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Abstract In this paper, we introduce, analyze, and obtain some features of a new
type of Bernstein—-Chlodowsky operators using a different technique that is utilized as
the classical Chlodowsky operators. These operators preserve the functions exp (ut)
and exp (2ut), i1 > 0. As a first result, the rate of convergence of the operator using
an appropriately weighted modulus of continuity is obtained. Later, Quantitative-
Voronovskaya type and Griiss—Voronovskaya type theorems for the new operators
are presented. Then, we prove that the first derivative of the Bernstein—Chlodowsky
operators applied to a function converges to the function itself. Finally, the variation
detracting property of the operators is presented. It is proved that the variation semi-
norm property is preserved. Also, it is shown that the operators converge to f/exp,
in variation seminorm is valid if and only if the function is absolutely continuous.
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1 Introduction

Recall that the classical Bernstein-Chlodowsky operator C, defined from
C [0, 00) — C [0, 00) is given by

Cf(x)—zn:f<kb")<n> (1)k(1—1)n_k xel0,b,] (LD
" =\ n J\k)\b, by ’ o

where f is a function defined on [0, co) and bounded on every finite interval [0, b, ] C
[0, co) with a certain rate, and b,, is a monotone increasing, positive and real sequence

such that lim b, = oo and lim b — ),
n—0oQ n—oo

The classical Bernstein-Chlodowsky polynomials were introduced by I
Chlodovsky in 1937 as a generalization of the Bernstein polynomials. Note that
the case b, = 1,n € N, in Eq. 1.1, defines an approximation to the function f on the
interval [0, 1] (or, suitably modified on any fixed finite interval [—b, b] ).

For b > 0, let M (b; f) := sup |f (¢)|. It is shown by Chlodowsky that when

0<r<b

f eC[0,00)and lim M (b; f)exp (—‘Z—") = 0 for each o > 0, then the classical
n— o0 n

Bernstein—Chlodowsky operator converges to f (x) at each point where f is contin-
uous. Chlodovsky also showed that the simultaneous convergence of the derivative
. f )’ (x)to f "(x) at points X, where the derivative of f (x) exists, a result taken up
by Butzer [4, 5]. Due to these two former results, the classical Bernstein—Chlodowsky
operators and their generalizations have been an increasing interest in the field of
approximation theory.

During the paper, > 0 is a fixed real parameter and exp,, represents the expo-
nential function defined by exp,, (1) = e

Herein, we consider a generalization of Bernstein-Chlodowsky operators of the
form

: kb,
Cnf (x) = Zan,k x) f (7) Pk (an (x)), x €0, by,] (1.2)
k=0

ani (x) = et e and (x) = V(X k - X "
n,k - Dn.k - k bn bn

with the property that
Colexp,; x) = e, Cy(expl: x) = ™. (1.3)
Then, the operator C, is more explicitly given by

-G B () () (e

(1.4)
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with
o= l

n pbn
e n —

a, (x)=">b

Note that the connection of this operator with the classical Bernstein—Chlodowsky
operator can be expressed as

Cof (0) = fo ) Cu (f/f0) (an (x)),  fo(x) =€ (1.5)

s (H) (52 (52
=i Z fo ((_,,)) Puk (@ (X))

k=0

Namely,

fO ()C) Cn (i

f0> (an (%))

g (ko
=y ! E )pn k (ay (X))

k=0 €

" Kby kb,
= e Z e " f < ) Dk (an (X))

k=0

kb kb,
= E eeh o f < )pn,k (an (x))
n
= E ank(x)f< )pnk(an(x))

—Cnf(x)~

Also note that the Bernstein—-Chlodovsky operators C,, based on functions defined
on [0, 00), are bounded on every [0, b,] C [0, co) with a certain rate. Thus, they
are a very natural polynomial process in approximating unbounded functions on the
unbounded infinite interval [0, co); but this approximation process is not so easy to
handle.

We know that the classical Bernstein—Chlodowsky operators have the degree of
exactness one, that is, they preserve the monomials 1 and x. On the other side, the
operator (1.4) does not preserve 1 and x, but it satisfies the exponential moments
(1.3) that play an important role in our calculations.

The aim of the present paper is to investigate the operators C,, n € N in deeper
to reveal, in addition to elementary properties, their advanced properties. Moreover,
the development of the some theoretical results of the generalized operator is within
the aim of the paper. After Voronovskaya type theorems for the generalized operator
is stated , it is compared to the classical Bernstein—Chlodovsky operators in terms of
effectiveness. For this purpose, the convergence of the derivative (C, f )/ (x)to f "(x)
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is also considered. Finally, in the last section, the variation detracting property of
the operators and variation seminorm property is stated. Moreover, it is proved that
the operators converge to f/ exp,, in variation seminorm is valid if and only if the
function is absolutely continuous.

2 Preliminary Results

For the operator C,, n € N, we give here some of their properties and results. At first,
we calculate all the moments of operator (1.4).

Lemma 1 Foreachn € Nand x € [0, b,], the following identities hold:

tbn X

n
Cuep (x) = eH*Hbn (eT +1-— 67) ,
23 1bn won \ "
C,l(expi; x) =eM" (e n (e o+ 1) —en ) ,

Cn(expi, x)=e" (e% (e% - 1) (eul% + 1) + e%>n .
Using Mathematica, we give two limits, which play an important role in both
the uniform approximation of operator to functions and Voronoskaya type result.
Foreach x € (0, 00), we shall consider the function exp 0 defined forr € (0, o0)
by
exp, , (1) = e — e

Using Lemma 1 and (1.3) , one easily finds that

Cn (expp,x; x) = Cn (CXP#; x) — €ché’0 (x)
=" (1 — Cyeg (x)) 2.1

and

Ca(exp}, 3 X) = Ca(expy; x) — 2€!C (exp,; x) + € Cre (x)
= & (Coeo (1) = 1. 2.2)

Lemma 2 For each x € [0, 00) , the following identities hold:

lim Cpep (x) = lim e —Hb (e* F1- e%) —1, 2.3)
n—0o0 n—0o0

lim 7 (Cyeo (x) — 1) = lim n (e’“‘_“h" (eL +1- e*) — 1) —12x, (24)

n—o00
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and
lim n’C, (expi x)=0.
n—oo ’

3 Quantitative Results

All concepts mentioned below can be found in [7] more generally. We denote by
C, [0, 00) the space of continous functions f € C [0, co) with the property that
exists M > O such that | f (x)| < Me"*, for every x € [0, b,] . This space endowed
with norm

Lf ()]
Ifll, = .
R
Also,
i . Sl
Cu [0,00) :==1f:f€C,[0,00) and lim ——— =k, kis constant. ¢ .
x—>o00 eHX

For f € C l’j [0, co) we use the following modulus of continuity:

If (x) — f@®)]
Q. (f;0) = su .
wlf x,te[(}?bn] [lert — erx| 4 1] er~
|€“’ —elx ‘55

In [7], the authors proved the most general form of the following lemmas.
In the following, we give the main properties of the modulus of continuity.

Lemma 3 ([7]) If f € C, [0, 00) and X > O, then
Qu(fiA0) = +N)A+0)Q2(f;0).
holds for every § > 0.
Lemma4 ([7]) Foré >0, f € C,[0,00) and x,t € [0, b,], the inequality

(e ey

|f (0) = £ ()] < 2" (1+6)° <1+ 52

)Q#(f;&

holds.

Lemma 5 ([7]) For any f € CJ[0, 00) , we have

(lsgr(l)Qu(f;5)=0.
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Quantitative approximation theorems for sequences of linear positive operators
play an important role not only in approximating functions, but also in estimating
the error of the approximation. One of the most important convergence results in
approximation theory is the Voronovskaya theorem. Roughly speaking, it is obtained
to describe the rate of pointwise convergence.

Moreover, the other results presented in this paper are a quantitative-Voronovskaya
type and a Griiss—Voronovskaya type theorems for the new operators. For more
details, see [1]. Recently, Gal and Gonska obtained a Voronovskaya type theorem
with the aid of Griiss inequality for Bernstein operators in [8] and called it Griiss—
Voronovskaya type theorem. In this paper, we extend some of these results for our
operators Cy,.

First, in the following theorem, we give quantitative type theorem for our operator
Cu:

Theorem 1 For f € C} [0, 00) and x € [0, b,], we have

ICuf (x) — f (X)] < 8™ (14 Cuep (x)) (1 + ") Q, (f: Vv (Cuep (x) — 1))
+ f(x) [(Creg (x) — D).

Proof Suppose that § < 1. Using Lemma 3, 4 and (2.2) , we have

ICn f (x) = f (0)]
; 1
<2eM(1+ 5)2 (Cneo (x) + (Tzcn (expi,)(; X)) Q (f50) + f () [(Creo (x) — DI

< 8eM* (14 Cpep (x)) 2 (fv Cn (expz’x; x)) + f () [(Creg (x) — D
= 8¢ (14 Cueq () (1 +¢) 2 (£ V/(Caeo () = D) + £ (0| Cueo () = DI

O

‘We have that our operator has a different approach charecteristics

Remark 1 If in the previous theorem, we assume
62 = )\n (x) = (CneO (.X) - 1) s

then the estimate reads as

1C f () = £ (O] = F () M (6) + 8™ (1+ Creg () (14 ) @y (31 (Cueo ) = D).

Hence, velocity of convergence of C, f (x) to f (x) is managed by the velocity of
convergence of C,eq (x) to eg (x) = 1, or equivalently, the one of A, (x) to 0, and
this is given by the undermentioned limit, that can be easily computed by elementary
calculus.
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lim n (C,ep (x) — 1) = lim n)\, (x)
n— o0 n—oo

. _ bn. e\
lim n (e“x 1bn (e n+1—en ) — 1) = 2.

n—oo

Now, we state quantitative-Voronovskaya type theorem for C,,:

Theorem 2 If f € C/Ii [0, 00) and x € (0, by,), then we get

3 , 1 ”
Cof (X) — £ (x) — (Crep (x) — 1) <f (x) — Eu"f (x) + E;ﬂf <x>)‘

< 8e"*(C, (expi’x; x) Q, (f o logﬂ) (expu) ;

Proof By Taylor’s theorem, we have

f@ = (f o logu) (e‘”)
/ 1
=(fo logu) (™) +(fo logu) (e") exp,, . (1) + 3 (fo logﬂ) (e") expi’x )

+h (x, ) exp), , (1),

"

where

" "

(f °© IOgu) (eXpﬂ) ) — (f ° log#) (expu) (x)

hy(@):=h(x,t) = >

with £ a number between x and ¢. Applying the operator C, to both side of above
inequality, we get

"

/ 1
Caf (x) = Cao()f (1) + (f o log,) (") Cy (exp, i x) + 5 (f olog,) (") Cu (exp] i x)

+Cy (hX expivx; x) .
Using Lemma 4 and the fact that |e"5 — e”x| < |e”‘ — e”x| , then we can write

L ey :
lh(x,0)l <e™*A+06)" |1+ — Q, <(f olog,) (exp,): 6)

nx 2 (e#t — eux)z !
e R L R <(f°10gu) (exp,); 5) :

Suppose that § < 1. Thus, we can write
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(¢ — )’

| (x, )] < det (1 + T) Q, <(f olog,) (exp,): 5) :

Multiplying this relation with expi’x and applying the operator C,,, we get

"

Cn <hx expfhx; x) < 4t (Cn (eXPi,x? x) + %2(,’,, (expfl,x; x)) Q ((f olog,) (exp,); 6) .
(3.1
Using (2.1) and (2.2), we get

Cof (¥) = f (x) = f (x) Cueo (x) = 1)+ (f Ologu)/ (e") e (1 = Cueo (x))

1
+5 (f olog,) (e")e™ (Cueo (x) — 1)

+Cy (hx expi’x; x) .

‘We know that, since

and

/ 1
() ¢y = et
we have 0
1y _ t
(for™) r() = -
Also since
" A2 "
(For™) = (o) (7)) + (£ er ) ()
and ,
d 1y _ -1\ ’ _ T (t)
GV em) =) corro =7,
we get
1y _ o T®
(for™) () o) I (@) TP

Therefore, since

( olog,) (¢") =" f @)

and

(folog,) ()= (21" ) ' f ),
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we can write

3 , 1 "
Cof (x) = f(x) — (Creo (x) — 1) (f (x) — Eu“f (x) + E/ﬂf (x))'
(exp,,) 5)
(expu) : 6) .

”

1
< 4t (C,l (expi’x; x) + EC,, (expi,x; x)) Q, <(f olog,)

1 G (exp0 %)
= 4¢"C, (exp;, ,: x) (1 + ﬁcn(Tgx,x) Q, <(f olog,)

. Cn 4 .
Choosing § = M, we have desired result. [
Cp, (exp}zu,x)

Later, we express quantitative-Griiss—Voronovskaya type theorem for C,:

Theorem 3 If f,g € Cl’j [0, 00), then for all x € [0, b,] and n € N we have

1 |Ca(F9) () = Cu f (1)Cag(x) — xf (x) g (x) (Cueo (¥) — 1) + p2xf (x) g (x) (Cueo (x) — 1)
< Gn Cn (@5 ) + SNl € Gn (Cu, g5 X) + llgll € G (Car, f30) + 0l (f) In (@)

where

Gu (Cor [ x) := 8" Cy (exp;, i x) @ | (f olog,) (exp,):

and

"

oo

— {Cn (exppaix) +/Cu (expf: X)] + 27 F (@) 11 = Caeg ().

Also, G, (Cy, g; x), G, (Cy, (fg); x), and I, (g) are the analogous one.

In(f) =

Proof For x € [0, 00) and n € N, it is easily seen that we can write

Ca(f9) () = Cuf () Cug () = xf () g () (Cneo (1) — 1) + uPxg () f () Cneg () — 1)
3 / 1 "
= [Cn(fg) () = (f9) (x) = (Cnep (x) — 1) <M2x (f9) x) — FHx f9) )+ 7% f9) (X)>]

3 ’ 1
—fx) [Cng(X) —g@x) — (Cpep (x) — 1) <u2xg (x) — SHxg (x) + 5%9 (x)ﬂ

3 ’ 1
—g(x) |:Cnf (x) = f (x) = (Cpeg (x) — 1) (szf () — Euxf () + Exf (X)>]

+g(x) = Cng )]Cn f (x) — f (0]
=h+h+5+14
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So, we get

Co (f9) (xX) = Cuf () Cog (¥) = xf (x) g (x) (Cueo (x) — 1) + 2xg (x) f (x) (Caep (x) — 1)
SN AE AR

By Theorem 2, we have the estimates

”

|| < 8e"C, (expi,x; x) Q, ((fg) o logM) (expﬂ) ;

”

Ll < 1£1l,,8¢*Cy (exp] s x) 2, | (90log,) (exp,):

and

"

|I3] < ligll, 8¢ Cy (expy, s x) Q| (f olog,) (exp,):

On the other hand, since f € C/’j [0, c0) we write

”

’ 1
Cu (F:3) = f () = (f o log,) (") Cu (expy, i %) + 5Cu (£ olog,) () exp? (i x)

and so we get

"

/ 1
Ca (F:) = f ()l = 17" F @) 11 = Coeo ()] + 5C (£ olog,) () exp] i x)

”

<0 @ 1= Coeo 1+ (7 0og,) | 36 (e e i)

where & is a number between ¢ and x. If t < £ < x, then "€ < el Tn this case, we
have

"

M
e, (exp} i x) + 17 ()11 = Cueo (1)

H (f ologu)

ICo (f32) = f ()] =< 5

orifx < £ < t, then e®s < e/ In this case, with the help of Holder’s inequality, we
get
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"

(f o logu)

Ca (f:) = £ ()] < S——Cu (expexp] i) + ! @) 11— Caeg (1)
"
(f o logu> 1 1 /
= " (expfix) o (expfix)” + 7 0O 1= Cog (o)

(f o logﬂ>// ehx

= [ (exphai ) T ) 11 = Caeo (1.

Hence, we gain for two cases of ¢ that

H (fo log#)ﬂ e

ICu (f10) = f ()] < " {Cn(expi,x:x)+\/Cn(expit,x;x)}

207 f () 11— Crep ()] := 1, (f) .

A similar reasoning yields |C, (g; x) — g (x)| < I, (g). Therefore we get

Co (f9) (x) = Cuf () Cog (x) — xf (x) g (x) (Cueo (x) — 1)
+p*xg (x) £ (x) (Coeo (x) — 1)

n

”

< 8¢"C, (exp;, i x) 2, | ((fg) olog,) (exp,):

,, o (oot )
8 2uxcn 2 : Q 1 5 =
+ ”f”u e (exPu,x x) m (g o og#) (expu) \ C, (explZI’x’ x)
” Cn (exp4 ’ x)
8 Z;MCH 2 1x)Q, I ; o
+llgll, 8e (exp;, i x) 2, | (f olog,) (exp,) Cu (exp? ; x)
+l’l1n (f) In (g) ’
as desired. -

Theorem 4 For eachn € N and x € [0, 00), we have

lim (C”f> (x):( f ) (x).
n—00 expu expu

Proof Using (1.5), we obtain
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(C f) (an (x))
exp,

1
S
\p
S

[¢]

B =
=

\—/
—~
=
p—
v

I
1
o~

=
(=l
-
=
S |~
v
Y
»
SRS
—
=
=
—
~~
Q
=
~~
=
N
p—
| I

al (x) " ( f )(kbn>
a (x) (1 — "n exp[u n

~ _a, (x)) . (3.2)

I
Q
=
N—"
band
> 1M
S (=]

X Pk (@ (X))

First, we take into account the case x = 0.
From (3.2), we have

! n—1
(Cnf) (an(x))=_< f )m)na;(x) <l_an(x>)
exp# expu b,
n—2
+< f >(lﬁ>na;l @) (1—n”"(x)) (1—“” (x)>
exp, | \ n by, by,
A f\ (kb RACAYEAC -
> (o) () (tJeveo (s =252 (452)
()™
b,

For x = 0, because of @, (x) = 0, we get
b,
) (O)+na (x) ( f ) (—)
exp,, n

(C”f> (0) = —na), (x)(
€xp,

(exp#) (%) (exp )©

:a’;(

If the limit of both sides is taken above equality, then we obtain

Cn I /
- ( f) (0)=( / ) o.
n—o0 \ exp,, exp,
Now, let’s x > 0.

We consider the following function:
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A\ (1) = (e{c;# 010&1) (er) — (ﬁ o]og#> (e ) ( ;

ettt — ehx exp,

I
o logu> (e").

In that case, tlim Ay (1) = 0. We get

/
f nty f X f x uto_px
<exp,, OIOgu) (e") = (expﬂ olog | () +{ G e loen | (") (" =)

+Xx () (e“’ — e”x) .

If kﬁ" is changed instead of ¢, then we have

/
kb kb
f olog, (e“Tn> = A olog, (e") + A olog, (e") (e”Tn - e“x)
exp,, exp,, expy,

If this equality is written in (3.2), then we attain

Ay ap (x) f S n <’<bn )
)= —mn" (x) Pk (an (X)) — | — —an (x)
(SXP,,) ap (x) (1 — anT(nx)) |:(6XP/L> k;:) k by n

(s )/(") (ke kb
APy T uE ux) ’ ( " _ an )
b, et I;) (e e Pn.k (an (x)) o ap (x)

+i ]gAx 0 (e“% - e*”) Pk (an (X)) (% —ay (x))}

- G on {( f )(x)c,,(t—an(x);an(x»

an (x) (1 _ a,LSc)) by | \ exp,
() @
CXPp 1 11X
o G (e = ) ¢ = an ()00 ()

+Cn (A (0 (e = &) (1 —an ()1 an (0))].

‘We know
Cu (t —ay (x);a, (x)) =0.

We can write

Cp ((e" — ™) (t —an () s an (x)) = Cp (el —te!™ — ay (x) e + ay (x) e; ay ()
= Cy (tel'; an (x)) — e Cy (15 ap (x))
—an (x) Cu (" an (%)) + an (x) " Cp (15 ay (x)) .
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Because ptbp+px(n—1)
C, (tgw;an (x)) =a,(x)e S ,
Cy (el”; a ()C)) = e,
lim a, (x) =x
n—oo
and
Lot
A, (0 = Jim b =
we have
a (x n 1
lim ) 7 Lo e (= ay (1) () = 1.

n— 00 a, ()C) (1 _ a,,b_(x)) bn ngx

n

Now, we use Holder inequality:

0 < Co (A (1) (" — ™) (1 — @y (X)) 3 ap (¥)) <
(60 (2 @10, ))* (€ (e = )10, )

From Korovkin theorem, we know

ol—
=

(C(t-a@n?iaw))’

lim C, (A2 (1); a, (x)) = A} (x) = 0.

As
lim C, ((e‘” - e‘“‘)2 s ay, (x)) =0
n—0oQ
and
lim C, ((t — a (x))*: a, (x)) =0,
n—0oQ
we obtain desired result. |

4 Variation Detracting Property of Bernstein—Chlodowsky
Operators

The first study about the variation detracting property and the convergence in variation
of a sequence of linear positive operators was come out by Lorentz (1953). He proved
that B, have
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Vio,i1 [Ba f1 = Vio,n [f]

and it is called the variation detracting property.

The main purpose of this section is to confirm the variation detracting property
and convergence in the variation seminorm for the Bernstein—Chlodowsky operators.
We firstly give the definitions related to variation detracting property.

Definition 1 ([11]) The least upper bound of the set of all possible sums V is called
the total variation of the function f (x) on [a, b] and is designated by Vi, [ f].

Definition 2 ([2]) The class of all functions of bounded variation on [ is called
BV space and denoted by BV (I). This space can be endowed both with seminorm
|.1gv () and with a norm, ||| gy ), where

[flevay = Vilfl o Wfllsvay == Vilf1+1f @l
f € BV (I), a being any fixed point of /.

Definition 3 ([3]) Let / C R be a fixed integral, and V; [ f] the total variation of the

function f : I — R. The class of all bounded functions of bounded variation on /
endowed with the seminorm

Iy = Vilf]
is called TV space and is denoted by TV (1).

Definition 4 ([11]) Let f (x) be afinite function defined on the closed interval [a, b].
Suppose that for every € > 0, there exists a & > 0 such that

<€

> U b = f (@)}

k=1

for all numbers ay, by, ..., a,, b, suchthata; < b; <a, <b, <---<a, < b, and

D bk —a) < 6.
k=1

Then the function f (x) is said to be absolutely continuous. The class of all absolutely
continuous function on [a, b] is denoted by AC [a, b].

Now, we give the variation detracting property of the Bernstein-Chlodowsky
operators:

Theorem 5 If f € T'V [0, b,), then Vig.y,, [C"f] < Viow,] [L]

exp,, exp,,
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Proof As
[9, 10], the equahty

b’l
Cn d
exf = Vo |: ex j| Z,/ Eex (/s x)] dx
pu TVI0,b,] pu s p/z
is implemented. From (1.5), we can write
Cof “la c
V[()’b”]|: 1 :|=/ d_ “ (f;x) dx
exp,, ) X exp,
b’l
/ d (x))
= —_— X
dx
0
By Theorem 3.13 in [6], we get
C.f AP= f [k
n n '
VIO,bn]|: } =/ b—anq,k (@ (X)) A <_bn) a, (x)dx
exp, Tl L exp, \n
n—1 by f k
n ’
=5 Z/ Pn—1k (@n (X)) A (—b,,) a, (x)dx
rart " exp, \n

Ptk (an (X)) @, (x) dx.

X b,
A, f (—bn)
" exp, \n
0

If ""b—(x) = y is changed, then we have

1 1
f k
Vio.6,1 [ex } ( ) A - ;bn
D, pord D, J

Now, let’s consider the integral on the left side of the inequality. From definition of
Beta function, we obtain

Cof -
% < E
o |:expu:| =" k=0 < k )

Yo =yt ay.

M
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=0 n expu
n—1
(k1 f [k
=supZ exp n bn _exp Ebn
k=0 iz iz
=V[0,bn][ ! ]= !
CXpH CXPN TVIO.b,]
O
Theorem 6 Let f € TV [0, b,]. There holds
Cy
fim | &L —0 e L cacro.n.
n>oo ||exp,  expy |l o exp,,

Sl e ACT0, by, then &L — L ¢ AC 0, b,]. By Theorem

exp,, exp, exp,

3.13 and Remark 3.20 in [6], it is written

[o.¢] / ’
Cn . Cn
lim f — s = lim f (x) — f (x)|dx.
n—oo |l eXp,  exp, TV10.50) n»ooo exp, exp,

I
From Theorem 4, it can be seen easily that ( ) x) — (e Xfp ) (x) asn — oo.
"
Therefore,
C

tim | <L S =0.

n— | exp,  €xp, TY10.00)
Conversely, let lim g("—f N ) = 0. This means that &2 inTV

n—00 Pu Pl TV [0,00) €xp, €xp,,
space. Therefore % is in AC because of AC is closed. (]
W
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