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Abstract. Given a metric graph G = (V,E,w), a center ¢ € V, and an integer
p, we discuss the Star p-Hub Routing Cost Problem in this paper. We want
obtain a depth-2 tree which has a root and root is adjacent to p vertices called
hubs. We call that this tree is a star p-hub tree and let the sum of distance in tree
between all pairs of vertices be minimum. We prove the Star p-Hub Routing
Cost Problem is NP-hard by reducing the Exact Cover by 3-Sets Problem to it.
The Exact Cover by 3-Sets Problem is a variation of set cover problem and
known NP-hard problem. After proving the Star p-Hub Routing Cost Problem is
NP-hard, we present a 4-approximation algorithm running in polynomial time
O(n?) for the Star p-Hub Routing Cost Problem.
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1 Introduction

Among the available forms of interconnecting network, the intense exchange of entities
among different areas impels the desire for more efficient architecture. Instead of
directly routing flows from their origin node to the destination, a hub-and-spoke net-
work is the architecture which can arise to better routing performance of nodes
exchange flows. Hub-and-spoke network design consists of locating hubs from a set of
candidate nodes, deciding which hub arcs will be installed and granted scale econo-
mies, and allocating non-hub nodes to hubs such that a given objective is optimized
(O’Kelly and Miller 1994) [13]. The objective of this is the total cost to construct the
connected network which usually composed of fixed setup costs for hubs and hub arcs,
and of transportation costs. Hub location problems constitute an important class of
problems in logistics which numerous applications in passenger/cargo transportation,
postal services, telecommunications, etc. According to the definition of hub location
problems, hubs are special facilities of the network responsible for switching, aggre-
gating, transshipment and sorting. In many-to-many distributed systems, these hubs
routing the flows either to their final destinations or to other hubs. Instead of serving
each pair of service directly, hubs concentrate flows to take advantage of economies of
scales. Hub facilities are inter-connected by hub arcs forming a hub level network,
since the demand flows are routed in bulks through this sub-network, high-capacity
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carriers can be used on those hub arcs so that lower unitary transportation cost can be
attained. A complete network between the installed hubs equipped with efficient means
of transport that allow a flow- independent discount factor to be applied to the inter-hub
transportation costs.

Hub location problem is used in many situations in reality, including telecommu-
nication system, traffic system, or medical system, etc. The target is different in dif-
ferent situation. Hub location problem has many different target functions. The k-hub
median problem minimizes the total cost of output and the k-hub center problem
minimize the diameter of output which had been proved that it is NP-hard and pre-
sented 4/3-inapproxibility and a 5/3-approximation algorithm by Chen et al. [3].

In this paper, we discuss the Star p-Hub Routing Cost Problem(SpHRP) that output
is a 2-level rooted tree and routing cost is minimum. We prove the problem SpHRP is
NP-hard by reducing a NP-hard problem to SpHRP and present a approximation
algorithm for SpHRP.

The rest of the paper is organized as follows. In the Sect. 2, we formally define the
problem SpHRP. In the Sect. 3, we prove that SpHRP is NP-hard. In the Sect. 4, we
present a approximation algorithm for SpHRP. We conclude the paper in Sect. 5.

2 Preliminaries

Let u, v be two vertices. dg(u, v) denotes distance between u, v in graph G and dr(u, v)
denotes distance between u,v in tree T. Define C(T) =", .y dr(u,v) called the
routing cost of tree T and ¢, = argmin, .y, >, ., dr(u, v) called the center of minimum
star. The input of the problem SpHRP is a metric, undirected, and complete graph, a
vertex ¢ and a parameter p. We want to obtain a tree that root is ¢, p vertices called hubs
are adjacent to ¢ and each of remaining vertices called terminal is adjacent to a hub.
Our target is that minimizing routing cost. Routing cost is sum of distance between all
pairs of vertices.
Star p-Hub Routing Cost Problem

Input: A undirected metric graph G = (V,E,w), a vertex ¢ € V, and positive
integer p.

Output: A depth-2 spanning tree 7" rooted by c¢ called the central hub such that ¢
has exactly p children (called hubs) and the routing cost of T*, C(T*), is minimized.

To prove SpHRP is NP-hard, we need to reduce a NP-hard problem to
SpHRP. Exact Cover by 3-Sets Problem (X3C) is a variation of set cover problem and
a well known NP-hard problem [9]. Original set cover problem is that give a universal
set and many subset of universal set and let union of the least subsets be universal set.
In the problem X3C, the amount of member of universal set is multiple of three, every
subsets are 3-sets, and each member of universal set appears in the union of chosen
subsets once.
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3 NP-Hardness

In this section, we prove that the problem SpHRP is a NP-hard problem with the
problem X3C, which is one of NP-hard problem.
Exact Cover by 3-Sets Problem

Input: Given a set U, with |U| = n = 3¢ (so, the size of U is a multiple of 3), and a
collection S of 3-element subsets of U.

Output: Is there a subset S’ of S where every element of U occurs in exactly one
member of §'?

Theorem 1. Ifthe Star p-Hub Routing Cost Problem can be solved in polynomial time,
then Exact Cover by 3-Sets Problem is polynomial time solvable.

Proof. Let (U,S) be an input instance of Exact Cover by 3-Sets Problem. I is uni-
versal set and S is a collection of 3-element subset of /. We construct a metric graph
G=(V US UL U{c},E,w) of the Star p-Hub Routing Cost Problem according to
(U, S). First, we define the vertex set of G. ¢ is a specified center. V corresponds to U.
For each subset S; € S, we create a vertex s; which belongs to S, and a vertex set L;
which contains b vertices and belongs to L.

It is obviously that any three vertices u, v, r in G satisfy w(u, v) +w(v,r) > w(u, r).
Thus G is a metric graph and we reduce input of X3C to input of SpHRP. Let T* be an
optimal solution of the Star p-Hub Routing Cost Problem with input graph G. We can
construct 7* on condition that all vertex s in S is hub, all vertex /; in L is terminal and is
adjacent to s; in S which creates [;, all v; in U is terminal and is adjacent to s; which
covers v;, and v in U must be adjacent to the same vertex in S with the others two
vertices in U. The routing cost in T* is C(T*), where C(T*) = (4m* — 2m)b* +
(6m? 4 24mq — 2m — 12q)b + (2m> + 18mq + 36q* — 24q).

In the following, we will prove T* is an optimal solution of the Star p-Hub Routing
Cost Problem with input graph G. First, we prove that all vertex s in S is hub.

Claim 3.1. In the T*, all vertices in S are hubs and adjacent to c.

Proof. Let T} be solution of SpHRP and T} be optimal solution in 7;. We support that
a vertex s belonging S is not a hub or adjacent to ¢ in 7). If the lower bound of the
routing cost of T is bigger than the routing cost of 7%, T} can’t be T*. When we
calculating the lower bound of the routing cost of T}, we just need to calculate cost
between L instead of V because the lower bound won’t increase when amount of
vertices which are calculated are decrease.

We can sum up all minimum distance between each pair of vertices when calcu-
lating the lower bound of routing cost of T; by observing the above equation. A vertex [
in L just has five possible location in solution. The first location is hub, and the other
four possible location are terminals and distance to the hub is 1, 2, 3, 4, respectively. In
the following, we will discuss sum of minimum distance from [ to the other vertices
when [ in each possible location.

The first possible location is that / is a hub and adjacent to c. Up to m members in L
can be put in this location.
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(The remaining detailed proofs are omitted due to page limit.)
With Claim 3.1, we will prove the second condition of T*.

Claim 3.2. In the T*, all vertices in L are adjacent to the vertex in S which creates it.

Proof. Let T, be solution of SpHRP and T be optimal solution in 7,. We support that
a vertex [ in L is not adjacent to s in § which creates [/ in T,. The vertex set V is consist
of S, U, L', {I}, and {c}. Among them, L’ is L excluding .

D odxy) =) dxy)+2x > dxy)+ > dxy)

x,yeEAUB X,yEA x€A,yeB x,yEeB

Using the above equation, we simplify the calculation of the routing cost of 7.

= Z de(x7y)

x,yev

:ZZde(xvY)+2Z Z de(X,y)+ Z Z de(xv)))

xeL yel' xel yeSU{c} xeSU{c}yeSU{c}

+2 Z de(lvy)+ZZZde(xvy)+zz Z de(X,y)

yel’ USU{c} xeU yer/ xeU yeSU{c}

+2> dr, () + Y Y dr,(x,y)

xeU xeU yeU

First, we calculate the lower bound of routing cost of 7, between vertices in L'
(Claims 3.2.1 to 3.2.7 are omitted due to page limit.)

In the third part, we will prove the third condition of 7% with Claim 3.1 and
Claim 3.2.

Claim 3.3. In the T*, all vertices in U are adjacent to the vertex in S which covers it.

Proof. Let T3 be solution of SpHRP and T3 be optimal solution in 73. We support that
a vertex v in U is not adjacent to s in S which covers v in T3. The vertex set V' is consist
of S, U', L, {v}, and {c}. Among them, U’ is U excluding v. Using the Eq. 1, we
simplify the calculation of the routing cost of T3.

Z de (x’y)

x,yeV

ZZde(xay)+2Z Z de(x>y)+ Z Z dT3<xay>

xel yeL xeL yeSU{c} xeSU{c} yeSu{c}

+2 Z du(v,y)—i—ZZdT}(x,v)

yeLUSU{c} xel'

+2Z > dr(xy) +ZZdn x,y)

xeU' yeLUSU{c} xeU' yel'

C(T5)

First, we calculate the lower bound of routing cost of 75 between vertices in L.
(Claims 3.3.1 to 3.3.6 with their proofs are omitted due to page limit.)
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In the last part, we will prove the fourth condition of 7* with Claim 3.1, Claim 3.2,
and Claim 3.3.

Claim 3.4. In the T*, v; in U must be adjacent to the same vertex in S with the others
two vertices in U.

Proof. Let T, be solution of SpHRP and T be optimal solution in 7. We support that
a vertex v in U is not adjacent to the same vertex in S with the others two vertices in U
in Ty. The vertex set V is consist of S, U’, L, {v}, and {c}. Among them, U’ is U
excluding v. Using the Eq. 1, we simplify the calculation of the routing cost of Ty of Ty.

C(T4) = Z dT4<x7y)

x,yeV

:ZZdT4(x7y)+2Z Z dT4(x7y)+ Z Z dTA(‘x7y)

xeL yeL xeL yeSu{c} xeSU{c} yeSU{c}

+2Z Z dT4(x7y)+ ZZdT4(x7y)+ ZdTA(v7y)

x€U yeLUSU{c} xeU' yeU yeU

Next, we calculate the lower bound of routing cost of T4 between vertices in U and
vertices in L US U{c}.

Claim 34.1. >, ZyELUSU{c} dr,(x,y) > (12mq — 6q)b + 9mgq.

Next, we will calculate the lower bound of routing cost of T4 between vertices in U’
and vertices in U.

Claim 34.2. > ., ZyeU dr, (x,y) >36q* — 36q +8.
At last, we will calculate the lower bound of routing cost of 7T, between v which is
not adjacent to the same vertex in S with the others two vertices in U and vertices in U.

Claim 3.4.3. Z),EU dr,(v,y) >12q — 6.

According above four parts, we can construct 7* on condition that all vertices in S
are hubs, all vertices in L are terminals and adjacent to the vertex in S which creates it,
all vertices in U are terminal and adjacent to the vertex in S which covers it, and each
vertex v in U must be adjacent to the same vertex in S with the others two vertices in U.

When we know the structure of output of SpHRP, we can get output of X3C from
output of SpHRP. Each hub in S which is adjacent to three vertices in U covers adjacent
vertices in U. Obviously, all vertices in U are adjacent to a vertex in S. It means that all
elements in U are covered and the hubs, vertices in S, which are adjacent to three
vertices in U are the output of X3C. We prove that we can obtain the input of SpHRP
from the input of X3C in polynomial time and obtain the output of X3C from the
output of SpHRP in polynomial time. If we can solve SpHRP in polynomial time, we
can solve X3C in polynomial time by obtaining the input of SpHRP from the input of
X3C, solving SpHRP and obtaining the output of X3C from the output of SpHRP in
polynomial time.
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4 Approximation Algorithm

Next we will present a 4-approximation algorithm for the Star p-Hub Routing Cost
Problem. Let ¢, be the center of minimum star in G, ¢, = argmin,cy >, (u,v), and
¢, be the nearest vertex of vertex c;, ¢, = argmin,c,dg(cs,v). Let H* be hubs in
optimal solution T* and h}‘,h;,...,h; present each hub in H*. H be hubs in our

algorithm solution T and Ay, hy, ..., h, present each hub in H.
We can get the following lemma.

Lemma 1. C(T*) > C(G).

Proof. Because input graph G is a metric graph, complete graph and satisfied triangle
inequality, the minimum distance between two vertices is weight of edge between two
vertices in G.

dT* (u7 V) Z dG(U, V)

ZZdT*uv ZZdGuv (G)

ucV vev ueV veVv
The routing cost of optimal solution T™* is bigger or equal than the routing cost of
input graph G.
Lemma 2. C(T*)>n) .y ds(cs, V).

Proof. s, =argmin,cy y .y (1, v)

C(T* >C ZMEV ZVEV U, V nZv Vv Cs’

(The proofs of Lemmas 3 and 4 are omitted due to page limit.)
Lemma 3. C(T*) >n(n — 1)dg(cs, cn).
Lemma 4. C(T*)>2(n—1)> " ,dg(h;,c).
Algorithm APX

Step 1: Find cg, center of minimum star. ¢, = argmingey Ypey (U, V).

Step 2: Find c,, the nearest vertex of vertex c,. ¢, = argmin,e, dg(cs, V).

Step 3: If vertex c, is different from vertex c, let vertex cg be hy. Otherwise, let
vertex ¢, be hy.

Step 4: Connect vertex ¢ and vertex hy.

Step 5: Pick p — 1 vertices {hy, hs, ..., hy,} closest to ¢ from V\{c, h; } and connect
them to vertex c. Let Ny (c) = {hy, hy, hs, ..., hy}.

Step 6: Connect all vertices in V\{c, hy, hy, ..., h,} to hy in T.

Step 7: Return the tree T.
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Theorem 2. There is a 4-approximation algorithm for the Star p-Hub Routing Cost
Problem running in time O(n?) where n is the number of vertices in the input graph.

Proof. There are two kinds of the output of algorithm. One is 7 that k, is vertex cy, the
other is T, that A, is vertex c,. We will prove that both routing cost of 7y and T, are less
or equal than four times of routing cost of optimal solution.

(The proofs of Lemmas 5 and 6 are omitted due to page limit.)

Lemma 5. C(T,) <4C(T*).

Lemma 6. C(T,) <4C(T").

By Lemmas 5 and 6, we prove the routing cost of algorithm solution is less or equal
than four times of the routing cost of optimal solution. Next, we will prove that the
algorithm run in time O(n?). Obviously, finding center of the minimum induced star
run in time O(n?), finding the nearest vertex of center of the minimum induced star run
in time O(n), picking p — 1 vertices closet to ¢ run in time O(n), and connecting two
vertices run in time O(1). The proposed algorithm is a 4-approximation algorithm
running in time O(n?).

5 Conclusion

In this paper, we formally define the Star p-Hub Routing Cost Problem. Then, we prove
the Star p-Hub Routing Cost Problem is NP-hard, by reducing a known NP-hard
problem, the Exact cover by 3-sets problem, to our problem. In the last, we present a 4-
approximation algorithm using minimum star to find hub to solve the Star p-Hub
Routing Cost Problem. For the future work, it is interesting to see whether there exists
an o-approximation algorithm and « <4 or to prove that for any ¢ > 0, it is NP-hard to
approximate the Star p-Hub Routing Cost Problem to a ratio 4 — e.
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