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Abstract We aim to introduce the generalized multiindex Bessel function

(1)1
O
gration and differentiation operators. Further, we also derive certain integral formulas

[z] and to present some formulas of the Riemann-Liouville fractional inte-

involving the newly defined generalized multiindex Bessel function J ((‘:‘j))'” :; [z]. We
Pi)mo ™

prove that such integrals are expressed in terms of the Fox-Wright function , ¥, (z).

The results presented here are of general in nature and easily reducible to new and

known results.
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1 Introduction and Preliminaries

Fractional calculus, which has a long history, is an important branch of mathematical
analysis (calculus) where differentiations and integrations can be of arbitrary non-
integer order. The operators of Riemann-Liouville fractional integrals and derivatives
are defined, for « € C (N()\) > 0) and x > O (see, for details, [8, 18])

B _ /@
(10+f) ()C)— 1'*()\)0 (x_t)lf)\ (11)
Q)
(129)¢ F()\)/(t e (1-2)

ROVI+1
(Dé+f) (x) = (%) (I()l_;)\Jr[?H()\)]f) x)

— \dx CA-=X+R[A)D J (x — t))\—[m()\)] .

and

d [RN]+1 -
(DX f) ) = (——) (1Y ()

dx
d [RN)+1] 1 e £
B <_E> FA=A+RNVDJ @ —x)M P dr (1.4)

respectively, where [t (A\)] is the integral part of i (\). The following lemma is
needed in sequel [18, (2.44)],

Lemma 1.1 Let A € C (R (N\) > 0) and 6 € C then
(a) If R () > 0 then
_ I" (0) _
(Igsr"™") () = mxHé " (1.5)
(b) If R () >N (A) > 0 then

FE=N s

A=
(127°) (x) = To) (1.6)
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In this paper, we aim to introduce a new generalized multiindex Bessel function and
to study its compositions with the classical Riemann-Liouville fractional integration
and differentiation operators. Further, we derive certain integral formulas involving

(/)“/

the newly defined generalized multiindex Bessel function 7, () , [z]. We prove

that such integrals are expressed in terms of the Fox-Wright functlon 2 (2).

2 Fractional Calculus Approach of J((ﬂjj) ),,,’ ,7’,c 2]

(/) €

In this section, we introduce a generalized multiindex Bessel function 7, () , 121

as follows:
m

For «;,B;,7,b,c€C (j=1,2,...,m) be such that Y 9 (e;)> maxO0;
j=1
{?ﬁ(ﬁ)—l};ﬁ>0,?ﬁ(ﬁj)>Oand§ﬁ(’y)>0,then

n

(O‘r),,, 7. = c" (’Y)hn Z
; § _ L meN). @2.1)
I, Yytisb - I (ayjn + B; + 220) n!

j=

Here and in the following, (\), denotes the Pochhammer symbol defined (for A, v €
C), in terms of the Gamma function I' (see [19, Section 1.1]), by

()\)l/ =

INEN) AMA+D---A+n-=1 wv=neN; AeO).
2.1 Fractional Integration

We first recall the definition of the Fox-Wright function , W, (z) (p, ¢ € No) (see,
for details, [6, 22]):

" [(al,Al), (@p. Ap); }_ o~ L(a1+Am) - T(ay + Apn) 2"
(ﬂ]vBl)v (ﬂqu ) o 0 F(ﬂl +B]n)r(ﬂq —{—Bqn) n!
(2.3)

n=

q P
AjeRT (j=1,....p); BjeRY (j=1,....q9); 1+ ) _Bj—Y A; 20|,

where the equality in the convergence condition holds true for
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P q
Iz| < V= l_[A;A" ) l_[Bf"
Jj=1 Jj=1

Now we present the Riemann-Liouville fractional integration of the generalized

multiindex Bessel function 7, ((; i))/” ’::
M1 )m>™

Theorem 1 Let A\, 6 € Cbe suchthati (\) > 0, R (§) > 0andthe conditions given
in (2.1) is satisfied, then for x > 0, the following integral formula holds true

[z] in the following theorems.

N PR _ it .k, (6, 1)
(10+ {t j(ﬁ/.)m’ﬁ’b (t)}) (x) = W 241 (5/ I bzil’aj)?;l CO+6. 1) lex |.

2.4)
Proof Let us denote the left-hand side of (2.4) by Z;. Using the definition (2.1), we
have
7. = (1 11 7 (e)ne
1 = 10+ t \7(5/_) b (t) ()C)

o " () "
=[5 17 & Lo —tlw. 2.5)

w0 [1T (agn+ 05+ 555 ™

j=1

Interchanging the integration and the summation in (2.5) and using the definition of
Pochhammer symbol (2.2), we get

> c"TI" (v + kn)
7,=Y 2l

— (Ig\+t(5+n—l) ()C) .
n=0 T () TI T (ajn + B; + L) n!
j=1

Applying the relation (1.5) in Lemma 1.1, we get

)
n | ) .
7, = Z c"T" (v + kn) 0 +n) A+64n—1 '

n=0 ' () [1 F(ajn+5j+bzil)n!1“(>\+5+n)
j=1

In view of the definition of the Fox-Wright function (2.3), we arrived at the desired
result. o

Theorem 2 Let A\, § € C such that R (0) > N (\) > 0 and the conditions given in
(2.1) is satisfied, then for x > 0, the following integral formula holds true
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Moo e, e (1 xA0 (v k), 6=\ 1) c
(1‘{t GO (?>}>(x) Ty 2 [(ﬂﬁ”é‘, )iy 0. 1) ]
(2.6)

Proof Denoting the left-hand side of (2.5) by Z,. Using (2.1), we have
2= (s (7)) o

= " (V) n "
0y — 1@ (2.7)
—0 (a n +ﬁ] b+l)

=

=

Interchanging the integration and the summation in (2.7) and using the definition of
Pochhammer symbol (2.2), we get

_ Z "I (v + kn) (Ij\t"s’") ).
9 1_[ [ (ejn + B + h+1)

Applying the relation (1.6) in Lemma 1.1, we get

i " (y + kn) F(5+n—A)xH_n

h= iy, D@+
n=0 [" V)Hr(ajn—i_ﬁj ) |

In view of the definition of the Fox-Wright function (2.3), we arrived at the desired
result. O

2.2 Fractional Differentiation

In this subsection, we establish the fractional differentiation of generalized multiin-
dex Bessel function given in (2.1).

Theorem 3 Let A\, § € C such that R (\) > 0, N (0) > 0 and the conditions given
in (2.1) is satified, then for x > 0, the following fractional differentiation formula
holds true

3 -1 g0 _ (7). (6, 1)
<D0+{ J(,) hb(ﬂ})(x)—mz\l/mﬂ (B + 2 ) G- A1) lex |-
(2.8)
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Proof Let 73 denote the left-hand side of (2.8). Using the definition (2.1), we have

I = <D3+{ " ‘J((d ’)) o (z)}) ()

d\"| o) s " () o i
r=0 T] T (ajr + B; + bH) ’

d\" <« " (V) r A
:<£> Z o (1571 ().

Using the relation (1.5) and the definition of the Pochhammer symbol (2.2), we get

7 ( d )” > c'T (v + kr) r'@+r) -

dx rOF(’y)HF(Oéjr+ﬁJ b+1)!r(n—)\+5+r)

By interchanging the differentiation and the summation, we get

oo

. T (y+ kr) L@+r) (i)n A1

O p—
’=0F(v)l'[1“(ajr+gj+b%1),,l"(n A+0+47r)
j=1

c'T (y+ kr) Fré+rrfn—A+4d+r) -1

oo
F(f\/) = l_I r,(O(jr_’_ﬁj_._%)r!F(n—)\—i—é—f—r)l“(é—/\—l—r)
=1

In view of the definition of the Fox-Wright function (2.3), we arrived at the desired
result. O

Theorem 4 Let A\, § € CsuchthatfR (A) > 0, R () > RN+ 1—NR (N andthe
conditions given in (2.1) is satisfied, then the fractional differentiation D of gener-
alized multiindex Bessel function is given by

N =5 ((Y_/)m,"/,c l _xl—)\—§ (’y,k) (/\‘f‘(s 1)
(D—{t j(ﬁ»mw(z)})(x" Ty 20t (342 ey) 6 oz |
2.9)

Proof Let Z4 denote the left-hand side of (2.9). Applying the definition (2.1), we
have
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v (@) e (1
7= (o2 [ (3 e

Using the relation (1.6) and the definition of the Pochhammer symbol (2.2), we get

’

d\" & T (y + kr) T@+r—n+XN , s,
= " réo+rn
YT () [IT (ajr + 6, + B4 !
j=1

By interchanging the derivatives and the summation, we get

I _i c'T (v + kr) F@+r—n+XN( d nx”’*’é”
= m el TG+r) dx
)‘:0F(7)Hr(ajr+ﬁj+7)r!
j=I
1 i T (y + kr) FE@+r—n+ ) (D' T@-A=0=r+1 5,
- m Y\ 5
FV)r=01‘[r(a_,-r+,3j+%)r! T (S +r) T(-A—d—r+1)
j=1
_ x1=0-A i " T (y+ kr) FA+6+r)
T Ty r@+r)

m
r=0 [T T (ajr + 5 + 25 r!
=1

In view of the definition of the Fox-Wright function (2.3), we arrived at the desired
result. o

3 Certain Integrals of the 7 ((507)),,:2: [z]

Recently many researchers are developing alarge number of integral formulas involv-
ing a variety of special functions [1, 2, 4, 5, 7, 10-15, 17]. In this section, four integral
j((l’/’)m sYC

(87),,05:b
lished, which are expressed in terms of the Fox-Wright function. For the present

investigation, we need the following result of Oberhettinger [16]

formulas involving generalized multi-index Bessel function [z] are estab-
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o0

/X”I x+a+ x2—|—2ax> dx =2X\a ’)‘(2>
0

n T Qu) T —p)

FC(+A+p -1

provided 0 < RN(u) < R(N) and the following integral formula due to Lavoie [9]

1

S Y AN R A S PR A _<%>ZQF(04)F(§)
/x (1 —x) (1 3) (1 4) x=(3) Fazs 02

0

with % (@) > 0, R (B) > 0.

Theorem 5 Let o, 3,7,,b,c € C (j =1,2,...,m) be such that Z N (a,)

max {0; R (k) — 1} withk > 0, R(B) > —1,R(y) >0,0 <N (p) < ‘R()\—i—n)and
x > 0, then

[ee]

/ o (x +a+vx? +2ax) ‘7((;/)) >

y
dx
(x +a+ Vx? +2ax)

—cy
p .

(3.3)

_21—/La—>\+uF 2w " k), A+1,1), (A=, 1)
B T (7) 3mE2 [(ﬂ; B ) WD A+ A+ D)

Proof Let us denote the right-hand side of (3.3) by Zs and using the definition (2.1),
we have

I, = xh= ]<x+a+ x2+2ax> j(“/)’”’)t

y
dx
(8;)mr.b (x +a+x2+ 2ax)

-

0\8 0\8

xhl (x +a4+Vx2+ 2ax>

o0

(_C)n (’Y)/{n < y )n
m > .

n=0 n! [T T (oym + B; + &) X +a+Vx?+2ax
j=1

X

Interchanging the integration and summation under the suitable convergence condi-
tion gives

—(\+n)

00 n -
_ Z _ (_C) (’Y)Kn y / xHt 1 X +a+ x2 —+ 261)6) d)C,
n=0n! [T T (ayn+ 3+ 2) 5
j=1

34)
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Applying (3.1) in (3.4), we get

S (_C)n (W)hn yn Y axit [ (ZN)F (>\+l’l _ u)
=2 2+ myam (4 |
n=0 n H T (ajn+6; +251) (2> T+ A+ p+n)

provided i (A + n) > N (1) > 0. Now using the definition of Pochhammer symbol,
we get

2 Ha T (2p)

i T (v + kn) TA+n+ DT A=p+n) (—2)
+b+1)F(/\+n)F(1+)\+M+n) n!
2

In view of the definition of Fox-Wright function (2.3), we arrived the desired result.
O

Theorem 6 Let o}, 3;,v,b,c € C (j =1,2,...,m) be such that Z R (o)) >

max {0; N (k) — 1}withs > 0, R (B) > —1,RN(y) > 0,0 < ‘R(u+n) < ‘)i()\+n)
and x > 0, then

o0
_ « c Xy
U x +a+Vx2+ 2ax J( D ( )dx
Of ( ) B \ x 4+ a + /%2 + 2ax

_ 2T e o (1, k), A+ 1, 1), 2w, 2)
- I (7) ]+ ) VD A+, 2)

—y
el
(3.5)
Proof Let us denote the right-hand side of (3.5) by Z¢ and using the definition (2.1),

we have

o0

— aj)m,y,c Xy
T = x“l(x—i—a—f— x2+2ax> j( ). ( )dx
¢ @mmb \ x & g + /%% + 2ax

Y
xi! (x +a+Vx2+ 2ax>

|
o\g o

o0

. (=) Vs ( xy )
nOn‘ﬁF(a]n-i-ﬁj b1y \X +a+Vx% 4 2ax

j=
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Interchanging the integration and summation under the given condition, yields

00 n n F (A+n)
Z (_C) (W)Kn y xl”‘”_l (x +a + )C2 =+ 2ax) dx.
0

n=0n ,'" F(ajn+5j )

(3.6)
Applying (3.1) on (3.6), we get

oo

(=" W ¥" ~Otn pan U 2pu+2m) (A — p)
o=y — 20+ma ) (3)

"Zon!]_[l“(ajn—l—ﬁj-kbgl) L1+ A+ p+2n)
j=1

provided R (A +n) > R (u+n) > 0.
In view of definition of Pochhammer symbol (2.2), we get

21=Hg ™MD (N — ) i T (v + kn) FOA+n+DTCu+2n) (-%)"
m ] .
') n=01—[F(ajn+ﬁj+h42r])F(/\+H)F(l+/\+u+2n) n!
j=1

Te =

Using the definition of Fox-Wright function (2.3), we arrived the desired result. O
Theorem 7 For&, 0 € CwithR (€ +0) > 0, R (€ + n) > 0 and then for x > 0,

1
[t (1) T (- )T G (- ) a )
0
T

7)2@*‘” v LR D "
3 2EE (34 2 ag) T o )

(E+0) (
L)

Proof Denoting the left-hand side of theorem by Z; and using (2.1) ,we get

1
2e+o)-1 e-1
I = / X1 (1 = )2 (1 - f) (1 - f)
3 4
0

I (- a2

_ /‘ xf+o’—l (1 _ x)ZE—l (1 B f)Z(f‘l’O’)*l (1 B f)ﬁ*l
3 4

0 n n(]— % n 1— 2n
XZ — " Vi Y ( 421'( x) dx.
=0 r (ajn +8+ b+1) !

Interchanging the integration and summation gives,
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x n n
I’] — Z c (’7)/1;1 y
n=0 n! ﬁ I'(ajn+ 65+ %)

X / X (1 — x)2Etm—l <1 _ f)Z(fo)fl (1 B £>5+n71 i
3 4
0

Now using (3.2) and the definition of Pochhammer symbol,

T, = i c"I' (k4 n) y" (i)Z(@m) F(§+U)F(§+n).

r @) [T o+ 5, + FQE+o+n)
J:

Using the definition of Fox-Wright function (2.3), we obtained the required result. O
Theorem 8 For &, 0 € CwithR (£ +0) > 0, RN (€ +n) > 0 thenforx >0

1

e-1 0 _ 26—t (1 _ X\ )\ (), e _ X\
[ et (5 -2 G (e 0o
0

4cy

5 |-

I'¢+o0) (2% (v, k), (&1
=——1\3 2 W41 (3 + b+l
Proof Taking left-hand side of theorem by Zg and using ( 2.1), we get

' 3 - &_/)721 ,(28+0,1)

1

Ty = / e R (= ;)25_1 (1- %)(EH’H

2%-1 X\ E+o)-1
— | 511 = )21 (1 _ f) (1 _ _)
/x (I—x) 3 )

n.n 2n
« i " (V) Xy (1 — %) d

X.

Interchanging the integration and summation gives,
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7, = i " (V) n Y

7= n [T T (ajn + 8 + 221
=1

X / Pl a- x)2(5+0)—1 (1 . §)2(§+n)71 (l _ %c)fﬂrﬂ e

~
Il

(=]

Now using (3.2) and the definition of Pochhammer symbol (2.2),

T —i T (w4 am) " (2)25F(€+n)F(§+o—)
8§ = — - .
n=0n!l“(v)1'[l"(a,»n+ﬂ,+l%l) 3 240 +n)

=1

j=

Using the definition of Fox-Wright function (2.3), we obtained the desired result. O

4 Concluding Remark and Discussion

The fractional calculus and the integral formulae of the newly defined generalized
multiindex Bessel function are investigated here. Various special cases of the derived
results in the paper can be evaluate by taking suitable values of parameters involved.
For example, if we set c = —1 and » = 1 in (2.1), we immediately obtain the result
due to Choi and Agarwal [3]:

Jé;ljf'))n,’z,l—l =Y - (V) in (—Z') meN). @)
m =0 [T (gn+p;+1) ™

For various other special cases we refer [3, 20, 21] and we left results for the interested
readers.

Conflict of Interests The authors declare that there is no conflict of interests regarding the publi-
cation of this paper.
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