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Abstract The present manuscript is dedicated to the study of existence and sta-
bility of integro differential equation with periodic boundary condition and non-
instantaneous impulses on time scales. Banach contraction theorem and non-linear
functional analysis have been used to established these results. Moreover, to outline
the utilization of these outcomes an example is given.
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1 Introduction

There are many physical models which are subject to sudden changes in its states,
such rapid changes are known as impulsive response. In the current hypothesis, there
are two types of impulsive system, one is instantaneous and another one is known
as non-instantaneous impulsive system. In the instantaneous impulsive system, the
duration of these abrupt changes is very little correlation to the duration of the whole
process, for example pulses, stuns and cataclysmic events [7, 16], while in the non-
instantaneous impulses, the duration of these changes continues over a finite time
interval. For the initial studies related with the existence, uniqueness, and control-
lability of non-instantaneous impulsive systems of integer and fractional order, we
refer to [10, 15, 18, 21] and the references cited therein. Further, stability analy-
sis of dynamical systems becomes an important research area and various form of

V. Kumar - M. Malik (X))
School of Basic Sciences, Indian Institute of Technology Mandi, Mandi, HP, India
e-mail: muslim@iitmandi.ac.in

V. Kumar
e-mail: math.vipinkumar219 @ gmail.com

© Springer Nature Singapore Pte Ltd. 2019 85
J. Singh et al. (eds.), Mathematical Modelling, Applied Analysis

and Computation, Springer Proceedings in Mathematics & Statistics 272,
https://doi.org/10.1007/978-981-13-9608-3_5


http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-13-9608-3_5&domain=pdf
mailto:muslim@iitmandi.ac.in
mailto:math.vipinkumar219@gmail.com
https://doi.org/10.1007/978-981-13-9608-3_5

86 V. Kumar and M. Malik

stabilities have been developed including Lyapunov stability, Mittag-Leffler function
and exponential for dynamical equations. Moreover, an interesting type of stability
was introduced by Ulam and Hyers is known as Ulam-Hyers stability which is highly
useful in numerical analysis and optimization for dynamical equations. The Ulam-
Hyper’s stability for many dynamical equations of integer and fractional order has
been studied in lots of articles [4, 5, 25, 26].

In 1988, Hilger presented the time scales calculus. The investigation of analytics
on time scales incorporates the continuous and discrete analysis, therefore the inves-
tigation of dynamical system on time scales has picked up an awesome consideration
and numerous scientists have discovered the uses of time scales in heat transfer sys-
tem [19], population dynamics [28] and economics [11, 12]. For more details about
time scales one can refer the book [8, 9] and papers [2, 3, 17]. Further over the most
recent couple of years, many authors talked about the existence, uniqueness and sta-
bility of dynamical system on time scales [1, 6, 13, 14, 20, 22-24, 27]. Particularly,
Geng [13], presented the concepts of lower and upper solutions for a PBVP on time
scales.

According as far as anyone is concerned, there is no manuscript which examined
the existence, uniqueness and stability investigation of integro differential equa-
tions with non-instantaneous impulses on time scales. Spurred by the above actual-
ities, we take the differential equations with periodic boundary condition and non-
instantaneous impulses on time scale of the form:

0
WA =c e,v(e),/h(a,r,v(r))m . 0 eUt_oOv Okgr T,
0

1

) = ——
"0 =1

[
/(e — O g VB NAC, 0 € B M, k= 1.2, 1, g € (0, 1)

Ok
(1.1)

v(0) = v(T)

where T is a time scale with 8y, A\, € T are right dense points with 0 = Ay = 6y <
91 < )\] < (92 < - ')\[ < 91+] =T, U(Gk_) = limh_>0+ U(Qk — h), U(@Z_) = limh_)0+
v(6r + h), represent the left and right limits of v(f) at 8 = 6;. The functions
gi(0,v(0,)) € C(I, R) represent non-instantaneous impulses during the intervals
(O, MelT, k=1,2,...,1, so impulses at ¢, have some duration, namely on inter-
vals (0x, \e]r. C: I =[0,T]y x R —> Rand & : @ x R — R are given functions,
where Q = {0, 1) e IxI:0<7<6<T}.
Throughout the manuscript, we impose

0

M©w(0)) = /h(@,T, v(7T))AT.

0
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The structure of the manuscript is as: In second section, we give preliminaries,
fundamental definitions, useful lemmas and some important results. In the subsequent
sections, the main results of the manuscript are discussed. Finally, an example is given
to outline the utilization of these outcomes.

2 Preliminaries

Below, we give basic notations, fundamental definitions and useful lemmas. Let
(X, |I.1) be a Banach space. C (I, R) be the set of all continuous functions. In order to
define the solution of the Eq. (1.1), we define the space PC (I, R) of piecewise con-
tinuous functions defined as PC(I[,R) ={v:I - R:v e C(O, Oyy1]1,R), k =
0,1, ..., and there exists v(, ) and v(@,j'), k=1,2,...,Iwithv(d;) = v(0)}. It
can be seen easily that PC(/, R) is a Banach space with the TZ-norm

0
lvllg = sup @] , for some Q € R*.

oela.b) € (0, a

A closed non-empty subset of real number is called time scales T. A time scale
interval is defined as [i, m]y = {# € T : i <6 < m}, accordingly, we define (i, m)r,
[i, m)T and so on. Now onwards, we used a time scale interval [i, m] instead of [, m .
Also, now onward if max T exists, then we take T = T\ {max T}, otherwise T = T.
The forward jump operator o : TX — T is defined by ¢(f) := inf{r € T : r > 6}
with the substitution inf{¢} = sup T and the graininess function z : T — [0, 00) is
define as p(0) := o(9) — 6, V8 e T*.

Definition 2.1 Letz : T — R and § € T*. The delta derivative z* (6) is the number
(when it exists) such that given any € > 0, there is a neighbourhood U of 6 such that

z(a(0) — z2(D)] = 22O [0(0) — 71| < €elo@) — 7|, YTeU.

Definition 2.2 Function Z is said to be antiderivative of z : T — R provided
Z2(0) = z(0) for each € T, then the delta integral is defined by

0

/Z(C)AC = Z(0) — Z().

o

A function z : T — R is called rd-continuous on T, if z has finite left-sided limits at
points 6 € T with sup{r € T : r < 8} = 0 and z is continuous at points # € T with
o(#) = 6. The collection of all rd-continuous functions z : T — R will be denoted
by Cra(T, R).

Definition 2.3 A function p : T — R is said to be regressive (positive regressive)
if 1+ p(@)p@) # 0(> 0), V0 € T and the set of all regressive (positive regressive)
functions are denoted by R(R™).
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Definition 2.4 The generalized exponential function is defined as

e,(0,r) =exp /gﬂ@(p(omg , 0,reT, peR,

where &3 (p(3)) is given by

w9t if 0.
§up) () = M(ﬁ) og(1 + p(B)»), if u(B) #

x, if u(8) = 0.

Lemma 2.5 ([17]) Let 6y, 0, € T, such that 6, <0, and z : R — R be a non-
decreasing continuous function. Then,

0, 2

/ HOAC < [ 2(Q)dc. @.1)

0, 0

Lemma 2.6 Let g: 1 — R be a right dense continuous function. Then, for any
k=1,2,...,1 the solution of the following problem

v2(0) = g0, 0 €Uy, Ol

v(0) = N )/(9 O g (v ))AC, B € B Ml k=1,2,...,1,

v(0) = v(T),

is given by the following integral equation
1 N T 6
00 =z [ =0l aua nack [a©act [g0ac voe o)
61 N 0

1
v() = —f(e—oq—‘gk(c,v(e;)mc, VO @M k=121,
I'(q)
k
0

v() = e )f()\k— O g (¢ v, ))AC+fg(C)AC Ve ], k=1,2,...,1

Ak

(H1): Thenon-linear functionC : /i x Rx R — R, J; = Ui:o[)‘kv 0x11]1s con-
tinuous and 3 positive constants L¢,, L, such that
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|C(95 vy, Uz) _C(e’ wi, wz)' S LC]|U1 - wl| +LC2|U2 - w2|’
VQEI, Uj,ijR, ]=1,2

Also, 3 positive constants C¢c, M and N¢ such that
IC@O,v,w)| < Cc+ Mclv|+ Nelw|, YOel, v,welR.
(H2): h:Q x R — Ris continuous and 3 positive constant Lj such that
|h(@, 7,v) —h(@, T,w)| < Lplv—w|, VO, 7€Q, v,welkR.
Also, 3 positive constants Cj,, M), such that
|h(0, T,v)| < Cp + Mylv|, VO, 7€Q, veR.

(H3): Thefunctions g; : [ x R > R, I} = [0k, \¢], k= 1,2, ..., are contin-
uous and 3 a positive constant Lg4 such that

|gk(95 U) _gk(ey w)' = Lg|v - w|7 VU, w e Rse € Ikv k = 1’29 "'11'
Also, 3 a positive constant M, such that |g; (0, v)]| < My, V0 e lyandv e R.

‘ MC NCMh
(H4): maxj<x« (eﬂ(T’ )"‘)(3 + Q2 >> =t

3 Existence and Uniqueness

Theorem 3.1 Let the assumptions (H1)—(H4) are holds, then Eq. (1.1) has a unique

solution provided,
Le, Le, Ly
ea(T, /\1)<—Q + = ) <1

Proof Consider a subset D € PC (I, R) such that

D={ve PCUR):|vla = p}

where
M,T1?
—2—— 4+ Ce(T + 601) + NeCi(T? + 63)
8 = max Fg+D
I<k<l Mc NcMh
1— (1 + EQ(T, >\k)) 6 + QZ
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Now, define an operator IT : D — D given by

0
(o)) = / CC. (), M(v(C)))AC+m f = O g (€, v(B7 ) AC
0

+ /C(C,U(C),M(U(C)))AC, Vo el0,0],

Al

(Mv)(6) = (g )/(9 O ' gr(C v AL VO € O Ml k=121,

MO = - )/w—oq LG, v (O >)A<+/C(c 2(O), MEO)AL,

V@E(Ak,9k+1], k:1,2,...,l.

The proof of this theorem are divided into two steps.

Step 1: To use the Banach contraction theorem, we have to show that [T : D — D.
For this, we are taking three cases as follows:

Case 1: For 0 € (A, 6k1],k=1,2,...,l and v € D, we have:

(M) ()] < m/w— O g (C. v(B >>|A<+/|C<c 0(0), M@(O))AC

Ak
0

= T )/@ ok ‘A<+/<cc+Mc|v(<)|+Nc|M<v<o>|>A<
Ak

Mg\ — 0r)?
< I 4 (Ce 4 NeChbi) Gkt — M)

'ig+1
0
NeM
+ (Mc5+cghﬁ) / e (C. M)AC
Ak
MyT? McBeq(0, \)  NeMpBeq(0, M)
N, HT .
SF(q+1)+(CC+ cChT)T + ) + o
Hence,
M NceM,
Mol < +(Co+ NeCu)T + MeB | Ne hﬂ. 3.1)

(g +1) Q Q2
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Case 2: For 0 € [0, #;] and v € D, we have:
0
[(TTv)(0)| §/|C(C, v(Q), MW(ONIAC + I )/0\1 O gi(¢, v(0; )IAC

T
+ / 1CC, v(O), MWONIAC

_ q
< Mg = 67 + Ce(T — A + Mcﬁ/m(C, A)AC+ NeCpT(T — Np)

'ig+1)
Al
NeMyj |
€ h /esz(C, A)AC + Ceby + NeCr67
A
NeMyB\ |
+ (Mcﬂ+%) / ea(C. 0)AC
0
McBeq(T, \) 2
—_— T _ T 6’
< NE +1)+Cc( +01) + ) + NecCp(T* + 07)
n NeMpfBea(T, N) = McfBeq(0,0)  NeMyfBeq(d,0)
Q2 Q Q2 ’
Hence,
McBeq(T, \r) 2 >
I1 ——— 4+ Cc(T + 0 ————~ + NeCy (T 0
Il v“Q_l_,( +l)+ (T +6)+ o + NeCy (T~ + 67)
NeMyBea(T,N)  McfB  NeMyS
o o T (3.2)
Case 3: For 0 € (0, \¢], k=1,2,...,1 and v € D, we can easily get:
M, T4
Myl = =———. (3.3)
I'(g+1)

After summarizing the above inequalities (3.1)—(3.3), we get:

Mvlle < B.

Therefore, IT1 : D — D.
Step 2: In this step, we will show that the operator I is a contracting operator. Here
also, we are taking three cases as follows:
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Case 1: Forany v, w € D, 0 € (M, Ok1], k=1,2,...,1, we have:

[(TTw)(0) — (Mw)(O)] = 7/()\1(— O Mg (€ v(0;)) — g (G w(B NIAC

/IC(C v(Q), M@(0))) — C(C, v(Q), M(w(O))IAG

/ M= O ) — wl)leqO; . 0p)
< A¢
=T

eq(O . )

9
+Le /‘IU(C)—w(C)Im(C, k)

A
e C. ) ¢

+ LCZ/LM(U(C)) — Mw(Q))IAC
Ak
- lv —wlaLge®, , 0) Mk — )
- F@g+1)
0
+ Leyllv— w”Q/eQ(Ca A)AC
Ak

[
Lo, Lpllv — wllg
+ 2#/69((, A AC
Ak

_ Lgeq0 , ) M — ) v —wlg n Leeq(0, M)llv — wllg
- NGRS Q

Le,Lpeq(8, A)lv — wlig
+ o2 .

Thus, we have:

Lgeg(e,:, Hk)Tq 4 ﬁ 4 chLh
F@+1) Q Q2

[Ty — Mwllq < [ ]Ilv—wllg- 34
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Case 2: For any v, w € D, 0 € [0, 6,], we have:

0
[(Mv) (@) — (Mw)(9)] S/IC(C,U(C),M(U(C)))—C(C,w(C),M(w(C)))IAC
0

A

1

o f O = O gi(C v — @i (C wO DA
0

T
+ f IC(C, v(©), MW(Q))) — C(¢, w(Q), Mw())IAC

A
Al _ B B
< Lg / = Q4 Hu(0;) — w®;)lea®; . 0) AC
ng
1

eq(0;,0))

A

T
(O — w(Olea(C. A
+ LC‘J el )
[

T
+ LC;/|M(U(C)) — Mw(()IAC
Al

A

0
(O — w(Olea (. 0)
+ L Of ea(C. 0)

0
+ LC2/|M(U(<)) = Mw()IAC
0

T

Lgeq(0;, 00\ — 07 |lv — wlle /
Leyllv - DA
= NCE) +Le v —wla [ ealC. ADAC

Al

LeyLullv — wl| :

v—w

%/m(@ M)AC + Le, ||v—w||9/e9(g70)A§

N 0

Le,Lylv —
G hH;; w”Q/m(g,O)Aq

0
- Lo Lnea(T, Ay — wlle . Lgea (8, (N — 0D |v — wlg

Q2 T(g+1)
n lv—wleLc ea(T, \) . Leyeq(d,0)llv — wlle
Q Q

Le,Lyeg(8, 0)lv — wllq
Q2 '
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Therefore,

Lgea(t; . 0)TY

Lo, Ly,
||Hv—nw||gs[ + (1 + eq(T, Az))< + 2 ’)]nv—wng.

T(g+1) Q2
(3.5)
Case 3: Similarly, for 0 € (0, \¢], k=1,2,...,1, we get:
Lgeq (8, 0:)T1
|(Mv)(6) — (Mw)(O)] < gr(qk—H)nv — wllg.
Therefore,
1Mo — Mwlg < ——=2 ——jy — wlq. (3.6)
eq(bk. 0,)T (g +1)
After summarizing the inequalities (3.4)—(3.6), we get:
[Ty — Mwllg < Luflv - wlle,
where
Ln = max [%f’i)o” (1 +eq(T. A»)(LC‘ L;fh)}

Hence, for sufficiently large €2, IT is a strict contraction mapping. Therefore, IT has
a unique fixed point and that fixed point is the solution of the taken Eq.(1.1). O

Letus consider a special case when C (9, v(0), f09 h(, T, U(T))AT) =P@O,v) +
foe h(8, T, v(T))AT then (1.1) becomes:

0
v2(0) =P, v)+/h(9, T, U(M)AT, 0 € Uy, Ori1l,
0
v(0) = e )/(9 QT g (G VO NAC € O M, k=121,

(3.7)
v(0) = v(T).

(HS): P :J; x R — Risanon-linear continuous function and 3 a positive con-
stant Lp such that
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PO, v) —P@,w)| <Lplv—w|, VOelI, v,welR.
Also, 3 positive constants Cp and Mp such that

PO, v)| <Cp+Mplv|, YOI, veR.
. Mp =M,
(H6):  max; << | ea(T, M) o T )) <t

Corollary 3.2 If the assumptions (H2)—(H3) and (H5)—-(H6) are holds, then the
Eq.(3.7) has a unique solution, provided

Lp L
eq(T, Al)(? + @) < 1.

4 Hyer-Ulam’s Stability
For ¢ > 0,1 > 0, and nondecreasing ¢ € PC(I, R*"), consider the below inequali-
ties

[wA(0) — CO, w®), Mw®)| <€, 0eU_ (. Oks1l.

1 0
‘w(9) ——— [0 =" g wB; )AL

<e 0@, N], k=1,2,...,1.
F(Q)gk

4.1

[w? () — C(O, w®), Mw®)| < ep(0), 6 € U_y(, Os1]-

1 0
‘w(e) ——— [0 =T g (¢, wB;))AC

<e, €O, ], k=1,2,...,1.
T P ks Ak

4.2)

Definition 4.1 ([25]) Equation(1.1) is called Hyer’s-Ulam stable if there exists a
positive constant Hz., rc,,L,,L, Such that for € > 0 and for each solution w of
inequality (4.1), there exist a unique solution v of Eq.(1.1) satisfies the following
inequality

lw(®) —v(O)| < Hire,,Lc, L4106, VO EL

Definition 4.2 ([25]) Equation (1.1) is said to be generalized Hyer’s-Ulam stable if
there exists M (L., Lc,.Ly.L,) € CRY, RY), H(L 1c, 1., (0) = 0such that for each
solution w of inequalities (4.1), there exists a unique solution v of Eq. (1.1) satisfies
the following inequality
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lw(®) —v(O)| < Hre, Loy LiLy(€)s YO EL

Remark 4.3 Definition (4.1) = Definition (4.2).

Definition 4.4 ([25]) Equation(1.1) is said to be Hyers-Ulam-Rassias stable w.r.t
(¢, ), if there exists H(r., 1, Ly,L,.4) Such that for e > 0 and for each solution w
of inequality (4.2), there exist a unique solution v of Eq. (1.1) satisfies the following
inequality

lw(®) —v(O)| < Hre,,Lc, 111y €(0), V), VO €L

Remark 4.5 A function w € PC(I, R) is a solution of inequality (4.1) if and only
if there is G € PC(I, R) and a sequence Gy, k =1, 2,...,/, such that

(a) |G(9)| <e, VO e Ui:O()‘k’ 9k+1] and |Gk| <e, Voe (Qk, )\k], k= 1,2,..., l.
() w2(@) =C@O, w®), Mw®)) +G(0), 0 € N\, 1], k=0,1,...,1L

1
(©) w(®) = 7 )/gk(e O ge (¢ wlO))AC+ G, 0 € (O, M, k=1,2,...,1.
Now, by the above Remark 4.5, we have:

w?(0) = C(9 w(9) M) +G@), 6 € i, 1], k=0,1,...,1,

w() = e )f(9 O g (G wONAC+ G, € O, Ml k=1,2,..., L.

From Lemma 2.6, one can find that the solution w with w(0) = w(7T) of the above
equation is given by
w(l) = /(C(C, w(Q), Mw()) + GO)AC+ —— @) /()\1 O g w7 )NAC+ Gy
0
T
+ /(C(C, w(C), M) +G)HAL, YO el0,6],

W) = %q)/(e—o‘f*‘gk(c,w(9;>)A<+Gk, VOO N k=121,

w®) = - )/w—oq Lge(CwO; >>A<+Gk+/<6<< WO, Mw(©)) + GO)AC,
Ak

VOe M, Okl k=1,2,..., 1.

Therefore, for 0 € (Mg, 1], k=1,2,...,1, we have:
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Ak 0
’w(Q) - m /()\k = O ge(¢. wB N)AC — /C(C, w (), M(w()))AC
Ak

< 1Gi| + / GOIAC < e(1 +T).

Ak

Also, for 6 € [0, 0], we have:

Al T
’w(ﬁ) - m/()\z — Q"' gi(C, wl; ) AC — /C(C, w(C), M(w())A¢

0
- / CC, w(0), Mw(O))AC
0

T 0
< |G,|+/|G(<)|A<+/|G(<>|A<
N 0

<e(l1427).

Similarly, for 8 € (6, \¢], Kk =1,2,...,1, we have:

< €.

'w(e) o )/w O ge(C. w8 ) AC

We have similar remark for the inequality (4.2).

Theorem 4.6 If the assumptions of Theorem 3.1 are holds, then the Eq.(1.1) is
Hyer-Ulam stable.

Proof Let w € PC(I, R) be the solution of inequality (4.1) and v € PC(I, R) be
a unique solution of the Eq. (1.1). Therefore, for 8 € (¢, Ok+1], k= 1,2,...,1, we
have:

Ak

lw(®) — v(d)| < e — Q77 g (¢, v(0; )AL

w(®) - / O T R i)

< |we) - —— (Ak—o"”gk(c,w(e,:)mc
(g )

[
_ / C(C,w(O,M(w(C)))AC‘

IF( )/(/\k—O" Hgr (G w(B)) — gr(C vIENNAC
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0
+ '/(C(C,w(é),/\/l(w(())) = C(C, w(©), MW(O)NAC

<e<1+T)+—/<Ak—<>q Huw(8;) — v (0] AC

[(q)
9 9
+ Lc,/Iw(C)—U(C)IAC-i—chfIM(w(O)—M(v(C))IAC
Ak Me
Lgeq (8, 0) (M — ) lv — wllq
<e(14+T7T)+ NEET)
n Leeq(@, M) llv — wlle n Lc,Lpeq(8, /\k)”U*w”Q
Q Q2
Hence,
L 69(9_,9k)Tq LC LC Lh
- <e(l+T Sk T 4 2 . (43
lw—vle <el+ )+[ Fq+1) + ) + o lv—wla. 4.3)

Also, for 6 € [0, 0], we have:

0
lw(@) —v(®)] < w(9)—/C(C,v(C),M(v(O))AC‘

" T4 )/(Az O g1, v NAC - /C(C v(Q), M@(O)NAC

<e(l+27) + =L f(A — O () — wl)IAC
T
t Le, f 0(O) — wOIAC + Le, f MO — MW(O)|AC

9
+ Lc, / [v(Q) — w(QIAC + Le, / M) = M(w(Q)IAC
0 0

Lgeq(@;, 0N\ — 04 lv — wllq . Leeq(T, M)llv—wllg
'ig+1 Q
. Le,Lpeq(T, M)llv — wlla " Le,eq(9,0)|lv — wllq
Q2 Q
n Le,Lyea(d, 0)||v—w\|sz
Q2

<e(l+2T) +
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Thus,

Lgea(6;,0)T4

L Le, L
lw = vl < (1 4+27) + [ + (1 +eq(T, Az>)<§ +-% ”)]uv ~wlg.

I'(g+1)
“4.4)
Similarly, for 6 € (6, \¢], k =1,2,...,1, we can easily find that
[w(@) —v(@)| < w(9)—m/(9 O g (¢, v ))AC‘
ot Lg(\ — 9k)q€sz(9k 00 llw —vlle
- 'g+1) '
Therefore,
o —vllg < et ——29 4.5)
w—v € —wlg. .
=T e 0T (@ + 1) .
After summarizing the above inequalities (4.3)—(4.5), we get:
Lgeq(0,,0,)T1 Lc Ly
— 1427 A A RO AR T, \ < 2
lw—vle =<el+ )+|: PR + (1 + eql 1))( o )]

X lv—wl|q, VO eI
Hence,

lw—vllg < Hue, Le, LiL,)6 0 €1,
1 2 g

142T
where Hire  1Le,,L,,L,) = 1 + 7=~ 0. Thus, the Eq.(1.1) is Ulam-Hyer’s stable.
o —Ln
Moreover, if we put H(Lcl,chth,Lg)(e) = H(LCI-,LCZthng)E’ H(Lc,chquthg)(O) =0,
then the Eq. (1.1) is generalized Ulam-Hyer’s stable. O

(H7):  There exists a §, > 0 such that foe P(QOAC < d,0(0), VO el.
The following theorem is the consequence of the Theorem 4.6.

Theorem 4.7 Ifthe conditions of Theorem 3.1 and (H7) are holds, then the Eq.(1.1)
is Hyer’s-Ulam-Rassias stable.
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5 Example

Consider the following equation with impulses on T, (0, 3/5,4/5,1 € T)

0

Ag S5+ vO)] i/ 072 sin(v(7)) L
0
0
_ L @=9 A+ Esin®;))
v(0) = T / 15 A, 0€ (01, M, 5.1
01
v(0) = v(l).
Set,
5+ |v(6)] 1 ,
0 = —w, el R
CH, v, w) 20631 + v @)) + 1Ow, el, v,weR,
2 .
h@,1,v) = %LE;)(T)), VO, rel ,velR,
eT
and 5 .
| . _
gi1(0,v) = L(v(l)), 0 € (0, \1], v e R.

15

Then,VO,7€ I =[0,1], v,w, x,y € R, we have:

1
|f (O, v, w) = f(0,x, )| < v = xl+ 75w =yl

20e3
S5+ 1
9’ i = TA )
F@ 0wl = S+

1 1 1
1916, v) — g1, w)| < v —w|, |h@. 7. V)| < — + —<ul.
15 e e

1
|h(®, 7,v) —h(O, 7, w)| = —<lv—wl
e

1 1
Hence, the assumptions (H1)—(H4) are holds with L¢, = 2063" Le, = 0’ Ce =
e
5 —lN—lL—IC—lM—lL—lM—
203 T T 2003 T H0T T S T T e T T 0 T s T T

2
T Also, forl =1, 8, =3/5, \y =4/5, T =1, Q = 10, the condition

Le,  LeL
eQ(T,A1)<§+ o

) = 0.0039 (<1)
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holds. Thus, from Theorems 3.1 and 4.6, Eq. (5.1) has a Ulam Hyer’s stable solution
which is unique.

6 Conclusion

In this manuscript, we have successfully established the existence of a unique solution
for the system (1.1) by using the Banach contraction theorem and nonlinear functional
analysis. Also, we established the Ulam-Hyer’s stability of the taken problem (1.1).
To illustrate the application of obtained results, we have given an example.
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