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Abstract Effective properties of a heterogeneous material have been successfully
predicted by using the homogenization scheme. The aim of the homogenization
scheme is to get an equivalent homogeneous material resembling the same hetero-
geneous material. In this work, a 3D multi-scale computational model has been
implemented to characterize mechanical properties of a heterogeneous composite
system.At first, amicro-mechanical approach has been utilized to determine effective
properties of the carbon-nanotube (CNT)–polymer composite using finite element
modelling of representative volume element (RVE). The two material constituent
phases, i.e. fillers (CNTs) and matrix [High-density polyethylene (HDPE)] are mod-
elled as elastic and elasto-plastic material. The fillers are considered to be randomly
distributed with various aspect ratios in the matrix. Further, macro-computational
analysis is carried to predict mechanical strength and fracture toughness of CNT–
polymer composite.
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1 Introduction

The inherent favourable characteristics of CNTs like low weight, high aspect ratio,
extraordinary electrical, mechanical, optical and thermal properties have made them
a vital candidate to tailor the properties of polymer-based nanocomposites [1–5].
CNTs have shown a tremendous increase in elastic moduli of nanocomposites. The
effect of aligned CNTs reinforced in a polymer have been extensively studied [6–
9]. The literature lacks in defining the nature of randomly distributed CNTs in the
polymer matrix. Although the effect of randomly dispersed CNTs have been studied
by some researchers, a micromechanical approach to study the variation of aspect
ratio on strength and fracture toughness is very limited.
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Alian et al. [10] studied the agglomeration effect of CNTs on epoxy nanocompos-
ites using a multi-scale approach. Rai et al. [11] investigated the damage mechanism
in CNT nanocomposite using molecular dynamics simulations. Savvas et al. [12]
proposed a computational procedure to understand the effect of waviness and orien-
tation of CNTs on the different properties of nanocomposites. Su et al. [13] prepared
a multi-scale composite to investigate flexural and shear properties considering the
random distribution of CNTs. Shajari et al. [14] developed a multi-scale model using
time-dependent homogenizations to study viscoelastic properties of nanocomposites.

All these methods or models have used a micromechanical approach for 2D or
3D RVE analyses for CNT-reinforced–polymer composites. The use of molecular
dynamics simulations to predict the effective properties has also gained popularity.
But, a need to study the fracture behaviour of an equivalent homogeneous system for
nanocomposites is still lacking. Thus, in the present study, 3DRVE composed of both
matrix and nanofiller have been investigated. The effective properties of the hetero-
geneous composite system are predicted using mean-field homogenization method.
A second-order Mori–Tanaka method has been employed with linear incremental
for the homogenization of multiple phases. The equivalent properties are further
being used in ABAQUS to analyse mechanical strength and fracture behaviour of
carbon-nanotube–polymer composite. The effect of plasticity has been included in
determining the stress–strain curve. Fracture response is analysed by considering the
3-point bending test.

2 Computational Method

Acomputationalmodel is defined in this section. The basic of themodel is amicrome-
chanical theory with the use of RVEs. The CNTs are modelled in microscale,
randomly distributed in the structure, following an elastic constitutive law. The
matrix, i.e. HDPE is modelled in microscale, reinforced with CNTs, following an
elasto-plastic constitutive lawwith isotropic hardening. The applied homogenization
scheme and computational package are discussed in the following section.

2.1 Homogenization Scheme

An RVE is selected considering the microscopic heterogeneous and macroscopic
homogenous materials. The boundary conditions are framed in terms of linear
displacement vectors or macro-field traction vector. The RVE is assumed to be
deformable and in an equilibrium state. Inertial and body forces are neglected. Thus,
the equivalent properties of the system are represented as
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Ceff
abcd = 1

V

∫

V

cabi j (r)Ai jcd(r) dV (1)

All the information related tomicrostructure is carried by the unknown parameters
which are defined by the strain concentration tensor A. In other terms, the Ceff and
A are related as

Ceff = c0 +
N∑

X=1

vX (cX − c0) : AX (2)

where c0 and cX represent the uniform stiffness tensor of matrix and phase, AX

represents the global strain concentration tensor and vX is the volume fraction of
phase X .
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(3)

with aX representing local strain concentration tensor, �cX = cJ − C rh and C rh

are termed as uniform stiffness tensor of reference homogenous medium. TI J is the
tensor representing the interaction between the inclusions in theRVE. It is represented
as

TI J = 1

VI

∫

VI

∫

VJ

�(r − r ′)dV dV ′ (4)

where �(r − r ′) is the modified Green tensor. The medium used as reference is
replaced by matrix when the Mori–Tanaka scheme is selected for homogenization.
Inside the matrix, the average strain field approximation is calculated by the strain
in the reference medium. Therefore, on the following assumptions, the equivalent
Mori–Tanaka properties (MTP) are represented as

CMTP =
N∑

X=0

vXc
XAX =

(
v0c

0 +
N∑

X=1

vXc
XaX

)
: A0 (5)

whereA0 denotes the global strain concentration tensor of thematrix. The expression
for A0 is expanded as



208 G. Arora and H. Pathak

A0 = a0 : 〈
aX

〉−1 =
(

v0X +
N∑

X=1

vXaX

)−1

(6)

2.2 Digimat-MF Modelling

Digimat-MF is the mean field homogenization (MFH) software to predict the non-
linear constitutive behaviour of composite materials. Macro-material properties of
the individual material are the inputs for the constitutive laws. The shape and volume
fraction of the filler are the critical requirements to be inserted during the analysis.
The type of loading or selection of study depends on the type of effective properties
to be evaluated. The generalized constitutive equation for an RVE at any arbitrary
point inside it is defined as [2]
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(7)

where {σrs}(r, s = x, y, z) are the stress components, {εtu}(t, u = x, y, z) are the
strain components and [Cvw] (v,w= 1–6) are the elements of the stiffnessmatrix. The
values of stiffnessmatrix for a composite could be calculatedbyMFHtechniqueusing
Digimat-MF. The Mori–Tanaka homogenization method in Digimat-MF calculates
the equivalent or effective properties either in terms of stiffness matrix or compliance
matrix or directly provides the moduli.

3 Hierarchical Modelling

3.1 Modelling of the 2-Phase Composite

The 2-phase composite modelling consists of randomly distributed CNTs reinforced
in the HDPE matrix. The CNTs are modelled using Digimat-MF tool. The CNTs
with different aspect ratios and volume fraction within an RVE distributed spatially
is shown in Fig. 1.

The matrix has been considered as elasto-plastic. Therefore, it is necessary to
define the hardening model for the matrix. The properties of the HDPE matrix and
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Fig. 1 CNTs spatial distribution in an RVE

theCNTs are presented in Tables 1 and 2, respectively. Hardening ofHDPE is defined
by the exponential and linear law as [1]

R(p) = k1 p + k2 − (1 − exp−mp) (8)

where R(p) is equivalent stress, p is accumulated plastic strain, k1 is linear hardening
modulus, k2 is hardening modulus, m is hardening exponent.

Mechanical characterizations as shown in Fig. 2 have been performed on the
compositematerial. These characterizations help in the prediction of failure situations

Table 1 Material properties of the CNTs

Phase Multi-walled CNTs

Young’s modulus 50 GPa

Poisson ratio 0.26

Density 2100 kg/m3

Average diameter 15 nm

Average length 15 µm

Table 2 Material properties of the HDPE matrix

Phase HDPE

Young’s modulus 3.225 GPa

Poisson ratio 0.35

Density 950 kg/m3

Yield stress 11.8 MPa

Hardening model Isotropic hardening

Hardening modulus 22.2 MPa

Hardening exponent 101.39

Linear-hardening modulus 70.32 MPa
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Fig. 2 2-phase composite modelling and a finite element (FE) characterization

of engineering components. The application of these nanocomposites is mainly in
the aerospace field, thus mechanical characterizations are necessary to be done.
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Fig. 3 Stress–strain curve of CNT, composite and HDPE within elastic limit

4 Numerical Results and Discussions

4.1 Application of MFH Technique

As an application of the MFH technique, an estimation of material properties of the
homogenized composite is presented in this section. Mori–Tanaka homogenization
scheme presented in Digimat-MF is implemented to estimate the average properties
of the composite. Composite considered in the study mainly consists of randomly
distributed CNTs in HDPE polymer. The individual properties are alreadymentioned
in Tables 1 and 2, respectively. HDPE polymer is modelled as elasto-plastic matrix
material; whereas CNTs are modelled as linear elastic cylindrical nanofillers.

Several mean-field simulations with the different volume fraction of CNTs were
carried out. Figure 3 shows the tensile responses of the CNT, composite and HDPE
in the form of stress–strain curves evaluated after MF simulation within the elastic
limit.

4.2 Macro-scale FE Simulation of the Composite

As an example of multi-scale modelling, the two cases are presented in this section.
The first would be the FE characterization of a rectangular composite subjected to
tensile stress. The second would be the fracture toughness estimation of a composite.
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These two cases would be taking effective material properties (as given in Table 3)
obtained fromMF simulations as input to the material step. ABAQUS 6.14 has been
used to accomplish the FE characterizations.

Tensile testing of the composite. A rectangular specimen is subjected to tensile
stress as shown in Fig. 4. The length and width of the specimen are 80 and 18 mm,
respectively. The specimen is stressed by a 10 kN force. The non-linear response for

Table 3 Effective properties of the composite

Vf (%) E1 (GPa) E2 = E3
(GPa)

ν13 = ν12 ν23 G12 = G23
(GPa)

G13 (GPa) ρ (kg/m3)

10 7.91 3.9 0.34 0.44 1.4 1.38 1065

15 10.2 4.3 0.33 0.45 1.5 1.49 1122

20 12.5 4.7 0.33 0.45 1.7 1.62 1180

25 14.9 5.1 0.32 0.46 1.8 1.76 1237

30 17.2 5.5 0.32 0.46 2.0 1.91 1295

32 18.2 5.7 0.32 0.46 2.14 1.98 1318

Fig. 4 A tensile specimen of 80 mm × 18 mm (L × B) used for the FE simulation
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Fig. 5 Stress–strain behaviour of the composite under tensile test

the tensile specimen is shown in Fig. 5. Themaximum stress and strain for the various
volume fractions can be seen from the figure and could be used for an engineering
application.

The tensile stress–strain curve for 20% volume fraction tested experimentally is
also shown in Fig. 5. The experimental and simulated curve is in good agreement up
to 5% strain. The deviation in the curve after that could be due to the defects, voids
or stress concentration at the tail/head of the CNTs. The tensile-tested specimen was
fabricated using a microwave oven. Power mode of the oven was used to develop the
pellets of the composites into laminae.

Fracture toughness estimation of the composite. It is always important to esti-
mate the fracture toughness of a composite. In this subsection, a specimen of the
same dimensions as that of the tensile test is taken into consideration as shown in
Fig. 6. A crack of half the width is introduced in the body. The top edge of the
cracked domain is subjected to the mechanical traction of 1 kN load. The bottom
edge of the domain is constrained to move in any direction. Mode-I SIFs (KI ) have
been predicted for CNT–polymer composite at different volume fractions as shown
in Fig. 7. A decreasing trend has been observed with increase in Vf of CNTs. The
reason behind it is the strengthening of composites due to addition of CNTs.
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Fig. 6 Fracture toughness specimen used for the FE simulation

Fig. 7 Fracture toughness behaviour of the composite
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5 Conclusions

The present paper shows the capabilities and advantages of the homogenization
technique in the assessment of the effective properties of the composite. Macro-
computational analysis has beenpresented to predictmechanical strength and fracture
toughness of the CNT–polymer composite. The following conclusions have been
observed from the present work:

• Axial Young’s modulus has been increased with the volume fraction of CNTs in
composites.

• A non-linear behaviour in the stress–strain curve of the composite could be con-
sidered as the resistance of CNTs to failure during testing.

• Furthermore, the fracture toughness has shown a decreasing trend when the CNT
volume fraction is increased.

• As an outlook, the study for randomly distributed CNTs needs to be extended to
examine the behaviour of composite practically. These simulated estimates could
be helpful while investigating the other properties of the composite.
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