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Preface

Satya Ranjan Chakravarty was educated at the Indian Statistical Institute (ISI),
Kolkata. From there, he received a bachelor’s degree in statistics (1976), a master’s
degree in statistics (1977), and a Ph.D. in economics (1981). He subsequently joined
the faculty of ISI, where he taught till his retirement in 2019. His academic career at
IST was complemented by visiting positions at various universities around the globe,
including the University of British Columbia, the University of Karlsruhe, Bar-Ilan
University, Kagawa University, the Paris School of Economics, the Chinese
University of Hong Kong, Bocconi University, Yokohama National University, and
the University of International Business and Economics, Beijing. He received the
prestigious Mahalanobis Memorial Award of the Indian Econometric Society in 1994.
He currently serves on the editorial boards of the Journal of Economic Inequality, the
Review of Income and Wealth and Social Choice and Welfare.

Issues relating to the measurement of poverty (or, more generally, deprivation)
and inequality constitute abiding themes in Chakravarty’s research oeuvre. In recent
years, his work in these areas has expanded to include the measurement of polar-
ization. His writings on these themes remain seminal and continue to exert a major
influence on current research. Industrial organization and cooperative game theory
are the other broad areas in which he has made important interventions. His
research papers have come out in some of the most prestigious and high-impact
journals in Economics, including Econometrica, Journal of Economic Theory,
International Economic Review, Journal of Development Economics, Social Choice
and Welfare, Canadian Journal of Economics, Games and Economic Behavior,
Economic Theory, Journal of Economic Inequality, Mathematical Social Sciences,
Theory and Decision, Health Economics, and Review of Income and Wealth. He has
also authored a number of books, of which ‘Inequality, Polarization and Poverty’
(Springer, 2009), ‘Inequality, Polarization and Conflict’ (Springer, 2015), and
‘Analyzing Multidimensional Well-Being’ (Wiley, 2017) constitute essential
reading for researchers in these areas.

Chakravarty produced some of his most seminal research work in the 1980s and
1990s. This was a time when basic infrastructural and resource constraints in Indian
academic institutions could, and did, often prove daunting enough to permanently
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demoralize even the most brilliant and motivated young scholars. Far too many of
his generation did get so demoralized and burnt out, to the extent of ceasing to
produce meaningful research altogether, within a few years of their doctoral
degrees. Many others relocated to institutions outside India in search of a better
work environment. Chakravarty was among a handful of Indian economists of his
generation who not only stayed back, but, somehow, managed to keep producing
research that was globally recognized, despite their debilitating and often
Kafkaesque work environment. The editors of this volume, who were graduate
students in the late ‘90s, remember those times well enough to realize that
Chakravarty’s sheer dogged perseverance set a template for an intellectual and
institutional commitment that they can idolize, but never even attempt to emulate.
One of us became a colleague of Chakravarty in 2004 and the other in 2012. Along
with that privilege, we also acquired an academic role model, a mentor, a great
colleague, and a true elder. “Satya da” was always available to younger colleagues
for encouragement, advice, and support. But equally, he taught us how it was never
beneath one’s dignity to treat even much younger colleagues as equals—to look to
them in turn for advice and support. And most importantly, he taught us never to
compromise our academic judgment, no matter how strong the institutional pres-
sures or how persuasive the extra-academic reasons to do so. Putting together this
volume has been an act of writing up an elaborate, yet entirely inadequate, personal
thank you note from us for him.

This volume is a tribute to Satya Chakravarty, the man as well as his work, from
his students, colleagues, research collaborators, and intellectual admirers with
cognate research interests. It brings together eleven essays, written by altogether
twenty researchers based in eight different countries—Canada, France, India, Israel,
Italy, Luxembourg, the UK, and the USA. The essays cover various issues in the
formal analysis of deprivation, inequality, and polarization. Many of the contri-
butions explicitly build on ideas introduced in the writings of Chakravarty, thereby
attesting to their continuing impact on the research frontier. Others are influenced
broadly by his general research concerns and attest to their continuing relevance.
All contribute to recurrent themes in Chakravarty’s research oeuvre.

The first three papers fall in the area of deprivation analysis. Pattanaik and Xu
study the measurement of multidimensional well-being and deprivation when every
attribute is discretely and ordinally measurable. They axiomatically characterize a
class of measures of social well-being as well as a class of social deprivation
measures. Bossert and D’ Ambrosio adapt a class of indices on the measurement of
poverty over time to that of material deprivation and apply their framework to the
analysis of material deprivation within EU countries. Gajdos, Weymark, and Zoli
theorize on the comparative evaluation of social risk distributions, which are
probability distributions over potential sets of fatalities associated with different
public policy options.

The next six papers address different aspects of inequality analysis. Kanbur starts
from the observation that often greater progressivity in income taxation requires a
higher volume of gross redistributive flows across income levels, which may be
costly to manage (administratively or politically). Progressivity is reduced in
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consequence. This problem is aggravated if redistribution across income levels
implies redistribution across sociopolitically salient groups. He develops a theo-
retical framework in which these issues are captured and formally elucidated.
Banerjee examines the problem of obtaining a crisp approximation of a fuzzy
inequality ranking relation over a set of income distributions. Peled and Silber
propose a new definition of pro-middle class growth and, using Israeli data for the
period 1995-2011, argue that Israeli growth was indeed pro-middle class in the
period under examination. Jayadev and Reddy introduce concepts and measures
relating to inequality between identity groups. They proceed to discuss how these
concepts can be deployed to interpret segregation, clustering, and polarization in
societies. Tyagarupananda and Chattopadhyay offer a general measure of inequality
that, in the limit, converges to the Theil index. They discuss the properties of this
measure, along with an empirical illustration using Indian consumer expenditure
survey data. Bhattacharjee and Sarkar use Pearson’s correlation coefficient between
the weight vector and the power profile to measure the similarity between weight
and power in weighted majority voting games and use standard inequality measures
to quantify the inequality in the weight vector as well as in the power profile. They
find that it is possible to choose a value of the winning threshold which maximizes
the similarity score and also minimizes the difference in the inequality scores of the
weight vector and the power profile. They use their methodology to examine the
voting games arising in the decision-making processes of the International
Monetary Fund and the European Union.

The last two papers in the volume relate to the measurement of polarization.
Maharaj and Chattopadhyay derive the general nature of a polarization map and
extend the setup to allow for pooling of two populations. They also present an
empirical illustration of polarization indices using Indian National Sample Survey
data. Motiram and Vakulabharanam introduce a measure of “grayness,” where by
grayness they mean a combination of spatial integration based upon group identity
and income. They consider some desirable properties of a measure of grayness and
develop a measure that satisfies these properties. They also provide an illustration
using data from the Indian city of Hyderabad and from selected American cities.

Collectively, the eleven essays in this volume constitute both a significant
contribution to frontier research on distributive questions and a fitting tribute to the
lifework of one of the foremost global authorities in the area of deprivation and
inequality measurement.

Kolkata, India Indraneel Dasgupta
Manipushpak Mitra
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Measuring Multidimensional Well-Being )
and Deprivation with Discrete Ordinal oo
Data

Prasanta Pattanaik and Yongsheng Xu

Abstract This paper studies the measurement of multidimensional well-being and
deprivation when every attribute is discretely and ordinally measurable. In this con-
text, we propose an axiom, Non-dominance, and use it together with some other
standard axioms from the existing literature to characterize a class of measures of
social well-being and also a class of social deprivation measures.

Keywords Multidimensional well-being and deprivation + Discrete and ordinal
data - Axioms * Non-dominance - Measurement

JEL Classification Numbers D6 - D7 - I3

1 Introduction

One of the difficulties that economists often face in measuring, in a multidimensional
framework, the well-being or deprivation of a group of individuals arises from the
nature of the data relating to the individuals’ achievements along the different dimen-
sions. From an analytical point of view, we have perhaps the most tractable basis
for measuring living standards and deprivation when we have cardinal information
about the individuals’ achievement in terms of the different attributes or dimensions
involved. Sometimes, we do have such cardinal information for some attributes. Thus,
not only is the consumption of, say, calories cardinally measurable, but the cardinal
information regarding such consumption is also often not too difficult to gather. In
contrast, the quality of housing is much more difficult to measure cardinally, even in
principle, and often we have to fall back on ordinal measurement where the achieve-
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ments may be given as good, poor, very poor, and “no house.” Similar difficulties
also arise in the case of health where one may have to resort to ordinal measurement
in terms of achievement levels such as excellent health, reasonable health, and poor
health. Thus, one can then think of several different types of informational basis
for the measurement of multidimensional well-being or deprivation. First, we have
the case where we have cardinal information for individual achievement in terms of
every attribute. Second, there is the case where we have only ordinal data for every
attribute. Finally, we have the “mixed” case where there is cardinal information for
some of the attributes and only ordinal information for the rest of the attributes. A
large number of contributions have investigated the problem of measuring well-being
and deprivation of societies when cardinal information is available for all attributes
(see, among others, Atkinson (2003), Bourguignon and Chakravarty (2003, 2009),
Tsui (2002), Alkire et al. (2015)). The second case where the measurement of every
attribute is ordinal and discrete has been studied by several recent contributions
which assume that the ordinal information for every attribute is “binary” in nature
so that, for each attribute, the only two achievement levels are “satisfactory” (1) and
“unsatisfactory” (0); Alkire and Foster (2011), Bossert et al. (2013), and Dhongde
et al. (2016) are a few examples of such contributions. We are not, however, aware
of any contributions which, while remaining within the framework of ordinal data,
go beyond the Spartan framework of the binary 1-0 measurement to permit more
than two achievement levels for attributes. Finally, we are not aware of contributions
dealing with the mixed case where the information for some attributes is cardinal but
the information for the rest of the attributes is ordinal.

The purpose of this paper is to develop measures of living standards and depriva-
tion when the measurement of achievements is ordinal and discrete for all attributes
but is not constrained to be binary in nature so that more than two achievement levels
are permitted for each attribute. The plan of the paper is as follows. In Sect. 2, we
introduce our basic notation and definitions for the measurement of the well-being
of a society or a group of individuals. In Sect. 3, we introduce several properties
and prove a preliminary result. Using the result proved in Sect. 3 and a further prop-
erty named Non-dominance, Sect. 4 presents a measure of a society’s well-being.
Section 5 deals with the measurement of social deprivation. We conclude in Sect. 6.

2 Some Basic Notation and Definitions

Let there be m attributes: fi, ..., f, and let M = {1, ..., m}. Suppose the mea-
surement of each attribute is ordinal and discrete. For each attribute f;, let V; denote
the set of discrete and ordinal values which f; can take. For instance, if attribute f;
is health, then V; may be {excellent health, good health, poor health}. We assume
that, for every j € M, we have an antisymmetric ordering [>;] (“at least as high as,
in terms of f;”) over V;, with [> ;] denoting the asymmetric factor of [>;]: a higher
value for f; indicates a higher achievement in terms of the attribute f;. For each
attribute f;, we assume that V; is a finite set.
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As a convention, we shall assume that, for each j € M, the lowest valuein V; is 0
and the highest value in V; is v;f. LetV =V, x...xV,,andlet v* = (vi‘, e, v;‘n)
Then, v* is the greatest element in V and is to be interpreted as the achievement
vector in which the achievement in every dimension is at the highest level. For any
two vectors v, v’ € V, we shall write v > v’ to mean [(vj[zj]v} forall j € M].

Let the group of individuals under consideration have n individuals; for conve-

nience we shall call the group the society and denote it by N = {1, ..., n}. For each
i €N,leta;, = (a“, B T T aim) be individual i’s achievement vector. Let
ai
A= t|:aeV,ieN
an

be the set of all n x m matrices such that, for all i € N, a; € V is individual i’s

achievement vector. Each A € A is interpreted as the society’s achievement matrix.

Let o denote the zero achievement vector and let O denote the zero achievement

matrix. Forallv € V,alli € N,and all A € A, (v; A_;) will denote the matrix
by

B = : € A such that b; = v and, for all i’ € N/{i}, by = a;; thus, (v; A_;)
by,

is the achievement matrix derived by replacing a; by v in A, other things remaining
the same.

A social well-being measure is a function from A to [0, 1] with the interpretation
that, for all A, B € A, g(A) > g(B) indicates that the society’s well-being level
under A is at least as high as the society’s well-being level under B, g(A) > g(B)
indicates that the society’s well-being level under A is higher than the society’s well-
being level under B, and g(A) = g(B) indicates that the society’s well-being level
under A is the same as the society’s well-being level under B.

3 A Preliminary Measure of Social Well-Being

We consider the following axioms to be imposed on a social well-being measure, g.
ap
Normalization: Forall A= | : | € A, if A =0, then g(A) =0, and if ¢; = v*

Qn

foralli € N, then g(A) = 1.
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aj
Anonymity: Let o be a bijection from N to N. Then, for all A = C].B =
an
b
. | € A if [a; = b, forall i € N], then g(A) = g(B).
by,

Monotonicity: For all A, B € A, if [a; > b; foralli € N] and A # B, then

g(A) > g(B).
aj by a; 4

Independence: ForallA=| : |, B=| : |, A'=| : |.B'=]| : | €A
an by a, b,

and for all i’ € N, if [(forall i € N\{i’} ta; = b; and a] = b)), and (a; = a;, and
by = b)), then g(A) — g(B) = g(A') — g(B').

Normalization, Anonymity, and Monotonicity are fairly standard axioms used in
the literature on measurement of multidimensional well-being and deprivation. Inde-
pendence is another straightforward axiom used in the literature and stipulates that,
starting with a given achievement matrix, when the achievement vector of one indi-
vidual changes while all other individuals’ achievement vectors remain unchanged,
the resulting change in the society’s well-being is independent of the achievement
vectors of those other individuals. A variant of Independence was proposed in a dif-
ferent context by Chakraborty et al. (2008), and was used in Dhongde et al. (2016)
in the context of measuring multidimensional deprivation with binary data.

The implication of the above axioms is summarized in the following proposition,
Proposition 1.

Proposition 1 Let g be a social well-being measure. Then, g satisfies Normalization,
Anonymity, Monotonicity, and Independence if and only if:

for some increasing function p : V. — [0, 1] with p(¢) = 0,p(v5, ..., v5) = 1, we
have g(A) = ﬁ M pla;) forall A € A.

Proof Let g be a well-being measure of the society satisfying Nor-
malization, Anonymity, Monotonicity, and Independence. Let A =
a
be any given matrix in .A.
an

Foreveryi € N,let A" = (a;; O_;). Consider B = (¢; A_;). Consider the achieve-
ment matrices, A, B, A' and Q. Then, by Independence, we have

g(A) — g(B) = g(A') — g(0). (1)

By Normalization, g(Q) = 0. We then obtain
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g(A) — g(B) = g(A') = g(a;; O_y). (2)

Consider € = (¢; B_,), and the achievement matrices B, C, A? and O. By Inde-
pendence and Normalization, we have

g(B) — g(C) = g(A?) — g(0) = g(A?) = g(ar; O_y). 3)

From (2) and (3), we then have

8(A) — g(C) = g(ar; 0-1) + g(az; O-y). “4)

By repeating the above procedures with C and beyond and from Independence
and Normalization, we can obtain

g(A) - g(an; (O)fn) = g(al; ©71) + -+ g(anflg @7(1171))- (5)

Then

g(A) =g(a;; O_) +--- + g(an—1§ ©—(n—1)) + g(ay; O_yp). (6)

For eachi € N, let p; : V — [0, 1] be such that, for all v € V, p;(v) =
g(v; O_;)/n. Clearly, for eachi € N, p; is a real-valued function. By Monotonicity,
for eachi € N, p; is increasing. By Anonymity, p; = p, = --- = p,. Denote each
pi by p. By Normalization, p(v*) = 1. Then,

1
g(A) = ~lp(a) +- -+ plan)l. (N

On the other hand, if, for some increasing function p : V — [0, 1] with p(Q) =
0, p(vT, e v,*n) =1,g(4) = % Yo' p(a;) forall A € A, then it can be verified
that g satisfies Normalization, Anonymity, Monotonicity, and Independence. ]
For eachi € N and each achievement vector a; of i, p(a;) figuring in Proposition
1 can be regarded as a measure of i’s well-being when i’s achievement vector is a;.

4 A Specific Class of Measures of Social Well-Being

Using our preliminary measures of social well-being developed in Sect. 3, in this
section, we study a class of measures of social well-being, which have some inter-
esting and attractive features. We note that the measurement of each attribute f; is
ordinal and discrete. Because of its discrete nature, we shall introduce a further prop-
erty, Non-dominance, of the function g, which restricts the form of the individual
well-being measure p.
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Consider any (a',...,d*), b',...,b") € V, where k > 1.! We say that
(a',...,a") and (b',...,b*) are achievement-equivalent iff, for every j € M,
there exists a permutation ; on the set {1, 2, ..., k} such that a = b;b’ Dforallt
{1,2, ..., k}. Further, we say that (a', ..., a*) dominates (b', ..., b*) iff forall i €
N, [ga';0_;) = g(b'; O;) forall t € {1,...,k}] and [g(a’; O;) > g(b'; O_;)
for some ¢t € {1, ...,k}].

Non-dominance. For all k > 1 and all (a',...,d*), (b',...,b%) € V& if
(@',...,d" and (bl, e, bk) are achievement-equivalent, then neither @', ...,d"
dominates (b', ..., b%) nor (b', ..., b*) dominates (a', ..., a).

To see the intuition of Non-dominance, consider any (a', ..., a*), (b', ..., b%) €
VK (k > 1) such that (a',...,d*) and (b', ..., b") are achievement-equivalent.
Since (al, ..., ak ) and (b', ..., bF ) are achievement-equivalent, it is easy to check
that, for every attribute f; and every value v; which attribute f; can take, the num-
ber of vectors in (a!, ..., a%), in which v ; figures as the value of f;, is the same
as the number of vectors in (bl, R b"), in which v; figures as the value of f;.
Intuitively, the “aggregate data” regarding dimensional achievements are the same
for (@', ...,a*) and (b', ..., b*). Given this, for all i € N, Non-dominance rules
out the possibility of having [g(a’; O_;) > g(b’; (D)_,-) forallt € {1,...,k}] and
[g(a'; O_;) > g(b'; O_;) for some r € {1,...,k}].

With the help of Non-dominance, we can show that the individual well-being
function p figuring in Proposition 1 has a particular structure. This result is presented
in Proposition 2 below.

Proposition 2 Let g be a well-being measure of the society. Then, g satisfies Nor-
malization, Anonymity, Monotonicity, Independence, and Non-dominance if and only
if

for some m positive constants, wy, ..., Wy, with w; + ... + w, = 1, there
exists, for each j € M, an increasing function ¢; : V; — [0, w;], with ¢;(0) =0

and ¢; (v;“) = wj, such that, for some increasing function o : [0, 1]—[0, 1], with

0(0) =0and O'(i wj) =1, we have
j=1
l n m
g ==y U(Zj:l (pj(aij))forallA e A. )

Proof Let g be a well-being measure of the society satisfying Normalization,
Anonymity, Monotonicity, Independence, and Non-dominance. From Proposition
1, there exists an increasing function p : V — [0, 1] with p(¢) = 0,p(v5, ..., v) =1
such that, for all A € A,

INote that the vectors al, . . ., a* here are some achievement vectors each of which is possible for an
individual and do not refer to the achievement vectors of any specific individuals in our society, and
similarly for pl,.. . b5 In particular, k& does not bear any relation to n, the number of individuals
in our society.
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g(4) =~ Zl pla).
i=

In what follows, we shall show that the following holds:
for some m positive constants, wy, . .., W, with w; +. ..+ w,, = 1, there exists,
for each j € M, an increasing function ¢; : V; — [O, wj], with ¢;(0) = 0 and

®j (vj‘) = w;j, such that forall v, v" € V,

’ m m !/
ZOEVICE D SRR ZICHED DR IICHE )
Note that p(vf,..,v5) =1>0=p(¢). Let k > 1 and let {d',...,da*} and
{b', ..., "} be two achievement-equivalent collections of individual achievement

vectors. We shall verify that p satisfies the following:
if p(a”) = p(b?)forallp =1,...,k — 1, thenp(b*) > p(a*). (10

Suppose p(a?) > p(bP)forallp =1,...,k—1,butnot [p(bk) > ,o(ak)]. Then,
we must have p(a?) > p(b?) forall p = 1,....k — 1, and p(b*) < p(a¥). Let
r € N. Consider (a'; 0_,), ..., g(a*; 0_,), g(b"; O_,), ..., g(b*; O_,). Then,

1 1
g(a”; (O)_,) = ;p(ap) > g(b”; (O)_,) = r—Lp(bp),p =1,...,k—1

and
k 1 k k 1 k
g(a ;O_,) = ;p(a ) > g(b ;(O)_,) = ;p(b )

This implies that (a', ..., a*) dominates (b', ..., b*), which contradicts Non-
dominance. Therefore, (10) holds for all achievement-equivalent (a',...,a"),
(', ...,b*) € V¥ where k > 1. By Theorem 4.1 of Fishburn (1970), for each
J € M, there exists a function i : V — [0, co) such that

forallv, v' € V, p(v) = p(v') € Y hj(v;) = Y h;)). (11)
j=1 j=1

Since p is increasing, each h; (j € M) is increasing as well. Then, for each
i (v)=h; ©

= S o)

j & M, hi(v7) > hj(©) = 0. For each j € M, let w
define the function ¢; as follows: for all v; € V;,

hj(v;) = h,(0)
D kem (hk (UZ) - hk(o))

9i(v) =
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Then, foreach j € M, w; > 0, ¢; isincreasing with ¢;(0) = Oand ¢; (v;‘) =wj,
and g; : V; — [O, wj]. Note also that w; +---+ w,, = 1,and forall v, v’ € V,

Pz () & 30 02T 0.

Thus, we have established (9).
From (9), there exists an increasing function o : [0, 1]—[0, 1] such that, for all

veV,pw = U(Z’;;l ®; (vj)). By Normalization, it follows that o (0) = 0 and
U(Z_’;‘:l u)j) =1

To complete the proof of Proposition 2, we note that if the statement (8) holds, then
it can be verified that the measure g specified in the statement satisfies Normalization,
Anonymity, Monotonicity, Independence, and Non-dominance. ll

The expression Z?:l @;(a;;) figuring in (8) can be interpreted as the “nominal

overall achievement” of individual i; o (Z;”:l @j(a; j)> then has the obvious inter-

pretation as i’s well-being given as a function of i’s overall nominal achievement.
Therefore, Non-dominance restricts the form of the individual well-being measure
p to be a positive transformation of the individual’s nominal overall achievement. It
may be noted that this specific form for measures of an individual’s well-being in a
multidimensional framework has been studied by several authors including Bossert
etal. (2013) and Dhongde et al. (2016). In their studies, they consider very different
and more direct axioms to be imposed on a measure of an individual’s well-being, and
derive their results. Viewed this way, Non-dominance is a more primitive property
imposed on a well-being measure of the society.

Remark 1 1t may be noted that, in Proposition 2, an individual’s well-being measure,
p, has an additive representable structure. It is well known that, in a framework
such as ours, where the measurement of each attribute is ordinal and discrete, the
standard independence properties (on an individual’s well-being measure) are not,
in general, sufficient to obtain an additive representable structure of a measure of an
individual’s well-being. In the presence of Normalization, Anonymity, Monotonicity,
and Independence, however, our Non-dominance implies a stronger independence
property (see (10) in the proof of Proposition 2) of an individual’s well-being measure
that proves to be necessary and sufficient for an additive representable structure of
an individual’s well-being measure.

5 From Achievement to Deprivation

Given an achievement matrix A € A, in the previous section, we showed that the well-
being measure g of the society satisfying Normalization, Anonymity, Monotonicity,
Independence, and Non-dominance takes the following form:
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m

g(A) = %Zo > oitay)
i=1 j=1

As discussed there, for any individual i with an achievement vector a;,
m . .s . .
> j=19j(a;j) can be interpreted as i’s nominal overall achievement, and

o (Z'j”:l @;(a; j)) can be interpreted as i ’s well-being, or “real overall achievement.”

Let w € (0, 1] be the given and fixed level of nominal overall individual achieve-

ment such that if individual i ’s nominal overall achievement, ) ¢;(a;;), falls below
J=1
it, then individual i is said to be deprived, and if Z;”:l @;(a;ij) = w, then individual
i is said to be non-deprived.? This method of classifying deprived and non-deprived
individuals has been discussed in the literature on measurements of multidimen-
sional well-being and deprivation, see, among others, Bourguignon and Chakravarty
(2003), Pattanaik and Xu (2018), and Tsui (2002). Given our discussions on mea-
sures of social well-being in the previous two sections, our approach seems natural
and becomes even more so in our current context of discrete and ordinal data.
For each individual i € N and any achievement matrix A € A, let

4 (A) 0 if 0 ¢j(a) 2w
i =) w9 . m

d; (A) can be interpreted as the normalized overall nominal deprivation of individ-
ual i given the achievement matrix A. It may be noted that, since each attribute can
take discrete values, the possible values that normalized shortfalls of an individual
are discrete as well. Let i/ = {d;(A) : A € A}

For every achievement matrix A € A, let d(A) =
di(A),...,di(A),...,d,(A)) € U". We will refer d(A) as a profile of indi-
vidual normalized deprivations associated with the achievement matrix A € A.
Let

D={d(A): A c Al.

A deprivation measure of the society is a function 4 from D to [0, 1] with the
interpretation that, for all A, B € A, h(d(A)) > h(d(B)) indicates that the society’s
deprivation under A is atleast as high as the society’s deprivation under B, h(d(A)) >
h(d(B)) indicates that the society’s deprivation under A is higher than the society’s

21t may be noted that we could have used individual i’s well-being (or “real overall achievement”),
m

o ( > o J-)) , and an appropriate well-being benchmark to classify if individual i is deprived
j=1

or non-deprived. Given that an individual’s well-being is a positive transformation of her nominal
overall achievement Z?’:I @;j(a;j), the two classificatory methods are equivalent.
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deprivation under B, and h(d(A)) = h(d(B)) indicates that the society’s deprivation
under A is the same as the society’s deprivation under B.

We consider the following axioms to be imposed on a deprivation measure of the
society. Each of these axioms is straightforward, and they are standard axioms used
in the literature.

D-Normalization: For all A € A, if d(A) is the zero vector, then A(d(A)) = 0, and
if d(A) is the 1 vector, then A(d(A)) = 1.

D-Anonymity: Let o be a bijection from N to N. Then, for all A, B € A, if
[di(A) = dyi)(B) forall i € N], then h(d(A)) = h(d(B)).

D-Monotonicity: For all A, B € A, if [d;(A) > d;(B) foralli € N and d(A) #
d(B)], then h(d(A)) > h(d(B)).
a b; a; 4
D- independence: ForallA=| : |,B=| : |, A'=| : |.B' =] : | €
a, b, a, b,
Aandall i’ € N, if [forall i € N\{i'},d;(A) = d;(B)andd;(A") = d;(B’)], and
[di(A) = di/(A’) andd; (B) = dy(B')], then h(A) — h(B) = h(A’) — h(B').
With the help of the above axioms, we can prove the following result.

Proposition 3 Let h be a deprivation measure of the society. Then, h satisfies D-
Normalization, D-Anonymity, D-Monotonicity, and D-Independence if and only if

there exists an increasing function t : U — [0, 1], with t(0) = 0, t(1) = 1, such
that, for all A € A, we have

 p—
h(d(4)) = — Ziz] 7(di(A)). 12)

Proof It can be easily checked that, if a deprivation measure 4 is given by (12), then it
satisfies D-Normalization, D-Anonymity, D-Monotonicity, and D-Independence. We
omit the proof of the fact that, if a deprivation measure % satisfies D-Normalization, D-
Anonymity, D-Monotonicity, and D-Independence, then (12) holds since that proof
is very similar to the proof that we gave earlier (see the proof of Proposition 1) to
show that, if g satisfies Normalization, Anonymity, Monotonicity, and Independence,
then, for some increasing function p : V. — [0, 1] with p(¢) = 0,p(v5, ..., v5) =1,
we have g(A) = 13" p(a;) forall A € A. R

n

7(d;(A)), which figures in the social deprivation measure in Proposition 3, can
be interpreted as a measure of the “real” deprivation of individual i. It has a feature
which does not conform to the intuition which underlies many contributions in the
literature. That intuition has two components. The first component is the idea that
for every attribute f;, there is a benchmark level, z/ such that an individual has any
deprivation along the dimension f; if and only if her achievement in terms of f;
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falls below z/. The second component is that, for every attribute f;, an increase in
an individual’s achievement in terms of f; can never reduce her overall deprivation
if, to start with, the individual is not deprived in terms of f;, i.e., in measuring an
individual’s deprivation, there cannot be any tradeoff between “overachievement”
(as compared to the relevant benchmark) in one dimension and “underachievement”
(as compared to the appropriate benchmark) in some other dimension. The indi-
vidual deprivation measure t(d;(A)) cannot accommodate this second component:
under this measure of individual deprivation, if, to start with, d; (A) is positive, then
an increase in the achievement of individual i along any dimension f;, i’s other
achievements remaining the same, will always reduce i’s deprivation irrespective of
whether i’s initial achievement along f; exceeds, falls short of, or equals the bench-
mark, z/, for fj- Itis not, however, clear to us that, from an intuitive point of view,
this feature constitutes a flaw of the individual deprivation measure 7(d;(A)) (see
Pattanaik and Xu (2018) for further discussion of the basic issue involved here).

6 Conclusion

In this paper, we have studied measures of social well-being and social deprivation
in a multidimensional framework in which the levels of an individual’s achieve-
ment in terms of each attribute are discrete and ordinal. Though there are a fairly
large number of studies on measures of social well-being and social deprivation in
a multidimensional framework when every attribute is cardinally measurable and a
few studies when every attribute is binarily measurable, there seem to be no stud-
ies for such measures when attributes are ordinally and discretely measurable. This
paper has attempted to fill this gap. Our main contributions are to introduce the
Non-dominance axiom in this context and axiomatically derive a class of measures
of social well-being and a closely linked class of measures of social deprivation.
Another important feature of our study is the way in which we use the measure of
individual well-being to distinguish between deprived and non-deprived individuals.
This approach has brought together the analytical framework for measuring social
well-being and that for measuring social deprivation.

As we note in the Introduction, there seem to be no contributions dealing with the
mixed case where some attributes are cardinally measurable while other attributes
are only ordinally measurable. It would be interesting to study measures of social
well-being and social deprivation for such mixed cases. We leave this for future
research.

Acknowledgements We are grateful to a referee for helpful comments on an earlier version of the
paper.
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128-142, 2014) by adapting the class of indices on the measurement of poverty
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1 Introduction

Material deprivation has been a key indicator of individual well-being within the
EU since 2010. In June of that year, the European Council adopted as part of the
Europe 2020 Strategy the aim to lift at least 20 million people in the EU from the
risk of poverty and exclusion by 2020. Material deprivation is one of the EU Social
Inclusion indicators which are used to monitor national and EU-wide progress in
the achievement of the 2020 target. The Employment, Social Policy, Health and
Consumer Affairs (EPSCO) EU Council of Ministers required improved measures
of material deprivation. This paper contributes to this effort by analyzing the effects
of the inclusion of past experiences in the measurement of current deprivation. The
method followed generalizes the proposal of Bossert et al. (2014). We extend the
class of intertemporal poverty measures of Dutta et al. (2013) to the measurement of
material deprivation. The indices are applied to analyze material deprivation within
EU countries. If we follow the path of material deprivation experienced by each
individual over time, we obtain a picture which differs from that in the annual results
(even though the three intertemporal indices do rank the countries very similarly).
Although the 4-year panel employed here is relatively short, our analysis serves as a
useful illustration for the application of the measures that we propose.

The theoretical work on which material deprivation measures are grounded comes
from the literature on the measurement of poverty. From a theoretical point of view,
material deprivation is multidimensional poverty. The difference between the two
concepts is due to the aspects of well-being which are included in the empirical
analysis. In particular, a multidimensional poverty measure takes into consideration
all the dimensions of well-being that may be of relevance (including nonmaterial
attributes, such as health status and political participation). In contrast, an index
of material deprivation restricts attention to the functioning failures with respect to
material living conditions. Chakravarty and Chattopadhyay (2018) compare the two
approaches and provide an excellent survey of the proposed measures. According
to EU policy, indices of material deprivation are to be combined with income-based
poverty measures and indicators of low employment. See also Guio (2018) for a
discussion of material deprivation and multidimensional poverty from an empirical
perspective.

The axiomatic literature has proposed many indices of multidimensional poverty
and explored their underlying properties; see, for example, Chakravarty et al. (1998),
Tsui (2002), Bourguignon and Chakravarty (2003), Diez et al. (2008), Alkire and
Foster (2011), and Bossert et al. (2013).

The intertemporal aspect of multidimensional poverty has received a modest
amount of attention up to now—most of the work in this area has been atemporal.
At the same time, many of the contributions in the field of unidimensional poverty
have shown that chronic poverty and persistent periods of poverty are worse, in a
number of ways, for individuals than are sporadic episodes. For surveys of this lit-
erature, see, among others, Rodgers and Rodgers (1993) and Jenkins (2000). These
considerations have provided the impetus for some recent theoretical contributions
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on measuring income poverty over time, such as Calvo and Dercon (2009), Foster
(2009), Hojman and Kast (2009), Hoy and Zheng (2011), Bossert et al. (2012), and
Dutta et al. (2013). See also Hoy et al. (2012), Gradin et al. (2012) and Mendola
and Busetta (2012). We refer the reader to Hoy and Zheng (2018) and Gradin et al.
(2018) for an exhaustive summary of the theoretical and applied literature.

The indices proposed by Foster (2009), Bossert et al. (2012) and Dutta et al. (2013)
share a similar structure. Together, they allow different aspects of past experiences
to be brought into the analysis of the phenomenon under consideration. The goal
of the current paper is to propose an application of these latter contributions to the
measurement of poverty over time to material deprivation using the EU-SILC panel
data set, which includes information on different aspects of well-being over time.

The only other papers similar in spirit that we are aware of are Nicholas and Ray
(2012), Bossert et al. (2014), Nicholas et al. (2017), and Alkire et al. (2017). The first
of these proposes generalizations of the contributions of Foster (2009) and Bossert
et al. (2012) and applies the resulting indices to the analysis of multidimensional
deprivation in Australia during the period between 2001 and 2008. The second con-
tribution extends the analysis to aspects of the past considered in Hojman and Kast
(2009) in the measurement of material deprivation among EU countries using the
same dataset as this paper but with a focus on earlier periods. Hojman and Kast’s
(2009) index of poverty dynamics trades off poverty levels and changes (gains and
losses) over time and is consistent with loss aversion. The results in the second paper
based on Hojman and Kast (2009) convey a different picture of material deprivation
within EU countries and tend to favor countries in which individuals experience
improvements in their material deprivation scores. Nicholas et al. (2017) develop a
multidimensional poverty measure that is sensitive to the distribution of deprivations
within individuals, allowing to take into account not only whether the same indi-
viduals are becoming more deprived over time but also whether they are doing so
in the same dimensions. Lastly, Alkire et al. (2017) combine the method proposed
by Foster (2009) with the static index of Alkire and Foster (2011). This is the only
contribution where some of the deprived individuals would not be included in the
measure due to the identification step which will be discussed below.

In this paper, we expand the analysis of intertemporal material deprivation by
including some mitigating effects of affluent periods, that is, of periods in which the
individual is not deprived in any dimension; see Sect. 2 for details.

The measures proposed by Foster (2009) are generalizations of the Foster—Greer—
Thorbecke (1984) class and allow time to play a role. The individual-level Foster
index is the arithmetic mean over time of the per-period Foster—Greer—Thorbecke
indices. In a similar spirit, the corresponding individual intertemporal index of mate-
rial deprivation applied in this paper is the average material deprivation experienced
by the individual over time.

Bossert et al. (2012) take persistence in the state of poverty into account. Their
measure pays attention to the length of individual poverty spells by assigning a
higher poverty weight to situations in which, ceteris paribus, poverty is experienced
in consecutive rather than separated periods. The individual index is calculated as
the weighted average of the individual per-period poverty values where, for each
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period, the weight is given by the length of the spell to which this period belongs.
Similarly, the corresponding individual intertemporal index of material deprivation
is calculated as the weighted average of the individual indices of material deprivation
where, for each period, the weight is given by the length of the spell to which this
period belongs.

Dutta et al. (2013) generalize Bossert et al. (2012) contribution by taking into
account not only the debilitating impact of persistence in the state of poverty but
also the mitigating effect of periods of affluence on subsequent poverty. The class
of the proposed individual measures is a weighted sum over time of per-period
Foster—Greer—Thorbecke indices where the weights reflect the damaging impact of
consecutive periods in poverty and the mitigating effects of affluence periods. In a
similar spirit, the corresponding individual intertemporal index of material depri-
vation is calculated as the weighted average of the individual indices of material
deprivation.

In the multidimensional framework, each person is assigned a vector of several
attributes that represent different dimensions of well-being. For the measurement
of multidimensional poverty, it then becomes necessary to check whether a person
has “minimally acceptable levels” of these attributes; see Sen (1992, p. 139). These
minimally acceptable quantities of the attributes represent their threshold values or
cutoffs that are necessary for an adequate standard of living. Therefore, a person
is treated as deprived or poor in a dimension if the requisite observed level falls
below this cutoff level. In this case, the individual is experiencing a functioning
failure. Material deprivation at the individual level is an increasing function of these
failures.

The identification of the poor in a multivariate framework can be carried out using
different methods. One way of considering a person as poor is if the individual expe-
riences a functioning failure in every dimension; this identifies the poor as those who
are poor in all dimensions. This is known as the intersection method of identification
of the poor. An alternative is the union method where the poor are identified as those
experiencing at least one functioning failure. In between these two extremes lies the
intermediate identification method, which regards a person as poor if she is deprived
in at least m € {1, ..., M} dimensions, where M is the number of dimensions on
which human well-being is considered to depend. The approach to identification in
the current paper employs the union method. Additional results could be obtained
by adopting other identification strategies, for example, by focusing exclusively on
individuals who are severely materially deprived defined as those deprived for at
least four items (see Eurostat 2012). Alkire et al. (2017) is the only contribution
applying an intermediate identification method in an intertemporal framework. The
same approach is followed by the EU Social protection committee which consid-
ers persistently materially deprived individuals to be those who are deprived in the
current year and in at least 2 out of the preceding 3 years.

The different dimensions of well-being are incorporated using what Atkinson
(2003) refers to as the counting approach. The counting measure of individual poverty
consists of the number of dimensions in which a person is poor, that is, the number
of the individual functioning failures. Since some of the dimensions may be more
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important than others, an alternative counting measure can be obtained by assigning
different weights to different dimensions and then summing these weights for the
dimensions in which functioning failure is observed. We follow both suggestions
and produce results for two different weighting schemes: equal weights and Euro-
barometer weights, where the latter reflect EU citizens’ views on the importance
of the dimension of well-being under consideration. For a discussion of weighting
schemes in EU indicators, see Guio et al. (2009). A survey on the use of weights in
multidimensional indices of well-being can be found in Decancq and Lugo (2013).

The remainder of the chapter proceeds as follows. Section 2 contains a description
of the intertemporal indices of material deprivation. The application of these measures
to illustrate the evolution of material deprivation in the European Union using the EU-
SILC dataset appears in Sect. 3. Section 4 provides some brief concluding remarks.

2 Measuring Material Deprivation

Suppose there are N € N\ {1} individuals in a society, M € N\ {1} characteris-
tics (or dimensions of material deprivation) and 7 € N \ {1} time periods. For each

individual n € {1, ..., N}, for each time period 7 € {1, ..., T}, and for each char-
acteristic m € {1, ..., M}, we observe a binary variable x} € {0, 1}. A value of

one indicates that individual n is poor with respect to dimension m in period ¢,
and a value of zero identifies a characteristic with respect to which the individual
is not poor in that period. Foralln € {1,..., N} and forallr € {1,..., T}, we let
X" = (L, X € {0, 1M, For all n € {1, ..., N}, we define the deprivation
profile x" = (x"', ..., x"T) € ({0, I}M)T. Furthermore, we let x = (x',...,xV) €

(({o, 1}M)T)N. Letn € {l,..., N}and x" € ({0, 1}")". We say that n is deprived
in period ¢ € {1, ..., T} in x" if and only if there exists m € {1, ..., M} such that
xyl = 1. That is, in order to be deprived in period ¢ in x”", individual » must be
deprived with respect to at least one dimension in this period. This corresponds to
the union method of identifying the deprived. Thus, individual n is not deprived in
period 7 in x" if and only if x¥ =0 forallm € {1, ..., M}.

For each individual n € {1, ..., N} and each time period ¢ € {1, ..., T}, individ-
ual n’s material deprivation in ¢ is given by

M
nt
E X!
m=1

where o, € Ry, is a parameter assigned to dimension m € {1,..., M}. In the
applied part of the paper, we examine two different weighting schemes—one with
identical weights for all dimensions, and another with weights that are derived from
the Eurobarometer survey. See Sect. 3 for details.
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A measure of intertemporal material deprivation for individual n € {1, ..., N} is
a function D" : ({0, nv ) — R, which assigns a nonnegative individual intertem-
poral material deprivation value to each x” in its domain. A measure of aggre-
N
. . T . T
gate intertemporal material deprivation is a function D: (({0, nv ) ) — Ry

that assigns a nonnegative intertemporal material deprivation value to each x in
its domain.

The first approach analyzed here is inspired by Foster (2009). For each individual
n, intertemporal material deprivation F” is the average material deprivation experi-

enced throughout the T periods. That is, for all x" € ({0, 1} )T,

[ LM
F'(x") = T ZZle'am.

t=1 m=1

Aggregate intertemporal material deprivation F is the arithmetic mean of the indi-

N
vidual intertemporal material deprivation values. Thus, for all x € (({0, nM )T> R

N 1

T M
F(x):%ZF"(x"):N ZZx,’,’l’am.

n=1 i=1 =1 m=1

S| -

In order to discuss the adaptation of Bossert et al. (2012) approach to the intertem-
poral setting, some additional definitions are required.
To capture the notion of persistence in a state of material deprivation, we introduce

functions P": ({0, l}M)T —{l,..., T} foreachn € {1,..., N} and foreach r €
{1,..., T}. If nis deprived in period ¢ in x", we let P™ (x") be the maximal number
of consecutive periods including ¢ in which 7 is deprived. Analogously, if 7 is not
deprived in period ¢ in x", P" (x") is the maximal number of consecutive periods
including ¢ in which r is not deprived. To illustrate this definition, suppose T =7
and x" is such that n is deprived in periods one, four, five, and seven. The length of
the first spell of material deprivation is one and, thus, P"(x") = 1. This is followed
by a spell out of deprivation of length two (in periods two and three), which implies
P™2(x™) = P"3(x") = 2. The next two periods are periods with deprivation and we
obtain P"*(x") = P™ (x") = 2. Period six isa single period without deprivation and,
thus, P"0(x") = 1. Finally, there is a one-period spell of material deprivation and we
have P"7 (x") = 1.

Following Bossert et al. (2012), intertemporal material deprivation BC D" for
individual n € {1, ..., N} is a weighted mean of the individual material deprivation
values where, for each period ¢, the weight is given by the length of the spell to which
this period ¢ belongs. Thus, according to this approach, individual intertemporal
material deprivation BC D" is given by
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BCD"(x") = DOPMGEM) Y o,
=1 m=1

for all x" € ({0, nv )T. Aggregate intertemporal material deprivation BC D is the
arithmetic mean of the individual intertemporal material deprivation values. Thus,

forall x € (({0, I}M)T)N,

N T M
1 b 1 1 nt t
BCD(x) = n§=1 BCD"(x") = NT . > P" (x")mz_jlx; U

i=1 t=1 =

To introduce the measures proposed by Dutta et al. (2013), the following defi-
nitions are of use. For a deprivation profile x", let s, be the number of consecutive
non-deprived periods immediately prior to a deprived period ¢, and let k; be the num-
ber of preceding periods of uninterrupted positive levels of deprivation, up to and
including the deprived period ¢. Formally,

. — 0 ifr=1orx""D >0
"7 1t —min{s | s < tand x™ = ... = x"“~D = 0} otherwise
and
i — 1 ift=1orx"¢"D =0
"7 lt—min{s —1|s <tand x" >0 V¢ =s,...,t} otherwise.

For example, for T = 4, the deprivation profile x" = x", 0, x™, x") has s; =
0,ky=1,s3=1and k3 = 1,and s, = 0 and k4 = 2.

Dutta et al. (2013) propose to include the debilitating impact of persistence in
the state of poverty and the mitigating effect of periods of affluence on subsequent
poverty. Their individual measure D RZ" is a weighted mean of the individual mate-
rial deprivation values where, for each period, the weight considers the number of
preceding periods of uninterrupted positive levels of deprivation, up to and including
the deprived period ¢ (see also BC D" for an alternative weighing scheme), and the
number of consecutive nonpoor periods immediately prior to a poor period, s;. Thus,
according to this approach, individual intertemporal material deprivation DRZ" is
given by

DRZ"(x")=lZT: ul ix”’a
r t=1 1-'_Stm:l "
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for all x" € ({0, }M )T. Again, aggregate intertemporal material deprivation DRZ
is the arithmetic mean of the individual intertemporal material deprivation values.

Thus, for all x € (({O, I}M)T)N,

I & 1l e b —
DRZ(x) = — Y DRZ"(x") = — d X .
DN L TN T LR T
Following Gradin et al. (2012), generalized versions of the indices above could be
computed by applying a general mean in the second aggregation stage as opposed to
the arithmetic mean. This reflects the extent of aversion to inequality of intertemporal
material deprivation across individuals.

3 Data and Results

In this section, we apply the indices defined above to measure material deprivation
over time in the EU. The dataset we use is EU-SILC, which is employed by European
Union member states and the Commission to monitor national and EU progress
towards key objectives for the social inclusion process and the Europe 2020 growth
strategy. We use the version of the data EUSILC LONGITUDINAL UDB 2010,
version-2 of March 2013. Our analysis covers the years from 2007 to 2010 and, since
we are interested in intertemporal material deprivation, we focus on the longitudinal
component of the dataset. The sample is restricted to households who have been
interviewed in each of the four years. The peculiarity of the sample used in this
paper may give rise to differences between results obtained based on the entire
sample. The variables that may be used in the measurement of material deprivation
are available mainly at the household level. A conservative approach is followed
in the sense that the households reporting a missing value are treated in the same
way as those reporting not experiencing the functioning failure. As a result, we
may be underestimating material deprivation, since we are attributing a functioning
failure exclusively to households who explicitly claim to have the failure. The unit of
analysis is the individual, that is, the household failure is attributed to each household
member and the distribution of functioning failures among individuals is examined.
The variables at the basis of the measures of material deprivation are listed in Table 1.

These variables are grouped according to three domains of quality of life: financial
difficulties, housing conditions and durables, for a total of 12 indicators. These are
the same variables chosen by Fusco et al. (2010). For other EU studies on material
deprivation on different dimensions of well-being see, among others, Guio (2009) and
Guio et al. (2009). Different dimensions of material deprivation could be applied in
future work focusing exclusively on economic strain variables and excluding durable
goods which are found to be more stable over time.
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Table 1 Material deprivation variables

Financial difficulties

1. Has been in arrears at any time in the last 12 months on:
— mortgage or rent payments (hs010)

— utility bills (hs020)

— hire-purchase installments or other loan payments
(hs030)

2. Cannot afford paying for 1-week annual holiday away
from home (hs040)

3. Cannot afford a meal with meat, chicken, or fish (or
vegetarian equivalent) every other day (hs050)

4. Lacks the capacity to face unexpected required
expenses (hs060)

Durables

5. Cannot afford a telephone (including mobile phone)
(hs070)

Cannot afford a color tv (hs080)
Cannot afford a computer (hs090)

Cannot afford a washing machine (hs100)
Cannot afford to have a car (hs110)

© oo N

Housing conditions

10. Lacks the ability to keep the home adequately warm
(hh050)

Source EU-SILC dataset

N.B. For a selected number of countries in years 2007, 2008, and 2009, variables hs010, hs020,
and hs030 have been replaced by new variables labeled hs011, hs021 and hs031, respectively. The
two sets of variables measure the same dimensions. While hs010, hs020, and hs030 are binary
variables (1-yes, 2-no), variables hs011, hs021, and hs031 take on three values (1-yes, once; 2-yes,
two or more times; 3-no). We recode hs011, hs021, and hs031 as binary and use them in the place
of hs010, hs020, and hs030

Two different weighting schemes are employed. The first consists of identical
weights for all dimensions and the second is given by weights that are constructed
from the views of EU citizens as surveyed in 2007 in the special Eurobarometer
279 on poverty and social exclusion (see TNS Opinion & Social 2007). This latter
weighting method was first proposed by Guio et al. (2009). For each variable, we use
as the weight the percentage of the EU27 citizens answering “absolutely necessary,
no one should have to do without” to the requisite question as expressed by these
instructions: “In the following questions, we would like to understand better what, in
your view, is necessary for people to have what can be considered as an acceptable
or decent standard of living in (OUR COUNTRY). For a person to have a decent
standard of living in (OUR COUNTRY), please tell me how necessary do you think it
is... (if one wants to).” The possible answers also included “necessary,” “desirable but
not necessary,” and “not at all necessary.” See Table 2 for the relevant percentages.

The results of the intertemporal indices are reported in Tables 3 and 4 for the two
weighting schemes. Each table includes the value of the index and the rankings of
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Table2 Answers in percentages to: “In the following questions, we would like to understand better
what, in your view, is necessary for people to have what can be considered as an acceptable or decent
standard of living in (OUR COUNTRY). For a person to have a decent standard of living in (OUR
COUNTRY), please tell me how necessary do you think it is...(if one wants to)”

EU27 Absolutely Necessary | Desirable but | Not at all
necessary, noone | (%) not necessary | necessary
should have to do (%) (%)
without (%)

A place to live without a leaking 68 28 3 1

roof, damp walls, floors, and

foundation

To be able to keep one’s home 62 35 3 0

adequately warm

A place to live with its own bath or | 63 31 6 0

shower

An indoor flushing toilet for sole 69 27 4 0

use of the household

To be able to pay rent or mortgage | 62 34 3 0

payments on time

To be able to pay utility bills 68 30 2 0

(electricity, water, gas, etc.) on time

To be able to repay loans (such as 48 40 9 2

loans to buy electrical appliances,

furniture, a car or student loans,

etc.) on time

Paying for 1 week annual holiday 15 29 43 13

away from home

A meal with meat, chicken or fish 43 37 17 3

at least once every 2 days

To be able to cope with an 32 43 21 2

unexpected financial expense of X

(NATIONAL CURRENCY)

A fixed telephone, landline 18 37 32 13

A mobile phone 12 26 37 25

A color TV 19 36 35 10

A computer 9 21 41 28

A washing machine 48 41 10 1

A car 17 34 36 13

A place to live without too much 28 43 27 2

noise from neighbors or noise from

the street (traffic, businesses,

factories, etc.)

A place to live without too much 42 44 13 1

pollution or other environmental

problems (such as air pollution,

grime, or rubbish)

A place to live without crime, 49 38 12 1

violence, or vandalism in the area
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Table 3 Intertemporal Material Deprivation and Ranking of EU Member States in the years 2007—
2010 with Unitary Weights

Country Foster rank_Foster | DRZ rank_DRZ | BCD rank_BCD
AT 0.877 7 1.816 7 1.866 7
BE 0.792 6 1.689 6 1.733 6
BG 3.394 20 8.056 20 8.092 20
CY 1.665 14 3.519 13 3.610 13
CZ 1.092 9 2.381 9 2.439 9
EE 1.318 12 2.843 12 2.925 12
ES 0.921 8 1.897 8 1.971 8
FI 0.655 4 1.401 5 1.438 5
HU 2.339 19 5.581 19 5.619 19
IT 1.111 11 2.404 11 2.459 10
LT 1.885 16 4.257 16 4.335 16
LU 0.368 2 0.730 2 0.763 2
LV 2.203 18 5.049 18 5.132 18
NL 0.495 3 1.029 3 1.062 3
PL 1.943 17 4.506 17 4.537 17
PT 1.666 15 3.803 15 3.845 15
SE 0.341 1 0.623 1 0.658 1
SI 1.103 10 2.404 10 2.476 11
SK 1.661 13 3.673 14 3.730 14
UK 0.656 5 1.305 4 1.363 4

the countries (where 1 indicates the country with minimum deprivation). Figures 1
and 2 plot, for each weighting scheme, the rankings of the intertemporal material
deprivation indices. The countries are ordered according to the values of the Fos-
ter index. As a benchmark, we also compute the indices of material deprivation for
each year. These are contained in Table 5 (results with equal weights) and Table
6 (results with Eurobarometer weights), and the ranks are plotted in Figs. 3 and 4
respectively. Figures 5 and 6 compare the rankings of the countries resulting from the
three intertemporal indices with those of yearly material deprivation in 2009 used as
a benchmark for the two weighting schemes. Material deprivation over time is also
compared with standard income poverty results based on the headcount index. The
adopted income poverty line is set to 60% of the national median of the distribu-
tion of yearly equivalized household income using the OECD modified equivalence
scale in order to account for different household size and composition. A note of
caution is necessary with the analysis of income poverty: the results may differ from
those obtained with the same dataset due to the restriction of the sample adopted
in this paper.
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Table 4 Intertemporal Material Deprivation and the Ranking of EU Member States in the years
2007-2010 with Eurobarometer Weights

Country | Foster_EU | rank_Foster_ EU| DRZ_EU |rank_DRZ_EU | BCD_EU rank_BCD_EU
AT 0.490 7 1.070 7 1.101 7
BE 0.506 6 1.055 6 1.082 6
BG 2.966 20 6.772 20 6.804 20
CcY 1.253 17 3.030 16 3.108 16
CZ 0.668 8 1.277 9 1.307 8
EE 0.906 12 2.090 12 2.151 12
ES 0.612 9 1.277 8 1.324 9
FI 0.441 4 0.883 5 0.906 5
HU 1.658 19 4.012 19 4.040 19
1T 0.676 10 1.591 10 1.626 10
LT 1.378 15 3.025 15 3.079 15
LU 0.231 2 0.449 2 0.470 2
LV 1.761 18 3.731 18 3.791 18
NL 0.229 3 0.528 3 0.545 3
PL 1.569 16 3.162 17 3.184 17
PT 1.189 14 2.837 14 2.867 14
SE 0.231 1 0.372 1 0.394 1
SI 0.763 11 1.669 11 1.719 11
SK 1.384 13 2.692 13 2.735 13
UK 0.431 5 0.819 4 0.856 4
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Fig. 1 Changes in the ranking of Intertemporal Material Deprivation among EU Member States
with Unitary Weights
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Fig. 2 Changes in the ranking of Intertemporal Material Deprivation among EU Member States
with Eurobarometer Weights

Table 5 Yearly Material Deprivation and Ranking of EU Member States in the years 2007-2010

with Unitary Weights

Country 12007 rank_2007 | 12008 rank_2008 | 12009 rank_2009 | 12010 rank_2010
AT 0.962 7 1.062 8 0.854 6 0.778 6
BE 0.906 6 0.895 6 0.859 7 0.782 7
BG 4.431 20 3.648 20 4.167 20 4.301 20
CcY 2.287 16 1.633 13 1.754 14 1.830 15
CZ 1.187 9 1.184 10 1.240 9 1.200 8
EE 1.331 11 1.166 9 1.458 12 1.705 12
ES 1.134 1.026 7 1.222 1.248 10
FI 0.648 4 0.650 4 0.636 4 0.577 4
HU 2.557 18 2.480 19 2.675 18 2.657 18
IT 1.348 12 1.292 11 1.244 10 1.236 9
LT 2.063 15 1.899 16 1.981 16 2.362 17
LU 0.592 3 0.593 3 0.558 3 0.480 3
LV 2.636 19 2.478 18 2.815 19 3.104 19
NL 0.458 1 0.414 1 0.385 1 0.393 2
PL 2.484 17 2.179 17 2.109 17 2.069 16
PT 1.860 13 1.821 15 1.727 13 1.726 14
SE 0.479 2 0.461 2 0.423 2 0.337 1
SI 1.280 10 1.409 12 1.387 11 1.422 11
SK 2.009 14 1.789 14 1.844 15 1.710 13
UK 0.733 5 0.759 5 0.839 5 0.768 5
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Table 6 Yearly Material Deprivation and Ranking of EU Member States in the years 2007-2010
with Eurobarometer Weights

Country | I_Eu2007 | rank_Eu2007 | I_Eu2008 | rank_Eu2008 | I_Eu2009 | rank_Eu2009 | I_Eu2010 | rank_Eu2010
AT 0.572 6 0.664 8 0.547 7 0.503 7
BE 0.601 7 0.578 6 0.545 5 0.500 6
BG 3.670 20 3.080 20 3.590 20 3.734 20
CcY 1.996 19 1.407 16 1.541 17 1.619 16
(074 0.669 8 0.648 7 0.695 8 0.668 8
EE 0.954 12 0.859 10 1.106 12 1.320 14
ES 0.780 9 0.705 9 0.869 9 0.895 10
FI 0.422 4 0.436 4 0.433 4 0.397 4
HU 1.848 17 1.815 18 1.985 18 2.005 18
1T 0.944 11 0.904 11 0.871 10 0.868 9
LT 1.468 14 1.336 14 1.482 15 1.703 17
LU 0.381 3 0.367 3 0.354 3 0.300 3
LV 1.925 18 1.852 19 2.140 19 2.409 19
NL 0.251 1 0.220 1 0.206 1 0.210 1
PL 1.803 16 1.544 17 1.518 16 1.498 15
PT 1.402 13 1.364 15 1.303 13 1.302 13
SE 0.293 2 0.301 2 0.273 2 0.219 2
SI 0.909 10 1.014 12 1.012 11 1.043 11
SK 1.487 15 1.311 13 1.385 14 1.278 12
UK 0.471 5 0.485 5 0.545 6 0.494 5

The three intertemporal indices rank the countries very similarly: see Figs. 1 and 2

and Tables 3 and 4. The short length of the panel is not sufficient to distinguish the
different aspects of past experiences of material deprivation. For both weighting
schemes, the least-deprived country is Sweden followed by Luxembourg and the
Netherlands. Finland and the UK swap positions when material deprivation over
time takes into consideration persistence in the state as opposed to an average value.
At the opposite end of the rankings are Bulgaria, Hungary, and Latvia. The order
among relatively highly deprived countries such as Cyprus, Lithuania, Poland, and
Portugal depends on the weighting scheme and index used.
As clearly depicted in Figs. 1 and 2, the rankings of the countries change only little
when the different intertemporal considerations are included. Part of the explanation
for the robustness of these rankings may be that our data covers a relatively small
number of periods, hence the effect of persistence may not be fully captured.

When time is not taken into consideration, in all the years analyzed (but in 2010)
and for both weighting schemes, the Netherlands is the least-deprived country, fol-
lowed by Sweden, Luxembourg, and Finland. See Figs. 3 and 4 and Tables 5 and 6.
At the other end of the rankings, the worst position with respect to yearly material
deprivation is occupied by Bulgaria, for both weighting schemes. Many relevant
changes occur during the years starting from the fifth position onwards especially
when Eurobarometer weights are applied.
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Fig. 4 Changes in the ranking of Yearly Material Deprivation among EU Member States with
Eurobarometer Weights

When time is taken into account, the picture that emerges is different. Figures 5
and 6 compare the rankings of the countries with the yearly values for 2010. Accord-
ing to intertemporal material deprivation, the ranking of the least deprived countries
is (for both weighting schemes) given by Sweden, Luxembourg and the Nether-
lands. Focusing only on 2010, the country with the best performance is Sweden for
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Fig. 5 Changes in the ranking of Intertemporal Material Deprivation among EU Member States
with Unitary Weights versus the ranks of Yearly Material Deprivation in 2010
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Fig. 6 Changes in the ranking of Intertemporal Material Deprivation among EU Member States
with Eurobarometer Weights versus the ranking of Yearly Material Deprivation in 2010

the situation of equal weights and the Netherlands for Eurobarometer weights. This
indicates that the materially deprived Swedes enjoy more affluent periods and are
less persistently deprived than are the corresponding Dutch. Spain improves by two
positions when intertemporal material deprivation is measured and by one position
for Eurobarometer weights according to the Foster and BCD indices. For some other
countries, we observe a movement of one position in both directions. The Nether-
lands, Italy, and Poland are the countries whose position is the most deteriorated
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Fig. 8 Changes in the ranking of Intertemporal Material Deprivation among EU Member States
with Eurobarometer Weights versus the ranking of Yearly Income Poverty in 2010

when intertemporal considerations are included but these results differ depending on
the weighting schemes and the index.

Figures 7, 8, 9, and 10 and Table 7 contain results for intertemporal material
deprivation and income poverty. In the first two figures, we compare the ranking of
the countries with poverty during the last year of analysis, while the comparisons with
poverty in 2007 are plotted in Figs. 9 and 10. It is apparent that intertemporal material
deprivation is not related to income poverty in any of the 2 years. As recommended by
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Fig. 10 Changes in the ranking of Intertemporal Material Deprivation among EU Member States
with Eurobarometer Weights versus the ranking of Yearly Income Poverty in 2007

EU policy makers, indices of material deprivation are to be combined with income-
based poverty measures since the two capture different aspects of individual well-

being.
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Table 7 Yearly Income Poverty and Ranking of EU Member States in the years 2007-2010

Country P_2007 Rank_2007 | P_2008 rank_2008 | P_2009 rank_2009 | P_2010 rank_2010
AT 0.134 9 0.117 6 0.117 8 0.112 7
BE 0.153 10 0.141 10 0.150 10 0.120 9
BG 0.225 20 0.212 18 0.233 19 0.223 20
CY 0.175 12 0.172 12 0.155 12 0.180 16
CZ 0.084 3 0.091 3 0.071 1 0.080 1
EE 0.220 19 0.219 19 0.197 18 0.132 10
ES 0.174 11 0.175 13 0.171 14 0.194 19
FI 0.117 7 0.140 9 0.137 9 0.134 11
HU 0.114 6 0.096 5 0.086 3 0.100 3
IT 0.200 16 0.197 16 0.185 16 0.182 17
LT 0.198 15 0.198 17 0.191 17 0.155 12
LU 0.120 8 0.118 7 0.107 6 0.094 2
LV 0.213 18 0.270 20 0.240 20 0.184 18
NL 0.083 2 0.092 4 0.114 7 0.102 4
PL 0.178 13 0.178 14 0.163 13 0.160 13
PT 0.212 17 0.183 15 0.179 15 0.175 15
SE 0.070 1 0.089 2 0.102 4 0.111 6
SI 0.113 5 0.120 8 0.102 5 0.106 5
SK 0.088 4 0.088 1 0.082 2 0.113 8
UK 0.181 14 0.170 11 0.152 11 0.163 14

4 Concluding Remarks

This paper analyzes the role of intertemporal considerations in material deprivation
and compares EU countries according to this additional information. If we follow the
path of material deprivation experienced by each individual over time, we obtain a
different picture from that given by the yearly results. The contribution of this paper
is mainly of a methodological nature. In addition, it provides some guidance for
thorough empirical analyses of material deprivation. A possible subject for further
research is to extend the results to patterns of deprivation by population subgroups to
better understand the risk factors generating deprivation. Since the measurement of
material deprivation is used by the EU member states and the European Commission
to monitor national and EU progress in the fight against poverty and social exclu-
sion, the basic results reported here suggest that time cannot be neglected. Countries
should not only be compared according to their yearly results but also on data that
follows individuals over several periods in order to produce a time-sensitive aggre-
gate measure of material deprivation. Intertemporal material deprivation indices can
be thought of as indicators of extreme forms of poverty along the lines of the rec-
ommendations of the Indicators Sub Group of the Social Protection Committee (see
Bradshaw and Mayhew 2011).
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Abstract Social risk equity is concerned with the comparative evaluation of social
risk distributions, which are probability distributions over the potential sets of fatal-
ities. In the approach to the evaluation of social risk equity introduced by Gajdos,
Weymark, and Zoli (Shared destinies and the measurement of social risk equity,
Annals of Operations Research 176:409-424, 2010), the only information about
such a distribution that is used in the evaluation is that contained in a shared destiny
risk matrix whose entry in the kth row and ith column is the probability that person
i dies in a group containing k individuals. Such a matrix is admissible if it satisfies
a set of restrictions implied by its definition. It is feasible if it can be generated by
a social risk distribution. It is shown that admissibility is equivalent to feasibility.
Admissibility is much easier to directly verify than feasibility, so this result provides
a simple way to identify which matrices to consider when the objective is to socially
rank the feasible shared destiny risk matrices.
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1 Introduction

Governments routinely implement policies that affect the risks that a society faces.
For example, barriers are installed to lessen the risk of a terrorist driving a vehicle
into pedestrians, dikes are built to reduce the risk of flooding, and carbon taxes
are imposed to slow down the rise in the temperature of the Earth’s atmosphere so
as to reduce the likelihood of the serious harms that result from climate change.
Policies differ in the degree to which they change the expected aggregate amount of
a harm and how it is distributed across the population. A consequentialist approach
to evaluating the relative desirability of different policies that affect these kinds of
social risks does so by ranking the possible distributions of the resulting harms. If
this ranking, or an index representing it, takes account of the equity of the resulting
distribution of risks, it is a measure of social risk equity.

The measurement of social risk equity has its origins in the work of Keeney
(1980a, b, c). The analysis of social risk equity has been further developed by Broome
(1982), Fishburn (1984), Fishburn and Sarin (1991), Fishburn and Straffin (1989),
Gajdos et al. (2010), Harvey (1985), Keeney and Winkler (1985), and Sarin (1985),
among others. While these analyses apply to any kind of social harm, for the most
part, the harm that they consider is death. Our analysis also applies to any socially
risky situation in which a harm may affect some, but not necessarily all, of the society
in question but, for concreteness, we, too, suppose that this harm is death.

The set of individuals who die as a result of their exposure to the risk is a fatality
set and a social risk distribution is a probability distribution over all of the possible
fatality sets. Social risk distributions are ranked using a social risk equity preference
ordering. Not all of the information about a social risk distribution may be regarded
as being relevant when determining the social preference relation. For example,
Fishburn and Straffin (1989), Keeney and Winkler (1985), and Sarin (1985) only
take account of the risk profiles for individuals and for fatalities. The former lists the
likelihoods of each person dying, whereas the latter is the probability distribution
over the number of fatalities. These statistics can be computed from a social risk
distribution, but in doing so, some information is lost.

Gajdos et al. (2010) propose also taking into account a concern for shared des-
tinies; specifically, with the number of other individuals with whom someone per-
ishes. Chew and Sagi (2012) describe this concern as being one of ex-post fairness.
For example, for a given probability of there being k fatalities, it might be socially
desirable to have this risk spread more evenly over the individuals. As Example 3
in Gajdos et al. (2010) demonstrates, it is possible for the distribution of how many
people someone dies with to differ in two social risk distributions even though the
risk profiles for individuals and for fatalities are the same in both distributions. As a
consequence, a concern for shared destinies cannot be fully captured if one restricts
attention to the information provided by the likelihoods of each person dying and
the probability distribution over the number of fatalities.'

I'There are other dimensions of social risk equity that may be of concern, such as dispersive equity
and catastrophe avoidance. There is a concern for dispersive equity if account is taken of individual
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The distribution of shared destiny risks can be expressed using a shared destiny
risk matrix whose entry in the kth row and ith column is the probability that person
i dies in a group containing k individuals. In the approach developed by Gajdos
et al. (2010), if two social risk distributions result in the same shared destiny risk
matrix, they are regarded as being socially indifferent. Because the risk profiles for
individuals and for fatalities can be computed from the information contained in a
shared destiny risk matrix, their approach to evaluating social risks can take account
of these two risk profiles, not just a concern for shared destinies. In effect, in their
approach to social risk evaluation, ranking social risk distributions is equivalent to
ranking shared destiny risk matrices.

The entries of a social destiny risk matrix are probabilities, and so all lie in the
interval [0, 1]. There are three other independent properties that such a matrix must
necessarily satisfy as a matter of definition: (i) nobody’s probability of dying can
exceed 1, (ii) the probability that there are a positive number of fatalities cannot
exceed 1, and (iii) nobody can have a probability of dying in a group of size k
that exceeds the probability that there are k fatalities. A social destiny risk matrix
that satisfies these properties is said to be admissible. Starting with a social risk
distribution, we can compute the entries in the corresponding shared destiny risk
matrix. A shared destiny risk matrix that can be generated in this way from a social risk
distribution is said to be feasible. A feasible shared destiny risk matrix is necessarily
admissible. The question we address is whether there are admissible shared destiny
risk matrices that are not feasible. We show that there are not. Thus, a shared destiny
risk matrix is admissible if and only if it is feasible.

In order to establish this result, we develop an algorithm that shows how to con-
struct a social risk distribution from a shared destiny risk matrix in such a way that
the resulting distribution can be used to generate the matrix. It is easy to determine
if a shared destiny risk matrix is admissible but, as our algorithm makes clear, con-
firming that it is also feasible by finding a social risk distribution that generates it
may be a formidable undertaking. However, if our objective is only to socially rank
the feasible shared destiny risk matrices, our result tells us that this is equivalent to
socially ranking the admissible shared destiny risk matrices. We do not need to know
how to generate these matrices from social risk distributions in order to know that
they are feasible; we only need to know that they are admissible.

In Sect. 2, we introduce the formal framework used in our analysis. The algorithm
employed to determine a social risk distribution that generates a given admissible
shared destiny risk matrix is presented in Sect. 3. We illustrate the operation of this
algorithm in Sect. 4. We prove that a shared destiny risk matrix is admissible if and
only if it is feasible in Sect. 5.

characteristics such as gender, race, or geographic location in addition to the individuals’ exposures
to social risks. See Fishburn and Sarin (1991), for an analysis of the evaluation of social risks that
allows for dispersive equity. Bommier and Zuber (2008), Fishburn (1984), Fishburn and Straffin
(1989), Harvey (1985), and Keeney (1980a) consider social preferences for catastrophe avoidance.
We do not examine dispersive equity or catastrophe avoidance here.
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2 Shared Destiny Risk Matrices

There is a society of n > 2 individuals who face a social risk. Let N = {1, ..., n} be
the set of these individuals. A fatality set is a subset S € N consisting of the set of
individuals who expost die as a consequence of the risk that this society faces. There
are 2" possible fatality sets, including @ (nobody dies) and N (everybody dies). A
social risk distribution is a probability distribution p on 2", with p(S) denoting the
ex ante probability that the fatality set is S. We suppose that only this probability
distribution is relevant for the purpose of social risk evaluation. The set of all such
probability distributions is Z.

For each k € N, let M (k) € [0, 1]* denote the vector whose ith component
M (k, i) is the ex ante probability that person i will die when there are exactly k
fatalities. A shared destiny risk matrix is an n X n matrix M whose kth row is M (k).
Let n(k) be the number of positive entries in M (k). The risk profile for individuals
is the vector @ € [0, 1]*, where

a(i) = ZM(k, i), VieN, (1)

k=1

which is the ex ante probability that person i will die. The risk profile for fatalities
is the vector B € [0, 1]", where

Bk) = %ZM(k, i), YkeN, 2)

i=1

which is the ex ante probability that there will be exactly k fatalities. Note that a risk
profile for fatalities does not explicitly specify the probability that nobody dies. The
probability that there are no fatalities is 1 — Y _;_; B(k).

By definition, each of the entries of M is a probability and so must lie in the
interval [0, 1]. Hence, each of the components of o and 8 must be nonnegative as
they are sums of entries in M. There are three other restrictions on M. They are

ai)<1, VieN, (3)
Y Bk)y<1, VkeN, 4)
k=1
and
Mk, i) < Bk), V(k,i)e N% (3)

The first of these requirements is that no person can die with a probability greater
than 1. The second is that the probability that there are a positive number of fatalities
cannot exceed 1. The third is that nobody’s probability of dying in a group of size k
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can exceed the probability of there being k fatalities. Of course, it must also be the
case that
Bk) <1, VkeN. (6)

That is, the probability that there are a particular number of fatalities cannot exceed
1. However, (6) follows from (4) because all probabilities are nonnegative. A social
risk equity matrix M is admissible if it satisfies (3), (4), and (5).

It is obvious that M must satisfy (3) and (4), but the necessity of (5) is less so
because there is more than one way that someone can die with k — 1 other individuals
when k > 1. To see why (5) is required, suppose, on the contrary, that M (k, i) > B(k)
for some i € N. Then, because M (k, i) is the probability that person i perishes
with k — 1 other individuals, it must be the case that Z#i M(k, j) > (k — 1)B(k)).
Hence, 2?21 M (k,i) > kB (k). It then follows that (k) = % Z?:l Mk, i) > Bk),
a contradiction.

Foreachk € N, .7 (k) = {S € 2"||S| = k} is the set of subgroups of the society in
which exactly k individuals die. For each (k, i) € N2, .7 (k,i) = {S € T (k)|i € S}
is the set of subgroups in which exactly k people die and i is one of them. A shared
destiny risk matrix M is feasible if there exists a social risk distribution p € &2 and an
n x n matrix M, such that M (k, i) = M, (k, i), where M, (k,i) = ZSG,Y/(k,i) p(S).
That is, M, (k, i) is the probability that there are k deaths and i is one of them when
the social risk distribution is p.

3 The Decomposition Algorithm

By construction, for any p € &, M, is an admissible shared destiny risk matrix. In
other words, any feasible shared destiny risk matrix is admissible. The question then
arises as to whether feasibility imposes any restrictions on M other than that it be
admissible. We show that it does not.

For any admissible shared destiny risk matrix M, we need to show that there exists
a social risk distribution p € &2 such that M, = M. This is done by considering
each value of k separately. For each k € N, we know that the probability of having
this number of fatalities is S(k). We need to distribute this probability among the
subgroups in .7 (k) (the subgroups for which there are k fatalities) in such a way
that the probability that person i dies in a group of size k is M (k, i). The resulting
probabilities for the subgroups in .7 (k) are called a probability decomposition. Put
another way, for each i € N, we need to distribute the probability M (k, i) among
the subgroups in .#(k, i) (the subgroups containing person i for which there are
k fatalities) in such a way that the amount 75 allocated to any S € S (k, i) is the
same for everybody in this group. The value 7 is then the probability that the set of
individuals who perish is S.

IfM(k,i) = Oforalli € N (son(k) = 0),then 8(k) = 0, so we assign probability
Otoeach S € (k). If k = n, only N is in .7 (n), so no decomposition is needed;
N is simply assigned the probability 8(n). When B(k) # 0 and k < n, we construct
an algorithm that produces the requisite probability decomposition. The algorithm



42 T. Gajdos et al.

proceeds through a number of steps, which we denote by t =0, 1, 2, .... We show
that the algorithm terminates in no more than 7(k) steps. The relevant variables in
each step are distinguished using a superscript whose value is the step number.

The vector M (k) is a nonincreasing rearrangement of M (k) if M (k,i) >
M (k,i+1) for all k =1,...,n— 1. Whenever a vector of probabilities for the
n individuals is rearranged in this way, ties are broken in such a way that the original
order of the individuals is preserved. For example, if n = 3, in the rearrangement
(2,1,1) of (1,2, 1), the first 1 is associated with person 1 and the second 1 with
person 3. Without loss of generality, we suppose that M (k) is initially ranked in
nonincreasing order. We now describe our algorithm.

Probability Decomposition Algorithm. The initial values of the relevant variables are
MO(k) = MO (k) = M(k) = M (k)

and

BO(k) = Bk).

Step 1. In Step 1, we assign a probability 7' to the first k individuals, which is the
set of individuals with the k highest probabilities in M O(k). After ! is subtracted
from each of the first k components of M°(k), we are left with the fatality probability

Bltk) = p(k) — !
to distribute among the groups of size k using the probabilities in
M' k) =M%k)— (=',....,7",0,...,0).
Letting po (k, i) denote the rank of individual i in MO (k), we define the vector
rlky == 1), 13, ..., 1%,

where I? = 1 if p°(k,i) < k and I? = 0 otherwise. Using 7! (k), M'(k) can be
equivalently written as
M' (k) = M°(k) — ' (k).

We need to ensure that each of the probabilities in M (k) is nonnegative. Because
MO (k) is a nonincreasing rearrangement of M°(k) and M'(k, i) = M°(k, i) fori =
k+1,...,n, it must therefore be the case that 7' < Mo(k, k). We also need to
ensure that none of these probabilities exceeds the fatality probability 8'(k) left
to distribute. This condition is satisfied by construction for the first k individuals.
Hence, because MO (k) is a nonincreasing rearrangement of M°(k), in order to satisfy
this condition, it is only necessary that M°(k, k + 1) < B'(k) = B°(k) — =!. Both
of these requirements are satisfied by setting
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7' = min{M°(k, k), B°(k) — M°(k, k + 1)}.

By (5), Mo(k, k) < BO(k). Therefore, ! < B°(k) and, hence, B'(k) < B°(k).
Because B' (k) = %Z?:l M'(k,i)and M'(k,i) > Oforalli € N, 8' (k) > 0.

Let S! denote the first k individuals in M° (k). We choose p(S') to be !

If M'(k) = (0,0,0,...,0), the algorithm terminates. Otherwise, it proceeds to
the next step.

Step t (t > 2). The operation of the algorithm in this step follows the same basic
logic as in Step 1. The value of ' is chosen by setting

7' = min{M' 'k, k), B~ (k) — M"" (k, k + 1)}. (7)
Letting o'~ (k, i) denote the rank of individual i in M'~! (k), we define the vector
rlky=x"-7 BT T, ®)

where I! ™' = 1if p'~'(k, i) < k and I;™" = 0 otherwise.
We define M’ (k) and B’ (k) by setting

M'(k) = M~ (k) — 7' (k) 9)

and

B k) =B k) —n". (10)

Analogous reasoning to that used in Step 1 shows that 0 < g’ (k) < ' k).

Let S’ denote the first k individuals in M'~' (k). We choose p(S’) to be 7".

If M'(k) = (0,0,0,...,0), the algorithm terminates. Otherwise, it proceeds to
the next step.

If the algorithm terminates and a group S with X members has not been assigned
a probability by the algorithm, we set p(S) = 0.

4 Examples of the Probability Decomposition Algorithm

The operation of the probability decomposition algorithm is illustrated with three
examples. In each of these examples, it is assumed that M is admissible. In the first
example, the algorithm is applied to the case in which nobody dies with anybody
else.

Example 1 Let k = 1 with M(1,i) > 0 for some i € N. If M is feasible, for each
i € N, we must have p({i}) = M (1,i). We show that the algorithm produces this
result. We first consider the case in which M (1,i) > Oforalli € N.

In Step 1, person 1 is the highest ranked individual in MO(1). Therefore, we have
A1) — MO(1,2) = 1 Y0, MO(L, i) — MO(1,2) = 30, MO(1,i) = M°(1, 1). It
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then follows that 7! = M°(1, 1) and, hence, p({1}) = M°(1,1) = M(1, 1). We
have 7'(1) = (M(1, 1),0,...,0) and so M°(1) is now replaced with M'(1) =
0, M°2), ..., M°(n)). Because M'(1,1) =0, person 1 is never considered again
by the algorithm. There is fatality probability 8'(1) = (1) —=! = Y"1, M(1,i)
—M(1,1)=)""_, M(1,i) left to allocate.

Step 2 uses the vector M'(1). Person 2 is the second highest ranked indi-
vidual in M°(1) and so is first ranked in M'(1). As in Step 1, 72 = M'(1, 1)
and, hence, p({2}) = M‘(l, 1) = M(1,2).Wehave ! (1) = (0, M(1, 2),0,...,0)
and so M'(1) is replaced with M?(1) = (0,0, M°(3), ..., M°(n)) and person
2 is never considered again. There is fatality probability g%(1) = gl(1) — 7% =
YoM, —M(1,2) ="y M(1, i) left to allocate.

More generally, person i € N is singled out in Step i and assigned the proba-
bility p({i}) = M (1,i). In Step n, M"(1) = (0,0,0, ..., 0), and so the algorithm
terminates.

If M(1,i) =0 for some i € N, then the algorithm proceeds as above but termi-
nates in Step n(1) < n, where it is recalled that n(1) is the number of individuals
for whom M (1, i) is positive. For any individual i for whom M (1, i) = 0, when the
algorithm terminates, p({i}) is set equal to 0.

In the next two examples, individuals do not die alone. In these examples, all prob-
abilities are expressed in terms of percentages, so, for example, 5 is the probability
0.05.

Example 2 Letn = 7andk = 4. We suppose that M°(4) = M(4) = M(4) = M°(4)
= (5,4,4,4,4,2,1). Consequently, 8°(4) = p(4) = %Z?:l M@4,i) =6.

Step . Wehaver! = min{MO(4, 4y, B°(4) — M0(4, 5)} = 2. Therefore, 7! (4) =
(2,2,2,2,0,0,0), M'(4) =M°4) —n'(4) =3,2,2,2,4,2,1), and B'(4) =
B°(4) — 7! =6 —2 =4.Hence, p({1,2,3,4) =n' =2.

Step 2. There are four individuals with the third highest probability in M'(4).
Using our tie-breaking rule, individuals 1, 2, 3, and 5 have the first four probabilities in
M'(4). We thus have M'(4) = (4,3,2,2,2,2, 1), so 7% = min{M' (4, 4), B' (4) —
M1(4, 5)} = 2. Therefore, 7%2(4) = (2,2,2,0,2,0,0), M*(4) = M'(4) — n*(4) =
(1,0,0,2,2,2,1),and g%>(4) = ' (4) — 7> =4 — 2 = 2. Hence, p({1,2,3,5}) =
7 =2.

Step 3. There are two individuals with the fourth highest probability in M?(4).
The tie is broken in favor of person 1, so the first four individuals in M? 4) are 1,
4,5, and 6. We have M2(4) = (2,2,2,1,1,0,0), so 7% = min{M?(4, 4), B2(4) —
M2(4, 5)} = 1. Therefore, 73(4) = (1,0,0,1,1,1,0), M3(4) = M*(4) — n3(4) =
0,0,0,1,1,1,1),and B*(4) = B*(4) —7* =2 — 1 = 1. Hence, p({1,4,5,6}) =
=1

Step 4. The four individuals with the highest probabilities in M>(4) are 4, 5,

6: and 7. We have M3(4) =(1,1,1,1,0,0,0), so n* = min{M3(4,4), ﬂ3(4) —
M3(4,5)} = 1. Therefore, 74(4) = (0,0,0,1, 1,1, 1), M*(4) = M3*4) — n*(4) =
0,0,0,0,0,0,0), and 8*(4) = 3(4) —7* =1 —1 = 0. Hence, p({4,5,6,7}) =
7t =1.
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Because M*(4) = (0,0, 0,0, 0, 0, 0), the algorithm terminates in Step 4. The four
groups identified in Steps 1-4 are assigned positive probability For any other set of
individuals S with four members, p(S) = 0. There are ;7-"; (n o = 4,3, = 35 possible
groups of this size, so 31 of them are assigned a zero probability.

In Examples 1 and 2, in Step 7, 7’ is set equal to M (k, k). In Example 3, it is
instead sometimes set equal to 8'~! (k) — M'~'(k, k + 1).

Example 3 Letn = 3andk = 2. We suppose that M°(2) = M(2) = M(2) = M°(2)
= (7, 5, 4). Consequently, ,30(2) =pR2) = % Zf’:l MQ2,i) =8.

Step . Wehaver! = min{M°(2, 2), B°(2) — M°(2, 3)} = 4. Therefore, 7' (2) =
4,4,0,M'2) =M°2) —n'(2) = 3,1,4),and ' 2) = B°Q2) —n' =8 -4 =
4. Hence, p({1,2}) = 7' = 4.

Step 2. The two individuals with the highest probabilities in M'(2) are 1 and 3.
We have M (2) = (4,3, 1), so 72 = min{M' (2, 2), B'(2) — M'(2, 3)} = 3. There-
fore, 72(2) = (3,0,3), M2(2) = M'(2) — 7%2(2) = (0, 1, 1), and B%(2) = B'(2) —
7% =4 —3 = 1.Hence, p({1,3})) =7 =3.

Step 3. There only two individuals (2 and 3) left with positive probabilities, and
these probabilities are the same. Hence, this group of individuals must be assigned
the unallocated fatality probability, so p({2, 3}) = 1. We confirm that the algorlthm
produces this result. We have M2(2) =(1,1,0), so 73 = mm{M2(1 2), B2(2) —
M?*(2,2)} = 1. Therefore, 73(1) = (0, 1, 1), M3(2) M?*(2) —73(2) = (0,0, 0),
and B3(2) = B%(2) — n* =1 — 1 = 0. Hence, p({2, 3}) = 1, as was to be shown.

The algorithm terminates in Step 3. All subgroups with two members are assigned
positive probability.

As these examples illustrate, each step of the algorithm identifies a subgroup with
k members and determines the probability that it is this group that perishes. For each
individual i in this group, this probability must be subtracted from whatever part of
the probability M (k, i) that remains unallocated at the end of the previous step. In
all three of the examples, at the end of the penultimate step of the algorithm, there is
a group of size k whose members all have the same probability left to distribute. In
the next section, we show that this is a general feature of the algorithm. When this
amount has been allocated as the probability of this group perishing together, we
have M'(k) = (0, ..., 0), and so the algorithm terminates because, for eachi € N,
the probability M (k, i) that person i dies in a group of size k has been distributed
among each of the groups of size k that include i.

The distribution of the probability in 8 (k) across the groups with k members need
not be unique. This is the case in Example 2 because there is more than one way to
rearrange the vector of fatality probabilities being considered in a nonincreasing way
in some of the steps. For example, if in Step 2 in this example, with the tie-breaking
rule used in our algorithm, individuals 1, 2, 3, and 5 are regarded as having the four
highest probabilities in M (4). However, we could have used a tie-breaking rule that
selects individuals 1, 2, 5, and 6 instead, in which case p({(1, 2, 5, 6)}) > 0, which
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is not the case with the tie-breaking rule used in the algorithm. Feasibility of a shared
destiny risk matrix M only requires that there exists a social risk distribution p such
that M, = M, not that this distribution be unique.

5 The Equivalence of Admissibility and Feasibility

In order to show that an admissible shared destiny risk matrix is feasible, we first
establish a number of lemmas that identify some important properties of the proba-
bility decomposition algorithm. In each of our lemmas, we suppose that k # n and
that the probability decomposition algorithm is being applied to the kth row M (k) of
an admissible shared destiny risk matrix M for which the probability B (k) that there
are k fatalities is positive.

Lemma 1 shows that in each step of this algorithm, analogues of (2) and the
admissibility restriction in (5) hold.

Lemma 1 In any Step t of the algorithm,

t 1 . 1 .
ﬂ(k)=E;M(k,l) (11)
and
0§M’(k,i)§ﬁ’(k), Vi € N. (12)

Proof For any k # n, at the end of Step t — 1 of the algorithm, from the probability
B (k) that there will be exactly k fatalities, there is still 87~!(k) left to allocate. In
Step ¢, ' is subtracted from the first k components of M'~(k) and 0 from the other
n — k components. Hence, by (2), (9), and (10), at the end of Step ¢, the amount from
B (k) left to allocate is (11).

Because 7! < M!~! (k, k), M'(k,i) > Oforalli € N.The argument used to show
that M'(k,i) < B'(k) for all i € N is the same as the argument used in Sect. 2 to
show that (5) holds but with M’ (k, i) substituting for M (k, i) and 8 (k) substituting
for B (k). ([

In order for the probability decomposition algorithm to distribute all of the prob-
ability B(k) that there are k fatalities among the subgroups of size k, the algorithm
must terminate in a finite number of steps. Lemma 2 shows that this is the case if the
algorithm reaches a step in which there are k positive entries left to distribute.

Lemma 2 The algorithm terminates in Step t + 1 if there are k positive entries in
M' (k).

Proof By Lemma 1, (11) and (12) hold. If M’(k) contains k positive entries, (11)
and (12) imply that they are all equal to B’ (k). Thus, the algorithm terminates in the
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next step because 7’ = B’ (k) is subtracted from M "(k,i)foreachi =1,...,k, and
so M'Tl(k) = (0, ..., 0). O

There are 71(k) individuals who have a positive probability of dying in a group of
size k. Lemma 3 shows that the probability decomposition algorithm terminates in a
finite number of steps that does not exceed this value.

Lemma 3 The algorithm terminates in at most n(k) steps.

Proof 1If k = n(k), then Lemma 2 applies with r = 0, so the algorithm terminates in
Step 1.

Now, suppose that k& < n(k). From (7), we know that in Step ¢ of the algorithm,
! is either M'~'(k, k) or B'~' (k) — M'~"(k, k + 1), whichever is the smallest. We
consider two cases distinguished by whether the first of these possibilities holds for
all ¢ or not.

Case 1.For each Step ¢ of the algorithm, 77 = M'='(k, k). Then, by (7)—(9), M (k)
has at least one more O entry than M’ (k). Thus, M’ (k) has at least n — i1(k) + ¢
entries equal to 0 and, hence, has at most k positive entries in Step 2 (k) — k. It follows
from (11) and (12) (which hold by Lemma 1) that there is no Step ¢ such that the
number of positive entries in M’ (k) is positive but less than k. Therefore, because
the algorithm subtracts a common positive amount of probability from k individuals
in each step, for some ¢ < n(k) — k, M'(k) has exactly k positive entries, which,
by Lemma 2, implies that the algorithm terminates in at most n(k) — k + 1 steps.
Because k < n(k), this upper bound is at most 7.

Case 2. In some Step t of the algorithm, 7' # M'~'(k, k). Let t* be the
first step for which this is the case. By (7), we then have that 7*" = g ~!(k) —
M"Yk, k +1). Let i* be the individual for whom p'"~!(k,i*) = k + 1. That
is, i* is the individual for whom M"~'(k,i*) = M" ~'(k, k + 1). Because 7' =
B (k) — M" ' (k, k + 1), by (10), B (k) = M"Y (k, k + 1). Because M"" (k, i*)
= M"~1(k, i*), it follows that M" (k, i*) = 8" (k).

By (11) and (12), there cannot be more that k entries in M’ (k) which are at least
as large as B’ (k). Hence, i* must occupy one of the first k ranks in M* (k) and so
i*’s probability is reduced by 7" in Step #*. By (10), forall , " = B'~1 (k) — B (k).
Therefore, M"' T (k, i*) = B +!(k). Iteratively applying the same reasoning in each
of the subsequent nonterminal steps of the algorithm, we conclude that M* (k, i*) =
BT (k) for any Step t for which 7 > ¢* which is not a terminal step.

Because there cannot be more that k entries in M* (k) which are at least as large
as B (k), we now know that for each 7 > #*, i* has a rank not exceeding k in M* (k).
Hence, in any Step t** for which ** > ¢*, the individual who occupies rank k + 1
in M""~1(k) is someone, say i**, who is different from i*. Reasoning as above,
if 71 % MV (k, k), then M (k, i**) = B7 (k) for any Step t for which t > **
which is not a terminal step. Furthermore, both i* and i** have ranks not exceeding
k in M* (k) for any such .

By an iterative application of the preceding argument, we conclude that there
can be at most k steps in which 7' # M'~'(k, k). Because M' (k) has at least one
more 0 entry than M'~!(k) in each Step ¢ for which 7’ = Mt’l(k, k), there are at
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most 7i(k) — k — 1 values of ¢ for which (i) 7' = M'~!(k, k) and (ii) there are at
least k + 1 positive entries in M’ (k). Thus, the algorithm terminates in at most 71 (k)
steps. (]

In each step of the algorithm, a group of size k is identified and assigned a prob-
ability. Lemma 4 shows that no group is considered in more than one step of the
algorithm and, therefore, no group is assigned more than one probability.

Lemma 4 No group of individuals with k members is assigned a probability in more
than one step of the algorithm.

Proof We need to show that for all Steps ¢ and " of the algorithm for which ¢ # ¢/,
an ..., 11 +# (I, 12’/, e 1,{). On the contrary, suppose that there exist < 1/
for which (I{, I,..., I}) = ar, 12", e I,ﬁ/). Let S be the set of individuals for
whom the value of these indicator functions is 1. Because both 7" and 7"’ are positive,
by (7), we must have 7! > 7' 4+ 7", which is impossible. That is, both 7' and 7
must be subtracted in the same step from the probabilities of the members of S that
have yet to be allocated when this group is the one being considered. (]

With these lemmas in hand, we can now prove our equivalence theorem.
Theorem A shared destiny risk matrix M is admissible if and only it is feasible.

Proof Because a feasible shared destiny risk matrix is necessarily admissible, we
only need to show the reverse implication. Suppose that M is an admissible shared
destiny risk matrix. For each k # n for which (k) > 0, Lemmas 3 and 4 imply
that the probability decomposition algorithm assigns a probability p(S) € [0, 1]
to each group S € 7 (k) (the set of groups with k members) in such a way that
Zs€9(k) p(S) = B(k). If k #n and B(k) =0, we let p(S) =0 for all § € T (k).
Because .7 (n) = {N}, weset p(N) = B(n).Finally, weset p(@) =1 — > "1, B(k).
The function p: 2" — [0, 1] is therefore a social risk distribution. By construc-
tion, the corresponding shared destiny risk matrix M), is the same as M because
M,(k, i) = ZSEKS,(,“‘) p(S) = M(k, i) for all (k,i). Hence, M is feasible. U
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On the Volume of Redistribution: Across m
Income Levels and Across Groups L
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Abstract The optimal income taxation literature focuses on the tradeoff between the
equity gains of higher progressivity versus its greater incentive costs at the individual
level. This paper highlights a neglected aspect of redistribution—greater progressiv-
ity requires a higher volume of gross redistributive flows, across income levels. If
these flows are costly to manage, administratively, or politically, then progressivity
will be lower. Moreover, if redistribution across income levels implies redistribution
across sociopolitically salient groups because of the way in which these groups line
up relative to the income distribution, this can be an added cost in the objective
function and progressivity is further disadvantaged. The paper develops a simple
framework in which these questions can be addressed. Among the many interesting
results is that when the capacity for the volume of redistributive flows, across income
levels or across sociopolitical groups, is reached, an increase in market inequality
can lead to a fall in progressivity in the tax-transfer regime without any change in the
government’s preferences for equity. A focus on the volume of redistribution thus
opens up an important set of theoretical and empirical questions for analysis and for
policy.
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1 Introduction

Why has post-tax and transfer! inequality increased in many countries around the
world? In simple accounting terms, to get the post-tax distribution we start with
the market distribution of income and superimpose on that the redistribution imple-
mented by the government, to arrive at the distribution of post-tax or “take home”
income. Thus, if post-tax inequality rises, it must be because of the net effect of
change in the inequality of market income and change in progressivity of redistribu-
tion. For example, an often discussed narrative is that while in the US and the UK both
changes went in the direction of raising inequality, in Latin America redistribution
overcame increasing market inequality to reduce post-tax inequality.

In the standard Mirrleesian model of optimal nonlinear income taxation (Mirrlees
1971), the optimal degree of tax progressivity depends on three key parameters—the
degree of market or “inherent” inequality?; the preference for equality (the gov-
ernment’s inequality aversion); and the strength of incentive effects (captured in the
model by the elasticity of labor supply). It can then be shown in such Mirrleesian mod-
els that, holding fixed government’s inequality aversion and individuals’ incentive
effects, an increase in “inherent” inequality will increase the optimal progressivity
of the tax system, although the net effect on post-tax inequality will be to increase
it (Kanbur and Tuomala 1994). It is now generally agreed that the skill premium in
labor markets is on the rise, the result of skill-biased technical progress,* and this
is leading to rising market inequality at any given level of progressivity of redistri-
bution. However, in the US and UK at least, it seems as though the tax system has
become less progressive not more, compounding the effects of rising market inequal-
ity. This would seem to suggest either that incentive effects have become stronger,
or that the preference for equity has declined, or both.

It can indeed be argued that in the era of globalization incentive effects have
become stronger, certainly for capital and for skilled labor as relocation prospects
have improved for them. However, incentive effects will not be the focus of this paper.
It could also be argued that the political system has been captured by the wealthy, with
the result that the tax system reflects this capture, with lowered inequality aversion in
the government’s objective function. Indeed, there could be a vicious spiral, whereby
rising inequality leads to greater political capture and thence greater inequality still.*
However, this type of mechanism will also not be the primary focus of this paper.

Rather, I wish to highlight the effects of what I call “the volume of redistribution.”
The idea is simple. Redistribution involves taking resources away from some and
giving these resources to others. Both the taking and the giving will have individual-
level incentive effects and these are well modeled in the economics literature. But
the taking and the giving requires administrative and other mechanisms for transfer.
One can visualize these as the “pipes” which take the flow of redistribution from

"Henceforth, we will use “tax” to mean “tax and transfer”.

21t will be recalled that this is the inequality of the Mirrlees “ability” parameter 7.
3See, for example, Autor (2014).

4See Stiglitz (2017).
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one set of incomes to others. These pipes, these mechanisms, do not just exist—they
have to be built. And if the pipes have been laid for an earlier period, they may
not be able to take a greatly increased flow of redistribution, and begin to impose
costs which militate against redistribution. We can think of these mechanisms and
pipes in physical, administrative, terms; but another interpretation is the flexibility
of current political economy, having arrived at a given political equilibrium level of
redistribution, to now adjust to a far greater flow required by new circumstances.
Although I have this at the back of my mind, I will not model the political economy,
preferring at this stage to stay with the physical analogy of pipes and their ability to
withstand the force of greater flow.

Suppose now that individuals differ not only in levels of income but also in
characteristics which define sociopolitically salient groups, such as ethnic groups,
immigrant versus natives, young versus old, regional groupings, and so on. Then,
except in particular special cases, redistribution flows across income levels through
an income tax-transfer system will also imply flows across these groups. If there are
political costs to flows across groups, these have to be further accounted for in the
social objective function and their implications for progressivity need to be worked
out. How should we think about the dependence of costs on the volume of flows
(across income levels or across groups)? The pipes analogy helps. For a given width
of piping, more flow can be accommodated up to capacity with marginal cost of
additional flow. But once this capacity is reached, there is a fixed cost in building
new capacity to take the next level of flow. Such fixed costs, as might be expected,
also affect the levels and patterns of progressivity in response to increasing market
inequality.

The plan of the paper is as follows. Section 2 sets out the basic idea of the volume of
redistribution and analyzes its dependence on distributional parameters. In particular,
it traces a possible line of linkage between greater inherent inequality leading to the
desire for greater progressivity in the tax and transfer system, but this being blocked
by the inability of the system to handle the higher volume of flows of redistribution
implied by greater progressivity. Section 3 plays out the flows perspective through
the lens of the implications for transfers between politically salient groups such as
ethnic groups, or natives and immigrants. Section 4 concludes with an extended
discussion of the metaphor of the “volume of redistribution” which the model of the
paper tries to set out in a simple and precise way. It argues that the concept opens up
an interesting line of theoretical and empirical research.

2 The Volume of Redistribution

Let the market distribution of income y be represented by its density f(y). Let the tax
(and transfer) function be denoted t(y), and the post-tax income by x

X =y —ty). (D
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Note that t(y) will be positive if it is a net tax and negative if it is a net transfer.
The volume of redistribution is simply the aggregate of absolute values of the dif-
ference between x and y, whether positive or negative—the total flow through the
redistribution pipes.

V=/|x—y|f(y)dy=/It(y)lf(y)dy- P

A particular simplification which will prove useful for us is the linear tax and
transfer regime:

t(y) = —a + by. (3)

We have a demogrant of a for every individual and a constant marginal tax rate
of b. Normalizing population size to unity, total tax revenue T is

T=—-a+bpu, @)

where | is the mean income. Sticking to a pure redistributive role for taxation and
setting T = 0, we get

a=bp, ®)

which leaves us with one free parameter in the linear tax function. We choose this
to be b, the marginal tax rate, which captures the degree of progressivity of the tax
system.

There is a single switch point of market income, where t changes from negative
to positive. Denoting this by s, it is clear that

S =W. (6)

Thus, all those with market incomes below the mean receive a net transfer; all
those with incomes above are taxed positively on net to finance those transfers. This
is an obvious feature of a linear tax system with no net revenue requirement. In this
setting, the volume of redistribution, as defined by (2), is given by

y Iz y
V= / ly — ulf(yndy = f b(u —y)f(ydy +/ b(y —w)fmdy, (1)
y y "

where ¥ and y are the minimum and maximum levels of income, respectively. How-
ever, since we have assumed revenue neutrality the two components of the right-hand
side of (5) must be identical. Thus, in the linear case, we have the following expres-
sion for the volume of distribution:
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y
V=2 / (v — W f(dy. ®)
w

Further analytical tractability is provided by the case where f(y) is the uniform
density lying between p +d/2 as maximum and p — d/2 as the minimum, so that f(y)
= (1/d) and d is a measure of the inequality of market income. In this case, simple
integration of (8) shows that

V = bd/4. ©)

Expression (9) captures in tractable form the relationship between the volume of
redistribution needed when the attempted progressivity is b, and market inequality is
d. We focus on the case where mean is constant, in other words, pure redistribution.
In this linear, uniform, fixed mean case, market inequality measured by the variance
of income is given by

I, = (1/12)d?, (10)
and final inequality is given by
I, = (1/12)(1 — b)>d>. (11)

Expressions (9), 10), and (11) provide the links we need between market inequal-
ity, tax progressivity, and volume of redistribution.

Taking d as the proxy for market inequality and b as the proxy for attempted redis-
tribution to achieve the desired post-tax inequality, we see from (11) that an increase
in market inequality requires an increase in progressivity to hold final inequality Iy
constant. But from (9) we see that an increase in progressivity for any given d will
increase the required volume of redistribution. In fact, there is an interaction between
market inequalities in determining the volume of required redistribution:

v
- =d/a. (12)

Thus, the higher the degree of market inequality, the greater is the redistribution
volume increase required for a given increase in progressivity.

If there were no other costs, then an inequality averse government would simply
choose to equalize all incomes with a 100% marginal tax rate and a demogrant
equal to mean income. But the key assumption of this paper is that redistribution
volume is not simply available to policy-makers but needs costly construction of
administrative and political infrastructure—the “pipes.” Let the per capita cost of
volume V of redistribution be yV. Then one specification of social welfare combines
mean income, variance of final income, and cost of the volume of redistribution:

W= — Bl — V. (13)



58 R. Kanbur

Substituting from (9) and (11) and maximizing with respect to b gives us an
expression for the optimal degree of progressivity.

b* =1—(3y)/(2pd). (14)

From (7), the volume of distributive effort for this level of progressivity is given
by

Vi =(d/4) - 3/8)(v/B). (15)

and with this response, final inequality is given by

I = (3/16)y*/p*. (16)

Final inequality is higher, the higher is the cost of redistribution. Optimal progres-
sivity increases with market inequality but decreases with the costs of redistribution.
In this case, an increase in market inequality leads to just enough increase in pro-
gressivity to leave final inequality unchanged.

Suppose now that the cost of the volume for redistribution is nonlinear, yV2. Then,
the expressions corresponding to (13), (14), (15), and (16) are as follows:

W = — Bl —yV? (17)

b* = 1/[1+ 3y/48], (18)

V* = d/[4(1 + 3y/4p)]. (19)

I = (1/12)(d) [By/4B)/ (1 + 3v/4p)]". (20)

In this case, optimal progressivity is independent of market inequality but
decreases in the cost of redistribution. Final inequality is increasing in market inequal-
ity and in the cost of redistribution.

The argument above shows that use of progressivity as a measure of “redistributive
effort” may be misleading. When market inequality increases, even with progressivity
unchanged, the volume of distributive effort increases. Indeed, it must do so to keep
progressivity constant. Unchanged redistribution volume will imply a decrease in
progressivity. Thus, in many ways, an appropriate measure of redistributive effort
(within the progressive taxation regime) is in fact the volume of redistribution. From
(18) and (19), it is seen that with rising market inequality the flows through the pipes
have to be greater to maintain progressivity at the optimal level—one has to run
harder to keep still.

This feature, in which the degree of progressivity and volume of redistribution
may not move together when market inequality increases, appears even more sharply
when the cost function for volume of redistribution takes a different form. Up to
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now, we have supposed that the costs of increasing distributive flow are all marginal
costs—a little bit more redistributive effort can be achieved at a little bit more cost.
But what if some of these costs are in the nature of fixed costs? If the increased flow
required is substantial, or crosses a critical threshold, then new investment may be
needed, new pipes need to be installed, for the increased flow.

Let the cost function be yV forV < Vand F + yV forV > V. Then from
(15), as d increases up to

d =4V —3y/28, 1)

the cost function remains at y V, and the optimal volume and progressivity are given
by (15) and (14). However, as d crosses the threshold to values higher than 3, the
fixed cost component F kicks in. If this additional cost was not present, optimal
policy would simply follow along (14) and (15). However, with the additional cost,
the impact on welfare is quite different. To see this more clearly, rewrite the problem
as one of choosing V rather than b, and rewrite the objective function (13) in terms
of V by writing Ix in terms of V using (9):

W=p—B(1/12)[1 — @V/d)]*d>* —yV for V <V
W =p—B(1/12)[1 — (4V/d)]’d>* = yV -F for V > V. (22)

Differentiating each portion of this with respect to V and setting equal to zero
gives the solution (15). Now, beginning with d = dand V =V, the corresponding
optimal volume of redistribution, it is clear that the optimal policy when d increases
marginally is to stay at V < V, since the marginal benefits from increasing V are
zero but in doing so the fixed cost F is incurred.

But consider now the implications of the result above that V stays fixed at Vasd
increases. From (9), this must mean that b decreases. In other words, the degree of
progressivity of the tax and transfer system as we usually measure it, the marginal tax
rate, falls, and so from (11) inequality of post-tax income rises for two reasons—be-
cause market inequality rises and progressivity falls. As argued in the Introduction,
this is the narrative that has played out in the US and the UK over the past three
decades. Notice, however, that distributive effort as measured by the volume of
redistribution remains constant.

Eventually, as market inequality becomes so high that the gain to the social wel-
fare function from increasing the value of redistribution dominates the fixed (and
marginal) cost of the higher volume beyond the current level. It can be shown that
this level of market inequality is the (higher) solution in d to the quadratic formed
by equating the optimized value of (20) for V > V with its value when V = V

~ 2 ~
w=B1/12)[1 = (47/d)] @ = vV =+ G/16)(*/B) — (vd/H) —F. 23)
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If such a solution exists, denoting it d , we get a further interesting phenomenon.
Progressivity and the volume of redistribution both jump up to the values given by
(14) and (15) for the now higher value of d. We can thus see a cycle emerging, which
is intuitively clear once the fixed costs of adjustment are factored in. Starting with a
given system of pipes for redistribution, as market inequality increases, progressivity
and volume both increase to mitigate the market inequality (in the linear marginal
costs case, post-tax inequality is held constant as in (16)). However, once these pipes
become strained and new pipes have to built, the fixed cost of this keeps the volume
constant, progressivity declining, and compounding the rise in market inequality.
However, once market inequality gets sufficiently high, the fixed cost is worth paying
and there is a big jump in volume and progressivity, and the cycle can start again
from this point onward. Such processes could perhaps explain long cycles and sudden
jumps in tax progressivity and redistributive effort.

3 Group Divisions

The metaphor I have used in motivating the costs of the volume of redistribution is
primarily an “administrative/infrastructure” one. The visualization of flows through
pipes has been useful here. I have also indicated, but not developed, a political econ-
omy metaphor. Starting from the thinking that a “political settlement” is needed
for redistribution of those with market income to those without, the costs of greater
redistribution can be thought of, in a very reduced form way, as the costs of achieving
the new political settlement. Although I have not and will not model this political
economy here, I believe it has considerable political appeal. But the political settle-
ment metaphor also raises another important issue, that of transfers across politically
salient groups.

The rise of far-right Xenophobic parties in Europe and elsewhere is often pred-
icated on the appeal to the notion that some groups, usually ethnic minorities, are
takers from society. In particular, the platform of these political entrepreneurs is
that some long-established ethnic groups, or newly arrived immigrant groups, get
transfers from the existing political settlement. This is not just the argument of dem-
agogues. Albeit in more measured tones, academics like Miller (2016) and Collier
(2013) also argue that greater heterogeneity has the potential to undermine the social
redistributive contract which has characterized the post-war political settlement in
much of Western Europe and to some extent the US. The issue here is not redistribu-
tion from rich to poor, which was or is the current social contract, but redistributing
in favor of certain identifiable groups who are poor.

It should be noted that this perspective on transfers across groups as an impediment
to redistribution is very different from the literature which views group-specific infor-
mation and group—contingent tax and transfer policies as being an advantage. At
least since Akerlof (1978), the idea of “tagging” an individual with easily observable
characteristics and implementing separate tax and transfer schedules for each tag is
seen as overcoming informational disadvantages and providing the policymaker with
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more instruments. The idea has been applied to targeting of anti-poverty transfers
(Kanbur 1987, 2017), and to nonlinear income taxation more generally (Immonen
etal. 1998; Kanbur and Tuomala 2016). But these very same transfers across groups,
whether intentional or not, are seen in the new dispensation as politically problematic
and undermining agreement on redistribution in general.

The simple model developed in the previous section can be used to highlight and
sharpen some of these concerns in a precise way. Let there be two groups in society A
and B. These two “tags” can be found at different points in the income distribution,
but the tags have salience in and of themselves, irrespective of the income of the
individual to whom they attach. Specifically, let us suppose that flows across these
two groups are of political salience and, in effect, impose a cost on attempts to
redistribute income generally. The costs of these cross-group flows G have to be
added to the costs of the flows across income levels, V.

Clearly, for any income tax-transfer regime, the implication for cross-group flows
will depend on how the groups are distributed across the income distribution. To
fix ideas, take the basic model of Sect. 2, suppose that the two groups are of equal
size, and suppose that all those above the mean w are of group A and all those
below the mean are of group B. Then the cross-group flow G is simply the volume
of redistributive flow V. At the other end, suppose that the groups are to be found
equally at every income level. Then the cross-group flow G is zero. In effect, each
group is representative of the whole society so redistribution can be seen as taking
place within each group and none across groups. This is true even when the groups
are not of equal size, so long as their representation at each income level is the same
as their representation in the whole population. In between, as the representation of
group B below the mean increases relative to its population share, cross-group flow
increases from zero to V.

For simplicity, return to the case of equal group size overall, but let representation
of group B be 0 below the mean and (1-6) above the mean. In other words, at each
income level below the mean, a fraction 6 of the population is of group B and at each
income level above the mean, the fraction is (1-6). We focus on the case where 6 >
(1/2). In this case, group A is taxed by an amount 6(1/2)V and receives an amount (1-
0)(1/2)V, so the net flow from this group out is (26-1)(1/2)V, whereas the net receipt
for group B is the mirror of this, (1-26)(1/2)V. Thus, the sum of the net outflow and
the net inflow in absolute terms is

G=(20—-1V. (24)
This is the offending cross-group flow with political salience and a political cost
for policy-makers.

If we represent the cost of cross-group flow in the usual linear manner with
marginal cost 8, we have a social welfare function analogous to (13)

W=p—BL —yV—=38G=pn—BL —[y+320— D]V =pn—BIL, —y*V. (25
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This is simply the social welfare function in (11) with an augmented marginal
cost of the volume of cross-income flow, denoted by y*, which is the marginal cost of
volume vy plus the additional term (26-1) which comes from the cost of cross-group
flow:

Y'=vy+326—1) (26)

All of the previous analysis now goes through with y replaced by (the higher)
y". Thus, from (14), (15), and (16), progressivity and volume are lower, and final
inequality is higher with the cross-group factor added in. Notice that the more heavily
represented is group B in the lower half of the population (the higher is 6), the
higher will be the cost of a unit of flow across income classes, because this will
now involve more flows between politically salient groups, and the lower will be the
progressivity and higher will be the final inequality. Clearly, the gist of the analysis
also goes through when the groups are of unequal size; what will matter then is the
representation of group B individuals in the below mean income population, relative
to their representation in the population as a whole. The key point is that if an ethnic
minority or an immigrant group, say, is concentrated at lower income levels, then this
will reduce progressivity. This matches the analysis of Tabellini (2017, pp. 38-39)
which shows for US jurisdictions, “the inflow of immigrants” led “cities to cut tax
rates and limit redistribution.”

Analogously to the discussion on fixed costs for volume of transfer across income
levels, we can now consider what happens when a political settlement reaches its limit
in terms of the amount of cross-group transfers it will permit. Let this be denoted G.
Then, from (24), there is a corresponding critical value for volume of redistribution
across income levels:

vV =3G/[20 —1]. (27)

Going beyond G requires a new settlement, which can be represented by a fixed
cost. A similar analysis can then be carried out as in (22) and (23) with 1% givenby (27).
Then beyond a critical value of market inequality d, as in (21) but with y replaced
by y", the volume of distribution will stay fixed at (27) and as market inequality
rises, progressivity will decline and final inequality will rise. But these effects are
now coming not from the fixed costs of managing increasing redistribution across
income levels, but from the fixed costs of a new political settlement to manage the
redistribution across politically salient groups to which redistribution across income
levels gives rise as a corollary.

Is (25) the right way to represent political tensions in flows across groups? It is
based on the idea that it is the total flows that matter. But what if per capita flows
matter; in other words, it is the amount given by the typical person and the amount
received by the typical person which matter. In this case, the right correction factor is
not (26-1) but (26-1)/6 = [2 — (1/8)]. The same arguments still go through. A higher 6,
i.e., a greater representation of group B among below mean income individuals, still
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increases the correction factor on y. However, the correction factor is greater for the
relevant range of 1 > 6 > (1/2). Per capita perceptions will lead to greater perceived
cost of redistribution and thus lower progressivity and higher final inequality for any
given degree of market inequality.

4 Conclusion

The optimal income taxation literature focuses on the tradeoff between the equity
gains of higher progressivity versus its greater incentive costs at the individual
level. This paper highlights a neglected aspect of redistribution—greater progres-
sivity requires a higher volume of gross redistributive flows, across income levels. If
these flows are costly to manage, administratively or politically, then progressivity
will be lower. Moreover, if redistribution across income levels implies redistribution
across sociopolitically salient groups because of the way in which these groups line
up relative to the income distribution, this can be an added cost in the objective func-
tion and progressivity is further disadvantaged. When the capacity for the volume of
redistributive flows, across income levels or across sociopolitical groups, is reached,
increase in market inequality can lead to a fall in progressivity in the tax-transfer
regime without any change in the government’s preferences for equity.

The term “capacity of redistribution” has been used in the literature, but in a
different sense to the one used in this paper. Thus, Ravallion (2010, p. 1) defines it as
“the marginal tax rate (MTR) on the ‘rich’—defined as those living in a developing
country who would not be considered poor by rich country standards—that is needed
to provide the revenue for a specific redistribution.” Hoy and Sumner (2016) also
apply the same measure to updated and more extensive data. Kanbur and Mukherjee
(2007, pp 52-53) have a similar perspective when they characterize poverty reduction
failure as “is the extent of poverty relative to the resources available in the society to
eradicate it?” Thus, they all highlight the resources available for redistribution. But
none of these papers focus on the gross flows needed to achieve a given redistribution
and the cost associated with these flows.

How might we think of the costs of the volume of gross flows needed for redistri-
bution across income levels? The easiest interpretation is in terms of administrative
costs. Not surprisingly perhaps, these costs are often highlighted by economists more
oriented to the free market:

Some fraction of each dollar taxed will always be absorbed in wages and salaries of the admin-
istrative bureaucracy, costs of purchasing, powering, maintaining and replacing equipment,
buildings, etc., and other overhead costs. Only the remainder will actually be received by
the target population in the form of cash or in kind payments...... Using government data,
Woodson (1989, p. 63) calculated that, on average, 70 cents of each dollar budgeted for
government assistance goes not to the poor, but to the members of the welfare bureaucracy
and others serving the poor. Tanner (1996, p. 136 n. 18) cites regional studies supporting
this 70/30 split. (Edwards 2007, pp. 3—4).
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One issue with simply calculating the manpower costs of the “welfare bureaucra-
cy” is to separate out the simple cash shifting function of administration from that
part of the function which provides direct services—the first is more like our costs of
redistribution. Nevertheless, even if the administrative costs were significantly lower
than the 70/30 split, they are not negligible.

In the developing country context, the literature on targeting of transfers for
poverty reduction has often remarked on the administrative costs of “fine targeting.”
Caldes et al. (2006), for example, calculate the cost of making a one-unit transfer
to a beneficiary, the “cost-transfer ratio” for a range of Latin American transfer
programs. They find a wide range, with a low of 4% but a high of 25%, the range
depending on how finely the program attempted to target the poor.

One perspective on the costs of an attempted volume of redistribution is provided
by corruption. The former Indian Prime Minister Rajiv Gandhi is famously said to
have remarked that only 15% of the outlay on the public food distribution system
reached the poor. More formal estimates are provided by Olken (2006) for a particular
program in Indonesia:

I find that corruption is substantial—the central estimate is that at least 18% of the subsidized
rice in the Indonesian program I study went missing.... The estimates suggest that corruption
in developing countries such as Indonesia may substantially inhibit a government’s ability
to carry out redistributive programs, particularly in rural areas. (Olken 2006, p. 867).

Correspondingly on the taxation side, there is a literature on the “‘compliance gap”
in tax revenue raising (Keen and Slemrod 2017).

The issue of fixed versus marginal costs of redistributive flows is not addressed
very much in the administrative costs literature, partly because of the lack of suffi-
ciently disaggregated data to allow allocation of costs. Caldes et al. (2006) do mention
that some programs have low average costs of transfer because of economies of scale.
But the general idea that managing redistribution can hit capacity constraints, and
creation of new capacity will incur fixed costs before additional redistribution can
be handled, needs deeper empirical investigation.

Another area for deeper investigation, this time theoretical, is the political econ-
omy interpretation of the capacity for redistribution. We need models which can
make precise and test the intuition advanced in this paper that (i) greater redistri-
bution incurs greater political cost even within a given political settlement and (ii)
once that capacity is reached, a new political settlement, with its higher costs, is
needed to increase the capacity for redistribution. The political economy interpreta-
tion is clearly the appropriate one for the costs of cross-group flows introduced in
this paper. There is of course a significant literature on the impact of population het-
erogeneity on economic and distributional outcomes. Alesina et al. (1999) find lower
public spending in more ethnically diverse jurisdictions in the US; Dahlberg et al.
(2012) find negative effects of increase immigration on support for redistribution in
Sweden; and Tabellini (2017) finds that immigrant inflow led US cities to “cut tax
rates and limit redistribution.” From a different perspective, Dasgupta and Kanbur
(2007) advance a theory of why cross-group flows might induce group tensions.
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A central point made in this paper is that redistribution of income across income
levels is also redistribution of income across sociopolitically salient groups when
these groups are spread unrepresentatively across the income distribution. A focus
purely on the costs of flows across income levels—micro-level individual incentive
effects as in the optimum income taxation literature, or macro-level costs of man-
aging and administering gross flows as emphasized in this paper—may prove to be
incomplete and thus misleading. If greater progressivity in taxes and transfers across
income levels also leads to, say, redistribution across natives and immigrants, the
political costs of this will have to be borne in mind by economists in analyzing and
in designing tax and transfer regimes. The framework in this paper provides a start.

A focus on the volume of redistribution, across income levels and across groups,
thus opens up an important set of theoretical and empirical questions for analysis
and for policy.
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Abstract This paper is concerned with inequality ranking of income distributions.
Ranking a pair of distributions in terms of inequality is a difficult exercise excepting
in the special case where one of these Lorenz dominates the other. To get around the
difficulty, the notion of a fuzzy inequality ranking relation (FIRR) has been fruitfully
used in the literature. However, it is natural to ask how, from a given FIRR, we can
derive a crisp approximation that would give us an overall crisp (i.e., non-fuzzy)
judgment regarding the inequality ranking of any pair of distributions. It turns out
that this can be done in many different ways (leading to different crisp judgments)
and, therefore, there arises the question which of these alternative ways is to be
chosen. It is seen that this question is closely linked to the more general one as to
how we can decide which income vectors in any given finite set A of such vectors
can be considered to be least unequal in an overall crisp assessment. In this paper,
we first axiomatically characterize a specific procedure for making this decision. A
particular procedure for obtaining a crisp approximation of an FIRR then follows
as a corollary. We also construct an illustrative example of an FIRR that does not
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1 Introduction

Measurement of inequality of the distribution of income in an economy is one of the
oldest areas of economic research. Over the years, many important things have been
learnt about the issues that arise in course of this exercise. Cowell (2000), Jenkins
and VanKerm (2009) and Sen (1997) are some of the well-known expositions of
these issues.

In this paper, we shall be concerned with inequality ranking of income distribu-
tions. Given any two such distributions x and y, we shall ask whether one of these is
a less unequal distribution than the other. Similarly, given a set of distributions, we
shall ask which member of the set, if any, can be considered to be least unequal. Ques-
tions of this type arise in many contexts and their practical importance constitutes
the motivation behind this paper.

Inequality ranking, however, may turn out to be a difficult exercise in many cases.
In fact, the only ranking principle on which there seems to be wide agreement among
economists is that if two income distributions x and y are such that x Lorenz domi-
nates y (i.e., if the Lorenz curve for x is not anywhere below that for y), then x is to
be considered to be definitely no more unequal than y. However, this does not give
us a complete ranking of all income distributions in terms of inequality. There can
be distributions x and y whose Lorenz curves intersect. In such cases which of the
two distributions are to be considered less unequal is not clear.!

The possibility of intersecting Lorenz curves points toward the fact that in many
situations it is not possible to obtain unambiguous inequality rankings of income
distributions. Indeed, as has long been long recognized in the literature, a degree of
vagueness is inherent in the very notion of inequality ranking (see, especially, Basu
1987, Ok 1996 and Sen 1992, 1997).

The ambiguity inherent in inequality comparisons makes a case for applying
the tools of fuzzy relations for the purpose. Basu (1987) and Ok (1996) are among
the relatively few applications of such relations in this area. Basu (1987) derived
a particular fuzzy inequality ranking relation (FIRR) from a set of necessary and
sufficient conditions. Ok (1996) contained a useful study of the properties of a broader
class of FIRRs.

Following this approach, we shall, in this paper, assume that inequality ranking
relations are fuzzy. However, while the fuzzy relations’ approach is motivated by
the need to recognize the ambiguity that lies at the core of the inequality ranking

I As stated in the text, our primary concern in this paper is with inequality ranking. Therefore, we
do not use inequality indices. However, it may be noted in passing that using an inequality index
for the purpose of obtaining an inequality ranking does not constitute a satisfactory solution of
the problem referred to in the text. While any given inequality index would induce an inequality
ranking, the problem is that there is no uniquely defined inequality index. In fact, there is an infinity
of such indices. A given pair of income distributions may not be ranked in the same way by different
inequality indices. Which specific inequality index is chosen for the purpose of the comparison,
therefore, becomes a crucial question and cannot be settled in principle. Again, however, the problem
would vanish in the special case where there is Lorenz dominance. If x Lorenz dominates y, then
I(x) < I(y) for all inequality indices I (see Foster 1985). The converse is also true.
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exercise, it is, nevertheless, natural to ask whether we can make an overall crisp
(i.e., non-fuzzy) judgment regarding inequality ranking of the income distributions,
i.e., whether there is a crisp ranking that can in some sense be considered to be an
approximation to a given FIRR.

There does not, however, seem to be an obvious and unique procedure for obtaining
a crisp approximation of an FIRR. Many alternative procedures can (and have been)
suggested. In this paper, we seek to obtain a specific procedure from more basic
considerations.

For this purpose, however, we need a formal definition of what is meant by a crisp
approximation of an FIRR. Formulating such a definition turns out to be a nontrivial
task. In particular, the matter is seen to be closely related to a more general question.
Given a set of income distributions (possibly with more than two members) and
given the fact that inequality ranking is fuzzy, how do we arrive at a crisp judgment
as to which members of the set are least unequal?

We shall first seek an answer to this broader question by imposing conditions on
the procedure of making such judgments. For convenience, however, we shall limit
the scope of our enquiry in some respects. We shall ask how, given an FIRR, R,
on the (infinite) set X of all possible distributions of a fixed total income among a
finite number of individuals and given any finite subset A of X, we can decide which
members of the set A are least unequal in an overall (crisp) assessment.

Any given procedure of making this decision will be called an inequality domi-
nance function (IDF). For any FIRR, R, satisfying some intuitively reasonable consis-
tency conditions, we formulate a definition of the “crisp approximation of R generated
by an IDE.” The main part of the paper proposes a specific IDF and characterizes it.
The crisp approximation procedure that follows as a corollary is the one that assigns,
to any R, the crisp approximation generated by this particular IDF. The suggested
crisp approximation procedure is seen to coincide with a procedure that has already
been mentioned in the literature. For any given R, its crisp approximation obtained in
this way is seen to be an ordering (i.e., a reflexive, complete, and transitive relation)
on X.

Section 2 below introduces the notations and some definitions. Section 3 contains
a characterization of the proposed IDF. The suggested crisp approximation proce-
dure follows as an immediate corollary. Section 4 provides some examples of fuzzy
inequality ranking relations. Section 5 concludes the discussion.

2 Notations and Definitions

Consider an economy with n individuals and an amount T of total income that is

distributed among the individuals. Throughout this paper, n and T are kept fixed. An

income vector X is a nonnegative n-vector, whose ith entry x; denotes the amount of
n

income allocated to the ith individual, i = 1, 2, ..., n. Hence, Y x; = T. The set of

i=1
all income vectors is denoted by X.
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For convenience we assume that, for any income vector X, the entries in x are
arranged in nondecreasing order (ties being broken arbitrarily): x; < xp < -+ < X,,.

We are interested in obtaining a ranking of the income vectors in terms of their
degrees of inequality. For instance, given any two income vectors X and y in X,
we wish to answer the question which of the two vectors represents a less unequal
distribution of the total income. (We do not rule out the possibility that they have the
same degree of inequality, i.e., they are “equally unequal.””) Similarly, given a set A
of income vectors (A C X), we wish to know which members of A are least unequal.
However, we shall confine ourselves to the case where A is a finite subset of X.

By the weak Lorenz dominance relation, denoted by L, we mean the binary relation

k k
on X such that, forall xand y in X, x Ly ifand only if Y " x; > > y,fork=1,2,
i=1 i=1
...., n. The strict Lorenz dominance relation is the asymmetric component of L and
will be denoted by Lp.
An alternative statement of the relation uses the notion of the Lorenz curve. For

any x in X let

k
L(x, k/n) = in/Tforallk =1,2,...,n.

i=l

As per the standard Gastwirth (1971) definition of a Lorenz curve, the Lorenz
curve of x is the curve obtained by letting L(x, 0) = 0 and joining adjacent points of
the form (k/n, L(x, k/n)) by line segments. Equivalently, for any given vector x, let
Lx(p) denote the proportion of the total available income going to the bottom (i.e.,
the poorest) p proportion of the population. The Lorenz curve of x is obtained by
plotting Lx(p) against p. Needless to say, p ranges from O to 1 and, for any x, Lx(0)
=0and Lx(1) = 1.

It is then easily seen that, for any two income vectors x and y in X, x L y if and
only if the Lorenz curve of x is not below that of y forany k = 1,2, ..., nand x Lp
y if and only if the Lorenz curve of x is not below that of y for any k and is above it
for at least one k.

In our framework (where T and n are the same for all income distributions), x L y if
and only if [either X is a permutation of y or x is obtained from y by a finite sequence of
progressive income transfers]. (see Hardy, Littlewood, and Polya 1952 and Marshall
and Olkin 1979). Since the order in which the incomes of the individuals are listed
in an income vector should be of no consequence for distributional judgments (i.e.,
if x is a permutation of y, then x and y should be judged to have the same degree of
inequality), this result is the basis for the usual interpretation of Lorenz dominance
in terms of inequality ranking: if x Ly, then x can be judged to be unambiguously
no more unequal than y.

The solution to the problem of obtaining unambiguous inequality rankings that the
Lorenz dominance relation provides, however, is obviously partial. This dominance
relation is incomplete. There may exist income vectors x and y that are Lorenz
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incomparable (i.e., that are such that =(xLy) and —(y Lx), i.e., the Lorenz curves
of x and y intersect). Unambiguous inequality rankings are not possible in such
cases.

To deal with such cases, attempts have been made to extend the idea of inequality
ranking using the theory of fuzzy relations. Under this approach, we seek to suggest
a fuzzy inequality ranking relation that would be complete. Recall that, from the
mathematical point of view, a relation can be looked upon as a set. The notion of
fuzzy sets was introduced in mathematics independently by Zadeh (1965) and Klaua
(1965).2 A fuzzy set S is a subset of some universal set U for which there is a mapping
fs (say) from U to the closed unit interval [0, 1]. Informally, for any u in U, if fg(u)
= 1, u definitely belongs to S. If fg(u) = 0, it definitely does not belong to S. But
there can be intermediate values of fg(u) indicating “degrees of membership.” This
approach has been fruitfully applied to other areas of economics, especially, to the
theory of choice based on fuzzy preferences.

To introduce this approach in the present context, let R be a fuzzy binary relation
on X (i.e., a mapping from X x X into the closed interval [0, 1] on the real line).
For any x and y in X, we shall interpret R(X, y) as the extent to which it is true that
“x is no more unequal than y.” R(x, y) is 1 if and only if it is definitely true; it is O
if and only if the statement is definitely false. However, we permit R(x, y) to take
intermediate values between 0 and 1.

In view of the relation (discussed above) between Lorenz dominance and inequal-
ity rankings of income vectors, it seems natural to require that R should respect the
Lorenz dominance criterion.

Definition 2.1 R respects Lorenz dominance if and only if, for all x and y in X, R(x,
y) = lif and only if x L y and R(x, y) = O if and only if y Lp x.

We also desire R to satisfy the fuzzy versions of the usual consistency conditions
(i.e., reflexivity, completeness, and transitivity) on a weak crisp relation. R is called
reflexive if, for all x in X, R(x, x) = 1. It is called complete if, for all x and y in X,
R(x,y) + R(y, x) > L.

However, there does not seem to be an agreed definition of transitivity of a fuzzy
relation. Many different definitions (all of which are consistent with the notion of
transitivity in crisp theory) have been proposed. A widely used notion in the mathe-
matical theory of fuzzy sets is that of max-min transitivity. R is max-min transitive
if, for all x, y, and z in X, R(x, z) > min [R(X, y, R(y, z)]. However, it has been shown
that if a fuzzy inequality ranking relation respects Lorenz dominance, it cannot be
max-min transitive (see Ok 1996, Theorem 5.4, p. 523).

In this paper, we shall use the following notion of f-transitivity which seems to
be intuitively fairly transparent. R is f~transitive if, for all x, y, and z in X, [R(X, y)
> R(y, x), R(y, z) > R(z, y)] implies R(x, z) > R(z, x).

Max-min transitivity and f-transitivity are independent conditions. A variant of the
condition of f-transitivity is that of strong transitivity due to Kolodziejczyk (1986).

2Klaua’s contribution was published in German. A recent analysis of the contribution in English is
by Gottwald (2010).
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R is strongly transitive if, for all x, y, and z in X, [R(x, y) > R(y, x), and R(y, z) >
R(z, y)] implies R(x, z) > R(z, x). It has been shown that strong transitivity is weaker
than max-min transitivity. Several other definitions of fuzzy transitivity have been
proposed in the literature. For a discussion of a number of these notions and the
implicational relations between them, see Ok (1996).

Definition 2.2 A fuzzy inequality ranking relation (FIRR) is a fuzzy binary relation
on X that respects Lorenz dominance and is reflexive, complete, and f-transitive.

Given an FIRR, R, the fuzzy relations P and J will denote its asymmetric and
symmetric components, respectively. Asymmetry of P is taken to mean that, for all
x and y, P(x, y) +P(y, x) < 1. (This is motivated by crisp theory where P(x, y) and
P(y, x) cannot both be 1 so that the weak inequality is valid there.) Symmetry of J
means that J(x, y) = J(y, x) for all x and y in X. In the present context, for all x and
¥, P(x, y) is interpreted to mean the extent to which it is true that x is less unequal
than y; J(x, y) is the extent to which x and y are equally unequal.

However, how to decompose a fuzzy relation R into its asymmetric and symmetric
components is, again, a question on which fuzzy set theorists do not seem to agree.
We shall follow Barrett and Pattanaik (1989) (BP) and assume that, for all reflexive
and complete R and for all x and y in X,

P(x,y) = 1-R(y, x)andJ(x, y) = R(X,y) + R(y, x)—1.

Note that this procedure implies that if x and y are distinct members of X and are
such that R(x, y) + R(y, x) = 1, then P(x, y) = R(x, y) and J(x, y) = 0.

For a discussion of other decomposition rules that have been suggested in the
literature and the reasons for which the BP procedure may be considered to be
intuitively more reasonable than some of the others, see Llamazares (2005).

Let A denote the set of all non-empty finite subsets of X and let R be the set of
all FIRRs on X.

Definition 2.3 An inequality dominance function (IDF) is a function D: A x R —
A such that, for all Ain A and all R in R, D(A, R) C A.

For all admissible A and R, D(A, R) is interpreted to be the (crisp) set of those
income vectors in A that are no more unequal than any member of A as judged by
R.

An IDF can be defined in many different ways. We shall be interested in a specific
IDF which we denote by D°.

Definition 2.4 D' is a mapping from A x.R into the class of all subsets of X such
that, for all admissible A and R, D°(A, R) = {x ¢ A: R(x,y) > R(y, x) forall y ¢ A}.

Lemma DY is an IDF.

Proof For any admissible A and R, D°(A, R) is, by definition, a subset of X. There-
fore, it suffices to show that, for any such A and R, DA, R) is non-empty. For that
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purpose, let A = {x1, x2, ....., x4} for some positive integer q where xi is in X for all
i=1,2,...,q. Let Q denote the set of integers {1, 2,..., q} If x! is such that, for all
iin Q, R(x1, xi) > R(xi, x'), the proof ends. If this is not the case, then there exists
iin Q such that R(xi, x!) > R(x1, xi). Since R is reflexive, xi # x!. Without loss of
generality, let xi = x2. Thus, we have

R(x* x') > R(x', x%). @)

If, now, R(x2, x') > R(xl, x2) for all i in Q, the proof ends. If this is not true,
then, for some i in Q, R(xi, x2) > R(x2, x). Again, reflexivity of R implies xi# x2.
Moreover, if xi=x1, then the inequality (i) above is contradicted. Thus, xi is distinct
from both x! and x2 and we can assume it to be x3 without loss of generality. We
then have

R(x3, XZ) > R(xz, x3) (i)
Since R is f-transitive, (i) and (ii) imply
R(x3, Xl) > R(xl, X3). (iii)

If, now, it is not the case that R(x3, xi) > R(xi, x3) for all i in Q, then, for some
such i, R(xi, x3) > R(x3, xi). Using (ii), (iii), and the reflexivity of R, it is now seen
that xi is distinct from x!, x% and x3. Leti = 4.

Proceeding in this way, suppose that we reach a member of A which is distinct
from each of the first (g—2) members and, therefore, can be called x4 —1 without loss
of generality and which is such that it is not the case that R(x4-1, xi) > R(xi, x4-1)
for all i in Q. Then, it must be the case that R(x4, x4 —1) > R(x4 -1, x4). By repeated
application of the fact that R is f-transitive, it can now be seen that R(x4, x1) > R(xI,
x4) for all i in Q. (I

We shall be interested in characterizing the function D°. Given any FIRR, R, we
shall then be able to answer the question which crisp relation on X can be considered
to be a crisp approximation of R.

To state the next definition in this connection, we use the fact that a crisp binary
relation S on X is a fuzzy binary relation such that, for all x and y in X, S(x, y) is
either 0 or 1. We shall write x S y if and only if S(x, y) = 1. Let S be a crisp relation
on X. x S y will be interpreted to mean that x is no more unequal than y. We shall
assume that S is an ordering (although weaker assumptions such as the one that it is
reflexive, complete, and acyclic would also suffice for our purposes). Let S be the
set of all such crisp relations. Let the mapping D*: A x S — A be such that, for all
admissible A and S, D*(A, S) = {x ¢ A: x Sy for all y ¢ A}. Thus, for any such A
and S, D*(A, S) is the set of those members of A which are no more unequal than
any member of A as per the crisp relation S.
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Definition 2.5 Given any R in R and given any IDF, D, a relation RC in S is called
“the crisp approximation of R generated by D” if and only if, for all A in A,

D x (A,R®) = D(A,R).

]

In other words, for R to be considered to be the crisp approximation of R gen-
erated by D, it is necessary and sufficient that, for all admissible A, the (crisp) set of
members of A that are considered by D to be least unequal as per the fuzzy relation
R is precisely the set of least unequal members of A as per the crisp elation RC.

Since A includes all finite subsets of X and, therefore, all pairs of members of
X, it is easily seen that, for any admissible R and D, the crisp approximation of R
generated by D is unique.

The crisp approximation of R generated by D° will be denoted by R?. It is seen
that this crisp approximation procedure coincides with a procedure that has already
been suggested in the literature. As per this suggested procedure, for any given R,
its crisp approximation is the crisp relation Cg (say) on X defined as follows.

Definition 2.6 For any R in R and for any x and y in X, x Cg y if and only if R(x,
y) = R(y, x).

In the literature, Cr has been called the “fuzzy dominance” relation generated
by R and we shall use this terminology. Thus, x fuzzy dominates y in terms of R
if and only if the extent to which it is true that x is no more unequal than y (as per
the given R) is not less than the extent to which it is true that y is no more unequal
than x (as per R). As a notion of a crisp approximation of R, the fuzzy dominance
relation Cr has intuitive appeal. As Ok (1996, p. 519) observes, “Fuzzy dominance
might be viewed as the originator (or, the best predictor) of actual decisions one has
to reveal in some situations (like when comparing income distributions).” In view of
Definition 2.5 it follows that, for any R in R, RY = Ck.

3 Characterization of D°

Let D be an IDF. Consider the following conditions on D.

Condition 3.1: For all x and y in X and for all R in R, [R(x, y) # R(y, x)] implies
[D({x, y}, R) # (x, y}].

Condition 3.2: For all A in A and for R in R, if [{x, y} € A, x & D(A, R) and R(y,
x) > R(X, y)], then y ¢ D(A, R).

Condition 3.3: For all R in R [x¢ A C B and x ¢ D(B, R)] implies x € D(A, R).

Condition 3.1 states that, for any pair of admissible income vectors x and y, if R(x,
y) # R(y, x), then the IDF D would not declare both x and y to be the least unequal
members of the finite set {x, y}. Thus, for all x and y in X, and for all admissible
R, [D({x, ¥y}, R) = {x, y}] implies [R(Xx, y) = R(y, x)]. The converse, however, is
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not necessarily true. Condition 3.2 states that if both x and y are in a finite set A, if
x is declared by D to be a least unequal member of A and if and R(y, x) > R(x, y),
then y also must be considered to be a least unequal member of A. This is similar to
some “congruence” conditions used in revealed preference theory. However, in the
present context, R is a prespecified FIRR (rather than a revealed preference relation).
Condition 3.3 is a familiar “independence” condition. It is a condition of internal
consistency on the IDF, D: it states that any income vector that is declared to be a
least unequal member of a finite set B of vectors as per a relation R in R must also
be considered by R to be a least unequal member in any subset A of B, provided that
it belongs to A.

In the following proposition, we prove that the three conditions stated above are
independent.

Proposition 3.1 Conditions 3.1-3.3 are independent.

Proof For each of the three conditions, we cite the example of an IDF that violates
that particular condition while satisfying the other three.

(1) Violation of Condition 3.1: Consider the IDF, D, for which, for any finite subset
A of X and for any R in R,

D(A,R) ={xe A :R(x, y) > 0.5forallye A}if #A < 2and
={xeA:R(x,y) > R(y, x)forall y ¢ A}otherwise.

D satisfies Conditions 3.2 and 3.3. To check Condition 3.2, suppose that x and y
are in A, x ¢ D(A, R) and R(y, x) > R(x, y). If #A = 2, i.e.,, A = {x, y}, then, by
definition of D, R(x, y) > 0.5. Hence, R(y, x) > 0.5 so that y ¢ D(A, R) as is required
by Condition 3.2. On the other hand, if #A > 3, then [x ¢ D(A, R)] implies R(x, z)
> R(z, x) for all z in A. Since R is f-transitive, we have R(y, z) > R(z, y) for all z in
A. The definition of D for this case, therefore, again implies that y ¢ D(A, R).

To check Condition 3.3, suppose that xe¢ A € B for some x in X and some A and
B in A and that x € D(B, R). To show that x € D(A, R), note that if A has at least 3
members, then so does B so that we have R(x, y) > R(y, x) for all y in B. Hence, the
same inequality is valid for all y in A, implying the desired conclusion. If #A = 2
and #B > 3, then the same argument again establishes that R(x, y) > R(y, x) for all
y in A. Moreover, since R is complete, R(y, x) > 1 — R(x, y). Thus, R(x, y) > 0.5,
implying that x € D(A, R).

However, Condition 3.1 is violated. For instance, if a reflexive, complete, and
f-transitive R is such that, for some x and y in X, R(x, y) = 0.7 and R(y, x) = 0.5,
then D({x, ¥}, R) = {x, y} but R(x, y) # R(¥, X).

(i) Violation of Condition 3.2: Consider the following IDF. For all R in R and for
allAin A,

If#A < 2,thenD(A,R) = {xe A : R(X,y) > R(y, x)forally e A} (a)
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If#A > 3,then D(A,R) = {xe A : R(y, x) < 0.5forallye A} (b)

provided that the set on the r.h.s.of (b) is non-empty; otherwise, D(A, R) is as in (a).

It is easily seen that D satisfies Condition 3.1. To prove that it satisfies Condi-
tion 3.3, let x¢ A C B for some admissible A and B and let x ¢ D(B, R). We have to
show that x ¢ D(A, R). If #B = 2, the conclusion is trivial since A is then a singleton
and since R is reflexive. Hence, let #B > 3.

Consider first the case where we also have #A > 3. Since x € D(B, R), either R(y,
x) < 0.5 for all y in B or R(x, y) > R(y, x) for all such y. In the former case, since
A C B, it follows that R(y, x) < 0.5 for y in A so that x ¢ D(A, R). A similar remark
applies to the latter case.

Suppose now that #A = 2. Note that the completeness of R implies that {x ¢ A:
R(y, x) < 0.5 for all y € A}is a subset of {x ¢ A: R(X, y) > R(y, x) forally ¢ A}
irrespective of the cardinality of A. Hence, if x ¢ D(B, R), then, in both of the cases
referred to in the preceding paragraph, we shall have R(x, y) > R(y, x) forall y € A.
Hence, x ¢ D(A, R) by Eq. (a) above.

However, consider the set A = {Xx, y, z} where X, y, and z are in X. Consider the
R in R whose restriction to A is as follows: R(x, x) = R(y, y) = R(z, z) = 1; R(x,
y) = 0.5 = R(y, x); R(x, z) = 0.6, R(z, x) = 0.5; R(y, z) = 0.7, R(z, y) = 0.6. It is
seen that x ¢ D(A, R), R(y, x)> R(x, y) but y is not in DA, R) since — [R(z, y) < 0.5]
although the set {x ¢ A: R(z, x) < 0.5 for all z ¢ A} is non-empty. Thus, Condition 3.2
is violated.

(iii) Violation of Condition 3.3: Let z* in X be such that for all x in A other than
z*, R(x, z*) = 1 and R(z*, x) = 0. Consider the IDF, D, for which, for all A in A,

D(A,R) ={xe A :R(X,y) > R(y, x)forally ¢ A}ifz * isnotin A,
= A—{zx}ifz * isin A and A is not a singleton and
=Aif A = {zx}.

Note that, under this IDF, z* is not considered to be a least unequal member of
any set A in A, whenever A includes any other income vector. Thus, if D({x, y}, R)
= {X, ¥}, then both x and y are distinct from z*. Hence, the definition of D for this
case implies that R(x, y) = R(y, x). Hence, Condition 3.1 is satisfied.

To show that Condition 3.2 is satisfied, suppose that x and y are in an admissible
A, x ¢ D(A, R) and R(y, x) > R(x, y). We are to show that y € D(A, R). If z* is not
in A, then x € D(A, R) implies that R(x, z) > R(z, y) for all z ¢ A. Hence, R(y, x)
> R(x, y) implies that R(y, z) > R(z, y) for all z ¢ A since R is f-transitive. Thus, y
e D(A, R), completing the proof. If z* is in A, then, since A is not a singleton, all
members of A other than z* are in D(A, R). The desired conclusion follows from the
fact that one such member of A is y. To see this, note that since x ¢ D(A, R), x # z*.
Therefore, y = z* would imply that R(y, x) = 0 and R(x, y) = 1, contradicting the
hypothesis that R(y, x) > R(x, y). Hence, y # z*.



Fuzzy Inequality Ranking Relations and Their Crisp Approximations 71

However, consider the set A = {Xx, y, z*} where X, y, and z* are distinct. Consider
the R in R whose restriction to A is as follows: R(x, x) = R(y, y) = R(z, z) = 1; R(x,
y) = 0.6, R(y, x) = 0.4; R(x, z) = 0.6, R(z, x) = 0.4; R(y, z) = 0.6, R(z, y) = 0.4.
Since D(A, R) = {x, y} but D({x, y}, R) = {x}, Condition 3.3 is violated. O

The following proposition gives a characterization of the IDF given by D? in terms
of Conditions 3.1-3.3.

Proposition 3.2 D is an IDF satisfying Conditions 3.1-3.3 if and only if D = D°.

Proof Only if:

Suppose that D is an IDF and that it satisfies Conditions 3.1-3.3. If D # DY, then,
for some admissible A and R, either (i) D(A, R) includes a member y of A such that
R(z, y) > R(y, z) for some z in A or (ii) it excludes a member y of A for which R(y,
z) > R(z,y) for all z in A.

In Case (i), on the one hand, since {y, z} C A and y ¢ D(A, R), by Condition 3.3
we have y € D({y, z}, R). On the other hand, since R(z, y) > R(y, z), we must have
D({y,z},R) = {z} because, otherwise, D({y, z}, R) is equal to either {y, z} or {y}.
However, if D({y, z}, R) = {y, z}, then by Condition 3.1, R(y, z) = R(z, y) which
contradicts the hypothesis while, if D{y, z}, R) = {y}, then Condition 3.2 is violated
since R(z, y) > R(y, z). Thus, Case (i) is ruled out.

Consider Case (ii) now. By definition of an IDF, z ¢ D(A, R) for some z in A.
Since {y, z} C A, and since, in the case under consideration, R(y, z) > R(z, y), by
Condition 3.2, we now have y ¢ D(A, R) which contradicts the hypothesis.

If:

Let D = D°. For any x and y in X, and for any admissible R, if D({x, y}, R) = {x,
y}, then, by definition of the mapping D, we have R(x, y) > R(y, x) and R(y, x) >
R(x, y) so that R(x, y) = R(y, x), verifying that Condition 3.1 is satisfied. To check
Condition 3.2, let x and y in X, A in A and R in R be such that [{x, y} C A, x & D(A,
R) and R({y, x} > R(x, y)]. To show that y ¢ D(A, R), note that, since D =D?, [x ¢
D(A, R)] implies R(x, z) > R(z, x) for all z in A. Together with the hypothesis R(y,
x) > R(X, y) and the fact that R is f-transitive, this implies that R(y, z) > R(z, y) for
all z in A so that we have the desired conclusion. That D satisfies Condition 3.3 is
easily seen. (]

Having derived D° number of conditions on the IDF that seem to be intuitively
acceptable, we shall henceforth focus on this particular IDF. In particular, in obtaining
a crisp approximation of a given R in R, we shall concentrate on the crisp approxima-
tion that is obtained if the IDF, D, from which it is generated satisfies Conditions 3.1,
3.2, and 3.3.

We are now in a position to state the following result.

Corollary to Proposition 3.2: Let D satisfy Conditions 3.1, 3.2, and 3.3. For any R
in R, its crisp approximation generated by D is the crisp relation R® on X for which,
for all x and y in X, x R? y if and only if R(x, y) > R(y, x).
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In view of Definitions 2.4 and 2.5 of Sect. 2, the corollary is an immediate conse-
quence of Proposition 3.2. Since R is reflexive, f-transitive, and real-valued, it also
follows that RY is reflexive, complete, and transitive, i.e., that it is an ordering on X3

If D = D (as it is in the above Corollary), D*(A, R®) = C(A, R) for all A in A
if and only if this equality is valid for all sets A such that #A < 2. However, this is
not true in general. Consider, for instance, the IDF given by the mapping D specified
by Eqgs. (a) and (b) in part (ii) of the proof of Proposition 3.1. This is a well-defined
IDF. However, if this mapping D is used for the purpose of generating the crisp
approximation RC of a given R, it is obvious that R® # R although D*(A, R?) =
D(A, R) for all A such that #A is at most 2. The reason is that this equality is not
necessarily valid if A has three or more members.

It may also be noted that, in determining the crisp approximation of a given FIRR,
R, the fuzzy transitivity property of R also plays a crucial role. For instance, if the
condition of f-transitivity of R is replaced by max-min transitivity and if the IDF, D,
in Definition 2.5 is taken to be such that, for all admissible A and R, D(A, R) = {x
e A: R(x,y) > a for all y ¢ A} where a is any real number in (0. %2], then the crisp
approximation of any given R would be the crisp relation R€ on X such that x R€
y if and only if R(x, y) > o. Max-min transitivity of R would ensure that RC is an
ordering. As has been remarked before, however, in the context of fuzzy inequality
relations that respect Lorenz dominance, max-min transitivity is not an intuitively
reasonable condition on R while f-transitivity is.

4 Examples of FIRRs

So far, we have discussed FIRRs and their crisp approximations in general terms.
We end this paper by suggesting a specific FIRR. We also mention a number of other
FIRRs that are to be found in the literature.

In our framework, one possible measure of the extent to which x Lorenz dominates
y would be a measure of the set {p ¢ [0, 1]: Lx(p) > Ly(p)}. In the present case, a
natural measure of this type would seem to be length of that portion of the horizontal
axis of the usual Lorenz box diagram over which the Lorenz curve of x lies above

31t may be noted that our identification of “fuzzy dominance” as the crisp approximation rule has
been a consequence of our identification of a specific IDF. Ok (1994) took a different (and, from the
mathematical point of view, a more direct) route in the context of a very similar issue in the theory
of preference relations (1 am indebted to Efe Ok for bringing this reference to my attention.). A
decision-maker’s preference relation R on a set of alternatives may be fuzzy but we may wish to know
whether it has a crisp approximation. Interpreting a crisp approximation of a given fuzzy relation
R as a crisp relation which is “nearest” to R, Ok considered metrics (as measures of “nearness”)
on the space of fuzzy relations. Different metrics would identify different crisp relations as being
nearest to a given fuzzy relation. The paper introduced a particular metric and proved that it leads
to the “fuzzy dominance” relation generated by R as the crisp approximation of R. However, while
this is an important proposition, it has not been reported whether its converse is true, i.e., whether it
constitutes a characterization of the fuzzy dominance relation as a crisp approximation procedure.
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that of y. This will be denoted by Nyy. For example, if Lx(p) and Ly(p) intersect at a
point where p = 0.7 and if Lx(p) > Ly(p) for p in (0, 0.7) while Lx(p) < Ly(p) for p
in (0.7, 1), then Nxy = 0.7 and Nyx = 0.3 so that Nxy > Nyx.

Consider now the fuzzy binary relation R on X such that, for all x and y in X,

R(x,y) =lifx = yand
=Nyy/(Nxy + Nyx) otherwise. 4.1)

Since population size and total income are fixed, the Lorenz curves of x and y
cannot coincide if x and y are distinct. It is seen that, for all such x and y, exactly
one of the following three statements is true: (i) x strictly Lorenz dominates y, (ii)
y strictly Lorenz dominates X, and (iii) the Lorenz curves of x and y intersect. In all
of these cases at least one of the two nonnegative numbers Nxy and Nyx is positive
and, therefore, so is their sum. Thus, for all x and y, R(x, y) is well defined and is in
[0, 1]. R is obviously reflexive. It is complete since, for all x and y in X, R(x, y) +
R(y, x) is either 1 or 2. It is also seen that, for all x, y, and z in X, if Nxy > Ny, and
Nyz > Ngy, then Nx,> Nux. Thus, R is f-transitive.

Moreover, if R(X, y) = 1, then either x =y or [x # y but Nyx = 0]. In the former
case, the Lorenz curves of x and y coincide and in the latter it is seen that x strictly
Lorenz dominates y. In both circumstances, therefore, x weakly Lorenz dominates
y. Conversely, if x weakly Lorenz dominates y then either X =y or [X # y but Nyx=
0]. Hence, R(x, y) = 1. Similarly, it can be checked that R(x, y) = 0 if and only if
y strictly Lorenz dominates x. Thus, R is a fuzzy binary relation on X that respects
Lorenz dominance and is reflexive, complete, and f-transitive. Hence, it is an FIRR
as per Definition 2.2 of Sect. 2.

The crisp approximation R of R is such that, for all x and y in X, x R® y if and
only if Nxy > Nyx. It is an ordering on X.

A characterization of the specific FIRR, R, specified by (4.1) can be obtained
with the help of a system of axioms similar in form to that used in Basu (1987). In

n J
that paper, for all x and y in X, Exy was defined to be »_ max(}_ (xi—yi), 0). In the
j=1 i=1

familiar Lorenz diagram, Eyy is the area of the dominance of x over y. Basu ignored
the case where x and y are nondistinct and worked with the strict fuzzy ranking
relation P. Consider a fuzzy relation P on X representing “less unequal than.” Let
Ri be the nonnegative orthant of the two-dimensional Euclidean space The crucial
assumption in Basu’s approach was that there exists a mapping ¢ from Ri into
[0, 1] such that, for all x and y in X that are distinct from the perfectly egalitarian
distribution and also distinct from one another,

P(x,y) = ¢(Exy, Eyx)- 4.2)
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By combining this condition with three others, the following fuzzy relation P was
characterized*: For all x and y in X with the characteristics mentioned above,

P(x,y) = Exy/(Exy + ny)-

Basu (1987) also formulated a definition of a “nearest crisp relation” of a given
fuzzy relation and showed that the crisp relation (P*, say) nearest to the fuzzy strict
relation characterized by him is essentially the Gini ordering in the sense that, for all
distinct x and y, x P* y if and only if G(x) < G(y) where G is the Gini index.’

It can be checked that if we replace (4.2) by the condition that for all x and y in
X, if x =y, R(x, y) = 1 and, otherwise,

R(x,y) = f(nya Nyx),

then, together with the three other conditions used in Basu (1987) (with the relation P
interpreted as the asymmetric component of R), we would obtain a characterization
of the relation R in (4.1). Note that since, for all x and y in X such that x # y, R(x,
y) + R(y, x) = 1 so that, as per our rule for defining the asymmetric component of
R (discussed in Sect. 2), P(x, y) = R(x, y) for all such x and y. Since the proof of
this characterization result is exactly analogous to that of Basu’s result, it is omitted.
Ok (1996, p. 523) studied (albeit without characterization) a broader class of fuzzy
relations which includes the relation suggested by Basu as a special case.’

5 Summary and Conclusion

In this paper, we have been concerned with the question how to obtain a crisp approx-
imation of any given fuzzy inequality ranking relation. In seeking to formalize the
notion of a suitable approximation procedure, however, we were naturally led to the
broader question as to how we can decide which income vectors in any finite set A of

“For the proof, Basu did not need to assume that the strict fuzzy ranking relation (or the weak
relation R of which it is the asymmetric component) is f-transitive. He used a very weak transitivity
condition which requires that, for any x, y, and z in X, [R(x, y) = 1 and R(y, z) = 1] implies R(x,
z) = 1. However, it is known that the relation that is characterized is actually f-transitive. See Ok
(1996, pp. 525-526) where it is shown that it also satisfies a different fuzzy transitivity condition
called O-transitivity, a condition proposed in Ovchinnikov (1986).

S5This particular feature of the fuzzy relation suggested by Basu (1987) is hardly surprising since the
stated objective of that paper was the fuzzification of what was called the “Gini-Lorenz” framework
of inequality measurement. The crisp approximation of the fuzzy relation suggested in Eq. (4.1) in
the text is not related in this way to the Gini ranking. We do not enter into the question whether
it is analogously related to the (crisp) inequality ranking derived from any other inequality index.
Indeed, since in this paper we are concerned exclusively with inequality rankings, the notion of an
inequality index is not of much relevance here.

6 All members of the class are both f-transitive and O-transitive (see Note 4).
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such vectors can be considered to be least unequal in an overall (crisp) assessment,
given that the underlying inequality ranking relation on the set of all income vectors
is fuzzy. We have axiomatically characterized a specific procedure for making this
decision under the assumption that the fuzzy inequality ranking satisfies some intu-
itively appealing consistency conditions. It is seen that our characterization result
leads to a specific crisp approximation procedure which has already been mentioned
in the literature. We have also constructed an illustrative example of a fuzzy inequal-
ity ranking relation that does not seem to have appeared in the literature before and
have compared it with some other known ranking relations.
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Osnat Peled and Jacques Silber

1 Introduction

Is economic growth a sufficient condition for reducing poverty or should govern-
ments enact policies that fight poverty? As stressed by Kakwani and Son (2018), in
the 1950s and 1960s development economists believed in the idea of “trickle-down”
which assumes that even if growth is beneficial mainly to the rich, the poor will
ultimately also profit from growth, once the wealthy spend their gains. Moreover, it
was also thought that the rich are those who can generate economic activities, which
will increase the probability for a poor to find an employment. Such a Weltanschau-
ung started, however, to be criticized in the 1970s (e.g., Ahluwalia 1976a,b) when
development economists realized that poverty levels did not really decrease and that
the rate of growth of the incomes of the poor was significantly smaller than that of
the population as a whole. These observations were at the origin of the development
of a vast literature dealing with the concept of pro-poor growth (see, for example,
Deutsch and Silber 2011; Dollar and Kraay 2002; Foster and Szekely 2008; Kakwani
and Pernia 2000; Kakwani and Son 2008; Kraay 2006; Ravallion and Chen 2003;
Son 2004; Son and Kakwani 2008).

There is, however, another strand of the development literature, which stresses
the fact that a sizable middle class is supposed to be an important factor in economic
development (see, for example, Landes 1998). Easterly (2001) thus argued that an
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increase in the income share of the middle class is associated with a rise in the
growth rate. A greater income share of the middle class is also assumed to bring
higher levels of publicly provided health services, and hence better health outcomes.
It is also associated with higher levels of political rights and civil liberties.

Similarly, Birdsall (2007a, b) contends that reforms, which are critical to market-
based economies in the developing world, will not be sustained over long periods if
the middle class does not grow. For Pressman (2007), a large middle class contributes
not only to economic growth but also to social and political stability because, among
other reasons, it helps reducing class warfare.

Loayza et al. (2012) concluded, using a cross-country panel dataset containing
information on 128 countries, that when the size of the middle class grows, there is
generally a more active social policy, governance improves, and corruption is less
frequent. Similar arguments are brought by Bussolo et al. (2014), who believe that
a rise in the size of the middle class in developing countries is likely to improve
transparency, reinforce the fight against corruption efforts, and more generally lead
to a more open society.

Boushey and Hersh (2012) emphasize other impacts of a strong middle class.
They claim that it encourages the development of human capital, and a well-educated
population is the basis for a stable source of demand for goods and services and favors
entrepreneurship, all these effects clearly supporting economic growth.

Actually, as stressed by Bhalla and Kharas (2013, page 6), “the notion of the
‘middle class’ has roots that go back millennia, originating as a concept in the writings
of Aristotle, who defined it as owners of property and thus the people best positioned
to rule the state. According to him, they were a moderating force with both the
capability and incentive for sober governance, but through its long history, the middle
class has been linked to a wide range of concepts from thriftiness to democratic spirit
to unchecked consumerism.” Bhalla and Kharas therefore consider the middle class
as an important driver of the global economy, because they have a significant amount
of time and money at their disposal and, at the difference of rich people, they are
numerous enough to have an impact on world trends.

This prediction is also shared by Birdsall (2013, page 11). She argues that, “per-
haps in a virtuous cycle, recent growth in India, Africa, China and much of Latin
America—whether driven by ‘luck’ (high commodity prices, natural resource wind-
falls), ‘globalization’ (trade, capital and labor movements), good policy (sound
macroeconomic fundamentals, more democratic and accountable governments)
or the intangible benefits of the information revolution or of changing global
norms (consider the Millennium Development Goals) that have put more girls in
school—will be more likely to be sustained and institutionalized, because an inde-
pendent middle class has become big enough and politically powerful enough, to be
a force for good government and equal opportunity growth.”

Lopez-Calva and Ortiz-Juarez (2012) recommend in fact taking a broader view
of the middle class and they emphasize the concept of “middle-class functioning,”
which, according to them, means “being protected from falling into poverty.” The
definition of the middle class is, hence, related to that of vulnerability since, as
argued by Lopez-Calva (2013, page 15), it is economic security “that defines a
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person as middle class. Individuals who are above the poverty line and who have
a low risk of falling into poverty may have characteristics in terms of risk-taking
capabilities, investment decisions, consumption patterns and the like that differ from
the characteristics of those individuals who are just above the poverty line.”

Ferreira et al. (2013) take a similar view and argue that, between 1995 and 2010,
at least forty percent of the households in Latin America moved upward in “socioe-
conomic class.” They stress, however, that generally the poor do not move directly to
the middle class. They rather join a group located between the poor and the middle
class. This group corresponds in fact to the vulnerable class, and it is the largest
class in the region. Ferreira et al. (2013) stress the fact that, although this new middle
class differs from one country to the other, one may observe common characteristics.
Those entering the middle class are thus more educated, more likely to live in urban
areas, and work in the formal sector. It appears also that middle-class women tend to
have fewer children and a higher labor force participation rate than women belonging
to the poor or vulnerable groups.

These features of the middle class lead to a broader definition of this group, an
approach taken also by Atkinson and Brandolini (2013) in their study of the middle
class in selected OECD countries. They started by adopting definitions based on
income but they also examined the role of property and wealth, as well as that of the
occupational structure. They argue that classical economists linked class differences
to the extent of control over resources and to the position of individuals in the division
of labor. Economists today centre their analysis on income, an approach criticized
by sociologists who believe that economists ignore the importance of the social
stratification implied by labor market relations.

Looking at OECD and some emerging countries, OECD and the World Bank
(2016, page 2) concluded that, although almost two-thirds of people live in middle-
income households in OECD countries and between one-third and one-half in Emerg-
ing Economies, “middle-class self-identification has fallen significantly in recent
years, much more than income trends would suggest.” There is clearly a positive cor-
relation between the share of the population with “middle incomes,” and that, which
identifies itself (subjectively) as middle class, but there are differences between the
countries. Thus in Northern and Continental European countries, as well as in Italy
and Turkey, the share of the population that identifies itself as “middle class” is higher
than what the income data seem to show, while the opposite is true for Canada, Por-
tugal, and the United Kingdom. The data seem in fact to indicate (see, OECD and the
World Bank 2016, page 7) that “the economic influence of middle-income groups
compared to upper-income groups has been declining and that the cost of typical
middle class goods, services and assets are rising faster than median incomes and
driving some middle income households into debt.”

A somehow similar view is taken by Thewissen et al. (2015, pages 24-25) for
whom in OECD countries “there are countries and sub-periods where the median
stagnated and inequality rose rapidly, but also ones where increasing inequality
accompanied rapid growth in the median and others where the median rose only
modestly while inequality was stable.” These findings led the authors to conclude
that, to improve the living standards of middle-income households, it is not enough
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to promote economic growth, and even not to look at the evolution of both growth
and inequality. There is a need to take a specific look at what happens in the middle
of the income distribution. Such a task implies evidently that there should be a defi-
nition in income terms of the middle class. Various ways of defining the lower and
upper bounds of the middle class (75-125%, or 60-225%, or 50—150% of the median
household income; or $10 a day and the 90zh percentile of the income distribution)
have been proposed (see, for example, Nissanov et al. 2010, and Nissanov 2017, for
a review of these definitions).

Rather than defining such bounds, Massari et al. (2009) in their analysis of the
Italian income distribution, and Nissanov and Pittau (2016) in their study of the
evolution of the middle class in Russia from 1992 to 2008, applied a nonparametric
tool, the so-called “relative distribution.”

Another interesting approach is the mixture model method (see, McLachlan and
Peel 2000) which is a semi-parametric method, which enables to model unknown
distributional shapes and to represent subpopulations and parameters of their den-
sities without having to define in advance the number and characteristics of these
groups. Pittau et al. (2010) applied this approach to the world distribution (close to
100 countries). They estimated a three-component mixture model, the components
being, respectively, labeled “poor,” “middle,” and “rich.” They found that, while
the gap between the mean relative per capita incomes of the rich and poor group
widened somewhat over time, the “hollowing out” of the middle of the distribution
was largely attributable to the increased concentration of the rich and poor countries
around their respective component means. Nissanov (2017) applied the same tech-
nique to Russian data and concluded that the share of the middle class decreased
between 1992 and 1996 and then increased. While the differences between the poor
and the two other groups (middle class and rich) are clear, when looking at most of
the characteristics, that were examined, the middle class and the rich group differ
mostly for three characteristics: age, education, and work status.

Foster and Wolfson (2010) introduced a simpler approach to the study of the
middle class, in their famous paper, which defined the concept of polarization curves
as well as an index of bipolarization.! While Foster and Wolfson took a relative
approach to the measurement of bipolarization, Chakravarty et al. (2007) presented
an absolute approach to the measurement of bipolarization that will be the basis of
the analysis of pro-middle-class growth presented in this chapter.”

This chapter is organized as follows. In Sect. 2, starting from the notion of absolute
polarization curves proposed by Chakravarty et al. (2007), we derive the concept
of pro-middle-class growth, which amounts to defining the type of growth, which
reduces absolute bipolarization. Then, in Sect. 3, we present an empirical illustration

I'This paper was originally written in 1992 and was widely cited over the years until it was finally
published in 2010.

2The contribution of Satya Chakravarty to the study of polarization goes much beyond this paper.
He has published two books on the topic (Chakravarty 2009, 2015) and to the best of our knowledge
seven articles (Chakravarty and Majumder 2001; Chakravarty et al. 2007, 2010; Chakravarty and
D’ Ambrosio 2010; Chakravarty and Maharaj 2011, 2012, 2015).
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based on Israeli data and covering the period 1995-2011. Concluding comments are
given in Sect. 4.

2 Deriving a Measure of Pro-middle-Class Growth

Following earlier work by Foster and Wolfson (2010), Chakravarty et al. (2007)
have stressed the fact that bipolarization indices can be relative or absolute. A rel-
ative index is supposed to remain invariant under equi-proportionate changes in
all incomes, while an absolute index is supposed not to vary under equal absolute
changes in all incomes. The choice between these two approaches to the measure-
ment of bipolarization is, without any doubt, a problem of value judgement, in the
same way as choosing between an absolute and a relative approach to inequality
measurement depends on how one views inequality.

The basic idea of Chakravarty et al. (2007) is to scale up the Foster—Wolfson
(second) bipolarization curve by the median m in order to obtain what they call
an “Absolute Polarization Curve (APC).” Such a curve shows, for any population
proportion, how far the total income enjoyed by that proportion is from the cor-
responding income that it would receive under a hypothetical distribution where
everyone receives the median income.

Assuming that the incomes x; are ranked in nonincreasing order (x; > --- >
X; > -+ > X,), that n is the size of the population and n,, the rank of the median,
the APC ordinate® corresponding to the population proportion (k/n) is then defined
as

k
AP |:x, (;ﬂ = (1/n) Z(m —x;) whenx; <m (1)

and as

k
AP |:x, (;)} = (1/n) Z(x,- —m) whenx; > m. )

It is easy to observe that for a typical income distribution the APC will decrease
monotonically, until the median income is reached, and then increase monotonically.
One may observe that by dividing AP (x; p) by the median m, one obtains the
(second) bipolarization curve proposed by Foster and Wolfson (2010).

Chakravarty et al. (2007) show also that the area under the Absolute Polarization
Curve is an absolute index of polarization. The link between this index and the Foster
and Wolfson (2010) index Ppy is quite easy to derive, as will now be shown.

Letus first compute the area R under the APC on the R.H.S. of the median (incomes
higher than the median income). We may note that at the rank #n,,, the height of the

3Part of the demonstrations that follow is borrowed from Nissanov et al. (2010).
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APC is zero (x,, = m). For simplicity in what follows, we will assume that n is
even.

Using (2) and the usual formulations concerning the areas of a triangle and of a
trapezium, we derive that

R= (%) (%){[(%)(Xn,,ﬁl - m)] + [2(%)()6”,”71 —m)+ (%)(xnm,z - m)“ 4.
+ (%)(%){2<£>[(xnm_1 —m) + (Xp,—2 —m) + -+ (x2 —m)] + (%)(m _m)}

3)

sk=m (N + (3ot (P2 )y g (B =D =T,
= ) 1 5 2 ) i ) ny—1
S((1 3 2 —1 2 — 1) —1
—(1/n) {<§>m+<§)m++( 5 )m++<f)m} 4)

2 /2i—1 1 S i-1 ER _
©R= (1/2)[2( ln2 )(x,- —m)} = <§> [Z ( (lnz) L —my | = MTm 5)
i=1 i=1 \7

where uER refers to the “equally distributed equivalent level of income among the
“rich,” defined, in the case of the Gini index, (see, Berrebi and Silber 1989)” as

n/2
pnER = Z[(Zi = 1/(n*/4)]x, (6)
i=1
while it is easy to check that Z?ﬁ i —1)/(n*/4) = 1.

Let us similarly compute the area L under the APC on the L.H.S. of the median
(incomes lower than the median income). Using (1), we derive that

ST NE AN ) I8
TN, N
(N

= (I Qe (=20
(@) (e (2520

1 " Rn—i+1)—1] (m —ur)
or=(5) ¥ {[F e - @

i=(5)+

where P is a weighted average of the incomes of the “poor” and is defined as

n

wft = Z [Qn —i+ 1) —D1/(n*/4)]x, ©)

i=(5)+



On Pro-Middle Class Growth 89

while it is easy to verify that
n 2

Y Re-i+D-11= (%)
i=(n/2)+1

Note that the weights defining 17” are such that the further away a “poor” indi-
vidual is from the median income (that is, the “poor” he is), the smaller the weight
given to this “poor.” In other words, wrp gives, for the subpopulation of “poor,” a
higher weight the less “poor” the “poor” is.

Combining (5) and (9), we conclude that the total area A under the APC (on both
the R.H.S. and the L.H.S. of the APC) may be expressed as

1
A=R+L = (§>(MER_MFP). (10)
Let us now remember that the Foster and Wolfson (2010) is expressed as
w
Pew = Gy = Gw)(%). an

where p is the arithmetic mean of the distribution.
Remembering the link between the Gini index and the mean difference, expression
(11) will be written as

Pry = [(%)(AB - AW)/M}(%) = (%)(AB —Aw)/m,  (12)

where Ap and Ay are the between and within groups mean differences.
From Berrebi and Silber (1989), we know that

1
b= (o

where R and u? are, respectively, the mean incomes of the “rich” and the “poor,”
and that

Aw = (%)(AR a7, (14)

where AR and AP are, respectively, the mean differences in the populations of the
“rich” and of the “poor.”
Combining (12), (13), and (14), we derive that
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Pry = {[(%)(MR - u”)} - [(%)(AR + A”)} }/m. (15)

‘We know, however, that
RZZMRGRZZMR[(MR_MER)/MR] :z(luR_HER). (16)
We can similarly write (see also Berrebi and Silber 1989) that
P:2MPGPZZMP[(MFP_MP)/MP]=2(MFP_MP). (17)

Combining (15), (16), and (17), we easily derive that

R (L

Finally, combining (10) and (18), we derive the link between the Foster and
Wolfson index Ppy and the area A that lies under the Absolute Polarization Curve

(APC), with
A
Pry =2 — ). (19)
m
Let us now assume that we observe a set of incomes {x;, ..., x;, ..., X,} at time
0 and a set of incomes {y, ..., yi, ..., ¥,} attime 1. Using (18), the change A Pryw

in the value of the index Pry between times O and 1 will then be written as

1 ER _ FP ER _ xFP
APpy = (Ppy — Ppy) = <Z>[<(ym—y> B <x m.x >] (20)

where P}y, PRy, yER, xER yEP xFP 'm,, and m, refer, respectively, to the Foster
and Wolfson indices, the “equally distributed equivalent level of income among the
‘rich” uER, the weighted average u”” of the incomes of the ‘poor’ and the median
incomes at times 1 and 0.”

Combining (6), (9), and (20), we derive that

o= OECR)] [ £ =)

=9+

O EeE)]-LE e )

(5)+1

ot = 13S0 - (5]
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n

e (R

=(5)+1
Let us now define the shares w; and s; as w; = ﬁ and s; = nXT
We may then rewrite (21) as '
B .
@i-1
APpy = il — [si
W X;( — {lwil = [si1)
- 2n—i+1)—1
-1 > (+>{[u}i] —Is:h | - (22)
i=(%)+1
In what follows we will use the following definitions:
Am =my —my 23)
yi—xi  Ax;
ni = - = (24)
Xi Xi
_ Am
n= (25)
my
i + Ax;
w; = _Niran ) (26)
n(m, + Am)

We then derive that

xinmy + Ax;nmy, — (xinmy + x;nAm Axinmy — xinAm
w; — 8 = =
! ! nmy (n(my + Am)) nmy(n(my + Am))

|G ) G20 ) - L) (i) ]
<> W — 8§ = _— - ) - .y
nmy X; (my + Am)/my nmy (my + Am)/my

S U B Sl
(_)wl_sl_“lnll_{_ﬁ 311+ﬁ—311+r_’s (27)
so that
% . - n . -
2i—-1) ni —1] 2 —i+1)—1 ni —1
o= [BE ] [ £, e ]
|:i=‘ " L+7 i=(5)+1 " 1+a
(28)

Note, however, that

() ) - ()

i=1
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M2 o 1\ 22 -1 1 1\ [ xpx
()= ()2 o G) =) G e

and that
n/2 . n/2 . n/2 .
Rr—i+ D11\ 2 —i+D—11\( x \_ R—i+ D11\ x
Y ) () ) - 2 () ()
n/2 N n/2 .
2n—i+1)—1] (! 2n—i+1)—1] . L _ 1 Xpp
(- ()2 )G ) - ()G

(30)
Combining (28), (29), and (30), we derive that

sl ()() Boo(55) |- | ()(3) £ (3]}

(5)+1
3D

GG e

where

[2(n— l+1) 1] Rn—i+1)—1] 5

. _ n !

Vi = S [2(n l+1) Oy~ (10 (33)
(51 (3)(22)

My

with > v =1.
i=(3)+1

Let us now define ngz and ngp as

n/2
NER = Z)‘«ini (34)
nEp = vin. (35)
i=(5)+1

Combining expressions (31)—(35), we then end up with
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APpy — <l> { [(XER> (MER —_ﬁ)] n |:<XFP> (n — 77€P):| } (36)
4 my 14+7n my 147

We therefore can state that a sufficient condition for growth to be pro-middle class

(that is, for polarization to decrease) is that the growth rate of the median income

of the whole population is higher than the weighted average of the growth rates of

the rich and smaller than the weighted average of the growth rates of the poor. The

intuition of this proposition is indeed very simple. It simply says that when the rich

get closer to the median income (because their growth rate is smaller than that of the

median income) and when the poor get closer to the median income (because their

growth rate is higher than that of the median income), polarization will decrease and
the middle class will become more important.

3 An Empirical Illustration

3.1 The Database

Our database is a set of income surveys conducted by Israel’s Central Bureau of
Statistics for the years 1995-2011.* During this period, significant changes in welfare
and tax policies took place, as well as major changes in participation and employment
patterns.

‘We have data on several income types, for households and individuals: for house-
holds, we consider the household’s income from salaried work, economic income
(including work income, pensions and capital income, and excluding allowances and
transfers) household total income and net disposable income. We also consider the
household total and net equivalized income (adjusted for family size according to
the Israeli/OECD equivalence scale.s) Other income sources, such as allowances or
capital income were either too volatile or were only available for a small part of the
sample and hence were not taken into account. For individuals, we consider income
from salaried work (wage) and wage per hour worked. Individuals who did not work
or did not receive a wage were excluded from the database. All the incomes were
expressed at 2011 prices.

4Until 2011, labor force surveys were conducted every quarter. Every individual/household was
asked to answer the questions in this survey during two consecutive quarters. There was then an
interruption of two quarters and then again the individual/household was asked to answer the labor
force survey questionnaire during two additional quarters. During the last quarter, the individ-
ual/household was also asked to fill a questionnaire on his/her income (the income survey). But this
practice has been interrupted in 2011 because of a major change in the labor force survey.

S>The Israeli equivalence scale assigns the value 1.25 to the first household member, 0.75 to the
second, 0.65 to the third, 0.55 to the fourth and fifth members, 0.50 to the sixth and seventh, 0.45 to
the eighth, and 0.40 to each additional member. The most recent OECD equivalence scale amounts
to dividing the household income by the square root of household size.
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Fig. 1 Absolute bipolarization index for selected income types during the period 1995-2011.
Source Income surveys, Central Bureau of Statistics

Each income survey includes data on approximately 32,000-35,000 individu-
als and 13,000—15,000 households®. Since our method requires a fixed number of
observations, we divided the sample into 1,000 groups with similar sample weights,
according to the relevant income-type variable.

3.2 The Results

At the beginning of the period (1995-2000), absolute polarization increased for all
income types. Divergence started in the following periods, as shown in Fig. 1. While
the absolute polarization of household wage, economic and total household income
had the same patterns of change, the absolute polarization of individual income from
salaried work decreased and the polarization of net household income continued
its upward trend almost unimpededly. These conflicting trends reflect some major
developments in labor market participation and changes in policy, as will be explained
below.

Table 1a—d presents some descriptive statistics for various income types, at four
points in time. As expected, household wage and economic income are the most polar-
ized sources of income, as assortative mating exacerbates household income inequal-

5The coverage of the income surveys increased in 1997 so that the number of observations almost
doubled. The survey for 1995 includes data for about 17,000 individuals and 7,000 households.
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ity and bipolarization. Allowances and progressive taxes work to lower inequality
and thus to narrow the spread around the median and reduce bipolarization. Hence,
net income is the least polarized. The equivalence scale of the OECD assumes higher
economies of scale in comparison with the Israeli equivalence scale, and thus the
mean and median of equivalized income are higher when computed according to
the OECD scale, as is the absolute polarization index (see, Table 1). There is, how-
ever, no significant difference as far as the Foster—Wolfson bipolarization index is
concerned. When we compute the Gini index, it is somehow higher when using the
Israeli equivalence scales.

During the period 1995-2011, significant changes in participation patterns and
social policy took place. Following an increase in social welfare spending, that took
place during the last two decades of the twentieth century, a major budgetary cut
took place in 2003. Social welfare payments were reduced, and eligibility criteria
became stricter. In parallel, there was a decrease in income tax rates for the middle-
and top-income brackets. As a result, the contribution of the government’s direct
intervention to reduce income inequality and polarization decreased. In addition, the
change in policy, together with renewed economic growth, led to a significantincrease
in the participation and employment rates of population subgroups that previously
were under-represented in the labor market, such as the ultraorthodox Jews and
Arab women. The higher labor force participation and employment rates led to an
increase in wage and market incomes for the lower social strata of the population,
and therefore to a reduction in the degree of inequality and relative bipolarization of
these incomes. This appears clearly in Table 1c, d, when comparing the Gini indices
in 2005 and 2011 of income from salaried work, of individual wage per hour worked
and of household wage income. Since the tax reduction was concentrated on the
middle- and top-income brackets, it offset the impact of higher participation, leading
to the following combined effect of these changes: despite the significant decrease
in labor income bipolarization, the bipolarization of net incomes increased.

The development of absolute bipolarization was somewhat different from that
of relative bipolarization, since it also reflects changes in the median income. For
example, the economic downturn between 2000 and 2003 was reflected in a decrease
in median incomes (in real terms) and thus, in a decline of absolute polarization.
The economic recovery in 2004-2007 led to an increase in median incomes, which
intensified the increase in polarization. The increase in absolute polarization during
this period was thus more pronounced than the increase in relative polarization.

Figures 2 and 3 show the evolution over time of the different types of income.

It appears that while the increase in wage income affected mainly the bottom of
the income distribution, the change in net household income, was more uniform.
Most of the change in wage income occurred at the beginning of the period, while
the change in total and net income was more evenly spread over the whole period.
Table 2 presents the distributional changes of various income types during selected
time periods.

As mentioned before, a sufficient condition for growth to be pro-middle class
is that the growth rate of the median income is higher than a weighted average
of the growth rates of the rich and smaller than a weighted average of the growth
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Table 2 Distributional changes of various income types during selected time periods

Ul NER @%;'L) NER W APpw
Percent change Percentage points
difference

Individual income from salaried work (wage)
1995-1997 |5.1 7.2 2.0 5.7 -0.6 0.6
1997-2001 |10.8 11.5 0.7 12.1 —1.2 0.0
2001-2005 |—4.5 52 -0.7 -33 —1.3 —-0.5
2005-2007 |5.3 43 -0.9 4.9 0.3 -0.3
2007-2011 | —3.8 —4.4 —0.6 -3.4 -0.5 -0.3
1995-2011 | 12.5 13.1 0.5 16.2 -3.2 —-0.4
Total household income
1995-1997 | 8.7 10.0 1.2 8.4 0.3 0.5
19972001 |12.0 12.4 0.3 13.4 —1.2 —0.1
2001-2005 |-3.9 34 0.5 —4.1 0.2 0.2
2005-2007 |9.0 7.5 -13 8.9 0.1 -0.5
2007-2011 |2.2 0.3 -1.9 24 -0.2 -0.8
1995-2011 | 30.4 28.8 -1.2 31.5 -0.9 —0.6
Net household income
1995-1997 | 8.7 10.0 1.2 8.4 0.3 0.5
19972001 |12.0 12.4 0.3 13.4 —-1.2 —0.1
2001-2005 |-3.9 34 0.5 —4.1 0.2 0.2
2005-2007 |9.0 7.5 -1.3 8.9 0.1 -0.5
2007-2011 |2.2 0.3 -1.9 24 -0.2 -0.8
1995-2011 | 30.4 28.8 -1.2 31.5 -0.9 —0.6
Net equivalized household income (OECD equivalence scale)
1995-1997 | 8.7 10.0 1.2 8.4 0.3 0.5
19972001 |12.0 12.4 0.3 13.4 —-1.2 —0.1
2001-2005 | —3.9 —-34 0.5 —4.1 0.2 0.2
2005-2007 |9.0 7.5 -1.3 8.9 0.1 -0.5
2007-2011 |2.2 0.3 -19 24 -0.2 -0.8
1995-2011 |30.4 28.8 -1.2 31.5 -0.9 —0.6
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Fig. 2 Change in Individual income from salaried work (wage)

rates of the poor. Looking at what happened to wage income at the beginning of
the period (1995-1997 and 1997-2001), it appears that the lowest growth rate was
around the middle of the income distribution and the further away an individual was
from the middle, the higher his/her growth rate was. In other words, the “poorer”
and the richer enjoyed a larger increase in their incomes. We can then conclude that
ner > 1, since the higher the income, the higher the weight assigned to its growth
rate. For the “poor,” however, the picture is less clear. On one hand, the growth rate
was higher, the lower the income. On the other hand, the lower the income, the lower
the weight assigned to this income. The combination of these two contradictory
effects indicates that npp > 7, that is, the weighted average of the growth rates of
the “poor” was higher than the growth rate of the median income. Since both ngg
and npp were higher than 7, they influenced polarization in opposite directions and
thus the change in polarization was relatively small. In the following periods (2001
and afterward), ngg was lower than 7 and npp was higher or similar to 7, leading to
a decrease in polarization.

The weighted average of the growth rates of total household income for the rich,
nEeR, was higher than 7 at the beginning of the period (1995-2005), but by the end
of the period (2005-2011) it was significantly lower. However, changes in income
tax policies, in favor of middle and high incomes, offset much of these differences:
neg for net household income was smaller than 7 at the beginning of the period
(1995-2001) and higher than 7 the following period (2001-2007). Between 2007
and 2011, ngg was slightly lower than 7, but this gap between ngg and i was much
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smaller than the gap between ngg and 5 for total household income during this
same period. As far as the “poor” are concerned, ngp was higher than 7 for total
household income during the period 1997-2001, and similar to 7 in all the other
periods. Conversely, for net household income, npp was significantly lower than 7
at the beginning of the period (1995-1997 and 2001-2005) and at the end of the
period (2007-2011). The periods in which nrp was higher than 7 were the years
1997-2001 (mostly as a consequence of an increase in the minimum wage) and the
years 2005-2007 (because of an increased participation in the labor force). Thus,
over the whole period, the weighted growth rate of the poor’s income was lower than
the growth rate of the median income. As a result of these different developments,
polarization in total household income followed a downward trend starting in 1997,
while the polarization of net household income continually increased.

Focusing on specific population subgroups, we should remember that in Israel,
larger households are more common in the lower social strata of the population
because two population subgroups, the Muslim Arabs and the ultraorthodox Jews,
tend to have larger households. Moreover, these two population subgroups have also
lower labor force participation rates. These two factors clearly lead to lower incomes.
In addition, larger households were more affected by policy changes, since a bigger
share of their income came from various allowances. Moreover, the cut in allowances
pushed some of the larger households into lower quantiles of the income distribution.
Thus, the increase in equivalized income (both net and total income) was significantly
lower in the strata located at the bottom of the income distribution (see, Fig. 4).
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Table 3 Distributional changes during the period 1995-2011 by selected income types

Income type n NER MER—D| NER mer=1)| APpw
147 1+
Percent change Percentage points
difference
Individual income from | 12.5 13.1 0.5 16.2 -32 | =04
salaried work (wage)
Individual wage per 15.0 15.1 0.1 |19.6 -39 |-0.7
hour worked
Household wage 5.8 12.0 5.8 |11.9 —-5.7 1.9
income
Household economic 359 30.8 —3.7 |47.0 —-82 | =27
income (wages, capital
income, and pensions)
Total household income | 30.4 28.8 —1.2 |315 -09 |-06
Total equivalized 37.1 352 —-14 |33.6 26 |00
household income
(Israeli equivalence
scale)
Total equivalized 36.3 33.7 —-2.0 |[332 23 | =03
household income
(OECD equivalence
scale)
Net household income 33.2 34.8 1.2 |31.8 1.1 0.6
Net equivalized 40.6 | 409 02 |344 4.4 0.9
household income
(Israeli equivalence
scale)
Net equivalized 39.1 39.6 0.3 |337 39 0.8

household income
(OECD equivalence
scale)

Table 3 summarizes now the distributional change of different types of incomes
for the whole period 1995-2011.

Over the whole period, the degree of bipolarization of net income increased while
the bipolarization of market incomes (household economic income) decreased. This
resultreflects the rapid growth of wage income at the lower part of the distribution, due
to increased labor force participation, and to some extent to the effect of an increase
in the minimum wage (nrp > 7 for individual income from salaried work, individual
wage per hour worked, household wage income, household economic income, and
total household income). However, this relatively rapid increase in market income
was offset by the decrease in allowances so that the growth rate of the total income at
the lower end of the distribution was similar or even lower than the growth of median
income (nrp < 71 for net household income and net equivalized household income).
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For the “rich” (households whose income is higher than the median income), we
observe that ngr > 1 for individual income from salaried work, individual wage per
hour worked and household wage income, net household income, and net equivalized
income. This in itself would lead, ceteris paribus, to an increase in bipolarization of
incomes, but ngr < 71 for household economic income, total household income, and
total equivalized income. The net result of these changes in the income of the “rich”
and the “poor” is that the overall degree of bipolarization decreased for individual
income from salaried work, individual wage per hour worked, household economic
income (the biggest decrease in percentage terms), total household income, and
total equivalized income, but increased for net income and net equivalized income.
As mentioned before, the increase in the bipolarization of net income reflects the
combined effect of developments in labor force participation and welfare policy,
which affected mainly the lower strata, together with the effect of a major change in
income tax that affected mainly the upper—-middle incomes.

Absolute bipolarization curves (APCs) are presented in Fig. 5 and emphasize the
differences in the evolution over time of the distribution of market and net income.
The APC of wage income increased slightly below the median. In other words, the
absolute change in the wage income of the “poor” (in real terms) was almost the
same as the absolute change in the median income. Hence, the left part of the APC
did not change significantly. The increase of the APC above the median was more
pronounced, but it occurred at the beginning of the period and did not change much
afterward. The APC of net equivalized income gives a completely different picture,
with a continuous increase of the APC. Net income on both sides of the median
moved further apart from the median, in real absolute terms.

4 Concluding Comments

Following a vast literature on pro-poor growth, this chapter proposed a definition of
pro-middle-class growth that was derived from the concepts of absolute polarization
indices and curves introduced by Chakravarty et al. (2007). It appears that a suffi-
cient condition for growth to be pro-middle class is for the growth rate of the median
income of the whole population, to be higher than that of the weighted average of the
growth rates of the “rich,” and smaller than the weighted average growth rate of the
“poor,” the “rich,” and the “poor” being, respectively, those with an income higher
and lower than the median income. An empirical illustration based on Israeli data
for the period 1995-2011 showed that growth was pro-middle class when looking at
individual income from salaried work, individual wage per hour worked, household
economic income, total household income, and total equivalized income. But bipo-
larization increased for net income and net equivalized income, as a consequence of
the combined effect of developments in labor force participation, welfare policy, and
major changes in income tax rates.
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1 Introduction

For Satya Chakravarty, whose contributions to scholarship and justice we honor here,
the salience of group-based membership for evaluating social outcomes is clear. His
remarks, along with those of Amartya Sen above, suggest that the interpersonal
differences in advantages can be of greater concern when associated systematically
with membership of groups. This can be true for two reasons. First, the avoidance
of systematically arising intergroup differences may be of intrinsic importance from
the perspectives of justice and fairness in the distribution of goods and opportunities.
Second, the fact that there exist distinct groups in society and that these groups exhibit
intergroup differences may have instrumental significance from the standpoint of
their impact on social goods such as peace, stability, or economic growth

The concern with the intrinsic significance of intergroup differences has centered
on the degree to which “morally irrelevant” characteristics of a person (such as
belonging to a given race, sex, caste, or other groups as a result of birth) should be
permitted to determine her or his life chances.! Such a motivation is distinct from
one based on the idea that social goods or “bads” may be generated by intergroup
differences in economic and social achievements, and that intergroup differences
may be relevant for that reason. A body of literature in economics and other social
sciences has explored this instrumental concern.? Both concerns have led to the
development of a growing literature that has identified and empirically examined
such concepts as “horizontal inequality”, segregation, polarization, and related ideas
about differences between groups

That a multitude of concepts concerning intergroup difference has been proposed
is not entirely surprising because such differences can be understood as arising in
more than one way. For example, studies on segregation focus on the degree to which
members of different groups share a location, occupation, or other attribute while
studies on horizontal inequality focus on the extent of difference in the income or
other achievements of separate groups. In both cases, however, the subject of interest
is the degree of unevenness or inequality in the possession of attributes between
groups. The goal of our paper is to elucidate some distinct ways in which intergroup
differences can be conceived, which encompass but are not restricted to the concerns
of these existing approaches.

A common underlying concern in analyses of intergroup differences is the degree
to which distinct groups are systematically over- or under-represented in their pos-
session of various attributes (levels of income or health, club membership, political
office, etc.). In this paper, we introduce the concept of Representational Inequality

IFor a review of these debates, see, e. g., Roemer (1996), and Sen (1992). Arguments that societies
should be organized so as to limit the consequences of being born into a particular position as
such include those of “luck egalitarians” such as Arneson (1989), Cohen (1989), Dworkin (2000),
Rawls (1971) and Roemer (1996). Egalitarians of other kinds (e.g., those concerned with relational
equality, such as Anderson 1999) may come to similar conclusions for different reasons.

2For some examples, see, e.g., Stewart (2001), Alesina et al (2003), Alesina and La Ferrara (2000,
2002), Montalvo and Reynal Querol (2005), Miguel and Gugerty (2005), and @stby (2008).
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(RI) as a way to capture this concern. This concept describes the extent to which a
given attribute (for instance, a level of income or health, or right or left-handedness)
is shared by members of distinct groups. It can be used to measure the degree of
“segregation” of distinct identity groups in the attribute space.’

When individuals can be ordinally ranked in relation to an attribute (such as
income or health but not right- or left-handedness), we may be interested not only in
how segregated or separated each identity group is in terms of their achievements, but
in some measure of their relative positions in the ranking. Sequence Inequality (SI),
understood as the degree to which members of one group are placed higher in a given
hierarchy than those from another, captures this concern. Such a concept provides an
intuitive framework for understanding the degree of “clustering” of various identity
groups in distinct sections of a hierarchy.*

When individuals’ level of achievement can also be cardinally identified for an
attribute (as for income but not for right- or left-handedness), the distance between
groups’ attribute levels may be of interest. We may identify a distinction between
two different concepts, which we term, respectively, Group Inequality Comparison
(I) and Group Inequality Comparison (II) and abbreviate as GIC (I) and GIC (II).
The concept of Group Inequality Comparison (I) involves a comparison of counter-
factuals. Specifically, it is derived by comparing the inequality arising in a society
in which all of the members of a group are assigned a representative income for that
group and the total interpersonal inequality in a society. This concept is concerned
with identifying the extent to which between-group inequality “accounts for” overall
inequality in society. Group Inequality Comparison (II) by contrast measures only
the inequality arising in the first situation, i.e., that in a society in which all the
members of a group are assigned a representative income for that group. This latter
concept is concerned with the absolute magnitude of the inequality generated by
between-group inequality.

Our purpose in this paper is twofold. We seek not only to clarify the concepts
described above and thus to recognize the complexities of intergroup differences but
also to show that combining these concepts can be helpful in characterizing intergroup
differences taken as a whole. “Polarization”,” understood to involve the collection of
like elements and the separation of such collections of like elements from one another,
can be fruitfully described as involving the simultaneous presence of between-group
differences of different kinds. The combination of Representational Inequality with
Sequence Inequality alone provides a measure of what might be termed “Ordinal
Polarization.” Combining Group Inequality Comparison (of either type I or type II)

3Segregation is defined by the Oxford English Dictionary, inter alia, as “The separation of a portion
of portions of a collective or complex unity from the rest; the isolation of particular constituents of
a compound or mixture.”

“A cluster is defined by the Oxford English Dictionary, inter alia, as “A collection of things of the
same kind...growing closely together; a bunch... a number of persons, animals, or things gathered
or situated close together; an assemblage, group, swarm, crowd.”

>The Oxford English Dictionary defines the verb “polarize” as “To accentuate a division within (a
group, system, etc.); to separate into two (or occas. several) opposing groups, extremes of opinion,
etc.”
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with these other two indices can provide a richer index of Polarization applicable to
the case in which the attribute is cardinally measurable as well. Our purpose is not to
provide a unique characterization of a single measure of polarization, but rather to
show that a broad class of measures of polarization can be derived from a simple set
of unexceptionable axioms concerning different types of between-group differences
and their combination.

The concept of polarization that we employ here is distinct from that developed in
the preponderance of the existing literature in that it draws on information about the
identity groups to which those who possess distinct attributes belong. In contrast, the
existing frameworks generally employ a “collapsed” framework in which the level
of the attribute (typically income) defines the identity group (Esteban and Ray 1994;
Duclos et al. 2004). In these frameworks, polarization of an income distribution is
understood to involve “identification” between individuals possessing a certain level
of income and ““alienation” between those individuals and others possessing different
incomes. In our framework, in contrast, polarization of an income distribution is
understood to involve segregation of individuals belonging to distinct identity groups
at certain levels of income and the separation of these groupings of individuals in
the income space from other groupings of individuals possessing distinct identities.

2 Part I: Concepts of Group Inequality

One approach to evaluating intergroup differences is to construct a measure of overall
group advantage or disadvantage for each group prior to assessing the differences
in these overall measures.® Although there can be advantages to such an approach,
it can obscure the diverse aspects of intergroup difference (by reducing intergroup
differences to inequalities in a single dimension). We accordingly explicitly identify
here three distinct concepts of intergroup difference, and a fourth which builds upon
them.

2.1 Representational Inequality

We define a situation of representational inequality as occurring when, for some
attribute and some identity group, the proportion of the group possessing the attribute
is either greater or less than the proportion of the group in the overall population. To
provide some graphical intuition for this idea, consider the distribution of income
among different groups in a society that consists of 50 percent whites and 50 percent
blacks. Figure 1 depicts the situation in which there is no representational inequality.
The location of each bar on the horizontal axis represents an income level ordered
from lowest to highest and the proportion of persons possessing that income of either

6See Jayaraj and Subramanian (2006) for an example of such an approach.
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group is represented through shading. At all levels of income, blacks and whites are
represented in equal proportion to their share of the population as a whole (i.e.,
one half each). Any deviation from such equiproportionality leads to a situation of
representational inequality. Such a situation is depicted in Fig. 2, in which at certain
levels of income blacks or whites comprise a larger or smaller proportion of the
individuals possessing that level of income than they do in the population.

While the situation depicted in Fig. 2 is one of the representational inequalities,
both groups are represented at all the incomes. In contrast, Fig. 3 depicts a situation
in which at each level of income there is complete segregation, in the sense that at
each level of income there is one and only one identity group represented. It may be
noted that although this is a situation of complete segregation, the incomes at which
whites and blacks appear are evenly interspersed. We depict this example to make
sharp the distinction between segregation and clustering as we use the terms. The
former refers to a situation in which those possessing a specific attribute (in this case
an income level) belong disproportionately to a group. The latter refers to a situation
in which the attributes disproportionately possessed by members of a group are sited
together in a certain part of an attribute hierarchy (in this case the income spectrum).

The concept of representational inequality clearly need not be restricted to a
scenario in which the attribute is cardinally orderable. Thus, for example, we can
apply the principle in an equally straightforward manner to unordered attributes such
as location of residence, or membership in distinct clubs or legislatures. If instead
of income brackets, each bar referred to a distinct legislature in a federal country,

Proportion Black and White

Incomes

Fig. 1 Zero representational inequality
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Proportion Black and White

Incomes

Fig. 2 Nonzero representational inequality

Proportions Black and White

Incomes

Fig. 3 “Complete” segregation



Inequalities and Identities 115

Proportions Black and White

Incomes

Fig. 4 Polarization

the figures we have discussed here would depict the degree of inequality in political
representation.

2.2 Sequence Inequality

The distinction between “complete segregation” and “complete clustering” can be
seen by comparing Figs. 3 and 4. Figure 4 depicts the situation that results from a
transfer of incomes such that all the whites move to the richer half of society while
all the blacks move to the poorer half of society. This situation is one in which each
subgroup is concentrated in a different part of the income distribution. Such a situation
can plausibly be described as one of “complete clustering” of groups.” In both cases,
there is complete segregation and thus maximal representational inequality. However,
in Fig. 3, whether an individual is black or white provides very little information on
his or her rank in society. By contrast, in Fig. 4, whether an individual is black or
white provides a great deal of information. One simple way to capture the distinction
between Figs. 3and 4 is through the concept of sequence inequality, which together
with representational inequality captures the clustering of the income distribution.
This concept is linked to the position in the overall societal ranking possessed by
individuals belonging to distinct groups in the hierarchy.

An individual (weakly) rank dominates another if that individual is ranked equal
to or higher than the other in the possession of the attribute. For any population

"Massey and Denton (1988) refer to equivalent concepts.
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partitioned into given identity groups, there are a fixed number of between-group
pair-wise comparisons between individuals from different identity groups. The share
of the total number of such between-group pair-wise comparisons involving a given
group in which a member of the group rank dominates a member of some other group
is called its level of group rank dominance. Group rank dominance is an indicator of
the position the group occupies in the ordinal hierarchy of attribute levels. Another
way to understand the difference between Figs. 3 and 4 is simply that the average
rank of the whites and the blacks is different. This is clearly a necessary condition for
distinct groups to be clustered in different parts of the attribute space. We establish
in Appendix One that a monotonic relationship exists between the concepts of group
rank dominance and of average rank. Both could be seen to be indicators of the
placement of groups in the attribute hierarchy (in the extreme complete clustering of
groups) and will thus be referred to as indicators of a group’s rank sequence position.

The level of inequality in different groups’ rank sequence position (whether as
measured by group rank dominance or by average rank) indicates the extent to which
a population is clustered. We refer to this concept of inequality as Sequence Inequal-
ity (SI). Some reflection will suffice to show that this is an unambiguous criterion
even when group sizes differ. In any situation sequence, inequality is minimal when
the groups are evenly interspersed or symmetrically placed around the median mem-
ber(s).

It is clear from this discussion that while Figs. 3and 4 depict two groups with
equal representational inequality, the two groups possess different levels of group
rank dominance and average rank. In Fig. 4, whites have 100% of the available
instances of rank domination and higher average rank.

While sequence inequality and representational inequality are related, they are
also distinct concepts. A simple example which makes this distinction transparent
is provided in Figs. 5 and 6. In Fig. 5, both groups possess the same level of group
rank dominance and average rank. The black group has two of the possible four
instances of rank domination as does the white group, and their average rank is the
same. Thus, there is no sequence inequality between the groups. In the second, both
groups again share equally in levels of group rank domination (both have two of the
potential four instances once again) and have the same average rank. The situation
once again is one in which there is no sequence inequality. However, in the first case,
there is complete representational inequality and in the second case there is zero
representational inequality. In neither case is group membership always associated
with higher rank, yet the cases differ in the degree to which income levels are shared
by members of distinct groups.

2.3 Group Inequality Comparison

Figure 4depicts a situation of maximal representational inequality and maximal
sequence inequality. It could perhaps be thought of as a situation of polarization in
the sense that each group is concentrated at a given pole of the income distribution.
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Proportion Black and White

Incomes

Fig. 5 Perfect sequence equality with perfect representational equality

Proportion Black and White

Incomes

Fig. 6 Perfect sequence equality with complete segregation
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However, this is true only in an ordinal sense. Both the situations depicted in Figs. 4
and 7 are identical from the standpoints of representational inequality and sequence
inequality since neither concept takes note of cardinal information, which alone
accounts for the difference between the two situations described. To take account of
cardinal information (for instance, concerning the distance between distinct clusters),
it is necessary to introduce an additional concept.

A common way to account for such information is to take note of the distance
between the means of distinct subpopulations, for example, by using measures
of inequality between group means. This indeed is the conception behind Group
Inequality Comparison (II).However, such an approach ignores relevant informa-
tion on within-group inequality. Consider a two-group society in which all members
of each group originally, respectively, possess the mean incomes of their groups.
Suppose that both groups experience within-group transfers leading to intragroup
inequality. The extent of inequality in the society must be judged to have increased
if the measure of inequality employed obeys the Pigou—Dalton Transfer Principle
(ensuring that such transfers between persons are deemed to increase overall inequal-
ity). However, between-group inequality (understood in terms of inequality between
mean incomes of groups) is unchanged. Between-group inequality must be deemed
to have become relatively less substantial in comparison with total interpersonal
inequality.

An approach to intergroup inequalities which is based on between-group inequali-
ties in isolation rather than on the contribution of between-group inequality to overall
interpersonal inequality (i.e., Group Inequality Comparison (1)) will fail to contrast
situations that might be distinguished. Consider Fig. 8 which depicts a two-group

Proportions Black and White

Incomes

Fig. 7 Polarization
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society in which all members of each group originally possess mean income A and
B, respectively. Both groups now experience within-group transfers which increase
inequality and their distributions are now depicted by densities A’ and B’, respec-
tively. Assume further that the transfers are such that the span between the means is
D and the span between the richest and poorest members of each group is also D. We
might plausibly consider intergroup differences to have become less significant after
the transfer since no member of the richer group is further away from some member
of the poorer group than before the transfer, and all but the very richest member of
the richer group is closer to some member of the poorer group.

On the other hand, Group Inequality Comparison (I) can have the disadvantage
of ignoring information relevant for understanding the extent to which intergroup
differences generate overall inequality. To see this, consider what would happen
if in Fig. 8, the original populations A and B were made arbitrarily closer to each
other while maintaining their separation. According to Group Inequality Comparison
(I),there would be no difference between the two situations. If we employed instead
the concept of Group Inequality Comparison (I) the degree to which between-group
differences generate inequality will have fallen. There are potentially good reasons
to choose either approach.

Group Inequality Comparison need not be measured, of course, in terms of dif-
ferences in means and could potentially be understood in other ways—for instance,
in terms of differences in medians, generalized means, or other measures of central
tendency. Indeed, still other ways of viewing group differences can be envisioned,
for example, involving comparison of higher moments of the group-specific distribu-
tions of incomes, examination of the extent of “non-overlap” between distributions,

Population Densities

A A

Incomes

Fig. 8 Group inequality contribution versus inequality between means
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etc. For a wide-ranging discussion of methods of defining group separation, see
Anderson (2004, 2005). We limit our further discussions of the concept, however, to
the case where it is measuring mean differences, for expositional simplicity.

2.4 Combining Concepts: Polarization

We have introduced above three concepts relating to intergroup inequalities: repre-
sentational inequality, sequence inequality, and group inequality comparison. How
are these concepts related to polarization? Polarization is a concept which has been
used in many ways in the literature, for example, to mean the absence of “middleness”
in a distribution (Wolfson 1994), the distance between the average achievements of
groups (@stby, 2008) and the presence of distinct sizable groupings in the income
distribution (Esteban and Ray, 1994). Many of these approaches do not explicitly
rely on the identification of individuals by identity groups (understood as being dis-
tinct from attributes). A contrasting approach understands the level of polarization
of a distribution in terms of the extent of intergroup differences in the possession of
an attribute. If polarization is defined in this way, it becomes clear that each one of
the concepts of intergroup inequality defined above is itself a measure of polariza-
tion. However, taken individually each may prove to be an unsatisfactory measure
of polarization, because of the information to which each is individually indifferent.
Thus, the relative ranking of the situations depicted in Figs. 3, 4 and 7 according to
the extent of polarization depends on the expansiveness of the approach used. All
the figures depict maximal polarization as judged according to RI, whereas Figs. 4
and 7 depict maximal polarization according to both R/ and S/, and Fig. 7 depicts
more polarization than does Fig. 4 according to GIC (taking the figures to possess
the same income scale on the horizontal axis).

The fact that our judgments regarding the polarization of society may depend
on more than one concept suggests the value of combining measures of intergroup
differences to construct orderings of social situations according to the extent of
their polarization. Such orderings can be partial and based on dominance of the
vectors (two-tuples or three-tuples) defined by the individual measures of intergroup
differences, or can be complete if based on some method of aggregation of these
measures.

This said, orderings based on combining only a pair of the concepts we have
defined (and not all three) will be indifferent to some important considerations that
may be deemed relevant in any assessment of polarization. We have already seen that
in the two-group case, combining representational inequality and sequence inequal-
ity will be sufficient to give us a measure of ordinal polarization. Such a combination
however will be indifferent to cardinality and will be unable to distinguish, for exam-
ple, between the situations depicted in Figs. 4 and 8, respectively.

A measure combining sequence inequality and group inequality comparison is not
indifferent to cardinal information on the achievements of individuals but it is indif-
ferent to the degree of clustering of identity groups in any specific income bracket. To
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see this, consider Figs. 5 and 6 again. Let us assume that, by construction, the mean
income of both blacks and whites is the same in both groups in both situations. If this
is the case, the index of group inequality comparison is the same in both figures (i.e.,
zero) and sequence inequality is the same, but representational inequality is different.
We may argue that in Fig. 5 there is no clustering of identity groups in distinct parts
of the income spectrum, as there is no representational inequality. In Fig. 6, however,
blacks are clustered at the top and bottom ends of the income spectrum, and indeed
there is complete segregation between the two groups. Note further that we could
increase the distance between the blacks at the ends and the whites in the middle,
keeping the means of both groups the same (so that the blacks at each end are very
distant from the whites at the center) and yet record the same level of polarization
defined according to such a measure.

Finally, combining representational inequality and group inequality comparison
(D) alone leads to an approach that is indifferent to the sequencing of individuals from
distinct identity groups in the income spectrum. Consider the distinction between
Fig. 9a and b. Both depict cases of complete segregation. However, in Fig. 9b, some
population of blacks has been moved to a higher income than all the whites, thereby
increasing within-group inequality for the blacks and total interpersonal inequality.
We can further imagine that every white has been given a higher income in such a way
that within-group inequality among whites is unchanged and the ratio of between-
group inequality to total inequality (which would otherwise have fallen) is restored
to its level prior to the initial movement of blacks. In other words, the index of group
inequality comparison (I) remains the same by construction, as does representational
inequality. However, the sequencing of blacks and whites in the income distribution
(and thus sequence inequality) is different. An analogous argument can be made for
group inequality comparison (II) by moving the blacks and whites to keep mean
incomes of the groups the same.

Any approach to polarization based on a pair of the group inequality concepts
we have defined will capture certain judgments about social situations and neglect
others. Only by combining all three concepts can an approach to polarization which
takes account of the considerations reflected in each of the concepts be constructed.

A variant of group inequality comparison (I) has been proposed as a stand-alone
measure of polarization (Zhang and Kanbur, 2001). However, such a measure, while
attractive in its simplicity can violate some intuitions. Consider Fig. 10 in which
two completely segregated and clustered groups A and B experience within-group
progressive transfers which reduce within-group inequality. Further, suppose that
they also experience a reduction of between-group inequality through progressive
transfers between the members of the two groups in such a way that the ratio of
between-group inequality to overall inequality remains unchanged and the groups
(whose densities are now depicted by A’ and B”) overlap. If we utilize group inequality
comparison (I) alone as our measure of polarization, a social configuration with A
and B is viewed as being exactly as polarized as a situation with A’ and B’, which
seems to conflict with our intuitions. If we, however, combine it with some measure
of sequence inequality and/or representational inequality (both of which are lower
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Population Densities
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Fig. 10 Group inequality contribution alone is an incomplete measure of polarization

when the groups overlap), the first situation is unambiguously more polarized than
the second.

It should be noted that the regressive transfers considered above led to a decrease
in the index of group inequality comparison (I), and therefore their impact was in the
opposite direction from that which would normally be expected of an inequality mea-
sure (i.e., to obey the Pigou—Dalton principle of responding to a regressive transfer
with an increase in measured inequality). It follows that any measure of polarization
which increases when the index of group inequality comparison (I) increases would
similarly potentially violate the Pigou-Dalton principle.®

3 Part II: From Concepts to Measures

3.1 Formalizing Concepts

Our purpose in this section is to formalize the concepts relating to group differences
which we have introduced above and develop measures of them.’

8This view corresponds to the findings of Esteban and Ray (1994) among others that polarization
and inequality are distinct concepts and that measures of polarization need not therefore be expected
to obey the Pigou—Dalton principle.

9These measures can be readily implemented using a Stata module that we have developed. For an
example involving actual data, see Reddy and Jayadev (2011).
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We begin by supposing a “social configuration” (¢) in which there is a population,
So, of individuals {i} of size N partitioned'’ into K distinct identity groups (S,
S5....Sk). The individuals possess an attribute (let us say y), drawn from an attribute
set, Y. The attributes are not necessarily ordered. For example, the attribute may be a
level of income (ordered and cardinally measured), a quality of health (ordered but
not cardinally measured), or a club to which a person may belong (distinguished from
one another, but not ordered). We employ a superscript to distinguish the information
associated with distinct social configurations. For simplicity, we assume (although
nothing depends on this other than notation) that the number of elements, /, in the
set Y is finite.

More specifically, the individuals {i} each belong to a distinct identity group
Sy C Sy (J #0) sothat

Vi € Sy, i € Sy for some J(J # 0), with

K
Si(\Su=¢¥I.Me,...K)st]#Mand | ]S, = S.
J=1

Our assumptions imply there are at least two identity groups which are each
smaller than the population as a whole and non-empty. Let the number of persons in
group J be denoted by 7n;. The proportion of persons of a group J in the society is
defined by

0, = %for[] € ,...K).

Each individual i has attribute y;. The same attribute may be shared by more than
one individual.

Define the membership function for group Jby M;(y) = #{i € S,;|y; = y},
for [J € (0,...K)]. Moreover, define the complementary membership function
for group J by M; (y) = #{i ¢ S;|y; = y}. In other words, the membership
function specifies the number of persons in group J who possess attribute y while the
complementary membership function specifies the number of persons not in group
J who possess attribute y.

10We do not consider currently the case of societies in which individuals belong to more than
one identity group simultaneously and in which the identity groups do not form a partition of the
society into mutually exclusive categories. Generally, a “maximal” partition of a society, generating
a mutually exclusive and exhaustive set of groups, can be constructed by generating the Cartesian
product of all of the identity groups in the society. This approach may not be deemed appropriate,
however, in every situation. For example, a mixed-race group in a society otherwise divided into
two races may be deemed to belong to both of the races rather than to neither, generating a different
characterization of intergroup differences.
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Cumulative Population Proportion of Group Sp

Cumulative Proportion of Population of Other Groups

Fig. 11 The representational inequality Lorenz curve

3.2 Representational Inequality

A simple way to capture the degree to which each identity group is disproportionately
represented among those who share a given attribute would be to describe the ratio
of the number of the persons possessing a given attribute who belong to each group,
J, to their overall number in society for any given attribute (y): AAZ—E:‘V; = F;(y). In
other words, F;(y) refers to the proportion of persons who possess a given attribute
who belong to group J. This information can be captured in what we call the Repre-
sentational Inequality (RI) Lorenz curve (Fig. 11). As we shall see, this framework
allows for a simple way of presenting information concerning these proportions and
for analyzing this information using familiar tools.'!

To construct the RI Lorenz Curve for each group, J, we first create a rank ordering,
R;, such that

Fi(n,) < Fy(y2,) < ... Fy(y)s

n spirit, this approach is similar to that adopted by Duncan and Duncan (1955) and later, inter alia,
by Silber (1989, 1991, 1992), and Hutchens (1991, 2004). Other references include Fliickiger and
Silber (1994). Boisso et al., (1994), and Reardon and Firebaugh, (2002). Silber notes that various
information structures (for example, involving the frequencies with which distinct groups possess
an attribute such as membership in an occupation) can be analyzed using “measures of dissimilarity”
which are analogous to measures of inequality. Our approach builds upon this insight but differs from
all of the authors above in explicitly going beyond the two-group case and aggregating information
derived from the concentration curves of different groups.
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where F;(y1,) < F;(y2,) < ... F;(y;,) reflects the ordering of the attributes accord-
ing to the proportion of the population in the attributes belonging to group J.The
ordering starts from the attribute for which the proportion of the population consist-
ing of members of group J is the lowest and proceeds to the attribute for which the
proportion of the population consisting of members of group is the highest.

Clearly, in the case in which the attribute can itself be ordered (e.g., income), the
sequence in which the y;, appear in the ordering R; will not necessarily be from
lowest to highest.
Define:
M (i) > MiGi)

ay(t) = INT and B;(t) = ='T where [t € (0,...0)] and a;(0) =
Oand B,(0) = 0. .

The RI Lorenz Curve for group J,L ;, can be defined by the following rule, which
creates a piecewise linear curve:

When x = «,(¢), for integer values [t € (0, ...1)], then ij(x) = B,(¢) and,
when x is such that a;(t) < x < ay( + 1), [t < (I — 1)], then

Ly () = Ly(os )h+ Lyt + D)1 =), where & = 2=,

M\

In using this definition, we follow the procedure described by Shorrocks (1983),
p. 5.

This gives rise to a curve as shown in Fig. 11. By construction, the R/ Lorenz
curve must, in the familiar way, begin at (0,0) and end at (1,1), as well as slope
upward, with the slope increasing as one moves to the right, since each addition to
the total cumulative population of others is associated with an addition of a larger
proportion of group J. Note that the 45-degree line here has the interpretation of
being the line of equiproportionate representation (analogous to the line of perfect
equality in the case of an ordinary Lorenz curve). That is, all along this line, the
members of identity group J are represented at every attribute in the same proportion
as they are represented in the population.

Any deviation from the line of equiproportionality represents a situation in which
members of the group are disproportionately represented in the possession of certain
attributes, leading them to be “over-represented” in the possession of certain attributes
and “under-represented” in the possession of others. The Rl Lorenz curve therefore
contains information on the extent of segregation of a population in relation to the
attributes possessed. Having defined it, we can draw on the analogy between the R/
Lorenz curve and the ordinary Lorenz curve to suggest further useful concepts.

Consider for instance what might correspond to the familiar idea of a progressive
transfer. Just as a progressive transfer in an income distribution involves a transfer
from a person with higher income to a person with lower income, in the context of
representational inequality, a progressive transfer could be defined as a transfer of a
person from the set of persons who possess an attribute in which his or her identity
group is represented more to one in which it is represented less. However, since
we are dealing with proportions of identity groups possessing different attributes,
a transfer of a single person will change the overall population that possesses each
attribute involved, affecting the “denominator” used to assess population proportions
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for the groups possessing these attributes. We overcome this problem and maintain
an unchanged denominator by instead employing the concept of a “balanced bilateral
population transfer”!?:

Definition Balanced Bilateral Population Transfers
Suppose 3(y;, ¥;) € Yand Sp, Sp such that

Fp(yi) > Fp(y;)and Fo(y;) < Fo(y;)

with P#£Q and i #j.

Then, a progressive (regressive) balanced bilateral population transfer is one in which
population mass A (i.e., some number of persons; we abstract from integer problems
here) of group P is shifted from y; to y; and equal population mass A of group Q
is shifted from y; to y;, thereby lowering (raising) Fp(y;) and Fp(y;) while raising
(lowering) Fp(y;) and Fg(y;).

A balanced bilateral progressive population transfer results in two upward shifts
in the RI Lorenz curves for the identity groups (and corresponding downward shifts
for regressive transfers). An example of the latter is provided in Fig. 12a and b. The R/
Lorenz curve that results from a progressive (regressive) balanced population transfer
dominates (is dominated by) the RI Lorenz curve that preceded the transfer.!> We
note further that:

Lemma 1 There exists a pair of identity groups and a pair of attributes (y;,y;) for
which a progressive balanced bilateral population transfer can take place if all
groups are not equiproportionately represented in the possession of every attribute.

Proof: See Appendix Three

An RI Lorenz curve 2(x) weakly dominates an RI Lorenz curve ﬁ(x) if and only
if Z(x) > I/j (x) for all x € [0, 1]. An implication of this framework is that any
Lorenz consistent measure of inequality, for which inequality never decreases when
E(x) is replaced by L(x), i.e., all income inequality measures used in practice can
also be applied to measure representational inequality. It is also well known in the
literature on income distribution that it is possible to shift from an income distribu-
tion that possesses a Lorenz curve L(x) to another that possesses the Lorenz curve
L'(x) where L(x) < L’(x) if and only if there exists a corresponding sequence of

12This concept of a balanced bilateral population transfer is related to that of a “disequalizing move-
ment” between groups used by Hutchens (2004) in his discussion of a two-group case. However, the
latter concept is insufficient in a multigroup case and necessitates the use of the alternative concept
which we develop and employ. The concept is also intimately related to the idea of a “marginal
preserving swap” which has appeared in the statistical literature (see, for example, Tchen, 1980,
Schweizer and Wolff, 1981, and Bartolucci et al., 2001). However, to the best of our knowledge,
no one has shown that in the absence of perfect representational equality, there always exists the
possibility of achieving a balanced bilateral transfer (as we do in Appendix two) and that this can
be given a natural interpretation in terms of Lorenz curves.

3For the relevant reasoning, see Shorrocks (1983).
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Table 1 Correspondences between conventional inequality and representational inequality con-
cepts

Conventional inequality concept Representational inequality concept
Inequality Over- or under-representation
Pigou—Dalton transfers Balanced bilateral population transfers
(First-order) Lorenz dominance (First-order) RI Lorenz dominance

progressive transfers. Equivalently, in our case, it is possible to shift from a situation
for which each group possesses a Lorenz curve L ;(x) to another in which each group
possesses a Lorenz curve L', (x), where L;(x) < L',(x) if and only if there exists a
corresponding sequence of balanced bilateral progressive population transfers. For
this reason, a balanced bilateral progressive population transfer can be deemed to
decrease overall representational inequality.

The consequence is a striking parallel between inequality measures in the income
space and inequality measures in the representation space. Table 1 provides a map
of the isomorphism between corresponding concepts introduced so far.'*

Suppose that we apply Lorenz consistent inequality measure i (f, 7(x) to assess
representational inequality for group J and denote the resulting vector of measured

inequality for all groups in the society by [ and its individual components by I, =
I(L;(x)),J € (1,...K). Then, an 9verall measure of representational inequality

in the society is given by RI = f(I,...),where f(0) = 0, f(1) = 1, and% >
OforallJ € (1,...K). One simple version of such an aggregation function,lf, is
the mean of the group-specific representational inequality measures. It may seem
attractive for a measure of overall representational inequality to take into account
subgroup sizes and respond to unequally sized groups differently. Indeed, it will be
argued below that there can be sound reason for such weighting. We may define
a population-weighted overall representational inequality measure of the following
form:

K

RI =2 Y 0n(Ids0),

J=1

where 6, refers to the population weight of subgroup J.
Such ameasure can be offered some justification through axiomatic underpinnings
which we consider in the next section.

14The concepts of the generalized Lorenz curve and dominance of generalized Lorenz curves do not
possess straightforward and interpretatively useful analogs in the area of representational inequality
since the concept of an income mean does not possess a straightforward analog in this realm.
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3.3 Sequence Inequality

As noted in the discussion of the previous section, representational inequality is a
measure of group differences which is indifferent to the ordering of attributes as well
as to their cardinal properties. To operationalize our concept of sequence inequality,
therefore, we now assume that the attributes can be ordered.!”

Considering first the concept of group rank dominance, we define a pair-wise
individual rank domination function,;;, for a given pair of individuals i and j as
follows: §;; = 0if y; < y;and§;; = 1ify; > y;. We can now define the group rank

> &

domination quotient for group J as follows:t;, = % It can be seen that
7; possesses the interpretation of the proportion of possible instances of pair-wise
domination involving members of group J and members of other groups in which
such domination actually occurs. It is evident that this quotient varies between a
minimum of 0 and a maximum of 1 for any group. The size of the group plays no
direct role in determining the value of the group rank domination quotient. Rather,
it is the placement of members of the group relative to members of other groups that
determine the quotient. Sequence inequality could be treated simply as the measured
inequality in t; across groups. It is common for individuals from a given group to
express pride or shame at the achievements or failures of other members from that
group. Such a psychological interpretation can provide justification for treating the
group rank domination quotient as defining the experience of everyone in that group
and measure inequality across all individuals in possession of that experience.'®

A seemingly puzzling asymmetry is implied by our approach to sequence inequal-
ity. Consider two populations, consisting of one white individual and ten black indi-
viduals each. In the first population, the individuals are ordered in the income space
from lowest to highest as (w, b, b, b,....b), and in the second, the individuals are
ordered from lowest to highest as (b, b, b, b.....w). In the first instance, all 10 black
members possess a domination quotient of 1, while the white individual possesses
a domination quotient of zero. The inequality in domination quotient is therefore
inequality in a population having scores (0, 1,1,1,1....1). In the second case, all 10
black members possess a domination quotient of 0, while the white individual pos-
sesses a domination quotient of 1. The inequality in domination quotients is therefore
the inequality in a population having scores (0,0,0,0,0....1). More sequence inequal-
ity will be recorded in the first case than in the second, even though all that has been
done is to change the placement of the white from being at the bottom to being at the
top of the income spectrum. While this may initially appear puzzling, it is perhaps
appropriate to treat these cases asymmetrically. By the psychological interpretation,

I5There is a small nascent literature on the measurement of ordinal inequality. Some key references
include Allison and Foster (2004), Reardon (2008) and Abul Naga and Yalcin (2009).

150ne way to interpret sequence inequalities is in terms of an analogy to a society wherein each
group practices radical egalitarianism. In such a society, an even distribution of each group’s share of
the social assets, in this case instances of rank domination, results among the individuals belonging
to the group.
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in the first instance, most people in society do not experience a relative deprivation.
By contrast, in the second, most do.

As we noted above, the average rank of a group (call it wy;, J € (1,...K)) is
also an indicator of group rank sequence position. In fact, it is linked in a direct
and monotonic fashion to group rank dominance. It is easily shown that the relation
between them, for a perfectly segregated population is

wy—(ny+1)/2
=
N —n J

In the case of populations which are not perfectly segregated, appropriate changes
to the definition of a rank maintain this relationship (see Appendix Two):

The inequality in group rank sequence position across groups can be assessed
either in terms of the inequality of group rank dominance quotients or that of average
group ranks.!” In either case, if a member of a group (the “beneficiary”) exchanges
his or her attribute with another person in a different group who has a higher level
of the attribute, then the indicator of group rank sequence position is increased for
the group to which the beneficiary belongs and is decreased for the other group. We
assume henceforth in this section that we are specializing to the case of group rank
dominance quotients, although the concepts we present can equally be applied to
average ranks.

The group rank dominance quotients achieved by members of distinct groups
can be captured by what we call the Group Rank Dominance (GRD) Lorenz curve.
The GRD Lorenz curve relates the cumulative proportion of the total of the group
rank domination quotients to the cumulative population of groups, when the iden-
tity groups are ordered from lowest group rank domination quotient to highest. It
captures the degree of inequality in group rank domination quotients. Any symmet-
ric arrangement of identity groups in the attribute space (i.e., one in which for any
instance in which a member of a given group rank dominates a member of another
group, a distinct pair can be found in which the opposite is true) is one of the perfect
equalities in group rank domination quotients, and will give rise to a GRD Lorenz
curve which is on the 45-degree line.

We can now define coordinates of the GRD Lorenz curve associated with each
group added as follows:

> ny Zr: T
a(t) = “=— and B(t) = T—, where [t € (0, ... K)] and «(0) = Oand B(0) =
ru

<
Il

0.
We can now define the GRD Lorenz curve as a whole, IER\D, as follows.

17For a given group, although the ordinal ranking of social configurations according to the group’s
rank sequence position does not depend on the choice between these indicators (or indeed any other
monotonic transformation thereof) the cardinal level of the indicator does depend on it. As a result,
the choice of indicator can be consequential for determining the measured sequence inequality.
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Cumulative Proportion of Group Wise Dominance
Relationships

Cumulative Proportion of Individuals From Groups

Fig. 13 The rank dominance Lorenz curve

When x = «(t), for integer values [t € (0, ... K)], then LG/R\D(x) = B(t)and,
whemsuch that/a@ <x< a(tilit < (K —1), then

LGRD(x) = LGRD(a(1))A+LGRD(a(t +1))(1 = 1), where A = a<,+_+)(_'2<,>

An example of such a curve is shown in Fig. 13. Since the Lorenz curve is defined
for sequence inequality analogously to income inequality, with income corresponding
to the group rank domination quotient of the groups to which individuals belong,
the properties of the GRD Lorenz curve are analogous to those of the ordinary
Lorenz curves. Once again, therefore, any Lorenz consistent measure of inequality
will suffice to capture the level of sequence inequality.

3.4 Group Inequality Comparison

Group Inequality Comparison (I) refers to the degree to which between-group
inequalities contribute to overall inequality. Typically, measures which are “addi-
tively separable” (such as members of the generalized entropy class) have been uti-
lized for this purpose (see, for example, Shorrocks 1980, Foster and Shneyerov 1999
and Zhang and Kanbur 2001), although such a restriction is not required. In particu-
lar, if the between-group inequality is defined as the inequality that arises when every
member of the population is assigned a representative level of an attribute (mean,
generalized mean, median, or other measures of central tendency) of the group to
which they belong, then the ratio of between-group inequality to total interpersonal
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inequality can serve as an index of Group Inequality Comparison (I). This measure
has the advantage of always lying between zero and one and responding in an appro-
priate way to intragroup transfers. More generally, any indicator that the distributions
associated with different groups are different can potentially serve as a measure of
Group Inequality Comparison.

3.5 Polarization

Polarization as we have defined it above aggregates the three concepts concerning
group differences which we have defined. The range of polarization measures which
could be used is very wide indeed since any such measure could involve any form
of aggregation of a three-tuple (R/[,SI, and GIC), and in turn each element of this
three-tuple could be defined in various ways. Further, any measure of polarization
which is positively responsive to all three will only be maximized in a situation where
all three are maximized.

An empirical examination which involves these four concepts can, as we have
noted, be achieved using almost any common measure of inequality. The choice
will naturally bring in additional implications and properties. Given this flexibility,
an analyst can choose which measure to utilize to satisfy the additional properties
thought important. Thus, for example, a researcher who wishes to treat sequence
inequality as being decreased more in a situation where an exchange of ranks hap-
pens between members of different groups, each of whom has lower ranks to begin
with, can choose an inequality measure which shows the required form of transfer
sensitivity (e.g., a generalized entropy index with appropriately chosen parameters).
Whether the measure of polarization can be normalized in a specific way will also
depend on the choice of the underlying measures of inequality.

4 Part III: Axiomatic Framework

We define below some requirements that may reasonably be imposed on measures
of each of the concepts defined above, considering each of them in turn. We also
identify some classes of measures which satisfy these requirements.

4.1 Axioms (Representational Inequality)

‘We begin by suggesting some requirements which may be imposed on an overall rep-
resentational inequality measure RI when it is viewed as a function of the information
in a social configuration ¢{z. We write RI = RI(¢) to reflect this dependence.
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Axiom (RII): Lorenz Consistency

Let (¢!, ¢?) refer to two different social configurations and (1,J) refer to two different
identity groups. If (¢, ¢?) are such that L} > L%, Llj > L%, and Lb = Li,, VH #
I,J,He(,...K), thenRI(¢!) <RI( £?).

In other words, all else remaining equal, a social configuration which is at least
as segregated according to the criterion of Lorenz dominance of representational
inequality Lorenz curves is one which is at least as representational unequal. It may be
noted that just as there is an equivalence between Lorenz consistency of an inequality
measure and that measure’s respect for the Pigou—Dalton Transfer Principle, there is
an equivalence between Lorenz consistency of a representational inequality measure
as defined here and the requirement that the representational inequality measure
respond to a progressive balanced bilateral transfer by registering a decrease.
Axiom (RI2): Within-Group Anonymity

If y;; represents the attribute of person i (i € (1,...n;)) belonging to group J
((Je(,...K));and

if (¢, ¢?)are such that !, = y2 . ,¥(i), where 7, is a permutation operator applied
to (1,...ny)), then RI(¢!) = RI(Z?).

In other words, a measure of overall representational inequality is invariant to
permutations of the attributes assigned to individuals within an identity group.

Axiom (RI3): Group Identity Anonymity

If y;; represents the attribute of person i (i € (1,...n;)) belonging to group J
((J € (1,...K)) and if (¢!, ¢?) are such that y!, = y2 ) and n} = n? ),
V(i),where m is a permutation operator applied to (1, ... K), then RI(¢')=RI(Z?).

In other words, a measure of overall representational inequality is invariant to
permutations of the group identities with which distinct sets of individual attributes
are associated. This axiom incorporates the idea that all the information relevant to
assessing representational inequality is taken into account by noting the partition
of the society into groups and the attributes of the members of these groups. The
axiom embodies the idea that there is no need to take independent account of any other
features of groups. This approach disallows the incorporation of judgments that group
identities are additionally relevant (e.g., because of past histories or present injustices
not already reflected in the information described by the social configuration).'®

Axiom (RI4): Minimal Representational Inequality

Let L be the RI Lorenz curve corresponding to even representation (i.e., the line of
equiproportionate representation). If L;=LgVJe(,...K),then RI =0.

In other words, minimal overall representational inequality is achieved when all
identity groups are represented in the same proportion as their share of the population
for all attributes, and has measure zero.

18See Loury, (2004) for an extensive discussion on the merits of the anonymity axiom as applied
to groups.
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Axiom (RI5): Maximal Representational Inequality
The maximum level of Representational Inequality is 1.

This is a normalization axiom which may be imposed for interpretative convenience.
It may be dispensed with if it is desired to employ an unbounded inequality measure
(such as a measure of the additively decomposable generalized entropy class).

Axiom (RI6): Positive Population Share Responsiveness of Overall Representational
Inequality
Suppose that a measure of overall representational inequality is a function of the

vector of measures of representational inequality of groups, I. Suppose further that
the population share for group J is increased and that for group H is decreased, and
the set of measures of representational inequality of groups remains unchanged as

do the population shares for any remaining groups. Suppose further that I;> 1y,
i.e., that the group-specific representational inequality of group J is greater than that
of group H. Then, the measure of overall representational inequality must increase.

This axiom can be motivated in different ways. We might, for example, believe
that a group which is very small in the population but which is highly unequally
represented simply because it is a small group in a society where there is unequal
representation should not affect overall representational inequality in the same man-
ner as a group which is much larger.

‘We may note that the measure of overall representational inequality defined above,

K A~ A
RI = % > @ J)(I (L J(x))>, satisfies these axioms if the measure used to assess
J=1

representational inequality for each group, I, is Lorenz consistent, which will be the
case if it has the form of any standard inequality measure, for example, the Gini
coefficient.

From another perspective, it may not be appropriate disproportionately to disvalue
the unequal representation of smaller groups. If one is interested in the experience
of groups as opposed to the experience of individuals within groups, it should make
no difference whether the group is small or large. Following this intuition, there is
no reason to promote a population-weighted overall measure and one should instead
adopt a measure which weights every group equally. This alternative may seem
especially compelling if one views polarization as an attribute of the society as
opposed to the individuals who belong to it. Such a measure can satisfy all the other
axioms.

4.2 Axioms (Sequence Inequality)

In what follows, we shall use y, to refer to the indicator of group rank sequence
position (which may be either the group rank domination quotient or the average
rank) of group J. Let ST refer to the measure of overall sequence inequality. Some
reasonable axioms are as follows:
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Axiom (SI1): Lorenz Consistency

Let (¢!, ¢?) refer to two different social configurations and (1,J) refer to two different
identity groups. Further, let L refers to the Lorenz curve describing inequality across
groups in the indicator of group rank sequence position, y J. If (¢/, ¢2) are such that
L'>L2, then SI(¢!) < SI( £2).

Axiom (SI2): Within-Group Anonymity

If y;; represents the attribute of person i (i € (1,...n;)) belonging to group J
((Je(,...K))and

If (¢!, ¢?)are such that y/!, = y2 ;) V(i), where 7, is a permutation operator applied
to (1,...ny)), then SI(¢!) = SI(¢?).

Axiom (SI13): Group Identity Anonymity

If y;; represents the attribute of person i (i € (1,...n;)) belonging to group J
((J € (1,...K)) and if (¢, ¢?) are such that y!, = y? , and n} = n?_,,
V(i),where 7 is a permutation operator applied to (1, ... K), then SI(¢') = SI(¢?).

Axiom (SI4): Sequence Inequality Limits

Let Lz be the Lorenz curve (describing inequality in the indicator of group rank
sequence position, y;) that corresponds to even group rank sequence position (i.e.,
the case in which y; is the same for all groups). If L = Lg, then ST = 0.

Axiom (S15): Maximal Sequence Inequality

The maximum level of sequence inequality is 1. As with Axiom RI5 above, this is a
normalization axiom which may be imposed for interpretative convenience. It may
be dispensed with if it is desired to employ an unbounded inequality measure (such
as a measure of the additively decomposable generalized entropy class).

4.3 Axioms (Group Inequality Comparison)

Some reasonable axioms may be as follows, if members of each group, j, are assigned
a representative income,  ;, and possesses an individual income, y;;.

Axiom (GIC1): Between-Group Synthetic Population Lorenz Consistency

Let (¢!, ¢?) refer to two different social configurations. Assume that a synthetic
population is constituted in which every member of a group, j,is assigned the same
representative income for its group, i ;. Consider the Lorenz curve, L', L?, for the
resulting synthetic population in each social configuration. If (¢/, ¢?) are such that
L' > L% and L' = L%(i.e., the overall Lorenz curves for the actual population
remain unchanged), then GIC(¢’) < GIC(¢?).

This axiom states that between-group regressive transfers which do not change
the overall interpersonal distribution must have an appropriate directional effect
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(nondecreasing) on the measure of GIC. Thus, for example, an exchange of incomes
between individuals of different incomes belonging to two different groups that
results in an increase in inequality in the synthetic population must increase the
measure of GIC.

Axiom (GIC2): Within-Group Anonymity

If y;; represents the attribute of person i (i € (1,...n;)) belonging to group J
((Je(,...K))and

if (¢!, ¢?) are such that y/!, = yf” (7Y (@), where 7 is a permutation operator applied
to (1,...ny)), then GIC(¢!) = GIC(¢?).

Axiom (GIC3): Group Identity Anonymity

If y;; represents the attribute of person i (i € (1,...n;)) belonging to group J
((J €(1,...K))and if (¢, £?) are such that y/, = y?, , and n} = n2 ), VG, J),
where 7 is a permutation operator applied to (1, ... K), then GIC(¢') = GIC( 22).

Axiom (GIC4): Within-Group Lorenz Consistency

Let (¢/, ¢?) refer to two different social configurations. Further, let ii‘ and I:lz refer
to the Lorenz curves describing inequality within each group, i, in the respective
social configurations. If (¢, ¢?) are such that L! > L2, but ! = u?, then GIC((¢!)
> GIC((£?).

This axiom states that within-group (weakly) regressive transfers of income must
have an appropriate directional effect (nonincreasing) on the measure of GIC, holding
the representative incomes of groups constant. Clearly, since Group Inequality Com-
parison (II)does not rely on any information about within-group inequality, imposing
this axiom will exclude its use.

It may be readily checked that a measure of GIC of the form B/T, where B
represents the inequality measure for the synthetic population in which each member
of the society is assigned the representative income of its group and T represents
the total interpersonal inequality of the society, which satisfies all the axioms above.
Such a measure would capture the concept of Group Inequality Comparison (I). In
contrast, employing B alone as the measure of GIC would capture the concept of
Group Inequality Comparison (II). Such a measure would satisfy Axioms (GICI) —
(GIC3) alone.

4.4 Axioms (Polarization)

We have proposed above to define polarization as a function of the other concepts
of group difference we have defined. In a working version of this paper (Reddy and
Jayadev, 2011), we provide conditions that yield a simple example of a polarization
measure that permits the underlying inequality measure used to calculate R/ and S/
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to be chosen flexibly as long as it is bounded and normalized to vary between zero
and one!?

P = (R (S (GIC).

It can be shown that it is the unique measure which satisfies the required conditions
and is of the CES functional form. The measure is used to characterize group-based
differences in various societies in Jayadev and Reddy (2011).

It is interesting to note that the circumstances in which this measure of polariza-
tion is maximized are different from those identified in Duclos, Esteban, and Ray
(2004), in which this happens when there are two equal sized groups. The measure
of polarization identified here can be maximized regardless of the number of groups,
and to approach its maximum it is required that the poorer group be as large as pos-
sible relative to the richer groups, that there is complete segregation and that there is
no within-group inequality (Fig. 14).

5 Part IV: Conclusion

This paper has sought to clarify how one may assess social situations according to the
extent to which attributes are disproportionately possessed by different social groups.
The measures we have developed capture the various ways in which experiences of
members of distinct groups may differ. Thus, social situations can differ in the extent
to which members of a group share experiences with members of other groups (repre-
sentational inequality), experience the same or different relative positions (sequence
inequality) and experience differences in the extent to which interpersonal inequali-
ties are accounted for by intergroup differences (group inequality comparison). These
concepts are distinct but complexly interrelated. They each integrate empirical obser-
vations and evaluative judgments. Judgments concerning the relative importance to
be attached to different aspects of intergroup difference are also involved when they
are combined (for example, to form a measure of polarization).?’ These measures
have an intuitive appeal and can have widespread application in social science.

There appear to deep-seated tendencies for societies to exhibit segregation, cluster-
ing, and polarization of identity groups. This observation has important implications
for both empirical investigations of societies and for social evaluation. We hope that,
given Satya Chakravarty’s lifelong concern with the assessment of social inequali-
ties, he and others may find the concepts and measures that we have discussed to be
useful.

19The requirement that R/ and SI are bounded and normalized to vary between zero and one
excludes certain inequality measures, such as the additively decomposable members of the gener-
alized entropy class.

20The concepts we have discussed can be understood as “thick ethical concepts,” on which see, e.g.,
Putnam (2004).
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Number of Persons

Income

Fig. 14 a Very high polarization with GIC (1), b Very high polarization with GIC (1I)
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Appendix 1 (Rank Domination Quotient and Average Rank)

As we noted above, the average rank of a group (call it wy, J € (1, ... K))is also an
indicator of group rank sequence position. In fact, it is linked in a direct and monotonic
fashion to group rank dominance. As before, we understand rank as referring to the
position in which an individual appears when incomes are sequenced from lowest
to highest (the ascending order of values). When individuals from the same group
share an income, we shall assign them a rank equal to the average position in which
an individual appears when incomes are sequenced from lowest to highest. We shall
consider subsequently the rule to be applied in assigning ranks when individuals
from different groups share an income.

Consider at the outset, for simplicity, a perfectly segregated population in which
there is no more than one individual in each income bracket. In such a population,
the total number of instances of pair-wise rank domination that members of group
J enjoy vis-a-vis others can be understood as a function of the ranks of members
of group J in the population. The lowest ranked member of group J, having rank r;
dominates (r; — I) persons belonging to other groups. The second lowest ranked
member of group J, having rank r, dominates (r, — 2) persons belonging to other
groups (i.e., (r, — I) persons belonging to all groups —/ person belonging to the same
group)). Extending this logic, the total number of instances of pair-wise domination
by members of group J is

ny
> i—i.
i=1
The rank domination quotient correspondingly is

S — i)

i=1
N—l’l]

T =

from which it follows that:

wy;—(ng+1)/2

T =
N—nJ
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Itis easy to see that this formula also applies in the case in which there may be more
than one person in an income bracket but all persons who share an income bracket
are always from the same group. In contrast, in the most general case of populations
in which there may exist some income brackets which contain members of distinct
groups there can be ties in the income ranks assigned to members of different groups,
which will imply that this formula will no longer hold exactly unless the ranks are
assigned appropriately to individuals in the same income bracket. Specifically, if
strict domination is the concept that is employed then this relationship will hold
exactly if individuals in the same income bracket are assigned a rank equal to the
lowest of their positions in the ascending order of values. Correspondingly, if weak
domination is the concept that is employed, then this relationship will hold exactly
if each individual in the income bracket is assigned a value equal to the sum of the
lowest of the positions of the individuals sharing the income bracket (in the ascending
order of values) and the number of individuals from other groups with whom they
share the income bracket.

The correspondence we have derived between 7; and w; holds also in the case of
continuous distributions, as can be shown through limit properties. In this case, the
average rank of members of a group, J, is defined by

wy = N/ F(x)g;(x)dx

and the rank domination quotient for the group is defined by

_ f (F(x) — 695 (x))dx,

where F'(x) is the cumulative distribution function for incomes of the entire popula-
tion, g, (x) is the density function for incomes of members of the group, J, and the
integrals are calculated over the domain of all possible incomes.

Appendix 2 (Proof of Lemma 1)

Without loss of generality, we shall assume that the attributes can be understood as
income levels. Let A refer to a matrix of size K by n with K identity groups and n
income levels. Each element in the matrix a;; € {0, 1,2}, V(i, j). We say that the
ith identity group is “under-represented” at the jth income level if the proportion of
persons from group i at income j is less than the proportion of persons of group i
in the population as a whole. We denote the statement that the ith identity group
is “under-represented” at the jth income level by a;; = 0. We say further that the
ith identity group is “over-represented” if the proportion of persons from group i at
income j is greater than the proportion of persons of group i in the population as a
whole. We denote the statement that the ith identity group is “over-represented” at
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the jth income level by a;; = 1. If the ith identity group is represented at the jth
income level in the same proportion as it is represented in the population as a whole,
then we say that it is “equiproportionally represented” and we denote this by a;; = 2.

Thus, A is a matrix in which every element is 0,1, or 2. We may further note that
if any row or any column contains a zero, then it must contain a one and vice versa.
This requirement captures the necessity that if an identity group is over-represented
at an income level, it must be under-represented at another income level and that if a
group is over-represented at an income level, then another group is under-represented
at that same income level.

A balanced bilateral transfer is always possible if an identity group is represented
to a greater extent at one income level (call it y;) than it is at another (call it y,)
and another identity group is represented to a lesser extent at y; than it is at y;. This
condition is satisfied as long as it is possible to identify two rows (i and j) and two

. o aj; a;
columns (I and m) of the matrix A such that they form a matrix A~ = ( il Sim )
ajl Ajm
which is of one of the following forms, or which can be constructed from one of the
following forms by permuting either their rows or their columns:

(o0)-(02)(21)- (1) (V0)

The lemma is therefore equivalent to the statement that there exists a matrix A~
for any matrix A which contains at least a single one or zero. Suppose that the lemma
is false. Then, it is possible to construct an A such that there is no A~ associated with
it.

We now try to construct such a matrix A. Without loss of generality, consider the
case in which A contains at least one zero (i.e., an identity group is under-represented
at a particular level of income). We can present this as occurring at the top left corner
(ajy) of the matrix, without loss of generality, as given below:

0 Lo ayy

Ak -+ Akn

This however means that there must be at least one level of income in the first
column and in the first row in which there is over-representation of an identity group.
Without loss of generality, let us say that this occurs at a;; and ay;, respectively, so
that

01 oAy
Lay ---ay

A=

akl
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Now, if az; = 0 or 2, then A~ exists. If a; # 0 or 2, then ap, = 1. That is

01 ..aip

11 s Aoy

A=

akl

Consider row 2 and column 2 now. Since for the already fixed elements, there is
over-representation, there must be elements in row 2 and in column 2, respectively,
that have value zero (reflecting under-representation). Without loss of generality, let
these occur at a3 and a3, respectively, so that

0 1a13... 010......
1 10...... 110......
A=1 4310 a33 =]o0o00......

But this in turn fixes a3, az;, and az; to be 0 since if any of these are 1 or 2,
we can construct matrix A~. This in turn implies that there exist elements elsewhere
in row 3 and column 3 with value 1 (indicating over-representation), which we can
place without loss of generality at a4 and ay3, respectively. It can readily be seen
that this in turn fixes ay;, a4, as, a4, and ay4 to be 1 since if any of these are 0 or
2, we can construct matrix A~. Thus we may construct a matrix A such that a;; = a;;
=0,if iis odd and j < i and a;; =1 otherwise.

Let us now consider the matrix where the row (k — 1) is odd. This means that A
has the following form:

aln
.11 0 1 0
A=]--00 0 1 0
.11 1 1 0
---00 0 0 O :
akl «ovvun oo iakn
This in turn implies that ax — 1, = 1 and ax, -1 = 1. It may be verified that for

A~ not to exist all elements in row k and in column n must equal 1. However, this
violates the requirements on a matrix A.

Consider now the matrix where the row (k — I) is even. This means that A has
the following form:
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aln
00 1 0 1
A=]--11 1 01
00 0 0 1
.11 1 1 11 :
akl e e s s e s s e e s akn
This in turn implies that ax _ ;, = 0 and ax, — | = 0. It may be verified that for

A~ not to exist all elements in row k and in column n must equal 0. However, this
violates the requirements on a matrix A.

Thus, it is not possible to construct a matrix A such that A~ does not exist.

A~ must exist, thereby proving the lemma.

QED
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Abstract A general measure of inequality which, in the limit, converges to the
Theil measure is developed, based on the Generalized Entropy of Degree o (Aczel
and Daroczy 1975). The properties of the measure are discussed with an empirical

illustration using Indian Consumer Expenditure Survey data.

Keywords Information * Inequality + Entropy

1 Introduction

Information measures have been used in economics to measure inequality and con-
centration. The Shannon measure of information has been widely used in inequality
literature. This has generated the Theil measure of inequality (see Theil 1967 and
Sen 1973). In this paper, we provide a general measure of inequality which, in the
limit, converges to the Theil measure. This is based on the Generalized Entropy of

degree o (see Aczel and Daroczy 1975).

We discuss the information measures and some of their properties in Sect.2. In
Sect. 3 the corresponding inequality measures are derived, while their properties are
analyzed in Sect.4. An empirical illustration using NSS data is presented in Sect. 5.

Section 6 concludes the paper.
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2 Information Theory Results

The results presented in this section are taken from Aczel and Daroczy (1975). The
Shannon Entropy of an experiment with outcomes Ai, A,, ..., A,, of probabilities

p]7p27~"apmis

S(P)=S(p1.p2.--.pw) =— Y _ pilogpi. pe T ()

i=I

where 7" is the set such that p € T™ implies ) " | p; = 1, p; > 0, for all i.
The Shannon Entropy measure satisfies a number of algebraic properties of which
we note the following.

Strong Additivity:

m
S(PAGIL, P1G12, -+, Pt - Pmlmn) = S(P1, P2+ pm) + ) PiS(@it in - Gin),

i=1
2
where, p € T, q; € T"

The vector ¢; = (i1, qi2 - - - , qin) gives the conditional probability of n mutually
exclusive and exhaustive events, given that the event A; has occurred. The probability
of occurrence of the event A; is P;. The property (2) thus has a simple interpretation,
the combined entropy of mn compound events is equal to the entropy of the m
events Ay, Ay, ..., A, added to a weighted sum of the entropy of the conditional
probabilities (g;1, gi2 - - - , gin), the weight being equal to the probability of event A;.

Maximality:
The maximum value of the Shannon Entropy measure is obtained when p; = py =
-+« = p, = 1/n. In this case,

maxS = Max(— Zpk log px) = logn. 3)
k=1

The Shannon Entropy function has been generalized to a much wider class, the
Generalized Entropy of Degree «. This class, too, has a number of properties corre-
sponding to the properties of the Shannon Entropy function. The Generalized Entropy
of Degree « is given by

1

Ga=m<;pz‘—1>, a#laz0

=—Zpklogpk=S,a=1. (@)
k=1
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Thus, in the limit as « — 1, the Generalized Entropy class converges to the
Shannon Measure of Information. The measure in (4) satisfies the property of Strong
Additivity of Degree «. It can be verified that

Go(P1q11s -+ -5 P1G1ns P29215 - > PmGm1s - -+ » PmGmn)
m
= Go(p1, P2 > pm) + Y P¥Galit, G2 - Gin)- S)

i=1

This condition is a generalization of the condition of Strong Additivity [Eq.(2)]
which the Shannon Entropy Measure satisfies. The vector (g;i, gi2 - - ., gin) again

gives the conditional probability of » mutually exclusive and exhaustive events,
given that the event A; has occurred. As earlier, the probability of occurrence of
the event A; is p;. The combined entropy of mn compound events is equal to the
entropy of the m events Ay, As, ..., A, added to a weighted sum of the entropy
of the conditional probabilities (g;1, gi2 . . ., gin), the weight being equal to p{. As
a — 1 and the Generalized Entropy class tends to the Shannon Entropy Function
which satisfies Eq.(2), the condition of Strong Additivity. For Maximal, note that
the index G, again, is maximum when p; = 1/n for all i. Thus,

nl=e —1
maxGazﬁ,a;él,a>0
=logn, o =1 (6)

As o — 1, the maximal value of G, coincides with that of S.

3 Inequality Measures

3.1 Theil Measure

Let s; be the share of the i th person in the income profile ¥ = (yi, y2, ..., ¥u).
Sos; = IT"L, where p is the mean income of Y. If we substitute the probabilities in

the Shannon Entropy Function by the shares of incomes (both the probabilities and
shares add up to unity), we have the Shannon Entropy for the profile ¥

n
Yi Vi
S =- —log —
n

Yi Ji
=logn — —log — @)
2 ilos

i=1
n

=logn — Z s; log ns;
i=1

=logn—T,
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where

T:isilogns,-
leg— ®)

is the Theil Measure of Inequality. From (7), it is seen that the Theil Measure is equal
to the maximal value of the Shannon Measure less the value of the Shannon Measure
for the income profile Y. We approximate the probabilities p; by the income shares
S; = nv—” Theil (1967) and Sen (1973) argue that the value of S can be regarded
as a measure of equality. By subtracting the actual equality from the maximum
equality, we get the measure of inequality, 7', introduced by Theil. The Theil Measure
T achieves its maximum value when all the income is monopolized by a single
person whose income becomes n . The rest have 0 incomes. In this case, T = log n
(assuming 0/og 0 = 0). The measure T achieves its maximum when the measure of
equality S becomes 0 in value.

3.2 The Inequality Measure Ig

Now, we derive the class of inequality measures obtainable from the Generalized
Entropy of Degree «. Putting s; = n’—ﬂ the share of the i th person in place of the
probabilities in (4), we have for the income vector Y

Gu(Y) = (Z(
i=1

1 I <& i
=m(n—aZ((yﬁ)“ —D+n'"=1) 9)
l—ot_l 1
=5 ne (1 — 21a)Z(( ) =D a#ElLaz0

:—Z ,o=1.

The inequality measures derived from the Generalized Entropy of Degree «, in line
with the derivation of the Theil Measure in (8) is given by

IG = na(l 21 a) (Z (_)D‘

s I’ll o
= % (10)



A Generalization of the Theil Measure of Inequality 151

From (9), we have

L="""1 ¢
G_Zl_a—l o

If G, is again interpreted as a measure of equality, /s is obtained by subtracting
the actual equality from the maximum equality. The value of /g is 5—— L when all
incomes accrue to a single person. In this case, the measure of equality G, has the

value 0. At the other extreme, when the incomes of all persons are equal to the mean
of the profile the inequality measure /; has the value 0. Again,

. . n'=* —1
limy_ymax Ig =limg_ m =logn
and Limgy Ig = limg 1~ 21 = - Z((—)“ (11)

—le g—:T.

(We use L Hospital s rule in evaluating both the limits) Thus, /s contains the Theil
index as a particular case and obviously the maximum value of the inequality measure
I tends to the maximum of the Theil Measure as « — 1.

4 Decomposability Properties

Theil noted that his index satisfies a useful decomposability property. To explain
this, let there be m disjoint groups of incomes where the number of members in the
ith group is n;. So, if Y stands for the vector of incomes of all the m groups taken
together, we have

Y=l v ..., Y™y =[(11, Y125 -+ - Ying)s (V215 Y22, - s Yong)s e m1s Ym2s -+ Ymng)]-

The Theil Measure of Inequality for Y is given by

T =ZZ’s,~jlog (nsij), (12)

i=1 j=1
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wheren = 37" n;. Letyio = i, yijandyo = Y31, Yio = Y _;—; > i, vij- Then,
sij = Vv_(f = i—g‘y’: = 57;.8i0 (say). So, from (12), we have

T=Y Z(s,,m) log (nsij) =Y Z(s,,s,o)log (n, ~5i0-57))

i=1 j=I i=1 j=I

ZytO T(Y)+Z ll‘l’l (13)

—Z@T(Y)lel"’ 1", 1),

This additive decomposability property of the Theil index (with same number of
members in each group) corresponds to the strong Additivity property of the Shannon
Entropy Index of Information [Eq. (2)].

Turning now to the decomposability of the Generalized-Entropy-based index of
inequality /5, we have, from (10)

Ic(Y) = Ig[(V11, Y125 -5 Yin)s (D21, Y22, o3 Yon)s o« o s Vil Ym2s + + - s Yiny )]

ﬁ[iisg —n'™], wheren = in,-

i=1 j=1 i=1

m n;

21 a[ZS:oZS las s = sfsi0 (14)
m
_ * l—a 1— l—a
=17« _21_a[2s%<2siﬁ—ni )= n' Tk Y sinl .
i=1 j=1 i=1

On simplification, this gives

- Yio | o i n ny n
Ig(Y) = Z(y—% I(Y) + I6Gu 1", mal™, L 1™). (15)
i=1 20

The weights to I (Y?), in general, do not add up to 1 (except in the limiting case).
Just as the Strong Additivity property of the Shannon Entropy Index generated the
additive decomposability property of the Theil index as given in (14), the property of
Strong Additivity of Degree « of the Entropy Index class G, generates the additive
decomposability property (15) of I with same number of members in each group.



A Generalization of the Theil Measure of Inequality 153

4.1 Social Welfare Interpretation of I

‘We now define the social welfare function associated with /5 as
We = p(max Ig — Ig) = nGy, (16)

where G, is the Generalized Entropy of Degree «.. Clearly, W corresponds to I ina
negative monotonic way. That is, for a given population size n and given mean income
u, W will rank income distributions in exactly the same way as the negative of /.
Since G, is homogeneous of degree 0, W; is linearly homogeneous. W also satisfies
continuity and strict S-concavity (hence symmetry). When efficiency considerations
are absent (that is, u is fixed), an increase in I is equivalent to a reduction in social
welfare. On the other hand, an equiproportionate increase in all incomes does not
alter inequality but increases the mean income p leading to an increase in W . Thus,
the society now moves to a Pareto superior state. The parameter « reflects different
perceptions of inequality (social welfare). A transfer of income from a poor person i
to aricher person j increases (decreases) I (W) by a larger amount the higher is «.

5 Empirical Hlustration

We use National Sample Survey data of Consumer Expenditure to analyze changes
in inequality in Monthly Per Capita Expenditure (MPCE) across states of India for
the time period 1993-94 to 2014-15. The specific rounds of survey considered are
50, 55, 61, 66, 68, and 72 with respective years as 1993-94, 1999-2000, 2004—
2005, 2009-10, 2011-12, and 2014—-15. The computations are carried for the sectors
rural, urban, and rural-urban combined. It may be noted that MPCE is taken as
an approximation of Monthly Per Capita Income (MPCI) in absence of reliable
income data. Obviously, the inequality in the savings pattern and its correlations with
consumption expenditure have definitive influence on inequality of income. Tables 1,
2, and 3 present the inequality of MPCE for the three sectors, rural-urban combined,
rural, and urban in terms of the Theil index (¢ = 1). The values are sorted by the
level of inequality of the most current round (72) in the year 2014—15. Note that for
a = 1, the index is population replication invariant, and hence is comparable across
state having different population sizes. An useful comparison of inequality can also
be based on the ranks of the states across rounds which are presented in Tables4,
5, and 6. We have also observed that the inequalities as well as ranks generally
differ for the choice of «. Further, for o« # 1, the indexes are not comparable across
populations differing in sizes being not satisfying population principle. Hence, they
are not reported here. However, our computation shows that the functional form
of the index and the corresponding perspective on inequality are crucial in judging
inequality across groups within a population.
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Table 1 All India and state inequality (Theil index) in MPCE (rural-urban combined across NSS
rounds)

NSS round 50 55 61 66 68 72
Year 1993-94 1999-2000 | 2004-05 2009-10 2011-12 2014-15
All India 0.247 0.239 0.278 0.329 0.296 0.202
Lakshadweep 0.149 0.150 0.120 0.268 0.181 0.067
Nagaland 0.066 0.099 0.118 0.081 0.085 0.077
Goa 0.167 0.167 0.197 0.115 0.179 0.094
Meghalaya 0.244 0.102 0.132 0.101 0.109 0.096
Bihar 0.145 0.139 0.128 0.134 0.105 0.102
Assam 0.110 0.136 0.137 0.169 0.173 0.107
Uttaranchal 0.190 0.552 0.213 0.109
Manipur 0.047 0.103 0.051 0.068 0.080 0.111
Sikkim 0.137 0.139 0.186 0.196 0.124 0.113
Pondicheri 0.180 0.164 0.260 0.801 0.142 0.114
Himachal Pradesh 0.401 0.169 0.201 0.233 0.223 0.117
Tripura 0.126 0.113 0.172 0.134 0.138 0.119
Kerala 0.259 0.195 0.287 0.340 0.353 0.134
Jammu and Kashmir 0.179 0.098 0.132 0.157 0.165 0.148
Andaman and Nicober | 0.274 0.140 0.304 0.342 0.272 0.151
Chandigarh 0.404 0.199 0.226 0.265 0.266 0.154
Gujrat 0.165 0.173 0.241 0.239 0.189 0.157
Dadra and Nagar Haveli |0.184 0.232 0.321 0.159 0.283 0.157
Daman and Diu 0.121 0.098 0.244 0.135 0.054 0.158
Jharkhand 0.207 0.194 0.235 0.167
Delhi 0.319 0.187 0.194 0.228 0.248 0.167
Punjab 0.171 0.143 0.227 0.242 0.203 0.168
Tamil Nadu 0.283 0.412 0.296 0.244 0.226 0.170
Rajasthan 0.187 0.149 0.187 0.186 0.196 0.171
Andhra Pradesh 0.207 0.192 0.272 0.266 0.198 0.172
Uttar Pradesh 0.196 0.184 0.204 0.410 0.281 0.173
Orissa 0.185 0.166 0.220 0.266 0.203 0.175
Chhattisgarh 0.273 0.210 0.277 0.186
Madhya Pradesh 0.272 0.204 0.267 0.315 0.293 0.187
West Bengal 0.237 0.241 0.261 0.259 0.291 0.188
Mizoram 0.080 0.117 0.108 0.118 0.151 0.189
Haryana 0.209 0.137 0.278 0.204 0.238 0.194
Karnataka 0.206 0.220 0.314 0.372 0.368 0.197
Telangana 0.213
Arunachal Pradesh 0.209 0.238 0.128 0.182 0.226 0.224
Mabharastra 0.293 0.271 0.299 0.332 0.317 0.246
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Table 2 All India and state inequality (Theil index) in MPCE (rural) across NSS rounds)
NSS round 50 55 61 66 68 72
Year 1993-94 1999-2000 | 2004-05 2009-10 2011-12 2014-15
All India 0.184 0.147 0.182 0.211 0.186 0.149
Daman and Diu 0.134 0.094 0.247 0.138 0.04 0.067
Nagaland 0.047 0.072 0.09 0.067 0.066 0.07
Meghalaya 0.256 0.053 0.054 0.07 0.063 0.075
Lakshadweep 0.124 0.115 0.12 0.351 0.161 0.085
Bihar 0.103 0.089 0.071 0.088 0.08 0.085
Assam 0.058 0.076 0.066 0.088 0.097 0.09
Goa 0.157 0.152 0.16 0.106 0.151 0.092
Tripura 0.106 0.065 0.091 0.078 0.091 0.096
Sikkim 0.118 0.122 0.169 0.205 0.086 0.097
Uttaranchal 0.127 0.586 0.138 0.1
Delhi 0.135 0.061 0.151 0.073 0.087 0.106
Himachal Pradesh 0.193 0.134 0.192 0.205 0.172 0.108
Gujrat 0.119 0.111 0.164 0.191 0.138 0.11
Kerala 0.199 0.186 0.259 0.3 0.355 0.111
Jharkhand 0.087 0.079 0.109 0.112
Telangana 0.112
Dadra and Nagar Haveli | 0.155 0.214 0.291 0.094 0.23 0.113
Manipur 0.045 0.067 0.047 0.057 0.081 0.114
Pondicheri 0.168 0.121 0.258 0.122 0.136 0.116
Jammu and Kashmir 0.16 0.081 0.118 0.103 0.14 0.117
Karnataka 0.146 0.123 0.192 0.113 0.153 0.12
Andaman and Nicober 0.138 0.126 0.219 0.439 0.191 0.122
Andhra Pradesh 0.189 0.127 0.153 0.207 0.125 0.126
Chandigarh 0.105 0.117 0.082 0.167 0.121 0.128
Punjab 0.177 0.125 0.16 0.23 0.155 0.13
West Bengal 0.195 0.126 0.154 0.104 0.111 0.132
Uttar Pradesh 0.164 0.133 0.132 0.12 0.146 0.133
Tamil Nadu 0.202 0.175 0.184 0.157 0.163 0.138
Chhattisgarh 0.15 0.115 0.118 0.14
Haryana 0.226 0.112 0.291 0.138 0.122 0.144
Orissa 0.131 0.118 0.144 0.136 0.115 0.145
Madhya Pradesh 0.196 0.122 0.139 0.151 0.169 0.146
Rajasthan 0.175 0.098 0.097 0.093 0.111 0.147
Mizoram 0.066 0.098 0.076 0.074 0.105 0.153
Maharastra 0.206 0.15 0.168 0.117 0.184 0.174
Arunachal Pradesh 0.204 0.248 0.129 0.179 0.221 0.242
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Table 3 All India and state inequality (Theil index) in MPCE (urban) across NSS rounds

NSS round 50 55 61 66 68 72
Year 1993-94 1999-2000 | 2004-05 2009-10 2011-12 2014-15
All India 0.257 0.262 0.265 0.320 0.282 0.196
Lakshadweep 0.175 0.168 0.111 0.181 0.201 0.061
Nagaland 0.089 0.099 0.110 0.090 0.087 0.086
Goa 0.168 0.162 0.236 0.108 0.193 0.094
Manipur 0.048 0.161 0.053 0.087 0.077 0.101
Uttaranchal 0.206 0.186 0.255 0.102
Pondicheri 0.177 0.165 0.237 0.871 0.136 0.109
Dadra and Nagar Haveli | 0.180 0.112 0.162 0.114 0.193 0.113
Sikkim 0.121 0.115 0.160 0.090 0.085 0.120
Meghalaya 0.115 0.094 0.173 0.104 0.092 0.128
Gujrat 0.170 0.173 0.217 0.193 0.153 0.143
Bihar 0.188 0.211 0.221 0.219 0.166 0.146
Tripura 0.156 0.153 0.207 0.154 0.148 0.149
Tamil Nadu 0.323 0.530 0.269 0.231 0.215 0.150
Kerala 0.360 0.192 0.315 0.392 0.323 0.154
Chandigarh 0.402 0.201 0.216 0.266 0.273 0.154
Himachal Pradesh 0.772 0.176 0.140 0.258 0.225 0.156
Mizoram 0.067 0.106 0.097 0.098 0.116 0.157
Arunachal Pradesh 0.151 0.148 0.113 0.172 0.189 0.157
Assam 0.153 0.156 0.180 0.249 0.230 0.158
Orissa 0.191 0.183 0.256 0.337 0.219 0.159
Daman and Diu 0.102 0.102 0.236 0.131 0.093 0.160
Andaman and Nicober | 0.346 0.132 0.307 0.206 0.272 0.161
Delhi 0.339 0.196 0.192 0.231 0.257 0.167
Rajasthan 0.174 0.192 0.247 0.249 0.239 0.169
Jammu and Kashmir 0.154 0.104 0.120 0.238 0.170 0.171
Chhattisgarh 0.304 0.235 0.348 0.178
Andhra Pradesh 0.197 0.196 0.317 0.234 0.205 0.179
Karnataka 0.206 0.214 0.275 0.348 0.366 0.183
Telangana 0.184
Uttar Pradesh 0.218 0.226 0.249 0.582 0.358 0.195
West Bengal 0.194 0.278 0.249 0.278 0.302 0.198
Madhya Pradesh 0.307 0.240 0.305 0.345 0.335 0.202
Mabharastra 0.243 0.242 0.256 0.307 0.278 0.210
Punjab 0.145 0.151 0.249 0.233 0.233 0.212
Jharkhand 0.194 0.229 0.230 0.218
Haryana 0.156 0.147 0.230 0.246 0.275 0.237
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Table 4 Rural-urban combined Theil inequality for states by ranks
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NSS round 50 55 61 66 68 72
Year 1993-94 1999-2000 | 2004-05 2009-10 2011-12 2014-15
Lakshadweep 9 15 4 27 13 1
Nagaland 2 3 3 2 3 2
Goa 11 18 15 12 3
Meghalaya 24 4 8 3 5 4
Bihar 10 6 7 4 5
Assam 4 8 9 11 11 6
Uttaranchal 13 34 19 7
Manipur 1 5 1 1 8
Sikkim 7 11 11 15 9
Pondicheri 14 16 24 35 10
Himachal Pradesh 31 19 16 19 20 11
Tripura 6 6 10 6 7 12
Kerala 25 24 30 30 34 13
Jammu and Kashmir 13 1 7 9 10 14
Andaman and Nicober 27 12 33 31 27 15
Chandigarh 32 25 20 24 26 16
Gujrat 10 20 22 20 14 17
Dadra and Nagar Haveli | 15 28 35 10 30 18
Daman and Diu 5 2 23 8 1 19
Jharkhand 18 14 23 20
Delhi 30 22 14 18 25 21
Punjab 12 13 21 21 18 22
Tamil Nadu 28 32 31 22 22 23
Rajasthan 17 14 12 13 15 24
Andhra Pradesh 20 23 27 26 16 25
Uttar Pradesh 18 21 17 33 29 26
Orissa 16 17 19 25 17 27
Chbhattisgarh 28 17 28 28
Madhya Pradesh 26 26 26 28 32 29
West Bengal 23 30 25 23 31 30
Mizoram 3 7 2 5 9 31
Haryana 21 9 29 16 24 32
Karnataka 19 27 34 32 35 33
Telangana 34
Arunachal Pradesh 22 29 5 12 21 35
Maharastra 29 31 32 29 33 36
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Table 5 Rural Theil inequality for states by ranks

NSS round 50 55 61 66 68 72
Year 1993-94 1999-2000 | 2004-05 2009-10 2011-12 2014-15
Daman and Diu 12 9 31 21 1 1
Nagaland 2 5 8 2 3 2
Meghalaya 32 1 2 3 2 3
Lakshadweep 10 14 12 33 27 4
Bihar 5 8 4 8 5
Assam 3 6 3 9 6
Goa 17 28 23 14 24 7
Tripura 7 3 9 6 8
Sikkim 8 18 26 29 9
Uttaranchal 13 35 20 10
Delhi 13 2 19 4 7 11
Himachal Pradesh 24 26 28 28 30 12
Gujrat 9 12 24 27 21 13
Kerala 27 30 33 32 35 14
Jharkhand 7 7 11 15
Telangana 16
Dadra and Nagar Haveli | 16 31 35 11 34 17
Manipur 1 4 1 1 5 18
Pondicheri 20 17 32 19 19 19
Jammu and Kashmir 18 7 11 12 22 20
Karnataka 15 20 29 15 25 21
Andaman and Nicober 14 22 30 34 32 22
Andhra Pradesh 23 24 20 30 18 23
Chandigarh 6 15 6 25 16 24
Punjab 22 21 22 31 26 25
West Bengal 25 23 21 13 12 26
Uttar Pradesh 19 25 15 18 23 27
Tamil Nadu 28 29 27 24 28 28
Chhattisgarh 18 16 15 29
Haryana 31 13 34 22 17 30
Orissa 11 16 17 20 14 31
Madhya Pradesh 26 19 16 23 29 32
Rajasthan 21 10 10 10 13 33
Mizoram 4 11 5 5 10 34
Maharastra 30 27 25 17 31 35
Arunachal Pradesh 29 32 14 26 33 36
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Table 6 Urban Theil inequality for states by ranks
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NSS round 50 55 61 66 68 72
Year 1993-94 1999-2000 | 2004-05 2009-10 2011-12 2014-15
Lakshadweep 16 17 4 11 15 1
Nagaland 3 2 3 3 3 2
Goa 13 15 20 [§ 14 3
Manipur 1 14 1 1 4
Uttaranchal 14 12 24 5
Pondicheri 17 16 22 35 7 6
Dadra and Nagar Haveli | 18 6 9 7 13 7
Sikkim 6 7 8 2 8
Meghalaya 5 10 5 9
Gujrat 14 18 17 13 10
Bihar 19 26 18 15 10 11
Tripura 12 12 15 9 8 12
Tamil Nadu 27 32 29 17 17 13
Kerala 30 22 34 33 31 14
Chandigarh 31 25 16 27 27 15
Himachal Pradesh 32 19 7 26 19 16
Mizoram 2 5 2 4 6 17
Arunachal Pradesh 8 10 5 10 12 18
Assam 9 13 11 24 20 19
Orissa 20 20 28 30 18 20
Daman and Diu 4 3 21 8 5 21
Andaman and Nicober |29 8 33 14 26 22
Delhi 28 23 12 18 25 23
Rajasthan 15 21 23 25 23 24
Jammu and Kashmir 10 4 6 22 11 25
Chhattisgarh 31 21 33 26
Andhra Pradesh 22 24 35 20 16 27
Karnataka 23 27 30 32 35 28
Telangana 29
Uttar Pradesh 24 28 25 34 34 30
West Bengal 21 31 26 28 30 31
Madhya Pradesh 26 29 32 31 32 32
Maharastra 25 30 27 29 29 33
Punjab 7 11 24 19 22 34
Jharkhand 13 16 21 35
Haryana 11 9 19 23 28 36
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6 Conclusion

We have introduced a generalization of the Theil index of inequality, the index ;.
No characterization, however, has been attempted. We have simply explored the
relationships between the inequality and information measures and studied some of
their properties. Information-theory-based characterization of inequality measures
are rare, Fosters (1983) article being one exception. Lasso de la Vega et. al. (2013)
characterized the Theil inequality ordering, which in our case falls under @ = 1. We
have already noted that for o« # 1, I does not satisfy the principle of population (PP),
though in the particular case of « = 1 it does meet this property. Consequently, o # 1,
I is not a member of the (Shorrocks 1980) class of indices since the latter fulfills
the Principle of Population (PP). This may explain the absence of characterization
of the general class of indexes introduced in this article.
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Correlation and Inequality in Weighted )
Majority Voting Games oo

Sanjay Bhattacherjee and Palash Sarkar

Abstract In a weighted majority voting game, the weights of the players are deter-
mined based on some socioeconomic parameter. A number of measures have been
proposed to measure the voting powers of the different players. A basic question in
this area is to what extent does the variation in the voting powers reflect the variation
in the weights? The voting powers depend on the winning threshold. So, a second
question is what is the appropriate value of the winning threshold? In this work, we
propose two simple ideas to address these and related questions in a quantifiable
manner. The first idea is to use Pearson’s Correlation Coefficient between the weight
vector and the power profile to measure the similarity between weight and power. The
second idea is to use standard inequality measures to quantify the inequality in the
weight vector as well as in the power profile. These two ideas answer the first ques-
tion. Both the weight—power similarity and inequality scores of voting power profiles
depend on the value of the winning threshold. For situations of practical interest, it
turns out that it is possible to choose a value of the winning threshold which maxi-
mizes the similarity score and also minimizes the difference in the inequality scores
of the weight vector and the power profile. This provides an answer to the second
question. Using the above formalization, we are able to quantitatively argue that it is
sufficient to consider only the vector of swings for the players as the power measure.
We apply our methodology to the voting games arising in the decision-making pro-
cesses of the International Monetary Fund (IMF) and the European Union (EU). In
the case of IMF, we provide quantitative evidence that the actual winning threshold
that is currently used is suboptimal and instead proposes a winning threshold which
has a firm analytical backing. On the other hand, in the case of EU, we provide
quantitative evidence that the presently used threshold is very close to the optimal.
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1 Introduction

Voting is arguably the most important aspect of decision-making in a democratic
setup. A committee settles an issue by accepting or rejecting some resolution related
to the issue. While unanimity or consensus is desirable, this may not always be
possible due to the conflicting interests of the different committee members. In such
a situation, a voting procedure among the members is used to either accept or reject
a resolution. A resolution is accepted or passed, if a certain number of persons vote
in its favor, else it fails and is rejected.

In its basic form, each committee member has a single vote. Many scenarios of
practical interest, on the other hand, assign weights to the committee members. These
weights need not be the same for all the members. In the context of weighted voting,
a resolution is accepted, if the sum total of the weights of the members who vote in
its favor cross a previously decided upon threshold. A common example of weighted
voting is a company boardroom, where the members have weights in proportion to
the shares that they hold in the company. Important examples of weighted voting
in the context of public policy are the European Union (EU) and the International
Monetary Fund (IMF).

Voting procedures have been formally studied in the game theory literature under
the name of voting games. Due to its real-life importance, weighted majority voting
games have received a lot of attention. In the literature on voting games, the members
are called players. One of the basic questions is how much influence does a player
have in determining the outcome of a voting procedure? In other words, what is the
power of a player in a voting game? In quantitative terms, it is desirable to measure
the power of a player in a voting game by assigning a nonnegative real number to
the player. A power measure assigns such a number to each player in the game. This
leads to the basic question of what constitutes a good measure of power of a player
in a voting game. The literature contains a number of power measures. Each one
of these measures aims to capture certain aspects of the informal notion of power
in a voting game. We refer to Felsenthal and Machover (1998) for a comprehensive
discussion to voting games and the various power measures. An introduction to the
area can be found in Chakravarty et al. (2015).

Consider the setting of weighted majority voting games. For any such game, the
players are assigned weights based on socioeconomic parameters. As a result, there
is a variation in the weights of the players. Further, given any power measure, we
obtain a variation in the powers of the different players. It is well known that the
variation in the voting powers does not necessarily reflect the variation in the weights.
In this context, the following three questions can be formulated:
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1. To what extent does the variation in the voting powers reflect the variation in the
weights?

2. Is the inequality present in the weights preserved in the voting powers?

3. How does the value of the winning threshold (i.e., the threshold which is required
to be crossed for a motion to be passed) affect the above two questions?

This work addresses the above questions. The questions posed are not merely
theoretical. Similar questions have been posed in Leech (2002b) in the context of
measurement of voting power in IMF. For example, the following text fragments
appear in Leech (2002b):

... weighted voting raises the important question of whether the resulting inequality of power
over actual decisions is precisely what was intended for the relationship between power and
contribution.

How does the voting power of individual countries compare with their nominal votes? To
what extent is the degree of inequality in the distribution of votes reflected in the distribution
of voting power?

Different types of decisions use different decision rules, some requiring a special superma-
jority. What effect do different decision rules have on the distribution of power and also on
the power of the voting body itself to act?

The work Leech (2002b) makes a qualitative analysis of the above issues. Our work
allows a quantitative analysis of these issues. In more detail, our work makes the
following contributions.

Measurement of Similarity Between Weights and Voting Powers. We propose the use
of Pearson’s correlation coefficient as a measure of similarity between the weight
vector of the players and the vector of voting powers of the players.

Measurement of Inequality in Weights and Voting Powers. There is a large literature
on the measurement of inequality in a vector of values obtained from measurement of
various social parameters. A survey on measurement of inequality appears in Cowell
(2016). The variation of the values in such a vector is captured by an inequality index.
A number of inequality indices have been proposed in the literature. We propose the
use of such inequality indices to measure the inequality in the weights and also in the
voting powers. This allows the comparison of the inequality present in the weights
to that present in the voting powers.

Winning Threshold as a Controllable Parameter. Our formalizations of both the
similarity between the weights and the voting powers as well as the measurement of
inequality in the voting powers have the winning threshold as a parameter. By varying
this parameter, both the weight—power similarity and the voting power inequality can
be controlled. So, given a vector of weights, the winning threshold can be set to a
certain value to maximize the weight—power similarity or to minimize the difference
between the inequality in the weights and the inequality in the voting powers.

In this context, we would like to discuss the broader issue of designing games
to achieve certain desirable power profiles. This is often called the inverse problem
for voting games. Usually, the goal is to determine a set of weights which result in
the target powers. For example, in the context of the IMF voting game, an iterative
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algorithm to determine weights has been proposed in Leech (2002b). There is one
major drawback of this approach. As mentioned earlier, in a weighted majority voting
game, the weights often represent a socioeconomic parameter. When the weights are
artificially obtained (say, using an iterative algorithm), their interpretation in the
socioeconomic context is lost. It then becomes hard to provide a natural justification
of the weights.

Our approach of having the winning threshold as a controllable parameter provides
an alternative method of designing games. For the complete specification of a game,
both the weights and the winning threshold need to be specified. In our approach,
the weights do not change, and hence they retain their original interpretation arising
from the background socioeconomic application. We only suggest tuning the winning
threshold so that the resulting power profile is “imbued” with the intuitive natural
justification of the weights. Games designed using such an approach can be much
better explained to the general public than games where the weights are artificially
obtained.

Detailed Study. We consider seven different voting power measures and two different
inequality indices. We show that the scaling invariance property of an inequality mea-
sure as well as that of the Pearson’s correlation coefficient divides the voting power
measures into three groups. The non-normalized Banzhaf measure, the normalized
Banzhaf index, and the two Coleman measures fall into one group; the public good
measure and public good index defined by Holler fall into a second group, and the
Deegan—Packel measure is in the third group. We show that any two power measures
in the same group have the same behavior with respect to both the similarity index
and the inequality index. This brings down the complexity of the analysis.

There has been a lot of discussion in the literature on the comparative suitabilities
of the Banzhaf and the Coleman indices Banzhaf (1965), Brink and Laan (1998),
Coleman (1971), Dubey and Shapley (1979), Laruelle and Valenciano (2001), Lehrer
(1998), Laruelle and Valenciano (2011), Barua et al. (2009). This discussion has
both been qualitative and also formal in the sense of axiomatically deriving the
indices Brink and Laan (1998), Lehrer (1998). Our work provides a new perspective
to this discussion. The stand-alone values of the powers of the players as measured
by any power measure are perhaps not of much interest by themselves. It is only
in a relative sense that they acquire relevance. There are two ways to consider this
relative sense, in comparison to the weights and in comparison among themselves. We
propose to quantify the relative notion in comparison to the weights by the correlation
between the weight vector and the power profile and to quantify the relative values
of the powers among themselves by an appropriate inequality score. Under both of
these quantifications, we prove that the Banzhaf and the Coleman power measures
turn out to be the same. Based on this result, we put forward the suggestion that there
is perhaps no essential difference between these power measures. It is sufficient to
consider only the swings for the different players as was originally proposed by
Banzhaf (and sometimes called the raw Banzhaf measure). While this may sound a
bit radical, our analysis based on correlation and inequality does not leave scope for
any other considerations. It is of course possible that there is some other quantifiable
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ways of distinguishing between the relative spreads of the Banzhaf and the Coleman
measures. This can be a possible future research question.

The literature contains a number of voting power measures which have been pro-
posed as fundamentally different from the swing-based Banzhaf measure. Intuitive
arguments have been forwarded as to why these measures are appropriate for cer-
tain applications. In our opinion, a basic requirement for any power measure is to
reflect the “content” of weights. In addition to the Banzhaf measure, we have also
considered the Holler measures and the Deegan—Packel measure. Our simulation
experiments as well as computations with real-life data show that the “content” of
the weights is best captured by the Banzhaf measure and neither the Holler measure
nor the Deegan—Packel measure is good indicators of this “content”. Based on this
evidence, we put forward the suggestion that it is sufficient to consider the swings
as the only measure of power in voting games.

Applications. IMF decision-making procedures have been modeled as voting games
Leech (2002b). Decision-making in the EU has also been discussed in the context of
voting games Leech (2002a).

The notions of similarity between the variations in the weights and the voting
powers as well as the relation between the inequality in the weights and that in
the voting powers have been informally discussed. Our proposals for measuring
weight—power similarity and the voting power inequality formalizes this intuition.
We compute the various measures for the IMF game and (a simplified version of) the
EU voting game and suggest that the winning threshold can be used as a parameter
in achieving target values of similarity or inequality.

In both the IMF and the EU voting games, there is a “natural” justification for
assigning weights to the different players. In the context of IMF, the weights reflect
the proportion of financial contribution made by the different countries, while in
the case of EU, the weights reflect the population of the different countries. This is
reasonable, since the IMF is a financial organization, while the EU is essentially a
political organization. In both cases, however, the choice of the winning threshold is
not backed by any quantifiable parameter.

Our work provides methods for choosing a winning threshold which has a quan-
tifiable justification. There are two options. In the first option, one should choose a
value of the winning threshold which maximizes the correlation between the weight
vector and an appropriate power profile. In the second option, one should choose a
value of the winning threshold which yields an inequality score for an appropriate
power profile which is closest to the inequality score of the weight vector. In both the
cases of IMF and EU, both the options lead to similar values of the winning thresh-
old. Based on this analysis, we put forward the suggestion that the voting rule for
IMF should be modified to reflect the optimal value of the winning threshold. In the
case of EU, our results provide evidence that the presently used winning threshold
is close to the optimal value.

Previous and Related Works

The Shapley—Shubik power index was introduced in Shapley (1953), Shapley and
Shubik (1954), Banzhaf index was introduced in Banzhaf (1965) while Coleman
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indices were introduced in Coleman (1971). Later work by Holler (1982) and
Holler and Packel (1983) introduced the public good measure/index. Deegan and
Packel introduced another power measure in Deegan and Packel (1978). There are
other known measures/indices and we refer to Felsenthal and Machover (1998),
Chakravarty et al. (2015) for further details.

The first work to address the problem of inequality in voting games is Einy and
Peleg (1991). They provided an axiomatic deduction of an inequality index for the
Shapley—Shubik power measure. A more general axiomatic treatment of inequality
for power measures appears in a paper by Laruelle and Valenciano (2004). This work
postulates axioms and deduces an inequality measure for a class of power indices
which includes the Banzhaf index. A more recent work by Weber (2016) suggests
the use of the Coefficient of Variation as an inequality index for measuring inequality
arising from the Banzhaf index. Later, we provide a more detailed discussion of the
relationship of these prior works to our contribution.

2 Preliminaries

2.1 Voting Games

We provide some standard definitions arising in the context of voting games. For
details, the reader may consult Felsenthal and Machover (1998), Chakravarty et al.
(2015). In the following, the cardinality of a finite set S will be denoted by #S and
the absolute value of a real number x will be denoted by |x]|.

Let N = {A}, Ay, ..., A,} be a set of n players. A subset of N is called a voting
coalition. The set of all voting coalitions is denoted by 2"V. A voting game G is given
by its characteristic function G:2N > {0, 1}, where a winning coalition is assigned
the value 1 and a losing coalition is assigned the value 0. Below, we recall some basic
notions about voting games:

1. For any S € N and player A; € N, A; is said to be a swing in S if A; € S,
G(S) = 1but G(S\ {A;}) = 0.

2. For a voting game G, the number of swings for A; will be denoted by mg(A;).

3. A player A; € N is called a dummy player if A; is not a swing in any coalition,
ie., if mg(A;) =0.

4. For a voting game G, the set of all winning coalitions will be denoted by W (G)
and the set of all losing coalitions will be denoted by L(G).

5. A coalition § C N is called a minimal winning coalition if 6(5) = 1 and there
isno T C § for which G(T) = 1.

6. The set of all minimal winning coalitions in G will be denoted by MW(G) and
the set of minimal winning coalitions containing the player A; will be denoted as
MW (A)).

7. Avoting game G is said to be proper if for any coalition S € N, 6(5) = limplies
that G (N'\ S) = 0. In other words, in a proper game, it is not allowed for both §
and its complement to be winning.
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Definition 1 Consider a triplet (N, w, ¢), where N = {A4, ..., A, } is a set of play-
ers; w = (wy, wy, ..., w,) is a vector of nonnegative weights with w; being the
weight of A;; and g is areal numberin (0, 1). Letw = Y _/_, w;. The triplet (N, w, q)
defines a weighted majority voting game G given by its characteristic function
G : 2V — {0, 1} in the following manner. Let ws = > 4,es Wi denote the sum of
the weights of all the players in the coalition § € N. Then

~ 1 if >q,
G = Husie=a
0 otherwise.

We will write G = (N, w, g) to denote the weighted majority voting game arising
from the triplet (N, w, q).

For a weighted majority voting game G = (N, w, g) to be proper, it is necessary
that g > 0.5. For the technical analysis of weighted majority voting games, we do
not restrict to proper games. When considering applications, as is conventional, one
should consider only proper games.

2.2 Voting Power

The notion of power is an important concept in a voting system. A power measure
captures the capability of a player to influence the outcome of a vote.

Given a game G on a set of players N and a player A; in N, a power measure P
associates a nonnegative real number v; = Pg(A;) to the player A;. The number v;
captures the power that A; has in the game G.If ), _; Pc(A;) = 1 for all games
G, then P is called a power index. In other words, for a power index, the powers of
the individual players sum to 1.

A widely studied index of voting power is the Shapley—Shubik index. This index,
however, is defined for a voting game where the order in which the players cast their
votes is important. In our application of voting power to the voting games arising in the
IMF and EU decision-making processes, the order of casting votes is not important.
So, we do not consider the Shapley—Shubik index in this work. Below, we provide
the definitions of some of the previously proposed power measures. See Felsenthal
and Machover (1998), Chakravarty et al. (2015) for further details.

Banzhaf Power Measures. The raw Banzhaf power measure BRg (A;) for a player
A; in the game G is defined as the number of distinct coalitions in which A; is a
swing. Hence,

BRg(A) = mg(A)).

The non-normalized Banzhaf power measure BZNg (A;) is defined as follows:

BRG(Ai))  mg(A))

BZNG(AI) = on—1 - on—1
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The Banzhaf normalized power index BZs(A;) is defined as follows:

BRg(4)) _ mg(A;)
Yi_iBRg(A) Y mG(A))

BZg(A;) =

Coleman Power Measures. The Coleman preventive power measure CP s (A;) for a
player A; in the game G is a measure of its ability to stop a coalition S from achieving
wg > q. Itis defined as follows:

mg(A;)
CPs(A) = ——.
G( l) #W(G)
The Coleman initiative power measure Clg(A;) for a player A; in the game G is
a measure of its ability to turn an otherwise losing coalition § with wg < ¢ into a
winning coalition with wgyia,; > ¢. It is defined as follows:

cl (A.)_mG(Ai) _ mg(A)  CPg(A))
ITRLG) T WO e -1

Holler Public Good Index. Holler proposed the public good index PGly, (G) as

follows:
#MW i (A;)

ZA/-EN #MW (A)) .

PGl4, (G) =

The non-normalized version of PGl 4, (G) is called the absolute public good measure.
It is defined as
#MW: (A))

Deegan—Packel Power Measure. The Deegan—Packel power measure DPg(A;) for
a player A; in the game G is defined to be

1
DP;(A) = ——— —.
6(4) #MW(G) SeM%;(A_)#S

Power Profile. Suppose P is a measure of voting power. Then, P assigns a nonneg-
ative real number to each of the n players in the game. So, P is given by a vector of
nonnegative real numbers. This vector is called the P-power profile of the game.

Computing Voting Powers. A weighted majority voting game G = (N, w, g) is com-
pletely specified by the set of players N, a weight vector w, and the threshold g. Given
this data, it is of interest to be able to compute the P-power profile for any power
measure P. There are known dynamic-programming-based algorithms for comput-
ing the values of the different voting power indices. We refer to Matsui and Matsui
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(2000), Chakravarty et al. (2015) for an introduction to algorithms for computing
voting powers. In our work, we have implemented the algorithms for computing the
‘P-power profiles where P is any of the power measures defined above.

There is a large literature on voting powers. The various indices mentioned above
have been introduced to model certain aspects of voting games which are not ade-
quately covered by the other indices. There have been axiomatic characterizations of
these indices. A detailed discussion of the relevant literature is not really within the
focus of the present work. Instead, we refer to the highly respected monograph Felsen-
thal and Machover (1998) and the more recent textbook Chakravarty et al. (2015) for
such details. Our concern in this work is how to quantify the efficacy of any particular
voting power measure that one may choose for a particular application.

2.3 Pearson’s Correlation Coefficient

Given vectors w = (wy, ..., w,) and v = (v, ..., v,), Pearson’s correlation coef-
ficient is the standard measure of linear correlation between these two vectors. It is
defined as follows:

0 ifwy=---=wyorvy =---=uvy;
PCC(w,v) = Yo (Wi —pw) (Vi —pay)

i (1)
\/Z,'f:,(wi—uw)z\/z,f'=1(v,'—;¢v)2 otherwise.

Here, iy and py, are the means of w and v, respectively.
From (1), it follows that for any two positive real numbers v and 6,

PCC(w, v) = PCC(yw, 6v). 2)

The relation captured in (2) can be considered to be a scale invariance property of
the Pearson’s correlation coefficient.

2.4 Inequality Indices

The notion of inequality has been considered for social parameters including income,
skills, education, health, and wealth Cowell (2016). There are several methods for
measuring inequality. At a basic level, the idea of an inequality index Z is the fol-
lowing. Given a vector a whose components are real numbers, Z(a) produces a
nonnegative real number r. In other words, the index Z assigns an inequality score of
r to the vector a. There is a large literature on inequality indices including the mea-
surement of multidimensional inequality Chakravarty and Lugo (2016), Chakravarty
(2017). In this work, we will consider only basic inequality indices. Some of the most
commonly used inequality indices are mentioned below.
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Given a vector a of real numbers, let p, and o, denote the mean and standard
deviation of a. In the definition of the inequality indices below, we will assume that
the entries of a are nonnegative and |1, is positive.

Gini Index. The value of the Gini index of a vector a = (ay, ..., a,) is given by

> ZLH“!’ —a

Gl(a) = 3
(a) ST 3)
Coefficient of Variation. For a vector a = (ay, ..., a,), the Coefficient of Variation
is computed as the ratio of the standard deviation o, to the mean p, of a.
J S - (A a)
CoV(a )_ (G Xie) )

IZZ 1 i

Generalized Entropy Index. The generalized entropy index is a measure of inequality
based on information theory. For a real number «, the generalized entropy index
GEl,(a) is defined in the following manner:

(y(a 1)( ZAEN( )a—l) ifa#0,1;
GEL@ = { 1 ¥4 enmo (% )1n( L) ifa=1; )

ZA €N, oz‘>0l (a_+) if o =0.

Here, In denotes the natural logarithm and 1, denotes the mean of the positive entries
in a. Also, note that for o = 0, 1 the sum is over positive values of a; as otherwise
the In function gets applied to 0. In other words, for & = 0 and 1, the computation
of inequality considers only the positive entries of a. GEI, is called the Theil Index
and GEly; is half the square of CoV.

Remark For application to the context of voting powers, a power of zero implies
that the player is a dummy. If GEly or GEl; is used to measure inequality, then
such dummy players will get ignored. As a result, the inequality in the power profile
will not be adequately captured by these two measures. Due to this reason, GEl
and GEIl; are not suitable for measuring inequality in voting powers. GEl, is half
the square of CoV and will essentially spread out the value of CoV. The relevance
of GEl, for k > 2 to the context of voting power is not clear. So, though we have
computed, we do not report the values of GEI in this work.

Computing Inequality Indices. It is quite routine to implement an algorithm, which
given a vector of nonnegative quantities computes the values of the various inequality
indices. In our work, we have implemented algorithms to compute the Gini index
and the Coefficient of Variation.
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Desirable Properties of an Inequality Index. A few basic and natural properties have
been postulated which any reasonable inequality measure should satisfy. Below, we
mention these properties. See Cowell (2016) for more details. Let Z be a postulated

inequality index and a = (ay, ..., a,) be a vector of nonnegative real numbers.

Let 7 be a bijection from {1, ..., n} toitself, i.e., 7 is a permutation of {1, . .., n}.
Define a, to be the vector (a), ..., drm)), 1.6., a, is a reordering of the compo-
nents of a.

Anonymity (ANON): 7 is said to satisfy anonymity if Z(a) = Z(a,) for all permuta-
tions 7 of {1, ..., n}. Anonymity captures the property that inequality depends only
on the (multi-)set of values {ay, ..., a,}. Information related to ordering or labeling
of these values using names are irrelevant for the measurement of inequality.

Egalitarian Principle (EP): 7 is said to satisfy the egalitarian principle if Z(a) = 0
for all a such that a; = - - - = a,,. EP captures the property that the inequality is the
minimum possible when all components of the vector a have the same value.

Scale Invariance (Scl). T is said to satisfy scale invariance if Z(a) = Z(va) for all
real v > 0. The idea behind scale invariance is that if all the values are scaled by the
same factor then the inequality remains unchanged.

Let al*! denote the vector

ay,...,ad1,dy,...,Adx...,04,,...,04,
—— e N—

Population Principle (PP). 7 is said to satisfy the population principle if Z(a) =
Z(al*) for any integer k > 1. The vector a'*! contains k copies of each of the values
aip, ...,a,. PP says that the inequality in such a vector remains the same as in the
original vector, i.e., by replicating each of the components of the original vector the
same number of times does not change the inequality.

Forl <i < j <n,leta; ;s be the vector

(al,...,a,-_l,a,-+5,...,aj—5,aj+1,...,an).

Transfer Principle (TP). T is said to satisfy the transfer principle if Z(a) > Z(a; ; 5)
foranyl <i < j <nandd > Osuchthata; < a;anda; + 0 < a; — 6. The transfer
principle says that if § units are transferred from a richer person to a poorer person
without changing their relative ordering, then inequality cannot increase.

Suppose ay, . .., a; are vectors of dimensions ny, .. ., ng, respectively, with non-
negative real entries. Let ;; be the mean of a; and define po = (1, - .., tx). Leta be
the vector formed by concatenating the vectors aj, . .., a.

Decomposability (Decom). 7 is said to satisfy decomposability if

k

Za) =) nZ@)+I(w).

i=1
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Decomposability captures the following idea. The vector a is divided into k£ groups
and inequality is measured for each of the groups. Further, the mean of each group
is computed and inequality is computed for the vector composing of the means. The
inequality for each group is “within-group inequality’, whereas the inequality in the
vector of means is some kind of “across group inequality”. The index Z satisfies
decomposability if the overall inequality in the vector can be decomposed into a sum
of “within-group inequality” and “across group inequality”.

The Gini Index, the Coefficient of Variation, and the Generalized Entropy Indices
satisfy ANON, EP, Scl, PP, and TP. It has been shown Shorrocks (1980) that any
index which satisfies ANON, Scl, PP, TP, and Decom must necessarily have the
form of a generalized entropy index for some value of a.

ANON, EP, Scl, and TP are natural properties that any inequality index should
satisfy irrespective of the domain to which it is applied. PP becomes relevant in
the context of variable population size. For voting games, the players constitute the
population which is fixed. So, the application of PP to voting games is vacuous. On
the other hand, it is not clear that Decom is necessarily a desirable property for all
applications of inequality. In particular, it is not clear that Decom is relevant in the
context of voting powers which is the focus of the present work.

3 Weight-Power Similarity

Let P be a measure of voting power. Suppose this is applied to a weighted majority
voting game G = (N, w, g). Let v be the resulting power profile. It is of interest to
know how similar the power profile vector v is to the weight vector w. Note that the
power profile vector v depends on the winning threshold ¢g. Based on the Pearson’s
correlation coefficient, we define the similarity index P-Sly (¢) as follows:

P-Sly(q) = PCC(w, v), (6)

where v is the power profile vector generated by the voting power measure P applied
to the weighted majority voting game G = (N, w, q).

So, for a fixed g, P-Sly (¢) measures the similarity of the power profile vector to
the weight vector by the correlation between these two vectors. Note that P-Sly, (q)
is a function of g. As, g changes, the power profile vector v will also change, though
the weight vector w will not change. So, with change in g, the correlation between
w and v changes. By varying g, it is possible to study the change in the correlation
between w and v.

Theorem 1 Let G = (N, w, q) be a weighted majority voting game such that 0 <
#W(G) < 2". Then, for any q € (0, 1) the following holds:

1. BZN-Sly(q) = BZ-Sly(g) = CP-Sly(¢) = CI-Sly(q).
2. PGI-Sly(g) = PGM-Sly(¢).
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Proof Let v= (mg(Ay),...,mg(A,)) be the vector of swings for the players
Ay, ..., A, in the game G. Suppose vy, V3, v3, and v4 are the power profiles for
G corresponding to BZN, BZ, CP, and ClI, respectively. Then

V=1Vl = V2 = (\3V3 = (Q4V4,
where

a1 =2" ay =Y mc(A)). a3 =#W(G) and oy = #L(G).
JEN

In G, the values 2", ZjeN mg(A;),#W(G), and #L(G) are fixed. So, a1, ap, a3, and
ay are constants. Further, since 0 < #W (G) < 2", it follows that 0 < #L(G) < 2"
and so Z_/‘EN mg(Aj) > 0. This in particular means that oz, a3, g > 0 and clearly
aq > 0. So, using (2), we have

BZN-Sly,(q) = PCC(w, v;) = PCC(w, v/a;) = PCC(w, v).

In a similar manner, it follows that BZ-Sl,,(¢)= PCC(w, v),
CP-Sly,(¢)= PCC(w, v), and CI-Sly, (g)= PCC(w, v).
The argument for PGI-Sly, (¢)= PGM-Sly (¢) is similar. O

From the viewpoint of weight—power similarity, Theorem 1 shows that it is suffi-
cient to consider only BZ-Sly,(¢), PGI-Sly;(¢), and DP-Sl,, ().

4 Measuring Inequality of Voting Powers

LetG = (N, w, q) be a weighted majority voting game. The weights of all the players
are not equal. In fact, in several important practical situations, the voting game is
designed in a manner such that the weights are indeed unequal. The inequality in the
weights can be captured by applying an appropriate inequality measure. Suppose Z
is an inequality measure. Then, Z(w) is the inequality present in the weights.

Let P be a measure of voting power. Suppose P is applied to G to obtain the
power profile vector v. Then, v is a vector consisting of nonnegative real numbers.
The inequality in the vector v can be measured by the inequality index 7 as Z(v). The
value of Z(v) depends on the winning threshold ¢, whereas the value of Z(w) does
not depend on g. So, by varying g, it is possible to vary Z(v) with the goal of making
it as close to Z(w) as possible. Then, one can say that the inequality present in the
weights is more or less reflected in the inequality that arises in the voting powers.

Given a weighted majority voting game G = (N, w, g), we define the weight
inequality of G with respect to an inequality measure Z as

Z-WIl(w) = Z(w). (7
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We consider two different options for Z, namely, Gl and CoV. This gives rise to two
different measures of weight inequality, which are GI-WI and CoV-WI.

Given a weighted majority voting game G = (N, w, g), a voting power measure
‘P, and an inequality measure Z, the power inequality of P as determined by 7 is
denoted by (P, 7)-Ply(q) and is defined in the following manner:

(P, D)-Ply(q) = Z(v), ®)

where v is the power profile vector generated by the power measure P applied to the
weighted majority voting game G = (N, w, q).

We have considered seven options for P, namely, BZN, BZ, CP, CI, PGl, PGM,
and DP. The following results show that under a simple and reasonable condition
on an inequality measure Z, it is sufficient to consider only three of these.

Theorem 2 Let I be an inequality index satisfying scale invariance. Let G =
(N, w, q) be a weighted majority voting game such that 0 < #W(G) < 2". Then,
forany q € (0, 1), the following holds:

1. (BZ,1)-Ply(q) = (BZ, 1)-Ply(¢) = (CP, 1)-Ply(¢) = (Cl, 1)-Ply(q).
2. (PGI,7)-Ply(g) = (PGM, I)-Ply(g).

Proof As in the proof of Theorem 1, let v = (mg(Ay), ..., mg(A,)) be the vector
of swings and vy, v,, v3, and v4 be the power profiles corresponding to BZN, BZ,
CP, and Cl, respectively, so that

V = V| = pVy) = Q3V3 = 04 V4, &)

where a1, ap, a3, and a4 are the positive constants defined in the proof of Theorem 1.
Using the scale invariance of Z, we have

(BZN,I)-Ply(q) = Z(vi) = Z(v/ay) = Z(V).

In a similar manner, it follows that (BZ, Z7)-Ply(¢)= Z(v) (CP, I)-Ply(q)= Z(v)
and (Cl, 2)-Ply(¢)= Z(v).
The argument for (PGl, 7)-Ply(¢)= (PGM, 7)-Pl,(g) is similar. O

The Gini Index, the Coefficient of Variation, and the Generalized Entropy Index
satisfy the scale invariance property. Based on Theorem 2, if 7 is any of these indices,
then from the viewpoint of power inequality, it is sufficient to consider (BZ, 7)-
Ply(g), (PGI, 7)-Ply(g), and (DP, Z)-Ply(g). For Z, we will consider the Gini
Index and the Coefficient of Variation. This means that we need to consider six
possibilities.

Remark Theorem 2 has been stated for weighted majority voting games. The crux of
the argument is based on (9). This relation does require G to be a weighted majority
voting game. So, it is possible to rewrite the proof to show that for general voting
games (which are not necessarily weighted majority voting games), the inequalities
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of the different Banzhaf power profiles and the Coleman power profiles are all equal
and also the inequality of the Holler public good index is equal to that of the Holler
public good measure.

Comparison to Previous Works. The work Einy and Peleg (1991) on inequality in
voting system is concerned with measuring inequality arising in the Shapley—Shubik
power index. Since we do not consider this index in our work, we do not comment
any further on the work in Einy and Peleg (1991). Instead, we simply remark that
our approach can also be applied to the Shapley—Shubik power index.

Laruelle and Valenciano (2004) axiomatically derive an inequality index for a
class of power indices which includes the normalized Banzhaf index. We note the
following points about the work in Laruelle and Valenciano (2004):

1. The approach works only for an index, i.e., the sum of the powers must sum to
one. So, for example, it cannot be applied to measure inequality arising in either
of the Coleman power measures.

2. The notion of power considered in the work is based on swings. So, the power
measures given by PGl, PGM, and DP are not covered by their work.

3. Among the axioms, ANON and EP are assumed and it is shown that the obtained
measure satisfies Scl. On the other hand, PP and TP are not mentioned in the paper
and it is not clear whether these two properties hold for the obtained measure.

4. Justification for one of the axioms (namely, Constant Sensitivity to Null Players) is
not clear. In the discussion leading up to this axiom, the authors remark: “Thus, at
this point any further step is questionable, though necessary to specify an index.”

In view of the above, we feel that it might be preferable to study the behavior of
standard inequality indices on both power measures and power indices rather than
relying on an axiomatically derived inequality index where at least one of the axioms
does not necessarily have a natural justification.

Weber (2016) considered the application' of the Coefficient of Variation to the
measurement of inequality for essentially the normalized Banzhaf index. In contrast,
we consider all the standard inequality indices and a much larger class of power mea-
sures/indices. Even for the Coefficient of Variation, the result that the scale invariance
property implies that all the swing-based measures have the same inequality is not
present in Weber (2016).

5 Variation of Similarity and Inequality with Winning
Threshold

We have conducted some experiments to understand the dependence of the similarity
and inequality indices of power profiles on the winning threshold.

I The author remarks: “To the best of my knowledge, I am the first to propose a measure of inequality
of voting systems that can be used across different constituencies.” This is an oversight since the
work by Laruelle and Valenciano Laruelle and Valenciano (2004) is much earlier.
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In the first experiment, N was taken to be {Ay, ..., A3p} and one hundred weight
vectors were generated where the individual weights were chosen to be integers
independently and uniformly in the range [1, ..., 100]. For each of the 100 weight
vectors w, the value of the winning threshold ¢ was varied from 0.01 to 0.99 in
steps of 0.01. For the game defined by the triplet (N, w, ¢), the power profiles
for the different power measures were computed. From this, the similarity indices
BZ-Sly,(q), PGI-Sly(g), and DP-Sly;(g) were computed and the inequality indices
Z-WI(w), (BZN, I)-Ply(q), (PGI, Z)-Ply(g), and (DP, Z)-Ply;,(¢) were computed
where 7 was taken to be Gl and CoV. All the obtained results show a definite pattern.

A second experiment was conducted with n = 30 and nonrandom weights. In
particular, two distinct values of weights were used, namely, n; of the weights were
taken to be 100 and n, of the weights were taken to be 1 withn; 4 n, = 30. The value
of ¢ was varied as mentioned above and the corresponding similarity and inequality
indices were computed. In this case, no definite pattern was observed and there was
a rich variation in the behavior.

To further explain the above experiments, we report three particular cases with
n = 30.

Case-I:  Arandom weight vector. The actual value of w (after sorting into descend-
ing order) came out to be

{93, 92, 90, 86, 86, 83, 82, 77,72, 68, 67, 67, 63, 62, 62, 59,
49, 40, 36, 35, 35, 30, 29, 27, 26, 26, 23, 21, 15, 11}.

The plots of similarity, Gini Index, and the Coefficient of Variation are shown in
Figs. 1, 2, and 3, respectively.

Case-II: 15 of the weights were taken to be 100 and the other 15 of the weights
were taken to be 1. The plots of similarity, Gini Index and the Coefficient of
Variation are shown in Figs. 4, 5 and 6 respectively.
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Fig. 5 Gini index for
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Fig. 8 Gini index for Gini Index
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Case-III: 29 of the weights were taken to be 100 and the other weight was taken
to be 1. The plots of similarity, Gini Index, and the Coefficient of Variation are
shown in Figs. 7, 8, and 9, respectively.

Based on the plots, we make the following observations:

1. For the random case, compared to the Holler index and the Deegan—Packel mea-
sure, the Banzhaf index is a much better marker of similarity to the weight vector
and it is also much better at capturing the inequality present in the weights. For
the two nonrandom cases, there is not much difference between the three power
measures.

2. For Case-Il, there are sharp spikes in the similarity and inequality plots. These
correspond to choices of g for which the low weight players achieve power similar
to the high weight players.
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3. For Case-III, there is one player with low weight. Apart from a small range of ¢
where this player gains significant power, for other values of g this player becomes
a dummy. The inequality indices, however, do not reflect this. The inequality
scores are generally quite low indicating that there is small inequality in the
system. This is a feature of the inequality indices which are not sensitive to low
scores of a small number of players.

6 Applications

6.1 IMF Voting Games

The IMF has two decision-making bodies, namely, the Board of Governors (BoG)
and the Executive Board (EB).

A total of 189 member countries make up the BoG. Each country has a specified
voting share. The voting share or weight of a country is calculated as the sum of
a basic weight plus an amount which is proportional to the special drawing rights
of the country. The EB consists of 24 Executive Directors (EDs) representing all
the 189 member countries. Eight of these directors are nominated by eight member
countries while each of the other directors is elected by a group of countries. Each
ED has a voting weight which is the sum of the voting weights of the countries that
he or she represents.

The BoG is the highest decision-making body of the IMF and is officially respon-
sible for all major decisions. In practice, however, the BoG has delegated most of its
powers to the EB.? Accordingly, in this work, we will consider only the voting game
arising from the EB weights.

Actual weights of the members of the EB are available from the IMF website.?
These weights range from the minimum of 80157 to the maximum of 831407. Since
these values are rather large, for the purposes of computation of voting powers, we
have divided these voting weights by 1000 and then rounded to the nearest integer.
While this is an approximation, it does not significantly affect the voting powers. In
particular, we have checked that no two members with originally unequal weights
get the same weight after this rounding off process. The actual weight vector that
has been used to compute the voting powers is the following:

wimt = {831, 310, 306, 273, 268, 267, 219, 208, 203, 203, 196, 170,
165, 162, 155, 154, 150, 149, 138, 131, 111, 101, 82, 80}.

The rules specify several winning thresholds.* We mention these below:

Zhttps://en.wikipedia.org/wiki/International_Monetary_Fund.
3hitps://www.imf.org/external/np/sec/memdir/eds.aspx.
“https://www.imf.org/external/pubs/ft/aa/index.htm.
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Except as otherwise specifically provided, all decisions of the Fund shall be made by a

majority of the votes cast.

The Fund, by a seventy percent majority of the total voting power, may decide at any time

to distribute any part of the general reserve.
The Fund may use a member’s currency held in the Investment Account for investment as it
may determine, in accordance with rules and regulations adopted by the Fund by a seventy

percent majority of the total voting power.
An eighty-five percent majority of the total voting power shall be required for any change

in quotas.

So, three possible values of ¢ are used: ¢ = 0.5, ¢ = 0.7, and ¢ = 0.85.
We have computed the similarity and inequality indices for the IMF EB voting

game with g varying from 0.01 to 0.99 in steps of 0.01. The plots of BZ-Sly;, ,(¢),
PGI-Sly,(¢), and DP-Sly,_, (q) are shownin Fig. 10; the plots of (BZ, GI)-Pl, , (¢).,
(PGl, GD)-Ply,,;(q), and (DP, GI)-Ply,(g) are shown in Fig. 11; and the plots of
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(BZ, CoV)-Ply,,.(q), (PGI, CoV)-Ply, . (g), and (DP, CoV)-Ply,,, (¢) are shown in
Fig. 12. The actual values of these indices for the range [0.5, 0.65] along with the
values for ¢ = 0.70 and ¢ = 0.85 are shown in Tables 1 and 2. Based on these data,
we have the following observations:

Fig. 12 Coefficient of Coefficient of Variation
variation for IMF-EB IME EB: Col for weights
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Table 1 IMF-EB similarity indices
q BZ-Sly,py (9) PGI-Shyyy (¢) DP-Slhyyy(9)
0.50 0.9938690 0.7743330 0.9330398
0.51 0.9939952 0.8965981 0.9531445
0.52 0.9943706 0.9363455 0.9618091
0.53 0.9949599 0.9522328 0.9669979
0.54 0.9957522 0.9600696 0.9708993
0.55 0.9966513 0.9649342 0.9740920
0.56 0.9975953 0.9688469 0.9771681
0.57 0.9985210 0.9730949 0.9806975
0.58 0.9992881 0.9769905 0.9839294
0.59 0.9998168 0.9806887 0.9869004
0.60 0.9999911 0.9846956 0.9899614
0.61 0.9996918 0.9882609 0.9924378
0.62 0.9988216 0.9912144 0.9942195
0.63 0.9972257 0.9936152 0.9953372
0.64 0.9948817 0.9951439 0.9954396
0.65 0.9916875 0.9956169 0.9945365
0.70 0.9609858 0.9788570 0.9715726
0.85 0.7634234 0.7787653 0.7721551
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Table 2 Inequality as measured by GI and CoV in the IMF Game. In the table,

fl(‘]) = (527 Gl)'leimf(Q), fZ(Q) = (PGL GI)‘leimi(‘])» f3(6]) = (DP, GI)_PIWimf(q)s 91(‘1) =
(BZ, CoV)-Ply,+(q), g2(q) = (PGI, CoV)-Ply, (9), g3(q) = (DP, CoV)-Ply, (¢). Note Gl-

WI(Wimi) = 0.285042 and CoV-WI(wijms) = 0.689527

q f1(q) f2(q) f3(q) 91(q) 92(q) 93(q)

0.50 0.316535 |0.013684 |0.023564 |0.859515 |0.033982 | 0.061049
0.51 0.316212  [0.017718 |0.027366 |0.857502 | 0.046205 | 0.074206
0.52 0.315214  [0.021654 |0.031084 |0.851387 |0.059712 | 0.086957
0.53 0.313531  [0.025291 | 0.034457 |0.841354 |0.072727 | 0.098447
0.54 0.311215  |0.028989 | 0.037852 | 0.827460 |0.085147 | 0.108920
0.55 0.308401  [0.032545 |0.041122 |0.810689 |0.096331 |0.118073
0.56 0.305067 |0.035747 |0.044020 |0.791192 |0.105924 | 0.125614
0.57 0.301236  |0.038982 | 0.046930 |0.769085 | 0.114385 | 0.132059
0.58 0.297133  |0.042029 |0.049670 |0.745825 |0.121321 |0.137161
0.59 0.292743  0.044794 |0.052123  |0.721395 |0.126885 | 0.141047
0.60 0.288019  |0.047504 |0.054517 |0.695812 | 0.131366 | 0.144021
0.61 0.283235 |0.050075 |0.056795 |0.670527 |0.134712 | 0.131366
0.62 0.278285 [0.052419 |0.058857 |0.645342 |0.137090 | 0.147386
0.63 0.273201  |0.054555 |0.060691 |0.620092 |0.138635 | 0.147978
0.64 0.268155 [0.056714 |0.062592 |0.596040 | 0.139694 | 0.148302
0.65 0.263088  [0.058572 |0.064200 |0.572826 | 0.140068 | 0.148049
0.66 0.257927 0.060254 |0.065613 |0.550134 | 0.139974 | 0.147422
0.67 0.252875 |0.061895 |0.067025 |0.528952 | 0.139751 | 0.146796
0.68 0.247854  |0.063419 | 0.068331 |0.508843 |0.139248 | 0.145961
0.69 0.242726  [0.064596 | 0.069269 |0.489429 | 0.138348 | 0.144745
0.70 0.237753  |0.065816 |0.070276 |0.471442 |0.137616 | 0.143776
0.85 0.158497  |0.066284 |0.068153 |0.278829 |0.116985 |0.120198

1. The Holler and the Deegan—Packel indices are not good indicators of either the
similarity to or the inequality present in the weights. So, we focus only on the
Banzhaf index.

2. The following holds for the Banzhaf index:

— The plots of the two inequality indices have bell curve shapes. To a lesser

extent, the same is also true of the similarity index.
— The maximum similarity is achieved for g = 0.60.

— For the Gini Index, the inequality in the power profile is closest to the inequality

in the weights for ¢ = 0.61.

— For the Coefficient of Variation, the inequality in the power profile is closest

to the inequality in the weights for ¢ = 0.60.

From Tables 1 and 2, we note that in comparison to g = 0.60, the choices ¢ = 0.50,
g = 0.70, and ¢ = 0.85 are suboptimal.
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Table 3 Voting powers of the players under various power measures for the IMF-EB game with
g = 0.60. Instead of the players, the voting powers are shown against the weights of the players

Wts BZN BZ CP Cl PGI PGM DP

831 0.4033509| 0.1661335 | 0.8949349 | 0.2603447 | 0.0662802 | 0.8888586 | 0.0682873
310 0.1508728|0.0621420 | 0.3347491 | 0.0973816 | 0.0435712 | 0.5843174 | 0.0442821
306 0.1488262| 0.0612990 | 0.3302082 | 0.0960606 | 0.0434846 | 0.5831563 | 0.0441693
273 0.13223110.0544638 | 0.2933878 | 0.0853492 | 0.0427837 | 0.5737562 | 0.0432420
268 0.1297327|0.0534347 | 0.2878445 | 0.0837366 | 0.0426849 | 0.5724312 | 0.0431133
267 0.12924851 0.0532353 | 0.2867701 | 0.0834240 | 0.0426597 | 0.5720929 | 0.0430820
219 0.1055294 | 0.0434658 | 0.2341434 | 0.0681144 | 0.0416246 | 0.5582125 | 0.0417465
208 0.1001409| 0.0412464 | 0.2221877 | 0.0646364 | 0.0414027 | 0.5552361 | 0.0414634
203 0.0976979 | 0.0402401 | 0.2167671 | 0.0630595 | 0.0413069 | 0.5539514 | 0.0413394
203 0.0976979 | 0.0402401 | 0.2167671 | 0.0630595 | 0.0413069 | 0.5539514 | 0.0413394
196 0.0942787|0.0388318 | 0.2091809 | 0.0608526 | 0.0411606 | 0.5519899 | 0.0411522
170 0.0816418|0.0336269 | 0.1811427 | 0.0526961 | 0.0406361 | 0.5449551 | 0.0404690
165 0.07921830.0326287 | 0.1757655 | 0.0511318 | 0.0405488 | 0.5437851 | 0.0403568
162 0.0777606 | 0.0320283 | 0.1725313 | 0.0501909 | 0.0404977 | 0.5430995 | 0.0402881
155 0.0743695|0.0306316 | 0.1650074 | 0.0480022 | 0.0403450 | 0.5410517 | 0.0400980
154 0.0738934|0.0304355 | 0.1639510 0.0476948 | 0.0403227 | 0.5407521 | 0.0400702
150 0.0719494 | 0.0296347 | 0.1596377 | 0.0464400 | 0.0402490 | 0.5397639 | 0.0399749
149 0.0714759| 0.0294397 | 0.1585871 | 0.0461344 | 0.0402247 | 0.5394390 | 0.0399449
138 0.0661672|0.0272532 | 0.1468086 | 0.0427079 | 0.0399681 | 0.5359976 | 0.0396272
131 0.0627846 | 0.0258599 | 0.1393032 | 0.0405246 | 0.0397938 | 0.5336591 | 0.0394117
111 0.0531555|0.0218939 | 0.1179389 | 0.0343095 | 0.0389966 | 0.5229683 | 0.0384651
101 0.0483502|0.0199146 | 0.1072770 | 0.0312079 | 0.0383484 | 0.5142761 | 0.0377462
82 0.0392314|0.0161588 | 0.0870447 | 0.0253221 | 0.0361261 | 0.4844734 | 0.0353936
80 0.0382680| 0.0157619 | 0.0849071 | 0.0247002 | 0.0356770 | 0.4784506 | 0.0349375

Based on the above analysis, we put forward the suggestion that the winning
threshold of g = 0.60 be seriously considered for any future possible change in
voting rule. For ¢ = 0.60, the actual values of the different power measures are
shown in Table 3.

6.2

EU Voting Games

Until Brexit is effective, the European Union Council has 28 members. It votes on
different types of matters in three different ways.? The first is the unanimity voting
where all members have to vote in favor or against for the motion to be passed or

Shttp://www.consilium.europa.eu/en/council-eu/voting-system/.
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Table 4 Population percentages of the countries in the European Union

Country Pop (%) Weu

Germany 16.06 1606
France 13.05 1305
United Kingdom 12.79 1279
Italy 12.00 1200
Spain 9.09 909
Poland 743 743
Romania 3.87 387
Netherlands 3.37 337
Belgium 221 221
Greece 2.11 211
Czech Republic 2.04 204
Portugal 2.02 202
Sweden 1.96 196
Hungary 1.92 192
Austria 1.71 172
Bulgaria 1.40 140
Denmark 1.12 112
Finland 1.07 107
Slovakia 1.06 106
Ireland 0.91 91
Croatia 0.82 82
Lithuania 0.57 57
Slovenia 0.40 40
Latvia 0.39 39
Estonia 0.26 26
Cyprus 0.17 17
Luxembourg 0.11 11
Malta 0.09 9

dismissed. In nonlegislative issues, a simple majority voting is done where at least
15 out of the 28 members have to vote in favor. For most (80%) of the issues that
are voted upon in the EU Council, the “qualified majority”” method is used. This is
stated as follows®:

A qualified majority needs 55% of member states, representing at least 65% of the EU
population.

It is the qualified majority voting rule that we consider in the context of weighted
majority voting games. The population percentages of the individual countries are

Shttp://www.consilium.europa.eu/en/council-eu/voting-system/qualified-majority/.
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Fig. 13 Similarity indices
for EU weights

Fig. 14 Gini index for EU
weights
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available’ and are reproduced in Table 4. These percentages are the weights of the
individual countries. For computation of the voting powers, the percentage values are
multiplied by 100 to convert these into integers which are then used as the weights.

This scaling does not affect the decision-making process.

In the qualified majority voting, the passing rule is a joint condition, one on the
number of member states which are involved and the other on the population percent-
age. While analyzing the joint condition would be more accurate, for the purpose of
this work, we have worked with the simpler setting where only the winning condition
on the population percentage is considered. This leads to a weighted majority voting
game where the weight vector wey is specified in Table 4 and the winning threshold

is g = 0.65.

http://www.consilium.europa.eu/en/council-eu/voting-system/voting-calculatory.
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Table 5 EU game similarity indices
q BZ-Sly,, (q) PGI-Sly,, (q) DP-Sly,, ()
0.50 0.9988826 0.3320853 0.5051382
0.51 0.9989581 0.4181647 0.5640333
0.52 0.9991501 0.4929785 0.6151950
0.53 0.9993725 0.5596608 0.6631804
0.54 0.9995411 0.6230357 0.7099130
0.55 0.9996231 0.6830571 0.7540455
0.56 0.9996430 0.7350513 0.7910700
0.57 0.9996501 0.7765455 0.8199512
0.58 0.9996763 0.8063575 0.8409968
0.59 0.9997123 0.8289370 0.8576475
0.60 0.9997249 0.8477416 0.8722319
0.61 0.9996959 0.8642583 0.8846472
0.62 0.9996486 0.8777664 0.8944232
0.63 0.9996354 0.8870017 0.9006101
0.64 0.9996914 0.8932824 0.9048869
0.65 0.9997886 0.8976327 0.9086210
0.66 0.9998332 0.9039397 0.9150038
0.67 0.9997214 0.9135211 0.9242301
0.68 0.9994175 0.9258465 0.9351369
0.69 0.9989968 0.9381400 0.9448867
0.70 0.9986065 0.9465521 0.9507084
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In the table

h1(g) = (BZ, GD)-Ply,,(q), h2(g) = (PGI, GD)-Ply,,(¢), 3(q) = (DP, GI)-Ply,, (¢), ti1(q) =
(BZ, CoV)-Ply,, (). t2(q) = (PGI, CoV)-Ply,, (). t3(g) = (DP, CoV)-Ply,, (q). Note G-

WIi(Weu) = 0.605671 and CoV-Wi(wey) = 1.272825

q h1(q) h2(q) b3(q) 1 (q) £2(q) £3(q)

0.50 0.614849 0.033960 0.046614 1.309745 0.091907 0.107286
0.51 0.614993 0.039425 0.051749 1.309901 0.095374 0.112346
0.52 0.615391 0.044681 0.056573 1.310338 0.100199 0.118139
0.53 0.615945 0.049083 0.060556 1.310962 0.105176 0.123691
0.54 0.616483 0.052608 0.063782 1.311545 0.109910 0.128951
0.55 0.616834 0.055576 0.067481 1.311731 0.114808 0.134668
0.56 0.616822 0.059365 0.071789 1.311070 0.120243 0.140936
0.57 0.616302 0.063896 0.076268 1.309147 0.126922 0.148409
0.58 0.615243 0.068081 0.080370 1.305796 0.134171 0.156036
0.59 0.613694 0.072437 0.084545 1.301119 0.142004 0.163861
0.60 0.611813 0.076339 0.088256 1.295536 0.149118 0.170797
0.61 0.609851 0.079853 0.091521 1.289678 0.155445 0.176837
0.62 0.608078 0.083431 0.094969 1.284198 0.161705 0.183060
0.63 0.606708 0.086467 0.097851 1.279626 0.167582 0.188834
0.64 0.605893 0.089760 0.101116 1.276296 0.174214 0.195451
0.65 0.605616 0.093045 0.104334 1.274202 0.181046 0.202085
0.66 0.605689 0.096528 0.107787 1.272960 0.188107 0.209023
0.67 0.605797 0.100171 0.111427 1.271778 0.195381 0.216243
0.68 0.605497 0.103949 0.115322 1.269457 0.202594 0.223577
0.69 0.604333 0.107898 0.119249 1.264638 0.210268 0.231500
0.70 0.601994 0.111935 0.123198 1.256239 0.218490 0.239777

For the weight vector wg, given in Table 4, we have computed the similarity and
inequality indices with g varying from 0.01 to 0.99 in steps of 0.01. The plots of BZ-
Sly,, (¢), PGI-Sly,, (¢), and DP-SIy,_, (¢) are shown in Fig. 13; the plots of (BZ, GI)-
Pl (@), (PGI, G)-Ply, (¢), and (DP, Gl)-Pl,,(g) are shown in Fig. 14; and the
plots of (BZ, CoV)-Ply,,(9), (PGI, CoV)-Ply,, (g), and (DP, CoV)-Ply,, (¢) are
shown in Fig. 15. The actual values of these indices for the range [0.5, 0.7] are
shown in Tables 5 and 6.

Based on these data, we have the following observations:

1. As in the case of the IMF-EB voting game, the Holler and the Deegan—Packel
indices are not good indicators of either the similarity to or the inequality present
in the weights. So, again we focus only on the Banzhaf index.

2. The following holds for the Banzhaf index:

— The plots of the two inequality indices as well as the similarity index have a

somewhat bell-shaped nature.
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Table7 Voting powers of the players under various power measures for the EU game withg = 0.66.

Instead of the players, the voting powers are shown against the weights of the players

Wts BZN BZ CP Cl PGI PGM DP

1606 0.2459032| 0.1582166 | 0.7950917 | 0.1454426 | 0.0537148 | 0.8173260 | 0.0554496
1305 0.2044021| 0.1315144 | 0.6609039 | 0.1208962 | 0.0479912 | 0.7302363 | 0.0496147
1279 0.2003657| 0.1289173 | 0.6478528 | 0.1185089 | 0.0475521 | 0.7235548 | 0.0491300
1200 0.1881286|0.1210439 | 0.6082861 | 0.1112711 | 0.0463214 | 0.7048273 | 0.0477734
909 0.14442510.0929245 | 0.4669771 | 0.0854221 | 0.0410962 | 0.6253212 | 0.0423199
743 0.1115583|0.0717777|0.3607073 | 0.0659826 | 0.0368236 | 0.5603092 | 0.0372597
387 0.0600651 | 0.0386465 | 0.1942116 | 0.0355263 | 0.0379704 | 0.5777581 | 0.0380942
337 0.0523199|0.0336631 | 0.1691686 | 0.0309453 | 0.0371804 | 0.5657380 | 0.0372361
221 0.0343284|0.0220872 | 0.1109957 | 0.0203039 | 0.0355657 | 0.5411688 | 0.0354550
211 0.03277510.0210878 | 0.1059733 | 0.0193852 | 0.0354097 | 0.5387953 | 0.0352811
204 0.0316896 | 0.0203894 | 0.1024638 | 0.0187432 | 0.0353493 | 0.5378758 | 0.0352135
202 0.0313774|0.0201886 | 0.1014543 | 0.0185586 | 0.0353118 | 0.5373050 | 0.0351703
196 0.0304473| 0.0195901 | 0.0984469 | 0.0180085 | 0.0352300 | 0.5360610 | 0.0350762
192 0.0298266 | 0.0191907 | 0.0964398 | 0.0176413 | 0.0352006 | 0.5356133 | 0.0350399
171 0.0265634 | 0.0170911 | 0.0858887 | 0.0157112 | 0.0349022 | 0.5310729 | 0.0347002
140 0.0217525|0.0139958 | 0.0703336 | 0.0128658 | 0.0345472 | 0.5256718 | 0.0343204
112 0.0173997|0.0111951 | 0.0562592 | 0.0102913 | 0.0341762 | 0.5200262 | 0.0338917
107 0.0166246 | 0.0106964 | 0.0537533 | 0.0098328 | 0.0341039 | 0.5189262 | 0.0338115
106 0.0164687|0.0105961 | 0.0532489 | 0.0097406 | 0.0341017 | 0.5188932 | 0.0338069
91 0.0141386| 0.0090969 | 0.0457151 | 0.0083625 | 0.0338729 | 0.5154111 | 0.0335409
82 0.0127383|0.0081959 | 0.0411873 | 0.0075342 | 0.0336632 | 0.5122204 | 0.0332955
57 0.0088505| 0.0056945 | 0.0286168 | 0.0052347 | 0.0329459 | 0.5013056 | 0.0324475
40 0.00621710.0040002 | 0.0201021 | 0.0036772 | 0.0321913 | 0.4898234 | 0.0315918
39 0.0060615 | 0.0039000 | 0.0195989 | 0.0035851 | 0.0321094 | 0.4885777 | 0.0314986
26 0.0040399 | 0.0025993 | 0.0130624 | 0.0023894 | 0.0300802 | 0.4577017 | 0.0292896
17 0.0026410|0.0016992 | 0.0085393 | 0.0015621 | 0.0273734 | 0.4165147 | 0.0264409
11 0.0017116|0.0011013 | 0.0055342 | 0.0010123 | 0.0238031 | 0.3621886 | 0.0228048
9 0.0013991 | 0.0009002 | 0.0045238 | 0.0008275 | 0.0214120 | 0.3258058 | 0.0204462

— The maximum similarity is achieved for g = 0.66.
— For the Gini Index, the inequality in the power profile is closest to the inequality
in the weights for g = 0.66.
— For the Coefficient of Variation, the inequality in the power profile is closest
to the inequality in the weights for g = 0.66.

So, the value of ¢ = 0.66 is the best in terms of similarity and also for inequality
measured by either the Gini Index or the Coefficient of Variation.
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The value of g actually used in the EU voting games is ¢ = 0.65. The corresponding
similarity value and the values for Gini Index and Coefficient of Variation are shown
in Tables 1 and 2, respectively. These values show that in comparison to g = 0.66,
the choice g = 0.65 is suboptimal but, very close. For ¢ = 0.66, the actual values of
the different power measures are shown in Table 7.

Unlike the case of the IMF voting game, our analysis shows that for the weighted
majority game arising in the context of EU, the winning threshold is very close to
the optimal value. So, our analysis provides some quantitative backing to the actual
winning threshold used in the EU game.

7 Conclusion

In this paper, we have addressed the problem of quantifying whether a power profile
adequately captures the natural variation in the weights of a weighted majority vot-
ing game. Ideas based on Pearson’s correlation coefficient and standard inequality
measures such as the Gini Index and the Coefficient of Variation have been used in
the formalization. These ideas have been applied to the voting games arising in the
context of the IMF and the EU. We provide concrete quantitative evidence that the
actual winning threshold used in the IMF games is suboptimal and instead propose
a new value of the winning threshold which has firm theoretical justification. In the
case of the EU game, the actual value of the winning threshold used is close to the
optimal value. So, in this case, our analysis provides some quantitative backing to
the value of the winning threshold that is actually used.
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Bhargav Maharaj and Nachiketa Chattopadhyay

Abstract In the literature on polarization, an increasing map of the between-group
expression and a decreasing map of the within-group expression with respect to a
population subgroup-decomposable inequality index is known as an abbreviated or
reduced form monotonic polarization index. The between-group expression is said to
represent the alienation characteristic of polarization and the within-group expres-
sion negatively reflects the identification characteristic. Chakravarty and Maharaj
(2011) developed an ordering for ranking alternative distributions of income based
on such type of polarization indices. They also characterized several polarization
indices of the said type using axioms which are easily comprehensible and intu-
itive. In this paper, we consider some alternative formulations of the axioms used in
Chakravarty and Maharaj (2011) from a more primitive standpoint. A general nature
of a polarization map is derived and the setup is extended to consider pooling of two
populations. An empirical illustration of polarization indices using Indian National
Sample Survey data is presented.
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1 Introduction

The measurement of polarization has gained considerable significance due to its
usability in analysis of the evolution of income distributions, growth, conflicts, and
many other contemporary issues. Generally, polarization means a clustering (sub-
grouping) of incomes around some local values called “poles” in the data, where the
persons belonging to the same cluster possess a feeling of identification or solidarity
among them and share a feeling of alienation or enmity against persons in a different
cluster or subgroups (see Esteban and Ray, 1994 for details). Hence, persons in the
same cluster identify themselves with the members of the cluster in terms of income
but in terms of the same income variable they have a feeling of distance from per-
sons of the other clusters. Clearly, an increase in the identification is synonymous
with increase in homogeneity, or more precisely equality within a cluster or sub-
group. On the other hand, an increased alienation generally gives rise to an increased
heterogeneity or inequality between subgroups. Thus, both the expressions iden-
tification and alienation are positively related to polarization. Expanding on these
ideas, Esteban and Ray (1994) developed an axiomatic characterization of an index
of polarization in a quasi-additive framework. Following them, Zhang and Kanbur
(2001) came up with an index of polarization incorporating the concept related to
the identification and alienation components. Rodriguez and Salas (2003) consid-
ered a similar approach and bi-partitioned the population in terms of the median and
proposed a bi-polarization index which turned out to be the difference between the
between-group and within-group components of the Donaldson and Weymark (1980)
S-Gini index of inequality (see also Silber et al. 2007). Such indices, now described
as a reduced form polarization index in the literature, can be used to characterize the
trade-off between the alienation and identification characteristics of polarization.

Chakravarty and Maharaj (2011) makes some analytical and rigorous investiga-
tion using the idea that polarization is related to Between-Group Inequality (BI)
and Within-Group Inequality (WI) in increasing and decreasing ways, respectively.
They define an ordering that makes one distribution more or less polarized than
another unequivocally and derive the corresponding necessary and sufficient condi-
tions. They also characterize several polarization indices, including a generalization
of the Rodriguez-Salas form and the structure of a normalized ratio form index is
shown to parallel that of the Zhang—Kanbur index. The axioms are shown to be
independent too.

In this paper, we extend the work of Chakravarty and Maharaj (2011) in several
directions. First, we have a relook at the characterization result and suggest alterna-
tive axioms which preserve the characterization and which seems more primitive in
nature. This is given in Sect. 3. We derive a necessary and sufficient condition for
a mapping to be considered as a reduced form polarization index in Sect. 4. Next,
we present some results in Sect. 5 on polarization index based on two independent
populations. The next section illustrates several polarization indices using Indian
National Sample Survey data for the period 1999-2015. Finally, Sect. 7 concludes
the paper.
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2 Some Definition and Existing Results

As already stated, this paper is an extension of the work of Chakravarty and Maharaj
(2011). Hence, in order to recognizing this aspect and ease of understanding, we
retain the notation and basic definitions used in that paper as far as practicable.
For a population of size n, the vector x = (xy, ..., x,) represents the distribution
of income, where each x; is assumed to be drawn from the nondegenerate interval
[v, 00) in the positive part R'+ .. of the real line R'. Here, x; stands for the income
of i-th person of the population, i = 1, ..., n. For any i, x; € [v, o0), and so, x €
D" = [v, 00)", the n-fold Cartesian product of [v, 00). The set of all possible income
distributions is D = U, ¢y D", where N is the set of natural numbers. Foralln € N,
for all x = (xy, ..., x,) € D", the mean of x is denoted by A(x) (or simply by ).
For alln € N, 1" denotes the n-coordinated vector of ones. The nonnegative orthant
of the n-dimensional Euclidean space R" is denoted by R’|. An inequality index is
afunction I : D — R!.

As argued by Chakravarty and Maharaj (2011), the most relevant inequality
indices in the context of polarization are the Theil mean logarithmic deviation index
Iy and the variance Iy. These two indices share a very useful property of sub-
group decomposability (see Shorrocks 1980; Foster 1985 and Chakravarty 2009a for
details) for inequality indices and are invariant to relative and absolute changes in
incomes, respectively. The axiomatic analysis of polarization indices by Chakravarty
and Mabharaj (2011) is therefore based on these two inequality indices. Formally, the
indices are given by

1 & A
1 = — E log — 1
mL(x) " £ og % (D
and
1 n
I = —§ 2\ 2
v (x) . X; (2)

As already indicated, a polarization index is taken as a real-valued map of income
distributions of arbitrary number of clusters (subgroups) of a population, the clusters
being formed with respect to homogeneity of some characteristic. Formally,

Definition 1 Any continuous function P : Q — R', where, Q = Uker (I, er, 1<i<k
D™) and I' = N\{1} is said to be defined as a polarization index.

P (x) indicates the level of polarization associated with the vector x for any x =
&' ., xeQkel.

Next, we describe a reduced form index formally.

Definition 2 A polarization index P is called abbreviated or reduced form if for all
x= (" ...,x*) e Q,keT, P(x)canbeexpressedas P(x) = f(BI(x), WI(x)),
where BI (WI) is the between-group inequality (within-group inequality) with
respectto I, I = I or Iy is arbitrary and the real-valued map f defined on Ri is
continuous.
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The function f considered above is known as the characteristic function. Further,
the polarization index defined above will be called a relative or an absolute index
according as the inequality index used is /sy or Iy.

Definition 2 is consistent with the existing literature where there are economic
indicators summarizing the entire distribution in terms of two or more characteristics
or parameters of the distribution. For instance, a reduced form welfare function cap-
tures social welfare as an increasing map of mean income (the efficiency parameter)
and a decreasing map of inequality (the equity parameter) (For details, see Ebert
1987; Amiel and Cowell 2003 and Chakravarty 2009a, b).

Note that the concepts identification and alienation are regarded as intrinsic to the
characteristic of polarization. For proper reflection of this, we further assume that
the mapping is monotonic, that is, it is increasing in Bl and decreasing in W1. A
polarization index with this additional property is said to be feasible. Formally, we
have,

Definition 3 A feasible polarization index is a reduced form polarization index
P(x) = f(BI(x), WI(x)),where I = Iy orIy,wherex = (x!,...,x") e Q,k
I" are arbitrary and the real-valued mapping f defined on Ri is continuous, increasing
in BI and decreasing in W1.

Chakravarty and Maharaj (2011) postulate some axioms to characterize a class
of feasible polarization indices. In other words, a set of necessary and sufficient
conditions for identifying an index uniquely is developed. Such an exercise helps
in understanding the underlying polarization index in an intuitive manner. Thus,
characterization of an index focuses on the underlying implicit value judgments in
an explicit way. We have, therefore,

Axiom 1 (A1): Incremental Effect on BI: Forallx = (x!, ..., x%) € Q,k e I",and
for any nonnegative «, f(BI(x)+ o, WI(x)) — f(BI(x), WI(x)) = ¢(BI(x),
WI(x)) g(a) for some continuous functions ¥ : Ri — R}r and g : Ri — R}r,
where 1 is nondecreasing in its first argument, g is increasing, g(0) =0 and
I = IML or Iv.

Axiom 2 (A2): Incremental Effect on WI: Forall x = (x!,...,x*) € Q,k € I",and
for any nonnegative 3, f(BI(x), WI(x)+ 3) — f(BI(x), WI(x)) = ¢(BI(x),
WI(x))h(B) for some continuous functions ¢ : Ri — R41_ and h : Ri — R}r,
where ¢ is nondecreasing in its second argument, / is increasing, 7#(0) = 0 and
I = IML or Iv.

Axiom 3 (A3): Normalization: For arbitrary k € T, if x = ' ..., xf eQisof
the form x’ = ¢ 1", where n; € I" for all 1 <i < k and ¢ > 0 is a scalar, then for
any I = Iy orly, f(BI(x), WI(x)) = 0. Since for a perfectly equal distribution
x, BI(x) = WI(x)) = 0, we may restate axiom A3 as f(0,0) = 0.

The idea behind Axiom 1 (2) is as follows.

The increase in polarization resulting from a higher value of BI(W1I) by the
amount «(J) is assumed to be proportional to an increasing transform of «(3).
This means that the increase can be decomposed into two continuous factors, one a
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nonnegative map of «(3) alone and the other a nonnegative-valued map of B/ and
W, which is nondecreasing in BI (W I). Consequently, given differentiability of the
function f(g), the polarization index becomes convex (concave) in BI(W1I). The
functions f and g are interpreted, respectively, by Chakravarty and Maharaj (2011)
as alienation and identification sensitivity functions (see Chakravarty and Maharaj
(2011) for details).

In order to explain the alternative formulations and extensions developed in the
later sections, we quote the following theorem.

Theorem 1 Chakravarty and Maharaj (2011): Assume that the characteristic func-
tion is continuously differentiable. Assume also that the right partial derivative of
the characteristic function at zero with respect to each argument exists and is pos-
itive for the first argument and negative for the second argument. Then, a feasible
polarization index P : Q — R' with such a characteristic function satisfies axioms
Al, A2, and A3 if and only if it is of one of the following forms for some arbitrary
positive constants c; and c¢;:

(i) Pi(x) =c1BI(x) = c;WI(x),
(ii) Py(x) = ;ia®! O —e;WI(x),a > 1,

(iii) P3(x) = é[c)lg;”")")(,jﬁ +pWI(x)) —caWI(x),0<a<1,—c; <p=<0,
(iv) Pi(x) = 1 BI(x) — ;25 V1071 b > 1,

(v) Ps(x) =cBI(x)— bWI(X)’l(lUcﬁ +0BI(x)),0<b<1,—c; <0 <0,
(vi) Ps(x) = l:ﬁam(")’l — locﬁbw”x)’l,a >1,b>1,
(vii) Py(x) = S qBI0-1 _ & pWIW=1 4 paBIG-1\pWI0-1 4 5 [0 <] <

loga loghb
1,0 < nlogh <0,
(Vlll) Pg(x) — ﬁaBl(x)fl _ %bWI(x)fl + naBI(x)fl)bWI(x)fl’ 0<a< 1’
b>1,—cy <nlogh <0,

(ix) Py(x) = SqgBl®-1 _ locﬁle(x)fl + naBlO-HpWi@-1 0 < g,

loga
Cl __©
loga =nN= log b’
where x = (x!, ..., x5 e Q ke T and I = Iy or Iy are arbitrary.

3 Alternative Formulation of Axiom 1 and Axiom 2

The essential behavior underlying the Axioms 1 and 2 is that there is a threshold
level/ tolerance limit of polarization exceeding which a society becomes turbulent.
In this case, a small increment in alienation/identification is likely to escalate tension
to a degree, which may generate conflict, as characterized by higher polarization.
Also, the tolerance limit, in general, will vary from society to society. In particular,
for a highly peaceful society, it is expected to be quite low. Further, it could well
be the case that the net increment in polarization will not be lower for a society
characterized by a higher level of conflict/ polarization. These considerations lead to
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the assumption that the change in polarization is nondecreasingly related to alienation
and identification over the entire domain.

As an alternative formulation to A1 which is in line with the above discussion and
also has some generality, we assume,

Assumption 1 (AS/): Theincrement in polarization resulting from an increase in B/
by the amount « and keeping W I constant is nondecreasing in B/ and is proportional
to an increasing transform of .

To get to the difference between Al and ASI, let [ = I or Iy and let f be
the characteristic function of a feasible polarization index P :  — R!. Then, AS1
says that for any nonnegative «, the polarization difference f (B (x) + «, WI(x)) —
f(BI(x), WI(x)) is proportional to g(a) for some increasing function g : Rl+ —
R'+. Notice that the constant of proportionality will invariably depend on the initial

distribution x = (x', ..., x*) € Q, where k € T. Consequently, we can formally
express AS1 as
AS1:

FBI(x)+a, WI(x)) — f(BI(x), WI(x)) =7(x) g(cx) 3

for all x € Q and some continuous function 7 : D — R!.

Note that while in A1 the incremental effect on polarization was explicitly depend-
ing on the levels of alienation and identification in a society captured through B and
W1, in AS1, we generalize this by requiring the effect to be dependent on the ini-
tial distribution x = (x!, ..., x¥) itself. Hence, it is a weaker requirement. We now
show that AS1 implies Al for a general class of nontrivial distributions. It may be
noted that the alienation and identification levels are both crucial factors determining
polarization, and hence the most relevant distributions for polarization measures are
those where the alienation and identification, represented by Bl and W1, respec-
tively, are nonzero. We may call such distributions a nontrivial class of distributions
in the context of polarization. Formally, a nontrivial class of distributions, denoted
as Y,isgivenby Y = {x = &' ..., x5 eQ, kel BI(x) # 0, WI(x) # 0}

Result 1: If x € T, Assumption 1 implies Axiom 1.

Proof If there is no change in B, there will be no change in the value of the
polarization index (assuming that W1 remains unaltered). Putting a = 0 in (3), we
get, m(x) g(0) = Oforall x € Q. Thisimplies that g(0) = 0, for otherwise,7(x) = 0,
which, when substituted in (3), will lead to a violation of increasingness of f in its
first argument. So, by increasingness of g, it follows that g(«) > 0 for all o > 0.

Next, since (3) holds for all > 0, replacing o by BI (x) (where B (x) # 0), we
get, f2BI(x), WI(x)) — f(BI(x), WI(x)) = m(x) g(BI(x)), from which it fol-
lows that 7w(x) = (f2BI(x), WI(x)) — f(BI(x), WI(x)))/g(BI(x)) =¥ (BI
(x), WI(x)) [notethat BI (x) # Oimplies g(B1(x)) # 0] for some continuous func-
tion v : Ri — R!. Substituting in (3), we get,

F(BI(x) +a, WIX) — f(BI(x), WI(x)) =¢(BI(x), WI(x)) g(a).  (4)
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But f is increasing in its first argument, and so by g(«) > 0, we have (B (x),
W1 (x)) > Oforall x € 2. Finally, note that the difference f(BI(x) + o, WI(x)) —
f(BI(x), WI(x)) should be nondecreasing in BI. So, we require that v is nonde-
creasing in its first argument which completes the proof.

Again, as an alternative formulation to A2 which is similar to the discussion above
except that it is concerned with the changes in W1, we assume,

Assumption 2 (AS2): The increment in polarization resulting from an increase in
W I by the amount  and keeping B/ constant is nonincreasing in W1 and is pro-
portional to an increasing transform of §. More formally, we have

AS2:
fBI(x), WI(x)+8) — f(BI(x), WI(x)) =X(x)h(B) (5

for all x € € and some continuous function X : D — R!.

It is easy to observe that AS2 is weaker than A2. Using a similar logic as in
Result 1, we can have

Result 2: If x € Y, Assumption 2 implies Axiom 2.

Thus, the Theorem 1 in Chakravarty and Maharaj (2011) can be restated in terms
of the set of weaker conditions AS1, AS2, and A3 for a very general class of nontrivial
distributions.

4 General Nature of a Reduced form Polarization Map

Proposition 1 Let n = (ny,...,n;) € N, kel and let Dy= (IT'_ D")U
(Uf?: D). A necessary and sufficient condition for an arbitrary map P : Dy — R
to be a reduced form polarization index with respect to some (not predetermined)
subgroup-decomposable inequality index I : Dy — R}r is that there exists a map
fo: R_2'L — R! which is increasing in its first argument and decreasing in the sec-
ond, satisfying the following relation:

k
P(x) = fo(PQA™), Y wi(n, Mg (x") forall x € Dy, (6)
i=1

where A= (i, ..., M), A% = O\ 17, L A1), w; (n, \) are weights and
g: (Uf‘le"") — R_l‘_ vanishes for the perfectly equal distribution.
Proof Suppose P is a reduced form polarization index on Dy. Then, there is some
subgroup-decomposable inequality index I : Dy — Rl+ and a map f : Ri — R!,
which is increasing in its first argument and decreasing in the second, such that

k
P(x) = fUQA™), Y win, VI () (7)

i=1
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forallx € Dy.Inparticular, POA®?) = f(IQA"?,0) = fi(I(A?), where f; : R} —
R is continuous and strictly increasing. This implies that / A\ = ffl (PO =
Fo(P(A™)), say with ffl = f>. Note then that f; is strictly increasing. Substituting
in (7), we get,

k
P(x) = f(£(PQA™), Y wi(n, VI (x)). (8)

i=I

Define f : Ri — R'by fo(s, 1) = f(fa(s),t) for (s, 1) € Ri. Then, fy is increas-
ing in its first argument and decreasing in the second.
So, (8) yields: P(x) = fo(P(A@), Zf;l w;(n, N g(x")) with g = I, forall x € Dy.
This proves our claim.

Conversely, if P satisfies (6), then define I : Dy — R}r by I(x) = P(A@) +
S wi(n, Mg(x)) if x € TT*_, D" and I (x) = g(x) if x € U*_, D"

Then, I(A®) = P(A®). Consequently, I(x) = I(A®) + 35 w;(n, VI (x"))
forall x € I'If?zl D", which means [ is subgroup decomposable on Dj.

5 Polarization of Combined Populations

Given a polarization index and two independent populations, it is, in general, not
easy to predict anything regarding the effect of combination of the two populations.
However, in case of a reduced form polarization index P(x) = f(BI(x), WI(x)
(f being the characteristic function), which is, by definition, increasing in B/ and
decreasing in W1, if we assume further convexity in B/ and concavity in W/,
then it is possible to furnish bounds(s) (upper/lower) of the polarization for the
combined population in some special situations, like having two populations with
equal number of groups and which are identical in respective sizes. Thus, we have x =
o xb, y = ., yE) e TTE_, D™ two income distributions with respective
group mean vectors (A 11, ..., A\ 1™) and (u 1™, . . ., pg 1"%). Further, let the mean
of x(y) be, respectively, denoted as A(u). We want to study the polarization of the
population obtained by combining x and y.

We consider the following two methods of combining the population groups in
the pooled population:

(a) The group-structures remain unaffected and the new population, which is a
simple union of the previous ones, comprises 2k subgroups.

(b) Groups with equal sizes are fused together and the new population has the
same number (k) of subgroups with sizes 2n;.

Proposition 2 Consider a situation as in (a) above. Let w = ', ... Xk yl, e,
5 e l'[f?:1 D™ l'[f?:1 D™ be the population obtained by combining x and y, and P be
a Reduced form Polarization index with respect to an inequality index I = Iy, or Iy.
Assume that P is convex in BI and concave in W 1.
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(i) If f(BI(y), WI(x)) >0, then P(w) > imin{P(x), P(y)}.
(ii) If the mean vectors of x and y are identical, that is, A = i, then P(w) >
3(P(xX) + P(y).

Proof (i) By subgroup decomposability of I used in P, we have BI(w) =
TOWT™, o A g 1M g 1) = T, 1) + L(BI () + BI(y) =
(BI(x)+ BI(y)).Also, WI(w) =Zf:1 ;—;l(l(xi) +1G) = %(Wl(x) + WI(y)).
Suppose BI(x) > BI(y). Then, by increasingness of f in its first argument, we
have, P(w) = f(BI(w), WI(w)) = f(3(BI(x)+ BI(y), 3(WI(x) +WI(y)
> f(BI(y), s(WI(x)+WI(y) = 5(f(BI(y), WI(x) + f(BI(y), WI())),
the inequality being a result of concavity of f in the second argument. Hence, using
the assumption that, f(BI(y), WI(x)) > 0, we have, P(w) > %f(BI(y), WI(y))
= %P(y). Similarly, if BI(y) > BI(x), then P(w) > %P(x). Combining the two
observations, we get P(w) > %min{P(x), P()}.

(ii) Next, if x and y have the same mean vector, we have BI(x) = BI(y) = B,
say. Then, BI (w) = B, by population replication invariance of I. Hence, P(w) =
F(BI(w), WI(w)) = f(B, 3(WI(x) + WI(y)) > 5(f(B, WI(x)) + f(B,
WI(y))) = %(P(x) + P(y)), by concavity of f in the second argument.

Proposition 3 Consider a situation as in (b) above. Let P be a Reduced form Polar-
ization index with respect to Iy. Further, assume that (i) I (x') = 1 (') for each i
and (ii) Zle nidipi <nip Ifz= (' ...,7% e HleDz”’, where 7' = (x', y')
for 1 <i <k, be obtained by combining x with y and clubbing together the groups
of same size, then P(z) < %(P(x) + P(y)).

Proof Observe that mean of z is %()\ 4+ p) and WI(x) = WI(y) = W, say. Also,
1) =1, y) = - () +nid () = SN +1(y") so that Wi (z) =
S I > LW (x) + WI(y)) = W. Further, BI (x) = Y ni(\ — N)? =
Viand BI(y) = Y ni(ui — ) = Va, say.

Then, BI(z) = Y i, 2n;(A3 — 242 — LS (v = N2+ 130 m;
(i — 0+ 235 N =N — ) =2V + Vo) + ST midip — nAp)
< %(Vl + V»), by assumption (ii). Consequently, P(z) = f(BI(z), WI(2)) < f(%
(V1 4+ V2), W), by monotonicity of f in both the arguments. So, convexity of f in
the first argument yields.

P(z) < 3(f(Vi, W) + f(Vo, W) = 5(P(x) + P()).

6 An Empirical Ilustration

We use National Sample Survey data of Consumer Expenditure to analyze changes
in polarization as captured through Monthly Per Capita Expenditure (MPCE) across
states and union territories of India for the time period 1993-94 to 2014-15.
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The specific rounds of survey considered are 50, 55, 61, 66, 68, and 72 with respec-
tive years as 1993-94, 1999-2000, 2004-2005, 2009-10, 2011-12, and 2014-15.
The computations are carried out separately for the rural and urban sectors. We have
considered the grouping of the population in the following three classes: the low-
est 30%, the middle 40%, and the top 30%, where the observations are arranged in
the increasing order. The choice of the lower 30% is in line with the current poverty
headcount in India and this class may be considered as a representation of the “poor”.
The other two classes analogously may be termed as “middle class” and the “rich”,
respectively. Obviously, the polarization index will depend on the grouping. Also,
the unit of observation is the households and MPCE is the representative monthly
expenditure taking the household size into consideration. It may be noted that MPCE
is taken as an approximation of Monthly Per Capita Income (MPCI) in absence of
reliable income data. Obviously, the inequality in the savings pattern and its cor-
relations with consumption expenditure have definitive influence on inequality of
income and hence on the polarization indices based on such inequalities.

Since the polarization indices considered here are based on B and W I which have
definitive interpretations, we first present these values in Tables 1 and 2, in terms of the
inequality index I, forrural and urban sectors. Itis observed (Table 1) that except for
some few states and territories, the between-group inequalities are higher for urban
than rural implying a higher level of alienation of the three classes in urban areas.
However, with alesser degree, the same is true for the within-group inequalities (Table
2) with the urban sectors of different states and territories displaying a higher level
of within-group inequality. That is, the three classes in the rural sector have a higher
level of identification than the corresponding classes in the urban sector. This further
implies for polarization, things may turn out differently which we explore in Table
3, where, the simple difference form polarization index is shown for rural and urban
sectors. We find that here the situation more or less resembles the scenario observed
in the case of between-group inequalities. All the indices are positive implying a
higher level of alienation than identification across the states and the sectors.

However, in all the three cases, we get quite different states or territories which
show higher values for the rural sector across various rounds. To look into this
more precisely, we have a table (Table 4), where we have presented the polarization
ranks for both the sectors. The ranks are sorted by the level of the rural polarization
of the most current round (72) in the year 2014-15, from lower to higher value
of polarization. In terms of these ranks, we find that there has been considerable
changes in the polarization levels of rural and urban Indian states across time. The
general feature remains the same if we use the variance inequality measure, which
is, therefore, not reported here.
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Table 1 Between-Group Inequality (by /)77 ) of MPCE: Rural and Urban
NSS round 50 55 61 66 68 72
Year 1993-94 1999-2000 2004-05 2009-10 2011-12 2014-15
Rural | Urban | Rural | Urban | Rural | Urban | Rural | Urban | Rural | Urban | Rural | Urban
All India 0.110 | 0.168 | 0.097 | 0.165 | 0.111 | 0.190 | 0.119 | 0.215 | 0.116 |0.197 | 0.117 | 0.157
Andhra Pradesh | 0.108 | 0.145 | 0.082 | 0.146 |0.102 | 0.206 |0.126 |0.187 | 0.087 |0.144 | 0.103 | 0.157
Arunachal 0.143 | 0.114 | 0.144 | 0.105 | 0.095 | 0.086 | 0.134 | 0.130 | 0.173 | 0.151 | 0.197 | 0.130
Pradesh
Assam 0.043 | 0.120 | 0.055 | 0.128 | 0.049 | 0.144 | 0.066 | 0.188 | 0.062 | 0.175 | 0.069 | 0.125
Bihar 0.070 | 0.141 | 0.061 | 0.158 | 0.052 | 0.178 | 0.065 | 0.167 | 0.058 | 0.128 | 0.067 | 0.113
Goa 0.119 | 0.124 | 0.117 | 0.113 | 0.127 | 0.160 | 0.077 | 0.075 | 0.110 | 0.120 | 0.074 | 0.065
Gujrat 0.078 | 0.112 | 0.079 | 0.120 | 0.107 | 0.147 | 0.099 | 0.139 | 0.089 | 0.104 | 0.092 | 0.115
Haryana 0.134 | 0.122 | 0.083 | 0.114 | 0.158 | 0.164 | 0.106 | 0.183 | 0.089 |0.208 | 0.110 | 0.173
Himachal 0.119 | 0.297 | 0.095 | 0.121 | 0.122 | 0.096 | 0.127 | 0.164 | 0.113 | 0.156 | 0.092 | 0.138
Pradesh
Jammu & 0.079 | 0.118 | 0.052 | 0.073 | 0.070 | 0.084 | 0.065 | 0.131 | 0.085 |0.131 | 0.095 | 0.151
Kashmir
Karnataka 0.096 | 0.153 | 0.083 | 0.154 | 0.098 | 0.205 | 0.075 | 0.218 | 0.093 | 0.261 | 0.097 | 0.155
Kerala 0.120 | 0.178 | 0.117 | 0.148 | 0.164 | 0.215 | 0.175 | 0.240 | 0.188 | 0.224 | 0.093 | 0.111
Madhya Pradesh |0.102 |0.162 | 0.083 |0.150 |0.089 |0.208 |0.103 |0.241 | 0.104 |0.224 |0.119 | 0.169
Maharastra 0.126 | 0.178 | 0.100 | 0.167 | 0.112 | 0.190 | 0.081 | 0.212 | 0.101 |0.189 | 0.136 | 0.167
Manipur 0.032 | 0.036 | 0.049 | 0.062 | 0.030 | 0.039 | 0.035 | 0.058 | 0.054 | 0.056 | 0.075 | 0.070
Meghalaya 0.081 | 0.091 | 0.034 | 0.072 | 0.035 | 0.124 | 0.046 | 0.084 | 0.045 | 0.072 | 0.061 | 0.106
Mizoram 0.046 | 0.048 | 0.062 | 0.073 | 0.052 | 0.076 | 0.054 | 0.077 | 0.077 | 0.086 | 0.127 | 0.132
Nagaland 0.036 | 0.067 | 0.054 | 0.076 | 0.059 | 0.077 | 0.045 | 0.073 | 0.050 | 0.072 | 0.058 | 0.068
Orissa 0.085 | 0.147 | 0.083 | 0.130 | 0.095 | 0.184 | 0.090 | 0.236 | 0.079 | 0.166 | 0.099 | 0.139
Punjab 0.103 | 0.105 | 0.082 | 0.109 | 0.105 | 0.163 | 0.124 | 0.175 | 0.104 | 0.144 | 0.098 | 0.177
Rajasthan 0.095 | 0.129 | 0.067 | 0.130 | 0.067 | 0.167 | 0.063 | 0.169 | 0.074 | 0.173 | 0.120 | 0.145
Sikkim 0.083 | 0.091 | 0.083 | 0.090 | 0.109 | 0.127 | 0.140 | 0.064 | 0.062 | 0.068 | 0.082 | 0.098
Tamil Nadu 0.121 | 0.190 | 0.103 | 0.191 | 0.108 | 0.196 | 0.100 | 0.163 | 0.108 | 0.156 | 0.109 | 0.121
Tripura 0.079 | 0.119 | 0.049 | 0.124 | 0.062 | 0.147 | 0.054 | 0.121 | 0.063 | 0.121 | 0.075 | 0.114
Uttar Pradesh 0.111 | 0.157 | 0.089 | 0.164 | 0.087 | 0.168 | 0.079 | 0.347 | 0.091 |0.247 | 0.102 | 0.143
‘West Bengal 0.084 | 0.145 | 0.070 | 0.155 | 0.089 | 0.181 | 0.066 | 0.202 | 0.076 |0.205 | 0.101 | 0.155
Andaman & 0.110 | 0.198 | 0.093 | 0.088 | 0.128 | 0.166 | 0.156 | 0.126 | 0.137 | 0.173 | 0.096 | 0.139
Nicober
Chandigarh 0.086 | 0.290 | 0.099 | 0.158 | 0.067 | 0.196 | 0.099 | 0.205 | 0.087 | 0.211 | 0.135 | 0.122
Dadra & 0.112 | 0.146 | 0.132 | 0.096 | 0.265 | 0.127 | 0.069 | 0.081 | 0.184 | 0.165 | 0.090 | 0.097
Nagar Haveli
Daman & Diu 0.103 | 0.067 | 0.076 | 0.086 | 0.186 | 0.158 | 0.125 | 0.110 | 0.035 | 0.084 | 0.051 | 0.173
Delhi 0.113 | 0.178 | 0.045 | 0.151 | 0.110 | 0.153 | 0.064 | 0.174 | 0.083 | 0.179 | 0.104 | 0.130
Lakshadweep 0.104 | 0.114 | 0.086 | 0.119 | 0.085 | 0.089 | 0.222 | 0.137 | 0.129 | 0.149 | 0.080 | 0.052
Pondicheri 0.114 | 0.124 | 0.100 | 0.123 | 0.158 | 0.165 | 0.078 | 0.306 | 0.095 | 0.094 | 0.105 | 0.097
Uttaranchal 0.084 | 0.146 | 0.539 | 0.146 | 0.091 | 0.176 | 0.086 | 0.087
Jharkhand 0.061 | 0.154 | 0.063 | 0.176 | 0.069 | 0.174 | 0.079 | 0.190
Chbhattisgarh 0.090 | 0.211 | 0.075 | 0.167 | 0.080 |0.237 | 0.113 | 0.145
Telangana 0.091 | 0.164
No of States with 3 4 3 7 3 5
Higher Rural BI
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Table 2 Within-Group Inequality (by /377) of MPCE: Rural and Urban

NSS round 50 55 61 66 68 72
Year 1993-94 1999-2000 2004-05 2009-10 2011-12 2014-15
Rural | Urban | Rural | Urban | Rural | Urban | Rural | Urban | Rural | Urban | Rural | Urban
All India 0.039 | 0.051 | 0.031 |0.047 |0.039 | 0.049 | 0.045 | 0.059 | 0.038 | 0.053 | 0.037 | 0.048
Andhra Pradesh | 0.042 | 0.037 | 0.032 | 0.034 | 0.039 | 0.066 | 0.046 | 0.041 | 0.026 | 0.041 | 0.039 | 0.047
Arunachal 0.037 | 0.031 | 0.051 | 0.061 | 0.025 | 0.024 | 0.032 | 0.035 | 0.036 | 0.039 | 0.071 | 0.038
Pradesh
Assam 0.012 | 0.025 | 0.017 | 0.027 | 0.015 | 0.030 | 0.016 | 0.046 | 0.021 | 0.040 | 0.026 | 0.034
Bihar 0.023 | 0.034 | 0.020 | 0.037 | 0.014 | 0.036 | 0.018 | 0.036 | 0.016 | 0.029 |0.022 | 0.035
Goa 0.032 | 0.037 | 0.026 | 0.034 | 0.027 | 0.045 | 0.022 | 0.027 | 0.030 | 0.045 | 0.026 | 0.032
Gujrat 0.025 | 0.035 | 0.024 | 0.034 | 0.035 | 0.042 | 0.041 | 0.038 | 0.029 | 0.033 | 0.028 | 0.046
Haryana 0.045 | 0.027 | 0.023 | 0.031 | 0.067 | 0.045 | 0.026 | 0.043 | 0.024 | 0.048 | 0.032 | 0.054
Himachal 0.040 | 0.122 | 0.026 | 0.036 | 0.038 | 0.030 | 0.041 | 0.054 | 0.033 | 0.048 | 0.025 | 0.028
Pradesh
Jammu & 0.033 | 0.026 | 0.019 | 0.021 | 0.027 | 0.025 | 0.025 | 0.048 | 0.032 | 0.030 | 0.028 | 0.039
Kashmir
Karnataka 0.030 | 0.038 | 0.027 | 0.041 | 0.047 | 0.051 |0.024 | 0.068 | 0.033 | 0.062 | 0.033 | 0.045
Kerala 0.042 | 0.065 | 0.038 | 0.035 | 0.054 | 0.059 | 0.059 | 0.074 | 0.071 |0.058 |0.027 | 0.038
Madhya Pradesh | 0.039 | 0.060 | 0.026 |0.048 | 0.030 | 0.052 |0.031 |0.062 |0.036 |0.059 |0.034 |0.052
Maharastra 0.046 | 0.047 | 0.033 | 0.047 | 0.037 | 0.048 | 0.023 | 0.058 | 0.044 | 0.053 | 0.042 | 0.049
Manipur 0.010 | 0.010 | 0.014 | 0.039 | 0.011 | 0.011 |0.014 | 0.019 | 0.017 | 0.016 |0.040 | 0.032
Meghalaya 0.050 | 0.019 | 0.013 | 0.016 | 0.013 | 0.033 | 0.016 | 0.019 | 0.014 | 0.019 |0.018 | 0.035
Mizoram 0.015 | 0.014 | 0.023 | 0.023 | 0.018 | 0.017 | 0.014 | 0.020 | 0.022 | 0.021 | 0.037 | 0.036
Nagaland 0.010 | 0.018 | 0.014 | 0.019 | 0.020 | 0.023 | 0.016 | 0.013 | 0.015 | 0.014 | 0.014 | 0.017
Orissa 0.029 | 0.033 | 0.025 | 0.035 | 0.030 | 0.046 | 0.031 | 0.059 | 0.023 | 0.038 | 0.036 | 0.036
Punjab 0.037 | 0.029 | 0.025 | 0.029 | 0.031 | 0.048 | 0.047 | 0.042 | 0.030 | 0.049 | 0.033 | 0.046
Rajasthan 0.035 | 0.032 | 0.022 | 0.036 | 0.020 | 0.049 | 0.020 | 0.047 | 0.026 | 0.043 | 0.037 | 0.038
Sikkim 0.023 | 0.023 | 0.025 | 0.025 | 0.033 | 0.031 | 0.036 | 0.024 | 0.016 | 0.016 | 0.026 | 0.025
Tamil Nadu 0.047 | 0.100 | 0.038 | 0.086 | 0.040 | 0.048 | 0.035 | 0.042 | 0.032 | 0.039 | 0.037 | 0.035
Tripura 0.022 | 0.029 | 0.014 | 0.024 | 0.020 | 0.038 | 0.017 | 0.027 | 0.018 | 0.025 | 0.028 | 0.039
Uttar Pradesh 0.032 | 0.040 | 0.027 | 0.040 | 0.027 | 0.047 | 0.025 | 0.109 | 0.032 | 0.061 | 0.033 | 0.048
‘West Bengal 0.039 | 0.037 | 0.026 | 0.048 | 0.035 | 0.046 | 0.024 | 0.049 | 0.023 | 0.056 | 0.034 | 0.049
Andaman & 0.023 | 0.074 | 0.022 | 0.029 | 0.046 | 0.057 | 0.106 | 0.044 | 0.033 | 0.048 | 0.025 | 0.028
Nicober
Chandigarh 0.018 | 0.072 | 0.027 | 0.041 | 0.018 | 0.035 | 0.049 | 0.060 | 0.026 | 0.052 |0.022 | 0.047
Dadra & Nagar | 0.030 | 0.034 | 0.045 | 0.024 | 0.054 | 0.049 | 0.018 | 0.023 | 0.029 | 0.026 | 0.023 | 0.036
Haveli
Daman & Diu 0.027 | 0.022 | 0.018 | 0.016 | 0.036 | 0.042 | 0.019 | 0.021 | 0.006 |0.015 |0.016 | 0.023
Delhi 0.026 | 0.061 | 0.014 | 0.037 | 0.028 | 0.032 | 0.014 | 0.042 | 0.016 |0.051 |0.013 | 0.037
Lakshadweep 0.017 | 0.036 | 0.021 | 0.031 | 0.022 | 0.034 | 0.067 | 0.030 | 0.024 | 0.040 | 0.025 | 0.023
Pondicheri 0.031 | 0.037 | 0.021 | 0.036 | 0.049 | 0.042 | 0.026 | 0.163 | 0.037 | 0.030 | 0.023 | 0.032
Uttaranchal 0.027 | 0.039 | 0.062 | 0.032 | 0.028 | 0.047 | 0.025 | 0.029
Jharkhand 0.018 | 0.036 | 0.015 | 0.041 | 0.024 | 0.042 | 0.028 | 0.041
Chhattisgarh 0.034 | 0.055 | 0.024 | 0.048 | 0.024 | 0.065 | 0.034 | 0.047
Telangana 0.027 | 0.052
No of States with 9 3 8 7 7 6
Higher Rural WI
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Table 3 Difference Form Polarization Index (by /j/;,) of MPCE: Rural and Urban
NSS round 50 55 61 66 68 72
Year 1993-94 1999-2000 2004-05 2009-10 2011-12 2014-15
Rural | Urban | Rural | Urban | Rural | Urban | Rural | Urban | Rural | Urban | Rural | Urban
All India 0.071 | 0.117 | 0.067 | 0.118 | 0.072 | 0.141 | 0.074 | 0.156 | 0.078 | 0.144 | 0.080 | 0.109
Andhra Pradesh | 0.066 | 0.108 | 0.050 |0.112 | 0.063 | 0.139 | 0.080 | 0.147 | 0.061 | 0.103 | 0.064 | 0.110
Arunachal 0.107 | 0.082 | 0.093 | 0.044 | 0.069 | 0.062 | 0.102 | 0.094 | 0.136 | 0.113 | 0.126 | 0.091
Pradesh
Assam 0.030 | 0.094 | 0.038 | 0.101 | 0.034 | 0.115 | 0.051 | 0.142 | 0.041 |0.135 | 0.044 | 0.091
Bihar 0.046 | 0.107 | 0.041 | 0.121 | 0.039 | 0.142 | 0.048 | 0.131 | 0.042 | 0.100 | 0.045 | 0.079
Goa 0.087 | 0.087 | 0.091 | 0.079 | 0.099 | 0.115 | 0.055 | 0.047 | 0.081 | 0.075 | 0.048 | 0.034
Gujrat 0.052 | 0.077 | 0.056 | 0.087 | 0.072 | 0.105 | 0.058 | 0.100 | 0.060 | 0.070 | 0.064 | 0.069
Haryana 0.089 | 0.095 | 0.060 | 0.083 | 0.091 | 0.119 | 0.080 | 0.140 | 0.066 |0.160 | 0.078 | 0.119
Himachal Pradesh| 0.079 | 0.175 | 0.070 | 0.085 | 0.084 | 0.066 | 0.086 | 0.110 | 0.080 | 0.108 | 0.066 | 0.110
Jammu & 0.046 | 0.091 | 0.032 | 0.052 | 0.043 | 0.059 | 0.040 | 0.083 | 0.053 | 0.101 | 0.067 | 0.112
Kashmir
Karnataka 0.066 | 0.116 | 0.056 | 0.113 | 0.052 | 0.155 | 0.052 | 0.150 | 0.060 | 0.199 | 0.064 | 0.109
Kerala 0.079 | 0.114 | 0.079 | 0.113 | 0.110 | 0.156 | 0.116 | 0.166 | 0.117 | 0.166 | 0.065 | 0.073
Madhya Pradesh | 0.063 |0.102 | 0.056 |0.102 |0.059 |0.156 |0.072 |0.179 | 0.069 |0.165 |0.086 |0.118
Maharastra 0.080 | 0.131 | 0.067 | 0.120 | 0.075 | 0.142 | 0.058 | 0.154 | 0.057 | 0.136 | 0.093 | 0.118
Manipur 0.022 | 0.026 | 0.035 | 0.023 | 0.019 | 0.028 | 0.021 | 0.039 | 0.037 | 0.039 | 0.036 | 0.038
Meghalaya 0.031 | 0.072 | 0.022 | 0.056 | 0.022 | 0.090 | 0.029 | 0.065 | 0.031 | 0.053 | 0.043 | 0.071
Mizoram 0.031 | 0.034 | 0.038 | 0.050 | 0.034 | 0.059 | 0.040 | 0.056 | 0.055 | 0.065 | 0.090 | 0.096
Nagaland 0.026 | 0.049 | 0.039 | 0.058 | 0.039 | 0.055 | 0.029 | 0.059 | 0.035 | 0.058 | 0.044 | 0.051
Orissa 0.056 | 0.115 | 0.059 | 0.095 | 0.065 | 0.138 | 0.060 | 0.177 | 0.056 |0.128 | 0.063 | 0.103
Punjab 0.065 | 0.077 | 0.057 | 0.081 | 0.074 | 0.115 | 0.077 | 0.133 | 0.073 | 0.095 | 0.064 | 0.130
Rajasthan 0.061 | 0.097 | 0.045 | 0.094 | 0.047 | 0.119 | 0.043 | 0.122 | 0.048 | 0.130 | 0.083 | 0.107
Sikkim 0.060 | 0.068 | 0.059 | 0.065 | 0.077 | 0.096 | 0.104 | 0.040 | 0.046 | 0.053 | 0.055 | 0.073
Tamil Nadu 0.074 | 0.090 | 0.065 | 0.105 | 0.068 | 0.147 | 0.065 | 0.122 | 0.076 | 0.117 | 0.072 | 0.086
Tripura 0.057 | 0.090 | 0.035 | 0.100 | 0.042 | 0.110 | 0.037 | 0.093 | 0.045 | 0.096 | 0.047 | 0.075
Uttar Pradesh 0.079 | 0.116 | 0.061 | 0.124 | 0.060 | 0.120 | 0.054 | 0.238 | 0.059 | 0.186 | 0.069 | 0.095
‘West Bengal 0.046 | 0.108 | 0.044 | 0.107 | 0.053 | 0.135 | 0.042 | 0.153 | 0.053 | 0.149 | 0.067 | 0.106
Andaman & 0.087 | 0.124 | 0.071 | 0.059 | 0.083 | 0.109 | 0.050 | 0.082 | 0.103 |0.125 | 0.071 | 0.111
Nicober
Chandigarh 0.068 | 0.218 | 0.072 | 0.118 | 0.049 | 0.160 | 0.050 | 0.145 | 0.061 |0.159 | 0.113 | 0.074
Dadra & 0.081 | 0.112 | 0.087 | 0.072 | 0.211 | 0.079 | 0.051 | 0.058 | 0.155 | 0.139 | 0.067 | 0.061
Nagar Haveli
Daman & Diu 0.076 | 0.046 | 0.059 | 0.070 | 0.150 | 0.116 | 0.106 | 0.089 | 0.029 | 0.069 | 0.035 | 0.151
Delhi 0.087 | 0.117 | 0.031 | 0.114 | 0.082 | 0.121 | 0.050 | 0.132 | 0.067 | 0.128 | 0.091 | 0.094
Lakshadweep 0.086 | 0.078 | 0.065 | 0.088 | 0.063 | 0.055 | 0.155 | 0.106 | 0.105 | 0.109 | 0.055 | 0.029
Pondicheri 0.083 | 0.088 | 0.079 | 0.086 | 0.110 | 0.123 | 0.052 | 0.143 | 0.058 | 0.064 | 0.082 | 0.065
Uttaranchal 0.057 | 0.107 | 0.478 | 0.114 | 0.063 | 0.129 | 0.062 | 0.059
Jharkhand 0.042 | 0.118 | 0.048 | 0.135 | 0.045 | 0.131 | 0.051 | 0.149
Chhattisgarh 0.055 | 0.156 | 0.051 | 0.118 | 0.056 |0.173 | 0.079 | 0.099
Telangana 0.064 | 0.112
No of States with 3 5 5 2 4 7
Higher Rural
Polarization
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Table 4 Polarization Ranks (by /j;7) of MPCE: Rural and Urban

NSS round 50 55 61 66 68 72 50 55 61 66 68 72
Year 1993—| 1999—| 2004— | 2009—| 2011—| 2014—| | 1993—| 1999—| 2004— | 2009-| 2011-|2014—
94 2000 | 05 10 12 15 94 2000 | 05 10 12 15
RURAL URBAN
Daman & Diu | 20 19 34 32 1 1 3 9 18 10 7 36
Manipur 1 5 1 1 4 2 1 1 1 1 1 3
Meghalaya 5 1 2 3 2 3 6 5 9 7 3 9
Assam 3 6 4 14 5 4 16 21 15 25 25 16
Nagaland 2 8 6 2 3 5 4 6 2 6 4 4
Bihar 7 9 5 10 6 6 20 31 29 20 12 14
Tripura 11 4 7 4 7 7 13 20 14 11 11 13
Goa 29 31 31 20 30 8 11 11 17 3 9 2
Jharkhand 8 9 8 9 19 23 24 35
Lakshadweep | 27 22 19 34 32 10 9 17 3 14 16 1
Sikkim 12 17 26 31 9 11 5 8 10 2 2 11
Uttaranchal 15 35 23 12 12 16 22 5
Orissa 10 18 20 23 15 13 25 19 26 33 20 22
Andhra 16 12 18 27 21 14 21 25 27 28 14 26
Pradesh
Punjab 15 16 24 26 27 15 7 12 16 22 10 34
Karnataka 17 13 12 18 19 16 26 26 31 29 35 25
Telangana 17 29
Gujrat 9 14 23 22 20 18 8 16 11 13 8 8
Kerala 21 28 32 33 33 19 24 27 33 32 32 10
Himachal 23 25 29 29 29 20 31 14 7 15 15 27
Pradesh
Jammu & 8 3 9 6 12 21 15 4 5 9 13 30
Kashmir
Dadra & 25 30 35 16 35 22 23 10 8 5 27 6
Nagar Haveli
‘West Bengal 6 10 13 7 11 23 22 24 25 30 28 23
Uttar Pradesh | 22 21 17 19 18 24 27 32 22 35 34 19
Andaman & | 30 26 28 13 31 25 29 7 13 8 19 28
Nicober
Tamil Nadu | 19 23 21 24 28 26 14 23 30 18 18 15
Haryana 31 20 30 28 24 27 17 13 20 24 30 33
Chhattisgarh 14 15 14 28 32 17 33 21
Pondicheri 26 29 33 17 17 29 12 15 24 26 5 7
Rajasthan 13 11 10 8 10 30 18 18 21 19 23 24
Madhya 14 15 16 25 26 31 19 22 34 34 31 31
Pradesh
Mizoram 4 7 3 5 13 32 2 3 4 4 6 20
Delhi 28 2 27 11 25 33 28 28 23 21 21 18
Maharastra 24 24 25 21 16 34 30 30 28 31 26 32
Chandigarh 18 27 11 12 22 35 32 29 35 27 29 12
Arunachal 32 32 22 30 34 36 10 2 6 12 17 17
Pradesh
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7 Concluding Remarks

Polarization is concerned with clustering of incomes in subgroups of a population,
where the partitioning of the population into subgroups is done in an unambiguous
way. A reduced form polarization index is one which abbreviates an income dis-
tribution in terms of alienation and identification components of polarization. The
between-group term of a subgroup-decomposable inequality index is taken as an
indicator of alienation, whereas within-group inequality is regarded as an inverse
indicator of identification. Alternative sets of independent axioms have been pro-
posed for polarization indices characterized by Chakravarty and Maharaj (2011).
The approach is extended to get a necessary and sufficient condition for polarization
mapping and to analyze polarization for combined population. An empirical illus-
tration using Indian National Sample Survey data over several rounds is presented.
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Abstract We consider a situation where individuals belonging to multiple groups
inhabit a space that can be divided into smaller distinguishable units, a feature char-
acterizing many cities in the world. When data on an economic attribute (in our
case, income) is available, we conceptualize a phenomenon that we refer to as
“Grayness”—a combination of spatial integration based upon group-identity and
income. Grayness is high when cities display a high degree of spatial coexistence
in terms of both identity and income. We lay down some desirable properties of a
measure of Grayness and develop a simple and intuitive index that satisfies them. We
provide an illustration by using data from the Indian city of Hyderabad, and selected
American cities.
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1 Introduction

It is being increasingly acknowledged that the world is predominantly urban and
urbanization will continue into the foreseeable future (Davis 2007; UN 2015). This
paper is therefore concerned with cities, in particular, group-based (“horizontal”) dis-
parities within cities.! Many cities in the world are characterized by severe disparities
among groups. The particular facet of group-based disparity that we are interested
in can be illustrated by the following examples. Blacks and Whites live in Ameri-
can cities which have distinct neighborhoods or administrative divisions. Similarly,
different caste groups live in Indian cities which can be divided into several wards.
Across the world, different ethnic groups inhabit urban areas, which are character-
ized by some form of spatial division. What is common to all these examples is the
presence of identity groups in an urban context with spatial heterogeneity. Apart from
this, we may have information available on an economic attribute of individuals and
groups, e.g., incomes or wages. Cities could display various degrees of spatial coex-
istence (or lack of it) in terms of this attribute, e.g., the rich and poor in a city could
live together in the same neighborhood or live completely apart. Combining spatial
integration on income and non-income dimensions reveals certain interesting fea-
tures and dynamics of cities. For example, irrespective of their ethnic identities, if the
rich are separating themselves into “enclaves” or “gated-communities”’, whereas the
poor are being pushed into “slums”, then this can be understood as a process where
spatial integration is low in terms of income, but not so in terms of ethnic iden-
tity. Such a phenomenon is being witnessed in India after economic reforms were
initiated in the early 1990s, and such “neoliberal” cities can be distinguished from
“mixed” cities that prevailed earlier.> Essentially, we are interested in a phenomenon
that is a combination (or intersection) of spatial integration based upon identity and
income (or some other economic attributes). We refer to this phenomenon as “Gray-
ness”. Grayness is high when cities display a high degree of spatial coexistence of
both identity group and economic groups. When Grayness is negligibly small, cities
become “stark”.

Our focus on space is inspired by the recent recognition in social sciences and
humanities of the importance of explicit considerations of space. Scholars have
argued that such a “spatial turn” and the idea of “spatial justice” have conferred
both theoretical and practical advantages, e.g., the discourse on the “right to the
city” which has assumed political salience today (Soja 2009; Harvey 2013). One of
the important ideas in this literature is that space and society are intricately linked
(“sociospatial dialectics”). Space is not an inert given, and individuals and groups
shape it, even as it influences them. Our attempt is to bring these ideas to bear on
the literature in welfare economics. While the above body of knowledge has seen

IFollowing Stewart (2002), it has become customary to distinguish between interpersonal (“verti-
cal”) and group-based (“horizontal”) disparities.

20n poverty and rising inequality in urban India since economic reforms, see Vakulabharanam and
Motiram (2012).



On the Measurement of “Grayness” of Cities 213

contributions mostly from noneconomists, economists have also recognized that
spatial location confers both advantages and disadvantages (see, e.g., Reardon 2017;
Chetty et al. 2016) and spatial patterns influence outcomes like crime (e.g., see the
Lewis Mumford lecture of Sen 2017).

In light of the above, we consider an abstract city that is comprised of multiple
spatial units. The population of the city, and in each spatial unit is divided into sev-
eral groups. Apart from his/her group-identity, we have information on an economic
attribute (income) of an individual. We lay down the desirable properties of a “Gray-
ness Index” and develop a simple and intuitive index which satisfies these properties.
To the best of our knowledge, our paper is the first one that focuses explicitly on
space and explores the interaction of spatial integration of different kinds. In doing
so, it differs in spirit from the literature on spatial (residential) segregation, and adds
to it. The consideration of spatial integration on different dimensions simultaneously
captures an important social phenomenon that cannot be reduced to considering spa-
tial integration on these dimensions separately and then bringing them together. The
interaction among these dimensions will be lost. We will discuss this further in the
next section. The paper draws upon existing literature by conceptualizing the Gray-
ness index as a function of two components—identity group and income—these are
in turn indices of spatial integration (and inverse of spatial segregation). To keep the
exposition brief, we do not present a survey of the literature on segregation, but refer
interested readers to Chakravarty (2009) and Silber et al. (2009). The most commonly
used index of segregation is the Duncan—Duncan dissimilarity index, which is useful
when there are only two groups. In our case, there can be multiple groups, so we
draw upon Reardon and Firebaugh (2002) Since income is a continuous variable, we
draw upon Kim and Jargowsky (2009), who demonstrate how the Gini Index can be
used for segregation for both continuous and binary variables.?

Urbanization in recent times has been driven by growth of cities in developing
countries (Davis 2007). Projecting into the future, the United Nations estimates that
several of the largest cities in the world will be located in the global South.* We
therefore implement our index on an Indian city viz. Hyderabad. We show that the
Grayness index of Hyderabad is high, e.g., as compared to selected American cities.
We hypothesize that this maybe an important characteristic of Indian cities vis-a-vis
cities in the developed world.

The remaining portion of the paper is divided into two sections. The next section
develops the index and presents an illustration from the Indian city of Hyderabad
and some American cities. The third section concludes with a discussion.

3 Also, see Reardon (2009) and Hutchins (2009). Reardon (2009) develops indices of segregation
with multiple groups, when one of the dimensions (e.g., occupation, education) can be ordered.
Hutchins (2009) develops an “augmented index” of gender-based occupational segregation where
occupations can be ranked in terms of a scalar variable (e.g., average wage).

“The top ten urban agglomerations in 2030 are expected to be: Tokyo, Delhi, Shanghai, Beijing,
Mumbai, Mexico City, Cairo, Sdo Paulo, Osaka, and New York-Newark (UN 2015).
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2 Grayness: Theory and Illustration

2.1 An Index to Measure Grayness

Consider a city which is divided into N (> 1) spatial units, which we index by
m and n. G(> 1) groups live in the city, and we index these groups by g. Let
the shares of group g in spatial unit m, and in the city be denoted by p;* and py,
respectively. If pj' is less (more) than py, then group g is considered to be under-
represented (over-represented) in the spatial unit m. Let P = (pY', p5', ..., pg)
denote the vector of group shares in spatial unit m. Let P = (P!, P2, ..., PV)
denote a vector that captures the spatial distribution of group shares for the entire
city. Let P¢ = (p{, p5, ..., pg;) denote the vector of city shares. Let Y, g”‘ denote
the income distribution of group g =1, ..., G in spatial unit m =1, ..., N. We
could consider the income distribution for either individuals or households. Let
I = (Y}, Yzl, e, YGI), Yy, Y2N, e, Y(];V)) denote the vector of income distri-
butions for the entire city. Let S = (T, s', ..., sY) where T (> 0) denotes the total
population of the city, and s™, m = 1, ..., N denotes the fraction of the population
of the city that resides in the spatial unit m. We conceptualize the Grayness Index
(GI) as afunction, GI : (P, P¢, S, I) — [0, 1] that combines spatial integration on
identity groups and income.

Formally, we can think of GI as a function (f) of a “Group Component (GC)”
and an “Income Component (/C)” where these two components measure spatial
integration on identity groups and income, respectively. We will discuss the properties
of GC and IC later. It suffices here to point out that since they are measures of
spatial integration, they lie in [0, 1]. We propose that G satisfies the following
properties/axioms in terms of its components:

(A1) Minimum Grayness

GI is at its minimum value of zero if and only if GC and IC are both at their
minimum values of zero, i.e., there is complete lack of spatial integration in terms
of both group-identity and income.

(A2) Maximum Grayness

G1 is at its maximum value of one if and only if GC and IC are both at their
maximum values of one, i.e., there is complete spatial integration in terms of both
group-identity and income.

(A3) Monotonicity: Grayness as an Increasing Function of Spatial Integration

G increases (decreases) if spatial integration increases (decreases) either among
identity groups or on the income dimension, i.e., % > 0 and Z?—C’ > 0.

The above axioms are straightforward. (A3) considers the impact on Grayness of
spatial integration on one dimension. How do we consider the impact on Grayness
of spatial integration on multiple dimensions and how does this compare with the

situation depicted in (A3)? A simple example can be used to explore this question.
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Let us imagine three cases: (1) GC =0.8,IC =0, (2) GC =0,IC =0.8, and
(B) GC =04,1C =0.4. In Cases (1) and (2), there is complete lack of spatial
integration on one dimension and high spatial integration on the other, whereas in
Case (3), there is modest spatial integration on both dimensions. Starting from a
situation where there is complete lack of spatial integration on both dimensions
(GC =0and IC = 0), we can imagine three different processes: A, B, and C, that
canresultin Cases (1), (2), and (3), respectively. A is a process that increases cohesion
among identity groups while preserving income-based/class-based exclusions and
prejudices. B is a process similar to A, except that the roles of identity groups and
income are interchanged. C is a process that promotes cohesion on both identity
group and income dimensions, albeit in a modest manner. We believe that a city can
be considered to be more spatially integrated in Case (3) as compared to Cases (1) and
(2). In other words, process C contributes more to spatial integration and Grayness
compared to processes A and B. Essentially, for a given “total spatial integration”
(GC + 1C), we consider a city to be more spatially integrated if the “mix” of spatial
integration on multiple dimensions is better. This idea is analogous to the preference
for variety in international trade under monopolistic competition (see, e.g., Grossman
1992). The axiom below captures this idea more formally.

(A4) Preference for Mix of Spatial Integration on Multiple Dimensions

For a given total spatial integration (GC + IC), consider a process that increases
spatial integration on the dimension that has lower integration (say by § > 0) and
decreases spatial integration on the other dimension by an equal amount (i.e., by 4).
Such a process will result in a better mix of spatial integration on the two dimensions,
and thereby increases G1.

Note the similarity with the ideas of “mean-preserving spread” and “Dalton—Pigou
transfer principle” in the measurement of risk and inequality, respectively, (see, e.g.,
Chakravarty (2009) for a discussion). In a way, we are applying these ideas to GC
and /C. Finally, we would like to consider the interaction of the two components
explicitly. It is reasonable to argue that the phenomenon of interest to us should
depend upon the interaction of the two components, and not just upon “pure” spatial
integration among either identity groups or on income. This is formalized in the
axiom below:

(AS) Interaction: GI Depends upon Interaction of GC and IC, i.e., % #0

We can consider several functional forms for f, although some simple ones like the
arithmetic mean or geometric mean of GC and / C are ruled out because they violate
one or more of the above axioms. Interestingly, a “Mean-Variance” form satisfies the
above axioms, and we propose it as follows:

(GC+10) [(GC2+1C2) GC+1IC,,
a f—

—( )71 6]

GI =
2 2 2

Note that the first term

2 2 . .
and / C) and the second term [ e 2* e _ ( GC; €121 is the variance between the two

(Gczﬂ is the mean spatial integration (i.e., average of GC
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components of spatial integration (GC and I C). As we show in the proposition below,
when ¢ = 1 and 0 < 8 < 1, G satisfies the axioms (A1) — (AS). An interesting
result concerns the decomposition properties of G/. We can show that

GC GC? icz Ic GCx*IC
Gl=f(GC,1C)=a7—ﬂ[T (7)]+ — /3[7 (7)2]+f3% 2)

= 1GC.oy+ £, 10) + pZEEIC (3)

f(GC,0)and f(0, IC) represent pure spatial integration, in terms of identity groups
and income, respectively. Hence, we can see that GI can be decomposed into three
parts, representing pure spatial integration in terms of identity groups, pure spatial
integration in terms of income, and interaction between spatial integration on identity
groups and income. The parameter 8 captures the strength of interaction between the
two components (we will see this more clearly below) and the impact of interaction
will vanish if 8 = 0.

Proposition 1 [fa =1and0 < B < 1, then G satisfies (A1) — (AS).

Proof 1t is easy to establish that G satisfies (A1). If GC = IC = 1, then GI = «.

Hence, if @ = 1, then G satisfies (A2). % = l — ﬂw Since the maximum

value that (GC — IC) can take is 1, the condltlon B < 1 ensures that ggé > 0.
On similar lines, we can show that it ensures that g% > 0. As long as 8 > 0, the

process referred to in (A4) reduces the variance between GC and IC, and thereby
increases GI. Hence, if B > 0, GI satisfies (A4). From Eq. (4), we can see that

Gl _ B .
scorre = 5 # 0. Hence, G/ satisfies (AS). m

Note that, in general, (i.e., given that GC € [0, 1] and IC € [0, 1]), B needs to
be less than one. But, for particular values of GC and I C, we can work with higher
values of 8. For example, for modest values of GC and IC (less than 0.5), we can
use values of B in excess of 1, but less than 2. Having characterized G I, we will now
move to its components, GC and IC. Let Gini, denote the Gini Index of average
incomes of spatial units and Gini, denote the Gini Index for the income distribution
in the city. Spatial integration on income can be considered as the inverse of income-
based spatial segregation. Income is a continuous variable, and we can draw upon the
literature on segregation for continuous variables. In particular, Kim and Jargowsky
(2009) demonstrate that the ratio Gini,/Gini, can be considered as an index of
segregation which lies in [0, 1]. Following this, we can characterize /C as

Gini,

IC=1— ——.
Gini;

“4)

Note that I C liesin [0, 1]. It takes the maximum value of 1 when the city is completely
spatially integrated in terms of income, i.e., all the spatial units have identical average
incomes. It takes the minimum value of zero when the city is completely spatially
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segregated (or atomized) in terms of income, i.e., each spatial unit comprises just
one individual or household.

Since we have characterized / C using the Gini Index, it would be advantageous
to consider a Gini-based characterization for GC too. As in the case of I C, we can
consider spatial integration among identity groups as the opposite of group-based
spatial segregation. Since the number of groups can be greater than two, we draw
upon the literature on multigroup segregation indices. Reardon and Firebaugh (2002)
present a comprehensive overview of this issue, including the various notions of
segregation. They demonstrate how an index of segregation based upon the Gini Index
can be constructed by comparing the group proportions across all organizational (in
our case, spatial) units, and for all groups. Following them, we characterize GC as

Se i Py T ZoLs"s" | Py /P — Py P

GC=1- i1’ ‘

. &)

As in the case of IC, GC lies in [0, 1]. It takes the maximum value of 1 if the city
is completely spatially integrated in terms of the identity group, i.e., for each group,
its share in every spatial unit is the same as its city share. It takes the minimum value
of zero if the city is completely segregated in terms of the identity group, i.e., each
spatial unit comprises just one group.

The above formulation of G 1 attaches equal weightage to the two different kinds
of spatial integration, i.e., to GC and IC. It is easy to see that this is not necessary,
and we could privilege one kind of spatial integration over another. Let w, and
w; denote the weights on GC and IC, respectively, where (wy + w;) = 1. In the
analysis above, we have considered w, = w; = 0.5. A general formulation would
be as follows:

GI = (w,GC + w;IC) — Bl(w,GC* + w; IC?) — (w,GC +w; IC)*].  (6)

Before moving on to the illustration of G 1, it is worthwhile to point out that the
index can be extended to spatial integration on more than two dimensions. This can
be done by simply considering a mean-variance form for the multiple components.
For example, if there are three dimensions (say race, religion, and income) for which
the components are GC, GC,, and I C, then the index can be expressed as

_ GC + GG+ IC
- : -

GC}+GC3+1C*>  GC +GCy+1IC
3 3

GI )2].

)

Bl

2.2 An Illustration of Grayness

We will now illustrate the above analysis by considering the cases of Hyderabad city
in India and some American cities. The data for Hyderabad comes from a spatially
representative household survey conducted by us during 2015-17. The survey is
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described in detail in Motiram and Vakulabharanam (2017), and we briefly discuss
the relevant features here. The survey focuses on the completely urban part of Hyder-
abad city (viz., the district of Hyderabad). The methodology is a multistage stratified
one which draws upon the latest (2011) decennial Indian Census. The survey com-
prises 1000 households which are spread across 100 Enumeration Blocks (EBs)—10
households in each EB. To ensure spatial representation, the 16 subdistricts of Hyder-
abad are treated as strata and the EBs are spread across them. For the computation of
the Grayness Index, we consider census wards as the spatial units. The Census ward
is a larger area compared to the EB, but is smaller than the subdistrict. We divide
the population of Hyderabad into two groups based upon their caste status: Dalits
(Scheduled Castes and Tribes) and Non-Dalits. We could use household per-capita
income (total monthly household income/household size) or household income. The
former is defined at the individual level, whereas the latter is defined at the household
level. Since the literature on US income inequality that draws upon census data has
largely used the household as the unit of analysis, we focus on the former. The rank-
ing of groups in terms of household income is as expected: Dalits—Rs. 20,613.62,
and Non-Dalits—Rs. 23,400.71.5 This difference would be much starker in other
Indian cities since Hyderabad has a substantially larger proportion of Muslims, who
are mostly included under Non-Dalits, and whose economic status in urban India is
quite low.

We present estimates for two American cities: Chicago (Chicago—Naperville—
Elgin IL-IN-WI Metropolitan Statistical Area) and New York (New York—Newark—
Jersey City-NY-NJ-PA Metropolitan Statistical Area).® We use census tracts as the
spatial units and use the American Consumer Survey 2016, 5-year estimates (i.e.,
2012-16) from the Factfinder site of US Census Bureau.” Analogous to the analysis
from Hyderabad, we consider two racial groups: Black or African American alone
and White alone, Black or African American alone, and Others. On the average,
the household incomes of Blacks are considerably lower than those of Whites, e.g.,
for New York city the average annual household incomes in 2016 inflation-adjusted
dollars are $24,103 and $45,952 for Blacks and Whites, respectively (Table S1902,
U.S Census Bureau).

In Table 1, we present the estimates of G and its components for various values
of 8.8 As we discussed above, given the particular estimates for GC and 1C, we can
experiment with values of g that are greater than 1. The estimates for GC are slightly
higher for Hyderabad as compared to the American cities. This reflects the fact that
Dalit and Non-Dalit spatial integration in Hyderabad is much better than race-based

5The corresponding figures for per-capita income are also on expected lines: Dalits—Rs. 4,858.43,
and Non-Dalits—Rs. 5,534.04.

SWe have also conducted analysis for several other American cities, and they turn out to have a
smaller Grayness index than Hyderabad, i.e., our main finding is not altered if we include some
more American cities.

7https://factfinder.census.gov/faces/nav/jsf/pages/index.xhtml.

8For the computation of GC, we use “seg”, the module in Stata that computes various segregation
indices with multiple groups.
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Table 1 Estimates of grayness index and its components

B City D GC e Mean Variance |Gl

0.95 | Hyderabad 0.5327 0.3154 0.3854 0.3504 0.0012 0.3492
Chicago (B-W) 0.7256 0.1249 0.4443 0.2846 0.0255 0.2604
Chicago (B-O) 0.7105 0.1395 0.4443 0.2919 0.0232 0.2698
New York (B-W) |0.7059 0.1446 0.4727 0.3087 0.0269 0.2831
New York (B-O) |0.6349 0.2023 0.4727 0.3375 0.0183 0.3201
1.0 Hyderabad 0.5327 0.3154 0.3854 0.3504 0,0012 0.3492
Chicago (B-W) 0.7256 0.1249 0.4443 0.2846 0.0255 0.2591
Chicago (B-O) 0.7105 0.1395 0.4443 0.2919 0.0232 0.2687
New York (B-W) |0.7059 0.1446 0.4727 0.3087 0.0269 0.2817
New York (B-O) |0.6349 0.2023 0.4727 0.3375 0.0183 0.3192
1.5 Hyderabad 0.5327 0.3154 0.3854 0.3504 0.0012 0.3485
Chicago (B-W) 0.7256 0.1249 0.4443 0.2846 0.0255 0.2464
Chicago (B-O) 0.7105 0.1395 0.4443 0.2919 0.0232 0.2571
New York (B-W) |0.7059 0.1446 0.4727 0.3087 0.0269 0.2683
New York (B-O) |0.6349 0.2023 0.4727 0.3375 0.0183 0.3101

Note Authors’ computations using household survey data for Hyderabad and American Community
Survey (ACS) 2016, 5-year estimates. For I/ C, estimates of Gini are from table B19083, US Census
Bureau. D: Duncan—Duncan Dissimilarity index, B-W: Black-White, B-O: Black-Others

spatial integration in American cities. To shed further light on this, we also present the
Duncan—Duncan dissimilarity index, which confirms this observation. The estimates
of IC for Hyderabad are slightly lower compared to the same for American cities.
However, this is more than compensated by higher GC in Hyderabad and the lower
variance component. Consequently, the Grayness Index G I for Hyderabad is higher.
Note that as the value of 8 rises, the importance of the variance component increases
and the value of the Grayness Index falls.

3 Discussion and Conclusions

Recent scholarship in several social sciences has emphasized the centrality of space
and the need to incorporate spatial considerations explicitly. In the above analy-
sis, we have taken this idea seriously and considered a feature that characterizes
many cities. We examine the existence of identity groups in cities that are internally
spatially heterogeneous by considering a phenomenon (“Grayness”) that is a com-
bination of spatial integration based upon identity and income. We develop an index
of “Grayness” that satisfies several desirable properties. We illustrate this index by
applying it to the Indian city of Hyderabad and some American cities.

The spatial units or identity groups in a city could be ordered on some attribute
(e.g., average income, educational opportunities) and this ordering can be explicitly
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incorporated in the analysis. While we have not addressed this, it can be taken up in
future research. Also, we have focused on measurement issues only, but it would be
quite fascinating to examine the interrelationship between Grayness and outcomes
and the mechanisms through which these relationships work.
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