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Abstract Flamelet models have proven useful in enabling fast and accurate simu-
lations of subsonic turbulent combustion. However, in supersonic combustion, these
models face many challenges. The current work presents an a priori analysis of the
steady flamelet model using the HIFiRE Direct Connect Rig (HDCR) dual-mode
scramjet combustor. The analysis uses Reynolds-averaged simulation (RAS) data
obtained with a finite-rate reaction mechanism to assess some of the flamelet model
assumptions. Two flight conditions are numerically simulated: Mach 5.84 and Mach
8. These conditions cover a range of combustion phenomena that could be expected to
occur in a scramjet engine during flight. The analysis reveals that both nonpremixed
and premixed combustion occur in the HDCR combustor. In addition, under some
conditions, strong finite-rate effects are also present. These physical aspects could
be readily modeled with existing flamelet techniques, however, the effects of vari-
able pressure, wall heat transfer, and flamelet equation boundary conditions are more
challenging to address. The latter three elements present the key barriers to utilizing
flamelets for supersonic combustion simulations. Although techniques to address
these additional challenges are limited, a few perspectives are provided highlighting
physics-based requirements in the context of flamelet modeling.

Keywords Flamelet modeling · Combustion modeling · Turbulent reacting
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1 Introduction

Accurate numerical simulations of supersonic, turbulent, reacting flows present some
of the most challenging problems encountered today in fluid mechanics. This is
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because, unlike subsonic combustors, supersonic combustors contain complex and
coupled interactions of compressible flow features, such as shocks and expansions,
with other elements of the flow like laminar, transitional, and turbulent boundary
layers, turbulence itself, mixing-layers, large-scale vorticity, and combustion. These
nonlinear interactions can drastically alter the flow behavior and lead to: shock-
induced flow transition and/or separation, which change the effective flow area and
alter the shock structure in the combustor; shock-turbulence interactions, which can
amplify turbulence intensity; shock-mixing-layer interactions, which introduce baro-
clinic torque that can change fuel-airmixing and therefore rates of chemical reactions;
and strong flow-chemistry coupling, which is responsible for potentially significant
and rapid pressure rise due to the heat release. Furthermore, unlike subsonic com-
bustors, which are typically designed with a specific combustion mode in mind,
supersonic combustors often exhibit regions of nonpremixed, partially premixed,
and premixed combustion. This is because low combustor temperatures and pressures
increase ignition delay time, while at the same time, fast flow through times decrease
residence times. Both effects result in partial premixing of the fuel and air in a high-
speed combustor. In addition, flameholding devices utilize areas of flow recirculation
that may contain fully and/or partially premixed burning fuel-air mixtures. All of
these difficult to model and simulate flow elements are compounded onto the chal-
lenges of subsonic combustion, which includes turbulence and turbulence-chemistry
interaction modeling, radiation modeling, and chemical kinetics modeling. As a final
challenge of supersonic combustion, it should be noted that, unlike their subsonic
counterparts, supersonic combustors are typically an order of magnitude larger in
length and cross section area, operate at higher Reynolds numbers, and are highly
integrated into the vehicle airframe [1]. Because of the above challenges, numer-
ical simulations of supersonic combustors typically require an order-of-magnitude
or more dynamic range of scales and therefore more computational resources (i.e.,
grid points). One aspect of supersonic flow simulations that is simpler than that
of subsonic simulations is the specification of the boundary conditions [2], e.g., a
supersonic inflow boundary does not exhibit an outward-traveling characteristic, and
a supersonic outflow does not exhibit an inward-traveling characteristic. By contrast,
subsonic flow typically requires physically consistent treatment of the outgoing and
incoming flow characteristics [2] to ensure that simulations are well-posed, stable,
and accurate.

The computational resources needed for reacting simulations also rapidly increase
with the number of species transport equations and chemical reactions that must be
solved for a given chemical kinetics model, which depend on the complexity of the
fuel. A typical chemical kinetics model for even a simple fuel like hydrogen can
have 9 species and 19 reactions [3], which more than doubles the number of solved
transport equations for a three-dimensional Reynolds-averaged simulation (RAS)
of a turbulent flow with a 2-equation turbulence model [4] typically used in prac-
tice. Chemical kinetics models for complex hydrocarbon fuels can contain 1,000s of
species and 10,000s of chemical reactions [5] making numerical simulations all but
intractable except for simple zero- and one-dimensional flame simulation configu-
rations [6, 7]. For these reasons, the vast majority of computational simulations of
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turbulent supersonic combustion have relied on only the most simplified or reduced
mechanisms [8, 9] and/or phenomenological models of combustion [10], both of
which limit predictive capability. In addition to increasing the number of needed
equations, reaction rate constants found in most chemical kinetics models follow the
Arrhenius form,which is expensive to evaluate numerically and introduces numerical
stiffness, thereby further increasing the simulation time.

For numerical simulations to accurately and effectively contribute to the engi-
neering design process, the simulation times must be kept to a minimum. Because
chemical kinetics have such a strong influence on the overall simulation cost, often
increasing it by an order of magnitude or more as compared to the corresponding
nonreacting simulation, it is natural to seek models that reduce the number of needed
species transport equations while simultaneously maintaining, to the extent possi-
ble, the fidelity of a complex chemical kinetics model. In general, the basis for the
reduction hinges on the assumptions about the important chemical reactions [11]
and/or the state of the underlying combustion physics. The laminar flamelet model
introduced by Peters [12–14] follows the latter and assumes that local combustion
processes progress much faster than those corresponding to the bulk flow motions
that tend to strain and extinguish the local flame. Conceptually, this leads to a thin
flame or a reaction front (called a flamelet) that is convected, distorted, and wrinkled
by the otherwise nonreacting, often turbulent, flowfield [15, 16]. Although this flow-
field is capable of warping the thin flame that it is convecting, it does not significantly
alter the internal structure of the flame. Therefore, under the flamelet model, only
the flow gradients in a single dimension normal to the flame can influence the local
reaction chemistry. Consequently, complex three-dimensional (3D), wrinkled, turbu-
lent flames may be approximated using an ensemble of local one-dimensional (1D),
laminar flames. This phenomenology effectively allows the 1D laminar flame and
its underlying chemical kinetics to be decoupled from the flowfield and solved inde-
pendently using a set of simplified partial differential equations called the flamelet
equations. The flamelet equations are derived from the conservation equations for
the species mass, momentum, and energy (i.e., Navier-Stokes with species transport)
by transforming the spatial coordinates into a coordinate normal to the flame surface
and simplifying [17] or by utilizing a Crocco-type transformation to transform the
spatial coordinate into a state-space variable called a mixture fraction [12, 14]. The
fundamental property of themixture fraction is that it is a nonreacting (passive) scalar
quantity that can be used to track the local state of the mixture because it represents
a fraction of mass that originated in the fuel stream. The mixture fraction is also the
key element of the flamelet model because it parameterizes, independently of the
type of fuel used, the complete thermochemical state of the flame by a single scalar
quantity. This allows the flamelet model to retain many elements of the realistic
chemistry and significantly reduces the computational costs of reacting simulations,
especially for complex hydrocarbon fuels. Indeed, the laminar flamelet model was
developed to enable any combustion simulation, at a time when the available compu-
tational resources were prohibitively limited. Currently, the laminar flamelet models
continue to be useful by enabling practical combustion simulations with large eddy
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simulations (LES) [18, 19] and optimization and uncertainty quantification studies
with RAS [20].

Conventional flamelet modeling typically involves a tabulation step that pro-
vides relationships between the mixture fraction and the rest of the thermochemical
state-space. This tabulation may be performed as a simulation preprocessing step or
in situ [21]. The flamelet model may further be augmented by the assumed proba-
bility density function (PDF) turbulence-chemistry interaction (TCI) model [22–25]
whose contribution can be included in the flamelet table. Including the assumed
PDF model in the flamelet table requires an additional lookup parameter, typically
mixture fraction variance, that identifies the level of turbulence intensity in the TCI
model. The resulting lookup table contains all the species and thermodynamic state
variables over the range of turbulence intensities needed to execute the simulation,
and completely eliminates the need to computationally evaluate expensive reaction
rates during the simulation, which also results in the removal of numerical stiffness
associated with the Arrhenius reactions rate constants.

In practice, to generate a flamelet lookup table, the flamelet equations must be
solved subject to certain boundary conditions. These boundary conditions specify
the mixture composition of the fuel and oxidizer streams, and their respective tem-
peratures. In addition, a constant value of the pressure experienced by the flame
is needed as well as an equation of state, e.g., the ideal gas law. The characteristic
strain imposed by the flowfield on the flame is also needed. For the flamelet equations
transformed into the flame-normal coordinate, the “strain” is provided by specifying
the 1D computational domain length, and fuel and oxidizer stream velocities normal
to the flame. For the flamelet equations transformed into the mixture fraction state-
space, the flame strain is replaced by the scalar dissipation rate. The strain and scalar
dissipation rate are important parameters because they control the extent to which
the 1D laminar flame can burn. Small strain leads to near-equilibrium combustion,
whereas large strain can lead to a fully extinguished mixing solution. Therefore, to
fully encompass the range of potential flamelet states, the strain rate or scalar dissi-
pation rate can be included as an additional independent table parameter. However,
the strain and the scalar dissipation rate are not directly related to the combustion
process and lead to multivalued parameterization of the combustion state-space. To
overcome this issue, either one of these quantities can be replaced in the flamelet
table by a progress variable [26], which is usually a linear combination of one or
more combustion product species [27]. Unlike the mixture fraction, the progress
variable cannot be a passive scalar because it must be able to track the progress of
combustion from near-equilibrium conditions to flame extinction and vice versa. In
addition, the specific definition of the progress variable, together with the mixture
fraction, must offer a unique mapping of the combustion state-space [27].

The above narrative describes the most computationally efficient steady laminar
flamelet (SLF) model, where the word steady indicates that the flamelet equations
have been integrated to steady-state and those results tabulated. The key limitations
of this model are the inability to treat partially-premixed or premixed combustion
systems, and for nonpremixed systems, the inability to model multifuel or mul-
tioxidizer streams with different stream temperatures or at different pressures. In
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addition, the SLF model cannot accurately capture autoignition processes [28] nor
heat transfer effects to the combustor walls. Despite the attractive and significant
computational cost savings, the limitations of the SLF model significantly narrow, in
theory, its range of practical applicability. Nevertheless, flamelet models, in general,
have often been found to perform acceptably even for cases that are a priori known
to violate some of the theoretical bounds of the model. This may be because flow
regions containing unsupported physics do not drive the leading flow behavior for a
particular case or that some limitations are not as restrictive as others. For example,
the requirement of constant pressure is of no consequence for subsonic combustion
where pressure variations within a combustor are small or at hypervelocity Mach
numbers, where the heat release does not significantly raise the combustor pressure.
Even pressure variations by a factor of 2 only produce reaction rate changes of the
order 4, which may be within the error bound of a typical chemical kinetics model.
However, other limitations may be critical; for example, in multiphase fuel spray
combustion systems, the temperature of the gaseous oxidizer surrounding the evap-
orating liquid fuel droplet increases as the evaporated fuel mixes and reacts with the
oxidizer.Modeling the latter process with steady flamelet equations would require (at
the least) a variable oxidizer boundary condition, whose range is difficult to estimate
a priori. Nevertheless, many of the limitations of the steady flamelet model have
been addressed, albeit often at the expense of increased computational cost, by sev-
eral new classes of the flamelet approach, namely: the unsteady flamelet model (also
known as the representative interactive flamelet (RIF) model) [28–30], the flamelet
progress variable (FPV) model [26, 31, 32], and the flamelet-generated manifolds
(FGM) model [33–35].

In supersonic combustion, three physical effects complicate the formulation and
implementation of the flamelet model. The first is the heat-release-induced pres-
sure rise, which increases the pressure experienced by the flame as the reactions
progress, thereby altering the chemical kinetics. The second is the viscous heating,
which increases local mixing-layer and boundary layer temperatures and at higher
Mach numbers may lead to oxidizer and fuel dissociation via endothermic reac-
tions, processes that are not included in the flamelet equations. These two effects
are important at opposite ends of the flight Mach number range; that is, for flight
Mach numbers up to about 6–8, the heat-release-induced pressure rise is significant
but its importance begins to decrease as the flight Mach number begins to exceed
10–12. The opposite is true for viscous heating, which is not significant compared
to the heat release at Mach numbers less than about 4, but can lead to dissociation at
Mach numbers in excess of about 7–8. Viscous heating is also much more difficult to
account for using the flamelet methodology because it represents physical processes
that are typically explicitly excluded from the energy equation when deriving the
flamelet equations. Nevertheless, these effects could be qualitatively incorporated
into the tabulation process or the unsteady flamelet model by allowing variations
in the flamelet boundary conditions (e.g., temperature and composition of fuel and
oxidizer streams). The third physical effect is the significant heat transfer that could
occur to the combustor walls. For both supersonic and subsonic combustors, heat
transfer to the wall is a result of flame-wall interactions and combustion products
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being convected and/or diffused toward the cold walls. In addition, for high Mach
number supersonic combustors, the heat transfer is also the result of viscous heat-
ing of the near-wall mixture. This mixture could contain pure fuel or pure air, or a
burned or unburned mixture of the two. In all cases, the cooling process results in
the decrease in the enthalpy of the mixture to states not accounted for in the flamelet
table.

To demonstrate the extent of the applicability of the flamelet model to super-
sonic combustion, the Hypersonic International Flight Research Experimentation
(HIFiRE) Direct Connect Rig (HDCR) [36, 37] dual-mode supersonic combustion
ramjet (scramjet) combustor is used in this work. To accomplish this, 3D RAS are
performed of the HDCR geometry using a 22-species finite-rate reduced reaction
mechanism for a JP-7 fuel surrogate [38]. Although designed for academic and
collaborative purposes, the HDCR is representative of a practical cavity-stabilized
scramjet combustor. TCI modeling is omitted in the current work to focus the anal-
ysis on the flamelet model performance rather than the coupled performance of the
flamelet and TCI models. Two HDCR flight conditions are analyzed: a Mach 5.84
dual-mode supersonic combustion mode, which exhibits both subsonic and super-
sonic combustion regions; and a Mach 8 scramjet mode, which consists of primarily
supersonic combustion. Both flight conditions are analyzed to characterize the fun-
damental nature of the combustion. The current combustion mode analysis may not
reveal the true nature of all combustion modes potentially present in the HDCR
because modeling errors introduced by the turbulence and chemical kinetics models
and the absence of various other physics submodels (e.g., TCI model), neverthe-
less, previous work [39] showed that the current simulations correctly reproduce the
experimentally obtained HDCR combustor pressure rise and therefore heat release
distribution.

This chapter is organized as follows. First, the governing equations applicable
to high-speed compressible turbulent reacting flows are introduced, followed by the
concept of the mixture fraction and its transport equation, the flamelet equations, and
the progress variable. Second, some of the phenomenology observed in supersonic
combustion is described and combustion mode analysis is utilized to identify the
range of relevant phenomena present in the HDCR simulations. Third, the challenges
of accounting for the variable pressure, wall heat transfer, and changing flamelet
equation boundary conditions are discussed. The chapter concludes by discussing
some of the challenges that continue to face the flamelet modeling approach in
supersonic combustion.

2 Governing Equations

The details of the derivation of the transport equations governing fluid flows in
thermodynamic equilibrium are documented in many undergraduate and grad-
uate texts [2, 40–45] and will not be repeated here. Flows in thermodynamic
non-equilibrium and multiphase flows are not considered, but common practical
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approaches to treating these flows are discussed by Gnoffo et al. [46], Park [47] and
Faeth [48]. The derivations of the governing equations for the motion of a fluid in
thermodynamic equilibrium lead to a set of elegant nonlinear partial differential equa-
tions (PDEs) governing the transport of several conserved quantities: species mass,
momentum, and energy. One of the earliest complete discussions of these equa-
tions with an application to high speed reacting flows is offered by Drummond [49].
These equations can also be further manipulated to obtain other transport equations
for quantities such as vorticity, enthalpy, or (combining with the second law of ther-
modynamics) entropy that have been found useful in elucidating physical behaviors
of flows [50].

The governing conservation equations encompass a wide range of physical fluid
flowphenomena.One particularly complex phenomena is that of a turbulent flow.The
discussion of turbulence physics is beyond the scope of this text, but several excellent
texts are available [51–54] with many more describing computational [2, 49, 55–60]
and modeling [61–65] treatments. Nevertheless, a few words relevant to the current
discussion are warranted. Foremost, it should be stated that one characteristic of
turbulent flows, which is responsible for the difficulty encountered in theoretical
and numerical analysis, is the multiscale nature of turbulence. That is, the fluid
motions in a turbulent flow occur over a wide range of both time and length scales
with the ratio of large to small turbulence flow scales proportional to the 3/4 power
of the Reynolds number [54]. For a problem of practical interest, this leads to the
required number of computational cells for direct numerical simulation (DNS) to be
on the order of 1 − 10 × 109 (i.e., three orders of magnitude in each of the three
spatial dimensions). By contrast, the grid resolutions that are used in simulations of
practical interest on capacity cluster hardware and in the amount of time required to
make a programmatic impact are typically on the order of 10 − 100 × 106. That is,
the typical current capability for numerical simulations of turbulent flows is almost
two to three orders of magnitude smaller than that required for the corresponding
direct simulations. Therefore, even before the flamelet model is introduced to reduce
the computational cost of combustion, any numerical simulation involving turbulent
flow must be set up to utilize the existing computer hardware in a reasonable amount
of time and still be able to investigate and analyze turbulent reacting flows of interest.

One approach is to reduce the effective dynamic range of turbulent length and
time scales to that which can be reasonably considered for simulations on a current
computer. Unfortunately, this constrains the simulations to only a portion of the tur-
bulence length scales with the removed portions requiring a mathematical model for
the effects they have on those being simulated. This is called the closure problem
and such modeling has been a topic of research for the past century [66] with signif-
icant developments in the last 50years. In the current work, a common form of the
governing conservation equations are presented. These equations can be obtained
by either time-averaging (or ensemble-averaging) [62] to derive transport equations
used for RAS, or spatial-averaging (or filtering) [63] to derive the LES equations.
Despite the very different approach of these two methods to the turbulence scale
reduction, the mathematical operations of time-averaging and spatial-averaging pro-
duce the exact same set of transport equations. What differs are the interpretations of
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the terms, their closures, and the numerical implementation requirements, with the
spatially-averaged transport equations for LES typically requiring unsteady, high-
order accurate numerical schemes to properly resolve the turbulence length scales
near the filter scale.

In what follows, the nondimensional form of the Favré-averaged transport equa-
tions are presented. These equations arise as a result of applying the time-average
operator to the governing transport equations. The time-average and Favré-average
of an arbitrary quantity, f , are denoted by an f and ˜f , respectively, and they are
related to each other via the density, i.e., ρ ˜f = ρ f . The resulting Favré-averaged
equations are commonly used to perform RAS of high-speed, turbulent, reacting
flows. Applying the Favré-averaging operator to the governing equations for mass,
species mass fractions, momentum, and energy results in:

∂ρ
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+ ∂ρũk
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where ρ, Yα, ui , V c
k , e

t , ht , h, hα, k, p, T , μ, τi j , and ω̇α are the density, mass
fraction of species α, velocity, differential diffusion correction velocity, total energy,
total enthalpy, enthalpy, enthalpy of species α, kinetic energy, pressure, temperature,
mixturemolecular viscosity, shear-stress, and reaction rate of speciesα, respectively.
Temporal and spatial coordinates are denoted by t , and xi . The equations are also
nondimensionalized with Mr , Rer , Prr , denoting reference Mach, Reynolds, and
Prandtl numbers, respectively. Pr , Scα, and Leα are the mixture Prandtl number,
and the Schmidt and Lewis numbers for species α. In addition, the “hat” over an
arbitrary quantity, ̂f , denotes a nonlinear function quantity evaluated using the Favré
averaged variables, for example,

̂V c
k =

∑

α

μ̂

̂Scα

∂˜Yα

∂xk
, μ̂ = μ(̂T ), ̂Scα = μ̂

ρ̂Dα

. (5)

It should be noted that the mixture Pr , Scα, and Leα quantities in Eqs. (2), and (4)
are denoted with a “hat” because, although they could be constants, in general, they
are nonlinear functions of both the thermodynamic and transport properties of the
mixture. In addition, the temperature is also denoted with the “hat” because, for
noncalorically perfect gases, it is obtained by iteration from the Favré averaged mix-
ture enthalpy. Furthermore, it should also be noted that when the species diffusivities
are all equal, i.e., Scα = Sc, then the differential diffusion correction velocity, ̂V c

k
is identically zero. This assumption is commonly used when simulating turbulent
reacting flows.

The various forms of energies are related by the first law of thermodynamics,
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where e is the internal energy.
All of the terms within the underbraces in Eqs. (1–4) and the turbulent kinetic

energy are unclosed and must be modeled. The above equations further require a
time-averaged form of the equation of state, which for an ideal gas becomes,

p = ρ˜RT = ρ
∑
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∑
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(
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)
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Scalar-Temperature Correlation

, (7)

where R, Ru , andWα are themixture gas constant, universal gas constant, andmolec-
ular weight of species α, respectively. The unclosed scalar-temperature correlation
term is most commonly neglected. Further discussion on modeling the unclosed
terms for practical high-speed applications for RAS is offered by Baurle [67].
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2.1 Mixture Fraction

All flamelet models rely on the mixture fraction as a means of parameterizing com-
bustion physics. By definition, the mixture fraction represents a mass fraction of all
material that originated in the fuel stream that is present locally in the mixture. The
formal definition of the mixture fraction can be written as:

Z = β − βO

βF − βO
(8)

where Z is the mixture fraction and βF and βO are the mass fractions of the fuel
material in the fuel and oxidizer streams, respectively. The definition of β is:

β =
∑

i

γi Zi =
∑

i

γi
∑

j

ai jWiY j

W j
, i = C, H, O, j = 1, 2, . . . , N , (9)

where γi is a weight corresponding to each element present in the mixture, Zi is
elemental mass fraction (e.g. ZC , ZH , ZO ), ai j is the number of atoms of element
i in species j . It is clear from Eq. (8) that the mixture fraction takes values in the
range of 0 to 1, which correspond to pure oxidizer and fuel streams, respectively.
Equation (9) also shows that the mixture fraction is a linear combination of elemental
mass fractions. By conservation of mass, the latter are conserved scalars, therefore,
the mixture fraction must be a conserved scalar also. Specific values of γi define a
particular mixture fraction. Table1 shows commonly used definitions. The mixture
fraction can also be used to calculate the fuel-to-oxidizer mass ratio. Since by def-
inition, the mixture fraction represents the mass fraction of elements originating in
the fuel stream, the fuel-to-oxidizer mass ratio becomes,

Table 1 Elemental mixture
fraction weights

γC γH γO Notes
2
WC

1
2WH

− 1
WO

Bilger’s defi-
nition [68]

2
WC

1
2WH

0 Barlow’s
definition (for
Sandia
Flames) [69]

1 0 0 Elemental
mixture
fraction for C

0 1 0 Elemental
mixture
fraction for H
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F

O
= Z

1 − Z
, (10)

where 1 − Z is the mass fraction of material in the mixture that originated in the
oxidizer stream. When the oxidizer is air, Eq. (10) represents the fuel-to-air ratio.
The fuel equivalence ratio can also be computed by dividing the fuel-to-air ratio by
its value evaluated at the stoichiometric value of the mixture fraction.

The mixture fraction transport equation is derived by applying the definition of
the mixture fraction, Eqs. (8) and (9), to the unaveraged transport equations for the
mass fractions. The result is;

∂ρZ

∂t
+ ∂ρui Z

∂xi
= ∂

∂xi

(

μ

Sc

∂Z

∂xi

)

+ εDD, (11)

where the source term εDD is a correction factor due to the differential diffusion
(DD) [70],
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where Jαi is the diffusive flux of species α in the i-th direction. Most commonly, the
mixture fraction transport equation is derived assuming equal diffusivities among
the species in the mixture, i.e., Jαi = Ji . Under this assumption εDD is identically
zero. Assuming equal diffusivities and applying time averaging operator to Eq. (11)
yields,

∂ρ˜Z

∂t
+ ∂ρũi˜Z

∂xi
= ∂

∂xi

(

μ̂

̂Sc

∂˜Z

∂xi

)

− ∂

∂xk

(

ρ˜uk Z − ρũk˜Z
)

︸ ︷︷ ︸

Turbulence Flux

, (13)

where the term inside the underbrace is the unclosed turbulence mixture fraction flux
and must be modeled.

Many TCI models, including presumed and transport PDF models, utilize the
mixture fraction variance as a key aggregate variable by which to quantify the turbu-
lence intensity experienced by the species. The mixture fraction variance is defined
as,

˜Z ′′2 = ˜Z2 − ˜Z 2. (14)

The transport equation for this quantity can be readily obtained by subtracting the
transport equation for ˜Z 2 from the transport equation for ˜Z2, both of which can be
derived in a manner similar to that used to obtain Eq. (13). The result is,
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Turbulence Transport

.

(15)

The terms on the right hand side represent molecular diffusion, production, dissipa-
tion, and turbulent transport, respectively, of the mixture fraction variance.

2.2 Flamelet Equations

Several approaches have been used to obtain flamelet manifolds for both non-
premixed and premixed flames [26, 33]. All approaches involve solutions to the
one-dimensional forms of partial differential equations that result from transforming
the governing equations for mass, momentum, and energy into a flame adapted coor-
dinate system. The original approach proposed by Peters [12], utilizes a Crocco-type
transformation from spatial coordinates to the mixture fraction coordinate. Applying
this transformation to the unaveraged transport equations for species mass fractions
and energy produces a set of laminar flamelet equations,

ρ
∂Yα

∂t
= 1

2
ρχα

∂2Yα

∂Z2
+ ω̇α, (16)

ρ
∂h

∂t
= 1

2
ρχ

∂2h

∂Z2
(17)

where χα, and χ are the scalar dissipation for species α, and scalar dissipation for
the mixture, respectively. The scalar dissipations are defined as,

χα = 2
μ

ρScα

∂Z

∂x j

∂Z

∂x j
, χ = 2

μ

ρSc

∂Z

∂x j

∂Z

∂x j
. (18)

It should be noted that the above equations account for the effect of differential
diffusion and should be solved together with Eq. (11) containing a model for εDD .
However, by assuming unity Lewis number, which also leads to constant values
for Scα, a more common form of the flamelet equations that neglects the effect of
differential diffusion is obtained. It should further be noted that the above flamelet
equationsare derived using a low-Mach-number approximation form of the energy
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equation, where the first term on the right hand side of Eq. (4) is neglected. As a
consequence, the viscous heating effects, which may be important in high-speed
flows, are not captured by the flamelet manifold obtained using Eqs. (16) and (17).

Equations (16) and (17) represent a boundary-value problem that can be solved
by specifying the species composition and temperature for the fuel (Z = 1) and
oxidizer (Z = 0) streams, and the pressure for the mixture. Although in high-speed
flows the pressure can vary between fuel and oxidizer streams, this effect cannot
be captured by the flamelet equations, however for thin flames, this variation can
be neglected. The scalar dissipation rates must also be specified. For RAS, a few
models for these quantities can be obtained following the analogy to the dissipation
of turbulent kinetic energy [2], which results in the scalar dissipation rate being
a function of the turbulence dissipation, turbulent kinetic energy, and the mixture
fraction variance. Because mixture fraction is bounded between 0 and 1, for a given
value of the mixture fraction, there exists a theoretical upper limit of the mixture
fraction variance, which limits the scalar dissipation rate.

The scalar dissipation rate controls the extent to which the flame is burning. For χ
values approaching zero, a near-equilibrium chemistry solution is obtained, whereas
for values approaching infinity, the nonreacting solution is recovered. The interme-
diate flamelet solutions can be obtained by varying the value of the scalar dissipation
rate within those limits. However, care must be taken when attempting to generate a
sequence of flamelet manifolds in this way because there exist three distinct flamelet
solutions, corresponding to nonreacting, unstable burning, and stable burning, for
a single value of the scalar dissipation rate. This multivalued nature of the scalar
dissipation requires special simulation approaches [71, 72] to obtain all possible
solutions. This also complicates the scalar dissipation’s role as a parameterizing
quantity, which requires a unique parameterization of the thermochemical state for
applications. For this reason, early applications omitted the unstable flamelet branch
from the flamelet table. More recently, a progress variable quantity [26, 31] has been
introduced to improve unique parameterization of all possible flamelet solutions.

2.3 Progress Variable Equation

Instead of using Z and χ to parameterize solutions of the flamelet equations, a
progress variable, C , is introduced to replace the latter. The progress variable is
defined such that it provides a correlation with the global progress of the combustion
and is typically a linear combination of combustion-product species mass fractions.
For example, Pierce and Moin [31] have proposed C = YCO2 + YH2O for hydrocar-
bon fuels. Unlike the mixture fraction, the progress variable is a reacting scalar. The
progress variable is also typically normalized across all manifolds by its equilibrium
value, such that C = 1 for equilibrium combustion [27]. For nonreacting solutions,
C = 0. Most importantly, sinceC is defined to correlate with the reaction’s progress,
Z and C have the potential to uniquely parameterize all of the flamelet solutions. It
should be noted, however, that because of the nonlinear nature of chemical kinet-
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ics, the use of the progress variable does not guarantee a unique parameterization,
and some limited nonuniqueness typically still exists. Any nonunique regions of the
complete flamelet manifold must be “trimmed” to avoid spurious behaviors in appli-
cations. Alternately, Ihme et al. [27] have proposed a regularization technique that
strives to enforce a unique parameterization of the progress variable, to the extent
possible, by introducing and adjusting the weights of themass fractions that compose
the progress variable.

The application of the flamelet model parameterized using Z andC in a computa-
tional fluid dynamics (CFD) solver requires a solution of the time-averaged progress
variable transport equation along with the transport equation for ˜Z , Eq. (13). Once
the definition of the progress variable has been established, the transport equation
can be readily derived and generally takes on the form;
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)

︸ ︷︷ ︸

Turbulence Chemistry Interaction (TCI)

, (19)

where the terms inside the underbrace are unclosed and must be modeled. It should
be noted that, in addition to the unclosed turbulence flux term, which can be modeled
in conventional ways, the above transport equation includes an unclosed term for the
turbulence and progress variable chemistry interactions. This term is analogous to
the TCI term in Eq. (2) and is difficult to model and often simply neglected. The
reaction source term, ω̇C , is evaluated from the solution of the flamelet equations and
added to the flamelet table.

3 Introduction to Supersonic Combustion

Supersonic combustion is defined as the conversion of reactants into products that
takes place in the supersonic “background” flow. By this definition, a conventional
ramjet engine, although capable of supersonic propulsion, does not exhibit super-
sonic combustion because the supersonic freestream air is compressed and slowed to
subsonic speeds prior to injecting the fuel and energizing the engine via combustion.
The subsonically-convected combustion products are then expanded to supersonic
speeds through the converging-diverging (CD) thrust nozzle. In a ramjet engine, the
combustion processes are quite similar to those found in a conventional gas turbine
combustors, although the mechanics of compression, fuel injection and mixing, and
expansion to produce thrust are different. Supersonic combustion typically occurs in
a scramjet engine, where the high-speed freestream air is compressed in such a way
that it still remains supersonic when entering the high-speed combustor. One marked
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difference between subsonic and supersonic combustion is that the static pressure
in the combustor decreases by a few percentage points in a subsonic combustor,
whereas it can rise by an order of magnitude in the supersonic combustor. This char-
acteristic pressure rise is a result of the chemical conversion of reactants to products
under compressibility effects of a supersonic flow, and is conceptually similar to a
Rayleigh flow, i.e., a supersonic model flowwith heat addition. However, it should be
noted that unlike Rayleigh flow, the total enthalpy of a reacting flow does not change
due to combustion and can only be altered by heat addition (or cooling) through
the combustor walls. It should also be noted that it is not appropriate to categorize
supersonic combustion as either constant pressure or constant volume as is some-
times helpful with subsonic combustion. For example, a gas turbine combustor and
internal combustion engine can be effectively phenomenologically modeled using
constant pressure and constant volume reactor models, respectively. The pressure
rise in a scramjet is a result of compressibility of the working fluid and a function of
its Mach number. A recent overview is provided by Urzay [73].

The rising pressure in a supersonic combustor acts as a back-pressure to the
upstream supersonic inflow further slowing it down, and steepening and increasing
the strength of any shock waves. The combustion-induced pressure can continue to
increase until the value of the combustor pressure is about equal to that corresponding
to the normal shock pressure rise of the combustor entrance flow.Any further increase
in the combustor pressurewill cause the flow to become “unstarted,” that is, any shock
wave system that formed upstream of the combustor must move further upstream
and out of the inlet in order to reduce the mass flow rate through the engine to match
that which the combustor pressure rise could physically support.

For nonpremixed systems, the relative velocity of the reactant streams is quantified
by the velocity difference parameter, and it could be subsonic or supersonic as further
quantified by the convective Mach number. Both the velocity difference parameter
and the convective Mach number are relevant to the reactant mixing process and
therefore combustion rate control in canonical problems [74–76]. Both quantities
are important rate-controlling parameters in subsonic and supersonic combustion,
but large velocity differences and supersonic convective Mach numbers are more
commonly encountered in supersonic reacting flows because parallel-moving super-
sonic reactant streams can more readily exhibit velocity differences with values
close to the speed of sound. Nevertheless, high convective Mach numbers can still
be achieved for subsonic reactant streams if they are traveling in opposite directions,
which is rare in practice. The primary impact of high values of the velocity differ-
ence parameter is an increased turbulence mixing rate of the mixing layer between
the reactant streams. The convective Mach number has a limited competing effect
in that the mixing rate could be suppressed by as much as a factor of about five as
the convective Mach number increases to supersonic values [77]. The high velocity
differences between the reactant streams can also induce viscous heating, which can
alter the local temperature of the reactants, and therefore, reduce the ignition delay
time of the local reactive mixture.
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The shock waves and expansions that form in a supersonic combustor also inter-
act with the combustion processes through the pressure and temperature changes
they impart to the reactants and the generation of the baroclinic torque as they pass
across the reactant mixing layer. Similar to viscous heating, the changes to pressure
and temperature alter the response of the chemical kinetics, whereas the baroclinic
torque introduces large-scale mixing, which increases the fuel-air interface, allowing
molecular diffusion to mix the fuel and air at the molecular level where reactions
take place.

Because of the strong interdependence among these various compressible flow
processes and chemistry, it is hard to envision how a flamelet manifold could be
generated a priori for supersonic combustion and contain all the relevant reactant
states.

4 Flamelets and Supersonic Combustion

Although the utility of the flamelet model, and especially the flamelet progress vari-
able (FPV) model, has been demonstrated extensively for numerous low speed appli-
cations, these models in their original form are unable to account for many of the
physical processes characteristic of high speed reacting flows, such as variable com-
bustion pressure, viscous heating, significant heat transfer at the walls, and varying
flow properties of the reactants due to the compressibility effects, e.g., shocks and
expansions. Several attempts at extending the FPV model formulation to high-speed
compressible flows have been made. These attempts focus primarily on addressing
the pressure dependence [78–80] of the flamelet manifold, which is the simplest and
most obviousway to proceedwithin the framework of the existing flamelet equations.

Themost commonway to partially, but efficiently, account for the varying pressure
in a supersonic combustor is to scale the tabulated reaction source termof the progress
variable, Eq. (19), by a ratio of the square of the local mean pressure to the square
of the reference pressure of the tabulated flamelet table, i.e.,

ω̇C = p2

p2f t
ω̇C f t , (20)

where the subscript f t denotes the quantity obtained from the flamelet table. The
pressure scaling of the progress variable reaction rate is motivated by the fact that
the majority of chemical reactions are second order. However, although this scaling
offers a physically reasonable approximateway to relate reaction rates at twodifferent
combustion pressures, it does not account for the differences in the equilibrium
flame temperature or changes to the mixture composition, and therefore mixture
fraction and progress variable, that also occurwhen the finite rate kinetics are actually
evaluated at different pressures. Nevertheless, this approach has been demonstrated
to improve the pressure predictions of HyShot II experiments [81].
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More recently, to improve the accuracy of the pressure scaling of the progress
variable reaction source termwith respect to a generic chemical kinetics mechanism,
Saghafian et al. [80] introduced a generalized scaling that includes a density power
scaling and an activation temperature scaling in the form:

ω̇C =
(

ρ

ρ f t

)ap

exp

(

−Ta

(

1
̂T

− 1

T f t

))

ω̇C f t , (21)

where ap and Ta are scaling constants that can be optimized a priori to improve
the pressure scaling method over the range of pressures of interest. In practical
applications, reasonable values for ap and Ta range from 2–3, and 10,000–20,000,
respectively.

While the scaling approach is certainly a way to introduce some influence of the
variable pressure via a progress variable source term, the most direct way to account
for the varying pressure within a flamelet framework is simply to add the pressure as
a parameterizing variable to the flamelet table. This approach increases the computer
memory footprint of the flamelet table by as much as an order of magnitude and fur-
ther increases the computational cost of lookup and retrieval; however, it eliminates
the approximations associated with the pressure scaling approach and significantly
improves the robustness of the progress variable in supersonic combustion applica-
tions such that some regularization procedures proposed by [27] may not be needed,
as demonstrated by Quinlan [82].

5 HIFiRE Direct Connect Rig (HDCR)

To demonstrate some of the challenges of utilizing flamelet models for supersonic
combustion applications, RAS of the HDCR combustor are performed for two flight
conditions corresponding to flight Mach numbers of 5.84 and 8. The first condition
is referred to as the dual-mode case and exhibits regions of both subsonic and super-
sonic combustion. The second condition corresponds to the scram-mode and exhibits
primarily supersonic combustion, albeit in both nonpremixed and premixed combus-
tion modes. The two flight conditions cover a range of combustion phenomena that
could be reasonably expected to commonly occur in a scramjet engine during flight.

The HDCR was a ground-based direct-connect experiment conducted at NASA
Langley Research Center (LaRC) in support of the HIFiRE 2 flight experiment [37,
39]. HIFiRE 2 was a hydrocarbon-fueled scramjet flowpath designed to demonstrate
supersonic-combustion mode transition from dual-mode to scram-mode operation
and to validate design and analysis tools. Based on the estimated flight trajectory,
supersonic combustion mode transition was expected to occur between flight Mach
numbers of about 6–8. The HDCR ground experiment was developed and performed
prior to flight of the HIFiRE 2 article to validate the flowpath design and demonstrate
combustor operability in the range of flight Mach numbers from 6 to 8.
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The HDCR ground test article included the constant-area isolator, cavity-based
combustor with multistage fuel injection, and a bifurcated exhaust nozzle. An inner
mold line of the flowpath is shown in Fig. 1, in which relevant dimensions and
injector locations are indicated. The HIFiRE 2 inlet was not included in the HDCR
test article, instead, the HDCR isolator was connected directly to the ground test
facility CD nozzle. The flow properties, including the Mach number, at the entrance
of the isolator were obtained from two CFD simulations [83] of the HIFiRE 2 inlet
at flight Mach numbers of 5.84 and 8. These inlet simulation results showed that
the facility nozzles, with Mach numbers of 2.51 and 3.46, produced isolator flows
appropriate for the dual-mode and scram-mode experiments, respectively. The total
enthalpy of each of the two flows was set to match that of the corresponding flight
Mach number. The HDCR combustor has five stages of fuel injectors; however, only
the primary and secondary injectors located upstream and downstream of the cavity,
respectively, were fueled during the experiments. In the HDCR experiments, dual-
mode operation was marked by the leading combustion-induced shock anchoring
upstream of the primary injectors. When this leading shock moved downstream of
the primary injectors, the flowpath was operating in scram-mode. The fuel used
was a JP-7 surrogate consisting of a gaseous mixture of 36% methane and 64%
ethylene by volume [84]. The dual-mode and scram-mode cases were tested with a
total equivalence ratio of 0.65, and 1.0, respectively. The total equivalence ratio was
further split between the primary and secondary injectors, with values of 0.15 and 0.5
for the dual-mode case and 0.4 and 0.6 for the scram-mode case, respectively. These
fuel splits were set to demonstrate on the ground one of the primary objectives of the
HIFiRE 2 flight experiment, which was to reach combustion performance of burned
equivalence ratio of 0.7 atMach 8 [37]. Hereafter, simulation cases will be referenced
using a case identifier that reflects the operational mode, the flightMach number, and
the imposed simulation wall boundary conditions, as shown in Table2. For example,
case D584A signifies dual-mode operation, D, at a flight Mach number of 5.84 with
adiabatic walls,A. Similarly, case S800I signifies scram-mode operation, S, at a flight
Mach number of 8.00with isothermal walls, I. Data collected during the experiments
included wall temperatures, heat fluxes, and wall static pressures. The flowpath was
outfitted with 144 static pressure ports, 19 flowpath surface thermocouples, and 4
heat flux gauges.

Secondary Injectors 
(Ø = 2.39mm, Normal) 

Isolator Section 
203mm 

Combustor Section 
508mm 

Primary Injectors 
(Ø = 3.18mm, 15° Cant) 

25.4mm x 102mm 
Cross Section 

Flow 

Fig. 1 Side view and key dimensions of the HDCR combustor flowpath, where � is internal
diameter of the injectors
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Table 2 Summary of simulated test cases, including flight Mach number, plenum total conditions,
fuel equivalence ratios (�), and wall boundary conditions (BCs)

Case Flt. mach Tot. temp. (K) Tot. pres. (atm) Pri. inj. � Sec. inj. � Wall BC

D584A 5.84 1550 14.63 0.15 0.5 Adiabatic

D584I 5.84 1550 14.63 0.15 0.5 Isothermal

S800A 8.00 2570 42.19 0.40 0.6 Adiabatic

S800I 8.00 2570 42.19 0.40 0.6 Isothermal

Upstream View

Spanwise View

Isometric View

Fig. 2 Looking upstream, isometric, and side views of the structured, quarter-geometry, grid used
for RAS of the HDCR combustor coarsened four times for visual clarity

5.1 Numerical Approach

To simulate the HDCR experiments, the Favré-averaged RAS equations were solved
using VULCAN-CFD. VULCAN-CFD is a structured-grid finite-volume solver
that is extensively used for high-speed combustion simulations using RAS tech-
niques [85]. For the current study, a 6.6 million cell, quarter-geometry, structured
grid was used, which is illustrated in Fig. 2. This grid included the facility nozzle,
which is not shown. Wall spacing was set for the application of wall-matching func-
tions [86] with y+ values not exceeding approximately 30. Symmetrywas enforced at
the appropriate boundaries, and an extrapolation of transported variables was applied
at the outflow plane. Simulations were also performed using adiabatic and isother-
mal wall boundary conditions to determine the effect of wall heat losses. In the case
of isothermal walls, a one-dimensional heat-conduction equation was solved for the
heat transfer through solid surfaces given the wall external temperature and thermal
conductivity, which were set to yield wall temperatures similar to those measured
during the experiment [87]. The governing RAS equations were closed using the
blended k-ω/k-ε turbulence model of Menter [88]. Inviscid fluxes were calculated
using the low-dissipation flux-split scheme (LDFSS) of Edwards [89]. The van Leer
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flux limiter was used, along with a monotone upstream-centered scheme for conser-
vation laws (MUSCL)with an interpolation coefficient (κ) of 1/3. The equationswere
integrated in pseudotime using an implicit diagonalized approximate factorization
(DAF) scheme [90] with a maximum local CFL number of 2.0.

Reaction chemistry was modeled using an 18-step reduced chemical reaction
mechanism designed for the combustion of ethylene [38]. Transport equations for
the 22 species comprising the reaction mechanism were solved implicitly, and no
TCI model was used (aka laminar chemistry assumption). The turbulent Prandtl
number was set to 0.89 for each case, and the turbulent Schmidt number was set to
0.325 for the dual-mode case and 0.25 for the scram-mode case, as suggested by
Storch et al. [37]. Laminar Prandtl and Schmidt numbers were set to 0.72 and 0.22,
respectively [37].

It should also be noted that no transport equation for the mixture fraction, mixture
fraction variance or the progress variable were solved in the current work. Instead,
these quantities were computed from the RAS data during the postprocessing and
analysis step.

5.2 Simulations of the HDCR

Figures3 and 4 show wall pressure vs. axial distance for simulations and the experi-
ment for dual-mode (D584A and D584I) and scram-mode (S800A and S800I) cases,
respectively. All simulations predict the general trends and values of the centerline
experimentalwall static pressure data. The pressure is slightly overpredicted through-
out the isolator for the dual-mode cases and almost 20% for the scram-mode cases.
This greater overprediction is due to the thermodynamic nonequilibrium effects [91],
which were not modeled in the current simulations. Nevertheless, all simulations still
captured the location of the leading oblique shock due to combustor pressure rise but
overpredict somewhat the combustor and combustor peak pressures. The isothermal
scram-mode case, S800I, overpredicts the combustor peak pressure the most. The
differences in the isothermal and adiabatic solutions are a direct indication of the
sensitivity of the flowfield to wall heat transfer, which increases for the scram-mode
case because of the higher total temperature. Despite some of the noted discrepancies
between the simulations and experiments, this qualitative level of agreement is likely
sufficient for current analysis of the flamelet modeling assumptions.

Figures5 and 6 show the contours of the Mach number in the spanwise center
plane and through the middle of the injector centerline for the dual-mode and scram-
mode cases, respectively. The black lines denote an isocontour of the sonic line. The
leading shock due to combustor pressure rise resides upstream and downstream of
the primary injectors for the dual- and scram-mode cases, respectively. The leading
oblique shock serves to stabilize flames that anchor near the primary injector ports.
The flow subsequently separates at the rearward-facing step corner, and a shear layer
forms over the recirculating flow within the cavity. This shear layer reattaches near
the point of cavity closeout. Themixture of air, partially reacted fuel from the primary
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Fig. 3 Comparisons of streamwise (x) wall static pressure (p) data obtained from simulations
D584A and D584I and experimentally for dual-mode operation of the HDCR combustor

Fig. 4 Comparisons of streamwise (x) wall static pressure (p) data obtained from simulations
S800A and S800I and experimentally for scram-mode operation of the HDCR combustor
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Fig. 5 Contours of the Mach number at spanwise (z) center plane and middle injector centerline
for case D584A. Dark black lines correspond to the sonic isocontour

injectors, and some combustion products convect downstreamwhere it further mixes
with fresh fuel injected by the secondary injectors.

Because themajority of fuel for both flight conditions is delivered through the sec-
ondary injectors, the distribution of the heat release is shifted toward the secondary
injectors. The normalized chemical heat release is shown in Figs. 7 and 8. For the
dual-mode cases, the peak heat release occurs within the subsonic portions of the
flowfield, whereas for the scram-mode cases, the combustion occurs predominantly
at supersonic flow velocities. Of further note are the differences in flame location
and structure. In the dual-mode case, the flame anchors directly outside of the pri-
mary injector ports, whereas in the scram-mode case, the primary injector fuel burns
downstream of the injectors in a more distributed fashion. The flames anchored at the
primary injection site reside behind the leading oblique shock and above the cavity
region. The flames forming at the secondary injector site, for dual- and scram-mode
cases, appear to be of a similar nature.
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Fig. 6 Contours of the Mach number at spanwise (z) center plane and middle injector centerline
for case S800A. Dark black lines correspond to the sonic isocontour

6 Combustion Mode Analysis for the HDCR

Assessing the applicability of flamelet models for a turbulent reacting flow requires
one to consider the extent to which the flowfield meets the fundamental flamelet
model assumptions. In the case of nonpremixed combustion, for which the flamelet
resides near the surface of stoichiometric mixture fraction, and for which the scalar
dissipation rate couples the flame dynamics to that of the fluid dynamics, the char-
acteristic chemical time scale must be considerably smaller than that of the repre-
sentative diffusive and turbulent transport processes. This means that the Damköhler
number (Da), which is the ratio of a characteristic flow time scale, τ f low, to that of
chemistry, τchem , must be much greater than unity, indicating that the characteris-
tic reaction chemistry times are much shorter than those of the characteristic flow
processes.

In the case of premixed combustion, for which the flame can propagate nor-
mal to itself, the chemical time scale and thermal diffusivity effectively govern the
flame thickness, whichmust be considerably smaller than the representative turbulent
length scales under the flamelet assumption. This means that the Karlovitz number
(Ka) defined as the ratio of a characteristic flame length scale to a characteristic tur-
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Fig. 7 Contours of the logarithm of chemical heat release (Q) normalized by its global maximum
for simulation D584A. Dark black lines correspond to the sonic isocontour

bulence length scale, must be much less than unity. In most cases, the Kolmogorov
scale is used as the representative turbulence length scale.

In the current work, the Favré-averaged RAS solutions for HDCR cases D584A
and S800A are used to determine when the fundamental flamelet model assumptions
are satisfied and/or violated for a scramjet combustor. To accomplish this, a flame
index is first devised to identify regions of chemical activity. Once those regions
are identified, a flame-weighted Takeno index is computed to identify regions of
premixed and nonpremixed combustion. Local Da is subsequently estimated using
the approach outlined by Poinsot andVeynante [2] and Peters [13]. Proxy combustion
diagrams are devised for the nonpremixed combustion using the flame-weighted
Takeno index and Da. Finally, a priori investigation of the effects of pressure and
compressibility, wall heat transfer, and flamelet boundary condition variability on
the HDCR flames is presented.



Flamelet Modeling for Supersonic Combustion 151

Fig. 8 Contours of the logarithm of chemical heat release (Q) normalized by its global maximum
for simulation S800A. Dark black lines correspond to the sonic isocontour

6.1 Flame Index

The first step in characterizing the combustion fields is to devise a metric indicative
of flame activity, which can be used to identify regions of combustion. The current
study uses the approach of Lacaze et al. [92] and defines a flame index, f ,

f (x, y, z) = maxα( ¯̇ωα(x, y, z))

max(x,y,z)(| ¯̇ωα|) , (22)

where ¯̇ωα is the Favré-averaged production rate of species α and x , y, and z are
Cartesian coordinates. The subscript attached to the max operator indicates what
quantity the max operation is applied to. The flame index is defined such that it
indicates the level of maximum chemical production over all species in the finite-
rate reaction mechanism used in the simulations. The index takes on a value between
0 and 1, where 0 corresponds to no chemical production and where 1 corresponds to
a point at which at least one chemical species is produced at its global maximum.

Contours of log10( f ) for cases D584A and S800A are presented in Figs. 9 and 10,
respectively. The flame index indicates that for dual-mode operation, case D584A,
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Fig. 9 Contours of the logarithm of flame index, f , for simulation D584A. Dark black lines
correspond to the sonic isocontour

thin flames anchor near the primary injector orifices, which are stabilized by the lead-
ing oblique shock and recirculating fluid directly outside the injectors. Thin flames
also burn outside the secondary injector orifices and extend downstream. For case
S800A, the flames associated with the primary injectors appear to be fundamentally
different than those of the secondary injectors. Although there does exist a thin region
of combustion near the injectors stabilized by the fuel injection bow shock and fluid
recirculation, most of the combustion appears to be distributed from the point of
injection to just downstream of the cavity step corner. When compared to the Mach
number contours in Fig. 6, the combustion appears to correlate with the leading shock
until a pronounced increase in flame intensity is seen directly behind the point of
the leading shock-shock interaction. This observation may suggest the occurrence
of shock-induced combustion. Downstream of this intense region of combustion, a
weak distributed flame is observed. However, it should be noted that some of the
differences in the flame topology could be attributed to the difference in equivalence
ratio at the primary injectors for the dual- and scram-mode cases. The secondary
injector flames for the scram-mode are similar in nature to those observed in the
dual-mode cases, which suggests a relatively thin flame that extends downstream
past the injectors and is angled toward the wall.



Flamelet Modeling for Supersonic Combustion 153

Fig. 10 Contours of the logarithm of flame index, f , for simulation S800A. Dark black lines
correspond to the sonic isocontour

6.2 Combustion Mode

To isolate the nonpremixed combustion data from that of the premixed data, the
approach of Yamashita et al. [93] is used. This method assumes that in nonpremixed
flames, the gradients of oxidizer and fuel species are oriented in opposite directions,
while in premixed flames, the gradients are oriented in the same direction. By taking
the dot product of the gradients and normalizing, the Takeno index, �T , can be
obtained:

�T = ∇˜Yoxidi zer · ∇˜Y f uel

|∇˜Yoxidi zer · ∇˜Y f uel |
, (23)

where ˜Yoxidi zer and ˜Y f uel are the Favré-averaged oxidizer and fuel species mass
fractions, respectively. For the current work, the Takeno index is obtained using the
oxidizer (O2) and fuel (CH4,C2H4)mass fractions.When the gradients of thesemass
fractions are aligned, the index returns 1.0, which indicates premixed combustion.
Whereas, when these gradients are of opposite sign, the index returns −1.0, which
indicates nonpremixed combustion. In the context ofRAS, theTakeno index indicates
the statistically-dominant combustionmode at a given location in the flowfield. Since
the RAS solution is an averaged representation of the flowfield, either premixed
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or nonpremixed regions of the RAS flowfield may in actuality exhibit periods of
nonpremixed or premixed combustion. The effect of such intermittency can only be
captured using LES or DNS.

By further weighting the Takeno index by the flame index, a new index, flame-
weighted Takeno index, � f , is formed:

� f = f �T (24)

The value of� f ranges from−1.0 < � f < 1.0 and conveys both the flame intensity
and dominant combustion mode at each point in the flowfield. Accordingly, � f is
used in subsequent analysis to identify the combustion character of the HDCR.

Additionally, the Da is also computed for both nonpremixed and premixed com-
bustion. The Da is the ratio of a characteristic flow time scale, τ f low, to that of
the chemistry, τchem . When Da is large, there exists a separation of chemistry and
flow scales such that the fundamental assumption of a flamelet model, i.e., that a
thin laminar flame is only distorted by a background turbulent flowfield, is satisfied.
However, when Da approaches unity, the flamelet assumptions break down as the
turbulence and chemistry begin to interact and interfere with one another.

To compute the Da for nonpremixed combustion, the characteristic flow time
scale is approximated using the scalar dissipation rate, χ (Eq. 18), which has the
units of inverse time. The scalar dissipation rate is modeled using the approach of
Poinsot and Veynante [2],

χmodeled = Ca
ε

k
˜Z ′′2, (25)

where ε, k, and Ca are the turbulence dissipation rate, turbulence kinetic energy,
and a model constant set to unity [2]. When the mixture fraction variance is not
available, its upper limit can still be computed, ˜Z ′′2

max = ˜Z(1 − ˜Z), by using the
boundedness property of the mixture fraction. This is useful when considering the
limiting values of the Da. That is, using the maximum value of the mixture fraction
variance to model the scalar dissipation rate and flow time scale lowers the value
of the Da, which implies a conservative view of the applicability of the flamelet
model. To estimate the characteristic time scale of the chemistry, a mass fraction and
production rate of water are used,

τchem = ρ̄˜YH2O

¯̇ωH2O
(26)

The Da is then computed as,

Danonpremixed = 1

χmodeledτchem
. (27)

For the case of premixed combustion, the Da is typically defined as the ratio of
characteristic turbulence and flame time scales,



Flamelet Modeling for Supersonic Combustion 155

Dapremixed = τturb

τ f lame
= l/u′

lF/sL
, (28)

where lF , sL , l, and u′ are the laminar flame thickness and speed, integral turbulence
length, and turbulence fluctuating velocity, respectively. However, the most appro-
priate turbulence scale for calculating the Da for premixed flames is unclear [2]. In
the current work, the premixed Da is calculated using the integral turbulence length
scale. The laminar flame thickness and laminar flame speed are estimated by solving
freely-propagating premixed flames corresponding to the average temperature, pres-
sure, and fuel equivalence ratio characterizing the premixed data within the flowfield,
as identified by the flame-weighted Takeno index.

Scatter plots of the logarithm of the Da versus the flame-weighted Takeno index
for the primary and secondary injector flames for case D584A are shown in Fig. 11.
The same plots for case S800A are shown in Fig. 12. In each figure, the nonpremixed
Da is used for data corresponding to � f < 0, and the premixed Da is used for
� f > 0. The data points are sized by the chemical heat release rate and are colored
by the production rate ofwater. Eachfigure includes only the data containedwithin the
gray regions on the included flowpath diagram. These regions focus the analysis on
the primary and secondary injection. The data within 0.03 < � f < 0.03 are omitted
for clarity.

For case D584A, Fig. 11 suggests that, for both the primary and secondary injec-
tor flames, the combustion occurs primarily at high Das (Da >> 1) and in a non-
premixed mode (� f < 0). Although limited regions of premixed combustion exist
for this case, the heat release associated with those regions is small as compared to
that of the nonpremixed combustion. These figures suggest that for case D584A, the
fundamental assumptions made for nonpremixed flamelet models are likely satis-
fied and that such models may sufficiently predict the combustion physics governing
dual-mode operation of the HDCR flowpath.

For case S800A, Fig. 12 suggests that the combustion is of amore complex nature.
For the primary injectors, the combustion occurs over a range of Das and is split
among both nonpremixed and premixed modes. A significant portion of the heat
release due to the primary injectors corresponds to premixed regions of combustion
occurring near Da =1, suggesting that the characteristic flame time scale is on the
same order of magnitude as that of the integral turbulence. However, a significant
portion of the nonpremixed combustion occurs at high Da numbers as well. For
the secondary injectors, the combustion occurs at a range of Das and primarily in a
nonpremixedmode. Based on these data, a suitable simulation of theHDCRflowpath
for scram-mode operation would likely require both premixed and nonpremixed
flamelet models, and the fundamental assumptions made for these models may only
be valid for limited regions of the combustion.
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Fig. 11 Log of the Da,
versus flame-weighted
Takeno index, � f , for case
D584A. Data points are
sized by chemical heat
release, ˜Q, and colored by
normalized production rate
of water, ¯̇ωH2O. Data are
plotted for the primary
injector (top) and secondary
injector (bottom) portion of
the flowpath as denoted by
the gray regions on the
included flowpath diagrams
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Fig. 12 Log of the Da,
versus flame-weighted
Takeno index, � f , for case
S800A. Data are sized by
chemical heat release, ˜Q,
and colored by normalized
production rate of water,
¯̇ωH2O. Data are plotted for
the primary injector (top)
and secondary injector
(bottom) portion of the
flowpath as denoted by the
gray regions on the included
flowpath diagrams
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7 Effect of the Pressure

Figure13 shows scatter plots of the mean static temperature vs. the Favré-averaged
mixture fraction for cases D584A and S800A for both the primary and secondary
injection regions. Since the majority of the combustion occurs in a nonpremixed
mode, the mixture fraction provides a convenient parameterization of the three-
dimensional flowfield data for visualizing the influence of the pressure on combus-
tion. The scatter data are colored by the logarithm of the mean static pressure, which
allows for identifying regions of significant variations in pressure. The variation
in pressure appears to be generally higher for case S800A, although case D584A
exhibits significant variation as well. The scram-mode data appear to span approx-

~ ~ 

~ ~ 

Case D584A

Case D584A Case S800A

Case S800A

(a) (b)

(c) (d)

Fig. 13 Static temperature, ̂T , versus mixture fraction, ˜Z , colored by the logarithm of static pres-
sure, P̄ , and sized by chemical heat release rate, ˜Q, for a case D584A and b case S800A, primary
injector flames and for c case D584A and d case S800A, secondary injector flames
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imately half an order more of static pressure as compared to the dual-mode data,
for which the static pressure spans nearly an entire order of magnitude. In addition,
these pressure variations occur near stoichiometry, which is where the majority of
heat is released as well. Thus, these observations indicate that any suitable flamelet
model must account for pressure variations due to combustion and compressibility
for application to a dual-mode scramjet combustor.

8 Effect of the Wall Heat Transfer

In addition to pressure variations and compressibility effects, recent efforts in devel-
oping flamelet models have been directed at including the effects of heat transfer. As
with pressure, the focus has been on developingmodifications to existing incompress-
ible flameletmodels to account forwall heat losses using various approaches [94–97].
In this section, the effect of heat loss on the flame structure is illustrated by analyzing
the simulations computed with and without wall heat transfer. The primary mecha-
nism by which wall heat transfer influences the combustion field is local quenching
in the vicinity of the wall. For scramjet engines, in which the core flow is at high
velocity and fuel is injected through the walls, a considerable amount of fuel is
entrained in the slow-moving near-wall regions. As a result, the fuel has sufficient
time to mix with oxidizer and react, thereby creating intense regions of combustion
near the wall surfaces. Figure14 shows scatter plots of the mean static temperature
vs. the Favré-averaged mixture fraction for cases D584A and S800A (adiabatic), and
D584I and S800I (isothermal) for the entire combustor section. The scatter data are
colored by the logarithm of the velocity magnitude, Vs , which allows for identifying
the near-wall regions denoted in dark blue. By examining the minimum velocity
magnitude data, near-wall flame quenching by heat loss through the wall can be
directly observed for the isothermal cases D584I and S800I. Nevertheless, these data
show that relatively low temperature combustion is still taking place in the near-wall
regions. For the adiabatic cases, D584A and S800A, the near-wall data exhibit high
temperature, near-equilibrium values, which indicates fully burning flames. While
these differences are striking and may suggest the requirement for inclusion of a
heat loss model in a general compressible flamelet model, for the HDCR, the adia-
batic simulations yielded more accurate solutions when compared to experimental
static pressure data, suggesting that either the isothermal simulations significantly
overpredicted the heat transfer, or the aggregate effect of wall heat transfer on the
combustion and heat release is limited.
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Case S800ICase S800A

Case D584ICase D584A

~ ~ 

~ ~ 

(a) (b)

(c) (d)

Fig. 14 Static temperature plotted in mixture fraction space and colored by logarithm of velocity
magnitude, Vs , for cases a D584A, b D584I, c S800A, and d S800I, showing the effect of heat
losses on the combustion

9 Effect of the Flamelet Model Boundary Conditions

The effect of theflameletmodel boundary conditions is probably the least investigated
and addressed issue facing flameletmodels for compressible turbulent reacting flows.
This is because the process of specifying applicable ranges for fuel and oxidizer
temperatures and pressures a priori for flamelet equations is unclear. For example,
since for supersonic flow pressure varies with flowpath geometry and across shocks
and expansion waves, determining the appropriate pressures at which flamesmix and
react to build a flamelet table for a scramjet combustor is impossible without prior
knowledge of the heat release rate and the flowfield. In this regard, a compressible
flamelet model is fundamentally different from conventional incompressible flamelet
models used in applications where the combustor pressure can typically be assumed
to be approximately constant and known a priori, andwhere the pure fuel and oxidizer
temperatures remain at their known injected values.

To obtain the information about the flamelet equation boundary conditions appro-
priate to a specific compressible flow, in general, one must perform a turbulent react-
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Case D584A

Case S800A

Fig. 15 PDFs of static temperature and pressure ( fT and fP , respectively) for fuel (Z > 0.99) and
oxidizer (Z < 0.01) conditions for casesD584A (top) and S800A (bottom). Regions fromwhich the
data are sampled are shown above the respective plots, with the leftmost representing the primary
injector flames and the rightmost representing the secondary injector flames

ing flow simulation that does not utilize a flamelet model. After performing such a
simulation, the simulation data must be analyzed and, at a minimum, fuel and oxi-
dizer temperatures and pressures must be extracted for regions of the flowfield where
a flame index indicates the presence of combustion.With this data, onemay then con-
struct PDFs to determine the range and the likelihood of specific flamelet boundary
conditions required to model the combustion, and potentially use this information to
select a most likely set of boundary conditions. The flamelet table is subsequently
built by solving the flamelet equations for these conditions. Alternately, flamelet
tables may be built for a range of boundary conditions as long as a unique parame-
terization for them can be developed. One such attempt is discussed by Quinlan [82].
Furthermore, for the case of multiple injectors, it is also prudent to tailor the analy-
sis to each injector set independently and to determine whether a multiple mixture
fraction approach may be appropriate [98, 99].

To estimate the range and likelihood of different flamelet equation boundary con-
ditions in the HDCR combustor, all mixture fraction data less than 0.01 and greater
than 0.99, for pure oxidizer and pure fuel, respectively, were isolated from the solu-
tion. These data were then split into two groups according to whether the data resided
in the primary or secondary injector regions. PDFs were then constructed for pres-
sure and temperature and are shown for cases D584A and S800A in Fig. 15. For both
dual-mode and scram-mode operation, the fuel temperatures (dashed lines) remain
about constant at their nominal values, while the oxidizer temperatures vary con-
siderably and exhibit multimodal distributions. For the primary injectors, the fuel
pressures are distributed tightly around their nominal values for the dual-mode case,
whereas they exhibit some narrow-range bimodality for the scram-mode case. The
oxidizer pressures exhibit broad multimodal distributions in all cases. For the sec-
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ondary injectors, both the fuel and oxidizer pressures showmultimodal distributions.
However, these observations are not general and depend on whether the injected fuel
flow is overexpanded, underexpanded or pressure matched. The observed pressure
and temperature variations would be minimal for pressure matched conditions and
much smaller for underexpanded than overexpanded flow conditions. This is because
the flow contains only expansion waves for the fuel plumes undergoing underexpan-
sion, whereas the same plumes contain internal shock waves during overexpansion.
Therefore, because the fuel flumes are underexpanded, the fuel PDFs are narrow.
On the other hand, because the oxidizer flow is always overexpanded, when the
combustor provides sufficient back pressure, the oxidizer PDFs are broad.

10 Summary and Conclusions

Flamelet models have proven useful in enabling fast and accurate simulations of sub-
sonic combustion because they can parameterize complex chemical state-space with
as few as one scalar quantity, such as the mixture fraction. However, in supersonic
combustion these models face many challenges. The current work presents an anal-
ysis of the steady flamelet model assumptions in supersonic combustion application.
TheHDCR[36, 37] dual-mode scramjet combustor is used for this purpose.Although
designed for academic and collaborative purposes, the HDCR is representative of
a practical cavity-stabilized scramjet combustor. The analysis uses 3D RAS data
obtained using a finite-rate reaction mechanism at Mach 5.84 dual-mode and Mach
8 scram-mode flight conditions. Quantities, such as the mixture fraction and progress
variable, typically used for parameterizing the flamelet models, are obtained from the
RAS data in the postprocessing and analysis step. This analysis reveals that, for the
HDCR, both nonpremixed and premixed combustion can be observed. Furthermore,
although the majority of heat is released via nonpremixed, near-equilibrium com-
bustion, for the Mach 8 scram-mode conditions, some heat enters the combustor via
premixed combustion that includes significant finite-rate effects. These observations
suggest that a multicombustion-mode flamelet model might be required to accurately
simulate the Mach 8 flight conditions. Furthermore, to capture the finite-rate effects,
a reaction progress variable is required in addition to the mixture fraction.

The effects of variable pressure, wall heat transfer, and flamelet equation boundary
conditions were also evaluated. These three elements present key barriers to utiliz-
ing flamelets for supersonic combustion simulations. In the HDCR, the combustor
pressure increases by about a factor of five. This rise is due to close coupling of
thermodynamics with fluid mechanics that occurs at supersonic speeds, and occurs
in the regions of the highest heat release. Several methods of accounting for rising
pressure in flamelet models were discussed. The simplest is that of pressure scaling
of the progress variable reaction source terms. This approach, however, neglects the
pressure-induced differences in chemical composition and the adiabatic flame tem-
perature. To account for these effects, pressure must be included as an additional
parameterizing variable in the flamelet formulation.
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The heat transfer to thewalls can be significant at hypersonic speeds. For example,
the total temperature for the HDCR ranges from about 1500–2500 K across the
flight Mach number range, which would necessitate active cooling of the combustor
for times longer than those for which this uncooled article was designed for. The
heat transfer at the walls occurs because of two separate effects: due to slowing
down and viscous heating of the flow in the boundary layers, and due to flame-wall
interactions and convection of combustion products toward the wall. In the former,
typically the oxidizer is cooled by the wall, thereby decreasing its enthalpy. In the
latter, reacting fuel-oxidizer mixtures or hot combustion products are quenched or
cooled by the walls, respectively. Both effects represent physics that are distinct from
those embedded in the flamelet equations and therefore challenging to incorporate
into the model.

Finally, the range of flamelet equation boundary conditions for the HDCR was
quantified by plotting the PDFs of the pressure and temperature for the pure fuel
and oxidizer streams. It should be noted that, although the oxidizer stream pressures
are close to the combustor pressure, the fuel stream pressures are independent and a
function of only the scramjet fuel injection system design, particularly whether the
fuel streams are overexpanded, underexpanded, or pressure matched. If the injection
pressure is pressure matched to the combustor, then parameterizing the flamelet
using the combustor pressure offers a reasonable approach. However, even under the
pressure matched injection conditions, the static temperature of the fuel and oxidizer
streams will vary and therefore require further parameterization. Furthermore, these
temperature differences will be due to completely different physical processes, i.e.,
shock train processes due to combustor back-pressuring for the oxidizer stream,
and fuel injection system design and total temperature of the fuel (which may have
been heated) when entering the combustor. Similar to the challenges associated with
parameterizing the heat transfer, parameterizing the boundary condition effects is a
nontrivial task.

Some of the challenges with using steady flamelet models for applications
in supersonic combustion may be reduced or eliminated by using the unsteady
flamelet [28] or representative interactive flamelet [30] approaches, albeit at the
expense of higher computational cost. However, given the number of approxima-
tions and parameterizations needed to address all of the above issues, while still
being constrained by the flamelet thin flame approximation and the fact that at least
one non-flamelet simulation would generally be needed to provide information about
the pressure range and the boundary conditions for the flamelet equations, it might
be reasonable to revert to an alternate strategy, such as the optimized global reac-
tion mechanisms [100], or specially tuned eddy dissipation concept models [101].
Although the fidelity to accurately represent the chemical kinetics would be dimin-
ished and the production of some minor species of interest would not be available,
these simpler models may be sufficient for many practical applications and are sim-
pler to implement and use. To fully take advantage of the benefits of flamelet models
for supersonic combustion, further research is needed to overcome the challenges
discussed in this work.
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