the thickness increases the fiber content along the length direction
and improved elastic properties for UD composite compared to MA composite.

3.3 Knitted Composite Tube Shafts

Huang and Ramakrishna [18] reviewed different micromechanical models for the
calculation of strength and stiffness of knitted composites. Hamada et al. [19] devel-
oped micromechanical model for knitted composites, and the variation of the elastic
and strength properties with increased volume fraction from 5 to 40% for glass/epoxy
warp knitted composites is presented. These properties are used in the present study.
The variation of natural frequencies of knitted composite tube shafts with fiber
volume fraction is presented in Fig. 5. It shows that the increase in the fiber content
increases the natural frequency. This is due to improvement in in-plane stiffness prop-
erties with fiber content. The natural frequency is increased by 28.3% by increasing
the fiber volume fraction from 5 to 40%.

3.4 Braided Composite Tube Shafts

3Dand2Dbraiding technique gives tube-like structure as shown inFig. 1g. Jiang et al.
[20] presented the relation between the elastic properties of 3D braided carbon/epoxy
compositeswith braid angle at 45%fiber volume fraction using helix geometrymodel
and finite multiphase element method. The variation of bending natural frequency
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for 3D braided carbon/epoxy tube shafts with braid angle is presented in Fig. 6. It
shows the increase in braid angle decreases the natural frequency up to 35°, and then,
the value is more or less constant. Composite tube shafts are modeled with four-step
3D AS4 carbon/epoxy braided composites using the elastic properties from multi-
unit cell method [21]. The bending natural frequencies for four-step 3D braided
carbon/epoxy composites are calculated and presented in Fig. 7. It shows that the
natural frequency is decreasing from 201 to 88 Hz with increase in braid angle from
10° to 50°. It is concluded that 3D braided and four-step 3D braided composites have

Fig. 6 Effect of braid angle on bending natural frequency for 3D braided carbon/epoxy composite
tube shafts at 45% fiber volume fraction

Fig. 7 Variation of bending natural frequency of four-step 3D braided composites tube shafts with
fiber volume fraction



Dynamic Analysis of Three-Dimensional Composite Tube Shafts 59

Fig. 8 Variation of bending natural frequency of 3D orthogonal glass/epoxy woven composites
tube shafts with fiber volume fraction

increase in natural frequency with decrease braid angle. The increase in the braid
angle leads to more inclination of the axis of the shaft with increase in the braid
angle as shown in Fig. 1g and results in the reduction in the stiffness along the length
direction. The reduction in stiffness reduced the natural frequency.

3.5 Orthogonal Woven Composite Tube Shafts

The 3D orthogonal woven E-glass/epoxy composite tube shafts are modeled at fiber
volume fractions 47.5% (O1), 48.9% (O2) [22] and 57.7% (O4) [23] with glass fiber
along the third direction, 50.07% (O3) [15] with kevlar fiber along the third direction.
The bending natural frequencies of the composite tube shafts are presented in Fig. 8,
which shows that the increase in the fiber content increases the natural frequency.
The natural frequency is further increased with kevlar fiber instead of glass fiber
reinforcement along the thickness direction with glass fiber in the in-plane direction.
This can be observed by comparing O3 with O1, O2 and O4.

3.6 Interlock Composite Tube Shafts

Naik et al. [24] developed an analytical model based on two-level discretization
of representative unit cell for 3D interlock composites. They have predicted the
elastic and strength properties with one fiber and two fibers reinforcement along the
thickness direction for layer-to-layer angle interlock woven (LLAW-1, LLAW-2),
through thickness angle interlock woven (TTAW-1, TTAW-2), layer-to-layer orthog-
onal woven (LLOW-1, LLOW-2) and through thickness orthogonal woven (TTAW-1,
TTAW-2) carbon/epoxy composites. The natural frequencies are calculated for 3D
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Fig. 9 Variation of bending natural frequency of 3D interlock woven composites tube shafts with
fiber volume fraction

interlock and orthogonal woven carbon/epoxy composite tube shafts and presented
in Fig. 9. The orthogonal woven composites have higher natural frequency and higher
fiber content compared to angle woven composites for both layer-to-layer (LL) and
through thickness (TT). By increasing the reinforcement from one fiber to two fibers
along the thickness direction, natural frequencydecreased for anglewoven in compar-
ision with LLAW-1, 2 and TTAW-1, 2. And the effect is negligible for orthogonal
woven by comparing LLOW-1, 2 and TTOW-1, 2. This is due to increase in the void
content and reduction in the fiber content for angle woven composite compared to
orthogonal woven composite.

3.7 z-Pinned Composite Tube Shafts

Grassi et al. [25] predicted the in-plane stiffness properties of z-pinned carbon/epoxy
composites with different stacking sequence UD [0]4, angle-ply [±45]s, cross-ply
[0/90]s and quasi-isotropic [+45, 90, −45, 0]s. The addition 2% of z-pins increases
the through thickness modulus by 22–35% with reduction in the in-plane properties.
The natural frequencies of the z-pinned carbon/epoxy composite tube shafts without
and with pins are presented in Fig. 10. The increasing order natural frequency of
composite tube shafts is UD, cross-ply, quasi-isotropic and angle-ply laminates for
both stitched and unstitched composite tube shafts. The natural frequencies decrease
from 3 to 5% with addition of pins. This is due to the formation of dislocation of
fiber while inserting the pins and reduction in the in-plane properties.
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Fig. 10 Bending natural frequency of UD (A, E), cross-ply (B, F), angle-ply (C, G) and quasi-
isotropic (D, H) composites tube shafts with and without z-pins

4 Conclusions

Dynamic analyses of 3D composite tube shafts are performed using modified EMBT
formulation. The bending natural frequencies of stitched, knitted, braided, orthog-
onal woven, interlock and z-pinned are calculated using the in-plane properties from
the literature. The decreasing order of the natural frequency range is braided, knitted,
z-pinned, 3D orthotropic and layer-to-layer interlock composites for the same geom-
etry. The range of natural frequencies of 3D braided composite tube shafts is higher
compared to the other 3D configurations. This is due to orienting the more fiber
along the length direction results improved properties compared to the other types.
For braided composites, the natural frequencies are higher at lower braid angle. The
lessening in the natural frequency observed for orthogonal, knitted, z-pinned and
stitched composites to without reinforcement (UD and 2D composites). This is due
to formation of voids and dislocation of in-plane fibers during reinforcement along
the thickness direction. UD and 2D composite tube shafts experience delamina-
tion and cause failure of tube shafts while transmitting torque. 3D composite tube
shafts are having higher delamination resistance. From the present study, braided
composites with lower braid angle can be one explored for optimum selection for
power transmission. However, further study has to be carried out on dynamic anal-
ysis of 3D composites by taking through thickness properties into consideration and
comparison of 3D composites with 2D composites
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Analysis of Rotor Supported
in Double-Layer Porous Journal Bearing
with Gyroscopic Effects

C. Shravankumar , K. Jegadeesan, and T. V. V. L. N. Rao

Abstract In this paper, a numerical analysis on the dynamics of a multi-degree of
freedom shaft–rotor, supported on bearings, is presented. The system is a shaft with
multiple rotor discs attached to it and supported on double-layer porous journal bear-
ings. The system is modelled using finite element methods. Euler-Bernoulli beam
element theory is used for modelling the shaft. The discs are considered as rigid. The
support bearings are modelled based on linear spring elements for stiffness and linear
damping elements for viscous damping coefficients. The rotor dynamic model of the
system is analysed by incorporating the gyroscopic effects due to the precession of
the offset discs and the bearing stiffness and damping anisotropy. The fluid flow in
double-layer porous film is analysed using Brinkman equations to consider lubricant
additives influences. The pressure gradients with respect to linearized perturbation of
displacements and velocities under dynamic conditions are derived using Reynolds
modified equation for Ocvirk (short) bearing. The dynamic linear and cross-coupled
coefficients (stiffness and damping) dependent on speed are calculated using dynamic
pressure gradients for the double-layer porous journal bearings. The system is repre-
sented in reduced order state-space form, and eigen value problem is solved to calcu-
late its whirl frequencies. The rotor system critical speeds are obtained by plotting
the Campbell diagram. This paper provides the basis for rotor system design with
support bearings, representative of a multi-stage centrifugal pump. The design helps
to identify and prevent rotor vibrations.
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Nomenclature

C Damping
cij, Cij Damping coefficients, Ns/m; Ci j , ci jC3

/
ηR3L; for i = x, y

Cijl, Cijh Nondimensional damping coefficients of double-layer porous and homo-
geneous layer

C Radial clearance, m
E Young’s modulus of the shaft material
g Gyroscopic moment
h, H Film thickness, m; H = h/C
Ia Shaft area moment of inertia
Id Mass moment of inertia of disc
Ipd Polar mass moment of inertia of disc
Ip Shaft polar mass moment of inertia
k Stiffness
ki Permeability of layer in porous regions, m2; Ki = ki/h2; for i = 1, 2
kij, Kij Stiffness coefficients evaluated at equilibrium position, N/m;

Ki j = ki jC3
/

ηωR3L; for i = x, y
Kijl, Kijh Nondimensional stiffness coefficients of double-layer porous and homo-

geneous layer
l Length of the shaft element
l′ Shaft length
M Moments
md Mass of discs
r Shaft radius
R Journal radius, m
w Static load capacity, N; W = wC2

/
ηωR3L

Wl,Wh Double porous and homogeneous layer nondimensional load capacity
Y, x Vertical and horizontal coordinates, m; Y = y/C, X = x/C
Ẏ , Ẋ Journal centre velocity (nondimensional) in y and x direction
ρs Density of shaft material
ε Journal bearing eccentricity ratio
γ i Porous layer thickness ratio; γ i = i/h; for i = 1, 2
η Fluid dynamic viscosity, Ns/m2

μ Mass of the shaft per unit length
θ Coordinate from maximum film thickness
� Coordinate from load line
φ Attitude angle
ω Shaft spin frequency
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Subscripts

s Shaft

Superscript

e Element

1 Introduction

Turbomachinery system often consists of several offset mounted rotors on a shaft,
which in turn is supported on bearings. During run-up and run-down, the system
has to cross through critical speeds. Hence, rotor dynamic analysis of such systems
becomes a preliminary design requirement.

Ruhl and Booker [1] developed a finite element analysis of a turbo rotor system.
The system has distributed mass and stiffness parameters. Consistent matrices are
employed for the finite element model. Free and forced vibration rotor system
responses are obtained. A shaft supported on hydrodynamic bearings is investigated
by Kim and Lee [2]. The finite element model consists of five elements of equal
length. Rao et al. [3] performed rotor dynamic analysis of a synchronous generator
consisting of flywheels, armature, core, fan and a rotor shaft using ANSYS environ-
ment. The bearing oil film is modelled with spring as well as damping coefficients.
Themass unbalance of the rotor system ismodelled in accordancewith ISO1940 stan-
dards. Modal analysis and rotor unbalance calculations are performed. Rotor orbit
whirl plots and Campbell diagram for the rotor system are presented. Shravankumar
and Tiwari [4] presented a comparative analysis of the effects of gyroscopicmoments
on a cantilever rotor system, usingdifferent numericalmethods.Thegyroscopic effect
on simple rotor systems is discussed. Hsu [5] performed experimental and numerical
studies on a turbomolecular rotor pump. The system is a flexible rotor-bearing system
with discrete discs and bearings. The mass and stiffness properties are distributed.
Gyroscopic moments due to disc precession are considered. He et al. [6] analysed
the natural frequencies, critical speeds and unbalance responses for a multi-stage
centrifugal pump. It is observed that the support stiffness has a large influence on
the critical speed of rigid modes, while having less influence on the critical speeds
of the flexible modes.

Lund andThomsen [7] andRao [8] presented calculationmethodology of stiffness
and damping coefficients using linearized perturbation method. Lin and Hwang [9]
evaluated porous bearings stability. The hydrodynamic journal bearings performance
considering the lubricant additive effects is studied using porous and couple stress
media models [10, 11], respectively. Rao et al. [12] evaluated improvement in static
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characteristics of a double-layer porous bearing. Rao et al. [13] presented static and
stability coefficients of double-layer porous (or layers of surface film topped with
porous film) to the conventional journal bearing. Stability characteristics of porous
layered journal bearings are enhanced by lubricant additives properties.

2 Finite Element Modelling

A flexible shaft-bearing system (multi-degree of freedom) with rigid discs modelled
using finite element method is presented. A schematic diagram of the shaft–rotor-
bearing system, along with finite element discretization is shown in Fig. 1.

The primary assumptions for modelling include a flexible shaft, rigid discs and
flexible bearing supports. The shaft–rotor geometry is axisymmetric. The properties
considered for the shaft include distributed mass and stiffness. The disc properties
are concentrated mass, diametric moment of inertia and polar moment of inertia.
Four degrees of freedom (DoFs) are considered for the model, two translational
DoFs along the two transverse directions and two rotational DoFs about the same.
Gyroscopic effects due to shaft and discmass are considered. No effects of unbalance
mass or misalignment between shaft and bearings are considered. Four rigid discs
are mounted along the length of the shaft, and it is assumed for simplicity that centres
of gravity of the rigid discs coincide with that of the elastic shaft. Figure 2a shows
the beam element. The shaft element is a two-node beam element with four degrees
of freedom at each node.

There are two linear displacements ux and uy (along the X and Y axes) and two
rotational displacements θ y and θ x (about the X and Y axes). The elements have
isotropy, and they are also symmetric about the Z axis. Because of the symmetry of
the shaft elements, the same mass matrices and same stiffness matrices result in the
two transverse planes XZ and YZ. The rigid disc element is shown in Fig. 2b.

The Brinkman equations are used to model fluid flow in the double porous
region. These dynamic coefficients correspond to a double-layer porous hydrody-
namic journal bearing (Fig. 3). The stiffness and damping coefficients are represented
using linear spring and damping elements in Fig. 3b–c.

Fig. 1 Rotor system model and discretization into finite elements in yz transverse plane
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Fig. 2 Conventions (positive) for nodal displacements, rotations, forces and moments. a beam
element and b rigid disc element

(b)

(a) (c)

Oj

Ob

ω

Journal
Bearing

Porous film region-I
ε

Porous film region-II

W

X

Y

Core film region 

Fig. 3 a Double-layer porous journal bearing, b Linear spring element with positive conventions
for nodal displacements and forces and c Linear damping element with positive conventions for
nodal velocities and forces

2.1 Shaft Model

Euler-Bernoulli theory of bending is used for modelling the shaft finite element.
Mass and stiffness properties of the shaft element are considered, and its internal
damping is neglected. Also, the gyroscopic moments due to the rotation of elemental
shaft masses about the bearing centre lines are considered. The equations of motion
for the shaft element are in Eq. (1).

[
me

s

]{
ües

} + [
ges

]{
u̇es

} + [
kes

]{
ues

} = {
f es

}
. (1)

[
me

s

]
is the elemental mass matrix, obtained as the summation of the mass matrices

corresponding to translation as well as rotation motion,
[
ges

]
is the elemental

gyroscopic matrix,
[
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]
is the elemental stiffness matrix, displacement vector is

{
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} =
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xi yi θ i

y θ i
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y θ i+1
x

⌋
, subscripts i and i + 1 are the position of

the two nodes along Z axis, and
{
f es

}
is the force vector.
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2.2 Rigid Disc Model

The discs are modelled as point masses. Also, gyroscopic moments in two transverse
planes exist due to the offset position of these discs on the shaft, which results in a
change of angular momentum and therefore gyroscopicmoment. Any external forces
acting on the discs, such as due to unbalance, are also considered.

[
me

d

]{
üed

} + [
ged

]{
u̇ed

} = {
f ed

}
. (2)

[
me

d

]
is the elemental mass matrix,

[
ged

]
is the elemental gyroscopic matrix for the

rigid disc, and
{
f ed

}
is the elemental force vector acting on a disc. Displacement

vector is
{
ued

} =
⌊
x j y j θ

j
y θ

j
x

⌋T
.

2.3 Double-Layer Porous Journal Bearing Model

The double-layer porous journal bearings aremodelled using a total of eight dynamic
coefficients which are used at each shaft end to model the fluid film bearings. Using
the principle of superposition

fx = kxx x + kxy y + cxx ẋ + cxy ẏ, fy = kyx x + kyy y + cyx ẋ + cyy ẏ (3)

The load capacity coefficient ratio (Cw) and eight dynamic coefficients for double-
layer porous journal bearing [12, 13] are obtained from the stiffness coefficient ratio
(Ck) and damping coefficient ratio (Cc) as

Cw = wi jl
/

wi jh = 
s
/


p, Ck = ki jl
/
ki jh = 
s

/

p,

Cc = ci jl
/
ci jh = 1

/

p (4)

The journal eccentricity ratio is obtained from Newton–Raphson iterative proce-
dure for the given bearing parameters and operating conditions.

2.4 Boundary Conditions and Assembly

The system shown (Fig. 1) is discretized into seven numbers of elements with four
degrees of freedom at each node. This gives the size of the assembled matrices are
28× 28. Then, the fixed boundary conditions are considered at one end of the spring
and damper elements which represent the two journal bearings. With the application
of these boundary conditions, the size of the assembled matrices reduces to 24 ×
24. In matrix form, the assembled system equations of motion are represented as in
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Eq. (5).

[M]
{
Ü

} + [G]
{
U̇

} + [C]
{
U̇

} + [K ]{U } = {F}.. (5)

[M], [G], [C] and [K ] are the assembled mass, gyroscopic, damping and stiffness
matrices of the rotor-bearing system.

2.5 Rotor Dynamic Analysis

Equation (5) is solved as an eigen value problem to obtain the whirl frequencies. The
homogenous equation of Eq. (5) is reduced into first-order differential equations of
size 2n times. This is called as state-space reduction and is given in Eq. (6). The eigen
values and eigen vectors of Eq. (6) are calculated using QZ algorithm or Cholesky
factorization in MATLAB environment.

{
u̇
v̇

}
=

[
[0] [I ]

−[[
M−1

]
[K ]

] −[[
M−1

]
[(C + ωG)]

]
]{

u
v

}
. (6)

The eigen values obtained are complex quantities, because of the viscous damping.
These eigen values can be used to identify the damped critical speeds of the rotor
system.

3 Results and Discussion

In this section, numerical simulation is carried out to obtain the following: the
dynamic coefficients of the bearing as a function of the rotor spin frequency; whirl
frequencies of the system. Table 1 gives the various geometric andmaterial properties
of the shaft–discs–bearings, required to carry out the numerical analysis.

The bearing stiffness and damping with spin speed of the rotor are shown in
Fig. 4a–b. It can be observed fromFig. 4b, the stiffness coefficient kyx (cross-coupled)
is negative for the entire speed range.

Figure 5 shows the Campbell diagram for the rotor-bearing system under study.
The natural frequencies in the Campbell diagram are split into two: a slow one where
the whirl is opposed to the spin, and a fast one where their directions are the same.
The split in the natural frequencies indicates the forward whirl and reverse whirl. In
this system, this split is due to the gyroscopic effect as well the asymmetric nature of
the bearing stiffness coefficients in the two transverse directions. Each rotor mode
consists of forward precession and reverse precession. The 1× straight line in Fig. 6
represents the synchronous frequency, which is representative of anymass unbalance
exciting the rotor.
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Table 1 Geometric and
material properties of the
rotor system with double
porous layer bearing

Symbol Value Symbol Value

l′ 1.5 m L/D 0.5

r 12.5 mm K1 10−4

ρs 7810 kg/m3 K2 10−5

Ip 0.0048 kg m2 γ 1 0.08

Ia 3.067 × 10−7 m4 γ 2 0.02

E 2 × 1011 N/m2 η 0.02 Pas

md 10 kg R 0.025 m

rd 60 mm C 0.025 mm

Id 0.009 kg m2 ω 10–300 rad/s

Ipd 0.018 kg m2
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Fig. 4 a Bearing stiffness coefficients versus spin speed and bBearing damping coefficients versus
spin speed

The critical speeds of the rotor system for synchronous whirl condition are given
by υ = ω. These critical speeds can be used in the design of the rotor to decide
the operating speed range as well as the vibration prone spin speeds. Figure 7 shows
variation of systemdampingwith spin frequency for rotors supported on double-layer
porous journal bearings. The negative real part of the lowest eigenvalues is plotted
versus spin frequency. The rotor system on double porous bearings (Fig. 7a–b) is
stable over the entire spin frequency range.
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Fig. 5 Campbell diagram in
the operating speed range of
10–300 rad/s

Fig. 6 Intersection of
forward and reverse
precession modes with order
lines ranging from 1× to 10
× for calculation of critical
speeds
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(a) γ1=0.08, γ2=0.02 (b) γ1=0.2, γ2=0.02
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Fig. 7 Variation of system damping with spin frequency. a γ 1 = 0.08, γ 2 = 0.02. b γ 1 = 0.2, γ 2
= 0.02

4 Conclusions

This study presents finite element method modelling of dynamics of a shaft–rotor
system, with multiple rotor discs and supported on double-layer porous journal bear-
ings. The whirl frequencies and system damping are evaluated for a lubricant film
double porous layer with porous layer II (low permeability) over porous layer I
(bearing surface adsorbent high permeability layer). The whirl frequencies obtained
for various spin speeds using speed dependent eight dynamic coefficients of double
porous layer journal bearing are plotted as a Campbell diagram. The design of a rotor
system of a multi-stage centrifugal pump with support bearings helps to identify the
operating speed range as well as prevent the rotor vibration spin speeds.
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Rotordynamic Analysis and Redesign
of High-Pressure Turbine Test Rig

C. Veera Sesha Kumar, E. K. Vivek, and S. Vignesh

Abstract The high-speed test rigs pose several operational problems originating
from rotordynamics, bearings, lubrication and thermal gradients. When the critical
speeds exist within the design speed, it is possible to accelerate the rotor through
resonant speed zones inmany applications.However, in very few cases, the resonance
crossovers pose serious problems resulting from operational schedules and demand
major modifications to rotor-bearing system. The design modifications, driven by
rotordynamic considerations, carried out for an existing high-speed test rig with
serious operability issues are presented in this paper. During operation, one of the
bearings supporting the rotor has failed twice causing significant damages. On both
occasions, the bearing failure took place when the rotor was approaching the first
critical speed. Considering the difficulty experienced to pass the first critical speed
quickly, the rotor-bearing system of the rig is completely redesigned with safe sepa-
rationmargin away from the design speed. Designer’s challenges arising from overall
layout, manufacturing, imported hardware, assembly and operation are highlighted
while addressing the problem. The turbine stage could be tested successfully up to
its design speed after implementing all design modifications.

Keywords High speed test rig · Rotor dynamics · Critical speeds and bearing
preload
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1 Introduction

The component level performance testing of turbomachinery plays a vital role in any
gas turbine engine development. The turbine and compressor stages need to be tested
experimentally to obtain their characteristics at the design and off-design operating
conditions. It is essential to test turbomachinery components not only for their aero-
dynamic performance but also to confirm their structural integrity. The performance
testing of turbomachinery needs setting-up of experimental test facilities comprising
high-speed rotating rigs, high end instrumentation, data acquisition systems and
analysis software. The high-speed test rig under consideration was designed and
developed to evaluate the performance of high pressure turbine (HPT) stage of a
small gas turbine engine. Versatile turbine test rig established at Propulsion Divi-
sion, CSIR-National Aerospace Laboratories, is identified as an appropriate facility
to test this high-pressure turbine stage. A suitable test section is designed and devel-
oped with appropriate adaptions to the rig. The test section comprised of the turbine
stage to be tested, rotor-bearing system, bearing housing, casing and the support
structure. The rotor-bearing system of the test section is the most critical element
of the test rig and is vulnerable for failure. The turbine drive shaft was designed to
be supported by a pair of angular contact ball bearings. The rotor-bearing system
of existing test section had two flexural critical speeds within the design speed of
31,000 rpm.

During testing, one of the bearings supporting the rotor has failed twice causing
significant damages.As the bearing failure tookplacewhen the rotorwas approaching
the first critical speed on both occasions, it is proposed to redesign rotor-bearing
system of existing turbine test section. This activity had two major objectives. The
first objective was to redesign the rotor-bearing system without any critical speed
up to 115% of the design speed. The second objective was to make the bearing
preload insensitive to varying operating conditions such as cold/warm/hot air testing.
Literature available on high-speed rotors of turbo pumps, machine spindles and
gas turbine engines [1–6] presents rotordynamic analysis results and experimental
validation. But, there is hardly any literature that presents design solutions to a
trouble-stricken rotating machinery. This paper presents various solutions offered
to overcome serious operability issues for a high-speed test rig. The description of
existing test section, observations from failures and the details of proposed changes
are presented in the following sections.

2 Layout of the Existing Test Section

The layout of the versatile turbine test rig is shown in Fig. 1. The rig comprises a
high-pressure compressed air line, an inline combustor, the test section where the
test article is mounted and the gearbox-eddy current dynamometer system. The test
section layoutwas designed considering adaptability of the turbine rotor to the test rig.
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Fig. 1 Layout of the turbine test rig

The cross-sectional viewof the test section forHP turbine stage is shown inFig. 2. The
nozzle guide vane (NGV) is mounted to the test section with simulated attachment
conditions of the engine. The rotor is configured as an overhang arrangement to
allow uninterrupted supply of air at the upstream end. In order to reduce the turbine
rotor overhang, a special sleeve is introduced on the shaft to permit the bearing to be
placed closer to the rotor.

Fig. 2 Cross-sectional view of the turbine test section
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Fig. 3 Turbine test section

The shaft is supported by a pair of angular contact ball bearings with ceramic
rolling elements in back-to-back configuration. The bearing with 40 mm bore size
was chosen at the turbine end to meet thrust load requirement of 1 kN at test speed
of 30,765 rpm. At the coupling end, slightly larger bearing with 45 mm bore size is
chosen to support the radial load. This bearing is configured as non-locating bearing
and is preloaded as recommended by the bearing manufacturer. Oil–air lubrication
arrangement is provided to lubricate the bearings. 3D CADmodel of the test section
is shown in Fig. 3.Variation of eigen frequencies due to gyroscopic effectwith respect
to the rotational speed is presented in Campbell diagram and is shown in Fig. 4. The
first and second bending critical speeds resulting from rotor unbalance excitation are
identified at 21,250 and 26,500 rpm.

3 The Test Rig Failures

3.1 First Failure

During test runs, the coupling end bearing was failed when the rotor was approaching
20,000 rpm. However, the bearing at the turbine end was found to be good. From the
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Fig. 4 Campbell plot for existing system

rotordynamic analysis, the first bending critical speed influenced by coupling mass
resulting from rotor unbalance excitation (1×) is predicted at 21,250 rpm. Effect
of heavy coupling mass (4 kg), its response at the critical speed, loss of bearing
preload due to cold air testing and the rotor misalignment were suspected to be the
reasons for failure. This test was conducted using cold air at approximately 25 °C.
The turbine stage downstream temperature of the air was dropped below −35 °C.
Considerable contraction of casing relative to the shaft could result in loss of bearing
preload. Hence, it was decided to carry out only warm air testing to avoid uncertainty
to bearing preload and lubricant properties.

3.2 Second Failure

After incorporating all corrections suggested by the failure investigation committee,
the rig was again assembled, and testing was resumed. The rig was run at incremental
speeds as suggested by the bearingmanufacturer. The coupling end bearingwas again
failed when the rotor was approaching 20,000 rpm. The bearing components were
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studied by the supplier to investigate the probable cause of the failure. The path
pattern present on the outer ring was throughout and moderate. However, the path
pattern on the inner ring was predominant over half of the circumference race way,
and remaining part was clean. Further, slight run over was observed on the raceway in
the axial direction. From these observations through visual inspection, it is apparent
that the probable failure causes are improper misalignment and excessive preload.

4 Redesign of the Test Section

The test section is redesigned based on findings from both failures. Since the bearing
failure took place when the rotor was approaching the first critical speed on both
occasions, the primary objective was to redesign the rotor-bearing system without
any critical speed up to 115% of the design speed. Further, the bearing preload needs
to be insensitive to varying operating conditions such as cold/warm/hot air testing.
This redesign necessitated significant changes in size and type of bearings, rotor
drive shaft and driving end of the coupling. The bearing sizing is finalized first, in
order to shift the critical speeds to higher levels with desired separationmargin. Other
problems related to preload are addressed in bearing selection and arrangement.

The mass model of the HP turbine test section rotor-bearing system, as shown in
Fig. 5, is studied to explore parameters that can be varied in order to push its natural
speeds. The turbine rotor and the coupling are configured as overhang masses. The
natural frequency of an overhang shaft subjected to a point mass depends on stiffness
of the overhung shaft and the overhung mass. The stiffness of the shaft is again a
function of shaft diameter, overhang length and Young’s modulus of the material.
These parameters have been varied in the order of their merit within permissible
limits to increase the critical speed beyond the design speed.

Fig. 5 Existing rotor model
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4.1 Coupling Side Modifications

• Increasing shaft stiffness by reduction in overhang length: The shaft overhang
is the most sensitive parameter as the stiffness is inversely proportional to cube of
the overhang length. Hence, in the first attempt, the shaft is shortened to reduce the
coupling overhang length. In the existing design, overhang length between bearing
plane to shaft end is 100 mm and the coupling c.g. location is another 40 mm
away from shaft end as shown in Fig. 6a. The reduction in overhang is achieved by
removing the bearing spacer and changing the series of locknut. Further, excessive
lengthnear the splinemeant to accommodate spline cutter radius has been removed
and is proposed to cut the spline using spark erosion process. With all these
modifications, the overhang length is brought down from100 to 55mmas shown in
Fig. 6b.With the shortened shaft, a preliminary rotordynamic analysis was carried
out to study the effect. The coupling side critical speed has been increased from
21,000 to 29,000 rpm. Though there is significant upward shift, the new critical
speed has approached to the close vicinity of the design speed of 31,000 rpm,
making it much more unsafe at full speed.

• Increasing shaft stiffness with higher area moment of inertia: In order to
push the critical speed further, other option left was to increase the stiffness of
the overhang shaft by increasing its diameter. Hence, the diameter of the shaft
is increased from Ø45 to Ø50 mm at coupling end bearing location. Locknut is
changed accordingly. Suitably, the size of the drive spline is increased from 1.2′′

Fig. 6 Coupling side shaft end modifications
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pitch diameter to 1.625′′ pitch diameter, conforming to spline standard AS972A
as shown in Fig. 6c. Increase in shaft spline size requires increase in gear coupling
size, resulting in heavier coupling. Since the couplingmass is a sensitive parameter
for critical speed, undesirable increase in coupling weight would offset the benefit
of increasing shaft stiffness by increasing its diameter. So, there is a need to keep
the coupling weight unchanged in spite of increase in its size. The existing high-
speed coupling which is an imported one has been studied in detail, and several
possibilities have been identified to optimize its weight.
The rotordynamic analysis was carried out again with modified shaft end as
shown in Fig. 6c. The coupling mass of 2 kg is assumed to remain same. The
coupling side critical speedhas been increased from29,000 to 33,500 rpm.Though
there is significant upward shift, the separation margin is not enough considering
uncertainties in the stiffness values of bearings and the support structure.

• Increasing shaft stiffness by reduction in coupling c.g. overhang: Increase in
shaft diameter as described above requires a new coupling in which all the compo-
nents (hub, flange and adapter) need to be properly optimized without compro-
mising minimum safety factors. Since the new coupling has to be developed as a
customized one, the possibility of reducing coupling c.g. overhang (40 mm from
the shaft end) is also explored in order to enhance the separation margin further.
From the transmission layout, it is understood that, the input shaft of gear box is
located deep inside from the gear box face. Hence, a lengthy coupling hub was
desired at the gear box side to facilitate the assembly. But, the same hub length on
the turbine side (by symmetry) was unnecessarily long. The space between shaft
end to coupling adaptor plate is used to fill oil for spline lubrication. Reduction of
this axial length to a permissible extent is seen as a potential parameter to improve
separation margin.
Optimization of coupling for weight as well as c.g. location is quite challenging
task. The existing high-speed coupling, imported from USA, is shown in Fig. 7.

Fig. 7 Existing coupling
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Fig. 8 Modified coupling

Purchase of another coupling from the foreign sources involves huge cost and lead
time. Hence, a local coupling manufacturer was approached to supply a coupling
with proposed modifications. Larger coupling hub and flange are designed at
turbine end to suit increased shaft diameter. In order to control the weight of
the coupling, the thicknesses of hub, flange and adaptor plates are reduced from
6 to 2.5 mm based on design calculations. Since the adapter plates act as mere
oil isolators and do not take part in torque transmission, its material is changed
from steel to titanium. Though the objective of this optimization was to retain
the larger coupling weight at 2 kg, the modifications discussed above yielded
20% additional reduction over the target weight. Reduction in oil chamber length
brought down the coupling overhang from 40 to 25 mm as shown in Fig. 6d. The
modified coupling drawing is shown in Fig. 8. Rotordynamic analysis with all
these coupling modifications indicated critical speed around 48,000 rpm with the
stiffness data provided by bearing manufacturer.

4.2 Turbine Side Modifications

• Increasing shaft stiffness by reduction in turbine rotor c.g. overhang: The
critical speed, influenced by turbine rotor mass, at 27,500 rpm is also considered
very critical. Hence, the rotor system is changed on the turbine side as well. The
turbine rotor stub sleeve at the bore location posed several complications to keep
the rotor close to the bearing plane. In the present configuration, a special sleeve as
shown in Fig. 9 is introduced on the shaft to permit the bearing to be placed closer
to the rotor. In order to increase the critical speed beyond the design speed, only
option left was to modify the test article itself by truncating the turbine rotor stub
sleeve.When the sleeve is trimmed, the diameter of the collar available for bearing
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Fig. 9 Existing bearing
arrangement

abutment is lower than the bore size of existing bearing which forced the bearing
size to be reduced from 40 to 30 mm. Further, the flange thickness of the coupling
sleeve was reduced to bring down the overhangmass. The locknut whichwas used
in the earlier setup has been eliminatedwith anti-rotation fastener. All these design
changes resulted in significant reduction in turbine rotor c.g. overhang from 51 to
34 mm. Rotordynamic analysis for the modified configuration indicated critical
speed around 42,000 rpm.

4.3 Changes in Bearing Type and Arrangement

The critical speeds of the modified rotor system have been successfully shifted away
from the design speed with sufficient separation margin. The primary objective of
this redesign has been met by reducing overhang distances, increasing shaft/bearing
sizes and reducing overhang masses. Secondary objective is to make the bearing
preload insensitive to varying operating conditions such as cold/warm/hot air testing.
This issue is addressed by changing bearing type. A cylindrical roller bearing with
50 mm bore diameter is chosen at coupling end with desired load and speed rating
to eliminate uncertainties in bearing preload in case of relative thermal expansion.
This roller bearing, which can permit up to 2mm axial relative displacement between
inner and outer rings, acts as floating bearing when the casing expands/contracts with
respect to the rotor. The rolling element and the cage for this bearing are made of
ceramic and PEEK, respectively. Modified shaft end at coupling side with cylindrical
roller bearing is shown in Fig. 10.

At the turbine end, a pair of angular contact ball bearings is chosen to resist axial
thrust load. To improve the stiffness of the rotor-bearing support and to eliminate
preloading of the bearing by a spring, it is suggested to use a pair of bearings in
back-to-back arrangement. The material for rolling elements and the cage for the
ball bearings has been a serious concern from earlier failures. Hence, this bearing
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Fig. 10 Bearing
arrangement at coupling end

Fig. 11 Bearing
arrangement at the turbine
end

is chosen with metal rolling elements and cage made out of PEEK. The bearing
arrangement at the turbine end is shown in Fig. 11.

5 Rotordynamic Analysis

The rotordynamic analysis was carried out for the modified rotor. The shaft was
axially constrained at turbine end bearing plane. The coupling overhang distance
beyond the shaft end is simulated with coupling stiffness having no mass. Modal
analysis was carried out from 0 to 50,000 rpm with an increment of 10,000 rpm.
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Fig. 12 Critical speed map

The stiffness of the bearings is a function of bearing preload which is in turn varies
with rotor speed, external loads and thermal gradients in the system. Hence, the
critical speed map is derived for first two modes over a stiffness range up to 600
MN/m and is shown in Fig. 12. The bearing stiffness data over a range of operating
speed for the given operating conditions is obtained from bearing supplier. At static
condition, the preload in both angular contact ball bearings will be same. But during
operation, under the influence of external thrust load, the variation of load in both
bearings results in considerably different stiffness. The stiffness of both angular
contact ball bearings at design speed is estimated to be 160 and 50 MN/m, whereas
the stiffness of cylindrical roller bearing is estimated to be 300 MN/m. Six modes
were extracted at each speed increment. The orbit plots of flexural modes at 440, 761
and 1025Hz are shown in Fig. 13. TheCampbell diagramdepicting the critical speeds
at the intersection of natural frequencies and the synchronous excitation is shown in
Fig. 14. The bending critical speeds influenced by turbine rotor and coupling masses
are predicted at 42,600 and 48,400 rpm, respectively. Separation margin of 37% and
56% is achieved for the first and second critical speeds.
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Fig. 13 Orbit plots

6 Testing

The rotor components were manufactured maintaining desired tolerances. Turbine
rotor assembly was balanced G 2.5 balance grade. New bearings were assembled
with utmost care using special tools. The turbine drive shaft is aligned with the
gearbox to recommended values. Actual stiffness of the bearing supports achieved
after complete test section assembly is assessed using hammer test, and the results
were found to be in good agreement. These results are tabulated in Table 1. The rig
was instrumented to measure and record vibrations, bearing temperatures and rotor
speed continuously as shown in Fig. 15. The rig was run at speeds ranging from 50
to 100% of design speed, and complete turbine stage characteristics were generated.

7 Conclusions

The rotor-bearing system of high-pressure turbine test section has been modified to
push the critical speeds beyond the design speed of 31,000 rpm by several changes
in design. Modifications included reduction of overhang distances, changes in shaft
diameters at both bearing ends and reductions in overhang masses involving major
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Fig. 14 Campbell diagram

Table 1 Comparison of impact hammer test results and rotordynamic analysis

Results 1st Frequency (Hz) 2nd Frequency (Hz) 3rd Frequency (Hz)

Rotordynamic analysis 440 761 1025

Impact hammer test 445 865 1130

changes in coupling and turbine rotor. The modified rotor is configured with a cylin-
drical roller bearing at the coupling end and a pair of angular contact ball bearings
at the turbine end. With all these modifications, the first and second bending crit-
ical speeds have been pushed to 42,600 and 48,400 rpm, respectively. The turbine
stage characteristics were generated up to 100% corrected speed. The modifications
implemented in the rotor-bearing system helped the turbine stage to be tested up to
its full speed meeting all objectives.
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Fig. 15 Test section after instrumentation
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Thermo-Mechanical Analysis
of a Rotor-Bearing System Having
a Functionally Graded Shaft
with Transverse Breathing Cracks
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Abstract Purpose: The dynamic behavior of two-cracked functionally graded (FG)
shaft systemunder thermal environment has been carried out. Thefinite element (FE)-
based formulation is used to model metal-ceramic FG (SS/ZrO2) shaft using Timo-
shenkobeam theory (TBT). Power lawofmaterial gradation is used to derive effective
thermo-elastic properties of radially gradedFGshaft.Methods: Thegoverning system
equations of motion are formulated using Hamilton’s principle. The local flexibility
coefficients (LFCs) are derived as functions of material gradient, temperature, size
and orientation of crack, for the cracked FG circular cross-sectional FG shaft, using
linear elastic fracture mechanics, Castigliano’s theorem and energy method. Results:
Numerical simulations are performed to analyze the effects of geometric,material and
temperature gradient parameters on the natural frequencies of the cracked FG shaft
system.Conclusion: LFCs are functions ofmaterial gradient and temperature besides
crack size. Even though the reduction in eigenfrequencies is decided by crack param-
eters, material gradient and temperature, however, the reduction in eigenfrequencies
is greatly influenced by gradient index and the index may be selected properly to
design FG shafts for high-temperature applications.
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Nomenclature

Symbol

b Crack half-width
E Young’s modulus
I sp and I sd Polar and diametric mass moment of inertia
Lc

/
L Crack location

P1, P2, P5 and P6 Shear forces
P3, P4, P7 and P8 Bending moments
R Radius of the shaft
V Volume fraction
v and w Translational displacements
T Temperature
M,G andK Mass, gyroscopic and stiffness matrix
K Thermal conductivity
k Material gradient index
L Total length
Lc Crack distance

Greek Letter

ν Poisson’s ratio
θ Crack orientation angle
ρ Mass density
� Spin speed of rotor
α Depth of crack
α
/
R Crack size

β and � Rotational displacements
ω Whirling frequency

Subscripts

c and m Ceramic and metal
V and H Vertical and horizontal
t Translational
r Rotational
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Superscripts

s, b and d Shaft, bearing and disc
c Crack
uc Uncrack

1 Introduction

In the improvement of structural performance, FG materials (FGMs) are used as
multifunctional and high-performance materials in which thermo-elastic properties
graded are followed bymaterial gradation laws. FGMs offer numerous superior prop-
erties over laminated composite materials and are usedmainly to reduce interlaminar
stresses and delamination problem. Historically, the concept of gradation was first
proposed [1] in 1972, for composites and polymeric materials. However, the work [1]
was limited impact. FGMs were first introduced [2] in 1980s in Japan. Then, FGMs
are rapidly becomingwell known andwidely used in aerospace, automotive, biomed-
ical and so on. A lot of researches were reported on the behavior of FG structural
systems with great interest during the last few years. Some of the important works in
the directions are presented here. Thermo-mechanical responses of structure made of
FGmaterials are studied by Reddy and Chin [3]. By using TBT, Piovan and Sampaio
[4] developed a composite rotating nonlinear FG beam model accounting for arbi-
trary axial deformations. Gayen and Roy [5] carried out vibration and stability of a
shaft made of FGMs and reported effect of gradient index on dynamic responses.
Boukhalfa [6] studied dynamic responses of a spinning shaft made of FGMs using
TBT.

Transverse cracks in structural members such as shaft and rotor lead danger-
ously to failure associated with economic loss and more importantly human life.
The first studies on cracked rotors were started in the 1970s. Thereafter, several
researchers reported the review works of cracked shaft and rotors [7]. Papadopoulos
and Dimarogonas [8] derived local flexibility matrix and studied the coupled vibra-
tion for a shaft made of homogeneous materials. Jun et al. [9] carried out vibration
characteristics of a cracked rotor based on fracture mechanics approach. Sinou and
Lees [10] carried out dynamic response for a shaft using an alternate frequency/time
domain approach. Coupled vibration responses [11] were reported for a breathing
cracked shaft using nonlinear FE method. However, appearances of more than one
crack in shafts create complication of obtaining the dynamic characteristics. Sekhar
[12] carried out the eigenfrequencies and instability of a rotor systemwith two cracks.
Vibration responses were reported by Darpe et al. [13] for a simple Jeffcott rotor with
two cracks.
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Crack in FG structure has vital role due to their safe performance for high demands
in various engineering sectors. Yang and Chen [14] studied free vibration and buck-
ling analysis of cracked FG Euler–Bernoulli beams. Aydin [15] reported free vibra-
tion of FG beams considering multiple edge cracks with different end conditions.
Gayen et al. [16] modeled an FG shaft based on Euler–Bernoulli beam theory and
studied the free vibration of the FG shaft system.Based on the FE analysis and consid-
ering TBT, a cracked FG shaft modeled and carried out the dynamic responses by
Gayen et al. [17–19].

Therefore, the present study aims in analyzing the thermo-mechanical behavior
of a multi-cracked rotor system with a shaft made of FGMs, using FE method.
Numerical results are performed at determining the eigenfrequencies to understand
the importance of shaft’s slenderness, number, size, location and orientation of crack,
material gradient and temperature on the vibration responses of cracked FG shaft.

2 Thermo-Elastic Material Model

The effective thermo-elastic materials propertiesC [20] for the FG shaft are obtained
as

C(T ) = C0(C−1T
−1 + 1 + C1T + C2T

2 + C3T
3) (1)

where C0, C−1, C1, C2 and C3 are temperature coefficients for each constituent
materials.

For a shaft made of FGMs, the following power law of material gradation, C [3],
as functions of y and temperature (T ) is obtained

C(y, T ) = Cm(T ) + {Cc(T ) − Cm(T )}Vc(y) (2)

where

Vc(y) = {
(y − Rm)

/
(Rc − Rm)

}k
, Vm(y) = 1 − Vc(y),

Rc ≤ y ≤ Rm, 0 ≤ k ≤ ∞ (3)

Now, for radially graded FG shaft, temperature profile is obtained, using steady-state
one-dimensional heat conduction equation as

d
/
dy

[
yK (y)dT

/
dy

] = 0 (4)

In solving Eq. (4) for a solid shaft, for temperature distribution at the center
(y = Ri = 0), the solution becomes singular. This singularity could be handled
by considering the inner radius Ri = ε � 0. However, the solution depends upon
the proper choice of ε and needs a good amount of study to assure convergence.
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Therefore, a conservative approach is used to compute the eigenfrequencies consid-
ering uniform temperature (T = To, at any y) even though the actual temperature
distribution will not be uniform. But the results could safely be used for the actual
case where the temperature gradient exists.

3 Modeling of FG Shaft System Based on FE Method

Using TBT, an FG shaft is modeled considering two-noded beam element with four
degrees of freedom at each node. Figure 1a–d presents a rotor-disk-bearing system
interconnecting the components such as cracked FG shaft, rigid disk and bearings.

3.1 Cracked Shaft Element Made of FGM

Using Paris’s equations [21] and Castigliano’s theorem, the cross-coupled and direct
LFCs are calculated with the expressions of stress intensity factors (SIFs). The
additional displacement uci due to crack is

Fig. 1 Cracked FG rotor system: a FE discretization, b crack orientation, c general loads, d cross
section of cracked geometry
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uci = ∂
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where KI, KII and KIII are SIFs for modes I, II, and III, respectively, and i =
1, 2, 3 and 4 are load indices.

Referring Fig. 1d, the LFCs for fully open crack θ = 180o are obtained

Cc
i j = ∂uci

∂P j
= ∂2

∂Pi ∂P j

b∫

−b

αx∫

0

1

E(y, T )

⎡

⎣

(
4∑

i=1

KIi

)2

+
(

4∑

i=1

KIIi

)2

+ {1 + ν(y, T )}
(

4∑

i=1

KIIIi

)2
⎤

⎦dydz

(6)

In Eq. (6), numerical integrations are performed to derive local flexibility matrix
[Cc(y, T )] and corresponding Kc (cracked stiffness matrix) are derived following
the works of Gayen et al. [17, 18].

The stiffness variation during the crack opening and closure, i.e., the breathing
effect of the cracked rotor, is given following the work [10] as

K(t) = Kuc − f (t)Kc with f (t) = (1 − cos �t)
/
2 (7)

where f (t) is crack opening and closure function.
The equations of motion of the cracked shaft element are given as

(
Ms

t +Ms
r

)
p̈ s(t) − � Gs ṗs(t)+Ks ps(t) = f s(t) (8)

where the elementary matrices are given in the works [17, 18].

3.2 System Equations of Motion and Solution

The resultant system equations of motion including the shaft, rigid disk and bearing
are given

(
Ms

t +Ms
r +Md

t +Md
r

)
p̈ + (

Cb − �Gs − �Gd)ṗ + (
Ks + Kb)p

= {
Fs(t) + Fd(t) + Fb(t)

}
(9)



Thermo-Mechanical Analysis of a Rotor-Bearing … 99

For the analysis of natural whirling speeds of the rotor-bearing system with FG
shaft, the force term can be omitted. Then, the final system equations of motion are
given

Mp̈ + Cṗ + Kp = {0} (10)

For Eq. (10), the eigenvalue solution is λn(�) = ξn(�) ± iωn(�), logarithmic
decrement is δn = −2πξn

/
ωn and stability threshold speed is obtained for δn = 0.

4 Results and Discussion

Here, a cracked FG shaft with diameter D = 0.1 m and temperature-dependent
material properties of the constituents of the FG (SS/ZrO2) are considered same as
in [20]. Density for SS and ZrO2 is 8166 and 5700 kg/m3, respectively. The shaft is
discretizedwith 25finite elements; simply supported (S–S) andflexible end condition
is considered for dynamics of shafts. A disk is located at midspan of the shaft with
weight 1.406 kg, I sp and I sd 0.002 and 0.0135 kg-m2, respectively.

Due to lack of appropriate results for dynamic characteristics of FG shafts, the
present crack formulation has been validated in two steps. First, computed natural
frequencies are compared with classical solution and results. Table 1 shows an excel-
lent agreement with the closed-form solutions, thereby validating the FE formulation
of homogeneous beam and developed code.

Second, dimensionless natural frequencies are computed for the first crack size
α1

/
R = 0.2, first crack location Lc1

/
L = 0.35 and L

/
D = 8, varying the second

crack size α2
/
R and location Lc2

/
L . The computed results are listed in Table 2.

The dimension and material properties are used same as in Sekhar [12]. Table 2
shows a good agreement which has been attained, thus validating the multiple cracks
formulation.

Table 1 Evaluation of fundamental frequency (in Hz) for a homogeneous beam

Boundary
condition

Without disk Single disk

Classical Present/FEA % Error Classical Present/FEA % Error

Fixed–free 7.258 7.259 −0.014 5.301 5.430 −2.434

Fixed–fixed 45.846 46.189 −0.748 36.931 36.811 0.325

S–S 20.376 20.375 0.005 16.797 16.908 −0.661
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Table 2 Variation of fundamental frequencies with α2
/
R and Lc2

/
L

Lc2
L α2

/
R = 0.4 α2

/
R = 0.6 α2

/
R = 0.8

Present Sekhar
[12]

% Error Present Sekhar
[12]

% Error Present Sekhar
[12]

% Error

0.15 0.979 0.978 −0.102 0.957 0.960 0.312 0.915 0.926 1.187

0.25 0.968 0.966 −0.207 0.928 0.936 0.854 0.859 0.865 0.693

0.45 0.956 0.952 −0.420 0.899 0.900 0.111 0.810 0.817 0.856

0.85 0.989 0.984 −0.508 0.982 0.975 −0.717 0.969 0.958 −1.148

Fig. 2 Variation of a Young’s modulus and b Poisson’s ratio, as functions of y, k and �T

4.1 Material Properties Variation for an FG Shaft

The variations of temperature-dependent properties E and ν along the radial distance
of the FG (SS/ZrO2) shaft for different values of k are shown in Fig. 2a, b, following
power law distribution and using Eq. (2).

4.2 LFCs Variation

Using Eq. (6) along with Eq. (2) and uniform temperature distribution (i.e., T =
To at all y), LFCs are obtained as non-dimensional quantities such as C11 =
C11/πEssR, C22 = C22/πEssR, C33 = C33/πEssR3, C34 = C34/πEssR3 and
C̄44 = C44/πEssR3. Figure 3a shows the variation of C11 as functions of α

/
R and k

for�T = 0 K and θ = 180◦. It has been seen that the LFC increases in magnitude as
k decreases due to the decrease in the metallic content. Figure 3b shows the variation
of C11 as a function of �T and θ for k = 5.0 and α

/
R = 0.8. With the increase

in �T , it has been seen that the LFC increases as material becomes softer. It is also
noticed that the magnitude of LFC increases as the crack gradually opens. Similar
kinds of trends are observed for other LFCs.
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Fig. 3 Variation of C11: a α
/
R for different k and b θ for different �T

Table 3 Frequency parameters �n of FG shaft for α
/
R = 0.6 and Lc

/
L = 0.5

Modes k = 0.5 k = 3.0

�T = 0 K �T = 300 K �T = 600 K �T = 0 K �T = 300 K �T = 600 K

1st 2.6237 2.5105 2.4153 2.5945 2.5287 2.4018

3rd 6.3202 6.0231 5.7956 6.2273 6.0352 5.7300

5th 8.4184 8.0313 7.7270 8.3027 8.0590 7.6515

4.3 Importance of ΔT and k on Natural Frequencies

A non-spinning simply supported cracked shaft made of FGM (L
/
D = 12.5,

Lc
/
L = 0.5, k = 3.0 and α

/
R = 0.6) is considered and dimensionless natural

frequencies �n(�
4
n = ρSSAL4ω2

/
ESS I ) is computed for different values of �T .

Computed results are listed in Table 3 and show that for a certain α
/
R,�n decreases

with the increase in �T . Table 3 also shows the reduction in �n with �T which is
more for lower value of k.

4.4 Influence of Material Gradient Index on Whirling
Frequencies

Here, the FG shaft (L
/
D = 12.5) is supported by isotropic undamped bearings

with stiffness coefficients K b
vv = K b

ww = 1.7513 × 107 N
/
m and K b

vw = K b
wv = 0

for obtaining the whirling frequencies of the cracked rotor systems. Figures 4a, b
show the variation of whirling frequencies ω with � of the uncracked FG shaft
with �T = 0 K for different magnitudes of k. From Fig. 4a, b, it is seen that with
the increase in �, forward whirling (FW) frequencies increase while decrease the
backward whirling (BW) frequencies. It is also observed that with the increase in
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Fig. 4 Campbell diagram for an uncracked shaft system with k: a first mode and b second mode

k, FW and BW frequencies decreases. Therefore, for an FG shaft system, whirling
frequencies are kept within a desired limit by choosing an appropriate k.

4.5 Influences of θ and ΔT on Whirling Frequencies

The fundamental frequencies associatedwith the plane of verticalω 1V and horizontal
ω 1H are computed for two-cracked FG shaft with α1

/
R = α2

/
R = 0.8, Lc1

/
L =

0.34, Lc2
/
L = 0.5 and θ1 = 180◦, while θ2 is varied and the influences of �T on

the natural frequencies are carried out for L
/
D = 12.5 and k = 5.0. The results

are presented in Fig. 5a, b which show that with the increase in �T , % reduction in
�1V,1H decreases, and for θ1 = θ2 = 180◦, maximum reduction occurs. It is also
seen that for lower magnitudes of �T , % reduction in �1V,1H will be higher even
though the difference is not significant.

Fig. 5 Percentage reduction of � for FG cracked shaft system with θ2 and �T : a �1V and b �1H
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5 Conclusions

The present work studies the eigenfrequencies analysis of a functionally graded shaft
with two cracks, considering thermo-elastic material properties gradation followed
by power law of material gradation law. The LFCs are evaluated using linear elastic
fracture mechanics and energy method. The validations are performed in various
steps using developed FE code in MATLAB, and using this developed code, the
importance of size of cracks, material gradient and temperature on the computation
of LFCs and eigenfrequencies is discussed. It is observed that in the case of two
cracks of different depths, the larger crack has the more significant effect on the
eigenfrequencies. The naturalwhirling frequencies decreasewith increase inmaterial
gradient and temperature.However, reductions in FWandBWfrequencies are greatly
influenced by material gradient index. Hence, the material index could be chosen
properly to design shafts made of FGMs for high-temperature applications. The
present FE formulations and determination of LFCs may be helpful to the design of
FG shafts following other material gradation laws such as exponential and sigmoidal.
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A Coupled Field, Circuit and Rotor
Model of a BCW Induction Machine

Gaurav Kumar, Karuna Kalita, Kari Tammi, and Seamus Garvey

Abstract The current trend in designing rotatingmachine is the integration ofmotor
or generator into the overall machine. The use of these integrated machines is finding
its applications in the development of compact drive systems in the areas, such as
integrated power system for electric spacecrafts and unmanned air vehicles. These
machines present great challenges and at the same time they also present great
opportunities through the ability to achieve transverse actuation (in two indepen-
dent directions) without any significant sacrifice. The eccentric position of the rotor
with respect to the stator of electric machines makes the magnetic field distribu-
tion asymmetric and generates a force along the shortest air gap of the electrical
machine. This magnetically induced force is called unbalance magnetic pull (UMP).
The present work discusses the development of a coupled magnetic field, electric
circuit and rotordynamic model of a 3.7 kW 4-pole induction machine with a special
stator winding called bridge configured winding (BCW). This stator winding has the
capability to produce torque as well as controllable transverse force. The simulation
has been carried out in different eccentricity conditions. The developed model can
be used for further study of vibration control or for the development of bearingless
machines using BCW scheme.
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Nomenclature

D Magnetic stiffness matrix
a Magnetic vector potential vector
RS Stator coil resistance matrix
iS Stator circuit current vector
uS Stator circuit voltage vector
TS Transformation matrix
E Contribution of the induced EMF
V Transformation matrix
uR Rotor bar voltage vector
M Mass matrix
G Gyroscopic matrix
K Stiffness matrix
f unb Unbalance force vector
fmag Magnetic force vector
d Displacement vector
ḋ Velocity vector
x, y Displacements along x- and y-axes
α, β Rotations along x- and y-axes

1 Introduction

With the advent of technology, the world is moving towards the development of inte-
grated machines where the electric machines would be embedded on the relatively
long slender shafts. The use of these integrated machines is finding its applica-
tions in the development of compact drive systems in the areas, such as integrated
power system for electric spacecrafts and unmanned air vehicles [1]. These inte-
grated machines add up challenges in terms of vibrations and reduction of critical
speeds due to long slender rotors. However, this also provides an opportunity to use
such machines which can be used for the vibration control without scarifying torque
production capability of the integrated electrical machine.

The eccentric position of the rotor with respect to the stator of electric machines
makes the magnetic field distribution asymmetric and generates a force along the
shortest air gap of the electrical machine. This magnetically induced force is called
unbalancemagnetic pull (UMP).The studyofUMPhas a longhistory, Fisher–Hinnen
(1899) gave the first formula for the calculation of UMP for his dynamo design [2].
Many authors have studied the vibration control in electrical machines. Debortoli
et al. [3] and Tenhunen [4, 5] studied the effect of rotor eccentricity, parallel paths
and equalizing currents on UMP and demonstrated that the equalizing connections
can change the direction of force opposite to the direction of the shortest air gap.
Laiho et al. [6] utilized the dual set of winding scheme for active control of rotor
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vibration in cage induction electrical machines. Oishi et al. [7] and Chiba et al. [8]
developed a single set of winding scheme which can be retrofitted to (almost) any
machine where all coil ends are brought out. A disadvantage of this scheme is that the
“force inverter” must carry large currents. This inverter must be a “voltage source”.
The machine reverts to completely conventional design if the inverter is simply
short-circuited. Another single set of winding also known as bridged configured
winding (BCW) which has equalizing connection in the parallel branches proposed
by Khoo [9] can be used for both torque as well as radial force production. The
bridge configured winding machine can accommodate two isolated power sources,
(i) the main supply is used for the generation of p pole pairs of the magnetic field and
(ii) the bridge supply is used for the production of p ± 1 pole pairs of the magnetic
field [9]. Bridged configured winding scheme has the capability to suppress the UMP
passively as well as actively. In a BCW, each phase of the winding is divided into
four groups, which are connected as a Wheatstone bridge in such as way that an
additional power source across the bridge points of the winding would generate
magnetic fields of (p ± 1) pole pairs. Several studies have been carried out on
BCW scheme to investigate its behaviour in different eccentricity conditions and
capability of vibration suppression [9–12]. The bridge supply has to be isolated from
the main supply, i.e. the bridge supply has to have a separate ground. A three-phase
bridge supply produces both (p ± 1) components of the magnetic field and this
generates forces with desired frequency components. Khoo et al. [10] demonstrated
the capability of force production in a 1.1 kW permanent magnet motor. Kalita et al.
[11] demonstrated the capability of force production and vibration control in a 37 kW
induction motor using an external supply also referred as “bridge supply” in addition
to the main supply. Gaurav et al. [12] studied the generation of UMP in different
eccentricity conditions in BCW induction machine using coupled magnetic field and
electric circuit model. However, coupled field, circuit and rotor model are needed to
study the rotor response in different eccentricity conditions.

The present work discusses the development of a coupled magnetic field, electric
circuit and rotordynamicmodel of a 3.7 kW4-pole inductionmachinewithBCW.The
simulation has been carried out in different eccentricity conditions. The developed
model can be used for further study of vibration control or for the development of
bearingless machines using BCW scheme.

2 Numerical Model

A coupled magnetic field, electric circuit and rotordynamic model have been devel-
oped in finite element environment for the study of rotor response in different eccen-
tricity conditions. The direct coupling of the rotordynamic equationwith themagnetic
field and electric circuit equations provides the flexibility to simulate the rotor system
accurately because the magnetic forces acting on the rotor changes with a change in
the rotor position. Figure 1 represents the circuit connection of BCW machine and
Fig. 2 represents the schematic representation of rotor motor system.
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A B C

A1
A2 B2 C2
B1 C1

Fig. 1 Circuit diagram of a BCW in an induction machine

Fig. 2 Schematic
representation of a
motor-rotor system

The developed model is for a 3.7 kW induction motor with squirrel cage rotor
which has 36 stator slots. Figure 1 shows the circuit diagram of a BCW winding
scheme and Fig. 3 shows the winding connections of the BCW induction machine
used for the simulation. Two power sources isolated from each other can be connected
to this winding scheme. One power source is the three-phase voltage source which
creates the main field and is called the main supply source, and other power source
is three individual current sources and is called the bridge supply source. PointsA, B
and C represent the main supply terminals, whereas point A1–A2,B1–B2 and C1–C2

represent the bridge supply terminals.
A three-phase supply can be connected at the main supply terminals A, B and

C to produces a 4-pole magnetic field, and hence interactions of this field with the
rotor bar generate torque and the rotor rotates. Whereas, the bridge points of each
phase A1–A2, B1–B2, and C1–C2 can be excited individually using a current source,
isolated from each other and also isolated from the main supply. When the bridge
points are open it is referred as Bridge OFF condition, when the bridge points are
short-circuited it is referred as Bridge ON condition and when a voltage source is
connected across the bridge it is referred as bridge supply condition. Transverse
forces in BCW electrical machines is generated when the rotor is eccentric with
respect to the stator centre and forces can also be generated by connecting bridge
supply through the bridge points while the rotor is concentric with the stator centre.
The generation of force in an eccentric rotor condition also depends on the status of
the bridge conditions, i.e. Bridge ON or Bridge OFF. If the bridge is in ON condition,
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Fig. 3 Winding connections
of the BCW induction
machine used for numerical
simulation

it passively suppresses the unbalanced magnetic pull that arises due to the eccentric
position of the rotor. Figure 2 shows the schematic representation of an electrical
machine consists of the bearings, rotor and stator. The rotor is modelled as a rigid
rotor having four dofs (x, y, α, β). Here, x and y are the displacements along x- and
y-axes, α and β are the rotations about x- and y-axes.

2.1 Coupled Magnetic Field and Electric Circuit Model

The formulation of coupled magnetic field and electric circuit equations represented
in [12] has been used for the coupling of the rotor motion with the magnetic field
and electric circuit equation of the machine. The magnetic field and electrical circuit
equation of BCW induction motor can be represented as shown in Eqs. (1)–(4).
Equation (1) is the field equation for the entire domain of the electrical machine,
Eq. (2) is the stator circuit equation and Eqs. (3) and (4) are the rotor circuit equations.

Da + E
da
dt

− PSTiS + PRuR = 0 (1)

QS
da
dt

+ RSiS + LeS
diS
dt

= uS (2)

QR
da
dt

+ RRiR − uS = 0 (3)
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VTVuR + 2ReRiR + 2LeR
diR
dt

= 0 (4)

where D is the magnetic stiffness matrix and its size is (n × n), n is number of
nodes, a is the magnetic vector potential vector and its size is (n × 1). E represents
the contribution of the induced electromotive force in the field equation due to rotor
bar and its size is (n × n), PS represents the contribution of the excitation of the
stator windings and its size is (n × q), q is the number of stator coil sides, PR is the
contribution of the excitation at the rotor conductor, TS is the transformation matrix
used for the transformation of the circuit currents to the coil side currents and its
size is (q × m), m is the number of stator currents and its value is 6 in Bridge OFF
condition and 9 in Bridge ON and bridge supply conditions, QS is the contributions
of induced electromotive force in the stator and its size is (m × n), RS is the stator
coil resistance matrix and its size is (m × n), LeS is the stator end coil inductance
matrix, iS is the stator circuit current vector and its size is (m × 1), uS is the stator
circuit voltage vector its size is (m × 1), uR is the voltage vector where individual
voltages represents the voltages across the rotor bars and its size is (b × 1), b is the
number of rotor bars, iR is the rotor bar current vector and its size is (b × 1),ReR and
LeR are the rotor end winding resistance matrix and inductance matrix, respectively,
and their size is (b × b), and QR is the contributions of induced electromotive force
in the rotor circuit equations and its size of is (b × n) and V is the transformation
matrix which converts the end ring currents to the rotor bar currents and its size is (b
× b).

The coupled field and circuit equation are solved for magnetic vector potential a,
stator circuit current vector iS, rotor bar current vector iR and rotor bar voltage vector
uR using Crank–Nicolson method. The magnetic field is calculated using magnetic
vector potential as,

B = ∇ × A (5)

where B is the magnetic flux density and A is the magnetic vector potential. The
Maxwell stress method has been used for the calculation of forces at the air gap.

2.2 Rotordynamics Model

The magnetic forces acting on the rotor is coupled with the rigid rotor equation of
motion as shown in Eq. 8. Here, mrot is the mass of the rotor, I

(
Ix = Iy = I

)
is

the mass moment of inertia of the rotor about x- and y-axes, Iz is the mass moment
of inertia of the rotor about z-axis. � is the rotor rotational speed, l1 and l2 are the
distance of the bearing locations from the centre of mass of the rotor, kx1, ky1 and
kx2, ky2 are the bearing stiffness along x- and y-axes of two mechanical bearings,
respectively. fmagx , fmagy and funbx , funby are the magnetic and mass unbalanced
forces acting at the centre of mass along x- and y-axes, respectively. It has been
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assumed that the unbalance and magnetic forces act at the centre of mass of the rotor.
Under the action of these forces, the rotor changes its position and its centre of mass
moves to a new position. Also, the rotor undergoes rotations at this new position
along x and y-axes by angles α and β, respectively and obtain a new orientation. xA1,
xA2 and yA1, yA2 are the new positions of the rotor with respect to the bearing axis
along x- and y-axes, respectively. Maxwell stress tensor method has been used for
the calculation of transverse forces as shown in Eqs. 6 and 7 [13]. Here, σn and τt
are the normal and tangential components of Maxwell stress and Fmagx and Fmagy

are the transverse magnetic force acting along x- and y-axis, respectively. Equation 8
represents the equation of motion of the rotor with respect to the centre of mass.
Here, M is the mass matrix, G is the gyroscopic matrix, K is the stiffness matrix,
fmag is the magnetic force vector, funb is the unbalance force vector and d is the vector
representing the rotor displacements.

σn =
(
B2
n − B2

t

)

2μo
and τt = 2BnBt

2μo
(6)

Fmagx = l

2π∫

0

(σn cos θ − τt sin θ) rdθ and Fmagy = l

2π∫

0

(σn sin θ + τt cos θ) rdθ

(7)

Md̈ + Gḋ + Kd = fmag + funb. (8)

where, M =

⎡

⎢⎢
⎣

mrot 0 0 0
0 mrot 0 0
0 0 I 0
0 0 0 I

⎤

⎥⎥
⎦, G =

⎡

⎢⎢
⎣

0 0 0 0
0 0 0 0
0 0 0 −Iz�
0 0 Iz� 0

⎤

⎥⎥
⎦,

fmag =

⎧
⎪⎪⎨

⎪⎪⎩

fmagx

fmagy

0
0

⎫
⎪⎪⎬

⎪⎪⎭
, funb =

⎧
⎪⎪⎨

⎪⎪⎩

funbx
funby
0
0

⎫
⎪⎪⎬

⎪⎪⎭
, d =

⎧
⎪⎪⎨

⎪⎪⎩

x
y
α

β

⎫
⎪⎪⎬

⎪⎪⎭
,

K =

⎡

⎢⎢
⎣

kx1 + kx2 0 0 l1kx1 − l2kx2
0 ky1 + ky2 l1ky1 − l2ky2 0
0 l1ky1 − l2ky2 l21ky1 + l22ky2 0

l1kx1 − l2kx2 0 0 l21kx1 + l22kx2

⎤

⎥⎥
⎦

Equations 1–4 and 6–8 are solved simultaneously to calculate magnetic vector
potential vector a, rotor displacements vector d, velocity vector ḋ, stator currents
vector iS, rotor bar currents vector iR and rotor bar voltages vector uR. The input of
the simulation is various winding parameters, slip condition (s) and simulation time(
t f

)
. The simulation is initialized by providing initial values of a, d ḋ, iS, iR and uR.

Based on the requirement of force, a bridge supply along with the main supply can
be given to generate transverse force on the rotor of the motor. However, if there is
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no requirement of lateral force generation, only the main supply can be provided.
Air gap stitching method as explained in [12] is used for the movement modelling
of the rotor. After excitation conditions and rotor positions are defined, the coupled
field and circuit equation are solved using Crank–Nicolson method to calculate the
magnetic vector potential at each node, stator circuit current, rotor bar current and
rotor bar voltage at next time step. The forces acting on the rotor is calculated by
the Maxwell stress tensor method. Once the magnetic forces acting on the rotor is
known, the mechanical equation of the motion has been solved by using fourth-order
Runge–Kutta method to calculate the new position and velocity of the rotor.

3 Simulation Results

Simulations have been carried out using the developed coupled numerical model to
study the effects of different bridge conditions on the air gap force production. The
parameters of the induction machine used for simulation are considered similar to
the machine used in [12]. Table 1 shows the electrical parameters of the induction
machine. Table 2 shows the parameters of the rotor-bearing system.

Figures 4 and 5 represent the comparison of rotor response along the y-axis in
Bridge OFF and Bridge ON conditions in static and dynamic eccentricity states,
respectively. In static eccentricity condition, the rotor position has been shifted by
10−4 m along the x-axis and the rotor is allowed to vibrate with respect to this point
subjected to eccentricity induced forces. In dynamic eccentricity condition, an unbal-
anced force of 0.1 × 10−4 kg m has been introduced in the rotor. This unbalance

Table 1 Electrical
parameters of the induction
machine

Parameters Value

No. of poles 4

No. of stator slots 36

No. of rotor bars 26

Outer dia. of stator 160 mm

Outer dia. of rotor 103 mm

Air gap length 1 mm

Axial length of the motor 135 mm

Resistance per phase 6.8 �

End winding inductance 3.94 × 10−4 A/m

Resistance of each rotor bar 10−5 �

Rotor end ring resistance 2.49 × 10−6 �

Rotor end ring inductance 1.54 × 10−8 A/m

Main supply voltage 37 V, 50 Hz

Slip 0.02
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Table 2 Parameters of the
rotor-bearing system

Parameters Value

m 0.1 kg

I 0.0433 kg m2

Iz 0.0080 kg m2

l1 = l2 0.1865 m

Mass unbalance 0.1 kg

Static eccentricity 1 × 10−4 m

Unbalance 0.1 × 10−4 kg m

kx1 = kx2 = ky1 = ky2 1 × 108 N/m

Fig. 4 Displacement of the
rotor along y-axis in static
eccentricity for Bridge ON
and Bridge OFF conditions

Fig. 5 Displacement of the
rotor along y-axis in dynamic
eccentricity for Bridge ON
and Bridge OFF conditions

force-induced vibration creates dynamic eccentricity condition in the machine, and
rotor is allowed to vibrate subjected to the mass unbalance force and dynamic eccen-
tricity induced forces. It can be observed in Fig. 4 that Bridge ON condition is able to
suppress the rotor vibration substantially. However, the suppression of rotor vibration
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Fig. 6 Comparison of
magnetic force acting on the
rotor in dynamic eccentricity
condition in Bridge OFF and
Bridge ON condition

Fig. 7 Comparison of
unbalanced force in acting on
rotor in dynamic eccentricity
condition in Bridge OFF and
Bridge ON condition

is lesser in dynamic eccentricity condition as shown in Fig. 5. To investigate it further,
the magnetic and unbalanced forces acting in dynamic eccentricity conditions have
been compared separately in Bridge OFF and Bridge ON conditions as shown in
Figs. 6 and 7, respectively. It can be observed that the reduction of magnetic forces
in dynamic eccentricity condition is substantial; however, the reduction in unbalance
force is quite negligible. The unbalanced force has component Meω2, here, e is the
distance between the centre of shaft and the centre of mass and M is the mass of
the rotor. However, to cancel out the constant component of the unbalanced force, a
bridge supply would be needed, which has not been analysed in this paper.

4 Conclusions

A coupled magnetic field, electrical circuit and rotor equation of motion model
have been developed in MATLAB environment to analyse the rotor vibration in the
state of static and dynamic eccentricity conditions. The developed model is generic
in nature which can be used to simulate the Bridge ON, Bridge OFF and bridge
supply conditions. The present work demonstrates the capability of developed code
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by analysing rotor vibration in static anddynamic eccentricity conditions. Thepassive
vibration capability of bridge configured winding has been demonstrated. Further,
the developed code would be very helpful to study the transverse force generation in
the bridge supply condition, which can be used for the development of bearingless
electrical machines.
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Dynamic Modeling and Analysis
of Propeller Shaft Supported on Rolling
Element Bearings

Devendra Singh and J. Srinivas

Abstract This paper presents modeling and dynamic analysis of marine propulsion
shaft supported on three radial and one thrust bearings. The motions of rotor and
bearings are under the influence of each other, and therefore, such a system requires
structural dynamic studies. Initially, the rotor bearing system is analyzed with finite
element model to obtain the modal properties. Internal unbalance force due to mass
eccentricity acts on the propeller. Unbalance response of the rotor is obtained numer-
ically from Neumark time integration scheme. Effect of speed and bearing stiffness
on the dynamic response is studied. In further case, the radial springs are replaced
with three ball bearings, which are modeled by Hertz contact forces expressed in
terms of the corresponding nodal displacements. The effects of disk imbalance,
thrust bearing stiffness and number of propeller blades on system response are illus-
trated for different speeds in terms of time and frequency responses. The generalized
interactive approach is useful for carrying out parametric studies.

Keywords Propulsion shaft · Hertz contact force · Dynamic response · Stability
analysis

1 Introduction

Marine propulsion rotors are heavy-duty long shafts coupled to the hull and are
quite difficult to analyze in practical conditions. Often, they are joined together with
couplers and have uneven eccentricities. Therefore, they are mounted on several
bearings in radial and axial directions. The system in its simplest form consists
of the shaft, bearings and a propeller. The power from the engine is transmitted
to the propeller, which generates the thrust necessary to propel. Pulsing torque of
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the engine, unsteady propeller thrust and imbalance of rotating parts of the system,
respectively, result in torsional, longitudinal and transverse vibrations of the system.
Free and forced vibration analysis of these rotors is essential to know the effects oper-
ating parameters on the vibration modes and response in order to migitate resonance
regions. The overall development and design of propeller system technology with
hydrodynamic supports, strength and manufacturing aspects were given by Carlton
[1]. A geometric approach of marine propeller rotor with numerical modeling of
engine, propeller and control actuators was presented by Figari and Altosole [2]
for nonlinear dynamic simulations of the system. Huang et al. [3] studied coupled
torsional–longitudinal vibrations of ship’s propeller shaft. Sternlicht et al. [4] studied
the propulsion shaft system with thrust bearing as the sole axial support. Sliding
tilting pad thrust bearing was used for supporting the hull against propeller thrust.
Xiao et al. [5] studied the characteristics of hybrid propulsion shaft with mathemat-
ical model and vibration equations of the shaft using lumped parameter approach.
Experimental work on double diesel propulsion shafting bench was illustrated. Zou
et al. [6, 7] presented coupled longitudinal and transverse vibrations of the propul-
sion shaft system. Chen et al. [8] analyzed vibration characteristics of propeller shaft
subjected to inflow turbulence. In more recent work, Huang et al. [9] studied the
coupled torsional–lateral vibrations of propeller shaft system by accounting effects
of damping ratio, cross-sectional eccentricity and length to diameter ratio, etc., on the
overall stability of the system. Chen et al. [10] developed a coupled longitudinal and
transverse model of a submarine propeller-shaft-hull system using sub-structuring
approach. In most of these works, the bearings are simply treated as linear members,
and the contributory effects of supports were not studied. In practice, lateral and axial
vibrations are coupled in such systems with strong nonlinearities in bearing forces.
Stability studies at off-resonance states has a vital significance.

Present work focuses on the dynamicmodeling of the propeller rotor shaft system.
Initially, free vibration characteristics are obtained. Time and frequency domain anal-
ysis are conducted, and the effect of propeller unbalance is studied on the dynamic
response. Some stability issues are discussed with respect to rotor eccentricity,
number of propeller blades at different speeds of operation. The paper is organized
as follows: Sect. 2 presents mathematical modeling including the energy expressions
and equations of motion for finite element analysis of rotor, bearing reaction forces,
etc. Section 3 describes results and discussion.

2 Mathematical Modeling

A simplified model of the rotor system is developed using Euler–Bernoulli’s beam
theory. Figure 1 shows the shaft system supported on three radial bearings (back
stern B1, front stern B2, middle B3) and one thruster (T1). It has propeller disk at
left end and engine at the other end. Propeller is treated as rigid and shaft system is
considered as flexible.
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Propeller disk

B1

B2 B3 T1 Engine

Coupler

y

z
x

Fig. 1 Rotor dynamic system of propeller shaft

The kinetic energy and potential energy of rotor shaft element can be written in
terms of material elasticity E and density ρ along with cross-sectional area A, the
diameter and polar moment of inertia of the shaft are Id and Ip, respectively. The
strain energy of the shaft can be written as

U = Ushaft = 1
2

l∫

0

[
E A

(
u′2 + 1

4

(
v′2 + w′2)2 + u′(v′2 + w′2)

)

+E Id
(
v′′2 + w′′2)]dx

(1)

Deflections in longitudinal, two lateral direction are u, v and w, respectively. The
prime indicates derivative with respect to x. Also u, v, w are the function of x and t
only. Likewise, the kinetic energy of the shaft and that of propeller disk is given by

Tshaft = ρ

2

l∫

0

[
A
(
u̇2 + v̇2 + ẇ2

) + Id
(
v̇′2 + ẇ′2) + Ip�

2 + Ip�
(
w′ v̇′ − v′ ẇ′)]dx

(2)

Tdisk = 1
2md

[
u̇2 + v̇2 + ẇ2

]
x=0 + 1

2 Jd
(
v̇′2 + ẇ′2)

z=0

+ 1
2 Jp�

(
w′v̇′ − v̇′2ẇ′)

x=0 + 1
2 Jp�

2 (3)

Here, md, Jd, Jp are mass, diametral and polar moment of inertia of the propeller,
respectively, and � is the rotor speed. The external work done by unbalance forces
at the propeller disk (eccentricity ‘e’) is given as

Wd = mde�
2(v cos�t + w sin�t)x=0 (4)

As an external force, axial harmonic thrust load with the first blade passing
frequency is considered. Work done by the force is

Wb = |F cos(n�t + α)u|x=0 (5)

where F is the amplitude of thrust force, α is the phase angle, n is number of blades,
and n� is the blade passing frequency of the propeller.
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The equations of motion are obtained by substituting above energy expression in
the Hamilton principle

δ

t2∫

t1

(T −U + W )dt = 0 (6)

where δ denotes the variational operator .
The resulting equations ofmotion of the rotor system inmatrix form can bewritten

as

[M]
{
Ü

} + ([C] + �[G])
{
U̇

} + [K ]{U } = { f } + { fb} (7)

Here, [M], [C], [G] and [K] are, respectively, the overall mass, damping, gyro-
scopic and stiffness matrices. {U} is the displacement vector, {f } is unbalance and
blade force vector at the propeller node, while {f b} is components of nonlinear
bearing forces.

2.1 Bearing Forces

In present context, Hertz’s contact theory is used to calculate the ball bearing forces
due to the dry friction. Ball bearing consists of inner race, outer race, rolling balls and
a cage as shown in Fig. 2. The outer race acts on the inner race by rolling action of the
balls, and this results in interaction forcewhich is called restoring force. Bai et al. [11]
studied nonlinear dynamic response of a flexible rotor supported by ball bearings. The
finite element rotor system with a shaft, one disc, two flexible bearing supports and
a ball bearing element where the nonlinearities were due to both the radial clearance
and the Hertzian contact between races and rolling elements. Nelson [12] used finite
element model to study rotor bearing system which includes the effect of rotary

Fig. 2 Line diagram of ball
bearing
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inertia, gyroscopic moments and axial load using the consistent matrix approach.
Liqin et al. [13] studied the nonlinear bearing forces of roller bearing and used
Neumark-beta and New Raphson to solve the nonlinear equations. Tiwari [14,15]
studied the nonlinear behavior of a balanced rotor by taking into the effects of internal
clearances of a roller bearing and also analyzed the dynamic characteristics of an
unbalance rotor. Luczko [16] developed a geometrically nonlinear model for rotating
shafts, with internal resonance and self-excited vibration. Mevel and Guyader [17]
studied the dynamic motion of ball bearing, which involves different mechanism in
transition to chaotic behaviors, also by varying a control parameter; different routes
to chaos are described.

Assume � as the speed of rotation of the rotor, ri and ro are inner and outer race
radii, respectively, ωc is the nominal cage speed, ωct is the cage angular position, O1

and O2 are the center of the two races, and then, the attitude angle for each ball is

given by ϕ j = 2π
Nb

( j − 1)+�
(

ri
ri+ro

)
. In the rotor bearing system, usually, the outer

race of the ball bearing is fixed to the bearing housing, and the inner race is rigidly
fixed to the rotating shaft. The simplified model with two degrees of freedom has
two component forces given as

Fzb = −
Nb∑

j=1

Kbδ
1.5
j H

(
δ j

)
cosϕ j (8)

Fyb = −
Nb∑

j=1

Kbδ
1.5
j H

(
δ j

)
sin ϕ j (9)

where Nb are number of balls, Kb is load deflection factor (N/m1.5) depends on
the material properties and curvatures of the surface in contact, and also, Heaviside
function (H) is defined as

H(δ j ) = 1 i f δ j > 0

= 0 i f δ j ≤ 0
(10)

Here,δ j is total elastic deformation, given as

δ j = vb cosϕ j + wb sin ϕ j − rc (11)

with rc = rci + rco, is the total radial clearance between inner and outer races and
ball, vb and wb refer to the relative displacements of the inner and outer races along
y- and z-directions, respectively.
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3 Results and Discussions

For dynamic analysis, the rotor is discretized into eight uniform beam elements. The
propeller disk is represented as lumpedmass (rigid body) located at the node 1, while
the nodes 2, 6, 8 and 9 represent the bearing positions as shown Fig. 3. Each node
has five degrees of freedom (DOF) including three translations (u, v, w) and two
rotational degrees or slopes (v’, w’). Total there are 45 degrees of freedom in the
assembled system.

The assembled system of equations of motion are formulated in matrix form
and solved numerically through Neumark time integration scheme with zero initial
conditions via a MATLAB program. Dimension and material properties for the rotor
system are shown in Table 1. The axial coordinates of each bearing support are
0.42m (node-2), 4.62m (node-6), 8.55 m (node-8) and thrust bearing at 8.8 m (node-
9) from the left end.

In order to validate the finite element code, initially, the linear spring elements
are used to idealize the bearings with the following stiffness coefficients from left
to right: kB1 = 2.5 × 108 N/m, kB2 = 0.8 × 108 N/m, kB3 = 3 × 108 N/m and
kT1 = 2.5 × 108 N/m. Table 2 shows the first few natural frequencies obtained at
three different speeds of operations. The backward and forward transverse mode
frequencies at 200 rpm are very close to 8.774 and 12.752 Hz at obtained by Zou
et al. [7].

Further, the spring elements are replaced by ball bearings for all three radial
bearings. Ball bearing parameter is shown in Table 3.

Fig. 3 Finite element model

Table 1 Geometric and material propeller shaft [7]

Property Value Property Value

Density of shaft material (kg/m3) 7800 Outer diameter of shaft (m) 0.240

Mass of propeller (kg) 6600 Inner diameter of shaft (m) 0.120

Diameter moment of inertia of
propeller (kg m2)

3000 Young’s modulus of shaft (GPa) 210

Polar mass moment of inertia of
propeller (kg m2)

6000 Disk Eccentricity (m) 20 × 10−6

Length of shaft (m) 8.8
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Table 2 First few natural
frequencies (in Hz)

S. No Rotor at rest Speed = 200 rpm Speed = 400 rpm

1 10.4731 8.4717 6.8886

2 10.4731 12.8400 15.3936

3 31.3386 30.8463 30.4632

4 31.3386 31.9714 32.7635

5 36.3824 36.3737 36.3767

Table 3 Ball bearing data for
SKF 2500 bearing

S. No. Properties Value

1 Number of balls 7

2 Inner race radius (m) 2.75 × 10−3

3 Outer race radius (m) 4.7565 × 10−3

4 Ball radius (m) 1 × 10−3

5 Load-deflection factor (Nm−1.5) 1.3603 × 109

Forces considered here are unbalance due to disk eccentricity and axial
blade force with amplitude F = 1 N, zero phase with seven blades on disk
(F = 1, α = 0 and n = 7). The time response in x-direction at the back stern bearing
(node-2) with a rotor speed of 200 rpm is shown in Fig. 4.

It is oblivious that the system is stable because the response obtained is not
diverging in nature. The first dominant peak for nonlinear bearing force is obtained
at 4.578 Hz. The corresponding phase plane diagram shows a limit cycle formation
due to bearing nonlinearity. When speed has increased in steps of 50 starting from
250 to 400 rpm, the FFT plots at the node 2 are illustrated in Fig. 5. At 300 rpm,
only single dominant peak is observed which conveys that energy is concentrated at
a frequency and system is stable. As speed of the rotor is increased, the dominant
peak shifts toward left, and also, multiple peaks are observed due to ball passing
frequencies. The first dominant peak is found at (i) 5 Hz in 250 rpm (ii) 5.493 Hz in
300 rpm (iii) 4.833 Hz in for 350 rpm (iv) 4.578 Hz in 400 rpm.
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Fig. 4 Dynamic responses at node-2, a time response, b frequency spectrum, c phase portrait
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(a)

(c) 

  250 rpm (b) 300 rpm

350 rpm (d) 400 rpm

Fig. 5 Frequency spectra at different rotor speeds

As thrust bearing stiffness increases, the fundamental natural frequency increases
rapidly, but afterward, it remained nearly constant. The effect of unbalance eccen-
tricity of the rotor is studied at constant rotor speed of 300 rpm, and resultant FFT
plots are shown in Fig. 6.

It is observed that as the eccentricity increases, maximum amplitudes of response
increase due to increased unbalance force. Figure 7 shows the dynamic response at
node 2 in axial direction at 100 rpm.

It is seen that axial response mode is having only single peak, whereas lateral
responses have two distinct peaks, and small multiple peaks in y- and z-directions
are due to ball passing frequencies. Figure 8 shows the effect of number of blades of
propeller on the dynamic response. It is seen that the amplitude has slightly reduced
as number of blades increase. Amplitude and phase have negligible effect.
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(a) e=1 micron     (b) e=2 microns 

(c) e=3 microns     (d) e=4 microns 

Fig. 6 Frequency spectra at different disk eccentricities

(a) Time domain   (b) frequency domain

Fig. 7 Response in axial direction at 100 rpm

4 Conclusions

Present work described the coupled lateral-axial vibration analysis of propeller shaft
system supported on three radial ball bearings and one thrust bearing. Dynamics and
stability studies were conducted to know the effect of thrust bearing, disk unbalance
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Fig. 8 Dynamic response at left bearing node at 200 rpm and e = 20 µm

eccentricity at different operating conditions.At 200 rpm, the time responses obtained
for linear and nonlinear model were found to be stable in nature. By increasing the
thrust bearing stiffness, fundamental natural frequency of system has also increased.
Time and frequency responses obtained for axial and lateralmodes at 100 rpmshowed
stable conditions. As a future scope of the present work, the stability of rotor may
be studied with realistic thrust bearing model instead of elastic spring by including
the parameters like number of pads, thickness, as well as its optimum location. An
experimental work is also required with a thrust bearing to support the studies. Effect
of fluid induced force transmission on the hull vibrations may also be studied in more
detail.
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Rotordynamic Analysis of High-Speed
Rotor Used in Cryogenic Turboexpander
Using Transfer Matrix Method

Debanshu S. Khamari, Partha Sarathi Kar, Shantashree Jena,
Jitesh Kumar, and Suraj K. Behera

Abstract Cryogenic turboexpander is considered as the heart ofmoderngas liquefier
for its high thermodynamic efficiency and high reliability. The operating speed of
small- and mid-sized turboexpander is usually greater than 50,000 rpm. Such high
rotational speed brings constrain in the selection of the appropriate bearings. In
turboexpander, gas bearings are found suitable to use, where process gas is used as a
lubricant to avoid contamination. The study of rotordynamic behaviour of such high-
speed turbomachinery is essential to avoid resonant conditions and predict unbalance
vibrations. In the current application, transfermatrixmethod (TMM) is used topredict
critical speed, mode shapes and unbalance response of a rotor using gas foil journal
bearings. The predicted critical speeds are compared with experiments to validate
the same. The rotational speed of the designed rotor is 80,000 rpmwith an unbalance
of 40 mg-mm at each journal bearing.
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Nomenclature

ln Shaft element length
Mn Mass of the nth element
En Modulus of elasticity
Kn Stiffness, (Kb at bearing stations and 0 at all other stations)
ML

y,n Bending moments on the left of the nth disc
MR

y,n Bending moments on the right of the nth disc
V L
n Shear forces at the left faces of the nth disc

V R
n Shear forces at the right faces of the nth disc

ω Rotor speed
w Deflection
θ Slope
In Area moment of inertia of the nth station
[F]n Field matrix of the nth station
[P]n Point matrix for nth station
{Q}n {w, θ, M, V }T, the state vectors at the nth node
[T ]o The overall transfer matrix

1 Introduction

Transverse vibration is a significant cause of failure in high-speed turbomachinery.
Therefore, a prior prediction of such failures using vibrational or rotordynamic anal-
ysis is an essential requirement for turbomachinery design. The rotordynamic anal-
ysis helps to find the possible source of failure and the solution to the same. One
solution is to design rotor and bearing systems such that the operating speed of turbo-
machinery is far from the critical speeds of the bearing and rotor system. Apart from
critical speed, the mode shapes and unbalanced response are essential for vibration
analysis of the rotor. A mode shape is a definite pattern of vibration of the rotor at
the critical speed which is determined by the distribution of mass and stiffness along
the rotor [1, 2]. The presence of unbalanced mass causes excessive vibration in the
rotating shaft. Proper rotor balancing procedure can minimize these unbalance mass.
However, even small unbalancemass in the high-speed rotor can develop anunwanted
vibratory response. Thus, the unbalance response analysis of the high-speed rotor is
essential. There are many methods for the computation of critical speeds and unbal-
ance response. Currently, the finite element and transfer matrix methods are two of
the most prevalent methods for analysing rotor-bearing systems. Among the two,
transfer matrix method is used as it is easy and requires lower computation time for
the calculation.
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2 Rotordynamic Analysis of Prototype Rotor

For each rotor-bearing system, there exists an infinite number of discrete natural
frequencies of lateral vibration and for every natural frequency, and there is a mode
shape, which can be considered as a depiction of the rotor diversion bend at the
moment ofmost extreme strain amid the vibration. Traditional TMMhas fixedmatrix
dimensions and is easy to solve. In this method, the rotor is modelled as discs and
massless elastic elements. The first element is linked to the last element of the rotor
by an overall transfer matrix. An overall transfer matrix is used to determine the
critical speed and mode shapes upon applying boundary conditions. Further, this
method can be easily modified to compute a response to imbalance with a known
unbalance mass. In the current application, TMM [1, 2] is used for rotordynamic
analysis.

2.1 Transfer Matrix Method

The prototype rotor is divided into N number of stations, where N denotes the last
inertia station of the rotor. Figure 1 shows the free body diagrams of the disc (inertial
element) and the elastic elements constituting the nth station.

The transfer Eq. (1) for the massless elastic shaft, element is derived using statics
and beam deflection theory. The field matrix Fn relates the variable of interests
(displacement, slope, bending moment and shear force) or the state vectors between
right and left of the beam or between the right of the nth disc and left of the (n +
1)th disc [2].

Fig. 1 Free-body diagrams of the elements in the nth rotor station [2]
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Symbolically Eq. (1) can be written as:

{Q}Ln+1 = [F]n{Q}Rn
The point matrix of Eq. (2) represents the relation between the variable of interests

between right and left of the nth disc [1]. The relation is derived from rigid body
mechanics, and the transfer equations across the station for synchronous whirl can
be expressed as:
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Symbolically Eq. (2) can be written as:

{Q}Rn = [P]n{Q}Ln
The relation between the 1st and the last element of the rotor-bearing model can

be determined by multiplying all the field and point matrix. The relation can be
expressed with an overall transfer matrix [T0] as:

{Q}RN = [To]{Q}L1 (3)

where

[To] = [PN ]
[
FN−1

][
PN−1

]
. . . [F1][P1]

The overall transfer matrix [T0] is also 4 × 4 in size as the point matrix [P] and
field matrix [F] are all 4 × 4 matrices. The expanded form of the Eq. (3) is written
as:
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In the current applications, the turbine and compressor (Fig. 2) are at the free end
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Fig. 2 Prototype rotor with stations

of the rotor, so there is no shear force and bending moment of the 1st and last element
of the rotor. Hence, the boundary condition is written as:

{
VN

MN

}R

=
{
V1

M1

}L

=
[
d31 d32
d41 d42

]{
r1
θ1

}L

= [D]

{
r1
θ1

}L

=
{
0
0

}

(5)

For Eq. (5) to have non-zero solutions, determinant of the matrix [D] should be
zero, so the critical speeds are the value of ω for which the determinate of the matrix
is zero. Once the critical speed is determined, the corresponding mode shapes can
be evaluated by assuming unit slope at station 1 and compute the displacements at
each station.

The process of computation of unbalance response using TMM is an extension
of critical speed analysis. In the case of unbalance response analysis [2], the field
matrix and point matrix are modified to include bending quantities of the beam and
the unbalance mass mu at an eccentricity e.

2.2 Prediction of Critical Speed, Mode Shape and Unbalance
Response

For the current application, the prototype rotor is divided into 23 number of stations
(Fig. 2). Each station consists of a lumped inertias (discs) and massless elastic shaft
elements. The choice to divide each part into several elements is based on its shapes,
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Table 1 Division of prototype rotor

No. Rotor part description No. of element

1 The turbine mounted on a protrusion at the cold end of the shaft 3

2 The stepped shaft region between the turbine and lower journal bearing 3

3 Lower journal bearing 1

4 Shaft region between lower journal bearing and collar 5

5 The shaft collar 1

6 Shaft region between the collar and upper journal bearing 5

7 Upper journal bearing 1

8 The stepped shaft region between journal bearing and brake compressor 2

9 The brake compressor mounted on a protrusion at the warm end of the
shaft

2

dimensions and materials. The division of the rotor is as shown in Table 1. The
stiffness and damping of the journal bearing are 4.02 × 105 N/m and 2.04 × 10−3

N s/m, respectively, for station no. 7 and 19. The stiffness and dampingwere predicted
based on perturbation method and are taken as speed dependent for current analysis.
The dynamic coefficients were considered at the design speed. The data for the
different stations is given in Table 2. The critical speed computed using TMM are
shown in Table 3.

The first two rows of the table are rigid critical speeds, and the 3rd row is the 1st
bending critical speed. The mode shape of the 1st bending speed is shown in Fig. 3.
The designed rotor is safe to run for the current application because the speed for the
current application is 80,000 rpm, which is about 40% of 1st bending critical speed.

The analysis is further extended to predict unbalance response of the rotor with
40 mg-mm of unbalance near the bearings. The unbalance responses are predicted at
various locations of the rotor such as near journal bearings of turbine and compressor
sides. Figures 4 and 5 show unbalance response near journal bearing of the turbine
and the compressor side. The acceptable limit of vibration amplitude is less than the
radial clearance (25 µm). The maximum amplitude of vibration is nearly 5 µm, and
it is within the acceptable limits of the gas foil bearing design.

3 Experimental Verifications

To verify the predicted rotordynamic coefficients with experiments, a rotor along
with the turbine and compressor are fabricated (Fig. 6) [3]. The assembly of turboex-
pander with bearing and housings is shown in Fig. 7. Pair of accelerometers and
an oscilloscope is connected to the test rig. The accelerometers are mounted on
the bearing housing close to the upper and lower journal bearings. The assembled
turboexpander is placed at the test rig with the associated instrumentation.
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Table 2 Station data of the prototype rotor

Station No. M × 10−3 (Kg) ln (m) In (mm4) Ipn (kgm2) Itn (kgm2) Ejn (N/m2)

1 6.70E−04 7.29E−03 6.45E−11 3.04E−09 4.48E−09 6.98E+ 10

2 3.12E−03 8.00E−03 1.25E−09 6.22E−08 4.77E−08 6.98E+10

3 9.48E−03 8.00E−03 1.32E−08 6.15E−07 3.58E−07 6.98E+10

4 1.08E−02 9.00E−03 9.86E−10 3.42E−07 1.95E−07 1.79E+11

5 2.15E−03 3.25E−03 4.91E−10 2.69E−08 1.54E−08 1.79E+11

6 2.15E−03 3.25E−03 4.91E−10 2.69E−08 1.54E−08 1.79E+11

7 2.72E−02 1.60E−02 3.22E−09 8.69E−07 1.01E−06 1.79E+11

8 7.85E−03 4.63E−03 3.22E−09 2.51E−07 1.4E−07 1.79E+11

9 7.85E−03 4.63E−03 3.22E−09 2.51E−07 1.4E−07 1.79E+11

10 7.85E−03 4.63E−03 3.22E−09 2.51E−07 1.4E−07 1.79E+11

11 7.85E−03 4.63E−03 3.22E−09 2.51E−07 1.4E−07 1.79E+11

12 2.86E−03 3.00E−03 1.02E−09 5.15E−08 2.79E−08 1.79E+11

13 7.70E−02 6.00E−03 1.84E−07 1.86E−05 9.55E−06 1.79E+11

14 2.86E−03 3.00E−03 1.02E−09 5.15E−08 2.79E−08 1.79E+11

15 7.85E−03 4.63E−03 3.22E−09 2.51E−07 1.4E−07 1.79E+11

16 7.85E−03 4.63E−03 3.22E−09 2.51E−07 1.4E−07 1.79E+11

17 7.85E−03 4.63E−03 3.22E−09 2.51E−07 1.4E−07 1.79E+11

18 7.85E−03 4.63E−03 3.22E−09 2.51E−07 1.4E−07 1.79E+11

19 2.72E−02 1.60E−02 3.22E−09 8.69E−07 1.01E−06 1.79E+11

20 3.92E−03 3.84E−03 1.4E−09 8.28E−08 4.54E−08 1.79E+11

21 3.92E−03 3.84E−03 1.4E−09 8.28E−08 4.54E−08 1.79E+11

22 9.76E−03 5.28E−03 2.42E−08 8.57E−07 4.51E−07 6.98E+10

23 3.18E−03 5.28E−03 1.75E−09 7.51E−08 4.49E−08 6.98E+10

Table 3 Computed critical
speed of the rotor

No. Critical speed (Hz) Critical speed (rpm)

1 446 26,752

2 489 29,353

3 3495 209,721

The periodic curves are plotted near the 1st and 2nd critical speed of the turboex-
pander which are shown in Figs. 8 and 9. The predicted 1st and 2nd critical speeds are
26,752 rpm and 29,353 rpm, respectively. The deviation of experimental 1st and 2nd
critical speeds are 6% and 2%, respectively, from the predicted values. The above
deviation in critical speed may be due to the deviation of predicted stiffness and
damping at the bearings. The critical speeds are noted, and in the successive runs,
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Fig. 3 Mode shape at 1st bending critical

Fig. 4 Unbalance response near journal bearing on the turbine side

these speeds are quickly crossed to avoid any excessive vibration of the turboex-
pander. Oscilloscope is connected to the test rig to measure the amplitudes of vibra-
tion. The stable rotation is achieved at speed close to 80,000 rpm with a synchronous
vibration amplitude of 85 mV near the lower journal bearing. The obtained signals
are converted to acceleration, and FFT of the vibrational spectrum at 80,000 rpm is
shown in Fig. 10 for response at lower journal bearing.
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Fig. 5 Unbalance response near journal bearing on the compressor side

Fig. 6 Fabricated prototype rotor

4 Conclusions

The work presented in this paper is a modest attempt to validate the transfer matrix
method for high-speed small-sized cryogenic turboexpander. The experimental result
indicates that there are small variations in the predicted and experimented rigid
critical speeds. This may be due to the variation in predicated stiffness and damping
of the gas foil bearings. Therefore, the above observation proves the accuracy of the
rotordynamic model as explained in this paper.
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Fig. 7 Test bed with the turboexpander assembly and instrumentations

Fig. 8 Spectrum in the time domain at speed close to 1st critical speed (25,252 rpm) near lower
journal bearing
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Fig. 9 Spectrum in the time domain at speed close to 2nd critical speed (29,850 rpm) near lower
journal bearing
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Fig. 10 FFT spectrum at a speed of 80,000 rpm speed near lower journal bearing
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Abstract In the aero engine rotor-bearing systems, a design modification to move
the critical speed away from resonance zone and to improve the unbalance response is
a practical problem for designers. The objective functions are selected as amplitude of
vibration due to unbalance and second critical speed. The two selected objectives are
found to be conflicting, and hence, multi-objective optimisation is used to solve this
problem through numerical formulation. Diameters of the stepped shaft and stiffness
of the two bearings are selected as design variables. Weight is set as a constraint,
and additional constraints based on the initial design are introduced. Objectives
resulting from multi-objective optimisation and corresponding design variables are
clustered separately using k-means clustering algorithm. The novelty of the work
is in empowering the designer to recognise the hugely diverse designs resulting
in identical solutions and achieving manufacturing sovereignty in choice of design
through clustering in objective and design space and their mapping.
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Nomenclature

NSGA Non-dominated sorting genetic algorithm
Pmax Maximum amplitude of response due to unbalance
ωc
2 Second critical speed

1 Introduction

Aero engines are gas turbine based, and they thrive on the development of highly
efficient rotor systems. Rotor systems combine shafts and discs, and the combination
freely rotates about the shaft centre axis through bearings. Proper rotor dynamic
analysis is performed to keep the vibration of the rotor system in control during
operation. The development of scientific methods over the years replaced old trial
and error methods of analysis, and the one that gained good ground is optimisation
methods. Rotor system design and modification is one of the key areas of research
in optimisation techniques.

An early area of research was on optimisation of shape of the rotor with constraint
on critical speed [1–3]. Genetic algorithm combined with transfer matrix method
was applied to shape optimisation [4]. Multi-stepped rotor was studied by the same
methodology [5]. A study on weight optimisation with critical speed constraint
discussed the possibility of extending single objective problem to multi-objective
one [6]. These studies considered single objectives, and other parameters are either
neglected or converted to constraints.

Different researchers studied the change of single parameter leading to cumulative
effects on other parameters of the rotor system. The initial study on multi-objective
optimisation used unbalance response and stability as two objectives and combined
them using a weighted objective function [7]. Further studies on weighted objec-
tive function for multi-objective optimisation with weight and transmitted force as
objectives were carried out [8]. Immune genetic algorithm was applied for the same
problem by a different researcher to improve the results [9]. Weighted objective
function formed for unbalance response and stability resulted in optimum solution
by modifying support characteristics of rotor system [10]. These studies on weighted
objective function resulted in a single optimum solution.

The quest for a set of the final solution for designer led to the generation of Pareto
front with rotor system multi-objective optimisation. The multi-objective optimisa-
tion of rotor system by considering unbalance response and stability limit as two
objectives improved the support characteristics and produced a Pareto front [11]. A
recent study on multi-objective optimisation to diminish vibration level and trans-
mitted force with critical speed constraint used NSGA-II optimisation algorithm
and developed a Pareto front [12]. Though these studies resulted in a Pareto front,
they never discussed its practical applicability from manufacturing point of view. In
the real-world problems, design engineers need to understand the objective values
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of the solutions and their structure, that is, how the designs appear. This leads to
identification of groups called clusters that are alike both in objective values and in
their structure. These clusters provide information about the relationship between
the designs and regions in objective space represented by these designs.

During practical problems, the understanding of the accomplished results might
be very exhausting, because the depiction of each solution is multifaceted. The rotor-
bearing systems aremore detailed and takemore time to inspect the solutions returned
by the multi-objective optimisation algorithm. Clustering is the best method to tackle
this issue as it provides valuable information on the behaviour of a group of similar
solutions and reduces the effort of the designer. Studies on clustering using k-means
clustering algorithm discussed its suitability in design [13–16]. The grouping of the
solutions is based on the centroid calculation for each cluster, and the solutions are
assigned to each clusterwith the closest centroid.Cluster allocation quality evaluation
is performed using silhouette plot [17, 18]. Silhouette value ranges from −1 to +1,
and a high value is preferred as it indicates good match with own cluster and poor
match with other clusters.

The application of clustering in objective space and decision space and their
mapping to identify the best solution from manufacturing feasibility and designer
requirement considerations is an area of research which needs in-depth assessment,
especially in rotor-bearing systems of aero engine application. The works in this
direction are limited, and hence, the authors ventured into this pioneer work.

The novel elements of the present work are discussed here. A practical problem
relevant to the aero engine application is identified and formulated for the multi-
objective optimisation through in-house developed MATLAB coding. A more
advanced controlled elitist genetic algorithm, a variant of NSGA-II, is used for the
present work. Clustering is carried out on this practical rotor-bearing system design
space as well as on objective space, and they are mapped. This mapping between
design and objective space helped the designer to identify the vastly different designs
producing the same solutions and entrusted him with manufacturing independence
in selection of design.

2 Optimisation

Adynamicmodelling procedure of rotor-bearing systems presented in reference [19],
which consist of rotors modelled by circular Rayleigh beam elements, to accommo-
date rotary inertia effects, using finite element method with each element having four
degrees of freedom and rigid discs attached to model compressor and turbine discs
and discrete bearings, is followed in the present case. The presence of gyroscopic
effect couples transverse motion of the beam in its two orthogonal planes, and the
same is considered in the analysis.

The rotor system is of a single spool type with a distributed rotor, two bearings
and three discs. The distributed rotor is modelled as a fifteen element member. The
bearings at stations 6 and 9 are modelled with Rayleigh damping model and bearing
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stiffness model discussed in reference [20]. Concentrated discs at stations 4, 12 and
15 have masses of 1.16, 1.13 and 1.14 kg, diametral inertias of 0.0018, 0.00158 and
0.0016 kg/m2 and polar inertias of 0.00275, 0.00312 and 0.0032 kg/m2, respectively.
The density of the distributed rotor made of steel alloy is 7760 kg/m3, and elastic
modulus is 2.1 × 1011 N/m2. A portion of the turbines is a part of the rotor and
is represented by the elements 11, 12, 14 and 15 having a density of 8180 kg/m3,
elastic modulus 2.05 × 1011 N/m2 and is made of nickel alloy. The steel alloy part
used for connecting the two turbines is represented by element 13 having a density
of 7860 kg/m3 and elastic modulus 2.0875× 1011 N/m2. The stations 5 and 15 have
unbalance of 1 g mm as per standard shown in reference [21].

The numerical experiment showed the importance of diameter of the shaft and
bearing stiffness in the determination of critical speed and response of the system.
Modal analysis identified that the second mode has large amplitude of vibration, and
this mode is selected as target of the optimisation process to reduce this amplitude.
Due to the complexity of design modification at bearing location and disc location,
these diameters are kept constant during optimisation and other diameters of shaft are
selected as design variables. Stiffness of both the bearings is selected for the initial
design as 1× 107 N/m and varied between 1× 106 and 1× 109 N/m independently
during optimisation. The initial configuration data and bounding range for remaining
design variables are showed in Table 1. The schematic of the rotor system is shown

Table 1 Initial design and bounding range for distributed rotor

Element Initial value
of inside
diameter (m)

Range of
inside
diameter
(m)

Initial value
of outside
diameter (m)

Range of
outside
diameter
(m)

Axial
distance (m)

Range of
axial
distance (m)

1 0 Kept
constant

0.010 0.01–0.03 0.020 Kept
constant2 0 0.012 0.01–0.03 0.045

3 0 0.014 Kept
constant

0.073

4 0 0.020 0.01–0.03 0.095

5 0 0.015 Kept
constant

0.1005

6 0 0.015 0.106

7 0 0.024 0.01–0.03 0.176

8 0 0.015 Kept
constant

0.1815

9 0 0.015 0.187

10 0 0.025 0.01–0.03 0.197

11 0 0.040 Kept
constant

0.212

12 0 0.040 0.222

13 0.020 0.01–00.03 0.050 0.04–0.06 0.242

14 0 Kept
constant

0.040 Kept
constant

0.252

15 0 0.040 0.262
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Fig. 1 Schematic of rotor-bearing system

in Fig. 1.
The objectives are maximum amplitude of response Pmax due to unbalance and

second critical speed ωc
2 of the rotor which is selected as negative to make it a

minimisation objective. The design constraints are set on weight, response and the
range for second critical speed based on the initial design analysis results. Weight
was limited to 1.3 kgf, response to 2.5 × 10−5 m, and the second critical is limited
between 2200 and 3000 rad/s. The stress constraints may be primary for rotor system
optimisation. However, in this paper, the design of an existing rotor-bearing system
with satisfactory stress requirements is revised. The major changes are allowed in
stiffness of the bearings, and the range of the diameters is kept close to the existing.
Hence, the effect of changes of diameters of the shaft on the systemstress is negligible.

Genetic algorithm-based optimisation is carried out for the present problem to
generate a Pareto front. One of the most popular non-domination-based genetic algo-
rithms for multi-objective optimisation is NSGA [22]. A modified version, NSGA-II
[23] was developed with improvements over NSGA. A recent variant of NSGA-II
[24] using a controlled elitist genetic algorithm is used for the present work.

3 Pareto Solutions

The result frommulti-objective optimisation is a Pareto front shown in Fig. 2. Pareto
front represents a set of non-dominated solutions. One objective is sacrificed for gain
in another objective as we move along the Pareto front.

Pareto solutions are preferred over single solution as the designer is provided with
a large number of viable solutions from which he can choose the best one. Pareto
plot clearly shows the conflicting nature of the objectives.
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Fig. 2 Pareto front

4 Clustering

Clustering helps the designer to identify design choices leading to the strongly related
solutions, the strongly different design choices achieving similar objectives, major
groups, particular interested group and final solution within a group.

Cluster plot shown in Fig. 3 grouped the objectives with high response and high
critical speed into cluster2 and the objectives with low response and low critical
speed into cluster4. Both these clusters have high silhouette value as shown in Fig. 4.
Cluster1 and cluster3 represent the trade-off solutions. Cluster1 has high silhouette
value compared to cluster3. Further assessment of the objectives showed that cluster1
contains the most improved trade-off solutions compared to the initial configuration.
The final solution is selected from cluster1. Thus, this methodology narrows down
the Pareto front to one cluster, and the evaluation of each solution in this cluster is
less time consuming and more effective.

Cluster plot of decision space shown in Fig. 5 represents the stiffness of bearing 1
plotted against the stiffness of bearing 2. The corresponding silhouette plot is shown
in Fig. 6. Some of the members of cluster1 and cluster3 are found to have negative
value and not belong to that group. They are grouped again and assessed separately

Fig. 3 Cluster in objective space
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Fig. 4 Silhouette plot in objective space

Fig. 5 Cluster in decision space for stiffness of bearings

Fig. 6 Silhouette plot in decision space for Fig. 5
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Fig. 7 Cluster in decision space for diameter of elements 2 and 7

Fig. 8 Cluster in decision
space for diameter of
elements 7 and 13

by mapping them in objective space. The designs are found to be similar in nature
from objective space evaluation. Cluster2 of decision space corresponds to cluster2
of objective space and is found to be different from any other clusters in decision
space. Other design variables are considered and plotted in clusters. Clustering plots
of diameter of elements 2 and 7 and diameter of elements 7 and 13 are shown in
Figs. 7 and 8. From Figs. 5, 7 and 8, it is clear that cluster1 of objective space is
dominated by cluster1 in decision space.

The two designs with objective values from cluster1 corresponding to cluster1
and cluster4 in decision space are identified and selected for evaluation. Design1
and design2 were found to have similar design variables and designer left with no
manufacturing liberty. Decision space clusters are closely evaluated, and it is found
that the manufacturing liberty is shown by cluster2 design variables. One of the
designs from cluster2 of decision space is considered for evaluation.

5 Results and Discussion

Figures 9, 10, 11 and 12 represent amplitude of vibration due to unbalance for
the initial design and all the three designs selected from multi-objective optimisa-
tion Pareto front. Tables 2 and 3 represent the different designs and corresponding



Clustering in Pareto Front: Application … 149

Fig. 9 Unbalance response of the initial design

Fig. 10 Unbalance response of design1

Fig. 11 Unbalance response of design2
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Fig. 12 Unbalance response of design3

Table 2 Different designs—critical speed, shaft weight and amplitude of vibration

Parameter Initial design Design1 Design2 Design3

Critical speed (rpm) 21,200 25,270 25,630 28,800

Amplitude of vibration (m) 2.5 × 10−5 1.37 × 10−5 1.41 × 10−5 1.76 × 10−5

Weight (kgf) 1.208 1.185 1.185 1.141

Table 3 Different designs—diameter of shaft element and bearing stiffness

Design variable Element Initial design Design1 Design2 Design3

Outside diameter (m) 1 0.010 0.0286 0.0285 0.0277

2 0.012 0.0269 0.0269 0.0254

4 0.020 0.0112 0.0114 0.0160

7 0.024 0.0144 0.0145 0.0139

10 0.025 0.0263 0.0254 0.0233

13 0.050 0.0480 0.0481 0.0453

Inside diameter (m) 13 0.020 0.0164 0.0164 0.0161

Stiffness (N/m) Station 6 1 × 107 5.59 × 108 5.55 × 108 4.72 × 108

Station 9 1 × 107 3.87 × 108 3.83 × 108 2.79 × 108

objectives and constraints. Figure 13 shows the configuration of the shaft for all the
designs.

Comparing with the initial design,

• Design1: The critical speed increased by 19%, response reduced by 45% and the
weight decreased by 1.9%.

• Design2: The critical speed increased by 21%, response reduced by 43.6% and
the weight decreased by 1.9%.
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Fig. 13 Configuration of the shaft for all the designs

• Design3: The critical speed increased by 36%, response reduced by 29.6% and
the weight decreased by 5.5%.

All the designs satisfied the constraints and improved the objectives. All the
designs have the same mode shape for the second mode. Design1 and design2 are
similar in objectives and in design variables. Design3 found to be different in terms
of design variable values, especially the bearing stiffness values. Thus, the mapping
of the solutions provided the designer his penchant in selecting the final design.

6 Conclusions

Multi-objective optimisation of a rotor system for aero engine application is carried
out through in-house MATLAB coding using controlled elitist genetic algorithm.
Three different design choices are presented to the designer for the final solution
selection. Selection of first two designs is the result of mapping the objective values
in decision space cluster. Design1 and design2 are from the same cluster in objec-
tive space and different clusters in decision space. They resulted in better solutions
compared to the initial design with the critical speed increased by 19–21%, response
reduced by 43.6–45% and the weight decreased by 1.9%. Though they belonged
to different clusters in decision space, their design variable values were very close.
Design3 was explored from another cluster in objective space, and the selection was
based on the decision space clustering where the designs found to be different from
other clusters. This design resulted in the critical speed increase of 36%, response
reduction of 29.6% and the weight reduction of 5.5%. Thus, clustering of the Pareto
front and the decision space resulted in strongly different design choices and liberated
the designer while selecting the final solution.
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Sensitivity Analysis for Unbalance
Identification of Rotor Systems

Dinesh Kumar Pasi , Manoj Chouksey, and Amit Kumar Gupta

Abstract Various types of rotor faults may appear in rotating machines over time.
Unbalance is the most commonly occurring fault in rotating machines. This work
proposes sensitivity analysis for unbalance identification in rotatingmachines using a
model-based approach. The sensitivity for unbalance response has been computed as
response per unit rotating unbalance force using the finite element method. The rotor
system has been considered under various end supporting conditions, e.g. isotropic
undamped, damped bearing and anisotropic bearing cases. Viscous form of damping
has been considered to model bearing damping. The effect of gyroscopic forces
has been included in the model. In the analysis, the response of the rotor system is
recorded at various locations on the shaft when a unit unbalance is applied on any of
the rotor disc/plane. The process has been repeated to find out the unbalance response
sensitivity of the rotor system to unit rotating unbalance force at other disc/plane
locations. The idea of the work involves applying the sensitivity analysis in proper
selection of measurement points of unbalance responses in rotating machines in the
process of unbalance identification.
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1 Introduction

Rotors are essential components of any machine. Over time, various types of faults
may develop in rotating machines, e.g. rotor crack, unbalance, rotor-bow, misalign-
ment, etc. Unbalance is the most commonly occurring fault in rotating machines [1,
2]. If the unbalance forces are too high, the rotor and rotor–shaft experience oscilla-
tions beyond acceptable limits. Researchers have been working on identification of
unbalance response in the rotor systems, and as a result of this, several techniques
have been developed for the same. Identification and optimization of unbalance
parameters are addressed for rotor bearing system [3]. A technique for unbalance
identification is developed and experimentally verified by the author [4]. However,
the unbalance response at any point depends on its location on the rotor–shaft. It
implies that the unbalance sensitivity of different points on the rotor–shaft will be
different. The work on sensitivity analysis for various systems can be found in the
literature to predict the system’s behaviour. Sensitivity of any systemmay be defined
as impact of any independent variable on a dependent variable under the given set
of assumptions. The techniques used for the study of this impact may be called as
sensitivity analysis. Data obtained from sensitivity analysis may be treated as system
properties, which can further be used for the study of the system. Mottershead et al.
[5] and Cheon-Hong Min [6] have used sensitivity-based approach of eigenvalues
for the finite element model updating. Lu [7] presented a work on the damage iden-
tification in axially functionally graded beams using hybrid sensitivity matrix. Lü
[8] describes the application of the technique for the analysis of the sensitivity of
the reliability of frequencies for the prediction of failure. Various authors have been
using reliability sensitivity analysis designing mechanical components, analysing
vibration behaviour and predicting failures of mechanical components [8–16].

The literature survey has shown thework of sensitivity-based approach in updating
finite element models and estimating reliability of the system. However, the applica-
tion of sensitivity-based approach in the identification of rotor faults was not found
in the literature surveyed so far. Hence, this approach extends the approach to study
response sensitivity to unbalance excitations in the process of its identification.

1.1 Sensitivity Analysis

Sensitivity of any system is the effect of any independent variable on some dependent
variable of interest which is needed to be studied or analysed.On the basis of recorded
dependent variable, the system behaviour in any other similar conditions can be
expected to be predicted.
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Consider a shaft of length “L” supported at the ends using two bearings. Sensitivity
at any point i is the unbalance response at the point in a particular direction, due to unit
rotating unbalance at point j. It is denoted by Sij. Further, in the work, yij denotes the
sensitivity which means the unbalance response at point i in the Y-direction (vertical
direction) due to rotating unbalance force at point j.

yi j =
⎡
⎣
y12
y32
y52

⎤
⎦;where i = 1, 3 and 5 for j = 2

For example, if unbalance response sensitivities are computed at point (i) 1, 3 and
5 due to unit rotating unbalance forces at the point (j) 2 and 4, then the sensitivity
matrix will be given by “S” as

S =
⎡
⎣
y12 y14
y32 y34
y52 y54

⎤
⎦

The matrix S is termed as sensitivity matrix. Each of the elements of this matrix
represents response at any location due to the force at any other location. In general
terms, the response may be written as yij, where i is response location and j is force
location.

General form of sensitivity matrix may be written as

S =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

y11 y12 y13 . . . y1n
y21 y22 y23 . . . y2n
y31 y32 y33 . . . y3n
. . . . . . . . . . . . . . .

. . . . . . . . . . . . . . .

ym1 ym2 ym3 . . . yin

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

where i = 1, 2, 3, … m, represents the number of points considered to find out the
unbalance sensitivity.

j = 1, 2, 3, … n, represents the number of points considered for the unbalance
forces in the computation of sensitivities.

It may be noted that the sensitivity matrix, explained as above, is written in gener-
alized form. In the work as explained in further sections, 12 response measurement
points (corresponding to the row of the matrix) and 03 disc/unbalance locations
(corresponding to the columns of the matrix) have been considered. Hence, the
sensitivity matrix becomes 12 × 3 matrix.

The next section shows the concept of unbalance sensitivity analysis for the
unbalance identification using an illustrative example.
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1.2 Illustrative Example

The example has been considered after following thework by Lalanne [17]. The rotor
system as shown in Fig. 1 comprises a shaft 1300 mm long and 50 mm diameter
supported by bearings at each end. The three discs are mounted on the shaft at
200mm, 500mm and 1000mm, respectively, from the left end bearing. The diameter
and thickness of the discs have been shown in the Figure. The rotor and discs have
material properties E = 200 GPa and density = 7800 kg/m3.

The nodal points from 2 to 13 have been considered to compute the unbalance
sensitivities. The unbalance force locations have been considered on the three discs
one by one, i.e. at the nodal points 3, 6 and 11.

Mass of discs at location 3, 6 and 11 (i.e. disc1, disc2 and disc3) are 14.5801 kg,
45.9457 kg and 55.1349 kg, respectively, whereas the diametral mass moment of
inertia of the three discs is 0.0616 kg-m2, 0.4881 kg-m2 and 0.5880 kg-m2, respec-
tively. Polar moment of inertia of the disc1, disc II and disc III is 0.1232 kg m2,
0.9763 kg-m2 and 1.1716 kg-m2, respectively.

The study has been put into two cases, namely case 1 and case 2. In case 1, the
rotor system has been considered supported on undamped isotropic bearings, and
it is termed as “Undamped isotropic rotor system”, whereas in case 2, the rotor is
supported on damped isotropic bearings, and it is termed as “Damped isotropic rotor
system”. The data for both of the cases is given below as

Case 1: Undamped isotropic rotor system The rotor–shaft system has isotropic
bearing stiffness (kyy = kzz = 70 MN/m) and isotropic bearing damping (cyy = czz
= 0).

Case 2: Damped isotropic rotor system The rotor–shaft system has isotropic
bearing supports with (kyy = kzz = 70 MN/m) and isotropic bearing damping (cyy =
czz = 7E8 N s/m).

Fig. 1 The multi-disc rotor system
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Fig. 2 Campbell diagram for isotropic undamped rotor system (case 1)

1.3 Undamped Isotropic Rotor System (Case 1)

In this section, the whirl speed map, unbalance orbit plots and the sensitivity analysis
have been carried out for the undamped isotropic rotor system.

1.3.1 Whirl Speed Map

Whirl speedmap, also called as Campbell diagram, is a plot between natural frequen-
cies versus spin speed of the rotor system. Such plots are helpful in finding out the
forward/backward modes and the critical speed of the system. Figure 2 shows the
whirl speed map for the isotropic undamped rotor system considered. The split in the
natural frequencies in various backward and forward modes is visible in the plot. It
can be seen that the split is more in the higher modes, e.g. in 4F and 4B modes. This
is attributed to the fact that in the higher modes, the gyroscopic couple will be of
higher magnitude due to the higher angular velocity of precession which is related to
the natural frequency in that mode. It may be noted that there is one torsion mode too
visible in the plot. The natural frequency in this mode comes out to be uninfluenced
by the spin velocity, as torsion modes remain unaffected by the gyroscopic couple.
The critical speed observed from the analysis is 3722.1 rpm in first backward mode
and 3837 in first forward mode.

1.3.2 Orbit Plots

Orbit plots for rotatingmachines provide useful information about the conditionof the
machine. It helps in vibration-based condition monitoring of machines. Figure 3a–c
show the orbit plots of unbalance response for the case 1, i.e. for isotropic undamped
rotor system when unbalance force is considered in disc I, disc II and disc III, at a
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Fig. 3 Unbalance orbit plot for case 1 under unbalance in a disc I; b disc II; c disc III

time, respectively. It may be seen from the plots that the orbits are circular in all the
three cases and unbalance response in Fig. 3b is somewhat symmetric on the rotor
system, as the disc is almost on the middle of the rotor-shaft. Further in the study,
unbalance sensitivity has been computed while considering unbalances in these three
discs one by one.

1.3.3 Sensitivity Analysis

Figure 4 shows the unbalance response sensitivity when the unbalance is considered
in disc I, disc II and disc III one by one. Unbalance response sensitivity has been
computed as response at various points on the rotor system, as shown in Fig. 4, due
to unit unbalance in any of the three discs at a time. It may be seen that unbalance
response sensitivity is found to be the highest when the disc is considered away from
the bearings. However, it depends on the location of the response point also.

Fig. 4 Variation of unbalance sensitivity on the rotor-shaft for case 1
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Fig. 5 Campbell diagram for isotropic undamped rotor system (case 2)

1.4 Isotropic Damped Rotor System (Case 2)

Damping is always present in practical system. Various types of damping models
can be considered in modelling the system, e.g. viscous damping model, hysteretic
damping model, etc. [18, 19]. In this section, viscous damping model has been
incorporated to model the isotropic bearing supports. Study of sensitivity variation is
conducted with higher value of damping (7E8 Ns/m). All other parameters are kept
unchanged to see the damping effect on sensitivity due to unit unbalance at disc I,
disc II and disc III applied one by one. The observations are presented below;

1.4.1 Whirl Speed Map

The whirl speed map is shown is Fig. 5, it can be observed that the critical speed in
this case is shifted towards higher side. First forward mode 1F and backward mode
1B can be observed. Second backward mode and a torsional mode can also be seen
in the figure. The damped natural frequencies are reducing as compared with the
previous two cases due to high magnitude of damping.

1.4.2 Orbit Plot

Orbit plots for the damped isotropic rotor system are shown in Fig. 6a–c for disc I,
disc II and disc III, respectively. The pattern of the orbit plot is same as observed
in Fig. 3. Reduction in unbalance sensitivity can be observed from Fig. 6a–c as
compared to the previous cases.



162 D. K. Pasi et al.

Fig. 6 Unbalance orbit plot for case 2 under unbalance in a disc I; b disc II; c disc III

Fig. 7 Variation of unbalance sensitivity on the rotor-shaft for case 2

1.4.3 Sensitivity Analysis

The unbalance response sensitivity for the isotopic damped system with a damping
coefficient 7E8 Ns/m is shown in Fig. 7. The effect of damping is observed in this
Fig. 7, by comparing it with Fig. 4 in case I. In case 2, peak of the curve for disc II
reaches below 2 mm, while in the case 2, it is above 2 mm. However, from the coarse
observation, the sensitivity variation pattern is same as in undamped cases.

1.5 Comparison of Sensitivity with Different Damping

Comparison of the sensitivities for the damped and the undamped systems has been
shown in Fig. 8a–c for the unbalance forces in disc I, disc II and disc III, respectively.
It can be observed that the pattern of variation of sensitivities in the undamped and
damped system is similar for unbalances on the three discs. It can be seen that the
damping has significant influence on the unbalance response sensitivity in all the
cases. Due to damping, the unbalance response sensitivity reduces. However, this
reduction will depend on the spin speed of rotation and amount of damping present
in the system. It can be observed that the unbalance response sensitivity tends to get
high as the disc/unbalance location is moved towards the middle of the rotor–shaft.
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Fig. 8 Unbalance response sensitivity for undamped and damped cases with unit unbalance in
a disc I; b disc II; c disc III

On the other hand, the more the disc/unbalance location is near to the bearing, the
lower will be the unbalance response sensitivity. Such an analysis is expected to help
proper selection of points for computation of unbalance response sensitivity in the
process of unbalance identification.

2 Conclusion

The work included the sensitivity analysis for unbalance identification of rotor
systems. A three disc rotor system has been considered in the study. Unbalance
response sensitivity has been computed due to unit unbalance in various discs. The
analysis has been carried out for both undamped and damped rotor system. It has been
seen that the unbalance response sensitivity is high away from the bearings/support
locations. The effect of damping has also been investigated to find out its influence
on the unbalance response sensitivity. It has been found that due to the presence of
damping, the unbalance response sensitivity reduces at any point on the rotor–shaft
system. Such information expected to be helpful in proper selection of measurement
points in finite element model-based unbalance identification. The approach in this
work is studied using numerical simulation. However, it is the first step towards
carrying out the experimental work as a future study.

Acknowledgements The research grant provided in the research promotion scheme of AICTE,
New Delhi, for the work titled “A noble method for unbalance response prediction and balancing
of rotor systems” is gratefully acknowledged.

References

1. Zheng GT, Wang WJ (2001) A new cepstral analysisprocedure of recoveringexcitations for
transient components of vibration signals and applications to rotating machinery condition
monitoring. J Vib Acoust 123:222–229

2. SinhaAWLJK,FriswellMI (2004)Estimatingunbalance andmisalignment of aflexible rotating
machine from a single run-down. J Sound Vib 272:967–989



164 D. K. Pasi et al.

3. Jianfei Yao LL, Yang F, Scarpa F, Gao J (2018) Identification and optimization of unbalance
parameters in rotor-bearing systems. J Sound Vib 431:54–69

4. Akash Shrivastava ARM (2019) Identification of unbalance in a rotor system using a joint
input-state estimation technique. J Sound Vib 442:414–427

5. Mottershead JE, Link M, Friswell MI (2010) The sensitivity method in finite element model
updating: a tutorial. In: Mechanical systems and signal processing. https://doi.org/10.1016/j.
ymssp.2010.10.012 (in Press)

6. Cheon-Hong Min SH, Park S-Y, Park D-C (2014) Sensitivity based finite element model
updating with natural frequencies and zero frequencies for damped beam structure. Int J Nav
Archit Ocean Eng 6:904–921

7. Lu XXLZR, Chen YM, Huang M (2016) Hybrid sensitivity matrix for damage identification
in axially functionally graded beams. Appl Math Model 41:604–617

8. Chunmei Lü YZ, Li H, Wang X, Liu Y (2013) Frequency reliability and sensitivity analysis
on the rotor system. Appl Mech Mater 271–272:1296–1300

9. Changqing Su FG, Shi Q, Zhang Y (2017) Reliability sensitivity estimation of rotor system
with oil whip and resonance. Adv Mech Eng 9(6):1–12

10. Changqing Su YZ, Zhao Q (2011) Vibration reliability sensitivity analysis of general system
with correlation failure modes. J Mech Sci Technol 25(12):3123–3133

11. Wang ZYX, Li H, Lü C (2014) Dynamic reliability sensitivity of cemented carbide cutting
tool. Chin J Mech Eng 27(1):79–85

12. Wang YMZXG, Yan YF, Wang BY (2008) Dynamic reliability sensitivity analysis of torsion
bar. Adv Mater Res 44–46:275–282

13. Zhang ZYYM (2008) Reliability-based sensitivity analysis of vehicle components with non-
normal distribution parameters. Int J Autom Technol 10(2):181–194

14. Yimin Zhang CL, Zhou N, Su C (2010) Frequency reliability sensitivity for dynamic structural
systems. Mech Based Des Struct Mach 38:74–85

15. Zhou Yang YZ, Zhang X, Huang X (2012) Reliability-based sensitivity design of gear pairs
with non-gaussian random parameters. Appl Mech Mater 121–126:3411–3418

16. Zhou Yang YZ, Li H, Huang J, Wang Q (2012) Reliability-based sensitivity design of coil
tube-spring upon information of incomplete probability, pp 77–80

17. Lalanne GFM (1997) Rotor dynamics prediction in engineering. Wiley, England
18. Genta G (2004) On a persistent misunderstanding of the role of hysteretic damping in

rotordynamics. J Vib Acoust 126(3):459–461
19. Lazan BJ (1968) Damping of materials and members in structural mechanics. Pergamon Press

https://doi.org/10.1016/j.ymssp.2010.10.012


Sommerfeld Effect Attenuation Using
Switched-Stiffness Method of a Non-ideal
Internally Damped Shaft–Disk System
with Constant Eccentricity

Abhishek Kumar Jha and Sovan Sundar Dasgupta

Abstract Internally, damped shaft–disk system when driven by a non-ideal power
source, i.e., limited power source often exhibits complex dynamics. Upon exceeding
a critical power input near resonance, the system may contribute to increasing the
transverse vibration severely rather than increasing the spin speed. This phenomenon
is referred to as the Sommerfeld effect. This effect can cause instability in high speed
rotor system and needs to be addressed carefully for safe and smooth operations. In
the present study, a semi-active control scheme based on switched-stiffnessmethod is
employed to attenuate the Sommerfeld effect of a eccentric shaft–disk system driven
by a brushed DC motor. Following, the equations of motion are solved numerically
to obtain time response and amplitude frequency response with a specified supply
voltage. It has been shown that as the value of switched-stiffness increases, the
Sommerfeld effect is found to be attenuated. However, the rotor response is corrupted
with spikes as a fallout of switching stiffness technique, which may destabilize the
system and becomes critical when the switching time is very fast. The attenuation of
Sommerfeld effect can be further verified through the time varying potential energy
plot which is seen to be diminished after crossing the critical speed owing to the
dissipative characteristics of non-potential switching stiffness force.

Keywords Sommerfeld effect · Non-ideal · Internal damping · Switched
stiffness · Eccentricity

Nomenclature

m Mass of the disk mounted at the mid-span
I Mass moment of inertia of the shaft–disk system about the axis of spin
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Re External damping
Ri Internal or material damping
Rr Damping offered by the bearings and medium to the system
Tm Input torque supplied by the DC motor
TL Source loading torque
K Rotor isotropic stiffness
k1, k2 Switched stiffness
Vs Supply voltage
Rm Motor armature resistance
μm DC motor constant
ω∗
r Non-dimensional rotor spin speed

β Non-dimensional whirl amplitude
g Acceleration due to gravity
e Constant eccentricity
x, y Displacement of the rotor system along the x- and y-directions, respectively

1 Introduction

The non-ideal vibrating system is characterized by its response influenced excitation
in which power supply is limited. All dynamical systems are inherently non-ideal,
and an additional differential equation is needed to describe the complex dynamics
between drive and the system itself. The problem of passage through resonance
has attracted many researchers among the mechanical engineering community for
more than 150 years. But sometimes, the passage through resonance requires more
input power than the driving source has available. As a result, the system cannot
pass through resonance or needs a strong interaction with the non-ideal, i.e., limited
source of power. In high speed rotor system, during run up/coast up operation, as the
driving frequency gets closer to the critical speed, upon exceeding a critical power
input, the rotor speed exhibits nonlinear jump phenomena (i.e., jumps suddenly to
a much higher value, simultaneously its amplitude jumps to a much lower value) is
known as Sommerfeld effect [1]. This effect may lead to catastrophic failure of the
high speed rotor system.

In order to attenuate the Sommerfeld, several works have been reported based
on passive, active semi-active control strategies. In 2006, a group of researchers [2]
proposed tuned liquid column damper-based passive control scheme to control the
structural vibration near the resonance. Afterward, Felix and Balthazar [3] employed
active control technique through electromechanical vibration absorber to attenuate
the non-ideal structural vibration. In 2018,Balthazar and his co-workers [4] presented
an experimental method to attenuate the jump phenomena via shapememory element
for a cantilever beam driven through an unbalanced DC motor. In 2019, Jha and
Dasgupta [5] studied the Sommerfeld effect attenuation for an internally damped
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non-ideal shaft–disk system using active PD control through a linearized model of
active magnetic bearings.

Active control is considered to be one of the effective methods for suppressing the
Sommerfeld effect and structural vibrations. However, their energy input is typically
high and may lead to the system toward instability under certain conditions. Passive
vibration control, on the other hand, though relatively simple has improved stability
characteristics, but the response time is very slow. Therefore, a trade-off must be
made between the active and passive control toward the development of an adaptive
and semi-active alternative.

In 2000, a technique based on switched-stiffness concept [6] was proposed to
attenuate the structural vibrations. This method is basically a semi-active control
scheme in which the energy of the system is dissipated through changing the values
of spring stiffness. The spring possesses two distinct stiffness values, low and high.
The switching from low to high stiffness can be implemented through either shape
memory alloys (SMA) [7] or through an electrical shunt circuit of a piezoelectric
patch actuator [8] in which open circuit and short circuit states represent the high
and low values of stiffness, respectively. In 1976, Wauer [9] proposed the switching
stiffness method for the first time a possible attenuation of non-stationary resonance
vibrations for a distributed parameter rotor model. In 1998, Wauer and Suherman
[10] studied the vibration suppression of a rotating shaft driven by a non-ideal source
through using switching shaft stiffness. Recently, Min et al. [11] proposed a serial
stiffness switch system to reduce the structural vibration without damping. In 2019,
in a different study [12], Min and his co-workers developed a semi-active shock
isolation based on the serial stiffness switch system and successfully showed the
efficacy of this system over a passive system.

It is evident from the earlier studies [5, 13] that internal damping of rotor–shaft
in addition to non-ideal source plays a crucial role to exhibit the Sommerfeld effect.
However, to the best of author’s knowledge, using switched-stiffness method, study
of Sommerfeld effect attenuation for an internally damped rotor has not been reported
so far. In the present study, an internally damped, eccentric shaft–disk system driven
through a DC motor is presented. A pair of non-conservative springs in order to
implement the switching stiffness effect is incorporated into the rotor system. The
switching phenomena can be physically realized either by usingSMAor piezoelectric
patch into the system. The equations of motion are solved numerically along with
an addition equation arising out of the complex interaction between the rotor and
the non-ideal DC drive. The time response characteristics as well as amplitude with
rotor speed diagrams are obtained for different values of stiffness (i.e., high as well
low). As a result of increased stiffness values, the Sommerfeld effect is found to be
attenuated. In addition, the potential energy (P.E.) is also found to be diminished with
time after passing through the critical speed which also confirms the effectiveness
of switching stiffness method in attenuation of Sommerfeld effect.
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2 Mathematical Modeling of Non-ideal Shaft–Disk System
with Switched-Stiffness Method

2.1 Switched-Stiffness-Based Vibration Control

The switched-stiffness method is basically a semi-active vibration control technique
[14] in which the energy of the system is allowed to dissipate by incorporating a
spring into it such that the stiffness of the spring switches between two distinct values,
referred to as high and low stiffness thus effectively increases the energy dissipation
from the system. When the system attains the maximum potential energy, the spring
is switched to low stiffness state and switched to high stiffness, while the system
reaches minimum potential energy. As a result, the potential energy of the system
gets reduced. In turn, the reduced potential energy is then transformed into kinetic
energy, which is lower than the kinetic energy of the previous cycle owing to the
change of spring stiffness. This dissipation technique can be applied for the vibration
attenuation of any transient system. Based on the above switching characteristics, a
semi-active skyhook type control scheme can be implemented heuristically based on
the position of the system with respect to its equilibrium configuration. The control
law can be defined as

F(x, ẋ) = k(t)x = k1x + (k2sgn(x ẋ))x, for klow ≤ k ≤ khigh (1)

where k1 = (
khigh + klow

)
/2, k2 = (

khigh − klow
)
/2.

Therefore, the force due to switching stiffness is composed of two terms: a state
feedback term (i.e., k1x) and a switching term (k2sgn(x ẋ)x) in which the product
(x ẋ) represents a nonlinear sliding surface. This overall logic can be used as nonlinear
switched-stiffness feedback. Using piezoelectric materials, the switching stiffness-
based vibration control can also be achieved efficiently. Two piezoelectric patch actu-
ators can be embedded into the rotor–shaft at a suitable distance from the supports.
The piezoelectric patch is characterized with effective piezoelectric modulus of elas-
ticity

(
Ȳp

)
which can be defined as Ȳp = Yp

(
1 − K 2

)
where Yp = modulus of elas-

ticity of the piezoelectric material and K = electromechanical coupling coefficient of
the piezoelectric circuit which acts as an indicator between electrical and mechanical
fields. Using an open circuit stiffness (kOC) and short circuit stiffness consideration
(kSC), the ratio of two stiffness can be expressed as a function of coupling coefficient,
i.e., kOC/kSC = 1/

(
1 − K 2

)
. Accordingly, to the control law given by Eq. (1), the

effective piezoelectric Young’s modulus can be switched [14] as follows:

Ȳp =
[
ȲHigh
p = Ȳp/

(
1 − K 2

)
x ẋ ≥ 0

Ȳ Low
p = Ȳp x ẋ < 0

(2)
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Fig. 1 Schematic of DC
motor-driven shaft–rotor
with non-conservative
springs

The optimum value of switched-stiffness can be achieved through a suitable open
circuit (high stiffness) and short circuit (low stiffness) configurations. The disadvan-
tage of this kind of control law is it induces chatter. The faster the drive dynamics the
more likely chatter to occur. To suppress the chatter, suitable anti-chatter strategies
need to be adopted.

2.2 Mathematical Modeling

A non-ideal shaft–disk system (shown in Fig. 1) driven by a brushed DC motor
(i.e., non-ideal energy source) is considered for the present study. A pair of non-
conservative springs is also incorporated into the system to implement the proposed
switched-stiffness method.

The equations of motion of the shaft–disk system [15] can be represented as
follows:

mẍ + (Re + Ri )ẋ + Ri θ̇ y + (K + kw(t))x = me
(
θ̇2 cos(θ + ϕ) + θ̈ sin(θ + ϕ)

)

(3)

mÿ + (Re + Ri )ẏ − Ri θ̇x + (K + kw(t))y = me
(
θ̇2 sin(θ + ϕ) − θ̈ cos(θ + ϕ)

)

(4)

The complex interaction of the shaft–disk system with the non-ideal DC drive is
described by the following additional equation

I θ̈ + Rrθ̇ = Tm − TL, (5)

Internal damping (also known as material damping) in rotor dynamics plays a key
role in determining the stability of the system. It is considered to be a function of
past history of loading, strain rate and temperature of the system [15]. The notations
describing the system parameters are enlisted in the nomenclature.



170 A. K. Jha and S. S. Dasgupta

Fig. 2 Schematic
representation of brushed
DC motor

A brushed DCmotor is used for the present study (shown in Fig. 2). The armature
current may be expressed as [5]:

im = (
Vs − μmθ̇

)
/Rm. (6)

The supplied torque (Tm) present in Eq. (5) provided by the DC motor becomes

Tm = μmim = μm
(
Vs − μmθ̇

)
/Rm (7)

The modified source loading torque (TL) owing to the presence of switching
stiffness terms may be expressed as

TL = Ri (x ẏ − ẋ y) + [(Re + Ri )ẋ + (K + kw(t))x]e sin θ

− [(Re + Ri )ẏ + (K + kw(t))y]e cos θ (8)

3 Simulation Study and Results

Following representative parameters of the shaft–disk system chosen from the
reference [5] are considered for numerical simulations:

m = 2 kg, K = 8 × 104 N/m, e = 0.001m, Re = 50Ns/m,

Ri = 50Ns/m, Rr = 2 × 10−5 N m s/rad, Rm = 40�,

μm = 0.1Nm/A, Ir = 0.004 kg m2 and

ωn = 200 rad/s, Vs = 300 V.

In addition, khigh = 6× 104 N/m and klow = 1× 104 N/m. Two non-dimensional
quantities are introduced here to study the Sommerfeld effect. These are the non-
dimensional rotor spin speed (ω∗) = θ̇/ωn and the non-dimensional whirl amplitude
(β) = √

x2 + y2ω2
n/g, where g, the gravitational acceleration.

The Eqs. (3), (4) and (5) are solved numerically with the help of Runge-Kutta
method using ode45 solver for 10 s. with time step = 0.01 s. and initial conditions(
x = y = ẋ = ẏ = θ = θ̇ = 0

)
.
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Fig. 3 Three-dimensional orbital tube representation of rotor x and y amplitudes with the rotor
speed using switched-stiffness method

Figure 3 represents the three-dimensional orbital representation of an unbalanced
response of the rotor system which starts at zero speed and then enlarges, taking the
shape of an elliptical cross-section and tends to a circular cylindrical at high speeds.
Figure 4 represents a comparison study between two time histories using with and
without switching stiffness. The nature of the phase plot shown in Fig. 5 ensures
the asymptotic stability of the system using switching stiffness. The variation of
stiffness with time for a representative value of khigh and klow is shown in Fig. 6. The
efficacy of the switching stiffness method is confirmed through Fig. 7 in which the
Sommerfeld effect is found to be attenuated gradually with relatively higher values
of switched-stiffness. Additionally, it is evident from Fig. 7 that the response peak
tends to shift gradually toward the right as the stiffness value increases. This result
signifies that the effective critical speed tends to alter as the stiffness value changes
thus helping the system to attenuate the undesirable Sommerfeld effect.

Moreover, inset of Fig. 7 shows the magnified response with spikes. These spikes
in the response of the shaft–disk system ensure the presence of chatter as a conse-
quence of the switching technique. The undesirable effect of chattering can be atten-
uated by using filtering, introducing a dead band around the switching points, etc.
Finally, Fig. 8 illustrates how the potential energy (P.E.) is reduced due to switching
stiffness however in the presence of chattering (as shown in the inset of Fig. 8) and
ensures the potential energy is diminished, and in turn, the overall energy is being
reduced as a result of dissipative effect of the switching stiffness.

4 Conclusions

The present study aims to attenuate the Sommerfeld effect of an internally damped
unbalancedflexible shaft–disk system, driven by aDCmotor using switched-stiffness
method. The concept of switched-stiffness-based vibration control can be imple-
mented using piezoelectric (i.e., PZT) material or SMA that results in significant
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Fig. 4 a Time history of shaft–disk system along the x-direction. b Time history of shaft–disk
system along the y-direction

change in effectivemodulus of elasticity through open circuit and short circuit config-
urations leading to switching of stiffness between high and low values, respectively.
The equations of motion of the shaft–disk system are solved numerically along
with an additional equation arising out of the complex interaction between the rotor
and the non-ideal DC drive. The time response characteristics as well as amplitude
with rotor speed diagrams are obtained for different values of switched-stiffness.
As a result of increased stiffness values, the Sommerfeld effect is also found to be
attenuated. The peak of the response is also found to be shifted toward right as the
critical speeds alter gradually (i.e., increase as the stiffness increases). In addition,
the potential energy (P.E.) also found to be decreased with time after passing through
the critical speed which also confirms the effectiveness of switching stiffness method
over the attenuation of Sommerfeld effect. However, the presence of spikes in the
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Fig. 5 Phase portrait of the shaft–disk system with switching stiffness consideration
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Fig. 6 Variation of switched-stiffness with time with representative values of khigh = 2 ×
103 N/m, klow = 1.5 × 103 N/m

frequency response and time varying potential energy clearly indicate the onset of
induced chatter as a consequence of switching stiffness which in turnmay destabilize
the system if the switching becomes very fast. The future work can be envisioned
as suppression of chatter of high speed non-ideal rotor through switching stiffness
method using various anti-chattering strategies.
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Fig. 7 Variation of amplitude of shaft–disk system for different values of switched-stiffness
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Fig. 8 Variation of potential energy with time for khigh = 9 × 103 N/m, klow = 2 × 103 N/m
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Rotor Dynamic Analysis of Rotor
Assembly of a Small Liquid Metal Pump

Ashish Kumar, Y. V. Nagaraja Bhat, B. K. Sreedhar, S. I. Sundar Raj,
S. Murugan, and P. Selvaraj

Abstract Fast breeder reactors (FBRs) utilize liquid metal, such as liquid sodium
as the main coolant in their heat transport circuits. Choice of liquid sodium as the
coolant comes due to its excellent heat transfer and neutronic properties. A 500MWe,
sodium cooled, prototype fast breeder reactor (PFBR) is being commissioned with
technology inputs from Indira Gandhi Centre for Atomic Research (IGCAR). This
centre has test facilities to demonstrate working and the development of components
related to a fast reactor. The liquid sodium needs to be propelled in the loops of heat
transport circuits of reactor and hence requires the use of pumps. Use of such pumps
to propel liquid sodium has been demonstrated in one of the loops present in IGCAR.
Capacity of this pump is 50 m3/h with its shaft currently being supported on top by
an angular contact bearing while at bottom by hydrostatic bearing. The rated speed
of operation of this pump is 2900 rpm. Use of active magnetic bearings (AMB) in
place of oil lubricated bearings is being actively explored to eliminate the chances of
oil leakage into the sodium. To demonstrate this concept for primary pump of PFBR,
a small-scale magnetic bearing was designed and tested in the 50 m3/h pump. The
shaft of this pump was modified to accommodate magnetic bearings and its associ-
ated components. Estimation of the critical speed of the shaft, both before and after
modification, has been carried out using commercially available finite element anal-
ysis (FEA)-based software advanced rotatingmachinery dynamics (ARMD). Further,
unbalance response studies have been carried out to know maximum displacement
responses. The details of these analyses and results are discussed in this paper.
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1 Introduction

Prototype fast breeder reactor (PFBR) is a 500 MWe, sodium cooled, pool type fast
reactor where liquid sodium is contained inside a main vessel and another circuit.
The entire reactor core is immersed in this sodium pool. Choice of liquid sodium is
derived from its excellent heat transport and neutronic properties which are prime
requirements for any fast reactor. There are twomain sodiumcircuits in PFBR, known
as primary and secondary sodium circuit. Flow of liquid sodium in these circuits is
achieved by the use of mechanical centrifugal pumps such as primary sodium pumps
and secondary sodium Pumps. Demonstration of the use of such pumps at small
scale has been carried out in the experimental facilities available at Indira Gandhi
Centre for Atomic Research (IGCAR). One such pump, as shown in Fig. 1, having
a capacity of 50 m3/h has been tested in sodium in one of the loops. The shaft of
this pump is around 1.6 m long and is supported using typical oil lubricated angular
contact bearing at the top and a hydrostatic bearing at the bottom. The hydrostatic
bearing is fed by pressurized sodium of the same pump’s discharge.

Use of lubricants is essential for operation of typical bearings such as angular
contact bearings. With the use of such lubricants, there are chances of oil ingress
in the sodium system due to various reasons such as failure of mechanical seals.
This may result in a significant contamination of sodium and reactor downtime [1].
Complete elimination of the probability of such leakage can be achieved by using an
alternative technique in which oil is not at all used. A combination of active magnetic
bearings (AMB) and ferro fluid seal in place of oil lubricated bearings is such an
option which is now being actively explored towards development of oil free pumps
[2]. As a part of developmental work, AMB of small capacity was designed and
tested in 50 m3/h pump. To use AMB and ferro fluid seal, angular contact bearing
has to be replaced by radial and thrust magnetic bearings, and the pump shaft needs
to be accordingly modified. With respect to that, magnetic bearing of small capacity
was designed and assembled in 50 m3/h pump after increasing the length of the shaft.

2 Present Pump Shaft and its Modification

The 50 m3/h pump’s impeller is mounted on a vertical shaft having a length of
1685 mm. The pump shaft along with various attachments is shown in Fig. 2. The
attachments on this shaft are mainly impeller at bottom, mechanical sealing at top,
etc. In order to replace the angular contact bearing by a radial and a thrust magnetic
bearing, the shaft has to be modified. The length of modified shaft is 2100 mm, and
attachment on it includes impeller, rotating parts of the radial and thrust bearing
components, etc. The modified shaft along with additional bearing attachments on it
is shown in Fig. 3.
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Fig. 1 50m3/h liquid metal pump assembly

3 Rotor Dynamic Analysis

Rotor dynamic analysis was carried out to obtain natural frequency before and after
the modifications. Analysis was carried out in ARMD which is finite element-based
software.
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Fig. 2 Unmodified pump
shaft
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Fig. 3 Modified pump shaft
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Table 1 Material property of
SS 304 LN at 400 °C

S. No. Properties Values

1 Young’s modulus 1.68 × 1011 Pa

2 Poisson’s ratio 0.3

3 Density 7803 kg/m3

3.1 Material

The material of construction of pump as well as shaft is austenitic stainless steel (SS)
304 LN. Maximum temperature pump shaft seen during reactor operation is 400 °C,
hence the properties corresponding to this temperature are considered for shaft, and
values are given in Table 1 [3].

3.2 Estimation of Critical Speed [4, 5]

For the estimation of critical speed, the pump shaft is modelled as a beam having
different cross sections. Attachments on this shaft have been considered by attaching
point masses, having same mass and moment of inertia, at their respective locations.
These are given in Tables 2 and 3.

Table 2 Attachments on the
unmodified pump shaft

Component Location
(node)

Disc mass
(Kg)

Moment of
Inertia (kg m2)

Hydrostatic
bearing

4 3.8 0.00895

Impeller 1 10 0.03313

Bottom Mech.
Seal

17 1.11 0.00207

Bottom sleeve 18 2.207 0.00204

Top Mech. Seal 20 1.11 0.00207

Top sleeve 21 1.621 0.0015

Table 3 Attachments on the
modified pump shaft

Component Location
(node)

Disc mass
(Kg)

Moment of
Inertia (kg m2)

Impeller 1 10 0.03313

Hydrostatic
bearing

4 3.8 0.00895

Thrust bearing 23 21.595 0.41604

Radial bearing 26 16.55 0.06051
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3.3 Estimation of Bearing Stiffness

The unmodified shaft is supported laterally by a top radial bearing whose stiffness
is 108 N/m, while a bottom hydrostatic bearing (HSB). The HSB gets pressurized
from pump discharge of the same pump, and hence, the HSB stiffness depends on
the pump speed which can be estimated using the formula given by Rowe [6] as

λ =
(
PsLD

h0

)(
3n2

2π

){
β
(
1− a

L

)
sin2

(
π
n

)
z + 1+ 2 sin2

(
π
n

)
}

(1)

where

D Shaft diameter
L length of journal
C clearance
n number of pads
a axial land width
b circumferential land width

the values of z for orifice are given by

z = β

2(1− β)
(2)

β is defined as the concentric pressure ratio
Pr0
Ps
, where Pr0 is the recess pressure at a

radial clearance r0 and Ps is the supply pressure. The supply pressure is a function of
pump speed which can be obtained from pump characteristics curve (discharge vs.
head at various speed). The recess pressure has been taken approximately as 60%
of supply pressure. By substituting various pump parameters, the following graph
(Fig. 4) is obtained which shows HSB stiffness versus speed.

Direct stiffnessKxx andKyy of radial bearing andmagnetic bearing considered for
the analysis are listed in Table 4. In the analysis, Kxx and Kyy are assumed as equal,
and cross coupling in the stiffness is neglected. The values for hydrostatic bearing
are taken from reference 7 and also estimated using theoretical formula.

Stiffness of the magnetic bearing and radial bearings will not change appreciably
with increase in speed of the shaft, but hydrostatic bearing stiffness will increase,
with increasing speed [7] depending on the speed of the pump shaft.

4 Results

After modelling entire shaft along with the attachments and various bearing stiff-
ness, analysis was run in order to estimate the critical speed of rotation of both, the
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Fig. 4 Speed versus stiffness plot

Table 4 Bearing stiffness S. No. Type of bearing Stiffness, Kxx and Kyy
(N/m)

1 Top radial bearing 108

2 Bottom hydrostatic
bearing

107

3 Magnetic radial
bearing

106

unmodified shaft as well as modified shaft. Critical speeds were estimated with and
without gyroscopic effect.

The effect of change in stiffness of HSB throughout the working range of pump
which is from 580 to 2900 rpm is shown in Table 5, the stiffness of magnetic radial
bearing is considered as 106 N/m, while stiffness of HSB varies as given in Table 6.
Mode shapes for different critical speeds are given in Figs. 5, 6 and 7.

5 Unbalance Response

The critical speed of the modified shaft was analysed to be lying within the oper-
ating range of speed. Hence, to know the amplitude of maximum deflection at crit-
ical locations, unbalance response studies have been carried out. Amplitudes of
maximum displacements were estimated under an unbalance of 827 g mm. This
value is considered based on allowable unbalance as per 2.5 grade balanced shaft,
but actual measured unbalance ismuch less than this value. Structural damping of 2%
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Table 5 Critical speeds of the rotor assembly

Bearing Stiffness (N/m) Mode Whirling With gyroscopic
effect (rpm)

Without gyroscopic
effect (rpm)

Unmodified shaft

Angular bearing 1 × 108 1 Backward 4459.2 4460.7

Forward 4462.2

Hydrostatic Bearing 1 × 107 2 Backward 5297.8 6003.2

Forward 6078.6

Modified shaft

Magnetic bearing 1 × 106 1 Backward 1193.0 1197.7

Forward 1202.4

Hydrostatic bearing 1 × 107 2 Backward 2618.4 2810.6

Forward 3002.8

Table 6 Critical speeds of the rotor assembly of modified shaft under varying HSB stiffness

Speed
(rpm)

Magnetic
bearing
stiffness
(N/m)

HSB
stiffness
(N/m)

Mode 1 Mode 2

Backward
whirl (rpm)

Forward
whirl (rpm)

Backward
whirl (rpm)

Forward
whirl (rpm)

580 1 × 106 8.4 × 105 1170.72 1174.08 1943.58 1948.98

1160 1 × 106 3.3 × 106 1251.18 1256.46 2756.22 2833.86

1740 1 × 106 7.65 × 106 1264.8 1272.24 2976.06 3185.04

2320 1 × 106 1.35 × 107 1267.98 1277.76 2994.66 3305.22

2900 1 × 106 2.1 × 107 1268.64 1280.82 2976.84 3379.92

Fig. 5 Mode shape 1 of vibration of unmodified rotor assembly
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Fig. 6 Mode shape 1 of vibration of modified rotor assembly

Fig. 7 Mode shape 1 of vibration of modified rotor assembly

was considered for the shaft, and viscous damping at bearing locationswas neglected.
Unbalance response analysis was done for two cases. In first case, the total unbalance
has been concentrated at the impeller location, i.e. node 1 and in the second case,
total unbalance was distributed equally at impeller location, and location of radial
bearing and displacements were estimated at bearing locations. The results obtained
are given in Table 7.

It can be seen from the above analysis that the maximum displacement amplitude
both at the HSB location as well as active magnetic bearing are much less than the
clearance provided.
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Table 7 Unbalance versus deflection amplitude

Unbalance
(gm mm)

Region of
application

Deflection at HSB (µm)
(clearance ~40 µm)

Deflection at magnetic radial
bearing (µm) (Clearance
~1 mm)

Mode 1 At maximum
operating speed
2900 rpm

Mode 1 At maximum
operating speed
2900 rpm

At 2900 rpm (operating speed)

827 Impeller location 4.33 0.53 210 16.7

413.5 Both at impeller
and radial disc
location

7.81 4.92 413 85.4

At 1260 rpm (1st critical speed)

827 Impeller location 0.83 – 42 –

413.5 Both at impeller
and radial disc
location

1.49 – 79.1 –

6 Conclusion

Use of active magnetic bearings in place of oil lubricated radial and thrust bearing
is an apt option towards achieving oil free operation in critical sodium systems. To
demonstrate this concept, a sodium pump having 50m3/h capacity has been selected.
The shaft of this pump has been modified to accommodate the magnetic bearings.
The analysis for finding out critical speed of the pump shaft has been carried out
before and after modifications. The first critical speed of the unmodified shaft is
around 4460 rpm (without gyroscopic effect) which is quite away from the operating
speed of the pump, i.e. 2900 rpm. With the modification of the shaft, the first critical
speed has come down to 1197 rpm (without gyroscopic effect), while the second
critical speed is found to be 2810 rpm (without gyroscopic effect) which has 2618
rpmbackwardwhirl and 3002 rpm forwardwhirl. Since the critical speed is estimated
to be very close to operating speed, an unbalance response study has been carried
out. The shaft of the pump had been dynamically balanced with balance grade 2.5,
maximum displacement response under an unbalance of 827 g mm was estimated,
and the displacements were found to be well within the clearance provided at critical
locations.
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Rotor Dynamics of Turbine–Generator
Shaft with Dampers During
Subsynchronous Resonance Generated
by Series Capacitors

P. Manikandan and Faheem Ahmed Khan

Abstract Purpose In this paper, an electromechanical approach to study the
turbine–generator shaft stability with and without dampers is made. The shaft is
subjected to electrical disturbances created by series capacitors. The high power
capacitors help the electric power system to improve the reactive power in high
voltage transmission lines. Methods Finite element method is used to study the
stability of the shaft under subsynchronous resonance when compared to the tradi-
tional methods like eigenvalue analysis, frequency scanning method and digital time
simulation techniques. At the same time, it leads to subsynchronous resonance.
Results Electromechanical stress in the rotating shaft arises when the resonance
is created in the system. Maximum stress and strain of the shaft are calculated with
other necessary parameters to prove the system instability. In order to maintain
stability, dampers are installed at an optimum location. Conclusion Best location
of installing damper is found using ANSYS 16.0 by modal analysis, harmonic and
phase response analysis. The damper installed at the point reduces the stress caused
by subsynchronous resonance and maintains the stability of the system.

Keywords Dampers · Finite element method · Generator · Shaft ·
Subsynchronous resonance · Turbine

1 Introduction

In dynamic systems such as the electrical power systems, the physical parameters
play acute roles to study the vibration characteristics. Inspired by accurate design
and aggregate demand of high proficiency in practical engineering, the vibration

P. Manikandan (B)
Department of EEE, CHRIST (Deemed to be University), Bangalore, Karnataka, India
e-mail: manikandan.p@christuniversity.in

F. A. Khan
Department of EEE, Ghousia College of Engineering (Affiliated to Visvesvaraya Technological
University, Belagavi, Karnataka), Ramanagaram, Karnataka, India
e-mail: faheemahmedkhan11@gmail.com

© Springer Nature Singapore Pte Ltd. 2021
J. S. Rao et al. (eds.), Proceedings of the 6th National Symposium
on Rotor Dynamics, Lecture Notes in Mechanical Engineering,
https://doi.org/10.1007/978-981-15-5701-9_16

191

http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-15-5701-9_16&domain=pdf
https://orcid.org/0000-0001-8637-7033
https://orcid.org/0000-0003-0332-4476
mailto:manikandan.p@christuniversity.in
mailto:faheemahmedkhan11@gmail.com
https://doi.org/10.1007/978-981-15-5701-9_16


192 P. Manikandan and F. A. Khan

characteristics of rotating systems are exclusively studied both hypothetically and
experimentally [1–3]. In the past years, numerous works had been carried out on
various aspects of rotor systems. However, there are certain uncertainties which
are unavoidable due to the practical electromechanical systems. Subsynchronous
resonance occurs when series capacitors are injected to the power system and leads
to amismatch in synchronous speed of the turbo generator shaft. This causes torsional
interaction between the mechanical and electrical system of a power generating unit
[4]. Subsynchronous resonance was not detected till 1970s. A turbo generator shaft
experienced damage in Mohave Power Station in Southern Nevada, and later, it
was concluded that this damage is due to the interaction of mechanical and electrical
frequencieswhich resulted in a resonance. The amplitude of resonance is less than the
natural frequency, and hence, it is stated as subsynchronous resonance. Mechanical
vibrations cause growing fatigue damage when they exceed the material exhaustion
limits. This results in reduced life of shafts, blades and rotors [5–7]. In several cases,
contrary interactions have led to rising oscillations and shaft damage which includes
twisted couplings and broken shafts. These damages also occur in electrical lines
which include HVDC converters, electric arc furnaces and cycloconverter frequency
changers. Various methods like eigenvalue analysis, frequency scanning method
and digital time simulation techniques have been employed to detect and damp the
subsynchronous resonance [7–12].

In this study, an experimental setup of a hydro turbine–generator unit is used
to study the rotor dynamics of turbine–generator shaft. 3D Model of the shaft is
modelled in ANSYS 16.0. 3D model consists of shaft, springs and bearings which
are subjected to vibrations [13–15]. Series capacitors are connected to the gener-
ator terminal, and resonance is induced in the circuit. The shaft model is subjected
to MODAL analysis to study the mode shapes of the shaft during the resonance.
Dampers are installed in the optimum point to maintain the stability of the system.

2 Physical Model

The experimental set-up consists of a complex rotor system with solid rotor and
rolling bearings supported at two ends. The turbine–generator combination is fixed on
the foundation by bolts. The output of the generator is loaded with both resistive and
capacitive loads to ensure resonance created in the system. 3D model of the turbine
and shaft is modelled by excluding the design complexities. High power turbine and
generators shaft is connected with speed governors. The rotor of the generator and
the turbine shaft is connected through a belt in the existing experimental set-up. To
overcome the design complexity, the 3D model is designed in such a way that the
turbine shaft and generator rotor are connected together, and it represents the six
mass system of the turbine–generator.
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3 Rotor Dynamics Under Subsynchronous Resonance

Rotor dynamics of the turbo generator shaft gives information about the adjacent and
torsional vibration of rotating shafts and the modes of vibration. The study will help
the operator to keep the vibration levels within acceptable limits. Certain vibrations
are not easily detected until some form of damage occurs in the shaft line. Recent
researchers have developed theoretical methods to study the response of torsional
vibrations with low cost computing power. Precisely, torsional vibration analysis
provides useful information such as eigenvalues and mode shapes. In eigenvalue
analysis, both positive and negative values are derived based on the system which is
under study [16–18]. Negative eigenvalue denotes the presence of subsynchronous
resonance in the system. Most of the traditional methods give the information of
the subsynchronous resonance with respect to its presence by considering the partic-
ipation factor. In this study, point of damage on the shaft due to subsynchronous
resonance is derived from the stress, strain and eigenvalues [19, 20].

4 Modal Analysis

Modal analysis gives the overview of the steady state and transient response of any
static as well as dynamic system. Every rotating structure has an internal frequency
or resonant frequency at which the structure starts vibrating. Modal analysis is also
defined as linear dynamic response which assesses and superimposes free-vibration
mode shapes to portray the displacement patterns. Mode shapes, clarifies the config-
urations about the construction which will naturally displace. The main purpose of
a modal analysis is to find the shapes and frequencies at which the structure starts
amplifying the effect of a load [21]. In general, modal analysis is useful in finding
the loose components, experiencing rotational speeds which are dangerous, finding
out where the maximum deformation and finding the mode. It gives an information
about the frequency at which the structure will absorb the energy applied to it.

5 Experimental Setup

In the experimental set-up, Kaplan turbine is used to run the generator. The major
advantage of the Kaplan turbine is the efficiency delivered during the low water
speeds. The rate of rotation of the blade is high. Kaplan turbine is the modified
version of Francis turbine. The technical specification of the experimental set-up is
show in Table 1. The experimental set-up is self-contained in all respect except for
electrical power/water supply wherever necessary to be provided during loading of
the turbine (Figs. 1, 2, 3 and 4).
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Table 1 Technical details of
the hydro turbine–generator

Specification Parameters

Type Axial flow reaction turbine

Capacity 2 HP

Rated speed 2000 rpm

Discharge capacity 2000 litres per minute

Head 8 m

Loading Electrical

Material Cast iron

Drum size 200 mm

Generator 3 A

Fig. 1 Experimental set-up

6 Results and Discussions

6.1 Analysis of Experimental Results

The loading pattern of hydro turbine–generator is changed to determine the reso-
nance effect in the turbo generator shaft. Single phase capacitor banks are connected



Rotor Dynamics of Turbine–Generator Shaft … 195

Fig. 2 Rotor of turbo generator unit

along with the resistive load banks. Capacitors are connected to the load. The effect
of capacitance increases the vibration of the shaft. The current increases when
capacitance is injected into the system. Illumination of lamps also increased due
to the increase in current. Since the turbine–generator rated speed is only 2000 rpm,
compensation is limited to only 50%. Since the impact of resistive load is more, the
rate of increase in rotational speed is not high. Considering 50% compensation case,
the turbo generator runs in 1562 rpm with compensation, while the total load in the
system is 1.6 kW.Without compensation, for the same load, the turbo generator runs
at a speed on 1473 rpm. Current in the system increases after compensation. Head
on turbine is made as constant with a pressure of 0.8 kg cm2 and vacuum pressure
of 10 kg/cm2. Head notch is around 200 mm (Table 2).

6.2 3D Modelling of Turbine–Generator Shaft

Turbine–generator shaft is modelled with Designmodeler tool in ANSYS. Cast iron
and stainless steel materials are used to determine the material properties. Stiffness
coefficient is calculated based on the dimensions of the shaft. Length of the turbine
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Fig. 3 Turbine—dismantled for measurements

Fig. 4 Operation of hydro turbine
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Table 2 Experimental results

Head on turbine Turbine
speed
rpm

Load
kW

Energy metre
reading

Current
in amps

Head
over
notch
‘h’ in
mm

Percentage of
compensation
(%)Pressure

‘p’
kg/cm2

Vacuum
pressure Pv
kg/cm2

No. of
revs

Time
taken
(s)

0.8 10 1987 0.4 4 395 0.2 200 10

10 1915 0.8 4 224 0.6 200 20

10 1762 1.2 4 184 1.2 200 30

10 1630 1.4 4 160 2.4 200 40

10 1562 1.6 4 140 3.6 200 50

shaft is measured 500 mm with a diameter of 55 mm, and generator shaft is 380 mm
with a diameter of 28 mm. To overcome the difficulty of design of belt-driven turbine
shaft, it is assumed that both the shafts are mounted on the same without overlapping
each other. Point mass is defined in the model which is of 350 kg and 0.397 kg/mm
throughout the shaft line. To match with the experimental set-up, two bearings with a
stiffness coefficient are attached on the both the ends of the shaft. SOLID186 model
is used tomesh the shaft. Coriolis effect is enabled to ensure rotor dynamics is studied
in the shaft. Modal analysis is carried out without damper as well as with damper.

6.3 Analysis of Mode Shapes

Total deformation of the shaft, stress and strain is found. Campbell diagram which
shows the stability of the shaft with six modes is denoted in Fig. 5. It is noted that
Mode 1 becomes unstable due to resonance created in the line. The maximum stress
is distributed in the turbine shaft when compared to the generator shaft. To overcome
the stress, a spring damper which is from body to ground is modelled in the shaft,
and modal analysis is completed for the same speed. The Campbell diagram which
is in Fig. 6 shows that all the six mode shapes are stable which is due to the damper
connected to the turbine shaft. Campbell diagram numerical details are shown clearly
in table. Figure 7 shows the mode shape 2, 3 and 4. It is very clear from the figure that
displacement occurred at different places and the shaft is stressed more. Campbell
parameters are given in Tables 3 and 4.

6.4 Analysis of Frequency Response

Frequency response analyses are used to estimate the steady-state response of a
rotating structure to loads that vary sinusoidally with time, and harmonic response
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Fig. 5 Campbell diagram without damper

Fig. 6 Campbell diagram with damper
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Fig. 7 Various mode shapes of the turbine–generator shaft

Table 3 Modal analysis with damper

Mode Whirl direction Mode stability Critical speed 0 rpm (Hz) 1562 rpm (Hz)

1. Undetermined Stable 0.12349 rpm 2.0581e−003 2.0581e−003

2. Undetermined Stable None 0 0

3. Undetermined Stable None 0 0

4. BW Stable 452.13 rpm 7.5356 7.5355

5. FW Stable 452.25 rpm 7.5374 7.5376

6. BW Stable None 35.723 35.722

Table 4 Modal analysis without damper

Mode Whirl direction Mode stability Critical speed 0 rpm (Hz) 1562 rpm (Hz)

1 Undetermined Unstable None 0 0

2 Undetermined Stable 0.28272 rpm 4.7119e−003 4.7119e−003

3 BW Stable 452.13 rpm 7.5356 7.5355

4 FW Stable 452.25 rpm 7.5374 7.5376

5 BW Stable None 35.723 35.722

6 FW Stable None 35.725 35.726
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analysis during the design phase of themachine helps the user to overcome resonance,
fatigue and other harmful effects of forced vibrations. The frequency response of the
undamped shaft is shown in Figs. 8 and 9. Damping ratio is increased 10, 20 and 20%
which is normally implemented practically by dampers and increasing lubrication.
The vibration magnitude reduces when the damping ratio increases. The frequency
response without dampers and with dampers is shown in the Figs. 7 and 8.

Fig. 8 Damping ratio 0.1

Fig. 9 Damping ratio 0.2
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7 Conclusions

The dynamic characteristics of hydro turbine–generator shaft subjected to subsyn-
chronous resonance are studied. The finite element method is utilised to solve the
system differential equations. The main conclusions from this study are summarised
as follows:

1. The resonance created by the series capacitors has considerable influence on the
rotor system of the generator as well as the turbine, and the natural frequency
interacts with the resonant frequency.

2. The excitation frequency exerts an effect on the shaft and increases the stress and
strain which leads to deformation. Modal analysis results show the instability of
the system during the injection of series capacitors which is meant for reactive
power compensation in power systems.

3. As the compensation increases, the stress is controlled by the spring dampers
installed in the shaft line. The location of installing the damper is selected from
the results obtained from the stress distribution and total deformation carried
during the modal analysis.

4. Frequency response analysis gives the amplitude of the vibration created in the
shaft. Damping ratio must be increased by means of improving the lubrication
as well as dampers. Vibration decreased when damping ratio is increased in the
analysis.
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Active Control of Bridge Configured
Self-bearing Motor, a Numerical Study

Gaurav Kumar, Karuna Kalita, and Kari Tammi

Abstract Vibration is a major concern of the rotating machine industry. The wear
and tear of the support bearing and the eccentric motion of the rotor are among the
main sources of vibration of an electrical machine. The development of a bearingless
machine is a good way to address this problem. This paper mainly focuses on the
development of a bearingless bridge configured winding (BBCW) induction motor.
The bridge configured winding (BCW) is a specialized single set of winding scheme,
which has the capability to produce the torque and the transverse force simultane-
ously. There are two sets of supply for this winding scheme. The three-phase main
supply produces a p-pole pair of the magnetic field and is responsible for the torque-
producing component. The external supply in the bridges produces a p ± 1 pole pair
of the magnetic field. The interaction between these two fields produces a net radial
force, which is used to neutralize the various forces acting on the rotor and the weight
of the rotor. The magnitude and the direction of this magnetic force can be controlled
by supplying currents or voltages at different frequencies and amplitudes through
the bridge points of the BCW winding. There is no study in the literature related to
the development of bearingless machine using BCW scheme. In the present work, a
Simulink model of a BBCW induction motor has been developed. The convergent
control scheme has been used for the control of forces of various frequencies acting
on the rotor. The PID controller has been used for the levitation of the rotor. The
shaft of the motor has been modeled as a Euler–Bernoulli beam, and it is supported
by only one isotropic bearing at the one end. The other end of the rotor has been kept
unsupported to demonstrate the levitation effect.
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Nomenclature

M Mass matrix
C Damping atrix
K Stiffness matrix
Fsta Static Force
Fpulsating Pulsating force
Fbridgex , Fbridgey Actuator force
Kx Force-displacement factor
Ki Force- current factor
T Transformation matrix
δm Mean air gap length
ω1ωb Main and bridge supply frequency
R Outer radius of the rotor

1 Introduction

High-speed and compact drive systems are among the most emerging areas in the
field of rotating machinery. Mechanical bearing inherently puts some limit on the
speed of a rotating machine. The best available solution of a compact drive system is
to use magnetic bearings instead of mechanical bearing with an electrical machine.
However, the inclusion of magnetic bearing makes the system bulky and increases
the space requirements as well. The current trend is to generate transverse force in an
electrical machine itself so that the requirement of magnetic bearing or mechanical
bearing can be taken care of by the electrical machine itself. Generally, the dual set
of winding is used for the generation of transverse force where one set of winding
is responsible for the torque generation, and another set of winding is responsible
for transverse force generation [1]. Uses of the dual set of winding decrease the
torque production capability of an electrical machine as the stator slot area are also
shared by another set of winding which is used for transverse force generation. The
bridge configured winding is a special single set of winding scheme which generates
transverse force without affecting the torque production capability of the electrical
machine [2]. The details of the bridge configured winding scheme has been discussed
in detail in [2–4]. This winding scheme can accommodate two isolated source termed
as the main supply source and bridge supply source. The main supply source is
responsible for torque generation (p pole pair of the magnetic field), and the bridge
supply source is responsible for transverse force generation (p − 1 pole pair of the
magnetic field).

The present work discusses a numerical model used for levitation control and
multiple harmonics vibration control in a four pole bridge configured induction
machine. A MATLAB/Simulink model has been developed to study the numerical
simulation. The approximation of analytical force has been used as a replica of an
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electrical machine to simulate the levitation and harmonic force compensation. The
magnetic field and the force have been calculated analytically, and later two control
algorithms, the PID and the convergent control algorithm have been used to achieve
the levitation and harmonic force compensation, respectively.

2 Force Expression

The two types of force would act on the rotor of the bearingless electrical machine,
i.e., eccentricity force and actuator force. A rotor is said to be eccentric if the rotor
center does not coincide with the stator center. An eccentric rotor makes themagnetic
field asymmetric, and a transverse force acts in the direction of the shortest air gap.
Whereas the bridge supply would generate the required controllable force is termed
as actuator force.

2.1 Eccentricity Induced Force

In static eccentricity condition, the predominant component of force acts along the
shortest air gap and is given by Eq. (1) [5, 6].

Fstat = μ0

2δ3m

A2
pmR

3l

p2
πe (1)

In addition to constant pull a pulsating force (Fpulsating) of double-supply frequency
also acts on the rotor. By neglecting the higher order terms, it can be represented as

Fpulsating = μ0

2δm

π A2
pR

3l

p2
∈

(1− ∈2)3/2
cos 2(ω1t − φp) (2)

where δm is themean air gap length,∈ is the eccentricity ratio and Apm is the amplitude
of current density distribution.

Ap = √
2n0ξ

I0ω1

πR
(3)

Here, n0 is the number of strands used in the stator winding, ξ is the winding
factor, ω1 is the angular supply frequency, R is the outer radius of the rotor, l is the
length of the rotor and I0 is the amplitude of the current. Since the constant pull is
dependent on the eccentricity e, the negative magnetic stiffness coefficient Kmag can
be obtained by differentiating the static force with respect to eccentricity, e as
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Kmag = dFstatx

de
= μ0

2δ3m

A2
pR

3l

p2
π (4)

2.2 Actuator Force

The actuator force can be calculated as an interaction of four pole and two pole
magnetic field components. Using Maxwell’s tensile stress theory, the total bridge
force or actuator force over the circumference of the rotor in the x-direction can be
calculated as

Fbridgex =
2π∫

0

(bpmain + bpbridge)2

2μ0
cos(θ)Rldθ (5)

where bpmain is the four pole magnetic field density due to themain supply and bpbridge
is the two pole magnetic field density due to the bridge supply. The four pole and
two pole magnetic fields density can be approximated as sinusoidal distribution as
[6]

bpmain(θ, t) = βpmcos(pθ − ω1t − φp) (6)

bpbridge(θ, t) = βpbcos(pbθ − ωbt − φb) (7)

Here, p = 2 is the fundamental pole pair due to the main supply, pb = 1 is the
fundamental pole pair due to the bridge supply, ω1 and ωb are the main supply and
bridge supply frequency, φp and φb are the phase of main supply and bridge supply,
respectively. The amplitude of main supply flux density (βpm) and bridge supply flux
density (βpb) is given by

βp = μ0ApR

δm p
(8)

βpb = μ0ApbR

δm pb
(9)

Here, Apb is the amplitude of current density distribution due to the bridge supply,

Apb = √
2n0ξ

Ibωb

πR
(10)
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where n0 is the number of strands used in the stator winding, ξ is the winding factor,
ωb is the angular bridge supply frequency, R is the outer radius of the rotor, l is the
length of the rotor and Ib is the amplitude of bridge supply current.

Substituting for bpmain and bpbridge in Eq. (5), we get the actuator force expression
along longitudinal (x-axis) direction,

Fbridgex =
2π∫

0

1

2μ0

[
βpm cos(pθ − ω1t − φp)

+βpb cos(pbθ − ωbt − φb)
]2
cos(θ)Rldθ (11)

Substituting p = 2 for main supply and pb = 1 for bridge supply, we get

Fbridgex =
2π∫

0

1

2μ0

{
2βpmβpbRl cos(2θ − ω1t − φp) cos(θ − ωbt − φb) cos(θ)

}
dθ

(12)

After integration of Eq. (12), we get

Fbridgex = βpmβpbπRl

2μ0

{
cos

(
(ω1 − ωb)t + (φp − φb)

)}
(13)

Substituting for βpm and βpb in Eq. (13), we get the final expression of actuator
force (bridge force) along the x-axis as

Fbridgex =
(

μ0ApR

δmP

)(
μ0ApbR

δmPb

)
πRl

2μ0

{
cos

(
(ω1 − ωb)t + (φp − φb)

)}
(14)

Similarly, bridge force acting in the transverse (along the y-axis) direction can be
written as

Fbridgey =
(

μ0ApR

δmP

)(
μ0ApbR

δmPb

)
πRl

2μ0

{
sin

(
(ω1 − ωb)t + (φp − φb)

)}
(15)

If the bridge supply frequency is the same as that of the main supply frequency,
i.e., ω1 = ωb, a constant force in any direction can be generated by managing the
phase of the main and bridge supplies. In addition to this, the force expression, in
this case, can be approximated as Ki Ib where ki can be termed as the force-current
factor.
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3 Rotor Model

In line with the objective of development of vibration control and bearingless simula-
tion model, this section deals with the development of the rotor-bearing system. For
the demonstration of disturbing force compensation, a meter long rotor supported by
twomechanical bearings at the end has been considered. However, for the demonstra-
tion of levitation, the rotor is considered to be supported by a mechanical bearing at
only one end. Figure 1 represents the rotor-bearing system considered for levitation
control.

Keeping the system simple, the rotor of the motor has been modeled using the
finite element method as a Euler–Bernoulli beam. The rotor has been discretized
in 9 element and 10 nodes. Each node has 4 degrees of freedom, among them,
first two are the transverse vibration DOF along x- and y-direction and last two
are angular displacements DOF along x- and y-axes, respectively. The discretized
model is represented in Fig. 2, indicating the node number of the discretization.
Equation (16) represents the equation of motion of the rotor of the motor, where
[M] is the mass matrix, [C] is the proportional damping matrix, [K] is the stiffness
matrix, funb is the unbalance force acting on the rotor and fbcw is the sum of all the
electromagnetic forces acting on the rotor.

[M]{ẍ} + [C]{ẋ} + [K]{x} = { fbcw + funb} (16)

Fig. 1 Rotor model

Fig. 2 Rotor discretized model
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The dynamic reduction has been used to remove the unwanted degree of freedom
from the rotor equation of motion. The transverse vibration degree of freedom at
each node in x- and y-direction has to be retained and termed as the master degree
of freedom xm, whereas angular degree of freedom along x-axis and y-axis has to be
removed and termed as slave degree of freedom xs. To get the transformation matrix
of dynamic reduction, Eq. (16) has been arranged in terms of master and slave degree
of freedom as shown in Eq. (17). fm is the combined force acting on the rotor.

[
Mmm Mms

Msm Mss

]{
ẍm
ẍs

}
+

[
Cmm Cms

Csm Css

]{
xm
xs

}
+

[
Kmm Kms

Ksm Kss

]{
xm
xs

}
=

{
fm
0

}
(17)

Dynamic model reduction technique has been used to remove the slave degrees
of freedom. Neglecting damping term in Eq. (17), we get

[
Mmm Mms

Msm Mss

]{
ẍm
ẍs

}
+

[
kmm kms

ksm kss

]{
xm
xs

}
=

{
fm
0

}
(18)

Damping is neglected only to obtain the transformation matrix. This transforma-
tion matrix is used to reduce the degrees of freedom of the system. Writing Eq. (17)
separately in master and slave degree of freedom, we get

Mmm ẍm + Mms ẍs + Kmmxm + Kmsxs = fm and

Msm ẍm + Mss ẍs + Ksmxm + Kssxs = 0 (19)

The dynamic reduction used to be carried out for a range of frequencies component
or a particular frequency component. Considering the reduction for ω, Eq. (20) can
be written as

−ω2Msmxm − ω2Mssxs + Ksmxm + Kssxs = 0 and xs = A−1Bxm (20)

where A = (−ω2Mss + Kss
)
and B = (−ω2Msm − Ksm

)
, and Eq. (22) can be used

to replace slave degree of freedom by master degree of freedom. Master and slave
degree of freedom can be represented with the help of master degree of freedom as

{
xm
xs

}
= T xm (21)

where T =
{

I
A−1B

}
. Using Eq. (23) and pre-multiplying with T in Eq. (17), we

get

{
I

A−1B

}T[
Mmm Mms

Msm Mss

]{
I

A−1B

}
ẍm +

{
I

A−1B

}T[
Cmm Cms

Csm Css

]{
I

A−1B

}
ẋm
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+
{

I
A−1B

}T[
Kmm Kms

Ksm Kss

]{
I

A−1B

}
xm =

{
I

A−1B

}T{
fm
0

}
(22)

Equation (24) can be represented in short form as

[Mred]{ẍm} + [Cred]{ẋm} + [Kred]{xm} = { fm} (23)

where

Mred = Mmm + MmsA
−1B + (

A−1B
)T
Msm + (

A−1B
)T
MssA

−1B,

Cred = Cmm + CmsA
−1B + (

A−1B
)T
Csm + (

A−1B
)T
CssA

−1B

Kred = Kmm + KmsA
−1B + (

A−1B
)T
Ksm + (

A−1B
)T
KssA

−1B

Equation (25) can be represented in state-space form as

{
ẋm
ẍm

}
=

[
0 I

− Kred
Mred

− Cred
Mred

]{
xm
ẋm

}
+

{
0

M−1
red

}
fm (24)

which can be represented as

Ẋ = ÂX + B̂u and Y = Ĉ X + D̂u (25)

where Â is the state matrix, B̂ is the input matrix, Ĉ is the output matrix and D̂ is
the state transition matrix. The output matrix has been choosen in such a way that
vibration along x-axis and y-axis at node 4 (as shown in Fig. 4) can be separated to
provide the feedback in the control loop.

4 Control Algorithm

In any bearinglessmachine, generally, two types of forces are required to be generated
and controlled, viz. (i) a constant vertical force—for the levitation effect and (ii)
revolving forces—to control revolving unbalanced and magnetic forces. In order to
generate and control these two kinds of forces, two different control algorithms have
been used, viz. (i) PID control—for the control of constant upward force and (ii)
convergent control—for the compensation of harmonic forces.
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4.1 Levitation Control—Approximation as AMB

The eccentricmotion of the rotor generates two types of forces, a constant forcewhich
acts along the shortest air gap (Eq. 1) and a pulsating force (Eq. 2) which revolves at
the double the supply frequency.Whereas with the help of bridge supply of the BCW
induction machine, a constant as well as a revolving force can be generated, keeping
the bridge supply frequency opposite or same to that of the main supply frequency,
respectively.

For the development of levitation controller, the phenomena of DC component
of force generation in an electrical machine is mimicked as an AMB. The force
generation by an active bearing magnet (AMB) is represented as

fAMB = −Kx X + Ki I (26)

where Kx is the force–displacement factor, X is the displacement, Ki is the force–
current factor and I is the supply current. In a similar way, the actuator force for DC
component of force generation, the force-displacement factor can be represented as
Eq. (4) and the force–current factor can be represented by using Eqs. 14 and 15.

4.2 Convergent Control

If the disturbance force acting on the system is of only one particular frequency, it
can be controlled easily by generating the force of that particular frequency at the
correct phase. However, if the phase and amplitude of the disturbance forces are
not predictable, it becomes quite challenging to control it. The convergent control
technique can deal with such disturbance forces which havemore than one frequency
components. The convergent control technique is a very effective feedforward control
method to deal with such kind of problems. For multiple sinusoidal signals, the
convergent control law can be written as [7]

Un+1 = γUn − αg−1(zke
− jωkT ) (27)

where T is the length of the time step, ω is the frequency of the known disturbance,
γ and α are two constants and zk is the vector of the measured signal. In case, if there
is more than one frequency components of disturbance, then the control law has to
be applied in parallel.

The complex multiplier g is a matrix which gives the phase and amplitude of the
output as a function of the change in amplitude and phase of the control signal. For
a particular frequency component ω, it can be obtained from the system’s transfer
function G as

g = G( jω) = C( jωI − A)−1B (28)
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whereA,B andC are thematrices of the LTI (linear time invariant) state-spacemodel.

5 Simulation Results

The whole control process has been modeled using Simulink/MATLAB. The simu-
lation parameters have been given in Table 1. Figure 3 represents the control block
of the simulation model. Here, the convergent control technique is used for the
compensation of discrete harmonic components of the rotor vibration. Whereas, PID
controller is used as a levitation controller and works on broadband from zero up to
the bandwidth of the actuator [7]. The reference signal block generates the signal
of particular harmonics which is required to be compensated. Based on the refer-
ence signal harmonics, the convergent control algorithm generates a required current
which is passed to the actuator. The reference position gives the command to the
PID controller which in turn based on error signal passes the required current to the
actuator to levitate the rotor.

Table 1 Simulation
parameters

Parameters Value Parameters Value

Main supply 4 Pole Proportional
gain

14.6

Bridge supply 2 Pole Derivative gain 0.6

Rotor diameter 0.103 m Integral gain 0

No. of slots 36 Alpha 0.01

No. of turns 50 Gamma 0.01

Air gap 1 mm Bearing stiffness <10 N/m

Main supply
current

10 A Main supply
frequency

50 Hz

Bridge supply
current

0.15 A Bridge supply
frequency

50 Hz

Rotor weight 10 kg

Fig. 3 Control block of the
simulation model
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Three conditions have been simulated,

(i) When an unbalanced force of 0.1 kg is acting on the rotor along with a double-
supply frequency component of UMP. Both ends of the rotor are supported
by mechanical bearings. Node 3 and node 9 are the two bearing locations as
shown in Fig. 2. The unbalance has been introduced at a radius of 1e-4 m from
the rotor center along the x-axis.

(ii) When the bearing is removed fromone end of the rotor and no other disturbance
forces are acting on the rotor. The mechanical bearing at node 3 is removed for
the purpose of demonstration of levitation control of the rotor. The assumed air
gap length of the motor is 1e−3 m; hence, the rotor is assumed to be eccentric
along the y-axis by a distance of 1e−3 m.

(iii) When the bearing is removed from one end of the rotor and disturbing forces
(unbalanced force anddouble-supply frequency componentUMP) are acting on
the rotor. The mechanical bearing at node 3 is removed, and the simulation has
been carried out considering the initial position of the rotor eccentric along the
y-axis by a distance of 1e−3mwhereas rotor is assumed to be concentric along
the x-axis. The UMP control due to the eccentric rotor position for levitation
and disturbance force compensation due to mass unbalance and double-supply
frequency component force has been demonstrated. The mass unbalance of
0.1 kg is assumed at a radius of 1e−4 m along the x-axis.

Figure 4a shows the rotor vibrationwith respect to time in x- and y-directionswhen
only convergent control is applied. In this case, two types of forces are acting on the
rotor, unbalance force which acts at the rotor spin speed, i.e., 50 Hz and unbalanced
magnetic pull which acts at twice the supply frequency, i.e., 100 Hz.

Figure 4b shows the rotor vibration with respect to time when only levitation
controller is applied. Considering the air gap of the machine as 0.001 m, an initial
condition of 0.001 m has been applied to rotor the nodes (nodes 5, 6 and 7 as shown
in Fig. 2) DOF which falls inside the motor in y-direction. It can be observed from
Fig. 4b that the PID controller is able to generate the required levitation force to the
rotor and rotor oscillates about the rotor center. Figure 4c shows the rotor vibration
with respect to time when both levitation and convergent controllers are applied. An
initial condition of 0.001 m has been given to the rotor nodes (5, 6 and 7 as shown
in Fig. 2) DOF which falls inside the motor in the y-direction. Also, an unbalance
force along with double-supply frequency component of UMP is acting on the rotor.
It can be observed from Fig. 4c that both of the controllers combined together is able
to levitate as well as able to compensate the harmonics disturbances acting on the
rotor.

6 Conclusions

The present work proposes an approximate mathematical model for the analysis
of bearingless bridge configured electrical machine. A simulation model has been
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Fig. 4 a Rotor response with convergent control, b rotor response with levitation control, c rotor
response with combined levitation and convergent control

developed in MATLAB/Simulink to demonstrate levitation and vibration control
using bridge supply through the bridge terminals of the winding. The developed
Simulink model can be used further for the study of the effect of rotordynamic
interaction such as asymmetry in bearing stiffness in a bearingless machine or any
other normal machine.
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Abstract Stability analysis of one-dimensional (long) partial slip texture journal
bearing is presented. A journal bearing (one-dimensional) is analyzed considering
slip on land, recess depth and extent of partial slip texture region.Amodified dynamic
Reynolds equation is based on theory of narrow groove approximation considering
infinite cells (land with slip and recess configuration) in partial slip texture region.
Pressure under static state and pressure gradients dynamic state due to journal center
perturbation are derived considering Lund’s method (infinitesimally small perturba-
tion of displacements and velocities). Load capacity and linearized dynamic coeffi-
cients are derived from integration of pressure (under static state) and pressure gradi-
ents (under dynamic state), respectively. The performance characteristics (stiffness
(nondimensional) and damping (nondimensional) coefficients, threshold (critical)
speed and critical ratio of whirl frequency) are presented based on partial slip texture
configuration parameters. Stability threshold increases for both configurations of
slip and texture at higher partial slip texture extent (angular) for low-to-medium
eccentricity ratio bearing operating conditions.
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Nomenclature

b Length of slip, m
bi j , B̄i j Coefficients (damping) calculated under equilibrium conditions, Ns/m;

B̄i j = bi jC3/μR3L; Bi j = B̄i j/W for i = x, y
C Bearing radial clearance, m
h Thickness of film, m; H = h/C
ht Depth of recess, m
ki j , K̄i j Coefficients (stiffness) calculated under equilibrium conditions, N/m;

K̄i j = ki jC3/μωR3L; Ki j = K̄i j/W for i = x, y
M Parameter of mass; M = ω2

s = Cω2/g
p Distribution of pressure, N/m2; P = pC2/μUR
ps, pt Distribution of pressure over land on bearing and recess regions, N/m2

Po Distribution of pressure (nondimensional) under static state
Pj Distribution of pressure gradients (nondimensional); j = x, y, ẋ, ẏ
q, Q Flow (rate of volume per unit length) along circumferential direction,

m2/s; Q = q/u jC
R Radius of journal, m
t, T Parameter of time, sec; T = tωp

u j Velocity of journal along θ direction, m/s
w Load (bearing) capacity, N; W = wC2/μωR3L
x, y, X,Y Coordinates (vertical and horizontal) with reference to bearing center,

m; X = x/C,Y = y/C
Ẋ , Ẏ Journal center nondimensional velocity direction (along x and y)
ε Bearing eccentricity ratio
γ Land to recess region ratio; γ = θs/(θs + θt )

ζ Nondimensional depth of recess; ζ = ht/h
θ Coordinate (angular) from journal bearing maximum film thickness
θs, θt Extents (angular) of land with slip followed by recess
θst Extents (angular) of slip texture (partial)
θr Extents (angular) of rupture film region
� Coordinate (angular) considered from load line direction
φ Angle of attitude
λ Slip (nondimensional) coefficient; λ = b/h
μ Viscosity, Ns/m2

ω Journal angular velocity, rad/s
ωs Critical (threshold) speed; ωs = √

M = ω/
√
g/C

ωp Angular velocity of whirl

 Whirl ratio; 
 = ωp/ω
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1 Introduction

Partial slip texture configuration in journal bearings is used to enhance bearing perfor-
mance under lightly loaded conditions. Fortier and Salant [1] presented finite length
journal bearing steady-state performance with slip/no-slip configuration considering
a slip length (modified) model. Load capacity and friction are investigated with
extents of slip/no-slip region on finite bearing (journal). Aurelian et al. [2] inves-
tigated the slip effects on bearings (journal) under static and dynamically loaded
conditions. Lin et al. [3] investigated the effect of location of slip/texture at the
region of pressure rise on improvement of journal bearing performance.

Derivation of dynamic (stiffness and damping) bearing (journal) coefficients is
important to predict dynamic characteristics and stability of rotatingmachinery. Lund
and Thomsen [4] presented dynamic coefficients data of multi-lobe journal bearing
configurations based on infinitesimal perturbation of dynamic Reynolds equation.
Elrod and Vijayaraghavan [5] presented stability characteristics of infinitely long
journal bearing considering fluid flow in the region of cavitation. Ma et al. [6] inves-
tigated slip effects on the stability characteristics of length (finite) bearing (journal).
Full slip on bearing surface reduces the load capacity as well as the rotor bearing
system stability while an optimized bearing surface slip enhances load capacity
and rotor bearing stability. Rao [7] derived perturbed dynamic Reynolds equation
and presented stability features of bearing (journal) considering bearing surface slip
extent. Bhattacharya et al. [8] investigated influence of bearing surface slip-no-slip
zones on stability of short and long rotors. Matele and Pandey [9] analyzed the effect
of location and geometry of the dimple on stability features of bearing (journal).
Yamada et al. [10] also presented theoretical and experimental studies of texture
parameters on dynamic features of bearing (journal). The impact of surface texturing
on dynamic coefficients and linear stability threshold speed was investigated. Journal
bearing stability improvement is investigated by varying slip extent on surface of
bearing. Rao et al. [11] studied impact of slip extent on surface of bearing with
three layer for stability enhancement. Rao et al. [12] investigated multi-lobe journal
bearing load capacity, dynamic characteristics and stability using partial slip texture.

The dynamic Reynolds (modified) equation is derived [12] based on theory of
narrow grooves [13] with large number (infinite) of slip/recess areas (regions). This
paper presents stability analysis of slip texture (partial) bearing (journal) using the
modifieddynamicReynolds equation [12] using narrowgroove theory [13]. The coef-
ficients under dynamic state, threshold (critical) speed and ratio of whirl frequency
(critical) are presented for bearing (journal) with partial slip texture configuration.

2 Analysis

An analysis of stability of bearing (journal) under the effect of partial slipwith texture
configuration is presented. The diagram of a partial slip with texture bearing (journal)
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Fig. 1 Schematic of partial
slip texture bearing (journal)

with repeated cells of land with slip and recess with no-slip regions is depicted in
Fig. 1.

The nondimensional pressure and pressure gradients of partial slip texture journal
bearing are derived identical to partial slip bearing (journal) [11] and partial slip
texturemulti-lobe bearing (journal) [12]. The dynamic Reynolds (modified) equation
(nondimensional) for partial slip texture configuration is



dH

dT
+ d

dθ

(
�sH

2
− �pH 3

12

dP

dθ

)
= 0 (1)

where the coefficients are

�s = (γ (�1d/�2d) + (1 − γ )(�1t/�2t ))

(γ (1/�2d) + (1 − γ )(1/�2t ))
,

�p = 1

(γ (1/�2d) + (1 − γ )(1/�2t ))
,�1d = (1 + 2λ)

(1 + λ)
,

�2d = (1 + 4λ)

(1 + λ)
,�1t = 1 + ζ,�2t = (1 + ζ )3. (2)

The coefficients for land with slip in a cell region (γ = 1) are derived from Eq. (2)
as

�s = (1 + 2λ)

(1 + λ)
,�p = (1 + 4λ)

(1 + λ)
(3)

The coefficients for texture (recess) in a cell region (γ = 0) are derived from
Eq. (2) as

�s = 1 + ζ,�p = (1 + ζ )3 (4)

The nondimensional pressure distribution (Po) under steady state and the nondi-
mensional pressure gradients (Pj for j = x, y, ẋ, ẏ) under dynamic conditions,
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respectively, are evaluated numerically [11] using the coefficients in Eq. 2 for partial
slip texture bearing (journal).

The load (nondimensional) (W ) and coefficients under dynamic state for partial
slip texture bearing (journal) (K̄xx , K̄ yx , K̄xy, K̄ yy, B̄xx , B̄yx , B̄xy, B̄yy) are obtained
from nondimensional pressure (Po) and nondimensional pressure gradients (Pj for
j = x, y, ẋ, ẏ), respectively.

The ratio of whirl frequency (critical) and threshold (critical) nondimensional
speed are computed [11, 12] based on Lund’s methodology [14] as


s =
√

(Kxx − κo)
(
Kyy − κo

) − KxyKyx

Bxx Byy − Bxy Byx
(5)

ωs = √
M =

√
κo


s
(6)

where Ki j = K̄i j /W and Bi j = B̄i j/W for i = x, y, κo =
Bxx Kyy+Byy Kxx−Bxy Kyx−Byx Kxy

Bxx+Byy
.

3 Results and Discussion

The partial slip texture configuration effect on the coefficients under dynamic state
and bearing (journal) stability is studied. The significance of slip texture (partial) on
the bearing (journal) stability is evaluated by considering extents (angular) of slip
texture (partial) (θst) on critical (threshold) speed (ωs) and ratio of whirl frequency
(critical) (
s). Results of nondimensional stiffness and damping coefficients (Ki j

and Bi j for i = x, y), critical (threshold) speed (ωs) and ratio of whirl frequency
(critical) (
s) are obtained for partial slip texture parameters: partial slip texture
angular extent from line of centers at maximum film thickness (θst = 0° − 120°);
slip coefficient (nondimensional) (λ = 0.1, 1); nondimensional recess depth (ζ = 0,
1); and land region with slip to cell ratio (γ = 0, 1).

Figure 2a–d illustrates Ki j and Bi j for i = x, y with eccentricity ratio (ε) for
slip texture (partial) geometry of a bearing (journal). The direct stiffness coefficients
(Kxx , Kyy) increase with increasing eccentricity ratio. The cross-coupled stiffness
coefficient (Kyx ) is negative at low-to-medium eccentricity ratios (Fig. 2a). The
nondimensional direct damping coefficient (Byy), nondimensional force along the
axis perpendicular to load per unit nondimensional perturbation velocity) decreases
with increasing eccentricity ratios (Fig. 2b). The nondimensional damping coeffi-
cients show significant variation compared to nondimensional stiffness coefficients
(Fig. 2c–d). The nondimensional damping coefficients for texture (recess) in a cell
region (γ = 0, ζ = 1) are higher than land with slip in a cell region (γ = 1, ζ = 0).

Figure 3a–d shows the variation in threshold (critical) speed (ωs) for extents
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Fig. 2 Stiffness (Ki j for i = x, y) and damping (Bi j for i = x, y) coefficients of partial slip texture
journal bearing

(angular) of slip texture (partial) (θst = 0◦ − 120◦) with nondimensional slip coeffi-
cient (λ) and nondimensional recess depth (ζ ). The nondimensional threshold speed
(ωs) decreases with higher angular extent of partial slip texture (θst = 80◦ − 120◦)
at low eccentricity ratio (ε = 0.1) (Fig. 3a). The nondimensional threshold speed
increases for both slip (λ = 1) and texture (ζ = 1) configurations at ε = 0.3, 0.5
at higher extents (angular) of slip texture (partial) (θst = 80◦ − 120◦) (Fig. 3b). ωs

increases with increasing θst (i) at ε = 0.1 and λ = 1, ζ = 1, γ = 0.1 (Fig. 3c) and
(ii) at ε = 0.3 and λ = 1, ζ = 1, γ = 0.5 (Fig. 3d).

Figure 4a–d shows ratio of whirl frequency (critical) (
s) for extents (angular)
of slip texture (partial) (θst = 0° − 120°) with nondimensional slip coefficient (λ)
and nondimensional recess depth (ζ ). The whirl frequency (critical) (
s) decreases
with increasing eccentricity ratios (ε = 0.1, 0.3, 0.5). Lower ratio of whirl frequency
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Fig. 3 Threshold speed (ωs) of partial slip texture journal bearing

(critical) (
s) is attained for both slip (λ = 1) and texture (ζ = 1) configurations
with higher extents (angular) of slip texture (partial) (θst = 80°− 120°).
s decreases
with increasing θst (i) at ε = 0.1 and λ = 1, ζ = 1 γ = 0.1 (Fig. 4c) and (ii) at ε =
0.1 − 0.2 and λ = 1, ζ = 1, γ = 0.5 (Fig. 4d).

4 Conclusions

The influence of partial slip texture on stability characteristics of journal bearings
are examined using Sommerfeld (long) bearing (one-dimensional) analysis. Both
slip and texture configurations extending along the bearing surface from inlet (at
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Fig. 4 Critical whirl frequency ratio (
s) of partial slip texture journal bearing

maximum film thickness) has potential to increase stability threshold of bearing
(journal). Slip texture (partial) on bearing surface at higher angular extents has benefi-
cial effect for low-to-medium eccentricity ratio conditions. Maximum stability limits
are obtained for an optimal extent (angular) configuration of slip texture (partial) at
low eccentricity ratio.
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Experimental Study of Temperature
Effect on Labyrinth Seal Leakage
and Vibration Characteristics of Rotor

Vivek V. Shet , A. S. Sekhar , and B. V. S. S. S. Prasad

Abstract Labyrinth seals are the most widely used non-contact-type turbine seals.
The main design concern is to prevent the seal rub with the stator in the range
of operating conditions and to control the system rotordynamics. This work aims at
experimentally evaluating the effect of thermal growth of labyrinth seal on the leakage
flow rates and effect on vibration characteristics of the system. An experimental seal
test rig for teeth on rotor (TOR)-type straight labyrinth seal with four flat tip teeth
has been developed. Constant clearance between seal and stator is maintained and
tested at different speeds and temperatures by varying the inlet air pressure. Leakage
results are compared for the seal for the range of operating conditions and for a given
seal radial clearance. In addition, vibration data are measured at various locations to
understand the influence of seal on the vibration characteristics of the rotor system.
It is seen that flow leakage rate and vibration of system are influenced by the pressure
difference and the temperature.

Keywords Labyrinth seal · Leakage flow rate · Turbine seal · Turbine seal ·
Vibration · Thermal growth

1 Introduction

Sealing in turbomachinery is one of the most crucial design parameters. The present
operating conditions of turbomachines require it to operate at high temperature of
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800 °C and high rotationwith a shaft speed of 450m/s [1]. So, it is very important that
the sealing methods used are efficient at these conditions. There are two important
reasons for turbomachinery sealing playing such an important part. First, in modern
gas turbine engines, there are numerous gas-path sealing locations, so this can directly
affect the efficiency of engine in terms of specific fuel consumption and engine
power output. The second reason is turbomachinery seals can control the systems
rotordynamics if they are designed properly [2].

Several experimental studies on labyrinth seal leakage influenced by rotation
have been made. Wittig et al. [3] experimentally demonstrated the scaling effect
influence on the leakage losses in labyrinth seals. High rotational speed influence
on the discharge coefficients in labyrinth seals has been studied experimentally by
Waschka et al. [4], and they showed that the there is significant effect of rotation
when the ratio of Taylor number and Reynolds number is beyond 0.2, after which it
reduces the leakage rate. Zhang et al. [5] have made numerical studies on the effect
of high rotation on dynamic leakage through a labyrinth seal and predicted that the
leakage rate increases with increase in vibration, but the effect is more prominent at
lower speed. Subramanian et al. [6] did computational studies about the influence
of radial location and combined growth due to rotation and temperature on leakage
characteristics of rotating labyrinth seal and showed that the radial growth and leakage
rate varies significantly with increasing radius and temperature.

In the present study, effect of input pressure and temperature on labyrinth seal
leakage and associated vibration characteristics have been analyzed experimentally.

2 Experimental Details

The experimental setup consists of a seal test rig as shown in Fig. 1a, with provision
to run two different seal configurations in tandem. For the present study, straight
labyrinth seal configuration has been used. The configuration is tooth on rotor (TOR)
type. The material of construction of the seal is mild steel. The dimensional details
of seal are given in Fig. 2. The initial radial clearance is 0.1 mm. The seal test rig
is driven by an electric motor controlled by variable frequency drive (VFD) to vary
the RPM from 0 to 3000. Compressed air from compressor is used as input flow to
the seal section. The pressure can be varied from 0 to 600 kPa and temperature from
30 to 250 °C. The input airflow pressure is controlled by a pressure control gauge.
Airflow at the outlet is measured using float type flow meter. Pressure transmitter is
used to measure the difference in pressure across the seal for each test case.

The schematic of the rotor bearing seal system has been shown in Fig. 1b. Dimen-
sional details are given in Table 1. Ball bearings are used at bearing location. Bearings
are assumed to be rigid. First natural frequency of the systemwas found using impact
test. The first natural frequency is around 410 Hz.
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L – StraightLabyrinthSealDisk, S – SteppedLabyrinthSealDisk, 
C – Coupling Half, B1, B2, B3, B4 – Bearings 

a

b

Fig. 1 a Schematic representation of test rig. b Schematic representation of test rigwith dimensions

Fig. 2 Dimensional detail of
labyrinth seal
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Table 1 Dimensions of the
rotor

L1 106 mm D1 40 mm

L2 210 mm D2 30 mm

L3 170.50 mm D3 200 mm

L4 70 mm Shaft total length 600 mm

3 Experiments

3.1 Test at Room Temperature (30 °C)

The Initial test for seal with 0.1 mm radial clearance at room temperature of 300 K
is conducted with increasing upstream pressure. Initially, test is conducted at static
condition. And then, test is repeated for different rotational speed starting from 1200
to 2400 rpm in steps of 300.

In the present setup, inlet pressure is increased from 150 to 600 kPa in steps of
50 kPa. The seal rig setup is such that the upstream pressure is builtup inside the
chamber. Therefore, pressure is alsomeasured after the compressed air reaches inside
the chamber, both before the seal and after the seal. Leakage flow rate is measured at
each test condition. A pressure transmitter is used to measure the pressure difference
across the seal. Pressure at outlet after the seal chamber is kept at atmospheric
pressure.

3.2 Test at Elevated Temperature (100 °C)

Seal leakage test at elevated temperature of 100 °C (373 K) is performed. Air from
the compressor is heated in an air heater before entering the labyrinth seal chamber.
Like the earlier test, initially static test is performed and then repeated for different
rotor speed from 1200 to 2400 RPM in steps of

300. In this experiment, sufficient time is given so that the seal is heated, and
temperature reaches steady state before acquiring the data. Inlet air pressure is varied
from 150 to 600 kPa in steps of 50 kPa.

3.3 Data Acquisition for Vibration Measurement

Vibration analysis is done by acquiring an accurate time-varying signal from a stan-
dard transducer or sensor on the stator. To record the response obtained from a pair
of proximity probe and laser, data acquisition system (Dewe-43 V) is used. Two
proximity probes are used to measure the vibration in vertical (V) and horizontal (H)
direction and are positioned on the shaft at the non-drive end as shown in Fig. 3. This
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Fig. 3 Proximity probe and laser probe position on test rig (Refer Fig. 1.)

has sensitivity 7.87 V/mm. A laser signal is used to acquire stator vibration response.
Acquiring response data are started once the system reached its steady-state oper-
ating condition. DEWEsoft X1 software is used to visualize, analyze and store the
acquired data signals. The recorded data are then further post processed for results
as presented in Sect. 4.

4 Results

4.1 Leakage Flow Results

Leakage flow rate is plotted against pressure difference across the seal at 30 °C and
100 °C for two different rotor speed, 0 and 1500 RPM, in Figs. 4 and 5, respectively.
It can be observed from these figures that leakage flow rate got reduced at 100 °C
for a given pressure difference across the seal compared to that at 30 °C.

The leakage flow rate reduction can be attributed to the change in the initial radial
clearance between the seal and the stator due to thermal growth of the seal. Initial
clearance has been kept at 0.10 mm. The seal teeth are the ones which are more
subjected to hot air. The thermal growth of the teeth can be calculated using linear
thermal expansion formula to calculate the reduction in clearance,

CTG = hαdT (1)

In the above equation h= tooth height= 10.90mm,α(mild steel)= 11.7µm/m°C
and dT = 70 °C. This gives the thermal growth value as 8.9271µm. So the net radial
clearance reduces to

Cnet = Ci−CTG = 0.091 mm (2)
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Fig. 4 Leakage flow rate versus pressure difference across seal at 0 RPM

Fig. 5 Leakage flow rate versus pressure difference across seal at 1500 RPM

There is 9% reduction in radial clearance between the seal and the stator. Here, it
is assumed that the stator thermal growth is negligible as the thickness of the stator
is large. This leakage flow rate reduction can be attributed to this reduction in radial
clearance due to growth of seal. However more studies particularly CFD analysis is
needed for the estimating leakage flow and seal coefficients with thermal growth.

Figure 6 shows the variation of leakageflow ratewith respect to pressure difference
across the seal at 30 and 100 °C at three different rotor speed of 0,1500 and 2400. It is
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Fig. 6 Variation of leakage flow rate versus pressure difference across seal at three RPM—0 and
1500 at 30 and 100 °C

noticed that the speed variation has negligible effect on leakage flow characteristics
as seen from these figures. It can be deduced that the radial growth due to centrifugal
force is insignificant for the speed considered. However, there is significant influence
of temperature.

4.2 Vibration Results

Vibration reading of the shaft measured by the proximity probes in vertical and
horizontal direction and of the stator by the laser sensor are analyzed in MATLAB
R2018a and processed to find the root mean square (RMS) value. It was seen that
the stator vibration was not affected by the temperature change of the input air. RMS
value of vibration for vertical is plotted for different RPM and input pressure at 30
and 100 °C as shown in Figs. 7 and 8, respectively. As seen from the plots, the
vibration in vertical directions is increasing with both speed and input pressure. At
static condition of rotor, the vibration is increasing with input pressure, this is due
to the vibration caused by the increasing leakage flow rate through the seal. Also,
as the speed of rotor is increased for a given input pressure, the vibration value has
increased.

To understand the effect of temperature on the vibration, the variation of vertical
vibration against increasing pressure difference across seal at 1500 RPM for 30
and 100 °C is plotted in Fig. 9. It is seen that the vertical vibration has increased
with increase in temperature. As discussed in Sect. 4.1, due to the thermal growth,
there is a net reduction in radial clearance. It is been proven [7] that for teeth on
rotor configuration as clearances reduces the seal damping decreases. The increase
in vertical vibration can be due to this decrease in seal damping. Similar trend at
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Fig. 7 Variation of vertical vibration RMS versus input pressure and RPM at 30 °C

Fig. 8 Variation of vertical vibration RMS versus input pressure and RPM at 100 °C

Fig. 9 Vertical vibration versus pressure difference across seal at 1500 RPM for 30 and 100 °C
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these two temperatures has been observed in present experiments at different RPM
of 1200, 1800, 2100 and 2400 RPM. For brevity only, a single case at 1500 RPM
has been shown here.

5 Conclusion

The combined influence of input air temperature, input pressure and rotor speed
on leakage rate and vibration in a straight labyrinth-rotor system have been studied
experimentally. The key outcomes are:

(1) The leakage flow rate through the labyrinth seal increases with increase in
pressure difference across the seal. The same trend has been followed at elevated
temperature of 100 °C.

(2) At higher temperature, the leakage flow rate has reduced due to the thermal
growth of the seal. As the temperature increases, there is net reduction in radial
clearance. It is calculated that there is almost 9% reduction in radial clearance
in the seal due to which the leakage rate has reduced.

(3) As the rotor speed is increases, there is no appreciable change in the leakage
flow rate. As the rotor running speeds are not high, there is very insignificant
radial growth due to centrifugal forces, and hence, the radial clearance is not
affected.

(4) The vertical vibration of the rotor is increasing with rotor speed in the given
speed range and pressure difference across the seal.

(5) The vertical vibration is increasing with input air temperature at all the rotor
speed. This phenomenon is due to the reduction in the seal damping which is
due to the reduction in seal radial clearance.

Further, experimental studies are being carried out to understand the speed
influence at higher speed values. Also, computational study on the leakage flow
characteristics are being simultaneously studied to compare with experimental
values.
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Study of Static Performance
Characteristics of Offset-Pressure Dam
Bearing Considering Turbulent
and Adiabatic Thermal Effects

Sivakumar Dakshinamurthi and Suresh Nagesh

Abstract As there is an increasing demand for high-performance turbo-machinery,
hydrodynamic bearings are expected to run at high surface speed (>100 m/s) and
heavy load (>4 MPa) operating conditions. Especially, high-speed and high-power
gearboxes operate at such severe operating conditions for gas or steam turbine power
generation applications. Conventionally, fixed profile bearings such as pressure dam
or offset bearings are used in these gearboxes. However, they have design limita-
tion on maximum surface speed due to stability requirements at no load conditions
and maximum oil film temperature at heavy load and high-speed conditions. In
this paper, it is attempted to combine the offset design feature “preload” with pres-
sure dam bearings to see that if the operational design limits could be improved.
The governing mathematical model includes turbulent and adiabatic thermal effects.
The static performance characteristics of combined offset pressure dam bearings are
compared with individual bearings. The analytical study found that combined offset
pressure dam bearing delivers better performance than the other bearings. Also, the
analytical model is validated with published experimental results.

Keyword Fluid film · Hydrodynamic bearings · Stability · Turbulent effects ·
Thermal effects

Nomenclature

cp Specific heat capacity of the lubricant, kJ kg/K
T Temperature, °C
CR Radial clearance at split line, mm
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T T /T in = Relative temperature
Cp Crown clearance, mm
u, w Velocity in circumferential and axial, m/s
D Journal diameter, mm
u, w Dimensionless velocity component in circumferential (u/ωRJ ) and axial

(w/ωRJ )
Gx, Gz Turbulent coefficients
ȳ y/h, Dimensionless coordinate across film
H Dimensionless film thickness (h/CR)
z z/RJ , Dimensionless coordinate in axial
h Film thickness, mm
θ x/R, Circumferential coordinate
L Bearing length, mm
μ Dynamic viscosity of the lubricant, Pa s
Ld Pressure dam width, mm
μin Dynamic viscosity of the lubricant at oil supply temperature T in

m Bearing preload, (1 − CR/Cp)
μ̄ μ/μin = Relative dynamic viscosity
P Dimensionless pressure (p * C2

R/μ * ω * R2
J )

λ Thermal conductivity of the lubricant, W/mK
p Oil film pressure
ψ CR/RJ = Relative radial clearance
RJ Journal radius, mm
ρ Density of the lubricant, kg/m3

Re Reynolds number

1 Introduction

As there is an increasing demand for high-performance turbo-machinery, hydrody-
namic bearings are expected to run at high surface speed (>100m/s) and specific load
(>4MPa) operating conditionswith a lower power loss and oil flowandwith excellent
stability characteristics [1]. Hydrodynamic bearings that are installed in high-speed
(pitch line velocity more than 125 m/s) and high-power (more than 50 MW) gear-
boxes experience such operating conditions. Conventional fixed profile bore bearings
such as pressure dam and offset bearings could not operate at these severe operating
conditions due to operational design limits of specific bearing load,maximumoil film
temperature and minimum film thickness criterion. Also, it brings the challenges on
mathematical modeling to accurately predict the fluid film behavior when the bear-
ings are operated at turbulent region with severe thermal load conditions. Currently,
tilting pad journal bearings are being used for such applications which have excellent
static and dynamic properties. However, these bearings are very expensive for the
state-of-the-art technology and require more oil flow.
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The interest in understanding turbulence and thermal effects on performance of
the hydrodynamic bearings started many decades ago. One of the earliest studies
was made by Elrod and Ng [2] on turbulent oil film lubrication. McCallion et al. [3]
investigated the thermal effects in journal bearing by using isothermal and adiabatic
thermal models. Safar and Szeri [4] made a study on thermo-hydrodynamic lubri-
cation on laminar and turbulent regimes. Temperature and local shear-dependant
viscosity is calculated through iterations of momentum and energy equations. Frene
et al. [5] compared the theoretical and experimental thermo hydrodynamic perfor-
mance of finite length journal bearings. They had taken into account of heat transfer
between the film along with shaft and the bush, cavitation and lubricant recircula-
tion. Mittwollen et al. [6] explained the governing equations elaborately to predict
the performance of oil film journal bearings in high-speed and high-load turbo-
machinery. The lubricant temperature and viscosity were admitted to vary in all
three dimensions, and a possible reverse flow was considered for laminar–turbulent
flow transition. Khonsari [7] made a comprehensive survey on thermal effects of
hydrodynamic bearings. This paper surveyed the theoretical and experimental work
done on thermal effects. Zhang et al. [8] studied theoretical and experimental THD
analysis of high-speed heavily loaded journal bearings. Yuan et al. [9] studied the
suitability of different turbulent models for journal bearings operating at turbulent
regime to calculate static and dynamic performances.

Pressure dam bearings had been investigated previously in many studies. Wilcock
and Booser [10] explained theoretical background of pressure dam bearings. Allaire
et al. [11] found that step inertia effect is negligible, and it becomes significant
in the pressure dam pocket. Nicholas et al. [12, 13] made a study to understand
the required optimum geometry parameters for stable bearings. They found that
dam height ratio and the angular location of the dam play a major role for rotor-
bearing stable operation. Nicholas et al. [14] studied about adiabatic thermal effects
on pressure dam bearings. It is found that thermal effects have significant influence
on estimating static and dynamic bearing performance characteristics. Metha et al.
[15, 16]made a study on orthogonally displaced elliptical pressure dambearingswith
relief track on the bottom half. The centers of upper and lower half of the bearings are
displaced in both directions vertically and horizontally from the theoretical center.
They found that such design improves the stability threshold speed by four times the
value obtained in simple pressure dam bearings. However, this study did not consider
turbulent and thermal effects. Also, the relief track on the bottom half reduces the
load carrying capacity of the bearings substantially.

Though there were lots of studies made about thermal and turbulent effects on
hydrodynamic bearings, only few studies are available to improve the performance
of the fixed profile bearings when they operate at high rotational speed and high-load
operating conditions. In this paper, it is attempted to design a fixed profile bearing
having design features of both offset and pressure dam bearings. Static performance
of offset, pressure dam and offset pressure dam are calculated including adiabatic
thermal and turbulent effects and compared the results.



240 S. Dakshinamurthi and S. Nagesh

2 Theory

A schematic of offset pressure dam bearing is shown in Figs. 1 and 2. The pressure
dam is located at the top half of the bearing and ends at an angle of 135° in the second
quadrant as this location is found to be optimum for better stability of the bearing [12,
13]. Center of each bearing halves is offset by a distance “dh” in horizontally opposite
direction from the theoretical bearing center. OL and OU define the center of lower
and upper half bearings, respectively. Two reference bearing clearances CR at split
and Cp at crown are used to define the bearing preload profile parameter “m”. Dam
and offset features combined to improve the bearing performance characteristics
at high-speed and heavy load operating conditions. If pressure dam bearing profile

Fig. 1 Offset pressure dam bearing

Fig. 2 Offset pressure
dam—mid section view
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alone is considered, offset (dh) becomes zero, and OL, OU and OB are located at
same geometry center. Eventually, the bearing clearances CR and CP become equal.
In offset bearings, pressure dam parameters such damwidth (Ld) and dam depth (Cd)
are zero.

The eccentricity ratios and attitude angle (φ) are defined in Eqs. (1–3) [16].

ε = e

CR
, ε1 = e1

CR
, ε2 = e2

CR
and δh = dh

CR
(1)

ε21 = ε2 + δ2h + 2εδh sin ∅ and ε22 = ε2 + δ2h − 2εδh sin ∅ (2)

∅1 = tan−1

[
ε sin ∅ + δh

ε cos ∅
]
180

π
and ∅2 = tan−1

[
ε sin ∅ − δh

ε cos ∅
]
180

π
(3)

The pressure distribution of the bearing under turbulent condition is calculated
with Reynolds’s equation. The general non-dimensional form of the equation with
turbulent effects is as follows [6]

∂

∂θ

(
H 3

12μpGx

∂P

∂θ

)
+ ∂

∂z

(
H 3

12μpGz

∂P

∂z

)
= 1

2

∂

∂θ
( fcH) (4)

μp = 1

12F2
, F2 =

1∫
0

ȳ

μ̄

(
ȳ − F1

F0

)
dȳ,

fc = 2

(
1 − F1

F0

)
, F1 =

1∫
0

ȳdȳ

μ̄
, F0 =

1∫
0

dȳ

μ̄
(5)

Gx = 1 + 0.0136(Reeff)
0.90

12
and Gz = 1 + 0.0043(Reeff)

0.96

12
(6)

Gx and Gz are turbulent coefficients which are defined by empirical relationships in
Eq. (6). EffectiveReynolds number to be considered based on the flow regime defined
by critical and mean Reynolds numbers as per Eqs. (1) and (2). Sneck and Vohr [17]
made a good discussion on transition of laminar into turbulent region and guides to
make the required modification in Reynolds equation. As per the discussion, Taylor
vortex flow is developed between a rotating inner cylinder and an outer cylinder
when the Taylor number exceeds 41.1. If Taylor vortices develop first, turbulence
may begin at a lower value of Reynolds number. Hence, the critical Reynolds number
is considered as the minimum of the two critical values calculated for Taylor onset
vortices and Couette flow.
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Reeff =

⎧⎪⎨
⎪⎩
0 for Rem < Recr(
Rem
Recr

− 1
)

∗ Rel for Recr ≤ Rem ≤ 2Recr

Rel for Rem > 2Recr

(7)

Mean, global, local and critical Reynolds numbers are defined as below:

Rem = 2Reoq

μm
, Reo = ρωRJCR

μin
, Rel = ρωRJh

μm

and Recr = Min
(
41.2

√
(RJ/h), 2000

)
(8)

Volumetric flows in the film are defined in [6] based on the pressure gradient with
turbulent coefficients in Eq. (3).

q =
√
qx

2 + qz
2, qx = − H 3

μGx

∂P

∂θ
+ fcH

2

and qz = H 3

μGz

∂P

∂z
(9)

The boundary conditions that have been considered to solve theReynolds equation
are P(θ, z = ±L/DJ ) = 0 at bearing axial ends, P = 0 throughout cavitation
region, P = Pin, oil supply pressure at grooves and Prupt = 0, ∂P

∂θ rupt
= ∂P

∂z rupt
= 0 at

film rupture. Temperature distribution is calculated by governing energy equation (4).
Since the current study is mainly focused on high-speed and heavy load conditions,
most of the heat generated in the oil is taken by the hot oil flows. The temperature
across the film is assumedwith constant temperature profile, and no heat is transferred
to the adjacent solid surfaces. All the parameters in the radial direction are averaged.
Neglecting conduction terms in circumferential and axial directions, the general form
of the adiabatic energy equation as follows [6]:

∂

∂θ

(
HuT

) + ∂

∂z

(
HwT

) = 1

Pr Reoψ

[
λ

∂

∂ y

(
1

H

∂T

∂ y

)]
+ KtΦ (10)

where

Prandtl number = Pr = μincp
λ

, heat dissipation number = Kt = μinω/ρcpTinψ
2

(11)

u = H 2

Gx

∂P

∂θ

[
1∫
0

ȳd ȳ

μ̄
− F1

F0

1∫
0

d ȳ

μ̄

]
+ 1

F0

1∫
0

d ȳ

μ̄
(12)

w = H 2

Gz

∂P

∂z

[
1∫
0

ȳd ȳ

μ̄
− F1

F0

1∫
0

d ȳ

μ̄

]
(13)
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Φ =
(

∂P

∂θ

)2 H 3

μ̄Gx

(
ȳ − F1

F0

)2

+
(
ȳ − F1

F0

)
H

(
∂P

∂θ

)(
1

μ̄F0
+ τc

Gx μ̄F0

)

+ τc

μ̄HF0
2 +

(
∂P

∂θ

)2 H 3

μ̄Gx

(
ȳ − F1

F0

)2

(14)

The velocities and dissipation function defined in Eq. (6) are calculated with a
increased viscosity due to turbulence effects by using respective turbulent coefficients
Gx and Gz. Couette shear stress will increase with onset of turbulent region, and it is
calculated with shear stress factor τ c as follows:

τc = 1 + 0.0012Re0.94eff (15)

Viscosity variation with respect to the temperature is taken into account for esti-
mating performance parameters of the bearings. It is approximated by Falz’s formula
[6].

μ = μin(T/Tin)
−1 (16)

For the numerical solution of theReynolds equation, it is transformed into a system
of finite difference equations by means of rectangular mesh for bearing developed
surface. These equations are solved by Gauss Seidel iteration procedure by over
relaxation method. Turbulent coefficients are updated in the superimposed iteration
loop. For numerical solutions of the temperature distributions, energy equations are
discredited into finite control volumes and upwind difference scheme is employed as
the convection term is predominant for taking away majority of the heat. Computer
program is developed using MS Excel Visual Basic to solve these equations and
calculate the bearing performance parameters.

Since the viscosity is temperature dependant, Reynolds equation and energy equa-
tions are coupled. Hence, the iterative process starts with solving the Reynolds equa-
tion first using assumed lubricant viscosity. The velocity components are calculated
after the pressure distribution is obtained, and the energy equation is solved to give
the temperature distribution. Then, the viscosity is recalculated and the Reynolds
equation is solved again using the updated viscosity. This procedure continues till
the difference between two consecutive iterations is sufficiently small. Eccentricity
ratios and attitude angles are determined in such a way that sum of the oil film forces
equal to the applied load in a superimposed iteration loop. The velocity components
in the axial and sliding directions provide side leakage and hydrodynamic oil flow,
respectively. Frictional losses are calculated by using the shear stresses at the journal
surface.
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3 Validation of Analytical Study with Experimental Results

The computed analytical results for pressure dam and offset bearings are validated
with experimental study carried out byRonan et al. [18]. Tested bearingswere located
at the middle of the shaft which is supported by other two bearings. Load was applied
to the tested bearing through hydraulic cylinder and monitored by load cell. The oil
supplies and drains were separate for tested and support bearings. Hence, the oil
flow to each bearing and power loss can be calculated individually. The oil inlet
temperature and drain temperature were monitored for each individual bearing. Oil
flow and the temperature rise across the bearings are used to calculate the power
loss. The tested bearings were incorporated with by passing cooling technology.
Hence, the estimated power loss and maximum film temperature to be overpredicted
in theory when compared to experimental results. Tested bearing geometries and
experimental operating conditions are listed in Table 1.

Figures 3 and 4 compare the estimated maximum film temperatures against the
experimental results. Generally, good agreement is noticed between theoretical and
experimental results. The bypassing cooling technology has significant effect at
higher operating speeds which results in wider gap between the results. For example,
the measured maximum film temperature at 16,000 rpm in offset bearings is 15%
lower than the theoretical results. Similar trend is noticed in pressure dam bearings.
Figures 5 and 6 compare power loss values for the bearing specific load of 4 MPa.
Here, the difference between estimated and measured power losses is observed less
in offset bearings and more in pressure dam bearings. If by pass cooling technology
is not available in tested bearings, good agreement is expected between theoretical
and experimental results. It means that the mathematical modeling and computa-
tional methods that are considered for predicting the bearing performance under

Table 1 Tested bearing geometry and experiment details [18]

Description Pressure dam Offset Description Values

Bearing diameter, mm 152.4 152.4 Oil inlet temperature,
°C

49

Bearing length, mm 152.4 152.4 Oil supply pressure, bar 1.5–2.0

Dia. clearance—split,
mm

0.267 0.267 Oil viscosity @ 40 °C,
Pa s

0.039

Dia. clearance—crown,
mm

0.267 0.420 Specific heat capacity,
kJ/kg K

2.0

Preload – 0.35 Load range, N 8000–104,048

Pressure dam width, mm 101.6 – Specific load range,
MPa

0.35–4.48

Pressure dam depth, mm 0.305 – Speed range, rpm 8000–16,000

Pressure dam angle, deg 135 – Surface velocity range,
m/s

65–130
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Fig. 3 Max. film temperature—offset bearing

Fig. 4 Max. film temperature—PD bearing

high thermal loads are reliable for the offset pressure dam bearing’s performance
calculations.

4 Results and Discussion

In this paper, it is attempted to study the performance characteristics of relatively
larger size bearing with a diameter of 240 mm and length 240 mm. Usually, this
bearing size is being used in high-speed and high-power gearboxes of above 40 MW
turbines which run at operating speed of 7500 rpm. The bearing geometries, oil
characteristics and operating conditions are listed in Table 2. Offset pressure dam
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Fig. 5 Power loss—offset bearing

Fig. 6 Power loss—pressure dam bearing

bearing geometry parameters are selected with minimum required values of preload
and pressure dam features for stable operation of the bearings.

Comparison of static performance characteristics of offset, pressure dam and
offset-pressure dam bearings is presented. The performance variables such as power
loss, oil flow, maximum film temperature, drain oil temperature, eccentricity ratio,
attitude angle and minimum film thickness at constant specific load of 4 MPa are
compared with respect to different speed conditions. The bearing eccentricity ratio
and attitude angle are plotted in Fig. 7 as a function of speed for different bearings.
Offset pressure dam bearing shows higher eccentricity ratio than other bearings due
to high load carrying capacity which results from combined effects of preload and
pressure dam. The attitude angle in offset pressure dam bearing is always lower than
the other bearings. The combined performance characteristics of high eccentricity
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Table 2 Bearing geometries and operating conditions

Description Pressure
dam

Offset Offset–pressure
dam

Description Values

Bearing diameter,
mm

240.00 240.00 240.00 Specific load
range, MPa

0.5–4 MPa

Bearing length, mm 240.00 240.00 240.00 Operating
speed range,
rpm

3000–8000

Dia.
clearance—split,
mm

0.50 0.40 0.50 Journal
velocity range,
m/s

35–100

Dia.
clearance—crown,
mm

0.50 0.67 0.70 Oil inlet
temperature,
°C

49

Preload 0.00 0.40 0.29 Oil supply
pressure, bar

1.5–2.0

Pressure dam width,
mm

156.00 0.00 120.00 Oil viscosity
@ 40 °C, Pa-s

0.039

Pressure dam depth,
mm

0.50 0.00 0.40 Specific heat
capacity,
kJ/kg K

2.000

Fig. 7 Speed versus attitude angle versus eccentricity ratio

ratio and low attitude angle confirm that the offset pressure dam bearings are highly
stable at all speeds.

Figure 8 compares the eccentricity ratio and attitude angle of pressure dam and
offset pressure dam bearings at different loading conditions at a constant speed of
8000 rpm. It clearly indicates that offset pressure dam bearings experiences high
eccentricity ratio and low attitude angle which ensures the stable operation of the
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Fig. 8 Pressure dam versus offset PD at various loads

bearings. Hence, offset pressure dam bearings provide the opportunity to design
engineers for wide range of severe operating conditions. Figure 10 represents the
variation of power loss at different speeds. Offset pressure dam bearing shows lower
power loss than offset bearing, but very close to the pressure dambearing. It is noticed
that power loss of offset pressure dam bearings is 5% lower than the pressure dam
and 3% lower than the offset bearings at 8000 rpmwith a surface velocity of 100m/s.
Power loss in hydrodynamic bearings is majorly dominated by the rotor speed and
the shaft diameter. Here, as these two parameters are fixed in all the bearings, the low
power loss in offset pressure dam bearing is influenced by operating viscosity. The
preload in pressure dam reduces the turbulence effects and thus results in reduction
in power loss (Fig. 9).

Figures 10 and 11 represent maximum film temperature and oil flow at various
speeds for different bearings, respectively. It is noticed that offset pressure dam
bearings experience lowoil film temperaturewhen comparedwith other twobearings.
The maximum film temperature at these bearings is 88 °C at 8000 rpm against 93 °C
(5% more) in pressure dam and 97 °C (8% more) in offset bearings. However, the
oil flow in offset pressure dam bearings is 6% higher than the pressure dam and
15% higher than the offset bearings. This increase in oil flow is resulted from the
additional preload in pressure dam bearings. If the maximum oil film temperature
to be maintained less than 90 °C in pressure dam and offset bearings, the bearing
clearances to be increased further. These design changes eventually result in increase
in oil flow and reduce in stability of the bearings. However, offset pressure dam
bearings provide better stability characteristics such as high eccentricity ratio and
low attitude angle.

Figure 12 shows minimum film thickness at various operating speed conditions
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Fig. 9 Speed versus power loss

Fig. 10 Speed versus max. film temperature

Fig. 11 Speed versus oil flow
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Fig. 12 Speed versus min. film thickness

for different types of bearings. Due to high eccentricity ratio, offset pressure dam
bearings experience low film thickness at severe operating conditions (high load and
high speed) when compared with other bearings. As the estimated minimum film
thickness is greater than 0.030 mm at all operating speed conditions, the bearing are
safe to operate at these operating conditions.

5 Conclusions

This study presents the benefit of preload (offset feature) in pressure dam bearing.
The maximum film temperature and power loss in offset pressure dam bearing is
lower than pressure dam and offset bearings. If oil film temperature is to be brought
down in pressure dam and offset bearings, the clearances are to be increased further
which eventually results in increase in oil flow and reduce in stability of the bearings,
especially at no load high-speed conditions. However, offset pressure dam bearing
provides stable operation at all operating conditions such as high journal velocity up
to 100 m/s and specific load ranges from no load to maximum of 4 MPa. It could be
one of the best alternatives to tilting pad bearings for high-speed applications.
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Computational Fluid Dynamics Study
of Oil Lubrication in Ball and Roller
Bearings

Vijay Tijare, Shanmukha Nagaraj, Mehul Pandya, and Jun Wang

Abstract Lubrication plays a significant role in performance of rolling element
bearings. It is essential for proper functioning of bearings to reduce friction and to
help avoid failure of bearings. Computational fluid dynamics (CFD) is one of the
design and simulation tools, which is mainly used to identify proper lubrication for
bearings. This work summarizes the CFD simulation results of oil transport within
deep groove ball bearing and concave roller bearing. The volume fraction of oil has
been predicted around the contacts at both outer and inner rings, all components and
the gaps between the cage and rollers for both bearings. Drag losses (both pressure
and shear drag) and film thickness have also been predicted. Cage design plays a
significant role in determining the lubrication and the internal fluid drag losses in a
bearing. The influence of cage design on the lubrication and the drag is evaluated
by employing a metallic cage and a polymer cage. The simulation results show that
oil content inside the bearing is dependent on the bearing free volume and operating
speed. At lower speeds, both cage designs give similar performance; however, at
the higher speed, it is different. Compared to metallic cage, polymer cage functions
better in oil bath lubrication by splashing the oil on raceways at higher rotation speed.
A linear decrease in oil content is observed with increased volume of polymer cage
for concave roller bearing. In all case, cage and rollers experience maximum oil drag.
An improved polymer cage is developed with the help of CFD to provide more oil
to the cage and other bearing components.
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Keywords CFD · Volume fraction · Contact area · Contact pressure · Rolling
element bearings · Finite volume method · Volume of fluid method (VOF) ·
Volume fraction · Drag losses · Fluid film thickness (FF)

Nomenclature

αi Volume fraction of phase i.
ρi Density
vi Velocity
mij Mass transfer rate to phase i from phase j
mji Mass transfer rate to phase j from phase i
Siα User-defined phase mass source term
p Pressure, assumed to be equal in both phases
Ti and T t

i Molecular and turbulent stresses, respectively
Mi Interface momentum transfer per unit volume
(Fint)i Internal forces
g Gravity vector

1 Introduction

This paper elaborates a CFD approach to verify cage designs for deep groove ball
bearing and concave roller bearing. The following are the objectives of work.

• Investigation of lubrication performance for concave roller bearing and deep
groove ball bearing.

• Identify the cage design based on lubrication study by using CFD.

The purpose of oil using as a lubricant inside rolling bearing is to build elasto-
hydrodynamic film between rolling elements and raceway and therefore minimize
friction and temperature. Alongwith pure rolling, micro-sliding occurs in the bearing
that generates heat. With insufficient lubrication, the surfaces of rolling bearing will
be in intimate contact, resulting in high friction and wear at the areas where slip
occurs. This produces high stresses close to the surface, leading to both reduction of
fatigue life of bearing.When oil is used as lubricant in bearing, it acts as a coolant for
the bearing, helping reduce temperature rise and therefore maintaining a sufficiently
viscosity and film thickness. The CFD simulations of oil flow carried out in this work
use the methodology developed in SKF [1].



Computational Fluid Dynamics Study of Oil Lubrication … 255

2 Literature Survey

Wang [1] developed highly sophisticated CFD simulations to provide information
of internal flow for high-speed bearings. It was observed that drag loss was mainly
caused by the shearing of cage, rings and shaft. Raju et al. [2] worked on CFD
simulation for needle roller bearing (NRB). Two supply holes were analyzed for
lubricant supply in the bearing. The results from CFD helped in deciding right loca-
tion of putting oil hole. Pang et al. [3] worked on spraying lubrication for roller
bearing. As the speed increases, roller cage is shattered, which may lead to failure
of bearing. This may also happen because of shortage of oil. Numerical simulation
results showed that due to effect of air pressure and airflow thickness, the optimal
spraying position is at region closer to inner ring of bearing. Yingyi Wen, Dr. Shinji
Miyata and NSK Ltd., Japan [4] used CFD to measure torque associated with oil.
CFD was used for predicting torque and tendency of lubricant flow passing through
various parts of tapered roller bearing (TRB). The influence of bearing cage design
on oil flow and torque was also investigated. Liebrecht et al. [5] investigated influ-
ence of oil quantity on the total friction torque on TRB by experimental results and
numerical simulations. Wu et al. [6] performed CFD simulations for the oil–air flow
inside multiple-point, oil-jet lubrication for ball bearing. CFD results were compared
with single-point, oil-jet lubrication. The results show that distribution of oil–air for
multiple-point jet was more uniform than single-point injection. Adeniyi et al. [7]
carried out CFD analysis within space bounded by cage and IR for ball bearing. CFD
study showed different flow behaviors where the oil inlets through a continuous slot
compared to discrete entry holes. The breakup pattern of oil on cage inner surface
suggested that smaller droplets should be shed at higher shaft speed. Sakai et al. [8]
analyzed cavitation area in small-bore journal bearing under flood lubrication and
starved lubrication using CFD. The impact of influence of setting condition of VOF,
surface tension and vapor pressure was also studied and analyzed.

3 Bearings in Application and Its Kinematics

A roller bearing carries a load by placing rolling elements (such as rollers) between
the inner and outer rings. The relative motion of the rings causes the rolling elements
to roll with very little rolling resistance and with a little sliding resistance. Concave
roller bearing consists of concave cylindrical rollers to reduce friction between two
relatively rotating surfaces and is very suitable for applications with high load and a
small radial clearance between two surfaces in a relativemotion. It has a large surface
area that is in contact with the bearing outer surfaces. The typical structure consists of
a cage which orients and contains the rollers, the rollers themselves and an outer race
(sometimes the housing itself). Such bearing can be used in various applications in
automobile and process industry. In this bearing, surface-to-surface contact occurs;
therefore, continuous lubricant supply is essential to reduce the friction and wear on
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the contacts. This bearing is supposed to get higher friction than ball bearing, since
it has larger elliptical contact or line contact. It is, therefore, required to lubricate its
contact continuously. Lubricating oil can also dissipate the frictional heat for them.
This bearing consists of a cage, concave rollers and an outer ring. The bearing can
have sheet metal cage or polymer cage. The cage has pockets which hold the rollers
and carry all the rollers along with the cage, while allowing the local rotation of
rollers. In the present study, lubrication of this bearing is analyzed using CFD and
the lubrication behavior is compared with deep groove ball bearing. Ball bearing is
one of the most commonly used bearings and its lubrication behavior is known, so
it was decided to compare concave roller bearing lubrication with deep groove ball
bearing. Both these bearings, ball and roller bearings, are analyzed using oil bath
lubrication system. Since this is a verification study, a similar oil bath level (bottom
ball/roller fully submerged in both bearings) was taken for both bearings.

4 Computational Fluid Dynamics

4.1 Basic Principle

Computational fluid dynamics, usually abbreviated as CFD, is a branch of fluid
mechanics that uses numerical methods and algorithms to solve and analyze prob-
lems that involve fluid flows. CFD is the term used to describe a family of numer-
ical methods used to calculate the temperature, velocity and other fluid properties
throughout a region of space, and in effect, it numerically (partly) solves the Navier–
Stokes equation. Computers are used to perform the calculations required to simulate
the interaction of liquids and gases with surfaces defined by boundary conditions.
The present analysis was performed using STARCCM+ from Siemens. This tool
performs various steps in the CFD process, e.g., fluid domain definition, meshing,
running the analysis and post-processing the results. Figure 1 shows the typical steps
carried out in this tool.

The Navier–Stokes equations form the basis of all CFD problems. The solution in
CFD is the numerical solution to problem that is posed bymesh, boundary conditions,
selection of time step and numerical scheme. The selection of the time step size for
volume of fluid (VOF) method, which is used here, is one of the important steps in
running CFD simulations. Accuracy of the solution is influenced by choice of the
numerical scheme and time step size.

The volume of fluid (VOF) multiphase model is a simple multiphase model. It is
suited to simulating flows of several immiscible fluids on numerical grids capable

Fig. 1 Steps of CFD analysis
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Fig. 2 Illustration for use of VOF method

of resolving the interface between the phases of the mixture. The VOF multiphase
model is used to solve problems involving immiscible fluid mixtures, free surfaces
and phase contact time. In such cases, there is no need for extra modeling of inter-
phase interaction. Figure 2 provides an illustration of unsuitable grids (left) and
suitable grid (right) for two-phase flows using the VOF model.

Volume fraction
The share of flow domain that is occupied by each phase is given by volume

fraction [9].
The volume of a phase i is given by,

Vi = ∫
V

αidV (1)

The volume fraction of each phase must fulfill the requirement

n∑

i=1

αi = 1 (2)

Continuity equation
The conservation equation of mass for a generic phase i is given by,

∂

∂t
∫
V

αiρidV +
∮

A

αiρivida = ∫
V

∑

j �=i

(
mi j − m ji

) · dV + ∫
V
Sα
i dV (3)

Momentum equation
The momentum balance of the generic phase i is given by,

∂

∂t
∫
V

αiρi VidV +
∮

A

αi · ρivi ⊗ Vi · da = − ∫
V

αi∇ pdV

+ ∫
V

αiρi gdV +
∮
[αi (Ti + Ti t)] · da + ∫

V
MidV
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+ ∫
V
(Fint)i dV + ∫

V
Sα
i dV + ∫

V

n∑

i=1

(
mi j · v j − m jivi

)
dV . (4)

These equations are solved using STARCCM+ for the available boundary
conditions on the grid using discretization techniques.

4.2 CFD Model Setup

CFD domain consists of a bearing fluid domain and an external cylindrical volume
(collector/housing) around the bearing to collect the oil that leaves through the
bearing outlet. The bearing volume is rotating, and the collector is stationary. A
special treatment is required for the very small area where races and rollers are in
contact with each other. The contact is excluded from computation domain since that
would require an impractically small mesh size.

To capture the interactions between the stationary and rotating parts, two CFD
regionswere created. The collector and the bearing have two sets of interfaces for data
exchange. It is to be noted that this analysis was carried out with metallic cage and
polymer cage. Roller bearing (concave roller bearing) was analyzed with both cages,
while ball bearing (deep groove ball bearing) was analyzed with metallic cage. Later,
a redesigned polymer cage was also analyzed to investigate if there is any further
improvement in lubrication with change in design of polymer cage. Figure 3 shows
the cases studied for this analysis.

Figure 4 shows the mesh details. When creating a mesh, it is always desirable to
understand the flow phenomena occurring in the fluid domain. In order to ensure a
good resolution of the oil flow, it is necessary to create a fine mesh for the bearing.
Particularly, fine cells are created in critical areas, such as around the contact zones,
along the moving components, narrow gaps and the interfaces, and at least six layers
of cells are created in the gap between rollers and races.

Figure 5 shows initial oil level for both bearings. Bottom ball/roller is submerged
initially.

Table 1 shows fluid properties taken for this analysis.
In Table 2, we can see the rotational speed for which analysis was carried out.

During the operation, the rollers also rotate in the opposite direction to that of the
inner race along their own axis and also revolve along with the cage. CFD analyses

Fig. 3 Different types of cage designs investigated
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Fig. 4 Computational mesh

Fig. 5 Initial oil level

Table 1 Fluid properties

Density (kg/m3) 872 Oil surface tension (N/m) 0.034

Dynamic viscosity (Pa-S) 0.00872 Oil–steel surface contact angle (°) 10

Table 2 Operating speed

% of operating speed 25 % speed 50 % speed 17 % speed 100 % speed

Inner ring (rpm) 3250 6500 9750 13,000

are carried out for different bearing speeds (25, 50, 75 and 100% of operating speed).
Bearing operational speed is 13,000 rpm [8].

5 Results

Figure 6 shows the comparison of volume fraction plot for all cages. The red color
represents the oil flow in the system, and the blue color represents the air. The
following points are observed.



260 V. Tijare et al.

Fig. 6 Volume fraction of oil in bearing

1. When we increase speed (from 25 to 100%), the behavior becomes asymmetrical
(100%) from symmetrical (25, 50 and 75%). Oil–air interface becomes unstable
for 100% speed for most of cages except polymer cage and redesigned polymer
cage. This is due to higher speed of bearing. Numerical diffusion is also not
ruled out. This also indicates that there is a lot of splashing for ball bearing with
metallic cage and roller bearing with metallic cage for higher speed.

2. As we increase speed, the volume fraction of oil decreases on bearing. That
means, the oil quantity decreases in bearing.

3. The asymmetrical behavior of oil–air interface in housing for metallic cage of
roller bearing is also due to higher centrifugal forces. The width of polymer cage
is higher than metallic cage in radial direction, so this behavior is not happening
for polymer cage cases.

Figure 7 shows the comparison of volume fraction plot for all cases. The following
points are observed.

It is clearly visible that roller bearing with metallic cage has lesser amount of oil
compared to ball bearing of metallic cage. This is more visible for speed of 50% and
onwards. This is due to shape and geometry of cage for both bearings. For the ball
bearing, the ball is better covered by metallic cage, which is not the case for metallic
cage of roller bearing. The gap between cage and ball of ball bearing is responsible
for holding more oil than gap between roller and cage of roller bearing. Area of balls
which covered by metallic cage for ball bearing is higher than that of roller bearing,
which adds more oil between balls and cage for ball bearing. Because of this, the
amount of oil which should be spread on rollers and contact is less for roller bearing
than ball bearing.
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Fig. 7 Volume fraction of oil in bearing

It is observed that polymer cage gives better oil quantity than metallic cage for
roller bearing. This is primarily because of higher cage width of polymer cage than
metallic cage in radial direction, which is responsible to hold more oil between roller
and cage. However, this is true to certain limit. Increasing width of polymer cage
further, and so volume of cage, decreases amount of oil which cage can take with it
initially. It also decreases oil quantity in the bearing, since cage volume has increased.
So, there is a limit to increase width of cage. This is proved from redesigned polymer
cage of roller bearing, where the amount of oil is reduced now, as can be seen in
Fig. 7.

Figure 8 shows the average volume fraction of various components for all cases.
It is observed that cage and balls have minor difference of volume fraction for ball

Fig. 8 Volume fraction of oil on bearing parts
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Fig. 9 % of drag comparison

Fig. 10 % Volume fraction of oil close to contacts

bearing with metallic cage. But this is not the case with roller bearing with metallic
cage. However, this is overcome when we use polymer cage for roller bearing.

Figure 9 shows the comparison of drag losses for all configurations for 100%
speed. The reference bearing taken is roller bearing redesigned with polymer cage.
This bearing has least drag, since it does not have much oil. So, it is taken as a
reference and other bearing are compared with it. The Y-axis shows the % of drag in
comparison with this bearing.

5.1 Estimation of Fluid Film Near Contacts

The approximate film thickness has been estimated at the front of the contacts of the
raceways (outer race side) according to the following formula.
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Fig. 11 % Change from roller metallic bearing

FF = Average Volume Fraction of Oil close to contact ∗ Height of contact.

Please note that this formula gives only indication about film thickness. It does
not give any actual thickness. It was observed that roller bearing with metallic cage
has the lowest film thickness. Figure 11 shows % change of film thickness (Y-axis)
of ball bearing with metallic cage, roller bearing with polymer cage, roller bearing
redesigned with polymer cage when compared to roller bearing with metallic cage
for different speeds. It shows that roller bearing with polymer cage performs better
than others (Fig. 10).

5.2 Improvement in Polymer Cage

Polymer cage is further improved by extending its ends slightly upward. This was
based on not to make cage so bulky and also not to occupy much oil space in bearing
and allowing cage to hold more oil. This is to ensure better oil splash toward contacts
and rollers. The results are shown in Fig. 12. This is even better design than concave
roller bearing with polymer cage. There is higher volume fraction at contacts for this
cage than the previous polymer cage.

6 Conclusion

The CFD model used here provides an opportunity to predict volume fraction of oil
for different speeds of ball and roller bearings for the investigation of lubrication
system.

1. As the rotational speed is increased, the volume fraction of oil is decreased.
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Fig. 12 Volume fraction of oil improvement in polymer cage

2. Enough oil is available for lower speed of roller bearing (metallic cage), but not
with higher speed of same bearing.

3. Polymer cage of roller bearing can hold more oil than metallic cage of same
bearing.

4. A new polymer cagewas designedwith extendedwidth of ends in radial direction
around rollers. This is useful to hold more oil, but there is a limit for this change,
since more the width, less oil is available initially for the bearing.

5. Experiments on the physical prototype may be used to verify a part of the CFD
observations by measuring friction torque.
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Feasibility Studies on Newly
Conceptualized Inter-shaft Squeeze Film
Damper (ISSFD) Rings for Vibration
Attenuation

H. M. Shivaprasad , G. Giridhara, Ajit Kumar, Praveenkumar Kamanat,
and V. Arun Kumar

Abstract Squeeze film dampers (SFDs) have become very essential for high-speed
turbomachinery as means of vibration energy dissipating mechanism. However,
SFDs are not very common for inter-shaft bearing applications and are still in the
R&Dphase. It is observed that the application of SFDs for inter-shaft bearing systems
is not being pursued in a real practical sense, as it becomes extremely difficult to
realize a compatible component facilitating the radial squeezing mechanism—where
squeeze film oil could be introduced—thus resulting in squeeze film damping. The
gap that could be made available between the inner spool and inner race or the
outer spool and the outer race of the inter-shaft bearing also being very little further
complicates the application of a conventional squeeze film damper in the inter-shaft
bearing plane. In this research work, newly conceptualized inter-shaft squeeze film
damper (ISSFD) rings are fabricated and tested for evaluating their damping poten-
tial characteristics in dedicated instrumented test rig/s fabricated for the purpose.
Parametric experimentations are conducted in a single-spool test rig as a proof of
concept in attempting to quantitatively evaluate the damping potential of ISSFD
rings and hence the suitability of their applications in inter-shaft bearing plane of
two-spool system. This research study very clearly indicated the damping contribu-
tion of the ISSFD rings, and the performance of the system improved in terms of
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substantial reduction in shaft vibration amplitudes. The study also clearly indicated
that the ISSFD rings contribute toward the stiffness in the bearing plane also, and as
a result, the rigid body critical speed gets shifted. Parametric experimental studies
brought out the effect of different geometric parameters on the stiffness and damping
contribution of ISSFD rings.

Keywords Inter-shaft squeeze film damper (ISSFD) ring · Gas turbine engine ·
Two spools · Critical speed · Stiffness · Damping factor

1 Introduction

As SFDs have become an inevitable component in modern gas turbine engines,
researchers are emphasizing on different aspects of SFDs from the point of view
of improving their damping potential in the space-constrained gas turbine systems.
While applications of SFD have become very common, the necessity of the same
in the inter-shaft bearing plane applications, although being felt, however has still
not been realized due to paucity of research from practical application point of
view. Attempts however have been made by several researchers to conceptualize
possible configurations of SFD suitable for inter-shaft bearing plane with practically
no application potential.

Li et al. [1–3] have calculated steady-state unbalance response of the rotor system
for different shaft speeds and have investigated damping effects of an inter-shaft
squeeze film damper with different radial clearances under various levels of rotor
unbalance. Their suggestion is that, for designing ISSFD, it should be necessary
to consider the operating speed of the rotor below the threshold speed of the rotor
system. Shafei et al. [4–6] have shown that the inter-shaft bearing dampers are stable
supercritically only with a configuration in which the oil film does not rotate. Their
ISSFD in this case is mounted in a set of double-decker rolling-element bearings
with a non-rotating squeeze film. They have introduced squeeze film in between two
sleeves, one on the outer race of the inner bearing and the other on the inner race of the
outer bearing. These races are prevented from rotation using squirrel cages. The two
sleeves are docked together to prevent their relative rotation and allow only a relative
whirl between them. Defaye et al. [7] experimentally found that the efficiency of an
ISSFD depends on the type of the crossing mode and on the direction of rotation of
both shafts. They have suggested that an additional research effort is necessary in
order to propose an optimal ISSFD technology. The influence of various parameters
such as the shaft bending mode, the unbalance value and the radial clearance of the
ISSFD must still be investigated. Gupta et al. [8, 9] analyzed ISSFD using Reynolds
equation. They have tested an improved and inherently stable inter-shaft squeeze
film damper based on El-Shafei’s design in a test setup having two rolling element
bearings; one each mounted on LP and HP rotor shafts. They have considered two
design modifications for analysis and tested them experimentally. Jayaraman and
Arunkumar [10] have discussed the concept of flexible supports/mounts which are
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mounted in between the bearing and the shaft to bring down the rigid rotor critical
speeds.

From the literature review, it is understood that a very few researchers have made
attempts with regard to realizing SFDs for inter-shaft bearing applications. Most
of these attempts do not seem to be feasible from practical application point of
view, primarily because of the space constraints in the inter-shaft bearing plane and
secondly because of the instability problems that exist in the existing SFD designs
pertaining to oil film rotation. It is very clear from the above discussions that the
efforts on developing ISSFD from practical application perspective are very scanty.
As such an attempt has beenmade here to develop practically feasible ISSFD suitable
for space-constrained gas turbines. Research effort in here basically includes concep-
tualization of ISSFD rings (suitable for space-constrained gas turbines), fabrication
and testing for their damping potential.

2 Newly Conceptualized ISSFD Rings

Figure 1 shows schematic representation of two-spool configuration of a typical gas
turbine engine in which a conventional squeeze film damper (SFD) is mounted on
bearing-3. Bearing-4 represents an inter-shaft bearing, and the gap that could be
made available between high-pressure (HP) spool and low-pressure (LP) spool is
as low as 3–7 mm, and hence, it is a real challenge to develop a suitable squeeze
film damper with a non-rotating oil film. In order to mount SFD in the inter-shaft
bearing plane in such a small gap, themaximum radial space available for the damper
should be well within 7 mm facilitating the squeezing action. Also, the necessity
of very thin grooves for oil film needs to be created in the ring that would create
squeezing action under time-dependent loading conditions. In a real practical sense,
it should be a compatible component facilitating the radial squeezing mechanism,
where squeeze film oil could be introduced, thus resulting in squeeze film damping.

Fig. 1 Schematic of a typical two-spool gas turbine engine
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3-Grooves, no overlap    4-Grooves with overlap            Photograph

Ɵ-Overlapping angle, Ø-Angle subtended by each groove, t-Groove width

Fig. 2 Schematic/photograph of newly conceptualized ISSFD ring configurations

Figure 2 shows the schematic/photograph of the newly conceptualized ISSFD rings.
The possible geometric parameters that could be varied include number of grooves,
angle subtended by each of the groove/groove angle and overlapping angle of the
grooves apart from groove width (nominal oil film thickness). Groove width was
kept constant for the present study, while experiments have been conducted in a
single-spool rig using newly conceptualized ISSFD. The assembly of ISSFD in a
two-spool inter-shaft bearing (bearing-4) could be either with the LP spool or with
the HP spool. It is preferable to have the ISSFD assembledwith the LP spool from the
point of view of assuring the presence of oil in the groove due to centrifugal action
as shown in Fig. 1. The conventional squeeze film damper as well as the proposed
inter-shaft squeeze film damper has rigid boundaries.

3 Test Rig and Instrumentation

To explore the suitability of ISSFD rings, two test rigs—a static test rig and a
single-spool dynamic test rig—were designed and fabricated, and experiments were
conducted. Basically, a static test rig is designed to evaluate the variation of static
stiffness along the circumferential direction of ISSFD rings. A single-spool dynamic
test rig is designed to demonstrate the damping potential of ISSFD rings defined in
terms of vibration attenuation and also facilitating parametric studies.

3.1 Static Test Rig

The static test rig facilitates loading of ISSFD ring and measurement of deflec-
tion along the load line. While Fig. 3a shows the schematic of the static test rig,
Fig. 3b shows the photograph of the same. The mandrel along with the ISSFD ring is
supported between two V-blocks which are mounted on the base plate. The loading
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Fig. 3 a Schematic of static test rig, b photograph of static stiffness test rig

unit includes the screw rod arrangement for application of load. The instrumentation
includes measurement of load and deflection along the loading direction.

3.2 Single-Spool Dynamic Test Rig

This test rig essentially consists of a horizontally configured shaft with a variable
speed motor capable of running up to 16,000 rpm. The horizontally configured shaft
is supported on two bearings, with one of them supporting the ISSFD ring. An oil
pump provides supply of squeeze film oil, and provision of radial holes in the ring
ensures continuous presence of oil in the grooves. Instrumentation basically includes
measurement of speed and vibration amplitudes in twomutually perpendicular direc-
tions. Facility in the rig is provided to mount any desired amount of unbalance on
either side of the bearing mounted with ISSFD ring to excite the system. While
Fig. 4a shows the schematic of dynamic test rig, Fig. 4b shows the photograph of the
same.

Fig. 4 a Schematic of the dynamic test rig, b photograph of the dynamic test rig
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4 Results and Discussions

Experiments, parametric in nature,were conducted to evaluate the stiffness offered by
the ISSFD rings (under static condition) and damping potential in terms of reduction
in shaft vibration amplitudes. The system was run supercritical in order to bring out
the effectiveness of the damper (as experienced by the ISSFD ring when mounted
on a typical inter-shaft bearing) and hence the presence of ISSFD ring. Tests were
conducted on three and four-grooved ISSFD rings, the geometric details of which
are provided in Table 1.

4.1 Static Stiffness

Static stiffness detailswere obtained for all the four ISSFD ringswith varying number
of grooves, angle subtended and overlapping angles. For all the cases, the groove
width was kept constant at 300 µm. Figure 5a indicates the typical load deflection
pattern for a three-grooved ISSFD ring with 135° subtended angle clearly indicating
relatively lower stiffness at relatively lower loads followed by a sharp increase in
stiffness (very little deflection change) after certain level of loading.

This sharp change in stiffness is due to the initiation of metal to metal contact
(groove closure) after a particular loading level. Figure 5b schematically shows the
loading of a typical ISSFD ring. The circumferential stiffness variation is as shown
in Fig. 5c. Table 2 provides the details of the stiffness values for a three-grooved
ISSFD ring with 135° subtended angle.

Figure 6a, b shows the corresponding results obtained for other rings,whileTable 3
shows relevant results.

Figure 7 shows the variation of average stiffness for three-grooved ISSFD rings
for different values of subtended angles. By increasing the subtended angle/groove
length and hence the overlap angle of grooves of ISSFD ring, the average stiffness
value decreases.

Table 1 Geometric details of ISSFD rings

No. of grooves 3 grooves 4 grooves

Groove angle 135° 150° 165° 105°

Overlap angle 15° 30° 45° 15°

Outer diameter 68 mm 68 mm 68 mm 68 mm

Inner diameter 62 mm 62 mm 62 mm 62 mm

Average groove width 300µm 300µm 300µm 300µm
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Fig. 5 a Load versus deflection pattern for three-grooved ISSFD ring with 135° subtended angle,
b loading along zero degree for three-grooved 135° ring, c circumferential variation of stiffness

4.2 ISSFD Performance Evaluation

The effectiveness of the presence of newly conceptualized ISSFD rings was quan-
titatively estimated primarily from the point of view of vibration attenuation and
shift in the rigid rotor critical speeds as a result of stiffness contribution from ISSFD
squeeze film oil. Experiments were conducted on three- and four-grooved rings with
different groove subtending angles (and hence overlapping angles). Figure 8 indi-
cates the variation of shaft amplitude as a function of speed with and without the
presence of oil for a three-grooved ISSFD ring with 135° subtending angle for two
levels of unbalance. It is very clear that the presence of oil has attenuated the vibration
levels at all speeds. It can also be observed that there is a shift in the damped critical
speed (from 12,600 to 13,800 rpm) indicating the addition of stiffness in the bearing
plane. Similar results were obtained when the unbalance levels were increased from
164.92 g-mm to 235.74 g-mm and that there is no change in the critical speed levels.
Vibration amplitudes have attenuated by about 35% at both levels of excitation.
Contribution of damping factor ‘ξ ’ is estimated using half power method, and there
is an increase in the value of ξ by 70.15% for 162.94 g-mm unbalance level and
78.43% for 235.74 g-mm unbalance level. This is due to relatively increased squeeze
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3-grooved ring with 150° subtended angle   3-grooved ring with 165° subtended angle  4-grooved ring with 105° subtended angle

3-grooved ring with 150° subtended angle 3-grooved ring with 165° subtended angle 4-grooved ring with 105° g subtended angle

a

b

Fig. 6 a Load versus deflection curves for three-grooved and four-grooved rings, b circumferential
variation of stiffness for three-grooved and four-grooved rings

velocity as a result of increased vibration levels at higher unbalance levels. Figures 9,
10 and 11 show the corresponding results obtained for other ISSFD rings.

5 Conclusion

An attempt has been made to newly conceptualize inter-shaft squeeze film damper
systems in space-constrained gas turbines from practical application perspectives.
The conceptualization essentially aims at realizing the presence of oil films in a suit-
ably designed ring compatible to be accommodated in practical gas turbines. The
geometrical variation considered in the newly conceptualized ISSFD ring includes
number of grooves provided in the ring, angle subtended by each of the groove
(and hence the overlapping angle) and groove width which actually would be the
average squeeze film thickness. A dedicated instrumented test rig was designed and
fabricated, wherein the speeds ranging up to 16,000 rpm could be realized. Arrange-
ments were provided in the rig to vary unbalance levels and also the rigid rotor
critical speeds. Detailed parametric experimentation was conducted to obtain the
effect of different geometric parameters on the performance of the system (defined
in terms of vibration attenuation) apart from estimating the stiffness of rings under
static condition. The study very clearly indicated the high potential of the applica-
tion of the newly conceptualized ISSFD rings for practical gas turbines in view of
their suitability for space-constrained situations. The qualitative evaluation indicated
substantial damping contribution (and hence the vibration reduction) and moderate
stiffness contribution and hence shift in rigid body critical speeds.
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Fig. 7 Variation of average stiffness value with variation in subtended angle/groove length and
overlap angle of grooves

Fig. 8 Vibration amplitude for three-grooved ring with 135° subtending angle

Fig. 9 Vibration amplitude for three-grooved ring with 150° subtended angle

Fig. 10 Vibration amplitude for three-grooved ring with 165° subtended angle
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Fig. 11 Vibration amplitude for four-grooved ring with 105° subtended angle
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Characterization of a Squeeze Film
Damper for Aircraft Engine Applications

Praveen Thirumalasetty, Kishore Vetcha, Mahesh Sivakumar, Tod R. Steen,
and Anthony M. Metz

Abstract High-speed turbomachinery designs rely on adequate damping at the
bearing supports to provide smooth operation throughout the sub-idle and normal
operating speed ranges. Squeeze film damper (SFD) designs employ a thin oil film
between bearing and housing that softens the bearing support and provides increase
damping. During operation, the dynamic motion of the damper squeezes the thin
lubricant film, thus generating hydrodynamic pressures and film forces to dissipate
mechanical energy. This paper discusses test results from two different sealed SFD
designs: The first design uses butt-end piston rings to seal the damper film where
the oil exits the damper through a small circumferential gap in the piston rings. The
second design uses on overlap piston ring design which more completely seals the
oil in the damper. For this design, an alternate set of exit holes is provided to allow
the oil to exit the damper. Testing was done over a range of frequencies from 20 to
300Hz, with oil supply pressures from 14 to 140 psi, with oil temperatures from 75 to
225F and with SFD eccentricity ratios from 0.05 to 0.5, encompassing both cavitated
and non-cavitated regimes of operation. The damping and added mass terms for the
SFD were identified through standard data reduction algorithms. Test results indi-
cate that for the same basic damper geometry, a significant difference in measured
damping coefficient was obtained between the two different damper designs. Vari-
ation in damping using the overlap piston ring damper design was much less than
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with the butt-end damper design due to the alternate set of exit holes at all operating
conditions. No significant drop in damping observed at the cavitation regions for
both the damper designs. Piston rings were observed to rotate. A discussion about
the observed results is included.

Keywords Squeeze film damper · Damper and piston ring designs · Damping
coefficient · Cavitation

Nomenclature

c Damper clearance or damper film thickness
C Damping coefficient
C Damping coefficient calculated from test
Cr Damping coefficient calculated from Reynolds solution for long bearings
F Applied force
H Dynamic stiffness
K Support stiffness
M Mass of the SFD
CSFD SFD damping coefficient
L Damper land length
MSFD SFD added mass coefficient
R Damper radius
x Displacement of the damper
μ Oil viscosity
ε/e Eccentricity ratio
ω Excited frequency
ωn Natural frequency

1 Introduction

Squeeze film dampers (SFD) are widely used in a multitude of rotating machinery,
including aircraft engines and gas turbine engines used in marine and land applica-
tions and are primarily used to reduce engine/machinery vibration resulting from
rotor unbalance excitations and to avoid or suppress instabilities. Squeeze film
dampers are being incorporated in high-speed turbomachinery or aircraft engines
as means to dissipate mechanical energy from rotor vibrations and to dampen out the
structural component vibrations. Aircraft engines often have one to many squeeze
film dampers with different feeding and sealing mechanisms to provide additional
damping external to the bearings. The damping coefficient generated out of any SFD
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should neither be low nor be high but should be optimal to be effective in isolating
the vibrations.

The test objective is to measure damping coefficients of a practical squeeze film
damper configuration with two different end seal concepts. The test varies operating
conditions like damper oil temperature, oil pressure, damper eccentricity ratios and
operating speed ranges. It is also intended to get an understanding of cavitation
boundaries.

San Andrés et al. [1] summarized that the amount of damping force generated is
the key criteria in designing any SFD. Damper can be characterized not only based
on the input operating conditions, oil properties and damper geometry but also on
the sealing arrangement, oil inlet and outlet configurations as well as cavitation.
Defaye et al. [2] references that orifices and circumferential grooves are two oil
feeding mechanisms into the damper cavity. Typical industrial squeeze film dampers
employ several sealing configurations like piston rings, O-rings and end-plate seals
to have an effective damping capacity. Jager et al. [3] attempted to explain the piston
ring rotation phenomenon inside the damper grooves. Delgado et al. [4] conducted
exhaustive experiments to characterize the mechanical parameters of SFD installed
with an end mechanical seal and derived the damping and added mass coefficients in
a frequency domain. San Andrés and Seshagiri [5] have carried out experiments to
characterize the damping coefficients of a two end-sealed SFD with central groove.
Two shakers in orthogonal directions are used to extract the damping parameters.
Zeidan et al. [6] demonstrated the types of cavitation at different frequencies and
pressure levels.

2 Test Rig

Squeeze film damper consists of an inner ring with grooves to install the butt-end
piston rings which acts like a partial sealant. This inner ring is attached to themandrel
with shrink fitting assembly. A moving outer ring assembled on to the steel rods to
give the system an isotropic structural static stiffness and to locate the damper. These
steel rods are inserted into the mandrel that rigidly attaches to the baseplate which
is grounded to the floor. The floor should have sufficient isolation capacity to isolate
the vibrations from the damper to the rest of the building. A lubricant film is created
by supplying oil at a specified pressure and temperature through a set of orifice feed
holes from the outer ring to the clearance between the inner and outer rings. Damping
is caused by the generation of dynamic tangential forces in squeezing the oil film for
a given forced frequency excitation. Damper eccentricity ratio is a relative measure
of the amount of squeezing inside the lubricant film (Fig. 1).
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Fig. 1 SFD test rig layout

2.1 Shakers

Initially, the test rig was run with low force capability up to ~700 lbf which did
not allow testing the damper at high eccentricity closures at high-frequency regimes
above 200 Hz. Later, these are replaced with shakers with high force capability
of 3000 lbf which can allow testing up to 350 Hz with a feedback-based control
system that provides real-time damper displacements and orbit accuracy. These two
shakers are mounted at 90° apart and impose a circular orbit to the damper outer
ring with the help of long slender (stinger) rods that is mechanically coupled to the
test damper. Care should be taken during stinger rods design so that it can withstand
high-frequency force excitation loads in axial and lateral directions. These shakers
are horizontally mounted onto the floor using isolation pads that help isolate the
vibrations from the shaker. Damper can be centered using static preload from the
shakers. The required shaker sizing can be evaluated based on Eq. (1) accounting for
support stiffness and the weight of moving mass at various operating frequencies for
a constant force. Most of the published SFD data is limited in frequency or tested
with unsealed damper designs (low damping) due to limitations in available shaker
force.

x = F√(
k − ω2M

)2 + (ωC)2
(1)

x Rotor orbit
F Applied shaker force
k Support stiffness
M Damper assembly on centering steel rods
C Expected damping capacity
ω Operating frequency
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Fig. 2 Baseplate redesign analysis

2.2 Baseplate Redesign

Initially, the baseplate supporting the mandrel is a rectangular plate with gusset
attachments grounded to the floor. But this fixture had a system mode within the
operating regime which prevented testing above 200 Hz even to a small eccentricity
levels. The baseplate was redesigned to move the system mode away from the test
operating regime by simulating various design configurations using Ansys software.
The final outcome of these iterations is a heavier baseplate that has overcome the
design constraints. Figure 2 shows the shift in the responsive mode above 210 Hz for
the final design out of the operating range. The amplitudes are range normalized.

2.3 Oil Circuit

Oil lubrication circuit mainly consists of an oil tank to store oil and has a provision
to pump oil into the damper and recirculate it back to tank using variable frequency
drive motors. In addition, the circuit has an inline heater for quick heating and a
few filters to filter the oil going into and out of the damper. Flowmeter was installed
in the oil circuit to measure the input supply flow rate for a particular operating
condition. Flexible/rigid steel hose with insulation is used to supply the oil from
the oil tank into the damper and recirculate it back. Thermocouple and pressure
sensors were installed at the inlet to the damper supply to measure the corresponding
temperatures and pressures (Fig. 3).
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Fig. 3 Oil lubrication circuit

2.4 Sensors

Force sensors are attached to the damper outer ring to measure the applied forces
from the shaker. Proximity probes are installed onto the damper test rig to measure
the absolute displacements on the top and the bottom sides of the damper outer ring,
accelerometers to measure the inner and the outer ring accelerations of the damper.
Additional instrumentation includes thermocouples and dynamic pressure sensors
installed inside the damper gap with the help of bonded adhesives to measure film
temperatures and pressures.

2.5 Test Procedure

Dry tests (without oil) were conducted to estimate the stiffness and mass of the
damper and were validated with hand calculations (Fig. 4).

Good correlation between model (K-Mω2) and test data is observed. Now, the
oil is introduced into the damper and is force excited by the shakers in orthogonal
direction to simulate the whirlingmotion of the damper outer ring. Shaker input force
is controlled and was varied from small to very high forces resulting in low to high
eccentricity ratios of the damper. This exercise will be repeated at various operating
frequencies and oil supply conditions till the desired eccentricity ratio levels were
reached.

The following parameters were taken during the test and were used to compute
the damping through data reduction algorithms

1. Clearance closure in the damper film in orthogonal directions.
2. Applied shaker forces in two orthogonal directions
3. Acceleration of the moving inertial mass.
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Fig. 4 Dry run test results

3 Damping Coefficient Calculation

The method to compute the damping coefficient out of the testing is as follows.

1. The inertial contribution of the moving outer ring can be subtracted out from the
applied direct forces, resulting in a direct measurement of the damper forces

The dynamic coefficients are identified from Eq. (2) as in Ref. [7].

[
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Hyx Hyy

]
=
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F

◦
x1 F

◦
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◦
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Hi j (ω) = ki j − ω2Mi j + iωCi j

Complex Dynamic Stiffness Matrix (2)

However, the total SFD forces acting in the system are combination of damping
and inertia forces (Fig. 5)
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ÿ
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Fig. 5 Damper sketch

4 Test Results

In general,

1. Increased temperature reduced the damping till 0.1 eccentricity ratios as expected
from a low viscous oil. But test results indicate that as the eccentricity ratio
increases beyond 0.1, cold oil damping coefficient tends to be closer to hot oil
damping (Fig. 6).

2. As eccentricity increases, damping stabilizes till the damper cavitates. Post-
cavitation, we observed slight drop in damping.

3. Increase in supply pressure increases the amount of damping force till 80 psi,
and beyond 80 psi, higher supply pressure has limited impact on the damping
force (Fig. 7).

4. Higher the input excitation frequency, higher the damping force and viscous
damping coefficient for a given supply oil condition.

5. Damping coefficient does not scale linearly with oil viscosity.

Fig. 6 Damping ratio versus eccentricity ratio at two different supply oil temperatures
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Fig. 7 Normalized damping (measured/theoretical) versus supply pressure

4.1 Damper Design’s Comparison

The first damper design has a piston ring with a circumferential gap to allow oil exit,
whereas the second damper design has an overlap piston ring that completely seals
the oil flow with an alternate set of exit holes through them. Both the designs have
the same radius, land length and film thickness (Figs. 8 and 9).

Fig. 8 Two damper designs with oil flow

Fig. 9 Piston ring configurations
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                  Low Speed Operation                                                           High Speed Operation 

Fig. 10 Damping versus eccentricity ratio for low-speed and high-speed operating conditions: test
results

In the first damper design, the relative position of the piston ring gap and the
supply feed holes was observed to influence the effective damping, whereas, in the
second damper design, as the piston rings do not have oil bleed gaps, damping was
observed to be independent of the piston ring clock position.

Damping is ~45% lower in the second design compared to the first damper design
as in Fig. 10 due to differences in additional oil exit holes and additional volume
under the piston rings, and this effect is consistent with the CFD studies carried in
reference [8]. Damping variation is less in the second design due to an alternate set
of exit plenum under similar operating conditions. This overlap piston ring damper
was observed to be less sensitive to the supply pressure variations and eccentricity
variations compared to the butt-end seal damper.

Damping coefficient ratio is damping obtained from rig test data (C) to the
damping obtained from Reynold’s long bearing solution (Cr) based on Eq. (2) for
both the damper designs at various eccentricity ratio’s which is compared as below.

Cr = 12πμR3L

c3
(
2 + ε2

)√
1 − ε2

(4)

4.2 Cavitation Phenomena

Thepressure profile in the squeezefilmdampers has increasing pressures downstream
of theminimumfilm gap up to a peak value and then reduces back up to theminimum
film thickness. The low-pressure regions may contain low-pressure zones that are
lower than vapor pressure of the oil. These lower than vapor pressure zones are
prone to vapor cavitation. The cavitation zones thus formed keep rotating in the
circumferential direction along with the damper shaft motion. The other form of
cavitation that is observed is gaseous cavitation due to the presence of air as an
impurity in the incoming oil. The cavitated zones would have lower viscosity and
hence affect the damping characteristics. The onset and extent of cavitation depend on
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Fig. 11 Damping variation with cavitation

the inlet supply pressure and damper sealing mechanism. The operating eccentricity
ratio and frequency are also are important factors to understand cavitation.

Cavitation starts at lower eccentricity with low supply pressure and lower temper-
atures as well as with higher frequency excitation. Cavitation pressure distribution
was captured with the installed dynamic pressure sensor instrumentation inside the
film thickness.

Piston ring starts rotating as soon as the damper cavitates. Piston ring rotation was
observed through the oil jet leak out of the piston ring. Piston ring rotational speed
increases with increase in excitation frequency, and the max rotational speed went
till ~10 Rev/h. Both the butt-end and the overlap piston ring rotate during cavitation,
but the rotational speed of the overlap piston ring is lower compared to the butt-end
design. Cavitation starts at a higher eccentricity in the second design than the first
for the same operating condition as in Fig. 11.

One important observation is that damping did not decrease significantly with
the damper going into cavitation zone, and transition from non-cavitation zone to a
cavitation zone is gentle as shown in the below plot.

The damper film pressures were extracted from the dynamic pressure sensor
instrumentation inside the damper film and Fig. 12 shows the change in film pres-
sure over time domain (pseudo-time) transitioning smoothly from non-cavitated to
cavitated zone with increase in eccentricity ratios for the first design. Damper film
pressures saw some fluctuations on the maximum/minimum pressure side as soon
as the damper cavitates, and the max pressure increases with increase in eccentricity
ratios. The following plot is normalized to maximum pressure observed for the entire
testing.
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Fig. 12 Damper film pressure variation with cavitation

5 Conclusions

Transition from non-cavitation to cavitation takes place over a range of eccentricities
with a smooth transition, and damping coefficient does not drop during cavitation
unlike the theoretical predictions (Fig. 11).

Subtle changes in damper design lead to 2× change in measured damping coef-
ficient (Fig. 10), and this change in damping value is consistent with the parametric
studies conducted based on the piston ring/groove dimensions and supply design.
Test results point to the need for more sophisticated damping models able to capture
the effects observed in these tests.

By completely understanding various damper piston sealing effects, one can
improve the damper design to regenerate the damping force thatwillmeet the require-
ments at all possible operating conditionswithin the design space. Extensive research
is being conducted with various dampers of different hole sizes and different hole
positions to validate the feasibility of the design.
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Stability of Parametrically Excited Active
Magnetic Bearing Rotor System Due
to Moving Base

Tukesh Soni, J. K. Dutt, and A. S. Das

Abstract Active magnetic bearings (AMBs) offer contact-less functioning and
active vibration control capability while supporting and levitating a rotor. This is
the reason that the AMBs are being progressively researched for novel and chal-
lenging applications in the industry. In application areas, such as ships, airplanes and
space crafts, the rotor is mounted on a moving base, which causes parametric excita-
tion to the system. This, in turn, is generally known to cause stability issues in a rotor
shaft system. The present work thus attempts to conduct stability analysis of a rotor
shaft system supported by an AMB and is parametrically excited due to the presence
of periodically varying base motion. The finite element model for a generic rotor
shaft system mounted on a moving base is first presented, and the time-periodic
state matrix for the system is found. The Floquet–Liapunov method of analyzing
stability of a periodically varying system is used to find the stability boundaries for
the system with two widely used control laws for the AMB. The analysis reveals that
it is important to consider the parametric excitation caused to the system when the
AMBs are being designed for applications involving large base motions.

Keywords Active magnetic bearing · Parametric stability · Rotor dynamics

T. Soni (B)
UIET, Panjab University, Chandigarh 160014, India
e-mail: tukeshsoni@gmail.com

J. K. Dutt
Department of Mechanical Engineering, Indian Institute of Technology Delhi, New Delhi 110016,
India
e-mail: jkdutt@gmail.com

A. S. Das
Department of Mechanical Engineering, Jadavpur University, Kolkata 700032, India
e-mail: anindya990052003@yahoo.com

© Springer Nature Singapore Pte Ltd. 2021
J. S. Rao et al. (eds.), Proceedings of the 6th National Symposium
on Rotor Dynamics, Lecture Notes in Mechanical Engineering,
https://doi.org/10.1007/978-981-15-5701-9_24

293

http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-15-5701-9_24&domain=pdf
mailto:tukeshsoni@gmail.com
mailto:jkdutt@gmail.com
mailto:anindya990052003@yahoo.com
https://doi.org/10.1007/978-981-15-5701-9_24


294 T. Soni et al.

1 Introduction

Active magnetic bearings (AMBs) offer some major advantages over conventional
bearings, namely contact-less support and an opportunity to actively control vibra-
tions in the system. This results in lesser vibration and noise levels in the rotor system.
This is also the reason that the AMBs are researched for novel and challenging appli-
cations in the industry. Reference [1] provides an excellent introduction to theAMBs.
A detailed review on recent research advancements in the application areas of the
AMB can be found in [2]. Rotor shaft systems subject to large base motion have been
shown to be parametrically excited [3]. It is also well known that parametric excita-
tion to rotor shaft systems may also lead the system to instability [4]. It is therefore
necessary to conduct a thorough stability analysis of an AMB levitated rotor system,
which is mounted on a moving base.

The issue of stability has been a concern for the researchers in the field of rotor
dynamics for many decades [5–8]. Two major sources of instabilities have been
clearly identified and extensively studied in the literature on rotor dynamics, namely
the instability due to internal material damping and the instability due to rotor–
fluid interaction in the fluid film type-bearings. The varying parameters of a system
for example varying stiffness lead to another type of instability in rotors called the
parametric instability. When the cross section of the rotor shaft is not axisymmetric,
then the bending stiffness of the rotor shaft varies with the rotation of the rotor shaft
and thus leads to parametric instability in such systems [9, 10].

Kamel and Bauomy [11] analyzed the stability of an nonlinear AMB-supported
rigid rotor system with varying stiffness. Investigations into the steady-state stability
with varying parameters were carried out. Bauomi [12] considered a similar system
and studied the effect of cubic and quadratic nonlinearity of the stiffness on the
dynamics of a rigid rotor-AMB system. Duchemin et al. [3] and later Driot et al.
[13] analyzed the dynamics and stability of a rotor shaft system subject to periodic
base motion. The rotor was considered to be simply supported. The equations of
motion for a generic rotor shaft system with base motion were derived. However,
Rayleigh–Ritz method was used to simplify the equations of motion to conduct the
stability analysis. Han andChu [14] conducted the stability analysis of parametrically
excited flexible rotor shaft system with conventional bearings mounted on a base
with periodic angular motion. Stability boundaries were drawn for various cases
of periodic base motion frequency and amplitude. The authors used dynamic state
transition matrix (DSTM) method to find the instability regions of the rotor shaft
system.An interesting problemof stability of an aircraft rotor during themaneuvering
of the aircraft is analyzed byHou et al. [15]. In thework, the bearingsweremodeled as
a Duffing-type nonlinear spring and dampers and the aircraft maneuver was modeled
as a sine wave. The variation in bifurcation diagram for the system with respect to
the aircraft maneuver was reported.

To the best of authors knowledge, the existing literature has a shortcoming that
these research activities do not consider the stability analysis of a rotor shaft system
levitated on an AMB and subject to parametric excitation due to large generic base
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motion. Recently, Soni et al. [16] conducted parametric stability analysis of a rotor-
AMBsystem subject to periodic basemotion.However, the stability boundaries of the
system with respect to base motion parameters were not reported. This research gap
has inspired the authors to report the present work. This paper, therefore, conducts
a stability analysis of a flexible rotor system which is levitated by an AMB and
is aboard a moving base. Finite element model governing the motion of a generic
rotor mounted on a moving base is first presented. Mathematical model of the force–
current relationship of an AMB is then discussed. An efficient numerical algorithm
based on the Floquet–Liapunov method of analyzing stability of a periodic system is
introduced [17]. Results pertaining to the stability boundaries of the system are then
presented.

2 Finite Element Model of a Rotor with Moving Base

The equation of motion of a rotor with large generic base motion has been derived
in [18]. The resulting finite element model for such a system is reproduced in this
section. A schematic of a rotor shaft system levitated and supported by an AMBwith
moving base is shown in Fig. 1. Three coordinate frames are defined and are also
shown in Fig. 1. Frame, Fi , is the inertial reference frame, and FAMB(with unit vectors
i A − jA − kA) is the coordinate frame attached to the rotor base at the left AMB,
coordinate frame F attached to the rotor shaft. The global finite element matrices
are given as:

Fig. 1 Rotor disk system supported on AMB with base motion
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∑
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∑
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where φ̇ is the rotor spin speed and Ωb = Ωb
Xb
iA + Ωb

Yb
jA + Ωb

Zb
kA is the angular

velocity of the frame FAMB with respect to inertial frame Fi .
Equation (1) gives the global mass matrix for the system [M], [D] is the global

damping matrix and [K ] is the global stiffness matrix. From Eqs. (2) and (3), it
is can be seen that global stiffness and damping matrix contain the time-varying
base motion parameters, and this leads to parametric excitation to the system. The
objective of the present work is to study the stability of the system; therefore, the
global force vector acting on the system by the virtue of base motion is not given
here. Details regarding the other matrices are given in the Appendix.

3 Active Magnetic Bearing (AMB)

Active magnetic bearing is a mechatronic device which provides contact-less levita-
tion of a rotor shaft system and has the active vibration control capability. The basic
components of an AMB are the electromagnet pole pairs (radially arranged around
the rotor shaft), proximity displacement sensors, power amplifiers, data acquisition
system and the controller. A schematic of an AMB is shown in Fig. 2.

Linearized expressions for the force exerted by the AMB electromagnet can be
written as [1],

FY = ki icY − kY yAMB; FZ = ki icZ − kZ zAMB (1)

where ki , kY and kZ are constants for an electromagnet and depend upon the bias
current (i0) and the nominal air gap (g0). Expressions for ki , kY and kZ are given
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Fig. 2 Schematic representation of an AMB

in Eq. (5). icY and icZ are the control current provided to the vertical and horizontal
electromagnet pairs. yAMB and zAMB are the corresponding excursions of the rotor at
the location of the AMB proximity sensor (assumed to be collocated with the AMB,
in the present study).

ki = 4kmag
i0
g20

; kY = kZ = ks = −4kmag
i20
g30

(2)

where kmag = μ0ApN 2

4 is a constant for an electromagnetic actuator. Ap is the face
area of the electromagnetic pole (m2), N is number of coil turns and μ0 is magnetic
permeability of air. The control law decides the relationship between the control
current icY and the displacement at the AMB location. For the case of a simple PID
control law,

icY = −(kpyAMB + kI ∫ yAMBdt + kd ẏAMB); icZ = −(kpzAMB + kI ∫ zAMBdt + kd żAMB)

(3)

where kp, kI and kd are the proportional, integral and derivative gains of the PID
control law. Then, the assembled equations of motion for the rotor shaft system
levitated by an AMB and mounted on a moving base can written as,

[M]
{
Γ̈

} + [D]
{
Γ̇

} + [K ]{Γ } + [C]{Γ ] = {0} (4)

where [Γ ] is the global displacement vector and the [C] matrix represents the contri-
bution of force on the rotor shaft due to the AMB. At the AMB node, the elemental
[C] matrix is given as,
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[C]eAMB =

⎡

⎢⎢⎣

ki
(
kp + kI

1
D + kdD

) − kY 0 0 0
0 ki

(
kp + kI

1
D + kdD

) − kZ 0 0
0 0 0 0
0 0 0 0

⎤

⎥⎥⎦ (5)

where D is the differentiation operator, equal to d
dt .

4 Parametric Stability Analysis of Periodic Systems

The assembled equations of motion of the rotor-AMB system in Eq. (4) can be
transformed into the state space form as follows,

ẋ(t) = A(t)x(t) (6)

which represents a time-varying linear system. For the case of periodic base motion,
the state matrix A(t) is also periodic with A(t + T ) = A(t) and T is the funda-
mental time period of the state matrix. Efficient numerical method for ascertaining
the stability of periodic system has been described by Friedmann et al. [17]. The
method can be considered as a numerical counterpart to the Floquet–Liapunov’s
theory of stability of linear periodic systems. The method is based on the eigen-
values of the state-transition matrix of the system. However, for a complex system,
it may not be always possible to find the state-transition matrix; therefore, in this
numerical method an estimated state-transition matrix is found. The method to find
the estimated state-transition matrix is outlined in Fig. 3.

After the estimated state-transition matrix has been deduced, the stability regions
can be found using the eigenvalues of the estimated state-transition matrix. The
system is considered to be in a stable state if the following condition is satisfied,

max(|σ + jω|) < 1 (7)

where σ + jω is the eigenvalue of the estimated state-transition matrix of the system.

5 Results and Discussion

5.1 System Details

An overhung rotor shaft system is considered for the stability analysis in this work
[19]. The details of the rotor shaft system and the AMB used for simulation in this
work are given in Table 1. Finite element discretization of the rotor shaft system is
depicted in Fig. 4. The periodic base motion analyzed in this work is (a) periodic
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Fig. 3 Steps to find the
estimated state-transition
matrix

Table 1 Rotor shaft disk and
AMB details

Rotor shaft disk details AMB details

Shaft length 1.5 m Pole face area,
Ap

500 mm2

Shaft
diameter

0.03 m Current
stiffness, ki

177.4 N/A

Disk
diameter

0.5 m Displacement
stiffness, ks

−1.388
kN/mm

Disk
thickness

0.07 m Bias current, i0 5 A

Young’s
modulus of
elasticity

211 GPa Radial air gap,
g0

2.5 mm

Density 7810 kg/m3 AMB node
location

1.5

Rotor spin
speed

1000 rev/min
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Fig. 4 Overhung rotor shaft AMB system with finite element discretization

pitch motion of the base (AP—amplitude, ωP—frequency), (b) periodic roll motion
of the base (AR—amplitude, ωR—frequency) and (c) periodic yaw motion of the
base (AY—amplitude, ωY—frequency).

5.2 Parametric Stability Boundaries

Figure 5 shows the stability boundaries for the overhung rotor system levitated by
an AMB and subject to periodic base pitching. The condition of stability as per the
Floquet–Liapunov method detailed in the previous section is that the maximum of
absolute eigenvalue of the estimated state-transition matrix must be less than one
(see Eq. 7). Therefore, it can be seen from Fig. 5, that for the case of periodic base
pitching, the rotor shaft becomes unstable at the lowest frequency of around 15 rad/s
for 0.4 rad base amplitude. Similar plots for the case of periodic base roll and yaw
motion are shown in Figs. 6 and 7, respectively. For the case of base roll motion,
the rotor-AMB system becomes unstable for a base roll frequency value as low as
3 rad/s for a 0.25 rad amplitude.

5.3 Free Vibration Response

To validate that estimated eigenvalue correctly predicts the stability of the rotor-AMB
system, response due to initial conditions (free vibration) is simulated. To this end,
an initial displacement of 1 mm in both horizontal and vertical directions is imposed
at the rotor disk, and consequent response of the rotor disk is numerically simulated
using the Newmark-beta method. The free vibration plot for the case of periodic
base pitching with a frequency of 24.5 rad/s and an amplitude of 0.3 rad is shown in
Fig. 8. As predicted by the value of the approximate eigenvalue (refer Fig. 5), unstable
response at the rotor disk is observed. It must be noted the rotor-AMB system has
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Fig. 5 Stability regions for case of base pitching

Fig. 6 Maximum absolute eigenvalue for periodic roll base motion
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Fig. 7 Maximum absolute eigenvalue for periodic yaw base motion

Fig. 8 Free vibration unstable response at the rotor disk due an initial displacement
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been considered to be reasonably balanced, and only, the parametric excitation to the
system is considered.

6 Conclusion

The following conclusions are drawn from this work:

1. Base motion in a rotor shaft bearing system causes parametric excitation to the
system, which may result in excessive vibrations even in a reasonably balanced
rotor.

2. While designingAMBs for the applications involving basemotion, an exhaustive
parametric stability analysis of the system must be conducted.

3. Depending upon the type of base motion, the rotor shaft system levitated on an
AMB may become unstable at lower combinations of amplitude and frequency
of the base motion. For example, for the case of periodic base rolling motion, the
rotor-AMB system becomes unstable for frequency values as low as 3 rad/s and
amplitude 0.25 radians.

Appendix

Details of the matrices used for finding the global matrices given in Eqs. (1)–(3).

Shaft Inertia matrix: [M]eS = l∫
0
m[ψ(x)]T [ψ(x)]dx + l∫

0
id

[
ψ ′(x)

]T [
ψ ′(x)

]
dxwhere

[ψ] is the shape function matrix, gyroscopic matrix: [G]eS =
l∫
0
i p

[
ψ ′]T

[
0 −1
1 0

][
ψ ′]dx ; [H ]eS = l∫

0
i p

[
ψ ′]T

[
0 0
1 0

][
ψ ′]dx bending stiffness

matrix: [KB]eS = l∫
0
E I

[
ψ ′′]T [

ψ ′′]dx ;
[
ψ ′′] = d2[ψ(x)]

dx2 .

Circulatory matrix: [KC ]eS = l∫
0
E I

[
ψ ′′]T

[
0 −1
1 0

][
ψ ′′]dx

Coriolis matrix: [C]eS = l∫
0
m[ψ(x)]T

[
0 −1
1 0

]
[ψ(x)]dx +

l∫
0
id

[
ψ ′(x)

]T
[
0 −1
1 0

][
ψ ′(x)

]
dx

Parametric stiffness matrix due to base motion:

[
Kp11

]e
S = l∫

0
m[ψ(x)]T

[
1 0
0 0

]
[ψ(x)]dx + l∫

0
i p

[
ψ ′(x)

]T
[
0 0
0 1

][
ψ ′(x)

]
dx
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[
Kp22

]e
S

= l∫
0
m[ψ(x)]T

[
0 0
0 1

]
[ψ(x)]dx + l∫

0
i p

[
ψ ′(x)

]T
[
1 0
0 0

][
ψ ′(x)

]
dx

[
Kp12

]e
S

= l∫
0
m[ψ(x)]T

[
0 1
1 0

]
[ψ(x)]dx + l∫

0

(
i p − id

)[
ψ ′(x)

]T
[
0 1
1 0

][
ψ ′(x)

]
dx

Rotor disk finite element matrices

Inertia matrix: [M]D =

⎡

⎢⎢⎣

mD 0 0 0
0 mD 0 0
0 0 Id 0
0 0 0 Id

⎤

⎥⎥⎦;

Gyroscopic matrix: [G]D =

⎡

⎢⎢⎣

0 0 0 0
0 0 0 0
0 0 0 −Ip
0 0 Ip 0

⎤

⎥⎥⎦;

Coriolis effect matrix: [C]D =

⎡

⎢⎢⎣

0 −mD 0 0
mD 0 0 0
0 0 0 −Id
0 0 Id 0

⎤

⎥⎥⎦; Parametric stiffness

matrix:
[
Kp11

]
D

=

⎡

⎢⎢⎣

mD 0 0 0
0 0 0 0
0 0 Ip 0
0 0 0 0

⎤

⎥⎥⎦; [
Kp22

]
D

=

⎡

⎢⎢⎣

0 0 0 0
0 mD 0 0
0 0 0 0
0 0 0 Ip

⎤

⎥⎥⎦;
[
Kp12

]
D

=

⎡

⎢⎢⎣

0 mD 0 0
mD 0 0 0
0 0 0 Ip − Id
0 0 Ip − Id 0

⎤

⎥⎥⎦
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Experimental Investigation on the Effect
of Housing Profile and Its Relative
Position on the Performance
of Semi-Active Journal Bearing

Raghu Yogaraju , L. Ravikumar , G. Saravanakumar,
and V. Arun Kumar

Abstract Demand for higher speeds, reduced noise and improved reliability along
with other safety requirements necessitates an effectively controlled rotor dynamics
system. The desired requirements are often not met by using conventional bearings
which are passive in nature. Additional improvements can be achieved only with the
aid of active or semi-active controls. A new concept adopted here is to conceptualize
a semi-active journal bearing to simulate amulti-lobed journal bearing. This research
work attempts to develop a semi-active journal bearing by modifying the profile of
the bearing and position of the bearing with respect to the shaft. The performance
is here defined in terms of attenuation of the vibration amplitude in the bearing
plane. For different bearing profiles and various bearing positions, rotor responses
are acquired experimentally and FE method is used to obtain extent of simulation
with the experimental results. The study is predominantly experimental in nature,
and a simple versatile instrumented test rig is designed and fabricated for the purpose.
The results indicate a high potential toward practically realizing a semi-active control
on journal bearing profile, resulting in quantitative reduction of vibration amplitudes
and also benefits derived from optimally positioning the bearing.
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1 Introduction

Most of the medium– to large-sized rotating machinery is supported on conventional
journal bearings (basically passive in nature) in view of their simplicity in terms
of geometry, design, load carrying capabilities and inherent presence of damping.
In view of obtaining better control on vibrations arising out of varieties of reason,
there exists a need to alter the bearing dynamics in terms of stiffness and damping
leading to a requirement of active bearing systems. The active control aims at varying
quantitative values of stiffness and damping by varieties of mechanisms.

The effective way to achieve active control on synchronous vibration depends
mainly on variation of geometry of the bearing, controlling the position of the
journal with respect to bearing or vice versa and control on the effective shaft
length. The vibration due to self-excitation in rotor-bearing system can be reduced
during operation by appropriate control on the flexible sleeve and choice of optimal
hydraulic damper parameters [1]. The controlled position of bearing with respect
to rotor will culminate in vibration reduction. The control over the bearing position
can be achieved by using actuators like piezoelectric material and giant magneto-
strictive materials (GMM)-based actuators [2–4]. The rotor-bearing system with
certain mechanism developed to position a sliding bearing support such that the rotor
lateral dynamics can bemodified by controlling the effective rotor length. The natural
frequencies can be arbitrarily shifted, where the resonance can be passed and vibra-
tion attenuation during operations can be achieved [5]. The isotropic, orthotropic and
fluid film bearings positioned at different locations are modeled, analyzed (harmonic
analysis) and compared using FEmethod [6]. Smaller clearance simplymeans higher
Babbitt temperature, whereas inducing non-circularity by increase in lobe preload
affects both static and dynamic characteristics [7]. The elliptical journal bearing is
analyzed using the FEM by the application of linearized perturbation method on the
classical Reynolds equation. Steady-state and dynamic performance characteristics
give insight into the behavior of elliptical journal bearing with different preloads [8].

In the present work, an attempt is made toward conceptualizing a semi-active
control journal bearing with a provision to realize varying housing profiles and
also obtain varying relative shaft-bearing positions. A dedicated test rig designed
facilitating the above requirement is fabricated for the purpose.

2 Test Rig Details

The test setup consists of a horizontally configured shaft supported on the test bearing
as shown in Fig. 1a and driven by suitable motor as shown in 1b. The test bearing,
which is of semi-active type consists of a thin cylinder (sleeve, part 1) surrounding the
shaft, in between which a thin oil film (the journal is fed with oil through grooves on
the sleeve and oil supply to grooves are provided using oil supply port, part 5) exists.
The circular sleeve is connected to the housing (part 2) through one rigid support,
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a) b) 

c) Two lobe profile d) Three lobe profile

Fig. 1 Schematic and profiles of test rig

(part 3) and three non-rigid (part 4) supports and surrounded by elastomer, (part 6),
to damp out chattering if any that may be induced during journal rotation. The non-
rigid supports are provided with the knobs and shoes, and the shoes are designed
such that it has an area contact with the cylindrical sleeve to attain non-circular
profile modifications. The knobs have graduation to obtain different preloads, and
these knobs are provided at 120° (10 ‘o’ clock position), 180° (12 ‘o’ clock position),
240° (2 ‘o’ clock position) from rigid support in anti-clockwise direction, to create
two-lobe and three-lobe journal bearing profiles as shown in Figs. 1c, d. For example,
to obtain a two-lobe bearing profile, the support at 180° (from the rigid support) has
to be brought in contact with sleeve, by keeping the rigid support unaltered and the
three-lobe bearing profile can be obtained by using non-rigid supports at 120° and
240°. The rotation of calibrated graduation knob on non-rigid support preloads the
sleeve.

The shaft is provided with disk to mount desired unbalance mass for the purpose
of excitation. The rig is also having facility to alter the position of the bearing housing
with respect to shaft. In view of the equivalent stiffness being very low (cantilever
type), the shaft would be sitting on the bearing under zero speed condition. The flexi-
bility in realizing different eccentric positions is obtained using bearing displacement
knobs (part 8)mountedon the rigid frame (part 9). The alteration in relative positionof
the shaft with respect to bearing center can be provided by change in the eccentricity
in both x- and y-directions using four bearing displacement knobs (provided at top,
bottom, left and right of rigid frame). For frictionless movement of bearing housing,
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Fig. 2 Semi-active journal bearing test rig

Table 1 Details of test
journal bearing system

Shaft material Mild steel

Young’s modulus 200 GPa

Shaft length 0.316 m

Shaft radius 0.0396 m

Disk mass 0.3 kg

the rig is provided with linear movement guides (part 10) in all four directions of test
bearing, (part 2).

The instrumentation includesmeasurement of operating (speed, preload and shaft-
bearing position) and response (amplitude of vibrations) parameters. The response
parameters obtained would be utilized in evaluating test bearing performance quan-
titatively. As said earlier, the performance here is quantified in terms of vibration
attenuation levels for different combinations of the operating parameters. The exper-
imental study is parametric in nature, covering a wide range of operating parameters
suitable for a typical steam turbine journal bearing. The instrumented test rig photo-
graph is shown in the Fig. 2, and the details of rotor-bearing system are shown in
Table 1. The journal displacement with respect to shaft in x and y are presented in
Table 2 in terms of eccentricity (e) and attitude angle (φ).

3 Performance Studies

The methodology to estimate semi-active journal bearing performance in terms of
reduction in vibration amplitudes is presented in this section.
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Table 2 Journal
displacement terminology

x, y e, φ

0,0 0, 0°

0,100 0.5, 0°

25,100 0.52, 14°

50, 100 0.56, 26°

75, 100 0.625, 37°

100, 100 0.707, 45°

3.1 Experimentation

Experiments, parametric in nature, were conducted to obtain the effect of the ovality
ratio, speed and relative initial position of shaft-bearing centers (different combina-
tions of eccentricity and attitude angle). While the speed was varied up to 6000 rpm,
the value of ovality ratio was kept in range 1.5–2 with the eccentricity and atti-
tude angle varying from 0 to 0.9 and 0 to 90°, respectively. The unbalance mass
was kept constant all through the experimentation at 55 g-mm (2 g mass located
at radial distance of 27.5 mm). The relative position of shaft and bearing centers
is designated as 2-x-y (x and y indicating horizontal and vertical distance of shaft
and bearing centers from which eccentricity and attitude angles could be obtained, 2
indicating added unbalance is 2 g). The amplitude time history and phase information
are acquired in x and y-directions. The leading edge of the reflecting tape produces
the reference pulse. 1X amplitude and phase as a result of swept sine excitation are
provided directly from the synchronous order analysis. The measured data was used
to quantitatively evaluate stiffness and damping.

3.2 Harmonic Analysis Using Finite Element Method

The rotor-bearing system ismodeled usingFEmethod as shown inFig. 3 for harmonic
analysis. The rotor shaft is modeled using beam element; the rotor is supported
on the bearing element at node 3, which supports both direct and cross-coupling
coefficients. The evaluated stiffness and damping coefficients using experimental
data are the inputs for bearing elements [9]. The disk is modeled using an element
called mass element at node 2 and 4, and unbalance force is also applied at the same
nodes. The harmonic analysis was performed for rotor spin speeds ranging from 0
to 6000 rpm with subset of 500 rpm. The critical speed analysis was carried out for
different combinations of stiffness and damping and compared with the experimental
critical speeds.
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Fig. 3 FE model of test rig

4 Results and Discussions

The performance of the test journal bearing defined in terms of shaft vibration atten-
uation in the bearing plane (or the increase in load levels to realize similar vibration
levels) obtained as a function of different influencing parameters like shaft speed,
ovality ratio and relative position is presented here

4.1 Experimentation

Figures 4a–e shows variation of amplitude of vibration as a function of speed for
circular (ovality ratio, R = 1) and two-lobe bearing with ovality ratio 1.25, 1.5, 1.75
and 2 and for different relative shaft-bearing positions (0–100 µm with intervals of
25 µm in both x and y-directions).

Figure 4a gives the complete details of the variation of vibration amplitudes as a
function of speed for a circular bearing (R= 1) for different relative positions of shaft-
bearing centers. It is very clearly observed that the maximum amplitude of vibration
occurswhen shaft center is very close to bearing center (x and y approaching zero) and
vibration attenuation taking place for other combinations of x and y. Relatively, the
highest level performance of the bearing (maximum attenuation in vibration ampli-
tude) is observed with both x and y approaching 100µm (i.e., at eccentricity= 0.707
and attitude angle = 45°). Further increase in x and y would probably yield better
performance, but the same was restricted to 100µm in order to compare with perfor-
mance obtained with bearing with other ovality ratio. Figures 4b–e shows similar
results obtained for bearings with different ovality ratios. The increased ovality ratio
has dominant effect on vibration attenuation levels as the critical speed has shifted
beyond the operating speed range. While the combination of circular bearing and x
and y displacements of bearing with respect to shaft (eccentricity) being zero results
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Fig. 4 Amplitude response as a function of speed for different preloads and relative positions of
the shaft with respect to housing a) circular, R = 1, b) elliptical, R = 1.25, c) elliptical, R = 1.5,
d) elliptical, R = 1.75, e) elliptical, R = 2

in the lowest performance level, the bearing with the ovality ratio ‘2’ and x and y
positions approaching 100 µm provides higher performance level.
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4.2 FEM Approach

Figure 5a shows response amplitude for circular profile indicating the maximum
amplitude of vibration at 4920 rpm (as against experimentally observed speed of
5060 rpm-refer Fig. 4a). Similarly, Figs. 5b–e shows the amplitude response for
ovality ratios 1.25, 1.5, 1.75 and 2, respectively. It is clearly observed that increased
ovality ratio increases the critical speed as well as decreases amplitude of vibration.
The FEM results are well validated with that of experimental.

Fig. 5 Amplitude response as a function of speed of the system for different ovality ratios using
FEM, a) circular, R = 1, b) elliptical, R = 1.25, c) elliptical, R = 1.5, d) elliptical, R = 1.75,
e) elliptical, R = 2
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The results revealed that the increase in ovality ratio increases the dynamic stiff-
ness (reason for increase in critical speed) and damping (known by reduced ampli-
tude) parameters compared to the case of circular profile. The results proved that
the dynamic stiffness and damping parameters can be semi-actively controlled in a
journal bearing by varying the ovality ratio and shaft-bearing relative position.

5 Conclusions

A dedicated instrumented test rig was designed and fabricated for the purpose of
conducting experiments, and to obtain the effect of the variation in different parame-
ters on the performance levels of semi-active journal bearings. Different parameters
considered were speed (varied up to 6000 rpm), ovality ratios (1–2) and relative
shaft-bearing positions (0–100 µm in x- and y-direction, varies eccentricity and atti-
tude angle). The increase in ovality ratio results in improved performance levels in
addition to the benefits realized from increase in eccentricity ratio. The effort has
indicated very high potential toward practical applications.
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Some Fundamental Issues in Foil
Bearings

P. Samanta, N. C. Murmu, and M. M. Khonsari

Abstract While the foil bearing technology iswell established, some inherent issues
must be addressed at the design stage to vastly expand its utilization. This paper
highlights the need for one of the critical problems dealing with the need for accurate
prediction of maximum temperature of the shaft and bearing to avoid failure due to
thermoelastic instability (TEI). A brief description of the cause and consequence of
TEI along with a simple prediction methodology is presented.

Keywords Foil bearing · Thermoelastic instability · Transient analysis

Nomenclature

W Heat flux, W/m2

μ Viscosity of air, N-s/m2

h Film thickness, m
ε Coefficient of thermal expansion, 1/°C
k Thermal diffusivity, m2/s
K Thermal conductivity, W/m-K
Ro Outer radius of bearing, m
Rs Inner radius of bearing, m
T Temperature, °C
t Thickness of foil, m
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()b Subscript b stands for bearing
()j Subscript j stands for journal
′ Term with prime indicates due to perturbation

1 Introduction

The history of foil bearing (FB) development goes back to more than sixty years ago
when Block and Von Rossum investigated the effect of flexibility on the hydrody-
namic film in the 1950s [1]. The concept of introducing flexibility on hydrodynamic
film was, next, taken a newer height by Gross [2]. After twenty years, the FB was put
to use in the air handling system of aircrafts for the first time [3]. The initial designs of
FBwere primarily tension dominated. Today’smost of FBs are of bending-dominated
where the rigid surface is replaced by this metal foil supported by a corrugated foil
as shown in Fig. 1 [4, 5]. The interested reader is referred to a recent article on the
evaluation of foil bearing [6].

Although the geometric configuration of an FB is quite simple, the intricate
coupling of the foil structures with compressible hydrodynamic film renders the
analysis and performance prediction very difficult. Hence, the technology remains to
be highly specialized, and unlike the conventional rolling element and oil-lubricated
hydrodynamic bearings, one cannot easily select and order an FB from a catalog [7].
Each FB must be designed explicitly for a distinct application. Indeed, the design
and development of an FB require thorough analysis and testing, making the devel-
opment costly. The interested reader can refer to the work of Radil and DellaCorte
who recommended a four-step process for development a new FB to mitigate the
failure risk of the bearing [8]. Those four steps include (1) rotor dynamic feasibility
and layout trade study, (2) bearing sizing and testing, (3) experimental rotor dynamic
simulator validation tests, and (4) system-level demonstration. In addition, this article
points to the need for evaluating the thermoelastic instability (TEI) potential at the
stage. A simple strategy for preliminary evaluation of TEI is outlined.

Fig. 1 Configuration of foil journal and thrust bearings. a Foil journal bearing [4]. b Foil thrust
bearing [5]
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2 Thermoelastic Instability

Thermoelasticity deals with the response of the elastic body in a non-uniform temper-
ature field. In case of an FB, this non-uniform temperature field is created due to
viscous shearing in a non-uniform pressure or stress field. The non-uniform pressure
or stress field is created due to the non-uniform film thickness. The physical sources
of this non-uniformity are described in details in the next sub-section. When the heat
generated due to viscous shearing in the clearance propagate in the non-uniform stress
field, heat will accumulate in the high-stress zone and create a thermal gradient. This
excessive thermal gradient can diminish the air film and lead to high-speed rubbing
and ultimately cause failure often with catastrophic consequences. This phenomenon
is called thermoelastic instability (TEI).While fairly rich volumes of published theo-
reticalworks dealingwithTEI for dry contact in seal-like structures [9–11], lubricated
sliding contact [12] with provision for surface roughness in this sliding contact [13]
exist, available work on the nature of TEI dealing with compressible fluid is far less.
Surprisingly, however, there is ample experimental evidence of occurrences of TEI
in FBs. Dykas and Howard observed the repeated failure of bearing during testing of
bearing at high temperature (538 °C) at high speeds (60,000 rpm) andmoderate loads
(222 N) [14]. In one application, although the operating temperature was 538 °C, the
temperature at the mid-section of the journal, due to TEI, reached its melting point
(~1400 °C) and a dime-sized hole was created. This cause of failure of the journal is
described in the following sub-section. Lee et al. also experienced TEI phenomenon
during experiments with foil journal bearing at speed of 35,000 rpm and load of
97.7 N [15]. Their theoretical model on TEI predicts the air film breakdown at a load
of 106.6 N. Similar TEI in foil thrust bearing is also observed by other researchers
[16, 17]. Clearly, a methodology for predicting TEI in foil bearings that can be used
at the design is crucially needed to provide insight into the experimental observations
and guard against such failures.

2.1 Relative Expansion of Journal Surface

Physically, in FBs the transient clearance loss due to the expansion of bearing surface
lags relative to journal surface during start-up or growth of surface wave. This is
due to the non-uniform temperature field in high sliding speeds. In this section, we
will scrutinize the details of this phenomenon. An FB is essentially a high-speed
air bearing. The internal temperatures of the bearing are mainly dependent upon the
surrounding environment temperature and the heat generated due to viscous shearing.
Although the viscosity of air is low, a significant amount of heat is generated due to
high surface speed. Since thermal capacity of air is also low, it has limited capability
to carry the heat out of the bearing. Thus, the generated heat must necessarily be
absorbed by the boundingmetal surfaces of journal and bearing. A simplified formula
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for the heat flux generated due to viscous shear loss is given by the following equation
[18]:

W = μU 2

h
(1)

The rate of expansion of journal and bearing surface due to this heat input is
given by the following expressions. The reader may refer to Ref. [18] for its detailed
derivation.

(
dr

dt

)
j

= 2εjWjkj
Kj

(2)

(
dr

dt

)
b

= 2εbWbkb

Kb

[(
Ro

/
Rs

)2 − 1

] (3)

whereW is distributed between the journal and bearing surface, henceW = Wj+Wb.
Substituting the expression for heat flux from Eq. 1 and using the material prop-

erties of Inconel into Eq. 2, one can obtain the expansion rate of the journal. The
expressions for k and K are obtained from Ref. [19].

μ = 1.462 × 10−6(T + 273.15)1.5

T + 273.15 + 112
(4)

k = −10−14T 3 + 10−11T 2 + 5 × 10−10T + 2.96 × 10−6 (5)

ε = −10−15T 3 + 10−12T 2 − 7 × 10−9T + 1.1226 × 10−5 (6)

K = 11.45 + 1.156 × 10−2T + 10−6T 2 (7)

The expression for ε is obtained from Ref. [20].
Figures 2 and 3 show the rate of expansion of the journal with a surface speed

of the journal and temperature, respectively. From these plots, it is observed that the
effect of speed variation on the journal expansion is higher than the temperature.
Thus, when the bearing speed is above a threshold speed, the bearing will become
susceptible to TEI. A closed-form expression for predicting the critical speed at
which TEI occurs is given by the following expression [4]:

Ucr = h�

√√√√ K

αμR

(
1 − √

1 − 8F

4F

)
(8)

For detail of the above expression, the reader may refer Ref. [4].
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Fig. 2 Journal expansion rate with speed

Fig. 3 Journal expansion rate with temperature

2.2 Transient Expansion of the Journal and Bearing

When the bearing and journal are made of the same material and the perturbed
heat is equally distributed among bearing and journal, the expressions for transient
expansion of journal and bearing will be obtained from Eqs. 2 and 3 as follows:

(
dr ′

dt

)
j

= εW ′k
K

(9)

(
dr ′

dt

)
b

= εW ′k

K

[(
Ro

/
Rs

)2 − 1

] (10)
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By subtracting the expansion rate of journal given in Eq. 9 from bearing in Eq. 10,
one can have the rate of change of film thickness as follows [18]:

dh′

dt
= −εW ′k

K

[
(Ro/Rs)

2 − 2

(Ro/Rs)2 − 1

]
(11)

The thermal resistance of heat transfer through the air is high compared to that of
a solid. From Fig. 1a, it is observed that the top foil is supported by a very narrow
area of the crest of the bump foil. The maximum space between the top and the bump
foil is filled by air. Since air is a poor conductor of heat, the conduction path from
film to the sleeve surface is significantly restricted. The outside surface of the top
foil is exposed to an open atmospheric condition and acts as an outside surface of a
sleeve like the conventional bearing from heat transfer point of view. Therefore, Ro

in Eq. 11 can be considered as Ro= Rs+ t, where t is the foil thickness. Substituting
this value in Eq. 11 and rearranging the Eq. 11, one arrives at the following equation:

dh′

dt
= −εW ′k

K

[
1 − Rs

2t

]
(12)

where the term
(

t
Rs

)2
is neglected since t

Rs
� 1.

When the perturbation is superimposed in clearance, the increased heat dissipation
is obtained from Eq. 1 as follows [17]:

W + W ′ = μU 2

h + h′ (13)

For small perturbation condition, h′ � h and W ′ � W;

W ′ = −Wh′

h
(14)

Substituting Eqs. 14 and 1 into Eq. 12, one will obtain the following expression
for perturbed film thickness variation as follows:

dh′

dt
= εμUh′k

Kh2

[
1 − Rs

2t

]
(15)

Since non-prime terms are from steady-state condition, the above equation will
be satisfied by:

h′ = h′
0e

α t (16)

Taking the derivative of Eq. 16 with respect to time, one can have
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dh′

dt
= αh′ (17)

Comparing Eqs. 17 and 15, one will have

α =
(
U

h

)2(
μεk

K

)(
1 − Rs

2t

)
(18)

In practice, the value of the ratio Rs
t is typically of the order of 103. The last terms

contained in the parenthesis in Eq. 18 will be negative, i.e., α will become negative.
FromEq. 16, it is observed that for the negative value ofα, the perturbationwill decay.
Therefore, in practice, themaximumdamage due to TEI in foil bearing resulting from
the growth of surface wave happen in the journal, not in the foil. Radil et al. observed
the effects of different journal cooling methods on the foil bearing experimentally by
impinging air directly to the journal as well as through support structure [21]. They
reported that the direct cooling of the journal reduced both bearing temperature and
thermal gradient, whereas the encroaching the cooling air through support structure
has limited ability to reduce the thermal gradient. The authors also concluded that
full understanding of both the static and transient thermal operational environment
is needed to implement the appropriate cooling methodology in the bearing system.
These experimental findings attest the validity of the proposedmodel. The developed
theoretical model provides a simplified theoretical model for initial selection of the
proper thermal management technique.

2.3 Causes of Non-uniform Film Thickness and Heat

The causes of the generation of non-uniformfilm thickness aremanifold. The primary
cause is due to the unavoidable surface roughness produced based on the manufac-
turing accuracy. The statistical average of surface roughness may be represented
as a sine wave. The longer wavelength is likely to contribute in the generation of
non-uniform pressure or stress field. Secondary waves are caused by: (i) nonlinear
heating when the journal, even if a perfect cylinder is pushed through one side of
the film and create a wave peaks whereas the thick film ditch is situated diagonally
opposite to it as shown in Fig. 4 [4]; (ii) nonlinear heating also may be caused due
to elliptical journal with two peaks and two troughs as shown in Fig. 5. When this
elliptical configuration grows due to thermal expansion, the bearing may lose its
clearance near these two peaks [18]; (iii) non-cylindrical shape of bearing sleeve
may cause waviness even when heat flux is uniform in the bearing clearance; (iv)
mechanical constraints against the expansion of bearing sleeve; and (v) centrifugal
growth of journal [18]. Although these issues may not appear to be severe during the
start-up, when the system tries to equilibrate against the strong thermal gradient in
the bearing, those waves will grow and activate a long-delayed TEI. This TEI can be
avoided using detailed nonlinear thermo-elastic hydrodynamic analysis which will
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Fig. 4 Eccentric position of shaft and corresponding wave profile [18]

Fig. 5 Elliptical journal of shaft and corresponding wave profile [18]

include hydrodynamic, thermal, and structural deformation features of the bearing
[6].

3 Conclusions

This paper highlights the possible causes of thermoelastic instability in foil bearing.
A foil bearing is prone to TEI if precautionary measures are not taken into account
at the design stage. Due to its typical structure, it is shown that the journal is more
prone to damage due to TEI rather than foil. Therefore, to avoid TEI, cooling the
journal by passing forced air through inside the hollow shaft or other means rather
than through bottom of the top foil may be needed.
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Study of Turbocharger Fully Floating
Hydrodynamic Bearing Oil Whirl
Behavior—Test and Prediction

Lokesh Chandrasekaran, Praveen Kumar Selvaraj, Prasanth R. Vengala,
and Subramani D. Arthanarisamy

Abstract Automotive engines are facing increased design focus toward downsizing,
higher performance and lower emissions, in the process challenging turbocharger
technology to their limits. The exhaust-driven turbine energy must transmit to the
compressor stage with minimal losses through the bearing system. In general, two
types of bearings are used in turbocharger applications, namely semi-floating rotary
bearings (SFRB) and fully floating rotary bearing (RFRB) system. In the latter,
bearing is suspended in the lubricant, and by virtue of its rotational speed, brings
down the angular speed of the fluid in the clearances between the shaft and the
bearings. The ring rotates in the range from 0.25 to 0.4 times the shaft speed, and
as a result has a positive effect on lubricant drag. On the other hand, this bearing
system now has two spinning oil films and has to sustain the dual self-excited oil
whirl vibrations in the inner and outer clearances that have a reciprocal influence on
each other. The final evaluation calls for application specific validation either on the
respective engine or vehicle system, as the system peripherals could resonate at the
same frequencies and amplify these waves. This work describes the oil whirl-related
sub-synchronous investigations of the RFRB on turbochargers. A brief theoretical
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explanation followed by numerical rotor dynamic simulations on two bearing designs
using AVL Excite simulation tool is discussed, and thus, obtained results are later
validated through tests at the turbocharger sub-system-level evaluations on gas stand.

Keywords Turbocharger · Rotor dynamics · Hydrodynamics bearings · Numerical
calculation · Sub-synchronous · Noise

Nomenclature

x, y and z Directions in circumferential, radial and axial
i and o Inner and outer joints
p Oil pressure
8 Oil fill ratio
η Dynamic viscosity
h Nominal clearance gap height between the two sliding surfaces
u Surface velocity
ϕ Flow factor
hT Local oil film thickness
σ Composite roughness value

1 Introduction

In recent years, the number of turbocharged combustion engines has dramatically
increased in the passenger car segment. To achieve better emission norms, high-
power output with engine downsizing is main reason for the implementation. Such
an engine critical flow requirement is satisfied with the help of smaller compressor
and turbine wheels by operating at higher rotational speed. For such high-speed
applications, hydrodynamic bearings offer better trade-off in terms of manufacturing
cost and performance. Furthermore, rotating floating ring bearings (RFRB) offer
better damping and lower friction power loss and are studied in this paper.

Hydrodynamics bearings in general are subject to various nonlinear effects such
as self-excitation vibration, oil whirl/whip, sub- and super-harmonics, and jump
phenomena as explained in [1, 2]. Several bifurcations with the occurrence of
different types of oscillations which are caused by instability due to inner and outer
oil films of the fully floating bearing system are detailed in [3–5]. In turbocharger
system, sub-synchronous oscillations from inner oil whirl are the main reason for
the acoustic problem detailed in [6, 7].

Rajasekhara and Srinivas [8] computed the nonlinear hydrodynamic journal
bearing forces using discretized equations of motion using finite element method



Study of Turbocharger Fully Floating … 331

solved in time integration approach. Lubos et al. [9] solved the Reynolds equa-
tion to predict the effect of outer bearing clearance and bearing clearance ratio
on sub-synchronous components in rotor’s response. Constant amplitude of sub-
synchronous vibration induced by nonlinear hydrodynamics support on forced
response of extend flexible rotor model is explained by Agnieszka et al. [10].

Due to high nonlinearity of the hydrodynamics bearings, mathematical models
were validated with the experiments to arrive at calibrated simulations in [5, 9, 11].
Accurate prediction of shaft deflection and oil film temperatures of each joint by
solving the differential algebraic equations (DAE) for flexible rotor and average
Reynolds equation for non-linear hydrodynamic contacts (EHD) was presented by
Bukovnik [12]. Influence of circumferential groove on the outer bearing width was
studied, and the results [13] are compared with the plain journal bearing where
effective outer bearing width in the both the designs is equal (X = 2Y ) as shown in
Fig. 1.

In this paper, numerical simulation was conducted using the same tool as in [12]
for two RFRB designs—plain (Design A) and circumferential groove (Design B). It
is worth noting that Design B bearing here has lesser effective outer bearing width
(2Y < X) as shown in Fig. 5. Deeper insights of the EHD joints are presented through
simulations in terms of RSR, MOFT, eccentricity ratio, asperity contact pressure in
the bearings, and overall oil flow rate. Also, experimental results from hot gas stand
test bench run-up were compared with simulation results.

Fig. 1 Effective outer bearing width [13]. a plain journal bearing and b circumferential groove
bearing
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2 Sub-synchronous Phenomena

In fully floating bearing turbocharger, shaft assembly is supported bymeans of sleeve
or bush on both compressor and turbine side which are suspended in a lubricant. The
bush rotates in the range from 0.25 to 0.4 times the shaft speed, and as a result has
a positive effect on lubricant drag. On the other hand, this bearing system now has
two spinning oil films and have to sustain the dual self-excited oil whirl vibrations
in the inner and outer clearances.

Figure 2 shows two-dimensional waterfall spectrum shows the turbocharger
modes shapes and its corresponding frequency. When the turbocharger speed is
gradually increased, the unbalance force excites the rotor with a harmonic vibration
that is synchronous with the rotor speed at the frequency order of 1X. Oil whirl is the
kind of self-excited vibration with the frequency order less than 1X. The rotational
kinetic energy of the oil whirling excites the rotor and induces the sub-synchronous
oscillation or vibration.When the whirling frequency equals the first critical bending
frequency of the rotor, oil whip takes place in which rotor amplitude continuously
increases with time as shown in Fig. 2. Initially, during the ramp up, inner oil film
temperature is higher than the outer oil film temperature due to the larger bearing fric-
tion in the inner oil film. So, the damping coefficient of the inner oil film decreases.
As soon as the destabilizing force induced by the cross-couple stiffness coefficient
exceeds the damping force, the inner oil whirl occurs in the frequency range between
200 and 500 Hz at inner clearance, which is Sub 1 as shown in Fig. 2.

Further, increasing the rotor speed, the rotor unbalance becomes larger and the
vibration mode of the inner oil whirl changes from the conical to the cylindrical
mode. It leads to the jump of the inner oil whirl frequency which occurs between
600 and 1100 Hz regions, which is Sub 2 as shown in Fig. 2. Similarly, oil whirling
in the outer clearance has the conical mode shape and occurs in the frequency range

Fig. 2 Typical waterfall spectrum—shaft deflection
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between 200 and 500 Hz in the higher turbocharger speeds known as Sub 3. The
outer clearance plays the important role in the rotor deflection amplitudes, and also
the outer oil whirl is less noisy than the inner oil whirl because it occurs at very low
frequency.

3 Numerical Simulation Setup and Results

3.1 Simulation Methodology

Below differential (DAE) algebraic Eq. (1) [12] allows us to solve both global motion
and local elastic deformation of the rotor system. MR, DR, and KR are the time-
invariant mass, damping, and stiffness matrices that are calculated for the rotor with
the help of in-built FEM software at the pre-processing step in the commercially
available AVL Excite tool used in this study.

MRq̈ + DRq̇ + KR.q = f ∗ + f a + f gyro − f rbAcc (1)

On the other side of the equation, f gyro is gyroscopic force of the rotor assembly,
f rbAcc denotes the global motion and rigid body acceleration of the rotor, f a is the
force induced in the radial and axial directions from the compressor and turbine
wheels, and f * denotes force occurring due to contact with other component surfaces.
Hydrodynamic bearing are formulated using average Reynolds equation [12] with
respect to outer sliding body coordinate system,

− ∂

∂x

(
θ.ϕx .h3

12η

∂p

∂x

)
− ∂
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(
θ.ϕz .h3

12η
.
∂p

∂x

)
+ ui − uo

2

∂((hT + σ.ϕs).θ)

∂ x̄

+ ∂(hT .θ)

∂t
= 0 (2)

From the above Eq. (2), first and second terms of the above equation represent
sliding in x-direction, and cross-direction along z-axis which are commonly denoted
by Poiseuille term. Third and fourth terms denote the wedge (clearance change) and
squeeze of the joint, respectively.

3.2 Simulation

Figure 3 shows AVL Excite simulation tool, schematic model for turbocharger rotor,
and bearing system. Housings and rotor are modeled as flexible element, which itself
is supported by two bearings. Each bearing consists of two joints which are inner
and outer oil films and a floating bushing that is also a flexible body. Inner and outer
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Fig. 3 Schematic model for fully floating bearing

oil films are connected via six oil holes in the bushing, respectively. Rotating parts of
rotor components are discretized into FE model with multiple journal components
in shaft modeler section in modeling turbocharger rotor. In discretized model, wheel
contour captured to match the eigenmodels of the rotor with massless element. Mass
of the compressor and turbine wheel is assigned at center of gravity location of the
wheels, respectively. Unbalance for the rotor system is defined in shaft modeler.
Flexible model for housing and bushing is imported from FE tool by condensation
process together with the thermal and structural boundary condition for surface of the
housing. Rigid axial joint is used to position the bushes, and nonlinear axial bearing
is used between the housing and rotor when assumed zero thrust load condition.

Figure 4 shows Design A and Design B (2Y �= X) that are investigated in this
study. Outer bearing joint modeling for the both designs is shown in Fig. 5. Constant
speed simulation is conducted from 40 to 260 krpm with the increment of 20 krpm.
Initial speed of rotor and floating bushings needs to be defined. Calculations are
performed for few revolutions till stable ring speed ratio is arrived at each speed.
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Fig. 4 RFRB TC. a Design A and b Design B

Fig. 5 Outer joint modeling for Design A and Design B

3.3 Waterfall Spectrum

From simulation, both shaft deflection spectrum maps and orbit plot overlaid for
designs A and B in Fig. 6. In this spectral map, X, Y, Z denote frequency in Hz,
speed in rpm, and color intensity which show displacement amplitude where blue to
red denotes the raise in displacement amplitude from low to high. For both designs,

Fig. 6 Shaft deflection on compressor side color map (Design A and Design B)
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Fig. 7 Simulation—EHD joint results comparison

same amount of unbalance considered from the balancing results. For results, Design
A has slightly higher unbalance deflection, while compared with Design B at low
speed.Unbalance deflection are negligiblewhile comparedwith the sub-synchronous
deflection. Design A shows that Sub 2 inner bearing deflection appears from 60 to
180 krpm at around 0.3X and Sub 3 appears from 60 krpm till the max speed of 260
krpm around at 0.1 X. Providing circumferential groove in Design B reduces Sub 2,
i.e., inner oil whirl deflection and on the other hand, a stronger Sub 3 outer bearing
deflection was observed from the lower speed. Design B has drop the load bearing
capacity as a result of reduced effective outer bearing width, as shown in Fig. 5. As
a result, Design B system has a larger shaft orbit when compared with Design A due
to higher Sub 3.

3.4 EHD Joint Results

As shown in Fig. 7, introducing circumferential groove in the outer bearing of Design
B reduces the load bearing capacity of the outer bearing. That has resulted in higher
eccentricity ratio in the outer bearing and lower MOFT. Ratio between the angular
velocity of bush and angular velocity of shaft (RSR) also drops, reducing the circum-
ferential velocity of the inner oil whirl. In addition, introducing groove in outer
bearing increases the axial flow rate. Both the drop in RSR and increased oil flow
rate have positive effect on Sub 2.
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Fig. 8 Hardware and sensor instrumentation

4 Experimental Setup and Results

4.1 Data Acquisition and Instrumentation

Figure 8 shows the LMS SCADASXS hardware, eddy current displacement sensors,
and accelerometer on the compressor side of the TC. Turbocharger speed ismeasured
as well.

4.2 Test Results Comparison on Hot Gas Stand

Both designsA andB are assembledwith nominal inner and outer bearing clearances,
and run-up test was conducted for operating points of the compressor characteristic
map on the basis of full-load line of the scheduled engine for the oil inlet temperature
and pressure of 120 °C and 2 bar. For simulating the vehicle condition, run-up
was conducted from 60 to 260 krpm with fired/hot test condition. Both systems are
balanced for nearly equal unbalance condition. For results, Design A has slightly
higher unbalance deflection while compared with Design B. Unbalance deflection
is negligible while compared with the sub-synchronous deflection. With Design A,
higher Sub 2, inner oil whirl appears below 1000 Hz and Sub 3 occurs from 75 to
260 krpm. In Design B, Sub 2, inner oil whirl appears below 1000 Hz with lower
amplitudes and Sub 3 begins from lower speed with higher amplitude similar to the
test results. Similarly, orbit plot shows that Design B larger orbit compared to Design
Awhich is mainly comes from the outer bearing due of drop in load carrying capacity
of the outer bearing.

5 Test Versus Prediction—Correlation Discussion

Figures 6, 7 and 9 show good qualitative agreement between simulation and test
results. Similar to test results, simulation predicted the higher Sub 2, inner oil whirl
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Fig. 9 Test results—spectral map and orbit comparison (Design A versus Design B)

deflection with Design A. Good correlation is observed in terms of Sub 2 improve-
ment with the Design B. Simulation provides better insights for the oil film joints
results.

6 Conclusion

For fully floating bearing turbocharger, oil whirl-related instabilities were discussed
in detailedmanner. Rotor dynamics simulationmethodologywas developed success-
fully for the turbocharger fully floating bearing systemwith the help of commercially
available software. Simulation results validated well against the hot gas stand test
results. From both simulation and testing, Design A has higher Sub 2 inner oil whirl
deflection which will cause sub-synchronous vibration and could resulted in noise
with overall lower shaft deflection. But Design B has much lower Sub 2 inner oil
whirl deflection and higher Sub 3 outer oil whirl deflection which will result in larger
shaft orbit and poor load bearing capacity. While comparing both designs, Design B
is a better option in terms of sub-synchronous noise behavior.
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Rolling Element Bearing Fault Diagnosis
by Different Data Fusion Techniques

Sandaram Buchaiah and Piyush Shakya

Abstract Rolling element bearing is a crucial element of rotating machinery. A
sudden failure of the bearing may result in a catastrophic failure. Therefore, the iden-
tification of bearing failure in the incipient stage is essential. The vibration signal
generated by bearing fault is used for condition monitoring and fault diagnosis. The
parameters extracted from vibration data provide the fault indication. However, a
single parameter may miss useful information, resulting in less accurate fault diag-
nosis. The fused parameters after data fusion of individual parameters aremore infor-
mative and efficient than a single parameter. Mahalanobis–Taguchi–Gram–Schmidt
method, principal component analysis, and independent component analysis are the
most popular data fusion techniques, and these techniques are applied to three most
occurring fault data such as the outer race, the inner race, and rolling elements. The
bearing vibration data, available on the NASA Web site, are used for the data anal-
ysis and extracting parameters. A comparison is made on the effectiveness of various
data fused parameters obtained from different data fusion techniques. The best data
fusion technique with respect to each type of defect (inner race, outer race, and ball)
is identified.

Keywords Rolling element bearing · Fault diagnosis ·
Mahalanobis-Taguchi-Gram-Schmidt method · Principal component analysis ·
Independent component analysis

1 Introduction

The rolling element bearing is ubiquitous in rotating machinery. The function of a
bearing is to support the machines and to constrain the relative motion to only a
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desired direction (rotational motion). More than 90% of bearings used in machines
are rolling element bearings [1]. The sudden failure of a rolling element bearing may
result in catastrophic failure of the rotating machinery. In rolling element bearings,
defects may occur on the outer race, inner race, rolling elements, and cage. When
rolling elements periodically passes over the defects that create impact vibrations
[2, 3]. Fault indication parameters extracted from vibration signal in time domain,
frequencydomain, and time–frequencydomain are used for fault diagnosis.However,
a single fault indication parameter directly extracted from vibration signal processing
techniques may miss some information, which results in less accurate fault diag-
nosis. A fault identification based on the fusion of multiple parameters is better on
the count of accuracy. Data fusion is intermixing of multivariate data into a more
informative single dataset. Several data fusion techniques are available for fusing
multiple parameters into a single parameter. Mahalanobis–Taguchi–Gram–Schmidt
method, principal component analysis, and independent component analysis tech-
niques are the most popular techniques. Mahalanobis distance (MD) indicates the
similarity between two datasets, and it measures the distance between a point and a
dataset. The MD is used for the fusion of multiple parameters, and it is calculated
by using Mahalanobis–Taguchi–Gram–Schmidt method. The principal component
analysis is a variable dimension reduction procedure, which converts multidimen-
sional observations into set of uncorrelated variables. The independent component
analysis divides the multivariate data into different subcomponents called indepen-
dent components. These three techniques are applied to outer race, inner race, and
rolling elements fault data; and the best data fusion technique with respect to each
type of defect (inner race, outer race, and ball) is identified.

2 Mahalanobis–Taguchi–Gram–Schmidt Method

In this method, the MD is calculated by Gram–Schmidt orthogonal process (GSO).
The GSO is an orthogonalization process which transforms the linearly independent
vectors into orthogonal vectors [4].

Data normalization: The healthy dataset Xi j for reference is selected. In this study,
the data collected at an initial stage of new bearing with proper lubrication is selected
as healthy dataset. The data is normalized by subtracting the mean of the health data
and dividing with the standard deviation of healthy data from each characteristic
of full data to make data as zero mean and unit standard deviation and construct
normalized matrix Zi j .

Orthogonal vectors: The vectors of normalized matrix Zi j are treated as independent
vectors, and orthogonal vectors are calculated by the following equations.

U1 = Z1 (1)
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where

Zk = (Zk1, Zk2, Zk3, . . . , Zkn) is the kth set of normalized vector,

Uk = (Uk1,Uk2,Uk3, . . . , Ukn) is the kth set of orthogonalized vector.

Mahalanobis distance: TheMD of jth observation is given by the following equation,
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where Ukj is an element of orthogonalized vector Uk , Sk is a standard deviation of
Uk , and k the is number of variables [5, 6].

3 Principal Component Analysis

Principal component analysis is used to reduce the dimension of amultivariate dataset
and to identify a pattern in the random data. The PCA converts dimension of a
multivariable dataset

(
Xi j

)
to a lower dimension dataset (Pik) without loss of useful

information [3, 7].
Principal component analysis procedure:

• Initially, the original dataset as a matrix (Xi j ) is taken, where i is the number of
observations and j is the number of characteristics.

• A normalized matrix
(
Zi j

)
is found by subtracting mean from each characteristic.

• The covariance matrix (C) of the normalized matrix is found. The eigenvalues of
the covariance matrix are computed and arranged in order from higher to lower.
The eigenvectors for each eigenvalue and form an eigenvector matrix

(
Wj j

)
is

calculated.
• The principal components (P) by multiplying each vector of the eigenvector

matrix with normalized matrix are computed.

Pji = WZT
i j (5)

• The dimension (knumber of reduced characteristics) of dataset (Pik) is chosen
from obtained principal component set

(
Pi j is transpose ofPji

)
(k < j) by calcu-

lating proportion of variation explained by each eigenvalue such that the number
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of eigenvalues giving max proportion value indicates the number of principal
components to choose.

• In this case, the first principal component (PCA1) is used for fault diagnosis,
which justifies the maximum variance.

4 Independent Component Analysis

Independent component analysis (ICA) is a statistical method which is used to disso-
ciate the multivariate signal into individual non-Gaussian subcomponents called
independent components. The ICA initially developed for blind source separation [8].
For measuring mutual information, the ICA algorithm uses maximum entropy and
Kullback–Leibler divergence; and kurtosis and negentropy are used for measuring
non-Gaussianity. In this case, fast ICA algorithm is used for calculating independent
component analysis.

The mathematical model simple noiseless ICA is given by the equation,

X = AS (6)

where X = [x1, x2, . . . , xn]∈Rm∗n is data matrix, S = [s1, s2, . . . , sn]∈Rm∗n is
independent components matrix, andA = [a1, a2, . . . , al]∈Rm∗n is mixing matrix
[10].

Both independent matrix (S) and mixing matrix (A) are unknown; these are
estimated by using data matrix (X), these are possible by finding the de-mixing
matrix (W ) which is the inverse matrix of mixing matrix [9].

S = WX (7)

5 Results and Discussion

The intelligent maintenance systems (IMS) bearing data are taken from the NASA
Web site [10]. In this case, for analysis October dataset of the third bearing x-axis,
fourth bearing x-axis, and February dataset of the first bearing x-axis (these datasets
are inner race defect, ball defect, and outer race defect, respectively) are taken. Eleven
parameters are extracted; seven parameters in time domain (standard deviation, RMS,
kurtosis, skewness, peak factor, shape factor, and RMS * kurtosis), two parameters
in frequency domain (amplitude of defect frequency (outer race or inner race or ball,
whichever is the case) of FFT and HFRT spectrum corresponding to the dataset) and
two parameters in time–frequency domain (amplitude of defect frequency (outer race
or inner race or ball, whichever is the case) of HFRT spectrum of CWT and DWT
corresponding to the dataset).
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The February dataset (from NASAWeb site) contains 984 files, for every 10 min,
dataset of 1-s is extracted with a sampling frequency of 20 kHz. The October dataset
contains 2156 data files, for every 10 min’ dataset of 1-s is extracted (except the first
43 files were extracted every 5 min).

Thepercentageof variation (�) calculatedby takingpercentagevariation inmeans
(μ) of the respective stages of fused parameters.

�i =
(

μi+1 − μi

μi
∗ 100

)
(8)

Here �1 is the percentage of variation in means of the healthy stage and stage
1, and �2 is the percentage of variation in means of stage 1 and stage 2. Stages are
divided based on visual identification of patterns.

5.1 Outer Race Defect

The data fusion techniques are applied on IMS bearing fault data of the February
dataset (first bearing). Single parameter patterns are shown inFig. 1.Threeparameters
MD, PCA1, and ICA1 are calculated; and respective patterns are given in Fig. 2.

The trends of fused parameters healthy stage and defective stage for outer race
defect are shown in Fig. 2. The early fault detection point (initiation of defect progres-
sion), the percentage of variation in trend, and bearing failure points are shown
in Table 1. Out of these three parameters, MD is the better early fault detection.
The percentage of variation in each stage is more in MD in comparison with other
methods.

Fig. 1 Patterns of single parameters for outer race defect
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Fig. 2 Trends of fused parameters for outer race defect. a Trend of Mahalanobis distance, b trend
of first principal component, c trend of the first independent component, d trends all three parameter

Table 1 Comparison of fused parameters for outer race defect

Observation MD PCA1 ICA1

Early (initial) defect detected at 5310 min 5420 min 6990 min

Percentage of variation (�) Stage 1 5310–6450 min 5420–6440 min 5420–6440 min

�1 470% 27.41% 0%

Stage 2 6450–6980 min 6440–6980 min 6440–6990 min

�2 406% 92% 0%

Stage 3 6980–9650 min 6980–9660 min 6990–9800 min

�3 559% 452% 558%

Stage 4 9650–9760 min 9660–9760 min 9800–9840 min

�4 9658% 2688% 1806%

Bearing failure point detected at 9760 min 9760 min 9840 min

5.2 Inner Race Defect

The data fusion techniques are applied on IMS bearing fault data of the October
dataset (third bearing x-axis). Eleven single parameter patterns are shown in Fig. 3.
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Fig. 3 Patterns of single parameters for inner race defect

Three fused parametersMD, PCA1, and ICA1 are calculated, and respective patterns
are given in Fig. 4.

Fig. 4 Trends of fused parameters for inner race defect. a Trend of Mahalanobis distance, b trend
of first principal component, c trend of the first independent component, and d trends all three
parameters
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Table 2 Comparison of fused parameters for inner race defect

Observation MD PCA1 ICA1

Early (initial) defect
detected at

17,715 min 17,835 min 17,975 min

Percentage of
variation (�)

Stage 1 17,930–19,300 min 18,050–19,320 min 18,190–19,330 min

�1 3974.5% 406% 466%

Stage 2 19,300–21,030 min 19,320–21,060 min 19,330–20,490 min

�2 91.2% 24% 78%

Stage 3 21,030–21,540 min 21,060–21,560 min 20,490–20,590 min

�3 1222.3% 933.6% 1070%

Bearing failure point
detected at

21,325 min 21,345 min 20,375 min

The trends of fused parameters for healthy stage and defective stage for inner race
defect are shown in Fig. 4. The early detection point (initiation of defect progression),
percentage of variation in trend, andbearing failure points are shown inTable 2.Out of
the three parameters, MD gives the early fault detection. The percentage of variation
in each stage is more in MD comparative to other methods.

5.3 Ball Defect

The data fusion techniques are applied on IMS bearing fault data of the October
dataset (fourth bearing x-axis). Patterns of single parameters are shown in Fig. 5.
Three parameters MD, PCA1, and ICA1 are computed, and the corresponding
patterns are given in Fig. 6.

Fig. 5 Patterns of single parameters for ball defect
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Fig. 6 Trends of fused parameters of ball defect. a Trend of Mahalanobis distance, b trend of first
principal component, c trend of the first independent component, and d trends of all three parameters

The trends of fused parameters healthy stage and defective stage for ball defect
are shown in Fig. 6. The early fault detection point (initiation of defect progression),
percentage of variation in trend, and bearing failure points are shown in Table 3. All
three parameters are showing same the early fault detection, but the percentage of
variation in PCA is more. MD and PCA are showing the same bearing failure points,

Table 3 Comparison of fused parameters for ball defect

Observation MD PCA1 ICA1

Early (initial) defect
detected at

12,135 min 12,135 min 12,135 min

Percentage of
variation (�)

Stage 1 12,350–14,340 min 12,350–14,340 min 12,350–14,170 min

�1 61% 63% 15%

Stage 2 14,340–16,100 min 14,340–16,100 min 14,170–16,100 min

�2 53.53% 174.5% 123%

Stage 3 16,100–17,440 16,100–17,440 min 16,100–16,770 min

�3 228% 715.58% 233%

Stage 4 17,440–17,490 min 17,440–17,490 min 16,770–17,770 min

�4 741% 550% 0%

Bearing failure point
detected at

17,275 min 17,275 min 17,555 min
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and the percentage of variation at failure is more in MD. An outlier is identified in
all parameters at 14680 min.

6 Conclusion

In this study, three data fusion techniques are applied to three types of bearing fault
data. Data fusion techniques are applied to eleven parameters to fuse these into a
single parameter; these fused parameters provide a better pattern in comparison with
single parameters. The percentage of variation in means (μ) of stages divided based
on visual identification is taken for analyzing the results. MD performs better for the
outer race and inner race defect (early fault detection and percentage of variation in
trend). PCA performs better for ball defect. The effectiveness of ICA in comparison
with other techniques is low.
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Diagnosability Index and Its Application
to Bearing Fault Diagnosis

Ankush C. Jahagirdar and K. K. Gupta

Abstract Bearings are essential component of rotatingmachines and are often prone
to failure. Early detection of bearing faults thus becomes important for predictive
maintenance strategies. Conventionally, vibration measurement is considered to be
the most reliable and widely used indicator of fault signatures, which are to be
extracted from the raw signal. Traditional signal processing techniques, like envelope
spectrum, are employed for extraction of such features. However, selection of optimal
band and center frequency remains the main objective of research in the field. Use of
spectral kurtosis (kurtogram) is now a standard method for this selection. However,
a benchmark study on Case Western Reserve University dataset shows several non-
diagnosable cases using kurtogram method. The purpose of this study is to quantify
diagnosability in the form of an index and use it as a selection criterion for getting
optimal band and center frequency. The proposed method is validated using non-
diagnosable cases of the benchmark study, and the results are compared with that of
conventional Hilbert transform method and autogram method.

Keywords Fault diagnosis · Diagnosability index · Vibration monitoring
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1 Introduction

Vibration signals are most reliable way of monitoring faults in rotating machinery.
When a fault occurs on either the inner raceway, outer raceway, or on the rolling
element of a bearing, it can be captured using accelerometer sensor located in contact
with the machine. The high-frequency shock signal generated due to impact of fault
is very peculiar and often shows amplitude modulation. The cyclostationary nature
of such signals is well known and of specific interest from signal processing point of
view. Complex nature of these signals and random interfering noise makes it difficult
tomodel such signals. It is often very difficult to find the optimum resonance band for
filtering out undesired components from the signal. State-of-the-art research focuses
mainly on this aspect of finding the optimum center frequency and bandwidth, and
the various statistical features are used to guide this optimization process. Kurtosis
is one such feature which is very widely used. A study on Case Western Reserve
University dataset uses spectral kurtosis as a benchmark and classifies the cases into
easily diagnosable, partially diagnosable and non-diagnosable [1, 2]. This benchmark
method mainly relies on kurtosis as an indicator of fault in time domain signal and
thus finds optimal band and center frequency by finding the maximum value of
kurtosis. However, there are several cases in which this method fails, and thus, this
method of kurtogram was further modified into infogram [3], sparsogram [4, 5], and
autogram [6].

Different signal processing methods are proposed to extract bearing fault features
such that the size and type of fault is faithfully represented. A detailed analysis
of different cepstral editing methods is discussed in [7]. On the other hand, signal
processing methods based on probability distribution function of the fault signal
are also being explored [8]. Cepstral analysis is used a way of filtering different
than traditional Fourier spectrum based methods [9–13]. A brief history of few such
methods is discussed by Randall in [14]. Out of these, automated cepstral editing
procedure [15] and cepstral prewhitening [11] are important signal preprocessing
methods which try to improve the diagnosability by removing stationary harmonic
component from the signal.

Unlike these methods, the proposed method focuses on features local to each
potential fault frequency. Though, in the benchmark study, the classification of cases
is based on classical fault signatures like fault frequency and harmonics, sidebands,
etc., it is not possible to quantify all of these. Thus, we define diagnosability in
terms of simple quantifiable parameters like amplitude at fault frequency, deviation
of fault frequency from the theoretical value, and number of significant peaks in
the spectrum. The diagnosability index, thus designed, is used as a feature to select
optimum band and center frequency. Cases in which the proposed method performs
better than the benchmark method are discussed.
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2 Diagnosability

A close observation of the CWRU dataset reveals that the fault diagnosis largely
depends on following factors:

1. Amplitude at fault frequency and its harmonics,
2. Deviation of peak frequency from theoretical fault frequency,
3. Number of other significant peaks in the spectrum,
4. Sidebands in case of inner race and ball fault signals.

Based on this observation, the diagnosability index is proposed as:

DI = A.D.P (1)

where, A is the amplitude at the fault frequency, D is derived from the deviation of
fault frequency from its theoretical value, and P is derived from the number of other
significant peaks in the spectrum.

The block diagram of the proposedmethod is shown in Fig. 1. As the fault signal is
modulated, the conventional method of band-pass filtering and demodulating is used
to find the squared envelope spectrum (SES) of the vibration signal. Full-tree wavelet
packet transform (WPT), with db1 as mother wavelet, is applied to decompose the
signal without reducing the length of the signal. The decomposed signal is then
Hilbert transformed to find its envelope. To find out this values of A, D and P, the
value of fault frequency has to be known. As the fault frequencies of inner race
fault, outer race fault and rolling element fault are different, three different values of
diagnosability index DI_I, DI_O and DI_R are calculated respectively.

The values of fault frequencies are theoretically calculated based on the geometry
of the bearing using following formulae [16].

for = fs
Nb

2

(
1 − Bd

Pd
cos ∅

)
(2)

fir = fs
Nb

2

(
1 + Bd

Pd
cos ∅

)
(3)
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Fig. 1 Block diagram of the proposed method
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fre = fs
Pd
2Bd

(
1 − B2

d

P2
d

(cos ∅)2
)

(4)

where fs is the rotational speed in Hz, Nb is the number of rolling elements, Bd is
the diameter of rolling elements, Pd is the pitch diameter, ∅ is the contact angle, and
for, fir, fre are the fault frequencies of outer race fault, inner race fault, and rolling
element fault (BPFI, BPFO, and BSF), respectively.

2.1 Amplitude (A)

To ensure that the diagnosability index (DI) has a value in the interval [0,1], each
feature is scaled in this interval by simple linear transformation. The amplitudes of
spectral peaks are scaled by dividing each value by the maximum value. This feature
tells how significant the peak at the fault frequency is and it directly affects diagnosis,
in a sense, that if there is a large peak at the fault frequency, then it signifies presence
of fault.

Though the theoretical value of the fault frequency is known, it is often observed
that the actual value of fault frequency is slightly different. This is because of two
main reasons—first, the uncertainty and error associated with the speed sensor and
second, the cyclostationary nature of the signal. As mentioned by Randall et al. [16],
this deviation is generally 1–2%. Considering this, we have introduced a tolerance
of ±2 Hz, and taken the maximum peak in the frequency interval of [ f − 2, f + 2].

2.2 Deviation (D)

As the fault frequency is bound to have some uncertainty in its value, it is very
difficult, especially cases where the fault signal is submerged in noise, to pinpoint
this frequency in the spectrum. With the introduction of tolerance band, there is a
possibility of choosing a wrong value of frequency. To avoid this, the proposed index
linearly penalizes the deviation of frequency from its theoretical value assuming that
large deviation from the theoretical value means that it is unlikely to be the fault
frequency. This difference in theoretical and actual frequencies is also scaled to [0,1]
interval.

D = 2 − |(Actual − Theoretical)|
2

(5)
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Fig. 2 Case Western
Reserve University
experimental set-up

2.3 Peaks (P)

It is quite clear that the amplitude of fault peak alone is not sufficient to quantify
diagnosability. It has to be observed in relation to other significant peaks in the
spectrum. If the number of significant peaks other than the fault harmonics is more,
then that case is either partially or not diagnosable. Thus, the third feature to calculate
DI is selected to be number of other significant peaks in the spectrum. This feature
has inverse relation with diagnosability and is thus calculated similar to Eq. (2), that
is, number of significant peaks is subtracted from a tolerance value and then divided
by the same value to scale it down to [0,1].

It should be noted that, significance is a relative term and for the purposes of this
study, it is assumed to be 20% of the maximum spectral amplitude.

3 Bearing Fault Data

To substantiate the importance of the proposed method, we have used a standard
dataset on bearing faults provided online by Case Western Reserve University [17].
The dataset contains vibration signals from a 2 hp electric motor setup as shown
in Fig. 2 with 6205-2RS JEM SKF deep groove ball bearing at the drive end and
6203-2RS JEM SKF deep groove ball bearing at the fan end.

4 Results

The diagnosability index (DI) is first verified using a benchmark study on CWRU
dataset [1]. In this study, each signal is classified into easily diagnosable, partially
diagnosable, and non-diagnosable case. Figure 3 shows DI values for easily diag-
nosable and non-diagnosable cases of inner race, outer race, and rolling element
faults. It can be observed from the figure that, barring few cases, the diagnosable
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Fig. 3 Diagnosis based on
diagnosability index

and non-diagnosable cases are fairly separable from each other based on the diag-
nosability index. Also, the value of proposed diagnosability index (DI) is larger for
easy diagnosis as compared to non-diagnosable cases.

Figure 4 shows the performance of conventional Hilbert transform, the proposed
method and the autogram method for three non-diagnosable cases of the benchmark
study.

Case 1 is a case of drive end bearing with an outer race fault located opposite to
the load zone with fault size of 7 mil, under 1 hp load. The accelerometer is located
at the baseline of the setup, and it captures the raw vibration of the setup sampled
at 12,000 Hz. This case is classified as a non-diagnosable case by the benchmark
studybecause even after the decomposition, the envelope spectrumshowsno classical
spectrum features, like the peaks at the fault frequency and its harmonics. The location
of the fault frequency and its harmonics are shown by arrows in Fig. 4. The autogram
method also fails, as seen in Fig. 4c. This means that the optimum level (7) and
corresponding optimumnode (111) selected by the autogrammethod fails to enhance
the fault features. The proposed method, however, chooses level 3 and node 4 of
wavelet decomposition, and significant fault peaks can be observed in the envelope
spectrum of the decomposed signal in Fig. 4b.

Fig. 4 Envelope spectrums for Case 1 using a conventional Hilbert transform, b proposed method,
c autogram method
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Case 2 is a case of drive end bearing with a rolling element fault of 7 mil, under
2 hp load. The accelerometer is located at the baseline of the setup, and it captures
the raw vibration of the setup sampled at 12,000 Hz. The cases of rolling element
faults are difficult to diagnose, because the rolling element fault behaves very similar
to Gaussian noise in terms of its distribution. The distribution in such cases does not
show peakedness and thus kurtosis-based methods, like kurtogram and autogram,
seem to fail. From Fig. 5b, it can be observed that the proposed method identifies
the optimal band as (7, 44), and the envelope spectrum of the decomposed signal
shows significant fault features compared to the Hilbert transform and the autogram
methods.

Case 3 is a 14 mil outer raceway fault at drive end bearing, in the load zone, and
the data is collected at the baseline accelerometer. The autogram method chooses
the optimum level-node pair as (7, 126) which clearly removes the fault harmonics
from the spectrum as shown in Fig. 6c. The optimum node chosen by the proposed
method is (7, 54). At this node, we can observe maximum peak at 1X fault frequency
and small peaks at second and third harmonics as shown in Fig. 6b. This result is
evidently better compared to the conventional Hilbert transform, as the fault peaks
are not submerged in other peaks as shown in Fig. 6a.

As the selection of optimum node depends on maximum value of the diagnos-
ability index, the resultant spectrum should have more peak amplitude and less
number of other peaks. This can be observed in all the three representative cases.

Fig. 5 Envelope spectrums for Case 2 using a conventional Hilbert transform, b proposed method,
c autogram method

Fig. 6 Envelope spectrums for Case 3 using a conventional Hilbert transform, b proposed method,
c autogram method
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Comparison of conventional Hilbert transform spectrum and proposed method spec-
trum reveals that the fault peaks become more prominent compared to other peaks
in the spectrum.

5 Conclusions

Current research in bearing fault diagnosis focuses mainly on the objective of finding
optimum band and center frequency so that the raw vibration signal can be decom-
posed to show prominent fault features in the envelope spectrum. The benchmark,
kurtogram method, and its modification, the autogram method, use kurtosis to guide
the selection of this optimum band. However, in various non-diagnosable cases, these
methods fail. To overcome this problem, the proposedmethod looks at local spectrum
features like the fault peak amplitude, its deviation from the theoretically calculated
fault frequency, and number of other significant peaks in the spectrum. A diagnos-
ability index is designed using these parameters such that its value is larger for easily
diagnosable cases than for the non-diagnosable cases. This index is used to guide
the selection of optimum band. With the help of three non-diagnosable cases, the
improvement in fault features is demonstrated using the proposed method over the
autogram method. The diagnosability index can be improved, in future, to provide
improved classification between the easily diagnosable and non-diagnosable cases
and also to incorporate the partially diagnosable cases.
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Gearbox Health Condition Monitoring
Using DWT Features

Setti Suresh and V. P. S. Naidu

Abstract The gearbox is an accessory drive, used widely for power transmission in
industries and vehicles. Since its invention in the twentieth century, it brought major
changes in thefield ofmechanical engineering.At the same time as the gearbox evolu-
tion continues, people are focusing on customized operation with less maintenance
cost. Instead of the traditional approach (scheduled and unscheduled maintenance),
the industry is looking for condition-based preventive maintenance. Therefore, it is
important to monitor the health condition of the gearbox. This paper presents three
different architectures to diagnose the gearbox vibration signal between healthy and
damaged condition. Fifteen wavelet features are extracted from the segmented signal
and testedwith infinite latent feature selection (ILFS) algorithm tofinduseful features
based on ranking. Feature classification was done using a support vector machine
(SVM) algorithm. The ideology of the round-robin technique was implemented in
architecture-2. The result shows that, among the three developed architectures, the
first architecture with discrete wavelet transform (DWT—1D) followed by the SVM
model is providing better classification accuracy than the other two architectures.
The results were presented with 100 Monte Carlo runs.
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PCA Principal component analysis
SVM Support vector machine
UCI University of California Irvine
WSHE Shannon entropy
WLEE Log energy entropy
WTE Threshold entropy
WSE Sure entropy
WNE Norm entropy
WE Wavelet energy
WP Wavelet power
WV Wavelet variance
WSTD Standard deviation
W IQR Interquartile range
WM Wavelet mean
WHM Harmonic mean
WSK Skewness
WKUR Kurtosis
WCV Coefficient of variation

1 Introduction

The gearbox is one of the important parts of the rotating machinery, which plays a
major role in the transportation and processing industries. As the gearbox is an active
component in the automatic transmission, its failure could cause the entiremachinery
to shut down. Partial failure of the gearbox may lead to inefficient operation of the
machinery associated with it and deteriorates the performance of the system, which
is not cost effective. In any mechanical system, the fault cannot happen suddenly.
When the system is prone to minor impact and if early detection of the fault does
not happen, it may lead to failure of the whole system. Even though the gearbox (as
a subsystem) is designed for a particular span of time to work effectively but it may
lead to failure in working conditions due to several external factors. The failure of
the gearbox can affect the overall efficiency of the industry in terms of maintenance
delay, cost and loss of equipment. Therefore, it is crucial to monitor the gearbox
health and detect the faults in the early stage. Some of the applications with gearbox
include aircraft (engine accessory drives), automobile gear system, wind turbine, etc.

There are different conditions monitoring techniques used in the industry to
monitor the health of the rotating machinery. The sensor mechanisms used for moni-
toring the rotating machinery consist of thermal, acoustic and vibration analyses.
Among the three, vibration analysis is the most widely used condition monitoring
technique as it contains information regarding the characteristic vibrations of each
component. The accelerometersmountedon thegearbox indifferent direction acquire
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the composite vibration signal,which is a combination of gear, bearing and shaft char-
acteristic frequencies. Each component has its own characteristic vibration, and it
is very difficult to find out where the fault has occurred really from the composite
signal. In addition, the varying load on the gearbox has an effect on the measured
vibration signal. As the load on the gearbox increases, the induced vibrations in each
component change, and they are reflected in the acquired vibration signal. All these
scenarios have to be considered while analyzing the vibration signal. The applica-
tion of wavelet transform to the residual signal and fault diagnosis using fault growth
parameter, statistical and kurtosis features for varying load of gearbox dataset has
been presented in [1]. The bearing fault diagnosis using wavelet decomposition,
discrimination of signal using basic mean and standard deviation features computed
for thewavelet coefficients were asserted in [2]. The fault classification in gears using
SVMwith feature vector containing seven statistical features in the time domain, ten-
frequency domain features and standard deviation of wavelet coefficients in time–
frequency domain with a feature selection technique based on Euclidean distance
has been proposed in [3]. The researchers [1–3] proposed different approaches to
find their own way in the fault diagnosis of the vibration signal.

In this paper, the effect of overlapping epochs and wavelet decomposition applied
to each epoch is discussed. Fifteen information theoretic features are computed from
detailed and approximation wavelet coefficients for all levels and concatenated to
form a feature vector. To remove the unwanted features from the vector, a feature
selection algorithm is used. Three different fault classification algorithms (architec-
tures) are developed and evaluated for gearbox health condition monitoring. The
consistency in the fault detection accuracy of the developed algorithm is illustrated
using 100 Monte Carlo runs [4]. The datasets used in this paper are vibration signals
collected from UCI machine learning repository [5] (dataset-1) and NREL—wind
turbine benchmarking gearbox datasets [6] (dataset-2).

2 Methodology

In general, the sequence of steps involved in gearbox health condition monitoring
is acquiring sensor data, preprocessing the data, feature extraction and selection,
followed by feature classification to detect the fault.

2.1 Data Acquisition

Vibration data was collected using the accelerometer sensor and a high-speed data
acquisition system. In this paper, two different datasets are used for gearbox health
condition monitoring from two sources.
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Fig. 1 Data preprocessing

Dataset-1: This gearbox dataset is collected from the UCI machine learning reposi-
tory archives [5]. The dataset consists of healthy and broken tooth cases of a gearbox.
The vibration data has been recorded using four different sensors placed in four
different directions, by varying the load from ‘0’ to ‘90’ percent. ‘0’ stands for free
rotation of the gearbox. There are ten healthy and broken teeth data files, and each
file has four sensors data.

Dataset-2: Wind turbine gearbox dataset is obtained from NREL [6]. The vibra-
tion data was collected from healthy and damaged wind turbine gearbox by using
accelerometer sensors with a dynamometer test facility. Eight accelerometer sensors
were mounted on the surface of the gearbox in different directions covering low-
speed shaft, intermediate shaft and high-speed shaft gear assemblies. The data was
recorded at a sampling frequency of 40 kHz per channel. Ten 1-min datasets are
available for both healthy and damaged gearbox.

2.2 Preprocessing

Data preprocessing is an important step in the data mining process. The raw vibration
signal is divided into overlapping (OL) epochs/segments with 0, 25, 50 and 75%
overlap. Figure 1 shows the overlapping epochs of the gearbox vibration signal.

2.3 Feature Extraction

Feature extraction is one of the important issues in machine health condition moni-
toring. The main purpose of extracting features from a signal is that they will provide
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necessary discriminative information for classifying the fault to have better classifi-
cation accuracy [7]. The segmented vibration data is decomposed into approximation
and detailed coefficients usingDWT.The features, described inTable 1, are computed

Table 1 Wavelet domain features

S. No. Features Formula Ref.

1 Shannon entropy WSHE(s) = − ∑n
i=1 s

2
i log

(
s2i

)
[8–10]

2 Log energy entropy WLEE(s) = ∑n
i=1 log

(
s2i

)
…with the

convention log(0) = 0
[8]

3 Threshold entropy WTH(si ) = 1 |si | > p and 0 otherwise

WTH(s) = ∑n
i=1 WTH(si ) Or WTH(s)

= # (i such that |si | > p)

[8]

4 Sure entropy WSU = n − #(i such that |si | ≤ p) +∑n
i=1 min

(
s2i , p

2
)

[8]

5 Norm entropy The concentration in lp norm entropy
with 1 ≤ p equivalent to (l, p)p

WNE = ∑n
i=1 |si |p

[8]

6 Wavelet energy WE(sk) = ∑n
i=1 ak(i)ck(i)

2 [10]

7 Wavelet power WP(sk) = 1
n

∑n
i=1 ak(i)ck(i)

2 –

8 Wavelet variance
WV(sk) = 1

n

∑n
i=1

(
ck(i) − ck(i)

)2 [9, 11]

9 Interquartile range WIqR(sk) = QU − QL

QU = nU+1
2 , QL = nL+1

2

–

10 Mean WM(sk) = 1
n

∑n
i=1 ck(i) [2, 3, 9, 12]

11 Harmonic mean WHM(sk) = n∑n
i=1

1
ck (i)

[9]

12 Standard deviation
WSTD(sk) =

√
∑n

i=1

(
ck (i)−ck (i)

)2

n−1

[2, 3, 9, 12]

13 Skewness
WSK(sk) =

1
n

∑n
i=1

(
ck (i)−ck (i)

)3

[√
1
n

∑n
i=1

(
ck (i)−ck (i)

)2
]3

[3, 9, 12]

14 Kurtosis
WKUR(sk) =

1
n

∑n
i=1

(
ck (i)−ck (i)

)4

[√
1
n

∑n
i=1

(
ck (i)−ck (i)

)2
]4

[3, 9, 12]

15 Coefficient of variation WCV = WSTD
WM

[9]

Note: si = ith coefficient associated with each signal; n = number of observations in each wavelet
coefficient; nU and nL = upper and lower half observations in each wavelet coefficient; ak =
approximation scaling coefficient of level k; QU and QL = median of upper half and lower half
observations of the wavelet coefficient; k = decomposition levels; ck = coefficients at level k
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for the wavelet coefficients at different levels of decomposition. The first five features
are based on entropy criteria, and the remaining ten are statistical features.

The decomposition levels are decided based on the numerical values of gear
mesh frequencies, their harmonics and sidebands of the gearbox. For dataset-2, the
sampling frequency is 40 kHz and lowest gearmesh frequency is 2.103Hz (computed
from the specifications of the gearbox in dataset-2) lead to choosing 12 decompo-
sition levels. For dataset-1, there are 61 features in a feature vector that contains [4
(approximation + 3 detailed) × 15 (features) + 1 (load)]. Similarly, for dataset-2,
there are 195 features in a feature vector that contains [13 (approximation + 12
detailed) × 15 (features)].

2.4 Feature Selection

The feature selection is used to reduce the dimension of the feature vector using
the feature selection algorithm. Instead of using all the features that might result in
overfitting, the useful features from the estimated feature vector are sorted based on
ranking. An infinite latent feature selection (ILFS) algorithm [13] is used to reduce
the size of the feature vector and to arrange the features based on ranking.

2.5 Feature Classification

Support vector machine (SVM) [12], most commonly used supervised machine
learning algorithm, is used for feature classification. The extracted wavelet features
are divided into training and testing set. From the total available observations for
each sensor, the SVM model is trained with 70% of random permutation observa-
tions along with labels. The remaining 30% of observations are used to test the SVM
classifier. The SVM model accuracy is verified with 100 Monte Carlo runs.

3 GHCM Architectures

In this paper, three different gearbox health condition monitoring (GHCM) architec-
tures are presented and evaluated. Figure 2 shows the information flow diagram of
architecture-1, where the raw sensor vibration data is preprocessed into overlapping
epochs. Features (discussed in Sect. 2.3) are computed using DWT with different
decomposition levels for every epoch. These features are computed for different
gearbox conditions (healthy and damage) and form the feature set. This feature set
is divided into training and testing sets. The training set is used to train the SVM
model along with labels of gearbox faults, and the trained SVMmodel is tested with
a testing set.
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The second architecture (A2) as shown in Fig. 3 depicts the analogy of feature
combination with round-robin [14] technique. The ideology behind this is to give
priority to all the features in stating the condition of the gearbox. The sequence of
operations up to feature vector formation and generating training and testing data
is the same as that of architecture-1. In round-robin technique block if there are
n features, ‘N’ (N =n C2) feature combinations are formed to generate ‘N’ SVM
models. For 195 features (all features of dataset-2), we will have a combination
of 195C2 = 18915 SVM models. Therefore, for each observation (row) we will get
18,915 decisions. All the decisions are fused to have a combined decision by keeping
a threshold of more than 50% (voting methodology), and the resulting accuracy is
granted as a final decision (healthy or damaged). Therefore, developing a combina-
tional feature model to classify the data between healthy and broken tooth case of
the gearbox.

The third architecture (A3) as shown in Fig. 4 is developed using principal compo-
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nent analysis (PCA)which is a data reduction technique [15], implemented to convert
the set of observations of correlated variables (features) into linearly uncorrelated
variables called principal components. The first two principal components, which
contain 80 percent of the total feature vector information, are used to train the SVM
model. The rest of the process is similar to A1.

4 Results and Discussion

The proposed three GHCM architectures (A1, A2 and A3) are tested using dataset-1
and dataset-2, and the results are presented in this section. Table 2 shows the classi-

Table 2 Classification accuracy of overlapping epochs with A1 and A3 using 100Monte Carlo runs

S1(%) S2(%) S3(%) S4(%) All sensors

Overlapping of epochs in percentage = 0%

A1 100 ± 0.00 99.96 ± 0.17 99.92 ± 0.25 NC 99.85 ± 0.31

A3 100 ± 0.00 100 ± 0.00 100 ± 0.00 65.04 ± 3.23 100 ± 0.00

Overlapping of epochs in percentage = 25%

A1 99.99 ± 0.07 99.99 ± 0.07 99.89 ± 0.24 NC 99.97 ± 0.12

A3 100 ± 0.00 99.97 ± 0.12 76.51 ± 19.42 64.43 ± 2.53 100 ± 0.03

Overlapping of epochs in percentage = 50%

A1 99.99 ± 0.06 99.87 ± 0.21 99.93 ± 0.14 NC 99.90 ± 0.17

A3 100 ± 0.00 100 ± 0.00 100 ± 0.00 64.40 ± 2.21 100 ± 0.00

Overlapping of epochs in percentage = 75%

A1 99.92 ± 0.12 99.96 ± 0.09 99.91 ± 0.14 NC 99.92 ± 0.10

A3 100 ± 0.00 99.96 ± 0.08 70.51 ± 18.77 65.34 ± 1.80 100 ± 0.00

A1 = Architecture-1; A3 = Architecture-3; S1, S2, S3, S4 = Sensors; NC no convergence
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Table 3 Feature selection using ILFS algorithm (for dataset-2)

FP F Wavelet Coefficients (level-12) 
D1 D2 D3 D4 D5 D6 D7 D8 D9 D10 D11 D12 A12

1-13 WSHE ✪ ✪ ✪ ✪ ✪ ✪ ✪7 ✪ ✘ ✘ ✘ ✘ ✘
14-26 WLEE ✪ ✪ ✪ ✪2 ✪ ✪ ✪ ✪ ✘ ✘ ✘ ✘ ✪
27-39 WTE ✪ ✪ ✪ ✪ ✪6 ✪3 ✪8 ✘ ✘ ✘ ✘ ✘ ✪
40-52  WSE ✘ ✪ ✪ ✪4 ✪ ✪ ✪ ✪ ✘ ✘ ✘ ✘ ✪
53-65 WNE ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✘ ✘ ✘ ✘ ✘
66-78 WE ✪ ✘ ✘ ✘ ✘ ✘ ✘ ✪ ✪ ✪5 ✘ ✘ ✘
79-91 WP ✘ ✪ ✪ ✪ ✪ ✪ ✪9 ✪ ✘ ✘ ✘ ✘ ✘

92-104 WV ✪ ✪ ✪ ✪ ✪ ✪ ✪10 ✪ ✘ ✘ ✘ ✘ ✘
105-117 WCV ✘ ✘ ✘ ✘ ✘ ✘ ✘ ✘ ✘ ✘ ✘ ✘ ✘
118-130 WSK ✘ ✘ ✘ ✘ ✘ ✘ ✘ ✘ ✘ ✘ ✪ ✘ ✘
131-143 WKUR ✘ ✪ ✪ ✘ ✘ ✘ ✪ ✘ ✘ ✘ ✘ ✘ ✘
144-156 WIqR ✪ ✪ ✪1 ✪ ✪ ✪ ✪ ✪ ✘ ✘ ✘ ✘ ✘
157-169 WHM ✘ ✘ ✘ ✘ ✘ ✘ ✘ ✘ ✘ ✘ ✘ ✘ ✘
170-182 WM ✘ ✘ ✘ ✘ ✘ ✘ ✘ ✘ ✘ ✘ ✘ ✘ ✘
183-195 WSTD ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✘ ✘ ✘ ✘ ✘

✪: selected features, ✘: omitted features, FP: feature position in the feature vector, F: feature

fication accuracy of overlapping epochs for individual sensors and all sensors data
using A1 and A3 with 100 Monte Carlo runs for dataset-1 with consideration of all
features. A2 is omitted from 100 Monte Carlo loops due to its time constraint of
generating feature combination SVM models. It is observed that 0% of overlapping
provides better classification accuracy. Similarly, for dataset-2, 25% of overlapping
epochs provides better classification accuracy. Therefore, the overlapping effect is a
data-driven phenomenon. Table 3 shows the feature selection using the ILFS algo-
rithm for dataset-2. The first two columns in the table show the feature and its position
in the feature vector. From 195 features, the features indicated with a star are selected
as useful features with a classification accuracy of 99%. All the remaining features
are omitted (indicated with a cross) for classification. The top ten features (star with
suffix) are also shown in the table. It is observed from the results that the wavelet
features such as skewness, coefficient of variation, kurtosis, harmonicmean andmean
will not provide good classification, and similar observation is made from dataset-1.

The features in feature vector are rearranged based on feature ranking provided
by ILFS algorithm. Figure 5 shows the SVM classification for A1. From the figure, it
can be inferred that superior ranking features provide perfect classification and satis-
factory ranked features showing moderate classification followed by inferior ranking
features showing poor classification. Table 4 shows the classification accuracy by
considering all features and by considering useful features using ILFS algorithm for
dataset-1. It is observed that by considering useful features, the proposed GHCM
architectures provide better classification accuracy than considering all the features.
GHCM architecture A1 for sensor 4 is unable to converge while considering all
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Fig. 5 SVM classification for dataset-2 (sensor 1)

features as shown in Table 4. The fault classification accuracy using all and useful
features for dataset-2 is shown in Table 5. It is observed that by considering useful
features, the classification accuracy is 100% than considering all features. It is also
observed that A2 is unable to converge the solution when considering all features.

Figure 6 shows the SVM classification for all sensors in case of dataset-1 with the
first two superior features. It is observed that sensor 1, 2 and 3 are able to classify
the signal (healthy and damaged) and sensor 4 is unable to classify the signal. It is
understood that sensor 4 is far away from the fault location and not able to capture the
faulty vibration signal. A similar classification is made for dataset-2, and all sensors
are successful in classifying the gearbox condition between healthy and damaged
signal. From the results, it can be inferred that, among the three architectures, the
A1 is giving better fault classification accuracy followed by A3. Architecture-2 (A2)
may not be useful for real-time gearbox fault diagnosis due to its time constraint
limitation to generate multiple SVM models and poor classification (considering all
features).

5 Conclusion

Three gearbox health condition monitoring architectures had been developed and
tested using two different datasets, and the results were presented with 100 Monte
Carlo runs. The phenomenon of overlapping segments has been exercised for the
vibration signal of the gearbox and realized that the overlapping effect is a data-
dependent preprocessing. The segmented signal over a fixed length has converted
into information theoretic wavelet features at different levels of decomposition. The
notion of feature selection algorithm (ILFS) has applied to the computed features to
get useful features, which resulted in the improved SVM fault classification accuracy.
The ideology of the round-robin technique has been used with architecture-2 for
gearbox health condition monitoring. It is concluded that Architecture A1 provides
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Fig. 6 SVM classification for all sensors (dataset-1)

better fault classification accuracy followed by A3 and Architecture A2 may not be
feasible for real-time application because of its time complexity.
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Gas Turbine Engine Fan Blade Flutter
Detection Using Casing Vibration Signals
by Application of Recurrence Plots
and Recurrence Quantification Analysis

A. N. Viswanatha Rao, V. P. S. Naidu, and Soumendu Jana

Abstract Gas turbine aero engines are a specific class of turbomachinery wherein
compression system and turbine are realized as spinning discs on an interconnecting
shaft. Fan-bladed disc undergoes an unsteady aeroelastic phenomenon known as
flutter during various operational regimes, which might lead to structural failure of
blades. Study of this mode of flutter induced structural response bymeasuring casing
vibration is of interest in health monitoring of aero engines. In this paper, authors
present a novel application of detecting the rotating blade flutter based on the feature
space constructed using statistical parameters, recurrence plots (RP) and recurrence
quantification analysis (RQA) of engine casing vibration data. Feature vectors thus
obtained are visualised in several 3D vector space plots to cluster the data points
which separate flutter mode from the normal mode of operation. Results obtained
through the proposed method have been compared with engine flutter test results
obtained through dedicated rotating blade strain gauge instrumentation.
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Nomenclature

1F First flexural mode
2F Second flexural mode
1T First torsional mode
NL LPC spool speed
NH HPC spool speed
RPS Revolutions per second
EO Engine orders
ksp/s Killo samples per second

1 Introduction

Gas turbine engine-based propulsion system of an aircraft is one of the flight safety
critical systems, which encompass various disciplines of science and technology. A
developmental aero engine under consideration is an augmented low bypass ratio
twin spool turbofan with a dry thrust rating of 51 kN and maximum after burner
thrust of 81 kN. The engine has been configured with an axial flow fan of three
stages and six stages of core compressor. It has an annular combustor, single-stage
cooled high-pressure turbine operating at maximum temperature of 1700 K and a
single-stage unshrouded low-pressure turbine [1].

In order to meet the requirements of high thrust to weight ratio (>7), aero engine
structures are designed to operate with lower factor of safety margins. Cyclic load
experienced during vibration of engine components leads to fatigue failure. Engine
rotating blades get excited by aerodynamic instabilities like rotating stall, surge and
by aeroelastic instability termed as flutter [2].

Bladed disc assemblies experience system level vibratory modes referred to as
nodal diameters. Generally, at any particular rotational speed of engine, if a resonant
condition of blades exists, then such a crossovermay lead to high cycle fatigue failure.
The Campbell diagram graphically represents such resonance crossover condition of
blades. It is a 2D plot, where in measured or predicted natural frequencies of blades
and corresponding excitation by engine rotational speed are presented. Blades can
vibrate in flexural modes 1F and 2F and torsional modes 1T. While in operation,
excitation by rotor at harmonics of the rotational speed can also excite the vibration,
and these excitation lines are termed 2EO, 3EO, 4EO and so on [2]. There are
several sources of excitation during engine operation, which can lead to vibration
of blades. A case study of aeroelastic flutter in a transonic axial compressor rotor
based on analytical methods has been discussed in. The unsteady airflow that leads
to aerodynamic force fluctuation close to fan blade natural frequency, resulting in
excitation of the blades, has been discussed at length. A study of the structural and
dynamic behaviour of bladed disc assembly is crucial to decide whether the response
is due to flutter or not [3].
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Structural health monitoring of the engine is of paramount importance during
developmental tests. Hence, in order to monitor the blade vibration and flutter
phenomenon, extensive instrumentations are carried out during developmental tests.
Engine test data obtained during development phase forms the basis for life and
usage monitoring algorithms, which would be used during subsequent operational
phase. One of the critical healthmonitoring instrumentations that would be employed
during operational phase of the engine is the casing vibration [4]. In this paper, data
analysis algorithm of detecting flutter signatures from the casing mounted vibration
sensor has been developed and validated with known cases of flutter. Gas turbine
engines used for aircraft propulsion application must meet safety and reliability
requirements. High degree of reliability is achieved by suitable design and proper
maintenance schedules. When any fault is reported by the monitoring instrumenta-
tion, detailed fault diagnosis is undertaken which is complex and time-consuming.
In order to aid the fault diagnosis, statistical methods that rely on feature extraction
technique have evolved over the past two decades [5].

2 Flutter in Fan of a Gas Turbine Engine

The fan of a gas turbine engine under consideration is shown in Fig. 1a. In this
configuration, fan blades are assembled on to the disc through a dovetail interface to
form a bladed disc assembly as shown in Fig. 1b. Due to the complex geometry and
twist of fan blades, the aerodynamic load, centrifugal forces acting during rotation
result in blades experiencing both bending and torsion motions. First stage of the
fan-bladed disc assembly is of particular interest since this is the highly loaded stage,
which handles the entire mass flow into the engine, and is having the longest blades,
which vibrate with high amplitude and at relatively low frequency.

Flutter is a self-induced vibration due to instability in the bladed disc system in
any turbomachinery and is usually associated with one of the blade’s fundamental

Fig. 1 a Third-stage axial fan of a gas turbine engine. b First-stage fan rotor blade disc
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modes (bending or torsion) with a frequency close to the natural frequency. During
flutter, condition aerodynamic forces induced due to blade vibration feed energy
back into the bladed disc structure itself. This leads to stress pile-up in each cycle
of vibration and can result in structural damage. One noticeable feature of flutter
induced vibration is that it is non-integral to the engine rotational speed [6, 7].

3 Instrumentation to Acquire Flutter Signals

Engine is instrumented extensively during developmental tests with a suitable data
acquisition system to obtain high-quality aerodynamic performance data for the fan
module under tests. Transient dynamic data from strain gauges, casing flush-mounted
high-frequency response pressure transducers and casing vibration are acquired with
wide bandwidth data acquisition systems. Rotational speed of the engine is a funda-
mental parameter for blade health monitoring. Blade vibrationmeasurement requires
a reference signal, which is essentially a once-per-revolution (1/rev) signal from fan-
bladed disc. It is an eddy current sensor, which senses the passing of a reference
feature on the low-pressure compressor shaft. This signal gives an angular reference
point on the spool, which would be useful for identifying the exact blade in the
rotating disc [8].

Engine casing structural vibration level on the fan casing is measured by a piezo-
electric accelerometer (CA 134/5 of Vibrometer©, USA make). The sensor has a
wide dynamic range of measurement up to 500 g and sensitivity of 10pc/g and a
bandwidth of 6 kHz. The bandwidth requirements for casing vibration are ~2 kHz
which can sense tenth harmonic of LPC spool speed and eighth harmonic of the
HPC spool speed when engine is tested 10–100% speed. In addition to the vibration,
casing flush-mounted miniature piezo-resistive pressure sensors (XT-190-25G) are
used for detecting unsteady aerodynamic phenomena like rotating stall, surge and
flutter [8].

3.1 Rotor Blade Vibration

Traditionally, blade vibration is measured using strain gauges during initial phases
of engine development. Strain gauge measures strains experienced by rotor blades.
During the experimental evaluation of the fan, foil-type strain gauges of karma© (74
Ni, 20 Cr, 3 Al, 3 Fe) with a gauge factor of 2 were used. These are small in size, low
in mass, easy to attach to fan blade through an adhesive [9]. Gauges are placed on
specific locations based on finite element studies to capture various modes of blade
vibration [10]. Lead wires from the strain gauges are routed through the blade root
dovetail to the rotating slip ring/telemetry system to transfer the data from rotating
system to the static frame as shown in Fig. 2.
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Fig. 2 a Fan rotor blade strain gauge. b Fan rotor blade strain gauge and rotating instrumentation
arrangement. Courtesy GTRE

In order to evaluate the presence of flutter in the fan, elaborate testing procedure is
required. It is established both analytically and experimentally that fan blade flutter
occurs at a defined corrected rotational speed [2]. During engine test at the normally
aspirated test cell, speed is gradually increased, while carefully watching the build-
up of flutter signals simultaneously through strain signals from blades and casing
mounted vibration sensors. Upon appearance of flutter signals, engine is accelerated
away from the flutter speed band. Since strain gauge measurement is in rotating
frame of reference, the sensors would pick up the strain response of the blades as
single tone signature when blades vibrate. The Campbell diagrams shown in Fig. 3a,
b indicates marginal strain build-up at 2EO crossover and flutter occurring at 1.8EO
asynchronously.

Fig. 3 a Campbell diagram of the fan blades (theoretical estimates). b Non-sychronous (1.8 EO)
blade response shown flutter in fan blades (Experimental results)
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4 Casing Vibration Signals

Rotation of the engine is the excitation for any vibratory response of engine subsys-
tems. Hence, it is an industry practice to analyse the vibratory response by using
the concept of engine order tracked RMS levels. It can be seen from Fig. 4a that
when the engine fan speed crosses the flutter speed band, RMS level of the casing

Fig. 4 aEngine casingvibrationRMSvalue trend analysis andb spectrogramof the casingvibration
on fan
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vibration increases. Such a response is due to pressure wave prevailing inside the
engine during flutter which acts on the inner surface of the engine casing forcing it
to respond by casing vibration. During this state of the engine, the spectrogram of
the casing vibration shown in Fig. 4b has several frequency components as defined
in Ref. [6]. During flutter, one or more circumferential travelling pressure waves set
in, each with a specific nodal diameter as described in Ref. [7]. It has been shown
by analysis in ref [7] that the frequency of the signals sensed by the casing mounted
sensors is given by Eq. 1, in a stationery frame of reference can be computed as
follows:

f s = f b + nNL (1)

where

f s frequency sensed by a casing mounted sensor in Hz
f b frequency of vibrating blade in Hz
n 1, 2, 3, 4…,
f frequency in Hz and
NL Rotational speed in RPS.

5 Flutter Analysis Frame Work

Initially, data analysis was carried out on four engine tests by conventional time–
frequency methods using well-established analysis algorithms provided DATS
framework by PROSIG© [11] which conclusively identified the existence of flutter
of the fan blades based on the theoretical Campbell diagram 3(a) and experimental
results shown in Fig. 3b. Further an exploratory analysis was taken up on casing
vibration data patches extracted at instances 1 and 2 as shown in Fig. 4a. Test cases
of flutter-free operation of fan as well as flutter condition were analysed as per the
analysis framework shown in Fig. 5.

Fig. 5 Flow chart of the fan flutter signal analysis framework
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6 Recurrence

Recurrence is an inherent property of any dynamical processes in nature. Many
dynamic phenomena in complex systems, natural or engineered, have these two
patterns, i.e. (1) recurrence wherein a set of states occur and repeat often and (2) the
trajectory of states, which evolve, follows a specific pattern. In a dynamical system,
there are a set of states betweenwhich it dwells often.Byobserving a few significantly
contributing patterns in a time domain signal, it is possible to determine the tendency
of a system towards a particular state [12]. Recurrence-based analysis method has
emerged as powerful tool for visualization as recurrence plots (RP) and analysis of
complex dynamical systems. Further, the quantification of recurrence that has led to a
new analysis tool called recurrence quantification analysis (RQA), which is effective
to detect transitions in the dynamics of systems from a time series data. This method
has been demonstrated to work effectively even with one-dimensional (1D) time
series data [13]. However, there are not much research publications on usage of RP
for diagnosis of gas turbine engine faults. In this research work, recurrence plots
and associated analysis have been carried out on vibration data from casing mounted
sensors during flutter as described in Fig. 5.

6.1 Phase Space

Sampled data obtained by a sensing system is a time series, which describes the
changes of the systems over a period. This data is transformed to the phase space by
use of time delay approach based on the Takens’ embedding theorem [14] in given
by Eq. 2:

X (1) = {x(1), x(1+ τ), x(1+ 2τ), x(1+ 3τ), . . . , x(1+ (m − 1)τ ), x(1+ mτ)}
X (2) = {x(2), x(2+ τ), x(2+ 2τ), x(2+ 3τ), . . . , x(2+ (m − 1)τ ), x(2+ mτ)}
X (3) = {x(3), x(3+ τ), x(3+ 2τ), x(3+ 3τ), . . . , x(3+ (m − 1)τ ), x(3+ mτ)}

::
X (i) = {x(i), x(i + τ), x(i + 2τ), x(i + 3τ), . . . , x(i + (m − 1)τ ), x(i + mτ)} (2)

where X is a state vector of dimension m; x is the instantaneous data; i = 1, 2, 3, …,
N; m is the dimension parameter; τ is the delay parameter.

For the analysis of time series, the parameters, i.e. embedding dimension m and
the delay time τ have to be chosen appropriately.
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6.2 Recurrence Plot (RP)

In the study of recurrences in dynamical systems, recurrence plot was constructed
based on phase space. It is a technique to visualize the behaviour of m-dimensional
phase space trajectories. It is a graphical representation of such points in time, when
the trajectory recurs in a ε-neighbourhood to a former state. The state of a system at
ith instance of time, and at another instance of time j is depicted in a two-dimensional
plot of black andwhite spots, where black spot marks repeated occurrence. Here both
X- and Y-axes are the time as shown in Fig. 7.

A recurrence instance can be mathematically given in Eq. 3:

Ri, j (ε) = �(ε||xi − x j ||), i, j = 1, Z , (3)

where Z is the number of considered states xi, ε is a threshold distance, ||.|| is a norm
and�(·) the Heaviside function. A comprehensive discussion on the recurrence plots
and their interpretation is described in Ref. [14].

6.3 Recurrence Quantification Analysis (RQA)

The recurrence quantification analysis (RQA) is a process of data analysis where
quantification of the number and duration of recurrences of a dynamical system are
presented by its state space trajectory. Small cluster of points, such as diagonal lines,
horizontal and vertical lines, random points in the recurrence plots are used to quanti-
tatively describe recurrence plots and arrived at the framework of quantification. The
RQA method has been enhanced since inception by introduction of several quan-
tification measures such as determinism (DET), recurrence rate (RR), laminarity
(LAM), RP entropy (RP-ENT), length of diagonal lines (RP-Lmax), trapping time
(TT). Details on the RQA are available in Ref. [14].

6.4 Recurrence Analysis of Casing Vibration Data

As the name suggests, the recurrence plot is a pictorial representation of repeated
occurrence of a state in a system.When engine is operating normally, as the fan blades
rotate at a constant angular velocity, each blade passes over a reference point as a
repeating phenomenon. A cyclic phenomenon of bladed disc rotation coupled with
vibrating blades, i.e. repetition of few cycles of blade vibration while completing
one rotation of the disc, needs to be captured by the RP. It may be recalled that
blades vibrate due to resonance when engine speed and natural frequency of blades
cross over. Design guidelines itself ensure that selection and placement of any two
adjacent blades on the fan disc to be slightly apart in order not to have all blades
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getting excited together. However, during flutter mode of excitation, all blades of
the fan disc go into a single frequency of vibration close to its natural frequency. By
exploiting this unique feature of blade vibration during flutter, recurrence plots can
be constructed effectively.

In order to identify the possible flutter crossover band, RMS value of the casing
vibration was considered to identify the speed band (82–89% of NL) where sudden
increase in casing vibration RMS level is shown in Fig. 4a. During most of the tests,
engine speed was scheduled for crossover at a ramp rate of 20 rpm/s which lasted
for a duration of ~40 s from 70 to 90% of power setting. This mode of operation
was essential to avoid pile-up of blade strain levels which could lead to failure of
the blades and also to get confirmed flutter data. During most of the engine tests,
flutter band crossover occurs four times, i.e. two acceleration and two decelerations.
Data was sampled at 8.823 ksp/s. Since engine speed is continuously accelerating or
decelerating throughout the flutter data capture duration, it is essential to have a quasi-
steady condition for the RP to be effectively obtained. Each revolution during flutter
crossover is about 7 ms (time for one rotation around flutter speed ~145± 3 Hz), and
each blade would be passing across the vibration sensor at time interval of 0.291 ms
(7/24). By the prior knowledge, the flutter frequency at 1F mode is ~290 ± 5 Hz,
and the frequency of the signal felt by the stationary frame of reference would be
570–590 Hz (1F + 2NL). When engine casing vibrates during flutter, accelerometer
mounted on the casingwould sense the harmonics of flutter signal. Since the vibration
signal has several other frequency components, it is essential to capture the frequency
of interest.

In order to effectively capture recurrence feature in a signal, embedding dimension
m and delay parameter τ need to be iteratively and intuitively varied to arrive at an
optimumcombination.Aparametric studywas carried out by constructing recurrence
plots with delay parameter τ varied from 1 to 100 and embedding parameter fixed
at 3. Observations made on the phase space trajectories during this study are shown
in Table 1.

Autocorrelation of the signal was carried out in order to get an explanation for
observations made in Table 1. When engine is operating in flutter-free speed band
(NL speed in the range 149–151 RPS), the correlation peaks in a repetitive manner
once in 58 samples are shown in Fig. 6a. Inter-sample gap of 58 gives a time period
of ~6.6 ms (1/8823 * 58) which is the time taken for one rotation of LPC spool
(NL = 149 RPS). Further, autocorrelation study of signals during flutter speed band
(NL ~ 142–148 RPS) shows a cyclic peaking pattern every 7.5 samples as shown in
Fig. 6b. It can be inferred from the autocorrelation results that when the embedding
parameter τ = 15 (which is 2 times 7.5) gives a time period of ~1.7 ms (15 * 1/8823)
which corresponds to the flutter frequency band 588 ± 1 Hz (which is 292 Hz + 2X
148 Hz, i.e. 1F + 2NL) observed in a stationary frame of reference. Methodology
of constructing recurrence plots requires to set the delay parameter τ which is the
index of the data array to an integer number only. Since the embedding dimension
m is 3, it is essential to have three data samples which are separated by the delay
parameter τ within contiguous 15 samples. Based on the constraints as discussed, τ
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Table 1 Parametric study to arrive at optimal value of τ

Dimension
parameter m

Delay
parameter τ

Phase space image Observations Remarks

3 15, 30, 45, 60,
75, 90

Cylindrical
image

τ set at exactly
at the flutter
signature
frequency based
on
autocorrelation

3 1 to 100
excluding 15,
30, 45, 60, 75,
90

Toroid image τ not set away
from the flutter
signature
frequency based
on
autocorrelation

3 1–100 Spherical
Image

No flutter. When
τ is in the range
52–53, the
image takes the
shape of a toroid

(a) )b(rettulferofeB During flutter 

Fig. 6 Autocorrelation of the casing vibration

is optimally arrived at 5 which gives the phase space vector the data with indices as
n + 1, n + 6 and n + 11 where n = 1, 2, 3, 4, till end of data array.

Two windows of data just before occurrence of flutter and during flutter are taken
for analysis. The window size is optimally fixed at 13,000 samples, which amounts
to about 200 revolutions of engine test where the assumption of quasi-steady state
of the engine can be made with fair degree of certainty. During each window of
data, 13 contiguous sets of 1000 samples are extracted as pages for the RPs. During
RP construction with casing vibration data, embedding dimension of 3 and delay
parameter of 5 were decided based on the parametric study carried out as described
earlier. The delay parameter of 5 gives a clear evolution of the phase space into an
ellipsoid-shaped image as can be seen in Fig. 7a–f.

It can be seen from the phase space, colour RP and binary RP that there are
significant features in the images which differentiate the flutter condition from the
normal operation. Such 52 plots were constructed for each engine test which has
two crossovers. After a careful visualization study, in order to aid an automated
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(a) Phase space before 
onsert of flutter 

(b) Colour  RP before onset of 
flutter 

(c) Binary RP before onset of 
flutter 

(d) Phase space during flutter (e) Colour RP dur ing flutter (f) Binary RP during flutter 

Fig. 7 Phase space, colour RP and binary RP for flutter crossover

decision-making process, RP images were processed by the RQA which extract
several features as described. These features vectors are extracted from each RP.
Totally, 104 engine test data points were processed to demonstrate the efficacy of the
RP-based flutter analysis. Among the 104 data sets, 52 data sets are taken just prior
to flutter excitation and 52 data sets are during flutter mode of blade vibration.

6.5 Results of Recurrence Quantification Analysis

Among all the RQA parameters, three parameters RR, DET and Lmax were found to
have noticeable variations between the presence and absence of flutter. In order to
visualize the RQA features, a 3D feature space was constructed as shown in Fig. 8.
Even though there is a clear clustering of data points separating flutter region from
normal region, a distinct clustering of RQA features was not being emerged, and
there were few out layers.

6.6 Statistical Analysis of Vibration Signal During Flutter

In addition to the RQA features, general statistical features such as mean, variance,
RMS, skewness, kurtosis and entropy for the data were also analysed for the casing
vibration signals during flutter test of fan. These statistical features are analysed
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(a) Engine test #1 for Flutter Evaluation (b) Engine test #2 for Flutter Evaluation 

Fig. 8 Clustering of RQA features

Fig. 9 Statistical features to distinguish between presence and absence of flutter

for their sensitivity and clustering, i.e. their ability to classify the flutter state of the
engine from normal state. A 3D feature space of statistical features was created using
selected feature vectors, which exhibited noticeable variations. It is clear from Fig. 9
that the feature vectors of selected statistical features in the 3D scatter plot show a
good separation between flutter condition and otherwise with few outliners.

6.7 Feature Vector Fusion

In order to improve the clustering of flutter condition data points, a fusion of RQA
features and statistical features was taken up for a study. Two 3D scatter plots were
constructed with kurtosis, variance and RQA-Lmax as a one feature vector as shown
in Fig. 10a and RQA-Lmax, variance and kurtosis as the other feature vector as shown
in Fig. 10b. It can be seen that there is a clear demarcation of data points, which
separate presence and absence of flutter condition.
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Fig. 10 a Fusion of variance, kurtosis andRQA-Lmax.bFusion ofRQA-DET, variance and kurtosis

7 Conclusions and Future Work

In order to avoid premature failure of rotor blades due to fatigue caused by flutter
induced vibration, a framework of online monitoring and offline analysis is essential.
Such a framework essentially would be an interdisciplinary analysis methodology
of structural and aerodynamic phenomenon. Engine test engineers are generally
constrained by limited instrumentation, lack of validated monitoring methodologies
during initial developmental engine tests. Under such circumstances, analysis based
on statistical methods, feature recognition and multi-sensor data fusion enhance the
decision-making process of the test engineers. An engine-monitoring framework,
which has been discussed in this paper, helps in decision making whether flutter
exists or not with fair degree of certainty based on casing vibration data alone. The
analysis needs a small data slice acquired during test and a general analysis algo-
rithm, which can be implemented easily for online monitoring. Upon detection of
flutter signatures online, detailed investigation can be taken up with a comprehen-
sive rotating instrumentation to sense and quantify resulting blade deformation and
prevailing aerodynamic conditions dedicated instrumentation. The parametric study
conducted on selecting delay parameter τ has revealed unique phase space images.
There is a need to explore this further and extract features on these geometric images
as a measure of flutter magnitude. Usage of RP can be extended to cross RP wherein
the phase space can be constructed from twoor three identical sensors located circum-
ferentially around the engine casing to fuse multi-sensor data towards enhancing the
confidence level.
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Condition Monitoring of Rolling Contact
Bearing by Vibration Signature Analysis

Kashinath Munde and Ganesh Kondhalkar

Abstract Bearing condition monitoring is the useful technique for maintaining the
health of the machines. A machine is similar to a human body as far as condition
monitoring is concerned.The sensors act as stethoscope formachines,which provides
the machine health-related information. The vibration information helps the analyst
to predict the exact condition of machine. Condition monitoring plays a vital role
in automation of medium to large-scale industries. Vibration signature is commonly
used parameter for identification of fault in rotatingmachines.Hertzian contact defor-
mation theory is used to calculate contact force. The mathematical model considers
frequency as well as acceleration magnitude of bearing vibration. The model devel-
oped shows the nature of vibration for both defective and defect-free bearing. The
results are presented in frequency domain for simulated defect on the raceways. The
effects of defect location and rotating speed are investigated by using theoretical
model. The actual rotor with defective bearing is tested at constant speed under
known load. The wire cut EDM process is used for creation defects in the bearing.
The results obtained in theoretical are validated through the experimentation. The
model developed can be used for the signature pattern database development which
will act as knowledge base for the future studies in the field.
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Nomenclature

K Load-deflection factor or constant for Hertzian contact elastic deformation
δr Radial deflection or contact deformation
DS Defect size
RWR Raceway radius
Q Contact force
Fm Inertia force
K Load-deflection ‘factor’ or load-deflection ‘constant’ for Hertzian contact

elastic deformation
δr Radial deflection or contact deformation
n Load-deflection exponent = 3/2 for all bearings and 10/9 for roller bearings
c Damping coefficient
k Stiffness coefficient

1 Introduction

Conditionmonitoring is the process ofmonitoring one ormore parameters that define
condition of the machinery, such that a significant change is indicative of an existing
or developing failure.Conditionmonitoring is one of themajor components of predic-
tive maintenance. Overall vibration measurements were first recognized and used in
1950s using simple vibration meters. The unit of measurement was either in thou-
sands of an inchwhenmeasuringdisplacement or sometimes in inches per second also
called IPSwhile measuring vibration velocity. Personal computing became prevalent
in 1970s leading to faster and accurate digital signal processing that led to the devel-
opment of FFT analyzer. The analyzers calculated frequency spectrums from any
recorded and saved vibration signal very quickly. Being primitive and at the very
beginning stages, those analyzers were weighing as high as 40 kilograms, making
them suited only for laboratory instruments, and difficult to be used as portable units
for in situ field use. As the microprocessor generation came to picture in 1980s, it
exploited development on a single silicon chip and powered by battery,making it truly
portable digital signal analyzer. This device can now be coupled with a data storage
mechanism along with computer program which simplified the logistics of vibra-
tion data collection and monitoring. This development brought in a revolutionary
change in machinery diagnosis through application of vibration analysis.

Gao and Holm-Hansen [1] used structurally integrated force sensor to analyze
the vibrational behavior of deep groove ball bearing. The findings were used to
validate the approach of online bearing condition monitoring by integrated sensing.
The combined work theoretically and experimentally established a strong basis for
the development and practical application of an integrated online bearing condition
monitoring system. Prabhakar et al. [2] presented the detection of race faults in
ball bearing by the application of discrete wavelet transform. Ball bearings with
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single point and multiple defects on different locations like inner race, outer race,
balls and combination of faults were considered for this analysis using vibrations.
McInerny and Dai [3] presented a laboratory module for detection of rolling element
bearings faults. The study highlighted shortcomings of conventional spectral analysis
by generating synthetic signals using MATLAB. Shrinidhi et al. [4] discovered how
progressing malfunctions can be used to acquire information early in the stage. The
results were used to demonstrate detection of problems in antifriction bearings using
each of these techniques.

Kenneth et al. [5] used fuzzy inference and wavelet transformation to present
a technique for diagnosing bearing faults. The diagnostic method was developed
to separate reliably various fault conditions and under presence of load variations.
Narayanana et al. [6] established procedures that could prevent malfunction and
catastrophic failures during operation of machines by using condition monitoring
techniques. The results established from experimentation and spectrum analysiswere
then compared with feature extraction data. Markov models were used to present
bearing fault monitoring using an alternate method of pattern recognition. Purohit
andPurohit [7] analyzed thevibration in radial and axial directionof rigid shaft simply
supported on ball bearings. The effect on vibrations due to preload variations and
effects due to change in number of balls in the ball bearings was investigated [8]. The
vibration amplitudes, during the experimentation, are presented as reduced consid-
erably upon correct selection of preload and number of balls in the bearings [9, 10].
Wang et al. [11] developed and presented a method that was focused on compressed
vibration signals for detecting faults in rolling element bearings. Fault characteristic
frequencies within vibration signals are often represented by harmonics. Firstly, a
compressed vibration signal is acquired from sensingmatrix and then a sensing frame
of characteristic harmonics is proposed to detect bearing faults.

2 Mathematical Model for Rotor Bearing System

The objective of work is to build theoretical model for the bearing fault vibration
signature to identify localized defects on the bearing and validate with experimental
results. For developing mathematical model, the contacts of rollers and races are
assumed to be nonlinear springs. Hertzian contact deformation theory is used for
calculating the contact forces. The work is focused toward developing a theoretical
model in order to analyze the different effects on vibration due to defect size in the
bearing.

The model can be used for acceleration magnitudes and frequency of vibration
components of bearing. Defect itself is modeled as part of sinusoidal wave, instead
of using periodically repeated impulse function for the impulses generated due to
defect. The present model is relatively limited in treating the ball skidding effect.
The model is aimed to achieve a theoretical model that enables study of effects due to
varying load, different defect sizes and rotating speed variation. This study is limited
to the bearing vibration and prediction of its spectral components. The model is
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Fig. 1 Bearing SKF 6206
geometry

done carefully with a lot of attention to include the ball raceway interaction and ball
skidding phenomenon. However, at any future time, this model can be upgraded to
incorporate the effects of ball skidding for predicting the spectral components of
defective bearing.

Figure 1 shows bearing SKF 6206 geometry.

Z 9 mm
d 9.525 mm
D 46 mm
di 30 mm
do 62 mm

2.1 Frequency Model

Researchers pointed out that in most of the cases, the practical values of the charac-
teristic frequencies are either more or less than the theoretical values. As the bearing
is fitted on the shaft with a certain fit [mostly interference fit], this fit will vary when
the bearing is in working condition, affecting the bearing characteristic frequency.
The slip between rolling element and bearing races affects the bearing frequency. So
it is important to take into account these changes in the characteristic frequency. As
a result, following factors also play important role in BCF equation for changes in
fits of mounting and bearing elements during working condition.

Speed Factor (SF) This factor considers the variation in the RPM of the elements
of the bearing [10].

SF = 3.218

(
1

N

)1/3

(1)

SF = 1 +
(
SF

3

)
(2)
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Fit Factor (FF) Fit factor takes care of bearing geometry other than standard
equation. The fit is selected on following factors:

• Rotation—outer/inner
• Bearing internal clearance
• Rotating load
• Stationary load
• Temperature
• Material shaft and housing
• Running accuracy.

The interference is related to the magnitude of the load, i.e., for heavier load
[mainly shock type load], the greater interference will be required.

KM = di
k(do − di) + di

(3)

FF = 1 +
(
KM

6

)
(4)

k = 0.3 (ball bearing).
The modified equation by considering speed factor and fit factor, which gives

higher limit (HL) and lower limit (LL), is as follows:

BCF − HL = BCF × SF (5)

BCF − LL = BCF/SF (6)

BCF − HL = BCF × FF (7)

BCF − LL = BCF/FF (8)

These equations can be used as basic equations for finding characteristic
frequency.

2.2 Amplitude Model

As per Hertzian contact deformation theory, the nonlinear load-deformation relation
is given by,

F = K δnr
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where the load-deflection factor, K, depends on the contact geometry.
The effective elastic modulus K for the bearing system is written as

K = 1[
1

K 1/n
i

+ 1
K 1/n

o

]n

The elastic modulus for the contact of inner race and a ball is

Ki = 3.587 × 107(�ρ)−1/2(δ∗
i )

−3/2

for the contact of a outer race and ball is

Ko = 3.587 × 107(�ρ)−1/2(δ∗
o)

−3/2

δ* is a function of curvature difference F(ρ) is given as

F(ρ) = (ρI1 − ρI2) + (ρI I1 − ρI I2)

�ρ

Hertz assumed the deformation and stress in the perfectly contacting surfaces are
elastic solids, smooth and ellipsoidal. The stress calculation for of the bearings and
its components is based on classical theory of elasticity. So, the point of contact of
the ball and races makes a contact area of elliptical shape with a as semi-major axis
and b as semi-minor axis. The curvature difference and sum are necessary to have
the contact force of the elements. The curvature sum is given by

�ρ = ρI1 + ρI2 + ρI I1 + ρI I2 = 1

rI1
+ 1

rI2
+ 1

rI I1
+ 1

rI I2

The parameters of r and ρ are dependent upon the type of race in consideration
(inner or outer).

The contact deformation between steel bodies and the approach between two
deforming and contacting surfaces are given by

δ = 2.787 × 10−8Q2/3(�ρ)1/3δ∗

The contact force Q is given by

Q = {
3.587 × 107(δ∗)−3/2(�ρ)1/2

}
δ3/2

The effective elastic modulus (K) for a bearing SKF 6206 system using physical
and geometrical parameters is given by

K = 7.41 × 1010 N/m3/2
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As the inner race is fixed on shaft, it rotates with shaft. The balls are rolling on
the inner race and transmitting the force to outer race by point contact. As the balls
are moving in restricted area of the cage, they are revolving along their own axis and
hitting with inner and outer race. The radial deflection at any angle θ i for the ball is
given by

δr = [(x cos θi + y sin θi ) − Rc]

The deflection along X and Y-axis are x and y and internal radial clearance is Rc.
According to the Hertz contact theory,

F = K [(x cos θi + y sin θi ) − Rc]
3/2

The total restoring force equals the sum of restoring forces from each of rolling
elements. The components of restoring force along X and Y-axis are given by

FX =
Z∑

i=1

K [(x cos θi + y sin θi ) − Rc]
3/2 cosθi

FY =
Z∑

i=1

K [(x cos θi + y sin θi ) − Rc]
3/2 sinθi

The above equations give a circumferential half sinusoidal wave without defect.
To consider the effect due to defect on races, the above equation should be modified
by considering total deflection considered. The resulting distortion is obtained by
considering radial displacement. For the bearing race with defect, the restoring force
is given as

FXD =
Z∑

i=1

K
[
(x cos θi + y sin θi ) − (Rc + HDsin(π/γ (θt − θi )))

]3/2
cosθi

FY D =
Z∑

i=1

K
[
(x cos θi + y sin θi ) − (Rc + HDsin(π/γ (θt − θi )))

]3/2
sinθi

γ = DS/RWR

θt = ωct + 2π/Z(Z − i)

where i = Z to 1.
By using the above value of θ t , the restoring force at outer race will be calculated.
It is clear that the inner race rotation speed is equal to the shaft speed. Also, the

speed of ball center should be equal to the speed of the rotation of cage. Consider a
point on the inner race and simultaneously consider a point at the ball center such that
they are at the same distance from the X-axis at time T = 0, it can be easily noticed
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that after a certain time t, the point located on ball center will lag the point marked
on the inner race by an angle of –(ω – ωc). This can now be used for calculating the
restoring forces generated due to defects on inner race by substituting

θt = (ωc − ω)t + 2π/Z(Z − i)

By considering above equations, the variation in frequency can be found as 6%,
due to existence of slip between the bearing inner race and the rolling element. There
is also a large difference in amplitude of vibration as predicted by the model and by
the experimentation because it is difficult to consolidate the different effects of the
entire rotor bearing system into the theoretical model.

Figure 2 presents the basic modeling process. The signal modeling process
combines the rotor dynamic forces and the impulse response. Firstly, rotor dynamic
forces were analyzed as main influence of bearing load. Then, as the bearing load
conditions are obtained, it is combined with the impulse signal model. Fault signals
are modeled based on the above attainments. The resulting fault signal model can
then be used for predicting fault signals and also to simulate fault signals in rolling
bearings.

According to the Newton’s theorem, the term mew2 in the equation can be
considered rotating inertia force. Then, this inertia force Fm can be represented
as

Fm = mew2
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Fig. 2 Outer race MATLAB graphs for 0.5 mm load 2 kg speed 500–3000 RPM (Sequence of Figs
from left top to right bottom with increment of 500 RPM)
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Fig. 3 Inner race MATLAB graphs for 0.5 mm load 2 kg speed 500–3000 RPM (Sequence of Figs
from left top to right bottom with increment of 500 RPM)

The direction of the rotating inertia force changes when the mass center rotates
with the geometrical center. The inertia force will also have a periodic characteristic
when the rotor bearing system runs at a constant speed. Figure 3 shows a schematic
diagram of the force analysis on rolling element bearing. As described, the bearing
load consists of two parts:

a. the constant (system gravity) and
b. the alternate load (inertia force).

The detailed calculation equation can be concluded as follows:

Fy = W + Fmcosθ

Fx = Fmsinθ

Some of the parameters can be obtained by considering the basic theorem of
gravity and the rotation features

W = mg

θ = 2π fst
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2.3 Equations of Motion

The prediction of the actual amplitudes of vibration is not possible by the models
reported in the literature so far because it is difficult to incorporate the effect of rotor
bearing system. It would include components like motor, shaft, bearing, supporting
frame, etc.

However, model presented helps to predict the effect of defect position and size
and the generated spectral components due to defect.

2.4 Proposed Model

The equation of motion for a two DOF, degree of freedom, system can be written as,
for the bearing race without defect,

mẍ + cẋ + FX = Fmsinθi

mẍ + cẋ +
Z∑

i=1

K [(x cos θi + y sin θi ) − Rc]
3/2cosθi = Fmsinθi

m ÿ + cẏ + FY = W + Fmcosθi

m ÿ + cẏ +
Z∑

i=1

K [(x cos θi + y sin θi ) − Rc]
3/2sinθi = W + Fmcosθi

For the bearing race with defect,

mẍ + cẋ + FXD = Fmsinθi

mẍ + cẋ +
Z∑

i=1

K
[
(x cos θi + y sin θi ) − (Rc + HDsin(π/γ (θt − θi )))

]3/2

cosθi = Fmsinθi
m ÿ + cẏ + FY D = w + Fmcosθi

m ÿ + cẏ +
Z∑

i=1

K
[
(x cos θi + y sin θi ) − (Rc + HDsin(π/γ (θt − θi )))

]3/2

sinθi = w + Fmcosθi

The initial displacement conditions are as follows.
Displacement X0 = Y 0 = 10−6 Velocity X0 = Y 0 = 0.



Condition Monitoring of Rolling Contact Bearing … 401

2.5 Theoretical Results

The defect size considered is 0.5–2 mmwith incremental 0.5 mm and width= 1 mm
and depth = 1 mm. After solving above equations in MATLAB the following results
are obtained for Bearing SKF 6206.

2.5.1 Outer Race Graphs of Defect Size 0.5 mm Load 2 kg Speed
500–3000 RPM

Figure 2 shows the nature for amplitude for bearing defects of 0.5 mm and 2 kg
load. The frequency for outer race 29.76, 59.51, 89.27, 119.02, 148.78 and 178. 53
and corresponding amplitude accelerations are 4.08, 8.76, 19.42, 41.05, 78.34 and
98.46, respectively. It is observed that the defect frequency as well as amplitude of
vibration increases with speed.

2.5.2 Inner Race Graphs of Defect Size 0.5 mm Load 2 kg Speed
500–3000 RPM

Figure 3 shows the nature for amplitude for bearing defects of 0.5 mm and 2 kg load.
The frequency for inner race 45.24, 90.49, 135.73, 180.98, 226.22 and 271.47 and
corresponding amplitude accelerations are 5.33, 9.97, 18.89, 25.11, 34.21 and 37.21,
respectively. The trend displays stepping up frequency with respect to speed and the
amplitude of vibration arguments in relation to speed.

3 Experimental Setup

The experimental setup consists of three-phase induction motor with armament for
applying loading as shown in Fig. 4. The SKF Microlog AdvisorPro is used for
data acquisition. The amplitudes of vibration measured indicate the severity of the
machine defect. Smooth operation confirms the defects-free operation of machine.
Machinery vibration can be considered as the ‘heartbeat’ of a machine. The vibration
pattern depends on its health, and themonitoring of machinery vibration gives a clear
indication of the defects in the machine. The experimental parameters used in this
vibration analysis are speed, load and defect size.
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Fig. 4 Experimental setup

3.1 Results of Inner Race (IR) and Outer Race (OR)

Figure 5 shows the vibration amplitude and frequency for bearing with defects of
0.5 mm size under 2 kg load at 1500 RPM. Frequencies observed with inner race
defect are 135.73, 271.74 and 407.21Hz. The corresponding acceleration amplitudes
are 34.54mm/s2, 37.91mm/s2 and 36.85mm/s2, respectively. Similarly, Fig. 6 shows
the nature of vibration with outer race bearing defect of 0.5 mm and 2 kg load at
1500 RPM. The frequencies present in outer race signature are 89.27 Hz, 178.53 Hz
and 267.80 Hz and their corresponding amplitudes are 31.23 mm/s2, 32.26 mm/s2

and 34.55 mm/s2, respectively. The peak at particular race frequency is an indication
of the presence of defect. The defect frequency is independent of defect size and
applied load but the amplitude is directly proportional to the defect size and applied
load.

Fig. 5 Inner race
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Fig. 6 Outer race

4 Conclusion

The results show that as the speed increases, the amplitude of vibration increases.
The peak at particular race frequency is an indication of the presence of defect. The
amplitude at defect frequency increases with shaft speed. The effort is made to build
the defective bearing model to develop database for localized defects occurring in
bearing, which will be useful in real-time analysis of bearing faults.

In theoretical analysis, bearing characteristic frequencies are modified to consider
the bearing fits and speed variation. The speed factor (SF) takes care of change in
speed of bearing components, and the fit factor (FF) considers the change in bearing
mounting fit and bearing component fits. These modified equations are useful in
investigating the cause of frequency variation and predict their results precisely by
stating the exact cause of frequency variation during experimentation. The outer race
defective bearings have higher amplitudes of vibration in comparison with inner race
defective bearings for the same speed and size of defect. It can be attributed to the
longer travel path of the vibration signal. It is also noticed that at constant defect
size and speed, radial load has negligible influence on bearing vibration amplitude.
Hence, it can be concluded that the defect on outer race is easier to identify compared
to inner race.
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Dynamic Response Analysis
of an Unbalanced and Misaligned Rotor
Supported on Active Magnetic Bearings
and Touchdown Bearings

Prabhat Kumar and Rajiv Tiwari

Abstract This paper investigates a study of the simultaneous interaction between
active magnetic bearing (AMB) and touchdown bearing (TDB) in an unbalanced and
misaligned rotor system. Numerous practical importance of the working together of
both bearings in high-speed rotating machinery, such as the turbines and pumps, can
be explained by examining two cases depending upon the types of touchdown bear-
ings. The first case is to consider a faulty rotor supported by active magnetic bearings
and conventional touchdown bearings (rolling element bearings) as backup support,
in which AMB is active but conventional touchdown bearing is inactive during oper-
ation. The second case is considering foil bearings as touchdown bearings, in which
AMB and foil bearing both are in action during operation. The hydrodynamic prin-
ciple of air in foil bearing while rotation of the rotor causes to make it in working
condition. Mathematical modelling of the unbalanced and misaligned rigid rotor
with a disc at middle supported on both bearings has been done for this investiga-
tion purpose. Misalignment has been considered between the rigid rotor and active
magnetic bearings. The dynamic equations of motion are developed to numerically
generate rotor displacement and current responses of the system. It has been found
that simultaneousworking ofAMBand foil touchdown bearings helps in suppressing
the vibration response of the rotor system, increasing the reliability of the machine
and making more energy efficiently. It is also observed that current consumption is
less in the second case than the first.
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1 Introduction

High-speed rotating system is quite common in use in various applications based on
mechanical system,which includes industrial turbomachinery, i.e. turbines, compres-
sors as well as aircraft gas turbine engines and pumps. Usually, these rotating
machines have conventional bearings for providing a firm support to the rotor through
physical contact, but the recent research trend is towards using active magnetic bear-
ings (AMBs), which levitates the rotor in air due to electromagnetic forces [1].
Thus, the rotor does not feel any frictional resistance, while in rotation and can be
operated at very high speeds. AMBs supported system offers several advantages over
conventional bearings, such as it helps in reducing vibration andmaking systemmore
stable at high speeds through active and adjustable stiffness and damping coefficients
employing a controller.

Rotor systemmay experience several faults while in operation that includes unbal-
ance, misalignment, crack, bow in rotors, etc. A rotor system with any of these faults
or together is often noisy, unsafe and short-lasting and requires more maintenance.
The unbalance leads to drastic vibration at high rotational speed of rotor as it is
directly proportional to the square of rotor spin speed. An experimental investigation
based on an adaptive open-loop control method was performed by Knospe et al. [2]
to minimize the high amplitude vibration due to unbalances in rotor supported by
two radial magnetic bearings. De Queiroz [3] explained the effect of unbalance fault
on rotor and developed a method for identification of the unknown values of unbal-
ance parameters in a simple Jeffcott rotor by exploiting a dynamic robust control
mechanism.

Misalignment fault in rotor system may also affect the efficiency of the system
and can cause hazardous health effect to operators. It may occur when axes of
two coupled rotors are not aligned with each other or the rotor axis and supported
bearings axis are not in alignment. A finite element model with incorporation of
reaction forces and moments arising due to the coupling misalignment in a rotor
system was developed by Sekhar and Prabhu [4]. They observed that 2× vibration
response indicates the presence of misalignment between two shafts. Patel and Darpe
[5] executed an experimental investigation on a misaligned coupled rotor-bearing
system and obtained several orbit plots for diagnosing the misalignment fault. They
observed that the frequency spectrum of response for the misaligned rotor contains
several harmonics. Recently, Tuckmantel and Cavalca [6] presented dynamics of
rotor-coupling-bearing system integrated with an electromagnetic actuator under the
combined effect of unbalance and angular misalignment. They also validated the
finite element simulated various vibrational patterns with developed experimental
test rig measurements.

It is mandatory to use touchdown bearings (TDBs) in AMBs supported rotor
system, so that it would protect the AMB stator and rotor laminations in failure
condition of AMBs due to power cut or overload condition cases. For fulfilling this
motive, it is certainly needed to keep the air gap between rotor and touchdown bear-
ings lesser than AMBs air gap [7]. Several kinds of research have been found in
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the field of utilizing rolling element bearings as backup bearings, where AMBs was
inactive during rotor operation [8, 9]. There are multiple disadvantages of rolling
element bearings such as ball skidding, destructive wear of rotor and bearing surface
and useful for low-speed applications, etc., and to overcome these limitations, nowa-
days new research is being conducted to use foil bearings as touchdown bearing
[10, 11]. However, AMBs were not working during investigation of dynamic anal-
ysis of rotor-AMB system. Keeping in mind this lack of research in the field of
working together of backup bearings and active magnetic bearings, the present paper
immensely focusses on simultaneous interaction of foil bearings and active magnetic
bearings during operation of rotor since it has practical importance.

To elaborate the significance of simultaneous working of backup bearings and
active magnetic bearings in a rotor-AMB-TDB system, two cases have been consid-
ered depending upon the types of touchdown bearings. The first case is to use conven-
tional touchdown bearings (rolling element bearings) as backup support during oper-
ation and utilizing foil touchdown bearings as backup support in the second case.
The hydrodynamic principle of air in foil bearings while rotation of the rotor causes
to make it in working condition along with the operation of active magnetic bear-
ings. For this investigation purpose, mathematical modelling of an unbalanced and
misaligned rigid rotor with a rigid disc at middle supported on touchdown bear-
ings and active magnetic bearings has been done. Rigid rotor is misaligned with
active magnetic bearings. Equations of motion of the rotor system are derived and
numerically simulated by building SIMULINKTM model to generate the time domain
displacement and current responses of the system for both cases. The main objective
of the proposedwork is to explore the practical importance of the working together of
touchdown bearings and AMBs. The second case helps in suppressing the vibration
response of the rotor system more than the first case. The current consumption is
also less in the second case than the first.

2 System Configuration and Mathematical Modelling
of the Rotor System

To investigate and explore the dynamic analysis for both cases, a rigid rotor with a
rigid disc at middle position supported on two misaligned active magnetic bearings
(AMBs) and two touchdown bearings (TDBs) is considered as shown in Fig. 1.
The motion of rigid rotor is taken in two transverse directions, i.e. vertical (x) and
horizontal (y) directions for the analysis purpose. Here, B1B2 is the central axis of
both AMBs, and OZ is the operating axis of rotor and central axis of touchdown
bearings. Active magnetic bearing axis is misaligned by an amount of radial distance
‘a’ from operating axis. Both TDBs are assumed to be identical in its stiffness and
damping coefficients. It is to be noted that the rotor is perfectly aligned with TDBs
but only misaligned with AMBs, so there is no effect of this misalignment on TDBs.
Further, the dynamic characteristics of both AMBs are assumed to be same, and it is
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Fig. 1 Schematic diagram of a misaligned rotor-AMB-TDB system

also assumed that the displacements in the x- and y-directions are not coupled with
each other.

2.1 Unbalance Force

The force exciting on rotor due to unbalance in the x-and y-directions can be written
as

funbx = mdeω
2 cos(ωt + β); funby = mdeω

2 sin(ωt + β) (1)

where the disc mass and the eccentricity are represented by md and e, respectively.
The phase of unbalance and the spin speed of rotor are represented by β and ω,
respectively.

2.2 Force on Rotor Due to Misaligned AMB

The force due to AMB on the rotor in x-direction, when rotor axis is perfectly aligned
with AMBs [1], can be expressed as

fx = k

{
(i0 + ix )

2

(s0 − ux )
2 − (i0 − ix )

2

(s0 + ux )
2

}
; k = 1

4
μ0N

2Aa cos
α

2
(2)

whereμ0 is the vacuumpermeability and equal to 4π × 10−7 H/m,N is the number of
turning coils, Aa is the cross-sectional area of magnetic pole, α is the angle between
two adjacent magnetic poles, and i0 and ix are the bias and controlling currents,
respectively. AMB air gap is denoted by s0 and ux is the displacement in x-direction.
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Fig. 2 Misaligned rotor
actuator model
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Now simplifying and linearizing Eq. (2) with assumption that ux � s0, it gives

fx = kaux + ki ix (3)

where the force–displacement constant ka and force–current constant ki are

ka = 4ki20
s30

; ki = 4ki0
s20

(4)

Similarly, the force due to AMB on rotor in y-direction in perfectly aligned case
can be written as

fy = kauy + ki iy (5)

where uy and iy are the displacement of rotor and controlling current in y-direction,
respectively.

The side view of actuator misaligned with rotor is shown in Fig. 2. Here, the rotor
is misaligned radially with AMBs axis by an amount of distance ‘a’. Thus, there is
a change in air gap of AMB. The lower air gap of AMB is (s0 − a), and the upper
air gap is (s0 + a). Based on this consideration, the force on rotor due to misaligned
AMB in the x-direction can be written as

fmx = k

{
(i0 + ix )

2

(s0 − a − ux )
2 − (i0 − ix )

2

(s0 + a + ux )
2

}
(6)
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On simplifying Eq. (6) and neglecting the higher-order terms of u2x with
assumption that ux � (s0 − a) and ux � (s0 + a), we get

fmx = k

{
4s0i20ux

(s0 − a)2(s0 + a)2
+ 4i0

(
s20 + a2

)
ix

(s0 − a)2(s0 + a)2

+4s0ai2x + 4s0ux i2x + 4i0aixux + 4s0ai20
(s0 − a)2(s0 + a)2

}
(7)

On neglecting the higher-order terms, i.e. i2x , ux i2x and ixux , Eq. (7) can be written
in a linear form as

fmx = k

{
4s0i20ux

(s0 − a)2(s0 + a)2
+ 4i0

(
s20 + a2

)
ix

(s0 − a)2(s0 + a)2
+ 4s0ai20

(s0 − a)2(s0 + a)2

}
(8)

On substituting Eq. (4) into Eq. (8), the force on rotor due to misaligned AMB in
the x-direction can be given as

fmx = kmaux + kmi ix + Fm;

with kma = ka(
1 − a21

)2 ; kmi = ki
(
1 + a21

)
(
1 − a21

)2 ; Fm = Faa1(
1 − a21

)2 ;

Fa = 4ki20
s20

; a1 = a

s0
(9)

Similarly, the force on rotor due to misaligned AMB in y-direction can be given
as

fmy = kmauy + kmi iy + Fm (10)

So, it can be observed from Eqs. (9) and (10) that the force due to misaligned
AMB in x- and y-direction contains a modified force–displacement stiffness constant
kma and force–current stiffness constant kmi together with a constant force term Fm.
Controlling current outputs [1] from PID controller in the x- and y-directions are
expressed as

ix = −
(
kPux + kI

∫
uxdt + kDu̇x

)
; iy = −

(
kPuy + kI

∫
uydt + kDu̇ y

)
(11)

where kP, kI and kD are the proportional, integral and derivative factors of PID
controller.
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2.3 Equations of Motion of the Rotor-AMB-TDB System

With inclusion of the inertia force, unbalance force, forces due to AMBs [1] and
TDBs exciting on rotor, the equations of motion of the rotor-AMB-TDB system are
described in the following section.

2.3.1 Case I: Considering Conventional Touchdown Bearings (Rolling
Element Bearings)

In this case, conventional touchdown bearings (rolling element bearings) are consid-
ered as backup support in the rotor-AMB system as shown in Fig. 1. While the
rotor is in operation being levitated by AMBs, there is negligible effect of conven-
tional TDBs in comparison with AMBs on the rotor system, due to the presence of
air gap between the rotor and conventional TDBs. So, the equations of motion the
rotor-AMB-TDB system in the x- and y- directions can be written as

müx = funbx + 2 fmx ; müy = funby + 2 fmy (12)

where m is the mass of rotor.

2.3.2 Case II: Considering Foil Bearings as Touchdown Bearings

Foil bearings have been considered as touchdown bearings in this case. While the
rotor is in operation, both foil bearings along with active magnetic bearings exert
forces on the rotor. The stiffness coefficient kf and damping coefficient cf of foil
bearings are present throughout the rotor motion. With this approach, the equations
of motion of the rotor-AMB-TDB system in the x- and y- directions can be written
as

müx + 2cfu̇x + 2kfux = funbx + 2 fmx ; müy + 2cfu̇ y + 2kfuy = funby + 2 fmy

(13)

3 Analysis of Numerically Generated Responses

Equations (12) and (13) have been solved to generate rotor displacements and currents
in the x- and y-directions for both cases using a SIMULINKTM model as shown in
Fig. 3. The purpose of this simulation is to show how case II is more effective and
energy efficient than the case I through comparison in responses. Table 1 summarizes
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Fig. 3 SIMULINK model of the considered rotor-AMB-TDB system

Table 1 Rotor-AMB-TDB system parameters for the simulation purpose

Rotor-TDB parameters Assumed values AMB parameters Assumed values

Rotor mass (m) 2.845 kg AMB force displacement
constant (ks)

175,440 N/m

Disc mass (md) 2.1 kg AMB force displacement
constant (ki)

35.09 N/A

Disc eccentricity (e) 100 μm Proportional gain of PID
controller (kP)

10,000 A/m

Unbalance phase (β) 30° Derivative gain of PID
controller (kD)

3 A-s/m

Stiffness coefficient of foil
bearing (kf)

1 × 105 N/m Integral gain of PID
controller (kI)

25,000 A/m-s

Damping coefficient of foil
bearing (cf)

50 Ns/m Amount of radial offset of
AMBs (a)

1.5 × 10−4 m

the assumed values of rotor-AMB-TDB system parameters utilized for the simula-
tion purpose to generate system responses in the time domain. It can be observed
that Table 1 does not include the data for conventional TDBs (e.g. rolling element
bearings), as they are inactive while the rotor is in operation due to the presence of
relatively smaller air gap. A fourth-order Runge–Kutta ordinary differential equation
solver with a fixed step size of 0.0001 s is used for obtaining displacement and current
responses of the system. The simulation was run for 5 s for the analysis purpose using
data given in Table 1.

The displacements and the controlling currents in the x- and y-directions for case I
(conventional touchdown bearings) and case II (foil bearings as TDBs) at a spin speed
of 350 rad/s are shown in Fig. 4. It is noticeable from Fig. 4a, b that the maximum
absolute value of displacement in the x- and y-directions caused due to simultanoeus
presence of unbalance and misalignment faults for case I is 9.03 × 10−5 m, but it is
only 5.28 × 10−5 m for case II. Thus, the displacement has been suppressed almost
half using the second case.
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Fig. 4 Rotor system responsewith conventional TDBs (solid line) and foil bearings asTDBs (dotted
line). a x-direction displacement, b y-direction displacement, c x-direction current, d y-direction
current

It is noticeable from Fig. 4c, d that the maximum absolute values of current
response in both directions for case I and case II are 1.57 A and 1.19 A, respectively.
Thus, the current consumption for operating the rotor system in the second case
is found to be less than the first case. Rotor displacement orbit and AMB current
orbit for both cases are represented in Fig. 5. It can be followed from these attenuated
responses that the simultaneousworking of foil bearings and activemagnetic bearings
for rotor supporting purpose is more effective and energy efficient.

Further, the present analysis was explored for the lower and higher values of the
stiffness and damping coefficients of foil bearings, i.e. 5 × 104 N/m and 40 Ns/m
as well as 3 × 105 N/m and 60 Ns/m, respectively, which is reported in Fig. 6.
The maximum absolute value of the rotor displacement and current responses in
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Fig. 5 System orbital response with conventional TDBs (solid line) and foil bearings as TDBs
(dotted line). a Rotor displacement orbit, b AMB current orbit
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Fig. 6 Response of the systemwith conventional TDBs (solid line) and foil bearing as TDBs (dotted
line) for lower stiffness and damping values. a x-direction displacement, b x-direction current, and
for higher dynamic values of foil bearings, c x-direction displacement, d x-direction current

x-direction, for the lower stiffness and damping values for the case II are 6.61 ×
10−5 m and 1.32 A, which are more than the obtained values from Fig. 4. Thus,
it is observed that at low dynamic values of foil bearings, the suppression in the
rotor displacement and the current consumption will be less. For higher values of
the dynamic coefficients, the maximum absolute value of displacement and current
responses in x-direction for the second case are 2.92 × 10−5 m and 0.95 A, which is
lesser than the obtained values from Fig. 4.

Therefore, the salient remark can be adopted from this investigation that the
suppression in rotor displacement response increases and the current consumption
decreases as the value of dynamic coefficients of foil bearings increased. Noting that
the present study concludes by examining the importance of working together of
AMBs and foil touchdown bearings, which helps in the suppression of the displace-
ment response as well as the current consumption of AMBs. The main cause of this
benefit is that the loads on rotor are sharedwith both the foil bearings andAMBswhile
rotor is in operation. In the analysis, the values of stiffness and damping parameters
of foil bearings are chosen only to show the comparison of responses for conven-
tional TDBs and foil bearings as TDBs. It is interesting to mention that the stiffness
and damping coefficients of foil bearings may decrease simultaneously in the light
load condition and at low speeds [12]. The factors that determine the stiffness of foil
bearings are the film thickness, pressure in the film, projected surface area of the
bearings and deformation of the top and bump foils during operation [13]. At low
speeds and in the light load condition, the deformation of foils will be less, which
lowers the film thickness and consequently the stiffness value. Similarly, the relative
motion between the top foil and bump foil or between the bump foil and the bearing
inner wall surface arises the damping in the foil bearing [14]. This relative motion
will be little at low speeds and light load conditions and thus lowers the damping
value of foil bearings. One of themost advantages of the simultaneousworking of foil
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bearings and AMBs is that this novel idea can eliminate the coating wear problem of
foil bearings because the active magnetic bearing supports the rotor loads at start-up
and during low speeds. Thus, the life of foil bearings may also improve due to the
minimization of initial rubbing between the foil bearing and shaft. One more point
can be emphasized from the present work that the study is truly based on the rotor
with AMB and conventional TDBs (e.g. rolling element bearings) as well as the rotor
with AMB and foil bearings as TDBs. But, the conventional touchdown bearings for
case I are inactive and foil bearings are active for case II while the rotor operation,
in the considered rotor-AMB-TDB system. Therefore, it is safe to say that the study
boils down to rotor with AMB versus rotor with AMB and foil bearings support.

4 Conclusions

The present paper is concluded with the modelling and dynamic analysis of an
unbalanced and misaligned rotor supported on two active magnetic bearings and two
touchdown bearings. Dynamic analysis of the rotor system is performed based on
two cases in which the first case is to use conventional touchdown bearings (rolling
element bearings) and foil bearings are to be utilized as touchdown bearings for the
second case.Misalignment is considered between the rotor and active magnetic bear-
ings. Mathematical modelling for the rotor system is done, and equations of motion
are derived to numerically generate the displacement response and current response
of the system. It is found that the suppression in the rotor displacement response is
more and current consumption is less when both the foil touchdown bearings and
active magnetic bearings are working together while rotor is in operation. Thus, the
second case is more effective and energy efficient than the first case. The novel idea
of the simultaneous working of foil bearings and AMBs may eliminate the wear
problem of foil bearings and improve their life aspect. In the future research, a flex-
ible rotor-AMB-TDB system with an offset disc can be considered using the finite
element modelling to study the dynamic response analysis, for the cases when the
rotor is supported by AMBs and conventional TDBs as well as the rotor with AMBs
and foil bearings as TDBs.
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Finite Element Modeling and Analysis
of Coupled Rotor System Integrated
with AMB in the Presence of Parallel
and Angular Misalignments

R. Siva Srinivas, Rajiv Tiwari, and Ch. Kanna Babu

Abstract Misalignment is one of the commonly encountered faults in rotor systems.
The standard techniques that are used to detect misalignment are loopy orbits,
multiple harmonics with predominant 2X and high axial vibration. In real rotor
systems, it is caused due to improper seating of bearing housing on foundation or lack
of concentricity between bearing and its housing. This chapter presents a numerical
model of the coupling, which mimics the forces/moments produced due to parallel
and angular misalignment. The coupling connects two rotor systems each with a
centrally mounted disk and simply supported on two flexible bearings. The rotor
train is modeled with two-node Timoshenko beam finite elements. An AMB is used
as an auxiliary support on rotor-2. The coupling connecting the two rotor systems
is modeled by a stiffness matrix, which has both static and additive components.
While the static component is unchanging during operation, the additive component
displays multi-harmonic behavior and exists only in the presence of misalignment.
The multi-harmonic nature of coupling’s misalignment force/moment is mathemati-
callymodeled by an appropriate steering function. The development of mathematical
model is followed by some response analysis, which shows lateral vibration of rotor,
current signal of AMB and the orbit plots of rotor in the presence of misalignment
and unbalance.
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Nomenclature

ηc
0 Static deflection vector at coupling

η(t) Vibratory deflection vector in real coordinates
u Vibratory deflection vector in complex coordinates
ks AMB displacement stiffness
ki AMB current stiffness
ic AMB current in complex form
Kc Coupling static stiffness matrix
C Damping matrix
G Gyroscopic matrix
T Transformation matrix
�kc(t) Coupling additive stiffness matrix
M Mass matrix
K Stiffness matrix

Subscripts

ACS Additive coupling stiffness
SCS Stiffness matrix
rad Radial
ang Angular

1 Introduction

Condition monitoring (CM) essentially involves identification of various faults in
rotating machinery, which is followed by corrective measures toward the rectifica-
tion of the faults. Reference [1] is one of the few textbooks that serve to instruct the
reader on various aspects of CM. References [2, 3] are fully devoted to the subject of
misalignment. The literature available on the research work conducted on misalign-
ment is extensive. A brief review of a few among the many important papers is given
here.

Reference [4] has performed the identification of coupling parameters in a turbo
generator (TG) from the forced response due to the disk unbalance using frequency
domain least-squares regression. The forces and moments in the coupling produced
due to themisalignment have been derived from these identified coupling parameters.
Reference [5] measured the forces and moments under the bearing pedestal using
a six-axis load cell. The forced response due to offset and angular misalignment
was shown on full spectrum plots. In Ref. [6] the stiffness of rigid coupling in
the presence of misalignment is modeled as having two components: static and
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additive. Reference [7] has performed experiments on the misalignment response
in Jeffcott rotors. Reference [8] used higher-order elements with 8-dof per node to
model rotor system. The forces and moments are derived and introduced in the finite
element model. In Refs. [9, 10] three-dimensional orbits and full spectra are used to
study parallel and angular misalignment in a machinery fault simulator. In Ref. [11]
different time-frequency techniqueswere used tomonitormisalignment from the run-
up data of the rotor. InRef. [12] orbits and full spectra are used to study the behavior of
coupled Jeffcott rotors supported on hydrodynamic bearings. The effect of various
coupling geometries on the response due to parallel and angular misalignment is
studied theoretically. Reference [13] uses bi-spectrum and tri-spectrum to identify
crack and misalignment in an experimental rotor setup. Reference [14] provides a
comprehensive review of the applications of active magnetic bearings (AMB) in the
field of CM of flexible rotors.

The objective of this work is to model the behavior of a coupled rotor system
integrated with an AMB. The development of mathematical model of coupling in
the presence of parallel and/or angular misalignment between bearing centers is an
important portion in this paper. An appropriate steering function is used to model
the multi-harmonic nature of misalignment force as reported in various experimental
studies Refs. [5, 9, 12]. Under weight dominance assumption, the additive forces and
moments are written as the product of additive stiffness coefficients, an appropriate
steering function and the static deflections at the coupling nodes. Assigning values
to additive stiffness coefficients in a particular direction would physically represent
the existence of fluctuating forces/moments in that direction.

This coupling model is then integrated into the finite element model of coupled
rotor. An AMB used as an auxiliary support on rotor-2 serves to attenuate the rotor
vibration as well as for the condition monitoring. A Simulink model has been built
from the global EOM to generate rotor vibration at nodal locations and AMB current
responses in time domain. Orbits and full spectrum plots of vibration and current are
analyzed.

2 System Configuration and Mathematical Modeling

An industrial turbine generator (TG) has a train of multiple rotors seated on bearings
and connected by intermediate couplings. In the present work, a simplified model
of TG integrated with an AMB on rotor-2 is chosen (Fig. 1). The coordinate system
followed in this work is shown in Fig. 2. A coupling connects two rotor systems
that are simply supported on two bearings, each with a centrally mounted disk. The
rotor system is discretized into finite elements using Timoshenko beam elements.
The real elemental matrices are of the size 8 × 8 and are given in Refs. [15, 16].
Alternatively, matrices of size 4 × 4, corresponding to complex nodal displacement
vector, as given in Refs. [17, 18] can be used for modeling each finite element.
Besides reducing the computational effort, complex notation helps in identifying
the coefficients of positive and negative harmonics of full spectrum arising due to
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BRG1

AMB

BRG2

Coupling
Rotor-1

BRG3 BRG4

Rotor-2

Fig. 1 Coupled rotor system integrated with AMB

Fig. 2 Inertial and rotating
frames of reference

multi-harmonic forcing due to misalignment. In Ref. [17], nodal displacements of
the left node are arranged in real domain and those of the right node are arranged in
imaginary domain as shown in Eq. (1).

ue = ule f t + juright = {
x1 ϕx1 x2 ϕx2

}T + j
{
y1 ϕy1 y2 ϕy2

}T
(1)

In Ref. [18], nodal displacements of x-z plane are arranged in real domain and
those of y-z plane in imaginary domain as shown in Eq. (2). While the matrices in
Ref. [17] have imaginary terms, the elemental matrices in Ref. [18] have real terms,
and these are used in the present work.

ue = uxz + juyz = {
x1 ϕy1 x2 ϕy2

}T + j
{
y1 ϕx1 y2 ϕx2

}T
(2)

Likewise, the mass and gyroscopic matrices of disks, as given in Ref. [19], are
used. In the presence of misalignment, the coupling has static coupling stiffness
(SCS) and time-dependent additive coupling stiffness (ACS) components Ref. [6].
This assumption that when misalignment exists between bearing centers there is an
additive stiffness component in a coupling besides its static stiffness is the basis of
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the present formulation. When the bearing centers are perfectly aligned, there is only
the static stiffness component as shown in Eq. (3).

fcoupling = Kc
{
η0+η(t)

}
(3)

When there ismisalignment between bearing centers, then the additive component
comes into play. In such case, we have

fcoupling = [Kc + �kc(t)]
{
η0+η(t)

}

= Kcη(t)︸ ︷︷ ︸
fSCS

+�kc(t)η0 + �kc(t)η(t)
︸ ︷︷ ︸

fACS

(4)

2.1 Static Stiffness Force of Coupling

Static stiffness force of coupling in Eq. (4), fSCS takes the following real form as
shown below.

frSCS = Kcη =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢
⎣

kxx kxy 0 0 −kxx −kxy 0 0
kyx kyy 0 0 −kyx −kyy 0 0
0 0 kϕyϕy 0 0 0 −kϕyϕy 0
0 0 0 kϕxϕx 0 0 0 −kϕxϕx

−kxx −kxy 0 0 kxx kxy 0 0
−kyx −kyy 0 0 kyx kyy 0 0
0 0 −kϕyϕy 0 0 0 kϕyϕy 0
0 0 0 −kϕxϕx 0 0 0 kϕxϕx

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥
⎦

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x1
y1
ϕy1

ϕx1

x2
y2
ϕy2

ϕx2

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(5)

The size of the above matrix reduces by half when converted to complex form.
In complex notation, the above matrix takes the following form, where uci = xci +
j yci , ϕci = ϕyi + jϕxi . If cross-coupled coupling coefficients are not considered, then
kxy = kyx = 0. For a symmetric coupling, kxx = kyy = krad and kϕyy = kϕxx = kϕang .

fcSCS =

⎡

⎢⎢
⎣

krad 0 −krad 0
0 kang 0 −kang

−krad 0 krad 0
0 −kang 0 kang

⎤

⎥⎥
⎦

⎧
⎪⎪⎨

⎪⎪⎩

uc1
ϕc1

uc2
ϕc2

⎫
⎪⎪⎬

⎪⎪⎭
(6)
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2.2 Additive Stiffness Force of Coupling

Additive stiffness force of coupling in Eq. (4) can be expanded as

fACS = �Kc(t)
(
ηc
0 + η̄cei jωt

)
(7)

If the weight dominance criterion is assumed, then we have

η̄c � ηc
0 (8)

and

fACS = �Kc(t)ηc
0 (9)

where �Kc(t) in Eq. (9) can be written as the product of a steering function s(t) and
a matrix of constant coefficients as shown in Eq. (10).

Parallel misalignment generates additive coupling stiffness coefficients�kT ξ and
�kTη in the rotating frame of reference. Likewise, �kRη and �kRξ are additive
coupling stiffness coefficients and are generated due to the angular misalignment.
In the most general case, unequal amounts of misalignment exist in X-Y and X-Z
planes, and therefore, the coefficients are assumed to be unequal, �kT ξ �= �kTη,
�kRξ �= �kRη which makes the total number of direct ACS coefficients to four. All
cross-coupling coefficients are ignored in this work.

�Kc
Rot (t) = s(t)

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢
⎣

�kξξ 0 0 0 −�kξξ 0 0 0
0 �kηη 0 0 0 −�kηη 0 0
0 0 �kϕηϕη 0 0 0 −�kϕηϕη 0
0 0 0 �kϕξ ϕξ 0 0 0 −�kϕξ ϕξ

−�kξξ 0 0 0 �kξξ 0 0 0
0 −�kηη 0 0 0 �kηη 0 0
0 0 −�kϕηϕη 0 0 0 �kϕηϕη 0
0 0 0 −�kϕξ ϕξ 0 0 0 �kϕξ ϕξ

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥
⎦

(10)

The above matrix is in rotating frame of reference. We convert Eq. (10) from the
rotating to stationary frame of reference using the transformation matrix given in
Ref. [20].

�Kc
Stat= TT�Kc

Rot (t)T = s(t)
(
TT�Kc

RotT
)

(11)

The additive coupling force in the real form is given by

frACS = s(t)�Kc
Statη

c
0 (12)

where
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ηc
0 = {

δx1 δy1 δϕy1 δϕx1 δx2 δy2 δϕy2 δϕx2

}T
(13)

For horizontal rotor, self-weight acts in the vertically downward direction, the
static deflections and slopes in the horizontal direction are zero. As per the convention
followed in this work (Fig. 2)

δy1 = δy2 = δϕx1 = δϕx2 = 0 (14)

The remaining coefficients of the vector given by Eq. (13) are the static deflections
and slopes at the coupling nodes (indicated by super script c) due to the self-weight
of the coupled rotor system. These are obtained from catenary curve, which is the
graphical representation of the static deflections and slopes due to self-weight at each
node along the length of the rotor modeled by finite elements. This is obtained by
solving the equation

ηne
8×1 = −(

Kne
8×8

)−1(
Mne

8×8

){
gne8×8

}
(15)

where

gne = {
0 9.81 0 9.81 0 9.81 0 9.81

}T
(16)

In Eq. (15), elemental matrices of Ref. [16] are used. The superscript ne is used to
avoid confusion. Upon solving Eq. (15), we obtain the static deflections at coupling
nodes. The static deflections in X-Y plane are zero, and those in X-Z plane are
substituted in Eq. 12 to obtain additive coupling stiffness force vector of size 8 × 1.
Finally, the force vector due to additive coupling stiffness in the complex form is
given by

fcACS = 0.5s(t)

⎧
⎪⎪⎨

⎪⎪⎩

(δx1 − δx2)
{
�kT ξ (1 + e j2ωt ) + �kTη(1 − e j2ωt )

}
(
δϕy1 − δϕy2

){
�kRξ (1 + e j2ωt ) + �kRη(1 − e j2ωt )

}

(δx2 − δx1)
{
�kT ξ (1 + e j2ωt ) + �kTη(1 − e j2ωt )

}
(
δϕy2 − δϕy1

){
�kRξ (1 + e j2ωt ) + �kRη(1 − e j2ωt )

}

⎫
⎪⎪⎬

⎪⎪⎭
(17)

where the steering function is assumed to be square wave with 40% duty cycle as
shown in Fig. 3. The Fourier expansion of the wave is as follows

s(t) = 0.5 + 0.6055 cos(ωt) + 0.1871 cos(2ωt) − 0.1247 cos(3ωt)

− 0.1514 cos(4ωt) + 0.1009 cos(6ωt) + 0.0535 cos(7ωt) − 0.0468 cos(8ωt)

− 0.0673 cos(9ωt) + 0.055 cos(11ωt) + 0.0312 cos(12ωt)

− 0.0288 cos(13ωt) − 0.0432 cos(14ωt) + 0.0378 cos(16ωt) + 0.022 cos(17ωt)
(18)

Upon rewriting Eq. (17) in terms of exponential series, we have
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Fig. 3 Square wave with 40% duty cycle

fcACS(t) = 0.5

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(δx1 − δx2)

(
�kT ξ

i+n∑

i=−n
pi ei jωt + �kTη

i+n∑

i=−n
qi ei jωt

)

(
δϕy1 − δϕy2

)(
�kRξ

i+n∑

i=−n
pi ei jωt + �kRη

i+n∑

i=−n
qi ei jωt

)

(δx2 − δx1)

(
�kT ξ

i+n∑

i=−n
pi ei jωt + �kTη

i+n∑

i=−n
qi ei jωt

)

(
δϕy2 − δϕy1

)(
�kRξ

i+n∑

i=−n
pi ei jωt + �kRη

i+n∑

i=−n
qi ei jωt

)

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(19)

In Eq. (19), in the above equation, pi and qi denote the participation factors of the
steering function. The physical interpretation of Eq. (19) is as follows: In the presence
of parallel and/or angular misalignment, a time varying additive stiffness component
arises in the coupling. It follows that the parallel misalignment produces translational
additive stiffness in x and y directions. Likewise, rotational additive stiffness about x
and y directions arises from the angular misalignment. Under the weight dominance
assumption, the additive forces and moments are written as product of additive stiff-
ness coefficients, an appropriate steering function and the static deflection at the
coupling nodes. Assigning values to the additive stiffness coefficients in a particular
direction would physically represent the existence of fluctuating forces/moments in
that direction.
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2.3 AMB Force

The lateral force exerted by theAMBon the rotor has two components: the onewhich
depends on the rotor vibration at the AMB location and the other due to current in
the actuator, which depends on the control law implemented.

fAMB = ksuAMB − ki ic (20)

where uAMB is the complex displacement at the nodal location of AMB. The complex
current ic is obtained as per the PID control law. The AMB constants used in this
work are taken from Ref. [21].

2.4 Unbalance Force

The unbalance force vector due to the disk eccentricity at the nodal location of ith

disk is

funbi = mdi edi ω
2e jωt e jβ (21)

2.5 Bearing Force

The force acting at the bearing nodal location due to the stiffness of ith bearing is

fbi = 0.5
{
k1xx (ubi + ūbi ) − jk1xy(ubi − ūbi ) + jk1yx (ubi + ūbi ) + k1yy(ubi − ūbi )

}

(22)

where ubi is the complex translational displacement at the nodal location of the ith

bearing. kixx , kixy, kiyx , kiyy represent the direct and cross-coupled stiffness coeffi-
cients of bearing. We assume that rolling element bearings have no cross-coupled
coefficients. In such case

fbi = 0.5
{
kixx (ubi + ūbi ) + kiyy(ubi − ūbi ))

}
(23)
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2.6 Global EOM and Simulink Model

The global EOM in complex form ismounted by assembling the sub-systemmatrices
as described in Ref. [20].

(
Msha f t + Mdisc

)
Ru + [

Cbrg + Ccpg + Csha f t − jω(Gsha f t + Gdisc)
]
u̇

+ (
Kbrg + KSCS + Ksha f t

)
u + s(t)�Kc

Statη
c
0 = funb + fAMB (24)

Damping coefficient in anti-friction bearings is (0.25–2.5)×10−5sec × k [10],
where k is the linear bearing stiffness. This bearing damping Cbrg is lower than
is found in journal bearings and so is ignored in the present work. Likewise, the
equivalent viscous damping of couplingCcpg is ignored. Equation (24) then becomes

(
Msha f t + Mdisc

)
Ru + [

Csha f t − jω(Gsha f t + Gdisc)
]
u̇

+ (
Kbrg + KSCS + Ksha f t

)
u = funb + fAMB − fACS (25)

Equation (25) can be rewritten as

(
Msha f t + Mdisc

)
Ru + [

Csha f t − jω(Gsha f t + Gdisc)
]
u̇ + Ksha f tu

= funb + fAMB − fBRG − fSCS − fACS (26)

From Eq. (25), it can be seen that the external forces acting on the system are (i)
unbalance force (ii) force due to static coupling stiffness (iii) the force due to additive
coupling stiffness (iv) force due to AMB and (v) force due to bearings. The global
EOM is obtained by assembling the sub-system matrices as described in Ref. [20].

A Simulinkmodel as shown in Fig. 4 is built using the above equations to generate
time domain responses of vibration at each node along the length of rotor-bearing–
coupling–AMB system. Additionally, the current at AMB location can be obtained.

Fig. 4 Simulink model of rotor-bearing-coupling-AMB system
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3 Results and Discussion

The geometric properties of rotors are given in Table 1. Figures 5 and 6 show the
stiffness values of bearings and coupling. Figure 7 shows the orbits at disk locations at
3000 rpm. The orbits are close to circular in shape since the synchronous unbalance
response dominates the multi-harmonic misalignment response. The orbit at the
nodal location of disk-2 is smaller than that of disk-1 which demonstrates the effect
of AMB. Figure 8 shows the full spectrum plot of disk-1 vibration and AMB current.
The amplitude and phase of forward and backward whirl frequencies can be seen.
The full spectrum plots obtained from simulation look similar to the plots in Refs.
[5, 9, 12], which are obtained by performing FFT on experimental data.

4 Conclusions

A coupled rotor system representative of a TG is modeled with finite elements. The
mathematical model of coupling in the presence of angular and parallel misalign-
ments is developed. The multi-harmonic component of coupling forces/moments

Table 1 Rotor geometric properties

Parameters Values Parameters Values Parameters Values

md1 (kg) 2.25 Ip2 (kg m2) 0.006 d (m) 0.016

Id1 (kg-m
2) 0.0024 e1 (kg-m) 0.00008 le (m) 0.1

Ip1 (kg-m
2) 0.0045 e2 (kg-m) 0.00006 kp (A/m) 12,200

md2 (kg) 1.25 β1 (rad) π/6 ki (A/m-s) 2000

Id2 (kg-m
2) 0.003 β2 (rad) π/4 kd (A-s)/m 2

Fig. 5 Stiffness of bearings
in N/m

1 xxk 1 yyk 2xxk 2 yyk 3xxk 3yyk 4xxk 4 yyk
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Fig. 6 Static and additive stiffness coefficients of coupling

Fig. 7 Orbits at disk-1 and disk-2 locations

depends on the static deflections at the coupling locations and the additive stiffness
coefficients. A Simulink model is built from the EOM. From the time domain data,
orbits and full spectrum plots at various nodal locations are plotted. AMB is shown
to be effective at reducing the amplitude of the orbit at its nodal location.

The modeling of coupling to account for its dynamic behavior in the presence of
parallel and angular misalignments is the novelty of the present work. Themagnitude
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Fig. 8 Full spectrum plot at 16 Hz a amplitude at disk-1 location, b phase at disk-1 location,
c amplitude of AMB current, d phase of AMB current

of additive stiffness of coupling is proportional to the amount of misalignment in a
specific direction. In other words, its magnitude in a given direction indicates the
severity of misalignment in that direction. This assumption is central in the develop-
ment of the presentmathematical formulation. The steering function is chosen in such
a way that full spectra obtained from simulation shall look akin to the experimental
spectra.

This mathematical model can be rearranged in the form Ax = b where A and b
are matrix/vector of known quantities and x is the vector of physical parameters of
rotor, bearing, AMB and coupling, which are the unknown quantities. The vibration
and current data obtained from experiments at various speeds are the inputs to the
matrices. By solving the above mentioned equation, the magnitude of the ACS coef-
ficients that depend on the amount of misalignment present between bearing centers
can be estimated experimentally.

Acknowledgements The authors thank the reviewers for their valuable comments.
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Detection of Fatigue Crack in the Shaft
Using Time-Frequency Analysis

Sagi Rathna Prasad and A. S. Sekhar

Abstract Rotating shafts operating under complex loading conditions are suscep-
tible to develop fatigue cracks at the localized stress concentration points. Fatigue
cracks are the prime sources for catastrophic failures. Therefore, it is vital and chal-
lenging for the early fatigue crack detection to prevent costlymachinery breakdowns.
A rotor test rig with a facility of introducing stochastic loads on to the rotating shaft is
designed and developed to induce fatigue crack on the shaft is utilized for this study.
Accelerated fatigue tests are performed, along by introducing stochastic loads, on
a shaft specimen seeded with circumferential V-notch configuration. The method-
ology for early crack detection is based on analyzing the steady-state vibration data
acquired, till the shaft specimen develops fatigue crack, from various locations of the
test rig usingdifferent sensors likeminiature accelerometers,wireless telemetry strain
gauge, and laser vibrometer. In the present study, signal processing tools like contin-
uous wavelet transforms (CWT), Hilbert–Huang transform (HHT), and short-time
Fourier transform (STFT) are employed for the early fatigue crack detection.Wavelet
packet (WP) analysis is used to decompose the experimental vibration response
data into narrow frequency band signals before the processing of CWT, HHT, and
STFT analyses. In addition, these techniques are compared to evaluate their detec-
tion performance when employed directly on raw data and preprocessed data using
WP analysis. Finally, this paper provides a detailed description and comprehensive
selection of time-frequency techniques for the early fatigue crack detection.

Keywords Fatigue crack · Stochastic loads · V-notch ·Wavelet packet · Condition
monitoring
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1 Introduction

From the literature, it is evident that the many recommendations and rules have
been proposed for the early crack detection. However, industrial rotors fail without
exhibiting detectable changes in some of the key vibration parameters. Therefore,
this indicates the problem of early fatigue crack detection is not fully addressed,
and no general detection technique is found in the literature. Hence, it is vital and
challenging to discover a signal processing technique, for fault detection, suitable
for the dynamic response of the rotating shaft subjected to the elevated stress condi-
tions. Many researchers modeled and studied the dynamic responses of the cracked
rotors using different approaches [1, 2]. From the literature, it is suggested to track
the operating frequency harmonic components such as 1×, 2×, and 3× for primary
indicators of shaft cracks in the isotropic rotors [3–5]. As time information is lost
while performing fast Fourier transform (FFT), it cannot represent the variation of
these components (1×, 2×, and 3×) with time. Also, it is unable to effectively char-
acterize non-stationary vibration signals and temporal transients using FFT analysis.
Therefore, for the time as well as frequency-dependent nature of rotor faults time-
frequency techniques with high resolution in both time and frequency are ideal for
their detection.An extensive reviewon crack detection in shafts using time-frequency
techniques, such as CWT, HHT, and STFT, is presented by Sabnavis et al. [6]. In
rotors, each fault has a certain frequency band. Hence, it essential to extract fault
features from these bands for effective fault diagnosis. In recent years, the wavelet
packet (WP) analysis has attracted much attention and has been used for feature
extraction. Gao et al. [7] performed a comparative study between WP analysis and
other time-frequency techniques like HHT, STFT for bearing health monitoring and
their results showed that WP analysis could identify fault induced transient compo-
nents buried within the signal. WP analysis can also be used as a preprocessor tool to
decompose the vibration into narrow frequency band signals to improve the perfor-
mance of CWT, STFT, and HHT [8]. The performance of wavelet transforms in
detecting rotor cracks using transient response is well documented by Prabhakar
et al. [9]. Liu et al. [10] adopted combined HHT, and WP analysis for the structural
crack detection and their findings proved that the amplitude of intrinsic mode func-
tions (IMF) aremuch sensitive to the presence of a crack. From earlier publications, it
is evident that the time-frequency analysis techniques such as STFT, HHT, CWT, and
WP analysis have been investigated for the condition monitoring of rolling bearings,
gear boxes, and power transformers [11–13]. In addition, authors in their earlier work
[14] applied enhanced spectral kurtosis (SK) (a frequency domain statistical param-
eter sensitive for transients in the signal) for fatigue crack detection in the shaft for the
same experimental data used in this study. In all the above-mentioned literature, each
of these techniques, employed either collectively or individually, displayed certain
effectiveness in extracting fault features hiddenwithin the transients or non-stationary
signals. However, no detailed studies have been conducted to detect fatigue cracks,
that develop in the shafts subjected to external random excitation while operating at a
constant rotating speed, by applying time-frequency techniques such as CWT, HHT
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and STFT. In this paper, analysis of early detection of shaft crack developed during
an accelerated fatigue test is performed by investigating three time-frequency tech-
niques such as short-time Fourier transform (STFT), continuous wavelet transform
(CWT), and Hilbert–Huang transform (HHT). Wavelet packet analysis is used as a
preprocessing tool to decompose the raw vibration signal into finer frequency bands,
which consist of incipient crack features. A comparative study on the effectiveness
of the selected time-frequency techniques in detecting the shaft fatigue crack, when
employed directly on raw vibration signals and on decomposed signals using wavelet
packet analysis, is presented

2 Description of Time-Frequency Techniques

The procedure for the decomposition of signals using wavelet packet analysis is
presented in Sect. 2.1. Description of three selected time-frequency techniques
followed by a comparative study on their performance of early crack detection
using raw and reconstructed signals fromWP analysis is presented in the subsequent
sections.

2.1 Wavelet Packet Analysis

Wavelet packet analysis is a classical two-band method used for the multistage
filtering process employed for obtaining hidden fault features in noisy signals. The
detailed description of wavelet packet decomposition can found in [15, 16]. Wavelet
packet analysis presents a finer frequency band partitioning over the entire frequency
band of the signal by splitting into both low (approximation) frequency and high
(detail) frequency bands, hence, enhancing the frequency resolution. The wavelet
packet function expressed mathematically is shown in Eq. (1):

Wn
j,k(t) = 2

j
2 Wn(2 j t − k) (1)

whereW is the wavelet packet function, j and k are the scale and translation param-
eters, respectively; n = 0, 1, is the oscillation parameter. Two prime parameters,
such as the selection of mother wavelet and the level of decomposition, can signif-
icantly influence the wavelet packet analysis. Therefore, in this study, the optimal
mother wavelet is chosen based on its signal-to-noise ratio (SNR) characteristic. For
a chosenmotherwavelet, SNR is calculated for a reconstructed signal from a terminal
node of the wavelet packet tree containing the highest percentage of energy. And the
number of levels of decomposition is selected based on the Shannon entropy criteria
[17]. In the present study, after careful investigation, discrete Meyer wavelet showed
the highest SNR for an optimal decomposition level of nine. Using discrete Meyer
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wavelet, the vibration signal is decomposed into nine wavelet levels giving a total
of 512 wavelet sub-bands at the terminal node (9th level). The range of frequency
band for each terminal node is given by 0.5 * Fs/2L, where Fs is the sampling
frequency and L is the optimal decomposition level. Signals are reconstructed from
the frequency bands of interest at the terminal node containing fault information. This
reconstructed signal is further used in other time-frequency techniques, selected in
this study, for crack detection.

2.2 Short-Time Fourier Transform

STFT employs a sliding window function g(T − t) centered at a time ‘t’ to perform
time localized Fourier transformof the signal x(t) consecutively, and the result reveals
the variation of the signal’s frequency content with time. The mathematical equation
for STFT is given in Eq. (2).

STFTx (t, f ) =
∞∫

−∞
x(τ )g(τ − t) exp−2πτ tdτ (2)

Time and frequency resolutions of the decomposed signals are directly affected by
the choice of window size [18]. Smallest window size provides good time resolution,
whereas the largestwindow size provides good frequency resolution. Thus, the choice
of the window is a vital parameter for an effective STFT analysis.

2.3 Continuous Wavelet Transform

Unlike STFT, where the window size is fixed, the wavelet transform enables variable
window sizes in analyzing different frequency components within the signal. The
CWT employs wavelets as a basis instead of complex exponential functions [19].
It adds a scale parameter along with a time translation parameter to the analysis.
Hence, it is best suited for time-frequency analysis and is effective in analyzing non-
stationary signals like run-up response of the rotor. Continuous wavelet transform of
a signal x(t) is given in Eq. (3).

WT(s, τ ) = 1√
s

∫
x(t)ψ∗

(
t − τ

s

)
dt (3)

where ψ∗(·) denotes the complex conjugation of the mother wavelet ψ(t), τ is
the shifting parameter, and s > 0 represents the scaling parameter. The parameter ‘s’
determines the time-frequency resolutions of the scaledmotherwaveletψ∗(t − τ)/s.
In the present study, Morlet mother wavelet is chosen as the base wavelet.
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2.4 Hilbert–Huang Transform

Hilbert–Huang transform is an adaptive nonparametric time-frequency technique
that combines the empirical mode decomposition (EMD) with the Hilbert transform
[20]. To perform this transformed signal, it should have at least two extrema, that
is, one is maximum and one minimum. HHT empirically decomposes a signal into
several intrinsic mode functions (IMFs), with each IMF being a mono-component
function, calculated as the difference between the signal and mean envelope values.
EMD is designed to decompose a signal x(t) into a collection of IMF components
and a final residue RL, which is the mean trend of the original signal. The IMFs C1,
C2, C3 … CL have different frequency bands ranging from high to low. The sum of
all IMFs and the final residue can be represented, as shown in Eq. (4). The Hilbert
transform of the intrinsic mode function Cl(t) is also shown in Eq. (4).

x(t) =
L∑

l=1

Cl(t) + RL(t) H [Cl(t)] = 1

π

∫
Cl(τ )

t − τ
dτ (4)

Hilbert–Huang transform of reconstructed signal from an IMF can be expressed,
as shown in Eq. (5).

HHT(t, ω) =
n∑

l−1

al(t, ωl) (5)

where al(t, ωl) is the amplitude of lth IMF at the time t with frequency ωl .

3 Experimental Details

A rotor test rig, as shown in Fig. 1a, is designed and developed according to the
function specification proposed byASTME468-11. A shaft (AISI 1020 Bright Steel)
of diameter 0.016 m and length 1 m is mounted on two main bearings as shown in
Fig. 1. All the bearings used are self-sealed spherical roller types which have a high
load carrying capacity. A combination of weight hanger and slotted dead weights is
used to apply the static load on the shaft through two auxiliary load carrying bearings
(see Fig. 1a). In addition to this, contact type electrodynamic exciter, as shown in
Fig. 1, is employed to excite the shaft randomly during the operation. Circumferential
V-notch with notch root radius (0.02 mm) and with an open angle (60°) is seeded at
the designated location on the three shaft specimens.

Data acquisition system (DAQ)Dewe-43V is used to record the vibration response
measured using the accelerometer (DYTRAN 3145AG), rotational laser vibrometer
(RLV-5500), and KMT telemetry strain gauge (T1-PCM-IND). These sensors are
mounted at different locations of the test rig, as shown in Fig. 1. Laser vibrometer
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1. Bearing housing 2.Accelerometer 3.Notch Location 4.Auxiliary bearing 5. Strain Gauge 6.KMT telemetry 7.Inductive pickup 8.Motor 9. 
Computer 10.Electrodynamic shaker 11.Weight hanger 12.Laser sensor 13.RPM controller 14.DAQ 15.Sensor head (RLV-500) 16.Waveform 
generator 17. Power Amplifier

(a) 
(b) 

Fig. 1 a Experimental rotor test rig and b shaker arrangement for transmitting random excitation
to the shaft

is used to measure vibration velocity, and KMT telemetry unit is used to measure
the strain caused due to lateral vibrations of the shaft. HP 33120A function/arbitrary
waveform generator is used to excite the shaker. A sampling frequency of 5 kHz is
chosen for all the analog channels.

4 Results and Discussion

Fatigue test is conducted on a shaft specimen fabricatedwith circumferentialV-notch
depth of 1.5 mm. Shaft carrying a dead weight of 120 N is subjected to random exci-
tation from electrodynamic shaker along with the predominant unbalance forces that
arise in accelerated fatigue test conditions. The random excitation is transmitted to
the shaft through a two roller bearing arrangements, as shown in Fig. 1b. Shaped burst
random profile is chosen fromwaveform generator, to excite the shaft, in a frequency
band of 10–500Hz. The power amplifier is used to enhance the excitation level. Exci-
tation unit is operated under its optimal power rating conditions. An excitation level
of 1.5 g is noticed at the notch location when the shaft is subjected only to the shaker
excitation (i.e., under zero operating speed). This level of excitation is maintained
throughout the fatigue test. Before the fatigue test, the vibration response induced
only due to random excitation is acquired using accelerometer mounted at the auxil-
iary bearing and is shown in Fig. 2a. The power spectrum of this vibration response,
as shown in Fig. 2b, reveals the natural frequencies of the rotor. From Fig. 2b, it is
observed that the first two natural frequencies of the rotor are 18.75 and 174.5 Hz.
To perform an accelerated fatigue test, all the three experiments are conducted at an
operating speed (16.5 Hz), which is close to the first natural frequency. To maintain
the stability of the test rig, an operating speed of 990 rpm (16.5 Hz) is selected by
performing a series of run-up tests covering the first critical speed. Due to safety



Detection of Fatigue Crack in the Shaft Using … 439

Fig. 2 aVibration response of intact shaft,b power spectrumof the intact shaft, c vibration response
of cracked shaft, and d power spectrum of cracked shaft

reasons, experiments are conducted only till shaft develops transverse fatigue crack
at the V-notch location. Fatigue test is ceased after cautious observation of abrupt
changes in time-domain statistical parameters like root-mean-square value, and crest
factor is observed. To ascertain the development of fatigue crack, power spectrum of
vibration response (see Fig. 2c) induced only due to random excitation on the shaft
after the experiment without any rotation is plotted in Fig. 2d. It can be observed
clearly from Fig. 2b, d, the occurrence of a shift in the natural frequencies from 18.5
and 174.5 Hz of the intact shaft to 17.7 and 167.9 Hz due to the crack that developed
during a fatigue test.

The entire acceleration time history (raw data) of the fatigue test acquired at the
auxiliary bearing location is shown in Fig. 3a. From the total vibration data length of
6393 s, two data sets of length 20 s (as shown in Fig. 3b, c) are taken at initial zone
(Data#1 represents healthy condition of shaft) and end zone (Data#2 with shaft crack
information) are considered for investigating the development of fatigue crack using
time-frequency analysis. The fast Fourier transform (FFT) evaluated for Data#1 and

Fig. 3 a Acceleration time history, b initial 20 s data (Data#1), and c final 20 s data (Data#2)
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Fig. 4 a FFT of Data#1 and b FFT of Data#2

Data#2, plotted for a frequency scale of 0–500 Hz, are shown in Fig. 4a, b. From
Fig. 4a, only 1×multiple of operating speed is seen in a frequency span of 0–500 Hz.
Although the stochastic loads applied in the 0–500 Hz frequency band, its influence
on the shaft is not visible in 0–100 Hz frequency span of the amplitude spectrum.
This is due to the predominant unbalance force that has developed under the oper-
ating conditions surpasses the level of random excitation. However, due to random
excitation, the second natural frequency (174.5 Hz) component is observed in the
frequency spectrum. As Fig. 2d, affirms the development of fatigue crack during the
test; therefore, Data#2 is expected to have the details of the fatigue crack. From the
FFT of Data#2, as shown in Fig. 4b, a very small value of the 2× component is also
noticed; however, the magnitude of 2× is not that significant to attribute the presence
of a crack. As small misalignment/looseness caused during operation can also result
in the rise of 2× harmonic component. Also, temporal variations of themagnitudes of
these harmonics are not known using FFT analysis. Therefore, to ascertain the devel-
opment of fatigue crack, high-resolution time-frequency techniques are employed on
Data#2. Time-frequency techniques such as CWT, HHT, and STFT are performed on
the Data#2, and the obtained results plotted for the frequency range of (0–100 Hz)
are shown in Fig. (5a–c). From Fig. (5a–c), crack indicators like 2× and 3× are
not found, thus, indicating the poor performance of these time-frequency techniques
in detecting fatigue crack when employed on the raw data (Data#2). Therefore, as
discussed inSect. 2,wavelet packet analysis is performedonData#2 to decompose the
signal into high-resolution frequency bands. For 5 kHz sampling rate, the frequency
band for each terminal node (9th level) of the wavelet packet tree is (0–5 Hz). Signals
are reconstructed from the three terminal nodes whose indices in wavelet packet tree

Fig. 5 a CWT of Data#2, b HHT of Data#2, and c STFT of Data#2
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are (9, 3), (9, 6), and (9, 9), and their corresponding frequency bands are (15–20 Hz),
(30–35 Hz), and (45–50 Hz), respectively.

These frequency bands contain the details of shaft crack indicators such as 1×
, 2×, and 3× components. The CWT, HHT, and STFT are performed on these
reconstructed signals, and the obtained results are shown in Figs. 6a–c, 7a–c, and
8a–c, respectively. In HHT analysis, the Hilbert spectrum is evaluated for the IMF
possessing the largest percentage of signal energy. A window size of 2048 is chosen
for STFT analysis for better frequency resolution. From Figs. 6, 7 and 8, crack
indicators (1×, 2×, and 3×) are observed from all the time-frequency techniques.
Hence, the WP analysis enhances the performance of all the three techniques in
identifying the crack features. However, temporal variations in the magnitude of
the first three operating speed harmonics are clearly observed only in CWT analysis.
These temporal variations inmagnitudes of 1× and2× componentsCWTcoefficients
are plotted in Fig. 9. From Fig. 9, it can be noticed that a significant rise of the 1×
component after 11th second onwards.

Fig. 6 CWT of reconstructed signal from frequency band of a (15–20 Hz), b (30–35 Hz), and
c (45–50 Hz)

Fig. 7 HHT of reconstructed signal from frequency band of a (15–20 Hz), b (30–35 Hz), and
c (45–50 Hz)

Fig. 8 STFT of reconstructed signal from frequency band of a (15–20 Hz), b (30–35 Hz), and
c (45–50 Hz)
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Fig. 9 Variation in magnitude of 1× and 2× CWT coefficients

Further, a steep rise in 2× component is noticed from the 16th second, because
of shaft asymmetry developed due to crack. Thus, the combination of WP and CWT
analysis ismost effective in the early fatigue shaft crack detection compared to the rest
of all the techniques investigated. Similar analyses are performed for the vibration
data acquired using other sensors like laser vibrometer and KMT telemetry strain
gauge. Results of these analyses are found to be alike with that of Figs. 6, 7 and 8.

5 Conclusions

A rotor test rig, with stochastic loading facility, is designed and developed to insti-
gate shaft fatigue crack is reported in this paper. Accelerated fatigue test is conducted
on a shaft specimen seeded with circumferential V-notch configuration. Raw vibra-
tion data acquired from various locations of the test rig, using different sensors, like
miniature accelerometers, laser vibrometer, and wireless telemetry strain gauge, are
used for crack detection analysis. Signal processing tools like continuous wavelet
transforms (CWT), Hilbert–Huang transform (HHT), and short-time Fourier trans-
form (STFT) are investigated for the early fatigue crack detection. Wavelet packet
(WP) analysis is used to decompose the original vibration response data into narrow
frequency band signals containing fault information before the processing of CWT,
HHT, and STFT analyses. It is found that the direct application of CWT, HHT, and
STFT on raw data cannot identify the crack features. However, all three techniques
could extract fault features when employed on the reconstructed signals from WP
analysis.WP analysis, when used as a signal preprocessing tool, enhances the perfor-
mance of time-frequency techniques for the shaft crack detection in an accelerated
fatigue test. CWT employed on reconstructed signals fromWP analysis shows better
resolution for temporal changes in the magnitudes of 1×, 2×, and 3× running speed
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components. Finally, the combination of WP and CWT analysis is best suited for
early shaft fatigue crack detection.
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Coupling Misalignment Detection
and Condition Monitoring of a Rotor
Assembly Using FEA-Based
Reduced-Order Modeling Methods

Anil Kumar, Dinesh Kumar, and Ravindra Masal

Abstract Coupling misalignment is a common issue in rotating assemblies
connected to driving shafts via coupling systems. Keeping the level of misalign-
ment within safe thresholds is a major requirement for the reliable functioning of
rotating systems. Coupling misalignments can result in sub- and super-synchronous
excitations (displacements, velocity and acceleration, reaction forces at critical loca-
tions) that can be used to ascertain the level ofmisalignment for a given coupling type.
Coupling misalignment happens due to frictional interaction of the coupling spider
from driving and driven side. To model it in full generality, it will require nonlinear
transient analysis of actual 3D CADs of the couplings with frictional contacts. Chal-
lenge to model such systems using FEA is that it requires full nonlinear FEA analysis
and is very time-consuming. In the present study, a full 3D nonlinear transient anal-
ysis is first done to capture the effect of misaligned coupling and proposes various
methodologies that can be employed to reduce the solution times. Component mode
synthesis (CMS) is employed to model the stationary part to reduce the solve times
considerably. Further effect of varying levels ofmisalignment on the results is studied.
Result trends are studied to explore the possibility of creating reduced-order models
(ROMs) from such design of experiments (DoE) study for real-time physics-based
condition monitoring of rotating machinery.
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Nomenclature

[M] Mass matrix
[C] Damping matrix
[K] Stiffness matrix
[m] Mass matrix of sub-system
[c] Damping matrix of sub-system
[k] Stiffness matrix of sub-system
m Master DOFs defined only on interface nodes
s All DOFs that are not master DOFs
c Damping parameter
{yδ} Truncated set of generalized modal coordinates
[φs] Fixed-interface normal modes (eigenvectors obtained with interface nodes

fixed)

1 Introduction

Misalignment of the components like shafts, bearings, etc., in the rotarymachinery, is
the most common cause of machine vibration. Researches have shown that 30–50%
of the machine downtime and breakdown is subjected to the misalignment problems
[1, 2]. The two most common types of the shaft/ bearing misalignments are parallel
and angular. Figure 1 shows parallel offset misalignment, in which the shafts of the
twomachines are on two separate but parallel centerlines; and angular misalignment,
in which the centerlines of the two shafts intersect at their coupling point and are at
an angle to each other. In real assemblies, combined misalignment is present.

Some of the typical reasons for the alignment issues could be thermal distor-
tions, movement during operation, manufacturing tolerances, and improper machine
assembly. The vibration caused by the misalignment can severely affect the long-
term reliability, production output and increase maintenance costs. It can result in
many failures like leakages, bearing failures, energy loss, structural induced noise,
and excessive heating. Therefore, it becomes necessary for the engineers to have
in-depth understanding of the root causes of the misalignments and their effects,
timely prediction, and fixing the problem. There has been a series of the studies
to understand the effect of misaligned shafts and bearings on the overall vibration

Fig. 1 Types of shaft
misalignment
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characteristics of the machine, its prediction via theory and finite element analysis
and fixing the problems.

Hariharan and Srinivasan [2] verified and investigated rotordynamic character-
istics related to misalignment throughout the experimental and simulation works.
Experimental predictions are good agreement with the numerical results. In their
study, a newly self-designed pin type of flexible coupling is used for simulation
using ANSYS by introducing the bearing and coupling elements into the model
as the misalignment effects. Both the measured and ANSYS results spectra show
that misalignment can be characterized primarily by 2× shaft running speed. Vaziri
and Patil [3] did the experimental process to obtain the RMS acceleration values of
vibration of cracked shaft. This study showed that the position and the depth of the
crack affects the stiffness of the shaft and that would result in the different vibration
signatures. Dere and Dhamande [4] considered both parallel and angular misalign-
ment of the rotating bearings. The study proposes a methodology to predict the faults
in machinery. Irvin Redmond in [5] presented the results of a theoretical study on
a simple linear rotordynamic model, capable of simulating the effects of parallel
and angular misalignment across a flexible-element coupling connecting drive and
driven rotors. The study is targeted to reduce the turnaround time of the numerical
simulations of the complex systems specially during the present of variability in
system. However, the model is mostly limited to the linear systems. Other studies
[6, 7] have also carried out the effort on the misalignment but are mostly limited to
the component level analyses and it does not include the complex parts of the full
machinery.

The scope of the current work is to extend misalignment study onto fully complex
pump assembly. Challenge to model such complex systems using FEA is that it
requires full nonlinear FEA analysis and is very time-consuming. On other hand,
modeling variabilities become almost computationally impossible. These challenges
are addressed to someextent in current studyusing componentmode synthesis (CMS)
to make it computationally manageable.

It is always desired to predict the cause of certain vibration problems by exam-
ining the signature of the vibrations, so that a proactive action can be taken before
the downtime of the critical components. This demands significant amount of exper-
iments or time-consuming FE simulations to prepare look up IoT tables, ROMs, or
training set for machine learning. The current work also proposes a methodology to
address these challenges, by using simulations to prepare physics-based ROMs of
complex rotating machines to create accurate digital twins.

2 Modeling Approach

3DCADmodel of a centrifugal pumpassembly (Fig. 2) is considered for FEmodeling
in current study. Assembly consists of both stationary and rotary parts (Fig. 3).
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Fig. 2 Full 3D CAD model of pump-stator assembly

Fig. 3 Rotating portion and base

Coupling between motor shaft and pump shaft is modeled using ideal jaw flex-
ible coupling composed of two three-jaw hubs and one six-legged intermediate
elastomeric spider (Fig. 4).

CAD is imported into ANSYS Spaceclaim® and some cleanup like removing
small insignificant parts like bolts, nuts, etc., is carried out. Solid rotating shafts
are converted into equivalent line bodies for saving time in subsequent FE analysis.
Spider and coupling jaw interact by a frictional contact (Fig. 5).

Cleaned up CAD is then imported into ANSYS Mechanical® for finite element
modeling. Solid parts in CAD are modeled using SOLID186 and SOLID187
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Fig. 4 Coupling connection

elements. Line bodies are modeled using BEAM188 and ball bearings are modeled
assumed symmetric in bearing planes and modeled using two COMBIN14 elements
for each ball bearing [8, 9]. There are 2 bearings on motor and 3 on the pump side
that connect the rotating shafts with the stator assembly (Fig. 6). Spider and coupling
jaws are modeled using SOLID 186/187 elements and frictional contact is used for
their interaction. Impeller is modeled using equivalent point mass. FEmesh is shown
in Fig. 7. All parts are assigned standard steel material properties. Spider is modeled
using linear BUNA material. Only source of physical damping in system is fric-
tional contacts between the coupling and the spiders. No other physical damping
mechanisms were used in current study (Table 1).

Disconnected FE mesh domains in the assembly are connected using appropriate
contact elements TARGE170, CONTA174, and joints usingMPC184 elements. Fric-
tional coefficient of 0.15 is used and contact stiffness updated at each iteration [10].
Coupling connection is shown in Fig. 5. Resultant FE model has about 15 K nodes
and 11 K elements. As dynamic response typically involves solving of thousands of
time points, analysis can be very time-consuming as the FE model size increases.
Solution times can be considerably minimized using CMS which helps to replace
thousands of DOFs of flexible stator body with just tens of DOFs still representing
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Fig. 5 Red are contact faces and blue are target faces

its dynamic response accurately. A superelement simply represents a collection of
elements that are reduced to act as one element [11].

Full nonlinear transient analysis [9] is carried out to analyze the effect of
misalignment on the pump assembly. Full transient analysis solves below general
second-order equation.

[M]
{
Ü (t)

} + [C]
{
U̇ (t)

} + {
Fi (t)

} = {
Fa(t)

}
(1)
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Fig. 6 3D CAD of stator and rotor with bearing locations

Fig. 7 Finite element model of assembly with rotating subassembly shown separately

Table 1 Material properties Material Young’s
modulus
(MPa)

Poisson’s ratio Density
(Kg/m3)

Structural steel 2e5 0.3 7850

BUNA 1.1e9 0.42 950
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For a sub-system defined as superelement, its FE matrices can be represented as
[11]:

[m]{ü} + [c]{u̇} + [k]{u} = { f } (2)

These are partitioned into interface and slave DOFs, written as

{u} =
{ {um}
{us}

}
= [T ]

{ {um}
{yδ}

}
; [T ] =

[
[I ] [0]

[Gsm] [φs]

]
(3)

The nodal displacement vector, {u}, may be represented in terms of master DOFs
completed by component generalized coordinates (3). Finally, the reduced matrices
for sub-system for a Craig and Bampton method [11–13] can be as:

[
k̂
]
= [T ]T [k][T ]; [

m̂
] = [T ]T [m][T ]; [

ĉ
] = [T ]T [c][T ];

{
f̂
}
= [T ]T [ f ]

(4)

These new reduced matrices replace the non-reduced sub-assembly matrices (as
shown in Eq. 2) in the full system matrices of Eq. (1), resulting in reduced number
of DOFs in Eq. (1).

In present study, all stationary parts are converted to a single superelement (Fig. 8).
The boundary condition and bearing connection locations on stator are defined as its
interface nodes or master nodes.

Shafts are perfectly alignment at the CAD level. So, misalignment is introduced
by applying a displacement condition to one end of the pump side gearbox part. This
represents the common practice in testing apparatus to introduce misalignment by
introducing machined shims of given thickness [14]. Misalignment level is varied
from 0.01 to 3 mm. Assembly is applied fixity at the four legs at base. Constant RPM

Fig. 8 Stator (motor; base; gearbox; impeller housing)
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Fig. 9 BCs (fixity at legs; misalignment; rotation)

of 30 Hz is introduced by applying rotation to one end of the shaft at the motor side.
All the boundary conditions are shown in Fig. 9. Misalignment is known to cause
periodic variations due to the coupling spider-jaw frictional interactionwhile rotating.
This excites harmonics of rotating speed in the acceleration, bearing reaction, etc.,
responses of the assembly.

3 Results and Discussion

The overall deformation plot at one of the time points is shown in Fig. 10. It shows
rotating 3D coupling and shafts. Results on stator are not shown as it is a superele-
ment. One may need to expand the solution to get results on slave nodes of superele-
ment. If there are any points of interest on stator (e.g., sensor points), it is suggested
to define master node/interface on stator. One misalignment transient analysis for
0.5 s end time took about 8 h on a 4-core workstation. CMS stator mode was found
to be 11 times faster per iteration with respect to a non-CMS stator model under same
compute settings. For FFT constant timestep of 1e−4 s was used and 4096 result
points used for carrying out FFT with resolution of about 2.441 Hz.

Generally, condition monitoring sensors like accelerometers are put near the
bearing locations to capture any anomaly like imbalance, misalignment, and bearing
failures in rotating machinery like pumps. Thus, the transient results of bearing reac-
tions forces and accelerations are shown in Figs. 12, 13 and 14 are obtained at one
of the bearing locations as shown in Fig. 11. Misalignment results in excitation of
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Fig. 10 Deformation plot at T = 0.5 s

Fig. 11 Bearing-3 location at gearbox

Fig. 12 X-direction
acceleration results at
bearing-3
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Fig. 13 Z-direction
acceleration at bearing-3

Fig. 14 Ball-bearing
reaction force (FY) at
bearing-3

multiple harmonics of the RPM like 1×, 2×, 3×, and so on [1–4, 6, 14–16]. These
harmonics depend on the type of the coupling and its interaction with connecting
jaws, misalignment type, bearings, assembly, etc. To understand the behavior in
frequency domain, fast Fourier transform (FFT) of time transient results was carried
out.

Figures 15, 16 and 17 show the FFT of the results at bearing-3 in the gearbox
housing. 1× is absent, as misalignment is not considered in beam element rotors. But
results clearly show that 3×, 6×, 9×, and so on, harmonics are excited. This partially
agrees with findings in literature on misalignment which reported higher harmonics
with misalignment [2, 6, 14, 17]. But, it does not show any 2× vibrations as also
reported in some literature [15, 16]. This can be attributed to fact that these harmonics
strongly depend on (a) coupling kinetics and (b) the way misalign excitation is

Fig. 15 FFT of bearing
forces (RY)
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Fig. 16 FFT of bearing
forces (RZ)

Fig. 17 FFT Z-direction
acceleration

modeled, and (c) model itself. Probably in the model under study, misalignment is
more of an angular misalignment and thus do not show the 2× response like in Ref.
[16]. For example, a direct 2× term introduced in the force terms in Ref. [17] excites
a 2× response. In current study, as no such assumptions was made on nature of
coupling nonlinearity, the result represents true assembly behavior, for given spider
and assembly. Additionally, different levels of misalignment lead to near same FFT
excitations. From this, one can conclude that a kind of misalignment can be clearly
identified with their FFTs or vibration signature, and only the level of FFTs will
change.

However, FFT inmisalign direction can be slightly different than on the transverse
direction as indicated by the FFT of bearing reaction forces in F and Z-direction,
respectively. Z-direction is consistently having higher value for higher misalignment
level, butY-direction suddenly shows relatively bigger peak at 270Hz. This, however,
can be attributed to highly nonlinear behavior of the frictional contact.

FFT values at different harmonics of 90, 180, and 270 Hz are plotted against the
misalignment level and shows monotonic increase in the values with misalignment.
The slopes, however, vary, so the behavior cannot be said to be linear dependent on
misalignment. Once enough, such data is generated, it can be used to create a reverse
reduced-order model (ROM) for evaluating the misalignment levels by feeding in a
sensor FFT output that can be coming from actual sensor on real asset (Fig. 18).
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Fig. 18 Bearing force RZ at
3×, 6×, 9×-RPM versus
misalignment

4 Conclusions

Misalignment behavior of a rotating shaft with spider coupling in a pump assembly
was effectively modeled using nonlinear transient FE analysis. CMS reduction of the
stator proved very effective in reducing and solving the time by 11 times as compared
to that of a full FE stator model. It is imperative to use it to solve dynamic analysis
involving complex assembly like the one considered in this study.

FFT of the results like acceleration and reaction forces showed harmonics exci-
tations in form of 3×, 6×, 9×, etc., of RPM. Vibration signature seems to be highly
coupling and assembly dependent as no 2× excitations are seen, as reported in liter-
ature. FFT signature at different misalignment levels was found to be qualitatively
similar. This observation could be explored further to create accurate physics-based
ROMs that can evaluate misalignment levels based on the FFT data. And the data
can come either from real-time field mounted sensors on assemblies or from FE
simulations.

In current study, coupling is modeled with solid FE elements with frictional
contact. This causes considerable increase in solve times both due to number ofDOFs
and frictional contact. Though current study is done using accurate 3D coupling
model, further reduction in solution times can be achieved by creating equivalent
nonlinear 1D coupling. An equivalent 1D model was created to explore this. Modal
analysis results proved equivalence as seen in Table 2. However, 1D equivalent
coupling for misalignment analysis would require a nonlinear stiffness that replicates
the 3D actual coupling. Such a study in the future can be useful to explore further
time reduction of misalignment analysis so that more scenarios can be analyzed in
a shorter time. These models can then be used to create accurate digital twins in

Table 2 Modal analysis
results comparison of a full
3D coupler and equivalent 1D
coupler

Solid coupler Freq (Hz) 1D equivalent coupler Freq (Hz)

27.228 27.228

74.009 74.009

96.23 96.986

101.74 104.55

115.16 116.63
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such highly coupling and assembly dependent systems that account for large range
of faults like misalignment, unbalance, crack, bearing faults, etc., and prove helpful
for predictive maintenance of critical rotating equipment.

Acknowledgements The authors are grateful to Grab CAD user Royston Scudder for permitting
use of the CAD geometry for this study.
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Vibration Reduction in Indigenous
Wankel Rotary Combustion Engine
with Structured Layer Damping

Sadanand Kulkarni, S. Satish Kumar, S. Santhosh Kumar,
Umesh Kumar Sinha, Brijeshkumar Shah , K. Satish Kumar,
A. J. Steve Mithran, and K. Monickavasagom Pillai

Abstract Rotary engines are simpler in design and operation compared to the
gas turbines. Rotary engines propel many monoplanes, power hang gliders, and
unmanned aerial vehicles (UAV). In an indigenization effort, a 65 hp Wankel rotary
combustion engine (WRCE)was successfully developed in the country for a wheeled
version of Nishant UAV. As a part of the testing and certification process, three
engines were required to be tested in the test bed for a stipulated number of hours.
The engine was mounted in the test bed on two cantilever bolts in horizontal and
two in the vertical direction with equi-frequency anti-shock mounts. During testing
without the alternator, it was observed that the vibrations are higher with 1X ampli-
tude of 24 g. To identify the source of vibration, a detailed modal analysis was
carried out. Impact test data showed the existence of dominating frequency around
138 Hz. To reduce the vibrations, the engine mount is modified suitably, and struc-
tured layer damping is introduced between the engine mount and support structure.
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This modification resulted in increased damping leading to vibration reduction to the
acceptable level. Testing of Wankel engine with alternator up to the required speed
was completed successfully using the structured layer damping method.

Keywords Rotary engine · Unmanned aerial vehicle (UAV) ·Modal analysis ·
Critical speed

1 Introduction

The lightweight aerial vehicles, mainly UAVs, have seen phenomenal growth and
improvements in their performance in the past couple of decades. The UAV’s find
the utility in defense and civil sector, especially for surveillance and carrying the
payloads [1]. High demand for UVA’s is a driving force for the continuous efforts
toward their performance improvement.One of the rationales behind the performance
enhancement is the vehicle’s propulsion system. The power plant requirements for
the UAVs are very demanding. Some of the major considerations in the power plant
design are high specific power, low specific fuel consumption (SFC), lower frontal
area, minimum noise and vibration, high reliability, low maintenance, and ease of
serviceability. Wankel rotary combustion engine (WRCE) is one of the promising
contenders that satisfy a large number of requirements of a small aircraft power
plant. Hence, WRCE is being considered for powering many aircraft such as UAVs,
microlights, and hang gliders all over the world. It is also used as APU for the aircraft.

Activities toward the development of WRCE have begun in CSIR-NAL couple
of decades ago. As on today, CSIR-NAL has developed 55 and 65 hp water-cooled
rotary combustion engines for UAV applications successfully. Currently, 30 hp air-
cooled engine is under development. This paper deals with the case study on the
vibration issues developed during the trials on the 65 hp WRCE in the testbed and
methodology implemented for rectifying the high vibration problem.

2 Details of 65 hp WRCE

The 65 hp WRCE consists of the core engine, reduction drive, water pump, and
fan [2]. The in-built reduction drive system has a speed reduction of 1:2 to keep
the propeller speed lower. Water cooling system is used to maintain the housings
operating temperature under safe limits. The air cooling system cools the rotor and
also aids in the flow of lubricant to various bearings of the engine. The complete
engine model indicating the critical parts is shown in Fig. 1. Detailed specifications
for this engine are given in Table 1.
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Reduc on Drive 

Propeller Flange 

Cooling Fan 

Exhaust  

Carbure or 

Core Engine 

Fig. 1 Engine assembly indicating major parts

Table 1 Engine
specifications

Parameter Details

Engine type Wankel rotary combustion
engine

Thermodynamic cycle Otto cycle

Max power (hp/kW) 65/48.5 @ 8000 rpm at sea level
(without exhaust muffler)

Cylinder capacity (cc) 397

No. of rotors 1

Operating temperature −40 to +55 °C

Fuel supply system Diaphragm type carburetor

Fuel 100 LL gasoline

Specific fuel consumption
(g/kWh) (lb/hp h)

335–365 g/kWh (0.55–0.60)

Engine lubrication system Total loss lubrication

Engine aspiration Naturally aspirated

Engine cooling Liquid cooled

Ignition system Capacitive discharge ignition
(CDI)

Propeller speed (rpm) 4000 @ max. engine speed

Engine dry weight (kg) 29–30

Engine installed weight (kg) 39–40
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3 Experimentation with WRCE

The designed WRCE engine is modeled and analyzed for the thermal and structural
aspects to ensure its safe working until the maximum operating speed of 8000 rpm.
After the analysis, the various engine components are fabricated and assembled into
a WRCE. The performance of the designed WRCE is evaluated by mounting the
engine on the thrust cradle simulating the actual engine configuration as shown in
Fig. 2.

The mounting arrangement of the engine on the vehicle is shown in Fig. 3. It
consists of two horizontal and two vertical bolts projecting from the DS frame which
is a part of theUAVstructure. To reduce the transmission of the engine vibration to the
vehicle, an equi-frequencymount is provided at the enginemounting locations. These
equi-frequency mounts have same stiffness in both the radial and axial directions
for the specified load range. The mounting selected in this case has a stiffness of
14 N/mm and natural frequency of 15 Hz, which provides 50% isolation [3]. Details
of the equi-frequency mounting arrangement are shown in Fig. 3.

In WRCE performance evaluation phase, the bare engine was run up to the full
speed. Vibrations of WRCE without alternator were observed to be higher at full
speed. The spectrum plot of engine vibration acquired at 8000 rpm is shown in
Fig. 4. Spectrum plot shows that 1X is the dominant frequency with 24 g as the
amplitude of vibration. The amplitude of vibration observed is higher compared to
the sponsor recommended values of 10 g.

In order to find the critical structural frequencies getting excited during running,
an impact hammer studywas carried out usingOROS vibration analyzer [4]. Figure 5

Propeller Reduc on drive unit 

Header tank 

Radiator cowling 

Oil tank 

Fire wall 

Trigger cum 
balance wheel 

Upper Engine 
Moun ng Bracket 

Vibra on Sensor 

Fig. 2 Engine mounted on the thrust cradle
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Upper Bracket 

Lower Bracket 

Shock Mount Fire Wall 

Fig. 3 Mounting of engine with frame

Fig. 4 Frequency plot of the WRCE (without alternator) running at speed of 8000 rpm

shows the results from the impact hammer experiments performedat stationary condi-
tions with the sensor mounted on the firewall and also hit on the firewall to determine
the point FRF. It can be seen that a frequency of about 138.75 Hz is evident in the
impact experiments. This frequency is likely to get excited when the engine operates
at full speed of 8000 rpm. Hence, it was decided to alleviate this frequency by intro-
ducing structured layer damper between the engine mount and the lower bracket in



466 S. Kulkarni et al.

Fig. 5 Frequency response plot of the engine without alternator

the horizontal plane by replacing the shock mounts. A Turcite sheet of 150 mm ×
50mm× 4mm is sandwiched between the enginemount and lower bracket as shown
in Fig. 6. The experiments are repeated without the alternator. Figure 7 shows the
results of experiments performed at full speedwith structured layer damping in place.
It can be seen that the magnitude of vibration has decreased from 24 g to about 14 g.

Turcite

Fig. 6 Engine firewall fitted with structured layer damper (Turcite)
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Fig. 7 Frequency plot of the WRCE at running speed of 8000 rpm with structured layer damping
without alternator

This confirms that the structured layer damping is effective in reducing the vibration
levels in the engine.

As per the mission requirements, the testing has to be carried out with the alter-
nator. In the next phase of testing, the engine is fitted with an alternator and exper-
iments are performed with structured layer damping in place. Figure 8 shows the
vibration levels encounteredwhen the engine is running at full speed. From frequency
plot, it can be seen that the overall vibration levels have been reduced further with a
maximum 1X amplitude of around 6 g, which is well within the prescribed limits of
10 g.

Fig. 8 Frequency plot of the WRCE at running speed of 8000 rpm with structured layer damping
with alternator
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4 Conclusions

The systematic approach of modal frequency identification with fundamentals of
vibration analysis was followed to identify the source of vibration during the testing
of indigenously developed Wankel engine. The mounting stiffness in the horizontal
directionwas identified as a controlling stiffness. Themounting stiffness anddamping
are improved by adopting the structured later damping. Demonstration of Wankel
engine with the alternator is completed successfully up to full speed by adopting the
structured layer damping.
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CSIR-NAL, and Head, Propulsion Division throughout this activity. Authors also acknowledge the
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Characteristic Parameters Estimation
of Active Magnetic Bearings for Varying
Controlling Parameters

Sampath Kumar Kuppa and Mohit Lal

Abstract Online condition monitoring of rotor systems with the help of active
magnetic bearings (AMBs) has been achieved more importance for the last few
decades due to its ability to work in a feedback loop. Proportional-integral-derivative
(PID) has three characteristic gain parameters, namely proportional (KP), integral
(KI ) and derivative (KD). The main purpose of the controller is to provide current for
the steady operation of the system. The stability condition of the system is achieved
by applying Routh–Hurwitz stability criteria. The stable responses of the system
are obtained by tuning the PID controller. Ziegler–Nichols tuning method is used to
acquire the least settling time for different controlling parameters. Two different sets
of PID controlling parameters are considered for tuning the system against different
sets of frequency range. For identifying the characteristic parameters, two different
sets of PIDs are selected for the frequency range of 35–51 Hz. A total of 10 operating
speeds are selected randomly between the frequency ranges to generate the indepen-
dent responses that are used in identification algorithm. In this article, a numerical
experiment has been performed to identify characteristic parameters of the active
magnetic bearing (AMB) along with dynamic parameters of coupling misalignment.
An approach is proposed to evaluate the unknown parameters for two different sets
of PIDs.

Keywords Flexible rotor-bearing-coupling · AMB · PID controller · Inherent
unbalances · Settling time
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1 Introduction

In recent trends, the online conditioning is foremost in the high speed rotating
machinery such as cryogenic engines, power generation units, space equipment and
underwater vehicle. In online conditioning, the balancing of the rotor system for
a wide range of frequency and consequently the selection of proportional-integral-
derivative (PID) parameters is the real challenge otherwise it will lead to the increased
settling time. The settling time is directly related to the exposure time to exagger-
ated vibration. In high speed rotating machineries, the major faults in the system
are inherent unbalance, fatigue crack propagation, misalignment at the bearing and
coupling location, rubbing of the components, etc. AMBs are utilized to provide
contactless motion in high speed machineries to avoid/reduce wear and tear of
components [1–3].

The authors of article [4, 5] developed a misaligned rotor system integrated with
a different radial AMB for its performance and robustness. The EOMs are derived
to determine the misalignment in terms of frequency responses utilizing Newmark
method. Authors of [6] proposed amethodology to evaluate speed-dependent param-
eters of rotor-AMB system. Here, the proposed algorithm is tested against a different
measurement noise for its robustness. Article [7] proposed an algorithm based on
force response to estimate the AMB dynamic parameters, theoretically and experi-
mentally. Based on experimental results concluded, AMB can be used as an exciter
and also used a controller for stabilization of the rotor system at high speed operating
conditions. Reference [8] proposed a methodology to evaluate the AMB characteris-
tics using rotor unbalance response. Here, finite element rotor model was adopted to
develop methodology and compared experimentally the identified parameters based
on unbalance response.

In present study, theflexible rotors aremodelled according toEulerBernoulli beam
theory with gyroscopic effect (due to the rigid discs). The finite element method
(FEM) is used to derive the equations of motion (EOMs). SIMULINK model is
developed for the system EOM and solved by Runge–Kutta method of fourth order
to obtain time-series displacement and current response. Fast Fourier transformation
(FFT) is used to convert the time-series signal into frequency-series. The online
conditioning technique is proposed based on frequency responses to identify the
characteristic fault parameters (unbalance, AMB (displacement and current stiffness)
and coupling (stiffness and damping)) of an AMB-rotor-bearing-coupling system.
The numerical simulations have been performed to illustrate the effectiveness of the
methodology by varying the PID controlling parameters.

2 Modelling of the AMB-Rotor-Bearing-Coupling System

In this section, the assumptions involved in modelling of the AMB-rotor-bearing-
coupling system and its considerations have been stated.
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Fig. 1 Flexible rotor-bearing-coupling system with AMB

Fig. 2 FE model of the AMB-rotor-bearing-coupling system

2.1 Assumptions and Description of the Model

A flexible rotor-coupling system along with AMB considered for numerical simula-
tion is shown in Fig. 1. The finite element (FE) model with the elemental and nodal
description is shown in Fig. 2. EulerBernoulli beam theory is applied in themodelling
of the shaft. The torsional and longitudinal vibration effect and its effect on trans-
verse direction have not been incorporated in this study. Cross-coupled parameters
of bearing and coupling are not considered in the present study.

2.2 System EOM

The EOMs for the individual substructures, viz. the shaft, disc, bearing, coupling,
AMB and inherent unbalance are derived in [1, 9–12]. The assembled EOMs with
boundary conditions may be given as

MG η̈ + (
CG − jωGG

)
η̇ + KGη = funb + fAMB (1)
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Here,MG,CG,GG andKG are the overall mass, damping, gyroscopic and stiffness
matrices, and f unb, f AMB and ï are the inherent unbalance force, AMB controlling
force and global displacement vector.

The radial eight-pole electromagnets are considered to define the characteristic
parameters of AMB [11, 12]. The AMB force could be given as,

fAMB = −ksη + ki ic (2)

with

ic = kPη + kD η̇ + kI

∫
η

where kP, kD, kI and ic are gain parameters of controller, namely proportional gain,
derivative gain, integral gain and controlling current, respectively. ks and ki are
displacement and current stiffness of AMB, respectively. Here, η is the time-series
displacement vector at AMB location.

In Eq. (1), substituting the unbalance force, displacement and current response
as, {f unb (t)} = {Funb (t)}ejωt , {ηc(t)} = {Nc(t)}ejωt and{ic(t)} = {Ic(t)}ejωt ,
respectively. The EOMs in frequency-series may be obtained as

[(−ω2MG
) + jω

(
CG − jωGG

) + KG
]
Nc = Funb + FAMB (3)

3 Simulated System Responses Based on Settling Time

Mathematical rearrangement may modify Eq. (1) as expressed below,

η̈c(t) = 1

MG
{ funb(t)} + { fAMB(t)} − (

CG − jωGG
)
η̇(t) − KGη(t) (4)

Conferring Eq. (4), to attain responses time-series, a SIMULINKTM model is
designed as presented in Fig. 3. The PID controller is in parallel mode because in
this condition the output of one controller does not affect the output of the other
(Fig. 4). This allows the controller to control the parameters independently. The
responses obtained in time-series are transformed into frequency-series by using the
fast Fourier transformation (FFT) technique. The system specifications are presented
in Table 1. Reference value presented for different parameters in Table 1 is taken
from article [9, 13].

A characteristic linear displacement and phase response against the spin speed at
bearing location 1 is shown in Fig. 5. The natural frequencies observed from Fig. 5
areωnf 1 = 66.08 rad/s,ωnf 2 = 200.00 rad/s,ωnf 3 = 347.48 rad/s,ωnf 4 = 517.37 rad/s,
ωnf 5 = 795.16 rad/s and so on. To have the effect of forward and backward whirl in
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Fig. 3 SIMULINK diagram for AMB-flexible rotor system

Fig. 4 PID controller for AMB

the estimated parameters, responses are generated at selected operating speeds (in
between second and third natural frequency).

The responses in time-series are obtained with the help of SIMULINK model.
The stability of the system is analysed based on the Routh–Hurwitz stability criteria
[14] as

M > 0, kD > 0, kI > 0 and kP >
1

ki ksksn

(
MkI
kD

+ K

)
(5)

Here, M, kP, kD and kI are mass of the rotor, proportional, derivative and inte-
gral gain of PID, respectively. For estimating the optimal characteristic parameters
of the system, the parameters are tuned with different PID controller parameters
(Table 2) for stabilization and lesser steady-state error. The Ziegler–Nichols (Z–N)
tuning method [15, 16] is used to tune the PID controller for a stable performance
of the system at different running conditions. In Ziegler–Nicholas criterion, the PID
parameters are tuned by keeping the value kP value as constant and varying the kI
and kD values alternatively until the system response becomes steady. The stable
characteristic response of the system with lesser steady-state error can be obtained
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Table 1 Specifications of the numerical model considered

Parameters Values (units) Parameters Values (units)

Rotor

Disc mass m1 and m2 2 kg Shaft length l 2.5 m

Polar moment of inertia
Ip

45 × 10−4 kg-m2 Disc eccentricity e1
and e2

24 µm

Diametrical moment of
inertia Id

0.0024 kg-m2 Shaft diameter d 0.016 m

Shaft density ρ 7850 kg-m3 Phase change β1
and β2

30° and 36°

Rayleigh’s coefficients for the damping
proportional:

a0 = 0.154, a1 = 0.00001

AMB

PID-I (controller gains) PID-II (controller gains)

Proportional, Kp 4200 A/m Proportional, Kp 10,200 A/m

Derivative, KD 1 A-s-m−1 Derivative, KD 8 A-s-m−1

Integral, KI 1200 A/(m–s) Integral, KI 7400 A/(m–s)

Actuator forces

Current factor, ki 48 N/A Displacement
factor, ks

105,210 N/m

Bearing

Stiffness parameters (N/m) Damping parameters (Ns/m)

Kb1
x 2.21 × 105 Kb1

y 2.35 × 105 Cb1
x 280 Cb1

y 350

Kb2
x 2.35 × 105 Kb2

y 2.42 × 105 Cb2
x 287 Cb2

y 350

Kb3
x 2.13 × 105 Kb3

y 2.24 × 105 Cb3
x 225 Cb3

y 275

Kb4
x 2.01 × 105 Kb4

y 2.20 × 105 Cb4
x 315 Cb4

y 290

Coupling

Stiffness parameters Damping parameters

Kco
lx 2.12 × 105

N/m
Kco
ly 1.99 × 105 N/m Cco

lx 150 Ns/m

Kco
ϕy 2.2 × 105

Nm/rad
Kco

ϕx 2.50 × 105 Nm/rad Cco
ϕy 150 Ns/m

with the help of rise time (Tr) and settling time (Ts). The Tr and Ts should be as less
as possible for faster stabilization of the system. The steady-state error, settling time
and rise time are calculated for different sets of PID for range of operating speed.
For brevity and completeness, the worst and best cases are presented in Figs. 6 and 7,
respectively. From Fig. 6, it may conclude that the settling time varies with operating
condition. As settling time plays a major role in stabilization and identification of
the system parameters, the PID control parameters are tuned to obtain the longer
steady-state response at lesser settling time.



Characteristic Parameters Estimation of Active … 475

10
-5

10
0

 A
m

pl
itu

de
 (m

)

0 500 1000 1500 2000 2500 3000 3500

-2

0

2

 P
ha

se
 (r

ad
s)

Fig. 5 Amplitude and phase plot with spin speeds

Table 2 Reference PID values

Set 1 2 3 4 5 6 7 8

Kp 4200

Ki 1200 2100 2900 3800 4700 5600 6500 7400

Kd 1 2 3 4 5 6 7 8
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Fig. 6 Variation of settling time with the spin speed for PID-I

These two sets of PID control parameters are considered to estimate the charac-
teristic parameters. By comparing Figs. 6 and 7, it can be observed that PID-II is
better set of control parameters because the settling time is constant for longer speed
range.
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Fig. 7 Variation of settling time with the spin speed for PID-II

4 Formulation of Identification Algorithm

For developing identification algorithm, the governing Eq. (3) can be rearranged to
retain the unknown system parameters, namely coupling (stiffness and damping),
AMB and unbalance force to left side, and known parameters, namely the global
mass, rotor (stiffness and damping) and bearing (stiffness and damping) to the right
side. These rearrangements in the above equation are to generate the regression
equation. The regression equation may be presented as

−{Funb} − {FAMB} +
([
Kc] + jω

[
Cc]){N } =

(
ω2

[
MG

]
−

[
K B

]
− jω

[
CB

]
− ω2

[
GG

])
{N } (6)

Equation (6) may be expressed in regression form as

[A(ωi )]{X} = [B(ωi )] (7)

with

{X} = {
e1r e1i e2r e2i Ks1 Ki1 Ks2 Ki2 KLx KLy Kϕx Kϕy CLx CLy

}

In Eq. (7), regression matrix [A] and vector {B} are in complex form and repre-
sented in [11, 13]. The characteristic parameter vector {X} requires set of independent
response data for estimation. To generate the required responses for developed algo-
rithm, a suitable simulation procedure needs to be designed. The following section
deals with the suitable model development to fulfil above purpose.
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5 Characteristic Fault Parameter Identification

A methodology is developed to identify the characteristic fault parameters (i.e.,
dynamic coupling, AMB and inherent unbalance) of the system, using least squares
method. The efficiency of the algorithm is analysed against different PID controllers
(PID-I and PID-II) for a range of operating speeds. The estimated parameters are
presented in Figs. 8 and 9 for PID-I and PID-II, respectively. From Figs. 8 to 9, it
may be observed that the AMB parameters exhibit good agreement with the addition
of measurement noise as well as by varying the PID tuning parameters. The inherent
unbalance parameters and coupling angular stiffness parameters are varying with the
addition of measurement noise for both the PID-I and PID-II. The maximum error
obtained in the estimated parameters is around 5% for coupling angular parameter
with the addition of measurement noise. The identification algorithm is verified
against faulty signal and found to be robust for varying PID tuning parameters.
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6 Conclusions

An online conditioning technique is proposed for simultaneous estimation of unbal-
ance, dynamic AMB and coupling parameters in an AMB-rotor system for varying
PID control parameters. The current and frequency responses along with rotor model
information are utilized for developing the identification technique. A finite element
model is developed with the Euler Bernoulli beam theory for proposed AMB-rotor
system. An identification technique is proposed to identify the various faults param-
eters of the AMB-rotor system using least squares method. The effective changes
in the settling time against different PID control parameters for range of oper-
ating speeds are calculated. The fault parameters such as dynamic coupling, AMB
and inherent unbalance parameters are estimated. The proposed technique is tested
against different levels of noise percentage and the measurement errors obtained
from the estimated parameters are found to be robust.
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Characterization of Digital Power
Amplifier-Based Active Magnetic
Bearings

Pravina R. Mali , Balaji Sankar , Gurunayk Nayak, Soumendu Jana,
and A. S. Sekhar

Abstract Active magnetic bearings (AMB’s) are used to support rotors using
magnetic forces, without any solid to solid contact. The AMB system has four main
components: power amplifier, electromagnetic actuator, sensor and controller. In this
work, the characterization of power amplifier for the AMB system is undertaken. The
gain and phase lag of the power amplifiers over the operating frequency is obtained
experimentally. Equivalent circuit models are made for the power amplifier. These
characteristics of the amplifiers are used in developing the control algorithm for the
AMB. The experimental results of these characterizations will help in understanding
the gain of the power amplifier and also the lag between the signal input and the
output signal over the desired frequency range.

Keywords Magnetic bearing ·MATLAB/simulink model · Power amplifier · Step
response

1 Introduction

The AMB system consists of electromagnetic actuator, sensor, AMB controller
device and power amplifier. The power amplifier plays a significant role in the
active magnetic bearing system. It receives control signals of low strength from
the controller and drives the desired current in the electromagnetic actuator in order
to maintain the shaft at levitated condition. The study of the response characteristics
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of power amplifier is necessary for selection of suitable power amplifier for a specific
AMB application.

Changsheng andZhiwei [1] proposed a two-level PWMswitching power amplifier
with an inner feedback loop composed of inner controller, drive circuit, power main
circuit and feedback circuit to improve the characteristics of the power amplifier.
The current loop can be used in voltage-controlled mode or current controlled mode,
with characteristics satisfying the requirements of industrial AMB switching power
amplifiers for the rotational speed of up to 60,000 RPM. In “study on three-level
power amplifier of magnetic bearings for high speed machine” [2], the three-level
switching power amplifier is designed by using carrier triangular wave phase shift
method tomeet the requirement of themagnetic bearingswhich are used in high speed
machines. The comparative study of the two-level and three-level switching power
amplifier was carried out that shows two-level has large current ripple which causes
the fluctuation of the rotor position and three-level has reduced current ripple because
of the increased zero level switching. The three-level switching power amplifier can
satisfy the requirements of the magnetic bearing system.

Ren et al. [3] analyzed the principle of three-level power amplifier and designed
a circuit based on the three-level PWM modulation technique. The designed circuit
uses two triangular carriers that are formed by the triangular wave superimposing the
positive and negative voltage bias and the two drives are formed by comparing the
current error signal and the two triangular carriers based on the voltage comparator.
It reduces the output current ripple and has good dynamic characteristics, tracking
characteristics and steady-state characteristics. Wentao et al. [4] proposed a similar
three-level PWM signal generation algorithm, designed the gate-driven circuits with
negative bias and built a three-level magnetic bearing power amplifier. The full-
bridge circuit model and current sampling circuit model were created by using power
system block set library in the MATLAB/Simulink. Also, it used M-file function of
MATLAB to simulate the data flow of the FPGA chip digital control in the power
amplifier. The use of FPGA chips to design power amplifier has easy programming
and flexibility of generating PWM signal.

In “the design and research of switching power amplifier used onmagnetic suspen-
sion support” [5], the switching power amplifierwas used for themagnetic suspension
support to improve the frequency response bandwidth. The circuit simulation was
done in MULTISM software. Since most of the energy in the magnetic suspension
support would be utilized by the power amplifier the efficiency of the power amplifier
should be good with fast output current response speed. The switching power ampli-
fier is more advantageous as compared to the analog power amplifier since the power
consumption is low with high efficiency and small volume. But the disadvantage of
the switching power amplifier is switches are subjected to significant interference. In
the simulation, they have used the sine input and also step response. From the experi-
ment results, the waveforms of input and output show that the output can follow input
with less distortion. The control performance can be assessed by the step response.
The time required for the systems to be in the stable states can be done by testing
step response. The shorter the rise time is, the higher the cut off frequency is, i.e.,
the frequency band is wider.
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Cao and Lee [6] developed a power amplifier based on IGBT power modules
and applied in an actual AMB system which has characteristics such as high-power
capacity with current greater than 10 A and power supply voltage greater than 48 V
with wide variable carrier frequency up to 200 kHz. The design has taken consider-
ations of the effect of the ripple current, electrical stresses on power semiconductor
devices and power loss of the amplifier. Zhang and Jiang [7] discussed a similar two-
level power amplifier for a magnetic bearing and its working. He applied the control
method for the power amplifier which used DSP controller for the control action. The
design scheme used switching frequency of 50 kHz, high speed optocoupler isola-
tion device HCPL4504 and bipolar H-type structure for the power amplifier. The
current rate of the change of the coil current was analyzed which shows that in order
to improve the response speed of the current, the inductance value of the electro-
magnetic coils should be minimized. Zhao et al. [8] analyzed the working principle
of the switching power amplifier that was based on the power system simulation
method. It was achieved in MATLAB/Simulink software. The dynamic performance
of the power amplifier was simulated and experimented, with overshoot, rise time
and bandwidth analyzed and compared separately which showed small error between
simulation and experiments and resulted in more accuracy.

In “research on MATLAB simulation of three-level power amplifier for magnetic
bearing” [9], the simulation for the data flow of the FPGA chip digital control in the
power amplifier for magnetic bearing was carried out by using MATLAB function
file. Thedesignof the three-level PWMpower amplifier includedADsampling circuit
for the conversion of coil current signals into digital signals and then transfer to FPGA
chip, FPGA control circuit for processing/generating the PWM output signals and
full-bridge circuit. The simulated and experimented waveforms coincided and show
the accurate results for the simulation and experiment.

Wang and Xu [10] proposed an accurate system model of three-level switching
power amplifier for active magnetic bearing. The operating principle was analyzed
using equivalent switching model and math models of half-bridge circuits are
obtained. The PI controller was designed in order to increase the stability domains of
the system and to improve the system response time. The simulation results matched
with the experiment and the model helps to design the required stability and dynamic
property of the system for magnetic bearing.

2 Equivalent Circuit for the Load on a Power Amplifier

The equivalent circuit for the load on an analog power amplifier consists of the
inductor coil in series with its internal resistance and additional external resistance.
The transfer function of the system is

T (s) = I (s)

V (s)
= 1

(Rin + Rex) + sL
(1)



484 P. R. Mali et al.

Fig. 1 Simulink model for the digital power amplifier

Equation (1) shows the transfer function of the load on power amplifier where I(s)
is the output current and the V (s) is the input voltage to the power amplifier. Rin is
the internal resistance of the actuator coil and L is the inductance of the actuator coil.
Rex represents the external resistance which also acts as a load. From the equivalent
circuit of the power amplifier, a Simulink model was built in MATLAB software.
The parameters of the designed circuit are: input voltage (V in) = 1 V (peak-peak),
offset voltage (V off) = 0.5 V, inductance (L) = 571 µH, internal resistance (Rin) =
0.1 � and external resistance (Rex) = 1 �. The Simulink model for digital power
amplifier was built and simulated as shown in Fig. 1 and the simulation results for
it is shown in Fig. 2. The waveforms shown in Fig. 2 are (i) input signal given to
the amplifier with the help of NI-cDAQ, (ii) error signal, (iii) PI signal given to the
PWM generator and (iv) current signal taken from load output.

3 Experimental Verification

The experimental setup for the characterization of power amplifier is as shown in
Fig. 3. The analog power amplifier used for this experiment requires ±12 V. The
signal excitation for power amplifier is given with the help of analog output card
through NI-cDAQ. The power supply to the power amplifier was supplied by two
batteries connected in series for +12 and −12 V to get a common point. The load
connected to the power amplifier was electromagnetic actuator in series with the
rheostat and an ammeter. The output signals for the measurements were taken across
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Fig. 2 Simulation results for digital power amplifier

Fig. 3 a Experimental setup for analog power amplifier, b experimental setup for digital power
amplifier

the rheostat through NI-cDAQ analog input card and the input signals were given
from the analog output card through NI-cDAQ. The NI-cDAQ was connected to the
PC with the help of Ethernet. In the same way for the digital power amplifier, the
circuit connections are similar.

The experiment is carried out at multiple frequencies in the desired range. For
comparison purpose, the results for only few of the frequencies are shown. The
experiment result for analog power amplifier has two set of values, one without
thrust plate and with thrust plate. The thrust plate represents the magnetic shaft of
an AMB system. Figure 4 shows the experiment results without thrust plate for
analog power amplifier. The waveforms in Fig. 4 are (i) input signal given to the
power amplifier and its fast Fourier transform (FFT) signal, (ii) load signal across
the electromagnetic actuator and its FFT signal, (iii) drop across the resistor and its
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Fig. 4 a Experiment results for analog power amplifier without thrust plate for 10 Hz (y-axis is in
volts), b experiment results for analog power amplifier without thrust plate for 50 Hz (y-axis is in
volts)

FFT signal and (iv) smoothed resistor drop and its FFT signal. Similarly, for Fig. 5,
experiment results with thrust plate for analog power amplifier are shown. The FFT
signals helped in analyzing the input and output frequency. From Fig. 4a, it can be
seen clearly that the frequency of the output signal was same as the input signal (peak
at 10 Hz). Also, for the output signals across the resistor, the FFT signals clearly say
that amplitude at low and high frequencies without thrust plate on actuator does not
show a significant dip in output voltage amplitude. But from Fig. 5, it is clear that
there is a significant dip across the output voltage amplitude for high frequencies
with thrust plate on the actuator. Also, the time plot of load versus time in Fig. 4a
looks noisy so there are possibilities of multiple frequencies in FFT plot at higher
frequencies but the plot is limited to 12 Hz and hence is not visible.

Based on the data collected for the analog power amplifier, the input and output
voltage amplitude with and without thrust plate are tabulated for all of the desired
frequencies as shown in Table 1. From the following table, it is clear that for over
a desired frequency range the gain of the analog power amplifier is constant with
nearly zero phase lag between its input and output signals. The same experiment is
carried out for digital power amplifier for the set of desired frequency range as shown
in Fig. 6a, b. The waveforms in Fig. 6 are (i) voltage drop, i.e., output signal taken
across the load consisting of electromagnetic actuator without thrust plate on top, (ii)
input signal given from the analog output card through NI-cDAQ and (iii) the load
signal after the removal of outlier. Figure 7 (a) and (b) shows the waveforms of (i)
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Fig. 5 a Experiment results for analog power amplifier with thrust plate for 10 Hz (y-axis is in
volts), b experiment results for analog power amplifier with thrust plate for 50 Hz (y-axis is in volts)

Table 1 Output voltage
amplitude for analog power
amplifier for desired
frequency range

Frequency
(Hz)

Input voltage
amplitude (V)

With thrust
plate

Without thrust
plate

Output voltage
amplitude (V)

Output voltage
amplitude (V)

0.1 0.5 0.229 0.24

0.2 0.5 0.228 0.203

0.5 0.5 0.217 0.252

0.7 0.5 0.229 0.26

1 0.5 0.229 0.276

2 0.5 0.229 0.292

5 0.5 0.249 0.303

7 0.5 0.259 0.298

10 0.5 0.249 0.302

20 0.5 0.247 0.312

30 0.5 0.246 0.318

40 0.5 0.245 0.296

50 0.5 0.245 0.291
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Fig. 6 a Experiment results for digital power amplifier without thrust plate for 10.9 Hz (y-axis in
volts), b experiment results for digital power amplifier without thrust plate for 53.7 Hz (y-axis in
volts)

Fig. 7 a Experiment results for digital power amplifier with thrust plate for 10.9 Hz (y-axis in
volts), b experiment results for digital power amplifier with thrust plate for 53.7 Hz (y-axis in volts)

voltage drop, i.e., output signal taken across the load when thrust plate is kept on the
top of it, (ii) input signal given from the analog output card through NI-cDAQ and
(iii) the load signal after the removal of outlier. The MOSFET-based digital power
amplifier is used here with a high PWM switching frequency and 24 V power supply.
It is clear from Fig. 6 that for low and high frequencies without thrust plate on the
actuator the inductance is less and the output signal is following the input signal.
And from Fig. 7, it is clear that for low frequencies with thrust plate on the actuator
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Fig. 8 a Step response for digital power amplifier without thrust plate (y-axis in volts), b step
response for digital power amplifier with thrust plate (y-axis in volts)

the output signal is following the input signal but for the high frequencies the output
signal is not able to follow the input signal cleanly because of the effect of high
inductance. The peaks that are seen for 1� voltage drop signal in Figs. 6 and 7 is the
noise due to high switching frequency of the digital power amplifier. Also, the noise
content has increased significantly when the actuator has thrust plate on top of it.

The step response analysis is common tool to characterize the dynamic behavior
of the power amplifier. The step responses have been plotted for the digital power
amplifier in Fig. 8. The step responses are shown for (a) actuator without thrust plate
and (b) with thrust plate on top of it. The waveforms in Fig. 8 are (i) signal voltage
and (ii) voltage across the resistor.

To estimate the inductance values with thrust plate and without thrust plate, a
MATLAB code was written. This program simulated the decay of current from the
initial constant current case for different values of inductances. By comparing the
current decay trend with experimentally obtained curves, the equivalent inductance
of the coil was estimated. Figure 9 shows the comparison of the decay of current
trends from simulation and experiment for the estimated inductances values. From
this study, it was estimated that the inductance of the actuator with thrust plate on
top of actuator was 10 mH and without thrust plate it was 0.8 mH.

4 Conclusion

The frequency response of the analog and digital power amplifiers was studied exper-
imentally. The analog power amplifier was given constant amplitude input signals
of various frequencies, and the experimental results show nearly constant gain and
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* y-axis is in Ampere, green curve is 
experimental data, blue curve is simulation data 

* y-axis is in Ampere, green curve is 
experimental data, blue curve is simulation data 

a b

Fig. 9 a Comparison of inductances for the simulated and the experimented without thrust plate,
b comparison of inductances for the simulated and the experimented with thrust plate

zero phase lag over the desired range of frequencies. The FFT of input and output
signal shows no change in frequencies or any addition of undesired frequencies in
the response. Similar study was conducted for digital power amplifier and the current
response showed significant distortion compared to the input signal at high induc-
tance levels. Similar behavior was seen in the simulation model developed for the
digital power amplifier. This study helps us in choosing the power amplifier based
on our power requirement and coil inductance.
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Effect of Sinusoidal and Non-sinusoidal
Periodic Forces on the Stability of Gas
Foil Bearing

Kamal Kumar Basumatary, Sashindra K. Kakoty,
and Manash Pratim Ghosh

Abstract The effect of unidirectional sinusoidal and non-sinusoidal external peri-
odic forces on the stability of gas foil bearinghas been investigatedusing thenonlinear
transient analysis. In the case of sinusoidal forces, the loading is considered to follow
a sine wave. In the case of non-sinusoidal forces, the periodic forces are assumed
to follow square and triangular wave. The spatial domain and time domain terms of
the governing Reynolds equation have been discretized using the finite difference
method and the Crank–Nicholson method, respectively. The Reynolds equation and
the equation of film thickness have been coupled with the elastic deformation of
the bump foil structure as the deformation of the bump foil structure is a function
of hydrodynamic pressure. The stability of the bearing has been investigated for
different loading frequency ratio and loading amplitude. Trajectories are obtained
for different values of journal speed to ascertain if the rotor-bearing system is in the
stable, unstable, or in critically stable condition. The effect of loading frequency ratio
and loading amplitude on the minimum film thickness is also presented.

Keywords Gas foil bearing · Periodic loading · Sinusoidal forces · Non-sinusoidal
forces

Nomenclature

C Bearing radial clearance (m)
e, ε Bearing eccentricity (m), e/C
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Fε, Fφ, ˜Fε, ˜Fφ Hydrodynamic forces in ε, φ coordinate system (N), ˜Fε =
Fε

PaR2 , ˜Fφ = Fφ

PaR2

H, ˜H Film thickness (m), ˜H = H/C
La Amplitude of periodic loading
M Mass of rotor per bearing (kg), ˜M = MCω2/W
O Center of bearing
O ′ Center of journal
P Hydrodynamic pressure of the gas film

(

N/m2
)

, ˜P = P/Pa
Pa Atmospheric pressure in gas film

(

N/m2
)

R Radius of journal (m)
S Compliance coefficient Number, αPa/C
t Time (s), τ = ωt
wt Transverse deflection of foil (m), w̃t = S(˜P − 1)
W0 Steady-state load carrying capacity (N), ˜W0 = W/PaR2

Z , ˜Z Axial coordinate of bearing, ˜Z = Z/R
α Compliance of the bump foil

(

m3/N
)

Λ Bearing number, 6μω

Pa

(

R
C

)2

μ Gas viscosity,
(

N s/m2
)

φ Attitude angle (rad)
θ Angular coordinate of bearing (rad),x/R
ω Rotor angular velocity,(rad/s)
ωp Frequency of periodic loading
	 Frequency ratio, ωp/ω

1 Introduction

The recent need for high-speed oil-free technology has endorsed the application of
gas foil bearings (GFBs) in air cycle units and auxiliary power units, turbo-expanders
and turbochargers [1]. In general, it consists of three parts, viz. top foil, bump foil,
and bearing housing. The bump foil provides the compliance to the top foil, which
increases the load-carrying capacity of GFBs compared to the conventional rigid gas
bearing, thus providing maintenance-free and low power loss operation. Although
the applications of GFBs are numerous, the design of GFBs is mainly empirical due
to mechanical complications. Moreover, due to its low damping capabilities, rotors
supported on GFBs have low stability, which concerns the researchers and engineers.

The linearized method and nonlinear transient method are the two methods that
are generally used to investigate the stability of the rotor. The linearized method
specifies the dynamic coefficients that are used to predict the rotor-bearing stability.
The nonlinearized approach provides information and details about the whirl orbit of
the rotor. The nonlinear transient analysis is, however, time-consuming but predicts
the stability of the rotor better than the linearizedmethod [2, 3]. Inmany applications,
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the rotor-bearing system has to undergo various loading conditions. As a result, the
stability of the rotor gets altered. In this regard, the stability of the rotors supported on
the oil film bearings under different loading conditions has been investigated [4–6].
The investigation showed that the loading conditions greatly influenced the stability
of the rotor-bearing system. In another investigation, Vijayaraghavan and Brewe [6]
established that the loading patterns greatly affect the film thickness. Zarbane et al. [7]
found that the load capacity of the bearing is directly proportional to the oscillating
frequency of the periodic squeezing of the fluid film, whereas inversely proportional
to the mean film thickness. Further, Bhore and Darpe [8] compared the linear and
nonlinear frequency response of different frequency and amplitude of sinusoidal
excitation. The analysis showed a strong dependence of nonlinear frequency function
on the rotor supported on GFBs. Most recently, Basumatary et al. [9] compared the
stability of GFB under unidirectional sinusoidal load and constant load. It was found
that under high periodic load, the stability of rotor decreases. Moreover, higher
compliance coefficient of the bump foil also decreases the stability.

In the present investigation, the stability of the rotor supported on GFB under
sinusoidal and non-sinusoidal periodic forces has been investigated. In the case of
sinusoidal forces, the loading is considered to follow a sine wave. In case of non-
sinusoidal forces, another two kinds of periodic forces vis-a-vis square and trian-
gular wave are analyzed. The stability analysis has been investigated for different
frequency and amplitude of sinusoidal and non-sinusoidal periodic loading. The time
domain and spatial domain of the governing Reynolds equation have been discretized
using the Crank–Nicholson method, respectively. The deformation of the bump foil
structure has been coupled with the film thickness equation to evaluate the hydrody-
namic pressure. In this regard, the effect of sinusoidal and non-sinusoidal forces on
minimum film thickness has also been investigated.

2 Mathematical Model

The schematics of the bump type gas foil bearing has been shown in Fig. 1. The
Reynolds equation for isothermal perfect gas is the governing equation that describes
the generation of the gas pressure in GFBs. The Reynolds equation can be written in
non-dimensional form as,

∂

∂θ

(

˜P ˜H 3 ∂ ˜P

∂θ

)

+ ∂

∂˜Z

(

˜P ˜H 3 ∂ ˜P

∂˜Z

)

= Λ
∂ ˜P ˜H

∂θ
+ 2Λ

∂(˜P ˜H)

∂τ
(1)

Equation (1) has been discretized and rearranged for (m, n)th node or kth node
to obtain a quadratic form as,

(

˜Pe
k

)T
Ae
k

˜Pe
k + bek ˜Pe

k = ∂ ˜P ˜H

∂τ
(2)
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Fig. 1 Schematic of the
bump type GFB

where Pe
k = {

P(m,n−1) P(m−1,n) P(m,n) P(m+1,n) P(m,n+1)

}T

Ae
k =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

˜H 3
(m,n−1)

4(�˜Z)2
0 0 0 − ˜H 3

(m,n−1)

4(�˜Z)2

0
˜H 3

(m−1,n)

4(�θ)2
0 − ˜H 3

(m−1,n)

4(�θ)2
0

˜H 3
(m,n)

(�Z̄)2

˜H 3
(m,n)

(�θ)2
− 2H̄ 3

(m,n)

(�θ)2
− 2H̄ 3

(m,n)

(�˜Z)2

˜H 3
(m,n)

(�θ)2

˜H 3
(m,n)

(�˜Z)2

0 − ˜H 3
(m+1,n)

4(�θ)2
0

˜H 3
(m+1,n)

4(�θ)2
0

− ˜H 3
(m,n+1)

4(�˜Z)2
0 0 0

˜H 3
(m,n+1)

4(�˜Z)2

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

bek =
[

0 Λ ˜H(i−1, j)

2(�θ)
0 −Λ ˜H(i+1, j)

2(�θ)
0
]

The right-hand side of Eq. (2) has been discretized using Crank–Nicholson
method. Applying the boundary conditions given in Eqs. (3), (2) has been solved
using Newton–Raphson method [9],

˜P = 1 at (˜Z = ±L/2, θ)

˜P = 1 at (˜Z , θ = π)

˜P = P̄ at (˜Z , θ = 0) and (˜Z , θ = 2π) (3)

The film thickness equation in non-dimensional form is expressed as,

˜H = 1 + ε cos(θ − φ) + w̃t (4)

In the current analysis, the bump foil structure has been considered as the simple
foundation model [10]. The deformation of the foil structure is mainly dependent
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on the compliance of the bump structure and the average fluid film pressure along
the width of the bearing. Therefore, the deflection of the bump structure in the
non-dimensional can be written as,

w̃t = S(˜P − 1) (5)

Therefore, the deflection of the bump structure is coupled to theReynolds equation
through the film thickness Eq. (4). The pressure field thus obtained from solving the
Reynolds equation is integrated using Simpson’s 1/3rd rule to calculate the fluid film
forces of the bearing, ˜Fε, ˜Fφ in the ε and φ direction, respectively, using Eqs. (6) and
(7).

˜Fε = −
2π
∫

0

L/R
∫

0

˜P(θ, ˜Z) cos(θ − φ)dθd˜Z (6)

˜Fφ = −
2π
∫

0

L/R
∫

0

˜P(θ, ˜Z) sin(θ − φ)dθd˜Z (7)

Assuming, the rotor to be rigid while mass of M kg acting on each bearing, the
journal trajectory has been calculated using the following non-dimensional form of
equations of motion [3].

˜M ˜W0

[

ε̈ − ε
(

φ̇
)2

]

= ˜Fε + ˜Wc cosφ (8)

˜M ˜W0
[

εφ̈ + 2ε̇φ̇
] = ˜Fφ − ˜Wc sin φ (9)

where ˜W0 is the non-dimensional load and ˜Wc = ˜W0(1 + LaF(t)), in which the F(t)
is the function of periodic load and La is the loading amplitude.

The equations of motion are solved under sinusoidal load and non-sinusoidal
periodic load to obtain the attitude angle, φ and the eccentricity ratio, ε for each
time step for the various values of mass parameter, ˜M , which is a function of speed.
Thus plotting φ and ε for every time step, the journal trajectories are obtained for
every ˜M . It has been observed that for a certain value of ˜M , the journal orbit ends
in a limit cycle and above which the transition of the rotor motion from stable to
unstable state occurs [9]. The corresponding value of ˜M at the transition is known
as the critical mass parameter. Hence, the critical mass parameter has been found for
different frequency ratio and amplitude of loading.
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The three loading conditions that have been investigated in this work are described
as follows:

Case 1: Sinusoidal Periodic Load [6]:

Fsi (t) = sin	ωt (10)

Case 2: Triangular Periodic Load [11]:

Fsst (t) =
{

2t
T0

0 < t < π /ω,
2t
T0

− 2 π /ω < t < 2π /ω,
(11)

where t is taken as mod (2π/ω) and T0 is the time period of the periodic force.

Case 3: Square Periodic Load [11]:

Fsq(t) =
{

1, 0 < t < π/ω,

−1, π
/

ω < t < 2π/ω,
(12)

where t is taken as mod (2π/ω).

3 Results and Discussion

The simulation for the rotors supportedonGFBunder unidirectional constant loadhas
been validated by the authors in earlier publications [9, 12]. In the present analysis,
the length to diameter ratio and compliance coefficient has been considered as 1.
The eccentricity ratio has been considered as 0.3 for all the cases. In Fig. 2, the
load cycle for the three loading conditions with the loading frequency ratio and
loading amplitude of 1 has been shown. The loading frequency ratio indicates the
load cycle per revolution of the journal. As for example, the loading frequency ratio of
0.25 means four-load cycle occurs in one journal revolution. The loading amplitude
indicates the amplitude of loading compared to the mass of the rotor. Therefore, the
loading amplitude 0.25 means the periodic load is one-fourth of the rotor mass.

In Fig. 3, the rotor trajectories for different loading conditions with the loading
frequency ratio and loading amplitude, 1 for the mass parameter 2.1, have been
shown. It has been observed that the rotor traverses a different trajectory for different
loading conditions, although the mass parameter is the same. The trajectory of the
rotor under square loading shows higher orbit radius than the other two loading cases
(Fig. 3c). Similarly, in case of loading frequency ratio 0.5 and loading amplitude
1, the rotor trajectory under sinusoidal loading just touches the clearance circle
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Fig. 2 Load cycle a sinusoidal load, b triangular load, c square load

(Fig. 4a). Under the same loading condition, the trajectory for triangular loading is
well below the clearance circle while in case of square loading, the trajectory crosses
the clearance, suggesting the instability. Figure 5 shows the rotor trajectories for
loading frequency ratio 1, and loading amplitude of 0.5 has been shown. The radius
of the orbit of the rotor under triangular loading is less compared to other orbits
(Fig. 5b).

3.1 Effect of Loading Frequency Ratio

The loading frequency ratio is the ratio of the frequency of the journal and the loading
frequency. In order to investigate the effect of loading frequency ratio, the loading
amplitude is assumed to be 1. The effect of the loading frequency ratio on the mass
parameter for different loading conditions has been shown in Fig. 6. It has been
observed that at low-frequency ratio the critical mass parameter is low. However, as
the loading frequency is increased the critical mass parameter increases. In case of
square loading, the mass parameter is always lower than the other two cases for all
the loading cases. In case of the triangular loading, the mass parameter is higher than
the other two cases for all loading frequency ratios. Therefore, it can be concluded
that the rotors supported on GFB have low stability when the loading frequency ratio
is low.
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Fig. 3 Rotor trajectories for loading frequency ratio of 1 and loading amplitude 1 a sinusoidal,
b triangular, c square

3.2 Effect of Loading Amplitude

The loading amplitude ratio is the ratio of loading and mass of the rotor. In order
to investigate the effect of loading amplitude ratio, the loading frequency ratio is
kept constant at 1. Figure 7 shows the effect of loading amplitude ratio on the mass
parameter for different loading conditions. The mass parameter decreases as the
loading amplitude increases for all the loading cases. In case of square loading, as
the loading amplitude is increased beyond 1, the critical mass parameter decreases
drastically. Nonetheless, the critical mass parameter of square loading is lower than
the other two cases for all the loading amplitude. The critical mass parameter of
triangular loading has been found to be higher than the other two cases. Therefore,
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Fig. 4 Rotor trajectories for loading frequency ratio of 0.5 and loading amplitude 1 a sinusoidal,
b triangular, c square

the rotor supported on GFB is better in sustaining triangular loading rather than
square or sinusoidal loading.

3.3 Effect on Minimum Film Thickness

In case of hydrodynamic bearings, the fluid film prevents the journal surface from
getting in contact with the bearing inner surfaces and also helps in the generation
of the fluid film forces. Therefore, the loading patterns also influence the fluid film
thickness. Hence, an investigation of the minimum film thickness under different
loading conditions has been carried out. Figure 8 shows the minimum film thickness
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Fig. 5 Rotor trajectories for loading frequency ratio 1 and loading amplitude 0.5 a sinusoidal,
b triangular, c square

under different loading conditions for the same mass parameter. In Fig. 8a, the effect
of loading frequency ratio of 0.5 and loading amplitude of 1, on the minimum film
thickness has been shown. The variation of film thickness is different for the different
loading conditions. It has been observed that the minimum film thickness in case of
square loading reduces beyond zero indicating the journal surface rubbing the top
foil surface of the GFB which leads to the failure of the bearing. In Fig. 8b, the
effect of loading frequency ratio 1 and loading amplitude of 1.5 on the minimum
film thickness have been shown. The film thickness in case of square loading shows
the lowest value of the minimum film thickness for the same amplitude of loading.
It has also been observed that, although the mean value of the film thickness is the
same for the same amplitude of loading, the fluctuations of the minimum fluid film
thickness are different. Therefore, while considering the dynamic loading patterns
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Fig. 6 Effect of loading frequency ratio due to different loading conditions

Fig. 7 Effect of loading amplitude due to different loading conditions

the fluid film thickness is greatly affected. Decrement in fluid film thickness leads to
the rubbing of top foil with the journal which in turn leads to instability.

4 Conclusion

The stability analysis of rotor undergoing dynamic loading is essential for engineers
to understand the system response and predict the instabilities. In this paper, the
effect of sinusoidal, triangular, and square loading conditions on the stability of
rotor supported on GFB has been studied. It has been observed that as the loading
frequency ratio is increased the stability of the rotor also increases. Moreover, the
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Fig. 8 Minimum film thickness under different loading conditions

high amplitude of loading decreases the stability. The rotor supported on GFB shows
better performance under triangular loading rather than sinusoidal or square loading.
On the other hand, the GFB supported rotor is susceptible to instabilities due to
square loading. Therefore, square loading has to be avoided in rotor supported on
GFB. The loading frequency ratio and amplitude greatly affect the film thickness.
For the same frequency ratio of loading, the mean film thickness is different for
different loading patterns. Although the mean film thickness is the same for the same
amplitude of loading, the variations in film thickness are, however, different. The
effect of compliance of the bump foil and bearing number on the stability under
different loading conditions can be investigated.
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Modal Response of a 4-DOF Cantilever
Rotor System with 2 Bearing Support
Under Rotor Rub Impact with Unbalance

Aman K Srivastava, Mayank Tiwari, and Akhilendra Singh

Abstract This paper studies the modal response of rotor systems such as turbine
engines during rubbing due to unbalance. Rubbing in rotor introduces nonlinearity in
the system which leads to phenomena such as rotor stiffening. Experimentation for
such cases bears huge cost; hence, nowadays simulation results arewidely acceptable.
In this paper, a cantilever rotor with 2 bearing support model has been studied for
unbalance due to rub in the rotor. Response of such system has been studied on
MATLAB. The results reveal the dependence of natural frequency on additional
parameter, modal amplitude, which usually is dependent on rotor spin speed in case
of linear systems. Effect of parameters such as external damping, stiffness, friction
coefficient between the rotor and stator on the modal response of such system has
also been presented. The modal response clearly brings out the nonlinear behavior
of the rotor system.

Keywords Fan blade off · Cantilever rotor · Rotor dynamics · Stability

1 Introduction

The clearance between rotor and stator is a very critical parameter. Modern-day
aero-engine needs to deliver high performance which results in very small clearance.
This increases the chances of impact rub between rotor and stator, which introduces
unpredictability in the rotor system and can often lead to catastrophic failure. The
response in such cases is nonlinear, and system shows many dynamic behaviors such
as rotor stiffening, partial rub, annular rub, dry whip, backward whirl, quasi-periodic
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and chaotic motion. For many decades now, researchers have been studying the
nonlinear behavior of rotors in case of rub impact. Muszynska [1] studied the rotor-
stator rub and deduced the stiffening of rotor with increasing speed which introduces
nonlinearity in the system. Grazing bifurcation, chaotic and quasi-periodic response
of nonlinear rotor with impact rub was studied by Chu and Zhang [2]. Jiang [3]
studied the different types of rub in nonlinear rotors such as partial rub, full annular
rub, dry whip analytically. Black [4] studied the dry whip of rotors and concluded
that it occurs in a particular frequency band between individual natural frequency of
rotor/stator to next combined rotor/stator system natural frequency. Using Black’s
model, Zhang [5] identified multiple modes in dry whip and labeled the whirl region
as black. Physical reason for the existence of dry whip in rotor with impact rub was
identified to be backward whirl with negative natural frequency of rotor by Jiang [6].
Periodic variation of rotor’s stiffness in partial rotor rub which introduces instability
was studied by Bently [7].

During impact rub, the modes are not the typical normal linear modes. Instead,
nonlinear normal modes (NNM) are found due to additional constraint in the system
introduced by impact-rubbing. First mathematical framework to obtain NNM was
formulated by Rosenberg [8] and further developed by Shaw and Pierre [9]. Many
approximate methods have been developed to formulate NNM [10–12], such as
method ofmultiple scales, numerical methods, and harmonic balancemethod. Tiwari
[13] applied the harmonic balance method along with alternating frequency time
domain method (HB-AFT) to solve the nonlinearity introduces due to IRC of
ball bearing. Similar nonlinearity can be observed between rotor/stator clearance
systems. Hou [14] applied HB-AFT method to study the resonance of dual-rotor
system. Cameron [15] applied HB-AFT method to study the steady-state response
of nonlinear dynamic systems. Hong [16] studied the complex nonlinear modes of a
simply supported rotor with impact rub. He observed the onset of dry whip in case
of negative backward whirl.

Harmonic balance method is one of the most tried and tested methods to solve
nonlinear dynamic systems.Only prerequisite is the solution should be harmonic. But
often the additional constraint such as rub between the rotor/stator leads to nonlinear
rub forces. Solving it simultaneously requires the implementation of AFT along with
harmonic balance. Nayfeh and Mook [17] have given the harmonic balance method
for solving such systems.

Very few literature is availablewhich studies the impact of rotor rub onmodal char-
acteristics of rotor with additional constraint. Hong [16] studied such system but with
a simply supported rotor with 2-DOF. Hence, the understanding of complex modes
in cantilever rotors with nonlinearity due to additional constraint is still limited. This
paper aims to study the modal characteristics of such complex nonlinear modes,
excited by unbalance leading to impact rub and introduction of additional constraint
in cantilever lever rotor with −4DOF. This type of study holds importance as during
events such as FBO, the unbalance leads to rubbing between the stator and rotor, and
hence, the nonlinearity in system is introduced.
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2 Rotor Model with Additional Constraint

The rotor system here is modeled as a cantilever rotor with circular stator, and the
stiffness for rotor/stator interaction is Kc as shown in Fig. 1. The rotor is supported
with two ball bearings, and K, C are the stiffness and damping of rotor system.
Clearance between the rotor and stator is ro. The shaft is massless, and disk has a
mass m. The stator is a rigid ring and has no mass. Degrees of freedom of rotor are
[x, y, 8, �].

During impact rub, relative motion is observed between the stator and rotor, the
relative velocity is given by vrel. This motion causes friction between stator and rotor.
And the impact induces normal and tangential additional forces into the system. So,
the forces in y also affect the forces in x by μFy. The other two degrees of freedom
become less significant as the forced excitation is applied only in X and Y.

The equation of motion for such impact rub system is given as [16]:

mẍ + cẋ + kx + H(r − ro)kc
(
1 − ro

r

)
(x − sign(vrel)μy) = meω2cosωt

m ÿ + cẏ + ky + H(r − ro)kc
(
1 − ro

r

)
(y + sign(vrel)μx) = meω2sinωt

vrel = ωwr + ωrd

where x and y are transverse displacements, r is radial displacement given by√
x2 + y2, vrel is the relative speed at contact point between rotor and stator. μ

is friction coefficient. Radius of disk is rd, ωw is the whirl angular speed. H() is
Heaviside function, and sign() is symbolic function given by:

Fig. 1 Schematic representation of cantilever rotor with rotor stator clearance and additional
constraint
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H(x) =
{
0x ≤ 0
1x > 0

Sign(x) =
⎧
⎨
⎩

−1x < 0
0x = 0
1x > 0

From the governing equations, it can be seen that additional constraint comes into
play only when radial displacement is more than radial clearance. For parametric
study, we will convert equation into non-dimensional form [16]:

Ẍ + 2ζ Ẋ + Υ X + H(R − Ro)

(
1 − Ro

R

)
(X − sign(Vrel)μY ) = �2 cos�T

Ÿ + 2ζ Ẏ + Υ Y + H(R − Ro)

(
1 − Ro

R

)
(Y + sign(Vrel)μX) = �2 sin�T

Non-dimensional variables are given as:

X = x

e
,Y = y

e
, R = r

e
, Ro = ro

e
, ω1 =

√
kc
m

, 2ζ = c√
kcm

� = ω

ω1
,Y = k

kc
, R =

√
X2 + Y 2, T = ω1t

Vrel = �Rd + ωR, Rd = rd
e

, ω = ωw

ω1

2.1 Harmonic Balance Method

In order to study the modal characteristic of a rotor in impact rub, we use the knowl-
edge of complex nonlinear modes proposed by Laxalde [18]. Here the eigenvalue
and the characteristic equation are defined in the following form:

λ = −β + i	

Ẍ + 2ζ Ẋ + Υ X + H(R − Ro)

(
1 − Ro

R

)
(X − sign(Vrel)μY ) = 0 (1)

Ÿ + 2ζ Ẏ + Υ Y + H(R − Ro)

(
1 − Ro

R

)
(Y + sign(Vrel)μX) = 0 (2)
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Here, β = ζωo is modal damping ratio and 	 = ωo

√
1 − ζ 2, ωo is the natural

frequency of the rotor without impact rub. Now as per the understanding of complex
nonlinear modes, the solution of the above problem can be expressed in the form of
a Fourier series:

X = aox +
l∑

k=1

e−kβT (bkxcoskωT ) (3)

Y = aoy +
l∑

k=1

e−kβT (bkycoskωT ) (4)

Similarly, since the rub forces are dependent on x and y only, they can also be
expressed in the form of Fourier series:

Fx = pox +
l∑

k=1

e−kβT
(
qk
x coskωT

)
(5)

Fy = poy +
l∑

k=1

e−kβT (qk
ycoskωT ) (6)

Putting Eqs. (3) and (4) back into Eqs. (1) and (2), applying harmonic balance on
the left- and right-hand side (putting coefficients of sine, cos, and constant term to
zero), we get nonlinear algebraic equations of the form:

K A0 + P0 = 0 (7)

[
k2

(
β2 − ω2

)
M − kβD + C 2k2βωM − kωC

kωC − 2k2βωM k2
(
β2 − ω2

)
M − kβC + K

][
bkx
bky

]

+
[
qk
x

qk
y

]
= 0, k = 1, . . . , l

where M, K, C are the mass, stiffness, and damping matrices. Ao and Po denote
constants of displacement and rub forces.

The rub forces are dependent on displacement in time domain only. In order to
find its value in frequency domain, alternating frequency time (AFT) domain method
is used. Firstly, we find out values of x in frequency domain, then we go back to time
domain using inverse Fourier transform (IFT) and calculate rub forces and again
using Fourier transform, we put the values of rub forces in frequency domain. These
steps are done simultaneously. Further, Newton–Rhapson method is used to solve
these algebraic equations. For our current study, we have used harmonic balance
method to obtain the algebraic equation and get the characteristic equation after
solving the coupled equations. That gives us the modal response of the system.



514 A. K. Srivastava et al.

3 Results

The values of the parameters used for HBM method has been listed in Table 1. It
can be observed that in case of a nonlinear rotor, the modal frequency of the system
varies with the modal amplitude R. While in linear rotor, the modal frequency only
varies with the spin speed of the rotor. The modal frequency, before the rubbing
starts, remains constant as expected from a linear system. After the modal amplitude
crosses the clearance Ro, the response becomes nonlinear and the modal frequency
increases and attains a maximum value in case of forward whirl as observed in Fig. 2.
The possible explanation for this effect is stiffening of rotor as the rubbing starts.

The modal frequency in this case varies with parameters such as stiffness ‘Υ ’
(Fig. 3), friction coefficient between the rotor and the stator ‘μ’ (Fig. 4) and modal
damping ‘β’ (Fig. 5). As we can clearly observe that the increase in stiffness causes
the maximum value of modal frequency to increase.

The modal frequency of the rotor starts decreasing as we start increasing the
damping ratio, which is not the case with other two parameters, friction coefficient
and stiffness.

Table 1 Values of
non-dimensional parameters
for modal response

S. No Parameter Value

1 Ro 1

2 β 0.1

3 μ 0.15

4 Y 0.1

Fig. 2 Modal frequency versus modal amplitude
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Fig. 3 Effect of variation of stiffness of rotor on modal frequency

Fig. 4 Effect of variation of friction coefficient between rotor/stator on modal frequency

4 Conclusion

1. The modal response of rotor shows that the modal frequency increases nonlin-
early with modal amplitude instead of spin speed of rotor. The physical reason
behind such variation is stiffening of the rotor with increase in modal ampli-
tude. The modal frequency reaches a maximum value which is dependent on the
parameters such as damping and stiffness.

2. Modal damping causes reduction in the modal frequency. Slight change in the
maximum value of modal frequency can also be observed. While in linear rotor
case, damping barely affects the natural frequency of the rotor.
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Fig. 5 Effect of variation of damping of rotor on modal frequency

3. Friction coefficient between the rotor and the stator also affects the modal
frequency. An increase in friction coefficient causes an increase in modal
frequency. Hence, the material for the rotor and the stator should be chosen
with utmost carefulness as it might lead to instability of the rotor.

The amplitude of the vibration, X and Y, has been assumed in such a way to
simplify the model. However, in further study, the solution should be assumed of the
form which should comprise of both sine and cosine terms along with decay in order
to study the phase response of the rotor.

The current study only determines the modal response of the system, and the
forced response or unbalance response will be studied in future work.
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Dynamic Response Analysis of Rotating
Shaft-Bearing System with an Open
Crack

S. Bala Murugan , R. K. Behera , and P. K. Parida

Abstract The best of effective design and practices of constructive methods in the
analysis of rotor excessive vibrationwill yield the solutions for the dynamic problems.
The extensive effusion of the finite element method (FEM) strongly induced in the
area of rotordynamic studies and can give accurate results. Diagnosis of a rotor shaft
with crack for its operating conditions is essential to the dynamic systems design.
This paper carries the analysis of a finite element model of a flexible rotor-bearing
system with a transverse open crack by accounting the various crack depths and
internal damping of the shaft. The effect of transverse crack on the system instability
regions was found out. It is noted that the natural whirl speeds reduce with increase
in crack depths. The system unbalance response and damped natural whirl speeds are
presented with undamped orthotropic bearings. The stability of the rotating shaft-
bearing system with transverse open crack has also been studied for the various spin
speeds and disk eccentricity with the time integration procedure. The phase-plane
portraits and frequency-domain diagrams are drawn to study the dynamic behavior.
Further, the study is yet to be extended to a fully levitated rotor model supported in
active magnetic bearings (AMBs).

Keywords Rotor-bearing system · Transverse crack · Internal damping · Whirl
speeds · Stability

1 Introduction

The growing direction of rotating dynamic systems, steer into a complicated analysis
of design for the smooth operation. Dynamic analysis of rotating systems has had an
extensive investigation over the last few decades. Several methods were developed
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for the study of shaft-disk-bearing systems over the past few decades. Effective
modeling procedures can be split into two significant classes. Finite element method
(FEM) is one among them, in which the rotor elements are subdivided into finite
number of degrees of freedom and the system motions are represented by ordinary
differential equations. Rotating structures are employed broadly through industries
from all around the world for energy generation and power transmission. The large
vibration amplitudes in rotating systems will lead the shaft/rotor to the propagation
of cracks. Followed by these great amplitudes due to cracks allow to unpredicted
shutdown and feasible damage of machine elements. The shaft with an open crack
is one of the vicious havoc situations in rotordynamic systems analysis particularly
in transverse direction.

An important study of the modeling and investigation to get the perfect results
for multi-stepped rotor systems was carried for distributed parameters. In his three
instances, first, the system is validated with FEM analysis. Second a parametric study
in variation of shaft length consists of two different shafts with different diameters.
And finally, an unbalance response analysis was carried out by Hong and Park [1]. A
new approach for extracting the critical speeds of flexible rotor-bearing system with
the transverse shear effect and distributedmass and inertia of the shaftwere presented.
The external loads are considered with bearing mass, damping, and coupling flexi-
bilities. The critical speeds with the effect of coupling flexibilities were investigated
by Joshi and Dang [2]. Modal analysis for continuous rotor-bearing systems for
isotropic and anisotropic natural boundary conditions was analyzed. The backward
and forward whirl speeds, and mode shapes are calculated for varying rotational
speed and boundary conditions by Lee and Jei [3]. The finite element method is used
as a key to extract the eigenvalue and stability investigation of rotors by accounting
distributed stiffness of bearing and damping. For the two models of rotor on cylin-
drical journal bearings, tilting pad journal bearings, offset and three-lobe journal
bearings were analyzed with (i) uniform and (ii) parabolic distributions, followed by
the stability limits were studied by Rao et al. [4]. Sekhar and Dey [5] investigated the
rotor-bearing system with transverse crack for the stability threshold by FEM anal-
ysis by accounting the different crack parameters, internal dampings and geometric
parameters. They found that, the instability is reduced reasonably with an increase
of crack depth.

Analysis of flexible rotor-bearing system with symmetrical single-disk derived
by lump mass method including shaft stiffness and damping, bearing linear oil-
film forces was used to find out the unbalance responses and the feasibilities are
discussed by Sanxing et al. [6]. Nelson and McVaugh [7] presented the dynamic
modeling of the shaft-disk system supported on bearings which gave the basic idea
in this field of rotor dynamics. They suggested a Rayleigh shaft element for modeling
a rotating shaft-disk system. The study of rotor model with finite elements incorpo-
rates the effects of rotatory inertia, axial load, and gyroscopic moments by applying
the consistent matrix method. Natural whirl speeds and unbalance response were
presented for two sets of undamped bearing stiffness. However, it excludes the axial
torque or shear deformation effect. By employing Timoshenko beam theory, the
above approach hypothesizes his previous study to obtain the shape functions by
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Nelson [8]. Dimarogonas [9] has presented a review article for crack in a structural
member as vibration of cracked structures. He had mentioned about the two fami-
lies of subharmonic critical speed. A transient vibration analysis of rotor with crack
which is passing over critical speeds was studied by Sekhar and Prabhu [10]. The
work from the authors shows that the time histories with harmonics and frequency
spectrum of model can be obtained with further analysis. The analysis of asymmetric
cracked rotor shaft systems for stability concern is much interested topic to study
by the rotordynamicists: Some basic cases have been discussed in [11, 12] which
generally gives the parametric instability.

2 Finite Element (FE) Model of the Shaft-Bearing System

Finite element method (FEM) is predominantly influenced in rotordynamic analysis.
The spinning structures are composed of numerous particles. The equation of motion
of the total particles allows the conclusion in the equilibriumof the system. Structures
with ‘n’ numbers of particles will have the generalized coordinates qi which consists
of nodal translational and nodal rotational displacement variables. Displacement
components of the nodal commonly chosen by order to be translations and followed
by rotations.

2.1 Energy Equations

All rotating particles are part of the structural system, and that it undergoes for elastic
deformations. By implementing the linear stress–strain relationship to the system,
the elastic potential energy of the structure can be derived. The derivative of this
elastic potential energy gives the finite element stiffness matrix of the structure. The
dissipative force which acts on the structure indicates the energy lost in it. The kinetic
energy of these particles is damped by the above-mentioned forces.

2.2 System Configuration and Coordinates

In present work, a typical flexible overhanging rotor-bearing model is analyzed to
understand the system dynamic stability situation. The segment incorporates the
discrete bearing, discrete disks with mass unbalances and incorporates a transverse
open crack in one of the element. The dynamic equations are solved using the implied
time integration procedure, and the stability at different speeds of operation is studied
using phase-plane portraits and frequency response. A simplified rotor system by
finite element can be standardized using Timoshenko beam theory. Figure 1 shows
the typical rotor element model.
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Fig. 1 Turbocharger schematic diagram

Fig. 2 a Rotor-disk finite element system. b Bearing model of the system

The finite element method is used to model the rotor-disk-bearing system. Here,
rotor mass isM and entire length L is divided into n-number of elements along n + 1
total node for the rotor z-axis which shown in Fig. 2a. By considering the bending and
shearing effects, the kinetic energy (Ts) and potential energy (Us) of the elements
(shaft) in rotation are given as:

Ts = 1

2

�∫

0

ρ
{
A(v̇2 + ẇ2) + ID(θ̇2

y + θ̇2
z ) + IP

[
�2 + �(θ̇zθy − θ̇yθz)

]}
ds (1)

Us = 1

2

�∫

0

{
E I (θ ′2

y + θ ′2
z ) + kGA

[
(θy − w′)2 + (θz + v′)2

]}
ds (2)

2.3 Disk Model

The rigid disk with four degrees of freedom is kept in the respective elemental nodes.
Since the disk is rigid, the mass/inertia center of the disks is placed on the particular
node which is connecting two elements as shown in Fig. 2a. The disk kinetic energy
is given as:
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Td = 1

2
md

(
v̇2 + ẇ2

) + 1

2
Jd

(
θ̇2
y + θ̇2

z

)

+ 1

2
Jp

[
Ω2 + �(θ̇zθy − θ̇yθz)

]
(3)

The work generated by the disk with eccentricity of mass is:

Wd = mdrdΩ
2(w cosΩt + v sinΩt) (4)

[Md ] =

⎡
⎢⎢⎣
md

md

Jd
Jd

⎤
⎥⎥⎦; [Gd ] =

⎡
⎢⎢⎣
0
0

0 Jp
−Jp 0

⎤
⎥⎥⎦ (5)

2.4 Bearing Model

The bearings considered in this analysis which is in Fig. 2b are restricted to follow
the governing equations. The bearings were linearized and the stiffness alone is taken
into account for the analysis. The stiffness matrix of the bearing elements as follows,

[
Kb

] =
[
kbV V kbVW

kbWV kbWW

]
(6)

2.5 System Modeling

The shaft model is expressed with beam elements of circular in cross section. The
strain energy and kinetic energies are needed to take into account when modeling
a shaft element. The distinctive shaft elemental cross section is estimated with the
following equation(s):

{
v
w

}
= [Nt (s)]{q};

{
θy

θz

}
= [Nr (s)]{q} (7, 8)

where [Nt(s)] and [Nr(s)] are the shape functionalmatrices of translation and rotation.
These shape functions are well-established by Nelson [8]. By using the above set
of equations and by doing the integration along the total length by implementing
Hamilton’s principle, the below equations for the finite system, disk, and bearings
are obtained:
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[Ms]{q̈s} + Ω[Gs]{q̇s} + [Ks]{qs} = {Fs} (9)

[Md ]{q̈d} + Ω[Gd ]{q̇d} = {Fd} (10)

where

[Ms] =
�∫

0

ρA[Nt ]T [Nt ]ds +
�∫

0

ρ Id [Nr ]T [Nr ]ds (11)

[Gs] =
�∫

0

ρ Ip[Nr ]T
[

0 1
−1 0

]
[Nr ]ds (12)

[Ks] =
�∫

0

E I [N ′
r ]T [N ′

r ]ds

+ κGA

�∫

0

{
[Nt ]T [Nt ] + [Nr ]T [Nr ] + 2[Nt ]T

[
0 −1
1 0

]
[Nr ]

}
ds (13)

Considering the effect of damping on the rotor, the system equation of motion is
given as follows:

[M]{q̈} + [[C] + Ω[G]]{q̇} + [K ]{q} = {F} (14)

where

{q} = [ v1 w1 v2 w2 v3 w3 v4 w4 v5 w5 ]T (15)

2.6 Crack Model

The transverse crack model leads the parametric inertia or stiffness excitation to the
system equation. Due to the parametric inertia, it is required to figure out the effect
on the instability regions. Initially, the discrete elements equations of motions of
the rotor system are formed. Further, the transverse open crack is considered into
account for the current analysis as shown in Fig. 3.

The time-varying stiffness functions of the cracked element are taken as [13],

k j
oc(t) = k

j
o1 + k

j
o2 cos(2(Ωt + ϕ)) (16)
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Fig. 3 Finite model of the
rotor-disk system with open
crack

2.7 Final Rotor System Model with Crack

The overall equation of motion of the cracked rotor system is given as,

[MS]{q̈ S(t)} − Ω[GS]{q̇ S(t)}
+

(
[K S] + [K̃ (t)]

)
{qS(t)} = {QS}4n ×1 (17)

where
[
MS

]
,
[
GS

]
,
[
K S

]
, and

[
K̃ (t)

]
are the global mass, gyroscopic, stiffness, and

cracked elemental matrices having dimensions in 4(n + 1) × 4(n + 1). The constant
spin speed (�) brings the equation ofmotion of the system in the time-varying second
order periodic differential equation with the open crack frequency of 2�.

3 Theoretical Results and Discussions

The rotor-bearing-disk system with crack is distributed as 4 elements and the disk
with mass unbalance as given in Fig. 3. The values of the mechanical and phys-
ical properties are listed in Table 1. The finite element equations are solved with
MATLAB. The equations compute the nodal degrees of freedom by the defined
number of elements. Hence, in the beginning stage it calculates the natural frequen-
cies of the system and subsequently gives the Campbell diagram. However, need to
give the value of bearing stiffness coefficients manually to avoid further calculations.
This procedure helps to verify the system assembly.

The cracked shaft (open crack) equation of motion incorporates the stiffness
matrix as constant (K − Kc) in the investigation part. Unbalance mass of mu = 10−6

kg m is considered for the fully opened crack condition at t = 0. The result in Fig. 4a
shows the unbalance response and critical speed of the rotor-bearing-disk system at
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Table 1 Mechanical and physical properties of the shaft elements and rigid disk

Properties Values Properties Values

Density of shaft material
(kg/m3)

7810 MOI of disk,
(kg mm2)

41,750 & 168,100 (Iy y = Izz)

Young’s modulus, E (GPa) 197 83,500 & 336,200 (Ixx)

Shear modulus, G (GPa) 80 Bearing stiffness
coefficients (N/m)

3.503 × 107 (kxx = kyy)

Radius of shaft (m) 0.016 −8.756 × 108 (kxx= kyy)

Length of shaft (m) 0.526 Bearing clear. (micr.) 20

Radius of disk, (m) 0.156 Mass unbalance, mu
(kg m)

10−6

Mass disk, md (kg) 4.4783

Fig. 4 a UBR of finite
system with crack.
b Campbell plot with �cr of
1Xhamonic
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Table 2 List of first six natural frequencies (f n) with non-dimensional crack depth (μ) at (Lcrack
= 0.4235 m)

Freq.
(Hz)

Uncracked
(Hz)

μ Freq.
(Hz)

Uncracked
(Hz)

μ

0.1 0.2 0.3 0.1 0.2 0.3

1st 15.01 14.62 14.39 14.05 4th 63.91 63.31 62.19 61.87

2nd 15.09 14.61 14.40 13.98 5th 170.17 169.94 169.39 169.74

3rd 63.57 63.34 63.18 63.92 6th 170.33 169.86 169.05 169.29

3859 and 4904 rpm with crack. The natural frequencies for various non-dimensional
crack depth μ, [14] are listed in Table 2.

For an open crack at element 3, the natural whirl speeds were plotted for the non-
dimensional crack depth μ = 0.1, 0.2, and 0.3 which shown in Fig. 4b. It clarifies
the action of cracked rotor system responds for backward whirl when the crack
begins to look at very minimum crack depths, and it can be also understood that
the amplitude change with an increase in crack depth values for critical forward and
backwardwhirling speeds. The frequency spectrumof themodelwith crack influence
is plotted in Fig. 5a which shows the disturbed frequencies due to the stiffness of the
rotor. For the displacements at disk nodes for both the disk at � = 1200 rpm were
plotted and shown in Fig. 5b.

The phase portraits for the system with open crack, behave as periodic with a
little unstable center at � = 1200 rpm which shown in Fig. 6a, b. This effect also
can be observed from the disturbed frequency response curves with crack which is
shown in Fig. 5a. The viscous damping factors of 0.01 and shear coefficient of 0.65
are considered in the system modeling.

4 Conclusions

This study carries well-organized methods to solve and understand the behavior of
the rotor shaft-bearing-disk systemwith crack. The general solution of the rotor shaft
systemwith open crack has been included in the study to understand the behavior. The
outcome from themethodwhichwas followed gives the important observations of the
natural whirls, cracked unbalance vibration amplitudes, displacements at disk nodes,
and phase-plane diagrams. The behavior of the cracked rotor-bearing-disk system for
various crack depths with specific speeds was carried. Hence, the approach helps to
predict the changes with rotor orbit shapes in specific rotor critical speeds considered
at very minimum crack depths.
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Fig. 5 a Frequency
spectrum of the system.
b Displacements at disk 1 &
2 at � = 1200 rpm
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Rotordynamic Design Studies of Medium
Thrust Class Twin Spool Engine

R. Siva Srinivas, S. E. Muthu, and Girish K. Degaonkar

Abstract Rotordynamic design studies are an important part of gas turbine design
and development since there is a direct influence on the structural integrity, health and
fatigue life of rotating as well as static components. Rotordynamic analysis primarily
involves the estimation of critical speeds, mode shapes, strain energy distribution,
kinetic energy distribution and response to unbalance. The important parameters in
design studies include number of bearings, location of bearings, geometric properties
of rotor, bearing support design, stiffness and damping in bearing planes. The design
procedure is iterative and constraints imposed by the layout should be considered
during design modification. In this work, parametric study of various configurations
of the rotor-bearing system of a medium thrust class turbofan engine have been
presented. The modelling and analysis have been performed in DyRoBeS Rotor
software using Timoshenko beam element. The chosen general arrangements are
compared against each other to arrive at the optimum configuration from the point
of view of overall dynamic behaviour.

Keywords Critical speed ·Mode shape · Bearing · Twin spool · Timoshenko beam

Nomenclature

BS Bearing support
FOD Foreign object damage
HPC High-pressure compressor
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HPT Low-pressure turbine
ISB Intershaft bearing
Irc Internal radial clearance
LPT Low-pressure turbine
LPT Low-pressure compressor

1 Introduction

A twin spool gas turbine rotor-bearing system using beam, mass and spring elements
and performed fan blade-out analysis was modelled in [1]. The time transient
response of the system is obtained by solving the system governing equations
using new mark-β integration scheme. The same modelling procedure is adopted
in the current paper [2]. The twin spool rotor-bearing system of RM-12 engine
was modelled using ANSYS, and the results obtained were compared with those
obtained from DyRoBeS model in [2]. The rotor-bearing system of a rotor test rig
was modelled using Euler–Bernoulli beam elements in [3]. The response of turbofan
engine due to FOD events was estimated using wavelet analysis in [4]. The unbal-
ance response characteristics of gas turbine rotor systemusing transfermatrixmethod
were estimated in [5].

In the present work, preliminary rotordynamic analysis for five different arrange-
ments of twin spool engine rotor-bearing system has been performed usingDyRoBeS
software. Critical speeds, mode shapes, energy distributions, and response charac-
teristics for all five configurations are shown. As the work is still under progress,
actual values of masses of rotors, stiffness and damping parameters of bearings and
supports are not given in the paper. The reader has to bear in mind that the results
shown in the paper are obtained at some initial stage of design, and therefore, the
emphasis of this paper is more on the design procedure than the results tabulated.
The rotor-bearing design procedure is essentially iterative due the interdisciplinary
nature of gas turbine engine design process. Each configuration is shown to have its
own merits and demerits which are discussed in the conclusion.

2 Rotor-Bearing Arrangement of Twin Spool Engine

2.1 Modelling of Rotor-Bearing System

Modelling of rotor system has been performed using 2 node Timoshenko beam
elements in DyRoBeS. Discs have been modelled as lumped masses at appropriate
nodal locations. Mass and inertial properties of discs have been considered. Stiffness
of bearings is modelled using linear constant bearing element. The stiffness andmass
of supports and housings are also considered. However, the values are not listed here.
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Table 1 Materials of various
rotor components

Component Material Component Material

HPC rotor 1–4
stages

Titanium alloy LPC shaft Steel alloy

HPC rotor 5th
stage

Nickel alloy LP CT shaft

HPT rotor Nickel alloy HP CT shaft

LPC rotor 1–3
stages

Titanium alloy HP bearing
shaft

LPT rotor Nickel alloy HP, LP bearing
shafts

The viscous damping provided by external dampers is accounted for by assuming
a reasonable damping coefficient for all bearings housed inside bearing support.
Intershaft bearing is assumed to have nominal damping coefficient. The material
properties for the various rotor elements have been assigned based on Table 1. The
models of the five configurations are shown in Fig. 1c–g. Figure 1a, b shows the HP
and LP spools of configuration-1. The notations used for various bearing supports in
Figs. 4, 5 and 6 are shown in Table 2.

2.2 Merits and Demerits of Various Configurations

Table 3 lists out the salient features of various configurations with the associated
advantages and disadvantages in their implementation in the layout.

2.3 Critical Speeds, Mode Shapes and Energy Distribution

Critical speed analysis was performed on configuration-1 to obtain the mode shapes
and corresponding energy distributions at each critical speed. The Campbell diagram
of the same is shown in Fig. 2. It can be seen that both HP and LP modes are
excited throughout the operating range. The distinction between modes is clearer in
Fig. 3 where mode shapes of configuration-1 are shown. The Campbell diagrams
and mode shapes of other configurations are not shown due to the limit on the paper
length. The distribution of energies in rotor and bearing supports varies between
each configuration due to the different bearing arrangements. The %SE in LP and
HP shafts is shown in Table 4. It can be seen that configurations 1, 2 and 3 have
lesser %SE in shafts than configurations 4 and 5 across all the modes. This goes to
show the benefit of having intershaft bearing at the turbine end. Figure 4 shows the
SE % in bearing supports for various modes for all configurations.
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(a) LP spool of Config-1 (b) HP spool of Config-1 

(c) Config-1 with rear ISB (d) Config-2 with rear ISB and outboard LPTB

(e) Config-3 with rear ISB and outboard LPTB (f) Config-4 with intermediate ISB
and inboard LPCB

(g) Config-5 with intermediate ISB and outboard LPCB

Fig. 1 Various configurations of twin spool rotor-bearing system

Table 2 Bearing support
notations

BS-1 LP front bearing support

BS-2 LP intermediate bearing support

BS-3 HP front bearing support

BS-4 LP turbine bearing support
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Table 3 Salient features of various rotor-bearing configurations

Configuration Salient features Advantages/disadvantages

1 Intershaft bearing at the turbine end;
inner race on LP shaft; outer race on
HP shaft; outboard LP compressor
bearing; intermediate LP shaft bearing

Ease of assembly of Intershaft bearing;
needs a separate bearing housing and
lubrication system for LP front bearing
which adds to weight; conventional
lube transfer; irc hardest to control2 Intershaft bearing at the turbine end;

outboard LP compressor bearing;
intermediate LP shaft bearing;
outboard LP turbine bearing

3 Intershaft bearing outer race on LP
spool and inner race on HP spool

Better irc control, Less wear, Higher
stiffness; Intershaft lube transfer

4 Intershaft bearing at midspan with
outer race on HP spool and inner race
on LP spool; inboard LP front bearing

Common bearing housing for LP and
HP turbine bearings; Overhanging LP
disc not desirable; Common lubrication
to HP, LP and Intershaft front bearings

5 Intershaft bearing at midspan with
outer race on HP spool and inner race
on LP spool; outboard LP front
bearing

Common bearing housing for LP and
HP turbine bearings; better LP disc
unbalance response; Needs a separate
bearing housing and lubrication system
for LP front bearing which adds to
weight

Fig. 2 Campbell diagram of config-1 (LP rotor excitation)
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(c) Mode-3 0.56NLP

(d) Mode-4 0.86NLP

(e) Mode-5 0.9N LP

(f) Mode-6 0.98NLP

(g) Mode-7 1.47NLP

(a) Mode-1 0.35N LP

(b) Mode-2 0.54N LP

Fig. 3 Mode shapes of config-1 rotor-bearing system
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Table 4 Strain energy distribution in LP and HP shafts

% SE Config-1 Config-2 Config-3 Config-4 Config-5

Mode-1 LP shaft 2 49 39.85 6.3 3

HP shaft 6 4.4 4.93 5 5

Mode-2 LP shaft 10 23.45 29.54 5.5 14

HP shaft 2 1.25 0.98 1 0.25

Mode-3 LP shaft 3 3 3 0.83 0.83

HP shaft 1 1 1 1 1

Mode-4 LP shaft 33 20 15.8 1 1

HP shaft 1 1 0.12 5.33 5.33

Mode-5 LP shaft 37 14.8 15.3 4.3 3.6

HP shaft 8 4.3 4.55 33.1 31.15

Mode-6 LP shaft 26 36.5 31.5 79.7 80.6

HP shaft 26 19.8 23.8 7 1.35

Mode-7 LP shaft 8.1 24 29.8 37 56.2

HP shaft 20.4 20 18.2 7 12.22

2.4 Response to Unbalance

An in-phase residual unbalance value of 2 cm g is applied at each rotor stage based
on the rotor weight and maximum operating speed and G2.5 quality grade of ISO
1940/1 standard. Though the permissible unbalance varies from stage to stage, the
highest value of all is chosen and applied at all stages. The synchronous response
at discs and bearing supports is estimated. Figure 6 shows the response in config-1
rotor system at the four bearing supports. The KE distribution of bearing supports
shown in Fig. 5 is not translated to higher response at the corresponding supports in
Fig. 6 due to the fact that unbalance is located at discs. Since Mode 2 and Mode3
are close to each other (refer Fig. 3b, c), the response peaks are indistinguishable in
Fig. 8.

Shown in consistent with the KE distribution shown in Fig. 5. Likewise, Fig. 7
shows the KE distribution in all the rotors of both HP and LP stages. The response
shown in Fig. 8 follows the pattern shown in Fig. 7.

3 Conclusions

The dynamic characteristics of various rotor-bearing configurations have been
studied. Themodelling has been performed using 2 node Timoshenko beam elements
in DyRoBeS. Discs have been modelled as lumped masses at appropriate nodal loca-
tions. LP shaft excited critical speeds have been shown for various configuration-1
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(a) Mode-1

(b) Mode-2 

(c) Mode-3

(d) Mode-4

(e) Mode-5 

(f) Mode-6

(g) Mode-7 

Fig. 4 % SE distribution in bearing supports for various configurations
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Fig. 5 %KE distribution in bearing supports in Config-1 for various modes

Fig. 6 Unbalance response of bearing supports in Config-1 for various modes

Fig. 7 %KE distribution in rotor stages in Config-1 for various modes



540 R. S. Srinivas et al.

Fig. 8 Unbalance response of HPTR & LPTR in Config-1 for various modes

shown to have its own advantages and disadvantages. The choice of the general
arrangement is primarily decided by the placement of critical speeds, energy distri-
bution, and response characteristics. Additionally, rotor/stator weight, lubrication
arrangement also influence the final rotor dynamic design. If the intershaft bearing is
located at intermediate position, it has to be essentially ball bearing to accommodate
roller bearing at the turbine end. The disadvantage in this configuration is that it would
be difficult to obtain the axial load acting on the intershaft ball bearing as both the
races are rotating. With rear intershaft roller bearing, the LP front bearing would be a
ball bearing making the axial load measurement convenient. Also, from the point of
view of ease of assembly rear intershaft bearing is preferred. Hence, Configuration-2
is most preferable followed by Configuration-1. If the SE% in LP shaft is large, then
positioning intershaft bearing at intermediate location becomes imperative. In such
a case, configuration-5 is preferred over configuration-4. The magnitude of unbal-
ance response at various nodal locations along the rotor length depends on the mode
shapes excited. This again depends on the axial location, magnitude and phase of
unbalance. The paper deals with the preliminary rotordynamic design aspects and
does not delve deep into other design aspects such as design of nonlinear dampers,
influence of rolling element bearings on the rotordynamic behaviour.

Acknowledgements The authors thank Dr. T. R. Rajanna, Chief Designer, AERDC for his
permission to publish this work.
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Improving Structural Integrity
of a Centrifugal Compressor Impeller
by Blading Optimization

E. K. Vivek, Lakshya Kumar, R. Senthil Kumaran,
and C. Veera Sesha Kumar

Abstract Three-dimensional blading features of impellers like sweep and lean
improve the aerodynamic performance of centrifugal compressors, especially in
terms of pressure ratio, stall margin and efficiency. But, these blade geometrical
features often impose challenges on mechanical design and structural integrity of
the impeller. Modern small gas turbine engines demand high-work input impellers
rotating at very high speeds, making the structural design even more difficult. The
present study deals with improving the structural integrity of a centrifugal impeller
of a compressor stage designed for 42,000 rpm and power input of 1200 kW. The
baseline design of the impeller, arrived using an advanced three-dimensional design
software, met the aerodynamic performance requirements but failed to satisfy struc-
turally. Higher backward lean present in the blade was found to be contributing
to severe bending stresses and deformation. Hence, three different impellers, with
modified thickness, lean angle and wrap angle distributions, were designed. These
designs were subjected to 3DCFD and FEM analysis. Structural analysis was carried
out to study stresses and deformations for all configurations, followed by pre-stressed
modal analysis to predict their natural frequencies and corresponding mode shapes.
The design with modified wrap angle distribution not only met the aerodynamic
requirements but also satisfied structural requirements. This paper elaborates the
design evolution of the centrifugal impeller from the baseline design to a more
structurally stable one.
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Keywords Bending stress · Centrifugal compressor · Deformation · Impeller ·
Blade lean · Sweep ·Wrap

1 Introduction

Modern-day centrifugal compressor designs demand high-pressure ratio, stallmargin
and efficiency at lowest possible diameters. This aggressive approach leads to use of
three-dimensional blading features like sweep and lean for impellers. Though these
advanced geometrical features have known to improve aerodynamic performance [1,
2], they pose serious challenges for mechanical design. The blade lean in inducer
part of the impeller significantly affects the stresses in the blade [3]. The influence
of three-dimensional blading features on the aerodynamic performance is published
in abundance. But, the literature covering the effects of blade lean and wrap angles
on impeller blade structural aspects such as stresses, deflections and their natural
frequencies is scarce.

The present work focusses on improving the structural integrity of a centrifugal
impeller of a high-work compressor designed for 42,000 rpm and power input of
1200 kW. The base design of the impeller failed to satisfy structural requirements.
Higher level of blade lean was found to be contributing to severe bending stresses
and deformation. In the process of minimizing the stresses and deformation, three
different modifications were made to the impeller: increased blade root thickness,
modified lean angle distribution and modified wrap angle distributions. These design
changes were subjected to 3D CFD and FEM analysis.

The design with modified wrap angle distribution met the aerodynamic require-
ments and also satisfied structural requirements to a large extent by reducing the
stresses anddeformations to acceptable levels. This paper elaborates the design evolu-
tion of the centrifugal impeller from the base design to a more structurally stable one.
Related design methods, CFD studies and FEM analysis are also presented here.

2 Centrifugal Compressor

The centrifugal compressor is designed for a small gas turbine application with a
pressure ratio of 3.8, mass flow of 5.6 kg and speed of 42,000 rpm. The compressor
stage comprises inlet guide vanes (IGVs), impeller, radial diffuser and axial outlet
guide vanes (OGVs) with 7, 19, 35 and 37 vanes/blades, respectively. CAD model
of the compressor is shown in Fig. 1. The thermodynamic design parameters of
the compressor are given in Table 1. Since only the impeller of the compressor
is of interest, flow and geometric parameters of the impeller alone are given here.
Mean-line flow parameters of the impeller are given in Table 2. Basic geometrical
parameters of the impeller are given in Table 3.
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Fig. 1 3D CAD model of
the centrifugal compressor

Table 1 Thermodynamic
design parameters of the
compressor

Inlet total pressure, Po1 (kPa) 146.5

Inlet total temperature, To1 (K) 349

Pressure ratio, π 3.8

Mass flow rate, m (kg/s) 5.6

Power required, P (kW) 1162.5

Efficiency, ηt-t (%) 79

Table 2 Summary of the
mean-line parameters of the
impeller

Parameter Impeller

Mach number, Mrel 0.91

Inlet absolute angle, α1in (°) 8.8

Inlet relative angle, β1in (°) −51.7

Inlet blade speed, U1 (m/s) 327.8

Exit Mach number, Mrel,ex 0.59

Exit absolute angle, α2 (°) 75.7

Exit relative angle, β2 (°) −48.8

Exit blade speed, U2 (m/s) 561.6

Table 3 Geometric
parameters of the impeller

Inlet hub radius, r1h (mm) 36.5

Inlet tip radius, r1t (mm) 95

Outlet tip radius, r2t (mm) 124

Hub to tip ratio 0.38

Rotor tip clearance (mm) 0.5
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Fig. 2 Relative Mach number contours of the impeller at design condition

Detailed CFD studies were carried out using ANSYS CFX with the full
compressor stage at 60, 70, 80, 90 and 100% speeds. The computed Mach number
contours of the impeller blade sections at the design condition are shown in Fig. 2.
Development of a shock near the leading edge can be seen as Mach number contours
are swept from hub to tip. At the tip region, local Mach numbers were close to 1.5.
Tip leakage vortex near the trailing edge of the tip section can also be seen. The
compressor met the intended performance of 3.8 pressure ratio at 5.6 kg/s mass flow
with a decent stall margin of 18%. The impeller, being the only rotating part, was
subjected to careful mechanical design and stress analysis.

3 Structural Analysis and Mechanical Design

The centrifugal impeller is designed for a speed of 42,000 rpm. At such high
speeds, the disc and the blades experience very high centrifugal loads. In addi-
tion to centrifugal loads, stresses resulting from thermal gradients and gas bending
loads result in complex stress pattern in the blade and the disc [4]. The tip shock
also adds complexity to the mechanical design of the impeller. In this study, only
inertial loads were considered. The baseline impeller, which met the basic aerody-
namic requirements, was taken for structural analysis. This impeller is referred to
as reference impeller. Un-scooped solid model of the impeller is shown in Fig. 3.
The impeller disc material was scooped out from either side to reduce weight. Tita-
nium alloy, Ti6Al4V, was selected as the impeller material. Its material properties
are mentioned in Table 4. An axial constraint at the hub and a cylindrical constraint
at the bore were imposed. Angular velocity of 4398 rad/s was fed. Finite element
analysis (FEA) was carried out on full impeller model consisting of 19 blades using
ANSYS Workbench software. The stresses and deformations were analysed under
full loading conditions. The von Mises stress, total, radial and tangential deforma-
tions of the blade were observed to be higher than the acceptable limits. The results
are shown in Fig. 4.

When the stresses in the blade exceed material allowable limits, stresses can be
reduced by various approaches. Axial and radial dimensions of the impeller can be
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Fig. 3 Impeller CAD model with the bore

Table 4 Material properties
of Ti6Al4V

Property Value

Density, ρ (kg/m3) 4460

0.2% Proof strength @ RT (MPa) 827

Ultimate tensile strength @ RT (MPa) 896

Young’s modulus, E (GPa) 113

Coefficient of thermal expansion, α (m/m K) 9 × 10−6

(a) von-Mises stress plot (b) Total deformation plot

(c) Radial deformation plot (d) Tangential deformation plot

Fig. 4 FEA results for reference impeller
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(a) at 20% of blade span (b) at 40% of blade span

(c) at 60% of blade span (d) at 80% of blade span

Fig. 5 Blade section lean

varied within allowable limits without affecting pressure ratio and mass flow rate
[5]. When the radial dimensions of the impeller cannot be varied due to geometric
constraints, the blade root can be thickened to reduce the stresses. Hence, the thick-
ness of the blade was increased to reduce the stresses in the first attempt. The analysis
on modified geometry with increased blade root thickness did not show any consid-
erable improvement in blade stresses and deformations. Later, it was observed that
the blade was experiencing significant bending which was the main cause for high
stresses anddeformations.After detailed analysis of blade geometry, the blade section
was found to be excessively leaned backward, which can be seen in Fig. 5.

Since the blade mass is not oriented along the radial line (passing through the axis
of rotation to the blade centre at hub), the centrifugal forces due to blade self-mass
created significant bendingmoment at the blade root. In order to bring down the blade
section lean, two different approaches were considered to modify the blade geometry
in the design software. In the first approach, the blade lean angle was increased at
exit of the impeller. In the second approach, the wrap angle of the hub curve was
reduced at the impeller inducer. Impeller configuration with 23° lean correction at
the exit was taken up for finite element analysis. The blade geometry shift is shown
in Fig. 6. The results, as shown in Fig. 7, did not indicate any significant reduction
in stresses as well as deformations. From the total deformation plot, it can be seen
that the blade bending was highest in the region of 20–40% of blade axial span from
the inlet and the lean had to be corrected appropriately in that region. Since the lean
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Fig. 6 Blade geometry after lean correction

(a) von-Mises stress plot (b) Total deformation plot

Fig. 7 FEA results for 23° lean correction model

correction given at the exit was nullified towards the inducer, this approach did not
give positive outcome.

The second approach was to correct the wrap angle of blade hub curve by 9° at the
impeller inducer, as shown in Fig. 8. It can be seen that the blade hub curve moved

Fig. 8 Blade geometry after wrap angle correction
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(a) von-Mises stress plot (b) Total deformation plot

Fig. 9 FEA results for wrap angle correction model

Table 5 Summary of FEA results for various impeller configurations

Reference
impeller

Lean angle
correction

Wrap angle
correction

von Mises stress in the blade (MPa) 1064 760 563

Radial stress
(MPa)

Max @ suction
surface

723 668 480

Min @ pressure
surface

−170 −153 102

Total deformation (mm) 4.83 4.79 1.99

Radial deformation (mm) 0.85 0.82 0.49

Tangential deformation (mm) 3.8 3.68 1.53

significantly up to 60% of the blade span reducing the backward lean of the blade
considerably. This approach showed significant improvement in both stresses and
deformations. The results of this configuration are shown in Fig. 9. The results of all
impeller configurations studied are summarized in Table 5. The results obtained with
the wrap angle corrected impeller were found to be satisfactory in terms of stress
levels and deformation.

4 Modal Analysis of the Impeller

Pre-stressmodal analysis was carried out on the reference impeller to study its natural
frequencies and their mode shapes. First three natural frequencies were predicted to
be 1723, 1734 and 1772 Hz, and the mode shapes are shown in Fig. 10. From Fig. 10,
it can be seen that the modes represent nodal diameters 1, 2 and 0, respectively. The
frequencies of these modes are significantly higher than the design speed of 700 Hz
and do not match with any harmonics of the rotational speed. Hence, the reference
impeller did not have resonance issues with probable excitation sources arising from
engine operation.
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Fig. 10 Mode shapes of reference impeller

Table 6 Natural frequencies
of the impeller configurations

Mode no. Natural frequency (Hz)

Reference Lean corrected Wrap corrected

1 1723 1722 1655

2 1734 1733 1667

3 1772 1771 1690

The modified versions of reference impeller have also been studied to understand
the influence of changes in three-dimensional blading features, i.e. blade lean and
wrap. The natural frequencies of first threemodes for all three impellers are compared
and presented in Table 6. It can be seen that the natural frequencies of the reference
impeller and the lean corrected impeller are almost the same. This can be attributed
to the nature of the mode shapes. All modes have displacement only in the inducer
region of the impeller blade where the blade height is largest and its stiffness is
lowest. Since the blade lean correction given at the impeller exit is nullified towards
the inducer, its effect on natural frequency also nullified. However, slight reduction
in natural frequencies was observed for wrap corrected blade as the wrap correction
is given at the inducer part of the blade. Though the natural frequencies of wrap
corrected impeller are ~4% lower in comparison with the reference impeller, the
variation is marginal and these frequencies also have no resonance with possible
excitation frequencies and their harmonics. Hence, the wrap corrected blade met all
aerodynamic and structural requirements.

5 Conclusions

A single-stage centrifugal compressor consisting of inlet guide vanes, impeller,
diffuser and outlet guide vanes was designed to meet the requirements of 5.6 kg/s
mass flow and 3.8 pressure ratio at a speed of 42,000 rpm. Computational anal-
ysis confirmed that designed compressor stage met the requirements of mass flow,
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pressure ratio and stall margin. Initial structural analysis showed that the impeller
blade stresses and deformation were very high. Blade root thickness at the hub of the
impeller was increased to reduce the stresses, but no improvement was seen. Later, it
was realized that excessive hub to tip lean angle distribution was causing the blade to
bend. The lean angle was corrected by 23° near the compressor exit. But, no signifi-
cant improvement was seen in the stress levels as the correction was nullified towards
the region of interest, i.e. 20–40% of blade axial span from inlet. Later, the blade
wrap angle was corrected in such a way that the backward lean angle got reduced
substantially over the region of interest. This resulted in considerable reduction in
stresses and deformations, which were under safe limits. Further, detailed modal
analysis was carried out to predict its natural frequencies and corresponding mode
shapes. Though there is a marginal drop in natural frequencies, the wrap corrected
blade satisfied both aerodynamic and structural requirements.
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3D Finite Element Vibrational Analysis
of T385 Turbine Rotor BLISK Using
SAFE Diagram

Revanna Jai Maruthi , Rajeevalochanam Prathapanayaka ,
and Nanjundaiah Vinod Kumar

Abstract Integrally bladed rotors (BLISK) are most stressed part of aircraft engines
due to high rotational speeds, elevated temperatures and pressures. Turbine blades
fail mainly due to fatigue under alternating stresses resulting from vibration of rotor
systems. Non-uniform pressure field is experienced by turbine BLISK due to inter-
action of stator and rotor blades which acts as a source of excitation during turbine
operation. The number of stator blades dictates the occurrence of resonance in the
rotor BLISK during steady-state operation. Therefore, it is necessary to design a
mechanically feasible rotor with respect to stator and verify its modal and harmonic
response to ensure its resonance-free operation. Design and development of T385
turbine stage for 1 kN small gas turbine engine are carried out in Propulsion Divi-
sion, CSIR-NAL. The dynamic behaviour of T385 turbine rotor BLISK is evaluated
for vibration reliability. This paper presents vibrational analysis of the T385 turbine
rotor BLISK using finite element technique to evaluate critical nodal diameter, crit-
ical frequencies and response in engine environment. The turbine speed is 50,500 rpm
at the engine design point based on the inlet temperature. Detailed vibration analysis
of T385 turbine is carried out using FEA to plot Campbell and SAFE diagrams. The
critical nodal diameter extracted from plotted SAFE diagram is 19, which is very
well agreeing with Bertini analytical formulae. The Campbell diagram is plotted for
T385 turbine at critical nodal diameter of 19. The obtained critical speed from this
Campbell diagram is 33,000 rpm, which ensures the rotor is safe in the operating
conditions.

Keywords Turbine BLISK · Thermal stress · Centrifugal stress · Vibration ·
Nodal diameter · SAFE diagram · Campbell diagram · Harmonic response
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Nomenclature

N Speed, rpm
M Mass, kg
C Damping, N s/mm
K Stiffness, N/mm
Fn Frequency, Hz
ωn Rotational velocity, rpm
NB Number of blades
NV Number of vanes
NPF Nozzle passing frequency, Hz
RSH Running speed harmonics, Hz
CND Critical nodal diameter
dmax Number of nodal diameters
n Different engine orders
SAFE Singh’s advanced frequency evaluation

1 Introduction

The vibrational analysis is a dynamic parameter to consider while designing a
complex rotating system. Dynamic characteristics of rotating components are very
crucial in order to overcome from failure. A gas turbine consists of very complex
rotating system due to high operating speed and power. The turbine rotor BLISK in
a gas turbine engine is very crucial component which is subjected to high centrifugal
loads, elevated temperatures and pressures. The vibrational analysis of turbine rotor
BLISK should be carried out to avoid resonance condition by extracting all the
dynamic characteristics. The dynamic stresses developed while running at high cycle
fatigue conditions lead to failure of turbine blade at stress concentration locations.
The alternating stresses resultant fromvibration lead to failure of turbine rotor compo-
nent. The dynamic stresses developed during operation depend on natural frequen-
cies, mode shape and excited frequencies with their exciting force shapes. The older
traditional analysis shows major interest on analysis of single cantilever beam to get
single blade frequencies. Thepresent trend is analysing awhole integrated bladeddisc
to evaluate frequencies and mode shapes. Integrated bladed rotor is a single compo-
nent which would give rise to some different dynamic characteristics by producing
more frequencies and mode shapes. System at resonance condition behaves nonlin-
early, and it gives rise to higher amplitude with the release of higher stored strain
energy. The condition of resonance is matching of natural frequency with external
excitation frequency. This condition can be analysed with Campbell diagram to get
critical speeds and to run a system safely in operating region. The actual resonance
condition will occur by not only matching of external and natural frequencies but
also matching of shape of these harmonics with normal mode shape of integrated
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bladed disc. This is the condition of real resonance which leads to true failure of
system. The real resonance condition can be described by a SAFE diagram in which
evaluation of critical nodal diameter is necessary to get actual critical speeds.

Singh et al. [1] presented a method to evaluate actual resonance condition called
SAFEdiagramevaluation. Themethodwill givemore information than earlierCamp-
bell diagram. The SAFE diagram compares not only the frequencies of exciting
harmonics with natural frequencies of blades, but also the shape of these harmonics
with the normal mode shapes of a bladed disc. Examples are also provided to show
that the SAFE diagram can pinpoint what interference is likely to cause the largest
blade vibration. Singh et al. [2] also presented an analysis of impellers by using
interference diagram and observed that fatigue damage due to alternating stresses
resultant from vibration of the disc results in higher alternating stresses. The inter-
ference diagram is plotted for disc, blade and impeller separately and compared to
evaluate overall dynamic characteristics. Bertini et al. [3] derive an equation for nodal
diameter evaluation to comparewith SAFEdiagram. The explanation and application
of the SAFE diagram are put forth in whole paper to understand about the dynamics
of rotating systems. The analysis of bladed disc by acquaintance frequency modal
at quiescent state is described by Lošak and Malenovsky [4]. The full disc model is
considered to compare numerical results with analytical results. The investigation of
blade failure is done by Choi and Lee [5] during start-up and shutdown condition.
Stress analysis and modal analysis with Campbell and interference diagram evalua-
tion are done to predict a failure region. The fatigue failure is the reason for blade
failure. A project document by Hassan [6] presents an analysis of turbomachinery
blades. FEA results are compared between full bladed disc and sector disc analysis.
Both the analysis methods were presented and outlined to get similar frequencies.

Design of T385 turbine stage [7] for 1 kN small gas turbine engine is carried
out in Propulsion Division, CSIR-NAL. T385 turbine stage comprises rotor BLISK
and NGV (stator) which is designed to produce 385 kW power at design rpm. NGV
consists of 19 vanes, and rotor BLISK consists of 50 blades. The design speed is
50,500 rpmat engine conditions formaximumblade temperature. This paper presents
the 3D vibrational analysis of T385 turbine rotor BLISK using SAFE diagram. The
thermal stress analysis of T385 turbine rotor BLISK is carried out for structural
integrity using FEA. The designed BLISK is subjected to pre-stressedmodal analysis
by considering stress stiffening effects, and thermal and centrifugal loads using FEA.
Critical nodal diameter evaluation is presented for real resonance condition by using
both SAFE diagram and Bertini analytical formulae. The critical speeds are extracted
by Campbell diagram for relevant critical nodal diameter.
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2 Brief Review of Concepts

2.1 Modal Analysis

Modal analysis is a technical methodology to study dynamic behaviour of structural
systems. Technique is used often and important in a large rotating complex system
such as high-speed gas turbines. The method is used to derive frequencies and crit-
ical speeds in design stages under steady state condition with or without external
vibrational excitations. The eigenvalue (natural frequency) and the accompanying
eigenvector (mode shape) of vibrating structure can be presented by using this anal-
ysis. Themost commonmethod used to perform this kind of analysis is finite element
method (FEM). The general form of equation of motion for multi-degree of freedom
for all systems is given by Eq. (1) in the eigensystems.

[M]{ẍ} + [C]{ẋ} + [K ]{x} = 0 (1)

where [M] is symmetric mass matrix, [C] is symmetric damping matrix, [K] is
symmetric stiffness matrix and {x} is generalized coordinate vector.

2.2 Mode Shapes

Mode shapes are eigenvectors of any mechanical system, and these will describe the
dynamic behaviour of system at each degree of freedom. Complex rotating systems
are continuous, and they have infinite degree of freedom. Then, the natural frequen-
cies and mode shapes are also infinite. Each mode shape will give rise to a displace-
ment at particular frequencies, and it also describes about natural shape of structural
system. First few modes are very dangerous because they acquire more strain energy
to release at the relevant frequencies. Typical mode shapes of the rotor disc are shown
in Fig. 1a, b. Combined bending and twisting mode type at nodal diameter 2 for a
typical rotor BLISK configuration is shown in Fig. 1a. The umbrella mode with
all the blades bending towards one direction for a typical rotor BLISK is shown in
Fig. 1b.

Fig. 1 a Bending and
twisting mode at ND2.
b Umbrella mode

(a) (b)
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Fig. 2 Different nodal
diameters

2.3 Nodal Diameter

Nodal diameter is defined as line of zero displacement position along plane of the
disc. The displacement can be in or out of the phase on the displacement line. The
number of complete sine waves and zero displacement planes that passes through the
circumferential of a disc is also called nodal diameter, and it represents the harmonic
content. The turbine disc has several mode shapes, so nodal diameters are indicated
as shown in Fig. 2.

Nodal diameter is also the number of distinct harmonics that are formulated to
define the vibrating system.Vibration amplitude varieswith disc harmonically.Nodal
diameter is the otherway of representing disc effect by simulatingmode shape. Nodal
diameter ismost useful in cyclic symmetricmodal analysis to understanddeformation
pattern of bladed discs. The stiffness of the disc structure is entirely depending on the
number of nodal diameters. Nodal diameter zero indicates that disc does not have any
zero displacement planes, and nodal diameter one indicates that disc is having one
zero displacement plane as shown in Fig. 2. The number of harmonics is depending
on the number of symmetry sections of disc, so nodal diameter for a cyclic symmetric
analysis of disc can be calculated as

dmax = (Nb/2) + 1, if Nb is even (2)

dmax = ((Nb + 1)/2), if Nb is odd (3)

2.4 Dynamics of BLISK

Since gas turbines operate at higher temperature and high speed, stability of system
should be concerned while designing a turbine disc (BLISK) at earlier stages. Vibra-
tions arising from instability lead to failure and less life of the component. Gas turbine
rotor discs have to be designed to overcome from resonance conditions by extracting
natural frequencies. The external pressure induced on blade due to flow is the root
cause for excitations which leads to vibrations. Nozzle passing frequency (NPF)
and running speed are the most common source excitations on the turbine rotor disc
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with their harmonics of both NPF and running speed. The impact of thermal energy
coming through nozzle hits the rotor blades to form nozzle passing frequency. The
frequency of NPF depends on the number of stator vanes. A rotor blade impacts
with Nv times with stator vanes for a complete revolution of the system; thus, the
frequency of the main harmonic component is

�1 = �Nv (4)

The main source of excitations are due to unbalance present in the rotor disc
which give rise to 1X excitations. The coupling misalignments will give rise to 2X
excitations. The aerodynamic excitations produce 0.5X excitation frequencies. These
external excitations with NPF plots in Campbell diagram get critical speeds. The
cyclic load acting on the blades is determined by the rotation speed combined with
the flow distortion produced from a non-uniform inlet or outlet pressure distribution.
Running speed harmonics are the multiple frequencies of the rotor running speed.
Thus, running speed harmonics can be represented as

RSH = n ∗ N

60
(5)

Here, n= 0, 1, 2, 3, 4, 5… n, representing different engine orders. Nozzle passing
frequency can be represented as

NPF = Nv ∗ N

60
(6)

Here, “Nv” is the number of stator vanes. The wakes behind the stator vanes are
considered as the excitation source for the nozzle passing frequency.

2.5 SAFE Diagram

Themost commonmethod to evaluate critical speed is Campbell diagramby avoiding
resonance condition. Campbell diagram predicts the probable resonance points for
rotor disc by plotting all the possible external excitations that matches with natural
frequency of the system; thus, resonance may or may not occur. There is a difficulty
in avoiding any resonance matching conditions because turbine BLISK poses so
many natural frequencies which are close to each other. The drawback of Campbell
plot is to differentiate a large number of vibrational modes that are close to natural
frequencies in rotor disc. Resonance occurred during the operation by Campbell
approach cannot be dangerous in terms of vibration amplitude because of mismatch
in external excitation shape with mode shape.

Singh et al. [2] arrived for the condition of real resonance by deriving SAFE
diagram, and it compares not only the frequencies of exciting harmonics with natural
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frequencies of blades, but also the shape of these harmonics with the normal mode
shapes of a bladed disc. Shape matching with frequency matching conditions is the
concept of SAFE diagram. Identification of many frequency matchings which are
non-critical is ignored in SAFE diagram. Real resonance conditions that are far away
from normal resonance conditions are differentiated, and matching shape that fully
coincides with each excitation is introduced in SAFE diagram. The forces should be
in phasewith the displacement to achievemaximumwork donewhen force frequency
matches with external excitations of natural modes. This condition leads to a pure
resonance by releasing maximum energy with work done on the system to get actual
critical speeds. Themodes will not have excited to harmonics when force is out of the
phase because negative and positive work done by each force will differ. The phase
in and phase out of alternative forces combination should be constructive to produce
maximum work done than only a condition of pure resonance will occur. Damage
of the system occurs when internal energy stored to give rise maximum work done
by the system when real resonance occurs. The critical nodal diameter gives rise to
a critical mode shape which may cause maximum damage to system.

A typical SAFE diagram generated for the turbine stage having 5 vanes and 43
rotor blades with turbine speed of 40,000 rpm is shown in Fig. 3. The nodal diameters
are plotted along x-axis with frequencies along y-axis, and running speed harmonics
at each nodal diameter are represented with further reversed along the shape index.
The natural mode shapes with nozzle passing frequencies are plotted with relevant
nodal diameters. Usually, intersection region between running speed harmonic and
nozzle passing frequency gives the critical nodal diameter and critical nodal diameter
found to be 5 from typical SAFE diagram. The critical frequencies from Campbell
plot are matched with intersection point (NPF and RSH) in SAFE diagram that leads
to condition of real resonance. The rotor disc should be designed to operate away
from this real resonance condition.

Fig. 3 A typical interference diagram or SAFE diagram
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3 Model

The T385 turbine rotor BLISK is designed for structural integrity by thermo-
structural analysis [7]. The design speed of the turbine is 50500 rpm. Vibrational
analysis is carried out for designed BLISK as shown in Fig. 4.

A cyclic symmetric modal analysis is carried out by generating a single sector
of a turbine rotor BLISK. The designed BLISK is subjected to pre-stressed modal
analysis by considering stress stiffening effects, and thermal and centrifugal loads
using 3D finite element analysis (ANSYS). The frequencies and mode shapes from
3D FEA are plotted in SAFE diagram to get critical nodal diameter. Critical nodal
diameter can also be calculated by the analytical formulae given by Bertini [4] for
1NPF. Bertini [4] derived an analytical expression to determine the critical nodal
diameter as given by the following equation:

dm(n) =
∣
∣
∣
∣
nNv − NB

⌊(

nNv +
⌊
NB

2

⌋)

/NB

⌋∣
∣
∣
∣

(7)

where NB is the number of blades and Nv is the number of vanes. The critical nodal
diameter from SAFE diagram as well as Bertini analytical formulae is compared.

The Campbell diagram is plotted for obtained critical nodal diameter with all the
mode shapes and frequencies. The first five engine orders and first NPF are consid-
ered to plot in Campbell diagram. The obtained mode shapes are the representation
of turbine rotor BLISK behaviour. The obtained critical speeds should not be in
the operating region. The operating region of T385 turbine rotor BLISK is around
50,500 rpm. The harmonic response of the BLISK for unbalance is carried out using
FE technique to get maximum amplitude at critical interfaces or sealing regions.
The response of the system due to any external excitations should be within the
permissible limits.

Fig. 4 T385 turbine rotor
BLISK
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Fig. 5 A single sector of
BLISK

4 Finite Element Analysis

4.1 Defining the Model

A single sector of T385 turbine rotor BLISK as shown in Fig. 5 is considered for pre-
stressed modal analysis by using FEA. Analysis is carried out for different operating
regions from 0 to 60,000 rpm by considering all the load effects. Nickel-based super-
alloy Nimonic 90 is used and defined in the FE model. All temperature-dependent
properties ofNimonic 90 are consideredwhile defining themodel.A cyclic symmetry
is applied on both faces of disc to ensure axis symmetry.

4.2 Meshing

Turbine rotor BLISK is subjected to discretization of continuum as shown in Fig. 6.
Tetrahedron elements are used to mesh the turbine rotor BLISK. The optimummesh
quality is assigned to rotor system by taking Jacobian and aspect ratios close to 1.
The grid dependence study is also performed from coarse mesh to fine mesh. The
mesh size of the BLISK is 56,150.

Fig. 6 Meshing of BLISK
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Fig. 7 Thermal constraints

Fig. 8 Boundary conditions

4.3 Boundary Conditions

The relative temperature is mapped on rotor blade with bore temperature as shown
in Fig. 7. The thermal stresses arising from thermal analysis with structural loads
are applied to turbine BLISK as shown in Fig. 8. The pre-stressed modal analysis is
performed by considering equivalent stresses from thermo-structural analysis.

5 Results and Discussion

The total number of nodal diameters for rotor BLISK calculated using Eqs. (2)
and (3) is 26. The same equations are used by ANSYS to predict nodal diameters.
Frequencies due to different centrifugal loads from each nodal diameter for first six
modes are predicted using FEA. Frequencies and mode shapes from 3D FEA are
plotted in SAFE diagram to get critical nodal diameter. The obtained critical nodal
diameter is 19 from SAFE diagram as shown in Fig. 9. The point of intersection of
running speed harmonics (RSH) and nozzle passing frequency (NPF) generally gives
critical nodal diameter resulting in full resonance. Critical nodal diameter calculated
by the analytical formulae given by Bertini et al. [3] is 19 for 1NPF. Since from both
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Fig. 9 SAFE diagram

methods the obtained critical nodal diameter is 19, the Campbell diagram is plotted
for this nodal diameter.

Thus, first six fundamental vibrational modes are plotted with first five engine
orders and first NPF for the turbine rotor BLISK in a Campbell diagram as shown
in Fig. 10. The first five engine orders are calculated using Eq. (5) for a range of
0–60,000 rpm. The NPF for a range of 0–60,000 rpm is calculated using Eq. (6) with
19 number of stator blades. Campbell diagram is generated for nodal diameter 19 as
suggested by Chromek [8] which is derived from SAFE diagram.

Campbell diagram indicates that all the vibrational modes are above first five
engine orders. There are no critical speeds in the operating region since main vibra-
tional modes are not crossing first five engine orders. There is one critical speed, i.e.
33,000 rpm due to NPF in which it is intersecting with first vibrational mode and the

Fig. 10 Campbell diagram for CND 19
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Fig. 11 Mode 1 in nodal
diameter 19 and only blade
bending type

operating range is far away from critical speed. This critical speed is arrived from
Campbell for obtained critical nodal diameter 19 is not much effective since higher
nodal diameters are having more resistance to deformations. This critical speed may
not be effective since first five engine orders are not exciting any modes and NPF
may not produce effectiveness in excitations. However, BLISK is a complex system,
and care should be taken while operating near 33,000 rpm in engine environment.

First vibrational mode is excited due to NPF to get actual critical speed. The first
vibrational mode giving critical speed is only blade bending type as shown in Fig. 11.
This mode does not affect since the nodal diameter is high enough to get rigid to give
less amplitude in vibrations.

6 Conclusions

3D finite element vibrational analysis of T385 turbine rotor BLISK has been carried
out. The frequencies with mode shapes arrived from 3D FEA for 26 nodal diameters
are plotted in SAFE diagram. The critical nodal diameter is found to be 19 from
SAFE diagram. The critical nodal evaluation from SAFE diagram is compared with
Bertini analytical method which is agreeing very well with prediction. From Camp-
bell diagram, it was found that there are no critical speeds due to first five engine
order excitations. There is one critical speed around 33,000 rpm excited due to NPF
which needs attention during operation even though design operating range is far
away from this critical speed. FEA prediction shows that the rotor has sufficient
margin from resonance for engine operating conditions.
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Dynamic Analysis
of Thermo-Mechanically Loaded
Functionally Graded Disks
by an Iterative Variational Method

Priyambada Nayak and Kashinath Saha

Abstract The present study focuses on the free vibration behavior of functionally
graded (FG) rotating disk under thermal and centrifugal load, up to the limit elastic
state of stress. Power law variation across the radial direction is assumed for the
material properties of the FG disks. Variational principles are used to obtain the
governing equations, and energy principles are used for the analysis method. The
solution algorithm is executed by utilizing MATLAB® computational simulation
software. For various combinations of rotational speed and thermal load up to the
limit elastic state as predicted by von Mises criteria, the dynamic characteristics of
the FG disk are presented in a non-dimensional plane. Some parametric studies are
carried out to explore the impacts of the disk geometries and material gradients on
the in-plane natural and forced frequencies of the FG disks.

Keywords Iterative variational method · Functionally graded disk ·
Thermo-mechanically loaded · Dynamic analysis

1 Introduction

Functionally graded rotating disks with radially varying properties are mostly devel-
oped towork under thermo-mechanical loading conditions and are used inwide range
of engineering applications, e.g., turbine rotors, grinding wheels, impellers, circular
saw blades, etc. There is a significant change in vibration behavior of rotating disks
that result from rotation. In mechanical design, the free vibration behavior of FG
disks plays a significant role. Hence, a host of research works have focused on them;
e.g.,Weisensel [1] presented a broad literature review and search of accessible source
of numerical results for natural frequency of stationary annular and circular elastic
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plates. Bauer and Eidel [2] computed the natural frequencies of isotropic disks in
elastic domain by applying Ritz–Galerkin’s method to build an infinite-dimensional
eigenvalue problem.Mazzei [3] usedRayleigh–Ritzmethod to investigate the natural
frequencies of a rotating cantilever FG beam. Ramu and Mohanty [4] performed the
vibration behavior of FG rotating plates by utilizing finite element method in high
thermal environment.Nayak andSaha [5] evaluated the deformation states and elastic
stresses in thermal environment of solid and annular rotating varying thickness disks
by a numerical method.

Barasch and Chen [6] used the modified Adam’s method to solve the governing
equations for radial eigenfunctions and depicted the natural frequencies by assuming
a linear combination of independent solutions. Irie et al. [7] used spline interpolation
technique to study the flexural vibration of rotating varying thickness annular disks
and distribution of stress. Shahab [8] reported the transverse vibration characteristics
of uniform, variable and flexible thickness disks by utilizing the Ritz method and
also reported experimental findings by applying the method of holographic interfer-
ometry. Tomioka et al. [9] utilized Gram–Schmidt process to generate orthogonal
polynomials and Ritz method to investigate the free vibration of a disk blade coupled
system. A new higher-order plate theory was proposed by Luo [10] to investigate the
asymmetric response of disks, and the large deflection asymmetric mode vibration
of the nonlinear solution for rotating disks was proposed [11].

Tornabene [12] analyzed the dynamic characteristics of thick FG annular plates,
cylindrical and conical shells based on the FSDT, by utilizing the generalized differ-
ential quadrature (GDQ) method. 3D free vibrations of multi-directional graded
circular and annular plates were solved by Kermani et al. [13] by utilizing the state
space-based differential quadrature method. Nie and Zhong [14] carried out the
forced and free vibration of FG circular plate for various boundary conditions by
assuming the exponential distribution of the material properties in the thickness
direction. Dong [15] investigated the three-dimensional free vibration by utilizing
the Chebyshev–Ritzmethod for FG annular plate with different boundary conditions.
Malekzadeh et al. [16] analyzed the free vibration characteristics of FG thick annular
plates deployed on the 3D elasticity theory in thermal environment. The material
properties were considered to be graded in the thickness direction and temperature
dependent. Yang et al. [17] created mesh-free boundary domain integral equation
method for the investigation of forced vibration of FG beams assuming exponen-
tial distribution for material properties along either longitudinal or transverse direc-
tion. The study on rotating annular disk under uniform transverse pressure with
out-of-plane free vibration was presented by Das et al. [18]. Vel and Batra [19]
proposed three-dimensional analytical solutions for forced and free vibrations of
simply supported FG rectangular plates, utilizing Mori-Tanka or the self-consistent
scheme to estimate the effective material properties at a point.

In the present study, the vibration behavior of rotating FG disk under the action
of centrifugal and thermal load has been investigated numerically by a variational
method to derive the governing equations. The radial direction gradation is assumed
for the material properties. The solutions are acquired under the assumption of plane
stress and up to point of yield limit of thematerial. The solution algorithm is executed
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by utilizing MATLAB® computational simulation software. The effects of some
parameters such as disk geometries and material gradients on the frequency of the
FG disk are investigated. The in-plane modes are only presented to illustrate the free
vibration behavior of the disks.

2 Mathematical Formulation

The rotating annular disk with inner radius a and outer radius b is considered to carry
out the mathematical formulation, and this generalized formulation is also suitable
for solid disk. The problem is modeled under the assumption of plane stress, and the
functionally graded material of the disk is presumed to follow a linear stress–strain
relationship. The energy method-based formulation is used with suitable variational
principles to derive the governing equations. The whole analysis has two parts. In
the first part, the static problem of a FG rotating disk subjected to centrifugal load
due to rotational speed (ω) is addressed. The corresponding static problem solution
parameters are utilized to address the solution of the dynamic problem in the second
part. It must bementioned that the strain and stressmeasures are based on the original
dimensions of the disk geometry and the rotary inertia effect is not considered in the
dynamic analysis.

The material property variation of the FG disk is assumed to follow a power law
distribution along the radial direction, and for any property (Y ) it takes the following
form [20]:

Y (r) = Yi

[
1 −

(
r − a

b − a

)β
]

+ Yo

(
r − a

b − a

)β

(1)

where Y i and Y o denote the material properties at the inner and outer radii,
respectively. However, Poisson’s ratio ν is assumed constant (= 0.3) for both the
participating materials.

Since the static analysis formulation is necessary for the subsequent dynamic
analysis, the governing equation is acquired by using the variational principle
δ(U + V ) = 0, where the strain energy is U and V is the potential of the external
loading of the rotating disk, respectively.

The mathematical expressions of U and V are expressed as

U = π(
1 − ν2

)
b∫

a

{
u2

r
+ 2νu

du

dr
+

(
du

dr

)2
}
Ehdr (2)

and
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V = −2πω2

b∫
a

ρur2hdr − 2π(1 + ν)(
1 − ν2

)
b∫

a

r

(
u

r
+ du

dr

)
Eα	Qhdr , (3)

where 	Q is the change in temperature. The approximation of u(ξ ) in Eq. (3) is
carried out by a linear combination of sets of orthogonal coordinate functions as
u(ξ) ∼= ∑

ciφi , where the set of orthogonal functions φi are developed through
Gram–Schmidt scheme. The unknown coefficients are ci corresponding to the nf
number of functions i = 1,2, . . . ,nf. To fulfill the boundary conditions of an annular
disk, σr |(a) = 0 and σr |(b) = 0, the necessary start function is stated below:

φo(r) = ρω2r(3 + ν)

8E

[(
b2 + a2

)
(1 − ν) −

{(
1 − ν2

)
r2

(3 + ν)

}
+ b2a2

(1 + ν)

r2

]

+ α

r

⎡
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	Q(r)rdr+
(
1 − ν2

)
r2 + (1 + ν)a2

b2 − a2

b∫
a

	Q(r)rdr

⎤
⎦.

(4)

Substituting the expressions given by Eqs. (2) and (3) in the principle of energy
δ(U + V ) = 0 and utilizing the approximate expressions for displacement field,
the governing equation is achieved in the matrix form as [K ]{c} = { f }, where the
stiffness matrix is [K ] and { f } is the load vector.

First, the static analysis of the disk under centrifugal loading is carried out and
then the displacement field obtained from the static analysis is utilized to carry out
the dynamic analysis. In addition, the location of initiation of yielding is found out
from the stress field obtained from the static analysis. The point of yield initiation is
identified through von Mises yield criterion, i.e., when the von Mises stress σvm =√

σ 2
r + σ 2

θ − σrσθ reaches the value equal to that of the uniaxial yield stress σy . The
governing equation for the dynamic analysis is derived from Hamilton’s principle,

δ
(∫ τ2

τ1
ζdτ

)
= 0, where ζ = T − (U + V ) is the Lagrangian and the total kinetic

energy is T. The expression of V becomes zero, in the present analysis due to free
vibration. The mathematical expression remains similar as stated in Eq. (2) for U,
and kinetic energy T is expressed as

T = π

b∫
a

ρ

(
∂u

∂τ

)2

hrdr. (5)

The dynamic displacement u(ξ, τ ) is presumed to be separable in time and space
in the form as u(ξ, τ ) = ∑nf

i=1 ciφi (ξ)γi (τ ), where the new arrangement of unknown
coefficients is ci and the function obtained through the static analysis is φi , γi (τ ) =
ei�τ is the form for the temporal functions where the system natural frequency is
represented by � and i = √−1. For the dynamic analysis, the governing equation
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is achieved by substituting the expressions given by Eqs. (2) and (5) in the above
stated Hamilton’s principle and utilizing the series form approximation as

−�2[M]{c} + [K ]{c} = 0, (6)

where the mass matrix is [M] and the stiffness matrix is [K ] same as that of the static
problem.

Equation (6) can be transformed into a standard eigenvalue problem. The natural
frequencies of the FG disk are determined from the eigenvalues which are obtained
numerically by using MATLAB® software. The in-plane mode shapes are plotted by
using the displacement fields corresponding to each of the eigenvalues.

3 Results and Discussion

In the present paper, the free vibration behavior of FG rotating disk subjected to
centrifugal loading is carried out. The results are presented for the FG disk having the
inner and outer radii as a= 0.2 m and b= 1.0 m, respectively. Y in Eq. (1) is replaced
by elasticity modulus (E), coefficient of thermal expansion (α) and density (ρ) of the
hollowdisk, respectively, to obtain the corresponding variation inmaterial properties.
The material at the outer surface is zirconia (ceramic) and inner surface is aluminum
(metal), representativematerial properties ofwhich are listed inTable 1. The variation
depends on the gradient parameter (β) describing the change of the volume fraction
of two constituents. A graphical representation of the material properties (E, ρ and
α) with radial coordinate given by Eq. (1) is shown in Fig. 1a–c for variable gradient
parameters,β =2, 1, 0.5 and0.25.The effect of temperature on thematerial properties
(E, ρ and α) of the aluminum (metal) is considered in the analysis as shown in
Fig. 1a–c [21], whereas the material properties at ambient values are considered
for the zirconia (ceramic). The yield stress σy is assumed as 350MPa for both the
materials. The analysis is carried out for four equal weight disks having different
geometries with thickness variations: uniform, taper, exponential and parabolic. The
expression of thickness h(ξ) for an exponential disk is given by ho exp

[−n(ξ)k
]
and

for a parabolic disk, h(ξ) = ho
[
1 − n(ξ)k

]
. Uniform and taper thickness disks are

determined by putting k = 1 and n = 0 in the form of profile for parabolic variation.
The effect of material gradient parameters on vibration frequencies is shown in

Fig. 2a–d for different disk geometries for the first four vibration modes in static
condition. It is clear that the vibration frequency decreases with the increase in

Table 1 Material properties Disk surface Inner surface Outer surface

E (GPa) 70 151

α (10−6/°C) 23 10

ρ (kg/m3) 2700 5700
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Fig. 1 Variation of a elastic modulus (E), b density (ρ) and c thermal expansion coefficient (α)
distributions. Solid lines indicate the variation along the radial direction of the disk for gradient
parameters (β = 2, 1, 0.5 and 0.25), and dotted lines indicate the variation with temperature for
aluminum [21]

gradient parameters in general and this is true for all the disk geometries. However,
in some cases there is a change in the dynamic behavior after a specific value of
gradient parameter, as observed in Fig. 2a for taper disk and in Fig. 2b for second
vibration mode of uniform disk. The effect of temperature (	Q) = 0–200 °C is also
shown in Fig. 2 in dotted lines for β = 1 for different disk geometries. It is seen that
the vibration frequency decreases with increment in temperature for all the modes
of vibration.

The effect of rotational speed on loaded frequencies is shown in Fig. 3a–d for
β = 2 for various disk geometries for the first four modes of vibration. The loaded
frequencies for various disk geometries are generated up to the limit elastic state,
in each of the plots of Fig. 3. From Fig. 3, it is found that the vibration frequency
increases with increment in rotational speed for all the vibration modes except for
the mode 1 vibration. For the first vibration mode, the vibration frequency decreases
with increase in rotational speed.

The mode shape plots for the first four modes of vibration are displayed in Fig. 4a,
b for uniform FG disk with β = 0.25 and β = 2. It is obvious from the gradation
relation in Eq. (1) that with the increment in the value of gradient parameter (β), the
disk possesses more flexibility which increases the amplitude of vibration for the
similar loading conditions for the prescribed disk geometry.

4 Conclusions and Future Scope of Work

This paper presents the free vibration dynamic behavior of FG rotating disks under
centrifugal and thermal loading up to the limit elastic state. The analysis method
is deployed on the principles of energy and is approximate in nature. The solution
algorithm is executed by utilizing MATLAB® computational simulation software.
Various results are furnished to depict the effect of material parameters and loading
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Fig. 2 Variations in natural frequency of FGdisk for different geometries in static condition: amode
1, b mode 2, c mode 3 and d mode 4. Solid lines indicate variation in gradient parameter (β) 	Q
= 0, and dotted lines indicate variation in temperature for β = 1

parameters on the dynamic behavior of FG rotating disks. It is found that the incre-
ment in gradient parameters increases the amplitude of vibration for the prescribed
disk geometry.

The paper dealt with minimal set of parameter variations, and effect of variation
in thermal field could not be touched upon due to restriction in space. However, on
top of an elaborate parametric study, future scope of work also includes the following
aspects:

• Investigation of the out-of-plane vibration behavior of rotating disks.
• Effect of rotary inertia on the dynamic characteristics of rotating disks.
• Material gradients in both radial and axial directions.
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Fig. 3 Loaded frequency versus rotational speed for FG rotating disk of different geometries:
a mode 1, b mode 2, c mode 3 and d mode 4

Fig. 4 Mode shapes of FG uniform disk for a β = 0.25 and b β = 2
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Stationary and Rotating Frame
Instrumentation for Large Scale Rotating
Rig

N. Poornima, R. Senthil Kumaran, and Kishor Kumar

Abstract The Large Scale Rotating Rig at NAL is designed to carry out detailed
experimental investigations of theflow through compressor and turbine stages. Instru-
mentation and data acquisition system (DAS) for stationary and rotating frame
measurements, pressure distribution measurements across the vane and the blade
surface and the flow measurement was developed in-house. This enabled making
pressure measurements on the vane surfaces, blade surfaces, platforms and at the
vane/blade exit wake flows. There were added challenges in terms of unsteady pres-
sure measurements, transferring of data from rotating frame and condition moni-
toring of the rig. The DAS is developed using state-of-the-art instruments and is
coupled with a GUI data acquisition software developed using LabVIEW to tackle
all these challenges. This paper presents elaborated details of the multichannel
instrumentation and the DAS.

Keywords Calibration · Data acquisition system · Instrumentation · LabVIEW ·
Rotating frame measurements · Slip ring
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5H 5 hole
3H 3 hole
x Distance in axial direction
Abbreviations Full Form
CSIR Council of Scientific and Industrial Research
DAS Data acquisition system
LSRR Large Scale Rotating Rig
NAL National Aerospace Laboratories
P&W Pratt & Whitney
GUI Graphical user interface
Pcal Calibration pressure
Pref Reference Pressure
Patm Atmospheric pressure
kS/s/ch Kilo samples per second per channel

1 Introduction

The Large Scale Rotating Rig (LSRR) installed at CSIR-NAL is an open-circuit
suck-down type of turbomachinery rig. The schematic layout of LSRR is shown in
Fig. 1. Atmospheric air is drawn through a twelve-foot diameter bell mouth fitted
with honeycomb at the inlet to minimize cross flows. The air passes through a series
of fine mesh flow straightening screens to the test section. The test section houses a
single-stage high work axial flow turbine with 44 nozzle guide vanes (NGV) and 48
rotor blades. At the downstream of the test section, the flow passes through an annular

Fig. 1 Schematic layout of LSRR
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diffuser into a centrifugal blower and is discharged from the rig. A vortex valve at
the blower inlet controls the mass flow rate through the test section. The blower can
provide a pressure rise up to 21′′ H2O. The rotor is driven by a DC motor system,
which is capable of shaft speeds up to 700 rpm. The rotor is driven by a 200 hp DC
motor, controlled by a thyristor-based regenerative drive system. Researchers from
Pratt & Whitney, USA, have carried out extensive research related to turbine and
compressor aerodynamics in the LSRR [1–8].

Mechanical instrumentation for measuring aerodynamic quantities is available in
the rig which includes 5-hole pressure probes, 3-hole cobra probes, total pressure
probes, thermocouples, static pressure tappings, etc., at various locations in the rig.
One 5-hole probe integrated with a 3-hole cobra probe is mounted at the vane exit
on the casing, and another such set is mounted at the blade exit on the rotor disk.
The vane exit probe combination is used to measure steady-state wake flow total
pressure, static pressure, flow velocity and direction in the circumferential plane at
any chosen radial location in the stationary frame. The blade exit probe combination
is used to make similar measurements at the rotor exit in the rotating frame.

The rig instrumentation also consists of ZOCpressure scanners, static pitot probes,
Scanivalve pressure transducers, Scanivalve digital temperature scanner, Scanivalve
multiplexers, pneumatic probes, Kulite unsteady pressure sensors, thermocouples,
rotor speed sensor, etc.

2 Data Acquisition System of LSRR

The complete DAQ system of LSRR can be divided into four sub-modules as
conditionmonitoring, stationary frame pressuremeasurement system, rotating frame
pressure measurement system and unsteady pressure measurement system.

2.1 Condition Monitoring

Important trim parameters such as inlet total pressure, temperature, rotor speed and
axial velocity of the flow are continuously monitored and recorded during the experi-
ments. A number of Kiel probes and thermocouples are distributed circumferentially
over the test section to measure the inlet total pressure and temperature. A calibrated
pitot-static probemounted upstream of the stator is used tomeasure the axial velocity
of the flow entering the test section. Speed of the rotor is measured by a magnetic
pickup mounted on the shaft. The flow coefficient (Cx/U) is used as the parameter
to set the flow condition at the inlet of the test section. The bearing temperatures at
various locations of the rig are continuously monitored using thermocouples, while
the rig is in operation. The software is programmed to give warning indication if any
of the bearing temperatures or the rotor speed crosses the safety limit. The vibration
signals are monitored during the initial trial runs after the installation of the rig but



582 N. Poornima et al.

it is not a part of regular experiments. A digital thermocouple scanner, DTS3250, is
incorporated for temperature measurement.

The DTS3250 digital thermocouple scanner is a rugged temperature-controlled
stand-alone module incorporating 32 thermocouple inputs, a 22 bit A/D converter
for each of the input channel, a RAM and a microprocessor. This module is made
to communicate via Ethernet. The module is provided with an isothermal block for
Uniform Temperature Reference (UTR), with an accuracy of 0.01%. NIST thermo-
couple tables of standard thermocouples are stored in the RAM. The microprocessor
uses these look-up tables to convert mV inputs into engineering units. Temperature
can be displayed in °C, °F, °R, K, volts or A/D counts. The total system error of the
DTS3250 module for E-, J-, K- and N-type thermocouples is ±0.2 °C. This module
can be controlled with an external or software scan trigger. All the scan and cali-
bration variables are configured by the user through the software, which includes
the sampling speed, number of frames per scan, number of averages per frame, etc.
More details about this module are available in [9].

2.2 Stationary Frame Measurement System

The stationary frame measurement involves vane surface pressure measurement
using ZOC miniature pressure scanners and vane exit wake flow measurement using
the calibrated 5-hole/3-hole probe combination, controlled by a 3-axis steppermotor-
based probe traversemechanism. Figure 2 shows the block schematic of the stationary
frame measurement system.

Fig. 2 Block schematic of stationary frame measurement system
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Vane surface and platform pressures are measured from the pressure tappings
using four 64 port ZOC pressure scanners (ZOC33/64Px) of range ±1 psid. The
pressure scanners are interfaced with a stand-alone module, DSM 3000. Each
ZOC33/64Px module contains 64 sensors in eight sensor packs. Each pack contains
eight sensors, a calibration valve, an excitation board and a high-speed multiplexer.
The channel to be recorded is selected by a 6-bit binary address. The pneumatic
inputs consist of pressure input ports (Px inputs), control pressure ports (PxA Ctl,
CAL Ctl), calibration input and reference input. A control pressure of 65 psi is used
to switch the pressure scanner to different modes of operation, namely calibrate,
operate and isolate. The switching action is controlled by a control pressure module,
DSM CPM 3000. Complete details of ZOC33/64Px module are available in [10].
The DSM 3000 interface module allows the ZOC pressure scanners to be used in
an Ethernet system. The DSM can accept 8 ZOC modules. The DSM has individual
16-bit A/D converter, for each ZOC module.

The digital outputs of the DSM control the operation of the control pressure
module. The DSM contains many configuration variables which are set up appro-
priately for it to function properly. The configuration variables dictate the DSM
about the number of channels to be included in the scan, number of samples to
acquire, output engineering unit, etc. Complete details of these configuration vari-
ables and commands are given in [10]. The data acquisition software is developed
using National Instruments LabVIEW to acquire 250 channels of pressures from the
stationary frame. The software incorporates a GUI-based front panel as shown in
Fig. 3 for the user to interact with the data acquisition system and monitor the rig
parameters.

While the program is executed, the vane surface pressures are measured through
the ZOC pressure scanner. The trim parameters such as Cx/U, speed, inlet total
pressure, inlet total temperature and the bearing temperatures are displayed. The
user has the option to define the name of the output file, number of acquisitions and
the interval. The averaged data is recorded in a user-defined file.

The vane exit wake flow measurement involves mapping of the flow parameters
with the help of a calibrated combined 5-hole/cobra 3-hole pressure probe. Measure-
ments are carried out in the stationary frame by traversing these probes in the circum-
ferential plane at chosen radial location across two vane pitches (approximately 18°).
The probes are moved and paused over a number of points at regular intervals for
measuring flow variables during the circumferential traverse. Aerodynamic param-
eters such as total pressure coefficient, dynamic pressure, flow directions (yaw and
pitch components) and flow velocities can be deduced using the probe pressures
measured during the traverse. The probe actuators with gears are used to displace
the probes in the radial/circumferential directions. While a ball bearing rod (BBR)
actuator is used for the radial and yawmovements, a third motion actuator is used for
the circumferential motion. The actuators are equipped with stepper motor drives for
moving the probe and also fitted with potentiometers for obtaining the position feed-
back. Limit switches are provided to define the safe operational range. The actuator
control unit used to operate the probe works as a stand-alone unit, or it can interface
with the computer through the RS-232 port. A snapshot of the front panel of the vane
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Fig. 3 Front panel of vane surface pressure measurement

exit flow measurement system is shown in Fig. 4. The user is prompted to enter the
input and output data file paths. The input data file contains the radial, yaw and the
set of pitch-wise locations for the probe traverse.

When the program is executed, the probe positions are read from the predefined
file. The radial location is set first; the yaw angle is set next, and the circumferential
traverse commences. At each circumferential location, the pressures from 5-hole and
3-hole probes are measured by the ZOC pressure scanner. The data is acquired over a
period of 10 s, and the averaged data is written to the user-defined output file with the
radial and yaw positions of the probe. A typical vane surface pressure data measured
is plotted in terms of velocity ratio and compared with P&W data in Fig. 5. A typical
vane exit total pressure coefficient distribution measured using the 5-hole probe is
compared with P&W data in Fig. 6.

2.3 Rotating Frame Measurement System

The rotating frame pressure measurement comprises:

• Rotor exit flow measurement/rotating frame probe traverse measurement.
• Blade surface pressure measurement.
• Calibration of rotating pressure transducers.
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Fig. 4 Front panel of vane exit flow measurement

Axial Dist ( " ) 

Fig. 5 Typical plot of vane surface velocity distribution
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Fig. 6 Typical plot of vane exit total pressure coefficient distribution

The block schematic of rotating frame measurement system is shown in Fig. 7.

Fig. 7 Block schematic of rotating frame measurement system
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2.3.1 Rotor Exit Flow Measurement/Rotating Frame Traverse
Measurement

The rotor exit flow measurement involves mapping of blade exit wake flow field
using a rotating calibrated 5-hole/3-hole pressure probe combination with a 3-axis
traverse mechanism. Figure 8 shows the schematic of the probe.

The traverse mechanism consists of three 26 V DC motors for 3-axis movement
of the probe. Feedbacks from individual potentiometers are provided for all the
three drives to know the position of the probe. An input voltage of 5 V is fed to
the potentiometer. Each drive has two limit switches to avoid the movement of the
probe beyond a set limit in both directions. Traverses are made at different radial
locations across one blade pitch (7.5°) using 30 uniformly spaced pitch-wise loca-
tions. The internal rotating package mounted inside the hollow rotor shaft consists
of five 1 psi differential pressure transducers (named SV, Y1, Y2, P1, P2), a 48 port
Scanivalve pressure multiplexer (SV MUX), a fluid switch stepper and 3 Scanivalve
wafer switches. A regulated excitation voltage of 12 V is fed to the transducers.
The input voltage to the motor, pressure switches, potentiometers and internal trans-
ducers are fed through slip ring. The output voltage of the transducers and the feed-
back from the potentiometers are passed through the slip ring to the data acquisition
system. The fluid switch position determines the mode of operation of the trans-
ducers. There are four modes, namely calibration mode, zero mode, 5-hole probe
measurement mode and 3-hole probe measurement mode as mentioned in Table 1.
The fluid switch stepper is set to position ‘0’ for calibrating the transducers, posi-
tion ‘1’ for acquiring the initial value of the transducers (CAL and REF ports of
the transducers are both connected to PREF), position ‘2’ for measuring the 5-hole
probe pressures and position ‘3’ for measuring the 3-hole probe pressures.

The data transfer through the slip ring created huge deterioration of the signals due
to impedance mismatch and noise. To overcome this issue, several onboard signal
conditioners are placed over the rotating shaft to condition the low-level signals
before they are fed to the slip ring. A sample chart indicating the offset signal of a
rotating transducer acquired over time is shown in Fig. 9. It is seen that the transducer

Fig. 8 Schematic of
5-hole/3-hole pressure
probes
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Table 1 Operating modes of rotating transducers

SV MUX position 1 0 1 1

Fluid switch stepper position 0 1 2 3

Mode Calibration Zero 5-Hole 3-Hole

SV Pcal-Pref Pref-Pref P5-Pref P1-Pref

Y1 Pcal-Pref Pref-Pref P8-P7 P3-P2

Y2 Pcal-Pref Pref-Pref P8-P5 P3-P1

P1 Pcal-Pref Pref-Pref P6-P4 Pcal-Pref

P2 Pcal-Pref Pref-Pref P6-P5 Pcal-Pref

Fig. 9 Rotating transducer output signal transferred via slip ring

offset signal has huge drift and unstable without signal conditioners but it is true and
stable after incorporating the signal conditioners.

The data acquisition system for rotating framemeasurement is built usingNI PCI
6280 18-bit card with the following signal conditioning modules. More details of
the card and signal conditioning modules are available in [11].

1. SCXI 1125
Two SCXI 1125 analog input signal conditioning modules are used to read the
five transducers’ output and the three potentiometer feedback values. The analog
inputs of the SCXI 1125 consist of eight programmable isolation amplifiers.
Each channel can be programmed independently for input ranges from±2.5 mV
to ±5 V. Each channel has a low-pass filter that can be configured for 4 Hz or
10 kHz.

2. SCXI 1163R
The SCXI 1163R optically isolated solid-state relay module is used to control the
drive system and the pressure switches. The SCXI 1163R contains 32 normally
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Fig. 10 Front panel of rotor exit flow measurement system

open or Form A solid-state relays arranged in eight banks of four relays with
one common pole for each bank. It can switch high-voltage loads, up to 240 V
AC/DC and up to 200 mA.

3. SCXI 1162HV
The SCXI 1162HV optically isolated digital input module is used to know the
status of the Scanivalve multiplexer and the wafer switches. The SCXI 1162HV
has 32 channels of optically—isolated digital inputs, arranged into eight isolated
banks of four input lines each.

The front panel of the rotor exit wake flow measurement software is shown in
Fig. 10. The flow condition is set based on the Cx/U value. The user is prompted to
enter the input and output data file paths. The input file contains a list of predefined
locations for the probe traverse. At each pitch-wise location, the yaw stepper is
switched to acquire the transducer initial offset followed by the probe data (either
5Hor 3Hor both, as instructed by the user) and the data is recorded in the user-defined
output file.

2.3.2 Blade Surface Pressure Measurement

The pressure distribution on the rotor blade surface is measured using the 48 port
Scanivalve mechanical multiplexer in the internal rotating package. The pressure
tubes from the instrumented blades are connected to the multiplexer. The multiplexer
is first set to the ‘Home’ position and later stepped through all the 48 ports. At each
position, the pressure is sensed by the SV pressure transducer in the internal package.
The output of the transducer is sensed by one of the channels of SCXI 1125 and
recorded in a file. Later the voltage outputs are translated into engineering units
using the calibration coefficients of the transducers. The Scanivalve multiplexer is
connected as shown below:
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Fig. 11 Front panel of blade surface pressure measurement

1. Port ‘0’ for transducer initial offset check.
2. Port ‘1’ for calibration and 5-hole/3-hole probe total pressure measurement.
3. Ports ‘2’ to ‘47’ for blade pressure distribution measurements.

The front panel of blade pressure distribution measurement system is shown in
Fig. 11. The user has option to select either the continuous mode or the single-step
mode. In the continuous mode, the multiplexer steps through all the 48 ports starting
from the ‘Home’ position. At each position, the data is averaged over a period of 10 s
and the averaged data is written to a file. In the single-step mode, the multiplexer is
stepped only when the ‘NEXT’ button is pressed.

2.3.3 Calibration of the Rotating Pressure Transducers

The internal transducers are calibrated in rotation by giving different calibration pres-
sures from four ‘dead weight testers.’ The pressures from the dead weight testers
are transmitted to the transducers using nitrogen gas. The calibration fluid is trans-
ferred to the rotating frame through a specially designed rotating union. The dead
weight testers are set for calibration pressures of 8′′ H2O, 15′′ H2O, 22′′ H2O and
27′′ H2O. The outputs of the dead weights are connected to the calibration pres-
sure switch, which is a two-sided six-port wafer switch. A five-point calibration is
carried out by moving the calibration switch through position ‘0’ to position ‘5’ to
get various combinations of calibration pressures while maintaining the reference
pressure constant. Figure 12 shows the calibration switch plumbing. Table 2 shows
the calibration pressure for various positions of the calibration switch. These pres-
sures are read accurately ahead of the rotating union using two ports of the ZOC
pressure scanner.

The calibration pressure value and the corresponding outputs of the transducers
are recorded to a file. A linear curve fit is obtained by plotting the transducer output
against the differential calibration pressures. The calibration data and the linear curve
fit for one of the rotating pressure transducers are shown in Fig. 13. A typical rotor
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Fig. 12 Plumbing layout of the calibration pressure switch

Table 2 Calibration pressures for various positions of wafer switch

Calibration wafer position CAL (′′H2O) REF (′′H2O) �P (CAL-REF)

0 Atm prs Atm prs 0

1 0 22 −22

2 8 22 −14

3 15 22 −7

4 22 22 0

5 27 22 +5

Fig. 13 Typical calibration chart of a rotating pressure transducer
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Fig. 14 Typical rotor blade exit total pressure coefficient variation

blade exit total pressure coefficient distribution in the wake flow measured using the
rotating 5-hole probe and DAS is shown in Fig. 14.

2.4 Unsteady Pressure Measurement System

The rig is fitted with high response pressure transducers on the curved casing surface
of the blade outer air seal segments to study the unsteady effects in turbine tip
clearance flows. Five Kulite high-response miniature pressure transducers of range
5 psid are positioned at five different axial locations relative to the blade tip footprint
as shown in Fig. 15. The low-level output signals of the pressure transducers are
conditioned using AD524 instrumentation amplifiers. The pressure transducers are
calibrated after being installed in the rig. The data is acquired using NI PCI 6143
16-bit simultaneous sampling multifunction data acquisition card. An optical pickup
is used to trigger the phase-locked data acquisition. The data is acquired at a rate of
10 kS/s/ch. Typically, 50 ensembles were recorded and the ensemble averaged data
is used for calculating the unsteady pressure coefficient. A typical plot displaying
the unsteady pressure variation at one of the axial locations is shown in Fig. 16. A
detailed tip leakage flow study was carried out in LSRR using this unsteady pressure
measurement system and is published in [12].
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Fig. 15 Axial locations of unsteady pressure ports

Fig. 16 Unsteady pressure variation at one of the axial locations

3 Conclusions

The old data acquisition system of the Large Scale Rotating Rig was successfully
replacedwith state-of-the-art devices. The data acquisition system includes advanced
National Instruments hardware for stationary and rotating frame measurements with
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inbuilt signal conditioners. Hence, the complicated bulky amplifiers and filters are no
longer required. New LabVIEW-based data acquisition software has been developed
indigenously and tested with the rig. With the upgradation of the data acquisition
system, the run time has reduced significantly and quality of the data has improved
considerably. Satisfactory benchmark data have been obtained from the rig using the
new look DAS and have been validated with the P&W data. Fast response pressure
sensors have been installed on the rotor casing at the blade footprint, and unsteady
pressure measurements have been carried out to study the tip leakage flows.

Acknowledgements The authors would like to express their gratitude to Director, NAL and M/S.
Pratt & Whitney, USA, for giving an opportunity to perform this task. The authors would like to
thank Head and Jt. Head, Propulsion Division, NAL, for their support. The authors would like to
thank Dr. Anil Prasad and Mr. Joel Wagner, Pratt &Whitney, USA, for their useful inputs in setting
up the instrumentation for the Large Scale Rotating Rig. The authors are grateful to all the team
members for their assiduous assistance without which successful completion of this work would
not have been possible.

References

1. Dring RP, Joslyn HD (1981) Measurement of turbine rotor blade flows. ASME J Eng Power
103:400–405

2. Joslyn D, Dring R (1992) Three-dimensional flow in an axial turbine: part 2—profile
attenuation. ASME J Turbomach 114:71–78

3. Dring RP, Joslyn HD (1987) Throughflow analysis of a multistage compressor operating at
near-stall conditions. ASME J Turbomach 109:483–491

4. Joslyn D, Dring R (1992) Three-dimensional flow in an axial turbine: part 1—aerodynamic
mechanisms. ASME J Turbomach 114:61–70

5. Joslyn HD, Dring RP (1985) Axial compressor stator aerodynamics. ASME J Eng Gas Turb
Power 107:485–493

6. Stauter RC, Dring RP, Carta FO (1991) Temporally and spatially resolved flow in a two-stage
axial compressor: part 1—experiment. ASME J Turbomach 113

7. Dring RP, Joslyn HD, Hardin LW (1982) An investigation of axial compressor rotor
aerodynamics. ASME J Eng Power 104:84–96

8. Joslyn HD, Dring RP (1989) Multi-stage compressor airfoil aero-dynamics: part II—airfoil
boundary layer analysis. AIAA 86:1744

9. DTS3250/32Tx thermocouple scanner instruction and service manual. http://scanivalve.com/
media/27939/dts3250v419.pdf

10. ZOC33/64Px andZOC33/64PxX2electronic pressure scanningmodule instruction and service
manual. http://www.scanivalve.com/media/28028/zoc33_1603.pdf

11. www.ni.com
12. Senthil Kumaran R, Kumar K, Poornima N (2017) Experimental study of unsteady pressure

fluctuations due to tip leakage flows in an axial flow turbine. In: GTINDIA2017 – 4868, ASME
GT India conference, Bangalore

http://scanivalve.com/media/27939/dts3250v419.pdf
http://www.scanivalve.com/media/28028/zoc33_1603.pdf
http://www.ni.com


Performance of Bolted Joint Modelling
Using Master Element

G. Vamsi Krishna, C. Viswanath, and Ashok Kumar Pandey

Abstract Energy dissipation at the interfaces of the mechanical joints is the primary
source of damping inmany rotor dynamics structures aswell as built-up structures. In
themajority of structures,micro- andmacro-slips at the interfaces are themechanisms
for energy dissipation.Modelling of the dissipation using detailed finite element (FE)
of the joint interfaces is computationally very expensive. Consequently, it places
severe restrictions in the application of detailed FEmethods to real-life structures for
capturing energy dissipation at joints. In the present work, a reduced-order Masing’s
model is adopted to model overlapping joint interfaces. The dynamic contact of
the overlapping interface is captured using coupled normal and tangential Masing’s
contact rate forms in commercial FE software through the user-defined subroutine.
Masing’s parameters are established from the detailed FE model of isolated bolt
structure. It is found that the reduced-order modelling is well suitable for capturing
dissipation energies without the need for the detailed finite element methods.

Keywords Bolted joint · Reduced-order modelling · Masing’s model

1 Introduction

Many built-up structures such as components of aero-engine rotors, non-rotating
missiles, etc., in which the components are held together through bolted joints. Since
these structures are subjected to many different types of loads such as cyclic torque,
axial load combined with variable rotating bending moment, gyroscopic moment,
etc., which may lead to dissipation as well as loosening of bolted joints. Such mech-
anisms may lead to energy losses at the joints and change in stiffness [1]. Therefore,
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an accurate prediction of damping and stiffness in structural joints are necessary to
capture the dynamics of structures. In this paper, we discuss the energy dissipation
of bolted joint under axial loading condition which is prevalent in rotor blades in
the form of cantilever under dynamic condition. To achieve our aim, we discuss the
performance of a master element based on Masing’s model to capture energy losses
at the joint, which, in turn, can be also used to capture energy losses in structures
with many bolted joints, thus minimising the computational effort.

Modelling of energy dissipation phenomenon requiresmodels for friction. Several
models of friction of varying complexity are proposed in the literature starting
from simple quasi-static friction model such as Coulomb’s model to more complex
dynamic friction models [2, 3]. A thorough review of friction modelling on friction-
induced vibration is given by Ibrahim [4, 5]. Friction energy dissipation at interfaces
is a highly localised and nonlinear process. Furthermore, when coupled with the
dynamic contact processes at interfaces, it becomes a challenging phenomenon to be
represented in an analytical expression. Finite element method with the discretisa-
tion of frictional interfaces has the potential to address dynamic contact happening
at interfaces. Chen and Deng [6], Lee et al. [7] and Oldfield et al. [8] successfully
employed detailed finite element models with ultrafine discretisation at frictional
interfaces for understanding and characterising the nonlinear damping behaviour of
different structural joint configurations. They employed the Coulomb friction model
at contact interfaces in which friction coefficient was the only parameter used to
describe contact conditions. Though the method was demonstrated to be flexible and
reliable, it requires ultrafine mesh at joint interfaces to capture the micro-slip. Addi-
tionally, time step size for simulation also needs to be reduced to satisfy stability
requirements. With this limitation, the dynamic analysis of engineering structures
with multiple joints using detailed FE methods is computationally prohibitive. Inte-
gration of reduced-order models into FEM helps in capturing the nonlinear nature of
joint mechanics. It is achieved by employing elements with sizes natural to the scale
of the structures.

In the present work, a new method of reduced-order model implementation based
on Masing’s model [9, 10] is developed using contact elements in a commercial
FE software package, ANSYS [11], through a user-defined subroutine. The idea of
the present work is to capture the dissipation effects at overlapping interfaces with
considerably less computational cost by employing contact element-based reduced-
order model. In the bolted overlapped structure, not the entire interface is under the
macro-slip regime, but only pockets of the region would exist in the interface which
operates in the macro-slip regime as the amplitude of vibration increases. Hence,
Masing’s reduced-order contact model is chosen for implementation which has the
ability to simulate both micro- and macro-slip effects.
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2 Finite Element Modelling Procedure

In order to compare the influence of master element, we first demonstrate the finite
element modelling of bolted joint based on Coulomb model to capture the micro-
and macro-slip using ANSYS. Using this model, we demonstrate the procedure to
generate the hysteresis loop under the effect of pre-tightening and tangential load.

2.1 Modelling and Analysis of an Isolated Joint

The FE models consist of an isolated bolted joint having M10 bolt and nut (8.8
class) of standard dimensions connecting two steel plates (AISI 1040) of size of
30 mm × 30 mm with 6.5-mm thickness as shown in Fig. 1a. The bottom face of
the bottom plate is fixed. One of the side faces of the top plate is loaded with the
cyclic varying load as shown in the inset of Fig. 1a. Plates are held together with bolt
pretension. The interfaces are modelled using the contact elements to complete the
model. In order to capture the micro-slip effectively, the radial divisions on the face
of the plate around bolt/nut are adjusted to refine the element size around bolt hole
as shown in Fig. 1b. Subsequently, the mesh is swiped along the thickness to activate
SOLSH190 8-noded linear solid–shell element—for meshing both the plates. These
elements have extra degrees of freedom to account for bending modes. Solid–shell
is especially employed when the solid body is meshed with only one layer of the
element in a direction, and the deformation is dominated by bendingwhich is the case
when these developed implementation procedures are used for dynamic analysis of
structure with overlapping interfaces. For bolt and nut, mapped face meshing with
two layers of pinch elements is introduced in a radial direction along the shaft and
meshed with SOLID186 20-noded quadratic 3D elements.

For calculationof dissipation effects at the underside of bolt andnutwith plates, 3D
models of bolt and nut are employed. CONTA174 and TARGE170 contact elements

(a) (b) (c) 

Fig. 1 a A solid model and b discretised model of an isolated joint, and c pressure distribution at
contact interfaces under static preload
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are introduced at all the contact interfaces, namely contact interface of the top and
bottom plates; top plate and underside of the bolt; bottom plate and underside of
the nut; and bolt and nut interface. Frictional contact with 0.2 coefficient of friction
is defined for all the contact interfaces except at bolt and nut interface. Augmented
Lagrange contact formulation is defined with the contact detection method at Gauss
points on contact surface, and behaviour is set as symmetric. Bolt pretension is
defined using bolt pretension element. For creating bolt pretension effects, bonded
contact is defined between bolt and nut using multi-point constraint (MPC) contact
formulation. The analysis is carried out for a bolt pretension of 21.2 kNcorresponding
to pre-torques of 34 Nm. The average axial tensile stress on the bolt shank caused
by the pre-torque is 586.0 MPa which is below the yield stress (600 MPa) of the bolt
material. The bottom surface of the bottom block is fixed, and the side surface of the
top block is loaded with a sinusoidal varying force of 5 kNmagnitude (one complete
cycle of loading in 1 s time; starting with 0 kN magnitude at 1 s and ending again
with 0 kN magnitude at the end of 2 s) along global Y-direction which is sufficient
to ensure macro-slip at the interface for given applied pretension and coefficient of
friction.

2.2 Generation of Hysteresis Curve

In order to generate hysteresis loop and isolated joint, we divide the loading into
two steps; first, a bolt pretension of 21.2 kN is applied as the static load in step-1,
and a cyclic tangential load of 5 kN is applied as the time-varying load in step-2.
Figure 1c shows the pressure distribution over an annular area over which effect of
pre-tightening torque is shown. It shows that the pressure ismaximumaround the bolt
hole and diminishes radially outwards. Since the annular area around the bolt hole
at the interface up to which contact pressure is felt is contained within the block area
of isolated joint, the isolated joint can fully capture the hysteretic energy loss around
the single bolt. Hence, the generated parameters from this model can be employed
for damping characteristic estimation of mechanical joint with multiple bolts as long
as the distance between bolts is high enough to ensure non-interference of contact
pressure distribution of adjacent bolts of the joint. Except for very thick plates, the
standard practice of employing two times the bolt diameter spacing between adjacent
bolt centres would ensure the non-interference of contact pressure distribution due
to bolt torque. Figure 2a shows that accumulated slip is maximum at the end of
the annular area along the y-direction at the end of load step-2. Figure 2c shows
the evolution of contact status with external load. At the beginning of load step-
2, i.e. at time 1.0 s, contact state distribution is symmetric with sticking around a
bolt hole and sliding at the outer peripheral area, and open beyond the sliding outer
peripheral area. As load increases sinusoidally, at time 1.05 s, sliding area extends
and sticking area diminishes along the load direction. The effect is more pronounced
at 1.1 s. At the peak of the external load, i.e. at time 1.25 s, complete area at the plate
interface is sliding, indicating the ability of load applied to capture the plastic state
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(a) (b) (c) 

Fig. 2 a Slip accumulation at the end of sinusoidal load, b a typical contact interfaces at a given
instant during ramping up of sinusoidal loading; and c hysteresis loop generated from FE model
under preload of 21.2 kN and cyclic tangential load of 5 kN

of the hysteresis curve as well. Repeating the process for each load set, an average
algebraic slidingdistance (algebraic sliding at eachof the nodes of the contact element
is averaged) along the tangential load direction, at each of the contact elements, is
extracted. The weighing of averaged algebraic sliding at each of the elements is
carried out by multiplying with respective element contact area to make the results
independent of mesh discretisation. Summing of the weighted sliding distance of all
the elements is carried for each load set result. Weighted algebraic sum sliding in the
direction of tangential load obtained in each load set is plotted against the tangential
load magnitude during each load set for one full sinusoidal loading cycle. Figure 2c
shows the hysteresis curve obtained through a weighted average of algebraic sliding
versus the tangential traction of 5 kN (sinusoidal) and bolt preload of 21.2 kN.

3 Reduced-Order Model Based on Masing’s Model

Masing’s model [9] consists of a combination of Jenkins elements in parallel with a
spring. A Jenkins element is a spring and slider (Coulomb element) in series. A slider
element has two states—stick and slip. In its sticking state, it provides a resistive force
equal and opposite to the input force to the element. When the input force exceeds
the friction capacity of the Jenkins element, then the element enters into its sliding
state. The model can be generalised by taking several Jenkins elements in parallel
with a spring to model the energy dissipation due to both micro- and macro-slips.
The hysteresis curve of Masing’s model is piecewise linear exhibiting corners and
converges for an increasing number of Jenkins elements towards smooth lancet shape.
Now, we describe the implementation of Masing’s model using FEM.
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3.1 Implementation of Masing’s Model in FEM

In this subsection, the implementation of Masing’s contact laws using userinter
subroutines in ANSYS is outlined. ANSYS overlays the contact and target elements
on contacting parent components at the interface, following the same element
discretisation as that of parent components. Since these contact elements are 2D,
the traction vector in corresponding contact and target elements describes interface
stresses and is given by Eq. (1).

{t}bottom = {
tT x tT ytn

}T
, {t}top = {

tT x tT ytn
}T

, {t} = {t}top = −{t}bottom (1)

In contact mechanics, the relative displacement field of contacting surfaces is of
interest and is given by Eq. (2):

�u = {u}top − {u}bottom (2)

The constitutive relation between the contact tractions and the relative displace-
ment field is implemented at the interface using Eq. (3):

{t} = [C]{�u} (3)

Userinter is a user-defined subroutine which allows users to write custom inter-
face laws. In the present analysis, Masing’s contact is modelled by implementing the
tangential and normal contact laws mentioned in [9, 10]. Additionally, user-defined
traction–separation relations and pressure–penetration relations are also coded in it.
It also updates history variables and computes consistent tangent matrix at each of
the integration points. Userinter receives following input arguments from ANSYS:
element number, element integration point number, the key options of contact formu-
lation, real constants (pinball region, penetration tolerance factor, normal penalty
stiffness factor, etc.), number of friction stress components, normal and tangential
penalty stiffness, contact status, current time value, time increment over current sub-
step, slip increment in current sub-step, accumulated slip from previous sub-step,
current normal pressure, frictional stress from previous sub-step [11]. The user-
defined frictional properties and user-defined material properties are input through
tbdata command. Masing’s parameters c1, c3, g0, k∞, kn , n, μ are given as input to
userinter using tbdata command. NSVR (no. of integration points× no. of state vari-
ables per integration point) command is used to tell about the number of additional
state variables to be used.Using these input arguments, subroutine calculates pressure
and traction along tangential directions in current sub-step. It also updates internal
variables and computes consistent material tangent modulus required for Newton–
Raphson iterations. Userinter is accessed for the contact elements by invoking with
inter-command with tbopt = user.

Since traction–separation relations in rate form cannot be coded, for linearising
the rate-dependent tangential contact laws, time integration of rate equation is done
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using the forward Euler method as follows. Time integration of tangential contact
law along ‘u’ direction is shown below [9, 10]:

ṫT x = k∞�u̇ + ϑ̇T x ; ϑ̇T x = k1�u̇

⎡

⎢
⎣1 − s

⎛

⎝

√
ϑ2
T x + ϑ2

T y

ϑmax

⎞

⎠

n⎤

⎥
⎦ (4)

where s is given by s = 1
2

[
1 + sgn

(
�u̇ϑT x + �v̇ϑT y

)]
which is calculated from

ϑT x , ϑT y ,�u̇, �v̇ known from previous iteration.

�tT x = k∞
(
�u − �u′) + k1

(
�u − �u′)(1 − sc) (5)
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⎛

⎝

√
ϑ2
T x + ϑ2

T y

ϑmax

⎞

⎠

n

(6)

where

�tT x = m
(
�u − �u′) and m = k∞ + k1 − k1sc (7)

In numerical modelling of the frictional interface using Masing’s model based on
the above discussion, the following three significant aspects have to be considered.
First, if the value of ‘c > 1’, then take ‘c = 1’; second, the bolt hole and bolt need not
be explicitly modelled to avoid duplication of stiffness due to bolt when macro-slip
starts; third, bolt preload has to be applied as uniformly distributed pressure on the
interface.

3.2 Influence of Mesh Discretisation on Masing’s Model
Performance

In this section, the influence of numerical parameters such as the mesh size, loading
and time-stepping is analysed on the performance ofMasing’smodel. SinceMasing’s
equations are implemented with Euler’s forward discretisation, it is sensitive to time
step size. For time step of <0.01 s, convergence is observed for given numerical
parameters. The minimum time step requirement is checked to hold good for all
the possible mesh sizes (10–0.5 mm). Detailed FE analysis is carried out with the
ultrafinemesh discretisation andCoulomb friction at the interface as shown inFig. 1b,
while the reduced-order modelling is carried out with coarse mesh with Masing’s
normal and tangential contact law at the interface as shown in Fig. 3a. Figure 3b
shows the hysteresis curve comparison of detailed FE to the different mesh sizes
modelled using Masing’s equations [2, 3, 9] with Masing’s parameter values of k0
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(a) (b)

Fig. 3 a An FE model with coarse mesh and Masing’s model at the interface, b mesh dependency
on hysteresis curve obtained using the FE model with Masing’s contact law at the interface

= 4270 N/mm2, k∞ = 170 N/mm2 and n = 3 with uniform load of 21.2 kN on the
top surface of the top plate and 6 kN force tangentially applied on the side face of
the top plate. It is also observed that even though the overall shape of the hysteresis
curves of different mesh sizes modelled with Masing’s interface laws at the interface
is relatively similar, the area enclosed by the curves is off by a maximum of ~15%.
Single element model is more accurately representing the hysteresis curve obtained
from detailed FE methods. The average slopes in the elastic and plastic region for
different element sizes are slightly off from analytical Masing’s parameters used
for modelling the interface. Average elastic stiffness being lesser than k0 parameter
and average plastic stiffness being more than k∞ parameter lead to decrease in area
with a decrease in element size. Since reduced-order modelling is meant to work
with a coarser mesh, Masing’s parameters k0 and k∞ are to be adjusted accordingly
to compensate for the variable pressure distribution due to discretisation effects.
Hysteresis loop comparison with adjusted Masing’s parameters is shown, and the
area enclosed by the curves differs by <0 2% from analytical estimates. The adjusted
Masing’s parameters once identified for particular mesh size, holds good all load
cases. The same is demonstrated in Fig. 4a, b corresponding to 10 kN preload and
1.5 kN tangential load, and 3.5 kN preload and 1 kN tangential load, respectively. In
both the cases, same adjusted Masing’s parameters as listed in Table 1 are used.

Finally, the formulation based on Masing’s model can be used to ease the compu-
tation of in-built structures with bolted joints. Now, we demonstrate the accuracy of
computing dissipation in a bolted joint.

3.3 Energy Dissipation in a Lap Joint with Multiple Bolts

In this section, we apply the above procedures to compute modal damping ratio in
a lap joint with multiple bolts as shown in Fig. 5a. To perform the analysis, we take



Performance of Bolted Joint Modelling … 603

(a) (b)

Fig. 4 Hysteresis loop with a 10 kN preload and 1.5 kN tangential load, and b 3.5 kN preload and
1 kN tangential load

Table 1 Adjusted Masing’s parameters

Mesh size Masing’s parameter k0
(N/mm2)

Masing’s parameter
k∞ (N/mm2)

Masing’s parameter n
(no units)

Analytical/numerical
prescribed

4270 170 3

h = 1.5 mm 4500 140 3

h = 5.0 mm 6800 150 3

h = 20.0 mm 4500 165 3

(a) (b)

Fig. 5 a Two bolted structure and bolting patterns used for test example [1] and b comparison of
results of damping ratios obtained using different numerical methods and experimental results [9]

test structures similar to the one taken by Kuratani et al. [1]. The three plates have
eight holes (5.5-mm diameter) each and were bolted together using M5 bolts with
a tightening torque of 3 Nm. Other dimensions are mentioned in Fig. 5a. Damping
ratio computed using master elements for different modes is compared well with the
results based on full FE model and experimental results from [9] in Fig. 5b.
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Finally, we state that the master element developed based on Masing’s model
works well and the same procedure can be applied to develop master element based
on other bolted joint models.

4 Conclusions

In this paper, we present procedure to develop a master element based on Masing’s
model to capture energy dissipation in a bolted joint. To meet the objective, we
solve Masing’s traction–separation contact equations numerically to generate trac-
tion–separation hysteresis curve. Subsequently, we perform detailed FE analysis of
specific isolated bolted joint configuration subjected to harmonic tangential loads to
obtain hysteresis curves first with Coulomb friction model and then with Masing’s
model-based finite element. It is found that the results obtained with Coulombmodel
(detailed FE procedure) under very fine mesh are compared with that obtained using
Masing’s model under coarse mesh. Finally, we state that the master element based
on Masing’s model presented in the paper can be used model bolted joints in various
in-built structures.

Acknowledgements The project is partially supported by AR&DB, India, with project number
1824.
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