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Abstract. We study the asymptotic behavior of tail probability for the
waiting time in the steady-state M/G/1/ROS multiple-vacation queue
with regularly-varying service time and vacation time distributions. Con-
ditioning on the server being busy or on vacation, the asymptotic con-
ditional tail probabilities are obtained explicitly. We also verify that
the waiting-time tail for M/G/1/ROS queue with multiple-vacation is
asymptotically equivalent to that for the standard M/G/1/ROS queue
(without vacation), as long as the vacation time has a tail probability
lighter than the service time.
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1 Introduction

Triggered by the desire for measuring the quality of service (QoS) in modern
communication networks (see, e.g., [14] and [15]), there has been much inter-
est in studying the asymptotic behaviors for queues with heavy-tailed service
time distributions. The tail asymptotics for queueing quantities, such as queue
length and waiting time, is of fundamental importance due to the stringent QoS
requirements often requiring these tail probabilities to be significantly small.

Queueing systems with vacations are a type of very important queueing sys-
tems, which find many applications in abroad range of areas, e.g., production,
computer, and communication systems. A variety of queues with vacations have
been extensively studied for more than 40 years. Literature reviews on vacation
queues can be found in, e.g., the survey [8] and the book [17].

In this paper, we are interested in the asymptotic behavior of tail probability
for the stationary waiting time in the M/G/1 queue with multiple-vacation and
random order service (ROS) discipline. The customers are assumed to arrive
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according to a Poisson process with rate A. The service time Tj is assumed to
be i.i.d. r.v.’s having the distribution Fj(¢) with F3(0) = 0 and mean 8; < oo.
Each time a service is completed and the system is not empty, the next customer
to be served is selected at random from all the customers waiting in the queue.
Each time a busy period ends and system becomes empty, the server undergoes
a vacation of random length of time T,. Whenever the server returns from a
vacation and finds one or more customers waiting, the server goes on serving
a customer immediately, otherwise, on return from a vacation, the server finds
no customer waiting, the server takes on a vacation again. The generic vacation
time T, is assumed to have the distribution F,(t) with F,(0) = 0 and mean
a; < oo. Besides, we use the notations «(s) and (3(s) to represent the Laplace-
Stieltjes (LS) transforms of F,,(t) and Fjs(t), respectively. It is well known that
the system is stable if and only if (iff) p = AB; < 1, which is assumed to hold
throughout this paper.

There are many references on asymptotic analysis for queueing systems with
heavy-tailed distributions, e.g., Asmussen, Kliippelberg and Sigman [1], Boxma
and Denisov [4], and more references can be found in two excellent surveys: Borst
et al. [3], and Boxma and Zwart [6]. As far as the ROS discipline concerned, we
refer readers to [5] and [12]. Under the assumption of regularly-varying service
time distribution, Borst, et al. [5] and Kim, et al. [12] obtained asymptotic
expressions for the waiting time distributions in the ordinary M/G/1 queue
(without vacation) and the M/G/1 queue with retrials, respectively.

Our focus in this paper is to study the asymptoic behavior for the tail prob-
ability of the waiting time in the M/G/1/ROS vacation queue with regularly-
varying service time and vacation time distributions, which is one of typical
and commonly used heavy-tailed distributions. Conditioning on the server being
busy or on vacation, the asymptotic conditional tail probabilities are obtained
explicitly. As a side product (Remark 2) of main results obtained in this paper,
we verify that the waiting-time tail for M/G/1/ROS queue with multiple vaca-
tion is asymptotically equivalent to that for the standard M/G/1/ROS queue
(without vacation), as long as the vacation time has a tail probability lighter
than the service time.

The rest of the paper is organized as follows: Sect.2 provides preliminaries
to facilitate our analysis. In Sects.3 and 4, we study the asymptotic behaviors
for the conditional tail probabilities of waiting time conditioning on the server
being busy and on vacation, respectively.

2 Preliminary

In this section, we present some definitions, notations and useful literature
results, which will be used in later sections

Definition 1 (Bingham, Goldie and Teugels [2]). A measurable function
U :(0,00) — (0,00) is regularly varying at oo with index o € (—o0,00) (written
U € Ry) iff imoo U(xt)/U(t) = 2% for all x > 0. If 0 = 0 we call U slowly
varying, i.e., limy_ o, U(xt)/U(t) = 1 for all x > 0.
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We will use L(t) to represent a slowly varying function at co (see Definition 1)
and make the following basic assumptions on the service time T3 and the vacation
time T,,:

A1. The service time Ty has tail probability P{Ts > t} ~ t=°L(t) as t — oo,
where 1 < b < 2.

A2. The vacation time T, has tail probability P{T, > t} ~ vP{Ig > t} as
t — oo, where v > 0.

Remark 1. When v = 0, Assumption A2 is to be interpreted as P{T, > t} =
o(P{Tg > t})7 which means that the vacation time has a tail probability lighter
than the service time. When v > 0, two tail probabilities are asymptotically
equivalent up to a prefactor ~.

Let T be the busy period of the standard M/G/1 queue with arrival rate A

and service time Tj. It is well known that 7 o E(Ty) = 41/(1 — p). By 7(s),
we denote the LS transform of the probability distribution function of 7}.. Under
Assumption Al, the tail probability P{T, > t} is regularly varying according to
de Meyer and Teugels [7]:

P{T; >t} ~ t7PL(t) ast — oo. (1)

(1—p)btt
Let F ﬂ(e) (t) be the so-called equilibrium distribution of Fjz(t), which is defined
as F(e)( t) = Byt fot 1 — Fs(z))dz. Slmllarly, we define F\(t) = 1f0 1-—
Fo(z))dz and F(t) = 1f0 ))dz. Denote by ﬁ(e)( ), a(e)( ) and

7()(s) the LS transforms of F(e (t ) F(C)( t) and F(e)( t), respectively.
By Karamata’s theorem (e g., p- 28 in Bingham, Goldie and Teugels [2]) an
)

Assumptions Al and A2, we know that 1 — Fée)( )~ cgt P HIL(E), 1— FSO(t )
cat™PFLL() and 1 — FL(£) ~ cxt P F1L(t) as t — 0o, where

1
RN <2>
Y
Ca = ma (3)
¢ = 1 1 Cﬂ (4)

b-1m (1—poH  (1—p)P

Applying Theorem 8.1.6, p. 333 in Bingham et al. [2], we further obtain the
asymptotic properties for LS transforms 3(¢)(s), a(*)(s) and w(()e)(s):

= B(s) = cpe(b)s” I L(1/s)(L+o(1) s L0, ()
i —a@(s) Cac(®)PIL(1/5)(1+0(1)) 5 10, (6)
1= 7 (s) = ere(b)s” ' L(1/s)(1 +0(1)) 510, (7)
where ¢(b) =I'(b—1)['(2-0)/I'(b—1).
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Let W be the waiting time of a generic customer, W}, and W, be two r.v.s
whose probability distributions coincide with the conditional probability dis-
tributions of W given that the generic customer finds the server busy and on
vacation upon its arrival, respectively. Precisely, P{W, < t} = P{W < t|busy}

and P{W, <t} = P{W < t|vacation}. Therefore, the probability distributions

P{W, <t} and P{W, <t} have the LS transforms W;(s) def E(e=*W|busy) and

W, (s) e B (e=W|vacation), respectively. Our starting point for tail asymptotic

analysis on P{W}, > t} and P{W, > t} is based on the expressions for Wj(s)
and W, (s), which can be found in [17].

o) = L—p [P [1=a=2)][BA = Au) = B(s + A — Au)]
Wi(s) = o1ps /,r(s) (BN = Au) —u][u—B(s+ A= Au)]
'eXp{*G(Svu)}duv (8)
_ ! a()\—)\u)—a(s—i—)\—)\u).e (s du
W)= o [ R ep G )
where
G(s,u) :/ v—ﬁ(s—il-/\—/\v)dv' (10)

3 Asymptotic Tail Probability of W,

In this section, we are going to derive the asymptotic expression of P{W; > t}
as t — oo based on Wj(s), the LS transform of distribution function P{W; < t}.
Let us rewrite (8) as follows

A—Au A—Au
B =) —u  u—Btr—)
~exp{—G(s,u)} du. (11)

1— 1
Wi (s) = wp/”a@Q—AM~

Setting u = u(t) = 1 — st/ in (11), and noting that

A — Arm(s) p 1—m(s) P (e

= . = ¢ 12

s 1—p sE(Ty) 1—p7T (), (12)
we get that
(e
1—p [T7 7O st st
W, = (e) t
bls) P /O o (st) st— A+ Bst) T fst+)\f)\ﬂ(s+st)}

cexp{—G(s,1 — st/\)}dt. (13)



Tail Asymptotics for an M/G/1/ROS Vacation Queue 365

Tt follows from (10) that

1
1

G(s,1— st/ :/ dv

( /Y 1—(st/x) V= B(s + A = M)

/1 st
= dw
0 —Stw—+ X — AB(s + stw)

o
= —d 14
/0 D(s,t,w) w0 (14)
where
D(s,t,w) = “IAZNEHIN) 4 oy 1758 (s 4 stw).(15)
Let
st 1
1(Sa ) st_)\_’_)\ﬂ(st) 1 _pﬁ(e)(st)’ ( 6)
st 1
2(5:1) —st+ A — A3(s + st) D(s,t,1)’ (17)
ool
_ N 1
C(s,t) exp{ /0 D(s,t,w)dw}’ (18)
g(s,t) = al®(st) (Bi(s,t) 4+ Ba(s,t))C(s, t). (19)
Then we can further rewrite (13) as
1—p Z57(s)
Wil =L [T gl = Wi () = Wauls) (20
0
where
1—p = 1—p =%
Wy, (s) = —— g(s,t)dt, Wy, (s) = —— g(s,t)dt. (21)
P Jo P 5w (s)

In following subsections, we are going to discuss the asymptotic properties
for Wy, (s) and Wy, (s) as s | 0, which will be used to obtain the asymptotics
of P{W, > t} as t — oo later. For this purpose, we start with studying the
asymptotic behaviors for By (s,t), Ba(s,t) and C(s,t) as s | 0.

3.1 Asymptotic Properties for B;(s,t), B2(s,t) and C(s,t) as s | 0
It follows from (16) and (5) that

1 1 1

Bi(s,t) = = .
o) = 0 - BOGn) 1y T
—p

_ L ese®p vt a1 o
T1-p (1 _p)z( £)”" L(1/5)(1 + o(1)). (22)
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where we have used the fact that 1/(1 —z) =1+ 2 + 2% +--- for |z| < 1.
It follows from (15) and (5) that

D(s,t,w) = —w+ pw + p/t — p(w + 1/t)ﬁée) (s + stw)

(w+1/t) ((Je) (s + stw)}
—w+ pw + p/t

~ ut pt o) 1L

= (—w+pw +p/t)

w b
[t - ety CL00L )

e -sPTIL(1)s)(1 + 0(1))] . (23)

which implies that
1 1

D(s,t,w) —w+pw+p/t

(1/t)(1 + tw)®
(—w+ pw + p/t)

Tepe(b)p 5 - IL(L/s)(1 4 o(1)). (24)

Therefore, by (18),

C(s,t) = ¢(t) - exp {—05c(b)pH(t)sb_1L(1/s)(1 + 0(1))} , (25)
where
g 1 Lt
SO(t)_e}(p{ /0 “wtpwt ol }_( p ) @)
Y@/ 4 tw)®
H(t) = /0 ETEE—y dw. (27)

Note that the fact that e™* =1 — 2 4 (—2)?/2! 4 - --. Then (25) yields

Cls,t) = @ (1)1 = cac®)pH ()" L(1/3)(1 + 0(1))]. (28)
In addition, by (17) and (24), we get

1/ +1)°

Pl Cltptp/o?

+ cpe(b)p sP7IL(1/s)(1 + 0(1)).(29)

T Cl4p+p/t

3.2 Asymptotic Property for W, (s) as s | 0
It follows from (22) and (29) that

Bi(s,t) + Ba(s,t) = ¥(t) — cpe(b)pK (1)s" ' L(1/s)(L +o(1)),  (30)
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where
_
1/1(15)—1_[) Ert (31)
K(t) = Ko(t) — K1(t) (32)
=1
Ko(t) = A= (33)

1/t)(1+1)°
RO
By (19), (6), (28) and (30), we know
9(5.8) = Q(E) — [eac®(0(0) + coe)op(t) (K1) + v H )|
sP7IL(1/5)(1 4 o(1)). (35)

Recalling the expression of W, (s) in (21), along with (35), we can write

Ki(t) =

Wanlo) ==L [ stpuira = [eacr) =L [ 8 p(0u e +

P

(1 =0) [ o0 (K0 + o) )]

sP71L(1/5)(1 4 o(1)). (36)
In the following, we are going to calculate the integrals in (36). By (26) and (31),
1 /—t+pt+p\-1
t)Y(t) =
ety = g (o) (37)
hence
1— p ﬁ 1 ! 1
[T et = [a-ae e =1 @)
P Jo L=pJo

1—p ™ b-1 Lrop b/l -1, b—1
—_— t t)ypt)dt = —( —— 1—x)7=r""2" "du. 39
B e = () [ - (39)

By (26) and (33),

P

=] 1 - e
/ o(t)Ko(t)dt = / (m) Sttt
0 0 p

T (ﬁy /01(1 — )77 M. (40)

By (26) and (34),

P

=] ot pt T H(14t)
HEK tdt:/ .
/0 Pl () 0 ( p ) (=t+pt+p)?

_ u_lp)g/ol(l_x)ﬁﬂ.x(H lfpx)bda:. (41)
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By (37) and (27),

Aijﬂwme@m

P

= C (1t
= [ ([ )

™ b = =
Tl Gerarl )

1 5y py + p\ T
:(1—p)p/o ( p ) Ty

= e [ 1 ) )

Noting that K () is given in (32) and substituting (38)—(42) into (36), we obtain
Wa, (8) =1 —dye(b) - s* ' L(1/s)(1 + o(1)), (43)

where

b 1 =
dy = (Ci + 8 )(7/) ) / (1 — z) "ot e
p 1=p/\L=p/ Jy

+1c‘3p/01 (1—x)ﬁ71(1+ 1fp:c)bdx. (44)

3.3 Asymptotic Property for W;,(s) as s | 0

Recall (21). By the integration middle value theorem, there exists £(s) € (0,1)
such that

Wi (s) = g(s,n(5)) (1= 7 (s) ) (45)
where h(s) = £ |:7T(e)(8) +£&(s)(1 — W(e)(S))}. It follows from (7) that
h(s) = ﬁ (1 +0(1)- SHL(1/3)). (46)

Next, we will prove that g(s,h(s)) = o(1). By (35), we have

9(s,h(s)) = () (h(s)) — [cacv)(B($))"~ o () (h(5))

+epc(D)pe(h(s)) (K (h(s)) + $(h(s) H(h(s)) )|
S*7NL(1/s)(1 4 o(1)). (47)
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By (46), we know that —h(s) + ph(s) + p = O(1) - s*"1L(1/s), which together
with (26) and (37) leads to

o(h(s)) = O(1) - =D/ =) (L (1/5)) ™7, (48)
o(h(s)) 0 (h(s)) = O(1) - s~ DD (L(1/s)) ™7 . (49)
Because lim,_.o h(s) = p/(1 — p), it follows from (33), (34) and (27) that

s b—1
Ka(hs) = G2 = o). (50)
OO PN
= it =00 (

Y (1/h(s) (1 + h(s)w)®
D= [ et = 00, ®2)

Further, by (48)—(52),

p(h(s)) K (h(s))s" ™ L(1/s) = o(1), (53)
p(h(s))w (h(s)) H (h(s))s" ' L(1/5) = o(1). (54)

It follows from (47), (49), (53) and (54) that g(s,h(s)) = o(1), which, together
with (45) and (7), results in

Wh,(s) = o(1) - s*"1L(1/s). (55)

3.4 Tail Probability Asymptotics for W,
By (20), (43) and (55),
Wy(s) =1 — c(b)dps® T L(1/s)(1 + o(1)). (56)
Applying Theorem 8.1.6, p. 333 in Bingham et al. [2], we obtain
P{W;, >t} = P{W > t|busy} ~ dpt "1 L(t) as t — oo, (57)

where dy, is given in (44).

4 Asymptotic Tail Probability of W,

In this section, we are going to derive the asymptotic expression of P{W, > t}
as t — oo based on W, (s) given in (9). Let

Als,t) = OB 10O 4 o) - aOst), (69

gv(s,t) = A(s,t)Ba(s,t)C(s,t). (59)
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Similar to derivation of (20), we get that

ﬁﬂ.(c)(s)
Wy (s) :/ go(s,t)dt = Wyi(s) — Waya(s), (60)
0
where
Wm(s):/“p Gols,0)dt,  Waa(s)= [ gu(s,)dt. (61
0 ﬁﬂ(e)(s)

In following subsections, we will discuss the asymptotic behavior of W, (s)
and W,,(s) as s | 0, which will be used later to obtain the asymptotics of
P{W, >t} as t — oo.

4.1 Asymptotic Property for W,,(s) as s | 0
It follows from (6) and (58) that

Als, 1) = % (1= cac®) (140 — )L/ +o)]. (62)
which, together with (29), implies that
b
A(s,t)Ba(s,1) = %ﬁtﬂ (1= (cac®)((1+) = ") - cﬁc(wpm)
S TLL(1/5)(1+ 0(1))|
1—p
= LeO)|1 = cOlp(calr(t) - caalt))
UL s) (1 + 0(1))}. (63)
where
Rl (t) — (l—i_t;b_tb’ (64)
ek
Ro(t) = Tiipttp (65)
By (63) and (28), we obtain
_ 1=p
9o(s,1) = (9(0)| L = cO)(1 = ) (e H ) + caBr(t) = caRalt))
SIL(1/5) (1 + 0(1))]. (66)

Recalling the expression of W, (s) given in (61), along with (38) and (66), we
can write

P

W) =1 =1 =) [ et (caT0) + et () = o)) ]
SPTEL(1/s)(1 4 o(1)). (67)
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Next, let us calculate the integrals in (67). By (37) and (64),

P

/0 " oW R (Dt

g [ e

=g G () - () e @
By (37) and (65),

= 1 [TF (—ttpttp\tt (L+t)°
/ p(t)y(t) Ra(t)dt = —— (#) Lt
0 1—=pJo p —t+pt+p

:ﬁ/o (1—x)ﬁ72- (1—|— lfpx)bdx. (69)
Substituting (68), (69) and (42) into (67), we obtain
Wo, (s) =1 —c(b)dy - s" " L(1/s)(1 + o(1)), (70)

where

dy = 1C—ap/o (t-o)m [(1 + 1£fp)b - (1[?,0”% (7)

4.2 Asymptotic Property for W,,(s) as s | 0

Recall (61). By the integration middle value theorem, there exists &,(s) € (0,1)
such that

Was(5) = gu (s, o (s)) (1= 7(s) ). (72)
where h,(s) = £ [77(6)(8) +&(s)(1 — 7 (s))} Further, by (7),
ho(s) = i"p [1 +O(1) - sb’IL(l/s)]. (73)

Next, we will prove that g, (s, k. (s)) = o(1). By (66), we have
(8 hu(s))
= ol ()b () [ = )1 p)
(et (ho(s)) + caRi(ho(5)) = caRa(hu(s)) ) s L(1/5)(1 + o(1))] . (74)

Immediately, by (73), we know that —h,(s) + ph,(s) + p = O(1) - s*"1L(1/s),
which together with (37) leads to

o (h(8)) (o (5)) = O(1) - ¢ DD (1(1/5)) 7 (75)
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Because limg_.q hy(s) = p/(1 — p), it follows from (64) and (65) that
(1+ hv(s))b _ (hv(S))b

Ry(hy(s)) = 5 = 0(1), (76)
B (14 hy(s))? _ 1
Ba(ho(9) = S o £ 0(1)'<3b—1L(1/s))’ (77)
1 S S)w b
H(hy(s)) = A ((1_/Zi ;L(}ljpf;;i (L)))2 dw = 0(1). (78)

Further, by (75) and (77),

(o (5))1(ho(s))Ra(hy(s))s" L(1/s) = o(1). (79)

It follows from (74)—(76) and (78)—(79) that g, (s, hy(s)) = o(1), which, together
with (72) and (7), results in

Wy, (s) = o(1) - s*"1L(1/s). (80)

4.3 Tail Probability Asymptotics for W, and W
By (60), (70) and (80)
Wo(s) =1 = c(b)dy - s" " L(1/s)(1 + o(1)). (81)
Applying Theorem 8.1.6, p. 333 in Bingham et al. [2], we obtain
P{W > t|vacation} = P{W, >t} ~d, -t "T1L(t) ast — oco. (82)

where d, is given in (71).
Note that P{W >t} = pP{W; >t} + (1 — p)P{W, > ¢}. By (57) and (82),

we have
P{W >t} ~ (pdb +(1- p)dv> AL ast— oo (83)

A special case: v = 0.
This is the case when the vacation time T, has a tail lighter than the service
time T}, in which ¢, = 0. Thus, by (83), (44) and (71),

P{W >t} ~ 1 prBCW 7PTIL(Y) as t — 0o. (84)
where
cw = (L)b 1 (1—30)ﬁ b da
v L—=p 0
1 =1 p b
+/ (1—x) ’ (1+ x) dz. (85)
0 L-p

Remark 2. In [5], Boxma et al. (2004) have shown that the asymptotic result
(84), along with (85) is true for the standard M/G/1/ROS queue (without
vacation). As one of side products in this paper, we have verified that such a
result is still valid even for the M/G/1/ROS queue with multiple vacations, as
long as the vacation time has a tail probability lighter than the service time.
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