Chapter 18 ®)
Relative Controllability of Nonlinear oo
Fractional Damped Delay Systems

with Multiple Delays in Control

P. Suresh Kumar

Abstract This paper is concerned with the relative controllability of fractional
damped dynamical systems with multiple delays in control for finite-dimensional
spaces. Sufficient conditions for controllability are obtained using Schauder’s fixed
point theorem and the controllability Grammian matrix which is defined by the
Mittag-Leffer matrix function. An example is provided to illustrate the theory.

Keywords Controllability « Fractional differential equations - Mittag-Leffler
matrix function * Laplace transform

18.1 Introduction

Nowadays it is the realm of physicists and mathematicians who investigate the use-
fulness of non-integer order derivatives and integrals in different areas of physics and
mathematics. It is a successful tool for describing complex quantum field dynami-
cal systems, dissipation and long-range phenomena that cannot be well illustrated
using ordinary differential operators. Many models are reformulated and expressed
in terms of fractional differential equations so that their physical meaning will be
incorporated in the mathematical models more realistically. In fact, fractional calcu-
lus attracts many physicists, biologists, engineers, and mathematicians for its inter-
disciplinary applications which are elegantly modeled with the help of fractional
derivatives and it was conceptualized in connection with the infinitesimal calculus.
Delay differential equations are often solved using numerical methods, asymptotic
methods and graphical tools. Number of attempts have been made to find an analyt-
ical solution for delay differential equations by solving the characteristic equation
under different conditions [16].

Controllability is one of the important qualitative aspects of a dynamical system.
It is used to influence an object’s behavior so as to accomplish the desired goal.
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Analysis of the control problems of fractional delay dynamical system is much more
advanced. The control problems involving the delay in state variables are not devel-
oped much. Controllability of delay dynamical systems was studied by Wiess [19].
Chung [5] investigated the controllability of linear time-varying systems with delay.
Controllability of nonlinear delay dynamical systems is studied by Dauer [6]. Klamka
[8] addressed the constrained controllability of semilinear delayed systems. A sliding
mode control for linear fractional systems with input and state delays is studied by Si-
Ammour [14]. Balachandran et al. [1-4] investigated the controllability of damped
dynamical systems with multiple delays in control. Controllability criteria for linear
fractional differential systems with state delay and impulse are studied by Zhang
et al. [20]. Wang [18] proposed a numerical method for delayed fractional-order
differential equations. Explicit representations of solutions of linear delay systems
are studied by Shu [13]. Morgado [9] analyzed and proposed numerical methods for
fractional differential equations with delay. Recently controllability of a fractional
delay dynamical systems and fractional systems with time-varying delays in control
is studied by Joice Nirmala et al. [10, 11]. He et al. [ 7] addressed the controllability of
fractional damped dynamical systems with delay in control. Suresh Kumar et al. [17]
studied the controllability of nonlinear fractional Langevin delay systems by assum-
ing the conditions 0 < «, 8 < 1 and @ + 8 > 1. In Caputo differential operators do
not satisfy the semigroup property. We can apply the only fractional integral defi-
nition. Hence in the present manuscript, we consider 0 < § < 1 < o < 2. So, both
the problems are different by formation in the fractional sense even though they are
similar in the integer case. Moreover constrained controllability of fractional linear
systems with delays in control is discussed by Sikora and Klamka [15]. Motivated
by this, the main aim of the present article is to present controllability of nonlinear
fractional damped delay dynamical systems with multiple delays in control of order
O0<B<l<a=<?2

In this paper, we discuss the controllability of linear fractional damped delay
dynamical system by utilizing the solution representation. Further, sufficient condi-
tions for the controllability of nonlinear fractional damped delay systems are estab-
lished by using Schauder’s fixed point theorem. Numerical examples with simulations
are provided to illustrate the theory.

18.2 Preliminaries

In this section, we introduce the definitions and preliminary results from fractional
calculus which are used throughout this paper.

Definition 18.1 The Caputo fractional derivative of order « € C with 1 < o < 2,
for a suitable function f is defined as

1 t
DG, f(1) = =% /0 (t —5)' 7 fP(s)ds.

For brevity, the Caputo fractional derivative D, is taken as “D*.
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Definition 18.2 The Mittag-Leffler functions of various type are defined by

& k
Z
Ea(Z):;m, (¢ >0,z€C).
& k
Z
Fr®@ =2 Fakepy P00
y oo nd
Eap) = kzzg KT @k + B)’

where (), is a Pochhammer symbol which is defined as y(y +1)...(y +n — 1)

and (y), = %}f)") For an n x n matrix A

o0 Ak

Eyp(A) = —, o, 5 >0,
kZ:; I (ak + B)

Ey1(A) = Ey(A) with B = 1.

Definition 18.3 ([12]) The formal definition of the Laplace transform of a function
f (1) of areal variable r € Rt = (0, 00) is given by

Z{f) = /oo e f(r)dt, seC.
0

The convolution operator of two functions f(¢) and g(¢) given on R is defined
for x € R™ by the integral

t
(f*8)0) =/ Jf @t —s)g(s)ds.
0
The Laplace transform of a convolution is given by

L{fOxgW))=2L{fO) L {g)}.

Let Z{f(t)} = F(s)and £ {g(¢)} = G(s). The inverse Laplace transform of prod-
uct of two functions F(s) and G(s) is defined by

L UHF($)G(s)} = L H{F ()} L {G(s)}.

The Laplace transforms of Mittag-Leffler functions are defined as

a—1

LNEq1(£A)](s) = e

Re(a) > 0,
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a—p
LN By p(EM)](5) = . Re(@) >0, Re(p) >0,
(s*F 1)
ay—pB
g[zﬂ‘lE;”ﬁ(:l:)\t“)](s) — (w:VF—)L)V Re(x) >0, Re(B) > 0.

18.3 Linear System with Multiple Delays in Control

Consider the linear fractional damped delay dynamical system with multiple delays
of the form

M
€D*x(t) — A°DPx(t) = Bx(t) + Cx(t = t) + Y _ Diu(hi(1)), t€J:[0,T],
i=0
x(t) =¢@), —-t<t=0, (18.1)

x'(0) = qo,

where) < 8 <1 <a <2,x e R",u € R", A, Band C are n x n matrices and D;
for n x m matrices fori =0, 1,2, ..., M. Assume the following conditions:

(H1) The functions h; : J — R,i =0,1,2,... M are twice differentiable and
strictly increasing in J. Moreover

hi(t) <t, fori=0,1,2,...M, forall e J, (18.2)

(H2) Introduce the time lead functions r;(¢): [h;(0),h;(T)] — [0,T],i =
0,1,2,...M, such that r;(h;(t)) =t for t € J. Further ho(t) =t and for
t = T. The following inequality holds

hp(T) <hy (T) <o hp 1 (T) 0= hp,(T) < hyy(T) = ...
=h(T)=ho(T)=T. (18.3)

(H3) Let & > 0 be given. For functions u : [—h, T] — R" and r € J, we use the
symbol u, denote the function on [—#, 0] defined by u,(s) = u(t + s), for
s € [—h,0).

The following definitions of complete state of the system (18.1) at time ¢ and relative
controllability are assumed.

Definition 18.4 The set y(f) = {x(¢), u,} is the complete state of the system (18.1)
at time ¢.

Definition 18.5 System (18.1) is said to be relatively controllable on [0, T'] if, for
every complete state y(¢) and every x; € R” there exists a control #(¢) defined on
[0, T'] such that the solution of system (18.1) satisfies x(7T) = x;.
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Here the complete state y(0) and the vector x; € R" are chosen arbitrarily. The
solution of the system (18.1) can be written [11] as

x(t) = Xo (1) (0) — AXy_pa—pr1()(0) +1 Xy p2(t)qo
0
+C | (t =5 =) 'Xy_palt —s —T)(s)ds

-7

t M
+/ (t =) " Xy_palt—s) Z Diu(h;(s))ds. (18.4)
0 i=0

Using the time lead functions 7;(¢), we have

hi(t)

M
X0 =x.(t:)+ ) /h (t = ri()* ™ Xo—pa(t = ri()) DiFi (s)u(s)ds,
i—0 Y hi(0)

where

xp(t;9) = Xa—p(0)$(0) — AXg_po—p+1(1)P(0) + 1Xo—p2()q0

0
+c/ (t—s5s— 1) "Xy polt —s — D)P(s)ds.

By using the inequality (18.3) we get

x(t) = x.(t; ¢) + Z/
i=0

0
hi(0)

(t — 1))  Xy_po(t — ri(s)) Dy (s)uo(s)ds
+Z/ (t —ri () Xoopa(t — ri(s)) Difi (s)u(s)ds
i=0 70
M hi(t)
+ Z / (t —1ri(s)*  Xgpalt — ri(s)) Dyt ()uo(s)ds.
i=m+1 i)

For simplicity, let us write the solution as

M
x() =x.(t;¢)+ G@) + Z/ (t = 1)) Xaopa(t — ri()) Difi(s)u(s)ds,
i=0 70
(18.5)

where

0

Giy=). /h O Xt = D Dif(SYta(5)ds
i=0 v "



372 P. Suresh Kumar

M hi (1)
+ > / (t = ri(s)*™ Xa—p.a(t = ri(s)) Difi (s)uo(s)ds.
S o

Now let us define the controllability Grammian matrix by

m T
w=>" fo (T = ri(0)** ™V (Xa—po (T = ri() Difi () (Xa—p.a(T — ri(s))DiFi (s))*ds.
i=0

Theorem 18.1 The linear system (18.1) is relatively controllable on [0, T] if and
only if the controllability Grammian matrix is positive definite for some T > 0.

Proof Assume that W is positive definite. Define the control function by

u(t) = (T —ri()* ' (Xa—pa (T — ri @) DiFi (1)) W' [x1 — x1.(T; ) — G(T)],
(18.6)

where the complete state y(0) and the vector x; € R” are chosen arbitrary. Taking
t = T in (18.5) and by using (18.6), we have x(T) = x;. Then

y'Wy =0,

that is,

m T
y*[Z fo (T = ri()** ™V (Xapo (T = ri () Difi () (Xapa (T = ri(s)) Difi <s>)*ds}y =0,

i=0
which implies

m
Y'Y (T = ri()* ™ (Xa—pa(T — ri(s)) Difi(s)) = 0, on [0, T].

i=0

Consider the zero initial function ¢ = 0 and uy = 0 on [—#, 0] and the final point
x; = y. Since the system is controllable there exists a control u(¢) on J that steers
the response to x; = y. For ¢ = 0, x (T, ¢) = 0, G(t) = 0. On the other hand

moaT
y=x(T)= Z/ (T = ri () Xgp o (T — ri(s)) Dy (s)u(s)ds.
i=0 V0
Then
moar
yy =3 [ 3T ) KT = ) Di (515 =0,

This contradicts for y # 0. Hence W is nonsingular.
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18.4 Nonlinear Systems with Multiple Delays in Control

Consider the nonlinear fractional damped delay dynamical system with multiple
delays in control of the form

M
CD%x(t) — ACDPx(t) = Bx(t) + Cx(t — 1) + ) Diuhi (1) + f (6, x(£), x(t — 7), u(1)),
i=0
x(1) = (),
x'"(0) =qo, —-T<1=0, (18.7)

where 0 < 8 <1 <o <2,x € R" is a state vector, u € R™ is a control vector, A,
B, C are n x n matrices, D; for i =0,1,2,... M, are n x m matrices and f :
J xR" x R" x R" x R" — R" is a continuous function. Further we impose the
following assumption:

Let Q be the Banach space of continuous R” x R™ valued functions defined on
the interval J with the norm

lCGes )l = Nl Il + lluell,
where ||x|| = sup{x(¢) : t € J} and |lu|| = sup{u(?) : t € J}. Thatis Q = C,(J) X
C,n(J), where C, (J) is the Banach space of continuous R" valued functions defined
on the interval J with the sup norm.

Similar to the linear system, the solution of nonlinear system (18.7) using time
lead function r;(¢) is given as

x(t) =x(1:9) + G() + Z/ (t = ri()* ™ Xopalt = ri(s)) Diri (s)u(s)ds
i=0 70

+f (t — s)“ilXa_ﬁ,a(t —8)f(s,x(s), x(s — 1), u(s))ds. (18.8)
0

Theorem 18.2 Let the continuous function f satisfy the condition

m FePl_, (18.9)
Ipl=oo | p]

uniformly in t € J and suppose that the system (18.1) is relatively controllable on
J. Then the system (18.7) is relatively controllable on J.

Proof Let ¢(t) be continuous on [—7, 0] and let x; € R". Let Q be the Banach space
of all continuous functions

(x,u):[-7,T] x[0,T] - R" x R™",

with the norm
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1Ges )l = Ml ll =+ el

where || x|| = {sup |x(¢)| for t € [—7, T']} and ||u|| = {sup |u(¢)| for ¢ € [0, T']}.
The solution of (18.7) using time lead function r; (¢) is given by

M t
xX(t) =x.(t;8) + GO + ) / (t = ri())* ™ Xopa(t = ri(5)) Dii(s)u(s)ds
i=0 0

+/ (t— s)“’lXa_,g,a(t —8)f(s,x(s), x(s — ), u(s))ds. (18.10)
0

Let us assume
a; = sup | Xog—g,o(T —ri(sHIl, by = i), i =0,1,2,..., M, v = sup lug(s) |,

m M
9 = supl|Xg—pa(T =)=y aibjIDiIN; + Y aib;l|D;l|M;,
i=0 i=m+1
e = Haibi | DFINNW v — BT TP dy = 4lapby I DFITIW ™ lxy + v + 1),
m
a = max{be — B) " TPUD 1) b = Y aibiLicy = 40— B~ TP dy = 4ly +vpl,
i=0

0 hi (T)
N; = / (T —ri(s)* Lds, M; = f (T —ri ()% ds,
h(0) h0)

L = /0T<T —ri(0)*ds, ¢ = max{cy, 2}, d = max{dy, da},
and
sup = {sup | f(t, x(¢), x(t — 7)), u®t))|, t € J}.
Define W : Q — Q by
W(x, u) = (z,v),
where

v(t) = (T = 1) (xgpa(T — ri 0)(D)*F: (1)) W [xl —x2(T; ¢)

0

= / (T = 71 Xaep.a(T = 11(5)) DiFi($)ug(s)ds
P ()

M T
- /0 (T = ()" X oT — ro()) Dy ()t (s)ds

i=m+1

T
- / (T = ) Xapa (T — ) f (5. x(5), x(5 — ), u(s))ds],
0
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and

m_ a0
20 =9 = Y [ n) T Kt = ) Do)
= Ino

+;f0 (e ri(S))D‘lea_ﬂ’a(t — ri($))D;ri (s)v(s)ds

M t
+ 3 [ = ) T X palt — 11() Dy (s)ug(5)ds

i=m+1 Y40
+/ (t —5)" " Xo_pat —3)f(s,x(s), x(s — T), u(s))ds.
0
Then

lv@®)| < IIDfllaibi lw™ ITlxll + ¥ + wl + aib I DF W9 (e« — B) ' TP,

IA

1
4—(d +csupl|f)
a

and

m

2] <y +op+ (Zaibi I1D; ||Lia‘T“ﬁ)v(s> +0@— BT Psuplfl,
i=0

c
+Esup|f|.

=

[SHRW

Further P maps

0 ={@weQ:lz =3 and v] < 5]

into itself and has a fixed point by the Schauder’s fixed point theorem such that
P(z,v) = (z,v) = (x, u). Hence we have

My
xX(1) =x.(t: )+ GO) + Y fo (t = () Xampa(t = ri () Difi (s)u(s)ds
i=0

—i—/ (t — s)“_lXa,,g,a(t — ) f(s,x(s), x(s — ), u(s))ds. (18.11)
0
fort € J and x(¢t) = ¢(t) fort € [—7, 0] and

x(T) = x;.

Hence the system (18.7) is relatively controllable on J.
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18.5 Example

Example 18.1 Consider the nonlinear fractional damped delay dynamical system

CDx(t) — A°DPx(t) = Bx(t) + Cx(t — 1) + Dou(t) + Diu(t — 1) + f(t,x(®), x(t — 1), u(t)),
x(t) = ¢ (@),
x'(0) =qo, —-1<1t<0, (18.12)

The solution of the above problem (18.12) using Laplace transform we get

(1]
OEDY [B"(r =W EGT Y i (A=) P+ CM =) Bty (AG - ”)Wﬂ)]‘p(o)
n=0
(1]
A |:B” t=m) PN e (A= 1))
n=0

FCM (1 —my P (A - m“‘ﬁ)}mm

(1]

+2 [B” (0 =" EGT ) i (A = m)* P
n=0

+C" (1t =) ER o (A — n)“*f“)}yo

[1] 0
+CY B" / (t—s—n—D"HEL (AG—n)*)p(s)ds
n=0 -1

a—p,a

0
+C" / (t—s—n— Dot g™ (A —n)* ) (s)ds
-1
[1] t—n
+y [B" fo (t —s = T ERTL (A — )P
n=0

t—n
+C" / (t —s — ) gL (A —n)"‘_ﬂ)i|Df,-u(s)ds
0

a—p,a

[7] t—n
+ Z [Bn/; (t —s— n)txn-‘ra—lEZi»/lg’a(A(t _ n)a—ﬁ)
n=0

+c"/ _n(t — s —m) " ERL (A — n)"‘_ﬂ):|f(s, x(s), x(s — 1), u(s)ds,
0

where [-] is the greatest integer function. Now consider the controllability on

0-1 11
—_0- _ 3 _1 _ _ —
[0, 1]. Here [¢]=0; and let o = 2 ,3_2, h=1, A= (1 0), B = ( 10),
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C = <1 _1), x(t) =¢@) € R? and x(t) = (?E2> with initial conditions
2
0 0 .. 1
¢ ={ ) y0=|) and final condition x(1) ={( |, f(t, x(),x(t = 1),
u(t)) = % By applying Laplace transform on both sides of the equa-

tion, we get the solution as therefore the solution of (18.12) on [0,1] is
x(1) = 2Eq—p(A1*P)p(0) = 20 P AEq_pa-pr1(Ar*P)p(0) + 20 Eqp 2 (A1 F)y0
0
+2c/ (t—s5s— D PEy_po(Alt —s — 1) P)g(s)ds
-1
t
+2 / (t = i) Eq—po (At — ri(s)* P) DFu(s)ds
0

t
+2 f (t —ri(s)* " Eq—pa (At — i (s)*P) f (5, x(5), x(s — 1), u(s)ds,
0

and on further simplification

x(1) = 2Eq-p(A1* P)p(0) = 2P AEa—paps1 (A" ")p(0) + 21 Eap (A" Py
+21° 71 )P Eq_p o (A )9 (0)

t
+2 / (t — 1 ()" Eq—pa(Alt — 1i(s))*P)DFiu(s)ds
0
t
+2 / (t — 1 ()" Eqepa (At — i (s)*7P) f (5, x(5), x(s — 1), u(s)ds,
0

By simple matrix calculation, we have the controllability Grammian matrix as

wo  26:6369 -19.9353)
=\ 2199353 57.6070) =

which is positive definite. Hence the system (18.12) is controllable on [0, 1]. There-
fore, the linear system of (18.12) is controllable on [0, 1]. And the nonlinear function
ft,x(@), x( — 1), u(t)) satisfies the hypothesis of Theorem (18.2) and hence the

nonlinear system (18.12) steering from the initial point ¢y = ( ?) to a desire state
(1)> during [0, 1]. Hence the nonlinear system (18.12) is relatively control-

18.6 Conclusion

This paper deals with the relative controllability of nonlinear fractional damped
delay systems with multiple delays in control. In [10, 11] the authors have studied
the problem of order 0 < o < 1. In this paper, we considered two different orders o
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and 8 which satisfy 0 < 8 < 1 < « < 2. Sufficient conditions for the controllability
results are established using Schauder’s fixed point theorem. Also, the controllability
of nonlinear fractional damped delay system with multiple delays in control are
discussed. An example is provided to illustrate the theory.

References

1. K. Balachandran, Controllability of nonlinear fractional delay dynamical systems with multiple
delays in control. Lecture Notes in Electrical Engineering (2016), pp. 321-332
2. K. Balachandran, J. Kokila, J.J. Trujillo, Relative controllability of fractional dynamical sys-
tems with multiple delays in control. Comput. Math. Appl. 64, 3037-3045 (2012)
3. K. Balachandran, V. Govindaraj, L. Rodiguez-Germa, J.J. Trujillo, Controllability results for
nonlinear fractional-order dynamical systems. J. Optim. Theory Appl. 156, 33—44 (2013)
4. K. Balachandran, V. Govindaraj, M. Rivero, J.J. Trujillo, Controllability of fractional damped
dynamical systems. Appl. Math. Comput. 257, 66-73 (2015)
5. D.H. Chyung, Controllability of linear time-varying systems with delay. IEEE Trans. Automat.
Control 16, 493-495 (1971)
6. J.P. Dauer, R.D. Gahl, Controllability of nonlinear delay systems. J. Optim. Theory Appl. 21,
59-68 (1977)
7. B.B. He, H.C. Zhou, C.H. Kou, The controllability of fractional damped dynamical systems
with control delay. Commun. Nonlinear Sci. Numer. Simul. 32, 190-198 (2016)
8. J. Klamka, Constrained controllability of semilinear delayed systems. Bull. Pol. Acad. Sci.
Tech. Sci. Electron. Electrotech. 49, 505-515 (2001)
9. M.L.Morgado, N.J. Ford, P.M. Lima, Analysis and numerical methods for fractional differential
equation with delay. J. Comput. Appl. Math. 252, 159-168 (2013)
10. R.J. Nirmala, Relative controllability of nonlinear fractional delay dynamical systems with
time varying delay in control. Lecture Notes in Electrical Engineering, pp. 369-380
11. R.J.Nirmala, K. Balachandran, L. Rodriguez—Germa, J.J. Trujillo, Controllability of nonlinear
fractional delay dynamical systems. Rep. Math. Phys. 77, 87-104 (2016)
12. J.L. Schiff, The Laplace Transform Theory and Applications (Springer, New York, 1999)
13. F.C. Shu, On explicit representations of solutions of linear delay systems. Appl. Math. E-Notes
13, 120-135 (2013)
14. A.Si-Ammour, S. Djennoune, M. Bettayeb, A sliding mode control for linear fractional systems
with input and state delays. Commun. Nonlinear Sci. Numer. Simul. 14, 2310-2318 (2009)
15. B. Sikora, J. Klamka, Constrained controllability of fractional linear systems with delays in
control. Syst. Control Lett. 106, 9-15 (2017)
16. H. Smith, An Introduction to Delay Differential Equations with Application to Life Sciences
(Springer, New York, 2011)
17. P. Sureshkumar, K. Balachandran, N. Annapoorani, Controllability of nonlinear fractional
Langevin delay systems. Nonlinear Anal. Model. Cont. 23, 321-340 (2018)
18. Z.Wang, A numerical method for delayed fractional order differential equations. J. Appl. Math.
Article ID 256071 (2013). https://doi.org/10.1155/2013/256071
19. L. Wiess, On the controllability of delayed differential systems. SIAM J. Control §, 575-587
(1967)
20. H. Zhang, J. Cao, W. Jiang, Controllability criteria for linear fractional differential systems
with state delay and impulse. J. Appl. Math. Article ID 146010 (2013). https://doi.org/10.
1155/2013/567089


https://doi.org/10.1155/2013/256071
https://doi.org/10.1155/2013/567089
https://doi.org/10.1155/2013/567089

	18 Relative Controllability of Nonlinear Fractional Damped Delay Systems  with Multiple Delays in Control
	18.1 Introduction
	18.2 Preliminaries
	18.3 Linear System with Multiple Delays in Control
	18.4 Nonlinear Systems with Multiple Delays in Control
	18.5 Example
	18.6 Conclusion
	References




