Chapter 4 M)
Numerical Solutions of Riesz Fractional Check or
Partial Differential Equations

4.1 Introduction

Nowadays, different applications of fractional differential equations in many areas,
such as engineering, physics, chemistry, astrophysics, and many other sciences, are
observed. Fractional kinetics systems are widely applied to describe anomalous
diffusion or advection-dispersion processes [1]. Fractional differential equations are
comprehensively used in examining physical phenomena in numerous disciplines
of engineering and science. For this, we need reliable and efficient techniques for
the solutions of fractional differential equations [2, 3]. The fractional-order models
are more adequate than the previously used integer-order models because
fractional-order derivatives and integrals enable the description of the memory and
hereditary properties of different substances [4]. This is the most significant
advantage of the fractional-order models in comparison with integer-order models,
in which such effects are neglected. In the area of physics, fractional space
derivatives are used to model anomalous diffusion or dispersion, where a particle
spreads at a rate inconsistent with the classical Brownian motion model [5]. In
particular, the Riesz fractional derivative includes a left Riemann—Liouville
derivative and a right Riemann—Liouville derivative that allows the modeling of
flow regime impacts from either side of the domain [6]. The fractional
advection-dispersion equation (FADE) is used in groundwater hydrology to model
the transport of passive tracers carried by fluid flow in a porous medium [7-9].

The Riesz fractional advection-dispersion equation (RFADE) with a symmetric
fractional derivative, namely the Riesz fractional derivative, was derived from the
kinetics of chaotic dynamics by Saichev and Zaslavsky [10] and summarized by
Zaslavsky [6]. Ciesielski and Leszczynski [11] presented a numerical solution for
the RFADE (without the advection term) based on the finite difference method.
Shen et al. [12] presented explicit and implicit difference approximations for the
space RFADE with initial and boundary conditions on a finite domain and derived
the stability and convergence of their proposed numerical methods.
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Fokker—Planck equation (FPE) was introduced by Adriaan Fokker and Max
Planck, commonly used to describe the Brownian motion of particles [13]. The FPE
describes the change of probability of a random function in space and time, so it is
naturally used to describe solute transport. The FPE is involved with the conser-
vation of probability that a particle will occupy a specific location. At any particular
time, the sum of the probabilities at all locations must equal unity. So if the
probability changes in one location from one moment to the next, the probability
must also change in the vicinity to conserve probability. An ensemble of a large
number of particles can fulfill the probabilities, and the FPE becomes an equation of
the conservation of mass. Also, the nonlinear Fokker—Planck equation has impor-
tant applications in various other fields. The fractional Fokker—Planck equations
have been useful for the description of transport dynamics in complex systems that
are governed by anomalous diffusion and nonexponential relaxation patterns [5].
Fractional derivatives play a key role in modeling particle transport in anomalous
diffusion. For the description of anomalous transport in the presence of an external
field, Metzler and Klafter [5] introduced a time fractional extension of the FPE,
namely the time fractional Fokker—Planck equation (TFFPE).

There are some researchers who have investigated the FFPE. So and Liu [14]
studied the subdiffusive fractional Fokker—Planck equation of bistable systems.
Saha Ray and Gupta [15] established the numerical solutions of time and space
fractional Fokker—Planck equations with the aid of two-dimensional Haar wavelets.
Chen et al. [16] proposed three different implicit approximations for the TFFPE and
proved these approximations are unconditionally stable and convergent. Zhuang
et al. [17] presented an implicit numerical method for the TSFFPE and discussed its
stability and convergence.

Numerous mathematical methods such as the Adomian decomposition method
(ADM) [18], variational iteration method (VIM) [18], operational Tau method
(OTM) [19], and homotopy perturbation method (HPM) [20] have been used in
order to solve fractional Fokker—Planck equations. In Refs. [18-20], the fractional
derivative is considered in Caputo sense. The aim of the present work is to
implement shifted Griinwald approximation and fractional centered difference
approximation to discretize the Riesz fractional diffusion equation and time and
space Riesz fractional Fokker—Planck equation, respectively. The stability and
convergence of the proposed finite difference schemes have been also analyzed
rigorously.

The classical sine-Gordon equation (SGE) [21] is one of the basic equations of
modern nonlinear wave theory, and it arises in many different areas of physics, such
as nonlinear optics, Josephson junction theory, field theory, and the theory of lattices
[22]. In these applications, the sine-Gordon equation provides the simplest nonlinear
description of physical phenomena in different configurations. The theory, methods
of solutions, and applications of the celebrated fractional sine-Gordon equation are
discussed in great detail in two recent books [23, 24]. Special attention is also given
to soliton, antisoliton solutions, and a remarkable new mode that propagates in a
two-level atomic system. In order to further emphasis on the analysis of one-soliton
and two-soliton solitary wave solutions, it may be referred to Ref. [25].
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The more adequate modeling can be prevailed corresponding to the general-
ization of the classical sine-Gordon equation. In particular, taking into account of
nonlocal effects, such as long-range interactions of particles, complex law of
medium dispersion, or curvilinear geometry of the initial boundary problem, clas-
sical sine-Gordon equation results in the nonlocal generalization of SGE.

In this chapter, the nonlocal generalization of the sine-Gordon equation has been
proposed in [26] as follows:

Uy — XD u+ sinu =0, (4.1)

where the nonlocal operator RD;‘ is the Riesz space fractional derivative, 1 <o <2.

These similar types of evolution Eq. (4.2) arise in various interesting problems
of nonlocal Josephson electrodynamics. These problems were introduced in [27—
32]; among these, one of the basic model equation is

uy — Hluy] + sinu =0, (4.2)

where H is the Hilbert transform, given by

Hl¢] E%V'p- / %dé, (4.3)

—00

and the integral is understood in the Cauchy principal value sense. The evolution
Eq. (4.2) was an object of study in a series of papers [27, 28, 31, 33, 34] available
in the open literature. Other nonlocal sine-Gordon equations were considered in
[35, 36].

In this case, the derived approximate solutions are based on modified homotopy
analysis method with Fourier transform. In this present chapter, we employ a new
technique such as applying the Fourier transform followed by homotopy analysis
method. This new technique enables derivation of the approximate solutions for the
nonlocal fractional sine-Gordon Eq. (4.1). To the best possible information of the
author, the present approximation technique has been proposed first time in this
work for solving the nonlocal fractional sine-Gordon equation.

4.2 Outline of the Present Study

In this chapter, numerical solutions of fractional Fokker—Planck equations with
Riesz space fractional derivatives have been developed. Here, the fractional
Fokker—Planck equations have been considered in a finite domain. In order to deal
with the Riesz fractional derivative operator, shifted Griinwald approximation and
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fractional centered difference approaches have been used. The explicit finite dif-
ference method and Crank—Nicolson implicit method have been applied to obtain
the numerical solutions of the fractional diffusion equation and fractional Fokker—
Planck equations, respectively. Numerical results are presented to demonstrate the
accuracy and effectiveness of the proposed numerical solution techniques.

Also, a novel approach comprising modified homotopy analysis method with
Fourier transform has been implemented for the approximate solution of the frac-
tional sine-Gordon equation

uy — XD u+ sinu =0,

where RD;‘ is the Riesz space fractional derivative, 1 <o <2.
For o = 2, it becomes a classical sine-Gordon equation

Uy — Uy + Sinu = 0,
and corresponding to oo = 1, it becomes nonlocal sine-Gordon equation
uy — Hu+ sinu =0,

which arises in Josephson junction theory, where H is the Hilbert transform. The
fractional sine-Gordon equation is considered as an interpolation between the
classical sine-Gordon equation (corresponding to « = 2) and nonlocal sine-Gordon
equation (corresponding to o = 1). Here the approximate solution of the fractional
sine-Gordon equation is derived by using the modified homotopy analysis method
with Fourier transform. Then, the obtained results have been analyzed by numerical
simulations, which demonstrate the simplicity and effectiveness of the present
method.

4.3 Numerical Approximation Techniques for Riesz Space
Fractional Derivative

There are different approximation techniques for Riesz space fractional derivative
[37-40]. In the present chapter, the emphasis has been focused on the shifted
Griinwald formula to discretize the Riesz space fractional differential equation
which, unlike the standard Griinwald formula, does not suffer from instability
problems [41] and also on the fractional centered difference approximation tech-
nique, respectively.

Let us assume that the function W(x, ¢) is n — 1 times continuously differentiable
in the interval [0,L] and that W) (x,7) is integrable in [0,L]. Then for every
a(0<n—1<a<n,n € N), the Riemann-Liouville fractional derivative exists and
coincides with the Griinwald-Letnikov derivative. This relationship enables the use
of the Griinwald-Letnikov derivative for obtaining the numerical solution [8, 42].
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The fractional Griinwald-Letnikov derivative with order 1 — « is given by

k 1=
oD} W (x, 1) = lin(l)r%l Z (-1) < >W(x, ty — 1)

r

(4.4)

k
= ! Z oW (x, i — r7) +0(),
r=0

where t=T/N, f,=rt, o\*=1 o= (—1)"12a-Con g
r=1,2...,N.

4.3.1 Shifted Griinwald Approximation Technique
for the Riesz Space Fractional Derivative

The shifted Griinwald formula which was proposed by Meerschaert and Tadjeran
[41] has been applied for discretizing the Riesz fractional derivative. In this
problem, we discretize the Riesz space fractional derivative using the following
shifted Griinwald approximation:

G“W(xl,t) W [+1 ~ mflJrl~
~ — Wi_: + Wi , 4.5
o)x[* 2cos(%) j;g, =i+l j; 8iWi+j-1 (4.5)
where the coefficients are defined by
- - o —1).. (e —j+1
g =1g=(-1) ( ) ), =1,2,....m.

J!
4.3.2 Fractional Centered Difference Approximation
Technique for the Riesz Space Fractional Derivative

Recently, Celik and Duman [43] derived the interesting result that if f*(x) be
defined as follows

oo J &), x€lab]
f(x)_{o, x & la,b)

such that f*(x) € C3(R) and all derivatives up to order five belong to L;(R), then
for the Riesz fractional derivative of order a(1 <a <?2)
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x—a
h

h

where h =24 and m is the number of partitions of the interval [a, b] and

. (=1)T(a+1)
S T T(/2—j+ D (a/2+j+1)

Property 4.1 The coefficients g; of the fractional centered difference approxima-
tion have the following properties for j = 0, F1,F2,..., and o > —1:

(i) go=>0,
(i) g-j =g <0 forall |j|>1,

i—o/2
(iii) gj+1 :a{/fT’]/ng,

(iv) g =o0("").

Proof For the proof of the above properties, it may be referred to Ref. [43].

Lemma 4.1 Letf € C°(R) and all derivatives up to order five belong to Ly (R) and
the fractional central derivative of f be

P = Y aflc i),
where
o (=1)/T(x+1)
8§ T2 —j+ DI (@/2+j+1)’
then
=i Y i+ o),

j==%0

when h — 0 and 0()]‘;("5) is the Riesz fractional derivative for 1 <o <2.

Proof For the proof also, it may be referred to Ref. [43].



4.3 Numerical Approximation Techniques for Riesz Space Fractional Derivative 125

4.3.3 Inhomogeneous Fractional Diffusion Equation
with Riesz Space Fractional Derivative

Let us consider the following inhomogeneous Riesz fractional diffusion equation
with source term in a finite domain associated with initial and Dirichlet boundary
conditions [42, 43]

oW (x,t)  0*W(x,1)
o =K PR +f(x,8),a<x<b, re]0,T], (4.7)

W(x,0) = ¢(x),a<x<b,
W(a,t) = W(b,t) =0,0<t<T,

where K > 0 is diffusion coefficient and ¢(x) is a real-valued sufficiently smooth
function. We consider a super-diffusion model, i.e., 1 <a<2. This type of
super-diffusion problems largely arises in the modeling of fluid flow, finance, and
other applications.

Explicit Finite Difference Method for Riesz Fractional Diffusion Equation

In this present analysis, numerical solution of Eq. (4.7) has been provided based on
the explicit finite difference method (EFDM). Let us assume that the spatial domain
is [0,L], and it is partitioned into m subintervals. Thus, the mesh is of m equal
subintervals of width h = L/m and x; = lh, for | = 0,1,2, ..., m. Let Wlk denote the
numerical approximation of W (x;, #.) at (x;, ).

Now we obtain the following explicit finite difference numerical discretization
scheme for the Eq. (4.7).

Kh™* [+1 ~ . m—1+1 ~ ) .
_W Zngl*/Jrl_‘_ Z ngqu +1

=0 =0

Wl = w4t , (4.8)

fori=1,2,...m—1,and k=0,1,...,N — 1.

The aforementioned Eq. (4.8) determines the numerical approximate value of
the solution W1 at (x;, # 4 1)

In matrix form, Eq. (4.8) can be written as

UKt = AUF  oF* 12 (4.9)

where U* = (WK, Wk .. | Wr];—l)T’
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= [flfE S 1] ,and A; is a symmetric (m — 1) x (m — 1) matrix of the
followmg form

Kth™* 5 Kth™ (> 5 Kth™* 5 s
1 - cos% 81 - W (go +g2) 2cos°"‘g3 e 2005""g'" 1
~ Kth— ~ ~
A —@(80+g2) I =z & —Ws%n(g(ﬁrgz) T A
Kth™* 5 Kth™* 5 Kth™* 5 Koh™* 5
2COS“ 8m—1 2COS“ 8m—2 2COS“ 8m—-3 e 1- #S%ngl

(4.10)

4.3.4 Time and Space Fractional Fokker-Planck Equation
with Riesz Fractional Operator

In this section, we consider the following time and space fractional Fokker—Planck
equation which describes the anomalous transport in the presence of an external
field [42]

oW(x,t) [0 V(x) . O
o Ka_ mn, 5 O

)W(x, 1) +1(x, t)} ,a<x<b, t€][0,T],
(4.11)

subject to initial and homogeneous Dirichlet boundary conditions

where K/ denotes the anomalous diffusion coefficient; m is the mass of the diffusing

a—2. V'(x)

test particle; 7, is the generalized friction constant of dimension [r,] = s*%; i,

is
known as the drift coefficient, and the force is related to the external potential

through F(x) = d&(\) oD!7%(.) denotes the Riemann-Liouville time fractional
derivative of order 1 — a(0 <o < 1) defined by [44-47]

e LD [ D)
D) = 0/ P (4.12)

For o« — 1 and u — 2, the standard Fokker—Planck equation [5] is recovered,
and for « — 1 and V(x) = const., i.e., in the force-free limit, the inhomogeneous
fractional diffusion Eq. (4.7) emerges.

The Riesz space fractional derivative of order v(1 <v<?2) is defined by [48, 49]
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ow (xlv) 1 )
S D'+ DOW(x, 1), 4.13
a‘x| ZCOS(M) ( x+ b) (‘X t) ( )

2
where D] and ,Dj are the left and right Riemann-Liouville space fractional
derivative operators of order v, which are, respectively, given by

1 ,
D'W(x,1) :F(Z—v)@/(x (i)‘) dé,

a

b
v I SR (<)
xDbW(x’ t) = F(2 — V)@/ (5 - )‘ ldé

X

Implicit Finite Difference Method for Time and Riesz Space Fractional
Fokker-Planck Equation

In order to solve Eq. (4.11) with the drift coefficient —v, fractional centered dif-
ference approximation along with Griinwald-Letnikov derivative approximation
has been used to discretize it.

From Taylor’s theorem, we have

k+1 _ yk k+1/2
Wit —Wi_ (%v:/) +0(7%), (4.14)
T

where the central difference with step size 7/2 has been used.
Thus, using Eq. (4.14) and Lemma 4.1, we obtain the following implicit finite
difference discretization scheme

= k—j
a1§ wla( +1 vVI)

Jj=0

Kymlhuz(ulngl IJ+TO( lzwlalkj

i=l—-m

k+1 Wk+1 —j Wk+1 —Jj k+1

z : — 2 : j : k+1—j
S 1 U)Jl oc( I+1 ; K[A, o— Ih " wl o ng:; J

=0

i=l—m

Wittt -wp 1
T

k+1
+,Ea—1 wjl xfk+l —Jj +TEk+l/2
=0
(4.15)
for I=1,2,....m—1, and k=0,1,...,N — 1, where the local truncation error

TEk+l/2 (7: ).
Now, omitting the local truncation error in Eq. (4.15), we obtain
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k+1 Ik-;rl1 Wk+l 1- k+1
W +K"2h oo ‘Zg,W,, = wf
i=l—m
o k W*)
ot Zw < 1+1 i ) h #Zw: . Znglklr
=0 i=l—m

-
S I—opk—r « l—opk+1—r - WlkJ:rll i Wzkﬂir
—0—?(260 1 +Z(u 1 —vEle —

r=0 r
7KHT h /tlir:lwl o Z Wk+l r
r 8iWi_i .
i=l-m
(4.16)
Further, Eq. (4.16) can be written into the following matrix form
I+A)U ! = (I —Ag — ANU* — (A1 +A4)U" — (A, +43) U -
_ (Ak +Ak+1)UO+TaFk+1/2,
(4.17)

where U* = (WK, W&, ... . wk )T,
1 k k+1 1 k k+1
Fk+l/2 _ |:2 (Z wi—x lk—r + Zwi—aflk-%—l—r) ’5 <Z wi—a 2k—r+ Zw:—yfzk-%—l—r>7
r=0 r=0 r=0 r=0
[ 17 & 1- k+1 r !
73 ;wr + ZU) m—1 ’

and A; is an (m — 1) X (m — 1) matrix of the following form

_ o Kht* KF* o
g 4K L Klpog,
Kit* g o Kht* 4 Kit* g
Ai _ w'lfot 7}1 ”gl —% + D) h ug() . Th ”g3_m
i
K’ 2 Kt R < I
h™* 8m—2 xTh 'ugm73 .o _% + xz h #gO

(4.18)

Now, we define the function space as follows: A(Q)=
{W(x, 1) ang(;c,z) ,Oggg;’;) € C(Q)}, where Q = [a,b] X [0,T]. In this work, we

assume that the Problems (4.7) and (4.11) have a smooth exact solution
W(x,t) € A(Q), and f(x,¢) and ¢(x) are sufficiently smooth functions.
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4.3.5 Numerical Results for Riesz Fractional Diffusion
Equation and Riesz Fractional Fokker—Planck
Equation

In the present section, the numerical examples for Riesz fractional diffusion
Eq. (4.7) and time and Riesz space fractional Fokker—Planck Eq. (4.11) with the
drift coefficient —v have been presented to demonstrate the effectiveness of the
above-discussed numerical schemes for solving Riesz fractional diffusion equation
and time-space fractional Fokker—Planck equation with Riesz derivative operator.

Example 4.1 Let us consider the following Riesz fractional diffusion equation [42,
43] on the finite domain [0, 1].

oW (x,t)  0*W(x,1)
o Ko Ff(x1),0<x<1, t€[0,T], (4.19)

subject to initial and homogeneous Dirichlet boundary conditions

W(x,0) =x*(1 —x)*,0<x<1,
W(0,1) =W(l,1) =0,0<:<T

and the nonhomogenous part is

fOn0) = (1407 (=1 4x)°FPa+ F(Sl— O{)xﬂ‘ [(11 j;)a(—l +x)2x% (1242

—6xo+ (=1 4+ a)a)
+ (140" [12(=1 4 x)* 4+ (=7 + 6x)o + oc2H sec (?)

The exact solution is
W(x, 1) = (141221 —x)°. (4.20)

In this example, we take K = 1, t = 0.001, and & = 0.05. Figures 4.1, 4.2, and
4.3 show the comparison of the exact and numerical solutions when o« = 1.5 at
t = 1,3, 5, respectively. It can be easily observed that the numerical solutions are in
good agreement with the exact solution.

Example 4.2 Let us consider the following time fractional Fokker—Planck equation
with Riesz space fractional derivative operator [42]

_aiM>W(x,t)+f(x,t)],0<x<1, t€[0,T],

®
|
[=)
<
I
K
| —
/I—\
<
&l
_|_
C

(4.21)
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Fig. 4.1 Comparison of numerical solution of W(x,7) with the exact solution at t =1 for
Example 4.1 with « = 1.5, h = 0.05, and 7 = 0.001

Wix3)
06§

x

0.0 02 04 0.6 0.8

10

Fig. 4.2 Comparison of numerical solution of W(x,7) with the exact solution at t =3 for
Example 4.1 with « = 1.5, h = 0.05, and 7 = 0.001
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Fig. 4.3 Comparison of numerical solution of W(x,7) with the exact solution at t =35 for
Example 4.1 with o« = 1.5, h = 0.05, and 7 = 0.001

subject to initial and homogeneous Dirichlet boundary conditions

W(x,0) = K3 (1 —x)%,0<x<1,
W(0,1) = W(l,1) =0,0<r<T,

The exact solution is
W(x, 1) = (KE+vi' T2 (1 — x)%. (4.22)

In this example, we take K!' = 25, © = 0.001, & = 0.05, « = 0.8, and u = 1.9.
Figure 4.4 shows the comparison between the exact and numerical solutions at
t=1. In Fig. 4.5, comparison of numerical solution of W(x,7) with the exact
solution at # =3 has been presented for Example 4.2 with o« =0.8, u=1.9,
h=0.02, and 7 =0.075. Figure 4.6 explores the comparison of results for
Example 4.2 with « =0.8, =19, h=0.02, and T =0.1. It can be clearly
observed from the presented figures that the implicit finite difference solutions
highly agree with the exact solutions.
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Fig. 4.4 Comparison of numerical solution of W(x,¢) with the exact solution at =1 for

Example 4.2 with o = 0.8, u = 1.9, h = 0.05, and 7 = 0.01
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Fig. 4.5 Comparison of numerical solution of W(x,7) with the exact solution at t =3 for

Example 4.2 with « = 0.8, £ = 1.9, h = 0.02, and 7 = 0.075
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Fig. 4.6 Comparison of numerical solution of W(x,7) with the exact solution at t =35 for
Example 4.2 with « = 0.8, u = 1.9, h =0.02, and 7 = 0.1

4.3.6 Stability and Convergence of the Proposed Finite
Difference Schemes

Theorem 4.1 The numerical discretization scheme for the problem in Eq. (4.19) is
stable, if

T 2|cos%
r:ﬁg , forl<a<?2.
g1—(80+8&) | =
K(Sgn(cos’g‘) +g0>

Proof The matrix A in Eq. (4.10) can be written as
A=T+R, (4.23)

where T is a tridiagonal (m — 1) x (m — 1) matrix of the following form

I-8e (@) 0 0
o | s+ 1-K2g A (Bo+g) .. 0 7
0 0 0 R Gy €y )

OS2
Cos P

(4.24)
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and R is a symmetric (m — 1) X (m — 1) matrix of the following form

Kth™ > _ Kth™* 3
0 0 2cos“"g3 te 2C05%gm71
0 0 0 s KD
R = ZCOS%gm 2
Kth™* = K<h™* & h™* &
Zcos“" m-1 — ZCos%gm*2 2cos”‘ gn-s - 0

Now, let A; be the eigenvalue of the matrix R. Then, according to the
Gerschgorin circle theorem [50], we have

K'Eh°‘m1 Kth™* & Kth™
|}vi_0|< 0§— Z|gk| 2|cos kz:: 2}009 ’ (4'25>

where > g = —1+a— W D<1.
k=3
This implies that

Kth™*
R||,= p(R) < ———, 4.26
IRIb= () < 57 5 (4.26)

since R is a real and symmetric matrix.
Now, the eigenvalues of the tridiagonal matrix 7 are given by [51]

Kth* . Kth™
=1 g - (g0+g2)cosv— v=1,2,...m—1.  (4.27)
COS7 COS2

Now, let assume that Wf be the computed value of W of the explicit finite
difference  numerical scheme in Eq. (4.8), let & =Wf—Wf and

Yk = [s’f,sg, cn eﬁq_l]T.

Then, the vector Y* satisfies the following equation
Y =AYk, (4.28)
Thus, the explicit finite difference numerical scheme in Eq. (4.8) is stable if
1A[l,= p(A) <|ITl[, + R[], < 1
This implies that

Kth™ Kth™ _ m—1)zn

. (
1-— — cos
cos “2” & cos % (80 +2)

rK
2 cos % 2

<1

, (4.29)
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After simplifications, from Eq. (4.29), we obtain

2|cos &
r< [cos 5 , (4.30)
2—(@o+8) | 5
K (Sgl‘l(cos“—z") + gO)
ash — 0, m — oo.
This completes the proof. |

Theorem 4.2 The numerical discretization scheme for the problem in Eq. (4.21) is
unconditionally stable.

Proof The matrix A; in Eq. (4.18) can be written as

o
Ai:ng(m %1) i=0,1,2,..  k+1, (4.31)
where

Klnrgy  SThrg L KThug,

po |5 B B g |
o o (e

KjThf MgmfZ KX2 h 'ugmf?) K& h /g(]

-1 1 0 ... 0
7 0 -1 1 ... 0

0 0 0 oo =1

Since g_; = g, Pis a (m — 1) x (m — 1) symmetric matrix and J is a (m — 1)x
(m — 1) Jordan block matrix with eigenvalue —1.

Now, let 4; be the eigenvalue of the matrix P. Then, according to the
Gerschgorin circle theorem [50], we have

KHg* KH* m-l KHe*
Jy— mEhRgy| < SEL il < =g 4.32
j— 5 g < ——h Z|gk\<2hgo7 (4.32)
k=1
ki
where > |gk] = go-
k= —00

k0
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This implies that
0<j<Klit*h™"g. (4.33)
Thus, the eigenvalue of A; satisfies the following range

—l ™ e <A} <! K't*hH
i h i f o 80

Therefore, we obtain

p(A;) <col-17“Kgr“h7”go —&-a)}’“%. (4.34)

Now, let assume that W* be the computed value of Wf of the second-order

accurate implicit numerical scheme in Eq. (4.16), let & = Wf— WF and

k 1ok ok k T
YO =[ef,e5,.. .60 4] -

Then, the vector Y* satisfies the following equation
Yol = (T+A0) "I —Ag —A)Y* — (I+A¢) (A +A,)Y*!

N ) (4.35)
— (I +A0) (A +A)Y 2 — o — (T +A)  (Ap +Ap )Y

Therefore, we obtain

72 <+ o)™ @ — Ao — AV ¥4, + T +40)™ (1 + 42 77
440 (s 4 AR 5+ 0440 A+ A ) ¥
(4.36)

Now, without loss of generality, there exists o; € R*,i= 0,1,...,k such that

(I +A40) (I — Ao — A1) ||, = [p([(I +A0) (I — Ao — A [ +A0) "' (T — Ao — A)])]'* <o,

(I +40) " (A1 +A2)[,= [p([(I +A0) " (A1 +A2)] [T +A0) " (A1 +A2)])]"* <oy,

(1 +A0) " (A + A1) ||, = ([ +A0) " (Ak +Ars )] [T +A0) " (Ax + A1) < o0
(4.37)

Consequently, we obtain

P b [ P2 2 3)

>
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Hence, we conclude that
Y|, S oo + 1) (e + 1) . (o + D] YO . (4.39)

Thus, the second-order accurate implicit numerical scheme in Eq. (4.16) for the
problem (4.21) is unconditionally stable. |

Theorem 4.3 Assuming that the problem in Eq. (4.21) has a smooth exact solution
W= W(x,t,) € A(Q) and W]' be the numerically computed solution of the
second-order implicit numerical scheme in Eq. (4.15). Then, the numerical solution
W unconditionally converges to W' as h and t tend to zero.

Proof Let the error at the grid point (x;,#) defined by ef = W} — WF and

Ef = (e, ék,...,ék )T, Then, from Egs. (4.15) and (4.16) for problem 4.2, we
have

k+1 k

k k—r k—r k+1 k+1-r _ k+1-r
I R G B Y e B | ——r“‘ 1 wl aofC41 -~
T2 i h r h
Khrrt 1
o - —0 —-r
_T E g giel ™! (4.40)

i=l—-m

K,u,rxl k+1
_ oc2 Z 1—a gleﬁ”+01+h2)

i=l—m
Now, Eq. (4.40) can be written in the following matrix form
(IT+A)E = (I —Ag—A)EF — (A, +A)EF!

4.41
— (A +ADE? — o — (A + A )E - Cre(P RO (4.41)

Thus, we have

EXFl = (I+A0) "I —Ag—A)EF — (I+Ao) " (A) +A,)EX!
— (I +A0) (A2 +A3)E 7 — - — (T+A0)  (Ax + A 1)E"  (4.42)
+C (P + R +Ay) !

Hence, we obtain

I, < ([ +A0) (= Ao = AN, + [ +40) (A1 +42) [, B,
+ 0+ A0) " (Ao + A5 [ B2+ o (- A0) T Ak Ar )L |E°)
+ (P + 1) || (T +A0) ||, S ooty + 1) (o2 + 1)... (o + 1) || E° |

+C1‘L’(‘[2 Jrhz H I1+A, 71H2 <O(()(OC1 -+ 1)(0(2 + 1) . .(Otk + I)HEOHZ
Cit(? +h?) < s
L TR < eT( 4.
(=0 =T
Consequently, ||[EF*! ||2—> 0 as 1 — 0, h — 0. This completes the proof. |
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4.4 Soliton Solutions of a Nonlinear and Nonlocal
Sine-Gordon Equation Involving Riesz Space
Fractional Derivative

In the present section, a new semi-numerical technique MHAM-FT method has
been proposed to obtain the approximate solution of nonlocal fractional
sine-Gordon equation (SGE). The fractional SGE with nonlocal Riesz derivative
operator has been first time solved by MHAM-FT method.

4.4.1 Basic Idea of Modified Homotopy Analysis Method
with Fourier Transform

Let us focus a brief overview of modified homotopy analysis method with Fourier
transform (MHAM-FT). Consider the following fractional differential equation

Nlu(x,t)] =0, (4.43)

where N is a nonlinear differential operator containing Riesz fractional derivative
defined in Eq. (1.18) of Chap. 1, x and # denote independent variables, and u(x, 1) is
an unknown function.

Then, applying Fourier transform Eq. (4.43) has been reduced to the following
Fourier transformed differential equation

Nli(k,t)] =0, (4.44)

where i(k, ) is the Fourier transform of u(x, 7).
According to HAM, the zeroth-order deformation equation of Eq. (4.44) reads as

(1 = p)L{p(k,1;p) — ito(k, 1)] = phN[¢(k, 1; p)], (4.45)

where L is an auxiliary linear operator, ¢ (k, #; p) is an unknown function, ig(k, t) is
an initial guess of u(k,7), 7l # 0 is an auxiliary parameter, and p € [0,1] is the
embedding parameter. In this proposed MHAM-FT, the nonlinear term appeared in
expression for nonlinear operator form has been expanded using Adomian’s type of
polynomials as Y~ A,p" [52].

Obviously, when p = 0 and p = 1, we have

Pk, 1;0) = i (k, 1), p(k, 1;1) = ia(k,1), (4.46)
respectively. Thus, as p increases from O to 1, the solution ¢(k, z; p) varies from the

initial guess iiy(k,?) to the solution i(k, ). Expanding ¢(x,#;p) in Taylor series
with respect to the embedding parameter p, we have



4.4 Soliton Solutions of a Nonlinear and Nonlocal Sine-Gordon ... 139

+ oo
lk,1:p) = ito(k, 1)+ > itk 1), (4.47)
m=1

where it (k, 1) = o 2 (K, f§P)’

p=
The convergence of the series (4.47) depends upon the auxiliary parameter 7. If

it is convergent at p = 1, we have

+

a(k,t) = ok, 1) + i (k, 1),

8

3
I

which must be one of the solutions of the original nonlinear equation.

Differentiating the zeroth-order deformation Eq. (4.45) m times with respect to
p and then setting p = 0 and finally dividing them by m!, we obtain the following
mth-order deformation equation

L[ilm(k, l) — anﬂm_l (k, t)] = h?Rm(l:t(), U RN l:im—l); (448)

where
1 0" 'N[¢p(k,1;p)]
%mA;Av"wAmf = —
ottt ) = gt
and
1, m>1
Yo = {07 ol (4.49)

It should be noted that i,,(k, ) for m>1 is governed by the linear Eq. (4.48)
which can be solved by symbolic computational software. Then, by applying
inverse Fourier transformation, we can get each component u,(x,t) of the
approximate series solution

In the present analysis, for reducing Riesz space fractional differential equation
to ordinary differential equation, we applied here Fourier transform. In this modified
homotopy analysis method, with Fourier transform (MHAM-FT), we applied the
inverse Fourier transform for getting the solution of Riesz space fractional differ-
ential equation. This MHAM-FT technique has been first time proposed by the
author.
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4.4.2 Implementation of the MHAM-FT Method
Jor Approximate Solution of Nonlocal Fractional SGE

In this section, we first consider two examples for the application of MHAM-FT for
the solution of nonlocal fractional SGE Eq. (4.1).

Example 4.3 In this example, we shall find the approximate solution of the non-
local fractional SGE Eq. (4.1) with given initial conditions [52-54]

u(x,0) = 0,u,(x,0) = 4 sec hx (4.50)

Then, using Eq. (1.18) of Chap. 1 and applying Fourier transform on Egs. (4.1)
and (4.50), we get

iy (ky 1) + |k|°‘i¢(k7 t) + F(sinu) = 0, (4.51)
with initial conditions
N . km
uw(k,0) =0, i,(k,0)=2v2n sech(j), (4.52)

where F denotes the Fourier transform and  is called the transform parameter for
Fourier transform.
Expanding ¢(k, t; p) in Taylor series with respect to p, we have

+ 00
¢k, 1;p) = io(k, 1)+ > pitw(k,1), (4.53)
m=1
where
m!  Op™ p=0

To obtain the approximate solution of the fractional SGE in Eq. (4.51), we
choose the linear operator

Lig(k, t;p)] = pu(k,1; p). (4.54)
From Eq. (4.44), we define a nonlinear operator as
N[p(k, 1;p)] = ¢y (k. 1:p) + |k ¢(k, £; p) + F(sin(¢ (k, 1; p))), (4.55)

where the nonlinear term sin(¢(k,;p)) is expanded in terms of Adomian-like
polynomials.
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The nonlinear term sin(¢(k, 7;p)) has been taken as

o0

sin(p(k, 1;p)) = > p"An,

n=0

+ o0
where A, = %% (sin (ﬁo(k, 1)+ 21 Py (k, t)>> ; n>0.
m= p=
Using Eq. (4.45), we construct the so-called zeroth-order deformation equation

(1 = p)L(¢(k, 1;p) — dto(k,1)] = phN[¢ (k. 1; p)]. (4.56)
Obviously, when p = 0 and p = 1, Eq. (4.56) yields
d(k,1;0) = itg(k,1); p(k, ;1) = ia(k,1).

Therefore, as the embedding parameter p increases from O to 1, ¢(k, #;p) varies
from the initial guess to the exact solution #(k, ).

If the auxiliary linear operator, the initial guess, and the auxiliary parameter % are
so properly chosen, the above series in Eq. (4.53) converges at p = 1, and we
obtain

a(k,t) = ¢k, ;1) = ao(k, ) + +zozoitm(k, 1). (4.57)

m=1

According to Eq. (4.48), we have the mth-order deformation equation

Lt (k, 1) — fonttn1 (k, 1)) = BRo (B0, 11 -+ oy gy ), m > 1, (4.58)
where
i) = oo O N )
ity -1 (.k, 60) s " (4:59)
=7z " k| *tn—1 (k, t;) + F(Ap_1)-

Now, the solution of the mth-order deformation Eq. (4.58) for m > 1 becomes
it (k1) = Zpitm—1 (k1) + RLT (R, (210, 811, -y By )]- (4.60)

From Eq. (4.60), we have the following equations
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ito(k, 1) = it(k, 0) + tit, (k, 0),

g (k, t;
ity (k, 1) = hL™! (%’p) + [k|"ito (k, 7; p) + F(Ao))a
0%y (k, t; 4.61
(ko) = i)+ (I i) + Rl ). ol
0%ty (k, t;
(k) = i)+ (S i)+ Pl ).

and so on.
But here for the sake of efficient computation for the nonlinear term, the above
scheme in Eq. (4.61) has been modified in the following way

’:t()(kv t) = i{(k, O)a
&g (k. 1;p)
or?

+W%mhum+an)

ity (k, t) = tiy(k,0) + AL~ ( + |k it (k, £ p) + F(A0)>7
82ltil (ka t;p)

ﬁz(k, l) =nL! ( By

(4.62)

ity (k, t;

(k) = i)+ 12 (P i)+ Fl) ).
D%z (k, t;

(k) = i)+ 12 (P i)+ Pl ).

and so on.
By putting the initial conditions in Eq. (4.52) into Eq. (4.62) and solving them,
we now successively obtain

iio(k, 1) = 0, (4.63)
ity (k, 1) = 22t sec h(kQ—n), (4.64)

ity (k1) = EG V2ne sec h<%”) + %\/2m3|k|°‘sec h<%”>> (4.65)

and so on.
Then, by applying the inverse Fourier transform of Egs. (4.63)—(4.65), we
determine
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MO(xv t) = 07
uy(x,1) = 4t sec hx,

1 —2i 2i
uy(x,1) = §t3h(2 sec hx 427 17 T (1 4 ) (C(l —o—fx,n zx) +C(1 4—0(,7-[+ lx)

4n 4n
3 ix 3 ix
¢l o) ¢l il
C( Ty 27r) C( +°"4+2n)))’

and so on, where {(s,a) = > 2, W is called Hurwitz zeta function which is a

generalization of the Riemann zeta function {(s) and also known as the generalized
zeta function.

In this manner, the other components of the homotopy series can be easily
obtained by which u(x, ) can be evaluated in a series form as

u(x,t) = uo(x, 1) +uy (x, 1) +uz(x,2) + - -

1 — 92
= 4t sec hx+ 51375(2 sec hx+2’“7r’1’°‘l“(l +o) (((1 +a, %)
7
T+ 2ix 3 ix
1 — (1 -_ =
+C< + o, = ) C( +cx,4 2n)

3 ix
(reed 2N

Example 4.4 In this case, we shall find the approximate solution of the nonlocal
fractional SGE Eq. (4.1) with given initial conditions [55-57]

(4.66)

u(x,0) = m+ecos(ux), u(x,0)=0. (4.67)

Then, using Eq. (1.18) of Chap. 1 and applying Fourier transform on Egs. (4.1)
and (4.67), we get

ity (e, 1) + |k|"u(k, 1) + F (sinu) = 0, (4.68)

with initial conditions

i(k,0) = V21325 (k) + \/gsé(k — )+ \/gaé(lw- w), i;(k,0)=0, (4.69)

where F denotes the Fourier transform, & is called the transform parameter for
Fourier transform, and J(.) denotes the Dirac delta function.

Analogous to arguments as discussed in Example 4.3, we may obtain the fol-
lowing equations
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it (k1) = V2m%5(k),

iy (k, t; yn
ﬁdhﬁ:v%@@fm+wgﬁ&+uﬂﬂb*Cl%giﬁ+wudhmﬁ+ﬂmﬂ,

82’21 (k7 [ap)

i (k,t) = AL~ ( pY

+wmmknm+an}

iy (k, t;
in(h) = infln) 17 (TR (i) + P ),
s (k, 1;
i) = stk +17 (PEEL) ) + ) )
(4.70)
and so on.
Solving Eq. (4.70), we now successively obtain
ito(k, 1) = V21?5 (k), (4.71)
. T T
iy (k,t) = \/;sé(k — )+ \/;85(k+u), (4.72)

N 1 /= 1 /= ” 1 /=
iy (k,t) = Fz<— 3 \/;tzsé(k —w+ 3 \/;l‘28|k| ok — ) — 3 \/;tzgé(kJr,u)
1 |,
—1/=t7elk|*S(k
Sk ) )

(4.73)

and so on.
Then, by applying the inverse Fourier transform of Eqs. (4.71)—(4.73), we have
up(x, 1) = m,
i (x, ) = & cos (),
1
(i, 1) = 2 eh(—1 + ) cos(w),

1
uz(x, 1) = ﬁtzah(fl + 1) (12 — (=124 )7+ £hp*) cos(ux),
and so on.

In this manner, the other components of the homotopy series can be easily
obtained by which u(x, ) can be evaluated in a series form as
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u(x, 1) = up(x, £) + oy (x, 1) +up(x, ) + - - -
1
=51 <24n+ s<24 + 12202 + h)(—1 + 1) + 1 (—1 +,u“)2) cos(,ux)) + e

(4.74)

The After-Treatment Technique

Padé approximation may be used to enable us in order to increase the radius of
convergence of the series. This method can be used for analytic continuation of a
series for extending the radius of convergence. A Padé approximant is the ratio of
two polynomials constructed from the coefficients of the Maclaurin series expan-
sion of a function. Given a function f(r) expanded in a Maclaurin series
() = >°,2 cat", we can use the coefficients of the series to represent the function
by a ratio of two polynomials denoted by [L/M] and called the Padé approximant,
ie.,

[A%] B 51;((?) ’

where P (1) is a polynomial of degree at most L and Qy(z) is a polynomial of
degree at most M. The polynomials P, (7) and Oy (¢) have no common factors. Such
rational fractions are known to have remarkable properties of analytic continuation.
Even though the series has a finite region of convergence, we can obtain the limit of
the function as t — oo if L = M.

In case of Example 4.4, u(x, ) can be evaluated in a series form as

(4.75)

w(x, 1) = % (24n + 8(24 F12PRQ2 ) (— 1+ ) + R (—1 + ;ﬂ)2) cos(,ux)) .
(4.76)

Putting x=0.05,h=—-1,6=0.01,u= % anda =2 and applying Padé
approximant [5/5] to Eq. (4.76), we obtain

3.15158 — 0.066294 2 +0.00072717 £
i > (4.77)

0.05,1) =
3 1) ( 1 —0.021828 2 4+ 0.00021501 #

The 7-Curve and Numerical Simulations for MHAM-FT Method and
Discussions

As pointed out by Liao [58] in general, by means of the so-called h-curve, it is
straightforward to choose a proper value of 7 which ensures that the solution series
is convergent.
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To investigate the influence of % on the solution series, we plot the so-called 7-
curve of partial derivatives of u(x,t) at (0,0) obtained from the sixth-order
MHAM-FT solutions as shown in Fig. 4.7. In this way, it is found that our series
converges when i = —1.

In this present numerical experiment, Eq. (4.66) obtained by MHAM-FT has
been used to draw the graphs as shown in Fig. 4.8 for oo = 1.75. The numerical
solutions of Riesz fractional SGE in Eq. (4.1) have been shown in Fig. 4.8 with the
help of third-order approximation for the homotopy series solution of u(x, t), when
h=-1.

In this present analysis, Eq. (4.74) obtained by MHAM-FT has been used to
draw the graphs as shown in Fig. 4.9 for fractional-order value o« = 1.75. The
numerical solutions of fractional SGE Eq. (4.1) have been shown in Fig. 4.9 with
the help of sixth-order approximation for the homotopy series solution of u(x,?),
when i1 = —1.

In order to examine the numerical results obtained by the proposed method, both
Examples 4.3 and 4.4 have been solved by a numerical method involving
Chebyshev polynomial. The comparison of the approximate solutions for fractional
SGE Eq. (4.1) given in Examples 4.3 and 4.4 has been exhibited in Tables 4.1 and
4.4 which are constructed using the results obtained by MHAM and Chebyshev
polynomial at different values of x and ¢ taking o = 1.75and 1.5, respectively.
Similarly, Tables 4.2 and 4.5 show the comparison of absolute errors for classical
SGE given in Examples 4.3 and 4.4, respectively. To show the accuracy of the
proposed MHAM over Chebyshev polynomials, L, and L, error norms for classical
order SGE given in Examples 4.3 and 4.4 have been presented in Tables 4.3 and
4.6, respectively. Agreement between present numerical results obtained by
MHAM with Chebyshev polynomials and exact solutions appear very satisfactory
through illustrations in Tables 4.1, 4.2, 4.3, 4.4, and 4.6. The following Fig. 4.10

o.s T | T | T T
, |
| ||
06| | II -
'| |
\ f —_ & ui0.0)
04l . | ]
[ — Sntr(0.0)
0.2 / — Grerer(0.0)
0.0
=02

Fig. 4.7 Th-curve for partial derivatives of u(x, ) at (0, 0) for the sixth-order MHAM-FT solution
when o = 2
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(b)

L L : " Lo
=40 =20 20 0

Fig. 4.8 a MHAM-FT method solution for u(x, ) and b corresponding solution for u(x,7) when
t=04

(b)
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Fig. 49 Numerical results for u(x,7) obtained by MHAM-FT for a ¢ =0.001, b ¢ =0.05,
ce=01,andde=1.0

demonstrates a graphical comparison of the numerical solutions for u(0.05,1)
obtained by MHAM-FT and Padé approximation with regard to the exact solution
for Example 4.3.
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Table 4.1 Comparison of approximate solutions obtained by modified homotopy analysis
method and Chebyshev polynomial of second kind for fractional SGE Eq. (4.1) given in Example
4.3 at various points of x and ¢ taking « = 1.75and 1.5 with /i = —1

x o=175 a=15
t=0.01 t=0.02 t=0.01 t=0.02
UChebyshev UMHAM UChebyshev UMHAM UChebyshev UMHAM UChebyshev UMHAM

0.01 | 0.033828 | 0.039996 | 0.0600056 | 0.079986 | 0.034480 |0.039996 |0.059515 | 0.079986
0.02 | 0.018271 |0.039991 | 0.0571674 | 0.079974 |0.033566 |0.039991 |0.062218 | 0.079974
0.03 | 0.010936 |0.039981 |0.0562336 |0.079954 |0.033364 |0.039981 |0.064389 | 0.079954
0.04 | 0.009624 |0.039966 | 0.0566734 |0.079926 | 0.033664 | 0.039966 |0.066099 | 0.079926
0.05 |0.012513 |0.039948 | 0.0580476 |0.079890 | 0.034294 |0.039948 |0.067413 | 0.079890
0.06 | 0.018109 |0.039926 | 0.0599977 |0.079846 |0.035114 |0.039926 |0.068388 | 0.079846
0.07 |0.025213 | 0.039901 | 0.0622362 |0.079794 |0.036014 | 0.039901 | 0.069075 | 0.079794
0.08 |0.032879 | 0.039871 | 0.0645376 | 0.079734 |0.036907 |0.039871 |0.069521 | 0.079735
0.09 | 0.040384 | 0.039837 | 0.0667305 | 0.079667 |0.037728 | 0.039837 |0.069766 | 0.079667
0.1 0.047194 | 0.039799 | 0.0686896 | 0.079592 | 0.038433 | 0.039799 | 0.069845 | 0.079592

Table 4.2 Comparison of absolute errors obtained by modified homotopy analysis method and
Chebyshev polynomial of second kind for SGE equation given in Example 4.3 at various points of
x and ¢ taking o =2 and h = —1

X 4 |uExact - uChebyshev| |#Exact — UmuaMm]
0.02 0.02 1.45347E-5 2.55671E-9
0.04 0.02 1.46767E-5 2.54906E-9
0.06 0.02 1.48475E—5 2.53636E-9
0.08 0.02 1.50368E—5 2.51869E-9
0.1 0.02 1.52361E-5 2.49619E-9
0.02 0.04 5.26987E-5 8.17448E—-8
0.04 0.04 5.32093E-5 8.15001E—8
0.06 0.04 5.38216E-5 8.10941E-8
0.08 0.04 5.45030E-5 8.05296E—-8
0.1 0.04 5.52250E-5 7.98104E—-8
0.02 0.06 1.07843E—5 6.19865E—7
0.04 0.06 1.08860E—4 6.18011E—-7
0.06 0.06 1.10091E—4 6.14935E—7
0.08 0.06 1.11471E-4 6.10656E—7
0.1 0.06 1.12943E—4 6.05206E—7
0.02 0.08 1.75050E—4 2.60691E—6
0.04 0.08 1.76623E—-4 2.59912E-6
0.06 0.08 1.78561E—4 2.58619E—6
0.08 0.08 1.80758E—4 2.56821E—6
0.1 0.08 1.83120E—4 2.54531E-6
0.02 0.1 2.50768E—4 7.93538E—6
0.04 0.1 2.52867E—4 7.91169E—6

(continued)
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Table 4.2 (continued)
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X t UExact — UChebyshev |uExact - MMHAM|
0.06 0.1 2.55516E—4 7.87237E-6
0.08 0.1 2.58561E—4 7.81770E—6
0.1 0.1 2.61864E—4 7.74804E—6

Table 4.3 L, and L, error norm for SGE Eq. (4.1) given in Example 4.3 at various points of
x and ¢ taking o =2

t MHAM Chebyshev polynomial

Ly Ly Ly Ly
0.02 5.6606E—9 2.55671E-9 3.32469E-5 1.52361E-5
0.04 1.80985E—7 8.17448E—8 1.20522E-4 5.52250E-5
0.06 1.37240E—-6 6.19865E—7 2.46541E—4 1.12943E—4
0.08 5.77184E—-6 2.60691E—6 3.99911E—4 1.83120E—4
0.10 1.75695E-5 7.93538E—-6 5.72312E-4 2.61864E—4

Table 4.4 Comparison of approximate solutions obtained by modified homotopy analysis
method and Chebyshev polynomial of second kind for fractional SGE Eq. (4.1) given in Example

4.4 at various points of x and ¢ taking « = 1.75and 1.5 with h = —1

X o=1.75 a=15

t=0.01 t=0.02 t=0.01 t=0.02

UChebyshev UMHAM UChebyshev UMHAM UChebyshev UMHAM UChebyshev UMHAM
0.10 | 3.13459 3.151570 | 3.08713 3.1515800 | 3.15003 3.151567 3.14319 3.15156847
0.15 3.15900 3.151536 | 3.18638 3.1515373 3.16211 3.151540 | 3.19226 3.15153726
0.20 |3.16542 3.15149 3.20162 3.1514930 | 3.16066 3.151492 3.18787 3.15149362
0.25 3.15980 3.15144 3.18315 3.1514377 3.15390 3.151438 3.16158 3.15143760
0.30 | 3.15161 3.15137 3.15421 3.1513693 3.14879 3.15136 3.14129 3.15136928
0.35 3.14675 3.15129 3.13604 3.1512888 3.14823 3.15128 3.13897 3.15128874
040 |3.14623 3.15120 3.13282 3.1511961 3.15131 3.15119 3.15122 3.15119609
0.45 3.14781 3.15109 3.13733 3.1510915 3.15506 3.15108 3.16632 3.15109143
0.50 | 3.14867 3.15097 3.14015 3.1509749 | 3.15662 3.150970 | 3.17283 3.15097489

Table 4.5 Absolute errors obtained by modified homotopy analysis method and Chebyshev
polynomial of second kind for classical SGE equation given in Example 4.4 at various points of
x and ¢ taking i = —1

X t UChebyshev — UMHAM
0.2 0.2 5.09463E-5
0.4 0.2 8.84127E-5
0.6 0.2 1.48843E—4
0.8 0.2 2.20924E-4

(continued)
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Table 4.5 (continued)

X t UChebyshev — UMHAM
1.0 0.2 2.85454E—-4
0.2 0.4 2.00397E-5
0.4 0.4 1.11716E—4
0.6 0.4 3.30001E—4
0.8 0.4 5.79195E—4
1.0 0.4 8.02329E—4
0.2 0.6 4.93420E—4
0.4 0.6 2.19299E—4
0.6 0.6 2.24080E—4
0.8 0.6 7.26968E—4
1.0 0.6 1.19255E—4
0.2 0.8 1.56021E-3
0.4 0.8 1.09038E-3
0.6 0.8 3.68090E—4
0.8 0.8 4.64603E—4
1.0 0.8 1.30778E-3
0.2 1.0 3.30232E-3
0.4 1.0 2.56352E-3
0.6 1.0 1.50743E-3
0.8 1.0 2.41294E-4
1.0 1.0 1.22502E-3

Table 4.6 L, and L., error norm obtained by MHAM and Chebyshev polynomial with regard to
HAM for SGE Egq. (4.1) given in Example 4.4 at various points of x and 7 taking ¢ = 1 and &« = 2

t MHAM Chebyshev polynomial

Ly Ly Ly Lo
0.02 3.61832E-6 1.62617E—-6 3.16274E-6 1.98279E-6
0.04 1.44585E-5 6.49802E—-6 2.02068E-5 9.70659E—6
0.06 3.24763E-5 1.45956E—5 4.76627E-5 2.21017E-5
0.08 5.75978E-5 2.58855E-5 8.09011E-5 3.87676E-5
0.10 8.97196E-5 5.92957E-5 1.30016E—4 5.85008E—5
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Fig. 4.10 Graphical comparison of the numerical solutions #(0.03, 7) obtained by MHAM-FT and
Padé approximation with regard to the exact solution for Example 4.3

4.5 Conclusion

In the present chapter, shifted Griinwald approximation has been used in order to
discretize the Riesz fractional diffusion equation. This equation has been solved by
explicit finite difference method. The numerical solution of time and space Riesz
fractional Fokker—Planck equation has been obtained from the discretization by
fractional centered difference approximation of the Riesz space fractional deriva-
tive. The implicit finite difference method has been applied in order to solve the
Riesz fractional Fokker—Planck equation. The above numerical schemes are quite
accurate and efficient, and the numerical results demonstrated here exhibit the pretty
good agreement with the exact solutions.

Moreover, in this chapter, a new semi-numerical technique MHAM-FT method
has been proposed to obtain the approximate solution of nonlocal fractional SGE.
The fractional SGE with nonlocal Riesz derivative operator has been first time
solved by MHAM-FT method in order to justify the applicability of the proposed
method. The approximate solutions obtained by MHAM-FT provide us with a
convenient way to control the convergence of approximate series solution and
solves the problem without any need for the discretization of the variables. To
control the convergence of the solution, we can choose the proper values of 7; here
we choose i = —1. In order to examine the numerical results obtained by the
proposed method, both Examples 4.3 and 4.4 have been solved by a numerical
method involving Chebyshev polynomial. To show the accuracy of the proposed
MHAM over Chebyshev polynomials, L, and Ly, error norms for classical order
SGE given in Examples 4.3 and 4.4 have been presented in Tables 4.3 and 4.6,
respectively. Agreement between present numerical results obtained by MHAM
with Chebyshev polynomials and exact solutions appears very satisfactory through
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illustrations in Tables 4.1, 4.2, 4.3, 4.4, and 4.6. The proposed MHAM-FT method
is very simple and efficient for solving the nonlinear fractional sine-Gordon
equation with nonlocal Riesz derivative operator. Thus, the proposed MHAM-FT
method can be elegantly applied for solving other Riesz fractional differential
equations.
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