
Chapter 6
New Exact Traveling Wave Solutions
of the Coupled Schrödinger–Boussinesq
Equations and Tzitzéica-Type Evolution
Equations

6.1 Introduction

In the recent years, the investigation of finding new exact solutions of nonlinear
partial differential equations (NLPDEs) plays an important role in the study of
nonlinear physical phenomena such as fluid mechanics, plasma physics, statistical
physics, quantum physics, solid state physics, optics, and so on [1, 2]. NLPDEs are
widely used to describe complex physical phenomena arising in the various fields
of science and engineering. Several methods for finding the exact solutions to
nonlinear equations in mathematical physics have been presented, such as the
inverse scattering method [3], Bäcklund transformation [4, 5], the truncated
Painlevé expansion method [6, 7], Hirota’s bilinear method [8], tanh- function
method [9, 10], exp-function method [11], ðG0=GÞ-expansion method [12, 13],
Jacobi elliptic function method [14–17], the first integral method [18–21], Riccati
equation rational expansion method [22], Kudryashov method [23, 24], modified
decomposition method [25, 26], and other methods [27–30].

It is commonly known that many problems in applied science and engineering
are described by nonlinear partial differential equations (NLPDEs). One of the most
significant advances of theoretical physics and nonlinear science has been the
development of methods to determine the exact solutions for NLPDEs. When a
NLPDE is analyzed, the main objective is the construction of the exact solutions for
the equation.

Many powerful methods have been presented, such as the inverse scattering
transform method [3] and the Hirota bilinear transform method [8] are known as
impressive methods to find solutions of exactly solvable NLPDEs. The truncated
Painlevé expansion method [6], Bäcklund transformation method [4], the homo-
geneous balance method [31], the tanh-function method [32–36], the modified
extended tanh-function method [10, 37], the exp-function method [38], the ðG0=GÞ-
expansion method [12, 39], the auxiliary equation method [40], the extended
auxiliary equation method [41, 42], the Jacobi elliptic function method [14, 43], the
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simplest equation method [44], the extended simplest equation method [45], and the
Weierstrass elliptic function method [46] are useful in many applications to find the
exact solutions of NLPDEs.

There are many physical phenomena around us that are best described by
nonlinear evolution equations. The Tzitzeica-type nonlinear evolution equations,
including Tzitzeica, Dodd–Bullough–Mikhailov (DBM), and Tzitzéica–Dodd–
Bullough (TDB) equations are a class of such equations which have gained sig-
nificant attention during the last few decades. The objective of this work is to find
the Jacobi elliptic function solutions, including the hyperbolic and trigonometric
solutions for the DBM and TDB equations using a new extended auxiliary equation
method. These two equations appear in problems varying from fluid flow to
quantum field theory. The great deals of efforts have been devoted to solve these
equations using a variety of methods that some of them are reviewed here. Abazari
[47] used the ðG0=GÞ-expansion method to find more general exact solutions of the
Tzitzéica-type nonlinear evolution equations. Manafian and Lakestani [48] utilized
the improved tanðUðnÞ=2Þ-expansion method and gained new and more general
exact traveling wave solutions of the Tzitzéica-type nonlinear equations. In [49],
Hosseini et al. employed first the Painlevé transformation and Lie symmetry
method to convert the DBM and TDB equations into nonlinear ordinary differential
equations and then, a modified version of improved tanðUðnÞ=2Þ-expansion method
has been adopted to generate new exact solutions of the reduced equations. Wazwaz
[36] exerted the tanh method to generate solitons and periodic solutions of the
Tzitzéica-type nonlinear evolution equations, viz. DBM and TDB equations.
Hosseini et al. [50] used the modified Kudryashov method and acquired new exact
traveling wave solutions of the Tzitzéica-type equations.

6.2 Outline of the Present Study

In this present chapter, an improved algebraic method based on the generalized
Jacobi elliptic function method with symbolic computation is used to construct
more new exact solutions for coupled Schrödinger–Boussinesq equations. As a
result, several families of new generalized Jacobi double periodic elliptic function
wave solutions are obtained by using this method, some of them are degenerated to
solitary wave solutions in the limiting cases. The present generalized method is
efficient, powerful, straightforward, and concise, and it can be used in order to
establish more entirely new exact solutions for other kinds of nonlinear partial
differential equations arising in mathematical physics.

Also in this chapter, new types of Jacobi elliptic function solutions of Dodd–
Bullough–Mikhailov (DBM) and Tzitzeica–Dodd–Bullough (TDB) equations have
been obtained using a new extended auxiliary equation method. A new family of
explicit traveling wave solutions is derived. The solitary wave solutions and peri-
odic solutions for these equations are formally derived from the Jacobi elliptic
function solutions. The proposed method has been efficiently applied to solve the
DBM and TDB equations.
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6.2.1 Coupled Schrödinger–Boussinesq Equations

The objective in this work is to use a generalized Jacobi elliptic function expansion
method to construct the new exact solutions of the coupled Schrödinger–
Boussinesq equations (CSBEs)

iut þ uxx þ au� uv ¼ 0; x 2 R; t[ 0; ð6:1Þ

3vtt � vxxxx þ 3 v2
� �

xx þ bvxx ¼ uj j2
� �

xx
; x 2 R; t[ 0; ð6:2Þ

where the complex-valued function uðx; tÞ represents the short-wave amplitude,
vðx; tÞ represents the long-wave amplitude, and a and b are real parameters.
Equations (6.1) and (6.2) were considered as a model of the interactions between
short and intermediate long waves, and were originated in describing the dynamics
of Langmuir soliton formation, the interaction in plasma [51, 52], the diatomic
lattice system [53], etc.

6.2.2 Tzitzéica-Type Nonlinear Evolution Equations

A new extended auxiliary equation method is used to produce new exact traveling
wave solutions of Dodd–Bullough–Mikhailov and Tzitzeica–Dodd–Bullough
equations

The Dodd–Bullough–Mikhailov Equation

Let us consider the Dodd–Bullough–Mikhailov equation as follows

uxt þ eu þ e�2u ¼ 0: ð6:3Þ

In a traveling wave variable n ¼ kxþxt, Eq. (6.3) reads in the form

kxfnn þ e f þ e�2f ¼ 0; ð6:4Þ

where uðx; tÞ ¼ f ðnÞ.
Using the Painlevé transformation v ¼ e f or f ¼ ln v, the Dodd–Bullough–

Mikhailov Eq. (6.4) can be written as follows

kxvvnn � kxðvnÞ2 þ v3 þ 1 ¼ 0: ð6:5Þ
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The Tzitzeica–Dodd–Bullough Equation

Now, we consider the Tzitzeica–Dodd–Bullough (TDB) equation as follows

uxt ¼ e�u þ e�2u: ð6:6Þ

The traveling wave transformation n ¼ kxþxt reduces Eq. (6.6) to the following
ODE

kxfnn � e�f � e�2f ¼ 0; ð6:7Þ

where uðx; tÞ ¼ f ðnÞ.
Using the Painlevé transformation v ¼ e�f or f ¼ � ln v, the Tzitzeica–Dodd–

Bullough (6.7) can be written as follows

kxvvnn � kxðvnÞ2 þ v3 þ v4 ¼ 0: ð6:8Þ

6.3 Algorithms for the Improved Generalized Jacobi
Elliptic Function Method and the Extended Auxiliary
Equation Method

In this section, algorithms for improved generalized Jacobi elliptic function method
and extended auxiliary equation method have been presented.

6.3.1 Algorithm for the Improved Generalized Jacobi
Elliptic Function Method

In this present analysis, the determination of exact solutions for coupled
Schrödinger–Boussinesq equations have been described using the proposed
method. The main steps of this present method are described as follows:

Step 1: Suppose that the coupled nonlinear NLPDEs in the class of coupled
Schrödinger–Boussinesq equations, say in two independent variables x, and t are
given by

F u; v; ux; vx; iut; vt; uxx; vxx; uxt; vxt; . . .ð Þ ¼ 0; ð6:9aÞ

G u; v; ux; vx; ut; vt; uxx; vxx; uxt; vxt; . . .ð Þ ¼ 0; ð6:9bÞ
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where u ¼ uðx; tÞ and v ¼ vðx; tÞ are unknown functions, F and G are polynomials
in u, v and its various partial derivatives in which the highest order derivatives and
nonlinear terms are involved.

Step 2: We introduce the following traveling wave transformations:

uðx; tÞ ¼ UðnÞei kxþ ctþ f0ð Þ; vðx; tÞ ¼ VðnÞ; ð6:10Þ

n ¼ x� 2ktþ g0 ð6:11Þ

where k, and c are real constants to be determined later; and f0, and g0 are arbitrary
constants.

Using the above traveling wave transformations, the NLPDEs (6.9a and 6.9b)
can be transformed to couple nonlinear ordinary differential equations (ODEs)
involving UðnÞ and VðnÞ. Then, the resultant coupled ODEs are obtained

P U;V ; kU; kV ; cU; cV ;Un;Vn; kUn; kVn; cUn; cVn;Unn;Vnn; . . .ð Þ ¼ 0; ð6:12Þ

Q U;V ; kU; kV ; cU; cV ;Un;Vn; kUn; kVn; cUn; cVn;Unn;Vnn; . . .ð Þ ¼ 0; ð6:13Þ

where the suffix denotes the derivative with respect to n.

Step 3: Let us assume that the exact solutions of Eqs. (6.12) and (6.13) are to be
defined in the polynomial uðnÞ of the following forms:

UðnÞ ¼ a10 þ
XM
i¼1

a1i/
iðnÞþ b1i/

�iðnÞþ c1i/
i�1ðnÞ/0ðnÞþ d1i/

�iðnÞ/0ðnÞ� �
;

ð6:14Þ

VðnÞ ¼ a20 þ
XN
j¼1

a2j/
jðnÞþ b2j/

�jðnÞþ c2j/
j�1ðnÞ/0ðnÞþ d2j/

�jðnÞ/0ðnÞ� �
;

ð6:15Þ

where /ðnÞ satisfies the following Jacobi elliptic equation:

ð/nðnÞÞ2 ¼ p/4ðnÞþ q/2ðnÞþ r; ð6:16Þ

where p, q, r, a10, a1i, b1i, c1i, d1i i ¼ 1; 2; . . .;Mð Þ, a20, a2j, b2j, c2j, d2j
j ¼ 1; 2; . . .;Nð Þ are constants to be determined later.

Step 4: We determine the positive integers M, N in Eqs. (6.14) and (6.15) by
balancing the highest order derivatives and the nonlinear terms in Eqs. (6.12) and
(6.13), respectively.
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Step 5: Substituting Eqs. (6.14) and (6.15) along with Eq.(6.16) into Eqs. (6.12)
and (6.13) and collecting all the coefficients of ulðnÞ l ¼ 0; 1; 2; . . .ð Þ and
/mðnÞ/0ðnÞ m ¼ 0; 1; 2; . . .ð Þ, then equating these coefficients to zero, yield a set of
algebraic equations, which can be solved by using the Mathematica or Maple to find
the values of a10, a1i, b1i, c1i, d1i i ¼ 1; 2; . . .;Mð Þ, a20, a2j, b2j, c2j, d2j
(j ¼ 1; 2; . . .;N), k, c.

Step 6: It may be referred to that Eq. (6.16) has families of Jacobi elliptic function
solutions as follows [54].

It may be mentioned that there are other Jacobi elliptic function solutions of
Eq. (6.16) which are excluded here for simplicity.

Step 7: Substituting the values of a10, a1i, b1i, c1i, d1i i ¼ 1; 2; . . .;Mð Þ, a20, a2j, b2j,
c2j, d2j j ¼ 1; 2; . . .;Nð Þ, p, q, r as well as the solutions of Eq. (6.16) provided in
Step 6, into Eqs. (6.14) and (6.15), we can obtain several classes of exact solutions
for CSBEs involving the Jacobi elliptic functions sn, cn, ns, nc, cs, and sc functions.

In Table 6.1, snn ¼ snðn;m2Þ, cnn ¼ cnðn;m2Þ, dnn ¼ dnðn;m2Þ, nsn ¼
nsðn;m2Þ, csn ¼ csðn;m2Þ, dsn ¼ dsðn;m2Þ, scn ¼ scðn;m2Þ, sdn ¼ sdðn;m2Þ are
the Jacobi elliptic functions with modulus m, 0\m\1.

The Jacobi elliptic functions snn, cnn, and dnn are double periodic and have the
following properties:

sn2nþ cn2n ¼ 1;
dn2nþm2sn2n ¼ 1:

In addition to these, these functions satisfy the followings:

ðsnnÞ0 ¼ cnndnn; ðcnnÞ0 ¼ �snndnn; ðdnnÞ0 ¼ �m2snncnn; ðnsnÞ0 ¼ �csndsn;

ðcsnÞ0 ¼ �nsndsn; ðdsnÞ0 ¼ �nsncsn; ðscnÞ0 ¼ ncndcn; ðncnÞ0 ¼ scndcn;

ðdcnÞ0 ¼ ð1� m2Þncnscn; ðsdnÞ0 ¼ ndncdn; ðcdnÞ0 ¼ ðm2 � 1Þsdnndn;
ðndnÞ0 ¼ m2cdnsdn:

Further explanations in details about the Jacobi elliptic functions can be found in
[55].

Table 6.1 Jacobi elliptic
function solutions of
Eq. (6.16)

S.
no.

p q r /ðnÞ

1. m2 � 1þm2ð Þ 1 snn

2. 1 � 1þm2ð Þ m2 nsn ¼ ðsnnÞ�1

3. �m2 2m2 � 1 1� m2 cnn

4. 1� m2 2m2 � 1 �m2 ncn ¼ ðcnnÞ�1

5. 1
4

1�2m2

2
1
4

nsn� csn

6. 1�m2

4
m2 þ 1

2
1�m2

4
ncn� scn
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6.3.2 Algorithm for the New Extended Auxiliary Equation
Method

Let us consider the following nonlinear PDE

U u; ux; ut; uxx; utt; . . .ð Þ ¼ 0; ð6:17Þ

where u ¼ uðx; tÞ is an unknown function, U is a polynomial in u and its partial
derivatives in which the highest order derivatives and the nonlinear terms are
involved. The main steps of the new extended auxiliary equation method [56] can
be summarized as follows:

Step 1: The following traveling wave transformation

uðx; tÞ ¼ UðnÞ; n ¼ kxþxt; ð6:18Þ

where k and x are constants, has been considered to reduce Eq. (6.17) to the
following nonlinear ordinary differential equation (ODE):

H U;U0;U00; . . .ð Þ ¼ 0; ð6:19Þ

where H is a polynomial in UðnÞ and its total derivatives U0ðnÞ, U00ðnÞ, and so on.

Step 2: Let us assume that Eq. (6.19) has the formal solution

UðnÞ ¼
X2N
i¼0

aiF
iðnÞ; ð6:20Þ

where FðnÞ satisfies the first-order ODE:

F0ðnÞð Þ2¼ c0 þ c2F
2ðnÞþ c4F

4ðnÞþ c6F
6ðnÞ; ð6:21Þ

where cjðj ¼ 0; 2; 4; 6Þ and ai i ¼ 0; . . .; 2Nð Þ are arbitrary constants to be
determined.

Step 3: By balancing the highest order nonlinear terms and the highest order
derivatives of UðnÞ in Eq. (6.19), the balance number N of Eq. (6.20) can be
determined.

Step 4: Substituting Eq. (6.20) alongwith (6.21) into Eq. (6.19), collecting all the
coefficients of F jðF0Þl (j ¼ 0; 1; 2; . . .) and (l = 0, 1), and set them to zero, leads to
a system of algebraic equations for cj j ¼ 0; 2; 4; 6ð Þ, ai i ¼ 0; . . .; 2Nð Þ, k, and x.
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Step 5: The system of algebraic equations obtained in Step 4 is solved to find
cj j ¼ 0; 2; 4; 6ð Þ, ai i ¼ 0; . . .; 2Nð Þ, k, and x.

Step 6: It is well familiar that Eq. (6.21) has the following solutions [56, 57]:

FðnÞ ¼ 1
2

� c4
c6

ð1� /iðnÞÞ
� 	1=2

; ð6:22Þ

where the function /iðnÞ i ¼ 1; 2; . . .; 12ð Þ can be expressed through the Jacobi
elliptic function snðn;mÞ, cnðn;mÞ, dnðn;mÞ, and so on, where 0\m\1 is the
modulus of the Jacobi elliptic functions. When m approaches to 1 or 0, the Jacobi
elliptic functions degenerate to hyperbolic functions and trigonometric functions,
respectively. Further explanations in details about the Jacobi elliptic functions can
be found in Ref. [55].

The function /iðnÞ in Eq. (6.22) has 12 forms as follows [41]:

Type I:

If c0 ¼ c34ðm2�1Þ
32c26m

2 , c2 ¼ c24ð5m2�1Þ
16c6m2 , c6 [ 0, then /iðnÞ in Eq. (6.22) takes the form

/1ðnÞ ¼ snðjnÞ; /2ðnÞ ¼
1

msnðjnÞ ; j ¼ c4
2m

1ffiffiffiffiffi
c6

p : ð6:23Þ

Type II:

If c0 ¼ c34ð1�m2Þ
32c26

, c2 ¼ c24ð5�m2Þ
16c6

, c6 [ 0, then /iðnÞ in Eq. (6.22) takes the form

/3ðnÞ ¼ msnðjnÞ; /4ðnÞ ¼
1

snðjnÞ ; j ¼ c4
2

1ffiffiffiffiffi
c6

p : ð6:24Þ

Type III:

If c0 ¼ c34
32m2c26

, c2 ¼ c24ð4m2 þ 1Þ
16c6m2 , c6\0, then /iðnÞ in Eq. (6.22) takes the form

/5ðnÞ ¼ cnðjnÞ; /6ðnÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� m2

p
snðjnÞ

dnðjnÞ ; j ¼ c4
ffiffiffiffiffiffiffiffi�c6

p
2mc6

: ð6:25Þ

Type IV:

If c0 ¼ c34m
2

32c26ðm2�1Þ, c2 ¼
c24ð5m2�4Þ
16c6ðm2�1Þ, c6\0, then /iðnÞ in Eq. (6.22) takes the form

/7ðnÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� m2

p
dnðjnÞ

1� m2 ; /8ðnÞ ¼
1

dnðjnÞ ; j ¼ c4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c6ðm2 � 1Þp

2c6ðm2 � 1Þ : ð6:26Þ
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Type V:

If c0 ¼ c34
32c26ð1�m2Þ, c2 ¼

c24ð4m2�5Þ
16c6ðm2�1Þ, c6 [ 0, then /iðnÞ in Eq. (6.22) takes the form

/9ðnÞ ¼
1

cnðjnÞ ; /10ðnÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� m2

p
dnðjnÞ

ð1� m2ÞsnðjnÞ ; j ¼ c4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c6ð1� m2Þp

2c6ð1� m2Þ : ð6:27Þ

Type VI:

If c0 ¼ m2c34
32c26

, c2 ¼ c24ðm2 þ 4Þ
16c6

, c6\0, then /iðnÞ in Eq. (6.22) takes the form

/11ðnÞ ¼ dnðjnÞ; /12ðnÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� m2

p

dnðjnÞ ; j ¼ c4
ffiffiffiffiffiffiffiffi�c6

p
2c6

: ð6:28Þ

Step 7: Substituting Eq. (6.22) together with Eqs. (6.23–6.28) into Eq. (6.20),
some new types of Jacobian elliptic function solutions of Eq. (6.17) can be obtained
elegantly.

6.4 New Explicit Exact Solutions of Coupled
Schrödinger–Boussinesq Equations

In this present analysis, an investigation has been made in searching the new
generalized Jacobi elliptic function solutions for Eqs. (6.1) and (6.2) by using the
proposed method discussed in Sect. 6.3.1. According to the technique discussed in
the Algorithm of Sect. 6.3.1, we adopt the ansatz solutions of Eqs. (6.1) and (6.2)
in the following forms

uðx; tÞ ¼ Uðx; tÞ ¼ UðnÞei kxþ ctþ f0ð Þ; ð6:29Þ

and

vðx; tÞ ¼ Vðx; tÞ ¼ VðnÞ; ð6:30Þ

respectively. Here, n ¼ x� 2ktþ g0, where k and c are real constants to be eval-
uated later; and f0 and g0 are arbitrary constants.

Now, plugging Eqs. (6.29) and (6.30) into Eqs. (6.1) and (6.2) and then, inte-
grating the second Eq. (6.2) of the coupled Schrödinger–Boussinesq equations
twice with respect to n, we have

Unn � ðk2 þ c� aÞU � UV ¼ 0; ð6:31Þ

Vnn � 12k2V � 3V2 � bV þU2 ¼ 0; ð6:32Þ

6.3 Algorithms for the Improved Generalized Jacobi Elliptic Function Method … 207



Balancing the highest derivative term Unn with the nonlinear term UV in Eq. (6.31)
and the highest derivative term Vnn with the nonlinear term U2 in Eq. (6.32) leads to
M ¼ N ¼ 2. Thus, the exact solutions of Eqs. (6.1) and (6.2) have the following
forms:

UðnÞ ¼ a10 þ
X2
i¼1

a1i/
iðnÞþ b1i/

�iðnÞþ c1i/
i�1ðnÞ/0ðnÞþ d1i/

�iðnÞ/0ðnÞ� �
;

ð6:33Þ

VðnÞ ¼ a20 þ
X2
j¼1

a2j/
jðnÞþ b2j/

�jðnÞþ c2j/
j�1ðnÞ/0ðnÞþ d2j/

�jðnÞ/0ðnÞ� �
:

ð6:34Þ

Now, substituting Eqs. (6.33) and (6.34) alongwith Eq. (6.16) into Eqs. (6.31) and
(6.32), and then collecting all the coefficients of /lðnÞ ðl ¼ 0; 1; 2; . . .Þ and
/mðnÞ/0ðnÞ ðm ¼ 0; 1; 2; . . .Þ, then equating these coefficients to zero, yield a set of
over-determined algebraic equations for a10, a1i, b1i, c1i, d1i (i ¼ 1; 2), a20, a2j, b2j,
c2j, d2j (j ¼ 1; 2), k, c. Using the Mathematica and the Wu’s elimination methods,
the algebraic equations have been solved and thus, the following results have been
obtained.

Result 1:

a10 ¼ 0; a11 ¼ 0; a12 ¼ 0; b11 ¼ 0; b12 ¼ 0; c11 ¼ 0; c12 ¼ 0; d11 ¼ � 4
ffiffiffiffiffi
pr

pffiffiffi
q

p ; d12 ¼ 0;

a20 ¼ 0; a21 ¼ 0; a22 ¼ 2p; b21 ¼ 0; b22 ¼ 2r; c21 ¼ 0; c22 ¼ 0; d21 ¼ 0; d22 ¼ 0;

k ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4q2 þ 8pr � bq

p
2
ffiffiffi
3

p ffiffiffi
q

p and c ¼ �4q2 � 8prþ 12aqþ bq
12q

:

Result 2:

a10 ¼ 0; a11 ¼ 0; a12 ¼ 0; b11 ¼ 0; b12 ¼ 0; c11 ¼ 0; c12 ¼ 0; d11 ¼
4
ffiffiffiffiffi
pr

pffiffiffi
q

p ; d12 ¼ 0;

a20 ¼ 0; a21 ¼ 0; a22 ¼ 2p; b21 ¼ 0; b22 ¼ 2r; c21 ¼ 0; c22 ¼ 0; d21 ¼ 0; d22 ¼ 0;

k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4q2 þ 8pr � bq

p
2
ffiffiffi
3

p ffiffiffi
q

p and c ¼ �4q2 � 8prþ 12aqþ bq
12q

:
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Result 3:

a10 ¼ 0; a11 ¼ 0; a12 ¼ 0; b11 ¼ 0; b12 ¼ 0; c11 ¼ 0; c12 ¼ 0; d11 ¼
4
ffiffiffiffiffi
pr

pffiffiffi
q

p ; d12 ¼ 0;

a20 ¼ 0; a21 ¼ 0; a22 ¼ 2p; b21 ¼ 0; b22 ¼ 2r; c21 ¼ 0; c22 ¼ 0; d21 ¼ 0; d22 ¼ 0;

k ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4q2 þ 8pr � bq

p
2
ffiffiffi
3

p ffiffiffi
q

p and c ¼ �4q2 � 8prþ 12aqþ bq
12q

:

Result 4:

a10 ¼ 0; a11 ¼ 0; a12 ¼ 0; b11 ¼ 0; b12 ¼ 0; c11 ¼ 0; c12 ¼ 0; d11 ¼ � 4
ffiffiffiffiffi
pr

pffiffiffi
q

p ; d12 ¼ 0;

a20 ¼ 0; a21 ¼ 0; a22 ¼ 2p; b21 ¼ 0; b22 ¼ 2r; c21 ¼ 0; c22 ¼ 0; d21 ¼ 0; d22 ¼ 0;

k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4q2 þ 8pr � bq

p
2
ffiffiffi
3

p ffiffiffi
q

p and c ¼ �4q2 � 8prþ 12aqþ bq
12q

:

Substituting the results obtained above into Eqs. (6.33) and (6.34) alongwith the
Jacobi elliptic function solutions provided in Table 6.1, we can obtain following
families of exact solutions to Eqs. (6.1) and (6.2).

Set 1:

a10 ¼ 0; a11 ¼ 0; a12 ¼ 0; b11 ¼ 0; b12 ¼ 0; c11 ¼ 0; c12 ¼ 0; d11 ¼ � 4
ffiffiffiffiffi
pr

pffiffiffi
q

p ; d12 ¼ 0;

a20 ¼ 0; a21 ¼ 0; a22 ¼ 2p; b21 ¼ 0; b22 ¼ 2r; c21 ¼ 0; c22 ¼ 0; d21 ¼ 0; d22 ¼ 0;

k ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4q2 þ 8pr � bq

p
2
ffiffiffi
3

p ffiffiffi
q

p and c ¼ �4q2 � 8prþ 12aqþ bq
12q

:

Case I: If p ¼ �m2, q ¼ 2m2 � 1, r ¼ 1� m2 and /ðnÞ ¼ cnn, then we get the
following double periodic solutions in terms of Jacobi elliptic functions

u11ðx; tÞ ¼ UðnÞeiðkxþ ctþ f0Þ ¼ 4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2ðm2 � 1Þp
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2m2 � 1

p snndnn
cnn

eiðkxþ ctþ f0Þ; 1=2\m2\1;

v11ðx; tÞ ¼ VðnÞ ¼ �2m2cn2nþ 2 1� m2� �
nc2n;

6.4 New Explicit Exact Solutions of Coupled Schrödinger–Boussinesq Equations 209



where

n ¼ x� 2ktþ g0; k ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 24m4 þ b� 2m2ð12þ bÞp

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�3þ 6m2

p ; and

c ¼ � 4þ 24m4 þ 12aþ b� 2m2ð12þ 12aþ bÞ
�12þ 24m2 :

Case II: If p ¼ 1� m2, q ¼ 2m2 � 1, r ¼ �m2 and /ðnÞ ¼ ncn, then we get the
following double periodic solutions in terms of Jacobi elliptic functions

u12ðx; tÞ ¼ UðnÞeiðkxþ ctþ f0Þ ¼ � 4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2ðm2 � 1Þp
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2m2 � 1

p scndcn
ncn

ei kxþ ctþ f0ð Þ; 1=2\m2\1;

v12ðx; tÞ ¼ VðnÞ ¼ 2 1� m2� �
nc2n� 2m2cn2n;

where

n ¼ x� 2ktþ g0; k ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 24m4 þ b� 2m2ð12þ bÞp

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�3þ 6m2

p ; and

c ¼ � 4þ 24m4 þ 12aþ b� 2m2ð12þ 12aþ bÞ
�12þ 24m2 :

Case III: If p ¼ 1
4, q ¼ 1�2m2

2 , r ¼ 1
4 and /ðnÞ ¼ nsn� csn, then we get the fol-

lowing double periodic solutions

u13ðx; tÞ ¼ UðnÞeiðkxþ ctþ f0Þ ¼ 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� 4m2

p csndsn� nsndsn
nsn� csn

ei kxþ ctþ f0ð Þ;m2\1=2;

v13ðx; tÞ ¼ VðnÞ ¼ 1
2
ðnsn� csnÞ2 þ 1

2
ðnsn� csnÞ�2

where

n ¼ x� 2ktþ g0; k ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ 8m4 þ 2m2ð�4þ bÞ � b

p
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3� 6m2

p ; and

c ¼ 3þ 8m4 � 12a� bþ 2m2ð�4þ 12aþ bÞ
�12þ 24m2 :

Case IV: If p ¼ 1�m2

4 , q ¼ 1þm2

2 , r ¼ 1�m2

4 and /ðnÞ ¼ ncn� scn, then we get the
following Jacobi elliptic function solutions
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u14ðx; tÞ ¼ UðnÞei kxþ ctþ f0ð Þ ¼ �
ffiffiffi
2

p ðm2 � 1Þffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ 1

p dcn ei kxþ ctþ f0ð Þ; 0\m\1;

v14ðx; tÞ ¼ VðnÞ ¼ 1� m2

2
cnn

1� snn

� �2

þ 1� m2

2
cnn

1� snn

� ��2

;

where

n ¼ x� 2ktþ g0; k ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ 3m4 � m2ð�2þ bÞ � b

p
2
ffiffiffi
3

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þm2

p ; and

c ¼ �3� 3m4 þ 12aþ bþm2ð�2þ 12aþ bÞ
12ð1þm2Þ :

Case V: If p ¼ m2, q ¼ �ð1þm2Þ, r ¼ 1 and /ðnÞ ¼ snn, then we get the fol-
lowing Jacobi elliptic function solutions

u15ðx; tÞ ¼ UðnÞeiðkxþ ctþ f0Þ ¼ � 4mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�m2 � 1

p cnndnn
snn

ei kxþ ctþ f0ð Þ

v15ðx; tÞ ¼ VðnÞ ¼ 2m2sn2nþ 2ns2n;

where

n ¼ x� 2ktþ g0; k ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 24m4 þ b� 2m2ð12þ bÞp

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�3þ 6m2

p ; and

c ¼ � 4þ 24m4 þ 12aþ b� 2m2ð12þ 12aþ bÞ
�12þ 24m2 :

Case VI: If p ¼ 1, q ¼ �ð1þm2Þ, r ¼ m2 and /ðnÞ ¼ snn, then we get the fol-
lowing Jacobi elliptic function solutions

u16ðx; tÞ ¼ UðnÞei kxþ ctþ f0ð Þ ¼ 4mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�m2 � 1

p csndsn
nsn

ei kxþ ctþ f0ð Þ;

v16ðx; tÞ ¼ VðnÞ ¼ 2ns2nþ 2m2sn2n;

where

n ¼ x� 2ktþ g0; k ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 24m4 þ b� 2m2ð12þ bÞp

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�3þ 6m2

p and

c ¼ � 4þ 24m4 þ 12aþ b� 2m2ð12þ 12aþ bÞ
�12þ 24m2 :
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Set 2:

a10 ¼ 0; a11 ¼ 0; a12 ¼ 0; b11 ¼ 0; b12 ¼ 0; c11 ¼ 0; c12 ¼ 0; d11 ¼
4
ffiffiffiffiffi
pr

pffiffiffi
q

p ; d12 ¼ 0;

a20 ¼ 0; a21 ¼ 0; a22 ¼ 2p; b21 ¼ 0; b22 ¼ 2r; c21 ¼ 0; c22 ¼ 0; d21 ¼ 0; d22 ¼ 0;

k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4q2 þ 8pr � bq

p
2
ffiffiffi
3

p ffiffiffi
q

p and c ¼ �4q2 � 8prþ 12aqþ bq
12q

:

Case I: If p ¼ �m2, q ¼ 2m2 � 1, r ¼ 1� m2 and /ðnÞ ¼ cnn, then we get the
following double periodic solutions in terms of Jacobi elliptic functions

u21ðx; tÞ ¼ UðnÞei kxþ ctþ f0ð Þ ¼ � 4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2ðm2 � 1Þp
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2m2 � 1

p snndnn
cnn

ei kxþ ctþ f0ð Þ; 1=2\m2\1;

v21ðx; tÞ ¼ VðnÞ ¼ �2m2cn2nþ 2ð1� m2Þnc2n;

where

n ¼ x� 2ktþ g0; k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 24m4 þ b� 2m2ð12þ bÞp

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�3þ 6m2

p ; and

c ¼ � 4þ 24m4 þ 12aþ b� 2m2ð12þ 12aþ bÞ
�12þ 24m2 :

Case II: If p ¼ 1� m2, q ¼ 2m2 � 1, r ¼ �m2 and /ðnÞ ¼ ncn, then we get the
following double periodic solutions in terms of Jacobi elliptic functions

u22ðx; tÞ ¼ UðnÞei kxþ ctþ f0ð Þ ¼ 4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2ðm2 � 1Þp
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2m2 � 1

p scndcn
ncn

ei kxþ ctþ f0ð Þ; 1=2\m2\1;

v22ðx; tÞ ¼ VðnÞ ¼ 2ð1� m2Þnc2n� 2m2cn2n;

where

n ¼ x� 2ktþ g0; k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 24m4 þ b� 2m2ð12þ bÞp

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�3þ 6m2

p ; and

c ¼ � 4þ 24m4 þ 12aþ b� 2m2ð12þ 12aþ bÞ
�12þ 24m2 :
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Case III: If p ¼ 1
4, q ¼ 1�2m2

2 , r ¼ 1
4 and /ðnÞ ¼ nsn� csn, then we get the fol-

lowing double periodic solutions

u23ðx; tÞ ¼ UðnÞei kxþ ctþ f0ð Þ ¼ � 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� 4m2

p csndsn� nsndsn
nsn� csn

ei kxþ ctþ f0ð Þ;m2\1=2;

v23ðx; tÞ ¼ VðnÞ ¼ 1
2
ðnsn� csnÞ2 þ 1

2
ðnsn� csnÞ�2;

where

n ¼ x� 2ktþ g0; k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ 8m4 þ 2m2ð�4þ bÞ � b

p
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3� 6m2

p ; and

c ¼ 3þ 8m4 � 12a� bþ 2m2ð�4þ 12aþ bÞ
�12þ 24m2 :

Case IV: If p ¼ 1�m2

4 , q ¼ 1þm2

2 , r ¼ 1�m2

4 and /ðnÞ ¼ ncn� scn, then we get the
following Jacobi elliptic function solutions

u24ðx; tÞ ¼ UðnÞei kxþ ctþ f0ð Þ ¼ �
ffiffiffi
2

p ðm2 � 1Þffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ 1

p dcnei kxþ ctþ f0ð Þ; 0\m\1;

v24ðx; tÞ ¼ VðnÞ ¼ 1� m2

2
cnn

1� snn

� �2

þ 1� m2

2
cnn

1� snn

� ��2

;

where

n ¼ x� 2ktþ g0; k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ 3m4 � m2ð�2þ bÞ � b

p
2
ffiffiffi
3

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þm2

p ; and

c ¼ �3� 3m4 þ 12aþ bþm2ð�2þ 12aþ bÞ
12ð1þm2Þ :

Case V: If p ¼ m2, q ¼ �ð1þm2Þ, r ¼ 1 and /ðnÞ ¼ snn, then we get the
following double periodic solutions in terms of Jacobi elliptic functions

u25ðx; tÞ ¼ UðnÞei kxþ ctþ f0ð Þ ¼ 4mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�m2 � 1

p cnndnn
snn

ei kxþ ctþ f0ð Þ;

v25ðx; tÞ ¼ VðnÞ ¼ 2m2sn2nþ 2ns2n;
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where

n ¼ x� 2ktþ g0; k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 4m4 þ bþm2ð16þ bÞp

2
ffiffiffi
3

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1� m2

p ; and

c ¼ 4þ 4m4 þ 12aþ bþm2ð16þ 12aþ bÞ
12ð1þm2Þ :

Case VI: If p ¼ 1, q ¼ �ð1þm2Þ, r ¼ m2 and /ðnÞ ¼ nsn, then we get the fol-
lowing double periodic solutions

u26ðx; tÞ ¼ UðnÞei kxþ ctþ f0ð Þ ¼ � 4mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�m2 � 1

p csndsn
nsn

ei kxþ ctþ f0ð Þ;

v26ðx; tÞ ¼ VðnÞ ¼ 2ns2nþ 2m2sn2n;

where

n ¼ x� 2ktþ g0; k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 4m4 þ bþm2ð16þ bÞp

2
ffiffiffi
3

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1� m2

p ; and

c ¼ 4þ 4m4 þ 12aþ bþm2ð16þ 12aþ bÞ
12ð1þm2Þ :

Similarly, as the established solutions for Set 1 and Set 2, we can construct
corresponding exact solutions to Eqs. (6.1) and (6.2) for Set 3 and Set 4, which are
omitted here.

6.4.1 Numerical Simulations for the Solutions of Coupled
Schrödinger–Boussinesq Equations

In the present analysis, the first solutions of Case IV of Set 1 have been used for
drawing the solution graphs Figs. 6.1 and 6.2 for coupled Schrödinger–Boussinesq
equations.

Again, the solutions of Case V of Set 2 have been used for drawing the solution
graphs Figs. 6.3 and 6.4 for coupled Schrödinger–Boussinesq equations.

In the present numerical simulations, the double periodic wave solutions for the
first solutions of u14ðx; tÞ and v14ðx; tÞ have been demonstrated in 3D graphs of
Figs. 6.1 and 6.2 with elliptic modulus m ¼ 0:5. Also, the double periodic wave
solutions for u25ðx; tÞ and v25ðx; tÞ have been demonstrated in 3D graphs of
Figs. 6.3 and 6.4 with elliptic modulus m ¼ 0:5.
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Fig. 6.1 a Double periodic wave solutions for the first solution of u14ðx; tÞ when a ¼ 1, b ¼ �1,
f0 ¼ 0, n0 ¼ 0, and m ¼ 0:5, and b the corresponding 2D solution graph when t ¼ 0:005

Fig. 6.2 a Double periodic wave solutions for the first solution of v14ðx; tÞ when a ¼ 1, b ¼ �1,
f0 ¼ 0, n0 ¼ 0, and m ¼ 0:5, and b the corresponding 2D solution graph when t ¼ 0:01

Fig. 6.3 a Double periodic wave solutions for u25ðx; tÞ when a ¼ 1, b ¼ �1, f0 ¼ 0, n0 ¼ 0, and
m ¼ 0:5, and b the corresponding 2D solution graph when t ¼ 0:005
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6.5 Implementation of New Extended Auxiliary
Equation Method to the Tzitzéica-Type Nonlinear
Evolution Equations

In the present section, the Jacobi elliptic function solutions, including the hyper-
bolic and trigonometric solutions for the DBM and TDB equations have been
obtained using a new extended auxiliary equation method.

6.5.1 New Exact Solutions of Dodd–Bullough–Mikhailov
(DBM) Equation

In this part, we apply the new extended auxiliary equation method to determine the
new exact solutions for Dodd–Bullough–Mikhailov Eq. (6.3).

Suppose the traveling wave solution of Eq. (6.5) can be expressed as

UðnÞ ¼ vðnÞ ¼
X2N
i¼0

aiF
iðnÞ; ð6:35Þ

where FðnÞ satisfies Eq. (6.21).
Balancing the highest order derivative term vvnn and the nonlinear term v3 by

using homogenous principle the following result could be obtained

NþN þ 2 ¼ 3N;

Fig. 6.4 a Double periodic wave solutions for v25ðx; tÞ when a ¼ 1, b ¼ �1, f0 ¼ 0, n0 ¼ 0, and
m ¼ 0:5, and b the corresponding 2D solution graph when t ¼ 0:01

216 6 New Exact Traveling Wave Solutions of the Coupled …



yielding

N ¼ 2:

Therefore, the ansatz for the solution of Eq. (6.5) can be written as

UðnÞ ¼ a0 þ a1FðnÞþ a2F
2ðnÞþ a3F

3ðnÞþ a4F
4ðnÞ; ð6:36Þ

where FðnÞ satisfies

FðnÞ ¼ 1
2

� c4
c6

ð1� /iðnÞÞ
� 	1=2

; i ¼ 1; 2; . . .; 12: ð6:37Þ

By substituting (6.36) and (6.21) into Eq. (6.5), the coefficients of each power of
Fi, i ¼ 0; 1; 2. . . are collected, which are then set to zero. Thus, it leads to a system
of algebraic equations.

The derived system of algebraic equations has been solved by using mathe-
matical software, yielding the following results:

a0 ¼ 21=331=6 � 21=332=3

2
; a2 ¼ �221=631=12

ffiffiffiffiffi
a4

p
;

c2 ¼
25=6

ffiffiffiffiffi
a4

p
96� 35=12c0 þ 11� 311=12c0
� �

156
; c4 ¼ � 2

13
4� 22=331=3a4c0 þ 22=335=6a4c0
� �

;

c6 ¼ 1
26

a3=24 4
ffiffiffi
2

p
31=4c0 þ

ffiffiffi
2

p
33=4c0

� �
;x ¼ 3

ffiffiffi
2

p
31=4 � 4

ffiffiffi
2

p
33=4

24kl2
;

where l ¼ a1=44
ffiffiffiffiffi
c0

p
.

Without loss of generality, let us assume a4 [ 0 and c0 [ 0, and hence c6 [ 0.
Thus, /ðnÞ satisfies only the functions (6.23), (6.24), and (6.27).

Set I:
From Eqs. (6.23), (6.36), and (6.37), the Jacobi elliptic function solutions of

Eq. (6.5) have been deduced as follows

U11ðnÞ ¼ 1
22=3

ð31=6 � 32=3Þ � 2 21=631=12
� �2

1� sn
2

11
123

5
24l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
13 ð4þ

ffiffiffi
3

p Þ
q

m
n

0
@

1
A

0
@

1
A

þ 21=631=12
� �2

1� sn
2

11
123

5
24l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
13 ð4þ

ffiffiffi
3

p Þ
q

m
n

0
@

1
A

0
@

1
A

2

;

ð6:38Þ
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U12ðnÞ ¼ 1
22=3

31=6 � 32=3
� �

� 2 21=631=12
� �2

1� 1

msn
2
11
123

5
24l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
13ð4þ

ffiffi
3

p Þ
p

m n

� �
0
BB@

1
CCA

þ 21=631=12
� �2

1� 1

msn
2
11
123

5
24l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
13ð4þ

ffiffi
3

p Þ
p

m n

� �
0
BB@

1
CCA

2

;

ð6:39Þ

where n ¼ kxþ 3
ffiffi
2

p
31=4�4

ffiffi
2

p
33=4

24kl2 t and l ¼ a1=44
ffiffiffiffiffi
c0

p
.

If m ! 1, then sn ðnÞ ! tanh ðnÞ, and we have the hyperbolic function solutions
of Eq. (6.5)

U13ðnÞ ¼ 1
22=3

ð31=6 � 32=3Þ � 2 21=631=12
� �2

1� tanh 2
11
123

5
24l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
13

ð4þ
ffiffiffi
3

p
Þ

r
n

 ! !

þ 21=631=12
� �2

1� tanh 2
11
123

5
24l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
13

ð4þ
ffiffiffi
3

p
Þ

r
n

 ! !2

;

ð6:40Þ

U14ðnÞ ¼ 1
22=3

ð31=6 � 32=3Þ � 2 21=631=12
� �2

1� coth 2
11
123

5
24l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
13

ð4þ
ffiffiffi
3

p
Þ

r
n

 ! !

þ 21=631=12
� �2

1� coth 2
11
123

5
24l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
13

ð4þ
ffiffiffi
3

p
Þ

r
n

 ! !2

;

ð6:41Þ

Set II:
From Eqs. (6.24), (6.36), and (6.37), the Jacobi elliptic function solutions of

Eq. (6.5) have been obtained as follows

U21ðnÞ ¼ 1
22=3

ð31=6 � 32=3Þ � 2 21=631=12
� �2

1� msn 2
11
123

5
24l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
13

ð4þ
ffiffiffi
3

p
Þ

r
n

 ! !

þ 21=631=12
� �2

1� msn 2
11
123

5
24l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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If m ! 0, then sn ðnÞ ! sinðnÞ, and we have the following trigonometric
function solutions of Eq. (6.5)
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If m ! 1, then we have the same hyperbolic function solutions (6.40) and
(6.41).

Set III:
From Eqs. (6.27), (6.36) and (6.37), the Jacobi elliptic function solutions of

Eq. (6.5) have been derived as follows
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If m ! 0, then dnðnÞ ! 1, snðnÞ ! sinðnÞ, cnðnÞ ! cosðnÞ, and hence, the
following trigonometric solutions of Eq. (6.5) have been obtained
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It may be noted that the solution (6.44) is in agreement with the solution (6.48).

6.5.2 New Exact Solutions of Tzitzeica–Dodd–Bullough
(TDB) Equation

Suppose the traveling wave solution of Eq. (6.8) can be expressed as

WðnÞ ¼ vðnÞ ¼
X2N
i¼0

aiF
iðnÞ; ð6:49Þ

where FðnÞ satisfies Eq. (6.21).
Balancing the highest order derivative term vvnn and the nonlinear term v4 by

using homogenous principle the following result could be obtained
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NþN þ 2 ¼ 4N;

yielding
N ¼ 1:

Therefore, the ansatz for the solution of Eq. (6.8) can be written as

WðnÞ ¼ a0 þ a1FðnÞþ a2F
2ðnÞ; ð6:50Þ

where FðnÞ satisfies

FðnÞ ¼ 1
2

� c4
c6

1� /iðnÞð Þ
� 	1=2

; i ¼ 1; 2; . . .; 12: ð6:51Þ

Substituting (6.50) and (6.21) into Eq. (6.8) and collecting the coefficients of
each power of Fi, i ¼ 0; 1; 2. . . and set them to zero, we obtain a system of
algebraic equations.

Solving this system of algebraic equations by using mathematical software, we
obtain the following result:

c2 ¼ 4þ 5a0ð Þa2c0
2a0 1þ a0ð Þ ; c4 ¼ 1þ 2a0ð Þa22c0

a20 1þ a0ð Þ ; c6 ¼ a32c0
2a20 1þ a0ð Þ ;x ¼ �a20 � a30

2ka2c0
:

Without loss of generality, let us assume a0 [ 0, a2 [ 0 and c0 [ 0, and hence
c6 [ 0. Thus, /ðnÞ satisfies only the functions (6.23), (6.24), and (6.27).

Set I:
From Eqs. (6.23), (6.50), and (6.51), the following Jacobi elliptic function

solutions of Eq. (6.8) have been derived.
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where n ¼ kxþ �a20�a30
2ka2c0

t and l ¼ a2c0.
If m ! 1, then snðnÞ ! tanhðnÞ, and we have the hyperbolic function solutions

of Eq. (6.8)
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Set II:
From Eqs. (6.24), (6.50) and (6.51), the following Jacobi elliptic function

solutions of Eq. (6.8) have been obtained.
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If m ! 0, then snðnÞ ! sinðnÞ, and we have the following solutions of Eq. (6.8)

W23ðnÞ ¼ � 1
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; ð6:58Þ
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If m ! 1, then we can obtain the same hyperbolic function solutions (6.54) and
(6.55).

Set III:
From Eqs. (6.27), (6.50), and (6.51), the following Jacobi elliptic function

solutions of Eq. (6.8) have been derived.
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If m ! 0, then dnðnÞ ! 1,snðnÞ ! sinðnÞ, cnðnÞ ! cosðnÞ, and hence, the
following trigonometric solutions of Eq. (6.8) have been obtained
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It may be noted that the solution (6.59) is in agreement with the solution (6.63).

6.5.3 Physical Interpretations of the Solutions

In the present analysis, three-dimensional and the corresponding two-dimensional
graphs of the obtained solutions to the nonlinear evolution equations, viz. Dodd–
Bullough–Mikhailov (DBM) and Tzitzeica–Dodd–Bullough (TDB) equations have
been presented. To this aim, some special values of the parameters are selected.
Here, the physical significance of the obtained solutions of the above equations has
been discussed.

In Figs. 6.5, 6.6, 6.7, 6.8, 6.9, 6.10, 6.11 and 6.12, the 3D solution graphs of
U11ðnÞ, U13ðnÞ, U21ðnÞ, U34ðnÞ,W11ðnÞ,W13ðnÞ,W21ðnÞ,W34ðnÞ, respectively, have
been presented with appropriate selection of parameters. The three-dimensional

Fig. 6.5 a 3D double periodic solution surface for v(x, t) appears in Eq. (6.38) as U11ðnÞ in Set 1,
when k ¼ 1, l ¼ 1, x ¼ 0:5, m ¼ 0:3, b the corresponding 2D graph for v(x, t), when t = 1
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Fig. 6.6 a 3D soliton solution surface of v(x, t) appears in Eq. (6.40) as U13ðnÞ in Set 1, when
k ¼ 1, l ¼ 1, x ¼ 0:5, m ¼ 0:3, b the corresponding 2D graph for v(x, t), when t = 1

Fig. 6.7 a 3D double periodic solution surface of v(x, t) appears in Eq. (6.42) as U21ðnÞ in Set 2,
when k ¼ 1, l ¼ 1, x ¼ 0:5, m ¼ 0:3, b the corresponding 2D graph for v(x, t), when t = 1

Fig. 6.8 a 3D periodic solution surface of v(x, t) appears in Eq. (6.48) as U34ðnÞ in Set 3, when
k ¼ 1, l ¼ 0:5, x ¼ 0:5, m ¼ 0:3, b the corresponding 2D graph for v(x, t), when t = 1
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Fig. 6.9 a 3D double periodic solution surface of v(x, t) appears in Eq. (6.52) as W11ðnÞ in Set I,
when k ¼ 1, l ¼ 1, x ¼ 0:5, m ¼ 0:3, a0 ¼ 0:5, b the corresponding 2D graph for v(x, t), when
t = 1

Fig. 6.10 a 3D soliton solution surface of v(x, t) appears in Eq. (6.54) as W13ðnÞ in Set I, when
k ¼ 1, l ¼ 1, x ¼ 0:5, a0 ¼ 0:5, m ¼ 0:3, b the corresponding 2D graph for v(x, t), when t = 1

Fig. 6.11 a 3D double periodic solution surface of v(x, t) appears in Eq. (6.56) as W21ðnÞ in
Set II, when k ¼ 1, l ¼ 1, x ¼ 0:5, a0 ¼ 0:5, m ¼ 0:3, b the corresponding 2D graph for v(x, t),
when t = 1
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graphs of Figs. 6.5, 6.6, 6.7, 6.8, 6.9, 6.10, 6.11 and 6.12 have been depicted when
�10� x� 10, �10� t� 10. To the best knowledge of information, these solutions
have not been reported earlier in the open literature.

In Figs. 6.5 and 6.7, the double periodic solutions for U11 and U21 of DBM
equation, have been displayed. Also, the double periodic solutions for W11 and W21

of TDB equation have been demonstrated in Figs. 6.9 and 6.11, respectively.
Figures 6.6 and 6.10 show the solutions for U13 and W13 representing the soliton
wave solutions of DBM and TDB equations, respectively. Furthermore, the peri-
odic traveling wave solutions for U34 and W34 of DBM and TDB equations have
been illustrated in Figs. 6.8 and 6.12, respectively.

6.6 Conclusion

In this chapter, an improved generalized Jacobi elliptic function method is suc-
cessfully employed for acquiring new exact solutions of the coupled Schrödinger–
Boussinesq equations. By using this present method, some new exact solutions of
the coupled Schrödinger–Boussinesq equations are found. More importantly, the
present method is more efficient and powerful to determine the new exact solutions
to CSBEs. This proposed method can also be utilized for numerous other nonlinear
evolution equations or coupled ones. To the best information of the author, these
double periodic wave solutions of the CSBEs are new exact solutions which are not
reported earlier. Being concise and powerful, this current method can also be
extended to solve many other NLPDEs arising in mathematical physics.

Moreover, in the present chapter, a new extended auxiliary equation method is
used to construct many new types of Jacobi elliptic function solutions of Dodd–
Bullough–Mikhailov and Tzitzeica–Dodd–Bullough equations. Thus, as an
achievement, a family of new exact traveling wave solutions of Dodd–Bullough–
Mikhailov and Tzitzeica–Dodd–Bullough equations has been formally generated.

Fig. 6.12 a 3D periodic solution surface of v(x, t) appears in Eq. (6.63) as W34ðnÞ in Set III, when
k ¼ 1, l ¼ 0:1, x ¼ 0:5, a0 ¼ 0:5, m ¼ 0:3, b the corresponding 2D graph for v(x, t), when t = 1
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It clearly manifests that the employed approach is useful and efficient to find the
various kinds of traveling wave solutions. Also, the physical interpretations of the
obtained results for Tzitzéica-type nonlinear evolution equations have been sur-
veyed as well. Therefore, the performance of the proposed method is effective and it
can be applied to study many other nonlinear evolution equations which frequently
arise in nonlinear optics, quantum theory, and other mathematical physics and
engineering problems.
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