Chapter 3 ®
Hypergraphs for Interval-Valued i
Structures

In this chapter, we present interval-valued fuzzy hypergraphs, A = [u~, u*]-
tempered interval-valued fuzzy hypergraphs, and some of their properties. More-
over, we discuss the notions of vague hypergraphs, dual vague hypergraphs, and
A-tempered vague hypergraphs. Finally, we describe interval-valued intuitionistic
fuzzy hypergraphs and interval-valued intuitionistic fuzzy transversals of 7. This
chapter is due to [4-6, 8, 11, 22, 27].

3.1 Introduction

Zadeh [27] introduced the notion of interval-valued fuzzy sets as an extension of fuzzy
set theory [25] for representing vagueness and uncertainty. Interval-valued fuzzy
set theory reflects the uncertainty by the length of the interval membership degree
[1t1, (o). Inintuitionistic fuzzy set theory for every membership degree (i1, (42), the
value m = 1 — u; — u, denotes a measure of non-determinacy (or undecidedness).
Interval-valued fuzzy sets provide a more adequate description of vagueness than
traditional fuzzy sets. It is, therefore, important to use interval-valued fuzzy sets
in applications, such as fuzzy control. One of the computationally most intensive
parts of fuzzy control is defuzzification [20]. Since interval-valued fuzzy sets are
widely studied and used, we describe briefly the work of Gorzalczany [14, 15]
on approximate reasoning, Roy and Biswas [23] on medical diagnosis, Turksen
[24] on multivalued logic and Mendel [20] on intelligent control. Atanassov and
Gargov [6] introduced the notion of interval-valued intuitionistic fuzzy sets which is
a generalization of both intuitionistic fuzzy sets and interval-valued fuzzy sets.
Graph theory has numerous applications to problems in systems analysis, opera-
tions research, economics, and transportation. However, in many cases, some aspects
of a graph-theoretic problem may be uncertain. For example, the vehicle travel time
or vehicle capacity on a road network may not be known exactly. In such cases, it
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is natural to deal with the uncertainty using the methods of fuzzy sets and fuzzy
logic. Hypergraph models are more general types of relations than graphs do and can
be used to model networks, social networks, biology networks, process scheduling,
data structures, computations, and a variety of other systems where complex rela-
tionships between the objects in the system play a dominant role. Fuzzy hypergraphs
were proposed by Kaufmann [17] and then generalized and redefined by Lee-kwang
and Lee [19]. Goetschel Jr. [12] discussed the concept of hypergraphs by initiating
a glimpse of what may be done within a fuzzy setting. Also the idea of transversal
of a hypergraph has been extended to fuzzy transversal of a fuzzy hypergraph by
Goetschel Jr. et al. [13]. Chen [8] presented the notion of the interval-valued fuzzy
hypergraph theory which is based on a combination of the interval-valued fuzzy set
and hypergraph models. Akram and Dudek [1] presented some properties of intu-
itionistic fuzzy hypergraphs and provided its application in clustering problem. Naz
etal. [22] proposed the concept of the interval-valued intuitionistic fuzzy hypergraphs
by combining the interval-valued intuitionistic fuzzy set and hypergraph models.

Definition 3.1 An interval number D is an interval [a~,aT] with0 <a~ <a® <
1. The interval [a, a] is identified with the number a € [0, 1]. Let D[0, 1] be the set
of all interval numbers. For interval numbers Dy = [a;, b{] and D, = [a; , b] ], we
define

min{D;, D,} = min{[a; , b]L], [a;, b;]} = [min{a; , a; }, min{bf, b;}],
max{D, D,} = max{[a, bT], [ay, b;”]} = [max{a; , a; }, max{b;, b;}],
D1+ Dy =[a; +a5; —ay -a5,bf +by —b] bS],

Dy < Dy & a; <a; andb; < b5,

Dy = Dy & a; = a; and b] = b7,

D) < Dy <= D) < D; and D| # D,,

kD = kla;, bT] = [ka;, kb?’], where 0 < k < 1.

Similarly,

sup{[a; , b;“]} = [sup{q; }, sup{bi’L}] and inf{[a;, b;“]} = [inf{a; }, inf{b;“}].
iel iel iel iel iel iel
Itisknownthat (D[0, 1], <, Vv, A) isacomplete lattice with [0, 0] as the least element
and [1, 1] as the greatest.

Definition 3.2 The interval-valued fuzzy set A in X is defined by, A = {(x, [ (x),
ujg(x)]) :x € X}, where u, (x) and /,LX()C) are fuzzy subsets of X such that pu}, (x) <
wi(x), forall x € X.

Let X be a non-empty set, then by an interval-valued fuzzy relation B on a set X
we mean an interval-valued fuzzy set such that

pp(xy) <min(uy (x), w; (), uh(xy) <min(uf(x), uh (),

for all xy € X x X. In the clustering, the interval-valued fuzzy set A, is called
an interval-valued fuzzy class. We define the support of A by supp (A) = {x €
X | [y (), Mj(x)] # [0, 0]} and say A is nontrivial if supp(A) is non-empty.
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Interval-valued fuzzy relations reflect the idea that membership grades are often
not precise and the intervals represent such uncertainty.

Definition 3.3 The height of an interval-valued fuzzy set A = [, (x), ,u:((x)] is
defined as

h(A) = sup(A)(x) = [sup p; (x), sup pe; (X)].

xeX xeX xeX

We shall say that interval-valued fuzzy set A is normal if A = [u} (x), ,ujg )] =
[1,1], forall x € X.

Definition 3.4 By an interval-valued fuzzy graph on non-empty set X, we mean
a pair G = (A, B), where A = [, uj] is an interval-valued fuzzy set on X and
B = [, 1] is an interval-valued fuzzy relation on X such that

mp(xy) <min(uy, (x), 1wy (y)),
wy(xy) < min(uh (x), wf (y)),

forallx, y € X.

For further terminologies and studies on interval-valued fuzzy hypergraphs, read-
ers are referred to [2, 3, 7, 9, 10, 16, 18, 21, 26, 27].

3.2 Interval-Valued Fuzzy Hypergraphs

Definition 3.5 Let X be a finite set and let E = {E|, E,, ..., E,;} be a finite family
of nontrivial interval-valued fuzzy subsets of X such that

X = Jsupplu;. il j=1.2.....m,
J

where A = [y,]f, /L}r] is an interval-valued fuzzy set defined on E; € E. Then, the
pair I = (X, E) is an interval-valued fuzzy hypergraph on X, E is the family of
interval-valued fuzzy edges of I and X is the (crisp) vertex set of /. The order of 1
(number of vertices) is denoted by | X| and the number of edges is denoted by | E|.

Definition 3.6 Let A = [u, MX] be an interval-valued fuzzy subset of X and let
E be a collection of interval-valued fuzzy subsets of X such that for each B =
[y, upl € Eandx € X, up(x) < p,(x), ujp(x) < wih(x). Then the pair (A, B) is
an interval-valued fuzzy hypergraph on the interval-valued fuzzy set A. The interval-
valued fuzzy hypergraph (A, B) is also an interval-valued fuzzy hypergraph on X
= supp(A), the interval-valued fuzzy set A defines a condition for interval-valued in
the edge set E. This condition can be stated separately, so without loss of generality
we restrict attention to interval-valued fuzzy hypergraphs on crisp vertex sets.
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Example 3.1 Consider an interval-valued fuzzy hypergraph I = (X, E) as shown
in Fig.3.1 such that X = {a, b, ¢, d} and E = {E,, E», E3}, where

: a b } { b c } { a d }
E = ; . By = ) , B3 = ; .
[0.2,0.3] [0.4,0.5] [0.4,0.5] [0.2,0.5] [0.2,0.3] [0.2,0.4]
The corresponding incidence matrix is given in Table 3.1.

Definition 3.7 Aninterval-valued fuzzy set A = [, uj] : X — DJ[0, 1]is an ele-
mentary interval-valued fuzzy set if A is single valued on supp(A). An elementary
interval-valued fuzzy hypergraph I = (X, E) is an interval-valued fuzzy hypergraph
whose edges are elementary.

We explore the sense in which an interval-valued fuzzy graph is an interval-valued
fuzzy hypergraph.

Proposition 3.1 Interval-valued fuzzy graphs and interval-valued fuzzy digraphs
are special cases of the interval-valued fuzzy hypergraphs.

An interval-valued fuzzy multigraph is a multivalued symmetric mapping D =
[y, ;LB] : X x X — DI[O0, 1]. An interval-valued fuzzy multigraph can be consid-
ered to be the “disjoint union” or “disjoint sum” of a collection of simple interval-
valued fuzzy graphs, as is done with crisp multigraphs. The same holds for multidi-
graphs. Therefore, these structures can be considered as “disjoint unions” or “disjoint
sums” of interval-valued fuzzy hypergraphs.

Fig. 3.1 Interval-valued E; . b[0.4,0.5]
fuzzy hypergraph af0.2,0.3] ‘a-D‘

Es E,
d[0.2, 0.4]
[0.2,0.5)

Table 3.1 The corresponding incidence matrix

My E, E» E3

a [0.2,0.3] [0, 0] [0.2,0.3]

b [0.4,0.5] [0.4,0.5] [0, 0]

c [0, 0] [0.2,0.5] [0, 0]

d [0, 0] [0, 0] [0.2,0.4]
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Definition 3.8 An interval-valued fuzzy hypergraph I = (X, E) is simple if A =
(15 1al, B =[ug, npl € Eand uy < py, wy < py imply that puy = pp, oy =
Hp-
An interval-valued fuzzy hypergraph I = (X, E) is support simple if A = [},
wil, B =[ug, ujl € E, supp(A) = supp(B), and pu,; < g, u; <y imply that
N T
Mg =Hp, Ly = Up.
An interval-valued fuzzy hypergraph I = (X, E) is strongly support simple if
A=[u,, MX], B =[ug, ,uE] € E and supp(A) = supp(B) imply that A = B.

Remark 3.1 The Definition 3.8 reduces to familiar definitions in the special case
where [ is a crisp hypergraph. The interval-valued fuzzy definition of simple is
identical to the crisp definition of simple. A crisp hypergraph is support simple
and strongly support simple if and only if it has no multiple edges. For interval-
valued fuzzy hypergraphs all three concepts imply no multiple edges. Simple interval-
valued fuzzy hypergraphs are support simple and strongly support simple interval-
valued fuzzy hypergraphs are support simple. Simple and strongly support simple
are independent concepts.

Definition 3.9 Let [ = (X, E) be an interval-valued fuzzy hypergraph. Suppose
that o, B € [0, 1]. Let

° E[a,ﬂ] = {A[a,ﬁ]l A€ E}, A[a,ﬂ] = {X | /,LZ(X) <o or ,LLX()C) < ﬂ}, and
® Xiap1 = Uscr Al

If Ey g1 # ¥, then the crisp hypergraph /i, g) = (X[« g1, E[«,1) 18 the [o, B]-level
hypergraph of 1.

Clearly, it is possible that A, g) = Bja,p) for A # B, by using distinct markers
to identity the various members of E a distinction between A, g) and By, g) to
represent multiple edges in /i, g). However, we do not take this approach unless
otherwise stated, we will always regard I, g as having no repeated edges.

The families of crisp sets (hypergraphs) produced by the [«, 8]-cuts of an interval-
valued fuzzy hypergraph share an important relationship with each other, as expressed
below:

Suppose X and Y are two families of sets such that for each set X belonging to
X there is at least one set ¥ belonging to Y which contains X. In this case, we say
that Y absorbs X and symbolically write X T Y to express this relationship between
Xand Y. Since, it is possible for X © Y while XNY = @, we have that X C Y =
X C Y, whereas the converse is generally false. If X C Y and X # Y, then we write
Xcv.

Definition 3.10 Let / = (X, E) be an interval-valued fuzzy hypergraph, and for
[0,0] < [s, t] < h(I). Let I, be the [s, t]-level hypergraph of I. The sequence
of real numbers {[s1, r1], [s2, 21, ..., [Su, rul}, [0,0] < [s1, 1] < [s2, 0] <--- <
[s., r»] = h(I), which satisfies the properties,

o if [siy1,riq1] < [u,v] < [si, i), then Ep, ) = Eg, 11,
i E[Si,rx] L E[~"i+lxri+l]’
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is called the fundamental sequence of I, and is denoted by F (1) and the set of [s;, r;]-
level hypergraphs {Ij, 1, Iis,.r15 - - -» Is,,r,1) 18 called the set of core hypergraphs of
I or, simply, the core set of I, and is denoted by C(I).

Definition 3.11 Suppose / = (X, E) is an interval-valued fuzzy hypergraph with
F(I) = {[s1,r1], [s2, 21, - - ., [Sn, ru]}, and 5,41 =0, ry = 0. Then, [ is called
sectionally elementary if for each edge A = (u,, MD € E,eachi ={1,2,...,n},
and [s;, ;] € F(I), A5y = Agg, i, for all [s, 1] € ([si11, rial, si, mi11

Clearly [ is sectionally elementary if and only if A(x) = (u, (x), MX(}C)) e F(I)
foreach A € E and each x € X.

Definition 3.12 A sequence of crisp hypergraphs I; = (X;, Ef),[1,1] <i < [n, n],
is said to be ordered if I} C I, C --- C I,. The sequence {[; | [1, 1] <i < [n,n]}is
simply ordered if it is ordered and if whenever E* € E7,; |, — E[, then E* Z X;.

Definition 3.13 An interval-valued fuzzy hypergraph I is ordered if the I induced
fundamental sequence of hypergraphs is ordered. The interval-valued fuzzy hyper-
graph [ is simply ordered if the I induced fundamental sequence of hypergraphs is
simply ordered.

Example 3.2 Consider the interval-valued fuzzy hypergraph I = (X, E), where
X ={a,b,c,d}and E = {E|, E», E3, E4, Es} which is represented by the following
incidence matrix Table 3.2.
Clearly, h(I) = [0.3,0.9].
Now
Epo.1.09 = {{a, b}, {b, c}},

E2,07 = {{a, b}, {b, c}},
E[O.3,0.4] = {{av b}! {av b’ d}v {b’ C}v {bs c, d}a {av c, d}}

Thus, for [0.3,0.4] < [s, 1] < [0.1,0.9], Eg,. = {{a. b}, {b, ¢}, and for [0,0] <
s, 1] < [0.3, 0.4],

Ein=1{a,b},{a,b,d}, {b,c}, {b,c,d}, {a,c,d}}.

Table 3.2 Incidence matrix of

1 E| E> E3 Ey Es

a [0.2,0.7] [0.0, 0.9] [0, 0] [0, 0] [0.3,0.4]
b [0.2,0.7] [0.0, 0.9] [0.0, 0.9] [0.2,0.7] [0, O]

c [0, 0] [0, 0] [0.0, 0.9] [0.2,0.7] [0.3,0.4]
d [0, 0] [0.3, 0.4] [0, 0] [0.3, 0.4] [0.3,0.4]
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We note that Ejg 109 € E[03,0.4;- The fundamental sequence is F(I) = {[s1, r1] =
[0.1,0.9], [s2, 2] =1[0.3,0.4]} and the set of core hypergraph is C(/) = {I; =
(X1, E1) = Lpa,09, 1o = (X2, E2) = Ij03,04}, where

Xl = {avbs C}» El = {{a’b}» {bs C}s}
X, ={a,b,c,d}, E, = {{a, b}, {a,b,d}, {b,c}, {b,c,d},{a,c,d}}.

I is support simple, but not simple. / is not sectionally elementary since E ) 7
Ei10.1,09 fors =0.2,¢ = 0.7. Clearly, interval-valued fuzzy hypergraph I is simply
ordered.

Proposition 3.2 LetI = (X, E) be an elementary interval-valued fuzzy hypergraph.
Then, I is support simple if and only if I is strongly support simple.

Proof Suppose that [ is elementary, support simple and that supp(A) = supp(B). We
assume without loss of generality that 2 (A) < h(B). Since, I is elementary, it follows
that p, <y, nh < and since I is support simple then pw, = uyz, i = u}h.
Therefore, I is strongly support simple. The proof of converse part is obvious.

The complexity of an interval-valued fuzzy hypergraph depends in part on how many
edges it has. The natural question arises: is there an upper bound on the number of
edges of an interval-valued fuzzy hypergraph of order n?

Proposition 3.3 Let I = (X, E) be a simple interval-valued fuzzy hypergraph of
order n. Then, there is no upper bound on |E|.

Proof Let X = {x, y}, and define Ey={A; = [u} , /Lj‘_] |i=1,2,..., N}, where

1

N = s + :1——,
MA,.(x) i1 PLAi(x) i1
1 i
N = — + = .
Heg, () T M, () P

Then Iy = (X, Ey) is a simple interval-valued fuzzy hypergraph with N edges. This
ends the proof.

Proposition 3.4 Let | = (X, E) be a support simple interval-valued fuzzy hyper-
graph of order n. Then, there is no upper bound on |E|.

Proposition 3.5 Let I = (X, E) be a strongly support simple interval-valued fuzzy
hypergraph of order n. Then, there is no upper bound on |E| < 2" — 1 if and only if
{supp(A)|A € E} = P(X) — 0.

Proposition 3.6 Let [ = (X, E) be an elementary simple interval-valued fuzzy
hypergraph of order n. Then, there is no upper bound on |E| < 2" — 1 if and only if
{supp(A)| A € E} = P(X) — 0.
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Proof Since I is elementary and simple, each nontrivial W C X can be the support
of at most one A = (u,, MX) € E. Therefore, |E| < 2" — 1. To show there exists
an elementary, simple / with |[E| =2" — 1, let E = {A = (i}, /LX) | W C X} be
the set of functions defined by

1
My (x) = W, ifxeW, u,x)=0,ifx¢Ww,

,uX(x):l— ifxeWw, uX(x):l,ifx¢ w.

4N
Then, each one element has height [0, 1], each two elements have height [0.5, 0.5]
and so on. Hence, I is an elementary and simple, and |E| = 2" — 1.

Proposition 3.7 (a) If I = (X, E) is an elementary interval-valued fuzzy hyper-
graph, then I is ordered.

(b) If I is an ordered interval-valued fuzzy hypergraph with simple support hyper-
graph, then I is elementary.

Consider the situation where the vertex of a crisp hypergraph is fuzzified. Suppose
that each edge is given a uniform degree of membership consistent with the weakest
vertex of the edge. Some constructions describe the following subclass of interval-
valued fuzzy hypergraphs.

Definition 3.14 An interval-valued fuzzy hypergraph I = (X, E) is called a A =
[, wh]-tempered interval-valued fuzzy hypergraph of I = (X, E) if there is a
crisp hypergraph I* = (X, E*) and an interval-valued fuzzy set A = [y, u}]:
X — D(0, 1] such that E = {Bp = [up,, u};, 1| F € E*}, where

_ _ | min(u,(y) |y e F),ifx € F,
Hp, (¥) = {0, otherwise,
+ _ [ min(uf () I ye F), ifxeF,
Mp, (¥) = { 1, otherwise.

Let A ® I denote the A-tempered interval-valued fuzzy hypergraph of I deter-
mined by the crisp hypergraph I* = (X, E*) and the interval-valued fuzzy set
A:X — D(,1].

Example 3.3 Consider the interval-valued fuzzy hypergraph I = (X, E), where
X ={a,b,c,d} and E = {E|, E;, E3, E4} which is represented by the following
incidence matrix given in Table 3.3.
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Table 3.3 Incidence matrix of

1 Eq E> E3 Ey

a [0.2,0.7] [0.0, 0.0] [0, 0] [0.2,0.7]
b [0.2,0.7] [0.3,0.4] [0.0,0.9] [0.0, 0.0]
c [0, 0] [0, 0] [0.0,0.9] [0.2,0.7]
d [0, 0] [0.3,0.4] [0, 0] [0.0, 0.0]

Then, Eoo,00 = {{b, c}}, Epz07 = {{a, b}, {a,c}, {b,c}}, and Ep304 =
{{a, b}, {a, ¢}, {b, ¢}, {b, d}}. Define A = [u};, ui]1: X — D(0, 1] by

pua(a) =02, uy(b) = puy(c) =0.0, uy(d) =03,
i(a) =07, pyb) = pi(e) = 0.9, pyi(d) =04
Note that
g, (@ =min(uy (@), py (b)) = 0.0, gy, (b) =min(u, (@), uy (b)) = 0.0,

'U/E(u.b) (c) =0.0, P’Ew.m (d) =0.0,

b, (@ =min(uf (@), wi ) = 0.7, wh (b)) = min(u} (@), f b)) = 0.7

u;m (c) =1.0, ,ugw) (d)=1.0.

Thus,
- + - +
Er = [MB(“J;)’ H’B(a.h)]’ Ey = [MB(b,d)’ I'LB(M)]’

- + - +
E3 = [/-'LB”“‘)’ I‘LB(b.(_)L E4 = [MBM,C)’ /-'LB(“.(}]-

Hence, I is A-tempered hypergraph.

Proposition 3.8 An interval-valued fuzzy hypergraph I is an A-tempered interval-
valued fuzzy hypergraph of some crisp hypergraph I* if and only if I is elementary,
support simple, and simply ordered.

Proof Suppose that I = (X, E) is an A-tempered interval-valued fuzzy hypergraph
of some crisp hypergraph I*. Clearly, [ is elementary and support simple. We show
that 7 is simply ordered. Let

CH={UN" =X, ED), ()" = X2, E3), ..., )" = X, ED}.
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Since I is elementary, it follows from Proposition 3.7 that I is ordered. To show that /
is simply ordered, suppose that there exists ' € E |\ E}. Then, there exists x* € F
such that p, (x*) = ri41, uj(x*) = Fit1. Since ), (x*) =iy < r; and /L:{(x*) =
Fiy1 < Fi, it follows that x* ¢ X; and F ¢ X;, hence [ is simply ordered.

Conversely, suppose I = (X, E) is elementary, support simple and simply ordered.
Let

C() ={UD" = X1, E)), ()" = (X2, E3), ..., ()" = Xy, ED},

where D(I) ={ri,r,...,1,} with O<r, <---<r. Since (I*)" =1I; =
(Xn, E}) and define A = [, uf1: X, — D(O0, 1] by

ry, if x € Xy,
ri, if x e Xj)\X;j_1,i=1,2,..., n

s1, if x € X1,

+ —
,U'A(x)— {Siv ifxeX\X;_1,i=1,2,...,n

100 = {

We show that £ = {Bp = [“EF’ ;LJgF] | F € E*}, where

= () = min(u, (y) |y € F), if x € F, t () = min(uX(y) |yeF), ifxeF,
)= 0, otherwise, Mpp¥) = 1, otherwise.

Let F € E}. Since [ is elementary and support simple, there is a unique interval-
valued fuzzy edge Cr = [uc,, MJCFF] in E having support E*. Indeed, distinct edges
in £ must have distinct supports that lie in E. Thus, to show that E = {Br =
(g, ,uI,FF] | F € E}}, it suffices to show that for each F € E}, uo = up, and
MJCFF = u}fF. As all edges are elementary and different edges have different supports,
it follows from the definition of fundamental sequence that 4(CF) is equal to some
number r; of D(I). Consequently, E* C X;. Moreover, if i > 1,then F € E*\E}_,.
Since F' C X, it follows from the definition of A = [}, ,uj] that for each x € F,
o (x) > r; and ph(x) > s;. We claim that o, (x) = r; and u} (x) = s;, for some
x € F.If not, then by definition of A = [, i1, wy (x) > r; and pwi(x) > s; for
all x € F which implies that F C X;_; and so F € E*\E}_, and since / is simply
ordered F' & X;_1, a contradiction. Thus, it follows from the definition of Bf that
Br = Cp. This completes the proof.

As a consequence of the above theorem we obtain.

Proposition 3.9 Suppose that I is a simply ordered interval-valued fuzzy hyper-
graph and F(I) ={ri,ra, ..., ra}. If I'" is a simple hypergraph, then there is a
partial interval-valued fuzzy hypergraph I of I such that the following assertions
hold:

1. Iis an A-tempered interval-valued fuzzy hypergraph of I,.
2. ECE. )
3. FU)=F{)and C(I) =C().
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3.3 Vague Hypergraphs

Different authors from time to time have made a number of generalizations of Zadeh’s
[25] fuzzy set theory. The notion of vague set was introduced by Gau and Buehrer
[11]. This is because in most cases of judgments, the evaluation is done by human
beings and so the certainty is a limitation of knowledge or intellectual functionaries.
Naturally, every decision-maker hesitates more or less on every evaluation activity.
For example, in order to judge whether a patient has cancer or not, a medical doctor
(the decision-maker) will hesitate because of the fact that a fraction of evaluation
he thinks in favor of the truthness, another fraction in favor of the falseness and the
rest part remains undecided to him. This is the breaking philosophy in the notion of
vague set theory introduced by Gau and Buehrer [11].

Definition 3.15 A vague set A inthe universe of discourse X is a pair (t4, fa), where
— [0, 11, fa : X — [0, 1] are true and false memberships, respectively such
that 74 (x) + fa(x) < 1,forallx € X.

In the above definition, 74 (x) is considered as the lower bound for degree of mem-
bership of x in A (based on evidence), and f4(x) is the lower bound for negation of
membership of x in A (based on evidence against). Therefore, the degree of member-
ship of x in the vague set A is characterized by the interval [£4(x), 1 — fa(x)]. So,
a vague set is a special case of interval-valued sets. The interval [£4(x), 1 — fa(x)]
is called the vague value of x in A, and is denoted by X 4 (x). We denote zero vague
and unit vague value by 0 = [0, O] and 1 = [1, 1], respectively. It is worth to mention
here that interval-valued fuzzy sets are not vague sets. In interval-valued fuzzy sets,
an interval-valued membership value is assigned to each element of the universe
considering the “evidence for x” only, without considering “evidence against x”. In
vague sets both are independently proposed by the decision-maker. This makes a
major difference in the judgment about the grade of membership.

Remark 3.2 The intuitionistic fuzzy sets and vague sets look similar, analytically
vague sets are more appropriate when representing vague data. The difference
between them is discussed below. The membership interval of element x for vague
set Ais [ta(x), 1 — fa(x)]. But, the membership value for element x in an intuition-
istic fuzzy set B is < x, wp(x), vg(x) >. Here the semantics of 74 is the same as
with A and pp is the same as with B. However, the boundary is able to indicate
the possible existence of a data value. This difference gives rise to a simpler but
meaningful graphical view of data sets (see Fig.3.2).

A vague relation is a generalization of a fuzzy relation.

Definition 3.16 Let X and Y be ordinary finite non-empty sets. We call a vague
relation to be a vague subset of X x Y, that is, an expression R defined by

R = {< (-x9 y)vtR(-x9 )’)» fR(x’ y) > |)C € X7y € Y}a

wheretg : X x Y — [0, 1], fr : X x Y — [0, 1], which satisfies the condition 0 <
tr(x,y) + fr(x,y) < 1,forall (x,y) € X x Y. A vague relation R on X is called
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U —values
Vague

values

0 Elements 0 Elements

(a) Vague sets (b) Intuitionistic fuzzy sets

Fig. 3.2 Comparison between vague sets and intuitionistic fuzzy sets

reflexive if tg(x, x) =1 and fr(x,x) =0, for all x € X. A vague relation R on X is
symmetric if tg(x,y) = tg(y, x) and fr(x,y) = fr(y,x),forallx,y € X.

Definition 3.17 Let A = (¢4, f4) be a vague set on X and let o, 8 € [0, 1] be such
thator < B.Then,theset A, ) = {x |ta(x) > o, 1 — fa(x) > B}iscalleda (a, B)-
(weakly) cut set of A. A, gy is a crisp set.

Definition 3.18 The support of A is defined by supp(A) ={x € X | (ta(x),
fa(x)) # (0,0)} and we say A is nontrivial if supp(A) is non-empty. The height
of a vague set A is defined as h(A) = sup, .y (A)(x).

Definition 3.19 A vague relation B on a set X is a vague relation from X to X. If
A is a vague set on a set X, then a vague relation B on A is a vague relation which

satisfies, 7g(xy) < min(fa(x),74(y)) and fp(xy) > max(fa(x), fa(y)), for all
xye ECX xX.

Definition 3.20 Let X be a non-empty set, members of X are called nodes. A vague
graph G = (A, B) with X as the set of nodes, is a pair of functions A, B, where A
is a vague set of X and B is a vague relation on X. We note that vague relation B in
vague digraph need not to be symmetric.

We now define vague hypergraph,

Definition 3.21 Let X beafinitesetandletl& = {IE,, E,, ..., E,,} be a finite family
of nontrivial vague subsets of X such that X = | J j suppE;, j=1,2,...,m.Then,
the pair H = (X, IE) is a vague hypergraph on X, It is the family of vague edges of
H and X is the (crisp) vertex set of H.

Definition 3.22 Let A = (¢4, f4) be a vague subset of X and let IE be a collection of
vague subsets of X such that for each B = (15, fg) € Eand x € X, t4(x) < t5(x),
fe(x) = fa(x). Then, the pair (A, B) is a vague hypergraph on the vague set A. The
vague hypergraph (A, B) is also a vague hypergraph on X = supp(A), the vague set A
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defines a condition for interval-valued in the edge set IE. This condition can be stated
separately, so without loss of generality we restrict attention to vague hypergraphs
on crisp vertex sets.

Definition 3.23 A vague set A is an elementary vague set if A is single valued on
supp(A). An elementary vague hypergraph H = (X, ) is a vague hypergraph whose
edges are elementary.

Definition 3.24 A vague hypergraph H = (X, E) is simple if A = (¢4, fa), B =
(tg, fp) € Eandty <tp, fo > fpimply thatty =tp, fa = f5.
Avaguehypergraph H = (X, E) is support simpleif A = (t4, fa), B = (tg, fB) €
E, supp(A) =supp(B), and t4 < tp, fa > fp imply thatty = tp, f4 = f5.
A vague hypergraph H = (X, IE) is strongly support simple if A = (t4, fa), B =
(tg, f) € E, and supp(A) = supp(B) imply that A = B.

Example 3.4 Consider a vague hypergraph Il = (X, IE) as shown in Fig.3.3 such
that X = {a, b, c,d} and E = {I£,, IE,, IE3}, where

]Elz{ a ’ b },Ezz{ b ’ c },]E3:{ a ’ d }
(0.2,0.3) (0.4,0.5) (0.4,0.5) (0.2,0.5) (0.2,0.3)  (0.2,0.4)

The corresponding incidence matrix is given below in Table 3.4.

Fig. 3.3 Vague hypergraph ‘ E, 5(0.4,0.5)
a(0.2,0.3)
< D
E3 Ez
d(0.2,0.4) €02, 05)

Table 3.4 The incidence matrix of vague hypergraph

M IE; E, E;3

a (0.2,0.3) 0, 0) (0.2,0.3)
b 0.4, 0.5) 0.4, 0.5) 0, 0)

c 0, 0) (0.2,0.5) (0,0)

d (0,0) (0,0) 0.2,0.4)
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Definition 3.25 Let H = (X, E) be a vague hypergraph. Suppose that «, 8 € [0, 1].
Let

e Eup ={AwplA€E}, Awp ={xltalx) >a,1— fa(x) > B}, and
® Xwp) = Uner Awp)-

If (5 # ¥, then the crisp hypergraph H, g) = (X(a,p), E(a,p)) is the (a, B)—
level hypergraph of H.

Clearly, it is possible that A, gy = B(q,p) for A # B, by using distinct markers to
identity the various members of IE a distinction between A g) and By, g) to represent
multiple edges in I, g,. However, we do not take this approach unless otherwise
stated, we will always regard I, gy as having no repeated edges.

The families of crisp sets (hypergraphs) produced by the («, 8)-cuts of a vague
hypergraph share an important relationship with each other, as expressed below:

Suppose X and Y are two families of sets such that for each set X belonging to
X there is at least one set Y belonging to Y which contains X. In this case we say
that Y absorbs X and symbolically write X C Y to express this relationship between
X'and Y. Since it is possible for X T Y while XNY = @, we have that X C Y =
X C Y, whereas the converse is generally false. If X C Y and X # Y, then we write
XCy.

Definition 3.26 Let H = (X, [E) be a vague hypergraph, and for (0, 0) < (s,1) <
h(I). Let H, ; be the (s, t)-level hypergraph of IH. The sequence of real numbers,

{s1,71), (52,72), .o, Gy )}, O <sp<sy<---<spand0>r >ry > - > 1y,
where (s,,, r,) = h(IH),

which satisfies the properties

oif 5, <u <siyrandr; > v >riy,thenEy ) = E,, .., and
o B,y E B

i1 Tit1)s

is called the fundamental sequence of I, and is denoted by F'(IH) and the set of
(si, ri)-level hypergraphs {H, r)» Hs,.r)s - - - » Hs, 1)} 18 called the set of core
hypergraphs of H or, simply, the core set of H, and is denoted by C(IH).

Definition 3.27 Suppose H = (X, E) is vague hypergraph with F' () = {(s, 1),
(s2,72), -, (Sn, 1)}, and s,; = 0, rp; = 0, Then, H is called sectionally elemen-
tary if for each edge A = (¢4, fa) € E,eachi = {1, 2,...,n},and (s;, r;) € F(H),
Ay = A, Torall (s, 1) € ((sig1, Fig1), (i, 1)

Clearly, H is sectionally elementary if and only if A(x) = (z4(x), fa(x)) € F(IH)
for each A € It and each x € X.

Definition 3.28 A sequence of crisp hypergraphs H; = (X;, Ef),1 <i < n,issaid
to be ordered if H; C H, C ... C H,. The sequence {H; |1 <i < n} is simply
ordered if it is ordered and if whenever E* € Ei*Jrl — E7, then E* ,@ X;.
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Definition 3.29 A vague hypergraph H is ordered if the H induced fundamental
sequence of hypergraphs is ordered. The vague hypergraph I is simply ordered if
the H induced fundamental sequence of hypergraphs is simply ordered.

We state the following Propositions without their proofs.

Proposition 3.10 Ler H = (X, E) be an elementary vague hypergraph. Then, H is
support simple if and only if H is strongly support simple.

Proposition 3.11 Ler H = (X, IE) be a simple vague hypergraph of order n. Then,
there is no upper bound on ||

Proof Let X = {x, y}, and define Ey = {A; = (t4,, fa,) |i =1,2,..., N}, where

| |
() = —— i) =1— ——.
p0) = fao) i1
() = ' fa) = —
A = Ja =

Then Hy = (X, Ey) is a simple vague hypergraph with N edges. This ends the
proof.

Proposition 3.12 Let H = (X, E) be a support simple vague hypergraph of order
n. Then, there is no upper bound on |E|.

Proposition 3.13 LetH = (X, IE) be a strongly support simple vague hypergraph of
order n. Then, there is no upper bound on |E| < 2" — 1 ifand only if {supp(A) | A €
E} = P(X) — 0.

Proposition 3.14 Let H = (X, IE) be an elementary simple vague hypergraph of
order n. Then, there is no upper bound on |E| < 2" — 1 ifand only if {supp(A) | A €
E}=P(X)—0.

Proof Since H is elementary and simple, each nontrivial W C X can be the support
of at most one A = (¢4, fa) € IE. Therefore, |E| < 2" — 1. To show there exists an
elementary, simple H with ||E| =2" — 1, let E = {A = (¢4, f4a) | W C X} be the
set of functions defined by

ta(x) = ifxeW, ts4(x)=0,ifx¢W,

1

W’
1. .

fA(x)zl—W, ifxeW, fix)=1ifxe¢W.

Then, each one element has height (1, 0), each two elements have height (0.5, 0.5)
and so on. Hence, H is an elementary and simple, and |E| = 2" — 1.
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Proposition 3.15 (a) IfH = (X, IE) is an elementary vague hypergraph, then H is
ordered.

(b) IfH is an ordered vague hypergraph with simple support hypergraph, then H is
elementary.

Definition 3.30 The dual of a vague hypergraph H = (X, IE) is a vague hyper-
graph H? = (EP, XP) whose vertex set is the edge set of I and with edges
XP:EP — [0,1] x [0, 1] by XP(AP) = (tR(x), fP(x)). H? is a vague hyper-
graph whose incidence matrix is the transpose of the incidence matrix of I, thus
HPP = H.

Example 3.5 Consider a vague hypergraph H = (X, IE£) as shown in Fig. 3.4 such

that X = {xlax21x31x4}’ ]E = {]Elv ]E27 ]E?n ]E4}’ Where ]El = {(0;—]03)7 (0:1—202)}7
— X2 X3 j— X3 X4 j— Xq X1
E, = {(0.4,042)’ 03,0.6) } E; = [(043,0.6)’ 05.0.0) } By = {(0.5,0.1)’ 05.03) } :
The corresponding incidence matrix of H is given in Table 3.5.
Consider the dual vague hypergraph H? = (IE?, XP) of H such that E? =
{ela e, e3, 64}’ XD = {Aa B, Cv D}? Where A= {(0'56’]0.3)1 (0.56,40.3)}9 B = {(0_46,10'2)7
[2) €3

0402 € = @308 0300 P = (@501 ©.0m ) The dual vague hypergraph
HP? = (EP, XP) of H is shown in Fig.3.5.

The corresponding incidence matrix of IH? is given in Table 3.6.
Definition 3.31 A vague hypergraph H = (X, IE) is called A = (14, fa)-tempered
vague hypergraph of H = (X, ) if there is a crisp hypergraph H* = (X, E*) and

a vague set A = (t4, fa) : X — (0, 1] such that E = {Br = (t3,, f,) | F € E*},
where

Fig. 3.4 Vague hypergraph

x4(0.5,0.1)

Table 3.5 The corresponding incidence matrix of I

My E; E, Es E4

X1 (0.5,0.3) 0,0 0,0) (0.5,0.3)
b 0.4,0.2) 0.4,0.2) (0, 0) (0, 0)

X3 (0, 0) (0.3, 0.6) (0.3,0.6) (0, 0)

X4 0, 0) 0,0) (0.5,0.1) (0.5,0.1)
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Fig. 3.5 Dual vague
hypergraph e

e

Table 3.6 The incidence matrix of H?

ey

My A B c D
el (0.5,0.3) (0.4,0.2) (0, 0) (0, 0)
P (0, 0) (0.4,0.2) (0.3, 0.6) (0,0)
= (0, 0) (0, 0) (0.3, 0.6) (0.5,0.1)
es (0.5,0.3) (0, 0) (0, 0) (0.5,0.1)

_ [ min(ta(y) |y € F), if x € F, max(fa(y) |y € F), if x € F,
1pp(x) = { otherwise, Jor () = { otherwise.

Let A ® H denote the A-tempered vague hypergraph of H determined by the
crisp hypergraph H* = (X, E*) and the vague set A.

Example 3.6 Consider the vague hypergraph H = (X, E), where X = {a, b, ¢, d}
and E = {I£;, IE,, IE3, IE4} which is represented by the following incidence matrix
Table 3.7.

We define a vague set A = (¢4, fa) by

ta(a) =02, to(b) =1tp(c) = 0.0, t4(d) =03, fala) =0.7, fab) = falc) =0.9, fad) =0.4.
Note that

1B (@) = min(14 (@), 14 () = 0.0, 1., (b) = min(t (@), 1) = 0.0, 15,,,,(c) = 0.0, 15, (d) = 0.0,
IBy (@ =max(fa(a), fa®)) =0.9, fp,, () =max(fa(a), fa®)) =0.9, fp,, () =1, fp,,d) =1
Thus,

E\ = (Bupys SBun) B2 = UBpas [Bpa)s B3 = UBpy» [Bpe)s Ea = B [Blae)-
Hence, H is A-tempered hypergraph.
Theorem 3.1 A vague hypergraph H is an A-tempered vague hypergraph of some

crisp hypergraph H* if and only if H is elementary, support simple, and simply
ordered.
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Table 3.7 Incidence matrix of H

H IE IEy 3 Ey4

a 0.2,0.7) 0, 0) 0, 0) 0.2,0.7)
b 0.2,0.7) 0.3,0.4) (0.0,0.9) 0, 0)

c (0, 0) 0, 0) 0, 0.9) 02,0.7)
d ,0) (0.3,0.4) 0, 0) 0,0

Proof Suppose that H = (X, E) is an A-tempered vague hypergraph of some crisp
hypergraph H*. Clearly, H is elementary and support simple. We show that H is
simply ordered. Let

CH) ={(H)" =X\, EY), (H)"* = (X2, E}),.... (H)" =(X,, E))}.

Since, I is elementary, it follows from Proposition3.15 that I is ordered. To
show that H is simply ordered, suppose that there exists F' € E}, |\ E;. Then, there
exists x* € F suchthatty(x*) = r;1q, fa(x*) = Fiy1. Since, 14 (x*) = r;y) < r; and
fa(x*) = Fiy1 < iy, itfollows that x* ¢ X; and F ¢ X;, hence H is simply ordered.
Conversely, suppose I = (X, IE) is elementary, support simple, and simply ordered.
Let

C) = {(H))" = (X1, EY), (H))? = (X2, E}), ..., (H)" = Xy, E})), }
where D) = {ry,r,...,1,} with 0 <r, <.-- <r;. Since (H*)" = H; =
(X, E}) and define A = (4, fa) by,

), ifx e Xy, . ) sy, ifx € Xy,
14 (x) = {ri, ifxeX\X;_i=12. . A= {si, ifxe X \Xi_1,i=1,2,....n

We show that E = {Br = (t,, f5,) | F € E*}, where

min(t4(y) |y € F), if x € F,

15 (x) = max(fa(y) |y € F), if x € F,
BriX) = 0, otherwise,

Jor(0) = { otherwise.

Let F € E;. Since, H is elementary and support simple, there is a unique vague
edge Cr = (t¢,, fc,) in E having support E*. Indeed, distinct edges in £ must
have distinct supports that lie in E;. Thus, to show that £ = {Br = (t5,, f5,) | F €
E7}, it suffices to show that for each F € E}, tc, =tp, and fc, = fp.. As all
edges are elementary and different edges have different supports, it follows from
the definition of fundamental sequence that #(Cr) is equal to some number r; of
D(I0). Consequently, E* C X;. Moreover, if i > 1, then F € E*\E}_,. Since F C
X;, it follows from the definition of A = (¢4, fa) that for each x € F, t4(x) > r;
and fa(x) <s;. We claim that t4(x) = r; and fa(x) = s;, for some x € F. If not,
then by definition of A = (¢4, fa), ta(x) > r; and fa(x) <s; for all x € F which
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implies that F C X;_; and so F € E*\E}_, and since I is simply ordered F &
X;_1, a contradiction. Thus it follows from the definition of By that By = Cp. This
completes the proof.

As a consequence of the above theorem we obtain.

Proposition 3.16 Suppose that H is a simply ordered vague hypergraph and
F(M) = {r1,ra, ..., ra}. If ™ is a simple hypergraph, then there is a vague subhy-
pergraph H of H such that the following assertions hold,

(i) H is an A-tempered vague hypergraph of H,.
(i) ECE. )
(iii) F(H) = F(H) and C(H) = C(H).

3.4 Interval-Valued Intuitionistic Fuzzy Hypergraphs

Atanassov and Gargov [6] initiated the concept of interval-valued intuitionistic fuzzy
sets as a generalization of intuitionistic fuzzy sets. An interval-valued intuitionistic
fuzzy set is characterized by an interval-valued membership degree and an interval-
valued nonmembership degree.

Definition 3.32 An interval-valued intuitionistic fuzzy set V in X is an object of the
form,
V ={{x, uv(x), vy (x)) | x € X},

where uy : X — Int([0, 1]) and vy : X — Int([0, 1]) such that 17, (x) + v} (x) < 1
forall x € X.

Definition 3.33 The support of an interval-valued intuitionistic fuzzy set V =

{(x, uy (x), vy (x)) | x € X} is defined as, supp(V) = {x | uy(x) # 0, ui(x) #
0, vy (x) # 1and v (x) # 1}.

Definition 3.34 Theheight of an interval-valued intuitionistic fuzzy set V =
{(x, sy (1), vy (1) | x € XY is defined as, h(V) = ([supycy 1ty (¥), sup,cx i ()],
[inf cex vy (x), inf ex vy (X)]).

Definition 3.35 For «, 8, y, 6 € [0, 1], the ([«, B], [y, §1)-cut of interval-valued
intuitionistic fuzzy set V is

Vi pliysh = 1 | my(x) > a, ui(x) > B, v, (x) < y and vy, (x) < §}.

Definition 3.36 Let X = {x, x», ..., x,} be a finite set of vertices and let 7 =
{r1, 72, ..., Tw} be a finite family of nontrivial interval-valued intuitionistic fuzzy
sets on X such that
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(x1,[0.2,0.4],[0.3,0.5])

(x4,[0.3,0.5],[0.1,0.3])

Fig. 3.6 Interval-valued intuitionistic fuzzy hypergraph

X = Usupp(,uj, vi), j=1,2,...,m,
J

where u;, v; are interval-valued membership and interval-valued nonmembership
functions defined on t; € 7. Then, the pair & = (X, ) denotes an interval-valued
intuitionistic fuzzy hypergraph on X, 7 is the family of interval-valued intuitionistic
fuzzy hyperedges of 5.

Example 3.7 Consider an interval-valued intuitionistic fuzzy hypergraph 7 =
(X, 7) such that X = {x1, x2, x3, x4} and T = {71, 72, 73} as shown in Fig. 3.6, where
71 = {x1[([0.2, 0.4], [0.3, 0.5]), x,|([0.1, 0.2], [0.4, 0.7])},
7 = {x2[([0.1, 0.2], [0.4, 0.7]), x3|([0.4, 0.5], [0.2, 0.3]), x4|([0.3, 0.5], [0.1, 0.3])},
73 = {x1]{[0.2, 0.4], [0.3, 0.5]), x4|([0.3, 0.5], [0.1, 0.3]) }.

The corresponding incidence matrix M ¢ is as follows:

! L9 3
x1 ((0.2,0.4],[0.3,0.5]) ([0, 01, [0, OT) ([0.2,0.4],10.3,0.5])
M, =2 ([0.1,0.2], [0.4,0.7]) ([0.1,0.2],[0.4,0.7]) ([0, O, [0, O])
7T x3 ([0, 01, [0, OT) ([0.4,0.5],10.2, 0.3]) ([0, 01, [0, OT)
X4 ([0, O, [0, O]) ([0.3,0.5],[0.1,0.3]) ([0.3,0.5],[0.1,0.3])

Definition 3.37 The ([«, 8], [y, 8])-cut of an interval-valued intuitionistic fuzzy
hypergraph 320, denoted by H([a,ﬁ],[%gp and is defined as H([a,ﬁ]’[%g]) = (X([a’ﬁ],[y’g]) .
E(ja.p1.1y.5)), Where

X(la.BLly.80) = X,
Eja.pliy.s) = il uj (i) = a, M}r(Xi) Z vy (i) syandvi(x) <8,j=1,2,....m},

Em+1,(la.plly.8l) = (i |y (i) < e, M;-r(xz') <B,v; (x;)) > yandv; (x;) > 8, ¥j}.
The hyperedge E,i+1,(a.).[y,5)) 1S added to group the elements which are not

contained in any hyperedge E; (o.1.(y,51) Of Hia,pg1,y.5- The hyperedges in the
([er, B], [y, 8])-cut hypergraph are now crisp sets.
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E4 (j0.2,0.3],[0.3,0.5))

® =

X1

1,([0.2,0.3],0.3,0.5])

E3 (10.2,0.3],/0.3,0.5))

E) (10.2,0.3],[0.3,0.5))

Fig. 3.7 ([0.2,0.3], [0.3, 0.5])-cut hypergraph

Example 3.8 Consider an interval-valued intuitionistic fuzzy hypergraph 57 =
(X, 1), where X = {x, x2, x3, x4} and T = {11, 12, T3}, given in Example 3.7.
Incidence matrix of H(j02,0.3],[0.3,0.5])

E1,(10.2,0.31,10.3,0.5) E2,(10.2,0.31,10.3,0.5) E3,(10.2,0.31,(0.3,0.5) E4,([0.2,0.31,(0.3,0.5])

x1 (1 0 1 0

x2 | 0 0 0 1
MH([L)Q.L)JJ,[U,B.U,S]) = x| o 1 0 0

x4 \O 1 1 0

The new hyperedge Ej j0.2,0.31,[0.3,05) 1S added to group the vertex x, as shown
in Fig.3.7.

Definition 3.38 The dual interval-valued intuitionistic fuzzy hypergraph of an
interval-valued intuitionistic fuzzy hypergraph 57 = (X, ) is defined as J7* =
(X*,t*), where X* = {e’I, e,z, s e;n} is the set of vertices corresponding to
71, T2, ---, Tm, respectively, and {X;, X, ..., X,;} is the set of hyperedges corre-
sponding to xy, x2, ..., X, respectively, where X[(e_/j) =7;(x),i=12,...,n, j=
1,2,...,m.

Example 3.9 Consider the dual interval-valued intuitionistic fuzzy hypergraph
% = (X*, t*) (shown in Fig. 3.8) of an interval-valued intuitionistic fuzzy hyper-
graph .77 = (X, 7) given in Example 3.7, such that
X* = {e/l, 6,2, 6,3} and E* = {X,, X», X3, X4}, where
X = {e1|([0.2, 0.4], [0.3, 0.5]), e;|<[o.2, 0.4],[0.3, 0.5])},
X5 = {e;1([0.1,0.2], [0.4, 0.7]), e, ([0.1, 0.2], [0.4, 0.71)},
X5 = {e:2|([0.4, 0.51,0.2,0.31)},
X4 = {e,]([0.3,0.5], [0.1, 0.3]), e5([0.3, 0.5], [0.1, 0.3])}.

The corresponding incidence matrix M .- is as follows:

X X> X3 X4 Xs

¢ ((10.2,0.4],10.3,0.5]) ([0.1,0.2],[0.4,0.7]) ([0, 0], [0, O]) (10, 01, [0, 01)
([0,01,[0,01)  {[0.1,0.2], [0.4,0.7]) ([0.4,0.5],[0.2,0.3]) {[0.3,0.5],[0.1,0.3]) | .
(10.2,0.4],10.3,0.5]) ([0, 0], [0, O]) ([0,01,[0,0])  {[0.3,0.5], [0.1,0.3])

My/*:e;
3



146 3 Hypergraphs for Interval-Valued Structures

Fig. 3.8 Dual
interval-valued intuitionistic
fuzzy hypergraph

Definition 3.39 The strength p of a hyperedge t; is defined as

p() = (min(e; @) | 5 @) > 0), min(uf (x) | f (x) > 0),

max(vj_(x) | vj_(x) > 0), max(vf(x) | v;'(x) > 0)}.

In other words, the minimum membership values w; (x), ,u;“ (x) of vertices and
maximum nonmembership values v; (x), vj+ (x) of vertices in the hyperedge ;. Its
interpretation is that the hyperedge t; groups elements having participation degree
at least p(t;) in the hypergraph. The hyperedges with high strength are called the
strong hyperedges because the cohesion in them is strong.

Example 3.10 Consider an interval-valued intuitionistic fuzzy hypergraph 57 =
(X, 1), where X = {x1, x2, x3, x4} and T = {1y, 72, 73, T4} as shown in Fig.3.9.

Here, p(71) = ([0.5,0.7],[0.1,0.2]), p(t) = ([0.2,0.4],[0.2,0.3]), p(r3) =
([0.1,0.3], [0.5,0.6]) and p(r4) = ([0.1, 0.3], [0.5, 0.6]), respectively. Therefore,
the hyperedge 1 is stronger than 1, 73 and 74.

Definition 3.40 An interval-valued intuitionistic fuzzy hypergraph # = (X', )
is a partial interval-valued intuitionistic fuzzy hypergraph of # = (X, 7)if 7 C 1
and is written as .2 C . If 7 C 5 and T C 7, we write S C .

Definition 3.41 An interval-valued intuitionistic fuzzy hypergraph S = (X, 7) is
simple if v has no repeated interval-valued intuitionistic fuzzy hyperedges and

(x1,[0.5,0.7],[0.1,0.2]) (x2,[0.8,0.9],[0,0.1])

(x4,]0.1,0.3],[0.5,0.6]) (x3,[0.2,0.4],[0.2,0.3])

Fig. 3.9 Interval-valued intuitionistic fuzzy hypergraph
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whenever X = (ux, vx),Y = (uy,vy) € T and puy(x) < py (x), wy(x) < py (x),
vy (x) > vy (%), v;g(x) > v;,’(x), for all x € X, then uy(x) = puy (x), M;(x) =
w3 (), vy () = vy (0, v () = v (x).

Definition 3.42 An interval-valued intuitionistic fuzzy hypergraph 57 = (X, 1)
is support simple if X = (jux. vx), ¥ = (uy. vy) € T, ux(x) < py (), pf(x) <
u;r(x), vy (X) = vy (%), v;g(x) > v;(x), for all x € X, and supp(X) = supp(Y),
then py(0) =y (), wE@) = uF @), vy@) = vy @), vE@) = vy (). An
interval-valued intuitionistic fuzzy hypergraph 5 = (X, t) is strongly support
simple if X = (ux,vx),Y = {uy, vy) € v and supp(X)=supp(Y), then uy(x) =
py ()., w5 @) = pf (), vy () = vy (), v () = v ().

Definition 3.43 An interval-valued intuitionistic fuzzy set X = {(x, ux(x),
vx(x)) | x € X}is an elementary interval-valued intuitionistic fuzzy set if X is single
valued on supp(X). An interval-valued intuitionistic fuzzy hypergraph 77 = (X, t)
whose all interval-valued intuitionistic fuzzy hyperedges are elementary is called an
elementary interval-valued intuitionistic fuzzy hypergraph.

Example 3.11 Consider an interval-valued intuitionistic fuzzy hypergraph ¢ =
(X, 7) such that X = {xy, x2, x3, x4} and T = {7y, T, 73, 74}, represented by the fol-
lowing incidence matrix:

7] %) 73 71 T5
x1 (([0.5,0.7],[0.1,0.2])  ([0.8,0.9], [0, O]) ([0, 01, [0, 01) (10, 01, [0, 01)

My =22 ([0.5,0.71,10.1,0.2])  ([0.8,0.91,[0,0]) ([0.8,0.9], [0, O]) ([0.5,0.7],[0.1,0.2])

7T (10, 01, [0, O]) ([0, 0], [0, O) ([0.8,0.9], [0, 0]) ([0.5,0.7], [0.1,0.2])

X4 ([0, 01, [0, 01) ([0.2,0.4],[0.2,0.3]) ([0, 0],[0,0]) ([0.2,0.4],[0.2,0.3])

Clearly, .7 is simple, support simple, and strongly support simple. The partial
interval-valued intuitionistic fuzzy hypergraph t = {r;, 73} of ./ is elementary.

Theorem 3.2 Let 77 = (X, t) be an elementary interval-valued intuitionistic fuzzy
hypergraph. Then, € is support simple if and only if 7 is strongly support simple.

Proof Suppose that 77 is elementary, support simple, and that supp(X) = supp(Y).
Without loss of generality we may assume that #(X) < h(Y). Since, JZ is ele-
mentary, it follows that .y (x) < py (x), uf (x) < i (x), vy (x) > vy (x), vy (x) >
vy (x) for all x € X, and since 7 is support simple that jy (x) = py (x), uf (x) =
wy (x), vy (x) = vy (x), vy (x) = vy (x). Hence, % is strongly support simple.

Definition 3.44 Let .7 = (X, t) be an interval-valued intuitionistic fuzzy hyper-
graph. Let o, B8, v, 8 € [0, 1] and

Eapiiysn = (Xaprivon #91 X €T}, Xaprivon = | Xiapiiyon.
Xet

If Eapry.sy 79, then the crisp hypergraph  Hiq py1y.51) = (X(a.p1.0.60)»
E ((a,p1,1v.61)) 18 the ([, B, [y, 8])-level hypergraph of JZ .
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The families of crisp sets (hypergraphs) produced by the ([«, B], [y, §])-cuts of an
interval-valued intuitionistic fuzzy hypergraph share an important relationship with
each other, as expressed below:

Suppose A and B are two families of sets such that for each set A € A there is
at least one set B € B which contains A. In this case we say that B absorbs A and
symbolically write A © B. Since it is possible for A © B while A N B = @, we have
that A € B implies A C B, whereas the converse is generally false. If A T B and
A # B, then we write A C B.

Definition 3.45 Let .77 = (X, t) be an interval-valued intuitionistic fuzzy hyper-
graph, and for ([0, 0], [0,0]) < ([, B, [y, 8]) < h(IC), let Hyapiy.sn =
(X (e 811,61 Eqep1.1v.61) be the ([, B], [y, d])-level hypergraph of #. The
sequence of real numbers {([r;, s;],[#,¢]) | 1 <i <n},0<r,<...<r, 0<
Sp<...<s, 1>t,>...>nand 1 > g, > ... > qy, where h(3) = ([r1, 511,
[*1, gq11), which satisfies the properties

@ if iy <u<r, siqp<v<s, Lip>0>t, and gi4 > m > gq;, then
Equorimy = Eqrsiigy, =12,....n,

(ii) E([’i,ff],[thql'b C E([H+1Ji+l],[ﬁ+|J]Hl])’ i=1,2,....,n—-1,

is called the fundamental sequence of 7, denoted by F (7). The set of ([r;, s;],

[%i, gi])-level hypergraphs {H ., 51,11, | 1 <1 < n} is the set of core hypergraphs

of JZ or, the core set of 7, denoted by C (7).

Definition 3.46 Let .77 = (X, t) be an interval-valued intuitionistic fuzzy hyper-
graph and F(97) = {{[r;, sil, [ti, ¢;]) | 1 <i < n}. Then, 2 is called section-
ally elementary if for each X, where X is an interval-valued intuitionistic fuzzy set
defined on T, €T and each <[r,‘, S,‘], [fi, q,]) (S F(%), X([a,ﬁ],[y,zﬁ]) = X(["id:’]»[’iﬂi])
for all ([a, B1, [y, 81) € ([ri+1, Si+1], [tiv1, gia 1), ([ri, sil, [, g:i1)]. (Take rppq =
0, Sn+1 = 0, Iny1 = 0, qn+1 = 0)

Definition 3.47 An interval-valued intuitionistic fuzzy hypergraph .77 is ordered if
C(IC) = {H, 5111, | 1 i < n}is ordered, and is simply ordered if C(J7) is
simply ordered.

Example 3.12 Consider an interval-valued intuitionistic fuzzy hypergraph ¢ =
(X, t), represented by incidence matrix, as in Example3.11. Clearly, h(J¢) =
([0.8,0.9], [0, 0]). Now

E 08,091,000 = E(0.5,0.71,10.1,0.2) = {{x1, X2}, {x2, x3}},

E(10.2,041,102,03) = Hx1, x2}, {x1, X2, x4}, {x2, x3}, {x2, X3, x4}}.

Thus, for0.2 <« <0.8,04 < <09,02>y>0,03>§>0,

Eqa.priy.sn = Hx1, x2}, {x2, x3}, }
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andfor0 <o <02,0<8<04,1>y>02,1>§>0.3,

E(ap1iv.0n = Ux1, 2}, {x1, x2, x4}, {x2, x3}, {x2, x3, x4}}.

Itis easy to see that, E([Q_g’o,g]q[()qo]) [ E<[0-2,0-4],[0-2,0-3]>' Therefore, the fundamental
sequence is F(J) = {{[r1, s1], [t1, q1]) = ([0.8,0.9], [0, O)), ([r2, 521, [£2, q21) =
([0.2, 0.4], [0.2, 0.3])} and the set of core hypergraphs is C () = {H 0.8,0.91,[0,01)s
Hj0.2,0.41.102,03)) }- # is not sectionally elementary, as i (¢ p1.1.51) 7 T1.(0.8.0.91,[0.0])
for ([, B], [y, d]) = ([0.5,0.7], [0.1, 0.2]). Clearly, 77 is simply ordered.

Proposition 3.17 (i) Anelementary interval-valued intuitionistic fuzzy hypergraph
(X, 1) is ordered.

(ii) An ordered interval-valued intuitionistic fuzzy hypergraph 7€(X,t) with
C(C) = {Hyy, 5111, | 1 <0 < n}and simple Hy, s, 11,.4.1) i elementary.

The complexity of an interval-valued intuitionistic fuzzy hypergraph depends in part
on how many hyperedges it has. The natural question arises: is there an upper bound
on the number of hyperedges of an interval-valued intuitionistic fuzzy hypergraph
of order n?

Proposition 3.18 Let 57 = (X, 1) be a simple interval-valued intuitionistic fuzzy
hypergraph of order n. Then, there is no upper bound on |t|.

Proof Let X = {x, y},anddefine ty = {X; = ([,u)_(i, ,u;i][v;l, v+’]> li=1,2,...,
N}, where

y,;(‘(x) =1/1+1, ;L;_(x) =1/141, v);_(x) =1/1+41, v;(x) =1/141,
wx, ) =i/1+i, py () =i/1+i, vy (0) =i/l 40, vi(y) =i/l +i.

Then, 7#y = (X, ty) is a simple interval-valued intuitionistic fuzzy hypergraph with
N hyperedges.

Proposition 3.19 Let 57 = (X, t) be a support simple interval-valued intuitionistic
fuzzy hypergraph of order n. Then, there is no upper bound on |t|.

Proof The proof follows at once from Proposition 3.18, as the class of support simple
interval-valued intuitionistic fuzzy hypergraphs contains the class of simple interval-
valued intuitionistic fuzzy hypergraphs.

Proposition 3.20 Let 7 = (X, t) be a strongly support simple interval-valued
intuitionistic fuzzy hypergraph of order n. Then, |t| < 2" — 1, with equality if and
only if {supp(X) | X e 1} = P(X) — 0.

Proof Each nontrivial U € X can be the support of at most one X € t, therefore
|t] < 2" — 1. The second statement is obvious.
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Consider the situation where the node set of a (crisp) hypergraph is fuzzified. Suppose
that each hyperedge is given a uniform degree of interval-valued membership and
interval-valued nonmembership consistent with the weakest node of the hyperedge.
Such constructions describe the following subclass of interval-valued intuitionistic
fuzzy hypergraphs.

Definition 3.48 An interval-valued intuitionistic fuzzy hypergraph o = (X, 7) is
saidtobea V = ([uy, uil, [vy, vifl)-tempered interval-valued intuitionistic fuzzy
hypergraph of H*, if there is a crisp hypergraph H* = (X, E*) and an interval-
valued intuitionistic fuzzy set X = ([1ty, u}'], vy, v;;]) : X — Int((0, 1]) such that
T = (Y, = {[(1)es Ul [07)es W) | € € E}, where

min(uy(y) |y €e), ifx ee,

(y)e(x) = 0, otherwise,
(it = [ RO Iy € Bre e
e = f Ty €D e
() = | @O Iy ea e

The V-tempered interval-valued intuitionistic fuzzy hypergraph of H* will be
denoted by V ® H*.

Example 3.13 Consider an interval-valued intuitionistic fuzzy hypergraph 57 =
(X, 7) such that X = {xy, x2, x3, x4} and © = {7y, T, 73, 74}, represented by the fol-
lowing incidence matrix:

T 1% 73 T4

x1 {(0.5,0.7],[0.1,0.3]) ([0, 0], [0, 0]) (10,01,[0,01)  ([0.5,0.7],[0.1, 0.3])
x3 | (10.5,0.7],[0.1,0.3]) ([0.2,0.4],[0.2,0.3]) ([0.6,0.8],[0.1,0.2]) ([0, 01, [0, O1)

x3 (10, 01, [0, 01) (10,01,[0,01) (0.6, 0.8],[0.1,0.2]) ([0.5,0.7],[0.1,0.3])
X4 ([0, 0], [0, O1) ([0.2,0.4],10.2,0.3]) ([0, 0], [0, O) ([0, 0], [0, O1)

Define V = {[1ey, u 1, vy, vi1) : X — Tnt((0, 11) by,

() = 0.5, iy () = ey (x3) = 0.6, pry (xg) = 0.2,
i x) =07, ui(n) =pls) =08, uf(x) =04,
vy (x1) = 0.1, vy (x2) = v, (x3) =0.1, vy, (x4) =0.2,
v‘f(xl) =0.3, v;{(xz) = v‘J,r(x3) =0.2, v‘J,r(x4) =0.3.
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Now

(MY ) a0} (X1) = (y ) () .x0) (2) = min(uy, (x1), oy (x2)) = 0.5,
() 1) (03) = (Uy ) 00y (X4) = 0,
() (o} (1) = () (00} (X2) = min(uy (x1), 1 (x2)) = 0.7,
() (20} (63) = () (0} (X4) = 0,
V) ) (01) = (Vy ) .10y (¥2) = max(vy, (x1), vy (x2)) = 0.1,
Wy ) ) (X3) = (Vy ) ix 00y (Xa) = 0,
) 1) (X)) = ) 0y (X2) = max(vy) (x1), vy (x2)) = 0.3,

) 101 (83) = (V) 220} (34) = 0.
Therefore, 71 = ([(14y ) (100} (43 trroxat)s [O0F ) (1 a)- (V) g} 1)

Also, it is easy to see that
T = ([() fra)s W) eyl [0F) iy V3 s g 1)
73 = ([(L) (ns)s ) eyl [07 ) (rxsts (V3 ) ) 1)
T = ([ ) WD) e b [0 ) s 03 (1 1)-
Thus, 57 is X = ([uy, ui], [vy, v ])-tempered interval-valued intuitionistic
fuzzy hypergraph.

Theorem 3.3 Aninterval-valued intuitionistic fuzzy hypergraph 7€ is a V -tempered
interval-valued intuitionistic fuzzy hypergraph of some crisp hypergraph H* if and
only if F is elementary, support simple, and simply ordered.

Proof Supposethat 7 = (X, 7)isa V-tempered interval-valued intuitionistic fuzzy
hypergraph of H* = (X, E*). Clearly, ¢ is elementary, support simple and ordered
(being elementary). To show that S’ is simply ordered, let C(57°) = {Hy, s,1,141,4:1)
(Xi, E;) |1 <i < n}.Suppose there exists e € E; 1\ E;, then there exists z € e such
that py(2) = rip1, k5 (2) = sit1, vy (2) = tip1 and vy (z) = gi41. Since py(z) =
Fip1 < ri, (13 (2) = sip1 < $i, vy (2) = fiy1 > 1 and v (2) = gip1 > g, it follows
that z ¢ X; and e g X;, hence 7 is simply ordered.

Conversely, suppose that .77 = (X, t) is elementary, support simple, and simply
ordered. Define V = ([uy,, 1, [vy, vir 1) © X, = Int((0, 1]) by

,()_ rl,ifxeXl,
Py =100 ifx € X\Xi_1, i =2,3,....,n,

+(X)_ sl,ifxeXl,
Ky - Si, ifx e X,‘\X,;], i:2,3,...,n,

V7 (x) = t, if x € Xy,
v = i e XA\Xioy, i =2,3,....n,
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+ _ ql,if)CGX]»
vy (x) = {C]i» ifxe X\X;_1,i=2,3,...,n.

We show that 7 = (¥, = ([(11y)e. (6], [0 )er WD) | € € E,). Since, A is
elementary and support simple, there is a unique interval-valued intuitionistic fuzzy
hyperedge Z, in T having support e. Since distinct hyperedges in t must have dis-
tinct supports that lie in E,,. Thus, to show that T = {Y, = ([(iy )., (/L;,r)e], [(vy)es
(v;r)e]) | e € E,}, it suffices to show that Y, = Z,, foreach e € E,,.

Since, all hyperedges are elementary and different hyperedges have different
supports, it follows from Definition3.45 that h(Z,) = ([r;, s;], [t;, qi]) € F (7).
Consequently, e € X;. Moreover, e € E\E;_,i =2,3,...,n. As e C X;, it fol-
lows from the definition of V = ([uy,, uy1, [y, vir]) that uy (x) > ry, ni (x) > s,
v, (x) <t and v:,r(x) < g, for each x € e. We claim that py, (x) =r;, yf‘;(x) =i,
vy, (x) =1t and v‘J/r (x) = g;, for some x € e. For if not, then, by definition of V,
wy (x) =iy, M?;(x) > s5i—1, vy (x) < ;1 and vd,'(x) < g;—; for all x € e which
implies thate C X;_j andsoe € E;\ E;_; and since 57 is simply ordered e SZ Xi_1,
a contradiction. Hence, Y, = Z,, by definition of Y.

Corollary 3.1 Suppose that 77 = (X, 1) is a simply ordered interval-valued intu-
itionistic fuzzy hypergraphwith F(J€) = {([ri, si1, [ti, i) |1 < i < n} IfHyy, g i0.000)
is a simple hypergraph, then there is a partial interval-valued intuitionistic fuzzy
hypergraph ' = (X, ') of # such that the following assertions hold.

(i) ' = (X,7) is a V-tempered interval-valued intuitionistic fuzzy hypergraph
of H,.
(i) tC .
(iii) F(H') = F(I) and C(A) = C(H).

Definition 3.49 Let 2 = (X, t) be an interval-valued intuitionistic fuzzy hyper-
graph. An interval-valued intuitionistic fuzzy transversal J of 7 = (X, t) is an
interval-valued intuitionistic fuzzy set defined on X such that %(Tj) NTne,) # @,
foreachz; et, j=1,2,...,m.

Definition 3.50 A minimal interval-valued intuitionistic fuzzy transversal T of 7€
is atransversal of 7 such thatif ' C 7, then .7 is notan interval-valued intuition-
istic fuzzy transversal of 7. The class of all minimal interval-valued intuitionistic
fuzzy transversals of 5Z will be denoted by Tr (7).

Example 3.14 Consider an interval-valued intuitionistic fuzzy hypergraph ¢ =
(X, t) such that X = {xy, x2, x3, x4, x5} and T = {1}, 7o, 73, T4}, represented by the
following incidence matrix:
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Tl (23 3 T4
x1 (([0.3,0.5],10.2,0.4]) (o, 01, [0, O1) ([0, 01, [0, O1) ([0, 01, [0, O1)
x2 | ([0.3,0.5],[0.2,0.4]) ([0.6,0.8],[0.1,0.2]) ([0, 01, [0, O]) ([0, 0], [0, O])
My =x3 | ([0.2,0.4],[0.3,0.5]) ([0, 0], [0, O) ([0.4, 0.6], [0.2,0.3]) ([0.5,0.7],[0.1,0.2])
X4 (10, 01, [0, O1) ([0.2,0.4],[0.3, 0.5]) ([0, 01, [0, O1) ([0, 01, [0, O1)
X5 (1o, 01, [0, O1) ([0, 01, [0, O1) ([0, 01, [0, 01 (10.5,0.71,10.1, 0.2])
T
xi ([0, 01, [0, O1)
x3 | ([0.6,0.8],[0.1,0.2])
Tr() = x3 | ([0.5,0.7],[0.1,0.2])
X4 ([0, 01, [0, O1)
Xs ([0, 01, [0, O1)

Theorem 3.4 If .7 is an interval-valued intuitionistic fuzzy transversal of an
interval-valued intuitionistic fuzzy hypergraph 7€ = (X, 1), then h(J) > h(z;)
for each t; € t. Moreover, if 7 is a minimal interval-valued intuitionistic fuzzy

transversal of 7€, then h(T) = h(37).
Proof The proof follows at once from above definitions.

Theorem 3.5 Let 57 = (X,t) be an interval-valued intuitionistic fuzzy
hypergraph. Then the following statements are equivalent:

(i) T is an interval-valued intuitionistic fuzzy transversal of I,
(ii) for each t; € T and each {([a, B], [y, 5]), ([0, 0], [0,0]) < {[e, B], [y, d]) <
h(t)), Tapriv.en N (T priyon # 9,
(iii) foreach([a, B, [y, 81), ([0, 01, [0, 01) < ([, B, [y, 8]) < h(I), Ta.p11y.50)

is a transversal of Hijq g].1y,5])-

If 7 is a minimal interval-valued intuitionistic fuzzy transversal of ., then
Tla.p1.1y.57) Need not be a minimal transversal of Hyj, 1,,.57) for each ([, 81, [v, 81),
([0, 01, [0, O]) < ([e, BI, [V, 8]) < h(H). However, interval-valued intuitionistic
fuzzy transversals satisfying this condition are of interest.

Definition 3.51 An interval-valued intuitionistic fuzzy set 7 with the property
that Jia g1,1y,67) 1S @ minimal transversal of H g1(y.61, for each ([a, 81, [y, 81),
([0, 01, [0, O]) < ([ex, BI, [y, 8]) < h(H) is called a locally minimal interval-valued
intuitionistic fuzzy transversal of 7. The class of all locally minimal interval-valued
intuitionistic fuzzy transversals of 7 will be denoted by Tr*(J¢). That is

Tr* () ={T | (T) = h(H) & Tjapriy.s) € Tr(Hapriy.on)}-

Remark 3.3 For any interval-valued intuitionistic fuzzy hypergraph ¢, Tr*(5¢) C
Tr(37).

Theorem 3.6 Suppose 7 = (X, t) is an ordered interval-valued intuitionistic
fuzzy hypergraph with F(') = {([ri,s;), [t;,qi]) | 1 =i <n} and C(H) =
(v sitign | 1 < i <n}. Then, Tr*(J€) # 9.
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