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Surds in Hindu mathematics*

Elementary treatment of surds, particularly their addition, multiplication
and rationalisation, is found in the Sulbasatras. Fuller treatment of this sub-
ject occurs in the works on Hindu algebra where rules for addition and sub-
traction, multiplication and involution, separation and extraction of square-
root of surds and compound surds are given. The present article gives an
account of the treatment of surds in Hindu mathematics.

The Sanskrit term for the surd is karani. Sripati (1039) defines it as follows:

The number whose square-root cannot be obtained (exactly) is
said to form an irrational quantity karani.'

Similar definitions are given by Narayana (1356) and others.? Of course, the
number is to be considered a surd when the business is with its square root.
A surd number is indicated by putting down the tachygraphic abbreviation
ka before the number affected. Thus, ka 8 means V8 and ka 450 means /450.

1 Origin of surds

The origin of the term karani is interesting. Literally it means “making one”
or “producing one”. It seems to have been originally employed to denote the
cord used for measuring (the side of) a square. It then meant the side of
any square and was so called because it made a square (caturasra-karant).
Hence, it came to denote the square-root of any number. As late as the
second century of the Christian era, Umasvati (c. 150) treated the terms mula
(“root”) and karapi as synonymous. In later times, however, the application
of the term has been particularly restricted to its present significance as a
surd. Nemicandra (c. 975)3 has occasionally used the generic term mila to
signify a surd, e.g., dasa-mula = \/10.

* Bibhutibhusan Datta and Avadhesh Narayan Singh. Revised by K. S. Shukla. Indian
Journal of History of Science, Vol. 28, No. 3 (1993), pp. 253-264.

18iSe (=Siddhanta-sekhara), xiv. 7.

2NBi (= Narayana’s B7jaganita) I, R. 25. See also the commentaries of Ganesa and Krsna
on the Bijaganita of Bhaskara II.

3 Gommata-sara of Nemicandra, Jiwakanda, Gatha 170.

© Hindustan Book Agency 2019 and Springer Nature Singapore Pte Ltd. 2019
A. Kolachana et al. (eds.), Studies in Indian Mathematics and Astronomy,
Sources and Studies in the History of Mathematics and Physical Sciences,
https://doi.org/10.1007/978-981-13-7326-8_21


http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-13-7326-8_21&amp;domain=pdf

2 Addition and subtraction 463

2 Addition and subtraction

For addition of surds, we have the following ancient rule:

Reducing them by some (suitable) number, add the square-roots
of the quotients; the square of the result multiplied by the reducer
should be known as the sum of the surds.

We do not know the name of the author of this rule. It is found to have been
quoted by Bhaskara I (629) in his commentary on the Aryabhatiya (ii. 10). A
similar rule is given by Brahmagupta (628):

The surds being divided by a (suitable) optional number, the
square of the sum of the square-roots of the quotients should be
multiplied by that optional number (in case of addition); and the
square of the difference (of the square-roots of the quotients being
so treated will give the difference of the surds).*

Mahavira says:

After reducing (the surd quantities) by an optional divisor, the
square of the sum or difference of the square-roots of the quotients
is multiplied by the optional divisor, the square-root (of the prod-
uct) is the sum or difference of the square-root quantities. Know
this to be the calculation of surds.”

Sﬁpati writes:

For addition or subtraction, the surds should be multiplied (by
an optional number) intelligently (selected), so that they become
squares. The square of the sum, or difference of their roots, should
then be divided by that optional multiplier. Those surds which
do not become squares on multiplication (by an optional number),
should be put together (side by side).%

Bhaskara IT says:

Suppose the sum of the two numbers of the surds (a+b) as the ma-
hatr (‘greater’) and twice the square-root of their product (2v/ab)
as the laghu (‘lesser’). The addition or subtraction of these like
integers is so (of the original quantities).

Multiply and divide as if a square number by a square number. In
addition and subtraction, the square-root of the quotient of the

4 BrSpSi (=Brahmasphutasiddhanta), xviii. 38.
5GSS (=Ganitasarasangraha), vii. 88%.
6JiSe, xiv. 8f.



464 Surds in Hindu mathematics

greater surd number divided by the smaller surd number should
be increased or diminished by unity; the result multiplied by itself
should be multiplied by the smaller surd number. The product (is
the sum or difference of the two surds). If there be no (rational)
root, the surds should be stated separately side by side.”

Narayana says:

Divide the two surds separately by the smaller or greater among
them; add or subtract the square-roots of the quotients; then mul-
tiply the square of the result by that divisor. The product is the
sum or difference.

Or multiply the two surds by the smaller or greater one among
them; add or subtract the square-roots of the products; then di-
viding the square of the result by that selected multiplier, the
quotient is the sum or difference.

Or divide the greater surd by the smaller one; add unity to or
subtract unity from the square-root of the quotient; then multiply
the result by itself and also by the smaller quantity. The result
is the sum or difference (required). Or proceed in the same way
with the greater surd.

Or add twice the square-root of the product of the two surds,
supposed as if rational, to or subtract that from their sum. The
result is the sum or difference. If there be no rational root of the
product, then the two surds should be stated severally.

To add up several surds, divide them by an optional number and
then take the sum of the square-root of the quotients. This sum
multiplied by itself and also by that divisor will give the sum of
them.®

Thus, we have the following methods for addition or subtraction of surds:
(i) vatvh=1/b(/E+1)*
(i) vaz£ v = \/Lax vab)
2
(i) va+ Vb= c(\/gi\/g) ,
(v) vavh=/L(vac £ Vhep,

" BBi (=Bhaskara’s Bijaganita), pp. 12f.
8 NBi (Junction of a door), 1, R. 25-30.
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(v) va=£vb=/(a+b)+2Vab.

The optional number ¢ is so chosen that (ac, bc) or (E’ ZZ’) become perfect
squares.
Brahmagupta and Mahavira teach the method (iii), Sripati gives (iv). Bhas-

kara states (i) and (v). Narayana gives (i), (ii), (iii), and (v).

3 Multiplication and involution

For the multiplication of surd expressions, the Hindu works give an algebraic
method. Thus, Brahmagupta says:
Put down the multiplicand horizontally below itself as many times
as there are terms in the multiplier; then multiplying by the khanda-
gunana method (i.e., by the method of multiplication by compo-
nent parts), add the (partial) products.”

Thus, to multiply v/a + v/b by /¢ + V/d, one should proceed as follows:
(Va+Vb)(Ve+ Vd) = (Va+ vVb) x Ve+ (Va+ vVb) x Vd
= Vac +Vbe + Vad + Vbd.

Brahmagupta further notes:
The squaring of a surd is (finding) the product of two equal (surds).'®
Sﬁpati writes:
Putting down the multiplicand and multiplier in the manner of
the kapatasandhi multiply according to the method taught before.
But those surds should be added, as before, in which the product
yields a perfect square.!!

On multiplying two equal surd quantities, the square of that surd
is obtained.'?

Bhaskara II (1150) observes:

For abridgement, multiplication or division of surd expressions
should be proceeded with after addition (or subtraction) of two
or more terms of the multiplier and multiplicand or of the divisor
and dividend.!3

A similar remark has been made by Narayana.'

9 BrSpSi, xviii. 38.
10 BrSpSi, xviii. 39.
11 giSe, xiv. 9.
125iSe, xiv. 11.
13BBi, p. 13.
1M NBi I, R. 31.
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4 Division
Brahmagupta (628) teaches the following method of division of surds:

Multiply the dividend and divisor separately by the divisor after
making an optional term of it negative; then add up the terms.
(Do this repeatedly until the divisor is reduced to a single term).
Then divide the (modified) dividend by the divisor reduced to a

single term.'?

Sripati (1039) writes:

Reversing the sign, negative or positive, of one of the surds occur-
ring in the denominator, multiply by it both the numerator and
the denominator separately and then add together the terms of the
(respective) products. Repeat (the operations) until there is left
only a single surd in the denominator. By it divide the dividend
above. Such is the method of division of surds.*®

This rule has been almost reproduced by Bhaskara IT'7 (1150) and Nara-
yana'® (1356). The latter delivers also another method similar to the division
of one algebraic expression by another. He says:

Multiply the divisor surd so as to make all or some of its terms
square such that the sum of their square-roots will be equal to
the rational term (in the dividend). Thus will be determined the
multiplier surd. Subtract from the dividend the divisor multiplied
by that. If there be left a remainder, the sum of the terms of the
divisor multiplied by that multiplier should be subtracted from
the terms of the dividend. In case of absence of a rational term
(in the dividend), that by which the divisor is multiplied and then
subtracted for the dividend so as to leave no remainder, will be
the quotient.'?

Example from Bhaskara II%°

Divide v/9 4 /450 + v/95 4+ /45 by v/25 + /3.

15 BrSpSi, xviii, 39.
16 6;Se, xiv. 11.

17 BBi, p. 14.

8 NBi, 1, R. 37-8.
YNBi, 1, R. 33-5.
20 BBi, pp. 15-16.
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VO + V450 + V95 + V45 (V9 + V450 + V95 + vV45)(v25 — V3)

V25 + /3 (V25 + v/3)(V25 - v3)
/8712 + V1452
a Ny
= V18 + V3.

Example from Narayana?!

First method:

Divide 5 + v/90 4+ v/180 4 /648 by v/5 + v/36.

V5 + V36 ) 5 + V00 + VIS0 + V648 (VB + VI8
5 + V180

V90 + /648
V90 + /648

Second method:

Divide v/175 + v/150 4+ v/105 + v/90 + /70 4+ v/60 by v/5 + v/3 + V2.

VIT5 + /150 + V105 + v/90 + V70 + v/60
V5 +V3+ V2
(V175 + V150 + V105 + v/90 + V70 + v60) (V5 + V3 — v2)
(VE+V3+V2)(Vo+V3-v2)
/2100 + v/1800 + /1260 + /1080
; V60 + /36
(+/2100 4 /1800 + /1260 + +/1080)(1/60 — /36)
(V60 + v/36)(v/60 — /36)
V20160 + /17280
V576
= /35 + V30.

5 Rule of separation

Bhaskara II gives a rule for an operation converse to that of addition. He

says:

(Find) a square number by which the compound-surd will be
exactly divisible. Breaking up the square-root of that (square-
number) into parts at pleasure, multiply the square of the parts

21 NBi, 1, example on R. 33-5; also Ex. 18.
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of the previous quotient. These will be the several component
surds.??

A similar rule is stated by Narayana:

Divide the compound-surd by the square of some number so as to
leave no remainder. Parts of it multiplied by themselves and also
by the quotient will be the (component) terms of the surd.??

That is to say, if N = m?k and m = a + b+ ¢ + d, then

VN = Vm2k = mVk = (a+ b+ c+ d)Vk,
= (Va2k + Vb2k + Ve2k + Vd2k).

6 Extraction of square-root

For the extraction of the square-root of a surd expression, Brahmagupta de-
scribed the following method:

The optionally chosen surds being subtracted from the square of
the absolute (i.e. rational) term, the square-root of the remainder
should be added to and subtracted from the rational term and
halved; then the first is considered as a rational term and the
second a surd different from the previous. (Such operations should
be carried on) repeatedly (if necessary).?*

Ilustrative example from Prthudakasvami (860)

To find the square-root of 16 + V120 4+ V72 + V60 + V48 + V40 + V24, Tt
has been solved substantially as follows:

Subtract the surd numbers 120, 72, 48 from the square of the rational
number, viz., 256; the remainder is (256 — 120 — 72 — 48) = 16. Its root is
4; $(16 +4) = 10,6. Now subtracting the surd numbers 60 and 24 from 10,
we get 16; its root is 4; %(10 +4) = 7,3. Again subtracting the surd number
40 from 72, we have 9; its root is 3; and %(7 +3) = 5,2. Hence, the required
square-root, is \/6 + \/5 + \/§ + \/5

The same method is taught by Sripati (c. 1039)%° and Bhaskara IT (1150).
The latter says:

22BBi, p. 15.
23NBi, 1, R. 36.

24 BrSpSi, xviii, 40.
25 GiSe, xiv. 12.



6 Extraction of square-root 469

From the square of the rational number in the (proposed) square-
surd, subtract the rational equivalent to one or more of the surd
numbers; the square-root of the remainder should be severally
added to and subtracted from the rational number; halves of the
results will be the two surds in the square-root. But if there be
left any more surd term in the (proposed) square surd, the greater
surd number amongst those two should again be regarded as a
rational number (and the same operations should be repeated).?%

The above example of Prthudakasvami is solved by Bhaskara substantially
thus:

1
VI6? - (48440 +24) = VI =12, S(16+12) = 14,2

/142 — (120 + 72
V82 — 60 =2,

Therefore,

(16 + V120 + V72 + V60 + V48 + V40 + v24)F = V6 + V5 + V3 + V2.

~—

1
=2, (1442)=8,6.

(8+2)=5,3.

DO =

For the above rule, all the terms of the surd expression have been contem-
plated to be positive, as is also clear from the illustrative examples given. For
the case in which there is a negative term, Bhaskara II lays down the following
procedure:

If there be a negative surd in the square (expression), the traction
of roots should be proceeded with supposing it as if positive: but
of the two surds deduced one, chosen at pleasure by the intelligent
mathematician, should be taken as negative.?”

Example from Bhaskara II%8

To find the square-root of 10 4+ /24 — /40 — +/60.
The solution is given substantially as follows:

1

VI0? = (40 +60) =0, S(10+0)=5,5
1

VB —2i=1, S(5+1)=3.2

26 BB;, pp. 17f.
27" BBi, p. 19.
28 BBi, pp. 19f.
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Therefore, (10 + v/24 — /40 — v/60)2 = /3 + v2 — /5,
or, v/ 10% — (24 + 60) = 4,

The greater number, viz., 7 is considered as negative. Then

1
VP —d0=3, S(T4£3) =52

1
5(10£4) =73,

Hence,

(10 + V24 — V40 — v60)? = V3 + V2 — V5.

Also,
(10 + V24 — V40 — v60)? = V5 — V3 — V2.

7 Limitation of the method

Bhaskara II indicates how to test whether a given multinominal surd has a
square-root at all or not. “This matter has not been explained at length”,
observes he, “by previous writers. I do it for the instruction of the dull”.?° He
then says:

In a square surd, the number of irrational terms must be equal
to a number same as the sum of the (natural) number 1 ete. In
a square surd having three irrational terms, the rational number
equal to two of the surd numbers; in a square surd having six
irrational number terms, the rational equal to three of them in
one of ten irrational terms, integers equal to four of them; and in
one of fifteen irrational terms, integers equal to five of them; having
been subtracted from the square of the rational term the square-
root of the remainder should be extracted. If (done) otherwise (in
any case), it will not be proper. The numbers to be subtracted
from the square of the rational number (in extracting roots of a
square-surd) should be exactly divisible by four times the smaller
term in the resulting root-surd. The quotients obtained by this
exact division will be the surd terms in the root. If they are not
obtained by the last rule, then the (resulting) root is wrong.3°

He has added the following explanatory notes to the above rule:

In the square of an expression containing irrational terms, there
must be a rational term. In the square of (an expression consisting

29 BBi, p. 20.
30 BBi, pp. 20ff.
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of) a singe surd, there will be only a rational term; of two surds,
one surd together with a rational term; of three surds, three irra-
tional terms and a rational term; of four surds, six; of five surds,
ten; of six surds, fifteen; and so on. Thus, in the square of surd
expressions consisting of two or more irrational terms, the number
of irrational terms will be equal to the sum of the natural numbers
one, etc. respectively, besides the rational term. So if in an ex-
ample (proposed), the number (of irrational terms present) be not
such; then it must be considered as a compound surd. Break it up
(into required number of component surds) and then extract the
square-root. This is what has been implied. Thus will be clear the
significance of the rule, “In a square surd having three irrational

”

terms, the rational number equal to two of the surd numbers, etc.

Illustrative examples with solution from Bhaskara II
Ezample 1: Find the square-root of 10 4+ v/32 + /24 + /8.

In this square there being three surd terms, a rational number
equivalent to two of the surd numbers is first subtracted from the
square of the rational term and the root (of the remainder) ex-
tracted. Then proceeding in the same way with (the remaining)
one term, no root is found in this case. Hence this (i.e., the pro-
posed expression) does not possess a root expressible in surd terms.
If, however, we extract the root by subtracting, contrary to the
rule, an integer equivalent to all the surd terms, we get /2 + /8.
But this is wrong as its square is 18.

Or on adding together the surds v/32 and /8, (the expression
becomes) 10 + V72 4+ /24. Then (by the rule) we obtain 2 + V6.

But that is also erroneous.?!

Ezxample 2: Find the square-root of 10 4+ /60 + /52 + /12.

Here in this square, are present three surd terms; so subtracting
a rational number equal to two surd numbers, viz., 52 and 12, the
two surd terms for the root are obtained as v/8 and \/5; of these
the smaller one, namely, 2 multiplied by four, that is 8, does not
exactly divide 52 and 12. So they should not be subtracted, for it
has been stated, “The numbers to be subtracted from the square
of the rational number (in extracting root of a square surd) should
be exactly divisible by four times the smaller term in the resulting
root-surd.” Let it, however, be supposed that the mention of “the

31 BBi, p. 23.
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smaller term” here is metaphorical and may sometimes imply also
“the greater term” and that it should be considered as “the greater
term”, if with that root-surd as the rational term other surd terms
are deducible. Now on doing so we obtain for the root V24+/3+5.
But this is also wrong; for its square is 10 + V24 + /40 + 1/60.32

Ezample 3: Extract the root of
13 + V48 + V60 + v20 + v44 + /32 + v 24.

There being six surd terms in this, an integer equal to three of
the surd terms should be first subtracted from the square of the
rational term and the root (of the remainder) found; next an in-
teger equal to two of the surd terms and then an integer equal to
one surd term (should be subtracted). But on so doing, no root is
found in this instance. If we, however, proceed in a different way
and subtract from the square of the rational term first an integer
equal to the first surd term, then an integer equal to the second
and third terms and lastly an integer equal to the remaining surd
terms, we get for the root V1+v2+/5++/5. But this is incorrect,
since its square is 13 + \/g + \/% + \/ﬁ.‘??’

Bhaskara then observes in general:

This is certainly a defect of those (ancient writers) who have not
defined the limitations of this method of extracting the square root
of a surd. In case of such square surds, the roots should be found
by taking the roots of the surd terms by the method for finding
the approximate values of the roots and then combining them with
the rational term.3

Further he says:

The mention of “the greater surd” is metaphorical, for sometimes
it might imply the less.

Example from Bhaskara II3% (1150)

To find the root of 17 + v/40 + v/80 + v/200.

32BBi, p. 23.
33 BBi, p. 24.
34 BB, p. 24.
35BBi, p. 24.



8 Narayana’s rules 473

Here

V172 — (80 +200) = 3, =(17+3) = 10,7

72-40=3, =(7T—3) =5,2.

N~ N~

Therefore,

(17 4+ V40 + v/80 + v/200)2 = V10 + V5 + V2.

8 Narayana’s rules

For finding the square-root of a surd expression, Narayana (1350) gives the
following rules:

The number of irrational terms in the square of a surd expression is
equal to the sum of natural numbers: this is the usual rule. In the
square of a single surd term, there is only a rational number. In
the square of an expression consisting of two surds terms, there is
one surd term together with a rational number; of three, three; of
four, six; of five, ten; and in the square of an expression consisting
of six surd terms, there will be as many as fifteen surd terms; so
it should be known. In an expression having the number of surd
terms equal to the sum of the natural numbers, subtract from the
square of the rational term a rational number equal to the sum of
that number of surd numbers and then extract the square-root of
the remainder. Add and subtract this to the rational number and
halve. The results are the two surd terms. If further terms remain
to be operated upon, regard the greater of these two as a rational
number and find the other terms (of the root) by proceeding as
before. If the number of surd terms in any expression be not equal
to the sum of the natural numbers, the (requisite) number should
be made up by breaking up some of the terms and then the square-
root should be extracted. If that is not possible, the problem is
wrong.36

Increase twice the number of surd terms (in a given expression) by
one fourth and then extract the square-root. Subtract half from
that. The residue will give the number of terms (the sum of which
is to be subtracted from the square of the rational term).37

Or divide all the surd numbers (present in an expression) by four
and arrange the quotients in the descending order. Divide the

36 NBi, 1, R. 41-5.
3TNBi, 1, R. 50.
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product of the two surds nearest to the first surd (in the series) by
the latter. The square-root of the quotient will be a surd term (in
the root). Those two surds divided by this root will give another
two surd terms (of the root). By these (three surds) divide next
(three) terms of the series and the quotient will be another surd
of the root. Again by these should be divided the other terms
and the quotient is another surd; and so on. If now the square
of the sum of surd numbers (in the root) be subtracted from the
rational term (in the given expression) no remainder will be left.
If it be not so (i.e., if a remainder is left), then the (given) square
expression is a compound surd and it should be broken up into

other surds by the rule of separation.?®

38 NBi, I, R. 46-9.
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