On Simultaneous Divisibility of the Class
Numbers of Imaginary Quadratic Fields i

Toru Komatsu

1 Introduction

In this article, we explain some results in the papers [7, 8] on simultaneous divisibility
of the class numbers of quadratic fields and present an evolved problem of the inverse
Galois problem.

Let k be an algebraic number field with [k : Q] < oo. Let Cl(k) denote the ideal
class group of k, and (k) the class number of k.

Theorem 1.1 (Komatsu [7] 2002, Acta Arith.) Let m # 0 be a rational integer.
Then there exist infinitely many real (imaginary) quadratic fields QD) such that
3| QD)) and 3 | h(Q(VmD)).

Theorem 1.2 (Komatsu [8] 2017, IINT) Let n and m be rational integers greater
than 1. Then, there exist infinitely many imaginary quadratic fields Q(~/D) such that
n | h(Q(/D)) and n | h(Q(vmD)).

2 Old Motivation for the Results

Letd > 1 be a squarefree rational integer. Let r denote the 3-rank of CI (Q(/d)) of
the real quadratic field Q(+/d), and s that of the imaginary quadratic field Q(v/—34d).

Theorem 2.1 (Scholz, reflection theorem) The inequality r < s < r + 1 holds. For

a rational integer d > 1, if 3 | h(Q(Vd)), then 3 | h(Q(v/=3d)).
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Remark 2.2 By some experiments with calculators, I wondered if the 3-divisibilities
of h(@(\/z )) and h(Q(/—d)) are independent of one another. The problem is
whether there are infinitely many quadratic fields Q(+/D) such that 3 | h(Q(+/D))
and 3 | h(Q(+~/—D)) or not. It was solved affirmatively in a paper at 2001. Its general
cases are done in [7] at 2002.

3 Comparison of Methods

Let H (k) denote the Hilbert class field of k, that is, the maximal unramified abelian
extension of k. Class field theory yields an isomorphism Cl(k) ~ Gal(H (k)/k)
where Gal(H (k)/ k) is the Galois group of the extension H (k)/k.

Remark 3.1 Inthe paper [7] (2002), we construct unramified cyclic cubic extensions
of k due to Honda’s method [4] (1968) and also to Kishi-Miyake (2000). It is not
necessary for the method to consider influence of units. In the paper [8] (2017), we
construct ideals of k with order »n in Cl(k) due to Yamamoto’s method [12] (1970),
which needs consideration for the influence of units.

4 Construction of Fields and Extensions

Let us recall the result in the paper [7]. Let m # 1 be a squarefree rational integer.
Let [ be a prime number which splits in the extension Q(/m)/Q and is inert in the
extension Q(~/2) /Q. We take a rational integer v such that

+@m —3) (mod 27) ifm=1 (mod3),
+(@m +12) (mod 27) ifm =2 (mod 3),
+4m (mod 27) ifm=3 (mod?9),
+1 (mod 3) otherwise,

and mv? = 1 (mod [). Now put r = mv?. Let T be the set of all of the rational
integers ¢ such that

4or7 (mod9) ifm=1 (mod3),
3 (mod 9) ifm=2 (mod 3),
-3  (mod 27) ifm=3 (mod?9),
+(r/3)*> (mod 9) otherwise,

= —1 (mod /) and t # r (mod p) for every prime divisor p # 3 of r(r — 1). We
define

D.(X) = BX*+ 12X =30r+ DX>+6rX —r(r+1))/27.
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Theorem 4.1 (Komatsu [7]) For each t € T, we have that 3 | h(Q(\/D,(t))) and
31 h(Q(/mD,(t))). When m > 0, if t > 3r/2 (resp. t < 3r/2), then Q(+/D,(t))
and Q(/mD, (t)) are both real (resp. both imaginary).

Fort € T, put
u:=t3+3tr, w::3t2+r, a=u—w, b:=u—rw, c:i=1>—r.
We define
fi(Z):=27>~3cZ —2a, f(Z):=2Z>—3cZ—2b.

For j = 1 and 2, let K ; denote the minimal splitting field of f;(Z) over Q, and d(f;)
the discriminant of the polynomial f;(Z). Putk; := Q(,/d(f)).

Proposition 4.2 For every j =1 and 2, the extension K;/k; is cyclic cubic and

unramified. We have that ky = Q(+/D,(t)) and ky = Q(v/mD,(t)).

Proof By the definition one has thatr = 1 (mod [),t = —1 (mod [),a = b = —23
(mod /) and ¢ = 0 (mod /). Note that2 ¢ FF;. Thus f; = Z3> +2* (mod /) are irre-
ducible over IF;, and so are over Q. Thus K ;/k; are cyclic cubic.

By using Llorente—Nart’s criterion for the decompositions of primes in cubic
fields Q(8) where f;(f) =0, we see that Q(0)/Q are not totally ramified at any
finite primes. Hence K ;/k; are unramified. O

Remark 4.3 The construction yields infinite families, not only of pairs of imaginary
and imaginary, but also of those of real and real.

Remark 4.4 Without considering any influence of units, we focus on only the sign of
the discriminant. In general, for the n-divisibilities of the class numbers of quadratic
fields, we may try to construct D,-extensions of QQ as the minimal splitting fields of
polynomial with degree n. It is difficult to make such polynomials of large degree n
with parameters yielding infinite family.

5 Construction of Fields and Ideals

Let us explain the result in the paper [8]. Let n > 1 be a rational integer with the
prime decomposition n = p{' p5* ... p%.Letm > 1 be a squarefree rational integer.
Step 1. We take distinct prime numbers /; such that/; = 1 (mod 12p;) andm € IFZ_Z
fori=1,2,...,s.

Step 2. For each i, we take a rational integer g; with g;, g; + 1 ¢ IB‘,” "

Step 3. We take a positive even number a such that a’m = ¢?/(g; + 1)* (mod ;)
for all i.

Step 4. We take a rational integer ¢ satisfying all of the following conditions:
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t=g;/(g; +1) (mod ;) foralli,
ged(t, am) = 1,

ged(r —1,b) =1,

t > a’mn/2,

where b is the maximal divisor of a’m — 1 relatively prime to [;1, - - - I;.
Step 5. We put M := Q(y/m), and

1
B:=t—aym, v :=14+——, vm:=14+aym,
a/m

x:=Tr(B8"v), x2:=Tr(#"y), z1: =2z :=N(),

where Tr = Tryyp and N = Ny . Foreach j = 1 and 2, let F; denote the quadratic
field Q(,/x7 — 4z) with discriminant D;.

Theorem 5.1 (Komatsu [8]) For each j =1 and 2, F; is an imaginary quadratic
field with an ideal of order n. The ratio D,/(m D) is square.

Remark 5.2 For each j = 1 and 2, there exists a rational integer y; such that xf -
47 = yiD;. We put aj := (x; +y;,/D;)/2. Let a; be an ideal of F; satisfying
a; = (a;). This implies that a; is the ideal generated by z; and ;. Then the order
of a; in CI(F;) is equal to n.

For the existence of /;, we have the following lemma.

Lemma 5.3 Let p be a prime number. If | is a prime number with
[ =1 (mod 12mp), thenl =1 (mod 12p) and m € lez_

Proof Let m be the maximal odd divisor of m. Then one has (?) = (?) =

l 1
ni my
For the existence of g;, we have the following lemma.

Lemma 5.4 Let p and | be prime numbers withl =1 (mod 2p). Then there exists
a rational integer g such that both g and g + 1 are pth power non-residue modulo 1.

Proof Note that 1 and / — 1 are pth power residues modulo /. Let g be a pth power
non-residue modulo / with2 < g < — 2. Assume that g + 1 is a pth power residue
modulo /. Then ¢! is a suitable one, that is, g~' and ¢~! +1 = (¢ + 1)/g are pth
power non-residue modulo /. ([

Remark 5.5 We can show the existence of a and ¢ due to Chinese remainder theorem
(CRT). Since /; are odd, distinct and ’lf = 1, the integer a proves to exist by CRT.

1
Since ly, ..., I, am, b are relatively prime to each other, the integer ¢ proves to exist
by CRT.
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Remark 5.6 Using Yamamoto’s method [12], one can see that a; is of order n in
CI(F}). In fact, by a’} = (), the order of a; is a divisor of n. Since «; is a p;th
power non-residue modulo [; above /; and units are power residues, the order does
not decrease.

Remark 5.7 With [;, g;, and a fixed, the family of fields constructed in the run of
t is infinite. Indeed, for every large number C, the family contains a quadratic field
ramified at a prime number greater than C.

6 New Motivation, Application to a Problem

Let k be a number field with [k : Q] < oo, and K a Galois extension of k with
[K : k] < oo. Let G denote the Galois group of K /k, and H the family of all of the
subgroups of G, that is,

‘H := {H : subgroups of G} := {Hy, Ha, ..., H},

where s is the number of the subgroups of G. Let K ; denote the fixed field by H; in
K /k.Let q be an integral ideal of K, and q; the ideal of K ; below g, thatis, q N K.
Let n; denote the order of q; in C/(K;), respectively.

Definition 6.1 We say that (n, na, ..., ny) is the tuple of the orders in the extension
K /k of q, and shorten it to toe of q.

Definition 6.2 (Inverse Galois problem with toe condition) Let k be a number field
with [k : Q] < oo. Let G be a finite group and H the family of all of the subgroups
of G, H :={H : subgroups of G} := {H,, H,, ..., H}. For given positive integers
ny, ny, ..., n, does there exist a Galois G-extension K of k with an ideal of toe
(ny,np, ...,n5)?

Remark 6.1 It seems to need some conditions on #;’s according to the relations
between H;’s.

Letk=Qand G = {e,0, 7,07} =~ V4 =~ C, x C, with
H={H, ={e}, H, = {(0), H3 = (1), Hy = (0T), H; = G }.

Corollary 6.3 Let b,c,d be positive, odd numbers and put a := lcm(b, c, d).
Then there exist infinitely many Galois Vy-extensions K of Q with ideals a of toe
(a,b,c,d, ).
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Kj ga = lem(b, ¢, d)

Ky d

K5:Q 1

Proof By Yamamoto’s result, there exists a real quadratic field Q(4/m) with an
ideal b of order b. Due to Theorem 5.1 at Sect.5, there exist imaginary quadratic
fields Q(+/D) and Q(v/m D) with ideals ¢ and d of order cd, respectively. Put K =
Q(/m, /D) and G = Gal(K /Q) = (o, 7) where

o m— Vm,~D— —vD,
7 /m > —/m, D+ /D.

Then it follows from the Galois correspondence that K| = K, K, = Q(/m), K3 =
Q(D), K4 = Q(v/mD), and Ks = Q. Put a = bc?d¢ as ideals of K. Let q be a
prime ideal of K which is equivalent to a in C/(K'), and which splits completely in
K /Q. Then the toe of q is (a, b, ¢, d, 1). Indeed, the classes [q;] of q; in CI(K;) are
as follows:

(11 = [q] = [al, [q2] = [Nk/k,(@)] = [b7],
[q5] = [Ng/x, (@] = [*],  [qa] = [Ngx, (] = [0%1,  [gs] = [(@)]-

This completes the proof. ]

7 Real Quadratic Cases

Let us recall Yamamoto’s method in [12] not only for the imaginary but also for the
real. Let F be a quadratic field with discriminant D # —3, —4. Letx, y, z be rational
integers such that x2 — y2D = 4z" and ged(x, z) = 1. Put o := (x &+ yv/D)/2.
Then there exists an ideal a of F such that a” = (o). Put
o { the fundamental unit of F if D > 0,

T 1 if D < —4.

Let p be a prime factor of n, and / a prime number with / = 1 (mod 2p). Assume
that x ¢ F} and [ | z. Then there exists a prime ideal [ of F above [ dividing cv_.
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Lemma 7.1 (Yamamoto [12]) If ¢ is a pth power residue modulo |, then (o) is the
pth power of no principal ideal in F.

Let n be a rational integer greater than 1 with the prime decomposition n =
Py py ... pe. Letl;, I] be distinct prime numbers with /; = [/ = 1 (mod 2p;). Let
x, z, x', 7/ be rational integers such that

x2 — 47" = x/2 _ 4Z/n’

ged(x, z2) = ged(x', 2) =1,
’

xgF), X gEy, TE

iz 017,

€ IB‘,”

Let F denote the quadratic field Q(+/x2 — 4z") with discriminant D.

Theorem 7.2 (Yamamoto [12], Prop. 2) The ideal class group CI(F) has a subgroup
N isomorphic to C, x C,, if D < —4, and C,, if D > 0.

Proof There exists a rational integer y such that x> — 4z" = x> — 47" = y?D.
Then there exist ideals a, a’ of F such that a” = ((x + y~/D)/2) and o = ((x’ +
y\/ﬁ)/Z). When D < —4, the ideals a and a’ generate N’ >~ C,, x C,. When D > 0,
the ideals a and a’ may have orders less than n because of units in F'; however, a and
o’ generate an ideal of order n in CI(F). ([l

Remark 7.3 Diophantine equation X> — Y2 D = 4Z" does not become complicated
as n increases. We need to consider the influence of units. The number of using
integers x, ... for real quadratic cases is more than that for imaginary quadratic
cases.
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