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Preface

This volume is an outcome of the International Workshop on Leavitt Path Algebras
and K-Theory held at the Department of Mathematics, Cochin University of
Science and Technology, Kerala, during July 1-3, 2017. This workshop intended to
give an introduction of the newly developing subject Leavitt path algebras (LPAs
for short) and the classical K-theory. It consists of articles on several aspects of
Leavitt path algebras, on the one hand, and related K-theory, on the other. The
articles on LPAs are mostly of an expository nature. A number of articles dealing
with K-theory give new proofs of old results and are accessible to and of interest to
students and beginners.

The subject of Leavitt path algebras was born about sixty years ago out of a
construction by William Leavitt to showcase counterexamples to the invariant basis
number problem. Leavitt path algebras were then introduced about fifteen years
ago, associating certain algebras to directed graphs. The algebra associated with one
vertex and n loops retrieves Leavitt’s algebra. The initial impetus came from the
theory of C*-algebras which was already well developed and analogues came to be
discovered in the theory of LPAs. A recent book by G. Abrams, P. Ara, and
M. Siles Molina titled Leavitt Path Algebras has appeared in Springer’s Lecture
Notes in Mathematics series in 2017. It details several aspects of the main thrusts in
this subject until 2015, but there has been a mushrooming of questions and ideas in
the last five years. At least three conferences have been held recently, and it has
been mentioned by several interested mathematicians that it ought to be very useful
to have the proceedings of this CUSAT workshop published. In order to introduce
the vast possibilities of this subject to graduate students and mathematicians
working in somewhat allied areas, we have included surveys on topics that have not
been covered in the above text. Development of K-theory of LPAs with initial
impetus from that of graph C*-algebras has also begun. The volume also contains
articles on K-theoretic aspects apart from LPAs.

K. M. Rangaswamy has substantially contributed to this subject for several
decades. In his survey, he concentrates on various algebraic aspects and describes
some of his very recent results. Especially, since the theory of modules—questions
on Morita equivalence, etc.—over these algebras is still in its infancy, the results
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obtained by Rangaswamy and others are described in clear detail by him. As a
sample, we state one result in his article—every one-sided ideal over a Leavitt path
algebra Lg (E) is graded, if and only if every simple module over it is graded, and
these happen only when Lg (E) is a von Neumann regular ring.

In a lucid, self-contained exposition, Simon Rigby elucidates the groupoid
approach to the LPAs. It was noticed a few years back that a new approach using
topological groupoids can assist in the study of hitherto difficult questions on LPAs.
The key fact here is that the LPA of a graph is graded isomorphic to the Steinberg
algebra of the boundary path groupoid. This survey is expected to be useful to all
levels of interested mathematicians. The author proves some results in more gen-
erality than have appeared in publications so far. One such instance is the
uniqueness theorems for LPAs.

Very recently, étale groupoids have shown up in the forefront of several areas of
mathematics. Important algebras such as the Cuntz algebra are known to arise as the
convolution algebras arising from étale groupoids. The realization that invariants
long studied in topological dynamics can be modeled on étale groupoids permits an
interaction between analysis and algebra. Lisa Orloff Clark and Roozbeh Hazrat
describe in complete detail how the LPAs allow us to treat all these algebras
systematically and uniformly.

For a certain finite graph E and for the corresponding finite-dimensional algebra
A with a square of the radical equal to zero, Huanhuan Li had constructed a compact
generator of the homotopy category of acyclic complexes of injective modules over
A—the so-called injective Leavitt complex of E. She gives an overview of the
connection between the injective or projective Leavitt complex and the Leavitt path
algebra of E.

Miige Kanuni and Suat Sert give an overview of results on the ideal theory of
LPAs. In recent times, there has been a large body of work on graded, non-graded,
prime, primitive, and maximal ideals of LPAs. Their survey is at an introductory
level and narrates the correspondence between the lattice of ideals and the lattice of
hereditary and saturated subsets of the graph over which the LPA is constructed.

In their article, Fatemeh Bagherzadeh and Murray Bremner recount the con-
nection with the theory of operads. Grobner bases for operads had been introduced
by Dotsenko, Vallette, and others. The authors consider certain nonsymmetric
operads for which they construct Grobner bases and thereby compute their
dimension formulae.

About 50 years ago, Stewart Priddy introduced Koszul algebras and Koszul
duality partly in order to construct examples of algebras for which the Peter May
spectral sequence is easy to compute and stops early. Steenrod algebra is a classic
example. Koszul duality has been generalized to the operad setting also. In an
expository article, Neeraj Kumar traces the notions and results on Koszul algebras
developed in the last decade or so. These involve connections with combinatorics,
geometry of monomial curves, Stanley—Reisner ring, Polya frequency sequence,
etc. He also recalls older results and gives modern proofs for some of them like the
theorem of Tate on the Poincaré—Betti series of quadratic complete intersection ring.
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There are open questions mentioned which will be helpful to young researchers
entering this area.

The spectacular work of Quillen and Suslin in solving Serre’s conjecture on
projective modules led to an explosion of sorts with new approaches designed to
study more general problems of a similar nature. The technique of completion of
unimodular rows developed by Suslin and Vaserstein led to the theorem on the
normality of the elementary subgroup in SL(n) for n > 2 over any commutative ring.
Led by many experts, including Bak and Bass, more general notions of
classical-like groups were defined and analogous questions were posed.

An article written by Ravi A. Rao and Ram Shila establishes an elementary
symplectic analogue of Karoubi’s linearization process of a polynomial matrix.
They prove that one can stably linearize an alternating polynomial matrix by
conjugating it with an elementary symplectic matrix.

Bhatoa Joginder Singh and Selby Jose study the action of SL, on alternating
matrices over a commutative ring A and prove (an analogue of the isomorphism of
Ajz and Dj over fields) that there is an injection from SL4(A)/E4(A) to SOg(A)/EOg(A).

Leonid Vaserstein had shown for two-dimensional rings that the unimodular
rows of length three up to elementary transformations have the structure of a Witt
group. The Vaserstein symbol mapping these classes of unimodular rows of length
three to the elementary symplectic group has been studied in recent times. The
non-injectivity of this symbol map for the coordinate ring of the 3-sphere has
produced intense interest in the question of injectivity for more general rings. Neena
Gupta and Dhvanita Rao had even produced an uncountable family of rings of
dimension three over R for which the symbol is not injective. Neena Gupta,
Dhvanita Rao, and Sagar Kolte survey these results as well as related works of
Ravi A. Rao, van der Kallen, Richard Swan, and Jean Fasel.

In another paper, Ravi A. Rao and Selby Jose provide two possible approaches
to the famous Bass—Suslin conjecture on the completability of unimodular poly-
nomial rows over local rings.

Rabeya Basu, Reema Khanna, and Ravi A. Rao show for a commutative ring
that the normality of the relative elementary subgroup is equivalent to the relative
Quillen—Suslin local-global principle. They also obtain a relative local-global
principle for the transvection subgroups. They use the concept of a Noetherian
excision ring.

Reema Khanna, Selby Jose, Sampat Sharma, and Ravi A. Rao study the
so-called special unimodular vector group and its elementary unimodular vector
subgroup. They use certain ideas of Anthony Bak to deduce that the quotient vector
group is nilpotent of class at most the dimension of the ring.

Raja Sridharan and Sunil Yadav reprove some classical theorems in a novel
manner. They use the theory of Euler classes to deduce Seshadri’s old theorem
of the freeness of finitely generated projective modules over k[X,Y]. In another
article, they deduce Suslin’s n! theorem on unimodular rows using Quillen’s
splitting principle. Along with Sumit Kumar Upadhyay in an article, they describe
an algebraic analogue of the Mayer—Vietoris sequence for the part of the sequence
that corresponds to the zeroth and the first cohomology.
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In yet another article demonstrating the utility of Euler classes in algebra, Anjan
Gupta, Raja Sridharan, and Sunil Yadav use it to give a group structure on the
equivalence classes of unimodular rows of length three over a two-dimensional
ring.

Finally, in an article dealing with Quillen—Suslin’s foundational principles,
Ravi A. Rao and Sunil Yadav demonstrate that monic inversion is equivalent to the
local—global principle as well as to the normality of the elementary subgroup.

Bangalore, India B. Sury
June 2019 A. A. Ambily
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Part I
Leavitt Path Algebras

The theory of Leavitt path algebras has created an astonishingly large amount of
recent activities in ring theory. Besides a beautiful subject in its own right, it is
closely related to several other areas in mathematics, which might explain the burst
of activity in the subject. The first part of this volume exclusively deals with Leavitt
path algebras and the related areas.



Chapter 1 ®)
A Survey of Some of the Recent I
Developments in Leavitt Path Algebras

Kulumani M. Rangaswamy

1.1 Introduction

Leavitt path algebras are algebraic analogues of graph C*-algebras and, ever since
they were introduced in 2004, have become an active area of research. Many of the
initial developments during the 2004—2014 period have been nicely described in the
recent book [2] and in the excellent survey article [1]. Our goal in this article is
to report on some of the recent developments in the investigation of the algebraic
aspects of Leavitt path algebras not included in [1, 2]. Because the Leavitt path
algebras grew as algebraic analogues of graph C*-algebras, their initial investigation
involved mostly the ideas and techniques used in the study of graph C*-algebras
such as the graph properties of Conditions (K) and (L), and the ring properties
of being simple, purely infinite simple, prime/primitive, etc. An important starting
goal in this initial study was to work out the algebraic analogue of the deep and
powerful Kirchberg Phillips theorem to classify purely infinite simple Leavitt path
algebras L := Lk (E) up to isomorphism or up to Morita equivalence by means of
the Grothendieck groups Ky(L) and the sign of the determinant det(/ — Ag) where
Ap is the adjacent matrix of the graph E. After such initial progress, there has been
an explosion of articles dealing with not only the various different aspects of Leavitt
path algebras, but also many natural generalizations such as Leavitt path algebras
over commutative rings, of separated graphs, of high-rank graphs, Steinberg algebras
and groupoids etc. In the background of many of these investigations is the special
feature that every Leavitt path algebra L is endowed with three mutually compatible
structures: L is a K -algebra, L is a Z-graded ring and L is aring with involution *. Our
focus in this survey is to describe a selection of recent graded and non-graded ring-
theoretic and module-theoretic investigations of Leavitt path algebras. My apologies

K. M. Rangaswamy (<)

Department of Mathematics, University of Colorado,
Colorado Springs, CO 80918, USA

e-mail: kmranga@gmail.com
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to authors whose work has not been included due to the constrained focus, limitation
of time and length of the paper.

In the first part of this survey, we describe graphical conditions on E under which
the corresponding Leavitt path algebra Lk (E) belongs to well-known classes of
rings. The interesting fact is that often a single graph property of E seems to imply
multiple ring properties of Lx (E) and these properties for general rings are usually
independent of each other. The poster child of such a phenomenon is the graph prop-
erty for a finite graph E that no cycle in E has an exit. In this case, L x (E) possesses
at least nine completely different ring properties! (see Theorem 1.5). Because of such
connections between E and L (E), Leavitt path algebras can be effective tools in
the construction of examples of rings with various desired properties. If we do not
impose any graphical conditions on E and just look at L (E) as a Z-graded ring, a
really interesting result by Hazrat [23] states that L (E) is a graded von Neumann
regular ring. Because of this, the graded one-sided and two-sided ideals of Lk (E)
possess many desirable properties.

The module theory over Leavitt path algebras is still at an infant stage. The second
part of this survey gives an account of some of the recent advances in this theory.
Naturally, the initial investigations focussed on the simplest of the modules, namely,
the simple modules over L (E). We begin with outlining a few methods of con-
structing graded and non-graded simple left/right L (E)-modules. A special type
of simple modules, called Chen simple modules introduced by Chen [19], play an
important role. This is followed by characterizing Leavitt path algebras over which
all the simple modules possess some special properties, such as, when all the sim-
ple modules are flat, or injective, or finitely presented or graded etc. For example,
very recently, Ambily, Hazrat and Li [10] have proved that every simple left/right
Lk (E)-module is flat if and only if Lk (E) is von Neumann regular, thus showing,
in the case of Leavitt path algebras, an open question in ring theory has an affir-
mative answer. Likewise, it was shown in [5] that ExtiK( E)(S, S) # 0 for a Chen
simple module S induced by a cycle. It can then be shown that if all the simple left
Lk (E)-modules are injective, then Lg (E) is von Neumann regular. The converse
easily holds if E is a finite graph, since it that case Lk (E) is semi-simple artinian. In
contrast, if R is an arbitrary non-commutative ring, the injectivity of all simple left
R-modules need not imply von Neumann regularity of R (see [20]). Our next result
in this section describes Leavitt path algebras of finite graphs having only finitely
many isomorphism classes of simple modules. Interestingly, this class of algebras
turns out to be precisely the class of Leavitt path algebras of finite graphs having
finite Gelfand—Kirillov dimension.

The last section deals with one-sided ideals of a Leavitt path algebra L. Four years
ago it was shown in [36] that finitely generated two-sided ideals of L are principal
ideals. Recently, Abrams, Mantese and Tonolo [6] generalized this by showing that
every finitely generated one-sided ideal of L is a principal ideal. Such rings are called
Bézout rings. Using a deep theorem of Bergman, Ara and Goodearl [12] showed that
one-sided ideals of L are projective. From these two results, it follows that the sum
and the intersection of principal one-sided ideals of L are again principal. Thus,
the principal one-sided ideals of L form a sublattice of the lattice of all one-sided
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ideals of L. A well-known theorem, proved originally for graph C*-algebras and
later for Leavitt path algebras Lx (E), states that every two-sided ideal of Lk (E)
is a graded ideal if and only if E satisfies Condition (K), equivalently Lk (E) is a
weakly regular ring. What happens when every one-sided ideal of L (E) is graded?
The last theorem of this section answers this question, namely, every one-sided ideal
of Lk (E) is graded if and only if every simple L (E)-module is graded if and only
if Lx (E) is a von Neumann regular ring (see [25]).

In summary, this survey is intended to showcase a small sample of some of the
recent research on the algebraic aspects of Leavitt path algebras. Hopefully, this
provides the reader with some insights into this theory and generates further interest
in this exciting and growing field of algebra.

1.2 Preliminaries

For the general notation, terminology and results in Leavitt path algebras, we refer
to [1, 2]. We give below an outline of some of the needed basic concepts and results.

A (directed) graph E = (E°, E', r, s) consists of two sets E® and E! together
withmapsr,s : E I 5 E° The elements of E? are called vertices and the elements
of E! edges. A vertex v is called a sink if it emits no edges and a vertex v is called a
regular vertex if it emits a non-empty finite set of edges. An infinite emitter is a vertex
which emits infinitely many edges. For each e € E!, we call e* a ghost edge. We let
r(e*) denote s(e), and we let s(e*) denote r(e). A path u of length n > 0 is a finite
sequence of edges u = eje; - - - e, withr(e;) = s(e;y) foralli =1,...,n— 1. In
this case u* = e} - - - eje] is the corresponding ghost path. A vertex is considered a
path of length 0.

Apathyu=e; ---e,in E is closed if r(e,) = s(ey), in which case u is said to be
based at the vertex s(e;). A closed path p as above is called simple provided it does
not pass through its base more than once, i.e., s(e;) # s(e;) foralli =2, ..., n. The
closed path w is called a cycle if it does not pass through any of its vertices twice,
that is, if s(e;) # s(e;) for every i # j. An exit forapath u =e; - - - e, is an edge
e such that s(e) = s(e;) for some i and e # e;.

For any vertex v, the tree of v is Tg(v) = {w € E0:v> w}. We say there is a
bifurcation at a vertex v or v is a bifurcation vertex, if v emits more than one edge. In
a graph E, a vertex v is called a line point if there is no bifurcation or a cycle based at
any vertex in Tg (v). Thus, if v is a line point, the vertices in T (v) arrange themselves
on a straight line path u starting at v (i could justbe v) suchase, — o --- ¢ — o - -
which could be finite or infinite.

If p is an infinite path in E, say, p =e; - - - €x€p41 - . ., we follow Chen [19] to
define, foreachn > 1, t="(p) = ¢; - - - ¢, and 77" (p) = e, 1€,12 - --. Two infinite
paths p, g are said to be tail-equivalent if there are positive integers m, n such that
7™ (p) = t7"(q). This defines an equivalence relation among the infinite paths in
E and the equivalence class containing the path p is denoted by [ p]. An infinite path
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p is said to be a rational path if it is tail-equivalent to an infinite path ¢ = ccc - -,
where c is a closed path.

Given an arbitrary graph E and a field K, the Leavitt path algebra Lk (E) is
defined to be the K-algebra generated by a set {v : v € E°} of pair-wise orthogo-
nal idempotents together with a set of variables {e, e* : ¢ € E'} which satisfy the
following conditions:

(1) s(e)e =e =er(e) foralle € E'.

(2) r(e)e* =e* = e*s(e) foralle € E.

(3) (The “CK-1 relations”) Foralle, f € E!, e*e =r(e) ande* f = 0ife # f.
(4) (The “CK-2 relations”) For every regular vertex v € E°,

V= E ee”.

ecEl s(e)=v

An arbitrary element a € L := Lg(E) can be written as a = Zk,ui B where
i=1
a;, B; are paths and k; € K. Here r(a;) = s(B]) = r(B:).
Every Leavitt path algebra Lg(E) is a Z-graded algebra, namely, Lk (E) =
@Ln induced by defining, for all v € E® and e € E!, deg(v) = 0, deg(e) = 1,

nez

deg(e*) = —1. Here the L, are abelian subgroups satisfying L,,L, € L,,, for all
m, n € Z. Further, for each n € Z, the homogeneous component L, is given by
L,={) ko €L :a pe Path(E), |a;| — |B;| = n}. (For details, see Sect.2.1
in [2]). An ideal I of L (E) is said to be a graded ideal if I = @(I N Ly).

neZ
Throughout this paper, E will denote an arbitrary graph (with no restriction on

the number of vertices or on the number of edges emitted by each vertex) and K will
denote an arbitrary field. For convenience in notation, we will denote, most of the
times, the Leavitt path algebra Lg (E) by L.

We shall first recall the definition of the Gelfand—Kirillov dimension of associative
algebras over a field.

Let A be a finitely generated K -algebra, generated by a finite dimensional sub-
space V =Ka; ®---® Ka,,. Let V0 = K and, for each n > 1, let V" denote
the K-subspace of A spanned by all the monomials of length n in ay, ..., ay,.

n .
Set V,, = Y_V'. Then the Gelfand—Kirillov dimension of A ( for short, the GK-

i=0
dimension of A) is defined by

GK-dim(A) := lim suplog, (dim V,,).

n—o00

It is known that the GK-dim(A) is independent of the choice of the generating sub-
space V.
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If A is an infinitely generated K -algebra, then the GK-dimension of A is defined
as
GK-dim(A) := sup GK-dim(B)
B

where B runs over all the finitely generated K -subalgebras of A.

The GK-dimension of an algebra A measures the growth of the algebra A and
might be considered the non-commutative analogue of the classical Krull dimension
for commutative algebras. Some useful examples (see [28]) are: The GK-dimension
the matrix ring M (K ) is 0 and the GK-dimension of the matrix ring M o, (K [x, x~'])
is 1, where A, A’ are arbitrary possibly infinite index sets.

Grading of a matrix ring over a Z-graded ring: We wish to recall the grading
of matrices of finite order and then indicate how to extend this to the case of infinite
matrices in which at most finitely many entries are non-zero (see [22, 31]). This will
be used in Sect. 1.4. In the following, the length of a path p will be denoted by | p]|.

Let I' be an additive abelian group, A be a I'-graded ring and (6, ..., d,) an
n-tuple where §; € I'. Then M, (A) is a I'-graded ring where, for each A € T, its
A-homogeneous component consists of n X n matrices

Ajsrsi—5 Anvs—s * + Ants—a

Ajsvs—8 Artsr—ss Ajys,—5,
Mn(A)(alv--'s(Sn)A = . (11)

Ajt8,-8, Artsy-s, Ajys,—s,

This shows that for each homogeneous element x € A,
deg(e;;(x)) = deg(x) +48; — 4, (1.2)

where ¢;;(x) is a matrix with x in the ij-position and with every other entry 0.

Now let A be a I'-graded ring and let / be an arbitrary infinite index set. Denote
by M;(A) the matrix with entries indexed by I x I having all except finitely many
entries non-zero and for each (i, j) € I x I, the ij-position is denoted by e;;(a)
where a € A. Considering a “vector” § = (8;)icr where §; € I' and following the
usual grading on the matrix ring (see (1.1), (1.2)), define, for each homogeneous
element a,

deg(e;j(a)) = deg(a) + & — ;. (1.3)

This makes M;(A) a I'-graded ring, which we denote by M;(A)(8). Clearly, if I is
finite with |/| = n, then the graded ring coincides (after a suitable permutation) with
M,(A)(Sy, ..., 8,).

Suppose E is a finite acyclic graph consisting of exactly one sink v. Let {p; : 1 <
i < n} be the set of all paths ending at v. Then it was shown in (Lemma 3.4, [4])
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Lgx(E) = M,(K) (1.4)

under the map p; p; —> ¢;;. Now taking into account the grading of M,(K), it
was further shown in (Theorem 4.14, [22]) that the same map induces a graded
isomorphism

Li(E) — M, (K)(Ip1l, ..., [PaD) (L.5)
pip;'f > eij.

In the case of a comet graph E (that is, a finite graph E with a cycle ¢ without exits
and a vertex v on c¢ such that every path in £ which does not include all the edges in
c ends at v), it was shown in (Lemma 2.7.1, [2]) that the map

Lx(E) — M,(K[x,x~'] (1.6)

given by
pic* pl > e;j(x")

where the ¢;; are matrix units, induces an isomorphism. Again taking into account
the grading, it was shown in (Theorem 4.20, [22]) that the map

Ly (E) — M, (K[x", x7“D(pil, ..., |pal) (1.7)

given by
picp — e (xM)

induces a graded isomorphism. Later in the paper [3], the isomorphisms (1.4) and
(1.6) were extended to infinite acyclic and infinite comet graphs, respectively (see
Proposition 3.6 [3]). The same isomorphisms with the grading adjustments will
induce graded isomorphisms for Leavitt path algebras of such graphs. We now
describe this extension below.

Let E be a graph such that no cycle in E has an exit and such that every infinite
path contains a line point or is tail-equivalent to a rational path ccc - - - . where cis a
cycle (without exits). Define an equivalence relation in the set of all line points in E
by settingu ~ v if Tg(u) N Te(v) # @. Let X be the set of representatives of distinct
equivalence classes of line points in E, so that for any two line points u, v € X with

u # v, Tg(u) N Tg(v) = @. For each vertex v; € X, let p_“‘ = {p; 15 € A;} be the
set of all paths that end at v;, where A; is an index set which could possibly be

infinite. Denote by |p;i| ={lpyl:s € A;}.
Let Y be the set of all distinct cycles in E. As before, for each cycle ¢; € Y based

at a vertex w;, let qTV/ :={g,” : r € Y;} be the set of all paths that end at w; but do
not include all the edges of ¢;, where Y; is an index set which could possibly be



1 A Survey of Some of the Recent Developments ... 9

infinite. Let | ¢"i| == {|g."| : r € Y;}. Then the isomorphisms (1.5) and (1.7) extend
to a Z-graded isomorphism

Li(E) Zo @M, (K)(Up") & @) M, (K1x, x (g™ ) (1.8)

vieX w;€eY

where the grading is as in (1.3).

1.3 Leavitt Path Algebras Satisfying a Polynomial Identity

Observe that Leavitt path algebras in general are highly non-commutative. For
instance, if the graph E contains an edge e with u = s(e) # r(e) = v, then ue = e,
but eu = 0. Indeed, it is an easy exercise to conclude that if E is a connected graph,
then Lk (E) is a commutative ring if and only if the graph E consists of just a single
vertex v or is a loop e, that is a single edge e with s(e) = r(e) = v. In this case,
Lk (E) is isomorphic to K or K [x, x~ 1.

Note that to say a ring R is commutative is equivalent to saying that R satis-
fies the polynomial identity xy — yx = 0. An algebra A over a field K is said to
satisfy a polynomial identity (or simply, a PI-algebra), if there is a polynomial
p(x1, ..., x,) in finitely many non-commuting variable xy, . .., x,, with coefficients
in K such that p(ay, ..., a,) = 0 for all choices of elements ay, ..., a, € A. For
example, the Amitsur-Levitzky theorem (see [33]) states that the ring M,(R) of
n X n matrices over a commutative ring R satisfies the so called standard polyno-
mial identity P, (xq, ..., x,) = Zegxg(l) -+« Xg(n) Where S, is the symmetric group

€S,
of n! permutations of the set {1, ...,n} and ¢, = 1 or —1 according as o is even or
odd. A natural question is to characterize the Leavitt path algebras which satisfy a
polynomial identity. This is completely answered in the next theorem.

Theorem 1.1 ([17]) Let E be an arbitrary graph. Then the following properties are
equivalent for L (E):

(a) Lk (E) satisfies a polynomial identity;

(b) No cycle in E has an exit, there is a fixed positive integer d such that the number
of distinct paths that end at any vertex v is < d and the only infinite paths in E
are paths that are eventually of the form ggg - -, for some cycle g;

(¢c) There is a fixed positive integer d such that Lk (E) is a subdirect product of
matrix rings over K or K[x, x~'] of order at most d.
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If the graph E is row-finite, then the Leavitt path algebra Lg(E) in Theorem
1.1 actually decomposes as a ring direct sum of matrix rings over K or K[x, x ']
of order at most a fixed positive integer d. This shows that satisfying a polynomial
identity imposes a serious restriction on the structure of Leavitt path algebras.

1.4 Four Important Graphical Conditions

In this section, we shall illustrate how specific graphical conditions on the graph E
give rise to various algebraic properties of Lk (E). We illustrate this by choosing
four different graph properties of E. Interestingly, a single graph theoretical prop-
erty of E often implies several different ring properties for Lg (E). It is amazing
that a single property that no cycle in a finite graph E has an exit implies that the
corresponding Leavitt path algebra Lk (E) possesses several different ring proper-
ties such as being directly finite, self-injective, having bounded index of nilpotence,
a Baer ring, satisfying a polynomial identity, having GK-dimension < 1, etc. (see
Theorem 1.5 below). Consequently, Leavitt path algebras turn out to be useful tools
in the construction of various examples of rings. We will also describe the interesting
history behind the terms Condition (K) and Condition (L) which play an important
role in the investigation of both the graph C*-algebras and Leavitt path algebras (see
[2, 40, 42]).

Recall, aring R is said to be von Neumann regular if to each element a € R there
is an element b € R such that a = aba. The ring R is said to be m-regular (strongly
left or right w-regular) if to each elementa € R, thereisab € R and anintegern > 1
such that @" = a"ba" (a" = a"*'b or a" = ba"*'). In general, these ring properties
are not equivalent. But as the next theorem shows, they all coincide for Leavitt path
algebras.

A graph E is said to be acyclic if £ contains no cycles. The next theorem char-
acterizes the von Neumann regular Leavitt path algebras.

Theorem 1.2 ([7]) Foranarbitrary graph E, the following conditions are equivalent
for L := Lk (E):

(@) The graph E is acyclic;

(b) L is von Neumann regular;

(¢) L is m-regular;

(d) L is strongly left/right i -regular.

Another important graph property is Condition (K). In some sense this property
is diametrically opposite of being acyclic.

Definition 1.1 A graph E satisfies Condition (K) if whenever a vertex v lies on a
simple closed path «, v also lies on another simple closed path 8 distinct from .

The Condition (K) implies a number of ring properties;
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Definition 1.2 (i) A ring R is said to be left/right weakly regular if for every
left/right ideal I of R, ’=1:
(i) A ring R is said to be an exchange ring if given any left/right R-module M

and two direct decompositionsof M as M = M’ @ A and M = @Ai, where
i=1

n
M’ = R, there exist submodules B; € A; suchthat M = M’ & @Bi.

i=1

Theorem 1.3 ([15, 16, 40]) Let E be an arbitrary graph. Then the following con-
ditions are equivalent for L := Lk (E):

(i) The graph E satisfies Condition (K);
(i1) L is an exchange ring;
(iii) L is left/right weakly regular;
(iv) Every two-sided ideal of L is a graded ideal.

Definition 1.3 A graph E is said to satisfy Condition (L), if every cycle in E has
an exit.

Theorem 1.4 ([35]) Let E be an arbitrary graph. Then the following are equivalent
for Lx(E) :

(i) E satisfies Condition (L),
(i1) L is a Zorn ring, that is, every (non-nil) right/left ideal I contains a non-zero
idempotent.;
(iii) Every element a € L is the von Neumann inverse of another element b € L;
that is, to each a € L, there is an element b € L such that bab = b.

An interesting history of Conditions (K) and (L): One may wonder about the
choice of the letters K and L in the terms Condition (K) and Condition (L). There
is an interesting narrative about the origins of these terms. I am grateful to Mark
Tomforde for outlining this history to me which he will also be including in his
forthcoming book on Graph Algebras [42]. Both these two graph conditions were
originally introduced by graph C*-algebraists. It all started when Cuntz and Krieger
(whom some consider the founders of graph C*-algebras), introduced in their original
paper [21] a condition on matrices with entries in {0, 1} and called it Condition (I).
Assuming that the ‘I” is the English letter I and not the Roman numeral one, Pask and
Raeburn introduced in 1996 a Condition (J) in their paper [32], as J is the letter that
follows I in the English alphabet. (They apparently did not recognize that Ciintz and
Krieger also introduced a follow-up Condition (II), thus indicating, in their view, I
and II stand for Roman numerals.) Conforming to this pattern, when Kumjian, Pask,
Raeburn and Renault introduced a new condition in their 1997 paper [29], they chose
the letter K to denote this new condition and called it Condition (K). Continuing this
pattern yet again, Kumjian, Pask and Raeburn introduced Condition (L) in 1998 [30].
Actually, Astrid an Huef later showed that Condition (L) coincides with Condition
(D) for graphs of finite matrices. Moreover, Condition (K) is considered analogous to
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Condition (II) for Cuntz-Krieger algebras. In all the investigations that followed in
graph C*-algebras and also in Leavitt path algebras, Conditions (K) and (L) emerged
as important graph conditions. Poor Condition (J) remains neglected!

Recall, Condition (L) requires every cycle to have an exit. We next consider a
graph property that is diametrically opposite to Condition (L), namely, no cycle in
the graph has an exit. This implies several interesting ring/module properties.

First, consider a finite graph E in which no cycle has an exit. In this case, L (E)
is a ring with identity. We begin recalling a number of ring properties.

A ring R with identity 1 is said to be directly finite if for any two elements
x,y, xy = 1 implies yx = 1. This is equivalent to R being not isomorphic to any
proper direct summand of R as a left or a right R-module. A ring R with identity is
called a Baer ring if the left/right annihilator of every subset X of R is generated
by an idempotent. A I'-graded ring R is said to be a graded Baer ring, if the
left/right annihilator of every subset X of homogeneous elements is generated by a
homogeneous idempotent. A ring R is said to have bounded index of nilpotence
if there is a positive integer n which is such that a” = 0 for every nilpotent element
a € R.

Theorem 1.5 ([9, 17, 25, 27, 39, 43]) For a finite graph E, the following conditions
are equivalent for L := Lk (E):

(i) No cycle in E has an exit;
(ii) L is directly finite;
(iii) L is a Baer ring;
(iv) L is a graded Baer ring;
(v) L is a graded left/right self-injective ring;
(vi) L satisfies a polynomial identity;
(vii) L has bounded index of nilpotence;
(viii) L is graded semi-simple;
(ix) L has GK-dimension < 1;
(X) L is finite over its center.

Thus if E is the following graph,

e —> 06 —> @ [ ]

N e

e <— o

then L (E) will possess all the stated nine ring properties.

For a finite graph E, if Lg(FE) satisfies any of the equivalent conditions in the
preceding theorem, Lk (E) decomposes as a graded direct sum of finitely many
matrix rings of finite order over K and/or K[x, x~'] which are given the matrix
gradings indicated in Eqs. (1.5) and (1.7) in the Preliminary section.
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For aring R without identity, but with local units, R is said to be directly finite if
forevery x, y € R and anidempotent u € R satisfyingux = x = xu, uy =y = yu,
we have xy = u implies yx = u. Every commutative ring is trivially directly finite.

If R is a ring without identity, R is called a locally Baer ring (locally graded
Baer ring) if for every idempotent (homogeneous idempotent) e, the corner eRe is
a Baer (graded Baer) ring.

Theorem 1.6 ([25, 27]) Let E be an arbitrary graph. Then the following conditions
are equivalent for L := Lk (E):

(1) No cycle in E has an exit, E is row-finite and every infinite path ends at a sink
ora cycle.

(i) L is alocally Baer ring;
(i1) L is a graded locally Baer ring;
(iii) L is a graded left/right self-injective ring;
(iv) L is graded isomorphic to a ring direct sum of matrix rings

Ly (E) Z @M K)(p" 1) & @) M, (KIx. x " 1)(1q™ )

vieX w;eY

where A;,Y; are suitable index sets, the t; are positive integers, X is the set of
representatives of distinct equivalence classes of line points in E and Y is the set of
all distinct cycles (without exits) in E.

1.5 Simple Modules over Leavitt Path Algebras

In this section, we shall indicate the methods of constructing simple modules over
Leavitt path algebras by graphical means.
As noted in [2], every element a of a Leavitt path algebra Lg (E) of a graph

E can be written in the form a = Zaiﬂ[* and that the map Zai B — Zﬁ;“i*

i=1 i=1 i=1
induces an isomorphism Lk (E) —> (Lg (E))°. Consequently, L (E) is left-right
symmetric. So in this and the next section, we shall only be stating results on left
ideals and left modules over L (E). The corresponding results on right ideals and
right modules hold by symmetry.

Definition 1.4 A vertex v is called a Laurent vertex if T (v) consists of the set of
all vertices on a single path y = uc where p is a path without bifurcations starting
at v and c is a cycle without exits based on a vertex u = r(u).
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An easy example of a Laurent vertex is the vertex v in the following graph:

e —> e

The next theorem gives conditions under which a vertex in the graph E generates a
simple left ideal/graded simple left ideal of Lk (E).

Theorem 1.7 ([2, 25]) Let E be an arbitrary graph and let v be a vertex. Then

(a) The left ideal Lk (E)v is a simple/minimal left ideal of Lk (E) if and only if v is
a line point;

(b) The left ideal Lx(E)v is a graded simple/minimal left ideal of Lk (E) if and
only if v is either a line point or a Laurent vertex.

Next, we shall describe the general methodology used by Chen [19] and extended
in [25, 37] to construct left simple and graded simple modules over Lk (E) by using
special vertices or cycles in the graph E.

(D Definition of the module A,: Let u# be a vertex in a graph E which is either
a sink or an infinite emitter. Let A, be the K-vector space having as a basis the set
B ={p: pisapathin E with r(p) = u}. We make A, a left Lg(E)-module as
follows: Define, for each vertex v and each edge e in E, linear transformations P,, S,
and S, on A by defining their actions on the basis B are as follows:

Forall p € B,

[ p.ifv=s(p)
@ P,(p) = { 0, otherwise

__Jep,ifr(e) =s(p)
D) Se(p) = {0, otherwise

_[p.ifp=ep
(1) S« (p) = 0, otherwise

(V) Sp<(u) = 0.

The endomorphisms {P,, S,, Se- : v € E°, e € E'} satisfy the defining relations
(1.1)—(1.4) of the Leavitt path algebra L (E). This induces an algebra homomor-
phism ¢ from L (E) to Endg (A,) mapping v to P,, e to S, and e* to S,-. Then A,
can be made a left module over Lk (E) via the homomorphism ¢. We denote this
L (E)-module operation on A, by -.

Theorem 1.8 ([19, 37]) If the vertex u is either a sink or an infinite emitter, then A,
is a simple left L g (E)-module.

If the vertex u lies on a cycle without exits, then in the Definition of A,,, define the
basis B = {pq* : p, q pathin E withr(¢*) = s(q) = u}. We then get the following
result.
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Theorem 1.9 ([25]) If a vertex u € E lies on a cycle without exits, then A, is a
graded simple left Lk (E)-module graded isomorphic to the graded minimal left
ideal Lx (E)u and A, is not a simple left L g (E)-module.

Remark 1.1 In[25],the module A, is defined by using an algebraic branching system
and is denoted as N,.. Here we have defined the module A, differently, but the proof
of the above theorem is just the proof of Theorem 3.5(1) of [25].

With a slight modification of the definition of A,, Chen [19] shows one more way
of constructing simple modules by using the infinite paths that are tail-equivalent
to a fixed infinite path in E. Recall, two infinite paths p =e¢;---¢, --- and g =
fi--- fs - -+ are said to be tail-equivalent if there exist fixed positive integers m, n
such that e, 1, = f,,4« for all £ > 1. Let [ p] denote the tail-equivalence class of all
infinite paths equivalent to p. Let A, denote the K-vector space having [p] as a
basis. As in the definition of A, for each vertex v and each edge e in E, define the
linear transformations P,, S, and S, on A by defining their actions on the basis [ p]
satisfying the conditions (I), (II), (IIT), but not (IV) above. As before, they satisfy
the defining relations of a Leavitt path algebra and thus induce a homomorphism
¢ : Lx(E) — App). The vector space A, then becomes a left L g (E)-module via
the map .

Theorem 1.10 ([19]) The module Ap is a simple left L g (E)-module and for two
infinite paths p, q, Ajp) = Ajq) if and only if [p] = [q].

It can be shown (see [37]) that the simple modules A,, A, and A, corresponding,
respectively, to a sink u, an infinite emitter v and an infinite path p, are all non-
isomorphic.

A special infinite path is the so-called a rational infinite path induced by a simple
closed path (and in particular, a cycle) c. This is the infinite path ccc - --. We denote
this path by ¢*. We shall be using the corresponding simple Lk (E)-module A«
subsequently.

1.6 Leavitt Path Algebras with Simple Modules Having
Special Properties

We shall describe when all the simple modules over a Leavitt path algebra are flat or
injective or finitely presented or graded etc.

An open problem, raised by Ramamuthi [34] some forty years ago, asks whether
a non-commutative ring R with 1 is von Neumann regular if all the simple left R-
modules are flat. Using a more general approach of Steinberg algebras, Ambily,
Hazrat and Li [10] obtain the following theorem which shows that Ramamurthi’s
question has an affirmative answer in the case of Leavitt path algebras.

Theorem 1.11 ([10]) Let E be an arbitrary graph. Then every simple left L (E)-
module is flat if and only if Lk (E) is von Neumann regular.
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Next, we consider the case when L g (E) is a left V-ring, that is, when every simple
left L x (E)-module is injective. Kaplansky showed that if R is a commutative ring,
then every simple R-module is injective if and only if R is von Neumann regular.
A natural question is under what conditions every simple left Lk (E)-module is
injective. It was shown in [26] that, in this case, Lk (E) becomes a weakly regular
ring. However, recently Abrams, Mantese and Tonolo [5] showed that, if ¢ is a
cycle in a graph E, then the corresponding simple left L x (E)-module A~ satisfies
ExtiK( E)(Acoc, Ac~) # 0. This implies that the module A .~ cannot be an injective
module. So, if every simple left Lx (E)-module is injective, then necessarily E
contains no cycles. Then by [7] Lk (E) must be von Neumann regular. Thus, we
obtain the following new result and its corollary.

Theorem 1.12 Let E be an arbitrary graph. If every simple left L x (E)-module is
injective, then Lk (E) is a von Neumann regular ring.

Conversely, if Lx(E) is a von Neumann regular ring then the graph E contains
no cycles [7] and, if E is further a finite graph, then Lg(E) is a direct sum of
finitely many matrix rings of finite order over K (Theorem 2.6.17, [2]). In this case,
Lk (E) is a direct sum of left/right simple modules and hence every simple left/right
Lk (E)-module is injective. This leads to the following corollary.

Corollary 1.1 Let E be a finite graph. Then every simple left/right Lk (E)-module
is injective if and only if L (E) is a von Neumann regular ring.

When E is an arbitrary graph, it is an open question whether the von Neumann
regularity of L g (E) implies that every simple left/right L x (E)-module is injective.

Next, we consider Leavitt path algebras Lx (E) whose simple modules are all
finitely presented. When E is a finite graph, L ¢ (E) possesses a number of interesting
properties as noted in the following theorem.

Theorem 1.13 ([13]) For any finite graph E, the following properties of the Leavitt
path algebra L := Lk (E) are equivalent:

(i) Every simple left L-module is finitely presented;
(i) No two cycles in E have a common vertex;
(iii) There is a one-to-one correspondence between isomorphism classes of simple
L-modules and primitive ideals of L;
(iv) The Gelfand—Kirillov dimension of L is finite.

The preceding theorem has been generalized in [38] to the case when E is an
arbitrary graph with several similar equivalent conditions.

It is easy to observe that every simple left module over a Leavitt path algebra
L := Lk (E) is of the form Lv/N for some vertex v and a maximal left submodule
N of Lv. A natural question is, given a vertex u, can we estimate the number «,
of distinct maximal left L-submodules M of Lu such that Lu/M is isomorphic to
Lv/N?In[38]itis shown that k, < |uLv\N|and consequently the cardinality of the
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set of all such simple modules corresponding to various vertices is < Z [uLV\N|

. uck®
and thus is < |L|.

More generally, one may try to estimate the number of non-isomorphic simple
modules over a Leavitt path algebra. In this connection, observe the following: Sup-
pose a graph E contains two cycles g, & which share a common vertex v, such as the
two cycles in the following graph.

° o< oo
SN/ N
o, g e h °
NN /!
° o —> o

We then wish to show that there are uncountably many non-isomorphic simple mod-
ules over the corresponding Lk (E). By Theorem 1.10, we need only to produce
uncountably many non-equivalent infinite paths in E. With that in mind, consider the
infinite rational path p = ggg - -- which, for convenience, we write as p = g;g»83 - -
indexed by the set P of positive integers, where g; = g for all i. Now, for every subset
S of P, define an infinite path pg by replacing g; by / if and only if i € S. Observe
that this gives rise to uncountably many distinct infinite paths. From the definition of
equivalence of paths, it can be derived that, given an infinite path g there are at most
countably many infinite paths that are equivalent to g. From this one can then establish
that there are uncountably many non-isomorphic simple left L ¢ (E)-modules.

Leavitt path algebras having only finitely many non-isomorphic simple modules
are characterized in the next theorem. Recall, aring R is called left/right semi-artinian
if every non-zero left/right R-module contains a simple submodule.

Theorem 1.14 ([14]) Let E be an arbitrary graph and K be any field. Then the
following are equivalent for the Leavitt path algebra L = Lk (E):

(i) L has at most finitely many non-isomorphic simple left/right L-modules;
(ii) L is a left and right semi-artinian von Neumann regular ring with finitely many
two-sided ideals which form a chain under set inclusion;
(iii) The graph E is acyclic and there is a finite ascending chain of hereditary sat-
urated subsets {0y G H\ G --- G H, = E° such that for each i < n, Hi;1\H;
is the hereditary satusrated closure of the set of all the line points in E\ H;.

1.7 One-Sided Ideals in a Leavitt Path Algebra

In this section, we shall describe some of the interesting properties of one-sided
ideals of a Leavitt path algebra.

Using a deep theorem of Bergman [18], Ara and Goodearl proved the following
result that Leavitt path algebras are hereditary.
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Theorem 1.15 ([12]) If E is an arbitrary graph, then every left/right ideal of L (E)
is a projective left/right L x (E)-module.

A von Neumann regular ring R has the characterizing property that every finitely
generated one-sided ideal of R is a principal ideal generated by an idempotent. Four
years ago, it was shown in [36] that every finitely generated two-sided ideal of a
Leavitt path algebra is a principal ideal. Recently, Abrams, Mantese and Tonolo
have proved that this interesting property holds for one sided ideals too, as indicated
in the next theorem.

Theorem 1.16 ([6]) Let E be an arbitrary graph. Then L := Lk (E) is a Bézout
ring, that is, every finitely generated one-sided ideal is a principal ideal.

Thus, if La and Lb are two principal leftideals of L, then, being finitely generated,
La + Lb = Lc, aprincipal left ideal. So the sum of any two principal left ideals of L
is again a principal left ideal. What about their intersection? Should the intersection
of two principal left/right ideals of L be again a principal left/right ideal? This is
answered in the next theorem. Since this result is new, we outline its proof which is
straight forward.

Theorem 1.17 Let E be an arbitrary graph. Then both the sum and the intersection
of two principal left/right ideals of L := L (E) are again principal left/right ideals.
Thus, the principal left/right ideals of L form a sublattice of the lattice of all left/right
ideals of L.

Proof Suppose A, B are two principal left ideals of L. Consider the following exact
sequence where the map 6 is the additive map (a, b) — a + b

0—K-—>A®B-5A+B—0

and where K = {(x, —x):x € AN B} = AN B. Now A + B is a (finitely gener-
ated) left ideal of Lg(E). By Theorem 1.15, it is a projective module and hence
the above exact sequence splits. Consequently, A N B is isomorphic a direct sum-
mand of A @ B. Since A @ B is finitely generated, so is A N B. By Theorem 1.16,
A N B is then a principal left ideal. The same argument works for principal right
ideals of L. ]

Remark 1.2 Thus, the above theorem states that, for any two non-zero elements
a,beL,al +bL =cL and aL NbL = dL where c,d are suitable elements of
L. Since ¢ = ax + by for some x, y € L, itis easy to see that c = right gcd(a, b).
(Recall that in a non-commutative ring R, an element c is a right ged of a, b, if
a=xc,b=ycandifa=x'c’,b=y'c, then c = z¢'.) Similarly, aL N bL = dL
implies that d = right lcm(a, b). Thus, in a Leavitt path algebra L, the right gcd
and the right Icm of any two non-zero elements exist. In the same way, one could
conclude that the left gcd and the left lcm of any two non-zero elements also exist
inL.
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As we noted in Theorem 1.3, every two-sided ideal of Lk (E) is graded if and

only if the graph E satisfies Condition (K). What happens if every one-sided ideal of
Lk (E) is graded? This is answered in the next and the last theorem of this section.

Theorem 1.18 ([25]) Let E be an arbitrary graph. Then the following properties
are equivalent for L = Lk (E):

(i) Every left ideal of L is a graded left ideal;

(i1) Every simple left L-module is a graded module;
(iii)) The graph E contains no cycles;
(iv) L is a von Neumann regular ring.
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Chapter 2 ®)
The Groupoid Approach to Leavitt Path s
Algebras

Simon W. Rigby

2.1 Introduction

Leavitt path algebras are Z-graded algebras with involution, whose generators and
relations are encoded in a directed graph. Steinberg algebras, on the other hand, are
algebras of functions defined on a special kind of topological groupoid, called an
ample groupoid. To understand how they are related, it is useful to weave together
some historical threads. This historical overview might not be comprehensive, but it
is intended to give some idea of the origins of our subject.

2.1.1 Historical Overview: Groupoids, Graphs, and Their
Algebras

In the late 1950s and early 1960s, William G. Leavitt [51, 52] showed that there
exist simple rings whose finite-rank free modules admit bases of different sizes. In
a seemingly unrelated development, in 1977, Joachim Cuntz [33] showed that there
exist separable C*-algebras that are simple and purely infinite. Cuntz’s paper was one
of the most influential in the history of operator theory. It provoked intense interest
(that is still ongoing) in generalising, classifying, and probing the structure of various
classes of C*-algebras. One of the next landmarks was reached in 1980, when Jean
Renault [59] defined groupoid C*-algebras, taking inspiration from the C*-algebras
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that had previously been associated to transformation groups. The Cuntz algebras
were interpreted as groupoid C*-algebras, and from that point onwards there was a
new framework and some powerful results with which to pursue new and interesting
examples.

In 1997, Kumjian, Pask, Raeburn, and Renault [50] showed how to construct a
Hausdorff ample groupoid (and hence a C*-algebra) from a row- and column-finite
directed graph with no sinks. They showed that these C*-algebras universally satisfy
the Cuntz—Krieger relations from [34], which had become significant in the inter-
vening years. Graph C*-algebras were then studied in depth. Usually, they were
conceptualised in terms of the partial isometries that generate them; direct methods,
rather than groupoid methods, were used predominantly [16, 58]. Meanwhile, the
Cuntz algebras had also been interpreted as inverse semigroup C*-algebras. Paterson
[56, 57], at the turn of the 21st century, organised the situation a bit better. He showed
that all graph C*-algebras (of countable graphs, possibly with sinks, infinite emitters,
and infinite receivers) are inverse semigroup C*-algebras, and that all inverse semi-
group C*-algebras are groupoid C*-algebras. The key innovation was defining the
universal groupoid of an inverse semigroup, which is an ample but not necessarily
Hausdorff topological groupoid.

It is unclear when the dots were first connected between Leavitt’s algebras and
Cuntz’s C*-algebras (probably in [11], a very long time after they first appeared).
The Cuntz algebra O, is the norm completion of the complex Leavitt algebra L, ¢.
Over any field K, the ring L, x and the C*-algebra O, are purely infinite simple,
and they have the same K, group (but these concepts have a different meaning
for rings compared to C*-algebras). This begins a process in which the algebraic
community generalises, classifies, and probes the structure of various classes of
rings in much the same way as the operator algebra community did with C*-algebras.
Leavitt path algebras were introduced in [2, 12] as universal K-algebras satisfying
path algebra relations and Cuntz—Krieger relations. Generalising the relationship
between the Leavitt and Cuntz algebras, the graph C*-algebra of a graph E is the
norm completion of the complex Leavitt path algebra of E. The interplay with C*-
algebras is not the only connection between Leavitt path algebras and other, older,
areas of mathematics—see for instance [1, Sect. 1] and [55].

Knowing what we know now, the next step was very natural. Is there a way of
defining a “groupoid K-algebra” in such a way that:

e When the input is the universal groupoid of an inverse semigroup S, the output is
the (discrete) inverse semigroup algebra KS;

e When the input is a graph groupoid Gg, the output is the Leavitt path algebra
Lg(E)?

This question was asked and answered by Steinberg [63], and Clark, Farthing,
Sims, and Tomforde [27]. Consistent with previous experiences of converting opera-
tor algebra constructions into K-algebra constructions, they found that the groupoid
C*-algebra is the norm completion of the groupoid C-algebra. It is also worth noting
that Steinberg chose a broad scope and defined groupoid R-algebras over any com-
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mutative ring R, rather than just fields. We call these groupoid algebras Steinberg
algebras.

Each of the three parts in this paper can be read separately. However, we work
towards Leavitt path algebras as the eventual subject of interest, and this influences
the rest of the text. For example, in Sect.2.2 we try not to impose the Hausdorff
assumption on groupoids if it is not necessary, but there are no examples here of non-
Hausdorff groupoids. Throughout, we use the graph theory notation and terminology
that is conventional in Leavitt path algebras. (In most of the C*-algebra literature,
the orientation of paths is reversed.) And in Sect.2.3, we ignore some topics like
amenability that would be important if we were intending to study the C*-algebras
of boundary path groupoids.

A standing assumption throughout the paper is that R is acommutative ring with 1.
We rarely need to draw attention to it or require it to be anything special.

2.1.2 Background: Leavitt Path Algebras

For an arbitrary graph E, there is an R-algebra, Ly(E), called the Leavitt path
algebra of E. The role of the graph may seem unclear at the outset, because all it
does is serve as a kind of notational device for the generators and relations that define
L (E). Surprisingly, it turns out that many of the ring-theoretic properties of Lz (E)
are controlled by graphical properties of E. For example, the Leavitt path algebra
has some special properties if the graph is acyclic, cofinal, downward-directed, has
no cycles without exits, etc.

Since 2005, there has been an abundance of research on Leavitt path algebras. One
of the main goals has been to characterise their internal properties, ideals, substruc-
tures, and modules. As aresult, we have arich supply of algebras with “interesting and
extreme properties” [8]. This is useful for generating counterexamples to reasonable-
sounding conjectures, e.g. [6, 46], or for supporting other long-standing conjectures
by showing they hold within this varied class, e.g. [9, 15].

Another goal has been finding invariants that determine Leavitt path algebras up to
isomorphism, or Morita equivalence. This enterprise is known as the classification
question for Leavitt path algebras. Of course, something that is easier than classifying
all Leavitt path algebras is classifying those that have a certain property (like purely
infinite simplicity), or classifying the Leavitt path algebras of small graphs. This
has led to interesting developments in K -theory (see [7, Sect. 6.3] and [44]) and has
motivated the study of substructures of Leavitt path algebras, like the socle [14] and
invariant ideals [47].

A third goal is to explain why graph C*-algebras and Leavitt path algebras have
so much in common. One expects a priori that these two different structures would
have little to do with one another. But in fact, many theorems about Leavitt path
algebras resemble theorems about graph C*-algebras [1, Appendix 1]. For instance,
the graphs whose C*-algebras are C*-simple are exactly the same graphs whose
Leavitt path algebras are simple (over any base field). One conjecture in this general
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direction is the Isomorphism Conjecture for Graph Algebras [4]: if E and F are two
graphs such that Lo (E) = L¢(F) as rings, then C*(E) = C*(F) as x-algebras. In
the unital case, an affirmative answer has been given in [37, Theorem 14.7].

2.1.3 Background: Steinberg Algebras

An ample groupoid is a special kind of locally compact topological groupoid. The
Steinberg algebra of such a groupoid is an R-module of functions defined on it. It
becomes an associative R-algebra once it is equipped with a generally noncommu-
tative operation called the convolution (generalising the multiplicative operation on
a group algebra). If the groupoid G is Hausdorff, one can characterise its Steinberg
algebra quite succinctly as the convolution algebra of locally constant, compactly
supported functions f : G — R. Steinberg algebras first appeared independently
in [27, 63]. The primary motivation was to generalise other classes of algebras,
especially inverse semigroup algebras and Leavitt path algebras.

Steinberg algebras do not only unify and generalise some seemingly disparate
classes of algebras, but they also provide an entirely new approach to studying them.
Many theorems about Leavitt path algebras and inverse semigroup algebras have
since been recovered as specialisations of more general theorems about Steinberg
algebras. For example, various papers [28, 64, 65, 67] have used groupoid tech-
niques to characterise, in terms of the underlying graph or inverse semigroup, when
a Leavitt path algebra or inverse semigroup algebra is (semi)prime, indecomposable,
(semi)primitive, noetherian, or artinian.

Simplicity theorems play a very important role in graph algebras and some related
classes of algebras. (In contrast, inverse semigroup algebras are never simple.) This
theme goes right back to the beginning, when Leavitt proved in [52] that the Leavitt
algebras L, g (n > 2) are all simple. Likewise, Cuntz proved in [33] that the Cuntz
algebras O, (n > 2) are C*-simple in the sense that they have no closed two-sided
ideals. When Leavitt path algebras were introduced, in the very first paper on the
subject, Abrams and Aranda Pino [2] wrote the simplicity theorem for Leavitt path
algebras of row-finite graphs. It was extended to Leavitt path algebras of arbitrary
graphs, as soon as these were defined in [3].

Once Steinberg algebras appeared on the scene, Brown, Clark, Farthing, and
Sims [20] proved a simplicity theorem for Steinberg algebras of Hausdorff ample
groupoids over C. That effort led them to unlock a remarkable piece of research in
which they derived a simplicity theorem for the C*-algebras of second-countable,
locally compact, Hausdorff étale groupoids. It speaks to the significance of these new
ideas, that they were put to use in solving a problem that was open for many decades.
The effort has recently been repeated for non-Hausdorff groupoids, in [31], where
it is said that “We view Steinberg algebras as a laboratory for finding conditions to
characterisze C*-simplicity for groupoid C*-algebras.”
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Besides the ones we have already discussed, there are many interesting classes of
algebras that appear as special cases of Steinberg algebras. These include partial skew
group rings associated to topological partial dynamical systems [17], and Kumjian—
Pask algebras associated to higher -rank graphs [29]. In quite a different application,
Nekrashevych [54] has produced Steinberg algebras with prescribed growth prop-
erties, including the first examples of simple algebras of arbitrary Gelfand—Kirillov
dimension.

2.1.4 Background: Graph Groupoids

There are actually a few ways to associate a groupoid to a graph E; see for example,
[50, p. 511], [56, pp. 156-159], and [26, Example 5.4]. The one that we are interested
in is called the boundary path groupoid, Gg. Its unit space is the set of all paths
that are either infinite or end at a sink or an infinite emitter (i.e., boundary paths).
This groupoid was introduced in its earliest form, for row- and column-finite graphs
without sinks, by Kumjian, Pask, Raeburn, and Renault [50]. It bears a resemblance
to a groupoid studied a few years earlier by Deaconu [35]. The construction was
later generalised in a number of different directions, taking a route through inverse
semigroup theory [57], and going as far as topological higher-rank graphs [49, 61,
71].

The boundary path groupoid is an intermediate step towards proving that all
Leavitt path algebras are Steinberg algebras, and it becomes an important tool for
the analysis of Leavitt path algebras. For an arbitrary graph E, there is a Z-graded
isomorphism Ag(Gg) = Lg(E), where Ag(Gg) is the Steinberg algebra of G and
L (E)isthe Leavitt path algebra of E. Consequently, if we understand some property
of Steinberg algebras (for example, the centre [30]) then we can understand that
property of Leavitt path algebras by translating groupoid terms into graphical terms
and applying the isomorphism Ag(Gg) = Lg(E). Similarly, there is an isometric
x-isomorphism C*(Gg) = C*(E), where C*(Gg) is the full groupoid C*-algebra of
G and C*(E) is the graph C*-algebra of E.

The diagonal subalgebra of a Steinberg algebra (resp., groupoid C*-algebra) is
the commutative subalgebra (resp., C*-subalgebra) generated by functions supported
on the unit space. If two ample groupoids ¥ and G are topologically isomorphic,
it is immediate that Ag(F) = Ag(G) and the isomorphism sends the diagonal to
the diagonal. The converse is a very interesting and current research topic called
“groupoid reconstruction”. It was shown in [13] that if ¥ and G are topologically
principal, and R is an integral domain, then Ax(F) = Ax(G) with an isomorphism
that preserves diagonals if and only if ¥ = G. This was generalised in [23, 66]. For
C*-algebras, there are results of a similar flavour [60].

For boundary path groupoids, groupoid reconstruction is essentially the question:
if £ and F are graphs such that Lg(E) = Lg(F), does it imply Gg = Gr? Many
mathematicians [13, 19, 22, 66] have been working on this and they have given
positive answers after imposing various assumptions on the graphs, the ring R, or
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the types of isomorphism between the Leavitt path algebras. It seems likely that
more results will emerge. It is already known from [21, Theorem 5.1] that if there
exists a diagonal-preserving isomorphism of graph C*-algebras C*(E) = C*(F),
then Gg = Gr. It is plausible that the groupoid reconstruction programme for graph
groupoids could eventually prove the general Isomorphism Conjecture for Graph
Algebras [4].

2.2 The Steinberg Algebra of a Groupoid

Section2.2 is structured as follows. It begins, in Sect.2.2.1, by providing some
background on groupoids. In Sect.2.2.2, we develop some facts about topologi-
cal groupoids and almost immediately specialise to étale and ample groupoids. We
give a very brief treatment of inverse semigroups and their role in the subject. In
Sect.2.2.3, we introduce the Steinberg algebra of an ample groupoid, describing it
in a few different ways to make the definition more transparent. We develop the
basic theory in a self-contained way, paying attention to what can and cannot be said
about non-Hausdorff groupoids. In Sect.2.2.4, we investigate some important prop-
erties, showing that these algebras are locally unital and enjoy a kind of symmetry
that comes from an involution (in other words, they are x-algebras). In Sect.2.2.5,
we investigate the effects of groupoid-combining operations like products, disjoint
unions, and directed unions, and find applications with finite-dimensional Steinberg
algebras and the Steinberg algebras of approximately finite groupoids. In Sect.2.2.6,
we discuss graded groupoids and graded Steinberg algebras.

2.2.1 Groupoids

This classical definition of a groupoid is modified from [59]. We have chosen to paint
a complete picture; indeed, some parts of the definition can be derived from other
parts.

Definition 2.1 A groupoid is a system (G, G?, d, ¢, m, i) such that:

(G1) Gand G are nonempty sets, called the underlying set and unit space, respec-
tively;

(G2) d, c are maps G — G, called domain and codomain;

(G3) m is a partially defined binary operation on G called composition: specifically,
it is a map from the set of composable pairs

G? ={(g.h)eGxGld@g) =ch)
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onto G, written as m(g, h) = gh, with the properties:

e d(gh) =d(h) and ¢(gh) = c(g) whenever the composition g/ is defined;
e (gh)k = g(hk) whenever either side is defined;

(G4) Forevery x € G there is a unique identity 1, € G such that 1,g = g when-
ever ¢(g) = x, and hl, = h whenever d(h) = x;

(G5) i : G — Gisamap called inversion, written as i (g) = g~
legg)» 87" = lagg-and (7)™ = g.

! suchthatg~'g =

The definition can be summarised by saying: a groupoid is a small category in
which every morphism is invertible. Having said this, the elements of G will usually
be called morphisms.

Remark 2.1 We always identify x € G with 1, € G, so G is considered a subset
of G. The elements of G© are called units.

Many authors write s (source) and r (range) instead of d and ¢ in the definition
of a groupoid. Our notation is chosen to avoid confusion in the context of graphs,
where s and r refer to the source and range, respectively, of edges and directed paths.

A homomorphism between groupoids G and H is a functor F : G — H; that
is, a map sending units of G to units of H and mapping all the morphisms in G to
morphisms in H in a way that respects the structure. A subgroupoid is asubset S C G
that is a groupoid with the structure that it inherits from G. For x € G, we use the
notation xG = ¢~ '(x), Gx =d " '(x), and xGy = ¢~ (x) Nd " (y). The set xGx is
a group, called the isotropy group based at x, and the set Iso(G) = [, g0 XGx is a
subgroupoid, called the isotropy subgroupoid of G. If Iso(G) = G* then G is called
principal. We say that G is transitive if for every pair of units x, y € G there is at
least one morphism in xGy.

The conjugacy class of g € Iso(G) is the set Clg(g) = {hgh™ | h € Ge(g)}.
The set of conjugacy classes partitions Iso(G). The conjugacy class of a unit is
called an orbit, and the set of orbits partitions G*’. Equivalently, the orbit of x €
GO is Clg(x) =c(d - (x)) = d(c"(x)), or the unit space of the maximal transitive
subgroupoid containing x. A subset U € G is invariant if forall g € G, d(g) € U
implies ¢(g) € U, which is to say that U is a union of orbits. If x, y € G belong to
the same orbit, then the isotropy groups xGx and yGy are isomorphic. In fact, there
can be many isomorphisms xGx — yGy. For every g € yGx there is an “inner”
isomorphism xGx — yGy given by x — gxg~'. This allows us to speak of the
isotropy group of an orbit.

Example 2.1 Many familiar mathematical objects are essentially groupoids:

(a) Any group G with identity ¢ can be viewed as a groupoid with unit space {¢}.
Conjugacy classes are conjugacy classes in the usual sense.

(b) If{G; | i € I'}isafamily of groups with identities {g; | i € I}, then the disjoint
union |_|ie, G, has a groupoid structure with d (g) = ¢(g) = ¢; forevery g € G;.
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The composition, defined only for pairs (g, h) € | |,.; Gi x Gi, is just the rele-
vant group law. This is known as a bundle of groups. The isotropy subgroupoid
of any groupoid is a bundle of groups.

(c) Let X be a set with an equivalence relation ~. We define the groupoid of
pairs Gy = {(x,y) € X x X | x ~ y} with unit space X, and view (x, y) as a
morphism with domain y, codomain x, and inverse (x, y)~' = (y, x). A pair of
morphisms (x, y), (w, z) is composable if and only if y = w, and composition
is defined as (x, y)(y, z) = (x, z). Every principal groupoid is isomorphic to a
groupoid of pairs. If ~ is the indiscrete equivalence relation (where x ~ y for
all x, y € X) then Gy is called the transitive principal groupoid on X .

(d) Let G be a group with a left action on a set X. There is a groupoid structure
on G x X, where the unit space is {¢} x X, or simply just X. We understand
that the morphism (g, x) has domain g~'x and codomain x. Composition is
defined as (g, x)(h, g~'x) = (gh, x), and inversion as (g, x) "' = (g~ !, g~'x).
The isotropy group at x is isomorphic to the stabiliser subgroup associated to x.
Orbits are orbits in the usual sense, and the groupoid is transitive if and only if
the action is transitive. This is called the transformation groupoid associated
to the action of G on X.

(e) The fundamental groupoid of a topological space X is the set of homotopy
path classes on X. The unit space of this groupoid is X itself, and the isotropy
group at x € X is the fundamental group (X, x). The groupoid is transitive
if and only if X is path-connected, and it is principal if and only if every path
component is simply connected.

2.2.2 Topological Groupoids

Briefly, here are some of our topological conventions. We use the word base to mean
a collection of open sets, called basic open sets, that generates a topology by taking
unions. A neighbourhood base is a filter for the set of neighbourhoods of a point.
In this paper, the word basis is reserved for linear algebra. A compact topological
space is one in which every open cover has a finite subcover, and a locally compact
topological space is one in which every point has a neighbourhood base of compact
sets. If X and Y are topological spaces, a local homeomorphismisamap f : X — Y
with the property: every point in X has an open neighbourhood U such that f|y is
a homeomorphism onto an open subset of Y. Every local homeomorphism is open
and continuous.

The definition of a topological groupoid is straightforward, but there is some
inconsistency in the literature on what it means for a groupoid to be étale or locally
compact. While some papers require germane conditions, our definitions are cho-
sen to be classical and minimally restrictive. We are mainly concerned with étale
and ample groupoids. Roughly speaking, étale groupoids are topological groupoids
whose topology is locally determined by the unit space.
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Definition 2.2 A groupoid G is

(a) a topological groupoid if its underlying set has a topology, and the maps m
and i are continuous, with the understanding that G inherits its topology from
G xG;

(b) anétale groupoid if it is a topological groupoid and d is a local homeomorphism.

Some pleasant consequences follow from these two definitions. In any topological
groupoid, i is a homeomorphism because it is a continuous involution, and d and
¢ are both continuous because d(g) = m(i(g), g) and ¢ = di. If G is étale, then
d, ¢, and m are local homeomorphisms, and G is open in G (the openness of
G is proved from first principles in [38, Proposition 3.2]). If G is a Hausdorff
topological groupoid, then G is closed. Indeed (and this neat proof is from [62])
if (x;)ies is a net in G© with x; = g € G, then x; = ¢(x;) — ¢(g) because c is
continuous, so g = ¢(g) € G by uniqueness of limits. If G is any topological
groupoid, themapsd x c : G x G — GV x GP and d,¢) : G — G x GO are
both continuous. If G is Hausdorff, the diagonal A = {(x, x) | x € G} is closed
in G x G©; consequently, G» = (d x ¢)"'(A) is closedin G x G and Iso(G) =
(d,c)"'(A) is closed in G.

Let G be a topological groupoid. If U C G is an open set such that ¢|y and d|y
are homeomorphisms onto open subsets of G, then U is called an open bisection.
If G is étale and U C G is open, the restrictions ¢|y and d|y are continuous open
maps, so they need only be injective for U to be an open bisection. An equivalent
definition of an étale groupoid is a topological groupoid that has a base of open
bisections. If G is étale and G© is Hausdorff, then G is locally Hausdorff, because
all the open bisections are homeomorphic to subspaces of G». Another property of
étale groupoids is that for any x € G, the fibres xG and Gx are discrete spaces.
Consequently, a groupoid with only one unit (i.e., a group) is étale if and only if it
has the discrete topology.

Definition 2.3 An ample groupoid is a topological groupoid with Hausdorff unit
space and a base of compact open bisections.

If G is an ample groupoid, the notation B°(G) stands for the set of all nonempty
compact open bisections in G, and B(G?) stands for the set of nonempty compact
open subsets of G©.

Recall that a topological space is said to be totally disconnected if the only
nonempty connected subsets are singletons, and 0-dimensional if every point has
a neighbourhood base of clopen (i.e., closed and open) sets. These two notions are
equivalent if the space is locally compact and Hausdorff [70, Theorems 29.5 and
29.7]. The following proposition is similar to [39, Proposition 4.1]. It is useful for
reconciling slightly different definitions in the literature (e.g., [27]) and for checking
when an étale groupoid is ample.
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Proposition 2.1 Let G be an étale groupoid such that G is Hausdorff. Then the
following are equivalent:

(1) G is an ample groupoid;
2) GO is locally compact and totally disconnected;
(3) Every open bisection is locally compact and totally disconnected.

Proof (1) = (2) Let U € G be open. Since G is ample and G is open, for every
x € U there is a compact open bisection B such that x € B € U < G©. More-
over, G is Hausdorff, so B is closed. This shows that G is locally compact and
0-dimensional (hence totally disconnected).

(2) = (3) Every open bisection is homeomorphic to an open subspace of G©,
so it is totally disconnected and locally compact.

(3) = (1) Let U beopenin G, and x € U. Since G is étale, it has a base of open
bisections, so there is an open bisection B with x € B C U. Moreover, B is Haus-
dorff, locally compact, and totally disconnected, so x has a compact neighbourhood
W C B and a clopen neighbourhood V' € W. Since B is Hausdorff and V is closed
in W, it follows that V is compact. Moreover, V is an open bisection because B is
an open bisection. So, V is a compact open bisection. This shows that G has a base
of compact open bisections, so G is ample. (]

Remark 2.2 If G is a topological groupoid and & is a subgroupoid of G, then & is
automatically a topological groupoid with the topology it inherits from G. If G is
étale, then so is &. However, if G is ample, then it is not guaranteed that & is ample.
Indeed, by Proposition2.1 (2), a subgroupoid & of an ample groupoid G is ample if
and only if &© is locally compact. In particular, & is ample if G is ample and & is
either open or closed in G.

The following lemma is similar to [56, Proposition 2.2.4], but with slightly dif-
ferent assumptions.

Lemma 2.1 Let G be an étale groupoid where G is Hausdorff If A, B,C C G
are compact open bisections, then

(1) A ' ={a"' |a € A} and AB = {ab | (a,b) € (A x B)NGP} are compact
open bisections.
(2) If G is Hausdorff, then A N B is a compact open bisection.

Proof (1) Firstly, A~! = i(A) is compact and open because i is a homeomorphism.
Clearly, A~! is an open bisection. Secondly, note that A B might be empty, in which
case it is trivially a compact open bisection. Otherwise, (A x B) N G? is com-
pact because G is closed in G x G, and AB = m((A x B) N G?) is compact
because m is continuous. Since m is a local homeomorphism, it is an open map,
and AB = m((A x B)N g<2>) is open. To prove that it is a bisection, suppose (a, b)
is a composable pair in A x B and d(ab) = x. Since A and B are bisections, b is
the unique element in B having d(b) = x, and a is the unique element of A having
d(a) = c(b). So, d| 4 is injective. Similarly, c|4p is injective.

(2) It is trivial that A N B is an open bisection. The Hausdorff property on G
implies A and B are closed, so A N B is closed, hence compact. O
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Lemma?2.1 remains true if the words “compact” or “open”, or both, are removed
throughout the statement. Using Lemma 2.1 (2) with mathematical induction shows
that when an ample groupoid is Hausdorff, its set of compact open bisections is
closed under finite intersections. The converse to this statement is also true: an ample
groupoid is Hausdorff if the set of compact open bisections is closed under finite
intersections (see [63, Proposition 3.7]).

The main takeaway from Lemma2.1 (1) is that the compact open bisections in an
ample groupoid are important for two reasons: they generate the topology, and they
can be multiplied and inverted in a way that is consistent with an algebraic structure
called an inverse semigroup. An inverse semigroup is a semigroup S such that every
s € S has a unique inverse s* € S with the property ss*s = s and s*ss* = s*.

Example 2.2 If X is a set, a partial symmetry of X is a bijection s : dom(s) —
cod(s) where dom(s) and cod(s) are (possibly empty) subsets of X. Two partial
symmetries s and ¢ are composed in the way that binary relations are composed,
so that st : dom(st) — cod(st) is the map s¢(x) = s(z(x)) for all x € X such that
s (¢ (x)) makes sense. It is not necessary to have dom(s) = cod(#) in order to compose
s and 7. The semigroup 7 x of partial symmetries on X is called the symmetric inverse
semigroup on X . The Wagner—Preston Theorem is an analogue of Cayley’s Theorem
for groups: every inverse semigroup S has an embedding into 7.

The following result is an adaptation of [56, Proposition 2.2.3].

Proposition 2.2 If G is an ample groupoid, B°(G) is an inverse semigroup with the
inversion and composition rules displayed in Lemma2.1 (1).

Proof Lemma?2.1 (1) proves that B (G) is asemigroup and that A € B°°(G) implies
A7l € B®(G). If A € B®(G) then AA~' = ¢(A) because all composable pairs in
A x A™! are of the form (a, a~') forsome a € A. Therefore AA™'A = c(A)A = A
and A7TAA™' = A7 '¢(A) = A~'d(A™") = A~'. To show that the inverses are
unique, suppose B € B®(G) satisfies ABA = A and BAB = B. Then for all
a € A there exists b € B such that aba = a. But then b = a"'aa' = a~!. This
shows A~! C B.Similarly, BAB = Bimplies B~! C Aandconsequently B C A~
Therefore B = A~ O

The proposition above has shown how to associate an inverse semigroup to an
ample groupoid. The connections between ample groupoids and inverse semigroups
run much deeper than this. There are at least two ways to associate an ample groupoid
G to an inverse semigroup S. The first is the underlying groupoid Ggs, where the
underlying set is S, the topology is discrete, the unit space is the set of idempotents in
S,and d(s) = s*s while c(s) = ss*, forevery s € S. Composition in Gy is the binary
operation from S, just restricted to composable pairs. The second way to associate
an ample groupoid to an inverse semigroup S is more complicated. It is called the
universal groupoid of S, and it only differs from the underlying groupoid when §
is large (i.e., fails to have some finiteness conditions). The universal groupoid has a
topology that makes it ample but not necessarily Hausdorff. The universal groupoid
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of § is quite powerful (as shown in [63]) because its Steinberg algebra Az(G(S))
is isomorphic to the inverse semigroup algebra RS. This takes us beyond our scope
and, after all, we still need to define Steinberg algebras.

2.2.3 Introducing Steinberg Algebras

The purpose of this section is to define and characterise the Steinberg algebra of an
ample groupoid over a unital commutative ring R. Throughout this section, assume
G is an ample groupoid. In order to make sense of continuity for R-valued functions,
assume R has the discrete topology. The support of a function f : X — R is defined
as the set suppf = {x € X | f(x) # 0}. When X has a topology, we say that f
is compactly supported if supp f is compact. If every point x € X has an open
neighbourhood N such that f|y is constant, then f is called locally constant. It is
easy to prove that f : X — R is locally constant if and only if it is continuous. We
use the following notation for the characteristic function of a subset U of G:

1 ifgelU
1y : G — R, 1 =
v:G v(g) {O ifodU.

Let RY be the set of all functions f : G — R. Canonically, RY has the structure of
an R-module with operations defined pointwise.

Definition 2.4 (The Steinberg algebra) Let Ag(G) be the R-submodule of RY gen-
erated by the set:

{1y | U is a Hausdorff compact open subset of G}.

The convolution of f, g € Ar(G) is defined as

fre@ = Y feyHem= Y. f@gy) foralxeG. Q1)

yeg Ly (2)
d(y)=d(x) ©2)<g

The R-module Ag(G), with the convolution, is called the Steinberg algebra of G
over R.

Example 2.3 If T is a discrete group, then Ag(I") is isomorphic to RI", the usual
group algebra of I with coefficients in R.

We have yet to justify the definition of the convolution in Eq.2.1. The two sums in
the formula are equal, by substituting z = xy~!. But it should not be taken for granted
that the sum is finite, that * is associative, or even that A g (G) is closed under *. These
facts will be proved later. First, we prove the following result (inspired by [63]) that
leads to some alternative descriptions of Az(G) as an R-module.
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Proposition 2.3 Let B be a base for G consisting of Hausdorff compact open sets,
with the property:

{m B; | B; € 8B, UBi is Hausdorff § € B U {@}.

i=1 i=1
Then Ar(G) = spang{lp | B € B}.

Proof Let A = spang{lp | B € B}. From the definition of Az(G), we have A C
ARr(G). To prove the other containment, suppose U is a Hausdorff compact open
subset of G. It is sufficient to prove that 1y is an R-linear combination of finitely
many 1z, where each B; € 8. Since 8 is a base for the topology on G, we can write
U as a union of sets in B, and use the compactness of U to reduce it to a finite union

U=BU---UB,,where By, ..., B, € 8.By the principle of inclusion—exclusion:
1y =) (D" > 1.
k=1 1c{l,...n}
1=k

The main assumption ensures that the sets N;c; B; on the right hand side are either
empty or in B. Therefore Az(G) C A. [l

Corollary 2.1 IfG is Hausdorff and B is a base of compact open sets that is closed
under finite intersections, then Ar(G) = spang{lp | B € B}.

We remarked after Lemma?2.1 that if G is non-Hausdorff, B°(G) is not closed
under finite intersections. Strange things can happen in non-Hausdorff spaces and the
problem lies in the fact that compact sets are not always closed, and the intersection of
two compact sets is not always compact. However, B (G) does satisfy the hypothesis
of Proposition2.3.

Corollary 2.2 ([63, Proposition 4.3]) The Steinberg algebra is generated as an
R-module by characteristic functions of compact open bisections. That is,

AR(G) = spang{lp | B € B*(G)}.

Proof If By, ..., B, € B®°(G), and U = U; B; is Hausdorff, then each B; is closed
in U because U is compact, so M;B; is closed in U. And, B; is a compact set
containing the closed set N; B;, so N; B; is compact. Clearly N; B; is an open bisection,
soM;B; € BCO(Q). O

Remark 2.3 If G is an ample groupoid and & is an open subgroupoid, then & is also
ample (see Remark2.2). Let ¢ : & < G be the inclusion homomorphism. There is
a canonical monomorphism m : Ag(E) < Ag(G), linearly extended from 1y
1,y for every Hausdorff compact open set U C &. If & is closed, m has a left
inversee : AR(G) — Ag(E),linearly extended from 1y +— 1yng for every Hausdorff
compact open set U C G.
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We still owe a proof that the convolution, from Eq. 2.1, is well-defined and gives
an R-algebra structure to A g (G). The next two results are similar to [63, Propositions
4.5 and 4.6].

Lemma 2.2 Let A, B,C € B°(G) andr,s € R. Then:

(D) 140x) =14 forallx € G;
(2) 14 x1p =143/

Proof (1) We have x € A~! if and only if x ™! € A.
(2) Let x € G. By definition:

Lixlz)= ) L@ Hm= ) Lx™H. @2

veGg yeB
d(y)=d(x) d(y)=d(x)

Assume x is of the form x = ab where a € A and b € B. Since B is a bisection, b
is the only element of B having d(b) = d(x), and it follows that

14x15(x0) =1, H =14(a) = 1.

On the other hand, assume x ¢ AB. If there is y € B such that d(y) = d(x), then
xy~! ¢ A, for if it were, then xy~!y = x would be in AB. Therefore Eq.2.2 yields
14x1p(x) =0. |

Lemma?2.2 (2) implies that characteristic functions of compact open subsets of the
unit space can be multiplied pointwise. That is, if V, W € B8(G?) then VW = V N
W =WVand1ly * 1y (x) = 1y (x)1y(x) forall x € G. As G is openin any ample
groupoid G, by Remark 2.3, there is a commutative subalgebra A g (GD) — AR(G).

The ingredients of an R-algebra are an R-module A and a binary operation
A x A — A. The binary operation should be R-linear in the first and second argu-
ments (that is, bilinear), and it should be associative. There does not need to be a
multiplicative identity. It is tedious to prove that * is associative from its definition
in Eq.2.1, so a proof was omitted in [63].

Proposition 2.4 The R-module Ag(G), equipped with the convolution, is an
R-algebra.

Proof We need to show that the image of x : Ag(G) X Ar(G) — RY is contained
in Ag(G), and that = is associative and bilinear. Bilinearity can be proved quite
easily from Eq.2.1. Recall from Corollary2.2 that the elements of Ag(G) are
R-linear combinations of characteristic functions of compact open bisections. If
f=>als,g=>;bjlp, and h =}, cilc,, where the sums are finite, and
A;, B;, Cy € B®°(G) while a;, bj, ¢, € Rforall i, j, k, then

(f*g)xh= Zzzaibjckl(A,-B_,-)Ck = ZzzaibjCklA,-(B_,ck) = fx(gxh),
ik i j ok
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using Lemma 2.2 (2) and the bilinearity of x. This proves x* is associative. Evidently,
fxg= Zi,j aibjla,p; € AR(G), so AR(G) is closed under . O

It is often useful to think of * simply as the extension of the rule 14 % 15 = 145
for all pairs A, B € B°°(G), rather than the more complicated-looking Eq.2.1 that
we first defined it with. Moreover, one can infer from it that A g (G) is a homomorphic
image of the semigroup algebra of B°°(G) with coefficients in R.

Proposition 2.5 [If G is Hausdorff and ample, then
AR(G) =1{f : G — R| f is locally constant, compactly supported}. (2.3)

Moreover, if B is a base for G consisting of compact open sets, such that B is closed
under finite intersections and relative complements, then every nonzero f € Agr(G)
is of the form f = Z;ﬂ:l rilpg, wherery,...,r, € R\ {0} and By, ..., B, € Bare
mutually disjoint.

Proof Let A be the set of locally constant, compactly supported R-valued functions
on G. Let B be a base of compact open sets for G, such that 8 is closed under finite
intersections and relative complements. (A worthy candidate for 8 is B°(G).) If
0 # f € Ag(G) then according to Corollary2.1, f =Y ""_, s;1p, for some basic
open sets D; € B and non-zero scalars s; € R. We aim to rewrite it as a linear
combination of characteristic functions of disjoint open sets. If s € im f \ {0}, then
we have the expression:

) = U B, where By = ﬂ D\ D;. (2.4)
1<(1,...,n} iel
‘Y:Ziel Si j¢l

By assumption, each nonempty B; in the expression is an element of 5; in particular,
each By is compact and open. Finite unions preserve openness and compactness, SO
£~'(s) is open and compact for every nonzero s € im f. It follows that f~'(0) =

G\ (Useim oy S ‘l(s)) is open. Therefore f is locally constant. As f is a linear

combination of n characteristic functions, it is clear that |[im f \ {0}| < 2". Being a
finite union of compact sets, supp f = (J;cim Ao S I(s) is compact. Thus feA, and
this shows Ag(G) C A. To prove the other contamment that A € AR(G), suppose
f € A. As fiscontinuous and supp f is compact, f (supp f) = im f \ {0} is compact
in R, so it must be finite. Let im £ \ {0} = {r1, ..., r,}. Theneach set U; = f~'(r;)
is clopen because f is continuous, and compact because U; C supp f. Hence f =
i rily, € AR(G), and this shows A C Ag(G).

To prove the “moreover” part, we look again at Eq.2.4. If I, J C {1,...,n} and
I # J then B; N B; = (. Therefore, f € Ag(G) can be written as an R-linear com-
bination of characteristic functions of disjoint basic open sets in B:

f= Z Slf I(s) = Z Z SIB, 0

seim f\{0} seim f\{0} I<{1,..., n}
§= er[ Si
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2.2.4 Properties of Steinberg Algebras

Itis useful to know when A g (G) is unital or has some property that is nearly as good.
The answer is quite easy, and we show it below. We use the definition that a ring
(or R-algebra) A is locally unital if there is a set of commuting idempotents E C A,
called local units, with the property: for every finite subset {ay, ..., a,} C A, there
is alocal unit e € E with ea; = a; = a;e forevery 1 < i < n. Equivalently, A is the
direct limit of unital subrings: A = lim,.cg eAe. The directed system is facilitated by

the partial order, e < ¢’ if ee’ = ¢ = ¢’e, and the connecting homomorphisms (which
need not be unit-preserving) are the inclusions eAe — ¢’Ae’ fore < ¢'.

In many respects, working with locally unital rings is like working with unital
rings. Every locally unital ring A is idempotent (i.e., A> = A) and if I C A is an
ideal, then Al = [ = [ A. If A is an R-algebra with local units, then the ring ideals
of A are always R-algebra ideals (which, by definition, should be R-submodules of
A). These facts are not true in general for arbitrary non-unital rings. Locally unital
rings and algebras are always homologically unital, in the sense of [53, Definition
1.4.6], which essentially means that they have well-behaved homology. The classical
Morita Theorems, with slight adjustments, are valid for rings with local units (see

[10D).

Proposition 2.6 ([63, Proposition 4.11], [32, Lemma 2.6]) Let G be an ample
groupoid. Then Ag(G) is locally unital. Moreover, Agr(G) is unital if and only if
G is compact.

Proof We prove the “moreover” part first. If G is compact, then it is a compact open
bisection, and 1go € Ar(G). Following Lemma2.2 (2), 1go * 1 = lgog = 15 =
1360 =13 * 1go, forevery B € B°(G). Since {1z | B € B°(G)} spans Ar(G), it
follows by linearity that 1go * f = f = f * 1go forevery f € Ag(G). This proves
that 150 is the multiplicative identity in Az(G).

Conversely, suppose Ag (&) has a multiplicative identity called &. The first step is
to show that§ = 1go.Letx € Gandlet V C G be a compact open set containing
d(x). Then V must be Hausdorff because G is, so 1y € Ag(@). If x ¢ G, then

O=ly@) =&xlym) = Y Exy Dy = Y &xyH=£w

yegd(x) yevVnGd(x)
because V N Gd(x) = {d(x)}. Similarly, if x € G then x = d(x) € V and
I=1y(x) =& x 1y (x) = &(x).

This shows that § = 1g0. The second step is to show that 1go € Ag(G) implies
G is compact. By the definition of A(G), there exist scalars ry, ..., r, € R\ {0}
and compact open sets Uy, ..., U, € Gsuch that 1g0 = r(1y, +--- +7r,1y,. Then
G» CU,U.---UU, and consequently G =d(U;)U---Ud(U,). Each of the
sets d(U)), ...,d(U,) is compact (because d is continuous), so G is compact.
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To show that Ax(G) is locally unital for all ample groupoids &G, suppose
F ={f1,..., fu} is a finite subset of Ar(G). Since Ag(G) is spanned by {15 |
B € B®(G)}, there exist finite subsets {By, ..., B,} € B(G) and {r; ; | 1 <i <
n,1 <j<m}CRsuchthat fj =7 j1p + - +r,;1p forall 1 <j <m. Let
X=d(B)U---Ud(B,)Uc(B)U---Uc(B,). Then X € G© is compact and
open because it is a finite union of compact open sets, and X is Hausdorff because it
is a subset of G0, s0 1y € AR(G). Clearly, XB; = B; = B;X,s0 1x x 13 = 13 =
1, *1x,forall 1 <i < n.Bylinearity, 1x x f; = f; = f; *1x forall1 < j < m.
The conclusion is that E = {1y | X € B(G)} is a set of local units for Az(G). O

The characteristic of a ring A, written charA, is defined as the least positive
integer n such that n - a = 0 for all @ € A, or 0 if no such n exists. If A has a set of
local units E, the characteristic of A can be defined as the least n such thatn - e =0
forall e € E, or O if no such n exists.

Proposition 2.7 For any ample groupoid G, charAg(G) = charR.

Proof If n is a positive integer, n -1y =0 for all U € B(G"?) if and only if
n-1=0. (]

Given a topological groupoid (G, G9.d, c,m,i), the opposite groupoid is:
G* =(G.G.d® c® m™,i)

where dP = ¢, ¢°® = d, and m°P(x, y) = m(y, x) for any x, y with ¢(x) = d(y).
We call the opposite groupoid G to distinguish it from G, even though they have
the same underlying sets. We assume G°P has the same topology as G. Naturally, the
inversion map i : G — G°P is an isomorphism of topological groupoids.

If Ais aring, an involution on A is an additive, anti-multiplicative mapt : A —> A
such that 2 = id4. If A has an involution, it is called an involutive ring or *-ring. If
G is an ample groupoid, f +— f o is a canonical involution on Ag(G) that makes it
a x-algebra. More generally, if there is an involution — : R — R, written as r > 1,
then f + f oi is an involution on Ag(G). To summarise:

Proposition 2.8 Let G be an ample groupoid. There are canonical isomorphisms
G = GPand Agr(G) = AR(GP) = AR(G)°P. Moreover, to each involution™ : R— R
is associated a canonical involution on Ar(G), namely, f +— foi for all f €

AR(G).

This kind of symmetry is very nice to work with. It implies, for example, that
the category of left Ag(G)-modules is isomorphic to the category of right Ag(G)-
modules, and the lattice of left ideals in Ag(G) is isomorphic to the lattice of right
ideals. Many important notions, like left and right primitivity, are equivalent for
involutive algebras (or more generally, self-opposite algebras).
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2.2.5 First Examples

One or two of the results in this section will be useful later on, but mostly they are
just interesting in their own right. Presumably, most of this content is already known,
but we do not adhere closely to any references.

Given two groupoids (G, d, ¢i,m,i,) and (G, d,, ¢2, m3, i), their disjoint
union G| U G, has the structure of a groupoid with unit space gﬁ‘” Ll g(z‘”, set of
composable pairs Q?) u g(j)
and x2, y; € G2,

, and the following structure maps: for all x|, y; € G,

dxj) =d;i(x;), c(x)=c¢i(xp), i(x)=1i;(xp), mx;,y)=mxiy).
The product G| x G, also has the structure of a groupoid with unit space gﬁ‘” X gg‘”,
and the following structure maps: for all x;, y; € G; and x,, y, € G»,

d(x1, x2) = (d1(x1), d2(x2)), c(x1, x2) = (e1(x1), €2(x2)),
i(xp,x2) = (@1(x1),i2(x2)),  m((x1,x2), (y1, y2)) = (m1(x1, y1), ma(x2, y2)).

These constructions work just as well for the disjoint union or product of arbitrarily
many (even infinitely many) groupoids. If G| and G, are topological groupoids, then
G1 U G, (with the coproduct topology) and G X G, (with the product topology) are
again topological groupoids. The properties of being étale or ample are preserved by
arbitrary disjoint unions and finite products.

Proposition 2.9 Let G| and G, be ample groupoids. The Steinberg algebra of G U
G- is a direct sum of two ideals: Agr(G1 U Gr) = Ar(G1) D Ar(G2).

Proof Letly = {f1 € Ar(G1UG2) | suppfi C Gi}and b = {f> € Ar(G1 U G>) |
supp f> € G»}. Recall from Remark 2.3 that I| = Ax(G)) and I, = Ag(G»). Every
f € Ar(G1 U G») decomposes as f = f; + f» where f; € I; are defined as:

x) ifxegG;
fioy =170

0 if x ¢ G
fori = 1, 2. Weclaim /; and I, are orthogonal ideals (thatis, I} x I, = 0).Forall f; €
Iy, f» € hyand x € G1 UG, f1 * fa(x) = D, fi(a) f2(b). So, supp(f1 * f2) C
supp(f1)supp(f2) € G1G, = ¥. This implies I; and I, are ideals, and Agx(G; U
G2) =11 ® I, = Ar(G1) ® Ar(G2). O

By mathematical induction, the Steinberg algebra of a finite disjoint union of
ample groupoids is isomorphic to the direct sum of their respective Steinberg alge-
bras.

Like in [7, Notation 2.6.3], we have reasons to consider matrix rings of a slightly
more general nature than usual.
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Definition 2.5 (Matrix rings) Let A be a ring (not necessarily commutative or uni-
tal). If n is a positive integer, we write M, (A) for the ring of n x n matrices with
entries in A. If A is a set (not necessarily finite) we define M, (A) to be the ring of
square matrices, with rows and columns indexed by A, having entries in A and only
finitely many non-zero entries.

Note that M, (A) is the direct limit of the finite-sized matrix rings associated to
finite subsets of A. Also, M (A) is unital if and only if A is unital and A is finite. The
notation [a;;] stands for the matrix in M, (A), or M (A), with a;; in its (i, j)-entry.
Let N = {1,...,n}* be the transitive principal groupoid on n elements, with the
discrete topology, as seen in Example 2.1 (c).

Proposition 2.10 If G is a Hausdorff ample groupoid, then Ax(N x G) = M,
(AR(G)).

Proof Definethemap F : Ax(N x G) — M, (Ar(G)):
F(f) =11l

where fij(x) = f((i,j),x) for all f e AR(INXG), (i,j)eEN, and x € G. If
f € Ag(N x G), then f is compactly supported and locally constant. The restriction
of f to a clopen subset, such as {(7, j)} x G for some (i, j) € N, is also compactly
supported and locally constant. Therefore f; ; € Ag(G) for all (i, j) € N. Clearly,
F is bijective. Now, let f, g € AgR(N x G). For all (i, j) € N and x € G, the con-
volution formula yields

(F*i) =fxg(G..x)= Y. FlG )0k 0, » ek 0), )
kL, y)ENXG

€,d(y)=(j,d(x))

Y F R xy (k. ). y)

I<k<N yegG
d(y)=d(x)

Z Sik * gkj(x)

1<k<n

This shows F(f % g) = F(f)F(g), so F is an isomorphism. (I

Remark 2.4 As a specialisation of Proposition2.10, we obtain Agx(N) = M, (R).
It is well—known that when A is an R-algebra, M,(A) = M,(R) ®r A (see [18,
Example 4.22]). It is also well-known (see [18, Example 4.20]) that if G and H are
groups, then R(G x H) = RG ®g RH.One canshow using the standard techniques
that when G| and G, are arbitrary ample groupoids, there is a surjective homomor-
phism AR (G) ®r Ar(G2) — Ar(G) X G»). Aninteresting question is: under what
circumstances is it an isomorphism?

Suppose G is a topological groupoid and {G; };<; is a family of open subgroupoids
indexed by a directed set (1, <), suchthatG = |, o GiandG; C G; wheneveri < j
in . If this happens, we say that G is the directed union of the subgroupoids {G;};<;.
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Proposition 2.11 If a Hausdorff ample groupoid G is the directed union of a fam-
ily of open subgroupoids {Gi}ici, then Agr(G) is the direct limit of subalgebras

{AR(Gi)}ier-

Proof Foralli < jin I, let ¢;; : Ar(Gi) <= Ar(G;) and m; : AR(Gi) — Agr(G)
be the canonical embeddings (see Remark 2.3). We claim that for every f € Ag(G),
there exists j € I suchthat f € m;(Ag(G))).If f € Ar(G) then supp f is compact
and open. Thus, there is a finite subcover of {G;};<; that covers supp f. If supp f <
Gi, U---UG; , thenthereexists j € I withiy, ..., i, < j,using the fact that (/, <)
isdirected. Thus, supp f € G, and f g, is compactly supported and locally constant,
whereby flg, € Ar(G;). Finally, this shows f =m;(f|g,) € m;j(Ar(G)))-

Now assume B is an R-algebra and {f;};c; is a family of R-homomorphisms S; :
Ar(Gi) — B,suchthat 8; = B;¢;; foralli < j. Then, since every ¢;; : Ar(Gi) —
Ar(G;) is injective, B; is an extension of B; whenever i < j. Since Ar(G) =
U,e; mi(Ar(G))), it follows that there is a unique homomorphism 8 : Ax(G) — B
such that 8; = Bm; for all i € I. As such, Ag(G) has the universal property for
the directed system {Ag(G;)}ics, SO we can conclude it is the direct limit of that
system. (]

We can now extend Propositions 2.9 and 2.10 to allow infinite index sets. This
could have been proved directly, mentioning that the functions in Ag (&) have com-
pact supports, but it is nice to demonstrate direct limits.

Proposition 2.12 Let G be a Hausdorff ample groupoid, and let A be an infinite set.

(1) If D = A? is the transitive principal groupoid on A, equipped with the discrete
topology, then AR(D x G) = MA(AR(G)).

(2) IfG = ||, G is the disjoint union of an infinite family of clopen subgroupoids
{Gr)ren, then AR(G) = @, .\ AR(G).

Proof (1) Note that D x G is the directed union of the subgroupoids Dy x G,
where D = {(d,, d>) € D | dy, d, € F}, as F ranges over all the finite subsets of A
ordered by inclusion. By Propositions 2.10 and 2.11, Ag(D x G) is the direct limit
of matrix algebras Agx(Dr x G) = Mr(Ar(G)), and this direct limit is isomorphic
to MA(AR(G)).

(2) Note that G is the directed union of the subgroupoids Gr = | | ver Gras F
ranges over finite subsets of A ordered by inclusion. By Propositions 2.9 and 2.11,
Ag(G) is the direct limit of the subalgebras A (Gr) = @,y Ar(G), and this direct
limit is isomorphic to P, ., Ar(G)). O

Here we describe a class of principal groupoids, called approximately finite
groupoids, that was defined by Renault in his influential monograph [59].

Example 2.4 Let X be a locally compact, totally disconnected Hausdorff space.
Consider it as a groupoid with unit space X and no morphisms outside the unit
space. Then Ag(X) is the commutative R-algebra of locally constant, compactly
supported functions f : X — R, with pointwise addition and multiplication. We
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adopt the notation Az(X) = Cg(X) and drop the % notation for products, because
this serves as a reminder that Cg(X) is commutative. An ample groupoid is called
elementary if it is of the form (N; x X)) u---u (N; x X;), where N1, ... N, are
discrete, finite, transitive principal groupoids on ny, ..., n, elements, respectively,
and Xy, ..., X, are locally compact, totally disconnected, Hausdorff topological
spaces. Using the results of this section:

Ag <|_| (N; % xo) = P M, (Cr(X). 2.5)

i=1 i=1

A groupoid is called approximately finite if it is the directed union of an increasing
sequence of elementary groupoids. The Steinberg algebra of an approximately finite
groupoid is a direct limit of matricial algebras, each resembling Eq. 2.5.

Definition 2.6 A ring A is called von Neumann regular if for every x € A there
exists y € A such that x = xyx.

If y € A satisfies x = xyx then y is called a von Neumann inverse of x. If R is a
commutative von Neumann regular ring, then for every r € R there exists a unique
element s € R such that r = r?s and s = s°r (see [42, Proposition 3.6]).

Proposition 2.13 If 7 is an approximately finite groupoid and R is a von Neumann
regular unital commutative ring, then Ag(F) is von Neumann regular.

Proof Let X be alocally compact, totally disconnected, Hausdorff topological space,
and suppose R is von Neumann regular. To verify that Cg(X) is von Neumann
regular, take f € Cr(X) and for every x € X define g(x) to be the unique element
of R such that f(x) = f(x)?g(x) and g(x) = g(x)*f(x). Note that g € Cx(X) and
fgf = f. Now, Cgr(X) being regular implies M, (Cg (X)) is regular (this could be
argued carefully with Morita equivalence, but one finds in [48, Theorem 24] a clever
direct proof by induction). A direct sum of regular rings is regular, so any ring of
the form Eq. 2.5 is regular, provided R is regular. A direct limit of regular rings is
regular: each element in the direct limit must belong to a regular subring, and the
von Neumann inverse can be chosen from that same subring. Therefore Az (%) is
von Neumann regular. ]

Note that we did not use the assumption that ¥ is a countable directed union of
elementary groupoids; any directed union will do. It is an open problem to char-
acterise von Neumann regularity for Steinberg algebras in groupoid terms; partial
progress is achieved in [9].

This next result is a “baby version” of [65, Proposition 3.1], with a new proof. In
preparation for it, we briefly remark that every transitive groupoid G is (algebraically,
but not necessarily topologically) isomorphic to the product of a transitive principal
groupoid and a group. To construct such an isomorphism, fix a unit b € G©. Let
' = bGb be the isotropy group based at b, and let P = [G?]? be the transitive
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principal groupoid on G Fix a morphism 4, € bGy forevery y € G, and define
the groupoid isomorphisms:

F:G—PxT, F(g) = ((c(g),d(g)), hc(g)gh;(lg)) forall g € G;

FLPxT -6 F 0, v.y) =h;'yhy forallx,y e ¥,y eT.

Proposition 2.14 Let K be a field and G an ample groupoid. Then Ak (G) is finite-
dimensional if and only if G is finite and has the discrete topology. If Oy, .. ., O; are
the orbits of G, and Ty, ..., 'y are the corresponding isotropy groups, then

Ak(G) = €P Mo, (RT).

i=1

Proof Firstof all, if G is discrete, then dimg Ag(G) = |G|, because {14 | g € G} is
a basis for Ax(G), by Corollary2.1. Thus, Ax(G) is finite-dimensional if G is finite
and discrete. Conversely, suppose Ak (G) is finite-dimensional, and let { f1, ..., f,}
be a basis. The image of each f; is finite, so |imf; U---Uimf,| is bounded by
some M < oo. If |G®| > M" then, by the pigeonhole principle, there exists u # v
in G© such that f;(u) = fi(v) for all 1 <i <n, and thus f(u) = f(v) for all
f € Ax(G). But G is Hausdorff, locally compact, and totally disconnected, so
there is a compact open subset U € G with u € U and v ¢ U. Since G© is
open in G, it follows that U is a compact open bisection in G, so 1y € Ax(G).
We arrive at a contradiction, because 1y (1) # 1y (v). Therefore |G| < M" < oo.
A finite Hausdorff space is discrete, so G is discrete. As G is étale, it must also
be discrete. Thus dimg Ax(G) = n = |G|. Given that G is finite and discrete, it is
isomorphic to a disjoint union of transitive groupoids (one for each orbit), each
of which is isomorphic to the product of a transitive principal groupoid (with
as many elements as the corresponding orbit), and a finite group (the isotropy
group of that orbit). The expression giving the structure of Ax(G) follows from
Propositions 2.9 and 2.10. ]

2.2.6 Graded Groupoids and Graded Steinberg Algebras

Just as the Steinberg algebra of a groupoid inherits an involution from the groupoid,
so it can inherit a graded structure. Many well-studied examples of Steinberg algebras
receive a canonical group-grading that comes from a grading on the groupoid itself.
We first introduce the concepts and terminology of graded groupoids and graded
algebras.

A standing assumption is that I" is a group with identity €. A ring A is called a
I'-graded ring if it decomposes as a direct sum of additive subgroups A = @yer A,
such that A, A; € A,s for every y,d € I'. The meaning of A, A; is the addi-
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tive subgroup generated by all products ab where a € A,, b € A;. The additive
group A, is called the y-component of A. The elements of Uy er Ay in a graded
ring A are called homogeneous elements. The non-zero elements of A, are called
y-homogeneous, and we write deg(a) = y fora € A, \ {0}. When it is clear from
context that aring A is graded by the group I', we simply say that A is a graded ring.
If A is an R-algebra, then A is called a graded algebra if it is a graded ring and each
A, is an R-submodule.

Anideal I € Aisagradedideal if I C ZV or I N A, . Graded left ideals, graded
right ideals, graded subrings, and graded subalgebras are defined in a similar manner.
If H is a set of homogeneous elements in A, the ideal generated by H is a graded
ideal. Likewise, the left and right ideals generated by H are graded. A graded homo-
morphism of I'-graded rings is a homomorphism f : A — B suchthat f(A,) C B,
forevery y € I'. Finally, we say that a I"-graded ring A has homogeneous local units
(or graded local units) if A is locally unital, and the set of local units can be chosen
to be a subset of A,.

A topological groupoid G is called I'-graded if it can be partitioned by clopen
subsets G = |_|y or Gy, suchthat G, Gs C G, for every y, 8 € I'. Equivalently G is
I'-graded if there is a continuous homomorphism« : G — I'. We can show the defini-
tions are equivalent by setting G, = k~'({y).Ifk : G — T defines the gradingon G,
we call it the degree map. We use the notation G, x = G, N Gx andxG, =xG NG,
forx e G®andy eT.

We say asubset X € Gis y-homogeneousif X C G, . Obviously, the unit space is
e-homogeneous and if X is y-homogeneous then X! is y ~!-homogeneous. More-
over, QV’I = G, forall y € I'. For a I'-graded ample groupoid, we write B}C,0 (%))
for the set of all y-homogeneous compact open bisections of G. For the set of all
homogeneous compact open bisections, we use the notation:

BL(G) = BY(G) € B¥(G).

yell

In Proposition?2.2, we proved that B°°(G) is an inverse semigroup, and it is readily
apparent that B{°(G) is an inverse subsemigroup of B (&). In addition, B{°(G) is
a base of compact open bisections for G. Indeed, since B°(G) is a base for G, it
suffices to show that every B € B“°(G) is a union of sets in B;°(G). This is almost
trivial, for if B € B°°(G) then B = Uyer BNGg,and BNG, € B;"(g). The next
two results are from [24, Lemma 3.1].

Proposition 2.15 IfG = |_|y or Gy is a I'-graded ample groupoid, then Ag(G) =
EB)/ or Ar(G)y is a I'-graded algebra with homogeneous local units, where:

Ar(@), ={f € Ar(G) | suppf C G, } forally €T.
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Proof From Proposition?2.3, it follows that

Ar(G) = spang{lp | B € BL°(G)} = Y spang{ly | B € B (G)) = Y Ar(G)y.

yel yel

Itis clear that AR (G), N (Za#y AR(Q)g) = {0} forall y € I', so we have Ar(G) =
@yel" Ar(G),. Now forall f € Ar(G), and g € ARr(G)s, we have supp(f * g) C

supp(f)supp(g) € G,Gs € Gys, and thus [ x g € Ar(G)ys. Therefore Ar(G), *
AR(@)s € Ar(G),s. It follows from Proposition2.6, and the fact that G C G,

that Az (&) has homogeneous local units. U

Lemma 2.3 IfG is a I'-graded Hausdorff ample groupoid, every f € Agr(G) can be
expressed as a finite sum f = Z;‘:] rilp,, wherery,...,r, € R,and By, ..., B, €
B:°(G) are mutually disjoint.

Proof Since G is Hausdorff, every homogeneous compact open bisection is closed, so
B:°(G) is closed under finite intersections and relative complements. The statement
now follows from Proposition 2.5. (I

Example 2.5 Recall, from Example2.1 (d), the definition of the transformation
groupoid G x X, associated to a group G and a G-set X. Now assume that X is
a locally compact, totally disconnected, Hausdorff topological space, and for each
g € Gthemap p, : X — X, p,(x) = g - x, is continuous. If we assign the discrete
topology to G and the product topology to G x X, then G x X is an ample groupoid.
It is easy to verify that this is a G-graded groupoid with homogeneous components
(G x X); ={g} x X forall g € G. The Steinberg algebra of G x X turns out (see
[17]) to be the skew group ring Cz(X) * G, associated to a certain action of G on
Cr(X), canonically induced by the action of G on X.

One can generalise this example quite profitably, by replacing the group action
with something more general called a partial group action (see [40, Definition 2.1]).
In doing so, one obtains a class of algebras so general that it includes all Leavitt path
algebras (see [41, Theorem 3.3]) and other interesting things, like the partial group
algebras that were studied in [36, 45].

2.3 The Path Space and Boundary Path Groupoid
of a Graph

Section2.3 is structured as follows. In Sect.2.3.1, we define directed graphs and
introduce some terminology. In Sect. 2.3.2, we introduce a topological space called
the path space of a graph. The path space of a graph is the set of all finite and infinite
paths, with a topology described explicitly by a base of open sets. Generalising [69,
Theorem 2.1], we prove in Theorem 2.1 that for graphs of any cardinality, the path
space is locally compact and Hausdorff. We also determine which graphs have a
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second-countable, first-countable, or o-compact path space. In Sect.2.3.3, we use
the path space (or more precisely, a closed subspace called the boundary path space)
to define the boundary path groupoid associated to a graph. We prove it is ample and
study its local structure from a topological and an algebraic point of view.

Remark 2.5 Perhaps as an artefact of its history, many fundamental properties of the
boundary path groupoid were absorbed into folklore. Some proofs were never written,
and others were written at a higher level of generality, and not all in one place, making
them difficult to relate back to our present needs. For instance, we could not find a
complete proof that the boundary path groupoid is an ample groupoid, even though
this fact was used in all the early papers that pioneered the use of groupoid methods for
Leavitt path algebras [24, 28, 30]. The groupoid approach to Leavitt path algebras
is particularly well-suited, compared to traditional, purely algebraic methods, for
dealing with graphs of large cardinalities. Therefore, it is important to make sure that
the theorems used to justify these methods can be proved without assuming graphs
are countable. This is something that we achieve here, in Theorems 2.1 and 2.4.

2.3.1 Graphs

In this section, we introduce the necessary terminology and conventions pertaining to
graphs. We always use the word graph to mean a directed graph, defined as follows.

Definition 2.7 A graph is a system E = (E°, E',r, s), where E is a set whose
elements are called vertices, E ' is aset whose elements are called edges, r : E! — E°
is a map that associates a range to every edge, and s : E' — E° is a map that
associates a source to every edge.

A countable graph is one where E® and E! are countable sets. A row-finite (resp.,
row-countable) graph is one in which s~!(v) is finite (resp., countable) for every
ve EC Ifeisan edge with s(e) = v and r(e) = w then we say that v emits e and w
receives e. A sink is a vertex that emits no edges and an infinite emitter is a vertex
that emits infinitely many edges. If v € E? is either a sink or an infinite emitter (that
is, s~'(v) is either empty or infinite) then v is called singular, and if v is not singular
then it is called regular. A vertex that neither receives nor emits any edges is called
an isolated vertex.

A finite path is a finite sequence of edges o = «ojay ..., such that r(a;) =
s(ajqp) foralli =1,...,n — 1. The length of the path « is |a| = n. Reusing notation
and terminology, we shall say that s (@) = s(«;) is the source of the path, and r (&) =
() is the range of the path. By convention, vertices v € E° are regarded as finite
paths of zero length, with r(v) =s(v) =v. If v,w € E°, we write v > w if there
exists a finite path o with s(o) = v and r (o) = w. If a finite path « of positive length
satisfies r (o) = s(«) = v, then « is called a closed path based at v. A closed path o
with the property that none of the vertices s(c;), ..., s(¢|) are repeated is called a
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cycle, and a graph that has no cycles is called acyclic. An exit for a finite path « is
anedge f € E! with s(f) = s(a;) forsome 1 <i < |a|,but f # a;.

An infinite path is, predictably, an infinite sequence of edges p = p1paps ...
such thatr(p;) = s(p;+1) fori = 1,2, .... Again, s(p) = s(py) is called the source
of the infinite path p. We let | p| = oo if p is an infinite path. We use the notation E*
for the set of finite paths (including vertices), and E for the set of infinite paths.

Paths can be concatenated if their range and source agree. If o, 8 € E* have
positive length and r(a) = s(B), then af = ;... f1...Bp € E*. If p e E®
has r (@) = s(p), thenap = a; ... pip2... € EX.Ifv € E® and x € E* U E®
has s(x) = v, then vx = x by convention. Likewise, if « € E* has r(«) = v then
av=ca.lfa € E*X, x € E*UE®, and x = ax’ for some x' € E*U E*, then we
say that « is an initial subpath of x. In particular, s(x) is considered an initial
subpath of «.

Let Egng = {v € E° | v is singular} and E?eg = {v € E° | v is regular}. Using the
terminology of [69], we define the set of boundary paths as

8E=E°°U[aeE*|r(a)eE0

sing [ *
We employ the following notation from now on:

VE! ={e e E' | s(e) =}, VE* ={a € E* | s(a) = v},
VE® ={p € E® | s(p) = v}, VvOE ={x € 0E | s(x) = v},
E* x, E* ={(a, B) € E* x E* | r(a) = r(B)}.

2.3.2 The Path Space of a Graph

Throughout this section, assume E = (E°, E', r, 5) is an arbitrary graph. The path
space of E is E* U E*, the set of all finite and infinite paths, and the boundary path
space is O E, the set of paths that are either infinite or end at a singular vertex. We
now set out to define a suitable topology on the path space. For a finite path @ € E*,
we define the cylinder set

Cla)={ax|x € EXUE® r(a) =s(x)} C E*UE®™, (2.6)

It is easy to see that the intersection of two cylinders is either empty or a cylinder.
Indeed, if x € C(@) N C(B) then x = ay = Bz for some y,z € E* U E*. If |a| <
|B| then « is an initial subpath of g, implying C(8) € C(«). In symbols:

C(B) if « is an initial subpath of B
C(a)NC(B) = { C(a) if Bis an initial subpath of «

0 otherwise.
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This is all we need to conclude that the collection of cylinder sets is a base for
a topology on E* U E*. As the authors of [50] have stated, the subspace E* C
E* U E* with the cylinder set topology is homeomorphic (in the canonical way)
to a subspace of [[°~, E', where E! is discrete and the product has the product
topology. In particular, the cylinder sets generate a Hausdorff topology on E*°, and
if E is row-finite, that topology is locally compact. However, the cylinder set topology
generated by the sets Eq. 2.6 is not Hausdorff (or even 77) on the whole set E* U E*°,
because a finite path cannot be separated from a proper initial subpath. In order to
have enough open sets in hand for a Hausdorff topology, we define a base of open
sets called generalised cylinder sets:

Cla, F) =C(a) \ U C(we); o € E*, F Cr(a)E" is finite. 2.7

ecF

We shall write F Cgpie VE! tomean that F is a finite subset of vE'. The nextlemma (a
generalisation of [50, Lemma 2.1]) shows that the collection of generalised cylinders
is closed under intersections, so it is a base for a topology on E* U E*. With the
generalised cylinder set topology on E* U E*, every finite path is an isolated point
unless its range is an infinite emitter.

Lemma 2.4 Ifa, B € E*, |a| < |Bl, F Tt 7(@)E", and H Cgpie 7(B)E!, then

CB,FUH) iff=a
Cla, F)YNC(B,H) =1C(B, H) if38 e E*, 16| >1, B=ud, andé; ¢ F
] otherwise.

Proof By definition of C(«, F) and C(8, H), we have

C(e, FYNC(B, H) = C(a) NC(B) \ (U Clae)U | J C(,Be)) . (2.8)
eel ecH

If B = «, the right hand side of Eq.2.8 is C(8, FUH). If B =6 (|]5] > 1) and
81 ¢ F then C(B) N C(x) = C(B) does not meet UeeF C(ae), so the right hand
side of Eq.2.8 is C(B8, H). If 8 = «d and §; € F, then C(B) N C(x) = C(B) =
C(ady...85) S C(ad1) € U, C(ae), so the right hand side of Eq.2.8 is empty.
If « is not an initial subpath of 8 then C() N C(B) = 0. O

To apply Steinberg’s theory from Sect. 2.2, it is critical that the induced topology
on the boundary path space 0E € E* U E* is locally compact and Hausdorff. We
proceed by proving that the topology on the path space E* U E°°, generated by the
base in Eq.2.7, is locally compact and Hausdorff, and that 9 E is closed in E* U E°.
As it were, this base is well -chosen: the basic open sets themselves are compact in
the Hausdorff topology that they generate.

The proof of the theorem below is essentially the same as [69, Theorem 2.1], just
written slightly differently so that it does not use any assumptions of countability.
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The main idea is to equip P(E™), i.e., the power set of E*, with a compact Hausdorff
topology, and show that E* U E* is homeomorphic to a locally compact subspace
S C P(E™).

Theorem 2.1 The collection Eq. 2.7 of generalised cylinder sets is a base of compact
open sets for a locally compact Hausdorff topology on E* U E*.

Proof Let {0, 1} have the discrete topology. The product space {0, 1}£" is compact
by Tychonoff’s Theorem, and Hausdorff because products preserve the Hausdorff
property. There is a canonical bijection from P(E*) to {0, 1}£, which transfers
a compact Hausdorff topology to P(E™). For the first part of the proof, we work
entirely in the space P(E™). The topology on P(E™), by definition, is generated by
the base of open sets:

[P,N]={A€P(E")|PC A, NCE"\A}; P,N Chc E".

Note that [P, N] = @ if P N N # (. Define the subspace S C P(E™) to be the set of
subsets A C E* such that:

e A # () and for all o € A, every initial subpath of « is in A;
e For every 0 < n < oo, there is at most one path of length  in X.

We claim that S U {#} is closed in P(E*). Suppose A € P(E*)\ (SU{#}). If A
contains two distinct paths o and B of the same length, then [{O(, B}, (7J] is open,
contains A, and does not meet S U {J}. If there is some o € A and a proper initial
subpath B of o suchthat 8 ¢ A, then [{a}, {,8}] is open, contains A, and does not meet
S U {#}. Failing this, A € SU {@}, which we assumed is false. Therefore S U {#} is
closed in P(E*), which implies it is compact.

We now work out what the subspace topology is on S. Let P, N Cgpiee E*. If
[P, N]N'S # @ then P contains a unique path p of maximal length (because of the
way S is defined) and [P, N]N'S = [{p}, N'] N'S where

N’ = {n € N | p is an initial subpath of n}.

Therefore, the topology on S is generated by basic open sets of the form [{,o }, N ’] ns
where p € E* and N’ C E* is a finite set of paths that are proper extensions of p.

Note that S = | |,z [{v}, 8] N'S. For each v € E, the set [{v}, #] is closed in
P(E*) because P(E*) \ [{v}, @] = [, {v}] is open. Since [{v}, ] NS = [{v}, 9] N
(SU {#}) and S U {#} is closed in P(E*), we have that [{v}, #] N Sis closed in P(E*),
and therefore compact. This proves that S is locally compact, because it is Hausdorff
and every point has a compact neighbourhood.

Now we show that E* U E* is homeomorphic to S. Define the map

V:E*UE® — S,
W (x) = {v € E* | vis an initial subpath of x}.
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It is clear that W is a bijection. Let p € E* and let N’ C E* be a finite set of paths
that properly extend p. Then

U ([{p), N1NS) = C()\ | CB) = [ Cp)\ C(pP).

PBEN’ pBEN’

It is not difficult to see that for each pB € N’, the set

C(P)\ C(pB) = C(p, {B1}) UC (1, {B2}) U---UC(pBisi—1, (Big1})

is open. Therefore W~'([{p}, N'1NS) is open in E* U E*. Consequently, ¥ is
continuous. If « € E* and F Cypie #(@)E', then C(«, F) is mapped to an open set
in S:

V(C(a, F)) =[{a}, N'] NS

where N’ = {ae | e € F}. It follows that W is a homeomorphism and E* U E* is
Hausdorff.
Since we showed that [{v}, #] N'S is compact, it follows that

Cl) = \IJ’I([{V}, 7] DS)

is compact, for all v € E°. To show that C(e) is compact for all « € E*, we proceed
by induction on the length of a. If e € E!, then C(s(e)) \ C(e) = C(s(e), {e}) is
a basic open set, so C(e) is closed in C(s(e)), hence compact. Assume C(x) is
compact for any o € E* with || =n. If u € E* has |u| =n + 1 then let u' =
Wil2 ... iy We have that C(u') \ C(u) = C(u/, {tns1}) is a basic open set, so
C () is closed in C(u), hence compact. By induction, C («) is compact for arbitrary
«a € E*. Finally, if F Cgpiee r(@)E! then C(@) \ C(a, F) = UeeF C(we) is open,
so C(a, F) is compact. O

Recall that a topological space is called second-countable if it has a countable base,
first-countable if every point has a countable neighbourhood base, and o -compact if
it is a countable union of compact subsets.

Theorem 2.2 The path space E* U E* is:

(1) second-countable if and only if E is a countable graph;
(2) first-countable if and only if E is a row-countable graph;
(3) o-compact if and only if E° is countable.

Proof (1)If E is a countable graph (i.e., E° U E! is countable) then E* is countable.
The base of open sets Eq. 2.7 is countable too, because there are only countably many
pairs (¢, F) wherew € E* and F' Cypjee ¥ (@) E ! This proves the topology is second-
countable. Conversely, if one of E° or E' is uncountable, then one of {C(v) | v € E°}
or {C(e) | e € E'} is an uncountable set of pairwise disjoint open sets, so E* U E®
is not second-countable.
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(2) Notice that the following sets are neighbourhood bases ate € E* and p € E*°
respectively,:

Ny ={C(e, F) | F Spniee F(@)E"'}, N, ={C(pi...pw) I m=1}.

Regardless of the graph, V), is countable forevery p € E* . Ifafinite patha € E* has
the property that r (@) E ! is countable, then N, is countable, because there are only
countably many finite subsets F of r(a)E'. So, for every row-countable graph E,
the path space E* U E™ is first-countable. Conversely, suppose there exists v € E°
such that vE! is uncountable. Towards a contradiction, assume v has a countable
neighbourhood base B, = {B, B», ..., }. By replacing B, for all n > 1, with a set
of the form C (v, F,)) € B,, where F,, Cgnie VE !, we have a countable neighbourhood
base for v of the form C, = {C(v, F}), C(v, F>),...}. Since U;’il F,, is countable,
onecanchoosee € vE' \ |72, F,. Thenevery neighbourhood of v contains e, which
is absurd, because the space is Hausdorff. Therefore E* U E* is first-countable if
and only if E is row-countable.

(3) If E® is countable then the path space is o-compact, because E* U E® =
UveEO C(v) and C(v) is compact forevery v € E°, by Theorem 2.1. For the converse,
suppose E* U E* is o -compact. Then there is a sequence of compact subsets (K,){°
such that E* U E® = [ 77| K,.. Each K,, is compact, so it can be covered by a finite
subcover of {C(v) | v € E°}, implying that there is a countable set S € E° such that
E*UE® = UveS C(v).But thisimplies S = E° because C(v) and C (w) are disjoint
unless v = w. O

We now prove an easy fact that forms a bridge to the next section, where we shall
construct a groupoid with unit space 9E = E® U {a eE*|r(a) e Egng}.

Proposition 2.16 The boundary path space dE is closed in E* U E*°.

Proof The complement of dE consists of isolated points. Indeed, if © € (E* U
E*®)\ OE, then r(u) is a regular vertex, and C(u,r(u)E') = {1} is open in
E*UE®. (]

An immediate consequence of Theorem?2.1 and Proposition?2.16 is that 0F is a
locally compact Hausdorff space with the base of compact open sets:

Z(a, F) = C(a, F) N JE; @ € E*, F Chuire r(@)E".

For @ € E*, we define Z(«) = Z(«a, #), which is the same as Z(«) = C(x) N JE.
As it were, the sets Z(«, F') are very rarely empty. In particular, Z (o) # ¢ for all
o € E*; in other words, every finite path can be extended to a boundary path.

Lemma 2.5 Let o € E* and let F Cepie r(a)E'. Then Z(a, F) = @ if and only if
r(a) is a regular vertex and F = r(a)E".

Proof (=) Assume Z(«, F) = 0. If r(«) were a singular vertex then it would imply
a € Z(a, F). Therefore r (o) is regular, so r(a)E' # . Towards a contradiction,
assume F is a proper subset of 7(a) E'. Then there exists some x; € r()E' \ F.
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Assume that we have apath x;x; ... x, € r(e) E*. If r(x,) isasink, letx = x; ... x,.
Otherwise, let x,4+; € r(x,)EL. Inductively, this constructs x € r(a)dE such that
ax € Z(a, F). Since this is a contradiction, it proves F = r(a)E'.

(«) If r () is regular, then Z (o) = Ueer(a)El Z(we),so Z(a, r(@)EY = 9. O

Theorem 2.3 The boundary path space JE is:

(1) second-countable if and only if E is a countable graph;
(2) first-countable if and only if E is a row-countable graph;
(3) o-compact if and only if E° is countable.

Proof Together with Lemma?2.5, the proof is almost identical to Theorem2.2. [

2.3.3 The Boundary Path Groupoid

In this section, we define the boundary path groupoid of a graph (see [24, Example
2.1]) and investigate some of its algebraic and topological properties. Throughout,
let E = (E°, E', r,s) be an arbitrary graph.

Define the one-sided shift map o : E \ E® — 3 E as follows:

r(x) ifx € E*XNJE and |x| =1
ox) = X2 .. X|x| ifx e EXNJE and |x| > 2
X2X3 ... ifx e E*

The n-fold composition o” is defined on paths of length > n and we understand that
0 : 9E — JE is the identity map.

Definition 2.8 Let k be an integer and let x, y € d E. We say that x and y are tail
equivalent with lag k, written x ~; v, if there exists some n > max{0, k} such that

0" (x) =" ().

If an integer k exists such that x ~; y, we say that x and y are tail equivalent, and
write x ~ y.

An equivalent definition is that x ~ y if there exists («, 8) € E* X, E*and z €
r(w)oE, suchthatx = oz, y = Bz, and || — |B] = k. Something that is potentially
counter-intuitive about these relations is that the lag is not necessarily unique: it is
possible to have x ~; y and x ~, y even when k # £. It is straightforward to prove
from the definition that for all x, y, z € 9E:

X ~o X,
X~y —> Y™~k X,
x~yyandy ~p 7 = X ~e 2,
X~y = x,ye E*orx,y e E*®.
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This shows that ~ is an equivalence relation on d E that respects the partition between
finite and infinite paths.

Definition 2.9 The boundary path groupoid of a graph E is

Ge={(x,k,y) | x,y €3E, x ~ y}
= {(ax, la| = |B], Bx) | (@, B) € E* x, E*,x € r(a)0E}

where a morphism (x, k, y) € Gg has domain y and codomain x. The composition
of morphisms and their inverses are defined by the formulae:

k3,1, 2) = (x,k+1,2), k)= (v, —k, ).

The unit space is G = {(x, 0, x) | x € dE}, which we silently identify with 9 E
(see Remark 2.1). The orbits in d E are tail equivalence classes.

Example 2.6 Consider this graph, called the rose with two petals:

R, = eCoVDf

A standard diagonal argument proves that d R, is an uncountable set. There are
uncountably many orbits in d R, but the topology on d R, is second-countable and
even metrisable. In fact, it can be shown that d R, is homeomorphic to the Cantor set
{0, 1}V,

A boundary path p € OF is called eventually periodic if it is of the form p =
uee ... € E® where u, € € E* and € is a closed path of positive length (note that €
is not necessarily a cycle). The following result is [65, Proposition 4.2], but we prove
it a bit more formally here.

Proposition 2.17 If E is a graph and p € JE, then the isotropy group at p is:

(1) infinite cyclic if p is eventually periodic;

(2) trivial if p is not eventually periodic.

Proof (1) Assume p = uee... € E® where u,€ € E*, r(i) = s(e) = r(e), and
assume € is minimal in the sense that it has no initial subpath § such that ¢ = §" for

somen > 1. Let (p, k, p) € p(Gg)p and suppose k > 0. Then p ~; p implies that
for all sufficiently large n > 0, we have o *I7"1€I¥k(p) = g I#I+7I€l(p) . This yields:

otk (py = ohee...) = Ml (p) = €€ . . ..
Letm =k mod |e€|. Then0 < m < |e| and

O'k(GE...)ZUm(EG...)=€m+]...EMEE...=61...€mE€....
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Since € is minimal, this implies m = 0, so k | |€|. On the other hand, if k < O then
(p, —k, p) = (p, k, p)~' € p(GE)p and the same argument establishes | |€|. The
conclusion is that p(Gg) p is the infinite cyclic group generated by (p, |€], p).
(2)Let (p, k, p) € p(Gg)p- Then p ~; p implies p = ax = Bx for some (o, )
€ E* x, E* and x € r(w)dE, with || — | 8| = k. If p is finite, this implies « = 8,
so k = 0. That is, the isotropy group at p is trivial. On the other hand, suppose p
is infinite and not eventually periodic. If |«| < |B], then 8 = af’ for some B’ € E*.
Butthen p = ax = Bx = aff/x,sox = B'x = B/S'x = B’'B’'B’ ..., and this proves
p is eventually periodic, a contradiction. Similarly, assuming |8| < |«| reaches the
same contradiction. Therefore, |«| = | 8| and k = 0, implying that the isotropy group
at p is trivial. O

The next step is to define a topology on Gg. Let (a, ) € E* X, E*, and let
F Cinite 7(a) E'. Define the sets!:

Z(@, B) = {(ax, la| = 18], Bx) | x € r(@)DE};
Z(@, B, F) = Z(a, B\ | Z(ee, Bo).

eclF

Obviously, Z(«, B) = Z(a, B, ¥). Next we present a pair of technical lemmas (gen-
eralising [50, Lemma 2.5]) which prove that the collection of sets of the form
Z(«, B, F) is closed under pairwise intersections, so it can serve as a base for a

topology on Gg.
Lemma 2.6 Let (o, B), (v,8) € E* X, E*. Then

Z(,B) ifdk e E*Y, a = yk, B =6k
Z@,B)NZ(y,8) =3Zy.8) ific € E*, y =ak, § = Bk

? otherwise.

Proof We prove that when the intersection of the two sets is nonempty, then it must
be one of the first two cases in the piecewise expression. To this end, let (ax, |a| —
1B, Bx) = (yx', |y| — 18], 8x") € Z(a, B) N Z(y, §), where x € r(«)dE and x’ €
r(y)dE. Assume |y| < ||, which implies |§| < |B]; if not, rearrange. Since ax =
yx’, it must be that « = y« where « is the initial subpath of x’ of length || — |y|.
Similarly, 8 = d«k. So we are in the first case (or the second case, if a rearrangement
took place). In the first two cases in the piecewise expression, it is clear from the
definitions what the intersection of Z(«, 8) and Z(y, §) must be. O

Lemma 2.7 Suppose («, B), (y,8) € E* x, E*, F Tenie r(@)E', and H i
r(y)E'. Then

Note the subtle difference in notation: we were using Z for basic open sets in 9 E and now we are
using Z for basic open sets in Gg.
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Z(a, B, FUH) ifa=y, =34

Z(a, B, F ifdk e E*, k| > 1, a =yk, B=46k, k H

Z(@. B, FYN Z(y. 6. H) = (o, B, F) :f ) | vk, B 1 ¢
Z(y, 8, H) if3c e E*, k| =1, y =ak, § =Pk, k1 ¢ F
] otherwise.

Proof We make a calculation and then proceed by cases:

Z(@. B, F)NZ(y.8, H) = {z«x, A\ | Zwe. ﬁe)} N [Z(y, O\ | Zwe. ae>} (2.9)

eckF ecH

=[Z(a. BN Z(y. )]\ [U Z(ae, Be) U U Z(ye, 56)} .
ecF ecH
Casel: Ifa = yand B = §,Eq.2.9yields Z(«, B8, F)NZ(y, 8, H) = Z(a, B, F U
H).
Case 2: If there exists k € E* \ E° such that « = y« and B = 8k then after
applying Lemma 2.6, the right hand side of Eq.2.9 becomes

zw¢D\DszaﬂQULJZWa&ﬁ.

ecl ecH

Moreover, Z(«, 8) N Z(ye, de) = @ forall e € H, provided e # ;. If e = x| then
Z(x, By N Z(ye, de) = Z(a, B). Therefore Eq.2.9 becomes Z(«, B, F) if k; ¢ H
and ¥ ifk; € H.

Case 3: Ifthereexistsk € E* \ E®suchthaty = ax and§ = Bk then the situation
is symmetric to the second case.

Case 4: Otherwise, Z(a, B) N Z(y, 8) = ¥, by Lemma?2.6. O

From now on, we assume G has the topology generated by all the sets:
Z(@, B, F); (@ B) € E* X, E*, F Cpnite r(@)E". (2.10)

Some of our references give a different base for the topology on G, but all the
different bases that we know of contain the sets Z(«, 8, F). There are advantages to
working with a base that is not too large, which is why we have chosen to focus on
this one.

Let E be a graph and consider Z with the discrete topology. The map

Q:QE—)Z, (x,k,y)Hk,
is a continuous groupoid homomorphism. In fact, it is a degree map giving G the

structure of a Z-graded groupoid. Some parts of this lemma are reminiscent of [50,
Proposition 2.6].
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Lemma 2.8 Let E be a graph.

(1) The topology on G is Hausdorff.
(2) d : Gg — OFE is a local homeomorphism.
3) If (o, B) € E* X, E* and F Tiinie r(@)E", then Z(a, B, F) is compact.

Proof (1) Take (x,k,y) % (w,£,z) in Gg. If k # € then 6~ (k) and 6~'(¢) are
disjoint open sets separating the two points. Otherwise, either x #= w or y # z. If
w # x then either: w and x must differ on some initial segment, or one must be an
initial subpath of the other. Using Lemma?2.7, it is not difficult to separate the two
points by disjoint open sets. If y 7 z, the same reasoning applies.

(2) For (a, B) € E* x, E*, define

hop: Z(B) - Z(a, B), Bx = (ax, |af —|B], Bx).

Clearly, hq g is a bijection. By Lemma 2.7, the basic open sets contained in Z(«, B)
are all of the form Z(ax, Bk, F') where k € r(a) E* and F' Cgpiee 7 (k) E'. Clearly

h;}g(Z(ak, Bk, F’)) = Z(Bk, F))

is open in Z(B), so hg g is continuous. A continuous map from a compact space
to a Hausdorff space is a closed map, so hy g is a closed map. Therefore h, g is
a homeomorphism. This proves that d|z(,g) is a homeomorphism onto its image
(because d|2a,ﬁ) = hg,p).

(3) According toitem (2), d restricts to ahomeomorphism Z (e, 8, F) ~ Z(8, F),
and Z(B, F) is compact by Theorem2.1. O

Since Z(a, B, F) ~ Z(B, F),Lemma?2.5 implies that Z(«, B, F) = @ifand only
if r(a) = r(B) is a regular vertex and F = r(a)E".

Remark 2.6 The groupoid Gg admits continuous maps
c:(x,k,y)y—>x, 0:(x,k,y)y—>k, d:(xky) Yy,

so it is tempting to think that the topology on G coincides with the relative topology
that it gets from being a subset of the product space dE x Z x 0 E. However, this
is not the case: the topology on G is much finer than the relative topology from
0E X Z x 0E.

The main theorem that follows is not new, and it has been in use for some time.
Indeed, it is implied by [61, Lemma 2.1], although not in a trivial way (see also [57,
Theorem 3.5] and [71, Theorem 3.16]). However, this is the first self-contained proof
that we know of that applies to ordinary directed graphs, and does not require the
graph to be countable.

Theorem 2.4 Let E be a graph. The groupoid G is a Hausdorff ample groupoid
with the base of compact open bisections given in Eq. 2.10.
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Proof The most technical part that remains is showing that the composition map m is
continuous. If x, z € E* N J E aretail equivalent finite paths, then (x, |x| — |z]|, z) has
a neighbourhood base of open sets, Ny, x|—iz1.0) = {Z (X, 2, F) | F Zhinite r(x)E'}.
If x, z € E* are tail equivalent infinite paths, with lag ¢, then there exists N > 0
such that oV (x) = oV (2). Consequently (x, #, z) has a neighbourhood base of
open sets, Ny.r.o) = {Z (X1« Xpsrs 21 - .- 20) | B> N}

Now suppose U is an open set in Gg containing a product of two morphisms
(x,k+4€,2) = (x,k,¥)(y, ¢, z). t must be that x, y, z are all finite paths or they are
all infinite paths. If x, y, z are finite paths, then they must have r(x) = r(y) = r(z)
and U must contain some Z(x, z, F) € Ny jxjz|.)- Then ((x,k, ), (v, €, 2)) is
contained in the open set (Z(x, y, F) x Z(y,z, F)) N g§§> which is mapped bijec-
tively by m into Z(x, z, F) C U. Otherwise x, y, z are all infinite paths, and there
must exist 7 large enough that 6" ¥+ (x) = ¢"+¢(y) = 0" (z). Making n even larger
if necessary, we can assume U contains some Z(X; .. . Xytk+e, 21 - - - Zn) € N kte.2)-
Define:

! ’ !
X = X1 ... Xntk+t> Y =Y. Yntes Z=21..--Zn-

Then ((x,k, y), (v, £, z)) is contained in the open set (Z(x',y") x Z(y',2)) N

§§>, which is mapped bijectively by m into Z(x’,z’) C U. Since (x,k+¢,7) =
(x, k, y)(v, £, z) was an arbitrary product in U, this shows that m~'(U) is open in
G, s0 m is continuous. It is much easier to show that the inversion map i is continu-
ous, because i puts Z(«, B, F) in bijection with Z (8, «, F'). We have proved G is a
topological groupoid. In Lemma 2.8 (2), it is shown that d is a local homeomorphism.
Therefore, G is an étale groupoid. The remaining facts from Lemma 2.8 establish
that G is a Hausdorff ample groupoid and that the base described in Eq.2.10 consists
of compact open bisections. (]

2.4 The Leavitt Path Algebra of a Graph

In Sect.2.4.1, we define the Leavitt path algebra of a graph. We define it in terms
of its universal property, and then describe how it can be realised as the quotient
of a path algebra. Path algebras are, in some sense, the definitive examples of
Z-graded algebras, and the Z-grading survives in their Leavitt path algebra quo-
tients. In Sect.2.4.2, we prove the Graded Uniqueness Theorem for Leavitt path
algebras. In Sect.2.4.3, we prove the cornerstone result: the Leavitt path algebra
of a graph is isomorphic to the Steinberg algebra of its boundary path groupoid.
Through this lens, we rederive some fundamentals of Leavitt path algebras, and clas-
sify finite-dimensional Leavitt path algebras. In Sect.2.4.4, we prove the Graded and
Cuntz—Krieger Uniqueness Theorems for Steinberg algebras and use them to prove
the Cuntz—Krieger Uniqueness Theorem for Leavitt path algebras.

Remark 2.7 Historically, the theory of Leavitt path algebras was developed for the
case when R is a field, and E is arow-finite countable graph. Later, the methods were
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improved and R could be any unital commutative ring if E is a countable graph [3,
68]. Alternatively, E could be an arbitrary graph if R is a field [7, 43]. The proofs
of some key results, including the fact that the relations on Lg(E) do not collapse
the algebra to zero ([43, Lemma 1.5] and [68, Proposition 3.4]) and the Graded
Uniqueness Theorem ([43, Proposition 3.6] and [68, Theorem 5.3]), have not yet
been recorded for the case where simultaneously E is uncountable and R is not a
field. Here, we fix this and complete the picture.

2.4.1 Introducing Leavitt Path Algebras

Let E=(E°, E',r,s)bea graph. We introduce the set of formal symbols (E')* =
{e* | e € E'} and call the elements of (E')* ghost edges. For clarity, we will some-
times refer to the elements of E' as real edges. If @ = ...y € E* is a finite
path of positive length, we define o to be the sequence «j,, . .. &y, and call it a ghost
path. We also define v* = v for every v € E°.

Definition 2.10 [68] Let E be a graph and let A be a ring. Assume
(v,e,e* |ve E’ ec EY

is a subset of A; in other words, there is a function E° L E' U (E')* — A whose
image inherits the notation of its domain. Then {v,e,e* |v € E%,e € E'} C A is
called a Leavitt E-family if the following conditions are satisfied:

(V) v’ =vandvw =O0forallv,w € E®, v # w;

(El) s(e)e =er(e) =eforalle € E';

(E2) e*s(e) =r(e)e* =e*foralle € E';
(CK1) e*e=r(e)ande*f =O0foralle, f € E', e # f;
(CK2) v=73",,pee* forallv e E,.
The interpretation of (V) is that {v € A | v € E®} is a set of pairwise orthogonal
idempotents. The relations (CK1) and (CK?2) are called the Cuntz—Krieger relations,
and they originate from operator theory. The relevant interpretation, at least in that
setting, is that vertices are represented by projections, and edges are represented by
partial isometries with mutually orthogonal ranges.

In any algebra A containing a Leavitt E-family {v, e, e* | v € E°, e € E'}, one
can consider paths u = puy...u), and ghost paths pu* = “Tm ... M as elements
of A in the obvious way: products of their constituent real edges and ghost edges
respectively. The following lemma is straightforward to prove using the relations
(E1), (E2), and (CK1). It is so fundamental that we will usually use the result without
referring to it.
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Lemma 2.9 If A is an R-algebra generated by a Leavitt E-family

{v,e,e*|ve E’ ecE"},
the elements of A obey the rule:

(rr"Yux*A* if v is an initial subpath of v, with v = yk
ruv)E'yA*) = 3 rrHuxh*  if v is an initial subpath of y, with y = vk
0 otherwise

forallr,y € Randall o, v, y, A € E*, withr(u) = r(v) and r(y) = r(}0).

Corollary 2.3 Every R-algebra generated by a Leavitt E-family is generated, as an
abelian group, by the set {raf* | r € R, («, B) € E* X, E*}.

Proof By Lemma2.9, every word in the generators {v,e,e* |v € E% e c EY}
reduces to an expression of the form af* where «, B € E*. Moreover, ¢* =0
unless () = r(B), by (V), (E1), and (E2). ([l

Let B be an R-algebra generated by a Leavitt E-family {v, e, e* | v € E®, e € E'}.
We say that B is universal (for Leavitt E-families) if every R-algebra A containing
a Leavitt E-family {a,, b, c.« | v € E% e¢ecE 1} admits a unique R-algebra homo-
morphism 7 : B — A such that 7(v) = a,, 7(e) = b,, and 7 (e*) = ¢ for every
v e E%and e € E'. The universal property determines B up to isomorphism.

Definition 2.11 Let E be a graph. The Leavitt path algebra of E with coefficients
in R, denoted by Lg(E), is the universal R-algebra generated by a Leavitt E-family.

Technically, Lg(E) is an isomorphism class in the category of R-algebras. If B
is a specific R-algebra having the universal property for Leavitt E-families, then B
is a model of L g (E). However, it is customary and natural to refer to Lg(E) as if it
were a specific model with the standard generators {v, e, ¢* | v € E°, e € E'}. Every
element x € Lg(E), so to speak, is a finite sum of the form x = ) r;o; 8] where
ri € R and (o, B) € E* x, E* for all i. Such an expression for x is not necessarily
unique, owing to the (CK2) relation. If we have reason to consider a different model
of Lg(E), say another R-algebra B, then we would write Lg(E) = B.

Example 2.7 Examples 7 [7, Sect. 1.3]. Sometimes L g(E) can be recognised as a
more familiar algebra. Four fundamental examples of Leavitt path algebras are:

(a) The finite line graph with n vertices is the graph pictured below:

€n—1

Vn—1 Vn

An — o L_ o2 L o3 ° °
It turns out that Lz (A,) = M, (R), the matrix algebra of n x n matrices over
R. Explicitly, the set of standard matrix units {E; ; | 1 <1, j <n} C M,(R)
contains a Leavitt E-family {a,, b., c.- | v € Ag, ec A}l}, where:
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ay, = Eii, b, =Ejju1, o =Ej, l<i<n 1<j<n-1
(b) The rose with n petals is the graph pictured below (see also Example 6):

€3
(]

R, = .. @ el

€n

The Leavitt path algebra Lg (R,), forn > 2,isisomorphic to the Leavitt algebra
L, r, discovered by W. G. Leavitt in [51, Sect.3]. It is from this example that
the Leavitt path algebras get their name.
(c) The rose with 1 petal,
R, = Ve :_) e

gives rise to the algebra of Laurent polynomials R[x, x~!].
(d) The Toeplitz graph,

T = eC”o$—oV

gives rise to the Toeplitz R-algebra, which has the presentation
R{x,y | xy = 1). The isomorphism R(x,y |xy =1) - Lg(T) maps x —
e+ ffandy > e+ f.

As an alternative to Definition 2.11, it is popular to define the Leavitt path algebra
of a graph as a certain quotient of a path algebra. The path algebra of a graph (also
called the quiver algebra of a quiver) is an older concept, familiar to a wider audience
of algebraists and representation theorists. We have defined Lg(E) by its universal
property, so we look towards path algebras to provide a model of Lg(E), thereby
proving that Lz (E) exists.

LetE = (E°,E',r,s)bea graph. The path algebra of E with coefficients in R is
the free R-algebra generated by E° Ui E', modulo the ideal generated by the relations
(V) and (E1). The extended graph of E is defined as E = (E°, E' U (EV)*, ', 5'),
where r’ and s’ are extensions of r and s, respectively:

r'(e) =r(e) foralle € E',  r'(¢*) = s(e) forall e* € (E')*,
s'(e) = s(e) foralle € E',  s'(e*) = r(e) forall e* € (E!)*.

In other words, E is formed from E by adding a new edge ¢* for each edge e, such
that e* has the opposite direction to e. The path algebra RE can be characterised
as the free R-algebra generated by E° U E' L (E')*, subject to the relations (V),
(E1), and (E2). Let A be the quotient of RE by the ideal generated by the relations
(CK1) and (CK2). By virtue of its construction, A has the universal property for
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Leavitt E-families, and consequently A = Lg(E). The path algebra model is useful
for proving the following fact.

Proposition 2.18 The Leavitt path algebra Lgr(E) = P
algebra, where the homogeneous components are:

Lr(E), is a Z-graded

nez

LR(E)y = spang {uv* | (u,v) € E* x, E*, |u| = [v| = n}.

Proof Naturally, the free R-algebra R(E° U E' U (E')*) is Z-graded by setting
deg(v) =0forallv e E° and deg(e) = 1, deg(e*) = —1 foralle € E". Extending
the degree map (in the only possible way) yields deg(a; ...a,) = Y ._, deg(a,) for
any word a; ...a, € R(E° U E' U (E")*). The relations (V), (E1), and (E2) are all
homogeneous with respect to the grading on R(E® U E! U (E')*), so they generate a
graded ideal, and the quotient RE is Z-graded. Similarly, relations (CK1) and (CK?2)
are homogeneous with respect to the grading on RE, so they generate a graded
ideal, and the quotient Lz (E) is Z-graded. The word pv* has degree || — |v| in
R(E° U E' U (E")*), which gives the expression for the homogeneous components
of Lr(E). 0

2.4.2 Uniqueness Theorems for Leavitt Path Algebras

Research on graph algebras has made extensive use of two main kinds of unique-
ness theorems: the Cuntz—Krieger uniqueness theorems, and the graded unique-
ness theorems. (In the analytic setting, graded uniqueness theorems are replaced by
gauge invariant uniqueness theorems.) These theorems give sufficient conditions for a
homomorphism to be injective, so they are very useful for establishing isomorphisms
between a graph algebra and another algebra that comes from somewhere else. They
are also very useful for studying structural properties like primeness and simplicity.
Appropriate versions of these theorems have been proved not just for Leavitt path
algebras but also (and we refer to [26, 29, 58, 61]) for graph C*-algebras, as well as
Cohn path algebras, higher—rank graph algebras, and even algebras of topological
higher—rank graphs.

This section provides a brief account of the uniqueness theorems for Leavitt
path algebras. For the Graded Uniqueness Theorem, we adhere to Tomforde’s proof
from [68].

Lemma 2.10 ([68, Lemma 5.1]) Let I be a graded ideal of Lg(E), where E is a
graph. Then I is generated as an ideal by its 0-component Iy = I N Lg(E)o.

Proof Since I is a graded ideal, I = ) ', _, Iy, where [, = I N Lg(E);. Letk > 0
and x € I;. By Corollary 2.3, we can write x = Y ;_, a;x; where each x; € Lg(E)o,

and each «; € E* is distinct with |o;| = k. Then for 1 < j <n, we have x; =
of (X @ixi) = ax € Io. So, I is spanned by elements of the form «;x; where

aj € Lr(E);and x; € Iy. Thatis, Iy = Lg(E)ily. Similarly, if y € I_; then we can
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write y = 2?1:1 yi B where each y; € Lr(E)o, and each f; € E* is distinct with
|Bi| = k. Thenforl < j < n,wehave y; = (27:1 yi,Bi*) Bj = yB, € Iy. Therefore
I_y, is spanned by elements of the form y;8; where §; € Lr(E)_ and y; € 1.
That is, I_; = IgLg(E)_i. Since I = ZnGZ I, this shows [ is the ideal generated
by [0. O

The next lemma is a slight variation of the Reduction Theorem [7, Theorem
2.2.11]. The lemma needs the assumption that rv € Lg(E) is nonzero for every
r € R\ {0} and v € E°. In fact, this is always true, but we shall only prove it later.

Lemma 2.11 ([68, Lemma 5.2]) Let E be an arbitrary graph. Assume rv € Lg(E)
is nonzero for every r € R\ {0} and v € E°. If x € Lg(E)y is nonzero, then there
exists (o, B) € E* x, E*and s € R\ {0}, such that o*x = sr(a).

Proof The set M, =spang{af* |1 < |a| =|B| <n} is an R-submodule of
Lg(E)g, and indeed Li(E)y = U;.,io M,,. The strategy is to prove inductively that
for all n > 0 the claim holds: for all 0 % x € M, there exists («, 8) € E* x, E* and
s € R\ {0} such that o*x8 = sr(a). The base case isn = 0. If x € M then x is a
linear combination of vertices. Say x = Zi r;v; with the v; being distinct vertices
and the r; € R\ {0}. Then v;xv; = r;v; proves the claim. Now assume the claim
holds forn — 1. Let 0 # x € M,. We can write

P q
Xx= Yol Y s (2.11)
i=1 j=1

whereforalll <i < pandalll < j <gq:r;,s; € R\ {0}, (o, Bi) € E* x, E*with
1 <la;| =1Bil <n,and v; € E°. Further assume that all the («;, 8;) are distinct
and all the v; are distinct. In the first case, if v; is a sink for some 1 < j < g, then
vjxv; = s;v; proves the claim. In the second case, if v; is an infinite emitter for some
1 < j < g, then there is an edge e € vjE1 \ {1, ..., (ap)1) and e*xe = s5;7(e)
proves the claim. Otherwise, in the third case, every v; is a regular vertex. Applying
(CK2), it is possible to expand v; =}, i ee” forall 1 < j <g. Then Eq.2.11
can be rewritten as

P
x = Ztieiuivi*fi* (2.12)
i=l

where t; € R\ {0}, e;, fi € E', and (e;u;, fiv;) € E* x, E*foralli <1 < p.Itis
safe to assume that

> wemmiti=al X uw)si #o
I<j=<p I<j=<p

ej=ey, fi=fi ej=ey, fi=fi

otherwise it could just be removed from the sum in Eq.2.12. Then, define
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/
X = Z tjpl,j\};(,

I<j=p
ej=ey, fi=fi

noting that 0 # x’ € M,_;. By the inductive assumption there exists («, 8) €
E* x, E*ands € R\ {0} such thate*x'$ = sr(«). Clearly x’ = efxfi,soa*x'f =
a*efxfip = sr(a). By assumption, sr () # O; this implies ejo and f; B are legiti-
mate paths with the same range. The claim is now proved for n, and by mathematical
induction it holds for all n > 0. |

Combining these lemmas proves the Graded Uniqueness Theorem for Leavitt
path algebras. This generalises both [68, Theorem 5.3] and [43, Theorem 3.2] by
removing any restrictions on the cardinality of E, and by not requiring R to be
a field. However, we emphasise that this is essentially Tomforde’s proof with the
insight that countability is not required.

Theorem 2.5 (Graded Uniqueness Theorem for Leavitt path algebras) Let E be a
graph, and R a unital commutative ring. If A is a Z-gradedringandw : Lr(E) — A
is a graded homomorphism with the property that m(rv) # 0 for every v € E° and
everyr € R\ {0}, then m is injective.

Proof The first observation is that rv # 0 (because 7 (rv) # 0) for every v € E°
and r € R\ {0}. The second observation is that ker = is a graded ideal, because 7 is
a graded homomorphism. Suppose x € (ker )y = kerm N Li(E)o. If x # 0, then
by Lemma?2.11, there exists (¢, ) € E* x, E* and s € R\ {0}, such that ¢*x8 =
sr(a). Then 7 (sr(a)) = m(a*)m(x)m(B) = 0, which is a contradiction. Therefore
x =0, so (kerw)y = 0. Lemma2.10 proves that ker  is generated as an ideal by
(ker ) = 0; consequently, ker 7 = 0, so 7 is injective. O

Corollary 2.4 For every non-zero graded ideal I of Lg(E), there existsr € R\ {0}
andv € E® such thatrv € I.

In fact, all of the uniqueness theorems have a corollary of this sort. We will not
always write it so explicitly. The Cuntz—Krieger Uniqueness Theorem is similar in
spirit to the Graded Uniqueness Theorem. We do not require the homomorphism
to be graded, this time, but pay the price of an extra condition on the graph, called
Condition (L).

Definition 2.12 A graph E satisfies Condition (L) if every cycle has an exit.

Note that E satisfies Condition (L) if and only if every closed path has an exit;
this is fairly intuitive and it is proved in [2, Lemma 2.5]. Combining [68, Theorem
6.5] and [43, Theorem 3.6] (see also [7, Theorem 2.2.16]) produces a version of the
Cuntz—Krieger Uniqueness Theorem for Leavitt path algebras.

Theorem 2.6 Let E be a graph satisfying Condition (L) and let R be a unital com-
mutative ring, such that either E is countable or R is a field. If A is a ring and
Y : LR(E) — A is a homomorphism with the property that ¥ (rv) # 0 for every
v € E® and every r € R\ {0}, then v is injective.
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This theorem can be proved for a field R = K, using the Reduction Theorem [7,
Theorem 2.2.11]. However, we shall prove it later using groupoid methods instead.
In doing so, we remove the awkward restrictions on £ and R.

2.4.3 The Steinberg Algebra Model

Here, we prove the existence of a Steinberg algebra model for Leavitt path algebras,
and use it to prove some fundamental facts.

Theorem 2.7 ([24]) Let E be a graph and R a unital commutative ring. Then L g (E)
and Agr(Gg) are isomorphic as Z-graded R-algebras.

Proof Forv € E® and e € E', define

ay = 1Z(v)» b, = l.Z(e,r(e))a by = IZ(I‘(L)),E)'

We can routinely validate that {a,, b., b« | v € E® e € E'} is a Leavitt E-family.

Foralle, f € E',v,we E%, and u € E?eg:

avay = 1za)lze = 1zenzow = Svwlzw), V)
as(eybetre) = 1z(s(e))Z(e.re)z(r(e)) = 1Z(e.r(e)) = Des (E1)
are)besase) = 1z¢renzrer.02(se)) = 12 (e).0) = ber, (E2)
be:by = 1z(r@).0z(1r(f) = Be.f1zir(e)) = Se.rar (o) (CK1)

Lz =1, 20 = Y lzey= D beber. (CK2)
ecuk! ecuk!

By the universal property of Leavitt path algebras, there is a unique homomorphism
of R-algebras w : Lr(E) — Ar(Gg) such that

7(v) = a,, m(e) = b,, w(e*) = by,

for all v € E® and e € E'. Evidently,  is a graded homomorphism. The Graded
Uniqueness Theorem for Leavitt path algebras implies 7 is injective. For a path . €
E*,if we define b, = by, ... b, and b, = b%‘ ... by then it turns out that b, =
1z(ur(w) and by» = 174, 1)- Moreover, if v € E*isanother path withr () = r(v),
then b, by = 17(4.0). If F Cpniee () E', this yields

1z, F) = 1z = ) 1ZGuewe) = bubv = D bueberre = ﬂ(MV* - Zﬂee*v*)-

eeF eeF eeF
(2.13)
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Therefore, 17, F) is in the image of 7. Corollary 2.1 implies that A (&) is gener-
ated by functions of the form Eq.2.13. We conclude that = is surjective. Therefore,
7T is an isomorphism. (]

In the following, we generalise [68, Propositions 3.4 and 4.9] and [43, Lemmas 1.5
and 1.6] by removing restrictions on the graph and the base ring.

Corollary 2.5 Let E be a graph and R a unital commutative ring.

(1) Lg(E) has homogeneous local units, and it has a unit if and only if E° is finite.

(2) The set {iu, u* € LR(E) | n € E*} is R-linearly independent in Lg(E).

(3) Foreveryv e Eandr € R\ {0}, rv # 0.

(4) Ifr v 7 is an involution on R, then there exists a unique involution Lr(E) —
Lg(E) such that r uv* +— rvu* for everyr € R and (i, v) € E* X, E*.

Proof (1) From Proposition2.6, L (E) has homogeneous local units, and it has a
unitif and only if  E is compact. Since 0 E = UveEO Z(v), and each Z (v) is compact
and open, it is clear that d E is compact if and only if E? is finite.

(2) Since Lg(E) = €D, Lr(E)y, it suffices to show that { | u € E*, || = n}
and {u* | u € E*, || = n} are linearly independent in Lg(E), for every neZ.
Equivalently, {1z¢.,q) | # € E*, || =n} and {1z¢u),0 | # € E*, |u| = n} are
linearly independent in Az(Gg), for every n € Z. This is clearly true, since
Z(u,r(w), Zw,r)) # Pand Z(u, r(n)) N Z(w, r(v)) = Bforevery u, v € E*
such that u # v and |u| = |v].

(3) This follows directly from (2), or just the fact that Z(v) # ¢ for all v € E°.

(4) The existence follows from Proposition 2.8. The uniqueness follows from the
universal property of Lz(E). ]

Item (3) in Corollary 2.5 is entirely disarmed by the Steinberg algebra model. It
was noticed in the early years of Leavitt path algebras that a nontrivial proof was
needed for Corollary 2.5 (3). The first proofs were written, separately, by Goodearl
[43] and Tomforde [68] and they involved a representation of Lz(E) on a free
R-module of infinite rank & > card(E° L E'). Here is another result from the early
years of Leavitt path algebras.

Proposition 2.19 ([5, Proposition 3.5]) If E is a graph and K a field, then Lk (E)
is finite-dimensional if and only if E is acyclic and E° U E' is finite. In this case, if
Vi, ...,V are the sinks and n(v;) = |{a € E* | r(a) = v;}|, then

Lx(E) = P Mo, (K).

i=1

Proof From Proposition2.14 we have that Lk (E) is finite-dimensional if and only
if G is finite and discrete. If £ had a cycle c, then the isotropy group based at
ccc... € dE would be infinite. If either E° or E' were infinite, then 3 E would
be infinite, because IE = | |,c0 Z(v) = ES, U (Ll,ep Z(e)). Thus, G is finite

sing
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only if E is acyclic and E° U E! is finite. Conversely, if E is acyclic and E® U E!
is finite, then there are no infinite paths, and only finitely many finite paths, so Gg
is finite and discrete. To prove the final sentence, note that there are ¢ orbits of sizes
n(viy), ..., n(v), all with trivial isotropy groups. The structure of Lk (E) is now
apparent from Proposition 2.14. (]

2.4.4 Uniqueness Theorems for Steinberg Algebras

Steinberg algebras also support a Cuntz—Krieger Uniqueness Theorem and a Graded
Uniqueness Theorem. These were first investigated in [20] and later improved in
[25, 64]. One can think of the Cuntz—Krieger Uniqueness Theorems as saying that a
certain property of a graph, namely, Condition (L), or a certain property of an ample
groupoid, namely, effectiveness, forces a homomorphism to be injective—provided
it does not annihilate any scalar multiples of a local unit. This is interesting as a
first example of how a Leavitt path algebra theorem translates into the more general
setting of Steinberg algebras.

Briefly, this is the order of events in this section. First, we prove the Graded
Uniqueness Theorem for Steinberg algebras of graded ample groupoids. Any
groupoid can be graded by the trivial group, and this simple trick obtains the Cuntz—
Krieger Uniqueness Theorem for Steinberg algebras. We then use the Cuntz—Krieger
Uniqueness Theorem for Steinberg algebras to prove the Cuntz—Krieger Uniqueness
Theorem for Leavitt path algebras.

Definition 2.13 An étale groupoid is

(1) effective if Iso(G)° = G, where ° denotes the interior in G;
(2) topologically principal if {x € G© | xGx = {x}} is dense in G©.

Recall that a groupoid is called principal if the isotropy group at every unit is
trivial. Being topologically principal amounts to having a dense set of units with
trivial isotropy groups. Obviously, principal implies topologically principal. Effective
does not imply topologically principal, with counterexamples in [20, Examples 6.3
and 6.4], and topologically principal does not imply effective, with counterexamples
in [31, Sect.5.1]. For a deeper understanding of effective groupoids, the upcoming
lemma is essential. We state and prove the lemma for more general groupoids than
just ample groupoids, mainly because there was an error in its original proof and this
is an opportunity to correct it.

First, some topological comments are needed. Sets with compact closure are called
precompact. A locally compact, Hausdorff étale groupoid G need not have a base of
compact open bisections, but it does have a base of precompact open bisections [20].
Indeed, G has a base of open bisections. Since it is locally compact and Hausdorff,
G has a base of open bisections, each of which is contained in a (necessarily closed)
compact set, and thus has compact closure.
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Lemma 2.12 ([20, Lemma 3.1]) Let G be a locally compact Hausdorff étale
groupoid. Then the following are equivalent:

(1) Iso(G) \ GO has empty interior in G;

(2) G is effective;

(3) Every nonempty open bisection B € G\ G contains a morphism g ¢ 1so(G);

(4) For every compact set K € G\ G and every nonempty open U € G, there
exists an open subset V. C U such that VKV = (.

Proof (1) = (2) Since G is étale and Hausdorff, G is clopen in G, so G¥ C
Iso(G)°. Now assume (Iso(G) \ GO =@.If S C Iso(G) is open, then S is a disjoint
union of two open sets: S N G and S N (G \ G©). But SN (G \ G?) € (Iso(G) \
G")°" =9,s0S € G. This shows Iso(@) = G, which means G is effective.

(2) = (3) Suppose G is effective. If B C G\ G© is an open bisection, then
B C Iso(G) implies B C Iso(G)° = G© and therefore B = ¢.

(3) = (1) If there are no nonempty open bisections contained in Iso(G) \ G©,
then there are no nonempty open subsets of Iso(@) \ G, and therefore Iso(G) \ G
has empty interior.

(3) = (4) We begin by proving a claim: if B € G \ G’ is an open bisection and
U < G is open and nonempty, then there exists a nonempty open subset V C U
such that VBV = @. If UBU = {J, then set U = V and we are done. Otherwise,
UBU C B € G\ G is anonempty open bisection. Applying (3), there exists some
g € UBU withd(g) # c(g). Naturally, d(g), c(g) € U. By the Hausdorff property,
there exist disjoint open sets W, W' C U with ¢(g) € W and d(g) € W'. Set V =
W Ne(BW’). Then ¢(g) € V, so V is nonempty, and

VB=(WnNeBW))B=WBNc¢(BW)B=WBNBW.
The last equality uses the fact that B is a bisection, so ¢(BW’)B = BW’. Therefore,
VBV = (WBNBW)V C(BW)V C(BW)W =0,

because W'W = W' N W = ¢J. This proves the claim.

Now, let K € G\ G be a compact set, and let U € G be open and nonempty.
We set out to construct a nonempty open subset V. C U such that VKV = (. The set
K, being compact, can be covered by finitely many open bisections: K € By U ---U
B,,. The claim in the previous paragraph proves the existence of a nonempty open set
Vi C U, such that V| B; V| = (. Similarly, there is a nonempty open V, C V| such
that V, BV, = . Inductively, this produces a chain of opensets @ # V,, C V,_; C
-+ CV; CUsuchthat V;B;V; =@ for 1 <i <n.Setting V =V, we have

VKV CVBU---UB)V CcViBV,U.---UV,B,V, =0.

(4) = (3) Suppose (3) does not hold, so there is a nonempty open bisection
By € G\ G© with By C Iso(@). By shrinking it if necessary, we can assume By
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is precompact. Let Ky = Bo, the closure of By. As Iso(G) is closed in G, we have
that Ky C Iso(G). Let Uy = ¢(By) and take any ¥ # V C Uj. Since Ky C Iso(G), it
follows that VKo = KoV # 0,50 VKoV # (. Therefore (4) does not hold, because
there isno V C Uy such that VK,V = (. O

Remark 2.8 The original proof of the “(3) = (4)” part of [20, Lemma 3.1], does
not appear to be correct. There are examples for which the set V defined in the proof
is empty. Fortunately, this problem is resolved by defining V inductively, as we have
done in the proof of Lemma?2.12.

Lemma 2.13 ([60, Proposition 3.6 (1)]) If a Hausdorff étale groupoid G is topolog-
ically principal, then it is effective.

Proof Suppose G is topologically principal: the set D = {x € G | *G* = {x}} is
dense in GO. If U C Iso(G) \ G is an open bisection (i.e., open in &) then d(U)
is an open subset of G© \ D, but D is dense in G, so d(U) = @, which implies
U = . This proves Iso(@) \ G has empty interior, which implies G is effective
(noting that the proof of (1) = (2) in Lemma?2.12 only requires G to be Hausdorff
and étale). O

The following result is an analogue of [7, Corollary 2.2.13], and it is just an
alternative way of presenting some content from [25, 64].

Proposition 2.20 Let G be a T'-graded Hausdorff ample groupoid such that G.
is effective. Given a non-zero homogeneous element h € Ar(G),, there exists C €
B;‘i. (@), nonempty Ve B(G?), and nonzero r € R such that 1¢ * h * 1y = rly.

Proof Step 125, Lemma 3.1]: We show that there exists B € B;‘il (@) such that the
function f = 15 * h is e-homogeneous and its support has nonempty intersection
with G©. Applying Lemma2.3, we can write h = Y+, rilp,, where ry, ..., r, €
R\ {0} and Dy, ..., D, € B{°(G) are mutually disjoint. Since the D; are disjoint
and the r; are nonzero, we can assume each D; C G,. Let B = D} ! and define
f =1p % h. Then

f=1p*xh= ZrilB *1p, = ZrilﬂDi =rlgp1 + ZrilBDi € Ar(G)s.

i=1 i=1 i=2

Note that BD;, ..., BD, € B°(G) are mutually disjoint. Indeed, if x € Band y €
D; are composable, then xy € BD; implies y =x"'xy € B"'BD; =d(B)D; C
D;.Buty € D; N D; implies i = j because Dy, ..., D, are disjoint. To show that
(suppf)NG® #£ @, letx € B.Thenxx~! € BD; ifandonlyifi = 1.Consequently,
fax™ =r #£0,s0xx" e (suppf) NG©.

Step 2 [25, 64]: We show that there exists V € B(G?) such that 1y = f « 1y =
r11y, where f is from Step 1. The set K = (suppf) \ BB~'=BD,U---UBD,
is a compact subset of G, \ G?. Since G, is effective, Lemma2.12 (4) proves that a
nonempty open set V € BB~! = ¢(B) exists such that VKV = @. By shrinking if
necessary, we can assume V' is compact. This yields
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n
1y * f* 1y = rIIV(BB*‘)V + ZVJV(BDJV =rly.
i=2

For completion: set C = VB and r =ry. Then C € B,(G), V € BGY) is
nonempty, r € Risnonzero,and I¢ xhx 1y =1y xlgxhx1y =1y x f x 1y =
er. (Il

We are now in a position to prove the Graded Uniqueness Theorem for Steinberg
algebras, from [25, Theorem 3.4].

Theorem 2.8 (Graded Uniqueness Theorem for Steinberg algebras) Let G be a
I'-graded Hausdorff ample groupoid such that G. is effective. If A is a I'-graded ring
and ¢ : AR(G) — A is a graded homomorphism with the property that ¢ (r1y) # 0
for every nonempty V.e B(G?) and every r € R \ {0}, then ¢ is injective.

Proof The kernel of ¢ is a graded ideal. Let & € (ker ¢), . If i 7 O then, accord-
ing to Proposition2.20, there exists a compact open bisection C C G,-1 and a
nonempty compact open set V. C G such that 1¢ % h % 1y = r1y for some r # 0.
Then ¢ (rly) = ¢ (1) (h)¢p(1y) = 0, which contradicts the assumption about ¢.
Therefore h =0, so (ker¢), = 0. Since this is true for every y €T, ker¢ =

EByer(ker(ﬁ)y =0. a

Remark 2.9 1If G = G is the groupoid of a graph E, then
Go=|J{Z@. B) | (@) € E* x, E*, || = |B]}

50 Is0(Go) = Is0(Gp)° = GV, which shows that G satisfies the hypotheses of Theo-
rem2.8. The Graded Uniqueness Theorem for Steinberg algebras is a generalisation
of the Graded Uniqueness Theorem for Leavitt path algebras, notwithstanding the
fact that the latter theorem is usually called upon to prove that all Leavitt path algebras
are Steinberg algebras.

Any groupoid can be graded by the trivial group {e}. With this observation, we
immediately obtain the Cuntz—Krieger Uniqueness Theorem for Steinberg algebras
[25, Theorem 3.2].

Corollary 2.6 (Cuntz—Krieger Uniqueness Theorem for Steinberg algebras) Let G
be an effective Hausdorff ample groupoid. If A is a ring and ¢ : Ar(G) — Aisa
homomorphism with the property that ¢ (r1y) # 0 for every nonempty V € B(G?)
and every r € R\ {0}, then ¢ is injective.

We now show how Condition (L) translates to the groupoid setting.

Proposition 2.21 If E is a graph, then G is effective if and only if G is topologi-
cally principal, if and only if E satisfies Condition (L).
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Proof [67] Assume that E satisfies Condition (L), so that every closed path has an
exit. Then every basic open set in 9 E contains a path that is not eventually periodic.
Such paths have trivial isotropy groups in G, by Proposition2.17, so G has a dense
subset with trivial isotropy. This implies G is topologically principal, hence effective,
by Lemma?2.13. On the other hand, if £ does not satisfy Condition (L), then there
exists a cycle ¢ without an exit, and G is not effective because there is an open set:
Z(ce, |c], ¢) = {(ccc. .., |c], ccc...)} CIso(@) \ G©. O

Having proved the Cuntz—Krieger Uniqueness Theorem for Steinberg algebras,
we can prove the Cuntz—Krieger Uniqueness Theorem for Leavitt path algebras (see
Theorem 2.6), once and for all, in its full generality.

Theorem 2.9 (Cuntz—Krieger Uniqueness Theorem for Leavitt path algebras) Let
E be a graph satisfying Condition (L) and let R be a unital commutative ring. If A
isaring andy : Lr(E) — A is a homomorphism with the property that ¥ (rv) # 0
foreveryv € E° and everyr € R \ {0}, then i is injective.

Proof First of all, suppose r € R\ {0}, u € E*, and F is a finite proper subset of
r(WE'. Letx =rup* —r Y ecr Mee*u*. Then 0 # x € Lg(E)o, so Lemma2.11
yields (o, B) € E* x, E*,v € E%,ands € R \ {0} suchthata*xp = sv. Thisimplies
that ¥ () ()Y (B) = ¥ (sv) # 0, s0 ¥(x) #0.

By Proposition2.21, the groupoid G is effective. Let ¢ : Agx(Gg) — A be the
map ¢ = o', where 7 : Lr(E) — Ag(Gg) is the isomorphism from The-
orem2.7. Suppose V C 9F is compact and open, and r € R\ {0}. We can find
we E* and F Chgie 7 (W) E' such that Z(u, F) is a nonempty open subset of V.
Then Z(/l,, F)V = Z(M, F) nv = Z(/J,, F), SO rlZ(M,p) = IZ(M,F) * rlv. NOtil’lg
that 77! (rlz(/,”]:)) =rpup* —ry g nee**, the first paragraph proves that 0 #
Vo (rlzgrm) = ¢ (rlze.r) = ¢ (1zg.r) ¢ (r1y); consequently ¢ (r1y) 0.
Applying Corollary2.6, the map ¢ is injective. Conclude that ¢ = ¢ om is
injective. (I
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Chapter 3 M)
Etale Groupoids and Steinberg Algebras s
a Concise Introduction

Lisa Orloff Clark and Roozbeh Hazrat

Keep fibbing and you’ll end up with the truth!
No truth’s ever been discovered without fourteen fibs along the
way, if not one hundred and fourteen, and there’s honour in that.

Dostoyevsky, Crime and Punishment.

3.1 Introduction

In the last couple of years, étale groupoids have become a focal point in several areas
of mathematics. The convolution algebras arising from étale groupoids, considered
both in analytical setting [50] and algebraic setting [23, 54], include many deep
and important examples such as Cuntz algebras [27] and Leavitt algebras [40] and
allow systematic treatment of them. Partial actions and partial symmetries can also be
realised as étale groupoids (via inverse semigroups), allowing us to relate convolution
algebras to partial crossed products [28, 30].
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partial inverse
semigroup action

partial crossed
product

Realising that the invariants long studied in topological dynamics can be modelled
on étale groupoids (such as homology, full groups and orbit equivalence [41]) and
that these are directly related to invariants long studied in analysis and algebra (such
as K-theory) allows interaction between areas; we can use techniques developed in
algebra in analysis and vice versa. The étale groupoid is the Rosetta stone.

The study of representations of étale groupoids on Hilbert space and the associated
C*-algebras was pioneered by Renault in [50]. In this seminal work, he showed
that Cuntz algebras can be realised using groupoid machinery. In [38] the authors
associated an étale groupoid to a directed graph and the subject of graph C*-algebras
was born. The universal construction of these graph C*-algebras via generators and
relations was then established in [6]. The analytic activities then exploded in several
directions; to describe the properties of the graph C*-algebras directly from the
geometry of the graph, to classify these algebras and to extend the definition to other
types of graphs (such a higher rank graphs [37]).

There has long been a trend of ‘algebraisation’ of concepts from operator theory
into a purely algebraic context. This seems to have started with von Neumann and
Kaplansky who devised ways of seeing operator algebraic properties in underlying
discrete structures [35]. As Berberian puts it in [8], ‘if all the functional analysis is
stripped away...what remains should stand firmly as a substantial piece of algebra,
completely accessible through algebraic avenues’.

This translation did happen in the setting of graph algebras in the reverse order
(and with about 30year lag): in [2, 3] the algebraic analogue of graph C*-algebras
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were defined using generators and relations (called Leavitt path algebras) and then
the algebraic analogue of groupoid C*-algebras was developed in [23, 54] (now
called Steinberg algebras).

Another strand is the work of Exel on partial actions of groups on spaces and
their corresponding C*-algebras. Again, the algebraic version of this theory is devel-
oped [28] and the close connections with groupoids are established [7, 30].

This survey exclusively concentrates on étale groupoids with totally disconnected
unit spaces (aka ample groupoids) and their convolution algebras (aka, Steinberg
algebras). One reason over such groupoids our R-algebras are just R-valued con-
tinuous functions with compact support over the groupoid and there is a known
universal description for such algebras, at least when the groupoid is Hausdorff. We
will briefly describe the situation when the groupoid is not Hausdorff as well. We
describe their connections with groupoid C*-algebras and Exel’s partial construc-
tions. The concepts of inverse semigroup and groupoid are tightly related (as the
diagram in the first page shows) and are models for partial symmetries. In Sects. 3.2
and 3.3 we study these concepts with a view towards the algebras that arise from
them which we describe in Sect.3.4.

The use of groupoids extends to many areas of mathematics, from ergodic theory
and functional analysis (such as work of Connes in noncommutative geometry [25])
to homotopy theory [12], algebraic geometry, differential geometry and group theory.
The reader is encouraged to consult [13, 34, 60] for more details on the history and
the development of groupoids.

3.2 Inverse Semigroups

There is a tight relation between the notion of groupoids and its ‘dual’ inverse semi-
groups. We start the survey with a description of inverse semigroups.

3.2.1 Inverse Semigroups

Recall that a semigroup is a non-empty set with an associative binary operation. For
a semigroup S, the element x € S is called regular if xyx = x. In this case, we can
arrange that xyx = x and yxy = y and we say x has an inner inverse. We say a
semigroup is regular if each element has an inner inverse.

An inverse semigroup is a semigroup that each element has a unique inner inverse.
Namely, an inverse semigroup is a semigroup S such that, for each s € §, there exists
a unique element s* € S such that

ss*s = s and s*ss* = 5.

The uniqueness guarantees that the map s — s* induces an involution on S. One can
check that
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E(S) :={ss*|s €S},

is the set of idempotents of S and is an abelian subsemigroup. One way to prove that
a semigroup is an inverse semigroup is to show that it is a regular semigroup and the
set of idempotents are abelian. In fact E(S) is a meet semilattice with respect to the
partial ordering e < f if ef = e; the meet is the product. The partial order extends to
the entire inverse semigroup by putting s < ¢ if s = e for some idempotente € E(S)
(or, equivalently, s = ft for some f € E(S)). This partial order is preserved under
multiplication and inversion.

Most of the inverse semigroups we encounter have a zero element. An inverse
semigroup S has a zero element 0 if Ox = 0 = x0 for all x € S. The zero element
is unique when it exists and often corresponds to the empty set in our concrete
examples. Any semigroup homomorphism p: § — T of inverse semigroups auto-
matically preserves the involution, i.e., p(s*) = p(s)*.

Parallel to the group of symmetries and the theorem of Cayley, we next define the
inverse semigroup of partial symmetries and recall the theorem of Wagner—Preston.
Let Xbeasetand A, B C X.Abijectivemap f : A — Biscalledapartial symmetry
of X. Denote by 7 (X) the collection of all partial symmetries of X. The set 7 (X)
is an inverse semigroup with zero under the operation given by the composition
of functions in the largest domain in which the composition may be defined. The
zero element corresponds to the map assigned to an empty set. The Wagner—Preston
theorem guarantees that any inverse semigroup is a subsemigroup of 7 (X) for some
set X.

A majority of inverse semigroups we encounter here are naturally ‘graded’. If S
is an inverse semigroup with possibly 0 and I' is a discrete group, then S is called
a I'-graded inverse semigroup if there is amap c : S\ {0} — I" such that c(st) =
c(s)c(t), whenever st # 0. For y € I, if we set S, := ¢~ !(y), then S decomposes
as a disjoint union

s\ =|]s,.

yel

and we have SgS,, C Sg,, if the product is not zero. We say that S is strongly graded
if S48, = Sg,, for all B, y, understanding that we exclude the zero if a product is
zero. The reader is referred to Mark Lawson’s book [39] for the theory of inverse
semigroups.

3.2.2 Examples of Inverse Semigroups

Clearly, any group is an inverse semigroup without zero unless it is a trivial group.
The Theorem of Wagner—Preston shows that the partial symmetries are the ‘mothers’
of all inverse semigroups.
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Example 3.1 (Graph inverse semigroups) Directed graphs provide concrete exam-
ples for constructing a variety of combinatorial structures, such as semigroups,
groupoids and algebras. We briefly recall the definition of a directed graph and
the construct the first combinatorial structure out of them, namely, graph inverse
semigroups.

A directed graph E is atuple (E°, E', r, s), where E? and E' are sets and 7, s are
maps from E'to E°. We think of each ¢ € E! as an arrow pointing from s(e) to r (e).
We use the convention that a (finite) path p in E is a sequence p = ¢y - - - o, of
edges «; in E such that r(o;) = s(a;41) for 1 <i <n — 1. We define s(p) = s(«y),
and r(p) = r(ay). If s(p) = r(p), then p is said to be closed. If p is closed and
s(a;) # s(aj) for i # j, then p is called a cycle. An edge « is an exit of a path
p =« ---a, if there exists i such that s(«) = s(¢;) and o # ;. A graph E is
called acyclic if there are no closed path in E. For a path p, we denote by |p| the
length of p, with the convention that |v| = 0.

A directed graph E is said to be row-finite if for each vertex u € E°, there are at
most finitely many edges in s~!(u). A vertex u for which s~! () is empty is called
a sink, whereas u € E° is called an infinite emitter if s~'(u) is infinite. If u € E° is
neither a sink nor an infinite emitter, then it is called a regular vertex.

Definition 3.1 Let E = (E°, E', r, 5) be a directed graph. The graph inverse semi-
group Sg is the semigroup with zero generated by the sets E® and E', together with
aset E* = {e* | e € E'}, satisfying the following relations:

(0) uv =38,,vforeveryu,v e E%

(1) s(e)e =er(e) =eforalle € E';
(2) r(e)e* =e* =e*s(e) foralle € E';
(3) e*f =6 sr(e)foralle, f € E".

For apath p = eje; - - - ¢,, denoting p* = e} - - - e e}, one can show that elements
of Sg are of the form pg* for some paths p and ¢ and the unique inner inverse of
pq*isgp*.

This definition was first given in [5] and then in [48] in relation with groupoids
and groupoids C*-algebras. The fact that Definition 3.1 gives an inverse semigroup
was checked in details in [48, Propositions 3.1, 3.2]. The graph inverse semigroup
associated with a graph with one vertex and n loops is called Cuntz inverse semigroup
and it was defined in [50, p. 141]. We remark that the universal groupoid of Sg (see
[54]) is the graph groupoid G which will be studied in Sect.3.3.5.

For a graph E, the inverse semigroup Sg has a natural Z-grading where c(pg*) =
|p| — |lg|. We also refer the reader to [44] for further study on these inverse semi-
groups.

Example 3.2 (Exel’s inverse semigroup associated to a group) Any group is an
inverse semigroup. In [29], Exel defined a semigroup S(G) associated to the partial
actions of the group G on sets (Example 3.5) and proved that this semigroup is, in
fact, an inverse semigroup. He then established that the partial actions of G on a set X
are in one-to-one correspondence with the action of S(G) on X. As the construction
of S(G) is very natural we give it here.
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Let G be a group with unit . We define S(G) to be the semigroup generated by
{[g] | g € G} subject to the following relations: for g, h € G:

() [g~"1lgllh]l = [g~"1lghl;
(i) [gllhllh~'] = [ghllh~']; and
(i) [glle] = [g].

Observe that [e][g] = [gg'Ilg] = [¢]lg~"1[¢] = [gllg~'¢] = [glle] = [¢].
Then S(G) is a semigroup with unit [¢]. It was proved in [29, Theorem 3.4] that
S(G) is an inverse semigroup and each element of x € S(G) can be written uniquely
as x = [tl][tfl ~-~[t,][tr_1][g]. This gives that S(G) is also a G-graded inverse
semigroup.

Further in [16] Buss and Exel showed that starting from an inverse semigroup G,
a similar construction as above (replacing g~ by g*) is also an inverse semigroup.

3.3 Groupoids

3.3.1 Groupoids

The use of groupoids to study structures whose operations are partially defined is
firmly recognised [12, 34, 39, 60]. We start by recalling the definition of a groupoid
with a suitable topology, i.e., an ample groupoid. We will eventually describe a ring
of R-valued continuous functions on an ample groupoid, where R is a (commutative,
unital) ring. These are the main objects of this survey, namely Steinberg algebras.

A groupoid is a small category in which every morphism is invertible. It can
also be viewed as a generalisation of a group which has a partially defined binary
operation. Let G be a groupoid. If x € G, d(x) := x~'x is the domain of x and
r(x) := xx~!is its range. Thus, the pair (x, y) in the category G is composable if
and only if r(y) = d(x) and in this case xy € G. Denote G? = {(x,y) € G x G :
d(x) =r(y)}. The set GO := d(G) = r(G) is called the unit space of G. Note that
we identify the objects of the category G with G©. which are the identity morphisms
of the category G in the sense that xd(x) = x and r(x)x = x forall x € G.

The collection of morphisms whose domain and range are a fixed unit u € G is
a group and the collection of all of these groups is called the isotropy bundle Iso(G),
that is,

Iso(G) :={y € G:d(y) =r(y)}.

For subsets U, V C G, we define
UV ={xylxeU,yeVanddx)=r(y}, (3.1

and
U''={x""xeU} (3.2)
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If G is a groupoid and I is a group, then G is called a I"-graded groupoid if there
is functor ¢ : G — T, i.e., there is a function ¢ : G — I" such that c(x)c(y) = c(xy)
for all (x,y) € G?. For y €T, if we set G, = c¢~!(y), then G decomposes as a

disjoint union
6=\1¢,.

yell

and we have GgG, C Gg,. We say that G is strongly graded if GpG, = Gg,, for
all B, y.Fory € ', we say that X C G is y-graded if X € G,. We have G C G,
so G is e-graded, where ¢ is the identity of the group I'. Graded groupoids were
studied in [20].

3.3.2 Topological Groupoids

A topological groupoid is a groupoid endowed with a topology under which the
inverse map is continuous, and composition is continuous with respect to the relative
product topology on G®. An étale groupoid is a topological groupoid G such that
the domain map d is a local homeomorphism. In this case, the range map r is also
a local homeomorphism. Further, for a fixed u € G©, d ' (1) and r~' (1) are both
discrete with respect to the subspace topology.! An open bisection of G is an open
subset U C G such that d|y and r|y are homeomorphisms onto an open subset of
G©. Notice that a groupoid is étale if and only if it has a basis of open bisections.

We say that a topological groupoid G is ample if there is a basis of compact open
bisections. An ample groupoid is automatically étale, locally compact and G is an
open subset of G. The terminology in the literature is inconsistent: sometimes the
term ‘étale’ also includes the assumptions of local compactness and G© Hausdorff.
We will focus on the situation where G is Hausdorff ample so these two assumptions
are automatically true.

In an ample Hausdorff groupoid, compact open bisections are also closed so
that any finite collection of such sets can be ‘disjointified’ to form a disjoint finite
collection whose union is equal to the original collection. This is very powerful. We
discuss non-Hausdorff groupoids briefly in Sect.3.7.

In the topological setting, we call a groupoid G, a I'-graded groupoid, if the functor
¢ : G — T is continuous with respect to the discrete topology on I''; such a function
c is called a cocycle on G.

Lemma 3.1 Let G be an étale groupoid. If GO is finite, then G is a discrete topo-
logical space.

UHistorically, the term r-discrete was used in place of étale and there are some inconsistencies in
the literature surrounding these terms.
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Proof Since G is finite and Hausdorff, it is discrete. Fix y € G. We show that {y}
is open. Since G is étale, y is contained in an open bisection U. Also, since r is
continuous, r ! ({r(y)}) is open. But r is injective on U so

ri{rnH) NU = {y).
O

We will determine the Steinberg algebra associated to finite G in Proposition 3.1.

3.3.3 Examples of Groupoids

Example 3.3 (Transitive groupoids) A groupoid is called connected or transitive if
for any u,v € G, there is a x € G such that u = d(x) and r(x) = y.

Let G be a group and I a non-empty set. The set [ x G x I, considered as
morphisms, forms a groupoid where the composition defined by (7, g, j)(j, h, k) =
(i, gh, k). One can show that this is a transitive groupoid and any transitive groupoid
is of this form [39, Chap. 3.3, Proposition 6]. If I = {1, ...,n},wedenote I x G x |
by n x G x n. Note that this groupoid is naturally strongly G-graded. This seems
to be the first appearance of groupoids after they were introduced by Brandt in 1926
[11] (see in [13] for a nice history of groupoids).

In the next three examples, we explore how a group action on a (combinatorial)
structure can be naturally captured by a groupoid. The first example is the action of
a group on a set, and we then continue with a partial action of a group and inverse
semigroup on a set. Although the (partial) action of an inverse semigroup on a set
would be the most general case covering the previous two examples, for a pedagogical
reason, we introduce these step by step.

Example 3.4 (Transformation groupoid arising from a group action) Let G be a
group acting on a set X, i.e., there is a group homomorphism G — Iso(X), where
Iso(X) consists of bijective maps from X to X which is a group with respect to
composition. Let

G=GxX (3.3)

and define the groupoid structure: (g, hy)- (h,y) = (gh,y), and (g, x) =
(g7, gx). Then G is a groupoid, called the transformation groupoid arising from the
action of G on X (for short, G ~ X). The unit space G is canonically identified
with X via the map (e, x) > x. The natural cocycle G — G, (g, x) — g, makes G
a strongly G-graded groupoid. Note that the range and source map would distinguish
an element of this groupoid up to the stabiliser. Namely, d(g, x) = x = d(h, x) and
r(g,x) = gx = hx = r(h, x). But when we consider the grading then we can dis-
tinguish these elements as well. When X is a Hausdorff topological space and G is
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a discrete group, then G is an étale topological groupoid with respect to the product
topology. If, in addition, X has a basis of compact open sets, then G is ample.

Example 3.5 (Transformation groupoid arising from a partial group action) A par-
tial action of a group G on a set X is a data ¢ = (¢pg, X, X),4ei, Where for each
g € G, X, is asubset of X and ¢, : X,-1 — X, is a bijection such that

(1) X, = X and ¢, is the identity on X, where ¢ is the identity of the group G;
(i) ¢g(Xgr NXy) =X, N Xy forall g, h e G
(iii) @¢(Pn(x)) = @gn(x) forall g,h € Gand x € X1 N X141

Although the above construction gives a well-define map 7 : G — I(X), g —
¢, this map is not ahomomorphism, i.e. g, # PoP;. However there is a one-to-one
correspondence between these partial actions and the actions of inverse semigroup
S(G) on X (see Example 3.2)

Let ¢ = (¢, X, X)gec be a partial action of G on X. Consider the G-graded
groupoid

Gy = U g % Xg, (3.4)

geG

whose composition and inverse maps are given by (g, x)(h,y) = (gh,x) if y =
¢g-1(x) and (g, x) ' =(g7, ¢¢-1(x)). Here the range and source maps are given by
r(g,x) = (g,x),d(g, x) = (&, ¢4-1(x)) with ¢ the identity of G. The unit space of
G 1s identified with X.

In case that X is a topological space, we assume X, C X is an open subset and
each ¢, : X,-1 — X, is a homeomorphism, for ¢ € G. In order to obtain an ample
groupoid, we further assume that X is a Hausdorff topological space that has a basis
of compact open sets, each X, is a clopen subset of X, and G is a discrete group.
The topology of G, which inherited from the product topology G x X gives us an
Hausdorff ample groupoid.

In fact, one can further generalise this to the setting of partial action of an inverse
semigroup on sets, topological spaces and rings. In Sect.3.6 we will relate partial
inverse semigroup rings coming out of this partial actions to Steinberg algebras.

Example 3.6 (Transformation groupoid arising from an inverse semigroup action;
groupoid of germs) We start with a more concrete example of the groupoid of germs
and then move to a more abstract construction of the groupoid of germs of an inverse
semigroup acting on a space. In the topological setting, these are one of the main
sources of étale groupoids.

Let X be a non-empty set and let S = 7 (X) be the inverse semigroup of partial
symmetries. The S-germ is a pair (s, x) € § x X, where x € dom(s), modulo the
equivalence relation of germs (s, x) ~ (¢, y) if x = y and the restriction of s and ¢
coincides on a subset containing x. The groupoid operations defined by

-1

(s, ty)(t,y) = (st,y), (s,x)"" = (57", sx).
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In a more abstract setting, let S be an inverse semigroup acting on a set X, i.e.,
there is a semigroup homomorphism S — 7 (X). Let

G=Js x X (3.5)

ses

and define the groupoid structure: (s, ty) - (¢, y) = (st, y), and (s, x)~! = (s*, sx).
One can check that these operations are well-defined and G is a groupoid. However,
this groupoid is too large for us and we need to invoke the equivalence of germs.

The groupoid of germs G = S x X is defined (with an abuse of notation) as G
modulo the equivalence relation (s, x) ~ (¢, y) if x = y and there exists an idem-
potent e such that x € X, and se = te. We denote the equivalence class of (s, x)
by [s, x] and call it the germ of s at x. It is a routine exercise to show that G with
[s, ty1[t, y]1 = [st, y] and [s, x]~! = [s*, sx] is in fact a groupoid. Note that if S is a
group, then there are no identifications and we retrieve the transformation groupoid
of Example 3.4.

When X is a Hausdorff topological space, one can show that [s x U] := {[s, x] |
x € U}, where U C X is open, is a basis for a topology on G. With this topology,
G is étale and [s x U] is an open bisection. If X has a basis of compact open sets,
then G is Hausdorff ample. Further, by [30, Proposition 6.2] if S is a semilattice and
X, are clopen for e € E(S), then G is Hausdorff.

Example 3.7 (Underlying groupoid of an inverse semigroup) Let S be an inverse
semigroup. The maps

d:S— E(S) r:S— E(S)

s —> s*s s —> ss*

considered as the source and range maps make S into a groupoid with the product of
the semigroup as the composition of the groupoid. The unit space is E(S). Note that
if S is graded inverse semigroup so is the underlying groupoid of S and the strongly
graded property passes from one structure to another.

3.3.4 Inverse Semigroup of Bisections of a Groupoid

Given an ample Hausdorff groupoid, the inverse semigroup made up of all the com-
pact open bisections plays an important role. In fact, the Steinberg algebra associ-
ated to a Hausdorff ample groupoid is the inverse semigroup ring of compact open
bisections modulo their unions (see Definition 3.2). In the following, we describe
this inverse semigroup for a graded topological groupoid. Both the grading and the
topology can be stripped away.



3 Etale Groupoids and Steinberg Algebras a Concise Introduction 83
Let G be a I'-graded Hausdorff ample groupoid. Set
G'={U|Uisa graded compact open bisection of G}. (3.6)

Then G" is an inverse semigroup under the multiplication U.V = UV and inner
inverse U* = U ™! as in (3.1) and (3.2) (see [47, Proposition 2.2.4]). Furthermore,
themapc:G"\@ — I',U > y,if U C G, , makes G" a graded inverse semigroup
with g’; =c(y), y €T, as the graded components. Observe that in the inverse
semigroup G", B < C if and only if B € C for B, C € G". If from the outset we
consider G as a trivially graded groupoid, then we have an inverse semigroup con-
sisting of all compact open bisections. In this case we denote the inverse semigroup
by G“. There are other notations for this semigroup in literature, such as S(G) in
[30] or G°° in [47].

There is a natural action of inverse semigroup G" on the G©'. In fact the groupoid
of germs (as in Example 3.6) of this action is G itself and this allows us to relate
the partial crossed product construction to the concept of Steinberg algebras (see
Theorem 3.9). We describe this action next. In fact, in what follows we will construct
a homomorphism of semigroups 7 : G" — 7(G?).

For each B € G", BB~! and B~! B are compact open subsets of G, Define

ng:B"'B—> BB™! (3.7)

u —> r(Bu)

Since B is a bisection, Bu consists of only one element of G and thus the map
mp is well-defined. Observe that 7 is a bijection with inverse wgz-1. We claim that
7p is a homeomorphism for each B € G". Take any open subset O C Up. Observe
that nEI(O) =d(r~'(0) N B) is an open subset of Ug-1. Thus, 7 is continuous.
Similarly, n;l is continuous. One can check that for compact open bisections B
and C, mpme = mpe, and thus 7 : G" — 7(G?) is a homomorphism of inverse
semigroups. If the grade group I" is considered to be trivial, then we have a homo-
morphism 7 : G¢ — I(G?). This homomorphism is injective if, in some sense,
there isn’t too much isotropy which we show in Lemma 3.2 after introducing some
more terminologies.

We say a topological groupoid G is effective if the interior of the isotropy bundle
is just the unit space, that is

Iso(@)° = G".

Thus, in an effective ample groupoid, if we have a compact open bisection B such
that every element y € B has the property s(y) = r(y), then B € G©.

We say a subset U of the unit space G of G is invariant if d(y) € U implies
r(y) € U; equivalently,

rd ' (U) =U =d@r " (U)).
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For an invariant U € G©, we write Gy := d~' (U) which coincides with the restric-
tion
Glu={xegldx)eU,r(x) eU}.

Notice that Gy is a groupoid with unit space U.

We say G is strongly effective if for every non-empty closed invariant subset D
of G©, the groupoid Gp, is effective. These assumptions play important roles when
classifying ideals of Steinberg algebras (see Sect.3.4.5).

Lemma 3.2 Let G be an ample groupoid. Then the morphism t : G" — I1(G©) is
injective if and only if G is effective.

For more equivalences of effective groupoids, see [14, Lemma 3.1].

3.3.5 Graph Groupoids

Our next goal is to describe groupoids associated to directed graphs. There is a general
construction of a groupoid from a topological space X and a local homeomorphism
o : X — X, called a Deaconu—Renault groupoid (see [51]). The graph groupoids
are a special case. We briefly recall this general construction.

Leto : X — X be a local homeomorphism. Consider

GX,0) ={(x,m—n,y) |m,neN, o"x)=0c"(y} (3.8)

with the groupoid structure inherited from the transitive groupoid X x Z x X. Note
that G(X, o) is not transitive in general.
When X is a Hausdorff space, sets of the form

Z(U,m,n, V) = {(-xam —n, y) | (X, y) € U x vv Gm(x) = Un()’)}»

where U and V are open subsets of X are a basis for a topology on G(X, o) making
it a Hausdorff étale groupoid. When X also has a basis of compact open sets, the
groupoid is Hausdorff ample.

To any graph, E one can associate a groupoid G, called the boundary path
groupoid, which we will just call the graph groupoid of E. This is the groupoid that
relates the Steinberg algebras to the subject of Leavitt path algebras, as it’s foundation
is to relate graph C*-algebras and groupoid C*-algebras. To be precise, one can show
there is a Z-graded *-isomorphism Ag(Gg) = Lgr(E) (see Example 3.9).

Let E = (E°, E', r, 5) be a directed graph (see Example 3.1). We denote by E>
the set of infinite paths in E and by E* the set of finite paths in E. Set

X := E*XU{u € E* | r(u) is not a regular vertex}.
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Let

Gr = {(ax, la| — |Bl. Bx) | . p € E*.x € X, r(@) = r(B) = s(x)}.

We view each (x, k, y) € Gg as a morphism with range x and source y. The formu-
las (x, k, y)(v,l,z) = (x,k+ 1, z)and (x, k, y)_l = (y, —k, x) define composition
and inverse maps on G making it a groupoid with

O —{(x,0,x) | x € X},

which we will identify with the set X.
Next, we describe a topology on G which is ample and Hausdorff. For u € E*
define
Z(p) ={px | x € X,r(n) =sx)} € X.

For ;1 € E* and a finite F € s~ (r(w)), define

Zw\F)=Zw\ | Z(uo).

acF

The sets Z(u \ F) constitute a basis of compact open sets for a locally compact
Hausdorff topology on X = Qg) (see [99, Theorem 2.1]).

For , v € E* with r(u) = r(v), and for a finite F/ C E* such that r (i) = s(«)
for @ € F, we define

Z(H‘» U) = {(Mxv |,U,| - |U|’ vx) | X € X,r(,u) = s(x)},

and then

Z((w )\ F) = Z(u)\ | Z(uet, va).

aeF

The sets Z((w, v) \ F) constitute a basis of compact open bisections for a topology
under which G is a Hausdorff ample groupoid.

In the case of the graph groupoid G, the topological assumptions on G can be
described in terms of the geometry of the graph E. We collect them here.

Theorem 3.1 Let E be a directed graph and G the graph groupoid associated to
E. We have the following:

1. The unit space Qg)) is finite if and only if E is a no exit finite graph [56].

2. The unit space gg” is compact if and only if E has finite number of vertices.

3. The unit space gg” is topologically transitive if and only if E is downward directed
[57].
4. The unit space Qg)) is effective if and only if E satisfies condition (L) [57].

The following table summarises the properties of the graph E and the correspond-
ing properties of the graph groupoid Gg.
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Graph E property Groupoid G property
no cycles principal (istropy trivial)
condition (L) effective

condition (K) strongly effective
cofinal minimal

EO finite GO compact

E finite and no cycles| discrete

3.4 Steinberg Algebras

3.4.1 Steinberg Algebras

Steinberg algebras (for Hausdorff ample groupoids) are universal algebras that can
be defined in terms of inverse semigroup algebras. We present the details below and
then provide a concrete realisation as a convolution algebra consisting of certain
continuous functions with compact support. In the last section, we describe the
algebra when the groupoid is not Hausdorff.

Recall that if R is a commutative ring with unit, then the semigroup algebra RS
of an inverse semigroup S is defined as the R-algebra with basis S and multiplication
extending that of S via the distributive law. If S is an inverse semigroup with zero
element z, then the contracted semigroup algebra is RypS = RS/Rz. For a I'-graded
groupoid G, recall the graded inverse semigroup G" from Sect. 3.3.4.

Definition 3.2 Let G be a I'-graded Hausdorff ample groupoid with the inverse
semigroup G". Given a commutative ring R with identity, the Steinberg R-algebra
associated to G, and denoted A(G), is the contracted semigroup algebra RyG",
modulo the ideal generated by B+ D — B U D, where B, D, BU D € G, yel
and BN D = 0.

So the Steinberg algebra Az (&), is the algebra generated by the set {tz | B € G"}
with coefficients in R, subject to the relations

R1) 15 =0;

(R2) tgtp = tgp, forall B, D € G"; and

(R3) tp 4+ tp = tpup, whenever B and D are disjoint elements of G", y eT,such
that B U D is a bisection.

Thus, the Steinberg algebra is universal with respect to the relations (R1), (R2)
and (R3) in that if A is any algebra containing {Tp : B € G"} satisfying (R1), (R2)
and (R3), then there is a homomorphism from Az(G) to A that sends tg to Tp.
The uniqueness theorems would tell us when this natural homomorphism is injec-
tive (Sect.3.4.4).

Example 3.8 (Classical groupoid algebras) If G is a groupoid and A is aring then A
issaidtobe a G-gradedringif A = @y cg Ay, where A, is an additive subgroup of A
and AgA, C Ag,,if (B,y) € G and AgA, =0, otherwise. A prototype example
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of G-graded rings are classical groupoid algebras which we describe next. Let R be
aring. Let RG be a free left R-module with basis G, i.e., RG = @yeg Ry, where
Ry = R. We define a multiplication as follows:

E re0 . E ;T = E Fy8:0T,

0eG 1€G 0,7€G

when (o, 7) € G?, and 0 otherwise. This makes RG an associative ring and setting
(RG), = Ry, clearly gives this ring a G-graded structure.

It is not difficult to see that if G? is finite, then RG is a direct sum of matrix rings
over corresponding isotropy group rings as follows: Let Oy, ..., Oy be the orbits of
G©. Note that for x, y € O;, there is an isomorphism between the isotropy groups
G* = Gy. Choosing x; € O;, 1 <i <k, we then have

k
RG = (P M, (RG)), (3.9)

i=1

where G; = G and n; = [O;].

Now if G has a discrete topology, one can easily establish that Agx(G) = RG. On
the other hand, for the case of étale groupoid, finiteness of G’ implies G is discrete
(Lemma 3.1). Putting these together we have the following.

Proposition 3.1 [56, Proposition 3.1] Let G be an ample groupoid with G finite.
Let Oy, ..., Oy be the orbits of G and let G; be isotropy group of O; andn; = | 0;]|.
Then

k
AR(©) = P M, (RG)),

i=1

Consider the set I = {1,...,n}, n € N and G = {e} a trivial group. Then the
transitive groupoid I x I (see Example 3.3) with discrete topology is ample. Propo-
sition 3.1 now immediately gives

Ar(I x I) = M, (R).

Example 3.9 (Leavitt path algebras) Let E be a graph. The Leavitt path algebra
associated to the graph E was introduced as a purely algebraic version of the graph
C*-algebras. We refer the reader to the book [1] for a general introduction to the
theory and [53] for an excellent survey on the connection of these algebras with
Steinberg algebras. We briefly give an account of how to model Leavitt path algebras
as Steinberg algebras.

For a graph E, let G be the associated graph groupoid (see Sect.3.3.5). By [22,
Example 3.2] the map
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mg : LR(E) — Ar(Gr), (3.10)

uv* — Z,uoea*v* — lzuw\P)

acF

extends to a Z-graded algebra isomorphism. Observe that the isomorphism of alge-
bras in (3.10) satisfies

W) =1z0), TE€) = 176 re), TE(E) =170),0) (3.11)

foreachv € Eand e € E'.

Ifw: E' — T isa function, we extend w to E* by defining w(v) = Oforv € EO,
and w(og - - - a,) = w(ay) - - - w(ay,). Thus Lg(E) is a I'-graded ring. On the other
hand, defining W : Gg — T by

W(ax, [a| — |81, Bx) = w(@w(B) ", (3.12)

gives a cocycle [36, Lemma 2.3] and thus Ag(G) is a I'-graded ring as well. A quick
inspection of isomorphism (3.10) shows that g respects the I'-grading.

3.4.2 Convolution Algebra of Continuous Functions
From Gto R

In this subsection we give an alternative definition for Steinberg algebras. Let
C.(G, R) be the algebra of continuous functions from G to R (where R is a topo-
logical discrete space) that vanish outside a compact set. For f € C.(G, R) we have
that the support of f denoted supp(f) :={y € G| f(y) # 0} is compact. Since R
is discrete,

C.(G,R)={f :G— R fislocally constant and has compact support}.

Note that when R = C, C.(G, C) is not the same as the usual C.(G), which is the set
of continuous functions from G to C with the standard topology that vanish outside
a compact set.

Addition and scalar multiplication are defined pointwise in C.(G, R) and multi-
plication is given by convolution where

fre)y =Y fl@gp.

af=y

That convolution is well-defined, in that the sum is always finite, uses that G is étale:
for a fixed y, we are summing over the set
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{af | ap =y, f(a) #0and g(B) # 0}. (3.13)

Since y is fixed, so is r(y) and d(y). We claim that

fo | r(@) =r(y) and f(@) # 0} =r~'(r(y)) Nsupp(f) (3.14)

is finite. Since G is étale, r~! (r(y)) is closed and discrete. Thus, (3.14) is the intersec-
tion of a discrete closed subspace and a compact set so is finite as claimed. Similarly,
the set {8 : d(B) = d(y) and g(B) # 0} is finite and hence (3.13) is finite as well.

Since G is Hausdorff, for each B € G", B is clopen. So the characteristic function
15 (where 13(y) = 1fory € Band0 otherwise)isin C.(G@, R).For B, D € G", one
cancheck that 13 % 1p = 1pp and the set of all characteristic functions {13 : B € G}
satisfies the relations (R1), (R2) and (R3). So the universal property gives us a
homomorphism from Az(G) to C.(G, R) that takes t5 to 15 for B € G". The range
of this homomorphism is the subalgebra

span{lp : B € G".

Further, this homomorphism is bijective by [54, Theorem 6.3] and hence an isomor-
phism. Thus, one can write

AR(G) = span {1 g | B is a homogeneous compact open bisection},

= { Z rglp | F : mutually disjoint finite collection of
BeF

homogeneous compact open bisections},

e addition and scalar multiplication of functions are pointwise,

e multiplications on the generators are 1zlp = 1pp.

Remark 3.1 One reason we restrict our attention to ample groupoids is to maintain
a connection with groupoid C*-algebras, which is the completion of C.(G) with
respect to a particular norm. If we only require our groupoids to be étale, there might
not be any locally constant functions so C.(G, C) might be empty. On the other hand,
when G is ample, C.(G, C) is a dense subset of C.(G).

3.4.3 Centre of a Steinberg Algebra

The centre of Steinberg algebras were determined in [54] and it has a very pleasant
description. We describe it here. We view Ag(G) as C.(G, R) where the elements
are functions. We say f € Agr(G) is a class function if f satisfies the following
conditions:
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1. if £(x) # 0 then d(x) = r(x);
2. ifd(x) = r(x) =d(z) then f(zxz™") = f(x).

Proposition 3.2 [54, Proposition 4.13] The centre of Ag(G) is the set of class func-
tions.

Note that if f is a class function, then supp(f) C Iso(G)°. Thus if G is effective,
then the centre is contained in the diagonal subalgebra Az(G?). The diagonal pre-
serving isomorphisms play an important role in realising groupoids from the algebra
isomorphisms (see Theorem 3.7).

3.4.4 Uniqueness Theorems

A uniqueness theorem gives criteria under which a homomorphism from the Stein-
berg algebra to another R-algebra is injective. Uniqueness theorems are useful when
studying other concrete realisations of Steinberg algebras. The most general unique-
ness theorem is the following which is [24, Theorem 3.1]:

Theorem 3.2 Let G be asecond countable, ample, Hausdorff groupoid and let R be a
unital commutative ring. Suppose that A is an R-algebra andthatw : Ar(G) — Alis
a ring homomorphism. Then 1 is injective if and only if v is injective on Ag (Iso(G)°),
the subalgebra generated by elements of G" that are also contained in the interior
of the isotropy bundle.

Theorem 3.2 has the assumption of second countability because the proof requires
the unit space to be a ‘Baire space’. The graded uniqueness theorem, below (which
is [21, Theorem 3.4] ) does not have this assumption. Instead it requires a particular
graded structure.

Theorem 3.3 Let G be a Hausdorff, ample groupoid, R a commutative ring with
identity, I adiscrete group, and c : G — T a continuous functor such that G, is effec-
tive. Suppose w : Ar(G) — A is a graded ring homomorphism. Then 1 is injective
if and only if w (rtg) # O for every nonzeror € R and compact open K € G©.

3.4.5 Ideal Structures of Steinberg Algebras

There is a satisfactory description of ideals of a Steinberg algebra A;(G) based on
the geometry of the groupoid G, where the algebra is over a field k (so the ideals
of the coefficient ring does not interfere) and the groupoid is Hausdorff ample and
(strongly) effective.

The first result is the simplicity of these algebras.
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Theorem 3.4 [14] Let G be an Hausdorff, ample groupoid, and k a field. Then Ay (G)
is simple if and only if G is effective and G has no open invariant subsets.

A glance at the table of properties of the graph versus the graph groupoids
(Sect.3.3.5) shows that Theorem 3.4 is parallel to the first theorem proved in the
theory of Leavitt path algebras, namely, for an arbitrary graph E, the Leavitt path
algebra L (E) is simple if and only if E satisfies condition (L) and E° has no non-
trivial saturated hereditary subsets [2], [1, Sect.2.9].

For an invariant U € G, one can easily see that the set

I(U) :=span{tp | s(B) € U},

is an ideal of Ay (G). In fact, if the groupoid is strongly effective, this is the only way
one can construct ideals in these algebras.

Theorem 3.5 [18] Suppose G is a strongly effective ample groupoid. Then the cor-
respondence
Ur— I(U),

is a lattice isomorphism from the lattice of open invariant subsets of G© onto the
lattice of ideals of Ax(G).

Theorem 3.6 [24] Let G be a I'-graded ample groupoid such that G. is strongly
effective. Then the correspondence

Ur— I(U),

is an isomorphism from the lattice of open invariant subsets of G onto to the lattice
of graded ideals in Ay (G).

We refer the reader to [18, 24] for further results on the ideal theory of Steinberg
algebras.

3.5 Combinatorial and Dynamical Invariants of étale
Groupoids

There are several ‘combinatorial’ invariants one can associate to a groupoid such
as the full group and homology groups. For certain groupoids these combinatorial
invariants are related to very interesting Higman—Thompson groups or K -groups as
we describe next in this section.
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3.5.1 Full Groups

For an étale groupoid G with the compact unit space G, the full group [[G]] was
defined by Matui [41]. The full group [[Z x X]] of the transformation groupoid of
the action of Z on a Cantor set X via a minimal homeomorphism (see Example 3.3)
coincides with the full group defined and studied in [32]. We define the full group of
a groupoid here and collect results related to this group.

Recall that G? is the inverse semigroup of compact open bisections and 7 : G* —
I(G) the action of G* on G© (Sect.3.3.4).LetG :={U e G* | d(U) = r(U) =
G} be a subgroup of G (here G considered to be compact). Then the full group of
G, denoted by [[G]]is 7 (G). In fact, for anoncompact G, onecan give a generalised
version of this notion and define the full inverse semigroup by [[G]] = 7 (G?).

If the Hausdorff ample groupoids G and 9 are isomorphism, then clearly
Ar(G@) = Ag(H). Further, since from the outset, G = H induces G© = HO we
have the diagonal isomorphism Ag(G?) = Ag(H®) as well. Renault in [52] estab-
lished the converse of this statement for certain groupoid C*-algebras. Several recent
papers progressively improved this result in the algebraic setting (see [4, 17, 58]).
Combining with the full group invariant, we have the following theorem, relating
groupoids, inverse semigroups and algebras.

Theorem 3.7 Let R be a unital commutative ring without nontrivial idempotents
and let G and H be Hausdorff effective ample groupoids. Then the following are
equivalent.

(1) G and H are isomorphic;

(2) the inverse semigroups G* and H* are isomorphic;

(3) the inverse semigroups [[G]] and [[H]] are isomorphic;

(4) there exists a diagonal-preserving isomorphism between the Steinberg algebras

AR(G) and Ag(H).

Consider a graph with one vertex and two loops

E : C ° Q
and its graph groupoid G as described in Sect. 3.3.5. The unit space Qg)) is compact
(Theorem 3.1) and we can consider the full group [[Gg]]. On the other hand, let L, (E)

be the Leavitt path algebra associated to E over a field k. An element a € Li(E) is
called unitary if aa®* = a*a = 1. Consider the set

!
Py = {a € Ly (E) is unitary | a = Zaiﬂ;*},

i=1

where «;, B; are distinct paths in E and the coefficients in the sum are all 1. One can
prove that

Py =[[GE]l,
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and they are isomorphic to the Thompson group 7, |, which was constructed in 1965
and was the first infinite finitely presented simple group. In fact, considering a graph
with one vertex and n loops, we retrieve Higman—Thompson groups G, ; constructed
by Higman in 1974. We refer the reader to [15, 46] for this line of research.

3.5.2 Homology and K-Theory

The homology theory for étale groupoids was introduced by Crainic and Moerdijk
[26] who showed these groups are invariant under Morita equivalences of étale
groupoids and established some spectral sequences which used for the computa-
tion of these homologies. Matui [41-43] considered this homology theory in rela-
tion to the dynamical properties of groupoids and their full groups. In [41] Matui
proved, using Lindon—Hochschild-Serre spectral sequence established by Crainic
and Moerdijk that for an étale groupoid G arising from subshifts of finite type,
the homology groups Hy(G) and H;(G) coincide with K-groups Ko(C*(G)) and
K (C*(G)), respectively. Here C*(G) is the groupoid C*-algebra associated to G
which were first systematically studied by Renault in his seminal work [50]. In the
language of graphs, Matui proved that for a finite graph £ with no sinks

Ko(C*(E)) = Ho(GE) and, K,(C*(E)) = Hi(GE)- (3.15)

In this section, we recall the construction of the homology of an ample groupoids
and recount Matui’s conjecture relating K-groups of groupoid C*-algebras to the
homology of its groupoid (Conjecture 3.1). It would be very desirable to establish a
relation between the homology groups and K -groups of Steinberg algebras, as here
we have higher K-theories available and strong K -theory machinery which works
on them [49].

Let X be a locally compact Hausdorff space and R a topological abelian group.
Denote by C.(X, R) the set of R-valued continuous functions with compact support.
With pointwise addition, C.(X, R) is an abelian group. Let 7 : X — Y be a local
homeomorphism between locally compact Hausdorff spaces. For f € C.(X, R),
define the map 7, (f) : ¥ — R by

() =Y f&x).

(x)=y

Thus, 7, is a homomorphism from C.(X, R) to C.(Y, R) which makes C.(—, R) a
functor from the category of locally compact Hausdorff spaces with local homeo-
morphisms to the category of abelian groups.

Let G be an étale groupoid. For n € N, we write G™ for the space of composable
strings of n elements in G, that is,
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G" =181, 8-, 8) €G" | d(g) =r(gi) foralli =1,2,...,n—1}.

Fori =0,1,...,n,withn >2weletd; : G — G" Dbea map defined by

(82733»---7811) l:0
di(g1,82,--.,8n) = 81y, &i&i+1r--->8) 1<i<n-—I
(81782,---,gn—1) i =n.

When n = 1, we let dy, d; : GV — G© be the source map and the range map,
respectively (i.e., the d and r maps). Clearly, the maps d; are local homeomorphisms.
Define the homomorphisms 3, : C.(G™, R) — C.(G"~V, R) by

9 =d,—r, and 9, = Z(—l)idi*. (3.16)
i=0

One can check that the sequence

0 (@9, R) <= C.(6M. R) <= C(G?. R) <& ... (3.17)

is a chain complex of abelian groups.
The following definition comes from [26, 41].

Definition 3.3 (Homology groups of a groupoidG) Let G be an étale groupoid.
Define the homology groups of G with coefficients R, H,(G, R), n > 0, to be the
homology groups of the Moore complex (3.17), i.e., H,(G, R) = ker 9,/ Im 9, .
When R = Z, we simply write H,(G) = H, (G, Z). In addition, we define

Ho(@ " = {[f] € Hy(G) | f(x) > 0forallx € G},

where [ f] denotes the equivalence class of f € C.(G©, Z).

Extending Matui’s result (3.15), in [33] using the description of monoid of Leavitt
path algebras, it could be proved that for any graph (with sinks, source and infinite
emitters), we have

Ho(GE) = Ko(A(GE)) = Ko(L(E)) = Ko(C™(E)) = Ko(C*(GE)).

Before stating Matui’s conjecture (Conjecture 3.1) we also state a class of
groupoids that the zeroth homology Hj coincides with Grothendieck group K, and
their algebras fall into Elliott’s class of algebras that can be classified by Ky-groups.

Let G be a second countable étale groupoid whose unit space is compact and
totally disconnected. Then the subgroupoid H < G is an elementary subgroupoid if
H is a compact open principal subgroupoid of G such that H® = G© The groupoid
G is called an AF groupoid if it can be written as an increasing union of elementary
subgroupoids.
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If G is an AF groupoid, then Steinberg algebra Ag(G), for a field R, is an ultra-
matricial algebra (or the reduced groupoid C*-algebra C*(G) is an AF algebra and
thus the terminology). For such groupoids, there is an order-preserving isomorphism

7 Hy(G) — Ko(AR(G)),
[lg(())] > [1AR(g(0)]-

We have then the following theorem.

Theorem 3.8 Let R be a field and G and H are AF groupoids. Then the following
are equivalent.

(1) G and H are isomorphic;

(2) There is an order-preserving isomorphism Hy(G) = Ho(H) which sends [1go ]
to [1yyo];

(3) there exists a R-algebra isomorphism between the Steinberg algebras Ag(G)
and Agr(H).

This theorem points to a direction which is gaining evermore importance of finding
a class of étale groupoids that a variant of K-theory and homology theory can be a
complete invariant.

Recall that an étale groupoid G is said to be effective if the interior of its isotropy
coincides with its unit space G® and minimal if every orbit is dense.

The following conjecture of Matui [43, Conjecture 2.6] expresses the K -theory
of a groupoid C*-algebra as a direct sum of homology groups of the associated
groupoid. For one thing, this indicates that the homology groups provide much finer
invariants than the K-groups.

Conjecture 3.1 (Matui’s HK Conjecture) Let G be a locally compact Hausdorff étale
groupoid such that G is a Cantor set. Suppose that G is both effective and minimal.
Then

Ko(C}(©)) = EP Hai(6) (3.18)
i=0
Ki(CHG) = P Hai1(©) (3.19)
i=0

Apart from (arbitrary graphs) Matui proved this conjecture for AF groupoids
with compact unit space and in [43] for all finite Cartesian products of groupoids
associated with shifts of finite type. Ortega also showed in [45] that the conjecture is
valid for the Katsura-Exel-Pardo groupoid G4 p associated to square integer matrices
with A > 0.
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3.6 Partial Crossed Product Rings

In this section, we consider the ‘partially’ group ring-like algebras and relate them to
Steinberg algebras. This is also another demonstration of how the inverse semigroups
and algebras arising from them are related to groupoids and algebras coming from
them.

Let 7 = (7w, Ay, A)ses be a partial action of the inverse semigroup S on an
algebra A. Here A; € A, s € Sisanideal of A and 75 : A;~ — A an isomorphism
such that forall s, € S

@) 77" =y
(11) T[S(As* N At) g Ast;
(iii) if s <t,then Ay, C A,;
(iv) Forevery x € Ay N Apegr, s (71, (X)) = 750 (X).

This is a generalisation of the concept of partial group actions (see Sect.3.5).
Define £ as the set of all formal forms ), s @505 (with finitely many a, nonzero),
where a; € Ay and & are symbols, with addition defined in the obvious way and
multiplication being the linear extension of

(as8s)(aid;) = g (nx*I (as)ar)ast'

Then L is an algebra which is possibly not associative. Exel and Vieira proved under
which condition £ is associative (see [31, Theorem 3.4]). In particular, if each ideal
A, is idempotent or non-degenerate, then L is associative (see [31, Theorem 3.4] and
[28, Proposition 2.5]). This algebra is too large for us and we need to consider this ring
modulo idempotents, as follows. Consider N = (ad; — ad; : a € A;, s < t), which
is the ideal generated by ad; — ad,. The partial skew inverse semigroup ring A X, S
is defined as the quotient ring L/ N.

Next, we equip these algebras with a graded structure. Suppose S is a I'-graded
inverse semigroup (see Sect. 3.2.1). Observe that the algebra £ is a G-graded algebra
with elements a6, € L with a; € A; are homogeneous elements of degree w(s).
Furthermore, if s < ¢, then s = ts*s. It follows that w(s) = w(t)w(s*)w(s) = w(z).
Hence ad; — a$, with s <t and a € A is a homogeneous element in £. Thus, the
ideal N generated by homogeneous elements is a graded ideal and, therefore, the
quotient algebra A x, S = L/N is I'-graded.

Let X be a Hausdorff topological space and R a unital commutative ring with a
discrete topology. Let Cg (X) be the set of R-valued continuous function (i.e. locally
constant) with compact support (see also Sect.3.4.2). If D is a compact open subset
of X, the characteristic function of D, denoted by 1 p, is clearly an element of C (X).
In fact, every f in Cg(X) may be written as

f=> rilp, (3.20)
i=1
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where r; € R and the D; are compact open, pairwise disjoint subsets of X. Cg(X) is
a commutative R-algebra with pointwise multiplication. The support of f, defined
by supp(f) = {x € X | f(x) # 0}, is clearly a compact open subset.

We observe that Cx(X) is an idempotent ring. We have

dlof=f-3 lp =) rilp=f (3:21)
i=1 i=1 i=1

for any f € Cr(X) which is written as (3.20). So Cr(X) is a ring with local units
and thus an idempotent ring.

For I'-graded Hausdorff ample groupoid G, recall the inverse semigroup G"
from (3.6) and the action of G" on G© from (3.7). There is an induced action
(g, CR(BB™1), Cr(G?)) pcgr of G" on an algebra Cr(G). Here the map 73 :
Cr(B7'B) = Cr(BB ")isgivenbymz(f) = f o JTE].WC still denote the induced
action by . In this case, £ = { ZBegh apdp | ap € Cpg (BB*l)} 18 associative, since
each ideal Cx(BB™") is idempotent. Since G" is I'-graded, Cx(G?) x, G" is a
I'-graded algebra.

We are in a position to relate partial skew inverse semigroup rings to Steinberg
algebras.

Theorem 3.9 Let G be a I'-graded Hausdorff ample groupoid and

T = (ﬂg, Cr(BB™Y, CR(Q(O)))Begh’

the induced action of G" on Cr(G?). Then there is a T'-graded isomorphism of
R-algebras
AR(©) Zg Cr(G”) %z G". (3.22)

Proof For each D € G", define
tp = L,pydp € Cr(G?) %, G".

One can check that the set {rp | D € G™} satisfies (R1), (R2) and (R3) relations
in the Definition 3.2 of Steinberg algebras. Thus, we obtain a homomorphism

f ARG — Cr(G?) x, G".

Next define a map g : Cx(G?) x, G® — AR(G). For each B € G and
apdp € L, we define

ag(r(x)), ifx e B,

apdp) =
§(asop) 0, otherwise.
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One can check that the map g is well-defined and gf =id4, and fg =
Lergo)n,6m- 0

We refer the reader to [9, 10, 33] for more results relating the partial inverse
semigroup algebras to Steinberg algebras and [30] for the C*-versions of these results.

3.7 Non-Hausdorff Ample Groupoids

We finish this paper with a brief discussion about non-Hausdorff groupoids. When
relaxing the Hausdorff assumption on G, we still insist that the unit space G be
Hausdorff so that, in the setting of étale and ample groupoids, they are locally Haus-
dorff. With this weakened hypothesis the universally defined Steinberg algebra of
Definition 3.2 no longer works. However, we can still study the Steinberg algebra of
such a groupoid using one of the other characterisations, such as

ARr(G@) = span{lp : B € G"}.

Since G is not Hausdorff, compact open bisections are no longer closed and hence
characteristic functions might not be continuous.

Other fundamental results in the theory of Steinberg algebras fail for non-
Hausdorff groupoids, for example, the Uniqueness theorems (see [24, Example 3.5]).
Still, progress is slowly being made to develop a theory. Recall that in an ample
groupoid G© is always open in G. It turns out that G© is closed in G if and only if
G is Hausdorff. So an important step for understanding non-Hausdorff groupoids is
to understand the closure of G©.

3.7.1 Non-Hausdorff Simplicity

For non-Hausdorff groupoids, necessary and sufficient groupoid conditions that
ensure the Steinberg algebra is simple are not known. The forward implication of
Theorem 3.4 does hold in the non-Hausdorff setting (see [55, Theorem 3.5]). But the
reverse implication uses Theorem 3.2 which fails for non-Hausdorff groupoids. Here
is why it fails: The proof of Theorem 3.2 assumes that for every function f € A;(G),
the set

supp(f) =1y € G: f(y) #0} = f(0)

has non-empty interior. This is clearly true if f is continuous but can fail when G is
not Hausdorff. We call a function f such that supp(f) has empty interior a singular
function. The collection of all singular functions forms an ideal in A;(G). It turns
out this is the only obstruction to simplicity.
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Theorem 3.10 [19, Theorem 3.14] Let G be a second countable, ample groupoid
such that G is Hausdorff and let k be a field. Then A(G) is simple if and only if
the following three conditions are satisfied:

1. G is minimal,
2. G is effective, and
3. for every nonzero f € Ay('), supp(f) has non-empty interior.

It is not known whether condition (3) is an automatic given conditions (1) and (2).
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Chapter 4 ®
The Injective and Projective Leavitt I
Complexes

Huanhuan Li

4.1 Introduction

Let A be a finite dimensional algebra over a field k. We denote by K,.(A-Inj) the
homotopy category of acyclic complexes of injective A-modules which are called
the stable derived category of A in [16]. This category is a compactly generated trian-
gulated category such that its subcategory of compact objects is triangle equivalent
to the singularity category [4, 22] of A.

In general, it seems very difficult to give an explicit compact generator for the sta-
ble derived category of an algebra. An explicit compact generator called the injective
Leavitt complex, for the homotopy category K,.(A-Inj) in the case that the algebra A
is with radical square zero was constructed in [18]. This terminology is justified by
the following result: the differential graded endomorphism algebra of the injective
Leavitt complex is quasi-isomorphic to the Leavitt path algebra in the sense of [2,
3]. Here, the Leavitt path algebra is naturally Z-graded and viewed as a differential
graded algebra with trivial differential.

We denote by K,.(A-Proj) the homotopy category of acyclic complexes of projec-
tive A-modules. This category is a compactly generated triangulated category whose
subcategory of compact objects is triangle equivalent to the opposite category of
the singularity category of the opposite algebra A°P. An explicit compact generator,
called the projective Leavitt complex, for the homotopy category K,.(A-Proj) in the
case that A is an algebra with radical square zero was constructed in [19]. It is shown
that the opposite differential graded endomorphism algebra of the projective Leavitt
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complex of a finite quiver without sources is quasi-isomorphic to the Leavitt path
algebra of the opposite graph [19].

We recall the constructions of the injective and projective Leavitt complexes.
We overview the connection between the injective and projective Leavitt complexes
and the Leavitt path algebras of the given graphs. A differential graded bimodule
structure, which is right quasi-balanced, is endowed to the injective and projective
Leavitt complex in [18, 19]. We prove that neither the injective nor the projective
Leavitt complex is not left quasi-balanced.

4.2 Preliminaries

In this section, we recall some notation on compactly generated triangulated cate-
gories and differential graded algebras.

4.2.1 Triangulated Categories

The construction of derived categories for an arbitrary abelian category goes back to
the inspiration of Grothendieck in the early sixties in order to formulate
Grothendieck’s duality theory for schemes [10]. The formulation in terms of tri-
angulated categories was achieved by Verdier in the sixties and an account of this
is published in Verdier [29]. Happel [11, 12] investigated the derived category of
bounded complexes of the category of modules over a finite dimensional algebra.
Rickard introduced the concept of tilting complex [24—26] in order to investigate the
derived category. Now triangulated categories and derived categories have become
important tools in many branches of algebraic geometry, in algebraic analysis, non-
commutative algebraic geometry, representation theory, and so on.

For the definition of a triangulated category, refer to [12, Sect. 1.1], [21, Sect. 1.3],
etc. Homotopy categories and derived categories over an abelian category are clas-
sical examples of triangulated categories (refer to [12, Sect. 1.3] etc.).

We recall the triangulated structure for the homotopy category. We first recall that
acomplex X* = (X', d);cz over an abelian category A is by definition a collection
of objects X' in A and morphisms di : X' — X'*! in A such that &4 0 d} =0
for all i € Z. Usually we write a complex X* = (X', d%);cz as

. di! . d .
RN (N RN G

Let A be a finite dimensional algebra over a field k. Denote by A-Mod the
category of left A-modules and K(A-Mod) its homotopy category. For a com-

plex X* = (X', d});ecz of A-modules, the complex X*[1] is given by (X*[1])’ =
Xt and di, = —di™" for i € Z. For a chain map f*: X* — Y*, its mapping
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cone Con(f*) is a complex such that Con(f*) = X*[1] @ Y* with the differential
) i+l
ACon(po) = ( fcfil a(f)’ ) . Each triangle in K(A-Mod) is isomorphic to
Y
P 1 (10)

Xe Y Con(f*) —% X°*[1]

for some chain map f*°.

4.2.2 Compactly Generated Triangulated Categories

For a triangulated category 7, a thick subcategory of 7™ is a triangulated subcategory
of 7~ which is closed under direct summands. Let S be a class of objects in 7.
We denote by thick(S) the smallest thick subcategory of 7~ containing S. If 7~ has
arbitrary coproducts, we denote by Loc(S) the smallest triangulated subcategory of
7 which contains S and is closed under arbitrary coproducts. By [6, Proposition 3.2]
we have that thick(S) C Loc(S).

For a triangulated category 7 with arbitrary coproducts, an object M in 7 is
compact if the functor Homs (M, —) commutes with arbitrary coproducts. Denote
by 7¢ the full subcategory consisting of compact objects; it is a thick subcategory.

A triangulated category 7~ with arbitrary coproducts is compactly generated [14,
20] if there exists a set S of compact objects such that any nonzero object T satisfies
that Homs (S, T'[n]) # O for some S € S and n € Z. Here, [n] is the n-th power of
the shift function of 7. This is equivalent to the condition that 7~ = Loc(S), in which
case we have 7 ¢ = thick(S); see [20, Lemma 3.2]. If the above set S consists of a
single object S, we call S a compact generator of T .

Let A-Inj be the category of injective A-modules. Denote by K(A-Inj) the homo-
topy category of complexes of injective A-modules, which is a triangulated subcat-
egory of K(A-Mod) that is closed under coproducts. By [16, Proposition 2.3(1)]
K(A-Inj) is a compactly generated triangulated category.

Denote by K,.(A-Inj) the full subcategory of K(A-Inj) formed by acyclic com-
plexes of injective A-modules. The homotopy category K, (A-Inj) is called the stable
derived category of A in [16]. This category is a compactly generated triangulated
category such that its subcategory of compact objects is triangle equivalent to the
singularity category [4, 22] of A.

We denote by K,.(A-Proj) the homotopy category of acyclic complexes of projec-
tive A-modules. This category is a compactly generated triangulated category whose
subcategory of compact objects is triangle equivalent to the opposite category of the
singularity category of the opposite algebra A°P.

In the last decade, Leavitt path algebras of directed graphs [2, 3] were introduced
as an algebraisation of graph C*-algebras [17, 23] and in particular Cuntz—Krieger
algebras [8].
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For a finite directed graph E, Smith [28] described the quotient category
QGr(kE) := Gr(kE)/Fdim(k E)

of graded k E-modules modulo those that are the sum of their finite dimensional
submodules in terms of the category of graded modules over the Leavitt path algebra
of E? over a field k. Here, kE is the path algebra of E and E? is the graph without
sources or sinks that are obtained by repeatedly removing all sinks and sources
from E. The full subcategory qgr(kE) of finitely presented objects in QGr(kE) is
triangulated equivalent to the singularity category of the radical square zero algebra
kE/kE;; see [28, Theorem 7.2].

The homotopy categories K,.(A-Inj) and K,.(A-Proj) were described as derived
categories of Leavitt path algebras, in the case that A is an algebra with radical
square zero associated to a certain finite directed graph; see [7, Theorem 6.1] and [7,
Theorem 6.2].

In general, it seems very difficult to give an explicit compact generator for the
stable derived category of algebra or the homotopy category of acyclic complexes of
projective modules over an algebra. An explicit compact generator for the homotopy
categories K,.(A-Inj) and K, (A-Proj), were constructed in [18, 19] respectively, in
the case that the algebra A = kE/kE>, is with radical square zero, where E is a
finite directed graph without sources or sinks.

4.2.3 Differential Graded Algebras

Differential graded (dg for short) algebras appeared in [15]. They found applications
in the representation theory of finite dimensional algebras in the seventies; see [9,
27]. The idea to use dg categories to ‘enhance’ triangulated categories goes back
at least to Bondal-Kapranov [5], who were motivated by the study of exceptional
collections of coherent sheaves on projective varieties.

We recall from [14] some notation on differential graded modules. Let A =
P, A" be a Z-graded algebra. For a (left) graded A-module M =, _, M",
elements m in M" are said to be homogeneous of degree n, denoted by |m| = n.

A differential graded algebra (dg algebra for short) is a Z-graded algebra A with
a differential d : A — A of degree one such that d(ab) = d(a)b + (—1)"“!ad (b) for
homogenous elements a, b € A.

A (left) differential graded A-module (dg A-module for short) M is a graded
A-module M =, _, M" with a differential dy : M — M of degree one such
that dy (a-m) = d(a)-m + (—1)\a-dy (m) for homogenous elements @ € A and
m € M. A morphism of dg A-modules is a morphism of A-modules preserving
degrees and commuting with differentials. A right differential graded A-module
(right dg A-module for short) N is aright graded A-module N = @, ., N" with adif-
ferential dy : N — N of degree one such that dy(m - a) = dy(m) -a + (—=1)!"lm .
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d(a) forhomogenous elementsa € A andm € N.Here, we use central dots to denote
the A-module action.

Let B be another dg algebra. Recall that a dg A-B-bimodule M is a left dg
A-module as well as arightdg B-module suchthat (a - m) - b =a - (m - b) fora € A,
me Mandb € B.

Let M, N be (left) dg A-modules. We have a Z-graded vector space

Hom, (M, N) = @HomA(M, N)"

nez

such that each component Hom 4 (M, N)" consists of k-linear maps f : M — N
satisfying f(M') € N'*" for all i € Z and f(a-m) = (—1)"la - f(m) for all
homogenous elements a € A. The differential on Homs(M, N) sends
f € Homy (M, N)" to dy o f — (—=1)"f ody € Homy (M, N)"*'. Furthermore,
Ends (M) := Hom4 (M, M) becomes a dg algebra with this differential and the usual
composition as multiplication. The dg algebra End (M) is usually called the dg
endomorphism algebra of M.

We denote by A°PP the opposite dg algebra of a dg algebra A. More precisely,
A°PP = A as graded spaces with the same differential, and the multiplication ‘o’ on
A°PP is given by a o b = (—1)1*PIpq,

Let B be another dg algebra. Recall that a right dg B-module is a left dg B°PP-
module via bm = (—1)"I"Ip . b for homogenous elements b € B, m € M. Foradg
A-B-bimodule M, the canonical map A — End g (M) is a homomorphism of dg
algebras, sending a to [, with [,(m) = a -m for a € A and m € M. Similarly, the
canonical map B — End 4 (M)°PP is a homomorphism of dg algebras, sending b to
rp with r,(m) = (=1D)P™lm - b for homogenous elements b € Bandm € M.

A dg A-B-bimodule M is called right quasi-balanced provided that the canonical
homomorphism B — End4(M)°PP of dg algebras is a quasi-isomorphism; see [7,
2.2]. Dually a dg A-B-bimodule M is called left quasi-balanced provided that the
canonical homomorphism A — End go (M) of dg algebras is a quasi-isomorphism.

Denote by K(A) the homotopy category and by ID(A) the derived category of left
dg A-modules; they are triangulated categories with arbitrary coproducts. For a dg
A-B-bimodule M and a left dg A-module N, Hom, (M, N) has a natural structure
of left dg B-module.

Recall that Loc(M) C K(A) is the smallest triangulated subcategory of K(A)
which contains M and is closed under arbitrary coproducts. If M is a compact object
in Loc(M) and a dg A-B-bimodule which is right quasi-balanced, then we have a
triangle equivalence

Homyu (M, —) : Loc(M) —> D(B),

see [7, Proposition 2.2]; compare [14, 4.3] and [16, Appendix A].
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4.3 The Injective Leavitt Complex of a Finite Graph
Without Sinks

In this section, we recall the construction of the injective Leavitt complex of a finite
graph without sinks and prove that the injective Leavitt complex is not left quasi-
balanced.

4.3.1 The Injective Leavitt Complex

Let E = (E°, E'; 5, t) be afinite (directed) graph. A pathin the graph E is a sequence
p = oy, - -apay of edges with £ () = s(orj41) for 1 < j <n — 1. The length of p,
denoted by I(p), is n. The starting vertex of p, denoted by s(p), is s(x;). The
terminating vertex of p, denoted by #(p), is #(c,). We identify an edge with a path
of length one. We associate to each vertex i € E a trivial path ¢; of length zero. Set
s(e;) =i =t(e;). Denote by E” the set of all paths in E of length n for each n > 0.
Recall that a vertex of E is a sink if there is no edge starting at it and a vertex of E
is a source if there is no edge terminating at it.

Let E be a finite graph without sinks. For any vertex i € E°, fix an edge y with
s(y) = i. We call the fixed edge the special edge starting at i. For a special edge «,
we set

S(@)={B € E' | s(B) = s(@), B # a}. (4.1)

‘We mention that the terminology ‘special edge’ is taken from [1].
The following notion is inspired by a basis for Leavitt path algebra (refer to [1,
13] for the basis).

Definition 4.1 For two paths p =«,,---ajandg =8, --- 1 in E withm,n > 1,
we call the pair (p, ¢) an admissible pair in E if t (p) = t(q), and either «,, # B,
or o, = [, 1s not special. For each path r in E, we define two additional admissible
pairs (r, e,)) and (e;¢, r) in E. O

For each vertex i € E? and [ € Z, set

Bf = {(p,q) | (p, g) is an admissible pair with [(¢g) — I(p) = and s(q) = i}.
4.2)
The above set Bﬁ is not empty for each vertex i and each integer /; see [18, Lemma
1.2].

Let E be a finite graph without sinks. Set A = kE/k E=? to be the corresponding
finite dimensional algebra with radical square zero. Indeed, A = kE° @ kE' as a
k-vector space and its Jacobson radical radA = kE! satisfying (radA)? = 0.

Denote by I; = D(e; A) the injective left A-module foreachi € E°, where (e; A) 4
is the indecomposable projective right A-module and D = Homy (—, k) denotes the
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standard k-duality. Denote by {¢/} U {a®|a € E', () = i} the basis of I;, which is
dual to the basis {e¢;} U {a|a € E', t(a) =i} of ¢; A.

For a set X and an A-module M, the coproduct M X will be understood as
D, cx M&x, where each component M ¢, is M. For an element m € M, we use m{
to denote the corresponding element in M¢,.

For a path p = o, - - - g in E of length n > 2, we denote by p =, - - a4
and p = a,, - - -, the two truncations of p. For an edge «, denote by @ = e, and
O = €t(a)-

Definition 4.2 Let E be a finite graph without sinks. The injective Leavitt complex
I* = (I, 8",z of E is defined as follows:

(1) the I-th component 7' = @), _ o JACR
(2) the differential 8’ : 7' — I'+! is given by 8'(e/¢(,.4)) = 0 and

ifg=e, p=ap

t #
es(a)é‘(ﬁ,ex(n)) - Z es(a)g(ﬂﬁ,ﬂ)’
BeS(a)

3 (@ L(p.g) = and « is special;

eﬁ(a)é(p,qa>, otherwise,

for any i € E°, (p,q) € Bﬁ and « € E! with f(«) = i. Here, the set S(«) is
defined in (4.1). O

Each component 7 is an injective A-module. The differentials ' are A-module mor-
phisms. Indeed, 7* is an acyclic complex of injective A-modules; see [18, Proposition
1.9].

Example 4.1 Let E be the following graph with one vertex and n loops withn > 2.

oy

Q@ i
o
o3

We choose «; to be the special edge. Let e be the trivial path corresponding the unique
vertex. Set B! to be the set of admissible pairs (p, ¢) in E with [(g) — [(p) = [ for
each [ € Z. A pair (p, q) of paths lies in B if and only if I(g) — I(p) = and p, g
do not end with «; simultaneously. In particular, the set B! is infinite.

The corresponding algebra A withradical square zerohas ak-basis {e, oy, . . ., a,}.
Set I = D(A,4). Then the injective Leavitt complex 7 of E is as follows.

] 7B 9! 7B a0 7B

We write the differential 9" explicitly: 9" (¢?Z(,.4)) = 0,0 (@ L(p.g)) = € C(pgan
for2 <i <nand
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D @) = | S0 ~ i e, (g =eand p=a;
i € L(pqan)s otherwise,

for (p,q) e B\

Recall that the Leavitt path algebra L (E) of a finite graph E is the k-algebra gen-
erated by theset{v | v € E°}U{e | e € E'} U {e* | e € E'} subject to the following
relations:

0) vw =4, v foreveryv,w € EY;

(1) t(e)e = es(e) = eforalle € E;

(2) e*t(e) = s(e)e* =e* foralle € E';

(3) ef* =6, st(e) foralle, f € E';

(4) D iecrt | s(e)=v) €€ = v forevery v e E® which is not a sink.

Here, § is the Kronecker symbol. The relations (3) and (4) are called Cuntz—
Krieger relations. The relation (3) is called (CK1)-relation and (4) is called (CK2)-
relation. The elements o* for « € E' are called ghost arrows.

If p=e,- -erejisapathin E of length n > 1, we define p* = efe - - - e;. For
convention, we set v* = v for v € E°. We observe by (2) that for paths p, g in E,
p*q = 0for1(p) # t(q).

Recall that the Leavitt path algebra is naturally Z-graded by the length of paths.
In what follows, we write B = L (E)°P, which is the opposite algebra of L;(E).
Then B is a Z-graded algebra. We view B as a dg algebra with trivial differential.

Consider A = kE/kEZ? as a dg algebra concentrated on degree zero. Recall
the injective Leavitt complex 7* = @, I, which is a left dg A-module. By [18,
Proposition 3.6], 7* is a right dg B-module and a dg A-B-bimodule.

The following theorem demonstrates the role of the injective Leavitt complex
in the stable category and establishes a connection between the injective Leavitt
complex and the Leavitt path algebra, which justifies the terminology.

Theorem 4.1 Let E be a finite graph without sinks, and let A = kE/kEZ? be the
corresponding algebra with radical square zero.

(1) The injective Leavitt complex I°* of E is a compact generator for the homotopy
category K, (A-Inj).

(2) The dg A-B-bimodule I°® is right quasi-balanced. In particular, the dg endo-
morphism algebra End 4 (I*) is quasi-isomorphic to the Leavitt path algebra
Ly (E). Here, Li(E) is naturally Z-graded and viewed as a dg algebra with
trivial differential.

For the proof of Theorem 4.1, refer to [18, Theorem 2.13] and [18, Theorem 4.2].
There is a unique right B-module morphism ¢ : B — I* with

w(l) = Z ef{(ei,ﬁi)'

icE"



4 The Injective and Projective Leavitt Complexes 111

Here, 1 is the unit of B. For each edge 8 € E!, there is a unique right B-module
morphism g : B — I°® withg(1) = ﬂtf(e,m.e,w))- Let (p, q¢) be an admissible pair
in E. We have ZieEO e?é‘(ei«ei) prq = eg(q)g‘(l’ﬂ) and 18:5(61,6;) prqg = (Si,S(q)ﬂﬁC(p,q)
for each edge 8 € E' with t(8) = i. It follows that

W(P*Q) = ef(q)é‘(p,q) and Wﬁ(P*Q) = Ss(q),t(ﬁ)ﬁné‘(p,q% (4.3)

It follows that ¥ is injective and Imys = e5)B for each B € E'. Consider the
gradings of B and 7*. We have that y and 4 for B € E' are right graded B-module
morphisms.

Set W = (¥ (Yp)per) : B® BF) — I*. The map W is a graded right B-
module morphism.

Lemma 4.1 The above morphism \V is surjective and the injective Leavitt complex
I* of E is a graded projective right B-module.

Proof Foreachi € E°, 1 € Z and (p, q) € Bﬁ, we have that e?g“(,,,q) =¥ (p*q) and
a“(p.g) = Va(p*q) for each edge o € E' with t(a) = i. Then W is surjective and
7* =ImV. Observe that Im¥ =1Imy + > ;¢ Imyp = Imyr & (Bpep Imipp).
Then Im¥ = B @ (Pgep' e(p)B) and we are done. ([l

The following observation implies that the dg A- B-bimodule 7°* is not left quasi-
balanced. In other words, the canonical dg algebra homomorphism A — End gow (7°°*)
is not a quasi-isomorphism. Indeed, we infer from the observation that the dg endo-
morphism algebra End g (Z®) is acyclic.

Proposition 4.1 We have that 1° = 0 in the homotopy category of right dg B-
modules.

Proof Recall from (4.3) the right B-module morphisms v and ¥ for 8 € E'. For

each [ € Z, the set {€7¢(p.4), @*C(p.) | i € E°, (p,q) € Bl and @ € E' with 1(a) =
i} is a k-basis of 7!. We define a k-linear map A’ : 7! — I'~! such that

hl(ang(p,q)) =0;
i * *
hl(ei é‘(p,q)) = Z{ﬂeEl | s(B)=i} wﬂ([’ qB™),
foreachi € E°, 1 € Z, (p,q) € Bf, and a € E' with t(a) = i. Here, p*qB* is the
multiplication of p*q and 8* in L;(E). For any element b € L;(E)'e;, we have

Koy = Y Ypbp).
{BEE" | s(B)=i}

Recall that ¥ and ¥4 for B € E' are right B-module morphisms. Then we have that
h = (h');ez is aright graded B-module morphism of degree — 1. In other words, we
have & € Endgor (7*) 1.
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It suffices to prove that
' oh! +h'* 08" =1dp foreachl € Z. (4.4)
Foreachi € E°, 1 € Z and (p, q) € B!, we have that

@ lonl+h*o 31)(3?4(17,@)
_ alfl * *
Z{ﬁeE‘ =@ ¥R PP

—_ * *

= ZW] iy VP BB
f

=€ 8p.g)>

where the second equality uses [18, Lemma 3.7] and the last equality uses the (CK2)-
relation for the Leavitt path algebra. Similarly, we have

@ Ton' +h* 0 3N L (pg)
= 1" o Ye) (P*q))
="' (Y (p*qa))

— * o *
Z{ﬂeE‘\S(ﬁ):v(a)} Vs(p qep’)

I
=a (g

for @ € E' with t(a) = i. Here, the last equality uses the (CK1)-relation for the
Leavitt path algebra. O

Remark 4.1 Note that the Eq. (4.4) implies that the injective Leavitt complex I is
acyclic.

4.3.2 The Independence of the Injective Leavitt Complex

We show that the definition of the injective Leavitt complex of E is independent of
the choice of special edges in E.

Denote by S and S’ two different sets of special edges of E. For each i € E° and
leZ,let Bﬁ and (Bﬁ)’ be the corresponding sets of admissible pairs with respect
to S and S’ respectively; see (4.6). Define a map @y, :Bﬁ — (Bf)’ such that for
(p.q) €B;

(ap,aq), if p=ad'p,q=a'qganda’ € §';
@, ((p.q)) = ,
(p,q9), otherwise,
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where o € S with s(«) = s(a’). The map ®;; : B — (B!)’ is a bijection. In fact, the
inverse map of ®;; can be defined symmetrically.

Denote by 7* = (I, 8');cz and 7% = (Il/, (8))1ez the injective Leavitt com-
plexes of E with S and S’ sets of special edges, respectively. Let A" be the k-basis
of L;(E) given by [1, Theorem 1] and [13, Corollary 17] with S’ the set of special
edges.

Recall that B = Li(E)°. The maps ' : B — I*, p*q — ef(q)g,,,q) and g
B — I, p*q > 8515 B*C(p.g) for p*q € A’ and B € E! are graded right B-
module morphisms.

For each [ € Z, define a k-linear map o' : 7' — (I')’ such that o' (e?g“(p,q)) =
V' (p*q) and ! (@*L(p.q) = Y. (p*q) fori € E® and (p,q) € Bl and « € E' with
t@) =i.Let w® = (0)ey: I* — 1. By definitions we have w® o ¥ = v’ and
w® o yg =g for each edge B € E'. Then we have w®o W = W' with ¥ =
(W (Ipt,})ﬂEEl) :B®BEY = 1% a morphism of graded right B-modules.

Proposition 4.2 (1) The above map w*® : I* — I* is anisomorphism of complexes
of A-modules.
(2) The above map w* : I* — I*' is an isomorphism of right dg B-modules.

Proof (1) We can directly check that @' is an A-module map for each [ € Z.
The inverse map of w' can be defined symmetrically. We have that ' is
an isomorphism of A-modules for each / € Z. It remains to prove that »*
is a chain map of complexes. For each i € E°, I € Z and (p, q) € Bﬁ, since
(@Y o wi)(e?g“(p,q)) =0= (oo 81)(e?§(p,q)),itsufﬁces to prove that ((8")’ o
(AP E(p.g) = (@1 03 (@) fora € E' with (o) = i. By [18, Lemma
3.7], we have that (") o @)@ ¢(.q) = ') (W, (p*q)) = ¥'(p*qe) and
(@1 o 3N (@ (p.g) = TN (W (p*qa)) = ¥/ (p*qa). Then we are done.

(2) Itremains to prove that ®*® is a graded right B-module morphism. By Lemma 4.1,
there exists a graded right B-module morphism & : 7* —> B @ B‘€ Y such that
Vo E =Ids.. Since w®* o W = ¥/, we have that 0* = w* o (W o E) =V 0o B
is a composition of graded right B-module morphisms. ]

4.4 The Projective Leavitt Complex of a Finite Graph
Without Sources

In this section, we recall the construction of the projective Leavitt complex of a
finite graph without sources and prove that the projective Leavitt complex is not left
quasi-balanced.
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4.4.1 The Projective Leavitt Complex

Let E be a finite graph without sources. For a vertex i € E°, fix an edge y with
t(y) = i. Wecall the fixed edge the associated edge terminating at i . For an associated
edge o, we set

T(@)={(B€E"|1(B)=1t(),B #al. (4.5)

Definition 4.3 For two paths p = «,, - - -apery and g = B, - - - B2 B1 withm, n > 1,
we call the pair (p, ¢) an associated pair in E if s(p) = s(q), and either o; # By,
or a1 = B is not associated. In addition, we call (p, ey(,)) and (ey(,y, p) associated
pairs in E for each path p in E. O

For each vertex i € E° and [ € Z, set

Aﬁ ={(p,q) | (p,q) is an associated pair with [(q) — I(p) = and ¢t (p) = i}.
(4.6)
The set Af is not empty for each vertex i and each integer /; see [19, Lemma 2.2].
Recall that A = kE / k E? is a finite dimensional algebra with radical square zero.
Denote by P; = Ae; the indecomposable projective left A-module fori € E°.

Definition 4.4 Let E be a finite graph without sources. The projective Leavitt com-
plex P* = (P!, 8,7, of E is defined as follows:

(1) the I-th component ' = P, _ o P,
(2) the differential §' : ' —> P! is given by 8 (@(p.4)) = 0 and

Bl if p = Bp;

8 eitipg) = .
Z{ﬂeE‘ | 1B)=i) Blesp.apr» 1 L(p) =0,

forany i € E% (p,q) € Al and o € E" with s(a) = i. O

Each component # is a projective A-module and the differential §' is an A-module
morphism. £* is an acyclic complex of projective A-modules; see [19, Proposition
2.7].

Example 4.2 Let E be the following graph with one vertex and n loops withn > 2.
Q@ al
a
o3

We choose «; to be the associated edge. Let e be the trivial path corresponding the
unique vertex. Set A’ to be the set of associated pairs (p, ¢) in E withl(¢) — I(p) =1
for each | € Z. A pair (p, q) of paths lies in A’ if and only if /(g) — [(p) = I and
P, ¢ do not begin with «; simultaneously. In particular, the set A’ is infinite.
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The corresponding algebra A withradical square zerohas ak-basis {e, oy, . . ., ,}.
Set P = A. Then the projective Leavitt complex $° of E is as follows.

iy p N paahy 8 pad

P> if p = Bp;
We write the differential 8! explicitly: 8! (e¢(y.q) = {279 ifp=pp
2 izt %ilegay, if1(p) =0,
8'(ajl(p.y) =0for1 < j <nand(p,q) € A"

For notation, E°P is the opposite graph of E. For a path p in E, denote by p°P the
corresponding path in £°P. The starting and terminating vertices of p°P are #(p) and
s(p), respectively. For convention, ¢ = ¢; for each vertex j € E°.

In what follows, we write B = L;(E°P), which is a Z-graded algebra. We view
B as a dg algebra with trivial differential.

Consider A = kE/kE=? as a dg algebra concentrated on degree zero. The pro-
jective Leavitt complex P* = P),_, ' is a left dg A-module. By [19, Proposition
4.6], P* is aright dg B-module and a dg A-B-bimodule.

The following theorem establishes a connection between the projective Leavitt
complex and the Leavitt path algebra, which justifies the terminology.

Theorem 4.2 Let E be afinite graph without sources, and let A = kE | k EZ? be the
corresponding algebra with radical square zero.

(1) The projective Leavitt complex P* of E is a compact generator for the homotopy
category K,.(A-Proj).

(2) The dg A-B-bimodule P* is right quasi-balanced. In particular, the opposite
dg endomorphism algebra of the projective Leavitt complex of E is quasi-
isomorphic to the Leavitt path algebra L (EP). Here, E? is the opposite graph
of E; Li(EP) is naturally 7Z-graded and viewed as a dg algebra with trivial
differential.

For the proof of Theorem II, refer to [19, Theorem 3.7] and [19, Theorem 5.2].
There is a unique right B-module morphism ¢ : B — $* with

(1) = eilie.er-
icE

Here, 1 is the unit of B. For each edge B € E!, there is a unique right B-module
morphism¢g : B — P* with ¢g(1) = Bl y).ei)- LEL (P, ) be an associated pair in

E. We have 3, cpo €il(er.en - (P)'q™ = €(p)8ip.g)s ad Loy e - (PGP =
85(8).1(»BL(p.q) for each edge B € E'; see [19, Lemma 4.5]. It follows that

dU(P™P)GP) = er(lpg and  dg((PP)*GP) = 85 Blip.y.  (47)
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It follows that ¢ is injective and Im¢p = e)B for each B € E'. Consider the grad-
ings of B and $°. We have that ¢ and ¢ for B € E! are right graded B-module
morphisms.

Set® = (¢ (¢p)pert) : B @ BEY — P*. The map & is a graded right B-module
morphism.

Lemma 4.2 The above morphism ® is surjective and the projective Leavitt complex
P* of E is a graded projective right B-module.

Proof Foreachi € E°,1 € Zand (p,q) € Aﬁ, we have that e;{(, ) = ¢ ((p*?)*qP)
and ag(p.q) = ¢ ((p°P)*q°P) for each edge o € E! with s(a) = i. Then @ is surjec-
tive and P°*=Im®. Observe that Im® =Im¢ + ZﬁeEl Im¢g = Im¢ &
(Dpece Imgg). Then Im® = B @ (Dgegiesp)B) and we are done. (Il

We prove that the dg A-B-bimodule $°* is not left quasi-balanced. In other
words, the canonical dg algebra homomorphism A — End gep (°) is not a quasi-
isomorphism. Indeed, we infer from the observation that the dg endomorphism alge-
bra End gow (P°*) is acyclic.

Proposition 4.3 We have that P* = 0 in the homotopy category of right dg B-
modules.

Proof Recall from (4.7) the right B-module morphisms ¢ and ¢g for § € E !. For
each 1 €Z, the set ({el(pg)®Lpg |i€E’ (p,q)eAlanda e E" with
s(o) =i} is a k-basis of P'. We define a k-linear map 4’ : P! — P'~! such that
hl(e,[(p,q)) =0and

iti(p) =0, g =qa

e D= e 5 . ;
1@ SCenar® — 2opeT @) €1 @SB, and @ is associated:

I
h(@lp.q) =
e Cap.g) otherwise.

for each i € E°, 1 € Z, (p,q) € A}, and « € E' with s(«) =i. It follows that
hl(qba((p"P)*q"P)) = ¢ ((x°?)*(p°P)*¢°P). For any element b € e; Ly (E)!, we have

h' (¢a(b) = ¢ ((@®)*D). (4.8)

Here, («¢°P)*b is the multiplication of b and («¢°P)* in B = L;(E°P). Recall that ¢
and ¢, for @ € E! are right B-module morphisms. Then we have that & = (h)ez
is right graded B-module morphisms of degree —1. In other words, we have h €
End go (P*) .

It suffices to prove that

8= Voh! + W't 08! = 1dp foreach! € Z. (4.9)

Foreachi € E% [ € Z and (p,q) € Aé, we have that
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"o b +hT o8 (eit(pg)
=04 Kl (51(€i§(p,q)))

_ AT BGg): if p = Bp:
th(Z{yeEl | t(y)=i} yé‘(Q(y),qy))v ifl(p) = 0.
= eil(p.g)

where the last equality uses the definition of 4'*!. Similarly, we have

(8”1 ohl +hl+1 o 8’)(0:{(,,,(,))

= (""" o ) (@t(pq)

=8"""((n" 0 ¢) ((P)*q*"))

= 8" (P (@™)*(p™)*q™))

= Y BT (PP g™
BEE! | 1(B)=t ()

=al(pq)

fora € E! with s(a) = i. Here, the third equality uses (4.8), the fourth equality uses
[19, Lemma 4.7], and the second last equality uses the (CK1)-relation for the Leavitt
path algebra L;(E°P). (]

Remark 4.2 Note that Eq. (4.9) implies that the projective Leavitt complex $* is
acyclic.

4.4.2 The Independence of the Projective Leavitt Complex

We show that the definition of the projective Leavitt complex of E is independent of
the choice of associated edges in E.

Denote by H and H' two different sets of associated edges of E. For eachi € E°
and !/ € Z, let Aé and Aﬁ/ be the corresponding sets of associated pairs with respect
to H and H’ respectively; see (4.6). Define a map t; : Aﬁ — Aﬁl such that for
(P,q) € A}

(pa, qa), if p=pa’,q=qga’ anda’ € H';
i ((p,q)) = /
(p,q9), otherwise,

where o € H with t(¢) = t(’). The map t; : Af. — Aﬁ/ is a bijection. In fact, the
inverse map of 7;; can be defined symmetrically.

Denote by P* = (P!, 8')jcz and P*' = (P')’, (8')'),ez the projective Leavitt com-
plexes of E with H and H’ sets of associated edges, respectively.
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Recall that B = Li(E®?). The maps ¢’ : B — P*', (p°?)*qP > e,(p){(p,q) and
¢y B — P (pP)'qP > 8i(p).s(p)BLip.gy With (p, ) an associated pair and
B € E' are graded right B-module morphisms.

For each [ € Z, define a k-linear map 6’ : P! — (P')’ such that 0'(e;¢(. ) =
@' (p)*q*) and 0'(@L(p.q) = ¢, ((p°P)*q) for i € E® and (p.q) € A} and
o € E! with s(@) =i. Let 0° = 8"z : P* — P*'. By definitions we have 6° o
¢ = ¢" and 0° o ¢y = ¢, for each edge B € E'. Then we have 6° o & = @’ with
P = (d)’ (¢/’3)ﬁ651) :B®BE) = P morphism of graded right B-modules.

Proposition 4.4 (1) The above map 0° : P* — P* is an isomorphism of complexes
of A-modules.
(2) The above map 0° : P* — P* is an isomorphism of right dg B-modules.

Proof (1) We can directly check that 6’ is an A-module map for each [ € Z. The
inverse map of 6/ can be defined symmetrically. We have that 6’ is an isomorphism of
A-modules for each [ € Z. It remains to prove that 6° is a chain map of complexes.
For each i € E°, [ € Z and (p, q) € Al, since ((8) 0 ") (a¢(p.q)) =0 = (6" o
81 (@¢(p.q)), it suffices to prove that ((8) 0 8')(e;¢(p.q)) = (0! 0 8")(ei¢(p.q)) for
o € E' with s(a) =i.By [19, Lemma 4.7], we have that

(8 08 €lipg) = BV @ (D¢ = > $h@P(p™®)q))
{BEE! | 1(B)=i}
and
¢, (@" (p)*q°P)), if p=a1p;
Z{ﬂEEl | t(B)=i} ¢,/3(CYOP(POP)*CIOP)), lfl(P) = 0.

= Y. ¢@®(P™*g™).
{BEE" | t(B)=i}

0" 08 (eit(p.g)

Then we are done.

(2) It remains to prove that 6° is a graded right B-module morphism. By Lemma
4.2, there exists a graded right B-module morphism € : ?* —> B & BE") such
that ® o Q = Idp.. Since 8® o ® = @', we have that 0®* = 0° o (P o Q) = ' 0 Qis
a composition of graded right B-module morphisms. (]
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Chapter 5 ®)
A Survey on the Ideal Structure I
of Leavitt Path Algebras

Miige Kanuni and Suat Sert

5.1 Introduction

Leavitt path algebras are introduced independently by Abrams and Aranda Pino
in [3] and by Ara, Moreno and Pardo in [6] around 2005. When the Leavitt path
algebra is defined over the complex field it is the dense subalgebra of the graph
C*-algebra. (For a comprehensive survey on the graph C*-algebras by Raeburn, see
[11]). This close connection between algebra and analysis flourished with many
similar results on the algebraic and analytic structures. A survey article by Abrams
[1] summarized this interaction, also listed the similarities/differences of algebraic
and analytic results giving an extensive list of references. This topic attracted the
interest of many mathematicians immediately as the structure reveals itself in the
graph properties on which it is constructed. Leavitt path algebras produced examples
to answer some well-known open problems. Hence, hundreds of papers are published
within a decade.

For a detailed discussion on Leavitt path algebras, interactions with various topics,
we refer the interested reader to a well-written introductory level book published in
2017 by Abrams, Ara, and Siles Molina [2] which covers most of the literature.

Our main aim in this article is to focus only on the prime, primitive, and maximal
two-sided ideals of Leavitt path algebras over a field, we gather and cite the known
results that are either included in the book [2] or some recent to appear results [9,
14]. To keep the survey short and to avoid overlap with other expository papers, we
did not include many other important and interesting topics in the ideal structure of
Leavitt path algebras. We also did not extend the discussion to the results on Leavitt
path algebras over commutative rings.
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5.2 Preliminaries

The first section consists of preliminary definitions all of which can be found in the
book [2].

5.2.1 Graph Theory

We first start with the basic definitions on graphs that is the main discrete structure
of our interest. In this paper, E = (E°, E', s, r) will denote a directed graph with
vertex set EV, edge set E ! source function s, and range function r. In particular, the
source vertex of an edge e is denoted by s(e), and the range vertex by r(e). The graph
E is called finite if both E® and E' are finite sets, and called row-finite if every vertex
emits only finitely many edges. A vertex which emits infinitely many edges is called
an infinite emitter. A sink is a vertex v for which the sets~'(v) = {e e E'|s(e) = v}
is empty, i.e., emits no edges. A vertex is a regular vertex if it is neither a sink nor
an infinite emitter.

A proper path p is a sequence of edges i = eje;...e, suchthat s(e;) = r(e;—;) for
i =2,...,n. Any vertex is considered to be a trivial path of length zero. The length
of a path  is the number of edges forming the path, i.e. /(i) = n and the set of all
paths is denoted by Path(FE). If n = I(n) > 1,and v = s(u) = r(u), then w is called
a closed path based at v. Again, p is a closed simple path based at v if s(e;) # v for
every j > 1.If = eje;...e, is a closed path based at v and s(e;) # s(e;) for every
i # j,then p is called a cycle based at v. An exit for apath u = ey ...e, is an edge
e such that s(e) = s(e;) for some i and e # ¢;. A cycle of length 1 is called a loop.
A graph E is said to be acyclic in case it does not have any closed paths based at any
vertex of E.

There are some graph properties that deserve to be named which will be used in
the sequel.

Definition 5.1 Forv, w € E°, we write v > w in case there is a path u € Path(E)
such that s(u) = v and r(u) = w.
If v € E° then the tree of v, denoted T (v), is the set

Tw)={weE’|v>w.

Also, define M(v) = {w € E® : w > v}.

Definition 5.2 A graph E satisfies Condition (K) if for each v € E° which lies on
a closed simple path, there exist at least two distinct closed simple paths o, B based
atv.

A graph E satisfies Condition (L) if every cycle in E has an exit.

A cycle c in a graph E is called a cycle without K, if no vertex on c is the base of
another distinct cycle in E (where distinct cycles possess different sets of edges).
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A graph E satisfies the Countable Separation Property, if there exists a countable
set S of vertices in E such that, for each vertex u € E, there exists w € S for which
u=>w.

A graph E is said to be countably directed if there is a non-empty at most countable
subset S of E° such that, for any two u,v € E°, there is a w € S such that u > w
and v > w.

Definition 5.3 Let E be a graph, and H C E°. H is hereditary if whenever v € H
and w € EY for which v > w, thenw € H.

H is saturated if whenever a regular vertex v has the property that {r(e)le €
E',s(¢e) =v} C H,thenv € H.

We denote H the set of those subsets of E® which are both hereditary and
saturated.

For a given graph, there are many different new graph constructions that play a role
in the ideal theory of Leavitt path algebras.

Definition 5.4 (The restriction graph Ey) Let E be an arbitrary graph, and let H
be a hereditary subset of E°. We denote by E; the restriction graph:

EY :=H, Ej :={ecE'ls(e)ec H},

and the source and range functions in Ey are the source and range functions in E,
restricted to H.

(The quotient graph by a hereditary subset £/H) Let E be an arbitrary graph,
and let H be a hereditary subset of E°. We denote by E/H the quotient graph of E
by H, defined as follows:

(E/H)’ = E°\H, and (E/H)' = {e € E'|r(e) ¢ H}.
The range and source functions for E/H are defined by restricting the range and
source functions of E to (E/H).
(The hedgehog graph for a hereditary subset Fr(H)) Let E be an arbitrary
graph. Let H be a non-empty hereditary subset of E°. We denote by Fz (H) the set
Fp(H) = {a € Path(E)|a = e)....e,, withs(e;) € E°\H, r(e;) € E°\ H for all

1<i<n, andr(e,) € H}

We denote by fE(_H) another copy of Fg(H).If ¢ € Fg(H), we will write « to refer
to a copy of « in F p(H). We define the graph y E = (5 E°, 5 E', s', ') as follows:

wE=HUFg(H), and xE'={ec E'|s(e) e HYUFg(H).
The source and range functions s’ and ' are defined by setting s'(e) = s(e) and

r'(e) = r(e) for every e € E' such that s(e) € H; and by setting s'(&) = « and
¥'(@) = r(a) forall@ € Fg(H).
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Intuitively, Fg(H) can be viewed as H, together with a new vertex corresponding
to each path in E which ends at a vertex in H, but for which none of the previous
edges in the path ends at a vertex in H. For every such new vertex, a new edge is
added going into H. In Fg (H), the only paths entering the subgraph H have common
length 1; (the new graph looks like a hedgehog where the body is H and the quills
are the edges into H).

Example 5.1 Consider the graph E below and take the hereditary saturated subset

={v,w},
Q“ — e ———= "
Zs 9

The restriction graph is
En

The quotient graph E/H is
E/H

o
C

Example 5.2 Consider the graph E below and take the hereditary saturated subset

= {V, W}’
C u f v WD
e o — >0 ——= o0

The hedgehog graph g E is
N 7

.ef H— . _— .
K
oy
When we have infinite emitters in a graph, the graph is not row-finite and we need
to introduce the notion of breaking vertices.

Definition 5.5 Let E be an arbitrary graph and K be any field. Let H be a hereditary
subset of E, and let v € E°. We say that v is a breaking vertex of H if v belongs to
the set

By := {v € E°\ H| v is an infinite emitter and 0 < |s ' (v) N r~Y(E°\ H)| < o0}.
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In words, By consists of those vertices of E which are infinite emitters, which do
not belong to H, and for which the ranges of the edges they emit are all, except for
a finite (but non-zero) number, inside H. For v € By, we define the element v of

Lk (E) by setting
v =y — Z ee”.
ees~'(v)Nr-1(EO\H)

We note that any such v¥ is homogeneous of degree 0 in the standard Z-grading on
L (E). For any subset S C By, we define S C L (E) by setting S7 = (v#|v €
S}. Given a hereditary saturated subset H and a subset S C By, (H, S) is called an
admissible pair. Given an admissible pair (H, §), the ideal generated by H U SH is
denoted by I (H, S).

Now, the new graph constructions that we defined in definition 5.4, can be extended
to graphs with infinite emitters.

Definition 5.6 (The quotient graph E /(H, S))Let E be an arbitrary graph, H € Hpg,
and S C By. We denote by E/(H, S) the quotient graph of E by (H, S), defined as
follows:

(E/(H, $)" = (E°\H) U {V'|v € By\S},

(E/(H,S) ={ec E'lr(e) ¢ HY U{e'|e € E' and r(e) € By \S},
and range and source mapsin E /(H, S) are defined by extending the range and source
maps in E when appropriate, and in addition setting s(e’) = s(e) and r(¢’) = r(e)’.

(The generalized hedgehog graph construction (y 5)E) Let E be an arbitrary
graph, H a non-empty hereditary subset of E, and S € By. We define

Fi(H,S) :={a € Path(E)|a = ej...e,,r(e,) € Hand s(e,) ¢ HU S}, and
F>(H,S) :={a € Path(E)| |a| > 1andr(x) € S}.
Fori = 1,2 we denote a copy of F;(H, S) by F;(H, S). We define the graph (4 5 E
as follows:
w.9EY == HUSUF,(H, S)U F,(H, S), and

.5 E' :={e € E'|s(e) e HYU{e € E'|s(e) € Sand r(e) € HYUF(H, S) U F,(H, S).

The range and source map for (y, ) E are described b_y extending T and s to (g,s) E!,
and by defining 7 (@) = ¢ and s(&) = o forallow € F1(H, S)U F»(H, S).

Definition 5.7 A graph F is a subgraph of a graph E, if F* C E® and F! C E!
where for any f € F', s(f),r(f) € F°.
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A subgraph F of a graph E is called full in case for each v, w € F?,
{f e Flls(f)=v,r(f) =w)={e € E'ls(e) =v,r(e) = w}.

In other words, the subgraph F is full in case whenever two vertices of E are in the
subgraph, then all of the edges connecting those two vertices in E are also in F.

A non-empty full subgraph M of E is a maximal tail if it satisfies the following
properties:

MT-1) Ifve E> we M°and v > w, thenv € MY;

(MT -2) Ifv € M° and sgl(v) # (3, then there exists e € E! such that s(e) = v and
r(e) € M°; and

(MT -3) Ifv,w € M°, then there exists y € MO such that v > yand w > y.

Condition MT — 3 is now more commonly called downward directedness in litera-
ture, however we will use the term MT — 3 for consistency throughout the text.

5.2.2 Leavitt Path Algebra

Definition 5.8 Given an arbitrary graph E and a field K, the Leavitt path algebra
Lk (E) is defined to be the K-algebra generated by a set {v : v € E°} of pair-wise
orthogonal idempotents together with a set of variables {e, e* : e € E'} which satisfy
the following conditions:

(1) s(e)e =e =er(e)foralle € E'.

(2) r(e)e* =e* =e*s(e) foralle € E'.

(3) (CK-I relations) Foralle, f € E', e*e =r(e) and e* f =0 if e # f.
(4) (CK-2 relations) For every regular vertex v € EO,

V= E ee*.

ecE!, s(e)=v
The Leavitt path algebra is spanned as a K -vector space by the set of monomials
{yA*|y, A € Path(E) such that r(y) = r (1)}

That is, any x € Lg(E),
x = Zkiyikf‘ forany k; € K, y;,A; € Path(E).
i=1

Some familiar rings appear as examples of Leavitt path algebras, for instance:
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Example 5.3 Take the graph E as

(4] €p—1
oV > oV oV > oV

Lx(E) = M,(K).

Example 5.4 Take the graph R; as

o’ De
In this case, L (R)) = K[x,x 'viavi> 1,e — x,¢e* — x~ L.
Example 5.5 For n > 2, consider the graph

€3
()

R, = . @ el

€n

Then Lk (R,) = Lk (1, n) which is Leavitt algebra of type (1, n).

Recall that a ring R is said to have a set of local units F, where F is a set of
idempotents in R having the property that, for each finite subset ry, ..., 7, of R,
there exists f € F with fr; f =r; forall 1 <i <n. Aring R with unit 1 is, clearly,
aring with a set of local units where F = {1}.

In the case of Leavitt path algebras, for each x € Lk (E) there exists a finite set of
distinct vertices V (x) for whichx = fxf, where f = Zvev(x) v. When EV is finite,

Lk (FE) is aring with unit element 1 = Z v. Otherwise, Lk (E) is not a unital ring,
veEl

but is a ring with local units consisting of sums of distinct elements of E°.

One of the most important properties of the class of Leavitt path algebras is that
each Lk (E) is a Z-graded K -algebra. thatis, Lx (E) = @Ln induced by defining,

nez

forallv e Eande € E', deg(v) = 0, deg(e) = 1, deg(e*) = —1. Further, for each
n € Z, the homogeneous component L, is given by

Ly ={Ykia;pf € L: l(;) —(B;)) =n, ki € K, a;, Bi € Path(E)}.

Anideal I of Lk (E) is said to be a graded ideal if I = @(1 N L,). In the sequel,

nez
all ideals of our concern will be two-sided.
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5.3 Ideals in Leavitt Path Algebras

Recall that an (not necessarily unital) algebra R is called simple, if R*> # 0 and R
has no proper non-trivial ideals. Simple Leavitt path algebras are characterized in
[3] by Abrams and Aranda Pino.

Theorem 5.1 Let E be an arbitrary graph and K be any field. Then Lk (E) is simple
if and only if E has Condition (L) and the only hereditary saturated subsets of E°
are ) and E°.

In a Leavitt path algebra, the intersection of any ideal with the set of vertices is
always a hereditary set.

Lemma 5.1 ([3, Lemma 3.9]) Let E be an arbitrary graph, K be any field and N
be an ideal of Lx (E). Then N N E° € Hy.

N N E° may very well be the empty set, however if the Leavitt path algebra is over a
graph that satisfies Condition (L) then N definitely contains a vertex (an idempotent).

Proposition 5.1 ([3, Corollary 3.8]) Let E be an arbitrary graph satisfying Condi-
tion (L) and K be any field. Then every non-zero ideal of Lk (E) contains a vertex.

Proposition 5.2 Let E be an arbitrary graph, K be any field and H be a hereditary
subset of EC. Then there is a Z-graded monomorphism ¢ from Lg(Eg) into L (E)
viav i v,er— e, e’ — e*forallveEO,ee E,'i

We give a description of the elements in the ideal generated by a hereditary subset
of vertices.

Lemma 5.2 ([15, Lemma 5.6]) Let E be an arbitrary graph and K be any field.
(i) Let H be a hereditary subset of E°. Then the ideal I(H) is

I(H) = spang({yA*|y, A € Path(E) such that r(y) =r(A) € H})

- {Zk,»yimn > 1,k € K, i, \i € Path(E) such that r(y;) = r(A;) € H}

i=1
(ii) Let H be a hereditary subset of E° and S a subset of By. Then the ideal
I(H,S) =spang({yA*|y, A € Path(E) such thatr(y) =r(A) € H})

+spang ({av? B*|a, B € Path(E) and v € S}).

5.3.1 Graded Ideals

First, we mention the result on graded simplicity, that is when Lk (E) has no non-
trivial graded ideals. As stated in [2, Corollary 2.5.15], L ¢ (E) is graded simple if and
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only if the only hereditary saturated subsets of E? are ¢ and E°. A typical example
of a graded simple Leavitt path algebra is K [x, x '], see Example 5.4. However,
since (1 + x) is a (non-graded) ideal, K [x, x '] is not simple. Hence, it is possible
to have non-trivial non-graded ideals in a graded simple ring.

Now, we are ready to describe the graded ideals in Leavitt path algebras which is
in [7, Remark 2.2].

Theorem 5.2 Let E be an arbitrary graph and K be any field. Then every graded
ideal N of Li(E) is generated by H U S*, where H = NN E° € Hg, and S =
(veByvl e N}, ie. N=1(H,S).

In particular, every graded ideal of Lk (E) is generated by a set of homogeneous
idempotents.

Observe thatif N = I(H, S) is a graded ideal, so that N = (H, v 1y e §), the
generators u in H and v are all idempotents. So they all belong to N2, that is if
N is a graded ideal, then N = N2. Conversely, if N is an ideal such that N = N2,
we use a result from [10]. In [10, Theorem 3.6], it was shown that for any ideal N,
the intersection of {N” : n > 0} is a graded ideal. So, if N> = N, then N = N{N" :
n > 0} is a graded ideal. Thus, we obtain the following characterization of graded
ideals of a Leavitt path algebra (which also appears in [2, Corollary 2.9.11] via a
different proof.)

Theorem 5.3 Let E be an arbitrary graph and K be any field. Then, an ideal N of
Lk (E) is graded if and only if N> = N.

The correspondence between the quotient Leavitt path algebra and the Leavitt
path algebra of the quotient graph is noteworthy to state at this point. Part (i) of the
following theorem appears as [7, Lemma 2.3] and part (ii) appears in [15, Theorem
5.7].

Theorem 5.4 Let K be any field,

(1) E be a row-finite graph, and H € Hg. Then L (E)/I(H) = Lx(E/H) as Z-
graded K -algebras.

(ii) E be an arbitrary graph, H € Hg and S C By. Then Lx(E)/I(H,S) =
Lx(E/(H,S)) as Z-graded K -algebras.

5.3.2 The Structure Theorem of Graded Ideals

Now, we are ready to give a complete description of the lattice of graded ideals of a
Leavitt path algebra in terms of specified subsets of E, that is the Structure Theorem
for Graded Ideals. The results in this section first appeared for row-finite graphs in
[6] and for arbitrary graphs in [15].

Definition 5.9 Let E be an arbitrary graph and K be any field. Denote L, (L (E))
the lattice of graded ideals of Lk (E), whose order is inclusion, also supremum and
infimum are the usual operations of ideal sum and intersection.
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Remark 5.1 Let E be an arbitrary graph. We define in Hj a partial order by setting
H < H’incase H C H'.So, Hg isacomplete lattice, with supremum Vv and infimum
A in Hg given by setting V;cr H; := U;cr H; and Ajcr H; := N;cr H; respectively.

Definition 5.10 Let E be an arbitrary graph. We set

S=J PBw.

HeHg

where P(Bp) denotes the set of all subsets of By.
We denote by T the subset of Hg x S consisting of pairs of the form (H, §),
where S € P(By). We define in 7 the following relation:

(Hl, Sl) < (Hz, S2) if and Ol’lly if Hl - H2 and Sl - H2 U Sz.
Proposition 5.3 Let E be an arbitrary graph. For (H,, S1), (H, S2) € T, we have
(Hy, S1) < (Hy, $2) < I(H,, S)) C I(H, $)).

In particular, < is a partial order on T g.
For more details on the lattice structure of 7, see [2].

Theorem 5.5 ([15, Theorem 5.7]) Let E be an arbitrary graph and K be any field.
Then the map ¢ given here provides a lattice isomorphism:

@ Lo(Lg(E)) = Tg via [+ (INE°S).
where S = {v € By|v! e I} for H =1 N E°. The inverse ¢’ of ¢ is given by:
¢ T — Lo (Lxk(E)) via (H,S)— I(HUS?).

Theorem 5.6 ([6, Theorem 5.3]) Let E be a row-finite graph and K be any field.
The following map ¢ provides a lattice isomorphism:

¢ Lo (Lg(E) > Hg via o(I)=1NE°,
with inverse given by
o He — Lo (Lx(E)) via ¢'(H) =I1(H).
Let E be an arbitrary graph and K be any field. Then every graded ideal of Lk (E)

is K-algebra isomorphic to a Leavitt path algebra. Part (i) of the following theorem
firstappears in [7, Lemma 5.2] under the hypothesis that graph E  satisfies Condition

L).
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Theorem 5.7 Let E be an arbitrary graph and K be any field. Let H be a non-
empty hereditary subset of E and S C By. Then (1) 1 (H) is K-algebra isomorphic
to Lg(nE);

(i1) 1 (H, S) is isomorphic as K-algebras to Lk ((g,s5)E).

5.3.3 Structure of Two-Sided Ideals

The generators of an ideal are studied in [13] and gives a useful characterization of the
graded and non-graded part of an ideal. The following results are due to Rangaswamy
and finally achieving that in a Leavitt path algebra, any finitely generated ideal is
principal [13].

Theorem 5.8 Let E be an arbitrary graph and K be any field. Then any non-zero
ideal of the Lk (E) is generated by elements of the form

(s Zkg)( Y er)

eeX

where u € E°, k; € K, r; are positive integers, X is a finite (possibly empty) proper
subset of s~!(u) and, whenever k; # 0 for some i, then g is a unique cycle based at
u.

The main result of [13] is the following theorem:

Theorem 5.9 Let I be an arbitrary non-zero ideal of Lx (E) with I N E® = H and
S ={veBy:vll €I}. Then I is generated by HU {v :v € S}UY where Y is
a set of mutually orthogonal elements of the form (u + Y :_, kig") in which the
following statements hold:

() g is a (unique) cycle with no exits in E°\ H based at a vertex u in E°\H; and
(i) k; € K with at least one k; # 0.

If I is non-graded, then Y is non-empty.

Corollary 5.1 Every finitely generated ideal of Lk (E) is a principal ideal. More-
over, if E is a finite graph, then every ideal is principal.

5.3.4 Prime and Primitive Ideals

The structure of prime ideals has played a key role in ring theory. In the Leavitt path
algebra setting the first paper to focus on the prime and primitive ideals of Leavitt
path algebras on row-finite graphs have been [8]. Later the prime ideal structure on
an arbitrary graph was studied in [12], while the primitive Leavitt path algebras are
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described in [4]. The primitive algebras have also been important as a consequence
of Kaplansky’s question: “Is a regular prime ring necessarily primitive?”

We recall a few ring-theoretic definitions. A two-sided ideal P of a ring R is
prime in case P # R and P has the property that for any two-sided ideals I, J of
R,if IJ C P then either I € P of J € P. The ring R is called prime in case {0}
is a prime ideal of R. It is easily shown that P is a prime ideal of R if and only if
R/ P is a prime ring. The set of all prime ideals of R is denoted by Spec(R), call the
prime spectrum of R. A ring R is called left primitive if R admits a simple faithful
left R-module. It is easy to show that any primitive ring is prime.

A ring is von Neumann regular (or regular) in case for each a € R there exists
x € R for which a = axa. In the theory of Leavitt path algebras, the necessary and
sufficient condition for Lk (E) to be regular is given by Abrams and Rangaswamy

[5].

Theorem 5.10 Let E be an arbitrary graph and K be any field. Lx(E) is von
Neumann regular if and only if E is acyclic.

Recall the one vertex, one loop graph R; of the Example 5.4. The prime ideals
of the principal ideal domain K [x, x~'] = L (R)) provides a model for the prime
spectra of general Leavitt path algebras. The key property of R; in this setting is
that it contains a unique cycle without exits. Specifically, Spec(K [x, x']) consists
of the ideal {0}, together with ideals generated by the irreducible polynomials of
K[x, x~']. The irreducible polynomials are of the form x" f (x), where f(x) is an
irreducible polynomial in the standard polynomial ring K [x],andn € Z.In particular,
there is exactly one graded prime ideal (namely,{0}) in Lk (R;). All the remaining
prime ideals of Lk (R;) are non-graded corresponding to irreducible polynomials in
Klx,x ']

The prime ideals of a Leavitt path algebra are completely characterized in the
following theorem. Recall that M (u) is defined in Definition 5.1.

Theorem 5.11 ([12, Theorem 3.12]) Let E be an arbitrary graph and K be any
field. Let P be an ideal of Lx(E) with P N E® = H. Then P is a prime ideal of
Lk (E) if and only if P satisfies one of the following conditions:

(i) P = (H,{v :v e By}) and E°\H satisfies the MT — 3 condition;

(i) P = (H, " :ve By\{u}}) for someu € By and EONH = M),
(iii) P = (H, {v :v € By}, f(c)) where c is a cycle without K in E based at a
vertex u, E°\H = M(u) and f(x) is an irreducible polynomial in K [x, x'].

Recall that a ring R is prime if {0} is a prime ideal, hence the immediate corollary
to Theorem 5.11 follows.

Corollary 5.2 Let E be an arbitrary graph and K any field. Then L (E) is prime
ifand only if E is MT — 3.

When E is row-finite, the characterization of a primitive L (E) is given in [8].

Theorem 5.12 Let E be a row-finite graph and K be any field. Then Lk (E) is
primitive if and only if E has MT — 3 and Condition(L).
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When E is an arbitrary graph, the result requires a new condition on the graph [4].

Theorem 5.13 Let E be any graph and K be any field. Then L (E) is primitive if
and only if E has MT — 3, Condition(L) and Countable Separation Property.

We pause here to construct a Leavitt path algebra which is a counter example to
Kaplansky’s question “Is a regular prime ring necessarily primitive?”, (see [4] for
details).

Example 5.6 Let X be an uncountable set and S be the set of finite subsets of X.
Define the graph E with

(1) Vertices indexed by S, and
(2) Edges induced by proper subset relationship.

Then Lk (E) is a regular, prime and not primitive Leavitt path algebra.
The following results are from [12].

Lemma 5.3 ([12, Lemma 3.8]) Let P be a prime ideal of L (E) with H = P N E°
and let S = {v € By : v € P}. Then the ideal 1(H, S) is also a prime ideal of
Lk (E).

Corollary 5.3 ([12, Corollary 3.9]) Let E be an arbitrary graph and K be any field.
Then the Leavitt path algebra Lk (E) is a prime ring if and only if there is a prime
ideal of L x (E) which does not contain any vertices.

A natural question that arose is to answer the graded version of Kaplansky’s
question, namely whether every graded prime von Neumann regular Leavitt path
algebra is graded primitive. This question is solved by the recent unpublished work
of Rangaswamy [14].

Theorem 5.14 For any arbitrary graph E given, the following are equivalent

(i) Lg(E) is graded primitive;
(i) E° is countably directed;
(iii) Lg(E) is graded prime and, for some vertexv € E°, the tree T (v) satisfies the
Countable Separation Property.

The author in [14], provides many examples of graded von Neumann regular rings
which are graded prime but not graded primitive.

5.3.5 Maximal Ideals

This section is quoted from [9] by Esin and the first named author.

In a unital ring, any maximal ideal is also a prime ideal. However, this is not
necessarily true for a non-unital ring. Consider, for instance, the non-unital ring 27,
and it’s ideal 47Z. Notice that 47 is a maximal ideal, but not prime ideal in 2Z. The



134 M. Kanuni and S. Sert

Leavitt path algebra is a unital ring, only if E is finite. So it is worthwhile to study
the maximal ideals in a non-unital setting. The following argument on maximal and
prime ideals in non-unital Leavitt path algebras appears in [12, pp. 86-87].

Proposition 5.4 In a ring R satisfying R*> = R, any maximal ideal is a prime ideal.
Hence, in any Leavitt path algebra, any maximal ideal is a prime ideal.

Proof Suppose R?> = R, and let M be a maximal ideal of R such that ACM and
B C M for some ideals A, B of R. Then R = R*= (M + A)(M + B) = M* +
AM+MB+ ABC M+ AB. Then M + AB =R, and AB C M. Thus M is a
prime ideal. Now, since any Leavitt path algebra, R is a ring with local units, R> = R
is satisfied and the result holds.

As stated in [12, Lemma 3.6], in a Leavitt path algebra L (E), the largest graded
ideal contained in any ideal N (which is denoted by gr(NNV)) is the ideal generated
by the admissible pair (H, S) where H = NN E®, and § = {v € By|v" € N}, i.e.
gr(N) = I(H, S). One useful observation is that: if a non-graded ideal N is a maxi-
mal elementin £(Lg (E)), the lattice of all two-sided ideals of a Leavitt path algebra,
then gr (N) is a maximal element in .L,, (L (E)), the lattice of all two-sided graded
ideals of this Leavitt path algebra (e.g. Example 5.10).

Maximal ideals always exist in a unital ring; however, this is not always true in a
non-unital ring. Consider the Leavitt path algebra of the next example:

Example 5.7 Let E be the row-finite graph with E°={v;:i=1,2,...} and for
each i, there is an edge e; with r(e;) = v;, s(e;) = v, also at each v; there are two
loops fi, gi so thatv; = s(fi) = r(f;) = s(gi) =r(g):

f3 8 12 93 fi 81

QP D

vZ— >0, — 00 >0,
() e

The non-empty proper hereditary saturated subsets of vertices in E are the sets
H, ={vy,...,v,}forsomen > 1 and they form an infinite chain under set inclusion.
Graph E satisfies Condition (K), so all ideals are graded, generated by H,, for some n
and they form a chain under set inclusion. As the chain of ideals does not terminate,
Lk (E) does not contain any maximal ideals. Note also that, EO\(H,,, #A)isMT — 3
for each n, thus all ideals are prime ideals.

A well-established question is to find out when a maximal ideal exists in a non-
unital Leavitt path algebra. The necessary and sufficient condition depends on the
existence of a maximal hereditary and saturated subset of E® as proved in [9].

Theorem 5.15 (Existence Theorem) L g (E) has a maximal ideal if and only if Hg
has a maximal element.

Proof (Sketch: see [9] for details) Assume L g (E) has a maximal ideal M, then there
are two cases:
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If M is a graded ideal, then M = I(H, S) for some H € Hg and S = {v €
By|v € M}. However, M = I(H, S) < I(H, By), and as M is a maximal ideal,
S = By. Then it can be shown that: I(H, By) is a maximal ideal in Lg(FE) if
and only if H is a maximal element in Hg and the quotient graph E\(H, By) has
Condition(L).

If M is a non-graded maximal ideal, then gr (M) = I (H, S) is a maximal graded
ideal where H = M N E°, and S = {v € By|v/' € M}. Similarly since gr(M) is
maximal, S = Bpy. Again, it can be shown that: H is a maximal element in Hg with
E\(H, By) notsatisfying Condition(L), if and only if there is a maximal non-graded
ideal M containing I (H, By) with H = M N E°.

This completes the proof.

Moreover, the poset structure of H determines whether every ideal of the Leavitt
path algebra is contained in a maximal ideal.

Theorem 5.16 The following assertions are equivalent:

(1) Every element X € Hp is contained in a maximal element Z € H.
(ii) Every ideal of Lk (E) is contained in a maximal ideal.

Example 5.8 Let E be the graph

8“ — e ——= " D c

Then E does not satisfy Condition (K), so the Leavitt path algebra on E has both
graded and non-graded ideals. Let O be the graded ideal generated by the hereditary
saturated set H = {v, w}. Q is a maximal ideal as L/ Q is isomorphic to L (E\H)
which is also isomorphic to the simple Leavitt algebra L(1, 2) (See Example 5.1). By
using Theorem 5.11, we classify the prime ideals in L. There are infinitely many non-
graded prime ideals each generated by f(c) where f (x) is an irreducible polynomial
in K[x, x~'] which are all contained in Q. Also, the trivial ideal {0} is prime as E
satisfies condition MT — 3 and Lk (E) has a unique maximal element Q.

We now give an example of a graph with infinitely many hereditary saturated
sets and the corresponding Leavitt path algebra has a unique maximal ideal which is
graded.

Example 5.9 Let E be a graph with E%={v;:i=1,2,...}). Foreach i, there is an
edge e; with s(e;) = v; and r(e;) = v;4+1 and at each v; there are two loops f;, g; so
that v; = s(f;) = r(f;) = s(g;) = r(g;). Thus E is the graph

S 8 fi 81

o). oD

< O, < - O~ = T 06y

Now E is arow-finite graph and the non-empty proper hereditary saturated subsets of
vertices in E are the sets H, = {v,,, vy41, ...} forsome n > 2 and H,;| C H, form
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an infinite chain under set inclusion and H, = {v,, v3, ...} is the maximal element
in Hg. The graph E satisfies Condition (K), so all ideals are graded, generated by
H, for some n. So Lk (E) contains a unique maximal ideal I (H,). Note also that,
E\H, is MT — 3 for each n, thus all ideals of L are prime ideals.

In a Leavitt path algebra, if a unique maximal ideal exists, then it is a graded
ideal. Also, every maximal ideal is graded in L g (E) if and only if for every maximal
element H in Hg, E\(H, By) satisfies Condition(L). Note that there are Leavitt path
algebras with both graded and non-graded maximal ideals as the following example
illustrates.

Example 5.10 Let E be the graph

8” ~— o ——= 1" D c

Then the Leavitt path algebra on E has both graded and non-graded maximal
ideals. The set Hp, is finite and hence any ideal is contained in a maximal ideal. The
trivial ideal {0} which is a graded ideal generated by the empty set, is not prime as
E does not satisfy condition MT — 3. There are infinitely many non-graded prime
ideals each generated by f(c) where f (x) is an irreducible polynomial in K [x, x ']
which all contain {0}. Let N be the graded ideal generated by the hereditary saturated
set H = {u} and in this case, the quotient graph E'\ H does not satisfy condition (L).
Then there are infinitely many maximal non-graded ideals each generated by f(c)
where f(x) is an irreducible polynomial in K [x, x~'] which all contain N. Also,
let O be the graded ideal generated by the hereditary saturated set H = {w}. In this
case, the quotient graph E\ H satisfy condition (L). Hence, Q is a maximal ideal.

Lk (E) has infinitely many maximal ideals, one of them is graded, namely Q and
infinitely many are non-graded ideals whose graded part is N.

Itis an interesting question to answer when all non-zero prime ideals are maximal,
as these rings are called rings with Krull dimension zero. In fact, Leavitt path algebras
with prescribed Krull dimension are studied in [12]. We conclude this article with
two results from [12].

Theorem 5.17 ([12, Theorem 6.1]) Let E be an arbitrary graph and K be any field.
Then every non-zero prime ideal of the Leavitt path algebra Lk (E) is maximal if
and only if E satisfies one of the following two conditions:

Condition I: (i) E° is a maximal tail; (ii) The only hereditary saturated subsets
of E% are E° and 9; (iii) E does not satisfy the Condition(K).

Condition I1: (a) E satisfies the Condition(K), (b) For each maximal tail M, the
restricted graph E y; contains no proper non-empty hereditary saturated subsets; (c)
If H is a hereditary saturated subset of E°, then for eachu € By, M (u) ; ENH

When E is finite, the answer is much simpler.

Corollary 5.4 Let E be a finite graph. Then every non-zero prime ideal of Lk (E)
is maximal if and only if either L (E) = M, (K [x, x~']) for some positive integer n
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or E satisfies the Condition(K) and, for each maximal tail M, the restricted graph
E s contains no proper non-empty hereditary saturated subsets of vertices.
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Chapter 6 ®)
Grobner Bases and Dimension Formulas Gzl
for Ternary Partially Associative Operads

Fatemeh Bagherzadeh and Murray Bremner

6.1 Introduction

We consider nonsymmetric operads in the category of Z-graded vector spaces over a
field of characteristic 0. The product is the tensor product (with Koszul signs) and the
coproduct is the direct sum. Grobner bases for operads were introduced by Dotsenko,
Khoroshkin and Vallette [5, 6]; see also [2].

Let L7 be the free nonsymmetric operad with one ternary operation ¢ = ().
Let « denote ternary partial associativity, which may be written as a tree polynomial,
using partial compositions or as a nonassociative polynomial:

tojt+tort+tost,

o Z/KN + ﬁ + /%\ (Grsksk) k) 4 (k(skskk) k) + Gk (kxx)). (6.1)
We compute a Grobner basis for the ideal (o) when ¢ has even (homological) degree
so that Koszul signs are irrelevant, and when ¢ has odd degree so that Koszul signs
are essential. We include details of the calculations to clarify the Grobner basis
algorithm for nonsymmetric operads. As an application, we calculate dimension
formulas for the quotient operads. Similar results have been obtained independently
in unpublished work of Vladimir Dotsenko.

For earlier work on partial associativity and its applications, see [1, 3, 7, 9—
11, 13-15]. Recent results of Dotsenko, Shadrin and Vallette [8] have shown that
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the ternary partially associative operad with an odd generator arises naturally in the
homology of the poset of interval partitions into intervals of odd length and in certain
De Concini—Procesi models of subspace arrangements [4] over the real numbers.

6.2 Preliminaries

Definition 6.1 An m-ary tree is a rooted plane tree p in which every node has either
no children (leaf’) or m children (internal node). The weight w(p) counts internal
nodes; the arity £(p) = 1 + w(p)(m—1) counts leavesindexed 1, . .., £(p) from left
to right. The basic tree t is the m-ary tree of weight 1. Set [n] = {1, ..., n}.

Definition 6.2 If n = 1 (mod m—1) then 7 (n) is the set of m-ary trees of arity n,
and 7 is the disjoint union of the 7 (n) forn > 1.

Definition 6.3 If p, g € 7 then for i € [€(p)] the partial composition p o; q € T
is obtained by identifying leaf i of p with the root of g.

Lemma 6.1 Starting with t, every m-ary tree of weight w can be obtained by a
sequence of w—1 partial compositions.

Lemma 6.2 Let p, q, r be m-ary trees. Partial composition satisfies [2, p. 72]:

poi(qoj_ix1r), i <j<i+lg)-1;
(poiq)ojr=13 (poj_ggp+17)oiq, i+l(g) <j=<L(p)+lig)—1;
(pojr)oitepry-19, 1=j=<i-l.

Lemma 6.3 The set 7 with partial compositions is isomorphic to the free nonsym-
metric (set) operad with one m-ary operation t.

Definition 6.4 Ifn = 1 (mod m—1)then L7 (n) is the vector space with basis 7 (n),
and L7 is the direct sum of L7 (n) for n > 1. A tree polynomial of arity n is an
element of L7 (n). Partial composition in 7~ extends bilinearly to L7

Lemma 6.4 The vector space LT with partial compositions is isomorphic to the
free nonsymmetric (vector) operad with one m-ary operation t.

Definition 6.5 A relation of arity n is an element of £7 (n) \ 0. The operad
ideal T = (f1, ..., fr) generated by relations fi, ..., fi is the intersection of all
homogeneous subspaces S € L7 such that fi, ..., fr € S, and for all f € S(m),
g€ LT (n)ywehave fo;g,g80; f €S elm]jeln].

The following results come from [2, Sect. 3.4] and [6, Sects. 2.4, 3.1] with minor
changes.

Definition 6.6 The path sequence of p € T (n) is path(p) = (ay, ..., a,), where a;
is the length of the path from the root to the leaf i.
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Lemma 6.5 If p,q € T then p = q if and only if path(p) = path(q).

Definition 6.7 For p,q € 7 (n) we write p < g and say p precedes q in path-lex
order if and only if path(p) < path(q) in lex order on n-tuples of positive integers.
If f € LT (n) then its leading monomial {m(f) € T (n) is the greatest monomial in
path-lex order, and its leading coefficient £c(f) is the coefficient of ¢m( f).

Definition 6.8 If p, g € 7 then g is divisible by p (written p | ) if p is a subtree of
q:thatis,q = --- p - - - where the dots denote sequences of partial compositions with
parentheses. If p € 7 (m),q € T (n), p | q,and f € LT (m) then we may replace p
by f inq and use linearity and the same partial compositions to obtain the substitution
of f for pingq:

Mg, p. f)=---f--€LT(n).

Definition 6.9 If /, g € L7 andm(g) | £m(f) thenthe reduction of f by g (which
eliminates the leading term of f) is

£
R(f.e)=Ff— %M(Km(f), tm(g), g)-

This extends to reduction of f by gy, ..., g; see [2, Algorithm 3.4.2.16].

Definition 6.10 If p, g, r € 7 then we call p a small common multiple (SCM) of
g and r if g | p, r | p, every node of p is a node of g or r (or both), and £(p) <
£(q) + £(r).

Definition 6.11 If f, g, & are monic tree polynomials and £m(f) is an SCM of
€m(g), Lm(h) then the resulting S-polynomial is

S(f, g.h) = M(&m(f), tm(g), g) — M(¢m(f), tm(h), h).

Definition 6.12 Let G be a finite set of relations and let / = (G). If for all f € I
there exists g € G such that £m(g) | £m(f) then we call G a Grobner basis for 1.
We say G is reduced if £m(g) is not divisible by £m(h) for all g, h € G.

Lemma 6.6 Every operad ideal has a unique reduced Grobner basis.

Theorem 6.1 If I = (G) then G is a Grobner basis for 1 if and only if for every
SCM f of elements g, h € G the reduction of S(f, g, h) by G is 0.
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6.3 Grobner Bases and Dimension Formulas

In the rest of this paper, we consider a ternary operation (m = 3). We usually indicate
the leading monomial of a tree polynomial by a bullet at the root, and write the terms of
a tree polynomial from left to right in reverse path-lex order. The partially associative
relation o corresponds to this rewrite rule:

tort :/@ — —ﬁ—/%: —toyt—tost (6.2)

Theorem 6.2 For the path-lex monomial order, the following tree polynomials form
the reduced Grobner basis for (a) with an operation of even degree:

“= .\+ﬁ+ﬂ>h ﬂf\%+%+ﬂ>\

Proof The proof consists of Lemmas 6.7 to 6.13. (]

Remark 6.1 As nonassociative polynomials, the relations of Theorem 6.2 are

(Grskk)kk) 4+ (k(Gkkok) k) + (s (Gkkk)),
(s Grk Grokk) ) k) 4 Crk(e(skkk) %)) 4 (ke Grk (kkk) ) ),
(s Gk ) (ke (ko) k) ) 4 (R Grokok) (o (skokk) ) ), (ke Gk Grokok) (k%)) ), (ks (kok Gk (kkk) ) ).

Lemma 6.7 There is only one SCM of {m(c) with itself; this produces reduced
S-polynomial B, and the set {c, B} is self-reduced:

B= + + =toy(tozt)+toz(toyt)+tos(tost).

Proof We have £m(a) =t o; t and hence

Im(a) o)t = =to; fm(a).

From this, we obtain these tree polynomials by substitution (Definition 6.8):
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adojt=(tojt)ojt+ (toyt)ot+ (tozt)o;t

toja=to;(tojt)+toy(toyt)+to)(tozt)

The difference is this (non-reduced) S-polynomial:
odojt—toja=(tort)ot+ (to3t)oyt —to;(toyt) —tog(tozt)
N
=(tojt)ogst+ (toyt)ost—(toyt)oyt —(toyt)oszt.

We have rewritten the partial compositions (Lemma 6.2). We apply rewrite rule (6.2)
to the top subtree ¢m (o) = t oy t of each monomial (reduce using «):

—(toyt)ogt —(tozt)ogst —(topt)ost— (tozt)ost
+ (topt)opt+ (tozt)opt+ (topt)ozt+ (tost)ost.

Terms 3 and 6 cancel since both monomials represent the same tree:

(tort)ost = (foyt)ort = %\

Six terms remain:

— (toyt)ogt —(tozt)ost —(tozt)ost
4+ (togt)opt+ (toyt)ost+ (tozt)ost

= —toy(togt) —toz(toyt) —toz(tozt)
+toy(toyt)+toy(toyt)+tos(tort).

In terms 4 and 6, we reduce the bottom subtree £m () = ¢ o; ¢ using o:

—top(tozt) —toz(toyt) —toz(tozt)—toy(tort)
—toy(tozt)+top(toyt)—toz(topt)—toz(toszt).
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Terms 4 and 6 cancel and the others combine in pairs:

/1N
—2(top (to3t)+103(togt)+103(to3t))=-2 + +

No further reduction is possible. The monic form of this polynomial is B. O

The relation 8 corresponds to this rewrite rule:

toy(tost)=—toz(toyt)—toz(tozt)

We consider separately the four SCMs of ¢m(x) =t ot and €m(B) =1t o
(t o3 1).

Lemma 6.8 Identifying the second t of {m(a) =t oy t with the first t of {m(B) =
t oy (t o3 t) produces the reduced S-polynomial y, and {«, B, v} is self-reduced:

/N
y=2 %\—F =2(toz(toyt))ost+1toz(tos(tozt)).

Proof We have the following equations:

Im(a) oy (tozt) =(tort)oy (tozt) = =toy(toy(tozt)) =to; Lm(B).

We apply the same partial compositions to o and B:

oy (tozt) = (tojt)oy(tozt)+ (foyt)oy(tozt)+ (fo3t)oy(tozt),
toyB=toj(toy(tozt))+toy(toz(toyt))+tog (tos(tost)).

Taking the difference, we obtain this (non-reduced) S-polynomial:

(tojt)oy(tozt)+ (toyt)oy(tozt)+ (tozt)oy (tozt)
—toj(toy(tozt)) —tog(toz(topt)) —tog (toz(tost)).

Terms 1 and 4 cancel, leaving
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(togt)oy (tozt)+ (tozt)oy (tozt)
—toj(toz(toyt)) —toj(tosz(tost))

N
=toy((tojt)o3t)+ (tozt)op(tozt)
—(toyt)oz(tost) —(togt)oz(tost).

Terms 1, 3, 4 contain the subtree £m(«) = ¢ o) t, so we reduce them using o:

—toy((togt)ozt) —toy((tozt)ozt)+ (tozt)op (tozt)
+(1021)O3(l02l)+(l03l)03([Ozl)+(t02l)03(l03l)

+ (t o3 t) o3 (to3t).

We write this polynomial in terms of trees:

Terms 1 and 4 cancel, leaving

The leading monomial is divisible by £m () but not £m («); we reduce using S:

The leading monomial is divisible by « (bottom) and S (top). Using « gives

Terms 1, 5 and terms 2, 6 cancel, leaving
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HnRR

We reduce the leading monomial using 8:

Terms 1, 2 cannot be reduced; terms 3, 4 can be reduced by «:

TR AR R

We reduce terms 3, 5 by «o:

If we reduce term 2 using 8, then two terms cancel and we obtain —y. (]

Lemma 6.9 Identifying the first t of tm(a) =t oy t and the first t of tm(B) =
t oy (t o3 t) we obtain the S-polynomial §, and {«, B, 8} is self-reduced:

/.
5= M +M+ %\
= (to3(toyt))oxt)+ (to3z(tozt))ort)+ (to3(tos(toszt)).

Proof We have the equations

€m(a) og (fo31) = (toyt)os(tozt)= MX = (toy(tozt))ort =Lm(B)oyt.

We apply the same partial compositions to o and j:
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aog(tozt)=(toyt)os(tozt)+ (toyt)os(tozt)+ (tozt)oys(tozt),
Boit=(toy(tozt))oyt+ (toz(toyt))ojt+ (toz(tozt)) opt.

The resulting S-polynomial is

(tort)og (fo31)+ (toxt)og (fo31)+ (fo3t)oy(tozt)
—(toy(tozt))ort —(toz(tort))oyt— (toz(tozt)) ort.

Terms 1, 4 cancel, leaving

(toxt)os(tozt)+(tozt)os(tozt)—(to3(toyt))ort—(toz(tozt))ort
= + - -
We reduce terms 3, 4 using «:
AN
+ + M + + M
Reducing term 1 using 8 gives

Terms 1, 3 and 2, 5 cancel; no further reduction is possible, producing é. O

Lemma 6.10 Identifying the first t of {m(a) =t oy t with the second t of tm(B) =
t oy (t 03 t) we obtain the S-polynomial € and {«, B, €} is self-reduced:

T SR SN

=((tozt)oxt)ogt+ ((tozt)ort)ogt — (toz(tozt))ost— (toz(tozt)) ort.
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Proof We have the equations

toy (Um(a)ost) =top ((tojt)ost) =@\= (tog(tozt))ort =€m(B)ort.

The resulting S-polynomial 7 o, (o o5¢1) — B oyt iS

toy((toyt)ost)+toy((tost)ost)+1toy((tozt)ost)
—(toy(tozt))opt —(toz(toyt))ost— (toz(tozt)) ort.

Terms 1, 4 cancel, leaving

l02((lOz[)O5l)+lOz(([O3t)05[)—([03(lOzl))Oz[—(lO3(l03[))02t
N LY SN
= + — -
We reduce terms 1, 2 using §:
Reducing terms 1, 2 using « gives
@& Kon-"A,

Terms 1, 6 and 2, 5 cancel. No further reduction is possible, giving —¢. O

Lemma 6.11 Identifying the first t of £m(a) =t oy t with the third t of {m(f) =
t oy (t o3 t) we obtain new S-polynomial ¢, and {«, B, ¢} is self-reduced:

/N
¢ = — =to3((toyt)ost) —toz(tos(toszt)).
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Proof We have the equations

(topt)ogfm(ax) = (topt)og (tort) = = (top(tozt))ost =4Lm(B)ost.

The resulting S-polynomial (¢ o, ) o4 ¢ — B oy t is

(toyt)og(tojt)+(toyt)os(toxt)+ (topt)og(tozt)
—(toy(tozt))ogt —(toz(topt))ogt— (toz(tozt)) ogt.

Terms 1, 4 cancel, leaving

(toxt)og(togt)+ (toyt)os(fo3t)— (toz(toxt))ogt—(to3(fozf)) ogt

We use 8 to reduce terms 1, 2:

Terms 1, 6 and 2, 5 and 4, 7 cancel. No further reductions are possible, and the monic
form of the last polynomial is ¢. ]
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Lemma 6.12 The polynomials y, §, €, ¢ span a subspace with basis n, 0, v.

Proof 1t is easy to see that
1 1 1
n=§(y+8+2e), 9:5(2)/—54-6), v:—g(y—25+2€),

and that these three polynomials form a basis of span(y, 8, €, ¢). (]
Lemma 6.13 Every S-polynomial obtained from o, 8, n, 6, v reduces to 0.

Proof If either f or g is a monomial then clearly every S-polynomial obtained from
f and g reduces to 0. We have already considered S-polynomials from « and §; the
other cases are «, nn and 8, n and 1, n with many subcases. We give details for the
most difficult subcase and leave the others as exercises. These calculations can be
simplified using the triangle lemma for nonsymmetric operads [2, Prop. 3.5.3.2].

We identify the second ¢ of £m (o) with the first ¢ of £m(n) and obtain this SCM:
Im(a) =tort, €m(n)=(topt)os(toxt), (Um(a)opt)os(toxt)=1torlm(n).

To save space, we switch to nonassociative notation. We obtain the S-polynomial

(@ogt)os(togt)y—torn=
(s (st ) G (ks ) sk ) k) k) = (3 Grokok ) (G G ) sk ) skok ) ) — (3 Giokok) (skok (Gkokok ) ) skok ).

Rewrite rules (6.2) and (6.3) have this form; the letters represent submonomials:

(wwx)yz) — — (v(wxy)z) — (vw(xyz)), (6.4)
(t(uv(wxy))z) F—— — (tu(v(wxy)z)) — (tu(vw(xyz))). (6.5)
When we apply (6.4) or (6.5), we use bars to indicate the submonomials. To begin
we reduce all three monomials in the S-polynomial using « and obtain
Cr(Greot) G (ko) k) %) 3k) 4= (e Gorok) (Gr Gtk ) %) k%)) — ((kGrotok) (rok (roker) ) k) =
— (k(k Gk (x Gk %) ) k) k) — (ot Gr (e (skokok) k) %) ) k) — (k(rsksx) Gk ((kkk) 5k ) %) )

— (x (k) (e Geror) (o) ) )+ (k) (iok (et ) ) %) %)+ (3 (o) (G (kotok ) ) %) ).

Terms 3, 5, 6 reduce using « as indicated; term 4 is 6 o, ¢ and reduces to 0:

4 Gk Grokeor) Gr Gk (ekx) ) %)) — (rGr (R Gk (ko) ) %) k) — e (3 Gr (teok (eotesk ) ) %) )

— ((GRkok) (k Gr (o) k) k) ) — (e (skskok) (ko Ghokok ) ) ) ).

Terms 3, 7 cancel, and terms 1, 2, 4, 5, 6 reduce using 8 as indicated:
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(RGRRCRGR Gk ) k) ) %) %) 4 (R Grk Grk (Grokok) skk) ) ) %) 4 (ko (3 (3 Gk Giokok ) k) k) k) )
4 Gk ik ((k Grorr ) sk ) skk ) ) — (ke (kskok) (o (sk (ko) ) ) ) — (k (k) ik (k3 (kkk) ) ) )
F e (r(x (k%) )k) ) k) F (R (Grok(Grak (x (ko) %) ) k) = Grok Gk Gk (o (kokk ) ) ) ) %)
+ (o (o ((kx (k%) ) k%)) — (k) (R (Ghokok) k%))

Terms 1, 2,7, 8 reduce using B as indicated; term 6 is v o, ¢ and reduces to 0; omitting
terms which cancel, we obtain

— (ke (R (e (ko Grokk) ) sk ) k) ) — (o Gk Gror (3 Gk ) ) ) k) ) — Gk (skok Gk (3 (skokk ) ) %) %) )
4 Grk Gk ((rok (o) )kk) ) ) — (3 Grokok) Gk ((3k3%3%) k%) ).

Terms 1, 2, 8 reduce using « as indicated; omitting terms which cancel, we obtain
— 20k GeGex (3 (%K) %)) %)) — 20k Gk (x (x (k) %) %)) — (3 GeGek (k% (3%%)) ) %))
— (ke R (Rx(%%%) ) %))).

Terms 1, 3, 4 reduce using B as indicated. Some terms cancel, and others reduce to
0 using v, leaving the single term (ks (s (ke (k%%))%))). We reduce using 8 and
then both terms reduce to 0 using v. ]

We use Theorem 6.2 to calculate the dimensions of the homogeneous components
of the ternary partially associative operad 7PA = L7 /() with an operation of even
(homological) degree. Theorem 6.3 below implies the conditional result of Goze and
Remm [11, Theorem 15]; our proof using Grobner bases is much simpler. For a more
general conjecture, see [2, Conjecture 10.3.2.6, case 6].

Lemma 6.14 Forn =1, 3,5, 7 we have
dim 7RA(1) = dim TRAQ3) =1, dim 7TPRAS) =2, dim 7PRA(T) = 4.

For TRA(S) a monomial basis in increasing path-lex order is

For TRA(T) a monomial basis in increasing path-lex order is

Proof The case n = 1 is trivial, and for n = 3 we have only the basic tree 7. For
n =5, the monomial ¢ o; ¢ reduces by «, leaving only 71 =t oyt and 7T, = ¢ o3 ¢.
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For n =7, we have (i) T} o; t: if i = 1, 3 the result reduces by «, and if i = 2,4, 5
we obtain Ts, Ty, T3; (ii) t o; Ty: if i = 1, 2 the result reduces by «, 8, and if i = 3
we obtain T3; (iii) 75 o; t: if i = 1, 2 the result reduces by «, if i = 3 we obtain
Ts, if i = 4 the result reduces by B, and if i = 5 we obtain Ts; (iv) f o; Tr:if i =1
the result reduces by «, if i = 2,3 we obtain Tg, 7y4. Clearly T3, ..., Ts cannot be
reduced using « or B, which proves linear independence. (I

Theorem 6.3 For weight k > 3 we have dim 7TRAQRk+1) = k+1.

Proof Let M be the tree with one vertex, set M; = ¢, and for £ > 2 set
My=toy(toy(toy---(topt) -+)) (€ copies of 1).

Consider the following k41 monomials of weight k in increasing path-lex order; to
save space we write | £ | = M,:

fi f2 fiB<i<k-1 S Six1
(k,3,k—2) (k,2,k—1) (k,3,k—2) k,2,k—1) (k,1,k)

We say a leaf is left (middle, right) if it is the left (middle, right) child of its parent.
The ordered triples above give the number of left (middle, right) leaves. We have
Ji =103t o3 My_2), fo =103 M_1, and

fi=@o3(tosMy_j)) oo Mi_r (3=<i=<k).

For 3 <i <k—1, we obtain f;; from f; by moving the bottom ¢ of the right—
right subtree to the middle subtree. We will show that fi, ..., fi4+; form a basis of
T PAk+1). For linear independence, we simply observe that no f; (1 <i < k)
can be reduced using any Grobner basis element «, 8, 1, 9, v.

To prove that fi, ..., fi+1 span 7 PA(2k+1) we use induction on k > 3. Basis:
Lemma6.14 gives fi =T, for =Ty, f3=1Ts, fy = Tg. Induction: Assume that
fis - ooy fer1 span TRA(2k+1) and write f, ..., f;,, for the monomials of weight
k+1. For each f; in 7 PA(2k+1) we obtain monomials of weight k41 in two ways:

(1) to; fiforje[3lieclk+1l;  (2) fiojtfori € [k+1], j € [2k+1].

Case 1: If j =1 then ¢ oy f; reduces by «. If j =2 then ¢ o, f; reduces by
for i € [k], and t oy fii1 = Myy1 = fi,,- If j =3 then t o3 f; reduces using v,
toz fo = f{,t o3 f; reduces using 6 for i € [k], and f o3 fiy1 = f;.

Case 2 has three subcases depending on where we attach ¢. If we attach to a left
leaf of f; then the result reduces by «. If we attach to a right leaf then for f; the result
reduces by v or B, for f>, ..., fi the result reduces by 8 or 6, and for f;, either we
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obtain f|, , or the result reduces by . If we attach to a middle leaf of f; then we
obtain either f; or f| or the result reduces by 6. If we attach to a middle leaf of f,
then we obtain either f; or f;. If we attach to a middle leaf of f; for 3 <i < k then
we obtain f ]’ for 3 < j < k+1 or the result reduces by 6. If we attach to the middle
leaf of fi 1 then we obtain f/_,. a

We now assume that the ternary operation ¢ has odd (homological) degree. Thus
every tree has even or odd parity depending the number of internal nodes. We write
| f1 € {0, 1} for the parity of f. We must include Koszul signs in the relations for
partial compositions: transposing two odd elements introduces a minus sign.

Lemma 6.15 ([12, Def. 1.1)) If p, q. r € T then

poi(goj_jit+11) i<j<i+ig -1
(poiq)ojr=3 (=DM (po;_yyy1m0iq i+ <j<tp) +tq -1
=Dl (pojr)oippey—1g 1<j<i—1

Theorem 6.4 The relation o is a Grobner basis for (&) in the free nonsymmetric
operad with a ternary operation of odd homological degree.

Proof The first few steps are identical to those for an even operation. The leading
monomial £m () = t o t overlaps with itself in one way to produce this SCM:

= Im(x) oyt = t o dm(a).

We apply the same partial compositions to « instead of £m («):

adojt=(tojt)ojt+(togt)oyt+(tozt)ort

AT UNTON

topa=toy(tojt)+toy(toyt)+to; (tozt)

The difference is this (non-reduced) S-polynomial:

adojt—toja=(toyt)ojt+(tozt)ojt—toy(toyt)—toj(tozt)=

M\\+M‘%\‘Aﬁ (6.6)
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Lemma6.15 (case 3), p =g =r =t,withi, j =2, 1 and i, j = 3, 1 gives
(togt)ojt = —(tort)oyt, (tozt)o;t = — (tojt)ost.

Lemma6.15 (case 1), p=q =r =t,withi, j =2,2and i, j = 1, 3 gives

—toj(toyt)= —(togt)oyt. —toj(tozt)= — (tojt)ost.
Therefore (6.6) equals

—(toyt)ogst —(tojt)ost—(toyt)ost— (togt)ost.

We reduce each monomial using ¢ and obtain

(togt)ogt+ (tozt)ogst+ (toyt)ost+ (fozt)ost
+ (topt)opt+ (tozt)opt+ (topt)ozt+ (tost)ost.

Terms 3, 6 cancel by Lemma6.15 (case 2), (f o, t) o5t = — (t 03t) oy t, leaving

(togt)ogt+ (tozt)ogst+ (tozt)ost
+ (togt)oyt+ (togt)ozt+ (tozt)ost

We reduce terms 4, 6 using «; this cancels terms 1, 5 and terms 2, 3. O

Theorem 6.5 For an odd operation, the dimension of the ternary partially associa-
tive operad is the binary Catalan number (in the weight grading ).

Proof Relation « shows that any left subtree reduces, so the dimension for weight
w is the number of binary trees of weight w. (]
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Chapter 7
A Survey on Koszul Algebras and Koszul | oo
Duality

Neeraj Kumar

7.1 Introduction

Let Kk be a field and A a standard graded k-algebra. We say that A is Koszul if the
minimal graded free A-resolution of K has only linear maps. The study of Koszul
algebras has greatly been accelerated in the past three decades, with an influx of new
tools and ideas coming from diverse areas of mathematics. In this survey paper, we
will discuss the appearance of Koszul algebras and Koszul duality phenomena in the
literature in various fronts of mathematical topics.

There are many survey articles on this topic, namely on the theory of Koszul
algebras due to Froberg [22], on Koszul algebras and Grobner basis of quadrics due
to Conca [14], on Koszul algebras and regularity due to Conca, DeNegri and Rossi
[15], Koszul algebras and their syzygies due to Conca [13], Koszul algebras in non-
commutative settings due to Martinez-Villa [31], and a book containing several facts
about Koszul algebras and Koszul duality due to Polishchuk [37].

Keeping in mind all these survey articles, we have tried to give an exposition on the
topics that developed at a later stage. However, for the sake of completeness we have
listed many old results and new results from these survey articles too for the optimal
synchronization of results for an easy reading. Section 7.1 contains preliminaries,
to set up the notation and basis terminologies of the paper, e.g. free resolution,
Betti numbers, Hilbert series and Poincaré—Betti series, etc., with several examples.
In Sect.7.2, Koszul algebras are defined and several equivalent interpretation of
it is discussed. We discuss Froberg formula which gives a relation describing the
Koszulness via Hilbert series and Poincaré—Betti series. Then we define quadratic
dual algebra and discuss several classical examples. The notion of Koszul duality is
discussed in Sect.7.3. In Sect. 7.5, we reprove a theorem of Tate on the Poincaré—
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Betti series of quadratic complete intersection ring. Section 7.6 is devoted to highlight
the study of Koszul algebras in combinatorics such as Stanley—Reisner rings, finite
simple graphs, Hilbert series of algebras arising from finite directed graphs. The
classical results on the Koszul algebras for combinatorial rational varieties and non-
combinatorial non-rational varieties are discussed in Sect.7.6. In this section, we
discuss in detail the concept of diagonal subalgebra, recall classical results, construct
defining equations for the diagonal subalgebras, and present recent published results.
For the Koszul phenomena in the affine semigroup rings and for monomial projective
curve, see Sect. 7.7. We end this survey article with an open problem due to Reiner and
Welker: For which Koszul algebras, is the Hilbert series a Polya frequency sequence?

7.2 Preliminaries

Notations and Basic Facts

Let k be a field, and V be a finite-dimensional vector space over K with basis
{x1, ..., x,}. The notation V®" is short for V ® V ®x --- ®« V (n factors). Let
T(V) = ®;>0V® be the tensor algebra of V over k. The tensor algebra (or the non-
commutative polynomial ring) is a graded k-algebra with dimy V® = n’. We will
use the notation K{x1, ..., x,) for T(V).

Let V* = Hom(V, K) be a dual k-vector space of V via (af)(v) = af (v) for any
f e V* veV and a € k. One may identify V* @ V* with V ®¢ V by the rule
(feevew) = f()g)forall f,g € V*and v,w € V. Inductively, one may
identify (V*)®/ with (V®/)* for any j € N.

Let A be a finitely generated graded k-algebra, i.e., A = ®;>0A; is a graded ring
with Ag = K. Let AL = @, 4; be the graded maximal ideal of A. We say that A is
standard graded if A, is generated by A;.

By a graded (non-commutative) K-algebra A, we mean an algebra of the form
A =K(xq1,...,x,)/1 or simply T(V) /I, where I is a two-sided ideal generated
by homogeneous elements. By a graded (commutative) k-algebra A, we will mean
an algebra of the form A = K[xy, ..., x,]/I, where I is a homogeneous ideal in
the polynomial ring K[xy, ..., x,]. The graded algebra A is called quadratic if 7 is
generated by elements of degree two.

Given a finitely generated graded A-module M and j € Z, the shifted module
M (j) is the graded A-module with ith graded component M (j); = M, ;. In partic-
ular, A(—j) = @;>;Ai—; is the graded free A-module of rank one, with generator in
degree j.

Hilbert Series

The Hilbert series F4(z) of a graded algebra A = @;>¢A; is a formal sum
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Fa(z) =) (dimc A)) 2.

i=0

Since A is finitely generated, the dimension of A; as a K- vector space is finite for
each i, and so the Hilbert series F4(z) is well defined. Similarly, If M = ®;czM; is
finitely generated graded A-module, then it has a well-defined Hilbert series Fy;(z) =
Y iz (dimy M;) z'.Itis well known that if A is a commutative graded algebra, then
FA(z) is a rational function.

Example 7.1 (i) If A =K{xi,...,x,), then dimk A; = n’, so the Hilbert series
Fa(R) =1+nz+n’z2?+-- =

1—nz*

(ii) If A =K[xi, ..., x,], then dimy A; = ("7"7"), and s0 Fa(2) = 55

(i) If A =K[xy,...,x,]1/I, where I=(xx; | i #j, i,j€(l,...,n}), then
dimg A; = nand Fu(z) = 1 +nz4+n24 ... = Ho=bz

-z

Free Resolution and Betti Numbers

To describe certain structures of a module, Hilbert introduced the idea of associating
afree resolution to afinitely generated module [28]. A minimal graded free resolution
of a finitely generated A-module M is a complex of free A-modules

Fo - —F I IR,

such that Hy(F,) = M, H;(F,) = 0foralli > 0, and ;4| (F;+1) € AL F; for every
i. Such a minimal graded free resolution always exists and it is unique up to an
isomorphism of complexes. The minimal graded free resolution of an A-module M
in terms of shifted A-modules is

Fo  — @A)V — - — @ A=) — @) A(—j) — 0,

where A(—j) is the graded free A-module A(—j) = @®;>;A,_;. Since the resolu-
tion F, is graded, it means that the differential maps v; of the complex are homo-
geneous homomorphisms of degree zero or equivalently non-zero entries of the
matrices corresponding to differentials are homogeneous. The minimality condition
Yir1(Fiy1) © A4 F; for every i is equivalent to the fact that F, ®4 K has differential
zero, that is, all non-zero entries corresponding to differentials have positive degrees.
Hence by construction

Tor! (M. K) = Hi(Fy @4 K) = F; ®4 k = AP,
where BA(M) = dim Tor{* (M, k), and B/ (M) = dimy Tor (M, k) ; are called ith

Betti number and (i, j)th graded Betti number of A-module M, respectively. For
convenience, we simply write §; and g;; instead of B/ (M) and B, (M).
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Example 7.2 If A = K[x, ..., x,], the Koszul complex on x, ..., x,,

0— A=) 2 A2 B AP B A S ks0

is a minimal graded free resolution of k = A/A over A, where 8 = (7).

Poincaré-Betti Series

Now we define the Poincaré—Betti series and bi-series.

(a) The Poincaré—Betti series Ps(z) of A is the generating function for the
k-dimensions of Torf(k, k),

Pa(z) =Y dimy (Torf (k. k) 2'.

i>0

(b) The Poincaré—Betti bi-series Pﬁ (¢, z) of a graded A-module M is a formal sum

Pit.2) =Y (Tor}(M.K),) iz =" By tl2',

i>0 i>0

(c) The Poincaré-Betti series Pys(z) of a graded A-module M is a formal sum

Py(2) = Z (Tor (M, k)) 2’ = Z B 7.

i=0 i>0

Notice that Pj}(z) = Pji(1, 2).

Examples for Poincaré-Betti Series

(1) If A =k(xy, ..., x,), aminimal free A-resolution of K is

0— A" % A Sk

with ¢ = [x1 X2 ... x,l] and hence it is linear. We get that the Poincaré—Betti
seriesof K = A/A over Ais 1 + nz, and the Poincaré—Betti bi-series is 1 + ntz.

(i) If A =K[xy,...,x,], the Poincaré-Betti series of K= A/A, over A is
I+ (']')Z + 1t (Z)z" = (1 + 2)", and the Poincaré—Betti bi-series is given by
(1+t2)".

Definition 7.1 Let R be a standard graded k-algebra, and M be a finitely generated
graded R-module with (i, j)th graded Betti number ﬂ;}(M ) = dimy (Tor (M, k);).
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(a) The Castelnuovo—Mumford regularity of M over A is

reg, (M) = sup {j —i | B;(M) # 0}.

i>0

(b) Let I be a homogeneous ideal in A generated in degree d. Then I has a linear
resolution if reg, (/) = d, i.e., if for all i, ,BIS‘.(I) =O0forj #i+d.
(c) We say that A is a Koszul algebra if reg,(K) =0, i.e., if for all i, we have
;}(k) = 0for j #i [41].

Remark 7.1 [18, Lemma 6.5] Let A be a standard graded k-algebra. Let I be a
homogeneous ideal in A withreg,(A/I) < 1.If A is Koszul, then sois A/I.

7.3 Koszul Algebras

7.3.1 Poincaré Series and Hilbert Series Formula

Proposition 7.1 Given a finitely generated graded A-module M, a formula relating
the Hilbert series of A and M, and the Poincaré—Betti bi-series of M is given by

Fu(z) = Fa(2) Py (z, =1). (7.1)

Proof The minimality of resolution F, implies that min 8; ; > min 8;_; ;. Notice
that for a given j, there exists only finitely many i such that g; ; # 0. This implies
that the series ij} (z, —1) is well defined. By selecting the jth degree component from
the minimal graded free resolution F,, we obtain a finite exact complex of finite-
dimensional k-vector spaces. Now use the fact that Euler characteristic (alternating
sum of the dimensions) of a finite exact complex of finite-dimensional k-vector space
vanishes to get the relation (7.1). [

Definition 7.2 Let M be a finitely generated graded A-module. We say that M has
alinear resolution if B;; = Oforalli # j.If M is generated in degree d, we say that
M has a d-linear resolution if 8;; =0 forall j #i +d.

A resolution is called linear if the non-zero entries of the matrices representing the
differential maps between the free modules A(—j)#/ are homogeneous of degree 1.

Remark 7.2 Notice that if the minimal graded free resolution F, is linear, then the
formula (7.1) becomes

Fu(z) = Fa(z) Pi(—2). (7.2)

Now we focus on the minimal free graded A-resolution of K (we may consider
k = A/A, as an A-module).
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Definition 7.3 If the minimal free graded A-resolution of K is linear, then we say
that A is a Koszul algebra.

7.3.2 Froberg Formula

Taking M = K in the formula (7.2), we get an equivalent definition of Koszul algebra,
namely the following:

Definition 7.4 If A is a Koszul algebra then
Fa() P (=2) = 1. (7.3)

Let A be a Koszul algebra. We may also conclude (7.3) by using Euler character-
istic in each degree of the following graded exact sequence:

s ACm)P I A—2)R B AP B A Sk

We have from Froberg formula (7.3) that ﬁ = PkA (z) € N[[#]].
Remark 7.3 1In [30], Lofwall called (7.3) a Froberg formula.

Theorem 7.1 ([30, Lofwall]) A standard graded K-algebra A is Koszul if and only
if Fa(x)PA(—2) = 1.

One direction is clear from the previous discussion that Koszulness implies
Fy (z)PkA(—z) = 1. Hence we shall show that F4(z) PkA (—z) =1 implies that A
is Koszul.

Proof Let F, = (F;, 9;) be the minimal graded free resolution of k over A. Then we
have

1= F(2) =Y Fr@(-1"

i>0

On the other hand, since F; = @A(—j)P/, we see that Fr, (z) = Zizo Bi,jFa )7,
and hence

1= B Fa@Z (=) = FAR)Ga(=1,2),

i>0 j

where G4(—1,2) = Zizo ﬂ,-,.,-zf (—1)'. By uniqueness of inverse in the power series
ring k[|z]], it is enough to show that A is Koszul if and only if G4 (—1, z) = PkA (—2),
that is,

DY B =D =) B (1) (7.4)

i>0 j i>0
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Note that if A is Koszul then 8; = 8;; and B; ; = O for all i # j, hence (7.4) holds.
Now assume that A is not Koszul. Let s be the smallest index such that B, ; # f;.
Also note that ; ; = 0 for j < i. Therefore

YO B (=1 =) iR (=1

i=0 j=i i=0
is still a formal series with B, ; — B,(—1)*z* as lowest non-zero term. Then (7.4)
does not hold which is a contradiction. O

Theorem 7.2 [30, Lofwall] A standard graded K-algebra A = S/I is Koszul then
I is generated by quadrics.

Proof For the proof see [22] and references therein. ([

Serre-Kaplansky Problem

J.P. Serre and Kaplansky asked the following question independently: Let A be a
local Artinian ring with maximal ideal m, and residue field kK = A/m,. Is it true that
the Poincaré—Betti series

Ps(z) =) _ dimy (Tor{ (k. k)) 2’

i>0
is rational?

Remark 7.4 In [2], Anick gave the following example for which the Poincaré—Betti
series P4 (z) is irrational,

_ Qlx1, x2, ..., x5]
(X7, X3, x3, X2, X1 X2, XaXs5, X1 X3 + X3X4 + XoX5) + M,

Remark 7.5 By formula (7.3), we see that if the Hilbert series IF 4 (z) is rational, so
is the Poincaré—Betti series. Hence for Koszul algebras, Poincaré—Betti series is a
rational function.

Example 7.3 Note that K[x{, ..., x,] and K{(x, ..., x,) are examples of Koszul
algebras, since K has a linear resolution over these algebras.

Example 7.4 Let A =K[xy,...,x,]1/I,where I = (x;x; | 1 <i, j <n).Then Ais
Koszul, see [24].
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7.4 Koszul Duality

Notations

(a) For any subspace Q C (V)®/, define the perpendicular subspace Q+ = {a €
(V% | a(q) =0 forall ¢ € Q}. Denote by (Q) the two-sided ideal of T(V),
and by (Q1) the two-sided ideal of T(V*).

(b) Let S(V) be the symmetric algebra of V. Then S(V) = T(V) /(Qs), where (Qy)
is an ideal in T(V) generated by Qs = {(v@w —w® v |v,w € V}.

(c) In order to be consist with literature on the theory of Koszul duality, for a given
algebra (), we shall denote by ()' for the Koszul duality in stead of ()*.

Definition 7.5 Let A = T(V) /(Q) be a quadratic algebra, where (Q) is generated
by the quadratic relation set Q C V @k V. The Quadratic dual algebra of A is
defined as A' = T(V*)/(Q1).

Notice that A' is a quadratic algebra. Thus, we can write A' = @iz()A,!' as a graded
k-algebra with A}, = k and A} = V*.

Proposition 7.2 Let A be a quadratic algebra, then we have (A")' = A.

The proof of (A')' = A follows immediately from the following two observations
dim(Q1)* = dim Q and Q = (Q1)*, whose proof is left to the reader as an exercise.

Exarr'zple 7.5 By definition, S(V) is a quadratic algebra. We want to find dual algebra
S(V)'.

To find dual algebra of S(V), It is enough to find Qé. Define Qs ={fQ f| f €
V*}. Then forany f € V* andany v,w € V,wehave (f @ (0 Qw —wQv) =
fWfw)— fw)f(v) =0.Hence Qs C Q?. Now regarding v, w as elements in
V** wehave v @ w —w ®v)(f ® f) = 0. We get that Q5 € Q4, and so Q3 =
0 4. Hence we conclude that

S(V)! = T(V¥)/(Qa) = AV*, and (AV*)' = S(V)'' = S(V).

More Examples
(i) Note that the tensor algebra T(V) is naturally a quadratic algebra, since T(V) =
T(V) /(Q), where (Q) is the ideal generated by the quadratic relation set Q =
{0} €V @« V. Then, O+ = (V ® V)* = V* @ V*. Thus,
T(V)' = T(VH)/(@Q") = T(VH)/(V* & V*).
(i) Let V be the K vector space generated by x. Then T(V) = K[x]. Thus,

(KIxD' = k[x1/(x*) and (K[x]/(x*))' = K[x].
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(iii)

(iv)

)

More generally, let V be the vector space with basis {xi,...,x,}. Then
the symmetric algebra S(V) is a polynomial ring K[xi, ..., x,]. By def-
inition, S(V) = K[x, ..., x,] = K{x1,...,x,)/(Qs), where Qs ={vQw —
w®v|v,we V) Note that if x; ® x; —x; ®x; =0forall 1 <i < j <n,
thenv®w —w®v =0,wherev=ax; +---+a,x,andw =bx; +---+
b,x, for some a;, b; € K. Recall that we denote by k(x, ..., x,) the tensor
algebra T(V). Then,

S(V) =K(x1, .o, x0) /(i ®x; —x; @x; | 1 <@ < j <n).
Let V* be the dual space of V with the dual basis {¢, ..., ¢,}. Then,
Gi®G, G+ UW+HeQa={fQf| feV
for all 7, j € {1, ..., n}. The second relation implies that {; ® {; +¢; ® & €
(Qq) foralli, j e{l,...,n}.

Conversely, if ; ® {;=0and {; ®¢; +¢;® ¢ =0forall 1 <i < j <n,
then f ® f =0, where f = a;¢, + - - - + a,¢, for some a; € k. We get

AVE=TNH/(Q) =T(V)/G® &G, G® G+ GG |1 <i<j=<n).
By previous example, we have
SV =K1, s 6/ GF G+ g | 1 <i < j <)
Let V be the vector space over the field k with basis {x, y}. Consider the
quadratic algebra A = K[x1, xg]/(xlz).Then,A =TV) /(Q),where Q = {x; ®

X1, X1 ® xo — x2 @ x1} is the quadratic relation set. Let V* be the dual space
of V with the basis {¢], ¢;}. Then T(V*) = Kk(¢;, &) and Q* is generated by

{¢182 + £201, ¢35} Thus

A =T(VH/(Q) = K(G1, &) /(€18 + 0281, 85).

If A = Kk(xy, ..., x,)/I,where I is generated by monomials of degree two, then
A' =K(¢y, ..., ¢,)/J, where J is generated by those monomials &; ; such that
XiXj ¢ 1.

Definition 7.6 We say that A is Koszul if P4(z) = F4(z), where A' = Hom(A, k)
is the Koszul dual of A.

FA!(—Z)FA(Z) =1.

Example 7.6 If A =K[x|, ..., x,], then A' = K(¢1, ..., &) /(P G+ &6 11 <

i < j <n). hence Fs(z) =

a2 Fa@ = (1 +2)". Therefore

n 1 _
Fp(=2)Fa() =1 —-2) o = 1
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7.5 Koszul Phenomena in Literature

Poincaré-Betti Series of Complete Intersection

An (ideal theoretic) complete intersection ring is of the form S/I, where S =
K[xi, ..., x,]is apolynomial ring and 7 an ideal of S generated by a regular sequence
of homogeneous forms. We say that the homogeneous polynomials gy, g2, ..., &
form a regular sequence if g; is a non-zero divisor on S/(gy, g2, . .., gi—1) for every
i =2,...,r — 1. Now using Koszul algebra technique, we prove the following the-
orem due to Tate [43].

Theorem 7.3 ([43, Theorem 6]) Let A = K[xy, ..., x,1/(g1, &2, ..., &) be a com-
plete intersection ring with deg g; = 2. Then the Poincaré—Betti series of K over A
. (I+2)"

is -

(1-z%)

Proof Let B; =K[xy,...,x,1/(g1,&2,---,8—1)- We have the following graded
short exact sequence of B;-modules

0 — Bi(-2) %> B, — B;/(g)) — 0.

Using this short exact sequence repeatedly, we can compute the Hilbert series of

S2\F . . , .
A, namely Fu(z) = ((]1__‘/;))” . If we show that A is Koszul, then the Poincaré series

formula follows immediately from the following relation [F4(z) PkA(—z) =1. We

know that By = K[xy, ..., x,] is Koszul. Now using induction on i and applying
regularity lemma (e.g., [20, Corollary 20.19]) we conclude that regy Bi/(g:) < 1
for all i. Using (7.1) we conclude that B, = A is Koszul. ([l

7.6 Combinatorics

There are interesting classes of quadratic monomial ideals coming from combina-
torics.

Stanley—Reisner Rings

A simplicial complex A over a set of vertices V = {x;, ..., x,} is a subset of the
power set of V' with the property that F € Aand G € F imply G € A. If F € A,
we define xp = HX,EF x; € S =K[xy, ..., x,] over the field k. The Stanley—Reisner
ideal of A, denoted by I, is the ideal (xg | F ¢ A) in S, and the Stanley—Reisner
ring of A is K[A] = S/I. For more information on the theory of Stanley—Reisner
ideals we refer the reader to [8]. Notice that I/, is a monomial ideal. We record the
following theorem, see discussion [Section 3.1, [22]].
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Theorem 7.4 The Stanley—Reisner ring K[A] = S/I is Koszul if and only if I is
quadratic if and only if A is a flag (clique) complex.

Recall that a simplicial complex A is called flag (clique), if all minimal nonfaces
consist of two elements, equivalently, 7, is generated by quadratic monomials.

Theorem 7.5 Let P be a finite partially ordered set on {x1, ..., x,}. The Stanley—
Reisner ring associated to P is Koszul.

Finite Simple Graphs
Let G be a graph on the vertex set V = {xy, ..., x,,}. Given a field k we define the
edge ideal 1 (G) of the polynomial ring S = K[xy, ..., x,] generated by the set of

monomials x;x; such that x; is adjacent to x;. The following theorem follows from
[24].

Theorem 7.6 Let S = K[xy, ..., x,] be a polynomial ring and I (G) an edge ideal
of S associated to a finite simple graph. Then S/I(G) is Koszul.

Matroids

Given vy, ..., v, spanning vector space V, define the Orlik—Solomon algebra

A= NG .ox)/l

where [ is spanned by Z§=1(_1)Sxi1 A« Xi A -+ Ax;, for all circuits, that is,
minimal dependent subsets of {v;, ..., v; }.

Question (Yuzvinskii [45]) When is the Orlik—Solomon algebra A Koszul? [l

Finite Directed Graphs

Let A be an algebras arising from walks in directed graphs G on [n] = {1, 2, ..., n}.
The following theorem is obtained by multiple authors, see Froberg [24], Bruns,
Herzog, and Vetter [9].

Theorem 7.7 Let G be adirected graphson [n] = {1,2, ..., n}, thatis, a collection
of ordered pairs (i, j) (withi = j allowed). Then

AG = k(.XI, "'9xn>/(xi-xj | (l? .]) ¢ G)

is Koszul.
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The Koszul dual of Ag is Ags, where G is the complementary directed graph
of G. There is a nice description for the Hilbert series of Ag,

Fa, = Y _ |{walks of length i in G}| - 2'.

i>0

7.7 Geometry

Mumford’s theorem [32] says that for any projective variety X C P”, its Veronese
embedding v, (X) C P is cut out by quadrics, for dy >> 0. Backlin [4] proved that
Veronese embedding vy, (X) € Pt for some d; > 0 is Koszul.

Eisenbud, Reeves, and Totaro in [21] proved that under sufficiently high Veronese
embedding, v4, (X) C P for some d» >> 0, is defined by Grobner basis of quadrics.
In general, we have d, > d; > dy, and hence we have

Grobner basis of quadrics = Koszul == Quadratic.
Example 7.7 An example of Quadratic algebra but not Koszul, let
R=Kl[x,y z,t]/(x* y*. 2%, 1%, xy + 21)

then one has ,Bﬁ(K ) = 5 and hence R is not Koszul. We may also see via Poincaré—
Betti series

Fr(z) = 1+ 4z + 5z% and =144z4---+447° —2975...

Fr(=2)

Example 7.8 An example of algebra with Grobner basis of quadrics but not Koszul,
let

R=KI[x,y, z1/(x* + yz, y* + xz, 2> + x).

The Grobner basis of ideal I = (x2 + yz, y* + xz, 22 + xy) is (x2 + yz, y* + xz,
22 4 xy, 2yz2, 2x7%, 7).

Kemph in [25] proved that any ring with a straightening law whose discrete algebra
is defined by quadratic monomials is Koszul. He further gave an estimate for high
enough bound to improve the Backlin result for the high Veronese subring of any
graded k-algebra to be Koszul. There are several examples of coordinate rings of
projective varieties that are Koszul.

Koszulness of Combinatorial Rational Varieties

Many combinatorial rational varieties, such as Grassmannians, Schubert varieties,
determinantal varieties, etc., are cut out by quadrics. In fact, with respect to the system
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of coordinates and term orders, Grassmannians, Schubert varieties, determinantal
varieties, etc., are defined by Grobner basis of quadrics and hence are Koszul algebras.

Koszulness of Non-combinatorial, Non-rational Varieties:

For the non-combinatorial, non-rational varieties, the classical result is Petri’s the-
orem [35] states that a smooth non-hyperelliptic curve of genus g > 4 in its canon-
ical embedding is cut out by quadrics, with the exceptions of trigonal curves and
plane quintics. Vishik and Finkelberg in [44] proved that the coordinate ring of gen-
eral curve of genus g > 5 is Koszul. Pareschi and Purnaprajna [33] proved that the
homogeneous coordinate ring of a canonical curve is Koszul unless the curve is
hyperelliptic, trigonal, or isomorphic to a plane quintic. Butler in [19] proved that
for a curve of genus g embedded by a complete linear system of degree > 2g + 2, the
homogeneous coordinate ring is Koszul. Polishchuk in [37] studied the Koszul prop-
erty for the homogeneous coordinate ring of certain embeddings of degree > g + 3.
Conca, Rossi and Valla [16] proved that for a smooth, non-hyperelliptic, non-trigonal
curve of genus g > 5 which is not a plane quintic, then its canonical ring is are defined
by Grobner basis of quadrics and hence are Koszul algebras.

Let X be a set of s distinct points in Py and let Rx be their coordinate ring. Kempf
[26] proved that if s < 2n and the points are in general linear position then Ry is
Koszul (Kempf used the term Wonderful rings for Koszul). This result of Kempf was
further extended by Conca, Trung, and Valla [17] in the following way: Let X be
a set of generic points in P}, then the coordinate ring Ry is Koszul if and only if
IX| <1+4n+ (n%/4).

Diagonal Subalgebras

Let c, e positive integers, and A = {(cs, es) | s € Z} be the (c, e)-diagonal of Z>.
Given a bigraded k-algebra R = @, ,>0R,v), one can associate a graded k-algebra
Ra = @sezRcs.e5), the (c, e)-diagonal subalgebra of R. The diagonal subalgebra
methods were introduced by Simis, Trung, and Valla, see [40]. The diagonal subal-
gebra Ry, being a graded K-algebra has a presentation of the form S/7, where S is
some polynomial ring and / a homogeneous ideal of S, and hence R represents a
homogeneous coordinate ring. See example 7.10 is discussed to illustrate this.

Example 7.9 Let S = K[x{, ..., Xn, Y1, ..., Y] be abigraded polynomial ring with
degx; = (1,0)and degt; = (0, 1) foralli, j.Let A = (c,e) andset A = K[xy, ...,
x,]and B = K[y1, ..., ym]. Then the diagonal subalgebra Sy is the Segre product of
the Veronese subrings A© and B@, respectively, and is given by K[x; y;[1 <i < n,
1 <j=<m]

Example 7.10 LetJ = (xj,x3) C A = K[xy, x2]andlet A = (1, 1). The Rees alge-
bra of an ideal J is A[J#] = K[x1, x2, x;t, x3¢]. It is a well-known fact that the Rees
algebra A[Jt] is isomorphic to the quotient
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Klx1, x2, y1, y21
(x}y2 = x3y1)

Let B = K[x1, x2, y1, y2] and K = (x{y> — x3y1) an ideal in B. Set A[Jt] = B/K
and define degx; = (1, 0) and deg y; = (0, 1), then A[J?] is a bigraded k-algebra.
The (1, 1)-diagonal subalgebra of A[Jt] is the graded k-algebra

B k , , ,
AL, = 2o [x1y1, X1y2, X201 xzyz]’
K Ka

where

Ka = ((xly1)2(x1y2) — (oyD?, (v (2y2)? = (xiy2)?, iy (xy2)? — (xzyl)z(xzm)) .

Using the isomorphism
klzo, - .., 23]

—> K[x1y1, X1y2, X291, X2)2]
(2122 — 2023)

where zg > X1y1, 21 > X1Y2, 22 > X2Y1, 23 B> X2)2, we can describe the (1, 1)-
diagonal subalgebra of the Rees algebra A[J¢] as follows:

Klzo, - .., z3]

AlJt]a =
3 2 3 2 2 2 :
(2122 — 2023, 2] — 2225, 25 — 2521, 2027 — 2323)

A twisted quartic curve is defined from P — P3 by the map [xg, x;] —
[xd, xgx1, x3x2, xox;, x{1. The vanishing locus of the map above is the polynomials
2122 — 2023, 23 — 2223, 23 — 2321, 2027 — 2523 Therefore, the diagonal subalgebra
A[Jt], is the homogeneous coordinate ring of the twisted quartic curve in the pro-
jective space P3.

Let S = K[xy, ..., x,] be apolynomial ring. Let I = (fi, ..., f,) be anideal of §
generated by aregular sequence of homogeneous forms of degree d. The Rees algebra
of I is the subalgebra of K[x1, ..., x,, t] defined as R(I) = K[xy, ..., x,, fit,...,
frt]. We list some important results in this direction of koszulness of diagonal sub-
algberas of bigraded algebras:

(a) Given any standard bigraded k-algebra R, one has R, is Koszul for large A [18,
Theorem 6.2].

(b) If standard bigraded k-algebra R (when viewed as a graded algebra) is Koszul,
then R, is Koszul for all A [6, Theorem 2.1].

(©) Ifc > 4=D and e > 0, then, R(I) is Koszul [18, Corollary 6.10].

(d) Let n =3 and f; = x%, fo =2, f3 =z, and A = (1, 1), then R(I), is the
subring

R =Kk[x3, y3, 22, x%y, xy?, x%z, x2%, y*z, yZ2]

of K[x, y, z]. R is Koszul [11].
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(e) Letr =3 and deg(f;) = 2. Then R(I), is Koszul for A = (1, 1) [12, Theorem
3.2].

(f) Letr =3 and deg(f;) =d.Ifc > %’ and e > 0, then, R(/), is Koszul [29].

(g) Suppose that S is replaced by a Koszul ring A and = (fi, ..., f,) be an ideal of
A, thenif ¢ > “““Y and ¢ > 0, then, R(), is Koszul [29].

(h) Let S =K[x{,...,Xu,t,...,2,] be a polynomial ring bigraded by degx; =
(1,0)fori =1,...,manddegt; = (0, 1) fori =1, ..., n.Let I be an ideal of
S generated by a regular sequence with elements all of bidegree (d, 1) and R =
S/I. Let % <c< % and e > 0. Then R, is Koszul. Moreover R(—a, —b)a
have a linear resolution over R [29].

Question (Conca, Herzog, Trung, and Valla, [18]) Let S = K[x, ..., x,] be a poly-
nomial ring. Let I = (f}, ..., f,) be an ideal of S generated by a regular sequence
of homogeneous forms of degree d. Let A be the (c, e)-diagonal of Z?, where c, e
are positive integers. Is it true that R(I), is Koszul for all ¢ > % and e > 0? U

This question is open for all » > 4.

Residual Intersections

Let R be a Noetherian local ring. Two ideals I and J arelinkedwhen I = K : J,J =
K : I,and K is an ideal of R generated by a regular sequence. Residual intersection
generalizes the notion of linkage. An ideal J of R is an m-residual intersection of
I if there exists an m-generated ideal K = (zy,...,z,) C I such that J = K : [
and ht(J) > m, see [3]. An m-residual intersection J of [ is a geometric m-residual
intersection of I if ht(/ + J) > m + 1.

Given positive integers m > n, consider an ideal J = (z1, ...z,) + I,(¢) in the
polynomial ring S = K[xy, ..., X,, ¥i, ..., ¥p], where ¢ is an n x m matrix, with
entries linear in yi, ..., y,, such that [Z1 ... zm] = [x1 X2 ... x,l] - ¢. Such an
ideal is shown to be a geometric residual intersection in [10, Lemma 4.7], when
ht(J) > m, and ht({,(¢)) > m — n + 1. The authors in [1] prove the following.

Theorem 7.8 Ifc > 1 and e > 5, then (S/J)a is Koszul.

7.8 Koszulness of Affine Semigroup Rings

A numerical semigroup is a set of non-negative integers N closed under addition,
containing the zero element, and with finite complement in the set of non-negative
integers. By an affine semigroup we mean a finitely generated sub-semigroup S
of the additive monoid N?, where d is some positive integer. Let k[S] denote the
semigroup ring of S over a field k. Then one can identify k[S] with the subring
of a polynomial ring K[y1, ..., ys] generated by the monomials y* =y} - .- y5,
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where it = (i1, ..., tg) € N?. Definethe map ¢ : K[x1, ..., x,] — K[y, ..., yal
by sending x; to the generating monomials y* = ylk“ e yg‘“ of the affine semigroup
S. The toric ideal Ig is the kernel of the map ¢. Hence we have

Klxi,...,x:,1/(Is) = K[S] C K[yi, ..., yal.

Let J be a semigroup ideal generated by semigroup elements in k[S]. The following
theorem is due to Herzog, Reiner, and Welker [27].

Theorem 7.9 Let S be an affine semigroup and let J be a semigroup ideal in the
affine semigroup ring K[S). Set A = K[S]/J. Then A is Koszul in the following case:

(i) S=N¢(so A=K[xi,...,x4])and J isa quadratic monomial ideal, or
(i1) J = 0and S has minimal generators Ay, . . ., Ay for which the toric ideal Is has
a quadratic Grobner basis.

The following theorem is due to Peeva, Reiner, and Sturmfels [34].

Theorem 7.10 K[S] is Koszul if and only if S is a Cohen—-Macaulay poset over k
when ordered by divisibility.

Monomial Projective Curves

Itis a standard fact that Grobner basis of quadrics implies Koszulness, and Koszulness
implies quadratic defining ideal, however the converse may not be true in general.
In the context of monomial projective curves (let d = 2 in the definition of affine
semigroup rings), the following two questions have been extensively studied in the
literature.

Question Whether all monomial projective curves with quadratic defining ideal are
Koszul? 0

Question Whether all Koszul monomial projective curves have quadratics Grobner
basis? O

The following Table7.1 due to Roos and Sturmfels [39, Sect.2] discusses the
computational outcome for the monomial projective curves (toric curves) in P" for
n <8.

Example 7.11 We refer to Table 7.1.

(i) For n = 3, we have precisely two toric curves which are the twisted cubic
[0, 1,2, 3] and the complete intersection [0, 1, 2, 4], see [42].

(i) For n < 6, positive answer for 7.8 that all Koszul algebras have quadratic
Grobner bases. This is not true if n = 7, see [42].
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Table 7.1 Census analysis of n Candidates| Quadratics | Koszul Quadratics
toric curves defined by Grobner
quadrics in P” basis

2 1 1 1 1

3 2 2 2 2

4 9 8 8 8

5 67 47 46 46

6 752 384 358 358

7 11320 3794 > 3321 3320

8 > 60000 |- - -

(iii)

(iv)

v)

For n =5, there is precisely one case, for which quadratically defined ideal
does not imply koszulness. Let S = [0, 3, 5,7, 11], then the corresponding
toric ideal Is is defined by quadratic relations

2 2 2 2
(X3 — X1X4, X3 — X2X5, X} — X3X5, X5 — X2X¢, X3X4 — X1X¢).

The semigroup ring K[S] = k[x, ..., x¢]/(Is) is quadratic but not Koszul, see
[42].
In P8, let S be the monoid generated by

(36, 0), (33, 3), (30, 6), (28, 8), (26, 10), (25, 11), (24, 12), (18, 18), (0, 36).

Then the Poincaré—Betti series of K[S] is irrational [39, Theorem 1].
Following [39, Theorem 1], it was asked whether affine numerical semigroup
ring has a irrational Poincaré-Betti series. Froberg and Roos [23] modified the
example given by Roos and Sturmfels [39] and proved that an affine numerical
semigroup ring can have irrational Poincaré—Betti series.

The following theorem is due to Bermejo, Garcia-Llorente and Garcia-Marco [5].

Theorem 7.11 Leta; < --- < a, be a generalized arithmetic sequence of relatively
prime integers. Consider the projective monomial curve C C P" over kK parametri-

cally defined by
xXp = s TN L Xy = s T x, = M X = 1.
Then, the homogeneous coordinate ring K[C] is Koszul if and only ifa; < --- < a,

are consecutive numbers and n > aj.
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7.9 Koszulness and Pélya Frequency Sequences

Let A be a finitely generated graded k-algebra. Note that F(z) and P4(z) are only
power series in z, and not rational functions of z in general. If we assume that A is
commutative, then F4(z) is a rational and can be written in the form

) h(A,
Fa@ =Y (dimy4)) o' = ﬁ
i>0

where h(A, z) = ho + hiz + - - + haa) 2%, where a(A) # 0 is the degree of the
Hilbert polynomial /#(A, z) and d is the Krull dimension of A. If A is Cohen—
Macaulay, then (A, z) € N[z]. Moreover if A is commutative and Gorenstein then
Ais Cohen-Macaulay and h(A, z) = ho + hiz + -+ + hoay2%Y withhya)—; = h;
fori € {0,1,...,a(A)}, see [8].

Polya Frequency Sequences

Let H(z) = Zizo siz" € R[[]] be a formal sum. We say that a sequence of real
numbers (sg, S, 52, . . .) is a Pélya frequency (in short, PF) sequence if the (infinite)

Toeplitz matrix (a j—i)i =012 has all minor determinants non-negative, see [7]. We

say that a formal power series H(z) = Zizo sizt e R[[¢]] generates a PF-sequence
if the sequence (so, 51, $2, . ..) is a PF-sequence.

Question (Reiner and Welker [38]) For which Koszul algebras, is the Hilbert func-
tion a Polya frequency sequence? (I
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Part 11
Classical K-Theory

The theory of Leavitt path algebras has created an astonishingly large amount of
recent activities in ring theory. Besides being a beautiful subject in its own right, it is
closely related to several other areas in mathematics, which might explain the burst
of activity in the subject. The first part of this volume exclusively deals with Leavitt
path algebras and the related areas.

With initial impetus from the theory of graph C*-algebras, the K -theory of Leavitt
Path Algebras has also begun to be developed. For instance, the deep Kirchberg-
Philips theorem asserting that a surprisingly small amount of similarity between
the K-theoretic data of two such C*-algebras is sufficient to yield an isomorphism
between them, has been applied to LPAs corresponding to certain Cayley graphs
by Abrams and others. In order to introduce K-theory to the whole community of
researchers, the second part of the volume carries some articles in K-theory and on
other aspects of K-theory not necessarily connected with LPAs directly also appear
here.



Chapter 8 ®
Symplectic Linearization I
of an Alternating Polynomial Matrix

Ravi A. Rao and Ram Shila

8.1 Introduction

Let R be a commutative ring with 1. Let M, (R[X]) denote the set of all polynomial
matrices over R. Let «(X) € M,(R[X]) be a polynomial matrix of degree d > 1,
where degree of a polynomial matrix is defined as the maximum degree of its entries.

One can ask if @ (X) can ‘stably’ be made a linear polynomial matrix. Specifically,
one asks if one can find a linear matrix («(0) L I) + nX, for some s, and for some
n € M,,,(R), by making elementary row and column operations on («(X) L I;),
for some s; i.e. is there an ¢(X) € E,;(R[X]) such that

(a(X) L I)e(X) = (a(0) L I;) +nX.

The process of linearization of a polynomial matrix was started by the well-known
‘Higman trick’; which solved the linearization problem above.

This idea can also be applied when we deal with alternating matrices (of Pfaffian 1)
with respect to stable equivalence under congruence with respect to the subgroup of
elementary matrices. The reader will find a treatment in [7, p. 945] of how to linearize
an alternating polynomial matrix (of Pfaffian 1) in this way; viz. given an alternating
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matrix ¢(X) € SLy(R[X]), there is a s > 0, and an €(X) € Eyp45)(R[X]) such
that

e(X)(@(X) L y)e(X) = (p(0) L ¢) +nX,

for some n € My14)(R).

We prove an ‘elementary symplectic analogue’ of Karoubi’s linearization pro-
cess. This asserts that one can stably linearize an alternating polynomial matrix by
conjugating it by an elementary symplectic matrix.

8.2 Preliminaries
For matricesa € M, (A), B € M;(A), we will denote the operations L, T as follows:

0p

o«Tp = (2 g) € Myyy(A).

alp= ("‘ 0) € M, (A),

L, T are associative operations.

The standard hyperbolic matrix {1}T{—1} will be denoted by ¥, and v, will
denote ¥y L --- L i, the sum being over r terms.

In [4], we found it useful to work with a cousin of v, which we denote by
O, € SLy,(Z). The notation is suggestive, [, is the alternating matrix of size 2r
whose anti-diagonal entries are 1 to the right, and —1 to the left, and all other entries
are zero. Thus

g ={T---TAPT{=1}T---T{=1}) (each r times)
= ZfTZI;, where

@ = ({1}T---T{1}) (r times),

O = ({—1}T---T{=1}) (r times).

We will also, for the sake of simplicity, let 71 denote 7, for some r, etc., when we
do not wish to specify the size.

Note that 1, is of Pfaffian 1: It is easy to show directly that 11, ~g v,: Let
Ty, = Ipy_1 T{—1} € Ey(Z), then 15,(d,—1 L ¥1)t5, = @,. Now induct on r and
conclude that 11, ~g V.
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8.3 Elementary Symplectic Linearization

We will use the following notation below:

9(0)" = ¢(0) L ¢0) L ¢0),
¢ =9 L (0)Tp0)).

Leto(X) = @y + @1 X + ... 4+ ¢ X*. Linearization is usually achieved by spread-
ing a degree k term a; X* as two terms a; X*~! and X in space. In the usual lineariza-
tion process, and one just ‘eliminates’ ¢ first, by conjugating by a suitable elementary
symplectic matrix—the ‘elimination’ being done by the intersection at the center.
This is illustrated in the key Proposition 8.1 next.

The main aim of Proposition 8.1 is to show that stably one can reduce the degree
of an invertible alternating polynomial matrix by conjugating it with an elementary
symplectic matrix (w.r.t. some alternating form) equivalent to the standard hyperbolic
form ¢, for t >> 0.

In the sequel, we use the notation E;;(Z) to denote the block matrix with the
block Z on the (ij)th entry, the Identity block matrix of the same size as that of Z in
the diagonal entries, and the O block matrices elsewhere.

Proposition 8.1 Let o(X) € GL,(R[X]) be an alternating polynomial matrix of
degree k > 1. Then there is an elementary symplectic matrix

e € ESp(@,, T @3, TIAL,)

such that e®e' has degree (k — 1), where ® = p(0)*To** T (0)*

Proof We shall think of ® asa 9 x 9 block matrix with blocks of size 2r x 2r below.
Similarly, we think of

D, T, TO =0, Tk, T), T), T, Tl Ty, Ta, Tal,

as a9 x 9 block matrix.
LetY,Z € Mo (RIXD). Zy = Zg(0) '3, Z} = Z} 103, 9(0), Y1 = Y9(0), Y, =
—Y@S, Y3 = —Yi@d ¢0). Let

& = Eg(—Y;005,) Ea7(Y) Egs (= Z{203,) E41 (Z(0) ).

Then a direct check shows that ¢ is symplectic. Moreover, ¢ is the image of a symplec-
tic matrix over Z[t1, . . ., ty], for some N. Using the Quillen—Suslin theory principles
established in [3, 6], itis proved in [2] that Sp(Z[ty, . .., ty]) = ESp(Z[ty, . . ., tx]).
Hence, ¢ is elementary symplectic.

Leto(X) =¢@o+ @1 X + - + @ X, forsome p € M»,.(R),0 <i < k,and ¢ =
v — !, for some v e My (R). Take Z = —vX*!, Y =XI,, above. Then
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¢ =@ —YZ' + ZY" has degree (k — 1). Therefore if one calculates e e’ we find
that it has degree (k — 1). [l

Theorem 8.1 An invertible alternating polynomial matrix ¢(X) can be stably
reduced to a linear form ®(X) = ®(0) + NX, by conjugating it by an elemen-
tary symplectic matrix ¢(X) € ESp(0), with 6 an alternating matrix over Z which
is a conjugate of Y, for some t >> 0.

Proof We have shown in the above Proposition 8.1 that degree reduction can be
achieved by conjugating by an elementary symplectic matrix. Apply the same process
successively to reduce to the linear case. (]

Remark 8.1 We shall refer to ®(0) as the stable constant form, and 6 as the stable
form of the symplectic matrix, in the sequel.

Remark 8.2 Elementary Symplectic Higman Linearization: By using a similar argu-
ment as in the above proposition, one can show that a polynomial matrix can be
stably linearized by means of elementary symplectic matrices.

Remark 8.3 In the above process, the reader will notice that the ‘stable constant
form’ i.e. ®(0) of the given alternating matrix ®(X) and the ‘stable form’ of the
symplectic matrix 6 do not commute. It is a moot point if one can do the linearization
process so that these two forms commute. This is work in progress; and we hope to
write up our results in [5] shortly.
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Chapter 9 ®)
Actions on Alternating Matrices s
and Compound Matrices

Bhatoa Joginder Singh and Selby Jose

9.1 Introduction

In this note, we consider the action of SL,(R) on Alt,(R), the space of alter-
nating matrices of order n over R, by conjugation: V +— o Vo', for o € SL,(R),
V e Alt,(R). We prove (See Theorem 9.2) that the matrix of the above linear trans-
formation (associated to o) is A%o.

These results are well known to experts when R is a field, but we worked it, as
we will need it, in a sequel, over any commutative ring R. (The book [5] gives some
details.)

In the last section, we restrict to the case when n = 4. We show that by taking a
suitable basis of Alt4(R) we can get a map from SL4(R) to SOg(R). Moreover, this
map induces an injection from SL4(R) /E4(R) to SOg(R) /EO¢(R) (See Theorem 9.3).
The case when R = C is proved in [1].

In some sense, this result is reminiscent to the Jose-Rao Theorem in
[3, Theorem 4.14], when n = 2, where it was shown that

SUm, (R)/EUm, (R) — SOx(41) (R)/EO2(41) (R)

is injective. (We refer the reader to [3] for details.)
In recent article [4], Jose—Rao have shown that for v, w € R"*!, o € SL,.;(R),
the Suslin matrix
S,(vo,wo' ) = AS,(v, w)B,
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for some A, B € SL,-(R), with AB, the Euler characteristic of 0. We may regard
Theorem 9.2 as a prelude to this result; it signifies that the Suslin form brings out the
Euler characteristic, whereas the alternating form only displays the initial A! and A2,

9.2 Preliminaries

In this section, we recall a few definitions, state some results and fix some notations
which will be used throughout this paper.

Let R be a commutative ring with 1. Let M, (R) denote the set of all » x r matrices
with entries in R.

Definition 9.1 The General Linear group GL,(R) is defined as the group of r x r
invertible matrices with entries in R.

Definition 9.2 The Special Linear group is denoted by SL,(R) and is defined as
SL,(R) = {o € GL,(R) : det(«) = 1}. It is a normal subgroup of GL, (R).

Definition 9.3 The group of elementary matrices E,(R) is a subgroup of GL,(R)
generated by matrices of the form E;(A) = I, + Ae;;, where L € R, i # j and e;; €
M, (R) with ijth entry is 1 and all other entries are zero.

e ifj=r
0 ifj#r
Following are some well-known properties of the elementary generators:

Note that ejie,, =

Lemma 9.1 For A, u € R,

(1) (Splitting Property) E;(A +p) = E;(ME;(n), 1 <i,j <r, i #]j.

(2) (Steinberg relation) [E;(M), Ex(n)] = Eg(Aw), 1 <i,j,k<r i#j, i#k
j#k.

Remark 9.1 In view of the Steinberg relation, E, (R) is generated by
{Ei(A), Ein(u) :2<i<r A ueR}

Notethat E;;(1),i # j, A € R,isinvertible withinverse E;;(—1). In fact, E;;(A) belongs
to SL,(R). Hence, E,(R) C SL,(R) € GL,(R).

‘We now recall the notion of the compound matrix:

Definition 9.4 (Minors of a matrix) Given an n x m matrix A = (a;;) over R, a
minor of A is the determinant of a smaller matrix formed from its entries by selecting
only some of the rows and columns. Let K = {ki, k, ..., k,}and L = {l1, L, ..., [,}
be subsets of {1,2,...,n} and {1, 2, ..., m}, respectively. The indices are chosen
such that ky <k < --- <k, and ]} <, <--- <1,. The pth-order minor defined
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by K and L is the determinant of the submatrix of A obtained by considering the

rows ki, ka, ..., k, and columns /i, »,...,1, of A. We denote this submatrix as
alfrkek orA(K | L).
-1,

Theorem 9.1 (The Cauchy-Binet formula) Let A be an m x n matrix and B an
n x m matrix over R, where m < n. Then the determinant of their product C = AB
can be written as a sum of products of minors of A and B, i.e.,

_ 12 .---m ki ky - ki
IC| = > detA(klkz___km>detB<1 2m>

1<k <ky<---<ky<n

The sum is over the maximal (mth order) minors of A and the corresponding minor
of B. In particular, det(AB) = det(A) det(B), if A, B are n X n matrices.

Definition 9.5 Suppose that A is an m x n matrix with entries from a ring R and
1 < r < min{m, n}. The rth compound matrix C,(A) or rth adjugate of A is the
(m) X ('rl) matrix whose entries are the minors of order r, arranged in lexicographic

ozder, i.e.
C,(A) = <detA (’.‘ e Z)) .
J1J2 - Jr
Lemma 9.2 (Properties, See [2, 5]) Let A and B be n x n matrices over Randr < n.
Then

(i) Ci(A) = A.

(ii) C,(A) = det(A).
(iii) C,(AB) = C,(A)C,(B).
(iv) C.(A") = (C.(A))".

9.3 Associated Linear Transformations

We shall always work over a commutative ring R with 1. In this section, we find the
linear transformation of the action of SL, (R) on the space of alternating matrices.

Definition 9.6 A matrix A € M, (R) is said to be alternating if a;; = —a;; and a; = 0,
forl <i,j<n.

Notation The space of all alternating n x n matrices over acommutative ring R will
be denoted by Alt, (R). Itis clearly a free R-module of rank 1 +2+ -+ (n — 1) =
(3) withbasis B = e;; —ej;, 1 <i <j<n. O
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One has the action of SL,(R) on Alt,(R) by

SL,(R) x Alt,(R) — Alt,(R)

(0,A) — cAc’.

This action enables one to associate a linear transformation 7, : Alt,(R) — Alt,(R)
for o € SL,(R), via T;(A) = cAc’.

We input the next observation for completeness; which can be found in [5, pp.
399-400].

Lemma 9.3 Let o : R" —> R™ be a R-linear map. Then the matrix of the linear
transformation A" : A'R" — A'R™ is C.(M (o)), where M (o) is the matrix of o
and r < min{n, m}.

Proof This is well-known to experts when R is a field. We compute it as follows:
Let ey, ..., e, be a basis of R” and f, ..., f,, be a basis of R”. Let us compute

the matrix of A"o w.r.t. the standard basis ¢;; A --- Ae;, of A'R" and f;; A--- Af;

of A"R™ ordered lexicographically. Suppose 1 < i} < --- < i, < n as usual. Then

AN(o)(e, N+ Ney)=o(e) A ANole;,)

m m
=Y difi A A dii

1=1 ir=1

3 detA<f.”.2 Jl) (fy A= NS

2
I<ji<--<jr=n

where A’ denotes the matrix of the linear transformation o . O

Since A"(0 o T) = A (0) o A'(T), itis clear from Lemma 9.3 that the multiplicative
property of compound matrices hold, i.e.

C,(AB) = C,(A)C,(B),

where A is an m X n matrix, B is an n X m matrix and » < min{m, n}.
Let us compute the matrix associated to T, for o € SL,(R). We prove that it is
the matrix A%o.

Theorem 9.2 Leto € SL,(R). Then the matrix of the linear transformation T, w.r.t.
the basis {Bj; : 1 <1 < j < n} is the same as the matrix of the linear transformation
A20 : A2R" — AZR"; which is the compound matrix of order 2 associated to o.

Proof Leto = (a;). For 1 <i < j < n, by definition,
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T,(B;j) = oBjo' =o(e; — ej)o’ = oejjo’ —oejio’

n n n n
= E E ariasjBrs - E E arjasiBrs

r=1 s=r+1 r=1 s=r+1
n n
= Z Z (ariasj - arjasi)Brs
r=1 s=r+1
=30 Y aeto () B
r=1 s=r+1 J
Thus [T,] = (deta (: Js>> = C,(0). The rest follows via Lemma 9.3. O

The following Corollary gives the explicit form of [Tg,,)], where Ej;(A) € E,(R).
Since E;; (1) = Ey; (1), by Lemma 9.2(iv) one has, [Tg, ] = [TE,0) 1"

Corollary 9.1 LetA = E;(A) € E,(R), A € R. Let o = {iy, i2}, B = {j1, )2}, where
1<iy<ih<nand1<j <j, <n. Then the (aB)th entry det A(a|B) of A2A is
given by

1 ifa=p
detA(x|B) =1 (—=1)"2 iflanpl=1,1lea,icBandl,i¢anp
0 otherwise,

where r is the number of integers in a N B between 1 and i.

Proof Clearly if @ = B, then det A(«|B) = 1 as the submatrix A(x|8) = A (]’1 ]lz)
1J2

. . 1A
is either I; or an upper triangular matrix 01)
Iflea,iecBandl,i ¢ o N B, thenforr € a N B,A(x|B) is of the form A (i ’;)

if 1 < r < i and is of the form A (1 :) if i < r < n. Note that if A = (a;;), then
1 ifj=k

ap =31 ifj=1k=i.
0 otherwise .

Thusif 1 <r <i, A (1 r) = (alr a”) = ((1) g) and hence detA(x|8) = —A.

ri Apyr Ay

ir a, Ay 01
other entries of A2A contains either a zero row or a zero column. O

Alsoifi<r<n, A <1. r) - (“” air) — (A 0) and hence det A(a|8) = A. All
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94 The4 x 4 Case

L. N. Vaserstein studied the case when n = 4 in [6]. We consider the Vaserstein space
V = Alt4(R) of dimension 6.

Definition 9.7 Let 7 denote the permutation (1 r 4+ 1) - - - (» 2r) corresponding to

the form <§) g) The elementary orthogonal matrices over R are defined by

er(A) = Izr + )\eij — Aen(j)n(,-), lfl ;é ]T(j),
where 1 <i,j <2rand X € R.

Definition 9.8 The elementary orthogonal group EO,, (R) is the subgroup of SO, (R)
generated by the matrices oe; (1), where 1 <i <j <2r,i #n(j)and A € R.

It is observed that the matrix [T, ] w.r.t. the basis {Bj,, B3, Bi4, B3, Bo4, B3a},

I
where 0 = E; or E;j, 2 < i < 4 are not orthogonal w.r.t. the standard form ;) 8 )
3

However, we have the following lemma.

Lemma 9.4 With respect to the ordered basis {B1», B13, Bi4, B34, —Bo4, B3}, the
matrix [Tg,oy] and [Tg, o)), 2 < i < 4 are elementary orthogonal w.r.t. the standard
form.

Proof By Lemma 9.3, w.rt. the basis By = {B, B3, B4, B3, B, B4}, the
matrix of Tg,,¢ is the compound matrix of order 2 associated to A = Ej2(A). By
Corollary 9.1, detA({1, 3}, {2,3}) = X and detA({1, 4}, {2,4}) = A and all other
detA(x|B) =0 if a # B. If @« = B, then detA(«|B) = 1. Thus (24)th and (35)th
entry of [Tg,,)]s, are A. Hence we have [Tk, lp, = E24(A)E35(A). Then w.r.t. the
basis By = {B12, B13, B14, B3a, —Ba4, Bp3}, the matrix [Tk, ()]s, = E26(A)E35(—1)
which is by definition oey(X) w.r.t. the permutation 7 = (14)(25)(36). Similarly
w.r.t. the basis B, one has

Hence the result. O

In general one has the following.
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Proposition 9.1 Let 0 € SL4(R). Then the matrix of the linear transformation T,
on the Vaserstein space V w.r.t. the ordered basis {B3, B13, B1a, B3a, —Bo4, B3} is
an orthogonal matrix w.r.t. the standard form.

Proof Let 1;3 = (IO 18) Let 8 be the matrix of 7,,. We show that  is in the orthog-
3

onal group of 123.

Let p be a prime ideal of R. It suffices to show that 8, is in the orthogonal group of
%, for all prime ideals p of R. (Note that of T, is the same as the matrix of (7,)y.)

As R, isalocal ring, SL,(R,) =E,(Ry), forall r > 2. Hence, oy, is an elementary
matrix, i.e. it is a product of elementary generators ¢y, . . ., &, for some k. We may
assume that ¢; is of type E};(x) or E;; (x), for some i, and arbitrary x € R.

Now, T, =[] Ts,. By Lemma 9.4, the matrix of each T, is an elementary orthog-
onal matrix w.r.t. the ordered basis {B12, B13, B14, B34, —B24, B23}. Hence, so is 15, ,
for all prime ideals p of R. (|

But one has the following:

Remark 9.2 Let o € SL4(R). Then the matrix of the linear transformation 7, on
the Vaserstein space V w.r.t. the ordered basis {B)», Bi3, B4, Ba3, B4, B34} is an
0 001
orthogonal matrix with respect to the form ,wherea = |0 —10
<O‘ O> 100

Proof Let A and B denote the matrices of T, w.r.t. the bases
By = {B12, B13, B4, B34, =B, By3} and By = {B12, B13, B4, Ba3, Bag, Baa},

respectively. Let P denote the transition matrix from B; to B,. Thenclearly P = I3 L
o and P~'AP = B. Note that P~! = PT = P. Hence P~'A'P = (P"'AP)' = B'. By

0 13) . Thus we have

Proposition 9.1, A is orthogonal w.r.t. the standard form 1% = ( I 0
3

AYRA" = U3 = P~ (AYsADP = P3P = B(P~'YsP)B' = P~ ysP,

which means B is orthogonal w.r.t. the form P~ {/73P = <2 g) (I

9.5 Injectivity

In this section, we show that we can obtain a map from SL4(R) — SOg(R) and this
SL4(R) SO(R)

< .
E4(R) EO¢(R)
Proposition 9.2 The map ¢ : E4(R) — EOg(R) is defined as (o) = [T,] is sur-
Jective.

map induces an injection
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Proof Note that EOg(R) is generated by the elementary orthogonal matrices oe;, (1),

oex1 (1), oez(A), oez1 (L), oex(X), oexn(R), oexn(d), oeqp(r), oess(X), oes3(A),
oe3s5(X) and oes3(A). By the same argument as that of Lemma 9.4, one has

[Tenon] = o0enn), [Tenn] = oea), [Teum] = oez(h),
[TE42(A)] = oe31 (M), [TE34(A)] = oex (1), [TE43(A)] = oe3 (M),
[Teu-n] = 0eaa), [Tey-n] = 0easx ), [Tenoy] = oess(h),
[Tenon] = 0ess), [Tey—n] = 0ess(V), [Tey -] = oess(h).
Hence ¢ is surjective. O

Lemma 9.5 Let u be a unit in R with u> = 1. Then ul € E4(R).

Proof This follows from Whitehead’s lemma. Explicitly, if

_ 12 (1—u)12 _ 12 0 _ 12 0
o= 0 12 ¥ = —1212 X3 = M12[2 ’

then clearly oy, s, a3 € E4(R) and the direct computation shows uly = ajo00103.
Hence the result. O

Proposition 9.3 Let o € My(R) such that aAa’ = A for all A € Alty(R). Then a =
uly, where u* = 1.

Proof Let o = (a;j)axs. Consider the generators {Bj; : 1 <i <j <4} of Alt4(R).
From aBj;a' = Bj;,2 < i < 3, one has

anog —oop =0, i+1<k<4, ©.1)
ajag — o =0, i+1<k <4, 9.2)
ajag; — aqioy; = 1. (9.3)

Now (9.1) xa;;— (9.2) xay; = (1104 — a1;041)0y; = 0. Thus by (9.3),
o, =0, i+1<k<4.
Also (9.1) xa;1— (9.2) Xy = (10 — ap;01)o; = 0. Again by (9.3), ax; =0

fork =3, 4.
Now we show that ay; = 0. Consider aB3a’ = Bi3, we get

ajons — apzan =0, 9.4
aziozz — a3 =0, (9.5)
ajoss —ap3ez; = 1. 9.6)

Now (94) X311 — (95) Xay = (05110(33 — Ol]30€31)0[21 = 0. Thus by (96), O = 0.
Hence
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a; =0forl <j<i<4 9.7
Similarly using aBisa' = Bjs, 1 < i < 3, one can show that
a; =0forl <i<j<4. (9.8)

From (9.7) and (9.8), a;; =0, V i #j.

Now from (9.3) and the relations obtained from aBja' = By, 1 <i <3 one
get, o0y = 011033 = O O0laq = (044 = landhencea | = axn = a3 =au=u,
where u € R with > = 1. Hence the result. O

Theorem 9.3 One has an injective homomorphism

_ SL4®)  SO4(R)
: —
E4(R) EOs(R)

(¢ is induced by the homomorphism ¢ : SL4(R) — SOg(R)).

Proof Leta € SL4(R)with[T,] = Is. ThenaVa' = V, forall V € Alty(R). Thus by

.. R SL4(R)
Proposition 9.3, « = uly withu” = 1. By Lemma 9.5, « € E4(R). Hence W —
4
SO¢ (R). 0
EO¢(R)
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Chapter 10 ®)
A Survey on the Non-injectivity s
of the Vaserstein Symbol

in Dimension Three

Neena Gupta, Dhvanita R. Rao and Sagar Kolte

10.1 Introduction

L. N. Vaserstein in [20] proved that the orbit space of unimodular rows of length
three modulo elementary action have a Witt group structure over two-dimensional
rings.

R. A. Rao—W. van der Kallen in [14] showed that the Vaserstein symbol V4 is not
injective forA =T (S]%), the coordinate ring of the real 3-sphere but is injective over
three-dimensional smooth affine algebras over a field of cohomological dimension
one whose characteristic #2, 3.

R. G. Swan-R. A. Rao-J. Fasel in [17] gave another example of a real affine
algebra of dimension three for which the Vaserstein symbol is not injective.

It was shown by N. Gupta-D. Rao in [12] that there is an uncountable family of
affine algebras of dimension three over the real field for which the Vaserstein symbol
is not injective.

It was also shown by S. Kolte-D. Rao in [13] that there is a countable family of
smooth affine threefold for which the Vaserstein symbol is not injective.

We recall these results in this article.

N. Gupta (X))

Statistics and Mathematics Unit, Indian Statistical Institute,
203 B.T. Road, Kolkata 700108, India

e-mail: neenag @isical.ac.in

D. R. Rao
Bhavan’s College, Andheri (W), Munshi Nagar, Mumbai 400058, India
e-mail: dhvanital8 @gmail.com

S. Kolte
Credit Suisse, Powai, Mumbai 400076, India
e-mail: sagar.kolte @credit-suisse.com

Department of Mathematics, Indian Institute of Technology, Mumbai 400076, India
© Springer Nature Singapore Pte Ltd. 2020 193
A. A. Ambily et al. (eds.), Leavitt Path Algebras and Classical K-Theory,

Indian Statistical Institute Series,
https://doi.org/10.1007/978-981-15-1611-5_10


http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-15-1611-5_10&domain=pdf
mailto:neenag@isical.ac.in
mailto:dhvanita18@gmail.com
mailto:sagar.kolte@credit-suisse.com
https://doi.org/10.1007/978-981-15-1611-5_10

194 N. Gupta et al.

We finally recall the conjecture of J. Fasel about when one can expect the Vaser-
stein symbol to be injective or not in the case of a real threefold. And end with a
brief description of his solution to it in [5].

10.2 The Witt Group Wg(A)

Let A be a commutative ring with 1. We shall also assume that A is a noetherian ring.
A matrix from M, (A) is said to be alternating if it has the form v — v’, where
v € M,(A) and the superscript ‘¢’ denotes the transpose, i.e. it is skew-symmetric
and its diagonal elements are equal to zero.
For « from M, (A) and § from M;(A) we denote by « L B the matrix in M,;(A)

given by
a0
0p

The operation _L is obviously associative.
We define inductively an alternating matrix v, in E,,(A), setting

01
=)

Vr=Vr_1 L ¥

It is well known that there exists a Pfaffian—a polynomial pf in the matrix elements
with coefficients £1 such that det(¢) = (pf (¢))?, for all alternating matrices .

On matrices of odd order the Pfaffian is identically equal to 0, and on matrices of
even order it is defined up to sign, to fix which we insist that pf (y,) = 1, for all r.

For any o from M,(A) and any alternating ¢ from M, (A) we have pf (¢'pa) =
pf (¢).det(x). For any alternating matrices ¢, ¢, it is easy to check that pf (¢; L
®2) = pf (p1)pf (2).

As usual, GL,(A) is the group of all invertible matrices over A, and SL,(A) is the
subgroup of GL,(A) consisting of matrices of determinant one.

Let SL(A) denote the infinite linear group U,SL,(A), where SL,(A) is thought of
as a subgroup of SL,(A) under the usual identification & — (1) L «.

Let E(A) denote the infinite elementary subgroup of SL(A) consisting of U, E,(A),
where E,(A) denotes the usual subgroup of SL,(A) generated by the elementary
generators Ej(a), i # j, a € A. (Of course, here E,(A) is regarded as a subgroup of
SL,(A), and so sits inside E, | (A) by the previous identification.)

Note that by Whitehead’s Lemma [SL(A), SL(A)] = E(A).

In particular, E(A) is a normal subgroup of SL(A) (and even GL(A)). In fact,
Suslin showed in [16, Corollary 1.4] that E, (A) is a normal subgroup of GL,(A), for
r>3.
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We fix some subgroup G of SL(A), containing E(A). This G is automatically
normal in GL(A) as GL(A)/E(A) is an abelian group. (In view of Whitehead’s
Lemma above.)

Two alternating matrices o from M;,(A) and B from M,;(A) are said to be equiv-
alent relative to G (written o ~ ) if

a L ws-k—p = yt(ﬂ L 1/fr-k—p)ya

for some natural number p and some matrix y from G N SLy(154p) (A).

This relation is reflexive, symmetric and transitive, i.e. it is an equivalence relation
on the set of all alternating matrices. Two equivalent alternating matrices have the
same Pfaffian, and it follows that this relation is also an equivalence relation on the
set of alternating matrices of Pfaffian one.

Note: One can see that 1 8 ~ 8 L « as the matrix

0 I
(Ir 0) € EH-A‘(A)v
when r, s is even.

Vaserstein showed (cf. [20, Sect. 3]) that the operation L induces the structure
of an abelian group on the set of equivalence classes relative to G of alternating
matrices with Pfaffian 1; this group is denoted by W (A).

10.3 The Vaserstein Symbol
V : Um3(A)/E3(A) — WE(A)

Arow v = (vg, ..., v,) is called unimodular of length (r + 1) if there is a row w =
(Wo, ..., w,) such that (v, w) =v-w' =) . vw; = 1.

(This is the case when the ideal generated by the coordinates of v is the unit ideal.
Hence a row can be checked to be unimodular if it is a non-zero vector over the field
A/m, for every maximal ideal m of A.)

The set of all unimodular rows of length (r 4 1) over a ring A is denoted by
Um, 41 (A).

There is a very natural association of a unimodular row of length 3 with an
alternating matrix, which was pointed out by L. N. Vaserstein in [20]:

Given a pair of unimodular rows v = (a, b, ¢), w = (d’, b/, ¢’), with a relation
(v,w) = ad’ + bb' + cc’ = 1, one can associate an alternating matrix V (v, w) as
follows:

0 a b c
_ r_
voow =00 ¢ T esna

—c b —d 0



196 N. Gupta et al.

It is easily checked that V (v, w) has Pfaffian (aa’ + bb’ + cc’) = 1.

Vaserstein considered the map from Um3(A) —> Wg(A) givenby v — [V (v, w)]
€ We(A).

He showed that it did not depend on the choice of w. Moreover, if v was replaced
by an elementary transformation ve of v (and w replaced by the corresponding row
we') then [V (v, w)] = [V (ve, we' )] € Wi (A).

Vaserstein studied the map Um3(A)/E3(A) —> Wg(A) givenby [v] — [V (v, w)].
(This map is known as Vaserstein symbol.)

Theorem 10.1 (Vaserstein [20]) The (Vaserstein) symbol
V(= Va) : Ums(A)/E5(A) —> Wge(A)

is an isomorphism when A is of Krull dimension 2.

The four most important ingredients needed to prove the above theorem which
were used by L. N. Vaserstein are as follows:

1. Unimodular rows of odd length >5 can be completed to an elementary matrix:
Umy,_1(A) = e Ep_1(A), forr > 3.
2. Equality of elementary and symplectic orbits for unimodular rows of even length:

e By (A) = e {Spy(A) N Ep(A)},

for r > 3, where Sp,,(A) = {o € SL,,(A) | a’par = ¢} is the isotropy group of the
invertible alternating matrix ¢.

3. Elementary completion of the first row of an odd sized 1-stably elementary matrix:
If p € SLy,_1(A) N Ey (A), r > 2, then e; p = e¢, for some ¢ € E,,_1(A). (The
case when r = 2 is the one needed to prove Vaserstein’s theorem.)

4. Injective stability starts from size 4: By the Bass—Milnor—Serre theorem in [3],
and Vaserstein theorem in [18] one knows that if A is a commutative ring of
dimension d then

SL,(A) NEA) = E(A),

for r > max{3, d + 2}. In particular, if A is 2 dimensional then SL4(A) N E(A) =
Es(A).

Note that (1)—(3) hold for three-dimensional rings; whereas (4) does not hold
for three-dimensional rings in general; but only for certain special kinds of three-
dimensional rings.

For instance, if A is a smooth affine algebra over a field k of cohomological
dimension <1, with char(k) # 2, then it was shown in [ 14, Theorem 1] that (4) holds.
Consequently, the Vaserstein symbol Vj is injective for such smooth threefolds A.

On the other hand for the coordinate ring A = F(S]fé) of the real 3-sphere it was
shown in [14, Proposition 4.2] that the Vaserstein symbol Vj is not injective.
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An Euler Class Approach

In these Proceedings, Anjan Gupta, Raja Sridharan and Sunil K. Yadav have given
an Euler class approach to establish Vaserstein’s results: Given two unimodular rows
over a two-dimensional ring, one adds their Euler classes in the Euler class group. The
unimodular row corresponding to this Euler class is the sum of the two unimodular
row. We refer the reader to the paper [9] for details.

10.4 The Vaserstein Symbol in Dimension Three and Four

Ravi A. Rao—Wilberd van der Kallen Examples

When A is a non-singular affine algebra of dimension d over a nice field (say an
algebraically closed field, say the complex numbers C, or a field like C(#) which
is a function field in one variable over C; more generally, a field of cohomological
dimension at most one) then Ravi A. Rao and Wilberd van der Kallen showed that
the injective stability estimate for K|(A) improves by 1, i.e. SLy+1(A) NEA) =
E;11(A), As a consequence they could prove:

Theorem 10.2 (Ravi Rao—Wilberd van der Kallen, see [14]) Let A be a non-singular
affine threefold over a field of cohomological dimension at most one and of charac-
teristic #2, 3. Then the Vaserstein symbol V4 is an isomorphism.

R.G. Swan’s Topological Example

In dimension 3 it is known that the Vaserstein symbol V, is always surjective due
to results of L. N. Vaserstein in [20]. Its kernel was computed by Anuradha Garge
and Ravi A. Rao in [8] when A is an affine algebra of dimension three over a field
of cohomological dimension at most 1, and of characteristic #2, 3, and shown to be
{le1p] | p € SL3(A) N E5(A)}. (The latter set is always contained in the kernel.)

In the homepage of R. G. Swan (see [17]) another example has been given of a
real algebra A of dimension three for which Vj is not injective.

Theorem 10.3 (Swan—Rao-Fasel, see [17]) If 2n — 1 = 3 mod 8, there is an affine
domain A over R of dimension 2n — 1 and a 2-stably elementary element p €
SLy,—1(A) such that (1 L p) ¢ E»,(A)Sp2,(A). Moreover, if n = 2, we can choose
p in such a way that its first row is not completable to an elementary matrix or,
equivalently, e p is not elementarily equivalent to e;.

The last sentence will give the desired example as it shows that the kernel has a
non-trivial element.
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Four Dimensional Examples

Recently, there is a theorem of Jean Fasel, Ravi A. Rao and Richard G. Swan (FRS
theorem) on a problem of A. Suslin which has as a consequence the following theo-
rem:

Theorem 10.4 (Fasel-Rao—Swan, see [6]) Let A be a non-singular affine algebra
of dimension 4 over an algebraically closed field of characteristic #2, 3. Then the
Vaserstein symbol Vy is injective.

10.5 An Uncountable Family of Singular Counterexamples

The second named author and Neena Gupta began the search of more examples
of affine algebras A over the real field for which the Vaserstein symbol Vj is not
injective. In [12] they found an uncountable family of examples, viz. For A € R, let

ROV =RIX1, Xa, ..., Xel/ (X2 + X2 — 1, X532 + -+ X6* — 1, X3 + AX,4?),

that the Vaserstein symbol Vi, is not injective is shown by an argument going back
to an example of W. van der Kallen in [10]. We refer to [12] for more details.

The hard part was to show that these threefolds were not isomorphism as R-
algebras. This was shown by computing the units in these algebras. This was achieved
via the following observation, which depended on an observation of Daigle in [4].

Theorem 10.5 For any integer ) € R, let

AN =CIX1, Xo, ..., X/ X2+ X2 — 1, X324+ -+ X2 — 1, X5 + A X,42).
Then A(L) = A()) if and only if A = £, Thus, if

R\ =RIX1, Xo, ..., X/ X2+ X2 — 1, X33+ + X2 — 1, X3 + AX42),

then R(A) = R(X) if and only if . = £X/.

10.6 Smooth Counterexamples

The initial counterexample A = I (S]%), the coordinate ring of the real 3-sphere, was
a smooth variety. The Rao—van der Kallen example was shown to be related to
the existence of an orthogonal 3 x 3 matrix p € SL3(A), for which [e1p?] # [1] in
Wg(A). (See [14] or [13] for details of the construction of p.)

By the usual arguments in the Witt group one can show that [V, (e1p))? =
[VaGra(e1p))], where xa : Ums(A)/E3(A) — Ums(A)/E3(A) is defined by
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x2((ay, az, a3)E3(A)) = (a2, a2, a3)E3(A)) (cf. [19]). Since p is orthogonal it is
easy to show that x,[e;p] = 1. Hence [Va(e1p)]> = 1.

But by Whitehead’s Lemma, [V (el,oz)]z[VA (e1p)]L[Va(e10)]=[Va (elp)]zzl.
So if V4 is injective then [e; p?] = 1. A contradiction.

So it is natural to take the most general example of a 3 x 3 orthogonal matrix and
proceed.

LetX = (X1,X>, X3), Y = (Y1, Y2, Y3), Z = (Z\, Z», Z3). Let

X1 Xo X3
o = Yl Yz Y3
VAW WA

be an orthogonal matrix, i.e. 007 = I3. Then we may regard o € SO3(Az), where
Ay is the three-dimensional algebra over Z, viz. the quotient of the polynomial ring
in nine variables over the integers Z: Z[X;, X5, X3, Y1, Y2, Y3, Z, Z>, Z3] modulo the
ideal generated by (X, X) — 1, (Y,Y) —1,(Z,Z) — 1, (X, Y), (Y, Z), (Z, X)).
Let K be a field of characteristic zero, and let Ax denote the threefold over K:
Az ® K. Clearly, there is a natural evaluation homomorphism Arx —> F(S]%).
In view of the existence of p it follows that

Lemma 10.1 With the above notation, [ejc] # 1, [e10?] # 1in Ums(Ar)/E3(AR).

Note that if f € A[R] and f ¢ m,, for every real point m, of A[R], then its
image ¢(f) under the natural homomorphism ¢ : A[R] — F(SD%) does not van-
ish on Sf%. Consequently, the induced map SO3(A[R]) — SO; (F(ng)) will factor
through SO;(A[R]y).

Corollary 10.1 If D(f) is a principal open set which contains all the real points of
AR then the Vaserstein symbol (V =) V(ay), : Um3(Ary)/E3(Ars) —> WE((Af)R)
is not injective.

Corollary 10.1 will be the moot reason for the existence of a countable family of
smooth non-isomorphic affine threefolds over R which are birationally equivalent but
for which the Vaserstein symbol is not injective. This will follow from the following
observation:

Given any affine algebra A over R (or C), there is a countable collection of
f € A® C such that the coordinate rings of the open sets D(f) are not isomorphic
as C-algebras. Moreover, in case of the orthogonal group of the algebraic 3-sphere
SO;(R) we can find such a collection of basic open sets D(f),f € A = T'(SO3(R)),
not passing through the real points of Spec(A).

Again, the main idea is to look at the following well-known property of the quotient
of the group of units of A, viz.

Lemma 10.2 Let A be an affine domain over an algebraically closed field k. Then
A*/k* is a finitely generated abelian group.
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We later found that in [7, Lemma 1.1] another proof is given in the case when A is
anormal affine variety. T. J. Ford attributes the result to P. Samuel in [15, Lemma 1].
From this one can deduce

Theorem 10.6 Let k be a field of characteristic zero. Let X = Spec(A) be a smooth
affine algebra of dimension >2 over k. Then there exists an infinite family of principal
basic open subsets D(f,) of X which are not isomorphic to each other.

Finally, one can deduce the existence of a countable collection of birational alge-
bras A, to I'(SO3(R)) which are not isomorphic, and for which the Vaserstein symbol
Vy, is not injective.

Theorem 10.7 Let A be the coordinate ring of the algebraic SO3(R) then there is a
sequence f1, f>, . .. of elements of A such that the Vaserstein symbol

Vaygn - UmsAg 1)/ E3(Ay, ) —> WE(Ap )

is not injective.

10.7 Jean Fasel’s Conjecture

After the articles [12, 13], J. Fasel shared his views about the question of when Vj is
not injective for affine threefolds over R: Here is his very precise conjecture, which
indicates it will be non-injective generally for ‘almost all” smooth real threefolds:

Conjecture: (Jean Fasel)
The Vaserstein symbol Vj is injective on X = Spec(A), for A a smooth affine algebra
of dimension three over the reals R if and only if X (R), endowed with the Euclidean
topology, has no compact connected components.

The smooth counterexamples we give in Sect. 10.6 are birational threefolds which
have connected compact components in the Euclidean topology.

Later, Jean Fasel himself settled his conjecture in [5]. He proved

Theorem 10.8 Let X = Spec(R) be a smooth affine real threefold. Let C be the set
of compact connected components of X (R) (in the Euclidean topology). Then, the
Vaserstein symbol

Ums(R)/E3(R) — Wg(R)

is injective if and only if C = .

We refer the reader to [ 5] for the detailed proof. We give a gist next taken essentially
verbatim from the introduction of [5]: The method is as follows.

In [2, proof of Theorem 4.3.1], it was observed that the Vaserstein symbol has an
interpretation in the realm of A'-homotopy theory. More precisely, let k be a perfect
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field. The smooth affine quadric Qs with k[Q5]=k[x], x2, X3, Y1, Y2, ¥31/{D_ xiyi—1)
is isomorphic to the quotient of algebraic varieties SLy/Spa.

The latter is in turn isomorphic to the affine scheme A representing the functor
assigning to a ring R the set of invertible skew-symmetric matrices of size 4 with
trivial Pfaffian.

The composite Qs — SLs4/Sps — A associatestoa6-tuple (ay, az, az, by, by, b3)
such that Y a;b; = 1 the matrix V (ay, az, a3) described by

0 —da); —ay —as

a 0 —b3 b
Viai, az, a3) = a; by 03 —1271
as —b2 b1 0

where by, by, by are such that 21.3:1 ab; = 1.

Now, there is a stabilization map SL4/Sps — SL¢/Spe and it turns out that this
map actually determines the injectivity of the Vaserstein symbol.

Indeed, let %41 (k) be the A!-homotopy category defined by Morel and Voevodsky
in [11]. We then have Hom y,, ) (X, Os) = Um3(R)/E3(R) for any smooth affine
threefold X = SpecR and Hom y,, ) (X, SLs/Sps) = We(R), while the stabilization
map Qs — SLe/Sps precisely induces the Vaserstein symbol.

In this context, Fasel used the computation of the homotopy sheaves of Q5 ~
A3\ 0 obtained in [1] to prove that the symbol V is injective if C is empty.

To prove that this condition is also necessary, Fasel produced explicitly a mor-
phism A*\ 0 — Qs whose composite with Qs — SLs/Sps is homotopy trivial and
showed that its real realization is the Hopf map S3 — S3. If C # ¢, this allows to
produce non-trivial elements in Ums(R)/E3(R) whose image under V is trivial.
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Chapter 11
Two Approaches to the Bass—Suslin
Conjecture

Ravi A. Rao and Selby Jose

11.1 Introduction

q

Check for
updates

In this short note, we give a glimpse of two ongoing attempts to resolve the well-
known Bass—Suslin conjecture regarding completing unimodular polynomial rows
over a local ring. We call the first approach the Suslin—Vaserstein symbol approach

and the second approach the Unhampered Descent approach.

Let us begin with the known results about the Bass—Suslin conjecture (in small

dimensions and rank); as our attempt evolved from these methods.

The primordial idea of L. N. Vaserstein to study unimodular rows of length 3 is

by studying the alternating matrix which one can associate with them.

In [13], L. N. Vaserstein observed that given a pair v = (ay, a3, a3), w = (b1, by,
b3) € R?® with (v, w) = a1b; + axbs + azb; = 1 one can associate an alternating

matrix V (v, w) € SL4(R) of pfaffian (v, w) = 1 with it.

0 aq a; az

—a; 0 by —b
Ve)=Vow =|_ " 5"
—as b2 —b1 0
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L. N. Vaserstein then defined the elementary symplectic Witt groups Wg(R) over
any commutative ring with 1. His idea was to take the set of alternating matrices of
pfaffian one, define an equivalence relation of stable equivalence under the action of
the (infinite) elementary group on it by conjugation, and ‘add’ by ‘placing diagonally’
(the L process). This enabled him to define a map Vg : Um3(R)/E3(R) — Wg(R);
which we now call the Vaserstein symbol.

In [13, Theorem 5.2] L. N. Vaserstein proved that over a two dimensional ring
R the orbit space of unimodular rows Ums(R) of length 3 modulo the action of the
elementary group E3(R) is bijective with this Witt group Wg(R). In this way, he gave
a Witt group structure to the orbit space over two-dimensional rings.

But more importantly, since the symbol Vi exists in any dimension; the Bass—
Suslin conjecture raises a basic question: can two unimodular polynomial rows vy, v,
of length 3 over A := R[X], be equivalent ‘stably’, i.e., are the associated elements
in the Witt group [V4(v1)], [Va(v2)] equivalent in Wg(A).

The theorem of M. Karoubi (see [13]) states that Wg; (R[X ]) = 0 if R is local and
1/2 € R. So one gets that, over a polynomial ring R[X ] over a local ring R, V4(vy),
V(v,) are stably SL-equivalent in Wy (R[X]). If dimension R < 3 one can then see,
by the descent methods of L. N. Vaserstein, that there is o € SLy(R[X]) such that
o'Va(v1)o = V4(vp). In particular, if one takes v, = ¢; then one can say that v is
‘stably completable’.

The question raised by Hyman Bass in the early 70s in the Bateille conference
(see [1]), and reiterated with a rider by A. Suslin in mid 70s (see ([14], Problem 4,
page 491), was whether polynomial unimodular rows over a local ring R, of length
(r + 1) are always completable if 1/r! € R.

We call this the Bass—Suslin conjecture.

When R is a regular local ring it is referred to as the Bass—Quillen conjecture;
here Suslin’s rider 1/r! € R is dropped. The question of Quillen in [9] was the
following: Let (R, m) be a regular local ring. Let 7 € m \ m? be a regular parameter
of R. Are projective R, -modules free? The affirmative solution of the Bass—Suslin
conjecture follows as a consequence of the affirmative solution of the question of
Quillen.

This conjecture is known when R contains a field due to results of H. Lindel in [7],
from which Popescu [8] structure theorem of such regular local rings could derive
the general case. The Quillen question has also been answered when R is a regular
local ring containing a field in [6].

Much less is known of the Bass—Suslin conjecture BS,(R[X ]): every unimodular
polynomial row of length (r + 1) over a local ring R is completable to an invertible
matrix, if 1 /r! € R.More generally, I think one expects that the stronger statement that
a ‘factorial unimodular row’ of the type (so, $1, s%, s%, ..., s;) lies in the elementary
orbit of any unimodular row of length (r + 1) is true.

Basically, when dimension(R) = 2, then BS,(R[X]) was completely solved by a
remark of M. P. Murthy that Karoubi’s theorem W, (R[X]) = 0, and Vaserstein’s
theorem that Vg(x) is an isomorphism, put together solves it. In fact, due to argu-
ments of M. Roitman in [12], the stronger BS,(R[X]) statement is also true. As a
consequence, BS; (R[X]) is solved if dimension R = d.
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When dimension(R) = 3 then BS,(R[X]) is completely solved in dimension 3
by the first named author in [10, 11]. However, the stronger version is not clear for
Ums(R[X]), when dimension R = 3.

In a sense, the missing link to settle BS;_; (R[X ]) is whether the Vaserstein symbol
Vrix) is injective when R is a local ring of dimension 3, with 1/2 € R.

We have not been able to answer that. But we expect it to be true.

So we have taken the approach that for unimodular rows of length 3 the Vaserstein
symbol is a way to analyse the problem. For unimodular rows of length > 3 we felt
that a different symbol on the orbit space was desirable. Here is what we started to do.

11.2 The Suslin—Vaserstein Symbol

In this section we give a quick preview on some recent development in the study of
the Suslin—Vaserstein symbols S;, from the orbit space of unimodular rows of length
r+1

Sk Uiyt (R)/Eyi1 (R) —> Wiy (R),

to the elementary unimodular vector Witt group; which mimics L. N. Vaserstein’s
construction of the elementary symplectic Witt group symbol in [13] from

Vi : Um3(R)/E3(R) — WEe(R),

the elementary symplectic Witt group. Note that in the sequel we will be replacing
the Witt group on the right-hand side by a variant WgUmE,.mod<4) (R); and asserting
similar results with those symbols. Why have we taken » = s modulo (4): this is
because the Suslin matrices corresponding to unimodular rows of the same length r
satisfy similar properties according to the Suslin identities in ([14], Lemma 5.3).

We remark that our calculations seem to show that we may also take r = s
modulo (2) and work with the union of those elementary unimodular vector groups
UEUms=rmod(2)- We find it works just as fine, when r is even; with the usual action.

We refer the reader to [2, 3] for the terminology below.

In a nutshell, the elementary symplectic Witt group is got by stable equivalence,
under the action by conjugation of the infinite elementary linear group on the set
of alternating matrices of pfaffian one. Whereas the elementary unimodular vector
group is got by stable equivalence, under the action by conjugation of the infinite
elementary unimodular vector group, under the action of the natural involution, on
the set of all special Suslin matrices S, (v, w), (v, w) = 1. (Since the involution on
SUm,(R) is only defined up to a unit when r is odd (see [2]), one needs to take a bit
of care here.)

Let us now discuss the ‘positioning’ of the Suslin matrices, which leads to the
addition in the new Witt group similar to the effect of _L in the Witt group Wg(R).

If we regard each S, (v, w) as a 2 x 2 block matrix, say
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a I r— Si
Srvi, wi) = ( . h-Iz,.1>

for i = 1, 2, then the placement of the ‘sum’ S,(vy, wi) ® S,(v2, wy) is given by

CZ,‘Izr—l 0 0 Sl
0 a212r71 S2 0
0 Tz bz[zr—l 0
T, 0 0 bl

Srvi, wi) © Sp(v2, wa) =

We call this operation ® as ‘circle placement’ and read it as S,(vy, w;) circles
S, (v2, wy). This placement will be used for the ‘addition’ operation in the elementary
unimodular vector Witt group.

There is nothing sacrosanct about the circle placement; one can try several other
natural choices too. We tried a few, and were convinced that all of them gave iso-
morphic groups.

11.3 The Suslin—Vaserstein Symbol

11.3.1 The Elementary Unimodular Vector Witt Groups

We need to construct a variant of the elementary symplectic Witt group which we
christen the elementary unimodular vector group Wgy,.., (R). This is done for each
size r in [4]. )

The basic idea of this construction is to replace the alternating matrices by special
Suslin matrices corresponding to unimodular rows of length ( + 1). However, even
in the case r = 2 the groups WEUmz2 , (R) (or even Wl%Umr;zmodm (R)) and Wg(R) need
not be isomorphic. One can show that they are isomorphic if the Vaserstein symbol
Vi is injective.

11.3.2 An Analogue of Karoubi’s Linearization Process

This part is work in progress and is yet to be finalised.

Following Murthy’s remark, we next hope to show that the analogous Karoubi
theorem also holds in this context; i.e., if R is a local ring of dimension d with
1/2 € R, then the group Wy Unms., (R[X]) (defined in a similar manner) is trivial.
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In particular, one can deduce that WgUm» (R) is k-divisible when 1/k € R. (We
are in the process of doing this step; which is again basically establishing a lin-
earization process using the group EUm°(R[X]) := U,;>EUm,(R[X]) or the groups
WEtme, o B, fOr i = 2, 4).

Then one needs the analogue of Vaserstein symbol that the Vaserstein symbol is
bijective.

11.3.3 Analogue of Vaserstein’s Theorem

Our Main Theorem so far is that there is a natural map from
Sg 1 Ump i (R)/Er 1 (R) —> Wiy, (R),

for all », which is injective. Moreover, if d = dim(R), and d <2(r+1) —3 =
2r — 1 then this map is also surjective.

The surjectivity is due to the fact that the Mennicke-Newmann lemma become
available in this range, i.e., given any two unimodular rows vy, v, € Um,1|(R), there
exists &1, & € E,1(R) such that

vier = (x,ai, ..., a,),

V282 = (_ya ala "'7ar)'

One may even arrange that x + y = 1, i.e., after elementary transformations one may
arrange that the rows have all but one coordinate the same.

As a consequence, after completing the symplectic linearization process, we can
deduce that Bass—Suslin conjecture holds in the metastable range, i.e., unimodular
polynomial rows of length r + 1 over a local ring R of dimension d, with 1/r! € R,
are completable providedd <2(r+1) —3 =2r — 1.

Remark 11.1 Since the groups Wg,,  (R) are defined by an action of
UsEU Mg=rmodi» When i = 4 (or even UgEU my—moqi» When i = 2), and when r is
even; and not otherwise, so the Witt group is only well defined in these situations.
For the other situations, when the vectors are of even length, a slightly different
argument needs to be done.

In particular, the estimates of the existence of the group structure on the orbit
space Um, 1 (R)/E,+1(R)iswhend < 2(r 4+ 1) — 4 = 2r — 2;asin vander Kallen’s
theorem in [5].

Note 11.1 Since many parts of the above approach are available for the general
dimension and size cases; one may hope to also be able to extend the results by
above method for all 7, i.e., to encompass the Bass—Suslin theorem.

But this is far from clear at the moment.
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In any case, the above method shows that we need to concentrate at a certain rank r,
fixed once and for all. In that sense, one should first stick to the rank 2 case. Here one
needs to play in Wg(R[X ]). The Vaserstein approach leads via Karoubi’s linearization
to resolve the issue stably. The Vaserstein descent process causes difficulties beyond
dimension three, due to the injective and surjective stability issues.

11.4 A Descent Approach

Let us concentrate on the case » = 2 of the Bass—Suslin conjecture. Since we are
studying unimodular rows of length 3, we intend to play with the associate alternating
matrices. These can be linearized, as shown by L. N. Vaserstein in [13]. Then L. N.
Vaserstein has developed a method of descent. However, this method has some severe
limitations, and seems to work up to dimension of R < 5 at most.

So we have to develop another method of descent. Here is a fleeting glimpse of a
method which is being developed (with J. Fasel, R. G. Swan) in [16]:
Descent Lemma: Let R be a commutative ring with 1. Let ¢, ¢* be invertible alter-
nating matrices of the same size. Assume that one has a relation of the form

OW, Lo Ly)®' =y, Lo" L,

for some r > 0, and for some invertible alternating matrix ®. If pf (¢! + ¢*) is
a non-zero-divisor in R, then there is an invertible alternating matrix ®* such that
O*pO* = ¢*. Moreover, if one writes ® as a 3 x 3 block matrix ® = (®i)1<ij<3
of appropriate sizes, then

0=01, =0y =013 =03 =0y = Ox,
®, = OF,

How does one reach a situation where the above lemma can be applicable?

Remark 11.2 Our feeling is that a more symmetric placement approach should
remove the injective stability issue. This is because we feel that it is only a sym-
plectic matrix which is hindering the descent. If one could ‘position’ properly when
we linearize then one could bring out this symplectic matrix which is jamming things.
‘We hope to achieve this by doing a ‘symplectic linearization’ process (instead of the
usual linearization process used so far).

Our attempt is to do a type of Karoubi linearization—only to do it via symplectic
matrix. (A bit more than just symplectic linearization is actually needed.) We are
attempting to complete this process.

Finally, we suspect that if the above process can be accomplished in the case when
r = 2 then we hope to imitate that process to cover BS,(R[X]), r > 2, via a similar
‘stable positioning play’ with the Suslin matrices.
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Chapter 12 m)
The Pillars of Relative s
Quillen—Suslin Theory

Rabeya Basu, Reema Khanna and Ravi A. Rao

12.1 Introduction

The main pillars of the Horrocks—Quillen—Suslin theory were developed in the papers
[11, 19, 26]. In [11] the Monic Inversion Principle, in [19] the Local-Global Princi-
ple, and in [26] the Normality of the Elementary subgroup E,(R), were established.
In [26], the K analogues of both the Monic Inversion Principle and the Local-Global
Principle were developed. In addition, Suslin established the Normality of the Ele-
mentary Linear subgroup E,(R) in the general linear group GL, (R) over a module
finite ring A, when n > 3. This was appeared in [27].

In [7] the authors had established, for classical linear groups, viz. the linear,
symplectic and orthogonal groups, that the Quillen—Suslin’s Local-Global Principle
for the pair (GL, (R[X]), E,(R[X]) and Suslin’s Normality Principle were equivalent
in the sense that if one holds then so does the other. Recently, in [20] a further
unification of these three principles was achieved.

In this article, we develop the equivalence of a relative Quillen’s Local-Global
Principle and a normality of the relative elementary subgroup; cf. Theorem 18.1 for
the precise equivalent statements.
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We refer the reader to the Introduction of [7] where recent developments of the
Quillen—Suslin theory are discussed in detail. The study of the relative Local-Global
Principle with respect to an extended ideal began in [1]; and was developed in [2]
for the Chevalley groups.

The proofs of the equivalent statements in this paper are done in an analogous
manner to that done in [7]. This was possible due to a recent argument, which is
detailed in [13], and which first appeared in the thesis of Anjan Gupta [8]. This
argument works with the Noetherian excision ring R @ I rather than the use of the
(non-Noetherian) Excisionring Z @ I, and the Excision theorem of W. van der Kallen
in [28], as is commonly used. We refer [9] to see other interesting applications of the
Noetherian Excision rings.

For the sake of being self contained we have detailed the arguments of the various
equivalences. However, we note that we could have alternatively deduced the impli-
cations from the corresponding implications done in [7] via this Noetherian Excision
ring argument.

12.2 Definitions and Notations

Let R be a commutative ring with 1, and / C R an ideal. We refer [7] for the standard
definitions and facts of the general linear, symplectic and orthogonal groups, and
their elementary subgroups. Let o denote the permutation of the natural numbers
given by 0 (2i) = 2i — 1 and o (2i — 1) = 2i. With respect to this permutation, we
define following classical groups.

For an integer m > 0, the symplectic group of size 2m x 2mis defined with respect
to the alternating matrix ¥, corresponding to the standard symplectic form

m m
Y = E €12 — E €2i2i—1.
i1 i=1

For the orthogonal group we have considered symmetric matrix Jm corresponding
to the standard hyperbolic form

m m
Y = E ei—12 + E €2i2i—1-
i1 i=1

Definition 12.1 (Symplectic Group Sp,,,(R)) The group of all non-singular 2m x 2m
matrices {& € GL;,,(R) | &'V, = ¥}

Definition 12.2 (Orthogonal Group Oy, (R)) The group of all non-singular 2m x 2m
matrices {& € GL,,,(R) | &'V, = ¥, }.

Definition 12.3 (Elementary Symplectic Group ESp,,,(R)) For 1 <i # j < 2m we
define,
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se,;]'(z) =b,+ zejj ifi =o(j)
=bL,+ ze; — (—1)i+jZ€gU‘)g(,‘) ifi #o0(j)andi <.

It is clear that when z € R all these matrices belong to Sp,,,(R). We call them the
elementary symplectic matrices over R and the group generated by them is called
elementary symplectic group.

Definition 12.4 (Elementary Orthogonal Group ESp,,,(R))For1 <i # j <2mwe
define,

0e;j(z) = Iy + zejj — ze5 (o) if I # o0 (j) and i < j.

It is clear that when z € R all these matrices belong to Oy, (R). We call them the
elementary orthogonal matrices over R and the group generated by them is called
elementary orthogonal group.

Notation In the sequel M(n, R) will denote the set of all n x n matrices, G(n, R)
will denote either the linear group GL,(R), the symplectic group Sp,,,(R), or the
orthogonal group O,,,(R), where 2m = n. S(n, R) will denote either the special lin-
ear group SL,(R), the symplectic group Sp,,,(R), or the special orthogonal group
SO, (R), when R is a commutative ring. Similarly, E(n, R) will denote the corre-
sponding elementary subgroups E,(R), ESp,,,(R), EO,,(R) respectively. To denote
the generators of E(n, R) we shall use the symbol ge;;(x), x € R. (I

Definition 12.6 The elementary subgroup E(n, I) with respect to the ideal / is the
subgroup of E(n, R) generated as a group by the elements ge;;(x), for x € I. The
relative elementary group E(n, R, I) is the normal closure of E(n,I) in E(n, R).
Thus E(n, R, I) is generated by elements of the form ge;;(a)gey (x) ge;j(—a) where
a€Randxel.

Notation Therelative subgroups of G(, R) and S(n, R) will be denoted by G(n, R, I)
and S(n, R, I) respectively, i.e.,

Gn,R,I) ={a € G(n,R) | =1, modulo I},
S(n,R,I) ={x € Sn,R) | =1, modulo I}.

For an ideal / in R, its extension in the ring R[X], i.e., I ®g R[X ] will be denoted by
I[X].

Similarly, Um, (R, I) will denote the set of all unimodular rows of length n which
are congruenttoe; = (1,0, ..., 0) modulo /.

We will mostly use localizations with respect to two types of multiplicatively
closed subsets of R. viz. S = {1, 5, 5%, ...}, where s € Risa non-nilpotent, non-zero
divisor, and S = R\ m for m € Max(R). By L[X] and I;,[X] we shall mean the
extension of I[X ] in R;[X] and R, [X ] respectively.
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Blanket Assumption: We assume that n > 3, when dealing with the linear case and
n = 2m, with m > 2, when considering the symplectic and orthogonal cases. While
dealing with the orthogonal groups we shall consider only isotropic vectors; i.e., all
such non-zero vectors which are orthogonal to themselves with respect to the given
non-degenerate bilinear form. Throughout the article we shall assume 2 is invertible
in the ring R.

Notation For any column vector v € R"” we denote by ¥ = v'.4,, in the symplectic
case and v = v'.4, in the orthogonal case. (I

Definition 12.9 We define the map M : R" x R* — M (n, R) and the inner product
(,) as follows: Let v, w be column vectors in R". Then,

M (v,w) =v.w', when dealing with the case G(n, R) = GL,(R).
=v.w+wy, whenG(n, R) = Sp,,(R).
=v.w—w.y, whenG(n, R) = 0,,(R).
(v,w) =v'.w, when G, R) = GL,(R).
=%V.w, when G(n, R) = Sp,,,(R) or Oz,(R).

Notation For any o € G(n, R), as usual @ L I, denotes its embedding in G(n +
r, R), where r is even for non-linear cases. U

To deduce the relative case from the absolute case we consider the ‘Noetherian
Excision ring’.

Definition 12.11 (The ring R @ I) Let I be an ideal in the ring R. We construct the
new ring R @ I by defining addition and coordinate wise multiplication as follows:

rojpsdi)=rs®(sj+ri+ij)forr,seRandi,jel.

There is a natural homomorphism ¢ : R@& 1 —> R givenby (r i) - r+i € R.

Note that when R is a Noetherian ring then the ring R @ [ is also a Noetherian
ring; whereas, the Excision ring Z @ I need not be a Noetherian ring.

Notation Let E(n,/) = {o € S(n,R) |« =1, modulo [}. In general, E(n,I) is
not normal in G(n, R). By E(n, R, I) we mean the the normalisation of E(n, I)
in G(n, R), i.e., the relative elementary group generated by elements of the type
geii(f)ge;i(h)(ge;i(f)~", where f € R and h € I. While working on the polynomial
ring R[X ], by writing ¢(X) € E(n, R[X], I[X]) we mean «(X) is I,, modulo 7, and of
the form ge,-j(f(X))gej,-(h(X))(geij(f(X)))’l, where f (X) € R[X]and h(X) € I[X],
as E(n, R[X ], I[X]) is the normalisation of E(n, I[X]) in G(n, R[X]). O

Lemma 12.1 Ife € E(n, R, I), then there exists €' € E(n, R ® I) such that ¢ (¢')=e.
(In fact, the converse is also true).
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Proof Let € = (¢;;) be a generator of the type ge;i(a)gen(x)ge;(—a), where a € R
and x € I. Let

€ = ge;j((a,0))gen((0,x))ge;(—(a,0) € E(m, RS I).

Then by applying the homomorphism ¢ to it we obtain ¢ (¢/) = €.

Any y € E(n, R) can be written as [[,_, ge;j, (), where A, € R, and for x€l,
ygeu(x)y~! corresponds to [['_, gei; (Ar, 0)gew (0, )T, geij, (hr, 0) 71 €
Em,R®I). (]

Lemma 12.2 Let o« € G(n,R,I). Then there exists o' € G(n,R® ) such that
¢ =a.

Proof Let a = (o)) € G(n, R, I). Then o; = 1 4 a;; and o; = ay; for i # j where
a; € I foralli, j. We get anew matrix o’ = otg/-, where o, = (u;, a;;) and a;j = (0, a;)
fori # j. The entries in o’ are in the ring R @ /. Using the definition of multiplication
inthe ring R @ I, we can see that o’ € G(n, R ® I) and applying the homomorphism

¢ we obtain ¢ (') = . |

Now we state the main theorem of this article. For the absolute case;i.e.,for/ = R
we refer to [7].

12.3 Equivalence: Relative L-G Principle and Normality

Theorem 12.1 Let R be a commutative ring with identity, and I C R an ideal of
the ring R. Let v, w be column vectors in R" with w € I". Then the followings are
equivalent:

(1) (Normality): E(n, R, I) is a normal subgroup of G(n, R).

Q) L+M@uy,w) e E,R, D) ifv e Un,(R,I) and (v,w) =0andw € I".

(3) (Local-Global Principle):
If a(X) € G(n, RIX],I[X]) ; 2(0) =1, and (X)) € E(n, Ru[X ], In[X]) for
allm € Max(R) then «(X) € E(n, R[X], I[X]).

(4) (Dilation Principle):
If a(X) € G(n, RIX1,I[X]) ; @(0) =1, and ay(X) € E(n, R;[X], [[X]) for
some non-nilpotent element s € R, then a(bX) € E(n, R[X], I[X]) forb € (sh,
[ > 0. (Actually, we mean there exists some B(X) € E(n, R[X], I[X]) such that
B(0) =1, and B;(X) = a,(bX). But, since there is no ambiguity, for simplicity
we are using the notation a(bX) instead of Bs(X)).

3) Leta(X) =1, + XM (v, w) for some integer d > 0, v € Em, R, I)e;, w € I"
with (v,w) = 0. Then one gets a(X) € E(n, R[X], I[X]). Moreover, a(X) can
be expressed as a product decomposition of the form Tlge;(Xh(X)) for d > 0
and h(X) € I[X].

© Li+M@u,w) e Em,R,I)ifve En,R, e, wel"and (v,w) =0.
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N Li+M@u,w) e Em,RI)ifveGnR,Ie,wel"and (v,w) =0.

Remark 12.1 Since (6) will be established in Lemma 12.8, it follows that all the
above statement (1)—(7) of Theorem 18.1 hold for commutative (In fact, for almost
commutative) rings.

Before proving the theorem we first collect a few lemmas.

Lemma 12.3 The group E(n, R, I) satisfies the property:
[En,R,I),E(n,R)] = En, R, I).

Proof Cf. [4] for the general linear groups, ([15], Theorem 1.1) for the symplectic
groups and ([24], §2) for the orthogonal groups. (I

Below we state a few useful well-known lemmas. For the proofs cf. [4] for the
linear groups, [15] for the symplectic groups, [24] for the orthogonal groups. For a
uniform proof cf. [6, 7]. The analogous results for the relative cases follow from the
proofs of the absolute cases.

Lemma 12.4 (Splitting Property) ge;(x +y) = ge;j(x)ge;(y), Vx,y € R.

n
Lemma 12.5 Let G be a group, and a;, b; € G, fori = 1,...,n. Then Hla,-bi =
=
n 1 n i
Al'Ilr,-b,'r; Al'Ila,', where r; = .I'I]aj.
i= i= j=

Lemma 12.6 The group G(n, R[X], (X)) NE(n, R[X], I[X]) is generated by the
elements of the type egeij(Xh(X))e‘l, where € € E(n, R[X]), h(X) € I[X].

Lemma 12.7 Form > 0, and h(Y) € I[Y], thereare h,(X,Y,Z) € I|X, Y, Z] such
that

k
800 (285 X"(Y)gepy(~Z) = M1 86y (X "hi(X . Y. Z)).

Corollary 12.1 If € = €€, - - - €., where each ¢€; is an elementary generator, and
h(Y) € I[Y], then there are h,(X,Y) € I[X, Y] such that

r — k m
€gepg(X*"h(Y))e ™! = T1 gep g, (X" hi (X, Y)).

Proof Follows by induction on r and using Lemma 12.7. (]

We show that statement (6) of Theorem 18.1 is true over an arbitrary associative
ring R with 1.

Lemma 12.8 Let R be a ring and v € E(n, R, I)e;. Let w € I" be a column vector
such that (v,w) = 0. Then 1, + M (v,w) € E(n, R, I).
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Proof Letv = €e;,wheree = (¢;;) € E(n, R, I). Hencee; = 1 + a;; and €;; = a;; for
i #j, where a; € I foralli,j. Lete' = (elfj), where €;; = (1, a;;), and elfj = (0, a;)
fori #j. Lete] = ((1,0), (0,0),...,(0,0)), and

Vi=((1,v1), (0,v2),...,(0,v,)) € R®ID)",

W/ = ((07 Wl)’ (Oa W2)7 ) (07 Wn)) € (0 @I)n
Then it follows that

L+MO, W) =€, +MeE,w))E)™,

(e")'w'  for linear case

andw) =1 [ .
(e’)~'w’ otherwise.

Since ((e}, w))) = (v, w') =0, we get

W' (0, 0), (0, wi2), (0, w13), ..., (0,wy,)) for linear case
w =
: ((0, w1), (0,0), (0, w3), ..., (0, wy,)) otherwise.

Therefore,
n
.1'I2 €' ge;(0, wy)) (e")~! for linear case
j=
/ AN n
L+M,w) = 'H1 €' ger;(0, wij) (€)™ otherwise .
j:
#2

Hence I, + M (v/,w') e E(n,R® 1,0 & I). Now applying the homomorphism ¢ it
follows that I,, + M (v, w) € E(n, R, I); as desired. O

Note that the above implication is true for any associative ring with identity.

Remark 12.2 1t is well known that every ring is a direct limit of Noetherian rings.
Hence we may consider R to be Noetherian.

We shall use following lemma frequently and sometime in a subtle way; e.g., for
the implication (4) = (3).

Lemma 12.9 ([10], Lemma 5.1) Let R be a Noetherian ring and s € R. Then there
exists a natural number k such that the canonical homomorphism G(n, s‘R) —
G(n, Ry) (induced by localization homomorphism R — Ry) is injective. Moreover; it
follows that the map E(n, R, s*R) — E(n, Ry) for k € N is injective.

Proof of Theorem 18.1 We shall assume the result for the absolute case; i.e., when
I = R. The implication (7) = (6): Obvious. We prove, (6) = (5):
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Note that we have assumed that (6) holds for any commutative ring, in par-
ticular for the ring R[X], and the matrix I, + XM (v, w). Replacing R by R[X]
in (6) we get that I, + XM (v,w) € E(n, R[X], I[X]). Let v = €e;, where € €
E(n, R, I). As before, let v = ((1,v1), (0,v2),...,(0,v,)) € R®I)", and w' =
(0, w), (0O, wr),...,(0,w,)) € (0 1)". Hence as in the proof of Lemma 12.8,
we can write

L €' ge1;((0, Xwy))) (¢))~! for linear case

J

/ A n
L+XMG,w) = -H1 € geyj((0, Xwy)) (€)' otherwise .
=

#2

Now we split the proof into following two cases:
Case I: € is an elementary generator of the type ge,,(x), x € R. First applying the
homomorphism X +> X2 and then applying Lemma 12.7 over R[X | we get

k
I, + XM o',\w) = 1;[ (tl;llgepmq/‘m (th/'(r) (X))> ’

where hj’.(t) (X) € (0@ DI[X]). Again, as before applying the homomorphism ¢ it
follows that

k
L +X°M@,w) = 1;1 (tl;llgep,mqm Xhj (X ))> ,

where A (X) € I[X]; as desired. Hence the result also follows for d > 0.

Case II: € is a product of elementary generators of the type ge,, (x). Let u(e) = r.

Arguing as before, the result follows by applying the homomorphism X +— X?' using
the Corollary 12.1.
(5) = (4): Given that os(X) € E(n, Rs[X], I,[X]), where s is non-nilpotent element
in the ring R, and «(0) = I,,. By Lemma 12.1, there exists “(x,(}) (X) e E(n,R[X] ®
L[X]), where the element (s, 0) will remain non-nilpotent in the ring R @ I, and
(e, ) (X)) = ,(X).

Also, by Lemma 12.6, ag(X) can be written as a product of the matrices of the
form €,ge;; (Xh(X))e;1 , with h(X) € L[X] and ¢; € E(n, R;). Hence using the proof
of Lemma 12.1 it follows that azs’o) (X)) can be written as a product of the matrices
of the form ezs’o)geﬁ((o, Xh(X)))(e(/X’O))’l, where (]5(6;&0)) = ¢, and (0, Xh(X)) €
(R D.0)[XD.

Applying the homomorphism X > XT¢, where d > 0, from the polynomial
ring R[X] to the polynomial ring R[X, T], we consider oegsyo)(XTd). Note that
R([X, T] Z (R,XDIT]. Now, using the Equation () as in the proof of (6) = (5), we
can rewrite O‘Ex,()) (XT?) as the form I, + XT9M (v, w); for some suitable v, w over
the ring (R;[X] & L[X])[T]. Hence by (5) we can write a;w) (XT?) as a product
of elementary generators of general linear (symplectic/orthogonal resp.) group such
that each of those elementary generator is congruent to identity modulo the ideal
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(T) over the ring ((Ry @ I)[X][T]. Let I be the maximum of the powers occur-
ring in the denominators of those elementary generators. Again, as R assumed to
be Noetherian, by applying the homomorphism 7 +— (s, 0)"'T, for m > [, it follows
from Lemma 12.9 that by (uniquely) identifying it’s lift over the ring (R @ I)[X, T']
we can write O‘Es,O)((S» 0)"XT?) as a product of elementary generators of the gen-
eral linear (symplectic/orthogonal resp.) group such that each of those elementary
generator is congruent to identity modulo (7). i.e., there exists some B'(X,T) €
E(n, (R® [X, T]) such that (0, 0) = I, and B, 5 (X, T) = a( (b, 0)XT?) for
some (b, 0) € (s, 0)"(R @ I). Finally, by substituting T = (1, 0) and using Lemma
12.9, we get o’ ((b, 0)X) € E(n, (R & I)[X]). Hence the result follows applying ¢ as
before.

4)= (3):Sincean (X) € E(n, Ry [X ], In[X]), forallm € Max(R), for each m there
exists s € R\ m such that a3(X) € E(n, R;[X], I;[X]). Observe that

R(X1® LIX]= R, @ [HIX]= (R I);[X].

Hence by Lemma 12.1, applied to the base ring R;[X], there exists 0‘&,0) X) e
E(n, (R ® I);,0)[X]) such that ¢s(aés.0)) = ay. Let

0'(X.T) = af; (X + Do o) (1)

Then 0'(X,T) € E(n, (R®I)(,0)[X, T1) and 6'(0, T) = I,,. By the condition (4) of
the Theorem, applied to the base ring (R @ I)[T], there exists 8/(X) € E(n, (R ®
I)[X, T]) such that

BlooyX) = 0'((b.0)X, T). (12.1)

with (b, 0) € (s, 0)!(R & I) for some [ > 0.

Now, using the Noetherian property of R & I, as mentioned in the Remark 12.2,
we may consider a finite cover of R @ I, say (s1,0) + - -- + (s,, 0) = (1, 0). Since
for! > 0, theideal {(s;, 0)’, ..., (s,, 0)!) = R @ I, we choose (b;, 0), ..., (b,,0) €
R @1, with (b;,0) € (s;,0)'(R® 1), I > 0 such that (12.1) holds and (b, 0) +
-+ +(b,,0) = (1, 0).Henceforeachi = 1, ..., r,thereexists (8')'(X) € E(n, (R ®
DIX, T]) such that (8"){, ,(X) = 6'((bi, 0)X, T). Now,

11(8)/(X) € E(n. (R® DIX. T).
But,

r—1
05;’1...5; X) = <l1;110;l Foost (b;X» T)|T—b;»+1X+~-+b’,X> 95/’1 ...... s, (b;X, 0),

7
e

where s; = (s;, 0) and b} = (b;, 0) foreachi=1,...,r.Now a’(0) =1,. Also, as a
consequence of the Lemma 12.9 it follows that the map
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E(n, R, (5,0 R® DIX]) — E(n, (R® [)(5,0)[X])

fork € Nis injective for each s = s;. Hence by (uniquely) identifying o/, , (X) with
its lift, we conclude o’ (X) € E(n, R[X] @ I[X]). Finally, applying the map ¢ we get
a(X) € E(n, R[X], I[X]); as desired.

(3) = (2): This is the implication where we use the commutative property of the base
ringR.Leta(X) =1, + XM (v, w), wherev € Um,, (R, I) and (v, w) = Oandw € I".
Then a(0) =1,. Letv=(1+vi,va,...,v,) and w = (W, wp, ..., w,) € I", with
vi,wiel fori=1,...,n. Then by Lemma 12.8, a,,(X) is elementary for every
maximal ideal m in R. Hence « (X)) is elementary by (3).

()= (1):Lete € E(m, R, 1) and y = (y;) € G(n, R). There existe’ € E(n, R @ 1)
and ¥’ = ((y;, 0)) € G(n, R @ I) respectively such that ¢ (¢') = € and ¢ (y') = y.
Using (2) = (1) of the absolute case we get y' €' (y')' e Em,R®I) asE(n, R ®
1) <«G(n, R @ I) and applying the homomorphism ¢ it follows yey~! € E(n, R, I);
as required.

(1) = (7): Letv = ye; where y € G(n, R). Then there exists y’ € G(n, R ® I) such
that ¢(y’) = y. Let v/ = y’e; and w' = ((0, wy), (0, wp), ..., (0, w,)) € (0D I)".
We have (v, w') = 0. Hence, using (1) = (7) of the absolute case it follows that I,, +
M (', w') € E,(R & I). Now applying the homomorphism ¢ we get1, + M (v, w) €
E(n, R, I); as required.

The above implications prove the equivalence of the statements. U

Remark 12.3 Assuming the result for the absolute case treated in [7] one can give
simpler proofs of the steps (5) = (4), and (4) = (3). But, there is a gap in the
proof of the absolute case in [7], as mentioned in [5]. The gap was filled in [5]
by proving results for Bak’s unitary groups, which cover linear, symplectic and
orthogonal groups, and some more classical type groups. To make this note self
contained, we have given the detailed proofs of those steps.

12.4 Relative L-G Principle for Transvection Subgroups

In this section, we shall state auxiliary results without detailed proofs. For defini-
tions of symplectic and orthogonal modules and their transvection subgroups, we
refer to [3].

In [3], the first and third authors together with Anthony Bak generalised Quillen—
Suslin’s local-global principle for the transvection subgroups of the projective, sym-
plectic and orthogonal modules. As before, all three cases were treated uniformly.
We observe below how to obtain relative versions of that local-global principle. To
state the results we need to recall a few notations.

Notation In the sequel P will denote either a finitely generated projective R-module
of rank n, a symplectic R-module or an orthogonal R-module of even rank n = 2m
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with a fixed form (, ). And Q will denote P @ R in the linear case, and P L R?,
otherwise. We will use the notation Q[X] to denote (P @ R)[X] in the linear case
and (P L R?)[X], otherwise. We assume that the rank of the projective module is
n > 2, when dealing with the linear case, and n > 6, when considering the symplectic
and the orthogonal cases. For a finitely generated projective R-module M we use the
notation G(M) to denote Aut(M ), Sp(M, (,)) and O(M, (,)) respectively; denote
SL(M), Sp(M, (,)) and Trans(M ), Transs,(M ) and Transo(M ) respectively; and
ET(M) to denote ETrans(M ), ETransg, (M ) and ETranso (M) respectively.

We shall also assume the following hypotheses:
(H1) for every maximal ideal m of R, the symplectic (orthogonal) module Q,, is
isomorphic to RZ"+2 for the standard bilinear form H(R™!).

(H2) for every non-nilpotent s € R, if the projective module Q; is free R;-module,
then the symplectic (orthogonal) module Q; is isomorphic to R2"*? for the standard
bilinear form H(R™ ).

We recall the following fact just to remind the reader that in the free case the
transvection subgroups coincide with the elementary subgroups. Here the maps ¢,
¢p, 0 and T are as defined in [3].

Lemma 12.10 [fthe projective module P is free of finite rank n (in the symplectic and
the orthogonal cases we assume that the projective module is free for the standard
bilinear form), then Trans(P) = E,(R), Transs,(P) = ESp,(R) and Transo(P) =
EO,(R) for n > 3 in the linear case and for n > 6 otherwise.

Proof In the linear case, for p € P and ¢ € P* if P = R" then ¢, : R" - R — R".
Hence 1 + ¢, =1, + v.w' for some column vectors v and w in R". Since ¢(p) = 0,
it follows that (v, w) = 0. Since either v or w is unimodular, it follows that
14+ ¢, =1, + v.w' € E,(R). Similarly, in the non-linear cases we have o ,)(p) =
L, +v.w+wy, and 7. (@) =1, + v.w — w.V, where either v or w is unimodu-
lar and (v, w) = 0. (Here oy, and 7(,,,) are as in the definition of symplectic and
orthogonal transvections.) Classically, these are known to be elementary matrices—
for details see [25] for the linear case, [15] for the symplectic case, and [24] for the
orthogonal case. (]

Remark 12.4 Lemma 12.10 holds for n = 4 in the symplectic case. This will follow
from Remark 12.5.

Remark 12.5 ESp,(A) is a normal subgroup of Sp,(A) by ([15], Corollary 1.11).
Also ESp, (A[X]) satisfies the Dilation Principle and the Local-Global Principle by
([15], Theorem 3.6). Since we were intent on a uniform proof, these cases have not
been covered above by us.

Proposition 12.1 (Relative Dilation Principle) Let R be a commutative ring with
identity, andl C R anidealinR. Let P and Q be as in 12.13. Assume that (H2) holds.
Let s be a non-nilpotent in R such that Py is free, and let o (X ) € G(Q[X], I[X]) with
0 (0) = Id. Suppose
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X) e E(n+ 1, Ry[X], ,[X]) in the linear case,
o5
E(n+ 2, R;[X], L,[X]) otherwise.

Then there exists 0(X) € ET(Q[X],I[X]) and | > 0 such that 5 (X) localises to
o (bX) for some b € (s") and 5 (0) = Id.

Proof Follows by imitating the technique explained in [3], and following steps men-
tioned in Sect. 12.2. ]

Theorem 12.2 (Relative Local-Global Principle) Let R be a commutative ring with
identity, and I C R an ideal in R. Let P and Q be as in 12.13. Assume that (HI)
holds. Suppose o(X) € G(Q[X], I[X]) witho (0) = Id. If

E(m+ 1, Ry[X], I,[X]) in the linear case,

opX) € {E(n +2,R[X1. I, [X]) otherwise

forall p € Spec(R), then o (X) € ET(Q[X], I[X]).

Proof Follows by using similar technique as in (4) = (3) in Theorem 3.1 of [7],
and and arguing as in Sect. 12.2. (]

Remark 12.6 The authors believe that the above method using the ‘Noetherian Exci-
sion ring’, makes it possible to deduce the relative versions of almost all the results
mentioned in [3, 5, 7], and the results mentioned in [6] between pages 35-40.
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Chapter 13 ®)
The Quotient Unimodular Vector Group e i
is Nilpotent

Reema Khanna, Selby Jose, Sampat Sharma and Ravi A. Rao

13.1 Introduction

R will be a commutative' ring with 1, in which 2 is invertible. Um, | (R) will denote
the set of unimodular vectors v € R’ t!, i.e. those vectors v for which there is a vector
we R with (v, w) =v-wl =1.

Suslin introduced the Suslin matrix in ([17], Sect.5), and indicated its properties
as well as how he felt they will be useful.

In [10], we initiated the study of the special unimodular vector group SUm, (R),
which is a subgroup of GL,-(R) related to Um,;(R). We also introduced the ele-
mentary unimodular vector subgroup EUm,(R) of SUm,(R), which is related to the
(r + 1)-unimodular vectors which have a completion to an elementary matrix. We
developed the calculus for EUm,(R) in [10], and got a nice set of generators for it.
In [9], we showed that EUm, (R) is a normal subgroup of SUm,(R), for r > 2.
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In [18] Suslin, inspired by Quillen’s methods in [12], applied them to the study
of unstable K;-theory of polynomial rings. He proved the K;-analogue of the Local-
Global Principle and the Monic Inversion Principle. The theory built up in [12, 18]
is known as the Quillen—Suslin theory.

Using Quillen—Suslin Local-Global principle, Bak established in [2], that the
linear quotient SL,,(R)/E,,(R), for n > 3, is nilpotent. This theme has been revis-
ited several times for different classical groups, see [7, 16], and ([3], Sect.3.3) for
instance.

Now we apply Bak’s approach to the pair (SUm,(R), EUm,(R)), for » > 2, when
R is a Noetherian ring of Krull dimension d. We give a direct approach to reprove the
result in [8] that the unimodular vector quotient SUm,(R)/EUm,(R) is a nilpotent
group of class d. (The latter had been established in [8] via the Jose—Rao theorem
that the unimodular vector quotient group was a subgroup of the special orthogonal
quotient group; which was nilpotent in view of [7].)

We also deduce a relative version of this result from the absolute case. This
argument does not depend on the Excision ring argument of W. van der Kallen,
which is normally used to deduce ‘relative’ results; and is much more flexible. (This
approach evolved from the work [14] according to Anjan Gupta; who used it in his
thesis ([6], Sect.2.2) to reprove a theorem of Chattopadhyay—Rao in [5].)

Finally, we consider SUm;(R)/EUm,(R), the unimodular vector quotient group,
when R = A[X] is a polynomial extension of a local ring A. In this case we show,
arguing as in [15] that the unimodular quotient group is an abelian group. A relative
version for extended ideals is also deduced.

13.2 Recap About the Suslin Matrix S, (v, w)

Given two row vectors v,w € R"T!, A. Suslin constructed in ([17], Sect.5), a
matrix S, (v, w), which is of determinant one if (v, w) = v - w? = 1. He defined this
inductively, as follows: Let v = (ag, ay, ..., a,) = (ap, v1), withv; = (ay, ..., a,),
w = (by, by, ...,b.) = (by, w1), withwy = (by, ..., b,).Set So(v, w) = ag, and set

B aoloi Sr—1(vi, wi)
s = (LWl S,

The reader will find more details about these matrices in this amazing Sect. 13.5;
with several unresolved questions.

These matrices have been studied by Jose—Rao in [8, 9]. The survey article [13]
gives a quick glimpse at the known results today.

We shall denote by SUm,(R) the subgroup of GL,-(R) generated by the set
(S, (v, w)|v,w € R"T!, (v, w) = 1}, and EUm, (R) its subgroup generated by the set
(S,(v,w)|v,w e R, (v, w) =1, v = eys, for some ¢ € E,(R)}. It was shown
in [9], that EUm, (R) is a normal subgroup of SUm,(R), for r > 2.
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For a matrix o € My (R), we define ’? as the matrix whose entries are the same
as that of @ above the diagonal, and on the diagonal, and is zero below the diagonal.
Similarly, we define ”*'. Moreover, we use a'” for a'” or a®*'.

In [10], a structure theorem for EUm,(R) was proved. The following nice set of
generators of EUm, (R) was established:

For2 <i<r+ 1,12 € R,let

E(ei)(A) = S;(e1 + Aei,er), E(ef)(X) = Sy(e1, e1 + re;),
E(ei)(X) = S;(ei + Aey, e;), E(ef))(M) = S,(ei, e; + rey).

It was shown that the group EUm,(R) can be generated by either

(@ E()(x), E(d)(x)S,(e;, e;)"!, if 2 is invertible in R, or by
(b) E(c)(x)"?, E(c)(x)™,

wherec = ¢ oref,d =¢;joref|,2<i <r+1,x €R.

In [8, 10], Jose—Rao noted a fundamental property which is satisfied by the Suslin
matrices. Let v, w, s, t € Mj ,41(R). Then

Sy (s, )8, (v, WS, (s, 1) = S, (v, w')
Sr(t’ S)Sr(w’ V)Sr(t’ S) = Sr(W/y V’)a

for some v/, w' € My ;1 (R), which depend linearly on v, w and quadratically on s,
t. Consequently, v/ - w7 = (s - t7)?(v - wT).

This fundamental property enables one to define an involution » on the group
SUm;, (R), details of which can be found in [8]. This involution is then used to give
an action of SUm, (R) on the Suslin space, viz. the free R-module of rank 2(r + 1)

S={S,(v,w)lv,w € My ,11(R)}.

(Forabasisonecantake sey, ..., se 41, se}, ..., ser,,wherese; = S,(e;, 0),se] =
S (0,¢e),forl <i<r)
In [8] they associated a linear transformation T, of the Suslin space with a Suslin
matrix g, via
Ty(x,y) = (', y),

where g8, (x,y)g* = S,(x’, y’). Moreover, if g is a product of Suslin matrices
S, (vi, wi), with (v;, w;) = 1, for all i, then T, € SOy, 41y(R), i.e.

(Te(v,w), Tg(s, 1)) = ((v,w), (s,0)) = V- wl 4517,
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13.3 Computation of the Matrix of the Linear
Transformation

In ([8], Sect.4), via the fundamental property, Jose—Rao observed that the above
action induces a canonical homomorphism

@ : SUm,(R) — SOz;4+1)(R),
@S (v, w)) = Ts,0m) = Tww) © Teger)s

where 7, is the standard reflection with respect to the vector (v, w) € R*"+D (of
length one) given by the formula

T (8, 1) = (v, w)(s, 1) — (v, 1) + (s, w) (v, w).
The following simple computation gives an alternate way to prove this:

Lemma 13.1 Let R be a commutative ring with 1. Let v,w € Um, ;| (R), then the
matrix of the linear transformation Ty, (, ., with respect to the (ordered) basis

{Sr(els 0)9 Sr(627 O)a e Sr(er+17 O)s Sr(os el)v Sr(09 62), e Sr(O, er+1)}

vT elT
(1= () eon) (1= ()t en).
Proof Letv = (ap, ay, ...,a,),w = (by, by, ..., b,). By the definition of T, (, ),

Ts, vy (€1, 0) = Tvw) © T(ey,en) (€1, 0)

= T4,w) (0, —e1) = (0, —ey) + ag(v, w) = (agv, apw — ey).
Ts,v.wy (€5 0) = Tow) © Tieyen) (€, 0)
Tow(€j,0) =(e;,0) —b;_1(v,w) = (e; —bj_1v, —b;_1w).

Ts,0.)(0, €1) = Tw.w) © T(ey.en) (0, €1)

= to,w(—e1,0) = (e, 0) + bo(v, w) = (bov — e1, bow).
Ts,v.w)(0, €;) = Tv.w) © Tiey.en) (0, €5)

=1ow(0,¢;) =(0,¢;) —a;_1(v,w) = (—aj_1v,e; —a;_w).

Thus the matrix of T,y ) 1S

apy e —byv---eq —byvbyv—e —apv - —av
apw —e; —bw --- —b.w bow ey —aw - e 41 —a;w
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T
€
Right multiply the above matrix by the matrix | I — (e1 e 1) will inter-
T
€1
change the 1-st and (r + 2)-th columns with sign changed. Hence, the matrix of

TS, (v,w) is

VT 6{
I— (w v) I— (61 61)
wT el
as required. (]

Notation We denote the matrix of the linear transformation Ts () by
[Ts, (v, m)]- O

Let us recollect the matrix of the linear transformations corresponding to the
generators of EUm,(R), r > 2, computed in [8].

For the sake of completeness, we give a slightly simpler argument than the one
givenin [8] below. However, in this approach, unlike in [8], we need that 2 is invertible
in R.

Lemma 13.2 For2 <i, j <r + 1, one has the following relations in EUm, (R):

E(e?‘)(—ZA)b”’ = S,(e1 —ej,e1 —€)S. (1 +Ney +e¢j,e1 — Aej)
S-(er —ej,er +e)S.(1 —A)ey +ej, el + Aej)
[E€) (), E(e))(D)].

E(e)(=20)"" = [E(e)(=1), E(e))(=1)]
S-(e1 +Aej, (1 —A)ey +e;)S,(e1 +ei,e1 +e;)
S.(e1 — rej, (1 +A)ey +¢;)S,(e1 — e, er —ej).

(Note that by reversing the elements in the product in the above relation we can
obtain the formulae for E(e})(—21)"P and E (e;)(—2A)"".)

Proof We prove the first relation; the others are verified similarly. Putx = 1,y = A,
and z = 1 in the proof of ([10], Proposition 5.6), to get
E(e})(—20)""

={E(e))(1)""HE(e;)(1/2)E(e})(1/2) ' E(e})(1/2) " E(e;)(1/2)}
{E@) (1) HS (1 +Mey +ej, e1 — e )HE (e (1)1
{E(e;)(1/2)E(e)(1/2)E(€})(1/2)E(e;)(1/2)}{E(e;)(1)™"}
{S,((1 = Mey +ej, e1 +re))} [E@) (D), E(H W]
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Now by ([10], Lemma 5.2),

E@€)(=20)"" = S,(e1 —ej, e1 — e) S, (1 + 1)er + ¢, e1 — hej)
S, (e — ej, el +¢;)S.((1 — A)ey +ej, e +)\€j)
[E@) ), E€)(D)]

as required. |

Corollary 13.1 ([8], Lemma 4.9, Proposition 4.10) Let R be a commutative ring
with 1 in which 2 is invertible. For2 <i <r + 1,

oez1yi(A) if X = E(e])"'(—1)
0eix(1)(—A) if X = E(e;)"’ (= 1)
oej; (L) if X = E(e)"P(—1)
oei1(—A) if X = E(e;))" (—1).

the matrix of Tx =

Proof By Lemma 13.1, the matrix A of Ts, e, e, .¢,—e;) 15 given by

(e a-e) (- () o)

_(Itei—e—ei ej—ejn—ej
eii—ei1—e; [+ej—en—eij

Bi1 By

Similarly, the matrix B of T, ((141)e,+¢;.e1—2e;) 18 B = <B21 Bay

),where
Biy=1+AA+2e +A(1+Ne; + A+ e + rejj,
By = Aeyp — (1 + Ve +ej1 — ey,

321 = )\,611 +)"€1j — )\.(1 +)\,)€j1 —Azejj

By =1 —eyj —)\ej] +)\.€jj,

the matrix C of Ts, (e, —e; ¢, +¢;) 18

C— I—e”—ejl—i—ej,- ey —ej1 —éejj
—eiitei—e; I+ej+en+ei

. . D1y Do
and the matrix D of T, (1-ne,+e;.e1+1¢)) 18 D = <D21 Dy ) where

Dy =14+ A —2)e;; +A(A—Dey; + (1 —2X)ej — rejj,
Dy = —Aey + (A — Deyj +ej1 —ejj,
Dy = —Aepy —)»é‘lj + A(1 —A)ejl —Azejj,

D22 =1 — €1 +)\.€j1 _)"ejj-
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o] o
Now AB = %12 , where
2] a2

ap) =1+ hejr +Arepj —reji —rejj + ey —ejj

app =0

ap] = ey — (1 +2X0)ej1 —2rejj —ej; —)»2611 + AL —Aer; — Al +A)ejq —/\26,/‘/
ap =1 —ej1+ejj —reji+Arej; —repp + ey

AlsoCD = (g; g;), where

Bi1 =1 —Xepy —Aepj +Arej1 +rej; —ey tej
B2 =0

Bai = —e1; — 21y — A(1+Wepj(1 — 20)ej1 — 2he;; — eji +A(1 — Veji — A2ej;
B =1 —ejj —e1j+Aejp —rejj + Aep +ej1.

Thus
I 0
ABCD = <2)\€1,‘ - 2)\,6,‘1 — 2)\8,']' + 2)\61‘[ 1> ’

Also by Lemma 13.1, the matrix P of Tg () is given by

T . or
P=|1I- (1 +)\.€j)T (el + Aej 61) I — elT (61 61)
. 1 —kelj 0
- Aejl—Aelj—Azejj1+)»€j1 '
1 —i—)\el‘,’ 0

_)\ejl +A,e]j — )\.2€jj I — Aejl
Similarly, the matrix Q of Tg 1) and its inverse Q™" of Tg(er)(—1) are

_ I —ey; 0 -1 _ I +ey; 0
Q= <—€1i+€i1 — € 1+€i1>’Q B <€1i—€i1 —ei I —en)’

Thus the matrix

Clearly P~! = < ), which is the matrix of Tr(e:)(—1)-

1 0
[P’ Q] - <2Aeij — 2)\6]1' I) ’

Hence the product of the matrices ABC D and [P, Q] is

1 0
(2)\61,‘ — 2hert 1) =1+ 2)Len(|)i — Z)xeﬂ(iﬂ = 0€7r(|),'(2)u).
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Since ¢ is a homomorphism, the matrix of TEery(—20yb 1S 0ex (1) (2A). This proves the
first relation. The second relation is its transpose-inverse. Similarly, one can prove
the third and fourth relations. ]

Corollary 13.2 Let R be a commutative ring with 1 in which 2 is invertible. For
2<i#jEal) <r+1,

oeix1)(A)oe;1 (1) ifX =E(e)(Q)
oex )i (—A)oe; (—1) if X = E(e)()
oer;(Moerriy (M) (=1) if X = E(e1;)(A)
the matrix of Tx = { mii(—=1Doe;(X)oeiri (L) if X = E(ej;)(A)

oeij (1) if X =[E@)W)", E(e;)(1)"]
0¢in(j)(A) if X =[E(e))(M)'?, E(e;)(1)*]
o€ (A) if X = [E(e)()', E(€)(1)™].

(Here m1;(—1) denote the matrix of Ts, (e, e;)-)
Proof Follows immediately from Corollary 13.1. (]

Proposition 13.1 Let R be a commutative ring with 1 in which 2 is invertible. Then
the map ¢ : EUm, (R) — EOy(41)(R) given by ¢ (S, (v, w)) = Ts,(vw) IS surjective.

Proof Follows from Corollary 13.1. (]

13.4 SUm,;(R)/EUm.(R) is Nilpotent

Notation Let s be a non-zero divisor, SUm;(R, s"R) denote the subgroup of
SUm, (R) consisting of matrices which are identity modulo (s"), and EUm, (R, s"R)
denote the corresponding elementary subgroup.

Lemma 13.3 Let R be a commutative ring with 1. Let s be a non-zero divisor in
Jacobson radical J(R) of R and B € SUm, (R, s"R) for n > 0. Then the matrix of
the linear transformation Tg is in SOy41)(R, s" R).

Proof Since B € SUm,(R,s"R), B = S,(v,w) where v = e mod(s") and w =
eymod(s"). Let v = (ag, a1, ...,a,) and w = (bg, by, ..., b,), where ag and by
are = 1 mod(s"), a; and b; are = 0 mod (s"). By definition, the matrix of T},
[Tg] € SO3(-4+1)(R) and by Lemma 13.1,

[Tpl = (’2<r+1) - (f;) (w V)) (12(r+1) - (Z?) (e1 el))

= D) — (::;") (wv) - (Zi) (e1 e1) + (ao + bo) (vvaT> (ere1)

1
_ <1r+1 —vTw— e{el + (ag + bo)vT ¢; —Ty— e{el + (ag + bo)vT ¢; )

—wlw— elTel + (ag + bo)wTel Iy — wly — elTel + (ag + bo)wTel
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Therefore,
Loy —eley—eley+2eTe; —eley —ele; +2eTe
Tolmod(s™) = [ ! 1€l 1€1 1 1 1 1
[75] (s%) < —elTel — elTel + 261761 Iy — e]Tel — elTel + 261761
= Dy +1)-
Hence [Tg] € SO2(41)(R, s"R). O

Lemma 13.4 Let R be a commutative ring with 1. InEUm, (R[X, Y, Z]), E(c)(Z)"*
Ed)(X3Y)PE(c)(—2Z), where ¢ = e; or efandd =ej or ef; is a product of ele-
mentary generators in EUm(R[X, Y, Z]) each of which is = I» modulo (X).

Proof 1f necessary, the reader can consult ([9], Lemma 3.1) for details. O

Lemma 13.5 Let R be a commutative ring with 1. Let s be a non-zero divisor in
Jacobson radical J (R) of R. Thenwe canwrite E (c) (1) E(d)(s*x)"? E(¢)(—1)**",
where c = e; ore},d =e;j or ejf and x € R, as a product of elementary generators
in EUm, (R) which are = I,» modulo (s).

Proof PutZ =1,X =sand Y = x in Lemma 13.4. O

Lemma 13.6 Let R be a commutative ring with 1. Let s be a non-zero divisor
in Jacobson radical J(R) of R. If u = 1 mod (s°) where u € R with u* = 1, then
[u] L [u~"] is a product of elementary generators in EUm,(R) each of which is
= [,r modulo (s).

Proof Note that

] Lu"1= {E(ex)(1 — M_l)hmE(e;)(l _ u_l)hm}{E(e;)(—l)me(ez)(—l)bm}
(Ee)(1 —u)"E(e)(1 = u) " HE(e) (D™ E(e3)(D"")
{E(ey)(1 — uil)wa(e;)(l _ u*l)l(}p}.

Letu! =u =1+ s%x for some x € R. Then

[u] L (™" = (E(e2)(=s"0)"" E(€3) (=5 x)" " Y E(e3) (= )P E(ep) (—1)P")
{E(e2)(=s"x)/P E(e3)(—57x)! P Y E (e2) (NP7 E(e3) (1))
{E(e2)(—s7x)"P E(e})(—s7x)"P}

= (E(e2)(=s"0)"" E(e3)(—s7x)" Ja{ E(e2) (—57x)"%P E(e3)(—s7x)'P},

where

o = {E(e3) (=" E(e2) (=" HE(e2)(—s°x)' 7 E (€3)(—s°x)""}
{E(e2) (D" E(e3)(1)"")
= E(e3)(—D"{E(e2)(— )" E(e2)(—s°x)' P E (e2)(1)""'}
{E(e2)(—1)"" E(€3)(—s°x)"P E(e2) ()"} E (e3) (1)
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By Lemma 13.5, each element in the bracket is a product of elementary generators
in EUm,(R) which are = I,» modulo (s3). Thus

o = E@) (-1 ([T []8) ECH )™,
where each «;, B; € EUm,(R) with each one = I, mod (s°). Also we can write

a =[] (EE@ D" awE@) ™) [ (E@) (D" BE@E) 1)),

Again by Lemma 13.5, each element in the product of « is a product of elementary
generators in EUm;(R) which are = I,» modulo (s). Thus [u] L [u']isa product
of elementary generators in EUm,(R) each of which are = I» modulo (s). O

Lemma 13.7 Let R be a commutative ring with 1. Let s be a non-zero divisor
in Jacobson radical J(R) of R and B € SUm, (R, s"R) for n > 9. Then B can
be written as a product of elementary generators in EUm,(R) where each is =
Ly mod (s).

Proof ByLemma13.3,[Tg] € SOy11)(R, s" R). Thus by ([7], Lemma2.2), p(B8) =
[Tg] = &1 ... where each & € EOy(41)(R) which is = I»» mod (s). For suffi-
ciently large n, we may assume that each &; = I,» mod (s”) where n > p > 9. By
Proposition 13.1, & = ¢(¢}) where each & € EUm,(R,s”R). Thus ¢(B) =
@(g} ...€;). Hence B(e)...e,)"' € kerp = Z(SUm,(R)) € EUm,(R). By ([8],
Corollary 3.5), B(} ...,)"" = uly where u is a unit with u> = 1. Since B and
g are = I mod (s”) (n > p > 9), u =1 mod (s”). Therefore, by Lemma 13.6,
B = ug] ... g isaproduct of elementary generators each of whichis = I,» mod (s). O

Lemma 13.8 Let R be a commutative ring with 1 in which 2 is invertible, s € R a
non-zero-divisor and a € R. Then for n > 0 and c = e;, or €},

|:E(c) (%X)tb SUm, (R, s”R)j| C EUm, (R[X]).

More generally, given p > 0, forn > 0,
[EUm, (R,[X]), SUm, (R, s"R)] € EUm,(R[X], s” R[X])
Proof Let a(X) =[E(c)(%X).B] where B e SUm,(R,s"R). Then ¢(B) €

SO2;+1y (R, s"R), where ¢ : SUm, (R, s"R) — SOy¢+1)(R, s"R) is the canonical
homomorphism. By Corollary 13.2,

¢ (E© (5X)) € EOs (R[XD.

Thus by [[7], Lemma 2.4],



13 The Quotient Unimodular Vector Group is Nilpotent 235
p(a(X)) € [EOz;11)(Rs[X]), SO241) (R, 5" R)] € EOo+1) (RIX]),

and hence by Proposition 13.1, there exists ¢ € EUm, (R[X]) such that (¢ (X)) =
@(¢). This implies, ¢(X)e~! € kerp € Z(SUm, (R[X])) € EUm,(R[X]). Hence
o(X) € EUm, (R[X]). [

Lemma 13.9 Let R be a commutative ring with 1 in which 2 is invertible, s € R a
non-zero divisor and a € R. Then forn > 0 and ¢ = ¢;, or e},

[E(c) (g) . SUm,(R, s”R)] C EUm, (R).

More generally, [EUm, (R;), SUm, (R, s"R)] € EUm,(R) forn > 0.
Proof Put X =1 in Lemma 13.8. (]

In ([8], Corollary 4.15) the quotient group SUm,(R)/EUm;(R), r > 2 was shown
to be nilpotent. This was obtained as a consequence of the Jose—Rao Theorem in
([8], Theorem 4.14) which asserts that this quotient unimodular vector group is a
subgroup of the orthogonal quotient group SOz¢+1)(R)/E Oz¢+1y(R); which has
been shown to be nilpotent in [7]. (Also see [16] for another proof.) We give a direct
proof of the result following Bak’s methods in [2].

Theorem 13.1 Let R be a commutative Noetherian ring with 1 in which 2 is invert-
ible and let dim R = d. Then the group SUm,(R)/EUm, (R) is nilpotent of class d
forr > 2.

Proof Let G = SUm, (R)/EUm, (R). We prove that Z¢ = {1}. We prove by induc-
tion on d = dim R. When d = 0, the ring R is Artinian, so is semilocal. Hence
Um,11(R) = e; E,+1(R) and so any generator S, (v, w), (v, w) = 1 is in EUm,(R).

Suppose d > 0, Let € Z¢, then & = [B, y], where B € G and y € Z9~!. Let
B’ be the preimage of 8 in SUm,(R).

Choose a non-zero-divisor s in R such that g, € EUm,(R;) (such s exists as
d > 0). Consider G = %m for some n > 0. By induction, ¥ = {1} in G.
Since EUm,(R) is normal in SUm,(R), by modifying y we may assume that y’ €
SUm, (R, s" R) where y’ is the preimage of y in SUm,(R, s"R). Thus by Lemma
13.8, [B’, ¥'] € EUm,(R). Hence &« = {1} in G. O

The Relative Case

In this section, we deduce the relative case of Theorem 13.1 from the absolute case.
We use the ‘Excisionring’ R & I below instead of the usual non-Noetherian Excision
ring Z @ I as is usually done due to the work of van der Kallen in [19].

Notation By ([10, Proposition 5.6]), the elementary generators,

E(c)(x)"7, E(c)(x)™",
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where ¢ = ¢; or ej-, and for2 <i <r + 1, and with x € R, generate the Elementary
Unimodular vector group EUm, (R). For simplicity, we shall denote these by ge; (x)
below. (]

Theorem 13.2 Let R be a commutative Noetherian ring with 1 in which 2 is invert-
ible and with dim R = d. Let I be an ideal of R. Then the group SUm,(R, 1)/
EUm, (R, I) is nilpotent of class d for r > 2.

Proof Let G = SUm, (R, I)/EUm, (R, I). We prove that Z% = {1}. We prove by
induction on d = dim R. When d = 0, the ring R is Artinian, so is semilocal.
Hence Um, 1 (R, I) = e; E,+1(R, I) and so any generator S, (v, w), (v, w) = l isin
EUm, (R, I).

Suppose d > 0, Let o € Z¢, then @ = [B, y], where B € G and y € Z¢~!. We
can write 8 =Id+ B',y = Id+ y’ for some B’, y’' € My (I). Let « = Id + o' for
some o’ € My (I). Letad = (Id, @) € SUm;(R DI, 0HI). In view of ([1, Lemma
3.3,

¢ c EUmMR®DNSUN,RPLOPI) =EUm,RPIL,0I)
as % ~ Risaretract of R @ I. Thus,

& =[] ecgei 0, a0, e e EUmR @), a €.
k=1

Now, consider the homomorphism

f:R®I — R

(ri) —> r +1i.
This f induces a map
f:EUmR&LO0&I) — EUm(R).

Clearly,

a= f(@)

m
= [ [ ngei 0+ aoy!
k=1
m
= l_[ Vi&€i, (ak)y,:1 € EUm,; (R, I); since ay €1,
k=1

where, yr = f(&r). O
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13.5 Abelian Quotients over Polynomial Extensions of a
Local Ring

In this section we use the Quillen—Suslin Local-Global Principle, following the
ideas of Bak in [2], to prove that if R = A[X], with A a local ring, then the quotient
Unimodular Vector group is abelian. The method is similar to the one in [15] where
we had used it to analyse the quotients of the linear, symplectic, and orthogonal
groups.

We begin with a few simple observations.

The following observation is well known, we record it here for future use:

Lemma 13.10 Let R be a commutative ring and v,w € Um,(R) be such that
v-w' = 1. If v=eo for some o € E,(R) then there exists ¢ € E,(R) such that
v=-eieandw = e ().

Proof In view of ([17, Corollary 2.8]), w¢ =ej(c~ "), where ¢ =1, +
V(e (e~ —w) € E,(R). We see that v’ = v. Thus e;0 ¢’ = ejo = v. Upon tak-
inge =ej0¢!,wehavev=ejgand w = ¢;(s7!)". O

Corollary 13.3 Let R be a local ring. For r > 1, SUm;(R) = EUm,(R).

Proof Leta = S, (v, w) € SUm,(R). Since R is a local ring, therefore v = e;o for
some o € E,1(R). Since v-w' = 1, by Lemma 13.10, there exists ¢ € E,.|(R)
such that v =¢e;e and w = e;(¢")". Thus @ = S, (v, w) = S.(e1&, e; (e~ ) €
EUm,(R). |

Lemma 13.11 Let R be a local ring and a(X), B(X) € SUm(R[X]). Then, for
r > 2, the commutator,

[(X), BOX)] € [a(X)a(0)~", B(X)B(0)~'TEUm (R[X]).

Proof Since R is a local ring, in view of Corollary 13.3, SUm,(R) = EUm,(R) for
all » > 1. Thus «(0), 8(0) € EUm,(R).
Letn = a(X)a(0)~', v = B(X)B(0)~". Then,

[@(X), BX)] = [a(X)a(0)'a(0), BX)BO)A0)
= na(0)TB(0) (n (0) Lz (0) !
=nep e e la @ e @np e T e T h@po) .

By ([8, Corollary 4.12]), EUm,(R[X]) is a normal subgroup of SUm,(R[X]) for
r > 2, hence

(tnt '@ty 'v7") € EUm(R[X]),
(tnBMa(0)'n 't € EUm (R[X]),
(zB(0)'r7") € EUm(R[X]).

Hence the result. O
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Theorem 13.3 Let R be a local ring. Then the group %

forr > 2.

is an abelian group

Proof Let «a(X),B(X) € SUm(R[X]), we need to prove [a(X),B(X)]e
EUm;(R[X]). In view of Lemma 13.11, we may assume that «(0) = 8(0) = Id.
Define

y(X,T) = [a(XT), B(X)].

Then for every maximal ideal m of R[X],

Y (X, T = [@(XT)m, B(X)m].

Since B(X)m € SUm;(R[X],,) = EUm;(R[X],,), and in view of the normality
of EUm;(R[X],[T]) < SUm,;(R[X][T]), for r > 2, one has y(X, T)m € EUm,
(R[X]w[T]) and y (X, 0) = Id. Thus by the Local-Global Principle, ([8, Corol-
lary 4.11]), y (X, T) € EUm;(R[X, T]), by putting T = 1, one gets, y(X, 1) =
[a(X), B(X)] € EUm(R[X]). U

Theorem 13.4 Let R be a local ring and 1 be an ideal of R. Then the group

SUm, RIXLIXD - .
EOm. (RIXTIX) IS an abelian group forr > 2.

Proof Let o, B € SUm,(R[X], I[X]). We can write @ = Id + o, B=1d+ /3/ for
some o, B € My (I[X]). Let o = [or, B] = Id + o' for some o' € My (I[X]). Let
& =(d, o) € SUn,(R[X] ® I[X], 0 ® I[X]). In view of ([1, Lemma 3.3]) and
Theorem 13.3, 6 € EUm,(R[X] & I[X]) N SUm,(R[X] & 1[X], 0 ® I[X]) = EUm,

(R[X] @ I[X],0 & I[X]) as %‘9{;{]’” ~ R[X] is a retract of R[X] @ I[X]. Thus,

& =[] exgei0.ave;'. e € EUm(RIX] @ I[X]), a € I[X].
k=1

Now, consider the homomorphism

f : RIX]&® I[X] — R[X]

r i) —r+i.
This f induces a map

f : EUm,(R[X] & I[X], 0 & I[X]) — EUm, (R[X])
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Clearly,
m
o=f(6)= ]_[ wegei, (0 +a)y, !
k=1
m
= l_[ )/;wge,-k(ak)yk_1 € E(n,R,I); sincea, €1,
k=1
where, y; = f(sk). U
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Chapter 14 )
On a Theorem of Suslin g

Raja Sridharan and Sunil K. Yadav

14.1 Introduction

In this paper, we give a new proof of Suslin’s n! theorem on unimodular rows. Suslin’s
theorem (see [27]) states the following:

Theorem 14.1 Let A be a ring and [u, ay, aa, . .., a,] be a unimodular row in A.
Then [u™, a1, aa, . .., a,] can be completed to a matrix in SL,41(A).

To prove this, we give a new proof of the following Proposition of Suslin [12, 27]
which was used by Suslin to prove Theorem 14.1.

Proposition 14.1 Let [u, ay, ..., a,] be a unimodular row in A. Suppose [ay, ...,
a,|is completable to amatrix belonging to SL, (A/Au). Thentherow [u", a, . . ., a,]
is completable to a matrix belonging to SL,11(A).

Different proofs of this proposition have also been given by Mohan Kumar [16,
Lemma 3] and Nori (unpublished). Our proof uses a result of Bhatwadekar—Lindel—
Rao [6, 3.10].

We briefly sketch our proof of the Proposition of Suslin.

Let P = A—H be the projective module associated to the unimodular row
AT ay..a] project : ‘
[u",ay,...,a,]. We choose a, b € A in a suitable manner such that the ideal a A +

bA = A and P, and P, are free A, and A,-modules, respectively. In such a situation
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one can associate to P a one cocycle. We show, using Quillen splitting and a result of
Bhatwadekar—Lindel-Rao [6] mentioned above, that this cocycle splits. Hence we
conclude that P is free and the unimodular row is completable.

The arrangement of this paper is as follows:

In Sect. 14.2, we recall some preliminary results which are needed for the proof
of Suslin’s theorem. In Sect. 14.3, we collect together some known results on one
cocycles. In Sect. 14.4, we give a proof of Suslin’s Theorem and also a theorem of
Murthy—Swan [22].

14.2 Some Preliminaries

In this section, we record some known results.

Definition 14.1 (i) Let A bearing. Arow [ay, az, ..., a,] € A" is said to be uni-
modular (of length n) if the ideal (ay, az, . .., a,) = A. The set of unimodular
rows of length n is denoted by Um, (A).
(i) A unimodularrow [ay, ay, ..., a,] is said to be completable if there is a matrix
in SL, (A) whose first row is [ay, az, . .., a,].

(iii) We define E, (A) to be the subgroup of GL; (A) generated by all matrices of the
forme;j(A) =1, + AE;j, . € A, i # j, where E;; is a matrix whose (i, j)-th
entry is 1 and all other entries are zero. The matrices ¢;; (1) will be referred to
as elementary matrices.

Since M, (A) acts on A" via matrix multiplication, the group E,(A) which is a
subset of M,,(A) also acts on A”. This induces an action of E,(A) on Um, (A). The

equivalence relation on Um, (A) given by this action is denoted by E"LA). Similarly

GLy(A) SL,(A)
one can define  ~ and ~ .

It is not hard to see that a unimodular row v € A" is completable if and only if

y 2N 1 0. 0).

Theorem 14.2 (see [3])

(i) Let Abearingand|ay,ay, ..., a,] € A" be aunimodular row of length n which
contains a unimodular row of shorter length. Then the row lay, ay, ..., a,] is
completable. In fact

E,(A)

(ar,az,...,an) (1,0,...,0).
(i) Let A be a semilocal ring. Then any unimodular row [ay, a, . . ., a,] of length
n > 2 is completable. In fact
E,(A)

(ai,as,...,a,) ~ (1,0,...,0).
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Definition 14.2 Two matrices o and S in SL, (A) are said to be connected if there
exists o (X) € SL,(A[X]) such that 0(0) = « and o (1) = 8. By considering the
matrix o (1 — X), it follows that if « is connected to 8 then 8 is connected to .

Lemma 14.1 Any matrix in E,,(A) can be connected to the identity matrix.

Proof Every matrix @ € E,(A) can be written as a product of elementary matrices of
the form ¢;; (1) = I, + LE;; fori # j, thatis, @ = [[;_, ¢;; (). We define o (X) =
[T e;j(AX). Then o (X) € SL,(A[X]), 0(0) = I, and o (1) = «. This proves the
lemma. O

Lemma 14.2 Let A be a ring and I be an ideal of A. Then the map E,(A) —
E,(A/I) is surjective.

Proof The proof follows from the fact that the generators e;; (1) of E,(A/I) for
A € A can be lifted to generators e;; (1) of E,(A). O

Let us recall Quillen’s Splitting Lemma [23] with the proof following the expo-
sition of [3]. In what follows, (¢ (X)), denotes the image of ¥ (X) in GL, (Ay[X])
and (Y, (X)); denotes the image of ¥, (X) in GL, (Ay[X]).)

Lemma 14.3 (see [23]) Let A be a domain and s,t € A be suchthatsA +tA = A.
Suppose there exists o (X) € GL,(A«[X]) with the property that o (0) = I,,. Then
there exist Y1 (X) € GL,(As[X]) with ¥1(0) = I, and ¥,(X) € GL,(A{[X]) with
V2(0) = I, such that o (X) = (Y1 (X)) (Y2(X))s.

Proof Since o(0) =1,, o(X) = I, + Xt(X), where 7(X) € M,(As[X]), we

choose a large integer N; such that o (As¥X) € GL,(A[X]) for all A € A and for all

k > N;. Define B(X, Y, Z) € GL,(A«[X, Y, Z]) as follows:
BX,Y,Z)=0c((Y + 2)X)o(YX)\. (14.1)

Then B(X,Y,0) = I,, and hence there exists a large integer N, such that for all
k > N, andforall u € A we have (X, Y, ut*Z) € GL,(A[X, Y, Z]). This means

BX,Y, i Z) = (01(X, Y, Z)), (14.2)
where 01(X, Y, Z) € GL,(A[X, Y, Z]) witho1(X, Y,0) = I,.

Taking N = max(Ny, N,), it follows by the comaximality of sA and tA that
sNA 4+ tNA = A. Pick A, u € A such that AsV + utV = 1. Setting ¥ = AsV, Z =
utVin (14.1)and Z =1, Y = AsV in (14.2) we get

BX, as™N, ut™)y = o (X)o(AsV X) 7!

and

BX, As™, ity = (o1(X, As™, ut™)), = (Y1(X)),, where ¥ (X) € GL,(A([X]).
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Hence, we conclude o (X)o(AsVX)™! = (¥ (X));. Let o(AsVX) = (Yo (X))s,
where (Y,(X)); € GL,(A{X]). Since ¢(0) = I,,, ¥1(0) = ¥»(0) = I, the result
follows by using the identity o (X) = o (X)o (As¥ X)'o (AsV X). O

Remark 14.1 In the above lemma by interchanging the roles of s and ¢ we can
write 0 (X) = (11(X));(12(X)),, where 71(X) € GL,(A{X]) with 7;(0) = I, and
72(X) € GL, (AG[X]) with 72(0) = 1,,.

Lemma 14.4 Let A be a domain and s,t € A be such that sA +tA = A. Ifo; €
SLn (AS)) 0y € En (At): then 0102 = .31.82’ where /31 € SLn (At) and :32 € SLn (As)

Proof Wecanwriteo|0y = 01020, !o|. Therefore, it suffices to show that o azo]_l =

y1v2, where y; € SL,,(A,) and y, € SL,(Ay). Then the result follows by setting
B1 = y1 and B, = y»07. Since any elementary matrix can be connected to the iden-
tity matrix, we can find «¢(X) € SL, (A;[X]) such that «(0) = I, and «(1) = 0.
Let §(X) = oya(X)o;'. Then 8(1) = 01020, '. Since §(X) € SL,(A,[X]) and
3(0) = I,, by Remark 14.1, §(X) = 8;(X)8,(X), where §;(X) € SL,(A,[X]) and
8,(X) € SL,,(As[X]). Setting y; = §;(1) and y» = 6,(1), the lemma follows. O

Lemma 14.5 (see [6]) Let A be a domain and s,t € A be such that sA +1tA = A.
Leto € SL,,(Ay) ande € E,(Ay;). Thenoe = 11015, where T € SL,(Ag) and 1, €
SL, (A)).

Proof Let s = s&,, where &1 € SL,(A;) is chosen such that &; = I, mod (+"V) for
sufficiently large N and e, € SL,(A;).So,wehaveoe = oe&; = oe10 'ogy. Now,
since &; = I, mod (+") for sufficiently large N, therefore o0e10~! € SL,(A;). Now
by taking 7, = os10 " and 7, = g5, we have o¢ = 10 T». O

Lemma 14.6 Let A be a domain and I be an ideal of A. Let a, ¢ € A be such that
aA +cA = A. Then

I— -1,
Io ——— 1,

is a pullback diagram. This means that if two elements x € 1,, y € 1. are equal in
Ly, then there exists a unique z € I suchthat 1 = x in I, and § =y in Ip.

Proof Let x = :4, and y = Li be such that % = Li in I,., where b, c € A. Hence
bc* =da" in A. Since aA+cA=A,a"A+c*A = A. We choose A, u € A such
thatAa” + puc® = 1.Letz = Ab+ ud. Thena"z = a"Ab+a"ud = a"Ab + c*ub =
b(a@r+c*u)=>b and c’z=c*M+c*ud =a"rd+cfud =d@r+c*u) =d.
Hence we have { = aﬁ in/, and § = % in /.. The uniqueness is proved in a similar
manner. O
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14.3 On Some Results on Cocycles

In this section, we recall some known results on one cocycles. We give many details
to make the paper readable. The reader who is familiar with one cocycles could skip
this section. For rest of the paper we assume that A is a domain.

Let A be a domain and [vg, v1, ..., v,] be aunimodular row in A. We describe the
cocycle associated to the unimodular row [vg, vy, ..., v,] and as well as the cocycle

At i and explain how they are related to

associated to the projective module yTET—]
V0 V1yeees Vi

each other.

For notational simplicity, we do this for unimodular rows of length 3 and modi-
fications needed for the general case are cosmetic.

Suppose s, t € A are such that sA 4+ A = A and assume that the row [vg, vi, V2]
is completable1 to matrices o € SL3(Ay) and B € SL3(A,). Let

Vo Vo
a=|vipipp|landB=|viqiq|. (14.3)
1% V2

1
It is clear that the first column of the matrix « =!8 is | 0 |, whereby

0
Ly po

a '8 =|02rn 3| € SLy(Ay). (14.4)
0 A3z Ass

Definition 14.3 The matrix o € SLy(A,,) given by ¢ = (ﬁ” i”) is called a
32 A33

“cocycle” associated to the unimodular row [vg, vq, v2].

Rewriting (14.4) as

Vo Vo 1wy po
vigi @2 | = vipip2||0An A (14.5)
1) %) 0 A3 A3z
we get
Vo Vo
g1 =1 | vi | +2Anp1r+Anpr; g2 =2 | vi | +Asp1 + Aszpo. (14.6)
V2 V2

Quotienting modulo [vg, v{, v2], we get

I This assumption is needed to define cocycles.
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g1 = App1 + Anp2; g2 = Aspi + Azpa. (14.7)

In matrix form we can write this as follows:

q1 A2 Ax\ (P1
)= il 14.8
(612) ()»23 )»33) (Pz) (14.8)
: A
mn Agi[vo,viv2l”

Definition 14.4 The matrix (izz 13 2> = 7, which is obviously the transpose of o,
23 A33

. . . . 3
is called a “cocycle” associated to the projective module m.

Therefore, there are two ways of associating a cocycle to a projective module
given by a unimodular row. Depending on the context, both methods are useful.

Now, we see how the cocycle associated to a unimodular row depends on the
choice of completions. Let us consider completions @ € SL3(Ay) and 8 € SL3(A;)
of the unimodular row [vg, vi, v2]. Then we get (14.4).

Now, we choose different completions «’, 8’ of [vg, v1, v2] in A and A, as follows:
Let § € SL3(Ay) be such that § has first column (1, 0, 0)’ then o’ = a8 € SL3(Ay)
and has first column (vg, vy, v2)?, and any other completion of the unimodular row
[vo, v1, v2] to a matrix in SL3(Ay) can be obtained in this way. Similarly, the matrix
B’ = By, where y € SL3(A,) has first column (1, 0, 0)".

1
Again it is clear that the first column of o’~! 8" is | 0 |. We can write
0
U S
o B = 8 o' ’

where A, u., € Ay, and o’ € SLy(Ay,). This ¢’ is the cocycle associated to the
unimodular row [vg, v;, v,] with respect to the new completions of the row [vg, vy, v2]

in A; and A,. Now putting the values of @’ and 8’ and rearranging them we get

| l )\st Mst 1 )‘;z M‘;t
8 8 o V= 8 o’

1 Ay s 1Ay
The matrices § !, y havetheform {0 _; |, |0 , respectively, where
0 “ 0o 7
As, s € As, T1 € SLp(Ay) and A,, u, € Ay, T2 € SLy(A,). Therefore, we can write
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1 A pg 1 Age st L A g 1 )\;t M;;
0 ! 0 o 0 . =10 o
0 ! 0 0 0

This implies that the new cocycle o’ associated to the unimodular row [vg, vi, V2] is
obtained from the old cocycle o after multiplying by 7, '€ SL,(Ay) from the left
and multiplying by 1, € SL»(A,) from the right.

The above discussion leads us to the following definition:

Definition 14.5 Let A be a domain. Suppose s, t € A are such that sA +rA = A
and o, 0’ € SL,(Ay,). We say that the cocycle o is equivalent to the cocycle o’ if
there exist 7; € SL,(A;) and 7, € SL,(A;) such that ¢’ = rl_larz.

We see that the cocycles arising out of different completions of a unimodular row
are equivalent.

Let P = —A be the projective module associated to the unimodular row

Alvo,vi,v2] .
[vo, vi, v2]. Consider the diagram

P———P

L

Py ——— Py.

Let o1 € SL,(A,;) be the cocycle associated to the projective module P corre-
sponding to the basis {p;, p»} of Py and the basis {gq1, g2} of P; which give comple-
tions of the unimodular row [vg, vy, v»] in SL,>(Ay) and SL,(A;). Then we have

qi\ _ P1
(4) = (2). (149

Now, we choose new bases for P; and P, in the following manner: Let 7{ € SLa(Ay)
and 7, € SL,(A;) such that

7 <Z;) = <Z}); 7 (Z;) = (Z}). (14.10)
2 2

So, we have new bases {p}, p5} of P; and {q{, g5} of P:;. Suppose that o, €
SL,(Ay;) is the cocycle associated to the projective module P corresponding to the

new bases. Thus we have
M\ Z g (P1). 14.11
(C/é> ’ (Pé) (%1

Now, combining (14.9)—(14.11) we get
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1 1

This implies that oy = 7, 0,7] or 14017, = 0. Hence, the new cocycle o, associ-

ated to the projective module P is obtained from the old cocycle o} after multiplying

by 75 € SL,(A,) from the left and multiplying by rl’_l € SL,(Ay) from the right.
The above discussion leads us to the following definition:

Definition 14.6 Let A be adomain. Supposes, ¢t € A aresuchthatsA + A = Aand
o1, 02 € SLa(Ay,). Then we say that o) is equivalent to o, if there exist 7{ € SLa(Ay)
and 75 € SL,(A,) such that o, = t}07 rl’*l.

Let A be a domain and [vy, v, V2] be a unimodular row in A. Suppose s, ¢ € A
are such that sA +tA = A and the unimodular row [vg, vi, v2] is completable to a
matrix @ € SL3(Ay) and B € SL3(A4;) as in (14.3).

Now, we want to give conditions under which the unimodular row [vg, vi, 2]
is completable to a matrix y € SL3(A). In order to find whether the completion of
the unimodular row [vg, v, v;] in A exists we use Lemma 14.6. According to that
we can get the required matrix y € SL3(A) by patching together o« € SL3(A;) and
B € SL3(A;) which satisfy «; = B, in Ay,.

Now, we see what the sufficient condition is under which we can patch together o €
SL3(A;) and B8 € SL3(A,) in Ay; which give completions of the column [vg, v1, v2]".
Referring to (14.4), that is,

1 A1 A2
a'B=1{0 o ,
0

for some A1, A2 € Ay, and o € SLy(Ay,).
Now, suppose o splits as 0 = o107, where o1 € SL,(A;) and 0, € SL,(A;). Then
we can write

1 A1 A2
a’lgp=10
o 7192
100 100
Letd' =a |0 and 8 =810 _;|. Thus we have
(oa] [oF
0 02
100 100 1A A,
o 1g=10 _,la'plo ;=01 0
0% 0% 00 1

Since sA +tA = A, we have s"A + 1" A = A and there exist A, i € A such that
As" 4+ ut” = 1. By using this relation for sufficiently large r, we can write A}, =
)\.] + U1, )\/12 = )\.2 + o, where )Ll, )\.2 S As and M1, Lo € A;. Therefore,
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1)\‘/11)\./12 1)\.1 )\2 1/,Ll 1%%)
01 0}]=(010 01 0] =c¢ee,
00 1 00 1 00 1

where ¢; € E3(Ay) and &, € E5(A;).

Therefore, we change o’ to o’ = o’¢; and B’ to B’ = ﬁ’e;l. Clearly o~ '8" =
I3. That is «” = B” in Ajy,. Therefore by using Lemma 14.6, we get the required
completion of the unimodular row [vy, vi, V2] in A. Therefore, any unimodular row
[vo, v1, v2] is completable in A if the cocycle associated to the unimodular row
[vo, vi, v2] splits.

We have the following theorem:

Theorem 14.3 Let A be a domain and [vo, v1, v2] € A3 be a unimodular row. Sup-
pose there exist s, t € A suchthatsA +tA = 1 and [vy, v1, v2] is completable in A;
and A;. Then [vy, vi, v2] is completable in A if and only if the cocycle associated to
the unimodular row [vy, v, v2] splits.

Proof We have already shown one part we show the other part. Suppose [vg, vi, V2]
is completable to a matrix § € SL3(A). Then we have to show that the cocycle
associated to the unimodular row [vo, vy, v2] splits.

Choose completions of the unimodular row [vg, vi, v2] given by o € SL3(A;) and
B € SL3(A;). Then from (14.4), we have

Since § € SL3(A) is a matrix whose first column is (vg, vy, v2)', using (14.4), we
can write

1 % %
sTla=1{0 , where oy € SLy(Ay)
0]
0
and
1 % %
s'p=1{0 5, | - Whereon € SLa(A)).
2

Then we have (6 'a)™'67'f =« 16678 = o~ ! B. Hence

1 % % 1 % % 1 % %
0 _ Oa =O(7
0 0 0

Thisimplies o = o, 'y, where oy € SL,(A,) and o3 € SL,(A,). Thatis, the cocycle
associated to the unimodular row [vy, vi, v2] splits. |
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Theorem 14.4 Let A be a domain and [vy, v, v2] € A3 be a unimodular row. Sup-
pose there exist s,t € A such that sA +tA = A and vy, vi, v2] is completable in
A and A,. Then [vy, v, v2] is completable if and only if the cocycle associated to
the projective module A[VA—:V] splits.
Proof Suppose the cocycle associated to the projective module ﬁ splits. Then
we have to show that the unimodular row [vg, vy, v,] is completable. Leto € SL3(Ay)
and B € SL3(A;) be as given in (14.3), two completions of the unimodular row
[vo, vi, v2].

Therefore, a~' B as in (14.4). Rewriting (14.4) and using (14.5)—(14.7), we get

the following relation:
- ()6
9 A2z A3z ) \ P2

A2l A2z
A3l A3

A3
An[VO vi,v2]*

Therefore, we have a cocycle T = < ) associated to the projective module

% If T splits, that is, T = 11175, where t; € SL,(A,) and 7, € SL,(Ajy), then
q1 Di
)=nn |2
<42> e <P )
That is,

Suppose that 7, ! (@) = (q_}) and 1, (ﬂ) = (p—/l) Thus
q2 q, P2 P>

<q—}) = <ﬂ) mod [vo, Vi, v2]. (14.12)
a9, P>

Then we have g — p| = Ay[vo, vi, v2] and g5 — p5 = g lvo, vi, v2], where
sty Ust € Agr. Since sA +tA = A, (14.12) implies following:

g1 — P = O + 1) o, vi, nals g5 — py = (s + o) o, vi, v2l,
where A, s € Ay, and A;, i, € A;. This relation can be written as follows:
q; — Alvo. vi.val = pi + Aslvo. vi. vali g5 — welvo. vi. val = ph + wslvo. vi. val.

Let the column (vg, v1, v2)" be denoted by C;. Then we transform
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Vo
Vi 41 95
V2
to
Vo
V1 qi — A,Cl qé — ,LL,C] € SL3(A;) (1413)
V2
and
Vo
vi pi Py,
V2
to
Vo
Vi p’1 + A, Cy p’2 + usCi | € SL3(Ay). (14.14)
V2

Now, patching together (14.13) and (14.14) in Ay, and using Lemma 14.6, we get a
completion of the row [vy, v, v»] in A.

Conversely, let [vo, vi, v2] be completable in A. Then we have to show that the
cocycle o € SL,(Ay,) associated to the projective module P = A[voﬁi,vﬂ splits. Let
{r1, r,} be abasis for the projective module P which gives a completion of [vg, vi, 5]
in SL3(A). We have completions of the unimodular row [vy, v, v] in SL3(Ay) and
SL3(A;). Now, suppose {p1, p2} and {g1, ¢»} are the bases for P, and P;, respectively,

and t is the connecting matrix for these two bases. Thus using (14.8), we have

qr\ _ (P
<q~2> =1 (ﬁ) : (14.15)

Let §; € SLy(Ay), 8 € SLy(A,) be the respective connecting matrices for the basis
{r1, r2} of P and the bases {py, p>} of P; and {g1, g2} of P;. That is,

ry _ P ry _ q1
(1) = (2) wa (1) =5 (Z). 1410

Combining (14.15) and (14.16), we get

—1 (") _ _c=1 (71
5; (r2>_rsl ()

Thatis 8, ' = 8" or 8,'8; = 7. This implies that 7 splits. g

Corollary 14.1 Let A be a domain and [a,, as, as], [b1, ba, b3] be unimodular

rows in A. Suppose s,t € A are such that sA +1tA = A. Let P, = ﬁ;as] and
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P, = ﬁl;m be projective modules such that (Py);, (P1):, (P2)s, (P2); are free of
rank 2. Let o1 be the cocycle associated to the projective module Py and o, be the
cocycle associated to the projective module P,. Suppose that o} is equivalent to o5.
Then we can choose bases of (Py)s and (Py); such that the cocycle associated to P,

corresponding to these bases is equal to 5.

Proof Suppose 01 € SLy(As;) is the cocycle associated to the projective module P;
corresponding to a basis {pj, p2} of (P;), and abasis {q, g2} of (P;),. Then we have

q1 1
__ )= ). 14.17
(@) ! <Pz) (1D
Similarly, let o5 € SL>(Ay;) be the cocycle associated to the projective module P>
corresponding to a basis { p, p} of (P), and abasis {q], g3} of (P,),. Then we have

(q_}> =0 (p_}) : (14.18)
9 2)
Since o is equivalent to o5, there exist 7; € SLy(Ay) and 7, € SL,(A;) such that

oy = 12017:]_1. Now, we find another basis of (P;); and (P;), by using 7; € SL,(A;)
and 7, € SL,(A,) as follows: Let

P\ _ (P} @) _ (40
T == ) and 1, =|=). 14.19
1 <P2> <pé’> <‘12) <61£’> (1419
Now, suppose o3 is the cocycle associated to the projective module P; corre-
sponding to the basis {pl, py} of (P1)s and the basis {g], g5} of (P;);. Then we

have o -
4 4

(i},) =0 (ﬁ) . (14.20)
q, P>

(oa] ﬂ =‘L’2_]O'3‘L'1 E .
P2 P2
This implies that oy = t{logtl. Since we have 0, = 1,0} rfl or r{lcrgtl = o1, this
implies ‘L’2_103‘L'] = 7:2_1021]. Hence 0y, = o3. U

Corollary 14.2 Let A be a domain and [ay, ay, as), [b1, by, b3] be two unimodular
rows in A. Suppose s,t € A are such that sA +tA = A. Suppose the unimodu-
lar rows are completable in A; and A;. Let o1 € SLy(Ay;) be the cocycle associ-
ated to the projective module Py = Aar.aras] corresponding to the basis {p1, p»} of
(Py)s and {q1, q2} of (Py); which give SLj completlons and o5 € SLy(Ay,) is the

cocycle associated to the projective module P, = m corresponding to the
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basis {p}, p5} of (P2)s and {q1, g5} of (P2); which give SL3 completions. Suppose
o1 =0y Let Ty : A} — A? given by Ti([a1, a2, a3]) = [b1, b2, b3], Ti(p1) = p},
Ti(p2) = phandTs : A} — A} givenby T>([a1, az, az]) = [by1, ba, b3, Tr(q1) = g1,
Tz(qz) = qé. Then T1 = Tz.

Proof Since o) € SL;(Ay,) is the cocycle associated to the projective module P,
corresponding to the basis {p;, p»} of (P)s and the basis {q, g»} of (P});, we have

q1) _ Pi
(q2> =0 (pz) . (14.21)

Similarly, o, € SL,(Ay;) is the cocycle associated to the projective module P, cor-
responding to the basis {p], p5} of (P»), and the basis {g{, g5} of (P>),, we have

i) — o (pi). 14.22
(qé> VA (14-22)
A1 A2

Suppose o] = (A N ) = op,thenwehaveq, = A1 p1 + Anpprand gy = Ao p1 +
21 A22
Ao pa. Applying the transformation 77, we get

Ti(q1) = Ti(A11p1 + Ai2p2) = A py + 2iaps

and
T(q2) = Ty(A21 p1 + A2 p2) = A1 Py + Ao ps.

These equations can be written in matrix form as follows:

Ti(g)\ _ (A1 22 p/]
<T1(€12)) N ()\21 )»22> (pé) : (14.23)

Combining (14.22) and (14.23), we get

(TI(QI)> _ <)»11 Mz) (P?) _ (%)
Ti(q2) ot Ao ) \ Py a)"

Since T>(q1) = ¢; and T»(q2) = g5, we have

(T1(6]1)> _ <)»11 )»12) (Pﬂ) _ (q{) _ (Tz(éh))
Ti(g2) Aot A ) \ Py a0 Ty (q2) )~
Therefore, T1(q1) = T>(q1) and T1(q2) = T2 (q2). U

Remark 14.2 The transformation obtained by patching 7 and 75 in Corollary 14.2
belongs to SL3(A). Hence, from Corollaries 14.1 and 14.2, it follows that if the
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cocycles corresponding projective modules given by two unimodular rows are equiv-
alent then the unimodular rows are in the the same SL3(A) orbit.

Corollary 14.3 Let A be a domain, and a,b € A be such that sA +tA = A. Let
la1, a2, asl, [b1, ba, bs] € A3 be unimodular rows which are completable in A; and
A;. Suppose the cocycle associated to [ay, a», a3] is the element o € SLy(Ag;). Sup-
pose the cocycle associated to by, by, b3] is o€ (or €0 ), where ¢ € E;(Ag;). Then
a1, az, as] and [by, by, b3] are in the same SL3(A) orbit.

14.4 On a Proof of Suslin’s Theorem

In this section, we derive Suslin’s theorem by giving a new proof of the following
Proposition also due to Suslin [27] (see also [12]).

Proposition 14.2 Let[u, ay, ..., a,]be aunimodularrowin A. Suppose [ay, . . ., a,]
is completable to a matrix belonging to SL,,(A/Au). Then the row [u", ay, ..., a,)]
is completable to a matrix belonging to SL,11(A).

Proof We prove the proposition by using the method of cocycles. Let J = (ay, . ..,

ap).Since [ay, . . ., a,]iscompletablein A/ Au, there exists amatrixoe € SL,(A/Au)
such that
a - a,
o=
*
a) M
So det(@) =1 € A/Au. Therefore det(xr) = det N =1+uveA for

some v € A. Further expanding the determinant along the first row we see that
det(o) € J. Suppose 1 + uv = j € J. Then we have ul%j =—1.Letv = ﬁ then
we have uv' = —1.

We first handle the case where n = 2. We give two completions of unimodular
row v = [u?, a;, ay] in SL3(Ai_;) and SL3(A}) as follows:

w200 w0 1/j
a VOl e SL3(A1_j) and | a; by O € SL3(AJ)
a, 0V a by 0

We now compute the cocycle associated to the projective module 2A—3. We can
. [u*,a1,a]
write
0 u? 0 0
bil=Mmla|l+xm]|V]+2]|0
b2 as 0 V'
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and
1/j u? 0 0
O |=mi|a | +m|V]+usl0
0 ay 0 v

We get A1 =0, Ay = b /V, A3 =by/V and puy = 1/ju?, po = —ay/juv, puz =
—ar/juv'.

Let g1 = (0, b1, b2)", q2 = (1/7,0,0)", p1 =(0,V,0), and p, = (0,0,V)".
Now, by going modulo [u?, a;, a;] we have

- — 3
(%) _ (/\z ?»3) (m) o Aoy
% M2 U3 E Aj(l,j)[uz,al,az]’

or
a\_( b/ by/V' pr
92 —ar/ju®V' —ay/ju*v' ) \p2)’
/ /
whereo = < abl/é";zv’ abz/é\;zv) € SL»(Aj1—j)) is the cocycle associated to the
—a —a

7 We see that o splits into a product of two matrices as

. . A3
projective module Aaral

follows:

b]/v, bz/V/ _ 1/\), 0 bl b2 — 5.8
—ar/ju®' —ax/ju®' ) —\ 0 1wt )\-a/j —ar/j) ~ ®

where 6; € E>(A1_;) and §, € SL,(A ). Here o splits but not in the desired order.
Invoking Lemma 14.4, we get §16, = 717, where 1y € SLy(Aj) and 7, € SLo(A—)).
So by Theorem 14.4, we see that [u2, ay, as] is completable. Having settled the
n = 2 case in detail, the general case proceeds along similar lines but owing to the
importance of the proposition we provide details for completeness. We establish the
case where n is even. Similarly, one can do the case where n is odd.

n . ;
oo W00 0 1/
, ap M1 A2 o Ap=np1 O
a v 0 Az A A 0
Leta=| . . .|eSLii(A_jpandpg= |9 H2 422" A=l €SL,t1(A)),
PP o : :
" Y ar Mp Aon o A@m—nn O
ap At Azt Ap—n1
. ap Az Ap ot Ap—1y2
where j = det L. .

air Ap A2n - A—yn
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l Vi Vy -
0wy vy -
Leta 'f=|0vi2va -
0 Vip Vo =
Thus, we have the following equations:
0 u"
All a
el IS KN
An Ay
0 u" 0
)\.21 a v/
)\.22 =1, ay + Vo 0
)\Zn ay O
0 u" 0
An—1)1 a v
)L(n—])2 = Vn—-1 @+ Vin—-1
)\-(n—l)n ay 0
1/j u"
0 a
0 =Vp @ + V1
0 a,

’ ’
We get vy = 0,vq; 2)\.11/\/ V12 =)\.12/V, .

’ ’
v = An/V, WVan = Aon [V,

R. Sridharan and S. K. Yadav

Vn—1 Vn
Vin—-1)1 Vnl
Vn—-1)2 Vn2
Vin—Dn Vnn
0 0
v 0
Ol +...0v, |0, (424
0 v
0
0
Toiguy, | O], ..., 1425
y
0
0
+otveene | O], (14.26)
v/
0 0
v 0
O+ v [V]. 427
0 0
O

o Vi = A /V, 12 =0, v31 = Ayt /V,
vy Vo1 =0, Vo = A1 /V V-2 =

)»(,171)2/\),, e wVu—n = )\.(nfl)n/vl and Vv, = l/ju”, V411 = —al/ju”v’, Vin+1)2 =
—ay[ju™V', ..., vy = —a,/ju™v'. We get the following cocycle:
A /v Ao /v An/V
Aot V' A V! Aon/V
o=| s ;
Aa=D1/V" Aa=12/V - Ag—n/V'
_al/junv/ _az/junv/ . _an/junv/
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We see that o splits into a product of two matrices as follows:

)\]1/\/ )\.12/11, )\]n/V/
)\21/11/ )»22/11, e )\zn/v/

A1 /V" Ap=12/V" -+ Aa—tn/V’

—ay/ju™V' —ay/ju™V' - —a,/ju™V
Al Az o A
I» 0 --- 0
/ A2l A2 e Aoy

0 1 -+ 0
. ) : : : = 8162,
- : M1 Moe1ys =+ A
0 0 ---1/u™ (=1 A(m—1)2 (n=bn

/ —ai/j —axfj -+ —an/j

where 8; € E,(A|—;) and &, € SL,(A;). Here o splits but not in desired order.
Invoking Lemma 14.4, we get §,8, = 717, where 7y € SL,(Aj)and 1, € SL,(A_)).

So by Theorem 14.4, we see that [u", ay, ..., a,] is completable. |
Theorem 14.5 (Suslin) Let A be a ring and [u, a1, az, . . ., a,) be a unimodular row
in A. Then [u™, ay, aa, ..., a,] can be completed to a matrix in SL, 41 (A).

We refer the reader to the books of Murthy—Gupta [12], or Mandal [21] or Lam [18]
or the paper of Suslin [27] for the proof of the above theorem using Proposition 14.1.

We now use the method of cocycles to prove the following theorem of Murthy—
Swan [22].

Theorem 14.6 Let A be a ring and [x, y, 7], [13x, v, z] be two unimodular rows in
A. Then these unimodular rows are in the same SL3(A) orbit.

Proof We are given that [x, y, z] and [u3x, y, z] are two unimodular rows in A. Let
J = (v, z). First we find the cocycle corresponding to P; = ﬁ?yzl'

Since [u%x, y, z]is aunimodular row, there existx’, by, b, € A suchthat (u’x)x’ +
yb; + zby = 1. By rewriting the above we have (x)u’x’ + yb; + zb, = 1. Then
we have (x)u’x’ =1— j, where j € J. Or (x)‘l’% =1, that is, (x)v' = 1, where

v = Llﬂij Now, we get completions of the unimodular row [x, y, z] as follows:

x00 x 0 1/j
yVv 0] eSLs(Ai—j)and |y by O | € SL3(A)).
z01 zby 0

Therefore, we can write

0 X 0 0
bil=xuly|+rx2[V]+23]0
by z 0 1
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1/j X 0 0
0 =M |yl +22|V]+23]0
0 Z 0 1

We get Ay =0, Lo =b1/V, Az =by and Ay = 1/jx, Ay = —y/jxV', Aoz =
—z/jx. Thus the cocycle of P is

A3
Alu?x,y,z]"
As before since [u%x, v, z] is a unimodular row, there exist x’, by, b, € A such

that (u?x)x’ + yb; + zb, = 1. Then we have (u’x)x’ =1— j, or (uzx)le/j =1,

Now, we compute the cocycle of P, =

thatis (u2x)v” = 1, where v/ = 1XT/ Letv' = u*V". Now, we get completions of the

unimodular row [12x, v, z] as follows:

w’x 00 uw’x 0 1/f
y V'O e SL3(A1_j) and y by 0 € SL3(AJ)
z 01 z by O
As before we can write
0 u’x 0 0
byl=pul y | +ue|V' ]| +wrs]0
by Z 0 1
and
1/j u’x 0 0
O |=pa| vy | +un|V'|+us|o
0 Z 0 1

We get wi =0, pi =bi1/v", i3 = by and oy = 1/ju’x, pn = —y/juxv’,
Uoz = —z/ju’x. Thus the cocycle of P is

b]/V” b2
h=\|\__vy _ _z .
Jjulxv”  julx
Asuisaunitin A;_;, thereexistsv € A;_; suchthatuv = 1. Note thatV' = u*v".

bi/v' b bV b bi/vV' b
W T () P )
v Jjxv' jx v jxv' v jx Jjxuv” Ju?x

= 1,. Since (g 8) € E>(A _j), therefore by the result of Lemma 14.5, the cocycles

of P and P, are equivalent and so by Remark 14.2, the rows [x, y, z] and [u%x, v, z]
are in the same SL3(A) orbit. U
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Chapter 15 ®)
On an Algebraic Analogue of the I
Mayer—Vietoris Sequence

Raja Sridharan, Sumit Kumar Upadhyay and Sunil K. Yadav

15.1 Introduction

Let X be a topological space, H°(X, Z) be the set of continuous maps from X to Z
and H'(X, Z) be the set of all homotopy classes of continuous maps from X to S'.
Since Z and S' are abelian groups, H°(X, Z) and H'(X, Z) are also abelian groups.
In the literature, the group H'(X, Z) is known as Bruschlinsky group (for details
one can see [5]).

Theorem 15.1 Let U; and U, be two open sets of a topological space X. Then we
have an exact sequence

HO (U, UU,, 7) — HO U, Z) @ HO (U, 7) — HO(U; N Uy, Z)— HY (U, U U, 7)
— H\ (U, 7) ® H Uy, 2) — H (U, N Uy, 7).

This sequence is known as Mayer—Vietoris sequence.

We refer the reader to see the book of Wall [12] for the definitions and the construction
of the Mayer—Vietoris sequence. It is natural to ask that ‘Does there exist an algebraic
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analogue of Mayer—Vietoris sequence?’ The main aim of this paper is to define
two algebraic groups I'(A) and m;(SL,(A)), where A is an integral domain and
also to prove an algebraic analogue of Mayer—Vietoris sequence with the help these
groups for an integral domain of dimension 1. The group I"(A) is also discussed by
Krusemeyer ([7]) in different context.

By using the theory of symplectic modules, we also give an algebraic analogue
of the connecting homomorphism

H' (U NUy, Z) — H*(U; U U,, 7). (15.1)

This paper is organized as follows. After recalling some preliminary results in
Sect. 15.2, we give an analogue of Theorem 15.1 in Sects. 15.3 and 15.4. In Sect. 15.5,
we give an analogue of the map (15.1) and finally in Sect. 15.6, we deduce some
corollaries of our results.

15.2 Some Preliminaries

In this section, we give some definitions and preliminary results. Throughout the
paper, ring A means commutative ring with identity.

Definition 15.1 1. Let A be aring. A row (aj, ay, ..., a,) € A" is said to be uni-
modular (of length n) if the ideal (a;, a;, ..., a,) = A. The set of unimodular
rows of length n is denoted by Um,,(A).

2. A unimodular row (a;, as, ..., a,) is said to be completable if there is a matrix
in SL,,(A) (or in GL,(A)) whose first row (or first column) is (a;, as, . .., a,).

3. We define E,(A) to be the subgroup of GL,(A) generated by all matrices of
the form E;;j(A) = I, + Ae;j, L € A, i # j, where ¢;; is a matrix whose (7, j)th
entry is 1 and all other entries are 0. The matrices E;;(A) will be referred to as
elementary matrices.

We now define the symplectic and elementary symplectic group of aring. Let e;; be
the matrix with 1 in the (i, j) place and zeros elsewhere, ¢; the ith row of I, and

r r
Xr = E €2i—-1,2i — E €2i2i—1-
i=1 i=1

We display the case r = 2 explicitly below.

2 2
X2 = E €2i-1,2i — E €2;2i—1
i=1 i=1

=ept ez —ey —eys
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0

—
(=Nl

(=R
S = O O

0
0

Definition 15.2 The group of symplectic matrices Sp,, (A) is given by
Ser(A) = {0[ € GLZV(A) : OltXrC( = Xr}s

which is clearly a subgroup of of GL,,(A).

In order to define the elementary symplectic matrices, we use the permutation ¢ on
2r-letters given by

0Ri)=2i—1lando2i — 1) =2i, for1 <i # j <2r.

Definition 15.3 1. Foreachpairi # j(1 <i # j < 2r)theelementary symplectic
matrix se;;(z) is given by

Ly + 7 ¢ if i=0j

seij(z) = {

12r+Z'eij —(—l)th © 2 €ojoi if i #O'j and i < J-

We shall call these matrices elementary symplectic.
2. The group ESp,, (A) is then the subgroup of Sp,, (A) generated by the elementary
symplectic matrices over A.

For the case r = 2, there are eight such matrices, the matrix se;3(z) (i # o(j))
is displayed below.
10z0
0100
0010
0—z01

For the other three cases, the positions of +z change accordingly. Likewise for » = 2
the matrix se43(z) (i = o(j)) is displayed below.

1000
0100
0010
00z1

For the other three cases, the positions of z change accordingly.
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Letusrecall Quillen’s Splitting Lemma [8] with the proof following the exposition
of [3]. In what follows, (¥; (X)), denotes the image of v;(X) in SL, (A,[X]) and
(¥2(X))s denotes the image of ¥, (X) in SL, (A [X]).

Lemma 15.1 (see [8]) Let A be a domain and s,t € A be such that sA +tA = A.
Suppose there exists o (X) € SL, (A [X]) with the property that o (0) = I,,. Then
there exist Y1 (X) € SL,(A[X]) with ¥1(0) = I, and ¥»(X) € SL,(A;[X]) with
¥2(0) = I, such that o (X) = (Y1 (X)), (¥2(X))s.

Proof Since o(0) =1,, o(X) = I, + Xt(X), where 7(X) € M, (As,[X]), we
choose a large integer N such that o (As*X) € SL, (A,[X]) for all A € A and for
all k > N,. Define 8(X, Y, Z) € SL,(Ax[X, Y, Z]) as follows:

BX,Y,Z)=0c((Y + Z)X)o(YX)". (15.2)

Then B(X,Y,0) = I,, and hence there exists a large integer N, such that for all
k > N> and forall u € A we have (X, Y, ut*Z) € SL,(A,[X, Y, Z]). This means

BX.,Y, ut*2) = (01(X, Y, 2)),, (15.3)

where o,(X, Y, Z) € SL,(A[X, Y, Z]) with o,(X, Y, 0) = I,.

Taking N = max(N;, N;), it follows by the comaximality of sA and tA that
sVA 4+ tNA = A. Pick A, u € A such that AsV + utV = 1. Setting ¥ = AsV, Z =
utin (152)and Z =1, Y = AsV in (15.3) we get

BX, as™N, ut"y = o (X)o(AsV X) 7!
and
BX, As™, utNy = (o1 (X, As™, ut™)), = (Y1(X)),, where ¥ (X) € SL,(A,[X]).

Hence, we conclude o (X)o(AsVX)™! = (¥1(X)),. Let o (AsVX) = (Yo (X))s,
where (¥»(X)); € SL,(A;[X]). Since o(0) = I, ¥1(0) = ¥»(0) = I,, the result
follows by using the identity o (X) = o (X)o (As¥ X) o (AsV X).

Lemma 15.2 ([4]) Let A be a domain and s,t € A be such that sA +tA = A. For
eacho € SL,(A;;)ande € E,(Ay,;) thereexistty € SL,(Ay) andt, € SL, (A;) such
thatoe = 110 Ts.

Proof Let & = ¢g,&,, where &; € SL,(A,) is chosen such that &; = I, mod (+"V) for
sufficiently large N and &, € SL,(A;).So,wehaveoe = o¢16, = o&10 'oey. Now,
since &; = I, mod (¢+") for sufficiently large N, oe,0~! € SL,(A,). Now by taking
71 =0g0 L and 1, = &), we have o = 110 T2.
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15.3 The Group I'(A)

In this Section, we define the group I"(A) which is an algebraic analogue of the group
HY(X,Z).

Definition 15.4 Let A be a ring. We say a matrix o € SL,(A) can be connected to
the identity matrix I, if there exists a matrix 8(T) € SL,(A[T]) such that 8(0) = I,
and (1) = «.

Definition 15.5 We say that two unimodular rows (a, b), (c, d) over A are equiv-
alent, written as (a, b) ~ (c, d), if one (and hence both) of the following equivalent
conditions hold.

1. There exists (fi11(T), f12(T)) € Umy(A[T]) such that (f11(0), f12(0)) = (a, b)
and (f11(1), f12(1)) = (c, d).

2. There exists a matrix & € SL,(A) which is connected to the identity matrix (that
is, there exists a matrix S(7T") € SL,(A[T]) such that 8(0) = I; and B(1) = «)

a c
such that o (b) = <d>

The fact that ~ is an equivalence relation will be established later. We first show that
these two conditions are equivalent.
2) = D).

Suppose B(T) = (gn(T) g12(T)

o (T) gzz(T)> such that 8(0) = I and 8(1) = «, which means

agi (1) +bga(1) = c and agy (1) + bgxn(l) =d.

fll(T) _ ay agll(T) +bg12(T)
<f12(T)> =P <b) B <ag21(T) + bgzz(T)> : (15.4)

Thus, it is clear that

Let

(f1100), f12(0)) = (a, b) and (f11(1), f12(1)) = (¢, d).
Since (a, b) is unimodular, we have (a’, ') € A? such that ab’ — ba’ = 1. Then
Ju(T) foo(T) = fr2T) f21(T) = 1,
where (f21(T), f22(T)) = (a'gii(T) + b'g12(T), a’g21(T) + b'g(T)). Thus
(u(D), f12(T)) € Ump(A[T)).

Therefore, definition (2) implies definition (1).
1 = 2.
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Since (f11(T), fi12(T)) € Umy(A[T]), thereexists (fo1(T), fn(T)) € (A[T1)? such
that

Jul(T) fo(T) — f12(T) for(T) = 1.

Thus af2(0) — bf>1(0) = 1.

Let §(T) = (ﬁ;g% ggi) (fzjg)) _fi; (0)).Then,3(0) = Land (1) (Z)
c

= (d) For @ = B(1), the definition (2) follows.

We now turn to proof that ~ is an equivalence relation.

Reflexivity: To show (a, b) ~ (a, b), we use (1) of Definition 15.5 and simply
take (f11(T), f12(T)) = (a, b).

Symmetry: Suppose (a, b) ~ (c,d). By (2) of Definition 15.5, there exists a

matrix o € SL,(A) which is connected to the identity matrix such that « <Z> =

(2) Since o~ ! is also connected to I, and o ™! a) we get (c, d) ~ (a, b).

C —

d] — \b)
Transitivity: Suppose (a, b) ~ (¢, d) and (c, d) ~ (e, f). Then we have matrices

o, B € SL,(A) which are connected to the identity matrix such that « (Z) = <C>

d
and 8 <2> = (;) Therefore o (Z) = (;)

Since o and B are connected to the identity matrix, there exist matrices y (T), §(T)
€ SL,(A[T]) such that y(0) = I, =6(0) and y(1) = «, 6(1) = B. Take 0(T) =
8(T)y(T). Thus 6(0) = I, and 6(1) = Ba, that is, B« is connected to the identity
matrix. Hence (a, b) ~ (e, f).

Note that a unimodular row will always be denoted by parenthesis and its equiv-
alence class by [, ]. Thus the equivalence class of (a, b) is [a, b].

Definition 15.6 Let I'(A) be the set of all equivalence classes of unimodular rows
given by the equivalence relation ~ as above. Define a product * in I"(A) as follows.

d

Let(a, b), (c,d) € Umy(A). Complete theseto SL,(A) matriceso = (Z ; an

T = <2 i) We define product of two elements [a, b], [c, d] € ['(A) as follows:

[a, b] * [c, d] = [first column of oT] = [ac + de, bc + df].

Claim. * does not depend on the choice of completions.

Let 0/ = (Z ;,) and T/ = <2 i,) € SL,(A) be another completion of (a, b)
and (c, d), respectively. Since columns of o and ¢’ form bases of A2, columns of
o’ can be written as linear combination of columns of . Since ¢ and ¢’ in SL,(A),

o'=0o <(1) )1\> for some A € A. Similarly v/ = 7 <(1) 'lf) for some u € A. Therefore
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I 1)\ 1/,L
ot _"<01)I<01>'
Consider the matrix
1 AT 1 uT\ | _
ﬂ(T)=o<O 1)r<0“1 )r o=l € SLy(A[T]).

BO) =0 ((1) ?) T ((1) ?) t'o7 ' = I,, and

B(lot =0 ((]) ?) T ((1) lf) o7 lor =0'7.

B(ot <é> =o't ((1)) .

Hence [(ac + de, bc + df)] = [(ac +dé’, bc + df')]. So x does not depend on the
choice of completions.

Thus

Therefore

Claim. * is a well-defined operation on I" (A), that is, we have to show that if (a, b) ~
(a’,b') and (c,d) ~ (c’,d’), then

[a,b] % [c,d] = [a', b ] %[, d']. (15.5)

Since (a,b) ~ (a’,b') and (c,d) ~ (c’,d"), there exist (fi1(T), fi2(T)) and
(811(T), g12(T)) in Um, (A[T']) such that

(f11(0), f12(0)) = (a, b), (fui (1), frz(1)) = (@', b"),
(£11(0), £12(0)) = (¢, d), (g11(1), gr2(1)) = (¢, d").
Again there exist f>1(T), f22(T), g21(T), g22(T) in A[T] such that

Ju(D) f21(T) = f12(T) f2(T) = 1 and g11(T)g21(T) — g12(T)g22(T) = L.

. _((T) f2(T) _ (gn(T) g2(T)\ .
Consider o (T) = (flz(T) le(T)) and =(1) = (glzm gzl(T)> in SLo
(A[T]). Thus the first column of the product o (T)7(T') is unimodular, that is,

(Mg (T) + f22(T)g12(T), f12(T)g11(T) + f21(T)g12(T)) € Umy(A[T]).
(15.6)
Setting T =0 and T = 1 in (15.6), we get (15.5). Hence the product “x’ is well
defined.
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Since matrix multiplication is associative, the product * is associative. Since
[a, b] = [1, 0] = [a, b] for every (a, b) € Um;,(A), we see that [1, 0] is the identity
Z ;) € SL,(A). Theno ™! = —fb —ae
and [a, b] = [ f, —b] = [1, 0]. So [ f, —b] is the inverse of [a, b] in (I"(A), *). Hence
(I'(A), *) forms a group.

Now, let A be an integral domainand a, b € A be suchthataA + bA = A. Define
the maps

element. Let (a, b) € Um,(A) and o =

p:T(A) — T(A) &' (Ap)
given by ¢(A) = (A, A) and
Y 1 T'(A)) & T(Ap) — T'(Aw)

given by ¥ (A, ) = A — . We would like these maps to be homomorphisms but
since I'(A) is not known to be abelian, ¥ may not be a homomorphism.

Claim. I"'(A) AN I'(A,) & T(Ap) 2, I"'(A,p) is an exact sequence of groups.

To prove the claim, suppose we have elements A € I'(A,) and u € I'(A;) which
are equal in I'(A,p), that is, there is an element «(7T) € SLy(A4[T]) such that
a(0) = I, and A = o (1)pe. We split «(T') (by Lemma 15.1) as o; (T )2 (T), where
a1(T) € SLy(AL[T]) with «1(0) = I, and o (T) € SLy(A,[T]) with az(0) = .
Therefore a; (1)™'A = a» (1) and these elements patch to yield an element of « €
I'(A). So (o) = (o, @) = (A, w). Hence ker(y) C Im(¢).

By the definition of ¢ and v, it is clear that Im(¢) C ker(y). Hence the claim.

Another way of formulating this is to say that

['(A) ——T'(4A0)

l l

['(Ap) —T'(Aw)

is a fiber product diagram.

Remark 15.1 Let N be the set of o € SLy(A) such that there exists B(T) €
SL,(A[T]) with B(0) = I and B(1) = «. Then N is the connected component of I,
in SLy(A) and N D E;»(A). The group I'(A) can also be defined to be the quotient
group SL,(A)/N. The reason we cannot take N to be E;(A) is that E>(A) is not in
general normal in SL;(A) and therefore it is necessary to consider a larger group N
containing E,(A).
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15.4 On the Group 71(SL3(A))

In this section, we define the group 7 (SL;(A)) and give a connecting homomor-
phism between 7 (SL,(A)) and I"(A). Throughout this section, we assume A as an
integral domain.

Let L be the set of loops in SL,(A) starting and ending at the identity matrix
I, that is, L = {a(T) € SLy(A[T]) | «(0) = a(1) = I}. We say that two loops
a(T), B(T) € L are equivalent (that is, written as «(T) ~; B(T)) if they are homo-
topic, thatis, there exists y (T, §) € SL,(A[T, S])suchthaty (T, 0) = «(T), y(T, 1)
= B(T) and y (0, S) = y(1,S) = I,. We call y(T, S) to be a homotopy between
a(T) and B(T).

We now show that ~ is an equivalence relation.

Reflexivity: To show «(T) ~; «(T), we simply take y(7T,S) =«a(T) € SL,
(A[T, S]). This is obviously the desired homotopy.

Symmetry: Suppose y (T, S) € SLy(A[T, S]) is the homotopy between «(7) and
B(T). Then y (T, 1 — S) is a homotopy between 8(7) and (7).

Transitivity: Let «(T) ~y B(T) and B(T) ~; 6(T). Then there exist matrices
(T, S), o(T, S) in SLo(A[T, S]) such that y1(T,0) = a(T), yi (T, 1) = B(T),
70,8 =y, 8) =hL, y(T,0=8(T), r(T,1)=35T) and »(0,S) =
y2(1, 8) = L. Take y3(T, ) = yi(T, S)B(T) 'y (T, S). Hence

y3(T,0) = yi(T, 0)B(T) ' 1a(T, 0) = a(T),
y3(T, 1) = yi(T, DB(T) ' ya(T, 1) = §(T), and
7300, 8) = y5(1,8) = L (since B(0) ' = B(1)™" = ).

Thus «(T) ~; 8(T).

Definition 15.7 For a domain A, m;(SL2(A)) is the set of all equivalence classes
of loops based on I,. For «(T) € SL,(A[T]) with (0) = «(1) = I, we denote its
equivalence class in 711 (SL,(A)) by [« (T)].

Theorem 15.2 The set w1 (SL,(A)) forms an abelian group under the binary oper-
ation ‘x’ defined as [a(T)] * [B(T)] = [a(T)B(T)].

Proof First we show that the operation ‘x’ is well defined. Let a(T) ~; B(T)
and y(T) ~; 6(T). Then there exist y,(T, S), y»(T, S) € SLo(A[T, S]) such that
n(T,0) =a(T), (T, 1) =B(T), vi(0,5) =n(,S) =hL; 0 =yT),
72(T, 1) = 8(T) and (0, ) = »2(1, S) = L. Take y5(T, S) = »i(T, $)(T, ),
we have y3(T,0) = a(T)y(T), y3(T, 1) = B(T)S(T) and 13(0, S) = y3(1, S) =
I,. Hence a(T)y(T) ~1 B(T)6(T).

Since matrix multiplication is associative, ‘x’ is also associative. Therefore
1 (SL,(A)) is a group with [/;] as the identity element and [a(T)~'] is the inverse
of the element [« (T)] € 71 (SL,(A)).
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Let a(T), B(T) € L. Then we will show that «(T) ~; B(T)x(T)B(T)~!. Con-
sider y(T, S) = B(TS)a(T)B(TS)~" € SLy(A[T, S)). Then,

L y(T,0) =a(T), y(T,1) = B(T)a(T)B(T)™",
2. ¥(0,8) = y(,S) = L.

Therefore «(T) ~; B(T)a(T)B(T)~" which means a(T)B(T) ~, B(T)a(T). This

implies that [a(T)] * [B(T)] = [a(T)B(T)] = [B(T)a(T)] = [B(T)] * [a(T)].
Hence (7r1(SL»(A)), *) is an abelian group. O

Leta, b € A be such thataA + bA = A. Define the maps
@1 : 1 (SL2(A)) —> 7m1(SL2(Ag)) @ 71 (SL2(Ap)), and
Y1 1 1 (SLa(An)) @ 71(SLa(Ap)) —> 71 (SLa(Aap))

by @1 () = (A, A) and v (A, ) = Au~!, respectively. As in the case of I'(A), it is
easy to show using Quillen’s splitting that we have an exact sequence of groups

71(SLa(4)) 5 711(SLa(A)) @ mi(SLa(4)) 2> 1(SLa(Au))-

Definition 15.8 (The connecting map T : w;(SLy(Au)) — I'(A)) Let «(T) €
71 (SLy(Agp)), thatis,a(T) € SLy(Agp[T]) suchthata(0) = a(l) = L. Leta(T) =
a1(T)"'ay(T) be a Quillen splitting, where o (T) € SLy(A4[T]) with ;(0) = I,
and a»(T) € SL>(A,[T]) with a2(0) = I,. Then a(1) = I, = o1 (1) "' o (1). Hence
a1(1) = ap(1) and «;(1) and op(1) patch up to yield an element y € SL,(A).
We define I'([a(T)]) = [first column of y] in T'(A). We will also write it as

P = ax(h) (o).

Theorem 15.3 1. The above association does not depend on the Quillen splitting
of a.

2. T is a well-defined map.

3. T is a group homomorphism.

4. The sequence of groups

71 (SLa(Agp)) — T(A) 2 ['(Ag) & T'(Ap) (15.7)
is exact.

Proof (1) Suppose we are given two Quillen splittings of «(T) as follows:
a(T) = a1 (T) ' ar(T); a(T) = Bi(T) ™' Bao(T), (15.8)

where a1 (T), B1(T) € SLa(ALT]) with a1 (0) = B1(0) = I and a(T), Bo(T) €
SL(Ap[T]) with a2(0) = B2(0) = L. Then o (T) ' a(T) = B1(T) ™' Bo(T) or we
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have
Bi(Ta (T) ™ = Bo(T)an(T) ™! (15.9)

and these patch up to yield §(7T") € SL,(A[T]) such that §(0) = I,.

An easy computation using (15.9) yields that multiplication by §(1) sends the
unimodular row associated to the first Quillen splitting to the unimodular row given
by the second Quillen splitting. It now follows by definition that the element [T"(c)]
in I'(A) does not depend upon the choice of Quillen splitting.

(2) Now we have to show that I" is well defined, that is, the homotopic loops in
SL,(Agup) go to the same element of I'(A).

Leta(T), B(T) beloopsin SL; (A4 [T]) witha(0) = 8(0) = a(1) = (1) = I,
which are homotopic as loops. That is, there exists y (T, S) € SL,(Au[T, S]) such
thaty(T,0) = «(T),y(T,1) = B(T)and y (0, S) = I, = y(1, S).Since y (0, S) =
b, we can write (T, S) = yi(T, S)"'»(T, S), where yi (T, S) € SLa(AL[T, S1)
with ¥, (0, §) = I, and y» (T, S) € SLy(Ap[T, S]) with y»(0, S) = L.

Further,

a(T) = y(T,0) = ni(T,0)"'y2(T, 0), and

B(T) =y(T, 1) = (T, )"y (T, 1)

are Quillen splittings.

Consider the matrix y’ € SL,(A) obtained by patching y;(1, 0) and y»(1, 0), the
matrix y” € SL,(A) obtained by patching y;(1, 1) and y,(1, 1) and ' (S) obtained
by patching y; (1, §) and y» (1, S). Then the first column of 7 (S) is a unimodular row
in A[S] which at § = 0 is the first column of " and at § = 1 is the first column of
y”. Thus I is well defined.

(3) Let a(T), B(T) € SLy(Aup[T]) with ¢(0) = B(0) = I, and a(1) = (1) =
L. Suppose a(T) = o (T) ' ap(T) and B(T) = B1(T) ™' Bo(T) be Quillen splittings

of «(T) and B(T), respectively. Then I'([a(T)]) = a2(1) ((1)> and I'([B(T)]) =
B2(1) (é) Thus

C (D) * LABTD = (@x(1) (5)) * (Ba(l) (5)) = & ()B(1) (3) ,
by the definition of * in I"(A). On the other hand, we have

ar(T) ' ao(T)Bi1(T) ' BoAT) (15.10)
= a1(T) ' aa(T)B1(T) ' oa(T) o (T) Bo(T).

a(T)B(T)

Since B;(T') and hence B, (T)~! can be chosen (see Lemma 15.1) such that 8, (T) =
I, (mod bM) for sufficiently large N, as in Lemma 15.2, we may assume that
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ax(T)BI(T) ' on(T) ™" € SLa(AL[T)).

Therefore the Quillen splitting of «(T)B(T) is u(T)a2(T)B2(T), where pu(T) is a
matrixin SLy (A4[T]), u(0) = Land oy (T)B2(T) € SL,(AL[T]) witha(0)B2(0) =
I,. Therefore,

F([e(T)B(T)]) = az(1)f2(1) ((1)) =T ([a(D)] = TABMD)D.

Hence I is a group homomorphism.

(4) By the definition of T, itis clear that Im(T") < ker(¢). Conversely, let[(e, f)] €
ker(¢) that is, [(e, f)] = [(1,0)]in '(A,) and T'(Ap). This implies that we can get
matrices a1 (T) € SLy(A,[T]) and ar(T) € SLy(A[T]) with a1 (0) = I, = a»(0),

- e (30

We have as (1)~ oy (1) ! . This implies that o> (1) "'y (1) = (1 H

0 01
L) _ (1w (1=
where it € A,yp. Further, we have (0 1) = (O ) ) <0 1 , where u; € A, and
o € Ap. Thus
1 1
(1) (0 “f) 1<1>< ‘“>.

Let B1(T) = o (T) (1 “‘IT) and B>(T) = a(T) (1 ”“iT) Then

T([Bi(T)™ Bo(T)]) = (;) .

Hence Im(I") D ker(¢). Therefore we have an exact sequence m;(SLy(A)) AN

71(SLa(Ag)) ® m1(SLa(Ap)) —2 71 (SLa(Awp)) — T(A) 5 T'(A,) ® T(A)) —2>
T(Ag). (+%) O

15.5 On Cocycles Associated to Alternating Matrices

In this section, we associate cocycles to alternating forms on projective modules.
Let A be adomain and P be a projective A-module of rank 2. Suppose there exist
fi, fo € Asuchthat 1A+ LA = Aand Py, A , P, A?c
Since Py, and Py, are free, there exist bases {pl, pz} of Py, and {p}, p5} of Py,.
Therefore we have two bases {p1, p»} and {p], p5} of Py, 7,. So we can get a matrix

P P1
o € GL,(A such that o = .
2( f'fz) (Pz) (Pz)
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Definition 15.9 1. The matrix o is called cocycle is associated to the projective
module P.

2. Two cocycles o7 and o are said to be equivalent if there exist 1 € GLy(Ap)
and py € GLy(Ap,) such that op = oy . In particular, we say that a cocycle
o splits if o is equivalent to identity. It is known that a rank 2 projective module
P is free if the cocycle associated to P splits.

Now, instead of considering rank 2 projective A-modules one can consider 4 x 4
invertible alternating matrices over a ring A, where free modules are replaced by

0

—1
Y1 Ly = 0
0

coo~
|l coco
o

o—o o

Definition 15.10 1. Let o and S be two invertible 4 x 4 alternating matrices over
a domain A. We say that « and 8 are isometric if there exists y € GL4(A) such
that yay' = 8.

2. Let o € GL4(A) be an alternating matrix. Suppose there exist a; € GL4(A )
and o € GL4(Ay,) such that

o) =Y LYy avaah =y L .

Then 8 = alaz_l satisfies B(v; L ¥)B" = 1 L | and we say B is the cocycle
associated to or. Clearly 8 € Sp,(Ay, 1,).

Lemma 15.3 Let 8 be the cocycle associated to an invertible alternating matrix o
as above. If B splits in Sp,(Ay, 1,), then a and i Ly are isometric.

Proof Since B splits, there exist §; € Spy(Ay,) and 6, € Sp,(Ay,) such that =
alagl = 8(182 = §jo; = 8rap. Suppose o) = 81y and &) = Srap. Then oy (o))’
=1 L y; aba(ah) =y L ¢y, wherea; € GL4(A ) and oy € GL4(A ). Also
since orf = o), we obtain @ € GL4(A) such that @aa’ = v, L ;. Therefore o and
Y1 L ¢ are isometric. Thus « is trivial if the cocycle associated to o splits. ]

Suppose «, B € GL4(A) are alternating and

o =Yy L Y e =y Ly,
where o) € GL4(A ) and a; € GL4(Ap,) and

BiBBL =1 L BBy =1 L,

where ,31 € GL4(Af]) and /32 € GL4(Af2).
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Lety; = aja; ' € Spy(Ay, ) andy, = B1B; " € Spy(Ay, 1,) be the cocycles asso-
ciated to « and B. Suppose there exist v; € Sp,(Ay) and v, € Spy(Ay) such
that v;y;v, = y», then one can check that « and g are isometric, that is, there
exists v € GL4(A) such that vav’ = B (by using same argument as in the proof
of Lemma 15.3). This shows that if the cocyles associated to « and j are equivalent,
then « and B are isometric.

Remark 15.2 There is a one-to-one correspondence between alternating forms on a
free module of rank n over a ring A and alternating matrices of order n with entries
in A.

Proposition 15.1 Let A be a domain of dimension 2. Suppose fiA + f,A = A and
P, Q are stably free A-modules of rank 2 such that Py, and Py, are free and the
associated cocycle is 0 € SLy(Ay, 1) and Qy, Qy, are free and the associated
cocycle is T € SLy(Ay, p,). Let Q' be the projective A-module associated to the
cocycle ot and s, t ,t’ be the corresponding alternating forms on P, Q and Q'. Then
we have an isometry of alternating forms

(P,5) L(Q,1) =~ (A%, y) L(Q,1).

Proof Since Py, and Py, are free, we have isomorphisms

Pfl 1)A2

i 2
fie Pp — Afz

such that the cocycle associated to P is 0 € SLy(Ay, 1,). Since 0 € SLa(Ay, 1), the
alternating form s : P x P — A is (using the form v, on A?(z) given by

s(p1, p2) = det(i1(p1), i1(p2)) = det(i2(p1), i2(p2)).

Similarly we have isomorphisms

J J:
Oy = A% Q=AY
such that the cocycle associated to Q is T € SLo(Ay, ;) and alternating form ¢ :
0 x Q — Ais given by

t(q1, q2) = det(ji1(q1), j1(q2)) = det(j2(q1), j2(q2))-

Therefore we get an alternating form s Lt on P @ Q. Since P & Q ~ A* ([1],
Bass Cancellation Theorem), s L ¢ yields a matrix « € GL4(A) which is alternating.
Further, the isomorphisms i and j; show that («) ;, >~ v L v, and isomorphisms
i and j, show that (o) r, > vy L . It is easy to check that the cocycle associated

. (o0
to « is <0 7:) € Spy(Af p)-
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Further, there are isomorphisms Q’fl 4 A% and Q_’f2 % A% such that the asso-
ciated cocycle is o7. The isomorphisms 6, and 6, induce an alternating form
t':Q x Q — A. Now, since A>@® Q' ~ A*, we get an alternating form g =
(A%, ) L (Q',t') on A*, which in view of the isomorphisms 6, 6, satisfies the
property that 87, and B, are both isometric to ¥; L v and the cocycle associated

to B is (102 aor>'
o 10\ (00 (2 0
0 cJ\O7) \Oot)"

Now,
—1

o

0
see [2, Lemma 1.2.9 c]), so by a Symplectic version of the Bhatwadekar-Lindel-Rao

Since o € SLy(Ay, 1) and ( 2) € ESp,(Ay, 1), (by alemma of Vaserstein [11],

lemma, whose proof follows exactly the linear case Lemma 15.2, the cocycles (g (r))

0ot
(A%, ) L (Q', ') are equivalent. Therefore, we have proved. O

and <12 0 > are equivalent and therefore the alternating forms (P, s) L (Q, t) and

15.6 On Some Consequences of the Above Results

We saw in the previous section that if A is a ring and a, b € A are such that aA +
bA = A, then we can associate o € SL,(A,p) to a projective A-module P of trivial
determinant together with a non-singular alternating form § : P x P — A.

Now, let A be a domain with dim A = 2 and S be the set of pairs (P, s), where P
is arank 2 projective module and s : P x P — A is anon-singular alternating form.
Then by theorem of Bass [10, Appendix A.7], the set S is an abelian group with
the group structure + given by (P, s) + (Q,t) = (Q’,t'), where (P,s) L (Q,t) =~
(A%, y) L (Q', "), where L denotes the direct sum of alternating forms.

By Proposition 15.1, we have a homomorphism H — S, where H is the subgroup
of I'(A,p) corresponding to cocycles corresponding to stably free modules. Since S
is abelian group, in particular we have the following:

Corollary 15.1 Let A be a domain withdim A = 2. Leta, b € A be such thataA +
bA = A. Let o € SL(Aup) and t € SL,y(Ayp) be cocycles corresponding to stably
free modules. Then oto~'t™! = ayap, where a1 € SLy(A,) and an € SLy(Ap).

Proof Since S is an abelian group, the image of the element of H corresponding to the
cocycle oto~'t7! in S is the identity element of S that is, the cocycle oto 77!
corresponds to a free module of rank 2 over A. Therefore the cocycle oro 77!
splits, that is, oto 't = ayap, where o) € SLy(A,) and «s € SLa(4,) ([9],
Theorem 14.4). O
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It would be interesting to see if the restriction that dim A = 2 can be removed in
Corollary 15.1.

Next we would like to give conditions under which I"(A) is an abelian group. To
obtain such condition observe that if I'(A) is an abelian group and o, T € SL,(A),

0 0
exists «(7T) € SL,(A[T]) such that «(0) = I, and o (1)v = w.

Now, since I' : w1 (SL2(Aqp)) — I'(A) is a homomorphism and 71 (SLy(Agp)) 1S
an abelian group, its image in I'(A) under I is likewise abelian and so any pair v, w
in the image commute. An element of I"(A) lies in this image if it maps to 0 in
I'(A,) and T"(Ap). This will be the case if we can find elementary completions of
the corresponding unimodular row in A, and Ap.

We use these observations to prove the following corollary:

then the columns v =o't ! andw = to (l> are equal in I"'(A), whereby there

Corollary 15.2 Let A be a Noetherian domain of dimension one. Then T'(A) is an
abelian group.

Proof Let [v] = (¢, d), [w] = (¢/, d’). We want to show that [v] and [w] commute.
Since elementary matrices can be connected to the identity matrix, we can perform
elementary transformations on v and w without changing the class of v and w in
I'(A).

We may, therefore, assume thatd’ # 0. Letm;, m, ..., m, be the maximal ideals
of A containing d’. By replacing d by d + Ac, we may assume that d ¢ m; for any
1 <i < r, which implies that (d) + (d") = A.

By the Chinese reminder theorem, we may choose ¢ € A such that¢ = ¢ mod (d)

and ¢ = ¢’ mod (d’). Then ¢ = ¢ + pud and ¢ = ¢’ + u'd’. Therefore, (c, d) 2

(¢,d)and(c’,d") B (¢, d") (Thisideais well known but we have given an argument
for the convenience of the reader). Since (¢, d) is unimodular, there exist g, h € A
such that g¢ +hd = 1 and g/, h’ € A such that g'c + h'd’ = 1.

Leta=candb = (1 — g¢)(1 — g’c). ThenCis aunitin A,, d and d’ are units in
Ay. Thus, (¢, d) and (¢, d’) can be completed to elementary matrices in A, and Ap.
Hence [v]=0inT"'(A,) and I"'(A,) and [w] = 0in I"'(A,) and I"(A}). Therefore [v]
and [w] which are in I'(A) commute proving the corollary. U

Corollary 15.2 leads to the following interesting question:

? Question 1

Does Corollary 15.2 hold for rings of dimension bigger than one?

By using Corollary 15.2, we can say that the exact sequence () in Sect. 15.4 for
a Noetherian domain of dimension one is an algebraic analogue of the Theorem 15.1.
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Remark 15.3 Let A be the coordinate ring of a real affine variety X = Spec A. Then
any elementa € A gives a continuous functiona : X (R) — R. Therefore a unimod-
ular row (a;, a;) € A? gives a continuous map (a;, a;) : X (R) — R? — {(0, 0)}.

Two unimodular rows give the same element of I'(A) if the corresponding maps
(a1, ay) : X(R) — R? — {(0, 0)} are homotopic. Thus the group I'(A) can be con-
sidered in a certain sense as the algebraic analogue of the set of homotopy classes
of continuous maps from X — R? — {(0, 0)} or the homotopy classes of continuous
maps X to S! or the group H'(X, Z).

Further, if A is the coordinate ring of a real affine variety X = Spec A (as
above), then an element of 7, (SL,(A)) gives a continuous function from X (R) —
71 (SLy(R)) and 71 (SL,(R)) = Z. Thus m;(SL,(A))) can be considered H(Spec
(A), m1(SL2(A))) which is the analogue of the group H 0(X, Z) (the set of continu-
ous maps from X to Z or the free abelian group on the set of connected component
of X).

Now the group homomorphism I' : 7;(SLy(Ayp)) —> I'(A) shows that the
H'(Spec(A), 1 (SL,(A))) is connected to the group H'(X,Z). So one can ask
‘is the group H?(Spec(A), ;(SL2(A))) connected to the group H>(X, Z)?’ This
was the suggestion of Nori. We elaborate this in the next remark. The cohomology
groups are considered in this remark with respect to Zariski topology on Spec(A).

Remark 15.4 Let A be adomain and F(A) = {a(T) € SLL(A[T] : x(1) = I}, We
have a homomorphism F(A) — SL,(A) sending «(7T) to «(0). A projective A-
module P of rank 2 and trivial determinant gives a cocycle H'(X, SL;), where
X = Spec A. By Quillen’s localization theorem [8], a projective A-module P of
rank 2 is free if the 1-cocycle associated to P belonging to H'(X, SL;) can be lifted
to H'(X, F). Let N(A) be the kernel of the map F(A) to SL,(A) given above, that
is,
1 - N(A) — T'(A) — SLy(A) — 1

is exact.

Nori suggested to the first author that one should use the above exact sequence
to define a connecting map H'(X, SL,2(A)) — H?*(X, N/Ny), where Ny(A) is the
connected component of identity of N(A) and associate to P an obstruction in
H?(X, N/Np), and show that if dimension of A is 2 and this obstruction van-
ishes then P is free (Nori also showed that N(A)/No(A) =~ m;(SL,(A))). There-
fore H?(X, N(A)/Ny(A)) is same as H*(Spec(A), 1 (SL2(A))). This was Nori’s
original approach to defining a group to evaluate Euler Classes.

We will try to show how Nori’s suggestion motivated our work. We consider the
following problem:

? Question 2

Can one associate an obstruction to a matrix in SL,(A) whose vanishing implies the
matrix is trivial in I"'(A)?
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We know that over a local ring B any matrix belonging to SL,(B) is elementary,
and therefore can be connected to the identity matrix.
Let
['(A) = {B(T) € SLo(A[T)) : B(0) = L}

We have a map I'"(A) — SL,(A) given by 8 — B(1).

A matrix @ € SL,(A) can be connected to the identity matrix if @ can be lifted to
['"(A) under the above map. Suppose there exist a, b € A such that aA + bA = A,
and o € SL,(A) is such that both («), and («), can be connected to the identity
matrix, that is, there exist 81 (T) € I''(A,) whichis alift of («), and B,(T) € I''(Ap)
which is a lift of («),. Then ﬁlﬁgl € m1(SLy(Agp)). This leads us to consider the
map 71 (SLy(Agp)) to I'(A) discussed in this paper and naturally to the other results
of this paper.

Remark 15.5 1t would be interesting to know other places where the group I'(A) is

used and where it first occurs. We have been able to trace its occurrence to a paper of

Krusemeyer [7, Lemma 3.3] who refers to a paper of Karoubi—Villamayor (see [6]).
The exact sequence

1 — m;(SLy(A)) = I'(A) — SLy(A) — 1

occurs in [7, Lemma 3.6]. The main idea of this paper is to write down a Mayer—
Vietoris sequence associated to the above exact sequence.
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Chapter 16 m)
On the Completability of Unimodular ek
Rows of Length Three

Raja Sridharan and Sunil K. Yadav

16.1 Introduction

In 1958 (see [25]), Seshadri proved that if k is a field then finitely generated projective
modules over k[X, Y] are free. This result of Seshadri has resulted among many
other things, in the growth of a School of Projective modules at the Tata Institute
(see [15] for more details), which led to the construction of a theory of Euler classes
of projective modules.

In this paper, we try to complete the circle, that is, we see the relevance of the
present to the past by giving a proof of Seshadri’s theorem using the theory of Euler
classes. We focus on unimodular rows of length 3, to which the theory applies. We
use a result of Suslin [33, Lemma A.10] (which roughly says that a unimodular row
of length 3 is completable if its Euler class vanishes) to give a proof of Seshadri’s
theorem.

We give another proof of a result of Bhatwadekar—Keshari [7, Lemma 3.3] and use
this to deduce using Suslin’s lemma, that any row of the form (a2, b, ¢) is completable
(The Swan—Towber [29], Krusemeyer [14], Suslin [27] theorem). We then use an
argument of Abhyankar to give a proof of Seshadri’s theorem using Euler class
groups.

This paper is arranged as follows.

In Sect. 16.2, we recall some preliminary results. In Sect. 16.3, we recall some
of the basic definitions in the theory of Euler classes. In Sect. 16.4, we recall the
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proof of Suslin’s lemma. In Sect. 16.5, we give various proofs of Seshadri’s Theorem
including some known ones for completeness and comparison. In Sect. 16.6, we give
a proof of a lemma of Bhatwadekar—Keshari. In Sect. 16.7, we recall an argument of
Abhyankar and give a proof of Seshadri’s theorem using Euler class groups. Finally,
we make a Remark 16.6, which puts everything together.

16.2 Some Preliminaries

Definition 16.1 (i) Let A be a ring. A row (a;,az,...,a,) € A" is said to be

unimodular of length n iftheideal (a1, a3, . . ., a,) = A. The set of unimodular
rows of length n is denoted by Um, (A).

(i) Aunimodularrow (ay, az, ..., a,) is said to be completable if there is a matrix
in SL,(A) whose first row is (a;, as, ..., a,).

(iii) Wedefine E, (A) to be the subgroup of G L, (A) generated by all matrices of the
form e;;(A) =1, +AE;j, A € A,i # j, where E;; is a matrix whose (i, j)th
entry is 1 and all other entries are zero. The matrices e;; (1) will be referred to
as elementary matrices.

Lemma 16.1 (Prime Avoidance Lemma, see [3]) Let A be a ring I C A an ideal.
Suppose I C \Ji_, pi, where p; € Spec(A). Then I C p; for somei, 1 <i <n.

Lemma 16.2 (see [3]) Let A be a ring, py, p2, ..., pr € Spec(A) and I = (ay, az,
..., ap)beanideal of A suchthat1 C p;, 1 <i <r.Thenthereexistb,, bs, ..., b, €
A such that the element

c:a1+a2b2+a3b3+~--+anbn ¢Upt

i=1

Since M, (A) acts on A" via matrix multiplication, the group E,(A) which is a
subset of M,,(A) also acts on A”. This induces an action of E,(A) on Um,, (A). The

. . . . L E,(A) . .
equivalence relation on Um, (A) given by this action is denoted by ~ ". Similarly
GL,(A) d SLn(A)

~ and ~ .

one can define
Theorem 16.1 (see [3]) Let A be aring and (ay, ay, . .., a,) € A" be a unimodular
row of length n which contains a unimodular row of shorter length. Then the row
(ay,an, ..., a,) is completable. In fact,

B 10,0,

(alaazv"'aan)



16  On the Completability of Unimodular Rows of Length Three 283

(i) Let A be a semilocal ring. Then any unimodular row (ay, ay, . .., a,) of length
n > 2 is completable. In fact,

(@ as....an) " (1,0,...,0).

Definition 16.2 Two matrices @ and 8 in SL,(A) are said to be connected if there
exists o (X) € SL,(A[X]) such that 0(0) = « and o (1) = B. By considering the
matrix o (1 — X), it follows that if « is connected to 8 then 8 is connected to «.

Lemma 16.3 Any matrix in E, (A) can be connected to the identity matrix.

Proof Every matrix @ € E,(A) can be written as a product of elementary matrices of
the form ¢;; (1) = I, + LE;; fori # j, thatis, @ = [[;_, ¢;;(1). We define o (X) =
I—[f:1 ¢;j(AX). Then o (X) € SL,(A[X]),0(0) = I, and o (1) = «. This proves the
lemma. (]

Lemma 16.4 Let A be a ring and I be an ideal of A. Then the map E,(A) —
E,(A/I) is surjective.

Proof The proof follows from the fact that the generators e;; (1) of E,(A/I) for
A € A, can be lifted to generators ¢;;(A) of E, (A). ([l

Let us recall Quillen’s Splitting Lemma [23] with the proof following the exposi-
tion of [3]. In what follows, (v (X)); denotes the image of ¥;(X) in GL,, (A [X])
and (Y, (X)), denotes the image of ¥»(X) in GL,(A[X]).)

Lemma 16.5 (see [23]) Let A be adomainands,t € A be suchthatsA +tA = A.
Suppose there exists 0(X) € GL,, (A [X]) with the property that o (0) = I,,. Then
there exist Yy1(X) € GL,(A;[X]) with Y1 (0) = I,, and ¥»(X) € GL,(A,;[X]) with
¥2(0) = I, such that o (X) = (Y1(X)): (Y2(X))s-

Proof Since o(0) =1,, o(X) =1, + Xt(X), where 7(X) € M,(As,[X]), we
choose a large integer N; such that o (As¥X) € GL,(A,[X]) for all » € A and for
all k > N,.Define 8(X,Y,Z) € GL,,(Au[X, Y, Z]) as follows:

BX,Y,Z)=0c((Y + Z)X)o(YX)\. (16.1)

Then B(X,Y,0) = I,, and hence there exists a large integer N, such that for all
k > Nyandforallu € A, wehave B(X, Y, ut*Z) € GL,(A;[X, Y, Z]). This means

B(X,Y, ut*z) = (01(X, Y, 2)),. (16.2)

where 01(X,Y,Z) € GL,(A([X, Y, Z]) witho1(X, Y,0) = I,.

Taking N = max(Ny, N,), it follows by the comaximality of sA and tA that
sNA+tVA = A. Pick A, € A such that As" + ut¥ = 1. Setting ¥ = As",
Z=utVin(16.1)and Z =1, Y = As" in (16.2) we get
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B(X, asV, ut™) = o (X)o (AsV X) !

and

BX, as™, ut™) = (o1 (X, As", ut™)), = (Y1(X));, where ¥ (X) € GL, (A [X]).

Hence, we conclude o (X)o(AsVX)™! = (¥1(X)),. Let o (AsVX) = (Yo (X))s,
where (Y (X))s € GL,(A;[X]). Since a(0) = I,,, ¥1(0) = ¥»(0) = I, the result
follows by using the identity o (X) = o(X)o (As¥ X)'o (AsV X). O

Lemma 16.6 (see [16]) Let A be a commutative ring with 1. Let e be an idempotent
of A and b be any element of A. Then the ideal (e, b) of A is principal.

Proof We claim that (e, b) = (e + (1 — e)b). For multiplying (e 4+ (1 — e)b) by e
and using e(1 — e) = 0, we see that e is in the ideal (e + (1 — e)b), and therefore

(e+ (1 —e)b) =(e,e+ (1 —e)b) = (e, b). U
Lemma 16.7 (see [16]) Let A be a Noetherian ring and I be an ideal of A. Suppose
there exist ay, . .., a, € I such that (ay, ...,a,) + 1> = I. Then for any b € A the
ideal (1, D) is generated by n + 1 elements.

Proof (Sketch) One can show that I = (ay, ..., a,, a), where a(l — a) belongs to
(ai,...,a,) = J,thatis, a is an idempotent modulo (ay, ..., a,). Now after going
modulo (ay, ..., a,), we see by Lemma 16.6 that the image of the ideal (a, b) in
A/J is principal. This implies that (1, b) = (ai, ..., a,, a, b) is generated by n + 1
elements. O

Lemma 16.8 Let A be a domain and (a,, ay, a3) be a unimodular row in A. Then

(a]é; = is a torsion free A-module. That is, if A(cy, Ez, Cc3) = (6 0 6) in

where L € A — {0}, then (¢cy, ¢, ¢3) = ©,0,0) in —2—

(ﬂl (ar.a.a3)’
(al az,a3)’

Proof We are given A(cy, ¢z, ¢3) = 0,0,0) in (a G’ where A € A. Therefore,
there exists u € A such that A(cy, ¢z, ¢3) = u(ay, az, a3) This implies that Ac; =
uay, Acy; = pap and Ac; = pas. As (ay, a», az) is unimodular, there exist by, by,
b3 € A such that a;b; + ab; + azbs = 1. This implies that wa by + pazb; +
nazbs = . Since Acy = pay, Aca = uap and Acz = pas, we have A(c1by + c,by +
c3b3) = . Now by putting the value of u in the equation A(cy, ¢2, ¢3) = u(ay, az, az),
we get A(cy, ¢z, ¢3) = A(c1by + c2by + c3b3)(ay, az, az). Since A is a domain, there-
forix(cl, c2, c3) = (c1by + caby + c3b3)(ay, az, az). Hence (¢, ¢, ¢3) = (6, 6, 6) in
- O

(ar,az,a3) "

16.3 On the Euler Class Group

In this section we give the definition of the Euler class group of a Noetherian ring due
to Bhatwadekar—Raja Sridharan and prove Lemma 16.9 [6, Lemma 5.3]. We follow
the exposition of Manoj Keshari [13].
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Let A be a Noetherian ring with dim A = n > 2. We define the Euler class group
of A, denoted by E(A), as follows.

Let J C A be an ideal of height n such that J/J? is generated by n elements. Let
a and B be two surjections from (A/J)" to J/J?. We say that  and S are related if
there exists an automorphism o of (A/J)" of determinant 1 such that eo = B. It is
easy to see that this is an equivalence relation. If « : (A/J)" — J/J? is a surjection,
then by [« ], we denote the equivalence class of «. We call such an equivalence class
[] a local orientation of J.

Since dim A/J = 0 and n > 2, we have SL,(A/J) = E,(A/J) and therefore,
the canonical map from SL,(A) to SL,(A/J) is surjective. Hence, if a surjection
o (A/J)" — J/J? can be lifted to a surjection 6 : A" — J, and « is equivalent
to B : (A/J)" — J/J?, then B can also be lifted to a surjection from A” to J. For,
letaoc = B forsome o € SL,(A/J). Since dim A/J = 0, there exists & € SL,(A)
which is a lift of 0. Then 67 : A" — J is a lift of .

A local orientation [«] of J is called a global orientation of J if the surjection
o (A/J) — J/J? can be lifted to a surjection 6 : A" — J.

We shall also, from now on, identify a surjection « with the equivalence class [«]
to which « belongs.

Let 9T C A be a maximal ideal of height n and 91 be a 9t-primary ideal such that
M/N? is generated by n elements. Let wy be a local orientation of 91. Let G be the
free abelian group on the set of pairs (91, wi), where 1 is a 91-primary ideal and
wer is a local orientation of 1.

Let J = NI, be the intersection of finitely many ideals 91;, where 91; is IN;-
primary, 9; C A being distinct maximal ideals of height n. Assume that J/J? is
generated by n elements. Let w; be a local orientation of J. Then w, gives rise, in
a natural way, to a local orientation wer, of ;. We associate to the pair (J, w,), the
element ) (91;, we,) of G. By abuse of notation, we denote the element Y (9%;, wer,)
by (J, wy).

Let H be the subgroup of G generated by the set of pairs (J, w;), where J is an
ideal of height n which is generated by n elements and w; is a global orientation of
J. We define the Euler class group of A denoted by E(A), tobe G/H. Thus E(A)
can be thought of as the quotient of the group of local orientations by the subgroup
generated by global orientations.

Let J as above be an ideal of height n and « : (A/J)" — J/J* be a sur-
jection giving a local orientation w; of J. Composing « with an automorphism
A:(A/J)Y — (A/J)" such that det(A) =a € (A/J)*, we obtain a local orienta-
tion aA : (A/J)" — J/J? which we denote by (J, aw,).

Lemma 16.9 (see [13]) Let A be a Noetherian ring of dimension n > 2, J C A
an ideal of height n and w; a local orientation of J. Leta € A/J be a unit. Then
(J,wy) = (J, a?wy) in E(A).
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16.4 On a Lemma of Suslin

In this section, we give a proof of a lemma of Suslin. We begin with some prelimi-
naries on extensions. Let E be an extension of an R-module A by an R-module C,
that is, E € Ext(C, A).

Lemma 16.10 (see [19]) For E € Ext(C, A) and o : A — A’ there is an extension
E’ of A’ by C (called the pushout) and a morphism T = («, B, 1¢) : E — E'. The
pair (T, E") is unique up to congruence.

Proof We are required to fill in the diagram

E: 0 A—L B2 . 0
Py
B v o'
E:0——A > ? >C—>0

at the question mark and the dotted arrows so as to make the diagram commuta-
tive and the bottom row exact. To do so, take in A’ @ B the submodule N of all
elements (—a(a), y(a)) for a € A. At the question mark in the diagram put the
quotient module (A’ @ B)/N, and write elements of this quotient module as cosets
(a’, b) + N. Then the equations 8'(a’) = (a/,0) + N, o'[(a@’,b') + N] = ob and
Bb = (0, b) + N define the maps which satisfy the required conditions. The E’ so
constructed is unique up to congruence (natural isomorphism). (]

Lemma 16.11 (Schanuel’s lemma, see [11]) Let 0 > N - P - M — 0 and
0— N — P'— M — 0 be two exact sequences of R-modules, where P and P’
are projective. Then P ® N' >~ P’ @ N.

Proof Consider the diagram

0 N—L p_ % oy 0
6’ (% Iy
Y f Y ¢
0 N’ P’ M 0

Since P is projective, there exist a R-linearmap 6 : P — P’ suchthat g’60 = g. Now
6 induces an R-linear map 6’ : N — N'.

Define v : P® N — P’ by ¥(x,y) =0(x)— f'(y), x€ P, ye N and
¢:N— PN, ,byod(y) =(f(y),0(y)). Then the sequence

0>N-2pPraN-L P o0

is exact. Since P’ is projective, the sequence splits. Hence P ® N' >~ PP @ N. O
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Lemma 16.12 Let A be a ring. Suppose a,b € A are such that a is a non zero
divisor in A and b is a non-zero divisor in A/aA. Then xa + yb = 0 if and only if
X =Ab, y = —Aa.

Proof Suppose xa + yb = 0, by going modulo (a), we have yb = 0. As b is non-
zero divisor in A/aA, this implies y = 0, that is y € (a). Hence y = Aa for some
A €A

Now, since xa + yb = 0, thatis xa + Aab = 0, thatis (x + Ab)a = 0. Since a is
non-zero divisor, we have x + Ab = 0, which implies x = —\b.

Conversely, if x = Ab and y = —Aa then xa + yb = 0. ]

Definition 16.3 Let A be a ring. Then a,b € A satisfying the property of
Lemma 16.12 is called a regular sequence.

Lemma 16.13 Let A be aring and a, b € A be a regular sequence and J = (a, b).
Lets : A2~ J be a map given by s(e1) = a and s(e;) = b. Then
1. ker(s) = (b, —a)A = (be; — aey).
2. The sequence
0435425750

given by
a(l) = (b, —a),s(e)) =a,s(e) =b
is exact.
Proof The proof is easy to check. O

Example 16.1 An example on regular sequence Let a, b € A be a regular sequence
and J = (a, b). Let us consider the above exact sequence

0> AS A2 2 70,

where s(e;) = a and s(ey) = b. We want to classify the projective A-modules P
such that the sequence

0>A-5pP-Lo 70

is exact. The reason we want to classify such projective modules P is that by
Lemma 16.11 such P satisfy P & A ~ A® and therefore P is free if a certain unimod-
ular row is completable. We would like to identify the unimodular row corresponding
to P.

Let f(p1) =a and f(p;) = b, where p;, p, € P. We have a commutative dia-
gram

0—=A—% > A2 ¢

7 0
NP
P o
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Let g(e;) = p; and g(e;) = p». Then we have a surjection h = (i, g) : A @
A% —» P. Now, we want to compute ker(Z, g). Let (—v, A, u) € ker(i, g) then

@ e (=v, A, n) =i(—v)+ g0, w
= —i(v) + g(Aer) + g(nen)
= —i(v) +Ap1 + up2
Ap1+ pp2 = i(v)
Sp1 + up2) = f@i(v))
Af(p1) +uf(p2) =0
ra+ pub = 0.

So, (A, u) =d(b, —a) for some d € A. Hence (—v, A, u) = (—v,d(b, —a)) =
(—v,db, —da). Now, we write Ap| + up> = dbp, — dap, = d(bp; — ap,). Again
wehave Ap; + up, = i (v), thisimpliesd (bp; — ap;) = i(v). Thenv = di ' (bp; —
ap»). Suppose v/ = i~ (bp; — ap,) then we have v = dv’. This implies that

(=v, A, 1) = (=dV', &, ) =d(—V', b, —a).

Therefore, ker(i, g) is generated by (—v', b, —a), where v/ = i~ (bp; — ap»).
So, we have an exact sequence

0> A1 apa?™p_Lj_ 0

where j(1) = (—v’, b, —a). Therefore, we have P = (7/3%";). Let —v' = u then
= (lff/i). Therefore, we get the following pushout (see Lemmas 16.10, 16.11)
diagram:
0 A = A? > J 0
\Lu \Lg
i _ _AeA?
0 A P =0 J 0.

Lemma 16.14 (Suslin, see [33, Lemma A.10]) Let A be a ring and J be an ideal
generated by two elements a, b. Suppose (u, b, —a) is a unimodular row. Then the
unimodular row (u, b, —a) is completable if and only if there exists a set of generators
¢, d of the ideal J, where ¢ = Ajpa + Aj3b and d = hya + Aysb, with

A2 A3 -1
det =u" mod J.
(kzz A23

Proof (1) We give our first proof by assuming the condition thata, b € A is aregular
sequence. From Example 16.1, we have the following pushout diagram:
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0 A “ A? o J 0
i _ ApA?
0 A P = 2 J 0.

Suppose the unimodular row (u, b, —a) is completable, then the projective module

P = % is free. Then we have
0 A . L J 0
0 At sen S g 0
(u,b,—a) ’

where f|42 = s and f(1,0,0) = 0.
Since, the unimodular row (u, b, —a) is completable, there exists a matrix M €
SL3;(A) such that
u b —a
M= |11 22 A3
A2l A2z A23

Since therows (u, b, —a), (A11, A2, A13),and (Aa1, Aop, A23) generate A3, £ (A1, A2,
A13) and f(Aa1, Ao, Ao3) generate the ideal J. Also, we have f (1,0, 0) = 0. There-
fore, s(A12, A13) and s(Ax, Ap3) generate J. Letc = s(A12, A13) and d = s(Ax2, A23).
Then {c, d} generates the ideal J. We have ¢ = Ajpa + A3b and d = Aypa + Aysb.
Going modulo J = (a, b) and computing the determinant of M we have

u det ERRE =1mod J (since M € SL3(A) and J = (a, b)).
A2 A2z

Conversely, suppose there exists a set of generators {c, d} of the ideal J, where
¢ = Appa + Aizb, d = Aypa + Axzb, such that

A2 A3 —1
det =u" mod J,
<)»22 )uzs)

or

A2 A3
u det =1 mod J.
()»22 )»23)

We have to show that (4, b, —a) is completable.
u b —a

Let M = )\.]1 )\.12 )\.13
A1 A2z A23
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Thus

A2 A3 b —a b —a
det(M) = u det — App det + Ap; det
(M) = u (lzz )»23) " (Kzz A23 2 A2 A3

= u(A12A23 — A13h21) — Aq1(a@ron + bAys) + Ayi(ariz + bAgz).
Since ¢ = alip + bz and d = ary + bAys, then
det(M) = u(Aiproz — Aizrar) — Aid + Aogc.

So, we have det(M) = u(A12A23 — A13A21) = 1 mod J. Now, since J = (¢, d), we
can choose A and Ay such that det(M) = 1. This implies that (u, b, —a) is com-
pletable. 0

Proof (2) Now we assume that (a, b) is not a regular sequence. Suppose (u, b, —a)

is completable and J = (a, b). Assume that the projective A-module P = ﬁ

is free. We have a surjection f : w ;‘3_‘1) — J given by f(e;) =0, f(e;) =a and
f(e3) = b. Now, suppose that the matrix M, where

u b —a
M= |Anri2 23],
A2l A2 An3

is a completion of the unimodular row (u, b, —a) in SL3(A). Then rows (u, b, —a),
(A1, A2, )\.13), and (A1, Ao, )\.23) generate A3. Thus ()\.11, A2, A13) and
(X215 A22, A23) generate Wffa). Since the map f : W?ﬁ
S (11, A1z, A13)) and f((Aa1, A2z, A23)) that generate J. As f(er) = f(e1) =0, we
have f((0, A12, A13)) and f((0, Ay, A23)) generate J. Thatis, (A12 f (e2) + A13 f(e3))
and (A3 f (e2) + A3 f (e3)) generate J, thatis, Ajpa + Ay3b and Aya + Ay3b generate
J.Letc = )\.12(1 + )\13b and d = )\.22(1 + )\23b. Then J = (C, d) and

¢\ _ (A2 A1) [a
Since det(M) = 1, we have

A2 A3 A1l A3 Al A2
u det — b det —a det =1.
(lzz )»23> <)»22 )\23) <)»21 )Lzz)

This implies

— J is surjective,

A2 A3 —1
det =u"  mod J.
<)»22 )»23)

The converse is proved as above. (]
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Corollary 16.1 (Suslin, (see [33, Lemma A.11])) Let A be a ring and (u, a, b) be
a unimodular row in A, where u = ujuy. Let J be the ideal (a, b) of the ring A.
Suppose the following properties hold;

(1) (uy1, a, b) is completable to a matrix in SL3(A).

(2) for any c,d € A such that (ua, c, d) is unimodular, (uy, ¢, d) is completable
to a matrix in SL3(A).

Then (u, a, b) is completable to a matrix in SL3(A).

Proof Since J = (a, b) and (uy, a, b) is completable to a matrix in SL3(A). So, by
Lemma 16.14, there exists a new set of generators {c, d} of the ideal J = (a, b) such

that
c\ _ (A1 A2 (a
(4)=Ca2) () (63)

ALl ALz —1
det =u, mod (a,b).
()»21 Kzz) ! (@ 5)

and

Now, look at the unimodular row (u», ¢, d), which is also completable (by (2)).
Therefore, again by using Lemma 16.14, there exists a new set of generators {c¢’, d'}
of the ideal J = (¢, d) such that

c _ [ H11 K12 c
(2)=Cari) ()

det <““ ’“2> =u;" mod (c, d).
M21 U22

Al A2\ (11 K12 _ (v
A2l A ) \ 21 a2 Vop V)

Thus from (16.3) and (16.4), we get

(C/> _ (Mn Mn) (Ml )»12) (a) _ (Vn V12> (G)
d par 22 ) \ Aot An ) \ b Vop v ) \ b

A1 A 1 —
det (1 A1) ger (11 412) = et (U1 V12) = w3 'u;! mod (a, b).
M21 122 A2l A2 Va1 V22

That is, we get a set of generators {¢’, d’} of the ideal J = (a, b) such that

ol _ V11 V12 a
d )] V21 V22 b

and

Suppose

and
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and

det (Ull vlz) = (u1uz)”" mod (a, b).
V21 V22

Therefore, by the converse of Lemma 16.14, (uu,, a, b) = (u, a, b) is completable
to a matrix in SL3(A). |

16.5 On Various Proofs of Seshadri’s Theorem

In this section, we record various proofs of Seshadri’s theorem [25].

Theorem 16.2 (Seshadri’s Theorem Version 1) Let A be a principal ideal domain
and MM C A[T] be a maximal ideal of height 2. Suppose

0> A[T] > P—->IM—>0

is an exact sequence. Then

. IMN A = (s), where (s) is a maximal ideal of height 1 in A.
. The image 9 of M in (%[T] is principal.

1
2
3. M = (g(T)) and therefore M = (s, g(T)).
4
5

p— AT
’ T (u(T),s,g(T))"
. We have (u(T), s, g(T)) is completable and P is free.

Proof 1. Since A is principal ideal domain, 2t N A is principal ideal. Suppose
M N A is generated by an element s, that is 91 N A = (s). Then (s) is a non-
zero prime ideal. Therefore (s) is a maximal ideal of A.

2. Since ; is a field, so [T is a principal ideal domain. This gives that the image

91 of It in %[T] is principal.

3. Since M = (g(T)) for some element g(7) € %[T] taking a lift in A[7'] we have
M = (s, g(T)).

4. This follows by Example 16.1.

____ ExAmy _
5. Since % is field and (u(T), g(T)) 2 (1, 0). Therefore, there exists a matrix

o€ Ez((%[T]) such that
u(@) _ (1
“(m)‘(ﬁ ’

where bar denotes reduction modulo (s). Since the canonical map A[T] — (% [T]
is surjective, we can lift « to o in E,(A[T]). We, therefore, get
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. <u(T)> _ <1 +sh1(T)>
g(M)) \ shiT) )’
where h1(T), ho(T) € A[T]. Therefore

10 s g g [ |
(0 G) uT | =|1+sh(m | =" [0
g(T) shy(T) 0

Hence (u(T), s, g(T)) (1 0,0)

and P is free. O

Theorem 16.3 (see [25]) Let k be a field and (f1(X,Y), fL(X,Y),..., fu(X,Y))
be a unimodular row in k[X, Y]. Then (f1(X,Y), (X, Y),..., fu(X,Y)) is com-
pletable to a matrix in SL, (k[ X, Y]).

We prove this in the case where n = 3.

Theorem 16.4 (Seshadri’s Theorem Version 2) Let k be a field and v(X,Y) =
WX, Y), f(X,Y), g(X,Y)) be aunimodular row in k[ X, Y]. Thenv(X, Y) is com-
pletable.

Proof Let A = k[X, Y]. We assume for simplicity that k is algebraically closed. If the
ideal (f(X,Y), g(X,Y)) = A, then by Theorem 16.1, the row (u(X,Y), f(X,Y),
g(X, Y)) is completable. If not, by adding suitable multiples of u(X, Y) to f(X,Y)
and g(X, Y) we can assume that ht( f (X, Y), g(X, Y)) = 2. Also note that the ideal
(f(X,Y),g(X,Y)) of A is contained in finitely many maximal ideals. Assume
without loss of generality that (f(X,Y), g(X,Y)) C (X,Y), that is, f(0,0) =
£(0,0) = 0 and that l(f—) is finite. We have to show that (u(X, Y), f(X,Y),

g(X,Y))is completable. Put Y = 0 and since f(0,0) = 0 = g(0, 0), one can check
that

(f(X,0), g(X,0)) C (X).

This implies that we can transform the row (f(X, 0), g(X, 0)) to (0, X'h(X)) via
elementary transformations, where k(X) € k[X]. Performing the same transforma-
tionson (f (X, Y), g(X, Y)), we may assume f (X, 0) = 0. This implies f(X,Y) =
Yf'(X,Y),where f'(X,Y) € k[X, Y]. Now, adding multiples of (X, Y)tou(X,Y)
assume ht(u(X, Y), g(X,Y)) = 2.

We want to show the row (f (X, Y), u(X, Y), g(X, Y)) is completable, that is, the
projective module

A3 A3
(fX, V), u(X,Y), gX,Y))  (Yf'(X,Y),u(X,Y),g(X,Y))

is free. We have a pushout diagram
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0 A A? (u, g) 0
]

0 A P (u, 8) 0.

This can be broken up as

0 A A? (u, g) 0
o

0 A P’ (u, g) 0
P

0 A P (u, g) 0,

where P’ = A%/(f',u, g) = A3/(u, f', g) (by using Lemma16.11). Since (f’, g)
has fewer solutions than ( f, g), that is, [ ((ff‘;g)) < l(#), therefore by induction,

A3/(u, f', g) is free. This implies that
0—-A—> P — (ug—0

is equivalent to
0>A— A @,2) — 0,

for some surjection s’. Now
0>A—>P—> u,g)—0

is obtained as a pushout

A A2
v
A P

where P = A%/(Y, i, ) (again by using Lemma 16.11). Now, from Seshadri’s The-
orem Version 1, part (5), as (Y, i, ) is completable, so P = A%/(Y, i, 2) is free.

.. . A3 . .
This implies TR aX T aXT) 1S free. Hence v(X, Y) is completable. (]

0 @, g) 0

(W, 3) 0,

0

Remark 16.1 Instead of using pushout diagrams one can use Corollary 16.1 instead
where u; = Y, up, = f’ and go through the above proof.
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We give some arguments similar to the one given by Seshadri to prove that pro-
jective modules over k[ X, Y] are free. We begin by sketching Roitman’s proof of
Seshadri’s theorem (see [18]).

Theorem 16.5 (Seshadri’s theorem) Let k be an algebraically closed field and
v(iX,Y)=(ilX,Y), L(X,Y), f5(X,Y)) be a unimodular row in k[ X, Y). Then
v(X,Y) is completable to a matrix in SL3(k[X, Y]).

Proof We remark that if we can show that, a row which is obtained from v(X, Y) by
performing elementary transformations is completable, then we can also show that
v(X, Y) is completable.

We have to show that v(X, Y) is completable to a matrix in SL3(k[X, Y]). We
denote by k(X) the quotient field of the ring k[X]. Then k(X)[Y] is a Euclidean
domain. Therefore v(X, Y) is completable to a matrix o'(X, Y) € SL3(k(X)[Y]).
Now, multiplying the second and third rows of the matrix o’ (X, Y) by suitable mul-
tiples of polynomials of k[ X], we get a matrix «(X, Y) € M3(k[X, Y]), whose first
row is v(X, Y) and det(x (X, Y)) € k[ X].

If det(x (X, Y)) € k* then there exists a matrix in GL3(k[X, Y]) whose first row
is v(X, Y). Let det(x(X, Y)) = ¢, then by multiplying the second or third row of
the matrix « (X, Y) by ¢!, we can get a matrix in SL3(k[X, Y]), whose first row is
v(X,Y). So, we are done in this case.

Otherwise, suppose det(a(X, Y)) = g(X), for some polynomial g(X) € k[X].
Since k is an algebraically closed field, g(X) can be written as a product of linear
polynomialsin k[ X]. So, wecanwrite g(X) = A(X — A)(X — X)) --- (X — A,).For
simplicity, we assume that A} = 0. Thus we have g(X) = AX (X — X)) - - - (X — Ap).
Now, going modulo X namely, by putting X = 0, we have v(0, Y) = (f1(0,7Y),
£2(0,Y), 300, Y)). Since v(X, Y) is a unimodular row in k[ X, Y], therefore v(0, )
is a unimodular row in k[ Y]. Since k[Y] is a Euclidean domain, therefore v(0, Y) can
be transformed to (1, 0, 0) using a matrix in E3(k[Y]). That is, there exists a matrix
£1(Y) € E5(k[Y]) such that &, (Y)v(0, Y)" = (1, 0, 0)". Therefore, &; (Y)a' (X, Y) is

of the form
14+ Xh1(X,7) % %

(X, Y) =] Xhy(X.Y) %
X”l31(X, Y) % sk

By the preliminary remark, we may assume that

1 0 0
a1(0,Y) = | a2 (Y) an(Y) ax(Y)
az1 (Y) a3 (Y) as(Y)

Further, multiplying the first row by —a,;(Y) and adding it to the second row and
multiplying the first row by —a3;(Y) and adding it to the third row, and performing
the same transformations on o1 (X, Y) we may assume
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1 0 0
a1(0,Y) = | 0axn(Y) ax(Y)
0 asx(Y) a(Y)

Since k[Y] is a Euclidean domain, the greatest common divisor of a,;(Y) and a3, (Y)
exists. Suppose g.c.d (a2 (Y), az(Y)) = f/(Y), then there exists a matrix &,(Y) €

E,(k[Y]) such that &,(Y) (azg(Y)) = <f/(Y)). Therefore, we have

asx(Y) 0
1 0 1 0 0 1 O 0
(Og(y)) 0 an(Y) an(¥) | = [0 f/(Y) aj(Y)
2 0 az(Y) as(Y) 0 0 al(Y)

/ /
Now, since the det(a; (0, Y)) = 0, we have det (f (()Y) Z?g;) = 0. This implies
33

that a};(¥Y) = 0. So, we have

1 0 o0
@(0,Y) = | 0 f/(Y) ay(Y) |,
00 0

where
1 0

(X, Y) = (O 8(Y)> a1 (X, Y).

Therefore, by this procedure we obtain a matrix a, (X, Y) whose first row is elemen-
tarily equivalent to v(X, Y) and last row is divisible by X. By cancelling this X, we
obtain a matrix y (X, Y) whose first row is elementarily equivalent to v(X, Y) and
det(y(X,Y)) = A(X — X)(X — A3) - - - (X — A,). Therefore by the induction on n
the proof is complete. U

Remark 16.2 Let A be a principal ideal domain and (f;(X), f2(X), ..., fu(X))
be a unimodular row in A[X]. Then a modification of the above proof shows that
(1i(X), fo(X), ..., fu(X)) is completable to a matrix in SL,(A[X]).

Remark 16.3 Seshadri’s theorem can also be proved as follows. This proof was
inspired by [15] and is perhaps close to the original proof given by Seshadri for
unimodular rows, which does not appear in Seshadri’s paper. The first author learned
about this proof of Seshadri from a lecture of Ramanan. Let us consider the following
special case, which will illustrate the general proof.

Let k be a field and v(X, Y) = (f1(X, Y), (X, Y), f3(X, Y)) be a unimodular
row in k[ X, Y]. Then we have to show that v(X, Y) is completable to a matrix in
SL3(k[X, Y]). Suppose there is a matrix «(X, Y) € M3(k[X, Y]) such that
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[iX.Y)
a(X,Y) = | L(X,Y) pi(X,Y) pa(X,Y)
[3(X,Y)

and det(a(X,Y)) = X. We will show how to construct a matrix S(X,Y) €
SL3(k[X, Y]), whose first column is v(X, Y)". Going modulo X or putting X = 0,
we have the unimodular row v(0, Y) and

£10,Y)
a(0,Y) = | /20, Y) pi(0,Y) p2(0,Y)
f3(0,Y)

such that det(« (0, Y)) = 0. Since det(x (0, Y)) = 0, there exist A;(Y), A,(Y) and
A3(Y) in k[Y] such that (A;(Y), A2(Y), A3(Y)) # (0,0, 0) and

M (Y) 0
a0, V)| @) | =10
A3(Y) 0
This implies
MX)vO,Y) + 2)pi1(0,Y) +243(Y)p2(0,¥Y) = 0. (16.5)
Therefore, we can write
MW, Y)+@)pi(X,Y) +23(Y)pa(X, YY) = Xw(X, Y), (16.6)

where w(X, Y) € k[ X, Y].

Now, suppose that the greatest common divisor of 1, (Y) and A3(Y) is A(Y). So,
we can write A, (Y) = A(Y)g1(Y) and A3(Y) = A(Y)g2(Y) for some g;(Y), g2(Y) €
k[Y]. Now, by going modulo v(0, Y) to (16.5), we get A»(Y)p1(0,Y) + A3(Y)
72(0,Y) =0in HYT  \where bar denotes reduction modulo (v(0, Y)). Substituting

¥(0.Y)’
the value of A,(Y) and A3(Y), we get

I S — kYD
AX)(g1(¥Y)p1(0,Y) + g2(Y)p2(0,Y)) = (0,0,0) in .
v(0,Y)

~

kY
v(0.Y) VO .
(g1 (¥)p1(0,Y) + g2(Y) p2(0, Y)) = (0,0,0) in f([OY]Y'>. So, without loss of gener-
ality, we may assume that A,(Y) and A3(Y) are relatively prime in k[Y]. Therefore

/
there exists A5(Y), A5(Y) € k[Y] such that det (M(Y) )LZ(Y)) = 1. Now, consider

Now,

being projective is torsion free (by Lemmal6.8). So, we have

A3(Y) A5(Y)
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1A(Y) O
the matrix | 0 A2(Y) A5(Y) | whose determinant is 1. Therefore the first column of
0 23(Y) A5(Y)

the product
fX,Y) La@) 0
LXY) pi(X,Y) po(X, Y) | | 022(Y) A5(Y) (16.7)
f3(X,Y) 0 23(Y) A5(Y)

is v(X, Y)'. Using (16.6), the second column of the above product is a multiple of
X. Now, dividing the second column of the product (16.7) by X, we get a matrix in
SL3(k[X, Y]), whose first column is v(X, Y)'. Hence v(X, Y) is completable to a
matrix in SL3(k[X, Y]).

Remark 16.4 Let A be a Dedekind domain and 99t C A[X] be a maximal ideal of
height 2. Then 9t N A is a prime ideal p of A of height 1. Since A is a Dedekind
domain, p/p? is generated by a single element s € p. Since A/p is a field, the image
of M in A/p[T] is generated by g(T'). Therefore I = (p[T], g(T)).

Since 5 generates p/p?> by Lemmal6.7, 9 = (s, h(T)). Therefore by
Example 16.1, any projective A[T]-module P of rank 2 and of trivial determinant
mapping onto 9 is given by P ~ %

Since % modulo it’s nilradical is a product of fields, the unimodular row

Ex(A[T))

(h(T), hi(T)) (1,0).

This implies as we have seen before that P is free.

Theorem 16.6 (Seshadri [26], Bass [1, Section22], Serre [24, Section 1]) Let A be a
Dedekind domain. Let w = [v(T), f(T), g(T)] be a unimodular row in A[T]. Then
w is completable.

Proof Without loss of generality, we may assume that ht( f(7T), g(T)) = 2. Let
S, gM) =M NMy N - NI, where M; C A[T] are maximal ideals.
Reorder M, My, ..., M, suchthat M NA =9I, NA=---=IM, NA=pand
IM; N A = p; is different from p fori > r.

By using Prime Avoidance Lemma, we can choose s € p, s ¢ p> such that
(s) +p; = A for all i > r. Let bar denote reduction modulo (s). Then since (s) +

p; = Afori > r,wehave (s) + 9; = A[T]fori > r. Therefore/(f(T), g(T)) =

ﬁﬂ%ﬁ . ﬁ%. First note that since A/p is a field, the image of 9; in
A/p[T]is principal. Now since p/p? is generated by s, M; = (s, h; (T)) for suitable
hi(T) € A[T]fori =1,2,...,r(see Lemma 16.7). Therefore, if bar denotes reduc-
tion modulo (s), then 90; = (h; (T)) is principal. It follows from primary decompo-
sition that (f(T'), g(T)) is a principal ideal.

Assume that (f(T), g(T)) = (h(T)). Then f(T) =h(T) A (T) and g(T) =
h(T) - 2(T) and since (f(T), g(T)) = (h(T)). We have
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h(T) - 2 (T) - M (T) + h(T) - 1o(T) - 2o(T)" = h(T)
R(T)(A = 20(T) - 2i(T) —22(T) - 22(T)) =0 (16.8)

Now, since ht(;) ifor i=12,...,r and (s, h(T)) = (s, f(T), g(T)) has
height 2, we have h(T) that does not belong to any minimal prime ideal of
%[T]. Then by (16.8), we have T—=2(T) - M(T) —2(T) - 2o(T) that belong
to every minimal prime ideal of (‘:;)[T] and therefore is nilpotent. This implies that
M(T) -2 (T) —Ax(T) - 2(T) =1+ a, wherea € %[T], is a nilpotent element.
This means that 1 + a is a unit of %[T].

Hence (A (T), 22(T)) € Umz((%[T]). Since dim (% = 0, we have

(ST

[
A (T), 1(T))  ~ (1,0).
This implies

A
(s)

Ex(IT)
(f (1), (1)) = (W(T) - 2 (T), (T) - o(T))  ~  (A(T),0).

Therefore
E; (é‘[T])

(f(T), g(T)) (W(T), sh(T)).

This implies

BEY oy, 0 (1), sK(TY).

w= (), f(T), ()
To verify the hypotheses, we will use Corollary 16.1, withu; = *(T)andu, = s and
the previous induction method of proof of Seshadri’s theorem. The proof is complete
provided we verify that the hypotheses of Corollary 16.1 are satisfied.

The hypotheses of the Corollary 16.1 are satisfied since A /s modulo nilpotents is a
product of fields. Therefore, any unimodular row of length two in % [T']is elementary
equivalent to (1, 0) and hence any unimodular row in A[T'] of length 3 with first entry
s is completable. Further since

/ A[T] - A[T] _ l< A[T] >
(T, M(T)) (W/(T), sh(T)) (f(T),g(T)))"

we see by induction that (v(T),h’(T),)Tﬂ) is completable. This proves
the theorem. O
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16.6 On a Result of Bhatwadekar—Keshari

In this section, we give a different proof of a lemma of Bhatwadekar—Keshari and
use this to deduce via Suslin’s lemma [33] the Swan—Towber [29], Krusemeyer [14],
Suslin [27] theorem.

Lemma 16.15 (Bhatwadekar—Keshari [7, Lemma 3.3]) Let A be a domain f, g € A
and suppose that (u, f, g) € A3 is unimodular. Then there exist ', g’ € J such that
J=(f.g)and f' —uf € J*, g —ug e J*

Proof Since (u, f, g) is a unimodular row. Then there exist v, A, u € A such that
uv+ fr+gu=1~Letj=1—uv,thenuv=1—jandinthering A|_;, uisa
unit and Ji_; = (uf, ug), where J = (f, g).

Note since j € J = (f, g),then1 € (f, g)A; and J; = A;. Therefore (f, g)isa
unimodular in A ;, whereby there exists a matrix o € SL(A;) such that

Y _ (1
o <g =1o):
Next, (uf,ug)Ai—; = Ji—; and hence

(ufug)Aja-j = Jja-j =Aja-j-

Letv = % then uv’ = 1. Since (f, g) € A? is a unimodular row, there exists

o= <§ g) € SLy(A)).

Then L
p= (“f v f,> € SLy(Aj(1 — j)).

ug v'g
(1) 52)
(o) = (ie)
()=

Letd =a 'and e’ = ¢! € E5(Aj(—})). Thus

We can write 8 as

Also we have

Thus
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1o fuf (1
5185<ug>=51<0).

Claim: §'¢'§ = g1, , where &1 € SLy(A;), &2 € SLy(A;—;) and

I+un w2
- , 16.9
2 ( par 1+ pa (16.9)

where p;; € Ji—;.
Assuming the claim, we see that

i)
£ (Z;’;) =¢gls! ((1)) (16.10)

Note that &, <Z§> € A%fj andsincegl—l(sfl c SLz(Aj),WChaVegI_IS*I

Therefore

2
o) € Aj.
Now patching together &, (ZJ;) and eflé‘l (é) in Aja—j), we get (f', g') which

generate J.
Now we claim that f' — uf € J? and g’ — ug € J>. To show this we take &, as
in (16.9). Therefore from (16.9) and (16.10), we get

A+ ) Wf) + pig) = f'5 (o) @f) + (14 pun)(ug) =g

Multiplying by suitable power of 1 — j, to clear denominators, we get

(L +viD)@f) +via(ug) = (1= jNf's (a)@f) + (1 +vn)(ug) = (1 - jHg’

for some j’ € J, where v;; € J. This implies that f' — uf € J> and g’ — ug € J>.
This proves the lemma assuming the claim. (|

Now we prove (16.9) as follows.
Lemma 16.16 (Mandal, see [20]) Suppose v(T) € SL2(A;ja—-j[T]) and v(0) =
I, Then v(1) = g1&, where €1 € SLy(Aj) and & € SLy(Ai_j) is of the form

I+un w2
, where ;; € Ji_;.
( par 1+ pan Hij & 1=

Proof Lets = j,t =1— jand A, u € A be chosen so that As¥ 4+ ut* = 1. Then
by Lemmal6.5, v(T) = vi(T)vo(T), where vi(T) € SL2(A;[T]) and v (T) =
v(As*T). Let
o(T) = (1 +Tan(T) Tirn(T) )
Ti(T) 1+ Tixn(T)
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then by construction, v,(7T) = v(As¥T), that is,

(T) = 14+ As*Ta (As*T)  As*TAp(As*T)
VD=0 a5 Tag s T) 14 As* Tap(As*T) )

Therefore v(1) = £;&,, where 1 € SLy(A;) and &, = v,(1) is of the required form
(since s = j). O

Corollary 16.2 (Swan-Towber [29], Krusemeyer [14], Suslin [27]) Let A be a ring
f, g € A. Letv € A be such that 2, f, 8 € A3 is a unimodular row. Then (v, 58
is completable.

Proof Let J = (f, g) andu = v~' mod (f, g). Then {uf, ug} is a set of generators
of J/J?* which can be lifted to a set of generators of J, (Lemma 16.15). Suppose
{(f’, g’} is the lift of the set of generators {uf,ug} of J/J? to a set of generators
of J. Thus we have f' = uf mod J? and g’ = ug mod J2, that is, f' — uf € J?,
g —ug e J*andJ = (f', g'). Therefore, we can write f' — uf = Ay f + Apg and
g —ug=2xf+Aing or f'=@+xr)f+rpgand g = Ay f+ (u+rn)g,
where A;; € J. We can write this in matrix form as follows:

S _(utAin An f
g A u+in)\g)’
where

U+ A A2 2
det( A2 ”‘i‘)»zz)_u +ukiy +ukn + Aidn = Azki.

u+in Anp

Al U+ Ax
we get a new set of generators { ', g’} of the ideal J, where ' = (u + A11) f + A12g
and g’ = Ay f + (u + A)g, such that

u—+Ain A _ 2
det( 2ot u+k22)_u mod J.

Now, by going modulo J, we get det ( = u? mod J. Therefore,

Hence by Lemma 16.14, 2, £, g) is completable, where v = u~! mod (f,g). O
More generally, we have

Corollary 16.3 Let A be aring f,g € A and J = (f, g). Let (u, f,8) € A3 be a
unimodular row. Suppose the set of generators {uf, g} of J/J?, can be lifted to a set
of generators of J. Suppose v =u"" mod (f, g). Then (v, f, g) is completable.

Proof We are given that {uf, g} is a set of generators of J /J> which canbe lifted toa
set of generators of J. Suppose { f, g’} is alift of the set of generators {uf, g} of J /J>
such that J = (f’, g). Thus we have f' = uf mod J? and g’ = g mod J?, that is,
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f —ufel’ g —geJ*and J = (f',g). Therefore, we can write f' —uf =

)\llf + )\|2g and g/ — 8= )\21f + )\2289 where )»11, )\.12, )\21 , )\.22 € J. We can write
this in matrix form as follows:

<f’)=(u+)»11 A2 )(f)
g A 1T+xn)\g)’

A A
det(u+ 11 12 ):u_,_k”+M)LZZ+A”)L22—)»21A12.

where

A 142

U+ A

A 1+
new set of generators {f’, g’} of the ideal J, where f’' = (u + Ay1) f + X12¢ and
g =l f + (1 + Ax)g, such that

u+ii A _
det( Dt 1_’_)\22>_umodJ.

Now, by going modulo J, we get: det( =u mod J. So, we get

Hence by Lemma 16.14, (v, f, g) is completable, where v = u~! mod (f, g). ]

16.7 Seshadri’s Theorem and Euler Class Groups

In this section, we give a proof of Seshadri’s theorem using the theory of Euler
classes. The proof we give is inspired by an argument of Abhyankar.

Proposition 16.1 (Abhyankar, see [10, Proposition 6.2]) Let k be an algebraically
closed field and I C k[X, Y] = A be an ideal such that dim A/I = 0. Suppose that
I/1? is generated by two elements. Then I is generated by two elements.

Proof (Sketch of the proof following [4]) Let fi, f» € I generate I/1>. We may
assume that (fi, ) =INI,wherel +I'=Aand I’ =9, N...NM, ,r < oo,
IN; are maximal ideals of A. We have 9; = (X — a;, Y — b;) and by a change of
variables we may assume that 91} = (X, Y). The ideal (f;(X, 0), f>(X, 0)) of k[ X]
is contained in (X). Therefore, by using the Euclidean algorithm we can transform
(f1(X,0), f>(X,0)) to (X'h(X), 0), where h(X) € k[X].

In order to prove that I is generated by two elements we need to reduce the
number of maximal ideals 27; one by one. We do this as follows. Considering
the elements of E,(k[X]) as elements of E,(k[X, Y]), we can transform the row
(fi(X,Y), f(X, Y)) to another row (h(X, Y), h,(X, Y)) such that

(1) The ideal (f1(X,Y), f2(X,Y)) = (hi (X, Y), h3(X, Y));

(2) hi(X,0) = X'h(X), hy(X,0) = 0,i.e. hy(X,Y) = Yha(X, Y).

Thisimplies (71 (X, Y), Yho (X, Y)) =1 NI N...NIMWM,.. Since M, = (X, Y),
by alinear change of variables, for example, replacing Y by Y + cX, we may assume
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in the beginning that the line ¥ = 0 does not pass through the finitely many points
belonging to V (/) and the points (a;, b;), 2 <i < r (notice that ¥ € 9;). This
implies in particular that the element ¥ € A is a unit modulo /.

Now, since elements i1 (X, Y), Yhy(X, Y) generate I /1% and 0, /MM?,2 <i <r.
We have hy (X, Y), ho(X, Y) generate 1 /1% and 9; /97,2 < i < r. Since

(X, Y), Yhy(X, Y)) + M} = M,

and M; = (X, Y), it follows that Y, (X, Y) ¢ sm% and hence %, (0, 0) # 0. Hence
ho(X,Y) ¢ 9. It follows that

X, Y), X, Y)=INIhN...0NM,.

By continuing this process, we see that [ is generated by two elements. ]

Theorem 16.7 (Seshadri’s Theorem for Euler class groups) Let A be a Cohen—
Macaulay domain of dimension 2. Let f € A be a non-zero prime element (that
is, (f) is a prime ideal). Suppose that A/(f) is a principal ideal domain with
SLy(A/(f)) = E2(A/(f)). Let J C A be an ideal of height 2 such that J|J?* is
generated by 2 elements and wy be a local orientation of J. Suppose (J,wy) = 0in
E(Ay). Then (J,wy) =0in E(A).

Proof (Sketch) We may assume as in [6, Lemma 5.6], that J 4+ (f) = A, and there
exist by, b, € J such that (b, by) = J N J', where J’ contains a power of f that is
f" € J, and the local orientation of J given by by, by is w;.

If n=0, thatis, f'=1¢€ J/, then J' = A and J = (by, by) with (J,w;) =0
in E(A). Now suppose that n > 0. Let bar denote reduction modulo (f). Then
we may operate (b;, by) by an element of E,(A/(f)) to transform (b, b;) by
(1, 0). Therefore we transform (b1, b) to (¢}, c2) via elementary transformations
and assume that ¢; is multiple of f, thatis ¢; = fcj. Then (¢}, ¢}) = J N J”, where
1(A/J") < I(A/J). The local orientation of J given by ¢/, ¢} is f~'wy. Continuing
this process we obtain a set of generators {d}, d»} of J which give the local orientation
(J, f%wy) thatis (J, f *wy) = 0in E(A).

If £ is even, (J,w;) =0 in E(A) (by Lemmal6.9). If k is odd, we have
(J, f~'wy) = 0in E(A).Now by multiplying f*> we getby Lemma 16.9, (J, fw,) =
0in E(A) and fwy is given by the set of generators {¢;, ,} of J. Then (J, wy) is
given by the set of generators (f ~'#1, t,) of J/J?. Using the fact that SL,(A/(f)) =

E>(A/(F)). Tt follows that (i, 5) Y (1,0). Hence (f, 1, 16) <" (1,0,0).

Therefore (f, #1, ;) is completable and hence by Lemma 16.14, the set of generators
f~'t1, t, of J/J? can be lifted to a set of generators of J showing that (J, w;) = 0
in E(A). O

Remark 16.5 If k is an algebraically closed field of characteristic # 2, then it is
known that one can give a proof of Seshadri’s theorem as follows:

Let v(X,Y) = (u1(X,Y),u(X,Y),u3(X,Y)) be a unimodular row in A =
k[X,Y]. We can assume that ht(u(X, Y),u3(X,Y)) =2. Let J = (ux(X,7Y),
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u3(X,Y)). Then A/J modulo its nilradical is a product k X k x k x --- x k of
algebraically closed fields. Thus the element u;(X, Y) of A/J is a square. Thus,
it follows using the Swan—-Towber, Krusemeyer, Suslin theorem that v(X, Y is com-
pletable.

Remark 16.6 Let A be a Noetherian ring with dim A = 2. Let (u, f, g) € A3 be a
unimodular row with ht(f, g) = 2. Let v = ! mod (£, g). Then the Euler class of
(u, f, g) is given by the set of generators {v f, g} of J/J?. If the set of generators
{(vf, g} of J/J? can be lifted to the set of generators of J then the Euler class of
(u, f, g) is trivial and the unimodular row (u, f, g) is completable. This relates the
lemma of Suslin to the theory of Euler class groups.

Remark 16.7 We describe the results schematically as follows:

Euler class groups — Suslin’s lemma — Seshadri’s theorem.
(via Bhatwadekar—Keshari)

Suslin’s lemma
—> Seshadri’s theorem.

Swan—Towber, Krusemeyer, Suslin theorem

Swan-Towber, Krusemeyer, Suslin theorem

(via Euler class groups) .
———— > Seshadri’s theorem.

Acknowledgements The authors would like to thank Professor Ravi A. Rao for his valuable support
during this work. The authors would like to thank Professor Gopala Krishna Srinivasan for giving
his time most generously and helping us make this paper more readable. The second named author
would like to thank Professor Gopala Krishna Srinivasan for his support and advice during difficult
times. The authors would also like to thank the referee for going through the paper carefully and
pointing out some mistakes. The second named author also acknowledges the financial support
from CSIR which enabled him to pursue his doctoral studies.

References

1. H. Bass, K-theory and stable algebra. Inst. Hautes Etudes Sci. Publ. Math. 22, 5-60 (1964)

2. R. Basu, Topics in classical algebraic K-theory. PhD thesis, School of Mathematics, Tata
Institute of Fundamental Research, Mumbai, 2006

3. R.Basu, R. Sridharan, On Forster’s conjecture and related results. Punjab Univ. Res. J. (Sci.)
57, 13-66 (2007)

4. S.M. Bhatwadekar, R. Sridharan, On Euler classes and stably free projective modules, Algebra,
Arithmetic and Geometry, Part I, Il (Mumbai, 2000). Tata Institute of Fundamental Research
Studies in Mathematics, vol. 16 (Tata Institute of Fundamental Research, Bombay, 2002), pp.
139-158

5. S.M. Bhatwadekar, R. Sridharan, Projective generation of curves in polynomial extensions of
an affine domain and a question of Nori. Invent. Math. 133(1), 161-192 (1998)

6. S.M. Bhatwadekar, R. Sridharan, The Euler class group of a Noetherian ring. Compos. Math.
122(2), 183-222 (2000)

7. S.M. Bhatwadekar, M.K. Keshari, A question of Nori: projective generation of ideals. K-
Theory, 28(4), 329-351 (2003)

8. S.M. Bhatwadekar, H. Lindel, R.A. Rao, The Bass-Murthy question: Serre dimension of Lau-
rent polynomial extensions. Invent. Math. 81(1), 189-203 (1985)

9. S.M. Bhatwadekar, M.K. Das, S. Mandal, Projective modules over smooth real affine varieties.
Invent. Math. 166(1), 151-184 (2006)



306 R. Sridharan and S. K. Yadav

10. M.K. Das, R. Sridharan, Good invariants for bad ideals. J. Algebra 323(12), 3216-3229 (2010)

11. N.S. Gopalakrishnan, Commutative Algebra (1984)

12. S.K. Gupta, M.P. Murthy, Suslin’s Work on Linear Groups over Polynomial Rings and Serre
Problem. ISI Lecture Notes, vol. 8 (Macmillan Co. of India Ltd, New Delhi, 1980)

13. M.K. Keshari, Euler class group of a Noetherian ring. PhD thesis, School of Mathematics, Tata
Institute of Fundamental Research, Mumbai, 2001

14. M. Krusemeyer, Skewly completable rows and a theorem of Swan and Towber. Commun.
Algebra 4(7), 657-663 (1976)

15. N.M. Kumar, On a theorem of Seshadri, Connected at Infinity. Texts and Readings in Mathe-
matics, vol. 25 (Hindustan Book Agency, New Delhi, 2003), pp. 91-104

16. N.M. Kumar, Complete intersections. J. Math. Kyoto Univ. 17(3), 533-538 (1977)

17. N.M. Kumar, A note on the cancellation of reflexive modules. J. Ramanujan Math. Soc. 17(2),
93-100 (2002)

18. T.Y. Lam, Serre’s Problem on Projective Modules, Springer Monographs in Mathematics
(Springer, Berlin, 2006)

19. S. MacLane, Homology. Die Grundlehren der mathematischen Wissenschaften, vol. 114, 1st
edn. (Springer, Berlin-New York, 1967)

20. S. Mandal, Homotopy of sections of projective modules. J. Algebraic Geom. 1(4), 639-646
(1992). With an appendix by Madhav V. Nori

21. S.Mandal, Projective modules and complete intersections. Lecture Notes in Mathematics, vol.
1672 (Springer, Berlin, 1997)

22. M.P. Murthy, R.G. Swan, Vector bundles over affine surfaces. Invent. Math. 36, 125-165 (1976)

23. D. Quillen, Projective modules over polynomial rings. Invent. Math. 36, 167-171 (1976)

24. I.P. Serre, Sur les modules projectifs. SAl’minaire Dubreil. AlgAibre et thAl’ orie des nombres
14, 1-16 (1960-1961)

25. C.S. Seshadri, Triviality of vector bundles over the affine space K 2. Proc. Natl. Acad. Sci. USA
44, 456458 (1958)

26. C.S. Seshadri, Algebraic vector bundles over the product of an affine curve and the affine line.
Proc. Am. Math. Soc. 10, 670-673 (1959)

27. A.A. Suslin, Stably free modules. Mat. Sb. (N.S.) 102(144)(4), 537-550, 632 (1977)

28. R.G. Swan, Algebraic vector bundles on the 2-sphere. Rocky Mt. J. Math. 23(4), 1443-1469
(1993)

29. R.G. Swan, J. Towber, A class of projective modules which are nearly free. J. Algebra 36(3),
427-434 (1975)

30. W.vander Kallen, A group structure on certain orbit sets of unimodular rows. J. Algebra 82(2),
363-397 (1983)

31. W. van der Kallen, A module structure on certain orbit sets of unimodular rows. J. Pure Appl.
Algebra 57(3), 281-316 (1989)

32. L.N. Vaserstein, Stabilization of unitary and orthogonal groups over a ring with involution.
Mat. Sb. (N.S.) 81(123), 328-351 (1970)

33. L.N. Vaserstein, A.A. Suslin, Serre’s problem on projective modules over polynomial rings,
and algebraic K -theory. Izv. Akad. Nauk SSSR Ser. Mat. 40(5), 993-1054, 1199 (1976)

34. C.T.C. Wall, A Geometric Introduction to Topology (Addison-Wesley Publishing Co, Reading,
1972)



Chapter 17 ®)
On a Group Structure on Unimodular ek
Rows of Length Three over a

Two-Dimensional Ring

Anjan Gupta, Raja Sridharan and Sunil K. Yadav

17.1 Introduction

Let Y be a set, G be a group and Q : Y — G be a one—one onto map of sets. Then,
we can use the group structure on G to define a group structure on Y. This paper is
based on the above idea.

Let A be a Noetherian domain of dimension 2 and Y be the orbit space
Ums(A)/SL3(A), where Umgs (A) is the set of unimodular rows of length 3 over A on
which the group SL3(A) acts. Then, itis provedin [6, 7], that ¢ : Um3(A)/SL3(A) —
E(A) is a homomorphism of groups, where E(A) is the Euler class group of A (see
[6, 7]) and the group structure on Umj3(A)/SL3(A) is defined either by using Bass’
theory of Symplectic modules [28, Appendix], or using the Vaserstein symbol [33,
Sect. 4]. Both these methods yield the same group structure on Um3(A)/SL3(A).

In this paper, we give yet another method of giving a group structure on
Ums(A)/SL3(A), namely we use the set theoretic map ¢ to pull back the group
structure on E(A) to obtain a group structure on Ums3(A)/SL3(A).
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It would be interesting to see if this method applies to unimodular rows of other
sizes, thereby giving another way of understanding some of the results of van der
Kallen (See [30, 31]).

In Sect. 17.2, we record some preliminaries. In Sects. 17.3 and 17.4, we recall some
results of Bhatwadekar—Raja Sridharan on the Euler Class group of a Noetherian ring.
InSects. 17.5 and 17.6, we give the definition of a group structure on Umjs (A) /SL3(A)
and prove that this structure defines a group.

17.2 Some Preliminaries

Definition 17.1

(i) Let Abearing. Arow (aj, ay, ..., a,) € A" issaid to be unimodular of length
n if the ideal generated by ay, as, ..., a, is A. The set of unimodular rows of
length n is denoted by Um, (A).

(i1) A unimodular row (a;, ay, ..., a,) is said to be completable if there is a matrix
in SL,(A) whose first row is (a;, as, ..., a,).

(iii) We define E, (A) to be the subgroup of GL,(A) generated by all matrices of the
form e;;(A) = I, + AE;;, A € A,i # j, where E;; is a matrix whose (7, j)th
entry is 1 and all other entries are zero. The matrices e;; (1) will be referred to
as elementary matrices.

Lemma 17.1 (Prime Avoidance Lemma, see [3]) Let A be a ring I C A an ideal.
Suppose I C \J:_, pi, where p; € Spec(A). Then I C p; for somei, 1 <i <n.

Lemma 17.2 (see [3]) Let A be a ring, pi, p2, - .., pr € Spec(A) and I = (ay, az,
..., ap)beanideal of A suchthat1 C p;, 1 <i <r.Thenthereexistb,, bs, ..., b, €
A such that the element ¢ = ay + ayby + azbs + - - - + a,b, ¢ U;:l Di.

Since M,,(A) acts on A" via matrix multiplication, the group E, (A) which is a
subset of M,,(A) also acts on A”. This induces an action of E,;(A) on Um,,(A). The

Ey(A)

equivalence relation on Um, (A) given by this action is denoted by . Similarly
SLy(A) GL,(A)
one can define and .

Theorem 17.1 (see [3])

(i) Let Abearingand(ay, ay, ..., a,) € A" be aunimodular row of length n which
contains a unimodular row of shorter length. Then the row (a, az, ..., a,) is

En(A)

completable. In fact, (a1, as, ...,a,) ~ (1,0,...,0).

(i) Let A be a semilocal ring. Then any unimodular row (ay, a, . .., a,) of length
En(A)

n > 2 is completable. In fact, (ay, ay, ...,a,) ~ (1,0,...,0).
Definition 17.2 Two matrices « and g in SL,(A) are said to be connected if there
exists o (X) € SL,(A[X]) such that 6(0) = o and o (1) = 8. By considering the
matrix o (1 — X), it follows that if « is connected to 8 then § is connected to «.
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Lemma 17.3 Any matrix in E,(A) can be connected to the identity matrix.

Proof Every matrix o € E;(A) can be written as a product of elementary matrices of
the form ¢;; (1) = I, + AE;; fori # j, thatis, @ = [];_, €;;(1). We define o (X) =
]_[f=1 e;;(AX). Then o (X) € SL,(A[X]), 0(0) = I, and o (1) = «. This proves the
lemma. (I

Lemma 17.4 Let Abearing and I be anideal of A. Thenthe map E,(A) — E,(A/I)
is surjective.

Proof The proof follows from the fact that the generators e¢;; (M) of Ey(A /1) for
A € A, can be lifted to generators e;; (1) of E,(A). O

Let us recall Quillen’s Splitting Lemma [23] with the proof following the expo-
sition of [3]. In what follows, (¢ (X)), denotes the image of ¥ (X) in GL, (Ay[X])
and (Y, (X)), denotes the image of v, (X) in GL, (Ay[X]).)

Lemma 17.5 (see [23]) Let A be a domain and s, t € A be suchthatsA +tA = A.
Suppose there exists o (X) € GL,(A«[X]) with the property that o (0) = I,,. Then
there exist Y1 (X) € GL,(As[X]) with ¥1(0) = I, and ¥(X) € GL,(A{X]) with
V2(0) = I, such that o (X) = (Y1 (X)) (Y2(X))s.

Proof Since o(0) =1,, o(X)=1,+ Xt(X), where t(X) e M(Ay[X]), we
choose a large integer N; such that o (As*X) € GL,(A[X]) for all A € A and for all
k > Nj.Define 8(X, Y, Z) € GL,(Ay[X, Y, Z]) as follows.

BX.Y,Z)=0((Y + Z)X)o(YX)". (17.1)

Then B(X,Y,0) = I,, and hence there exists a large integer N, such that for all
k > N, and forall u € A we have (X, Y, ut*Z) € GL,(A[X, Y, Z]). This means

BX,Y, ut*2) = (01(X, Y, 2)),, (17.2)

where 01(X, Y, Z) € GLy(AJX, Y,Z]) with o1(X,Y,0) =1, Taking N =
max(N;, N,), it follows by the comaximality of sA and tA that sVA +tVA = A.
Pick A, u € A such that As™ + utV = 1. Setting ¥ = As"™, Z = ut" in (17.1) and
Z=1,Y = sV in (17.2), we get

B(X, asN, ut™y = o(X)o(As¥ X)~!, and
BX, as™, ut™) = (o1 (X, AsV, ut™)), = @ (X)),
where ¥(X) € GL,(A,[X]). Hence, we conclude that o(X)o(As¥X)™ ! =
(Y1(X)),. Leto (AsV X) = (¥2(X))s, where (2(X)), € GLy(A([X]). Since 5 (0) =

I,, ¥1(0) = ¥»(0) = I,, the result follows by using the identity o (X) = o(X)
oAV X) Lo (AsV X). (I
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Remark 17.1 In above lemma by interchanging the roles of s and ¢ we can write
(X)) = (11(X)s(r2(X)), where 71 (X) € GL, (A;[X]) witht;(0) = [, and (X)) €
GL, (A [X]) with 1 (0) = 1,,.

Lemma 17.6 Let A be a domain and s,t € A be such that sA +tA = A. Ifo; €
SLy(As), 02 € Eq(Ay), then o102 = B1 B2, where Bi € SLy(A) and B, € SLy(As).

Proof Wecanwrite 010y = 01020, 1U|.Theref0re, itsuffices to show thato0y0, -
Y1V2, where y; € SL,(A¢) and y» € SL,;(A;). Then the result follows by setting
B1 = y1 and B, = y»0,. Since any elementary matrix can be connected to the iden-
tity matrix, we can find «(X) € SL,(A{[X]) such that «(0) = I, and «(1) = o>.
Let 8(X) = oya(X)o; ', Then 8(1) = o070, . Since 8(X) € SLy(Ay[X]) and
8(0) = I,,, by Remark 17.1, §(X) = 6;(X)52(X), where 6;(X) € SL,(AX]) and
8,(X) € SL,(As[X]). Let y; = §;(1) and y», = §,(1). Hence the lemma follows. [

Lemma 17.7 (see [9]) Let A be a domain and s,t € A be such that sA +tA = A.
Leto € SL,(Ay) and e € E,(Ay). Then o0 = 11013, where 1 € SL,(Ag) and 1, €
SLa(Ay).

Proof Let ¢ = e1&;, where g; € SL,(Ay) is chosen such that &; = I, mod ™) for
sufficiently large N and ¢, € SL;(A). So, we have

o =0¢€1& = 0'810'_10'82.
Now, since &; = I,, mod (¢") for sufficiently large N, therefore og,0~' € SL,(Ay).
Now by taking 7 = oegio b and 1, = &, we have e = 110 1. O

Lemma 17.8 Let A be a domain and I be an ideal of A. Let a, ¢ € A be such that
aA+cA = A. Then

I ——1,

L

Ic —— Iac

is a pullback diagram. This means that if two elements x € 1,, y € I, are equal in
Lyc, then there exists a unique z € I suchthat = x in I, and * =y in I.

Proof Let x = :4, and y = Li be such that % = Li in I,., where b, c € A. Hence
bc* =da" in A. Since aA+cA=A,a"A+c*A = A. we choose XA, u € A such
that Aa” + uc® = 1. Let z = Ab + ud. Then
dz=adr+d ud=a rb+cfub=>b@xr+c’u) =band
Fz=Mm+cCud=ard+cCud =d@r+cn) =d.

Hence we have { = % in [, and § = £ in I.. The uniqueness is proved in a similar
manner. [l

d
L‘S
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17.3 On the Euler Class Group

In this section, we give the definition of the Euler class group of a Noetherian ring
due to Bhatwadekar—Raja Sridharan and prove Lemma 17.9, [6, Lemma 5.3]. We
follow the exposition of Manoj Keshari [13].

Let A be a Noetherian ring with dim A = n > 2. We define the Euler class group
of A, denoted by E(A), as follows:

Let J C A be an ideal of height n such that J/J? is generated by n elements. Let
« and B be two surjections from (A/J)" to J/J?. We say that o and 8 are related if
there exists an automorphism o of (A/J)" of determinant 1 such that «o = 8. It is
easy to see that this is an equivalence relation. If o : (A/J)" —» J/J? is a surjection,
then by [«], we denote the equivalence class of «. We call such an equivalence class
[] a local orientation of J.

Since dimA/J = 0 and n > 2, we have SL,(A/J) = E,(A/J) and therefore, the
canonical map from SL,(A) to SL,(A/J) is surjective. Hence, if a surjection « :
(A/J)" — J/J?* can be lifted to a surjection 6 : A" — J, and « is equivalent to 8 :
(A/J)" — J/J?, then B can also be lifted to a surjection from A" to J. Let e = 8
for some o € SL,(A/J). Since dim A/J = 0, there exists 6 € SL,(A) which is a
lift of 0. Then 65 : A™ — J is a lift of B.

A local orientation [«] of J is called a global orientation of J if the surjection
o : (A/J)" — J/J? can be lifted to a surjection 6 : A" —» J.

We shall also, from now on, identify a surjection « with the equivalence class [«]
to which « belongs.

Let 9t C A be a maximal ideal of height n and 91 be a 9)1-primary ideal such that
M/N? is generated by n elements. Let wy; be a local orientation of 0. Let G be the
free abelian group on the set of pairs (1, wey), where D1 is a 9i-primary ideal and
wa is a local orientation of 1.

Let J = NN, be the intersection of finitely many ideals 91;, where 91, is ;-
primary, 9 C A being distinct maximal ideals of height n. Assume that J/J? is
generated by n elements. Let w; be a local orientation of J. Then w; gives rise, in
a natural way, to a local orientation we, of ;. We associate to the pair (J, w,), the
element ) _(91;, wy,) of G. By abuse of notation, we denote the element Y (9%;, way,)
by (J, wy).

Let H be the subgroup of G generated by the set of pairs (J, w,), where J is an
ideal of height n which is generated by n elements and w; is a global orientation of
J. We define the Euler class group of A denoted by E(A), to be G/H. Thus E(A)
can be thought of as the quotient of the group of local orientations by the subgroup
generated by global orientations.

Let J as above be an ideal of height n and « : (A/J)" — J/J? be a sur-
jection giving a local orientation w; of J. Composing « with an automorphism
A (A/I)Y — (A/J)" such that det(A) =a € (A/J)*, we obtain a local orienta-
tionaA : (A/J)" — J/J2 which we denote by (J, awy).
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Lemma 17.9 (see [13]) Let A be a Noetherian ring of dimension n > 2, J C A
an ideal of height n and wj a local orientation of J. Let a € A/J be a unit. Then
(J,wy) = (J, a?wy) in E(A).

17.4 On Some Results of Bhatwadekar-Raja Sridharan

In this section, we recall some results of Bhatwadekar—Raja Sridharan on the Euler
class group. We follow [3, 5-7, 13].

Lemma 17.10 (The SL, Lemma) Let A be a ring and let J be a proper ideal of
A. Let J = (a, b) = (c, d). Suppose [a, b] = [c, d] mod J2. Then there exists an
automorphism A of A2 such that

. a C
o (5) = ()
(i) det(A) = 1.

Proof Wehavea —c,b—d € J2.Sowecanwritea — ¢ = aa; + bayandb —d =
aas + bay, where a; € J for 1 <i <4. letu=1—-—a;,v=—a,,w = —asz, and
x = 1 — a4. Then we have the following equation:

uv) (a\_(c
wx b)]  \d)"
Now, we see that ux —vw = 1 — f, for some f € J. There exist #;, t, € A such
that f = dt, — ct;. The endomorphism A of A? given by

u-+bt, v—at
w+ bt; x —aty

is an automorphism of determinant 1 with A (Z) = <;> (]

Corollary 17.1 Let A be a ring and let J be a proper ideal of A. Let J = (a, b) =

(c, d). Suppose there exists amatrix § € SL,(A/J) such that B (g) = (2) inJ/J?

then there exists a matrix a € SL,(A) such that o (Z) = (2)

Proof We are given that there exists amatrix 8 € SL,(A/J) such that 8 <Cl—§> = (g) .
A Ao
A3 Ay

(266

Therefore we can take 8 = ) € SL,(A/J) such that
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This implies¢ = A1a + Abandd = A3a + A4b. Now, taking liftsin A, we getc =
A1+ pa+ (A2 + p2)b and d = (A3 + pus)a + (g + pa)b, where py, na, us,
Wa € J. We can write this in matrix form as

At A+ p2) fa) _ (c
Atz ra+us)\b)  \d)’

ALt 1 A2+ o
and det = 1 (mod) J. Therefore, by the proof of the SL, lemma,
</\3+M3)»4+M4 (mod) ythep 2
there exists a matrix & € SL,(A) such that o <Z) = (2) O

Theorem 17.2 (Addition Principle) Let A be a Noetherian ring of dimension 2. Let
Ji1 = (a1, a») and Jy = (by, by) be ideals of A with ht(a;, ay) = 2 = ht(by, by) and
Ji+ Jo = A. Then J, N Jy, = (c1, ¢2) such that ¢c; = a; mod J12, ¢ = ar mod le,
c1 = by mod J22 and ¢, = by mod J22. In particular if J,, J, are generated by two
elements then J, N J, is also generated by two elements.

Proof Suppose J; = (aj, ap) and J, = (by, by). Since ht(J;) = 2 and dimA = 2,
it follows that J, is contained in finitely many maximal ideals m, my, ..., m, of
A. Since J; + J, = A, J; not contained in m; for every i, that is J; = (a1, a;) is
not a subset of U;_;m;. Therefore by Lemma 17.2, we may choose A € A such that
ai + rap ¢ U_m;. Then J; = (a}, az), where a| = a; + Aay satisfies (a}) +m; =
Afori=1,2,...,ror(a)) + J» = A thatis (aj, b1, b2) € Umz(A).

As (aj, by, by) € Ums(A), there exist A1, A2, A3 € A such that Aa] + Ab; +
A3by = 1. This implies that Ay + Azb, = 1 — Aja). This implies that 1 — Aja] €
(b1, by) = J». Now let ¢ = Aja; and d = Ayb; + A3b,. Then we have c +d =1,
where c € Jyand d € J,.

Now, Ji N J, = (a1, az) N (b1, by) and ¢ € J;. This implies that (J; N Jp), =
(b1, by).. Asd € (by, by), it follows that (b, by) € Umy(Ay).

Since any unimodular row of length 2 is completable, we have T € SL;(A4) such

that
bry _ (1
()= (). 2

Since, J1 N J> = (ay, a2) N (b1, by) and d € J,, this implies that (J; N Jy)g =
(@}, az)q. Now, as c is a unit in A, and ¢ = A;a], so a} is also a unit in A.. So
there exists ; € E>(A.) such that

€ (Z;) = (é) (17.4)

Combining (17.3) and (17.4), we get

—1 Cli _ b]
(i) = (1)
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Leto = v ', wheret € SL,(Ay)ande; € E>(A.). Thenby Lemma 17.6, there
exist &, € SLy>(A.) and €3 € SL,(Ay) such that T 'e; = g,63. Then we have

&8 ai = bl
2¢3 az - b2 ’

ap\ _ i (b
o) = ()

where &5 (Zl) € (J; N Jy)g and 82—1 (?) € (J1 N Jp).. Now patching &3 <ZI) and
2 2 2

or

&y : <Zl> and using Lemma 17.8, we have J; N J, is generated by two elements
2
c1, ¢3. For the proof that we can choose generators ¢y, ¢, such that ¢; = a; mod J 12,
c» = ar mod le, c1 = by mod J22 and ¢, = b, mod J22, we refer to [6].
To understand the above proof better consider the following diagram:

Jlﬂ.]g%-(‘llﬂjg)c .

l |

(1NH)g————= 1N D)

We are patching generators of (J; N J,). and (J; N J,)4 via a split automorphism to
obtain generators of J; N J;. O

Theorem 17.3 (Subtraction Principle, see [13]) Let A be a Noetherian domain with
dimA = 2. Let Jy and J, be ideals of height 2 in A such that J, + J, = A. Sup-
pose Jy = (a1, ax) and J1 N Jp, = (c1, ¢p) withc; = a; mod le and c, = a, mod J12.
Then J, = (b1, by), where by, by satisfy the property that by = c¢; mod J22 and
by = ¢ mod J22.

Proof We may assume by replacing a; with a; + A'a; that (a;) + J, = A. Choose
d € J, such that Aa; +d = 1, where A € A. Putting Aa; = ¢, we have c +d = 1.
Then (/). = (J1 N J2). (since ¢ € Jy), and this implies (J>). = (cy, ¢2)¢. Since
d € J,, (J2)g = Ay and this implies (J>), is generated by (1, 0). We have

(J2)ea = Aca = (€1, €2)ca = (1, 0)ca-
The theorem will be proved (as in the case of the Addition principle) if we show that

there is a matrix o € SL;(Acq) which splits such that o (cy, ¢2)" = (1, 0)".
We have (cy, c2)g = (ai, az)4. Therefore by Lemma 17.10, there exists ¢35 €

SL,(Ay) such that
aq _ Cq
S(")=(2). 15
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Further since ¢ = Aay, there exists ¢; € E>(A.) such that

e (Z;) = (é) (17.6)

Combining (17.5) and (17.6), we get

g167 ! ) = !
1%3 Cc - 0)°
Leto = 818;1, where €| € E»(A.) and ¢35 € SLy(A,). Then by Lemma 17.6, there
exist T € SLy(Ay) and &, € SLy(A.) such that 818;1 = 1¢,. Therefore, we have

(1) =)

or

where &, (2) e (J,). and t! (é) € (J»)4. Now patching &, <2> and 77! <(1)

and using Lemma 17.8, we get that J; is generated by two elements b;, b,. For the
proof that we can choose generators such that b; = ¢; mod 122 and b, = ¢, mod 122,
we refer to [6].

To understand the proof better consider the following diagram:

Jy ——— (2)e

.

(J2)a —— (J2)ea

Remark 17.2 Now we see how the proof of the Subtraction principle comes from that
of the Addition principle. We look at the Addition principle. Let J; = (a1, a2) and
J, = (b1, by). By replacing a; to a; + A'a, we may assume (a;) + J, = A. Choose
d € Jysuchthat Aa; +d = 1, where L € A. Put Aa; = c, wehavec+d = 1.
Now, from the proof of the Addition principle we get & € E,(A.) such that

€l <Z;) = <(1)> and t € SLy(A,) such that (2) = ((1)) Then we have g,

(Z' = (Z') As &) € Ep(A;) and T € SLy(Ay), by Lemma 17.6, there exist
2 2
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g€ SLy(A.)andes € SLy(A,) suchthat t—'e; = e65. Then we have ;3 (Zl> =
2

by ar\ _ 1 (b1 _(a
B)=e(2)=(2)-(2)
In the proof of the subtraction principle we are given (a1, a;) and (cy, ¢z) and we

want (b, by). That is, we are given €3 and &; and we want &,. To do this we rewrite
the equation T~ 'e; = eye3 as Tep = 818;1 and split 818;1 to obtain &, (and also 7).

Lemma 17.11 Let A be a Noetherian ring of dimension 2. Let (ay, az, az) and
(dy, da, d3) be two unimodular rows of length 3. Then there exist matrices o, T €

aq ai d] di
E3(A) such that o |a, | = |ay | and t|dy | = |d; |, where ht(a}, a}) =
as aé d3 dé

ht(d), d}) = 2 and (a}, a}) + (d;, d}) = A.

Proof Adding suitable multiples of a; to a,, a3, we may transform (ay, a,, as) to
(a1, a5, ay) with ht(a}, aj) = 2. Let J = (aj, a3) and bar denote reduction mod-

ulo J. Then (dy,d,, d3) € Um3(i\/J), and since ht(J) = 2, dimA/J = 0, we can

d, 0

find t’ € E3(A/J) such that ' | d, | = [ O |. Lifting 7’ to an element of E3(A) we
ds 1
d d,

find 7 € E5(A) such that t”/ | dp | = czz . Thus 571 =0mod J, cﬁzz =0mod J,
d3 ds

33 = 1 mod J. Therefore, if A,, A3 € Athend~2 + )»2(71 =0mod J and% + )»3(71 =
1 mod J. Choosing A, A3 suitably, we may assume that ht(jz + )»2(?1, % +
Asdy) = 2. ~ _ _ ~
Let ay = ay, a), and a; be as above, d| = di, d) = dr + Jad,, and dj = d5 +
Asd). Then ht(a), a}) = 2 = ht(d}, d}). Further, since dj = 1 mod (a}, a}), we have
(a3, ay) + (dj, di) = A. Thus the lemma follows. O

17.5 The Definition of the Group Structure on
Um3(A)/SL3(A)

In this section, we define a certain operation “x” on the set Um3(A)/SL3(A). We will
show in the next two sections that “x” defines a group structure on Ums(A)/SL3(A).

The method we adopt to define a group structure is described below. In [6, 7], it
is proved that there is a well-defined group homomorphism ¢ : Um3(A)/SL3(A) —
E(A). We use the fact that ¢ is well defined to define a group structure on
Um;3(A)/SL3(A) as follows:

(Note that a unimodular row will always be denoted by parenthesis and its equiv-
alence class by [, ]. Thus the equivalence class of (a, b) is [a, b].) Let [v] and [w]



17 On a Group Structure on Unimodular Rows of Length ... 317

be two elements of Ums3(A)/SL3(A), we define [v] * [w] = ¢~ [o([v]) + o ((w])],
where + is the structure on E(A).

We begin by recalling the results from [7], where the map ¢ is well defined.

Let A be a Noetherian ring of dimension 2. Let (aj, az, a3) € Um3z(A) and

P = @,12—143) Lets : P — J be asurjective map with ht(J) = 2. We have an induced

surjection 5 : P/JP — J/J?. Let bar denote reduction modulo J and choose
a a aj

(A1, A2, A13), (Ao1, Ao, Ap3) € A3 such that EEE e SL3(A/J) =
Aot Aoz Ans

Es(A/J).

Let a:(A/J)?> — J/J* be given as a(e;) =5k, A, A13) and a(e;) =
5(ka1, A2z, A23). Let ([ay, az, a3]) be the set of generators of J/J? given by a(e;),
a(ey). Then ¢([ay, az, as]) is an element of E(A). It is proved in [6] that ¢ yields a
well-defined homomorphism Umj3(A)/SL3(A) to E(A).

We compute ¢ explicitly as follows:

Let (ai, az, as) € Umz(A). By adding a suitable multiples of a; to a, and a3

we may assume that height of (a;, a3) is 2. We define s : m — J = (ap, a3)
given by s(e;) =0, s(e;) = as, and s(e3) = —ay. Let a;b; = 1 mod (az, a3), then
ay a; a3
06,0 )¢ SL3(A/(ay, az)). Using this we compute
001

e(lai, az, az]) = (5(0, by, 0),5(0, 0, 1)) = (bras, —a@) € E(A),

where byas, —a generate J/J?, J = (a»,a3) (we are identifying a surjection

— =
(A/J)* — J/J? with the images of @7 and ). Now since (’% bﬂ € E2(A/)),
1

(bras. ~@3) = @, ~biaz) in E(A). Now, since (_01 é) € Ex(A). @, ~bias) =

(b1ay, @3) in E(A) and since (J,w;) = (J, a?wy) in E(A) (by Lemma 17.9), we
have (bjay, @3) = (@1az, a3) in E(A).

Now suppose, we have two unimodularrows v = (ay, az, az) andw = (by, by, b3).
Operating on v and w by elementary matrices, we may assume (by Lemma 17.11)
that ht(a,, a3) = 2 = ht(b,, b3) and (as, asz) + (b, b3) = A. Let u be chosen so that
u = a; mod (az, asz) and u = by mod (b, b3). Such a choice of u is possible by the

E;A
Chinese remainder theorem. Then, sinceu — a; € (az, a3), (a1, a2, a3) =~ (4, az, as),

E3(A)
similarly (b1, b2, b3) =~ (u, by, b3). Let J; = (a2, a3), J» = (b2, b3) and (a3, az) N
(bz, b3) = (62, C3) = J with Cr = dap mod J12, C3 = a3 mod J12, Cr = b2 mod .]22,
and ¢3 = b, mod J22. We have (u, ¢;, ¢3) is a unimodular row and
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o(lu, c2, c31) = (J,wy)
= (ucz, ¢3)
= (ua@, as) + (ubs, b)
= (Ji,wy) + (2, wy)
= o([u, az, a3]) + ¢([u, ba, b3])
= ¢(la1, a2, az]) + ¢([D1, b2, bs3]).

Further by the injectivity of ¢ (Lemma 17.14), there exists a unique element [V]
of Umj3(A)/SL3(A) such that ¢[v] = ¢([v]) + ¢([w]). It follows (see next para-
graph) that there is a well defined group structure on Umjz(A)/SL3;(A), by defining
] % [w] = ¢~ L (@(v]) + @([w])), where ¢ : Ums(A)/SL3(A) — E(A)isthe above
map.

Ls(

SLy( Ls(A)
If [v]

A) SLy(
[v'] and [w] [w'], then we have

(vl WD = o(vD + e(wD = (VD + o(W']) = o([V'] * [W]).

Therefore by the injectivity of ¢, [v] * [w] = [v'] * [w] and hence ¢ is well defined.

The proof that “x” defines a group structure on E(A) will occupy the rest of this
section and the next. In Sect. 17.6, we will show that the definition “x” is independent
of the various choices that we here made.

(1) To identify the identity element with the above definition of the addition of two
unimodular rows, let (1, a;, a>) and (1, by, by) be two unimodular rows such that
the ideals (a;, ay) and (by, b,) are of height 2 and comaximal, that is (a;, @) +
(b1, by) = A. Now, let (a1, az) N (b, by) = (c1, ¢c2) with a; = ¢; mod le, a =
¢, mod J? and by = ¢; mod J}#, by = ¢c; mod J}, where J; = (aj, @) and J, =
(b1, by). By using the Chinese remainder theorem, we get an element u € A such that
u =u; mod J; and u = 1 mod J,. Therefore (u, ¢y, ¢3) is unimodular row. By defi-
nition (uy,ap, ar) * (1, by, by) = (u, cy, c2). By

Theorem 17.6, (u, ¢y, cz) and (uy, aj, ap) are in same SL3(A) orbit. This proves
SL3(A)
that (1, 0, 0) = (1, by, by) acts as the identity element.

(ii) In order to determine the inverse of a given unimodular row (u, a;, a;), we
prove the following theorem whose proof is motivated by [9, Lemma 3.6].

Theorem 17.4 Let A be a domain and (x,y, z) € A> be a unimodular row with
ht(y, z) = 2. Then the inverse of (x, y, z) under above operation is (x, —y, 2).

Proof We have (x,—y) + (y,2) = (x,y,z) = A and (x, —y) + (z) = A. There-
fore we can choose A € A such that —y 4+ A2x? = y’ does not belong to the maximal
ideals of A containing (y, z) and does not belong to the height 1 prime ideals of A
containing (z). Therefore, we have

(1) (x,9,2) = (x, —y + A%x?, z) is unimodular.
(2) () + (y,2) = A, hence (y',2) + (y,2) = A.
(3) ht(y’,z) =2.
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First note that (x, yy’, z) is unimodular and

@A)

/ 2, 42,2 Esl Lo
(Lyy,z):(xs_y +A%x y7Z)

2 S ;-\,A)
(x, =y, 2) (1,0,0).

Now, we prove that the element of E(A) associated to (x, yy’, z) is the sum
SLs(A)
of elements in E(A) associated to (x, y, z) and (x, y’, z). Since (x, yy',z)

(1, 0, 0), this will show that the inverse of (x, y, z) is (x, —y, 2).

Let J1 = (y,z) and J, = (¥, z). The element of E(A) is associated to (x, y, z) =
(J1,wy,), where wy, is the set of generators of J1/112 given by x 'y, zorxy, z (by
Lemma 17.9). The element of E(A) is associated to (x, y’, ) = (J2, w,), where w,
is the set of generators of Jz/J22 given by x~'y’, z or xy/, z.

Let us compute the element of E(A) associated to (x, yy’, z). Since (y, z) +
(y', z) = A, going modulo (z), we see that (¥) N (y') = (yy’), and hence (y, z) N
(v',z) = (vy', 2). We have yy' = —y? + A%x?y and yy’ = A*x%y mod J?. Also

vy =y (=y 4+ 2227 = (—y? + 12x%y) = A°x*y’ mod J5.
Hence the element of E(A) associated to (x, yy’, z) is (Jl,m+ (Jz,m, where

Wy, is the set of generators of J;/J? given by (xA?x?y, z) and Wy, is the set of
generators of J,/J} given by (xA%x2y’, z). Further

W%y, = (—y+ 252 3,20 =, 5, 2) = A.
and
W2x2 ¥, 2) = W2, —y + 222, 2) = A2x% y,2) = A,

Hence A?x? which is a square is a unit modulo (y, z) and (y’, z). Hence by
Lemma 17.9,

Ji,wy) + (2, wy) = (1, wy) + (J2, wy)

in E(A) and the element of E(A) associated to the completable row (x, yy’, z) is the
sum of the elements in E(A) associated to (x, y, z) and (x, Y/, z). [l

17.6 The Conclusion of the Proof of the Existence of a
Group Structure

In this section, we complete the proof of the existence of a group structure on
Ums3(A)/SL3(A). We prove Theorem 17.6 which implies the existence of an identity
element and Lemma 17.14 which implies that the map ¢ : Um3(A)/SL3(A) — E(A)
is injective. We begin with
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Theorem 17.5 Let A be a Noetherian domain withdimA = 2. Let J C A be anideal
of height 2 such that J = (a1, az) = (b1, by). Let uy, u} € A be units modulo J and

uvy = uyv; = 1 mod J. Suppose the generators {viay, az} and {v’lbl,b_z} of J]J?
are connected by a matrix o € SL,y(A/J), that is,

o (V) _ (Vi
@) \b)

Then we have an isomorphism of projective A-modules

A3 A3
(ur, az, —ay) ~ (u}, by, —by)

In fact, there exists a matrix o € SL3(A) such that

up u;
o ay = bz
—aj —b,

Proof We have uvi =1 — jiand ujv| =1 — jp with ji, jo € J. Let

A3 A3
1-jppd—-jpp)=1—-j,P=——and Q= —"——.
TR R P ). by, —b1)

A3
(u,a2,—ar) "
We have a surjection f : (Mf—al) (a1, az) = J given by f(e;) =0, f(e) =
a1, f(e3) = ap. This gives a surjection f1_; : Pi_; — Ji_;.

Since u;vi =1—j; and (1 — j;)(1 — jp) =1—j, we have u;v' = 1, where

v = V‘(l—” So we can take a completion of (ui,as, —a;) in SL3(A;_;) as

Now, we compute the cocycle associated to the projective module P =

uj az —al

0v 0 |.Letg; =(0,v,0)and g, = (0,0, 1), then {g;, g2} is a basis of the

00 1
free module P;_;.

Since j € (ai, az), so (J); = A;. This implies that the unimodular row (u, a,
—ap) in A; consists a unimodular row of shorter length. Hence (u, a;, —ay) is
completable in A; and hence P; is free. Choose a basis {p;, po} of P; such that
fitp) =1, f; (pz) = 0. For thlS purpose we choose any basis of P;. The image of
this basis is a unimodular row in A ;. We transform the unimodular row to (1, 0) via
a matrix in SL,(A;) and correspondingly transform the basis of P; to obtain p;, p»

u a, —da
such that f;(p1) =1, f;(p2) = 0. In particular, we have p1 € GL3(A).
P2
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We can modify p, by a unit in A; and assume that the condition f;(p,) = 0 still
holds whereby the above matrix belongs to SL3(A;). Thus {p;, p»} is a basis of P;.
Since we have bases for P; and P,_;, we compute the cocycle associated to P.

A1 A .
Letq) = A11p1 + Ai2p2 and go = A2 p1 + A2z p2, then ()»; KZ) € SLy(Aja—p) is

the cocycle associated to P.
We have

fia—p(q) =i fi(p1) = A, fia—j(0,v',0) = v'a; and

fia=p(q2) = A1 fi(p1) = 2a1, fia-5)(0,0,1) = a.

Thus A;; = V'a; and A1 = a,. Hence the cocycle associated to P is
_ v’al )\]2
o] = ( a Axm (S SLQ(AJ(l_J)).

A3

Similarly, the cocycle associated to the projective module Q = T is
1,02,
v'by pin s Vil =jn)
oy = € SLy(Aj1—;)), wherevi = ———
2 ( by fin 2(Aja—j) a=

By Corollary 17.1, there exists 0 € SLy(A_;) such that

o Viay da\ _ (Vb it
a Axn by un/)’
So, (by Step(6) of the proof of the Theorem 17.6), we can find an element ¢ €

E>(Aj1—j)) such that eo oy = 0,. This implies by Lemma 17.7, that the cocycle o is
equivalent to o,. Hence P >~ Q and the two rows are in the same SL3(A) orbit. [

Theorem 17.6 (Addition Principle) Let A be a domain of dimension 2. Let J; =
(a1, @) and Jy = (b1, by) be two comaximal ideals of height 2 in A such that
(b)) + (ay,ay) = A. Let (a1, az) N (b1, by) = (c1, ¢c2) = J3 with ¢ = a; mod J12,
¢y = ay mod le, c1 = by mod J22 and ¢y = by, mod J22. Let u be a unit modulo
(a1, ap) such thatu = 1 mod J,. Then the unimodular rows (u, a;, ax) and (u, cy, ¢3)
are in the same SL3(A) orbit.

Proof We prove this in several steps the method being to show that the cocycles
associated to the two unimodular rows are equivalent.

Step(1): Since (u,a;,a;) = A, we can choose j; € (aj, ay) such that 1 —
j1 = Mu. Since (by) + (aj,az) = A, (by,a;,a;) = A and we can choose j, €
(a1, ap) such that 1 — Jj» = M,bl- Let 1 — Jj= (11— J])(l — Jz) Then j € (ai, az)
and 1 — j=vuand 1 — j = ub;.
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Step(2) In this step, we compute the cocycle associated to the projective module

P = —Mj —. Let us consider the sur]ectlve map f : (u;‘;iaz) — (a1, a) = J; given

by f(el) =0, f(e2) = az, f(e3) = —a;. Since by Step(l) we have uv =1—j,
u ay a

we can take a completion of (u,a;,a2) as [ 0 =5 0 | in SL3(A;). Let 1 =
00 1

O, = = ,0)and g, = (0,0, 1). Then {q,, >} is a basis for the free module P;_;.

Now, since j € (ai, az), so (J1); = A;. This implies that the unimodular row
(u, ay, ap) contains a unimodular row of shorter length in A;. So, (u, ai, ay) is
completable in A; and hence P; is free. Choose a basis {pi, p»} of P; such that
fi(p1) =1, fj(p2) = 0. For this purpose we choose any basis of P;. The image of
this basis is a unimodular row in A ;. We transform the unimodular row to (1, 0) via
a matrix in SL,(A;) and correspondingly transform the basis of P; to obtain py, p>

u ap ap
such that f;(p1) =1, fj(p2) = 0. In particular, we have p1 € GL3(Aj).

P2
So, we can modify p, by a unitin A; assume that the condition f;(p,) = 0 still

holds and the above matrix belongs to SL3(A;). Thus {p;, p,} is a basis of P;.
Since we have basis of P; and P;_;, we can use these two bases to compute the
cocycle of P.Let g1 = A1 p1 + A12p2 and g2 = Az p1 + A p2, then

A1 A2 o
()»21 )»22) € SLa(Aja-p)

is the cocycle of P.
We have fja-j)(q1) = A f;(p1) = A fja-j(0.v,0) = 5a; and fia-j)

(42) = 2a1fj(p1) = %21, fj1-(0,0, 1) = —a;. Thus &y = =ar and)m = —ay.
Hence the cocycle associated to P is

ar Ap2
1-j e SLy(Ai—p).
(—m kzz) 2(Aja-j)

Step(3): We recall the statement of the SL, lemma. Let J = (f, g) = (f', &)
Suppose there exists a matrix o € M>(A) with det(e) = 1 mod J and « ( > =

(g) Then there exists 8 € SL,(A) such that 8 <£) = <]g£,>

In particular, if J = (f, g) = (f'. &), f' = f mod J? and g’ = g mod J?, then

there exists 8 € SL,(A) such that 8 <§) = <§:>

Step(4): Since (a1 , 612) N (b] ) b2) = (Cl s Cz) andj € ((11 ) az),we have (bl s b2)j =
(c1, c2)j. Now, since b; = ¢; mod J22, then by the SL, lemma there exists o €

SL,(A;) such that o (Zl> = (il) Hence the unimodular rows (u, by, by); and
2 1
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(u, 1, c2); are in the same SL3(A;) orbit. Since u = 1 mod (b, b,), then (u, by, by)
is completable to a matrix in SL3(A;). Hence (u, ¢, ¢2) is completable to a matrix
in SL3 (AJ)
u cp
Let o = | A} Ay Aj5 | € SL3(A;) and let pj = (A}, A],, A}3) and p) =
Ky My B
()»’21; Ay, As3). Thus {p}, p;} forms a basis for Q ;, where Q is the projective module
A

(u,c1,62) "

Step(5): Let g : A, J3 = (c1, c2) be the surjection given by g(e;) =0,

(u,c1,¢2)

g(ex) = ¢z, and g(e3) = —cy. Since a € SL3(A;) (Step(4)) and g(u, c1, ¢2) = 0, the
elements g(1},, A|,, Aj5) and g(A%,, A%y, A)s) generate (J3) ;. We have

(W1, Mgy Al3) = Ajpcr — Ajzer and (M), gy, Ad3) = Apca — Asci.

Let g = A2 — Ajscr and g = A)yc0 — Azcr. We can write this in the matrix form
as
i) ()= () ar
—A3 Ap ) e 82
and since deta = 1,

—M3 My My M -1
det (_)‘/23 X = det My My =u" mod (c1, ¢2);.

Now, since (b1, by); = (c1,¢2); and u =1 mod (b1, by);, therefore u = 1 mod
(c1, c2) . Hence ' =1mod (c, ¢2) j. Then by Corollary 17.1 and the SL, lemma

(Step(3)), <El) and (?) are in the same SL;(A;) orbit. By Step(4), (?) and
2 j 2/ 2/ .

<b1> are in the same SL,(A;) orbit. Hence <Cl> s <g1> and (b1> are in the
by) ) \8/; by) ;
same SL;(A;) orbit.

Step(6): Let A be aring, o and 7 are two matrices in SL,(A) having the same

first column. Then o~ 7 is elementary. This holds since ol <(1)> = (é) , we have

ot = <(1) Ml ) which is elementary.

Step(7): In this step, we compute the cocycle associated to the projective module

3 . . . .
0= (u?ﬁ Let us consider the surjective map g : (u?ﬁ — (c1, ¢p) = J3 given

by g(e;) =0, g(ez) = ¢2, and g(e3) = —c;. Since by Step(1) we have uv =1 — j,
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u cp ¢
we can take a completion of (u, ¢y, ¢;) in SL3(A;_j) as | O % 0]. Let g =
00 1
(0, ﬁ 0) and ¢5 = (0, 0, 1), then {g], ¢5} is a basis for the free module Q;_;.
Now from Step(4), we have a completion o € SL3(A;) of (u, ¢y, ¢2) whose second
and third rows are p{, p5. Thus {p}, p5}isabasisof Q;.Letq| = 81 p] + 812 p; and
/ / / 311 012
q, = 821 p; + 622p5. Then (821 52y
projective module Q. Also we have g(q;) = l%jcz and g(g5) = —cj. On the other
hand

(g(fIf)) _ <311 512) (g(Pﬁ))
g(q5) 821 822 ) \g(py )’

By Step(5), g(p}) = g1 and g(p5) = g». Hence
e _ (S di2) (&
—cy 81 0n)\&)’

where (811 812) € SLy(Aju—j) is the cocycle associated to Q = A2

) € SLy(Aj—j) is the cocycle associated to the

821 622 (er,en)”

v v
Step(8): We have <1_f CZ) and (11 a2> are in the same SL,(A;_j) orbit.

Cl —ai
This follows since (c1, ¢2)1—j = (a1, a2)1-; (because 1 — j € (b1, by)), and ¢; =
a; mod le, where J; = (ai, az).

Step(9): In this step, we show that the cocycles associated to P and Q are equiv-

alent. Recall that the cocycle associated to P = (A—3
u,ay,as)

A A _ (1592 i
A21 A2 —ap Ay
A3

(u,c1,¢2)

311 812 d11d2\ (& =C2
, where = J .
(521 522) (521 522) (gz —c)

Now, we want to show that A A and S11 012 are equivalent. Since from
A2l A 821 6

Step(1) 1 — j = uby, there exists an elementary matrix ¢ € E;(A;_;) such that

€ b = ! . Therefore ¢! ! = b .From Step(5), there exists v € SL;(A;)
b, 0 0 b,

by 81 d11 912 (&1 T2
such that v = and from Step(7), =1 . From
(bz> (gz p(7) 821 622) \ & —cy
Step(8), there exists 8 € SL,(A;_;) such that

and the cocycle associated to Q = is
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5 =52\ _ (1592 _ (A d2) (1 .
—C1 —d )\21 )»22 0
S diz) . 11 TR SIAWA!
Ve = .
p (521 822 0 A2l A/ \O

Hence by Lemma 17.7, the cocycles B (g“ (;12> ve~! and (i“ ilz) are equiv-
21 022 21 A22

alent (since by Step(6), these matrices differ by an elementary matrix). Again by

d11 Oz ve~!isequivalent to the cocycle 8 dui orz V.
821 6m 821 822

Hence we have

Lemma 17.7, the cocycle 8 (

Since B € SLy(A;—;) and v € SLy(A}), the cocycles 811 01 v and 811 01
321 622 821 822

are equivalent. Hence the cocycles d11 Or2 and Ain A are equivalent. This
821 022 A1 Az

implies P >~ Q and the unimodular rows (u, a;, a;) and (u, ¢y, ¢;) are in the same

SL3(A) orbit. O

We now wish to prove Theorem 17.14. This is proved using Theorem 17.6 and
the ideas of [5—7]. We recall the lemmas of [5-7] that are needed with sketches of
proofs.

The following lemma holds for general n. We state it only in the case where n = 2
because that is the case we use here.

Lemma 17.12 (Moving Lemmasee [6], [5, Proposition4.10]) Let A be a Noetherian
ring of dimension 2. Suppose Ji, J, C A are comaximal ideals of height 2. Suppose
J1 N Ja = (a1, ap), where ay, ap give the orientation wy, of J, and the orientation
wy, of Jo. Suppose further that there are ideals J3, J» C A of height 2 such that

(D i, Ja, J3, J4 are pairwise comaximal.

(2) J» N J3 = (b1, by), where by, b, give the orientationw j, of J, and the orientation
Wi, Of J3.

(3) J3N Js = (c1, c2), wherecy, c; gives the orientationw j, of J3 and the orientation
wy, of Ja.

Then Jy N Jy = (dy, do), where dy, dy and ¢y, ¢, give the same orientation of Jy
and d,, d, and ay, a, give the same orientation of J.

Remark 17.3 Roughly the lemma says that if
(il +[2]1 =0, [2]1+[J3]1 =0, and [J3] + [Js] = 0 in E(A).

Then [J;] + [J4] = 0 in E(A), where symbols are to be interpreted approximately.
The idea is to interpret the identity —(—a) = a in a suitable way.
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Proof (Sketch of the proof of Lemma 17.12) Since J; N J, and J3 N J, are gener-
ated by 2 elements, we see by the Addition principle that J; N J, N J3 N Jy is also
generated by 2 elements. Now since J, N J3 is generated by 2 elements, using the
Subtraction principle one can show that J; N Jy is also generated by 2 elements.
Further, at each stage one can keep track of the orientations to prove the lemma. [J

Remark 17.4 Another way of interpreting Lemma 17.12 is the following: Suppose
we are given that J; N J, and J, N J3 (which are two ideals having common compo-
nent J3) are generated by two elements. Then, we can replace J, by J; and assume
that J; N Jy and J3 N Jy are generated by two elements.

Lemma 17.13 (see [6], [5, Proposition 4.10]) Let A be a Noetherian ring of dimen-
sion 2. Let J C A be an ideal of height 2 such that J | J* is generated by 2 elements
and w; be the corresponding orientation of J]J?. Suppose (J,wy;) = 0 in E(A).
Then J is generated by 2 elements ay, a, and the orientation of J given by ay, a, is
the same as w.

Proof (Sketch) Since (J,w;) = 0in E(A), we have

Low) + Y Twg) =D (o w))
k k

in G, where G is as in the definition of the Euler class group. The ideals J; have height
2 and are generated by 2 elements, and the w, are the orientations of J; given by those
2 elements. If some (Ji, wy,) and (J/, W/Jé) have a common m-primary component
for some maximal ideal m of A and w;, and w/Jk, give the same orientation of the m-
primary ideal corresponding to that component, then by Lemma 17.12, we replace
and change that component i in J; and J/ to obtain ideals J; with an orientation W,
and J; J/ with an orientation w’ 7 such that the equation

(J,wy) + Z(Jk, wy) = Z(Jzé’ wi)
K k

holds when (J;, w;,) and (J/, w’,) are replaced by 7, wy.) and (J/, w ,), and then
assume by doing this that the 1deals J and (J;); (indexed by i) are mutually comaximal
and the (J)) (indexed by k) are mutually comaximal with J N (NJy) = NJ}.

By the Addition principle the ideal NJ; is generated by 2 elements with the
appropriate orientations and so is NJ;. By the Subtraction principle J is generated
by 2 elements ay, a;, which give the orientation w; of J. O

Now we come to the main lemma that is used to prove the existence of a group
structure on Umj3(A)/SL3(A). The main ingredients of the proof, are Theorems 17.6,
17.5 and the technique of the proof of Lemma 17.13. The reader who reads the proof
of Lemma 17.13 which is given in [5] will able to understand the details. We do not
give all the details to render the proof readable.
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Lemma 17.14 Let A be a Noetherian domain of dimensi(mzZ. Let (ay, ay, a3)zand
(b1, b, b3) be two unimodular rows in A such that Py = ﬁ and P, = MQ—M'
Suppose the elements associated to Py and P, in E(A) are the same. Then (ay, az, as)

and (by, by, b3) are in the same SL3(A) orbit.

Proof Let J| = (ay, a3) and J, = (b,, b3). Thus by Lemma 17.11, we may assume
that ht(J;) = 2 = ht(J,) and that J; 4+ J, = A. The elements of E(A) associated to
(a1, az, az) and (b1, by, b3) are (Jy, wy,) and (J2, wy,) with orientations which are
given by al_lag, az and bl_lbz, b; respectively.

Since (J1, wy,) = (J2, wy,) in E(A). We have

Jiws) + Y Twp) = (o, wi) + Y (T, w), (17.8)
k 1

where for every k, [, the ideals J; and J; of A are of height 2 and generated by 2
elements and wy, wy are the trivial orientations of Ji and .71 given by these elements.
Since J; and J, are comaximal, using Lemma 17.12, we may change the Jk/, J~,L and
assume that the ideals J; and J, are mutually comaximal and the ideals J, and J; are
mutually comaximal and (17.8) still holds.

By the Addition principle Ny J; is generated by 2 elements and also J; N (N J})
is generated by 2 elements d,, d3 with the generators giving the trivial orientations
on each component. Similarly, J, N ) = (g2, g3) with the generators giving the
trivial orientations on each component. Letu; = a; mod Ji,u; = 1 mod Ny J{ and
uy = by mod Jp,up = 1 mod M; J;. Then, since u; = a; mod J;, by Theorem 17.6,

SLy(A)
(ar, az, az) (u1,da, dz),

where (d, d3) are generators of J; N (N J,) which give the orientation (a», a3) of

Ji and the trivial orientation w;, of J.
Further, since up, = b mod J,, by Theorem 17.6,

SLy(A)
(b1, by, b3) (u2, g2, 83),

where (g2, g3) are generators of N (0171) which give the orientation (b,, b3) of J,
and the trivial orientation w; of J;. Since

iws) + > TLwp) = (aaws) + > (Jrw)
k 1

in G, we have
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(1) (g2, 83) = (d2, d3)

(2) The orientations (u; 'da, d3) and (u; ' g2, g3) of (g2, &3) and (da, d3) respectively,
SLy(A)

are the same. Therefore, by Theorem 17.5, (u;, d>, d3) = (uz, g2, g3) and

SLy(A)
hence (a, a2, a3) (b1, b2, b3).
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Chapter 18 ®)
Relating the Principles I
of Quillen—Suslin Theory

Ravi A. Rao and Sunil K. Yadav

18.1 Introduction

Serre’s problem on projective modules ranks among the most celebrated problems
in commutative algebra since its inception in his famous 1955 paper ([6], p. 243):

“Signalons que, lorsque V = K" (auquel cas A = K[Xj, ..., X,]), on ignore s’il
existe des A-modules projectifs de type fini qui ne soient pas libres, ou, ce qui revient
au méme, s’il existe des espaces fibrés algébriques a fibrés vectorielles, de base K",
et non triviaux.”

The book of T.Y. Lam [7] has a comprehensive description of the developments
on this problem, which evolved through several intermediate stages beginning with
the work of C.S. Seshadri [12] in 1958 when n = 2, and finally settled by Quillen
and Suslin [10, 14] independently. The book of Ischebeck—Rao [5] gives Serre’s
motivation (in the subject of set-theoretic complete intersection questions in affine
space) for suggesting the problem, and the subsequent developments in that direction
till the early 1980s.

The solution to Serre’s problem on the freeness of finitely generated projective
modules over a polynomial extension of a field rests on two pillars, namely Hor-
rock’s Monic Inversion Principle [4] and the Quillen’s Local-Global Principle [10].
These principles were used by Suslin [15] to show that the special linear group over
a polynomial extension of a field consists of elementary matrices, for matrices of
size at least 3. Suslin proved both the Local-Global Principle and the Monic Inver-
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sion Principle for the pair (GL,(R[X]), E,,(R[X])), n > 3. (The latter being a highly
non-trivial argument based on establishing first a Bruhat type decomposition for
E,(R[X,X '], m[X, X~']), when (R, m) is a local ring.)

In [11], we shall provide an alternative approach to proving the Monic Inversion
Principle. This work was sketched in two one hour talks by the first author in the
International workshop on “Leavitt path algebras and K-theory” on July 1, 2017 at
CUSAT, Kerala. The talks have been recorded in this article. In particular, no proofs
are given in this article, and only the results are announced.

18.2 The Local-Global Principle and Normality

We shall follow the standard notations for the various classical groups, for instance,
see [2].
It was established in [2] that the Local-Global Principle holds for the following
pairs of classical groups
e the linear case (SL,(R[X]), E,(R[X])), n > 3,
o the symplectic case (Sp,, (R[X]), ESp,, (R[X])), n > 3,
e the orthogonal case (SO,, (R[X]), EO,,(R[X])), n > 3,
follows from any of the set of equivalent conditions listed in Theorem 1 stated below.
Moreover, one could establish that the Local-Global Principle for these linear
groups is equivalent to the Normality of the Elementary Linear groups in these
cases.
The notation used in the statement of Theorem 18.1 is from [2]. We shall assume
n > 3 in the linear case, and n > 6 in the symplectic and orthogonal cases below.
We begin by recalling that a ring R with unit is said to be almost commutative if
it is finite over its center (denoted by C(R)).

Theorem 18.1 The following are equivalent for an almost commutative ring R:

1. (Normality): E(n, R) is a normal subgroup of S (n, R).

2. I, + M(v,w) € En, R) ifv e Um,(R) and (v,w) = 0.

3. (Local-Global Principle): If «¢(X) € S(n, R[X]), «(0) =1, and an(X) € E
(n, Rn[X]) for all m € Max (C(R)), then a(X) € E(n, R[X]). (Note that Ry,
denotes S™'R, where S = C(R) \ m.)

4. (Dilation Principle): Let a(X) € S(n, R[X]), with «(0) =1I,. Let a;(X) € E
(n, Ry[X]) for some non-nilpotent s € C(R). Then a(bX) € E(n, R[X]) for b €
HCR), I > 0. (Actually, we mean there exists some B(X) € E(n, R[X]) such
that B(0) = I,,and B;(X) = a(bX). But, since there is no ambiguity, for simplicity
we are using the notation a(bX) instead of Bs(X)).

5. Ifa(X) =1, + XM (v, w), where v € E(n, R)e; and (v,w) =0, then a(X) €
E(n, RIX 1) and is a product decomposition of the form Tlge;(Xh(X)) for d >> 0.

6. I, + M(v,w) € Em, R) ifve E(n, R)e; and (v,w) = 0.

7. I, +M@,w) € E(mn,R) ifv e S(n, R)e; and (v,w) = 0.
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Remark 18.1 Statement (6) is true for any associative ring with 1. In particular, an
almost commutative ring with identity satisfies statements (1)—(7).

18.3 The Monic Inversion Principle

We give a number of equivalent statements below, which are related to the Quillen—
Suslin Monic Inversion Principle for K (R[X]) and prove the equivalence of these
statements assuming the Local-Global Principle for the pair

(GL,(R[IX],E,(R[X]), fornwithn > 3.

Remark 18.2 We believe that after appropriate modifications of the conditions (3),
(4) below, these statements would be equivalent even without assuming the Local—
Global Principle.

Theorem 18.2 For a local ring A with the unique maximal ideal m, the following
statements are equivalent, forn > 3:

1. Splitting of E,(A[X, X '], m[X, X ~']). That is
E,AX,X ", mX, X ')=G,G_,

where G = E,(A[X],m[X]) and G_ = E,(A[X '], m[X ~!]).

2. Let @ € GL,(A[X]), n > 3. Suppose there exists B € GL,(A[X ")) such that
af~! € E,(A[X, X "'). Then o € GL,(A) E,(A[X]).

3. Monic Inversion Principle: Let B be a commutative ring with identity. Let
f :=fX) € B[X] be a monic polynomial. Let o € GL,(B[X]), be such that
o € E,(BIX, 755 D). Then o € E,(BIX).

4. Let L be a field. Then for any m, SL, (L[X1, ..., X,;]) = E,(L[X1, ..., Xn])-

5. Leta € E, (A[X]).

a. 88! € GL,(A[X]) = a8, € E,(A[X]).
b. 5 'as; € GL,(A[X]) = 8 'as; € E,(A[X)).

6. E,(A[X,X ") normalizes G, G_.

The proof we shall provide in [11] is far more advantageous in terms of its appli-
cability to a wide range of groups, in fact all one needs is a Matsumoto-type theorem
(see [8]) for the respective K; in hand.

We feel that our approach would enable one to establish the Monic Inversion
Principle in other groups too such as the case when G is an isotropic reductive
algebraic group over a polynomial extension of a local ring ([13], Corollary 5.2).
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In Theorem 18.2, we enlist a number of equivalent statements, one of which is
the Monic Inversion Principle for the elementary linear group, and another is the
Bruhat decomposition for E, (A[X, X —1, m[X, X)), when n > 3. Assuming the
Local-Global Principle, we show that these statements are equivalent.

One of the statements in Theorem 18.2 is to show that the linear group over a
polynomial extension of a field is the elementary linear group. We recall an argument
of M.P. Murthy in [3] to prove this via using Mennicke symbols. Thus, (4) can be
established using the Local-Global Principle.

Consequently, all the equivalent statements in Theorem 18.2 are established;
in particular, one establishes the Monic Inversion Principle for the linear pair of
groups (SL,(A[X ], E,(A[X])), for n > 3; as well as (1) the splitting property for
E.AX, X, m[X, X ), n>3.

We believe that this is a fairly easier path toward establishing a Bruhat decom-
position for E, (A[X, X1, m[X, X', when (A, m) is a local ring. This approach
could be used to proving such decomposition for a variety of other groups.

We believe that with suitable modifications of the statements in Theorem 18.2,
we should be able to prove that these statements are equivalent without assuming the
Local-Global Principle.

These equivalent statements are restated for the special linear group in Theo-
rem 18.1. The proof of the equivalence of these statements in [2] did use most of
the methods needed to prove each of the statements. However, in the proof of the
equivalence of the statements in Theorem 18.2 one uses very little of the methods
used earlier to prove each of those statements. In particular, one seems to get the
Bruhat-type decomposition result gratis.

We believe that the equivalent conditions of Theorem 18.2 imply the equivalent
conditions of Theorem 18.1. For instance, it is possible via Theorem 18.2-(5) to show
that SL,,_; (A) normalizes E,,(A).

We thus conclude that philosophically the Monic Inversion Principle, the Local—
Global Principle, and the Normality of the elementary linear groups should all be
equivalent properties; in the sense that if one holds so do the other two; thereby
emphasizing the philosophy that an information given at the point at infinity is equiv-
alent to prescribing it at any finite set of points covering the space.
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