Chapter 2 )
New Approaches for Decomposition e
Method for the Solution of Differential
Equations

2.1 Introduction

In many practical applications regarding the field of science and engineering, the
physical systems are modeled by nonlinear partial differential equations (NLPDE's).
These equations play a significant role in modeling problems in science and
engineering. Many physical phenomena of the physical problems arising in various
fields of science and engineering can be elegantly investigated by the NPDE:s.
Furthermore, NPDEs are widely used to describe complex phenomena in various
fields of sciences, such as physics, biology, and chemistry and engineering.
Because, in many of the cases exact solutions are very difficult or even impossible
to obtain for NPDEs, the approximate analytical solutions are particularly important
for the study of dynamic systems for analyzing their physical nature. In the case of
approximate analytical solutions, the success of a certain approximation method
depends on the nonlinearities that occur in the studied problem, and thus a general
algorithm for the construction of such approximate solutions do not exist in the
general cases. Various methods have been devised to find the exact and approxi-
mate solutions of nonlinear partial differential equations in order to impart a great
deal of information for understanding physical phenomena arising in numerous
scientific and engineering fields. The investigation of the analytical solutions of
NPDEs plays a prominent role in the study of nonlinear physical phenomena.

In this chapter, the modified decomposition method has been implemented for
solving a coupled Klein-Gordon Schrédinger equation. In this purpose, a system of
coupled Klein-Gordon Schrddinger equation with appropriate initial values has
been solved by using the modified decomposition method. The proposed method
does not need linearization, weak nonlinearity assumptions or perturbation theory.

Spatially fractional order diffusion equations are generalizations of classical
diffusion equations which are increasingly used in modeling practical superdiffusive
problems in fluid flow, finance and other areas of application. This chapter presents
the analytical solutions of space fractional diffusion equations by two-step Adomian
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decomposition method (TSADM). By using initial conditions, the explicit solutions
of the equations have been presented in the closed form and then their solutions
have been represented graphically. The solution procedures of a one-dimensional
and a two-dimensional fractional diffusion equation are presented to show the
application of the present technique. The solutions obtained by the standard
decomposition method have been numerically evaluated and presented in the form
of tables and then compared with those obtained by TSADM. After examining the
results, it manifests that the present TSADM performs extremely well in terms of
efficiency and simplicity.

This chapter also presents the new approach of the Adomian decomposition
method (ADM) for the solution of space fractional diffusion equation with insulated
ends. A typical example of special interest with fractional space derivative of order
o, 1<o<2 is considered in the present analysis and solved by ADM after
expressing the initial condition as Fourier series. The explicit solution of space
fractional diffusion equation has been presented in the closed form and then the
numerical solution has been represented graphically. The behaviour of Adomian
solutions and the effects of different values of o are shown graphically.

2.2 Outline of the Present Study

The aim of the present chapter is to focus on the study of nonlinear partial dif-
ferential equations (NLPDESs) that have particular applications appearing in engi-
neering and applied sciences. The analytical approximate methods have been used
for solving some specific nonlinear partial differential equations like coupled
nonlinear Klein-Gordon-Schrodinger equations, space fractional diffusion equations
on finite domain, space fractional diffusion equation with insulated ends, which
have a wide variety of applications in physical models.

2.2.1 Coupled Nonlinear Klein—-Gordon-Schraédinger
Equations

The coupled nonlinear Klein—Gordon—Schrodinger (K-G-S) equations are consid-
ered in the following form:

o b0 o)
W+ Ve +uv = 0.
The modified decomposition method has been applied for solving coupled
Klein-Gordon-Schrédinger equations which play an important role in modern
physics.
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Darwish and Fan [1] have been proposed an algebraic method to obtain the
explicit exact solutions for coupled Klein-Gordon-Schrdédinger (K-G-S) equations.
Recently, the Jacobi elliptic function expansion method has been applied to obtain
the solitary wave solutions for coupled K-G-S equations [2]. Hioe [3] has obtained
periodic solitary waves for two coupled nonlinear Klein—-Gordon and Schrodinger
equations. Bao and Yang [4] have presented efficient, unconditionally stable and
accurate numerical methods for approximations of the Klein-Gordon-Schrodinger
equations. In order to determine the explicit series solutions of the coupled K-G-S
equations, the notion of Adomian’s decomposition method (in short ADM) [5, 6]
has been used. Without the use of any linearization or transformation method, the
ADM accurately computes the series solution. The ADM method which is of great
interest to applied sciences [5-7], provides the solution in a rapidly convergent
series with components that can be elegantly computed. The nonlinear equations
are solved easily and elegantly without linearizing the problem by using the ADM
[5, 6]. Large classes of linear and nonlinear differential equations, both ordinary as
well as partial, can be solved by the Adomian decomposition method [5—41].
A reliable modification of Adomian decomposition method has been done by
Wazwaz [42]. The decomposition method provides an effective procedure for
analytical solution of a wide and general class of dynamical systems representing
real physical problems [5-10, 12, 14-20, 23-25, 28-38, 40, 41]. This method
efficiently works for initial-value or boundary-value problems and for linear or
nonlinear, ordinary or partial differential equations and even for stochastic systems.
Moreover, we have the advantage of a single global method for solving ordinary or
partial differential equations as well as many types of other equations. Recently, the
solution of the fractional differential equation has been obtained through the
Adomian decomposition method by the researchers [38—40]. The method has
features in common with many other methods, but it is distinctly different on close
examinations, and one should not be misled by apparent simplicity into superficial
conclusions [5, 6].

In the present chapter, the modified decomposition method (in short MDM) has
been used to obtain the analytical approximate solutions of the coupled sine-Gordon
equations (2.1).

2.2.2 Space Fractional Diffusion Equations on Finite
Domain

Fractional diffusion equations are used to model problems in physics [43—45],
finance [46—49], and hydrology [50-54]. Fractional space derivatives may be used
to formulate anomalous dispersion models, where a particle plume spreads at a rate
that is different than the classical Brownian motion model. When a fractional
derivative of order 1 <o <2 replaces the second derivative in a diffusion or dis-
persion model, it leads to a superdiffusive flow model. Nowadays, fractional
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diffusion equation plays important roles in modeling anomalous diffusion and
subdiffusion systems, description of fractional random walk, the unification of
diffusion and wave propagation phenomenon, see, e.g., the reviews in [43-58], and
references therein.

A one-dimensional fractional diffusion equation has been considered as in [59]

Ou(x, 1)
ot

0"u(x, 1)
Ox*

= d(x) +4q(x,1), (2.2)
on a finite domain x; <x <xg with 1 <o <2. It is to be assumed that the diffusion
coefficient (or diffusivity) d(x) > 0. We also assume an initial condition u(x,t =
0) = s(x) for x;, <x<xg and Dirichlet boundary conditions of the form u(x,7) = 0
and u(xg, ) = bg(t). Equation (2.2) uses a Riemann fractional derivative of order o.
Also, a two-dimensional fractional diffusion equation has been considered as in
[60]
0" u(x,y,1) Pu(x,y, 1)

+€()C7 y) ay/;

+q(x,y,1), (2.3)

on a finite rectangular domain x; <x<xy and y; <y<yy, with fractional orders
l<a<2and 1< f <2, where the diffusion coefficients d(x,y) > 0 and e(x,y) > 0.
The ‘forcing’ function g(x,y, ) can be used to represent sources and sinks. We will
assume that this fractional diffusion equation has a unique and sufficiently smooth
solution under the following initial and boundary conditions. Assume the initial
condition u(x,y,t = 0) = f(x,y) for x, <x<xg, y, <y <y, and Dirichlet bound-
ary condition u(x,y,t) = B(x,y,?) on the boundary (perimeter) of the rectangular
region xp<x<xy, y,<y<yy, with the additional restriction that
B(xp,y,t) = B(x,y1,t) = 0. In physical applications, this means that the left/lower
boundary is set far away enough from an evolving plume that no significant con-
centrations reach that boundary. The classical dispersion equation in two dimen-
sions is given by o« = ff =2. The values of 1<ua<?2, or 1<ff<2 model a
super-diffusive process in that coordinate. Equation (2.3) also uses Riemann frac-
tional derivatives of order o and f.

In this chapter, the new two-step Adomian Decomposition Method (ADM) [6]
has been used to obtain the solutions of the fractional diffusion equations (2.2) and
(2.3).

2.2.3 Space Fractional Diffusion Equation with Insulated
Ends

The fractional differential equations appear more and more frequently in different
research areas and engineering applications. Nowadays, fractional diffusion equa-
tion plays important roles in modeling anomalous diffusion and subdiffusion
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systems, description of fractional random walk, the unification of diffusion and
wave propagation phenomenon, see, e.g. the reviews in [43, 44, 55-58, 61], and
references therein.

In this chapter, the following space fractional diffusion equation with insulated
ends has been considered [62]

Ou(x, 1)
ot

=dD%u(x,t), O<x<L, (>0, l<o<2, (2.4)

where d is the diffusion coefficient and D? is Caputo fractional derivative of order «,
which is defined as [63]

der ao=meN
Dif () = r(nLa) oj (x— é)mﬂ*l%ﬁ)df, m—1l<oa<m, m€N. 23)
We further consider the following Dirichlet’s boundary conditions
6”;2’ 0 _ a”éi’ 0 _ 0, >0, (2.6)
and initial condition
u(x,0) =f(x), 0<x<L (2.7)

In the present chapter, the Adomian decomposition method (ADM) [5, 6] with a
simple variation has been used to obtain the analytical approximate solution of
space fractional diffusion equation (2.4) with insulated ends.

2.3 Analysis of Proposed Methods

In this section, the analysis of modified decomposition method (MDM), the new
two-step Adomian Decomposition Method, and Adomian decomposition method
with a simple variation have been presented for solving the above physical
problems.

2.3.1 A Modified Decomposition Method for Coupled K-G-S
Equations

The coupled K-G-S equations (2.1) can be written in the following operator form
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Lyu = Lyu —u+N(u,v)

2.8
Ly = iLyv+iM(u,v) 28)

where L, = %, L; = % and L,, = % symbolize the linear differential operators and

the notations N(u,v) = |v|* and M(u,v) = uv symbolize the nonlinear operators.
tt
Applying the two-fold integration inverse operator L' = JJ()drdr to the
00
system (2.8) and using the specified initial conditions yields

u(x, ) = u(x,0) + tu,(x,0) + L, Loou — L, 'u~+L,"N(u,v)

- _— (2.9)
v(x,0) +iL; " Lyv+il, M(u,v).

<
—~
=

~
~—

Il

The Adomian decomposition method [5, 6] assumes an infinite series of solu-
tions for unknown function u(x,¢) and v(x, ) given by

u(x, 1) = Z un(x, 1),
=0 (2.10)

v(x, 1) = zoo:v,,(x, 1),
n=0

and nonlinear operators N(u,v) = |v|* and M(u,v) = uv by the infinite series of
Adomain polynomials given by

o0
N(u,v) = ZA,,(uo,ul, e Uny VO, VL, ey V)i
n=0

o0

M(u,v) = Z n (U ULy oo Uy VO, Ve oy Vi),
n=0

where A, and B, are the appropriate Adomian’s polynomial which are generated
according to algorithm determined in [5, 6]. For the nonlinear operator N(u,v),
these polynomials can be defined as

1 4 > >
Ap(Uoy Uy e oy Uy VO, VI ey V) = A [N (Z IKug, Z )Lkvk>] , n>0.
: =0 =0 =0
(2.11)

Similarly for the nonlinear operator M (u,v),

l d” s k O k
Bn(uo,ul,...,un,vo,vl,...,vn):Ed/ln M Zl uk,Z/l Vi , n>0.
’ 7=0
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These formulae are easy to set computer code to get as many polynomials as we
need in the calculation of the numerical as well as explicit solutions. For the sake of
convenience of the readers, we can give the first few Adomian polynomials for

N(u,v) = [v|*, M(u,v) = uv of the nonlinearity as

Ag = vovo,
Ay = vivp + vy,

Ay = vaVy + voVs + vy,

and
By = ugvo,

By = uyvo +upvy,

By = upvg + ugvy +uyvy,

and so on, the rest of the polynomials can be constructed in a similar manner.

Substituting the initial conditions into Eq. (2.9) and identifying the zeroth
components u, and vy, we then obtain the subsequent components by using the
following recursive equations according to the standard ADM

-1 —1 —1
Up+1 = Ltt Lxxun _Ln Up +L[f Ana n207

o o (2.13)
Vg1 =il Lyv,+iL,'B,, n>0.

Recently, Wazwaz [42] proposed that the construction of the zeroth component

of the decomposition series can be defined in a slightly different way. In [42], he
assumed that if the zeroth component uy = g and the function g is possible to divide
into two parts such as g; and g;, the one can formulate the recursive algorithm for
uy and general term u, | in a form of the modified recursive scheme as follows:

Uy = &1,
uy =g+ L, Loug — L, ug+ L, Ag, (2.14)
Uni1 =L Loy — L 'uy +L'A,, > 1.

Similarly, if the zeroth component vy = g’ and the function g’ is possible to
divide into two parts such as g} and g), the one can formulate the recursive
algorithm for vy and general term v, | in a form of the modified recursive scheme
as follows:
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Vo = gllv
v = gh+iL, ' Lyvo +iL; ' By, (2.15)
Va1 =il 'Lov, +iL'B,, n>1.

This type of modification is giving more flexibility to the ADM in order to solve
complicate nonlinear differential equations. In many cases, the modified decom-
position scheme avoids unnecessary computation especially in the calculation of the
Adomian polynomials. The computation of these polynomials will be reduced very
considerably by using the MDM.

It is worth noting that the zeroth components uy and v, are defined then the
remaining components u, and v,, n>1 can be completely determined. As a
result, the components ug,uy,..., and vg,vy,..., are identified and the series
solutions thus entirely determined. However, in many cases, the exact solution in a
closed form may be obtained.

The decomposition series solutions (2.10) generally converge very rapidly in
real physical problems [6]. The rapidity of this convergence means that few terms
are required. The convergence of this method has been rigorously established by
Cherruault [64], Abbaoui and Cherruault [65, 66] and Himoun et al. [67]. The
practical solutions will be the n-term approximations ¢, and y,,

(2.16)

with

e (2.17)

2.3.2 The Two-Step Adomian Decomposition Method
Equation (2.2) can be rewritten as
Lu(x,t) = d(x)Du(x, t) + q(x,1) (2.18)

where L, =2 which is an easily invertible linear operator, D?(.) is the
Riemann-Liouville derivative of order o.
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The solution u(x,7) of Eq. (2.18) is represented by the decomposition series

u= iun. (2.19)
n=0

Now, operating L;l both sides of Eq. (2.18) and then substituting Eq. (2.19)
yields

u(x, 1) = u(x,0) + L' (d(X)DZ (i “) > +L (g(x, 1)) (2.20)
n=0

Each term of series (2.19) is given by the standard ADM recurrence relation

uo :fa
unHzL*l(d(x)D;‘un), n>0

t

(2.21)

where f = u(x,0) + L, (q(x,1)).

It is worth noting that once the zeroth component uy is defined, then the
remaining components u,, n>1 can be completely determined; each term is
computed by using the previous term. As a result, the components ug, uy, ... are
identified and the series solutions thus entirely determined. However, in many
cases, the exact solution in a closed form may be obtained.

Without loss of generality let us assume that the zeroth component uy = f and
the function f is possible to divide into two parts such as f; and f>, then one can
formulate the recursive algorithm for uy and general term u,; in a form of the
modified decomposition method (MDM) recursive scheme as follows:

uo = fi
ur = fo+L; ' (d(x)Du,) (2.22)
Up+1 = L;1 (d(x)D;Mn), n>1.

Comparing the recursive scheme (2.21) of the standard Adomain method with
the recursive scheme (2.22) of the modified technique leads to the conclusion that in
Eq. (2.21) the zeroth component was defined by the function f, whereas in
Eq. (2.22), the zeroth component u is defined only by a part f; of /. The remaining
part f, of fis added to the definition of the component u; in Eq. (2.22). Although the
modified technique needs only a slight variation from the standard Adomian
decomposition method, the results are promising in that it minimizes the size of
calculations needed and will accelerate the convergence. The modification could
lead to a promising approach for many applications in applied science.
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The decomposition series solution (2.19) generally converges very rapidly in
real physical problems [5, 6]. Here also, the practical solution will be the n-term
approximation ¢,

bp =) uwilx,1), n=>1 (2.23)

with
. = u(x,1). (2.24)

Luo [68] presented the theoretical support of how the exact solution can be
achieved by using only two iterations in the modified decomposition method. In
detail, it is possible because all other components vanish if the zeroth component is
equal to the exact solution.

Although the modified decomposition method may provide the exact solution by
using two iterations only, the criterion of dividing the function f into two practical
parts, and the case where f consists only of one term remains unsolved so far. The
two-step Adomian decomposition method (TSADM) overcomes the difficulties
arising in the modified decomposition method.

In the following, Luo [68] presents the two-step Adomian decomposition
method. For the convenience of the reader, we consider the differential equation

Lu+Ru+Nu=g, (2.25)

where L is the highest order derivative which is assumed to be easily invertible, R is
a linear differential operator of order less than L, Nu represents the nonlinear terms,
and g is the source term.

The main ideas of the two-step Adomian decomposition method are:

1. Applying the inverse operator L™ to g, and using the given conditions we
obtain

p=¢+L'g,

where the function ¢ represents the term arising from using the given
conditions, all are assumed to be prescribed.

Let
o= ¢ (2.26)
i=0
where ¢g, ¢,..., ¢, are the terms arising from integrating the source term

g and from using the given conditions. Based on this, we define uy =
Qr+ ...+ @r s wherek=0,1,...,m,s=0,1,...,m — k. Then we verify that
uy satisfies the original equation Eq. (2.25) and the given conditions by
substitution, once the exact solution is obtained, we stop. Otherwise, we go to
the following step two.



2.3 Analysis of Proposed Methods 65
2. We set uy = ¢ and continue with the standard Adomian recursive relation

Up+1 = —L_I(Ruk) - L_I(Ak), kZO

Similarly, for Eq. (2.3), we can obtain

u(x,y,1) = u(x,y,0) JrL;1 ( x,y)D% (iun>>
n=0

L ( e(x,y)D! <Zu>> (q(x,y,1)).

Now, the standard Adomian decomposition method recurrence scheme is

(2.27)

up = f,

2.28
Uy 1= Lt_l (d(x,y)iju,,) —i—Lt_1 (e(x, y)Dfun), n>0, ( )

where f = u(x,y,0) + L' (q(x,y,1)).
In the other hand, the modified decomposition method recursive scheme is as
follows

uo = fi
= fo+ L7 (A )Dg) + 17 (e, ) Dl (229)

tnon = L (dle0)D2) + 17 (elr Db ), n= 1.

Compared to the standard Adomian method and the modified method, we can
see that the two-step Adomian method may provide the solution by using two
iterations only.

2.3.3 ADM with a Simple Variation for Space Fractional
Diffusion Model

Equation (2.4) can be written as
Liu(x,t) = dD%u(x, 1), (2.30)

where L, = gt which is an easily invertible linear operator, DZ(-) is the Caputo
fractional derivative of order o
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If f(x) is a periodic function with period L, then the Fourier Cosine series of f(x)
in [0, L] can be obtained as

flx) = % + i%jf(i)cos(%ﬂé>décos(nl‘£>. (2.31)
0

The Fourier Cosine series is well adapted to functions whose first order
derivatives are zero at the endpoints x = 0 and x = L of the interval [0, L], since all
the basis functions cos(2*) have this property.

Therefore, after considering the initial condition u(x, 0) = f(x) as Fourier Cosine
series, we can take

u(x,0) = % + i%/f(f) cos (%) dé cos, (n_zx>7 (2.32)
0

where cos, (@) is the Generalized Cosine function defined in [69] and y = «/2,

L
ye (1]
It is known that

D’ sin, x = cos, x, lirrll sin, x = sinx
T

and

Y sin. x —
D: sin, x = cos, x,

0 (—l)”x2”7’
where cos, x = Z:Om
n=

According to the Adomian decomposition method, we can write,

u(x,t) = u(x,0) + L, (dD u(x,1)), (2.33)
where
uo = u(x,0)
Sk 52 [ 166y cos ("5 Jazeos, ("),
=1

and so on.
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The decomposition series solution

0
u= E Up,
n=0

generally converges very rapidly in real physical problems [6]. The practical
solution will be the n-term approximation ¢,

n—1

by =Y ui(x,t), n>1 (2.34)
i=0
with
lim ¢, = u(x,1). (2.35)

2.4 Solutions of Coupled Klein—-Gordon—Schrédinger
Equations

In this section, the modified decomposition method has been used for getting the
analytical approximate solutions for the coupled K-G-S equations (2.1).

2.4.1 Implementation of MDM for Analytical Approximate
Solutions of Coupled K-G-S Equations

We first consider the coupled K-G-S equations (2.1) with the initial conditions

u(x,0) = 6B* sec h*(Bx), u;(x,0) = —12B*csec h*(Bx) tanh(Bx),

. 2.36
v(x,0) = 3Bsec h*(Bx)e'™, (2.36)

where B(>1/2), ¢ and d are arbitrary constants.

Using (2.14) and (2.15) with (2.11) and (2.12) respectively and considering
c=Y4=1 g = — < for the coupled K-G-S equations (2.1) and initial conditions
(2.36) gives
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ug =0,
up = u(x,0) + tu,(x,0) + L, ' Lo — L, 'ug + L, Ag
= 6B” sec h*(Bx) — 12B*ct sec h*(Bx) tanh(Bx),
uy = L Loy — L uy + LA
= 1*(—3B* sec h*(Bx) — 9B* sec h*(Bx) + 3B* cosh(3Bx) sec i°(Bx))
+ 3 (=2B*c sec b (Bx)(—11 sinh(Bx) + sinh(3Bx))
+ 2B%c sec h* (Bx) tanh(Bx)),

and
vo =0,
vi =v(x,0)+ iL;lexvo + iL,’lBo
= 3Bsec h*(Bx)e'™,

va = il 'Lyvy +iL; ' B
= —3iBe'®1 sec h*(Bx)(2B* sec h (Bx) + (d + 2iB tanh?(Bx))?)

and so on, in this manner, the other components of the decomposition series can be
easily obtained of which u(x, ) and v(x, ) were evaluated in the following series
form
u(x,t) = 6B sec h*(Bx) — 12B%ct sec h*(Bx) tanh(Bx)

+ (—3B% sec h?(Bx) — 9B* sec h*(Bx) -+ 3B* cosh(3Bx) sec h°(Bx))

+ 3 (=2B*csec I’ (Bx)(—11 sinh(Bx) + sinh(3Bx)) + 2B%c sec h*(Bx) tanh(Bx)) + - - -
v(x,1) = 3Bsec h?(Bx)e™®

(2.37)

—3iBe®tsec h*(Bx)(2B° sec h>(Bx) + (d + 2iB tanh®(Bx))*) + - - -. (2.38)

follow immediately with the aid of Mathematica [70].

2.4.2 Numerical Results and Discussion for Coupled K-G-S
Equations

In this section, we analyze the numerical solutions for coupled K-G-S equations
obtained by the modified decomposition method.

The numerical simulations using MDM

In the present numerical experiment, Eqs. (2.37) and (2.38) have been used to draw
the graphs as shown in Figs. 2.1, 2.2, 2.3 and 2.4 respectively.



2.4  Solutions of Coupled Klein—-Gordon—Schrodinger Equations 69

The numerical solutions of the coupled K-G-S equations (2.1) have been shown
in Figs. 2.1, 2.2, 2.3 and 2.4 with the help of five-term and four-term approxima-
tions ¢s and y, for the decomposition series solutions of u(x,7) and v(x,?)
respectively. In the present numerical computation, we have assumed B = 0.575.
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Fig. 2.1 a The decomposition method solution for u(x, ), b Corresponding 2D solution for u(x, 7)
when 1 =0

5 10
Fig. 2.2 a The decomposition method solution for Re(v(x,?)), b Corresponding 2D solution for
Re(v(x,7)) when t =0

(a) (b)

1o

Im[w(x,t)]

Fig. 2.3 a The decomposition method solution for Im(v(x, 7)), b Corresponding 2D solution for
Im(v(x,7)) when t =0
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(a) (b)
5
E
“j.(l 5 ]_‘0 £

Fig. 2.4 a The decomposition method solution for Abs(v(x,)), b Corresponding 2D solution for
Abs(v(x,7)) when r =0

2.5 Implementation of Two-Step Adomian Decomposition
Method for Space Fractional Diffusion Equations
on a Finite Domain

In this section, the new two-step Adomian decomposition method has been
implemented for the solutions of one-dimensional and two-dimensional space
fractional diffusion equations with finite domain respectively.

2.5.1 Solution of One-Dimensional Space Fractional
Diffusion Equation

Let us consider the one-dimensional fractional diffusion equation (2.2), as taken in
[59]

Ou(x, 1)
ot

O"Bu(x, )
Ox18

=d(x) +q(x,1), (2.39)

on a finite domain 0 <x < 1, with the diffusion coefficient
d(x) = T'(2.2)x*%/6 = 0.183634x*%,
the source/sink function
q(x,1) = —(14+x)e™'x°,

the initial condition
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u(x,0) =x°, for0<x<l
and the boundary conditions

u(0,¢) =0,u(l,t) =e*, fort>0.

)

Now, Eq. (2.39) can be rewritten in operator form as
Lu(x, ) = d(x)D Su(x, 1) +q(x, 1), (2.40)

where L, = % symbolizes the easily invertible linear differential operator, D}C'g(.) is
the Riemann-Liouville derivative of order 1.8.

t
Applying the one-fold integration inverse operator L' = [ (.)ds to Eq. (2.40)

0
and using the specified initial condition yields

”(xa t) = u(x7 0) +Lt_l (d(x)DAl"AS (zoc: u”)) +Lt_l (q(xa t))

n=0

=e X +ex —xt+L! <d(x)D}c'8 (Z un> ) .
n=0

The standard Adomian decomposition method:

(2.41)

up = e 'x +ext —xt,

b <r(2.2)x2-861-8u0>
1 =L, I

6 Ox!8
4(—e "+ 1—1)x°
= (et A DY
< 22%8818 )
Uy = "
4 41— 1)x (e’ ﬁ—i—t—l)x(’
- 22 32 %222 ’

28618
u =1L ( 6 8x13)

80(—e '+ G-t 1)a0  SOT(6)(—er — g+ f—1+1)¥

3.2 x2.22 + 42 %x322x223 ’

and so on.
Therefore, according to the decomposition method, the two-term approximation

¢, is
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by = uo+u
4(—eTT+1— 1) (2.42)

_ —1.3
=e x + 25

Therefore, the three-term approximation ¢5 is

O3 =uo+ur+us

L so(e = h =) (2.43)
se 32 %222

Therefore, according to the decomposition method, the four-term approximation
by is
(f)4 =ug+uy+uy+us
B0T(6) (—e = § + §— 1+ 1) (2.44)
42 %x322%x223

—e ¥

The TSADM:
Using the scheme (2.26) of TSADM, we have

@ = Qo+ @1+ @,

where @, = e7'x%, ¢, = e 'x*, @, = —x*.
Clearly, ¢, and ¢, do not satisfy the initial condition u(x,0) = x>. By selecting
up = @, and verifying that u justifies Eq. (2.39) and satisfies the initial as well as

boundary conditions, we obtain the following terms from the recursive scheme of
MDM

uy =e 'x’,
_ 1 (T(2.2)x*8 913y,
—ex* —xt— (e — 1)x*
=0
[(2.2)x28 918
w =L 1 (2.2) 0" °u;
6 Ox!8
=0

and so on.
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Therefore, the solution is
u(x, 1) =e 'y’ (2.45)

The solution (2.45) can be verified through substitution in Eq. (2.39).

2.5.2 Solution of Two-Dimensional Space Fractional
Diffusion Equation

Let us consider the two-dimensional fractional diffusion equation Eq. (1.2), as in
(60]

9" %u(x, y,1)

0" u(x,y, 1)
61‘ - d(xay) 8)(1‘8

+e(x,y) 8y‘~6

+q(x,,1), (2.46)

on a finite rectangular domain 0 <x <1, 0 <y <1, for 0 <t < T,pg with the diffusion
coefficients

d(x,y) = T(2.2)x*%y/e6,
and
e(x,y) = 2xy"°/T(4.6),

and the forcing function
q(x,y,1) = —(1+2xy)e x>,
with the initial condition
u(x,y,0) = 'y,

and Dirichlet boundary conditions on the rectangle in the form wu(x,0,7) =
u(0,y,t) = 0, u(x, 1,¢) = e~'x>, and u(1,y,t) = e~'y>%, for all £ >0.
Now, Eq. (2.46) can be rewritten in operator form as

Liu(x,y,t) = d(x,y)DPu(x, y, 1) + e(x, y)Dyl‘ﬁu(x,y, 1) +q(x,y,1), (2.47)

where L, = % symbolizes the easily invertible linear differential operator, D!3(.)

and D}°(.) are the Riemann—Liouville derivatives of order 1.8 and 1.6 respectively.
t
Applying the one-fold integration inverse operator L' = [(.)dr to the
0
Eq. (2.47) and using the specified initial condition yields
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u(x,y,1) = u(x,y,0) + L <d<x,y>Di‘8 (i >>
n=0
+L! (e(x,y)D;'ﬁ (i u)) +L  (q(x, 1)

n=0

_x3y36 —t+2x4 4.6 —t 2x4 46+Lt_1 (d()ﬁy)D)lCS <Zun>>

n=0
+L! (e(x, )Dy° (i u) )
n=0

The standard Adomian decomposition method:

(2.48)

Uy = x3y3A6e—l +2x4y4 Ge t 2x4y4467
T(2.2)x* 1.8 2 2.6 9l1.6
“ :L;_l (2.2)x*8y 0" 8uq +L;_l xy=® 0" %uyq
6 Ox!8 I'(4.6) Oy'6
8 2 x4.6
=24 (e 1)+ (2= + . Xy O(—e 1 1)
2.2 3
1106
— 2x4y4.6(7eft+ 1) 165 SyS 6( e ' +1— t),

l—*(z 2)x2 Sy 81 8141 2Xy2.6 81'614
= L 18 +Lt 1461
6 Ox I'(4.6) Oy

1106 5 5¢, 9101827 ¢ ¢ 2
=285 1 2201040 e
TR 0+ 70050 XY T3

and so on.
Therefore, according to the decomposition method, the three-term approxima-
tion ¢ is

O3 =uo+ur+us

33661 1 _9101827 6 66( f2> (2.49)

= X 1 t——
Y 272250 tiey

The TSADM:
Using the scheme (2.26) of TSADM, we have

Q= Qo+ @1+ Pa,

t 446 _0xtyS,

where @, = x*y*%e™, @, = 2x*y o
Clearly, ¢, and ¢, do not satisfy the initial condition u(x,y,0) = x’y*¢. By
selecting up = ¢, and verifying that ug justifies Eq. (2.46) and satisfies the initial as
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well as boundary conditions, we obtain the following terms from the recursive
scheme of MDM

"y = x3y3.6e—17
[(2.2)x*8y 08y, 2xy*6 91Ouy
o~ A4 46— 446 -1 -1
up = 2x"y*%e™" — 2x'y +L, <76 ERE +1L, T(4.6) Oy ©
_ x4y4'66*’ . 2x4y4.6 2 — 1)x4y4.6
= 07
. _L—l F(Z.z)x2.8yal.8ul +L—l ny2.6 (91‘61/!1
S 6 ox!8 © \I'(4.6) dy'©
=0
and so on.

Therefore, the solution is
u(x,y,1) = Xy %", (2.50)

The solution (2.50) can be verified through substitution in Eq. (2.46).

2.5.3 Numerical Results and Discussion for Space
Fractional Diffusion Equations

In this section, the numerical solutions for space fractional diffusion equations
obtained by proposed new two-step Adomian decomposition method have been
analyzed. Also, an analysis for the comparison of errors between TSADM solution
and standard Adomian decomposition method solution has been presented here.

The numerical simulations using TSADM

In this present numerical experiment, Eqs. (2.45) and (2.50) have been used to draw
the graphs as shown in Figs. 2.5 and 2.6 respectively. Figure 2.5 shows the 3D
surface solution u(x, ) for one-dimensional fractional diffusion equation. On the
other hand, Fig. 2.6 shows the 3D surface solution u(x,y,) for two-dimensional
fractional diffusion equation.

Comparison of errors between TSADM solution and standard Adomian
decomposition method solution

In this present analysis, the solutions of the two-step Adomian decomposition
method have been compared with that obtained by standard Adomian decompo-
sition method. Here we demonstrate the absolute errors by taking different values of
x and ¢. Comparison results in Tables 2.1, 2.2, 2.3 and 2.4 exhibit that there is a
good agreement between TSADM and standard Adomian decomposition method
solutions.
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uix,t)

Fig. 2.5 Three dimensional surface solution u(x,f) of one-dimensional fractional diffusion
Eq. (2.39)

Fig. 2.6 Three dimensional surface solution u(x,y,t) of two-dimensional fractional diffusion
Eq. (2.46) at time t = 1

From Tables 2.1, 2.2 and 2.3, it can be observed that the standard Adomian
decomposition method solution converges very slowly to the exact solution. On the
other hand, TSADM requires only two iterations to achieve the exact solution.
Therefore, TSADM is more effective and promising compared to standard Adomian
decomposition method.
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Table 2.1 Comparison between TSADM solution and standard Adomian decomposition method

solution ¢,

(x, 1) Two-step Adomain Standard Adomian Absolute error
decomposition decomposition method lu— ¢,
method solution two term solution ¢,

(exact solution
u(x, 1) = e~'x)

0, 0) 0 0 0

(0.25, 0) 0.015625 0.015625 0

(0.5, 0) 0.125 0.125 0

(0.75, 0) 0.421875 0.421875 0

(1,0 1 1 0

O, 1) 0 0 0

(0.25, 1) 0.00574812 0.00509492 0.000653195

(0.5, 1) 0.0459849 0.0250827 0.0209022

(0.75, 1) 0.155199 —0.00352725 0.158726

0, 2) 0 0 0

(0.25, 2) 0.00211461 0.0000987486 0.00201587

0.5, 2) 0.0169169 —0.0475908 0.0645077

(0.75, 2) 0.0570946 —0.432761 0.489855

0, 3) 0 0 0

(0.25, 3) 0.000777923 —0.00286161 0.00363954

(0.5, 3) 0.00622338 —0.110242 0.116465

Table 2.2 Comparison between TSADM solution and standard Adomian decomposition method

solution ¢5

(x, 1) Two-step Adomain Standard Adomian Absolute error
decomposition decomposition method Ju — s3]
method solution three term solution ¢,

(exact solution
u(x,t) = e'x%)

0, 0) 0 0 0

(0.25, 0) 0.015625 0.015625 0

(0.5, 0) 0.125 0.125 0

(0.75, 0) 0.421875 0.421875 0

(1,0) 1 1 0

©, 1) 0 0 0

(0.25, 1) 0.00574812 0.0055815 0.000166612

0.5, 1) 0.0459849 0.0353218 0.0106631

(0.75, 1) 0.155199 0.0337393 0.12146

0, 2) 0 0 0

(0.25, 2) 0.00211461 0.00102422 0.00109039

0.5, 2) 0.0169169 —0.0528681 0.0697851

0, 3) 0 0 0

(0.25, 3) 0.000777923 —0.00231194 0.00308986

0.5, 3) 0.00622338 —0.191528 0.197751
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Table 2.3 Comparison between TSADM solution and standard Adomian decomposition method

solution ¢,

(x, 1) Two-step Adomain Standard Adomian Absolute error
decomposition decomposition method lu— 4l
method solution four term solution ¢,

(exact solution
u(x,t) = e7'x%)

0, 0) 0 0 0

(0.25, 0) 0.015625 0.015625 0

0.5, 0) 0.125 0.125 0

(0.75, 0) 0.421875 0.421875 0

(1, 0) 1 1 0

©, 1 0 0 0

0.25, 1) 0.00574812 0.00570392 0.0000442011

0.5, 1) 0.0459849 0.0403272 0.00565774

0.75, 1) 0.155199 0.0585313 0.0966678

©, 2) 0 0 0

(0.25, 2) 0.00211461 0.00151496 0.000599653

0.5, 2) 0.0169169 —0.0598386 0.0767556

©, 3) 0 0 0

(0.25, 3) 0.000777923 —0.00184474 0.00262266

0.5, 3) 0.00622338 —0.329478 0.335701

Table 2.4 Comparison between TSADM solution and standard Adomian decomposition method

solution ¢
(x,y,t=1) Two-step Adomain Standard Adomian Absolute error
decomposition method decomposition method |u — 5]
solution (exact solution three term solution ¢
u(x,y,t =1) = x'y%)
0, 0.25, 1) 0 0 0
(0.25, 0.25, 1) 0.000039094 0.0000389794 0.0000001146
(0.5, 0.25, 1) 0.000312752 0.000305417 0.000007335
(0.75, 0.25, 1) 0.00105554 0.000971995 0.0000835416
(1, 0.25, 1) 0.00250201 0.00203262 0.000469391
0, 0.5, 1) 0 0 0
(0.25, 0.5, 1) 0.000474043 0.000462926 0.0000111166
(05,05, 1) 0.00379234 0.00308088 0.000711464
(0.75,0.5, 1) 0.0127992 0.00469513 0.00810402
(1,05, 1) 0.0303387 —0.015195 0.0455337
0, 0.75, 1) 0 0 0
(0.25,0.75, 1) 0.00204054 0.00187904 0.000161501
0.5,0.75, 1) 0.0163244 0.00598829 0.0103361
(0.75, 0.75, 1) 0.0550947 —0.0626396 0.117734
0,1, 1) 0 0 0
0.25, 1, 1) 0.00574812 0.00466974 0.00107838
05,1, 1) 0.0459849 —0.0230313 0.0690162
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From Table 2.4, it can be observed that the absolute errors for TSADM solution
and standard Adomian decomposition method solution ¢ are very small for small
values of x and y. But as the values of x and y increase the absolute errors also
increase.

2.6 Solution of Space Fractional Diffusion Equation
with Insulated Ends

In this section, a variation of Adomian decomposition method has been proposed
for getting analytical approximate solution of space fractional diffusion equation
with insulated ends.

2.6.1 Implementation of the Present Method

Let us consider initial conditions
u(x,0) =x*, 0<x<nm (2.51)
and boundary conditions

O0u(0,t)  Ou(m,t)

= = > .
o o =0 120 (2.52)

for Eq. (2.4), as taken in [62].
We see that f(x) = x? is a periodic function with period 7. The Fourier sine
series of f(x) in [0, 7] can be obtained as

B 00
fx) = % + Z’%(—l)" cos nx. (2.53)
n=1

Therefore, after considering f(x) as Fourier Cosine series, we can take

= 4
Z_z —1)" cos, nx, (2.54)

w|<‘|

where cos, nx is the Generalized Cosine function and y = a/2, y € ( 1].
From Eq. (2.33), the following terms can be obtained
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2

3

M2
§M| N

Il
—

up = u(x,0) == + (—1)" cos, nx,

n

— 1 A,
(—1)"n* cos, nx,

:\&
NgE
SN| N

up = Lr_l(dD:M())
Ton
2

uy = L (dD%uy) = (—1)"n* cos, nx,

-
N‘:':’
> L[]
:N|'l>

Bdd S 4
uz = (dD“uz —3—2—2 —1)"'n% oS, nx

and so on.
Therefore, the solution is

X4 tdn®  Pd’n®  Pd’n®
M(XJ)_?J'_Z;E(_l) cos/nx(l— TR TR Ta >
2 00 4
= % + Z_z(_l) cos, nx E (—tdn”")

where E;(z) is the Mittag-Leffler function in one parameter.

L ST
== —(—1)"cos, nxe

3 &t ’

Lo, (2.55)
=3+ Z;(fl)” cos,y nxe "

3
Il
—_

The solution (2.55) can be verified through substitution in Eq. (2.4).

2.6.2 Numerical Results and Discussion

In this section, the numerical solutions of the space fractional diffusion equation
with insulated ends obtained by the proposed method have been analyzed.

The numerical simulations for the proposed method

In this present numerical experiment, Eq. (2.55) has been used to draw the graphs
as shown in Figs. 2.7, 2.8 and 2.9 for different fractional order values of o
respectively. In this numerical analysis, we assume d = 0.4 for Eq. (2.4).

Figures 2.7, 2.8 and 2.9 show anomalous diffusion behaviour. These figures
exhibit slow diffusion at the beginning and fast diffusion later. From these figures, it
is also observed that diffusion behaviour increases as o increases.
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(a)

ulx,5)

0.5 1 1.5 z z.5 2

Fig. 2.7 a The 3D surface solution, b The corresponding 2D solution at t = 0.5, d = 0.4 and
=15

(B) ux. e
[
5
4
2
0.75
z
1

0.5 1 1.5 4 2.5 2

Fig. 2.8 a The 3D surface solution, b The corresponding 2D solution at t = 0.5, d = 0.4 and
o=175

ulx,.t)
[P T S T -

0.5 1 1.5 z 2.5 2

Fig. 2.9 a The 3D surface solution, b The corresponding 2D solution at = 0.5, d = 0.4 and
o=2
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2.7 Conclusion

In the present chapter, the modified decomposition method has been used for
finding the solutions for the coupled K-G-S equations with initial conditions. The
approximate solutions to the coupled K-G-S equations have been calculated by
using the MDM without any need of transformation techniques and linearization of
the equations. Additionally, it does not need any discretization method to get
numerical solutions. This proposed method thus eliminates the difficulties of
massive computational work.

This chapter includes an analytical scheme to obtain the solutions of the one
dimensional and two-dimensional fractional diffusion equations. Two typical
examples have been discussed as illustrations. In this work, it has been established
that TSADM is well suited to solve the fractional diffusion equation. TSADM
proceeds in two steps. The first step consists of verifying that the zeroth component
of the series solution includes the exact solution. Once the exact solution is
obtained, we stop. Otherwise, we continue with the standard Adomian recursion
relation in the second step.

In this chapter, TSADM has been applied for the solutions of space fractional
diffusion equations. The TSADM may provide the solution by using two iterations
only if compared with the standard Adomian method and the modified decompo-
sition method. Moreover, the TSADM overcomes the difficulties arising in the
modified decomposition method as discussed earlier. A comparison study between
the TSADM and the standard decomposition method is conducted to illustrate the
efficiency of the TSADM and the results obtained indicate that the TSADM is more
feasible and effective.

This chapter also presents an analytical scheme to obtain the solution of space
fractional diffusion equation with insulated ends by ADM with a simple variation.
In the present analysis, a new approach of Adomian decomposition method has
been successfully applied after expressing the initial condition as a Fourier series.
The physical significance of the solution has been also presented graphically. The
present work demonstrates that this proposed technique is well suited to solve the
space fractional diffusion equation with insulated ends.

The proposed methods are straightforward, without restrictive assumptions and
the components of the series solution can be easily computed using any mathe-
matical symbolic package. Moreover, these methods do not change the problem
into a convenient one for the use of linear theory. Therefore, they provide more
realistic series solutions that generally converge very rapidly in real physical
problems. When solutions are computed numerically, the rapid convergence is
obvious. Moreover, no linearization or perturbation is required. It can avoid the
difficulty of finding the inverse of the Laplace Transform and can reduce the labour
of perturbation method. It is quite obvious to see that these methods are quite
accurate, easy and efficient technique for solving fractional partial differential
equations arising in physical problems.
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As mentioned, the proposed methods avoid linearization and physically unre-

alistic assumptions. Furthermore, as the present methods do not require dis-
cretization of the variables, i.e., time and space, it is not affected by computational
round off errors and one is not faced with the necessity of large computer memory
and time. Consequently, the computational size will be reduced.
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