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Preface

This book discusses recent developments and contemporary research in the area of
differential geometry, algebra and analysis. It is divided into three parts: the first
part contains articles from the discipline of differential geometry; second part
presents contributions in algebra and its application; and the third part focuses on
topics from analysis.

It is pertinent to mention that some of the included papers were presented at the
International Conference on Differential Geometry, Algebra and Analysis
(ICDGAA 2016), held at the Department of Mathematics, Jamia Millia Islamia,
New Delhi, under the chairmanship of Prof. Abdul Wafi from 15 to 17 November
2016. Participants and speakers from across the country and globe—USA, France,
Japan, Poland, Romania, Iran and Morocco—attended the conference and presented
their research. The exchange of ideas in different fields formed the link for future
collaboration across the world. The focal theme of the conference was to bring
together senior and young researchers in the area of differential geometry, algebra
and analysis to exchange new ideas and to discuss current challenging problems in
mathematics. We are of the opinion that the work presented in this volume will be
useful to researchers in these areas. Furthermore, we hope that the research articles
given in this book will stimulate the formation of interdisciplinary groups for
beneficial collaborative research.

Reviewed by renowned experts, chapters in the book are authored by renowned
researchers working in these areas of mathematics. This book covers a wide range
of topics such as geometry of submanifolds, geometry of statistical submanifolds,
ring theory, module theory, optimization theory, approximation theory, etc., by
exhibiting new ideas and methodology for current research in differential geometry,
algebra and analysis.
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We are thankful to all the contributors, faculty members of the Department of the
Mathematics, Jamia Millia Islamia and organizing secretaries Dr. Arshad Khan, Dr.
Yahya Abbasi and Dr. Izharuddin for their co-operations. The conference was
supported by DRS Department of Mathematics, Jamia Millia Islamia and DST,
NBHM, and CSIR.

New Delhi, India Mohammad Hasan Shahid
Aligarh, India Mohammad Ashraf
Jeddah, Saudi Arabia Falleh Al-Solamy
Chiba, Japan Yasunori Kimura
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On Complete Minimal Submanifoldsina | m)
Sphere e

Shogo Suzuki and Yoshio Matsuyama

Abstract Let M be an n-dimensional complete minimal submanifold in S"*7, p >
2
2.If |o]? < 5”’ M is either a totally geodesic submanifold or a Veronese surface in

S,
Keywords Sphere + Minimal submanifold - Parallel second fundamental form

2000 Mathematics Subject Classification Primary 53C40 - Secondary 53B25

1 Introduction

Let S"*P(c) be an (n + p)-dimensional Euclidean sphere of constant curvature ¢ and
M be an n-dimensional minimal submanifold isometrically immersed in $"*7(c).
Let A¢ be the Weingarten endomorphism associated to a normal vector field £ and
T the tensor defined by T'(§, ) = traceA¢A,,.

Recently, Montiel, Ros and Urbano [5] proved the following: Let M be an n-
dimensional compact minimal submanifold isometrically immersed in $"*7(c). Let
o be the second fundamental form of M in §"*7(c). Suppose that M is Einstein and
T = k <, >. Then it satisfies

ot = 20X,
“2n+p+2)

and the equality holds if and only if M is isotropic and has the parallel second
fundamental form, where <, > is the Riemannian metric.
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4 S. Suzuki and Y. Matsuyama

Xia [8] showed: Let M be an n-dimensional compact minimal submanifold iso-
metrically immersed in $"*7(c). Then the Ricci curvature satisfies the following:

2
Ricz(n—l)c—Mcandek <, >
2m+p+2)

if and only if one of the following conditions is satisfied:

(A) Ric = (n— 1)c and M is totally geodesic.
. p(n+2) - .
(B) Ric = (n — 1)c — ————cand M isisotropic and has the parallel second
2(n+p+2)
fundamental form.
Using the result of Sakamoto [7], we know that M which is isotropic with par-
allel second fundamental form is a compact rank one symmetric space. Hence,

if the immersion 1) of M into §"*7(c) is full, then 7 is one of the following

1 1
standard ones: S"(c) — S"(c); PRz(gc) — S*): Sz(gc) — S*): CP*(c) —

3 4
57(e); QPZ(ZC) — SP(c); CPZ(gc) — $P(0).
Matsuyama [4] proved the following: Let M be an n-dimensional compact mini-
mal submanifold isometrically immersed in $"*”(c). Then

o, < —L  candT =k <, >
n+p+2

if and only if one of the following conditions is satisfied:

(A) |o(v, v)|*> =0 and M is totally geodesic.

B) o, v)|* = Lc and M is isotropic and has parallel second fundamen-
n+p+2
tal form.

Yuen and Matsuyama [10] proved the following: Let M be an n-dimensional com-
pact minimal submanifold isometrically immersed in $"*7(c) and 1) the immersion.
Then
|2 _ np(n + 2)

< —cand T =k <, >
2n+p+2)

|o

if and only if one of the following conditions is satisfied:

(A) |o|> =0 and M is totally geodesic.

) np(n + 2) .. .
(B) |o|* = ————c and M is isotropic and has parallel second fundamental
; 2m+p+2)
orm.

Hence, if v is full, then ¢ is one of the following standard ones: S"(c) —
1 1 3
$"(c); PRz(gc) — S*(c); Sz(gc) — §*(c); CP*(c) — S'(c); QP2(ZC) — §B
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(c); CPz(%c) — st(c).

Moreover, they obtain the result of the case of M being complete: Let M be an
n-dimensional complete minimal submanifold isometrically immersed in S$"*7(c).
Then )

of < P+

< cand T =k <, >
2m+p+2)

if and only if one of the following conditions is satisfied:

(A) |o|*> = 0and M is totally geodesic.
,  npn+2) . .
(B) |o|* = ————c and M is isotropic and has parallel second fundamental
; 2n+p+2)
orm.

Related to these results, Li and Li [2] obtained without assumptionof T = k <, >
as follows: Let M be an n-dimensional compact minimal submanifold isometrically
immersed in $”7? of curvature 1. We denote A;, A, ..., A p be symmetric (n x n)-
matrices (p > 2) and S,3 = trace’ Ay Ag, So = Saa = N(Ay) and S = S; +--- +
Sp, respectively. Then we have

3
D ON(AwAs — AgAd) + ) S2, < =857 (%)
o, a,f ‘ 2

and the equality holds if and only if one of the following conditions holds:

MDA =A=...=4,=0.
(2) Only two of the matrices Ay, Az, ..., A, are different from zero. Moreover,
assuming A; #0, A #0and A3 =... = A, =0, then S| = S, and there exists

an orthogonal (n x n)-matrix T such that

10 O
S _
raT =2 (2 1

{0 |0/
s( 1 4]0

'TAT = >
0 [0
Using the result, they proved the following: Let M be an n-dimensional compact

2
minimal submanifold in §"*?, p > 2. If |a|2 < §n everywhere on M, then M is

either a totally geodesic submanifold or a Veronese surface in S*.
In the present paper, we would like to consider the case where M is complete The
main results are the following:
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Theorem 1 Let M be ann-dimensional complete minimal submanifoldin S"*?, p >
2
2. If lo|* < gn everywhere on M, then M is isotropic and either a totally geodesic

and isotropic submanifold or a Veronese surface in S*.

Theorem 2 Let M be an n-dimensional complete minimal submanifold in S"P(c).

2
If‘traceA%l S M
2m+p+2)
geodesic submanifold or M has parallel second fundamental form. Especially, if

1 1
n = 2, then we see that S*(c) — S*(c); PR2(§c) — S*o); Sz(gc) — S4(c).

¢ for any o, then M is isotropic and either a totally

2 Preliminaries

Let M be a Riemannian manifold. We suppose that M is isometrically immersed in
an (n + p)-dimensional Riemannian manifold M. Let UM be unit tangent bundle of
M and U M, the fibre of U M over a point x of M. We denote by <, > the metric of
M as well as that induced on M. Let V and & be the Riemannian connection and the
second fundamental form of the immersion, respectively. When V+ is the normal
connection, the first and the second covariant derivatives of the normal valued tensor
o are given by

Vo)(X,Y,Z) = V}J('(O'(Y, Z2) —o(VxY,Z2) —o(Y,VxZ)
and

(V2o)(X,Y, Z, W) = V?((VU)(Y, Z,W))—(Vo)(VxY,Z, W)
—(Vo)(Y,VxZ, W) — (Vo)(Y, Z, Vx W),

respectively, for any vector fields X, ¥, Z and W tangent to M. Let R and R+ denote
the curvature tensor associated with V and V+, respectively. Then ¢ and Vo are
symmetric and for V2o, we have the Ricci-identity

(V2o)X,Y,Z, W) — (V*o)(Y, X, Z, W) (1)
=RY*(X,Y)o(Z,W) —o(R(X,Y)Z, W) —o(Z, R(X, Y)W).

Let S"*7(c) be an (n + p)-dimensional Euclidean sphere of constant curvature c.
We replace §"7(c) with M. If Ric is the Ricci tensor of M, since M is a minimal
submanifold in S"*7(c), then from the Gauss equation we have

Ricv,w)=m—Dc<v,w > — Z < As.enei, W > . 2)

i=1
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Nowletv e UM,,x € M.If ey, ..., e, are orthonormal vectors in U M, orthog-
onal to v, then we can consider {e;, ..., ¢,} as an orthonormal basis of T,,(UM,).
We remark that {v = ey, e,, ..., e,} is an orthonormal basis of 7, M. If we denote

the Laplacian of UM, ~ S"~! by A, then Af = eyes f + -+ -+ ene, f, where f is
a differentiable function on U M.
Define a function f; on UM,, x € M, by

n
fl(v) = Z < Aa(u,ei)vs Aa(v,v)ei > .

i=1

Noting that V, v = —ex, Ve, e, = dgev, k, £ =2, ..., n, we have

Y (Y fi)(ex, e, v)

k=2

n n
= - Z Vek (Z < Aa(ek,e,-)v» Aa(u,v)ei >
k=2 i=1

(Af1)

n n
+ Z < Aa(v.e,-eka An(v,v)ei > +22 < Aa(v,e,'v’ Aﬂ(ek,v)ei >

i=1 i=1
n n

= _42 fl(v) + 22 Z < Aa(ek,eiekv Aa’(v,u)ei >
k=2

i=1 k=2

n n n n
+4Z Z < Aserei Vs Aoiev)€i > +4Z Z < Aow.ehs Asv€i >
i=1 k=2 i=1 k=2

Using the minimality of M, we can prove that

(AM©) = =4 +2) i) +2 Y < Aseen€)r Aswn@i > 3)

ij=1

n n
+4 Z < Aa(ej,e;)v’ Aa(ej,u)ei > +4 Z < Aa(u,ei)ejv Aa(e/,v)ei >
i,j=1 i,j=1

Similarly, define f>(v), f3(v), - -+, fis(v) and fi6(v) by
L) =" < Asie, epejs Aswnei >,
i=1

n
f3(v) = Z < Aa(v,v)vv Aa(v,e,-)ei >,

i=I



n
Ja(v) = Z < Ags(e;.e)€jr AoV >,

ij=1

n
fS(U) = Z < Aa(ei,v)eiv Aa(u,e‘f)ej >,

ij=1

n
f6(v) = Z < Aa(u,u)ei» Aa(v,v)ei >,

i=1

f1) = lo(, v),

n
fS(U) = Z < Aa(v,ei)ejv Aa(e,»,v)ei >,
Q=1

n
fo) = D" < Agte;mp€is Ao, mei >
ij=1

n

Fo@) =" < Ageyeinv >

i=1

f11(v) = |As@nvl%

n
le(U) = Z < Aa(v,e;)v’ A(r(v,e;)v >,

i=1

fiz(w) = o, v)[%,
f1a@) =) < Agepeiv > o, )],

i=1

flS(U) = (Z < Ao(v,ei)eis v >)2s
i=1
fi6) = lo*lo(w, v) 2,

respectively. Then we obtain

(Af)(v) = =2nfr(v),

(Af3)(v) = =4(n +2) f3(v) + 2 f4(v) + 4 f5(v) + 2 /2 (v),

(Af)@) = =20f(0) +2 Y < Agte;e€fs Acterenh >
i,j k=1

(AfS)(v) = —Zl’lfS(U) + 2 Z < Aa(e_,',ei)ejs Aa(ek,ei)ek >,
i,j,k=1

S. Suzuki and Y. Matsuyama

4)

(&)

(6)

(7
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(Afe)(v) = —4(n +2) f6(v) + 8 fo(v), ®)
(A () = —4(n +2) f7(v) + 82": < Asen@ir V>, ©))
i=1

(Afe)(v) = —2nfg(v) +2 'Zl < As(ej.en€h Aoeren€j > (10)
i jk=1

(Afo)(v) = =2nfo(v) +2 Xn: < Ao(e.e€js Aclejen)€i > (1)
ijk=1

(Afi0) () = =2nfio(v) + 2|0 (12)

(Afin () = =6(n+4) fri(v) +8f3(v) +2fs(v) 13)

n
+8f12(l)) +38 Z < Ao(v,v)eia Ao’(v,e,-)v >

i=1
(Af12)(v) = —4(n +2) fi2(v) +4f2(v) +2fo(v) (14)

+4Z < Aa(e/,ei)vs Aa(v,ei)ej > +4’Z < Aa(e,',e,')vs Ao’(ej,e;)v >
i=1 i=1
(Afi3)(v) = =8(n +6) fi3(v) + 32 f11(v) + 16 f14(v) (15)
> —8(n +2) fi1(v) + 16 f14(v)

(Af1a)(v) = =6(n +4) fia(v) + 16 f3(v) + 8 f12(v) + 2 f16(v), (16)

(Afis)(W) = —4(n +2) fis(v) + 8 f5(v) + 4lo | Z < Asepeisv >, (17

i=1

(Afie)(0) = =4 +2) fis@) + 810 Y < Ageperv > . (18)

i=1

The following generalized maximum principle due to Omori [6] and [9] will be used
in order to prove our theorems.

Generalized Maximum principle (Omori [6] and Yau [9]). Let M" be a complete
Riemannian manifold whose Ricci curvature is bounded form below and f € C*(M)
a function bounded from above on M". Then, for any € > 0, there exists a point
p € M" such that

f(p) zsupf —¢ |lgrad f]| <€, Af(p) <e
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3 Lemma

‘We have the following (See [3, 5]):

Lemma Let M be an n-dimensional minimal submanifold isometrically immersed
in S"TP(c). Then for v € UM, we have

1 n n
5 2(v2f7)<ei, ei,v) = Y _[(Vo)(e;, v, v)I* + nelo(w, v)[?

i=1

n n
+ ZZ < AO’(U,U)eiv Aa'(e,-,v)v > _ZZ < Ao’(v,e,-)eia Ao(v,v)v >

i=1 i=1
n
=Y < Aswmeir Aswei > -

i=1

= > 1(Vo)(ei, v, 0)P + nefr () + 2£1(0) = 2£3(0) — fs(v)

i=1

Proof The second covariant derivatives of f;(v) is given by

> (Ve e v) =2) < (Vh)(er. e, v, v), h(v, v) >

i=1 i=l

2) " < (Vh)(er, v, v), (VA)(ei, v, ) >

i=1

Since M is minimal, from (1) and the Gauss and Ricci equations, it follows:
1 n
5 2 (VA fei e v) (19)
i=1

=Y (Vo) (e, v. )P + Y < (Vh)(e;, €, v,v), h(v, v) >

i=1 i=1

=Y 1(Vo) e v )P + D < (V2h)(e; v, v, €). h(v, v) >

i=1 i=l1

=Y Vo) e, v, )P + ) < (V’h)(v, €1, v, &), h(v, v) >
i=1 i=1

+ Z RL(e,-, v,o0(v,e),o0(v,v)) — Z < o(R(e;, v)v,e;), (v, v) >

i=l1 i=1
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— Z < o(v, R(ej,v)e;,o(v,v) >

i=1

n n
=Y 1(Vo)ei, v, )P + ) < RM(es, v, 0(v, &), 0(v, v) >
i=1

i=1

n n
- Z R(eiv v, v, Aa’(v,u)ei) + Z R(Uv €, €, Aa(v,v)v)

i=I i=1

=Y 1(Vo)ei, v, ) + ) < [Ase) Aswwler, v >

i=1 i=1

n n
- Z R(eiv v, v, A(r(v,u)ei) - Z < U(Aa(v,v)eiv ei)9 U(Uv U) >

i=1 i=1

n n
=Y < 0(Aswmei 0(v, &) > +Ric, Asu V) — Y < 0(Agwueir €), o (v, v) >

i=1 i=1

= Z |(VO’)(€i, v, U)|2 + 22 < Ao’(v,v)eia Ao’(v,e,-)v >

i=l1 i=1

n n
=Y < Aswep€is Aoyt > = Y < Agwayis Ao > +Ric(v, Aggy)v)
i=1 i=1

n
—c E (<e,Asppei ><v,v>+ <e,v><v, Asupe >).
i=1

Then, from (2) and using minimality, we have

n

Ric(v, Agy,n)V) — CZ(< i, Agwvy€i >< 0,V > (20)
i=1

+ <e,v><v, A€ >)

n n
= Z(n —Dec < v, AV > — Z < As.enir AoV >

i=1 i=1

n n
—CZ < o(e,e),o(v,v) > +CZ <e,v><o(v,e),o(,v) >

i=1 i=1

n
2
= nc|0(v, v)| - Z < A(r(v,e,-)ei’ A(r(v,v)v >

i=1

Thus, from (19) and (20), we obtain the Lemma.
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4 Proof of Theorems

From the assumption of theorem, we have

2
lo]* < Ze. 1)

w

The following equations hold forv e UM,,x € M :

n n
Z < Aa(e/,ei)vs Aa(ej,v)ei >= Z < Aa(v,ei)ejs Aa(v,ej)ei >, (22)
i,j=1 i,j=1

n
Z < Ao(e/ )v Aa(e/ e‘)v >= Z < A(r(v el)e], Aa(v e‘)e] . (23)
i,j=l1 i,j=1

Hence, we get
(AfD(W) = =4 +2) fi(v) + 2 f2(v) + 8 f3(v). (24)

1 1

Summing up —— ((Af1)(v) + —(Af>2)(v)) the both sides of lemma and using
2(n+2) n

(24) and (4), we have

1 n
5 ;(Vzﬁ)(a, ei,v) + e +2)((Af1)(v) + - (Afz)(v)) (25)

" 4
= 2 1(Vo)(ei, v, v + nefr(w) = 2f(0) = fo) +

i=1

2fs(v)

1 1
01D ((Af3)(v) + —(Afz)(v)) +—F 11 2) ————(Afe)(v) from
the both sides of (25) and using (4), (5) and (8) we have

Secondly, subtracting ———

1
(AfD) + - (A£)(V)) (26)

I,
EE(V fr)(ei, e, v) + e +2>

1 1
T 2 +2)((Afz)(v)+;(Afz)(v)) I0n Jr2)(Afe)(v)
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=Y 1(Vo)(ei, v, v)* + ncfr(v) —

i=1

n 2fs(v) -

5 faW) = ——— f5(v)

n 2f9(v)~

1
Thirdly, adding (Afp)(v) — (Afs)(v) +
nn+2) +2)
both sides of (26) and using (6), (7) and (9) we have

4( n 2) (Af7)(v)inthe

l n
3 Z(Vzﬁ)(ei, €, v) + e 2)((Afl)(v) + —(Afz)(v)) 27)
T30 +2)((Af3)(v)+—(Afz)( v)) — 20 ~|—2)( fo) (V)
1
+ oy +2)(Af4)() (n (Afs)( )+ T I (Af7)(v)

= Z (Vo) er, v, ) +

i=1

flo(v) f4( )+ fs(v) f9(v)-

Finally, summing up j_ > (Af10)(v) on both sides of (27) and using (12), we have
n

2 1
*;(V J1)(eis e, v) + 2 +2)((Af1)(v)+ ~(Af2) @) (28)

1
T3nt2) +2) (Af3)(v)+*(Af2)(v))— T +2)(Af6)( v)

+ pyn +2)(Af4)( v) — oy +2) —— (Af5HW) + —— 20 +2) (Af ()

+m(Af10)(U)

n

=Y (Vo) (ei, v, v)* +

i=1

glol - —f4( v) + —fs( )= 5 folw.

With respect to (Afy) (v), (Afs)(v), (Afy)(v), we can rewrite

(Af)(©) = =2nfs(0) +2 Y < Aste;en€fs Aoterens >
i,jk=1

»
= —2nfy(v) +2 Z trace AL A7,
a,fB=1
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(Af) (W) = =2nfs(@) +2 Y < Agte;ep€hs Acieren€s >
i j.k=1

P
= 2nfs(v) +2 Z trace(A,Ag)>,
a,f=1

n

(Afo)() = =2nfo(0) +2 D < Agte;.e€i Agtey.en€i >
i,jk=1

p
= —2nfy(v) +2 ) (traceA,Ap)’.
a,p=1

Then, from (27) and [2], we have the following:

(Af3)(v)

(AfD) —

1,
—Z(V f7)(ei,e,-,v>+2( ) TEFe

Tt +2)(Af4)() (+2)(Af5)() 20 +2)(Afe)(v)

2
4( +2)( ) + pym +2)(Afs)() (+2)

+m(Af10)(U)

(Afo)(v)

‘ 2c 4
= ; (Vo) (ei, v, v)]* + —|a|2 Ty ZtraceAi,Aé

2___ 2 2
n(n YR Ztrace(A Ap)” — nit D) Z(traceAaAg)

2
> Z (Vo) er v, )P + oo

i=1

3
|o]*(ne — EIUIZ)-

> Y (Vo) (e, v, ) +

P nn+2)

Define a function g on U, M by the following equation:

gw) = 20 +2)f1( v) — 2 +2)fa( v) — o Jr2)f4(v)
1
T +2)f5( v) — I Jr2)f6( )+4( +2)f7( v)
ooy 8 — s o) A = fo (V).

n(n+2) n(n +2)

(29)

{nclo)* — (N(AaAp — AgAa) + Sap)}

(30)
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Related to f3(v), we can rewrite

n
Z < Aa(v,v)v» A(f(v,ei)ei >
i=1
P
Z < Agv, v >< Agy, A?{xv > .
a, =1

f3(v)

p
Now, since Ric = (n — 1)1 — Z Aé is symmetric, we can choose an orthonor-

a=1

p
mal basis {v = ey, es, ..., e,} such that the matrix Z Agﬂ is diagonalized, where
a=1
{&1, &, ..., §p) is any orthonormal normal basis and 1 < o < p. Then we obtain
p
[ =2 < Agv.v >0, 31)

a=1

P
where ) is an eigenvalue of Z Aé corresponding to v.

a=1

With respect to f4(v), we have
f4(v) = Z < Aa(ej,e,-)ej’ Acr(v,e,-)v > (32)
ij=1

= Z < AiAfgv, v>>0.

ij=1

Similarly, we can show

f5() =0, (33)
fe(v) = 0, (34)
f1(w) = 0. (35)

By (30), (31), (32), (33), (34) and (35) we get
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YA )+4( Jrz)f7(v) (36)

fs(w )+ flo(v)

(W) < —2
8 =20 +2)
2
n(n +2)

From the assumption of (21), we see that the Ricci curvature is bounded from
below. Taking the contraction with respect to above basis of the both sides of (29)
n

corresponding to Y; and Y4 forZ < (Vo)(e;, Y1, Y2), (Vo)(e;, Y3, Y4 > and noting
i=1
that (36) by the Generalized Maximum Principle due to Omori [6] and Yau [9], we
2
can prove Vo(e;, ej,ex) =0 and o> =0 or |o|* = 3ne If |o|> =0, then M is

2
totally geodesic. Assume that |o|? = gnc. Then we may assume that

2
0
10 |0
23c (1) (1)0
10 |0

Al=0 fora>n+3

N

by [2]. The same argument as in [1] shows that dimM = 2 and 2-dimensional surface

with |o|*> = —c. The surface must be a Veronese surface in S*(c) (See [1]).

On the other hand, by those equations and lemma, we get the following for v €
UM,:

li(w )(ei, e; )—lA () — : ——(Af12)(v) (37)
22 i, e v 6( fin 3012 fi2)(w

1 1
6( +2)( I )+m(Afz)( v) + —— 60 (Afz)(v)

1
3n(n+2) (Af)@) + 3n(n+2) (AfS)W) + = 6( 12 (Afe)(v)

=Y 1(Vo)(er, v, v)* +ncfr(v) + (n +4) fr1(v) — 4£3(0) — 2f6(v)

i=1

In terms of (15) and (37), we have
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Il 1 1
_,X;(v M)ei eiv) = <(Afi(v) = 30 +2)(Af12)(v) (38)

1
6( Jr2)(Afl)( )+m(Afz)(v)+ 6 Jr2)(Afs)(v)

1
_W(Aﬂ)(v) + 3n(n+2)(Af5)(U)+ 6 1) (Afe)(v)

8( +2)(Af13)(v)

> Z (Vo) (ei, v, v)* + nefr(v) + 2:1: 24 :

i=1

f1a) =4 f3(v) = 2f6(v).
By (3), (4), (5), (14), (16), (17) and (18) we have

3(n+2)( —( (Af) (W) + (Af3) (W) + — (Af4)(v) (39)

——(Afs)(v)) + (Af1a)(v) — —((Afm)(v) —2(Af15)(v)))
n n—+2

2 2
_szm(v) — =5 ).

Combining (38) with (39), we have

1
—Z(V (e, e, v) — —(Af”)(v) 3 (Aflz)(v) (40)
i=1

6( +2)(Afl)( )+m

n—
m( S ) +

(Af)W) + ——=(Af3)(v)

6( + 2)2

G +2>2( PO+ e

8( +2)( f13)(v) — 30 +2)( Afia(v) — 3( Jr2)2(Af15)(v)

(Afe)(v)

> Z [(Vo)(ei, v, v)I* + nefr(v) =2 f5(v) —

i=1

T 2f16(v) + 4 fla(v) — 4 f3(v).

Let we assume codimension = p and

2
traceAi < —n(n +2) c forVa
2m+p+2)

everywhere on M, then
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P
2 2
lo|” = E traceA;

a=1

np(n+2)
T 2n+p+2)
and we can get
f6(v) = Z < Aa(u,u)eis Ao(v,v)ei > (41)

i=1

=D 0@ 0P <A 50 p) €A g ) € >

i=1

lo(v, v)| lo(v, v)]
2
< MUED o,
2(n+p+2)
From (40) and (41) we obtain

- 2
D_I(Vo) i v, ) nefi(v) = 2f6() = = fis () + +4f14(0) — 4 3(0) (42)
i=1
- 2

> Y (Vo) e, v, 0 +nefr) = 2fe) - - f 5 fo ) +4f1a ) = 45v)
i=1
n 2 2

= > 1o er, v 0P + ner) = LD i) 440 4 0)
i=1

2(m+p+2). n(n+2)

2
n+2 2(n+p+2)c)|0(v,v)| T 4f140) —4f(0)

> Y (Vo) (ei, v, v)* + (ne —
i=1

=Y 1(Vo)(ei, v, v)I* + 4 f1a(v) — 4£3(v).
i=1

Asin the proof of Theorem 1, we choose an orthonormal basis {v = ey, e, . . ., €,}
P
such that the matrix Z Aé is diagonalized, where {1, &, .. ., &} is any orthonor-

a=

1
mal normal basis and 1 < a < p. Then we have

() = fia(v) (43)
Taking the contraction with respect to above basis of the both sides of (42) corre-

n
sponding to Y; and Y, forZ < (Vo)(e;, Y1, Y7), (Vo)(e;, Y3, Y4 >, then we obtain

i=1
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2
traceA? = Mc forV o«
n+p+2

and we can prove

|2 _ npn+2)

lo>’=0 orlofP=———"—¢
2(n+p+2)

(44)

by the Maximum principle due to Omori [6] and Yau [9]. From the latter of (44), we
1 1
see that in the case of n = 2 S%(c) — S2(¢); PRz(gc) — S*(0); Sz(gc) — S*(0).
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The Study of Ricci-Semi-Symmetry )
of Normal Complex Contact Manifold e

Mohamed Belkhelfa and Fatima Z. Kadi

Abstract It is well known that a Sasakian space form is Ricci-semi-symmetric if
and only if it is locally isometric to S*"+1(1). In this paper, we study the Ricci-semi-
symmetry of a normal complex contact manifold, in particular complex contact space
form.
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1 Introduction

This paper is a presentation that the author was invited to give a talk in International
Conference on Differential Geometry, Algebra and Analysis (ICDGAA-16) during
November 15-17, 2016 at the Department of mathematics, JMI, New Delhi, India.
Blair and Mihai [5] proved that a locally symmetry normal complex contact space is
locally isometric to C P?"+1(4), with the Fibini-Study metric. In [4], Blair and Martin-
Molina proved that normal complex contact metric manifolds that are Bochner flat
must have constant holomorphic sectional curvature 4 and be Kahler, and they showed
that it is not possible for normal complex contact metric manifolds to be conformally
flat.

In Sect.2, we recall definitions and some properties of complex contact mani-
fold and the expression of the curvature of complex contact space form. Definitions
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of semi-symmetry and Ricci-semi-symmetry are given in Sect. 3, we investigate in
Sect. 4 the Ricci-symmetry properties of normal complex contact space, we show that
a normal complex contact manifold is Ricci-symmetric, or Ricci-semi-symmetric if
it is an Einstein manifold.

2 Complex Contact Manifold

We recall some definitions and properties of complex contact manifolds [3, 15, 16]
A complex manifold M with dimcM = 2n + 1 and complex structure J is a
complex contact manifold if there exists an open coveringd = {O,} of M, such that

(1) on each Q,, there is a holomorphic 1-form w, with w, A (dw,)" # 0 every-
where,
and
(2) if O, N Og # ¥, then there is a nonvanishing holomorphic function Az in O, N
Op such that
wWa = Agpws in Oy N Op.

Oneach O,,wedefine’ H, = {X € TO,|w,(X) = 0}. Since A,5’s are nonvanishing,
Ho = Hgon O, N Op. So'H = UH,, is a well-defined, holomorphic, non-integrable
subbundle on M called the horizontal subbundle.

From now on, we will suppress the subscripts if O, is understood.

A complex contact manifold M admits a complex almost contact metric structure
[13],1.e.,local real 1-forms u, v = uJ , (1, 1)-tensors G, H = G J, unit vector fields
U and V = —JU and a Hermitian metric g such that

H*=G*’=-1d+u®U+v®V
GJ =-JG, GU =0, uU) =1,

and on the overlaps, the above tensors transform as

u' = au — bv, v = bu + av
G =aG — bH, H =bG +aH

for some functions a, b defined on the overlaps with a>+ b? =1. As a result of
the above identities, on a complex almost contact metric manifold M, the following
identities also hold:

HG=-GH=J4+u®V -vQU,

JH=—-HJ =G, g(HX,Y)=—g(X,HY),

GV =HU=HV =0, uG =vG =uH =vH =0,
JV =U, g(U,V)=0.
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If, in addition, g(X, GY) = du(X,Y) and g(X, HY) = dv(X, Y) forall X, Y in H,
we say that M has a complex contact metric structure. If M is a complex contact
manifold, then it has a complex contact metric structure [10].

On a complex contact metric manifold M, we can write TM = H &V, where
V is the vertical subbundle on M, locally spanned by U and V = —JU. We will
assume that the subbundle V is integrable.

From now on, we will work with a complex contact metric manifold M with
structure tensors (u v,U,V,G, H,g) and complex structure J. Define 2-forms G
and H on M by G(X Y) =g(X, GY), H(X Y) =g(X, HY). Then

~

=du—o A, I:I=dv+a/\u (2.1)

where 0(X) = g(VxU, V)

2.1 Normality on Complex Contact Metric Manifolds

The concept of normality introduced by Ishihara and Konishi [12] is related by
vanishing of the two tensor fields S and T given by

S(X,Y) =[G, GI(X,Y) + 2v(Y)HX — 20(X)HY +2g9(X, GY)U

—29(X, HY)V — o(GX)HY + o(GY)HX + o(X)GHY — o(Y)GHX
T(X,Y) = [H, HI(X,Y) + 2u(Y)GX — 2u(X)GY + 2g(X, HY)V

—29(X, GY)U + 0(HX)GY — 0(HY)GX — o(X)HGY + o(Y)HGX

where
[G,GI(X,Y) =(VxG)Y — (VeyG)X — G(VxG)Y + G(VyG)X

is the Nijenhuis torsion of G and similar for H, X, Y € X(M).

It implies that the normality is restricted to the Ké#hlarian space and hence it
excludes the Heisenberg group, when this space has a normal contact structure in the
real case. Here, we adopt the notion of normality given by Korkmaz [15], which is
a generalization of the last one.

Definition 2.1 A complex contact metric manifold M is normal if

(1) S(X,Y)=T(X,Y)=0forall X, Y inH, and
() SWU,X)=T(V,X) =0 forall X.

A complex contact manifold with a global holomorphic 1-formis called a complex
Sasakian manifold [11].
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On a normal contact metric manifold, we have

VyU = —GX + o(X)V (2.2)

A complex contact manifold is normal if and only if the covariant derivatives of
G and H have the following forms:

g(VxG)Y, Z) = o(X)g(HY, Z) + v(X)do(GZ, GY) — 2v(X)g(HGY, Z)
—u(¥)g(X,Z) —v(V)9g(JX, Z) +u(Z2)g(X,Y) —v(Z)9(X, JY)
(2.4)

and

g(VxH)Y, Z) = —o(X)g(GY, Z) + u(X)do(HZ, HY) — 2u(X)g(HGY, Z)
+u(YV)g(JX, Z) —v(Y)g(X, Z) + u(Z)g(X, JY) + v(Z)g(X,Y).

(2.5)
For underlying Hermitian structure, we have
g(Vx )Y, Z) = u(X)(do(Z, GY) —2g(HY, Z))
+v(X)(do(Z,HY) +29(GY, 2)), (2.6)

R(U, V)V = —2da(U, V)U, R(V,U)U = —2da(U, V)V.

Then the sectional curvature R(U,V,V,U) = —2do(U, V). If M is a complex
Sasakian manifold then the sectional curvature of the vertical subbundle is flat [11].
For all horizontal vector fields X and Y, we have (see [15] for details)

R(X,U)U = X R(X, V)V =X, 2.7)
R(X,Y)U =2(g(X, JY) +2do(X, Y)V, 2.8)
R(X,Y)V = —2(g(X, JY) + 2do(X, Y)U, (2.9)
R(X,U)V = o(U)GX + (Vy H)X — J X, (2.10)
RX,V)U = —o(V)HX + (VyG)X + J X, @2.11)

RX,U)Y = —gX,Y)U +g(X,JY)V +do(HY, HX)V, (2.12)
RX, V)Y =—g9(X,Y)V+9g(JX,Y)U +do(HX, HY)U. (2.13)
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2.2 GH-Sectional Curvature

Let M be anormal complex contact metric manifold with structure tensors u, v, U, V,
G, H, J, g. For ahorizontal vector field X, the plane section generatedby X and Y =
aGX + bHX,a* + b* = 11is called a GH-section or an H-holomorphic section. We
define the GH-sectional curvature GH, ;(X) as the curvature of a GH-section:

GH.p(X) = K(X,aGX +bHX),

where K (X, Y) is the curvature of the plane section generated by X and Y.

If the GH-sectional curvature is independent of the choice of GH-section at each
point, it is constant on the manifold, and we say that M is a complex contact space
form. The curvature tensor and the following theorems were obtained by Korkmaz
[15]; explicitly, the curvature tensor is

43
R(X,Y)Z = LT(g(Y, )X — g(X, 2)Y + g(Z, JY)VIX — g(Z, JX)JY +29(X, JY)JI Z)

+ %(—(M(Y)u(z) +v(Nv(Z2)X + w(X)u(Z) + v(X)v(2))Y

+2u nv(Z,Y)JX —2unv(Z, X)JY +4unv(X,Y)JZ

+9(Z,GY)GX — g9(Z, GX)GY +29(X,GY)GZ

+9(Z, HY)HX — g(Z, HX)HY +29(X, HY)HZ

+ (—u(X)g(Y,Z) +uY)g(X, Z) + v(X)g(JY, Z) —v(Y)g9(JX, Z) + 2v(Z)g(X, JY))U
+ (—v(X)g(Y, Z) +v(Y)g(X, Z) —u(X)g(JY, Z) +u(Y)g(J X, Z) — 2u(Z)g(X, JY))V)

4
= 3W@o(U. V) + e+ DX AVZ,Y) = v u AV(Z, X) +20(Z)u A (X, V)U
— @Xu AV(Z,Y) — u¥)u Av(Z, X) + 2u(Z)u Av(X, Y)V),

and the Ricci curvature p is given by

pX,Y)=((n+2)c+3n+2)9(X,Y) = (n+2)c —n+2+2do(U, V))(u(X) @ u(¥) + v(X) ® v(Y)).

(2.14)

Example 2.2

— The odd-dimensional complex projective space CP>**! with the Fubini Study
metric g of constant holomorphic curvature 4 admits a normal complex contact
metric structure via the Hopf fibering

T S4n+3 - CP2n+l.

Endowed with this structure the complex projective space CP?"*! is a complex
contact space form with ¢ = 1 [15], moreover it is an Einstein space and its Ricci
curvature is given by

p=@n+4)g.
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— The complex Heisenberg group Hg is the closed subgroup of GL(3, C) given by

[1]
12523

01z |/z1,22,23€C ~ 3,
001

If Lp denotes left translation by B € Hc, then L}dzl = dzl, Lydzy = dzs,
L% (dz3 — z2dz1) = dz3 — z2dz;. The vector fields 9 + 225 dz3 d% d—‘; are dual
tothe 1-forms dz;, dz», and dzz — zodz; are left-invariant vector fields. Moreover

relative to the coordinates (z1, 22, 23, 21, 22, 23) the Hermitian metric

1+ 221> 0 —22
0 0 1 0
B 5 01
IZ8 | 1T+1lP0 =2
0 1 0 0
-z 0 1

is a left-invariant metric on Hg, but is not Kihler metric, the form

1
0 =—=(dzz —z0dz)) =u —iv

is a complex contact structure on Hc. Moreover, the tensors G and H and the

covariant derivatives of G and H given by

010 0 —i 0
0 |[-100 0 |i 0 O
_ 0 20 _ 0—izz 0
G= 010 » H= 0 i 0
—-100 0 —-i 00 0
0 71 0 izx 1

(VxG)Y = g(X, Y)U —u(Y)X — g(X, JY)V —v(¥)JX + 20(X)GHY,
(VxH)Y = g(X,Y)V —v(¥)X — g(X, JY)U + u(Y)J X — 2u(X)GHY.

and
VxU = —-GX, VyV =—-HX.

g(VxU, V) = 0o(X) =0,

Therefore this space has constant GH-sectional curvature (—3) and a holomorphic

curvature 0, moreover its Ricci curvature is given by

p=—4g+@n+HUQu+v®Uv).
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2.3 H-Homothetic Deformation

Let (M,u,v,U,V, G, H, g) be acomplex contact metric manifold. For a positive
constant o, we define new tensors by

~ 1 ~ 1 ~ ~
U=au, v=av, U=-U, V=-V, G =G, H=H,
o o

g=ag+ala—DUQu+vQUu).

This change of structure is called an H-homothetic deformation. The new structure
W, v, U V G H g) is also a complex contact metric structure on (M, J), if the
given structure is normal (has a constant GH-sectional curvature c), so the new
structure is normal (has a constant sectional curvature ¢ = o3 3,), respectively.
Under an H-homothetic deformation, the l—fo’zm o (and hence the 2-form = d o)
does not change moreover Q (U, V) = azﬁ(U, V) [15].

3 Semi-Symmetry

Let (M", g) be connected n-dimensional (n > 3) semi-Riemannian manifold of class
C*°,wedenote by V, R, and p the Levi—Civita connection, the Riemannian curvature
and the Ricci curvature, respectively,

R(X,Y) =VxVy — VyVx — Vixy
and we define an endomorphism X A Y by
XAYZ=gY,2)X —g9(X, 2)Y.

For all vector fields, X, Y and Z on M.

R(X,Y) and (X AY) are a (1,1)-tensor fields, which can be uniquely extended
to a derivation of the tensor algebra (M) over M commute with contraction of the
tensor algebra and it is zero on §(M) [14], then for every tensor field T of type (0,k)
we can define (0,k + 2)-tensor fields (R.T') and Q(g, T) by

(RT) X1, X2,...,. Xi; X, Y) = (R(X,Y).T)( X1, X2, ..., X)

k
= TXi o X, RX DX XD

Q(gv T)(le XZ? D) st X, Y)

(XAY).T)( Xy, Xa, ..., Xp)

k
D T Ki Xict (XA D)X X0



28 M. Belkhelfa and F. Z. Kadi

for all vector fields X, X5, ..., Xy on M.

M is called semi-symmetric if R.R = 0, [17] as a generalization of this notion
Deszcz [6, 7], [18] introduced the notion of pseudo-symmetry, M is called pseudo-
symmetric if R.R and the Tachibana tensor Q(g, R) are linearly dependent, i.e., there
exists a function L on M such that

R.R=LgQ(g, R)

holdsonUg = {x € M/R — n(rf—_])(N? # 0 at x}, s is a scalar curvature and G is the

(0,4) tensor defined by é(Xl, Xo, X3, X4) = g((X1 A X2) X3, X4).

3.1 Ricci-Semi-Symmetry

M is called Ricci-semi-symmetric if R.p = 0 and it is called Ricci-pseudo-symmetric
if R.p and Q(g, p) are linearly dependent, i.e., there exists a function L, on M such
that

R.p=1L,0(g,p)

holds on U, = {x € M/p — +g # 0 at x}. For more details see [6-9, 18]

4 Symmetry Property

Lemmad4.1 Let (M,u,v,U,V,G, H, g) be a normal complex contact manifold
with dimcM =2n+ 1. Then QU = (4n —2do (U, V))U and QV =4n —2d
o(U, V)V where Q is the Ricci operator.

Proof We choose a local orthonormal basis of the form {X;, GX;, HX;, JX;, U,
V /1 <i < n}. We have

QU = Z[R(U, X)Xi+RWU,GX;)GX; + R(U, HX;)HX; 4.1)
i=1

+ R(WU,JX)JI X1+ RU, V)V. 4.2)

We use formula (2.12) and get

QU =) [9(Xi, X)) + 9(GX;, GX) + g(HX;, HX))
i=1
+9(JX;, JX)IU —2do(U, VU
= (4n —2do(U, V)U. (4.3)
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To compute QV, we use formula (2.13), then we obtian

Qv = Z[R(V, X)Xi+R(V,GX))GX; + R(V, HX;,)HX;
i=1

+ RV, JX)JX;]+ RV, U)U

= > [9(Xi. Xi) + g(GXi, GX)) + g(HX;, HX))
i=1
+ 9(JX;, JX)V —2do(U, V)V
= (4n —2do(U, V)V. (4.4)

If M is a complex Sasakian manifold then QU = 4nU and QV = 4nV.

Theorem 4.2 A normal complex contact manifold M is Ricci-semi-symmetric if and
only if it is an Einstein manifold.

Corollary 4.3 A complex contact space form is Ricci-semi-symmetric if and only if
an Einstein manifold.

Proof 1t is clear that every Einstein manifold is Ricci-symmetric then it is Ricci-
semi-symmetric.

If M is Ricci-semi-symmetric, then for all vector fields X, Y, Z, and W on M we
have

R(X, Y)p(Z, W)

—p(R(X,Y)Z, W) — p(Z, R(X, Y)W)
-0 4.5)

We use formula (2.14), Lemma 4.1 and replacing ¥ and Z by U, we obtain for a
horizontal vector field X

p(RX, U)U, W)+ pU, R(X,U)W) = p(X, W) — (4n — 2do (U, V))g(X, W)
=0

this implies
p(X, W)= (4n—do(U, V))g(X, W). (4.6)

On the other hand, for an arbitrary vector field X = Xo + u(X)U +v(X)V on M
we have

p(X, W) = p(Xo, W)+ (@n —do U, V))u(X)u(W) + v(X)v(W))
=@n—doU, V)[g(Xo, W) +u(X)u(W) + v(X)v(W)]
= @n—do(U,V))g(X, W) 4.7)
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then M is an Einstein manifold. O

Corollary 4.4 A normal complex contact manifold M is Ricci-symmetric (Vp = 0)
if and only if M is an Einstein manifold.

Corollary 4.5 A complex Heisenberg group Hc(—3) group is not Ricci-semi-
symmetric.

Remark 4.6

— Under H-homothetic deformation (o # 1), the curvature of the odd-dimensional
complex projective space C P?"+!(4) with the Fubini-Study metric will be changed
then the new structure is not Ricci-semi-symmetric.

— As we mentioned earlier, the complex Heinseberg group is not Ricci-semi-
symmetric, moreover its curvature does not change under H-homothetic defor-
mation. Then the complex Heisenberg group Hc(—3) is not H-homothetic to
Ricci-semi-symmetric complex contact space form.

For more details on Ricci-pseudo-symmetry and pseudo-symmetry see [2].
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Warped Product Slant Lightlike )
Submanifolds of Indefinite Kaehler ety
Manifolds

Rashmi Sachdeva, Rachna Rani, Rakesh Kumar, and Satvinder Singh Bhatia

Abstract We study warped product slant lightlike submanifolds of indefinite Kaehler
manifolds. We obtain some characterization theorems for the nonexistence of warped
product slant lightlike submanifolds of indefinite Kaehler manifolds.

Keywords Indefinite Kaehler manifolds - Slant lightlike submanifolds - Warped
product slant lightlike submanifolds

1 Introduction

Warped product manifolds are known to have applications in physics as they provide
an excellent setting to model space time. Bishop and O’Neill [2] introduced the
notion of warped product manifolds in order to construct a large variety of manifolds
of negative curvature. From a geometric point of view, this study got momentum,
when the study of warped product of C R-submanifolds of Kaehler manifolds were
introduced by Chen [5, 6]. Following this field, many geometers started working
along this line and presented numerous results. Recently, Sahin [18] obtained some
results on warped product submanifolds of Kaehler manifolds with a slant factor.
Although, there are significant applications of warped product submanifolds in the
general theory of relativity, a very limited specific information is available on its
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lightlike case. This motivated the geometers to carry out work on the geometry of
warped product lightlike submanifolds.

On the other hand, the notion of slant submanifolds was initiated by Chen, as a
generalization of both holomorphic and totally real submanifolds in complex geom-
etry [3, 4]. Since then such submanifolds have been studied by many authors and
they all studied the geometry of slant submanifolds with positive definite metrics.
Therefore, this geometry may not be applicable to the other branches of mathematics
and physics, where the metric is not necessarily positive definite. Thus, the geometry
of slant submanifolds with indefinite metric became a topic of interest and Sahin [17]
played a very crucial role in this study by introducing the notion of slant lightlike
submanifolds of indefinite Hermitian manifolds. In [12, 13], we have studied slant
lightlike submanifolds of indefinite contact manifolds and discussed the nonexistence
of totally contact umbilical slant lightlike submanifolds. Recently in [14], we have
explored warped product slant lightlike submanifolds of indefinite Sasakian mani-
folds and obtained some characterization theorems for the nonexistence of warped
product slant lightlike submanifolds of indefinite Sasakian manifolds. In the present
chapter, the theory of warped product submanifolds has been clubbed with slant
lightlike submanifolds. In particular, we study warped product slant lightlike sub-
manifolds of indefinite Kaehler manifolds and explore the nonexistence of warped
product slant lightlike submanifolds of indefinite Kaehler manifolds.

2 Preliminaries

A 2k-dimensional semi-Riemannian manifold (1l71 , g, J) of constant index ¢, 0 <
q < 2k, is called an indefinite almost Hermitian manifold if there exists a tensor
field J of type (1, 1) on M such that

JP=—1I, and §(X,Y)=g(JX,JY), VX, Y e (TM), (1)

where I denotes the identity transformation of T,,M . Moreover, M is called an
indefinite Kaehler manifold [1] if J is parallel with respect to V, that is,

(Vx)Y =0, VX,Y e[ (TM), )

where V is the Levi-Civita connection on M with respect to g.

Let (M, §) be areal (m + n)-dimensional semi-Riemannian manifold of constant
index g such that m,n > 1,1 <g <m+n — 1 and (M, g) be an m-dimensional
submanifold of M and g the induced metric of g on M. If §is degenerate on the tangent
bundle TM of M then M is called a lightlike submanifold of M. For a degenerate
metric g on M, TM Lisa degenerate n-dimensional subspace of TxA;I . Thus, both
T, M and T, M~ are degenerate orthogonal subspaces but no longer complementary.
In this case, there exists a subspace Rad (T, M) = T, M N T, M+ which is known as
radical (null) subspace. If the mapping Rad(T M) : x € M —> Rad(T, M), defines
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a smooth distribution on M of rank > 0 then the submanifold M of M is called an
r-lightlike submanifold and Rad(T M) is called the radical distribution on M.

If S(T M) be a semi-Riemannian complementary distribution of Rad(T M) in
T M, called the screen distribution, then

TM = Rad(TM)LS(T M),

and S(TM™) is a complementary vector subbundle to Rad(TM) in TM L Let
tr(TM) and ltr (T M) be complementary (but not orthogonal) vector bundles to
TMin TM |y and to Rad(T M) in S(T M+)*, respectively. Then we have

tr(TM) = ltr(TM)LS(TM?). 3)
TM |y=TM & tr(TM) = (Rad(TM) ® ltr(TM))LS(TM)LS(TM*Y). (4)

Let U be a local coordinate neighborhood of M and {&i, ..., &, Wi, ..., Wy,
Ni, ...y Npy X1, ..., Xin} be the local quasi-orthonormal fields of frames of M,
where {1, ...,&}, {Ny, ..., N} are local lightlike bases of I'(Rad(TM)|y),
C{tr(TM) |y) and {W, 44, ..., W, }, {X; 41, ..., Xiu} are local orthonormal bases of
L(S(TM%Y) |yy) and T'(S(T M) |y), respectively. For this quasi-orthonormal fields
of frames, we have

Theorem 2.1 ([7]) Let (M, g, S(T M), S(T M™1)) be an r-lightlike submanifold of a
semi-Riemannian manifold (M , §). Then there exists a complementary vector bundle
ltr(TM) of Rad(TM) in S(TMYH* and a basis of U'(tr(TM) |y) consisting of
smooth section {N;} of S(T ML |y, where U is a coordinate neighborhood of M,
such that

g(Ni, §j) = 6ij, g(Ni, N;) =0, forany i,j€{l,2,.,r}, (&)

where {£1, ..., &} is a lightlike basis of T'(Rad (T M)).

Let V be the Levi-Civita connection on M. Then according to the decomposition
(4), the Gauss and Weingarten formulas are given by

VxY = VxY +h(X,Y), VxU=—AyX + V3U, (6)

forany X,Y e I'(TM) and U € T'(¢tr (T M)), where {VxY, Ay X} and {h(X,Y),
V)%U } belongs to I'(T M) and I"(¢r(T M)), respectively. Here V is a torsion-free
linear connection on M, h is a symmetric bilinear form on I'(7T M) which is called
second fundamental form, Ay is linear a operator on M, known as shape operator.

According to (3), considering the projection morphisms L and S of tr(T M) on
Itr(T M) and S(T M=), respectively, then (6) gives

VxY = VxY + R (X, Y) + 1 (X,Y), VxU=—AyX+ D\U+D3U, (7)
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where we put i/ (X, Y) = L(h(X, Y)), h*(X,Y) = S(h(X, Y)), D,U = L(VxU),
DLU = S(V)%U). As k! and h* are T'(Itr (T M))-valued and I'(S(T M1))-valued,
respectively, and therefore they are called as the lightlike second fundamental form
and the screen second fundamental form on M. In particular,

VxN = —AyX + VLN + D*(X, N), ®)
VW = —AwX + VLW + D' (X, W), 9)

where X € I'(TM), N e T'(Itr(TM)) and W € T'(S(T M*)). By using (3)—~(4) and
(7)—(9), we obtain

gh* (X, Y), W) +g(¥, D'(X, W)) = g(Aw X, Y), (10)

Gh'(X,Y), &) + g(¥, i (X, &) + g(¥, Vx&) = 0. (11)

3 Slant Lightlike Submanifolds

A lightlike submanifold has two distributions, namely, the radical distribution and the
screen distribution. The radical distribution is totally lightlike and it is not possible
to define the angle between two vector fields of radical distribution. Furthermore, the
screen distribution is nondegenerate. There are some definitions for angle between
two vector fields in Lorentzian setup [11], but not appropriate for our goal because a
manifold with Lorentzian metric cannot admit an almost Hermitian structure. There-
fore to introduce the notion of slant lightlike submanifolds (one needs a Riemannian
distribution), Sahin [17] proved the following lemma.

Lemma 3.1 Let M be an r-lightlike submanifold of an indefinite Hermitian man-
ifold M of index 2r. Suppose that JRad(T M) is a distribution on M such that
Rad(TM)N JRad(TM) ={0}. Then any complementary distribution to
JRad(TM) & Jitr(TM) in S(T M) is Riemannian.

In the light of above lemma, Sahin [17] defines slant lightlike submanifolds as

Definition 3.2 Let M be an r-lightlike submanifold of an indefinite almost Hermi-
tian manifold M of index 2r. Then M is a slant lightlike submanifold of M if the
following conditions are satisfied:

(A) Rad(T M) is a distribution on M such that JRad(T M) N Rad(T M) = {0}.

(B) For each nonzero vector field X tangent to DY at p € U C M, the angle 6(X)
between J X and the vector space Dﬁ is constant, that is, it is independent of the
choice of p € U € M and X € D, where D’ is complementary distribution
to JRad(T M) @ Jltr(T M) in the screen distribution S(7 M).

This constant angle #(X) is called slant angle of the distribution D?. A slant lightlike
submanifold is said to be proper if D # {0} and 6 # 0, 3.
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Then the tangent bundle 7 M of a slant lightlike submanifold M is decomposed
as

TM = Rad(TM)LS(TM) = Rad(TM)L(JRad(TM) & Jitr(TM))LD’.
(12)
Therefore, for any X € ['(T M), we write

JX =TX + FX, (13)

where T X and F X are the tangential component and the transversal component of
J X, respectively. Similarly for any V € I'(¢7(T M)) we write

JV =BV +CV, (14)
where BV and CV are the tangential component and the transversal component
of JV, respectively. Using the decomposition in (12), denote by Py, P,, Q1 and
Q, the projections on the distributions Rad(T M), J Rad(T M), Jitr(T M) and D’
respectively. Then for any X € I'(T' M), we can write

X =PX+PX+ 01X+ 0:X. (15)
Applying J to (15), we obtain
JX=JPX+IPX+FQ,X+TQ,X+ FQ,X. (16)
Then using (15) and (16), we get

JPX = TP X e T(JRad(TM)), JP,X = TP,X € I'(Rad(T M)),

FPX=FP,X=0, TQ,X e'(D"), FQ.X e T(tr(TM)).

In [17], Sahin gave characterization theorem for slant lightlike submanifolds as

Theorem 3.3 Let M be an r-lightlike submanifold of an indefinite Hermitian mani-
fold M of index 2r. Then M is slant lightlike submanifold if and only if the following
conditions are satisfied:

(i) Jitr(TM) is a distribution on M.
(ii) There exists a constant \ € [—1, 0] such that

(02T)*X = \X,VX € [(TM). (17)

Moreover, in such case, N\ = —cos>6.
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Theorem 3.4 Let M be an r-lightlike submanifold of an indefinite Hermitian mani-
fold M of index 2r. Then M is slant lightlike submanifold if and only if the following
conditions are satisfied:

(i) Jitr(TM) is a distribution on M.
(ii) There exists a constant | € [—1, 0] such that

BFQO)X = un0,X, VX e I'(TM). (18)

In this case, i = —sin?6, where 0 is the slant angle of M.

Corollary 3.5 Let M be a slant lightlike submanifold of an indefinite Hermitian
manifold M. Then for any X, Y € T'(D?), we have

9(T 02X, TQ2Y) = cos?09(0a2X, Q2Y), g(FQ2X, FQ2Y) = 5in*0g(02X, 02Y).
(19)

Lemma 3.6 Let M be a slant lightlike submanifold of an indefinite Kaehler manifold
M then F Q,X € T'(S(T M*Y)), forany X € T (T M).

Proof Using (3) and (5), it is clear that FQ»X € I'(S(TM™1)) if g(F 0, X, €) = 0.

Therefore, g(FQ2X,8) = g(J 02X —T02X,&) = g(J 02X, &) = —g(02X, JE)
= 0. Hence, the result follows. O

Thus from the Lemma (3.6) it follows that F’ (_D(’) isasubspace of S(TM ). There-
fore, there exists an invariant subspace p of T M such that S(T, M Hh=F (Df,)J_,u »
and

T,M = S(T,M)L{Rad(T,M) & ltr(T,M)} L{F (D’) Ly,}.

The main results of this chapter has been presented followed by some definitions,
which will be used for proving them.

Definition 3.7 ([15]) Let M be a lightlike submanifold of an indefinite Kaehler
manifold M. Then M is said to be a transversal lightlike submanifold if the following
conditions are satisfied:

(1) Rad(T M) is transversal with respect to J, that is, J(Rad (T M)) = ltr (T M).
(i) S(T M) is transversal with respect to J, that is, J(S(TM)) € S(T M™).

Definition 3.8 ([8]) Let M be a lightlike submanifold of an indefinite Kaehler man-
ifold (M, g). Then M is said to be a Screen Cauchy Riemann (SCR) lightlike sub-
manifold of M if the following conditions are satisfied:

(i) Rad(T M) is invariant with respect to J.
(ii) There exist real non-null distributions D C S(7 M) such that
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S(TM)=D @& D*, JD*c S(TM*), DnD*={0},

where D+ is orthogonal complementary to D in S(T M).

Theorem 3.9 ([8]) A SCR-lightlike submanifold M, of an indefinite Kaehler man-
ifold M is a holomorphic or complex (resp. screen real) lightlike submanifold if and
only if D+ = {0} (resp. D = {0}).

4 Nonexistence of Warped Product Slant Lightlike
Submanifolds

Assume that (M, g1) and (M, g>) be two Riemannian manifolds and f > O be
a differentiable function on M. Let w: M| x M, — M, and ¢ : My x My, — M,
be the projection morphisms from the product manifold M; x M,. Then product
manifold M; x M, equipped with Riemannian metric g given by

g=g+ o, (20)

is called warped product manifold and denoted by M; x ; M», where function f is
known as the warping function of the warped product manifold M; x ; M,. Then
using (20), for any tangent vector X to M| x r M, at (p, g), we have

X1 = I X 11 + £2(m (X)) 1o X ||

The gradient V f of f on the warped product manifold M x ; M, is given by
gV, X)=Xf,forall X e '(TM).

Lemma 4.1 ([2]) Let M| x y M, be awarped product manifold. Thenforany X,Y €
T(My)and U, Z € T(M,), we have

vy eTMy) vyz =YDy
ViU = Vg X = XTfUzX(ln U. 1)

Remark 1 It should be noted that M| and M, are totally geodesic and totally umbil-
ical submanifolds for warped product manifold M; x s M,, respectively.
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Theorem 4.2 There does not exist warped product submanifold M = My x y Mt
of indefinite Kaehler manifold M, where My and My are proper slant lightlike
submanifold and holomorphic SC R-lightlike submanifold of M, respectively.

Proof Assume that Z € (DY) of My and X € ['(S(T M)) of My then using (21),
we derive

9(VyxZ,X) = Z(n f)g(JX, X) =0.
Then on using (1), (2), (7) and (13), it follows that

0 =g(VyxZ,X)=—-g(JZ,VyxJX) = g(V;xTZ,JX) — G(FZ,V;xJX)
=g(VyxTZ,JX) — g(FZ,h*(JX, JX)),

by virtue of (21), it further implies that
TZ(n fg(X,X)=gh*(JX,JX), FZ).
On using the polarization identity, we obtain
TZ(In fgX,Y) =g’ (JX,JY), FZ), (22)

forany X,Y € I'(S(TM)) of My and Z € '(D?) of My. On the other hand, using
(9) and (21), we have

9(ArzJX,JY) = —g(VyxFZ,JY) = §(Z,V;xY) — §g(TZ,V,;xJY)
=—g(VyxZ,Y)+g(V;xTZ,JY)
=—Z(n fHg(UX,Y)+TZ(In f)g(X,Y).

Now on using (10), we get g(h*(J X, JY), FZ) = g(ArzJ X, JY), then we derive
g (JX,JY), FZ)=—-Z(n fHgUX,Y)+TZ(n f)g(X,Y). (23)

Hence from (22) and (23), we obtain Z(In f)g(JX,Y) =0, for any X,Y €
['(S(TM)) of My and Z € T'(D") of M. Since My # {0} is Riemannian and invari-
ant and therefore

Zin f =0,

this shows that f is constant and hence the proof is complete. O

Theorem 4.3 There does not exist warped product submanifold M = Mr X y My
of an indefinite Kaehler manifold M, where My and Mt are as in Theorem 4.2.

Proof Assume that Z € (DY) of My and X € T'(S(T M)) of My then using (21),
we obtain g(VyzX, Z) = X(In f)g(TZ, Z) = 0, this further using with (9), (10)
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and (19) implies that

0 =g(VrzX.Z) = —g(JX,Vr;TZ) — G(JX, V12 FZ)
=g(VrzJX, TZ)+ g(JX, Ap;TZ)
=g(VrzJX, TZ)+ gh*(JX,TZ), FZ)
=JX(Un HG(TZ,TZ)+Gh*(JX,TZ), FZ)
=JX(n f).cos’09(Z,Z) + §h*(JX,TZ), FZ).

On replacing X by J X in the last expression, we get
X(n f).cos*09(Z, Z) + §g(h* (X, TZ), FZ) =0, (24)
and after replacing Z by T Z and then using (17), (19), we obtain
G(h*(X,Z), FTZ) = X(In f).cos*0g(Z, Z). (25)

On the other hand using (7), (13) (17), (19) and (21), for any X € I'(S(TM)) of My
and Y, Z € T'(D’) of My, we derive

G (TZ,X),FY) =—g(TZ,VxJY)+G(TZ,VxTY)
=g(T*Z,VxY) + g(FTZ,VxY) + g(TZ,VxTY)
= —cos20X(ln NIZ. Y+ g(FTZ, ¥ (X,Y))+ X(n /Hg(TZ,TY)
=g(FTZ,h*(X,Y)).

On putting Y = Z, we get
g’ (TZ,X),FZ)=g(FTZ,h* (X, 2)). (26)
Thus from (24)—(26), it follows that
X(In f)cos*09(Z, Z) = 0.

Since D? is a proper slant and Z is non-null, we obtain X (In f) = 0, which proves
our assertion. ]

Theorem 4.4 There does not exist warped product submanifold M = M| x y My
of an indefinite Kaehler manifold M, where M| and My are transversal lightlike
submanifold and proper slant lightlike submanifold of M, respectively.

Proof Let Z € I'(D?) of My and X € I'(S(TM)) of M, then using (1), (2), (9),
(13), (19), and (21), we derive
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9(A;xTZ,Z) =g(VrzX,JZ) = g(VrzX,TZ) + Gh*(TZ, X), FZ)
=X(n HgTZ,TZ)+gh*(TZ,X), FZ)
= X(n f)cos*09(Z, Z) + §(h*(TZ, X), FZ).

Further, on using (10) in the last expression equation, we obtain
G(h*(TZ,Z),TJX) = X(n f)cos*0g(Z, Z) + g(h*(T Z, X), FZ). 27)
On Replacing Z by T Z in (27) and then using (17) and (19), it follows that
G (Z,TZ),TJX) = —X(n f)cos*0g9(Z, Z) + g(h*(Z, X), FTZ). (28)
On the other hand, using (1), (2), (9), (13), (17), and (21), we derive

G(ApzY, TZ) = —g(VxFZ,TZ)=g(NxZ,JTZ)+§(VNxTZ,TZ)

G(VxZ,T?Z) + §(VxZ, FTZ) + g(VNxTZ, T Z)

—cos*0g(VxZ,Z) + g(h* (X, Z), FTZ) + X(n f)§(TZ,TZ)
—cos*0X(In f)g(Z,Z) + §(h* (X, Z), FTZ) + X(n f)cos*09(Z, Z)
=g(h* (X, 2), FTZ),

hence on using (10), we obtain
g’ (TZ,X),FZ)=gh*(X,Z),FTZ). 29)
Thus on using (27)—(29), we get
2X(In f)cos*0g9(Z, Z) = 0.
Since My is proper slant lightlike submanifold and D? is Riemannian then X (In f) =

0, this proves the assertion. O

Remark 2 From the Theorems 4.2, 4.3, and 4.4, it is clear that there do not exist
warped product lightlike submanifolds of the following forms:

o M =MyxsMr

o M = Mr x; My

o M= MJ_ Xf M9

Hence, now onwards, we call M = My x y M, as a warped product slant lightlike
submanifold of an indefinite Kaehler manifold M.

Lemma 4.5 Let M = My x y M| be a warped product slant lightlike submanifold
of an indefinite Kaehler manifold M, where M and My are transversal lightlike
submanifold and proper slant lightlike submanifold of M, respectively. Then

g (X, Y),JZ) = =T X(n fHg¥, 2),
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forany X e T (D% of My and Y, Z € T(S(TM)) of M, .

Proof Let X € (DY) of Myand Y, Z € T'(S(T M)) of M, then using (1), (2), (9)
and (13), we derive

g (TX,Y),JZ) = g(VyTX,JZ) = g(VyX, Z) + g(Vy JFX, Z).

Since F(D?) c S(TM*) and L 1s invariant therefore using (14), we have JFX =
BFX and CF X = 0. Hence using (18) and (21), we obtain

gh*(TX,Y),JZ)=X(Un fg(¥Y,Z) — sinzﬁg(ﬁyX, Z).
Again using (21), we derive
g (TX,Y),JZ) =1 —sin®)X(Un f)g(Y, Z) = cos*0X(n f)g(¥Y, Z).

On replacing X by T X in the last expression and then using (17), our assertion
follows. ]

Remark 3 It is natural to extend the results obtained in this work in the case of other
ambient spaces, like indefinite cosymplectic manifolds, indefinite quaternionic man-
ifolds or paraquaternionic manifolds, whose metrics are always semi-Riemannian.
Note that lightlike submanifolds in these spaces were investigated by many authors
(see [9, 10, 16]), but the existence of warped product lightlike submanifolds of such
ambient spaces is an open problem.
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Abstract The objective of the present paper is to study and investigate the geometric
properties of Concircular curvature tensor on Lorentzian type para-Sasakian manifold
endowed with the quarter-symmetric nonmetric connection. At last, we provide an
example which satisfies the conditions of &,-Concircularly flat and ¢,-Concircularly
flat Lorentzian type para-Sasakian manifold endowed with the quarter-symmetric
nonmetric connection.
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1 Introduction

In 1989, K. Matsumoto [11] introduced the notion of Lorentzian type para-Sasakian
manifolds, and an almost para-contact manifold was introduced by [18]. I. Mihai
and R. Rosca [13] introduced the same notion independently and obtained several
results. The Lorentzian type para-Sasakian manifolds have also been studied by K.
Matsumoto and I. Mihai [12], U. C. De and A. A. Shaikh [14] and many others such
as [14, 16, 19, 20]. In 1924, Friedmann and Schouten [7] introduced the idea of
semi-symmetric connection on a differentiable manifold. Some interesting results
were obtained for conformally recurrent and conformally symmetric P-Sasakian
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manifold in [1]. A linear connection V on a differentiable manifold M is said to be
a semi-symmetric connection if the torsion tensor 7 of the connection satisfies

T(X,Y) =n.(¥)X = nu(X)Y,

where 7, is a 1-form and &, is a vector field defined by 7, (X) = g(X, &), for all
vector fields X on I'(T M), I'(T M) is the set of all differentiable vector fields on
M. Semi-symmetric metric and nonmetric connection on para-Sasakian manifold
was studied by [2, 3]. In 1975, Golab [8] defined and studied quarter-symmetric
connection in differentiable manifolds with affine connections.

A linear connection V on an n-dimensional Riemannian manifold (M, g)iscalled
a quarter-symmetric connection [8], if its torsion tensor 7 satisfies

T(X,Y) =n:(Y)pu X — 1:(X) .Y,

where ¢, is a (1,1) tensor field.

In particular, if ¢, X = X, then the quarter-symmetric connection reduces to the
semi-symmetric connection [7].

Thus the notion of the quarter-symmetric connection generalizes the notion of the
semi-symmetric connection. If moreover, a quarter-symmetric connection V satisfies
the condition

(Vxg)(Y, Z) #0, (1.1)

for some X, Y, Z on I'(T M), then V is said to be a quarter-symmetric nonmetric
connection. A relation between the quarter-symmetric nonmetric connection V and
the Levi-Civita connection V in an n-dimensional Lorentzian type para-Sasakian
manifold M is given by [6]

VxY = VxY — n.(X)¢.Y. (1.2)

The 1-form 7, is defined by n,.(X) = g(X, &) and £, is the corresponding vector field.
Venkatesha and C.S. Bagewadi [23] studied concircular ¢,-recurrent Lorentzian
type para-Sasakian manifolds which generalize the notion of locally concircular
¢s-symmetric Lorentzian type para-Sasakian manifolds and obtained some interest-
ing results.

Let R and R be the curvature tensors with respect to the quarter-symmetric non-
metric connection V and the Levi-Civita connection V, respectively. Then, we have
from [6]

RX,Y)Z=R(X,Y)Z+ (.(X)Y — n.(Y)X)n(Z)
+ g(Y’ Z)TI*(X)& - g(X7 Z)U*(Y)E*, (13)

R, Y)Z = —R(Y,6)Z = —20.(2)Y — 20, (V)N (2)&s, (1.4)

S, 2) =S, 2) = g(¥, Z) = n(Y)n.(2), (1.5)



Concircular Curvature Tensor’s Properties on Lorentzian Para-Sasakian Manifolds 47
S(Y, &) =20 — DY), S &) = —2(n — 1), (1.6)
S(¢:Y. .2) = S(Y, 2) — g(Y. Z) — (n = (V)1 (2), (1.7)

for all vector fields X, Y, Z € I'(T M), where S and S are the Ricci tensors with
respect to the quarter-symmetric nonmetric connection V and the Levi-Civita con-
nection V, respectively.

A Riemannian manifold M is locally symmetric if its curvature tensor R satisfies
VR = 0. As a generalization of locally symmetric spaces, many geometers have
considered semi-symmetric spaces and in turn their generalizations. A Riemannian
manifold M is said to be semi-symmetric if its curvature tensor R satisfies R(X, Y) -
R =0, where R(X, Y) acts on R as a derivation. A Riemannian manifold M is said
to be Ricci-semi-symmetric manifold if the relation R(X,Y)-S = 0. holds, where
R(X , Y) the curvature operator.

A transformation of an n-dimensional Riemannian manifold M, which transforms
every geodesic circle of M into a geodesic circle, is called a concircular transfor-
mation [9, 21]. A concircular transformation is always a conformal transformation
[9]. Here, geodesic circle means a curve in M whose first curvature is constant and
whose second curvature is identically zero. Thus the geometry of concircular trans-
formations, i.e., the concircular geometry, is a generalization of inversive geometry
in the sense that the change of metric is more general than that induced by a circle
preserving diffeomorphism (see also [5]). An interesting invariant of a concircular
transformation is the concircular curvature tensor C. It is defined by [21, 22]

CX,Y)Z = RIX,Y)Z — ——[g(V, )X —g(X, Z)Y].  (1.8)
nn—1)
Using (1.8), we obtain
(1.9)

and C(X,Y,Z,U) =g(C(X,Y)Z,U), R(X,Y,Z,U) = g(R(X,Y)Z,U), where
X,Y,Z,U eI'(TM) and C is the concircular curvature tensor and 7 is the scalar
curvature with respect to the quarter-symmetric nonmetric connection, respectively.
Riemannian manifolds with vanishing concircular curvature tensor are of constant
curvature. Thus the concircular curvature tensor is a measure of the failure of a
Riemannian manifold to be of constant curvature.

Putting X = &, in (1.8) and using (1.4), we obtain

F
18(Y, 2)&: + (m = 2D0(D)Y = 20 (Y)1:(Z)Es.

(1.10)
In this paper, we study quarter-symmetric nonmetric connection on Lorentzian type

para-Sasakian manifolds.

CENZ= (i
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The paper is organized as follows: After the introduction, section two is equipped
with some prerequisites of a Lorentzian type para-Sasakian manifold. Section three
is devoted to studying &,-Concircularly flat in a Lorentzian type para-Sasakian man-
ifold with respect to the quarter-symmetric nonmetric connection. ¢,-Concircularly
flat Lorentzian type para-Sasakian manifolds with respect to the quarter-symmetric
nonmetric connection have been studied in section four. In the next section, we inves-
tigate Ricci-semi-symmetric manifolds with respect to the quarter-symmetric non-
metric connection of a Lorentzian type para-Sasakian manifold. At last, we construct
an example of 5-dimensional Lorentzian type para-Sasakian manifolds endowed with
the quarter-symmetric nonmetric connections which verify the results of section three
and section four.

2 Preliminaries

An n-dimensional differentiable manifold M is said to be an almost para-contact
manifold, if it admits an almost para-contact structure (¢, &, 7., g) consisting of a
(1, 1) tensor field ¢,, vector field &,, 1-form 7, and Lorentzian metric g satisfying

$e 08 =01, 0, =0,m.(&) = —1, 2(X, &) = nu(X), @.1)
G X = X +1.(Xks, 22)

(¢ X, 6.Y) = g(X, ¥) + n.(X)u(Y), (2.3)

(Vxm) Y = g(X, $,.Y) = (Vyn,) X, (2.4)

for any vector field X, Y on M. Such a manifold is termed as Lorentzian para-contact
manifold and the structure (¢, &, 1«, g) a Lorentzian para-contact structure [11].
If moreover (¢, &, Ms, &) satisfies the conditions

dn. =0, Vx& = ¢.X, (2.5)
(Vxd) Y =g (X, Y) & 41w (V) X + 20, (X) 1 (V) &, (2.6)

for X, Y tangent to M, then M is called a Lorentzian type para-Sasakian manifold
or briefly LP type Sasakian manifold, where V denotes the covariant differentiation
with respect to Lorentzian metric g.

Moreover, for the curvature tensor R, the Ricci tensor S and the Ricci operator
Q in a Lorentzian type para-Sasakian manifold M with respect to the Levi-Civita
connection, the following relation holds [17]

N (R(X,Y)Z) =g (Y, Z)n: (X) =g (X, Z)n, (Y), 2.7)

R X)Y =g (X, V)& —n. (V) X, (2.8)
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R X) & = —R (X, &) & = X + 1. (X) &, 2.9)
RX. V& =n X)X - (X)Y, (2.10)

SX. &) =n—-Dn.(X), 06 =n—-1& 2.11)
S(PX, 0:Y) =S (X, Y)+ (n — D (X) 1, (V) , (2.12)

for all vector fields X, Y € I'(TM).

3 &.-Concircularly Flat Lorentzian Type Para-Sasakian
Manifolds with Respect to the Quarter-Symmetric
Nonmetric Connection

Definition 3.1 A Lorentzian type para-Sasakian manifold is said to be
&.-Concircularly flat [4] with respect to the quarter-symmetric nonmetric connection
if

C(X,Y)& =0,

where X, Y € I'(TM).

Theorem 3.2 A Lorentzian type para-Sasakian manifold admitting a quarter-
symmetric nonmetric connection is &,-Concircularly flat if and only if the scalar
curvature r with respect to the quarter-symmetric nonmetric connection is equal to
2n(n —1).

Proof Combining (1.3) and (1.8), it follows that

CX,YV)Z = RX, V)Z + (D) (XY — (V) X] = [1:(X)g (Y, Z) — 0 (V)g (X, 2)1é,

—— [V, D)X — (X, 2)Y]. 3.1)
nn—1)

Putting Z = &, in (3.1) and using (2.1), we have

C(X,Y)¢, = R(X, 1_/)5* + [1(X)Y 4+ 1n.(Y)X]

+— [ (XY + n.(V)X]. 3.2)
nn—1)
Using (2.10) and (3.2), we get
CX,. V) =1[2— L]R(X, Y)&,. 3.3)

nn—1)
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If C(X,Y)¢ =0, then 7 =2n(n — 1) or R(X, V)& = 1,(Y)X — 0 (X)Y =0
implies that 7,,(X) = 0 which is not possible.

Conversely, if ¥ = 2n(n — 1), then from (3.3), it follows that C(X,Y)¢, =0.

This completes the proof. (]

Theorem 3.3 If Lorentzian type para-Sasakian manifolds satisfy R (€,,Y)-C =0
with respect to a quarter-symmetric nonmetric connection, then the manifold is an 1,.-
Einstein manifold with respect to the quarter-symmetric nonmetric connection, and
the scalar curvature r with respect to the quarter-symmetric nonmetric connection
is a positive constant.

Proof For Lorentzian type para-Sasakian manifolds with respect to the quarter-
symmetric nonmetric connection the curvature tensor satisfies the condition

R(X,Y)-C=R(X,Y)-R
(R, Y) - RY(U, V)W =0, (3.4)
From (3.4), we have

R, Y)RWU, V)W + R(R(&,, Y)U, VIW
—R(U, R(¢.,Y)V)W — R(U, V)R, Y)W =0

Now, using (2.8) and (3.4), we have

—0(R(U, VW)Y — (YN (R(U, VIW)E, +n(U)RY, VIW  (3.5)
+7(V)RWU, Y)W +n.(W)RU, V)Y + 1. (Y)n(W)RU, V)¢ = 0.

Putting U = &, in (3.5), we have
R(Y, VIW = =20, (V). (W)Y + 20 (V)1 (W) (Y )&, (3.6)
Now contracting (3.6) with respect to Y, we obtain
SV, W) = =2(n — D (V)1 (W). 3.7)

We know that scaler curvature r = er',:l €iS(e;, e;) so using (3.7), we get

2n — 1).

f

Which shows that the scalar curvature 7 with respect to the quarter-symmetric non-
metric connection is a positive constant.

This completes the proof of Theorem 3.3.
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4 ¢.-Concircularly Flat Lorentzian Type Para-Sasakian
Manifold with Respect to the Quarter-Symmetric
Nonmetric Connection

Definition 4.1 A Lorentzian type para-Sasakian manifold is said to be
¢4«-Concircularly flat with respect to the quarter-symmetric nonmetric connection
if .

é(qS*Xa QS*Y’ QS*Z’ QS*U) = 07

where X, Y, Z, U € I'(TM).

Definition 4.2 A Lorentzian type para-Sasakian manifold is said to be an 7,-Einstein
manifold if its Ricci tensor S of the Levi-Civita connection is of the form

S(X,Y)=ag(X,Y) +bn. (X)n, (Y),
where a and b are smooth functions on the manifold.

Theorem 4.3 If a Lorentzian type para-Sasakian manifold admitting a quarter-
symmetric nonmetric connection is ¢.-Concircularly flat, then the manifold with
respect to the quarter-symmetric nonmetric connection is an 1,-Einstein manifold.

Proof Using (1.9)we obtain

CX,Y,Z,U)= R(X,Y, Z,U) — ——[a(Y, Z)g(X, U)
nn—1)
—g(X, Z2)g(Y,U)], 4.1)

where C(X, Y, Z, U) = ¢(C(X, Y)Z, U) and R(X, Y, Z, U) = g(R(X, Y)Z, U).
Now putting X = ¢, X, Y = ¢,Y, Z = ¢.Z, U = ¢, U in (4.1) and using (2.1)
and (2.2), we get

f

COX, 0¥, 92, 6,U) = R(GX, 02, 602, 02U) = - [8(00, 62218 (90X, 1)
—8(04X, 0:Z)g(d4Y, $:U)]. (42)
Let {ey, €2, ...., e,_1, &} be a local orthonormal basis of vector fields in M, then
{dser, Puer, ..., Psen_1, €} is also a local orthonormal basis. Putting X = U = ¢;

in (4.2) and summing over i = 1 to n — 1, we obtain

(n—2)r

n—1 - ~
Y Cl@uei, 6.Y, 6.7, puei) = 5 (4.Y, 9.2) — 2(0.Y, 6.2). (4.3)
o nn—1)
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Using (2.3) and (2.12) in (4.3), we have

n—1

3 Cluei Y. 6.2, 6ue)) = S (V. Z) = g(Y. Z) — (1 = ), (V) 1. (Z)
n=1
n—2)r

——— 8 X, Z) +n. ()N (Z)]. (4.4)
nin—1)

By virtue of (1.5) and (4.4), we have

n—1 » _ -
> C(buer, .Y, 2. due)) = S (Y. Z) — [1 + M} g (Y. 2)
= nn—1)
__2 7
- [(n _ 4 u} e (V)1 (2) . (45)
nn—1)

If Y020 C(uer, .Y, 6.2, duei) = O, then

- n=2)r
S(Y,Z)=[1+—]8(Y,Z)+[(n—2)+
nn—1)

n=2)r

m} e (Y) 1. (Z),

or
S(Y,2) =ag (Y, Z) +bn. (Y) 0. (Z)

where a = [1 + %] and b = [(n—Z) + %]

From which it follows that the manifold is an 7,-Einstein manifold with respect

to the quarter-symmetric nonmetric connection.
Hence, proof of the Theorem 4.3 is completed. O

5 Lorentzian type para-Sasakian manifold satisfying
C - S = 0 with respect to a quarter-symmetric nonmetric
connection

Theorem 5.1 If Lorentzian type para-Sasakian manifolds satisfy C - S = 0 with
respect to a quarter-symmetric nonmetric connection, then the manifold is an 1,-
Einstein manifold with respect to a quarter-symmetric nonmetric connection.

Proof We consider Lorentzian type para-Sasakian manifolds with respect to a
quarter-symmetric nonmetric connection V satisfying the curvature condition C -
S = 0. Then

(CX.,v)-8)U,v)=0.
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So,
S(CX.Y)U,V)+5(U.C(X,Y)V)=0. (5.1)

Putting X = &, in (5.1) and using (1.10), we get

<—;) [g(Y, U)S(&,. V) + g(Y. VIS(E,. U] + (— - 2) [.(U)
nn—1) n(n —1)

S, V) + n.(V)SY, U)] = 20.(Y)n(U)S (s, V) — 20 (Y)0(V)S (&, U) = 0.
(5.2)

Again putting U = &, in (5.2) implies that

(—#> 200 — D (V) (V) — 200 — Dg(Y, V)] + (# - 2) 5. V)
nn—1) n(n—1)

+2(n — D0 (V)0 (V)] 4 8(n — D (V)1 (V) = 0.

Sovy = [ 20 =DF Ty [ A= 1)? D)
TP - 5 F—2nmn—1y)
Therefore, S(Y, V) = ag(¥, V) + bn.(Y)n.(V) where a = 2007 and b =
4n(n—1)2%
r—2n(n—1)"

This means that the manifold is an 7),-Einstein manifold with respect to the quarter-
symmetric nonmetric connection.
This completes the proof. 0

6 Example

In this section, we construct an example on Lorentzian type para-Sasakian manifold
with respect to the quarter-symmetric nonmetric connection V, which verifies the
results of section three and section four. We consider the 5-dimensional manifold
(x,y,z,u,v) € R, where (x, y, z, u, v) are the standard coordinates in R>. We
choose the vector fields

0 0 0 0 7]

ep=—7—, = ' —, e3=€ —, ey=e"—, es=¢e "—,

Ox dy’ 0z’ Ou v

which are linearly independent at each point of M. Let g be the Lorentzian metric
defined by

gler,e1) =—1, glex,en) =1, gles,e3) =1, gles, es) =1, gles,e5) =1,

and g(e;, e;) =0ifi # j.
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Let ¢, be the (1, 1)-tensor field and 7, (X) = g(X, e; = &) be a 1-form, defined by
dre1 =0, duer = —er, Pue3 = —e3, s = —eu, Pre5 = —es.

Using the linearity of ¢, and g, we obtain

O2X = X + (XD, nu(&) = =1, nu(X) = g(X, &)

and
8(9:X, 9:Y) = g(X, Y) + (XN (Y),

for any vector fields X, Y € ['(T M). Thus for e; = &, the structure (¢, &, 74, &)
defines an almost para-contact metric structure on M. Then, we have

[e1, e2] = ea, [e1, e3] = e3, [e1, es] = es, [e1, e5] = es,
[e2, e3] = [e2, e4] =0, [e2, es] = [e3, e4] = [e3, es] = [e4, e5] = 0.

The Levi-Civita connection V of the metric tensor g is given by Koszul’s formula
which is given by

28(VxY, 2) = Xg(Y, Z) + Yg(Z, X) — Zg(X,Y) — g(X, [V, Z]) — g(Y, [X, Z]) + ¢(Z, [X, Y]).
Using Koszul’s formula, we obtain the following:

Velel = 0, v61€2 = 0, V61€3 = 0, V61€4 = 0, VeIE5 = 0,
ngel = —éy, V62€2 = e, V62€3 = 0, V92€4 = 0, V62€5 = 0,
V63€1 = —es, Vg3€2 = 0, Ve3€3 = e, Ve3e4 = O, Ve385 = 0,
V&‘E] = —é&4, V34€2 = 0, Vg463 = 0, Ve4€4 =eq, Ve465 = 0,

Veser = —es, Veeo =0, Voe3 =0, Vees =0, Voes =e.
In view of the above relations, we see that
(Vx9.)Y = (X, )& + 0 (Y) X + 20, (X)n: (Y)&x,
Vx& = 0.X,
forall X,Y e '(TM) and &, = e;.

Therefore, the manifold is a Lorentzian type para-Sasakian manifold with the
structure (@y, &x, 7, g). Using (1.1) in the above equations, we obtain
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63161 = 0, 66162 = O, 6616‘3 = O, €4 = 0, 66165 = 0,
@ezel = —26‘2, _e2€2 = 26], 66263 = 0, 63284 = 0, 66265 = 0,
_6361 = —2e3, 62362 =0, ?6)363 = 2ey, 66364 =0, 66365 =0,
63461 = —2ey, _6462 =0, %463 =0, %4&; = 2ey, @g4e5 =0,
66561 = —265, 66562 = 0, 66563 = O, 66564 = O, 66565 = 261.

Now, we can easily obtain the nonzero components of the curvature tensors R as
follows:

R(e1, e2)er = —e2, R(e1, e2)ex = e, R(er, e3)er = —e3, R(er, ez)es = ey,
R(e1, es)er = —es, R(e1, eq)er = e1, R(er, es5)er = —es, R(ey, es)es = ey,
R(ez, e3)e1 = —e3, R(ez, e3)ex = e, Rez, es)e; = —es, R(ez, eq)ez = e,
R(ez, es)er = —es, R(ez, es)ex = €2, R(es, eq)er = —eq, R(es, es)es = e3,
R(es, es)er = —es, R(es, es)ex = e3, R(es, es5)e; = —es, Res, es)es = eu,
and
R(ey, e2)ey = —2e5, R(er, e2)e; = 2e1, R(ey, e3)e; = —2e3, R(ey, e3)e3 = 2ey,
R(e1, es)er = —2es, R(e1, es)er = 2e1, R(ey, es)e; = —2es, R(ey, es)es = 2ey,
R(ez, e3)er = —2e3, R(ea, e3)ex = 2ex, R(ez, ex)er = —2ea, R(er, ex)es = 2es,
R(ez, es)er = —2es, R(es, es)ex = 2ex, R(es, ex)er = —2ea, R(es, ex)es = 2e3,
R(e3, es)e; = —2es, R(e3, es)er = 2es, R(e4, es)e; = —2es, R(e4, es)e; = 2ey.

With the help of the above curvature tensors with respect to the quarter-symmetric
nonmetric connection, we find the Ricci tensors S as follows:

S(e1, e1) = S(ea, €2) = S(e3, e3) = S(eq, €4) = S(es, es) = 8.

Also, it follows that the scalar curvature tensor with respect to the quarter-symmetric
nonmetric connection is ¥ = 40.
Let X, Y, Z and U be any four vector fields given by

X =aje| + azer + azes + ases + ases, Y = bie| + bres + bzes + byes + bses
Z = cie1 + crex + czez + caeq + cses, W =diey + drey + dses + dyes + dses

where a;, b;, ¢;, d; ,foralli = 1,2,3,4,5 are all nonzero real numbers. Using the
above curvature tensors and the scalar curvature tensors of the quarter-symmetric
nonmetric connection, we have
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C(X, V)& = ajh;(2e; — 2e5) + arbs(2es — 2es) + ajby(2eq — 2e4)
+ a1b3(2e3 — 2e3) =0,

which verifies the result of section three.

Now, we see that the ¢,-Concircularly flat with respect to the quarter-symmetric
nonmetric connection from the above relations is as follows:

C(B4X, d1Y, 0+ Z, $:U) = 2a2b3(cad3 — c3da) + 2abs(cads — csda) + 2azba(czds — cads)
+ 2a4bs(cads — csdas) + 2a2b4(c2ds — cada) + 2a3bs(cads — cs5d3)
=0

Hence Lorentzian type para-Sasakian manifold will be ¢,-Concircularly flat with

respect to the quarter-symmetric nonmetric connection if 2 = g = 2t = 2. The
above arguments tell us that the 5-dimensional Lorentzian type para-Sasakian mani-
fold with respect to the quarter-symmetric nonmetric connection under consideration

agrees with section four.
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1 Introduction

Vos [22] introduced the notion of statistical submanifold in 1989. The statistical sub-
manifold theory originates in Information geometry and is now deepening through
pure differential geometry, though due to the hardness to find classical differen-
tial geometric approaches for study of statistical submanifolds, it has made very
little progress. The geometry of statistical manifolds is developing as deformation
of Riemannian geometry, related to Information geometry, Hessian geometry, the
differential geometry of affine hypersurfaces and many other fields [2, 4, 5, 9, 10,
19].

Casorati [6] introduced and studied Casorati curvature in 1999. The geometrical
importance of the Casorati curvature have been discussed in [7, 13, 20]. A number
of geometric results has been obtained for the Casorati curvatures using different
optimization techniques [1, 3, 11, 14-17, 21].

In the present article, in Sect. 2, we review the statistical manifold theory briefly.
In Sect.3, we obtain bounds for normalized d—Casorati curvature for statistical
submanifolds in Sasakian statistical manifolds of constant ¢-sectional curvature. In
Sect. 4, we derive normalized d—Casorati curvature for statistical submanifolds in
Sasakian statistical manifolds of constant ¢-sectional curvature with semi-symmetric
metric connection and provide the condition under which the equality holds.

2 Preliminaries

In this section, we review the statistical manifolds and their submanifolds in brief.

Definition 2.1 Let (I, g) be a Riemannian manifold and V and V" be torsion-free
affine connections on M such that

GY(E, F) = g(VE, F) + g(&, V4F), 2.1)

for E, F, G € I'(TM). Then Riemannian manifold (M, g) is called a statistical mani-
fold. It is denoted by (11, g, V, V).

Remark 2.2 Here,

1. the connections V and V' are called dual connections. The pair (V, g) is said to
be a statistical structure.

2. if (V, g) is a statistical structure on M, then (ﬁ*, g) is also a statistical structure
on M.

3. we have

V= %(ﬁ + V5, (2.2)
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—°©° . N . s . j—
where V  is Levi-Civita connection for M.

Let M be a (2m + 1)-dimensional manifold and let M be an n-dimensional sub-
manifolds of M. Then, the Gauss formulae are [22]

{ﬁEF = VgF + 0(E, F), 2.3)

V.F = ViF 4 0*(E, F),

where o and o* are symmetric, bilinear, imbedding curvature tensors of M in M for
= —* .
V and V | respectively.
— — = %k . .
The curvature tensor fields R and R* of V and V', respectively, satisfy

g(R'(E, F)G, W) = —g(G, R(E, F)W), (2.4)
where R and R" are given by [22]

gR(E, F)G, W) = gR(E, F)G, W) + g(o(E, G), o™ (F, W))
— g(o*(E, W), o(F, G)), (2.5)

and

g(R'(E, F)G, W) = g(R*(E, F)G, W) + g(c*(E, G), o(F, W))
— g(o (B, W), 0% (F, Q). (2.6)

Let us denote the normal bundle of M by TM*. The linear transformations Ay and
A}, are defined by

{ g(ANE, F) = g(o(E, F), N), 0.7

g(AVE, F) = g(0*(E, F), N),

forany N € TM! and E, F € TM. The corresponding Weingarten formulae are [22]

{EN = —ALE+ VN, 2.8)

ViN = —ANE + VIEN,

where N € TM*, E € TM and V£ and V;' are Riemannian dual connections with
respect to the induced metric on 7M*.

Let M be an odd-dimensional manifold and ¢ be a tensor field of type (1, 1), £ a
vector field, and a 1-form 7 on M satisfying the conditions

nE =1,
¢*E = —E+ n(BE)¢,
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for any vector field E on M. Then Mis said to have an almost contact structure (¢, &, 7).

Definition 2.3 ([9]) Analmost contact structure (¢, £, g) onMis said to be a Sasakian
structure if

(Ve®)F = g(F, E — g(F, E)¢
holds for any E, F € TM.

Deﬁnitio_n 2.4 ([9]) A quadruple (V, g, ¢, £) is called a Sasakian statistical structure
onMif (V, g) is a statistical structure, (g, ¢, £) is a Sasakian structure on M and the
formula

Keg@F 4+ ¢KgF =0

holds for any E, F € TM, where KgF = VgF — g;F.

Definition 2.5 ([9]) Let (11, V, g, ¢, £) be a Sasakian statistical manifold and ¢ € R.
The Sasakian statistical structure is said to be of constant ¢-sectional curvature c¢ if
the curvature tensor S is given by

— 3 —1

52,16 = 2 {o(F, OOF — g(B, OF) + —{g(¢F, 0)gm
— 9(@E, G)oF — 29(¢E, F)¢G — g(F, (G, HE + g(E, )g(G, OF
+5(F. (G, D)t — g(E. (G, FIE), 29)

where E, F, G € TM and
2S(E, F)G = R(E, F)G + R'(E, F)G. (2.10)

We denote a Sasakian statistical manifold with constant ¢-sectional curvature ¢ by
M(c).

Let{ey, ..., e,} and {€,+1, ..., eam+1} be tangent orthonormal frame and normal
orthonormal frame, respectively, on M. The mean curvature vector fields with respect
- o* =° . .
to V, V and V , respectively, are given by
1
H= ) 0(e,e),
H* = % Yo ot (e e, (2.11)

1
H = Yo o%(e €.

We also set
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loll? =327 i alalei, e), alei, e))),
lo* > = 37 =1 90 (eis e)), o™ (e, €))), (2.12)

lo°||> = Z,r-l,jzl g(o°(ei, ej), 0°(ei, e))).

The second fundamental form o°(resp. o, or ¢*) has several geometric properties
due to which we got the following different classes of the submanifolds.

e A submanifold is said to be totally a geodesic submanifold with respect to V° (resp.
V,or V*), if the second fundamental form o° (resp. o, or o*) vanishes identically,
thatis 0° = 0 (resp. 0 = 0, or 6™ = 0).

e A submanifold is said to be a minimal submanifold with respect to V' (resp.V,
or ﬁ*), if the mean curvature vector H° (resp.H, or H*) vanishes identically, that is
H° =0 (resp. H =0, or H* = 0).

Let K () denote the sectional curvature of a Riemannian manifold M of the plane

section m C T,Matapoint p € M. If {ey, ..., e,} is an orthonormal basis of 7,M and
{en+1s ..., €2m+1} 1s an orthonormal basis of T;M atany p € M, then
T(p)= ) K(ne), (2.13)
I<i<j<n

where 7 is the scalar curvature. The normalized scalar curvature p is defined as

2T

= (2.14)

p
We also put
o) = gloleiep).e), o = g0 (e e)).e,),

i,jel,2,....n,ye{n+1,n+2,...,2m + 1}. The squared norms of the sec-
ond fundamental forms o and * are denoted by C and C*, respectively, and are given
as

2m+1  n 2m+1  n

C= L Y N ) ma = Y @) @)

y=n+1i,j=1 y=n+1i,j=1

called Casorati curvatures of the submanifold.
Let L be an r-dimensional subspace of TM, r > 2, and {e;, e;,...,e,} is an
orthonormal basis of L. Then

(L) = Z K(ey Nep)

l=y<f=r
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is called the scalar curvature of the r-plane section. The Casorati curvatures C and
C* of that r-plane section L are

1 om+1 - o 1 2m+1  r 2
cwy=- 3 Y () ad c@y=1 3 3 () @10
y=n+1i,j=1 y=n+1i,j=1

The normalized §-Casorati curvatures 6.(n — 1) and;i.(n — 1) are defined as

1 1
[0c(n — D], = EC,, + %inf{C(LNL : a hyperplane of T,M}  (2.17)

and

_ m—1
[3u(n — D], = 2C, + —

sup{C(L)|L : a hyperplane of T,M}.  (2.18)
Moreover, the dual normalized 6*-Casorati curvatures ¢} (n — 1) and ?S\j(n — 1) are
defined as

n+1
2n

1
[6r(n — D], = EC; + inf{C*(L)|L : a hyperplane of T,M}  (2.19)

and

-~ . 2n —1
[0F(n — D], =2C", +

sup{C*(L)|L : a hyperplane of T,M}. (2.20)

Let M be a Riemannian manifold and M be a submanifold of Mand f : M — R be
a differentiable function. If we assume an optimal problem

mingey f(x), (2.21)
then we have the following lemma for later use.

Lemma 2.6 ([18]) If x, € M is a solution of the problem (2.21), then

o (grad(f))(x.) € Thm
e the bilinear form
A: T, Mx T, M— R,

A(E,F) = Hessf(E,F) + g(a(E, F), (gradf)(x))

is positive semi-definite, where o is the second fundamental form of M in M and
grad(f) is the gradient of f.
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3 Normalized 6-Casorati Curvature

In this section, we mainly find the bounds for normalized scalar curvature in terms
of the normalized é—Casorati curvatures for statistical submanifolds of Sasakian
statistical manifold with constant ¢-sectional curvature.

Theorem 3.1 Let M be a statistical submanifold in a Sasakian statistical manifold
M(c) such that M is tangent to the structure vector field & of M(c). Then, the normalized
0-Casorati curvatures d.(n — 1) and 6} (n — 1) satisfy

4n%(n — D + 4n? — 3n — 20)

<25°(n—1) — He|?
p=20(n—1) a1 2]

c—1

— Pm-1+3|P)?
+2n(n_1){(n )+ 3P|}

c+3 2 n 5 5

c° H|%, [1H D), 3.1
3 +(n_1) +n_1(|| %, [IE5 1) 3.1

forrealt,0 <t <n(n— 1), where262(n — 1) = d.(n — 1) + 6} (n — 1) and 2C° =
C+C*

Proof From (2.5), (2.6), (2.9) and (2.10), we have
g(R(E, F)G, W) + g(R*(E, F)G, W)

3
= 2 (e(F, O9(E, W) — g(E, Og(F. W)

+ £ 0(0F, Oa(9E, 1) — 6(¢E, Oa(6F, 1)

— 29(¢E, F)g(¢G, W) — g(F, )g(G, §)g(E, W)

+9(E, Ha(G, Hg(F, W) + g(F, )g(G, E)g(§, W)

- g(E, )g(G, F)g(§, W)} — g(a(E, G), o*(F, W)
+g(0*(E,W), 0(F,G)) — g(¢*(E, G), o(F, W))

+g(o(E, W), 0" (F, G)). (3.2)

Putting F =W =¢; and E = G = ¢}, in (3.2), we get
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aR(ei, ej)ej, e) +g(R (e, ej)ej, e;)
3
= %{g(ej, ej)gle;, e)) —glei, ej)gle;, e}
—1
+ CT{QI(WJ‘, e;j)g(ge;, e;) — g(ge;, ej)g(oe;, e;)

—29(¢e;, ej)g(gej, e;) —ale;, &)gle;, glei, e;)

+glei, §)gle;, §)glej, &) + glej, E)ale;, e)g(&, e)

—g(ei, §glej, e))g(&, e} —glo(ei, ej), 0% (ej, €;))
+g(o*(ei, ), 0(ej, e;)) —glo™(ei, e)), o(ej, €:))

+g(ole, e),0%(ej, €))). (3.3)

Applying summation 1 < i, j < n and using (2.11) and (2.12) in (3.3), we obtain

> [9R(ei ee;. ) + g(R (ei. e))e, €1)]
1<i,j<n

3
¢ er n(n — 1) + 2n’g(H, 1Y)

—1
+ 520 -m+3 Y Gene)

1<i,j<n
— Z glo(ei,ej), 0% (ej, ) — Z g(o*(ei, ej), 0(ej, €))
1<ij<n I<i,j<n
3
R S

+n*{g®* + H,H* + H) — g(H, H) — g(H*, ")}

-1
¢ {2(1—n)+3 Z g2(¢e,~,e_,-)}

2 —
1<i,j<n
— Z {g(U(ei,ej)+U*(€j,€i)10*(ei,€j)+J(€j,€i))
1<i,j<n

—g(olej, e)), 0(ei, €))) — g(a*(ej, ), 0™ (ej, )} (3.4)

+

Since from Eq. (2.2) 2H® = H + H*, it follows from the above equation and Eq. (2.15)
that

2T =

+3 .
¢ Snn— 1)+ 67{2(1 —n)+3]P|?)

+ 402|507 — n* (IHI? + |E*]?) — 4nC° + n(C +C). 3.5)

Define the following function, denoted by Q, a quadratic polynomial in the compo-
nents of the second fundamental form
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-1

Cc —

1 2 *
+ {20 =) + 3| P’} =27 +n(C+CH)

— (=1 + [H*]%), (3.6)

where L is the hyperplane of T,M. Without loss of generality, let us assume that L is
spanned by ey, ..., e,_1, then from (3.6)

2m+1 n—1 2m+1 n—1
0=2n Y Y (@ +4n+2) Y > ()’
y=n+1 i=1 y=n+li<j=1

2m+1 2m+1 n—1
=1 Y (@D +2m+3) Y Y (o)
y=n+1 y=n+1 i=1
2m-+1 n
oy 07
-8 D oo
y=n+li<j=I
which implies
Ly n+3
(e &+ Y
1 [2("”) Z( )}

1 2m+1
9= 2 .
y=n+1 i=
2m—+1 2m+1
+ Y [(n+2> Z( °”>2+— > e)?

y=n+1 i<j=1 y=n+1
2m+1 n
) Z Z ol 91/:|
y=n+li<j=l1
2m+1 2m+1 n
> Z [ 0'7’)2 (0_0’7)2 2 Z Z O_O’Y O'Wj| (3.7)
y=n+1 y=n+li<j=1

Now, we consider the quadratic forms f, : R” — R such that

fﬁ(Uu ‘722 o)
2m+1 2m+1 n
n
0"/ 0"/ O’)
= X [Jerre et L Y] 69
y=n+1 y=n+li<j=1

Then from (3.7), we deduce that

0=4) f, (3.9)
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Next, we start with the problem
minf,, subject to T :oy| +o0y +---+ool =k7,

where k7 is a real constant.
The partial derivatives of the function f., are

of,
agff —”‘711 22,#101,
)
3(,;2—”022 2217&2%

(3.10)
ofy 0
9o ”Un In—1 ZZi;én 106
Ofoy _ n—
don T ”” 2Zl#n
For an optimal solution (¢}7, 055, . . ., 0un), the vector grad( f,) isnormal at I". That

is, it is collinear with the vector (1, 1, .. D).
From Eq.(3.10) and Lemma 2.6 a critical point of the problem has the following
form

oy _ oy _ . oy n+3 1y
01 =0y = = Un In—-1 = —2+4n+1k G.11)
O_OW’ _ 2(n+2) k7. :
nm T 24 4n41

We fix an arbitrary point x € I'. The 2-form
AT, xT.I' > R
has the expression
A(E,F) = Hessf,(E, F) + (0'(E, F), (gradf,)(x)),
where ¢’ is the second fundamental form of " in R” and (., .) is the standard inner-

product of R”.
From (3.10), we get

i fv — n-l (3.12)

Thus, the Hessian matrix of f, is
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n —2...-2-=-2
-2 n ...-2 -2

—2-2...n =2
-2-2.. 251

As T is totally geodesic in R", considering a vector E tangent to I at the arbitrary
point x on I, that is, verifying the relation 27: 1 E =0, we obtain

n—1
AE,E) = (n+2) ZE?
i=1

n+3

+ TEﬁ—Z(El +Ey -+ By’
n—1
n+3

= 2 E. 4+ ——F’

(n+2) ; P+—FE
> 0.

Hence from (3.11), the point (07|, 055, . . ., Onn) is a global minimum point. There-

fore using (3.11) in f,, a lengthy but straight forward computation yields

(1 —n)(m® + 4n* — 3n — 20)
2(n2 +4n + 1)2

£ =z (k7). (3.13)

Taking into account (3.9) and (3.13), we obtain

Z 2(1 — n)(® + 4n? — 3n — 20)

12
(n?+4n + 1)? "

Y
_ 201 —n)(n® 4 4n* — 3n —20) 2
N (n? +4n +1)? ;(k )

_ 2n2(1 = n)(> + 4n% — 3n — 20)
N (n? +4n + 1)?

2012, (3.14)

Combining (3.6) and (3.14) we have our assertion. [l

The following result flows from Theorem 3.1.

Corollary 3.2 Let M be a minimal statistical submanifold in a Sasakian statistical
manifold M(c), that is H° = 0, such that M is tangent to the structure vector field & of
M(c). Then, the normalized 0-Casorati curvatures 6.(n — 1) and 6} (n — 1) satisfy
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3
p<25mn-—1)— Lg(H, H*) + ex°
n—1 2
c—1 2
—  [2tn—=1)+3|P|? ce. 3.15
+2n(n_1){(n )+ 3 ||}+(n_1) (3.15)

Remark 3.3 Proof of the above corollary follows from Theorem 3.1 by using the
definition of minimal submanifolds.

We state the similar results by assuming that M is normal to the structure vector field
£ of M(c).

Theorem 3.4 Let M be a statistical submanifold in a Sasakian statistical manifold
M(c) such that M is normal to the structure vector field £ of M(c). Then, the normalized
0-Casorati curvatures d.(n — 1) and 6} (n — 1) satisfy

4n%(n — D3 + 4n? — 3n — 20)
(n?+4n+1)2

p=26.(n—1)— oy

3c—1) . c+3
P
+2n(n_1)|| -+ 5
2 o n 2 * 12
+ Cc*+ NEN A+ =17, (3.16)
n-=1 n—1

where 262(n — 1) = 6.(n — 1) + 6 (n — 1) and 2C° = C 4 C*.

Remark 3.5 This result can be proved with the same techniques as we used in the
case of Theorem 3.1 and just keeping in mind that M is normal to the structure vector
field £ of M(c).

As a consequence of the above theorem, we have following result.

Corollary 3.6 Let M be a minimal statistical submanifold in a Sasakian statistical
manifold M(c), that is H°> = 0, such that M is normal to the structure vector field ¢ of
M(c). Then, the normalized 0-Casorati curvatures 6.(n — 1) and 6} (n — 1) satisfy

3
p<26°(n—1) — — g 1Y + 2
n—1 2
3e—1 2
27D PP+ —=—ce. 3.17
2n(n—1)” [ +(n_1) (3.17)

4 Inequalities for Statistical Submanifolds in Sasakian
Statistical Manifold with Semi-symmetric Metric
Connection

Friedmann and Schouten [8] introduced the notion of semi-symmetric linear connec-
tion on a differentiable manifold. Any linear connection is called semi-symmetric
connection if its torsion tensor 7 satisfies
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T(X,Y)=w)X —wX)y

where w is the 1-form given by w(X) = g(X, U) forany vector fields X, Y, U € T M.
Any semi-symmetric connection is said to be a semi-symmetric metric connection
V if it further satisfies

Vg =0.

Theorem 4.1 Let N be a statistical submanifold in a Sasakian statistical manifold N
such that N is tangent to the structure vector field &. Then the normalized §-Casorati
curvatures d.(n — 1) and 6} (n — 1) satisfy the following:

4n? +2n — 64+ 2\
nn—1)

2p < 8.(n— 1)+ 65 (n—1)+4p" +

&n R n .
— ——|IH°|? + ——{|H|?+ |H**}
n—1 n—1

1 4 2m+1 n
+ —{Cc+C N+ ——o o017
— e+ n(n_l)r_;”; i

where pN is the normalized scalar curvature with respect to the semi-symmetric
metric connection over the submanifold N and X is given by

A=Y {g(Vek)(ej e, e)) + g(Vik)(ej. e). e))

i,j=l1
— Y 19V k) ei €), ¢)) + g((Vi k) (ei €), €)))
ij
=23 “llkij > — g(k(er, ei), k(ej e)))).

ij

The equality case of the above inequality holds if and only if

1 nH
ro__ r __ _r __ r _
011 =0 =033="""0p_1p-1 = zgnn T hr
and 1 H*
n
*r *r kr k1 *r
O] = Orn = Oas = =+ 00 4 4 = =00 = ——.
11 22 33 n—In—1 2 nn }’l+1

Proof Let N be a statistical submanifold in a Sasakian statistical manifold N (c) with
semi-symmetric metric connection. It is known from [12] that
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R(E,F)G = R(E, F)G + {¢°E — ¢E}g(F, G) — {¢°F — ¢F}g(E, G)
+ g(¢E, G)F — g(¢F, G)E — n(E)N(G)F + n(F)n(G)E
— (Vek)(F, G) + (Vek)(E, G) + k(E, k(F, G)) — k(F, k(E, G))
=R'(E,F)G + {¢’E — ¢E}g(F. G) — {¢’F — ¢F}g(E, G)
+ g(¢E, G)F — g(¢F, G)E — n(E)N(G)F + n(F)n(G)E
— (VZK)(F, G) + (V2K)(E, G) + k(E, k(F, G)) — k(F, k(E, G)).(4.1)

where R is the curvature tensor with respect to the semi-symmetric metric connection
v

Equation (4.1) implies

2R(E, F)G = R(E, F)G + R (E, F)G + 2{¢’E — ¢E}g(F, G)
— 2{¢’F — ¢F}g(E, G) + 29(¢E, G)F — 29(¢F, G)E
= 2n(E)N(G)F + 2n(F)n(G)E — (Vek)(F, G)
— (Vik)(F, G) 4+ (Vrk)(E, G) + (Vik)(E, G)
+ 2k(E, k(F, G)) — 2k(F, k(E, G)). (4.2)

From (2.5) and (2.6), we write

g(R(E, F)G, W) + g(R*(E, F)G, W)
= g(R(E, F)G, W) + g(R*(E, F)G, W)
+g(o(E, G), 0" (F, W) — g(o™(E, W), o(F, G))
+ g(c*(E, G), o(F,W)) — g(o(E, W), c*(F, G)). 4.3)

From (4.2) and (4.3), we find

gR(E, F)G, W) + g(R*(E, F)G, W)
= 29(R(E, F)G, W) — 2{¢’E — ¢E}g(F, G)
+ 2{¢°F — ¢F}g(E, G) + 2g(¢E, G)F — 2g(¢E, G)F
+29(¢F, G)E + 2n(E)n(G)F — 2n(F)n(G)E
+ [(Vek)(F, G) + (V4k)(F, G)] — [(Vrk)(E, G) + (Vzk)(E, G)]
— 2k(E, k(F, G)) + 2k(F, k(E, G))
—g(0(E,G), 0" (F,W))) + g(c*(E, W), o(F, G))
— g(0*(E, G), o(F, W) + g(c) + g(o(E, W), c*(F, G)). (4.4)

Simplifying (4.4), we arrive at
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2r =47 + (n— D)+ 2n(m — 1) +2n — 2 + X — n’g(H*, H)
— ng(H,H) + ) glolei e)), 0% (ei,e))) + Y g(o*(ei, e)), olei, ),

i,j i,j
where
A=Y {g((Vek)(ej.e).e)) + g((Vik)(ej. e). e))}
i,j
— Y =D H9(Ve, ) e ), ) + (V] k) (ei e), e))
i i
— 2> {llki > — gk es, e:). k(ej. e;))).
i,j
This gives

27 = 47N 4 2n% +n — 3+ X — nPg(H*, H) — n’g(H, HY)
+ ZQ(U(&', ej) + 0" (e, e;), 0% (e, ;) + alei, e)))

ij
- Zg(a(ei, ej),olei, ej)) — Zg(a*(ei, ej), 0% (e, e;))
ij ij

= 47N 4 20 — n*{g(H + H*, H + H*) — g(H, H) — g(H*, H"))
— nC —nC* + Z llo(ei,e;) + o™ (e, ej)||2 +n—-34+\
iJj
=47V 4207 £ n — 34+ X —4n?|B° |2 + n?|H|? + 2|5
—n(C+C)+ Y llote ej) + 0" (e e
ij
Now consider the following function Q which is a quadratic polynomial in the

components of the second fundamental form.

0= %n(n — Do+ uz(”ﬂ)c(m — 27 + 47V 4 202

+n =34+ X —4n?|E°|° + n?|HI? + 2?8
—n(C+C)+ Y llote ej) + 0" (e e (4.5)
i,j
Assuming that L is spaned by ey, e, . .. e,—; which from [23] gives

2m+1 n—1

0= 3 W e+ -2 ¥ ae

r=n+1 j=1 I<i<j<n
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Now we set

oy toyntto, =k,
where k" is a real constant. O

Then by [12, 23]
0=0 (4.6)

with the equality case if and only if

1

r r
zO’nn.

r — r — r — —
011 =0 =033 =" 0p_1y—1 =

Combining Eqgs. (4.5) and (4.6), we get

nin—1) n—1Dn+1
2r < c

T=T, Cf 2

— 4n®|B°))> + n*||H*||* — nC*
+ > llotei ej) + 0" (ein eI, (4.7)

ij

ch+47N +202 +n -3+

Similarly, we get

-1 -1 1
Sn(fl2 )C*+(” )2(n+ )c*(L)+4?N+2n2+n—3+)\

— 4n?||B°|* + n?||H|* — nC
+ > lloteiej) + 0" (eir e, (4.8)

ij

Equations (4.7) and (4.8) imply

47 < @[o +C 1+ u;"wm) +C*(L)] + 87N

+ 2[2n% +n — 3 + Al — 8n?||H°||* + n?[|H*|1> + |HI*]
—nlC+C T +2) llotei ej) + o™ (ei eI,
i,j

Since p = % from the above equation we get
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4n? +2n — 6 4+ 2\
27 < bu(n— 1)+ 85— 1) 45V 4 O

nn—1)
8n n
— —— | + ——{I=* + =]}
n—1 n—1
1 2m+1 n
—- 1 C+C
+ e O 1) r2n£1”21 Lo

where 5" is the normalized scalar curvature p with respect to the semi-symmetric
metric connection over the submanifold N.

Corollary 4.2 Let N be a statistical submanifold in a Sasakian statistical manifold
such that it is tangent to the structure vector field &. Then the normalized Casorati
curvatures d.(n — 1) and 6} (n — 1) satisfy the following:

4n? 420 — 6+ 2\
2p < bu(n— 1)+ 65 (n— 1) 445" 4 LT TOF

nn-—1)
1 4 2m+1 n
+ ——{C+C*}+ o U‘
n—1 (n_l)an;rltjz—:l !

Remark 4.3 The equality holds in the corollary (H = H* = 0) if and only if

1
r —_ r — r — r — r —
011 =0 =033 = "0y 11 = Eo-nn =0,
*ro__ *r o __ *ro__ *r _l*}"_o
011 =02 =033 = "0y _jp—1 = zgnn =

and
Ulrj =O,J;kjr =0, i#]j.

This implies o = 0, ¢* = 0, i.e., equality holds if and only if N is totally geodesic.
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Certain Classes of Warped Product )
Submanifolds of Sasakian Manifolds o
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Abstract In Chen and Garay (Turk J Math 36:630-640, 2012) studied pointwise-
slant submanifolds of almost Hermitian manifolds. They have obtained many fun-
damental results, in particular, a characterization of these submanifolds. Later, Park
(Pointwise slant and pointwise semi slant submanifolds almost contact metric mani-
fold, 2020) has extended the study for almost contact metric manifolds. In the present
article, we have studied warped product submanifold of Sasakian manifolds M. We
have considered the warped product submanifold of the form M = Ms x ; My, where
Ms = My, x My, and My,, My, and M,, are pointwise-slant submanifolds of M.
Here, we have obtained a characterization theorem of this class of warped product
submanifold.
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g=g+ 9 (1.1)

for f : Ny — R to be a smooth function.
A warped product manifold Ny x ; N, is said to be trivial if f is constant. For
M = N{ x 7 N,, we have [5]

VyX = VxU = (XIn f)U (1.2)

forany X € I'(TNy) and U € I'(T N;).

The study of warped product submanifold theory was initiated in [8—10]. After
that, many authors have studied the theory of warped product submanifolds of dif-
ferent ambient manifolds, see [17-19, 21]. Some important research for the study
of warped product submanifolds of Kenmotsu manifolds were done in a series of
works [1-3, 23, 24, 27, 28, 32—41]. Warped product submanifolds of Sasakian man-
ifold have been studied by Hasegawa and Mihai in [15]. Multiply warped products
(see [11, 13, 40]) are generalizations of warped product and Riemannian product
manifolds, and bi-warped products are special classes of multiply warped products.
Bi-warped product submanifolds of different ambient manifolds are studied in [33,
34, 36].

In the present paper, we have studied the warped product submanifolds of
Sasakian manifold M of the form M = Ms x f Mp, such that & € I'(T My, ), where
Ms = My, x My, and My,, My, are proper slant submanifolds of M and My, repre-
sents a proper pointwise-slant submanifold of M. Next we have studied bi-warped
product submanifolds of M of the form My, x s, Mg, x s, My,, where My, , My,, M,
are pointwise slant submanifolds of M of distinct slant functions 6;, 6, and 6,
respectively.

The paper is organized as follows: Sect.2 deals with some preliminary useful
results for construction of the paper; Sect.3 is concerned with the study of a class
of submanifold M of M such that TM = D(f ® Dg ® Dg ® (&), where DY, D*
are slant distributions and D% is pointwise slant distribution; in Sect.4 we have
studied warped product submanifolds of the form M = Ms x ; My, of M where
Ms = My, x My, such that & is orthogonal to My, with a supporting example. In
Sect. 5, a characterization theorem of the mentioned class has been obtained. Some
applications in terms of generalization are also given as corollary.

2 Preliminaries

An odd-dimensional smooth manifold M2"*! is said to be an almost contact metric
manifold [4] if it admits a (1, 1) tensor field ¢, a vector field &, an 1-form » and a
Riemannian metric g which satisfy

& =0, n(@X) =0, ¢*°X =—X +n(X)&, (2.1)
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9@X.,Y) = —g(X, oY), n(X)=g(X,§), nE) =1, (22)
9(@X,9Y) = g(X, Y) —n(X)n(Y) (2.3)

for all vector fields X, ¥ on M?"+1, .
An almost contact metric manifold M>"*+1(¢, £, n, g) is said to be a Sasakian
manifold if the following conditions hold [22]:

Vxé = —¢X, 2.4)
(Vx$)(Y) = g(X, Y)E — n(¥)X, (2.5)

where V denotes the Riemannian connection of g.

Let M be an n-dimensional submanifold of a Sasakian manifold M. Throughout
the paper, we assume that the submanifold M of M is tangent to the structure vector
field &.

Let V and V+ be the induced connections on the tangent bundle 7 M and the
normal bundle T+M of M, respectively. Then the Gauss and Weingarten formulae
are given by

VY = VY +h(X,Y) (2.6)

and B
VxV =—AyX + V3V (2.7)

forall X,Y e I'(TM)and V € I'(T+M), where h and Ay are second fundamental
form and the shape operator (corresponding to the normal vector field V), respec-
tively, for the immersion of M into M. The second fundamental form / and the shape
operator Ay arerelatedby g(h(X,Y), V) = g(Ay X, Y) forany X, Y € I'(T M) and
V e I'(T+M), where g is the Riemannian metric on M as well as on M.

The mean curvature H of M is given by H = %trace h. A submanifold of a
Sasakian manifold M is said to be totally umbilical, if 2(X, Y) = ¢g(X, Y)H for any
X, Yel'(TM). If h(X,Y)=0forall X,Y € I'(TM), then M is totally geodesic
and if H = 0 then M is minimal in M.

Let {e;,...,e,} be an orthonormal basis of the tangent bundle 7M and
{€ns1, ..., €ms1}, an orthonormal basis of the normal bundle 7M. We put
hj; = g(h(ei, e;), e) and ||h])> = g(h(e;, e)), h(ei, e))), (2.8)

forre{n+1,....2m+1},i,j=1,2,...,n.
For a differentiable function f on M, the gradient V f is defined by

g(Vf. X) = Xf, (2.9)

for any X € I'(T M). As a consequence, we get
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IVEIP = (ei(f)™ (2.10)
i=1

Forany X e '(TM)and V € [ (T+M), we can write
(@)X =PX+ 0X, (b)¢pV =bV 4+cV (2.11)

where P X, bV are the tangential components and Q X, ¢V are the normal compo-
nents of ¢ X, respectively.

A submanifold M of an almost contact metric manifold M is said to be slant if
for each nonzero vector X € T, M, the angle 6 between ¢ X and 7, M is constant,
i.e. it does not depend on the choice of p € M.

A submanifold M of an almost contact metric manifold M is said to be pointwise
slant [14] if for any nonzero vector X € T,M at p € M, such that X is not propor-
tional to &, the angle 6(X) between ¢ X and Tlf M = T,M — {0} is independent of
the choice of nonzero X € T[;"M .

For pointwise-slant submanifold, 6 is a function on M, which is known as a
slant function of M. Invariant and anti-invariant submanifolds are particular cases of
pointwise-slant submanifolds with slant function & = 0 and Z, respectively. Also a
pointwise-slant submanifold M will be slant if and only if 6 is constant on M. Thus

b1

a pointwise-slant submanifold is proper if neither 6 = 0, 7 nor constant. It may be

noted that [26] M is pointwise slant if and only if, 3 a constant A € [0, 1] such that
PP=A(-1+1nQE&). (2.12)

Furthermore, A = cos” 6 for slant function 6. If M is a pointwise-slant submanifold
of an almost contact metric mar_lifold M, the following relations hold: If M is a
pointwise-slant submanifold of M, then, from [35], we know that

bOX =sin>0{—X + n(X)¢}, cQOX =—QPX. (2.13)

Let My, M,, M3 be Riemannian manifolds and let M = M x r M, X, M3 be
the product manifold of My, M,, M; such that fi, f>: M; — R are real-valued
smooth functions. For each i, denote by 7; : M — M, the canonical projection of
M onto M;,i = 1,2, 3. Then the metric on M, called a bi-warped metric, is given
by

9(X,Y) =g, X, m.Y) + (fiom)’g(m2, X, 2. Y) + (fo 0 m)g(m3, X, 73,Y)

for any X, Y € I'(T M) and * denotes the symbol for tangent maps. The manifold
M endowed with this product metric is called a bi-warped product manifold. Here
f1, f» are non-constant functions, called warping functions on M. Clearly, if both
f1, f» are constant on M, then M is simply a Riemannian product manifold and if
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any one of the functions is constant, then M is a single warped product manifold. If
neither f; nor f, is constant, then M is a proper bi-warped product manifold.

Let M = M, x5, My X 5, M3 be a warped product submanifold of M. Then, one
obtains [36]

2
VxZ =Y (X(n f)Z' (2.14)

i=1
forany X € D', the tangent space of M and Z € I'(T M), where M = M, X My x

X M5 and Z' is M; components of Z for each i =2, 3 and V is the Levi-Civita
connection on M.

3 Submanifolds of M

In this section, we consider submanifold M of M such that
T™M =D ® D) & Do (¢),
T+*M = QD! & QD) & QD ® v,

where v is a ¢-invariant normal subbundle of TM.
If M is such submanifold of M then for any X € I'(T M), we have

X =T\ X + DX + 15X, (3.1)

where Tj, T and T; are the projections from T M onto D, D5 and D, respectively.
Ifweput PL =Ty 0P, P, =T,0 P and P; = T3 o P then from (3.1), we get

¢X = PIX+ P,X + P3X + 0X, (3.2)

for X e I'(TM).
From (2.12) and (3.2), we get

P> =cos’0;(—1 +n®§&), for i =1,2,3. (3.3)

Here we obtain some useful results for further study.

Lemma 3.1 Let M be a submanifold of M where TM = D} & D} ® DY such that
& € I'(D) ® DY), then the following relations hold:

(cos 03 — cos” 01)g(Vx, Y1, X3) = g(Agpy, X3 — Aoy, P3 X3, X1)  (3.4)
+9(Agpx, Y1 — Agx, P1Y1, X1)
+sin® 01 (Y1) g(P3 X3, X)),
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(COS2 0 — cos? 0)9(Vx, Y2, X3) = g(Agp,y, X3 — Aoy, P3 X3, X2) (3.5)
+Q(AQP3X3 Y, - AQX3 PY,, X»)
+sin” 6,7(Y2)g(P3 X3, X2),

(cos® 03 — cos® 02)g(Vx, X2, X3) = g(Agp,x, X3 — Agx, P3X3, X)) (3.6)
+9(Agpx; X2 — Agx, P2 X2, X1)
+sin” 6,7(X2)g(Ps X3, X)),

(cos2 0; — cos? 01)9(Vx, X1, X3) = g(Agp x, X3 — Aox, P3X3, X2) (3.7)
+9(Agp,x, X1 — Agx, P1 X1, X2)
+sin® 10 (Y1) g(P3X3, X2)

forany X1, Y, € (D)), Xa, Y> € I' (DY) and X5 € T (D).

Proof For any X, Y, € F(D?) and X3 € I"(Dg), we have

9(Vx, Y1, X3) = g(Vx,¢Y1, $X3) — g(Vx, ) Y1, $X3).

Then by virtue of (2.5), (2.6), (2.11)—(2.13), (3.2) and (3.3), we get from the above
equation

(cos? 05 — cos” 01)g(Vx, Y1, X3) = g(h(X1, X3), QP1 X)) — g(h(X,, P;X3), QY1)
+g9(h(X1, Y1), OP3X3) — g(h(X1, P1Y1), 0X3)
+sin® 10 (Y1) g(X1, P3Y3)

from which using the relation between the second fundamental form and shape
operator, we can get (3.4.)
Similarly, we obtain (3.5)—(3.7). U

Lemma 3.2 Let M be a submanifold of M where TM = Df & D & D such that
£ € T(D] © DY), then the following relations hold:

(sin® 03 — sin” 0))g(Vx, V3, X1) = g(Agp,y, X1 — Aoy, P1 X1, X3)  (3.8)
+9(Aorx,Ys — Aox, P3Y3, X3) + sin® 01n(X1)g(X3, P3Y3),
(sin® 65 — sin” 02)g(Vx, Y3, X2) = g(Agpy, X2 — Agy, P2 X2, X3)  (3.9)
+9(Agpx,Ys — Agx, PsYs, X3) + sin” 6,1(X2)g(X3, P3Y3)

forany X, € T (DY), X, € T (DY) and X3, Y5 € T'(D)).

Proof For any X, € I'(DY) and X3, Y5 € T'(D), we have
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9(Vx, Y3, X1) = g(@Vx, Y3, X1) + n(Vx, Y3)n(X1).
Now, using (2.5), (2.12), (2.13), (3.2) and (3.3) we compute

9(Vx, Y3, X1) = cos® 039(Vy, Y3, X1) — g(Vx, Q P3Y3, X))
+9(Vx, QY3, P X)) —sin® 019(Vx, X1, ¥3) + g(Vx, 0 X1, P3Y3)
+9(Vx, QP X1, Y3) + sin® 01n(X1)g(X3, P3Y3).

In view of (2.6) and the relation g(h(X,Y), V) = g(Ay X, Y), the above equation
yields (3.8). Following the same computational procedure, for any X, € F(Dg)
and X3,Y; € F(Dg), we can establish relation (3.9). And hence, the lemma is
proved. ]

4 Warped Product Submanifolds of Sasakian Manifolds

In this section, we study warped product submanifolds of the form M = M5 x ; My,
of M where M5 = My, x Mg, such that & is orthogonal to My,. Here My,, My,
represent proper slant submanifolds of M with slant angles 6;, 6,, respectively, and
My, represents pointwise-slant submanifolds of M with slant function 6.

Now we construct two examples of a nontrivial warped product pointwise-slant
submanifold of the form M = Ms x ; My, of M.

We obtain the following useful results.

Lemma 4.1 Let M = Ms x y My, be a warped product submanifold of M, where
Ms = My, x My, and My, , My, are proper slant submanifolds and My, is pointwise-
slant submanifold of M, then

Elnf =0, 4.1
g(h(Xy, Y1), 0X3) = g(h(X1, X3), OY1), 4.2)
g(h(X2, Y2), 0X3) = g(h(X2, X3), QY2), 4.3)

g(h(X1, X3), 0X2) = g(h(Xy, X2), 0X3) = g(h(X2, X3), 0X1) (44)
fOV Xl, Yl (S Mgl, Xz, Y2 € M92 and X3, Y3 (S] M03'

Proof The proof of (4.1) is already done in [15].
Now, for X, Y1 € My, and X3 € Mjy,, we have

g(h(X1, X3), OY1) = g(Vx1X3, oY1) — g(Vx, X3, PiY)).

Then using (2.5), (2.6), (2.14), (3.2) and orthogonality of the distributions, we get
(4.2). Proceeding the same way, for any X,, Y> € My, and X3 € My,, we get (4.3).
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Again, for any X| € My,, X, € My, and X3 € My,, we have
g(h(X1, X3), 0X2) = g(Vx, X1, $X2) — 9(Vx, X1, P2 X3).
Using (1.2), (2.5), (2.6), (3.2) and orthogonality of the distributions we get
g(h(Xy, X3), 0X2) = g(h(X2, X3), 0 X1). 4.5)
And also we know
9(h(X1, X2), 0X3) = 9(Vx, X2, $X3) — 9(Vx, X2, P3X3)

from which using (1.2), (2.5), (2.6), (3.2) and orthogonality of the distributions, we
compute

g(h(X1, X2), 0X3) = g(h(X1, X2), 0X3). (4.6)
Combining (4.5) and (4.6) we get (4.4). This completes the proof. U

Lemma 4.2 Let M = Ms x y My, be a warped product submanifold of M, where
Ms = My, x My, and My,, My, are proper slant submanifolds and My, is pointwise-
slant submanifold of M, then

g(h(X3, ¥3), 0X1) — g(h(X3, X1), OY3) 4.7
= (Xilnf)g(P3Y3, X3) + [(Pi X lnf) + n(X1)]g(X3, ¥3),

g(h(X3,Y3), 0X5) — g(h(X3, X3), OY3) (4.8)
= (X1Inf)g(PsY3, X3) + [(P2Xalnf) + n(X2)]19(X3, Ya),

g(h(X3, ¥3), OP1X1) — g(h(P3Y3, X3), 0X1) 4.9)
+g9(h(X1, X3), QP3Y3) — g(h(P1 X1, X3), OY3)
= (cos® B3 — cos” 0))(XyInf)g(X3, ¥3) — sin” 017 (X1)g(X3, PsY3),

g(h(X3, Y3), QP X3) — g(h(P3Y3, X3), 0X>) (4.10)
+9(h(X2, X3), QP3Y3) — g(h(P> X3, X3), OY3)
= (cos” B3 — cos” 02) (Xalnf)g(X3, ¥3) — sin” 621 (X2)g(X3, PsY3),

fOVX1 € Mgl, X2 € Mgz and X3, Y3 € M03~

Proof In view of (2.6), for any X € My, and X3, Y3 € My,, we have

g(h(X3, X1), QY3) = g(Vx, X1, ¢Y3) — g(Vx, X1, P3Y3).
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By virtue of (1.2), (2.5), (2.6), (3.2) and orthogonality of the distributions, we com-
pute

g(h(X3, X1), QY3) = g(h(X3, Y3), OX1)
n(X1g(X3, Y3) + (P1X1lnf)g(X3, Y3) + (X1lnf)g(PsY3, X3).

From the above, Eq. (4.7) follows. Following the same procedure, for any X, € My,
and X3, Y3 € My,, (4.8) is obtained.
In (4.7), replacing Y3 by Ps3Y3; and using (3.3), we get

9(h(X3, P3Y3), 0X1) — g(h(X1, X3), QP3Y3) = —(X;Inf) cos® 039(X3, ¥3)  (4.11)
HPX1inf) + n(X1)}g(X3, P3Y3).

Again, we have
g(h(P1 X1, X3), QY3) = g(Vx, Pi X1, $Y3) — g(Vx, P1 X1, P3Y3).
By virtue of (1.2), (2.11), (3.2) and (3.3), we get

g(h(P1X1, X3), QY3) — g(h(X3, X3), QP X1) = cos 61 (X1Inf)g(X3,Y3)  (4.12)
—cos? 01 0(X1)g(X3, P3Y3) — (P X1Inf)g(X3, P3Y3).

Adding (4.11) and (4.12) and by simple computation, (4.9) is obtained and following
the same technique for any X, € My, and X3, Y3 € My,, we get (4.10). O

5 Characterization of Warped Product Pointwise-Slant
Submanifolds

In this section, we have characterized warped product pointwise-slant submanifold
M of Sasakian manifold M.

Theorem 5.1 Let M be a submanifold of a Sasakian manifold M such that TM =
D% @ D% @ D% with & orthogonal to D%, then M is locally a warped product
submanifold of the form M = Ms x y Mg, where Ms = My, x My, if and only if

Aopx, Y3 — Agx, 3Y3 + Agpy, X1 — Agy, P Xy (5.1
= (cos? 65 — cos? 0)) X Y3 — sin® 01 (X ) P3 Y3,

Aopx, Y3 — Agx, P3Y3 + Agp,y, Xo — Agy, P2 X0 (5.2)
= (cos2 05 — cos? ) XouY; — sin® 0n(X,) P3Y3,

En=0 (5.3)
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forevery X| € T (D), X, € T'(D%), X3 € I'(D%) and for some smooth function |
on M satisfying where (Y3uu) = 0 for any Y3 € [(D%).

Proof Let M = My x y My, be aproper warped product submanifold of a Kenmotsu
manifold M such that My = My, x M,,. Denote the tangent space of My, , My, and
Mj, by D, D and D%, respectively. Then from (4.2), we get
g(Aopx,Ys — Apx, P3Y3 + Agp,y, X1 — Ay, P1 X1, X1) =0. 54
Similarly, from (4.4) we get
9(Agp x,Ys — Agx, P3Ys + Agpy, X1 — Agr, P1 X1, X2) = 0. (5.5)
So, from (5.4) and (5.5) we conclude that
AQP1X1 Y3 — AQXI P3Y3 =+ AQP3Y3X1 — AQy3P1X1 S D€3. (56)
Hence, from (4.9) and (5.6), relation (5.1) follows.
In similar way, in view of (4.3), (4.4) and (4.10) we get (5.2). The relation (5.3)
is directly obtained from (4.1). B
Conversely, let M be a submanifold of M such that TM = D% @ D* @ D% with

£ orthogonal to D% and the conditions (5.1)—(5.3) satisfied. Then from (3.4) and
(3.7), in view of (5.1), respectively we get

g(Vx, Y1, X3) =0, and g(Vx,X;, X3) =0, (5.7)
and also from (3.5), (3.6) in view of (5.2), respectively we get
g(Vx, Y2, X3) =0, and  g(Vx,X», X3) =0. (5.8)
Thus from (5.7), (5.8) and the fact that Vyx,& = 0 we conclude that (Vg F, X3) =
0 for every E, F € IT'(D? @ D” @ (£)). Hence the leaves of D) @ D% @ (£) are
totally geodesic in M.
Now, by virtue of (3.8), (5.1) yields
9([X3,Y3], X)) =0 (5.9)
and by virtue of (3.9), (5.2) yields
9([X3, Y31, X2) = 0. (5.10)
Hence, from (5.9), (5.10) and the fact that h(A, &) =0, YA € TM, we conclude

that
g([X3, Y31, E) =0 VX3, Y3 € (D% (5.11)
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and E € I' (D" @ D” @ (£)), consequently D% is integrable.
Let 4% be the second fundamental form of My, in M. Then for any X3, Y3 €
['(D%) and X; € T'(D"), we get from (3.8) that

g(h* (X3, Y3), X1) = —=(X110)9(X3, Y3). (5.12)
Similarly, for X, € I'(D%), from (3.9) we get

g(h" (X3, Y3), X2) = —(X2)g9(X3, Y3). (5.13)

Again, for any X3, Y3 € I'(D%), in view of (5.3) we have

g(h* (X3, Y3), §) = —(Ew)g(X;3, V3). (5.14)

Hence, from (5.12)—(5.14) we conclude that
9(h’ (X3, Y3), E) = —g(V, E)g(X3, Y3)

for every Xs,Y; € I'(D%) and E e I'(D? @ D@, (£)). Consequently, My, is
totally umbilical in M with mean curvature vector H% = —V u.

Finally, we will show that H% is parallel with respect to the normal connection
DY of My, in M. We take E € T'(D” @ D% @ (¢)) and X3 € I'(D%), then we have

g(DY Vi, E) = g(Vx, V" 11, X1) + g(Vx, V1, X2) + g(Vx, Vo 11, §),

where V', V% and V¢ are the gradient components of ;2 on M along D%, D% and
(&), respectively. Then by the property of Riemannian metric, the above equation
reduces to

g(DYVu, E) = X3g(VOu, X1) — (V' 11, Vx, X1) + X39(V* 1, X2)

—g(V*u, Vy, X2) + X39(VE, &) — g(Viu, Vx,6)

= X3(Xiw) — g(Vu, [X3, X11) — g(V" i, Vx, X3)
+X3(Xop) — (V2. [X3, Xa]) — g(V* 1, Vi, X3)
+X3(Ep) — g(VER, [X3, E]) — g(VE 1, Ve X3)

= X1(X30) + 9(Vx, V"' 11, X3) + X2 (Xap) + X2(X30)
+9(Vx, V%1, X3) + E(Xap) — g(Ve Vi, X3)

=0,

since (X3u) =0 for every X3 € I'(D%) and VXIVHI,LL + VXZVQZ;L + Vng,u =
VeV is orthogonal to D% for any E € I'(D% @ D% @ (£)), and V u is the gradi-
ent along Ms, and Ms is totally geodesic in M. Hence, the mean curvature vector
HY% of My, is parallel. Thus, Mj, is an extrinsic sphere in M. Hence by Hiepko’s
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Theorem (see [16]), M is locally a warped product submanifold. Thus the proof is
complete. O

As an application of Theorem 5.1, let us consider my = 0,0, =0and 3 =0 =
constant, then we see that Theorem 5.1 generalizes Theorem 5 of [26].

Corollary 5.1 (Theorem 5 of [26]) Let M be a pointwise semi-slant submanifold of
Sasakian manifold M. Then M is locally a nontrivial warped product submanifold
of the form My x ; My, where Mr is an invariant submanifold and My is proper
pointwise-slant submanifold of M if and only if

AQY3¢X1 — AQP3Y3X1 = SiI’IZGX]/LYg,

where X, € T'(D") and Y5 € T (D?).

Again considering 6; = % and m, = 0, 63 = 6 = constant, then we can get The-
orem 4.7 of [38] from our characterization Theorem 5.1.

Corollary 5.2 (Theorem4.7 of [38]) Let M be a pointwise pseudo-slant submanifold
of a Sasakian manifold M. Then M is locally warped product submanifold of the
form My x; My, where M| is an anti-invariant submanifold and My is proper
pointwise-slant submanifold of M if and only if

Agx, P3Ys — Agpy, X1 = n(X1) P35 — cos” 0 X juY3

where X, € T'(DT) and Y5 € T (D?).
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Hypersurfaces of a Metallic Riemannian ®)
Manifold crece

Mobin Ahmad, Jae-Bok Jun, and Mohammad Aamir Qayyoom

Abstract In the present paper, we study hypersurfaces of a metallic Riemannian
manifold. We find some properties of induced structure on hypersurfaces by metallic
Riemannian structure. The totally geodesic and totally umbilical hypersurfaces in
metallic Riemannian manifolds are analyzed and an example of hypersurfaces in a
metallic Riemannian manifold is constructed.

Keywords Metallic structure + Riemannian manifold + Invariant hypersurface *
Non-invariant hypersurface + Totally geodesic - Umbilical hypersurface + Normal
induced structure - Killing vector fields

1 Introduction

The theory of submanifolds of Riemannian manifolds is a very interesting topic in
differential geometry. It is an active and vast research field playing an important role
in the development of modern differential geometry. Investigating the submanifold
theory on manifolds endowed with various geometric structures provides a fruitful
study field. Many geometers studied hypersurfaces in different spaces including [2,
4-6]. Recently, Riemannian manifold with metallic structure provides many geo-
metric results to characterized submanifold of such ambient manifolds.
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The notion of metallic structure in Riemannian manifold was introduced by Hret-
canu and Crasmareanu in [18]. A metallic structure is a polynomial structure as
defined by Goldberg and Yano in [14] with structural polynomial J?> = pJ + g1,
where p and g are positive integers. Metallic structure on Riemannian manifolds
provides important geometrical results on submanifolds. Invariant, anti-invariant,
slant and semi-slant submanifolds of metallic Riemannian manifolds are studied in
[7, 15, 16]. Light like hypersurfaces of metallic semi-Riemannian manifold were
studied by Acet in [1].

One of the most important subclasses of metallic Riemannian manifolds is pro-
vided by golden Riemannian manifold. Ahmad and Qayyoom [3] studied submani-
folds immersed in golden Riemannian manifold. Many authors studied golden Rie-
mannian manifolds and their submanifolds inrecent years (see [9—13, 17]). Motivated
by the studies on submanifolds of metallic Riemannian manifolds, in this paper, we
study hypersurfaces of metallic Riemannian manifolds. The outline of this paper is as
follows: In Sect. 2, we recall the notion of metallic structure on a Riemannian mani-
fold. In Sect. 3, we focus on the geometry of hypersurfaces endowed with structures
induced by metallic Riemannian structures. In the last section, we focus on proper-
ties of induced structures on hypersurfaces in metallic Riemannian manifolds with a
special view toward totally geodesics, minimal and totally umbilical hypersurfaces.
An example of metallic Riemannian structure is constructed on the Euclidean space
and its hypersphere is analyzed with the tools of the previous section.

2 Metallic Riemannian Manifolds

In this section, a class of polynomial structures, namely metallic structures, is intro-
duced in Riemannian manifolds.

Definition 2.1 A polynomial structure on a manifold M is called a metallic structure
if it is determined by an (1,1) tensor field J which satisfies the equation

JP=pJ+ql,
where p, q are positive integers and I is the identity operator on the Lie algebra
X (M) of the vector fields on M. Since the Riemannian geometry is the most used

framework of the differential geometry, let us add a metric to our study. We say that
a Riemannian metric g is J-compatible if

g(JX,Y)=g(X,JY)

for every X, Ye x (M), which means that J is a self-adjoint operator with respect to
g. This condition is equivalent to our framework with

gUX,JY)=pgX,JY)+qg(X,Y).
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Definition 2.2 A Riemannian manifold (M,g) endowed with a metallic structure J
so that the Riemannian metric g is J — compatible is named a metallic Riemannian
manifold and (g, J) is called a metallic Riemannian structure on M.

3 Hypersurfaces Immersed in a Metallic Riemannian
Manifold

Let M be an n-dimensional hypersurface isometrically immersed in an (n + 1)-
dimensional metallic Riemannian manifold (M, g, J) with ne N. We denote by T, M
the tangent space of M at a point xe M and T.-M the normal space of x in M. Let
i be the differential of immersion i : M — M. The induced Riemannian metric g
on M is given by g(X,Y) = g(iX,iY) for every X, Yex(M). We consider a local
orthonormal basis N of the normal space T:* M. For every Xe T, M, the vector fields
J(iX) and J(N) can be decomposed into tangential and normal components as
follows:

J(iX)=i(PX)+u(X)N, (3.1)

J(N)=1i(&)+aN. (3.2)
We denote the covariant differential in M by V and covariant differential in M
determined by the induced metric ¢ on M by V. We denote by A the Weingarten
operator on 7 (M) with respect to the local unit normal vector field N of M in M.
The Gauss and Weingarten formulae are given by [8]
VxY =VxY +h(X,Y),
VyN = —AX,
where h(X, Y) = g(AX, Y) is second fundamental form in 7+M.

Proposition 3.1 ([18]) The structure ¥ = (P, g, u, &, a) verifies the equalities:

PX(X) = pP(X) +¢X — u(X)&, (3.3)
u(PX) = (p — a)u(X), (3.4)
u() =q + pa —a’, (3.5)

P(€) = (p—a), (3.6)

u(X) =g(X, %), (3.7)

g(PX,Y)=g(X, PY), (3.8)
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g(PX,PY)=¢(PX,Y)+g(X,Y) —u(X)u(¥) (3.9)

forevery X, Yex(M).

Proposition 3.2 ([18]) If M is a hypersurface in a metallic Riemannian manifold
(M, g, J) and J is parallel with respect to the Levi Civita connection N on M
(?J = 0), then the elements of the structure Y, = (P, g, u, &, a) have the following
properties:

(VxP)(Y) = g(AX, V)& +u(Y)AX, (3.10)
(Vxu)(Y) = —g(AX, PY) +ag(AX, Y), (3.11)
Vyé = —P(AX) + aAX, (3.12)

X(a) = —2u(AX) = —2g(AX, £) = —2g(X, Af) (3.13)

forevery X, YeT M.

Theorem 3.1 ([18]) IfY = (P, g, &, u,a) is the inducid structure on an umbilical
hypersurface M in a metallic Riemannian manifold (M, g, J) with VxJ =0, we
have for any X, Yex (M)

(VxP)(Y) = Alg(X, V)& + g(Y,§)X], (3.14)
(Vxu)(Y) = Alag(X,Y) — g(X, PY)], (3.15)
(Vxu)é = A(aX — P(X)), (3.16)

VeE = 1(2a — 1)E, (3.17)

X(a) = —22g(X, ) (3.18)

forany X, Y € x(M).

Corollary 3.1 Let M be a totally umbilical hypersurface in a metallic Riemannian
manifold (M, g, J) with induced structure (P, g,§,u,a) and VJ = 0. Then it fol-
lows that

(VxP)(§) = Mg + pa —a))X, (3.19)
(Ve P)(X) =2Ag(X, §)8), (3.20)
(Vxu)§ = 2arg(X, &) — prg(X,§) (3.21)

for any Xex(M).

Proof We know that in totally umbilical manifold, A = A1, then Eq.(3.10) reduces
to
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(VxP)(Y) =g(AX,Y)é +  u(Y)X. (3.22)
For Y = &, the above equation gives
(VxP)(§) = g1 X, §)§ + ru(§)X. (3.23)
Using equality (3.5), we obtain
(VxP)(§) = g(AX, §)§ + A(pa + q — a?). (3.24)
By using Weingarten formula for hypersurface, we have
(VxP)§ = g(=VxN,£)§ + A(pa +q — a®)
(VxP)§ = M(pa +q —a)

which gives (3.19).
Using equality (3.7) and if X = &, we obtain

(Ve P)(Y) = Ag(Y,§)§ + Ag(§, Y)E (3.25)
For Y = X in above equation, we get
(Ve P)(Y) = Ag(X, §)§ + 1g(§, X)E. (3.26)
Since g is symmetric,
(Ve P)(X) = Ag(§, X)§ + 1g(§, X)§ (3.27)
(Ve P)(X) = 2rg(§, X)E,

which gives (3.20).
Using equality (3.11) and A = A1, we get

(Vxu)(Y) = —g(AX, PY) + ag(AX, Y)
(Vxu)(Y) = Alag(X,§) — g(X, PY)]. (3.28)
For Y = &, we get
(Vxu)(§) = Alag(X, §) — g(X, P§)].
Using equality (3.6) in above equation, we have

(Vxu)(§) = Mag(X, §) — g(X, (p — a)§)]
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(Vxu)(§) = Mag(X, §) — g(X, p§) + g(X, aé)]

(Vxu)(§) = 2rag(X, §) — pg(X, §),

which gives (3.21).

Proposition 3.3 IfM is a hypersurface in a metallic Riemannian manifold (M , g, J)
with structure (P, g, &, u, a) induced on M by J, then the following equations are
equivalent:

Vxu=0& VxE =0 (3.29)

for each Xex(M).

Proof 1If Vxu = 0, using equality (3.11), we get
g(AX, PY)=ag((AX),Y). (3.30)
Using (3.8) in above equation, we get
g(P(AX) —aAX,Y)=0
for any X, Ye x (M). Using (3.12), we have
g(Vx§,Y) =0

asy # 0, we get
Vx& =0. (3.3

Conversely, we suppose that V& = 0 and we have
8(Vx§,Y) =0.
By using equality (3.12), we get
g(P(AX) —aAX,Y)=0

g(P(AX),Y) —gaAX,Y)=0

g(AX, PY)—ag(AX,Y)=0. (3.32)
In view of (3.11), above equation becomes

Vxu = 0.

Proposition 3.4 Let M be a hypersurface of a metallic Riemannian manifold
(M, g, J) with structure (P, g, &, u, a) induced on M by the structure J with& # 0.
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A necessary and sufficient condition for M to the totally geodesics in M is that
Vx P =0 for any Xex(M).

Proof 1f M is totally geodesic, then A = 0.
Using equality (3.11), we obtain

(Vx P)(Y) = g(AX, Y)E.

That is,
VxP =0. (3.33)

Conversely, we suppose that Vx P = 0 and from (3.10), we have
g(AX, V)E +g(Y.£) =0. (3.34)

We may have one of the following conditions:

(1) If AX and & are linearly dependent vectors fields, then there exists a real number
o such that AX = a& and from this, we obtain

g, Y)& +g(¥, §)aé = 0. (3.35)

That is,
g(¥,§)=0

for any Ye x (M). Then for Y = &, we obtain g(&, &) = 0, which is equivalent
with & = 0. But this is impossible.
(i1) If AX and & are linearly independent vector fields, then

g(AX,Y) =0 (3.36)

for any X, Yex(M). Thus A =0 and from this, we have that M is a totally
geodesic hypersurface in M.

Proposition 3.5 If M is a totally umbilical hypersurface in a metallic Riemannian
manifold (M, g, J) with the induced structure (P, g,&,u,a). Thenthe 1 — formu
is closed.

Proof As M is totally umbilical hypersurface, thatis A = AI. Then from (3.15) and
du(X,Y) = (Vxu)(Y) — (Vyu)(X), we get

du(X,Y) =[-A2g8(X, PY)+arg(X,Y)] — [-1g(Y, PX) +arg(¥, X)] (3.37)
du(X,Y)=—xg(X, PY)+ Ag(Y, PX)

du(X,Y) =Al—g(PX,Y)+g(PX,Y)]
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du(X,Y)=0.
Thus, 1 — form u is closed.

Proposition 3.6 Let M be a totally umbilical hypersurface of a metallic Riemannian
manifold (M, g, J) with VJ = 0 and induced structure (P, g,&,u,a) on M and &
is a Killing vector field. If a # o, then rankA = 1 and & is an eigen vector of the

Weingarten operator A with the eigen value w%;z_q).

Proof In view of proposition 3.5, we have PA = A P and therefore
P2(AX) = d’(AX) (3.38)

for all Xe x (M).
Using equality (3.3) in (3.38), we have

pP(AX) + gAX — u(AX)E = a*(AX)
p(PAYX + gAX —u(AX)E = a*(AX)
paAX +gAX —u(AX)E = a*(AX)
—u(AX)¢ = (a> — pa — q)AX. (3.39)

Using equality (3.13) in (3.39), we get

X;a)é = (a* — pa — q)AX
Ax - X@
2(a’> — pa — q)

VXex(M). If we put X = £ in above equation, we obtain

&(a)

A =@ pa—a)

(3.40)
VXex(M).
Thus, £ is an eigen value of Weingarten operator A, and its eigen value is
§(a)
2<a2—za—q)'
Proposition 3.7 Let M be a hypersurface in a metallic Riemannian manifold
M, g,J) with VJ =0 and (P, g,&, u, a) induced structure on M. Then & is a
Killing vector field with respect to g on M if and only if we have

2aA = PA+ AP, (3.41)
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where A is the Weingarten operator on M.

Proof We have that & is a Killing vector field on M if and only if
(Leg)(Y, Z) =0 (3.42)
forall Y, Zex (M).
Leg(Y,Z) — g(LeY, Z) — g(Y, Le Z) =0 (3.43)
§g(Y,Z2) —g(§,Y],2) —g(Y.[§,Z) =0
Eg(Y,Z) —g(VeY —VyE,Z) —g(Y, Ve Z —Vz6) =0
§8(Y,Z) —g(VeY, Z) —g(Y, Vs Z) + g(Vy§,Z2) + g(Y,Vz5) =0 (3.44)

So,
g(Vy&,Z) +g(Y,VzE) =0

VY, Zex (M).
Using the equality (3.12), we get

g(—PAY +aAY,Z) + g(—PAZ +aAZ,Y) =0

g(—PAY + aAY,Z) + g(—PA + aA)Y, Z) = 0
¢(2aAY — PAY — APY, Z) =0
g(2aAY — PAY — APY, Z) =0

VY, Ze x (M). Thus, we get
2aA = PA+ AP,

which is (3.41).

Theorem 3.2 [f M is an invariant hypersurface of a metallic Riemannian manifold
(M, g, J). Then it is necessary and sufficient that the normal of M is an eigen vector
of the matrix J.

Proof Suppose a = o, using equality (3.5), we have
u€)=q+po—o>=0

or

u(g) = g(X.%).
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which is equivalent to X L&.
Since X, & are both tangential, then there is only one possibility thaté = O because
X # 0. From (3.2), we have
J(N)=£&+aN

J(N)=aN (3.45)

for &£ = 0. Hence N is the eigen vector for J.

Example 3.1 We construct an example of hypersurfaces of metallic Riemannian
manifold which is based on an example in [18].

We suppose that the ambient space is E**** (a,b € N*) and for any point of
E24tb we have its coordinates

(L x oyt oy 2 L 2D = (Y D),

where i € 1,...,a and j € 1,...b. The tangent space T, (E***?) is isomorphic with
E**b et J : E*tP — E2% be a metallic structure on £ such that

J(xl, ..... ,x“,yl, ..... ,y",z', ..... ,zb):
(oxl, ey ox?, oyl, v 0y (p — a)zl, vy (p — O’)Zb). (3.46)
Then
J2x X yl, e V9, 2=
(o2x', ..., 0%x%, Uzyl, s ozy“, (p— o)zt ., (p— o)%zh).

Since o and (p — o) are roots of x> = px + ¢, theno? = po + g and (p — 0)? =
(p — o) + 1. Then, (3.46) gives

J2(x!, X yhooayh ) =

((po +@)x', ..., (po + @)x", (g + po)y', ..... (g + po)y’,
(P(p—0)+ )z, ... (p(p — q0) + 9)2")

TPt x oyt Ly 2 )=

(pox', ..., pox?, poy', ...poy'p(p — o)z, ..., p(p — 0)Z")
+(gx", . gx gy, ... gyt g7, ..., q7")

Py )y =pl Ly ) +q(, Y )

or
J?=pJ+ql.

It follows that (E Zath - - J ) is a metallic Riemannian manifold.
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In E?**? we can get the hypersphere
a  , a5 b 5
S2“+b_1(R)={(xl,...,xa,yl,...,y“,...,zl,...,zh),Zx’ —l—Zy’ +Zz] = R?},
i=1 i=1 j=1

where R is its radius and (x', ..., x¢, yl, ey Y4 L, ., zb) are the coordinates of any
point of $?¢**~1(R). We use the following notations

Y = Y ()2 =13 Y (29)? =+ and 1] + 1} = r?. Thus, we
have r2 + ;’32 = RZ.

We remark that N; = %(x", yi,z9),ie(,...,a), j e (,..,b)is a unit normal
vector field on sphere S?***~1(R) and

1 . ) .
J(Ny) = ﬁ(oﬂ, oy, (p—o0)z)).
For a tangent vector field X on §2a+b=1(R), we use the following notation

X=&X" .., x4y, .. vz, ...,z =Y, 7).

Hence, we have
a a b
i=1 i=1 j=1

If we decompose J(N) and J (X, Y', Z7), respectively, into tangential and normal
components on T(x, y, z)S****~1(R), we obtain

JI(Ny=&+AN,J(X', Y, Z))=P(X'", Y, Z) +u(X', Y, Z),

where (X', Y, Z/) is a tangent vector field on S****~!(R), u is 1 — form on
S2a+b=1(R) and A is smooth real function on SZ+°=1(R).

Using A = (J(N), N),€ = J(N) — AN, u(X', Y, Z)) = (X', Y, Z/), &) and
P(X, Y, Z)y=J(X',Y',Z7) —u(X',Y!, Z))N, the elements of the induced
structure > = (P, (,), &, u, A) on S?**>=1(R) by the metallic Riemannian struc-
ture (J, (,)) on E?**? are given as follows:

() A=T"Hpon

(i) & = 2L [r2x, rdyt, —r?2l],
(i) u(X) = Lo Y X + YY)+ (p—o) Y, 227,
(iv) P(X)= (X' — tu(X)x", oY — Lu(X)y', (p — 0)Z/ — *u(X)z’).

Now, we have
A= (J(N),N)
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(J(N), N) =(§ + AN, N).

ﬁu(xf, vz, (x', ¥, 27)) = A(N, N)

a

1
—((ox", . ox oy, oy, (p =)zl (p— o)), (L x vy 2L )

R2

A i i J i i J
= F((x,y,z),(x,y,z ))

a a b a a a
% (o DY -0 (@)= %(Z(x")z + 0+ @ >2)
1 i=l j=I i=1 i=1 j=I

i=

Ur12 + or22 +(p— U)r32 = A(r]2 + r22 + r32)
or’+(p— <7)r32 = AR?

or

Ao or2+(p—6)r32.

R2

Since
&E=J(N)— AN

—] 1 i i ,J Al i i J
§= E(x,y,z)— (;(x,y,z)

x|~

1 ..
&= {(axl, cwoxt oyl Loy (p =o)L (p—0)?) — A (E(X’,y’,z’)ﬂ

£ = ((ox' 0y, (p—0)2h) = 2y f))
=R ox ,o0y,(p—0)2 Rx,y,z

1 arz—}—(p—a)r2 ; UV2+(p—O‘)r2 ;
[(U - T3)x (0 — T3)y ,

2 _ 2
<(P—U)— r +(I§2 U)r3>Zi]
or?+ (p— (7);"32

A= R
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uX) =uX",Y",2)=((X",Y",27),§)
u(X) = (X', Y, Z27), J(N) — AN)
1 a 1 a 1 b 1
uX)=(X",...X4Y,., Y,z ,...7Z )’ﬁ
(ox!,..,ox* oyl ... oy, (p—0o)Z', ... (p— 0)z%))
1 [& a2 o
u(X) = 2 ;ax’X’ + ;ale’ + ;(p —0)7'7’
1 a b
_ 1 iyi ivi _ i
u(X) = — oi;(xx +y' YD)+ (p U)JX:;ZJZ)
Since

P(X) = P(X',Y', Z)
P(X)=J(X',Y',Z)) —uX' Y, Z))N

P(X)= (X', oY, (p—0)Z) - %u(xxx", v, z))

P(X) = (aX" — %u(X)x", oY — %M(X)yi, (p—0)Z/ — %u(X)z-’) ,

where X = (X!, Y?, Z/) is a tangent vector at sphere in any point (x’, y, z/). There-

fore, from the above relations, we have (P, <>, &, u, a) induced structure by J from

E?**b on the sphere S2“+*~1(R) of codimension 1 in Euclidean space E2***(R).
In conclusion, S%+*~!(r) is a totally umbilical hypersurface in E>*+?.
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Willmore Surfaces in Three-Dimensional | m)
Simply Isotropic Spaces ]I; e

Mohamd Saleem Lone

Abstract A Willmore surface is a generalization of a minimal surface satisfying
AH + 2H(H? — K) = 0, where H and K are mean curvature and Gaussian curvature,
respectively. In this paper, we study the translation and factorable surfaces in three-
dimensional simply isotropic space. We obtain explicit forms of Willmore translation
and Willmore factorable surfaces in three-dimensional simply isotropic space I}.

Keywords Factorable surface - Laplace Beltrami operator + Simply isotropic
space * Translation surface - Willmore surface

2010 Mathematics Subject Classification 53A35 - 53B30 - 53A40

1 Introduction

Letg: M — R3 be a smooth immersed surface, then Willmore functional is described
as [23]

W(g) = / Hdu,,
M

where / is the Riemannian metric, djt, = «/det(h)dx is the induced surface element
andH = W is the mean curvature with k| and «; as the principal curvatures. One
of the important features of Willmore functional is that it is invariant under the full
Mobius group of R3.

Willmore surfaces are the critical points of the Willmore functional satisfying the
Willmore equation given by

AH +2HH? - K) = 0. (1.1)
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Let w = (w;;)(G) be the matrix comprising the components of the induced metric
onM, and w~! = (") be the inverse matrix of (; 7). Then the Laplace Beltrami
operator A on M is given by [16]

1 ) 9
Az_ﬁlzj:ﬁ(,umwf@). (1.2)

Bryant [5] proved a duality theorem for Willmore surfaces. After that, Li [12] dis-
cussed the Willmore surfaces in S”, establishing an integral inequality for compact
Willmore surfaces in $”. Luo and Sun [15] proved that every entire two-dimensional
Willmore graph in R with square integrable mean curvature is a plane. Acqua
et al. [1] studied the Willmore unstable revolution surfaces with natural boundary
conditions. Chen and Lamm [7] proved the plane nature of every two-dimensional
graphical solution of Willmore equation with square integrable second fundamental
form.

2 Preliminaries

Simply isotropic space H; is one among the nine Cayley—Klein geometries. It is
obtained by subtracting a certain triplet (zzr, J;, J») from a projective space P(R?).
Here @ is a plane in P(R?) called absolute plane and (J;, J») is a pair of complex
conjugate straight lines in @ called absolute lines. The triplet (w, Ji, J) is called
absolute figure of I} [22]. Let (7, p, G, 7) # (0: 0: 0 : 0) be the projective coordi-
nates. Then the plane @ is parametrized by t = 0, and J; and J, are parametrized
by 7 = p +iG = 0. The intersection point P(0 : 0 : 0 : 1) of J; and J, is called the
absolute point. The motion group of I} is a group of six parameters defined in affine

P og—d 1
;a4 =5r=;by

coordinates p =
a+ pcosf —gsinb,

b+ psinf 4 gcos6, (2.1)
cteip+aegq+r,

(p.q.r)— (p,q.7):

RISTR N
Il

where a, b, c, c1, c2, 6 € R. Affine transformations of this type are called isotropic
congruence transformations or i-motions.

Consider two points P = (py, p2, p3) and Q = (g1, ¢2, ¢3) in ]Ié, then the isotropic
distance between P and Q is defined as

IIP—Qlli =/ (p1 — q1)* + (p2 — q2)%.

The isotropic scalar product of the vectors u = (uy, us, u3) and v = (v, vz, v3) is
defined as
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u-v— uv; + uyvy if at least one of u; or v; is nonzero, i = 1, 2,
) uzws ifu; =0=v, fori =1,2.

In isotropic geometry, we have different types of lines and planes with respect to the
nature of absolute figure. If the points at infinity of a line do not coincide with the
point P, then the line is called non-isotropic and is called isotropic if the points at
infinity of a line coincide with the point P. Similarly a plane is called non-isotropic
if its line at infinity does not contain P and isotropic if its line at infinity contains
P. For example, ap + bg +cr =0 (a,b,c € R), ¢ # 0 is a non-isotropic plane
whereas ap + bg = 0 is an isotropic plane. Thus in this affine model isotropic lines
and isotropic planes appear vertical, i.e., parallel to r —axis. In isotropic space I3, the
metric ds is defined as
ds* = dp* + dq>.

A surface M immersed in I} with no isotropic tangent plane 7, (M) at each point
p is called an admissible surface, thus basically has an Euclidean metric. The first
fundamental form coefficients E, F, G are obtained by the induced metric of ]I; on
M. The unit isotropic vector U = (0, 0, 1) parallel to »—direction is assumed as
normal vector field of M, which is, in fact, orthogonal to all vectors in T,(M) for
all p € M. Therefore, the components of the second fundamental form are obtained
with respect to U, as

_ det(fpp, fps fo) M= det(fpq, fps fo) N = det( fyq, fpr f4)
VEG —F VEG —F2 VEG — F2

where f(p, g) is a local parametrization of M.
The isotropic Gaussian curvature K and isotropic mean curvature H are defined

L

as

LN - M? _EN-2FM+GL
~ EG - F?*’ ~ 2(EG - F?

K , 2.2)

respectively. If the isotropic Gaussian curvature K of M vanishes, then M is called
isotropic flat, and if the isotropic mean curvature H of M vanishes, then M is called
isotropic minimal. Similarly a surface M is said to be CIM C (C1GC) if H(resp.K)
is constant on whole M. For more general references on isotropic spaces, we refer
the reader to [6, 8, 17-21].

A surface obtained by translating a curve over the other gives rise to a surface
known as translation surface. Similarly taking the product of two curves gives rise to
a surface known as factorable surface. For a long time, various authors have studied
translation and factorable surfaces in different ambient spaces [3, 9, 10, 13, 14,
24, 25]. Aydin [2] completely studied the translation surfaces generated by a space
curve and a planar curve in the isotropic space I}. Our framework is to impose the
Willmore functional property on translation and factorable surfaces in I.. Therefore,
in the present paper, we find the explicit forms of Willmore translation and factorable
surface.
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3 Translation and Factorable Surfaces in ]I%

When we translate two planar curves f (1) and g(u;), we obtain a translation surface
of the form:

M(uy, uz) = f(u1) + g(uz).

Depending upon the absolute figure, there are three different possibilities according
to the position of curves:

(1) Both the curves lie in isotropic planes, which can be obtained by setting p = 0
and g = 0, respectively;

(2) Mixed type, i.e., one curve lies in isotropic plane and the other in non-isotropic
plane by setting (p = 0 or ¢ = 0) and r = 0, respectively;

(3) Both the curves lie in perpendicular non-isotropic planes, which can be obtained
by setting ¢ —r = m and g + r = 7w, respectively.

Thus there are the following parametrization of translation surfaces [11, 22]:
Type I: The parametrization of a surface M obtained by translating f(u;) =
(11,0, a(ur)) and g(uz) = (0, ua, B(u2)) is given by

M(ui, uz) = (uy, v, a(ur) + B(u2)). (3.1

Type II: The parametrization of a surface M obtained by translating f(u;) =
(ur, a(uy), 0) and g(uz) = (0, B(u2), uz) is given by

M(uy, uz) = (uy, a(ur) + p(uz), uz). (3.2

For an admissible surface, we assume 8'(u;) # 0, i.e., B(u;) # constant.
Type III: The parametrization of a surface M obtained by translating f(u;) =
(@), ur + 5, ur — %) and g(uz) = (B(u2), 3 — u2, 5 + uo) is given by

1
M(uy, uy) = z(a(ul) + B(uz), uy —up + 7, Uy + uy). (3.3)

For an admissible surface, we assume o’ + 8’ # 0, i.e., ' (u1) # —B'(u2) #a =
constant.

A surface obtained as a graph of product of two curves is a factorable surface. A
three-dimensional simply isotropic space H% provides two different types of factorable
surfaces. It is indeed a product of the pg—plane and the isotropic r —direction with
degenerate metric. Due to the isotropic axis in I}, there are two types of factorable
surfaces in I} [4].

Type I: The parametrization of factorable surface of type-I is given by

M(uy, up) = (uy, uz, o (uy)B(u2)). (3.4)
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Type II: The parametrization of factorable surface of type-II is given by

M(uy, uz) = (uy, a(u)p3), us), (3.5
or,
M(us, uz) = (a(u2) B(us3), uz, u3z). (3.6)

4 Willmore Translation Surfaces of Type-I in Simply
Isotropic Space

The coefficients of the first and second fundamental form for the translation surface
of type-I in (3.1) are given by

E=G=1, F=M=0, 4.1)
L=o", N=§8" 4.2)

Thus the Gaussian curvature K and the mean curvature H are obtained as

o’ (ur) + B"(uz)

K=a"u)p"(u2), H= 5

4.3)

assuming that the Gaussian curvature of the surface does not vanish, i.e.,
o (u)B" (uz) # 0,Yuy, us € I.

From (1.2), it is easy to find out
L@ g
AH = O,O,E(—cx —B"].

Therefore, from (1.1), (4.3) and the above equation, we can find the following system
of equations.

1
Z(Ol// _ ,3//)2(01// 4 '3//) — O, (44)
% I:a//3 o a//Zﬂ// _ a//ﬂ//Z + 13//3 _ 2((1(4) + /3(4))] = 0. (4.5)

From (4.4), following two cases arise:
Case 1: (" (u;) — B"(u2))* = 0.
Since a and B are functions of two independent variables, the above equation can
be written as
a"=p"=c, ceR.
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Thus, we get

c ¢
a(ul)=§u%+61ul+cz, ,3(142)=§M%+C3M2+C4, ¢ € R

The above solution also satisfies (4.5), hence M is a Willmore surface with following
parametrization

c c
M(u, uy) = (ul, U, (Eu% +ciuy + cz) + (Eu% + c3uy +C4)> .
Case2: " + 8" = 0.

The above condition is equivalent to minimality of M. Since « and S are functions
of two independent variables, the above equation can be written as

a"=-B"=c¢, ceR.
Thus, we get
) ¢
01('41)=§M1+C1M1+02, ﬁ(uz)=—§u2+csuz+c4, ¢ €R.
Since every minimal surface is a Willmore surface, M is parametrized by

c ¢
M(uy, uy) = (Ml, us, (EM% +crup + Cz) + <_§u% + c3uy + 64)) .

Theorem 4.1 Let M be a non-minimal Willmore translation surface of type-I in
simply isotropic space 1L, then by the translation of I, M is congruent to

€ € 9
M(uy, us) = (m,uz, (EMI +C1M1> + (5“2 +Csu2)> .

Theorem 4.2 Let M be a minimal surface of type-I in simply isotropic space ]I},
then by the translation of 1., M is a Willmore translation surface if it is congruent to

c c
M(uy, uy) = (Ml, uy, (Eu% +Clul) + (—EM% + C3u2)> .

5 Willmore Translation Surfaces of Type-II in Simply
Isotropic Space

The coefficients of the first and second fundamental form for the translation surface
of type-II in (3.2) are given by
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E=14+dw)’, F=dw)p ), G=pu), .1y
B O ) (5.2)
B’ (uz) B (u2)
Then the Gaussian curvature K and the mean curvature H are obtained as
) M o B (u2) % (uy) + (1 —|—3o/(u1)2)ﬂ”(uz)' (5.3)
B w2) 28 w2)

Suppose that the surface has a nonzero Gaussian curvature, i.e.,
" u)B" (up) #0,Vu,v e l.

From (1.2), it is easy to find out

07

07

1 1272 pn3 14 an "2 1.,3)

AH — 2/3,7[15(14-01 )7 B+ BB B + 4a’a)

—2(1 + 305/2),3/30//,3(3) —10(1 + 05/2)2,3//3”/3(3)

+BOa® + (6(1 + 30 %)a" B + (1 + a/2>2f3<‘“>]

Therefore, from (1.1), (5.3) and the above equation, we can find the following system
of equations.

1
4/3/9

(,3/201// + ﬂ// + a/Zﬂ//)(ﬁ/4a//2 _ 25/20{//’8// + 20[/2;3,201///3” + ﬂ//Z + 206/2,3”2

”2

+a gy = 0.

(5.4)
1
4‘3/9

_Zalzﬁ&a//ﬁ/ﬂ _ 3a/4ﬁ/2a//ﬂ//2 + 12’3/40//’3//2 + 366(/2,3/461//,3//2 _ IB//3
—3(1/2/3//3 . 30[/4’3//3 . Ol/6ﬂ//3 + 30/3/2/3//3 + 600(”2,3//2/3//3 + 300[/413/213//3
+8a/[3/6,8//a(3) _ 4ﬁ/5a//ﬁ(3) _ 120{/2‘3/50[//‘3(3) _ 20ﬂ13‘3//ﬂ(3) _ 40a/2ﬂ/3ﬂ//ﬂ(3)
—200" 78" B + 28" + 28" + 40 BY + 208 pY) = 0. (5.5)

(—,3/606//2 + ﬂ/4a//2‘3// _ 3a/2ﬂ/4a//2ﬂ// + 6/3,60[”2,3” + ,3/20[//,3//2

From (5.4), we have the following two cases:

Case 1: B%a” + B + o/*B" = 0.

The above condition is equal to the minimality of M, therefore, from the above
equation, we have
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4 4
e B _ .
(I+a?) 7
Thus, we get
log(cos(cu; + ¢ log(cu, — ¢
(i) = ¢y — 2( (Cl 1)), Bluz) = ¢ + g(cus 1)'

Since every minimal surface is a Willmore surface, M has a parametrization given

by

c

1 1 —
GLM(Q,3&@&&1&2>+Grh%&942§>,CGMJLQGR
C

Case 2:

/3,405”2 _ 2[3/20[///3// + 20[/2/3/20[//,3// + IB//Z + 2a/2ﬂ//2 + 05/4,3”2 = 0.
Equation (5.6) can be rearranged as
2[3/20[//13// _ 13/40//2 _ 201/2,3/20//,3// — ,8”2 + 2a/2ﬁ//2 + ()/4}3//2.

72

Since K # 0, dividing the above equation by 8", we get
20 40l”2 220" 2 4
28 5 - g I — 22" G =1+2a" +a".

Differentiating (5.7) w.r.t. u,, we get

2\’ A\ 2\’
a” |2 h- —a” L —2a" L =0,
ﬁ// ﬂ// ﬂ//
2\’ A\’ 2\’
(L) o ’32 22 (2} —0
ﬂ// IB// ﬂ//

Now, differentiating (5.8), w.r.t. u;, we get

AN 2\’
() () o

The above equation reduces to

or,

(5.6)

(5.7)

(5.8)
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ﬁ// a///

F o'a’ =

(5.9)

Since « and B are functions of two independent variables, therefore, from (5.9), we
must have

Thus, we get

a(uy) =c3 — élog (cos <M>> , Bu) =cr+ log(cu+c1),

V2
ceRp,c;eR,i=1,2,3.

The above solution does not satisfy (5.5). Hence, we conclude the following.

Theorem 5.1 There are no non-minimal Willmore translation surfaces of type-I1 in
simply isotropic 3-space ]Ié.

Theorem 5.2 Let M be a minimal translation surface of type-II in ]I}, then by the
translation and dilation of H}, M is a Willmore surface if M is congruent to

M(uy, uz) = (uy, uz, (c2 —logcos(uy)) + (c2 + log cos(uz))).
6 Willmore Translation Surfaces of Type-III in Simply
Isotropic Space

The coefficients of the first and second fundamental form for the translation surface
of type-IIl in (3.3) are given by

po LHd@)’ o d@p) -1 o 14pw)
4 4 4
PG R A C R P VA CTY e A CRP
o’ (uy) B" (u2)

Then the Gaussian curvature K and the mean curvature H are obtained as

_ 160 @)p ) (B ) e ) + (1t o)) ()
(@' (1) + B/ (u2))*’ (@) + B'(2))? ‘

(6.3)
Suppose that the Gaussian curvature of the surface is non-vanishing, i.e.,

o (u)B" (uz) # 0,Vuy, us € 1.
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From (1.2), it is easy to find out

0,
0,
T 8S( + B2 +3(15 + 1287 + 4 = 8a/B'2 + %)
Af = ] Q6B 151+ o) —2( + BB (5 +3p7
—20/'B' G+ B7) + o (1 + 367 +5(1 + )20
"5 +a™ — 1608 — 8B + 28”7 + 62’22 + )"
+2( + (=51 + B)2a® + (=5 + 6a'p + 22" ' — B
=30 (1 + ")) + (@ + B+ B 2™ + (1 + o) BW)]

Therefore from (1.1), (6.3) and the above equation, we can find the following system

of equations.

16{(1+B™)a" + (1 + )"} (—4(e + )Y B" + ((1+ p7)a”

+(1+a?)B")) =0.
(6.4)
12N n 12\ ping ’ NN 1 12\
—(a/+,8/)916{(1+’3 ya" + (1 + o) H—4" + )" B + (1 + )
+(1 + o))} - ;8{15(1 + 8% +3(15 + 1287 + g

@ +p)
—805//3/(2 +,3/2) +a/2(2 + 6[3/2))0//2/3” + 15(1 +O[/2)2,3”3
2’ + BHB((5+3B7 — 208’3+ ) + (1 +367)a®
+5(1 + /2P + "{3(15 + o'* — 160/ — 8a* B + 28"
+6Ol,2(2 + '8/2))'8//2 ~|—2(O(/ + '3/)(_5(1 _I_’B/2)2a(3) +(=5+ 606//3, + 2a/3ﬁ/
—B7 =371+ BNEDN) + (@ + B + )@

+(1+ a2} = 0. (6.5)
From (6.4), we have the following two cases:
Case 1:
(1 + /3'2)05” + (1 + Ol/z)ﬂ” —0. (66)

Since « and B are functions of two independent variables, Eq. (6.6) can be written as

ﬂ// _ a// _.
A+p% A+o?

Thus, we get

log(cos(cuz + c1))
- ,

1
log(eos(eur +c1)) g c€Roc1, 2 €R.
c

a(uy) =c2 +
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From (6.3), we see that the condition in case 1 is equal to the minimality of M.
Since we know that every minimal surface is a Willmore surface, therefore, M is
parametrized by

(Ml, " <62 N log(cos(cu; + a))) n (Cz _ log(cos(cus + Cl)))) .

c c

Case 2:
—4(o + BB+ (1 + BN + (1 +a)p =0,
Using (6.3), the above reduces to
— (&' 4 B)*8a"B" —H] = 0. (6.7)
Since M is an admissible surface, i.e., @’ + B’ # 0, Eq. (6.7) reduces to
8a”’B” —H = 0.
The above equation can be rewritten as

a//_izo

8ﬂ//

Since « and B are functions of two independent variables u; and u;, respectively, we
get

H
a(uy) = cui +cuy +ca, Pluz) = guﬁ + cauz + 4.

The above found solution does not satisfy (6.5), therefore we conclude the following.
Theorem 6.1 There are no non-minimal Willmore translation surfaces in simply
isotropic 3-spaces Hé.

Theorem 6.2 Let M be a minimal translation surface of type 3 in simply isotropic
3-space, then by the translation and dilation of ]I;, M is a Willmore surface if it is
congruent to

M(uy, up) = (uy, uz, (log(cos(cuy + c1)) — log(cos(cuy + c1))) .
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7 Willmore Factorable Surfaces of Type-I in Simply
Isotropic Space

The first and second fundamental form coefficients for the factorable surface of type-I
in (3.4) are given by
E=G=1 F=0, (7.1)

E=d"8, M=dp, N=auop’ (7.2)

Then the Gaussian and the mean curvature are given by

K= —06/2,3/2 + Olﬂd”ﬂ”, H= %(,305” + C(,B”). (7.3)

From (1.2), it is easy to find out
1
AH = <o, 0, = (2a"' + pa® + aﬂ<4>)) : (7.4)

Therefore, from (1.1), (7.3) and the above equation, we can find the following system
of equations.

1
Z(ﬂOl// + Ol,3”)(40l/2,3/2 + (ﬁ()l// + Ol,BN)z) —0. (75)

% [(,BO{// + (1,3//) (401/2[3/2 + (/30[// + aﬂ//)z) _ 2(2(0[”,3///30((4) + (X,3(4)))] —0.
(7.6)
Thus for M being of Willmore type, we have to find the simultaneous solutions of
(7.5) and (7.6). Therefore, we have the following cases:
Case 1: M is minimal, i.e., Ba” + af” = 0. Then, we have to find the simultane-
ous solutions of the following equations

Ba" +ap” =0, (1.7)

% [2("B"Ba™® + ap™)] = 0. (7.8)

Depending upon the choices of «, B, we have the following:
Case 1.1: Suppose « or 8 be a nonzero constant, we have the following sub-cases:
Case 1.1.1: Let ¢ = ¢, from (7.7), we obtain 8 = ciu; + ¢,, which satisfies (7.7)
and (7.8).
Case 1.1.2: Leta = ¢, from (7.8), we obtain 8 = cju3 + cau3 + c3us + c4, which
does not satisfy (7.7), where ¢, ¢; € Ry, ¢2, ¢3, ¢4 € R.
Case 1.2: Suppose «, § are linear functions, then (7.7) and (7.8) both are satisfied.
Case 1.3: Suppose «, § are nonlinear, we have the following sub-cases:
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Case 1.3.1: From (7.7), we obtain

Thus we get,
o =c1eV 4 e VM, B = ¢y cos(v/cuz) + ¢ sin(v/cus), (7.9)

where ¢; € R.
The found forms of « and B in (7.9) do not satisfy (7.6).
Case 1.3.2: From (7.8), we obtain

Ol” /7 06(4) ﬂ(4)
—+—=0. 7.10
T +— 5 (7.10)

2

Differentiating (7.10) with respect to u, we get

z(o‘_”)'ﬁ_” _ <ﬁ> . (.11)
o B o

!
Since the R.H.S. of (7.11) is either a constant or a function of u, for — (%) =c,

(7.11) reduces to the following equation:

ANAN-Y4
2 (“—) . (7.12)

a) p
If % = 0, then 8 is linear, which is a contradiction. Therefore from (7.12), we have

AN
2(“—) Pk kem,
o ﬂ//
Thus, we get

ol i (A
a(uy) = ciAi Eul + ¢, Bi Eul ,
B(uy) = c; cos <\/E> Us + c; sin ( /£> U,

k k

where Ai and Bi are airy functions.
The above found forms of «, 8 do not satisfy (7.7).

o®

For — (T) being a function of u;, (7.11) reduces to the following equation
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2(“7")/ _
B

From (7.13), R.H.S. is either a constant or a function of u,, whereas L.H.S. is a
function of u, which is a contradiction in any case.

Case 2: M is not minimal, i.e., 40’28 + (B’ — aB”)* = 0. Then, we have to
find the simultaneous solutions of the following equations

(7.13)

402B% + (B — aBf’)? =0, (7.14)
% [2("B" B + )] = 0. (7.15)

Depending upon the choices of «, B, we have following cases:

Case 2.1: Suppose « or 8 be a nonzero constant, we have the following:

Case 2.1.1: Let ¢ = c, then from (7.14), we obtain 8 = cyu; + ¢, which satisfies
(7.14) and (7.15).

Case2.1.2: Leta = c, then from (7.15), we obtain 8 = cju3 + cou3 + csuz + ca,
which does not satisfy (7.14).

Case 2.2: Suppose «, § are linear functions, i.e., @« = cju; + ¢, 8 = ciuz + c2,
then (7.14) is not satisfied, where ¢, c; € Ry, ¢;, ¢3, ¢4 € R.

Case 2.3: Suppose «, B are nonlinear functions, we have the following sub-cases:

Case 2.3.1: From (7.14), we get

20[/,3/ 2 o /3// 2_
( - ) +<7_F> —0. (7.16)

We see that (7.16) is a sum of two positive quantities equal to zero, therefore, each
term must be zero itself. From the first part of (7.16), we have either f = cor g = c,
which is a contradiction to the nonlinearity of « and 8.

Case 2.3.2: This is similar to Case 1.3.2.

Theorem 7.1 Let M be a minimal factorable surface of type 1 in simply isotropic
space H}, then by the translation and dilation of 1, M is of Willmore type if it is
congruent to

(ur, ua, ()(cruz +c2)), o, (uy, uz, uyuz).

Theorem 7.2 Let M be a non-minimal factorable surface of type 1 in simply
isotropic space Hé, then M is of Willmore type if it is congruent to

(u1, uz, (c)(cruz + c2)).

Acknowledgements I am very thankful to the anonymous reviewers for their comments and sug-
gestions which helped a lot to improve the paper.
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Product of Generalized Derivations with )
Commuting Values on a Lie Ideal i

Luisa Carini, Vincenzo De Filippis, and Giovanni Scudo

Abstract Let R be a non-commutative prime ring of characteristic different from 2
with Utumi quotient ring U and extended centroid C, L a non-central Lie ideal of
R, F and G two nonzero generalized derivations of R. If [F (u)G (u), u] = 0 for all
u € L, then one of the following holds:

1. Thereexistu, v € U suchthatuv € C and F (x) = xu, G(x) = vx,forallx € R;
2. R C M,(C).

Keywords Prime rings - Differential identities -+ Generalized derivations
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1 Introduction

Let R be a prime ring of characteristic different from 2, Z(R) the center of R, U
the Utumi quotient ring of R and C = Z(U), the center of U (C is usually called
the extended centroid of R). An additive map G : R — R is called generalized
derivation of R if there exists a derivation d of R such that G(xy) = G(x)y + xd(y),
for all x, y € R. The simplest example of generalized derivation is a map of the
form g(x) = ax + xb, for some a, b € R: such generalized derivations are called
inner. Generalized inner derivations have been primarily studied on operator algebras.
Therefore any investigation from the algebraic point of view might be interesting (see
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for example [15, 18, 20]). Here we will consider some related problems concerning
identities with generalized derivations in prime rings.

In [5] it is proved that if R is a prime ring with infinite extended centroid and
di, ..., d, are derivations of R such that d(x)d>(x)---d,(x) =0, for all x € R,
then at least one d; is trivial.

Later in [22] Vukman extended the result to «-derivations, in the case n = 2.
More precisely an additive mapping d : R — R is called o-derivation if d(xy) =
d(x)a(y) + xd(y), forall x, y € R and for a fixed automorphism « of R. In light of
this definition, Theorem 3 in [22] proves that if d and g are a-derivations of R such
that d(x)g(x) = 0 for all x € R, then eitherd = 0 or g = 0.

Recently in [23] this result has been generalized to the case of (¢, 8)-derivations.
Werecall thatan additived : R — Riscalled (¢, B8)-derivationifd (xy)=d (x)a(y) +
B(x)d(y),forall x, y € R and for fixed automorphisms «, 8 of R. In [23] it is proved
that if d and g are («, 8)-derivations such that either d or g commutes with « and 3,
and d(x)g(x) = O for all x € R, then eitherd = 0 or g = 0.

More recently in [13], M. Fo$ner and Vukman have considered an analogous prob-
lem, where derivations and (¢, 8)-derivations are replaced by generalized deriva-
tions. In [13, Theorem 3] they prove that if F; and F, are generalized derivations of
a prime ring R of characteristic different from 2, such that F;(x)F,(x) = 0 for all
X € R, then there exist p, g elements of the Martindale quotient ring Q of R, such
that Fj(x) = xp and F>(x) = gx for all x € R and pg = 0, except when at least
one F; is zero. In [6] this last result has been extended to the case when generalized
derivations act on multilinear polynomials.

Here our aim is to generalize the result in [13] to the case when the product of
two generalized derivations is commuting on a Lie ideal L of R. More precisely we
will prove the following:

Theorem 1 Let R be a non-commutative prime ring of characteristic different from
2 with Utumi quotient ring U and extended centroid C, L a non-central Lie ideal of
R, F and G two nonzero generalized derivations of R. If [F (u)G (u), u] = 0 for all
u € L, then one of the following holds:

1. Thereexistu,v € U suchthatuv € C and F (x) = xu, G(x) = vx, forallx € R;
2. RC M,(C).
2 The Case of Inner Generalized Derivations

In this section we firstly assume there are elements a, b, ¢, g, u € R such that R
satisfies the generalized polynomial identity

[am ,x2lelxr, xa] + alxy, x21%q + [x1, x2lulxy, x21 + [x1, x21blx1, x2]q, [x1, X2J]~ (D

Here we will prove the following result:
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Proposition 1 Let R be a prime ring of characteristic different from 2. If (1) is a
generalized polynomial identity for R, then one of the following holds:

l. a=-beCandac+ue€C;

2. c=—qeCandbg+uccC;

3. a,qe Candbg+ac+ueC;
4. R C M,(C).

Then we suppose there are elements a, b, ¢, ¢ € R such that R satisfies the gen-

eralized polynomial identity

[a[m, xplelxy, xal +alxy, x20%q + [x1. xalbelxy, x2] + [x1, x21blxy, x21q. [x1, xz]}.
)
As a consequence of Proposition 1 we will also prove the following:

Proposition 2 Let R be a prime ring of characteristic different from 2. If (2) is a
generalized polynomial identity for R, then one of the following holds:

1. a=-beC;
2. c=—q€eC;
3. a,qgeCand(a+b)(c+qg)eC;
4. R C M>(O).

We begin with the following:

Lemma 2 Let R be a prime ring and u € R such that

[[xl, ol (ulxy, x2] + [x1, x20v), [x1, xz]]

is a generalized polynomial identity for R. Then either u,v € C or R € M,(C).
Proof 1t is a consequence of Lemma 4.3 in [7]. (I

Lemma 3 Let R be a prime ring and u, v € R such that

[(u[xh Xl + [x1, x21v)[x1, x2], [xl,xz]]

is a generalized polynomial identity for R. Then either u,v € C or R € M,(C).
Proof 1t follows from Lemma 2.2 in [1]. O
Lemma 4 Let R be a prime ring and u € R such that |:u[r1 ], [r1, r2]1| =0, for
anyry,rp € R. Thenu € Z(R).

Proof 1t is an immediate consequence of main result in [19]. O
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Lemma 5 Let R be a prime ring of characteristic different from 2, a,b,c,q,u
elements of R. Assume thata,q € Z(R). If R satisfies (1), then either bq + ac + u €
Z(R) or R € M,(C).

Proof Under these hypothesis and by (1) we have that R satisfies

|:[x1, x2](ac +aq + u + bq)[x1, x2], [x1, xz]]

and by Lemma 3 we get the required conclusions. (]

Lemma 6 Ler R be a prime ring of characteristic different from 2, a,b,c,q,u
elements of R. Assume that a, b € Z(R). If R satisfies (1), then one of the following
holds:

1. a+b=0andac+u € Z(R),
2. q € Z(R)and ac +u € Z(R);
3. R C My(C).

Proof In this case relation (1) reduces to

[[xl, x]((ac + w)lxy, x21 + [x1, x21(a + b)g), [x1, xz]]-

By Lemma 2 we have R € M,(C) unless when ac +u € Z(R) and (a + b)q €
Z(R). In particular, if a + b # 0, then g € Z(R). U

Lemma 7 Let R be a prime ring of characteristic different from 2, a,b,c,q,u
elements of R. Assume that ¢, q € Z(R). If R satisfies (1), then one of the following
holds:

1. c+q=0andbqg +u € Z(R);
2. a€e Z(R)and bqg +u € Z(R);
3. R C My(C).

Proof Here relation (1) reduces to

[(a(c + q@)lxi, X2l + [x1, x21(bg + w))[x1, xa], [x1, )Q]}-

By Lemma 3 we have R € M,(C) unless when bg +u € Z(R) and a(c +¢q) €
Z(R). In particular, if c + g # 0, thena € Z(R). O

In the next Lemmas we study the case of ring of matrices. We start with the
following:

Lemma 8 Ler K be a field of characteristic different from 2, let R = M,,,(K) be the
algebra of m x m matrices over K, Z(R) the center of R, a, b, c, q, u elements of
R. Assume that a € Z(R). If m > 3 and R satisfies (1), then one of the following
holds:
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1. be Z(R),a+b=0andac +u € Z(R),
2. g€ Z(R)and ac + bq +u € Z(R).

Proof Since a € Z(R), relation (1) reduces to

[[xl ,xal(ac + w)lxy, X2l + alxy, x21°q + [x1, x21b[x1, x21q, [x1, xz]] 3)

Let ¢;; the usual matrix unit, with 1 in the (7, j)-entry and zero elsewhere. Say

b= buewandqg =), queu. for by, qu € K.
Since e;; € [R, R] for alli # j, then by (3) we get

leij(ac +u)ei; + eijbeijq, eij] = 0.

In particular, ¢;;be;;jqe;; = 0, which implies b;;q;; = 0, for any i # j. As an appli-
cation of [10, Proposition 1], it follows either b € Z(R) or g € Z(R).
Consider the case b € Z(R) and assume a + b # 0. Then, by (3), R satisfies

[[xl, x2((ac + u)x1, x21 + [x1, x21(a + b)q), [x1, xz]]-

By Lemma 2, it follows thatbothac + u € Z(R) and (a 4+ b)g € Z(R). Inparticular,
since 0 #a + b € Z(R), we getg € Z(R). On the other hand, ifa + b = 0, then R
satisfies

[[xl, xl(ac + u)lxy, xo1), [x1, Xz]:|

and, as above, it follows that ac + u € Z(R).
Let now g € Z(R). By (3) and since ag € Z(R), we have that R satisfies

[[xl , X2](bg + ac + u)[xy, x2], [x1, xz]]

By the same above argument, we get bg + ac + u € Z(R). (I

Lemma9 Let K be a field of characteristic different from 2, let R = M,,,(K) be the
algebra of m x m matrices over K, Z(R) the center of R, a, b, c, q, u elements of
R. If m > 3 and R satisfies (1), then one of the following holds:

1. a=—-bc Z(R)andac+u € Z(R);
2. c=—q € Z(R) and bqg +u € Z(R);
3. a,q € Z(R) and bq + ac +u € Z(R).

Proof Saya =}, anew,c =)y cuenandg = Y, quew,for0 # ay, ey, qu €
K. Leti, j, k three different indices and choose [x, x2] = e;; — e;; in relation (1).
Right multiplying by e;; and left multiplying by e, it follows that
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ari(cii + qii) +axj(qji —cji) = 0. 4

One can see that, for any inner automorphism ¢ of M,,(K),

[fﬂ(a)[xl,xz]fp(c)[xl L]+ @(@)x1, x2170(q) + [x1, x2]o@)[x1, x2]+
)
+x1, X2l D) [x1, x2]0(q), [x1, xz]]

is a generalized polynomial identity for R. In particular, let ¢ (x) = (1 + e;)x(1 —
eix), for any x € R. If we denote ¢(a) = ), ayex, ¢(¢c) = D 4, ciyen and 9(q) =
> w duens for ay, ¢iy. qr; € K, and using relation (4), it follows that

a, (¢ +qi) + “//q(q}i - C;‘i) =0

that is
agi(cri +qii) = 0. (6)

As above, by [10, Proposition 1], it follows eithera € Z(R) orc + g € Z(R). In the
first case we conclude by Lemma 8. Thus we may assume a ¢ Z(R) and c 4+ ¢q €
Z(R).

Now we consider the automorphism y (x) = (1 + ¢;;)x(1 — ej;), for any x €

R and denote x(a) =), alien, x(c) = chen and x(q) = >, gl ew, for
ayy, ¢y, qp; € K. Using again relation (4), it follows that

" " " " " 1/
ag (c;; + q;) +ag(g;; —c;) =0

that is
axj(qri — cri) = 0. @)

Once again, by applying [10, Proposition 1], and since we assume a ¢ Z(R), it
follows ¢ — ¢ € Z(R). Therefore both ¢ —c € Z(R) and g + ¢ € Z(R), that is,
¢,q € Z(R). In this case the conclusion follows from Lemma 7. U

Lemma 10 Let R be a prime ring of characteristic different from 2. If (1) is a trivial
generalized polynomial identity for R, then one of the following holds:

l. a=-beCandac+ueC;
2. c=—qe€eCandbg+ucC.
3. a,qe Candbg+ac+u e C.

Proof Since R and U satisfy the same generalized polynomial identities [3, Theorem
2], we have that (1) is satisfied by U. Since (1) is a trivial generalized polynomial
identity for U, either {a, 1} is a linearly C-dependent set or U satisfies

[x1, x2] <C[x1, x2] + [x1, Xz]q) [x1, x2]. ¥
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In this last case, since (8) is trivial, it follows ¢ = —c € C. Therefore, by relation
(1), U satisfies

[[xl, x2](u + bg)[xy, x2], [x1, Xz]j|-

Since it is a trivial GPI for U, the element bg + u must fall in the extended centroid
C.

On the other hand, if {a, 1} is a linearly C-dependent set, then @ € C and (1)
reduces to

[[xl, xalacxy, x21 + [x1, x21%aq + [x1, x2Julxi, x21 + [x1, X21b[x1, x21q, [x1, xz]].

)
Again, since (9) is a trivial generalized polynomial identity for U, either {g, 1} are
linearly C-dependent or U satisfies

[x1, xzf([xl , x21(a + b)[xi, xz]q)- (10)

In the last case, since (10) is trivial, it follows a + b € C (thatis b € C) and (a +
b)q = 0. Hence, by (9), we have that

[[xl, x2](ac +u), [xl,Xz]][xl,xz] (11)

is a trivial generalized polyonomial identity for U. This implies ac +u € C.
Thus we may assume that {g, 1} are linearly C-dependent, that is, ¢ € C. Under
this assumption, and by (9), one has that U satisfies

[x1, x21(ac + u + bq)[x1, x21* — [x1, x20*(ac + u + bg)[x1, x2].  (12)

Finally, again since (12) is trivial, we have that ac +u 4 bg € C. |

Proof of Proposition 1 Firstly we notice that the Proposition is trivially true if one
of the following holds:

e a,b € C (see Lemma 6);
e ¢,q € C (see Lemma 7);
e a,q € C (see Lemma 5).

Hence, for the rest of the proof we suppose that the following hold simultaneously:

e cithera ¢ Corb ¢ C;
e citherc ¢ Corqg ¢ C;
e cithera ¢ Corqg ¢ C.



130 L. Carini et al.

Our aim is to prove that a number of contradiction follow.

Notice that, by Lemma 10 we may assume that (1) is a non-trivial generalized
polynomial identity for R. By a theorem due to Beidar [3, Theorem 2] this generalized
polynomial identity is also satisfied by U .. In case C is infinite, we obtain that U Q) c
satisfies (3), where C is the algebraic closure of C. Since both U and U Q) C are
centrally closed [11, Theorems 2.5 and 3.5], we may replace R by either U or
UQc C according to whether C is finite or infinite. Thus we may assume that R is
centrally closed over C which is either finite or algebraically closed. By Martindale’s
theorem [21], R is a primitive ring having a nonzero socle with C as the associated
division ring. In light of Jacobson’s theorem [14, page 75] R is isomorphic to a
dense ring of linear transformations on some vector space V over C. If dim¢cV =k
is finite, then R = M, (C), the ring of k x k matrice over C, the conclusion follows
from Lemma 9.

Thus we assume dim¢cV = oo.

Notice that eU'e satisfies (1), for all e> = e € Soc(U) = H. By the above remark,
we have that

e one of a, b doesn’t centralize the nonzero ideal H of R;
e one of ¢, g doesn’t centralize H;
e one of a, g doesn’t centralize H

Thus there exist /1, hy, h; € H such that

e cither [a, h1] O or [b, h] #0;
e cither [c, hy] # 0 or [g, hy] # 0;
e cither [a, h3] # O or [gq, h3] # 0.

Moreover, because of the infinite dimensionality, H does not satisfy the polynomial
s4(xy, ..., x4), that is, there exist t|, f,, 13, t4 € H such that s4(¢, ..., #4) # 0. By
Litoff’s theorem in [12] there exists ¢> = ¢ € H such that

Clh], hla, bh], /’llb, Chz, hzc, q/’lz, hzq, ah3, h3a, qh3, /’1361 eele

and also t;,t, 13,14 € eUe

moreover eUe is a central simple algebra finite dimensional over its center. Since
Sq4(ty, ..., t4) #0,theneUe = M,,(C), form > 3. By (1) we know that

[(eae) [x1, x2](ece)[x1, x2] + (eae)[x1, x2]*(eqe) + [x1, x2](eue)[x1, x3]
+ [x1, x2](ebe)[x1, x2](eqge), [x1, xz]] (13)

is a generalized polynomial identity for eU e, then by the finite dimensional case, we
have that one of the following holds:

1. eae,ebe € Ce;
2. ece,eqe € Ce;
3. eae,eqe € Ce.
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Thus one of the following is a contradiction:

ah, = eah, = eaeh| = hjeae = hyae = hia

bh, = ebh| = ebeh| = hiebe = hibe = hb

chy = echy, = ecehy = hpece = hoce = hae

qhy, = eqhy, = eqehy, = hyeqe = hage = hag

ahsy = eah; = eaehsz = hzeae = hzae = hza

qhs = eqhs = eqehs; = hieqe = h3ge = hiq.

We are ready to prove the main result of this Section:

Proof of Proposition 2 Here we simply apply the conclusion of Proposition 1 to the
relation (2). Thus one of the following holds:

—beCandac+ bc e C,
—q € Candbg +bc e C;
q € Cand bg +ac+ bc € C;
4. R < My (C),

1. a
2. ¢
3. a,
that is, one of the following holds:

1. a

2. c=—q€C;

3. a,geCand (a+b)(c+q) €C;
4. R C M,(C).

as required.

3 The Main Theorem

In order to prove our main Theorem, we need to recall some well known results in
literature concerning the relationship between the differential identities satisfied by
a prime ring R and the ones satisfied by its Utumi quotient ring U. More precisely,
it is well known that both every derivation and every generalized derivation of R
can be uniquely extended to the Utumi quotient ring U. Moreover any generalized
derivation g of R assumes the form g(x) = gx + d(x) for some ¢ € U and d a
derivation on U ([4, Proposition 2.5.1], [18, Theorem 3]).

In this sense, if CIJ(xiA/ ) is a differential identity for R having coefficients in U,
where every A is a derivation word of the form A; = djdj,...d;, and each dj;

is a derivation of R, then CI>(xl.A 7Y is a differential identity for U ([17]).
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We also recall that R and U satisfy the same generalized polynomial identity with
coefficients in U [8].

For a complete description of the theory of generalized polynomial identities and
differential identities we refer the reader to [4, Chap. 7].

Proof of Theorem 1 1In light of previous remarks, we assume
F(x)=ax+d(x) and G(x) =cx + 5(x)
where a, ¢ € U and d, § are derivations of U. Moreover, we may assume that
[F(X)-G(X),X]=0 forall X = [x,x;]€el[U,U] (14)

In order to prove our result, we have to examine the following three cases:

Case 1: We firstly assume that d and § are inner derivations of U. Thus there exist
b,q € U suchthatd(x) = [b, x],6(x) = [g, x], F(x) = ax + [b,x] = (a + b)x —
xband G(x) = cx + [¢,x] =(c+g)x —xq.Leta’ =a+b,b' = —b,c’ =c+g¢q
and ¢’ = —q, so that F(x) = a’x + xb’ and G(x) = ¢'x + xq/, for all x € U. Thus
we have that, for all X = [x{, x»] € [U, U],

[(x+x0) (ex 4+ x0'). x] <o

Application of Proposition 2 implies that one of the following holds:

1. a’ = —b' € C, thatis, F = 0, a contradiction;

2. ¢/ = —q' € C, thatis, G = 0, a contradiction;

3. 4,9 € Cand (@’ + b)(c' + ¢q’) € C. This implies F(x) = xu and G(x) = vx,
for all x € R, for some u, v € U, where uv € C.

4. R C M,(C)

Case 2: Let now d and § be linearly C-independent modulo U-inner derivations.
Since U satisfies
|:<a[xl, x2] + [d(x1), x2] + [x1, d(xz)])
: (C[xh x2] 4+ [8(x1), x2] + [x1, 8()62)]), [x1, X2]]

and applying Kharchenko’s theory in [16], we have that U satisfies

[(a[xl, x2] + [y1, x21 + [x1, yz]> . <C[X1, xo] + [z1, x2] + [x1, Zz]>, [x1, Xz]]~

Fix y; = 0, then U satisfies the blended component
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[[)’1,)62] . (C[xl,xz] + [z1, x2] + [x1, Zz]), [x1, xz]}

For z; = 0, consider again the blended component, so that

[[y1,xz] <[z, x21, [x1, xz]} =0

for all xy, x5, y1,z1 € U. Since U satisfies a polynomial identity, there exist a field
K and an integer m such that the ring of all matrices M,,(K) satisfies the same
polynomial identities. Since U is not commutative, we may assume m > 1. For

X1 =é€12, 21 = €12, Y1 = €22, X2 = €21,

we obtain 2e;; = 0, which is a contradiction, since char(R) # 2.
Case 3: Finally we suppose that

e d and § are not both inner derivations (otherwise we are done by Case 1);
e d and § are C-dependent modulo U-inner derivations (otherwise we are done by
Case 2).

Therefore there exist o, 8 € C and p € U such thatad(x) + B6(x) = [p, x]. In this
case we will prove that a number of contradictions occurs, unless when R € M, (C).

We firstly consider the case o« = 0. Thus §(x) = [qg, x], for all x € U, where
g = B~ p and d is not an inner derivation (if not we are done by Case 1). Hence by
(14) we have that U satisfies

[(a[xl, X0l + [d(x1), x21 + [x1, d(xz)]> . ((c + q)[x1, x2] — [x1, Xz]q), [x1, Xz]j|

Since d is not inner, by [16], U satisfies

[(a[xl  Xo] + [y1, x2] + [x1, yz]> . ((c + q)x1, x2] — [x1, xz]q), [xl,Xz]}

and in particular, U satisfies

[[)’h xo] - ((C + q)[x1, x2] — [x1, x2]q>, [xl,xz]]

For y; = x1, U satisfies

[x1, x2] - [(c + q@)x1, x2] — [x1, x21q, [x1, Xz]] (15)
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By applying Lemma 5 in [2], either R € M,(C) or one of the following holds:

1. ¢ =0, g € C, which implies G = 0;
2. ¢,q € C and [x1, x,]? is central valued on U. By [9], it follows that either ¢ = 0
(so that G = 0) or [xy, x,]* is an identity for U.

In any case we get a contradiction.
The case B = 0 is fully in line with that of & = 0, so that we omit it for brevity.
As a consequence we may consider both o # 0 and B # 0. The derivation &
assumes the form 8(x) = [¢, x] + yd(x) forall x € U, where ¢ = B~ 'p and y =
—B~'a # 0. We also remark that d cannot be inner. Therefore by (14), U satisfies

|:<a[x1, x2] + [y1, x2] + [x1, )’2])
- ((c - )xr ] — b xalg + Dy wl + yin yz]>, [xl,le]

For y; = 0, U satisfies the blended component

[V (a[xl»xz] + [x1, yz]) 1, x2] + [y1, x2]
: ((C + q)[x1, x2] — [x1, x21g + vy [y1, x2] + y[x1, Y2]>, [x1, xz]]

Analogously, for y, = 0, U satisfies the blended component

V[[Xla v2llyi, 221 + [y1, x21lx1, y21, [x1, xz]}- (16)

Since U satisfies a polynomial identity, there exists an integer m such that M,, (K ), the
ring of all matrices over a suitable field K, satisfies the same polynomial identities.
Notice that, if m < 2, then U satisfies the standard identity s4(xy, ..., x4). In other
words, we get U C M,(C), as required. Hence we may suppose m > 3 and choose

X1 = ez, Y2 = €23, Y1 = €, X2 = €3].
Thus, by (16) we obtain the contradiction

0 =ylex, ei —exn] =yexr #0.
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@ii) (xy)* = y*x* for all x,y € R. A ring R equipped with an involution ‘%’ is
called a ring with involution or a *-ring. A ring R with involution ‘x’ is said to be
x-prime if aRb = aRb* = {0}, where a, b € R (equivalently aRb = a*Rb = {0})
implies that either a = 0 or b = 0. It is to be noted that every prime ring having
an involution ‘x’ is x-prime but the converse is not true in general. Of course, if R®
denotes the opposite ring of a prime ring R, then R x R° equipped with the exchange
involution *,,, defined by *.,(x, y) = (¥, x), 1S *.,-prime but not prime. Let R be
a *-ring, then an additive mapping d : R —> R is said to be a *-derivation on R if
d(xy) =d(x)y* + xd(y) holds forall x, y € R. Let R be a *-prime ring, a € R and
aRa = {0}. This implies that a RaRa* = {0} also. Now *-primeness of R insures
that @ = 0 or aRa* = {0}. aRa* = {0} together with aRa = {0} gives us a = 0.
Thus we conclude that every *-prime ring is a semiprime ring.

A right ideal I of R is called a dense right ideal if givenany 0 #r; € R, € R
there exists r € R such that rir # 0 and rpr € I. Similarly, a dense left ideal can
also be defined in an analogous fashion. An ideal / of R is called a dense ideal if it is
both a dense left ideal and a dense right ideal. The collection of all dense right ideals
of R will be denoted by D = D(R). We set Z = Z(R)={I | I is an ideal of R and
I(I) = {0}}, where /(I) denotes the left annihilator of the ideal [ in the ring R. It is
obvious to observe that 7 consists of precisely the dense ideals of R. Let Q,,, and
Q; denote right Utumi quotient ring and right symmetric Martindale quotient ring of
R, respectively. Let us review some important facts about the rings Q,,, and Q; (see
[1] for details). The ring Q,,, can be characterized by the following four properties:

(i) Ris asubring of Q,,,;
(ii) Forall g € Q,,,, there exists J € D such that gJ C R;
(iii) Forallg € Q,,» and J € D, qJ = {0} if and only if ¢ = O;
(iv) If J € D and f : Jg —> Rpg is a homomorphism of right R-modules, then
there exists ¢ € Q,,, such that f(x) = gx forall x € J.

The ring Q; can be characterized by the following four properties:

(i) R isasubring of Qy;

(ii) Forall g € Qy, there exists J € Z such thatqJ U Jg C R;

(iii) Forallg € Qs and J € Z, qJ = {0} (or Jg = {0}) if and only if ¢ = 0;

(iv)y f JeZ, f:Jg — Rg and g :g J —>p R are homomorphism of right
R-modules and homomorphism of left R-modules, respectively, such that
xf(y) = gx)yforall x, y € J, then there exists g € Q, such that f(x) = gx
and g(x) = xq forall x € J.

Further, it is well known that Q,={q € Q,.,; | ¢J U Jg C R for some J € 7}. Let
41592, -+ +>qn € Quy, then the set T = {q1, g2, ..., q,} is called C-dependent if
there exist ¢y, ¢z, ..., ¢, € C not all zero such that ¢;q; + c2q2 + -+ + ¢cugn = 0.
On the other hand if T is not C-dependent, then it is called C-independent. It is also
well known that C is a field if R is prime and on the other hand if C of a semiprime
R is a field, then R must be prime. Further, it is to be noted that if R is a prime ring
then two nonzero elements g1, g» € Q,,» will be C-dependent if and only if g; = Aq»
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for some A € C. In the present paper, we have proved a sufficient condition under
which two nonzero elements of O, become C-dependent if Q; is the right symmetric
Martindale quotient ring of a *-prime ring R.

There has been a great deal of work on extension problems of a semiprime ring R
to its different types of quotient rings, i.e., Q,,, and Qj, etc. For example, we know
the following: (7) an automorphism ( resp. antiautomorphism) of a semiprime ring
R can be uniquely extended to Q,, and Q; (resp. Q;). (ii) Let d be a derivation of a
semiprime ring R, then d can be uniquely extended to Q,,, and Q. (iii) Let R be a
prime ring with involution ‘*’, then ‘%’ can be uniquely extended to an involution of
its right symmetric Martindale quotient ring. (iv) Let R be a prime (resp. semiprime)
ring, then so are its quotient rings Q,,- and Q; (See [1, 3] for further details).

Motivated by the above nice extensions, we have obtained some possible anal-
ogous for x-prime rings as follows: (i) an involution of a semiprime ring can be
uniquely extended to its right symmetric Martindale quotient ring; (ii) if R is a
x-prime ring, then so is its right symmetric Martindale quotient ring; (iii) every
x-derivation of a *-prime ring can be uniquely extended to its right symmetric Mar-
tindale quotient ring.

2 Preliminary Results

We begin with the following lemmas which are essential for developing the proof of
our main results. The proof of the Lemma 2.1 can be found in ([1], Theorem 2.3.3).

Lemma 2.1 Let R be a semlprlme ring, QO = O (R), C = Z(Q) and ql s G2y ey

qn € Q. Suppose that q; ¢ Z Cq;. Then there exists an element p = Z Loty €
i=2 i=1

RuyRy such that qip = Za[qlb,- #0and q;p =0 for j > 2. Here R (resp.

i=1
R()) denotes the subring of Endc(Q) generated by all left (resp., by all right) multi-
plications by elements of R, where Endc(Q) denotes the ring of all homomorphisms
of Q as left-C modules.

In the year 1989, M. Bresar and J.Vukman ([2], Proposition 1) proved that if a prime
x-ring R admits a nonzero *x-derivation, then R is commutative. We have shown that
this result holds even for *-prime rings. In fact, we have obtained the following.

Lemma 2.2 Let R be a x-prime ring. If it admits a nonzero *-derivation d, then R
is commutative.

Proof By hypothesis we have, for all x, y,z € R

d((xy)z) = d(xy)7* + xyd(z)
= {dx)y* +xd(y)}z* + xyd(z)
=d@x)y*z* +xd(y)z* + xyd(2).
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Also
d(x(yz)) =dx)(yz)* +xd(yz)
=d(x)z"y* + x{d(y)z* + yd(2)}
=d@x)Z*y* + xd(y)z* + xyd(2).
We get

dx)y*z* =d(x)z*y* forall x, y,z € R.
Putting y* and z* in the places of y and z, respectively, we find that

d(x)yz =d(x)zy. (2.1)

Now replacing y by yr where r € R, in the relation (2.1) and using it again we
arrive at d(x)yrz = d(x)yzr,i.e.,

d(x)R[r, z] = {0} 2.2)

for all x, z, 7 € R. Replacing r and z by r* and z*, respectively, in the relation
(2.2), we also obtain that
d(x)R[r, z]* = {0} (2.3)

forall x, z,r € R. Since d # 0 and R is a x-prime ring, using the relations (2.2) and
(2.3), we conclude that rz = zr for all z, r € R. Therefore, R is commutative.

The following example demonstrates that the x-primeness in the hypothesis of
Lemma 2.2 cannot be omitted.

Example 2.1 Let H and C be the ring of real quaternions and complex num-
bers, respectively. Assume R = H x C is the ring of Cartesian product of H and
C with regard to componentwise addition and multiplication. Let *;, %, and *
denote the involutions of rings H, C and R, respectively, defined by ¢*' = o — fi1 —
y) —8k,whereq =a+Bi1+yj+skeH, z2=x—1y,wherez=x+1y € C
and (g, 2)* = (g™, z*?) for all (g, z) € R. Defined : R —> R such that d(q, z) =
(0, n(z — z*?)) where 7 is any fixed complex number. It can be easily verified that
R is a semiprime ring but not a *x-prime ring and d is a nonzero x-derivation of R.
Howeyver, R is not commutative.

If R is a prime ring with involution *, then we know that R is a *-prime ring. Using
this fact, we get the following:

Corollary 2.1 ([2], Proposition 1) Ifa prime *-ring R admits a nonzero x-derivation,
then R is commutative.
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3 Main Results

In the year 1989, C. L. Chung ([3], Theorem (Kharchenko)) proved that if a prime
ring R is endowed with involution ‘x’, then ‘%’ can be uniquely extended to an
involution of its left symmetric Martindale quotient ring. We have shown that this
extension is possible even in semiprime ring with involution. In fact we obtained the
following:

Theorem 3.1 Let R be a semiprime ring with involution x’. Then ‘x’ can be uniquely
extended to an involution of its right symmetric Martindale quotient ring.

Proof Since R is a semiprime ring, Q,,, and Q; will exist. We will also denote the
extension of ‘x’, the involution of R to Q; = Q by the same ‘x’. Let g € Q. This
implies that g € Q,,, and there exists I € Z such that g/ U Iq C R. It is easy to
see that /™* is also a dense ideal, and therefore I* € Z. Now we define a relation
f :I" —> R such that f(i*) = (ig)*. It is easy to check that f is a well defined
map and in addition it is a homomorphism of right R-modules. Therefore [ f; I*] €
Omr- Letus say ¢* = [f; I*]. Consider g*i* = [f; I*][l;+; R] = [fli+; l;l(l*)] =
(ig»; Rl=(ig)*foralli € I.Alsoconsideri*q*=[l;+; RI[f; I"]1=lli f; YR =
Ui« f5 1] = [l(giy-; R] = (gi)* for all i € I. Now we obtain the following two rela-
tions:

' = (iq)" 3.1)

foralli € I and
i*q* = (qi)" (3.2)

foralli € I. From the above tworelations, itis clearthatg*/* U I*g* € R. Therefore
q* € Q.

Next we define a mapping g +— ¢* of Q into itself, where ¢* = [f; I*]. We
will prove that this is our required unique extension of involution ‘x’ of R. Let
q1, g2 € Q. This implies that g; + g € Q. There exists a dense ideal J of R, i.e.,
J € T such that ¢, J U Jq1, g2J U Jqa, (q1 + g2)J U J (g1 + q») are all contained
in R. It is obvious that relations (3.1) and (3.2) will be true if we replace g by
q1,q> or (q1 + g2) and I by J. Therefore for all j € J, we have (g; + ¢2)*j* =
G+ @) = (g1 + jg)* = (jg)* + (jg2)* = (g7 + ¢5)j*. Finally, we arrive
at {(q1 +q2)* — (¢f +¢3)}J* = {0}. Since J* € Z, by characterization of Q; we
conclude that (g; 4+ ¢2)* = g} + g5 showing that ‘%’ is an additive map. Letg;, ¢» €
Q. Thisimpliesthatq;g> € Q. Thereexistsadenseideal K of R,i.e., K € Z suchthat
1K UKqy,g:K UKqs, (q192) K U K(q1q>) are all contained in R and let L = K2,
Thengq,L, Lq:, g>L, Lgy; € K.Itisobviousthat L € Z.Like above foralll € L, we
have (q192)*l* = (Iq192)* = q;(lq1)" = g5q7!*. This implies that (q192)" = ;47
Operating ‘x’ on both sides of relation (3.1), we obtain thati(¢*)* = iq foralli € 1
since “x’ is the involution of R. Now we arrive at I {(¢*)* — g} = {0}. Since I € Z and
{(g")* — q} € O, we conclude that (¢*)* = ¢. Including all the above arguments,
we obtain that ‘x’ is an involution of Q.
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Finally, we have to prove that this extension is unique. Let us suppose that ‘¢’
and ‘x’ be two extensions of the involution of R. From the above arguments, it is
clear that for any ¢ € Q, there exists / € Z such that g/ U Iq € R. It is obvious
that for all i € I, gi € R. Using the fact that r® = r* for all » € R, we obtain that
(qi)? = (qi)* for all i € I. This implies that i?q? = i*g* for all i € I. Now we
conclude that 7*(¢? — ¢*) = {0}. But I* € Z, therefore using the characterization
of Q, we arrive at ¢* = ¢? for all ¢ € Q, hence this is a unique extension.

Itis well known that if R is a prime (resp. semiprime) ring, then its quotient rings Q,,,
and Q; are also prime (resp. semiprime). Let R be a x-prime ring, then it is natural
to investigate the x-primeness nature of its quotient rings. Of course, we proved the
following:

Theorem 3.2 Let R be a x-prime ring. Then its right symmetric Martindale quotient
ring is also a *-prime ring.

Proof Since R is a x-prime ring, it must be a semiprime ring also. Therefore, its right
symmetric Martindale quotient ring Q; will exist. By the above theorem, it is clear
that involution ‘x’ of R can be uniquely lifted to an involution of Q;. Therefore, we
can assume that ‘x’ is defined on whole of Q. Finally, we conclude that Q; is a %-ring.
Now we have to prove that Q = Q; is also a *-prime ring. Suppose that q;, g» € Q
such that g; Q¢> = {0} and g1 Qg5 = {0}, then we have to prove that either g; =0
or g, = 0. Suppose on contrary that g; # 0 and g, # 0. There exist dense ideals
Ji, J» € Z such that ¢;J; U Jig; € R and ¢2J> U Jog2 € R. By characterization
of Q,, we have x € J; and y € J, such that 0 # g;x € R and 0 # ¢,y € R. But
now by using hypothesis, we have (q1x)R(g2y) = {0} and (g1x)R(gq2y)* = {0}.
Contradicting the fact that R is a x-prime ring. Finally, we conclude that Q is a
x-prime ring.

Theorem 3.3 Let R be a commutative semiprime ring with involution “x’ admitting
a *-derivation d. Then d can be uniquely extended to a *-derivation of its right
symmetric Martindale quotient ring.

Proof Since R is a commutative semiprime ring, its right symmetric Martindale
quotient ring Q = Q, will exist and will also be commutative. For this case, we will
also have Q,,, = Q. By Theorem 3.1, involution ‘%’ of R can be uniquely extended
to an involution of Q. Therefore, we can assume that ‘x’ is defined on whole Q. We
shall let d also denote its extension to Q. d(q), where ¢ € Q will be denoted by g¢.

Given any g € Q. This implies that ¢ € Q,,, and there exists J € Z such that
qJ UJg C R. Tt is also obvious that J is a dense right ideal of R. Now we set
Ja =Y o, x{(x?: J)g}*. Since x? € R, (x? : J)g is a dense right ideal. Here ‘x’
is an automorphism of R; therefore, {(x? : J)g}* is also a dense right ideal of R.
Next we claim that J; is a dense right ideal of R. It is obvious to observe that J; is
a right ideal of R. Let O # r1, r, € R. Since J is a dense right ideal of R, 0 # rys
and rys € J for some s € R. As we already know that {((rys)? : J)g}* is a dense
right ideal of R. Therefore, 0 # rist for some t € {((r5)¢ : J)g}*, it is due to the
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fact that the left annihilator of any dense right ideal in a semiprime ring vanishes.
Clearly rpst € J; and so our claim stands proved. Also we observe that J; € J and
(Jo)? C J. Since J, is a dense right ideal of R, (J,;)* is also a dense right ideal of R.
We define f : (J;)* — R by the rule f(x*) = (gx)¢ — gx9 for all x* € (J,)*. It
is easy to see that f is a well defined map and additive also. For all x* € (J;)* and
r € R,wehave f(x*r) = f(xD)* = (qxl)d — q(xl)d = (qx)dl* + qxld — qxdl* —
gx1? = (gx)1* — gx?1* = {(gx)? — gx*}I* = f(x*)r; where r = [* for some [ €
R. Arguments given above show that f is a homomorphism of right R-modules.
Therefore [ f; (J4)*] € Q. Now we put g% =[f: (Js)*]. Dueto commutativity of
Q, it is trivial to see that (J;)* € Z and g?(J;)* U (J4)*¢¢ C R. Finally, we arrive
atq’ € 0 = Q.

Let us define a map g — ¢¢ of Q into itself, where ¢¢ = [f; (J;)*]. We
will prove that this is our required unique extension of x-derivation d of R.
First we compute the following: qu* =[f; J)*Nle; Rl = [ flis; L-""(J)*] =
Uigxyi—gxt; R1 = (gx)? — gx“ for all x € J;. Now we get the following relation

q‘x* = (gx)! — gx* (3.3)

forall x € J;. Let g, g» € Q. This implies that g; + g» € Q. There existsa K € 7
such that g1 K U Kq1, 2K U Kqa, (g1 + q2) K U K(q1 + ¢2) are all contained in
R. It is obvious that relation (3.3) will be true if we replace ¢ by gi,g» or
q1 + q» and J; by K; where K; = er,( x{(x? : K)g}*. Therefore for all k € K,
we have (g1 + ¢2)k* = ((q1 + ¢2)k)* — (g1 + ¢k = (@1k)* + (g2k) — q1k? —
g2k = {q + q§}k*. Finally, we arrive at {(q1 + ¢2)* — (¢} + ¢§)}(Ka)* = {0}.
Since (K4)* € T, using characterization of Q;, we conclude that (g, + ¢2)? = q,d +
qzd showing that d is an additive map. Let q;, g» € Q. This implies that g;¢q, € Q.
By above arguments, it is clear that there exists T; € Z such that ¢, T; U Tyq,
Ty U Tiqr, q192Ta U Tyq1qo are all contained in R. It is obvious that relation (3.3)
will be true if we replace g by g1, g or q1q> and J; by Ty. Let I = (T;)?. Then
qi1,1q1,q21,1g; € Ty. For all i € I, we have (q192)7i* = (q120)" — quqoi? =
al(@20)* + q1(@20)! — q1q2i? = q{q3i* + q1q8i* + q1q2i? — i = g q3i* +
q194i*. Finally, we arrive at {(¢1¢2)? — q¢{'q5 — q1¢4}1* = {0}. But I* € Z, by char-
acterization of Q, we conclude that (¢192)¢ = q?q5 + q1q5. Therefore, d is a *-
derivation of Q.

Finally, we have to prove that this extension is unique. Let us suppose that § and d
be two extensions of the *-derivation of R. From the above arguments, it is clear that
for any g € Q, there exists J € 7 such that gJ U Jg C R. It is obvious that for all
j € J,qj € R.Usingthe fact that r® = r¢ forall» € R, we obtain that (q/)° = (¢j)?
forall j € J. Thisimplies that ¢° j* + ¢j® = q¢j* + qj forall j € J. Now we infer
that (¢° — ¢g?)J* = {0}. But J* € Z, therefore by characterization of Q, we find that
q% = g for all g € Q, thus this extension is unique.

In the light of Lemma 2.1 and ([2], Proposition 1), we obtained the following:
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Corollary 3.1 Let R be a x-prime ring (resp. prime ring with involution ‘x’) admit-
ting a x-derivation d. Then d can be uniquely extended to a x-derivation of its right
symmetric Martindale quotient ring.

It has been proved in ([1], Theorem 2.3.4) that if R is a prime ring, Q = Q,,, and
a,b € Q. Suppose that axb = bxa for all x € R. Then a and b are C-dependent.
We have extended this result in the setting of *-prime rings as follows:

Theorem 3.4 Let R be a *x-prime ring, Q = Qs and 0 # a,0 # b € Q. Suppose
that axb* = bxa and a*xb* = b*xa for all x € R. Then a € Cb* and hence a and
b* are C-dependent.

Proof Since R is a x-prime ring, it will be a semiprime also and Q = Q; exists. By
Theorem 3.1, ‘%’ can be assumed to be defined on whole of Q. We have to prove
that @ € Cb*. Suppose on contrary, i.e., a ¢ Cb*, then by Lemma 2.1 there exists

n
an element p = Y I,,r,, € RyyR() such that d = ap # 0 and b*p = 0. Using the
i=1
n n
condition axb* = bxa for all x € R, we have 0 = ar Y_ x;b*y; = Y _(arx;b*)y; =

i=l1 i=l1
n n

> (brx;a)y; = br Y_(x;ay;) = brd for all r € R and hence we obtain that

i=1 i=1
bRd = {0}. (3.4)

If we use the condition a*xb* = b*xa for all x € R, on the other hand we also obtain
that 0 = a*r ) x;b*y; = Y (a*rx;b*)y; = > _(b*rx;a)y; = b*r Y (x;ay;) = b*rd

i=1 i=1 i=1 i=1
for all r € R and therefore
b*Rd = {0}. 3.5

Itis given that O # b and 0 # d € Q. By characterization of Q;, we conclude that
there exist J, U € Z such that 0 £ bj € R and 0 # du € R for some j € J and
u € U. Using the relations (3.4) and (3.5), we also conclude that (bj)R(du) = {0}
and (bj)*R(du) = {0}, leading to a contradiction due to the fact that R is a *-prime
ring.
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Abstract In this article, we study those rings in which every 2-absorbing ideal is
prime. We investigate the stability of this property under homorphic image and local-
ization, and its transfer to various contexts of constructions such as direct products,
trivial ring extensions and amalgamated algebra along an ideal.
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1 Introduction

Throughout this work, all rings are commutative with identity element, and all mod-
ules are unitary.

Over the past several years, there has been considerable attention in the literature
to n-absorbing ideals of commutative rings and their generalizations, for example
see [2-7, 9, 13-15, 21-24, 28, 29, 31-34]. We recall from [2] that a proper ideal
I of R is called a 2-absorbing ideal of R if a,b,c € R and abc € I, then
ab el or ac el or bc € I. Clearly, every prime ideal is 2-absorbing ideal. That
a 2-absorbing ideal need not be a prime ideal as shown by an example in [3].
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In [10], Bennis and Fahid introduced and studied aring A satisfying the following
condition: every 2-absorbing ideal of R is prime. We call such a ring as 24 B ring.
They showed that a ring R is a 24 B ring if and only if (1) every prime ideals of R
are comparable; in particular, R is quasi-local with maximal ideal M and (2) if P
is minimal prime over a 2-absorbing ideal /, then /M = P. They also characterize
under valuation domain that a ring R is a 24 B ring if and only if P = P2 for every
prime ideal P of R.

Recall that a nonzero prime ideal P of aring R is called divided prime if P C (x)
foreveryx € R\ P.Anintegral domain R is said to be divided domain if every prime
ideal of R is a divided prime ideal. An integral domain R is said to be a valuation
domain if x | y (in R) or y | x (in R) for every nonzero x, y € R. It is known that a
valuation domain is a divided domain. If 7 is an ideal of R, I is said semi-primary if
VT is a prime ideal of R. The set of minimal 2-absorbing ideals over an ideal I will
be denoted by 2 — Ming(1).

In [10], the author ask the following question [10, Question 2]: Is it true that
P? = P for any prime ideal P of a 2 — AB ring. In section three, we study this
conjecture which we call a (x) conjecture.

Let A be aring and E an A-module. The trivial ring extension of A by E (also
called the idealization of E over A) is the ring R = A & E whose underlying group
is A x E with multiplication given by (a, e)(d’, ¢') = (ad’, ae’ + a’e). Recall that
if I is anideal of A and E’ is a submodule of E suchthat [E € E’,thenJ =1 « E’
is an ideal of R. However, prime (resp., maximal) ideals of R have the form P « E,
where P is a prime (resp., maximal) ideal of A [1, Theorem 3.2]. Suitable background
on commutative trivial ring extensions is [1, 7, 8, 26-28, 30].

Let A and B be two rings, let J be an ideal of B and let f : A —> B be a ring
homomorphism. In this setting, we consider the following subring of A x B

As<! B={(a, fla)+ j)lac A, jeJ}

called the amalgamation of A and B along J with respect to f. Moreover, other
classical constructions (such as the A + X B[X], A + X B[[X]], and the D + M con-
structions) can be studied as particular cases of the amalgamation (see [18, Examples
2.5 and 2.6]) and other classical constructions, such as the Nagatas idealization (cf.
[35, p. 2]), and the CPI extensions (in the sense of Boisen and Sheldon [11]) are
strictly related to it (see [18, Example 2.7 and Remark 2.8]). A particular case of this
construction is the amalgamated duplication of a ring along an ideal / (introduced
and studied by D’ Anna and Fontana in [16, 17]). Let A be aring, and let I be an ideal
of A, A< ] :={(a,a+1i):a € A,i €i}is called the amalgamated duplication of
A along the ideal 1. See for instance [12, 16-20].

In this article, we study those rings in which every 2-absorbing ideal is prime. We
investigate the stability of this property under trivial ring extensions and amalgamated
algebra along anideal in Sects. 2 and 3, respectively. In Sect. 3, we discuss the validity
of the equation P? = P for any prime ideal P in a2 — AB ring.
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2 Trivial Ring Extension Defined by 2-AB Ring Property

Recall that aring R is said to be a 2A B-ring if every 2-absorbing ideal of R is prime.
Our first result studies the possible transfer of the 2A B-ring property between a ring
A and a trivial ring extension A « E.

Theorem 1 Let A be a ring, E be an A-module and R = A « E be a trivial ring
extension of A by E. Then

(1) If Risa?2 — AB ring, then so is A.

(2) Assume that A is a 2-AB ring and let J be a 2-absorbing ideal of R. Then J is
either a prime ideal or a semi-primary ideal of R.

(3) Assume that A is an integral domain with quotient field K and E is a K -vector
space. Then R == A x Eisa2 — AB ring ifand only if so is A and E = 0.

(4) Assume that E is a finitely generated A-module. Then R is 2 — AB ring if and
onlyifsois Aand E = 0.

The proof of this theorem involves the following lemma with independent interest.

Lemma 2 (1) Any homomorphic image ofa2 — AB ring isa?2 — AB ring.
(2) Any localisation of a2 — AB ring is a2 — AB ring.

Proof Let A be a commutative ring and / be an ideal of A.

(1) Let K be a 2-absorbing ideal of A/I, then there exists a 2-absorbing ideal J of
R such that J D I and K = J/I. Hence, J is a prime ideal of R (since R is
2-AB ring) and so K is a prime ideal of A/1.

(2) Let S be a multiplicative subset of R and let S™' be a 2-absorbing ideal of
S~'R, such that I N S = ¢. Then I is a prime ideal of A and so S~/ is a prime
ideal of S7'A. O

Proof of Theorem 1

(1) Assume that A o< E is a 2-AB ring. Hence, A is a 2-AB ring by the Lemma 2(1)
(since A x E/0 ox E =~ A).

(2) Assume that A is a 2-AB ring and let J be a 2-absorbing ideal of R. Two cases
are then possible:
Case 1: 0 x E C J.
In this case, J = I « E for some ideal I of A from the [1, Theorem 3.1]. By
[28, Theorem 2.1], I is a 2-absorbing ideal of A and hence [ is a prime ideal of
A and consequently J is a prime ideal of R.

Case2:0x E Z J.
By [3, Theorem 2.1], JTisa 2-absorbing ideal of R which containing 0 « E;
by the [1, Theorem], there exists some ideal K of A such that VJ=K xE.
The ideal K is a 2-absorbing ideal of A; therefore, K is a prime and hence ST
is prime ideal of R.
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(3) Recall that if A is an integral domain with quotient field K and E be a divisible

A-module, the ideals of A o E are of the form / oc E where [ is an ideal of A,
or 0 < F where F is a A-submodule of E.
If Aisa2ABringand E = O, then R = A is a 2A B ring. Conversely, assume
that R is a2 — AB ring. It is clear that A is a 2-AB ring by (1). We know from
[28, Theorem 2.2] that if F is a A-submodule of E, then 0 o< F is 2-absorbing
ideal of R if and only if F is a K-vector subspace of E. Thus for F = 0, we get
0 o< 0 is a 2-absorbing ideal, thus a prime ideal of R. We conclude that R is an
integral domain, thus £ = 0.

(4) Assume that E is finitely generated. If Aisa2ABringand E = O,then R = A
is a 2A B ring. Conversely, assume that Risa2 — ABring. Then Aisa2 — AB
ring by (1) and A is a quasi-local ring with a maximal ideal M such that M> = M
by [10, Corollary 2.4]. On the other hand, R is a quasi-local ring with maximal
ideal M o E suchthat (M « E)> =M « E,so ME = E, and by Nakayama’s
lemma, we conclude that £ = 0. This completes the Proof of Theorem. O

Corollary 3 Let A be a Noetherian module, E be a finitely generated A-module
and R = A «x E. Then, R is a 2-AB ring if and only if so is A and E = 0.

Proof If Aisa2ABringand E = O,then R = Aisa2AB ring. Conversely, assume
that R is a 2-AB ring. Then, A is a field from [10, Corollary 2.5] and so E is A-vector
space. The result follows from Theorem 1(3). O

In general, the converse of Theorem 1(1) is false even if E = A, as the following
examples shows:

Example 4 Let A be an integral domain, R = A o A be the trivial ring extension
of Aby A,and set I = 0 o P, where P is a prime ideal of A. Then, I is a non-prime
2-absorbing ideal of A o< A by [2, Theorem 4.10].

Example 5 Let P be a prime ideal of a ring A. Then, P & P is a non-prime 2-
absorbing ideal of A ox A by [28, Corollary 2.8].

3 Amalagamated Algebras Along an Ideal Defined by 2-AB
Ring

In this section, we study the transfer of a 2 — AB ring property in amalgamated
algebras along an ideal.

Theorem 6 Let f: A — B be a rings homomorphism, J be an ideal of B, and
A </ J be the amalgamated algebra. Then the following statements hold:

(1) If A</ Jisa2 — AB ring, then A and f(A) + J are a2 — AB rings.
(2) Assume that J is a finitely generated A-module. Then A </ J isa2 — AB ring
if and only if so is A and J = 0.
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(3) Assume that f~'(J) = {0}. Then A </ J is a 2 — AB ring if and only if so is
f(A)+J.

(4) Assume that J is a nonzero idempotent ideal of B such that J C Nil(B). Then
A<’ Jis2 — AB ring if and only if so is A.

The proof of this theorem involves the following lemmas.

Lemma7 Let f : A — B be arings homomorphism and let J be an ideal of B. If
A</ Jisa2 — AB ring, then A is a local ring with maximal ideal M, J C Jac(B)
and (f(M)+ J)J =0.

Proof Since A </ Jisa2 — ABring, then A </ J is alocal ring by [10, Theorem
2.3] and so A is a local ring with maximal ideal M and J C Jac(B). On the other
hand, the maximal ideal of A </ J is M s</ J. Hence, by [10, Corollary 2.4],
(M s<f J)? = M? o< (fF(M)J +J%) =M</ Jandso f(M)J +J>=J. O

Recall that the set of minimal 2-absorbing ideals over an ideal / will be denoted
by 2 — Ming (/).

Lemma 8 ([10, Theorem 2.9]) A ring R is a 2-AB ring if and only if the two following
conditions holds:

(1) A prime ideals of R are comparable. In particular, R is quasi-local.
(2) For every prime ideal P of R,2 — Ming(P?) = P.

Proof of Theorem 6

. Al J Al J N
(1) Clear by Lemma 2(1) since ~Aand —— = f(A) + J.
{0} x J S~ (J)xD
(2) Assume that J is a finitely generated A-module.If Aisa2 — ABringand J = 0,
f
then {0}><1 7 ~ A. Conversely, assume that A ></ J is a2 — AB ring. Hence,
X

Aisa2 — ABring by (1). On the other hand, A is alocal ring with maximal ideal
M such that f(M)J + J> = J by Lemma 7. It is well known that f (M) + J
is a maximal ideal of the quasi-local ring f (A) + J. On the other hand, since J
is a finitely generated A-module, it is a finitely generated (f(A) + J)-module.
By Nakayam’s lemma, we conclude that J = 0.

(3) Clear since A </ J >~ f(A) + J (since f~'(J) = 0).

(4) If As</ Jis a2 — AB-ring, then so is A by (1). Conversely, assume that A is
a2 — AB ring and J a nonzero idempotent ideal of B such that J € Nil(B).
Hence, A is a local ring with maximal ideal M and so A s</ J is a local ring
with maximal ideal M >/ J (since J C Jac(B)). On the other hand, since
J C Nil(B), the prime ideals of A </ J are of the form P </ J, where P
is a prime ideal of A. Since the prime ideals are comparable, it is clear that the
prime ideals of A </ J are comparable.

Now we will shows that 2 — mina..s; (P ></ J)?) = P »</ J. Indeed let K
be a 2-absorbing ideal of A </ J and suppose that there exists a 2-absorbing
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ideal L of A </ J such that (P ></ J)> C L C K.But (P </ J)? = P? </
(f(P)J +J* =P?></ JCLCK.Hence, {0} xJCKand{0} x J CL,
thus there exist prime ideals K; and L; of A such that L =L, s/ J and
K=K</ J. ThenP>Cc L, C KjandsoK; =L, = P (since Aisa2 — AB
ring), thus K = L = P </ J. Then A </ Jisa2 — AB ring by Lemma 8 and
this completes the Proof of Theorem 6. (]

Corollary 9 Let f: A — B be a rings homomorphism, B be a local ring with
maximal ideal M, and let J be a nonzero idempotent ideal of B. Then A </ J is a
2-AB ring if and only if A is a 2-AB ring.

Proof The proof is clear by Theorem 6 since / C M = Jac(B) = Nil(B). (|

Example 10 Let A be an integral domain with quotient field K, and E be a K -vector
space. Set B := A « E, and J := 0 o« E. We consider f : A — B the canonical
homomorphism defined by f(a) = (a, 0) forevery a € A.

Then A </ J is a 2-AB ring if and only if sois A and J = 0.

Proof Indeed, assume that A </ J be a 2-AB ring, then A so is by Theorem 6. On
the other hand, we have f(M)J = (M « 0)(0 « E) =0 and J> =0, thus J = 0.
The converse is clear. ]

Let f : A — B be a rings homomorphism, J be an ideal of B. If A is 2-AB
ring and J C Jac(B), the ring A </ J need not be a 2 — AB ring as the following
example shows.

Example 11 Let A be a local ring with maximal ideal M and E be a nonzero
A-module such that ME =0. Set B:= A x E and f : A — B be the canonical
homomorphism defined by f(a) = (a,0) foreverya € A andset J = 0 & E. Then
A</ Jisnota2 — AB ring.

Proof 1t is clear that J is an ideal of B and J C Jac(B) since J? = 0. On the other
hand, f(M)J = 0but J # 0. Therefore, A </ J isnot a2 — AB ring. (]

Now we will determine the 2-absorbing ideals in a particular case A =/ XK[[X]],
where A is an integral domain with quotient field K.

Theorem 12 (The 2-absorbing idealin A </ J incase J := XK[[X]]) Let A be an
integral domain with quotient field K, f : A — K[[X]] be the natural embedding
and J := XK|[[X]]. Assume that A is a 2-AB ring, and let L be a 2-absorbing ideal
of A o</ J. Then one of the following statements holds:

(1) L isaprime ideal of A v</ J.
(2) L =0w</ X?K[[X]] which is a non-prime 2-absorbing ideal of A s/ J.
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Proof First we show that 0 </ J? is a 2-absorbing ideal of R. Let x; = (a;, a; +
XS;(X)) € R, where S; € K[[X]], 1 <i < 3. Suppose x;xx3 €0 s/ J2. Since A
is an integral domain, we may assume that a3 = 0. Two cases are then possible:

Case 1: Assume that aja, = 0. Then x1x3 = (0, X251 (X)S3(X)) € 0 </ J2 or
xox3 € 00/ J2.

Case2:aja; # 0. Thenxixox; = (0, X S3(X) (a1, a1+XS1(X))(az, ax+X S (X))
€ 0/ J2, and so XS3(X) € J? (since J? is an ideal of K[[X]], and a;a, # 0).
Hence, x1x3 = (0, XS3(X) (a1, a1 + XS1(X)) € 0=/ J2.

Therefore, 0 =/ J2is a 2-absorbing ideal of R. On the other hand, 0 </ J and
I </ J are 2-absorbing ideals of A </ J by Theorem 1.

Conversely, let L be a 2-absorbing ideal of A ></ J. Then u(L) is an 2-absorbing
ideal of A + X K[[X]]. Using theorem [2, Theorem 4.17], u(L) = I + X K[[X]] for
some 2-absorbingideal I of A,oru(L) = XK[[X]],oru(L) = X2K[[X]], whereu :
A</ J - A+ XKJ[[X]]is a canonical isomorphism. Hence, L = ulI+J)=
Tl JorL=u"'(J)=00</ Jor L =u"'(J?) =0v</ J?. Assume that L =
I </ J, where I isa 2-absorbing ideal of A. Then I is a prime ideal of A (since A is
a2 — ABring) and so L is a prime ideal of A s/ J.Now, if L =0/ X?K[[X]],
by [2, Theorem 4.17] and the fact that L ~ X2K[[X]], we conclude that L is a
non-prime 2-absorbing ideal of A </ J. ]

4 About (x) Conjecture

In [10], Bennis and Fahid conjecture that in every 2-AB ring A, we have P> =
P for every prime ideal P of A which we call a (x) conjecture. It is proved in
[10, Proposition 2.6] that a valuation domain satisfies (x) conjecture. In the next
proposition, we give a positive answer to (x) conjecture in particular case.

Proposition 13 Let R be a ring. Then

(1) Assume that R is a divided domain. Then R is a 2 — AB ring if and only if
P? = P for every prime ideal of R.

(2) Assume that every semi-primary ideal of R is a primary ideal of R and R is a
2-AB ring. Then for every prime ideal P of R, we have P> = P.

Proof

(1) Assume that R is a 2-AB divided domain and let P be a nonzero prime ideal.

Hence, P? is a 2-absorbing ideal of R (by [3, Corollary 3.8]) and so it is a prime
ideal of R. Then P? = P.
Conversely, let I be a nonzero 2-absorbing proper ideal of R. Since R is divided
domain, we have /I = P is a nonzero divided prime ideal, and by [3, Theorem
3.6], I is P-primary and P> C I C P. Thus I = P is a prime ideal of R, as
desired.
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(2) Assume that R is a 2-AB ring and let P be a prime ideal of R. By the assumption
P?is P-primary ideal of R, P? is a 2-absorbing ideal of R by [2, Theorem 3.1].
We conclude that P? is a prime ideal of R, and P2 = P, as desired. O

In [25], Gilmer studies the ring in which every semi-primary ideal is a primary
ideal.

Remark 14 Let R be aring in which every semi-primary is primary. By [25, Corol-
lary 2.2], for every nonmaximal prime ideal P of R, we have P? = P. Now Let M
be a maximal ideal of R, it is well known that M? is a 2-absorbing ideal of R by [3,
Theorem 3.1]. If R is a 2-AB ring, then R is quasi-local ring with a maximal ideal
M by [10, Theorem 2.9]. We conclude that M? is a prime ideal of R, and M> = M.
Thus for every prime ideal I of R, we have I*> = I.

Acknowledgements The authors would like to express their sincere thanks for the referee for
his/her helpful suggestions and comments.
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Abstract Let R be a prime ring of characteristic different from two, Q be the
Martindale quotient ring of R and C be the extended centroid of R. Suppose that d
is a derivation of R, I a nonzero ideal of R and m, k € Z* where m > 1. If

[(x ox ¥)?, x o Y™ = [(x o ¥)%, x op ¥]

for all x, y € I, then either d = 0 or R satisfies S4, the standard identity in four
variables. We also extend the result to semiprime rings.
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1 Introduction

Let Rbearingand 1 < m € Z*. Anelement x € R is said to be m-potent, if x™ = x.
Also, it is known as an idempotent element, for m = 2. A lot of work has been done
for m-potent matrices and m-potent preserving maps in the literature. In this direction,
the work of an eminent algebraist Jacobson [18] should be mentioned who established
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that: Any ring in which every element x is m-potent, i.e., x” = x, 1 < m € Z* must
be commutative. In [16], Herstein discussed the m-potent commutators of rings. More
precisely, he established the commutativity of a ring and proved that: A ring R must
be commutative if it has m-potent commutators, i.e., R satisfies [x, y]™ = [x, y]
for every x, y € R, where 1 <m € Z*. In 1994, Giambruno et al. [15] established
that a ring must be commutative if it satisfies [x, y]; = [x, y]x. Motivated by above
mentioned results, several identities have been investigated in various directions.
For results concerning derivations and their generalizations on similar differential
identities, we refer the reader to [1, 3, 4, 8, 12, 13, 23, 24, 26-28].

For each x,y € R and each k > 0, define x o, y inductively by x oy y = x,
xory=xy+yxand x o y = (x o1 y) oy for k > 1. The ring R is said to sat-
isfy an Engel condition if there exists a positive integer k such that [x, y]; = 0.
Note that an Engel condition is a polynomial [x, y]; = Z/;:O(—l)” (”;) "xyk=" (for
skew-commutator x oy y = Zi:o (ﬁ) y"xy*~") in non-commuting indeterminates
x, y. Recall that a ring R is prime if for any a, b € R, aRb = {0} implies a =0
or b = 0, and is semiprime if for any a € R, aRa = {0} implies a = 0. An additive
mapping d : R — R is called a derivation if d(xy) = d(x)y + xd(y) holds for all
x,y € R. In particular, d is an inner derivation induced by an element a € R, if
d(x) = [a, x] forall x € R. More information about derivations/generalized deriva-
tions having skew-commutators conditions on rings/algebras and their applications
can be found in [2, 5, 9, 17, 24, 25, 29, 30].

Our purpose here is to continue on this line of investigation and consider the case
of m-potent commutators involving derivations on kth skew-commutator x oy y, for
a fixed positive integer k > 1, which is not multilinear.

2 Main Results

In what follows, unless stated otherwise, R will be a prime ring. We denote the Mar-
tindale quotient ring of R by Q. Let C be the center of Q, which is called the extended
centroid of R. The definitions, the axiomatic formulations and the properties of these
quotient rings can be found [7]. Note that Q is also prime ring with identity and C
is a field.

Before proving our main theorem, we will fix some notations and collect some
known result which will be of use in the sequel.

Fact1 Let R be a prime ring and I a two sided ideal of R, then I, R, U satisfy the
same generalized polynomial identities with coefficient in U (see [10]).

Fact 2 Every derivation d of R can be uniquely extended to a derivation on U (see
Proposition 2.4.1 of [7]).
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Fact 3 ([6, Lemma 7.1 ]) Let p M be a left vector space over a division ring D with
dimpM > 2 and T € End(M). If x and T x are D-dependent for every x € M,
then there exists & € D such that Tx = Ax for all x € M.

We are now ready to prove the main result:

Theorem 1 Let m, k € Z", where m > 1. Next, let R be a noncommutative prime
ring with characteristic not two, I be a nonzero ideal of R and d be a derivation of
R.If[(x ox y)?, x o yI™ = [(x ox ¥)%, x o y] holds for every x, y € I, then either
d = 0 or R satisfies s4, the standard identity in four variables.

Proof By our hypothesis, [(x or ¥)?, x or y]" = [(x ox ¥)%, x o y]forallx, y € I,
that is, I satisfies the differential identity

£ 5 0

itj=k—1

n—1 m
+3° Z)y"x< > y’ydyx),xo;c y}

k=0 r+s=m—k—1

(RO Z e E Qe

k=1 i+j=k—1 k=0
n—1 n
k rod.s
+ (k)y x( > yyy)mcow}
k=0 r+s=m—k—1

for all x, y € I.In the light of Kharchenko’s theory [20], we split the proof into two
cases:

Firstly we assume that d is an inner derivation induced by an element ¢ € Q such
that x¢ = [¢, x] for all x € R. Thus, we have

PRI
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for all x, y € I. One can see that
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forall x, y € I. And hence we can write [[g, x o V], x o ¥]"" = [lg, x o y], x o ¥]
forall x, y € I.Since g ¢ C and hence [ satisfies nontrivial generalized polynomial
identity (GPI). By Chuang [10, Theorem 2], I and Q satisfy the same generalized
polynomial identities, thus we have

[[g, x or 1, x o 1" =[lgq, x ox ¥1, x ox y]

for all x, y € Q. In case the center C of Q is infinite, we have
[[g, x ox ¥, x ox y]" =[[q. x o y], x or ¥]

forallx, y € Q ®¢ C, where C is algebraic closure of C. Since both Q and Q ®¢ C
are prime and centrally closed [14, Theorems 2.5 and 3.5], we may replace R by
Q or Q ®c C according as C is finite or infinite. Thus we may assume that R is
centrally closed over C (i.e., RC = R) which is either finite or algebraically closed
and [[q, x ox y], x o yI" = [lg, x o y], x of y]forallx, y € R. By Martindale [22,
Theorem 3], RC (and so R) is a primitive ring having nonzero socle H with D as
the associated division ring.

Hence by Jacobson’s theorem [19, p. 75], R is isomorphic to a dense ring of linear
transformations of some vector space VV over D and H consists of the finite rank linear
transformations in R. If V is a finite dimensional over D, then the density of R on V
implies that R = M, (D), where t = dimp) . Assume first that dimp) > 3.

We want to show that, for any v € V, v and qv are linearly D-dependent.
Since dimp) > 3, then there exists w € V such that {v, gqv, w} is also linearly
D-independent. By the density of R, there exist x, y € R such that

XV=10,XqV =W, XW =W
yv =0, ygqv =0, yw =w.

These imply that O = ([[g.,x ox y].x o yI" — [[g. X ok y], x o yhv = 2™ —
2w # 0, a contradiction as char(R) # 2. So, we conclude that {v, gv} is linearly
D-dependent, for all v € V. Thus, by Fact 3, there exists A € C such that gv = vA for
any v € V. Let now for r € R, v € V. We can write gv = v, r(qv) = r(va), and
also g(rv) = (rv)a. Thus 0 = [g, r]v, forany v € V, thatis [g, r]V = 0. Since V is
a left faithful irreducible R-module, hence [¢, 7] = 0, forall r € R, i.e., g € Z(R)
and d = 0, which contradicts our hypothesis.
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Therefore dimp) must be < 2. In this case, R is a simple GPI-ring with 1, and
so it is a central simple algebra finite dimensional over its center. By Lanski [21,
Lemma 2], it follows that there exists a suitable field F such that R C M, (FF), the
ring of all # x ¢ matrices over I, and moreover, M, (IF) satisfies the same generalized
polynomial identity of R.

If we assume 7 > 3, then by the same argument as presented above, we get a
contradiction. As R is noncommutative, so we may assume that r = 2, i.e., R C
M, (IF), where M, (IF) satisfies [[q, x ox ¥], x ox y]™ = [[g, x ox ¥], x or y]. Denote
by e;; the usual unit matrix with 1 in (i, j)-entry and zero elsewhere. Since by
choosing x = ¢;;, y = ¢;;. In this case, we have [[q, e;;], ¢;;1" = [lg, e;;], eij].
q11 412

One can see that —2¢;;ge;; = 0. Now set g =
l]q 17) q <q21 q22

. By calculation, we find

00
see that g;; = 0. Thus we conclude that g is a diagonal matrix in M,(IF). Let
X € Aut (M, (F)). Since [[x(q), x (x) ox x (W], x (x) ok xM]™ = [[x (), x(x) ok
X1, x(x) ox x(»)]. So, x(q) must be diagonal matrix in M,(F). In particular,
let x(x) = (1 —e;j)x(1 +¢;;) fori # j. Then x(q) = g + (gii — gjj)e;j, that is,
gii = qj; fori # j. This implies that g is central in M, (IF), which leads to d = 0.

that —2(0 qﬁ) = 0, which implies that g;; = 0. In the same manner, we can

Secondly, we assume that d is an outer derivation on Q. Now by Kharchenko’s
theorem [20], [ satisfies the generalized polynomial identity

DA

i+j=k—1

n—1 " m
k ro\,S

() 2 ver)oan]

k=0 r+s=m—k—1

_ ~ (n i —k — (n k —k
| X)X oo (e
k=1 i+j=k—1 k=0
n—1
n r
B8, o)

r4+s=m—k—1
for all x, y € I and in particular I satisfies the polynomial identity
n n B m n n .
[Z < )ykwy” K x o y} = [Z ( )y"wy K x o y]
k=0 k k=0 k

for all x, y, w € I and hence it is satisfied by R. The last identity is a polynomial
identity so that there exists a field IF such that R and [F, satisfy the same identities. Thus

n
. n\ |k —k
pickx = e,y = ey, w = ey3, wesee that x o y = e and];) ()Y wy"™* = es3.
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Therefore

n n m n n
ey = [Z <k)ykwyn_k,x o y} - [Z <k>)’kwyn_k,x o y:| #0

k=0 k=0

a contradiction. Therefore ¢ < 2 and R satisfies s4. This completes the proof of the
theorem. (]

We immediately get the following corollary from the above theorem:

Corollary 1 Let 1 < m € Z*. Next, let R be a prime ring with characteristic not
two, I be a nonzero ideal of R and d be a derivation of R. If [(x o y)?, x o y]" =
[(x o ¥)¢, x o y] holds for every x, y € I, then either d = 0 or R satisfies s,.

From now on, R is a semiprime ring and U is the left Utumi quotient ring of R.
In order to prove the main results of this section, we will make use of the following
facts:

Fact 4 ([7,Proposition 2.5.1]) Any derivation of a semiprime ring R can be uniquely
extended to a derivation of its left Utumi quotient ring U, and so any derivation of
R can be defined on the whole U.

Fact5 ([11, p. 38]) If R is semiprime, then so is its left Utumi quotient ring. The
extended centroid C of a semiprime ring coincides with the center of its left Utumi
quotient ring.

Fact 6 ([11,p.42]) Let B be the set of all the idempotents in C, the extended centroid
of R. Suppose that R is an orthogonally complete B-algebra. For any maximal ideal
P of B, PR forms aminimal prime ideal of R, which is invariant under any derivation
of R.

Now we are ready to prove the following:

Theorem 2 Let m,k € Z7, where m > 1. Next, let R be a noncommutative
semiprime ring with characteristic not two, U the left Utumi quotient ring of R
and d be a derivation of R. If [(x o y)d, x o Y™ = [(x of y)d, x o y] holds for
every x,y € R, then there exists a central idempotent element e € U, such that
U=eUP —e)U, deU) =0and (1 — e)U satisfies s4(x1, X2, X3, X4).

Proof ByFact5, Z(U) = C,the extended centroid of R, and by Fact4, the derivation
d can be uniquely extended on U. Since R and U satisfy the same differential
identities, then [(x oy y)d, x o Y™ = [(x o y)d, x o y]forall x,y € U. Let B be
the complete Boolean algebra of idempotents in C and M be any maximal ideal of
B. Since U is an orthogonally complete B-algebra [11, p. 42], thus by Fact 6, MU
is a prime ideal of U, which is d-invariant. Let d be the derivation induced by d
on U =U/MU. Since Z(U) = (C + MU)/MU = C/MU, then [(x o y)?, x o
¥ = [(x o y)d, x o y], for all x,y e U. Moreover U is prime, hence we may
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conclude, by Theorem 1, either d=01in U or U satisfies s4. This implies that,
for any maximal ideal M of B, either d(U) € MU or s4(x1, X2, X3, X4) € MU, for
all xy, x3, x3, x4 € U. In any case d(U)s4(x1, x2, X3, x4) S ﬂM MU = 0. From [7,
Chap. 3], there exists a central idempotent element e of U, the left Utumi quotient ring
of R, such that on the direct sum decomposition U = eU @ (1 —e)U, d(eU) =0
and the ring (1 — e)U satisfies s4. This completes the proof of the theorem. (I
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A Brief Survey on Semiprime )
and Weakly Compressible Modules e

N. Dehghani and M. R. Vedadi

Abstract This is a brief survey on a module generalization of the concepts of
prime (semiprime) for a ring. An R-module M is called weakly compressible if
Hompg (M, N)N is nonzero for every 0 # N < M. They are semiprime (i.e., M €
Cog(N) for every N <., Mg). We show that there exist semiprime modules which
are not weakly compressible. Further, we investigate when a semiprime module is
weakly compressible over any ring R. For certain rings R, including prime hereditary
Noetherian rings, weakly compressible (semiprime) modules are characterized. In
continue, we study rings R whose every semiprime module is weakly compressible
(say in this case, R is a SW ring). Duo Noetherian SW rings are shown to be local. If
R is Morita equivalent to a Dedekind domain, then R is SW if and only if it is either
simple Artinian or J(R) # 0.

Keywords Semiprime - Weakly compressible + Semi-Artinian - Krull dimension
SW ring

1 Introduction

Throughout this paper, rings will have a nonzero identity, modules will be right
and unitary. In the literature, there are several module generalizations of a prime
(semiprime) ring R, see [14, Sects. 13 and 14] for an excellent reference. These gener-
alizations introduce various concepts of semiprime (prime) modules and many impor-
tant theories on semiprime (prime) rings are generalized to modules by them; see
Behboodi [2], Smith et al. [8], Haghany and Vedadi [9], Lomp [11] and Zelmanowitz
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[15]. A generalization of prime rings was introduced and studied by Bican et al.
in [3]. They called a module Mg *-prime provided Homz (M, N)K =: NxK =0
implies that N = 0 or K = 0 for all submodules N and K of My (equivalently for
any 0 # L € My, there exists a set A such that M embeds in L™). Modules Mg
in which N x N # 0 for all 0 # N C My was considered by Avraamova in [1] as
weakly compressible modules. Lomp in [11] called an R-module M semiprime if for
every essential submodule N of My, there exists a set A such that M embedsin N ATt
is easy to see that both semiprime and weakly compressible concepts are coincidence
for any ring R. Weakly compressible modules have been applied in different situa-
tions. For example, in the study of weakly semisimple modules by Zelmanowitz [15]
and modules which have semiprime right Goldie endomorphism rings by Haghany
and Vedadi [10, Theorem 2.6]. They have also appeared in the Cohen-Fishmans ques-
tion about the semiprimeness of the smash product A#H when H is a semisimple
Hopf algebra and A is a semiprime H-module algebra. Lomp in [11, Corollary 7.6]
showed that for certain semisimple Hopf algebra H, A#H is a semiprime ring if and
only if the A#H-module A is weakly compressible.

In this survey, we state salient results by main contributors on this topic and some
recent results by the authors. In order to study semiprime modules, Lomp in 2005 has
shown that every semiprime module is weakly compressible. However, the converse
has been asked as the following question.

Question 1 ([11, Open problem 2, p. 92]) Is a semiprime module weakly compress-
ible?

In this survey, we give a complete answer to this question by showing that there are
semiprime modules which are not weakly compressible. Furthermore, we investigate
under what conditions a semiprime module is weakly compressible. For example, we
show that over a commutative ring R, every semiprime R-module with finite uniform
dimension is weakly compressible (Theorem 6). In continue, we investigate rings R
whose every semiprime module is weakly compressible, say SW ring. To investigate
SW rings, first we consider the case that all R-modules are weakly compressible. For
many rings R, including commutative rings, it is proved that R is a SW ring if and
only if the class of weakly compressible modules is enveloping for mod- R (Theorem
15). Every right semi-Artinian ring is SW. Duo Noetherian SW rings are shown to be
local (Theorem 16). If R is Morita equivalent to a Dedekind domain, then R is SW if
and only if R is simple Artinian or J(R) 7# 0 (Theorem 18). Semiprime and weakly
compressible modules have been characterized over certain rings R, including prime
hereditary Noetherian rings (Theorems 10 and 11).

Let M be an R-module. The notations N € M, N < M, N <., K,or N <g M
mean that N is a subset, a submodule, an essential submodule, or a direct summand
of Mg, respectively. The notation M# means [],., M; where A is a set and each
M; ~ M.If X € M, then the right annihilator X in R will be denoted by Anng (X).
The singular (second singular) submodule of My is denoted by Z(M) (Z,(M)).
Also, if X and Y are R-modules, then N{kerf | f : Xz — Yg} and N{kerf | f :
Xr — Tg where Ty is simple} are denoted by Rej(X, Y) and Rad(X), respectively.
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If there exists an R-monomorphism from X to Y, we write X < Y. The module
X is cogenerated by Y (write X € Cog(Y)) if Rej(X,Y) = 0. Any unexplained
terminology and all the basic results on rings and modules that are used in the sequel
can be found in [12].

2 Main Results

We carry out a study of semiprime and weakly compressible modules. Below we
explain the relation between them that was proved by Lomp.

Theorem 1 ([11, Theorem 5.5]) Consider the following statements on an R-module
M.

(a) Mg is weakly compressible;

(b) My, is semiprime;

(c) M is a subdirect product of prime modules;

(d) Anng(N) = Anng (M) for every essential submodule N of M;

(e) Anng (M) is semiprime.

Proof Then the implications (a)= (b)= (c) = (d) = (e) hold. If M is a torsionless
as R/Ann(M)-Module, then all statements (a)—(e) are equivalent. ([l

By the above result, every semiprime module is weakly compressible. However,
the converse is asked as Question 1. In the following two examples, we give a
positive answer to it by showing that there are semiprime modules which are not
weakly compressible.

Example 2 Let P be the set of all prime integer numbers and p € P. Consider
the Z-module N = {m/p" | m,n € Z,n > 1}. Then foreach q € P \ {p},qN isa
maximal submodule of Nz. To see this, note that g N # N and suppose that K is
any submodule of Nz such that gN C K and m/p' € K \ gN. Hence (m, q) = 1.
Also, if a/p” € K for some r > 1 and (a,q) = 1, then 1/p” € K. It follows that
1/p* € K foralln > 1 (taken > t orn < t). Therefore K = N and so g N is a max-
imal submodule. Clearly () g+p 4N =0 and so N is isomorphic to a submodule of
[I,cp N/qN. Therefore [, p N/gN isasemiprime module [5, Proposition 2.1(e)].
We show that Nz is not weakly compressible. Because if Nz is weakly compressible,
then Homz (N, Z) # 0 and since N is uniform, we musthave N < Z, contradiction.

Thus by [5, Proposition 2.1 (f)], [ | gep N/gN is not weakly compressible.

Aring R is called right semi-Artinian if every factor ring of R has a nonzero socle.

Example 3 Let R be a commutative regular ring which is not semi-Artinian (for
example R = []Z,). Since R is a regular ring, Rad(M) = 0 for all R-modules.
Hence every R-module embeds in a product of simple modules. Note that the class
of semiprime R-modules is closed under products [5, Proposition 2.1(e)]. On the
other hand, since R is not semi-Artinian, there exists an R-module M which is
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not weakly compressible by Theorem 13 later in this section. Now if M embeds
in a semiprime R-module L, then L is not weakly compressible by [5, Proposition

2.1()].

Now itis a natural question “under what conditions, a semiprime module is weakly
compressible”. In the following, the authors showed that under some conditions, it
happens. An R-module M is called torsionless if M <> R“ where A is a set.

Theorem 4 ([6, Proposition 2.2]) Every torsionless module over a semiprime ring
is weakly compressible.

We say that an R-module M is dual semiprime and denoted as d-semiprime in short
whenever the condition M € Cog(N) implies N <.;; M for any nonzero submodule
N of Mg. A semisimple module My, is d-semiprime if and only if its homogenous
components have length 1. Clearly, every uniform module is a d-semiprime module
which is not necessarily a semiprime module. For example, the module Q7 is not
semiprime because Homy(Q, Z) = 0. Further examples of d-semiprime modules
include Duo modules (i.e., a module My, is duo if every submodule of My, is fully
invariant).

Theorem 5 ([4, Theorem 2.2]) (a) Every semiprime d-semiprime R-module is a
weakly compressible module.

(b) Duo semiprime R-modules are weakly compressible.

(c) Every semiprime polyform R-module is weakly compressible.

We say that a ring R is right (essentially) duo if every nonzero (essential) right
ideal of R is an ideal. It can be shown that n x n (upper triangular) matrix rings
over a field are right essentially duo and that are not right duo when n > 1. In the
following, we investigate when a semiprime module with finite uniform dimension
is weakly compressible.

Theorem 6 ([4, Theorems 2.8 and 2.9]) Let R be a ring. Then every semiprime R-
module with finite uniform dimension is weakly compressible if one of the following
cases occurs.

(a) R is a right essentially duo ring;

(b) R is a commutative ring;

(c) R is a right FBN ring.

In the following, authors study the class of semiprime and weakly compressible
modules separately and characterize them on certain rings. Some equivalent condi-
tions for weakly compressible modules have been obtained by Lomp.

Theorem 7 ([11, Theorem 5.1]) The following statements are equivalent for an R-
module M.

(a) Mg is weakly compressible;

(b) Homg (M, N)? # 0 for all nonzero N < Mg;

(c) N NRej(M, N) =0 for any nonzero N < Mp.
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In the following, authors give more equivalent conditions for a nonzero module
M to be weakly compressible. Let M be an R-module and N be a submodule of M.
We say that M is N-weakly compressible if for each nonzero submodule K of N,
there exists an R-homomorphism f : M — K such that f(K) # 0.

Theorem 8 ([6, Theorem 2.5]) The following conditions are equivalent for a
nonzero R-module M.

(a) Mg is weakly compressible;

(b) For every nonzero N < M, there exists f € Homg (M, N) such that f2 #0;
(c) N 4 Rej(M, N), for every nonzero N < Mpg;

(d) M| & Rej(M, M) for all nonzero isomorphic R-modules M| and M;;

(e) There exists an essential submodule N of Mg such that M is N-weakly compress-
ible;

(f) There exists submodule N of My such that M is N-weakly compressible and
M/ N is weakly compressible;

(g) There exists a semiprime ideal I of R such that M1 = 0 and M is Rej(M, R/I)-
weakly compressible;

(h) M is Z(M)-weakly compressible and M /Z,(M) € Cog(R /1) for some semiprime
ideal I C anng(M).

The condition (h) in Theorem 8 shows that the study of weakly compressible
modules can be reduced to the study of such modules when they are either singular
or nonsingular. A characterization of weakly compressible abelian groups has been
obtained by Samsonova in [13].

Theorem 9 ([13, Main Theorem]) A Z-module M is weakly compressible if and
only if Z(M) is semisimple and M /Z(M) is torsionless.

In the next two results, semiprime and weakly compressible modules have been
characterized over certain rings including prime hereditary Noetherian rings. If R is
a hereditary Noetherian ring, then by [12, Proposition 5.4.5], every nonzero singular
R-module has a nonzero socle. We call such rings R right singular semi-Artinian.

Theorem 10 ([6, Theorem 4.1]) Suppose that R is a right singular semi-Artinian
ring, Mg is nonzero and M1 = 0 for some ideal I of R. If Mg is semiprime, then
M € Cog(Soc(M) & R/I). The converse holds if I is a prime ideal of R.

Theorem 11 ([6, Theorem 4.5]) Suppose that M is a nonzero R-module and M1 =
0 for some semiprime ideal I of R. If M € Cog(Soc(M) & R/I) and M /Soc(M) €
Cog(R/I), then My is weakly compressible. The converse holds if R is a right
singular semi-Artinian ring such that every cyclic R-module has a finitely generated
socle or acc on direct summands.
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The result of Samsonova has been extended to PID by authors.

Theorem 12 ([6, Corollary 4.6]) Let R be a prime right singular semi-Artinian
ring such that cyclic R-modules have finite uniform dimensions. Then the following
statements hold for Mg.

(@) M € Cog(Soc(M) @ R) and M /Soc(M) € Cog(R) if and only if Mg is weakly
compressible;

(b) M € Cog(Soc(M) & R) if and only if Mg is semiprime;

(c) If My, is semiprime, then either My is semisimple or Z(M) = Soc(M);

(d) Furthermore, if R is a PID, then M /Soc(M) € Cog(R) if and only if My is
weakly compressible.

In continue, we investigated rings whose every semiprime module is weakly com-
pressible. Rings with the latter property are called SW. In order to study SW rings,
they first investigate the stronger cases “when all R-modules are weakly compress-
ible?” A ring R is called right duo (right quasi-duo) if every right ideal (right maximal
ideal) of R is a two-sided ideal.

Theorem 13 ([5, Proposition 3.7]) Let R be a ring. Consider the following condi-
tions.

(a) R is a right semi-Artinian right V-ring;

(b) All R-modules are weakly compressible;

(c) All R-modules are semiprime;

Then (a)= (b) < (c). All conditions are equivalent if the ring R is Morita equivalent
to a right quasi-duo ring.

Theorem 14 ([5, Proposition 3.5 and Corollary 3.9]) (a) If R is a right semi-Artinian
ring, then R is SW.

(b) Let R be a strongly regular ring. Then R is SW if and only if R is a semi-Artinian
ring.

A class C of R-modules is said to be enveloping if for every R-module M there
exist E € Cand 6 : M — E such that (E, ) is an envelop for M (i.e., (i) For every
0 : M — E € thereexists ¢ : E — E with ¢80 = 6. (ii) If in (i), 0 = 6 then ¢ is
an automorphism); see [7].

Theorem 15 ([5, Theorem 3.3]) Let R be Morita equivalent to a right essentially duo
ring, Spec(R) the set of all prime ideals of R and A = {P € Spec(R) | P <.;s Rgr}.
The following conditions are equivalent.

(a) R is SW;

(b) The R-module [ |, R/ P is weakly compressible;

(c) The class of weakly compressible R-modules is enveloping.

A ring R is called semilocal if Max(R) is a finite set where Max(R) = {P is an
ideal of R | R/ P is a simple ring}. In the following, we study Noetherian SW rings.

Theorem 16 ([5, Theorem 3.11]) If R is a right duo right Noetherian SW ring, then
R is a semilocal ring.
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The classical Krull dimension of a ring R, if exists, is denoted by dim(R). For
aring R, we have dim(R) = 0 which means every prime ideal of R is a maximal
ideal, see for example [12, 6.4.3]. Finally, we show that for Noetherian duo rings R
with dim(R) < 1, including integral Dedekind domains, the converse of Theorem
16 holds.

Theorem 17 ([5, Theorem 3.12]) Let R be a right duo right Noetherian ring with
dim(R) < 1. Then the following statements are equivalent.

(@) Risa SWring;

(b) R is a semilocal ring;

(c) Spec(R) is a finite set;

(d) VP € Min(R) \ Max(R),J(R/P) # 0.

We end the paper by giving a characterization of SW rings that are the Dedekind
domain.

Theorem 18 ([5, Corollary 3.13]) Let R be a Dedekind domain. Then the class
of weakly compressible R-modules is enveloping if and only if R is either simple
Artinian or J(R) # 0.
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Abstract The purpose of this paper is to investigate the commutativity of prime
rings with involution ‘x’ of the second kind in which a pair of derivations satisfy
certain *-differential identities.
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1 Introduction

Throughout this article, R will represent an associative ring with center Z(R). We
denote [x, y] = xy — yx, the commutator of x and y and x o y = xy + yx, the
anti-commutator of x and y. A ring R is said to 2-torsion free if 2x = 0 (where
X € R) implies x = 0. A ring R is said to be prime if aRb = (0) (where a, b € R)
implies either a = 0 or b = 0, and is called semiprime ring if aRa = (0) (where
a € R) implies a = 0. A mapping * : R — R is called an involution if it satisfies
the conditions (x + y)* = x* + y*, (xy)* = y*x* and (x*)* = x for all x,y € R.
An element x in a ring with involution is said to be hermitian if x* = x and skew-
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hermitian if x* = —x. The sets of all hermitian and skew-hermitian elements of R
will be denoted by H (R) and S(R), respectively. A ring equipped with an involution
is known as ring with involution or *-ring. The involution is said to be of the first
kind if Z(R) C H(R), otherwise it is said to be of the second kind. In the later
case, S(R) N Z(R) # (0). If R is 2-torsion free, then every x € R can be uniquely
represented in the form 2x = h + k, where h € H(R) andk € S(R). Note thatin this
case x is normal, i.e., xx* = x*x, if and only if & and k commute. If all elements in
R are normal, then R is called a normal ring. An example is the ring of quaternions.
A description of such rings can be found in [14], where further references can be
found. A derivation on R is an additive mapping d : R — R such that d(xy) =
d(x)y 4+ xd(y) for all x, y € R. A derivation d is said to be inner if there exists
a € Rsuchthatd(x) = ax — xaforall x € R. Over the last 30 years, several authors
have investigated the relationship between commutativity of prime and semiprime
rings and certain special types of maps on R. The first result in this direction is due
to Divinsky [13], who proved that a simple Artinian ring is commutative if it has a
commuting non-trivial automorphism. Two years later, Posner [19] proved that the
existence of a nonzero centralizing derivation on a prime ring forces the ring to be
commutative. Over the last few decades, several authors have refined and extended
these results in various directions (see [5, 7-9, 11] where further references can be
found).

In [1], the second author together with Dar established a x-version of classical
theorem due to Posner’s [19]. In fact, they proved that, if R is a prime ring with
involution ‘x’ such that char(R) # 2 and d is a nonzero derivation of R satisfying
[d(x),x*] =0 forall x € R and d(Z(R)) # (0), then R is normal. The mentioned
theorem attracts attention of many researchers in the classical ring theory viz.; [2,
12, 15-18] where further references can be found. Very recently, Nejjar et al. [16]
improved the result proved in [1] and established the commutativity of prime rings
with involution in more general setting. The main purpose of this paper is to establish
a corresponding result obtained in [1, 16], respectively, for a pair of derivations.

2 Main Results

Our first theorem is motivated by the x-version of Posner’s theorem proved in [1].
In fact, we prove the following result for a pair of derivations.

Theorem 2.1 Let R be a prime ring with involution ‘x’ of the second kind such that
char(R) # 2. Let d\ and d, be nonzero derivations of R. Then following statements
are equivalent:

(i) di(x)x* — x*dy(x) =0 forallx € R,

(ii) R is a commutative integral domain and d, = d,.

Proof We need only to prove nontrivial implication.
(i) = (ii) By the assumption, we have
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di(x)x* —x*dr(x) =0 forall x € R. 2.1)
On linearization, we get
di(x)y* +d(y)x" — x*dy(y) — y*d(x) =0 forall x,y € R. 2.2)
Replacing y by hy, where y € Rand h € H(R) N Z(R), we get
di(xX)y*h + di(V)x*h + ydi (h)x™ — x*dy(y)h — x*ydy(h) — y*hdy(x) =0
for all x, y € R. Using (2.2), we obtain
di(h)yx* — x*ydy(h) =0 forall x,y € R. (2.3)
Taking x = y = k where k € S(R) N Z(R) in (2.3), we get
(di(h) — dy(h))k*> = 0 forall h € H(R)N Z(R) and k € S(R) N Z(R). (2.4)

Using the primeness of R, we have d;(h) — dy(h) =0 for all h € H(R) N Z(R)
or k2 =0 for all k € S(R) N Z(R). Since S(R) N Z(R) # (0), we are forced to
conclude that d, (h) = d,(h) forallh € H(R) N Z(R). Thus in view of (2.3), we get
(yx* —x*y)d;(h) = 0 for all x, y € R. Again by the primeness of R either yx* —
x*y =0forallx,y € Rord;(h) =0forallh € H(R) N Z(R). Now yx* —x*y =
Oforallx, y € Rimplies that R is commutative. Therefore, we are left with d, (h) = 0
forallh € H(R) N Z(R). Replace y by ky in (2.2) where k € S(R) N Z(R) and add
with k times (2.2), we get 2(d; (y)x* — x*d,(y))k = O for all x, y € R. Invoking the
primeness of R and using the fact that char(R) # 2 and S(R) N Z(R) # (0), we
arrive at d; (y)x* — x*d>(y) = 0 for all x, y € R. Hence in view of [10, Theorem
4.1], R is commutative. Then (2.1) becomes (d;(x) — d>(x))x* = 0 for all x € R,
that is

D(x)x* =0 forall x € R, (2.5)

where D is a derivation defined by D = d; — d,. Moreover, it is easy to see that (2.5)
implies D = 0 and thus d; = d,. This completes the proof of the theorem. O

Remark 2.1 In the above theorem, if we replace d, by —d,, we get d;(x)x* +
x*dy(x) =0 for all x € R. Therefore, if R satisfies the x-differential identity
di(x)x* 4+ x*dy(x) = 0 for all x € R, then R is a commutative integral domain and
in this particular situation, we conclude that d; = —d5.

Theorem 2.2 Let R be a prime ring with involution ‘x’ of the second kind such
that char(R) # 2. Let d, and d, be derivations of R. Then following statements are
equivalent:

(i) di(x) odr(x*) =[x, x*] forall x € R,
(ii) R is a commutative integral domain and either dy = 0 or d, = 0.
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Proof (i) = (ii).If either d, or d; is zero, then we have either [x, x*] = 0 for all
x € R. Then in view of [16, Lemma 2.1], R is commutative. Next we assume that
both d; and d, are nonzero. Then by the given assumption, we have
di(x) ody(x™) =[x, x*] forall x € R. (2.6)
This can be written as
di(x)dy(x™) + dr(x)d) (x) = xx* — x*x forall x € R. 2.7
Replacing x by x + y in (2.7), we get
di(x)d> (x*) + di1 ()2 (") + di ()2 (x) + di (y)da (y") (2.8)
+do(x)di (x) + d2(x)di (y) + do(y")di (x) + da(y")di ()
=xx* +xy* + yx* 4+ yy* —x*x —x*y — y*x — y*y forallx, y € R.
Using (2.7) in (2.8), we have
dy()da(y") + dy (Nda () + dp )y () + dp (y)dy () = 2y + yx" = 2Ty —y'x o (2.9)
for all x, y € R. Substituting hy by y in (2.9) where h € H(R) N Z(R), we obtain
di(x)dx(y)h + di(x)y*da(h) + di () yda (x™) + hdy (y)da(x™)
+do (x)di (h)y + do(x)hdy (y) + da(y*)hd (x) + y*do(h)d; (x)
= (xy*+ yx* —x*y — y*x)h forall x,y € R.
Multiplying (2.9) by k& and combining it with (2.9), we get
(di(x) 0 y*)da(h) +di(h)(y 0 d2(x*)) =0 (2.10)
for all x, y € R. Replacing y by ky in (2.10) where k € S(R) N Z(R), we arrive at
—(d(x) o ykdz(h) + di(hk(y 0 dr(x™)) =0

for all x, y € R. Multiplying (2.10) by k where k € S(R) N Z(R) and adding with
last relation, we get

2d; (Wk(y 0 d>(x*)) = 0 forall x,y € R.

Since char(R) # 2 and R is prime, we get either d;(h) = 0 or y o dr(x*) = 0. Now
suppose y o dp(x*) = 0. This further implies that y o d,(x) = 0 for all x,y € R.
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Thus R is commutative in view of [20, Theorem 1]. On the other hand, suppose
di(h) =0forall h € H(R) N Z(R). This in turn implies that d,(z) = 0 for all z €
Z(R). Thus in view of (2.10), we get (d;(x) o y*)dy(h) = 0 for all x, y € R. Again
using primeness, we get either (d;(x) o y*) forall x, y € Rord,(h) =0forall h €
H(R) N Z(R). Suppose (d;(x) o y*) =0 for all x, y € R, then R is commutative
[20, Theorem 1]. Now consider the case d> (h) = 0, which further implies thatd,(z) =
0 for all z € Z(R). Replacing y by ky in (2.9) where y € R and k € S(R) N Z(R),
we get

(=i ()2 (y") + d1(0)da(x™) + da(x™)d1 (y) — da(y™)d1 (x)k
= (—xy" + yx* —x*y + y*x)k forall x,y € R.

Multiplying (2.9) by k where k € S(R) N Z(R) and adding with the previous equa-
tion, we finally arrive at

2(d) (y)dy (x*) + dp(x*)d; (y) — [y, x*]) =0 forall x,y € R.
Substituting x* for x, and using the fact that char(R) # 2, we get
(d1(y)dy(x) + dy(x)d; (y) — [y, x]) =0 forall x,y € R.

This implies that

(di(y) odr(x) — [y,x]) =0 forall x,y € R. 2.11)
Thus in view of [4, Theorem 2.4 for n = m = 1], we get that R is commutative.
Henceforward, the relation (2.11) reduces to 2d; (y)d>(x) = Oforall x, y € R. Since
char(R) # 2, the lastrelation gives thatd) (y)d,(x) = Oforallx, y € R. Thisimplies
that either d; = 0 or d, = 0, which leads a contradiction, i.e., we are forced to

conclude that at least one of them d; and d, must be zero. This completes the proof.
O

Theorem 2.3 Let R be prime ring with involution ‘x’ of the second kind such
that char(R) # 2. Let dy and dy be two nonzero derivations of R such that
[di(x), x*d>(x)] = 0 for all x € R, then R is a commutative integral domain.

Proof Assume that
[di(x), x*d>(x)] = 0 forall x € R. (2.12)
Linearization of (2.12) gives us

[di(x), x*da(x)] + [dy (x), x*d2 ()] + [d1 (x), y*da(x)] + [di (x), y*d2(y)]
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+1di(y), x*d2 ()] + [di (y), x*da ()] + [d1(y), y*d2 ()] + [d1 (¥), y*da(y)] = O
forall x, y € R. Application of (2.12) yields that
[di(x), x*d2(V)] + [di (x), y*da(x)] + [di (x), y*da(y)] (2.13)
+ldi(y), x*d2 ()] + [di (y), x*d2()] + [d1(y), y*da(x)] = O forall x,y € R.
Replacing y by 1 where i € H(R) N Z(R), we get
[d) (x), x*1dy(h) + h[d (x), dr(x)] = O forall x € R. (2.14)
Linearization on x gives
(ldi(x), Y"1+ [di(y), x*Dda(h) + h([d1 (x), &2 (¥)] + [d1 (), da(x)]) = 0 (2.15)
forallx, y € R. Now taking hy for y where y € Randh € H(R) N Z(R), we obtain

[dy (x), y*hda(h) + [dy (y), x*Thda () + [y, x*1d1 (B)da () + h*[d} (x), da ()] (2.16)

+hldi (x), ylda(h) + h*[di(y), doy(x)] + hdy (W)[y, d2(x)] = 0 forall x, y € R.
Multiplying (2.15) by 4 and using in (2.16), we get
[y, x*1di (h)da(h) + hldy (x), ylda(h) + hdy(h)]y, d2(x)] =0 2.17)

forx,y € Randh € H(R) N Z(R).Replacing x by kx where x € Randk € S(R) N
Z(R), we arrive at

— [y, x*lkd\ (h)da(h) + hk[d:(x), y1da(h) + hlx, yldi (k)d>(h) (2.18)
+hd,(W)y, d2(x)]k + hdy(h)[y, x1d2(k) =0 forall x,y € R.
Multiplying (2.17) by k where k € S(R) N Z(R) and adding with (2.18), we get
2hk([dy(x), ylda(h) + [y, da(x)1d1 (h)) + hlx, yld1 (k)da(h) + hdy (W)]y, x1da (k) =0
forall x, y € R. Taking y = x, the last expression gives
2hk([di(x), x]d2(h) + [x, d2(x)]d, (h)) =0 forall x € R
Since char(R) # 2, S(R) N Z(R) # (0), and R is prime, we conclude that

[di(x), x]d2(h) 4 [x, da(x)]di1 (h) = O forall x € R. (2.19)
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Replacing y by x in (2.17), we get
[x, x*1d1 (h)da(h) + hldi (x), x1d2(h) + hdy(h)[x, d2(x)] = 0 (2.20)

for x € R. Using (2.19) in (2.20), we get [x, x*]d;(h)d,(h) = 0 for all x € R. By
the primeness of R, we get either [x, x*] = O forall x € R or d;(h)d>(h) = 0 for all
h € H(R) N Z(R). If we consider [x, x*] = O forall x € R. Hence, this implies that
R isnormal. Theninview of [1, Lemma 2.1], R is commutative. Now consider the sec-
ond part dy (h)dy(h) = 0 for all h € H(R) N Z(R). Using primeness condition, we
get either d; (h) = 0 or d(h) = 0. If consider d; (k) = O for all h € H(R) N Z(R),
then by (2.17), we get hl[d;(x), yld>(h) = O for all x, y € R. Further, the prime-
ness condition yields [d;(x), yld,(h) = O for all x, y € R. Again by the primeness
condition, we have either dy(h) = 0 forall h € H(R) N Z(R) or [d;(x), y] = 0 for
all x, y € R. If we consider [d,(x), y] = 0 for all x, y € R. This gives R is com-
mutative by Posner’s result [19]. Therefore, we are left with the case d,(h) = 0 for
all h € H(R) N Z(R). Similarly in view of (2.17), we get either d;(h) = 0 for all
h € H(R) N Z(R). Replacing y by h where h € H(R) N Z(R) in (2.13) and using
di(h) =0and dy(h) =0forall h € H(R) N Z(R), we get h[d|(x), d>(x)] = O for
all x € R. Now using the primeness and S(R) N Z(R) # (0) conditions, we get

[di(x),dr(x)] =0 forall x € R. (2.21)

Replacing x by x + y*, we get
[di(x), da(y)] + [di(¥), dr(x*)] =0 forall x,y € R. (2.22)
Taking yk for y in (2.22), where k € S(R) N Z(R), we get 2[d; (), d»(x*)]k = 0 for
all x, y € R, since char(R) # 2 and S(R) N Z(R) # (0), we get [d1(y), d>(x)] =0
for all x, y € R. Thus in view of [3, Theorem 3.1], we obtain R is commutative. []

Theorem 2.4 Let R be a prime ring with involution ‘x’ of the second kind such that
char(R) # 2. There are no derivations dy and dy of R such that [d,(x), dr(x™)] =
x ox*forall x € R.

Proof If either d; or d, is zero, then we have x o x* = O for all x € R, which assures
that x = 0 for all x € R so that R is a trivial ring R = {0}, which is impossible.
Henceforth, we assume that both d; and d5 are nonzero, and we have
[di(x), d2(x™)] = x ox™ forall x € R. (2.23)
Replacing x by x + y in (2.23), we get
[di(x), d2(x)] 4+ [di(y), da ()] + [di (%), do(y)] + [di (), da(x™)]

=xox +yoy +xy +yx*+x*y+y'x
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for all x, y € R. Application of (2.23) gives
[dy(x), 2 (y)] + [di (), do(x™)] = xy* + yx* 4+ x*y + y*x (2.24)

for all x, y € R. Taking hy for y in (2.24) where x,y € Rand h € H(R) N Z(R),
we have

h(ldi(x), 2 ()] + [di(y), da(x)]) + [di(x), y*1da(h) + di(h)]y, da(x™)]
(2.25)
=h(xy*+ yx*+x*y + y*x) forall x,y € R.
Using (2.24), (2.25) reduces to
[di(x), y*1da(h) + dy(B)[y, d>(x*)] =0 forall x, y € R. (2.26)
Replacing y by ky, where k € S(R) N Z(R), we get
— [di(x), y*lkd>(h) + di(h)k[y, dr(x*)] = 0 forall x, y € R. (2.27)
Multiplying (2.26) by k and adding with (2.27), we obtain
2d; (Wk[y, d(x*)] =0 forall x, y € R.
Since char(R) # 2, the last expression gives
di(hWk[y, dy(x*)] =0 forallx,y € R.
Invoking the primeness of R and the fact that S(R) N Z(R) # (0), we get
either dy(h) =0 or [y, dr(x*)] =0 forallx, y € R. (2.28)
If [y, d,(x*)] = 0 implies that R is commutative in view of Posner’s result [19].
Therefore, we are left with d; (h) = Oforallh € H(R) N Z(R). Using this in (2.27),
we obtain
—[dy(x), y*lkd>(h) = 0 forall x,y € R.
Using the primeness, we get

dy(h) =0 forall h € H(R) N Z(R). (2.29)

or
[di(x), y*]1=0 forall x,y € R.

Again if [d;(x), y*] = 0, using Posner’s result [19], we conclude that R is commu-
tative. Therefore, we are left with the case d,(h) = O forallh € H(R) N Z(R). This
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implies that d,(k) = 0 for all k € S(R) N Z(R) and hence d»(Z(R)) = (0). Simi-
larly in view of (2.28), we get d, (Z(R)) = (0). Now replace y by ky in (2.24) where
ke S(R)NZ(R), we get

— [di(x), 2 (y")Ik — [di(x), y*Ida (k) + di (K)[y, do(x™)] + k[d1 (), d2(x™)]
(2.30)
= —xy*k + kyx* + x*ky — ky*x

forallx,y € Randk € S(R) N Z(R). Now multiplying (2.24) by k € S(R) N Z(R)
and adding with (2.30), we get

2[d; (y), dy (x™)]k = 2k(yx* + x*y) forall x,y € R.
Since char(R) # 2, the last relation implies that
k([di(y), dr(x™)] — (y 0 x™)) =0 forall x,y € R.
The primeness of R yields that
[di(y), dr(x*)] — (yox™) =0 forall x,y € R.
Now replace x by x* to get
[di(y),d2(x)] — (yox) =0 forall x,y € R.

Taking y by h, where h € H(R) N Z(R), we get 2xh = 0 for all x € R. Since
char(R) # 2 and S(R) N Z(R) # (0), we arrive at x = 0 for all x € R, which gives
a contradiction. Hence R is commutative. Then, Eq. (2.23) gives 2xx* = 0 for all
x € R. Since char(R) # 2, this implies that xx* = 0 for all x € R, which obviously
leads to x = O for all x € R, which is impossible. Hence, there exist no such deriva-
tions for which [d;(x), d>(x*)] = x o x* for all x € R. This completes the proof of
the theorem. ([l
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Approximation of a Common Fixed Point | M)
of Two Nonlinear Mappings with Sheshee
Nonsummable Errors in a Banach Space

Takanori Ibaraki, Shunsuke Kajiba, and Yasunori Kimura

Abstract In this paper, we study an iterative scheme for two nonlinear mappings
with errors in a uniformly convex and uniformly smooth Banach space. We con-
sider that the sequence including errors for obtaining the value of metric projection
still has an efficient property for approximating a common fixed point of two map-
pings. Moreover, we prove a convergence theorem for a common fixed point of two
mappings in a Banach space.

Keywords Common fixed point - Relatively nonexpansive + Quasinonexpansive *
Shrinking projection method - Iterative scheme + Metric projection - Error term
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1 Introduction

Let E be a real Banach space. We say that a mapping 7 from a nonempty closed
convex subset C of E to E is nonexpansive if ||[Tx — Tyl < ||x — y|| for every
x,y € C. The fixed point problem for a nonexpansive mapping is defined so as to
find a fixed point of T, that is, a point z € C satisfying that z = Tz. We may apply
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it to various types of nonlinear problems, such as convex minimization problems,
variational inequality problems, equilibrium problems, and others.

For this problem, we consider not only the existence but also the approximation
methods of its solution. In the metric fixed point theory, iterative methods for nonlin-
ear mapping are one of the most important topics and a number of researchers have
been dealing with this issue in recent research. In particular, the shrinking projection
method proposed by Takahashi et al. [16] is a remarkable result.

Theorem 1.1 (Takahashi-Takeuchi—Kubota [16]) Let H be a real Hilbert space and
let C be a nonempty closed convex subset of H. Let T : C — C be a nonexpansive
mapping such that F(T) = {p € C : p = Tp} is nonempty. Let {a,} be a nonnega-
tive real sequence in [0, a[, where 0 < a < 1. For a point xo in H chosen arbitrarily,
generate a sequence {x,} by the following iterative scheme: Ciy = C, x; = Pc,xo,
and

Yn = Xy + (1 - Oln)Txna
Copi =f{zeCillz=yll = llz = xall} N Ca,

X1 = Pc,, X0

n+l
for all n € N. Then, {x,} converges strongly to Prr)xo, where Pk is the metric
projection of H onto a nonempty closed convex subset K of H.

We should remark that the original result of this method is a convergence theorem
to a common fixed point of a family of nonexpansive mappings.

In the original shrinking projection method, we use metric projections for each
step to generate an iterative sequence. However, to calculate the exact value of metric
projection becomes much more difficult as the iteration proceeds since the shape of
the corresponding convex sets gets complicated gradually.

Recently, Kimura [6] considers an error to obtain the value of metric projections
and proves that the sequence still has an efficient property for approximating a fixed
point of the mapping. Later, this method has been generalized to several different
cases in the setting of a Hilbert space and a Banach space; see [3, 4, 7, 8] and others.

In this paper, we study an iterative scheme for two nonlinear mappings of nonex-
pansive type with errors in a uniformly convex and uniformly smooth Banach space.
We discuss an approximation method of a common fixed point by using shrinking
projection method with errors and prove a strong convergence theorem to a common
fixed point of two mappings.

2 Preliminaries

Let E be areal Banach space withnorm || - || and the dual space E* andlet S := {x €
E : ||x|| = 1}. We denote strong convergence and weak convergence of a sequence
{x,} tox in E by x, — x and x,, — x, respectively. E is said to be strictly convex
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if |[x + y|| <2forall x, y € Sg with x # y and E is said to be uniformly convex if
lim, ||x, — y.|| = O where {x,}, {y,} C Sg such that lim, ||x, + y,|| = 2. E is said
to have the Kadec—Klee property if a sequence {x,} of E converges strongly to x
whenever it satisfies x,, — xg and ||x,|| — ||xoll-

A Banach space E is said to be smooth if the limit

z‘ p—
i 150 = D o
t—0 t
exists foreach x, y € Sg. E is said to be uniformly smooth if the limit (2.1) converges
uniformly for all x, y € Sg; see [14, 15] for more details.
The normalized duality mapping J : E — E* is defined by

Jx = {x* € E*: (x, x*) = ||Ix[|* = [|x*]*}

for all x € E. We know the following properties; see [2, 14, 15] for more details.

(1) Jx is nonempty for each x € E;

(2) (x —y,x* —y*) > 0 foreach (x, x*), (y, ¥y*) € J;

(3) E is strictly convex if and only if J is one-to-one;

(4) E isreflexive if and only if J is surjective;

(5) E is smooth if and only if J is single-valued;

(6) if E is reflexive, smooth, and strictly convex, then the duality mapping J* :
E* — E is the inverse of J, thatis, J* = J~!;

(7) E is uniformly smooth if and only if E* is uniformly convex;

(8) if E is uniformly convex, then E is reflexive, strictly convex, and having the
Kadec—Klee property.

Let E be a reflexive and strictly convex Banach space and let C be a nonempty
closed convex subset of E. It is known that for each x € E, there exists a unique
point z € C such that

lx —z|l = min [lx — y||.
yeC

Such a point z is denoted by Pcx, and Pc is called the metric projection of E onto C.

Let E be a Banach space and let Cy, C», Cs, ... be a sequence of nonempty closed
convex subset of E. We denote by s-Li, C, the set of limit points of {C,}, that is,
x € s-Li, C, if and only if there exists {x,} C E such that x, — x and that x,, € C,
for all n € N. Similarly, we denote by w-Ls C, the set of cluster points of {C,};
y € w-Ls C, if and only if there exists {y,, } such that y,, — y and that y,, € C,, for
alli € N. Using these definitions, we define the Mosco convergence [12] of {C,}. If
Cy satisfies

s—Lni C,=Cp= w—I;s Cy,

we say that {C,} is a Mosco convergent sequence to Cy and write
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Co = M-lim C,.
Notice that the inclusion s-Li, C,, C w-Ls C, is always true. Therefore, to show the
existence of M-lim,, C,,, it is sufficient to prove w-Ls, C,, C s-Li, C,; see [12] for
more details. In 1984, Tsukada [17] proved the following theorem for the metric
projections in a Banach space.

Theorem 2.1 (Tsukada [17]) Let E be a reflexive and strictly convex Banach space
having the Kadec—Klee property and let {C, } be a sequence of nonempty closed con-
vex subsets of E. If Co = M-lim, C, exists and is nonempty, then { Pc,x} converges
strongly to Pc,x.

One of the simplest of the sequence {C, } satisfying the condition in the theorem above
is a decreasing sequence with respect to inclusion; C,4; C C, for every n € N. In
this case, M-lim, C, = (,~; Cy.

Let E be a smooth Banach space, define a function V : E x E — R by

Vi, y) = Ixl? = 26, Jy) + Iy l1P,

where E x E is the product set of E and itself. We know the following properties;
see [1, 5, 11] for more details.

(M Uxl = 1lyD* < Vx, y) < (Ix]l + [lyl)* foreach x, y € E;

Q) Vi, )+ V(y,x)=2(x—y,Jx — Jy)foreachx,y € E;

B) V(x,y)=V(x,2) +V(z,y) +2{(x —z,Jz — Jy) foreach x, y, z € E;

(4) if E is additionally assumed to be strictly convex, then V (x, y) = 0 if and only
ifx =yforeachx,y e E.

Let B, = {x € E : ||x|| < r}, wherer is a positive real number. The following results
show that the existence of mappings 8. 2 g‘, and g7, related to the convex structures
of a Banach space E and its dual space. These mappings play important roles in our
result.

Theorem 2.2 (Xu [18]) Let E be a Banach space and r > 0. Then,

(1) if E is uniformly convex, then there exists continuous, strictly increasing, and
convex function 8. : [0, 2r] — [0, ool with 8, (0) = 0 such that

leex + (1 = a)yll* < aflxl’ + (1 = @) llyI? — a(l —a)g (Ix — vl
forallx,y € B, and0 < a < 1.
(i) if E is uniformly smooth, then there exists continuous, strictly increasing, and
convex function g, : [0, 2r] — [0, oco[ with g,(0) = 0 such that

llax + (1 = a)yl* = allx|® + (1 =) Iyl — a(l = 0)Z, (Ix — yI)

forallx,y € B,and0) <o < 1.
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As a direct consequence of Theorem 2.2, we obtain the following result.

Theorem 2.3 Let E be a reflexive, smooth, and strictly convex Banach space and
r > 0. Then,

(1) if E is uniformly smooth, then there exists continuous, strictly increasing, and
convex function gj 1 [0, 2r] — [0, oo[ with 5;‘ (0) = 0 such that

laedx + (1 =) JylI* < allx|® + (1 =) Iyl = a(l —a)g*(IJx = Iyl

forallx,y € B,and0) <o < 1.
(1) if E is uniformly convex, then there exists continuous, strictly increasing, and
convex function gr : [0, 2r] — [0, oo[ with g (0) = 0 such that

ladx + (1 —a)Jyl* > allx|* + (1 — ) |yI* — el —a)g (lJx — Jy|)

forallx,y € B,and0) <o < 1.
From Theorems 2.2 and 2.3, we can show the following results.

Theorem 2.4 (Kimura [8]) Let E be a uniformly smooth and uniformly convex
Banach space and r > 0. Then, the functions 8, and g, in Theorem 2.2 satisfy

g (lx =y =Vx,y) =g (x -yl
forallx,y € B,.

Theorem 2.5 (Ibaraki-—Kimura [4]) Let E be a uniformly smooth and uniformly
convex Banach space and r > 0. Then, the functions g* and g} in Theorem 2.3
satisfy -

glJx = Jyl) =V(x,y) =g lJx = Iy

forallx,y € B,.

Let C be a nonempty closed convex subset of a smooth Banach space E. A mapping
T : C — E issaid to be relatively nonexpansive [10, 11]if F(T) = F(T) # ¢ and

V(u,Tx) < V(u,x)

for every u € F(T) and x € C, where F(T) is the set of all fixed points of 7" and
F(T) is the set of all asymptotic fixed points of T by [13] . Namely, u € I:“(T)
if and only if there exists a sequence {u,} C C such that {u,} converges weakly
to u and that lim,, ||u,, — Tu,| = 0. It was proved in [11] that, if E is smooth and
strictly convex Banach space, then F(T') is closed and convex. We note that there
are a lot of important examples of relatively nonexpansive mappings; see [11]. In
our main result, we use relatively nonexpansive mappings without the condition
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F (T) = F(T). Instead of it, we assume the closedness of / — T at zero, that is, if a
sequence {x,} converges strongly to xo and {x,, — Tx, } converges strongly to 0, then
X0 — T)C() =0.

3 The Main Result

In this section, we propose an approximation theorem for two nonlinear mappings
in a uniformly convex and uniformly smooth Banach space.

Theorem 3.1 Let E be a uniformly convex and uniformly smooth Banach space, let
C be a nonempty bounded closed convex subset of E and letr > 0 such that C C B,.
Let Ty, T, be mappings from C to E such that F(T\) N F(T;) # @ and V(p, T;x) <
V(p, x) forevery x € C and p € F(T;) fori € {1,2}. Let {a,; :n € N, i € {1, 2}}
be a family of positive real numbers such that o, | + &, 2 = 1, and liminf, o, ; > 0
for i € {1,2}). Let {6,} be a nonnegative real sequence and 8y = lim sup,, 6,. For
given u € E, generate an iterative sequence {x,} as follows: x; € C, C; = C,

Yn = J_l (an,lJTl-xn + an,ZJTZ-xn)s
Cop1 ={2€C:V(z,y) < V(z, %)} N Ch,
Xur1 €{z € C i llu—z|* <d@, Cop1)* + 8,41} N Copy

foralln € N. Then,

1 1
lim sup ||x, — Tix, |l < 2g7 1 [ =80 + — (o + o)
n—00 = 2 2gi
foreachi € {1, 2}, where

to = 2,(g" (%)),

8
g (g, @0) + ; §f1(§r(§rl(3o)))>> :

o % o0

o; =liminf o, ;, o; =limsupa,;
n—oQ n—00

foreachi € {1, 2}. Moreover, if §g = 0and I — T; is closed at zero foreachi € {1, 2},
then {x,} converges strongly to Pr(r,)nF (1)U

Proof Let F := F(T;) N F(T,). We first show that C,, is a closed convex subset
such that F C C, for each n € N by induction. It is trivial that ¥ C C; = C and a
given point x; is defined. It is also obvious that C, is closed and convex forall n € N.
Suppose that each of Cy, C,, ..., C; contains F. Then, since Cj is nonempty, we
can choose a point x; € Cj satisfying the condition in the theorem. Then y; and Cy
are also defined. Let p € F. Since it follows from the convexity of | - || that
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V(p,y) = V(p, I~ (a1 I Tixy + o 2d Toxy)
< lIpI?* = 201 {p, I Tix) — 204 2(p, J Toxy)
+ ol Trave ) + a2 |1 Tl
=1 V(p, Tixi) + o 2V (p, Taxi)
< a1 V(p,xi) + o 2V(p, xi) = V(p, xp),
we have p € Ci41. Thus we have F C Cyy1. Hence {C,} is a sequence of nonempty
closed convex subset of E such that F C (-, C,. Let Co = (-, C, and let p, =
Pc,u for all n € N. Then, since {C,} is decreasing with respect to inclusion, by

Theorem 2.1, it follows that {p,} converges strongly to py = Pc,u. From x, € C,
and d(u, C,) = |lu — pu|l, it follows that

lu = xull* < llu = pall® + 8n
for all n € N\ {1}. From Theorem 2.2(i), we have, for « €]0, 1[

1pn —ull® < llap, + (1 = @)x, — ull?
< allp, —ull® + (1 —)llx, — ull> —a(l = )g (Ipn — %)

and thus
ag (1w = xall) < 1y = ull® = I py — ul® <8,

Tending ¢ — 1, we have
gr(”pn _xn”) <,

and thus
1w = xall < &' (80) (3.1)

for all n € N\ {1}. Using the definition of V and Theorem 2.3 (ii), it follows that
V(Pm yn) = V(Pm Jﬁl(an,l-]Tlxn + O[n,ZJTZXn))
= ”pn”2 - 2<Pn7 an.lJTlxn + an,ZJTan) + ”an,l-]Tlxn + O[n,ZJTZ)Cn”2

> o1 || pall® = 200 1 (Pas I Tixn) + 1[I Tix, |12

+ @2l pall® = 200 2(pas I o) + 2 [ oI
- an,lan,ng(”JTlxn - JTZXn”)
= 0y, V(pn’ Tlxn) + an,ZV(Pns T2xn) - O511,lozrl,ng(”JTlxn - JTan”)

for all n € N\ {1}. Therefore, we get

an,lv(pn» Tlxn) + Oln,ZV(Pm T2xn) < V(Pn, yn) + an,l‘xnlg:(”JTl-xn - JT2xn||)
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and thus

O[n,igr(”pn - Ttxn”) =< V(pm yn) + an,lan,ng(HJTlxn - JTZXn”) (32)
foreachi € {1, 2}. Let p € F. It follows from Theorem 2.3 (i) that

V(p,yw) = V(p, I (@1 I Tixy + an2J Toxy))
= 1pII* = 2P, a1 I Tixn + u 2 I Toxy) + ot 1 I TiXy + 2 Toxy |12
< 1| pIP = 20,1 (P I Tixa) + 1 I T1 201
+ a2l PI? = 2002 (s I Toxa) + et 2| Do |
— 1028 (1T Tixn — I Toxu )
= n1V(p, Tixy) + an 2V (p, Taxy) — o028 (1 Tixy — J Toxu )
< a1 V(p, Xn) + a2V (P, Xn) — a0t 28 (1 Tixy — T Toxyl)
= V(p, xy) — ot 10n28" (1 T1xy — I Toxy )

for all n € N\ {1}. Therefore, we obtain
1028 (1T T3y — I Toxull) < V(p, x4) = V(p, yu). (3.3)

From the property of V, it follows that

V(p,xn) = V(p, yu) = V(p, pn) + V(Pus X0) +{p = Pn> IPn — I Xn)
= V(p, pn) = V(Pus Yu) =P = Pns Ipn — Jyn)
=V (Pu, Xu) = VP, yu) + 2(p = pus Jyn — Jxn)
< V(pn, xn) +2lp — pulllJxp — Tyl
<& Upn —xulD) + 20 PN+ 1 Pn DI X0 — T yull
< §,(g;‘(8n)) +4r[Jx, — Jyall. (3.4)

Pute, = ||pn — puy1ll foralln € N\ {1}. From Theorems 2.4 and 2.5, it follows
that

195 = T3l < 1% = Ipastll + 1Pt = I3l
=& (Vw1 x) +87 (Vpws )
=g (Vi x) 87 (Vpas x)
=287 (VPutt. )+ V(s 80) + 2puss = pas Jpa = J32))

= 28" (B (n) + 2 (lpn — 5l + 261 p0 — I3
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<287 (Z(e) + B (8 0) + 208" (VP x0)))
<2g*! (gr (€x) +2,(8'(00) + 26,87 (2, (g (8n>)>) (3.5)

forall n € N\ {1}. From (3.3), (3.4), and (3.5), we have

an,lan,Zgj(” JT]xn_JTZXn ”)
<% (8,'60) + 88" (To(e) + F(g, G + 26087 (8 5,))) )

and thus

1 Tyx, — J Tox,|| < gf_l< g (5;1(5n))

Oy 102

8
g () + B8] G + 2608 (3 ) (5")))>)'

an,lanl_r

Therefore, we have

limsup || JT1x, — J Tox, || (3.6)

n—00

8r

1
sg"—l< (g Go)) + gf_l(gr(gr_l@o))))-
o &

o,

From the property of V, it follows that

V(Pn> Yn) = V(Pus Pus1) + V(Purts Yu) + 2{Pn — Putts IPur1 — Jyn)
< V(Pus Put1) + V(Pus1, X0) + 20 Pn — Pusrt I ot — I yull
< V(pn, Pus1) + V(Pos1s Pn) + V(Pus X)) + 2{Put1 — Pus Pn — Xu)
+ 2l pn — Purr I P Il + 1T yulD)
< V(pu, Pnt1) + V(Pus1, Pn) + V(Pus X)) + 2 Ppt1 — PullllPn — 2l
+4rllpn — pot1ll-

From Theorem 2.4 and (3.1), we have

limsup V(py, yo) < limsup V(pn, x) < g, (5;1(30)) . 3.7)

n—0oo n—0oo

It follows from (3.1) and (3.2) that
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”xn - Tan ”
gr 2

X0 — pull + | pn — Tixa |l
gr 2

1 1
= 58, UIxn = pull) + 58, lpn = Tixul)

1
=6,
2 + 20[,1’5

(Vs 30 + 100,22 (1 Tt = I T )

foreach i € {1, 2} and for all n € N \ {1}. From (3.6) and (3.7), it follows that

. (1 1
limsup ||x, — T;x, || < 2¢" (550 + 5— (%o + no))

n— 00 Zgl

foreachi € {1, 2}, where ¢, = g, (gr’l(&))) and

S Y N S
=8 (g (=8 6o+ —g (@ (g G0)) ) -
- 9%, o -
For latter part of the theorem, suppose that §; = 0. Then

limsup g (| py — xll) < limsup3, = 0.

n—oo n—00

It implies that lim,, || p, — x,|| = 0 and thus {x,} converges strongly to pp = Pc,y.
We also have ¢y = g, (gr’l(O)) =0 and

8
no=m®£<§”( 2,(¢70) + r&TW@@fm”D)za

o, o9 %)

and thus

1 1
lim [[(1 — Tp)x, || = lim |lx, — Tix, | = 2g " (—0+ ~— ~I—0)) =0
n—o00 n—00 =r o;

2 20
for i € {1, 2}. By the closedness of I — T; at zero, it follows that (I — T;)pp = 0

for each i € {1, 2}, that is, py € F. From F C Cy, we get that py = Pc,u = Pru,
which is the desired result.

In this case where E is a Hilbert space, the functions 8, 2 gj, and g become
g =% =¢=8=I"
sive mapping T without the condition F(T) = F(T) is quasinonexpansive, that is,
lu—Tx| < |lu—x| foreveryx € C andu € F(T) # (. Therefore, we obtain the
following:

for all » > 0. We also know that a relatively nonexpan-
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Corollary 3.2 Let H be a Hilbert space, let C be a nonempty bounded closed
convex subset of H and letr > 0 such that C C B,. Let T\, T, be quasinonexpansive
mappings from C to H such that F (Ty) N F(Ty) # 0. Let{a,; :n € N, i € {1, 2}} be
a family of positive real numbers such that a,, | + o, 2 = 1, and liminf, o, ; > 0 for
i €{1,2}. Let {8,,} be a nonnegative real sequence and 8, = lim sup,, 8,. For given
point u € H, generate an iterative sequence {x,} as follows: x; = x € C,C; = C,

Yn = an,lTlxn + an,ZTana
Copi={z€C:llz=yll = llz=xl} NGy,
Xor1 €{2€ C:llu—2z|> <d, Co1)? 4 8ps1} N Cu

foralln € N. Then,

n—o0 2 2Q Qo) Q00

1 1 oo droc o
lim sup 1, — Tyx, || < 2\/{— +— (1 + °“°‘z>}so+ TE 5 (38)

fori € {1, 2}, where

o; =liminf o, ;, o; =limsupa,;
n—00 n— 00

fori € {1,2}. Moreover, if 5o = 0 and I — T; is closed at zero for each i € {1, 2},
then {x,} converges strongly to Pr(r,)nF (1)U

Remark 3.3 Incorollary 3.2,ifliminf, ¢, ; = lim sup,, 0, ; foreachi € {1, 2}, then
lim, o ; (= ;) exists and

1 1 4
lim sup ||x, — Tix,| < 2\/(— + _) 8o + _r\/%
n—o00 2 o; o
fori € {1, 2}. In this case, upper bound of lim sup,, ||x, — Tx,|| is simpler than the
(3.8).
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Geodesic Spaces and the Shrinking e
Projection Method with Errors

Yasunori Kimura

Abstract To find a minimizer of a given convex function defined on a complete
geodesic space, we apply the shrinking projection method with the resolvent operator
for the function and obtain an approximate sequence to its minimizing point. We also
consider the error terms in the scheme when we calculate metric projections.

Keywords Convex minimization problem - Resolvent + Shrinking projection
method -+ Fixed point + Approximation
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1 Introduction

Let C be a nonempty closed convex subset of a real Hilbert space X. We consider
the problem of finding a minimizer of a given convex function f : C — ]—o00, +00]
under several conditions. This problem is called a convex minimization problem and
it is one of the most fundamental and important problems in convex analysis. It is
known that we may apply the theory of nonexpansive mappings for this problem
by using the notion of resolvents for the function f, which is defined as follows:
Suppose that f is proper, lower semicontinuous, and convex. Then, for x € X, there
exists a unique point y, € C such that

FO2) +llys = xIP = inf (£ O + Iy = x1).

The resolvent operator J; : X — C is defined by Jyx = y, for any x € X. Namely,
J¢x is a unique minimizer of g(y) = f(y) + Iy — x|I? on C. Since Jy is firmly
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nonexpansive and its set of fixed points coincides with the set of minimizers of f,
we can make good use of approximation method of fixed points for nonexpansive
mappings.

One of the most remarkable results for this problem is the proximal point algo-
rithm, which was originally introduced by Martinet [1] and studied by Rockafellar [2].
The approximation sequence generated by this algorithm is guaranteed to be weakly
convergent to a minimizer of the function.

On the other hand, Takahashi et al. [3] proposed the shrinking projection method
to generate a sequence strongly convergent to a fixed point of a given nonexpansive
mapping. The following is a simple version of their result.

Theorem 1.1 (Takahashi et al. [3]) Let H be a real Hilbert space and C a nonempty
closed convex subset of H. Let T : C — C be a nonexpansive mapping such that
the set Fix T of fixed points of T is nonempty. For a given point u € H, generate a
sequence {x,} by the following iterative scheme: x| € C, C, = C, and

Ciri={zeC:llz=Txull = llz = xall} N Gy,

Xntl = PCn+1u
for n € N. Then, {x,} converges strongly to Pgrx7u € C, where Pk is the metric
projection of H onto a nonempty closed convex subset K of H.

This method was firstly applied to an equilibrium problem for a bifunction defined
on a Banach space by Takahashi and Takahashi [4]. Note that the equilibrium prob-
lems are a generalization of convex minimization problems; see [5] for the detail.

Since this new method was established, a large number of generalized results have
been proposed. In 2012, Kimura and Satd [6] proved the following convergence
theorem for a mapping defined on a subset of the unit sphere of a Hilbert space.
Note that the class of complete CAT(1) spaces, which we will consider in this work,
contains this set.

Theorem 1.2 (Kimura and Satd [6]) Let Sy be the unit sphere of a real Hilbert
space H with the metric d defined by a length of minimal great arc, and C a closed
convex subset of Sy such that d(u,v) < /2 for every u,v € C. Let T : C — C
be a nonexpansive mapping such that Fix T is nonempty. For a given point u € C,
generate a sequence {x,} as follows: x; € C, C; = C, and

Coi1={z€eC:d(Tx,,2) <d(x,,2)}NC,,
Xpp1 = Pc,, u,
forn € N. Then {x,} converges to PgixTu € C.

Recently, Kimura and Kohsaka [7] extended the concept of resolvents of convex
functions defined on a subset of a Hilbert space to that defined on a complete CAT(1)
space. In this work, we apply the shrinking projection method for this operator and
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obtain an approximate sequence to a minimizer of the convex function. We also
consider the error terms in the scheme when we calculate metric projections. We
employ the technique developed in [8].

2 Preliminaries

Let (X, d) be ametric space. For x, y € X, we define amappingc : [0, [] — X called
a geodesic with the endpoints x and y as follows: ¢ satisfies that c(0) = x, c¢(1) =y,
and d(c(s), c(t)) = |s —¢t| for all s,¢ € [0, []. We say that X is a geodesic metric
space if for every x, y € X, there exists a geodesic with the endpoints x, y € X. In
what follows, we assume that a geodesic is unique for every choice of endpoints
x,y € X.

Denote the image of a geodesic with the endpoints x, y € X by [x, y]. A point
p = c(s) € [x, y] can be regarded as a dividing point between x and y with the ratio
s : (I —s), and therefore we use the notation p = (1 — t)x @ ty, where t = s/1.

Let X be a geodesic metric space such that d(u, v) < /2 for every u, v € X.
Then, for any geodesic triangle A(x, y, z) = [y, z] U [z, x] U [x, y] with vertices
x,y,z € X, there exist points X, y, Z € S? such that d(y, z) = ds(y,7), d(z, x) =
ds(Z,X), and d(x, y) = ds: (X, y), where ds is the spherical metric defined on the
two-dimensional unit sphere S2. We call the triangle A (¥, ¥, 7) C S? with the vertices
X, Y, Z the comparison triangle of A(x, y, z). Note that the comparison triangle is
unique up to rotation and reflection. For a point p on a geodesic triangle A(x, y, z), we
denote its comparison point by p;if p =1 —)x Dty € [x,y] C A(x,y,2) C X
andt € [0,1],thenp =1 —Dx @Dy € [X,7] C AF,y,7) C 2

We say that X is a CAT(1) space if for each geodesic triangle on X is as thin as its
comparison triangle on the two-dimensional unit sphere S?. Namely, every p, g € X
on the edges of the triangle x, y, z € X and their comparison points p, g € S? on the
edges of the comparison triangle X, y, 7 € S? satisfy the CAT(1) inequality

We know that if X is a CAT(1) space such that d(u, v) < /2 forall u, v € X, then
for x, y,z € X and ¢ € [0, 1], the following important inequality holds; see [9].

sind(x, y)cosd(tx ® (1 — 1)y, z)
> sin(td(x, y)) cosd(x, z) + sin((1 — t)d(x, y)) cosd(y, z).

Let C be a nonempty closed convex subset of a complete CAT(1) space and
suppose that d(u, v) < /2 for every u, v € X. Then, for each x € X, there exists a
unique y, € C suchthatd(x, y,) = d(x, C) = inf,cc d(x, y). We define a mapping
Pc : X - Cby Pcx = y, forx € X and we call it the metric projection of X onto C.

The following lemma is essentially obtained from the result in [9].
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Lemma 2.1 (Kimura and Satd [9]) Let X be a complete CAT(1) space such that
d(u,v) < m/2foreveryu,v € X. Let {C,} be a sequence of nonempty closed convex
subsets of X such that C, 1 C C, for every n € N and Cy = ﬂflozl C, #0. Let
{Pc,} be a sequence of metric projections corresponding to {C,}. Then, for u € X,
a sequence {Pc,u} converges to Pc,u € X.

Let X be a complete CAT(1) space and T : X — X a mapping. The set Fix T’ of
all fixed points of T is defined by

FixT ={ze X :z="Tz}.
Then T is said to be quasinonexpansive if Fix T # ¥ and
d(Tx,z) <d(x,z)
forany x € X and z € Fix T.

Let X be a complete CAT(1) space and f a proper lower semicontinuous convex
function of X into ]—o00, +00]. Then there exists a unique point y, € X such that

f(yy) +tand(yx, x) sind(yy, x) = irel)f((f(y) +tand(y, x) sind(y, x)).
y
Using this fact, we define a resolvent J¢ : X — X by

Jyx =y = argmin . (f(y) +tand(y, x) sind(y, x))
for all x € X. Resolvent operators satisfy the following fundamental properties:

Lemma 2.2 (Kimura and Kohsaka [7]) Let X be a complete CAT(1) space such
that d(u, v) < m/2 for everyu,v € X, f : X — ]—o00, +0o0] a proper lower semi-
continuous convex function, and J¢ : X — X the resolvent of f. Then the following
holds:

(i) Fix J; = argmin, _y f(y);
(ii) Jy is firmly spherically nonspreading in the sense that

(cosd(Jfx,x)+cosd(Jry, y)) cos? d(Jgx,Jry) > 2cosd(Jyx, y)cosd(x, Jfy)

forallx,y e X.

It is also easy to see that J; is quasinonexpansive. Indeed, for x € X and z €
Fix Jy, using the firm spherical nonspreadingness of J ¢, we obtain

(cosd(Jypx,x) + l)coszd(fo, 7) > 2cosd(Jyx, z)cosd(x, z).

Since cosd(Jrx, x) < 1, we have
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2 cos? d(Jsx,z) = 2cosd(Jsx, z)cosd(x, z)

and thus cosd(Jsx, z) > cosd(x, z), or equivalently, d(J;x, z) < d(x, 2).

3 Approximation of a Minimizer of a Convex Function

In this section, we propose an approximation method for finding a minimizer of a
convex function defined on a complete CAT(1) space. This method includes com-
putation error term so that it is easy to apply for practical calculation.

Theorem 3.1 Let X be a complete CAT (1) space satisfying the following conditions:

(1) d(u,v) <m/2foreveryu,v € X;
(i1) a subset{z € X : d(v,z) < d(u, z)} is convex for every u, v € X.

Let f: X — ]—00, +00] be a proper lower semicontinuous convex function such
that the set of its minimizers S = argmin .y f (x) is nonempty. Let {p,} be a sequence
in 0, 4-o00[ such that py = inf,cn p, > 0 and let {€,} be a sequence in [0, +00[ with
€0 = limsup,,_, ., €,. For a given point u € X, generate a sequence {x,} as follows:
x1=u, C; =X, and

Cori={zeX:d(J W FXns 2) < d(x, 2)} N Cy,

Xn+1 € Cpy1 such that cosd(u, x,4+1) > cosd(u, Cp11) COS €41,
foreachn € N, where J, 5 is the resolvent for p, f. Then

limsupd (x,, J,, rxn) < 260
n—o0

and
f(p) = liminf f(Jp, rx,)

+ 1) sin €,

T
<1 J n) < TN 2
< lim sup S Upusxn) = f(p) + o (cosz(260)

where p = Psu and Ps is the metric projection of X onto S. Moreover, if ¢g = 0,
then {x,} converges to Psu.

Proof We first prove that the sequence {x,} is well defined. To show this, we will
see that every C, is a closed convex subset containing S by induction. For n = 1,
it is obvious since C; = X by definition. Suppose that C; is a nonempty closed
convex subset of X and § C Cy for fixed k € N. Let z € S. Since J,,  is quasi
nonexpansive with Fix J,, = S, we have d(J,, rxx, 2) < d(x¢,z) andz € § C Cy.
This implies that z € Cy1, and hence S C Cy4 . Itis easy to see that Cy is closed
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since the metric d is continuous. The convexity of Cy; follows from the assumption
of the space. We also know that there exists at least one point y € Cj such that
cosd(u,y) = cosd(u, Cy) cos €. Indeed, taking y = Pc,u € X, we have

cosd(u,y) =cosd(u, Pc,u) = cosd(u, Cy) > cosd(u, Ci) cos €.

Thus we can choose x4 € Ci+1. Therefore, C,, is a closed convex subset containing
S for all n € N and {x,} is well defined.

For n € N, we can define the metric projection Pc, of X onto C,. Let p, = Pc,u
foralln € Nand Cy = ﬂ,ﬁl C,.Then,by Lemma2.1, {p,} convergesto py = Pc,u.
Since x,, € C,, we have

cosd(u, x,) > cosd(u, C,)cose,

for every n € N. Using the convexity of C,, we have ap, & (1 — a)x, € C, for
o € ]0, 1[. It follows that

sind(py, x,) cosd(p,, u)
> sind(pn, xp) cosd(ap, & (1 — a)x,, u)
> sin(ad(py, xp)) cosd(py, u) + sin((1 — a)d(p,, x,)) cosd(x,, u)

and thus

d(x,,
SINd (P, %) — Sin(@d(pr x) = sin((1 — @)d (py, 1)) 22 1)
cosd(pn, u)

On the other hand, we have

. . 14+« (11—«
sind(p,, x,) — sin(ad(p,, x,)) = 2cos ( ) d(pn, xn)) sm ( ) d(pn, xn))

and

. l—« . 1l -«
sm((l—a)d(pn,xn))=2<:OS< 5 d(pn,xn))sm( 5 d(pn,xn)).

Suppose that p,, # x,. Then using the three equations above, we obtain

1 1_ d ns
COS( +ad(pn,xn)>zcos< ad(pn,xn)>M

2 2 cosd(p,, u)’
As o — 1, we have

cosd(x,,u)  cosd(xy, u)

cosd(py, Xp) = > cos €y,

cosd(pn, u) " cosd(u, Cy)
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and it follows that d(p,, x,) < €, for every n € N. Note that this inequality trivially
holds if p, = x,. Since p,+| € Cy41, we get

d(Jp, fXn, Xn) < d(Jp, X0, Puy1) + d(Pryt1, Xn)
< 2d(xy, pn+1)
< 2(d(xn, pn) +d(pns Pus1)
< 2(&y +d(pn, pn+1))

for every n € N. Tending n — oo, we obtain

lim sup d(J, rXu, Xp) < 2e€o.

n—0o0

Fora €10, 1, letzo = aJ,, sx, @ (1 — @) p. By the definition of the resolvent J,, ¢,
we have

P f (o, pXn) +tand(Jy, r Xy, Xp) sSind(Jp, pXn, Xp)
< o0 f(zo) +tand (24, X,) Sind (24, Xp)
<ap, f(J, ,,fxn) + A =)o, f(p) +tand(zq, X,) sind(za, X,).

Since tan¢ sint = 1/ cost — cost, it follows that

(I =)o (f(Jp, rx0) — f(P))

<tand(zq, X,) Sind(Zo, X,) — tand(J,, X5, X)) Sind (J,, £ X0, Xn)

1 1
- B - d asAn) dJ, ns XAn
(cosd(za,xn) COSd(J,,fxn,xn)> (cosd(zq, xn) — cosd(Jp, rXn, Xp))

1
= 1 d J ns A*n) — d o vn .
(cosd(za, xn) €08 d(Jy, £ Xns Xp) * ) (cosd(Jpu X, Xn) = cosd(za. Xu)

Let D, = d(Jy, sxn, p) forn € N.If D, = Oforsomeng € N, thensince J,, rx,, =
p € S =FixJ,, y,wehave f(J,, rxs) = f(p).Inthiscase, the conclusions of the
theorem obviously hold. Thus we may suppose that D, > O for all n € N. We have

(cosd(J,, fXn, Xn) — cosd(Zq, X,)) sin D,

=cosd(J,, X, Xp) sin D, —cosd(alJ,, rx, ® (1 —a)p, x,)sin D,

< cosd(Jp, fXn, Xy) sin D,

—cosd(J,, xn, x,) sin(aD,) — cosd(p, x,) sin((1 — a)D,)

= cosd(J,, fxp, X,)(sin D, — sin(aD,)) — cosd(p, x,) sin((1 — o) D,,)

< (sin D,, — sin(a D)) — cosd(p, x,) sin((1 — ) D)

(1+a)D, . (1—a)D,
sin 5

=2cos8

—cosd(p, x,) sin((1 — «)D,),
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and therefore

sin D,,

pn(f(J ann) - f(P)) Dn

- sin(1 —a)D,/2) (1+a)D, sin((1 —a)D,)
= ( A—awD2 7 2 T (d-ab,

cosd(p, xn)> ,

where
+ 1.

1
M o8 d(Zgs Xn) OSd (T, fXn, Xn)

Since E,,, — 1/cos*d(J,, Xn, X,) + L asa 1 1, we have

sin D,
D,

on(f o, r2Xn) = f(P))

1
= 1 Dn - d s An
- <0052 d(Jp, 1 Xn, Xn) + ) (cos cosd(p. xn))

1
= 1 d(J " _ d - )
<cos2d(1n_,-xn,xn)Jr >(°°S (Jp, f%n, p) — cosd(xn, p))

We further calculate that

cosd(Jy, fXn, p) — cosd(xy, p)

— 25 d(xnvp)‘f‘d(Jnfme) . d(xnvp)_d(J,,fxnvp)
= 2 SIn sin

2 2
< 2sin d(xn, p) —d(Jp, fXn, P)
2
d ‘Ans An
< 2sin—(J”fx xn)

2
and thus

d “Ans An
1) sin EUpusXn, Xn)
cos? d(Jp, fXn, Xp) 2

sin D,
pn(f(-] nf_Xn) - f(P)) D =< 2(

Since p, > pogandsin D,/ D, > 2/x foralln € N, taking the upper limitasn — oo,
we have

2 (hm Sup £ (U, 1) — f(p))

T n—00

1 d(Jy, £ Xn, Xn
2 ————+1 limsupsinM
cos2(2¢p) n—00 2

1
2 ———+1)si .
<C082(2€0) + )sm €

IA

A
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Hence, we have

. b4 1 .
hrflfis(;gp Fp,rxn) — f(p) < % <m + 1) sin €,

which implies that
f(p) <liminf f(J,, rx,)
n— 00

1
<limsup f(J,, sx,) < f(p) + r (2— + 1) sin €,
> 00 ’ po \ cos?(2¢p)

the desired result.

For the latter part of the theorem, suppose €y = 0. Then, since d(x,, p,) < €,
and lim, .o €, = €9 = 0, we get {x,} and {p,} have the identical limit py = Pc,u.
Moreover, since limsup,,_, . d(J,, rXn, Xu) < 260 =0, {J,, sx,} also converges to
Po- Using the lower semicontinuity of f, we have that

f(p) =< f(po)

< liminf f(J, ;xn)

T 1 .
Ef(P)+p—<m+l>sm0
0
= f(p).

Therefore pg is a minimizer of f, thatis, pp € S. Since S C Cp and py = Pc,u, we
have py = Psu and we complete the proof. (]
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and the set of the Newton integrable functions cannot be included with each other.
Therefore an integral including both integrals is needed. The Denjoy integral, the
Perron integral, and the Henstock—Kurzweil integral include both of the Lebesgue
integral and the Newton integral and are equivalent [7, 12].

There are many studies on these integrals. Recently the minimal integral, called
the C-integral [1-3], including the Lebesgue integral and the Newton integral was
found. Moreover there are many studies on the C-integral [11] and on related integrals
[4, 9, 10].

Extensions of Denjoy—Perron—Henstock—Kurzweil integral have been done by
replacing the derivative with the approximate derivative [7, 12] or the distributional
derivative [19].

In general, an operator T is an integral on D C R if it satisfies the following
conditions:

1) Let

To = {la,b] | a,b e R}
U{(—o0,b] | b e R} U {[a, o0) | a € R} U {(—o00, 00)},

let D € Zj and let
I={11¢€Zy1 C D}

We consider a linear space F consisting of functions from D into R. Then T is
an operator from F x 7 into R.
(I2) T is linear with respect to the first argument, that is,

T(af + fBg. D) = oT(f. D) + 3T (g, D)

for any o, 6 € R and for any f, g € F.
(I3) T has the additivity of intervals, that is, if I; N I, consists the only one point,
then

T(f,1)+T(f, L) =T(f,LUDb)

forany f € F and forany I}, I, € 7.
(I4) Let f € F andlet [a, x] € Z. We consider that T'( f, [a, x]) is a function of the
variable x. Then it is continuous.

Then f € F is said to be T-integrable on D.

However even in these above, for instance, it is impossible to calculate the integral
of f(x)= )]7 Therefore we need to extend integrations in another direction. The
continuity of integral (I4) hinders the extension of integrals. In this paper, we propose
an extension of integrals that relaxes the continuity of integral and describe properties
of this integral. Lastly, we consider applications.
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2 Preliminaries

In this paper, we consider an extension of integrals. However in later sections, we
consider the Henstock—Kurzweil integral as a concrete integral. In this section, we
prepare some results for Henstock—Kurzweil integral.

Let[a, b] C R. A function § from [a, b] into (0, co) is called a gauge. A collection
{(It, &) | k=1, ..., K}ofpairof closed intervals and points is called a partial 6-fine
Perron partition if

S € I € (& — (&), & + (&)
for any k, I,fl N 1,?2 = () for any ky, k, with k| # k, and

K

Ykl <b-a,

k=1

where || is the Lebesgue measure of /. If a partial §-fine Perron partition {(/x, &) |
k=1,..., K} satisfies

K
Y Ikl=b—a,
k=1

then it is called a d-fine Perron partition. A function f from [a, b] into R is said to
be Henstock—Kurzweil integrable on [a, b] if there exists A € R such that for any
€ > 0 there exists a gauge § such that

K
D FEI] - A

k=1

<é&

for any §-fine Perron partition {(Iy, &) | k = 1,..., K} of [a, b]. Then we denote
the constant A by

(HK) fx)dx = A.
[a,b]

The following are, for instance, in [7]:

Theorem 2.1 Ifa function f from [a, b] into R is Henstock—Kurzweil integrable on
[a, b), then for any € > O there exists a gauge 6 such that

<é&

K
k=1

FEO| — (HK) | f(x)dx
I
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for any partial 6-fine Perron partition {(I, &) | k=1, ..., K} of [a, b].

Theorem 2.2 Let { f,} be a sequence of Henstock—Kurzweil integrable functions on
[a, b]. Suppose that { f, } is pointwisely convergent to f and that there exist Henstock—
Kurzweil integrable functions g and h such that g < f, < h for any n. Then f is
Henstock—Kurzweil integrable and

(HK) f(x)dx = lim (HK) fo(x)dx.
la,b] oo la,b]

A function f from E C R into R is said to be absolutely continuous in the
restricted sense if for any £ > 0 there exists § > 0 such that

K
> sup{lf @) — fF@)l |u.v € e dil} <&

k=1

whenever {[ck,di] | k =1, ..., K} satisfies ¢k, dy € E for any k, (ck,, di,) N (c,,
dkz) = () for any ki, ky with k; # k, and

K

Z(dk — Ck) < 0.

k=1

A function f from E into R is said to be generalized absolutely continuous in the
restricted sense if there exists a sequence {E,, | m € N} of subsets of E such that
Uo_, E, = E and f|g, is absolutely continuous in the restricted sense. If E is
bounded and f is generalized absolutely continuous in the restricted sense, then f
is differentiable almost everywhere, for instance, see [7, 12].

Theorem 2.3 Let f be a Henstock—Kurzweil integrable function on [a, b] and
F(x) = (HK) f@)dt
la,x]

for any x € [a, b]. Then F is generalized absolutely continuous in the restricted
sense and hence differentiable almost everywhere. Moreover F' = f holds almost
everywhere and hence F' is Henstock—Kurzweil integrable.

3 An Extension of Integrals

In this section, firstly, we introduce an extension of integrals. Let 7 be an integral
from F x Zinto R on D € Z,. We consider a linear space F* including F. Moreover
let
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Ny ={z e D| fisnot T-integrable on any I € Z satisfying z € I}.

Suppose that N7 is a closed null set for any f € F*. Let {(a,, b)) | p € N} be the
set of all components of D° \ Ny and let

Zy = {[a, b] | there exists p € N such that [a, b] C (a,, bp)}.

Since f is T-integrable on / for any f € F* and for any I € Zy, an operator T*
from | ;- ({f} x Zy) into R is defined by T*(f, I) = T (f, I).
The extension of integral has the following properties:

Theorem 3.1 Let T* be the extension of the integral T on D. If f is T -integrable
on D, then f is also T*-integrable.

Proof Let f be T-integrable and put Ny = @. Then f is 7*-integrable. (]

Theorem 3.2 Let T* be the extension of the integral T on D, let o, 3 € R, let
frgeFrandlet] € Iy N1, Then

T*(af + By, 1) = aT*(f, 1) + BT"(g, D).

Proof Since f and g are also T-integrable on /, from (I2) we obtain

T*(af + Bg, I) = T(af + (g, 1)
=aT(f, 1)+ 8T(g, 1)
=aT*(f, 1)+ BT*(g, D).
O

Theorem 3.3 Let T* be the extension of the integral T on D, let f € F* and let
I, I, € Iy N1, Suppose that 1} N I, consists of the only one point. Then

T*(f, I+ T"(f, L) =T"(f, LU D).

Proof Let {(ap, b,) | p € N} be the set of all components of D°\ Ny. Since I; N
I, # @, I, and I, are subintervals containing the same component (a,, b,), there
exists T*(f, I; U I). Since f is also T-integrable on I and I, from (I3) we obtain

T*(f, ) +T*(f, L) =T(f, ) + T(f, L)
=T(f,hUDL)
=T"(f, 1 UDL).
O
Usually any closed interval [a, b] satisfies a < b. However, when b must be con-
sidered a variable, we should consider the case of a > b. As is often used, if a > b,

we define T*(f, [a, b]) = —T*(f, [b, a]). Moreover, even in the case of a > b, if
[b,a]l € I, we determine [a, b] € Zy.
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Theorem 3.4 Let T* be the extension of the integral T on D, let f € F*, let
{(ap,b,) | p € N} be the set of all components of D°\ Ny and let ¢, € (a,.,b),)
for any p. If [c,, x] € Ly, then T*(f, [cp, x]) is the function of the variable x and
continuous on D° \ N.

Proof Let {(a,.,b,) | p € N} be the set of all components of D°\ N;. Note that
[a, x] is a subinterval of the fixed component (a,, b,). Since f is also T-integrable
on [a, x] for any x satisfying [a, x] C (a,, b,), T*(f, [a, x]) is the function of the
variable x and by (I4) continuous. U

4 An Extension of Henstock—Kurzweil Integral

In this section, we consider the Henstock—Kurzweil integral as integral in the previous
section. We call the extension of Henstock—Kurzweil integral the extended Henstock—
Kurzweil integral and denote by

(HK)* / fx)dx
I

the extended Henstock—Kurzweil integral of f on I € Z;. The Saks-Henstock lemma
is very important. Firstly, we consider the Saks-Henstock lemma for the extended
Henstock—Kurzweil integral.

Theorem 4.1 Suppose that a function f from D into R is extended Henstock—
Kurzweil integrable on D. Then for any I € 1y and for any € > 0 there exists a
gauge § such that

<é&

K
k=1

for any partial d-fine Perron partition {(I, &) | k=1,...,K}of I.

FEON — (HK)" /, Fo)dx

Proof Since f is Henstock—Kurzweil integrable on /, by Theorem 2.1 we obtain
the desired result. (]

Next we consider a convergence theorem.

Theorem 4.2 Let {f,} be a sequence of extended Henstock—Kurzweil integrable
functions on [a, b]. Suppose that { f,} is pointwisely convergent to f and that there
exist extended Henstock—Kurzweil integrable functions g and h suchthatg < f, < h
for any n. Suppose that the closure N of \ J,- | Ny, is anull set. Let Ny = N'U N, U
N Then f is extended Henstock—Kurzweil integrable and
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(HK)*/f(x)dx = lim (HK)*/fn(x)dx
I n—00 1

forany I € Iy.

Proof Since f,, g and h are Henstock—Kurzweil integrable on I, by Theorem 2.2
we obtain the desired result. (]

Lastly, we consider the relation with the derivative.

Theorem 4.3 Let f be an extended Henstock—Kurzweil integrable function on [a, D]
and

F(x) = (HK)" f@)dt

[c,x]

for any [c,x] € Iy. Then F is generalized absolutely continuous in the restricted
sense and hence differentiable almost everywhere. Moreover F' = f holds almost
everywhere and hence F’ is extended Henstock—Kurzweil integrable.

Proof Let {(a,,b,) | p € N} be the set of all components of (a, b) \J\/}. Then F
is the function from U;OZI(Q,,, b,) = (a,b) \./\/f into R. Note that, if x € (ap, b)),
then the constant ¢ € (ap, b)) also. Let

b, — b, —
Ep,mz |:ap+ pzmap’bp_ p2”1ap:|

for any p and for any m € N. Since F|g,, is generalized absolutely continuous in
the restricted sense, there exists {E ,, ¢ | £ € N} such that

00
U Ep,m,f = Ep,m
=1

and F|g,, is absolutely continuous in the restricted sense. Since

p.m, L

F is generalized absolutely continuous in the restricted sense.
Moreover, since f is Henstock—Kurzweil integrable on [c, x], by Theorem 2.3
F’ = f holds almost everywhere. O
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5 Applications

In this section, firstly, we consider the integral of f(x) = )lc Ifa <0 < b, then fis
not Henstock—Kurzweil integrable on [a, b].
Let Ny = {0}. Then
Iy ={la,b] | la,b] C (—00,0) U (0, 00)}

and
. dt dt
(HK) —|=@K) | —)=loglx| —logal
fax] f lax] T

for any [a, x] € Zy.
Next we consider the following initial value problem of differential equation:

w(t)=1+u@)?
u(0) = 0.

This problem can be solved as follows. Since u/(t) = 1 + u(t)?,

u'(s)
—st = ds.
fe,i] 1+ u(s) le,1]

By integration by substitution we obtain

u'(s) dv
—zds = —— = arctan u(t) — arctan u(c)
ey 14 u(s) w@.umy 1+

and hence
arctanu(t) — arctanu(c) =t — c.

Therefore we obtain

u(t) =tan(r — ¢ +arctanu(c)), t € <W(2n2_ 1)’ 7T(2”2+ l))

for any n € Z. From u(0) = 0 we obtain
0 = u(0) = tan(—c + arctan u(c))
and hence

—c + arctanu(c) = mm
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for any m € Z. Therefore

u(t) =tan(t + mm) = tant, t € <7T(2” - 1)’ T(2n + 1))

2 2

for any n € Z. Since the domain of ¥ must include 0 and the solution blows up at
—% and Z, n = 0 must be used, that is,

1) =t zze(””)
u =1tanft, — A A )
22

The solution cannot be extended anymore.
On the other hand, we replace the integral to the extended integral. Let Ny =

{@‘neZ].Then

I, = {[a,b]

2n — 1 2 1
there exists n € Z such that [a, b] C <7T( " ), m(@2n + )> }

2 2

We obtain

*/ u'(s) _ .
(HK) 2 4y = (HK) ds
(e 1+ u(s)? le,t]

for any [c, t] € Zy. In the same way as above, we obtain

u(t) =tan(t — ¢ + arctanu(c)), c,t € <7T(2n — 1), m@n + 1)>

2 2
for any n € Z. In the case of ¢ € (—%, %), from u(0) = 0 we obtain
0 = u(0) = tan(—c + arctan u(c))
and hence
—c + arctanu(c) = 0.
Therefore

u(t) =tant, t € (—g g) .

In the case of ¢ € (@, @), since u is continuous on (@, b ), we

obtain

—c + arctan u(c) = mn.



216 T. Kawasaki

Therefore

u(t) =tan(r + mn) =tant, t € (77(2;1 — 1)’ 7(2n + 1))

2 2

for any n € Z. Using the extended integral, we do not need to consider the blow-up
of the solution. Therefore n can be arbitrary.
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Abstract The Kuramoto—Sivashinsky equation is a fundamental fourth-order par-
tial differential equation modeling various nonlinear physical phenomena in unstable
systems. It occupies a considerable position in explaining the motion of a fluid going
down a vertical wall, a spatially uniform oscillating chemical reaction in a homo-
geneous medium and unstable drift waves in plasmas. The analytical treatment of
this nonlinear differential equation is too involved a process and requires applica-
tion of advanced mathematical tools, so it is required to develop efficient numerical
techniques whose solutions are of great significance to scientists and engineers. One
way of solving this equation is the application of compact finite difference method
which is steadily acquiring popularity owing to its high accuracy and easy imple-
mentation. In this paper, a novel two-level implicit compact finite difference method
to the solution of the one-dimensional Kuramoto—Sivashinsky equation subject to
appropriate initial and boundary conditions is presented using coupled approach.
The method is fourth-order accurate in space and second-order accurate in time. It
is based on only three-spatial grid points of a compact stencil without the need to
discretize the boundary conditions. Computational results are presented to illustrate
the applicability and efficiency of the proposed method.
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1 Introduction

The Kuramoto—Sivashinsky equation (KSE) reveals complex chaotic behavior often
encountered in the study of continuous media having the following form:

¢z+¢¢x+a¢xx +"Y¢xxxx=0’ xe[aab]a [e(ov T], (1)

subject to the following initial and boundary conditions:

¢(x,0) = go(x), a <x =<b, 2.1)
Pa,t) = go(t), &b, t) =gi(t), t >0, (2.2)
bux(@, t) = ho(t), ¢u(b,t) =hi(t), t>0,, (2.3)

where « and v are constants associated with the growth of linear stability and sur-
face tension, respectively. The KSE arises in a wide range of physical processes
such as in representing long waves on the interface between two viscous fluids [1],
in flame propagation [2], in reaction—diffusion combustion dynamics and in the
study of unstable drift waves in plasmas [3]. In this framework, it was introduced
independently by Kuramoto and Tsuzuki [3] in order to study dissipative structure
of reaction—diffusion and by Sivashinsky [2] as a model for analyzing flame front
propagation during mild combustion processes and instabilities induced by thermal
conduction of the considered gas. The KSE comprises of high-order dissipation term
Oxxxx, NONlinear advection ¢ ¢, and linear growth term ¢,,. Thus, in general the
KSE comprises a nonlinear initial valued problem concerning fourth-order spatial
derivative. When v = 0, the surface tension term is eliminated and the KSE reduces
to Burger’s equation. It has emerged as a primary evolution equation for explaining
highly nonlinear physical phenomena in unstable systems.

Due to its vast applications, considerable attention has been given to determine
its analytical and numerical solutions. In recent years, the solution of KSE has been
found by applying various methods including finite difference methods [4, 5], tanh-
function method [6], local discontinuous Galerkin method [7], Chebyshev spectral
collocation method [8], radial basis function based on mesh free method [9], He’s
variational iteration method [10], quintic B-spline collocation scheme [11] and lattice
Boltzmann model [12]. In[13], B-spline-based finite element approach to the solution
of the one-dimensional KSE is presented. Recently, in [14] the exponential cubic B-
spline collocation method is used for the numerical treatment of KSE. Compact finite
difference method which is restricted to a patch of cells immediately surrounding any
given mesh point is one of the attractive means for obtaining approximate solutions
to KSE and is steadily gaining recognition due to the relative ease of implementation
and flexibility. Apart from this, the advantage of developing a compact scheme is its
suitability to be used directly adjacent to the boundary without introducing any extra
nodes outside the boundary of the domain.
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In this article, we present a new two-level implicit method of accuracy two in time
and four in space for the solution of KSE (1). In this method, we use only three spatial
grid points. We do not require any fictitious point for computation. The numerical
solution has been computed without transforming the equation and without using
linearization. The paper is arranged as follows: In Sect. 2, we describe the compact
finite difference method. In Sect. 3, we discuss the stability of the linear part of KSE.
In Sect.4, numerical results are presented for different test problems with tabular
and graphical illustrations. Conclusions are given in Sect. 5.

2 Description of the Method

In this section, we will carry on the space and temporal discretization of the time-
dependent one-dimensional KSE (1). We define a new variable ¢ = ¢,,, then the
problem (1) is decomposed into a system of two second-order PDEs as

Gxx =, x €la,b], (3.1)
Vux + & = —p by —at), x €la,b], t €(0,T], (3.2)

subject to initial and boundary conditions

B(x,0) = do(x), P(x,0) =y(x), a<x<bh (4.1)
dla, 1) = go(t), d(b, 1) =gi(1), t>0 (4.2)
v(a,t) = ho(t), b, t) =h@), t>0 4.3)

Itis noted that via the initial condition (2.1), the values of all the successive tangential
partial derivatives ¢,, @.y, ... can be found at + = 0. Since Y (x, 0) = ¢, (x, 0),
hence v is also determined at ¢t = 0.

We assume that ¢(x, ¢) is sufficiently smooth and its required high order deriva-
tives exist in the solution region Q2 = {(x,7) |a <x < b, t > 0}. Let h > 0 and
k > 0 be the mesh spacing in the space and time directions, respectively. Spatial
knots are equally distributed over the solution domain [a, b] as

a=x)<Xxy<---<xy<xyq1 =Db,

with mesh spacing h = (b —a)/(N + 1) and t; = jk,0 < j < J, where N and J
are positive integers. Let A = (k/h?) > 0 be the mesh ratio parameter. We replace
the region Q2 by a set of grid points (x;, ;). Let the exact solution values of ¢(x, t)

and 1 (x, t) at the grid point (x;, ;) be denoted by <I>lj and \lflj , respectively, and ¢lj
and 1] denote their approximate solution values, respectively.
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We denote f(x,t) = —¢ ¢, — atp. Then at the grid point (x;, ¢;), the differential
equations (3.1)—(3.2) can be written as

7 =, (5.1)
vl +dn =—¢ ¢l —av] = f. (5.2)

At the grid point (x;, t;), for § = ¢, 1, we denote

aa+bS
Sab == (W) .
XEO J (x.1y)

Differentiating (3.1)—(3.2) with respect to ‘t’ at the grid point (x;, #;), we obtain

o1 = o1, 6.1
Y21 + P2 = —Po1¢10 — PooP11 — ator. (6.2)

Further the functions ¢/ and f;/ defined by (5.1)(5.2) satisfies

N . .
06l = LWl +100] + 91+ 0, (7.1)
. R . . . . .
Vo] + 510 106 + i 1 = Ui + 10/ + L1+ omh®, , (1.2)

where J, denotes the central difference operator in the spatial direction.
For p = 0, 1, we consider the following approximations:

1 =t,-+§, (8.1)
Blep =011y + 01,002, 82)
Ulap = Wy + )12, (83)
., = @l — ol )k, (8.4)
3 = @l — d1_)/2h, 85)
B, = (£38)s, T4 £1))/2h, (8.6)
Tl = =0 &, — 0. 8.7)

Simplifying above approximations, we obtain
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ik

¢ =¢] + §¢01 + 0k, 9.1)
—j ik

B =0 + S+ 0, 9.2)
_ A k

Oar = Oy + 300 + OK £ k). 9.3)
el j k 2

Vigr = Yy + Ewm + O (k™ £ kh), (9.4)
=) ik 2

¢, = ¢, + §¢02 + O(k?), 9.5)
=/ j k 2

(bflil = ¢t111 + §¢02 + O(k + kh)’ (96)
P ik h? 2 2, g4

b, = ¢l + chm + €¢30 + O(k” +kh” +h"), 9.7)
—j - k h? 3

¢X1¢1 = 5]6/:&] + §¢11 - ?¢30 + O(kh +h”), 9.8)

. . k h2
Flor = fila + 5( — do1610 — Pood11 — atbor) + ?¢00¢30 + O(kh + hY).
9.9)

In order to derive O (k> + kh? 4+ h*) difference method, we require O (k + h?)
approximation for the first-order partial derivative ¢,. Let

=J

¢x1 = 5)]rz +ah[wlj+l _Eljfl ]’ (10)

where ‘a’ is a free parameter to be determined.
By the help of the approximations (9.4) and (9.7), from (10), we obtain

2

= .k h 2 2 4
b, =l + 5(1511 + Z(l + 12a)¢30 + O (k* + kh* + h*). (11)

Next, we define
fi =66y — i), (12)
Finally, by the help of approximations (9.1), (9.2) and (11), from (12), we obtain

=i ok K2
Fi = 17 + 3 (= 601610 = dood1 — avion) - =+ 120600030 + O* + ki + h).
(13)

Then the numerical method may be written as
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. h2 . . .
5201 = ;Wi + 109+, (14.1)

. hZ — —j . h2 . =j . )
V0 + 5000, +100, + 64 1= Tl + 107 +F) 1=1.2.... N: j=0.1.2....
(14.2)

The local truncation error (LTE, ) associated with (14.1) may be obtained as (LTE,)=
O (K2h? + kh* + 1) using the relations (6.1) and (7.1). We will see that the local
truncation error (LTE,) associated with (14.2) is obtained as (LTE,) = O (k*h? +
kh* + h®), implying that the accuracy of the method is of O (k*> + kh? + h*). When
k o< h?, that is, for a fixed value of ), the accuracy of the method becomes O (h*) in
space.

By the help of the approximations (9.2), (9.4)—(9.6), (9.9) and (13), from (7.2)
and (14.2) we obtain:

. h2 . . . khz
vo2y! + 1000 100y + 1+ = (a1 + d02) + O(k>h? + kh™* + h®)

h2 P e kh? h*
= Vg H1007 + fim ]+ - (=d01610 — doo¢11 — arpor) — 17 (1 +20a)doo 30 + (LTE2)
(15)

Substituting (6.2) into (15), we obtain the local truncation error
h4
(LTE,) = E(l +20a) pood3o + O (K*h* + kh* + h®). (16)

For the proposed method (14.2) to be of O (k* + kh? 4+ h*), the coefficient of 4% in
(16) must be zero. Thus we obtain the value of the parameter ¢ = —1/20 and the
local truncation error reduces to (LTE») = O (k2h* + kh* + h®).

Incorporating the given initial and boundary conditions (2.1)—(2.3), the three-
point compact difference scheme results in a tri-diagonal nonlinear system. To solve
such a system, we could apply Newton’s nonlinear iteration procedure [15, 16].

3 Stability Analysis

Consider the following the higher order linear part of the KSE:
G+ +YPrxxx =0, x €la,bl, t €(0,T] (17

subject to the initial and boundary conditions (2.1)—(2.3). The matrix form of the
difference formula (14.1)—(14.2) when applied to the model Eq. (17) is

Ayt = (-A+B)Y +ec, (18)
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A“ A12 Bll B12 ¢ ¢
A = N B = ) = ’ =
|:A21 A22i| [le Bzz] y |:"»b] ¢ [c2]

The submatrices are given by

where

All = 12[15 _25 1]5 A12 = _h2[15 107 1]7 A21 = [15 107 1]7
h? h?
Ap =2 [67 + O‘T —12y + 5ah’, 67 + O“T} ,

B = B2 =By =[0,0,0], By =2[1, 10, 1],

where B _
bc 0---0
ab c
[a, b, c] = 0’ .0
: a b c
| 0--- 0 a b |

is the Nth-order tri-diagonal matrix having eigenvalues b + 2./a c cos(20), 20 =
(sm)/(N+1),s=1,..., N.(E, are solution vectors and vectors ¢;, ¢, consist of
homogenous functions, initial and boundary values of the block system (18).
For discussing stability, we must consider the homogenous part of (18) which
may be written as
yj+1 = (-1 +A! B) yj (19)

Let E/ =y/ — Y/ (In the absence of round-off errors) be the error vector at jth
iterate and )
) o7
J_
v=[o]
where @, W are exact solution vectors.
The error equation may be written as
E/T' =HE/,
whereH = —I + A~! Bisthe amplification matrix. The eigenvalues of Ajj, Az, Ay

and A, are given by —48sin® ¢, —h%(12 — 4sin® ¢), 12 — 4sin® ¢ and \(6ah? —
2(12y + ah®) sin? ¢), respectively.
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If £ denotes the eigenvalue of the matrix A, then it satisfies the characteristic
equation:

—48sin® ¢ — £ —h%(12 — 4sin® ¢) B
det[ 12 — 4sin? ¢ A6ah? — 2(127y + ah?) sin® ¢) — J =0 (20)

which on simplification gives the equation

€2 + [485sin% ¢ — A(6ah? — 2(12 + ah?) sin? ¢)1€ — 48Asin? d(6ah® — 2(127 + ah?) sin? @)
+1h%2(12 —4sin? )2 =0 (21)

Further, the eigenvalues of B, B>, By; and By, are given by 0, 0, 2(12 — 4 sin? )
and 0, respectively. Consequently, O is the only eigenvalue of matrix B. Let 7 be the
eigenvalue of A~! B, where ¢ and 0 are the eigenvalues of A and B, respectively.
Then, 7 — 1 is the eigenvalue of the amplification matrix H. Hence the scheme
(14.1)—(14.2) is stable as long as 0 < 7 < 2.

4 Numerical Validation

To see the efficiency and versatility of the proposed method, two numerical examples
are studied in this section. The accuracy of the method is evaluated in terms of the
global relative error (GRE) defined as

N
IZ; |p(xs, 1) — P (xy, 1)]
GRE = =

N
> @, 1)l
I=1

Example 1 We obtain the numerical solution of the KSE (1) fora =1 and v =1
with the exact solution given by

o(x,t) =b+ 1—2\/1»—;(—9tanh(1((x — bt — x0)) 4+ 11 tanh®(K (x — bt — xq))).

The initial and boundary conditions are taken from the exact solution. The above
solution models the shock wave propagation with speed b and initial position x¢. This
example is studied in [11, 12, 14]. For reason of comparison with the corresponding
works in the literature, we take the same physical parameters as in [11, 12, 14]:

b=35, K =3,/3. Xo = —12 and the solution domain is taken as [—30, 30] with
number of partitions as 150 and k = 0.01. Results are reported in Table 1. The two-
dimensional visual comparison of exact and numerical solutions at different time

intervals is presented in Fig. 1. Also, in Table2, the GRE is compared for various
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Table 1 Comparison of GRE for Example 1 at different times, N 4+ 1 = 150

t Proposed scheme Method discussed in | Method discussed in | Method discussed in
(14.1)-(14.2) [14] [11] [12]
1 6.0297(-05) 3.3291(-04) 3.8173(-04) 6.7923(-04)
2 9.9303(-05) 5.5636(-04) 5.5114(-04) 1.1503(-03)
3 1.3064(-04) 8.7489(-04) 7.0398(-04) 1.5941(-03)
4 1.6060(-04) 1.2516(-03) 8.6366(-04) 2.0075(-03)
7 ‘ : :
— t=1 Exact %
6.5 I ¢ t=1 Num. é
— t=2 Exact <’> ‘ AAAAAA
6 | v t=2Num.| |
—— t=3 Exact ‘
55 | * t=3 Num. ‘ |
» — t=4 Exact &f
)
S O t=4 Num. ‘
T 5 | | T
>
=]
4.5 1
4 i
3.5 1
3 L L
-30 -20 -10 0 10 20 30
x values

Fig. 1 Example 1: Numerical versus exact solution at various time intervals

spatial partitions at different time intervals with those of [11] to present the effect of
change in the number of grid points.

Example 2 We obtain the numerical solution of the KSE (1) fora = —l and vy = 1
with the exact solution given by

15
19419

For comparison, we have run the proposed algorithm (14.1)—(14.2) with the param-
eters: b =5, K = #ﬁ’ X9 = —25 and the solution domain is taken as [—50, 50]
with number of partitions as 200 and k = 0.01. The GREs are reported in Table 2
and comparison is made with the B-spline collocation method of [11], the lattice
Boltzmann method of [12] and exponential B-spline collocation algorithm of [14].
Also in Table 3, we have compared the global relative error for different number of

ulx,1)=b+ (=3 tanh(K (x — bt — xq)) + tanh® (K (x — bt — xp))).
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Table 2 Comparison of GRE for Example 1 with change in number of partitions at different times

t N +1 =200 N +1=300 N +1=400
Proposed Method Proposed Method Proposed Method
scheme discussed in | scheme discussed in | scheme discussed in
(14.1)—(14.2) | [11] (14.1)-(14.2) | [11] (14.1)-(14.2) | [11]
1 3.3445(-05) |2.1335(-04) |2.4382(-05) |1.2335(-04) |2.2991(-05) |6.6956(-05)
2 5.8065(-05) |3.0874(-04) |4.4914(-05) |1.6780(-04) |4.2944(-05) |9.6417(-05)
3 7.9875(-05) |3.9500(-04) |6.4010(-05) |2.0791(-04) |6.1833(-05) |1.0947(-04)
4 9.7756(-05) | 4.8479(-04) |8.1239(-05) |2.5018(-04) |7.9068(-05) | 1.2600(-04)
Table 3 Comparison of GRE for Example?2 at different times, N + 1 = 200
t Proposed scheme Method discussed in | Method discussed in | Method discussed in
(14.1)-(14.2) [14] [11] [12]
8.9929(-08) 9.3379(-06) 6.5093(-06) 7.8808(-06)
2.3011¢-07) 1.5717(-05) 7.1315(-06) 9.5324(-06)
10 |3.3576(-07) 2.3730(-05) 7.3103(-06) 1.0891(-05)
12 |5.2537(-07) 3.3337(-05) 8.7766(-06) 1.1793(-05)

partitions for various time intervals with those of [11, 12, 14] to illustrate the effect
of change in the number of mesh points. The two-dimensional graph of numerical
solution versus exact solution is plotted in Fig.2 for —50 < x < 50 at various time
intervals.

Example 3 (Non-homogenous Kuramoto—Sivashinsky equation)
Ot + O Ox + Pxx + Prex = 9(x,1) O0<x <1, 1>0 (22)
The exact solution of the above problem is ¢(x, t) = sinh(¢) sin(7x). Here
g(x, 1) = (7* — 7 4 msinh(#) cos(rx)) sinh(#) sin(mx) + cosh(#) sin(rx).
The numerical solution of differential equation (22) is computed using proposed
difference method with number of partitions 8, 16 and 32 at time t = 1 and 2. The

maximum absolute errors defined using the formula

MAE = l]’nla);] |¢(.x1, t) - CD(.XI, t)'

are computed. For each spatial mesh length 4, the corresponding time step size
is chosen as k o h2. With this choice of time step size, the theoretical order of
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convergence becomes O (h*), 1.e., the method is fourth-order accurate in space, which

is verified using the formula

where ¢, and e, are errors corresponding to two uniform mesh lengths 4; and £,
respectively. The maximum absolute error and the order of convergence are tabulated
in Table4. The 3D graphs of numerical and analytical solutions are plotted in Fig.3

forh:%att: 1.0for0 <x < 1.

Fig. 2 Example2: Numerical versus exact solution at various time intervals

Table4 The maximum absolute errors and order of convergence of proposed method for Example 3

u values

5.4

5.3

5.2

5.1

4.9

4.8

4.7

4.6

-50

(log(en,) — log(en,))/(log(h1) — log(h))

— t=6 Exact

A t=6 Numerical
— t=8 Exact

O t=8 Numerical
— t=10 Exact

¢ t=10 Numerical
— t=12 Exact

*  t=12 Numerical

X values

at7 = 1 and 2 for a fixed A = (k/h?) = 1.6

50

t=1 t=2
h MAE Order MAE Order
178 | ¢ 1.5299(-04) - 4.7467(-04) -
Dxx 3.6268(-04) - 1.3747(-03) -
1716 | ¢ 9.4912(-06) 4.0107 2.9448(-05) 4.0107
Gxx 2.2481(-05) 4.0119 8.4283(-05) 4.0277
1732 | ¢ 5.9413(-07) 3.9977 1.8392(-06) 4.0010
Gxx 1.2354(-06) 4.1857 4.2829(-06) 4.2986
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& values

0.5

05
x values 0 g tvalues X values 00 tvalues

(a) Numerical Solution (b) Exact Solution

3 The graph of numerical and exact solutionat# = 1 and h = % for 0 < x < 1: Example3

Concluding Remarks

In essence, the current work presents highly accurate numerical approximation of
order two in time and four in space for the one-dimensional time-dependent KSE.
The method is derived using three spatial uniform grid points. Extensive numerical
results of diverse scenarios for the KSE illustrate the superiority of our approach. It
is observed that the simulating results are in good agreement with both the exact and
existing numerical solutions. The results indicate that the errors in our method are
much less than the errors in Refs. [11, 12, 14]. We are currently working to extend
this technique to solve the time-dependent KSE in two and three space dimensions.
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Bhavneet Kaur

Abstract The aim of the paper is to extend the Robe’s restricted three-body problem
to 2 + 2 bodies. We study the possible generalizations of the above problem by taking
the shape of the first primary as a spherical shell and the second an oblate body. Next,
the hydrostatic equilibrium figure of the first primary is taken as a Roche Ellipsoid.
We have taken into consideration all the three components of the pressure field in
deriving the expression for the buoyancy force, viz., (i) due to the own gravitational
field of the fluid (ii) that originating in the attraction of m (iii) that arising from the
centrifugal force. We study the equations of motion in each case and interpret them.

Keywords Robe’s restricted problem - Buoyancy * Equilibrium solutions *+ Roche
Ellipsoid

1 Introduction

Robe [12] has formulated a new kind of restricted three-body problem in which
the bigger primary of mass m is a rigid spherical shell filled with a homogeneous
incompressible fluid of density p;. The smaller primary is a mass point m; outside
the shell. The third body of mass m3 which is supposed to be moving inside the shell
is assumed to be a small solid sphere of density p3. The mass and the radius of the
third body are infinitesimal. He assumed the motion of m, around the mass m to be
Keplerian. He has discussed the linear stability of the equilibrium solutions.

Hallan and Rana [7] extended the [12] and proved that there exist other equilibrium
points too. They [6] studied the effect of oblateness on the location and stability of
equilibrium points in the Robe’s circular problem.
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Hallan and Mangang [4] considered the first primary as an oblate spheroid in
the Robe’s restricted three-body problem. They [5] studied the nonlinear stability of
equilibrium point in the perturbed Robe’s restricted circular three-body problem.

Whipple [16] studied equilibrium solutions of the restricted problem of 2 + 2 bod-
ies. He further studied the linear stability of all the equilibrium solutions. Motivated
by the work of Robe and Whipple, [8] extended the Robe’s restricted three-body
problem to 2 + 2 bodies as a foremost initiative. Later, [1] deliberated the existence
and the linear stability of the equilibrium solutions in the Robe’s restricted problem
of 2 4+ 2 bodies when the bigger primary is a spherical shell and the smaller an oblate
body.

Plastino and Plastino [11] considered the Robe’s problem by taking the shape
of the fluid body as Roche’s ellipsoid [2]. They discussed the linear stability of
the equilibrium solution, which is the centre of the ellipsoid. Giordano et al. [3]
discussed the effect of drag force on the stability of the equilibrium point, both in
the [12] problem and the problem studied by [11]. Intrigued by the work of Plastino,
[9] contemplated the location and linear stability of the equilibrium points in Robe’s
restricted problem of 2 4+ 2 bodies when the bigger primary is a Roche ellipsoid.
Kaur and Aggarwal [10] unfolded [9] problem considering the smaller primary as
an oblate body. Singh and Omale [13] studied the motion of an infinitesimal mass
in the Robe’s circular restricted three-body problem in two cases. In the first case,
the first primary is an oblate spheroid, while in the second case the first primary is a
Roche ellipsoid and the full buoyancy of the fluid is taken into account.

In our present paper, we shall analyze the restricted problem of 2 + 2 bodies in
the Robe’s setup and study all the generalizations to the problem by comparing their
equations of motion. Such a model may be useful to study the motion of submarines
due to the attraction of Earth and Moon.

2 Statement of the Problem and Equations of Motion:
Robe’s Restricted Problem of 2 + 2 Bodies

In the problem of 2 + 2 bodies in the Robe’s setup, we consider the bigger primary
of mass m7 as arigid spherical shell filled with homogeneous incompressible fluid
of density p;. The smaller primary is a mass point m, outside the shell. The third and
the fourth bodies (of mass m3 and mg4, respectively) are small solid spheres of density
p3 and py, respectively, inside the shell, with the assumption that the mass and the
radius of the third and the fourth body are infinitesimal. We assume that (i) m3; and
m4 never reach the surface of the shell (i) their position vector at any time ¢ are not
the same. Let m, describe a circle around m} with constant angular velocity w (say).
The masses m3 and m4 mutually attract each other do not influence the motion of m7
and m, but are influenced by them. We also assume masses m3 and m,4 are moving
in the plane of motion of mass m;.
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Fig.1 Geometry of the Robe’s restricted problem of 2 4 2 bodies

As in the case of classical restricted problem [15], let the orbital plane of m,
around m7 (i.e., shell with its fluid of density p;) be taken as the {7 plane and let the
origin of the coordinate system be at the centre of mass O of the two finite bodies.
The coordinate system O&n are as shown in Fig. 1.

Various forces acting on m3 are as follows:

1. The gravitational force F3; acting on m3 due to m; is

Gm3m2R32
Py = o2t (1)
R3,
2. The gravitational force F34 acting on m3 due to my is
GmsmyRag
Fzs= ——— 2
R,
3. The gravitational force F exerted by the fluid of density p; on m3 is
4
Fy=- 3 mGpim3Rys, (3)

provided |R;3| < a’ where a’ is the radius of m} and Ryj = M;M;, M| is the centre
of the shell m} and M3 the centre of mj3. 4. The buoyancy force Fy acting on mj3 is

4 Gp’msR
Fg = <_> g 2P (4)
3 p3

provided |R3| < a'.
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The last expression derived is taking into account that ms is a sphere of very

small radius b, so that the pressure of the fluid p; inside the shell keeps its spherical
symmetry around M. The buoyancy force is then (%Wb3) P18, where g is the gravity

of the fluid p; at M3, i.e.,
4
g= <§> TG p1R13

_ 4 b3
ms3 = 37‘[’ pP3.

The equation of motion of m3 in the inertial system is

with

R = — =-mGp

. GmaR3y;  GmuRayy 4 P
= 3 3 1 - R13 5
R3, R3, 3

P3

where R = OM3; and R;; = MjM;.

Now, we determine the equation of motion of m3 in the rotating (synodic) system.
Let us suppose that the coordinate system O&n rotates with angular velocity w. This
is the same as the angular velocity of m, which is describing a circle around m7.

In the synodic system, the equation of motion of m3 is

*r or
w—i—waE—i—wx(wxr):
GmyR GmyR 4
o m234——me<1—fﬂ)Rn 5)
R3 R5, 3 P3

where r = OM3 and w = wk = (constant).
Let the coordinates of m3 and m4 be (€, 1) and (£, 1), respectively.
The equations of motion of m3 in cartesian coordinates are

gy Om@-xm  Gm(-¢)
[€—x)*+72]*  [€E-+@m—-)7]
4
— §7TGp1 (1 - ﬂ) (g - -xl) +w2£v (6)
P3

[

[€-x?+n2]  [€E-&P+m—n?]
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Now, as m, is moving around m7 in a circle of radius d with angular velocity w, we
have
G (m; +m2)

We, now, fix the units such that the sum of the masses of the primaries is unity, i.e.,
m} 4+ my = 1, the distance between the primaries is unity, i.e., d = 1. The unit of
time ¢ is chosen in such a way that G = 1 [14].

‘We further take
m} my
Hi=——F— 2=

k) - .
mi + my my + my

Let pp = p, (say), then o) =1 — p.

Since the centre of mass of the primaries divides the line joining them in the ratio
of the masses, sox; = —pandx; = 1 — p.

Thus, the coordinates of m} and m, are (—pu, 0), (1 — p, 0).

In the new units, the angular velocity w given by the Eq. (8) becomes unity, i.e.,
w=1.

The equations of motion of m3 in the dimensionless cartesian coordinates are

Plgjo_ _ PE-U-p) (€ =€)
[E—a-=w)’+n) [€E-+O-?
4 P1
-3 (1 — —) E+m+¢, ®)
P3
4 2f = g ~ pa (n = 11)
(== +n] [€=*+o-T
4 P1
e (1 - —>n+n, (10)
P3
where m
pa=——— L 1. (an
mj + m;

Thus, the equations of motion of m3 in the dimensionless cartesian coordinates can
be rewritten as

£-20 =V, (12)
ii+2 =V, (13)

where
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1 % pa K
V= - (£2 2 _ 2 2 2 14
2(£+n)+R32+R34 2[(f+pc)+n] (14)
and A
K = ~mp, (1—ﬂ). (15)
3 P3

Here V¢, V,, denote the partial derivatives of V with respect to § and 7, respectively.

Now with the similar conditions on m,4 as mentioned for m3 in Egs. (1), (2), (3)
and (4), the equations of motion of m4 in the synodic system in the dimensionless
cartesian coordinates are

€ =2 =V, (16)
W42 =V, (17)

where | K

/ 1% M3 2
V/ — _ 2 2 el Rt [ / /2] 18
) b gt = [ (18)
and 4
m:#« 1, K'==7p; (1—&>. (19)
mi +mj 3 P4

3 Statement of the Problem and Equations of Motion:
Robe’s Restricted Problem of 2 + 2 Bodies with One of
the Primaries an Oblate Body

The bodies in the restricted three-body problem are strictly spherical in shape, but
in nature, the celestial bodies are not perfect spheres. They are either oblate or
triaxial. The Earth, Jupiter, Saturn, Regulus, Neutron stars and black dwarfs are
oblate. The Moon, Pluto and its moon Charon are triaxial. It is therefore essential
that we concentrate on primaries which are axis-symmetric bodies and preferably on
oblate bodies. Many authors have worked taking primaries as oblate bodies.

In this problem, one of the primaries of mass m7 is a rigid spherical shell filled
with homogeneous incompressible fluid of density p;. The second primary of mass
my(m} > my) is an oblate body outside the shell. The third and the fourth body
(of mass m3 and my, respectively) are small solid spheres of density p; and py,
respectively inside the shell, with the assumption that the mass and radius of the
third and the fourth body are infinitesimal. We also assume that m2, is moving around
m} with angular velocity w (say) in a circular orbit. The masses m3 and m4 mutually
attract each other are influenced by the motions of m} and m, but do not influence
them. Lastly, we assume that masses m3 and m4 are moving in the plane of motion
of mass m.
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m; (Oblate body)

Fig. 2 Geometry of the Robe’s restricted problem of 2 + 2 bodies with the smaller primary m; an
oblate body

Let the orbital plane of m, around m7 be taken as the 7 plane and the origin of the
coordinate system be at the centre of mass O of the two finite bodies. The coordinate
system O&n is as shown in Fig.2. Let the synodic system of coordinates initially
coincident with the inertial system rotate with angular velocity w. This is the same
as the angular velocity of m, which is describing a circle around m7. Let initially the
principal axes of m, be parallel to the synodic axes and their axes of symmetry be
perpendicular to the plane of motion. Since m, is revolving without rotation about
m} with the same angular velocity as that of the synodic axes, the principal axes of
my will remain parallel to them throughout the motion.

Let the coordinates of m3 and m4 be (£, n) and (£', 77'), respectively.

The equations of motion of m3 in the dimensionless cartesian coordinates are

£ —2wn =V, (20)
H+2wé=V,,, (1)
where
V=@t K i) a2
2 Ry Ry 2 2R3,
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and 4
mgy P1
= — 1,K=- 1 —— 23
44 o < 37TP1< p3> (23)
and
2 3
w’ = 1+§A, 24)
where 5 5
a-—c
A= ——. 25
s (25)

4 Statement of the Problem and Equations of Motion:
Robe’s Restricted Problem of 2 + 2 Bodies When the
Bigger Primary Is a Roche Ellipsoid

In deriving the expression for the buoyancy force, Robe assumed that the pressure
field of the fluid p; has spherical symmetry about the centre of the shell, in accordance
with its assumed shape and he took into account just one of the three components
of the pressure field, that is, due to the own gravitational field of the fluid p; itself.
The remaining two components are (i) that originating in the attraction of m,, (ii)
that arising from the centrifugal force. Plastino and Plastino [11] revisited the Robe’s
problem by associating the above two contributions (i) and (ii) of the pressure field,
when the second primary moves in a circular orbit around the first primary. They
assumed the hydrostatic equilibrium figure of the first primary as Roche Ellipsoid [2].

In this setup, one of the primaries of mass m is described by a Roche Ellipsoid
filled with a homogeneous incompressible fluid of density p;. The second primary
of mass my(m; > m;) is a mass point outside the Ellipsoid. The third and the fourth
body (of mass m3 and m4 respectively) are small solid spheres of density p3 and
P4, respectively, inside the Ellipsoid, with the assumption that the mass and radius
of the third and the fourth body are infinitesimal. Let d be the distance between the
centres of mass of m| and m,. We assume that m, describes a circular orbit of radius
d around m; with constant angular velocity w. The masses m3 and m4 mutually
attract each other are influenced by the motions of m; and m, but do not influence
them. We adopt a uniformly rotating coordinate system Ox;x,x3, with origin of the
coordinate system at the centre of the bigger primary, Ox; pointing towards m, and
Ox1x; being the orbital plane of m, around m . The coordinate system Oxx,x3 are
as shown in Fig. 3.

The hydrodynamical equations of motion of the fluid elements of m; are
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A
X2,

® - PRI
0 (0,0,0) (m,)

(my)

Fig. 3 Geometry of the Robe’s restricted problem of 2 + 2 bodies when the bigger primary m is
considered as Roche Ellipsoid

dt Ox; Ox; 2 mp +mo
+2p1Q2p€ mu; (i = 1,2, 3) (Chandrasekhar [1987]) (26)

du; opP 0 , 1y, mod 2 2
pl— =—7—+pi— |B+B +-w |x1——— | +x3

where u; are the components of the fluid velocity field in the rotating frame, P and
B are, respectively, the pressure field and the gravitational potential due to the fluid
mass, € j,, is the distance between two neighbouring fluid elements with velocities
u; and u,,, respectively. They are moving around each other with angular velocity of
Q.

The gravitational potential (or tide generating potential) B’ at a point L due to m,
(Fig.4) is given by

Gl’)’l2
p

B =

Gl’l’lz
Vo +d?> =2pdCosy
Gm 'Cos 213Cos*) — 1
2|:1+p 1/)+P{ v }+}

d d 2d?
Gm xy  xr—ix2 12
= d2(1+21+%+'“ . (27)

Roche’s approximation is based on keeping in the Taylor’s expansion for B’ only
terms up to the second order in x;s, i=1,2,3.
Under this assumption, the equations of motion become
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L(Xla X2, X3)

0(0,0,0)

Fig. 4 Tide generating potential at a point L due to m»

1 2(,2 2 2 12 12
plgz—a—'xzﬁ-p]a—xl B+§w (X1+X2)+ILL xl—zx —§X3

+ 2P1 Qmei,lmul (l - l’ 2a 3) ) (28)

where
sz

K2 @

M =
and the angular velocity w is given by

2 G (my +m3)
W= —

y (30)
For hydrostatic equilibrium, the Eq. (28) becomes
1 1 1 P
V|B+ zw? (x} +x3 2o xi——x}|-—|=0. 31
[ + 3w (xf +x3) ~|—u(x1 7% 95 (31)

Roche Ellipsoid constitute the solutions to the Eq.(31). They are ellipsoidal figures
with semi axes ay, a;, as parallel, respectively, to the coordinate system Ox;, Ox;,
0)63.

The potential B at any internal point x; of the homogeneous ellipsoid is given by

B =7TGp] (1/—A1X]Z—A2x§—A3X§)7 (32)

where
I' = ajA; + a3 A + a3 As (33)
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and
u

0 d
A,-=a1a2a3/ 2—(121,2,3)
0 5(ai +u)

with
6° = (aj +u) (a3 +u) (a3 +u).

@ @) (

Let the coordinates of m3 and m4 be (x,’, x,”, x3i) ) (i = 3,4), respectively.
We describe the motion of a small mass m3 within the Roche Ellipsoid.

Various forces (per unit mass) acting on m3 are as follows:

1. The gravitational force due to m4

where R;; = M;M;, M3 is the centre of the shell m3 and M, the centre of my.

2. The attraction C of the fluid p;.
C = VB;,

where Bj is the gravitational potential due to the fluid mass.
This equation holds provided

2 2 2
("), () ()
+ + <1
ai a; @

3. The gravitational field D due to the point mass m,.

D=V |:udx1(3) +u {(xf3))2 - % (xf))2 - % (x3(3))2” .

4. The buoyancy forceV per unit mass arising in the fluid.

1 2 2
V= _ﬂv[33 4+t {(xf”) I (xf)) }
p3 2

() =5 () =5 (0

This equation holds provided

2 2 2
(), ()
+ + < 1.
ai a3 a3
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(34)

(35)

(36)

(37)

(38)

(39)

(40)
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The equation of motion of m3 in the inertial system is

m;R=Fy+C+D+V
or
. GmyR 2 1 2 1 2
R :—43 H v Bs + udxla) +p (xf‘”) - = (xf)) - = (x3(3))
R3, 2 2
1 2 2
— &V [33 + ~w? {(XP)) + (xf)) }
P3 2
21 21 2
3) (3 (3
-Ht{(xl ) () - (e )H 1)
where R = OM3 and Rij = MiMj.
Now, we determine the equation of motion of m3 in the synodic system. Let us
suppose that the coordinate system rotates with angular velocity w. This is the same

as the angular velocity of m, which is describing a circle around m.
In the rotating (synodic) system, the equation of motion of mj is

O*r o or N ( 0
— 42w X —twX (wWXT) =
ot? ot

Gm4R34

R [33 T uds® 4 p { () =2 () -2 (x;3>)2”
sy s
+u {(xf))z - % (xf))z - % (x§3))2” ; (42)

where r = OM3 and w = wk = (constant).

We, now, fix the units such that the sum of the masses of the primaries is unity,
i.e., my + my = 1, the distance between the primaries is unity, i.e., d = 1. The unit
of time ¢ is chosen in such a way that G = 1 [14].

The quantity i of the Eq. (29) becomes numerically equal to the ratio

my

m; + my

In the new units, the angular velocity w given by the Eq.(30) becomes unity, i.e.,
w=1.
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The equations of motion of m3 and similarly of m, in the dimensionless cartesian
coordinates are

3! =22 =V, (43)
x) +2x” =V, (44)
2
=V, (45)
where
2 2
= gtenfasbo |0+ (4)]
ij
| N2 1 N\ 2 2
@) ) @) H
o [ T Y | P
and
m; P1 .. . .
pj = ; Di=<1__) i, j=3,41i#] 47
my +my Pi
S\ 2 SN 2 S\ 2
B, = nGp, (1/ — A (x7) = A () - s () ) .

5 Conclusion

In this paper, we have extended the Robe’s problem to 2 + 2 bodies taking two
infinitesimal masses within the spherical shell. The problem proposed by Robe had
an application to the oscillations of the Earth’s core due to the Moon’s Attraction.
Motivated by his work, we have studied the equations of motion of two infinitesimal
masses m3 and m4 supposed moving inside m, taking m, as spherical shell and m,
a point mass. We can see the presence of the infinitesimal mass m4 in the equations
of motion of m3 and vice versa. This problem can be seen to have an application
to the motion of submarines in the Earth—-Moon System. Moving from a simple
model towards realism, next, we extend the problem by taking the shape of m, as an
oblate body as most celestial bodies are oblate or axis-symmetric. We can notice the
presence of oblateness of m; in the equations of motion. The results coincide with the
[8] when the oblateness is absent and with those of [12] in case both oblateness and
an infinitesimal mass are absent. In the last case, we have taken into consideration
all the three components of the pressure field in deriving the expression for the
buoyancy force, viz., due to the own gravitational field of the fluid, that originating
in the attraction of m, and that arising from the centrifugal force, taking the shape
of the first primary as a Roche Ellipsoid. The results are in tune with [1] if we ignore
the components of buoyancy and take the oblateness coefficient A = 0.
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Abstract In this article, we introduce Chlodowsky Integral type operators with the
help of generalized exponential function with two unbounded and non-negative real
number sequences a, and b,. We study their basic estimates and investigate local
and global approximation results with the aid of second-order modulus of continuity,
Peetre’s K-functional, Lipschitz-type class and rth-order Lipschitz-type maximal
function. In the last, statistical approximation results are studied.
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1 & ) k4206,
Sn(g; u) := g( ) 1
o 2270\
where the generating function [23] is given as
o0 _XV
e, (x) = _, ()
/ VX:(:) 7#(”)
with coefficients «y,(kgiven) are introduced as
For 1 > —1/2 and k € Ny = {0} N, we have
22T (k + 1+ 1/2) 22T (k + 1+ 3/2)
7 (2k) = AL k4 1) = Al
I'(p+1/2) C'(p+1/2)
Recursive relation is given as
Yulk +1) = (k + 1+ 2u0k11)7,(k), k € Ny, 3)

with 6y is given to be 0 if kK € 2N and 1 if k € 2N + 1. The operators presented
in (1) are restricted to approximate the continuous functions only. Wafi and Rao
[8] constructed a sequence of positive linear operators to discuss the approximation
results for the Lebesgue measurable functions as

1 0 (nx)k nk+2,u0k+)\+l 00
D,(f:x) = Z / 210N =1t £ (1)
eu(nx) = u(k) Dk +2u0c + A+ 1) Jo

4)

Several mathematicians researched in this direction to approximate the continuous
functions only and Lebesgue measurable functions, i.e. Wafi and Rao [7] and Mur-
saleen et al. [9-11], Karaisa et al. [14] and Icoz et al. [12, 13] Motivated by the
above, we present a Chlodowsky Integral type operators via Dunkl analogue as

00 k k+2u0+A+1 00
1 (anx) by

e, (anx) pard Yuk) Tk +2p0 + A+ 1) Jo

tk+2u9k+)\efbntf(t)dt’

An(fix) =
&)

where a, and b,, are unbounded and increasing sequences of real numbers such that

by
lim b, = ocoand lim — = 0. (6)

n—00 n—-o0 n

In the subsequent sections, we prove some basic lemmas and proposition which
shows the uniform convergence of the operators (5). Further, we study the point-
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wise approximation results and global approximation results. In the last part of this
manuscript, statistical approximation results are investigated.

2 Approximation Properties of A, (f; x)

Lemma 2.1 Let p > —% and x > 0. Then with the aid of generalized exponential
function given in (2), one has

1 - (anx)k
e;t(anx) k=0 "/}L(k) B

1 ad (anx)k
eu(anx) =0 'Yp(k)

(k + 2ub) = apx,

1 & (apx)k
eu(anx) =0 'Yu(k)

(k + 2u9k)2 = a,zlx2 + 1+ ZMM apXx,
eu(anx)

1 >, (anx)*
ep(anx) = k)

(k +2,u9k) = a 2+ (3 ZuM)aﬁxz
eu(anx)

+ (1 +4p + 2uM> anx,

e (anx)
1 (@nx)
eu(anx) =0 ’Y/l,(k)

k +2u0)* = a ¥+ (6 +4uM)a3x3
e;l,(anx)

+ <7 + 4#2 - 8u76“(_a'1x)> a,zlx2

eu(anx)
n (1 12 4 6T g aM)x
eu(anx) ep,(anx)

Proof With the help of Eq.(2) and 0; 1 = (—1)* + 6;, one can easily prove Lemma
2.1. O

In order to discuss the basic properties of the operators introduced by the Eq. (5),
we consider e, (1) =t",v €{0,1,2,3,4} and ¢¥/(t) = ( —x)",v €{l, 2,3,4},
respectively.

Lemma 2.2 Let A,(f; x) be the operators defined in (5). Then one has

An(eO;x) = l’
n A+ 1
Aoy = Ly p 250
bn l'l
n A+DA+2
An(eg;x) + (4 2>\+2 e#( a .X)) M,
e, (anx) b2

An(e3; x) = ”x*+(9+3A 2= am)—" +<18+k>\()\+5)+4u2
eu(an ) bz
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—a, " M +6A2+ 11046
HMSHA)M)Q_ +OA + 1IN+

e, (anx) bflx n3 ’
a* e, (—anx)\ a’ 1
An(es; x) = 2x* 16 + 4\ 4 4= ) Tn — ).
e =goxt+ (104 0+ a2 2R ) o ()
Proof Using Lemma 2.1, we have for v =0
00 k4206, +-A+1
An(eg; x) = 1 (Clnx)k b, 1Ok /oo tk+2#0k+)\efbn;dt
' ep(anx) = k) Tk +2u6 + A+ 1) Jo
ol G @) T+ 20 + A+ 1)
" (@) 2 700 Tk + 200+ A+ 1)
=1.
Forv =1
o0 k426 +-A+1
A (er: x) = 1 (anx)k bn+ 1ot /oo (A2 =but g,
e e,u,(anx) =0 'Yu(k) L'k + 2,“01( +A+1 /o
ol (@)t Tk 420+ X +2)
eu(anx) = (k) DT (k 4206 + A+ 1)
1 2\ (apx)* Tk +2ub + X+ 1
= Z(ax) (k20 + A+ el 2 At D
bpe,(anx) =0 Yu (k) Ck+2u0 + X+ 1)
a, n A+ 1
= —x .
by by
Forv =2
k4206 +A+1
A (ez' x) _ 1 & (anx)k bn+ WOk + /OO tk+2H(gk+)\+26_b”tdt
T eu(anx) ‘=4 (k) Tk +2u8c + A+ 1) Jo

_ 1 @)t T*h+2p8+ A +3)
eu(anx) g (k) BTk + 20 + A+ 1)

1 & (@) (k42 + N +2)(k 4+ 2ub + X+ 1)
eu(anx) = (k) by

[e¢]

_ 1 Z (apx) ((k +2u0)% + @A+ 3)(k + 2160
be(anx) = 7,(k)

+ A+ DA+2)
2

:%x2+<4+2)\+2u

e,u(_an-x)) [ ()‘+ 1)()\"'2)

e, (ayx) b_%x b2
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Similarly, the rest part of the Lemma 2.2 can be easily proved. (]
Lemma 2.3 Let the A, (f; x) be the operators given in (5). Then we have

A+1
An(wi; )C) = T,

’

A, (2 x) = <2 +2i

A 0) = 0 <1> .
n

Proof In view of Lemma 2.2 and linearity property, one has

ei(—n)C)> x, OFDO+2)
n

e;(nx) n?

An(@WLsx) = An(t; %) — xAp (15 %),
An@2x) = Ap (% x) — 2x A (15 %) + 22 An (15 0),
An@F:x) = Ap(t*; x) — 4xAp (13 x) + 652 A, (1% x) — 4x3 Ap(1: %) + x4 A, (1 x).

In the light of Lemma 2.2, we prove the Lemma 2.3. |

Proposition 2.4 For the operators A, given in (2) and for every f € C[0, 00), A,
converges to f uniformly on [0, al, a > 0.

Proof From Korovkin Theorem 4.1.4 in [1], it is sufficient to show that
A, (e,; x) > e, (x), forv =0,1, 2.

Lemma 2.2 implies that A, (eg; x) — eg(x) asn — oo. Forv =1

lim A, (e: x) = lim ((Z— —2)x + i) = e1(x).

n—00 —00 . b,

In the similar manner, one can show that for v = 2, A,,(e>; x) — e, which completes
the proof of Proposition 2.4. (]

3 Pointwise Approximation Results of A,

Here, we recall some notations from DeVore and Lorentz [2] as Cg[0, o0) be the
space of bounded and real valued continuous functions endowed with the norm
lfIl = sup |f(x)|. Letthe function f € Cp[0, o0) and § > 0. Then, the Peetre’s

0<x<o0
K-functional is given by

Ky (f,8) = inf{lf — gl +8llg"ll : g € C3[0, 00)},
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where sza [0, 00) = {g € Cp[0, ) : ¢, g” € Cg[0, c0)}. From DeVore and Lorentz
[[2], p.177, Theorem 2.4], there exits an absolute constant C > 0 such that

K2 (f:0) < Cwn(f:V5). (7)

Consider the auxiliary operator ;\\ﬁ as

—~ " 1
Ba(fi0) = Au(fi 0 + F() — f <Z—x + b_) . ®

Lemma 3.1 Forg € C% [0, 00) and x > 0, one has

|An(g; x) — g0 < & @G,

where
£0(0) = A2 x) + (A (@) )7
Proof With the aid of auxiliary operators given in (8), we get
An(1;x) =1, A, (hy; x) = 0 and |4, (f; x)| < 3II 1. ©)

From Taylor’s series expansion, for every g € C 129 [0, 00), we obtain
t
g(1) = g(x) + (t —x)g'(x) + /(l —v)g"(v)dv. (10)
Applying auxiliary operators A, in Eq. 10, we have
t
Rgin) = 90 = d WA = xin + B [0 - vg'0)dvi).
From (8) and (9), we have

A, (g; %) — glx) = Xn(/(t —v)g" (v)dv; x)

[
bn x+ bn

= An</(t —v)g" (v)dv; x) - / (Z—"x + bi - v>g”(v)dv.

X



Better Rate of Convergence by Modified Integral Type Operators

an 1
b "By

|An(g: x) — g(0)| < +

An(/t(t —v)g” (v)dv; x)
X

X

Since
1
‘ / (t —v)g"Wdv| <t —x* 1 g" I

Then

an oy 1

bn bn 1 1 2

n an
‘ / (Z—nx o v)g”(v)dv < <Ex T x) g I

X

Using (12) and (13) in (11), we deduce

2
-~ ay, 1
1A, (9: x) — g(0)| < {An((t - 0% x) + (b—x to - X> }Ilg”ll
=&@Ng"l.
Hence, the proof of Lemma 3.1 is completed.

Theorem 3.2 For f € C3[0, 0¢), we have

| An(f; )C) - f(x) |§ CW2(f; vV gn(x)) +w(f; An(wx; x)),
where £,(x) is calculated in Lemma 3.1 and C > 0 is a constant.

Proof For f € Cp[0,00) and g € Cé [0, co) and the operators ;4\,,, we get

|An(f5 %) = QO] < 1An(f = g: 0|+ |(f = )] + |Au(g: x) — g(x)]

1
by

—I—‘f(Z—:x—i- )—f(x).

From Lemma 3.1 and identities given by (9), we deduce

bn

~ n 1
A0(f: %) = FOL < 41f = gll +1Aa(g: ¥) = g(0)] + ‘f(Z—x +) - f0)

< 41F =gl + &I +w( 3 An (Wi ).

an 1 ) "
—x+ ——v (v)dv
/ (bn b )?

251

.(11)

12)

(13)




252 N. Rao et al.

Using Peetre’s K-functional, one obtains

|An(f; X) - f(X)| = CWZ(f; A% fn(x)) +Cd(f; An('(/)x; )C)),
which completes the required result. (]
Consider the Lipschitz-type space [22] as

|t —x|”

(t + Bix + Box2)?

Lipy () = {1 € Cal0.00) 1170 = f0l < M ix1 € (0,00,

where (3, 3, > 0 are two fixed real numbers, M is a positive constantand 0 < v < 1.
Theorem 3.3 For the operators defined by (6) and for every f € Lipf,l,"ﬂ2 1), 0<

X < 00), we have

L me)
|An( 5 2) f(x)|§M<ﬂ1x+52x2> , (14)

where v € (0, 1] and n,(x) = A,,(q/)ﬁ; X).
Proof For~ =1 and x € (0, 00), we have
[An(f3 %) = fO = An(1Lf (1) = fFO)]5 %)

[t — x|
<MA, - x ).
(t + Bix + [rx?)2

for all 0 < x < oo, we obtain

It is obvious that

r+ﬁ1x1+ﬂzx2 < ﬁlx-:ﬂzxz

[Au(f5x) — f()| < L(A ((t — )% x))?

o T Bix+ B ’
Na(x) )’

= M(ﬂlx + ﬂzxz) .

This shows that the Theorem 3.3 satisfies for v = 1. Next, for v € (0, oo) and with

the aid of Holder’s inequality with p = % andg = 2%7, we deduce

An(f:20) = FOI < (A @) = f@)F10)7

()
- "\ + Bix + Box?)’ '

Since for all x € (0, c0), we have

1 < 1
t+ﬂ1x+ﬁz)¢‘2 31x+ﬁ2x2
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mm—ﬂ%mf
Bix + [rx?

= M</51x77f22x2)g'

Hence, the proof of the Theorem 3.3 is completed. ]

|An(fix) = f(X)] = M<

Here, we recall rth-order Lipschitz-type maximal function introduced by Lenze
[16] as

Wr(fix) = sup M,xe[o,oo)andre(o, 1]. (15)

1#£x,1e(0,00) 1T — x|

Then, we get the next result

Theorem 3.4 For f € Cg[0,00) and0 <r < 1,0 < x < 00, we have

An(f:) = FOI < B30 ()
Proof 1t is clear that

|An(f32) — fOl = An(Lf (1) — f(X)]5 ).

From Eq. (15), we have

|An(f5 %) = fFOO] = & (f; D) AR (1 — x]75 x).

2

5=, We have

From Hoélder’s inequality with p = % and g =

|An(f5 ) = FQ] < G (f3 0 (An(t = xI; X))%

which proves the desired result. (]

4 Global Approximation Results

Here, we recall some notations from [5] to prove next result. Let By ,2[0, o0) =

{f(x) |f(x)| < Ms(1 4 x?), 1 + x? is weight function, M is a constant depend-

ing on f and x € [0, 00)}, C4,2[0, 00) is the space of continuous function in

Bi4.2[0, 00) with the norm || f(x)|l14x = s[gp ) LWl and CF, 1[0, 00) = {f €
xe(0,00

SO — k, where k is a constant depending on f}.

I+x2 ™

Ciie: hm
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Theorem 4.1 Let A, be the operators defined by (6) from C]f+x2 [0, 00) to By
[0, co) satisfying the conditions

Tim Ay (e x) = x'[l14p2 =0, 1 =0, 1,2.
Then for each C f - [0, o0)
i [[A,(f30) = flhee =0,
Proof In order to prove this result, it is sufficient to show that
Jlim [l A, (e;: x) —x' 142 =0, i=0,1,2.

From Lemma 2.2, we have

0 [A,(1; x) — 1] .
JAn(eo; x) — x7||14x2 = sup — 5 = 0fori = 0.
x€[0,00) 1 +x
Fori =1
|jx + 5 — x|
I Au(er; x) = x| 1pe = sup L2

<a,, 1) X N 1
=\|\— - su S —— — Su .
bn xe[OEo) 1 +X2 bn xe[OEo) 1 +X2

This implies that || A, (e;; x) — x'||;4> — O ann — oo.
Fori =2

a 2 N e, (—anx) 1
() o) ey
xe[0,00) 1+x2

2 2
a; X a, ey (—apx) X
=(=2-1) su 7+—<2+2u7 sup ———
<b2 )xe[O,oo) 1+x2 b2 ep(@nx) ) ye0,00) 1+ x2
1
— sup —.
3b2 yef0,00) 1 + ¥2

2
[An(e2; x) — x7[l14,2 =

|

%)

=1
o

+

Which shows that || A, (e2; x) — x?||14,2 — 0 ann — oo. O

In the next result, we discuss a result to approximate each function belongs to
C*, ,10, 00).

14x2

Theorem 4.2 Let f € C’fﬂz[O, o0) and 7y > 0. Then, we have
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lim  sup [A.(f; )] — f(x) _
=% ein00) (1 +x2)H7

Proof For xy > 0, a fixed number, we have

[An(f3 0] = fOO) _ [An(f; )] — f(x) [An(f; 0] — f(x)
= + su
x€[0,00) (1 +x2)l+ﬁ/ X=<xo (1 +x2)l+7 xX>xo (1 +x2)]+7
< 1AL (S5 )] = f )l cro.x)
|An(1 + 12 x)| |f(x)]
+ 1 2 TR E e A R Y
=J1+ L+ J3,5ay. (16)

Since | f(0)] < I £ l14.2(1 + x2), we have

Lf ol

J3 = sup _(1 +x2)l+ﬁh’
oy Mo +6) 1l
A I e P

Let € > 0 be arbitrary real number. Then, from Proposition 2.4, there exists n; € N
such that

) | —° Ntoralln > n,
2 < (1+x 2)v||f||1+x< T +3||f||1+x2> =t
"f”H—x e for alln; > n.
(1+x2)”

This implies that

TS s

b+ J
2+ s < (1+x2)’Y

e e

a7 < 6

Next, let for a large value of x(, we have

2
bt J; < ?ﬁforallnl > . (17)
Using Theorem 4.1, there exists n, > n such that
€
Ji = 1Ax(f) — fliciox) < 3 for all ny > n. (18)

For n3; = max(n, ny), using (16), (17) and (18), we obtain
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|An(f3 0] = f(0)

relo,o0) (I +x2)Hy

Hence, we arrive at the desired results. O

5 A-Statistical Approximation Results

Here, we recall some notations [5, 6] as Let A = (a,;) be a non-negative infinite
sumability matrix. For a given sequence x := (xi), the A-transform of x denoted by
Ax : ((Ax),) is and defined as

00
(Ax)n = Zankxka
k=1

provided the series converges for each n. A is said to be regular if lim(Ax), = L
whenever limx = L. Then x = (x,) is said to be a A-statistically convergent to L,
ie. sty —limx = L if forevery € > 0,1im, ;. ;o am = 0.

Theorem 5.1 For A = (a,), a non-negative regular sumability matrix and for all
f e C{‘HM[O, o0) with A > 0, we have

sta —m A, (f5 ) = flly e =0,

Proof In the light of [3], p. 191, Th. 3, it is enough to show that for A = 0

sty —lim ||A, (e;; x) — eill1+x2 = 0, fori € {0, 1, 2}. (19)

In view of Lemma 2.3, we get

1 a, n 1
u —X — — X
xE[OEo) 1 + x2 bn bn

a, " 1 !
b, b, '

Now, for a given € > 0, we define the following sets

A, (e1; x) — x|l14x2 =
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E = {n DA (e x) — x| > 6}

This implies that E; C E,, which shows that ), £, Gk < D ke &, dnk- Therefore,
we get

st = lim | A, (er; %) = x4 = 0, (20)

For i = 2 and using Lemma 2.3, we have

<ﬁ — 1) 24 <2 + 2/L7€H(_QHX)) X+ !

b,zl b% e, (apx) 3b%

| An(e2; x) —X2||1+ 2 sup ——~
T rel000) 122

a% a, e, (—apx) 1
- <E Bl 1) * E <2+2“ eu(anx) ) * Sb%.
For a given € > 0, we have the following sets
‘An(ez; x) =2 = e}
" a? )= €
t=n:| -5 — =
? b2 =3

AP <2+2ueu(—anX)) . e}

e, (ayx) 3

A

H :=1{n:

1 6}
Hy:=3{n:— > —1.

This implies that H; € H, | J H3 | Hs. By which, we obtained

Zank < Zank+ Zank+ Zank-

kEH[ kEHz k€H3 k€H4
Asn — oo, we get
sta —lim || A, (e2; x) — x*[|142 = 0. 2y
Therefore, the proof of Theorem 5.1 is completed. ]

Theorem 5.2 Let f € C%[0, 00). Then
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sta —lim [ A, (f) = flicyi0.00) = 0.

Proof With the aid of Taylor’s series expansion, we have

1
fO=f)+ foe—x + Ef”(f)(t - x)?,

where t < £ < x. Applying A,,, we have

1
An(f3x) = £ = f1(0) Ay X) + zf”@An(wi; x).
This implies that

142 (f) = fllcs0.000 < I f le10.00 1AR (1=, llch10,00)
+ 11" les10.00 1 Aner—, Dl cyi0.00
=1, + I, say.

From (19), one has

From (22), we have

lim Z ay < lim Z dy + lim Z k-

n
keN:[[An ()= fllcglo,00 =€ keN:I; =% keN:> %

N. Rao et al.

(22)

Thus sty —lim |A,(f) — fllcs0.000 = 0. as n — oo. Hence, we arrive at the
n

required result.

References

O

1. Altomare, F., Campiti, M.: Korovkin-Type Approximation Theory and Its Applications. De
Gruyter Studies in Mathematics, Appendix A By Michael Pannenberg and Appendix B By

Fendinand Beckho, vol. 17. Walter De Gruyter, Berlin (1994)

2. DeVore, R.A., Lorentz, G.G.: Constructive Approximation. Grudlehren der Mathematischen
Wissenschaften [Fundamental Principles of Mathematical Sciences]. Springer, Berlin (1993)
3. Duman, O., Orhan, C.: Statistical approximation by positive linear operators. Studio Math.

16(2), 187-197 (2004)



Better Rate of Convergence by Modified Integral Type Operators 259

4.

5.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.
26.

217.

Ibikli, E., Gadjieva, E.A.: The order of approximation of some unbounded functions by the
sequence of positive linear operators. Turkish J. Math. 19(3), 331-337 (1995)

Gadjiev, A.D.: The convergence problem for a sequence of positive linear operators on bounded
sets and theorems analogous to that of P. P. Korovkin. Dokl. Akad. Nauk SSSR 218(5) (1974);
Transl. in Soviest Math. Dokl. 15(5), 1433-1436 (1974)

. Gadjiev, A.D., Orhan, C.: Some approximation theorems via statistical convergence. Rocky

Mountain J. Math. 32(1), 129-138 (2007)

. Wafi, A., Rao, N.: Szasz-Durrmeyer operators based on Dunkl analogue. Complex Anal. Oper.

Theory (2017). https://doi.org/10.1007/s11785-017-0647-7

. Wafi, A., Rao, N.: textitSzadsz-gamma operators based on Dunkl analogue. Iran J. Sci. Technol.

Trans. Sci. https://doi.org/10.1007/540995-017-0433-4

. Milovanovic Gradimir, V., Mursaleen, M., Nasiruzzaman, M.: Modified Stancu type Dunkl gen-

eralization of Szasz-Kantorovich operators. Revista de la Real Academia de Ciencias Exactas,
Fsicas y Naturales, Serie A. https://doi.org/10.1007/s13398-016-0369-0

. Mursaleen, M., Nasiruzzaman, M., Alotaibi, A.: Dunkl, on modified, generalization of Szasz

operators via g-calculus. J. Inequalities Appl. 2017, 38 (2017). https://doi.org/10.1186/s13660-
017-1311-5

Mursaleen, M., Nasiruzzaman, M.: Dunkl generalization of Kantorovich type Szasz-Mirakjan
operators via q- Calculus. Asian-Eur. J. Math. https://doi.org/10.1142/S1793557117500772.
Icoz, G, Cekim, B.: Dunkl generalization of Szsz operators via g-calculus. J. Inequal. Appl.,
284 (2015)

Icoz, G., Cekim, B.: Stancu-type generalization of Dunkl analogue of Szsz-Kantorovich oper-
ators. Math. Met. Appl. Sci. https://doi.org/10.1002/mma.3602

Karaisa, A., Karakoc, F.: Stancu type generalization of Dunkl analogue of Szsz operators. Adv.
Appl. Clifford Algebr. 26, 1235. https://doi.org/10.1007/s00006-016-0643-4

Kajla, A., Agrawal, P.N.: Szasz-Durrmeyer type operators based on Charlier polynomials.
Appl. Math. Comput. 268, 1001-1014 (2015)

Lenze, B.: On Lipschitz type maximal functions and their smoothness spaces. Nederl. Akad.
Indag. Math. 50, 53-63 (1988)

Mazhar, S.M., Totik, V.: Approximation by modified Szdsz operators. Acta Sci. Math. (Szeged)
49(1-4), 257-269 (1985)

Mursaleen, M., Nasiruzzaman, M., Shrivastwa, H.M.: Approximation by bicomplex beta oper-
ators in compact (B)C-disks. Math. Met. Appl. Sci. (2016). https://doi.org/10.1002/mma.3739
Mursaleen, M., Nasiruzzaman, M., Shrivastwa, H.M.: Approximation properties for modified
g-Bernstein-Kantorovich operators. Numer. Funct. Anal. Optim. 36(5), 1178-1197 (2015)
Mursaleen, M., Nasiruzzaman, M.: A Dunkl generalization of g-parametric Szdsz-Mirakjan
operators (2015). arXiv:1511.06628 [math.CA]

Karaisa, A., Karakog, F.: Stancu type generalization of Dunkl analogue of Szasz operators.
Adv. Appl. Clifford Algebr. 26, 1235 (2016). https://doi.org/10.1007/s00006-016-0643-4
Ozarslan, M.A., Aktuglu, H.: Local approximation for certain King type operators. Filomat.
27, 173-181 (2013)

Rosenblum, M.: Generalized Hermite polynomials and the Bose-like oscillator calculus. Oper.
Theory Adv. Appl. 73, 369-396 (1994)

Shisha, O., Bond, B.: The degree of convergence of linear positive operators. Proc. Nat. Acad.
Sci. USA 60, 1196-1200 (1968)

Sucu, S.: Dunkl analogue of Szasz operators. Appl. Math. Comput. 244, 42-48 (2014)
Szasz, O.: Generalization of S. Bernstein’s polynomials to the infinite interval. J. Research
Nat. Bur. Standards. 45, 239-245 (1950)

Yiiksel, L., Ispir, N.: Weighted approximation by a certain family of summation integral-type
operators. Comput. Math. Appl. 52(10-11), 1463—-1470 (2006)


https://doi.org/10.1007/s11785-017-0647-7
https://doi.org/10.1007/s40995-017-0433-4
https://doi.org/10.1007/s13398-016-0369-0
https://doi.org/10.1186/s13660-017-1311-5
https://doi.org/10.1186/s13660-017-1311-5
https://doi.org/10.1142/S1793557117500772.
https://doi.org/10.1002/mma.3602
https://doi.org/10.1007/s00006-016-0643-4
https://doi.org/10.1002/mma.3739
http://arxiv.org/abs/1511.06628
https://doi.org/10.1007/s00006-016-0643-4

Generalized Composition Operators and )
Evaluation Kernel on Weighted Hardy sk
Spaces

Rohit Gandhi, Sunil Kumar Sharma, and B. S. Komal

Abstract In this paper, we study generalized composition operators by using eval-
uation kernel on weighted Hardy spaces. The properties of generalized composition
operators, generalized multiplication operators and generalized weighted composi-
tion operators like adjoint and boundedness are obtained with the help of evaluation
kernel function.

Keywords Evaluation Kernel - Generalized composition operator * Generalized

multiplication operator + Generalized weighted composition operator - Weighted
Hardy space

1 Introduction

Let {,} be a sequence of positive real numbers with 3(0) = 1. For 1 < p < oo,

o o0
let H?(3) be the space of formal series {f : f(z) = Z fuZ", Z | ful? BP < oo},

n=0 n=0
oo

where {f,};2, is a sequence of complex numbers such that E [ ful? B2 < o0.
n=0

o
Then H?(() is a Banach space under the norm ||f||g = Z | ful? B2 < oo. For
n=0

p = 2, the space H>(3) is a Hilbert space under the inner product defined as
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o0 o0 o0
g) = Zanﬁnﬂg, where f(z) = Zanz" and g(z) = anz” are elements of

n=0 n=0 n=0
H?(/3). The space H*({3) is known as weighted Hardy space.
If 3, = 1 for all N U {0}, then H?({3) is the classical Hardy space. If 3, = ﬁ

for all N U {0}, then H?(f3) is the Bergman space. Further, if 3, = +/n + 1 for all
N U {0}, then H?(f3) is the Dirichlet space. For 3, = n! for all N U {0}, then H*(3)
consist of entire functions and it is known as Fischer space.

Let £2 be a region in open unit disk in the complex plane C. Let 8 : 2 — C
and ¢ : 2 — £2 be the analytic maps. Then a generalized composition operator
Cff : H*(B) — H?*(J) is defined by Cif = f'o¢, where f’ is the derivative of f.
A generalized multiplication operator M{ : H*(3) — H?() is defined by M{ f =
0.f'. Further, a generalized weighted composition operator W, : H*(3) — H*(f)
is defined by ng’d)f =0.f0¢.1f ¢(z) = z forevery z € £2, then Wé{(’,} = Mg which
is a generalized multiplication operator.

[o¢] n.-
Definition Let w be a point in the open unit disk. Define K, (z) = Z >

forevery z e C.Then K, (2) is in H?(3) whenever |w| < 1. The function K, (z)

is known as point evaluation kernel at w. Now K, (z) = Z (—)z and so

B

il |w|2"
Kl =) P Z :
n=0 n

Clearly ||K, || is an increasing function of |w| and (f, K,,) = f(w) for all
f e HX(D).

The systematic study of composition operators on spaces of analytic functions
began with the paper of Nordgen [4]. The work on composition operators is then
followed by several mathematicians in several directions. To mention a few of them
are Zorboska [14], Schwartz [6], Ridge [5], Shapiro [7], Singh [13], Singh and
Komal [12]. They have done commendable work on composition operators. Cowen
and MacCluer [1], Zorboska [14] initiated the study of composition operators on
weighted Hardy spaces. Weighted composition operators are studied by Gunatillake
[3], Sharma and Komal [9-11]. Sharma [8] has studied generalized weighted com-
position operators on Bergman space. The main purpose of the present paper is to
study generalized composition operators, generalized multiplication operators and
generalized weighted composition operators on weighted Hardy spaces.
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2 Adjoint of a Generalized Composition Operator Using
Evaluation Kernel on a Weighted Hardy Space

Boundedness of the generalized composition operators on weighted Hardy space
is characterized in Sharma and Komal [9]. In this section, we shall compute the
adjoint of generalized composition operator using evaluation kernel. For the sake of
convenience, we give here Theorem[2.16] of Cowen and MacCluer [1] in the form
of Lemma 1.

Lemmal Let f e H*(3) and K, (z) be a point evaluation function. Then

n—1
(FKW) = f () where KU1 (z) = Z n(w)

Proof Given that f € H*(f3),
So put, f(z) = Zanz" and K, (z) = Z Zn(w)n

n=0 "

o =\n—1
Now Kll(z) = Z < n(ﬁu;)

Clearly, it can be seen that

(f KM = f(w)
Hence, the result.

Theorem 1 Let Cg € B(H?*(f3)). Then C,‘Z* w=Kj
ce.

d* . o .
@( ) where C3 is the adjoint of

Proof Forevery f € H*(f3),
we have

(f, C4 Ku) = (CSf. Ku) = (f0d, Ku) = [ (pw)) = (f, K4,)

Hence,

d* _ gl
Cy Ky Ko(w)

Example1 Let 2 ={z € C:|z| <e !} and ¢(z) = z2 for all z € 2. Then ¢ :
2 — Qisananalytic map. Foreveryn € N U {0} define 3, = e™". Then H*(3) # ¢
ase; € H?(B3). We first show that Cg : H*(3) — H?*(f) is abounded operator. Take

f@ =Y fu" in H*(3). Then

AP =) 1fulBr < 00

n=0
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Now
o0 o0
CLf =) nh@@)™" =) nfz
n=1 n=1
Therefore,

o0 o] 2
ICSFIP =D "+ D2 P83, = ((n + 1)52” ) |funiPBry (D)

n=0 n=0 n+1

But

n+1)

) 1 n+1 1
B _ (at+De =(n::1)§e forevery n=0,1,2,3,...

ﬂn-‘rl eZn e

Therefore, from (1),

o0
ICSFIP <Y 1 P8y < ISP

n=0

or
ICefIl <ellfll forevery f e H*(5)

Hence, C(‘Z is a bounded operator.

Consider
(f,CL Ku) = (CLf. Ky = f(¢w)) = f W) =) (n+1)frpw™
n=0

Also it can be seen easily that

oo
(‘f’ KC[)I(L))) = <fs Kl[vlz]> = Z(n + 1)fn+1w2".

n=0

Hence,

ko gl
Co Ku = Ky
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3 Adjoint and Norm Estimate of Generalized
Multiplication Operator by Using Evaluation Kernel

In this section, we have to find the adjoint and norm estimate of generalized multi-
plication operator by using evaluation kernel.

Theorem 2 Let M € B(H?(B3)). Then M{ K, = 0(w)KL!, where M{" is the
adjoint of M| (‘f .

Proof Let f € H*(53),
we have

(f, M K,) = (MJf, Ky) = (0f, Ku) = 0(w) f (w) = O(w){f, K1)

This proves that
M§ K, =0(w)K!

Example 2 Let M g be a bounded operator. For 0(z) = z,

consider
oo
(f. M Ky) = (Ml . K) = (0f , Ku) = wf (w) =) _nfyw
n=0
- o0
Now it can be easily seen that (f, §(w) K1) = Z nf,w
n=0

Theorem 3 Let §2 be the open unit disk in complex plane C. IfMg € B(H?(p)),

then |0(w)| < ||M{|] I'l‘,fl,,‘l'l for each w € £2.

Proof Let f, = g H,Then | full =1
Since M is bounded, so ||M{ f,l| < [|M{]|

1My < lIMgl]

||K I
IME Kol < [IMJ1111K ]|
By using theorem (2), we have
Iz Al
Hence, the result

| Kwll

o(w)| < ||IM
[0(w)] < I 0||||K“]||
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o0
Theorem 4 Suppose that M§ € B(H?(3)), where Z
pr

_2
Then 0w)|
w
—— < lIM{]]
Proof By theorem (3),
1Kyl
0w)| < [|Mf || —— 2
e

o0
Now [[KulP=) W

2
n=0 ﬁ"

For any |w| < 1, it is easy to see that || K, || <

As
0 22— 1
2 _ n“lw| L
1K =) ——> 3
n=1 n 1
1 RPERY 1
Therefore, ||K!|| > 3; implies TR < B

Therefore, from inequality (2), we have |6(w)| < ||M§1 |51

This proves that

4 Adjoint of Generalized Weighted Composition Operator
by Using Evaluation Kernel

In this section, we shall obtain the adjoint of generalized weighted composition
operator by using evaluation kernel.
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Theorem 5 Suppose W5{¢ € B(H*(f3)). Then Wé{;Kw = 9(w)K<5>]<L), where Wé{; is
the adjoint of Wé’,@'

Proof A straight forward calculation shows that W’ ¢ Ky =0w)K (,[;(]w)’ see Gandhi
et al. [2].

Example 3 Let 2 ={z € C:|z| <e'}. Foreveryn € NU {0}, let 3, = e™". Let
¢ : 2 — £2 be defined by ¢(z) = z%. Let 0 : 2 — C be defined by 0(z) = z2. We
first prove that W(;’{ » 1s a bounded operator.

Take f(2) =) fu"in HA(B). Then || f|* = Y 1 /,*5; < oo

n=0 n=0
Now . N
Wi, @) =0 f (6) =22y nfud 2= nfs™
n=1 n=1
Therefore,
00 oo b
IWeFIR =S P, =Y (n%"> 28 3)
n=0 n=0 n
But
nﬁZn ne" n
= =— <1
B e e

Hence, from Eq.(3), [|Wy, f1I* < [If1I?
This proves that Wé{ »J 1s a bounded operator.
For the adjoint of Wé{ & consider

o]

(f, Wiy Ku) = (Wi, f, Ku) = 0w). f (pw) = w’.f (w?) = ) nfyw™

n=1
Also, it can be seen easily that

[ee]

(f Ow)KL,)) =Y nfw®

n=1

Hence,

WiloKu = 0) K,
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General Variational-Like Inequality and ki
Hierarchical Fixed Point Problems

Rehan Ali and Mohammad Shahzad

Abstract This paper deals with a strong convergence theorem for a hybrid iterative
algorithm to approximate the common solution of generalized general variational-
like inequality problem for generalized relaxed c-monotone mapping and hierar-
chical fixed point problem for nonexpansive mapping in real Hilbert spaces. Some
consequences of the strong convergence theorem are also derived. Finally, we give
a numerical example to justify the main result. The method and results presented in
this paper generalize and unify previously known corresponding results of this area.

Keywords Generalized general variational-like inequality problem + Hierarchical
fixed point problem - Hybrid iterative algorithm - Strong convergence

2010 Mathematics Subject Classifications 47H10 - 49J35 - 90C47

1 Introduction

Let H be areal Hilbert space with the inner product (-, -) and induced norm || - || and
let C C H be a nonempty, closed and convex set.

Itis well known that the theory of variational inequalities plays an important role in
optimization, economics and engineering sciences. Because of its vast range appli-
cability, various extensions and generalizations of variational inequality problems
have been made and analysed in various directions for the past several years. One
of the important generalizations is variational-like inequality problem introduced by
Parida et al. [17] which has applications in optimization.
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In 2006, Preda et al. [18] introduced and studied the general variational-like
inequality problem (in, short GVLIP) of finding x* € C such that

F(x,x*;x*) >0, Vx € C, (1)

which has applications in mathematical and equilibrium programming, see for exam-
ple [22].

Very recently, Kazmi and Ali [10] introduced the generalized general variational-
like inequality problem (in, short GGVLIP) which is to find x* € C such that

F(x, x*; x) + o(x, x*) — ¢p(x™, x*) >0, Vx € C. 2)

The solution set of GGVLIP (2) is denoted by 2 = Sol(GGVLIP(1.2)).They proved
an existence theorem for GGVLIP (2) and proved strong convergence theorem for
an iterative method for approximating a common solution to a system of GGVLIPs
and a common fixed point problem in Banach space.

If we set F(x,x™;x*) = (fx*+gx*, n(x,x*)) where f,g:C — H and 7 :
C x C — H, then GGVLIP (2) is reduced to the mixed variational-like inequal-
ity problem introduced and studied by Noor [16].

Further, if we set F(x, x*; x*) = (fx*, n(x, x*)) where f : C — Handn : C X
C — H and ¢ = 0, then GGVLIP (2) is reduced to the variational-like inequality
problem of finding x* € C such that

(fx*,n(x,x*)) >0, Vx € C,

introduced and studied by Parida et al. [17], which has applications in mathematical
programming problems.

Moreover if n(x, x*) = x — x* for all x, x* € C, then variational-like inequality
problem is reduced to the classical variational inequality problem of finding x* € C
such that

(fx*,x —x") >0, Vx € C,

introduced and studied by Hartman and Stampacchia [7].

On the other hand, hierarchical fixed point problem (in short, HFPP) is an impor-
tant problem which covers a number of problems like monotone variational inequality
on fixed point sets, minimization problems over equilibrium constraints, hierarchical
minimization problems, fixed point problem, etc., see [14]. Recall that a mapping
T : C — Cisnonexpansiveif |Tx — Ty| < |lx — y||, forall x, y € C. Itis known
that if Fix(T):= {x € C : Tx = x} # @, then Fix(T) is closed and convex. Assume
that Fix(T") # #. The HFPP for nonexpansive mappings is defined as follows: Find
x* € Fix(T') such that

(x* — Sx*, x* —x) <0, Vx € Fix(T), 3)
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where S : C — C is a nonexpansive mapping. HFPP (3) was initially considered
and studied by Moudafi and Mainge [14]. This amounts to saying that x* € Fix(T)
satisfies a variational inequality depending on a given criterion S, namely: Find
x* € C such that

0 e (I = 8)x* 4 Nix(r) (x™), “4)

where [/ is the identity mapping on C and NFix(r) is the normal cone to Fix(7") defined
by

{zeH:(y—x,z) <0, Vy e Fix(T)}, if x € Fix(T),

NFix(r) =
@) @, otherwise.

It is easy to see that HFPP (3) is equivalent to the following fixed point problem:
Find x* € C such that
x* = Prixr) o Sx¥, &)

where Prix(r) 1s the metric projection of H onto Fix(T"). The solution set of HFPP
(3) is denoted by @ := {x* € C : x* = (Prixr) 0 S)x*}.
If we set S = I, the solution set of HFPP (3) is just Fix(T').

By setting S = I — v f, where f is n-Lipschitz continuous and k-strongly mono-

2k
tone with~y € ( 0, — |, then HFPP (3) reduces to the following variational inequality
Ui
problem over Fix(T'), so-called hierarchical variational inequality problem (in short,
HVIP): Find x* € Fix(T) such that
(f(x*),x —x*) >0, Vx € Fix(T), (6)

which has been studied by Yamada and Ogura [21].
By setting T = J/{VI = (I + M)~ for A > 0,and § = I — 7V, where 1) is con-
vex and Gateaux differentiable function such that V) is n-Lipschitz continuous with

2
v €[ 0, = |, and using the fact that Fix(J;) = M~'(0), then HFPP (3) reduces to
n

the following mathematical programming problem with generalized equation con-
straint considered by Luo et al. [12]:

i, ”

By taking M = Oy, where Oy is the subdifferential of a lower semicontinuous and
convex function, then problem (7) reduces to the following hierarchical minimization
problem, considered by Cabot [4]:

min Y (x*). 8)

Xx*earg min ¢
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Note that based on relation (5), HFPP (3) has the iterative algorithm x,,; =
Prix(ry(Sx,). It will converge if a fixed point of the operator Pgix(r) o S exists, and if §
is averaged, not just nonexpansive. But, in this case, the computing Prix(r) o S is not
easy, so it would be nice if one has an iterative algorithm that uses 7 itself, rather than
Prix(ry o S. For this purpose, Moudafi [13] introduced the following Krasnoselski—
Mann algorithm for solving HFPP (3):

Xnl = (1 - ail)xn + Oén(O'nSXn + (1 - Un)Txn)’ Vn > 0, (9)

where {c,} and {o,} are control sequences in (0, 1). It is worth to mention that
some algorithms in signal processing and image reconstruction may be written as the
Krasnoselski-Mann iterative algorithm which provides a unified frame for analysing
various concrete algorithms; see for instance [3, 19]. For further study of some
generalizations of iterative algorithm (9), see [5, 8, 9, 11, 14, 15, 20].

It is also worth to mention that the most of the results for HFPP (3) available in
the literature are related to the weak convergence of iterative algorithms for solving
HFPP (3). Therefore, we focus our attention to propose an iterative algorithm to find
a common solution of GGVLIP (2) and HFPP (3) and prove a strong convergence
theorem.

In this paper, motivated by iterative algorithms (9), we propose the following
hybrid iterative algorithm to approximate a common solution of GGVLIP (2) and
HFPP (3).

Iterative algorithm: Choose initial values xg, zo € Cyp = C arbitrarily. Let the
sequences {x,} and {z,} be generated by the scheme:

1
F(w, wy; wy) + o(w, wy) — dp(wy, wy) —|— (w — wy, wy, —x,) >0, Yw e C;
Zn =1 —-apw, + an(Unswn + (1= O'n)Twn)
Cp={z€C: |z —Z” < |lxn _Z” }s
On={z€C:{xy —2z,x0 — x,) = 0},
Xn+1 = Fc, N 0,*0,

(10)

where {r,} C (0, 00); {ay,} < [0, 1], {o,} C [0, 1] are control sequences. We can
easily observe that a number of 1terat1ve algorithms can be obtained from iterative
algorithm (10).

In the next section, we present some concepts and results which are needed in the
proof of the main result while in Section 3, we prove a strong convergence theorem
for iterative algorithm (10). Further, we derive some consequences from the main
result. Finally, we give a numerical example to justify the main result. The method
and results presented in this paper extend, improve and unify the corresponding
known results in the literature.
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2 Preliminaries

Throughout the paper, we denote the strong and weak convergence of a sequence
{x,}toapoint x € H by x, — x and x,, — x, respectively. We recall the following
concepts and results which are needed in sequel.

It is well known that a real Hilbert space H satisfies

(i) the identity
I 4+ (1= DyIP = Alxl? + A= DIyl = A0 =Dl —yl?, (1D
forallx,y € H and A € [0, 1];
(ii) Opial’s condition if for any sequence {x,} in H such that x,, — x, for some
x € H, the inequality

liminf [|x, — x| < liminf |x, — y||
n—0oQ n—oo

holds for all x # y;
(iii) the Kadec—Klee property [6], i.e., if {x,} is a sequence in H which satisfies
Xp = x € H and ||x,[| — [lx]l as n — oo, then [lx, — x| — 0.

For every point x € H, there exists a unique nearest point in C denoted by Pcx
such that
lx = Pex|l < [lx = yll, VyeC.

The mapping Pc is called the metric projection of H onto C. It is well known that
Pc is nonexpansive and satisfies

(x =y, Pcx — Pcy) = ||Pcx — Pcy|®, Vx,y € H. (12)
Moreover, Pcx is characterized by the fact Pcx € C and
(x — Pcx,y— Pcx) <0, VyeC, (13)

and
lx — ylI*> > lx — Pex|* + lly — Pex||?, Yx € H, y € C. (14)

Definition 2.1 ([2]) An operator M : H — 2 is said to be

(i) monotone if

(u —v,x —y) >0, whenever u € M(x), ve M(y);
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(il)) maximal monotone if M is monotone and the graph, graph(M) := {(x, y) €
H x H :y € M(x)},isnot properly contained in the graph of any other mono-
tone operator.

Lemma 2.1 Let T is a nonexpansive mapping on H then

(i) [311 — T is a maximal monotone mapping on H;
(ii) [6] T is demiclosed on H in the sense that if {x,} converges weakly to x € H
and {x, — Tx,} converges strongly to O then x € Fix(T).

Lemma 2.2 (Corollary 4.15 [1]) Let C C H be a nonempty, closed and convex set
andlet T : C — H be a nonexpansive mapping. Then Fix(T) is closed and convex.

Assumption 2.1 Let F and ¢ satisfy the following conditions:

(i) F(x,y;z)=0ifx = yforanyx, y,z € C;
(ii) F is generalized relaxed cv-monotone, i.e., forany x, y € C and ¢t € (0, 1], we
have
F(y,x;y) = F(y,x;x) = alx, y),

where o : H x H — R such that

. alx,ty+ (1 —1)x)
lim =
t—0 t

0;

(i) F(y, x; -) is hemicontinuous for any fixed x, y € C;
(iv) F(-, x; z) is convex and lower semicontinuous for any fixed x, z € C;
) F(x,y;2)+ F(y,x;z) =0forany x, y,z € C;
(vi) o¢(-,-) is weakly continuous and ¢(-, y) is convex for any fixed y € C;
(vii) ¢ is skew-symmetric, i.e., @(x,x) — d(x,y) + o(y, y) — d(y, x) >0,
Vx,y e C.

For a given r > 0, define a mapping 7.F : H — C as follows:

1
T (x) = :z eC: F(y,z;z)+;(y—z,z—x)-ﬁ-aﬁ(z,y)—ab(z,z) >0,Vy e C},Vx €H.
15)
The following lemma is a special case of Lemma 3.1-3.3 due to [10] in real Hilbert
space.

Lemma 2.3 ([10]) Assume that F : C x C x C — Rand ¢ : C x C — R satisfy
Assumption 2.1. Suppose the mapping TF : H — C be defined as in (15). Then the
following hold:

(i) TF(x) # @ foreach x € H;
(ii) TrF is single valued;
(iii) TF is firmly nonexpansive, i.e.,
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1T, x — TFyI? < (TFx —TFy,x —y), Vx,y € H;

(iv) Fix(TF) = Sol(GGVLIP(1.2));
(v) Sol(GGVLIP(1.2)) is closed and convex.

3 Strong Convergence Theorem

We prove a strong convergence theorem for Iterative algorithm (10) to approximate
a common solution of GGVLIP (2) and HFPP (3).

Theorem 3.1 Let H be a real Hilbert space and let C € H be a nonempty, closed
and convex set. Let T, S : C — C be nonexpansive mappings; let F : C x C x C —
R is a trifunctionand ¢ : C x C — Ris a bifunctions satisfying Assumption 2.1 with
F(x,-; x) is weakly continuous. Assume that ' = Q[ ® (Fix(S) # @. Let the
sequences {x,}, {z,} generated by Iterative algorithm (10) and the control sequences
{an}, {o,} be such that {a,} € [c, 1), ¢ € (0, 1), {0,} € [a,b], a,be (0,1)and
{r.} C (0, 00), liminf, .7, =1 > 0. Then the sequences {x,} and {z,} converge
strongly to x* € ', where x* = Prxy.

Proof Since T" # 0, TrnF is nonexpansive and hence, it follows from Lemma 2.3
that Fix(T,fxv ) = Qs a closed and convex set. Clearly @ is closed and convex, since
® = Fix(Prixr) © S) # . Thus, I is nonempty, closed and convex and hence Prx
is then well defined. Next, we show that C, N Q, is closed and convex. For any
z € C,, we have

lzn — zlI* < llx, — zl1?
& 20 — Xnll* 4 2{zn — Xp, X, — 2) < O. (16)

Now, we can easily observe that C, is closed and convex for all n > 0. Further,
evidently Q, is closed and convex for all n > 0. Consequently, C,, N Q, is closed
and convex for all n > 0. Next, we claim that ' C C, () Q,, V n > 0. Indeed, for
any p e I',i.e, p € 2, we have p = T,fp and we estimate

lw, — plI* = IIT,fxn - pl?
< llx, — pII? (17)

Since, for any p € I', and using (17) in the following inequality
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lzn — pII* = 11 — a)wy, + (o, Sw, + (1 — a,)Tw,) — plf?
= [|(1 = a)(wy — p) + i (0, (Swy — p) + (1 — 0,)(Tw, — p)) |I”
< (1= apllw, — plI* + an(oallSw, — pI* + A — o)IITw, — pl?
—0u(1 = o) | Swy — Tw, 1)
< (= a)lw, — pII* + au(onllw, — pII* + (1 = a)llw, — plI?
—on(1 = o) [|Swy — Tw,|?)

< Jlwy = plI* = ano, (1 — o) [|Sw, — Tw,|*. (18)
< lxy — pII* = o (1 — ) [1Sw, — Tw, |1 (19)
< |lx, — pII*. (20)

This implies that p € C,, and hence I' C C,,, Yn > 0. Further, by induction method,
we show that " C Q,, Vr > 0.Forn = 0, evidently I' C Qg = H, and hence I' C
Co N Q. Therefore x; = Pc,ng,xo is well defined. Now, assume that I" C C,—; N
Qn—1,forsomen > 1.Letx, = P¢c, ,ng, %o thenforany p € I',itfollows from (13)
that (xo — x,, x, — p) = {(xo — Pc, ,no, %0, Pc, ,no, X0 — p) = 0,andhence p €
Q,.ThereforeI" C C, N Q,.Consequently C,, N Q,, is nonempty, closed and convex
and hence x,+1 = Pc,ng,¥o is well defined for all n > 0. Thus the sequence {x,} is
well defined.

Since I' # @ then it is a closed and convex subset of C. From the definition of Q,
and " C Q,, we have

X, — xoll = llp — xoll, Vp €T, Vn = 0. (2D
This implies that {x,} is bounded and hence in particular,
lXn — xoll < llg — xoll, Vn =0, (22)
where g = Prxy. Since x, = Pg,xo and x,4| € O,, using (14), we have
a1 = 2l < I1xas1 = x001% = [t — xo0l*, Y = 0. (23)

Hence, it follows from (22) and (23) that

N N

2 2 2
E [Xnt1 = Xnll” < E <||xn+1 — X0l = [lxn — xoll )
n=1 n=1

2 2
= |lxn+1 — Xoll” — llx1 — ol

< llg — xoll* = llx1 — xoll%, (24)

[o.¢]
which implies that " ||x,.1 — X,/ is convergent and hence
n=1
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lim |1, — x, [l = 0. (25)
n—o0
Since x,11 = Pc,ng,*%0 € Cy, it follows that
— 2 < — 2 26
lzn = Xnp1 17 < Ml — xpsa ™ (26)

It follows from (25) and (26) that

lim ||z, — xp41] = 0. 27
n—oo
Furthermore, we have
”Zn - xn” = ”Zn — Xn+1 ” + ”xn+l - xn”~ (28)

Hence, it follows from (25), (27) and (28) that
lim ||z, — x,]| = 0. (29)
n—oo
Since Tr"F is firmly nonexpansive, we have

2 F F 2
lwn = plI* = 1T, %0 = T, pll

<{xy — p,w, — p)

A

< 3 0= I = I = = w, ],
which in turn yields

lw, = pII* < llx0 = pI* = llxa — wall?, (30)
and this together with (18) gives that

6w = wall® < s = pI* = llzn = pI?
< (2w = pll + lxn = Pl = zul
< Lillxy = zll 31)

where L := sup{||x, — pll + ||z, — pll}. Hence, it follows from (29) and (31) that

n

lim [|x, — wy| = 0. (32)
n—oo

Since
lzn — wall < llzn — Xpll + X — wall, (33)
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it follows from (29), (32) and (33) that
lim ||z, — w,| = 0. (34)
n— o0

From (19), we have

I = llx, — plI* = llza — pII?
< %0 = zall(lxn = pll + Nz — Pl

= Lillxp — zall- (35)

CVno—n(l - Un)||Swn - Twn

By using (29) and {«,} € [c, 1), ¢ € (0, 1), {o,} € [a,b] C (0, 1) in (35), we get

lim ||Sw, — Tw,| = O. (36)
n—oo
Further, from (10), we have
an”Twn - wn” = ”Zn - wn” + anUn”Twn - Swn” (37)
1
ITw, —w,| < a_”Zn = Wall + o |Tw, — Sw,l| (38)

n

It follows from {«,} € [c, 1), ¢ € (0, 1), {0,} € [a,b] C (0, 1), (34), (36) and (38)
that

lim ||Tw, — w,| =0. (39)
n—oo

From (36) and (39), we have
lim ||Sw, — wy,| = 0. (40)
n—oo

Since

ITxp — xull < N Txp — Twy|l + 1Tw, — wyll + lw, — x|

< 2wy — x|l + 1T wy — wy| (41)
Hence, it follows from (32), (39) and (41) that
lim ||Tx, — x,|| = 0. 42)
n—oQ

Therefore, it follows from Lemma 2.1(ii) and (42) that every weak limit point of
{x,} is a fixed point of the mapping T, i.e., w,(x,) C Fix(T). Since every Hilbert
space satisfies Opial’s condition, Opial’s condition guarantees that w,, (x,) is single-
ton. Thus {x,} converges weakly to x* € Fix(T). Further, it follows from (32) that
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the sequences {x,} and {w,} have the same asymptotic behaviour and hence {w,}

converges weakly to x* € Fix(S).
Next, we show that x* € ®. Since

in — Wy = an(Un(Swn - wn) + (1 - Un)(Twn - wn))

and hence

1—o0,

(w, — Zn) = - S)wn + ( ) (I - T)wnv

QOp On

and hence for all z € Fix(T') and using monotonicity of I — S, we have

(" w, —2) = (I = SHyw, — (I = 8)z, w, — 2) + (I — $)z, wy,

1—o0,

<wn - Twnv Wy, — Z)
On

1—o0,

= ((I - S)Z’ wy, — Z) +
On

Using (34), (39), conditions on «,, and o, in (45), we have

lim sup(z — Sz, w, — z) <0, Vz € Fix(T).

n—oo

Since w,, — x* then, it follows from (46)
(I —8)z,x" —z) <0, Vz e Fix(T).
Since Fix(T') is convex, Az + (1 — A)x* € Fix(T) for A € (0, 1) and hence

(T =8Nz + (1 =Nx"), x* = Az + (1 = x"))
= MUI = HAz+ (1 = )x™), x* —2)
<0 Vz e Fix(T),

which implies
(=8 Nz+ 1A —=Nx"),x*—z) <0 Vz € Fix(T).
On taking limits A\ — 0, we have

(I = S)x*,x* —z) <0 Vz € Fix(T).

(wn - Twn’ w, — Z)~

(43)

(44)

_Z>

(45)

(46)

(47)

(48)

(49)
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That is x* € ®. Next, we show that x* € Sol(GGVLIP(1.2)) = Q. Since w, =
Trf X,, we have

1
F(w, Wy, wn) + (b(w, wn) - ¢(wna wn) + _<w — Wy, Wy _-xn> Z 07 Vw S C
T'n

It follows from generalized relaxed a-monotonicity of F, and above inequality
implies that

adl _x") > —F(w, wy; w) + a(w,, w), Yw e C. (50)

P(w, wp) — ¢(wy, wy) + (W — wy, .

Since lim inf r,, > 0, then there exists a real number » > 0 such thatr, > r, Vn and
n—oo

hence, we have
”wn _xn” < ”wn _xn”

rn r
It follows from (32) that

”wn _xn” < 1

lim — lim |Jw, — x,|| = 0.
J n—o00

n—o00 n

Since « is lower semicontinuous in the first argument, ¢ is weakly continuous and
F(u, -; u) is weakly continuous then on taking n — oo in (50), we get

a(x*, w) — F(w, x*; w) — o(w, x*) + ¢(x*, x*) <0, Yw € C. (51

Fort withO0 <t <1and w € C, set w, = tw + (1 — t)x*. Since C is convex set,
w, € C, then from (51), we have

a(x*, w;) — F(w;, x5 wy) — p(wy, x¥) + o(x*, x*) <0 (52)

— Y

which implies that

a(x™, w) < F(w, x*5w) — o(x™, x*) + d(wy, x¥)
< tF(u,x* w) + (1 —D)F", x™ w) — o™, x*) + td(u, x*) + (1 — ) p(x™*, x™)
< t[F(u, x*; w) + ou, x*) — p(x*, xM)]. (53)

Since F'(u, x*; -) is hemicontinuous and letting ¢+ — 0, we have

limF e, % ) 0, 6% — 6%, ) = Tim S (s

which implies
Fu, x*5 x%) + ¢u, x*) — ¢(x*, x*) > 0. (55)
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This implies that x* € Sol(GGVLIP(1.2)) = Q and thus x* € I
Finally, we show that x, — x*, where x* = Prxo. Since x, = Pg,xo and x* €
I' C Q,, we have
X, — xoll < [lx™ — xoll.

It follows from ¢ = Prxg, (22) and the lower semicontinuity of the norm that

lg — xoll < llx™ = xoll <liminf [x, — xoll < limsup [lx, — Xoll < [lg — xoll-
=00 n—00

This implies that lim,_ o ||x, — x0ll = llg — x0ll = [|x* — xol|. Since x, — xop —
x* —xp and ||x, — xo|| = [|x* — xo]|| then from the Kadec—Klee property of H, we
have lim,_, o X, = x* = ¢. Thus, we conclude that {x,} converges strongly to x*
where x* = Prxg. O

Now, we give the following consequence of Theorem 3.1.

Ifweset S = I and 0, = 0, Vn in Iterative algorithm (10), we have the following
strong convergence theorem for finding acommon element of solution set of GGVLIP
(2) and Fix(T).

Corollary 3.1 Let H be a real Hilbert space and let C C H be a nonempty, closed
and convex set. Let T : C — C be nonexpansive mappings; let F : C x C x C —
R is a trifunction and ¢ : C x C — R is a bifunctions satisfying Assumption 2.1
with F(x,-; x) is weakly continuous. Assume that T' = Q (Fix(T) # 0. Let the
sequences {x,}, {z,} generated by Iterative algorithm (10) and the control sequences
{an}, {o,} be such that {a,} € [c, 1), ¢ € (0, 1) and nli)ngo rp=r>0.

1

F(w, wy; wy) + ¢(w, wy) — d(wy, wy) + - (W —wy, w, —x,) 20, Yw e C;
n

in = (1 - Oln)wn + apTwy,

Co=1{z€C:lzn—2zl* < llxa — zlI*},
On={z2€C:(xp—2z,x0 —xn) =0},
Yn+1 = Pe, N 0,%0,

Then the sequences {x,} and {z,} converge strongly to x* € T"/, where x* = Pr xy.

4 Numerical Example

We give a numerical example which justify Theorem 3.1.

Example 4.1 Let H = R, the set of all real numbers, with the inner product defined
by (x, y) = xy, Vx,y € R, and induced usual norm | - |. Let C = (—o0, +00); let
F:CxCxC— Rand¢: C x C — Rbedefinedby F(y, x;x) = (x — 3)(y —
x), with a(x, y) = (y —x)2, Vx, y € C and ¢(x, y) = xy, Vx, y € C; let the map-
ping T : C — C be defined by Tx = x, and let the mapping S : C — C be defined



282 R. Ali and M. Shahzad

by Sx = #,Vx € C. Setting {a,} = 0.9, {0,} =09 and {r,} =0.25, Vn > 1.
Then {x,} and {z,,} generated by the hybrid iterative scheme (10) converge to a point
x*={3}el.

Proof 1t is easy to prove that the trifunction F' and bifunction ¢ satisfy Assumption
2.1. It is also easy to observe that 7', S are nonexpansive mappings with Fix(T") =
{2}, Fix(S) = {2}, and hence ® = Sol(HFPP(1.3)) = {3}. Furthermore, it is easy
toprove that @ = GGVLIP(1.2)) = {3}. Therefore, ' = Q| ® (M Fix(S) = {3} #
#. After simplification, hybrid iterative scheme (10) reduces to the following scheme:
Given initial value xg,

8x, +5
w, = x1;_ iz = (1 — ap)w, + 250, + 5w, — 4o,w,);
Zn + Xp
Cn = [en, OO) s where e, = T’
Qn = [xn, OO);

Xp+1 = PCnﬂanO’ n>0.

Finally, using the software MATLAB 7.8.0, we have the following figure and table

which show that {x,} and {z,} converge to x* = 451 asn — +oo.

Convergence of { x n }and { z }
5 T T T T T T T T T

{x,}and {z_}when X,=5

- {xn} and {zn} when x0=-3

_3 1 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45 50

Number of iterations

This completes the proof. U
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