Chapter 8 ®)
Fourier Multipliers and Singular oo
Integrals on C"

In this chapter, we introduce a class of singular integral operators on the n-complex
unit sphere. This class of singular integral operators corresponds to bounded Fourier
multipliers. Similar to the results of Chaps.6 and 7, we also develop the fractional
Fourier multiplier theory on the unit complex sphere.

8.1 A Class of Singular Integral Operators
on the n-Complex Unit Sphere

In this section, we study a class of singular integral operators defined on n—complex
unit sphere. The Cauchy—Szeg6 kernel and the related theory of singular integrals
of several variables have been studied extensively, see [1—4]. The singular integrals
studied in this section can be represented as certain Fourier multiplier operators
with bounded symbols defined on S,,. This class of singular integrals constitute an
operator algebra, that is, the bounded holomorphic functional calculus of the radial
Dirac operator

A special example of these singular integrals is the Cauchy integral operator.
We will still use the following sector regions in the complex plane. For 0 < w <
/2, let

Sw={Z€(C|z;£O, and | arg z| <a)},
So() = {Z €C|z+#0, |Rez| <, and |arg(+z)| < a)}
Wo () = [Z €Clz#0, |[Rez| <7, and Im(z) > O} US, (),
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276 8 Fourier Multipliers and Singular Integrals on C"
H, = [z cClz=¢" we Ww(n)}.

The sets Sy, Sy (), W, (r) and H, are cone-shaped, bowknot-shaped region, W-
shaped region and heart-shaped region, respectively.
Let

$5(2) = Y _b(k)z". 8.1)
k=1

By Lemma 6.1.1, for b € H*(S,,), ¢ can be extended to H,, holomorphically, and

_ C,ul!
8, w1 — 2]

g z€H,,0<pu<py <w, 1=0,1,2,---,

(e52) #nco

where §(u, ©') = min {1/2, tan(u' — ,u)}. C,v is the constant in the definition of
be H®(S,).
In the sequel, we use z to denote any element in C”", that is, z = (zy, ..., zZx),
ze€C,i=1,2,...,n,n>2.WriteZ = (Z1, -+, Zn). Z can be seen as arow vector.
n 1/2
Denote by B the open ball {z € C" : |z| < 1}, where |z| = (Z |z,~|2) ,and dB is
i=1

the boundary, i.e.,
aBz{ze(C": Izlzl}.

The open ball centered at z with radius r is denoted by B(z, ). Any element on the
unit sphere is usually denoted by & or ¢. Below the constant w,,_; occurring in the
Cauchy—Szego kernel is the surface area of 9B = S%"~! and equals to 277" /T (n). For
n
z,w € C", we use the notation zw’ = Y zxwy. The object of study in this section is
k=1

the radial Dirac operator
n

We shall make some modifications on the basis of holomorphic function spaces in
B and the corresponding function spaces on d B. We apply the form given in [1]. Let
k be a non-negative integer. We consider the column vector z*! with the components

/ k!
ﬁZIF"'Zﬁ", ki +ky+-- -k, =k
k!

The dimension of z¥! is

1
Ny = Hn(n+1)-.-(n+k—1)=c,’;+k_1.
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Set
f M. Mz = Hf
B

and

/ eWgMlge (£) = HY,
B

where dz is the Lebesgue volume element in R*" = C”, and do (£) is the Lebesgue
area element of the unit sphere S>"~! = 3 B. It is easy to prove that Hf and HX is the
positive definite Hermitian matrix of order ;. Hence there exists a matrix I" such
that

T/ -HF-T = A,
— 8.2
{rquF=L 8-2)
where A = [;‘3{‘, cee ,’j] is the diagonal matrix and [/ is the identity matrix.
We set
g =2 T,
fig =W T.

and use {pX(z)} to denote the components of the vector zj). By (8.2), we have

/ PP @z = 8y - S - B (8.3)
B

and

/a ; PEE Pl (E)do (E) = 8y - Su. (8.4)

The following theorem is well-known.

Theorem 8.1.1 ([1]) The function system
BHVPpE k=0,1,2,..., v=1,2,..., Ny,

is a complete orthogonal system of the holomorphic function space in B. In the space
of continuous functions on 0 B, the function system { p"j (&)} is orthogonal, but is not
complete.

In [1], applying the function system {p*} and relation

oo Ni

H(z, &) =) Y pi()phE), z€ B, £ € 3B,

k=0 v=1

L. Hua gave the explicit formula of the Cauchy—Szegd kernel on 9 B:
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_ 1 1
H(z, §) = ———F—. (8.5)
@On (1 —z8)"
In the following, we give a technical result.

Theorem 8.1.2 Letb € H*(S,) and

oo Nk
Hy(z, §) =) b)Y  pix)pk(€), z€ B, & € 0B. (8.6)

k=1 v=1

Then for any z € B and & € 9B such that z? € H,
e\ 1 n (n—1) _

Hy(z, §) = —————("$p(r)) - (8.7

(n — Dlwyy—y

are all holomorphic, where ¢, is the function defined in (8.1). In addition, for
O<pu<p <w, [=0,1,2,...,

C,ul!
8! (p, |1 — Z&'|H

|D!Hy(z, &)| < ,zE € Hy, (8.8)

where 8(u, (') = {1/2, tan(u' — ,u)}; C, is the constant in the definition of
H>™(S,).

Proof In (8.5), letting z = r¢ and |{| = 1, we obtain

H(rg, &) =

—. 8.9
wxy—1 (I —rg&Hn 8.9

Taking H (r¢, &) as a function of r, we know that in the Taylor expansion of this
function, the term with respect to r¥ is
rk (8.10)

1 /0 \k 1 1
E(a_r) (a)zn_l (a1-— rg?)n) r=0

_ 1 n(n+l)-~-(n+k—1)(r§§)k.

Wrn—1 k!

Let r¢ = z. We get the projection from H(z, £) to the k-homogeneous function
space of variable z is

I nn+1)---(n+k—1)
2n—1 k!

Ni
> phph®) = &)~
v=1 @
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By the definition of ¢, a direct computation gives the formula of H,(z, £). The
corresponding estimate can be deduced from Lemma 6.1.1. O

Remark 8.1.1 1In the former chapters, the size of w is very important and is related
to the Lipschitz constant of Lipschitz curves or Lipschitz surfaces, see also [5-16].
Now, the Lipschitz constant of the unit sphere is 0, and @ can be chosen as any
number in the interval (0, 7r/2]. In this section, we always assume that w is any
number in (0, r /2] but should be determined via discussion. We also take 4 = w/2
and i’ = 3w’ /4 large enough to adapt to our theory.

For z, w € B U 9B, denote by d(z, w) the anisotropic distance between z and w
defined as .
d(z, w) = |1 —zw'|'/2.

It is easy to prove d is a distance on B U dB. On 9B, denote by S(¢, €) the ball
centered at ¢ with radius & which is defined via d. The complementary set of S(¢, ¢)
in 0 B is denoted by S°(¢, ¢€).

Let f € L?(dB), 1 < p < oo. Then the Cauchy integral of f

_ 1 £
CH@ = — /d i

is well defined and is holomorphic in B.
It is fairly well known that the operator

P(HE@) = Tim C(f)rE)

is the projection from L”(dB) to the Hardy space H”(dB) and is bounded from
L?(0B)to H?(0B),1 < p < oco.Moreover, P (f) has a singular integral expression
(3, 4]

i / f&)
im L
@1 820 Jge(r, ) (1 — CE)"

1
P(f)() = do (&) + Ef(g“) a.e.l € dB.

Let

o = {f : f is a holomorphic function in B(0, 1 + &) for some § > 0].

It is easy to verify that o is dense in LP(dB), 1 < p < oco.If f € <7, then

oo Ny

f@ =YY cuwri,

k=0 v=0

where ¢y, is the Fourier coefficient of f:
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o = / PEE) £ (E)do (&),
OB

Also, for any positive integer /, the series

o0 Nk

DK e ph)
k=0 0

uniformly absolutely converges in any ball contained B(0, 1 + §) on which f is
defined.

Let % be the unitary group consisting of all unitary operators in the sense of
complex inner product (z, w) = zw’ on Hilbert spaces in C". These operators are
linear operators U which keep the inner product invariant:

(Uz, Uw) = {z, w).

Obviously, % is a compact subset in O (2n). It is easy to prove that <7 is invariant
under the operation of U € % . If f € o/, then f is determined by its value on 9 B.
Below we shall regard f |55 as f € 7. For a given function b € H*(S,), we define
an operator M, : o/ — <f as

oo Ny
My(f)(&) =Y b)Y cupt(c), ¢ € 9B,

k=1 v=0

where ¢y, is the Fourier coefficient of the test function f € 7.
The principal value of the Cauchy integral defined via the surface distance

d(n, ¢) =1 —n¢'|'?

can be extended as in the following Theorem 8.1.3:

Theorem 8.1.3 The operator M), can be expressed as the form of the singular inte-
gral. Precisely, for € o7,

MH© =tim [ [ e Bf@dos 811

Se(t, ©)

+ £() Hy (&, E)do (@) ],

S, &)

where

/ Hy(¢. B)do (&)
S, e)

are bounded functions for { € 9B and e.
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Proof Let f € & and p € (0, 1). On the one hand,

00 Ny
My(f)(pg) =D bk) Y cxwpl(p?),
k=1 v=I

where ¢, is the Fourier coefficient of f. Because {b(k)}72, € [*° and the Fourier
expansion of f € &7 is convergent, we obtain

pEIEOM”(f)(pO = M, (f)(0). (8.12)

On the other hand, applying the formula of the Fourier coefficients and the definition
of Hy(z, &) given in (8.5), we have

My(f)(p0) = fa Hypg. D@0 6)

For any ¢ > 0, we get

My(f)(pt) = f Hy(p¢. B f(&)do ()
Sz, &)

+ / Hy(o¢, BY(F (&) — F(£))do (&)
S, &)

+/(0) Hy(p¢, €)do(§)
8. &)

=Ii(p, &) + L(p, &) + f(O):(p, &).

For p — 1 — 0, we have

Li(p, &) — Hy(¢, §) f(E)do (§).

S, ©)

Now we consider I;(p, €). Because the metric d, the Euclidean metric | - | and the
function class o7 are all %7 —invariant, without loss of generality, we can assume that
¢ =(1,0,...,0). For the variable £ € d B, we adopt the parameter system

|
Er=re & =vy ... 8 =,

Write v = (v, ..., v,). The integral region S(¢, €) is defined by the following

condition:

1+r2—¢*
2r ’

2

w =1-—r2 cos > (8.13)

2_ .4
Now, because 1+r2_r—r <cosf < 1,wehave (1 —r)> < e* Then1 —r < €2, or

1 — &% < r. This implies that
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W =1-r'<1—(1-¢eh)?=2e"—¢"

Write

1472 —¢*
a = a(r, &) = arccos (—)
2r

Because (1 —r)?> < ¢*and 1 — y = O(arccos?(y)), we obtain a = O (g?).
It is not difficult to verify that

lE—&P =11 —rP+ (vl + -+ vl (8.14)
=(14r>=2rcosd) + (1 —r?)
=2 —2rcosé
and
d*(c, &) =1 —CE > =14r* —2rcosh (8.15)

=2 —=2rcos) —(1—r?)
=P —1+rA—r).

Now, it follows from (8.14) that 1 — > < d?(¢, &). This fact together with (8.15)
implies that
d*¢, E)+ (U +nd* ¢, &) > |t — €%

Because d? (¢, &) < 2, the last inequality indicates that
¢ — &l <2d(¢, &). (8.16)

Noticing that for f € o7,

If ()= fEI<Clg —§]

Hence

If (&) = fE) < Cd, §).

For any p € (0, 1), because (8.13), we have

I2(p, &)l </ |Hy(p&, OIFE) = fE)do(©)

S, &)

1
<C —_—d
/5@, L

“ 1
<C —————dfdv.
/vv’<222—84 /—a Il - rez@|n—1/2 '
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Now we estimate the inner integral. For n = 2, Holder’s inequality gives

1 “ 1 1 “ 1 3/4
()
2a /,a |1 — reif|2-1/2 2a /a |1 — reif|2

< (1 /n ! d0>3/4
S \2a ), 11 —re?)?
1\3/4 1
<(5) —=r
2a (1 —r2)3/4

In this case, when ¢ — 0,

1
(o, &)] < c/ a2 gy
W 22—t (1r- }"2)3/4

1
< Cel? / —dv
w262 —g* (v)3/4

/«/28284 1

< Ce'? —dt

o 32

<Ce— 0.
For n > 2, because r approaches 1, we have

“ 1 C T 1
. do < —d6
/w |1 — reif|n—(1/2) (1 — r2)n=5/2 [ﬂ 11— reif2

C
< ————.
(1 _ r2)n—3/2

Hence as ¢ — 0,

23 dt < Ce — 0.

[L(p, &) <C 03

Now we prove that if p — 1 — 0, then I5(p, €) has a uniform bound for ¢ near 0.
Similar to the above integral, we have

Lip, &) = f Hy(p¢, €)do (&)
S, €

a
= / B @ g™ | dodv
wL2e2—e* J—a t=pre'’

1 prei® -1 £))@=D
_ T/ / (1" (1)) didv.
U Jyw2e2—¢* J pre—ia t

Using integration by parts, the inner product for the variable ¢ reduces to
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ia

n—1 i
(t"71¢b(t))(n717k) prei® Pre gy (1)
[}:w—lﬂ 7 ] '+m‘1”£ ;4

=1 pre=t¢ re—ia

n—1 ia

_ [huﬂmen+Lv,w.

re—!
k=1 ?

We first estimate the integral of J;,. We have

i 1
Je(pre®dv < C/ N N
~/vv’<28234 W22t 1 — prei’“|”*k

It can be directly verified that

|1 _pre:tia| > |1 _reiia =82.

So the above integral is dominated by

1 1 262 —g4
—_— dv < —/ "3 dt
c2n—2k /VV,<2£2£4 g2k |,

< Ce?,
where the terms are bounded when k =1, tends to zero when k > 2. When
p — 1 — 0, the existence of the limit can be deduced from the Lebesgue dominated
convergence theorem.

Now,

re—ia

<n_1>z/’m ¢,,(,)dt=(n_1)”/a wo)| a0,
P t —a t=pre?

By Cauchy’s theorem and the estimate of ¢, we can prove that for any p — 1 — 0,
the above is a bounded function. This implies that

lim L(pr, aydv =0.

£=0 J 77062 gt

At last we obtain lirlnol3 (p, ¢) exists and is bounded for small & > 0. This
p—1-

proves Theorem 8.1.3. O

Remark 8.1.2 A corollary of (8.14) is

d, & <|¢—g"?,

which is not used in the proof.
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Theorem 8.1.4 The operator My, can be extended a bounded operator from L? (0 B)

to LP(0B), 1 < p < oo, and from L'(3B) to weak L' (3 B).

Proof The boundedness of M}, = M, P from L*(d B) to H*(3 B) is a direct corollary
of the orthogonality of the function system {p*(&)}. We only prove the operator is
bounded from L'(3B) to weak —L'(3B), that is, the operator is weak (1,1) type.
For 1 < p < 2, the L?(d B)—boundedness can be deduced from Marcinkiewicz’s
interpolation. For2 < p < oo, the L” —boundedness can be obtained by the property

of the kernel

Hy(¢, &) = Hy(&, ©)

and the bilinear pair

(f, &) = /B ] F(©)g@)do (),

in the standard duality method.

The weak (1, 1) type boundedness of M, is based on a Homander type inequality.
The proof given below is different from that of the Cauchy integral in [3]. We will

use the non-tangential approach regions

D,(¢) = {Z eC": |1-2zC| < %(1 — Izlz)}, L €0B, a>1.

We shall prove

Lemma 8.1.1 Assume that &, ¢, n € 0B, d(&, ¢) <6, d(&, n) > 26, and z €

Dy (n). Then B _ .
|Hy(z, &) — Hy(z, O)| < 8Cq|1 —&n/| ™"/,

Proof By the estimate

Co

= 1 _r|n+1’

[CRENE

and the mean value theorem, for some ¢ € (0, 1), the real part

[Re(r" ' (r) "V |,z —Re(" ()" |, _ir
< Re" ' (PN |,y | - 12E" — 22|
< Colz&" — 28|

~ .
|1 — zw/|n+1’

where w, = t& + (1 — )¢’ € B.
The imaginary part satisfies a similar inequality.
Denote by &, the projection onto 9 B of w,. We can easily prove

(8.17)
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(i) asd — 0,1 —w|=1—1z|=A@F) - 0;
(i) & € S(§,8) NS¢, 3).
It follows from (i) that §, = {— A(Z) ——w;. Because D, () is an open set, for small § > 0,
ie., 0 <8 < 8y, wehave z, = (1 — A(t))z € Dy(n). We write
11— 2w/i| = |1 = z&,]. (8.18)

On the other hand, by (4) on page 92 of [3], we have

28" — 28’ = 1—A( )IZzS ¢’ (8.19)

1A( ) (|Zt§ Zl?z| + |ZIF - Zt?z|)

< sal 2|1 — 2 F (12
—l—A(t) ' 7€',

< 8Cu|1 — &',
By (3) on page 92 of [3], we have
11— z,&, 7" < 16a|l — &7/ (8.20)

The relations (8.18)—(8.20) i_mply that for § < &y, the last part of the inequality (8.17)
is dominated by §Cq|1 — £n/| 7"~ 1/2,
For 6 > 4y, on the right hand side of the desired inequality,

811 — &2
has a positive lower bound which depends on §y. Hence itis easy to choose C = C,, 5,
such that the inequality holds. This proves Lemma 8.1.1. (]

The weak (1, 1) type boundedness is a special case of Theorem 8.1.5.

Theorem 8.1.5 For any o > 1, there exists a constant C, < 00 such that for any
fed andt > 0,

o (MM () > 1} < Cat ™ flurom,

where

M My(£)E) = sup{IMp(N@] : 2 € D)}

is defined as the non-tangential maximal function of My (f) in the region D, (¢).

The proof of Theorem 8.1.5 is based on Lemma 8.1.1 and a covering lemma
[3]. To adapt to this case, we can make some modifications on the proof for the
corresponding result of the Cauchy integral operator in [3].
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It should be pointed out that the class of bounded operators M, generates an
operator algebra. In fact, this operator class is equivalent to the Cauchy—Dunford
bounded holomorphic functional calculus of D P, where D is the radial Dirac operator
and P is the projection operator from L? to H?.

The operator M;, has the following properties, and hence the operator class
{My, b € H*(S,)} is called the bounded holomorphic functional calculus.

Let b, by, by € H*®(Sy,), and oy, a0 € C, 1 < p < 00,0 < < w. Then

I MpllLr@By—>rr@B) < Cp, wlbllL=cs,)s
My, = My, 0o My, ,

Moy, by 1oz, = 01 My, + a2 M,,.
The first property follows from Theorem 8.1.4. The second and the third properties
can be obtained by the Taylor series expansion of test functions.
Denote by
R(», DP)= (I — DP)™!

the resolvent operator of DP at A € C. For A ¢ [0, 00), we prove

R(L, DP)=M_. .

=)

In fact, by the relation

00 Ny
DP(f)@) =) kY cups@), fed,
k=1 v=1

where ¢y, are the Fourier coefficients of f, the Fourier multiplier (A — k) is associated
with the operator AT — D P. Hence the Fourier multiplier (A — k)~! is associated with
R(A, DP). The properties of the functional calculus in relation to the boundedness
indicate that for 1 < p < oo,

C
IR(x, DP)|lLrapy—rroB) < —

L AES,.
x| :

By this estimate, for a function b € H*(S,,) with good decay properties at both the
origin and the infinity, the Cauchy—Dunford integral

b(DP)f = ﬁ IIb(A)R(k, DP)dxrf

is well defined and is a bounded operator, where I I denotes the path containing two
rays in
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Sy = [s exp(if) : s is from oo to 0} U {s exp(—if) : sisfrom 0 to oo}, 0<6 <w.

Such functions b generate a dense subclass of H>(S,,) in the sense of the covering
lemma of [17]. By this lemma, we can generalize the definition given by the Cauchy—
Dunford integral and define a functional calculus for b € H*(S,,).

Now we prove b(DP) = M}. Assume that b has good decay properties at both
the origin and at the infinity, and f € 7. In the following deductions, the order of
the integral and the summation can be exchanged. Then we have

b(DP)(f)(%)

b(A)R(A DP)d)\f(¢)
2mi

b(2) Z@ k™! chvpv(odx

27Tl 11

00 Ny

1 ! K
Z(zm. | vose—i dx)gckupu(o

k=1

o Np
=> b)Y cph@)
k=1 v=1

= My(1)(©Q).

It follows from the estimate of the norm of the resolvent operator R(A, DP)
that DP is a type w operator (see [17]). For the bilinear pair and the dual pair
(L*(3B), L*(3B)) used in the proof of Theorem 8.1.4, the operator D P equals to
the dual operator on L?(3B), that is,

(DP(f), g>= (f, DP(g)>, fged,

which can be deduced from the Parseval identity

oo Ny

3 ewd = / FORDo ().

k=0 v=1

The Parseval identity follows from the orthogonality of {pX}, where ¢, and ¢}, are
the Fourier coefficients of f and g, respectively.

Under the same bilinear pair, a counterpart result holds for the Banach space dual
pair (L?(dB), L?(dB)), 1 < p <oo, 1/p+1/p' =1.1In [17, 18], the authors
studied the properties on Hilbert spaces and Banach spaces for the generalized type
w operator. It can be verified, without difficulty, that the results of [17, 18] hold for
the operator D P.
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8.2 Fractional Multipliers on the Unit Complex Sphere

The contents of this section is an extension of the results in Sect. 8.1. We state some
new developments of the study on unbounded Fourier multipliers on the unit complex
ball, see Li—Qian—Lv [19]. Let

Swzize(C|z7éO and |argz|<a)},
S, () = {z €eC|z#0,|Re(z)| <7 and |arg(£z)| < a)},
Wo(m) = {2 €C 1z #0. Re@| <7 and Im(2) > 0} Su (o),

H, = {z eClz=¢€%we Ww(n)}.

We also need the following function space:

Definition 8.2.1 Let —1 < s < oco. H*(S,,) is defined as the set of all functions in
S,, which satisfy the following conditions:

(1) for |z] < 1, b is bounded;
2) b <Culzl',z€ 8,0 <pu <o

Remark 8.2.1 The spaces H*(S,,) are extensions of H*(S,,) introduced by A. McIn-
tosh et al. For further information on H*°(S,), see [10, 17, 20, 21] and the reference
therein.

Letting
oo
wp(2) = Zb(k)zk.
k=1

we have the following result.
Lemma 8.2.1 Let b € H*(S,), —1 < s < 00. Then ¢, can be extended holomor-
phically to H,. In addition, for0 < u < ' <wandl =0,1,2, ...,

Cyl!

81, ) |1 — 2 & € e

‘(Z%y%@‘ <

where 8(i, ') = min{1/2, tan(u, '} and C,y is the constant in Definition 8.2.1.

Proof Let
Vo ={zeCiim@ > o} s, -0,

szVwﬂ[ze(C: —ngRezgn}

and py is the ray r exp(i6), 0 < r < oo, where 0 is chosen such that py C S,,. Define
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1 .
Up(2) = 5= exp(i§z2)b(§)d§, z € V,,
27 Jpe)

where as £ — 00, exp(iz€) is decreasing exponentially along py. Then we obtain

' 1 )
||Z|1_H ‘I’b(Z)| = ‘_/ exp(i&z) 12| b(§)dz (8.21)

27 Jpo)
CN' > : s N

S 5 exp(—r|z|sin(0 + arg z))(r|z])*d(r|z|)
2 0

< Cy.

Hence we get |, (z)| < 1/]z|'**. Define
Yi(z) =27 Z W, (z 4+ 2nm), z€ U 2nm + W,).

Itis easy to see that v, is holomorphic, 27 -periodic and satisfies [, (z)| < C/|z|'**.
Let

1
op(2) = U (E) .

i

For 7 € exp(iS,,), we write z = ', where u € S,,. Then sin(|u|/2) < c|u|/2. This
implies that 2 — 2 cos |u| < c|u|? and |1 — ¢!/| < c|u|. Therefore, (8.21) yields

C,, C,,
op()] < <
lTogzl™ ~ [log [z[|™*
Cy

T
Take the ball
B ) = &1z =& < 5(u, w)I1 - z1}.
By Cauchy’s formula, we have

l! @)
)

¢, (2) = z— ———dn.
b 2mi 9B (M — z)H

For any n € dB(z,r), we have |n — z| > (1 — &§(u, i'))|1 — z|. Then we obtain
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o] < e
81(# M)|1—Z|l dB(zr)ll_rlIl-H

Bl(u,u)ll—zl””s

Theorem 8.2.1 Letb € H*(S,) and
(o) Ny

Hy(z.E) =) b)Y pt)pk). z€B,, & € 0B,
k=1 v=1

Then for z € B,, & € 8B, such that z&' € H,,,

e B = (" )
P = Dlwgy ’ e

is holomorphic, where ¢y, is the function defined in Lemma 8.2.1. In addition, for
O<pu<p <wandl =0,1,2,...,

Cc,l
8 (. ) |1 -

|DLH,y(z,8)| &' € Hy,

|n+l+s
where § (i, ') = min{1/2, tan(n’ — w)} and C, is the constant in the definition of

the function space H*(S,,).
Proof We know that

op(2) =Y bk)Z,

rlepr) =) borm

Then we have

")) "V = Zb(k)(n Fhk=Dn+k—=2)... (k+ Dt

1
(n —1)! (n 1)'

> (n+k D!
Zb( ot — k!

n+k—1)n+k—2)n+ n

k
0 b(k)r".

P”ﬂg 0

~
Il
-

Therefore,
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_ Zb(k)(n+k_ Dn+k—2)(n+ DHn

(") g

(z&)*

(n—1)! —F =

0 Ny
= w1 Y b)Y i)k E)

k=1 v=I
= W1 Hb(za é)

By [12, Theorem 3], we can get the following result.

Theorem 8.2.2 Let s be a negative integer. If b € H* (S, +),

oo Ny
Hy(z,§) =Y b)Y pl@)p,(§), z€B, £ € 0B,,

k=1 v=1
then _
Cul![IIn |1 — z&'|| + 1]

! 8| <
|DZHb(Za §)| ~ 8[([1/, ,U»/)|1 _ Z§/|n+l+s .

Proof The proof is similar to that of Theorem 8.2.1. We omit the details. (I

Given b € H*(S,,). We define the Fourier multiplier operator M, : A — A as

o] Ny
My(f)(E) =D b)Y cupl(§), & € OBy,

k=1 v=0

where {cy,} is the Fourier coefficient of the test function f € A.
For the above operator M}, there holds a Plemelj type formula.

Theorem 8.2.3 Letb € H*(S,),s > 0. Take by (z) = 77 %'b(z), where s; = [s] + 1.
The operator My, has a singular integral expression. Precisely, for f € A,

M@ =tim[ [ H & DDy fndon + 02 G [ Hy G o],

Se(§.e) Se(§.8)
where fS(g,a) Hy, (§,m)do (n) is a bounded function of § € 0B,, and ¢.

Proof Let

o) Ny
My (f)(p&) =Y b(k) Y cinpi(p§), & € 0By,

k=1 v=1

where

o = / PR £ (o ().
OB
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We can see that

1 _ 1 .o
DZ 11'12 l | ZZk (Zl Z2 Z, )

Lk lk 1 _lLi 1,
0 § :Zklkzlzz “T—1%k T4l

11'12
,l1'lz T '<Zlk)Z1Z2 Z
=171,

which yields D, p* = kp%. Then we have

M, (f)(p€) = Zb(k)Z / PE(pE) pE () f (Mdo ()

M2 T[Me T

b)Y Z | e b o
1

b(k)— Z f P (0&) D3 pE(n) f (mdo ().

)

By integration by parts,

o] 1 Ny
My (f)(p§) = b(k)f Pf(PE)P’S(n)(Df,‘ Hmdo(n)
ke = Jyp

[e ]

b1<k>Z / P& PE(D}) £)(n)do (n).

k=

For any ¢ > 0, we have

M (f)(p§) = /SC(S )Hbl(PE,ﬁ)Df,‘f(n)dU(n)

+ f Hy, (0§, )(~Dj' f(£) + D}y f(m)do (n)
S(.¢)

+ D;' f(&) Hp, (p§, i)do (1)
S(&.e)

=:Ii(p, &) + L(p, &) + Di' f(E) I3(p, &),

where
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hp.e) = / Hy, (€, DS f(n)dor (),
Se(&.e)
hL(p,e) = / Hy, (&, 0)(=Dyg' f(§) + Dy f(n)do (),
S(.e)
I3(p, &) = f Hy, (p§, 7)do ().
Sé.e)

For p — 1 — 0, we have
lim /,(p,e) = lim Hy, (p&, m) Dy f(n)do (17)
p—1-0 p—>1-0 Se(&,¢)

= / Hy, (&, 1) Dy f(mdo ().
Se(§.¢)
Now we consider I;(p, €). Let§ = (1,0, ..., 0). For n € 0B,,, write

_ i0 _ _ _
N =rev,m=vy,n3=V3, ..., 0 =V,
v =1[v2,V3,..., V]

For such € dB,,, vi' = 1 — r2. Without loss of generality, assume that £ = 1. We
get
|1 - $ﬁ/|1/2 = |1 — re"9|l/2 =[(1 —rcos8)* + (rsin6)*]"/* < e.

This implies

1+4r%—¢*
cosf > —
r

The above estimate indicates

1+r2—e4}

SE,e) = {r} |vi' =1—r2, cosb >
2r

Because

we obtain 1 — r < &% and
W =1-r’<1—(1-¢>)?=2¢*—¢&*
Set

1+r2—¢*
a=a(r,e) =arccos| — | .
2r
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Because (1 —r)> < &* and 1 — y = O(arccos’ y), we get a = O(&?). It is easy to
see

n
€ =P =11 —reP+ ) Il
k=2

=(14r>=2rcosd) + (1 —r?)
=2 —2rcosf

and

d*(,n) =14 r*—2rcosh
=2 —=2rcost) —(1—r?)
=E—n?—A+r1-r),

that is, d>(€, n) < |€ — n|. Since

dz(é, n) =1 +r2=2rcos0]'* > 1—r,
we have 1 — r < d?(&, n), and thus

& —nl*> <d*E.m) + (1 +nd*E n).
The fact that 4 (£, n) < 2 implies
€ —nl® <2d°(, ) +2d7 (€, ) = 4d° (&, ),

that is, |€ — n| < 2d(&, n). Since f € A, we have

[fG&) — fmI < ClE —nl < Cd(E, n).

Forp € (0, 1)

o) <c [ s r© - rmlaown
S(€.e)

dé&,n
C ——d
/S(g,s) [1—E&n'|" o ()

“ 1
<C ———dfdv.
/\:v’<252—£4 /—a |1 - ret@ln—l/Z v

Forn =2,
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1 ¢ 1 40 < ( 1 /“ 1 d9)3/4
5, “2m12t S\ 5 2
2a ) 1 —ret 2a Jq 1 —ret?
1 (7 1 34
<G [ %)
G | — peit

< ( 1 )3/4 1
S 24/ (1 =234

Then we obtain

1
|L(p, &)l < f a'ltf————dv
w262 —g* (1 — r2)3/4

1
S 51/2[ —apdv
v <oe2—et (VI')3/4

/22—t ¢
= ¢!/ —dt
) 32

<e—0.

For n > 2, we have

a 1 46 < C a |1 _r2|n71/272 i N
/u m X /a |1 _ r€i9|n_l/2 ‘1 _ r2|n—l/2—2

C ! /” ! de
11— r2|n71/271 - [1— re"e|2
1
’1 _ r2|n—l/2—1 :

Then we obtain

V262 —g4
IL(p, &)l < /

1
t2n_3t2n_—3dt S/ vV 282 — 0.

Now we prove thatif p — 1 — 0, I3(p, €) has a uniformly bounded limit for ¢ near
0. Integrating as above, we can deduce that

I3(p.e) = _/ Hy, (0§, in)do (1)
S(&,e)

a
= / / ("o )" ddv.
V262 —s* J—a t=pre'?
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Let s = pre'?. Then ds = isdf. We can obtain
pre'? (n—1)
Lp, &) = —i/ / (s" ', () dsdv.
v’ L2e2—e* Jpre-ia

Using integration by parts, we can see that the inner integral for the variable ¢ reduces
to

de

f (tn—l(pbl (l))(n_l)

—a

n—1 _ (n—k—1)
("', (1))
L;(k — 1! T

n—1
D LI, + LG, a).
k=1

t=prei?

pre'¢

pre'? ¢
+(n— 1)!f oy,
P

re—ia t

pre—[u

We first estimate J; as

/ Ji (preiia) dv
v <262 —g

+ia\k
< c/ - mlere) L
Vi <262—gt (preFie)” |1 — pre*ia

1
<C f v
Vi <262 — gt |1 _ pre:tza|

Since |1 — ,orei"“|2 =14 p%r? — 2pr cosa, we have

= p?r> —2prcosa — (r* — 2r cosa)

= r2(,02 — 1)+ 2rcosa(l — p).

\1 — /orei"“|2 — |1 — rei"”|2

It follows from the relation cosa = (1 + > — &*)/2r that we have

|1 — ,orei"”|2 — |1 — rej“"’|2 =r2p =D+ UA+r’—eHd - p)
=1 =pl+r2—e" =1+ p)r’]
=1 —p)(1—pr*—e* >0.

Therefore,
’1 - preii“‘ > ’1 - reii“| =g’

For any fixed k, as ¢ — 0, we obtain
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. 1
/ Jk (,oreim) dv < Cm dv
V' <262 —gt & v 262 —gt

|
<c /

2n—3
= g2n—2k t dr

0

82"_2

— <
S C82n72k S L

On the other hand, as p — 0,

preia t a
(n— 1)!/ (pb‘—()dt =i(n— 1)!/ @b, (t)\,:p,em do
p.

re~ia —a

<C7

which implies

/ L(pr, a)dv.
v’ <262 —gt

8.3 Fourier Multipliers and Sobolev Spaces on Unit
Complex Sphere

We define Sobolev spaces on the n-complex unit sphere 0B, through defining as
follows. We define the fractional integrals 7* on dB,,. Let

OONk

f@=Y" cupi.

k=0 v=0
For —oco < s < 00, the operator Z° is defined as

o0 Nk

If@) =) Keuwpi@).

k=0 v=0

For s € Z,, we see that the operator 7° reduces to the high-order ordinary differ-
ential operator.

Theorem 8.3.1 Lets € Z,. D} = I* on L*(3B,,).

Proof Without loss of generalization, we assume that f € A. Then

oo Ni

f@ =) cupk.

k=0 v=0
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where ¢y, is the Fourier coefficient of f:

o = / PEE) £ (E)do (£).
0B,

So

o0 Nk

Dif()=>)_%" /a . PEE) f(E)do (€)D(pl)(2)

k=0 v=0

o0 Ny
=Y ey [ HEsedeie.
k=0 v=0"0Bu

O

Definition 8.3.1 Lets € [0, +00). The Sobolev norm || - || w2sg,) on 0B, is defined
as

I f lw2som,y =: 17 fll2 < oo.

The Sobolev space on 9B, is defined as the closure of A under the norm || - || w2s3B,),
that is,
2,5 _H'”wls(m,,)
w=(0B,) = A .

Remark 8.3.1 According to Plancherel’s theorem, f € W?*(3B,) if and only if

0o Ne 1/2
(Zkh 3 |ckv|2) < 0.
k=1 =0

Now we study the boundedness properties of M;, on Sobolev spaces.

Theorem 8.3.2 Givenr,s € [0, +00)andb € H*(S,,). The Fourier multiplier oper-
ator My, is bounded from W2+ (3B,,) to W2 (3B,).

Proof Set

OONA

I'f(@)=Y_ Y c,pi.

k=0 v=0

By the orthogonality of { p’v‘ }, we see that ¢}, = k*cy,. Let b(z) = z27°b(z). Because
b e H°(S,), we have by € H*(S,,). This implies that
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00 Ny
I'(My())(E) = Y b Y cupl(&)
k=1 0

y=

o) Ny
=Y b1k > crph(®)
k=1 v=0

= My, (I [)(®).

Finally, by Theorem 8.1.4, we get

1My () llwar = 1T (M (f)]2
= My, (T f)ll2
< CIT™ £l

This completes the proof of Theorem 8.3.2.
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