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Preface

This book is based around the conference International Conference on
Mathematical Modelling, Applied Analysis and Computation (ICMMAAC 2018),
held at JECRC, Jaipur, from 6 to 8 July 2018. The book contains several useful
topics of mathematical modelling, applied analysis and computation having dif-
ferent applications in other scientific areas of research and study. It should be useful
for graduate students, researcher and educators interested in diverse areas of
research in mathematical sciences including modelling, analysis and computation.
The general readers interested in tools and techniques from different areas of
mathematical sciences having practical applications in real life should also find the
book interesting and useful. The book consists of 20 chapters organized as follows:

Chapter “Certain Banach-Space Operators Acting on the Semicircular Elements
Induced by Orthogonal Projections” presents certain Banach-space operators acting
on (weighted-) semicircular elements induced by mutually orthogonal |Z|-many
projections. In particular, it emphasizes in cases where such operators are generated
by *-isomorphisms induced by certain shifting processes on the set of all integers.
The main results show not only how such Banach-space operators affect the original
free-distributional data on (weighted-) semicircular elements, but also how the
weighted-semicircular laws are preserved by the operators.

Chapter “Explicit Expressions Related to Degenerate Cauchy Numbers and
Their Generating Function” establishes an explicit expression for degenerate
Cauchy numbers and finds explicit, meaningful and significant expressions for
coefficients in a family of nonlinear differential equations for the generating func-
tion of degenerate Cauchy numbers.

Chapter “Statistical Deferred Riesz Summability Mean and Associated
Approximation Theorems for Trigonometric Functions” presents an idea of
approximation via statistical deferred weighted (Riesz) summability mean for
trigonometrical periodic functions defined over a Banach space C,,(®) and
accordingly establishes a new approximation theorem (Korovkin-type).
Furthermore, the chapter studies the rate of statistical deferred weighted summa-
bility and also establishes another result for the same set of functions by using the
modulus of continuity. Finally, it considers a number of special cases and examples
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to exhibit the relevance of the obtained results and definitions provided in this
chapter.

Chapter “On Pointwise Convergence of a Family of Nonlinear Integral
Operators” presents some auxiliary theorems concerning existence and pointwise
convergence of the certain operators. Then, it presented a Fatou-type convergence
theorem for these operators. Finally, the rates of both pointwise and Fatou-type
convergences have been established by using the derived results.

Chapter “Existence and Ulam’s Type Stability of Integro Differential Equation
with Non-instantaneous Impulses and Periodic Boundary Condition on Time Scales”
presents existence and stability of integro-differential equation with periodic boundary
condition and non-instantaneous impulses on time scales. Banach contraction theorem
and nonlinear functional analysis have been used to establish these results. Moreover,
to outline the utilization of these outcomes, an example is given.

Chapter “Introduction to Class of Uniformly Fractional Differentiable Functions”
presents a new concept of uniformly fractional differentiable functions on an arbitrary
interval / of R by using Caputo-type fractional derivative instead of the commonly used
first-order derivative. Their interesting properties with few illustrations have been
discussed in this chapter.

Chapter “Asymptotically Almost Automorphic Solution for Neutral Functional
Integro Evolution Equations on Time Scales” studies the existence, uniqueness with
stability consequence of asymptotically almost automorphic (AAA) solution for
integro-neutral evolution equation on time scales by applying fixed-point hypoth-
esis. It gives the time scale adaptation of (AAA) functions. Towards the end, a
precedent is given for the adequacy of the hypothetical outcomes.

Chapter “An Integral Relation Associated with a General Class of Polynomials
and the Aleph Function” reports new finite integral involving two general classes of
polynomials with the Aleph function. This integral is supposed to be one of the
most universal integrals evaluated until now and act as a key component from
which one can obtain as its different special cases, integrals relating a large number
of simpler special functions and polynomials. Some useful unique cases of the main
outcome have also been discussed in the chapter.

Chapter “On the New Fractional Operator and Application to Nonlinear Bloch
System” analyses the nonlinear Bloch system with a new fractional operator
without singular kernel proposed by Caputo and Fabrizio. The commensurate and
non-commensurate order nonlinear Bloch system is considered. Special solutions
using a numerical scheme based on Lagrange interpolations are obtained. It studied
the uniqueness and existence of the solutions employing the fixed-point theorem.
Novel chaotic attractors with total order less than 3 are obtained.

Chapter “Fractional Order Integration and Certain Integrals of Generalized
Multiindex Bessel Function” introduces generalized multiindex Bessel function and
some formulas of the Riemann—Liouville fractional integration and differentiation
operators. Further, certain integral formulas involving the newly defined general-
ized multiindex Bessel function have also been derived. It is also proved that such
integrals are expressed in terms of the Fox—Wright function. The results presented
here are general in nature and easily reducible to new and known results.
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Chapter “Fractional Variational Iteration Method for Time Fractional Fourth-
Order Diffusion-Wave Equation” applies fractional variational iteration method
(FVIM) to solve numerically time-fractional diffusion-wave equation of order four.
By using FVIM, a sequence converging rapidly to the exact solution of the
fourth-order fractional diffusion-wave equation is obtained. Two test problems are
presented to prove the merit of the proposed technique. Plotted graph shows that the
numerical solution acquired by employed technique is similar to the exact solution.

Chapter “Analytical Approach to Fractional Navier—Stokes Equations by
Iterative Laplace Transform Method” studies iterative Laplace transform scheme
to examine fractional Navier—Stokes equations in cylindrical coordinates with ini-
tial conditions. The arbitrary ordered derivatives are described in terms of Caputo.
By utilizing only the initial conditions, the analytical expressions are derived in the
closed form. The results achieved with the aid of the proposed technique are
graphically presented.

Chapter “Biological Model of Dengue Spread with Non-Markovian Properties”
deals with converting the classical model to fractional model by using the concept
of recently established fractional differential operators known as the
Caputo-Fabrizio derivative to include into mathematical system the memory and the
crossover effects. The new model was subjected to analysis of existence and
uniqueness of the system solution to insure the well-posedness of the modified
system. Due to the complexity of the new system, a newly introduced numerical
scheme was used to solve the system and some numerical simulations were per-
formed to see the effect of the Mittag—Leffler law that brings the crossover effect.

Chapter “Approximate Solution of Higher Order Two Point Boundary Value
Problems Using Uniform Haar Wavelet Collocation Method” studies the numerical
solution of second- and fourth-order two-point boundary value problems (B.V.P.)
based on uniform Haar wavelet. It aims to convert higher order differential equa-
tions into a system of differential equations of lower order and then solve it by
uniform Haar wavelet, which reduces the time and complexity of the system. The
technique introduced in this chapter is easy to apply. The performance of the
present method yields more accurate results on increasing the resolution level. To
demonstrate the robustness and accuracy of the Haar wavelet collocation method,
five problems have been solved and compared with the existing methods present in
the literature.

Chapter “Solving Multi-objective Fractional Transportation Problem” deals with
optimizing the objective function in the form of one or several ratios subject to
some linear constraints. If in multi-objective transportation problem, objective
function is in ration of two linear functions under some linear restrictions, then the
problem is called multi-objective linear fractional transportation problem. A new
method to solve multi-objective linear fractional transportation problem is sug-
gested. Two numerical problems are presented to validate the proposed algorithm.

Chapter “On the Dark and Bright Solitons to the Negative-Order Breaking
Soliton Model with (2+1)-Dimensional” studies the complex dynamics of cnoidal
waves via the negative-order breaking soliton model with (2+1)-dimensional. This
model is arisen in the (2+1)-dimensional interaction of the Riemann wave



viii Preface

propagated between y-axis and x-axis. The improved Bernoulli sub-equation
function method is used in obtaining some complex and dark solutions with
hyperbolic function structure. It presents the interesting contour surfaces along with
2D and 3D graphics of the obtained analytical solutions in this study, plotted by
using several computational programmes such as Matlab, Mathematica, and so on.

Chapter “A Reliable Analytical Algorithm for Cubic Isothermal Auto-Catalytic
Chemical System” applies an algorithm for the g-homotopy analysis transform
method (g-HATM) to solve the Cubic Isothermal Auto-catalytic Chemical System
(CIACS). This technique is a combination of the Laplace decomposition method
and the homotopy analysis scheme. This method gives the solution in the form of a
rapidly convergent series with Zi-curves are employed to determine the intervals of
convergent. Averaged residual errors are used to determine the optimal values of /.
The behaviour of the solutions is shown graphically.

Chapter “Numerical Study of Effects of Adrenal Hormones on Lymphocytes”
aims to study a mathematical model to examine the impact of adrenal hormones on
the immune system with respect to time evolution and spatial distribution cells in
response to hormones concentration. The steady state of the model is studied and
found to be uniformly and asymptotically stable subject to the secretion and decay
rates of hormones. The numerical experiments using the free diffusion equations
further investigates the dynamic behaviour of the “bound” lymphocytes secretion
rate of the adrenal hormones induced by psychological stress.

Chapter “Mathematical Modelling of Poor Nutrition in the Human Life Cycle”
deals with a mathematical model as a system of nonlinear ordinary differential
equations in order to investigate the effects of poor nutrition from conception to
adulthood using the poor pregnant woman nutrient status. The steady states are
studied and R of poor nutrition in the society are calculated. To keep the society
healthy and free of malnutrition, malnourished pregnant females are encouraged to
eat foods that contain all the nutrients needed for development. The model is
supported with numerical simulation.

Chapter “Characteristics of Homogeneous Heterogeneous Reaction on Flow of
Walters’ B Liquid Under the Statistical Paradigm” studies the significance of
inclined MHD stagnant point flow of Walters B liquid because of stretched surface.
Flow phenomenon is studied with Newtonian heating, homogeneous\heterogeneous
reactions, Joule heating, and viscous dissipation. The nonlinear PDEs are converted
to get nonlinear system of ODEs by invoking suitable transformations and solved
by utilizing OHAM. Statistical methodology is used to check the significance and
insignificance of the physical parameters via correlation coefficients and probable
error. Characteristics of various sundry parameters on velocity, concentration, and
temperature fields are studied. Friction and Nusselt numbers are calculated and
discussed in detail.
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Certain Banach-Space Operators Acting m
on the Semicircular Elements Induced oo
by Orthogonal Projections

Ilwoo Cho

Abstract The main purposes of this paper are (i) to construct-and-study (weighted-)
semicircular elements induced by mutually orthogonal |Z|-many projections, and
the Banach x-probability space Ly generated by these operators, (ii) to establish -
isomorphisms on IL from shifting processes on the set Z of integers, (iii) to consider
the *-isomorphisms of (ii) as Banach-space operators acting on L (by regarding the
Banach *-algebra L as a Banach space), and (iv) to compare the free-distributional
data affected by the operators of (iii) from the original data.

Keywords Free probability - Weighted-semicircular elements - Semicircular
elements * Integer-shifts + The integer-shift group - Integer-shift operators - The
integer-shift-operator algebra

1991 Mathematics Subject Classification 46L10 - 46L40 - 46153 - 46L.54 -
47115 - 47130 - 47L55

1 Introduction

In this paper, certain Banach-space operators acting on (weighted-)semicircular ele-
ments induced by mutually orthogonal |Z|-many projections are constructed-and-
considered. In particular, we are interested in the cases where such operators are
generated by x-isomorphisms induced by certain shifting processes on the set Z of
all integers. The main results show not only how such Banach-space operators affect
the original free-distributional data on (weighted-)semicircular elements, but also
how our weighted-semicircular laws are preserved by the operators.

To study our topics, we (i) construct weighted-semicircular, and semicircular
elements in a certain Banach x-probability space £,(Z) induced by a fixed C*-
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probability space (A, V) containing |Z|-many mutually orthogonal projections, (ii)
study free distributions of certain free reduced words in the Banach x-probabilistic
sub-structure Ly of £, (Z), generated by the (weighted-)semicircular elements of (i),
providing “non-zero” free distributions in £ (Z), (iii) define suitable shift processes
on Z, and (iv) establish certain *-homomorphisms on L, induced by the shift pro-
cesses of (iii), and then (v) compare the free-distributional data of the x-homomorphic
images of the *-homomorphisms in (iv), and the original free-distributional data of

(ii).

1.1 Motivations

There are many different approaches to construct semicircular elements (e.g., [1, 4,
6, 12, 15, 19-21]) in topological x-probability spaces (e.g., C*-probability spaces,
or W*-probability spaces, or Banach x-probability spaces, etc.). The construction
of semicircular elements in this paper is highly motivated by those of weighted-
semicircular elements in certain Banach x-probability spaces of [5, 7, 8] induced by
p-adic analysis on the p-adic number fields Q,,, for primes p. So, our construction is
different from those of earlier works (also, see [6]).

In[5, 8], we studied weighted-semicircular elements induced by measurable func-
tions on p-adic number fields Q, (e.g., [8]), and those from a free product Banach
x-algebra induced from weighted-semicircular elements of [8] (e.g., [S]). The author
and Jorgensen applied number-theoretic results (e.g., [ 10, 18]), and free-probabilistic
techniques (e.g., [2—4, 13, 14, 16]) to consider free-probabilistic models of [8], and
they realized that there are well-defined weighted-semicircular elements. Interest-
ingly, these operators automatically generate corresponding semicircular elements.
In [5], the author extended the constructions and the main results of [8] under free
product over primes. The detailed properties of “p-adic” weighted-semicircular ele-
ments, and those of corresponding semicircular elements were studied there.

Motivated by [5, 8], the author considered the similar constructions of (weighted-)
semicircular elements from arbitrary C*-probability spaces containing |Z|-many
mutually orthogonal projections in [6, 7], by mimicking the constructions of [5, 8].
The main results of [6] show that whenever one can have mutually orthogonal |Z|-
many projections in a C*-probability space, the corresponding weighted-semicircular
elements whose weights are characterized by the free-distributional data of the pro-
jections; moreover, under suitable (additional) conditions, semicircular elements are
well-defined (see short Sects. 3, 4 and 5, below).

In this paper, we are interested in certain Banach-space adjointable operators (in
the sense of [9]) acting on weighted-semicircular elements of [6, 7]. Especially, they
are induced by certain shift processes on the set Z of integers, and corresponding
well-defined *-homomorphisms on the (weighted-)semicircular elements.
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1.2 Overview

In Sect.2, we briefly mention about backgrounds of our proceeding works. In short
Sects. 3, 4 and 5, weighted-semicircular elements, and semicircular elements are
constructed from mutually orthogonal |Z|-many projections (e.g., [6, 7]).

In Sect. 6, we construct a suitable free-probabilistic, operator-algebraic structure
Lo generated by our (weighted-)semicircular elements under free product.

In Sect. 7, we define-and-study Banach-space adjointable operators acting on L.
In particular, certain shifting processes on Z are defined in Sect.7.1, and the cor-
responding *-isomorphisms are determined on ILy in Sect.7.2. We realize that the
collection of such *-isomorphisms forms a subgroup ‘B of the automorphism group
Aut(Lg) of Lg. The structure theorem of this group B is provided in Sect.7.2: B
is group-isomorphic to the infinite cyclic abelian group (Z, +). We then study how
the group B generate our Banach-space adjointable operators (in the sense of [9])
on [Lp, and how they affects the free-probabilistic information on Ly in Sect.7.3.

In Sect. 8, we re-characterize the free-distributional data of Sect. 7.3 with help of
the group-isomorphic relation of Sect.7.2. Also, group dynamical systems of B are
studied.

2 Preliminaries

Readers can review fundamental analytic-and-combinatorial free probability theory
from [17, 19] (and the cited papers therein). Free probability is understood as the
noncommutative operator-algebraic version of classical measure theory and statis-
tics. The classical independence is replaced by so-called the freeness, by replacing
measures on sets to linear functionals on algebras. It has various applications not
only in pure mathematics (e.g., [2—4, 12, 14, 15]), but also in related fields (e.g.,
[5-8, 13, 16, 20, 21]).

In particular, we use combinatorial free-probabilistic approach of Speicher (e.g.,
[17]). Free moments and free cumulants of operators will be computed without intro-
ducing detailed concepts. Also, free product (in the sense of [17, 19]) will be used
without precise introduction.

3 Fundamental Settings

In this section, we establish backgrounds of our proceeding works. Let (B, ¢) be a
topological *-probability space (a C*-probability space, or a W*-probability space,
or a Banach x-probability space, etc), where B is a topological x-algebra (a C*-
algebra, resp., a W*-algebra, resp., a Banach *-algebra, etc), and ¢ is a (bounded or
unbounded) linear functional on B.
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An operator a of B is said to be a free random variable, whenever it is regarded
as an element of (B, ¢). As usual in operator theory, an operator a is said to be
self-adjoint, if a* = a in B, where a* is the adjoint of a (e.g., [11]).

Definition 3.1 A self-adjoint free random variable a is said to be weighted-
semicircular in (B, ¢) with its weight tp € C* = C \ {0} (or, in short, #-semicir-
cular), if a satisfies the free cumulant computations,

_ kr(a,a) =tyifn=2
kula, ... a) = {O otherwise, 3.D
for all n € N, where k(. . .) is the free cumulant on B in terms of ¢ under the Mbius
inversion of [17].
Ifto = 1in (3.1), the 1-semicircular element a is said to be semicircular in (B, ¢),
i.e., a is semicircular in (B, @), if a satisfies

1 ifn=2

0 otherwise, (3-2)

kn(a,...,a):{

foralln € N.

By the Mobius inversion of [ 17], one can characterize the weighted-semicircularity
(3.1) as follows: a self-adjoint operator a is #p-semicircular in (B, ¢), if and only if

@(d") = w, (té c;) . (3.3)

where
def | 1 if nis even
"7 10 ifnisodd,

forall n € N, and
1 2k (2k)!
Ck = — _—_
k+1\ k k!'(k + 1)!

are the k-th Catalan numbers for all k € Ny = N U {0}.
Similarly, a self-adjoint free random variable a is semicircular in (B, ¢), if and
only if a is 1-semicircular in (B, @), if and only if

p(a") = wycs, (3.4)

by (3.3), for all n € N, where w, are in the sense of (3.3).

So, we will use the #p-semicircularity (3.1) (or the semicircularity (3.2)) and its
characterization (3.3) (resp., (3.4)) alternatively from below.

If a is a self-adjoint free random variable in (B, ¢), then

[e¢]

the free moments ((p (a"))

n=1"
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and
the free cumulants (k,(a, ..., a)) 2,

provide equivalent free-distributional data of a in (B, ¢) (e.g., [17]). Indeed, the
Mobius inversion makes us have

pay =Y (Vl;lnkw(a, ...,a>> ,

7eNC(n)
and
— Vi
@mVHJn_ﬂgng%ww Oum
where NC (n) is the lattice consisting of all noncrossing partitions over {1, ..., n},

and “V € 7” means “V is a block of w,” and where

l’LTr = M(T[a 1n)

the Mobius functional value at (7, 1,,), where 1, is the maximal partition of NC (n)
consisting of only one block, for all n € N.

In the rest of this section, we fix a C*-probability space (A, ¥), and assume that
there are |Z|-many projections {g;};cz in the C*-algebra A, i.e., the operators g; satisfy

*_

4 =g =q; inA,

for all j € Z. Assume further that these projections {g;};cz are mutually orthogonal
from each other in A, in the sense that:

qiq; = 8;jg;inA, foralli,j € Z, (3.5)

where § is the Kronecker delta.
Now, we fix the family {g;};cz of mutually orthogonal projections (3.5) of A, and
we denote it by Q, i.e.,

Q={g;j:jeZ}inA, (3.6)

satisfying (3.5).

Remark 3.1 One can have such a C*-algebraic structure A containing a family Q in
the sense of (3.6), naturally, or artificially. Clearly, in the settings of [5, 8], one can
naturally take such structures.

Suppose there is a C*-algebra Ay containing a family Qy = {qy, . . ., gy } of mutu-
ally orthogonal N-many projections ¢, ..., gy, for N € Ny, = N U {00}. Then,
under suitable direct product, or tensor product, or free product of copies of Ay
with product topology, one can construct a C*-algebra A containing a family Q with
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|Z|-many mutually orthogonal projections, where Qy is contained in Q, and every
projection of Q is unitarily equivalent to a projection of Qq in A.

And let O be the C*-subalgebra of A generated by the family Q of (3.6),

def

0 =C"(Q cA (3.7)

Then it is easy to check that:

Proposition 3.1 Let Q be a C*-subalgebra (3.7) of a C*-algebra A, generated by
Q of (3.6). Then

0= @ (C-q) = o, (3.8)

inA.

Proof The proof of (3.8) is straightforward by the mutual-orthogonality (3.5) of the
generator set Q of Q in A. |

Define now linear functionals v; on the C*-algebra Q by

Yi (gi) = 8 (q;), foralli € Z, (3.9)

forallj € Z, where v is the linear functional of the fixed C*-probability space (A, V).
The linear functionals {1} ;cz of (3.9) are well-defined on Q by the structure theorem
(3.8).

Assumption Let (A, ) be a fixed C*-probability space, and let Q be the C*-
subalgebra (3.7) of A. In the rest of this paper, we further assume that

Y(q;) € C*, forallj € Z.

By (3.7) and (3.8),if T € Q, then

T=Y tig (withtj €O,
JEZL
and hence,
¥i(T) = ;¥ (q)),

by (3.9), for allj € Z.

Definition 3.2 The C*-probability spaces (Q, psi;) are called the j-th C*-probability
spaces of Q in a given C*-probability space (A, ¥), where Q is in the sense of (3.7),
and ; are in the sense of (3.9), for all j € Z.
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Now, let’s define bounded linear transformations ¢ and a acting on the C*-algebra
0, by linear morphisms satisfying

¢(4j) = gj+1, anda (¢) = gj1, (3.10)

forallj € Z. Then c and a are well-defined bounded linear operators “on Q.” One can
understand they are Banach-space operators in the operator space B(Q) consisting
of all bounded linear transformations acting on Q, by regarding Q as a Banach space
equipped with its C*-norm (e.g., [9]).

Definition 3.3 We call these Banach-space operators ¢ and a of (3.10), the creation,
respectively, the annihilation on Q.

The creation ¢ and the annihilation a on Q are indeed well-defined because of the

structure theorem (3.8) of Q. Define now a new Banach-space operator / on Q by

I =c+aeB). @3.11)

Definition 3.4 We call the Banach-space operator / € B(Q) of (3.11), the radial
operator on Q.

By the definition (3.11), one has

l thqj = ij (%‘+1 +qj—1)a onQ.

JEZ JEL
Now, define a closed subspace £ of B(Q) by

e ", (3.12)

generated by the radial operator / of (3.11), where the operator norm ||.|| on the
operator space B(Q) is defined to be

1Tl = sup{liTqllp : lqllp = 1},

for all T € B(Q), where |.||¢, is the C*-norm on Q (inherited from the C*-norm on

A), and where X I mean the operator-norm closures of subsets X of the operator

space B(Q) (e.g., [9]). It is not difficult to check that, by the definition (3.12), this
subspace £ forms an algebra in the vector space B(Q), i.e., it forms a Banach algebra.
On this Banach algebra £ of (3.12), define a unary operation (x) by

(i t,,l") - i 70"in £, (3.13)
n=0 n=0
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where 7 mean the conjugates of z € C.

Then this operation (3.13) becomes a well-defined adjoint on the Banach algebra
£ of (3.12) (e.g., [11]), and hence, every element of £ is adjointable in B(Q) (e.g.,
[9]). So, the algebra £ forms a Banach x-algebra in B(Q) with the adjoint (3.13).

Definition 3.5 We call the Banach x-algebra £ of (3.12), the radial (Banach
x-)algebra on Q (or, in the operator space B(Q)).

Now, let £ be the radial algebra on Q. Define the tensor product Banach x-algebra
£0,

£o=£®c 0, (3.14)

where ®c is the tensor product of Banach x-algebras.
Since £ is a Banach x-algebra, and Q is a C*-algebra, the tensor product £y of
(3.14) is a well-defined Banach *-algebra under product topology.

Definition 3.6 We call the tensor product Banach x-algebra £ of (3.14), the radial
projection (Banach *-)algebra on Q.

4 Weighted-Semicircular Elements Induced by Q

Throughout this section, let’s fix the settings of Sect. 3. We here construct weighted-

semicircular elements induced by the family Q of mutually orthogonal projections

generating the radial projection algebra £y of (3.14). Let (Q, v;) be the j-th C*-

probability spaces of Q in (A, ¥), where ¥; are in the sense of (3.9), for all j € Z.
Remark that, if u; are the generating operators of £,

u; Y gj € Lo, forallj € Z, “4.1)

u. = l q =/ 8) q N |()1 all’l € Ii,
J ( ® ]) ]

since g; = g;, foralln € N, for j € Z.

Then one can construct a linear functional ¢; on £ by alinear morphism satisfying
that
def

¢ ((®q)") = ¥ (I"(aD) 4.2)
foralln € N, foralli,j € Z.

These linear functionals ¢; of (4.2) are well-defined by (3.8), (3.12) and (3.14),
forallj € Z.
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Definition 4.1 We call the Banach *-probability spaces
(EQ, gaj) , forallj € Z,

the j-th (Banach-*-)probability spaces on Q.

4.3)

Observe that, if ¢ and a are the creation, respectively, the annihilation on Q of

(3.10), then
ca = 1y = ac, the identity operator on Q.
Indeed, for any generators ¢; € Q of Q,
ca(g) = ¢ (a(g)) = ¢ (g-1) = G111 = g,
and
ac (q;) = a(c(¢)) = a(gj+1) = 411 = 45,
for all j € Z. More generally, one has

c'a" =1g =a"c", foralln e N, and
Aa™ = a"c™, forallng,n, € N,

by (4.4).
Thus, one obtains that

I"=(c+a)" = Z (Z)Ckank7
k=0

for all n € N, by (4.4), where

" "k <neNo=NUI0)
= =n = .
k)™ ki — k) 0

Note that, for any n € N,

2n—1

=1 — Z (an— 1>Ckan—k’

k=0

by (4.5). So, the formula (4.6) does not contain 1y-terms by (4.4) and (4.4)".

Note also that, for any n € N, one has

4.4)

4.4y

(4.5)

(4.6)
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2n
2 — Z <2kn) Kok = <2r:l> c"a" + [Rest terms] , 4.7)

k=0

by (4.5). So, [*" contains (2nn>-many 1p-terms by (4.4)" and (4.7).

Proposition 4.1 Let [ be the radial operator (3.1) on Q. Then
(4.8) 1*"~! does not contain lg — termsin £,

(4.9) I*" contains (2:) “lpin L.

Proof The statements (4.8) and (4.9) are proven by (4.6), respectively, by (4.7). Bl

Remark that, since
w=(10q) =1I"®g;,
one has
;i (ufH) =; (" (7)) =0, (4.10)

for all n € N, by (3.9) and (4.8).
Similarly, we have

¢ (“;2 ”) = (" (9))) = ¥ ((2:) q; + [Rest terms])
- (2:) Vi () = (Znn) v (q5)

o (1) = <2n”) v (), @.11)

by (4.7)

by (3.9) and (4.9). Le.,

foralln € N.
Thus, one obtains the following free-distributional data on the j-th probability
space (EQ, (pj), forj € Z.

Theorem 4.2 Fixj € Z, and let u, = 1 ® g be the k-th generating operators of the
J-th probability space (£¢, ¢;), for all k € Z, for j € Z. Then

@i (1) = 8jxwy ((g + 1) 4 (qj)) cz, 4.12)
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where w, are in the sense of (3.3) for alln € N, and c; are the k-th Catalan numbers
forall k € N.

Proof First, take the j-th generating operator u; in the j-th probability space (EQ, <pj),
forj € Z. By (4.10) and (4.11), one can get that:

7 (”jzn_l) =0,

and

for all n € N. So,
o (u]'?) = w, (n+ DY (g)) cu. foralln € N.

Assume now that k # j in Z. Then, by the definition (4.2) of ¢; (and by the
definition (3.9) of ),

j (uf) =0, foralln € N.

Therefore, the formula (4.12) holds. [ |

Motivated by (4.12), we define a linear morphism,
Ej,Q : £Q — £Q

by a surjective linear transformation satisfying

‘//(‘7/)"71 n op . .
S u’ ifi=j
) def ((31+1) @.13)

Og,, the zero operator of £, otherwise,

Ejo (uf

foralln € N, i,j € Z, where [%] mean the minimal integers greater than or equal to
g, for example,
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The linear transformations E; o of (4.13) are well-defined bounded linear trans-
formations on £y, because of the cyclicity (3.12) of the tensor factor £ of £y, and
the structure theorem (3.8) of the other tensor factor Q of £, for all j € Z.

Define now new linear functionals 7; on £9 by

7% g o Ejpon Ly, forallj € Z, (4.14)
where ¢; are in the sense of (4.2), and E; ¢ are in the sense of (4.13).
Definition 4.2 The well-defined Banach x-probability spaces
L00) “° (L0, 7)) (4.15)

are called the j-th filtered (Banach-x-)probability spaces of £y, where 7; are the linear
functionals (4.14) on £y, for allj € Z.

On the j-th filtered probability space £ (j) of (4.15), One can get that
(1) (50 (4)
_ v(@)"" (V) v@)" ;
= "’f<([51+1) (”f)) = e ()

= ]/(j[(;]f-)ﬁ-;) wu (5 +1) ¥ (7)) ez

by (4.12), i.e.,
5 (1) = 0 @)"cs, (4.16)

for all n € N, for j € Z, where w, are in the sense of (3.3).

Lemma 4.3 Let £o() = (£g, 1)) be the j-th filtered probability space of Lo, for an
arbitrarily fixed j € 7. Then

7 () = 8 (wnr(g)"cx) . 4.17)
where w, are in the sense of (3.3), foralln € N, for all i € Z.

Proof If i = j in Z, then the free-momental data (4.17) holds true by (4.16), for all
neN.

If i # j in Z, then, by the very definition (4.13) of the j-th filterization E; o, and
also by the definition (4.2) of ¢,

T (ul”) =0, foralln € N.

Therefore, the free-distributional data (4.17) holds true, for all i € Z. |



Certain Banach-Space Operators Acting ... 13

The following theorem is proven by the above free-distributional data (4.17)
in terms of the weighted-semicircularity characterization (3.3) of the weighted-
semicircularity (3.1).

Theorem 4.4 Let £y (j) be the j-th filtered probability space (£Q, rj) of Lo, for
J € Z,andletu; = | ® q; be the “j-th” generating operator of Ly. Then u; is w(qj)z-
semicircular in £¢(j).

Proof First of all, the operator y; is self-adjoint in £ (for all j € Z). Indeed,
uw=(1®q) =1®q =y

(forall j € Z) by (3.13).
Let’sfixj € Z, and letu; = I ® g; be the j-th generating operator of the j-th filtered
probability space £4(j). Then, by (4.17), we have that

n

5 () =on (v (@)) e

for all n € N, and where ¢, are the k-th Catalan numbers, for all k € Nj.
Therefore, by the characterization (3.3) of the weighted-semicircularity (3.1), this
self-adjoint element u; is ¥ (g;)>-semicircular in £ (j). [ |

The above theorem shows that, for any j € Z, the j-th generating operator u;
is ¥ (¢;)*-semicircular in the j-th filtered probability space £¢(j) of Q, by (4.17).
Meanwhile, also by (4.17), one can verify the following result, too.

Theorem 4.5 Let u; = 1 Q@ u; be the i-th generating operators of the j-th filtered
probability space £, (j), for all j # i € Z. Then u; have the zero free distribution in

Lo ().

Proof Let £4(j) be the j-th filtered probability space for a fixed j € Z, and assume
i #j in Z. Consider the i-th generating operators u; of £4(j). It is shown already
that u; are self-adjoint in £y, and hence, the free distributions of u; are completely
characterized by the free-momental sequences

o]

(GH)=, = (0,0,0,...),

the zero sequence, by (4.17). It guarantees that the free distributions of u; € £o(j)
are the zero free distribution, for all j # i € Z. |

The above two theorems characterize the free-probabilistic information of the
generators {u;};cz, of our j-th filtered probability space £¢(j), for j € Z. From below,
we focus on “non-zero” free-distributional data on £¢(j), for j € Z.

By the Mobius inversion of [17], if u; are the i-th generating operators of the j-th
filtered probability space £¢(j), then
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2.
K i) = | ¥ (@) i n =2 (4.18)
" 0 otherwise,

for all n € N, and i € Z, by (4.17), where kfl(. ..) is the free cumulant on £, with
respect to the linear functional 7;, for j € Z.

5 Semicircular Elements Induced by Q

As in Sect. 4, let £ (j) be the j-th filtered probability space of Q for j € Z. Then the
j-th generating operator u; = [ ® g; of £¢ is ¥ (g;)>-semicircular in £ (j), satisfying
that

T (u]") = a)nlﬁ(qj)"c%, equivalently,
. V(g2 ifn=2 5.1
@@%”qw):{ ,

0 otherwise,

for all n € N, by (4.17) and (4.18).
By the weighted-semicircularity (5.1), one may/can obtain the following semicir-
cular element of £ (j) (under an additional condition); let

def

U= o j)u, € £o0). (5.2)

for j € Z. Recall that we assumed v (g;) € C*, for all k € Z, and hence, the above
operator U; of (5.2) is well-defined in £¢ (j).

Theorem 5.1 Let U; = w( T W be a free random variable (5.2) of the j-th filtered

probability space £ (j), for] € Z, where u; is the j-th generating operator | ® q; of
Lo If

¥(g) € R* =R\ {0}inC*,
then U; is semicircular in £4(j).

Proof Fix j € Z, and assume ¥ (g;) € R* in C*. Then

1 *
Uf=—u ) =U,
j (w@»%) Y

by the self-adjointness of u; in £y, because ¥ (g;) € R*.
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Consider now that

k| U Uy - U —k’]’(w(q,->”w""w(q,-)”1)
n-times (53)
L\
Z(T//(_qj)> n | Ui, Uj, ..., Uj |,
n-times

for all n € N, by the bimodule map property of free cumulants (e.g., [17]). Thus, by
(5.3), one has that

2 .
. 1 o) g _
K (Uj,....U) = (¢(qj)) Ky (uj, up) if n =2
0 otherwise
1 ifn=2
- {O otherwise, G4

by the w(qj)z-semicircularity (5.1) of u; in £5()).
Therefore, by (5.4) and (3.2), the self-adjoint free random variable U; is semicir-

cular in £¢ (). u

The above theorem shows that, from our w(qj)z—semicircular elements u; =1 ®

gj in £4(j), the corresponding semicircular elements U; = ﬁ u; are canonically
J :

obtained in the j-th filtered probability space £ (j), whenever ¥ (g;) € R* in C, for
j e Z.

Assumption From below, for convenience, we will automatically assume that
¥ (g)) € R*inC, forg; € Q,

forallj € Z. O

6 The Free Filterization ‘*ZEQ () of O
Jje

Let (A, ¥) be a fixed C*-probability space containing a family Q = {g;};cz of mutu-
ally orthogonal projections g; satisfying

V(g € R*, forallj € Z,

and let £, (j) be the corresponding j-th filtered probability space of Q, for all j € Z.
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For the system
{Lo() :j € Z}

of Banach x-probability spaces, define the free product Banach x-probability space
£o(Z) by
denote
L0(Z) “E° (£0(2), 7)

def

oy @ (6.1)
_j:Z o) = je*Z Q’j’j:ZTj ’

with

SQ(Z) = ‘*Z£Q’j’ WithSQ,j = QQ, VjeZ,
je

and

T = x 170n £9(Z).
JEL

For more about free product x-probability spaces, see [17, 19].

Definition 6.1 Let £,(Z) be the free product Banach *-probability space (6.1) of
the system {£y (j)} ez of all j-th filtered probability spaces of Q. Then it is said to be
the free filterization of Q C (A, ¥).

Now, construct two subsets X and S of £y(Z),

X ={u; € £o() :j€Z}, and 6.2)
S={U; € £9()) :j € Z}. :

Recall that a subset ) of an arbitrary topological *-probability space (B, ¢) is
said to be a free family, if all elements of ) are free from each other in (B, ¢). Also, a
free family ) is called a free (weighted-)semicircular family in (B, ¢), if this family
Y is not only a free family in (B, ¢), but also a subset of B whose elements are
(weighted-)semicircular in (B, ¢). (e.g., [7, 19]).

Theorem 6.1 Let X and S be in the sense of (6.2) in the free filterization £y (Z) of
(6.1).

(6.3) The family X is a free weighted-semicircular family in £¢(Z).
(6.4) The family S is a free semicircular family in £o(Z).

Proof Let X be in the sense of (6.2) in £o(Z). All elements u; of X are taken from
mutually distinct free blocks £ (j) of £o(Z), for all j € Z, and hence, they are free
from each other in £4(Z). Thus, this family X is a free family in £, (Z). Moreover,
every element u; is ¥ (qi)z—semicircular in £, (j) by (4.17) and (4.18). So, the powers
uj of each self-adjoint operator u; € X" are again contained in the free block Lo()
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as free reduced words with their lengths-1 in £4(Z), for all n € N, for j € Z. Thus,
we have

() =5 (4) o i@res.

foralln € N, forallj € Z.Itshows thateachelementy; € X'is (qj)z-semicircular in
Lo(Z),for allj € Z. Therefore, the family X of (6.2) is a free weighted-semicircular
family in £4(Z). Equivalently, the statement (6.3) holds.

Similarly, one can verify that the family S of (6.2) is a free family in £y (Z),
because Uj are the scalar-products =~ ( 5 U of u; in the free family X" of £y (Z), for all
j € Z. So, the semicircularity (5.4) of U s guarantees that this free family S is a free
semicircular family in the free ﬁlterlzatlon Lo(Z), i.e., the statement (6.4) holds. l

By (4.17) and (4.18), the only “j-th” generating operators u; of the free blocks
£o(j) provide non-zero free distributions on £¢(Z) by (6.1). Thus, we now restrict
our interests to the Banach x-subalgebra L of the free filterization £y (Z), whose
elements have possible non-zero free distributions.

Definition 6.2 Let £ (Z) be the free filterization of Q. Define a Banach x-subalgebra
Lo of £,(Z) by

0o X T, (6.5)

where X is the free weighted-semicircular family (6.3) in £4(Z), and Y are the
Banach-topology closures of the subsets Y of £,(Z). Construct the Banach -
probability space,

Lo “2* (Lg, T =7 I1,) (6.6)

as a free-probabilistic sub-structure of £4(Z) = (EQ(Z), ‘L’).
We call the Banach x-algebra Ly of (6.5), or the Banach %-probability space Ly
of (6.6), the semicircular (free-sub-)filterization of £, (Z).

By the definitions (6.5) and (6.6), the operators of the semicircular filterization
Lo are the free random variables in the free filterization £y (Z), having “possible”
non-zero free distributions. In particular, all free reduced words of £4(Z) in X' (and
hence, elements of L) have non-zero free distributions in £,(Z), by (4.17) and
(4.18).

Theorem 6.2 Let Ly be the semicircular filterization (6.5) in the free filterization
£o(Z). Then

Lo ¥ T[X] = C[S]

*-150 T R (67)
2 x Tl & @[j:z{uj}],
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in £9(Z), where ““Z” means “being Banach-x-isomorphic,” and where (x) in the
first x-isomorphic relation of (6.7) means the free-probabilistic free product of [17,
19], and (%) in the second *-isomorphic relation of (6.7) is the pure-algebraic free
product inducing noncommutative free words in X.

Proof The free weighted-semicircular family X" of (6.3) can be re-written by
X ={¥(q)U; € £9()) :j € Z}

in the free filterization £y (Z) of Q, where U; are the semicircular elements W”j
4
of the free semicircular family S of (6.4). Therefore,

CIX] = C[S]in £9(Z).

It shows that the first (set-)equality (=) of (6.7) holds.

By the definition (6.5) of Ly, it is generated by the free family X', and hence, the
first *-isomorphic relation of (6.7) holds in the free filterization £y (Z) by (6.1).

Since

*-1S0 T~ 11

Lo = j:Z(C[{Mj}] in £y (Z),

every element T of ILy is a limit of linear combinations of free reduced words (in
the sense of [17, 19]). Also, all (pure-algebraic) free words in X have their unique
free-reduced-word forms under operator-product on £y (Z). Furthermore, if we have
a free (reduced) word

N
W= ll'[ uj, in X,
=1
then, as an operator, its adjoint W* satisfies
W= Il;llujN,H] mn ]LQ’

by the self-adjointness of u; € X'. Therefore, the second *-isomorphic relation of
(6.7) holds, too. |

The equality Ly = C[S] in (6.7) shows that the name, the semicircular filteriza-
tion, is well-fit for the Banach %-probabilistic sub-structure Ly of (6.6) in the free
filterization £y (Z).

Theorem 6.3 Let Ly be the semicircular filterization (6.5) in the free filterization
Lo(Z) of Q, and let

N
X = ]l:llu;l € Lo, forny,...,ny €N,
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where the integer sequence (ji, ..., jy) is alternating in Z (if N > 1 in N) in the
sense that:

TV FJ2sf2 sy eyt v in.

(6.8) If N =1, then
T (X") =T ((X*)n) - ﬂ)nnll//(qj‘])nnlC%,

foralln e N.
(6.9) If N > 1 and ifji, ..., jn are mutually distinct from each other in Z then

N
(0 = (X" = 1 (0¥ ()" ey ).

Proof Suppose firstthat N = 1, and X = ufl‘ € LLp. Then, by (6.7), this operator X

is a free reduced word with its length-1, contained in the free block C[{u;, }] of the

semicircular filterization Lg. So, the operators X" = uj"]"‘ are free reduced words

with their lengths-1 in C[{x;, }] embedded in Ly. Thus, one can get that

X" =15, (") = om V() " e

2

for all n € N, by the ¥ (g;, )2-semicircularity of u, € X.

By the self-adjointness of u;,, one also has that X = X* in L. Therefore, the
statement (6.8) holds.

Assume now that N > 1 in N. Then, by the assumption that (ji, ..., jy) is alter-
nating in Z, the operators X and X * form the free reduced words with their lengths-N
inLg (e.g., [17, 19]). Moreover, since j, . . ., jy are assumed to be mutually distinct
in Z, one has that

N n N .
T(X) = ll;lltjl (ujll) = =1 (a’m‘ﬂ(%) ]C%‘>

by the weighted-semicircularity of u;,, ..., u;, € X in £o(Z)
— N X AN—j+1\ __ ﬁ NN —+1 _ (X*) (6 10)
- IZITJN’H] ujN—1+1 =T ]zlujN—l-H =T : .
So, the statement (6.9) holds, by (6.10). |

The above theorem characterizes free distributions of free reduced words of the
semicircular filterization Ly in the free weighted-semicircular family X'
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Observation 6.1 Let S be the free semicircular family (6.3) in £,(Z). In the above

theorem, if we replace u;, € X' to U;, € S, for [ =1, ..., N, then the similar free-
distributional data can be obtained by replacing ¥ (g;,) in the formulas (6.8), (6.9)
and (6.10) to 1, under similar conditions, foralll = 1,...,N. lLe.,

. (an) -7 ((U*)n) = wycz, VneN, and
1 J1 2

N N * N
() =<((B0) ) =flowes). e

etc. (also, see [6, 7]). 0O

7 Shifts on Z and Integer-Shifts on L.y

In this section, let (A, ¥) be a fixed C*-probability space containing a family Q =
{g;}jez of mutually-orthogonal projections g;’s having

V(g € R*, forallj € Z,

and let Ly be the semicircular filterization of the free filterization £4(Z) of Q =
C* Q).

7.1 (%)-Shifts on Z

Let Z be the set of all integers. Define bijective functions % and h_ on Z by

hy(G)=j+1, and

7.1.1
h-() =j—1, (LD

forallj € Z.
Then, for these bijections A of (7.1.1), one can construct the following bijections
hi’) on %7,

hzl):h:t ohio---ohi, (712)

n-times
for all n € Ny = N U {0}, with identities, hg) = h4, and

hi)) = idy, the identity map on Z,
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satisfying
idz(j) =j, forallj € Z,

where (o) is the usual functional composition.
By (7.1.2),

R () =j £ n, forallj e Z,

for all n € Ny.

Definition 7.1 Let hi') be in the sense of (7.1.2), for all n € Ny. Then we call h(if),
the n-(£)-shifts on Z. If n = 1, then the 1-(&)-shifts L of (7.1.1) are simply said to
be (&£)-shifts on Z. Of course, if n = 0 in Ny, then 0-(4)-shifts are identified to be
the identity map idy, on Z.

From these shifting processes h(J_f) on Z, we construct certain *-isomorphisms on
the semicircular filterization L.

7.2 Integer-Shifts on LLg

Let ILy be the semicircular filterization in the free filterization £y (Z) of Q, and let
hg’!) be n-(%)-shifts on Z, for all n € Nj. In this section, by using these shifts, certain
*-isomorphisms ﬂ(i” ) on Ly are constructed, and we study how the *-isomorphisms
acton Ly, forn € N.

Define a “multiplicative” bounded linear transformation S+ on L by a morphism
satisfying that:

B+ (Uj) = Un» (7.2.1)

for U; € S, forall j € Z.

Remark that, by (6.7), the free semicircular family S of (6.4) is the generator set
of ILy. So, by (6.6), the above multiplicative linear transformation S+ of (7.2.1) is
well-defined on Ly. By (7.2.1), we obtain the following computations.

N
Lemma 7.1 Let Y = zl:llU;’” €Ly, forU;,...,Uj, €S8, andny,...,ny €N, for
N e N. Then

N
Br(¥) = LU, (7.2.2)

Proof Let Y be given as above in Lg. Then, by the multiplicativity of the linear
transformations S+ of (7.2.1), one has that
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N . N wo N
Bu¥) = Np. (U) = I (B2 (U,)" = UL,

Therefore, the formula (7.2.2) holds. [ |
Now, let u;,, ..., u;, € X be weighted-semicircular elements generating L, for
N € N, and let
N
X = Zl'I]uj'-;’, forny,...,ny € N.
Then

N N
s (i) i)

since
U ! €S — V(g)U;, € X
=y U, = q; .
Ji 1’h(qj’) Ji Ji 7=

in Ly, and hence, the above equality goes to

N N
- (11;111#(%’ )m) Ps <zl;[1Ujr’”>
N
- <1£11w(qj1)”l> (H Uf:l(h))

N
Corollary 7.2 Let X = ll;llu;:’ €Ly, for uj,,...,uj, € X in Lo, for ni,...,
ny, N € N. Then

by (7.2.2).

N N n
Bi(X) = II;IIW(qu)nl 1;[ Uhi(i/))
: n (1.2.2)
= ll;Ill/f(qjl) ’Bi <l 1 i ))

in Lo, where U;, = ——uj, € Sin Ly, foralll =1, .

lﬁ(q )

Proof The proof of (7.2.2) is done by (7.2.2). |

By (7.2.2) and (7.2.2), one can realize that the free-reduced-word-ness on L is
preserved by that on the set B (ILp). Indeed, if an arbitrary N-tuple (ji, ..., jy) is
alternating in Z, then the N-tuples (k4 (j;), ..., h+(jy)) are alternating in Z, too, for
allN € N.Itguarantees that S preserves the freeness on the semicircular filterization
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Lg. So, if the operators Y and X are in the sense of the above lemma, respectively,
of the above corollary, and if we further assume they are free reduced words with
their lengths-N in Ly, with

J1 FJ2s Jo EJ3ys oo sjn—1 £ jn InZ,

then the images

B+(Y), and B+(X)

are again free reduced words with their lengths-N in L.

Theorem 7.3 Let B be the multiplicative linear transformations (7.2.1) on L.
Then they are x-isomorphisms on LLg.

Proof By (6.5), (6.6) and (6.7), all elements of the semicircular filterization Ly are
the limits of linear combinations of free reduced words in the free semicircular family
S of (6.4). So, let’s focus on free reduced words of Ly in S.

Let (ji, ..., Jjy) be an alternating N-tuple in Z for N € N, and

N
Y:II'IU;]”, forny,...,ny € N.
=1

By the alternating-ness of (ji, ..., jn), the above operator Y is a free reduced
word with its length-N in Ly by (6.7).
Then, by (7.2.2),

N
B (V) = U, ), (7.2.3)

where h.y are the (£)-shifts (7.1.1) on Z.

By the bijectivity of 4., the relation (7.2.3) guarantees the bijectivity of S+ on
Ly. Le., these multiplicative linear transformations S+ of (7.2.1) are generator-
preserving, and hence, they are bounded and bijective on L.

Consider now that if Y is as above, then

N
Pe(Y') = Ba (111 U)

Z1 i

by the self-adjointness of U, ..., U;

N

NN 141
=1 Tln-i41)

by (7.2.2)
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AR ’ *
= <1£[1Uhi(i/)> = (,B:E(Y)) . (7.2.4)

So,

B (T*) = (BL(T))*, forall T € Ly,

by (7.2.4), under linearity.

Therefore, the bounded multiplicative linear transformations B4 of (7.2.1) are
both bijective, and adjoint-preserving on Ly, equivalently, they are well-defined *-
isomorphisms on L. |

From the above theorem, one can realize that the (&£)-shifts 44 on Z induce the
corresponding *-isomorphisms S+ on L.

Definition 7.2 Let 8. be the x-isomorphisms (7.2.1) on the semicircular filterization
Ly, induced by the (£)-shifts 4 of (7.1.1) on Z. Then they are said to be (£)-integer-
shift(-x-isomorphism)s on L.

These two *-isomorphisms . satisfy the following identity relation on L.

Proposition 7.4 Let B be the (L)-integer-shifts (7.2.1) on Lg. Then

B+B- =11, = B_B+ on Ly, (7.2.5)
where 11, is the identity map on Ly, satisfying

I, (T) =T, forall T € LLg.

Proof As we discussed above, it suffices to consider the cases where we have free
reduced words

N
Y = ll'IlUj':’ Of]LQ, fOFI’l], ..., AN € N,

for N e N, where U;, € S,for/ =1,...,N,and (ji, ..., jy) is alternating in Z, by
(7.2.2), (7.2.2), and (6.7).

Observe that
ﬂ+ﬂ (Y) - ,3+ ( h Q,)) :3+ <l 1 1111, 1>
N ny np
211;[1Uh+(/1*1) Hll]ﬂ 1 =Y,
similarly,

B-B+(Y)=7Y.
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Therefore, for any arbitrary operators § € Ly,

B+B_(S) = B_B+(S) in Lo.
Therefore, the identity (7.2.5) holds. |

Let B+ be the (£)-integer-shifts on Ly. Then one can construct *-isomorphisms

L,

BL=PsPsr------ B+ on Ly, (7.2.6)
—
n-times

for all n € Ny = N U {0}, with identity,
'33- =1, = pL.
Since B+ and 1y, are *-isomorphisms, the morphisms g} are well-defined *-

isomorphisms on LLy, too, for all n € Ny.

Definition 7.3 Let B/} be the x-isomorphisms (7.2.6) on the semicircular filterization
Ly, for all n € Ny. Then they are called the n-(£)-(integer-)shifts on L, for all
ne N().

By (7.2.5) and (7.2.6), one obtains the following relations on the system {B :
n € Ny} of x-isomorphisms.

Theorem 7.5 Let B!} be the n-(X)-shifts on the semicircular filterization Ly, for
n € Ny. Then they satisfy

1JLQ_ ifn =ny
/31] ﬁfz = ,szﬁi] = Z:_l " ifnl > ny (727)
ﬁfrm ifn; < ny,

on Ly, for all ny, ny € Ny. Also,
M = U and BB = g, (7.2.8)

on Ly, for all ny, ny € Ny.

Proof By the identity (7.2.5), two x-isomorphisms B, and S_ are not only com-
mutative on Lg, but also their products 8, 8_ and B_B; become the identity *-
isomorphism 1r,, on L. So, for any n;, ny € Ny,

B = BB on Lo.

Thus, let’s focus on the *-isomorphisms B’} 822, for arbitrarily fixed n;, n, € N.
Suppose first that n; = ny = n in Ny. Then, by (7.2.5),
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VB = BB = (BB = (Ii,)" = 1, (7.2.9)
Assume now that n; > n, in Ny. Then

n ,3 ﬁnl —ny 2,3”2 — 117"27 (7210)

on Ly, by (7.2.9).
Similar to (7.2.10), if n; < n; in Ny, then

VB = BB = T, (7.2.11)

on Lg.
So, the formula (7.2.7) is proven by (7.2.9), (7.2.10) and (7.2.11).
For any free generators U; € S of Ly (by (6.7)), one can get that

v (ur) =81 (Un)

—yn _ pitm U and
— Yjtm+n, — P+ i)’

pupe (ur) =82 (UL,) = Ul

(7.2.12)
— _ Qn +n n
= Ul = B2 (U )

forallj € Z, for all n € N, for all ny, ny € Ny.
Therefore, the formula (7.2.8) holds on Ly by (7.2.2), (7.2.2)’, and (7.2.12). W

The above relations (7.2.7) and (7.2.8) can be re-expressed as follows;
LB = BEBL = Bigntein vem 00 Lo, with
+ ifein; +eny >0

—ifein; +eny <0, (7.2.13)

sgn(einy + exny) = {

for all e}, e; € {£}, and ny, ny € Ny, where sgn in (7.2.13) is the sign map on Z,

def | 4+ ifj >0
sgn(i) = {— if j <0,

for all j € Z, and |[.| is the absolute value on Z.

From below, we use the re-expression (7.2.13) for the results (7.2.7) and (7.2.8)
for convenience.

Now, consider the system 5 of n-(&)-shifts 8 on Ly, i.e.,

B = {BL }nen,- (7.2.14)
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Let Aut(ILy) be the group,

o are
Aut (Lg) = | { @ : Lo — Ly | #-isomorphisms ¢ , - (7.2.15)
on Ly

consisting of all *-isomorphisms on Ly, where the operation (-) means the prod-
uct (or compositions) of x-isomorphisms. We call Aut(LLy) of (7.2.15), the (x-)
automorphism group on LLgy. (Recall that x-isomorphisms on a *-algebra are called
x-automorphisms.)

By the construction (7.2.14), the system ‘B is definitely a “subset” of the auto-
morphism group Aut(ILy) of (7.2.15). Note that the operation (-) is closed on 3, in
the sense that:

(Bl Bl) € B x B r— BB € B, (7.2.16)

for all e}, e; € {£}, and ny, ny € Ny, by (7.2.13).
Clearly, by (7.2.8), one can get that

(B Br) B2 = Brtmtms = g (B BL) (7.2.17)

for all e € {£}, and ny, ny, n3 € N.
Observe now that

ny pn n ni—nz| pn ||n1—na|—n3|
( '3—2) +3 = 130(1111,;2)'3-&-3 = 'Bzr(llnl—znzl,i;)’ and
2 (B2BY) = BBty = ooy (7.2.18)
by (7.2.7) (and (7.2.13)), for all n, ny, n3 € Ny, where

o (n,k) = sgn(n—k), forall n, k € Ny,

in (7.2.18).
Consider two positive quantities a; and ay,
ar = |lny —nz| —n3|, and
ar = |ny — |np — n3|, (7.2.19)

for ny, ny, n3 € Ny.
If either ny < ny, < n3, or ny > ny > n3 in Ny, then

a) = |np —ny — 3| = ay; (7.2.20)

and if either ny < n3 < ny, or n; > n3 > ny in Ny, then
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a; = |np — ny — n3| = ap; (7.2.21)

and if either n, < n3 < ny, or np > n3 > ny in Ny, then
= |ny —np —n3| = as, (7.2.22)

where a; and a, are the quantities (7.2.19).

Lemma 7.6 Let B = {f] },en, be the system (7.2.14). Then

(B B) B = Bl (BR2B) on Lo, (7.2.23)
forall ey, ey, e3 € {£}, and ny, ny, n3 € N.

Proof By (7.2.17), we have
(B2 82°) B> = B, (B.°B.°) on Lo,

for all e € {£}, and ny, ny, n3 € Ny.
By (7.2.18), (7.2.20), (7.2.21) and (7.2.22),

n [lny—na|—n3| _ pai
( + ﬂ ) ﬁsgn(\n] —ny|—n3z) lBsgn(a'l)
_ [ —|na—n3||
’Bégnzav) ’3)58"(”1|’12n3) (7.2.24)
’an n3

on Ly, for all ny, ny, n3 € Ny, where a; = |a1| and a, = }az} are in the sense of
(7.2.19), and sgn is the sign map on Z in (7.2.13).
Similar to (7.2.24), one can obtain that

ni gn [In1—na|—ns|
(ﬁ lﬁ 2) ﬁ ﬁig”(‘lnlz nz\]‘ n3) (7 2 25)
ny—inp—ns3 __ QM ny pn3 - lae
- ’358”("1 [na—nsl) — B- ( +'3*)’

on Ly, for all ny, ny, n3 € Ny.
Therefore, the formula (7.2.23) holds on 8, by (7.2.17), (7.2.24) and (7.2.25). &

By the above lemma, we obtain the following structure theorem of the system B
of (7.2.14) in the automorphism group Aut(ILg).

Theorem 7.7 Let B be the subset (7.2.14) of the automorphism group Aut(ILy) of
(7.2.15). Then B is a subgroup of Aut(LLg).

Proof Let B be in the sense of (7.2.14). Then, by (7.2.16), the operation (-) is closed
on ‘B. So, the algebraic pair ‘B = (B, -) is well-constructed as an algebraic sub-
structure of Aut(ILp). By (7.2.23), this operation is associative on 3, and hence, it
forms a semigroup. Since
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0 0.
By =1y, =B inB,
and since

ﬂ;’~l]LQ :ﬂé’: 1]]_0 .,3;1,

for all e € {#}, and n € Ny, the semigroup B contains its (-)-identity 1. Thus, it
forms a monoid.

Finally, by (7.2.7), all elements B € B have their unique (-)-inverses 2. € B,
such that

BLB" =11, = B 8% onLg,
for all n € Ny, i.e.,

(ﬂi)_l = pLonlLg, foralln € Ny,

where x~! mean the group-inverses of x. So, this monoid 98 forms a group.

Therefore, the system B is a subgroup of the automorphism group Aut(Ly). W

By the above theorem, the system B of (7.2.14) is a group. As a group, ‘B satisfies
the following group-property.

Theorem 7.8 Let *B be the subgroup (7.2.14) of the automorphism group Aut(LLg).
Then B is group-isomorphic to the infinite abelian cyclic group 7. = (Z, +). Le.,

Group

B = (Z,+), (7.2.26)

Group . . .
where “ ="" means “being group-isomorphic.”

Proof Define now a function ® : Z — ‘B by

d:jeZ—s B

) € B, (7.2.27)

where sgn is the sign map on Z (for example, ®(2) = g2, and ®(—3) = B2, etc.),
with identity,

0eZr— 1y, =B € B.

It is not hard to check that this function ® of (7.2.27) is a well-defined bijection
from Z onto ‘B, by (7.2.14). Consider now that

v Al il gl
(1 +72) = Bsgugirin) = Bsgnin Begn(n)
(7.2.28)
= o3P (),
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in B, by (7.2.13), for all j;, j, € Z.

So, the bijection ® of (7.2.27) is a group-homomorphism by (7.2.28), equivalently,
it is a group-isomorphism from Z onto ‘B. Therefore, the group-isomorphic relation
(7.2.26) holds true. |

The above theorem characterizes the group-structure of the subgroup ‘B =
{B!L}ren, of the automorphism group Auz(Lg). Le., B is an infinite cyclic abelian

group.

Definition 7.4 Let ‘B be the subgroup (7.2.14) of the automorphism group Aut(LLy).
We call 5, the integer-shift (sub)group (of Aut(ILg) acting) on L.

7.3 Free Distributions on Ly Under the Action of B

Let B be the integer-shift group (7.2.14) acting on the semicircular filterization Ly of
Q, which is an infinite abelian cyclic subgroup of the automorphism group Aut(ILp),
by (7.2.26). In this section, we consider how our s-isomorphisms g/ € B affects
the free probability on the semicircular filterization Lg. To do that, we fix ny € Ny
arbitrarily throughout this section, and fix the corresponding ng-(£)-shifts 8’ in B,
and construct new linear functionals 7.,, on Ly,

def .
T = To B only, ie., 731
o o (7.3.1)
T4y =T O /3+ , and T_(ny) =TO /37 s

on Ly, where 7 is the linear functional of (6.6).

Since B4 € B are well-defined *-isomorphisms, and t is a linear functional on
L¢, the morphism T, of (7.3.1) are well-determined bounded linear functionals
on Lg.

Proposition 7.9 Suppose ny = 0 in Ny, and hence, p° = B} = 1L, is the group-
identity of the integer-shift group B. Then

o =t0p) =1, (7.3.2)

on the semicircular filterization L.
Proof The identity (7.3.2) is trivial by (7.3.1) and (7.2.7). |

By (7.3.2), we are not interested in the case where ny = 0 in Njy. So, if there is no
confusion, we will automatically assume below that gy € N in Ny, and 74, are the
corresponding linear functionals (7.3.1) on L.

Definition 7.5 Let Ly be the semicircular filterization (as a Banach x-algebra), and
let 74(,,) be the linear functionals (7.3.1) on LLy. The pairs
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]LJQF(HO) = (]LQ, T+(,10)) , and

e (7.3.3)
Lo™ = (Lg. ™))

are called the no-(+)-shifted (Banach-)*-probability space of L, respectively, the
no-(—)-shifted (Banach-)x-probability space of L.

Define operators X, Y € Ly by

N N
X = ll;llu;’, andY = ll;llUj;” inLLg (7.3.4)

2 i _ 1
where u;, € X are y(g;)"-semicircular elements, and U}, = Ty Ui € S are the

corresponding semicircular elements, generating the semicircular filterization Ly
(by (6.7)), foralll =1,...,N,for N € N.

Theorem 7.10 Let X and Y be in the sense of (7.3.4), as free random variables of
the ny-(%)-shifted probability spaces Lg("“) of (7.3.3).

(7.3.5) If N =1inN, then

nn

T (np) (X") = W, ¥ (qj,) cmy

and

Tt (ng) (Yn) = Wpp, C1

foralln e N.
(7.3.6) Let N > 1in N, and let the integer-sequence (ji, .. ., jn) be alternating in
Z. Assume further that j, . . ., jy are mutually distinct in Z. Then

N
Tt (ng) (X) = 11;[1 (0),111/, (qjt)n’ c%’) = Tk(no) (X*)

and
N *
T (Y) = ll;ll <(1)n1c"7’> = Th(u) (Y7).

Proof First assume that N = 1, and hence, X = ujnl‘, and Y = Uj’:‘ in the ng-(£)-

shifted probability spaces ]LZ("“). Then both X" and Y" are regarded as the free
reduced words with their lengths-1 in L, for all n € N, by (6.5) and (6.7). Thus,

n
i ((41)) = wtgm e (™)
= '(p(qj])”nl‘l,'jl:l:no (U]r:r:ltlno
nn
= (,()nn]w (qj]) ! C”"T],
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by (7.2.2), and

n
Tk (ng) ((U;IH) ) =1 (l]jillr:i:lng> = wnnlc%’
by (7.2.2) and (7.2.3), for all n € N, by the semicircularity of Uj +,, € S, in the
semicircular filterization LLy. Therefore, the statement (7.3.5) holds.
Assume now that N > 1in N, and the operators X and Y are in the sense of (7.3.4)
in Lg. By the condition that (j;, ..., jx) is alternating in Z, these operators X and

Y are free reduced words with their lengths-N in Ly, by (6.5) and (6.7). Moreover,
since ji, ..., jy are assumed to be mutually distinct in Z, one can get that

N
Tt (np) X) = wXT ( (Hl l]jr,”)) = wXT (ll:ll l]j’,llino>
by (7.2.2)', and (7.2.3)
N n
= Yx H tjlino (Uj,ﬁm)
N

H (a)ﬂll// CIJI:i:no 111 0”71) s (7.3.7)

by the semicircularity of Uj +,, € S, where
N ..
Yy = ll;llw(qjl)”’ e R*inC.
Similar to (7.3.7),

N
Te (1) = T (@yey ).

by (7.2.2), (7.2.3) and by the semicircularity of Uj1,, € S. Remark that, by the
self-adjointness of u;, and U, forall/ =1, ..., N,

X* — F[ NN —+1 and Y* _ H U”N 1+1

=1 JN 1+1 —1 IN-I+]

are free reduced words with their lengths-N in Ly, with mutually distinct jy, jy—1,
..,Jj1in Z. Thus,

Tt () X ™) = Tae(ug) X)),

and

T () (¥ ™) = Ta(ng) (¥).
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Therefore, the statement (7.3.6) holds true. |

The above theorem shows how the original free distributional data on the semicir-
cular filterization (LQ, ‘L’) are affected by the ng-(£)-shift B3° on L. Compare the
free-distributional data (6.8), (6.9), and the above results (7.3.5), (7.3.6).

Corollary 7.11 Let Ly = (Lo, ©) be the semicircular filterization, and Li(”")

(L, T(ng)), the no-(L)-shifted x-probability spaces (7.3.3) of L.

(7.3.8) The semicircular law on L induced by U; € S on LL is preserved to that
on Lz(n°).

(7.3.9) The W(qj)z-semicircular laws induced by u; € X onlLg are preserved to be

the ¥ (Clj) -semicircular laws on ]Li(”")

Proof Now, let U; € S be a semicircular element ———u; in the semicircular filter-

xp( )
ization Ly, for u; € X, for j € Z. By understanding it as a free random variable in

the ng-(Z£)-shifted *-probability spaces Li("”) one has that

T (ny) (Uj"> (U}lno> = wycy,

foralln € N, by (7.3.5),(7.3.6) and (7 3.7). It means that the self-adjoint free random

variable U; is semicircular in IL , too. Le., the semicircular law on Ly induced

by U; € S is preserved to be the semicircular law on ]Li("“)

Therefore the statement (7.3.8) holds.
Now, consider the y(¢;)*-semicircular element u; = ¥ (g;)U; € X in the semi-
circular filterization Ly, and regard it as a self-adjoint free random variable in the

no-(Z£)-shifted *-probability spaces Lz("“). Then

induced by Uj1,, € S.

T+ (ng) (Mjn) Y(g)'t ( j:tng) = ¥ (qj)ncg’

foralln € N, by (7.2.2), (7.3.5), (7.3.6) and (7.3.7).
It shows that the W(qj)z-semicircular law on Ly induced by u; € X is preserved

to be the w(qj)z-semicircular laws on Lz(HO) induced by

1 () = ¥ (@) Ujtn, € Lo,
respectively, where Uj1,, € S. So, the statement (7.3.9) holds true. [ |

As we have seen above, the (weighted-)semicircular law(s) induced by our free
semicircular family (XU)S on the semicircular filterization IL is (are) preserved
to be the “same” (weighted-)semicircular law(s) induced by (XU)S on the ny-(£)-
shifted +-probability spaces L™ of (7.3.3), by (7.3.8) and (7.3.9).

Definition 7.6 Let (By, ¢;) and (By, ¢;) be arbitrary topological x-probability
spaces. We say that they are free-(x-)isomorphic, if (i) B; and B, are x-isomorphic
via a x-isomorphism 2 : By — B, and (ii)
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@2 (2(a)) = ¢1(a), foralla € (By, ¢1),

where Q2(a) € (B, ¢2). In other words, (B}, ¢;) and (B,, ¢,) are free-isomorphic, if
and only if they are equivalent in the sense of Voiculescu (e.g., [19]).

By (7.3.8), (7.3.9) and (6.7), we obtain the following theorem.

Theorem 7.12 Let Ly be the semicircular filterization, and let Lg("O) be the ngy-
(£)-x-probability spaces (7.3.3) of Lg. Then they are free-isomorphic from each
other.

Proof By the structure theorem (6.7) of Ly, it suffices to show that free reduced
words in the generator set S, our free semicircular family, of Ly preserves their free

distributions to those of Lz(n"), under the identity operator on LLy. But, by (7.3.5),
(7.3.6), (7.3.8) and (7.3.9), free distributions of free generators of Ly are preserved

to be the same free distributions of ]LJQ[("O), under the identity operators,
I Lo — LE("O), and I_ : Lo — }Lé("“),
where

I(T) =T e L™, forall T € L.

Therefore, the Banach *-probability spaces ILy and LE("O) (resp., Ly and ]L;""))
are free-isomorphic. And hence, ]Lg("”) and L;"O) are free-isomorphic, too. |

The above theorem fully characterize how each x-isomorphism g of the integer-
shift group ‘B affects the free probability on the semicircular filterization L. By
acting 8 € B on Ly, the free probability on L. is preserved to that on B(ILy) = Lg.

8 Actions of B on LLg

Let Ly = (g, 7) be the semicircular filterization, and let B be the integer-shift
group acting on L, an infinite abelian cyclic subgroup of the automorphism group
Aut(Lp). In Sect. 7.3, we showed how ‘B acts on Ly, and how it preserves the original
free-distributional data on Ly, by (7.3.8) and (7.3.9).

Corollary 8.1 Let B be the integer-shift group acting on the semicircular filteriza-
tion Lo, and let

h=BUpe:... B e B, (8.1)

e

where (ey, ..., ey) € (£, andn,,...,ny € NN,forN € N. Then
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7 ((hw)") = outr (¢))" ¢y =7 (uf) o

n (8.2)
T ((h(U))") = wner =1 (an> ’

foralln e N.
Proof Let h be a x-isomorphism (8.1) in the integer-shift group B, acting on L.

Since ‘B is a well-defined group, and B = {f] },en,, set-theoretically, there exist
unique e € {%}, and ny € Ny, such that

h=p) e B.
Indeed, one can take
en; +eny+---+eyny €7, where
en; = {,ﬁnl g Z z _: (8-

forall/=1,...,N.Then

e =sgn(en; + ey + -+ eyny) € {£} and

ny = lein; +exny + -+ - + eyny| € Ny, )
by (7.2.6) and (8.3).
Therefore, one obtains that
7 ((hw))") =7 (h(u]'-’)) =1 (ﬂ:@(u;))
=y(g)'t (U,-'Zn0> = w,¥ (g;)" cn,
by (8.4), for all n € N. Therefore, the free-distributional data in (8.2) hold. |

Now, let’s re-consider the structure theorem (7.2.6) of our integer-shift group ‘B.
By (7.2.6), one can directly act the group Z on the semicircular filterization L. Let
Jj € Z. Then

Jj=emnjinZ, with (8.5)
ej = sgn(j) € {£}, andn; = |j| € No. ’
Forinstance, ifj = 3,thene; = 4, andn; = 3;ifj = —2,thene; = —,andn; = 2;

ifj =0, thene; = +, or —, and n; = 0, etc.
By regarding every integer j € Z as its unique expression (8.5), one can define an
action « of Z acting on Ly by

a:jeZr— B €B CAut(Ly), (8.6)
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where ¢; and n; for an integer j are in the sense of (8.5). Then, by (7.2.6), the above
action « of (8.6) is well-defined.

Recall now that if G is a group, and A is a topological x-algebra, and if there
exists a group-action y of G actingon A, i.e., y(g) € Hom(A), forall g € G, where
Hom(A) is the (x-)homomorphism group consisting of all x~-homomorphisms on A4,
satisfying

v(gi182) = v(gDy(g)onA, Vg, € G,

then the mathematical triple
(G. A, y)

is called the group (topological-x-)dynamical system of G acting on A via a group-
action y. In particular, if A is a C*-algebra, or a W*-algebra (von Neumann alge-
bra), or a Banach x-algebra, then the triple is said to be a group C*-dynamical
system, respectively, a group W*-dynamical system, respectively, a group Banach
x-dynamical system (or a group B*-dynamical system), etc. Remark that the auto-
morphism group Aut(A) is a subgroup of the homomorphism group Hom(A). So,
there are well-defined group B*-dynamical systems,

(Z,Lg, @),
where « is in the sense of (8.6), and
(%B.Lo. B).
with
BBl eBr— B cAut(Ly), 8.7)

forall e € {£}, and n € Ny.

Theorem 8.2 Let B be the integer-shift group embedded in the automorphism group
Aut(ILg) of the semicircular filterization Lo, and let 7. = (Z, +) be the infinite
abelian cyclic group. Then the group B*-dynamical systems

(B. Lo, B) and (Z,Lg, )
are equivalent in the sense that: (i) B and 7. are group-isomorphic via a group-

isomorphism Q : Z — ‘B, and (ii) B () = a(j) on Ly, for all j € Z, where
and B are in the sense of (8.6) and (8.7), respectively. Le.,

(B, Lo, B) ‘L (Z, Lo, ). (8.8)
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Proof Let (B, Lo, B) and (Z, Lo, ) be the above group B*-dynamical systems,
where « and S are in the sense of (8.6), respectively, (8.7).
By (7.2.6), there exists a group-isomorphism 2 : Z — ‘B,

Q) = B € B, forallj € Z,

where j = e;n; in the sense of (8.5).
By (8.6) and (8.7), one has that

B () =B (B:) =B =a(), onLy,

for all j € Z. Therefore, these two group B*-dynamical systems (%, Lo, ,3) and
(Z, Lo, a) are equivalent. |

The above theorem shows that the group action « of Z acting on Ly affects the
free probability on the semicircular filterization LL just like the group action B of

B.

Observation 8.1 All same results of Sect. 7.3 are re-obtained, if we replace 8] € ‘B
to a(en) € a(Z), forall e € {} and n € Ny, where @ and g are in the sense of (8.6)
and (8.7), respectively. The proof is done by the equivalence (8.8). O

9 Banach-Space Operators on Ly Preserving Free
Probability

Let (A, ¥) be a fixed C*-probability space containing the family Q = {g;};cz of
mutually orthogonal projections, and let Q be the C*-subalgebra C*(Q) of A, and let
Lo be the corresponding semicircular filterization of Q. Also, let 9B be the integer-
shift group in the automorphism group Aut(L¢), which is group-isomorphic to Z =
(Z,+). Let X be an arbitrary Banach space, and let B(X) be the operator space
consisting of all bounded linear transformations, the Banach-space operators, on X
(e.g., [9]). Let Ix be the identity operator on X,

Ix(x) = x, forallx € X.

A Banach-space operator 7 € B(X) is said to be invertible on X, if there exists a
unique Banach-space operator 7! € B(X), such that

TT™' =Ix =T 'TonX.
The operator T~ is called the inverse (operator) of T on the Banach space X.

Now, for our semicircular filterization LLy, we consider the operator space B(ILg) by
regarding the Banach x-algebra Ly as a Banach space. Then the integer-shift group
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B is contained in B(ILp), as a subset, because all integer-shifts of B are bounded
(multiplicative) linear transformations on ILy. Equivalently, every group element g,
of B is a Banach-space operator on Ly, for all e € {£}, n € No.

Theorem 9.1 LetILy be our semicircular filterization of Q. There exists an invertible
Banach-space operator T in the operator space B(ILg) such that T preserves the free
probability on Lg.

Proof The proof of this theorem is done by construction. Indeed, let B/ be the n-
(e)-shift in the integer-shift group B contained in the operator space B(ILy), which
is a Banach-space operator on ILy, for e € {£} and n € Ny. Then this Banach-space

R e 21
operator B! is invertible with its inverse (8)

(8) ' =p", € B CB(Ly),

where B”, is the group-inverse of . in ‘B, satisfying

(82 (B)) " =1, = (8 (8).

on Ly, where 1y, is the identity operator on the Banach space Ly (which is also the
group-identity of $B).

Moreover, this operator B, preserves the free-distributional data of all free reduced
words in the free semicircular family S generating the Banach space Ly, by (7.3.8),
(7.3.9) and (8.2). Therefore, by (6.5), (6.6) and (6.7), the free probability on L is
preserved by 7. |

The above theorem illustrates that there are sufficiently many invertible Banach-
space operators on L.y preserving free probability on L.
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1 Motivations and Main Results

It is well known [4, 7, 8, 35, 39] that the Cauchy numbers of the first kind C,, can
be generated by

o "
ln(l +1) Z
In [2], degenerate Cauchy numbers C,(\) were defined by

/\[e[(1+t)*—1]/A _ 1] 00 n
= C,(\)—.
1+nr—1 Z:; ( )n!

Because
1+ =1
lim a+n"-1_ In(1+1) or lim el =1/ — 1 44
A—0 A A—0
it follows that

In [2, Theorem 2.1], it was established that the family of nonlinear differential
equations

2n—1

A+0"[(1+0* = 1]"F" @) = F)\(t)Za,(n N+ 4+ 3 b, M+
i=1 i=1
2
for n € N has the same solution
l+DA=11/A _
() = ——————. 3)

(1+0r—1
where a;(n, \) for 1 <i <2n and b;(n, \) for 1 <i < 2n — 1 are uniquely deter-

mined by

1
ai(n, A) = 1= Mgty @, A) = (n—1-2X),

n—2

——Z[A A+ D =Dl —i =2 = A)yeifn = 1=2);,

a;(n,\) =[0G — 1))\ — A+ Dnla;(n — 1, N)
+a_,(n—1,N)+m—-1—iNa(n—-1,)), 3<i<2n-2,

1
axy—1(n, A) = En[()\ — D=1 -2+ D],
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a2n(n7 )\) = 1’ b](l’l, A) = (I’l —-1- /\>n—l,
bim,  N)=[0—DX— A+ 1) —-DI]bi_1(n—1, )
+a_1n—1,N)+m—-1—iNbjn—1,)), 2<i<2n-3,

boy—2(n, A) = (A — 1)<n ; 1) 2 =D = A byp(n, M) =1

in terms of the falling factorials

n—1 .
n=0.

It is clear that the generating function F) (¢) defined by (3) satisfies

. t
;I_I)I})[/\FA(I)] TGETY

It is obvious that

(1) the above expressions for a;(n, A\) and b;(n, \) are recursive and can not be
computed easily;

(2) the original proof of [2, Theorem 2.1] is inductive, recursive, and long;

(3) there was no any application given in [2].

In this paper, by virtue of the Faa di Bruno formula (9) and two identities (10)
and (11) for the Bell polynomials of the second kind B, x (x1, X2, ..., Xp—k+1), We
will establish an explicit expression (4) for degenerate Cauchy numbers C, (\) and
find explicit, meaningful, and significant expressions (7) and (8) for coefficients
a;(n, \) and b;(n, ) in the family of nonlinear differential equations (2) related to
the generating function F) (¢) of degenerate Cauchy numbers C,, ().

Our main results can be stated as the following theorems.

Theorem 1 Forn > 0, degenerate Cauchy numbers C,(\) and the Cauchy numbers
C, can be explicitly and respectively computed by

n 1Nk
Ca(N) = Z(k(+ 1iw Z( 1)‘() )

and

¢, =yl )
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Theorem 2 Forn € N, the generating function F\(t) and its derivatives of degen-
erate Cauchy numbers C, (\) satisfy

F (l) 2n—1

F(ﬂ) — A ; (1 iA . (1 iA
VO = AT Za(n )(1+1) +,Zlﬁ(n )1 +1)
©6)
with
min{n—m,k} A@ n—2¢
a(n, A)ZkZ»(_l) An, N Y (k—a!( N ) (7)
15k =
0<m<n

forl <i <2nand

min{k—1,n—m—1}
il N n—e—1
BN = Y (=" Am N Y e G ®)
T =
0<m<n-—1

forl <i <2n—1, where

(—])k k , k n—1
A, 2) = = (=D <£) [Ter-o.
=0 q=0

2 Lemmas

In order to obtain our main results, we need the following lemmas.

Lemma 1 ([1,pp. 134 and 139]). Forn > k > 0, the Bell polynomials of the second
kind, denoted by B,, ;(x1, X2, ..., Xy—k+1), are defined by

n—k+1
n! X\t
Bk (X1, X2, ooy Xpp1) = 2\ T‘zﬂ l_[ (l—') :
l<z<n k+1 i=1 ’
€(0jUN
Z,” S iti=n
Z”_IH—]@ —k

The Faa di Bruno formula can be described in terms of the Bell polynomials of the
second kind B, ; (x1, X2, . .., Xy—g+1) by

=" FOU@)Bur (W 0), h' @), ... .k @), ()

k=0
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Lemma 2 ([1, p. 135]). Forn > k > 0, we have

2 ket k
B,k (abxy, ab’xy, ..., ab" ' x, i 41) = a"B" Bk (x1, x2, ... Xuckgr),  (10)

where a and b are any complex numbers.

Lemma3 Forn >k > 0and )\, « € C, we have

Bn,k(L =X 1 =XM(1=2X)),.. 1_[(1 K)\)) - l)

n—1
( ) [Te-a»
q=0

(1)

or, equivalently,

CDE S,k
Bui((@)1, (@), oo {@hnss) = = 3 (=D <£><a6>n. (12)
=0

Proof This explicit formula (11) was first established in [25, Remark 1] and then
was applied in [16, Sect. 2], [17, First proof of Theorem 2], [19, Lemma 2.2], [22,
Remark 6.1], [23, Lemma 4], and [32, Lemma 2.6]. The formula (12) and the equiv-
alence were presented in [33, Theorems 2.1 and 4.1].

3 Proofs of Theorems 1 and 2

We are now in a position to prove our main results.

Proof of Theorem 1 Forn > 0,applyingu = h(t) = % and f(u) = e“u’l
and making use of (10) and (11) in sequence arrive at

n

_ A1 _ A2
"AFA(D)] Z <e I)Bn,k()\(] +1) AMA=-DA+1) ’

dm A ’ A

AA=1) A= @n -1+ z)**("*k“))
B A

n oo

dk u[*l K
k<27>(1+t) Bus(LA=1, ... A=D1 [A=(n—k)])

Odu =1

k

s |l

o0

d* (Z u' )(]+[)m n
duk €+ 1)

k=0 =0

1 1 _
x Bux(1LA1-<)..... k(LY (o=
A A \
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n o0

_ dk ul kA—n
= [Zduk(<e+ 1>!>}(1+’)

k=0

x Nk B, Lot T PO PRl
) ) )

_ - - e u@*k kA—nyn— k( 1) k = q
_ko[zw—k)'(ul)']( oA Z( 1)()}1(@—0

n—1

= Yl I+ (=D (A —9q)
Y[ wi e ()1

+

11 (= 1) nl
IV Z( 1)()}1@—@

k=0
(—=DF ok
-3 e e (e

as t — 0 and, consequently, # — 0. This implies that

— \Mim F® ~_ (D" ¢
Ca(N) = Mim F{" (1) = Z(H]W Z( 1 ()

The explicit formula (4) is thus proved.
It is well known [1, Theorem A] that the Stirling numbers of the first kind s (n, k)

can be generated by

(X)y =Y s(n, k)x*.

k=0

Hence, by the L’Hdspital rule, we have

im Z( 1%( )(U\ o Z( 1 ( )Zs(n,mxm)m

m=0
- Fi‘“?)z(_” ( )Zs(n,mxm)kzk(m)m—k
m=0
1 k k X
Tk Z(_I)ZQ)M’ Rk = s k) ) (=D (e)‘ek = (~D)*kIs(n, k).
=0 =0

Combining this with (1) and (4) gives

n

. (=D . ~ ,
Cn = Jim CalY) = Z(k+1)u o)\kZ( 1)<>< An = — k1

The explicit formula (5) follows. The proof of Theorem 1 is complete. (]
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Proof of Theorem 2 Forn € N, applyingu = h(r) = S  and f (u) =

and making use of (10) and (11) in sequence arrive at

d"[)\FA(t)]_ii ¢ =1\ (AT AA-DA DN
dm B — duk u mk A ' A ’

AMA=1D - [A=(n =k + z)**<ﬂ*k+l>)
B A

n k k 1 (k—0)
S (a) oo
k=1-¢=0

X Bur(1,A—=1,..., A=1D---[A=m—=Kk)]

DRI — 1) o [k (=D — o) o
= Z[ s + Z <g>e pk—eF ](l +0t
=1

k=1

R =)

n k k—t k k—1t
=Dk = O! =D k= 0!
=2 im0 X () T () T
k=1 =0 =1

1 1 n—k
n—k

B Ll—— .. 1=—=)--|1-
XA k( x ( A) ( A))

e'—1
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to (9)

](1 + 0

(= DF=Ek=C e — (DN
_Z[)\F)\(t)z<> T "’Z(z) [(1+0*—1

=1

% (1+[)k/\7nAn7k(_1) Zk:(—l)z k rﬁ ? —
k! = 4 2=0

k—1

>

14+ )% (=1 k
o ¢ J;kt) ( kV) Z(_l)/z(Z) 1—[(“—‘1)-
=0 g=0

Accordingly, we have

n n 1 kx 1 k =
A+ [+ =1]"FP @) = Z[( J;k’) - ) Z( 1)‘( )H(Z)\—q)]
q=0

k=1

( 1)[}\2-#161

1 K\ (=Dt k - !
Tt Z[ mZ( )[(1 T +§(z) [+ 1) — 171

—¢ —0)!
]k7£+l :|

)

k—1
[F,\(z) Z ( )(—1)2,\%![(1 +0M =11+ (E)(—l)l/\%![(l +0) = 1]“*‘]
£=0

n—1
Z[( Da Z( 1)()]‘[(0 q>]<1+t)“
=1 4

n—{
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(,])@)\l "= n—£—1 m\ n—{—1—m
D) ZO( " )<1+r) ) ]

k—1
+
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1
- [(Ak) Z( 1)‘()]‘[(m oa+o®
[Fw)z(k e),Z( 1)'"( )(1+z)””\

m=0

k—1 N n—L—1 n—t—1
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n ( " m+1 —t—1 (k+m)A
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e U —0)! m

m n—1{ m
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n n—1 " k—1 )\g n—t—1 Fetm)
=I§Ak(",/\)m§:0(—1) L; (k_g)!( . )](H—t)

min{k—1,n—m—1}

—I; k(n, )n;)(—) [ Z m( m )]( +1)

=0

min{k—1,n—m—1}

2n—1
=> | 2 evlaeny Y
i=1

k+m=i £=0
1<k<n
0<m<n-—1

M m—t—1 i
(T faso

where an empty sum is understood to be 0 and (g ) =0 for g > p > 0, the Eq. (6)
and the formulas (7) and 8 are thus proved. The proof of Theorem 2 is complete. [J

4 Remarks

Finally, we list several remarks on our main results and closely related things.

Remark 1 Comparing (6) with (2) reveals that
ai(n,A) = (=1)'a;(n, ) and b;(n, \) = (—=1)"G;(n, ).

Remark 2 Tt is easy to see that explicit expressions (7) and (8) for «;(n, \) and
B;(n, \) are more meaningful and more significant than those in [2, Theorem 2.1]
for a;(n, ) and b; (n, \) mentioned above.

Remark 3 The formula (5) was derived in [3] and mentioned in [4, 8].

Remark 4 Per requests of anonymous referees, the preprint [17] is split into and
simplified as two formally published papers [18, 29].

Remark 5 The motivations in the papers [5, 6, 9-16, 20, 21, 24-27, 30-32, 34,
36-38, 40—-42] are same as the one in this paper.

Remark 6 This paper is a slightly revised version of the preprint [28].
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Abstract The notion of deferred weighted statistical convergence was introduced
by Srivastava et al. (Math Methods Appl Sci 41:671-683, 2018) [20]. In the present
investigation, we have used (presumably new) the notion of approximation via sta-
tistical deferred weighted (Riesz) summability mean for trigonometrical periodic
functions defined over a Banach space C,,(R) and accordingly established a new
approximation theorem (Korovkin-type). Furthermore, we have introduced the idea
of the rate of statistical deferred weighted summability and also established another
result for the same set of functions by using the modulus of continuity. Finally, We
have also considered a number of fascinating special cases and examples in relevance
to our results and definitions provided in this paper.
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1 Introduction, Preliminaries and Motivation

The theory of statistical convergence was initially studied by Fast [8] and Steinhaus
[24]. Gradually, this theory became an active research area due basically to the cause
that it is more extensive than that of usual convergence. Furthermore, such theory
has been fairly discussed in the study in the areas of (for example) Number Theory,
Fourier Analysis and Approximation Theory. For details, see the current research
works [3, 6, 9, 10, 12, 14, 17-21], etc.

Let K C N (set of Naturals) and let

K,={k:k<n and ke K}.

The natural (asymptotic) density of K is given by

. Ky
d(K) = lim ,

n—oo n

provided the limit exists.
Recall that, a sequence (x,) is statistically convergent (or stat-convergent) to L
if, for every € > 0,

K.=1lk:keN and |x;x —L| = €}

has natural density zero (see [8, 24]). That, for each € > 0,

K.
d(K.) = lim ‘K¢

n—oo n

=0.

Here, we write

stat lim x, = L.
n— 00

Consider the following example:

Example 1 Let us consider a sequence x = (x,) by

% (n =m?,meN)

X, =
3 .
n_{‘—ﬂ (otherwise).

Observe that, the sequence (x,) is statistically convergent to 1 but it is not usually
classical convergent. Also, every convergent sequence is statistically convergent in
the sense that, the subset to be discarded has natural density zero. Thus, statistical
convergence is more general than usual convergence.
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The basic concept of weighted statistical convergence was initially studied by
Karakaya and Chishti [11]. Gradually, it was improved by Mursaleen et al. (see [16])
and accordingly some important approximation results were proved. For more results
in this direction one may refers to the following works (see [4, 20]).

Suppose that (py) be a sequence of nonnegative numbers such that P, = >}, pk
with pg > 0 (n — 00). Setting

] n
tn=;n;pkxk n=0,1,2,...),

we say (x,) is weighted statistically convergent to a number L if, for each € > 0, the
following set:

(k:k <P, and pilxg — L| 2> €}

has zero weighted density (see [7]). This means that, for each € > 0, we have

1
lim —|{k:k < P, and pilxy — L| = €}| =0.

n—00 n

Similarly a sequence (x,) is said to be statistical weighted summable to L if, for
each € > 0, the following set:

{k:k<n and |ty —L| 2 €}

has zero weighted density, that is,

1
lim —|{k:k<n and |ty —L| =€} =0.
n—oon
Motivated essentially by the above-mentioned works, here we wish to present the
(presumably new) notion of statistical deferred weighted summability to establish
certain new approximation results.
Let (a,) and (b,) be sequences of non-negative integers and we recall the regularity
conditions of the deferred weighted mean due to Agnew [1] as a, < b,(n € N) and
lim b, = oo.
n— 00
Furthermore, let (p,) and (g,) be the sequences of real numbers (non-negative)

such that
by b
P, = Z Pm and Qn = Z qm-

m=a,+1 m=a,+1
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Let

by
by __
Ra,,+1_ Z Pvqvs

v=a,+1

setting

by
1
On = by E Pm9mXm
Ran +1 m=a,+1

it is said that (x,) is summable to L under the deferred weighted (Riesz) summa-
bility mean defined by the associated sequences (p,) and (g,) or, briefly, summable
D.(N, p, q). if

lim o, = L.

n—o00

Next, for our proposed method consider a definition as follows.

Deﬁnition_l A sequence (x,) is statistical deferred weighted summable
(or statD(N)-summable) to L if, for each € > 0,

m:m<n and |o, —L| =€}

has deferred weighted density zero, that means,

1
lim —|{m:m<n and |o, —L| =€} =0.
n—>oo g

Here, we write .
statD(N)limx, = L.

Remark 1 1f, g, = 1(Y n), then Di’(ﬁ, p,q) mean is same as DS(N, p) mean
(see [5]) and if a, = 0, b, = n(¥ n) and g, = 1, then DS(N, P, q) mean becomes
(N, pn) mean (see [15]). Finally, if @, =0, b, = n(¥Y n), p, = 1 and g, = 1, then
Dfl’(ﬁ, P, q) mean is same as (C, 1) mean (see [14]).

The following example illustrates that, a sequence (x,) is statistical deferred
weighted summable to L, but not deferred weighted statistical convergent to L.

Example 2 For a, = 2n and b,, = 4n, choose a sequence x = (x,) as,

(1.1)

. = 0 (nisodd)
" (n is even).

Clearly, (x,) is neither convergent nor deferred weighted statistically convergent.
But, (x,) is statistical deferred weighted summable to 1 with

p.=1 and ¢, =1.
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2 A Korovkin-Type Approximation Theorem Based on
Deferred Riesz Mean

In this section, by using the idea of deferred Riesz statistical summability mean for
periodic functions 1, cos x, sinx over C;,(R), we have proved an approximation
theorem (Korovkin-type). Also, our theorem effectively extends most of the results
established earlier. In this direction, one may refer to the recent works [7, 19-22].

Let F(R) be the linear space of all functions (real-valued) f on the set of real
numbers R and C(R) be the space of all continuous functions defined on R. Recall
that, C(R) is a Banach space with norm

I flleo = Sunglf(x)l (f € CR)).

Suppose C,; (R) be the space of all continuous 27 -periodic functions (real valued)
defined over R and £ : C, (R) — C»,(R) be a linear operator. That means

L(f;x) 20 for x e R.

Also C»; (R) is a Banach space and for f € Cy;(R), the norm of f is given by

[ fll2x = sup [ f(x)].
xeR

Theorem 1 Ler £,,(m € N) be a sequence of linear operators (positive) from
Co (R) into itself and let f € Cy (R). Then

stat D(N) Tim [|£,(f; %) = f(X)llar =0 2.1
if and onlyif
statD(N) lim [|£,,(1;x) — 1|2z =0, (2.2)

statD(N) aningo | € (cosx; x) — cos x|y =0, (2.3)
statD(N) lim | €, (sinx; x) — sinx[l2x = 0. (2.4)
Proof. Since the functions
fox)=1, fi(x)=cosx and fo(x)=sinx
are in Cp, (R), the following implication:

2.1) = 22)—(2.4)
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is trivial. Now, for the completion of the proof of our Theorem, we have to assume that
the assentations (2.2)—(2.4) are true. Suppose f € Cp (R) andlet/ = [—m, 7] C R.
Then, there is a constant k > 0 such that

IfI=k (YxeD,
It, thus implies that,
|f() = fI =2k (@, x€D. (2.5)
Clearly, for a given € > 0, there exists § > 0 such that
|f(t) — f(x)| <€ whenever |t—x|<3§ (2.6)

forallt,x € I.
Also, f is bounded, so it follows that

f@) = fOI =2l fllar (Y, x €1). (2.7)
From equation (2.6) and (2.7), we get
2] f N2

- 208
sin”(3)

) t—x
@(t) = sin (—2 )

Since f € C,,(R) is a periodic function with period 27, the inequality (2.8) satisfied
fort e R.

Moreover, the operator £,,(1; x) being linear and monotone, so the inequality in
(2.8) follows that

[f@)— fx)| <e+ ) (te(x—462m+x—-146], (2.8)

where

25 0) = FO S €+ 1FODIEm (0 — 1+ e+ 1T (o 10 1)
sin (7)
+ | cos x|| £ (cost; x) —cosx| + | sinx|| Ly (sint; x) — sinx|}.

e+ <e+ oo+ L] ) (1€ (13 0) = 1 + |Em(cos t; x)
sin (j)

A

— cosx| + | L (sint; x) — sin x|}. (2.9)
Next, taking sup, ., in both side of (2.9), we get

1€n(f3;x) = fO)llor S € +B{I€n(1;x) = L2z + [|€n(cos t; x) — cos x|l2x
+ |1 £, (sint; x) — sinx||2z }, (2.10)
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where
£ ll2=
B=let fhy + 10 L
sin (5)
Now replacing £,,(f; x) by

[

— > PudnTn(f %)

ap+1 m=a,+1

and then by W,,(f; x) in (2.10), we have for a given r > 0, we choose € > 0, such
that 0 < €’ < r. Then, by setting

b
1 n
W, (x, r) = {m:m§n and | —— Y pugnTu(f;x) = f(x) zr}
ap+1 m=a,+1
and
1 on r—¢
Vo, r)=|{mimEn and | —m— 3 pugnTu(li0) =1 2 =1,
ap+1 m=a,+1
1 il r—e
W, r)y=|{m:m<n and o Z PmGm T (cost; x) —cosx| = 3B R
ap+1 m=a,+1
1 on r—e¢
W (x,r)={m:m<n and — Z DPingm T (sint; x) —sint| = 3B s
Ran+1 m=ap+1

we clearly find from (2.10) that

2
Wy (6, 1) S Wi p(x, 1),

i=0

Thus, we get

2
W (x, 1) ll27 < Z ”\I‘[i,m(x,r)”Zn.

n n
i=0

@2.11)

Finally, under the above assumption for the implication in (2.2)—(2.4) and also by
Definition 1, the right-hand side of (2.11) tend to zero as n — oo. It clearly follows
that,

stat D(N) lim [1€,(f: ) = f (0)llax = 0.
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Therefore, the implication (2.1) is true. Which completes the proof of Theorem 1. O

Next, to recall the Fejér convolution operators, we consider the Fourier series of
f att = x of the form,

o0
Ju(x) = % + Z(am cosmx + b, sinmx).
2 m=0
Let the nth partial sum of the Fourier series of f,,(x) be

Su(f3x) = “—2" + (@n cosmx + by sinmx) (Y eN)

m=0
and we write by Cesaro mean of f,,(x),

1 n
Sn(fvx) = mmzosm(f9x)'

Further, by simple calculation, we obtain:

" sinl I:(nJrl)(X*T)iI
d

1 T 1 2
Za(fsx) = E/_ f(”n+1mz

t
s 2| =)
—0 Sin [T]

1 b
=5 f@®)o.(x — t)dt,
T Jx

where

SinZ[(ll‘Fl)z(/x*f)]
———+— 7 (xis an even multiple of 1)
(n+1) sm‘[T]

Pn(x) =

n+1 (if x is not an even multiple of ).

Note that, the sequence {¢,(x) : n € N} is the Fejér kernel and the operators
$.(f; x) are the Fejér convolution operators.

Furthermore, consider the operator x (1 + x D), where D is a differential operators.
This operator was earlier used by Al-Salam [2] (Also, see [23, 25]).

Now for the validity of the operators £, (f; x) for our Theorem 1, we present the
following example.

Example 3 Let £, : C2; (R) — C»;(R) be defined by,
En(f; %) =[1+xulx(1 +xD)Fu(f) (f € Con(R), (2.12)

where (x,,) is the same sequence as defined in Example 2. Then, we obtain
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Lall;x)=[14+x,]x(1+xD)1 = x,

m—1

Lu(cost; x) =[1+x,]x(1 +xD) coS X

m—1 )
(xcosx —x

=1+ x,,] sin x)

m
and

m—1

La6int; x) = [1 + x,]x(1 +xD) sin x

m—1

=[1+ x,] (x sinx + x? cos x).

m

Thus, we obtain:

statD(N) lim || £,,(1; x) — 1]z =0,
m— 00
statD(ﬁ) lim ||.£,,(cosx; x) —cosx|; =0,

statD(N) lim £, (sinx; x) —sinx|>, = 0.

It now implies, the operators £, (f; x) fairly satisfy the conditions (2.2)—(2.4).
Hence, by Theorem 1, we certainly have

statD(N) lim ||£,(f; x) — fllar = O.

However, since (x,,) is not deferred weighted statistically convergent, so the result
of Srivastava et al. ([20], p. 5, Theorem 1) is not true for our operators defined by
(2.12). Moreover, since (x,) is statistical deferred weighted summable, therefore we
conclude that our Theorem 1 works for the same operators.

3 Rate of the Statistical Deferred Weighted (Riesz)
Summability

In the present section of our investigation under the consideration of the modulus of
continuity, we study the rate of the statistical deferred weighted summability for a
sequence of linear operators (positive) defined over C,,; (R).

Definition 2 Let (u,) be a positive non-increasing sequence. A sequence x = (x,)
is said to be statistical deferred weighted summable to a number L with rate o(u,,)
if, for each € > 0,

lim L|{m:m§mnd|am—L|ge}|=o.

n—00 U, N
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Here, in this case, we may write
x, — L= statD(N) —o(uy).

We now state and prove a Lemma as follows.

Lemma 1 Suppose (u,) and (v,) be two non-increasing positive sequences and let
x = (x,y) and y = (yp,) be two sequences such that

Xn — L1 = statD(N) —o(uy,)

and B
Ym — Lo = statD(N) — o(v,).

Then each of the following assertions hold true:
(i) (X + ym) = (L1 + L) = statD(N) — o(w,);
(ii) (xm — L1)(ym — L2) = statD(N) — o(unvy,);
(iti) B(xm — Ly) = statD(N) — o(uy) (for any scalar B);
(iv) /1xm — Li| = statD(N) — o(u,),

where w, = max{u,, v,}.

Proof. To prove the assertion (i) of Lemma 1, we consider the following sets for
€ >0andx € [0,27]:

)

Ay €) = [{m :m < nand [(0, (x) + 0, () — (L1 + La)| Z €}

Agn(x; €) = Hm :m S nand|o,(x) —L{| = %H
and
Aneie) = |{mim < nand o, () = Lo 2 2}
Clearly, we have
An(x;€) S Agn(x; €) U A (x;e).
Moreover, since
w, = max{u,, v,}, (3.1
by applying the assertion (2.1) of Theorem 1, we obtain

1An G Ollor - Aon (3 )llar | 1AL €)1
Wyh = Upn Vplt '

(3.2)

Also, by using the assertion (2.2)—(2.4) of Theorem 1, we obtain
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| An(x; €)llon
Wyn

=0, (3.3)

which proves the assertion (i) of Lemma 1.
The other assertion (ii) to (iv) of Lemma 1 being similar to (i), so in the similar
lines, it can be proved. Which completes the proof Lemma 1. O

We recall here the modulus of continuity of a function f € Cp, (R) of the form

w(f.8) = sup  [f(1) = f)] (6>0),

|t—x|<8 (1,x€R)

which implies

£ = F@)] £ o(f, 6)(”5_" +1). (3.4)

Theorem 2 Let £, : Cor (R) = Co (R) be sequences of linear operators (posi-
tive). Suppose that the following conditions:

(i) 1€n(1; x) = 1|2z = statD(N) — o(uy);
(ii) o(f, Am) = statD(N) — o(vy,),

where
t J—
A =V E&m (@2, x) and ¢(t) = sin® ( 5 x)

are satisfied. Then, for all f € Cy,; (R), the following assertion holds true:
1€ (f: %) = fllar = statD(N) — o(wy), (3.5)
where (w),) is given by (3.1).
Proof. Let f € Co(R) and x € [—m, ]. Using (3.4), we have

1€ (f10) — FO S Em(LF©) = £ X + L@ 1Em (L 2) — 11,
< C ('x mLt x) 0 (f.8) + 1 Ol (15 2) — 1],

2 _
< & (1 + ’;—zsinz (fo) ;x) o(f,8) + | )L (15 x) — 1]

2
= (£n1(1§ x) + %Sm((/’(t)§ X)) o(f,8) + 1 fONLm; x) — 1]
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Now, putting § = A, = +/ £, (¢%; x), we get

1€m (f3x) = fF&)ll2r
< U+ 70 Am) + O (F )L (13 X) = oz + 1F @) 2 1€m (1 %) = iz
< o (fs dm) + o (fs ) 1€ (15 %) — Llog + 1€m (1 x) — 1ll2r },

where
w=1{llflcym, 1+

This yields

1 &
’ b Z pmqum(f; )C) - f(x)

ap+1 m=a,+1

2

= M{w(f, Am) + o (f, Am)

b
1 n
‘ Rh,, Z pmqu;n(fO; x) — f()(X)

an+1 m=a,+1

2w
by
o X Pt Tafoin) = o) } (36)
ay+1 m=a,+1

2

Finally, in view of the conditions (i) and (ii) of Theorem 2 in association with
Lemma 1, this last inequality (3.6) motivates us to the assertion (3.5) of Theorem 2.
Which completes the proof of Theorem 2. O

4 Conclusion

In the last section of our study, we present some further remarks and observations
concerning the different results which we have provided here.

Remark 2 Let (x,),en be a given sequence as in Example 2. As
statD(N) nli)nolo x, — lon|[0,27],
we have
statD(N) Im 1€, (fi; %) = fi()llr =0 (0 =0,1,2). 4.1
Hence, by using Theorem 1, we have

statD(N) Iim €, (f3x) = f(D)]r =0, (f € CxR), 4.2)
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where
fo(x) =1, fi(x)=cosx and f>(x) =sinx.

However, since (x,) is neither ordinarily convergent nor uniformly convergent. So,
the usual Korovkin Theorem will not work here for the operators defined by (2.12).
Hence, this application clearly leads that our Theorem 1 is a non-trivial extension of
the classical Korovkin-type theorem (see [12, 13]).

Remark 3 Let (x,),cn be a given sequence as in Example 2. As

statD(N) lim x, — 1on [0, 27],
n—0oQ

so (4.1) holds. Now by applying (4.1) and our Theorem 1, condition (4.2) holds.
However, since (x,) does not weighted statistically convergent, so we can say that
the result of Srivastava et al. ([20], p. 5, Theorem 1) does not hold true for our
operator defined in (2.12). Thus, our Theorem 1 is also a non-trivial extension of
[13, 20]. Moreover, based on the above results, it is infered here that our proposed
method has truly worked for the operators defined in (2.12) and hence it is stronger
than the earlier established classical and statistical versions of the Korovkin-type
approximation theorem (see [12, 13, 20]).

Remark 4 1f, we replace the conditions (i) and (ii) in our Theorem 2 by the condition,
| (fi5 %) — fi(X)|2r = statD(N) — o(un,) (i =0,1,2), 4.3)
then, since

L@ %) = |€(1; x) — 1] 4 | cos x|| € (cost; x) — cosx

+ |sinx||£,,(sinx; x) — sin x],
we can clearly write
2
Ln(@*5 %) < MY 180 (fi; X) = fi(X)lax, (4.4)
i=0

where
M =1+ fillzx + | f2ll27-

It now follows from (4.3), (4.5) and Lemma 1 that
A =V L (9?) = Sp@) — o(dy) on [0, 2], 4.5)

where
o(dn) = maX{unov Up,, unz}~
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Hence, clearly, we get
w(f,8) = statD(N) — o(d,,) on [0, 27].

By using (4.6) in Theorem 2, we subsequently see for all f € Cp, (R) that

£.(f:x) — f(x) = statD(N) — o(d,,) on [0, 27r]. (4.6)

Hence, if we use the condition (4.3) in Theorem 2 in place of conditions (i) and

(ii), then we fairly obtain the rates of the statistical deferred weighted summability
of the sequence (£,,) of linear operators (positive) in Theorem 1.
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On Pointwise Convergence )
of a Family of Nonlinear Integral L
Operators

Gumrah Uysal and Hemen Dutta

Abstract Let A be a non-empty index set consisting of ¢ indices and oy is allowed
to be either accumulation point of A or infinity. We assume that the function K,
K, : R x R — R, has finite Lebesgue integral value on R for all values of its second
variable and for any o € A and satisfies some conditions. The main purpose of this
work is to investigate the conditions under which Fatou type pointwise convergence
is obtained for the operators in the following setting:

o0

(T f) (x) = /Ka <t, Y Piof (x +Olk,at)> dt, x € R,

Y k=1

where P, and «;, are real numbers satisfying certain conditions, at p — u-
Lebesgue point of function f. The obtained results are used for presenting some
theorems for the rate of convergences.

Keywords p — u-Lebesgue point + Rate of convergence - Lipschitz condition *
Unified approach - Nonlinear integral operator

2010 Mathematics Subject Classification 41A35 - 41A25 - 47G10

G. Uysal (X)

Division of Technology of Information Security, Department of Computer Technologies,
Karabuk University, 78050 Karabuk, Turkey

e-mail: fgumrahuysal @ gmail.com

H. Dutta
Department of Mathematics, Gauhati University, Guwahati 781014, India
e-mail: hemen_dutta08 @rediffmail.com

© Springer Nature Singapore Pte Ltd. 2019 69
J. Singh et al. (eds.), Mathematical Modelling, Applied Analysis

and Computation, Springer Proceedings in Mathematics & Statistics 272,
https://doi.org/10.1007/978-981-13-9608-3_4


http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-13-9608-3_4&domain=pdf
mailto:fgumrahuysal@gmail.com
mailto:hemen_dutta08@rediffmail.com
https://doi.org/10.1007/978-981-13-9608-3_4

70 G. Uysal and H. Dutta

1 Introduction

In the year 1962, Gadjiev et al. [5] investigated the asymptotic value of the approxi-
mation of measurable functions by integral operators of the form:

L, (f,x) = /ZP,wf (x +aot) Ko (1) dt, x eR, 0 € A, (1.1)
R k=1

where A is a non-empty set of a non-negative real parameters o, o , are assumed to

be non-negative real numbers for all values of k and o with sup {ak,g} =a* <o
k,o

and Py ., are real numbers satisfying Z,fi . |Pk,g | < M (M is independent of o ) and
Z,fi, Py, = 1forall o € A. Also, the kernel function K, : R — R satisfies some
certain conditions. The operators of type (1.1) were considered later in the works
[16, 17] presenting some theorems concerning convergence in the norms of L; (R)
and L, (R) (1 < p < 00), respectively. In these works, in order to obtain the desired
convergence, the new modulus of continuity definitions are given.

In the year 1983, Musielak [11] built a bridge between linear and nonlinear inte-
gral operators of convolution type by considering the following setting of integral
operators

T,f(y) = /Kw(x — ¥ f())dx, y € G, w e A, (1.2)
G

where A is a non-empty set of indices and K,,, K, : G x R — R, forany w € A,
is a kernel function satisfying some conditions including Lipschitz property with
respect to its second variable. For some advanced studies concerning approximation
by nonlinear integral operators, we refer the reader to [1, 6, 12, 20]. Also, for some
works, related to linear integral operators of convolution type, we refer the reader to
[2, 3,7, 14, 21].

In [9], Mamedov handled the following m-singular integral operators

m

LY (f5x) = (=1 / [Z(—nm—" (’}:) fa +kr>} Ki(dt,  (1.3)
R k=1

where x € R, m > 1 is a finite natural number and A € A which is a non-empty
set of non-negative indices, by harnessing m-th finite difference formulas. Under
certain conditions, the operators of type (1.1) may be reduced to the operators of type
(1.3). Fatou type convergence of nonlinear counterparts of the operators of type (1.3)
were studied in [8]. Also, for some studies concerning convergence of m-singular
integral operators in different function spaces, we refer the reader to [15, 22]. In
1965, Mamedov [10] studied the saturation classes of linear operators by considering
further generalization of the operators of type (1.1), that is, the summation inside the
operators runs from k = —o0 to 4-00.
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Let A be a non-empty index set consisting of o indices. Here, oy is allowed to
be either accumulation point of A or infinity. We assume that the function K, :
R x R — R has finite Lebesgue integral value on R for all values of its second
variable and satisfies some conditions. The main purpose of this work is to investigate
the conditions under which Fatou type pointwise convergence is obtained for the
operators in the following setting:

(T, f) (x) = /KU (:, Y Peof(x+ ak,gz)> dt, x € R, (1.4)

R k=1

where «; , are positive real numbers with finite supremum value for all values of k
and o, that is, sup {ox o } = a* < 00, Py, are real numbers with Y32, [Po| < M
k,o

(M is independent of o) and ) ;- Pr, = 1forallo € A, at p — pu-Lebesgue point
of function f as (x, o) — (xo,00). As in [5, 17], we also suppose that f has a
majorant function, that is, there exists a function ¢ satisfying | f (x)| < ¢ (x) < c©
for all x € R. Here, L, (R) (1 < p < oo) will denote the space of all measurable
functions f for which the Lebesgue integral of |f|” has finite value on R. The
obtained results are used for presenting some theorems for the rate of convergences.
Here, the operators of type (1.4) are obtained by incorporating the operators of type
(1.1) and (1.2).

The paper is organized as follows: In Sect. 2, we introduce fundamental notions. In
Sect. 3, we give some auxiliary theorems concerning existence and pointwise conver-
gence of the operators of type (1.4). In Sect. 4, we present a Fatou type convergence
theorem for these operators. In Sect. 5, we establish the rates of both pointwise and
Fatou type convergences by using the results obtained in the previous two sections.

2 Preliminaries

The following definition is obtained by incorporating the characterization of func-
tion p given by Gadjiev [7] which helps to generalize well-known Lebesgue point
definition and the idea used in [16, 17] in order to create new modulus of continuity
definitions. For some other p-Lebesgue point characterizations, we refer the reader
to [3, 8, 14, 15, 22].

Definition 1 Let 8y € RT be a fixed number. A point x € R satisfying the following
relations:

P »

D Pio[f(xtoust) = f)] dt| =0. 2.1)
k=1

| h

lim —/
=0 \ ()

0
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1
p 4

D Po[f(xtaust) = fW] di] =0, (22
k=1

0
. 1 /
Iim | —
=0+ \ ()

—h

where 0 < h < §j and relations (2.1) and (2.2) are independent of the choice of
o € A, is called p — u-Lebesgue point of f (1 < p < o0). Here, u : R — R is an
increasing and absolutely continuous function on [0, 8y] with x (0) = 0.

The following definition is obtained by incorporating kernel properties used in
the works [5, 17, 20]. Also, usage of Lipschitz condition is due by Musielak [11].

Definition 2 Let 1 < p < oo and oy be an accumulation point of non-empty index
set A or infinity. A family K consisting of the functions K, : R x R — R, where
K, (9, u) has finite Lebesgue integral value on R for all values of its second variable
and for any o € A and the following conditions hold:

(a) Ky(0,0) =0, forevery ¥ € Rand o € A.
(b) There exists a function L, : R — R} whose Lebesgue integral has finite value
on R for any o € A such that the following inequality:

|Ko (t,u) = Ko (2, 0)| < Lo (7) [u — v

holds foreveryt € R, u, v € Rand o € A.
(c) Forevery u € R, we have lim | [, Ko (£, Y5, Prou)dt —u| =0.
o— 0y

@) lim [f‘M Ly (1) dt] — 0 forevery & > 0.
o—0)

(e) Jlgm [f\t\>é n? (a*t) Ly (1) dt] =0 forevery £ > 0.

oo
(f) For a certain real number §; > 0, the function L, (¢) is non-decreasing on
(=41, 0] and non-increasing on [0, §;) with respect to ¢, for any o € A.
(2) fR n(a*t) L, (t)dt < Ny < oo and fR L, (t)dt < Ny <ooforallo € A (N
and N, are independent of o € A).

Here,

’

n@) = supM < 00
xeR @ (X)

Iyl=t

where ¢ : R — R™ and ¢ is an aforementioned majorant function. Throughout this
manuscript, we assume that K, satisfies above conditions.

3 Existence of the Operators and Pointwise Convergence

Theorem 1 Let 1 < p < oo such that there exists a positive function ¢ € L, (R)
satisfying | f (x)| < ¢ (x) < oo forall x € R. Then, the functions T, f € L,(R) and
the inequality
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*
1T fllp,® =M ||<P||L,,(R)/TI (1) Ly (1) dt,
R
holds for every o € A.
Proof First, under the hypotheses, the convergence of the series
[o¢]
Zpk,(,f (x =+ Olk’gl‘)
k=1
is guaranteed for all fixed ¢ € R (for details, see [5, 17]), that is,

< Z |Pk,tr| |f(X +ak,at)|

k=1
< Mg (x)n (t).

o)
ZPk,zrf ()C + ak,ot)

k=1

Let p = 1. By conditions (a) and (b), we may write

17 e = [ |[ o <f»ZPk~a £ +a,mz)> dt| dx

R IR k=1

< //L(, () |[Mo (x) n (c*t)| dtdx.
R R
In view of Fubini theorem (see, e.g., [2]), we obtain the desired result, that is,

1Tl < Mol o / n(@'t) L () dt.
R

Now, we prove the theorem for the case 1 < p < oo. By conditions (a) and (b), we
may write

1
p »

oo
1T fll,® = / /Ka (t, ZPk,of (x -ka,gt)) dt| dx
R k=1

R
P »
/LG () [Mo (x)n («t)|dt | dx
R R

IA
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Now, applying generalized Minkowski inequality to the last inequality above (see,
e.g., [19]), we have

QU

0T £l @ < / /Lg’(t>}M¢<x>n(a*t)|”dx t
R

R
= M/La t)n (ot*t) dt / lo (xX)|? dx
R R

=M llell,® /77 (a*t) Ly (t)dt.
R

The desired result follows from condition (g). Thus the proof is completed. O

Now, we give a theorem concerning pointwise convergence of the operators of
type (1.4).

Theorem 2 Suppose that there exists a positive function ¢ satisfying |f (x)| <
¢ (x) <oo forall x e R If xo € Ris a p— u-Lebesgue point of the function f
(1 < p < o0), then

01220 I(T5 f) (x0) — f(x0)| =0

provided that 0 € Ay C A on which the function

8

f (e (EDY,| Lo (D,

-
where 0 < 8§ < min {8, 81}, is bounded as o tends to oy.

Proof We prove the theorem for the case 1 < p < 00. The proof for the case p = 1
is similar. Let |15 (xo)| = [(T5 f) (x0) — f (x0)l.
From (c), we can write

|15 (x0)| = /Ka (l, ZPk,af (xo + Otk,at)> dt — f(xo)

k=1

R
+[ &, (r, ZPk.gf(x<))> ar- [ &, (r, ZPk,Uf(xo)> .
R k=1 R k=1
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Using (b), we may easily get

1o G0l = [ 3P [F (50 + o) = £00)]| Lo (1
R k=1
+ /Ko (f, ZPk,af(xO)) dt — f(xo)| .
R k=1

Since whenever A and B being positive numbers the inequality (A + B)? < 27 (AP +
B?) holds (see, e.g., [13]), we have

p
o ol =27 [ [ S° P [F (0 aor) = ]| 2o (1t
k=1
R N )
+27 /Ka (l, Zpk,of (Xo)> dt — f(xo)
R k=1
=2P(h + D).

By (c), I, tends to zero as o tends to oy. Next, applying Holder’s inequality (see
[13]) to the integral /; and condition (g), we obtain

L = / ZPk,a [f (x0+(¥k,(rt) - f(xo)] (L, (t))% (L, (l‘))édt
k=1

R

p

1 pials (o +aat) = g0 Lo @ar | | [ Lo 0a
R k=1 R

i p
(N2 /

L, (t)dt
R

P
= (N2)« Iy,

IA

IA

Zpk,n [f (x0 + akot) — f(x0)]
k=1

where % + é =1.

Since xo € R is a p — u-Lebesgue point of the function f in view of relations
(2.1) and (2.2) for all ¢ > 0, there exists a number § > 0 such that the following
inequalities hold there:

/

00 P
Y Peo [f (x0+anot) — f (x0)]| dt <&”p(h), 3.1)
k=1
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0

/

—h

00 14
Y Peo [f (%0 + anot) = f (x0)]| dt <ePpu(h), (3.2)

k=1

where 0 < h < § provided that 0 < § < min {§, ;}.
Now, we consider I;;. It is easy to see that the following equality holds:

J p
I = / + L, (t)dt
=5 =5

= I + L.

ZPI(,U [f (XO + O51(,(7[) - f()C())]
k=1

For the integral I}, we can write

p

Iy = L, (t)dt

ZPk,o [f (x0 + ko) — f(x0)]

k=1

[t]>68

o) P
D Piof (x0+akot)| Lo (1) dt

k=1

2P

|t]|>38

IA

+27 | f (xo)|” f L, (t)di
[t]>8

=27 (Inn + L) -

Under the hypotheses, we observe that

p

Iy = Ly (t)dt

o0
Zpk.of (0 + rot)

k=1

|t|>6
p

L, (t)dt

o0

P I (x0 + arot) @ (x0 + axot)
1 b ¢ (x0 + o) @ (x0)

@ (x0)

IA

MP P (xo) / n’ (o*t) Ly (1) dt.

[t]>68

Using (e) and (d), I;1; tends to O and /1, tends to 0 as o tends to oy, respectively.
Lastly, we have to show that I, tends to 0 as o tends to oy.
Obviously, 111, may be written in the form

0 )

Ly = /—i—/
s

0

p

Y Peo [f (x0+auot) = f(x0)]| Lo ()dr
k=1
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= Ii121 + 1.

For 11121, let us define

0
F (1) :=/

By (3.2) the inequality

p

D Pio [f (%0 + awov) = f(x0)]| dv.
k=1

F () =e’u(=n) (3.3)

holds for every § satisfying 0 < § < min {8y, §;}. In view of (3.3) and following
similar strategy as in [7, 14], we have

0

[1101] < 8”/// (—1) Ly () dt.
s

Similarly,
s

[1122] < 8’)/#/ (t) L, (1) dt.
0

Incorporating above results, we have

S
1112 < s”f [ (tDY;| Lo (1) dt.
-5

The remaining part follows from the arbitrariness of ¢ and boundedness of
fis ‘{u (|t|)};] L, (t)dt as o tends to op. This completes the proof. m]

4 Main Theorem

In this section we will prove the Fatou type pointwise convergence of the operators
of type (1.4). For the original description, we refer the reader to Fatou [4]. Some
related works may be found in [5, 8, 14, 18]. For this purpose, we suppose that for
a sufficiently small number § > 0 such that the function 25 given as

8 o0
Q(x,0) = /Z | P | |f (x + ctat) = £ (x0 + atot)| Lo (1) dr,

7 sk=1
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where 0 < § < min {§y, 8;}, is bounded on the set defined as
Zes={(x,0) e Rx Ay :Qs(x,0) <C},

where C is positive constant which can be made arbitrarily small, as (x, o) tends
to (xg, 0p). Here, this set is given before the theorem, but it can be given inside the
theorem up to desire.

Theorem 3 Suppose such that there exists a positive function ¢ satisfying | f (x)| <
¢ (x) <oo forall x e R If xo € Ris a p— u-Lebesgue point of the function f
(1 < p < o0), then
lim (T, f) (x) = f(x0)| =0
(x,0)—(x0,00)

provided that (x,0) € Zc ;.

Proof We prove the theorem for the case 1 < p < 00. The proof for the case p = 1
is similar. Let 0 < |xg — x| < % for a given 0 < § < min {&, 8;}.
Now, set I, (x) = |(T, f) (x) — f(x0)|. Let us write

Ko (t,
R

2

o ()| =

/
[x (

R

Prof (x +akqt) | di — f(xo)

x~
Il

32

=~
Il
-

k=1

00
Prof (x —I—C\lk‘gt) dt — K, (l‘, Zpk,af (XO + ak,ot)) dt

)
+ Ko (tv ZPk,af(XO +O‘k,at) dt — f(xp)

k=1

It is easy to see that

V4
I, (x)|? <2F / L, (t)dt

R

ZP](,O' [f (X + Olk,gt) —f (XO + ak,gt)]
k=1

P

+27 /Kg (r, ZPk,Uf (x0 +ak,gt)> dt — f(xo)

R k=1
=2"{lL + b}.

Clearly, by Theorem 2, I, — 0 as o tends to oy.
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The following inequality holds for I;:

0 p
I = (/ > Pro [ (x+arot) = f (v0+ o)) Lo (W”)
R k=1
N P
< /+/ S Peol|f (¢ +arot) = £ (0 +arof)| Lo (1) dr
lfl>=s —s8) k=1
- P
Y /Z|pk,(,|}f(x+ak,at)_f(x0+ak,gt)|Lg(t)dt

|t]>6k=1
p

8 o
+2P /Z |Pro| | f (x +akot) — f(x0+ arot)| Lo (t)dt
~sk=1

=27+ 12).

Applying Holder’s inequality to /;; and using condition (g), we have

P

[ee) P q
Iy < /<Z|Pk,a|> |f (x + akot) — f (x0 + arot)|” Lo (1) dt (/La(t)dt)
[f]>s k=1 R
00 P »
= f(ZIPkH) |/ (x +awat) = f (v +ewat)]” Lo () di | (N2)7
[t]>8 k=1
=1111(N2)g,

where % + é = 1. It is easy to see that

0 P
1111§2p/ (Z|Pk,o|> |f (x +auot)]” Lo (1) dt

f]>8 k=1

00 P
+2p/ <Z|Pk,a|) | (%0 + arot)|” Lo (1) dt.

lf]>8 k=1

Following same strategy as in Theorem 2, we have

I < 2PMPgP (x) /nl’ (a*t) Ly (1) dt
|t]>8
+2"MP " (x0) / 0’ (at) Lo (1) dt

[t|>8

=Iun + .
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Using condition (e), 13111 — 0 and 11112 — 0 as (x, o) — (xo, 0p). The result
follows from the hypothesis on the integral I}, Thus the proof is completed. O

5 Rate of Convergence

Theorem 4 Suppose that the hypotheses of Theorem 2 are satisfied. Let
5
8.8 = [ by Lowar
-

where 0 < § < min {8, 81}, and the following conditions are satisfied:
(i) A(o,$) tends to 0 as ¢ — o for some § > 0.

(ii) For every & > 0, we have

/ L, (1) dt = 0(A(o, 8))
Ir>&
as o — 0y.

(iii) Forevery £ > 0 and 1 < p < oo, we have

n’ (1) Ly (1) dt = 0(A(0, 8))
lt]>§

as o — 0.
(iv) Letting 0 — o, we have

p

/ K, (t, > Piof (m)) dt — f (x0)| =0(A(0,9)).
k=1

R

Then, at each p — p-Lebesgue point of f (1 < p < 00), we have
(T5 f) (x0) — f (x0)|” = 0(A(0, §))

as o tends to oy.
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Proof By the hypotheses of Theorem 2, we have

s
I(T5 f) (x0) — f (x0)|” < €727 (N2)§/|{/~'L(|t|)};’La () dt.
-

+ 2097 () N b7 [ 7 (@) Lo (0.

[t|>6

+ 2P (N 1S ()l / L, () di

|t|>8
P

+ 27 fKa <l, ZPk.af(x0)> dt — f (xo)

R k=1
The proof follows from (i)—(iv).

Theorem 5 Suppose that the hypotheses of Theorem 3 are satisfied. Let

s o0
Qs(x,0) = /Z |Peo| |f (x +arot) = f (x0+ auot)| Lo (1) dt,

7 sk=1

where 0 < § < min {8y, 81}, and the following conditions are satisfied:

(i) Qs(x,0) tends to 0 as (x, o) tends to (xg, og) for some § > 0.
(ii) Forevery &€ > Oand 1 < p < oo, we have

/ n? (a*t) L, (1)dt = 0o(Qs(x,0))
[t]>§

as (x, o) tends to (xg, 09).
(iii) Letting (x, o) — (X0, 00),

p

/Ka (f, Zpk,af (%0 +Oék,at)> dir — f(x0)| =0(2s(x,0)).

R k=1
Then, at each p — p-Lebesgue point of f (1 < p < 00), we have
(T f) (x) = f (x0)|” = 0(2s(x, 0))

as (x, o) tends to (xg, 09).

81
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Proof Under the hypotheses of Theorem 3, we may write

Ty £) () = £ x0)IP < (N2)T 2P MPgP (x) [ n? (1) Lo (1) dt

[t]>8
+ (N2) ¥ 237 MPgP (xo) f n’ (a*t) Lo (1) dt
|t]|>68
8 o p
+2% [Z |Peo| | f (x + akot) — f (x0 + akot)| Lo (1) dt

L sk=1
P

+27 /Ka (l‘, ZPk,af (%0 +t¥k,at)) dt — f(xo)

R k=1

By conditions (i)—(iii), we obtain the desired result. This completes the proof. O
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Abstract The present manuscript is dedicated to the study of existence and sta-
bility of integro differential equation with periodic boundary condition and non-
instantaneous impulses on time scales. Banach contraction theorem and non-linear
functional analysis have been used to established these results. Moreover, to outline
the utilization of these outcomes an example is given.
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1 Introduction

There are many physical models which are subject to sudden changes in its states,
such rapid changes are known as impulsive response. In the current hypothesis, there
are two types of impulsive system, one is instantaneous and another one is known
as non-instantaneous impulsive system. In the instantaneous impulsive system, the
duration of these abrupt changes is very little correlation to the duration of the whole
process, for example pulses, stuns and cataclysmic events [7, 16], while in the non-
instantaneous impulses, the duration of these changes continues over a finite time
interval. For the initial studies related with the existence, uniqueness, and control-
lability of non-instantaneous impulsive systems of integer and fractional order, we
refer to [10, 15, 18, 21] and the references cited therein. Further, stability analy-
sis of dynamical systems becomes an important research area and various form of
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stabilities have been developed including Lyapunov stability, Mittag-Leffler function
and exponential for dynamical equations. Moreover, an interesting type of stability
was introduced by Ulam and Hyers is known as Ulam-Hyers stability which is highly
useful in numerical analysis and optimization for dynamical equations. The Ulam-
Hyper’s stability for many dynamical equations of integer and fractional order has
been studied in lots of articles [4, 5, 25, 26].

In 1988, Hilger presented the time scales calculus. The investigation of analytics
on time scales incorporates the continuous and discrete analysis, therefore the inves-
tigation of dynamical system on time scales has picked up an awesome consideration
and numerous scientists have discovered the uses of time scales in heat transfer sys-
tem [19], population dynamics [28] and economics [11, 12]. For more details about
time scales one can refer the book [8, 9] and papers [2, 3, 17]. Further over the most
recent couple of years, many authors talked about the existence, uniqueness and sta-
bility of dynamical system on time scales [1, 6, 13, 14, 20, 22-24, 27]. Particularly,
Geng [13], presented the concepts of lower and upper solutions for a PBVP on time
scales.

According as far as anyone is concerned, there is no manuscript which examined
the existence, uniqueness and stability investigation of integro differential equa-
tions with non-instantaneous impulses on time scales. Spurred by the above actual-
ities, we take the differential equations with periodic boundary condition and non-
instantaneous impulses on time scale of the form:

0
WA =c e,v(e),/h(a,r,v(r))m . 0 eUt_oOv Okgr T,
0

1

) = ——
"0 =1

[
/(e — O g VB NAC, 0 € B M, k= 1.2, 1, g € (0, 1)

Ok
(1.1)

v(0) = v(T)

where T is a time scale with 8y, A\, € T are right dense points with 0 = Ay = 6y <
91 < )\] < (92 < - ')\[ < 91+] =T, U(Gk_) = limh_>0+ U(Qk — h), U(@Z_) = limh_)0+
v(6r + h), represent the left and right limits of v(f) at 8 = 6;. The functions
gi(0,v(0,)) € C(I, R) represent non-instantaneous impulses during the intervals
(O, MelT, k=1,2,...,1, so impulses at ¢, have some duration, namely on inter-
vals (0x, \e]r. C: I =[0,T]y x R —> Rand & : @ x R — R are given functions,
where Q = {0, 1) e IxI:0<7<6<T}.
Throughout the manuscript, we impose

0

M©w(0)) = /h(@,T, v(7T))AT.

0
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The structure of the manuscript is as: In second section, we give preliminaries,
fundamental definitions, useful lemmas and some important results. In the subsequent
sections, the main results of the manuscript are discussed. Finally, an example is given
to outline the utilization of these outcomes.

2 Preliminaries

Below, we give basic notations, fundamental definitions and useful lemmas. Let
(X, |I.1) be a Banach space. C (I, R) be the set of all continuous functions. In order to
define the solution of the Eq. (1.1), we define the space PC (I, R) of piecewise con-
tinuous functions defined as PC(I[,R) ={v:I - R:v e C(O, Oyy1]1,R), k =
0,1, ..., and there exists v(, ) and v(@,j'), k=1,2,...,Iwithv(d;) = v(0)}. It
can be seen easily that PC(/, R) is a Banach space with the TZ-norm

0
lvllg = sup @] , for some Q € R*.

oela.b) € (0, a

A closed non-empty subset of real number is called time scales T. A time scale
interval is defined as [i, m]y = {# € T : i <6 < m}, accordingly, we define (i, m)r,
[i, m)T and so on. Now onwards, we used a time scale interval [i, m] instead of [, m .
Also, now onward if max T exists, then we take T = T\ {max T}, otherwise T = T.
The forward jump operator o : TX — T is defined by ¢(f) := inf{r € T : r > 6}
with the substitution inf{¢} = sup T and the graininess function z : T — [0, 00) is
define as p(0) := o(9) — 6, V8 e T*.

Definition 2.1 Letz : T — R and § € T*. The delta derivative z* (6) is the number
(when it exists) such that given any € > 0, there is a neighbourhood U of 6 such that

z(a(0) — z2(D)] = 22O [0(0) — 71| < €elo@) — 7|, YTeU.

Definition 2.2 Function Z is said to be antiderivative of z : T — R provided
Z2(0) = z(0) for each € T, then the delta integral is defined by

0

/Z(C)AC = Z(0) — Z().

o

A function z : T — R is called rd-continuous on T, if z has finite left-sided limits at
points 6 € T with sup{r € T : r < 8} = 0 and z is continuous at points # € T with
o(#) = 6. The collection of all rd-continuous functions z : T — R will be denoted
by Cra(T, R).

Definition 2.3 A function p : T — R is said to be regressive (positive regressive)
if 1+ p(@)p@) # 0(> 0), V0 € T and the set of all regressive (positive regressive)
functions are denoted by R(R™).
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Definition 2.4 The generalized exponential function is defined as

e,(0,r) =exp /gﬂ@(p(omg , 0,reT, peR,

where &3 (p(3)) is given by

w9t if 0.
§up) () = M(ﬁ) og(1 + p(B)»), if u(B) #

x, if u(8) = 0.

Lemma 2.5 ([17]) Let 6y, 0, € T, such that 6, <0, and z : R — R be a non-
decreasing continuous function. Then,

0, 2

/ HOAC < [ 2(Q)dc. @.1)

0, 0

Lemma 2.6 Let g: 1 — R be a right dense continuous function. Then, for any
k=1,2,...,1 the solution of the following problem

v2(0) = g0, 0 €Uy, Ol

v(0) = N )/(9 O g (v ))AC, B € B Ml k=1,2,...,1,

v(0) = v(T),

is given by the following integral equation
1 N T 6
00 =z [ =0l aua nack [a©act [g0ac voe o)
61 N 0

1
v() = —f(e—oq—‘gk(c,v(e;)mc, VO @M k=121,
I'(q)
k
0

v() = e )f()\k— O g (¢ v, ))AC+fg(C)AC Ve ], k=1,2,...,1

Ak

(H1): Thenon-linear functionC : /i x Rx R — R, J; = Ui:o[)‘kv 0x11]1s con-
tinuous and 3 positive constants L¢,, L, such that
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|C(95 vy, Uz) _C(e’ wi, wz)' S LC]|U1 - wl| +LC2|U2 - w2|’
VQEI, Uj,ijR, ]=1,2

Also, 3 positive constants C¢c, M and N¢ such that
IC@O,v,w)| < Cc+ Mclv|+ Nelw|, YOel, v,welR.
(H2): h:Q x R — Ris continuous and 3 positive constant Lj such that
|h(@, 7,v) —h(@, T,w)| < Lplv—w|, VO, 7€Q, v,welkR.
Also, 3 positive constants Cj,, M), such that
|h(0, T,v)| < Cp + Mylv|, VO, 7€Q, veR.

(H3): Thefunctions g; : [ x R > R, I} = [0k, \¢], k= 1,2, ..., are contin-
uous and 3 a positive constant Lg4 such that

|gk(95 U) _gk(ey w)' = Lg|v - w|7 VU, w e Rse € Ikv k = 1’29 "'11'
Also, 3 a positive constant M, such that |g; (0, v)]| < My, V0 e lyandv e R.

‘ MC NCMh
(H4): maxj<x« (eﬂ(T’ )"‘)(3 + Q2 >> =t

3 Existence and Uniqueness

Theorem 3.1 Let the assumptions (H1)—(H4) are holds, then Eq. (1.1) has a unique

solution provided,
Le, Le, Ly
ea(T, /\1)<—Q + = ) <1

Proof Consider a subset D € PC (I, R) such that

D={ve PCUR):|vla = p}

where
M,T1?
—2—— 4+ Ce(T + 601) + NeCi(T? + 63)
8 = max Fg+D
I<k<l Mc NcMh
1— (1 + EQ(T, >\k)) 6 + QZ
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Now, define an operator IT : D — D given by

0
(o)) = / CC. (), M(v(C)))AC+m f = O g (€, v(B7 ) AC
0

+ /C(C,U(C),M(U(C)))AC, Vo el0,0],

Al

(Mv)(6) = (g )/(9 O ' gr(C v AL VO € O Ml k=121,

MO = - )/w—oq LG, v (O >)A<+/C(c 2(O), MEO)AL,

V@E(Ak,9k+1], k:1,2,...,l.

The proof of this theorem are divided into two steps.

Step 1: To use the Banach contraction theorem, we have to show that [T : D — D.
For this, we are taking three cases as follows:

Case 1: For 0 € (A, 6k1],k=1,2,...,l and v € D, we have:

(M) ()] < m/w— O g (C. v(B >>|A<+/|C<c 0(0), M@(O))AC

Ak
0

= T )/@ ok ‘A<+/<cc+Mc|v(<)|+Nc|M<v<o>|>A<
Ak

Mg\ — 0r)?
< I 4 (Ce 4 NeChbi) Gkt — M)

'ig+1
0
NeM
+ (Mc5+cghﬁ) / e (C. M)AC
Ak
MyT? McBeq(0, \)  NeMpBeq(0, M)
N, HT .
SF(q+1)+(CC+ cChT)T + ) + o
Hence,
M NceM,
Mol < +(Co+ NeCu)T + MeB | Ne hﬂ. 3.1)

(g +1) Q Q2
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Case 2: For 0 € [0, #;] and v € D, we have:
0
[(TTv)(0)| §/|C(C, v(Q), MW(ONIAC + I )/0\1 O gi(¢, v(0; )IAC

T
+ / 1CC, v(O), MWONIAC

_ q
< Mg = 67 + Ce(T — A + Mcﬁ/m(C, A)AC+ NeCpT(T — Np)

'ig+1)
Al
NeMyj |
€ h /esz(C, A)AC + Ceby + NeCr67
A
NeMyB\ |
+ (Mcﬂ+%) / ea(C. 0)AC
0
McBeq(T, \) 2
—_— T _ T 6’
< NE +1)+Cc( +01) + ) + NecCp(T* + 07)
n NeMpfBea(T, N) = McfBeq(0,0)  NeMyfBeq(d,0)
Q2 Q Q2 ’
Hence,
McBeq(T, \r) 2 >
I1 ——— 4+ Cc(T + 0 ————~ + NeCy (T 0
Il v“Q_l_,( +l)+ (T +6)+ o + NeCy (T~ + 67)
NeMyBea(T,N)  McfB  NeMyS
o o T (3.2)
Case 3: For 0 € (0, \¢], k=1,2,...,1 and v € D, we can easily get:
M, T4
Myl = =———. (3.3)
I'(g+1)

After summarizing the above inequalities (3.1)—(3.3), we get:

Mvlle < B.

Therefore, IT1 : D — D.
Step 2: In this step, we will show that the operator I is a contracting operator. Here
also, we are taking three cases as follows:
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Case 1: Forany v, w € D, 0 € (M, Ok1], k=1,2,...,1, we have:

[(TTw)(0) — (Mw)(O)] = 7/()\1(— O Mg (€ v(0;)) — g (G w(B NIAC

/IC(C v(Q), M@(0))) — C(C, v(Q), M(w(O))IAG

/ M= O ) — wl)leqO; . 0p)
< A¢
=T

eq(O . )

9
+Le /‘IU(C)—w(C)Im(C, k)

A
e C. ) ¢

+ LCZ/LM(U(C)) — Mw(Q))IAC
Ak
- lv —wlaLge®, , 0) Mk — )
- F@g+1)
0
+ Leyllv— w”Q/eQ(Ca A)AC
Ak

[
Lo, Lpllv — wllg
+ 2#/69((, A AC
Ak

_ Lgeq0 , ) M — ) v —wlg n Leeq(0, M)llv — wllg
- NGRS Q

Le,Lpeq(8, A)lv — wlig
+ o2 .

Thus, we have:

Lgeg(e,:, Hk)Tq 4 ﬁ 4 chLh
F@+1) Q Q2

[Ty — Mwllq < [ ]Ilv—wllg- 34
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Case 2: For any v, w € D, 0 € [0, 6,], we have:

0
[(Mv) (@) — (Mw)(9)] S/IC(C,U(C),M(U(C)))—C(C,w(C),M(w(C)))IAC
0

A

1

o f O = O gi(C v — @i (C wO DA
0

T
+ f IC(C, v(©), MW(Q))) — C(¢, w(Q), Mw())IAC

A
Al _ B B
< Lg / = Q4 Hu(0;) — w®;)lea®; . 0) AC
ng
1

eq(0;,0))

A

T
(O — w(Olea(C. A
+ LC‘J el )
[

T
+ LC;/|M(U(C)) — Mw(()IAC
Al

A

0
(O — w(Olea (. 0)
+ L Of ea(C. 0)

0
+ LC2/|M(U(<)) = Mw()IAC
0

T

Lgeq(0;, 00\ — 07 |lv — wlle /
Leyllv - DA
= NCE) +Le v —wla [ ealC. ADAC

Al

LeyLullv — wl| :

v—w

%/m(@ M)AC + Le, ||v—w||9/e9(g70)A§

N 0

Le,Lylv —
G hH;; w”Q/m(g,O)Aq

0
- Lo Lnea(T, Ay — wlle . Lgea (8, (N — 0D |v — wlg

Q2 T(g+1)
n lv—wleLc ea(T, \) . Leyeq(d,0)llv — wlle
Q Q

Le,Lyeg(8, 0)lv — wllq
Q2 '
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Therefore,

Lgea(t; . 0)TY

Lo, Ly,
||Hv—nw||gs[ + (1 + eq(T, Az))< + 2 ’)]nv—wng.

T(g+1) Q2
(3.5)
Case 3: Similarly, for 0 € (0, \¢], k=1,2,...,1, we get:
Lgeq (8, 0:)T1
|(Mv)(6) — (Mw)(O)] < gr(qk—H)nv — wllg.
Therefore,
1Mo — Mwlg < ——=2 ——jy — wlq. (3.6)
eq(bk. 0,)T (g +1)
After summarizing the inequalities (3.4)—(3.6), we get:
[Ty — Mwllg < Luflv - wlle,
where
Ln = max [%f’i)o” (1 +eq(T. A»)(LC‘ L;fh)}

Hence, for sufficiently large €2, IT is a strict contraction mapping. Therefore, IT has
a unique fixed point and that fixed point is the solution of the taken Eq.(1.1). O

Letus consider a special case when C (9, v(0), f09 h(, T, U(T))AT) =P@O,v) +
foe h(8, T, v(T))AT then (1.1) becomes:

0
v2(0) =P, v)+/h(9, T, U(M)AT, 0 € Uy, Ori1l,
0
v(0) = e )/(9 QT g (G VO NAC € O M, k=121,

(3.7)
v(0) = v(T).

(HS): P :J; x R — Risanon-linear continuous function and 3 a positive con-
stant Lp such that
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PO, v) —P@,w)| <Lplv—w|, VOelI, v,welR.
Also, 3 positive constants Cp and Mp such that

PO, v)| <Cp+Mplv|, YOI, veR.
. Mp =M,
(H6):  max; << | ea(T, M) o T )) <t

Corollary 3.2 If the assumptions (H2)—(H3) and (H5)—-(H6) are holds, then the
Eq.(3.7) has a unique solution, provided

Lp L
eq(T, Al)(? + @) < 1.

4 Hyer-Ulam’s Stability
For ¢ > 0,1 > 0, and nondecreasing ¢ € PC(I, R*"), consider the below inequali-
ties

[wA(0) — CO, w®), Mw®)| <€, 0eU_ (. Oks1l.

1 0
‘w(9) ——— [0 =" g wB; )AL

<e 0@, N], k=1,2,...,1.
F(Q)gk

4.1

[w? () — C(O, w®), Mw®)| < ep(0), 6 € U_y(, Os1]-

1 0
‘w(e) ——— [0 =T g (¢, wB;))AC

<e, €O, ], k=1,2,...,1.
T P ks Ak

4.2)

Definition 4.1 ([25]) Equation(1.1) is called Hyer’s-Ulam stable if there exists a
positive constant Hz., rc,,L,,L, Such that for € > 0 and for each solution w of
inequality (4.1), there exist a unique solution v of Eq.(1.1) satisfies the following
inequality

lw(®) —v(O)| < Hire,,Lc, L4106, VO EL

Definition 4.2 ([25]) Equation (1.1) is said to be generalized Hyer’s-Ulam stable if
there exists M (L., Lc,.Ly.L,) € CRY, RY), H(L 1c, 1., (0) = 0such that for each
solution w of inequalities (4.1), there exists a unique solution v of Eq. (1.1) satisfies
the following inequality
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lw(®) —v(O)| < Hre, Loy LiLy(€)s YO EL

Remark 4.3 Definition (4.1) = Definition (4.2).

Definition 4.4 ([25]) Equation(1.1) is said to be Hyers-Ulam-Rassias stable w.r.t
(¢, ), if there exists H(r., 1, Ly,L,.4) Such that for e > 0 and for each solution w
of inequality (4.2), there exist a unique solution v of Eq. (1.1) satisfies the following
inequality

lw(®) —v(O)| < Hre,,Lc, 111y €(0), V), VO €L

Remark 4.5 A function w € PC(I, R) is a solution of inequality (4.1) if and only
if there is G € PC(I, R) and a sequence Gy, k =1, 2,...,/, such that

(a) |G(9)| <e, VO e Ui:O()‘k’ 9k+1] and |Gk| <e, Voe (Qk, )\k], k= 1,2,..., l.
() w2(@) =C@O, w®), Mw®)) +G(0), 0 € N\, 1], k=0,1,...,1L

1
(©) w(®) = 7 )/gk(e O ge (¢ wlO))AC+ G, 0 € (O, M, k=1,2,...,1.
Now, by the above Remark 4.5, we have:

w?(0) = C(9 w(9) M) +G@), 6 € i, 1], k=0,1,...,1,

w() = e )f(9 O g (G wONAC+ G, € O, Ml k=1,2,..., L.

From Lemma 2.6, one can find that the solution w with w(0) = w(7T) of the above
equation is given by
w(l) = /(C(C, w(Q), Mw()) + GO)AC+ —— @) /()\1 O g w7 )NAC+ Gy
0
T
+ /(C(C, w(C), M) +G)HAL, YO el0,6],

W) = %q)/(e—o‘f*‘gk(c,w(9;>)A<+Gk, VOO N k=121,

w®) = - )/w—oq Lge(CwO; >>A<+Gk+/<6<< WO, Mw(©)) + GO)AC,
Ak

VOe M, Okl k=1,2,..., 1.

Therefore, for 0 € (Mg, 1], k=1,2,...,1, we have:
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Ak 0
’w(Q) - m /()\k = O ge(¢. wB N)AC — /C(C, w (), M(w()))AC
Ak

< 1Gi| + / GOIAC < e(1 +T).

Ak

Also, for 6 € [0, 0], we have:

Al T
’w(ﬁ) - m/()\z — Q"' gi(C, wl; ) AC — /C(C, w(C), M(w())A¢

0
- / CC, w(0), Mw(O))AC
0

T 0
< |G,|+/|G(<)|A<+/|G(<>|A<
N 0

<e(l1427).

Similarly, for 8 € (6, \¢], Kk =1,2,...,1, we have:

< €.

'w(e) o )/w O ge(C. w8 ) AC

We have similar remark for the inequality (4.2).

Theorem 4.6 If the assumptions of Theorem 3.1 are holds, then the Eq.(1.1) is
Hyer-Ulam stable.

Proof Let w € PC(I, R) be the solution of inequality (4.1) and v € PC(I, R) be
a unique solution of the Eq. (1.1). Therefore, for 8 € (¢, Ok+1], k= 1,2,...,1, we
have:

Ak

lw(®) — v(d)| < e — Q77 g (¢, v(0; )AL

w(®) - / O T R i)

< |we) - —— (Ak—o"”gk(c,w(e,:)mc
(g )

[
_ / C(C,w(O,M(w(C)))AC‘

IF( )/(/\k—O" Hgr (G w(B)) — gr(C vIENNAC
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0
+ '/(C(C,w(é),/\/l(w(())) = C(C, w(©), MW(O)NAC

<e<1+T)+—/<Ak—<>q Huw(8;) — v (0] AC

[(q)
9 9
+ Lc,/Iw(C)—U(C)IAC-i—chfIM(w(O)—M(v(C))IAC
Ak Me
Lgeq (8, 0) (M — ) lv — wllq
<e(14+T7T)+ NEET)
n Leeq(@, M) llv — wlle n Lc,Lpeq(8, /\k)”U*w”Q
Q Q2
Hence,
L 69(9_,9k)Tq LC LC Lh
- <e(l+T Sk T 4 2 . (43
lw—vle <el+ )+[ Fq+1) + ) + o lv—wla. 4.3)

Also, for 6 € [0, 0], we have:

0
lw(@) —v(®)] < w(9)—/C(C,v(C),M(v(O))AC‘

" T4 )/(Az O g1, v NAC - /C(C v(Q), M@(O)NAC

<e(l+27) + =L f(A — O () — wl)IAC
T
t Le, f 0(O) — wOIAC + Le, f MO — MW(O)|AC

9
+ Lc, / [v(Q) — w(QIAC + Le, / M) = M(w(Q)IAC
0 0

Lgeq(@;, 0N\ — 04 lv — wllq . Leeq(T, M)llv—wllg
'ig+1 Q
. Le,Lpeq(T, M)llv — wlla " Le,eq(9,0)|lv — wllq
Q2 Q
n Le,Lyea(d, 0)||v—w\|sz
Q2

<e(l+2T) +
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Thus,

Lgea(6;,0)T4

L Le, L
lw = vl < (1 4+27) + [ + (1 +eq(T, Az>)<§ +-% ”)]uv ~wlg.

I'(g+1)
“4.4)
Similarly, for 6 € (6, \¢], k =1,2,...,1, we can easily find that
[w(@) —v(@)| < w(9)—m/(9 O g (¢, v ))AC‘
ot Lg(\ — 9k)q€sz(9k 00 llw —vlle
- 'g+1) '
Therefore,
o —vllg < et ——29 4.5)
w—v € —wlg. .
=T e 0T (@ + 1) .
After summarizing the above inequalities (4.3)—(4.5), we get:
Lgeq(0,,0,)T1 Lc Ly
— 1427 A A RO AR T, \ < 2
lw—vle =<el+ )+|: PR + (1 + eql 1))( o )]

X lv—wl|q, VO eI
Hence,

lw—vllg < Hue, Le, LiL,)6 0 €1,
1 2 g

142T
where Hire  1Le,,L,,L,) = 1 + 7=~ 0. Thus, the Eq.(1.1) is Ulam-Hyer’s stable.
o —Ln
Moreover, if we put H(Lcl,chth,Lg)(e) = H(LCI-,LCZthng)E’ H(Lc,chquthg)(O) =0,
then the Eq. (1.1) is generalized Ulam-Hyer’s stable. O

(H7):  There exists a §, > 0 such that foe P(QOAC < d,0(0), VO el.
The following theorem is the consequence of the Theorem 4.6.

Theorem 4.7 Ifthe conditions of Theorem 3.1 and (H7) are holds, then the Eq.(1.1)
is Hyer’s-Ulam-Rassias stable.
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5 Example

Consider the following equation with impulses on T, (0, 3/5,4/5,1 € T)

0

Ag S5+ vO)] i/ 072 sin(v(7)) L
0
0
_ L @=9 A+ Esin®;))
v(0) = T / 15 A, 0€ (01, M, 5.1
01
v(0) = v(l).
Set,
5+ |v(6)] 1 ,
0 = —w, el R
CH, v, w) 20631 + v @)) + 1Ow, el, v,weR,
2 .
h@,1,v) = %LE;)(T)), VO, rel ,velR,
eT
and 5 .
| . _
gi1(0,v) = L(v(l)), 0 € (0, \1], v e R.

15

Then,VO,7€ I =[0,1], v,w, x,y € R, we have:

1
|f (O, v, w) = f(0,x, )| < v = xl+ 75w =yl

20e3
S5+ 1
9’ i = TA )
F@ 0wl = S+

1 1 1
1916, v) — g1, w)| < v —w|, |h@. 7. V)| < — + —<ul.
15 e e

1
|h(®, 7,v) —h(O, 7, w)| = —<lv—wl
e

1 1
Hence, the assumptions (H1)—(H4) are holds with L¢, = 2063" Le, = 0’ Ce =
e
5 —lN—lL—IC—lM—lL—lM—
203 T T 2003 T H0T T S T T e T T 0 T s T T

2
T Also, forl =1, 8, =3/5, \y =4/5, T =1, Q = 10, the condition

Le,  LeL
eQ(T,A1)<§+ o

) = 0.0039 (<1)
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holds. Thus, from Theorems 3.1 and 4.6, Eq. (5.1) has a Ulam Hyer’s stable solution
which is unique.

6 Conclusion

In this manuscript, we have successfully established the existence of a unique solution
for the system (1.1) by using the Banach contraction theorem and nonlinear functional
analysis. Also, we established the Ulam-Hyer’s stability of the taken problem (1.1).
To illustrate the application of obtained results, we have given an example.
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Introduction to Class of Uniformly )
Fractional Differentiable Functions Gy

Krunal B. Kachhia and Jyotindra C. Prajapati

Abstract In this paper, authors introduced new concept of uniformly fractional dif-
ferentiable functions on an arbitrary interval I of R by using Caputo-type fractional
derivative instead of the commonly used first-order derivative. Their interesting prop-
erties with few illustrations have been discussed in this paper.

Keywords Uniformly differentiable functions - Uniformly continuous functions *
Uniformly fractional differentiable functions - Caputo fractional derivative

Mathematics Subject Classification (2000) 26A33 - 34A08 - 34A12

1 Introduction

The fractional calculus is a theory of integrals and derivatives of arbitrary order, which
unify and generalize the notions of integer-order differentiation and n-fold integra-
tion. We shall explain the result connected to classical analysis, namely uniformly
differential functions given by Patel [1], can be extended to fractional calculus, i.e
they can be generalized by replacing the first order the first derivatives and integrals,
respectively, by derivatives and integrals of non-integer. The uniformly differentiable
function can be defined as:

Definition 1 Let / be an interval in R. A differentiable function f : I — R is uni-
formly differentiable, if for any € > 0, there is a 4 > 0 such that for any x,y € [
satisfying |x — y| < 4,
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J@x) = f() — )| < e (1)
X =y
and
‘f(x)—f(y) o] < o
X—y

The collection of all uniformly differentiable functions on I will be denoted by
U D(I). The class of uniformly differentiable function has connection with class of
uniformly continuous functions which are well-known class of functions in classical
analysis. The uniform continuous defined by Apostol [2] as:

Definition 2 A function f : I — R is uniformly continuous function on interval /,
if for any € > 0, there is a § > 0 such that for any x, y in [ satisfying |[x — y| < 6,

lf) = fOl <e 3)

Definition 3 The Caputo fractional derivative of order a defined by Caputo [3] as

t
C na _ 1 / f(n)(T) —
D(f(t))_l“(n—a) 7 dr (n—1<a <n) 4)
0

_ T)nfocfl

The following theorem is given by Diethelm [4].

Theorem 4 Let0 <a <1l,a <band f € Cla, b] besuchthatCD“(f) € Cla, b].
Then there exist € € (a, b) such that

f®)—fl@ 1

C na
b= =T O 5)

Also some properties of Local fractional calculus was studied by Yang [5] and Yang
and Gao [6]. Kachhia and Prajapati [7] introduced concept of functions of bounded
fractional differential variation using the Caputo-type fractional derivative.

Definition 5 A Caputo fractional differentiable function f is absolutely fractional
differentiable function on interval I, if for any € > 0, there isa d > 0 such that for an
collection of pairwise disjoint intervals {(a;, b;)} in I satisfying Y '_, (b; — a;) < 9,

S bi) — f(a
Y| (—f( ) f(“))—CD“<f(ai>) <e ©6)
(bi —a;)”

i=1

and

=

r@ (f(bi) — f(a)

b —ae ) D(fbi))| <e )

i=1

where 0 < o < 1.
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The Holder continuous function defined by Gilberg and Trudinger [8] as:

Definition 6 A function f : R — C is said to be Holder continuous if forall x, y €
R, there are non-negative real constants M, o such that

|f() = FODI = M]x —y|*

2 Uniformly Fractional Differentiable Functions

In this section, authors introduced the new concept of uniformly factional differen-
tiable functions as:

Definition 7 Let / be an interval in R. A Caputo fractional differentiable function f
is uniformly fractional differentiable function on 7, if for any € > 0, thereisad > 0
such that for any x, y € [ satisfying [x — y| < 4,

‘p(a) <M> —CD(f(x))| <€ (8)
(x —y)°
and
‘p(a) <M) —CD(Fy))| < e )
(x =y

where 0 < o < 1.

If we take a = 1, then Egs. (8) and (9) reduces to Egs. (1) and (2) respectively. The
collection of all uniformly fractional differentiable functions on I will be denoted
by UFD(I).

Theorem 8 A function f is uniformly fractional differentiable function on an inter-
val I if and only if  D®(f) is uniformly continuous on I.

Proof Let f : I — R be uniformly fractional differentiable. Then for any € > 0,
there is a 6 > 0 such that for any x, y in [ satisfying |x — y| < 9,

‘p(a) <M) —D(fx)| < € (10)
(x — y)- 2
and
‘I"(a) (M) — D (fOy)| < € (an
(x —y)© 2

Now for any € > 0, thereisa d > 0 such that for any x, y in  satisfying |[x — y| < 6,
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|“D(f(x)) = D(f(y)| =

Do F0y) — (@) (f(x) - f(y)> re <f(X) - f(y)> _cDa(f(y))‘

(x =y (x —y)e
(12)
We get
€D (f() =D (f)| = |“D*(f(x) = T'(@) (f((’;)_;y’;(”ﬂ
(13)
T 'na) (—f((’;)_ yf)iy)) - CD”(f(y))'
By using Egs. (10) and (11), we obtain
€D (f b)) = D (f@)l < 5 +5 =¢ (14)

Hence € D®(f) is a uniformly continuous on 1.
Conversely suppose that € D( f) is uniformly continuous on /. Let ¢ > 0 be given.
Then there exist a § > 0 such that for any x, y in [ satisfying |[x — y| < 4,

|“D(f(x) = “D(f(y)| <€ (15)
Then from Theorem 4, there exist ¢ € (y, x) such that

CDa _ «a
Fe) - fo) = 224 (;‘2;()" ) (16)

Since |¢ — y| < 9§, for any € > 0, there exist a § > 0 such that for any x, y in /

€D(f(c)) = “D(f(y))| <€ (17)
By using Eq. (16)
@ (M) —CDe(f(y| < e (18)
(x —y)

i=1

Again |x — c| < 6, then for any € > 0, there exist a § > 0 such that for any x, y in /

DOIEDM(f ) =D (f(e))] <€ (19)

i=1
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By using Eq. (16)

n

2

i=1

(20)

CD(f () - ') (M)‘ <

(x =y
Therefore f is uniformly fractional differentiable on /.

Example 9 The % order Caputo derivative of function f(t) =t is 2\/; which is uni-

formly continuous on [0, c]. Then by Theorem 8 uniformly fractional differentiable
functions on [0, c] of order %

In fact, using Theorem 8, several examples of uniformly fractional differentiable
functions can be constructed.
The following is motivated by the principle that differentiability implies continuity.

Theorem 10 If f is uniformly fractional differentiable function on an interval I,
then f is uniformly continuous on I.

Proof Since a function f : I — R is uniformly fractional differentiable, then if for
any € > 0, there is a § > 0 such that for any x, y in I satisfying |x — y| < 4,

‘p(a) <M) —CD(f(x))| <€ Q1)
(x —y)°
and
‘F(a) (M) — D (f(y)| <e (22)
(x =y

Since € D°( f) is bounded on 1, so there exit M > 0 such that
D (f)I <M (Y1el) (23)

Take 0y = min{(d)«, (=5;)+}. Let x, y € I satisfying [x — y| < do.
Now

1fO) = fI <
’F(a) (%) (=) = DN =+ D)) x = y)*
(24)
Therefore
1f) = fI <
(25)

‘F(a) (M) —ED(F D[ Ix = y|* + [CD(f))Ix — y|°

(x —y)e
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Finally
|f(x) = FODI < doe + My = do(e + M) <€ (26)

Hence f is an uniformly continuous on /.

Theorem 11 Every absolutely fractional differentiable function on I is uniformly
fractional differentiable on I.

Proof Since f : I — Risan absolutely fractional differentiable. Then for any € > 0,
there is a 6 > 0 such that for any finite collection of pairwise disjoint intervals
{(a;, b))} in I satisfying Y '_, (b — a;) < 9,

- bi) — f(a
2| M@ (%) =D (f(@))| < @7

i=1

and

=

r (f(bi) — fla;)

_ Cpa .
b —a)° ) D(f(bi)| <€ (28)

i=1

In particular

‘p(a) <M> —D(f(x)| <e (29)
(x =y
and
‘p(a) <M) — D fy)| <€ (30)
(x =y

Hence f is uniformly fractional differentiable function on /.

Proposition 12 If f is uniformly fractional differential function on I and if € D( f)
is bounded on I, then f is Holder continuous on I.

Proof Let f is uniformly fractional differential function. Then for x, y in [ satisfying
lx =yl <9,

‘p(a) (M) —CD(f(x))| < e 31
(x =y
and
‘p(a) <M) —D(f(y))| <€ (32)
(x —y)°

Since € D(f) is bounded on I, so there exit M > 0 such that

“DY(fuNl <M (Yt el (33)
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Now

1f() = FO)| = ‘(%yﬁ(”) (x =9 = DI ON@ — 1+ EDIF NG —

< F(a) <f(();>:y];iy)) _ CD‘?

< (e+M)|x —y|*

lx — v+ CDIFODIIx — y|*

Hence f is Holder continuous function on R.

Theorem 13 The space U F D (1) of uniformly fractional differentiable functions on
interval 1 is a vector space with pointwise operations.

Proof Let f,g € UFD(I). Then for any € > 0, there is a 6 > 0 such that for any
x,yin [ satisfying |x — y| < 9,

‘ (f S f(y))—CD“(f(x»‘ = (34)
(x — 2
‘ )(f(x) ﬂy))—CDa(f(x)) <3 (35)
=y 2
‘F( )( g(”) —pe(gu| < & (36)
(x —y) 2
and
‘r(a) (M) —Cpe(gan)| < 37)
(x=y) 2

Now for any € > 0, thereisad > 0 such that for any x, y in / satisfying |[x — y| < 6,

'F(a) <(f +9x) - (f+9»)

) —D(f + 9)(x))| =
(x — )@

‘ma) ((f WEs (2)__;)];@ )18y ))) —CDA(F) + (9| (8)
Then
‘F(a) ((f + 9)(x) — (J;Jrg)(y)> _Cpa(f + gy <
x =y
’F(a) (M) - CD‘”(f(x))‘ + ’ma) (M) - CD“(g(x))’
x—y)° x—y)

(39)
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By using Egs. (34) and (35) the Eq. (39) reduces to

n

> |r@ <(f+g)(x) - (Hg)(’”) —CDN(f )| < S 4 S =e
. (xr — y)° 272
(40)
Similarly by using Eqs. (36) and (37) we obtain
o (2D ZTEION per i gon|<c @y

Hence f +ge UFD(I). Now let f e UFD(I) and k € C. Then for any € > 0,
there is a > 0 such that for any x, y in [ satisfying |x — y| < §,

‘p(a) <M> _ CD(Y(f(x)) < f, (42)
(x —y)*° k
and
‘F(a) <M> —epef| < & 43)
(x —y)~ k

Now for any € > 0, thereisa § > 0 such that for any x, y in [ satisfying |[x — y| < 0,

k — (k
(x =y
J&x) = fO)

(x —y)°

(44)

’k]“(a) ( ) —k “D((f(x))

By using Eq. (42) the above equation reduces to

‘F(a)<(kf)(X)—(kf)(y) <k£:e 45)

- ) — CD((kf)(x))
x—y)

Similarly by using Eq. (43) we obtain

’F(a) ((kf)(X) — kN

F— <€ (46)

) —ED((kf) ()

Thus kf e UFD(I).
Therefore the space U F D(I) of uniformly fractional differentiable functions on /
is a vector space with pointwise operations.
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Asymptotically Almost Automorphic )
Solution for Neutral Functional Integro ek
Evolution Equations on Time Scales

Soniya Dhama and Syed Abbas

Abstract The script is dedicated to look at the existence, uniqueness with stabil-
ity consequence of asymptotically almost automorphic (4.4.4) solution for integro
neutral evolution equation on time scales by applying fixed point hypothesis. We
give the time scale adaptation of (A.A.A) functions. Toward the end, a precedent is
given for the adequacy of the hypothetical outcomes.

Keywords Asymptotically almost automorphic function - Evolution system -
Neutral - Integro - Time scales

1 Introduction

Generally, one study the continuous and discrete cases differently and there are many
different sets which are very utilizable. Ergo, this an arduous task that we study dif-
ferently for all cases. So for evading this type quandary, Hilger, in 1988, [1] present
time scales hypothesis which cumulates discrete and continuous investigation. This
hypothesis present a robust actualize for applications to populace models, financial
matters and quantum material science among others. Thus, managing issues of differ-
ential conditions on time scales turns out to be extremely noteworthy and deliberate
in the examination field of dynamic frameworks. For more subtle elements of this
theme, we allude to the papers [2—4] and the books [5, 6]. These give a glorious
portrayal of time scale hypothesis and its apparatus.

Almost automorphy, which is a natural generalization of almost periodicity
introduced by Bochner [7]. In [8, 9], the literature of almost automorphy and its
applications to differential equations are describe. Recently, the existence of almost
automorphic (AA) type solutions for evolution equations has attracted more and
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more attention. The literature of the concept of asymptotically almost automorphy,
as a natural extension of almost automorphy, was introduced by N’Guérékata [10].
Now a days, these type of functions have made lots of developments and applications
in real life, we refer for more details [11-15].

There are numerous marvels, for example, in the investigation of oscillatory frame-
works and in the displaying of a few physical issues, where the theory of neutral dif-
ferential equations arises [ 16]. There are many papers on existence of .4.4.4 solution
for continuous cases. As per our knowledge, there is no paper on time scale where
these type of solution is discussed with neutral functional term in abstract space. The
rationale of the present article is discover the existence and uniqueness with stability
of AAA solution for the neutral integro evolution equation on periodic time scale
T,

[y(r) = g(r, yGe(rIDI® = AWy () = g, yGerIN] + P(r, y(r))

r

+ / k(r. o (s)h(r, y(s)) As,

—00

(1.1)

reT.A(r) : D(A(r)) C Y — Y is afamily of linear operators, where Y is Banach
space. |k(r, s)| < cegy(r, s), ¢ and \ are positive constant and »¢ : T — T satisfy-
ing »(r) <r forall r € T. The functions P: T x Y — Y, g,h: TxY — Y are
defined later with specified conditions in next section.

Whatever is left of this article as follows. In Sect. 2, we give basic definitions,
results and lemmas. In Sect. 3, using Banach contraction principle, existence and
uniqueness of AAA solution of system (1.1) is discussed. In Sect. 4, some conditions
for stability are obtained . In last Sect. 5 a numerical example is shown for potency
of hypothetical outcomes.

2 Preliminaries

In this segment, some essential hypothesis and facts for time scales is given which
is required for further work.

A time scale, T, is a non empty closed subset of real line. The backward and for-
ward operator is define by p({) = sup{s € T : s < (}ando({) =inf{s € T : s > (}
respectively. A point ( is a left dense point and left scattered point when p({) = ¢
and p(¢) < ¢ respectively with ¢ > inf T. Also, ( is right scattered point and
right dense when o(¢{) > ¢ and o(() = ( respectively with ( < supT. A function
w: T — [0, 00) is given by u(¢) = o(¢) — ¢, V¢ € T, is known as the graininess
operator. We will mean the interval [c,d]r ={( € T :c < ({ <d}.

Definition 2.1 If A : T — Ris afunction and at left dense points, its left-side limits
exist and continuous at right dense points of T then it is known as rd-continuous. The
collection of all rd-continuous functions A : T — R will be mean by C,4(T, R).
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Definition 2.2 Reference [5] A functiong : T — Ris said to be regressive (positive
regressive)if 1 + u({)g(¢) # 0(> 0), V¢ € T.Thecollection of regressive (positive
regressive) functions is represented by R(R ™).

Definition 2.3 Reference [5]Let A : T — Rand ¢ € T. A-derivative, A®(() is the
number if exist, such that given any € > 0, 3 a neighbourhood U of ( such that

[TA@(O) — A — AX(Qlo(Q) — 51| < ¢elo(©) —s|, Vs e U.

Let A is rd-continuous; if A2(¢) = A((), the delta integral is defined by,

N

/A(()AC = A,(s) — A(r), s,reT.

r

Definition 2.4 The exp function on T is defined as

eq(1,() = exp /5#(,)(q(t))At , 17,(eT,qeR.
¢
For b > 0, |
&(2) = Zlog(l + Zb).

Forb =0, &(Z2) = Z.

Definition 2.5 Reference [6] Let g, p € R, define

©q = , q®p=q+p+ugp, 9 p=q®©p).

Lemma 2.6 Reference [6] Let us suppose that p,q € R, then

eo(C,r) =1, ¢€,(C, Q) =1
ep(@(Q), r) = (14 (O plep(C, r);
ep(Cv r) = l/ep(rv C) = €9p(r, <)5
ep((s r)e,,(r, 5) = ep(Cv 5);

ep(C, V)eq(Cv r)= epéBq(Cs r);
(1/ep(C, 1™ = =p(Q)/ep(a(C). 7).

Lemma 2.7 Reference [6] Let g € R and b, c,d € T, then

AR LN~

c

/Q(C)eq(ct a(O)AG =eq(d, b) —eq(d, ).

b
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Lemma 2.8 Reference [17] For0 < \, eg)((,n) <1, V¥n,( € T, where n < (.

Definition 2.9 Reference [17] T is called periodic time scale, if
M:=fweR:(£weT,V(eT} #{0}.

The notations in this section follow as: Y is Banach space with sup norm || y|lec =
sup,cr [ly()|l. C(T, Y) contains the collection of continuous functions from T to
Y. Co(T, Y) is proper subset of C(T, Y) containing functions ¢g : T — Y which
vanish at infinity i.e., lim|,| o |[g(r) || = 0 and Co(T x Y, Y) denotes the collection
of functions g : T x ¥ — Y such thatlim;,—.« |lg(#, y)|I = O uniformly for y in any
compact subset of Y.

Definition 2.10 A function g(r) € C(T, Y) is called almost automorphic (A.A) if
for every sequence (7,) C Il, we can extract a subsequence (7;,) such that

g (r) = Jim g(r +17,),

and
lim g*(r - Tn) = g(”):
n—oQ

for each r € T. We note that the convergence is pointwise. Then, the function g*
not necessarily continuous, but measurable. Moreover, we note if we consider that
convergence is uniform on T instead of pointwise convergence, we get that the
function g is almost periodic.

We set AA(T, Y) for the collection of all almost automophic functions from T
into Y.

Example 2.11 Let G : T — X be a function defined by

1
G(r) = si )
(r) =sin (2 + sin(r) + sin(ﬁr)>

It is .AA. However, it not almost periodic because this function is not uniformly
continuous on T.

Definition 2.12 A continuous function g : T x ¥ — Y is called AA if g(r, y) is
AAinr € T uniformly Vy in any bounded subset of Y.

AA(T x Y, Y) is the collection of all such functions.

Definition 2.13 A continuous function g : T — Y is said to be AAA if g(r) can be
decomposed into two parts like that g(r) = g;(r) + ¢2(r), where g, (r) € AA(T, Y)
and gz(r) (S C()(T, Y).

AAA(T, Y) is the collection of all such functions.
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Definition 2.14 A continuous function g : T x ¥ — Y is said to be AAA in r
uniformly for y in any compact subset of Y if g(r, y) can be decomposed into two
parts like that g(r, y) = g1(r, ¥) + ¢2(r, y), where g; € AA(T x Y, Y) and ¢»(r) €
Co(TxY,Y).

We set AAA(T x Y, Y) is the collection of all such functions.

Example 2.15 Let x : T — Y be a function such that

1
—si —Irl.
x(r) = sin (2 + sin(r) + sin(ﬁr)) e

This function is A.AA as first part belongs to AA(T, Y) and second part belongs to
Co(T, Y).

Example 2.16 Let g : T x Y — Y be a function such that

1 1
cosy + ———siny.
2+ sin(r) + sin(ﬁr)> YT Y

@ (r) = sin (

This functionis AAAinr € T foreach y € Y because first part belongs to AA(T x
Y, Y) and second part belongs to Co(T x Y, Y).

Lemma 2‘17 If‘glv 927 g € AAA(Tv Y)v then

g1+ 9 € AAA(T, Y);

Ag € AAA(T, Y), for any scalar X,

Ifa € Risaconstantthen, g, € AAA(T, Y), where g, : T — Y defineas g,(-) =
g9(-+a);

o The range R, = {g(r) : r € T} is relatively compact of Y, thus g is bounded with
respect to norm.

Definition 2.18 A function g(r, s) is said to be bi- A A if for every sequence 7, C IT,
there is a subsequence 7, and a function g*(r, s) such that the translation of g converge
to g*, that is ||g(r + 7, s + ) — g*(r, 8)|| > 0 as n — oo and ||g*(r — T, 5 —
Tw) — g, s)|| > 0asn — oo, Vr,s € T.

We set bi AA(T x T, Y) is the collection of all such functions.
Remark 2.19 Exponential function on time scale is bi 4.4 function.

Lemma 2.20 The decomposition of AAA function g = g1 + g2, where g; € AA
(T,Y) and g, € Co(T, Y) is unique i.e., g = g D ¢»-

Proof From the definition, we can easily observe ¢;(T) C g(T). Assume that g =
g1+ g, and g=h;+ hy then 0 = (g1 — hy) 4+ (g2 — ho) € AAA(T, Y), where
(g1 — hy) € AA(T, Y)and (g; — hy) € Co(T, Y). Inview of above result g; — b =
0. Consequently, g» — hy, =0, i.e., g1 = h; and g» = h;.
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Lemma 2.21 The space AAA(T, Y) is a Banach space with sup norm

9lloc = sup [[g(r)I].

reT

Proof Consider {g,},en is a Cauchy sequence in AAA(T, Y). We can express
uniquely g, = f, + h,,, where f, is a sequence in AA(T, Y) and &, is in Cy(T, Y).
From Lemma 2.20, we see || f, — filloo < lgn — gmlloo. We deduce from here that
{fu}nen is Cauchy sequence in AA(T, Y). So, h, = g, — f, is Cauchy sequence
in Co(T, Y). We conclude that f, - f € AA(T,Y) and h, — h € Cy(T, Y) and
finally g, — f +h € AAA(T,Y).

Lemma222 Let g:TxY =Y, (rny)— gr,y) € AAAT xY,Y) inr €T,
foreach y € Y and assume that g satisfies Lipschitz condition i.e.,

lg(r,y) = g(r, yOI = Llly = ¥*II,

forall y, y* € Y and for every r € T, where L > 0 is constant. Then G : T — Y
given by G(-) = g(-, y()) is AAA provided y : T — Y is AAA.

Proof Since g, y € AAA, then we can decompose as

g=91+9, y=y-+y,

where g € AA(T x Y,Y), o€ Co(T x Y,Y), vy € AA(T,Y), y, € Co(T, Y).
We can write

g(r, y(r)) = gi(r, y1(r)) + g(r, y(r)) — g(r, y1(r)) + g2 (r, y1(r))

By Lemma 3.3 in [18] ¢i(r, y1(r)) € AA(T, Y). Noticing that ||g(r, y(r)) —
gr, yi(r)|l < Llly2(r)ll = 0 as |r| — oo. Hence g(r, y(r)) — g(r, y1(r)) € Co
(T, Y). Now, since {y;(r), r € T} is compact set of Y, g2(r, y1(r)) € Co(T, Y).
In conclusion, g(r, y(r)) € AAA(T, Y).

Definition 2.23 A continuous function y : T — Y is called .A.A.A solution of system
(1.1) on T if y(r) is and satisfies AAA

r

y(r) = 8(r,a)ly(a) — gla, yGe(@))] + g(r, y(5(r))) + / S(r,a(s))P(s, y(s))As

a

r N

+ / S(r,o(s)) / k(s,a(O)Hh(C, y(Q)ACAs, Vr>aeT.

2.1)
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3 Main Result

To prove main result of this manuscript, we assume the following assumptions which
are further mandatory:
Al. The system

yAr) = A@)y(@r), s<r, rseT,

has an evolution family of operators {S(r, s) : s < s, 5,7 € T}. S(r, 5) is asymptot-
ically stable i.e., 3 constants Ry, w > 0 satisfying

[S(r, $)II = Roew(r, s)

forall r,s € T withr > s.
A2. For any sequence {7, },en C II, we can find a subsequence {7;,}°°
anye > 0,3dN € N,

| such that for

NS(r+ Tn, s + 1) — S, 9)|| < Eeow(r,s) and |[|S(r —Tp, s — ) — S, 9)|| < Eeow(r,s)s

Vn >N, Vr,s €T, r >s.
A3. g € AAA(T x Y, Y) and there exist constant L, > 0 such that

lg(r,y) = g(r, ) < Lglly —xll, r €T, x,y €Y.
Ad.h € AAA(T x Y, Y) and there exist a constant L, > 0 such that

IA(r,y) —h(r, )|l < Lplly —x|l, r €T, x,y €Y.
A5. P € AAA(T x Y, Y) and there exist a constant Lp > 0 such that

IP(r,y) =P, x)ll < Lplly —x|, reT, x,y €Y.

Lemma 3.1 Suppose £ € AAA(T, Y) holds, E(n) : T — Y defined by

n

2() = / k(. o (OEOAC, 7 e,

is AAA(T, Y).

Proof Since £ € AAA(T, Y). So, we can decompose it as £(n) = £(n) + & (),
where &,(n) € AA(T, Y) and &(n) € Co(T, Y). Now,

E(m) = E1(n) + E2(n),
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where Ei(n) = ["__ k(n, o(()&(QOAC and Ex(n) = [ k(n, 0({)E(OAL. To
proof complete, we have to prove E;(n) € AA(T, Y), E2(n) € Co(T, Y).Since & €
AA(T, Y), there exists £} and a subsequence {7,} C IT for each sequence {7, } such
that

lim 60 +7) = &I =0 and  lim 61— 7) — &I =0, (G.D)

Now, corresponding to £, let us define E7(n) = fjoo k(n, o(s)&f (s)ds. Now, we
compute

N+Tn n

1210+ ) - gl = | [ ko4 moa©ac - [k oengioadl
n n
=] [ ko4 o0+ mia€+mac - [k oengioac]

7
< [ eertr+ 0 + 1)~ eartn. o lerc + mla¢

n

+e [ entno©lec+m - 0] ac
=

<clils [ Jeortn + 7,060 + 1) = eantn o)
c(l+ aN)

+ A

sup &1 +70) — &,
ne

where /i = sup, . £4(7)). From Remark 2.19 and Eq. 3.1, we have lim,,, o [| E1 (1) +
7,) — 87|l = 0. Using the similar arguments, we get lim,_, o [|E](n — 7,) —
E1(m)| = 0. Hence E,(n) € AA(T, Y).

Now, since & (n) € Co(T, Y) then Ve > 0, 3 a constant R > 0 such that

&2l <&, Inl > R. (3.2

which yields that

n

R
122001 = | [ k. o@ne©ac+ [ knaeneoad

R
R n

= cll&2llo / eox (1), U(C))ACJrEC/eeA(??,U(C))AC

—00 R
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(1 + /i) (14 i)

< c||§z||oo—k“ ex(R, In)) + EC—)\H [1 — ear(, R)]
1+ 0\ 1+ )

< ellg oo TR N g LAY

lim [|E2(n)|l = 0.
[n]—o00

Therefore, E,(n) € Co(T, Y). O

Lemma 3.2 Let P € AAA(T, Y) and suppose (A1)—(A2) is satisfied. If B : T —
Y is defined by

r

P(r) = / S(r,o(s)P(s)As, reT,

then B(-) € AAA(T, Y).
Proof Since P € AAA(T, Y). So, we can decompose it as P(r) = P,(r) + P»2(r),
where P;(r) € AA(T,Y) and P,(r) € Co(T, Y). Now,

Br) = Pi(r) + Pa(r)

where B (r) = [*_ S(r,0(s))Pi(s)As and PBo(r) = [*_ S(r, 0(s)) P2(s)AC. To
proof complete, we have to prove P (r) € AA(T, Y), Pa(r) € Co(T, Y). Since
Py € AA(T, ) there exists P;" and a subsequence {7, } C IT for each sequence {7, }
such that

lim |Pi(r+7)— P(r)|=0 and lim ||P/(r —7,) — Pi(M] =0 (3.3)
n—oQ n— o0

Now, corresponding to P;", let us define B} (r) = fjoo S(r,a(s)) P (s)ds. Now, we
compute

r+Ty r
1107 = F 0l = | [ 50+ moen6ss - [ seoenries)

r

- H / SO + T, 0(5) + T0) Pi (s + ) As — / S(r, U(s))Pl*(s)AsH

—00 —00

< / HS(r + 7. 0(5) + ) — S(r, J(s))H [Pi(s + 70 As

—00

+ / 1S, aNI|Pr (s + ) — P (s)| As

=Pl

e(1+ pw)  Ro(l + pw)
i + K sup ||P1(r+T,,)— Pl*(r)H.
w w reT
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From Eq. 3.3, we have lim,,_, |1 (r + 7,) — B () || = 0. Using the similar argu-
ments, we get lim, o I'BT(r — 7)) — P1(r)|| = 0. Hence P (r) € AA(T, V).
Now, analogously to the previous lemma proof we can easily find lim -
[B2(r)|l = 0. Hence P (-) € Co(T, ¥). O
Now we are prepare for our main result which gives the unique .A.A.A4 solution of
system (1.1).
Theorem 3.3 Let us assumptions (A1)—(AS) hold, the system (1.1) has a unique
AAA solution y : T — Y provided

K()Lp(l + /:Lw) + K()CL},(I + /1)\)(1 + /:Lw)) <1
w .

o 3.4)

(Lg +

Proof Firstly, let us define a nonlinear operator

r

(G)(r) = g(r, y(e(r))) + / S(r,a ()P (s, y(s))As

+ f S(F,U(S))/k(s,G(C))h(C,y(O)ACAS-

From the assumptions, Lemmas 2.17, 2.22,3.1 and 3.2, we conclude that the operator
G is from AAA(T, Y) into AAA(T, Y) which is Banach space from Lemma 2.21.
To prove the remaining part, suppose y, x € AAA(T, Y), then

Gy () = (Gl

r

< 190G = 90 xCern + | [ 56 06NIPG. 560 = Pis. x|

—00

+] [ seoon [ koo )~ nxonacas|

r

=< Lylly(Ge(r)) — xGe(r)|l + KoLp / eow(r, a(s)[y(s) — x(s)||As

—00
+ RocLy, / eow(r, o(s)) / ec (s, a(ONy(Q) — x (O ACAs
—00 —00
KoLp(1 + [ KocLy (1 N (1 +
S(Lg+ oLp( -HM)+ ocLp (1 + pA)( +uw))sup”y(r)_x(r)”
w Aw reT

where (i = sup,..p p(7).

1Gy) = (GX) oo = M|y — Xlloos
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where M = (Lg + KolpUtio) KO"L"(lJ;ZA)(l’L’_‘“’)). According to condition (3.4),

M < 1 which implies G is a contraction mapping. Therefore using the Banach con-
traction theorem, we get a unique fixed point y(r) in AAA(T, Y) such that Gy = y
that is

r

y(r) = g(r, y(»(r)) + / S(r,a()P(s, y(s)As

+ f S(r, U(S))/k(s,U(C))h(C,y(C))ACAS

forallr € T. If we leta € T, then

a

y(a) = g(a, y(»(a))) + / S(a, o(s))P(s, y(s))As

+ / S(a,U(S))fk(s,U(C))h(C,y(O)ACAS

using evolution operator property S(r, 1) S(¢,s) = S(r,s), s <t <r.

a

S(r,a)y(a) = S(r,a)g(a, y(x(a))) + / S(r,a(s))P(s, y(s))As

+ / S(V,U(S))/k(s,U(O)h(C,y(C))ACAS

r

S(r,a)ly(a) — g(a, y(x(@)] = y(r) — g(r, y((r))) — / S(r,o(s))P(s, y(s))As

a
r s

—/S(r, a(s)) / k(s, a(O)h(C, y()ACAs.

a

From last equality, we find that system (1.1) has a unique .4.AA solution, given by
@2.1).0
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4 Stability Result

Definition 4.1 A solution y is called stable, if for any arbitrary O < ¢, there exists
0 < 6 such that
ly(r) =yl <&, Vr>a, r,acT

whenever ||y(a) — ¥(a)|| < §, where y is the solution of System (1.1) with initial
condition y(a) € Y.

Theorem 4.2 [f the conditions of Theorem 3.3 satisfies, system (1.1) has a unique
stable AAA mild solution.

Proof By Theorem 3.3, we get that problem (1.1) has a unique .A.A.A mild solution
whose integral form is given by,

t

y(r) =S8, a)ly(a) — g(a, y(e(a))] + g(r, y(>(r))) + / S(r,a(s)P(s, y(s))As
1 N

+ / S(r.o(5)) / k(s. 0(OIR(C, ¥(O)ACAs,

a

for Vr > a € T. Now, let us suppose that y(r) is A.AA solution of the system (1.1)
and y(r) is another solution of the system (1.1).

y(r) =y0)l
< |8, a)ly@ = @1 + [ S, a)lga, y(c(@))) — gla, y(<(@))]|

+] [ 5006060 = Pl 5] + 936200 - 96 50|

+] [s0.06)) [ ks, ) = hC TENIACAS

< Ro(1 + Ly)ecu(r, a)lly(@) = y(@)ll 4 Lylly (3(r)) = y((r)|
K()CLh(l + /_1,/\)) /’

\ eew(r, a(s)) sup [[y(s) = y(s)[|As

seT

+<K0L7>+
< Ro(l + Lyly(@ — @]+
KoLp(1+ 1 KocL, (1 + pN)(1 + @ _
(£, + RobP O i)y Rl LE VAL cup () — 30

reT
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Iy = Vlloo = Mlly = Vlloo = Ro(1 + Ly)lly(a) — y(@)|

Ro(1 + Ly)lly(a) = y(@|

) <
Iy = Flloo < o
where W > 0, choose a d > O such that § < ;0((1111‘2), then

ly =yl <e.

From Definition 4.1, the system (1.1) is stable. O

5 Example

Here, we give an example on different different time scale which shows the fruitful-
ness of results obtained in previous sections.
Consider the PDE on general periodic time scales T,

0
—U
Arr r, y)

72 U(r,y)+ 0 [ L < !
= r, —|—sin(———88™
Aorx? Y A1rL250 1 + sinr + sin /2r
1

1+ sinr + cos ~/2r

o,
) SinU(r,y) + gee " eos U, y)]

+%cos(

r

+ / ewl(r, o(s))[cos 2ssinU(s, y) +

—0o0

1 1 .
)cosU(r,y)—l—ﬁm sinU(r, y)

1
m cos U (s, y)]As, y € [0, ]t
(5.1
Ur,00=U@,m =0, reT,

Let ¥(r) = U(r, -), we consider the operator A by

62
A9 = 29, 9 e D(A) = (Hy0, 7]y N HZ[0, ]r).
Ayy

As the similar argument of Sect. 3.1 in [19] and in [20], any one can simply find that
the evolution system {S(r,s) : r > s} satisfies [|S(r, s)|| < eg1(r,s),r > s, with
Ro=1landw = % On based of above things, system (5.1) can be converted in form
as (1.1) and satisfied all assumptions with Ly, Ly, Lp = %, c=1, \= i. Now,
it remains to check one condition for different different time scales.
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Casel: If T = R, then iz = 0, hence

KoLp(1+ fiw) n KocLy (1 + pA)(1 + jiw)
w Aw

(Lo + )=0.104<1.

Case2: If T = Z, then 1 = 1, hence

KoLp(1 + pw KocL,(1 4+ pA)(1 + pw
(Lg+0P( M)+0h( pA) (1 + pw)

=0.176 < 1.
w Aw ) =

Case3: If T = 27Z, then i = 2, hence

K()Lp(l + /_JA.U) + KQCLh(l + ﬂ)\)(l + /_JA,U)
Aw

(Lo + ) =0264 < 1.

In all of cases, we find that all conditions of Theorems 3.3 and 4.2 satisfy, so we derive
that problem (5.1) has a unique stable A.AA solution.
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An Integral Relation Associated )
with a General Class of Polynomials L
and the Aleph Function

Monika Jain and Sapna Tyagi

Abstract A new finite integral involving two general class of polynomials with the
Aleph function has been obtained in the present paper. This integral is supposed to
be one of the most universal integral evaluated until now and act as a key component
from which we can obtain as its different special cases, integrals relating a large
number of simpler special functions and polynomials. Some useful unique cases of
the main outcome have also been discussed in the paper.

Keywords The general class of polynomials - Aleph-function

2000 Mathematics Subject Classifications 26A33 - 33C60

1 Introduction

The Aleph-function is a new generalization of the well-known H-function [1] and
the I-function [2, 3].
The Aleph-function is defined and represented as follows [4, 5].

Nl = N ] = N [

(@, AD1Ns - [Ti(@), A INt1p;
(b5, Bp)1.m5 -, [Ti(by, B IM+1.q;

= L/cp(g)z—éds (1.1)
27w
L

for all z # 0, where w = +/—1 and
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[T2, Db+ Big) [T, T(1 — 2y — Ajé)

o) =
Yt T HJ “ng1 (@i + Ajig) HJ Zma1 D1 = bji — Bji&)

(1.2)

The path of integration L = Ljys, T € R extends from ¥ — ico to 7" +
ico. The poles of I'(b; + B;&), j = 1, M. which do not coincide to the poles of
rad—a —Aé),j= 1, N are taken as simple poles. The parameters p;, q; are non-
negative integers 0 < N < P;, 1 <M < Qy, 13 >0 fori = 1, r. The parameters

A;, Bj, Aji, B;i > 0 and a;, b;, aj;, bji € C. The productin (1.2) is interpreted as unity.
The existence conditions for the described integral (1.1) are given beneath:
T R
6, > 0, larg(z)| < 565,6 =1, (1.3)
0, > 0, Jarg(z)| < %ez and Re{z,) + 1 < 0, (1.4)
where
N M P, Q
QZZZAJ'—}—ZB]'—T@ Z Ajg—i- Z ng (15)
j=1 j=1 j=N+1 j=M+1
Q Py 1 e
Zb Zaj + 7 Z bjg — Z aje + = (PZ QZ) =1r (1.6)
j=1 j=M+1 J=N+1

Note 1 The simplification of the sum in the denominator of (1.2) in terms of a
polynomial in &, the factor of this polynomial can be uttered by a fraction of Euler’s
Gamma function leading to H-function, see [6], p. 325.

Note 2 It might be seen that there is no recorded name given to (1.1), compared to
[5]. The Mellin transform of this function is coefficient of z¢ in the integrand of

(1.1).
Note 3 Taking v; = 1,i= 1, ..., r, in (1.1), the R-function lessens to the notable
I-function [3].

Note 4 Puttingr=1and 1y = 1, = ... = 13 = 1, then R-function reduces to the
known H-function [7].

Following definition of general class of polynomials is required which was intro-
duced by Srivastava [8, Eq. (1)].

[n/m]
Silxl= ) %Amkx& n=012... (1.7)
k=0 ’

Here the coefficients A, x(n,k > 0) are subjective real or complex constants,
whereas M, is an arbitrarily chosen positive integer.
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On suitably specializing the coefficients A, y occurring in (1.7), the general class
polynomials S{'[x] can be reduced to the known traditional orthogonal polynomi-
als and the generalized hypergeometric polynomials as its particular cases. These
incorporate, among others, the Hermite polynomials, the Jacobi polynomials, the
Laguerre polynomials, the Bessel polynomials, the Gould-Hopper polynomials and
a couple of others.

2 Main Result

b

/ (X _ a)u—l(b _ x)V_l(x _ C)—u—v

a

x—a\*/b—x\'
M,N
'NP"Q““"[Z<X - c> (x - c>
n x—a\"/b—x\" . x—a\" /b—x\"
.Snl‘ 71 Sn; i) dx
X—cC X —C X —C X—c¢

[0 /my] [n2/mz]

(bj, Bpim, - [Ty, B Im+1.04

@, ADINs - [Ti(a), A Ins1p; :|

(=) m,k, (—12) ik, A
ki 'kp!

ki ko
n,k Anz,kzzl Z

k=0 k=0
(b— a)u+v+()\+u)k1+()\’+|L’)k271 b — C)fuf)\klf)\’kz (a— C)fvfuklfu’kz

RMN +2 . b—a\"(b—a\'
YPi42,Qi+ 1L, T b—c a—c

(aj, aj)l,N’ 7 (aj, aj)N+1,P,-;r 2.1)
(1 —u—v—2rk —pk —)\/kz—u’kz,s+t) ’

(1 —u—2k = Nka,s), (1 —v—pk; —p'ky, t)
(bj, Bp)i.m, -y [Ti(by, B)IM+1.;

where s >0, t > 0, Re (u + s bj/B;) > 0, Re (v + t b;/B;) > 0,
j=1,... M, N, N\, and ' are positive integers. Ay, , and A,, , (01, ki, 102, ko
> () are arbitrary constants, real or complex.

Proof To establish (2.1), expressing the R-function by (1.2) and general class of
polynomials by (1.7), then the order of summations and integration are interchanged
(which is justified due to the absolute convergence of the integral in the process),
we calculate the integral with the help of a result ([7], p. 287 (3.119)), and get the
desired outcome.
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3 Special Cases

(A) Taking SIZ1 [y] = y"?H, [7] in the result obtained in (2.1) to the case of
Hermite polynomials ([9], Eq. (5.5.4), p. 106 and [3], p. 158)

in which case m; =2, A, x, = (—l)k‘ and also letting my =2, A, x, = (—l)kz,
we have
b
f (X _ a)u—l(b _ X)V—I(X _ C)—u—v

a
M,N x—a\S/b—x\t|@, ADiN, - [Ti(@j, ApINt1,p;
'NPa,Qi,ti;r[Z(kc) (=%) (bj,Bj>1<M,...,[n(bj,BmMH.Qi]
n;/2
x —a\"/b—x\"|" H 1
.z
1X—C X —C nl x—a\rM(b—x\H
2z (=) (3)
, n2/2
x—a\" /b=x\"|" 1
1% X—cC X—cC H, Y W dx
2m (322" (2=2)
[ny/m;] ny/mp

_ Z Z (_nl)Zkl(_n2)2k2( l)kl( 1)k7Zl|Z2

kilky!
k=0 k=0 1:%2

(b— a)u+v+(x+u)k,+(x’+u’)k2—1 (b— C)—u—xkl—x’kz (a— C)—v—uk,—puk2

b—a\’/b—a\’
M,N +2
‘NP1+2TQl+l,ti:r|:Z(b_C) <a_c>

(aj, 0‘j)l,N"L'j(aj’ aj)N+1,P,-;r (3.1)
(l —u—v -2k —pk —)\/kg—p/kz,s—i-t) ’

(1 —u—2xk; — Nk, s),(l —v—pk; —p'ky, t)
(bj, B 1M, -y [Ti by, B)Im+1,0;

applicable under the conditions as available from (2.1).

(B) For the Jacobi polynomials ([9], Eq. (4.3.2), p. 68 and [3], p. 158), our result
(2.1) yields the following result by setting

S}l[x] = Pga/’ﬁ/)(l — 2x) in which case

nl+k1>(oﬂ+5/+n1+1)kl

= 1’ A[1 =
mi 1.k ( (OL/+ l)k]

nj

and also taking
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’

n, + k2> (@ +B"+n2+1)

mp = 1, Aﬂz,kz = < (OL” n l)k

np

we obtain

b
/ x—a)" Tb—x)"""Tx—c)

QMN x—a\*/b—-x\'
Ry |z
PR\ x—c/) \x—c
p(@#) 122, x—a\"/b-x\"
o X—c X—c¢
N W
o8 — b—
S ’6)|:1—222(X a) ( X) ]dx
X—c X—c

[ny] [n2] n -I-Ot/ n —l—ot”
_ 1 2 _ ky _ ko
—ZZ(nl_lem_kz)( 2 (—2)

ki=0k,=0

@, A 1N, - [Tila), ANt p
(bj, B im, -, [Ti(by, Bp)IM+1.0;

o +B +n+ki\ (" +B +n+k;
’ k] k2

(b _ a)u+V+()\+u)k1+()\/+M/)k271(b _ C)fuf)\qu)\/kz (a _ C)fvfuklfu’kz

xM: N+2 b—a)\'(b—a)'
P2, Q1L T z b—c a—c

(aj* uj)l,N’ 7 (aj, OLj)N+1,Pi;r (3.2)
(1 —u—v—2rk; — pk; — Nk — ko, s+t) ’

(I—u—2ki = Nkp,5), (1= v —pk; — ks, t)
(bj, Bp)1.m, -, [Ti(by, B))Im+1.0;

valid under the conditions as obtainable from (2.1).

(C) For the Laguerre polynomials ([9], Eq. (5.1.6), p. 10 and [3], p. 158), we have
the following interesting consequence of our result (2.1), by setting

s'ix] = L) (x) in which case

n +o 1
m=1 Ayn=(" —_—
n; (o + 1)kl

and also taking
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n +a// 1
my = 15 Anz,kz = //—s
ny (@” + 1)y,

we get
/ (X _ a)u—l(b _ X)V—l(x _ C)—u—v
MN x—a\*/b—x\'
'NPiainti;r |:Z<X _ C> (:)
Lr(l?t)|:zl<x—a> (b—x)“:| -LSS’,)[ZQ(X_a)x,(b_X)M/]dx
X—C X—C X—C X—¢C

@, ADIN, - [Ti(a), ApINF1LP;
(bj, B 1M, -, [Ti(by, Bj)Im+1.q;

%[Hi]:( np)y, (—m2)y, (ng + o 1 ny + o’ 1 i o
e k! nJ@+Dk\ n @+ DK

(b _ a)u+V+()\+u)k1+()\/+}L/)k271 (b _ C)fuf)\klf)\/kz (a _ C)fvfuklfu’kz

(1 —u— 2k — Nk, s), (1 — v —uk; — p'ky, t)
(bj, B im, -+ -, [Ti(by, Bj)Im+ 1,0,

(aj’ uj)l,N’ Tj (aj’ Ocj)N—&-l,P,-;r
(l —u—v— 2k — pky — Nk — 'k, S+t)

S e 2320 ()

(3.3)

suitable under the conditions as required sufficiently for (2.1).

(D) Lettingn, — 0in (2.1), we have

f (X _ a)Ufl(b _ X)V*l(x _ C)fufv
—a\'/b—x\'
RN i

Pi,Qa»Ti;l’|:Z<X_C X —C

m[ (x—a)x<b—x)“:|
Syl z dx

X—C X—C
[ny/my] (—n l)ml

— Z o ki An1 Kz I(b _ a)u+V+(X+M)k1—l(b _ C)—u—kkl (a _ C)—V—P-kl
k=0 I

(@, Aj 1N [Ti(@), AjINt1p;
(bj, B 1M, -5 [Ti(by, Bj) Im+1.q;




An Integral Relation Associated with a General Class ... 135
&M,N+2 Z(u)s(b—a)‘ (1—11—)\1(1 —)\/kz,s),(l—V—p,kl —M,kz,t)
CPr Qe ] Mb—e/ Ra=e /| (b, Byj) 1w, - - - [Tilby, BIma1q,

(aj’ aj)l,N’ Tj (ajv O‘j)N+1,P,;r
(1 —u—v—2rk —pk; — Nk — 'k, s+t) ’

3.4

valid under the conditions as essential for (2.1).

(E) Taking t; — 1 in (2.1), the I-function given by Saxena [2, 3] is obtained from
Aleph function and the main integral (2.1) converts in the following form:

b
f (X _ a)ufl(b _ X)V*l(x _ C)7ufv

a
IM,N Z(ﬂ)s(b—x)t (@, AP 1,N: (@), ApN+1,p;
PLQyir X—C x—c/ | (bj, Bj)1im, by, Bjm+1,g;

S W N w
_ b— _ b—
s (2) () Gy (22 o
X—C X—C X—C X—C
[ny/m;] [n2/my

]
(=11 m, k, (—12) m, k. ki k
— Z Z ko 2 ZAn],klAnz,kzzllzzz

k!
= = ki ko!

(b _ a)u+V+()\+u)k1+()\/+}L')k271 (b _ C)fuf)\klf)\/kz (a _ C)fvfuklfu’kz

[MN+2 . b—a\"(b—a\'
TP +2,Q + Iir b—c a—c

(aj’ 0‘j)l,N’ (aj’ O‘J')N+1,P,;r
, , , (35)
(1 —u—v — Ak — pk; — Nk — p'ky, s+t)

(l —u— Ak —x’kz,.s),(l —v—pK; — ;L’Kz,t)
(bj, B 1.m, (bj, Bp)Im+1,¢;

valid under the conditions as required sufficiently for (2.1).

(F) If wetake r; — 1 and r = 1 in (2.1), the Aleph function reduces to Fox’s
H-function [1] and the main integral takes the following form:

b

N t
u—1 v—1 —u—v M,N X—a b—x (aj, Ay)
[os-orroms-om |32 () It
a
gl (222 b —x\" g | (X2 Mb—x\* dx
m X—c X—c 2 X—c X—c
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Hpio Q+1,

[ny/m;] [ny/m;] (_nl)mlkz(_nz)mzsz

ki 'ko!

Kk
Hl,klAﬂz,kzZl )
=0 k=0

(b— a)u+v+(x+u)k,+(x’+u/)k2—1(b B C)—u—xkl—mq (a— C)—V—p.kl—u/kz

(b1, B1), (bg, By)(1 —u—v — Nk — K — Vky — w'ky, s+t)

t
HM,N+2 Z<b — a)s(b — a) (lfuf)\kl7)\’k2,s),(17v7uk| 7u’kg,t)(a1,(x|), (ap,ocp)

b—c a—c

(3.6)

valid under the conditions as required sufficiently for (2.1).

The significance of outcomes lies in its various generalizations. In perspective of

the generality of the function and polynomials of very broad nature involved in the
results, our results encompass several particular cases of interest scattered hitherto
in the literature.
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On the New Fractional Operator )
and Application to Nonlinear Bloch oo
System

J. F. Gémez-Aguilar, Behzad Ghanbari and Ebenezer Bonyah

Abstract In this chapter, we analyze the nonlinear Bloch system with a new frac-
tional operator without singular kernel proposed by Michele Caputo and Mauro
Fabrizio. The commensurate and non-commensurate order nonlinear Bloch system
is considered. Special solutions using a numerical scheme based in Lagrange inter-
polations were obtained. We studied the uniqueness and existence of the solutions
employing the fixed point theorem. Novel chaotic attractors with total order less than
3 are obtained.

Keywords Fractional calculus + Bloch system - Exponential-decay law -
Lagrange interpolation

1 Introduction

The nonlinear Bloch system is a system consisting of three nonlinear ODEs which can
be used to model time-dependent nuclear magnetization. These equations are efficient
tool to describe the Nuclear Magnetic Resonance (NMR). The dynamic balance
between externally applied magnetic fields and also internal sample relaxation times
[1]is explained by the Bloch system. Taking advantage of fractional-order differential
equations, we model this relaxation as a multiexponential process.
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Fractional order systems are suitable for describing the memory properties of
several materials, because it has a stronger memory function. It is well known that,
fractional-order derivatives have made great progress in mathematical modeling of
the dynamics of complex systems, multi-scale phenomena and viscoelastic mate-
rials [2-11]. The fractional derivative with power-law singular kernel imposes an
artifical singularity to mathematical models and the memory effects cannot describe
accurately. Due to this inconvenience, a new fractional derivative considering the
exponential function as non-singular kernel was proposed by Caputo and Fabrizio
[12]. This new operator allows to describe more efficiently the memory effect and do
not impose artificial singularities as in the old Liouville-Caputo derivative. Several
problems in chemical reactions, luminescence, heat transfer, geophysics, physical
optics, radioactivity, thermoelectricity, vibrations and electromagnetism are naturally
governed by the exponential decay law. These natural phenomena can be studied con-
sidered the exponential kernel suggested by Caputo and Fabrizio. Furthermore, this
new operator has supplementary properties, it can portray substance heterogeneities
and configurations with different scales, which noticeably cannot be managed with
the other representations [13—15]. Losada and Nieto in [16] studied the further
properties.

Atangana and Baleanu generalized the exponential function and proposed the
Mittag-Leffler law as kernel of differentiation [17] arising the Atangana-Baleanu
fractional derivative. The fractional-order derivatives with non-singular kernel allows
to describe two different waiting times distribution, which is an ideal waiting time
distribution as such is observed in nuclear magnetization. The crossover behavior
of both operators is due to their capacity of not obeying the classical index-law
imposed in fractional calculus. This apparent limitation allows to permits describe
more appropriate real world problems [18-21]. In [22], several examples of non-
commutative and non-associative problems were presented. The authors justify why
the fractional derivatives with non-singular kernel are needed to describe real-world
problems. The authors conclude that the commutativity or index-law and semi-group
principle are irrelevant in fractional calculus, ending the controversy generated for
the use of these fractional-order derivatives.

In recent years, the generalized nonlinear Bloch equation with fractional-order
derivatives has attracted great interest of many researchers and scholars in litera-
ture [23-30]. A predictor-corrector approach to solve the multi-term time-fractional
Bloch equations has been developed in [31]. Also, for some other variants of the
equation including Bloch equations with Riemann-Liouville fractional derivative
[32-35] or the delay-dependent fractional Bloch equations [36-38].

In this chapter, we apply the new fractional operator with exponential-decay law to
the nonlinear Bloch model. We studied the uniqueness and existence of the solutions
employing the fixed point theorem. The manuscript is organized as follows. The
paper is structured as follows. In Sect. 2, we recall the fractional operators of type
Liouville-Caputo sense. In Sect. 3, we formulate the fractional order nonlinear Bloch
model, and then the existence and uniqueness of the coupled solutions is proved. We
consider numerical simulations in Sect. 4. Finally, we summarize and conclude in
Sect. 5.
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2 Fractional Operators

Based in the exponential-decay law, the Caputo-Fabrizio fractional operator without
singular kernel in Liouville-Caputo sense (CFC) is given by [12]

M
£y = 1 / @[~ L0, n-1<y=n,
d[” -y
ey
where M (y) is a normalization function such that M (0) = M (1) = 1.
The Caputo-Fabrizio fractional integral is defined below [16]
2(1—y)
6 I f(1) = ——— () + ———— /f(s)ds. t>0.
0 My)2—y) M(y )(2
where, )
My)=—, 0O<y<l (2)
2-y

Losada and Nieto [16] analyzed more properties of this newly presented fractional
operator.
3 Bloch System with Non-singular Kernel

The nonlinear Bloch system [36] in Caputo-Fabrizio-Caputo sense is given by

1
SEEDY x(1) = ¢y (1) 4 0z(t) (x(1) sin(p) — y (1) cos(p)) — 0]
1
SFEDPy (1) = —¢x (1) — z(t) + 0z(1) (¥(2) sin(p) + x(t) cos(p)) — 57O 3)

. 1
SEEDP (1) = y(1) — 0sin(@) (x (1) + y(1)?) — FEm =D,
with initial conditions

x(1) = x(0), y(@) = y(0), 2(t) = z(0). 4)

System (3) can be made more realistic as the nuclear magnetization as a function
of time should not follow the same fractional order dynamics. For this reason, we
introducing three different orders of the fractional-differential operators y; € (0, 1]
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fori = 1, 2, 3. The system (3) is called commensurate when y; = y, = y3 = y, oth-
erwise is called non-commensurate (for this case, the total order of the system is then
changed from 3 to the sum of each particular order).

Existence of the coupled solutions.

We investigate the numerical results predicted by the fractional model given by the
system (3). Firstly start to investigate the existence and uniqueness of the solutions.

By using the fixed-point theorem, we define the existence of the solution. First,
transform system (3) into an integral equation as follows

CF n . 1
x() —x(0) =" I [Cy(t) + 0z(t)(x(2) sin(p) — y(t) cos(p)) — \p—zx(t)],

1
YO = O =57 1P| = £x(0) — 20) + 0z (y(0) sine) +x(0) cosp) ~ -v(0)

1
20 = 20 =57 1 [y(0) = esin(@)(x (1 + y(0)?) - 3 G0~ D]

On using the definition (2), we get

£ =0+ Ty 4 0z (0 sinG) — (1) cos(9) — o-x(0)]
T Mone -1 TE TR,
t
S ey + 0x9) (0 sin) — y(s) cos(e)) — g-x(s)]ds
M@=y ) 2 ’
(6)
0=+ 20T ) = 20+ 0200 sinte) + (1) cost) — gy
R VTS Yo RS S estLin sy MR
t
ﬁ O/ [ 6360 = 2060+ 02(5)(3(5) sn) +x(5) coste) — -y(0) s
(7
2(1 - )’3) . 2 2 1
2(t) = 20 + ————=———1y(t) — 0sin(@)(x(1)* + y()*) — —(z(t) = 1)
o Sy 1V e YT, }
t
2y3

1
: 5 5
+ MoDC2 =) J [y(s) —osin(@)(x(s)” + y(s)?) — E(Z(S) - 1)](1&

®)

Now, we consider the following kernels

1
Gi(r, x(1)) = Cy(t) + 0z(1) (x(1) sin(g) — y (1) cos(p)) — @x(t),



On the New Fractional Operator and Application to Nonlinear Bloch System 141

1
Ga(t, y(1)) = —¢x(t) — z(t) + 0z(®) (y(?) sin(p) + x (1) cos(p)) — Ey(t), )

1
Gi(t,z(1)) = y(t) — osin() (x(1)* + y(1)*) — \y—l(z(t) - 1.

Now, we prove that the kernels G, G, and G3 satisfy the Lipschitz condition.
To achieve we first prove this condition for each kernel proposed. We start with the
kernel 1. Let x and X be two functions, using the Cauchy’s inequality, then we assess
the following

1
1610, ¥() = Gita, XDl = [[ey(0) + 02w (1) sinty) — y(1) costy) — (v
(10)

Similarly for the second and third cases, we have

1G22, (1) = Gate, YO)| < || = 6x(0) = 20) + 02()) (v (1) sin(p)

1
+ x (1) cos(p)) — lp—zy(t)

’

1
1G3(1.20) = G3(0. ZDI = [|y0) = 2sin@) @ + y0)) = Go0) = 1)
an

’

consider the following recursive formula, we have

Xy (t) = MGMLXM—U) + L/Gl(&x(n—l))d&
My)Q2—y1) My)@2—y) )
2(1 — ) 2y> j
n = ——————G2(t, Y1) + ———— | Ga2(s, Yyu-1))ds,
YO = Gm@ - M e — J 2(5: Yap)ds
2(1 — y3) 2y3 j
= ———""—G3(t, 2;—1) + —————— | G3(s, z(—1))ds. 12
R TR R TP ATC R A Y

Applying the norm and the triangular inequality, we get
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lam O] = [1xm) @) = X1 O]
2(1 —
WQJ/))/)”GI(Z Xu—1)(1)) — G1(t, X2y (D))

+ —M(yl)z(y;_ = Of (G165 X)) = Gi 5. X (51 s,

1166 D11 = 1Y) () = Y1y (D]

2(1 — )
vy 16 s Y(n— -G ,Y,17
S M@ =y 162V 1) = Golt, Yapy
2y,

M(yg)(Z yz)H / [G2(s’y<n—1>(s))—Gz(s, Y(n—z)(S))] ds

ey O =z (@) — Zu—1y(@®)]]
2(1 —
WHGsU Zu—1 (@) — G3(t, Zp—y ()]

S TeosY mz (y;_ - | 0/ (G365, 201 (5)) = G35, Z (50 ][ s,

(13)
where,

Xy =D an®): Yy ) =D ba®):  zw®) =Y cu(®).  (14)

m=0 m=0 m=0

Since the kernels satisfies the Lipschitz condition, we have

20 =y)

llae 1T =1l () = Xap Ol = 370507

At||xp-1)(#) — X(n—2) (D]
2y

+ mAzof [X—1) () = X(n—2)(5)|Ids,

20 —y)

b = n — Y- = 21N
166y O =11y (1) = Yoy DI = M) 2 — )

Asl|yu—1y () = Y—y (D]
2y,

T one - -1y (8) = Y ds,
M(y2)(2 = y2) 40/”y( ) ($) = Y2y (s)|lds
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2(1 —y3)

Zu-n(@® = mASHZ(n H(®) — Zu—y @)l

e O =1zm @) —

2y;

+— n— Zn- d
M(y3)(2 — y3) /”Z( D) = Zu-2)(5)|lds.

(15)
Considering system (13) bounded, we have proven that the kernels satisfy Lips-

chitz condition, therefore following the results obtained in (13) using the recursive
technique, we get the following relation

20 —y) " 2n "
e @1l = IOl + {{ oS5 s i)+ {5 s )

||b<n>(r>||s||y<0>||+{{% R P et
2(1 —y3) AS}" { 2y3

— LRy b ST
M(y3)(2 — y3) M(y3)2 — y3) 6t}} (16)

llew 1 =< 11201 +{{

Therefore, Eq. (16) exists and is continuous. Nonetheless, to show that the above
functions are a system of solutions of Eq. (3), we assume

X() =xep@) — Eiy(@); y@) = yuy(t) — B2y (®);  2(t) = 2oy (@) — B3y (1),

(17)
where 8, B2 and E3(,) are reminder terms of series solution. Thus
21—y
x(t) — Xpnt) = ———G1(t,x — Eyo) (1))
DT Men@-n ! o
+—/G (s, x — By (s))ds,
M@=/ : 1o
y() =Y (@) = MGz(f Yy — Bam (1)
M()2 - y2)
t
w22 [ Gy, y — Ba())ds
M@=y ) 7 I
2(1 —y3)
2(t) — Zoy(t) = —————G3(t, 2 — B3 (1))
VIO TG IS o
29, t (18)

Aoz | G362 Bxw)ds.
+M(V3)(2—y3)0 3(s,2 3 (5))dss
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Applying the norm on both sides and using the Lipschitz condition, we get

t

[r0 = 252Gk~ x0) — P [ Gy x|
M=) M@= )
) 20— ) 27 .
SN @+ | 370 S s At i Al B O

20 —»)

H ”‘M(n)(z ¥2)

Ga(t, y(1)) — y(0) — Gas, y()ds||

eyl
M) 2 —y) /

2(1 —y) 29
A Aat M1 B (1],
M2 —y) " M2 — 1) 4f}|| 2 (D]

= 1Z2m @I + |

Gs(s, z(s))ds‘ ‘

2(1 —y3) ; /
- —— " G, —20) - ———
Hz( ) 3(t, z(2)) — z(0) M2 =) J

M(y3)2 — y3)

2(1 — 2
(I =y3) A V3

< E3my I + HM(J/3)(2 —y3) > M(y3)2 — y3)

At} l1Bsm Il (19)

On taking the limit n — oo of Eq. (19), we get

x(t) = &Gl(t x(1) +x(0) + . Gi(s, x(s))ds,
M2 —y) MG1)Q2—y) )
vy = 2071 oy 40+ / Ga(s. y(s))ds.
M2 —y2) M2 —y2) )
2(1 —
(1) = =) G3(t, z(t)) +z(0) + Gi(s, z(s))ds.

V3
M(y3)2 — y3) M) (2 — y3) o/

(20)
Uniqueness of the solutions.

We assume that we can find another solutions for Eq. (3); say x(¢), y(¢) and z(#);
then
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_ 20— .
X0 =X = s PG x@) = Gia X )
2y

+ L
My)Q2—y1) )

t

[Gl(s, x(s)) — G, (s, X(s))]ds

240 ~y2)
YO =Y (0 = oS Gl v(0) — 6ot Y )
2y2

M —m J

1

(G5, 3(5) = Gats, Y () Jds

_ 21— .
€)= 20 = g S5 G20) = Gste, 20|
: e

2
& [Ga(s. 260 = Gats. Z(s) |s.

M- J

Apply the norm both sides of Eq. (21), we have

21—y
[lx(t) = X(@O)|| < m“

1

[HGI(S’ x(8)) = Gis, X(s))H]ds

G, x@) = Gie. x0)]|]

29
Mo ) J

2(1 —
ly@) —Y(®Il < M 2)(2

t

[HGZ“’ () = Gas, Y(s))H]ds

2|60 30» = Gate. vy ]

2y
TMme—m J

20l = 3o ||6s 20 = G2, 20 ]

t (22)
H ‘G3(s’ 2(8)) — Gsls, Z(S))H]ds

llz(r) —

2y3
A ESS) J

considering the Lipschitz condition, having the fact in mind that the solutions are
bounded, we get

2(1 —y1) A1$1+{ 2y,

||x(t)—X(f)||_m M2 —y1)

AzSzf] ,



146 J. F. Gémez-Aguilar et al.

2(1 - y») 2
_y —A MO 2 — )
ly@) =Y (@)l < M) — ) 38+ {M(yz)(Z - 72)

A4§4l}n,
2(1 = y3)

2
Zo) < —— V) vs
M) 2 —y3)

(@) = M2 — )

Asts + adet] @3

this is true for any n.

The system given by Eq. (3) has a unique solution if the below condition holds.

2(1 = y1) 2y
[ S £ Ly N N /4 B | 0. 24
(= Sona ™8~ sgma ) = 9
If the condition (24) holds, then
2(1 = p) 2y,
- X l—— A - A 0, 25
O = XOIN(1 = 370557 s M = s o Akt ) 0. (29)

implies that ||x(#) — X (¢)|| = 0. Then we get, x(¢) = X (¢).
Employing the same way, we have

x(=X@); yO=Y@); z20)=Z@). (26)
Therefore, we verified the uniqueness of coupled-solutions.

Now we propose a numerical solution of the nonlinear Bloch system consider-
ing the fractional derivative of Caputo-Fabrizio in Liouville-Caputo sense using the
numerical scheme proposed by Atangana and Toufik in [39].

First we consider the following fractional differential equation with fading mem-
ory
§FCey(0) = f(t, y(1)), 7)

using the fundamental theorem of fractional calculus we obtain the solution of the
above equation [39]

_ l—« 3ah l—« ah
Yn+l = Yn + (m + W) f(tm yn) - (M(Ol) + 2M(Ol)> f(tnflv ynfl)
(28)

Again, we apply the numerical scheme (28) to have a numerical solution to Eq.
(3) in Caputo-Fabrizio-Caputo sense
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N — l—« 3ah ,
Xpp1(t) = X, + <M(O{) + ZM(Ot)) S1as Xns Yy 20)

M(O[) 2M(Ol) 1n=1>Xn—15 Yn—1>Zn—-1)>»

l—« 3ah
Yntl = Yn + + f2(tn7 Xns Yn» Zn)

M(a)  2M(a) .
l -« ah
- <M(05) + 2M(Ot)) fz(t”_l’ Xn—1s Yn—1s Zn—1),
l—a  3ah
Zn+1 = Zn + <m + m) fa(tn, Xus Yu» Zn)
l -« ah
— <M(a) + ZM(()[)) f3(tn—1, Xn—1> Yn—1>Zu—1),

where,

1
Ji@, x(@), y(0), 2(0)) := £y(1) + 0z(1) (x(1) sin(p) — y(t) cos(p)) — EX(I)’

1
St x(), y(0), 2(0) := =Lx (1) — 2(1) + 02() (Y (1) sin() + x(1) c0s(9)) — -y (1),
(30)

1
Ht,x (@), y(1), z() := y(t) — o sin() (x(1)* + y(t)*) — E(Z(’) — 1.

In the next section, we consider Eq. (29) for obtain several numerical solutions
considering different values of the fractional order y arbitrarily chosen.

4 Numerical Simulations

Numerical solutions of the system (3) have been depicted in Fig. 1a—f and Fig. 2a—f for
the commensurate and non-commensurate order system, respectively. The param-
eter values used in the simulations are ¢ = 1.26, ¢ = 10, ¢ = 0.7764, ¥; = 0.5,
W, = 0.25 and the initial conditions are x(¢) = 0.1, y(¢) = 0.1 and z(¢) = 0.1. The
step size used in evaluating the approximate solution was # = 0.0001.
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Fig. 1 Numerical simulation for the commensurate nonlinear Bloch system with non-singular
kernel. In a—d projections of chaos for y = 0.95. In e—f chaotic phase trajectory x(¢) — y(t), for
y = 0.92 and y = 0.87, respectively

Numerical solutions of the system (3) have been depicted in Fig. 3a—f and Fig. 4a—f
for the commensurate and non-commensurate order system, respectively. The param-
eter values used in the simulations are ¢ = —1.26, o =35, ¢ = 0.173, ¥ =5,
W, = 2.5 and the initial conditions are x(¢) = 0.1, y(t) = 0.1 and z(¢) = 0.1. The
step size used in evaluating the approximate solution was 2 = 0.0001.
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(a) (b).

0.2

0.1

0

(e) 0.

0.2

Fig. 2 Numerical simulation for the non-commensurate nonlinear Bloch system with non-singular
kernel. In a—d projections of chaos for y; = 1, y» = 0.95 and y3 = 1. In e—f chaotic phase trajectory
x() —y(t),fory; =094, =1land y3 = l and y; = 1, y» = 1 and y3 = 0.92, respectively
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y(t)

(C) 04 (d) 0.4
03 03
02 02
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0 0
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= o =
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Fig.3 Numerical simulation for the commensurate nonlinear Bloch system with with non-singular
kernel. In a—d projections of chaos for y = 0.95. In e—f chaotic phase trajectory x(¢) — y(t), for
y = 0.92 and y = 0.87, respectively
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(@ (b) o2

y(t)
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Fig. 4 Numerical simulation for the non-commensurate nonlinear Bloch system with with non-
singular kernel. In a—d projections of chaos for y; =1, y» = 0.95 and y3 = 1. In e—f chaotic
phase trajectory x(¢) — y(¢),fory; =094, = landy3 =landy; = 1, » = 1 and y3 = 0.92,
respectively
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5 Conclusions

In this chapter, we used the new definition of fractional operator with an exponential
kernel proposed by Caputo and Fabrizio. This new operator can describe material
heterogeneities and structures with different scales, which cannot be handling with
the classical theories. To further apply this operator, we have modified the nonlinear
Bloch equation with feedback. We prove the existence and uniqueness of the coupled-
solutions. The numerical results for nonlinear Bloch with non-singular kernel shows
that with decreases the order of time-fractional operator (y — 0), several irregular
attractors are formed and the model exhibit transient chaos. The characteristics of
the alternative model, in contrast with the classical model, memory properties, the
nuclear magnetization or other independent quantities are considered.
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Abstract We aim to introduce the generalized multiindex Bessel function
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O
gration and differentiation operators. Further, we also derive certain integral formulas

[z] and to present some formulas of the Riemann-Liouville fractional inte-

involving the newly defined generalized multiindex Bessel function J ((‘:‘j))'” :; [z]. We
Pi)mo ™

prove that such integrals are expressed in terms of the Fox-Wright function , ¥, (z).
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known results.
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1 Introduction and Preliminaries

Fractional calculus, which has a long history, is an important branch of mathematical
analysis (calculus) where differentiations and integrations can be of arbitrary non-
integer order. The operators of Riemann-Liouville fractional integrals and derivatives
are defined, for « € C (N()\) > 0) and x > O (see, for details, [8, 18])

B _ /@
(10+f) ()C)— 1'*()\)0 (x_t)lf)\ (11)
Q)
(129)¢ F()\)/(t e (1-2)

ROVI+1
(Dé+f) (x) = (%) (I()l_;)\Jr[?H()\)]f) x)

— \dx CA-=X+R[A)D J (x — t))\—[m()\)] .

and

d [RN]+1 -
(DX f) ) = (——) (1Y ()

dx
d [RN)+1] 1 e £
B <_E> FA=A+RNVDJ @ —x)M P dr (1.4)

respectively, where [t (A\)] is the integral part of i (\). The following lemma is
needed in sequel [18, (2.44)],

Lemma 1.1 Let A € C (R (N\) > 0) and 6 € C then
(a) If R () > 0 then
_ I" (0) _
(Igsr"™") () = mxHé " (1.5)
(b) If R () >N (A) > 0 then

FE=N s

A=
(127°) (x) = To) (1.6)
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In this paper, we aim to introduce a new generalized multiindex Bessel function and
to study its compositions with the classical Riemann-Liouville fractional integration
and differentiation operators. Further, we derive certain integral formulas involving

(/)“/

the newly defined generalized multiindex Bessel function 7, () , [z]. We prove

that such integrals are expressed in terms of the Fox-Wright functlon 2 (2).

2 Fractional Calculus Approach of J((ﬂjj) ),,,’ ,7’,c 2]

(/) €

In this section, we introduce a generalized multiindex Bessel function 7, () , 121

as follows:
m

For «;,B;,7,b,c€C (j=1,2,...,m) be such that Y 9 (e;)> maxO0;
j=1
{?ﬁ(ﬁ)—l};ﬁ>0,?ﬁ(ﬁj)>Oand§ﬁ(’y)>0,then

n

(O‘r),,, 7. = c" (’Y)hn Z
; § _ L meN). @2.1)
I, Yytisb - I (ayjn + B; + 220) n!

j=

Here and in the following, (\), denotes the Pochhammer symbol defined (for A, v €
C), in terms of the Gamma function I' (see [19, Section 1.1]), by

()\)l/ =

INEN) AMA+D---A+n-=1 wv=neN; AeO).
2.1 Fractional Integration

We first recall the definition of the Fox-Wright function , W, (z) (p, ¢ € No) (see,
for details, [6, 22]):

" [(al,Al), (@p. Ap); }_ o~ L(a1+Am) - T(ay + Apn) 2"
(ﬂ]vBl)v (ﬂqu ) o 0 F(ﬂl +B]n)r(ﬂq —{—Bqn) n!
(2.3)

n=

q P
AjeRT (j=1,....p); BjeRY (j=1,....q9); 1+ ) _Bj—Y A; 20|,

where the equality in the convergence condition holds true for
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P q
Iz| < V= l_[A;A" ) l_[Bf"
Jj=1 Jj=1

Now we present the Riemann-Liouville fractional integration of the generalized

multiindex Bessel function 7, ((; i))/” ’::
M1 )m>™

Theorem 1 Let A\, 6 € Cbe suchthati (\) > 0, R (§) > 0andthe conditions given
in (2.1) is satisfied, then for x > 0, the following integral formula holds true

[z] in the following theorems.

N PR _ it .k, (6, 1)
(10+ {t j(ﬁ/.)m’ﬁ’b (t)}) (x) = W 241 (5/ I bzil’aj)?;l CO+6. 1) lex |.

2.4)
Proof Let us denote the left-hand side of (2.4) by Z;. Using the definition (2.1), we
have
7. = (1 11 7 (e)ne
1 = 10+ t \7(5/_) b (t) ()C)

o " () "
=[5 17 & Lo —tlw. 2.5)

w0 [1T (agn+ 05+ 555 ™

j=1

Interchanging the integration and the summation in (2.5) and using the definition of
Pochhammer symbol (2.2), we get

> c"TI" (v + kn)
7,=Y 2l

— (Ig\+t(5+n—l) ()C) .
n=0 T () TI T (ajn + B; + L) n!
j=1

Applying the relation (1.5) in Lemma 1.1, we get

)
n | ) .
7, = Z c"T" (v + kn) 0 +n) A+64n—1 '

n=0 ' () [1 F(ajn+5j+bzil)n!1“(>\+5+n)
j=1

In view of the definition of the Fox-Wright function (2.3), we arrived at the desired
result. o

Theorem 2 Let A\, § € C such that R (0) > N (\) > 0 and the conditions given in
(2.1) is satisfied, then for x > 0, the following integral formula holds true
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Moo e, e (1 xA0 (v k), 6=\ 1) c
(1‘{t GO (?>}>(x) Ty 2 [(ﬂﬁ”é‘, )iy 0. 1) ]
(2.6)

Proof Denoting the left-hand side of (2.5) by Z,. Using (2.1), we have
2= (s (7)) o

= " (V) n "
0y — 1@ (2.7)
—0 (a n +ﬁ] b+l)

=

=

Interchanging the integration and the summation in (2.7) and using the definition of
Pochhammer symbol (2.2), we get

_ Z "I (v + kn) (Ij\t"s’") ).
9 1_[ [ (ejn + B + h+1)

Applying the relation (1.6) in Lemma 1.1, we get

i " (y + kn) F(5+n—A)xH_n

h= iy, D@+
n=0 [" V)Hr(ajn—i_ﬁj ) |

In view of the definition of the Fox-Wright function (2.3), we arrived at the desired
result. O

2.2 Fractional Differentiation

In this subsection, we establish the fractional differentiation of generalized multiin-
dex Bessel function given in (2.1).

Theorem 3 Let A\, § € C such that R (\) > 0, N (0) > 0 and the conditions given
in (2.1) is satified, then for x > 0, the following fractional differentiation formula
holds true

3 -1 g0 _ (7). (6, 1)
<D0+{ J(,) hb(ﬂ})(x)—mz\l/mﬂ (B + 2 ) G- A1) lex |-
(2.8)
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Proof Let 73 denote the left-hand side of (2.8). Using the definition (2.1), we have

I = <D3+{ " ‘J((d ’)) o (z)}) ()

d\"| o) s " () o i
r=0 T] T (ajr + B; + bH) ’

d\" <« " (V) r A
:<£> Z o (1571 ().

Using the relation (1.5) and the definition of the Pochhammer symbol (2.2), we get

7 ( d )” > c'T (v + kr) r'@+r) -

dx rOF(’y)HF(Oéjr+ﬁJ b+1)!r(n—)\+5+r)

By interchanging the differentiation and the summation, we get

oo

. T (y+ kr) L@+r) (i)n A1

O p—
’=0F(v)l'[1“(ajr+gj+b%1),,l"(n A+0+47r)
j=1

c'T (y+ kr) Fré+rrfn—A+4d+r) -1

oo
F(f\/) = l_I r,(O(jr_’_ﬁj_._%)r!F(n—)\—i—é—f—r)l“(é—/\—l—r)
=1

In view of the definition of the Fox-Wright function (2.3), we arrived at the desired
result. O

Theorem 4 Let A\, § € CsuchthatfR (A) > 0, R () > RN+ 1—NR (N andthe
conditions given in (2.1) is satisfied, then the fractional differentiation D of gener-
alized multiindex Bessel function is given by

N =5 ((Y_/)m,"/,c l _xl—)\—§ (’y,k) (/\‘f‘(s 1)
(D—{t j(ﬁ»mw(z)})(x" Ty 20t (342 ey) 6 oz |
2.9)

Proof Let Z4 denote the left-hand side of (2.9). Applying the definition (2.1), we
have
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v (@) e (1
7= (o2 [ (3 e

Using the relation (1.6) and the definition of the Pochhammer symbol (2.2), we get

’

d\" & T (y + kr) T@+r—n+XN , s,
= " réo+rn
YT () [IT (ajr + 6, + B4 !
j=1

By interchanging the derivatives and the summation, we get

I _i c'T (v + kr) F@+r—n+XN( d nx”’*’é”
= m el TG+r) dx
)‘:0F(7)Hr(ajr+ﬁj+7)r!
j=I
1 i T (y + kr) FE@+r—n+ ) (D' T@-A=0=r+1 5,
- m Y\ 5
FV)r=01‘[r(a_,-r+,3j+%)r! T (S +r) T(-A—d—r+1)
j=1
_ x1=0-A i " T (y+ kr) FA+6+r)
T Ty r@+r)

m
r=0 [T T (ajr + 5 + 25 r!
=1

In view of the definition of the Fox-Wright function (2.3), we arrived at the desired
result. o

3 Certain Integrals of the 7 ((507)),,:2: [z]

Recently many researchers are developing alarge number of integral formulas involv-
ing a variety of special functions [1, 2, 4, 5, 7, 10-15, 17]. In this section, four integral
j((l’/’)m sYC

(87),,05:b
lished, which are expressed in terms of the Fox-Wright function. For the present

investigation, we need the following result of Oberhettinger [16]

formulas involving generalized multi-index Bessel function [z] are estab-
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o0

/X”I x+a+ x2—|—2ax> dx =2X\a ’)‘(2>
0

n T Qu) T —p)

FC(+A+p -1

provided 0 < RN(u) < R(N) and the following integral formula due to Lavoie [9]

1

S Y AN R A S PR A _<%>ZQF(04)F(§)
/x (1 —x) (1 3) (1 4) x=(3) Fazs 02

0

with % (@) > 0, R (B) > 0.

Theorem 5 Let o, 3,7,,b,c € C (j =1,2,...,m) be such that Z N (a,)

max {0; R (k) — 1} withk > 0, R(B) > —1,R(y) >0,0 <N (p) < ‘R()\—i—n)and
x > 0, then

[ee]

/ o (x +a+vx? +2ax) ‘7((;/)) >

y
dx
(x +a+ Vx? +2ax)

—cy
p .

(3.3)

_21—/La—>\+uF 2w " k), A+1,1), (A=, 1)
B T (7) 3mE2 [(ﬂ; B ) WD A+ A+ D)

Proof Let us denote the right-hand side of (3.3) by Zs and using the definition (2.1),
we have

I, = xh= ]<x+a+ x2+2ax> j(“/)’”’)t

y
dx
(8;)mr.b (x +a+x2+ 2ax)

-

0\8 0\8

xhl (x +a4+Vx2+ 2ax>

o0

(_C)n (’Y)/{n < y )n
m > .

n=0 n! [T T (oym + B; + &) X +a+Vx?+2ax
j=1

X

Interchanging the integration and summation under the suitable convergence condi-
tion gives

—(\+n)

00 n -
_ Z _ (_C) (’Y)Kn y / xHt 1 X +a+ x2 —+ 261)6) d)C,
n=0n! [T T (ayn+ 3+ 2) 5
j=1

34)
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Applying (3.1) in (3.4), we get

S (_C)n (W)hn yn Y axit [ (ZN)F (>\+l’l _ u)
=2 2+ myam (4 |
n=0 n H T (ajn+6; +251) (2> T+ A+ p+n)

provided i (A + n) > N (1) > 0. Now using the definition of Pochhammer symbol,
we get

2 Ha T (2p)

i T (v + kn) TA+n+ DT A=p+n) (—2)
+b+1)F(/\+n)F(1+)\+M+n) n!
2

In view of the definition of Fox-Wright function (2.3), we arrived the desired result.
O

Theorem 6 Let o}, 3;,v,b,c € C (j =1,2,...,m) be such that Z R (o)) >

max {0; N (k) — 1}withs > 0, R (B) > —1,RN(y) > 0,0 < ‘R(u+n) < ‘)i()\+n)
and x > 0, then

o0
_ « c Xy
U x +a+Vx2+ 2ax J( D ( )dx
Of ( ) B \ x 4+ a + /%2 + 2ax

_ 2T e o (1, k), A+ 1, 1), 2w, 2)
- I (7) ]+ ) VD A+, 2)

—y
el
(3.5)
Proof Let us denote the right-hand side of (3.5) by Z¢ and using the definition (2.1),

we have

o0

— aj)m,y,c Xy
T = x“l(x—i—a—f— x2+2ax> j( ). ( )dx
¢ @mmb \ x & g + /%% + 2ax

Y
xi! (x +a+Vx2+ 2ax>

|
o\g o

o0

. (=) Vs ( xy )
nOn‘ﬁF(a]n-i-ﬁj b1y \X +a+Vx% 4 2ax

j=
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Interchanging the integration and summation under the given condition, yields

00 n n F (A+n)
Z (_C) (W)Kn y xl”‘”_l (x +a + )C2 =+ 2ax) dx.
0

n=0n ,'" F(ajn+5j )

(3.6)
Applying (3.1) on (3.6), we get

oo

(=" W ¥" ~Otn pan U 2pu+2m) (A — p)
o=y — 20+ma ) (3)

"Zon!]_[l“(ajn—l—ﬁj-kbgl) L1+ A+ p+2n)
j=1

provided R (A +n) > R (u+n) > 0.
In view of definition of Pochhammer symbol (2.2), we get

21=Hg ™MD (N — ) i T (v + kn) FOA+n+DTCu+2n) (-%)"
m ] .
') n=01—[F(ajn+ﬁj+h42r])F(/\+H)F(l+/\+u+2n) n!
j=1

Te =

Using the definition of Fox-Wright function (2.3), we arrived the desired result. O
Theorem 7 For&, 0 € CwithR (€ +0) > 0, R (€ + n) > 0 and then for x > 0,

1
[t (1) T (- )T G (- ) a )
0
T

7)2@*‘” v LR D "
3 2EE (34 2 ag) T o )

(E+0) (
L)

Proof Denoting the left-hand side of theorem by Z; and using (2.1) ,we get

1
2e+o)-1 e-1
I = / X1 (1 = )2 (1 - f) (1 - f)
3 4
0

I (- a2

_ /‘ xf+o’—l (1 _ x)ZE—l (1 B f)Z(f‘l’O’)*l (1 B f)ﬁ*l
3 4

0 n n(]— % n 1— 2n
XZ — " Vi Y ( 421'( x) dx.
=0 r (ajn +8+ b+1) !

Interchanging the integration and summation gives,
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x n n
I’] — Z c (’7)/1;1 y
n=0 n! ﬁ I'(ajn+ 65+ %)

X / X (1 — x)2Etm—l <1 _ f)Z(fo)fl (1 B £>5+n71 i
3 4
0

Now using (3.2) and the definition of Pochhammer symbol,

T, = i c"I' (k4 n) y" (i)Z(@m) F(§+U)F(§+n).

r @) [T o+ 5, + FQE+o+n)
J:

Using the definition of Fox-Wright function (2.3), we obtained the required result. O
Theorem 8 For &, 0 € CwithR (£ +0) > 0, RN (€ +n) > 0 thenforx >0

1

e-1 0 _ 26—t (1 _ X\ )\ (), e _ X\
[ et (5 -2 G (e 0o
0

4cy

5 |-

I'¢+o0) (2% (v, k), (&1
=——1\3 2 W41 (3 + b+l
Proof Taking left-hand side of theorem by Zg and using ( 2.1), we get

' 3 - &_/)721 ,(28+0,1)

1

Ty = / e R (= ;)25_1 (1- %)(EH’H

2%-1 X\ E+o)-1
— | 511 = )21 (1 _ f) (1 _ _)
/x (I—x) 3 )

n.n 2n
« i " (V) Xy (1 — %) d

X.

Interchanging the integration and summation gives,
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7, = i " (V) n Y

7= n [T T (ajn + 8 + 221
=1

X / Pl a- x)2(5+0)—1 (1 . §)2(§+n)71 (l _ %c)fﬂrﬂ e

~
Il

(=]

Now using (3.2) and the definition of Pochhammer symbol (2.2),

T —i T (w4 am) " (2)25F(€+n)F(§+o—)
8§ = — - .
n=0n!l“(v)1'[l"(a,»n+ﬂ,+l%l) 3 240 +n)

=1

j=

Using the definition of Fox-Wright function (2.3), we obtained the desired result. O

4 Concluding Remark and Discussion

The fractional calculus and the integral formulae of the newly defined generalized
multiindex Bessel function are investigated here. Various special cases of the derived
results in the paper can be evaluate by taking suitable values of parameters involved.
For example, if we set c = —1 and » = 1 in (2.1), we immediately obtain the result
due to Choi and Agarwal [3]:

Jé;ljf'))n,’z,l—l =Y - (V) in (—Z') meN). @)
m =0 [T (gn+p;+1) ™

For various other special cases we refer [3, 20, 21] and we left results for the interested
readers.

Conflict of Interests The authors declare that there is no conflict of interests regarding the publi-
cation of this paper.
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Fractional Variational Iteration Method )
for Time Fractional Fourth-Order i
Diffusion-Wave Equation

Amit Prakash and Manoj Kumar

Abstract In the present article, Fractional variational iteration method (FVIM) is
used to solve numerically time-fractional diffusion wave equation of order four. By
using FVIM we obtain a sequence converging rapidly to the exact solution of the
fourth order fractional diffusion wave equation. Two test problem are presented to
prove the merit of the proposed technique. Plotted graph shows that the numerical
solution acquired by employed technique is similar to the exact solution.

Keywords Mittag-Leffler function - Fractional variational iteration method -
Diffusion wave equation of order four + Fractional derivative in the sense of Caputo
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1 Introduction

In few last years, popular progress has been presumed in the area of newly branch of
calculus named fractional calculus. In fractional calculus, numerous fractional dif-
ferential equations are used to mold a sort of projects as in field of ion-acoustic wave,
bio-informatics, nanotechnology, heat conduction, electromagnetic waves, diffusion
equations, chemical engineering, mechanical engineering and almost every part of
science and technology. Due to its eerie range and praxis in numerous fields, a great
consideration is taken in the numerical approach as analytic solution does not exist
always. Many researchers have taken interest in the use of modeling and control-
ling in numerous dynamical systems with the help of fractional partial differential
equations and it is also key thing to find the solution technique of these type of
models.
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Caputo fractional derivatives are defined only for differentiable functions and in
this paper, we considered u as a differentiable function. Also, we have used Caputo
fractional derivative because it has an advantage that with these derivatives, initial
conditions for fractional differential equations undertake the similar form as for the
integer order differential equations.

It is also of same importance to strut critical points which produce casual diver-
gence, branching and convergence of the numerical solutions of the given model.
In order to find the exact and numerical solution of the fractional order ordinary
and partial differential equations, numerous approaches have been employed in past
time.

In(1997) He [ 1-4] established a novel method, called, Variational iteration method
(VIM) to find numerical and exact solution of models generated by linear and non-
linear fractional differential equations. After this Odibat and Momani [5] and Yulita
Molliq et al. [6] employed VIM to find the numerical solution of nonlinear frac-
tional Zakharov—Kuznetsov equations. Lu [7] and Sakar et al. [8, 9] employed FVIM
and AVIM to solve numerically Fornberg—Whitham equation. Prakash et al. applied
FVIM [10-14] and HPTM [15] to find numerically solution of various nonlinear
partial differential equation of fractional order and many others by different tech-
nique [16-21]. By using the FVIM technique, numerical as well as exact solutions
can be obtained as a convergent sequence and series rapidly. We can get extremely
correct numerical results and exact solution in the form of a convergent sequence for
fractional differential equations with the help of proposed technique.

There is an epochal role of time-fractional diffusion-wave equations in the field
of mathematical physics. Agarwal [22] obtained the time-fractional diffusion wave
equation of order four with the help of standard diffusion wave equation by changing
the time dependent derivative using fractional order derivative «,0 < « < 1 or
1 < a < 2.Itcan be concluded that as o changes between 0 and 2, the procedure gets
changed starting from low dispersal to standard wave process. From the past many
authors like Mainardi [23] and El-Sayed [24] have studied the diffusion wave equation
of fractional order and its characters. These type of equations have prominent uses
in the area of mathematical physics. Fractional diffusion wave equation has been
used to define diffusion in resources with fractal geometry by Nigmatullin [25].
Fractional diffusion equation has been employed to describe phenomena of relaxation
in complex viscoelastic materials by Ginoa et al. [26]. In many models, we have to
use a space dependent fourth order derivative term. For instance, when we make a
model in beams of wave propagation during the construction of grooves on a flat
surface as grain involve fourth-order space derivative terms in its modelling. In this
article we have taken the time-fractional fourth order diffusion wave equation with
the given conditions as

*u(x, 1) 3%u(0,t)  d%u(L,?)
— u(0,t) =u(L,t) = = =
dx4 u©,8) = u(l, 1) dx2 0x2

ux,0)=gx),u;(x,0)=0,0<x <L

Du(x,t) =B c,t >0,
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Recently fractional diffusion wave equation of order four has been solved by
Adomian decomposition method by Dehghan et al. [27]. But fractional model of
fourth order diffusion wave equation has not been solved by FVIM. The core motive
of the present article is to apply fractional Variational iteration method to solve time-
fractional fourth order diffusion wave equation for different values of fractional order
a.

2 Preliminaries

Definition 2.1 A real valued function g(p), p > OisinC,, o € R ifthereism > «,
where m is a real number such that g(p) = p™gi(p) where g; € C[0, oo]. Clearly
C, C Cgif B < [28-31].

Definition 2.2 A function g(p), p > Oisin C™, m € N U{0}if g™ e C, [28-31].

Definition 2.3 Fractional integral in the sense of Riemann-Liouville of order u > 0,
[28-31]ofag € Cy, ¢ > —1 is as:

p p
1 () 1 /
" = dt = do)”,
8(p) F(/L)O/(p—r)lf‘ T TGt ) g(r)(dv)

1°¢(p) = g(p).

Definition 2.4 Fractional derivative in the sense of Caputo of g, g € C",,m €
N U {0} [28-31],

[Imfﬂg(m)(p)], m—1<u<m,méeN,

D* ) = m
p8(P { &P, w=m.

p
a. Iyg(x,p)= ﬁ f(p - s)“_lg(x, s)ds,a, p > 0.

b. DSu(x, p) =1~ "‘algﬁ,”)g(p),m —1l<a<m.

WY — —F(V“) nty
c. I'p = FOaraD .

Definition 2.5 The Mittag-Leffler function denoted by Eg(z) with 8 > 0, in the
form of a series valid in domain of complex plane [22-25] is given as Eg(z) =

o0
Do 0F(ﬁn+l)”8>0 zeC.
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3 Description of Fractional Variational Iteration Method
(FVIM)

To apply the proposed technique on the time-fractional diffusion wave equation of
order four, we take the general equation as

*vu(r, s, t tv(r, s, t
( )+y ( )

Dlv(r, s, t) =B P 554

inseERO<a<1,t>0. (1)

Using FVIM, we construct a correction functional [3] for this as

1

Un+1(l’, 5, 1) =v,(r, s, 1) +/)\<
0

(s, 7) 305, T) y34z7,,(r,s, T)>(d'[)a. @)

at¥ art ds4

Now by the variational theory A must satisfy g% =0and1 4 A|;—, = 0. From
these equations, we obtain A = —1 and by using A = —1 in (2), we get the result as

'
0%v, (1, s, T) *v,(r, s, T) %V, (1, s, T)

Upg1 (7,8, 1) = vn(r,s,t)—/< lafa - B nar4 - nas4 . (3

0

Now, we can construct a sequence of approximations v,, n > 0 by evaluating A, a
general Lagrange’s multiplier, that can be find out with the help of variational theory.
The function v, is a restricted variation that imply 8v,, = 0. Thus we first find \ with
the help of integration and then construct succeeding iterations v,4+ (X, t), n > 0 and
then exact solution can be find out as v(r, s, t) = nlirglo vu(r, s, t).

4 Test Examples

In present segment, we employed suggested technique on two test problems.
Example 4.1 Consider the first test problems as [23, 28]

*u(x, 1)

Diu(x,t) = — Py,

d>0u(x,0)=e",0<a<l 4)

Comparing Eq. (4) with Eq. (1), by FVIM, we get Lagrangian multiplier A = —1.
So, we can assume

up(x, 1) =u(x,0)=e"",

Then by using Fractional variational iteration method (FVIM), we get
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— X 1
ui(x,t)y=e (1 — —F(]+a)),

X ¢ 12
ur(x,t) =e (1 ~ Taze T F(1+2a))’

_ —x _ 1o 12« _ 13«
us(x, 1) =e (1 Tato T Ta20) 1"(1+3a)>’

12« 13« e

up(x, 1) = eix[l - 1"(5+1) t Toarn) ~ TGern T (_1)nm]'
Then we obtain solution as
u(x,t) = lim wu,(x,t) = e “E,(—1),
n—00
which is the exact solution of Eq. (4), where E, (¢) is Mittag-Leffler function.

Example 4.2 We consider the second test problems as [23, 28]

*u(x, v, t) *u(x, v, t)
Da ) st = _2 bl ) 90
d ,0
:cosxcosy,%zo, l<a<?2. 5)

Comparing Eq. (5) with Eq. (1), by FVIM, we get Lagrangian multiplier A = —1.
So, we can assume

up(x,y,t) =u(x,y,0) =cosxcosy.

Then by using Fractional variational iteration method (FVIM), we get

ui(x, y, 1) =cosxcosy(l— 2 ),

T(ta)
41 42 2u
ur(x,y,t) =cosxcosy(1l— W + 1.(++20l)>
_ B VST o o N G D il
Up(x,y,1) = cosxcosy(l Ta+o T Ta+20 + Tire )

Then, we obtain solution as

u(x,y,t) = nlLrgO u,(x,y,t) = cosxcos yEy,(—4t%),

which is the exact solution of Eq. (5), where E, (¢) is Mittag-Leffler function.
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5 Numerical Results and Discussions

Figure 1 depicts comparison between exact solution and approximate solution when
o = 1 at¢t = 1. Figure 2 demonstrate the comparison between exact solution and
approximate solution when o = 1 acquired with the help of proposed technique
FVIM. Figure 2a represent exact solution and Fig. 2b represent the numerical solu-
tion. It can be observed from Fig. 2 that the solution attained by FVIM is same
as exact solution. It can be observed that only the tenth order term of FVIM was
employed for finding the numerical solution. Table 1 shows that the absolute error

0.35-

0.30-

= 0.251

0.20-

0.15+

T T T T

0 0.2 04 06 0.8 1
X
I Exactsol. = = Agprx.sol,|

Fig. 1 Comparison between approximate solution and exact solution for « = 1 at ¢ = 1 for
Example 4.1

(a) Exact solution (b) Approximate solution

Fig. 2 Comparison of approximate solution and exact solution for « = 1 for Example 4.1
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Table 1 Absolute error |u(x, ) — ujo(x, t)| for Example 4.1
X t a=1 a=09 X t a=1 a=09
01 |02 [56x107'% [ 256x1072 |01 |06 |7.0x10""" | 1.47 x 1072
03 |02 |[44%x107'% |209x1072 |03 |06 |64x107!" | 121x1072
05 |02 [33x1071% [ 171x1072 |05 |06 |52x107!" |991x1073
07 |02 |[28x107'% | 140x1072 |07 |06 |43x10"'" | 881x1073
09 |02 [22x107'% | 1.15x 1072 |09 |06 |35x107'" | 6.64x1073
01 |04 [92x1073 |224x1072 |01 |08 |18x107° 6.87 x 1073
03 |04 |75x1073 | 183x102 |03 |08 |[15x107° 5.56 x 1073
05 |04 |[61x1073 | 150x1072 |05 |08 |12x107° 4.60 x 1073
07 |04 |[51x1073 [123x1072 |07 |08 |11x107° 377 x 1073
09 |04 |41x1073 [1.00x1072 |09 |08 |82x10710 |308x1073

between the approximate solution and exact solution is very small for « = 0.9 and
o = 1. Figure 3 depicts comparison between numerical solution and exact solution
fora =2 aty = 0.5, t = 1. Figure 3 demonstrate the comparison between the exact
and the numerical solution for &« = 2 acquired with the help of proposed technique
FVIM. Figure 4a represent the exact solution and Fig. 4b represent the approximate
solution. It can be observed from Fig. 4 that the solution attained by FVIM is same
as the exact solution. It can be observed that only the tenth order term of FVIM was
employed for finding the numerical solution. Table 2 shows that the absolute error
between the approximate and the exact solution is very small for « = 1.7, 1.8 and
a=109.

Fig. 3 Comparison between
approximate solution and
exact solution for o = 2 at

y = 0.5, ¢ = 1 for Example

4.2

-0.20

-0.221

-0.24+

-0.261

-0.28+

-0.30

-0.32

-0.34+

-0.361

0.2

04
X

0.6

08 1

Exactsol. ® = Apprx sol.]
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u(x, t)

Fig. 4 Comparison between approximate solution and exact solution for @ = 2 for Example 4.2

(a) Exact solution

u(x, 1)

A. Prakash and M. Kumar

(b) Approximate solution

Table 2 Absolute error |u(x, t) — ujg(x, t)| for Example 4.2

X t a=17 a=18 a=19

0 0 0 0 0

0 1 5.76 x 10711 2.19 x 10712 7.92 x 10714
0 2 233 x 107 1.92 x 107° 1.48 x 1077

1 0 0 0 0

1 1 3.11 x 1071 1.18 x 10712 427 x 10714
1 2 1.261 x 1073 1.04 x 107° 8.01 x 1078

2 0 0 0 0

2 1 2.39 x 10711 9.13 x 10713 3.29 x 10714
2 2 9.71 x 1076 8 x 1077 6.16 x 1078

3 0 0 0 0

3 1 5.70 x 10711 2.17 x 10712 7.83 x 10714
3 2 231 %107 1.9 x 107© 1.46 x 1077

6 Conclusion

In present article, Fractional Variational iteration method (FVIM) is employed to
solve numerically time-fractional diffusion wave equation of fourth order. It can
be clearly seen that fractional variation iteration method (FVIM) is an efficient and
powerful numerical tool to find the numerical analytic solution. The advantage of this
method over other methods is that it can be used directly without the use of polynomial
used in adomian method, linearization, perturbation or restrictive assumptions. So
we can conclude that FVIM is easier and more suitable than any other numerical

methods.
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Analytical Approach to Fractional )
Navier-Stokes Equations by Iterative L
Laplace Transform Method

Rajendra K. Bairwa and Jagdev Singh

Abstract In this paper, we have presented iterative Laplace transform scheme to
examine fractional Navier—Stokes equations in cylindrical coordinates with initial
conditions. The arbitrary ordered derivatives are described in terms of Caputo. By
utilizing only the initial conditions, the analytical expressions are derived in the closed
form. The results achieved with the aid of the proposed technique are graphically
presented.

Keywords Laplace transform - Navier—Stokes equations - Iterative method -
Caputo fractional derivative

1 Introduction

The fractional calculus has become a strong mechanism for finding the solutions of
many problems pertaining to control engineering, physics, signal processing, math-
ematical biology, viscoelasticity, electromagnetism, and mathematical physics and
other areas of sciences as well as technology. Several methods can be found in the
literature to derive the solution of fractional order differential equation such as ADM
[12], HAM [14], HPM [5], Homotopy perturbation transform method (HPTM) [9,
10, 19] and fractional Laplace Adomian decomposition method (FLADM) [7], LPM
[20], LHAM [21] and so on. The above mentioned techniques provide immediate
and easily seen symbolic terms of numerical approximate solutions as well as of
analytical solutions to both linear and nonlinear fractional differential equations.

In 2006, Daftardar-Gejji and Jafari introduced the iterative technique for examin-
ing numerically to non-linear functional equations [4, 6, 7]. Since then the iterative
approach is being used to find the solution of several non-linear differential equations
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of arbitrary order [1] and viewing fractional BVP [3]. Recently, Jafari et al. has made
elegant use of Laplace transform in this iterative method and it became a popular
method known as iterative Laplace transform method (ILTM) [8] to examine a system
of partial differential equations of fractional order, Fokker—Plank equation [18] as
well. In recent, time-fractional Schrodinger equations [15], fractional heat and wave-
like equation [16] and fractional Telegraph equations [17] are solved successfully by
the use of ILTM.

In the present study, we consider the time-fractional Navier—Stokes equation hav-
ing initial condition in cylindrical coordinate and are expressed in operator form
as

%u  10du
Dlu(r,t)=P+v|—+—-—— |.u(r,o)=f(r), 0<a<l (1.1)

ar2  r or
where D u(r, t) indicates the Caputo fractional derivative of order o, P = _,?sz’ u

indicates the velocity, p is the pressure, v is the kinematics viscosity, ¢ is the time
and « is a parameter representing the order of the time—fractional derivatives. In
particular for ¢ = 1, the fractional Navier—Stokes Eq. (1.1) reduces to the standard
Navier—Stokes equation.

The main object of this paper, we shall extend the application of Iterative Laplace
transform algorithm to derive the solution of the time-fractional Navier—Stokes equa-
tions.

2 Some Basic Definitions
In this portion, we list certain basic definitions of fractional calculus along with
elegant properties of Laplace transform.

Definition 1 The Caputo derivative of arbitrary order [2] of function u(r, t) is pre-
sented as

t
1
Diu(r,t) = ——— / =" ™G mdy, m—1<a<m,meN,
'im—ao)
0
= J""*D"u(r,1). (2.1)
Here D™ = % and J” indicates the Riemann-Liouville integral operator of

fractional order & > 0, presented as [11]

t
1
Jru(r, t) = % / (t— n)"‘flu(r, ndn, n>0,(m—1<a <m),meN.
0

(2.2)
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Definition 2 The Laplace transform of f(¢), ¢t > 0 is expressed as [11, 13]

o]

LIfO]=F@) = /e_”f(t)dt- (2.3)

0

Definition 3 The Laplace transform of Dj'u(r, t) is presented in following manner
[11,13]

m—1
LID%u (r,t)] = Llu(r, t)] — Zuk(r, Os** ' m—1l<a<mmeN, 2.4)
k=0

3 Basic Idea of ILTM

To explain the basic idea of iterative Laplace transform approach [8], we take the
subsequent fractional non-linear partial differential equation having the prescribed
initial conditions can be expressed in the form of an operator as

DY u(r,t)+ Ru(r,t) + Nu(r,t) =g, t), m—1l<a<m, meN, (3.1

u®@r,0)=he(r), k=0,1,2,....,m—1, 3.2)

where Dfu(r, t) is the Caputo derivative of arbitrary order &, m — 1 < o < m,
presented by Eq. (2.1), R is a linear operator and may contain rest of fractional
derivatives of order less than «, N indicates a non-linear operator which may contain
other derivatives of fractional order less than o and g(r, t) is a known analytic
function.

Applying the Laplace transform on Eq. (3.1), we have

LD} u(r,t)]+ L[Ru (r,t) + Nu(r,t)] = L[g(r, 1)]. (3.3)

Making use of the differentiation property of the Laplace transform, we find

m—1

Llu(r,t)] = sia D s b 0) + SiaL [g(r,1)] — SiaL [Ru(r,t) + N u(r,1)].
k=0
(3.4)

On taking inverse Laplace transform on Eq. (3.4), we have



182 R. K. Bairwa and J. Singh

_ 71 i = a—1-k k
u(r,1) =L La (Zs uk(r, 0) + L[g(r, z)])}

k=0

—L! [%L[Ru(r, 1)+ Nu(r, z)]]. (3.5
R

Now, applying the iterative method,

oo

u(r ) =Y ui(r1). (3.6)

i=0

As R is a linear operator, so we have

R(Z ui (r, t)) = Rlui(r, 1), 3.7)
i=0

i=0

whereas the non-linear operator N is splitted as
oo
N(Z u;(r, l)) = Nlug(r, 1)]
i=0
o0 i i—1
+> {N(Z ug (r, z)) - N(Z ug (r, t))}. (3.8)
i=1 k=0 k=0
Putting the results given by Eqs. from (3.6) to (3.8) in the Eq. (3.5), we obtain
e8] 1 m—1
Z ui(r,t) = L7 |:— (Z s Rk @ 0) + L [g(r, t)]>:|
i=0 S\

1 oo
1L |:S_°’L |:Z Rlu;(r,t)] + N [uo(r, )]

i=0

£ ) o] o

‘We have defined the recurrence formulae as

m—1
uo(r,t) = L' Lla (Z s Uk, 0) + L (g(r, t)))] (3.10)
k=0

1
ui(r,t) = —L7" [s_"‘L [R (uo(r, 1)) + N (uo(r, t))]:|, (3.11)



Analytical Approach to Fractional Navier—Stokes Equations ... 183

Upy1 (r, 1) == L™ LiL [R (U (r, 1)) — {N(Z i (r, r))
k=0

m—1
- N (Zuk(r, t))}:|:|,mzl (3.12)
k=0

Therefore the m-term approximate solution of Egs. (3.1) and (3.2) in series form
is given by

u(r,t) Eug(r,t) +ur(r,t) +ur(r,t)+, ..., +u,(rt), m=1,2,.... (3.13)

4 Solutions of the Time-Fractional Navier-Stokes
Equations

In this part, we have made an attempt to solve the time-fractional Navier—Stokes
equations by the application of iterative Laplace transform scheme.

Example 1 Consider the subsequent Navier—Stokes equation involving time—frac-
tional derivative written by

Dy=P+—+-—,0<a<l, 4.1)
r or

Surrounding the initial condition
ur,t)=1-—r> 4.2)

Taking the Laplace transform of the Eq. (4.1), and making use of the result given
by (4.2), we get,

1 2 P 1 ?u  1du
L[u(r,t)]:;(l—r)+—+—L + - (4.4)

setl - go ar?  ror

Applying inverse Laplace transform to the Eq. (4.4), we arrive at the subsequent
result

()= (=) 4 Pt [ L (e L0 4.5)
u(r,ty =(1—r - —L|—+-—=—] .
’ Fa+1) s \or2  ror

Now, making use of the iterative method, substituting the results of the Egs. from
(3.6) to (3.8) in the Eq. (4.5) and making use of the results given by the Eqgs. (3.10)
to (3.12), we determine the components of the ILTM solution as follows



184 R. K. Bairwa and J. Singh

o

D=01-r)+P——, 4.6
up(r,t) = (1 —-r") + NCES (4.6)
1 82140 1 Buo
=L —L|l— + -——
w1 2) |:s°‘ |: or? + r or ]i|
41%
———, 7
C(a+1)
1 %u, 1du,
i) = LV =L 22 28N g w1 (4.8)
s or? r or
The other components may be obtained accordingly.
Thus, the closed form solution in the series form is can be obtained as
u(r, t) =uo(r,t) +ui(r,t) +ur(r,t) +uz(r, t)+, ...,
t(}l
=(1-7r2 P—-—4)—— 4.9
(1=r)+( )F(a+1) (4.9)

Special Cases

(1) The result in (4.9) was derived by Momani and Odibat [12] with the aid of the
different scheme that is ADM.

(i) The result in (4.9) deduced by Ragab et al. [14] by the application of HAM.

(iii)) A result in (4.9) has an analogy with the result of Ganji et al. [5] has been
obtained by using HPM.

(iv) For « =1, the result in (4.9) reduces to the following simple form

u(r,t) = (1 —7r%) + (P — d)t. (4.10)

This result was obtained earlier by Kumar et al. [10] by using the method of
HPTM.

Example 2 Next, consider the subsequent Navier—Stokes equation concerning to
time—fractional derivative given by

3%u 10u
Dfluzm—i—;g, O<a=<l, “4.11)
with the initial condition
u@r,0)=r, (4.12)

Taking the Laplace transform of the Eq. (4.11), and making use of the result given
by (4.12), we have,
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r 1 %u  19u
Lu(r,t)]=-+—L|—+—-——). (4.14)
s s* \or?2 ror
Applying inverse Laplace transform to the Eq. (4.14), we get
a1 9%u 10u
u(r,t)=r+L | =L|—+-—]| (4.15)
s \or?2  ror

Now, making use of the iterative method, substituting the results of the Egs. from
(3.6) to (3.8) in the Eq. (4.15) and making use of the results given by the Eqgs. (3.10)
to (3.12), we determine the components of the ILTM solution as follows

up(r,t) = r, (4.16)

1 32140 lauo
=L"'—L -——
(1) [s"‘ (3r2 + r or )]

1 ¢

T T+ ) @1

ur(r, t) =L"! iL _32141 +l%
S 5° ar2  r or

_ 1 l2a
T RTRa+1)°

wsrony = L1 Ly (L2 100
BT s orr  r or

B 9 t3a
TS TBa+ 1)’

Uy(r,t) = L7" iL 0y + 18%71
e s or? r o or

12x32...2n—1)?2 @

(4.18)

(4.19)

and

= , 4.20
rn-1 C(no +1) (4.20)
and so on. The other components may be obtained accordingly.
Thus, the closed form solution in the series form is can be obtained as
u(r, 1) = uo(r,t) +ur(r,t) + uz(r, 1) +us(r, )+, ...,
oo
12x32...2n—1)32 @
= . 4.21

T+ r2n= T(ne + 1) *20)

n=1
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Special Cases

(i) Theresultin (4.21) was obtained by Ragab et al. [ 14] using the different method
known as HAM.

(i) The result in (4.21) was given by Ganji et al. [5] using the different technique
known as HPM technique.

(iii) The result in (4.21) deduced by Momani and Odibat [12] by the application of
ADM.

(iv) Fora =1, the resultin (4.21) reduces to the following simple form

212 x 32 2n — 1) ¢
ur =r+3y —= @n— 71" 4.22)

r2n-1 n!’

n=1

This result was obtained earlier by Kumar et al. [10] by using the method of
HTPM.

5 Numerical Results and Discussions

In this part, we present some numerical results for Navier—Stokes equation con-
cerning to time—fractional derivative. Figures 1 and 2 present the ILTM solution of
Navier—Stokes equation concerning to time—fractional derivative for « = 1 and 2
respectively. Figure 3 presents the ILTM solution of Navier—Stokes equation con-
cerning to time—fractional derivative with respect to r for distinct values of «.

Fig. 1 The surface of
solution u(r, t), when
a=1,P =1forEq.(49)
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Fig. 3 The nature of the solution u(r, t) w.r.t. r, when P = 1 for diverse values of « for Eq. (4.9)
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Biological Model of Dengue Spread )
with Non-Markovian Properties L

Sonal Jain and Abdon Atangana

Abstract A fatal and infectious called Dengue found in the tropical zone of the
world is a mosquito-borne and caused by four viruses namely Den 1-Den 4. The
transmission is achieved from one person to another via a bite of female adult Aedes
mosquitoes. The dynamic of spread does not really follow the Markovian process
therefore does have memory effect, thus can well be described by using nonlo-
cal differential operators with non-singular and non-local kernel as these operators
have a crossover from exponential decay law to power law as waiting time distri-
bution. In this chapter, we reverted the classical model to fractional model by using
the concept of recently established fractional differential operators known as the
Caputo-Fabrizio derivative. To include into mathematical system the memory and
the crossover effects. The new model was subjected to analysis of existence and
uniqueness of the system solution to insure the well poseness of the modified sys-
tem. Due to the complexity of the new system, a newly introduced numerical scheme
was used to solve the system and some numerical simulations where performed to
see the effect of the Mittag-Leffler law that brings the crossover effect.

Keywords Caputo-Fabrizio derivative - Dengue model - Fractional differential
equations * Existence and uniqueness * Fixed point theorem

1 Introduction

Dengue disease is a common arboviral disease in tropical regions of the world. It is
transferral to humans by the bite of Aedes mosquitoes. There are four types of virus
which is denoted by one, two, three, and four. The bites of the Aedes mosquitoes
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is the reason of the viruses that transferral to humans. If a person infected once in
the life by these one of the four serotypes of viruses will never get infected by that
serotype again but loses immunity to other three stereotypes of the viruses [8]. There
are lots of Bio-mathematical models have been proposed to recognize the transferral
dynamics of these type of infectious diseases. In recent years, modeling has become a
valuable tool in the analysis of dengue disease transferral dynamics and to determine
the factors that influence the spread of disease to support control measures. Many
researchers have proposed [5-8, 13, 14, 16, 18] epidemic model [10] to study the
transferral dynamics of dengue disease.

There is no specific medicine to cure dengue disease. Awareness programs can
be helpful in reducing the prevalence of the disease. Different Bio-mathematical
models have been proposed to study the impact of awareness in controlling dengue
and these type diseases. Prevention of mosquitoes bites is one of the ways to prevent
dengue disease. The mosquitoes bite humans during day and night when lights are
on. So, to get rid of mosquitoes bite, people can use mosquito repellents and nets.
If infected hosts feel they have symptoms of the disease and approach the doctor
in time for the supportive treatment, they can recover fast. This type of awareness
can help controlling the disease. Another way of controlling dengue is destroying
larval breeding sites of mosquitoes and killing them. Spray of insecticides may be
applied to control larvae or adult mosquitoes which can transmit dengue viruses. This
type of biological model have two properties as we observed Markovian and Non-
Markovian. In dengue spread model does not really follow the Markovian process
therefore does have memory effect, thus can well be described using the concept
of nonlocal differential operators with non local and non singular kernel as these
operators have a crossover from exponential decay law to power law as waiting time
distribution.

Fcis applied in various directions of Bio-mathematics, physics, signal-processing,
fluid-mechanics, visco-elasticity, finance, electro-chemistry and in many more. In the
branch of fc, we study fractional integral and fractional derivative as an important
aspects. Recently, many researcher and scientists have studied various type of issues
in this special branch [1-3, 9]. The Caputo-Fabrizo derivative brought new weapons
into applied mathematics to model complex real-world problems more accurately.
Caputo-Fabrizio derivative is give the result of non-Markovian process. In the RL
derivative the kernal inside it is gives the result for power law but Caputo-Fabrizio
shows the result for exponential decay.

The main objective of this chapter is to discuss fractional Caputo-Fabrizio deriva-
tive for the mathematical system to finding the crossover effects and memory effect
Also by using fixed point theorem we are finding the details of the uniqueness and
exactness and of the solution. The development of this article is as follows. In Sect. 2,
we discuss the Caputo-Fabrizio and AB derivative. In Sect. 3, the mathematical por-
tion of fractional dengue spread model and also by applying CF derivative we find
the approximate solution. In Sect. 4, by using fixed point theorem, we proved the
uniqueness and existence of system of solutions in Sect. 6, Numerical Solution are
discuss and in the last Sect. 7 we presented concluding remarks.
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2 Preliminaries

Some definitions and properties of the fractional derivative are presented here.

Definition 2.1 Let f be a function not necessarily differentiable, and « be a real
number such that 0 < x < 1, then the Riemann-Liouville derivative with x order
with power law is given as [15]

RL 1k _ K
DELF ()] = —) z / (t = ) F(dy. @.1)

Definition 2.2 Let f € H Y(a,b),b > a,k € [0, 1] then the new Caputo derivative
of fractional order is given by:

M) [ .
(I_K)/f(x)exp[—/c]_

where M (x) is a normalization function such that M (0) = M (1) = 1 [4]. But, if the
function does not belong to H;(a, b) then, the derivative can be reformulated as

Dy (f (1) =

X
} dx. (2.2)
K

Df(f(1)) =

M@ | fx
/ (f (D) = F())exp [—x }dx. 23)
(1—x) 1—«

Remark 2.1 The authors remarked that, if o = 1%" € [0, 0), k = e [0, 1],

then Eq. (2.1) assumes the form

1+K

N i , —
Df(f(t))=% f £ (@) exp [—%}dx, NO)=N@o) =1 (24

In Addition,

1 t—x
lim — exp [— ] =d6(x—1) (2.5)
o

o—00

Now after the introduction of a new derivative, the associate anti-derivative becomes
important, the associated integral of the new Caputo derivative with fractional order
was proposed by Losada and Nieto [11].

Definition 2.3 [11] Let 0 < x < 1. The fractional integral of order « of a function
f is defined by
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2(1 — &)
2 — k)M (k)

' _ 2k t
L.(f@®) = @)+ 2= oM© /f(s)ds,t > 0. (2.6)
0

Remark 2.2 Note that, according to above definition, the fractional integral of Caputo
type of function of order 0 < k < 1 is an average between function f and its integral
of order one. This therefore imposes

2209 iy 2y 27
(2 —K)M(x) Q—K)Mk) '
The above expression yields an explicit formula for
2
Mk)=——,0<k <1 (2.8)
22—k

Because of the above, Losada and Nieto proposed that the new Caputo derivative of
order 0 < xk < 1 can be reformulated as

1 l , —
DI (1) = 7— / f (exp [—Ki _’;]dx. 2.9)

3 Model Description

In the given model, total host human population, N,. We divided this human pop-
ulation into four parts: Rj(recovered), I,(infectious), Ej,(exposed), S, (susceptible)
and total vector (mosquito) population, also we divide N, into three parts: I, (infec-
tious), E, (exposed), S, (susceptible). We assume that the fraction u; of susceptible
hosts use mosquito repellents to avoid mosquitoes bite. So, the fraction (1 — u;) of
susceptible hosts interact with infectious mosquitoes. The fraction u, of infectious
hosts seek for the timely supportive treatment and recover fast by the rate r;, (r > 1).
The fraction ryu; (r; is the proportionality constant) of infectious hosts use mosquito
repellents to avoid mosquitoes bite. u3 is a control variable that represents the erad-
ication effort of insecticide spraying. That follows that morality rate of mosquito
population increases at a rate rpu3 (r; is the proportionality constant) and also it is
assume that recruitment rate of this is reduced by a factor of 1 — u3.

In this section, we describes the geometry of dengue disease together with control
measures. The system of differential equations which shows the present SEIR-SEI
vector host model is given in [13].
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(3.1)

dSh bB,

T = upNpy — (1 - M1)—Sh1 — wnSh

dE bB

d_th =1~ ul)_hShI — (v + up)Ey

dl,

T v Ep — [ruayh + (1 — u2)yh + uplly

dR,

T [rusyn + (I — u2)yplly — pp Ry,

ds v

dtv =1 —u3)m, — (1 —ruy) b S Iy — (rouz + upv) S,
dEv :3/1

T (I- "1142)—5 Iy — (rauz + vy, + upv)E,
dhy — (raus + pv)1,

di = VV rus nv

The parameters of the model are given in the following table.

Symbols |Description

Wh Death rate of host population

Vi Host’s incubation rate

Vh Recovery rate of host population

Bn Transmission probability from vector to host
Ty Vector population recruitment rate

Wy Vector population death rate

vy Vector’s incubation rate

B Host to vector the transmission probability

b Rate (biting) of vector

Total host population, N, = R, + I, + E;, + Sy, total vector population, N, =

I, +E, +S,.

dN, N
A 0 and aN
dt

= (1 —u3)m, — (rpuz + wy)N,.

So, Nj, remains constant and N, approaches the equilibrium (1 — u3)m, (rous +

uyv) as t — oo. Introducing the proportions

Sy Sh E, . I Ry,
Sy = ySh= — €ep = —, lp=—, I'nn=—,
(I —uz)mwv/(raus + wy) Ny, Ny, Ny, Ny,
E, . I,
e, = Ly =

(1 = uz)m,v/(raus + pyv)’ (1 — uz)m, /(rausz + pyv)

Since s, =1—e, —i, and r, = 1 — s, — e, — iy, the system of Eq. (3.1) is the

equivalent written by five dimensional non-linear system of ODEs:
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dSh (1 ) .
— = — Sp) — aspiy
di M I h
dey, )
= Ysnby — Ben
diy,
— = vye — VI 3.2
T hen — Vin (3.2)
de, Ssoi (€ + 1)
= 85,0 — (€ +v))e,
dt "
di, .
— =vye, — €,
dt

Here,

o — bBpmy(1 — up)(1 — u3)
Ny (rau3 + uv)
8= (1 —=ru)bp,, €=rus~+ u,.

s B=vn+up, ¥y =ruayn + (1 —u2)yn + wp,

Due to Markovian process, this system is exponentially stable with no memory.
Thus, to include the memory effect into this bio-mathematical model, we intro-
duced Caputo-Fabrizio arbitrarily ordered derivative to moderate this system by non
Markovian process as given by

SEDY sy = pun(1 — s3) — asyiy

gFDfeh = asyi, — Bey,

SEDfiy = vhey — yiy (3.3)
SEDFe, = 85,0y — (e +v))e,

CF . .
o Dfi, =ve, —e€i,
These come with the initial conditions

i,(0) =65, €,(0) =384, in(0) =383, €;(0) =252, 5,(0) =34, (34

4 Uniqueness and Existence of a System of Solutions
of Dengue Models with Non-Markovian Properties

In this section investigate numerical result of fractional model based on CF derivative.
We discuss the uniqueness and existence of the solutions by fixed point theorem.
For this we apply the fractional integral operator due to Nieto and Losada [11] on
Eq. (3.3), to examine the existence of the system of solutions. We obtain
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su(®) — 5,(0) = SEL {pn (1 — s1,) — sy}

en(t) — ex(0) = §7 If {ouspiy, — Ben}

in(1) —in(0) = 71 {vnen — yin} (4.1)
en(t) — e, (0) = §F I {Ssvin — (€ +v))ey)

iv(t) —i,(0) = §FI {vve, — €i)

By using the equation discussed by Nieto and Losada [11], we have

: C 2k ,
0 =i0) = G [ ) — €@l dy
0
+ % {v(@®e,(t) —€i, (1)}
e,(t) —e,(0) = Wf{Ssv(y)lh(y) (e +vu(¥)es(M}dy
2(1 —«) .
C—oOM© {85, (@)in(t) — (e +v,(1))e, (1)}
. :(0) = 2k , J
in(t) —ip(0) = +m / {vn(Men(y) —vin(y)}dy
42)
2(1
+ % {vn(@)en(t) — vin()}
ep(t) — e, (0) = Wf{ash(wl ) — Bern(y)}dy
2(1 —«) )
m {asy ()i, (1) — Bep (1)}
P | 1 L)) d
510 =510 = e [ 01 =100 = s i)y
0
2(1 — k) .
+ m {in(1 = s,()) — asp ()i, (1)}

So we can write for clarity
Zy(t, sp) = pn (1 — sy (1)) — sy (1) (1),
Zy(t, en) = pn(1 — sn(y)) — asp(¥)in (¥)

Z5(t, ip) = vp(D)en (1) — yip(r)
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Z4(t, e)) = 85,()ip(t) — (€ +v,(2))e, (1)
Zs(t, iy) = vy(D)ey,(t) — €6, (1) (4.3)

Theorem 4.1 If the following inequality holds then The kernels Zy, Z,, Z3, Z4 and
Zs satisfy the Lipschitz condition and contraction.

0<a +Bb <1.

Proof Starting with the kernel Z;. Let two function is s;, and s;, then we get the
following:

1Zy (2, 50) = Zi(t sl = 1| = wa {sn (@) — s, ()} — & {sn(0) — s, (D} in D).
4.4
Now using the triangular inequality (4.4), we have

1Z1(t, s0) = Zi(t, si)| < e {sn (@) = s, ()} i@ 4 en {55 (1) = s, (] ]
< llsn(®) = sn, (Ol {ar + brllin (D1}

<A{ar +b1B} Isn (@) — sn, O < yillsu(t) — s, (@)l
4.5)
Taking y; = a; + Bb; here the § = i, (¢) are bounded functions, then we have

1Z5(t,i,) = Zi(2, i)l = pslliv(2) — i, (@l (4.6)

Hence, the Lipschitz condition is satisfied for Z;, and if additionally 0 < (a; +
Bb; < 1), this condition is satisfy then it gives us a contraction for Z;.
Similarly all the cases II, II, IIT and IV satisfy the Lipschitz condition as follows:

1Z4(2, ev) — Z1(2, en) || = yallen(®) — ey, (D],
1Z3(t, in) — Z1 @, in) || = v3llin(2) — in, (D,

| Z2(2, en) — Z1(, en) |l = v2llen(®) — en, (D)1,
1 Z1(t, sn) — Z1(t, sp )l = Yillsn (@) — sp, (D

4.7)

when we consider the kernels, the Eq. (4.2) becomes

2(1 —«)

o 2K \ . . .
(1) = G OM© / (Zs(y, i) dy +i,(0) + oMo Zs(t,iy)
0

H=_— % | z d 0 206 5«
Eu()—m/( 4(y,en))dy + ey )+m 4(t, e,),
0
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i (¢ —/ V4 dy +i,(0 —i——(l ) Z5(t,1
in(t) = 2 YM (k) (Z3(y, 1)) in(0) 2 — )M (K) 3, 1p),
en(t D ———— Z ep))d +e(0)—|——(1 ) Zr(t, e
n(t) = 22—« )M( )/( 20, en)) dy " 2 —k)M(k) 2t en),
sy (1 rae—— Z1(y, sp))dy + s, (0 —|——(1 ) Zi(t,s 4.8

Now, presenting the following recursive formula:

. _ 2k . 2(1 —«) .
Iy, (1) = m/ (Zs(y.iv,_))dy + mzs(h iy, 1)
0

N — 2K 7z J 2(1 — ) 7
e, (1) = m /( 4(y, Eun,,)) Y, +(ZT)M(K) 4t ey, )
0

(1) = — 2% Z3(v.in, ) d 2026 i 49
lh,,()—m/( 3, in, ) )’+m 3t i, ), (49)
0

_ 2K 2(1 — k)
e, (1) = G oM®© / (Z2(y. en,_)) dy + mzz(t, e,
0

p— z dy+ —=0=9) 7
Sh,,()—m/( 1, ) y‘f‘m 1, S,
0

and the initial conditions are gives as below:

iy () =i,(0), ey =e,(0), in(t) =in(0), e, (t) =en(0), sp,(2) = 5,(0).
(4.10)
Now, difference between the successive terms are presented as follow:

. . . 2k Ze(v. i Zelv. i d
Sn(t) = iy, (1) — iy, (1) = m / ( sy, i) — Zs(y, lu,,,z)) y
0

2(1 —

2K
00 = e 0) = e (0 = o [ (Zavien ) = Zav ) dy
0
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2(1 — k)

@ oM@ (Filt e = Zutt ).

1) =ip (¢ ] 1) = 2% | Z [ V4 [ d
60 = in, (0 = in (0 = s [(Z0in ) = 220 ) dy
0

2(1 — k)

G oo B ina) = 23 i)

2 t
) = e, = €1, 0 = s [ (220,01, = Zatr.n,0) dy
0

2(1 — k)
Q2 —-k)M (k) (22t en,.) = Za(t n, )
) = 50, (0) = 51, (1) = = j z —z d
&n (1) = 51, (1) — sp,_, () = 2 —0OM@x) ( 1y, Sn,_,) 1y, Sh”_2)) y
0

2(1 — k)

m (Z]([, Sh”i]) — Z]([, Shnfz)) (411)

Noticing that
sn, (1) =Y ¢i(0),
i=0
e, (1) =Y Vi),
i=0

i, (1) =Y &), (4.12)
i=0

e, () =) X0,
i=0

i, (1) =) cu®).
i=0

Step by step we get

on (N = llsn, () — sn,_, O]

2 t
(szM@ / (213, 8n,.) = Z1y, 5n,.)) dy
0

2(1 — )

2 —0OMkx) (Z1(t,5n,.) = Z1(t, 51,.,)) H (4.13)
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Employing the triangular inequality, Eq. (4.13) reduces to

1

2K
151, =51, 01 = o | (210000 = 210051, dy
2= M) ) (4.14)
2(1 — k)
G OM© 1(Zi@, sn,_) = Zi(t,sn, )| -
The Lipschitz condition is satisfy with the kernel, we have
Isn, (8) = s, , (D] < Z———— / b, = sn,_.d||
2- )M( ) 4.15)
2(1 — k) “S .
—(2—K)M(K)yl Ty hea || 0
then we get
lPn (O < S — jll Wid +M [ @n-1(l
¢n = (Z_K)M(K)Vl ¢n—1 Yy y (Z_K)M(K_)yl ¢n—] .
0
(4.16)
Similarly, the following results are obtained by us:
lon(®ll < /n Wlldy + == g )l
Sn _(Z—K)M( )VS Sn—11y y ( )M( )J/S Sn—1 s
I X (] SR — /II Wlld +M l Xn—1 (I
Xn = (2—K)M(K)y4 Xn—11Y y (2—K)M(K)y4 Xn—1 ,
60l < = /ns Wlldy + == e o,
n _(Z—K)M( )V3 n—10Y y ( )M( )J/3 n—1
2K 2(1 — k)
V(I = mn[ [¥n—1MIl dy + mn [V¥n-1(I -
0
(4.17)
Now we are presenting the subsequent theorem by consideration of the above
results, O

Theorem 4.2 The fractional dengue Models (3.3) with Non-Markovian Properties
has a system of solutions under the conditions that we can find t, such that
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2

K 2(1 —«)
Q2 —Kk)M(x)

I _— <
Yito + (Z—K)M(K)yl =<

Proof Here first we considered that the functions i, (¢), e, (t), iy (¢), ey (), s, (t) are
bounded and Also, we prove that Lipschitz condition is satisfy with the kernels and
hence on consideration of the results of Egs. (4.16) and (4.17) and by employing the
recursive method, we derive the relation as follows:

16a 1] < 5O (M >+<2—K t>
=@ = oM " PRSI

Wl < lex O] (M )+(2—" t> '
= len c-omMw”?) " \e—omw™)]

. [ 2(1 — k) 2K 7
&I < i Ol _(mVS) + (m)@l)_ s (4.18)

Ol < lle <0>||[(M )+<2—“ tﬂ
Kol = flew c—oMmw ) T \e—omuw™)]

lsn® < 1 (O] [(M >+<2—" t>]
ontill = v C—oMmw”) T \e—omuw™')]

Therefore, the system of functions (4.12) is smooth and exists. However, to show
that the above functions are the system of solutions of the given system of Eq. (3.3),
we assume that

=

(1) —iy(0) =i, () — F, (1)

e,(t) —e,(0) = e, (1) — E,, (1),

in(t) —in(0) = iy, (t) — Dy, (1), (4.19)
ep(t) —en(0) = ep, (1) — Cp, (1),

sp(t) — 51,(0) = sp, (t) — B, (1).

So, we have

2(1 — k)

H Q2—0OM@x) (Z@t, sw) — Z(t, s1,_,))

|81, 0] =

2k t 7 5 p
+m/( (v, 51) = Z(y. sn,.,)) dy
0

2(1 — k)
< Goone | = 2@ s,.)|

2k ;
+ g [ 12000 = 20, ) @y
0

2(1 —«)

< G—omm? 1=l
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2k ;
MY / vt lsw = s, ] 1. (4.20)
0

On using this process recursively, it yields

2(1 — ) 2k CAR
| By, ()| < <(2_K)M(K) (Z—K)M(I()t) yitla. 4.21)

On taking the limit on Eq. (4.21) as n — o0, we get

| B, ()| — 0.
Similarly, we get
|F,, (&) = 0], | E., (t) = O], | Dy, (t) = O] , and | C, ()| — O.
Hence existence is verified. O

Now, On proving the uniqueness of a system of solutions of Eq. (3.3)
Let there exist another system of solutions of (3.3) sy, (£), e, (t), in, (1), ey, (t) and
iy, (t) then

n=—U"9 (75 -2z0 )
Sh(t)_shl()—(z_K)M(K)( 1(2, Sn) 1(2, Sk,)
t (4.22)
+2—K/(Z (v 5) = Z1 v, s) dy
(2—K)M(K) 1 s Oh 1 ’ I’l] .
0
On Eq. (4.22), if we applying norm then we get,
2(1 —«)
lsn @ = sn, ] < C—oM®© |(Z1 (2 s0) = Zi 2, s0) |
! (4.23)
2k
+ m/ 1(Z1 (v, s0) = Zi(y, sn)) || dy.
0
From employing the Lipschitz conditions of the kernel, we have
2(1 — k) 2K
”Sh(t) — Shl(t)” < myl ”Sh — Sp, ” + mylt ” (Sh — Shl)” .
(4.24)
It gives
2(1 —«) 2k

s (@) — s, (0| (1 ~ mt) <0. (425

2— oM T 2= 0Mk)
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Theorem 4.3 The system of Eq. (3.3) has a unique system of solutions if the following
condition holds:

2(1 — k) 2K
lsw @) — sn, @) || <1 T o oM© V= 2= K)M(/c)ylt> > 0. (4.26)

Proof If the condition holds (4.26), then

2(1 — k) _ 2K
C—oMw) T @-0Mk)

sn (@) — sn, @) || (1 — 7/1t> <0, 4.27)

then we have
|51 (@) = si, )| = 0.

Then we get
sp(t) = su, (1) (4.28)

Similarly, we have
iy(1) =i, (1),
ey(t) = e, (1),
ip(t) = ip, (1),
en, (1) = ep, (1).

(4.29)

Therefore, this verified the uniqueness of the system of solutions of Eq. (3.3). O

5 Numerical Solution

In this section, we construct a numerical scheme for fractional model based on the
CF derivative. On applying this scheme we first consider the following non-linear
fractional ODE:
§"Dfu(n) = f(t.u(n) 5
u(0) = uog '
On applying the fundamental theorem of fc The above eq can be converted to a
fractional integral equation:

u(t) —u(0) = (Z(IT()f(t M(t))+m/f(f u(r))dz, (5.2)

Ata given point 11, n = 0, 1, 2, ... we reformulated the above equation as
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th1
2(1 = ) 2
2 — )M (x) Q-0 Mx) / fx utm)de

In

u(tp41) — u(tp) = Lf (tng) = f)] +

(5.3)

The second step is approximation of our numerical scheme of the function
f(t, u(t)). Thus we approximate f (¢, u(t)) by using the well-known Lagrange inter-
polation polynomial to obtain following result for the interval [¢,, #,4+1],

(7: - tn)

('L’ - tn—l)
(tnfl - tn)

P(-L—)(% f('L', M(T))) = { (tn — tnfl)

}f(tn’ u,) + { }f(tn—laun—l)

5.4)

~ . (T - tn—l) (T - tn)
P(0)(~ f(1,u(r))) = {—an — } fot {—(tnl . } foor (53)

The above approximation can included in Eq. (5.3) to produce

2(1 —
u(tpy1) —ullp) = %Lf@n+l) — fl)]
2 Iny1 ( ) ( )
K T —Iy—1 T—1In
2 —=K)M (k) / |:{ (fn_tn—l)}f {(ln—l_fn)}fn 1] i

(5.6)
thus, after some simplifications and integrating, the following equation is obtained:

Upy1 — Uy

2(1 — 2
(1—%) et = Sl + ¢ u

3 1
N 2 —K)M(k) mh |:§fn - Efn—l] (5.7

Now for finding the numerical solution of fractional model based on the CF derivative.
For the Eq. (3.3) we get the solution

2(1 —
shr1+l = Sh, = i [/Lh(l - ShrH»l) - ashn+li"n+l - [,Lh(] - Sh,,) + ashnivn]
2 —1)M(x)
2kh [3 . 1 .
m _E[Mh(l - Sh,l) - Olsh,,lu,,] - E[,U«h(l - Sh,,,l) - ash,,,llv,,,l]]
2(1 — k) . .
Chypy — €y, = 2 —0OM) [ashn+]lvn+l — Ben, 1 — asp, i, + ﬁehn]
2kh 3 . 1 .
e oM®© |2 [asn, iv, — Ben,] — 3 [, i, — ﬂehnq]]
. . 2(1 —«) . .
Ly = thy = Q= K)M(k) [vhn+lehrl+l = Yy — VhyCh, t V’hn]
2Kkh 3 . 1 .
+ @-oMw |2 (v, en, = vin,] = Slvm i€, = Vlhn71:|
2(1 — k) . .
Coppy T Cuy = o [SSVHllhnH — (e + vy, e, —s,in, +(€+ an)evn]

T Q2-K)M®K)
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2kh 3 . 1 .
+ m E [(Ssunlh,, — (e + Vy, )ev,,] - 5 [st,,,llhn,l — (e + Vu,,,l)ev,,,l]
. . 2(1 —«) . .
oy — by, = m [anﬂevnﬂ — €Ly, — V€, +€l”n]
2ich 3 . 1 .
T oN® [5 [vv, e, — €iv, | — 5 [Vo,_1ev, — flvn,l]] (5.8)

6 Numerical Simulation

In this part, By using the proposed numerical scheme of the model for different values
of fractional order we present the numerical simulation. The numerical simulations
are shownin Figs. 1,2, 3,4 and 5. Figure 1 is considered « to be 1, Fig. 2 is considered
k to be 0.75, Fig. 3 is considered « to be 0.55, in Fig. 4 is considered « to be 0.35
and finally Fig. 5 is considered « to be 0.15.

To achieve our numerical simulation the following initial conditions and param-
eters were used [17].

N, = 5,071,126, =, = 2,500,000, v, = 0.1667, w; = 0.0045, u, = 0.02941,
yp = 0.328833, bB, = 0.75, bB, = 0.375, v, = 0.1428.

Populations

Shlt]
Eplt]
Iltl
— LIt
— EJ[]

L L L — Time
50 100 150 0!

Fig.1 Fork =1
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Populations
15 |
— Splt]
10 + — Eplt]
= hlt]
— L[]
— EJt
5,
. . . — Time
50 100 150
Fig. 2 Forx =0.75
Populations
— . Time
50 100 150 200

Fig. 3 For« =0.55
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Populations
15

10

T Time
50 100 150 200

Fig.4 For x =0.35

Populations
12 -

Time

50 100 150 200

Fig.5 For«x =0.15
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7 Conclusion

Although the dynamics spread of Dengue fever has in the attention of many
researchers in the same field of applied mathematics in biology, it is worth not-
ing that, still there is no attention has been given to modeling the spread with a
differential operator having non-Markovian properties but the associated evolution
equation having Markovian properties. If we consider the recent development in
fractional differentiation and integration, a derivative with non-local kernel and non-
singular was suggested by Caputo and Fabrizio and posses several properties that one
observed in many problems occurring in biological modeling. We these properties,
we devoted our paper to the discussion and analysis underpinning the dynamical
spread of Dengue in given population. We provided a motivation to underpin why
this operator is used for this model, then, we presented a detailed analysis of unique-
ness and existence and the exact solution using the fixed-point theorem in Banach
space. With the aim of improving the accuracy of numerical scheme, a new method
was suggested by Toufit and Atangana [19] and was found to be highly accurate and
very easier to implement. We used this numerical scheme to solve the new model
with fading memory induces by the exponential kernel and presented numerical
simulation.
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Approximate Solution of Higher Order )
Two Point Boundary Value Problems oo
Using Uniform Haar Wavelet Collocation
Method

Akmal Raza and Arshad Khan

Abstract An efficient collocation method is proposed for the numerical solution
of second and fourth order two-point boundary value problems (B.V.P.) based on
uniform Haar wavelet. We have converted higher order differential equations into a
system of differential equations of lower order and then solve it by uniform Haar
wavelet, which reduces the time and complexity of the system. The technique intro-
duced here is easy to apply. The performance of the present method yield more accu-
rate results on increasing the resolution level. To demonstrate the robustness and
accuracy of the Haar wavelet collocation method, five problems have been solved
and compared with the existing methods present in the literature [1-6].

Keywords Haar wavelet + Collocation points

2000 Mathematics Subject Classification: 65M99 - 65N35 - 65N55 - 65L10

1 Introduction

Wavelet Analysis is a new development in the field of Mathematics. Wavelets were
introduced in seismology to provide a time localisation to seismic analysis. Wavelet
theory involves representing square integrable functions in terms of simple wavelet
functions at different scale and positions. The fundamental idea of wavelet is trans-
lation and scaling according to the need [7-10]. The best property of wavelet is
compact support, which is boom for the numerical solution of differential equa-
tions. Meanwhile in numerical analysis, wavelet methods have become an important
tool for solution of differential and integral equations that has been discussed in
many research papers with different approaches such as Galerkin method, finite
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element method, finite difference method, filter-bank method, adaptive method etc.
[7, 8, 11-15]. One of the best and easiest wavelet in wavelet theory is Haar wavelet.
Gaussian and Legendre wavelet is also applied in treatment of Numerical solu-
tions of differential equations but lots of numerical difficulties appeared on using
these wavelets. The detection of singularities, local high frequencies, irregular struc-
tures and transient phenomena exhibited by analyzed function is possible on using
wavelets. Use of orthogonal functions to construct the solution of differential equa-
tions was initially established in 1995 by Chen and Hsiao [14]. During the last two
decades different types of functions have been applied to find the approximate solu-
tion of differential equations. But Haar wavelet gives the desirable results for such
types of problems due to its simplicity, orthogonality and compact support.

2 Multiresolution Analysis and Haar Wavelet

Definition: A multiresolution analysis consists of a sequence {V; : j € Z} of embed-
ded closed subspace of L?(R) that satisfy the following properties:

Increasing: V; C V1 : jeZ

Density: J;., V; = L*(R)

Separation: (., V; = {0}

Scaling: f(¢) € V; if and only if f(2t) € V1

Orthonormal basis: 3 a scaling function ¢ € V; such that {¢g () = ¢ (t — k) :
k € Z} is an orthonormal basis for Vj.

kWb =

Haar Wavelet: Haar function was discovered long before the wavelet was introduced
by Hungarian Mathematician Alfred Haar in 1909. Haar is the simplest orthonormal
wavelet with compact support [16].

The Haar wavelet family for ¢ € [0, 1] is defined as follows:

I, &) <t< &
hy() = =1, &) <t < &(u) (2.1
0, otherwise

where u indicates the wavelet number and

) =% s =51 &u =
m=2,j=0,1,2...,J, and integer k =0, 1...,m — 1.

Also J indicates the level of resolution and k represents the translation parameter.
Index u is calculated as u = m + k + 1 which is true for u > 2.
For u = 1 the Haar wavelet is given by

1, 0<r<l1
hi(t) = ) 2.2)
0, otherwise
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Because of constant and piecewise nature of Haar wavelet, derivative vanishes. Due
to lack of differentiability authors move towards integration approach instead of
differentiation [14].

The integration of Haar wavelet has been obtained from [13] and given as follows:

t—&@), &) <t < &(u)
Lh, (1) = 1&w) —t, &) <t <&(u) (2.3)
0, otherwise

The double integration of Haar wavelet can be given as follows:

20— £100)%, £ <1 < E2(w)
1 1 2
Lh,(t) = 4,1,12 5 (&) — 1), &) <t < &) o
In? &) <t <1
0, otherwise

Proceeding in similar manner the nth integration of Haar wavelet can be written as:

0, if t<&u
bty = | ill ~ 81001 §1) <1< &)
il = &1@)" =20 = &w)"], f2) <1 < &)
il = &1@0)" =20 = &))" + (1 = &))", E3w) <1
(2.5)

Now consider, any square integrable function f(t) € L?[0, 1], can be approximated
by the dialation and translation of Haar wavelet [12, 13]

N
fO =) ah, @) (2.6)

u=1
The Haar wavelet coefficients a, are calculated as

1

a, =< y(t)vhu(t) >= /Y(l) -h,(t)dt. 2.7
0

The collocation points are given as

2u — 1
X(u) =

u=1,2,.., m. (2.8)
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The matrix of Haar wavelet with respect to the collocation points is given as

1 11 1 1 1 1
1 1 1 -1-1-1-1
1 -1-10 0 0 O
0 0 -1 -1
0
-1
0
0

—_

1

0 0 O
0 0 O
1 0 0
0 1 -1

S = OO~

1
1
1
0
1
0
0
0

coco !
co~oo

The matrix of integral and double integral of Haar wavelet with respect to the

collocation points are given as:

13579111315 192549 81 121 169 225
135775 3 1 19254979 103 119 127
133100 0 0 1923313232 32 32
000013 3 1 1 looo 01 9 23 31
hH=1¢111000000 | 27=355]178 88 8 8 3
001100 0 0 001 78 8 8 8
000011 0 0 00001 7 8 8
000000 1 1 00000 0 1 7

3 Methods of Solution

3.1 Method for Solving Second Order Differential Equations

Consider a second order differential equation
Y=t y.y)
with boundary conditions
y(0) =a,y(1) = 6.
Let us suppose that
Y0 =z(t)=y") =71

N
YO =" ayh, (1)

u=1

(3.1

(3.2)

(3.3)

3.4)
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N
2@ =Y buhu(1). (3.5)
u=1
Now integrating Eqgs. (3.4) and (3.5) with respect to ¢ from O to ¢ we get
N
y() =Y aulih(t) + y(0) (3.6)
u=1
and
N
2(t) =Y budyhy (1) + 2(0). (3.7)
u=I

Substituting the values from Eqs. (3.3-3.7) in (3.1), we get the following system of
equations

N N N
Y buha() = ¢,y aydihy (1) + y(©0), Y budih, (1) +2(0)  (3.3)

u=1 u=1 u=1

Solving the above system of equation and find out the unknown Haar wavelet coef-
ficient a, and b, with the help of Eq. (3.3) and then put in Eq. (3.6) to get the
approximate solution of the differential equation.

3.2 Method for Solving Fourth Order Differential Equations

Consider the fourth order ordinary linear differential equation of the form.

y//// — ¢(t, y’ -y/7 y//’ y///) (3.9)

with boundary conditions
y(0) =a,y(1) =b,y"(0) =c,y"(1) =d.

Let us suppose that

y'(1) = z(1), (3.10)
y'(t) =7 @), (3.11)
Yy () =7"(@). (3.12)

N
and  y'(6) = auh(0). (3.13)
u=1
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On integrating Eq. (3.13) from 0 to ¢ with respect to t we get

N
Y@ =Y a Py (t) +y'(0) (3.14)

u=1

Again integrating Eq. (3.14) from O to ¢, with respect to t we get

N
y(@) = ZauPu,z(t) +1y'(0) + y(0) (3.15)
u=1
Also we assume that
N
7= buhu(t) (3.16)
u=1

On integrating Eq. (3.16) from 0 to t we get,

N
Z(6) =Y buPui(t) +2(0) (3.17)

u=1

Again integrating Eq. (3.17) from O to t we get

N
2(t) =Y buPuo(t) +12'(0) + 2(0) (3.18)

u=1

We can find the values of y'(0), y”(0), y”"(0) and y””(0) from the boundary con-
ditions. Now put Egs. (3.10-3.18) in (3.9), we get the following system of equation

N N N
D buhu(t) = ¢, Y auPun(t) +1.5'0) + y(0), Y a,Pur () + Y (0),
u=1 u=1

u=1

N N
D buPua(®) +1.20) + 200, Y by Pur(t) +2/(0))

u=1 u=1

(3.19)

Find the value of the vector a, and then put these values in the Eq. (3.15) to get the
Haar approximate solution of the required differential equation.
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4 Numerical Examples

In this section we have tested five problems to demonstrate the accuracy and effec-
tiveness of proposed method.

Problem 1 Consider the second order differential equations [1]
y" =100y, 4.1)
with boundary conditions

y©0) =y =1 4.2)
Exact solution of the problem is

cos h(10t —5)

= 4.3
Y cos h5 .3)

Obtained maximum absolute errors for different resolutions are given in Table 1 and
graph for J = 4 is given in Fig. 1.

Problem 2 Consider Dirichlet problem given in [4]:

537 537 23 23
—y'= (Wn)2 sin(ﬁm) + (En)2 sin(mnt), (4.4)

with boundary conditions

y(0) =0, y(1)=0, t €[0,1]. 4.5)

Exact solution is
—(537 )S'n(537 t)+(23 )s’n(23 t) (4.6)
T R T R TR T ' '

Table 1 Maximum absolute error for Problem 1

Level of resolution J Our method [1]

3 1.6719e—04 1.2800e—03
4 2.2854e—05 3.0700e—04
5 2.9131e—06 -

10 8.4470e—11 -
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Fig. 1 Exact and Haar solution of Problem 1 for ] = 4

Table 2 Maximum absolute error for Problem 2

Level of resolution |J =6 7 8 9
Our method 9.5472e—04 1.2490e—04 1.5790e—05 1.9750e—06
[4] 1.2100e—02 1.3260e—02 1.0820e—04 7.3580e—06

Obtained maximum absolute errors for different resolutions are given in Table 2 and
graph for J = 6 is given in Fig. 2.

Problem 3 Consider Dirichlet problem given in [4]:
V' 4+y=[1+ (537n)2]sin(537nt) +1+ (2371)2]sin(237tt) 4.7)
yory= 10 10 10 TR

with boundary conditions

y(©0)=0, y(1)=0. rel[0,1] (4.8)
Exact solution is
537 537 23 23
y= (Wn) sin(Wnt) + (ET[) sin(Em) . “4.9)

Obtained maximum absolute errors for different resolutions are given in Table 3 and
graph is given in Fig. 3.
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Fig. 2 Exact and Haar solution of Problem 2
Table 3 Maximum absolute error for Problem 3
Level of resolution |J =6 7 8 9
Our method 9.4584e—04 1.2457e—04 1.5741e—05 1.9690e—06
[4] 1.2100e—2 1.3260e—3 1.0820e—4 7.3590e—6
2 T T T T T T T T
1.5
1 b
9
0.5 P
P ¢
9 q
q
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y
Ak PP+
h oD
b
15F
O  Haar
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Fig. 3 Exact and Haar solution of Problem 3 for ] =9
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Problem 4 Let us assume the fourth order B.V.P. given in [3]

V" 4ty =—(>+Tt +8)', 1e€[0,1]
with boundary conditions
y(0) =y(1) =0,
y'(t) =1 when t =0,
y'(t) = —4e. when t=1

Exact solution of the problem is

y(t) =t(1 —t)e'.

A. Raza and A. Khan

(4.10)

@.11)
(4.12)
(4.13)

(4.14)

Obtained maximum absolute errors for different resolutions are given in Table 4 and

graph is given in Fig. 4.

Table 4 Maximum absolute errors for Problem 4

Level of resolution J Our method [3]
2 5.2806e—04 4.5900e—04
3 9.4372e—05 1.9000e—4
4 1.6728e—05 5.2300e—05
5 2.9591e—06 -
6 5.2319e—07 -
0.45 T e T T T
04 - % <l ooy -
035 . -
03 .
0.25 - i3 . -4
02 .
015 - -1
01 . -
005 v
o - 1 1 L 1 1 |
0 o1 0z 03 04 05 06 or 08 09 1

Fig. 4 Exact and Haar solution of Problem 4 for ] = 4
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Problem 5 Let us assume the fourth order B.V.P. given in [3]

y"” —y = —4Q2tcost +3sint), te[0,1] (4.15)
with boundary conditions

y0)=y(1) =0, y'(t)=0, when t=0,y"(1) =4cosl+2sinl.
(4.16)

Exact solution of the problem is

y(t) = (t* — D)sinz. 4.17)

Obtained maximum absolute errors for different resolutions are given in Table 5 and
graph is given in Fig. 5.

Table 5 Maximum absolute errors for Problem 5

Level of resolution J Our method [3]
2 5.6800e—04 6.6600e—04
3 9.7369e—05 1.6500e—04
4 1.4350e—05 4.1200e—05
5 1.5638e—06 -
o T T T T T T T T
005
01 " / -1
. p
015 1 / -
02t y ¢ -
D254+ . / ' =
03 E 1
035 T e oo
04 | | | | 1
(1] o1 0z 03 04 05 06 o7 08 [15:] 1

Fig. 5 Exact and Haar solution of Problem 5 for ] = 4
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5 Conclusion

We have converted second order differential equation into system of first order and
fourth order differential equations into system of second order of differential equa-
tion, which is easy to solve to get the approximations of higher order two point
boundary value problems. Haar wavelet collocation method has been applied on sec-
ond and fourth order two point B.V.P. We have compared our results with the existing
method given in [1, 3—-6] which shows that our results are better.
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Solving Multi-objective Fractional m
Transportation Problem L

Vishwas Deep Joshi and Rachana Saini

Abstract In classical fractional transportation programming problem, we want to
optimize the objective function in the form of one or several ratios subject to some
linear constraints. If in multi-objective transportation problem, objective function is
in ration of two linear function under some linear restrictions, then the problem is
called multi-objective linear fractional transportation problem (MOLFTP). In this
paper we propose a new method to solve multi-objective linear fractional transporta-
tion problem which is extension of Nomani et al. (Int ] Manag Sci Eng Manag (2016)
[9]). Two numerical problems are presented to validate the proposed algorithm.

Keywords Fractional transportation programming - Multi-objective programming

1 Introduction

Transportation-distribution planning problems play an important role in manage-
ment science. In recent scenario a distribution company often faced problems related
multivehicle routing problem. To fulfill the multi respective demand, problem objec-
tive must be in the divided in multi-objective form. This paper studies fractional
transportation problem with several objectives.

The transportation problem is to transfer goods from various origins to several
destinations in a minimum cost. Bitet al. [1] solve multi-objective solid transportation
problem using fuzzy programming approach and find both efficient and compromise
optimal solution. Li and Lie [7] developed a fuzzy approach to solve the multi-
objective transportation problem and obtain a non-dominated compromise solution
at which the synthetic membership degree of the global evaluation for all objectives
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is maximum. Ivan et al. [3] a method providing the efficient way of construction of
weighted coefficients for linear weighted sum method. Kumar and Pandey [6] applied
fuzzy programming approach to solve multi-objective transportation problem.

Joshi and Gupta [5] proposed method for identification of more-for-less paradox
in the linear fractional transportation problem. Gupta et al. [2] solve a compromise
solution for multi-objective chance constraint capacitated transportation problem.
Ota and Ojha [10] developed weighted sum method for solving multi-objective geo-
metric programming problem (MOGPP) and compared the result with fuzzy pro-
gramming method. Jadhav and Doke [4] developed fuzziness in the objective func-
tion is handled with fuzzy programming techniques in the sense of multi-objective
approach. Cost and profit coefficients are trapezoidal fuzzy numbers and for each set
of crisp part the fuzzy number a single fractional objective is considered.

Nomani et al. [9] developed a different approach for solving multi-objective trans-
portation problems and compared solution with weighted sum approach. Maruti [8]
solve each of the transportation problem as single objective and then using Taylor
series approach expand each of the problem about its optimal solution and ignoring
second and higher order error terms each of the objective and converted objectives
into linear one. Then the problem reduces to MOLTPP. Evaluate each of the objectives
at every optimal solution.

A new method is introduced to solve the problem studied in this paper. The paper
is organized as follows. Section 2 outlines the MOLFTP and necessary definitions;
In Sect. 3 the weighted sum method for fractional transportation problem discussed;
Sect. 4 explain the proposed method for MOLFTP problem; Sect. 5 analyzes the com-
putational performance of the algorithm proposed on randomly generated examples;
Conclusions and remarks are discussed in Sect. 6.

2 Problem Description and Definitions

2.1 Mathematical Formulation of Multi-objective Linear
Fractional Transportation Problem

The MOLFTP is formulated as follows:

DYDY
s Z?:l diijij

MinZk(xij) ,k=1,2,3,...,K

Subject to:

m
injZCI,', j=1,2,3,...,n
i=1

D oxiy=by i=123....m
j=1
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xij >0 i=1,2,3,...,mand j =1,2,3,...,n (1)
Supply points a;,i = 1,2,3,...,m, there are m supply points which goods

transported. Demand points b;, j = 1,2, 3, ..., n, there are n demand centers where
goods required. The profit of ck is transporting one unit from 7 origin to j destination.

The costof d;; k is transporting one unit from i origin to j destination. Suppose variable
x;j denotes number units to be transported from jth origin to jth destination. Problem
must be in balanced form (sum of supply = sum of demand).

2.2 Pareto Optimal Solution

A solution is called Pareto optimal solution if none of the objective functions can
be improved in value without degrading one or more of the other objective values.
Without additional subjective preference information, all Pareto optimal solutions
are considered equally good [3].

3 Weighted Sum Method

Weighted sum method is single-objective optimization problem. It is following as:

K K
i i zxu
Min Z = § weZy = E #
k=1 Zl IZJ l xl.i

Subject to:

inf:ai, j=12,3...,n

injzbj, i=1,2,3,...,m
xi; =0 i=1,23,...,mand j =1,2,3,...,n @)

where the weights wy, k = 1,2, 3, ..., K, corresponding to the objective functions
satisfy the following conditions:

K
Zwkzl,wkzo,k=1,2,3,...,K.
k=1
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4 Proposed Method

In proposed method we convert the MOLFTP into a non-linear problem where the
objective is to Min p’ = Y p(1 — wy), where all objectives have common devia-
tional variable p and wy, the weight for the kth objective function. The multi-objective
linear fractional transportation problem (1) convert into the single objective problem
as follows:

Min p' =} " p(1 = wy)
Yin Z;=1 Cf'(jxij

S Y dx
m

xj=a j=1.23.....n
i=I

Subject to <Zi+p(l—wp),Vk=1,2,3,...,K

Swy=by, i=1,23..,m
j=1

O<wy=<l1, k=1,2,3,....K
xi; =20 i=1,2,3,...,mand j=1,2,3,...,n 3)

In this method, we have introduced a deviational function p(1 — wy) instead of
using a deviational variable.

5 Numerical Examples

Let us consider two examples with two and three objectives respectively. Both exam-
ples solved by proposed method.

Example 1 Let us consider two fractional objectives ration of (cf‘j) and (dfj) in
Table 1.
We obtain optimal solution as follows:

X' =(5,5,5,0, 10,0, 0, 15, 0, 20, 0, 0), Z;(X") = 0.60377, Z;(X?) = 1.13913 and
X2 =(0,0,0, 15,0, 20, 5,0, 15, 5, 0, 0), Z>»(X') = 1.02963, Z»(X?) = 0.64.

Then the proposed model generates result for numerical example 1 as shown in
Table 2.

Example 2 Let us consider three objectives ratio of (cﬁ) and (dl’j) in Table 3.

We obtain optimal solution as follows:

X!'=(0,0,7,0,0,8,0,1,5,0,0, 13), Z;(X') = 1.105802, Z,(X") = 1.054688,
Z5(X') = 0.994898;
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Table 1 Objective matrix for numerical Example 1
Destination 1 Destination 2 | Destination 3 | Destination 4 | Supply
Origin 1 | 10, 14 (<) 14,9 811 12,9 15
15.12 (d,kj) 12, 14 16,7 8,17
Origin2 | 8,12 12,9 14,6 8,15 25
10, 6 6,11 13,13 12, 10
Origin3 | 9,6 6,9 15,12 9,10 20
13,9 15,15 12,12 10, 16
Demand | 15 25 5 15 60
Table 2 Solutions for different weights for numerical example 1
Weight assigned to objective function (w1, wy) VAW
1 w; =0.1,wy =0.9 0.99909, 0.68392
2 w; =02, wy =0.8 0.90532, 0.71572
3 w; =03, w2 =0.7 0.83869, 0.74068
4 w; =04, w; =0.6 0.79704, 0.76885
5 wy; =05 w, =05 0.76249, 0.79872
6 w; =0.6,w; =04 0.73039, 0.82993
7 w; =0.7, w2 =0.3 0.69926, 0.86279
8 w; =0.8, w, =0.2 0.66828, 0.89803
9 w; =09, wy =0.1 0.63762, 0.94464
10 Without preference 1.13913, 0.64
Table 3 Objective matrix for numerical Example 2
Destination 1 Destination 2 Destination 3 Destination 4 Supply
Origin1 | 5,6,8 (cffj) 2,3,7 3,9,5 7,9,12 7
9.12.7 (d,k,> 5,7,2 9,8,7 2,15,6
Origin2 | 16, 2,9 8,9,5 9,2,3 10, 6, 13 9
8,6,9 13,8,5 7,2,5 3,5,9
Origin 3 | 12,5, 11 9,12,13 14,8, 8 13,8,4 18
9,8,2 10, 11,7 6,7,12 6,7,8
Demand | 5 8 7 14 34

X2 =(0,0,0,7,2,0,7,0,3,8,0,7); Z;(X?) = 1.504386, Z»(X2) = 0.849315, Z5(X?)
= 1.352113;
X3 =(50,2,0,0,8,1,0,0,0,4, 14), Z;(X3) = 1.212766, Z»(X?) = 0.992537,
Z5(X3) = 0.712598.
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Table 4 Solutions for different weights for numerical example 2

Weights assigned (w1, wa, w3) 71,72,73

1 w; =0.1,w, =0.9, w3 = 0.0 1.383647, 0.880187, 1.021315
2 w; =0.2,w; =0.8, ws =0.0 1.323226, 0.903671, 0.984379
3 w; = 0.3, w; =0.7, w3 = 0.0 1.275302, 0.921958, 0.952431
4 w; = 0.4, w, = 0.0, ws = 0.6 1.191198, 0.991643, 0.769529
5 w; = 0.5, w, =0.0,ws =0.5 1.179208, 0.996127, 0.786005
6 w; = 0.6, w, =0.0, ws =0.4 1.16653, 1.001136, 0.803691

7 w; = 0.0, wy = 0.3, w3 =0.7 1.262712, 0.959152, 0.759671
8 w; = 0.0, w, =0.2, w3 =0.8 1.253422,0.967411, 0.742122
9 w; = 0.0, w, =0.1, w3 = 0.9 1.245205, 0.974778, 0.726539
10 w; = 0.3, w; =03, w3 =04 1.221772, 0.965285, 0.812001
11 w; =03, w, =04, w3 =03 1.230194, 0.955937, 0.836991
12 w; =04, w, =03, w3 =0.3 1.207223, 0.967639, 0.830922
13 Without preference 1.212766, 0.992537, 0.712598

Then the proposed model generates result for numerical example 2 as shown in
Table 4.

Comparison in Tables 5 and 6, it can be seen that for different weights objective
values do not change consistently for the weighted sum method. Examples shows
that our method gives better results as compare to weighted sum method.

The objective value increases and decreases by proposed method in Figs. 1 and 2.

Table 5 Compare the result obtained by proposed method and weighted sum method for
Example 1

Weights assigned (wy, wy) VAW
Proposed method Weighted sum method

1 w; =0.1, w, =0.9 0.99909, 0.68392 1.13913, 0.64
2 w; =02, wy, =0.8 0.90532, 0.71572 1.13913, 0.64
3 w; =03, wy =0.7 0.83869, 0.74068 0.827068, 0.745098
4 w; =04, wy =0.6 0.79704, 0.76885 0.827068, 0.745098
5 w; =0.5,wy, =05 0.76249, 0.79872 0.73768, 0.822585
6 w; = 0.6, wy =0.4 0.73039, 0.82993 0.645963, 0.92517
7 w; =0.7,wy, =0.3 0.69926, 0.86279 0.641968, 0.93443
8 w; =0.8, w, =0.2 0.66828, 0.89803 0.603774, 1.02963
9 w; =09, wy =0.1 0.63762, 0.94464 0.603774, 1.02963
10 Without preference 1.13913, 0.64 -
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Table 6 Compare the result obtained by proposed method and weighted sum method for Example

2
Weights assigned Z2y,75,7Z3
(w1, wa, w3) Proposed method Weighted sum method
U | i =00, ws = 0.9, wy — | 1383647, 0.880187, 1688372, 0.861751,
0.0 1021315 0.850427
2 | = 02wy =08 ws = | 1:323226,0.903671, 1691244, 0.86758,
0.0 0.984379 0.820084
3 | = 03wy = 07wy — | 1:275302,0921958, 1691244, 0.86758,
0.0 0.952431 0.820084
4 |y = 0wy = 0.0, w5 — | 1-191198,0.991643, 1212766, 0.992537,
0.6 0.769529 0.712598
5 | =05 wr =00, w5 — | 1-179208,0.996127, 1305344, 0.944882,
0.5 0.786005 0.741803
6 | w, =06, wr =00, ws— | 116653, 1.001136, 1305344, 0.944882,
0.4 0.803691 0.741803
7 | =00, wr =03, ws = | 1:262712,0959152, 1212766, 0.992537,
0.7 0.759671 0.712598
8 | = 0.0, wp = 02, ws = | 1:253422,0967411, 1212766, 0.992537,
0.8 0.742122 0.712598
9 | = 00.wy = 0.1, w5 — | 1:245205,0.974778, 1212766, 0.992537,
0.9 0.726539 0.712598
10 | 4 — 03wy = 03, w5 — | 1:221772,0.965285, 1305344, 0.944882,
0.4 0.812001 0.741803
1| ) =03, ws = 04, wy — | 1230194, 0.955937, 1.691244, 0.86758,
03 0.836991 0.820084
12 | = 04wy — 03, ws — | 1:207223,0.967639, 1.691244, 0.86758,
0.3 0.830922 0.820084
13 | Without preference 1.212766, 0.992537, -
0.712598
Proposed solution
12
1 \
08 — o
0.6 &>
0.4
0.2

0.1,09 0.2,08 0.3,0.7 0406 0505 06,04 0703 08,02 090.1

= Series 1 series 2

Fig. 1 Solution with different weights for Example 1
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Proposed solution
1.6

14
———o .
12 \._./‘ ————t———e

0.8
0.6
0.4

=f=—series 1 series 2 series 3

Fig. 2 Solution with different weights for Example 2

6 Conclusion

In this paper, we proposed a new technique for solving multi-objective linear frac-
tional transportation problem. The proposed method is able to given Pareto optimal
solutions without preference as well as solutions based on preferences. Than com-
parison weighted sum method and proposed solution. For solving all mathematical
models in Sect. 5, LINGO" 17.0 software was used.
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On the Dark and Bright Solitons )
to the Negative-Order Breaking Soliton L
Model with (2+1)-Dimensional

Haci Mehmet Baskonus

Abstract This paper deal with the complex the dynamic of cnoidal waves via the
negative-order breaking soliton model with (2+1)-dimensional. This model is arisen
in the (2+1)-dimensional interaction of the Riemann wave propagated between y-axis
and x-axis. The Improved bernoulli sub-equation function method is used in obtaining
some complex and dark solutions with hyperbolic function structure. We present the
interesting contour surfaces along with 2D and 3D graphics of the obtained analytical
solutions in this study, plotted by using several computational programmes such as
Matlap, Mathematica and so on. We finally present a comprehensive conclusion.

Keywords Nonlinear negative-order breaking soliton model + Improved bernoulli
sub-equation function method + Complex hyperbolic solutions

PACS 02.30.Jr - 02.30.Hq - 04.20.Jb - 04.20.Cv - 52.35.Bj

1 Introduction

Today, the works carried on the solutions of mathematical models are of an out-
standing area among scientists because solitons provides more information into the
relevant from nonlinear sciences to engineering applications [1-54]. The first soli-
ton model proposed by Korteweg and de Vries was KdV equation in 1895. After-
wards, Zabusky and Kruskal have presented an important paper on the interaction
of “solitons” in a collisionless plasma in 1965 [26]. More recently, many scientific
and engineering applications including vital real world problems on solitons have
been presented to the literature. Bogoyavlenskii has presented some important mod-
els, which are entirely integrable solitons and N-solitons [27]. He has derived the
connection with the Kadomtsev—Petviashvili equation with the help of the Painlevé
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method. One of the most important properties of integrable models is that these
models produce many soliton solutions. Therefore, many experts have focused on
the investigations of solitons arising in real world problems. Moreover, they have
changed general structures of models for getting more and clear understanding of
the models. This plays a major role in solitary waves theory and soliton theory. In
this sense, Wazwaz has investigated the negative-order breaking soliton equations by
using simplified Hirota’s method [28]. Fei and Cao have observed explicit soliton-
cnoidal wave interaction solutions for the (2+1)-dimensional negative-order breaking
soliton equation (NOBSE) [29] defined as

u; — vy =0, Uy + Vier —4uv, —2u,v =0. (1.1)

This model was used to symbolize the (2+1)-dimensional interaction of the Rie-
mann wave propagated along the y-axis with a long wave propagated along the
x-axis [28-32]. Fei et al. [29] have derived the explicit soliton-cnoidal wave interac-
tion solutions to the Eq. (1.1) by using an analytic method. The paper is organized as
follows. In Sect. 2, we present the Improved bernoulli sub-equation function method
(IBSEFM) in a comprehensive manner. Section 3 is devoted to obtain new complex
travelling wave soliton solutions to the NOBSE. A conclusion and discussion is given
in the last section.

2 General Properties of IBSEFM

The general properties of IBSEFM are given as follows:
Step 1. It can be considered that the following nonlinear model in two variables and
a dependent variable v;

PQu,uy,uy,u;...)=0. (2.1)

and take the wave transformation;
u(x,y, 1) =Um),n=plx + ay —kt). (2.2)

where p, «, k are constants and can be determined later. By substituting Eq. (2.2),
Eq. (2.1) converts a nonlinear ordinary differential equation (NODE) as following;

N, U, u",u"”,..)=0. (2.3)

Step 2. Considering trial equation of solution in Eq. (2.3), it can be written as fol-
lowing;

YioaF'm) _ aotaiFm) +aFm)+- - +a,F" (1)
S obiFi()  bo+biF(p) +baF2(n) + - + by F" (1)

U = (2.4)
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According to the Bernoulli theory, we can consider the general form of Bernoulli
differential equation for F’ as following;

F =wF+AFM, w#0,A#£0, M cR {0, 1,2). 2.5)

where F = F(n) is Bernoulli differential polynomial. Substituting above relations
in Eq. (2.3), it yields us an equation of polynomial 2 (F) of F as following;

Q(F) = psF* 4+ -+ p1F + py = 0. (2.6)

According to the balance principle, we can determine the relationship between #,
mand M.
Step 3. The coefficients of 2(F) all be zero will yield us an algebraic system of
equations;
pi=0,i=0,...,s. 2.7)

Solving this system, we will specify the values of a, ay, . .., a, and by, by, ..., b,.
Step 4. When we solve nonlinear Bernoulli differential equation Eq. (2.6), we obtain
the following two situations according to b and d,

Y E W
F(n) = [7 + ew(M—l)n] S W FE A (2.8)

(E — 1) + (E 4+ Dtanh(w(l — M)1)
1 —tanh(w(l — M)'-’zl)

F(n):[ },w:A,EeR. (2.9)

Using a complete discrimination system for polynomial of F, we solve this system
with the help of computer programming and classify the exact solutions to Eq. (2.3).

3 Application of the IBSEFM

In this section, IBSEFM has been successfully considered to the NOBSE to obtain
more and novel complex solutions.

Example Taking the travelling wave transformation as
M(.X, Y, t) = U(é-)vg = k)C + wy — ct, v(x, y»t) = V(g)s é- = k'x + wy — ct,
3.1

which &, w, ¢ are real constants and non-zero in Eq. (1.1), we get the following
nonlinear ordinary differential equation;

wU' — ck*U" + 6cUU" = 0. (3.2)
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with

—C
V=—U. 33
T (3.3)

Integrating once and getting to the zero of integration constants, Eq. (3.2) can be
rewritten as
wU — ck*U" + 3¢U? = 0. (3.4)

With the help of balance principle for U” and U?, relationship between M, m and
n can be obtained as follows;

DM +m=n+2. (3.5)

Case 1: Choosing M = 3,n = 5 and m = 1, we can find and its derivatives from
Eqg. (3.5) as follows:

a0+a1F+azF2+a3F3+a4F4+a5F5 _ T

U= —, 3.6
by + b F v (36
;L Tv — Ty
U = —\pZ , 3.7
U'=..., (3.8)

where F' = pF +dF3,as #0,b; # 0, p # 0, d # 0. Substituting Eq. (3.6) with
Eq. (3.8) into Eq. (3.4), a system of algebraic equations including various power of
F can be found. Solving the system by using different computer programming such
as Mathematica, Maple, and Matlap gives the complex structures;

Case-1a: For p # d the following coefficients;

—wbhy —wb iv2y/w./az/bo iv2y/w./azb biay
ap = ,ap = ,ay = a3 = ,as = —,
3c 3¢ NG NG bo
i2dJw/by i Jas
Vae T 232dby

(3.9)
we have the following new complex travelling wave solution

—w . x./a ct—wy
uy = ¥—i—4wa4(i\/5«/5\/61_4—I—2eﬁﬁ%‘7(\/i Vaitade })\/FO)E\/ITQ\/E)_Z
1

+ , ,
. _ iJeEVBy eﬁ'ﬁ%(ﬁ&/zﬂﬂd(ckw)’)«/w
v Vw2
(3.10)
—2¢+/2d /b
V) = —C\/— Ou1. (3.11)

Ja



On the Dark and Bright Solitons to the Negative-Order ... 233

Fig.1 The periodic wave surfaces of Eq. (3.10) forw = 0.9,¢ = 0.2,a4 = 0.3,b9 = 0.5,d = 0.6,
E=01y=3-4<x<4,-4<t<4

=100 =50 o 0 100 =100 -50 o 50 100

Fig. 2 The contour graphs of Eq. (3.10) for w =0.9,¢ =0.2,a4 = 0.3, b9 =0.5,d = 0.6, E =
0.1,y =3,—-120 < x < 120, —120 < ¢ < 120

For better understanding of wave propagation meaning of via Eq. (3.10), and also,
for suitable values of parameters, 2D and 3D figures along with contour graphs may
be observed in Figs. 1, 2, 3 and 4.

Case-1b: When

—wbo —wb1 4idk«/w«/b0 4dki«/ wb1
ap = ,a; = ,dy = a3 = —————,
0 3¢ ! 3¢ 77 Je ’ Je (3.12)
— 8d%2by, as = 8d%K%by, p = Y
as 0, ds 1, P Zkﬁ

we have the following new complex bright soliton solution to the Eq. (1.1)
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Fig.3 The periodic wave surfaces of Eq. (3.10) forw = 0.9,¢ = 0.2,a4 = 0.3,b9p = 0.5,d = 0.6,
E=01,y=3,t=085-4<x<4
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Fig.4 The combination of contour graphs of both side of Eq. (3.10) forw = 0.9,¢ = 0.2,a4 = 0.3,
byp=05,d=06,E=0.1,y=3,-120 <x < 120, —120 < ¢t < 120

8d2k2sech?( "f G,y 0)

uy =
(E+E\/1 — sech? (2 £y, 0) + 2L sech(FIE £ (x, v, 1))
4tdkfsech( ff(x ¥, 1) w
+ - 5
(Bt 1 = sech? (G2 Fx, 3, 0 EVE + Hsech(2 1 .. 1)
_ —C
V2 = 7“2

(3.13)
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Fig. 5 The 3D graphs of Eq. (3.13) for w =0.9, c=0.2,d =03, k=05, E=0.1, y =3,
—-6<x<6,-6<t<6

Fig. 6 The contour graphs of Eq. (3.13) forw =0.9,c=0.2,d =03,k =05,E=0.1,y =3,
—120 < x < 120, —120 <t < 120

inwhich f(x, y,t) = kx + wy — ct. With a view to the deeper investigation of com-

plex travelling wave structure of Eq. (3.13) along with suitable values of parameters,

2D and 3D figures along with contour graphs may be seen in Figs. 5, 6, 7 and 8.
Case-1c: Once we consider as

b —3cay 4 —wb, 4 —3capaz 4 3czaoa§
w 3¢ ’ wh 2w’

—ca3 iJw 4 —iy/cas
as = ———, = ) = )
ST 2ub P T 2yt T akywb,

(3.14)

we have the following new complex dark soliton solution to the Eq. (1.1);
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Fig.7 The periodic wave surfaces of Eq. (3.13) forw =0.9,¢ =0.2,d =03,k =0.5, E = 0.1,
y=3,t=085—-6<x<6
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Fig.8 The combination of contour graphs of both side of Eq. (3.13) forw = 0.9,¢ = 0.2,d = 0.3,
k=05E=0.1,y=3,-120 <x < 120, —120 < t < 120

azs/—1+ tanh(—if (x, y, t))

O AL ¥ fanh(—if (. y.0) + Ebiy/—1 — tanh(—if (x.y. D)
ca3(—1 + tanh(F42 (kx + wy — ¢n)) w
2w(E /=T tanh(=if (x, y, D) + Ebiy/—1 — tanh(—if (x, y,0))? 3¢’
—C
V3 = 7“3,

(3.15)
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Fig.9 The3D graphsofEq.(3.15)forw = 0.9,¢ =0.2,a3 = 0.3,k = —-0.5,b; = —0.6, E = 0.1,
y=3-6<x<6,-6<t<6

Fig. 10 The contour graphs of Eq. (3.15) for w = 0.9, ¢ = 0.2, a3 = 0.3, k = —0.5, by = —0.6,
E=01,y=3-120<x <120, -120 < t < 120

inwhich f(x, y,t) = kiﬁ(kx + wy — ct). For suitable values of parameters, 2D and
3D figures along with contour graphs of Eq. (3.15) may be observed in Figs.9, 10,
11,12 and 13.
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Fig. 11 The periodic wave surfaces of Eq. (3.15) forw = 0.9,¢ =0.2,a3 = 0.3,k = —0.5, b1 =
—06,E=0.1,y=3,t=085—-6<x<6
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@

Fig. 12 The combination of contour graphs of both side of Eq. (3.15) for w = 0.9, ¢ = 0.2, a3 =
0.3,k=-05,b =-0.6,E=0.1,y=3,-120 < x < 120, —120 <t < 120

4 Conclusion

In this manuscript, the complex dark and bright soliton solutions to the Eq. (1.1)
have been obtained by using IBSEFM. It has been observed that all solutions found
in this paper have been satisfied the Eq. (1.1) considered. With the suitable val-
ues for parameters, based on the physical meanings and properties of model taken,
and also, for better understanding of the physical meanings of the dark and bright
soliton solutions, the three- and two-dimensional graphs and contour simulations
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Fig. 13 Periodic wave surfaces of combination of real and imaginary part of Eq. (3.15) forw = 0.9,
¢=02,a3=03,k=-05b =-0.6,E=0.1,y =3, —-120 < x < 120, —120 < ¢t < 120

have been plotted with the help of several computer programs. The solitons of wave
propagations can be observed from 3D Figs. 1, 5 and 9 along with 2D Figs.3, 7
and 11. Moreover, high points of the mixed dark and bright soliton solutions, being
Egs.(3.10), (3.13) and (3.15), can be seen from contour surfaces of Figs.2, 6 and
10, as an alternative and new perspective to the 3D graph. Combinations of contour
graphs of real and imaginary parts of mixed dark and bright soliton solutions can be
also viewed from Figs.4, 8 and 12. Furthermore, more reality surfaces of solitons
can be observed from Fig. 13 being combination of 2D graphs of real and imaginary
parts of mixed dark and bright soliton solutions of Eq. (3.15). After all simulations, it
can be understood that complex mixed dark and bright soliton solutions have shown
the expected physical properties. Comparing some paper existing in literature [29],
it can bee viewed that solutions of Egs. (3.10), (3.13) and (3.15) are entirely new
complex mixed dark and bright soliton solutions to the Eq.(1.1). To the best of our
knowledge, the application of IBSEFM to the negative-order breaking soliton model
with (2+1)-dimensional has been not submitted in advance.
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Abstract Inthis work we apply an algorithm for the g-homotopy analysis transform
method (g-HATM) to solve the Cubic Isothermal Auto-catalytic Chemical System
(CIACS). This technique is a combination of the Laplace decomposition method
and the homotopy analysis scheme. This method gives the solution in the form of
a rapidly convergent series with h-curves are employed to determine the intervals
of convergent. Averaged residual errors are used to determine the optimal values of
h. We show the behavior of the solutions graphically. The g-HATM solutions are
compared with Numerical results by Mathematica and with finite difference method
and excellent agreement is found.
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1 Introduction

Merkin et al. in [26] investigated the reaction-diffusion traveling waves that occur in
isothermal auto-catalysis chemical system. The researchers proposed that the reac-
tions take place in two regions. These regions are separated and parallel. The quadratic
auto-catalysis represents the reaction in region I and is presented by

A+ B — 2B(rate kyab), (1.1)
with the step of the linear decay
B — C(rate kyb), (1.2)

where a and b are indicating the concentrations of reactant A and auto-catalyst
B, the k;(i = 1, 2) are the rate constants and C is some inert product of reaction.
The reaction in region /1 was the quadratic auto-catalytic step (1.1) only. The two
regions were considered to be coupled through a linear diffusive interchange of the
auto-catalytic species B. In this study we assume a similar kind of system as I, but
having cubic auto-catalysis

A +2B — 3B(rate kzab®) (1.3)
together with a linear decay step
B — C(rate k4b). 1.4)
This gives to the system of equations below.
The subsequent nonlinear problem on ¢ > 0 and 7 > O for the dimensionless

concentrations (o, §1) in region I and (a3, 3,) in region /1 of species A and B is
considered

= s -

? _ %ﬂl B — kB + (B — B1), (1.6)
T 2

0B, _ 00 + w3 + 7B — B, (1.8)

or 02
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with the boundary conditions
;(0,7) =a;(L,7) =1, B;(0,7) =Li(L,7)=0. (1.9)

The dimensionless constants k and ~y indicates the strength of the auto-catalyst
decay and the coupling between the two regions respectively.

The system of Egs. (1.5)—(1.8) also studied by [30] for space-fractional derivative.
The fractional extension of CIACS is similarly useful and gives very interesting
consequences, in this regards one can refer the work on fractional calculus [5, 18,
34, 37, 40]. The main idea of this work is to apply the g-HATM [19] on the CIACS and
study the effectiveness and accuracy of this method. The g-HATM is a combination
of g-HAM [19] and Laplace transform. Also we modified the work [31, 32] to g-
HATM [19]. The convergence of g-HAM and applications of this method on models
are studied in details [7, 14-17, 27].

The present article is organized as follows. The second section describes the basic
idea of the standard g-HATM. The third section is devoted to the application of g-
HATM to CIACS. The forth section is devoted to the numerical results. In the last
section, we summarize the results in the conclusion.

2 Basic Ideas of the q-HATM

Definition 2.1 If D! is linear differential operator of order r, then the Laplace trans-
form for the fractional derivative D’ f(7) is given as

r—1

LIDLf(T) =s"F(s) =Y fP0OHs ™" 70, (2.1)

k=0

F(s) = /OO f(r)e*Tdr.
0

In order to illustrate the basic concepts and the treatment of this method we let
Nla(s, 7)] = g(s, 7), where N represents the nonlinear partial differential operator
in general. The Linear operator can be divided into two parts. The first part represents
the linear operator of the highest order and indicates by L. The second part represents
the reminder parts of the linear operator and indicates by R. So, it can be illustrated
as

La(s, 7) + Ra(s, 7) + Na(s, 7) = g(, 1), (2.2)
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where Na(s, 7) denotes the nonlinear terms. Now, if we let L = D’ and apply the
Laplace transform to Eq. (2.2) we obtain

LD a(s, 7]+ LIRa(s, )] + LINa(s, )] = LIg(s, T)]. (2.3)

Making use of (2.1) we then have

r—1

1 A A 1
Llat, M= < > a6 0T + SLIRa(s, 7) + Na(s, ) — (s, 1] =0,
i=0
(2.4)

We express a nonlinear operator as

r—1

1 . .
NlgGs, 7, )] = LIpG, 751 — = Y 6P, 057!
$izo (2.5)

1
+ ;E[R(¢(§, 759)) + No((s, 75 ¢)) — g(s, ™),

In the above expression g € [0, 1/n] is denoting an embedding parameter and
¢(s, 75 q) is a real function of ¢, 7 and ¢g. By modifying the well known concept
of homotopy methods Liao [20-23] constructed the deformation equation of zero
order written as

(1 = ng)LI¢(s, 75 q) — ap(s, )] = ghH (s, DN[9(s, T3 @)1, (2.6)

Here h # 0 is an auxiliary parameter, H (¢, 7) # 0 is an auxiliary function, ag(s, 7)
is an initial approximation for a(s, 7) and ¢(s, 7; ¢) is an unknown function. It is
obvious that, when ¢ = 0 and ¢ = 1/n, we have

¢, 7;0) = apls, 7), o5, 75 1) = als, 7), 2.7

respectively. Therefore, as g increases from 0 to 1/n, then there is a variation in solu-
tion ¢ (s, 7; ¢) from the initial approximation oy (s, 7) to the solution a(s, 7). Writing
¢(s, T; q) in series form by using Taylor theorem about g we get the following result

¢(5, 73 9) = ao(s, ) + Y an(s, T)g", (2.8)

m=1
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where

"p(s, 71 q)

1
m g &

(s, 7) =

If various parameters, operators and the initial approximation are properly selected,
the series (2.8) converges at g = % and we get

o0 1 m
als, ) =ap(6, )+ D s, (=) - (2.10)
n
m=1
Let us now define the vectors

am(s, 7) = {ao(s, 1), ai (s, 7), aa(S, 7). ..y (5, T)} (2.11)

Now we differentiate the Eq. (2.6) m times with respect to ¢, then set ¢ = 0 and
finally divide them by m!, and we get

Llom (s, T) — Xpam—1(s, )] = hH (S, )Ry (1 (s, T)). (2.12)
Here
- 1 0" ' WG, 59D
Run(Qm-1) = m— 1! aqm71 |q=0 (2.13)
and

Oifm<1,
X = {n ifm > 1.
On finding the inverse of Laplace transform of (2.12) we get a power series solution
als, ) = anozo a,, (S, 7')(%)’” of the original Eq. (2.2).

To determine the interval of convergence of the g-HATM solutions, we use the
h-curves. We can obtain the h-curves by plotting the derivative of the g-HATM
solutions with respect to 7 against & and then setting 7 = 0. Finally, the horizontal
line in the & curve which parallels the ¢ axis gives the interval of convergence [21].
However, this procedure cannot determine the optimal value of /. Hence, we use the
procedure which has been discussed by [3, 10, 24, 31, 32, 39]. Let

A(h) =/ N (an(s, 7)))* dQ, (2.14)
Q

which denotes the exact square residual error for Eq. (2.2) integrated over the whole
physical region. As A(h) — 0, the rate of convergence of the g-HATM solution
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increases. To obtain the optimal values of the convergence control parameter &, we
minimize A(h) associated with the nonlinear algebraic equation

ot _ o, (2.15)
dh

2.1 Convergence Analysis

To establish the convergence of the solution, we first need to give some conditions
needed to prove the convergence of the series (2.10). These have been given by
Odibat [29] and Elbeleze et al. [8] and Huseen and El-Tawil [14] via the following
theorem:

Theorem 2.1.1 Let the solution components o, a1, iz, . . . be expressed as given in
(2.12). The series solution anozo am(%)’” written in (2.10) converges if 30 <r <n
.t lamgrl] < (Ollaml| for all m = my, for some mo € N.

Moreover, the estimated error is given by

k
1 1 r
o =Y an(=)"] < ——— (=) apll. (2.16)

3 q-HATM solution of CIACS

In this portion, we apply the g-HATM on CIACS. We take the initial conditions to
satisfy the boundary conditions, namely

ai(c,0)=1- Za"i cos(0.5(L — 2¢)A) sin(AL/2), (i = 1,2), (3.1)
n=1

Bi(s,0) = me c0s(0.5(L — 2¢)A) sin(AL/2), (i = 1,2), 3.2)
n=1

where A = “F. As we know that HAM is based on a particular type of continuous
mapping
ai(s, 7) = ¢i(6, 71 q), i, T) = Yi(s, T3 q)

such that, as the embedding parameter g increases from 0 to 1/n, ¢;(s, 7; q),
i (s, 75 q) and i = 1, 2 varies from the initial iteration to the exact solution.
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We now present the nonlinear operators

Ni(9i(s, 73 9)) = Li ($i(s, T3 9)) — %ai(g, 0)
+ %Li (—d)i,gg 73 @)+ 6i (s, T DU (s, 73 q)) ;
Mi@i(S, 73 9)) = Li (i(s, 73 9)) — éﬂi(ﬂl 0)
+ %Ei (—¥ice (6. 1 @) + (=26 = Dk + k)i (s, 7 q)
+ D@17 ) — a6 T ) — Gi(s, T DV, 7))
Now, we develop a set of equations, using the embedding parameter g
(I = ng) Li($i(s, 73 q) — io(s, 7)) = ghH (s, VN (¢i (s, 3 ),
(1 =ng)Li(@i(s, 75, 9) — Bio(s, 7)) = qhH (s, T)M; (i (s, 75 ),

with the initial conditions

05,05 q) = io(s,0), i(s,0;q) = Gio(s, 0), (( =1,2)

where i # 0 and H (g, 7) # 0 are the auxiliary parameter and the auxiliary function,
respectively. We expand ¢; (s, 7; ¢) and ¥; (s, 7; ¢) in series form by employing the
Taylor theorem with respect to g, and get

$i(5, 73 q) = aio(S, T) + Y _ qim (s, T)g", 3.3)
m=1
%i(s, 75 q) = Bio(s, T) + Y Bim (s, 7", (3.4)
m=1
where
_ 1 am(bi (C, T, q)
Qim (S, T) = E&'q—’""]:o’
1 9"Yi(s, 75 9)
Bim(s, T) = %aq—mbzo-

Ifweletg = % into (3.3)—(3.4), the series become

o0 1 m
(6. 7) = g6, ) + Y i (S, 7) (;) ,

m=1
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o0 1 m
Bi(s, 7) = Bio(s, T) + Y Bim(s, 7) <;) :

m=1

Now, we construct the mth-order deformation equation from (2.12)—(2.13) as follows:
Li(im (S, T) = Xn@igm—1)(s, 7)) = hH (S, T) Ry ((Gim—1+ Bigm—1))),

Li(Bim(s, T) — X Bim—1)(s, 7)) = hRH (S, T) Ry (G m—1), Bi(m—l)))v
with initial conditions «;,,(s,0) =0, G;u(s,0) =0, m > 1 where

B - 1 Xon
Ri((@ign-1)> Bigm-1))) = Li (Oéi(m—l)(Q T)) - ;Oéi(C, 0)(1 — 7)

1
+ ;‘Cz (_ai(m—l),gg (g, t) + Oéi(m—l)(g, T)ﬁiz(m_])(gv T)) )

- - 1 Xon
Ro((Gim—1 Bim-1))) = Ligm—1) (Biem-1 (5. 7)) — ;55(9 0) (1 - 7)

1
+ ;Li (=Bim=1).cs (€, T) + (=20 = Dk + ik)Bim—1)(s, T)
+ (=D'yBron=1), 7) = Bagm-1)(5, 7))

— Qim-1)(s, T)B,-z(m,l)(g T3 q)) .

If we take £; = Laplace transform (i = 1, 2) then the right inverse of £; = inverse
Laplace transform will be £

Qim = X Qigm—1) + h LT Ry ((Qim—1), Bi(m—l))), (3.5)

Bim =X Bigm-1) + h»ci_lRZ((ai(m—l)» Bi(m—l)))~ (3.6)

4 Numerical Results

In this part, we compute the first approximations. We show the behavior of the
solution graphically and investigate the intervals of convergence by the h-curves.
Also, we will compute the average residual error. Finally, we will check the accuracy
of the g-HATM solutions by comparing with another numerical method using the
command NDSolve by Mathematica. We take the initial approximation

aio(s, 7) = aio(s, 0),  Bio(s, 7) = Bio(s, 0). 4.1)

For m = 1, we obtain the first approximation as following:
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aip =hL;! <£i (@io(s, 7)) — %Oéi@, 0Oa - %) 4.2)
1
+-Li (=0 (s, T) + ciols, T) B (S, T))> , (4.3)
—1 1 Xon
Bin = hi; <£i (Bio(s, 7)) — Eﬂi(C, 0 — 7) 4.4)
1
+ ;Ei (=Bio.c(s, T) + (=20 — Dk 4+ ik)Bio(s, ) 4.5)

+ (=D (Bro(s, T) = Bao(s, 7)) — aiols, MBS, T39))) . (4.6)
And by the similar procedure we can evaluate the rest of the approximation.

First we show the g-HATM solutions for CIACS for different values of 7. In
Fig. 1 the g-HATM solutions are displayed against ¢ forn =5, k = 0.1, v = 0.2,
L =100, a,, =0.08,a,, =0.07,b, = 0.0054,b,, = 0.0055 with 7 = 0.5, 15, 50.
From this figure we find that the oscillation produced by the reaction in the system of
finite size. And also, we find that, beside the boundaries, the g-HATM solutions are
more significant compared the g-HATM solutions far away from the boundaries. The
amplitude of the oscillation decays with increasing the distance from the boundaries.
These behaviors agree with [4, 6, 9]. It is clear that the symmetric pattern for CIACS
with respect to ¢ = L/2. The two dominant modes generated from the boundaries
are travelling towards the center. Thus permanent travelling waves solution exists in
systems of finite size with periodic initial conditions and these behaviors agree with
[25]. For more details for the effects of other parameters on the behaviors of CIACS
see [26, 33].

4.1 h-Curves

To observe the intervals of convergence of the g-HATM solutions, we draw the h-
curves of 5 terms of g-HATM solutions in Figs. 2,3 and 4 forn = 1,5 and n = 20
respectively. In Fig. 2a, we draw a1, (s, 0), as- (s, 0) and in Fig. 2b we draw (3, (s, 0),
B2+ (s, 0) against i respectively atk = 0.01,y = 0.4, L = 100, ¢ = 20, a,, = 0.001,
a,, = 0.002, b,, = 0.001, b,, = 0.002. From these figures, we note that the straight
line that parallels the /-axis provides the valid region of the convergence [21].
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Fig. 1 The q-HATM solutions are displayed against ¢ for n =5, k = 0.01, v = 0.4, L = 100,
an, = 0.08, a,, = 0.07, b,, = 0.0054, b,, = 0.0055. Solid line: 7 = 0.5, Dash line: 7 = 15, and
Dot line: 7 = 50
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Fig. 2 The h-curve of the 5-terms of g-HATM solutions at n = 1, k = 0.1, vy = 0.2, L = 100,
¢ =20, a,, =0.001, a,, =0.002, b,, =0.001, b,, = 0.002. Solid line = (s, 0), Bi1-(s, 0),
Dash line = a2-(s, 0), 52-(s, 0)

4.2 Average Residual Errors

We notice, however, that h-curve does not give the best value of the parameter /.
So, we evaluate the optimal values of the convergence-control parameters by the
minimum of the averaged residual errors [1-3, 11, 13, 24, 31, 32, 35, 36, 38, 39]

R " 100s 30/\\ 1
E, (h) = NM ZZ N Zaik ( Ns’ #) , 4.7)
=0

K Jj=0 k=0
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Fig. 3 The h-curve of the 5-terms of g-HATM solutions at n =5, k = 0.1, v = 0.2, L = 100,

§ =20, ay, = 0.001, a,, = 0.002, b,, = 0.001, by, = 0.002. Solid line = a(s, 0), Bi-(s, 0),
Dash line = aa- (s, 0), f2- (s, 0)
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Fig. 4 The h-curve of the 5-terms of g-HATM solutions at n = 20, k = 0.1, v = 0.2, L = 100,

¢ =20, ay, = 0.001, a,, = 0.002, b,, = 0.001, b,, = 0.002. Solid line = 31, (s, 0), a1, (s, 0),
Dash line = a7 (s, 0), 527 (<, 0)
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corresponding to a nonlinear algebraic equations

E.

dEa ) _ o (4.9)
dh

dE,

dEs () _ o (4.10)
dh

We show E,, (h) and Eg, (h) in Figs.5, 6, 7 and 8 and in Table 1 for different values
of n. Figures 3-8 and Table 2 show that the E,, (h) and E, (h) for 5 terms g-HATM
solutions. We set into (4.9)—(4.10) N = 100 and M = 30 with £k = 0.1, v = 0.2,
L =100, a,, =0.001,a,, =0.002,b,, = 0.001,b,, = 0.002. We use the command

Find Minimum and Minimize of Mathematica and the plotting of residual error
against & to get the optimal values 4.
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Fig. 5 The averaged residual errors at the 5-terms of the g-HATM solutions for a4 (¢, 7) with
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Table 1 Optimal values of & for ¢-HATM solutions of «; (¢, 7) at 0 < ¢ < 100,0 <7 <30,k =
0.1, =0.2, L =100, a,, = 0.001, a,, = 0.002, b,, = 0.001, b,, = 0.002

n Optimal value of i, | Minimum of E,, (h) | Optimal value of &, | Minimum of E, (h)
1 —0.404028 3.59782 x 1013 —0.520508 2.3569 x 10713

5 —2.02603 3.59593 x 10~13 —2.63657 3.02373 x 10713
20 —8.10413 3.59593 x 10~13 —10.3873 2.55769 x 10~13
Table 2 Optimal values of 4 for g-HATM solutions of 3; (¢, 7) at 0 < ¢ < 100,0 <7 <30,k =
0.1,7=02, L =100, a,, = 0.001, a,, = 0.002, b,, = 0.001, b, = 0.002

n Optimal value of hg, | Minimum of Eg, (h) | Optimal value of i3, | Minimum of Eg, (h)
1 —0.137431 7.02541 x 10~10 —0.223388 3.67024 x 10710

5 —1.18981 3.67977 x 10710 —1.38421 1.95288 x 10710

20 —5.34697 2.76228 x 10710 —5.50912 1.94929 x 10710

(b)

Fig. 9 The comparison of the 5-terms of the g-HATM solutions with numerical method in Math-
ematica for n =5, ho, = —0.30, hg, = —0.18, hy, = —0.30, hg, = —0.21, k = 0.1, y = 0.2,
L =100, a,, = 0.001, a,, = 0.002, b,, = 0.001, b,, = 0.002

4.3 Comparison Analysis

Now, we compare 5-terms of g-HATM solutions obtained with a numerical method
using the commands with Mathematica 9 for solving CIACS numerically. We
draw the 5-terms of HATM solutions in Fig.9. Figure9 shows the comparison of
g-HATM solutions with numerical method for n =5, k = 0.1, v = 0.2, L = 100,
a,, = 0.001, a,, = 0.002, b,, = 0.001, b,, = 0.002. We observed from this figure
that the QHATM solutions have a good agreement with the results by Mathematica.
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We also compare our results also with finite differences method. We descre-

tise with time step: AT = NL and in space with grid spacing A¢ = <, and let
Tj = jAT, whereO <j<N,andg, = nAq 0<mn<N. Weputaln = al(g, T),

= Bi(s, 1), azn = (s, 7) and a2n = a;(s, 7). Then the finite differences
approx1mat10ns for (1.5)—(1.8) are given by

altl = =2ra], +r(af ., +af, ) — AT, (3], (4.11)

j+1 = (1 2}’)ﬂ{n + r(ﬁ{,nJrl + ﬁ{,nfl)

j j j i a2 (4.12)
+ A (kB +70L, - 8],) - @], 6])7).
astl = —2na), + @], +ab, ) — AT, (B3,)7), (4.13)
B = =2n8], +rB] i + B = 8L @i
+ B, = B, — AT, (B],)),
where r = 7 A )2 ‘We mention that here we use the central difference scheme for the

space derivatlves of second order and the forward difference scheme for the time
derivative of order one [28]. The initial and boundary conditions become

(a) (b)
0.00012 0.00012
0.00010 0.00010

‘g‘ 0.00008 ‘g 0.00008

@ 0.00006 m 0.00006
0.00004 0.00004
0.00002 0.00002
0.00000 0.00000

(0
0.00025 (d) 0.00025
0.00020 0.00020

S 0.0001 8

LE . 5 LE 0.00015
0.00010 0.00010
0.00005 0.00005
0.00000 0.00000

Fig. 10 The absolute error between the 6-terms of the g-HATM solutions with numerical solutions
by (4.11)—(4.14) scheme for a ay, b 31, ¢ ap, and d 5 with h = —1.95, k =0.1,y=0.2, L =
1, T =1,A¢ = g5, AT = 5355, an, = 0.001, @y, = 0.002, by, = 0.001, by, = 0.002. Solid line
(n = 1), Dashed line (n = 5)
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af, = ai(s(n) = o, B, = Bilc) = B, i=12, n=012..., N,
aly=1=al . Bly=0=p5/i=12j=12_..N.

Stable solutions with the (4.11)—(4.14) scheme are only obtained if r < % See,
e.g., [12, 28] for a proof that this condition gives the stability limit for the (4.11)—
(4.14) scheme. In Fig. 10, the absolute error between the g-HATM solutions and the
numerical solutions by the (4.11)—(4.14) scheme are plotted. Also, in this figure we
show that the effect of the factor % on the accelerate of the convergence. It is clear
when 7 is increasing, the absolute error is decreasing.

5 Conclusion

In this paper, the g-HATM was employed to analytically compute approximate solu-
tions of CIACS. By comparing g-HATM solutions with results by Mathimatica, the
averaged residual error the residual error and finite difference method were found an
excellent agreement. Also the effected on the accelerating of the convergence by the
factor % is shown. Mathematica was used for the computations of this article.

Competing Interests The authors declare that there is no conflict of interests regarding the publi-
cation of this paper.
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Numerical Study of Effects of Adrenal )
Hormones on Lymphocytes i

Shikaa Samuel, Vinod Gill, Devendra Kumar and Yudhveer Singh

Abstract Lymphocytes play significant defensive role to keep the body healthy.
However, there is substantial evidence that adrenal hormones such as epinephrine,
norepinephrine, and cortisol generated by psychological stress suppress the activi-
ties of the immune system or alter the activation and mobilization several immune
cells particularly lymphocytes during infections. Glucocorticoid receptors expressed
by the immune cells makes binding those hormones possible. This work formulates
a mathematical model to examine the impact of adrenal hormones on the immune
system with respect to time evolution and spatial distribution cells in response to
hormones concentration. The steady state of the model is studied and found to be
uniformly and asymptotically stable subject to the secretion and decay rates of hor-
mones. The numerical experiments using the free diffusion equations further investi-
gates the dynamic behaviour of the “bound” lymphocytes secretion rate of the adrenal
hormones induced by psychological stress.

Keywords Reaction—diffusion equations + Lymphocytes + Adrenal hormones -
Mathematical model

S. Samuel
Department of Mathematical Sciences, Taraba State University, Jalingo, Nigeria
e-mail: shiksmen@ gmail.com

V. Gill

Department of Mathematics, Government Post Graduate College Hisar, Hisar 125001, Haryana,
India

e-mail: vinod.gill08 @ gmail.com

D. Kumar
Department of Mathematics, University of Rajasthan, Jaipur 302004, Rajasthan, India
e-mail: devendra.maths @gmail.com

Y. Singh (X))

Amity Institute of Information Technology, Amity University Jaipur, Jaipur 303002, Rajasthan,
India

e-mail: yudhvir.chahal @ gmail.com

© Springer Nature Singapore Pte Ltd. 2019 261
J. Singh et al. (eds.), Mathematical Modelling, Applied Analysis

and Computation, Springer Proceedings in Mathematics & Statistics 272,
https://doi.org/10.1007/978-981-13-9608-3_18


http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-13-9608-3_18&domain=pdf
mailto:shiksmen@gmail.com
mailto:vinod.gill08@gmail.com
mailto:devendra.maths@gmail.com
mailto:yudhvir.chahal@gmail.com
https://doi.org/10.1007/978-981-13-9608-3_18

262 S. Samuel et al.

1 Introduction

The adrenal hormones are known to influence the activities of immune system in
human and other animals. People exposed to life threatening issues are prone to
chronic and persistent stress. For instance, a person diagnosed with any terminal
disease such as HIV infection or cancer faces social and emotional challenges. Psy-
chological stress that comes with the diagnosis of such illnesses often requires as
much attention as the infection [1]. Lymphocytes are specialized white blood cells
whose function is to identify and destroy invading antigens [2, 3].

The lymphocytes are vital components of the immune system alongside with
macrophages, antigen receptors and antigen-presenting cells [4, 5]. Psychological
stress is an unpleasant state of emotional and physiological arousal that people expe-
rience in situations that they perceive as dangerous or threatening to their well-being
[6]. Psychological stress gets inside the body through the brain by the influence of the
impulses via the nerve fibres that descend from the brain into the bone marrow and
thymus, spleen and lymph nodes that connect with lymphoid tissues. These fibres
release adrenal hormones such as epinephrine, norepinephrine, and cortisol that bind
on the receptors on lymphocytes thereby changing the functionality immune system
[7]. When psychological stress is excessive, prolonged and chronic, it breaks down
the body’s defense mechanism and leaves the body vulnerable to infections [8].

In light of the above, we propose a deterministic mathematical model to study the
temporal-spatial dynamics of lymphocytes and Adrenal Hormones interaction via
numerical experimentation inspired by [9, 10]. The secretions of adrenal hormones
during chronic and persistent stress cases are separately examined. The rest of the
paper is organized thus. In the second section, the mathematical model is proposed
which is followed by tabular description of each equation. In the same section, the
stability of the diffusion free system is investigated; equilibrium point obtained and
studied. In addition, some estimates of the full diffusion model are also examined in
appropriate Sobolev spaces. In section three, the diffusion free model is solved using
classical Runge-Kutta method while the full diffusion model is solved by explicit
forward in time, central in space (FTCS) method with appropriate stability condition
of the scheme and the corresponding results are presented alongside. The last section
is concluding remarks.

2 Formulation and Analysis of the Model Equations

2.1 Model Formulation

In these model equations, the diffusions of the respective component are modelled
using Laplace operator. The zero flux boundary conditions are imposed on the system
to study the phenomenon in bounded two dimensional domain €2. u; (x, ¢) represents
the density of normal lymphocytes at time #; u, (x, ) : The concentration of adrenal
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Table 1 Biological meaning of the system

263

Equation | Terms description

Eq. (D) D Auy: diffusion term for normal cells | §: source term for normal cells
Bus: proportion of bound cells that —aujuy: Proportion of normal cells
revert to normal upon which adrenal hormone bound
—pquy: proportion of dead normal cells

Eq. (2) D, Auy: diffusion term for adrenal apup: natural secretion of adrenal
hormones hormones
—pauy: decay term for adrenal &(x, t): secretion of adrenal hormones
hormones by psychological stress

Eq. 3) D3 Auy: diffusion term for bound cells
—(B + p3)us: sum of proportions of auuy: proportions cells bound by
dead bound cells and those that revert to | natural and stress induced secretions
normal

hormones at time #; u3(x, t): The density of bound lymphocytes at time .

ou

a—tl=D1AM1+3+,3M3—061M1142—H1M1 (D
Bug
o = Do Aus + oouy — pous + &(x, 1) ()
3u3
ETin D3 Auz + ayuyuy — (B + w3)us 3)

ur(,0) =ul, ur(., 0) = ud, uz3(.,0) =, ing2

8u1 8u2

_ __8U3
an on

=0
on

on Q2

where oy, a2, B, 11, 2, w3 > 0,D1,D,,D3 > 0, e(x,t) = O0ast — oo.
We described system, Eqgs. (1)—~(3) term by term in Table 1 and parameter values
given in Table 2.

2.2 Model Analysis

Here, the steady state solutions of the ODE system is obtain and the system linearize
around the equilibrium point. The eigenvalues of the associated matrix of the lin-
earized system determines stability as in [14]. In the case of the PDE, we obtained
L? and L™ estimates.
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Table 2 Parameter values

Symbol | Description Values
ol Binding rate of adrenal hormones on lymphocytes 0.002/day
o Natural secretion rate of adrenal hormones 0.04/day [11]
) Source term form lymphocytes 3.63E02cells [12]
B Rate bound lymphocytes revert to normal 0.001/day
w1 Death rate of normal lymphocytes 0.06/day [12]
7% The adrenal hormone decay rate 0.1/day [11]
3 Death rate of bound lymphocytes 0.06/day
e(x, 1) Secretion of adrenal hormones induced by psychological
stress
Dy Diffusion coefficient of lymphocytes 0.0045 mm?/day [13]
D, Diffusion coefficient of adrenal hormones 0.0052 mm?/day
Ds Diffusion coefficient of bound lymphocytes 0.0045 mm?/day [13]

o
M2 —02
homogeneous steady state p(u’f, uj, uﬁ)

Theorem 1 For u, > o, and

> 4 the system, Eqs. (1)~(3) admits a spatially

Proof Assume that diffusion of the component decrease slowly to a negligible value,

oo . 8 _ 8 _ 3 3
then at equilibrium state, set % = ﬁ = ﬁ =0, we have
0 =208+ Bus — ajujuy — pyug, €]
0 = apuy — paus + &*, &)
0 = ajujuy — (B + u3)us, (6)

Solving Egs. (4)—(6) simultaneously, we obtain positive equilibrium values

. 3(B + 13)

U = * % )

(B + w3) (el — pr) + Boryu

* 8*
u, = ———, )
MH2 — a3
8 *

ui = _— . ©)

B+ M3)(al”2 - /Ll) + ﬂaluz

provided p, > «p and M‘E_* = = Z_,lv hence the proof.

Theorem 2 Let u' = Ju be a linearized system of Egs. (11)—(13). Suppose that the
Jacobian matrix J is a constant matrix, with eigenvalues Ay, Ay, A3 and Re();) < 0
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foralli=1,2,3, then the spatially homogeneous steady state @(uf, uj, ug‘) of Egs.
(1)—(3) is uniformly and asymptotically stable.

Proof Now, let the kinetic parts of Egs. (1)-(3) be expressed as below:

Q1 =08+ Buz — oy — (L, @2 = iy — foty + &(x, 1),
03 = ajuguy — (B + pu3)us.

Then, the Jacobian matrix evaluated at (u7, u3, u3) is given by

—Quy — i —Ql B
J(uy, w5, u3) = 0 ap — U 0
7 aju; —(B + ua)

Now, we solve for the eigenvalues from the characteristics equation as follows:

—C(ll,t; — Uy — A —011'[1|= /3
|}, w5, u5) — M| = 0 o — po — A 0 =0,
o uy o Uy —(B+u3)—2

(10)

where A is the eigenvalues while 7 is the 3 x 3 identity matrix. This leads to the
characteristic equation

(a1 — 2 — M(A* — (A1 + A)A + AjAr + A3) =0, (11)

where A| = —ojus — 1, Ay = —(B + 3), Az = —Bayuj.
Solving (11), we obtained the following eigenvalues

(A1 + A7) — V(A +A2)* — 44,14, + As)
5 ,
jy = A4+ V(A1 + A% — 4(A1A; + A3)
o 2

Al =01 — U2, Ap =

(12)

It remains to check whether the real parts of Eq. (12) are negative. Clearly, 1| and
Ay are both negative but A3 < 0 if and only if

(A1 +A2) > (A1 + 422 — 4(A s + As). (13)
This suffices to show that (414, + A3) > 0
AlAr + Az = (B + w3)uy + wi (B + n3) — Baqu; (14)

Since u; > 0 and B, j3 are positive constants, therefore
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AjAy + Az > Boquy — Baguy + i (B4 u3) = (B + p13) > 0, = A3 < 0.
(15)

Since all the eigenvalues Eq. (12) are negative, the system is uniformly and asymp-
totically stable around the equilibrium point (u}, 5, u3) and this completes the proof.

Now, we define the time dependent Sobolev spaces to enable us obtain the esti-
mates.

Definition 3 [15]: let X be a generic nonempty setand 1 < p < oo

C(0,T]; X) :={u|u : [0, T] — X continuous }, (16)
T
PO, T;X) = uu measurable,/ lu®)||Pdt < oo ¢ . (17)
0

For an integer m > O and real p with 1 <p <ooand X = Q C R2, we define
the Sobolev space

WP (Q) = [u € L(Q)|D% € I ()V|al| < m) (18)

equipped with the following norms

1/p
( > le“uI”dx) 1 <p< oo,
Uwmp(Q) =

la|<mQ (19)
> esssup|D”ul p = 00,
loe|<m Q
1/p
lutl gy = Z /|D°‘u|”dx 1 <p<oo. (20)
\al:mQ

Now, for p = 2, a Hilbert space is defined Wm2(Q) = H™() with the inner
product

W, Vma = Y (D*u, D*v)gq. @1
|| <m
Hg(Q) = {u € H'|u = 00n 92} with dual H~'(£2).
Theorem 4 Let u(l], u(z), ug e L*(Q) and (x,1) € LZ(O, T, LZ(Q)), then uy, uy, uz €

I? (0, T, HO1 (Q)) with aait‘, %, % e [? (0, T, HO_l (Q)),furthermore the estimates
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l|21 (f)”LZ(Hol) a1 (@)1l oo 12y

2Ol 2y | and | Nua (@)l o2

lluz Ol 22ay) lus ()Nl 2o 22y
are bounded by the data.

Proof Multiplying Eq. (1) by u; and integrating over the domain, we have

ou
8—;M1 D1/AM1M1 +/5M1 +,3/M3M1 —Oll/mldzul _leulul (22)
Q Q Q Q Q Q

Using the Young’s inequality, integrating the first term on the right hand side by
parts, applying the boundary condition and dropping the negative terms, we have

10 1 ,3
3 8t ut + Dy | Vuy.Vuy < 3 Sut + (u3 +uj), (23)
Q Q

J+p B
—Euul(r)n;+Dl||u1<r)||§,(}s 5 ||u1(t)||iz+5||u3(r)||iz 24)

In the same manner for Egs. (2) and (3), we have
9 2 2 _ % 2
Eglluz(t)lle + Dallua Dl = Elluz(t)lle + lleC Dl lua (D)l 2 (25)

a o
5 51O+ Dslus @1y < 5 (@I + Tl + lus@)]7:) - (26)

Writing Egs. (24)—(26) in vector form, we realize

2
()17 s (Ol 1 (072 0
53, | @l | + | He®lg | <M | lw®lz |+ | e 0lzlun®ls
lus ()17 s ()17, lus (1172 0

27

S+oa1+8 a1+ aj+ B S+o+8
M = max , , = .
2 2 2 2

Now integrating in time and using of Cauchy-Schwarz inequality leads to

2
D7\ [ 4 H e D172

S| eI | =5 ||u2||é + | I @17 )
lus (T) 1172 |37 ||”3(’)||i2(f1(;)
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”ul(t)uiz([}) 0

<M [ N7y | + | leCoDlzae @l (28)
lus ()72 .2 0

Using Poincare’s inequality on the right hand side of Eq. (28) and that

s ()2 0 12
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s (12 (1 0 (KL

()12 0 |6
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3 Numerical Solution

3.1 Diffusion Model

Assuming the diffusions of respective interacting components decrease to zero; we
solve the resulting system of ordinary differential equations using classical Runge-
Kutta method:

du1
o =0 + Buz — ajuiuy — L1y (€1))
du2
— = Uy — UaUp —+ 8([) (32)
dt
du
d_: = aiuiiy — (B + p3)uz (33)

up(0) = u), ur(0) = ), u3(0) = u

Now, let u = (u1,up,u3) and t,41 = t, + h,n = 0,1,2..., the fourth order
Runge-Kutta [16]

1
Upy1 = Uy + g(kl + 2ky + 2k3 + k4)

ki :f(tns uy,)
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ky=fltw+ =, us + =k
O

h h
k3 :f(tn + 5, Uy + 5/{2)

kg = f(ty + h, u, + hk3)

3.1.1 Chronic Stress

Using the initial values u;(0) = 3.6E02, u»(0) = 2.8, u3(0) = 0 and parameter
values in Table 1. In case of chronic stress transient function

8(t) — tze—().lSl

We infer from Fig. 1 below that, in the scenario where o, = 0.04, u, = 0.1, in
line the stability condition p, > «, the density of normal lymphocytes (blue line)
struggled initially but eventually recover from stress induced secretion of adrenal
hormones. The second scenario is when w, < o« which is against the stability con-
dition. Here, the escalation of concentration of adrenal hormones leads to exponential
increase of number of bound lymphocytes which spell abnormal immune response
or reaction. This causes activation or inhibition depending on the particular hormone
and lymphocyte involved. This will lead to chronic stress related complications such

@,=0.04 @, =0.11
W —u
4000 4000 |
= 000 o 3000
2000 b 2000 |
1000 1000

S\I:nm‘:uwou:uwmmmawoaﬂnm ‘Iﬂ;ﬂloi:oﬁnzd:n:s;:nxmmacctJAmm
1 t
Fig. 1 Density of normal lymphocytes u (x, t) (blue); the concentration of adrenal hormones

us (x, t) (green) during chronic stress; the density of bound lymphocytes u3 (x, ) (red) for ey = 0.04
and ap = 0.11
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Fig. 2 Density of normal lymphocytes u) (x, t) (blue); the concentration of adrenal hormones
uy(x, t) (green) during persistent stress; the density of bound lymphocytes u3(x, t) (red) for ap =
0.04 and o = 0.11

as high blood pressure, hypertension and diabetes. However, the second scenario can
be explored to treat hyper immune reaction related diseases.

3.1.2 Persistent Stress

Here, a constant function is used with the same value as the initial valuei.e. e(r) = 2.8.
This is to emphasize that the fact, the initial concentration of adrenal hormones
persisted for a period of time. The numerical results shown in Fig. 2, further illustrated
that, even when the stability condition ;ty > o is satisfied with u, = 0.1, o, > 0.04,
the normal lymphocytes cannot recover back to original density. In case of uy < oy,
the density of normal lymphocytes crashed. The two cases will lead to stress related
complications.

3.2 Full Diffusion Model

We use an explicit forward in time, central in space (FTCS) method [17] to solve the
system. Let the compact form Egs. (1)—(3) be given as

U
55 =DAU+FU), (34)

such that the two dimensions discretize form of Eq. (34) reduces to
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n+1 7 I
u;m - U; _b Ul — 2Ul2‘ + Uy, N Uiy — 2U,-Z + Ui, LR
At Ax Ay
AU
(35)
This scheme has the stability condition [15]
Ax?Ay?
At ———
2D(AxX2 + Ay?)
M’f;l =uy; + At(DIZu’f[j + 6 + Busy; — aquluy; — /Llu’fij> (36)
!t = iy + Ar(DoRully + (@2 = puy + ey t))  GD)
i =y + Ar(Dy Rty + eyt — (B + iy (38)

In Theorem 1, this two conditions p, > «, and ﬁ > &L must be satisfied for
the positivity of the solution. The parameter values are taken from Table 2 and we

used the initial conditions
uy (x, y, 0) = e OTOHDT=0TOHD® ) (4 y 0) = 2.8, uz(x, 3,00 =0 (39)

Note that, from the initial conditions, it is assumed that, in a square domain 2 =
[—4, 4]? the initial population of normal lymphocytes is densed at x = —2,y = —2
and the average concentrations adrenal hormone is constant. Also, it is assume that
the secretion of adrenal hormones induced by psychological stress is transient given
by

e(x,y, 1) = cos(%) cos(%)tze’ms’ (40)

Itis observed from Sect. 3.1 that, the system is highly sensitive to the net secretion
rate of the adrenal hormone. Here, a dynamic behaviour is also observed in Figs. 3,
4 and 5 shown at t = 1.25 and ¢t = 2.5 for each component. Particularly, our light
is beamed on the density of bound lymphocytes. It is inferred in Fig. 5 that, bound
lymphocytes are more densed at areas of high concentration of adrenal hormones.
Indeed, this is in consonance with previous results on cortisol association with T cell
activation during HIV infection [9].
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Fig. 4 The concentration of adrenal hormones uy(x, ¢) att = 1.25 and t = 2.5
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Fig. 5 The density of bound lymphocytes u3(x, ) att = 1.25and r = 2.5
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4 Conclusion

In this paper, a coupled system of reaction-diffusion equations to study the interaction
of adrenal hormones induced by psychological stress on the human immune system
has been formulated. The system has only one critical point which is proved to
be uniformly and asymptotically stable (UAS) under certain prescribed constrains
Uy > ap and uzgjaz > Z—l‘ Numerical solutions have further shown that, increase
in net secretion rate of stress absorbing hormones has great negative effect on the
human immune cell. Further research can be carried out in connection with other

terminal disease models such as cancer and HIV.
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Mathematical Modelling of Poor )
Nutrition in the Human Life Cycle L

Ebenezer Bonyah, Kojo Ababio and Patience Pokuaa Gambrah

Abstract Nutrition is very crucial in the survival of human race and more impor-
tantly the development of a child from the womb to adulthood. In some instances,
the age of the individuals determines the kind of nutrients required. Therefore, the
human cycle has something to do with the nutrients obtained. We formulate a mathe-
matical model as a system of non-linear ordinary differential equations to investigate
the effects of poor nutrition from conception to adulthood using the poor pregnant
woman nutrient status. The steady states are studied and Ry of poor nutrition in the
society are calculated. To keep the society healthy and free of malnutrition, mal-
nourished pregnant females are encouraged to eat foods that contain all the nutrients
needed for development. The model is supported with numerical simulation.

Keywords Nutrition + Reproduction number - Pregnant women - Steady states -
Conception

1 Introduction

Malnutrition means basically an individual who is over or under nutrition. The World
Food Programme (WFP) classifies malnutrition as a condition where the physical
function of the human body cannot be performed such as normal growth, pregnancy,
recovery from injury and diseases [1, 2].

From conception through pregnancy, birth, childhood, adolescence and adulthood,
nutrition plays a vital role in every stage which supports health and wellness and
improving the quality of life. Good nutrition for pregnant women plays an important
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role in giving birth to a healthy baby and also ensuring good health status of the
nursing mother [2]. The effects of poor nutrition begin in the womb, continues well
into childhood, adulthood and cycles across generations [3, 4]. When a pregnant
woman is malnourished in essential elements such as potassium, calcium, iodine,
and others the unborn baby begins to face challenges in the proper development
which could affect such individual to the adulthood. There is a positive correlation
between the health status of the pregnant mother and the health status of the child to
be born. In many cases, the medical health practitioners are able to detect and advice
appropriately the food and other activities necessary for the health of the child [5]. A
malnourished pregnant woman is provided with micro-nutrients in order to improve
the nutrient status which will lead to healthy pregnancy. Anaemia is very dangerous
for pregnant woman and all effort must be put in place to reduce or prevent which
will bring about health growth with the right birth weights. Good birth weights depict
the healthy status of the baby which will lead to the proper development of the child
[3].

About one billion and nine hundred million (1.9 billion) adults worldwide are
deemed overweight, while four hundred and sixty-two (462) millionaire also known
to be underweight [6-10]. It has been found from studies that approximately 41
million children under the age of five (5) years are considered overweight or obese.
In addition, 159 million children in the entire world are found to be stunted and
50 million also identified as wasted. Adding to this burden, are the 528 million or
29% of women of reproductive age around the world affected by anaemia, for which
approximately half would be amenable to iron supplementation [11].

Nutrition has been identified to be a major factor in every human stages of devel-
opment from conception to adulthood. For one to become healthy in a society, good
nutrition is therefore required especially for pregnant women since the life cycle starts
from conception through pregnancy. Malnutrition is the most serious and common
health problem that occurs when a person’s diet does not contain the proper amounts
of nutrients. Mathematical modelling has become an indispensable tool in investi-
gating many scientific processes in the world including social, health, economic etc.
that addresses challenges in the absence of real data in the society.

Nita et al. [12], formulated a mathematical model in order to analyze transmission
dynamics of malnutrition and underweight individuals in pregnant women in the
society. They calculated the basic reproduction number Ry at the equilibrium state of
the model which decided the existence of malnutrition and underweight in the society.
Local stability, global stability and numerical simulation were done for this model.
Their result suggested that, to live a better and healthy life, one must consume healthy
and nutritive food. They further suggested that in future work, deciding (optimum)
dosage of nutrients at the early stage and incorporate different layers of the society
to have more realistic analysis.

Nita et al. [13], proposed a transmission model of poor nutrition in the human life
cycle to study the spread of poor nutrition at different stages of life from a malnutr-
ited pregnant female. They modelled the sample fertile female population using the
application of SEIR model constructed as a system of non-linear ordinary differential
equations for the various compartments. They calculated the basic reproduction num-
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ber Ry at an endemic equilibrium point which decided the existence of poor nutrition
in the society. Local stability, global stability and numerical simulation were done
for this model. Their results suggested that the transmission rate of healthy pregnant
female giving birth to low weight babies due to pregnancy complications contribute
largely to making a poor nutritional life cycle in the society.

Senelani et al. [14], constructed a mathematical model to explore the effect of
malnutrition on the spread of cholera. In their study, both nourished and malnour-
ished individuals were included in the model as those susceptible and infected of
cholera respectively. The sensitivity analysis carried out in their study revealed that
an increase in the number of individuals susceptible to cholera as a result of malnu-
trition led to a higher number of cholera infected individuals in a community. They
concluded that nutritional related matters should be attended to immediately so as
to improve the nutrition status of the rural communities affected by cholera. Diana
[15], developed a model hinged on the first law of thermodynamics which basically
focused on controlling and managing weight variations in the human body. In this
work, the authors assumed the human body as an open system which accommodates
input into the system in the form of food. They partitioned the human population
into resting metabolic rate, non-exercise activity thermogenesis and dietary induced
thermogenesis [15]. As a result of interactions between the various compartments a
set of nonlinear ordinary differential equations were obtained. Their study quantified
a metabolic adaptation because of caloric restriction that seek to defend baseline
body weight.

Carson et al. [16], also constructed a model that focused on a general description
with respect to general body weight, a given time interval and how the body will
behave. The available data suggested that there is no clear distinction between body
composition and mass, and an invariant manifold. For a constant food intake rate
with the corresponding physical activity level as well as the body weight all will lead
to a steady state and this matches with a unique body weight.

Dumitru et al. [17], proposed a mathematical model for poor nutrition in life
cycle in humans. They used the Caputo, Atangana-Baleanu and Fabrizio derivatives
on the model to investigate poor pregnant women nutrient status. They calculated
the basic reproduction number R at an endemic equilibrium points which decided
the existence of poor nutrition in the society. The proposed model was examined
in fractional derivatives sense via Caputo Fabrizio, Atanagan-Baleanu and Caputo.
Comparative numerical analysis of these operators was extensively carried out and
showed that Caputo and Atangana-Baleanu derivative in all alpha values produced
similar results. The Fabrizio Caputo operator converged quickly as compared to the
other two operator and therefore more efficient.

Milinda et al. [18], investigated nutrition status which concentrated on under-
nourished children in a malarial formulated model. Logistic regression was employed
to explore mortality rate of malaria infection. They found out that insecticide-treated
bed nets given to under-nutritioned children led to fewer malaria deaths related
cases. The authors suggested that free bed net can be given to the vulnerable in the
communities.
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Several mathematical models on epidemiology have been formulated and ana-
lyzed, however, there are few models constructed on nutrition related issues such
as underweight and overweight. The formulation and analysis of nutrition related
model would go a long way to provide some qualitative information on this serious
health issue.

The main aim of this work is to present a modified model on poor nutrition in
the human life cycle and analyze to present some useful qualitative information for
decision making process.

2 Model Formulation

In this section, we assume that malnutrition is transmissible and can be treated.
Based on the above assumption, ‘we formulate mathematical model from conception
through pregnancy, birth, childhood and adolescence. The total population is denoted
by N(¢), Vt > 0. The population is divided into five compartments.

2.1 Model Diagram

The proportion of babies from malnutrited pregnant female being low weight is
and high weight is (1 — ;). When low weight babies are not given proper breast
feeding or formula feeding for the first 6 months and medical care, they grow to
become child undergrowth at rate of §. With good nutrition and health care, high
weight baby and under growth children grow to become healthy adolescents at rates
n and y respectively. The induced mortality rate for malnutrition pregnant female
and low birth weight is denoted by o} and natural mortality rate is w. The recruitment
rate into malnutrited pregnant female is A (Table 1).

2.2 Model Equation

The nonlinear differential equations below describes lack of nutrition from one com-
partment to other in Fig. 1.

dFyp
o A — BiFupBrw — (1 — B FupBuw — (a1 + w)Fyp
dBrw
i BiFupBrw — (8 +ay + w)Brw
dBgw

- (I = BFupBrw — (n + w)Buw 2.2.1)
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Table 1 The table gives
detailed explanation of the
model parameter and variable

Variables Description
N Sample size of female in fertile stage
Fup Malnutrited pregnant female
Brw Low weight baby
Buw High weight baby
Cy Child undergrowth
Ay Adolescent healthy growth
Parameters | Description
A Recruitment rate into malnutrited pregnant
female
Bi Proportion of babies from F)sp being low weight
baby
a-p0) Proportion of babies from Fjzp being high
weight baby
o Induced death rate of Fyzp and low birth weight
1) Rate at which individuals from Bz moves to
Cy compartment
n Rate at which individuals from By w grows to
Ap compartment
y Rate at which individuals from Cy grows to Ay
compartment
% Natural death rate
T By — (v + 1Co
dAy
7 nBuw +vCu — nAn

The total population at time ¢ is represented by N (¢), N(t) = Fyp+Brw +Bpw +

Cy + Ay,

dN
Then, E =A—o (Fyp + Brw) — uN. 2.2.2)

2.3 Model Analysis

In this section, we verify some basic properties and perform stability analysis of the

system (2.2.1).
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Fig.1 Compartmental model for the transmission of poor nutrition where arrows with head means
moving out or coming in of a compartment

2.3.1 Boundedness of the Solution
Lemma 2.3.1 The closed set ¢ = {(FMP, Biw,Buw,Cy,Apy) €RY 1N < ATH} is
positively invariant with respect to model (2.2.1).

Proof Assuming (Fyp, BLw, Buw, Cy,An) € Ri for all + > 0, we want to prove
that the region ¢ is positively invariant so that it becomes sufficient to look at the
dynamics of the system (2.2.1). From Eq. (2.2.2), we have the rate at which the total
population changes over time as:

dN
i A — oy (Fyp + BLw) — uN

In the absence of malnutrition, this equation can be rewritten as

N N = A 2.3.1)
ar THY T -

Solving the differential equation using the integrating factor, we obtain

A
N()=—+Ke ™
m

Using initial conditions, t = 0, N (0), we have
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A AN _,
Nt =—+|NO) —— e ™
124 12
—ut A —ut
N@) =N©Oe ™+ —(1—e") (2.3.2)
o
ast — oo:
. A
lim N(t) = —
1—00 I,L

if N(©) < %, then we have N (¢) = %, Vi > 0ast — o0o.

Also, if N(0) > %, then the solutions (Fyp(#), BLw (t), Byw (t), Cy (1), Ag(t)) in
the region ¢ is positively invariant. We conclude from this theorem that it is sufficient
to deal with the dynamics of system (2.2.1) in ¢. Based on that, the model can be
assume to be epidemiologically well-posed for mathematical analysis [19].

2.4 Analysis of Malnutrition Free Steady State

Equation 2.4.1 Steady state. At steady state, we assume the population is constant
over time. We determine the steady state of malnutrition free by putting the right
hand side of system (2.2.1) to zero.

A — B1FypBrw — (1 — BFupBaw — (@1 + W) Fyp =0
BiFupBrw — (8 + a1 + w)Brw =0
(I — BFupBuw — (n + w)Burw =0
8Brw — (¥ + w)Cy =0
nByw + yCy — Ay =0 2.4.1)

Therefore the malnutrition free equilibrium (MFE) is given by

Ey = (Fy;p.0,0,0,0) = ( ,0,0,0, 0)

(u +ay)

Solving the equations, we obtained endemic state of the system.

2.5 The Basic Reproduction Number

The basic reproduction number Ry, which provides some useful information on
the spread of disease was computed in this work [20]. The next generation matrix
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approach was employed to drive the threshold Ry which is given by:

RLW = ,o(FVfl)
BiLA n (I-8nA
(m+a)@+ar+p)  (u+a)®m+u)

Riw =

2.6 Stability Analysis of Steady States

Let

A
¢ = {(FMP,BLWaBHW, Cu.Ap) €R):N < TH}

2.6.1 Local Stability of Malnutrition Free Steady State

Theorem 2.6.2 The malnutrition free equilibrium (Ey) is locally asymptotically sta-
ble if Rwy < 1 and unstable if Ry > 1.

Proof The Jacobian matrix of the system (2.2.1) is given by

—(a1+p) —B1BLw — (1 — B1)Buw —B1Fup —(1 = B)Fup 0 0
P1BLw pB1EMp — (6 oy + 1) 0 0 0

J = (1= B1)Brw 0 (= BDFyup — (+ 1) 0 0
0 ) 0 —(y+mwn 0

0 0 Ul y —®

Evaluating at the malnutrition free equilibrium point gives

BiA aA=8DA
—(on+p) L e  (uran 0 0
0 A -G+a+w 0 0 0
J(Ey) = 0 0 %—(n—ku) 0 0
0 b 0 —y+w O
0 0 n 14 —u

From the Jacobian matrix we obtain the eigenvalues as follows:

— 1 —
M=_(a1+m,xzz“‘*“”“*""*’” ﬂlA’A3=(H+al)(U+ﬂ)+( /31)/\’

(1 +ap) (1 +ap)

i =—(y +wandis = —p
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Since all the eigenvalues are negative then Ry < 1. So we conclude that malnu-
trition free is locally asymptotically stable if Ry > 1.

2.6.2 Global Stability of the Malnutrition Free Steady State

Theorem 2.6.4 The disease steady-state free E) whenever it exists, is globally
asymptotically stable if Rowr < 1 when all solutions of system (2.2.1) in R are
bounded.

Proof The proof requires that a suitable Lyapunov function is chosen by taking into
account the infective classes of the non-linear ordinary differential equations of the
system (2.2.1).

B B
V(Z) = (BLW —BO ngln LW) +C2<BHW _BQIW _B;)]W In %)
Bly By

where ¢; and ¢, are non-negative constant to be determined. Then V is C' on the
interior of ¢, Ey is global minimum of V on ¢, and V( LW B%W) = 0. The time

derivative of V (¢) computed along solutions of (2.2.1) is V(@) = ¢ L dBLW + ¢ dlfi”r’w

V() = =c1(@+ o+ w)Rwe — DBrw + c2(n + u)(Ro — 1)Buw S 0,ifRy <1

Now V (¢) is negative if Ry < 1 and V() = 0 <& Brw = Byw = 0, if Ry, =
1. Therefore, the malnutrition free equilibrium is globally asymptotically stable if
Ry < 1.

2.7 Stability of Endemic Steady State

A — BiFupBrw — (1 — B)FupBuw — (o1 + w)Fyup =0
BiFupBLw — (8 + a1 + w)Bw =0
(1 = BFupBuw — (n + )Byw =0 (2.7.1)
8Bw — (y + w)Cy =0

nByw +yCy — uAy =0

Solving the Eq. (2.7.1), we obtained an endemic equilibrium point
Ef = (Fyp. Biw. Biyw. Cyy. Ayy) and E5 = (Fjip. Bjy. Biyy. Cir Ajy)
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where
G+pnt+a) (w+ap) (u+ay)s (u+ar) ]
E¥ = , Riw—1,0, =L Ry — 1), 60— Ry — 1) | and
! [ B B1 Ry =1 /31(//«+V)(LW ) 51(M+y)(LW |
* n+n (1 +oap) n(p +o1)é ]
= .0, Ryw — 1,0, ="V ppw —1|.
2 [ufﬁn (= pp Rew = D07 g,y Rew =D

Theorem 2.7.1 The malnutrition endemic equilibrium is locally asymptotically sta-
ble if Ryy > 1 and unstable if Ry < 1

Proof Evaluating the Jacobian matrix at the endemic equilibrium points gives

(1=B1) (3+ntay)

—(top) + toap(l—Row) —@+p+e) - o 0
—(n+a)(l —Rew) 0 0 0 0
J(ER) = 0 0 w S
0 s 0 —(r+w 0
0 0 n 14 —i
and
—(u+ap) + et a)(1 = Ryw) —’3(‘,(_";1? —+w o 0
0 % —G+utap 0 0o 0
7(#) = (et e (1 - Raw) 0 Ep)Gsten) 1y 0 0
0 ) 0 —(y+nwn O
0 0 n 1% —u
where
_ __ BiA _ (d=BnA
Riw = n(@+putar) and Ryw = w(n+m)
The trace of J (E}) is
1-81)(5
ir(J(E7)) = —(e1 + ) + (o1 + ) (1 — Ryy) + TR — gy ) —

(v +n)—pu<0if
w < (n + w) and determinant is given by

A-BpG+a;+p)

det(J (ET)) = —[(8 +ap 4wy + (1 —RLW)<(n +u) - b

)(y+/4)u} >0

If Ryw > 1. Also the trace of J (E3) is
Mu@»=—mﬁwyum+ma—&m+%g§—®+m+m—
(y +u)—pu<0if

ﬂ(‘l(f—’/;l“)) < (6 4+ a1 + 1) and determinant is given by

det(/ (E)) = = [+ @ + 10 = Ruw) (B2 = 6 + a1 + ) (v + o] >
0if RHW > 1.

Since the trace is negative and the determinant is positive then Ry, > 1 in
both cases. We then conclude that malnutrition at endemic equilibrium is locally
asymptotically stable whenever Ry > 1.
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3 Numerical Simulation

In this section, we will estimate the parameters in the model based on literature values,
perform sensitivity analysis and finally we will conduct numerical simulations.

3.1 Parameter Estimation

The estimation of parameters has been a major challenge in the validation of epi-
demiological modelling. In this section we tried to estimate some of the parameter
values of system (2.2.1).

Some estimated assumptions were considered in order make purposeful of illus-
trations in tracking the dynamics of malnutrition. For unavailability of data, we used
literature values as indicated in the Table 2 based on model system Eq. (2.2.1). The
following initial conditions were used for the purpose of numerical simulation Fyp
=30, Bpw =20, Byw =20, Cy = 10 and Ay = 35. The parameter values used for
the work is given in Table 2.

3.2 Sensitivity Analysis

Sensitivity analysis seeks to present to characterization of the uncertainty of param-
eters with regard to a given model. It offers the opportunity to have information on
the effect of a particular parameter in the modeling processes [21].

We performed sensitivity analysis on Ry with respect to the parameter value
so that vital parameter values influence can be measured for the malnutrition model
Eq. (2.2.1). For one to increase or reduce a parameter it is essential for one to have
some relative information regarding the human morbidity and mortality in relation
to the transmission dynamics of malnutrition. value In determining how best to
reduce human mortality and morbidity due to malnutrition. According to Chintnis
et al. [22], sensitivity analysis is commonly used to determine the robustness of

Table 2 The value of the

parameters of the model Parameter Range Sources
A (0,0.35) [12,13]
Bi 0, 1) Assumed
o 0.1 [12]
8 0.006 [13]
n 0.013 Assumed
y ©, 1) Assumed
u 0.3 [12]
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Table 3. .Sensitivity index for Ro Parameter Sensitivity index
malnutrition
Rorw A 1
Bi 1
aj —0.46739
) —0.1304347
u —0.1304347
Rogw A 1
Bi —0.0012014
oy —0.25
n —0.0415335
“ —1.708466

model predictions to parameter values. Thus, we are concerned with parameters that
would significantly affect the model’s basic reproduction number which is usually
responsible for the spread of the phenomenon. Sensitivity analysis allows the measure
of the relative variation in a state variable when there is a parameter variation.

Definition 3.2.1 The normalized forward sensitivity index of a variable u, which
depends differentially on a parameter, p, is defined as: r; = gl‘j X ”
Since the reproduction number Ry is a differentiable function of the parameters,
tg}ee sensitivity index may alternatively be defined using partial derivatives as: § =
9K P

X ko where p is the parameter of interest.

From Table 3, it depicts that R,y was sensitive to 8; and A. When each one of
them increases making other parameters fixed, their values rose up the since they have
positive indices. The most sensitive parameter observed was A which has an effect
on malnutrited pregnant female population as well as the infected compartment.

4 Results

4.1 Simulation Results

From Fig. 2a, we observed that as time increases, the malnutrition pregnant female
population increases to a maximum point and approaches the carrying capacity. That
is the upper bound of the population.

Also, Fig. 2b the low weight baby converge to the equilibrium point zero as time
increases. Thus low weight baby dies out from the population with time.

In Fig. 2c, we observe that as time increases, the high weight baby converged to
equilibrium point zero. That is high weight baby dies out from the population.

Furthermore, Fig. 2d shows that child undergrowth will converge to the equilib-
rium point zero with time. Thus child undergrowth dies out from the population.
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Fig. 2 Simulation results for malnutrition free with Ry < 1

Figure 2e shows that healthy adolescent growth will converge to equilibrium point
zero with time. That is healthy adolescent growth dies out from the population.

Again, we observed from Fig. 2b—e that all the populations converge to zero as
time evolves. This shows that malnutrition can be minimized with time. Therefore,
local stability of the malnutrition free state holds as shown in Theorem 2.6.2.

In Fig. 3a, it is observed that as time increases, the malnutrition pregnant female
population decreases which shows that there is movement to another compartment.
Thus, malnutrition pregnant female still exists in the population. In Fig. 3b, the low
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weight baby decreases to equilibrium point as time increases. Thus, low weight baby
still exists in the population.

Also, Fig. 2c, we observe that as time increases, the high weight baby converged
to equilibrium point zero with time. This confirms the results on the steady state E7.

Furthermore, Fig. 3d shows that child undergrowth decreases to the equilibrium
point as time increases. Thus, child undergrowth will still exist in the population.

From Fig. 4a, we observe that as time increases, the malnutrition pregnant female
population reduces which shows that there is movement to another compartment.
Thus, malnutrition pregnant female still exists in the population.
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Fig. 5 Simulation results for Ropw < 1 and Rorw > 1

In 4b, d, we observe that as time increases, the low weight baby and child under-
growth converged to equilibrium point zero with time. This confirms the results on
our steady state E5. Also, Fig. 4c, we observe that as time increases, the high weight
baby decreases to equilibrium point. That is high weight baby will still exist in the
population with time. Furthermore, from 3e and 4e, the healthy adolescent population
will converge to zero as time increases.

Figure 5 shows how severe malnutrition at individual compartments. When
Rorw < 1 all the infected compartments converge to zero. Thus, effect of mal-
nutrition dies out from the population at malnutrition free.

Also, when Ry w > 1, three of the compartments converge to zero (dies out from
the population).

This confirms the steady states where both low weight babies and child under-
growth were found to be zero. Malnutrition is minimized but cannot be eradicated.
Therefore, the existence malnutrition in the population.

From Fig. 6a, when Roypw < 1 and Royw < 1, we observe malnutrition free
equilibrium point Ey. That is malnutrition is stable. Also, in Fig. 6b when Ropzw < 1
and Rorw > 1, Ep will be unstable and the endemic equilibrium E; will be stable.
This means that high weigh babies and healthy adolescent will die out. However,
Fig. 6¢ shows the case where E( will be unstable and the endemic equilibrium point
E} will be stable.

From Fig. 6b, ¢ we observe that malnutrition cannot be eradicated but can be
minimized. Hence, malnutrition at endemic equilibrium is locally stable as shown in
Theorem 2.7.1.
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Fig. 6 Simulation results for malnutrition free and endemic steady states

5 Conclusion

In this paper, we have successfully studied the effect of poor nutrition in the human
life cycle. The effect of poor nutrition begins in the womb, continues well into
childhood, adulthood and cycles across generations. We formulated a mathematical
model from the conception to adulthood using the pregnant women nutrient status.
The basic reproduction number Ry was calculated. This serves as a threshold to
which malnutrition will die out when R < 1 or will persist when Ry > 1. The model
is supported with numerical simulation. We had a multiple steady state, which was
written in terms of the reproduction number for low weight babies and high weight
babies. The analysis on the steady state suggested that both malnutrition free and
endemic equilibrium are both locally stable. Results from numerical simulations
for all the compartments showed that malnutrition will die out locally and become
unstable globally at the endemic state. Malnutrition can be minimized for a period but
cannot be eradicated completely from the society. This suggests that good nutrition
is very important in every stage of human development in the society. Good nutrition
will reduce the rate at which fertile female becomes malnourished in the society.
The pregnant women nutritional status should be improved to give birth to healthy
baby which will grow eventually to become healthy adolescent. Literature values and
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assumed parameters were used because of the unavailability of data on malnutrition.
In future work, this model can be improved to consider all stages throughout the
human life cycle.

References

1. Gates, B., Tata, R.: New nutrition report underscores the importance of leadership in addressing
stunting in India. Times of India (2015)
2. World Food Programme. Food and Nutrition Handbook (2000)
3. Nutrition. unicef. https://www.UNICEF.org/nutrition/indexlifelong-impact.html. Accessed
Apr 2017
4. Importance of healthy eating before and during pregnancy. Virtual Medical Centre. https://
www.myvmc.com/pregnancy/importance-of-healthy-eating-before-and-during-pregnancy/.
Accessed Apr 2017
5. Cuervo, M., Sayon-Orea, C., Santiago, S., Martinez, J.A.: Dietary and health profiles of spanish
women in preconception, pregnancy and lactation (2014)
6. Top 12 causes of low birth weight in babies. Being The Parent.com. http://www.beingtheparent.
com/top-12-causes-of-low-birth-weight-in-babies/. Accessed Apr 2017
7. Nutrition through the lifecycle. unicef. https://www.fourh.purdue.edu/foods/Nutrition%
20through%20the%20lifecycle.htm, Accessed Apr 2017
8. Vonnahme, K.A., Lemley, C.O., Caton, J.S., Meyer, A.M.: Impacts of maternal nutrition
on vascularity of nutrient transferring tissues during gestation and lactation. Nutrients 7(5),
3497-3523 (2015)
9. Bain, L.E., Awah, P.K., Geraldine, N., Kindong, N.P,, Siga, Y., Nsah, B., Tanjeko, A.T.: Mal-
nutrition in sub-saharan Africa: burden, causes and prospects. Pan Afr. Med. J. 15 (2013)
10. Children with poor nutrition. SFGATE. http://healthyeating.sfgate.com/children-poor-
nutrition-6555.html. Accessed Apr 2017
11. What is malnutrition. WHO. http://www.who.int/features/qa/malnutrition/en/. Accessed Apr
2017
12. Nita, H.S., Foram, A.T., Bijal, M.Y.: Mathematical Analysis of Optimal Control Theory on
Underweight. Adv. Res. (2016)
13. Nita, H.S., Foram, A.T., Bijal, M.Y.: Optimal Control Model for Poor Nutrition in Life Cycle
(Unpublished)
14. Hove-Musekwa, S.D., Nyabadza, F., Chiyaka, C., Das, P., Tripathi, A., Mukandavire, Z.: Mod-
elling and analysis of the effects of malnutrition in the spread of cholera. Math. Comput. Model.
53, 1583-1595 (2011)
15. Thomas, D.M., Ciesla, A., Levine, J.A., Stevens, J.G., Martin, C.K.: A mathematical model of
weight change with adaptation. Math. Biosci. Eng. MBE 6, 873 (2009)
16. Chow, C.C., Hall, K.D.: The dynamics of human body weight change. PLoS Comput. Biol. 4
(2008)
17. Baleanu, D., Bonyah, E.: Poor nutrition in life cycle via caputo, fabriziocaputo and atangana-
beleanu derivatives (Unpublished)
18. Lakkam, M., Wein, L.M.: Analysing the nutrition-disease nexus: the case of malaria. Mala. J.
14(1), 479 (2015)

19. Hethcote, H.-W.: The mathematics of infectious diseases. SIAM Rev. 42(4), 599-653 (2000)
20. Yang, H.M.: The basic reproduction number obtained from jacobian and next generation
matrices-a case study of dengue transmission modelling. Biosystems 126, 52-75 (2014)

21. Saltelli, A., Tarantola, S., Campolongo, F., Ratto, M.: Sensitivity Analysis in Practice: A Guide
to Assessing Scientific Models (2004)


https://www.UNICEF.org/nutrition/indexlifelong-impact.html
https://www.myvmc.com/pregnancy/importance-of-healthy-eating-before-and-during-pregnancy/
http://Parent.com
http://www.beingtheparent.com/top-12-causes-of-low-birth-weight-in-babies/
https://www.fourh.purdue.edu/foods/Nutrition%20through%20the%20lifecycle.htm
http://healthyeating.sfgate.com/children-poor-nutrition-6555.html
http://www.who.int/features/qa/malnutrition/en/

Mathematical Modelling of Poor Nutrition in the Human Life ... 293

22.

23.

24.

25.

26.

27.

28.

29.

Chitnis, N., Hyman, J.M., Cushing, J.M.: Determining important parameters in the spread of
malaria through the sensitivity analysis of a mathematical model. Bull. Math. Biol. 70(5),
1272-1296 (2008)

Allenm, L.J.S.: Introduction to Mathematical Biology (2007)

Murray, R.M., Li, Z., Sastry, S.S., Sastry, S.S.: A Mathematical Introduction to Robotic Manip-
ulation. CRC press (1994)

Benyah, P.F.: Stability of Dynamical Systems (2013) (Unpublished manuscript)

De Leon, C.V.: Constructions of lyapunov functions for classics sis, sir and sirs epidemic model
with variable population size. Foro-Red-Mat: Revista electronica de contenidomatematico.
26(5), 1 (2009)

Bhunu, C.P.,, Mushayabasa, S.: Modelling the Transmission Dynamics of Pox-Like Infections
(2011)

Hethcote, H., Zhien, M., Shengbing, L.: Effects of quarantine in six endemic models for infec-
tious diseases. Math. Biosci. 18, 141-160 (2002)

Next-generation matrix. WIKIPEDIA, The Free Encyclopedia. https://en.wikipedia.org/wiki/
Next-generation matrix. Accessed April 2017


https://en.wikipedia.org/wiki/Next-generation

Characteristics of Homogeneous )
Heterogeneous Reaction on Flow e
of Walters’ B Liquid Under the

Statistical Paradigm

Anum Shafiq, T. N. Sindhu and Z. Hammouch

Abstract Inthis article, significance of inclined MHD stagnant point flow of Walters
B liquid because of stretched surface is investigated. Flow phenomenon is studied
with Newtonian heating, homogeneous heterogeneous reactions, Joule heating and
viscous dissipation. The nonlinear PDEs are converted to get nonlinear system of
ODEs by invoking suitable transformations and solved by utilizing OHAM. Statisti-
cal methodology is used to check the significance and insignificance of the physical
parameters via correlation coefficients and probable error. Characteristics of vari-
ous sundry parameters on velocity, concentration and temperature fields are studied.
Friction and Nusselt numbers are calculated and discuss in detail.

Keywords Statistical approach - Newtonian heating - Walters-B liquid - Inclined
MHD - Joule heating + Homogeneous heterogeneous reaction - OHAM

1 Introduction

The investigation of magnetohydrodynamics flow with heat transfer phenomenon in
non-Newtonian liquids has substantial usages in technology and science, like con-
struction of heat exchangers, installation of nuclear accelerators, design for cooling
of nuclear reactors, turbo machinery, blood flow measurement techniques. Ahmed et
al. [1] investigated impact of MHD on Jeffrey liquid flow along an extended surface
using power law temperature. Analytical solutions of non-linear PDEs using slip con-
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ditions are instigated flow of non-Newtonian MHD liquid in a pipe towards a porous
medium was analyzed by Zeeshan and Ellahi [2]. Nejad et al. [3] reported MHD
stream of electrically conducting power law liquids towards an isothermal vertical
wavy sheet. 3-Dimensional MHD Jeffrey nanoliquid flow along thermally radiative
surface under heat generation phenomenon was examined by Shehzad et al. [4]. Das
et al. [5] reported behavior of melting phenomenon on MHD stagnant point Jeffrey
liquid stream towards an extended surface with slip conditions. Venkateswarlu and
Satya Narayana [6] scrutinized behavior of chemical reactant on viscoelastic lig-
uid stream along a vertical plate with MHD. Rashidi et al. [7] explored impact of
magnetohydrodynamic and heat phenomena on two dimensional liquid flows along
a porous medium. Sheikholeslami et al. [8] obtained the simulation of problem of
CuO-water nanoliquid stream with convective heat phenomenon. Ellahi et al. [9]
reported simultaneous impacts of magnetohydrodynamic and partial slip on peri-
staltic stream of Jeffery liquid in a rectangular duct. Significance of Joule heating
phenomenon in third-grade liquid stream towards a radiative plate was studied by
Hayat et al. [10].

Both homogeneous and heterogeneous reactants are involved in numerous chemi-
cally reacting schemes. Some of them have capability to proceed slow or not, exclud-
ing catalyst. The homogeneous and heterogeneous reactants interplay is very com-
pound including consumption and production of reactant species at different rates
both within liquid and on catalytic exterior like reactions occurring in production of
polymer and ceramics, hydrometallurgical industry, crops damage via freezing, dis-
persion and fog formation, food processing, equipment design for chemical process-
ing, cooling towers and temperature fields and moisture over agricultural fields and
groves of fruit trees. Merkin [11] considered homogeneous-heterogeneous reactions
model in stream of viscous liquid towards a flat plate. He noted that outer reaction
is superior mechanism near leading edge of surface. Significance of homogenous-
heterogeneous reactants in stream of viscous liquid was numerically investigated
by Chaudhary and Merkin [12]. Stagnant-point stream along an extended plate
using homogeneous/heterogeneous reactants was analyzed by Bachok et al. [13].
Khan and Pop [14] reported significance of homogeneous-heterogeneous reactants
of viscoelastic liquid stream along an extended surface. Homogeneous heteroge-
neous reactants in micropolar liquid flow along a permeable extended/shrinking
plate was examined by Shaw et al. [15]. Khan and Pop’s [14] work was extended by
Kameswaran et al. [16] for nanoliquid along a porous extended plate. Importance
of homogeneous-heterogeneous reactants in stagnant point carbon nanotubes flow
with Newtonian heating was reported by Hayat et al. [17]. Behaviour of nanoliquid
MHD flow with homogeneous heterogeneous reactants and condition for velocity
slip was also examined by Hayat et al. [18]. Hayat et al. [19] reported significance
of homogeneous-heterogeneous reactants in Powell-Eyring liquid flow. Hayat et al.
[20] examined Oldroyd-B MHD liquid flow using homogeneous heterogeneous reac-
tions with Cattaneo-Christov model. Significance of MHD in bi-directional stream
of nanoliquid with homogeneous heterogeneous reactants and second-order velocity
slip was analyzed by Hayat et al. [21].
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Newtonian heating (or cooling process) is process where internal resistance is
supposed to be neglected in comparing with its surface resistance. Currently this
phenomenon has been used by various researchers because of its practical usages
like to configuration heat exchanger, conjugate warmth exchange around fins and
furthermore in convective streams setup where bounding edges absorb heat by solar
radiations. The Von Karmdn stream and heat phenomenon of an electrically con-
ducting liquid was given by Sahoo [22]. Salleh et al. [23] examined heat transfer
flow along an extended surface using Newtonian heating. Significance of Newtonian
heating in second grade liquid flow along an extended surface was considered in [24].
Unsteady viscous liquid MHD flow towards a flat surface using Navier slip and New-
tonian heating effects was reported Makinde [25]. Uddin et al. [26] is analyzed MHD
flow of nanoliquid towards a flat vertical surface with Newtonian heating. Sarif et al.
[27] numerically studied viscous flow induced by extended plate using Newtonian
heating through Keller Box technique. 3-Dimensional couple stress magnetohydro-
dynamic liquid flow with Newtonian heating is studied in [28]. Impact of viscous
dissipation and Newtonian heating on nanoliquids flow towards a flat surface was
investigated by Makinde [29]. The flow of Walters B liquid with Newtonian heating
was reported in [30].

The heterogeneous homogeneous reactants and Newtonian heating phenomenon
in flow of Walters B liquid along a stretched plate is investigated. Inclined MHD,
Stagnant flow and Joule heating is also considered. The non-linear ODEs are solved
by OHAM [31, 32]. Statistical approach is used to check the statistical significance
of physical parameters and the drag forces/local Nusselt number. Significance of
various sundry parameters on velocity, temperature and concentration fields, skin
friction and Nusselt numbers are examined very carefully.

2 Formulation

Walters B stagnation-point liquid flow with homogeneous and heterogeneous reac-
tions over a stretched plate is considered here. The flow is confined to y > 0. Applied
magnetic field in such a way thats its making angle ¢ with axis. Surface is also
subjected to Newtonian heating. Contribution due to viscous-dissipation and Joule
heating is present.

Simple homogeneous heterogeneous reactant model is [20]

A +2B — 3B, rate = ab’k,. (1)

with
A — B, rate = ak;, 2)

where (a, b) are concentrations of chemical species (A, B) on the other side, rate
constants are presented as (ki, k»). These reactants equations tells us that in exter-
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nal stream and at outer boundary layer edge, reaction rate is zero. The governing
equations are [14, 15]
ov  Ou

LA, 3
8y+3x (3)

_Ou _Ou Pua ko [_. 0% +3ﬁ 0%u
u8x8y2 Ox 0y?

o Ou i du, B? . _
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— — 4+ kjab* — Dy— =0, 6
“ox Ty Tha e ©
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T _
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ay y=0 ay y=0
i— U x)=dx, T — Tso@ — dg, b — 0asy — oo. )]

o electrical conductivity, By magnetic field, ko liquid material parameters, U, stretch-
ing velocity, T temperature, v kinematic viscosity, U, free stream velocity, thermal
conductivity denoted by K, p density of liquid, ¢, specific heat, D and D, dif-
fusion species coefficients of B and A, T, ambient liquid temperature, a, positive
dimensional constant, /; denotes heat transfer coefficient and c represents stretching
rate.

Introducing dimensionless variables

V(x,y)=—evfm), ulx,y)=cxf (),
P b

b= yy=L g =2 n= /%, (10)
T ap 0 14



Characteristics of Homogeneous Heterogeneous Reaction ... 299

Thus R ) .
f/// _ (f/) — We I:Zf/fw _ (f//) _ ff(tv)] + ff// + A2
— M?*sin’ ¢ (—A+ f) =0,

1O =1, f (c0) =A, f(0)=0, Y

0" +Pr f 0 + M*PrEcsin® ¢ (f' — A)’ =0,

0'(0) = —y =0 (0), O(c0) =0, (12)
1 " 2 /
<9 —Kgh”+ fg =0,
Sc
g (0) = K»9(0), g(o0) — 1, (13)

b}
“Ln" + Kgh*+ fH =0,
Sc
51 (0) = —K»g(0), h (c0) — 0. (14)

Hartman number is denoted by M, ratio parameter is given by A, Weissenberg num-
ber denoted by We, Prandtl number is given by Pr, Eckert number is denoted by Ec
and conjugate parameter is given by -, strength of homogeneous reactant parame-
ter is denoted by K, §; the ratio of mass diffusion coefficient, K, the strength of
heterogeneous reaction parameter and Sc the Schmidt number and defined as

M = U_Bg, A=‘_I,We=1£, pr=uoc”,
pc c Lo K
U? / kia2
Eczi,f}/:hs Z,K=]_ao,
¢pT a c
kol Re;1/? D
y= 5= se= 2 (15)
D Dy Dy

Where coefficients of diffusion of chemical species (B, A) are of comparable size.
This argument provides us to make further supposition that diffusion coefficients
(Dp, Dya) are equal i.e. 6; = 1 and therefore [12]:

h(m+g@)—1=0. (16)

Now Egs. (13) and (14) yield

1,
59— K99 1+ fg' =0, (17)
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with
g (0) — K>g(0) =0, g(n) > lasn — oo. (18)

The expression of C s, and Nu, are

Cre=—2 = (19)
fx_pU%V MX_K(T_TOO)v
where
© (8T> it ' <_8212 e D%t +2aa 8ﬁ>
w = — - y Tw = o V— TUT—F— _— .
4 dy /o Ho Oy 0 0y? Ox0y dx 0y ) 1,
(20)
Thus 12
(Iie) Cr=f"(0)—3Wef" (0), Q1)
—1/2 1
(lie) Nu, =y <1 + m) ) (22)

where Re, = cx?/v denotes local Reynolds parameter.

3 OHAM

The governing system of nonlinear ODEs are solved analytically by invoking reliable
methodology called optimal homotopy analysis method. Average squared residual
errors (ASRE) and corresponding optimal convergence control parameters are com-
puted. Initial guesses and linear operators ( fo, 6o, Ly, Lg) are

fo ()= An— (A= 1) (1 =exp (=), b0 () = %(;”) Qo) =1~ 5 exp(~Kan)
(23)
Lylfml= 657{ - % Lo [0 (m] = % =0, Lglg(m]= % -9, @4
satisfying the following properties
Ly [Ci+ Cre" + C3e7"] =0, (25)
Ly [C_’4677 + C_’5e_"] =0, (26)
Ly [Cee" + Cre™"] =0, (27)

in which C; (i = 1, ..., 7) are constants.
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4 Optimal Convergence Control Parameters

Convergence control parameters (7 s, fig, fiy) are calculated by BVPh2.0 package.
These values can be obtained by minimizing total error. The average square residual
error (ASRE) are used for minimizing the CPU time, at mth-order of approximation
as follows

1

k 2
e (o) = T Z[Z(ﬁ)nﬁ} :
i=0

Ny
j=0

Ny

1 [& . |
e (g ) = T 2 Z =i Z @nie | -

and
1 N T k k 12
en (r. hy) = 1+ M Z Z (fidy=jm » Z (9i)y=jr
j=0 Li=0 i=0 i

The optimal values of (ﬁf, hy, hg) are iy = —0.427635, hy = —0.8078 and A, =
—0.93495. when A=0.1,We=02,9=n/3,0=02,K,=1.5,Pr=0.7,
K> =0.2, Ec = 0.4 and Sc = 0.4. In Fig. 1, corresponding total residual error is
plotted. Optimal convergence control parameters are given in Table 1. Table 1 shows
individual averaged squared residual errors of momentum, energy equations at vari-
ous order of approximation. By increasing order of approximation, squared residual
error decreases.

Fig. 1 Total error versus
order of approximations 0.675

L]
-9
[=3
-]
S
=t
=
o
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Table1 ASRE: at various order of approximations wheny = 7/3,A = 0.1, We = 0.2, K, = 0.2,
6=0.2,Pr=0.7, Ky =15, Sc =0.4 and Ec = 0.4 by means of optimal control parameters

hy = —0.427635, hg = —0.8078, hy = —0.93495

m e e ) CPU time (s)
2 2.97384 x 1072 |4.10708 x 1073 |0.68448 1.24000
4 1.80930 x 102 |2.00429 x 10~3 | 0.63293 5.84001
6 1.18885 x 1072 [1.25117 x 1073 | 0.59691 18.1200
8 8.26666 x 1073 |8.90896 x 10~* |0.56910 42.1301
12 450178 x 1073 |5.54549 x 10~* | 0.54652 142.530
14 3.46788 x 1073 |4.63210 x 10~* |0.53276 225.510
16 2.72896 x 1073 [3.95808 x 10~* |0.52610 352.510

5 Discussion

In this section, physical interpretation of the results for velocity, temperature and
concentration fields are discussed.

Change in velocity field with an increment in We is plotted in Fig.2a. When
velocity of extending plate is larger than free stream velocity i.e. (A < 1), velocity
field reduces for larger values of We. However for A > 1, velocity profile rises.
Irrespective of A, corresponding boundary layer thins with enhancement in We.
Physically, larger values of We rises tensile stresses as a result oppose momentum
transport. Consequently, boundary layer width reduces. Significance of M on f’
for both A > 1 and A < 1 cases are drawn in Fig.2b. Enhancement in magnetic
number corresponds the reduction in velocity field when A < 1 and reverse effect
is observed on velocity field for A > 1. Since, applied transverse magnetic field
creates a retardant force. It has ability to resist liquid motion and because of this
reason, corresponding boundary layer width reduces for increment in magnetic field.

We=0.5=n/3

(a) \10 Si=r3 (b)

A=15
M =0, 1.0, 1.5, 2.0

A=15
We =0, 0.5, 1.0, 1.5

A=05
We =0,0.5,1.0,1.5

n n

Fig. 2 aImpact of We on f” (). b Impact of M on f' (1)
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(a) We=0.5M=1g=r/3 (b) We=0.5M=1
5
- A=18 : =
» a0 14
2. A=15

P 1.2 W= 0, 16, xid, 23
- 15 -
= A=10 o M

A=05
¥ =0, xi6, x/4, x/3

(1] 1 2 3 4 5 (1] 1 2 3 4
m n

Fig. 3 aImpact of A on f’ (). b Impact of Pr on 0 (1)

(a) We=0.2,M=Ec=0.1,A=0.5,y=0.7¢=r/3 (b)
014 fT

We=0.2M=y=0.1Pr=2 A=0.5¢=n/3

0.12
0.10
0.08

B(n)
a0

0.06

Pr=0.1,0.8, 18,29
0.04

0.02

0.00

)
”

n n

Fig. 4 a Impact of Pr on 0 (). b Impact of Ec on 6 (1)

f' is mounting function of A is reported in Fig. 3a. Boundary layer width rises
with enhancement in A with A < 1, while thinner boundary layer becomes for case
of enhancement in A provided A > 1. Additionally, no boundary layer is noted for
A=1

Figure 3b is elucidated behavior of inclination angle i) on f’ () for cases A < 1
and A > 1.Itis noticed that velocity field is decreasing for i) when A < 1 and reverse
behavior is observed for A > 1. In fact, with augmented v, significance of magnetic
field on liquid particles rises because of rise in Lorentz force. Therefore, velocity
field reduces. It is also examined that for ¢ = 0, magnetic field impact on velocity
profile is zero while for ¢ = 7/2, maximum resistance is observed.

The ratio of momentum to thermal diffusivity is defined as Prandtl parameter
which enhances pure convection but reduces conduction. Therefore, thermal bound-
ary layer thins and heat transfer rate at surface rises for increment Pr (see Fig. 4a).

Higher values of Eckert number, heat up liquid near vicinity of bounding surface
and therefore, corresponding boundary layer width rises (Fig. 4b).

Effect of ~, characterizing Newtonian heating strength on temperature field is
sketched in Fig.5a. It is examined that stronger convective heating permits ther-
mal impact to penetrate deeper into quiescent liquid. Hence, corresponding thermal
boundary layer width for larger ~y surface heat flux, being proportional to y is mount-
ing function of ~y.
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(a) We=0.2,M=y=0.1,Pr=2. A=Ec=0.5 (b)
0sfo

60

=0, 06, x4, 22

Fig. 5 aImpact of v on 6 (1) . b Impact of ¢ on 6 ()

Figure 5b is drawn ¢ on temperature distribution. Temperature field is increased
for high values of ¢). Because, higher ) corresponds to increase magnetic field which
opposes liquid flow. Therefore, rise in temperature field occur.

Influence of K; on concentration profile is investigated in Fig. 6a. Concentration
field reduces. Additionally boundary layer width increases for higher strength of
homogeneous reaction number.

Significance of K, on concentration field is analyzed in Fig.6b. Concentration
field reduces near surface of plate and it rises away from surface for larger K.

(a) (b)
Lo 10
09 09
L& 08
= 0.7 ,,;;'{ Ky =01, 0.5, 08, 15 = 0.7 K:m a7, 12, L4, 12
= 4 . g
0.5 ,f'j WPSIREL AN b =06 WeaM=0.1, A=0.5, gemd, Se=0.7, Ky=l
0. i
: i 0.5
i
04t 0.4
i
03 03
0 ! 2 3 4 5 0 1 2 3 4 5
n 0
C
©,,
09
0.8
= 07 Sc=0,07,17,28
Eb 0.6 We=M=0.1, A=0.5, g=d, Ky=1, Kz=0.8
0.5
0.4
0.3
0 1 2 3 4 &
n

Fig. 6 aImpact of K| on g (1). b Impact of K> on g (). ¢ Impact of Sc on g (1)
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Table 2 Variation of skin friction coefficient for various values of physical parameter

M We A ¥ Re; 7 C;
0.0 0.2 0.1 /3 0.39670
0.1 0.39795
0.2 0.40158
0.2 0.0 0.1 /3 0.59370
0.1 0.62795
0.2 0.67358
0.2 0.2 0.0 /3 0.41420
0.1 0.42158
0.3 0.44247
0.2 0.2 0.1 0.0 0.39670
/3 0.40160
/2 0.40320

Effect of Sc on concentration field is illustrated in Fig.6¢. Concentration field
decreases for higher Schmidt parameter. Additionally, solutal boundary layer width
reduces. As Schmidt parameter is ratio of diffusivity of momentum to mass, so larger
Schmidt parameter corresponds to little mass diffusivity. Consequently, concentra-
tion profile reduces.

Friction and local Nusselt numbers for different values of sundry parameters are
provided in Tables 2 and 3. Friction coefficient is enhanced by increasing M, We, ¢
and A. On other side, local Nusselt parameter rises for increment in M, A, We, v
and Pr while it reduces for large ) and Ec.

6 Statistical Paradigm

We lengthen our examination for different out-turn of significant parameters on
the inspected issue. Arranged by need to comprehend correlation between different
sundry parameter and friction coefficient (F.C.) and furthermore for Nusselt number.
We revealed estimations of F.C. in Table 2 and Nusselt number in Table 3. The esti-
mations of correlation coefficients (c.c) are examined and recorded in Tables4 and
5 concerning F.C. and Nusselt number. It is evident that estimation of c.c is limited
between (—1, 1). Moreover absolute value is limited somewhere in range of 0 and
1. The c.c is not just investigate the connection between two variates yet in addition
uncovers the opposite and direct correspondence between them.
The c.c has accompanying interpretations:

e Positive perfect linear relationship of variables occurs if r = 1.
e Negative perfect linear relationship of variables occurs if r = —1.
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Table 3 Numerical values of Nusselt number

M We A " N Pr Ec —Rey” Nu,
0.0 0.2 0.1 w/3 0.2 0.7 0.4 0.49750
0.1 0.49835
0.2 0.49908
0.2 0.0 0.1 /3 0.2 0.7 0.4 0.59850
0.1 0.69535
0.2 0.72308
0.2 0.2 0.0 w/3 0.2 0.7 0.4 0.48190
0.1 0.49308
0.2 0.50571
0.2 0.2 0.1 0 0.2 0.7 0.4 0.49750
w/3 0.49310
w/2 0.49170
0.2 0.2 0.1 w/3 0.0 0.7 0.4 0.43570
0.1 0.44534
0.4 0.52885
0.2 0.2 0.1 w/3 0.2 0.1 0.4 0.33570
0.2 0.41534
0.4 0.52185
0.2 0.2 0.1 /3 0.2 0.7 0.0 0.49660
0.2 0.49308
0.4 0.48961
Table‘_l Correla_tion. . , Re)lc 2 C,
coefficient for skin friction
coefficient M 0.9625690
We 0.9966344
A 0.9973672
P 0.9954905

e Strong +ve linear relationship of variables occurs if 0.7 < r < 1.

e Strong —ve linear relationship of variables occurs if —1 <r < —0.7.

e No linear relationship of variables holds if r = 0.
It is noted from Table 4, that strongly positive correlation is hold for friction coef-
ficient according to all physical attributes under study. Whereas for the Nusselt
number, we have found positive and negative correlation for all the parameters in
Table5.
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Table 5 Correlation - Re;l 2 Nu,
coefficient for Nusselt number

0.9637310

We 0.9523335

A 0.9993825

P —0.9949968

Pr 0.9890194

Ec —0.9965454

7 Probable Error (P.E.)

The P.E. of c.r. can be computed by invoking following formula

PE. () = 06745 ")
. (r)— . T,

where c.c. is denoted by r and number of observations is denoted by n. The c.c. is
insignificant if r is less than P.E. This shows that no correlation between variables
exists. The correlation is said to be certain when value of r is 6 times more than the
P.E. and insignificant when 7 is less than P.E. (r). This reveals that r is significant.
Thus P.E. is computed to see reliability of value of c.c. Probable error of friction and
local Nusselt number are given in Tables6 and 7. It is noted that for insignificant
correlation r < P.E. (r), and for significant correlation r > 6 P.E. (r).

Table§ P.E. for skin friction P.E.(r) Re )Ic 2 C,
coefficient
M 0.0028607380
We 0.0002616859
A 0.0002047810
P 0.0003504271
Table 7 P.E. for Nusselt P.E.(r) Re;[ 2 N,
number
M 0.002773569
We 0.003624006
A 4.80818 x 107
P 0.0003886940
Pr 0.0008505241
Ec 0.0002685984
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Table 8 Values of -+~ for B /2
P.E.(r) Re,’” C
skin friction coefficient P.Er) Xt
M 336.4758
We 3808.515
A 4870.410
¥ 2840.792
Table 9 Values of -+~ for r =172
P.E.(r) Y Re, N
Nusselt number PEG) Cx x
M 347.4697
We 262.7847
A 20785.05
P —2559.846
Pr 1162.835
Ec —1505.629

7.1 Statistical Proclamation

r

Tables8 and 9 are made for values of FET From these tables, it is noted that
all values are satisfied abovementioned relation (see Table8). Also, for ¢ and
Ec,r < P.E. (r) which tells us the statistically insignificance of correlation coeffi-
cient. For r = 1, we obtain perfect significant correlation. Consequently, here cor-
relation coefficients are remarkable and parameters are greatly interconnected to
physical attributes (see Tables 8 and 9).

8 Conclusions

Here we studied significance of homogeneous/heterogeneous reactants and inclined
MHD in stagnant point flow of Walters’ B liquid. Heat transfer phenomenon using
Newtonian heating is carried out. The key points are mentioned below.

e f'(n) is decaying function of M and We for A < 1, while it is mounting function
of M and We according to A > 1.

e Increment in M and We corresponds to a thinner momentum boundary layer.

e Significance rise is noted in temperature profile for higher conjugate parameter.

e Strongly positive correlation exists for friction coefficient according to all the
physical attributes on the contrary the negative relation is observed for ¢) and Ec
with the Nusselt number.
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