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Abstract We aim to introduce the generalized multiindex Bessel function

J
(α j)m ,γ,c

(β j)m ,κ,b
[z] and to present some formulas of the Riemann-Liouville fractional inte-

gration and differentiation operators. Further, we also derive certain integral formulas

involving the newly defined generalizedmultiindexBessel function J
(α j)m ,γ,c

(β j)m ,κ,b
[z].We

prove that such integrals are expressed in terms of the Fox-Wright function p�q(z).
The results presented here are of general in nature and easily reducible to new and
known results.
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1 Introduction and Preliminaries

Fractional calculus, which has a long history, is an important branch of mathematical
analysis (calculus) where differentiations and integrations can be of arbitrary non-
integer order. The operators of Riemann-Liouville fractional integrals and derivatives
are defined, for α ∈ C (�(λ) > 0) and x > 0 (see, for details, [8, 18])

(
I λ
0+ f

)
(x) = 1

� (λ)

x∫

0

f (t)

(x − t)1−λ
dt , (1.1)

(
I λ
− f

)
(x) = 1

� (λ)

∞∫

x

f (t)

(t − x)1−λ
dt , (1.2)

(
Dλ

0+ f
)
(x) =

(
d

dx

)[�(λ)]+1 (
I 1−λ+[�(λ)]
0+ f

)
(x)

=
(

d

dx

)[�(λ)]+1 1

� (1 − λ + � [λ])

x∫

0

f (t)

(x − t)λ−[�(λ)]
(1.3)

and

(
Dλ

− f
)
(x) =

(
− d

dx

)[�(λ)]+1 (
I 1−λ+[�(λ)]
− f

)
(x)

=
(

− d

dx

)[�(λ)+1] 1

� (1 − λ + [� (λ)])

∞∫

x

f (t)

(t − x)λ−[�(λ)]
dt (1.4)

respectively, where [� (λ)] is the integral part of � (λ). The following lemma is
needed in sequel [18, (2.44)],

Lemma 1.1 Let λ ∈ C (� (λ) > 0) and δ ∈ C then

(a) If � (δ) > 0 then
(
I λ
0+t

δ−1
)
(x) = � (δ)

� (λ + δ)
xλ+δ−1. (1.5)

(b) If � (δ) > � (λ) > 0 then

(
I λ
−t

−δ
)
(x) = � (δ − λ)

� (δ)
xλ−δ. (1.6)
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In this paper, we aim to introduce a new generalized multiindex Bessel function and
to study its compositions with the classical Riemann-Liouville fractional integration
and differentiation operators. Further, we derive certain integral formulas involving

the newly defined generalized multiindex Bessel function J (α j)m ,γ,c

(β j)m ,κ,b
[z]. We prove

that such integrals are expressed in terms of the Fox-Wright function p�q(z).

2 Fractional Calculus Approach of J (α j)m,γ,c

(β j)m,κ,b
[z]

In this section, we introduce a generalized multiindex Bessel function J (α j)m ,γ,c

(β j)m ,κ,b
[z]

as follows:

For α j ,β j , γ, b, c ∈ C ( j = 1, 2, . . . ,m) be such that
m∑

j=1
� (

α j
)

> max 0;

{� (κ) − 1} ;κ > 0,� (
β j

)
> 0 and �(γ) > 0, then

J (α j)m ,γ,c

(β j)m ,κ,b
[z] =

∞∑

n=0

cn (γ)κn
m∏

j=1
�

(
α j n + β j + b+1

2

)
zn

n! (m ∈ N) . (2.1)

Here and in the following, (λ)ν denotes the Pochhammer symbol defined (for λ, ν ∈
C), in terms of the Gamma function � (see [19, Section1.1]), by

(λ)ν := �(λ + ν)

�(λ)
=

{
1 (ν = 0; λ ∈ C \ {0})
λ(λ + 1) · · · (λ + n − 1) (ν = n ∈ N; λ ∈ C).

(2.2)

2.1 Fractional Integration

We first recall the definition of the Fox-Wright function p�q(z) (p, q ∈ N0) (see,
for details, [6, 22]):

p�q

[
(α1, A1), . . . , (αp, Ap);
(β1, B1), . . . , (βq , Bq); z

]
=

∞∑

n=0

�(α1 + A1n) · · · �(αp + Apn)

�(β1 + B1n) · · · �(βq + Bqn)

zn

n!
(2.3)

⎛

⎝A j ∈ R
+ ( j = 1, . . . , p); Bj ∈ R

+ ( j = 1, . . . , q); 1 +
q∑

j=1

Bj −
p∑

j=1

A j � 0

⎞

⎠ ,

where the equality in the convergence condition holds true for
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|z| < ∇ :=
⎛

⎝
p∏

j=1

A
−A j

j

⎞

⎠ .

⎛

⎝
q∏

j=1

B
Bj

j

⎞

⎠ .

Now we present the Riemann-Liouville fractional integration of the generalized

multiindex Bessel function J (α j)m ,γ,c

(β j)m ,κ,b
[z] in the following theorems.

Theorem 1 Letλ, δ ∈ C be such that� (λ) > 0,� (δ) > 0 and the conditions given
in (2.1) is satisfied, then for x > 0, the following integral formula holds true

(
Iλ
0+

{
tδ−1J (α j )m ,γ,c

(β j )m ,κ,b
(t)

})
(x) = xλ+δ−1

� (γ)
2�m+1

[
(γ, k) , (δ, 1)(

β j + b+1
2 ,α j

)m
j=1 , (λ + δ, 1)

|cx
]

.

(2.4)

Proof Let us denote the left-hand side of (2.4) by I1. Using the definition (2.1), we
have

I1 =
(
I λ
0+

{
tδ−1J (α j)m ,γ,c

(β j)m ,κ,b
(t)

})
(x)

=

⎛

⎜⎜⎜
⎝
I λ
0+

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

tδ−1
∞∑

n=0

cn (γ)κn
m∏

j=1
�

(
α j n + β j + b+1

2

)
tn

n!

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

⎞

⎟⎟⎟
⎠

(x) . (2.5)

Interchanging the integration and the summation in (2.5) and using the definition of
Pochhammer symbol (2.2), we get

I1 =
∞∑

n=0

cn� (γ + κn)

� (γ)
m∏

j=1
�

(
α j n + β j + b+1

2

)
n!

(
I λ
0+t

δ+n−1
)
(x) .

Applying the relation (1.5) in Lemma 1.1, we get

I1 =
∞∑

n=0

cn� (γ + κn)

� (γ)
m∏

j=1
�

(
α j n + β j + b+1

2

)
n!

� (δ + n)

� (λ + δ + n)
xλ+δ+n−1.

In view of the definition of the Fox-Wright function (2.3), we arrived at the desired
result. ��
Theorem 2 Let λ, δ ∈ C such that � (δ) > � (λ) > 0 and the conditions given in
(2.1) is satisfied, then for x > 0, the following integral formula holds true
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(
I λ
−

{
t−δJ (α j)m ,γ,c

(β j)m ,κ,b

(
1

t

)})
(x) = xλ−δ

� (γ)
2�m+1

[
(γ, k) , (δ − λ, 1)(

β j + b+1
2 ,α j

)m
j=1 , (δ, 1)

∣∣
∣
c

x

]
.

(2.6)

Proof Denoting the left-hand side of (2.5) by I2. Using (2.1), we have

I2 =
(
I λ
−

{
t−δJ (α j)m ,γ,c

(β j)m ,κ,b

(
1

t

)})
(x)

=

⎛

⎜⎜⎜
⎝
I λ
−

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

t−δ
∞∑

n=0

cn (γ)κn
m∏

j=1
�

(
α j n + β j + b+1

2

)
t−n

n!

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

⎞

⎟⎟⎟
⎠

(x) . (2.7)

Interchanging the integration and the summation in (2.7) and using the definition of
Pochhammer symbol (2.2), we get

I2 =
∞∑

n=0

cn� (γ + κn)

� (γ)
m∏

j=1
�

(
α j n + β j + b+1

2

)
n!

(
I λ
−t

−δ−n
)
(x) .

Applying the relation (1.6) in Lemma 1.1, we get

I1 =
∞∑

n=0

cn� (γ + κn)

� (γ)
m∏

j=1
�

(
α j n + β j + b+1

2

)
n!

� (δ + n − λ)

� (δ + n)
xλ−δ−n .

In view of the definition of the Fox-Wright function (2.3), we arrived at the desired
result. ��

2.2 Fractional Differentiation

In this subsection, we establish the fractional differentiation of generalized multiin-
dex Bessel function given in (2.1).

Theorem 3 Let λ, δ ∈ C such that � (λ) > 0,� (δ) > 0 and the conditions given
in (2.1) is satified, then for x > 0, the following fractional differentiation formula
holds true

(
Dλ
0+

{
tδ−1J (α j )m ,γ,c

(β j )m ,κ,b
(t)

})
(x) = xδ−λ−1

� (γ)
2�m+1

[
(γ, k) , (δ, 1)(

β j + b+1
2 ,α j

)m
i=1 , (δ − λ, 1)

|cx
]

.

(2.8)
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Proof Let I3 denote the left-hand side of (2.8). Using the definition (2.1), we have

I3 =
(
Dλ

0+

{
tδ−1J (α j)m ,γ,c

(β j)m ,κ,b
(t)

})
(x)

=
(

d

dx

)n

⎛

⎜
⎜⎜
⎝
I n−λ
0+

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

tδ−1
∞∑

r=0

cr (γ)κr
m∏

j=1
�

(
α j r + β j + b+1

2

)
tr

r !

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

⎞

⎟
⎟⎟
⎠

(x) ,

=
(

d

dx

)n ∞∑

r=0

cr (γ)κr
m∏

j=1
�

(
α j r + β j + b+1

2

)
r !

(
I n−λ
0+ tδ+r−1

)
(x) .

Using the relation (1.5) and the definition of the Pochhammer symbol (2.2), we get

I3 =
(

d

dx

)n ∞∑

r=0

cr� (γ + κr)

� (γ)
m∏

j=1
�

(
α j r + β j + b+1

2

)
r !

� (δ + r)

� (n − λ + δ + r)
xn−λ+δ+r−1.

By interchanging the differentiation and the summation, we get

I3 =
∞∑

r=0

cr� (γ + κr)

� (γ)
m∏

j=1
�

(
α j r + β j + b+1

2

)
r !

� (δ + r)

� (n − λ + δ + r)

(
d

dx

)n

xn−λ+δ+r−1

= 1

� (γ)

∞∑

r=0

cr� (γ + κr)
m∏

j=1
�

(
α j r + β j + b+1

2

)
r !

� (δ + r) � (n − λ + δ + r)

� (n − λ + δ + r) � (δ − λ + r)
xδ−λ+δ+r−1.

In view of the definition of the Fox-Wright function (2.3), we arrived at the desired
result. ��
Theorem 4 Let λ, δ ∈ C such that� (λ) > 0,� (δ) > [� (λ)] + 1 − � (λ) and the
conditions given in (2.1) is satisfied, then the fractional differentiation Dλ− of gener-
alized multiindex Bessel function is given by

(
Dλ−

{
t−δJ

(
α j

)
m ,γ,c

(
β j

)
m ,κ,b

(
1

t

)})
(x) = x1−λ−δ

� (γ)
2�m+1

[
(γ, k) , (λ + δ, 1)(

β j + b+1
2 , α j

)m

j=1
, (δ, 1)

∣
∣
∣
c

x

]

.

(2.9)

Proof Let I4 denote the left-hand side of (2.9). Applying the definition (2.1), we
have
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I4 =
(
Dλ

−

{
t−δJ (α j)m ,γ,c

(β j)m ,κ,b

(
1

t

)})
(x)

=
(

− d

dx

)n

⎛

⎜⎜
⎜
⎝
I n−λ
−

⎛

⎜⎜
⎜
⎝
t−δ

∞∑

r=0

cr (γ)κr
m∏

j=1
�

(
α j r + β j + b+1

2

)
t−r

r !

⎞

⎟⎟
⎟
⎠

⎞

⎟⎟
⎟
⎠

(x) ,

=
(

− d

dx

)n ∞∑

r=0

cr (γ)κr
m∏

j=1
�

(
α j r + β j + b+1

2

)
r !

(
I n−λ
− t−δ−r

)
(x) .

Using the relation (1.6) and the definition of the Pochhammer symbol (2.2), we get

I4 =
(

− d

dx

)n ∞∑

r=0

cr� (γ + κr)

� (γ)
m∏

j=1
�

(
α j r + β j + b+1

2

)
r !

� (δ + r − n + λ)

� (δ + r)
xn−λ−δ−r ,

By interchanging the derivatives and the summation, we get

I4 =
∞∑

r=0

cr� (γ + κr)

� (γ)
m∏

j=1
�

(
α j r + β j + b+1

2

)
r !

� (δ + r − n + λ)

� (δ + r)

(
− d

dx

)n

xn−λ−δ−r

= 1

� (γ)

∞∑

r=0

cr� (γ + κr)
m∏

j=1
�

(
α j r + β j + b+1

2

)
r !

� (δ + r − n + λ)

� (δ + r)

(−1)n � (n − λ − δ − r + 1)

� (−λ − δ − r + 1)
x1−δ−λ−r

= x1−δ−λ

� (γ)

∞∑

r=0

cr � (γ + κr)
m∏

j=1
�

(
α j r + β j + b+1

2

)
r !

� (λ + δ + r)

� (δ + r)
.

In view of the definition of the Fox-Wright function (2.3), we arrived at the desired
result. ��

3 Certain Integrals of the J (α j)m,γ,c

(β j)m,κ,b
[z]

Recentlymany researchers are developing a large number of integral formulas involv-
ing a variety of special functions [1, 2, 4, 5, 7, 10–15, 17]. In this section, four integral

formulas involving generalized multi-index Bessel function J (α j)m ,γ,c

(β j)m ,κ,b
[z] are estab-

lished, which are expressed in terms of the Fox-Wright function. For the present
investigation, we need the following result of Oberhettinger [16]
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∞∫

0

xμ−1
(
x + a +

√
x2 + 2ax

)−λ

dx = 2λa−λ
(a
2

)μ � (2μ) � (λ − μ)

� (1 + λ + μ)
, (3.1)

provided 0 < �(μ) < �(λ) and the following integral formula due to Lavoie [9]

1∫

0

xα−1 (1 − x)2β−1
(
1 − x

3

)2α−1 (
1 − x

4

)β−1
dx =

(
2

3

)2α
� (α) � (β)

� (α + β)
, (3.2)

with � (α) > 0,� (β) > 0.

Theorem 5 Let α j ,β j , γ, , b, c ∈ C ( j = 1, 2, . . . ,m) be such that
m∑

j=1
� (

α j
)

>

max {0; � (κ) − 1}withκ > 0,� (β) > −1,�(γ) > 0, 0 < � (μ) < � (λ + n) and
x > 0 , then

∞∫

0

xμ−1
(
x + a +

√
x2 + 2ax

)−λ

J (α j)m ,γ,c

(β j)m ,κ,b

(
y

x + a + √
x2 + 2ax

)
dx

=21−μa−λ+μ� (2μ)

� (γ)
3�m+2

[
(γ, k) , (λ + 1, 1) , (λ − μ, 1)(

β j + b+1
2 ,α j

)m
j=1 , (λ, 1) , (1 + λ + μ, 1)

∣∣∣
∣
−cy

a

]
.

(3.3)

Proof Let us denote the right-hand side of (3.3) by I5 and using the definition (2.1),
we have

I1 =
∞∫

0

xμ−1
(
x + a +

√
x2 + 2ax

)−λ

J (α j)m,γ,c

(β j)m,κ,b

(
y

x + a + √
x2 + 2ax

)
dx

=
∞∫

0

xμ−1
(
x + a +

√
x2 + 2ax

)−λ

×
∞∑

n=0

(−c)n (γ)κn

n!
m∏

j=1
�

(
α j n + β j + b+1

2

)

(
y

x + a + √
x2 + 2ax

)n

.

Interchanging the integration and summation under the suitable convergence condi-
tion gives

I1 =
∞∑

n=0

(−c)n (γ)κn y
n

n!
m∏

j=1
�

(
α j n + β j + b+1

2

)

∞∫

0

xμ−1
(
x + a +

√
x2 + 2ax

)−(λ+n)

dx,

(3.4)
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Applying (3.1) in (3.4), we get

I1 =
∞∑

n=0

(−c)n (γ)κn y
n

n!
m∏

j=1
�

(
α j n + β j + b+1

2

)2 (λ + n) a−(λ+n)
(a
2

)μ � (2μ) � (λ + n − μ)

� (1 + λ + μ + n)
,

provided� (λ + n) > � (μ) > 0. Now using the definition of Pochhammer symbol,
we get

I1 = 21−μa−λ+μ� (2μ)

� (γ)
∞∑

n=0

� (γ + κn)
m∏

j=1
�

(
α j n + β j + b+1

2

)
� (λ + n + 1) � (λ − μ + n)

� (λ + n) � (1 + λ + μ + n)

(− cy
a

)n

n! .

In view of the definition of Fox-Wright function (2.3), we arrived the desired result.
��

Theorem 6 Let α j ,β j , γ, b, c ∈ C ( j = 1, 2, . . . ,m) be such that
m∑

j=1
� (

α j
)

>

max {0; � (κ) − 1}withκ > 0,� (β) > −1,�(γ) > 0,0 < � (μ + n) < � (λ + n)

and x > 0 , then

∞∫

0

xμ−1
(
x + a +

√
x2 + 2ax

)−λ

J (α j)m ,γ,c

(β j)m ,κ,b

(
xy

x + a + √
x2 + 2ax

)
dx

= 21−μa−λ+μ� (2μ)

� (γ)
3�m+2

[
(γ, k) , (λ + 1, 1) , (2μ, 2)(

β j + b+1
2 ,α j

)m
j=1 , (λ, 1) , (1 + λ + μ, 2)

∣∣∣∣
−cy

a

]
.

(3.5)

Proof Let us denote the right-hand side of (3.5) by I6 and using the definition (2.1),
we have

I6 =
∞∫

0

xμ−1
(
x + a +

√
x2 + 2ax

)−λ

J (α j)m,γ,c

(β j)m,κ,b

(
xy

x + a + √
x2 + 2ax

)
dx

=
∞∫

0

xμ−1
(
x + a +

√
x2 + 2ax

)−λ

×
∞∑

n=0

(−c)n (γ)κn

n!
m∏

j=1
�

(
α j n + β j + b+1

2

)

(
xy

x + a + √
x2 + 2ax

)n

.
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Interchanging the integration and summation under the given condition, yields

I6 =
∞∑

n=0

(−c)n (γ)κn y
n

n!
m∏

j=1
�

(
α j n + β j + b+1

2

)

∞∫

0

xμ+n−1
(
x + a +

√
x2 + 2ax

)−(λ+n)

dx .

(3.6)
Applying (3.1) on (3.6), we get

I6 =
∞∑

n=0

(−c)n (γ)κn y
n

n!
m∏

j=1
�

(
α j n + β j + b+1

2

)2 (λ + n) a−(λ+n)
(a
2

)μ+n � (2μ + 2n) � (λ − μ)

� (1 + λ + μ + 2n)
,

provided � (λ + n) > � (μ + n) > 0.
In view of definition of Pochhammer symbol (2.2), we get

I6 = 21−μa−λ+μ� (λ − μ)

� (γ)

∞∑

n=0

� (γ + κn)
m∏

j=1
�

(
α j n + β j + b+1

2

)
� (λ + n + 1) � (2μ + 2n)

� (λ + n) � (1 + λ + μ + 2n)

(− cy
2

)n

n! .

Using the definition of Fox-Wright function (2.3), we arrived the desired result. ��
Theorem 7 For ξ,σ ∈ C with � (ξ + σ) > 0,� (ξ + n) > 0 and then for x > 0,

1∫

0

xξ+σ−1 (1 − x)2ξ−1
(
1 − x

3

)2(ξ+σ)−1 (
1 − x

4

)ξ−1 J (α j )m ,γ,c

(β j )m ,κ,b

(
y

(
1 − x

4

)
(1 − x)2

)
dx

= � (ξ + σ)

� (γ)

(
2

3

)2(ξ+σ)

2�m+1

[
(γ, k) , (ξ, 1)(

β j + b+1
2 , α j

)m
j=1 , (2ξ + σ, 1)

|cy
]

.

Proof Denoting the left-hand side of theorem by I7 and using (2.1) ,we get

I7 =
1∫

0

xξ+σ−1 (1 − x)2ξ−1
(
1 − x

3

)2(ξ+σ)−1 (
1 − x

4

)ξ−1

×J (α j)m,γ,c

(β j)m,κ,b

(
y

(
1 − x

4

)
(1 − x)2

)
dx,

=
1∫

0

xξ+σ−1 (1 − x)2ξ−1
(
1 − x

3

)2(ξ+σ)−1 (
1 − x

4

)ξ−1

×
∞∑

n=0

cn (γ)κn
m∏

j=1
�

(
α j n + β j + b+1

2

)
yn

(
1 − x

4

)n
(1 − x)2n

n! dx .

Interchanging the integration and summation gives,
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I7 =
∞∑

n=0

cn (γ)κn y
n

n!
m∏

j=1
�

(
α j n + β j + b+1

2

)

×
1∫

0

xξ+σ−1 (1 − x)2(ξ+n)−1
(
1 − x

3

)2(ξ+σ)−1 (
1 − x

4

)ξ+n−1
dx .

Now using (3.2) and the definition of Pochhammer symbol,

I7 =
∞∑

n=0

cn� (κ + γn) yn

n!� (γ)
m∏

j=1
�

(
α j n + β j + b+1

2

)

(
2

3

)2(ξ+σ)
� (ξ + σ) � (ξ + n)

� (2ξ + σ + n)
.

Using the definition of Fox-Wright function (2.3), we obtained the required result. ��
Theorem 8 For ξ,σ ∈ C with � (ξ + σ) > 0,� (ξ + n) > 0 then for x > 0

1∫

0

xξ−1 (1 − x)2(ξ+σ)−1
(
1 − x

3

)2ξ−1 (
1 − x

4

)(ξ+σ)−1 J (α j )m ,γ,c

(β j )m ,κ,b

(
yx

(
1 − x

3

)2)
dx

= � (ξ + σ)

� (γ)

(
2

3

)2ξ

2�m+1

[
(γ, k) , (ξ, 1)(

β j + b+1
2 ,α j

)m
j=1 , (2ξ + σ, 1)

∣∣
∣∣
4cy

9

]

.

Proof Taking left-hand side of theorem by I8 and using ( 2.1), we get

I8 =
1∫

0

xξ−1 (1 − x)2(ξ+σ)−1
(
1 − x

3

)2ξ−1 (
1 − x

4

)(ξ+σ)−1

×J (α j)m ,γ,c

(β j)m ,κ,b

(
yx

(
1 − x

3

)2
)
dx,

=
1∫

0

xξ−1 (1 − x)2(ξ+σ)−1
(
1 − x

3

)2ξ−1 (
1 − x

4

)(ξ+σ)−1

×
∞∑

n=0

cn (γ)κn
m∏

j=1
�

(
α j n + β j + b+1

2

)
xn yn

(
1 − x

3

)2n

n! dx .

Interchanging the integration and summation gives,
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I8 =
∞∑

n=0

cn (γ)κn y
n

n!
m∏

j=1
�

(
α j n + β j + b+1

2

)

×
1∫

0

xξ+n−1 (1 − x)2(ξ+σ)−1
(
1 − x

3

)2(ξ+n)−1 (
1 − x

4

)ξ+σ−1
dx .

Now using (3.2) and the definition of Pochhammer symbol (2.2),

I8 =
∞∑

n=0

cn� (κ + γn) yn

n!� (γ)
m∏

j=1
�

(
α j n + β j + b+1

2

)

(
2

3

)2ξ
� (ξ + n) � (ξ + σ)

� (2ξ + σ + n)
.

Using the definition of Fox-Wright function (2.3), we obtained the desired result. ��

4 Concluding Remark and Discussion

The fractional calculus and the integral formulae of the newly defined generalized
multiindex Bessel function are investigated here. Various special cases of the derived
results in the paper can be evaluate by taking suitable values of parameters involved.
For example, if we set c = −1 and b = 1 in (2.1), we immediately obtain the result
due to Choi and Agarwal [3]:

J
(α j)m ,γ,−1

(β j)m ,κ,1
[z] =

∞∑

n=0

(γ)κn
m∏

j=1
�

(
α j n + β j + 1

)
(−z)n

n! (m ∈ N) . (4.1)

For various other special caseswe refer [3, 20, 21] andwe left results for the interested
readers.
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