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Dedicated to Professor Niranjan Singh

“Not everything that can be counted counts, and not everything that counts can be counted”
—Albert Einstein

Mathematics is a game of logic and there was no one better at deciphering it than
Prof. Niranjan Singh—a pioneer in his field with a heart of an innovator. Always
eager to learn and teach, Prof. Singh taught at Kurukshetra University, Haryana,
India, for 32 years, focusing on areas of analysis and related fields. He was
instrumental in the development of innovative and creative culture in a large
number of academic institutions in and around Kurukshetra, thereby bringing a
significant change in the teaching methodologies of postgraduate courses.

Apart from being an exemplary mathematician, Prof. Singh was a dedicated
social reformist. He was a firm advocate for the use of Hindi language, as a result of
which he taught and wrote in Hindi, inspiring its use. Professor Singh authored
many books on mathematics of which Beej Ganit, written in 1979, was awarded the
gold medal by Sahitya Akademi—a national organization dedicated to the
promotion of literature in the languages of India. Insisting on the fact that money
shouldn’t define the caliber of any student, he firmly promoted the optimal
utilization of resources and cost reduction in higher education. His ideology became
his strength and helped many educationalists understand the relevance of an
unerring education system. His journey led him to be the head of Bhartiya Shikshan
Mandal, through which he traveled around India and influenced society.
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Professor Singh is remembered by his peers for his academic excellence, research,
aptitude, dedication to work, human values, and behavior. His will always be an
inspiration to budding professors and mathematicians as he was the embodiment of
everything mathematics.

“Carve your name on hearts, not tombstones. A legacy is etched into the minds of others and
the stories they share about you.”
—Shannon Alder



Preface

The international conference on ‘“Recent Advances in Pure and Applied
Mathematics 2018 (ICRAPAM-2018)” was organized by the Department of
Applied Mathematics, Delhi Technological University, Delhi, India, during October
23-25, 2018. This international conference was organized in the memory of our
beloved late Prof. Niranjan Singh who worked at the Department of Mathematics,
Kurukshetra University, Haryana, India. Professor Singh, a well-known mathe-
matician, worked in the area of summability analysis and did commendable work
during the time.

The purpose of the conference was to bring together mathematicians from all
over the world working on recent developments in pure and applied mathematics to
present their research, exchange new ideas, discuss challenging issues, foster future
collaborations, and provide exposure young researchers. The proceedings consist of
two volumes, and the first volume is devoted to the papers on approximation theory
and related areas. It is an outcome of the invited lectures and research papers
presented during the conference. It also includes some articles by the invited
speakers, who could not attend the conference, like Prof. Ioan Rasa, Technical
University of Cluj-Napoca, Romania; Prof. Ali Aral, Kirikkale University, Turkey;
Prof. Harun Karsli, Abant Izzet Baysal University, Bolu, Turkey; Prof.
V. Ravichandran, NIT, Tiruchirappalli, India; and Prof. Tarun Das, University of
Delhi, Delhi, India.

A total of 180 research papers were presented by young researchers in diver-
sified areas. To maintain the quality of the work, each of these papers was reviewed
by two carefully chosen global subject experts. Based on their recommendations,
22 papers were selected for inclusion in Volume I of the proceedings.

Papers in the first volume of the proceedings include areas of approximation
theory which cover the estimation of convergence behavior of generalized
Durrmeyer-type operators, Lupas—Kantorovich operators, certain exponential type
operators due to Ismail-May, o-Bernstein—Kantorovich operator, linear operators
based on PED and IPED, and Bernstein—Chlodowsky operators and other gener-
alizations of known operators. Some papers are devoted to the study on fixed point
theory, holomorphic functions, summability theory, and analytic functions, which
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viii Preface

are extended to the topics on iterative approximation, fuzzy setting, uniqueness,
starlikeness, statistical convergence, advances in distributional chaos theory, etc.
The authors of these papers have carefully described the problem and discussed
appropriate methods to obtain the solution.

These proceedings will be a valuable source for young as well as experienced
researchers in mathematical sciences. The keynote speaker was Prof. Margareta
Heilmann, University of Wuppertal, Germany. The plenary speakers were
Prof. Antonio-Jestis Lopez-Moreno, Universidad de Jaen, Spain; Prof. Wutiphol
Sintunavarat, Thammasat University, Rangsit Center, Thailand; and Prof. Voichita
Radu, Babes-Bolyai University, Cluj-Napoca, Romania. We are thankful to all the
speakers who very kindly accepted our invitation talks in the conference.

We are thankful to all the funding agencies: Science and Engineering Research
Board (SERB), Government of India, New Delhi; Third phase of Technical
Education Quality Improvement Programme (TEQIP-III), Government of India and
Government of NCT, New Delhi, for the partial financial support to make the
conference successful.

We wish to thank Prof. Yogesh Singh, Vice-Chancellor, DTU, Delhi, India, for
his constant encouragement, motivation, guidance, and support. Thanks are also
due to Prof. Anu Lather and Prof. S. K. Garg, Pro-Vice-Chancellors of DTU, Delhi
for their moral support.

We are grateful to the members of the screening committee, registration committee,
publication committee, academic program committee, finance committee, and the
advisory committee who put in a lot of hard work to make this event a huge success.
Special thanks are due to Dr. Nilam and Dr. Sivaprasad Kumar Shanmugam as
CO-convenor.

Subject experts from all over the world contributed to the peer-review process.
We express our heartfelt gratitude to them for spending their precious time in
reviewing the papers.

We will have achieved our goal if the readers find this volume useful and
informative for their research. We are thankful to Springer for publishing the
proceedings of the conference.

Thanks to all the research students of the department of applied mathematics,
DTU, especially to Neha, Ram Pratap, Lipi, Nav Shakti Mishra, and Sandeep
Kumar for their hard work during the conference.

New Delhi, India Naokant Deo
New Delhi, India Vijay Gupta
Sibiu, Romania Ana Maria Acu

Roorkee, India P. N. Agrawal
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Expressions, Localization Results, and )
Voronovskaja Formulas for Generalized oo
Durrmeyer Type Operators

Antonio-Jesuis Lépez-Moreno

Abstract We present a generalized sequence of Durrmeyer type operators that
allows to summarize different formulas and results for different particular cases.
We show for this sequence, several localization and Voronovskaja type results.

Keywords Durrmeyer type operators + Voronovskaja formula - Higher order
derivative + Linear positive operators

1 Introduction

In 1967, Durrmeyer presented his now famous sequence of linear positive opera-
tors [12]. It immediately attracted the attention of the researchers due to their close
connection to the classical and essential sequence of the Bernstein operators, their
approximation properties, first studied by Derriennic [10], and their useful represen-
tation in terms of inner products and orthogonal polynomials. Since then, a never-
ending list of modifications appeared in the literature. Different authors, with various
purposes, have made use of all kinds of techniques to enlarge the, at this point, a wide
class of what we could call Durrmeyer type operators. From the initial definition by
Durrmeyer, namely

n 1

D,f0) =(n+1Y puix) /0 PuiF (L. pui(x) = (’Z)x"(l — 2"
i=0

(1)

for an integrable function f : [0, 1] — R and x € [0, 1], different basis functions
were considered in place of p, ; both inside and outside the integral, weighted inte-

This work is partially supported by Junta de Andalucia Research Project FQM-178, by Research
Projects DGA (E-64), MTM2015-67006-P (Spain) and by FEDER founds.

A.-J. Lépez-Moreno (<)
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grals and inner products instead of fol - dt or part of the terms in the sum substituted
with interpolatory ones. This all, apart from the huge list of operators obtained by
composition or the extensions to the multivariate setting and to more general spaces.
Especially, along the last 20 years, the production in this topic has been particularly
intense and thus we have, a wide repertory of papers available where the approxi-
mation properties of many concrete Durrmeyer type modifications are studied. The
structure of the analysis is usually, in each case, similar and after proposing a new
version of Durrmeyer’s sequence; the basic properties of the moments and some dif-
ferentiation expressions for the modified operators are examined and a Voronovskaja
type formula is established as a basic tool to derive direct or inverse results. We have
to say that many times, the same or very similar arguments are repeated in different
articles for every particular Durrmeyer variation. Although it is a fact that a small
modification could make the computations to be completely different, it is also true
that a more unified treatment is possible for some of the items involved in the analysis
of this sort of operators. The aim of this paper is to show that this assertion is partic-
ularly true for the obtention of Voronovskaja type formulas and also for localization
results of the sequences of Durrmeyer type operators.

For a sequence of operators {L, },en Which is an approximation method for certain
space of functions, that is to say, L, f — f for each f in that space, a Voronovskaja
formula is an expression of the type

lim 1 (L, f () = () = ai(f.x). @)

These types of limits are particular cases (for r = 1) of an asymptotic expansion of
order r € N which is a representation for the convergence of the sequence of the
form

1
Laf(0) = fG)+ ) —ai(f.r,x) +o(n™),

i=l1

for every x in the domain of the operators. Asymptotic expressions yield a deeper
understanding of the approximation properties of the sequence and are the starting
point to establish direct and inverse results or monotonicity and shape-preserving
properties (elegant examples of how Voronovskaja formulas determine the direct/
inverse results can be found in [5, 6]). Therefore, they are a necessary piece in the
study of a sequence. Moreover, many of the classical operators present properties of
simultaneous approximation, that is to say, the sequence will converge not only for
the function but also for their derivatives. In that case, we need asymptotic expansions
and Voronovskaja formulas also for those derivatives.

Connected with the asymptotic expansions, the localization properties of a
sequence of operators are also a basic tool to analyze the convergence. It is well-
known that, for a certain subinterval I, f|; = 0 does not imply L, f|; = 0 but in
general, we have a special behavior for the convergence at the points of / and for
instance, since a; (f, x) usually is a differential operator, as a direct consequence of
(2) we have that, for x € I, at least,
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L,f(x)=om™".

This is what we call a localization result. A first simple instance can be found in [11]
for the Bernstein operators but many other examples appear in the literature [24].

In this work, we are going to present a generalized Durrmeyer type sequence
that summarizes many of the examples that we find in different papers. For this
general sequence, we show a collection of formulas; we prove localization results
and Voronovskaja type formulas. Some of them are already known for particular
cases but the aim of this paper is to offer a unified approach for this class of operators
at the same time that we also prove some new results and expressions.

The first section will be devoted to present the generalized Durrmeyer operators
that we are going to study and a collection of basic formulas and theorems. In Sect. 2,
we will prove localization results for the sequence of operators. In Sect. 3, we employ
the results of Sects. 1 and 2 to derive Voronovskaja type formulas. Finally in the last
section, we suggest several ideas to enlarge the class of operators for which our
results are valid.

Notice that throughout the paper, ¢ denotes the identity map ¢ : [0, 00) > x
t(x) = x € [0, 00); meanwhile, x is a general fixed point of [0, co). Therefore, we
will use ¢ to write functional expressions and x for pointwise formulas. Moreover,
for any operator L : E; C R0 5 F, c RI0-%) and f € Ey, L(f)or Lf stand for
the image function for f and L(f)(x) or Lf (x) is the evaluation of such a function at
x. Moreover, we will use the following notation for ascending/descending factorial
and generalized factorial numbers

l=xx -1 -@x=n+1D, x"=x(x+1D---(x+n-1),

X =x(x—a)---x—m—-Da), x*"=x(x+a)---(x+7n—Da),

for any x,a e Rand n € Ny = {0, 1, 2, ...}. Besides, for a sequence {a,},cn, We
write

a, =o(n~>) whenevera, =o(n~"), Vr € N.
Finally for r € Ny, P, will stand for the space of polynomials of degree r and D, D*
are the differential operators of order 1 and k € N, respectively.

2 Durrmeyer Type Operators

‘We can find in the literature, many generalizations of the Durrmeyer sequence of oper-
ators (1) [2, 4, 8, 13, 16, 18, 20, 23, 29]. We are going to consider here a definition
wide enough to include several of the cases studied in the references about this topic.
For this purpose, we will use the generalized sequence of Baskakov/Mastroianni in
its Durrmeyer variant that we show in the following definition.
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Definition 1 For n, a € R and the parameters a € R, b € Z, consider the functions

(1+ax)"a, ifas0, [0,00), ifa>0,

o (x) = and H'Y =
o) e, ifor=0 [0, —1], ifa <0.
Take also
¢1[1al( ) = (_ )i ’quﬁ[ ]( ), C}[La] 2/ d),[la](t)dt _ #’ Nl — 4q—2a.
H n—uo

For a1, a; € R and a locally integrable function f : H!®! — R, we define the
Baskakov generalized Durrmeyer operators as

l OO
Duas f () = oy ot (@) / OO fOdE. (3)

nta j= max{O —b}

As we see from the definition, we actually have D, ., = Dy, 4,5.0,,0, but we will
suppose o, ap to be fixed throughout the paper and for the sake of brevity, we will
use the notation D, , ,. Notice also that n can be any real number although it is usually
taken as a natural one in the definitions for Durrmeyer type operators that we find
in the literature. Many of the computations below are valid for n € R (or at least for
certain subinterval of R) nevertheless, at some points, we will regard it as a natural
number mainly in connection with the convergence properties that we will study
later on. Moreover, inside the space of locally integrable functions on H!*?!, we are
going to consider the subclass of functions for which D, 4 p.q, ., 1S an approximation
process and we denote it by Wy, o, = Wa,.a,.0.5- We will assume some properties
of the space W,, o, derived from the properties of the locally integrable functions
and power series; for instance, the fact that f, | f| € W,, o, implies that g € W,,, 4,
whenever |g| < | f].

We have to take into account that D, ; 5 4,.a, Will be a linear positive operator
only on H!®1, For this reason, it will also be convenient at certain points to use the
notation

Hloveal — gloal A glea]

It is important to take into account that this definition needs several technical
considerations about the spaces of functions and intervals where it acts but we are
not specially interested in these details and we propose this representation with the
aim of summarizing formulas an expressions valid for several cases and therefore,
at some points, it has to be seen only from a formal point of view. The fact is that by
means of it we can offer some unified formulas that are valid for the particular cases;
in particular, the expressions for the moments, central moments, and differentiation
relations.
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Of course, we could introduce even more parameters and we can find in several
works some other proposals in this sense but with this definition and the modifications
that we study in the following sections, we include an important part of the versions
that we find along the last years in many papers. Therefore, the sequence that we
have just introduced allows to analyze a wide enough class of operators.

Although in the definition we admit b € Z to be negative, in this section, we will
restrict the study to the case b € Ny. We will discuss some details of the case b < 0
in the last section since the properties of the sequence vary notably in that case.
Therefore, throughout this section, we assume b € Nj.

Let us study the basic properties of this sequence. As we mentioned in the intro-
duction, the usual path starts with the properties of the central moments and differ-
entiation formulas. We summarize in the following results, the identities typically
used to study this type of operators.

Theorem 2 Let us suppose that b € N.
(i) For f € Wy, q, differentiable of order k on Hll

a],k

DDy unf = Nk

Dn+kn,1 ,a—k(ay+an),b+k (Dkf) .

(ii) For f € Wy, q, differentiable enough,

k

o ntt (o] k !
Dnapf = Z No2k=1 (/;1[02] ¢i1‘ﬁ(l—k(¥2,b+k(t)D f)de n
k=0

(iii) For j € Ny,

. 1 & (7 B+ )
]D)na t] - P ak —tk.
an(t) = =o05 ;” (k) (b +k)!

Where, from now on, for brevity we denote N = N2,

Proof For a € R, some basic identities are

D)) = n (91,11 @0) = 0l ). @

x(1 4 ax) D (x) = ¢l (x) (i —nx) 5)

f yar = —CFD L ©)
Hlal

o/t ! (% - 1)./‘+l

To obtain (i), it is enough to prove the identity for k = 1 and to then iterate the
formula. If we differentiate (3), by means of (4), after properly arranging the resulting
sums and indexes, we obtain
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n
DD () = e Athy o [ (A3 = 2Ly ) F
n+a z_max{O —b}

(%)

Now, inside the integral, we use again (4) to transform () into D¢L‘fﬁi_a2,i )

and then we apply integration by parts. After adjusting the coefficients, we obtain
the formula for the case k = 1. Some little details about the limits of the sums and
integrals depending on «j, a; need only a basic analysis that is left to the reader.
(ii) can be obtained from a Taylor series for D, , , f using (i) to compute the
values of DD, £ (0).
Identity (iii) follows from (ii) and (6). ([l

Theorem 3 Given x € H'® et us denote

Vn,s(x) = Dn,a,b ((t - x)s) (-x)
Then

(i)  (N—as)Vysr1(x) =x(1 4+ a1x)DV, ;(x)
+5x2+ (o + a2)x)Vyy 5-1(x)
—(=b+ax — (s + D1+ 2a2x)) V, s (x),

s+l]

(ii) Vi) =0@1
Proof By means of basic properties of the integration, we have that
1 (e} QU
DV = S Dyl [ A0 s = sV
Cn+(l i=max{0,—b}

If we multiply both sides of the identity by x (1 + «;x),

x(] + al-x) (DVn,s,O(x) + SVn,sfl,O(x))
1 o0
— 2 sUrawpdo [ a0 o

n+a i=max{0,—b}

Then we apply (6) inside the sum after which the coefficient (i — nx) that appears
can be moved inside the integral and written as

i+b—m+a)y)+(n+a)(t —x)+ (=b+ax).
)

Now, for () we again use (6) and write the resulting coefficientas # (1 + apt) = (1 +
200%)(t — x) + a2 (t — x)* + x(1 + apx) and we finish properly using the definition
of V,;(x),i=s—1,s5,5 + 1.
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Finally, (ii) can be proved from (i) by means of an standard induction
argument. O

Here, we could stress one main difference between classical interpolatory and
Durrmeyer type operators. If we considered the generalized Baskakov operators
given, for certain o € R, by

Life) =Y s (%) ,

i=0

we know that in a similar way, we can obtain also expressions for the moments and
central moments. But in the case of L,,, the expressions can be written as a polynomial

on n~! in the form
N

1
Li(€=x)") ()= D7 Ait)—.
=[]

However, such a finite expression is not possible for Durrmeyer type operators and
we need to consider a different non-polynomial basis to express the moments.

Theorem 4 Consider the sequencesn; = {NLL_,-}neN,i =1,2,..., andng = {1},en,.
Then, for x € Hll

(i) Dpap(t?)(x) € span{ny, ..., n;},
(ii) V,s(x) € span{n[%], R | S

Proof From Theorem 2-(iii), we know that N a.j Dy, b(tj )(x) is an element of the

.....

so that, for certain Ao, ..., A; € R, we can write

J
N2ID, (1) (x) =Z (N = i)™= = D, (1) (x)

J
(N — laz)az S Z
o, ] !2 i
N=2L Py

I
M\ i

(=]

which proves (i). Now, for (ii), we only need to consider Newton’s binomial formula
and Theorem 3-(ii). O

3 Localization Results

As we know, the Durrmeyer type operators present good simultaneous approximation
properties and we have convergence for the function and their derivatives. In that
case, we can extend the localization properties presented in the introduction in the
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following sense. It is a simple fact (for instance, we can apply Theorem 2-(7)) that for
f € Py_1, we have that Dk]D)n,a,b f = 0 but we cannot assure the same conclusion
when f is a polynomial only locally on an open subinterval J € H'“! (that is to
say, f|; = p € Py or equivalently D* f|; = 0), but in that situation we can prove
the following localization result.

Theorem 5 Consider f € Wy, q,, of polynomial growth and differentiable of order
k on H'°?) such that D* f|; = 0 for an open subinterval J of H'®1*21. Then, for any
xelJ,

DDy o f (x) = 0(n™).

Proof Foranyevenr € Nbigenough, wecan find K, > 0such that | Dkf’ < K,(t —
x)". Now by means of Theorem 2-(i), we have

a],k

n
DD f (] = Tz [Pt ket o (D ()|

ay,k

= yar ke Dtk akiar+an.bik (= %)) (1)] = O(n™2),

where we have used that Dy, xq 4—2ka.p+x 1S positive and Theorem 3-(ii). As r is
arbitrarily large, we finish the proof. O

Nevertheless, this localization result is not suitable for many applications where
a pointwise approach is required since it needs global conditions on the function f.
For instance, the assumptions on f for a classical Voronovskaja type formula is to be
twice differentiable at a point x and the global condition of the preceding theorem ( f
has to be differentiable of order two on the whole interval H!®!) is then to restrictive.

In order to improve Theorem 5, we need the alternative differentiation formula
for the operators D, ,; that we obtain in the following result.

Theorem 6 -
DsDn,a,b =n? Aé] (Dn+sa1,afsal,o) (b)a

where A} denotes de forward difference of order s and step 1 given by

s

Ky .
Ai (Dn-ﬁ-xm,a—sa],c) (b) = Z <]) (_1)S7an+sa1,a—sm,b+j-

j=0
Proof From (4) and for any function f € W,, ,,, we have
[e o]

1
PDuasnf)= g 2 (o4 im0 =, ) / OO W,
CrH—tl i=max{0,—b} H*2
(7)
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from which we only need to arrange the sums and parameters to obtain

D]D)n,a,h =n (Dn+a|,a—a|,b+1 - ]D)lH—m.a—m,b) .

Finally, if we iterate this formula, we arrive at the expression of the theorem. O

We can find similar formulas in [2, Lemma 9] for the case a; = 1, ap = 0 or in
the multivariate setting in [1, Lemma 5] for an extension of the original Durrmeyer
operators (o) = oy = —1) to the d-dimensional simplex.

By means of the expressions given in the preceding result, it is possible to prove
a pointwise localization result in the sense that we find in [24] where the following
definition for pointwise degree is given.

Definition 7 Given a function f : I € R — R defined on certain subinterval 7,
differentiable of any order at x € I, we define

deg (f) =min{s e Ny : D' f(x) =0,Vi > s} — 1,

where we assume the convention that min(¥) = oo.

Theorem 8 Given f € W,, ,, of polynomial growth on H'°2) and x € H'“°2! such
that deg, (f) = k — 1, for certain k € N. Then,

DDy f(x) = 0(n™).

Proof Let us first prove the result for k = —1. For this purpose, let us consider
a function fy in the conditions of the theorem for k = —1. Since f; is of poly-
nomial growth, for even r € N big enough we have that | fy| < 1+ Kt". On the
otherhand, asdeg, (fo) = —1, weknow that0 = fy(x) = Dfp(x) = szo(x) =
and moreover, fj is differentiable of any order at x and in particular we can find
J = (x —e, x +¢) N H*l such that fy|; is differentiable of order . With this all at
hand, we can find K such that | fy| < K;(# — x)" and hence, by means of Theorems
6 and 3-(ii),

k
k
‘Dan,a,b(fO)(-x)’ < E <]> |DU+S(M],(1*S(Y],b+j(fo)(x)|
j=0

Kk ,
< () Kl |Dn+.m,],a—sa1,h+j ((t _x)r) (X)| = O(nii)-
=0

Since r is an arbitrary number, we finally deduce that DX, , ; (fo)(x) = o(n=%°).

Let us prove now the general case for f with deg,(f) =k — 1. Now, for an
even number r € N big enough with r > k, we can find J = (x —¢,x +¢) N H'*!
such that f|; is differentiable of order r. Then we can also take €; < € and f
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differentiable of order  on H!*! such that f|;, = f | forJi = (x —er, x +1) N
H'®l and f | fpieai_; = 0. Then, it is clear that f — f is of polynomial growth with
deg, (f — f) = —1 so that, by the case k = —1 proved above,

DDy (f — F)(x) = 0o(n™™). (8)

It is also immediate that Dk f is of polynomial growth (it has compact support)
and besides deg, (D* f) = —1. Now, as f is differentiable of order k on H!%!, by
Theorem 2-(i) and the already proved case k = —1 of the theorem, we have

Oz],k

DDy f(x) = Dtk .a—k(en+an) bk (DX F)(x) = 0(n ™),

N(lz,k

and now with (8), we conclude the proof since the values for the derivatives of f and
f coincide at x. O

4 Voronovskaja Type Formulas

Sikkema’s theorem [26] is the basic tool to compute the asymptotic expansion for a
sequence of linear positive operators. We show here the version of this theorem that
appears in [26].

Theorem 9 (Sikkema’s Theorem [26]) Let H C R be a subinterval, r be an even
number and let {L,, : W — C*°(H)},en be a sequence of linear positive operators
defined in the linear subspace W € R¥ such that P, € W. Let us suppose that for
certainx € H

L, ((t —=x)*) (x) = 0(¢p(m) ™), s =

where ¢ is an increasing strictly positive function such that llm ¢(n) = +oo.

If f is of polynomial growth of degree r (there exists p e IP’ such that | f| < p)
and f is r times differentiable at x, then

", Di , .
Lyf(x)=Y_ f!(x)Ln ((t =x)") @) + o(p(m)~?).

i=0
As a consequence of this result, we obtain the following Voronovskaja type for-
mula for D, 4 p.
Theorem 10 For f € W,, ., of polynomial growth on H'“?! twice differentiable at
x e H[al,az]’

o) + o
2

nlijgon (Dnapf@) — f()) = (Qoz —a)x + b+ DDf(x) +x (1 + X) D*f(x)
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Proof From Theorem 2-(iii), it is simple to compute

lim Dyap ((f — %) (x) = 1+ b + Qon — a)x,
n— o0

Jim Dy (¢ = 2)°) (1) = 22+ (1 + a2)x),

which, since D, , (1) = 1, together with Theorems 3 and 9 proves the formula. [J

In the last proof, although in this case Theorem 9 can be applied for functions
of polynomial growth of degree two, we can remove this restriction by means of
Theorem 8 that allows considering any function of polynomial growth.

The differentiation formulas of Theorem 2 and the localization results of the
preceding section make it possible to extend this Voronovskaja formula for higher
order derivatives.

Theorem 11 For f € W,, ,, of polynomial growth on H'°), k + 2 times differen-
tiable at x € H'®1-2]

ap,k

lim n <NDan,a,bf(x) - Dkf(x)>

n—00 nal,k

ap +az

=(QRay —a+kla+a)x +b+k+ DD f(x) +x (1 +—

x) D2 £ (x).

Proof Since f i~s differentiable of order k + 2 at x, we can find J = (x — &, x +
) N H!*!and f with compact support, differentiable of order k on H'*! such that
fls = fl;. In that case, from Theorem 8, we know that

D*D,y 4 f(x) = DDy f(x) + 0(n™),

and then we can substitute f by f along the rest of the proof. As f is globally
differentiable on H!®!, we can use for it Theorem 2-(i) and then

(&3] ,k

DDy f ) = D0 = g D amitan rom i (D N (x) = DA ), )

from which

an,k

— DDy 0.0 f () = D" () = Dok ke -+a.b41 (D 1) () = DEF ().
nat,

Now we use Theorem 10 to compute the limit

lim n (Dn+ka1,afk(al+uz),b+k(Dkf)(x) - Dkf(x)>

n—o0o

to finish the proof. O
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In [9, Theorems3.1 and 4.1], Deo shows several examples of this type of
Voronovskaja formulas for several values of «; and a,.
We can also rewrite the preceding formula in the following terms.

Theorem 12 For f € W,, ., of polynomial growth on H'°2, k + 2 times differen-
tiable at x € H-22],

lim 7 (D*Dyq f (x) — D" £ (x))

— D [(b — at + (as — ap)t) Df] (x) + D! [z (1 + U ;azt> Df] ).

Proof Following the same arguments of the proof of Theorem 11, we can introduce
the function f for which from (9) we can write

(I[,k

DDy f) = DY) = T (Dn+km,ak(a,mz),Hk(D"f)(x) - D' [ ()

ank
+ <1 - N) Dkf(x)>.
nryl.k

But
N(lz,k 1
=14+0m™",
nal,k
Nozk k(k—1 k(k +3
n(l— ):—ka+ ( )a1+ Gk + )a2+0(n*1).
na],k 2 2

Now, this last identities along with Theorem 10 applied for D, ka,,a—k(a,+a,) Yield,
once we substitute again the derivatives of f by the ones of f,

Tim (DD, 0 f () = DF f()

k(k —1) k(k +3)
=[—k
( a+ R + 2

az) DFf(x)

o) + o

+(Qay —a+k(a; +)x +b+k+ 1D f(x) +x (1 + x) D2 £(x).

Finally, if we apply Leibnitz formula, it is simple to check that this identity is equiv-
alent to the one that we want to prove. O

From this result, we conclude that the Voronovskaja formula of the operators
D, 4.» can be differentiated in the sense that the formula for the kth derivative of the
operators is the kth derivative of the one for D, , 5 (for more general result about this
type of differentiation properties in the case of interpolatory operators see [25]).
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When oy = o, = —1 and a = b = 0, this formula reduces to the one that we find

in [22, Theorem 8] for the classical Durrmeyer operators. Later, Abel extended this
expression obtaining the complete asymptotic expansion in [28].

5 Further Remarks

In this section, we include some additional comments an ideas that make it possible
to extend the formulas shown before to some other classes of operators.

5.1 Mixed Summation Integration Operators

One important condition on the parameters a and b for Theorem 2 to hold is b > 0.
As amatter of fact, for b < 0 we can define the sequence D, , , but the differentiation
formula given by Theorem 2-(i) is not true. For instance, if we want a differentiation
formula for b = —1, we need to introduce a remainder term in the definition of
D, 4.—1 of the type

Dya—1 f (1) = Dy a1 f(2) + S (x) £(0)

and therefore we have operators of the form

]f))n,a,flf(x) =

1 = aq %3 aj
Tt 2 O @) /H OO F O+ 650 F0)

n+a j=1

that fulfill a differentiation formula like

DIﬁ)n,a,flf = Dn,a,Of (10)

that connects these class of operators with the one presented in this paper.

In this manner, part of the summation—integration operators that we find in the
literature [3, 7, 14, 15, 17, 19, 21, 27] can be seen as members of the family of
operators that we present in this paper and we can derive formulas and results for
them using the same arguments displayed in the preceding sections. In particular,
from Theorem 12, as we indicated before, we know that for the operators D, , 5, the
Voronovskaja formula can be differentiated and then the formula for DkID),l,a, » can
be written as the kth derivative of

G=[(b—at+(a2—a1)t)Df]+D|:t <1+ al;”:) Df]
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In this case, from (10), if the Voronovskaja formula for ]ﬁ)n.a,b is

Tim 7 (B0 £00) = F0) = F),
we will have
DF =G

and the férmula, F, for DM,_] is an antiderivative of the one for D, , 0. We find
similar ideas in [3].

5.2 Multivariate Durrmeyer Operators

It is well-known that the generalized Baskakov operators can be extended to the
multivariate case in several ways. For many of these extensions, part of the formulas
that we presented is also valid. In the immediate case of the tensor product extensions,
this is evident but let us check this for another nontrivial extension. Consider, for
meN,

n
1 T, if 0 , ifa>0,
A () = I+ alxly)"a i a# and H = 1 x €10, 00" : |, < Oo] 1 a y
el ifa=0 -5 ifa<0
where, for a vector x = (x1, X2, ..., X;y), we denote |x|; = xo + x; + --- + x,, and

therefore, in this case, ¢! : H*] C R™ — R is an m-variate function. For k € NJI,
we also denote

' —1)k
Elu]]((x) = ukakqﬁgl](O)7 C, = / ¢L“](T)dl,
’ k! el

and N=N=n+4+a—m+ Do

Here, we use the usual vectorial notation and for j, k € N,

i i
[ S B A Kisoskm) — kK U W L
kK'=ki!'- k!, (..., x,)" =X X", <k>_k!(j—k)!’
- Hlkl;

=——— orforreR, rk =yl

ot - Oty

In terms of these functions, for the parameters a € R, b € Z™, we can introduce
the following multivariate version of Durrmeyer operators defined, for a locally
integrable function, f : H!“! — R, by
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Duanf ()= >, / ol (O f ().
T (i oriy) ENE Al
i1y, i,y >max{—b,0}

Of course, it is possible to consider more general versions introducing also here
two different basis functions inside and outside the integral as we did in the preceding
sections but, to offer some sample formulas, this version of the multivariate operators
is enough. In this way, for the operators that we have just defined, it is possible to
prove the following version of the differentiation formula given in Theorem 2-(i):
for f: H [l _5 R differentiable enough, we have

o IKT; k
_ [a] k
Dapf = ) V=T /[]¢n+a—\k|l<x,b+k(I)D fyde | =
F=(i1eensipy) END Hle :
I1yeees i, >max{—b,0}
that leads us to the following expression for the moment of exponent j = (ji, ..., jm)

€ Nj of the operator

. 1 i\ &+ )
iy — o, [k W J)k
Dyap(t?) = eI ooon <k> oo

where t = (t1, ..., t,) : R" — R" is the identity map.

As we can see by means of these examples, many of the formulas and results can
be extended to the multivariate case.
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Lupas—Kantorovich Type Operators m
for Functions of Two Variables it

P. N. Agrawal and Abhishek Kumar

Abstract Agratini [1] introduced the Lupas—Kantorovich type operators. Manav
and Ispir [18] defined a Durrmeyer variant of the operators proposed by Lupas and
studied some of their approximation properties. Later, they [17] considered the bivari-
ate case of these operators and studied the degree of approximation by means of the
complete and partial moduli of continuity and the order of convergence by using
Peetre’s K-functional. The associated GBS (Generalized Boolean Sum) opera-
tors were also investigated in the same paper. Our goal is to define the bivariate
Chlodowsky Lupas—Kantorovich type operators and study their degree of approx-
imation. We also introduce the associated GBS operators and investigate the rate
of convergence of these operators for Bogel continuous and Bogel differentiable
functions with the aid of mixed modulus of smoothness.

Keywords Peetre’s K-functional - Bogel continuous * Bogel differentiable -
Mixed modulus of smoothness

1 Introduction

For f € C(S), S := 1[0, 00), the space of all real-valued continuous functions on S,
Agratini [1] considered the operators

e () (K
L,(f;x)y=2""" —f(—), x>0 (L.1)
; %0y \

proposed by Lupas [16] and having a form similar with the Szdsz—Mirakyan oper-
ators and investigated the degree of approximation by the operators (1.1) in terms
of the modulus of continuity and also established a Voronovskaja type asymptotic
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theorem for these operators. Erencin and Tasdelen [9] discussed a generalization of
the operators (1.1) defined as

Li(f; x) =2_“”XZZ,1,k(x)f<b£>, for xe S, ne{l,2,...}, (12
k=0 "

where [, x (x) = (Z“k”(),‘(?; and {a,}, {b,} are increasing and unbounded sequences of

positive real numbers such that

1 " 1
b——)O, asn— oo and Z—:l—l—O(—), as n— oo

and studied some approximation properties of the operators given by (1.2) in weighted
approximation. Subsequently, the same authors [9] considered a Kantorovich type
variant of these operators as follows:

k+1)

[o.¢] &rl)
bn
Kn(f3) =27by 3 () f  fadr (1.3)
k=0 by
and established some local direct results with the aid of the modulus of continuity
and Peetre’s K-functional.

Ispir and Manav [18] introduced a sequence of Durrmeyer type summation inte-
gral operators based on Lupas—Szasz basis functions and studied some approximation
properties. Manav and Ispir [17] defined a bivariate extension of the operators con-
sidered in [18] and investigated the rate of convergence by means of the total and
partial moduli of continuity and the Peetre’s K-functional and also studied the asso-
ciated GBS operators. For some other significant contributions in this direction, we

refer the reader to the papers [11-15].
The goal of the present study is to introduce the bivariate extension of the operators
defined by (1.3) as

k+1) G+D

o oo -
K (80 x,y) = 27952 e SO S 1K (e y) / . / S f@sydrds, (14)
i=0k=0 B on
where
: 2K 27
lim & =1, lim — =0,
n—oo b, n—oo b,
and
lim = =1, lim — =0,
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investigate the rate of convergence of the operators defined by (1.4) by means of the
total and partial moduli of continuity and the order of convergence with the aid of
the Peetre’s K-functional. The degree of approximation of functions belonging to a
weighted space is determined in terms of the weighted modulus of continuity. Further,
we introduce the GBS operators associated with the operators defined by (1.4) and
study the rate of approximation by means of the mixed modulus of smoothness for
Bogel continuous and Bogel differentiable functions.

2 Basic Results

Lemma 2.1 ([9]) For the operators L’ defined by (1.2), there hold the following
identities

(i) Lil;x)=1,

(i) Li(tx)=%
(i) Lj(%x) = §ax® + 2%x;

(iv) Lpt*x) = Z—%x3 ~|—6%x2 +6”2x

() Ly*ix) = fhxt 4 1200° 4+ 3650 + 26%x.

Consequently, we have

Lemma 2.2 ([9]) The operators defined by (1.3) verify
(i) K,(L;x)=1
(ii) Kt %) = x + 53
112 a
(iii)  Ko(t%x) = x + 3550 + 5.
Further, using Lemma 2 ] by a szmple calculation it follows that
(iv) K, x) = x +( )b x* 4+ 10“’§x+ pTg

(v) K,(@t* x)— 4x —|—14 x +50h4x + 434 4x—i—5h4

Lete; j(t,5) = tisd, (i, j) € Ng x Ng, withi + j <4 and Ny = N U {0}.
Lemma 2.3 For the operators K}, defined by (1.4), there hold the following iden-
tities
(i) K, ,(e00;x,y)=1;
(”) K;,k,m(elp; X, J’) aﬂx + Zb 5
(iii) K}, (e01; X, y) = z’;;; Y+
2
(iv) Kj,(e0;x,y) = “—sz + 35X + 317;
(v) K;,(e02;x,y) = ”‘y +3cz y+ 362 ;
(vi) K ,(es0;x,y) = ng + (3 )ng +1073x + 4,,“
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3
(vii) K:,m<eo,3;x,y>—;‘—;"y3+< >my +10‘2y+4d3,
(viii) K, (e40;x,y) = x + 144 4Jc +50% 4x —|—43“ x+5b4,
(i) K, (e0aix,y) = Syt +14% )7 +50%y +43"my+56 :

Lemma 2.4 As a consequence of Lemma 2.3, we obtain
(l) Knm( — XX, y) <ﬂ_1)x+2b B
(i) K, (s —y;x,y) = (ﬁ—l)y+ﬁ,
2
* 2. _ a, 2 a, 1 1.

2
(s —Whxy) = ("—“—1> y2+(3f—g—$)y+fi;

(iii)

(v)

) nm((t_X)4x y) = (4_Z_§+6217_§

182—% - b—i)x3 + <sog—g — 403 + ;)

i

i) Ky, ((s=»hxy) = (—4 &

— 44 1>x4+

+6% —

Cn

(43a,, - )X + 5b47

4% 41 )yt +

(13
145 —

14% —30% +

18% — })y3 + (50%3" — 40% + 2)
Remark 1 For the operators K *
i) K, ((t—=x);x,y)=

(43% - —)y + 5

O(b—)(l + x), asn — o0;

we have

n,m?

(i) Ky, ((s =y);x,y) =01 +y), asm — oo

(i) K, — x)%x,y) = 0(%)(1 +x+x?), asn — oo;

(iv) ,1,,1((s—y)2 X,3) =01 +y+y?), asm — oo

(iv) Ky, (t—x)%x,9) = 0G) (1 +x+x*+x° +x%), asn — o0;
V) Kr (s =950, 3)) = 0(D) A +y+ 3+ + %), asm — oo.

Theorem 1 Let f € C(S?), then

lim K, (f;x,y) =

n,m— 00

fx,y)

holds uniformly on each compact subset of S.

Proof From Lemma 2.4, for every (x, y) € S2, we obtain

lim K (e j;x,y)=ej(x,y),

n,m—oo

i’.j 6{05172’374}, Wlthl+] 54

uniformly on every compact subset of S2. Therefore, by Bohman Korovkin theorem,
the required result is immediate.
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3 Main Results

Rate of Approximation for the Operators K;,m
Let C(S5?) denote the space of all bounded and uniformly continuous functions on
§? endowed with the norm || f|| = sup, ez | f(x, ).

Following [10], the complete modulus of continuity for the bivariate case is defined
as follows:

a(f;y) =supllft.s) — fa, M VT =22+ —»2<yl (G

for every (t, ), (x, y) € S2. Further, the partial moduli of continuity with respect to
x and y is given by

wi1(fyy) = sup{lf(x1, y) = fr2, W1y €S and |xi —x2l <y} (3.2)
and
w2(f, ) = sup{lf (x, y1) = fx, y)l :x €S and [y =yl <y} (3.3)
They satisfy the properties of the usual modulus of continuity.
Now, we discuss the rate of convergence of the sequence of operators K, to the
function f € Cp(S?).

Theorem 2 For f € C 5(S2), the inequalities

‘K:,m(f; x,y) = [, )| = 20(f; Yam(x, y))

and

Ky (f5x,9) = f(x, y)‘ < Z{wl(f; Hn2(x)) + 02(f3 Vm,Z(y))} hold,

where

o= (1) e s (3 - L)
N AV B2 b,

b (o
3p2 Cm

n

2 1
W= q) s (3o L) L
Hn2 by »2 b, 32

~
(3]
<
[\
+
A/
w
S| &
|
o
|-
~
<
W
—_
I
—_——
(S]]

and
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dn ) d, 1 1):
Vm2(y) = {(a—l) y2+<3c—2—a>y+§} :

Proof Using definition (3.1), we get
‘K:,m(f; X, )’) - f(x, y)‘

< K:,m<|f(r, $) = fOe i x, y)

<K, (a(f; V=0 + 6 = yix, y)
\/<r—x>2+<s—y>2},x’y)

7/ )

=K, (E(f, V){l +

1
=ao(f, )/)|:1 + ;K,T,m (\/(l —x)2+ (s — ) x, y)]
Now, applying the Cauchy—Schwarz inequality, we have

K::,m(f;x’ y) - f(-xs )’)‘

— i 1 * 2 2 %
=o(f.y) 1+; Kyw| (@ =x)"+(s—=y)7x,y
_ |
1 2
<o(f,y) 1+; K;",m((t—x)z;x>+K,T,,,,<(s—y)2; y)} }
<_(f )_1+1 ap 1 : 2+ 35111 1
w(f, — | — - X — —— |x
=T NG, B2 b,
b (e g
302 " \en Y

(3% L +1%
c2, cmy3c,2n'

Choosing y = y,,.m(x, ¥), we obtain the first assertion of the theorem.
Now, using the properties of the partial moduli of continuity (3.2), (3.3) and
Cauchy—-Schwarz inequality, for any §;, §;, > 0, we have

K:,m(.f;x’ y) - .f('x’ y)l

<Kpm (If(t, 5) — fx, ), y)
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= K:,m(lf(tv S) - f(ta )’) + f([, y) - f(xv )’)|§X7 y>

SK,T,m(|f(t7}’)—f(xyy)|§x,)’>+KrT,m<|f(f75)—f(lsy)|§x,)’>
. 5 2
oo+ 5 (Kimt - 0%x0) |
1

1 " ) 2
+w2(f,52){1+5<Kn’m((s—y) ;x,y)) }
1 an 2 2 an 1 1 %
< w1(f, 81) l+g E—l x° 4+ 32—5 x+ﬂ

1
1 d 2 d 1 1 \2
+on(f, 52){1 + 7<<7m - 1) W+ (37{; - 7)y+ T) }
3 Cm Cin Cm 3ch,

Choosing §; = p,2(x) and 8 = v, 2(y), the second assertion of the theorem is
proved.

Now, we find the order of approximation of the operators K, (g(z, 5); x, y) to

g(x,y) € Cp(S?) by means of the Peetre’s K -functional. -
Let C2(S?) be the space of all functions g € C(S?) suchthat 22, 2 forj = 1,2,

axi? ayi

belong to C(S?). The norm on the space Cé (8?) is defined as

)

Following [8], the Petree’s K -functional of the function g € C (S 2) is defined as

ol o'
S
ox' oy

2
Iglcyess = llglh+ (‘
i=1

K(g,y) = inf {Ilg—fll +V||f||c§(52)}’ 34
feC,,(Sz)

fory > 0.
It is also known that

K(g,y) < C{Ez(g, V7) + min(l, V)Ilgll} (3.5)

holds for all y > 0.
The constant C in the above inequality is independent of y and g and w, (g, ) is
the second-order modulus of continuity for the bivariate case.

Theorem 3 For the function f € Cy(S?), the following inequality
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K}'T’m(.f;xa )’) - ,f(x’ }’)‘

= C{Ez(f: v Cnm(x, y)) +min(l, Cp m (x, y))llfll}

2x(an — N2 /2 - 1\2
+a(f: x(an — by) + + y(dm — cm) + holds.
2bn 2m

where C is a constant independent of f and

Can (X, ¥) = n2(X) + s 1 () + V2 (3) + v 1 (),
2x(a, — b,) + 1

Mn,l(x) = 2 s
2 (dm - Cm) + 1
Vm,l(y) = yT and /’Ln,Z(x)’

Vn2(y) are defined as in Theorem 2.

Proof We define the auxiliary operators as follows:

(3.6)

X * 2 1 2dmy +1
K"*m(f;x’y)=Kn,m(f2x’Y)+f(x,y)—f( ST - >

2b,  2cm

By using Lemmas 2.2 and 2.3, we have ?;m(l; x,y)=1and
K,n((t = 2)52,3) = 0,K,,((s = y);x, ) = 0. (3.7)
Let g € C%(S?) and (¢, 5) € S°. Using the Taylor’s theorem, we get
g(t,s) —glx,y) =g, y) —glx,y) +g(t,s) — g, y)
0 ! 02
=@ —x)—gx,y) +/ (t —u)—8(u, y)du
dax . ou
a
+ =578 y)
y

K 82
+/ (s — v)mg(x, v)dv. (3.8)
y

Applying f;m on both sides of the equality (3.8) and using (3.7), we have
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. t 82
K:,m(g;xv y) _g(x’ )’) = K:,m(\/ (t —M)?g(u,y)du,x,y)
x

0
5 (2a,x + 1 92
- f <HZT - M)Wg(u, y)du

s 82
+ K:m</ (s =v) =g, v)dv; x, y)
' y av

2 y+1

T (2d,y + 1 92
— — — v ) —g(x,v)dv.
/y < 2, v) avzg(x v)dv

Hence,

'F:m(g: x,y) — g(x, y)‘

t
< Km( f it —ul
/Zagljjl Zanx + 1
x 2b,
—I—K:m< [ ls — V|
y
2dm y+1 dey + 1

2cm
* ‘ /v 2em

2a,x + 1 2
< {K:m ((f —x)% x, y> + <T —X> }||g||c§(s2)

. 2,y + 1 :
+ {Kn,m <(S - X, }’> + (# - y) }||g||c§(s2)~

2

0
B_uzg(u’ y)|du

;x,y)

du

82
mg(u, y)

;x,y>

dv

+ u

dv

82
Wg(x’ V)

2

v mg(x,V)

25

By using the value of u,,(x) and v,, »(y) as in Theorem 2 and taking pu, ;(x) =

_ 2y(dm—cm)+1

2x(a,—b,)+1
B — and v, 1 (y) = e, we have

K, (g5 %, 9) — g(x. )
< {Mn,z(x) + up () 4 V2 () + v (y)} lgllc2s2)
= Cn,m(xv J’)||g||c§(52)~

For f € C(5?), we have

(3.9)
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‘?ﬁ,m(f; X, y)‘

2apx +1 2dyy +1
, <3 . 3.10
2, 2 =3l7l (3.10)

< Kﬁ,m(f;x,y)‘+|f<x,y)|+f(

Hence, from Egs. (3.6), (3.9) and (3.10), we have

|Kpy o (f5 %, 9) — f(x, 9)]
<K, o (f — i x, DI+ 1K, (g x,y) — g(x, )|

+1g(x, y) — f(x, ¥l

2a,x +1 2d,y+1
(P D) - )

=4S = gllcys?) + Com(x, YIgle2(s2)

caf g (Pt 2+ 2,y + 1 ?
Al 2w, 2, ) )

Taking infimum on the right-hand side overall g € C 123 (5?) and using (3.5), we have

‘K;f,m(f;x,y)—f(x,y)‘

< 4K(f, Com(x,y))

(. |(2ax+1 > (2d,y+1 g
+w(f’\/< 2by, _x> +< 2enm -

< C{Ez(f; V Cam(x, y)) +min(l, Gy (x, y))llfll}

2 - 1\? /2 — 1\?
+6(f;\/< X(anzbbn)Jr ) +< y(dmzccm)Jr ))

Hence, the theorem is proved.

Following [2], for 0 < A; <1 and 0 < A, < 1, we define the Lipschitz class
Lipy (A1, Ap) for the bivariate case as follows:

|f(t,s) — fx, | <M |t —x* |s — y|2,
where (¢, s), (x,y) € S? are arbitrary.

Theorem 4 For f € Lipy (A1, A2), we have

IKZ o (F3 2, 9) = £ <M (a0 F (a0 7,
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where [, »(x) and vy, 2(y) are defined as in Theorem 2.

Proof By our hypothesis, we can write

Ky (fix,y) = fO, 0| < Ky, (f @ s) — e, )]s x,y)
<MK}, (t —x"|s—y;x,y)

n,m

<MK, (It —xx,y) KF (s — v x, 9).

Now, using Lemma 2.2 and Holder’s inequality with p; = % q = ﬁ and p, =

2 2
)»_2’ qr = m, we get

2-4y

2

Ky (f32,9) = fe, )| <=M (K,T,m((t —x)%x, y)) 2 (K,f,m(l; X, y))

Ay 2-4y

x (Kﬁ,m((s —%x, y)> 2 (Kff,m(l; X, y)) 2
<M (a2)? (oma() 7,

which implies the desired result.

Now, we discuss the weighted estimate of the degree of approximation of a function
defined on a weighted space of functions of two variables, by the linear positive
operator K* . Let

n,m*

Co:={f €C(S) t If (.| = Mpp(x,y),
My is a positive constant depending on f only},

where p(x, y) is a weight function.
Following [11], for all f € C?, the weighted modulus of continuity is defined as

f(X+h1,y+h2) _f(xvy)
p(x, y)p(hy, hy)

w0p(fiv172) =  sup sup ( ) 3.11)

(x,y)es? |m|=y1, hal<y2
where Cg is the subspace of all functions f € C, such that lim,_
LSl exists finitely.

p(x.y)
In our next result, let us assume p(x, y) = 1 4+ x2 + y.
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Theorem 5 If f € C°, then the inequality

K, (fix,y) — fx, p) 1\? /1\?
sup 2 2N\4 = Kwp f; e [ )
(x,y)es? (I+x*+y%) by Cm

holds for sufficiently large n and m, where K is a constant independent of n, m.

Proof From [15],

Lf(t,s) — fCx, )
<81+ x* 4+ ¥, (f5 Vus Sm)

(1 ! ;X|>(1 + —ls;ﬂ)(l + =01+ =)D,

Now, applying the operator K; , on both sides of the above equation,

| Ky (5%, 9) = f(x, p)

[e.¢]

<8+ 27+ Y0, (f3 VY Sn)ba27 " Y Ly a(x)
k=0

ket

|t — x|

{1+(t—x)2+ +i|r—x|(t—x)2}d¢

n n

bn

00
X szidmy Z lm,j(y)
=0

w s =yl 1
b o

{1+(s—y)2+ |s—y|(s—y)2}ds.

o

m

By simple calculations and applying Cauchy—Schwarz inequality, we have

|K::,m(f;xs y) - f(-x» )’)|

<81+ x + Y)Wy (f; Vas ) X [1 + K, ((e10 — X)% x, y)

1
+ _\/K,T,m((el,o —x)%x,y)
Vn

1
+ y—\/K;‘,‘,m((el,o —x0)%x, YK, ((e10 — )% x, y)}

1
x [1 + K, (eo1 — )% x,9) + ;\/K,T,m((eo,l A, y)

1
+ 8—\/1{,’:,,“((@0,1 -4 x, MK, (o — ) x, )’)i|-
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By using Remark 1, we get

|Koy o (f3 2, 9) = fx, )

1
<M1+ x4 y)o,(f Vas 5m>[1 + o+ +x7)

1 /1
+— /—0+x+x?)
Ya \ Dn

1 /1 1
+— =0+ x+x2) —(+x+x2+x3+x%)

1 o 11
[T+ —0+y+y)+— [ —U+y+y?)
Cm S\ cm

1 /1 1
+— [—U+y+y?) - A+y+y2+y3+yH |,

8”’! Cm m

where M > 0, is some positive constant.
. 1 1
Taking y,, = (bi)i and 6, = (CL)E, we have

IKy (5, 9) = f(x, 9]
1\ (1)
e (1).(2))
[1+(1+x+x2)+\/(l+x+x2)
—{-\/(1+x+x2)(1+x+x2+x3+x4)]

x [1+(1+y+y2)+\/(1+y+y2)

+\/<1+y+y2)(1+y+y2+y3+y4)}.

ol—

Hence for the sufficiently large n, m, we obtain

K, (fix,y) — f(x,p) 1\ /12
sup — <Ko f:i(—).(—) )
(x.0)eS? (1 +x*+y°) b, Cm

which yields the desired result.

Construction of GBS (Generalized Boolean Sum) Operators

In this section, we shall give a generalization of the operator (1.4) for the B-
continuous functions. For this, we shall introduce a GBS operator associated with
the bivariate operator (1.4) and investigate some of its approximation properties.
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The concepts of B-continuous and B-differentiable function were introduced by
Bogel [6, 7]. In approximation theory, the well-known Korovkin type theorem for
B-continuous functions is developed by Badea et al. in [3, 4] using the Boolean sum
approach.

The approximation properties of the bivariate Bernstein type operators and cor-
responding generalized Boolean sum operators were investigated in [5].

Let X and Y be compact subsets of R. A function f : X x Y — R is called
B-continuous (Bodgel continuous) at a point (x, y) € X x Y if

lim  Af[(,$); (x,y)] =0,

(1,8)=>(x.y)

where Af[(¢, s); (x, V)] = f(x,y) — f(x,s) — f(t,y) + f(¢, s)denotes the mixed
difference.

A function f : X x Y — Ris called B-bounded on X x Y if there exists M > 0
such that

[Af[(, 8); (x, I <M,

for every (x, y), (t,s) € X x Y. Since X x Y is a compact subset of R?, each B-
continuous function is a B-bounded functionon X x ¥ — R.

Let B,(X x Y) denote all B-bounded functions on X x ¥ — R, equipped with
the norm

Iflls = sup AL, 8); (x, W1

(x,y), (t,5)eXXY

We denote by Cp(X x Y), the space of all B-continuous function on X x Y. Let
B(X x Y)and C(X x Y) denote the space of all bounded functions and the space of
all continuous functions on X x Y, respectively, endowed with the sup-norm ||. || o.-
It is known that C(X x Y) C Cp(X x Y) [6]. A function f : X x ¥ — Ris called
a B-differentiable (Bogel differentiable) function at (x, y) € X x Y if the limit

; Af[(t, 8); (x, Y]
to—y (t—x)(s—y)

exists and is finite.
The limit is said to be the B-differential of f at the point (x, y) and is denoted by
Dg(f; x, y) and the space of all B-differentiable functions is denoted by D, (X x Y).
The mixed modulus of smoothness of f € C;,(X x Y) is defined as

wp(f, v1, v2) = sup{|Af[(t, s); (x, VI : |x — 1] < y1,
ly — sl <y},
for all (x,y), (t,s) € X x Y, and for any (yi, y») € (0, 00) x (0, co) with wp :

[0, o0) x [0, 00) — R. The basic properties of wp were obtained by Badea et al. in
[3, 6] which are similar to the properties of the usual modulus of continuity.
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For any f € Cy(1.4), 1.4 :=10,c] x [0,d], and m,n € N, we define the GBS
operators of the operators K7, given by (1.4), as

Gum(f(t,8);%,y) = Ky, (f(t,y) + f(x,8) = f(1,9); %, ), (3.12)

for all (x, y) € I.4.
Hence for any f € C,(1.4), the GBS operator associated with the operator K ,f,m
is defined as follows:

Gum(fix,y)
o0
—ap —dpny k.j
= b2 " e, 27 Y TN I (x y)
j=0 k=0
Gt U+h

/k " /,. (f(t,y)+f(x,s)—f(t,s)>dsdt,

bn cm

where the > operator En,m is well defined from the space Cp(I.4) into C(I.4). It is
clear that G, ,, is a linear operator.

Iheorem6 For every f € Cp(I.q), at each point (x,y) € l.4, the operator
Gum(f; x,y) verifies the following inequality

G (32, 9) = F&, 9| < 40p(f5 v/ 10 2(), Vm 2 (0),
where W, »(x) and v,, »(y) are defined as in Theorem 2.
Proof By the property
wp(f; 2101, 2282) < (1 + A1) (1 + A)wp(f; 61, 82); A1, A2 >0,

we can write

[AfL(E, 5); (e, W = wp(fi ]t — x| |s — yD)

< (1 LI ”")(1 LB y|>ws(f; 51,82, (3.13)
51 )

for every (¢, s) € I.; and any 81, §; > 0. From (3.12) and the definition of the mixed
difference Af[(t, s); (x, y)], on applying Lemma 2.3 and the inequality (3.13), we
get
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G (f3 X, 9) — f(x, )]
<K, (AfI(, $); x, M5 x, )

1
= <K:f,m(1; x,y) + ———=K, (It —x[;x,y)
Mn,Z(-x)

1
" K;:m(t_ X5 )K;rm( — Y X, )
a0 ey om0 ) Ko lls =y 2y
)wB (f; V2 (), \/Vm,z(y)).

1

——K, (s =yl x,y)
V Vm,Z(y)

Now, applying the Cauchy—Schwarz inequality,

+

G (f3 X, 9) — f(x, )]

((t —x)*;x,y)

1
= <K;lkm(60s0; X, y) + —\/Krfm
' \/:un,Z(x) '

1
+ K';km r— 2; s K;:m — 2; s
T T im0 = 9% K = 9
1
* \/ﬁ\/q,m(“ — %X, y))wB (f; Vitn2(x), \/Vm,Z(y)>
=4 wp (f, \/Mn,z(x), \/Vm,z(y)).

This completes the proof.

Following ([7], p. 382), for f € Cj(I.q), the Lipschitz class Lip}, (A1, A2) with
A1, Ay € (0, 1] is defined as follows: Lipy, (A1, A2) = {f € Cp(Ieq) 1 |1AfI(2, 5);
(x, W] < M|t — x|M|s — y|*2}, for M > O and (¢, 5), (x, y) € 4.

In our next result, we determine the degree of approximation for the operators
6,,,,,, by means of the class Lipy (A1, Ay) class of Bogel continuous functions.

Theorem 7 For f € Lipy; (A1, A2), we have

Gun(f12,9) = FE D] <M (2T 27,
for M >0, Ay, Ay € (0, 1] and py, 2(x) and vy, 2(x) are defined as in Theorem 2.

Proof From the definition of the mixed difference Af[(z, s); (x, y)], (3.12) and by
our hypothesis, we may write

1Gum (f;x.9) — fC, 0| < KJ L, (AFLE, $); (e, ] x, )
< MK}, (It —x"'|s — y[*; x, y)

n,m

= MK}, (It —x"; x, K, (Is — "5 x, p).
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Now, using the Holder’s inequality with p; = )\%’ q1 = ZE—M and p, = f—z, 9

2
35, Weare led to

1Gum (5, 9) = fx, )]
< M(K: (= x)% %, 9) 7 (K (e00i %, y)
X (K (5 = 9% 3, ) (K (006, )
In view of Lemma 2.2, the desired result is immediate.

Theorem 8 For f € D,(I.4) with Dg f € B(l.4) and each (x,y) € 1.4, we have

|En,m(f;-xv Y) - f(x’ )’)|
1 1
= ||DBf||mJ——J—C_mV$1(C)U1(d)

1 1
(\/—\/— 51(0)771(61)-#@\/52(0)771(61)

1
+ ——=vé&i(c)n(d)

Vb
1 1
J—\/—El(c)nl(d))wB <DBf N _Cm>

Proof Since f € Dy(I.4) and Dg f € B(l.q),

Dpf(x,y) = ooty (f—x)(s — )

= AfL@, 5); (x, )] = (t = x)(s — y)Dp f (a1, a2),

where o, @ lie between ¢ and x, s, and y, respectively.
Using the following relation

Dp f (a1, a0) = ADp f (a1, a0) + Dp f (a1, y)
+ Dpf(x,a0) — Dpf(x,y),

we obtain
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K} (AfLE, $); (x, V] x, )]
= |K, ,,((t =x)(s — y)Dp f (a1, a2); x, y)|
<K, ,(t =x|ls = y[|ADg f (a1, @2)|; x, ¥)
+ K, (It = x|ls = y|(IDp f (a1, y)|
+ |Dp f(x,a2)| + |Dp f(x, y)); x, y)
<K, ,(t = x|ls — ylop(Dp f; lar — x|, laa — y]); x, y)
+3IDp flloo K, , (It = x[ls — y[; x, ¥).

Hence taking into account

wp(Dp f; oy — x|, |loa — y])
<wp(Dpf;lt —xl|,|s =y

1 1
< (1 + = x|> (1 + s — y|)wB(DBf; 81, 82),
8 8
for any 81, 8, > 0 and applying the Cauchy—Schwarz inequality, we obtain

G (f: %, 9) — fx, )
=K, (Af[(t,5); (x, )]s x, y)]

< 31D fllooy/ Ky (1 = 22(s = )% x, ¥)

+ <\/K;,‘1m((t —x)2(s = y)* X, y)

1
_ * _ 4 _ 2.
+ 5 Kin (=0 = %0, )

1
+ g\/K;,am((r —0)%(s = Y% x, )

1
+ ij,m((t — X)Z(S - )’)2; X, y))wB(DBf; 81’ 52)_

From Lemma 2.4, we observe that for (x,y), (¢,s) € 1.4, we have K ((t — x)%;
X) < E©), Kn((s =%y < (md), and K ((t — 0% x) < (&),
Ky ((s — y)4; y) < (i)ng(d), where &;(c) and n;(d), i, j=1,2 are some con-
stants depending on ¢ and d, respectively.

Since

Kr (@ —x)" (s —»¥ix,y)
=K}, ((t —x)"; x, K; (=0 x,y), i,j=1,2,

n,m

we get
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|G (f3 x,9) — f(x, )]

53||DBf||oo\/( )sl(c)( )m(d)
+[\/<bn>él“)< >"1<d>+1/( )sz<c>( )md)
Mo

1
W( )51(6)( >771(d)i|wB(DBf 51, 82).

Choosing §; = /(bl) and §, = /(Cl), we get the desired result.
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Differential Equation
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Abstract A new application of the Bernstein polynomials based multiwavelets
approach for the numerical solution of differential equations is given. In the proposed
method, Bernstein polynomial multiwavelets are obtained by using orthonormality
of Bernstein polynomials. We present the operational matrix of integration of Bern-
stein polynomial based multiwavelets basis which diminishes the taken differential
equation into the system of algebraic equations for less demanding calculations.
High accuracy of these results even in the case of a small number of polynomials
is observed. The convergence and exactness are described by comparing the ascer-
tained approximated solution and the known analytical solution. The error estimates
of the approximate solution are given and also some comparative examples with
figures are given to confirm the reliability and accuracy of the proposed method.
Some physical problems that lead to the differential equations are examined by the
proposed method.
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1 Introduction

The mathematical equation that shows a relationship between some function (gen-
erally symbolize physical quantities in case of a physical model) with its derivatives
(correspond to their rates of change) is called a differential equation (DE). The prob-
lems of mathematical physics such as mechanics, elasticity and linearised theory of
water waves, steady-state heat conduction, and radioactive heat transfer problems
can be easily derived using differential equations. In economics and biology, DE is
used to represent the behavior of complex systems. In recent decades, orthogonal
functions and polynomial series have received enormous consideration in dealing
with different problems of dynamic systems. Lepik [1] gave a solution of DE based
on the Haar wavelet. Different operational matrices to get the solution of DE are
known till now [2—4]. In this paper, a wavelet-based numerical method to solve DE
based on Bernstein polynomial multiwavelets is given. We solved an example based
on the LC circuit to show the application of the proposed method. An LC circuit is an
electric circuit comprising of a capacitor (C) and an inductor (L) together as shown
in Fig. 1.

The resonance effect of the LC circuit has major applications in communications
systems and signal processing such as when we tune a radio to a specific radio
channel, the LC circuits are set at resonance for that particular carrier frequency and
also it is used for picking out a signal at a specific frequency from a more complex
signal or generating signals at a specific frequency; these are the key components
in many applications such as Mixers, Oscillators, Filters, and Tuners. A parallel and
series resonant circuit gives current and voltage magnification, respectively. The DE
governing the current flow in a series LC circuit when subject to a sinusoidal applied
voltage v(p) = vp sin(wp) is

d*i ) _
W + El = wVjcos wp; (1)
First, we integrate the given DE, then remove the integral operators by approximating
the given function with the help of Bernstein polynomial multiwavelets operational
matrix of integration which converts the above DE to a system of algebraic equations
for easier computations. One more example is given to better understand the proposed
method.

Fig. 1 LC circuit diagram i
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2 Wavelets and Bernstein Polynomial Multiwavelets

Wavelets used to compress the given information in a manner so that the resulting
signal is a better representation of the information than the given signal which was
in the original form. Wavelets has achieved the present growth as a result of vari-
ous numerical investigation [5-10]. The continuous variation of the translation and
dilation parameters u# and v gives the following continuous wavelet form [5]

Y (p) = lul ™'y (?) , uveR, u#0 )

when these two parameters u and v are regulated to u = 2= vy =n274 then
new discrete wavelets family is obtained from the above equation as ¥; (p) =
2929 (29p —i), d,i € Z,and [, ¥ (p)dp = 0. Bernstein polynomials of order n
characterized over the interval [0, 1] are given as

Bm,n(p) = (Z) pm(l _p)n_m ’ V m = Ov 15 27 LR n (3)

Six orthonormal Bernstein polynomials of order 5 which are obtained from Bern-
stein polynomials B, ,(p) given in Eq.3 by utilizing Gram—Schmidt process are
given below:

bo(p) =151 — p)°

bi(p) =3(p—D*(~1+11p)

by(p) = —/7(p — 1)’ (1 —20p + 55 p?)

by(p) = V5 (p — D? (=1 +27p — 135p% + 165p°)

by (p) = /3 (1 —33p +248p? — 696p° + 810p* — 330p°)
bs (p) = —1435p —280p% + 840p> — 1050p* + 462p° .

Bernstein polynomials orthonormal multiwavelets v, ;(p) = ¥ (d, i, j, p) where
d is dilation parameter assumes any positive integer, j = 0, 1,2, ..., N is Bernstein
polynomial degree, translation parameter i =0, 1,2, ..., 24 — 1, and normalized
time p. They are characterized on the interval [0, 1] as [11]

2d/2bj(2dp_l') i <p < i+l
. o 2d —= 2d
Vi j(p) { 0 otherwise, “)
where b;(p) represents an order j orthonormal Bernstein polynomial. On taking
N =5 and dilation parameter d = 0 with help of orthonormal Bernstein polynomi-
als, six Bernstein polynomials orthonormal multiwavelets can be obtained as
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bo(p), 0=p<I1

Voo(p) = 0, otherwise
_Jbi(p, 0=p<l
Voa(p) = 0, otherwise

_Jbs(p), 0=p<l
Yos(p) = 0, otherwise

Similarly, we can get v; ;(p) of different order j and dilation parameter d.

3 Function Approximation

As f(p) € L?[0, 1], we may expand f(p) as follows

Fp)y= > e v, (p) 5)

i=0 j=0

wheree; ; = <f (p), ¥ij( p)) and (., .) denote the inner product on the Hilbert space
L*(R). In Eq.5, the infinite series is truncated at levels i = 27 —land j = N, we
obtain an approximate representation for f(p) as

291 N

Fpy~ Y Y ey, (p)=E ¥ (p) (6)

i=1 j=0

where E and ¥ are 2¢(N + 1) x 1 order matrices given by
E = [e()(), ceey EONS €10y -+ -y €N, ...;6(2(1,])0 ..... e(2d—I)N]T

Y(p) = [Woo(p), ..., Yon (P); ¥io(p), - .., VIN): s Wad—no(P)s -+ Vi n (P)]

T

4 Bernstein Polynomial Multiwavelets Operational Matrix
of Integration

In this section, the operational matrix of integration P is derived. First, we find the
matrix P. The six basis functions are given by the approach based on transforming
the DE to integral equations by integration, then truncating orthogonal series and
approximating various signals involved in the equation by using the operational
matrix of integration to remove the integral operations. The elements are the basis
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functions, orthogonal on a certain interval [a, b]. Gu and Jiang [11] derived the Haar
wavelets based operational matrix of integration. In this paper, the integration of
¥ (p) is approximated by Bernstein polynomials orthonormal multiwavelets series
by Bernstein polynomials orthonormal multiwavelets coefficient matrix P

p
/ Y(p)dp = Puwinxew+n¥ (p), 7
0

where P is2¢(N + 1) order Bernstein polynomials orthonormal multiwavelets based
operational matrix of integration.

5 Method of Solution

In this section, solution of DE

d%i

@ + Ei = wVycoswp

governing the flow of current in a series LC circuit is given subject to an applied
voltage v(p) = vy sin(wp) with boundary conditions i(p) = 0andi'(p) = 0 whose

exact solution is given by Cjcos = F + Cysin—t= Jic + 5 "C cos wp. On integrating
Eq.1 with respect to p, we get
P 42 1 4 4 -
L[ aps g [Cidp= [ 0" wiap. s
/0d2 c), tar=J v (p)dp (®)

Taking i (p) = E"y(p), @Vocoswp = D"y (p)
P 4% 1 P 4
L / ——dp+ —~ / ETy(p)dp = / D" y(p)dp. ©)
0 dp C 0 0

Using Eqs. 7 and 9 with boundary conditions, Eq. 10 becomes

1
Lj—’ +5x E"Py(p)=D"Py(p) (10)

integrating the above equation with respect to p

P di
L/O Lin+ Lerp /w(p)dp DT P /I/f(p)dp (an

Again, using boundary conditions and Eqs.7 and 9
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di CT 1
Ld_’+E P2y (p)= D' P2y (p) I)LE" + ZETP?=D'P? (1)
p

XE=2Z (13)

where X =L1+ ¢ (PZ)T and Z = (P 2)T D and I is the identity matrix.
Equation 15 is a set of algebraic equations which can be solved for £ where P
is 2¢(N + 1) order square matrix, called Bernstein multiwavelets based operational
matrix. On putting the values of E into Eq.9, we get the desired solution.

6 Illustrative Examples

The subsequent examples are illustrated to show the effectiveness and steadiness
of our algorithm. Note that in first example, the series in Eq. 6 is truncated at level
J = 5. The exactness of the proposed method is shown by manipulating the absolute
error, A (py), which is given by

E(p) = |E(p) —E(po)|, (14)

where £ (py) is the approximate solution calculated at point p; and the exact solution
at the corresponding point is & (py) .

6.1 Example 1

Consider the problem
0.25y (1) + y(t) = u(?) (15)

with y(0) = 0 where u(¢) is the unit function. The analytic solution of Eq. 15 is
y(t) = 1 — exp(—4¢). Guand Jiang [11] solved this problem by using Haar wavelets
with six and ten basis functions. Razzaghi and Yousefi [12] solved this problem
using Legendre wavelets, with M = 3 and K = 2; here, we solve this by Bernstein
polynomial multiwavelets, with j =5; d =0 and j =5; d = 1. We assume the
unknown function y(¢) is given by y(t) = CT(¢), to get the solution of DE; take
y(t) = CTy (1), u(t) = DT (¢). Integrating Eq. 15, we get

0.25CTy (1) = —ft cﬁpmdm/l DTy (1) dt
0 0

0.25CTy(t) = —=CT Py (1) + DT Py (1)
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025C" +kC"P=D"P

LC=M (16)

where L = 0.251 + PT and M = PT D and [ is the identity matrix. Equation 16

is a set of algebraic equations which can be solved for C where P is 2¢(N + 1)

order square matrix, called Bernstein multiwavelets based operational matrix. After
getting the value of C, we get the desired solution (Table 1 and Fig. 2).

6.2 Example 2

Consider the LC circuit given in Eq.1 with L =2H, C = 0.5 F, and the source
voltage v(p) = v sin(wp) where V; = 1V with boundary conditions i (p) = 0 and
i’(p) = 0 whose exact solution is given by i (p) = % (cos(t) — cos(2t)) using Bern-

Table 1 Approximate and exact solution of Example 1

P Exact solutions £ 1(p) | Approximate solutions | Approximate solutions
£§2(p) (Ford =0) §2(p) (Ford =1)
0.0 0.000000 0.000006 0.000995
0.2 0.550671 0.550663 0.550898
0.4 0.798103 0.798078 0.797948
0.6 0.909282 0.909288 0.909294
0.8 0.959238 0.959208 0.959326
0.9 0.981684 0.981975 0.982680
1 T T T T ———T ]

EL(L)
B0, o5 _
50

t

Fig. 2 Comparison of solutions: exact solution £ 1(¢), approximated solution £2(¢) (with dilation
parameter d = 0), and approximated solution £3(¢) (with dilation parameter d = 1)
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Fig. 3 Comparison of absolute errors

0.4 ,

0.3

il(p)

2(p)
® o o

0.2

i(p) 0.1

0 0.2

Fig. 4 Comparison of solutions: exact solution i (p), approximated solution i 1(p) (with dilation

parameter d = 0), and i2(p) (with dilation parameter d = 1)

stein polynomial multiwavelets operational matrix of integration we solve the above
LC circuit problem and calculate the approximated solution i 1(p) and respectively
i2(p) ford = 0 and d = 1 Bernstein polynomial multiwavelets of order by utilizing
the above algorithm from Eqs. 8 to 1. Figures representing the exact and approximate
solution and absolute errors E1(p) = |i(p) —il(py)| and E2(p) = |i(p) — i2(pi)|

are given in (Figs. 3, 4, 5).
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3410 T T T T T

2410 [ .
0.01El(p) 1.8-10 ° [~ —
.E.Z(P). 1210 ° '.- .:_

5

Fig. 5 Comparison of absolute errors: E1(p) and E2(p) for dilation parameter d =0 and d = 1

7

Conclusion

We have used Bernstein polynomial multiwavelets to construct the operational matrix
of integration with two dilation parameters d = 0 and d = 1, which diminishes the
given differential equation to the system of algebraic equation for easy computa-
tions. Here, we have used the Bernstein multiwavelets operation matrix of inte-
gration approach to finding the numerical solutions of the differential equations.
Furthermore, our technique demonstrates the comparison between the solution for
two different dilation parameters. The selection of only six orthonormal polynomials
of degree 5 makes the method easy and straight forward to use.
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Convergence Estimates of Certain )
Exponential Type Operators glectie

Vijay Gupta

Abstract The present paper deals with the approximation properties of certain expo-
nential type operators, which is one of the operators proposed by Ismail-May (1978).
We calculate the moments and obtain a direct result and an error estimation.

Keywords Exponential type operators - Lorentz type result - Moment estimates -
Convergence estimates * [smail-May operators

1 Introduction

In continuation of the remarkable work by May [15], Ismail-May [13] considered
some more exponential type operators and studied the approximation properties
involving direct results. The exponential type operators satisfy the following partial
differential equation:

iW(n,x, t) = = x)

ox WW(H,X,I),

where W(n, x,t) is the kernel of exponential type operators S,(f,x) = ffooo
W(n, x,t) f(t)dt, Ismail and May [13] recovered some known operators and con-

structed some new operators. One of the operators proposed in [13] is defined as

T,(f,x) = eV~ {n / iRy, Q2nV/1) f()dt + f(O)} . (D

0
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where /; is modified Bessel’s function of first kind given by

_ 2
1@ = kZ:(; KT (n+k+1)

oo (Z)n+2k

Also the Lorentz type result for the operators (1) satisfy
0
2x3/28—[e_" YeTMINY] = p(t — x)[e VX eIV, )
x

In the past several years convergence estimates are an active area of research.
Singh and Sharma in [16] generalized a result of Garrett-Stanojevic [9] concerning
convergence of certain cosine sums. In the case of linear positive operators, many
operators have been constructed in past seven decades and many approximation
results have been established. It is difficult here to refer many papers, some of the
results in real and complex domain are due to Agarwal-Gupta [1], Deo and collab-
orators (see [3, 4]), Gal-Gupta [8], Lorentz [14], Ditzian—Totik [6], Gupta—Tachev
[10] Gupta et al. [11], etc.

As per our knowledge, the operators 7, specifically were not studied indepen-
dently by researchers, although some researchers have considered exponential type
operators. The behavior of these operators is different, the present article deals with
some of the approximation properties of Ismail-May operators 7,,, we obtain some
convergence estimates for such operators.

2 Moment Estimation

In the sequel, we calculate here the moment estimates of the operators 7,.

Lemma 1 Forthe operators definedby (1), ife, =t",r =0, 1,2, ..., thenwe have

232
Tu(eo, x) = 1, Ty(er,x) =x, Tyler,x) = x>+
6x/%  6x2
Ta(es, x) = x> + —
n
4 12x72 36x3  24x5/2
T.(e4,x) = x" + +—+—
n n-

Proof First by definition of 7, we have
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T(eo, x) = e"V*

Next

T.(er,x) = e—nﬁ

Substituting r = 1,2, 3,4, ...

~ 00 1+2k
n/ e MINx =12 Z dt + 1}
0 k=0

o0 n2k+2 o]
E —/ eIV kg 1
2 Itk + D1 o

2k+2 00 (k+1)/2
n X
—u k
/ e "u —nk'H du + 1}

Nk

kltk+ 1! Jo

i
(=]

k+1

n *k+D/2 | q
Kr +

»
Il

fﬁg

0

M
’I|=

"/2+1}

»
Il

k
xk/Z} —e" xenﬁ =1.

Nk
=3

~
Il
=

S

. 142k
/oc NIV Z (nv1) dt
0 Lok

o0 n2k+2 [e%s)
SR / e MINE KT gy
K+ D! S,

n2k+2 00 K er+D/2
—u k+r
—_— e u —du
Kk + 1)!/0 kTl

e L[]

k=0

S k—r+1 " /2
M 1)x e+

kg(‘:k!(lﬂ—l)! ke tr+1).x

D)2, —r+1 Z ”_xk/z( +r)! ‘
= k! (k+ D!

the moments are given as

—n r —-r (k+r)'
T,(e1,x) = e f{ (+1)/2 +1Zk' k/2 ]

pEEe

(k+ 1)!
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0 l’lk
(r+1)/2 —r+l§ :_ k/
X n k'X
k=0

3/2 ROk
x n
—) ka/2(k+2)
n =k

o0
372

k
n k2
—E x4
n = (k—1)!

o0
k2

2 n*
DI

k=0 ' k=0

2x32 &

V. Gupta
5 (k+71)!
(k+ 1!
m”“ﬁm}
n = k!
2x3/2

Similarly, we obtain the other two moments, we omit the details.

Lemma 2 If the central moments are defined by i, ,(x) =

0,1,2,..., then we have

Hno(x) =1
:u'n,l(-x) =0
2x3/2
,un,2(-x) =
n
6x2
l/Ln,S(x) = 5
24x3/? 1
,un,4(-x) = 3
n

T,((t —x)", x),m =

2x3
n? )’

The proof of above lemma follows using Lemma 1, just we have to apply the linearity

property of the operators.

Remark 1 By definition of 7, we have

Tn (eAz

LX) =eVE

— e—nﬁ

— e—nﬁ

_ e—nﬁ

142k
oIV 12 nf) Adr + 1
o[ z et
o k42 B Tyt
e /XA R gy 1
Zk!(k—i—l)!/o ¢ +
k=0
00 2%42 00 (k+1)/2
n ur X
o L S
gk!(k—i—l)!/o ¢ M At }
00 2%42 (k+1)/2
A k4 —— 41
kzz(;k!(k—i—l)! W3
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( nzﬁ k+1

o0 —

= T —”*Aﬁ) . v
e ; TS e .

3 Convergence Estimates

Suppose Cp[0, 0o) be the space of all continuous and bounded functions on [0, c0)
endowed with the norm || f|| = sup{| f(x)| : x € [0, co)}. Further let us consider the
following K functional:

Ky(f,8) = inf ){Ilf—g||+5||g”ll},

geCylo,

where § > 0 and C%[O, o0) = {g € Cp[0,00) : g’, g"” € Cp[0, 00)}. Following [5],
one has the inequality

Ka(f,8) < Can(f,/5),8 > 0. 3)

Theorem 1 Let f € Cg[0, 00), then we have

e
ITo(fix) — f()] < sz( , W) .

Proof Let g € Cé [0, o0) and x, t € [0, 00), by Taylor’s formula, we have
1
¢ =50 + 0 ~0g W + [ (¢~ wgwdu.
X

Then using Lemma 1, we have

IT,(8, x) —g(x)| =

T, (/ (t —u)g"(u)du, x)‘

3/2

1" X 1"
= SHa2() lIg7 N = T”g I “)

N =

Also, we have

1T, (fs 0l = ILFII- (&)

Therefore using (4) and (5), we have
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T, (f.x) = FQ)] < |To(f — 8.3) — (f — )| + |Ty(g. x) — ()]
3/2
<21f —gll+— 1g"I- ©6)

n
Taking infimum over all g € Clzg [0, 00), and using (3), we get the desired result.

Theorem 2 Let f be bounded and integrable function on the interval [0, 00), pos-
sessing a second derivative of f at a fixed point x € [0, 00), then

lim n (T, (f, ) = () = 2" (x).

Proof By the Taylor’s formula, we have

1
fO)=f)+ fl(x)e—x)+ Ef”(x)(t —X)HAE0)E -0 (D)

where A (¢, x) is the remainder term and lim A(z, x) = 0. Applying 7, to the Eq. (7),

. n—oo
we obtain

J" @)

L(fo0) = f) =Tt = x, ) f'0) + T (0 = )%, x) =

+T, (A (2, x) (1 — x)*, x)

Next using Cauchy—Schwarz inequality, we have

T, (A (t,x)(t —x)*,x) < \/T,, (A2 (t,x), x)\/Tn ((t —x)*, x). (8)
As A2 (x,x) =0, we have
lim T, (A, x),x) =2 (x,x)=0 9)
uniformly with respect to x € [0, A]. Now from (8), (9) and Lemma 2, we get
lim 7, (A (t,x) @t —x)*,x) =0.
Then using Lemma 2, we obtain
lim (T, (f.%) = f ()

1
= lim F GO 1 () + Ef”(X)/Ln,z(X)

+T (A, x) (t — x)*; x)
— XS/ZfN(x).
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Next result provides an estimate in weighted approximation, we give the following
result.

Let us consider C*[0, oo) the space of all continuous functions satisfying the con-
dition lim,_, o ]fT’?/z is finite and belonging to the class B[0, co), where
B[0, 00) = {f : forevery x € [0, 00), | f(x)| < C(1 4+ x3/?), C being certain
constant depending on f}. The norm on C*[0, co) is defined by

IfIl = sup RGN

rel0, o0y 1 +x3/2°
Theorem 3 For each f € C*[0, 00), we have
lim [|7,(f) — fll =0.
n—oo

Proof Using Theorem in [7], in order to prove the theorem, it is sufficient to show
that

lim (|7, (e, x) —eull =0,m =0,1,2.
n—oo

Obviously the operators 7, preserve constant and linear function, we only have to
show the validity at m = 2. We can write

32
1T ) — 2] < sup —2 |
xel0, ooy (1 +x3/2)

which implies that
lim H T, (ez, x) — sz =0

This completes the proof of the theorem.

Let C*[0, oo) denotes the Banach space of all real-valued continuous functions
on [0, oo) with the property that lim,_, o, f(x) exists and is finite, endowed with the
uniform norm.

Also, for every 6 > 0 the modulus of continuity (see [12]) is given by

o"(f.8) = sup [f(x)— f@I.

x,t20

Theorem 4 Let f, f” € C*[0, 00), then, for x € [0, 00), the following inequality
holds:
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|n [T,(f. x) — f)] =22 f"(x)

5/2

12
24 12
< 20*(f",n"1? [2x3/2 + ( X + 12x3> [nzTn ((e’x - e”)4,x)] i| .
n

Proof By the Taylor’s expansion, we have

: WG
FO =3 0—0)" = h ) (=),
— !
where , ,
R (é);f )

with £ lying between x and ¢. Applying the operator 7, to above equality, we can
write that

Ty (f2 %) = o) f () = pay (%) f1(x) = 5 pn2(6) f7 ()]
=T, (h (t,x) (¢ —x)2,x) l.

Thus, using Lemma 2, we get
|n [T,(f, %) = fF = X2 f" ()| = [n T, (h (1, x) (t —x)%, x)].

Using the methods as given in [2, Th. 2], we can write

(=)

Ih(t,x)|52(1+ S

)w*(f//, 8).

Hence, after applying Cauchy—Schwarz inequality we get

T ()@= 0% %) < 200", 8) a2 @)

2
+5—'21 (") T (e = e x)To (= 0. x).

—1/2

Considering 6 = n~'/~, we obtain

nT (I 10| (= 0%, x) < 20° (f %) [nun,z(X) /02Ty (e — e*f>4,x)\/n2un,4<x)]

Finally using Lemma 2, we get the required result.

Remark 2 The convergence of the Ismail-May operators 7,, in the above theorem
takes place for n sufficiently large. Using Remark 1, for A = —1, —2, —3, —4 and
by the mathematical software, we find that
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lim n? T, ((e_" — e_’)4 , x)

n—00

lim n? (Tn (e, x) —de *Tye ™3, x) + 6 X Ty(e, x) —de > T,(e™", x) + 674)()

n—o00

—anx —3nx —2n R
lim n2 [e GHVD — 4oV e 0 FIVD 4 G e mi2VD — 4N et VD 4 e““‘]

n—00

—4nx —3x/x—4nx —4x/x—4nx —3x/x—4nx
= lim n? | e 0D —de 03D 4 Ge @20 — 4o ivD 4o
n—oo
= 12¢ %3,
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A Better Error Estimation on )
Generalized Positive Linear Operators glectie

Based on PED and IPED

Neha Bhardwaj

Abstract In this paper, we consider King type modification of generalized positive
linear operators based on Pdlya-Eggenberger Distribution (PED) as well as inverse
Pélya-Eggenberger Distribution (IPED). We investigate the rate of convergence of
these operators with the aid of the Peetre’s K, functional and study the order of
approximation for functions in Lipschitz type space.

Keywords Poélya-Eggenberger distribution * Lipschitz-type space + Modulus of
continuity - Peetre’s K,-functional + Voronovskaya result

2010 AMS Subject Classification 41A10 - 41A25 - 41A30 - 41A63 - 26A15

1 Introduction

The nth Bernstein polynomial of real-valued function f on the closed unit interval
[0, 1] is defined as

- k
B.(f) (x):Z(Z)xk(l—x)”_kf <;> x €0, 1]. (1.1)

k=0

It is well known that the sequence { B, (f)},.cx converges uniformly to f on [0, 1]
and the Bernstein polynomials and their generalization as well as modification have
an important role in approximation theory (see, for instance, [1-5, 8, 10, 12, 13, 15,
17]).

In 1968, Stancu [19] introduced a new class of positive linear operators based on
Pdélya-Eggenberger Distribution (PED) and associated with a real-valued function
on [0, 1] as:
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(@) ¢ 4. _ " oon x[k,fa](l _x)lnfk,fcq E
B, (f:x) = Z (k> [ln—al S " (1.2)

k=0

where « is a nonnegative parameter which may depend only on the natural number n
and m"" = m (m — h) (m —2h)--- (m —n — 1h) , m'%" = 1 represents the fac-
torial power of m with increment 4.

In view of these concernments in 1970, Stancu [20] introduced a generalized form
of Baskakov operators based on inverse Pélya-Eggenberger Distribution (IPED) for
a real-valued function bounded on [0, c0), given by

" +k—1\ 1n—alylk—al k
VO (fix = (” ) — (—) (13)
n ’ [n+k,—a]
k=0 k (140" n

In 2017, Deo and Dhamija [7] considered new positive linear operators L, for
each f, real-valued function bounded on interval [0, 00), as

L (fix) =) w0 f <§)x el0,1,n=1,2,..., (1.4)
k

where o = v (n) — 0 when n — o0, p and k are nonnegative integers and for A =
—1, 0, we have

w, ] (x) =

n+p (n FpEAT lk) xlkb=al(] 4 Ayl p M=ol

n+p+ I+ 1k k BN PR wa y S I
p (1+)\+1x)[ g ]

using the notation f — ra: = (¢ — r) .. Equation (1.4) is the generalized form of two
operators (1.2) and (1.3) and associated with PED and IPED (Eggenberger and
Pélya).

Deo et al. [9] also studied local approximation theorem, weighted approximation,
and estimation of rate of convergence for absolutely continuous function having
derivatives of bounded variation for generalized positive linear Kantorovich operators
associated to PED as well as IPED.

Let f € Cp[0, 00) be the space of all real-valued bounded and uniformly con-

tinuous functions on [0, o), equipped with the norm || f|| = sup |f(¢)|. The
x€[0,00)
classical Peetre’s K,-functional and the second modulus of smoothness of a function

f € Cgl[0, co) are defined, respectively, by
Ky (f.) =inf{llf —gll+d|g"|:9e WL}, 6>0

where W2 = {g € C3[0,00) : ¢/, g” € Cp[0, 00)}. From [10], there exists a posi-
tive constant C such that
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K2 (£,9) = Cuwr (£,V0) (1.5)

and

wr(f,V/8) = sup sup |f(x +2h) —2f(x+h)+ f(x)].

0<h=<0d x€[0,00)

In this paper, we study a King type modification of generalized linear positive
operators (1.4). We establish the rate of convergence of these operators in terms of
second-order modulus of continuity via the approach of Peetre’s K-functional and
also determine the rate of approximation for functions in a Lipschitz-type space.

2 Basic Results

Lemma 2.1 ([7]) For the generalized positive linear operators defined by (1.4),
there hold the identities:

L (ix) =1

Beo= (505
L
n)\ /\+la)
L(a) : <n+p> 1 [(n+p+A+1)x(x+a)+x(1+m]
(1—)\04)< —>\+la) 1-2X+ lo
o (H+P+2>\+1)<n+P+22)\+1)(X+a)(x+2Oé)
L (%
—3)\+2(y><1—5)\+3u)
+3(n+p+2)\+1)(x+oz)+1
(1—3/\+2a)
(@) (4. (n+p)x
Ln(i\(t,x)=

n# (1 — ma>

|:(n+p+2>\+1)(n+p+22>\+1) (n+p+3W)(x+a)(x+2a)(x+3a)
(1-33F2a) (1-353%30) (1 - A +4a)
6(n+p+2>\+1)<n+p+2m)(x+a)(X+2(¥)
(1—3)\+2a) (1—5/\+3a)

GRS R S ITCERD +1]
<1—3/\+2a)

+

Consequently, we have

Lemma 2.2 ([7]) The generalized linear positive operators (1.4) satisfy:
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(p+n/\+la)x
Lyt =x%) = ~———t
n(] —)\—0—104)

n+p N L1 nx
n(1=2a) (1-X+Ta) |:(1_/\a)(1_/\+1a)m
UARASE S EIS SN
n(1-23+ Ta)

Lg’)\ ((t -0 x) =

231 —Aa)xz}

P2+ D (14 p+2XFT) 420) 344 pyort 1)
[ n(l—ma)(l—ma) n(l—ma)
B 3(n+p+)\+l ]+ (n-iﬂ
(=) (1-200+ Da)d - n=A+Ta)

|:1 (px-i—)\-i-loz) 3 x(1+/\x):|
— —3x -
n (n+p) (1 -2 n

3|, 3@+p
> |:2 n(l/\+la>:|

L’(;K((, —0tn) = w
n (1 -+ 1(!)

(n+p+2/\+l)(n+p+2m) (n+p+3rﬂ)(x+2a)(x+3a)
[ n2<1—3)\+2a>(1—5/\+3a)(1—7)\+4a)

2(372nx)(n+p+2/\+1)<n+p+22/\+1)(x+2a)
+

n2 (1 ey 2a) (1 “5 3a>

L= @4 p 22D 60+ p+22+ D ]
n2 (pﬂ) (17/\x)<172()\7+1) a)

(n+p)x 174nx+8x2 px+A+1a) 6x2(1 + Ao
Vl(l —x\—i—loz) (n+p) n(l—\a)

al, 4(n+p)
o |:3 n(l /\+la>:|

Many researchers have studied King type modification for different sequences of
linear positive operators (see, for instance [6, 11, 14, 16, 18]). Now we consider a
similar type of modification for the operators given by (1.4).

We assume that {u, (x)} is a sequence of real-valued continuous functions defined
on [0, oo) with 0 < u,(x) < o0, for x € [0, 00); then we have

n3
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A k
(@) . ()
L5 (fix) = Z w'® (. (x)) f (Z) (2.1)
k
(@) — _ntp  (ntp TR ) w0 A, (o))
where w, ; (un (X)) = "= ( k ) (17T o) 7]

and u, (x) = -2 (1 —)\_—i—la>x,n,peN.

n+p
By a simple computation, we obtain the following result.

Lemma 2.3 For the modified generalized positive linear operators (2.1), there hold
the following equalities:

i(a)(l;x) =1

n,A

Zf:i(t; X)) =Xx

~(a) 2 1 n —_ n+p+)\+1:| ( n+p+A+1 )]
L )= —-- | — (- A+ 1) | ———m-rx+ 1+ ———a ] | x
A5 =005 [n+p( )[ -2\ +1 1-2\+ la

s x [P D (n+p 425 FT) (0 (1 -3 Ta)x
Ln(fA(f,x)—nz[ (1—3>\+20¢><1—5>\+3a) "t p +a

(W+ZQ)+3(H+P+2A+1) (”(l_ma)x+a)+1]

n+p (1—3)\+2a) n+p

(n+p+2A+1)(n+p+2TH) (n+p+3m)

(1—3/\+2a) (1—5)\+3a) (1—7A+4a)

() L) (100

6(n+p+2/\+1)<n+p+2m) n(l—ma)x
+
(]—3)\4—2&)(1—5/\4—3(1) ( n+p )

(W+2a)+7(n+['+2/\+l) (n(l/ma)x-i-a)—&—l]

n+p (1—3)\+2a) n+p

N X
Lil(,k;\(tz‘; Xx) = n*3|:

Lemma 2.4 The modified generalized linear positive operators (2.1) satisfy:

i’(;f;(t —x;x) =0

~(a) > X n _— n+p+A+1
L — X)) = —— | —— (1 — 1 _
A= x)7x) n(l—/\a)[n—i-p( A+ a)( —5tia +a)x

A+ 1
+<l+wa>]—x2
1 -2\ +la

RS N 1 (n+p+2,\+1)(n+p+2m) n(l—ma)x
Ly x),x)—nz[ (1—3)\+2a)(1_5>\+3a> "t p +a
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n(lfma)erza L3t p 224D
n+p ' (1_m)

n(lf/\+la>x
X| —————+a +l]
n+p
A+1
=l [ (1T ) (S )
n(l—Xa)| n+p 1 -2+ 1la
1
+<l+wa)]_xz}
1 -2 4+ la
(n+p+2)\+1)(n+p+22)\+1><n+p+32/\+1>
(1—3/\+2cx)( —5)\+3a>< ~ A +4a)

n(l—ma)x (1 /\+1a x
|:( n+p o n+p
,\+m 6(n+p+2)\+1)<n+p+22)\+1)
+3a ] |+
)} (—2A+2a 1—5>\+3a>

(e <
( A+1MM)( n(1-ATe) ) LTopenan
(s

-~ X
L:(;,l;((t —0tn = n73|:

n+p

n+p n+p —3A+2a)

/\+lax )
+a +1]
n+p
4 (n+p+2>\+l)<n+p+2m) n(l—moc)x
- _Tz[ (1-33F2a) (1-53+3) ( n+p Jm)

n(1-X+Ta)x Coa) 3P 22D
n+p (1-33+2a)

n({l—X+1la)x
(( ) +a)+1i|

n+p
_x3_3x[#[i(1_7/\+m)<w+a>x

n(l—=Xa)|n+p 1-2\+ l«
A+1 6x3 —

+<1+w >]7x2}+L[L(17/\+1a>

1-22+ 1o n(l=XAa)[n+p

A+1 A+1
(MM)H(Hw ,)]_xz

1 -2\+ la 1 -2\ +la
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3 Voronovskaya Type Results

Theorem 3.1 For f € Cp [0, 00), we have

. ) ()
L0 = f @) = con | £ 35— .
where C is a positive constant and
, - A+1
M,(f,)\(x)z X n ( —A—i—loz) w.ka
’ n(l=Xa) | ntp (1-23+1a)

(4 p A+
(1-&17@

+ |1+
Proof Let g € WZ2,. Using Taylor’s expansion, we get
/ Y "
g(y) =g@x) +g(x)(y —x) +f (y —uw)g (w)du
From Lemma 2.4, we have

~ R y
(£529) 0 = g) = <Lf;?; f (v = u)g”(u)du) (x).

We know that
<(-0*|dg"|-

s
/ (y —u)g"(u)du

Therefore
(E39) @0 = 900] < (B0 = 07) 9| =3 0191

By Lemma 2.3, we have

(E9r) | = <71

(@ k
> o wa () f (;)
k

Hence

X

63

(3.1)
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(E20) 0= ro| = |20 =9) @ = (f = 9| + | (£99) ) = 9|

<20f =gl +u @ g

where
(@) n+p+A+1 n+p+A+1
'u” A ()C) ’1(1 )\04) |:"+17 ( A + 1&) ( 1 [2))\+la + OZ) X+ (1 + 1 [27/\+1(y Oé)] o xz

taking the infimum on the right side over all g € W2, and using (1.5), we get the re-
quired result. U

Remark 3.2 ([8]) Under the same conditions of Theorem 3.1, we obtain

VD)
px +nx(\ + 1)a> +Awm | £, A

n(l-—A+Da 2

L0 = f0)| s w (

where A is a positive constant and

px—}—nx()\—i—l)a}z

(@) _ g 2.
HR0) = L — ) ,x>+{ oI

Now, we compute the rate of convergence of these operators by means of Lipschitz
class Lip}, (8),0 < 8 < 1. Consider the following Lipshitz type space

I3
ly — x|

Lipi, (B) == {f € Cpl0,00): [f (N —f@)I<M 5%y €0, oo)}
(x+y)"

where M is a positive constant.

Theorem 3.3 Forall x € [0,00) and f € Lipy, (8),0 < 8 < 1, we get

[

(@)
B0 - 00| < M(”" . m)

where .

A (@) = L (= 0% %)
Proof Assuming 3 =1,
Then for f € Lipj, (1), we have

L0 - 1] =

@ k
> i wa () f (7,) — ()

k

o]

(@) ky
<Y wy (un(x))‘f(n) f )

k=0
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o0 k
<MY w) (u,(x)) |
k=0 (5 + x)

n

Using Cauchy—Schwarz inequality and o< +/2 and linearity of L) (f; x),
(k +x) X !
we have

k 2)
L0 - f(x)\_ Zw (un(x)){<;—x) ]
00 1/2 00 2 1/2
M N ok
5ﬁ{kzw;,,z<un<x»} EIEEY

_ e
a X

Therefore, the result is true for 5 = 1.
Now, to prove result for 0 < 3 < 1, consider f € Lip}, (3).

k
L0 (0= f )] = Zw(‘” (1 (6)) ’f (;) ~f

k . |5
X
< M (a) ) n
E W, i (n (X)) 7
(i +)
Using Holders inequality for p = %, q = 575 and inequality \/_ [, we have

Bp
LN (fin-f @] = —Zw (tn (x))[(—x) }
’r 2=Bp

M o0 2 00
< Z w®) (un (x)) <f - x) 3w @)
k=0
8
(t _ x)2 ) ] 2

|
" “”l :

| /\
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Q-Analogue of Generalized )
Bernstein—Kantorovich Operators glectie

Ram Pratap and Naokant Deo

Abstract Inthepresentarticle, we consider the g-analogue of generalized Bernstein—
Kantorovich operators. For the proposed operators, we studied some convergence
properties by using first- and second-order modulus of continuity.

Keywords Bernstein operators - Kantorovich operators + Modulus of continuity

2010 Mathematics Subject Classification 41A25 - 41A36

1 Introduction

In the year 1912, Bernstein [5] introduced the Bernstein operators and provided the
constructive proof of Weierstrass theorem. Later, several researchers have general-
ized Bernstein operators using different parameters and studied various convergence
properties. For more (see [6, 7, 16]).

Recently, Chen et al. [7] defined a family of Bernstein operators, for the functions
f €10, 1], ais fixed and n € N are as follows:

BO(fix) =Y fir\) ). (1.1)

k=0

where fi = f (). For n > 2 the a-Bernstein polynomial p.% (x) of degree n is

defined by

P =1—x, pT(x) =x,
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and

PR(x) = [(n;2>(1 —a)x + (Z:;)(l —a)(l—x)

+ (Z) ax (1 — x)i| KA =) xeo,1].

For the first time in 1987, Bernstein operators based on g-integers were introduced
by Lupas [12] and they are rational functions. Again in 1997, Phillips [14] introduced
the g-Bernstein polynomials known as Phillips g-Bernstein operators. In past decade,
linear positive operators based on g-integers is an active area of research. For more
(see [4, 8, 11]).

Chai et al. [8] have considered the g-analouge of (1.1) is as follows:

BENf3x) =) fibya (), (12)
k=0

where

pr(:v;,k(x) :([ﬂ ; 2:| 1—-a)x+ [Z : ;] (1—a) qn,k,z (1 _ qnfk—lx)
1 q

+ [Zi| ax (1 — q”klx)) K — x)ka*l,
q

g € (0,1]and f, = f (%) For detailed explanation (see [3]).
Dhamija et al. [10] proposed the Kantorovich form of modified Szdsz—Mirakyan
operators. Several researchers have also studied Kantorovich form of different lin-
ear positive operators and established local and global approximation results. More
details (see [1, 2, 13, 15]).
Mohiuddine et al. [13] proposed the Kantorovich form of the operators (1.1),
which is given as

; (k+1)/(n+1)
KO0 =0+DY plle / Fydt, (1.3)
k=0 k/(n+1)

where p{) (x) is defined in (1.1).
For a = 1 and ¢ = 1 the operators (1.4) reduces to Bernstein—Kantorovich oper-
ators.
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Motivated from the above stated work, we consider the g-analogue of the operators
(1.3) as follows:

[k+l]q
n [n+1]g
KO(fix) =[n+11, ) py (%) f f(0)dyt, (1.4)
k=0 qlk]
q
[n+1]g

and p{°)  (x) is given in (1.2).

In this paper, we estimated the moments of the proposed operators and discuss
the rate of convergence using modulus of continuity.

2 Basic Results

In this section, we prove some auxiliary result to prove our main results.

Lemma 2.1 From [8), we have B\®)(1; x) = 1, B{*)(t; x) = x and

B2 x) = 2+x(1—x) (I —-a)q" 1[2]‘1)6(1 —x)

e [n], [n;

Lemma 2.2 (i) K\%(1;x) =1;

.. ((y) _ 2qIn], 1 .
(it) K, x) = o1, [n+1],,x + [2]q[n+1]q

a 3q2[n]2 n—
(iii) Ky x) = [3]q[n+1]2x MED [n+1]2 (Inly + (1 = )g"~'121,) x(1 — x)

3qln],x

+ 131, [n+11; + [3]q[n+1]-
[k+11g et
n+1lg | [n+1lg 2qlk]
= T — q
Proof From [15], q[kfh, ld,t = TR q{{q td,t = LT + [2],,[n+1]2 and
T+l T
[k+11g
[n+qu
2 3¢” LK1, 341k, |
t°dyt = ; ' 5
alklg Blyln+11;  Blyln+11; Bl [n+1]
[»x+qu

It is easy to say that K% (1; x) = 1.
For f(t) =t and using Lemma?2.1, we have
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[k+1]g
[n+1lq

K\ (15 x) = n—i—l]qZp(a)k(x) / td,t

qlklq
[n+11q

2q[k] 1
(@) q
Zp"“ ([2]q[n+ 0 2 1],3)

_n]y 29 K ]q 1 —~ (@
I+ 1], ([2],, ,; PraaC g 21, P 0””"( o
_ 2g[n]yx + 1

S [2ln+ 11,

Similarly, for f(t) = t?, we can estimate. So here we skip. ([

Lemma 2.3 The central moments for the operators (1.4) are as follows:

(@) . 2q[nl, 1 :
(i) Kyt =% = g, * ¥ @we,

. (@ ((r _ 2. o _ (3970 4qn], 2
(ii) Kyq((t = x)% %) = ([3Jq[n+f]3 2o, T 1)

3q° n—1 3q[n], 2
+ [3]11[3+1]q (["]q + 21,1 — g )x(l —x)+ <[3|,,[n+1]g - [3|q[n+11‘,) X

__ 1
T B,

Proof Using linearity property of the operators (1.4) and Lemma?2.2, we get the
required results. (]

Lemma 2.4 Let0 < g < landc € [0, qd], d > 0. Then the inequality

1
2 d 2

d d
f |t — x|d,t < f(t —x)2d,t /dqt
Proof For the proof of the Lemma (see [15]). ]

3 Main Results

Let C[0, 1] be the space of all continuous functions on [0, 1] with sup-norm || f|| :=
Sup,cpo.17 | f ()] Let f € C[0, 1]and 6 > 0. Then the modulus of continuity w (£, 9)
is given as:
w(f, )= sup [f(v) — fw)].
lv—w| <0
v,w € [0, 1]
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It is well-known %irr(l)w(f; 0) = 0. For f € C[0, 1] and x, ¢ € [0, 1], we have

t —
70 - i =eirin (141550 G.1)
For f € C[0, 1] the Peetre K-functional is given by

Ky(f:0) = inf {If —gl+6|g"|}.
gew?

where § > 0and W2 = {g € C[0,1]: ¢/, ¢" € C[0, 1]}. In [9], there exists an abso-
lute constant A > 0, such that

K>(f30) < dwa(f: V). (3.2)
and the second-order modulus of continuity w;(.; d) for f € C[O0, 1] as follows:

wa(f30) = sup sup

Sup NfG 420 =2f(x +h) + f0)].

x,x+h,x+2hel0,1

Theorem 3.1 For0 < q <1, g = {qg,} be a sequence converging to 1 as n — oo.
Then, for all f € C[0, 1] and o € [0, 1], it implies K,(l‘fq)(f; Xx) converges to f(x)
uniformly on [0, 1] for sufficiently large n.

Proof From Lemma2.2,lim,_ o g, = 1, we have lim,,_, o K,Ef’q)(l; x) = 1,lim,_ o0
K ,E“q) (t; x) = xandlim,_, o K ,S“q) (?; x) = x2. Then by Bohaman—Korovkin theorem
lim,,_s o0 K,gaq) (f(@®); x) = f(x) converges uniformly on [0, 1]. O

Theorem 3.2 For f € C[0, 1], g € (0, 1) and « € [0, 1], we have

|KS(fix) = fFO)] < Awn <f; \/uz,zoc) + uZ,lz(x)> +w(fswl (),

where ,uz,z(x) and qul(x) are second- and first-central moments of the operators
(1.4).

Proof We define an auxiliary operators

2q[n +1];x +1

o (@) ¢ £. — g@r. _
Kn,q (fix) = K'NI (fix) = f ( [2],[n + 1],

) + f(x). (3.3)

For the operators K ,(l“q) (.; x), we get

K —xix)=0. (34
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Suppose, g € W2, x,t € [0, 1]. Then by Tylor’s expansion, we have
t
90 =900+ (=g @) + [ @ =g @
Applying K ,ff“q)(.; x) in above equation, we have

t
K{(g:x) = g(x) + K\ / (t —u)g (wdu; x
X
Therefore,

t
K x)—g(x)\ < |k / (t —u)g" (u)du; x
X

2q[n+1]gx+1
1214 [n+1]q

2g[n +1],x + 1 " ]
[ G ) e

X

t
<K f|r—x|g”<u>du;x
X

2ln+1]gx+l
g n+1g

A/

X

2g[n + 1],x + 1 :
@ (s _ 2. e S "
< [Kn,q«r %) ,x>+< Tt T, x) ] lg"]-

2q[n +1],x + 1
[2]4[n + 1],

_u‘ lg" (x)|du; x

(3.5)
From (3.3), we have
K x) < IFIJ K (L x) + 201 =31£1l- (3.6)

From (3.3), (3.5) and (3.6), we have
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K (fx) = f| < KO =g 0|+ 1f — gl

2q[n+1]qx+1> B
| ( T EST A

<417 =gl + (00 + uf @)

(Zq[n +1],x +1

HANNTRTEST)

) -
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Now taking infimum on the right-hand side of the above inequality over g € W2, we

get
< 4K (3 @)+ 20) 0 (3 4, ()

From (3.2), we get

|KS(f5x) = F(0)] < dwn (f; \/MZ,Z(x) + uZ,lz(x)> +w(fiwl ().

Hence, this is our required result.

O

Theorem 3.3 Let g, € (0, 1) be a sequence converging to 1 and « is fixed. Then for

f € C[0, 1], we have
|K©(f12) = f(0)] < 2w(f 6, (x)),

where 6,(x) = (K,Eflq)((f —-x)% x))%.

Proof For nondecreasing function f € C[0, 1]. Using linearity and monotonicity of

K%, we have

K (fr0) = )] < K9 (@) = fF@)]50)
1.
<w(f;0) (1 + - K (It — x]; x))

0
. L qlkl, k1)
Applying Lemma2.4 with ¢ = m dd = o +1]Z , we get
[k+11g
[n+1]g

+1l, @
K (f5x) = fF0)] < w(fix) 1+%2p;g,k@) f (t — x)%dt
k=0

<

[Klg
Flg

E]
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[k+1]g 2
[/x+qu

X / dgt

qlkly

ntTlg

Using Holder’s inequality for sums, we have

k+1lg p
n [n+1lg
1 a
=w(f;x){31+ 5 [n+ 1], Zp,(l’;’k(x) / (t — x)qut
k=0 alklg
n+1lg
Ik+1]g 3
n [/x+qu
x | [n+1], prf;’k(x) / dyt
k=0 alklg
n+1ly
L 2 3
=w(f;x){1+ S(Kn’q((t —x)%x)% .
By choosing § = 4, (x), we get the required result. O
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Approximation by Certain Operators
Linking the a-Bernstein and the Genuine
a-Bernstein—Durrmeyer Operators

Ana Maria Acu and Voichita Adriana Radu

q

Check for
updates

Abstract This paper presents a new family of operators which constitute the
link between a-Bernstein operators and genuine a-Bernstein—Durrmeyer operators.
Some approximation results, which include local approximation and error estimation
in terms of the modulus of continuity are given. Finally, a quantitative Voronovskaya

type theorem is established and some Griiss type inequalities are obtained.

Keywords «-Bernstein operators * U, operators + Modulus of smoothness - Rate

of convergence + Voronovskaya type theorem

2010 MSC 41A10 - 41A25 - 41A36

1 Introduction

In 1912, Bernstein [8] defined the Bernstein polynomials in order to prove Weier-
strass’s fundamental theorem. These operators are the foundation of approximation
theory by positive linear operators. There is a rich literature connecting with these

remarkable operators, given for any n € Nand f € C[0, 1] by

‘ k
Bu(fix)=) f (;) Puk(x),
k=0

where
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n

pn,k(x) = (k

)xk(l —x)"* xelo0,1].

These operators appear as a powerful tool in solving differential equations, as
well in the domain of numerical analysis and computer aided geometric design.
They are the prototype of positive linear operators of all kinds used in the theory
of approximation. The generalizations of Bernstein type operators in order to have
better approximation properties were established in the research papers of the present
authors [2, 4, 5, 7, 16, 18, 21, 22].

Genuine Bernstein—Durrmeyer operators were introduced independently, by Chen
[9] and Goodman and Sharma [15] and were intensively studied by numerous authors
(see for example [3, 5, 12, 13, 19, 20]).

The genuine Bernstein—Durrmeyer operators are given by

n—1 1
Un(f;x)=m—-1) Z (/0 f(f)PnZ,kl(f)df> Pk () + (1= x)" fO) +x" f(1), feClO,1].
k=1

These operators are limits of the Bernstein—Durrmeyer operators with Jacobi
weights, namely,
U, f = lim M,f“’ﬂ> f, where

a——1,——1

5 5 . ! @) (¢ ) f(t)dt
M:a"d> . C[O, 1] N 1-["’ Mn<o,,ﬁ>(f; .X) — an,k(x) f() ul) ( )pn,k( )f( ) 7
k=0 Jo WP (O) pp i (H)dt

w1 =x7(1 =), x € (0, 1), a, > —1.

On the other hand, the genuine Bernstein—Durrmeyer operators can be written as
a composition of Bernstein operators and Beta operators:

where the Beta-type operators B, were introduced by Lupas [17], as follows

f(©0), x =0,

— 1 1

B,(f;x) = —/ N1 =) f(Dde, 0 < x < 1,
B(nx,n —nx) J
f, x=1,

withn =1,2,3,..., f € C[0, 1] and B(., -) is the Euler’s Beta function.
Further, let p > 0, n > 1 be fixed and the functionals an,k :C[0,1] = R, k=
0, 1 defined by
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Flo(f) = f(0),
FP(f) = f(),

1 tkpfl(l _ t)(nfk)pfl

P = —1.n—1
R = [ S fodr k=TT

The operator UY : C[0, 1] — I, where IT,, is the linear space of all real poly-
nomials of degree at most n, n € Ny is given by

UL(fix) =Y F(fpax(x), £ €CIO,1].
k=0

These operators were introduced by Péltdnea [20] and represent a link between
Bernstein operators and the genuine Bernstein—Durrmeyer operators. For p = 1 and
f € C[0, 1] we obtain U, (f; x) which is the genuine Bernstein—Durrmeyer opera-
tors, while for p — oo, for each f € C[0, 1] the sequence U/ converges uniformly
to B, (f; x).

A new family of generalized Bernstein operators depending on « which is a
nonnegative real parameter was introduced by Chen et al. in [10]. The form of this
operator is

Tia(fix) =Y f (;—) P, f €Clo,1]. ©)
i=0

(a
n,i

Here, for i = 0, n the a-Bernstein polynomial p.*) (x) of degree n is defined by

P =1-x,

P =x,
pfﬁi)(x) = [(”172) 1-a)x+ (';:%) 1—a)(—x)+ ('Z)ax a1- x)} =l —xpn=i=l >0,
3)

where x € [0, 1] and the binomial coefficients are given by

)= (n—1i)'i!

0, else.

We can observe that for o = 1, the a-Bernstein operator reduces to the classical
Bernstein polynomial given in (1). Also, for a € [0, 1] the operators T, ,, are positive
linear operators. In the following we will consider o € [0, 1].
Very recently, Acar et al. [1] introduce genuine a-Bernstein—Durrmeyer operators
as follows _
Un,a =dpao B,.
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Our aim in this paper is to introduce a new class of operators which represent a

link between a-Bernstein operators and genuine a-Bernstein—Durrmeyer operators.
We define the operators

UL (fix) =Y FL(NHpy (),
k=0

and in explicit form

1 tkp—l(l _ t)(n—k)/)—l
B(kp, (n —k)p)

f(t)dt> %),
€]

n—1
Ufa(fi0) = FO) - pl300) + £ - pii@) + Y ( /0
k=1

f e C[0,1]and x € [0, 1].
For p = 1 we obtain U, , and for p — oo the sequences U,ﬁ « converges to T, ,.

2 Approximation Properties of U,,p, o« Operators

The approximation properties of U}, , operators are investigated in the present section.
Also, the rate of convergence is estimated using classical moduli of smoothness.

Throughout this paper, we will use a positive constant C, not necessarily the same
at each occurrence.

Lemma 2.1 The Uy, operators have the end point interpolation properties

Upo(f:0) = f(0) and Uy, (f: 1D = f(D).

Lemma 2.2 The U/, operators verify

(i) Upaleo;x) =1;
(ii) Upaler; x) = x;

(i) Ufalensx) = x2 + 2170 (p Pl a)"),-
np+1 n
x(1—x)

iv) UL (e3:x) = x>+ 3px(p+ Dn? + (4p*x + p* + 3p+
(iv) Upales; x) (np+2)(np+1)n{p(p n? + (4p*x + p* +3p
2x +2 — 6ap’x)n +6p(1 —a)(1+p — pr)};

p Coy 4 x(I-x) 2.2 3 2
(v) Upales;x) =x*+ r D T DT {6p°x2(p + Dn*—px(12ap

x —p?x —71p* —18p — 11x — 1)n*+(60ap’x>—36apx — 54p3x% 360>
X +300°x 4+ p* +24p%x + 6p> + 6x2+11p+ 6x + 6)n + 2p(1 — ) (36p%x?
—36p°x+7p* — 36px+18p + 11) }.
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Lemma 2.3 The central moments are the following
(i) U;’l),(k(t —x;x)=0;

(i) ULa((t — ) x) = 2= <p+ L2 —Oé)p)
np+1 n

Denote by

, _
() = VA —x) and B, a(0) = 2 '<p+1+w>'

np+1
Lemma 2.4 The U/, operators verify

(i) hm nUf , (t —x;x) =0;

(ii) hm nU;:’a ((t —x)% x) = il P (x);

3 1)?
M(lg‘*()

(iii) hm an,{’a ((t—x)*x) =
Lemma 2.5 Let f € C[0, 1], x € [0, 1] and n € N. Then
NUE (F 90 < LFIL

where || - || is the uniform norm on [0, 1].

Proof From Lemma 2.2 we have U} . (eq; x) = 1 so,

Uy o (f: 0 = Uy ((eos DILFIT = 1IFII-

Theorem 2.1 If f € C[0, 1], then lim U/ (f; x) = f(x) uniformly on [0, 1].
n—oo ’

Proof From Lemma 2.2 it is easy to observe that hm Up oer; x) = ex(x)

uniformly on [0, 1], fork € {0, 1,2} and applying the Bohmann—Korovkln theo-
rem, we get the result. O

Theorem 2.2 If f € C[0, 1], then

U250 = F0)] < 20 (f3 010 ).

where w is the usual modulus of continuity.
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Proof The inequality is trivially true if x € {0, 1}. Otherwise, using the well known
property of modulus of continuity

Y
() = F@)] < w(f; 5)(“ - +1),

we obtain

1
UL o (f320) = FOOI < UL (F @) = FQOlx) < w(f30) (1 + UL (=0 x)) :

1
We have the desired result, by choosing 6 = ¥, ,(x), x € (0, 1). (I

Theorem 2.3 If f € C'[0, 1], then
UL (f30) = £ = 2080 (£, 97.000)) )
Proof For f € C'[0, 1] and any x, £ € [0, 1], we have
0= 1@ = @0+ [ (F0 - sw)a
and it follows
U2 (0 = 16020 = U0 =30+ UL ([ (0= randyix).

Using the property of modulus of continuity that

ly — x|
1)

If(y)—f(X)ISW(f;5)( +l>, 6 >0,

we have
(t —x)?

0

/ 1) = F0ldy . xq .

<w(f";0) [
Therefore,

1Up o (f30) = fFOI S /(O] U (& — x5 %)

+w(f';0) {%Unpﬂ ((t - x)% x) + U} (It — xl; x)} .

Using Cauchy—Schwartz inequality we obtain
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UL o (f5x) = FOI < 1 F @ONUL (= x5 %)
+w(f',6) {%\/Uﬁ,a ((t —x)% x) + 1} \/U,f.a ((t —x)% x)

<w(f',6)- {%ﬁé,am n 1} 97 (). ©)

1
For x € {0, 1}, the inequality (5) is true. Otherwise, for 6 = ¥ 4(x), x € (0, 1) in
the relation (6) we get to the desired result. O

We recall the definition of K-functional, in order to give the next result
Ky(f.0) i=inf {ILf =gl +3]g"] : g € W?[0, 1]},
where W2[0, 1] = {g € C[0, 1] : ¢ € C[0, 1]}, 6 > O and |-|| is the uniform norm

on C[O, 1].
The second-order modulus of continuity is defined as follows

w2<f,\/g>= sup sup (I f(x4+20) —2f(x+h)+ FO)) .

0<h<+/3 X X+2he[0,1]

It is well known that K-functional K,(f, §) and the second-order modulus of
continuity w, ( f, «/3) are equivalent:

Kz(f,(s)waz(f,\/S), §>0,C>0. 7

Theorem 2.4 If f € C[0, 1], then

1 1
|Ur/l],(}(f’ X) - f(x)| =< CW2 (f7 Eﬁnz,a(-x)) )

where C is a positive constant.

Proof Using Lemma 2.2 and applying Uy, to Taylor’s formula, we get
t
Uy (g:x) = gx) + U, </ (t —»g"(y)dy; x> .
This implies that

Uy o (g5 x) — g(0)| =

Uy (/ (t = »g"(y)dy; X>

<UL (t—0%x) | g"] < Pna@llg"ll.

n,a

In view of Lemma 2.5 we have
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Uy (0l < IfI- 3
For f e C[0,1]and g € W?2[0, 1] and using (8) we get

UL(f30 = £l < UL (f = g 0] + [Ufu (g5 0) = 90| + lgx) = £ (o)
<20f =gl + Va0 ] -

Taking the infimum on right side over all g € W2[0, 1], we have

1
|U}f,(l(f; x) - f(x)| = 21(2 <fv zﬁn,a(x)) .

Finally, using the equivalence between K-functional and the second-order modulus
of continuity, given by relation (7), the proof is completed. (I

3 Voronovskaja Type Theorem

In this section, we prove a Voronovskaja type asymptotic formula for the operator
U .. In order to give the main result we recall the definition of the Ditzian-Totik
first-order modulus of smoothness:

WS(fi1) = sup { ‘f(x + M’(x)) . f<x B h¢2<x)>

0<h<t 2

ho(x)
2

,x

€ [0, 1]},

©))
where ¢(x) = /x(1 —x) and f € CJO, 1].
The corresponding K -functional of the Ditzian—Totik first-order modulus of
smoothness is given by

Ky(fit) = geviVI:[fO’l]{llf — gl +tllog'll} ¢ > 0), (10)

where Wy[0, 11 = {g : g € ACi,[0, 11, [|¢¢'|| < oo} and AC;,[0, 1] is the class of
absolutely continuous functions on every interval [a, b] C [0, 1].

Between K -functional and the Ditzian—Totik first-order modulus of smoothness
there is the following relation

Ks(f:0) < Cwl(fi D), (11)
where C > 0 is a constant.

Theorem 3.1 Forany f € C?[0, 1] and sufficiently large n the following inequality
holds
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p+1

Uy o(fix) = f(x) — na( ) ()| < Csbz(X)wl (f, W) (12)

where C is a positive constant.

Proof For f € C?[0, 1], t,x € [0, 1], by Taylor’s expansion, we have

fO) —fx)=@—-x)f(x)+ /Xt(f -0 f dy.
Hence
O = )~ (=0 1'@) ~ 36~ = / = )y - f -y
- / = D) — F M.

Applying Uf,a,(-; x) to both sides of the above relation, we obtain

t
p
= Un et (
X

U o(f3 ) = f() = 50n,a(x) f7(x) / e =yl ) = fldy|;

x). (13)

t
In [11, p. 337], the quantity f |f”(y) - f”(x)| |t — y|dy‘ was estimated as

t
‘/ \f”(y)—f”<x>||r—y\dy‘ <20 f" =gl — 0% + 2069 167 @t = xP. x € 0.1, ge Wyl0.11. (14)
X

Note that for x € {0, 1} the inequality (12) is verified.
There exists a constant C > 0 such that for n sufficiently large and using
Lemma?2.4 we obtain

2
St D iy and s, (- 0t x) < C(’”p' D7 s o).

5)
Applying the Cauchy—Schwarz inequality and from relations (13-15), we get

U (0 =25 3) < S0

1
Urf,a'(f; )C) - f(x) - Eﬂn,a(x)f//(x)

<20f" = glUL o (= 0% x) + 2069 167 UL, (1t = 2P x)

C 1 12 1/2
22001 = ol + 2 167 0 Vg =755} [ (0= 0'x))
C 1)/
("+ LD 21— gl + 6200 LI Ly

np/np

1
C(p+ G erS ){Ilf” g+ |2 ||<z> ||}
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Taking the infimum on right hand side of the above relations over g € Wy[0, 1], we
have the proof complete. O

Corollary 3.1 If f € C?[0, 1], then

lim n {U,;{a,(f; x)— fx) = =0, a(x)f”(x)}

n—oo

Motivated by the Griiss type inequalities for certain positive linear operators stud-
iedin [6, 14], in the following we prove a Griiss—Voronovskaya type theorem of U}, ,

operators.
Denote by Q(f, g; x) := Up.a(fg: X) — Up.o(f3s D) Ui.a(g: X).

Theorem 3.2 Let f, g € C?[0, 1] and p > 0. Then, for each x € [0, 1],

1
x(1=x)f'(x)g' (x).

lim n-Q(f, g;x) =
n— o0

Proof Since
(fPx) = f)gx), (f9)(x) = f'(x)g(x)+ f(x)g (x)

and

(f9)"(x) = f"(0)g(x) +2f (x)g'(x) + f(x)g" (x),
we can write

Q(f, g %) = Up o (fg: X) — UL o (f3s )UR o (g; %)

= {vhatrsn = ro00 - G U0t — 50 - LLO 0 (- 02))

) {U,f,au'; 0= F@ — S @R x0T uf (- 02 ) }

~ Va0 U ata 0 = 000 = 4 000f = x50 = L0 (1= 0%2)}

1 / .
+ 51Uk (=0 ) (£ g () +2F @) ) = g U (£}

+ UL ot —x;0) { f0)g () — d U o (f3 0}
Consequently,

Jim n-Q(f.gix) = lim n{UF (£ %) = Up.o(f: 0)Up.a(g: 0]}
g’ ( )

= lim nf' (g0 Uf o (= 0% x) + tim 12 (£ = Uf (0} UL (0= 0% )

From Theorem 2.1 it follows that for each x € [0, 1], U .(f; x) converges to the
function f,asn — oo and in view of Lemma 2.4, lim n U/, ((t — x)*; x) is finite.
n—oo ’

Hence, the second term in the right hand side of the above relation is zero and
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p+1

nli}rglon CQ(f, g;x) = x(1—x)f'(x)g (x),

which completes the proof. (]

Theorem 3.3 Let f,g € C[0, 1], x € [0, 1] and p > O. Then

3
|Q(f’ g, -x)| < 5 Y, fl(fs x) : é—l(gs x)
where & (f.x) == w) (f*: /Ina (@) + 201 f1] - w2 (f3 v/ Un.a(x)) and & (g.x) is
analogously defined.
Proof In [14, Theorem 1] we consider H = U,ﬁ(,. [l

% . ‘/w >0, x € (0,1), ¢(x) = +/x(1 — x). The following
X

estimate for Q(f, g; x) can be obtained.

Let k :=

Theorem 3.4 Let f,g € C[0, 1], x € [0, 1] and p > 0. Then

9
Q(f.9:01 < 5 - Vea(fi0) - &g x)
where &(f, x) == w§ (£ k) + 2| f1| - Wi (f; k) and

wg(f;é): sup ”f(x—i—@)—2f(x)+f<x—@>‘;x:t@ 6[0,1]},(5>0.
0<h<d

Proof In [14, Theorem 2] we consider H = U} . O
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Note on a Proof for the Representation of = M)
the kth Order Kantorovich Modification oo
of Linking Baskakov Type Operators

Margareta Heilmann and Ioan Rasa

Abstract The topic of this note is a simplification of proofs for the representation
of kth order Kantorovich modifications of linking Baskakov type operators given in
our previous papers (Heilmann and Raga in Mathematics and Computing. Springer,
Berlin, pp. 312-320, 2017, [1], Heilmann and Rasa in Results Math. 74:9, 2019, [2]).

Keywords Linking Baskakov type operators - Kantorovich type modifications

MSC 2010: 41A36 - 41A10 - 41A30 - 41A28

1 Introduction

During the last years the investigation of so-called linking operators came into the
focus of research in approximation theory. Starting with the consideration of a non-
trivial link between genuine Bernstein Durrmeyer operators and classical Bernstein
operators (see [3]) the study was generalized to genuine Baskakov Durrmeyer type
operators and their classical counterparts as well as to kth order Kantorovich modifi-
cations. For a survey of the available literature we refer to [1, 2, 4] and the references
given there.

In [1, 2] the authors of this paper used different methods for the proof of use-
ful representations for the kth order Kantorovich modifications when the linking
parameter p is assumed to be a natural number. By observing that the linking basis
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functions (,, ; , can be expressed as basis functions of the classical operators we are
now able to simplify the proof significantly.

LetceR, neR, n>c forc >0 and —n/c € N for ¢ < 0. Furthermore let
peRT, jeNyxel WlthI =10, 00) for ¢ > 0 and I. = [0, —1/c] for ¢ < 0.
By n®/ we denote n®/ = ]_[l -0 '(n+cl), j €N,n0 = 1. Then the basis functions
are given by

(x) Sl L e=0, N
DPn,j(X) = 7oL W
" ”j—!/xf(l +ex)~(E+) ¢ £0.
e een s 2l (e
= BGFL—I—j+D* (14 cx)~CH) | ¢ <0,
= —nl xle c=0 )
F(]+1) ) 5
1 j —(L+j
n—c B(j+1,%_1)x (I+cx) (5+4) ,c>0.

We remark that (2) is well defined also for j € R, j > 0 which will be used in (5).

In the following definitions of the operators we omit the parameter c in the nota-
tions in order to reduce the necessary sub and superscripts.

We assume that f : [, — R is given in such a way that the corresponding inte-
grals and series are convergent.

Definition 1 The operators of Baskakov-type are defined by

B )X =Y puj) f (ﬁ) ,
j=0

and the genuine Baskakov—Durrmeyer type operators are denoted by

1
(Bu1 f)(x) = fO)ppo(x) + f <_Z> Pn—2(x) (3)
—1

+ Z Pn, j(x)(n+c)/ Pn+2c,j— l(t)f(t)dt

j=1

for ¢ < 0 and by

(Bn1 f)(x) = f(0) pno(x) + an j@)(n+ C)/ Pn2e,j—1(0) f(0)dt

j=1

forc > 0.
Depending on a parameter p € R* the linking operators are given by

(Bup £)(x) =D FL i (f)puj(x) €
j=0



Note on a Proof for the Representation of the kth Order ... 91

where
f(0) ,J=0,ceR,
1
- s J==% 0,
FL(f) = f( C) j=—tc<
Mn,j,p() f()dt , otherwise,
I
with
—c)iP
. ( Ci Y ) L W)
B(jp,—(%+Jj)p)
o
M, jp(t) = %tm—le—nm e=0.

L(p)

jp
< PN 4 en (D e s,

B (jp,%p+1)

The kth order Kantorovich modifications of the operators B, , are given by
BY :=D'oB,,0l

where DX denotes the kth order ordinary differential operator and I; the correspond-
ing antiderivative, i.e.,

. T (x — k! .
Lf=f itk=0, and (L)) = | ——2 _ f()ds, itk € N.
o (k—1)!

For k = 0 we omit the superscript (k) as indicated by the definition above.
By studying again the papers which were published so far, we noticed that it is not

necessary to use a different notation for the functions related to the linking parameter
p. By using (2) they can be written also in terms of the basis functions, i.e.,

H‘Vleqp(t) = (np + C)pnp+2c,jp—l(t)' (5)

Therefore,

1
(Bup S)(x) = fO)puox) + f (-;) Pn—1(x) (6)
|

+ 2 200 +0) [ prpiaegor 0 f 0
=1

forc < 0 and



92 M. Heilmann and I. Raga

(Bup £)(x) = fO)puo(x¥) + Y puj(x)(np + C)/O Pno+2c,jo—1(1) f (1)dt

j=1

forc > 0.

In[1, 2] we proved the following representations for B, ,(f; x) incase of p € N.
Letc=—-1,n,keN,n—k>1,peNand f € L]0, 1]. Then

n—k

YR nl(np — 1)! .
Bon i = i 1 k= 2! ; Puokj (%)

1 p—1 p—1

x / Do Y Prorkrjprintetictko1 (D f (D1,
0

11:0 ik:()

Letc>0,nkeN,n—k>1,peNand f € W/. Here W/ denotes the space
of functions f € Lj j,.[0, 0o) satisfying certain growth conditions, i.e., there exist
constants M > 0,0 < g < np + c¢,suchthat | f(t)| < Me? forc =0, |f ()| < Mi¢
for ¢ > 0 a. e. on [0, 00). Then

c.k oo

n
B (fi3) = et D Pk ()
j=0

0o P—1 p—1
X/ Z'"Zpnp—c(k—Z),jp+i1+---+ik+k—l(t)f(t)dt-
0

i1=0 ir=0

For k = 1 the proofs given in [1, 2] can be simplified by using the well-known
formula

Pt 6) = m [ Pei-1(X) = P ()] (7

with [ € Ny and setting py4c;—1(x) = 0forl = 0.
To be more precise, we have for p € N, ¢ > 0,

B (fix) =) pl j(x)(np +0) /0 Prot2c,jo—1 D1 (f5 D)t
Jj=1

o
= NPp+tc,0(x)(np + C)/ DPrp+2c,jo—1 11 (f; t)dt
0

o 00

+n E Pn+c,j (xX)(np + C)/ [pllp+2l?,(j+1)p—l(t) - Pnp+2(r,jp—1(l)][1 (f;t)dt
Ny 0
Jj=1

oo 1

= =3 s 1 [ D Py N 0
i=0

j=1
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as, with p,,; = 0if [ < 0, for each j € Ny

(nlo + C)[pnp+20,(j+l)p—l(t) - pn,o+26,jp—l(t)]
p—1

= — Z(np + ) Pnp+2¢, jp—14i () — Pros2c, jp+i ()]
i=0
p—1

== Z Prpve.jorti (-

i=0

Note that the representation of pjpyac,(j+1)p—1#) = Prpt2c, jo—1(t) as atelescoping
sum is only possible for p € N.

Thus, as 1;(f; 0) = 0 and lim;_, oo Protc, jp+i(t) =0, jo +i € N, integration by
parts leads to

oo P—1

o0
BO () =) Pute;(0)n / Y Pupte.jori (0 f (D)L,
=0 0 o

The case p € N, ¢ < 0, can be treated analogously.
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Abstract The purpose of the present paper is to investigate the degree of approxima-
tion of the A\-Bernstein operators introduced by Cai et al. (J Inequal Appl 61:1-11,
2018 [9]) by means of the Steklov mean, the Ditizian—Totik modulus of smooth-
ness and the approximation of functions with derivatives of bounded variation. We
introduce the bivariate case of the above operators and investigate the rate of conver-
gence with the aid of the total and partial modulus of continuity and the Peetre’s
K-functional. Furthermore, we define the associated GBS (Generalized Boolean
Sum) operator of the bivariate operators and establish the degree of approxima-
tion in terms of the mixed modulus of smoothness for Bogel continuous and Bogel
differentiable functions.
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continuity - Bogel continuous + Bogel differentiable - GBS operators + Modulus of
smoothness
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1 Introduction

In, 1912, for abounded real valued functionon I, I = [0, 1], Bernstein [1] introduced
a sequence of polynomials as

“ k
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where b, 1 (y) = (})y* (1 = y)" %, y e L.
Recently, Cai et al. [9] defined a sequence of A\-Bernstein operators as

= . k
Bun(g:y) =Y bui(X; y)g(;), (1.1)

k=0

where Bezier basis l;,,,k()\; y), [13] for A € [—1, 1] is defined as

" Abi1.1(»)
Buox: ) = by o(y) — LY
n+1
_ (=20 + Dbyr1 ;) (1 —2i — Dbps1irt () .
bn,i(A,y>=bn,,-<y>+A< oLl LY ) (I<i<n—1
nc—1 n—1
>\bn+1,n(y)

bun:y) = bun() = ==
In the same paper, the authors considered a Kantorovich variant of these operators
and studied some of their approximation properties. Further, Cai et al. [10] defined
the Bezier variant of the Kantorovich type operators and studied the rate of approxi-
mation with the aid of the Ditzian—Totik modulus of smoothness and also determined
the degree of approximation for functions of bounded variation. In this paper, we
investigate the rate of convergence in terms of the modulus of continuity and for
functions having derivatives of bounded variation. Also, we define the bivariate gen-
eralization of the operators (1.1) and study the convergence properties. Lastly, the
associated GBS operator is introduced and the rate of approximation of these oper-
ators is discussed by means of the mixed modulus of smoothness.

2 Preliminaries

Lemma 1 ([9]) For A-Bernstein operators given by (1.1), the following equalities
hold:

(i) Bya(l;y) =1;

.. 1-2vy n+l__ 1— n+1
(ii) Bux(z;y) =y + I

5. 5 y(d—y Dy—dy2 42yt mH L (L—yy i1 |
(iii) Bya(z7y) = y° + ‘(n = * >\|: ) n(ynfl)y + 2 ng(nf)l) :|’

n? n(n—1)

. 3. 3 3},2(17‘, 2y3—3y24 76y3+6 n+1 3y2_3yntl
(iv) Bua(Zy) =y3 42020 4 2=y 4 ) A

" —9y2 49yt n —dythyrt! (I=y" (=)™ (n43) |
n2(n—1) n3(n—1) n3(n2—1) ’
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4. 4, 6(y3—y* 7y*—18y>+11y* )—7y2 412y —6y*
(v) Bua(etiy) =yt 4 S DI S

6y2—2y3 —8y*+4ynt! —y2-32y3 +16y*4+17y"! y—ytl
+)\|: n? + n’ + n*

7y2 Tyt —23y2 422y (I—y)™ 1 4y—1
+ Zz(n—yl) + : n;(n—l)y rf“(n—l)y ]
Lemma 2 ([9]) Fory € I and )\ € [—1, 1], there hold the following:

(l) 1im11—>oo an,)\(Z -V y) = O;
(ii) lim,_oonB, \((z — )% y) = y(1 — y);
(iii) lim,_ o n*B, 2 ((z — )% y) = 3y* — 6y° +3y* + 6(3% — yH) .

Proof From Lemma 1, the proof of this lemma can be given by simple computation,
hence, we skip the details.

Consequently, we have

C 1
Bz — %y < ;[y(l -y + ;] =n*(y). (2.1)

3 Main Results

In what follows, let B, \(g; y) — g(¥) = R(9), W = sup,¢o.1) Ba.A((z — y); ¥) and
7E = Sup,,cio.17 Bua((z — y)%; y). In the following theorem, we estimate the rate of
convergence of the operators defined by (1.1) in terms of the first-order modulus of
continuity.

For any § > 0, the first-order modulus of continuity of f € C(I), is given by

w(fi0) = sup  sup |f(x+h)— fx)].

0<|h|<d x,x+he[0,1]

Theorem 1 For g € C[0, 1], there holds the following inequality:

R(DI = 4w(g; m)-

Proof Considering the properties of the first-order modulus of continuity, and using
Cauchy—Schwarz inequality, Lemma 1,

IR @] < 2u(g; v)(% + 1).

Now, choosing v = 7,, we obtain the desired result. a

Next, let C" (1), r =1, 2, ... denote the space of r-times continuously differen-
tiable functions on 7. In the next result we determine the degree of approximation of
the operators B, ) for the continuously differentiable functions in 1.



98 R. Chauhan and P. N. Agrawal
Theorem 2 Let g € C'(I), then we have

R = Wl | ¢" 1| +27w(g"; Y)-
Proof The Taylor’s formula for g € C'[0, 1] yields

9@ =g =9 M-y + f (g ) — g'(y))du.
y

Now applying the operator B, ) on both sides of the above equality and the fact that

lg' () — g’ (M| < wlg’; 7)(1 + @)

we are led to

1
IR < g DIWul +w(g's 7){;BM((Z — 9% y) + Bua(z — yl: y)}.

Now, using Cauchy—Schwarz inequality and choosing v = +,, we reach the required
result. (Il

In the following theorem, we show that by employing a smoothing process, e.g.,
Steklov means we achieve a better estimate of the error in the approximation of a
function in C(I) by the operators (1.1) in terms of the second-order modulus of
continuity than the estimate is given by Theorem 1.

Theorem 3 Ler g € C (1), there holds the following inequality:
13
IR = 5w(gs 1) + —w2(g: Tn)-

Proof The Steklov mean for g € C (/) is defined as

h h
4 3 3
) =35 [ [ @ot+utv) = g+ 20+ 200dudv. b > 0
0 0

which implies that

h h
4 2 2
9O — gn(y) = h—2/ / A% g(y)dudv, h >0,
o Jo
hence,

llgn — gll < wa(g; h). 3.1
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Also, it follows that

, 5 " 9
lgnll = 2 wlg: h): Hlgull = S5 w2(g: ). (3.2)

Now, we may write

[R(P] < [Bua((g — 9@ I+ 190 (¥) — g + B a(gn (@) — gn(3); Y)I.
(3.3)

By using relation (3.1), we are led to

Bux(lg — gnl; ¥) < 1lg — gull < walg; ). (3.4)

By the Taylor’s expansion and the Cauchy—Schwarz inequality

BM< / (¢ — wygl wydu; y)‘
y
1
= llgplly/ Bua((z — )% ) + EHQIZHBn,)\((Z -»hy. 3D

Now, assuming & = +,, collecting (3.3)—(3.5) and using the inequalities (3.1), (3.2),
we get the desired result. (]

[Bu (91 (2) — gn(0); M| < B9y ()@ — y); |+

Our last result of this section is to obtain the rate of approximation of the operators
B,  for functions with derivatives of bounded variation.
The operators B, \(g; ¥) can be expressed in an integral form as follows:

1
0
Buatgin) = [ 5o Kua(. 29z, (3.6)
0 Z

D buiXw), 0<u <1
where the kernel K, ) is given by K, x(y, u) = { k=nu .
0, u=20
Lemma 3 Fora fixed y € (0, 1) and sufficiently large n, we have
. 2(y
(i) &ar(y,0) = fo gKaa(yowdu < 205, 0 <1 <y,
.. 1 ¢ 2(y
(i) 1=&ua(y,9) = [} ZKun(,wdu < 225,y <5 <1,

where 7]2 (v) is defined in (2.1).

Proof Using Lemma 1 and (2.1), the proof of the lemma is straightforward. (I

Let DBV]O, 1] be the space of all functions which have a derivative of bounded
variation on [0, 1]. Such a function f € DBV[0, 1] can be represented as
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Fx) = /0 gt + 100,

where g denotes a function of bounded variation on every finite subinterval of [0, 00).

Theorem 4 Let g € DBV ([0, 1]) then for any y € (0, 1), we have

1 C 1
|Bur(g:) = 90| = 31960 + 9 0= + 2ay1g G4 =g/ (v-)]

( )

() zﬁ:w\‘/;") ) \/f ,
-pe= V 9775 o

y ¥y

PO A
+—=> V) +
y k=1 },7%

where 1?(y) is defined in (2.1).

Proof Using Lemma3 and proceeding in a manner similar to the proof of (Theorem
3.10, [8]), the theorem is established. Hence, the details are omitted. [l

4 Bivariate Extension of the Operator
For g € C(I%), I?> = I x I endowed with the norm ||g|| = SUP(y, yyyerz 19OV, Y2)l,
the bivariate case of the operators defined in (1.1) is given by

m n

s ik
B2 (9: 913 = DY b jArs Ao 1, yz)g(a, 7,)’ (4.1)

j=0 k=0

where by, k(A1 A2, Y1, ¥2) = B Atz yDbasc Qi 32), Ar Az € [=1, 1],
Lemma 4 For the operator (4.1), the following equalities hold:

(i) By, »m) =1;

.. =2y (g )+ |
(ii) By 2 (25 Y15 y2) = y1+ ===
12y, +y5 = (1 —yp)H!

(iii) By, (W3 Y1, y2) = yo + —2 ff(n,l) 2\

s

. 2. ) y (17}} ) 2y]_4),2+2yn1+1 ym+1+(l_y])m+l_l
(lV) Bm,n,)\l,)\g(z s V1 y2) - yl + # + >\| m(rrflfl)l + . mZ(m—1)

2. 2 b (1— 2y _4y2+2yn+1 y”“+(l—y Y+ ]
(v) B (W5 1, 2) = y; + = n = * )\2|: ) n(nz—l) =+ nz(n—zl)

Proof By using Lemma 1, the proof of the lemma is straightforward. Hence, we omit
the details. O
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Lemma 5 ([12]) Let J| and J, be compact intervals of the real line and e;; = yiy{.
Let L, ,:C(J xJ)— C(J] X J2) be linear positive operators. If

limy, 00 Linn(€ij3 Y1, ¥2) = Y1y, (iy ) € {(0,0), (1,0), (0, 1)} and

lim L, ,(ex + eos yi, ¥2) = yi + 3,

m,n— 00

uniformly in J; x J, then the sequence L,, ,(g) converges to g uniformly on J; x J,
forany g € C(J; x Jp).

For g € C(I1?)), I* = I x I the total modulus of continuity for the bivariate case
is defined as

w(g: Y1, 72) = sup {Ig(z, w) — gy, ¥2) lz =yl <71, [w — y2| < 12},

where 1, 72 > 0. The properties of w(g; 71, 72) are given below:
(@) w(g;v1,7) — 0ifyy — Oandy, — O,
(®) 19(z, w) = gy, )| < &gs M, w)(l + T“) (1 + 'V—y')

In what follows, we assume B, x, 1, (9(2, w); Y1, ¥2) — g1, y2) = J(f).

Further, let 77m=\/suloy1€1 By, ((z=y1)%5 1), €n=\/supy2€1 By, x, (w=y2)%; y2),
Wn=supy, ¢/ |Bm,, ((z — y1); y1)| and ¢, = sup,, o; [ By », (W — y2)5 2)|.

Theorem 5 Let g € C(I?), then

T = 4 @(gs Dm Cn)-

Proof By using the linearity and positivity of the operator (4.1) and by the property
(b) of the total modulus of continuity

1

3@ < w(g:m, 72)(1 + W_(Bm,n,)\l,)\guz =il y1)
1

1 1
+_Bm,n,)\1,)\2(|w - )’2|§ y2) + _Bm,n,/\l,/\z(|Z - yl”w - y2|; Vi, y2)>
72 72

Now, applying Cauchy—Schwarz inequality and choosing v; = 7,, and vy, = (,, we
are led to desired result. (I
5 Degree of Approximation

Now, we give an upper bound of the degree of approximation by the operator (1.1)
for the Lipschitz class functions of two variables.
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For 0 < ) <1 and 0 < 3, < 1, we define the Lipy (5, 5,) for the operator
(1.1) as follows:

|f@ow) — fr. y)] < Mz = 3117w — |,
where (¢, 5), (x, y) € I? are arbitrary.

Theorem 6 Let g € Lipy (5, 32), then we have

I3 < M) ()™

Proof By our hypothesis, and the Holder’s inequality with p; = j%, q1 = ﬁ, P2 =

% and ¢p = #, the desired result is easily obtained. Hence we omit the details.
- ) a

Let C'(1%) denote the space of all functions in C(/ 2y whose first-order partial
derivative is continuous in 72.

Theorem 7 For g € C'(I?), the following inequality holds:

I3 < 11g}, 11m + 119}, 1o

Proof In view of equality

w

z
9(z, w)—g(yl,yz)=/ g, wydu+ [ fi(y1, v)dv,
i Y.

N}

and taking into account the inequalities,
Z w
| [ 9., wydul <l lllz — yi| and If 9,(y1, v)dv| < [lgy, lllw — yal,
Y1 Y2
on an application of Cauchy—Schwarz inequality, we obtain the required result. [J
For g € C(I?%) and ~y > 0, the partial moduli of continuity for bivariate case are
defined as
wi(g; 7) = sup {g(yv, y2) =g, y2)l i y2 € Tand |yy — yir| < 7}
w2(g; y) = sup {g(yl, y2) =gy, y2r) s y1 € Land |yy — yo| < 7}'

Let C2(1?) denote the space of all functions in C(/ 2) whose second-order partial
derivative is continuous in 72. The norm on the space C?(I?) is defined as



Degree of Approximation by Generalized Boolean ... 103

2 o f
ez = 11+ (H— )
! ; 0x

The Peetre’s K-functional of the function g € C(I?) is defined as

o f
+Ha—yz~

K(g;0) = inf {llg— fIl + Il fllc2a2}, 6 > 0.
fec2(1?)
Also by [7], it follows that
K(g: 9d) < M{dz(g; ~/5)+min(1,5)llgll}, (5.1

holds for all § > 0.
Theorem 8 Let g € C(I?), then
NI = 2{wi(g; M) + wa(g; G}

Proof By the definition of partial moduli of continuity and the Cauchy—Schwarz
inequality, we get

N 1
I3 = wilg; %)(l + ;\/Bm,n,)\l,/\z((z — Y%y yz))

1
+ wa(g; 72)(1 + 7\/Bm,11,A1,A2((w —y2)% 1, yz))
2

= 2{wi(g: M) + walg; )}
Now, choosing v; = 7,, and v, = 1,, the proof easily follows. (I

Theorem 9 For the function g € C(I?), the following inequality holds:

3@ =< M{tﬁz(g; Omn) +

min{l, ®m,n}llgll}
ol v )

where ©,, , = 12 + (2 + V2 + ¢? and the constant M (> 0), is independent of g.
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Proof First, we define the auxiliary operators as
B (@5 X0 Y) = Bun A3 (95 X, ¥) = (B, (23 1), Buoy, (w3 ¥2)) + g1, y2). (5.2)

From Lemmad4, By, 5 x, 1, (15 y1, y2) = 1,
B @@=y, y2) =0and B |\ (w—y2); y1, y2) = 0.
For any f € C%(I?%), by Taylor’s theorem

fzow) = fO1,y2) = f(zy2) — fO1, ) + fz, w) — f(z,y2)
_0f (O, y2) o P f, Y2)
R S T

2
+af(yl?y2) y)+/ (w 8 f(ylvv) dv

Now applying the auxiliary operator on the above equation and using (5.2)

z 82
B (v 32) = fO1, y2) = Bm,n,)\],)\z(/ (z— fa( 2y2)du, yz)
Y1

B (231 ) 8

Vi a :
w 9? , U
+Bn,/\2</ (w— v)%dv; i, yz)
y2
B,y (w3 y2) 5?2 v
—/ (Bn,x, (w3 y2) —v)% v

Hence,
1B x5 010 32) = (1, y2)]

2
< {Bm,n,)\|,)\z((z -y v, ) + <Bm,>\| (z; y1) — y1>

2
+Bon e (W = y2)%5 y1, y2) + (Bn.)\z(w; ) — )’2> }||f||c2<12)

= (g + G + Yo + oD fllca
= Omull fllczaz- (5.3)

Now, using (5.2)
|Bo o x, (G5 1, 72

< B (G5 Y1, )| +H19(Bia, (25 1), Buy)(w; y2))| + 1g(y1, ¥2)
< 3llgll. 5.4
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Hence, taking into account (5.2)—(5.4), for g € C(I%) and any f € C?*(I?%)
[Binn a0 (95 Y15 y2) — 91, y2)

< 4lg = FIl+ 1By ur 2, (31, 32) = F(1, 1]

+‘g(Bm,n,)\1,)\2 (Z; Y1, yz), Bm,n,/\],/\z(w; Vi, )’2)) - g(yla )’2)

= (4||g — fll+ @+ G+ W, + ¢ﬁ)||f||c2(12))
+w<g; VY A+ ¢§>-

Now, taking the infimum on the right side of the above inequality overall f € C2(1?),
and using the equivalence (5.1) between K-functional and &, we obtain the desired
result. O

6 GBS of the Operator B, , A,,,

Bogel ([5, 6]) pioneered the study of B-continuous and B-differentiable functions.
Dobrescu and Matei [11] showed that the GBS operator associated to the bivari-
ate Bernstein polynomial converges uniformly to the B-continuous function. Badea
and Cottin [2] established Korovkin-type theorem for GBS operators. Subsequently,
Badea et al. [3] proved the very famous “Test function theorem” to approximate
these kind of functions. A quantitative variant of the Korovkin-type theorem for
these functions was established by Badea and Badea in [4].
A real valued function f defined on 12 is called B-continuous at ( yi, y2) if

lim )A(z.w)g()’lv ») =0,

(z.w)=(y1,y2

where A u)g(y1, y2) = 9(z, w) — g(z, y1) — g(y1, w) + g(y1, y2)-
Let C,(I1?) :={g: gis B—continuouson I*} and B,(I?) be the set of all

B-bounded functions on 1%, equipped with the norm ||g|| = SUP (2 w)(yy,y)er? | A w)
g(y1, y2)|. Let B(I?) denote the space of all bounded functions on /2 endowed with

the norm || f|loc = sup(y, v, er2 |F (1, ¥2)I-
A function g is said to be B-differentiable at (y;, y,) if

. A(z w)g(yl’ yZ)
lim ——22-72 _—p , < 00.
=01 (2 — y1)(w — ) 59 (v1: y2)

Here, Dpg is called B-derivative of g and the space of all B-differentiable functions is
denoted by Dy, (1 2). For any g € Cp(1 2), the GBS operator associated with By, , », ),
is given by
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Conn A A (G391 32) = By n a0 (90 w) +9(2, y2) — gz, w): y1. ¥2)

m n 5 k . . k
= Zth.n,_;,k(hlqhz:)’1&2)(9(%;>+g(é,y2>—y(é,;))- (6.1)

j=0k=0
Hence, the operator (6.1) is a linear operator and is well defined from the space

C,(1?) into C(I?). The mixed modulus of smoothness of g € C;,(1?) is defined as

wg (g; 61, 62) := sup {|Auyg (1, y2)| 12 — yil < 61, lw — y2| < 2},

forall (yy, y2), (z, w) € I* and forany (6;.6,)€(0, 00) x (0, 00) withws : [0, 00) x
[0, c0) — R.

Theorem 10 Let {D,, »}, Dy : Cp(J¥) — B(J?), m,ne N be a sequence of
bivariate linear positive operators, Hy, , be the GBS-operators associated with D,,
and the following conditions are satisfied:

(]) Hm,n(lv Y1, }’2) = 1;

(2) Hm,n(z’ Y1, yZ) =1 +um,n(yla yZ);

(3) Hpn(w, y1, y2) = y1 + V(Y15 ¥2);

(4) Hpun(2® +w?, y1,32) = ¥§ + ¥3 + W1, 12)s

forallyy, y:€J?. If all the sequences up, n(y1, ¥2), Umn 2.0 (V1 ¥2) and w5 (1, y2)
converge to zero uniformly in J?, then the sequence { H,, ,g} converges to g uniformly
on J? forall g € Cp(J?).

As a consequence of the above theorem and applying Lemma 5, we have

Theorem 11 For g € C,(I?), the operator Cimnn. (G5 Y1, Y2) converges to g uni-
formly in I°.

Now, we determine the degree of approximation in terms of the mixed modulus
of smoothness for the GBS operators C, 4z, ), -

Theorem 12 For g € C,(1?), the following inequality holds,
HCmn 20 (9) — gl < 4wp (g3 N, Gr)-
Proof By using the definition of wg (g, 71, 72) and the inequality
wp(g: s p2y2) < (L4 p) (1 + p2) w(g, 1, 72)5 s pz > 0,
we are led to

[AGuw g, y2)l < we(g; |z —yil, lw—yl)

z— w—
<1 N ﬂ) (1 . ﬂ) wp(gi 7). (62)
" 2
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From the definition of A, ,yg(y1, y2), we get

gy, w) +g(z, y2) — gz, w) = g(y1, y2) — A g(y1, ¥2).

On applying the linear positive operator (4.1) to this equality and using the defi-
nition of operator (6.1), we can write

Cinn )20 (95 Y15 ¥2) = g1, ¥2) Bimondy 2, (€005 Y15 Y2) — B a2 (Aw) gV, ¥2)5 ¥1, ¥2)-
Since By, n.7,.0, (15 ¥1, y2) = 1, considering the inequality (6.2), we obtain,

[Connng, 20 (95 Y15 ¥2) — g(y1, ¥2)]

1
< <Bm,n,,\1,,\2(€oo; i, y2) + 73m,n,A,,A2(|Z =il y1,32)
1
1 1
+— B (w = y20 ¥1, ¥2) + —— B Uz — y1l5 ¥1, y2)
2 Y172
X Bina (W — W25 y1, yz)>w3(g; Y15 V2)-

Now, applying the Cauchy—Schwarz inequality and choosing v; = 1, 72 = (,, we
reach the required result. (]

Now, let us define the Lipschitz class for B-continuous functions. For g € C,(1 2),
the Lipschitz class Lipy (£, n) with £, € (0, 1] is given by

Lipy &) = {9.€ Cy (1) [AangOn. 32)| = M1z =1l fw = yal”, for zow) . (v, y2) € 12}

Our next theorem gives the degree of approximation for the operators (6.1) by means
of the Lipschitz class of Bogel continuous functions.

Theorem 13 For g € Lipy (€, 1), we have

Cmanoni e (9) — Il < M (0)*(G)",
for M >0, &,n € (0,1].

Proof By the definition of the operator (6.1) and the linearity of the operator
Biinaa» WE Can write

Conn A 00 (G5 Y1 Y2) = By ag 0 (901, w) + 9(2, y2) — g(z, w); y1, y2)
= By 0 901, ¥2) — A w91, ¥2)5 ¥15 ¥2)
=901 YD) B n A 2 (151 2) = B A o (Bun 91 ¥2)5 Y15 ¥2)-

Hence, by our hypothesis
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[Crnnine @391, ¥2) = 9 01, 92| = Bumarno (|Awy 9O, y2) |3 31, y2)

M By p \p 2 (lZ =1l 1w = yal"5 y1, yz)

IA

= MByu 0 (lz — 155y, )’2) B (Iw = 32175 y1, 32) -

Now, applying Holder’s inequality with p; =2/¢,q1 =2/(2—¢&) and p, =
2/n, g2 = 2/ (2 — n), the desired result is obtained. (I

In the following theorem, we investigate the rate of approximation for Bogel
differentiable functions with a bounded Bogel derivative by the operators Cy, .., -

Theorem 14 Let the function g € Dy(I%) with Dgg € B(I1?). Then,

HCmnni 2 (9) — gl =

11
mzmnz2

=1 =1
(HDBgHoo +wp(Dpg;m= ,nz )>,

for some constant M > 0.

Proof Since g € D,(I%), we have

Acwg(y1, y2) = @ —y)(w —y)Dpg(€,n), with yy < <z; y»<n<uw.

Also, we note that

Dpg(§,m) = ADpg(&,m) + Dpg(&, y2) + Dpg(y1,m) — Dpg(y1, y2).
Since Dgg € B(I?), we can write
B, Ay Ay A z,w) 901 ¥2)5 Y15 Y21 = 1By, A p 2 (2 = yD)(w = 2) Dpg(€, m); y1, y2)l
< By a2 = yillw — yalwp (Dpg: 1€ — yil. In — y20): y1. y2)

+3 11DBYlloo By n, Ay, (12 = Yillw = yali y1, y2)-

Ng)w., by using the inequality (6.2) and applying the Cauchy—Schwarz inequality we
obtain

[Comn A A (95 915 52) = 9O YD) = 1B, A Ag Bz,w) (V15 32)3 Y1 32

IA

31DBglIo0y Bunry ag (@ = Y2 (@ = 1) 1, 32)

+<\/Bm,n./\1 2o (@ =yD2w = y2)% y1,32)

+7(1\/Bm,n.A1 2o (@ =yD¥w = y2)% y1,32)

—1
+7; \/Bm,n,)\l,Az((Z =2 = y)* 1, 72)

—1_—1 o2 2 oA
1 % By (@ =y (w = y2)%5y1. 2) Jwp(DBg: 71, 72)-

(6.3)

Considering Lemma?2, for (z, w), (y1, y2) € I? and i, j € {1, 2},
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Bunni o (2= DX (w = 3225 v1,32) = Bun, (2 = Y05 31 By (w — 32)%5 32),

MM (6.4)
m! nJt

for some constants M, M, > 0.

Let v, =m%], and v = nz.
Then, combining (6.3), (6.4)

-1

[Connina (95 Y1, ¥2) — g1, )| = 3|IDBg||ooO<m2>0(n_2')

1 1 o -
+0<—|>0( )wB(DBg;mzl,nzl),
m?2 n

o=

uniformly in (y;, y») € I%. This completes the proof. O
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Durrmeyer Modification of Lupas Type m
Baskakov Operators Based on IPED e

Minakshi Dhamija

Abstract The purpose of this paper is to consider Durrmeyer variant of Lupasg type
Baskakov operators having inverse Pélya—Eggenberger distribution basis function.
We derive some direct results which include uniform convergence, pointwise approx-
imation via modulus of continuity and asymptotic formula.

Keywords Stancu operators *+ Baskakov operators + Durrmeyer operators - Inverse
Pélya—Eggenberger distribution

2010 Mathematics Subject Classication 41A25 - 41A36

1 Introduction

In 1968, a new sequence of positive linear operators P1*) : C [0, 1] — C [0, 1] intro-
duced by Stancu [17]. This sequence was based on Pélya—Eggenberger distribution:

n " k
Pl (fix) =Y pliien s (—) (1.1)
k=0 n
where o] 1t —a]
[a] _ n\x e (1 _.x) Rk~
pn.k(x) - (k) 1 —a] ’

a > 0 such that it may depend on natural number n € N and /""" = ¢(t — h)(t —
2h) e (t —n — 1h), 119" = 1 denotes the factorial power of ¢ with increment /.

For special case @ = 0, operators (1.1) reduce to the classical Bernstein operators
[4] and when @ = % we get another particular case
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1 i k=11 — x)l=*=31 /&

k=0

considered by Lupas and Lupasg [16].
Recently, Gupta and Rassias [13] introduced the Durrmeyer type integral modi-
fication of operators (1.2) and established local and global approximation results.
Stancu [18] also considered inverse P6lya—Eggenberger distribution and gave a
generalization of the Baskakov operators:

> k
Vel (fi) =Y ol f (;) : (1.3)
k=0

where : T
. l’l+k—1 10—l [k~
deleo = ("4 e
14+ x)"
and f € Cp [0, 00). The operators (1.3) also have special cases:

(1) For o = 0, we get classical Baskakov operators [3] as:

> k
Vi (f; %)= vai () f (;) (1.4)
k=0

with
v (x)—<n+k_l)—Xk
n.k k (1 +x)n+k :

(2) Fora = %, the operators (1.3) reduces to following Lupas type Baskakov oper-
ators considered by Dhamija et al. [9]:

1 1 k
Vn[”] (fix)= Z U;E,”k] x) f <,—l> (1.5)
k=0

where

1 4k =1\ 1m—ilylk—1]
U,E"k](x) = (n ) a -
’ k (1 + x)n+k—31

Inspired by Gupta and Rassias [13], we now consider Durrmeyer type modification
of Generalized Baskakov operators (1.5):

i (i) =@ - 1)Zv£,’l}<](x)f0 Uk () f (1) dt (1.6)
k=0
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n+k—1 t*
vn,k(t)=< k )m

In recent years, many researchers are working on Durrmeyer type operators and
connecting these operators in the direction of g-calculus (see [1]). The aim of this
paper is to obtain moments of operators (1.6) and then establish direct results includ-
ing pointwise approximation by using classical modulus of continuity, second order
modulus of smoothness and asymptotic formula. These approximation properties
have also been discussed in [5, 7, 11, 12, 14].

For details of Pdlya and Inverse P6lya—Eggenberger distribution, see [6, 10].

where

2 Auxiliary Results

Consider the set of monomials ¢; = %, i = 0, 1, 2 known as test functions. Now we
find the moments of these test functions for our operators (1.6) which is necessarily
in order to provide our main results.

Lemma 2.1 For Durremeyer operators (1.6) hold

pi (e x) = 1,

Dl — " .
e P YU M
1 3 2 _
Dr[f] (€2; x) = ! [ "+ D) x? n” Gn—17) x—l—Z]
n—2(n-3) Ln—Dn-2) " (-Dn-2)

Proof To obtain these moments, first we prove the following result:

° r o, (k+nr)!(n—r—2)
A vk (1)t dt = T

By using the above result, we can get desired moments. (I

Lemma 2.2 For the operators (1.6),

-2 1
n—Dn—-2" "n=2

DIV (= 0%%) = ooy [Gn + 11 — 280 + 12)x2
+(3n3 4502 — 22n + 12)x +2(n* — 3n + 2)]
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Proof Taking into account Lemma 2.1, we can have above central moments. |

Lemma 2.3 Let f be a bounded function defined on [0,00), with | f| =
sup | f(x)l, then

x€[0,00)

RGBT

Proof Using the definition of operators (1.6) and Lemma 2.1, it follows

Dl rin| = =171 01 i)

n-13 e / by (1) (i
k=0 0

=1l O

3 Direct Results

Using the well-known Bohman—Korovkin—Popoviciu theorem (see [15]) we get the
uniform convergence of operators (1.6).

Theorem 3.1 Let f € C[0, co) N E, then we have

im DY (f30) = £0)

n—o0

uniformly on each compact subset of [0, 00), where C[0, 00) is the space of all
real-valued continuous functions on [0, 00) and

J )

E:=1f:x€[0,00), is convergent as x — 00
14+ x2

Proof Taking Lemma 2.1 into the account it is clear that

1 .
lim D,E”] (ei;x)=x", i=0,1,2

n—o0o

uniformly on each compact subset of [0, c0). Hence, applying the well-known
Korovkin-type theorem [2] regarding the convergence of a sequence of positive
linear operators, we get the desired result. (]

Modulus of continuity is the main tool to measure the degree of approximation
of linear positive operators towards the identity operators.

Definition 3.1 Let f € Cp[0, 0o) be given. The modulus of continuity of the func-
tion f is defined by

o (f,8) :=sup{[f(x) = f(V] : x,y €[0,400), [x —y| <5}, (3.1
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where 6 > 0 and Cp[0, 00) is the space of all real-valued functions continuous and
bounded on [0, c0).

Moreover, we have a following useful property:

1f) = fFWI < o(filx =y < (14 51x = yI) - o(f. 8). (3.2)

Definition 3.2 For f € C [0, oo0) and § > 0 and

wy (f,8) i=sup{|f(x +h)-2f(x)+ f(x —h)| : x,xxh e€[0,00), 0<h <4}
(3.3)
are the moduli of smoothness of second order.

Definition 3.3 Let f be a function from the space Cy[0, co) endowed with the norm

Ifll = sup |f(x)|then Peetre’s K-functional is defined as

x€[0,00)

K2 (f.8) = inf {Ilf —gll +8]g"[}. (34

where § > 0 and W2 = {g € C5[0,00) : ¢/, g € Cp [0, 00)}. Also, from ([8], p.
177, Theorem 2.4), we can write

K2 (£.8) = Mor (£.95). (3.5)

M > 0 is an absolute constant.

We start our direct results in terms of moduli of continuity.
Theorem 3.2 If f € Cg[0, 00), then for any x € [0, 00) and § > 0, it follows

[%] . . [%] 2. 2
Dl (fix) = f )] 220 (£8), with 5= (D! (&1 = 0% x)
Proof By using the property (3.2) and Lemma 2.1, we get
k+1

<@m—1 Zvn[i](x)/f Uk (O1f (1) = f ()l dt

k=0

D,L”] (f;x) = f ()

e} 1 %
< (1+;(n—1>2v£fk]<x)/k vn,k(t)|t—x|dr)w(f, 5).
k=0 n

n

Applying Cauchy—Schwarz inequality for integral, we get
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D,["’] (fix) = f(x)

=9 [1] % 1/2 Anj 1/2
< 1+%(n—1)2vn; (x)(/k vn,k(z)dr) (/k v,l,k(t)(t—x)zdt> o (f,98).

k=0 n

Again, applying Cauchy—Schwarz inequality for sum, it follows
(4] o [ "
i (fi0 = £ 0| = 1+§((n—1)2v,,7k (x)ﬁ vn,kmdr)
k=0 0

o 1 1/2
x((n—l)Zv,Ef}(](x)ﬁ vn,k(z)(t—x)zdt> o (f,9)
k=0 n
1 1/2 1 1/2
= [1 + (o8 @i 0) (D e — 0% ) }w(f, H=2-0(£9),

: [+] 2. )/
with § := (Dn” ((ey — x) ;x)) . O
Next we estimate the degree of approximation by using Peetre’s K-functional.

Theorem 3.3 Let be f € C[0, 00), then for any x € [0, 00) it follows

Dl (750 = 1 0] = M (£, 18,0) + (1,80,

where M is an absolute constant and 1

1 1 2\ 2 1
sn(x>=<D£"] ((el—x>2;x)+(D£”(e1—x;x))) C 8o =D e — x|

Proof For x € [0, 00), consider the operators

2

n-x 1 ‘e
(n—l)(n—2)+n_2)+f(x). (3.6)

Dl iy =Dl (i) — f (

ALl [+]

AL N
‘We note that D"~ (eg; x) = 1and D,E ] (e1; x) = x,1.e., the operators Dy," " preserve
constants and linear functions. Therefore

Pl e, —x:x) = 0. 3.7)

Letg € Wgo and x, ¢ € [0, oo0). By Taylor’s expansion, we have

g(t)=g(X)+(t—X)g'(X)+/ (t —u)g" (u)du
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Operating b,,[;] on both sides of the above equation, we get

‘[%] . _ NF . A[%] ! " .
Dy " (g:x) —g(x) =g (x)- Dy" (e1 — x;x) + Dy (t—u)g (u)du;x

_D[H ' ¢ " w) du: “’"ﬁﬁ+ﬁ n*x 1 " d
= o ([ 6w wair) - (o= * amg oo

On the other hand

t

/ (t — g ()

X

<@t-x% 14"l

then
N 1 ; ?
51 (gi ) — ()| = (D,gn]((e. — %0 + (D (e - x;)) ) gl

Making use of definition (3.6) of the operators b,[f] and Lemma 2.3, we have

1 RE %
D,[,"](f;x)—f(x) < D,[”](f—g;x) - D,L"](g;x)—g(X)

n’x 1
f((n—l)(n—Z) +n—2) ALY
<4lf —gll+82 ) g + o (f80).

+lgx) = f I+

1 1 2 1
With8,2,(x) = D,[,”] ((e1 —x)% x) + (D,[{’](el —X; x)) and§, = ‘D,[l”](el —X; x)’.
Now, taking infimum on the right-hand side over all g € Wgo and using the relation
(3.5), we get

1 5n2
‘D,E"] (f:x) —f(x)‘ < 4K, (f, 4(x)) + o (f.80)

< M, (f. 38,(0)) + @ (f. 8,) -

Further, we present asymptotic formula for the operators (1.6). ]

Theorem 3.4 Let f be a bounded and integrable function on [0, 00) such that there
exists first and second derivative of the function f at a fixed point x € [0, 00), then

1 3
Tim 1 (DI (1) = £ (0) = Gr+ D () + S6G+ D).
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Proof Taylor’s expansion of function f gives:

1
fO=f+E=0fx)+ 50 - )2 (x) + e(t, x)(t — x)%,

where ¢(f,x) — Oast — x.

Applying operators Dk] on both sides of above equation and in view of Lemma
2.2, we get

1 1 1 1
il (110 = ) =D = i) £+ 308 (- 0% 0) £+
+ D,EH (e(t,x) - (t —0)% x).

Therefore,

Tim 7 (D,EH (fix)—f (x)) —Gx + 1) f (%) + %x A+x) f'0),+  (3.8)

+ lim n (D,[l%] (s(t, x) -t —x)% x)) ,

n—00

To obtain the desired result, it is sufficient to prove that

lim n (D,EH (e(t,x) - (t —x)% x)) =0

n—00

Application of Cauchy—Schwarz inequality gives

DI (et vy — )% %) < \/D,E” (2. 0); x)\/Dw (=) (9

Since £2(x,x) = 0 and &2(-, x) € C[0, c0) N E, thus we can use convergence of

[

1
operators Dy, ] from Theorem 3.1,
1
lim DY (201, x): x) = 20, x) = 0. (3.10)

n—0oQ
Therefore, from (3.9) and (3.10) yields

. [+] 2

lim n (Dn” (s(t, x)-(eg —x) ;x)) =0

and using (3.8) we obtain required result. (]



Durrmeyer Modification of Lupas Type Baskakov ... 119

References

17.

18.

. AM. Acu, C.V. Muraru, D.F. Sofonea, V.A. Radu, Some approximation properties of a Dur-

rmeyer variant of g-Bernstein-Schurer operators. Math. Methods Appl. Sci. 39(18), 5636-5650
(2016)

F. Altomare, M. Campiti, Korovkin-Type Approximation Theory and its Application, de Gruyter
Studies in Mathematics, vol. 17 (Walter de Gruyter & Co., Berlin, 1994)

V.A. Baskakov, A sequence of linear positive operators in the space of continuous functions.
Dokl. Acad. Nauk. SSSR 113, 249-251 (1957)

S.N. Bernstein, Démonstration du théoréme de Weierstrass fondée sur le calcul de probabilités.
Commun. Sco. Math. Charkov 13(2), 1-2 (1912)

N. Deo, M. Dhamija, Generalized positive linear operators based on PED and IPED. Iran. J.
Sci. Technol. Trans. Sci. 43 (2018), https://doi.org/10.1007/s40995-017-0477-5

N. Deo, M. Dhamija, D. Micldus, Stancu-Kantorovich operators based on inverse Polya-
Eggenberger distribution. Appl. Math. Comput. 273, 281-289 (2015)

N. Deo, M. Dhamija, Jain—Durrmeyer operators associated with the inverse P6lya-Eggenberger
distribution. Appl. Math. Comput. 286, 15-22 (2016)

R.A. DeVore, G.G. Lorentz, Constructive Approximation (Springer, Berlin, 1993)

M. Dhamija, N. Deo, D. Miclaus, Modified Baskakov operators based on inverse Pdlya-
Eggenberger Distribution. (Communicated)

F. Eggenberger, G. Pélya, Uber die statistik verkerter vorginge. Z. Angew. Math. Mech. 1,
279-289 (1923)

. Z. Finta, On approximation properties of Stancu’soperators. Stud. Univ. Bolyai Math.

XLVII(4), 47-55 (2002)

. V.Gupta, R.P. Agarwal, Convergence Estimates in Approximation Theory (Springer, New York,

2014)

. V. Gupta, T.M. Rassias, Lupas-Durrmeyer operators based on Polya distribution. Banach J.

Math. Anal. 8(2), 145-155 (2014)
H.S. Jung, N. Deo, M. Dhamija, Pointwise approximation by Bernstein type operators in mobile
interval. Appl. Math. Comput. 214(1), 683-694 (2014)

. P.P. Korovkin, Convergence of linear positive operators in the spaces of continuous func-

tions(Russian). Doklady Akad. Nauk. SSSR(N.N.) 90, 961-964 (1953)

. L. Lupas, A. Lupas, Polynomials of binomial type and approximation operators, Stud. Univ.

Babes-Bolyai Math. 32(4), 61-69 (1987)

D.D. Stancu, Approximation of functions by a new class of linear polynomial operators. Rev.
Roum. Math. Pures Appl. 13, 1173-1194 (1968)

D.D. Stancu, Two classes of positive linear operators. Anal. Univ. Timisoara Ser. Mat. 8, 213—
220 (1970)


https://doi.org/10.1007/s40995-017-0477-5

On Bernstein—Chlodowsky Type )
Operators Preserving Exponential e
Functions

Firat Ozsarac, Ali Aral and Harun Karsli

Abstract In this paper, we introduce, analyze, and obtain some features of a new
type of Bernstein—-Chlodowsky operators using a different technique that is utilized as
the classical Chlodowsky operators. These operators preserve the functions exp (ut)
and exp (2ut), i1 > 0. As a first result, the rate of convergence of the operator using
an appropriately weighted modulus of continuity is obtained. Later, Quantitative-
Voronovskaya type and Griiss—Voronovskaya type theorems for the new operators
are presented. Then, we prove that the first derivative of the Bernstein—Chlodowsky
operators applied to a function converges to the function itself. Finally, the variation
detracting property of the operators is presented. It is proved that the variation semi-
norm property is preserved. Also, it is shown that the operators converge to f/exp,
in variation seminorm is valid if and only if the function is absolutely continuous.
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1 Introduction

Recall that the classical Bernstein-Chlodowsky operator C, defined from
C [0, 00) — C [0, 00) is given by

Cf(x)—zn:f<kb")<n> (1)k(1—1)n_k xel0,b,] (LD
" =\ n J\k)\b, by ’ o

where f is a function defined on [0, co) and bounded on every finite interval [0, b, ] C
[0, co) with a certain rate, and b,, is a monotone increasing, positive and real sequence

such that lim b, = oo and lim b — ),
n—0oQ n—oo

The classical Bernstein-Chlodowsky polynomials were introduced by I
Chlodovsky in 1937 as a generalization of the Bernstein polynomials. Note that
the case b, = 1,n € N, in Eq. 1.1, defines an approximation to the function f on the
interval [0, 1] (or, suitably modified on any fixed finite interval [—b, b] ).

For b > 0, let M (b; f) := sup |f (¢)|. It is shown by Chlodowsky that when

0<r<b

f eC[0,00)and lim M (b; f)exp (—‘Z—") = 0 for each o > 0, then the classical
n— o0 n

Bernstein—Chlodowsky operator converges to f (x) at each point where f is contin-
uous. Chlodovsky also showed that the simultaneous convergence of the derivative
. f )’ (x)to f "(x) at points X, where the derivative of f (x) exists, a result taken up
by Butzer [4, 5]. Due to these two former results, the classical Bernstein—Chlodowsky
operators and their generalizations have been an increasing interest in the field of
approximation theory.

During the paper, > 0 is a fixed real parameter and exp,, represents the expo-
nential function defined by exp,, (1) = e

Herein, we consider a generalization of Bernstein-Chlodowsky operators of the
form

: kb,
Cnf (x) = Zan,k x) f (7) Pk (an (x)), x €0, by,] (1.2)
k=0

ani (x) = et e and (x) = V(X k - X "
n,k - Dn.k - k bn bn

with the property that
Colexp,; x) = e, Cy(expl: x) = ™. (1.3)
Then, the operator C, is more explicitly given by

-G B () () (e

(1.4)
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with
o= l

n pbn
e n —

a, (x)=">b

Note that the connection of this operator with the classical Bernstein—Chlodowsky
operator can be expressed as

Cof (0) = fo ) Cu (f/f0) (an (x)),  fo(x) =€ (1.5)

s (H) (52 (52
=i Z fo ((_,,)) Puk (@ (X))

k=0

Namely,

fO ()C) Cn (i

f0> (an (%))

g (ko
=y ! E )pn k (ay (X))

k=0 €

" Kby kb,
= e Z e " f < ) Dk (an (X))

k=0

kb kb,
= E eeh o f < )pn,k (an (x))
n
= E ank(x)f< )pnk(an(x))

—Cnf(x)~

Also note that the Bernstein—-Chlodovsky operators C,, based on functions defined
on [0, 00), are bounded on every [0, b,] C [0, co) with a certain rate. Thus, they
are a very natural polynomial process in approximating unbounded functions on the
unbounded infinite interval [0, co); but this approximation process is not so easy to
handle.

We know that the classical Bernstein—Chlodowsky operators have the degree of
exactness one, that is, they preserve the monomials 1 and x. On the other side, the
operator (1.4) does not preserve 1 and x, but it satisfies the exponential moments
(1.3) that play an important role in our calculations.

The aim of the present paper is to investigate the operators C,, n € N in deeper
to reveal, in addition to elementary properties, their advanced properties. Moreover,
the development of the some theoretical results of the generalized operator is within
the aim of the paper. After Voronovskaya type theorems for the generalized operator
is stated , it is compared to the classical Bernstein—Chlodovsky operators in terms of
effectiveness. For this purpose, the convergence of the derivative (C, f )/ (x)to f "(x)
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is also considered. Finally, in the last section, the variation detracting property of
the operators and variation seminorm property is stated. Moreover, it is proved that
the operators converge to f/ exp,, in variation seminorm is valid if and only if the
function is absolutely continuous.

2 Preliminary Results

For the operator C,, n € N, we give here some of their properties and results. At first,
we calculate all the moments of operator (1.4).

Lemma 1 Foreachn € Nand x € [0, b,], the following identities hold:

tbn X

n
Cuep (x) = eH*Hbn (eT +1-— 67) ,
23 1bn won \ "
C,l(expi; x) =eM" (e n (e o+ 1) —en ) ,

Cn(expi, x)=e" (e% (e% - 1) (eul% + 1) + e%>n .
Using Mathematica, we give two limits, which play an important role in both
the uniform approximation of operator to functions and Voronoskaya type result.
Foreach x € (0, 00), we shall consider the function exp 0 defined forr € (0, o0)
by
exp, , (1) = e — e

Using Lemma 1 and (1.3) , one easily finds that

Cn (expp,x; x) = Cn (CXP#; x) — €ché’0 (x)
=" (1 — Cyeg (x)) 2.1

and

Ca(exp}, 3 X) = Ca(expy; x) — 2€!C (exp,; x) + € Cre (x)
= & (Coeo (1) = 1. 2.2)

Lemma 2 For each x € [0, 00) , the following identities hold:

lim Cpep (x) = lim e —Hb (e* F1- e%) —1, 2.3)
n—0o0 n—0o0

lim 7 (Cyeo (x) — 1) = lim n (e’“‘_“h" (eL +1- e*) — 1) —12x, (24)

n—o00
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and
lim n’C, (expi x)=0.
n—oo ’

3 Quantitative Results

All concepts mentioned below can be found in [7] more generally. We denote by
C, [0, 00) the space of continous functions f € C [0, co) with the property that
exists M > O such that | f (x)| < Me"*, for every x € [0, b,] . This space endowed
with norm

Lf ()]
Ifll, = .
R
Also,
i . Sl
Cu [0,00) :==1f:f€C,[0,00) and lim ——— =k, kis constant. ¢ .
x—>o00 eHX

For f € C l’j [0, co) we use the following modulus of continuity:

If (x) — f@®)]
Q. (f;0) = su .
wlf x,te[(}?bn] [lert — erx| 4 1] er~
|€“’ —elx ‘55

In [7], the authors proved the most general form of the following lemmas.
In the following, we give the main properties of the modulus of continuity.

Lemma 3 ([7]) If f € C, [0, 00) and X > O, then
Qu(fiA0) = +N)A+0)Q2(f;0).
holds for every § > 0.
Lemma4 ([7]) Foré >0, f € C,[0,00) and x,t € [0, b,], the inequality

(e ey

|f (0) = £ ()] < 2" (1+6)° <1+ 52

)Q#(f;&

holds.

Lemma 5 ([7]) For any f € CJ[0, 00) , we have

(lsgr(l)Qu(f;5)=0.
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Quantitative approximation theorems for sequences of linear positive operators
play an important role not only in approximating functions, but also in estimating
the error of the approximation. One of the most important convergence results in
approximation theory is the Voronovskaya theorem. Roughly speaking, it is obtained
to describe the rate of pointwise convergence.

Moreover, the other results presented in this paper are a quantitative-Voronovskaya
type and a Griiss—Voronovskaya type theorems for the new operators. For more
details, see [1]. Recently, Gal and Gonska obtained a Voronovskaya type theorem
with the aid of Griiss inequality for Bernstein operators in [8] and called it Griiss—
Voronovskaya type theorem. In this paper, we extend some of these results for our
operators Cy,.

First, in the following theorem, we give quantitative type theorem for our operator
Cu:

Theorem 1 For f € C} [0, 00) and x € [0, b,], we have

ICuf (x) — f (X)] < 8™ (14 Cuep (x)) (1 + ") Q, (f: Vv (Cuep (x) — 1))
+ f(x) [(Creg (x) — D).

Proof Suppose that § < 1. Using Lemma 3, 4 and (2.2) , we have

ICn f (x) = f (0)]
; 1
<2eM(1+ 5)2 (Cneo (x) + (Tzcn (expi,)(; X)) Q (f50) + f () [(Creo (x) — DI

< 8eM* (14 Cpep (x)) 2 (fv Cn (expz’x; x)) + f () [(Creg (x) — D
= 8¢ (14 Cueq () (1 +¢) 2 (£ V/(Caeo () = D) + £ (0| Cueo () = DI

O

‘We have that our operator has a different approach charecteristics

Remark 1 If in the previous theorem, we assume
62 = )\n (x) = (CneO (.X) - 1) s

then the estimate reads as

1C f () = £ (O] = F () M (6) + 8™ (1+ Creg () (14 ) @y (31 (Cueo ) = D).

Hence, velocity of convergence of C, f (x) to f (x) is managed by the velocity of
convergence of C,eq (x) to eg (x) = 1, or equivalently, the one of A, (x) to 0, and
this is given by the undermentioned limit, that can be easily computed by elementary
calculus.
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lim n (C,ep (x) — 1) = lim n)\, (x)
n— o0 n—oo

. _ bn. e\
lim n (e“x 1bn (e n+1—en ) — 1) = 2.

n—oo

Now, we state quantitative-Voronovskaya type theorem for C,,:

Theorem 2 If f € C/Ii [0, 00) and x € (0, by,), then we get

3 , 1 ”
Cof (X) — £ (x) — (Crep (x) — 1) <f (x) — Eu"f (x) + E;ﬂf <x>)‘

< 8e"*(C, (expi’x; x) Q, (f o logﬂ) (expu) ;

Proof By Taylor’s theorem, we have

f@ = (f o logu) (e‘”)
/ 1
=(fo logu) (™) +(fo logu) (e") exp,, . (1) + 3 (fo logﬂ) (e") expi’x )

+h (x, ) exp), , (1),

"

where

" "

(f °© IOgu) (eXpﬂ) ) — (f ° log#) (expu) (x)

hy(@):=h(x,t) = >

with £ a number between x and ¢. Applying the operator C, to both side of above
inequality, we get

"

/ 1
Caf (x) = Cao()f (1) + (f o log,) (") Cy (exp, i x) + 5 (f olog,) (") Cu (exp] i x)

+Cy (hX expivx; x) .
Using Lemma 4 and the fact that |e"5 — e”x| < |e”‘ — e”x| , then we can write

L ey :
lh(x,0)l <e™*A+06)" |1+ — Q, <(f olog,) (exp,): 6)

nx 2 (e#t — eux)z !
e R L R <(f°10gu) (exp,); 5) :

Suppose that § < 1. Thus, we can write
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(¢ — )’

| (x, )] < det (1 + T) Q, <(f olog,) (exp,): 5) :

Multiplying this relation with expi’x and applying the operator C,,, we get

"

Cn <hx expfhx; x) < 4t (Cn (eXPi,x? x) + %2(,’,, (expfl,x; x)) Q ((f olog,) (exp,); 6) .
(3.1
Using (2.1) and (2.2), we get

Cof (¥) = f (x) = f (x) Cueo (x) = 1)+ (f Ologu)/ (e") e (1 = Cueo (x))

1
+5 (f olog,) (e")e™ (Cueo (x) — 1)

+Cy (hx expi’x; x) .

‘We know that, since

and

/ 1
() ¢y = et
we have 0
1y _ t
(for™) r() = -
Also since
" A2 "
(For™) = (o) (7)) + (£ er ) ()
and ,
d 1y _ -1\ ’ _ T (t)
GV em) =) corro =7,
we get
1y _ o T®
(for™) () o) I (@) TP

Therefore, since

( olog,) (¢") =" f @)

and

(folog,) ()= (21" ) ' f ),
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we can write

3 , 1 "
Cof (x) = f(x) — (Creo (x) — 1) (f (x) — Eu“f (x) + E/ﬂf (x))'
(exp,,) 5)
(expu) : 6) .

”

1
< 4t (C,l (expi’x; x) + EC,, (expi,x; x)) Q, <(f olog,)

1 G (exp0 %)
= 4¢"C, (exp;, ,: x) (1 + ﬁcn(Tgx,x) Q, <(f olog,)

. Cn 4 .
Choosing § = M, we have desired result. [
Cp, (exp}zu,x)

Later, we express quantitative-Griiss—Voronovskaya type theorem for C,:

Theorem 3 If f,g € Cl’j [0, 00), then for all x € [0, b,] and n € N we have

1 |Ca(F9) () = Cu f (1)Cag(x) — xf (x) g (x) (Cueo (¥) — 1) + p2xf (x) g (x) (Cueo (x) — 1)
< Gn Cn (@5 ) + SNl € Gn (Cu, g5 X) + llgll € G (Car, f30) + 0l (f) In (@)

where

Gu (Cor [ x) := 8" Cy (exp;, i x) @ | (f olog,) (exp,):

and

"

oo

— {Cn (exppaix) +/Cu (expf: X)] + 27 F (@) 11 = Caeg ().

Also, G, (Cy, g; x), G, (Cy, (fg); x), and I, (g) are the analogous one.

In(f) =

Proof For x € [0, 00) and n € N, it is easily seen that we can write

Ca(f9) () = Cuf () Cug () = xf () g () (Cneo (1) — 1) + uPxg () f () Cneg () — 1)
3 / 1 "
= [Cn(fg) () = (f9) (x) = (Cnep (x) — 1) <M2x (f9) x) — FHx f9) )+ 7% f9) (X)>]

3 ’ 1
—fx) [Cng(X) —g@x) — (Cpep (x) — 1) <u2xg (x) — SHxg (x) + 5%9 (x)ﬂ

3 ’ 1
—g(x) |:Cnf (x) = f (x) = (Cpeg (x) — 1) (szf () — Euxf () + Exf (X)>]

+g(x) = Cng )]Cn f (x) — f (0]
=h+h+5+14
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So, we get

Co (f9) (xX) = Cuf () Cog (¥) = xf (x) g (x) (Cueo (x) — 1) + 2xg (x) f (x) (Caep (x) — 1)
SN AE AR

By Theorem 2, we have the estimates

”

|| < 8e"C, (expi,x; x) Q, ((fg) o logM) (expﬂ) ;

”

Ll < 1£1l,,8¢*Cy (exp] s x) 2, | (90log,) (exp,):

and

"

|I3] < ligll, 8¢ Cy (expy, s x) Q| (f olog,) (exp,):

On the other hand, since f € C/’j [0, c0) we write

”

’ 1
Cu (F:3) = f () = (f o log,) (") Cu (expy, i %) + 5Cu (£ olog,) () exp? (i x)

and so we get

"

/ 1
Ca (F:) = f ()l = 17" F @) 11 = Coeo ()] + 5C (£ olog,) () exp] i x)

”

<0 @ 1= Coeo 1+ (7 0og,) | 36 (e e i)

where & is a number between ¢ and x. If t < £ < x, then "€ < el Tn this case, we
have

"

M
e, (exp} i x) + 17 ()11 = Cueo (1)

H (f ologu)

ICo (f32) = f ()] =< 5

orifx < £ < t, then e®s < e/ In this case, with the help of Holder’s inequality, we
get
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"

(f o logu)

Ca (f:) = £ ()] < S——Cu (expexp] i) + ! @) 11— Caeg (1)
"
(f o logu> 1 1 /
= " (expfix) o (expfix)” + 7 0O 1= Cog (o)

(f o logﬂ>// ehx

= [ (exphai ) T ) 11 = Caeo (1.

Hence, we gain for two cases of ¢ that

H (fo log#)ﬂ e

ICu (f10) = f ()] < " {Cn(expi,x:x)+\/Cn(expit,x;x)}

207 f () 11— Crep ()] := 1, (f) .

A similar reasoning yields |C, (g; x) — g (x)| < I, (g). Therefore we get

Co (f9) (x) = Cuf () Cog (x) — xf (x) g (x) (Cueo (x) — 1)
+p*xg (x) £ (x) (Coeo (x) — 1)

n

”

< 8¢"C, (exp;, i x) 2, | ((fg) olog,) (exp,):

,, o (oot )
8 2uxcn 2 : Q 1 5 =
+ ”f”u e (exPu,x x) m (g o og#) (expu) \ C, (explZI’x’ x)
” Cn (exp4 ’ x)
8 Z;MCH 2 1x)Q, I ; o
+llgll, 8e (exp;, i x) 2, | (f olog,) (exp,) Cu (exp? ; x)
+l’l1n (f) In (g) ’
as desired. -

Theorem 4 For eachn € N and x € [0, 00), we have

lim (C”f> (x):( f ) (x).
n—00 expu expu

Proof Using (1.5), we obtain
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(C f) (an (x))
exp,

1
S
\p
S

[¢]

B =
=

\—/
—~
=
p—
v

I
1
o~

=
(=l
-
=
S |~
v
Y
»
SRS
—
=
=
—
~~
Q
=
~~
=
N
p—
| I

al (x) " ( f )(kbn>
a (x) (1 — "n exp[u n

~ _a, (x)) . (3.2)

I
Q
=
N—"
band
> 1M
S (=]

X Pk (@ (X))

First, we take into account the case x = 0.
From (3.2), we have

! n—1
(Cnf) (an(x))=_< f )m)na;(x) <l_an(x>)
exp# expu b,
n—2
+< f >(lﬁ>na;l @) (1—n”"(x)) (1—“” (x)>
exp, | \ n by, by,
A f\ (kb RACAYEAC -
> (o) () (tJeveo (s =252 (452)
()™
b,

For x = 0, because of @, (x) = 0, we get
b,
) (O)+na (x) ( f ) (—)
exp,, n

(C”f> (0) = —na), (x)(
€xp,

(exp#) (%) (exp )©

:a’;(

If the limit of both sides is taken above equality, then we obtain

Cn I /
- ( f) (0)=( / ) o.
n—o0 \ exp,, exp,
Now, let’s x > 0.

We consider the following function:
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A\ (1) = (e{c;# 010&1) (er) — (ﬁ o]og#> (e ) ( ;

ettt — ehx exp,

I
o logu> (e").

In that case, tlim Ay (1) = 0. We get

/
f nty f X f x uto_px
<exp,, OIOgu) (e") = (expﬂ olog | () +{ G e loen | (") (" =)

+Xx () (e“’ — e”x) .

If kﬁ" is changed instead of ¢, then we have

/
kb kb
f olog, (e“Tn> = A olog, (e") + A olog, (e") (e”Tn - e“x)
exp,, exp,, expy,

If this equality is written in (3.2), then we attain

Ay ap (x) f S n <’<bn )
)= —mn" (x) Pk (an (X)) — | — —an (x)
(SXP,,) ap (x) (1 — anT(nx)) |:(6XP/L> k;:) k by n

(s )/(") (ke kb
APy T uE ux) ’ ( " _ an )
b, et I;) (e e Pn.k (an (x)) o ap (x)

+i ]gAx 0 (e“% - e*”) Pk (an (X)) (% —ay (x))}

- G on {( f )(x)c,,(t—an(x);an(x»

an (x) (1 _ a,LSc)) by | \ exp,
() @
CXPp 1 11X
o G (e = ) ¢ = an ()00 ()

+Cn (A (0 (e = &) (1 —an ()1 an (0))].

‘We know
Cu (t —ay (x);a, (x)) =0.

We can write

Cp ((e" — ™) (t —an () s an (x)) = Cp (el —te!™ — ay (x) e + ay (x) e; ay ()
= Cy (tel'; an (x)) — e Cy (15 ap (x))
—an (x) Cu (" an (%)) + an (x) " Cp (15 ay (x)) .
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Because ptbp+px(n—1)
C, (tgw;an (x)) =a,(x)e S ,
Cy (el”; a ()C)) = e,
lim a, (x) =x
n—oo
and
Lot
A, (0 = Jim b =
we have
a (x n 1
lim ) 7 Lo e (= ay (1) () = 1.

n— 00 a, ()C) (1 _ a,,b_(x)) bn ngx

n

Now, we use Holder inequality:

0 < Co (A (1) (" — ™) (1 — @y (X)) 3 ap (¥)) <
(60 (2 @10, ))* (€ (e = )10, )

From Korovkin theorem, we know

ol—
=

(C(t-a@n?iaw))’

lim C, (A2 (1); a, (x)) = A} (x) = 0.

As
lim C, ((e‘” - e‘“‘)2 s ay, (x)) =0
n—0oQ
and
lim C, ((t — a (x))*: a, (x)) =0,
n—0oQ
we obtain desired result. |

4 Variation Detracting Property of Bernstein—Chlodowsky
Operators

The first study about the variation detracting property and the convergence in variation
of a sequence of linear positive operators was come out by Lorentz (1953). He proved
that B, have
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Vio,i1 [Ba f1 = Vio,n [f]

and it is called the variation detracting property.

The main purpose of this section is to confirm the variation detracting property
and convergence in the variation seminorm for the Bernstein—Chlodowsky operators.
We firstly give the definitions related to variation detracting property.

Definition 1 ([11]) The least upper bound of the set of all possible sums V is called
the total variation of the function f (x) on [a, b] and is designated by Vi, [ f].

Definition 2 ([2]) The class of all functions of bounded variation on [ is called
BV space and denoted by BV (I). This space can be endowed both with seminorm
|.1gv () and with a norm, ||| gy ), where

[flevay = Vilfl o Wfllsvay == Vilf1+1f @l
f € BV (I), a being any fixed point of /.

Definition 3 ([3]) Let / C R be a fixed integral, and V; [ f] the total variation of the

function f : I — R. The class of all bounded functions of bounded variation on /
endowed with the seminorm

Iy = Vilf]
is called TV space and is denoted by TV (1).

Definition 4 ([11]) Let f (x) be afinite function defined on the closed interval [a, b].
Suppose that for every € > 0, there exists a & > 0 such that

<€

> U b = f (@)}

k=1

for all numbers ay, by, ..., a,, b, suchthata; < b; <a, <b, <---<a, < b, and

D bk —a) < 6.
k=1

Then the function f (x) is said to be absolutely continuous. The class of all absolutely
continuous function on [a, b] is denoted by AC [a, b].

Now, we give the variation detracting property of the Bernstein-Chlodowsky
operators:

Theorem 5 If f € T'V [0, b,), then Vig.y,, [C"f] < Viow,] [L]

exp,, exp,,
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Proof As
[9, 10], the equahty

b’l
Cn d
exf = Vo |: ex j| Z,/ Eex (/s x)] dx
pu TVI0,b,] pu s p/z
is implemented. From (1.5), we can write
Cof “la c
V[()’b”]|: 1 :|=/ d_ “ (f;x) dx
exp,, ) X exp,
b’l
/ d (x))
= —_— X
dx
0
By Theorem 3.13 in [6], we get
C.f AP= f [k
n n '
VIO,bn]|: } =/ b—anq,k (@ (X)) A <_bn) a, (x)dx
exp, Tl L exp, \n
n—1 by f k
n ’
=5 Z/ Pn—1k (@n (X)) A (—b,,) a, (x)dx
rart " exp, \n

Ptk (an (X)) @, (x) dx.

X b,
A, f (—bn)
" exp, \n
0

If ""b—(x) = y is changed, then we have

1 1
f k
Vio.6,1 [ex } ( ) A - ;bn
D, pord D, J

Now, let’s consider the integral on the left side of the inequality. From definition of
Beta function, we obtain

Cof -
% < E
o |:expu:| =" k=0 < k )

Yo =yt ay.

M
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=0 n expu
n—1
(k1 f [k
=supZ exp n bn _exp Ebn
k=0 iz iz
=V[0,bn][ ! ]= !
CXpH CXPN TVIO.b,]
O
Theorem 6 Let f € TV [0, b,]. There holds
Cy
fim | &L —0 e L cacro.n.
n>oo ||exp,  expy |l o exp,,

Sl e ACT0, by, then &L — L ¢ AC 0, b,]. By Theorem

exp,, exp, exp,

3.13 and Remark 3.20 in [6], it is written

[o.¢] / ’
Cn . Cn
lim f — s = lim f (x) — f (x)|dx.
n—oo |l eXp,  exp, TV10.50) n»ooo exp, exp,

I
From Theorem 4, it can be seen easily that ( ) x) — (e Xfp ) (x) asn — oo.
"
Therefore,
C

tim | <L S =0.

n— | exp,  €xp, TY10.00)
Conversely, let lim g("—f N ) = 0. This means that &2 inTV

n—00 Pu Pl TV [0,00) €xp, €xp,,
space. Therefore % is in AC because of AC is closed. (]
W
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Iterative Approximation of Common )
Fixed Points in Kasahara Spaces glectie

Alexandru-Darius Filip and Voichita Adriana Radu

Abstract Let (X, —, d) be a Kasahara space and f, g : X — X be two operators.
Letxo € X and x; := f(x0), X2 1= g(x1), - ., X2n := g(X20-1)s X2nt1 1= f(X20), ...
The aim of this paper is to give conditions on the pair (f, g) such that the sequence
(xn)nen converges with respect to — to a common fixed point of f and g.

Keywords Fixed point -+ Common fixed point + Kasahara space - Generalized
Kasahara space + Matrix convergent to zero

2010 MSC 47H10 - 54H25

1 Introduction

In the mathematical literature, there are various common fixed point theorems, most
of them are given for self-mappings defined on a metric space (X, d) satisfying some
contractive conditions. Some of these theorems can be found in the work of Rus [14],
Rus, Petrusel and Petrugel [17] and the references therein, Aliouche and Popa [1],
Chandok [3], Cho and Bae [4], Pant and Bisht [11], Wang and Guo [20].

There are also some common fixed point results given in a more general setting,
more precisely, in these results the metric space (X, d) is replaced by the L-space
(X, —) endowed with a functional d : X x X — R, which does not necessarily
satisfy all of the metric axioms. In this sense, see Kasahara [7, 9, 10].

In 2010, Rus introduced in [16] the notion of Kasahara space. Let (X, —, d) be
a Kasahara space and f, g : X — X be two operators. Let xg € X and x| := f(xo),
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X3 1= g(X1), ...y Xon = g(X21-1)5 Xout1 := f(x24), ... The aim of this paper is to
give conditions on the pair (f, g) such that the sequence (x,),cn converges with
respect to — to a common fixed point of f and g.

2 Basic Notions and Notations

Let X be a nonempty set and f : X — X be an operator. The set of all fixed points
of f is denoted by
Fri={xeXlx=f(x)}

If f,g: X — X are two operators on X, then an element x* € X is a common fixed
point for f and g if and only if

x*eF N F g-
We recall next the notions of L-space, Kasahara space and generalized Kasahara

space.

Definition 2.1 (Fréchet [6], Rus [15]) Let X be a nonempty set. Let
S(X) = {(xn)neN | Xn € X’ ne N}

Let ¢(X) C s(X) be a subset of s(X) and Lim : ¢(X) — X be an operator. By
definition, the triple (X, ¢(X), Lim) is called an L-space if the following conditions
are satisfied:

(i) If x, = x,foralln € N, then (x,),en € ¢(X) and Lim(x,),eny = Xx.
(i) If (xp)pen € c(X) and Lim(x,),en = x, then for all subsequences (x,,)ien of
(xn)neny We have that (x,,)ieny € c(X) and Lim(xy,)ien = X.

By definition, an element (x,),cy of c(X) is a convergent sequence and x =
Lim(x,)nen 1s the limit of this sequence and we shall write
Xp, = X asn — 00.

We denote an L-space by (X, —).

Example 2.1 Let (X, d) be a metric space. Let % be the convergence structure
induced by d on X. Then (X, —d>) is an L-space.

In general, an L-space is any set endowed with a structure implying a notion of
convergence for sequences. Other examples of L-spaces are: Hausdorff topological
spaces, generalized metric spaces in Perov’ sense (i.e. d(x, y) € R"}), generalized
metric spaces in Luxemburg’ sense (i.e. d(x, y) € R} U {400}), K-metric spaces
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(i.e. d(x,y) € K, where K is a cone in an ordered Banach space), gauge spaces,
2-metric spaces, D-R-spaces, probabilistic metric spaces, syntopogenous spaces.

Remark 2.1 Let (X, —)bean L-spaceand f : X — X be a self-operator on X. Let
us consider the following set (also called the graph of f):

Graph(f) :=={(x,y) € X x X | f(x) = y}.

Then f has closed graph with respect to — if and only if Graph(f) is closed with
respect to —, i.e. for any sequences (x,),en and (y,),en of X satisfying

(i) x, > x e Xasn —> o0
(i) y, > ye Xasn — oo;
(ii)) f(x;) =y, foralln e N
we get that f(x) = y.

Definition 2.2 (Rus [16]) Let (X, —) be an L-space and d : X x X — R, be a
functional. The triple (X, —, d) is a Kasahara space if and only if we have the
following compatibility condition between — and d:

X, € X, Zd(xn,x,,H) < 400 = (X,)nen converges in (X, —). @9)
neN

Example 2.2 (Kasahara [8]) Let X denote the closed interval [0, 1] and — be the
usual convergence structure on R. Letd : X x X — R, be defined by

[x —y|, ifx#0andy #0

d(x,y) =
(x,7) 1, otherwise .

Then (X, —, d) is a Kasahara space.

Definition 2.3 (Rus [16]) Let (X, —) be an L-space, (G, +, <, —G>) be an L-space
ordered semigroup with unity, 0 be the leastelementin (G, <) anddg : X x X — G
be an operator. The triple (X, —, dg) is a generalized Kasahara space if and only if
we have the following compatibility condition between — and dg:

Xy € X, ) dG (. Xug) < +00 = (n)uen converges in (X, ). (2)

neN

Notice that by the inequality with the symbol +oc0 in the compatibility condition

. . . G
(2), we mean that the series Z dg (x,, x,+1) 18 convergent in (G, +, —).

neN
For the case of generalized Kasahara space, we will consider G := R’

Example 2.3 (Rus [16]) Let p : X x X — R be a generalized complete metric on
aset X.Letxg € X and A € R with A # 0. Letd) : X x X — R} be defined by
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p(x,y), ifx #xpandy # xo

dy(x,y) =
A7) A, if x = xp or y = xo.

Then (X, —p>, d)) is a generalized Kasahara space.

We mention thatif o, 5 € R”, a = (a1, aa, ..., au), B = (51, B2, ..., B) and
¢ € Ry, then by o < 3 (respectively a < 3), we mean that o;; < §; (respectively
a; < f3;), foralli =1, m and by & < ¢ we mean that o; < ¢, foralli = 1, m.

Throughout this paper we denote by M,, ,,(R) the set of all m x m matrices
with positive elements, by ® the zero m x m matrix and by I, the identity m x m
matrix. If A € M,, ,,(R;), then the symbol A7 stands for the transpose matrix of A.
Notice also that, for the sake of simplicity, we will make an identification between
row and column vectors in R”.

A matrix A € M,, ,(R,) is said to be convergent to zero if and only if A* — ®
asn — oo (see [19]). Regarding this class of matrices we have the following classical
result in matrix analysis (see [2] (Lemma 3.3.1, p. 55), [12], [13] (p. 37), [19] (p.
12)). More considerations can be found in [18].

Theorem 2.1 Let A € M, ,(Ry). The following statements are equivalent:

(i) A" > O, asn — o0,
(ii) the eigenvalues of A lies in the open unit disc, i.e. |\| < 1, for all A € C with
det(A — \I,) = 0;
(iii) the matrix I,, — A is non-singular and

In—A) ' =L+ A+ A+ + A+

(iv) the matrix (I,, — A) is non-singular and (I,, — A)~" has nonnegative elements;
(v) the matrices Aq and q” A converges to zero for each g € R™.

We recall also a useful tool for proving the uniqueness of a fixed point in a Kasahara
space (see Kasahara [8], Rus [16]).

Lemma 2.1 (Kasahara’slemma) Let (X, —, dg) be a generalized Kasahara space.
Then:
x,y€X,dg(x,y) =dg(y,x) =0 = x=y.

3 Main Results

In this section, we present our main common fixed point results obtained in Kasahara
spaces and then in generalized Kasahara spaces. The uniqueness of the common fixed
point is also discussed.
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Theorem 3.1 Let (X, —,d) be a Kasahara space, where d : X x X — R, is a
functional and let f, g : X — X be two operators with closed graph with respect to
—. Suppose that there exists o, f € Ry with a3 < 1 such that:

(i) d(f(x),g(f(x))) < ad(x, f(x)), forallx € X;
(i) d(g(x), f(g(x))) < Bd(x, g(x)), forall x € X.

Then

(1) FrNFy#9;
(2) the sequence (xp)nen defined by xo € X, Xont1 = f(x21), Xon42 = g(X2n41), for
all n € N, converges to a common fixed point of f and g.

Proof We consider the sequence (x,),cn definedby xg € X, x2,41 = f(X21)s Xon42 =
g(x2,41), for all n € N and we prove by induction that

d(x2n, Xon41) < (f)"d(x¢, x1), foralln e N (3)

d(X2n 41, Xon42) < a(af)"d(xo, x1), foralln € N. “4)

For n = 0 the relations (3) and (4) hold.
We assume that (3) and (4) hold for a fixed n € N and we prove that

d(X2n 425 Xan13) < (@B)"d(x0, x1) (5)

d(Xan13, Xanta) < ()" d(xo, x1). (6)

We have

d(X2n42, X2n43) = d(g(x2n41), f(g(X2041)))
< Bd(x2n41, 9(X2n41)) = Bd(f (x20), g(f (x20)))
< afd(xy, f(x2)) < aB(aB)'d(xo, x1)

and hence (5) is proved.
On the other hand

d(X2n43, Xon44) = d(X2m+1)+1, 9 X20+1)+1)) = d(f (X20041)) 9(f K2(041))))
< ad(X2(+1), [ (X2041))) = ad (X212, Xop43)

< a(ap)"d(xo, x1),

so (6) is proved.
Now we have the following estimations:
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D dCe xap) = Y d(on Xont) + Y d(xag1, Xans2)

neN neN neN
<) (@p)'dxo, x1) + Y a(aB)"d(xo, x1)
neN neN
1 « 14+«
= d . d 5 = d ) .
—ap (x0, x1) + I —aj (x0, x1) I —ap (x0, x1)

Since (X, —, d) is a Kasahara space and Z d(x,, Xy11) < 400, it follows that

neN
the sequence (x,,),cn convergesin (X, —). So, there exists x* € X suchthatx, — x*

asn — oo.

On the other hand, x,, — x* and x3,.1 = f(x2,) — x* asn — o0. Since f has
closed graph in (X, —), we get that x* € F;. By a similar way of proof, we have
that x* € Fy. So Fy N F, # . O

Remark 3.1 In Theorem3.1, item (2) also holds if only f has closed graph with
respectto - and d(x,y) =0 < x =y, forallx, y € X.

Indeed, if f has closed graph then we get the existence of x* € F as shown in
the proof of Theorem3.1. So x* = f(x*) and we get further that

d(x*, g(x")) =d(f(x"), g(f (x"))) < ad(x™, f(x")) =0
and hence x* € Fj,.

Remark 3.2 In Theorem 3.1, if the functional d satisfies d(x, y) = d(y, x), for all
x,y € X and 3 < 1, then we have the uniqueness of common fixed point.
Indeed, let x* € Fy N F, and y* € F, such that x* # y*. Then

d(y*, x*) =d(g(y"), f(x™) =d(g(y"), f(g(x™)) < Bd(y*, x¥).

Since # < 1 it follows that d(y*, x*) = 0. By Kasahara’s lemma we get x* = y*.
Hence Fr N F, = {x*}.

Corollary 3.1 Let (X, —,d) be a Kasahara space, where d : X x X — R, is a
functional satisfying:

(i) d(x,x) =0, forallx € X;
(ii) d(x,y) =d(y,x), forallx,y € X.

Let f,g: X — X be two operators having closed graph with respect to —.
If there exists o € [0, %[ such that

d(f(x),9(y) < ald(x, f(xX)) +d(y, gy)]. forallx,y € X
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then

(1) FfNF,={x*);
(2) the sequence (x,)nen defined by xo € X, Xopi1 = f(X20), X2n42 = g(X20+1), for
alln € N, converges to x* with respect to —.

Proof Letx € X and y = f(x) € X. Then we have

d(f(x),g(f(x)) < ald(x, f(x)) +d(f(x), g(f(x)))], forall x € X

such as

d(f(x), g(f(x)) < %d(x, £,

forall x € X. o
Let § = o Thus, there exists § € [0, 1[ such that d(f(x), g(f(x))) <

—«
dd(x, f(x)), for all x € X. Hence, the assumption (i) of Theorem 3.1 is satisfied.
On the other hand, we have

d(g(x), f(g(0)) < ald(x, g(x)) +d(g(x), f(g(x)))], forall x € X

such that o
d(g(x), f(g(x))) < md(x, g(x)),

o

for all x € X. The assumption (ii) of Theorem3.1 is satisfied for 3 := 7

[0, 1].
Applying Theorem 3.1 and taking into account the Remark 3.2 the conclusions
follow. O

We give next our common fixed point results in generalized Kasahara spaces.

Theorem 3.2 Let (X, —, d) be a generalized Kasahara space, whered : X x X —
RY is a functional and let f, g : X — X be two operators with closed graph with
respect to —. Suppose that there exist A, B € M,, ,,(R,) such that:

(i) d(f(x), g(f(x))) = Ad(x, f(x)), forall x € X;
(ii) d(g(x), f(g(x))) < Bd(x, g(x)), forall x € X.

If the matrix BA is convergent to zero, then

(1) Ffqu#@;
(2) the sequence (x,)nen defined by xo € X, Xon41 = f(X20), Xon42 = g(X2n41), for
alln € N, converges to a common fixed point of f and g.

Proof Let (x,),en be the sequence defined by xg € X, x2,41 = f(x21), Xon42 =
g(x2q41), for all n € N and we prove by induction that
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d(x2n, Xop41) < (BA)"d(xo, x1), foralln e N (7
d(Xop41, Xony2) < A(BA)Y"d(x9, x1), foralln € N. 8

For n = 0 the relations (7) and (8) hold. We assume that (7) and (8) hold for a fixed
n € N and we prove that

d (X242, X2043) < (BA)"™d(x, x1) )
d(X2n43, Xonta) < A(BA)"™Md(xo, x1). (10)
We have

d(Xon42, Xon43) = d(g(x2n41), f(g(X2041)))
=< Bd(x2n+l, g(X2n+1)) = Bd(f(xZn)v g(f(x2n)))
< BAd(xy,, f(x2,)) < BA(BA)"d(x0, x1)

and hence (9) is proved.
On the other hand

d (X243, X2n44) = A2 1115 9X2011)+1)) = d(f (X2(a41))> 9(f (X20a11))))
< Ad(x2q1ys f(x2011)) = Ad (X2n42, X2043)
< A(BA)"d(xo, x1),

so (10) is proved.
Now we have the following estimations:

Zd(xns xn+1) = Z d(-XZna x2n+1) + Zd(x2n+1’ x2n+2)

neN neN neN
< Y (BAY'd(xo, x1) + Y _ A(BA)"d(x0, x1)
neN neN

= (I,, — BA) 'd(xo, x1) + A(I,, — BA) 'd(x¢, x1)
= (In + A)(In, — BA)"'d(x0, x1).

Since (X, —, d) is a generalized Kasahara space and Z d(x,, Xp+1) < 400, it
neN
follows that the sequence (x,),cn converges in (X, —). So, there exists x* € X such

that x, > x*asn — oo.

On the other hand, x5, — x* and x2,+1 = f(xp,) — x* asn — oo. Since f has
closed graph in (X, —), we get that x* € F;. By a similar way of proof, we have
that x* € Fy. So Fy N Fy # (. O



Iterative Approximation of Common Fixed Points in Kasahara Spaces 147

Remark 3.3 In Theorem3.2, item (2) also holds if only f has closed graph with
respect to — and d(x, y) =0 € R} < x = y, forallx, y € X.

Remark 3.4 In Theorem 3.2, if the functional d satisfies d(x, y) = d(y, x), for all
X,y € X and B is a matrix convergent to zero, then we have the uniqueness of the

common fixed point.
Indeed, let x* € Fy N Fy and y* € F, such that x* # y*. Then

d(y*, x*) =d(g"), f(xM) =d(g(™), f(g(x))) < Bd(y*, x¥)

ie. (I, — B)d(y*, x*) <0 € R?. Since B converges towards zero, the matrix (1, —
B) is non-singular and (/,, — B)~! has positive elements (see Theorem2.1, item
(iv)). It follows that d(y*, x*) = 0. By Kasahara’s lemma we get x* = y*. Hence
FyOF, = {x)

We give next a similar result to Corollary 3.1 in generalized Kasahara spaces. To
achieve our goal, let us consider the following set:

q11 412 --- qim
0 g2 ... g 1
.. .| e My (Ry) | max gi; < =

Mﬁ,m(R-‘r) = Q = h 7
i=l,m

0 0 ...¢qmm
Then we have:

Lemma 3.1 (Filip [5]) If Q € M, (R}) then

(1) the matrix Q is convergent to zero;

(2) the matrix (I, — Q)" Q is convergent to zero.

Corollary 3.2 Let (X, —,d) be a Kasahara space, where d : X x X — R isa
functional satisfying:

(i) d(x,x) =0€eR%, forallx € X;
(ii) d(x,y) =d(y,x), forallx,y € X.

Let f, g : X — X be two operators having closed graph with respect to —.
If there exists A € M2 (R,) such that

m,m

d(f(x),g(y) = Ald(x, f(x)) +d(y, gy)], forallx,y € X

then

(1) FynF, ="
(2) the sequence (xn)nen defined by xo € X, xon1 = f(x20), X2n42 = g(X2n+41), for
alln € N, converges to x* with respect to —.
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Proof Letx € X and y = f(x) € X. Then we have

d(f(x), g(f(x)) = Ald(x, f(x)) +d(f(x), g(f ()], forall x € X

then
d(f(x), g(f(x)) < (I — A 'Ad(x, f(x)),

forall x € X.
Let A = (I,, — A)~'A. Thus, there exists A € /\/lﬁ,m (R.) such that

d(f(x), g(f(x)) = Ad(x, f(x)),

for all x € X. Hence, the assumption (i) of Theorem 3.2 is satisfied.
On the other hand, we have

d(g(x), f(g(x))) < Ald(x, g(x)) +d(g(x), f(g(x)))], forall x € X

SO
d(g(x), f(g(x) < (I, — A~ Ad(x, g(x)),

for all x € X. The assumption (ii) of Theorem 3.2 is satisfied for the matrix B :=
(In —A)'A e ML (RY).
Since the matrix BA € MnAl,m(RﬁL) we can apply Theorem 3.2 and taking into

account the Remark 3.4 the conclusions follow. O
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Abstract Starting from the setting of fuzzy metric spaces, in the present article, the
authors utilize new concept of c-series contraction to establish fixed point theorems
for a sequence of mappings. These results unify, extend, and complement some
theorems on fuzzy metric spaces existing in the literature. The established results
are supported by an illustrative example and finally by furnishing an application in
product space.
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1 Introduction

In the study of real analysis, the concept of metric space is important and in fixed
point theory, Banach Contraction Principle is one of pivotal results. Until now many
results in fixed point theory are extended by improving the contractive conditions
involved. In the same direction, many efforts have been done by various authors,
one of them is Rhoadas [9], who made a comparison of more than hundred types of
contractive conditions. Following the same tradition Sihag et al. [11] gave new notion
of alpha-series and established fixed point theorem in G-metric space. Utilising this
new concept, the present paper proves common fixed point theorem for a sequence
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of mappings in setting of fuzzy metric space, which generalizes Banach Contraction
Principle in fuzzy metric space by Grabie et al. [2] and further by Vasuki et al. [14].

The notion of fuzzy metric space was introduced by different authors (see [2, 7])
in different ways. Further using these different concepts various authors [1, 3, 7]
proved theorem which assures the existence of fixed point.

2 Preliminaries

In what follows, we collect some relevant definitions, results, examples for our further
use.

Definition 2.1 ([15]) A fuzzy set A in X is a function with domain X and values in
[0, 11.

Definition 2.2 A continuous #-norm (in sense of Schweizer and Sklar [10]) is a
binary operation 7 on [0, 1] satisfying the following conditions:

(i) T is a commutative and associative;

(i) T(a,1) =aforalla € [0, 1];
@iii) T(a,b) <T(c,d) whenevera <candb <d, forall a,b,c,d € [0, 1],
(iv) The mapping T : [0, 1] x [0, 1] — [0, 1] is continuous.

Remark 2.3 The following are classical example of continuous 7-norm

(i) Ty(a,b) = min{a, b}, minimum 7-norm.
0 ifa=b=0,

(ii)) Ty(a,b) = ab ) Hamacher product.
————  otherwise,
a+b+ab

@iii) Tp(a, b) = ab, product t-norm.
min{a, b} if a+b>1

(iv) Ty(a,b) = . * Nilpotent minimum.
0 otherwise,

(v) Tp(a,b) = max{a + b — 1, 0}, Lukasiewict t-norm.
b ifa=1,

(vi) Tp(a,b) = {a if b =1, Drastic t-norm.

0 otherwise,

The minimum #-norm is point wise largest 7-norm and the drastic #-norm is point
wise smallest 7-norm; that is, Ty (a, b) = T (a, b) = Tp(a, b) for any ¢-norm ¢t with
a,be0,1].

Kramosil and Michalek in [13] generalized the concept of probabilistic metric
space given by Menger to the fuzzy framework as follows.

Definition 2.4 A fuzzy metric space (in sense of Kramosil and Michalek [13]) is a
triple (X, M, x), where X is a nonempty set, * is a continuous ¢-norm, and M is a
fuzzy set on X? x [0, 0o) such that the following axioms holds:
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(FM-1) M(x,y,0) =0 (x,y € X);

(FM-2) M(x,y,t) =1forallz > 0iff x = y;

(FM-3) M(x,y,t) = M(y,x,t) (x,y € X,t > 0);

(FM-4) M(x,y,") :[0,00) — [0, 1] is left continuous for all x, y € X;

(FM-5) M(x,z,t+s) > M(x,y,t)* M(y,z,s) forall x,y,z € X and s, > 0.

We will refer to these spaces as KM-fuzzy metric spaces.

Lemma 2.5 ([5]) For every x,y € X, the mapping M (x, y, -) is nondecreasing on
(0, 00).

In order to introduce a Hausdorff topology on the fuzzy metric spaces, George and
Veeramani in [6] modified in a slight but appealing way the notion of fuzzy metric
spaces of Kramosil and Michalek.

Definition 2.6 A fuzzy metric space (in sense of George and Veeramani [7]) is a
triple (X, M, *), where X is a nonempty set, * is a continuous 7-norm, and M is a
fuzzy set on X 2 % (0, 0o) such that the following axioms holds:

(GV-1) M(x,y,t) >0(x,y € X);

(GV-2) M(x,y,t)=1forallt > 0iff x = y;

(GV-3) M(x,y,t) =M(y,x,t) (x,y e X,t > 0);

(GV-4) M(x,y,-):(0,00) — (0, 1] is continuous for all x, y € X

(GV-5) M(x,z,t+s)> M(x,y,t)* M(y,z,s)forallx,y,z € Xands,t > 0.

Notice that condition (GV-5) is a fuzzy version of triangular inequality. The value
M(x, y, t) can be thought of as degree of nearness between x and y with respect to
¢t and from axiom (GV-2) we can relate the value 0 and 1 of a fuzzy metric to the
notions of co and 0 of classical metric, respectively.

We will refer to these spaces as GV-fuzzy metric spaces.

Definition 2.7 ([8]) A fuzzy metric M on X is said to be stationary if M does not
depend on 1, i.e., the function M, ,(t) = M(x, y, t) is constant.

Definition 2.8 ([10]) If (X, M, ) is a KM-fuzzy metric space and {x,}, {y,} are
sequences in X suchthatx, — x,y, — y,then M (x,, y,,t) - M(x, y, t) forevery
continuity point ¢ of M (x, y, -).

We can fuzzify example of metric space into fuzzy metric spaces in a normal way.

Example 2.9 ([8]) Let (X, d) be metric space and g : Rt — R™ is an increasing
continuous function. For m > 0, we define the function M by

_ g(t)
Moy = Tty @b

Then fora «b =a - b, (X, M, x) is a GV-fuzzy metric space on X.
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As a particular case if we take g(z) =" where n € N and m = 1. Then (2.1)
becomes

n

M()ﬁy,f):m 2.2)

Then for a « b = Ty (a, b), (X, M, %) is a GV-fuzzy metric space on X.

If we take n = 1, in (2.2), the well-known fuzzy metric space is obtained.

On the other hand, if we take g as a constant function in (2.1), i.e., g(t) =k > 0
and m = 1, we obtain

M H= —
(x,y,0) K do.y)

And so (X, M, %) is a stationary GV-fuzzy metric space for a x b = a - b but, in
general, (X, M, Ty) is not.

In what follows, Sihag [11], introduced the following definition of a--series, which
will be utilized in proving main result.

Definition 2.10 Let {a,} be a sequence of nonnegative real numbers. We say that
a series Z:ﬁ a, is an «-series, if there exist 0 < « < 1 and n, € N such that
%, a;i < ak foreach k > n,.

Remark 2.11 Each convergent series of nonnegative real terms is an a-series. How-
ever, there are also divergent series that are a-series. For example, I;xf % is an
a-series.

3 Main Result

Let us start this section with the following theorem:

Theorem 3.1 Let {T,,} be a sequence of self mappings of a complete fuzzy metric
space (X, M, x) such that

M(T:(x), Tj(y), 1) = Gi jIM (x, T; (x), 1) + M(y, T;(y), )]
+ v, M, y, 1) 3.1

forx,y,ze Xwithx #y,0< 8 j,vi;j<Li,j=12,....
If Z;’:"lo (%) is an a-series, then {T,} has a unique common fixed point
in X.

Proof For any xg € X, we can consider the sequence x, = T,,(x,—1),n =1,2,....
By (3.1), we have
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M (x1, x2,1) = M(T1(x0), To(x1), 1)
> B12[M (x0, T1(x0), t) + M (x1, Ta(x1), 1)]
+ 71.2M (x0, X1, 1)
= B12[M (xo, x1, 1) + M (x1, x2, )] + v1,2M (x0, X1, 1).

It follows that
(1 = Bi2)M(x1, x2, 1) = (B12 +712)M(xo, X1, 1),

or equivalently,
B2+ M2

M(x,x,t)z<
b2 1— B2

) M (xg, x1, 1).

Also, we get

M(xz, x3,1) = M(T>(x1), T3(x2), 1)

> (M) M(xi, x,1)
=003
> (52,3 + 72,3) <51,2 + 71,2) M (xo. x1.1).
1 =03 1 =0
Repeating the above reasoning, we obtain
1 [ Biivr +viis
M x> [ ] g ) Mo, (3.2)
il — Biji+1

Moreover, for p > 0 and by repeated use of (G5), we have

M()Cna xn+[7’ t) > M(th Xn+1» t) + M()Cthl’ Xn+2 t)
+ o Mg p—1s Xpgps 1)

ﬂthl +’Yll+1>
= ——————— | M(x0, x1, 1)
ll_!( l_ﬁl,l-'r]

n+1
Biit1 + i i+1>
+ ——————— | M(x0, x1, 1)
E( 1= Biivt

+p—
ﬂl i+1 + Vii+1 >
.1_[ ( _/Bi,i+1

p—1n+k
_ Zl—[ (ﬂ: SIS e z+1> M(xo. x1.1)
. l_ﬁl,l+l
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n+p—1 k
2:H<m“+%“)Mmam»
1— 61 i+1

k=n i=1

Let o and n,, as in Definition 2.10, then, for n > n,, it follows that

r k
1 Biit1 + Yisi+1
— - M s 1
kz(l—mﬂ (0,211

i=1

v

n+p—1
M('xnv-xﬂ+[)7-Xt) Z [

k=n

n+p—1
( Z ak) M (x9, x1, 1)

k=n
n

1 -«

v

IA

M (xo, x1, 1). (3.3)

Now, letting the limit as n — +o0, we deduce that M (x,, x,1,,t) — 0. Thus {x,}
is a Cauchy sequence and, by completeness of X, converges to u (say) in X.
For any positive integer m, we have

M(xn» Tm(u)a t) = M(Tn(xnfl)v Tm(”)s t)
> ﬁn,m[M(xn—lv Xpo ) + Mu, T, (u), t)]
+,7n,mM(xn—1: u,t).

Letting n — +o00, we obtain

M, Ty(u), ) = BymMu,u,t) + Mu, Ty(u), )] + YpmM(u, u, t)
= ﬂn,mM(ua T (u), 1),

and so as 3,,, < 1, it follows that M (u, T, (1), t) = 0, that is 7, (u) = u. Then, u
is a common fixed point of {7},}. Finally, we prove uniqueness of the common fixed
point u. To this aim, let us suppose that v is another common fixed point of {7},
i.e., T, (v) = v. Then, using (3.1), we have

M(u, v, 1) = M(T,(u), Tn(v), 1)
Z ﬂn,m[M(us Tm(”)v t) + M(U, Y;n(v)a t)] + ’Yn,mM(”a U, T)
= BumlG,u,t) + M, v, )] + Yo.mMu, v, t).

This implies that M (u, v, t) > v, M (u, v, t), which yields thatu = v as 7y, , < 1.
So, u is the unique common fixed point of {7, }.

As particular case of Theorem 3.1, we state the following corollary.

Corollary 3.2 Let {T,} be a sequence of self mappings of a complete fuzzy metric
space (X, M, %) such that
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M(Ti(x), Tj(y), 1) = B3 ;[M(x, T;(x), 1) + M(y, T;(y), D)] 34

forx,y,zeXwithx #y,0< 8, <Li,j=12,....

+oo Bii . . . . .
If ) . (Wﬂﬂ) is an a-series, then {T,} has a unique common fixed point in
X.

Example 3.3 Let X =1[0.1] and M(x,y, ) =min { i i, i |

Clearly, (X, M, %) is a complete fuzzy metric space. Define also 3; ; = for
alli, j=1,2,...and T;(x) = j forallx € Xandi =1,2,....
Assume i < j and x > y > z, so that we have

_1
1+2

M(T:(x), T;(y), 1) = ———7
L

and
t

M, T;(x), 1)+ M(y, T;(y),1) = + e

t
T REINTEE

Therefore condition (3.4) is satisfied for all x, y, z € X with x # y. Moreover, the
series

Jff( Biit+1 ) _ i 1

o\ = P =2

is an a-series with o« = 1/2. Then, by Corollary 3.2, {7},} has a unique common fixed
point 0 € X.

Following the same lines of the proof of Theorem 3.1, one can prove the next
theorem.

Theorem 3.4 Let {T,} be a sequence of self mappings of a complete fuzzy metric
space (X, M, %) such that
MTP ), T (v), 1) = B jIM(x, T/ (x), 1) + M(y, T} (x), 1)
+7.,;G(x, y, 2)]
forx,y,ze Xwithx #y,0<06i;,vi;j<Li,j=12,....

If Z;Of (%) is an a-series, then {T,} has a unique common fixed point
in X.

Further in the next section, finally we establish an application of our result in
product space.
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4 Application

Let {Tn'} be a sequence of self mappings of a complete fuzzy metric space X x X =
X2 ie., (X2, M, %) such that

MAT; (x, ), T;(x . ). 1) = B M((x, ), T, (x, ). ) + M((x, y). T, (x", y). D)}

+ Y M((x, y), (', ¥), 1)
4.1)

for all (x, y), (x/,y/) € X? with (x, y) # (x/, y/), 0<Bij,vj<1,i,j=12,...

: 00 Brit1Vii4ly 3 : / . ..
ify 2, (ﬁ) is an a-series then sequence {7} has a unique fixed point in X.

Proof Fix y =y € X.Let T;, T; : X — X be such that
Ti(x) =T, (x, y)
Tj(x)=T;(x.y).¥x,x € X

then condition (4.1) reduces to (3.1).
Then by our main result {Tn’} has a unique fixed point (z(y), y), that is

T,z =T,z ) = (), ¥) = 2(»).

5 Future Scope

Some further generalizations are possible, the self-mapping can be replaced by mul-
tivalued, bivariate, trivariate, or n-variate mapping and coupled, tripled or n-tuple
common fixed point theorem can be proved.
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The Unique Common Fixed Point )
Theorem for Four Mappings Satisfying glectie
Common Limit in the Range Property

in b-Metric Space

Anushri A. Aserkar and Manjusha P. Gandhi

Abstract Inthe present paper a unique common fixed point theorem has been estab-
lished in b-metric space for four weakly compatible mappings in pairs, satisfying
common limit range property. We have proved this theorem without using the condi-
tion of completeness of the b-metric space. The result is an extension and generaliza-
tion of many results available in metric space. A suitable example is also discussed
to validate the result.

Keywords b-metric space + CLR property - Weakly compatible

1 Introduction

The most remarkable result in fixed point theory is the Banach contraction principle.
Over the century or so researchers have extended and generalized it in different
directions and spaces [1-11]. Bhaktin [12] in 1989 and Czerwik [13, 14]in 1993 came
up with the concept of b-metric space which is one of the important generalizations
of metric spaces.

Numerous researchers have proved fixed point theorems for multiple mappings. In
some cases commutative property between the maps are required to obtain a common
fixed point. Sessa [15] initiated the term weak commutative mappings. Jungck [16]
generalized the notion of weak commutative condition by introducing the concept
of compatible maps and then in [17] he introduced weakly compatible maps.

In 2002, Aamri and Moutawakil [1] put forward the idea of E.A., which is a
true generalization of non-compatible maps in metric spaces. Many researchers [18—
20] used this theory to establish unique common fixed point theorems. In 2011, the
concept of common limit in the range (CLR) property for a pair of self-mappings in
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Fuzzy metric space was initiated by Sintunavarat and Kumam [21]. This property is
outstanding because it does not require the closed subspaces.

In the present paper a unique common fixed point theorem has been established
in b-metric for four weakly compatible mappings in pairs satisfying common limit
range property. This theorem has been proved without using the condition of com-
pleteness of the b-metric space. The result is an extension and generalization of
[22-25] available in metric space and b-metric spaces. A suitable example is also
discussed to support this result.

2 Preliminary

Some basic definitions are necessary to discuss before we start the main theorems.

2.1 b-Metric Space [12, 13]

Let X be a (nonempty) setand s > 1 be a given real number. A functiond : X x X —
[0, 00) is a b-metric on X if the following conditions hold:

(i) d(x,y)=0ifandonlyifx =y
(i) d(x,y) =d(y,x)foranyx,y e X
(iii) d(x,y) <s{d(x,z) +d(z,y)} forany x,y,z € X

Then the pair (X, d) is called a b-metric space (or metric type space).

2.2

Let (X, d) be a b-metric space.

(1) The sequence {x,} converges to x € X if and only if lim,_, o, d(x,, x) = 0;
(i) The sequence {x,} is Cauchy if and only if lim,, ;o0 d (X, Xn) = 0;
(iii) The space is complete if and only if every Cauchy sequence in X is convergent.

2.3 Common Limit in the Range Property [21]

Suppose that (X, d) is a metric space. Two mappings F, Q : X — X satisfies the
common limit in the range of Q property (CLRp) if lim,,_, oo Fx, = lim,_.oc Ox, =
Ox € QX forsome x € X.

Wu et al. [26] extended the property to b-metric space for three mappings.
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Let F, P, Q : X — X be three self-mappings of a b-metric space (X, d). The pair
F, Q satisfies the common limit in the range of P property (CLR p) if there exists a
sequence {x,} € X and a point x € X such that lim,_, o, Fx, = lim, . Ox, =
Px e PX.

Particularly, if Q = P then the pair F, Q satisfies the (CLRp)-property.

2.4 Altering Distance Function [27]

A function £ : [0, +00) — [0, +00) is called an altering distance function if it
satisfies:

(1) & is continuous and non-decreasing.
(i) &(r) =0ifand onlyift = 0.
Let ¥ denote the set of all continuous functions &,y : [0, +o0) —
[0, +00) and s > 1 be a given real number such that
(iii) s&(t) <&(t) —n(r)ifand only if r = 0.

2.5 Weakly Compatible Map [17]

Let P and Q be two self-maps defined on a set X, then P and Q are said to be weakly
compatible if they commute at coincidence points. That is if Px = Qx for some
x € X,then PQx = QPx.

3 Main Theorem

We have established the following theorem in b-metric space for four weakly
compatible mappings in pair, which satisfy common limit range property.

Theorem 3.1 Let (X, d) be a b-metric space withs > 1 and F,G, P, Q : X — X.
Suppose that &, n € V and L > 0 such that

(1) F, Q satisfies CLR, and G, P satisfies CLR g property.
(ii) s§(d(Fx, Gy)) = §(M(x,y)) —n(M(x, y)) + LN(x, y) ey

d(Py, Qx), 4QxFx) xd(Py.Gy) ' (d(Py, FX))* +(d(Qx. Gy))
: +d(Fx.G T d(Py. F0) 1d(Qx,Gy)
where M (x, y) = MaX\ 0y Fx) +d(0x. Gy) 5 4Py, O sd(Py. Fay * T+ T E0 O

d(Qx,Gy)+d(Py, Fx)
and N(x,y) = min{d(Qx, Fx),d(Qx, Gy), d(Py,Fx) d(Py, Gy)} for all

x,y € X.
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(iii) The pairs (F, Q) and (G, P) are weakly compatible.
Then F, G, P, Q have a unique common fixed point.

Proof As F, Q satisfies CLR,, and G, P satisfies CLRy property, there exists
sequences {x,} and {y,} in X and r, t € X such that

lim Fx, = lim Qx, = Pr € PX and lim Gy, = hm Py, =0t e 0X

n—oo n—0o0 n—o0
Putting x = x, and y = y, in (1),

sE(d(Fxp, Gyn)) = (M (xn, yn)) — n(M (X, yn)) + LN(xs, yu)

where

d(Quxn, Fxy) #d(Q%y, Gyn) +d(Pyy, Gyn)*d(Pyn Fx,
d(Qxy, Gyn) +d(Pyn, Fx,)

M (xn, yn) =
d(Qxy, Fxn)*d(P}n Gyy)  (@d(Pyn. Fx,))* + (d(Q%y, Gyn))®
max! d(Pyn, Qxn), 1+d(Fx,, Gy, > d(Pyy, Fxy) +d(0x,, Gy) }

and N(Xn, yn) - min{d(an» Fxn)’ d(ana Gyn)a d(Pyna Fxn)’ d(Pyn’ Gyn)}
Taking lim,_, o, to both sides, we get

lim s§(d(Fxp, Gyp)) < lim &(M(xp, yn)) — lim n(M(xp, yu)) + lim LN(xp, yn)
n— 00 n—00 n— 00 n—00

where

lim M (x,, y,) =
n—oo

lim max

o d(Qx,. Fxy) #d(0x,. Gyy) +d(Pyy. Gy,) #d(Py,. Fx,)

d(Qxu, Gyn) +d(Pyy, Fxy)

d(Qxn. Fxu) xd(Pyy, Gyn)  (d(Pyn. Fx))* + (d(Qxu, Gyn))*
{ (Pyn, Qxa), 1+d(Fx,. Gy ° d(Pyn, Fx) +d(Qxs, Gyn) }

dPr P £d(Q1 0N WO, Pr))’ + (d(Pr, Qn)*
_ max{ d(Qt, Pr), +d(Pr, Q1) _°  d(Qt, Pry+d(Pr, Q1) ° } =d(Qt, Pr)

d(Pr, Pr)*d(Pr, Qt)+d(Qt Q1) xd(Qt, Pr)
d(Pr, Qt)+d(Qt, Pr)

and
lm N Cx, yn) =
nlirrolo min{d(Qx,, Fxn), d(Qxn, Gyn), d(Pyn, Fxn), d(Pyn, Gyn)}
= min{d(Pr, Pr),d(Pr, Qy).d(Qy, Pr),d(Qy, Oy)} = 0.

. s§(d(Pr, Q1)) < §(d(Pr, Q1)) — n(d(Pr, Q1))
.d(Pr,Qt) =0= Pr = Qt 2)
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Putting x = x,, and y = r in (1),
s§(d(Fxy, Gr)) < §(M(xy, 1)) — n(M(xy, 1)) + LN(x,, 1)
where

M(xn’r)z

d(Qxy. Fxy) xd(Pr,Gr)  (d(Pr, Fx,))> + (d(Qx,. Gr))*
d(Pr, 0x,), 1 £d(Fx,, Gr)_°  d(Pr. Fx) +d(0x,. Gr)
d(Qx,, Fx,)*d(Qx,, Gr)+d(Pr, Gr)xd(Pr, Fx,)
d(Qx,, Gr)+d(Pr, Fx,)

max

and N (x,, r) = min{d(Qx,, Fx,),d(Qx,, Gr),d(Pr, Fx,),d(Pr, Gr)}
Taking lim,_, o, to both sides, we get

lim s&(d(Fx,, Gr)) < lim §(M(x,,r)) — lim n(M(x,,r)) + lim LN(x,, r)
n—00 n—00 n—00 n—oo
where

lim M(x,,r) =
n—o00

d(Pr, Ox,), d(Qx,, Fx,) #d(Pr,Gr) (d(Pr, Fx,))* + (d(Qx,, Gr))* ’ }

Gr)° d(Pr, Fx,) +d(Qxn, G
nlggomax d(Qxy, Fxp) % d(Qx,, Gr)+(d(Pr Gr))*d(Pr Fx(,,)r ) +d(Q, Gr)

d(Qx,, Gr)+d(Pr, Fx,)
d(Pr, Pr)*d(Pr,Gr)
d(Pr, Pr), "5 ian
— (d(Pr, Pr))” + (d(Pr, Gr)) —
= Max\ e P+ d(Pr.Gr =d(Pr, Gr)
d(Pr, Pr)xd(Pr, Gr)+d(Pr, Gr)*d(Pr, Pr)
d(Pr,Gr)+d(Pr, Pr)

and
lim N(x,,r) = lim min{d(Qx,, Fx,),d(Qx,, Gr),d(Pr, Fx,),d(Pr, Gr)}
n— o0 n— 00

= min{d(Pr, Pr),d(Pr, Gr),d(Pr, Pr),d(Pr,Gr)} =0

. sE(Pr,Gr)) <& (Pr,Gr)) —n(d(Pr, Gr))
-.d(Pr,Gr)=0= Pr=Gr 3)

Similarly, it may be proved that
Ft = Qt 4
.. from (2), (3) and (4) we get

= Qt = Pr =Gr (5)
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Let Ft = Qt = Pr =Gr =u
.+ F, Q are weakly compatible,

Fu=FQt=QFt=Qu
Putting x = u, y = r in (1), we get
s&(d(Fu, Gr)) < §(M(u,r)) —n(M(u,r)) + LN(u,r)

where

— 1+d(Fu,G ’ d(Pr, Fu)+d ,G
M(u, r) = maX{ d(Qu, FM)*d(Qu,Gr)-&-Lg(Igr, Grr))*d(Pr, Fti) n (Qu. G
d(Qu,Gr)+d(Pr, Fu)

d(Fu, Fu) «d(u,u) (d(u, Fu))? + (d(Fu, u))*
=max{d(u’ Fu), = i tFun * dae Fy+d(Fun } = d(Fu, u)

d(Pr, Qu), d(Qu, Fu)«d(Pr,Gr) (d(Pr, Fu))2+(d(Qu,Gr))2’ }

d(Fu, Fu) «d(Fu,u) +d(u, u)*d(u, Fu)
d(Fu,u)+d(u, Fu)

and

N(u,r) = min{d(Qu, Fu),d(Qu, Gr),d(Ps, Fu),d(Pr, Gr)}
min{d(Fu, Fu),d(Fu,u),d(u, Fu),d(u,u)} =0

s&E(d(Fu,u)) < &(d(Fu,u)) —n(d(Fu,u))
Sd(Fu,u)=0= Fu=u
S Fu=Qu=u

Similarly we may prove that Gu = Pu = u
“Fu=Qu=Pu=Gu=u.
Uniqueness: Let if possible there are two fixed points u, u*, i.e., Fu = Gu =
Pu = Qu =u and Fu* = Gu* = Pu* = Qu* = u*.
Putting x = u, y = u* in (1), we get

s& (d(Fu, Gu*)) < E(M(u, u*)) — n(M(u, u*)) 4+ LN(u, u™®)

where

* 1+ d(Fu, Gu* » " d(Pu, Fu) +d(Qu, Gu*
M, u”) = max{ L0, Fu) % d(Qu, Gu') 3 bt ) x apu oy 1O H QG
d(Qu, Gu*) +d(Pu*Fu)

* d(u.w) x d@* w*)  (d@*, u)® + (@d@, u*))*
= max{d(u , ), L+du,u*) °  du)+du,u*) ° } = d(u, ux)

d(Pu*, Qu), d(Qu, Fu) x d(Pu*, Gu*) (d(Pu*,Fu))2+(d(Qu,Gu*))2’ }

du, u) x d(u, u*) +dW*, u®) xd@r*,r)
d(u, u*)+du*, u)




The Unique Common Fixed Point Theorem for Four Mappings ... 167
and

N, u*) = min{d(Qu, Fu),d(Qu, Gu*),d(Pu*, Fu), d(Pu*, Gu*)}
= min{d(u, w), du,u*), du*, u), du*, u*)} =0

s&(d(Fu, Gu*)) < &(M(u, u*)) — n(M(u, u*)) + LN(u, u*)

cosE(du,u®)) < E(d(u, u®)) —n(d(u, u®))
Sdu,u)=0=u=u"

Thus the fixed point is unique.
Corollary 3.1 Let (X, d) be a b-metric space withs > land F,G, P, Q : X — X.
Suppose that &, n € ¥ such that

(i) F, Q satisfies CLR, and G, P satisfies CLR g property.
(i) s§(d(Fx, Gy)) < EM(x,y)) —n(M(x,y))
(Py, Qx), 4QuF0)xd(Py.Gy) (@(Py.Fx)) +(@d(Qx.Gy))’ }

— 1+d(Fx,G ’ d(Py,Fx)+d ,Gy
where M (x, y) = MaX} 40, Fu)»d(0x.Gy) 2 d(Py.ON wapy.ry 0 T O

d(Qx,Gy)+d(Py,Fx)

forall x,y € X.
(iii) The pairs (F, Q) and (G, P) are weakly compatible.
Then F, G, P, Q have a unique common fixed point.

Proof By substituting L = 0 in Theorem 3.1, F, G, P, Q have a unique common
fixed point.

Corollary 3.2 Let (X, d) be a b-metric space withs > land F, G, P, Q : X — X.
Suppose that 0 < k < 1 such that

(i) F, Q satisfies CLR, and G, P satisfies CLR g property.
(i) sd(Fx,Gy) <k M(x,y)

d(Py, Ox), d(Qx. Fx) xd(Py. Gy) (d(Py.Fx))*+(d(Qx, Gy))*
— ’ 14+d(Fx,Gy) ’ d(Py, Fx)+d G ’
where M(x, y) = MaX\ 401" Fx) +d(0x. Gy) £ 4Py, Gy sd(Py, oy * 10 FEH G

d(Qx,Gy)+d(Py, Fx)

forallx,y € X.
(iii) The pairs (F, Q) and (G, P) are weakly compatible.
Then F, G, P, Q have a unique common fixed point.

Proof Let&(t) = t,n(t) = (1 — k)t and L = 0. Then by Corollary 3.1, F, G, P, Q
have a unique common fixed point.

Corollary 3.3 Let (X, d) be a b-metric space withs > land F,G, P, Q : X — X.
Suppose that 0 < k < le and L > 0 such that

(1) F, Q satisfies CLR,, and G, P satisfies CLRy property.
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sd(Fx,Gy) <

(i) d(Py, Ox) + d(Qx,Fx) +d(Py.Gy) | ((Py, Fx))* +(d(Qx, Gy))*

T+d(Fx,Gy d(Py, Fx) +d(Qx, G
k I d(Qx,Fx)*d(Qx,Gy>+(d(1xvy,>(3y)*d(1>y,Fx)( y, Fx) +d(Qx, Gy) + LN(x, y)

d(Qx, Gy)+d(Py, Fx)
where N(x,y) = min{d(Qx, Fx),d(Qx, Gy),d(Py, Fx),d(Py, Gy)} for
all x,y € X.
(iii) The pairs (F, Q) and (G, P) are weakly compatible.

Then F, G, P, Q have a unique common fixed point.

Proof Obviously

+ d(Qx, Fx)+xd(Qx, Gy)+d(Py, Gy) xd(Py, Fx)
d(Qx, Gy)+d(Py, Fx)

d(Qx, Fx) #d(Py, Gy) (d(Py. Fx))* + (d(Qx, Gy))*
k{d(Py, Ox) + T TGy T d(Py. Fr £ d(0x. Gv) }+LN(x,y)

d(Py, 0x), d(Qx, Fx)#d(Py, Gy) (d(Py.Fx))*+ (d(Qx,Gy))*

1+d(Fx.G " d(Py, Fx)+d(Qx, Gy)
§4kmax{ d(Qx,Fx)*d(Qx,Gy)-&—d((P;,G))r)))*d(Py,Fx()} O d(ex 6y }"‘LN(?@)’)

d(Qx, Gy)+d(Py, Fx)

Let £(¢r) = t and n(t) = (1 — 4k)t. Then by Theorem 3.1, F, G, P, Q have a
unique common fixed point.

Corollary 3.4 Let (X, d) be a b-metric space withs > land F,G, P, Q : X — X.
Suppose that n € ¥ and L > 0 such that

(i) F, Q satisfies CLR, and G, P satisfies CLR o property.
(i) sd(Fx, Gy) = M(x,y) —n(M(x, y)) + LN(x, y)

d(Py, Qx) d(Qx, Fx) xd(Py, Gy)  (d(Py. Fx))> + (d(Qx, Gy))*
_ ’ ’ 14+d(Fx,G ) d(Py, Fx)+d ,G ’
where M (x, y) = maxy yo.. Fx)«d(0x. Gy)+d((P§, G&V))*d(Py, Fx)( y, Fx) +d(Qx, Gy)

d(Qx,Gy)+d(Py, Fx)
and N(x,y) = min{d(Qx, Fx),d(Qx, Gy),d(Py, Fx),d(Py, Gy)} for all

x,y € X.
(iii) The pairs (F, Q) and (G, P) are weakly compatible.

Then F, G, P, Q have a unique common fixed point.

Proof Let&(t) = t. Then by Theorem 3.1, F, G, P, Q have a unique common fixed
point.

Example Let X =[1,6]andd : X x X — [0, oo) be defined by d(x, y) = |x — y|.
We define mappings

3, x <3 4 x <3 6 —x,x <3
Fx=l>2X=3 o _ 1% , _ , X < 3, d
o {4,x>3. . {XTH,X23. Ox {5, x > 3. an

6 x <3
P — 9 9
o {—2";3,)623.
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Obviously, d is a b-metric with s = 2.

Let&(1) = 5, n(t) = {5, L = 10.

To prove that F, Q satisfies CLR,, and G, P satisfies CLR property, consider
sequences {x,} and {y,} defined by x, = 3 — % and y,=3 + %

We have lim,, .o, Fx, = lim,,00 Ox, = 3 = P3 € PX and lim,,_,», Gy, =
lim, o Py, =3=03€ 0X

It is easily proved that F, Q and G, P are weakly compatible.

Case-I If x < 3, y < 3 then we have
Fx=3,Gx=4,Px=6 and Qx =6 — x

1
LHS. =s§d(Fx.Gy) =2 x 73 -4/ =1

RHS. =&WM(x,y)) —n(M(x,y)) +LN(x, y)

where

d(Py, 0x) d(Q);,F;();d(gy,Gy) (d(ﬂl;’(yI;F);))z)Jr[(lfi(QQx,GGy))z

) = ’ ’ + , Gy > ) + .Gy ’

M(x, y) =max) o0 ro) wd(ox,Goy sd(Pa Gy) ed(Py FY o

d(Qx,Gy)+d(Py, Fx)

6 —x — 3] x |6 — 4 |6—3\2+|(6—x)—4|2
1+13 -4 T16 =31 416 — x) — 4]

6 —x —3] x |(6 —x) —4] +16 —4] x |6 — 3|

[(6 —x) — 4] + |6 — 3|

6 — (6 — x)I,

= max Lety = 2.

=max{2, 1, 3, 3} =3

N(x,y) = min{d(Qx, Fx),d(Qx, Gy),d(Py, Fx),d(Py, Gy)}
=min{|6 —x — 3|, |6 —x — 4], |6 — 3], |6 — 4|} =min{l,0,3,2} =0

Therefore we obtain

RHS. =§M(x,y)) —n(M(x,y)) + LN(x, y)

3.3 +10x0=1.2
T2 10 -
- L.H.S. <RH.S.

Case-II Letx =3,y=3
Fx=3,Gx=3, Px=3 and Ox =3

LH.S.=RH.S.=0.
Case-III Letx > 3,y > 3,

3 2% +3
**2 or=5 and Px = x3+

Fx=4 Gx =
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x+3

LH.S. =s&é(d(Fx,Gy)) =2 x %‘4 — < >‘ = 0.5 (For calculationy = 4)
RHS. =§M(x,y)) —n(M(x, y)) + LN(x, y)

where

d(Qx, Fx) xd(Py, Gy) (d(Py, Fx))* + (d(Qx, Gy))*
d(Py, Qx), 1+d(Fx.Gy) _*  d(Py, Fx)+d(0x,Gy) * }
11

M(x,y) = max! d(Qx, Fx) x d(Qx, Gy) +d(Py. Gy) x d(Py, Fx)
L 8Pl 3F 1xfs= e dx ]ty
T4

)

d(Qx, Gy)+d(Py, Fx)
=‘“‘""‘{3 A Bl

= max{1.33,0.111, 1.29, 0.85} = 1.33

3

and
N(x,y) = min{d(Qx, Fx),d(Qx, Gy),d(Py, Fx),d(Py, Gy)}
= min{1, 1.5, 0.33, 0.167} = 0.167
.33 1.33
RHS. =§M(x,y)) —n(M(x, y)) +LNGx, y) = —= — =~
+ 10 x 0.167 = 2.202
- .LHS.<RHS.

Thus all conditions of Theorem 3.1 are satisfied. In fact, 3 is a unique point in X
such that F(3) = G3) = P(3) = 0(3) = 3.
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Radius Estimates for Three Leaf )
Function and Convex Combination of S
Starlike Functions

Shweta Gandhi

Abstract We study radii problems for the class S5, consisting of normalized ana-
lytic functions f in the unit disk with zf'(z)/f (z) subordinate to 1 +4z/5 + z*/5
and the class associated with convex combination of linear and exponential functions.

Keywords Starlike functions - Coefficient bounds *+ Growth - Radius problems

2010 Mathematics Subject Classification 30C45 - 30C50 - 30C80

1 Introduction

Let A denote the class of analytic functions in the unit disk D := {z : |z|] < 1} whose
Taylor’s series expansion is given by f(z) = z + >, _, axz*. In particular forn = 1
let A := A;.Let S be the subclass of .4 consisting of univalent functions. An analytic
function f is said to be subordinate to an analytic function g, denoted by f < g, if
there exists a Schwarz function w defined on D such that f(z) = g(w(z)) for all
z € D. When g is a univalent function, this definition is equivalent to f(0) = g(0)
and (D) C g(ID). Among the various subclasses of S, class of starlike functions and
convex functions are prominently studied. In 1992 Ma and Minda integrated various
subclasses of starlike and convex function using the subordination theory.

For a univalent functions ¢ normalized by ¢(0) =1 and ¢'(0) > 0 with
Re(¢(z)) > 0 and (D) is symmetric with respect to real axis and starlike with
respect to 1, Ma and Minda [15] studied distortion and growth properties of the
classes

()
f'@)

zf(2)
f@

S*(w):{feA: <<p(z)} and IC(go):{fe.A:l—F <(p(z)}.
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By restricting values of ¢ to lie in some specific regions like half plane,
disks, sectors, parabolas, cardioid, lemniscate of Bernoulli, booth lemniscate in
the right-half plane of C, various interesting subclasses of starlike and convex
functions can be obtained. For example, S*((1 + Az)/(1 + Bz)) =: S*[A, B] [13]
and C((1 + Az)/(1 + Bz)) =: K[A, B] (=1 < B < A < 1) are the familiar classes
of Janowski starlike and Janowski convex functions, respectively. For 0 < o <
1, S* (@) := §*[1 — 2a, —1] and K(a) := K[1 — 2a, —1] denote the classes of
starlike and convex functions of order «, respectively which were introduced
in [27]. The classes S* := §*(0) and K := K(0) are the well-known classes of
starlike and convex functions, respectively. Similarly, the classes S := S*(e),

Sk, i=8* (ﬁ — (V2 - 1)\/(1 —2)/(1+2(2 - 1)z)) and S} == S* (V1 + 2)

were introduced by Mendiratta et al. [19, 20], Sokét and Stankiewicz [35], respec-
tively. Various other results related to above classes can be found in [3-5, 22, 30-
34]. Raina and Sokol [24] introduced the class Sy = S*(z + /1 + z2), which was
further studied by Gandhi and Ravichandran [10]. We call the function ¢5.(z) =
14 4z/5+ z*/5 as three leaf function. This function is univalent, starlike with
respect to ¢(0) = 1 and its image of the unit disk is symmetric with respect to
real axis. We investigate various geometric and analytical properties of the class
S*(1 +4z/5+7%/5) = S3p- In 1952 and 1953, Rahmanov [23] studied various
properties of convex combination of functions belonging to several well-known
classes of functions. Campbell [6] in his survey article provides various results related
to combination of univalent functions as well as of locally univalent functions.

Cho et al. [7] determined radii of convexity, starlikeness, lemniscate starlike-
ness, and close to convexity for the convex combination of identity map and a
normalized convex function. Recently, Khatter et al. [14] investigated various geo-
metrical properties of the convex combination of constant function f(z) = 1 with
e® and +/1 + z. Motivated by these results, we have considered the convex com-
bination of two starlike functions, namely, ¢ and 1+ z. For 0 < k < 1, define
¢eL(z) = ke* 4+ (1 — k)(1 + 7). Inthis paper, we investigate various geometric prop-
erties of the class S}, := S*(¢gL) consisting of analytical functions satisfying

2f'(2)/f@) < ¢eL(2), (zeD).

2 S;‘E-Radii for Several Classes

Let M and M’ be subsets of A then the M-radius in M’ denoted by R (M) is
the largest pg € (0, 1) such that for every f € M/, the function F(z) = f(pz)/p €
M, whenever 0 < p < po. In this section, sharp S3 .-radius for certain well-known
classes of functions are obtained. The first two results of this section determines 53,
radius for the class S*[A, B] forthecases B > 0and B <0.For—1 < B < A <1,
let P[A, B]be the class of analytic functions p of the form p(z) = 1 4+ a1z + azt +

- satisfying p(z) < (1 + Az)/(1 + Bz) forallz € D.Let P[1 — 2, —1] = P(«)
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(0 < a < 1)and P(0) = P. We require the following results and definitions to prove
our result.

Lemma 2.1 ([26, Lemma 2.1, p. 267], [28]) For p € P(«) and |z| = r, we have

1+ (1 =2a)r2| 20 -a)r ' (2) 2r(l — o)
L - el R T e
More generally, for p € P[A, B], we have
@) 1 — ABr? - (A— B)r
P2 | = 132

We find the largest disk with given center on real axis which is contained inside
@3 (D). This helps us to find condition for which several well-known classes can be
associated with the class S5 ..

Lemma 2.2 For2/5 < a <2, letr, be given by

a—12/5 if 2/5<a<1

ra =13V (@—=1/5*+a/5 if 1 <a<51/35

2—a if 51/35 <a <2.

Ifo) =142z + 1z then {w : lw — a| < r,} C (D).

Proof Let ¢3.(z) = 1 +4z/5 + z*/5. Then parametric form of any point on the
boundary of ¢3. (D) is given by w = ¢3.(e’’). The symmetry of the curve w =
@3 (e'") with respect to real axis permits us to consider interval 0 < ¢t < . The
parametric equation of w = ¢3.(e'’) becomes

w = ¢3z(eh) 1+4cost+ lcos4t+' 4sint+ 1sin4t
= = - - i|l= - )
* 5 5 5 5

Let z(¢) denote the square of the distance from any point (a, 0) on real axis to the
points on the curve w = ¢3.(e'"). Then we have

1
(1) = 7 (42 +25q% + (=50 —40cost — 10cos4t)a +40cost + 8cos 3t + 10C0$4t> .
It can be easily seen that
/ 1 . . .
Z(t) = 7 ((a —1)40sint + (a — 1)40sin4t — 24 sin 3¢) .
Whena = 1, we have 7/(¢) = _2—?54 sin 37 and /() = 0 at 0, w/3 and 27 /3. The min-

imum value turns out to be z(w). When a # 1, we have 7'(t) = % sin ¢ (cost — %)
(cost —ry)(cost — ry,) Where 1y, , 1y, are roots of the equation
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40(a — l)coszt + (20a — 32)cost + (—10a + 4) = 0.

For —1 < r,,, ra, < 1, we have the conditions and range for a as required. By com-
paring the values of z(¢) at critical points of these range we have the desired result.
O

Theorem 2.3 The S;.-radius for the class S*[A, B] is given by

* 3
RS;C(S [A’B])=ﬁ 0<B<A<I.

Proof Let f € S*[A, B], then we have zf'(z)/f (z) < (1 + Az)/(1 + Bz) which
implies zf'/f € P[A, B]. By LemmaZ2.1 we have

z2f'(2) _a- ABr?)
f@) (1 — B?r?)

(A— B)r
— 1— B2

(Jzl=r < D).

Since B > 0, we have (1 — ABr?)/(1 — B*r*) < 1.Inview of Lemma2.2 f € 85,
if (A—B)r)/(1 — B*r?*) < (1 —ABr?)/(1 — B*?) —2/5.
On solving this inequality for r, we get r < 3/(5A — 2B). Also the function

(14 Bz)'F if B#0

f(Z):{ et it B =0.

belongs to S*[A, B] and zf'(z)/f(z) = (1 + Az)/(1 + Bz) and at the point z =
—3/(5A — 2B), the function zf’(z)/f (z) assumes the value 2/5. This shows that
radius obtained is sharp. ]

Theorem 2.4 Let —1 < B < A <1withB < 0. Let

4 1
R; = min (1,—), R, = min (1,—)
51B2 —35AB A-2B

and

3
R3; = min (1, > .
A/25A%2 — 65AB + 49B2

Then S5, radius of S*[A, B] is given by

Ry if Ry < Ry
* _

Rs;, (S7[A, B]) = {R3 iRy > R).
Proof Let f € S*[A, B], then by Lemma?2.1, we have

z2f'(z) 1-— ABr?
f(z) 11— B2

(A— B)r
~ 1— B2’
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We determine numbers R;, R, and Rs;. We have r < Ry if and only if (1 —
ABrz)/(l — B%?) < 51/35. This yields r < 4/4/51B% — 35AB. We determine R,
such that » < R, if and only if

(A—Byr _ [(1-ABr 72+1 1 — ABr2
1— B2%r2 — 1—B%2 5 5\ 1—-B%2)

On computing this inequality we get 3/4/25A2 — 65AB + 49B2. We determine
R; such that r < Rj if and only if (A — B)r/(1 — B*r?) <2 — (1 — ABr?)/(1 —
B?r?). A simple calculation yields r < 1/(A — 2B). A similar argument as in pre-
vious section gives the desired result. (I

Theorem 2.5 The S5, radius of the class S} is given by Rs: (S}) = %

Proof If f € §;.Thenzf'(z)/f(z) < ~/1+ z.ForIzI:r,weget|zf’(z)/f(z) — 1| <

[vV14+2z—1] <1—4/1—r.FromLemma2.2, it follows thatif 1 — /1 —r <3/5
then f € S;m. This gives r < 21/25 and this bound is best possible as seen by the
function in this class given by

7o) = 4zexp(Ca/1+ 2z — 2).

(I+V1+2)?
The above radius is sharp because at the point z = —21/25, we have zf'(z)/f (z) =
V14+2z2=2/5. O

Theorem 2.6 The S, radius of the class Sy, is given by Rs;, (Sgp) =3

116944442
6439 :

Proof Suppose that f € Sy, . Then

Zf/(Z)<\/_—<«/§—l) -z

f@ 1+2(f—1)z
and it is easy to deduce that
z2f'(2) ‘ 1+r
—1<1—-|+v2-(+v2-1
/@ ( ) 1-2(v2-1)r

for |z| = r. By applying Lemma2.2, we obtain f* € S = provided

1| va-(va-1) vzzﬁ <

| W
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which by simple calculation shows that r < 3(1169 4 444+/2)/6439. The result is
sharp for the function f given by

2f'(2) 1—-z
=2-V2-0)/—=
f@) Va- )V 14+2(v/2— 1)z O

There are various studies [5, 17, 18, 20] on classes of functions in the class
A, which are characterized by the ratio of functions f and g belonging to partic-
ular subclasses of 4. Recall that YW denote the class of functions f € A satisfy-
ing Re (f(z)/z) > 0 for all z € D. Set of functions f € A such that f(z)/g(z) €
P for some g € W is denoted by F; and the set of functions f € A satisfying the
inequality | f(z)/g(z) — 1| < 1 (z € D) for some g € W is denoted by F>.

Theorem 2.7 The S5 radius of the class W is given by Rs:, (W) = @.

Proof From Lemma2.1, we get|zf(z)/f(z) — 1| < 2r/(1 —r?). Lemma2.2 shows
that this disk lies inside ¢3.(D) provided 2r/(1 — r?) < 3/5. This gives r <
(+/34 — 5)/3. The function f(z) =z(142z)/(1 —z) € W and at the point z =
—(/34 —5)/(3), we get zf'(z)/f(z) =2/5 which shows that this bound is the
best possible. (]

Theorem 2.8 The S5, radius of the class F) is given by R5;£ (Fp) = @.
Proof Let f € F; and the functions p, ¢ : D — C defined by

_I©

0@
9@’

r(2) and ¢(z)

Then p, g belong to P and in view of Lemma?2.1, we get

4r
S 12

2q'(2)
q(2)

z2p'(2)
p(2)

<

(Jzl =7 < 1).

f'@ 1’
f@

By using Lemma22, f € &7 = provided 4r/(1 —r?) < 3/5 which gives r <
(v/109 — 10)/3. For sharpness, consider the function
z(1+2)° z2(1472)

fo(z) = =27 with go(z) = -2

It is easy to see that f € F; and at the point z = (/109 — 10)/3, a simple compu-
tation shows that
fyx)  1+4z—z7 2

fo — 1-z22 5 0

Recall that the class M (), 0 > 1isgivenby M () = {f € A:Re % <f,z
e D}.
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Theorem 2.9 The S5 radius of the class M () is given by R; . (M(B)) = #

Proof For f € M((), then from Lemma?2.1 shows that

"2) 1+ -=208)r% 2(8-1
ZJJ:((ZZ))_ +(1—r2ﬁ)r = (f_,z)r (Iz = 7). 2.1)

Clearly, the center of disk (2.1) is less than 1. Also, in view of Lemma?2.2, f € S;fﬂ
if
2(8— Dr - 1+1-26)r* 2

1—r2 — 1 —r2 5

This gives r < 3/(105 — 7). Sharpness can be seen by considering the function

z
f@)= m e M(B).

One can compute that at z = 3/(103 — 7), we get zf'(z)/f (z) = 2/5. O

For —o0o0 < i < 0o, Ma and Minda [15] proved the growth, covering, rotation,
and distortion theorem for the function f € S*(p). Authors also obtained the sharp
bounds on the functional |a; — pa3| which yields the sharp bounds on second and
third coefficients of the function f € S*(p). In 2007, Ali et al. [2] determined the
sharp estimate for the Fekete—Szego functional and sharp bound for the fourth coef-
ficient of the function f € S*(y). Determination of bounds on the coefficient a,, for
n > 5 of the function f € S*(y) is still an open problem. Recently, Ravichandran
and Verma [25] found the sharp bound for the fifth coefficient for the functions in
the class S} and S, . They proved the following lemma:

Lemma 2.10 Letthe real numbers o, 3, v and, a satisfy the inequalities 0 < o < 1,
0<a<1and

8a(l —a)((af —27)° + (ala + @) — B)*) + a(l — &)(B — 2ac)’

< 40’1 — @)%a(l — a). @2
Ifp(z) = 14 Y 1, ckzk € P, then
Ivel + ac3 + 2acics — (3/2)Beier — cal < 2.
As a simple application of the above lemma we have the following result.
Theorem 2.11 If the function f(z) =z + axz> +azz’ +--- € S, then las| <

1/5.
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3 SE ; Radius Estimates

In this section, we investigate the radius problems associated with the class Sy, =

S*(¢gr) consisting of functions f € A satisfying zf'(z)/f(z) < ¢gr(z). These
sharp radii constants are determined by first finding the largest disk with a given
fixed center that contains the values of zf'(z)/f(z) instead of directly estimating
the real part of the expression zf’(z)/f (z). This result is contained in the following
lemma.

Lemma3.1 ForO0 <k <landk/e <a <ke+2(1 —k), let

k(a—g)+(1—k)(1—|1—a|) ﬁ5(155(e+1>+(1—k)
e 2 e
k(e —a)+ (1 =1 — |1 —a]) §<e+;>+(1—k)§a§ke+2(l—k)

rq =

—_

Then{w € C: |lw —al| < r,} € ¢pL(D).

In this section, we obtain S}, -radius for the class S*[A, B] by distinguishing the
cases B> 0and B <0.

Theorem 3.2 For the class S*[A, B, S}, -radius is given by

e—k
X *TA.B) = ———— <B<A<l.
Rs;, (STIAB) = — 0<B<A<

Proof Let f € S*[A, B], then we have

2f'(x) 1+ Az z2f'(2)

< = € P[A, B
f(x 14+ Bz f@ 4. 5]
and Lemma?2.1 gives
2f'(z) 1— ABr? (A— B)r
f@ L-AB A B or <,
f@) 1 - B*r 1— B?r

Since B > 0, we have(l — ABrz)/(l — B%r?) < 1 so that in view of Lemma3.1,
feSg if

(A=Byr _ (1=4B7 1 dp 1 — ABr2
1—B%r2 — 1—B%r2 ¢ 1 — B2

On solving this inequality for r, we get r < e — k/(Ae — Bk). For sharpness, we
consider the function

2(1+B2) % if B#0

f(Z):{ ze’  ifB=0.
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Then
zf'(z) 1+ Az

f(z) 1+ Bz

181

and hence f € S*[A, B]. By simple calculations at z = —(e¢ — k)/(Ae — Bk), the
function zf'(z)/f (z) assumes the value k/e. This shows that the obtained radius is

sharp.
Now, we determine S}, -radius for the classes S}, F;, and F».

Theorem 3.3 For the class S}, the Sy, radius is given by
k2
Rs;, (S[) =1~— e

Proof It f € S§;. Then zf'(2)/f(z) < /1 + z. For |z] =r, we get

S'@

<WI+z—-1<1-V1—-r
f(@

From Lemma 3.1, it follows that if

l—«/l—r§k<l—l>+(1—k)

e

]

then f € Si,. This gives r < 1 — k?/e* and this bound is the best possible as seen

by the function in this class given by

4zexp2y/1+2z—2) st
(1 +vT+2)? v

At the point z = —(1 — k?/e?), we have zf'(z)/f(z) = /1 +z =k/e.

Theorem 3.4 For the class Fi, the S}, radius is given by

Jaer + (k —e)? —2e

e—k

f@)=

Rs;, (F1) =

Proof Let f € F; and the functions p, ¢ : D — C defined by

@
9@’

p(2) = @ and ¢(z)

Then p, g belong to P and in view of Lemma?2.1, we get

4r
S 12

29’ (2)
q(2)

zp'(2)
p(2)

af'@ 1’ -
f@

(Jzl =7 < 1).
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ByusingLemma3.1, f € Si, provided4r/(1 — r?) <k (1 —1/e) + (1 — k) which
gives r < (y/4e% + (e — k)2 — 2¢) /(e — k). For sharpness, consider the functions
z(1+2)° z(14+2)

Jo(2) = m with go(z) = 1—2

It is easy to see that fy € F; and at the point z = (y/4€% + (e — k)2 — 2¢)/(e — k),
a simple computation shows that

fyd)  1—4z—z &k

fo  1-22 e 0

Theorem 3.5 For the class F,, the S}, radius is given by

V8e2 + (Be — 2k)? — 3e

R (72) = 22e — k)

Proof Let f € F,. Define functions u, v : D — C by

_ 0
f@°

Then u € P and since |f(z)/g(z) — 1| < 1 if and only if Re(g(z)/f(z)) > 1/2,
v € P(1/2). By using Lemma?2.1 to the identity

@
_Z

u(z) and v(z)

S'@ _ N a'(z)  2'(2)
f@ u(@ v

we obtain

zf/(z)_1‘< 2r 4T 347
f@

“1—=r2 1—r 1-=r2

By Lemma3.1, f € Sk, provided

3 2 1
i §k<1——)+(1—k)
1—r e

This gives r < (1/8¢2 + (3e — 2k)? — 3e)/2(2e — k). To show that this bound is the
best possible, consider the function

ozl +2? _z(l+2)
fo@) = S with @@ = T

At the point z = (v/8¢2 + (3e — 2k)? — 3¢)/(2(2e — k)), we obtain
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2fyz) 1 —3z—27
fomy — 1-22

k
-
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First-Order Differential Subordinations m
for Janowski Starlikeness i

Swati Anand, Sushil Kumar and V. Ravichandran

Abstract By using admissibility condition technique, certain sufficient conditions
are determined so that an analytic function p defined on the open unit disk and normal-
ized by p(0) = 1 satisfy the subordination p(z) < (1 4+ Az)/(1 + Bz) whenever, for
certain choice of 1, the function ¥ (p(z), zp’(z)) is subordinate to a starlike function
associated with lune. Further, we obtain certain sufficient conditions for a normalized
analytic function f to be in the class of Janowski starlike functions.

Keywords Differential subordination - Admissibility condition + Univalent
functions - Starlike functions * Janowski starlike function + Lune

1 Introduction

Let A denote the class of analytic functions normalized by the condition f(0) = 0 =
f'(0) — 1 in the unit disk D := {z € C: |z] < 1}. Let S C A consists of univalent
functions. For a fixed nonnegative integer n, denoted by H|a, n], the class of func-
tions of the form f(z) = a + a,7" + a,41z"' + - - . In particular, H[1, 1] = H;.
For two analytic functions f and g, f is subordinate to g, if there exists an analytic
function w withw(0) = Oand |w(z)| < 1forz € Dsuchthat f(z) = g(w(z)), written
as f < g.In particular, if g € S, then f < g if and only if f(0) = ¢g(0) and f (D) C
g(D).Let A, B € [—1, 1] be two arbitrary real numbers. The class P[A, B] consists
of normalized analytic functions of the form p(z) = 1 4 ¢,z + ¢2z> + - - - satisfying
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p(z) < (14+ Az)/(1 4+ Bz), for z € D. Suppose f € A, then f is a Janowski func-
tionif zf'(z)/ f(z) € P[A, B] for z € D. The class of Janowski functions is denoted
by S*[A, B][9]. For particular values of A and B, the class S*[1 — 2a, —1] = §*(a)
is the class of starlike functions of order «. For details, see [8, 14].In 2015, Raina and
Sokét [17] studied a class 8;; = S8*(pq) where ¢, (z) = z + +/1 + z* and discussed
several other properties of the class S7. It is observed that S} C A such that

z2f'(2)
f(@

'@
f@

1|<2

which is the interior of the lune. In geometry, the lune is a concave—convex plane
area which is bounded by two circular arcs of unequal radii.

In 1989, Nunokawa et al. [ 16] proved that if a function p satisfies the subordination
14 2zp'(z) < 14z, then p(z) < 1 4 z. Ali et al. [3] computed a condition for lower
bound on 3 for p(z) < ~/1+zwhenl 4+ Bzp'(2)/p/(z) < /1+z2(j =0,1,2).In
[13], the bound on 3 is obtained such that 1 + Bzp’(z)/p’ (z) < (1 + Dz)/(1 + Ez);
—l<E<1land |D| <1 (j=0,1,2) implies p(z) is subordinate to functions
associated with lemniscate of Bernoulli. Recently, authors [12] obtained sharp lower
bound on /3 so that the function p is subordinate to the functions e and (1 4+ Az) /(1 +
Bz) whenever 1+ Bzp'(2)/p’(z), (j =0,1,2) is subordinate to functions with
positive real part. Ahuja et al. [1] obtained certain inclusions between the class of
Carathéodory functions and the class of starlike univalent functions associated with
lemniscate of Bernoulli. For related results, see [2, 4-6, 13, 18].

Motivated by the earlier discussed works, using the concept of admissibil-
ity condition, we obtain some conditions on 3 so that p € P[A, B] whenever
p(2) + Bzp'(z)/p*(z) withk = 0, 1 and 1/p(z) + Bzp'(z)/p*(2) (k = 1,2) is sub-
ordinate to ¢, (z). Further, alternate proofs are provided in which the conditions on
3 is determined, so that 1 4+ Bzp/(z)/p*(z) < pq(z) with k = 0, 1, 2 whenever the
function p is subordinate to (1 + Az)/(1 + Bz). As a consequence of these results,
certain sufficient conditions for a function f € A to be in S*[A, B] are also given.

2 Subordination Results Associated with Lune

Let p be an analytic function defined on D with p(0) = 1. Leth € S and the function
Y(r, s, t; z) be defined in some domain D C C3 x D. If the function p satisfies

V(p(2), 20 (2), 22p"(2); 2) < h(z) 2.1)

then p is known as solution of the subordination relation (2.1). The univalent function
q is a dominant of the solutions of the differential subordination if p < ¢ for all p
satisfying (2.1). A dominant g which satisfies g < ¢ for all dominant g of (2.1) is
known as the best dominant of relation (2.1). It is unique up to rotation.
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Denote by Q the class of all analytic and injective functions ¢ on D \ E(g), where

E(g) ={{ € ID: li_)H%Q(Z) = 00}

such that ¢’(¢) # 0 for £ € D\ E(g). Let 2 be a subset of C, g € Q and n be a
positive integer. The admissibility class W, [€2, g] consists of admissible functions
1 : C* x D — C satisfying the following condition:

v(r, s, t;z) ¢ Q 2.2)

whenever

r=q@,s=m¢q' (&) and Re (E + 1) > mRe <£q”(£) + 1)
§ q' ()

forzeD, £ eD\E(g)andm >n > 1. Whenn = 1, let ¥|[Q, g] = W[, ¢].

Theorem 2.1 ([15, Theorem 2.3b, p. 28]) Let the function iy € W,[<2, q] with
q(0) = a. If the function p € Hla, n] satisfies

V(p(2), 20’ (), 22p"(2); 2) € Q, (2.3)
then p < q.

For a simply connected domain 2 # C, there is a conformal mapping of 4 : D —
Q satisfying £(0) = ¢(a, 0, 0; 0) and W, [<2, ¢] is written as W, [, g]. Thus relation
(2.2) can be written as

V(p(2),2p'(2), 22p"(2): 2) < h(2). (24

For more details, see [10, 11].

This section deals with certain condition under which p(z) is subordinate to
(14 Az)/(1 4 Bz) for =1 < B < A < 1 whenever ¥(p(2), zp'(2); 2) < ¢4(2) =
Z + +/1 + z2. First, a condition on /3 is computed so that the subordination p(z) +
Bzp'(z) < @4 (z) implies p € P[A, B]. Similar results are obtained for expressions

p(2) + Bzp'(2)/p(2) and (1/p(2)) + Bzp'(2)/ p* (2); (k = 1,2).
Consider the function g given by

14 Az

B — D d—1<B<A<I. 2.5
1+ Bz Z € an <B<A< (2.5)

q(z) =

Note that ¢(0) = 1, E(g) € {1} and ¢ is univalent in D \ E(¢). Thus ¢ € Q and the
domain g (D) is

A:q(D):{weC: ‘—
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We now define the condition of admissibility for the function g. The class of admis-
sible functions is denoted by W,[€2; A, B]. It is easy to compute

_1+Aei9
" 1+ Bei?’

2B(A — B)

q() (1 Bey

/ B 4
q'(<) 72 and ¢ (¢) =

~ (I + Be

for¢ = e and 0 < 6 < 27.
Hence, a simple calculation yields

" 1 — BZ
Re (4 (©) £1) =
q' () 1+ B2 +2Bcosf

where 0 < § < 2w and m > n > 1. Thus the admissibility condition reduces to

P(r,s,t;z) ¢ 2 whenever (r,s,t;z) € domy

and

T 1T B ° T (1 + Beit)y?

> (2.6)

1+ Ae'? A — B)e'? t 1 - B?
+Ae m( Je and Re| -+1]) > m( )
s 14+ B24+2Bcosf

where 0 < 0 <2mandm >n > 1.
To discuss our problems, we need the following result in the context of first-order
differential subordination due to Theorem 2.1.

Theorem 2.2 Let p € H[1, n] with n € N. Let Q be a subset of C and 1 : C? x
D — C with dom satisfy (r, s; z) ¢ Q for all 7 € D, where

1+ Ae” m(A— B

- 5= e 27
"T11 B " T (1 + Bei?y 7

If (p(2), zp'(2); z) € dom andp(p(2), zp'(2); z) € QLforz € D, then p(z) < (1 +
Az)/(1 + B2).

Theorem 2.3 Let p be an analytic function defined on D with p(0) = 1 and 8 # 0
and —1 < B < A < 1. We assume the following inequality holds:

(IBI(A = B) = (1 + [AD( + |BD)” = 2((1 + |AD*(1 + |BD® + (1 + |AD(1 + | B])®

(2.8)
+18I(A = BY(1 + |B])?) + (1 + |BD™.

If p(2) + Bzp'(2) < ¢4(2) = 2+ ~/1+ 22, then p € P[A, B].

Proof LetQ2 = p,(D) ={w e C: |w? — 1| < 2|w|} be the domain. Define the ana-
lytic function v : C? x D — C as ¥(r, s; z) = r + (3s. The required subordination
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is established if ¢ € W[2, g]. Thus by Theorem 2.2, it is enough to show that
|(%(r, s;2) — 1) /3(r, s; 2)| > 2. Using (2.6), we have

(1 + Ae'Y(1 + Be'?) + fm(A — B)e'?
(1 + Bei?)?

P(r, s;2) =

so that

(1 +Aei9)2(1 4 Bei@)Z +52m2e2i9(A _ B)2
A si2) — 1 ‘ | 200+ Aei®) (1 + Bei®)mei® (A — B) — (1 + Beit)*
P(r, s; 2) (14 Aei?)(1 + Bei?)3 + Bmei?(A — B)(1 + Bei?)?

18*Im2(A — B)? — (1 +|AD?(1 + |B|)?
—2(1 +|AD(L + |B])Bm(A — B) — (1 + |B]*
T (1 + Ael?)(1 + Bei?)3| + |Blm(A — B)|(1 + Bei?)?|
18*Im2(A — B)? — (1 +|AD?(1 + |B|)?
—2(1 + |[AD(L + |B)Bm(A — B) — (1 + |B)*
= (A +I1ADA + B3 +|BIm(A — B)(1 +|B))?
(IBIm(A — B) — (1 + |AD(1 + |B]))?
- — (L+[BD* —2(1 + |AD*(1 + |B])?
T (1+ AP + 1B +m|BI(A — B)(1 + |B])?’

(usingm > 1)

Since m > 1, it is possible to deduce

Vr(r, s;2) — 1 ‘ -
P(r,s;z) |

whenever inequality (2.8) holds. Thus ¢ € W[€2, ¢]. Using Theorem 2.2, we get the
desired subordination p(z) < (1 + Az)/(1 + Bz). [ |

Theorem 2.4 Let p be an analytic function defined on D with p(0) = 1 and —1 <
B < A <1and( # 0. Assume that

(1BI(A = B) — (1 +14D?)* = 2((1 4+ [AD* + (1 + [AD>(1 + | B) (2.9)
+1BI(A — BY(1 + |AD(1 + [B]) + (1 + |AD*(1 + | B])*.
If p(z) + Bzp’(2)/p(2) < ¢4(2), then p € P[A, B].

Proof Consider 2 as in Theorem 2.3. Define the analytic function 1 : C\ {0} x
C x D — Casy(r,s;z) =r+ (s/r. The function ¢ (r, s; z) is given by

(1+ Ae')? + Bm(A — B)e
(1 + Aei?)(1 + Bei?)

Y(r,s32) =
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A simple calculation yields

1+ Ae'D* + 32m2(A — B)2e%? +2(1 + Ae'?)2m(A — B)e'f —

PArsi) —1 (1 + Aei)2(1 + Bei?)?
Wi, s;z) (1 + Aei?)3(1 4 Bei?) 4+ Bm(A — B)ei?(1 + Aei?)(1 + Bel?)
so that
(14 Ay + FZm2(A = B¢ +2(1 + Aci®)2Bm(A — B)e'f —
Vs =1 (1 + Aei0)2(1 + Bel%)?
o, siz) | (1 + Aei®3(1 + Bei?) + Bm(A — B)elf (1 + Aei®)(1 + Bel?)

1621m%(A — B)? — (1 + Ae'?)2(1 + Be!®)2| —2|(1 + Ae'?)2Bm(A — B)
— (1 + Aei%)4
|(14+ Aei?)3(1 + Bel?)| + |8lm(A — B)|1 + Aei?||1 + Bei?)
1821m>(A — B)? — (1 + |AD>(1 + | B])> — 2(1 + [A])?m(A — B)
— (1 +]Ap*
(1+|AD3(1+ |B]) + |Blm(A — B)(1 + |AD(1 + | B])
(I8Im(A — B) — (1 + |ADH? — (1 + |AD2(1 + |B)? — 2(1 + |AD*
B (1+[AD3(1+ |B]) + [Blm(A — BY(1 + [AD(1 + |B])
_ UBIA = B) — (L +]AD?)? — (L +AD*(L+BD> —2(1 +]AD*
(1+AD3(1 + [B]) + [BIm(A — B)(1 + [AD(1 + |B])

%

m>1).

Since m > 1, a computation gives |(¢2(r, s;2) — D)/ (@(r, s; z))] > 2 if the inequal-
ity (2.9) holds. By Theorem 2.2 the desired result is proved. ]

Theorem 2.5 Let p be an analytic function defined on D with p(0) = 1. Suppose
—1 < B < A < 1and (3 # 0 and the following inequality holds:

(IBI(A = B) — (1 + 1BD?)” = 2((1 + [B* + (1 + [AD(1 + | B])® (2.10)
+ 1BI(A = BY(1 + [AD(1 + |BD) + (1 + |AD*(1 + | B

If 1/ p() + B(zp'(2)/ p(2)) < ¢q4(2), then p € P[A, B].

Proof Consider the analytic function 1 given as ¥ (r, s; z) = (1/r) + B(s/r). We
have

1 + Be'? me'?(A — B)(1 + Be'?)
P(r,s;2) = . . :
1 + Aei? (1 4+ Bei?)2(1 + Aei?)
_ (14 Be'")? + Bme'®(A — B)
- (1 4+ Aei®)(1 + Bei?)

By Theorem 2.2 for ¢ € W[, ¢], it is enough to show that |(> — 1)/1| > 2. Con-
sider
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(1+ Be'')* + 3?m2e%%(A — B)? +2(1 + Be'’)?Bme’’ (A — B)
— (14 Ae'%)?(1 4 Be'?)?
(1 + Aei®)(1 + Bei®)3 + Bmel?(A — B)(1 + Aei®)(1 + Be'?)

P2, s52) — 1 ‘
W(r, s; 2)

182 m*(A = B)? — |(1 + Ae)* (1 + Be'“)?| — 2|(1 + Be'”)|?
fm(A — B) — (1 + Be'')*|
[(1 + Aei?y(1 + Bei?)3| 4+ |3lm(A — B)|1 + Aei?||1 + Be'?|
_ (IBIm(A = B) — (1 + B — (1 + |AD*(1 + |B|)* —2(1 + |B])*
B (L4 AD(L + B3] + |Blm(A — B)(1 + |AD(1 + | BI)
_ UBIA = B) — (1 +B)*)? — (1 +[AD*(1 +|B)* — 2(1 + |B*
T 1A+ IADA + B+ 1BIm(A = BY(1+|AD(1 + |B])

As analysis done in previous theorem, we conclude that |(1/J2(r,s;z) -1/
(¥ (r, s; 2))| = 2 if the inequality (2.10) holds. |

Theorem 2.6 Let—1 < B < A < landf3 # 0. We assume the following inequality:

(1BI(A = B) — (1 + [AD(1 + |BD)” = 2((1 + |AD*(1 + [BD* + (1 + [AD*(1 + |B]) (2.11)
+1BI(A = BY(1 + |AD?) + (1 + |AD*.

If the function peP satisfies (1/p(2)+ B(zp'(2)/p*(2) < pq(z), then
p € P[A, B].

Proof Consider €2 as in Theorem 2.3. Let ¢y : C \ {0} x C x D — C be an analytic
function given as

1
U(r,s52) = = +ﬂiz.
r r

By making use of Theorem 2.2, for ¢ € W[, ¢] it is enough to show that |(z)* —
1)/ = 2. We have

(1 + Be'’)(1 + Ae'?) + pme'? (A — B)

¢(", S;Z) = (1 +Aei9)2
so that
. . . 2
1+ Be'?Y(1 + Ae'?) + Bmei? (A — B) L
YA si2) — 1 ‘ _ (1+ 462
o8 2) | (1 + Be'%)(1 + Ae'®) + Bmel®(A — B)
(1 + Aei?)?

a _,’_Aeiﬁ)Z(l +Bei9)2 +52m2€2[6(A _ B)2
+2(1 + Ae'?) (1 + Be!?)Bme'? (A — B) — (1 + Aei?)*
(1+ Aei?)3(1 + Bel?) + Bmei? (A — B)(1 + Aei?)?
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132m?(A — B)? — (1 + |A]*(1 + |B)? — 2(1 +|A])
- (1+[BDSm(A = B) — (1 +]AD*
T (14 Aei?)3(1 + Beil?)| + |Blm(A — B)|(1 + Aei?)?|
132lm*(A — B)? — (1 + |[AD*(1 + |B)? —2(1 + |A])
- (1+|B])Bm(A = B) — (1+ |AD*
- (1+|AD3(1 +|B]) + |Blm(A — B)(1 + |A])?
_ (BIA = B) — (L + AN +1BD)* — (1 + |AD* —2(1 +|AD*(1 +|B])?
- (1+ [AD(L+ [B])? + |Blm(A — B)(1 + |B|)?

A calculation shows that

200 oo 2y _
YArsi2) 1‘ -
Y(r,s;2)
whenever inequality (2.11) holds. By Theorem 2.2 the result is evident. |

As an application of Theorems 2.3-2.6, we see that the following subordinations
are sufficient for f € S*[A, B]:

(D
2f'(2) z2f"(2) zJ“(Z)))
1 1 - ,
15 ( o ( e rw ) S

for some 3 # 0, —1 < B < A < 1 satisfying the inequality (2.8);

2
2f'(2) '@\ ( 2f"(2) Zf/(z))
1 1 — ,
5 ( Y ( f@ ) Yo e ) T
whenever —1 < B < A < 1 and 3 # 0 and inequality (2.9) holds;
3)

f@ 2f"(2)  zf'(2)
1 _
s ( e T i@

where —1 < B < A < 1, 3 # 0 and the inequality (2.10) holds;

)
2f'(2) ‘1< ( 2f"(2) zf(z)))

1 1 — ,

(f(z)) M e T e ) @

whenever —1 < B < A < 1 and 3 # 0 and the inequality (2.11) holds.

) < ‘Pq(Z),

3 Further Results

This section deals with an alternative proof of the first-order differential subordination
results by using admissibility condition, as demonstrated by authors [7], in which
certain conditions are determined so that p(z) < (1 + Az)/(1 + Bz) whenever 1 +
Bzp'(2)/p*(2) < ¢4(2) (k =0, 1, 2) hold.
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Theorem 3.1 Let p be an analytic function defined on D with p(0) = 1. For 3 # 0
and —1 < B < A < 1, assume that

IB1*(A — B)* = 2((1 + |BD* +2IB8I(A — B)(1 + |B%) 3.1)

If 1+ Bzp'(2) < ¢q4(2), then p € P[A, B].

Proof Let Q as in Theorem 2.3. Consider the analytic function ¢ (r, s; z) = 1 + (s.
By Theorem 2.2 for ¢ € W[Q2; A, B], we have to show ¢ (r, s; ) ¢ 2. The function
Y(r, s; z) is given by

m(A — B)e'?
i) =14+f—"
p(r, 53 2) + 5 (Lt Bei?)?
so that
B*m?(A — B)2e%? 4+ 2me'’ (A — B)(1 + Be'?)?

mew—w_
U(r,s;2) |

(1 + Bei®)2[(1 + Bei?)2 4 fmeif(A — B)]
_ Pm’(A—B)® —218Im(A — B)(1 +|B])?
= (I IBD*+1Blm(A— B)(1+]BI]?
(18Im(A = B) = (1L +B1?)" = (1 +B)*
(L+1BD)* + [Bim(A = B)(1 + |BI)?
_ (1B1(A - B) — (1 +1BDY) — (1 + B
= (I [B) + |5im(A - B)(1 +B]?

A simple calculation shows that

Vr(r, s;2) — 1
P(r, s; 2)

22

whenever the inequality (3.1) holds. Hence Theorem 2.2 concludes the desired
proof. ]

Theorem 3.2 Let p be an analytic function defined on D with p(0) = 1 and 8 # 0
and —1 < B < A < 1. We assume that

1817 (A — B)* = 2((1 + |BD*(1 + |AD* + 2|BI(A — B)(1 + |A])(1 + |B))).
(3.2)
If 1+ Bzp'(2)/ p(2) < ¢4(2), then p € P[A, Bl.

Proof Let g and 2 be as in Theorem 3.1. Consider the analytic function ¢ : C\
{0} x C x D — C defined as ¢(r, s, ; z) = 1 + 37. The required subordination is
established if ¢ € W[2; A, B]. Thus by Theorem 2.2 it is enough to show that
[(? = 1)/3)| = 2. We have
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m(A — B)e'?
so that
B2m2(A — B)2e'? +26m(A — B)(1 + Ae'?)(1 + Be'?)

P2 (r,552) — 1 ‘
U(r, s; 2)

(1 + Aei?)2(1 4 Be'?)? + Bmel?(1 + Ael?)(1 + Be'?)
|61°m*(A — B)* —2|BIm(A — B)(1 + |AD(1 + |BI)

T (L+AD2(1+ BD? + 18Im(A — B)(1 + |AD(1 + | BI)

_ (IBlm(A — B) = (1 + |AD(1 + [B))? — (1 + |AD*(1 + | B])?
L+ A2+ |BD? +18Im(A — BY(1 + |AD(1 +|B])

o UBICA = B) — (14 AD(1 +1BD)® — (L +1AD° (A +[BD® _
~ (L+ A2+ [BD? + |BIm(A - BY(A + |AD( +|B])  ~

whenever the inequality (3.2) holds. Thus ¢ ¢ Q and Theorem 2.2 yields the desired
subordination. ]

Theorem 3.3 Let p be an analytic function defined on D with p(0) = 1 and 8 # 0
and —1 < B < A < 1. We assume that

IB1*(A — B)* = 2((1 + |AD* + 2B1(A — B)(1 + |A]")) 3.3)

If 1+ Bzp' (2)/p*(2) < @q(2) then p(z) < (14 Az)/(1 + Bz).

Proof Consider the function g and the domain 2 asin Theorem3.1.Letv) : C \ {0} x
C x D — C be the analytic function given by v (r, s; z) = 1 + 3s/r?. By making
use of Theorem 2.2, 1) € W[, ¢q] whenever |(¢)* — 1)/1| > 2. We have

m(A — B)e'?

v = ey

so that
|26m(A — B) + (3°m*(A — B)* + 28m(A — B)2A)e'’
W2(r, 53 2) — 1 +26m(A — B)A%e*|
b(r, ;) ' - (1 + Aci®)* + Bmel(A — B)(1 + Ael’)?]
- B*m*(A — B)? —2|8lm(A — B)(1 +|A])?
(L4 [AD* 4 1BIm(A — B)(1 + |A])?
_ (IBlm(A—B) — (1 +|AD*?* — (1 +|A]*
(4 ]AD* 4 18Im(A — B)(1 + |A])?
_ (BI(A = B) — (1 +]AD?)” — (1 +|AD*
T (L+AD* +18lIm(A — B)(1 + |A])?
>2

whenever the inequality (3.3) holds. Hence by Theorem 2.2 we get the desired sub-
ordination. ]
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As an application of Theorems 3.1-3.3, we see that the following subordinations
are sufficient for f € S*[A, B]:

ey

| +ﬁzf/(z) (1 N 2f"@ ')

f@ f(@) f@)

for some 5 # 0and —1 < B < A < 1 and the inequality (3.1) holds;
2

> < pq(2)

'@ ')
'@ f@

for some (3 # 0, if the inequality (3.2) holds;
3

1+ﬂ(1+ )<<pq(z)

2f'(2) “( ") z2f'(2)
1 —
0 ( f(z)> G IE)

for some ( # 0, if the inequality (3.3) holds.

) =< 94(2)
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Abstract In the present paper, sharp initial coefficient bounds have been estimated
for functions in the newly defined classes S; f; s;(®)and S ff Sh (®), which in fact, unifies
many earlier known classes. Further, sharp bounds of the Fekete—Szego coefficient
functional for functions in the classes introduced here are obtained and special cases
of our results are also pointed out.
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1 Introduction and Preliminaries

Let A be the class all of functions f that are holomorphic in the open unit disk
D = {z € C: |z|] < 1}, possessing the series expansion of the form

f@ =24 a". (1.1)

n=2

Let S be the subclass of A consisting of univalent functions. Let & and g be
holomorphic functions defined in D, 4 is said to be subordinate to g, denoted by
h < g, if there exists a Schwarz function v : D — D with v(0) = O such that 4(z) =
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g(v(2)). Equivalently, if g is univalent in D, then 4 (z) < g(z) (z € D) if and only if
h(0) = g(0) and k(D) C g(D).

In the past, many authors found coefficient bounds for the class of functions
defined through subordination involving zf'(z)/f (z) or 1 + zf"(2)/f'(z) or f(2)/z
or f’(z) or their ratios or product of powers of these expressions or in terms of
their weighted sum or product (See [6, 8, 11, 13, 16, 18-21, 27-31]). In the present
paper, an attempt has been made to unify all these analytic characterizing expressions
into one, which is given below in (1.2) and thereby many well known classes have
been clubbed together, which in fact, allows for various cross combinations of the
abovementioned expressions.

< 2f'(2) + az2 f(z) (12)

f(z)> I
azf'(z) + (1 —a) f(2) '

k
) (ﬂf’(z) + (1 - 5)7
For brevity we shall assume F,,(z) :=mzf'(z) + (1 —m) f(z), so that the ex-
pression in (1.2) becomes: (ZF(;(Z)/FQ(Z))k (Fﬁ(Z)/Z)lik . We further choose § =
ak + B(1 — k), since « and /3 vanish along with k and 1 — k, when they reduce to
zero, respectively. Throughout the paper we shall assume that @ is a holomorphic
univalent function in ID such that Re ®(z) > 0 (z € D). Also let ® (D) be symmetric
with respect to the real axis and starlike with respect to 1 satisfying ®(0) = 1 and
®’(0) > 0. We assume that ® is of the form

o0
() =1+ ) Bi"
n=1

Clearly, ®'(0) = B; > 0.

Definition 1.1 A function f in A is said to be in the class Sf’é(cb), if it satisfies:

1((2F@\* Fg(z))lk B

L+ (( X ) ( - 1) < @), (1.3)
where F,,(z) := mzf'(z) + (1 —m) f(z) withm = aor § and 6 = ak + S(1 — k),
with v € C\{0}, 0 < o, B, k < L.

The Hadamard product (or convolution) of f and 4 in A, of the form f(z) =
24+ wmr+aszi+--- and h(z) = 2+ haz? + 3> + - -, respectively, is defined
by

)
f xh=z7+ Zanhnzn.
n=2

We assume that the coefficients of 4 are positive. We define the class Sf,‘ 5 2 (D)
consisting of functions f in A satisfying f xh € Sf,ﬁ(cb). If h(z) =z(1 —z)7 !,
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the class qu&h(@) reduces to Sf’é(GD). Clearly the class Sf’d(cb) reduces to nu-
merous well known classes for some appropriate choice of parameter. We il-
lustrate some of the important subclasses studied in the past. For k =1 and
d(z) =1+ Az)/(1 + Bz), —1 < B < A < 1, we obtain the class Svl,qa(A, B) =
S%’a((l + Az)/(1 + Bz)). Additionally, for « =0, A = 1 and B = —1, the class
S;,’O(l, —1) coincides with S*(y), the class of starlike functions of complex order -y
(v € C\{0}), introduced and studied by Nasr and Aouf [21], consisting of functions
f in A satisfying f(z)/z # 0 and

1 /
Re(l—i——(w—l)) > 0.
v\ f@)
The class of convex functions of complex order v (7 € C\{0}), introduced by Wia-
trowski [31], consists of functions f in A satisfying the conditions f(z)/z # 0 and

Zf//(z)
Re( 1 0
e( * vf’(z)) g

This class can be obtained by takingk = a=1,A =1land B = —1, Svl,ql(l, —-1) =
C(v). When k£ =0 and 3 = 1, we obtain the class Sgy 1(®) = R, (P) consisting
of functions which are closely related to the class of functions with positive real
part. Dixit et al. [5] introduced the class R (A, B), —1 < B < A < 1 consisting of
functions f in A satisfying:

fl@)—1

< 1.
(A —=B)—B(f'(z2) — 1)

Note that 33,1(14’ B)=R,(A,B),-1<B <A<l
Here below, we discuss some special cases of our class when v = 1. For ®(z) =
(1+ Az)/(1 4+ Bz), we obtain the following new class

SK(A, B) =S ;((1+ A2)/(1 + Bz))

B W@ +a? (@)
B {f oA <aZf’(z) +a-af@

k

) (ﬁf’(z) +d-5

&)“’pwz
z 1+ Bz |~

Particularly for ®(z) = (1 + (1 —27)z)/(1 — z), 0 < 7 < 1, the class Sf,yé(Cb) re-
duces to

SE(r) =S§ (1 + (1 = 27)2)/(1 — 2))
/ 2 rn k 1—k
:<feA:Re(< S @ Fory @) ) (ﬁf’(z)+(1—ﬁ)~f$) )>T}.

azf'(2) + (1 —a) f(2)

By taking k = 1 and o = 0, we obtain Ma and Minda class of starlike functions
[16] S*(®) = SII,O(CD). Further, if ®(z) = (1 + Az)/(1+ Bz), -1<B <A<,
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we obtain the class of Janowski starlike functions [10]. Note that for A =1 — 27
and B = —1, we obtain the class of starlike functions of order 7 (0 <7 < 1),
811,0(1 — 271, —1) = §*(7) introduced by Robertson [26]. Further if 7 = 0, we ob-
tain 811’0(1, —1) = 8&* [6, 8, 23], the class of starlike functions. By taking k=1
and o = 1, we obtain the Ma and Minda class of convex functions S| (®) =
C(®)[16]. Particularly, if ®(z) = (1 4+ Az)/(1+ Bz), -1 < B < A <1, we ob-
tain SII,I(A, B) = K (A, B), the class of Janowski convex functions [9]. Further, if
A = —B =1, the class 811’1 (A, B) reduces to give the well known class of convex
functions 811’1(1, —1) = C (See [6, 8, 23]). Observe that in the case when k = 0 and
3 =1, the class S?,l(@) coincides with R(®), a subclass of close-to-convex func-
tions. Particularly, for ®(z) = (1 + Az)/(1 + Bz),theclass S?,, (A, B) =R(A, B),
—1 < B < A < 1, studied by Goel and Mehrok [7], consists of functions f € A for
which | f/(z) — 1| < |Bf'(z) — A|. MacGregor [17] systematically studied the class
R consisting of functions f in A, whose derivative has a positve real part. Note that
the class S?’l(l, —1) coincides with R. With A = 1 and B = 0, the class 8?’1(1, 0)
coincides with a subclass R(1) of R, studied by MacGregor [17], consisting of
functions f in A satisfying the inequality | f'(z) — 1] < 1.

The famous Beiberbach’s conjecture, proved by de Branges in 1985, states that
la,| <n for any f € S. This is a sharp bound and koebe function works as the
extremal function for this estimate. Fekete and Szegd established a sharp bound for
the following functional for functions in class S,

4y —3, p=1
jas — padl < | 1+exp (722), 0= < 1;
3—4pu, w=<0.

This functional is commonly known as the Fekete—Szego functional which was stud-
ied by Fekete and Szeg6 in 1933. Ma and Minda [16] investigated this problem for
some special classes of convex and starlike functions, C(®) and S*(®) respectively.
The bounds for the quantity |a; — ua§|, for close-to-convex functions was studied
by Kim et al. [14] and Cho et al. [4]. Ali et al. in [2] established a sharp result for
this functional for some subclasses of p-valent functions. Many authors [1, 3, 15,
22, 25] have obtained this bound for many subclasses of S.

Let Y be the class of all Schwarz functions v of the form

o0
v(2) = ) v (1.4)
n=1
defined in D, satisfying v(0) = 0 and |v(z)| < 1.

Lemmas stated below are required in sequel to derive our main results.

Lemma 1.2 ([2]) Ifv € T, then
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—tift < —1;
v —tvf| < lif—1<t=<1;
tift > 1.

Whent < —1ort > 1, equality holds if and only if v(z) = z or one of its rotations. If
—1 < t < 1, then equality holds if and only if v(z) = z° or one of its rotations. When
t = —1 then equality holds if and only if v(z) = z(A+2)/(1 + X2), O <A < 1) or
one of its rotations. For t = 1, equality holds if and only if v(z) = —z(A+2)/(1 +
Az) (0 < X\ <1) or one of its rotations. Also the sharp upper bound above can be
improved as follows when —1 <t < 1:

lvy — tof [+ A+ D> < 1(=1 <1 <0) (1.5)
and
lv, —tvf|+ (1 =Dy <10 <t <1). (1.6)
Lemma 1.3 ([12]) Let v € Y, then for any t € C,
lva — tv7]| < max{1; |¢]}.

Extremal functions are v(z) = z* or v(z) = z.

In this paper, sharp bound for the Fekete-Szegd functional |a3 — pa3|, where
1 € C, is obtained for functions belonging to Sf 5(®). Apart from that sharp bounds
for initial coefficients a, and as have been found and their extremal functions have
been obtained. A sharp bound for a4 is obtained for v = 1.

2 Main Results

In the following sections Lemmas 1.2 and 1.3 have been used to derive our main
results.

Theorem 2.1 Let f be in the class Sf,ﬁ(cb) and () =14+ Biz+ Byz? +--- .
Then, for any u € C, we have

_ o < B 1 YBi1(2uM, — M) B, 21
|a3 .ua2| = M] max ) 2(1 +6)2 B] ) ( . )
where
M, =1+k(1+4a)+28(1 —k) 2.2)
and

My, =k(3 =k 4+a)?—1-kd+ 31 +2a—p)). (2.3)
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Further,

B B B B M.
laz| < B and |as| < il 1maX{l; =2 Lzz
1496 M, B,  2(14+6)

} N )

These estimates are sharp.

Proof Since f isin Sff’ 5(®), then there exists a holomorphic function v in Y such

that
/ k ’ 1—k
o ((ZFQ(Z)) (F*’(Z)> - 1) — (u(2)). 2.5)
0 Fo(2) Z

Upon expanding F,,, Fs in terms of f and further using power series expansion of
f, we obtain

FLO\ (Fs@\' ™ ([ f@+af"@ \ (4. F@\'
(Fa(w)( 2 ) _(aZ.f/(zH(l—a)f(z)) <ﬁf(z>+(l_ﬁ)7) (26

1
=14+ darz + E(agMz +2a3M1>Zz .

Also,
®((2) =1+ Biviz+ (Bovi + Bivo) 2 + -+ .

Therefore, using (2.5), we obtain the coefficients a, and as as follows:

vBiv
= 2.7
a 140 2.7
and
B, vYBiM, 2 VB
= —+ —— — . 2.8
“=7 <M1 T rorm ) T 8)

On substituting these values in the Fekete—Szegd coefficient functional, it reduces to

2, _ 17IBI YB1QuMy — M) B\ ,
las — pa;| < vy — — 22 )2,
; - M 2(1 + 6)2 B,

(2.9)

The result now follows by applying Lemma 1.3. Bounds for the first two coefficients
a, and a3, can be obtained directly from inequality (2.1). Following functions play
the role of extremal functions:
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L B B (B, oMB Y
MO =2+ 45 g, (Bl TEE
B
fr@ =2+ 17

M

where fi(z) is the extremal function for the second coefficient and Fekete—Szego
functional. Extremal function for the third coefficient is given by

fi(z) when [2(1 + 0)*By + yBiMy| > 2B (1 + 6)?,
f2(z) when [2(1 4 6)* By + 7B Ma| < 2B (1 + 6)*.

By choosing v(z) = z and z? respectively, in Eq.(2.5) the above extremal functions
can be obtained. |

Remark 2.2 By taking k =0 and $ =1, in the above theorem, inequality in
(2.1) reduces to an inequality given in [2, Theorem 3 (for p = 1)]. Further, with
®P(z) =(1+ Az)/(1 + Bz), (—1 < B < A < 1), Theorem 2.1 reduces to [5, The-
orem 4]. Also note that with v = k = 1 and o = 0, inequality (2.1) reduces to give
the inequality in [2, Theorem 1 (for p = 1)].

It is presumed that, M and M, carry their expressions as stated in Egs. (2.2) and
(2.3), respectively.

By choosing suitable values of «v, § and k, in Theorem 2.1, we obtain the following
corollary:

Corollary 2.3 Let f be in the class S%(@), then for u € C,
(i) Ifk =1, then

— na? <M 1: |lvB M_l _B
las — pas| < 31120 max 1 1; |vB; TS B[
(ii) Ifk =0, then
laz — pa3| < —W'Bl max{l' —IWBI(I +20) _ B }
RS 1+ 2p) a+er Bl

For v =1 and o = 1 Theorem 2.1 reduces to give the following bound for the
Ma and Minda class of convex functions S | (P),

2 B,
las — pa;| < 5 max 1;

This result is sharp.
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Remark 2.4 For any real p, second part of Corollary 2.3 for v =1 and a = 1 co-
incides to give a result derived by Ma and Minda in [16, Theorem 3]. Further by
taking ®(z) = (1 + z)/(1 — z), a sharp estimate, |a; — ua2| < max {1/3, |u — 1]}
is obtained for any p € C. This result was obtained by Keogh et al. [12, Corollary
1].

Theorem 2.5 Let f be in the class Sf,’(;(cb) and ®(z) =1+ Biz+ Byz> +--- .
Then, we have

|v|B1

|7J2| By .
(H(ql,qQ)+mmax{l, |f|}>’ (2.10)

where H(q1, q2) is as defined in [24, Lemma 2], with

2B, B; vYB J3 B,
Gi=—,p=— and t=——" — =,
B, By 6/,(1+0)> B

where

Ji =14+kQ2+9a)+35(1 —k),
Jo =k (207 (2k — 5) + a(68 — 68k + k — 10) + B(2B — )(k — 1) — 3)

and

Ji=—k(a+ D((a+ D2k — Tk —2)M, +3Qa + 1)(2k — 5)M>)
+ (k — Dk(k(=3aB8 +3a(a+ D)+ F =3+ D+ B+ DM(Ba+5+4)
X (=3a 4 = 2)) 4+ 3Ms(a(68 + 5) — 287 + 3+ 2)).

Proof Upon using Eq. (2.6), the fourth coefficient is given by

'yB] (( 2B, B3 3> vB1Jhv; 5 )
= — - (n —tv})).
as = 7 v3 + B, ViU + — B, A+ 0)M, (vy — tvy)

Now by applying Lemma 1.3 to the above expression together with [24, Lemma 2],
bound for the fourth coefficient can be established. |

Remark 2.6 For k = 0 and § = 1, inequality in Theorem 2.5 reduces to give the
inequality in [2, Theorem 3 (for p = 1)].

We now derive the following result for functions in the class Sf 5(@) = S§ (D).

Theorem 2.7 Let f be in the class S§(®) and ®(z) = 1 + Bz + Byz> +--- . Then
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— Byt

1

when i < oy,

B
las — pa3| < { —  whenoy < < o, 2.11)

1

Bt h -
—  when o9,
M, n =02

where
_ Bi@QuM, — M) B
2(1 + 6)? By
Further, if o1 < p < 03, then
5, (1+6)? By  BiQuM, — M>) , _ B
— l- =+ ——" < — 2.12
las = pa3| + = Bt e |l s (2.12)
If 03 < p < 0y, then
5, (140)? B,  B\(2uM, — M>) » B
— _ = —— < — 2.13
lay — pa;| + B, B, 211 90) las|” =< ) (2.13)
where
_ 1+’ (B M> _ (140’ (B My _ M (1+0°B
= n (&) o == man (5 0) * o o = BM;
(2.14)
Further,
jas) <
a
T=1575
and
B> BiM,

— hen2(B, — B>)(1 4+ 0)? < B*M.
M 20 3 0, when2(B; — By)(1+0)° < BiM>,

B, 2 2
— when2(B; — By)(1 4+ 6)° = B{M, or

|a3| =< M1
—2(B1 + By)(1 4+ 8)? < Bi M,

B, BIM,

———= — — "= ywhen — 2(B; + By)(1 + 8)? > B*M,.
M, 20+ 00, " (B1 + By)(1+0)" = B{M>

These estimates are sharp.
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Proof Proceeding as in Theorem 2.1, the bounds in inequalities (2.11)—(2.13) can
be established by applying Lemma 1.2. For sharpness we define the functions K, :
D—C((n=2,3,...), satisfying:

k
L _2Keu@ +02’Kg, @) ( / _ 53132)‘*k_ s
3 ((azKén(zH(l—a)Kw(z)) FRon@ + (1 =H— 1 =ec .

with K, (0) = 0, K3,(0) =1, Hyand G (0 < X < 1) with H,(0) =0, H;(0) = 1
and G»(0) = 0, G, (0) = 1,, respectively, satisfying the following:

k
1 ZH}(2) + a2 H{ (2) ( , HA(Z)>'7" (z(/\ + z))
1+ - H - “1|=0
*t ((azH;\(z)Jr(l a)H)\(z)> PH@+U=H= 1+ Az

and
k
1 2G)\ () + 022G (2) , G @)\ —z(A+2)
1+ — 1-p)—2= -1 = .
+7((azG;(z)+(1a)GA(z) <ﬁGA(Z)+( S ) ®( L+ Az )

Clearly functions Kg,, Hy, G € S§ (®). For o < oy or u > o0, extremal function
for inequality (2.11) is K¢ = K¢y or one of its rotations. Extremal function for
01 < Wt < 07 1s K¢, or any of its rotations. When p = o, H) or any of its rotations
works as the extremal function. For i = 0, extremal function is G or any of its
rotations. Bounds for a; and a3 can be directly obtained from inequality (2.11). W

Theorem 2.8 Let f beinthe class S(®)and ®(z) = 1 + Biz + Boz> + -+ - . Then,
for any u € C, we have

B BiQuM, — M) B
— < 2L 1 | 218epM — M) B2 215
'%MW—mmﬁﬁ STEE et | AL
This result is sharp.
Proof Inequality (2.15) can be derived by applying Lemma 1.3. |

Remark 2.9 Let i be a real number. When k = o = 1, Theorem 2.7 reduces to a
result proved in [16, Theorem 3]. When 5 = 1 and o = 0, Theorem 2.7 coincides with
a known result proved in [13, Theorem 2.11]. For & = 3 = 1, Theorem 2.7 reduces
to give a result derived in [13, Theorem 2.15]. Fora =8 =0,anda =1, 3 =0,
Theorem 2.7 reduces to [13, Theorem 2.19] and [13, Theorem 2.23] respectively.
Further, all the special cases referred therein also become particular cases of our
result.

Theorem 2.10 Let f be in the class Sf;((l)) and ®(z) =1+ Biz+ Byz> +--- .
Then, we have

B
kMSfH@ﬁﬂ (2.16)
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where H(q1, q») is as defined in [24, Lemma 2], with

2B, B J, B; By J, BlJs
— ————— and @ =—— ,
B (1+0M, By Mi(1+6) 6M(1+6)3

q1 =

where Jy, J, and J5 are as defined in Theorem 2.5. This result is sharp.

Proof Using (2.6) with suitable rearrangement of terms, we obtain the following
expression for the fourth coefficient:

B 2B B J> ) B3 B> J» BIZJ3 3
ag=—\\v3+|— """ |vivo+ |-+ — + vy ).
T (3 (Bl +om ) <Bl Mi(1+08) " 6Mi(1+6)7 )

Now by an application of Lemma 2 in [24], we arrive at the bound of fourth coefficient
as stated above. |

Remark 2.11 Whenk = 1 and a = 0, inequality (2.16) reduces to give the inequality
in [2, Theorem 1 (for p = 1)]. For k = 0 and 3 = 1, inequality (2.16) of Theorem
2.10 reduces to give the inequality in [2, Theorem 3 (for p =1 and b = 1)]. If
k = a = 1 in the above theorem, we obtain a sharp bound for a4 for functions in the
class S| | (®), given by:

4B, +3Bf  2B3+3B)B + B}

B
< —H(q1, q2), wh = ,
las| < B (q1, q2), where ¢ 3B, Q> 2B,

Further, if ®(z) = (1 + z)/(1 — z), then |as| < 1 [8], which is a sharp estimate for
the class of convex functions.

Proceeding as in the previous results we now establish the coefficient bounds for
functions in the class Sf, 5.0 (P).

Theorem 2.12 Let f be in the class S% 5, (®) and ®(z) = 1+ Biz + Byz” + - -+ .
Then, for any u € C, we have

B B (2uhsM, — h3M>) B
las — pa| < 1B 1max{l;’7 @iy My — By 2)__2}, 2.17)
h 2h3(1 + 6)2 B,
Further,
B B B h3Bi M.
jaol < B g g < ‘max{1~ 22y T } (2.18)
hao(1+ 8) hsM, B ' 212(1+6)?

These estimates are sharp.

Theorem 2.13 Let f be in the class S* 5, (®) and ®(z) = 1+ Biz+ Byz? + -+ .
Then, we have
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|vJ2| By
M (1 +6)

|v|B1
haJy

las| < max{l; |t|}>, (2.19)

(H(ch, q2) +

where q1, q2, H(q1, q2), J1 and J, are as defined in Theorem 2.5.

Theorem 2.14 Let f be in the class S(’;"h(cb) and ®(z) =1+ Biz+ By +--- .

Then, we have
— Byt

hs M,

when i < oy,

wheno; < u < oy, (2.20)

2
az — pas| <
las H2|_ haM,

Bt
h3 M,

when |1 > o0y,

where )
_ BiQ@uhsM, —h3M,) By

2031+ 0)2 By’

Further, if o1 < p < o3, then,

14 6)%h? By  BiQuhiM, — hiM. B
|a3—ua§|+( +6) 2{1__2 1(2phs My 2 2)}|a2|2§ i

h3B1M, B, Zh%(l +5)2 h3M1.
2.21)

If o3 < 1 < 02, then,

1+ 6)2h? B, BiQuhsM, — hiM B
|a3—ua§|+—( +Oh 1+ 22— I(M; 1 M) |a|2§—l )
h3B{M, B 2h2(1 + 5)2 h3 M,
(2.22)
where
h2(1+6)* (B WM h2(1+6)* (B WM
M0 (BN My B4R (By |\ M
h3B]M| B] 2h3M1 h3B]M1 B] 2h3M1
(2.23)
hiM h3(1+6)°B
and o3 = 272 2( +2) 2 (2.24)
2h3 M, h3Bi M,
Further,
By

= iy

and
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B h3BIM,
h3My ~ 2h3h3(1+ 0)2 M,

when 2h3(1+8)2(By — By) < h3B}Ma,

B , . i
laz| < § h3M; when 2h5(1 +6)7(B) — By) = By M or
—2h3(B1 + Bo)(1 +6)> < B{ My,

By h3BIM,

when  —2h3(By + By)(1 + 0)> > h3BI M.

S h3My o 2hZhs(1+ 6)2M)
These estimates are sharp.

Theorem 2.15 Let f be in the class S§,(®) and ®(z) =1+ Biz+ By + - -+ .
Then, for any i € C, we have

B {
max 3 1;
M,

s — a2 < BiQQuhsM, —h3My) B,
3= 21 = - 5
h3

2h%(1 + 6)2 B;

} . (2.25)

This result is sharp.

Theorem 2.16 Let f be in the class S5, (P) and ®(z) =1+ Biz+ B> + -+ - .
Then, we have

B
< ——H(q1, q), 2.26
lag| < " (g1, q2) (2.26)

where q1, q2, J1 and H(q, q2) are as defined in Theorem 2.10. This result is sharp.
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Bohr Radius for Certain Analytic ®)
Functions crece

Naveen Kumar Jain and Shalu Yadav

Abstract For an analytic self-mapping f(z) = Y oo, a,z" of the unit disk D, it is
well-known that Y- |a,| |z|" < 1 for |z] < 1/3 and the number 1/3, known as the
Bohr radius for the class of analytic self-mappings of D, is sharp. We have obtained
the Bohr radius for the class of a-spiral functions of order p and the Bohr radius for
the class of analytic functions f defined on the unit disk satisfying the differential
subordination f(z) + Bzf'(z) +vz>f"(z) < h(z).

Keywords Bohr radius + Convex function - Starlike function - Spiral function -
Convolution

2010 Mathematics Subject Classification 30A10 - 32A05 - 30C80 - 30C45

1 Introduction

Let D :={z € C: |z| < 1} denote the unit disk in C and H be the class of analytic
functions defined in D. Bohr [8] in 1914 proved that if f(z) = Z;’io a,z" is analytic
inDand |f(z)| <1 forall z €D, then Y .- la,z"| <1 in the disk |z| < k where
k > 1/6. Bohr [8] pointed out in his paper that the exact value of k was determined
by Wiener, Riesz, and Schur independently. He has also reproduced Wiener’s proof
that k = 1/3. The number 1/3 is known as the Bohr radius for the class of analytic
functions f defined on D and satisfying | f (z)| < 1. Other proofs on the Bohr radius
can be found in [15-17, 20, 22]. The Bohr’s theorem received much attention after
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the work by Dixon [9]. He showed a connection between the inequality and charac-
terization of Banach algebras that satisfy von Neumann’s inequality. Many authors
have generalized Bohr’s theorem; Aizenberg, Aytuna and Djakov [2, 5] studied the
Bohr’s property of bases for holomorphic function and Ali, Abdulhadi and Ng [4]
found the Bohr radius for the class of starlike logharmonic mappings. Paulsen and
Singh [15] extended Bohr’s inequality to Banach algebras. The relation between
Banach theory and Bohr’s theorem was explored in [7, 10, 11].

The inequality Y -, la,z"| < 1 is known as the Bohr’s inequality. The Bohr’s
inequality can be written in the distance formulation as

d (Z ja,2"). |ao|) = a1 - lagl = 1= |£(0)] = d(f(0). D),

n=0 n=1

where d is the Euclidean distance, O is the boundary of the unit disc. In this form,
the notion of Bohr’s inequality can be generalized to the class of analytic functions
which maps the unit disk onto a domain €2 as follows:

d (Z lanz"], Iaol> <d(f(0),09). (1.1)
n=0

The Bohr radius for a class B of analytic functions f(z) = Y .- a,z" mapping the
unit disk into a domain €2 is the largest radius r* € (0, 1] such that every function
f € B satisfies the inequality (1.1) forallz € D, :={z € C: |z| < r} forevery 0 <
r<r*

This paper studies the Bohr radius for the well-known classes of analytic functions
which includes the familiar classes consisting of starlike, convex, and close-to-convex
functions. Let A denote the subclass of H consisting of functions normalized by
f(0)=0= f'(0) — 1 and let S denotes the subclass of A consisting of univalent
functions. For 0 < a < 1, let ST («) and CV(«) be the subclasses of A consisting of
functions starlike and convex of order «, respectively. The classes S7 = S7 (0) and
CV = CV(0) are, respectively, the classes of starlike and convex functions. In Sect. 2,
we study the Bohr radius for the class SP(«, p) of a-spiral-like functions of order p
(Ja] < 7/2,0 < p < 1), introduced by Libera in 1967, and defined by

SP(a, p) = {f € A:Re (ei“m) > pcosa} .
f@

In Sect. 3, the Bohr radius is found for the class R(5, v, k) defined as

RB, v, h) :={f € A: f(2) + Bzf' (@) +v2* f"(2) < h(z), z € D}

where 3 > v > 0, and £ is an analytic convex (starlike) function of order @ (v < 1).



Bohr Radius for Certain Analytic Functions 213

2 Bohr Radius for the Class of a-Spiral Functions
of Order p

For|la| < 3,0 <p < 1,let

SP(«a, p) = {f €S :Re <ei(¥i/(—(zz))) > pcosa} .

In the present section, we find the Bohr radius for the class SP(«, p).

Lemma 2.1 If f € SP(«, p), then
d(0, 0 f(D)) > (4cos® ) 1= exp(—a(1 — p)sin2a).

The result is sharp.

Proof By [12, Theorem 1, p. 3], for |z| < r,

| ‘f(z)
R

> ¢(r),
where

¢(r) =— (1 = p)log(l +2rv1 —r2sin® acos o + r? cos 2a) cos® a
r(v/'1 — r2sin® o + r cos ) sin o
14+ r(/1—=r2sin? a)cosa — r2sin® o

—2(1 — p) arctan |: ] cos o sin av.

It gives
‘& > exp(6(r)
so that
Jim 7@ = Jim exp(#(r)) = exp(lim 6(). @.1)
Now

1in]17 d(r) = — (1 — p) log(1 + 2 cos® a + cos 2a) cos® a

2 sin v cos «

1 4 cos? a — sin® «

— 2(1 — p) arctan < ) cos a sin «

=— (1 —p)log4 cos? ) cos’> o — 2(1 — p) arctan (tan o) cos « sin
=— (1 —p)log4 cos’ Q) cos’> o — 2(1 — p)acosasin o

= — (1 — p) log(4 cos® a) cos® o« — (1 — p)arsin 2ax. (2.2)
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Equations (2.1) and (2.2) yield

d(0, 0 f (D)) > exp(—(1 — p)log(4cos> a) cos> o — (1 — p)arsin 2cx)

=(4cos® )~ =P cosa gy (—a(l — p) sin2q).
p

The result is sharp for the function

f@= ( < s = exp(—iacos ).

1 — Z)Zs(lfp) ’

Theorem 2.2 Let f € SP(a, p),0<p<land f(z) =z+ Z:ozz a,z" then
[o¢]
2l + ) la,2"| < d(0,0f (D))
n=2
for |z| < r*, where r* € (0, 1] is given by the root of the equation

0 fn—1 12 _ _ 2 N1/2
"+Z<l_[((k 12 +4(1 = p)(k — p) cos® ) )w;

n=2 \k=I1 k

(4 cos? o)~1=» cos’ & exp(—a(l — p) sin 2q).

The result is sharp.

Proof By [13], we have,

00 oo [/n—1
k+2s(1—p)—1 .
|z —i—ZlanZ"I <r +Z <H | ( z P) |) r", s = exp(—iocos a)

n=2 n=2 \k=1
00 n—1
k—1D24+41 - p)(k — Za)l/?
. (ﬂ (k=17 +40 = Pk = p)eos’ @)
k
n=2 \k=1
It follows from Lemma 2.1 that
(4 cos ) 1P @ exp(—a(l — p) sin2a) < d(0, D f (D)). (2.3)

Thus,
Izl + ) la,2"] < d(0, O.f (D))

n=2
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if

n—1
((k — 12 +4(1 — p)cos® a(k — pH'?\ |
+Z (H k '

k=1

<(4cos? )1 cos’ o exp(—(1 — p)asin 2q),

which provides the required radius.
To prove the sharpness, consider the function f(z)=z/(1 —z)*U=",
s = exp(—ia) cos a. For |z| = r¥,

o0

|Z|+Z|anz |_r*+z<1—[ |k+2s(lk p) — 1|>(r*)”

—_1)2 _ 1/2
r*+Z<H((k 12 +4(1 Z)(k p) cos? a) )(r*)”

= (4 cos a)’(lf’])coszaexp(—a(l — p) sin2qr)
=d(0,0f(D)).

For || < /2, let

SP(a) = {f €S :Re (exp(la) JJ:/(())) > 0},

It is easy to see that putting p = 0 in Theorem 2.2, leads the Bohr radius for the
class SP(a).

Corollary 2.3 Let f € SP(w), where f(z) =z + Y ey ay2". Then
oo
2l + ) lan2"| < d(0,0f (D)), |z| < r*
n=2

if r* € (0, 1] is the smallest root of the equation

n—1

k — 1) + 4k cos? o) 1/2

+Z <l—[ (( ) +k cos? ) )r” — (4cos? @) exp —asin20),
k=1

The result is sharp.

Remark 2.1 Bhowmik et al. [6, Theorem 3, p. 1093] obtained the Bohr radius for the
class of starlike functions of order a(0 < a < 1/2). Putting & = 0 in Theorem2.2
and replacing p by a, we obtain the Bohr radius for the class ST (a)(0 < o < 1).
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Corollary 2.4 Let f € ST (a) and f(z) =z + Zf;z a,z". Then
2l + ) lan2"| <d0,0f D),  for |z| <r* 2.4)
n=2

where r* € (0, 1] is the root of the equation
(1 _ r)2(l—u) _ 22(1—@),, =0.

The result is sharp.

For oo = 0, we obtain the Bohr radius for the class of starlike functions.

Corollary 2.5 Let f € ST and f(z) =z+ Y ., anz". Then the Bohr radius is
3 — 24/2. The result is sharp.

3 Bohr Radius for Second-Order Differential
Subordination

For 3 > 0, define

R(B, h):={f € A: f(2) + Bzf'(z) < h(z),z € D}.

Many authors have studied the class for some analytic function /. The results for the
classes can be found in [21, 23].
In this section, we study an extension of the above class. Let

R(B,v.h) =={f € A: f(@) + Bzf (@) +72° f"(2) < h(z),z € D}

where 5 > v > 0, and 4 is an analytic convex (starlike) function of order «, (o <
1). Ali et al. [3] have shown that f(z) < h(z) whenever f € R(03, 7y, h). Muhanna
et al.[1] found the Bohr radius for the class R(03, -y, h) when A is convex or starlike,
respectively.

For two analytic functions f(z) =) r-,a,z" and g(z) = Y o byz", their
Hadamard product (or convolution) is the function f * g defined by

(f ¥ 9@ =) anba2".
n=0

Define a function

Udr > "
¢’\(Z)_/0 l—zt’\_zl—i-/\n'

n=0
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Ruscheweyh [19] has shown that ¢, is convex in D provided Re A > 0.
For 3> A=>0,let
vtp=0-7y vp=r,

and

1 pl
q() = / / h(ztt's")dtds = (¢, * ¢,,) * h(2). 3.1
0o Jo

Since ¢ * ¢,, is a convex function and 4 is a convex function of order «, from [14,
Theorem 5, p.167], it follows that g is a convex function of order c. It is easy to see
that g € R(0, 7y, h). It was shown by Ali et al. [3] that

f@) <q(z) < h(z)
for all f € R(B,~, h). Thus, R(3, vy, h) C S(h).

Theorem 3.1 Let f(z) =) oyanz" € R(B,~,h), and h be convex of order c.
Then

Y lanz"| < d(h(0), Oh(D))

n=1

for all \z| < r*, where r* € (0, 1] is the smallest positive root of the equation

r i % [Tics(k — 2a0)

"o (-1
1+ (u+ v)n + pvn? l—i—(u—l—u)n—i—uunzr =D

n=2
The result is sharp.
Proof Let F € R(8,~, h). Then

00
F@) = £+ B2f' @) +72f"@) = Y[+ fn+ 90 — Dlan" < hz) (a1 = 1)
n=0

and

1
h'(0)

H@—Hm<h@—mm_H@
h'(0) noy ’

Y [+ fn+nn = Dla," =
n=1

Thus, by [18], we have

1 -1 1 ~
ot on = D, < L k= 200m =2,
7(0) il

which yields
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o0 [o¢] 1 n
h'(0 O [ [ier bk — 2a
> lanl” < Or | sn WO o ® 2200, 5
o 14+ (Wu+v)n+puvn - 1+ (p+v)n+puvn
The function [, : D — C given by
1—(1—z)%-! 1
L= =1 *Fn (3.3)
—In(l1 —2), a=;

is an extremal function for the class CV(«). Since

h —h(0
H@)=—§%@fl

is a normalized convex function of order « in ID, it follows that the function /[,
provides the case of equality in the following growth inequality satisfied by convex
functions of order «:

~l(=r) < [HFe")| < 1,(r).

So that
d(0,0H(D)) > —1,(-1),

which yields

d(h(0), Oh(D)) = CieI}')l]CDJ |h(¢) = h(0)] = —|A"(0)|la(=D). (3.4)

By (2.4) and (3.4), it follows that

3 © LI, k-2
Zlan|r"§—d(h(0)’ah®))( ; 3 i = 20) ,n).

+
lo(—1) 1 +(u+u)n+/wn2 1 +(u+1/)n+ul/n2

n=I1 n=2

Thus, the Bohr radius r* is the smallest positive root of the equation given by

= LTk —2a)

-
+ r
1+ (+ v)n + pvn? ;l+(u+1/)n+u1/n2

"= _la(_l)-

The result is sharp for the function f(z) := ¢(z) and h(z) := I(z) = l,(2), where
q(z) and [, (z) are, respectively, as defined in (3.1) and (3.3), that is

* LIlik-20)

, z
f@=q@ =@ *(p#) *h(@) = 14+ (p+v)n +/1,1/n2 +n§:2 14+ (p+v)n —l—/wnzZ ’

For |z| = r*,
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1
- n rr = n HZ=2(k B 200 N
D lanz'l = +2 5()
— nzzl—i—(ﬂ—}—z/)n—}—w/n

1+ (u+ v)n + pvn?

= —1,(—=1)
= —|h' (0)|l,(—1)
= d(h(0), Oh(D)).

For o = 0, Theorem 3.1 reduces to the following result.

Corollary 3.2 ([1, Theorem 3.1, p. 129]) Let f(z) = Z:O:o a,7" € R(B,~, h), and

h be convex. Then

> " lanz"| < d(h(0), Oh(D))

n=1

forall |z| < r*, where r* € (0, 1] is the smallest positive root of the equation

1

Zl+(u+l/)n+uyn2 2

n=1

Theorem 3.3 Let f(z) =Y ;o anz" € R(3,7,h), and h be starlike of order c.

Then -
Y lanz"| < d(h(0), Oh(D))

n=1

Sforall |z| < r*, where r* € (0, 1] is the smallest positive root of the equation

nd (n 1)! Hk Z(k 204) o 1

,
S 1+ (p+v)n+ uunz ~ 2w

1+ (u+v)n+ uvn?

The result is sharp.

Proof Let F € R(S3,~, h). Then

F() = f@)+Bzf @) + 922 @ = Y _[1 + Bn +yn( = Dlapz" < h(2), (a1 = 1)
n=0
and
_F(@ —FO)  h(z) —h(0)
1 -1 = = H(2).
Z[ + Bn +yn(n — Dla, R )

h/(O)

Since H (z) is a normalized starlike function of order «v in D, by [18], we have
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< — [k -20,n =2,
( —1)!!1

‘1+5n+'yn(n—l)‘| |
h'(0) "

which yields

= WO gt ik =200

; 1+ (u+ v)n + pvn?

h'(0)
Z lanlr” 2
14+ (u+v)n+ uvn
3.5
It follows from [18], that
1
d(0,0H (D)) > PR

which yields
|h'(0)]
20—’

d(h(0), 0h(D)) = Ciergfmlh(é“) —h@O)] = (3.6)

By (3.5) and (3.6), it follows that

s k—2
> lanlr™ < d(h(0), Oh(D))221 =) Z wplliat 20,
- 14+ (n+ V)n + pwn? o 1+ Ww+vn+ ,uz/nz

n=1

Thus, the Bohr radius r* is the smallest positive root of the equation is

r ad m=1) 1)! Hk 2(k 2@) U 1
1+ (u + v)n + pvn? 1+ (u+vn+ ;wn2 ~ 2wy

The result is sharp for the function f(z) := g(z), where g (z) as defined in (3.1), and
h(z) :==1(z) = z/(1 — z)?>1=, Sharpness can be proved as in Theorem3.1.

a
For a = 0, Theorem 3.3 reduces to the following result.

Corollary 3.4 ([1, Theorem 3.3, p. 131]) Let f(z) = Y oeyanz" € R(B, 7, h), and
h be starlike. Then

> lanz"| < d(h(0), Oh(D))

n=1

forall |z| < r*, where r* € (0, 1] is the smallest positive root of the equation

1

o0
Zl+(,u+1/)n+,ul/n2 T4

n=1

n

The result is sharp.
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Virendra Kumar, Sushil Kumar and V. Ravichandran

Abstract There exists a rich literature on the Hankel determinants in the field of
geometric function theory. Particularly, it is not easy to find out the sharp bound on the
third Hankel determinant as compared to calculate the sharp bound on the second
Hankel determinant. The present paper is an attempt to improve certain existing
bound on the third Hankel determinant for some classes of analytic functions by
using the concept of subordination.

Keywords Analytic functions - Hankel determinant - Starlike functions w.r.t.
symmetric points
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1 Introduction

The class S consists of univalent analytic functions f defined on the unit disk D :=
{z € C:|z] < 1} normalized by the conditions f(0) = 0 and f'(0) = 1. The sub-
classes starlike and convex functions of S are denoted by S* and KC, respectively. Ana-
lytically, these classes are defined by S* := { f € S : Re(zf'(2)/f (2)) > 0, z € D}
and K :={f € S:Re(l + (zf"(2)/f'(2))) > 0,z € D}. Let S; denote the class
of starlike univalent functions with respect to symmetric points, introduced and
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studied by Sakaguchi [18]. Analytically, f € S} if and only if Re (2z ' (2)/(f(2)
—f(—z2))) > 0 for all z € D. In similar fashion, Das and Singh [5] introduced and
investigated the class /s which consists of the convex univalent functions with
respect to symmetric points. Analytically, we say f € K, if it satisfies the con-
dition Re (2(zf'(2))'/(f (z) — f(—2))’) > 0 for all z € D. Using analytic represen-
tation similar to the classes of starlike and convex functions, for some A (A > 1),
Nishiwaki and Owa [13] considered and investigated two subclasses M (\) and ' (\)
of the class S consisting of functions f satisfying, respectively

Re (Zf '(2)
f(©@

z2f"(2)
[ (@

><)\ and Re(1+ )</\ (z € D).

The coefficient bounds yield information regarding the geometric properties of
univalent functions. In 1916, Bieberbach [2] computed an estimate for the second
coefficient of normalized univalent analytic function and this bound provides the
growth, distortion, and covering theorems. Similarly, using the Hankel determinants
(which also deals with the bound on coefficients), Cantor [3] proved that “if ratio of
two bounded analytic functions in D, then the function is rational”. For given natural
numbers 7, g and a; = 1, the Hankel determinant H, ,(f) of a function f € A is
defined by means of the following determinant:

Ap  dpt1 *° Optg—1
Ap+1 Ap42 * Oty

Hq,n(f) =
Antq—1 An+q *** An42(g—1)

For some specific values of g and n, the quantities H, ; (f) = a3 — a% and Hy»(f) =
a)as — 0132 are known as Fekete—Szego functional and second Hankel determinant,
respectively. The third Hankel determinant is defined as

Hs, 1 (f) := as(azas — a3) — as(as — azas) + as(az — a3).

Finding the sharp estimate on the second Hankel determinant H; > (f) is rather
easier than finding the sharp estimate on the third Hankel determinant. The usual
way of finding estimate on the third Hankel determinant is to calculate sharp bounds
on the initial coefficients, second Hankel determinant and that on the Fekete—
Szegd functional using the triangle inequality. The sharp bound on the second
Hankel determinant for the class of starlike and convex functions were investi-
gated by Janteng et al. [6]. Babalola [1] proved the estimates |H3 1(f)| < 16 and
|H31(f)] <32+ 33\/5)/72\@ ~ 0.71 for the classes S* and K, respectively.
Later, the bound on the third Hankel determinant for the class of starlike and con-
vex functions were proved as |H3 1 (f)| < 1 and |H3 1 (f)| < 49/540, respectively,
see [24]. In 2018, Kowalczyk et al. [8] proved that the bound |H3 1 (f)| < 4/135 is
sharp for the class of convex functions. However, the best known estimate for star-
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like functions is |Hz 1 (f)| < 4/135 due to Kwon et al. [10]. Later, Lecko et al. [11]
proved that the bound |H3 {(f)| < 1/9 is sharp for starlike function of order 1/2.
In the year 2018, Kowalczyk et al. [7] have found sharp bound of the third kind
for the class T'(a) :={f € A:Re(f(2)/z) > o;z € D} whena = 0 and a = 1/2.
Vamshee et al. [21] estimated |H3 1 (f)| < 5/2and |H3, 1(f)| < 19/135 for starlike
and convex functions with respect to symmetric points, respectively. In 2017, Prajapat
et al. [16] computed the estimates |H3 ;(f)| < (81 + 16\/3)/216 ~ (0.5033 and
|H;, ()] < 139/5760 ~ 0.0241 for the classes M := M(3/2) and N := N'(3/2),
respectively. For recent development of Hankel determinant, see [4, 12, 14, 15, 19,
20, 22-24].

Motivated by these works, in this paper, an attempt has been made to improve the
existing bound on the third Hankel determinant for the classes S}, ks, M and NV

2 Third Hankel Determinant

The following lemmas will be needed to derive our main results in this section:

Lemma 2.1 ([17, Lemma 2.3, p. 507]) Let p € P. Then for alln,m € N,

|MPan—Pm+n| = 27 OSMS 1;
— | 212p — 1], elsewhere.

If 0 < u < 1, then the inequality is sharp for the function p(z) = (1 + ")/ —
"), In the other cases, the inequality is sharp for the function po(z) = (1 +
2)/(1 —2).

Lemma 2.2 ([9, Lemma 1]) Let p(z) = 1 + p1z + prz> + p3® +--- € P. Then,

for any real number L,
2/p—4 <2
ju w3
pps — pi| <
2 | A
—_— - < .
Y 3 <H
The result is sharp. If i < %, then equality holds for the function

1+z
1—z

po(z) ==

and if u > ;—‘, then equality holds for the function
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1-22

2 1 '
22 =2 H_lz+1

p1(2) =

The following theorem gives an improvement to the existing estimate on the third
Hankel determinant related to the starlike and convex functions with respect to the
symmetric points.

Theorem 2.3 The third Hankel determinant for the functions in the classes S and
ICs are 5/4 and 91 /1728, respectively.

Proof The proof will be accomplished in two parts.
(a) Let f € SF. Then we can associate a function p(z) = 1 + piz + paz* +
p3z° + -+ € P such that

B g
f@ = f(=2) '
On comparing coefficients on both sides of the above equation, we have
P1 b2 1 1 2
M= = = g(Plpz +2p3) and as = 3 (P +2p4).

Using the above we can write

H31(f) = as <a3 - a%) +a3 <a2a4 - a%) —a4(a4 — aza3)
1

= (P% (1% - 4174) +4pipaps — 4 (ré —2paps+ ﬂ%))

Further, by suitably arranging the terms, we have

164 Hs 1 (f)| = [8paps — 4p3ps+ pip3 — 4p3 +4pipaps — 43|
< 4ps@2p2 — pDI+ P2 (P} — 4p)| + 14p3(pip2 — 4p3)l.  (2.1)

By Lemma?2.1, we see that

[4ps(2p> — pDI <32, |p3(pt —4p2)| <32 and |4ps(pips — 4p3)| < 16.
(2.2)
Thus, using (2.2) and (2.1), we have

|H (f)|<80 2 .32 (2.3)
_—= < . .
MW= T 4T 2
This is the desired estimate.

(b)Let f e K,. Then, we can associate a function p(z) =1+ pi1z + prz> +
p3z’ 4+ -+ € P such that
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2(zf'(z))

@ —f—y ~ P&

On comparing coefficients on both sides of the above equation, we have

D1 P2 1 1
=", B="r, 4= §(p1P2 +3p3) and a5 = 0 (P% +2P4)-

Now, a computation using the above gives

p} (p3 —48ps) + 180p; paps — 64p3 + 1152py ps — 540p3
138240 :

9
H;,(f) =
By suitably arranging terms, we have

432 , (9 , 180
138240H5 1 (f) = 1152ps | p2 — —— pi ) +64p; GaPi— P +540p3 | —~p1p2—p3 -

1152 540
2.4)
Now using Lemma?2.1 and the fact | p;| < 2, we have
432
1152 — ——p?)| <4608 2.5
D4 <P2 1152171)‘_ ) (2.5)
64 | p? 2p2—p2 <512 (2.6)
2 64! - ’
and
540 180 < 2160 2.7
p3 540P1P2 b3l = . .

Now by using Eqs. (2.4), (2.5), (2.6), and (2.7), we get

4608 + 512 + 2160 91 19
s ()] < 2282 H200 O 0052662 < - ~ 0.140741.
' 138240 1728 135
(2.8)
This completes the proof. (]

Remark 2.4 Ttis important to note that Krishna et al. [21, Corollary 3.4, p. 43] prove
that | Hs 1 (f)| < 5/2 for function f € S;. Thus, estimate (2.3) improves the exiting
result derived in [21, Corollary 4.3, p. 43]. Similarly, the estimate in (2.8) provides
an improvement over the estimate |H3,1 (f )] < 19/135 for function f € K, see [21,
Corollary 3.8, p. 45].

The following theorem yields an improvement to the existing estimate on the third
Hankel determinant related to the classes M and NV,

Theorem 2.5 The third Hankel determinant for the functions in the classes M and
N are bounded by (579 + 8+/3)/1728 and (144431 + 96+/141) /6497280, respec-
tively.
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Proof The proof will be accomplished in two parts.
(a) Let f € M. Then, we can associate a function p(z) = 1 + pyz + p2z> +
p3z> + - -- € P such that

if'@ 1
=50-r@). (2.9)

fl@ 2

On comparing the coefficients on both sides on (2.9), we get

D1 1 1
@=-T, =g (Pt —2p2). as= yry (=pi + 6p1p2 — p3)
and {
as = 57 (P1 = 12P1p2 +4p1ps +12(p; —4ps))

Further computation gives

P8 — 6ptpa +4p3ps —36p3 (p3 — 4ps) — 24p1paps + 12p3 + 288p2ps — 4p3

Hyi(f) = — TS

By suitably arranging the terms, we can write

—9216H3,1(f) = 36p1 p3 — 144p7 pa + pf — 4p7 p3 + 24p1 p2p3 — 288p2ps
+ 6pzllp2 - 72p% +4p%. (2.10)

The Inequalities (2.11), (2.13), and (2.14) are obtained by using Lemma?2.1 and the
fact | p;| < 2, whereas the Inequality (2.12) is a consequence of Lemma?2.2

2.2 2 2 1 2
|36p1p3 — 144pi ps| = 144/ p}| 2P~ pa = 1152, 2.11)
128
|p$ —4pips| = 1pil|pi —4ps| < et 2.12)
1
|24 p1pap3 — 288 papa| = 288|py| P13 pa <1152, (2.13)
and

|6p1p2 — 72p3 + 4p3| < |6p] pa| + [72p3| + 4 | p3| < 784. (2.14)

By using triangle inequality and (2.10), (2.11), (2.12), (2.13), and (2.14), we get

579 + 8/3 81+ 16+/3
|Hs 1 (f)] < S19+83 0.343088 < 811163 0.5033. 2.15)
' 1728 216
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(b)Let f € M. Then, we can associate a function p(z) =1+ pz + p2z> +
p3Z3 + - .- € P such that

of"@) 1
23— . 2.16
oy =30 P (2.16)

On comparing the coefficients on both sides on (2.16), we get

2
D1 1 [ p 1 ( 3 )
=——, =—|—=- , =—|(—-p;+6 —8
a 2 as 12 ( B Pz) ag 192 P1 P1D2 P3

and

e Pl — 12pipa+32p1ps + 12 (p3 — 4pa)
> 1920 '

Using the above further computation, we get

_ =P} = 12ppa +48pips + pi (288ps —84p3) — 288p1 p2p3 + 32 (p3 +36p2ps — 30p3)
Hs1(f) = 552960 '

After suitable arrangement of terms, we have

—552960H3 1 (f) = 84p1 p5 — 288} pa + p§ — 48p7 p3 +288p1 pap3 — 1152paps
+12ptpa —32p3 +960p3.  (2.17)

Now using Lemma 2.1 and the fact | p;| < 2, we have the Inequalities (2.18), (2.20),
and (2.21). Further, an application of Lemma 2.2 gives (2.19).

2.2 2 2 84 2
184 pipy — 288 pypa| = 288| pil 2ggl2 ~ P4l = 2304, (2.18)
6 3 3 3 3
Py —48pipsl = Ipil|pi — 48ps| = 384,/ =, (2.19)
288
1288 p1paps — 1152py pa| = 1152| py| 1152 P1P3 — Pa| = 4608 (2.20)

and
[12p1pa — 32p3 +960p3| < 12| ptpal + 32| p3| 4+ 960|p3| < 4480.  (2.21)
From (2.17), (2.18), (2.19), (2.20), and (2.21), we have

144431 + 96+/141 139
H < ~ 0.0224049 < —— ~ 0.0241319 (2.2
Ol = =580 = 5760 (2.22)
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This completes the proof. O

Remark 2.6 Prajapat et al. [16, Theorem 2.4, p. 190] proved that the third Hankel
determinant Hs ; (f) for function f € M is bounded by 185/512. Clearly, the bound
derived in (2.15) for the function f € M is better than that of derived by Prajapat
et al. [16, Theorem 3.4, p. 190]. Furthermore, the estimate (2.22) improves over the
result [16, Theorem 2.8, p. 193] for the function f € N.

Conjecture 2.7 The sharp bound on the third Hankel determinant for the classes of
starlike and convex functions with respect to symmetric point are 1/4 and 4/135,
respectively. Equality, for the class S, holds in case of the function f; defined by

2zf3x) 1472
fo@ — folz)  1-23

Further, for the class Ky, equality holds in case of the function f; defined by

2efi@) 1+7
(i) = fit=2)) 1=z

Conjecture 2.8 The sharp bound on the third Hankel determinant for the classes
M and N are 119/576 and 19/2160, respectively. Equality, for the class M, holds
in case of the function f, defined by (2.9) with the choice p(z) = (1 +2)/(1 —2)
whereas, for the class N, equality holds in case of the function f; defined by (2.16)
with the choice of function p(z) = (1 + z2)/(1 — z?).

Acknowledgements The authors would like to express their gratitude to the referees for many
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Rupam Haloi and Mausumi Sen

Abstract In this article, using the notion of a two-valued measure u, we pro-
pose the ideas of p-statistical convergence and p-density convergence in probabilis-
tic n-normed spaces and study some of their properties in probabilistic n-normed
spaces. Further, a condition for equality of the sets of p-statistical convergent and
p-density convergent sequences in the space have been established. The definition of
p-statistical Cauchy sequence in the space has also been introduced and some results
have been established. Finally, we propose the notion of u-statistical limit points in
these new settings and studied some properties.

Keywords Probabilistic n-normed linear space * u-Statistical convergence *
u-Density convergence + pu-Statistical Cauchy sequence

MSC 2010 40A1S - 40G15 - 60B99

1 Introduction

As an important generalization of the concept of distance as proposed by Fréchet
[1] in 1906, Menger [2] developed the idea of a statistical metric space, now called
probabilistic metric space. Employing the idea of probabilistic metric and simplify-
ing the concept of ordinary normed linear space, Sherstnev [3] proposed the concept
of probabilistic normed space (in short PN-space) in 1962, in which the norm of
a vector was described by a distribution function rather than by a positive number.
Tripathy and Goswami [4—7], Tripathy et al. [8] and others have introduced different
classes of sequences using the notion of probabilistic norm and have investigated
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their different algebraic and topological properties. The situation where crisp norm
fails to measure the length of a vector precisely, the notion of probabilistic norm
happens to be very much useful. The theory of PN-space is decisive as a conclu-
sion of deterministic results of normed linear spaces and furnish us some decisive
tools relevant to the study of convergence of random variables, continuity properties,
linear operators, geometry of nuclear physics, topological spaces, etc. This space
was further generalized into the theory of probabilistic n-normed spaces (abbrevi-
ated as PnN-spaces) by Rahmat and Noorani [9] and many authors. As an important
generalization to the theory of convergence, Fast [10] initially proposed the idea
of statistical convergence and then studied by many researchers. Karakus [11] has
extended idea of statistical convergence into probabilistic normed space 2007. As
an interesting generalization of statistical convergence, Connor [12, 13] introduced
the idea of statistical convergence with the help of a complete {0,1} valued measure
1 defined on an algebra of subsets of N. Some works in this field can be found in
[14—17]. The notion of statistical limit points was first introduced by Fridy [18]. The
aim of this article is to introduce and study the concepts of yu-statistical convergence
and p-density convergence in PnN-spaces.

A brief sketch of the article is as follows: IP Sect. 2 contains some basic definitions
that are relevant for subsequent sections. We have introduced the definitions of u-
statistical convergence and p-density convergence in PnN-spaces and discussed some
of their properties in Sect. 3. Section4 deals with the concept of pu-statistical limit
points in PnN-space and their properties. Finally, a brief conclusion to the article
follows in Sect. 5.

2 Preliminaries

Throughout the paper, R, N, and R* denote the sets of real, natural, and nonnegative
real numbers, respectively.

Definition 1 ([19]) A function f : R* — [0, 1] is called a distribution function if
it is nondecreasing, left-continuous with inf;cg+ f(t) = 0 and sup, p+ f () = 1.

Throughout D denotes the set of all distribution functions.

Definition 2 ([19]) A binary operation * : [0, 1] x [0, 1] — [0, 1] is said to be a
continuous #-norm if it satisfies the following conditions, for all a, b, ¢, d € [0, 1]:

1. axl=a,

2. axb=b=xa,

3. axb <c#*d,whenevera <cand b <d,
4. (axb)*xc=ax*(b*c).

Definition 3 ([9]) A triplet (Y, M, %) is called a probabilistic n-normed space (in
short a PnN-space) if Y is a real vector space of dimension d > n, M a mapping
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from Y" into D and * is a t-norm satisfying the following conditions for every
Y1, ¥Y2,..., Vs € Yands, t > 0:

1. M((y1,Yy2,---,Yn),t) = 1ifand only if y;, y,, ..., y, are linearly dependent,

2. M((y1,y2,--.,Yn),t) is invariant under any permutations of y;, y», ..., ¥,
t

30 M((y1, Y2, - v s ayn) t) =M <(y1, Y2seens Yu)s E) forall « € R\ {0},

4o M1, Y25 - Y+ 3), 8 +1) = M((y1, Y2, - Yn)s 8) % M((¥1, 2, -+ -

V)i 1)
Example 4 [9]Let(Y, ||, ..., -||) bean-normed linear space.Leta * b = min{a, b},
for all a,b €[0,1] and M((y1, Y2, ..., Yu), 1) = , t>0.
. tH 1L Y2, - Yl
Then (Y, M, x) is a PnN-space.

Definition 5 ([9]) A sequence y = (y;) in a PnN-space (Y, M, ) is said to be con-
vergent to yp € Y in terms of the probabilistic n-norm M", if for every € > 0, A €
(0, 1) and zy, 22, ..., 2,—1 € Y, there exists a positive integer k, such that

M((z1,22, -5 Zn—1 Yk — Y0), €) > 1 = A,

whenever k > k. In this case, we write M" — lim y = yy.

Definition 6 ([9]) A sequence y = (y) in a PnN-space (Y, M, %) is said to be
Cauchy sequence, if for every e >0, A € (0,1) and z1,22,...,2,—1 € Y, there
exists a positive integer ko such that

M((Z17 2259 Zn—1s Yk — ym)v 5) >1- )\»
forall k, m > k.

Definition 7 ([9]) A sequence y = (y) in a PnN-space (Y, M, %) is said to be
bounded in terms of the probabilistic n-norm M", if for every z1, z2, ..., 2,—1 € Y,
there exists an € > 0 such that

M((z1,22, -+ Zn—1, V), €) > 1 — A,

for every A € (0, 1) and for all k € N.

3 p-Statistical Convergence and p-Density Convergence in
PnN-Spaces

Right through the article, by 1 we represent a complete {0, 1}-valued finitely additive
measure defined on a field I' of all finite subsets of N and suppose that ;1(P) = 0, if
|P| < o0;if P C Q and u(Q) =0, then p(P) = 0; and p(N) = 1.
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Definition 8 A sequence y = (y;) is said to be pu-statistically convergent to y, in
terms of the probabilistic n-norm M", if for every A € (0, 1), ¢ > Oand zy, 22, ...,
Zn-1 €7,

,U({kEN:M((ZI,ZZ,~-7Zn71,yk_)’0)a5) Sl_)\})zo

It is written as 1 — staty ) — limy = yo.

In view of the Definition 3.1 and other properties of measure, we state the following
result without proof.

Theorem 9 Let (Y, M, x) be a PnN-space. Then for every A € (0, 1), € > 0 and
21,22, -+ -, 2n—1 € Y, the following statements are equivalent:

1. p—staty —limy = yo,

2. p{k e N: M((z1, 22, -+, Zn—1, Yk — Y0), €) < 1= A}) =0,
3. u({k e N: M((z1, 225> Zn-1, Yk — Y0), €) > 1 = A =1,
4. p—stat —lim M((z1, 22, - -+ Zn—1, Yk — Vo), €) = L.

The following results are consequences of Theorem 9.

Corollary 10 Letr (Y, M, x) be a PnN-space. If a sequence (yi) is p-statistically
convergent in terms of the probabilistic n-norm M", then |1 — staty ) — limy is
unique.

Corollary 11 Let (Y, M, ) be a PnN-space. If M" —limy = yy, then u —
staty ) — limy = yo, but not necessarily conversely.

The converse of the Corollary 11 does not hold always, which can be shown from
the following example.
Example 12 Let us consider Y = R” with usual norm. Let p x g = pq for p,q €
t
[0,1] and M((z1,22,-+s 201, ), 1) = ,
4+ 11z1 225 - -5 21, VI

22y ++->Zn—1,y) € R" and t > 0. Then (R", M, %) is a PnN-space. Let A C N be
such that (A) = 0. We define a sequence y = (y;) as follows:

where (z1,

[k, 0,...,00 eR", ifk=j? jeN
Y=1(0,0,...,0) € R", otherwise.

Then we can easily verify that the sequence (yy) is p-statistically convergent in terms
of the probabilistic n-norm M", but the sequence (y;) is not convergent in terms of
the probabilistic n-norm M", as it is not convergent in the space (R, || - ||).

We now introduce the concept of u-statistical Cauchy sequence on probabilistic
n-normed space and provide a characterization.
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Definition 13 Let (Y, M, %) be a PnN-space. We say that a sequence y = (yy) is -
statistically Cauchy in terms of the probabilistic n-norm M", provided that for every
Ae,1), e>0and zy,22,...,24—1 €Y, there exists a positive integer m € N
satisfying

pk e Nt M(21,22, -+ Zn—1, Yk — Ym), €) < 1 = A} =0.

Theorem 14 Let (Y, M, %) be a PnN-space. If a sequence y = (yy) is p-statistically
convergent in terms of the probabilistic n-norm M", then it is p-statistically Cauchy
in terms of the probabilistic n-norm M".

Definition 15 A sequence (yy) is said to be p-density convergent to yy € Y in terms
of the probabilistic n-norm M", if there exists an A € I with u(A) = 1 such that
(¥x — Yo)kea is convergent to 0 in terms of the probabilistic n-norm M".

By w(Y, M, %), we denote the space of all sequences with elements from the PnN-
space (Y, M, x) and by £, (Y, M, %), the space of all bounded sequences with ele-
ments from the probabilistic n-normed space (Y, M, x).

Theorem 16 Let y € w(Y, M, x). If y is u-density convergent to r in terms of the
probabilistic n-norm M", then y is u-statistically convergent to r in terms of the
probabilistic n-norm M".

Proof Let y = (yx) € w(Y, M, x). Let A C N such that (yy —r);c, is convergent
to 0 in terms of the probabilistic n-norm M" and (A) = 1. Let € > 0 be given and
21,22, -+, 2n—1 € Y. Then it is observed that

ke N: M((z1,22, ... s Zn-1, Yk —7), &) < 1 = A}
contains at most finitely many terms of A C N. Thus, we have
uke At M(z1,22, s Zn—1, Yk — 1), €) <1 = A} =0.
Now,

C={keN:M\{(z1,22,---»Zn-1, Yk —1),€) <1 =X}
g{kEA:M((217127°"1Zn—17yk_r)rg)SI_A}UAC'

Thus, we have ;(C) = 0, and consequently
,LL({k EN:M((ZlaZZa"'»ZI‘Lflvyk_r)vg) S 1 _)\}) :Ov

which shows that y = (yx) is p-statistically convergent in terms of the probabilistic
n-norm M". O

Definition 17 (APO condition[12]) A measure (i is said to have the additive property
of null sets or the APO condition, if given a collection {A;};cy € I' of mutually
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disjoint p-null sets (i.e., (A;) = 0, foralli € N)suchthat A; N A; = ¢, fori # j,
then there exists a collection {B;};eny € I' with |A; A B;| < oo, for eachi € N and
B = U;B; € T with ,U,(B) =0.

Let Y be any set, M be the probabilistic n-norm and y = (y;) be any sequence in
Y. Let us define two sets as follows:

1. D,(Y,M,*) ={y € Lo (Y, M, %) : y is pu-density convergent to 0 in terms of the
probabilistic n-norm M" },

2. S,(Y, M, %) ={y € Lo (Y, M, %) : y is p-statistically convergent to 0 in terms of
the probabilistic n-norm M"}.

Definition 18 Let (Y, M, *) be a PnN-space. For € > 0, the open ball B(y, s, €)
with center y and radius s € (0, 1) is defined by

B(y,s,e)={xeY : :M((z1,22, .-+, 2n-1, X — ), ) > 1 =35,
VZIaZZa"'azn—l EY}

Theorem 19 S,(Y, M,*) is closed in {o(Y,M,*) and D,(Y,M, %) =
S/l(Ya Ma *)

Proof Clearly, S, (Y, M, x) C EH(Y, M, x). Now, we will show that EH(Y, M, x) C
Su(Y, M, ). Letx = (xx) € S,(Y, M, ). Let ¢ > 0 be given and A € (0, 1). Since
B(x,r,e/2)N S, (Y, M, ) # ¢, thereisany € B(x,r,c/2) N S, (Y, M, x). Choose
r €(0,1) such that (1 —r)* (1 —r) > 1— A Since y € B(x,r,/2) NS, (Y, M,
*), SO (t — Staty ) — limy = 0. We define

A:{keN:M((ZlaZZa-~-7Zn—layk)7€/2)> 1_}"},

for z1,22,...,2,-1 € Y. Then, we have u(A) = 1. Now for each k € A and z;,
22y .+.52n—1 € Y»

M((z1, 22, -+ Zn—1, X)), €)
= M((z1,225 > Zu—1, Xk — Y&) + Y1), €/2 +€/2)
> M((21,22, -+ Znot1> Xk — Y1), €/2)
* M((21,225 -+ Zn-1, V%), €/2)
>0-r)yx(1—r)
> (1 =M.

Therefore, x = (x) € S,(Y, M,*) and so E#(Y, M,x) C S, (Y,M,=x*). Thus,
S, (Y, M, %) is closed in £o (Y, M, *).

Now for the second part, it is clearly seen that D, (Y, M, *) C S, (Y, M, *)
which implies that D, (Y, M, x) C §,(Y, M, x). Thus, it is adequate to prove that
S,(Y, M, %) C D, (Y, M, %).
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Let x = (x;) € S,(Y, M, x). Then, for A € (0,1), ¢ >0and 2,22, ...,2,—1 €
Y, we have

J(A) = p(k € Nt M(@1. 220 o2 2aeta 30, €) < 1= AJ) = 0.

We define y = (yx) by
) Xk ifke A
Yk = 0, otherwise.

Zhen, y € D,(Y, M,x)since u(A°) =1and y € B(x, A, €). Thus, S, (Y, M, x) C
D, (Y, M, ) and hence the proof. O

Theorem 20 Let y be a measure. Then S, (Y, M, *) = D, (Y, M, %) if and only if
has the APO condition.

Proof Let p be a measure with the APO condition. From Theorem 16, it is clearly
seen that for any measure p, D, (Y, M, *) € S,(Y, M, %). Thenitis adequate to prove
that §,(Y, M, *) € D, (Y, M, *). Lety = (yx) € S, (Y, M, %), then . — staty ) —
limy = 0. So, forevery A € (0, 1), € > 0and z1, z2,...,2,-1 € Y, we have

pk € N: M((z1, 22, -5 Zn—1, Y6), €) = 1 = AD = 0.

Now, fore >0, j € Nand zy, 22, ..., 2,1 € Y, we define

1 1
Aj=1keN:1—-=<M(z1,22, .-, Zu-1, Y1), 6) <1 ———1.

J j+1
Then {A;};cn is a countable family of disjoint p-null sets. Thus by APO con-
dition, there exists a family {B;} ey such that [A;AB;| < oo, for all j € N and
B = UjeN Bj e I with u(B) =0. Let A = N\ B, then u(A) = 1. We claim that
(¥r)kea 1s convergent to O in terms of probabilistic 7n-norm M".

Letn € (0,1) and € > O be given and z1, 22, ..., Z4—1 € Y. We choose a positive

integer N such that v < 7. Then, we observe that

(ke N:M(z1,22,..,Zn=1, Y1), 6) <1 —n}

1
C {keN:M((Z17Z27"'7zn—lvyk)7€) Sl_ﬁ}
N—-1
c A
j=1

Since A;AB; is afinite set foreach j = 1,2,..., N — 1, so there is an kg € N such
that
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N—-1
B; | n{keN:k >k
Jj=1
N—1
= UA,- N{k e N:k > ko).

J=1

Ifk € Aandk > ko, thenk ¢ B, which implies k ¢ (J}_' B andsok ¢ [J)_' 4.
Hence, for every k > ko, k € Aand 71,22, ...,2,-1 € Y, we have

M((Zh Z25 "'7Zn—la yk)vg) > 1 _77'

Soy = () € D,(Y, M, ). Thus, S, (Y, M, x) € D, (Y, M, ).

Conversely, suppose S,(Y, M, x) = D, (Y, M, %), for a measure . We need
to show that p has the APO. We choose a monotone sequence x = (x;) of dis-
tinct nonzero elements of ¥ such that M" —lim y = 0. Then for every € > 0 and
21,22y -+ -»2n—1 € Y, {M((z1, 22, - - - » Zu—1, X&), €)} 1S an increasing sequence con-
vergingto 1. Let {A;};cn be afamily suchthat A; N A; = ¢fori # jwith u(A;) =0,
for all i € N. We define a sequence (yx) as follows:

)X ifk € A,'
Yk = 0, otherwise.

Let A € (0, 1) be given. We choose k € N such that M ((z1, 22, - - - » Zu—1, Xk), €) >
1 — X for each nonzero z1, z2, ..., Zs—1 € Y. Then

K(EaA):{kEN:M((Zl’227"‘7zn—17yk)95)SI_A}
CAUAU...UA;.

So p({K (g, M)}) = 0 and hence ;o — staty ) —limy = 0. So, (yx) € S,(Y, M, *)
which implies that (yx) € D, (Y, M, x). Therefore, there exists P C N with u(P) =
1 such that {y; };cp is p-density convergent to O in terms of the probabilistic n-norm
M".Let C =N\ P.Then p(C) = 0. Define B; = A; N C. Then | J B; C C and so,

1 (U Bi) =0, ie, u(B) =0, where B = | B;.
i=1 i=1

Finally, we show that A; A B; is finite. Now,
AiAB,=A; NP,

which is finite, otherwise if A; N P is infinite, then y; = x;, for infinite number of
k € P, which is a contradiction to the fact that (y;) is p—statistically convergent to
0 with respect to probabilistic n-norm M". Hence A; A B; is finite, and hence the
proof. (]
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Definition 21 A sequence y = (yi)ren in a PnN-space (Y, M, x) is said to be
Cauchy sequence in p-density if there is a set C € N with p(C) =1 such that
(¥r)kec 1s a usual Cauchy sequence in PnN-space.

Theorem 22 [n a PnN-space (Y, M, %), if a sequence is a Cauchy sequence in ji-
density, then it is always a p-statistically Cauchy sequence.

Proof Let y = (y1)ren be a Cauchy sequence in u-density. Then there exists A € N
with (A) = 1, such that (yx)rea is a usual Cauchy sequence in the PnN-space
(Y, M, %). Then forevery A € (0, 1), € > Oand zy, 22, ..., 2,—1 € Y thereisak; €
N such that

M((z1,22, -+ s Zn=1> Yk — Ym)s &) > 1 — A,

forall k, m > k) and k, m € A. Choose mg € A with mg > k;. Then clearly
M((z1,22, -+ s Zn=15 Yk — Ymp), €) > 1 — A,
for all k, my > ky and zy1, 22, ..., 2.—1 € Y. Hence,
(ke N: M(z1,22, ..+, Zn—1, Yk — Ymo), €) < 1 — A} C A,
Therefore,
pk e N: M(z1, 22, -+, Zae1, Yk — Ym), €) <1 =2} =0

Hence, y is p-statistically Cauchy. ([

4 p-Statistical Limit Points in PnN-Spaces

Definition 23 Let (Y, M, *x) be a PnN-space. A number L € Y is called a limit point
of the sequence y = (y;) in terms of the probabilistic n-norm M", if there exists a
subsequence of y that converges to L, in terms of the probabilistic n-norm M".

Let Ly (y) denotes the set of all limit points of the sequence y in terms of the
probabilistic n-norm M".

Definition 24 Let (¥, M, %) be a PnN-space. Then v € Y is called a p-statistical
limit point of sequence y = (yx) in terms of the probabilistic n-norm M", if there
existsasetM = {m; < my < ---} C Nsuchthat u(M) # Oand M" — lim y,,, = 1.

Let A, ) (¥) denotes the set of all pi-staty,)-limit points of the sequence y in terms

of the probabilistic n-norm M".

Theorem 25 Let (Y, M, x) be a PnN-space. For a sequence y = (y), if p—
statym — limy = yo, then A’,{,,(n) ) = yo.
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Proof Lety = (yi) be asequence such that ;1 — staty ) — limy = yo. Suppose that
A’,;(n)(y) = {0, zo} such that yy # z¢. Then there exists two sets

M={m <my<---}CNandL={ <L <---}CN

such that
(M) #0, p(L) #0
and
M" — limym, =)o, M" — lil’Ilyl,. = Z0-
Therefore, for every A € (0, 1), € > 0and zy, 22, ..., 2,—1 € Y, we have

plie L M(z1,22, .5 Zn=1, Y, — 20),€) <1 =X} =0.
Then, we observe that

ieL:iecN)
z{ll EL:M((ZhZZ"'"ZVl—l?yli_ZO)9E)>I_A}
Uflie L:M((z1,22, -5 2Zn—1, Y, —20),€) < 1= A},

which implies

wdli e L: M{(z1,22, -+, Zn—1, Y, — 20),€) > 1 = A}) #0. (D
Since p — staty ) — limy = yg, so, we have

pk e N: M((z1,22, -+ -y Zo—1, Yk — Y0), €) = 1 = A} =0, )
forevery ¢ > O and zy, 22, . . ., 2,—1 € Y. Therefore, we can write

pk € N M((z1, 22, - Zn—1, Yk — Y0), €) > 1 = AD) # 0.
Now, for every yy # zo, we have

{lielL:MU(z1,22, -2 Zn—1. Y, —20),€) > 1 — A}
N{keN:M((zi,z2, ..., Zn=1, Yk — Y0), €) > 1 — A} = ¢.

Thus,

{li eL: M((z1,22, -+ Zn—1, Y, — 20),€) > 1 — A}
g{k€N3M((Zl,Zz,~~-7Zn717Yk_y0)75)51_)\},

which implies
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p{li e L: M(z1,22, .. 5 2Zn—1, Y, — 20),€) > 1 =2} =0.

This contradicts the Eq. (1) and hence Aﬁ,,(n)(y) = {yo}. O

5 Conclusion

In the article, we have introduced the concepts of u-statistical convergence and
p-density convergence of a sequence in a probabilistic n-normed space and investi-
gated their various characterizations. We have also introduced the notion of Cauchy
sequence in p-density and p-statistical limit point of a sequence in a probabilistic
n-normed space and established some results regarding these concepts. Since every
classical norm induces a probabilistic n-norm, so the results established here are the
straightforward generalization of the corresponding results of the ordinary normed
space.
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Lacunary Statistical Convergence of )
Order o for Generalized Difference glectie
Sequences and Summability Through

Modulus Function

A. K. Verma and Sudhanshu Kumar

Abstract In this paper, we define the space Sy (AY) of all Af'-lacunary statis-
tical convergent sequences of order o and the space Ng'(AJ', p) of all strongly
Ny(AY', p)-summable sequences of order o, where p is a positive real number.
Some inclusion relations between these spaces have been obtained. We have studied
the space wy (AY, f, p) of all strongly wy(A?', f, p)-summable sequences of order
a by using modulus function f and bounded sequence (py) of positive real numbers
with irI}f pr > 0. The inclusion relations between spaces wy (A7, f, p) and Sg'(AY')

are also obtained.

Keywords Statistical convergence * Lacunary sequence * Difference sequence
space * Modulus function

1 Introduction

In 1951, Steinhaus [25] and Fast [8] introduced the concept of statistical convergence.
Later on, Schoenberg [20] studied this concept independently in 1959. Further, it was
investigated from the point of view of sequence spaces and related with summability
theory by Connor [3], Fridy [10], Salat [19], Maddox [15], Rath and Tripathy [17],
and many others.

Let w denotes the space of all sequences of complex numbers.

Kizmaz [12] introduced difference operator A for /., ¢ and ¢, Further, Colak [4]
generalized the notion of difference operator A, by

X(A") ={x=(x) € w: A"x € X} for X = I, ¢ and cy,
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where m is fixed positive integer, A"x = (A"x;) = (A" 'x; — A" x;4y), for
m > 1and A% = (xp).

Et and Esi [5] generalized the space X (A™) by taking the sequence v = (vy) of
nonzero complex numbers. They defined the sequence space X (A”) as follows:

X(A?) ={x= () ew: Al'x € X} for X =, c and co,

where Agxk = (vgxy) and

Alxp = Z( 1’ ( )vk+,xk+,, form > 1.

A sequence x = (x;) € w is said to be statistical convergent to the number / if for
every € > 0,

1
lim—[{k <n:|xu—I>e} =0,
non

where |A| denotes the cardinality of set A [10].

Colak[2] introduced the concept of statistical convergence of order a by as
follows:
The sequence x = (xy) is statistically convergent of order « to a number [ if for every
e >0,

1
lim —{k <n:lx -1 = e} =0,
n n(}’

where 0 < a < 1.

Lacunary sequence means an increasing integer sequence 6 = (k,) such that ky =
Oand h, = (k, — k,—1) = 00 as r — 00. In this paper, we denote /, and g, by an
interval (k,_1, k, ] and the rati

In 1978, Freedman et al.[9] 1ntroduced space N@ using lacunary sequence 6 as

Ny = {x = (x) € w : there exists [ such that h,‘l Z |xx = 1] = O}.
kel,

In 1993, Fridy and Orhan[11] introduced the concept of lacunary statistical conver-
gence as follows:
A sequence x is said to be lacunary statistical convergent to [ if for every € > 0,

1
limh—|{k el :|x—1l>2¢e}|=0.

In this case we write Sy-lim x = [ or x; — [(Sp). The space of all lacunary statistical
convergent sequence is given by Sp.

In 2005, Tripathy and Et [26] introduced lacunay statistical convergence using
mth-order difference operator. The sequence x = (x;) is A™-lacunary statistical con-
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vergent to [ if for every € > 0,
.1
lim h_|{k el . |A"x;, — 1| >¢e}| =0.

In 2014, Sengiil and Et [23] introduced lacunary statistical convergent sequence of
order a. The sequence x = (x;) is said to be Sj'-statistically convergent to [ if for
every € > 0,

1
lim |k € I, ¢ v — 1] > &) = 0,

where h® = (h%) = (h{, hS, ..., AT, .. ).
Also, a sequence x is said to be strongly Ng'(p)-summable if there exists / such
that
1 . .
lim p Z |xy —I|” =0, where pis apositive real number.

.
T kel

The idea of modulus function was introduced by Nakano [16]. Later, Ruckle [18]
generalized the idea by constructing a class of F K -spaces. Following Ruckle [18]
and Maddox [14], we recall that a modulus f is a function from [0, co0) to [0, c0)
such that

(i) f(x)=0ifandonlyifx =0,
(i) fx+y) < fx)+ fO),
(iii) f is increasing,
(iv) f is continuous from the right at 0.
Modulus function is frequently used by many authors to construct scalar and vector
valued sequence spaces.
Et and Sengiil [6] studied various inclusion relations between space of Sg'-

convergent sequences, Ng'(p)-summable space and space wy (f, p), whichis defined
by

wy (f, p) = [x = (xp) : li;n hi“ Z[f(|xk —ID]17* = 0, for some l} ,

I kel

where (py) is bounded sequence of positive real numbers such that irzf pr > 0.

In 2015, Altin et al. [1] defined A’} —statistical convergence of order « and intro-
duced space w), (A}, f) defined as follows:

n

wy, (AT, f) = {x = (0) lir{n% kX:; [f(m:,"Xk - ll)]pk =0, forsomel}.

Recently, lacunary statistical convergence of order « has been studied in ([7, 21,
22, 24]) in relation to /-lacunary statistical convergence, lacunary statistical conver-
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gence of order («, 3), Wijsman /-lacunary statistical convergence and f-lacunary
statistical convergence of order a.

In this paper, we have generalized A!'—statistical convergence of order o by
taking lacunary sequence . We also obtained some inclusion relations between the
sequence spaces Sy (A7), Ng' (AT, p), and wy (A7, f, p). Throughout this paper, let
(vr) be fixed sequence of nonzero complex number, m be a fixed positive integer,
0 = (k) be a lacunary sequence, and « be a real number lies in the interval (0, 1].

2 Definitions Related to Our Work

Definition 2.1 Let 6 = (k,) be a lacunary sequence and « € (0, 1]. A sequence
x = (x;) € wis called S5 (A}')-statistically convergent to [ if for every € > 0,

1
limﬁ”kelr:|A’:‘xk—l|>s}|=0.

In this case, we write Sg'(A}')-limx; = [. The set of all AJ'-lacunary statistical
convergent sequence of order « is denoted by S (A}').

If we take 6 = (2"), then space Sj (Al') becomes S“(A!'), which was studied by
Altinetal. [1]. If o =1, m = 0,and (v;) = (1, 1, 1, ...), then S5 (A’')-statistically
convergence of order o coincides with classical lacunary statistical convergence,
which is discussed by Fridy and Orhan [11] in 1993. We write S(AY") if 6 = (2")
and o = 1.

Definition 2.2 Let p be a positive real number. A sequence x = (x;) is said to be
strongly Ng(A”', p)-summable of order « if there is number / such that

. 1 m
hfnh_a (Z|Avxk —l|”) =0.

" \kel,

In this case, we write Ng' (A}, p)-lim x; = [. The set of all strongly Ny(AY', p)-
summable sequences of order « is denoted by Ng' (A}, p).

Definition 2.3 Let f be a modulus function and p = (p;) be bounded sequence of
positive real numbers with inf; p;y > 0. A sequence x = (x;) is said to be strongly
wp(A”', p)-summable of order o with respect to modulus function f if there is
number / such that |

e m _ Pk

lim .= > LA x = 1)1 = 0.

r kel

In this case, we write wy (A}, f, p)-lim x; = [. The set of all strongly wy (A}, f, p)-
summable sequences of order « is denoted by wi (A, f, p).If f(x) = x and p; =
p, for all k € N, then we have obtained space Ny (A7, p).
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3 Main Results on S (A7) & Ng (A}, p)

In view of Theorem?2.2 of Sengul and Et [23], we formulate the following result
without proof.

Theorem 3.1 Let x = (x;) and y = (yi) be any two sequences. Then

(i) If S§(A7)-limx; = xo and ¢ € C, then S§'(A}})-lim cxx = cxo.
(ii) IfSg'(AY)-lim xp = xoand S (AY)-lim y, = yo, then Sg (A7')-lim (xx + y) =
X0 + Yo.

Theorem 3.2 Let o and B be real numbers such that 0 < o < 3 < 1. Then
Sg(AY) C Sg(A’ﬁ) and the inclusion is strict for some o and [3.

Proof Let 0 < a < 3 < 1. Then for every € > 0,

1 " 1 n
W{kel,:|Auxk—l|>g}|gh—a|{ke1,:|A;xk—l|>g}|.

r r

Above inequality gives S3(A™) € S) (A™).
For strictness of inclusion, letm = 0, (vx) = (1, 1, 1, ...) and sequence x = (x;)
be defined by

i {wh_r], k=1,2.3,.... [Vl
k:

0, otherwise.

[Vh]

1
Then, for 1 <3< 1, 7|{kel,:|A’u”xk—O|>5}|= — 0 as r — oo.
h

2 B
r r
This means that x € Sg(AZ”).
But, for0 < a < %, [h@ -+ 0asr — ooandhence x ¢ Sg'(AY'). Thus the inclu-
sion is strict.

Corollary 1 Ifasequenceis Sy (A})')-statistically convergent to I, then it is Sy(A?Y)')-
statistically convergent to 1.

Theorem 3.3 Let a and (3 be fixed real numbers such that 0 < o < 3 < 1. Then
Ny (AT, p) C Sg(AZ") and the inclusion is strict for some o and (3.

Proof Let x = (x;) € Ny (A}, p). Then for a given € > 0, we have
T L S I L D D V- |
kel, kel, kel,

[AY xp—1| =€ |AY X —1|<e
> ) IAm-lp
kel,
|A™ x, 1| e

> |{ke], AV x — | >€}|5”.
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Since &, is an increasing sequence and o < 3, so above inequality reduces to

mexk—up |{ke] |A™x; — 1] > e} e
’" kel,

Hence we get the inclusion N (A%, p) C Sfj (AT). For strictness of inclusion, let
m =0, (v) =(1,1,...), p =1 and construct sequence (x;) same as Theorem 3.2.
Thenfor L <3< 1,x € Sﬂ(Am)

Z|k|_m

’ kel,

But, for 0 <a < 1, — 00, which means that

x & NF (AT, p).

Corollary 2 Ifa sequence is strongly N (A}, p)-summable tol, then it is Si'(AY))-
statistically convergent to 1.

Theorem 3.4 Let 6 = (k,) be lacunary sequence and 0 < o < 1.
(i) Ifliminf g, > 1, then S®(A)') C Sg(AY).
(ii) Iflimsupgq, < oo, then Sy (AT) S S“(AY).
r ha
(iii) Ifrli)rgloinf k—’ > 0, then S(AY') C Sy (A7).
Proof The proof of (i) and (ii) are similar to that of Theorems 2.9 and 2.10 of Sengul

and Et [23]. So we omit it.
(iii) For any € > 0, we have

(k<k :|AVx =l 2e} 2{k €l |Afx — 1| = e}

Therefore,

1 1
e <k s [Axe =1 > )l > =k € I ¢ [AYx — 1] > )]

he 1 .
—k—h—l{kel AV X — 1| = e}l

(e}

On taking r — oo in both sides of above inequality and using lim inf k—r >0, we
r r
can obtain the required inclusion.

Theorem 3.5 Let o and 3 be fixed real numbers such that 0 < o < 8 < 1. Then

(i) Ng (A}, p) C Né, (AT, p) and the inclusion is strict for some « and 3.
(ii) Nj (A, p) C No(A™, p).
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1 1
Proof (i) We have — Y " |Al'x — 1|7 < o PTG
h” kel, I kel

From above inequality, we get the required inclusion. For strictness of inclusion, let
m=0,p=1,(n) =(,1,1,...), and define x = (x;) by

1, if k is a perfect square number,
0, otherwise.

Now, for % <pf<1l,xe N(f(A’,?, p),butx ¢ NF(AY, p)for0 < a <
(ii) Inclusion follows directly if we put « = 3 and 5 = 1 in (i).

1
7

4 Results on Space w§ (A, f, p)

In this section, we obtain representation of S (A’))-statistical convergence in terms
of strongly wy (A, f, p)-summability with respect to modulus function f by estab-
lishing some inclusion relations between space Sy (A7) and wy' (A, f, p).

Theorem 4.1 If x = (xy) is strongly wo(AY', f, p)-summable of order «, then the
limit | of x is unique.

Proof Suppose wy (A, f, p) lim-x; = [ and wy (A}, f, p) — lim x; = [5. Then by
the subadditive property of modulus function,

1 1
7 2Ll = DI < o Y LFAAT = LD + F(AT % — L]

T kel T kel

Using the inequality |ay + be|P* < T {lax|” + |b|”} (one may refer to Maddox
[13]), we get

1 T T
o 2L = DI < o S TN = BDI + - S LF (AT — DI,

I kel I kel I kel

where T = max(1, 27"y and H = sup, px.
Taking limit as r — oo on both sides of above inequality, we have

Since (py) is bounded sequence, so above equality is possible only whenl; — [, = 0.
Thus, the limit of x is unique.

Theorem 4.2 Let gy and (3 be fixed real numbers such that 0 < a < 0 < 1. Then
Wi (AL, f, p) S S (A,
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Proof Letx € wy (A, f, p). For any € > 0, we have

1 1
g D LFUAT = IDIPE > =5 3 LF (AT x — D17k

" kel rkely
T
=3 Z Lf (AT x — IDIPK + Z [f(|Aank*l|)]pk:|
het kel kely
| A xp—1 >e | At xp—l|<e
T
> = Y [f(s)]”k]
el ker,
|AY X1 >
1T . .
Z 3 Z min ([f(E)Jh, [f(E)JH)], h =inf py & H = sup py
hy L kel k k
.,
A X =l 22

= |
hﬂ

r

(k € 1y |73 = 1] > e}l min (L @1, LF 1),

Above inequality gives, x € S‘g (A7) and hence establishes the required inclusion.

h
Theorem 4.3 Ifthe modulus function f is bounded andlim — = 1, then S§'(A}}) C
r ho
wy (AY, £, p).

Proof Since f is bounded, so there exists a positive integer M such that f(x) < M,
forall x > 0. Let x € Sg'(A}'). For any € > 0, we have

1

i 2 LFUAT =11 = —[ DOAT e —II Y (AT —mw]

T kel r kel, kel,
| AV xp—1| =€ | A xp—l|<e
1 1
<op X MrH Y LFer
r kel r kel
[AY x| Z>¢e |AY x| <e
1 1 .
< X ma><(M",MH)+h7 Y e
r r

¥ kel,
| A x =l =€ | A x—l|<e

N

1 hy
max (M", MI) ool € 1 2 |ATx = 1] > e} + = max (f&" f&").
r r

Since f is a continuous function, so taking » — oo and using lim —h; =1 in the
. pa
b

above inequality, we can obtained x € wy (A7, f, p).

Theorem 4.4 Let 6, = (k,) and 0, = (s,) be two lacunary sequence such that I, C
J, (I, = (k,_1, k) and l, = (s,_1, s,]) for all r € N. Suppose o and (3 be fixed real
numbers such that 0 < o < 8 < L.

«

h .
(i) IflimirrlflT; > 0, then wy, (A7, f. p) C wil (AL, f. p).



Lacunary Statistical Convergence of Order « ... 253

I
(ii) If the modulus function f is bounded and hm i = 1, then wy (A}, f, p) <

Wgz (A7, 1, p)

8

Proof (i) Let x € wy, (A}, f, p). We can write

1 1 1
7 DOLFAAT =D = = Y [f (AT — DI + 7 D LFAAT X — 1)1

19
r ked, r ked.—I, r kel,

1
> D LF AT =D

r kel

> 2 (i DU aans - ).

T kel,

«
Since lim inf l—; > 0, so the above inequality gives x € wy (A}, f, p).
(ii) Let x € wgr(Am f, p). Since f is bounded, so there exists a positive integer K
such that f(x) < K, for all x > 0. Also, I, € J, implies that &, </, forall r € N.

Now, for any r € N, we have

1
EZ[f(mz’xk—u)]m:lﬁ Y LFAAYx =)™ + 7 LY AT — 1

lr kel r ked.—I, r kel
< lﬂ YK+ /,Z FAAYx =D
r ked.—I, r kel,
l. —h,
(K kZ[fﬂA'"xk 1
Iy el,

< ("= b )KH+ = Y LFAAT X — 11

38
h r kel,

(% S 1)K S A D

r kel,

L
Finally, taking limit »r — oo and using condition 11m —5 = = 1, we can obtain the
hy

required inclusion.
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Convergence of Three-Step Iterative m
Process for Generalized Asymptotically glectie
Quasi-nonexpansive Mappings in CAT(0)
Spaces

Ritika

Abstract We consider a class of generalized asymptotically quasi-nonexpansive
mappings introduced by Imnang and Suantai (Abstr Appl Anal 728510: 1-14, 2009,
[7]) and seen as a generalization of asymptotically quasi-nonexpansive mappings
introduced by Liu (J Math Anal Appl 259:1-7, 2001, [9]). We prove some strong
convergence theorems for approximating fixed points of such mappings under suit-
able conditions in CAT(0) spaces. Our results generalize those of Thakur et al. (Filo-
mat 30(10):2711-2720, 2016, [17]) to the case of this kind of mappings. Our results
generalize the corresponding results of many authors.

Keywords CAT(0) spaces * Generalized asymptotically quasi-nonexpansive
mappings - Strong convergence

AMS (MOS) Subject Classification 54E40 - 54H25 - 47H10

1 Introduction

Let C be a nonempty subset of a CAT(0) space X and T : C — C be a mapping. A
point x € C is called a fixed point of T if Tx = x. Denote by F(T) the set of fixed
pointsof T, i.e., F(T) ={x € C : Tx = x}.

Let (X, d) be a metric space. A geodesic path joining x € X to y € X (or, more
briefly, a geodesic from x to y) is a map ¢ from a closed interval [0,] C R to
X such that ¢(0) = x, ¢(!) = y and d(c(t), c(t')) = |t — t| for all ¢,¢' € [0,]. In
particular, ¢ is an isometry and d(x, y) = [. The image « of c is called a geodesic
(or metric) segment joining x and y. When it is unique this geodesic segment is
denoted by [x, y]. The space (X, d) is said to be a geodesic space if every two
points of X are joined by a geodesic and X is said to be uniquely geodesic if there
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is exactly one geodesic joining x and y for each x, y € X. A subset Y C X is said
to be convex if Y includes every geodesic segment joining any two of its points. A
geodesic triangle A(xy, x5, x2) in a geodesic metric space (X, d) consists of three
points x1, x, x3 in X (the vertices of A) and a geodesic segment between each
pair of vertices (the edges of A). A comparison triangle for the geodesic triangle
A(x1, X2, x3) in (X, d) is a triangle A(x1, X2, X3) = A(Xy, %2, %3) in the Euclidean
plane E? such that dg (X;, Xj) = (x;, x;) fori, j € {1,2,3}.

A geodesic space is said to be a CAT(0) space if all geodesic triangles satisfy the
following comparison axiom:

Let A be a geodesic triangle in X and let A be a comparison triangle for A. Then
A is said to satisfy the CAT(0) inequality if for all x, y € A and all comparison points
Xy €A d(x.y) <de(. 7).

If x, y1, y» are points in a CAT(0) space and if yy is the midpoint of the segment
[v1, ¥2], then the CAT(0) inequality implies

, 1 , 1 , 1 2
d(x, yo) Szd(x,)ﬂ) +§d(x,)’2) —Zd(yl,yz) (CN)

This is the (CN) inequality of Bruhat and Tits [2]. In fact, a geodesic space is a
CAT(0) space only if it satisfy (CN) inequality.

Definition 1.1 Let C be nonempty subset of a CAT(0) space X and T : C — C be
a mapping. Then T is said to be

1. nonexpansive if d(Tx, Ty) <d(x,y) forallx,y e C

2. quasi-nonexpansive [4] if d(Tx, p) < d(x, p) forallx € C and p € F(T).

3. asymptotically nonexpansive [6] if there exists a sequence r, € [0, co) with the
property lim, o, 7, = 0 and such that d(T"x, T"y) < (1 +r,)d(x, y) for all
x,yeCandn=1,2,3,....

4. asymptotically quasi-nonexpansive [5, 8] if there exists a sequence r, € [0, 00)
with the property lim,,_, o, 7, = 0 and such that d(T"x, p) < (1 + r,)d(x, p) for
alxeC,pe F(T)andn=1,2,3,....

5. generalized asymptotically quasi-nonexpansive [7] if F(T) # ¢ and there exist
two sequences r,, s, with the property lim,_. r, = 0 = lim,_, o s, such that
d(T"x,p) <A +r)dx,p)+s,forallx e C,pe F(T)andn =1,2,3,....

Definition 1.2 ([12]) Let {x,} be a sequence in X and C be a subset of X. We say
that {x,} is

1. of monotone type (A) with respect to C if for each p € C, there exist two
sequences {a,} and {b,} of nonnegative real numbers such that Y -, a, < 00,
Z;il bn < oo and d(xn-H’ P) = (1 + an)d(xm P) + bn'

2. of monotone type (B) with respect to C if there exist two sequences {a,} and
{b,} of nonnegative real numbers such that Z:ozl a, < 0o, Z:O:l b, < oo and
d(x,41,C) < (1 +a,)d(x,, C) + b, (See also [18]).



Convergence of Three-Step Iterative Process for Generalized Asymptotically ... 257

In 2016, Thakur et al. [17] established a new three-step iterative process in Banach
spaces. Now we modify this iterative process into a CAT(0) space as follows: Let C
be a nonempty closed convex subset of a complete CAT(0) space X and T : C — C
be a mapping. Then we define the sequence {x,} in C iteratively as

Xn+1 = (I -a)Tz, ® aﬂTyVl’

Yn = (r— ﬁn)zn @ ﬁnTZna

Zn =0 —=%)x, ®vTx,, foralln=>1, (1.1)
where {0, }52 1, {8,102, {Va )52, are sequences of positive numbers in (0, 1).

Our aim of this paper is to provide convergence results for the above iterative
process (1.1) for the generalized asymptotically quasi-nonexpansive mappings given
by definition 1.1 (v) in CAT(0) space setting. Our results extend and improve many
results in the existing literature due to [1, 9—17] and many others.

2 Main Results

Before going to our main result, we need the following useful lemma.

Lemma 2.1 ([3]) Let X be a CAT(0) space. Then
dl(1—-tx®ty,2) <1 —1t)d(x,z) +td(y,z)

forallx,y,z € Xandt € [0, 1].

Lemma 2.2 ([18]) Suppose that {p,}, {g.} and {r,} are three sequences of non-
negative real numbers satisfying the following conditions: p,+1 < (1 + qn) pn + ¥u,
n=1,23,...and ) ., q, <ocoand .o r, < oc. Then

1. lim,_  p, exists.
2. In addition, if liminf,_, » p, = 0, then lim,_, o, p, = 0.

Theorem 2.3 Let C be a nonempty closed bounded and convex subset of a com-
plete CAT(0) space X and T : C — C be a generalized asymptotically quasi-
nonexpansive mapping with {r,}, {s,} C [0, c0) such that Zzozl rp < o0 and
ZOO s, < 0o. For a given xy € C and n = 1,2,3, ..., define the sequence {x,}

n=1

by

Xn+1 = (1 - an)TnZn &) OénTnyn’
Yn = (1- ﬁn)zn @ ﬁnTﬂva
Zn = (1 = %)Xy @ 7 T"xp. 2.1

Then, the sequence {x,} is of monotone type (A) and monotone type (B) with respect
to F(T). Moreover, the sequence {x,} converges strongly to a fixed point p of
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the mapping T if and only if liminf,_,  d(x,, F(T)) =0, where d(x, F(T)) =
infperd(x, p).

Proof The necessary condition is quite obvious and so here we prove only the suf-
ficient condition. Let p € F(T). Consider

d(zn, p) = d((1 = ¥2)xp © VT "X, p)
< (1 = y)d(xn, p) + 7d(T"xn, p)
< (I = y)dxn, p) + Yl (1 + ry)d (xn, p) + 51]
= (I + Yurn)d (Xn, p) + VuSn
< (I +r)d(xn, p) + sp (2.2)

Now,

d(yn, p) =d((1 = 3,)20 @ By T" 20, P)
< (1= B)d(zn, p) + ud(T" 24, p)
< (I = B))d(zn, p) + Bul(A + ry)d(zn, p) + 5,]
= 1+ Bura)d(zs, p) + Busn
< (1 + Bur)[(A + r)d (xn, p) + 0] + Busn
< (L +r)A +r)d (s p) + [1+ Burnlsn + Busn
< (L+r)?d (. p) + [+ Bura + Balsa
< (L4 r)2d(@x, p) + [1+ (1 +71,)B,]1s0
< (1 +r)2dx,, p)+ Q2+ rp)s, (2.3)

Now,

d(xpy1, p) =d((1 — ) T"2, @ @, T"y,, p)
< (1 = )d(T"zy, p) + and(T" y,, p)
< (I = o)l + r)d@a, p) + sul + a1+ r)d (yu, p) + 5u]
< (1= a1+ 1)+ r)d (X, p) + Sp] + 54]
+ o [(1+ r) [+ 1) °d (X, p) + 2+ 1)Sn] + 54]
=1 — )1 +r)’d @, p) + (1 — )su 2+ 1)
+ o (14 1)’ d (e, p) + [+ 1) Q2 + 7)) + s,
= (14 r)[(1 — ) + (1 + r)1d (x4, p)
+ [(1 = a) 2+ 1) + (L +1) (2 + 1) + 1,
< (I +r)d(x,, p)
+ 24+ a, +r, + 20,1, + anrnz]sn
< (14 3ry 4+ 3r% + 12 )d (xn, p)+
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+ B+ rn +ra2+ra)lsy
=+ Rn)d(-xns P) + S, (24)

where R, = 3r, +3r,2 +r,2and S, = [3 4+ 1, + 7 (2 + r)]sn.

Since by hypothesis, Y oo r, < coand Y - s, < oo, itfollowsthat) -, R, <
ooand ) 72, S, < oo.

Now, from (2.4), we get

d(Xpt1, p) = (1 + Ry)d (xy, p) + Sp (2.5)

and
d(xpt1, F(T)) < (1 4+ Ry)d(xy, F(T)) + S, (2.6)

These inequalities, respectively, prove that {x,} is a sequence of monotone type (A)
and monotone type (B) with respect to F(T).

Now, we prove that {x,} converges strongly to a fixed point of the mapping T if
and only if liminf,_, o d(x,, F(T)) = 0.

If {x,} - pe F(T), then lim,_ d(x,, p) =0. Since 0 <d(x,, F(T)) <
d(x,, p), we have that liminf,,_, , d(x,, F(T)) = 0.

Conversely, suppose that lim inf,,_, d(x,, F(T)) = 0. Applying Lemma 2.2 to
(2.6), we have that lim,,_, o, d(x,, F(T)) exists. Also from hypothesis lim inf,,_, o,
d(x,, F(T)) = 0, so we conclude that

lim d(x,, F(T)) =0. 2.7

Now, we prove that {x,} is a Cauchy sequence.
Since (1 + x) < e* for some x > 0.
Thus

d(Xngm, p) < (1 + Rygpm—1)dXngm—1, P) + Spm—1
=< eR’1+M7Id(xn+in—ls P) + Sn+m—l

Rysm—11,Rnsm—
<e"mm l[e e 2d(xnwmeZs P) + SnerfZ] + Snerfl

= eRHmil+Rn+"172d(-xn+m72v P) + eRH"Hl [Sn+m72 + Sn+m71]
<.
n+m—1
< 6221";’71 de(xn’ )+ eZZl’J’Ill Ry Z Sk
k=n
n+m—1

n+m—1 n+m—1
eXiz Red(x,, p) 4 eXiz RN,

k=n

IA
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n+m—1

Let eXicn R = M. Thus, there exists a constant M > 0 such that

n+m—1
d(-xn-km» P) = Md(xnv P) +M { Z Sk}
k=n

foralln,m € N and p € F(T).

Since lim,,_, o, d(x,, F(T)) = 0, therefore, for each ¢ > 0, there exists n; € N
such that d(x,, F(T)) < g5; and ZZIZ’_I Sk < 757 foralln > ny. Thus there exists
p1 € F(T) such that d(x,, p1) < ﬁ foralln > n; and m > 1, we have

d(-anrmv -xn) =< d(x'1+ma pl) +d(P17xn)

< Md(xn,, p1) + MY S + Md(pr.xn,) + MY Se)

k:nl k:l’ll

=2M(d(xn,. p1) + Y _ S

k=n,

€ €
=2MCr T =€

for all m, n > ny. This proves that {x,} is a Cauchy sequence in C. Since the set C
is complete, the sequence {x,} must converge to a fixed point in C.

Let lim, . x, = y. Since C is closed, therefore y € C.

Next, we show that y € F(T).

Now, these two inequalities

d(y, p) <d(y,x,) +d(x,, p)

forall pe F(T),n=1,2,3,...and
d(y, xp) =d(y, p) +d(xn, p)
forallp e F(T),n=1,2,3,...give
—d(y, x,) =d(y, F(T)) —d(x,, F(T)) < d(y, xp),

forall n > 1. That s, |d(y, F(T)) — d(x,, F(T))| <d(y, x,) forn > 1.
As lim, o x, = y and lim,_, o, d(x,, F(T)) = 0, we conclude that y € F(T).
This completes the proof. (]

Corollary 2.4 Let C be a nonempty closed bounded and convex subset of a com-
plete CAT(0) space X and T : C — C be a generalized asymptotically quasi-
nonexpansive mapping with {r,}, {s,} C [0, 00) such that ZZ‘;I r, < oo and
Z;il sy < 0o. Suppose that F(T) is closed. Let {x,} be the iteration sequence

defined by (2.1). Then, the sequence {x,} converges strongly to a fixed point p of the
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mapping T if and only if there exists a subsequence {x,,} of {x,} which converges to
p e F(T).

Corollary 2.5 Let C be a nonempty closed bounded and convex subset of a complete
CAT(0) space X and T : C — C be an asymptotically quasi-nonexpansive mapping
with {r,} C [0, 00) suchthaty_ .- r, < 0o.Suppose that F(T) is closed. Let {x,} be
the iteration sequence defined by (2.1). Then, the sequence {x,} converges strongly
to a fixed point p of the mapping T if and only if liminf,_, . d(x,, F(T)) = 0.
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