Chapter 4 ®
Convolution Singular Integral Operators | o=
on Lipschitz Surfaces

As the high-dimensional generalization of the boundedness of singular integrals on
Lipschitz curves, the L?(X)-boundedness of the Cauchy-type integral operators on
the Lipschitz surfaces X is a meaningful question. The increase of the dimensions
means that we need to apply a new method to solve the above question. In 1994,
C. Li, A. McIntosh and S. Semmes embedded R"*! into Clifford algebra R,, and
considered the class of holomorphic functions on the sectors S,, 4, see [1]. They
proved that if the function ¢ belongs to K (S,, +), then the singular integral operator
T, with the kernel ¢ on Lipschitz surface is bounded on L?(%).

In [2], G. Gaudry, R. Long and T. Qian applied Clifford-valued martingales to
prove the same result as is proved in [1], that i.e., the L?-boundedness of the Cauchy
integral operators on Lipschitz surfaces [2]. The authors of [2] then indicated how to
prove the Clifford T (b) theory. The idea of the proof is similar to that of [3], but there
is some difference. We define a suitable sequence of atomic o-fields on R”. Because
Clifford algebra is non-commutative, it is necessary to associate each atom with a
pair of Clifford-valued Haar functions. Hence, the appropriate Haar system is in fact
a system of pairs of Clifford-valued functions. We only use the martingale technique
to prove the L?-norm equivalence between the function f and its Littlewood—Paley
function S(f).

4.1 Clifford-Valued Martingales

We first state some backgrounds of the martingales and the Littlewood—Paley estimate
of Clifford-valued functions. Let X be a set and B be a o-field in X. Assume that v
is a non-negative measure on 8 and {7, } is a non-decreasing family of o -field
in X satisfying

oo
m=—00
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118 4 Convolution Singular Integral Operators on Lipschitz Surfaces

(1 U Fm generates B;

m=—0oQ

[o¢]
(i) (N Fu=1{0, X}
m=—0oQ
(iii) the measure v is o —finite on $ and on each 7.
Let ¥ be a sub-o —field of B such that v is o-finite on . Because (X, ¥) is
o —finite, X can be writtenas X = (JU;, where U; € ¥ and v(U;) < +o0.If fisa
j

locally integrable scalar-valued function on (X, B, v), i.e., afunction whose integral
is finite on every set of finite v-measure, its conditional expectation E (f1F)is
well-defined. On each U, E(f | ) equals to the conditional expectation of f |y,
with respect to (¥ lu;» v lu,). If Ais any set in F with finite v—measure, then

/E(fwf)dv:/fdv. 4.1)
A A

If f is integrable, then (4.1) also holds for any A € #, whether of finite v—measure
or not.

Let R, denote the Clifford algebra generated by {eo, ey, ..., e,}. The definition
of the conditional expectation can be extended to locally integrable R, -valued
functions. In fact, if f = > fses, then

s

E(f1F) =) E(fs|Fes.
S

The characteristic martingale property (4.1) holds also for R,)-valued functions f.
We denote by LP(F, dv; Rg,) or simply L?(dv; Rg,), 1 < p < oo, the
Lebesgue spaces of all R(,)-vauled ¥ — measurable functions on X. The space
L} .(dv; R,) has the obvious interpretation.
Assume that 1 is a fixed L function on X with values in R'*",

Definition 4.1.1 Suppose that E(I// | F) ¢ 0ae.,andlet f € Llloc(dv; R¢,). Then

the left and the right conditional expectations E’ and E” of f respect to F are given
by the following formulas

Ef)=E(f|F)=EW | F)'EQS|F) (4.2)

and

E'(f)=E(f1F)=E(fy | PEW|F)™" (4.3)

The left conditional expectation of f respect to 7, is denoted by E!(f | %;,) or
E' (f), and the right conditional expectation of f respect to 7, is denoted by E" (f |
Fm) or E,,(f).

The mapping properties of E/ and E” are good only under further assumptions
on the function .
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Proposition 4.1.1 Let 1 < p < oo. The operators E' and E" are bounded on L? if
there exists a constant cy > 0 such that for x a.e.,

o' SIEW || < co. @.4)

Proof This theorem can be proved via modifying the corresponding argument
in [4]. O

If a function ¥ € L*®(X; R!'*") and satisfies (4.4), we call this function pseudo-
accretive with respect to . Now we assume that for a general ¥, the condition (4.4)
holds, and for all 7, the constant in (4.4) is independent of n. That being so, it
follows that, if f € LlloC (dv; Re,yy), then E !(f) and E” (f) are locally integrable. The
main elementary properties of E/ and E” are as follows:

Proposition 4.1.2 (a) Ifg € L™(F, dv; R,)), then E'(fg) = E'(f)g. Similarly,
the right conditional expectation E" commutes with the multiplication on the
left by g.

() El()=E"(1)=1.

(©) If f € L _(dv; Ry, and A is of finite measure (or f € L' (dv; R, and A is
(n) (n)

loc
F -measurable), then

f YE'(f)dv = / yfdv, (4.5)
A A
/ E"(Hydv = f fdv. 4.6)
A A
(d) Form < k, we have

where E,, denotes the left (or right) conditional expectation with respect to F,.
(e) SetAl =E! —E! | A" =E' —E" | and

m m—1’ m—1’

(f. ghy = / Furgdv.

We have for all m # « and f, g € L*(dv; R,)),
(AT f, Alg), =0.

Proof (a) and (b) are obvious. To prove (c), assume that A € ¥. Because E' f and
A is ¥ —measurable,

/wE’fdv=/XAwE’fdv=/E(wa’f)dv=fXAE(w>E’fdv=/wfdv.
A X X X A
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For E", we can give a similar proof and so is omitted.
The conclusion (d) can be proved as follows. For example, for the left conditional
expectation,

Ep(E(f) = En() " En(Y Ec(@) ™ Ec( )
= gm(Wlgm(EK[wEk(wrlEK(w)D
= E.(W)'E (v f) = EL(f).

The proof for the right conditional expectation is similar.
At last, we prove (e). Forn > «,

(An. Alg)y = / A, f AL gdv
:/Em,l(A;fwAig)dv
- / Byt (A, f9) AL gdv
_ / et (AL f9) Bt () B () AL gd
_ / Bl (AL ) Epot ()AL gdv =0,

where in the last step we have used (4.7). The proof for ¥ > n is similar. ]

Definition 4.1.2 Let f € Ll (dv; Rg,y). The left martingale with respect to

loc

{Fm)__ . generated by f is the sequence { 1} ={E! ()} If the limit

m=—0o0 m=—0o0"

fL o = lim E,ln (f) exists a.e., the left-Littlewood—Paley square function S'(f)
m——0Q
is defined by

S =0+ Y ahe)”

m=—00

The right martingale and the right-Littlewood—Paley square function can be
defined similarly. If f € |J LP(dv; R¢,) and v(X) = +o0, then f' = 0.

1<p<0

If f € Ll .(dv; R,), then the BMO-norm of f is defined as

loc

I fllsso = Sup 1 En (1 f — Emo1 fIDI2. (4.8)

We need the following facts: if # € L®(dv; R'*") then s € BM O and for every m,

En( Y 1R)P) < Cl o < ClW I (49)
k=m
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By the John—Nirenberg inequality, the right hand side of (4.8) is equivalent to

il ACREAG)

H ’
00

see [5, 6] for the proof.
The following Littlewood—Paley result is one of the essential ingredients of this
chapter. We use C to denote a constant which may vary from line to line.

Lemma 4.1.1 There exists a constant ¢ > 0 depending only on ¢y and d such that
forall f € L? (dv; Reyy),

loc
NSO < U f e < ellSCH Nz, (4.10)

where S denotes S' or S'.

Proof We only consider the case of left martingales and the case of right martin-
gales can be dealt with similarly. Fix mg. Consider the sequence {#7,},>m, and the
corresponding square function:

1 oe2\?
m;o:“ ALSE)
Ifn > no+ 1, we have
A f = EW I Fo) EGWS | Fo) = EQW | Fuet) " EWS | Far)
= [Ew 1707 = E@ | ) |Ews | F) @.11)
+EW | T [E@S 17 = B | Fun) '],

Hence by (4.4),

8, (NP < C(1Bu@PIEWS | Fl +1Ba@HE).  @12)

o0
Because v is o-finite on %,,,, we can write X = | Uj, where U CU, C -+,
j=1
and the set U; C ¥, that has a finite measure. Fix M > 1. Then by (4.12) and the
standard Littlewood—Paley estimate, we get

> 1AL P (4.13)

Uy m>=moy+1

<c(/ > |Em(wf|¢m>|2|1nw|2dv+/ > 1By

Un m>=mo+1 Uy m2>=mo+1
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N

¢ |y WOPIAuPdv + [ 1yfPd
(/% o [ i)

Uy m>=mo+1

<C</ > |E:1(1//f)|zlzm(l//)|2dv+/|f|2dv>’
X

Uy m>=mo+1

where ~
E,(f)= sup

mo+1<j<m

Ecr 19|

Form >my+ 1,1let T, = Z,fim |Zkzﬂ|2 and set 7,,, = 0. If N > mg, we have

N N
Yo NP = Y IEn NPT = Tugr)
m=mo+1 m=mo+1

= 3 L[| B NP = B NP = 1 E* )P T,

m=my

It can be deduced from (4.9) and (4.14) that

> AE, WP IR ) Pdy (4.14)

Uy m=>=mop+1

i( i le(WIZ)[IE*H(W)P |E:<wf)|2]du

Uy M=no  k=m+l

/Z B Y KW V1B NP = 1B R ]av

m=mg k=m+1

<1V Boro / W f 1Py
U,

< cnwnio/ | fPPdv.

In the last step, we have used the L?(U,;)-boundedness of the maximal function.
The constant is independent of M or my.
By (4.13) and (4.14), we can obtain

> 1AL fPdv < C/lflzdv. (4.15)
Uy

Uy m=>=my+1

In (4.15), letting M — oo and then letting my — —oo, we can conclude that the
inequality on the left hand side of (4.10).
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To prove the inequality on the left hand side of (4.10) we need the following facts.
Ifge L?(dv; R¢,), then

(a) lim E! w8 =8 = hm E’ g in the sense of L2

m—+00

(b) lim Elg=0= hm E’ g in the sense of L*>—

m——00

(c) g= Z Alg= > Ang

m=—00 m=—00

These facts can be proved in the same way as the corresponding scalar-valued results
in [5, Chap.5]. Of course, the condition (4.4) is crucial in the proofs.

Suppose that f, g € L*(dv; R,)). By (4.4) and the right hand inequality in (4.10),
we can get

\/fwgdv = ‘f n8)v( _i ALf)dv) (4.16)
-1/ (% A:ngwAif)dv\

< CIS"gll2 IS () o

In (4.16), taking supremum over all g satisfying ||g||» < 1 and using again the
condition (4.4), we complete the proof. (|

We now construct a special example, and the associated Haar functions are appro-
priate to the analysis of the Cauchy integral. Let X = R" and 8 be the Borel o —field.
Assume that dv is the Lebesgue measure, also denoted by dx. The Lebesgue mea-
sure of a measurable set U is denoted by |U|. Let ¥ be the o — field generated
by the family J of cubes with side length 1 whose corners lie at the points of
the integer lattice.

Let I be any cube in Jy. Divide I equally by the hyperplane that bisects the
edges parallel to the x| —axis, and let J; denote the family of dyadic-quasi-cubes so
produced. Let 77 be the o — generated by J;. Now subdivide each dyadic-quasi-cube
by the hyperplane that bisects the edges parallel to the x,—axis, and let ¥, be the
o —field generated by the new family of dyadic-quasi-cubes.

Continue in this manner, at each stage bisecting each dyadic-quasi-cube of the
previous family by the hyperplane perpendicular to the next coordinate axis. This
produces the sequence {F,,}5_,. For m < 0, the o — field ¥, are produced by the
reverse procedure to the one just described-successive doubling in the coordinate
directions. Note that each dyadic-quasi-cube in ¥y, k € Z, i.e., atom, is actually a
standard dyadic cube of side length 27,

Atlast, let = |J 9. Note thatany I € J is a dyadic-quasi-cube, say I €

m=—o00
Jm—1, and so can be written as I = I} U I, where I, and I, are dyadic-quasi-cubes

in9,,.
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From now on, we only discuss the left martingale. Hence we simplify the notation
by writing E,,, A, fn etc. in place of E,ln, Ain, f,f1 etc. We still assume that the
function ¥ € L®(X : R!*") = L®(R"; R'*") satisfies (4.4), but corresponds to the
particular sequence {¥,,}°% in the o —field. The following lemma is an essential
ingredient of this chapter.

Lemma4.1.2 Foranyl € ,,_1, where [ = 1, U L with I, I, € J,,, there exista
pair of Ryy-valued functions oy and B; on R" and a positive constant C such that

®

o = a1 X, +axn, a; € IR(n)s
Br =bixi, +baxn, bj € Ryy;

(i) Forall f € Ll .(R"; Ry),
Ap f(x) =oa;(x){Br, fly, x €1,
(i) CTHI™Y < oy (0)| < CH7V2, and for all x € I, CTHI|7V2 < |B(x)] <
C|I|71/2;
(iv)
/@ba;dx = /ﬂ,lpdx =0.

Proof Define oy and B; as in (i). We need to choose a;, ay, by and b, such that
(ii)—(@iv) hold.
We consider (ii). Because ¥, and ¥,,_; are atoms, on I, we have

e

For Em (f), a similar formula holds. Let
u = /w(t)dt, uj = / Y(de, j=1,2.
I I

Then on 1,

Anf =EW | F) "EQf | F) = EQ | Fon ) " EQS | Fn)
=i ([ wra)u v ([ wrax)

— ([ wpdx+ [ wrax) oo+ )
I, 6]
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= <(u;1 —u™) | yfdx —u! de) X
1] 12
+ ((u;l —u) | Yfdx—u”! wfdx) XD
I I
On the other hand,

ar{Br, [y = <Cl1b1 Yfdx +aib; 1//de> X1,
L

I,

+ <(12b2 Y fdx + arb Wfdx) XL+
h 2

Comparing the last two expressions, we choose a;, b;, i = 1, 2, such that

1

a1b; = ufl —u", b, = u;l —u Y aby = —u"' = ayby.
Letting u = u; + u, and applying the equality
al=b'=a'G-—a)p ' =b'b—a)a"!, 4.17)
we can see that the above equation has a concise expression:
arby = u ' upuy!, asby = uwguyt, arby = —u"t aphy = —u7'. (4.18)
The solutions of (4.18) can be represented as
a; =uuze, a = —u"ujc, by = c’lul_l, b, = —c’luz_l, 4.19)

where c is any invertible element in R,). We want to choose ¢ such that (iii) holds.
In fact, by (i) and (4.19), it is obvious that if ¢ is taken to be |7 |~1/2, then (iii) holds.
At last, we verify (iv). By (i) and (4.19), we can get

/1//05161)6 = fw(alXI| + axxr,)dx

= uja; + uzas

1

= (uu "up — uzu_lul)c

= ulzfl(u —uy)c— (u— ul)zflu]c =0.

We can deduce from (4.19) that [ ;¢ dx = 0. O

4.2 Martingale Type 7' (b) Theorem

In this section, we prove the boundedness of Cauchy singular integral operators via
the Clifford martingale. The main result is as follows. We suppress the fact that the
Cauchy singular integral is a principal value by writing our operators in terms of
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ordinary integrals. The principal values are to be interpreted as the ones obtained by
projecting the Euclidean balls in ¥ onto R" and integrating over their complements.

Theorem 4.2.1 IfX isa Lipschitz graph, then the Cauchy singular integral operator
is bounded from L*(Z; Rq,) to L*(Z; Rny).

Let ¢(v) = A(v)ep + v (v € R") be the coordinate system on X defined by A.
The unit normal of X is

n(@) = (e — VAW)V1+ [VAW)[%.

For these coordinates, we have

Teh@) = [ _PW =0 ) h T+ VAW Py
e [0 — )|

B /R %wwh@(v»w

where ¥ (v) = e¢g — VA(v). Because [VA(v)| < C, we can see that Ty is bounded
on L*(X; Ry,)) if and only if the operator

YOI,
T : _— d 4.20
fr /R o) =g P (4:20)

is bounded from L*(R"; R(y)) to L*(R"; R,)).
Notice that if I is a dyadic-quasi-cube, then the principal value integral

P(v) — P (u)
() — d)|'+”

exists and defines a locally integrable function. The existence and the local integrabil-
ity of T (4 x7)(u) on R" \ I are straightforward. Moreover, in R” \ I, the singularity
of T(¥ x;)(u) is O(log(dist(u, d1))) as u — 1. To deal with the case u € I, we
only need to consider

T(Wx)w) = p-v./R Y () xs(v)dv

Ts F(x) = p.v. / W“()’)F()’)dﬂ()’)
where F vanishes outside ¢ (/) and satisfies a uniform Lischitz condition. Write
Ty F(x) = p.v. / f L B O[FO) = F@do)

+/}; Wn(y)F(x)do(y)



4.2 Martingale Type T (b) Theorem 127

The Lipschitz condition of F gives an appropriate control on the first integral.
By Cauchy’s theorem, the monogenicity and cancellation properties of the kernel
(y — x)/|y — x|'*", we obtain a suitable control on the second integral.

We write the operator in (4.20) as

Tf(u) = 5 K@u,v)fv)dv.

In the following lemma, we give some elementary properties of the kernel K.

Lemma 4.2.1 Forallx,x', y suchthatx # yand|x — x'| < 1/2|x — y|, the kernel
K satisfies

C
K (x, y)| < m, X #y, “4.21)
lx —x’
K (x,y) = K, y)| < o (4.22)
and | ]
X —X
|K(y,x) — K(y,x")| gcm 4.23)

Let S denote the span over Ry, of the set of all characteristic functions of dyadic-
quasi-cubes. The space Sy of pointwise products with the function v is a left-linear
space over A,. By use of the idea of [ 7], we can define 7' as a Clifford left functional
on the subspace (Svr)g of Syr. The space (Sy)¢ consists of the functions having
integral O: fix gy € (Sv¥)op and choose N large enough such that the ball By of
radius N centered at O contains the support of g. Then we define

Tuien) = T @0 + [ [ ewweo[&e) = k001 = a0 ]w0)dxdy
1 2
)
By (4.22) and (4.23), this definition is meaningful. An important fact is that

(Bs, TY)y =Ty (Bsy) =0. (4.24)

This can be proved as follows.

(a) When N — oo, I](Vz) — 0.
(b) By the monogenicity of the Cauchy kernel, using Cauchy’s theorem, we can
prove that A}im T (Y x,)(x) exists and is independent of x € suppp,.
— 00

Because the integral of 8, is 0, we can conclude that
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lim 7' (Y x5,)(Bs¥) = 0.
N—o00

In establishing (b), one works on the surface X.
We note that, if T* is the operator f + [ f(y)K (y, x)dy, then for all dyadic-
quasi-cubes [ and J,

(T" )y xadw = i TWx))y-

Similar to 7', we have

(T'. Brly =T'Y(¥By) = 0. (4.25)

By Lemma4.1.2,if f € L*(R"; Reyy), we get

f=Y Aaf =Y i, fly

m=—00 1

and

T(f) =Y TWa) B fly
JegJ

= Za,(ﬁ,, T(ap)y(Bss fy
J, 1

= Za; Z(ﬂl, T(Wap))y(Br, v
; 7

Letuy; = (Br, T(Yay))y. By Lemmas 4.1.1 and 4.1.2, we only need to prove the
linear transform defined by the matrix (u#;;) on 12(T; R()) is bounded. We need the
following Schur lemma.

Lemma 4.2.2 (Schur) Assume that there exist a family of positive numbers (w;) and
a constant C such that

Y lwsu < Cop, 1 €7, (4.26)
J

and

Z lojur;| < Cowy, I €F. (4.27)
7

Then the matrix (u;;) defines a bounded operator on I*(J; Rayy)-
Proof This is a natural modification of the proof of the scalar version. (]

Now we state some facts associated with the estimate of |(8;, T (Y¥oc;))y |. Assume
that I and J are atoms in ¥,, and ¥, and assume that m > «. If the atom A € F,, is



4.2 Martingale Type T (b) Theorem 129

not contained in J (or J€) but a part of its boundary is in common with the boundary
of J, then A is said to be contiguous to J ( or contiguous to J¢). If the atoms of A
are in the same o —field as / and are contiguous to J, we denote the union of J and
such atoms by I + J. Specially, 2J denotes the union of J with all of atoms in %,
which are contiguous to J. The bottom-left corner x; of J is the vertex of J having
minimal coordinates.

Lemma 4.2.3 Let I and J be atoms of F,, and F, respectively, and m > k. There
exists a constant C, independent of k and m, such that if I C 2J\J, then

dxdy [J]
< C|1|(1og— + 1).
Ixg lx =y 1]

Proof We can prove this lemma via a simple calculation and we omit the details. [

oo
Lemma 4.2.4 Ler I and J be atomsin | J F;. Then

Jj=—00
(1) forallx ¢ 2J,
1T (Yay)| < CII|V2H"x — xy 7174 (4.28)

() if I S 2J)C, then
lBr, T(Yray))yl < C|1|‘”2|J|”2“/”/|x—xj|—1—"dx; (4.29)
1

(iii) forallx ¢ J,
T (W) @)] < C|J|—'/2/ = y|dy:
J

(v) if I C2J\J, then

11"/ 1]
{Br, T(Way))yl < C VIiE (log Tl + 1),

(In the above (i)—(iv), the constant C is independent of I and J ).

Proof The assertion (i) can be proved by the canceling property of Haar functions.
Hence

T(ay) = / K (6. )% (s (0)dy
_ / (K (x, y) — K (e, x) 19 (s ()dy.
J

So we can deduce from (4.23) that if x ¢ 2J, then
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ly — x|
|x _xJ|1+n

IT (Yay)(x)] < cur‘”/
J

< CI"|x = x;1 7" sup |y — xy|
yelJ

1

< ClJ2Hd '
s cll |x — x|t

To prove (ii), we can use (i) and (iii) of Lemma4.1.2. The assertion (iii) follows from
(4.21). The assertion (iv) is clear from (iii) and Lemma4.2.3. U

‘We divide the estimate of

D UIBL T(Wray))yl
1

into three parts, each with a number of separate cases based on the relative size and
disposition of the atoms / and J.

Case 1. The sum with respect to atoms I larger that J.
Fix J € ¥, and consider the set 2J. Let x; be the bottom-left corner of J. Consider
IeF,,m<k.

(a) If 1 lies outside 2J, by (ii) of Lemma4.2.4 and (iii) of Lemma4.1.2, we have

KBr, T(Yay))yl < Clllfl/zlfll/”l/"/lx —xy|7 .
I
Hence, in this case, if t < 1/2, the estimate for the Schur sum is

> KB TWan)yl

Ie U Fm, 1S2J)¢

m<k

o0
g CZ(2]|J|)I—1/2 Z |j|1/2+l/ll / |.X _.XJ|_1_ndX
j=1 !

1€F,_;, ICQI)

oo
< Csz(t71/2)|J|t+l/d/\ |x _ x1|717"dx

j=1 @/

o0

g Csz(tfl/Z)l‘]lt
j=1

<cll.

(b) For afixed m < «, the dyadic-quasi-cubes which meet 2/ are of two kinds: those
that lie in 2J\ J, and one that contains J. If I lies in 2J\ J, then because the ration
of the measures of I and J is bounded above and away from O and independent of
I and J, by (iv) Lemma4.2.4, we know



4.2 Martingale Type T (b) Theorem 131

|I|t+1/2

/1

[I'[{Br, T(Wap))yl < C H

Because the number of such terms is bounded and is independent of / and J, the
corresponding part of the Schur sum is O (]J[).

If I contains J and is larger than J, the I can be written as I = I; U I, where I,
and [, are atoms in F,,4+1. Assume that J C I, and write 8; = B1x1, + B2x1,- Then
similar to (4.24) and (4.25), we can get

<,31X11, T(l/faf))w = —(ﬂlxlf, T(¢“J)>]//-

Now I{ contains part of the region 2J\J. We can use (i) of Lemma4.2.4 on this
region. In particular,

Brxns Tan)yl = |6 /I POT Way) ()dx| (4.30)

< cipi( /2 ., ITanelds + /( IT(a)()ldx)

2J)¢

<C|1|—1/2|J|—‘/2f dx/|x—y|‘"dy
2J\J J

+ C|I|—1/2|J|1/2+1/n/ |x _.XJ|_1_ndX
J)°

|J|1/2
|I|l/2’

<clinr el < e

where in the second-last step we have used Lemma4.2.3. As for (B2 x1,, T(¥ay))y,
we have I, is disjoint with J, so we can obtain an estimate similar to that of (4.30).
The estimate for the Schur sum of the dyadic-quasi-cubes satisfying I 2 J is

Yo UL TGyl < C Y QIN I <,

1eU Fu. 127 k=1

m<k

where t < 1/2.

Case 2. The sum with respect to atoms I smaller than J.
For this case, we deal with the atoms J € ¥, and I € F,, withm > «.

(a) If I lies outside 2J, then J lies outside 2/. Hence we apply (i) of Lemma4.2.4
to T' and get

. C|1 | 1/2+1/n

IT"(Brd) ()] <

Ix — x|+
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which implies that

dx
T , o <C11/2+1/"171/2/—
(T (Br), )yl < CII| A A P
1
<A
|_x_-xj|]+n
dx
< C|1|1/”*‘/2|J|1/2/—v
; I.x_-x]|l+n

where in the middle step we have used the fact that I € (2J)¢. The estimate of the
corresponding Schur sum is

Z |I|t+l/n—1/2|J|1/2/ dx
|x _ x1|1+n

1€Up., Fon, 1027=0 !

> dx
< CZ(z—j|J|)l+l/n—l/2|]|l/2/

= Qe |x —xg|Hn

o0
<CY @ HHmrr < ey,
j=1

where t > 1/2 — 1/n.
byIfINJ=@and I C2J\ (I + J),then J C (2I)°. So for T*, we can use (ii)
of Lemma4.2.4 to obtain

B Twapyl = C|{T' 6. o) | (431)

< C|J|—‘/2|1|”2+'/"/ &

71X = x|

Letd(x, J) denote the distance of the point x from J. The atom / may have unequal
side length. Let I(/) be the smallest side length. We can deduce from (4.31) that

1
. T ol AV R A — 432
[(Br, T(Fog))yl [T~ D (4.32)

< C|J|—1/2|]|1/2+1/n|1|—1/d—x.
pdx, J)+1)

Denote by L the maximal side length of J and by / the minimal side length
of J, respectively. Then L < 2/ and [" < |J| < 2"I". The smallest side length of
the dyadic-quasi-cubes I € Fiyjis (1) =1/ 2k/n+1 Tt follows from (4.32) that the
estimate of the relevant part of the Schur sum is: if # > 1/2 — 1/n, then
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D KB T(a)yl

IeJ, IC2J\U+J)

m>k

o0
/ dx
< (2‘]|J|)t+1/n—1/2|J|—1/2/ |
; i+ d(x, J) 4+ 270/m=1]

00 et 2 3L 3L 2 du
<cy@ e [ [ [
; 171) e A Rl e ==y
S 2 +2-i14-1
=J t+1/n=1/2) 1 =1/2| y1(n=1)/n
<cy e 72110 o (=57 —)

Jj=1

oo .
< CZ(zfj)Fl’l/nfl/Zi'J't < C|J|t
n
j=1

IfI €+ J)\J,wehave I € 2J\J. By (iv) of Lemma4.2.4,

11"/ 1]
1. Than)yl < € (log 7 +1). (4.33)
In the region (I + J)\J, there exist O (L¢~!/(27//"=1)"=1) atoms which belong to
% In other words, there exist O (2/1=1/") atoms. By (4.33),if t > 1/2 — 1/n, the
corresponding estimate of the Suchr sum is

o0 oo
CZ(ij|Jl)t+1/2|J|71/2j2j(171/n) — C|J|t Zj(zfj)tfl/2+l/n < C|J|t
j=1 j=1

() If I € J and L is contiguous to J¢, we write J = J; + J,, where J; and J,
are atoms in F,,41. Let oy = a1 xj, + a2 s,, and assume that I € J;.
We first consider the atoms / C J; which are contiguous to J{. We have

Kﬁh T(l/fOt1XJl)> <,31, T(I/fOl1XJf)>w‘

J=
= |(rew). @) |

<\f T’(ﬂ,w>(x>a,dx\+\/ T' (B9 ()ardx].
Jenal Ji\2l

Hence by Lemma4.2.3, applying (i) of Lemma4.2.4 to T*(B; ), we get
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(pr. rewann), | < cur e | dx/
2N\I

+ C|I|1/2+l/n/ -
@ene |x —x1|1+”

Ly 1]
< ClP o (o

=

(4.34)

1) eI IR
|I|l/2
|J|1/2'

~

Because J, € J{, we can use an estimate similar to (4.34) to obtain

|I|l/2
|]|1/2'

(g1 Twenxn) [ < 435)

In ¥, ;, there exist 0 (2/0=1/my atoms that are contiguous to J{. It follows from
(4.34) and (4.35) that for the atoms which are contiguous to J{, the corresponding
estimate of the Schur sum is

CZ(Z j|Jl)t+1/2|J|71/2|J|71/22J(1 1/n) __ C|J| Z(Z j)t 1/241/n < C|J|
j=1 j=1

where t > 1/2 — 1/n.
(e)If I € J and [ is disjoint with J{, similar to (i) of Lemma4.2.4, we have

(81 Twenn) | = ’ [ '@ wds

< cur“zf IT"(Br¥) (x)|dx
Ji

_ dx
< C|I|1/2+1/I‘L|J| 1/2/ -
7o v —xg

1

< C|I|l/2+l/n|J|—l/2d(x JL)
> Y1

For [{B;, T(¢o2xy,))y !, a similar estimate holds. So the corresponding estimate of
the Schur sum is

2J(1=1/m)

(o]
. 1
—j 1 TNEHL24 1 =12
> 1) Y

J=1 Jj=1

o0
< C Z(zfj|J|)t+1/2+l/n|J|71/271/n2j log(zj(lfl/n))
j=1
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o0
g C Zk(z—j)t—1/2+1/n|1|l
j=1

< CI,

where t > 1/2 — 1/n.

Case 3. Atoms of the same size.
Here we only need to estimate the term (8;, T (¥« ))y since the arguments for Case
1 can be used to estimate the other parts of the Schur sum.

By Lemma4.1.2, it suffices to prove that for all dyadic-quasi-cubes I,

X T x)yl < CHI

For this, we need to use the monogenicity of the Cauchy kernel. So we pass from
T back to Tx. The coordinate mapping is ¢ (v) = A(v)eg + v. For small € > 0 and
x = ¢(u)(u € I), consider

/ L w0t (Mo (). (4.36)

x—y|>e€ |y - X|

Let P, be the tangent hyperplane X to at x. Seta(u) = dist(u, d¢I) andb = b(x) =
dist(x, d¢(1)). Write (4.36) as I} + I, where

y—x
I = / B X (e ()
b>|x—y|>e 1Y

x|
and _
I / Y ) ey (Mo ()
2= 1MW Xen(Y)ao(y).
lx—y|>b |y _x|1+n o
Then
C|I|l/n
1| <C10g( )
a(u)

By Cauchy’s theorem, we write

y—x y—x
L=| ——— d — d
1 /Sb |y_x|1+n“(Y)X¢<1>(Y) o(y)+/sg 5 _x|1+nn(y)xq><z)(y) o(y)

+f ke () (), 437)

, YEP:, b>|x—y|>€ |y - X|

where S, and S, are the portions of the sphere of radii » and €, respectively, that lie
between X and P,. Because the kernel is anti-systemic and the integrals on S, and
S, are dominated by a constant, independent of x, € and b, then the third integral in
(4.37) is 0. Hence
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|I|1/n
a(u)

|Gt T X))yl < CI +C/10g< )du < Il
I

Assume that b; and b, are two pseudoaccretive functions. The space b, L*(R";
R()) is defined as the set of all products of the form b, f, f € L*(R": R¢yy). Similarly,
we can define L2(R"; Ry))b;. These spaces are isomorphic to L2(R"; Rgy). Let S
denote the space of finite linear combinations over R, of characteristic functions of
dyadic-quasi-cubes. Then b, S is dense in b; L*(R,)). Denote by (Sh,)* the space
of all Clifford left linear functionals on Sb, with values in Ry,,. Similarly, (b;S)*
denotes the space of all Clifford right linear functionals on b;S.

Let T be a Clifford right linear mapping from b; S to (Sb,)* and let A = {(x, y) :
x =y}. We call T a standard Calderén-Zygmund operator, if there exists a C*>
function K in R” x R"\ A with values in R, satisfying:

(i) forx # y,

IK(x, yI<C ; (4.38)

lx — y|"

(i1) there exist a constant § such that for 0 < 6 < 1l and |y — yo| < |y — x|/2,

BT
K(x.y) = K@, yo)l + K (v, x) = K (30, 0)| < c%; (439)
(iii) for all f, g € S having disjoint supports,
T (b1 f)(gh) = // 8()ba(X) K (x, y)br (y) f (y)dxdy. (4.40)

In conformity with (4.40), we write

T(b1f)(ghy) = (g, T1f))p,-

If T' is a left linear mapping from Sb; to (b1S)* such that for all f, g € S,

(g, T(b1 ), = (T"(gh2), fu,

and T is associated with the kernel K, then T is associated with the kernel K (y, x)
in the sense that

(@b 61 = [ ( [ @bk ndx)bio)fo)dy.

If there exists a constant C such that for all dyadic-quasi-cubes Q,

IT(b1x0)(x0b2)| < C|Q],
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We say that T is weakly bounded with respect to b, and b,. This definition is formally
different from the usual one in [7, 8], in which the test functions are taken to be
smooth. However, the two definitions are equivalent.

If h € L®(R"; R'"*"), then Th can be defined as a linear functional on the sub-
space (Sb,)o of Sb; consisting of functions having integral 0. In the next theorem, we
say T (b1) € BM O if there exists a locally integrable BMO function ¢ such that for
all g € (Sha)o, (g, T(b1))p, = (g, ¢)»,. A similar interpretation applies to T7 (by).
For the sequence of o —fields, the space BMO is the one defined in (4.8).

Theorem 4.2.2 (T (b) theorem) Let T and T' ba as above and T be associated with
the standard Calderon-Zygmund kernel K. Then T is extendible to a bounded linear
operator from by L*>(R"; Ry) to L*(R™: Rw)) by if and only if

(i) T(by), T'(b2) € BMO;
(ii) T is weakly bounded for by and b;.

Proof The necessity of the conditions (i) and (ii) was proved in the classical case by
[9-11]. Their proof adapted to the more general Clifford algebra setting.

To prove the sufficiency, we first deal with the case T (by) = T'(b;) = 0. For
every pair of pesduoaccretive functions b; and b,, we associate a Haar basis and
denote the respective pair-base by {(a}l), ,3;1))} reg and {(aﬁz), ﬂ;z) )}1eg. Formally,
we have the following expansion

T (b, f) :Za}”( * Tbla;”)b( M f>b.
1,J ? :

Let
2 1
Uy ——< ;), Tbla(J)>b .

2

It suffices to prove for a suitable number ¢, when w; is taken to be |I|*, the conditions
of Lemma4.2.2 are satisfied.

Because T (b)) = T'(b;) = 0 and the kernel with respect to T satisfies (4.38)
and (4.39), for the present more general operator 7', the statement and the proof
of Lemma4.2.4 still hold. Because of the assumption that 7' (b;) = T*(b;) = 0, we
find that the estimates for Case 1 and Case 2 go through unchanged. The estimate
of the part of the Schur sum corresponding to Case 3 holds by virtue of the weak
boundedness assumption.

The general case: T (by), T'(b;) € BMO.Let T (b)) = ¢ and T'(by) = ¢». We
define

[e¢]

Uif =Y AP@OED (b7 f), i j=1,2,i # ], (4.41)

k=—00

where E\” and A\” are the left conditional expectation operator and the left mar-
tingale difference with respect to the pseudoaccretive function b;. It is obvious that
U;b; = ¢;,i =1, 2. The kernel K; of the operator U; is given by the expression
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- ) %) -
. — G J . .
K 0= 30 3 ) (B} "”>b_,,< / b,) . (442)
By (4.42), it is easy to verify
AU f = AP (@)EL (b7 f).

We claim A
ISOW; HHll2 < Clifla, (4.43)

where S denotes the Littlewood—Paley square function with respect to b;. Hence
U; is bounded on L%. To prove (4.43), note that

ISP Wi HI3 (4.44)
=fDA,&”@»E,?‘Z](b;If)Fdx
k

<cf Z|A,if>(¢;>|2(E£i_)’;(b;lf))zdx
/ Z (S0 @r N(ED 6 0) — (£2507 0) Jas

m= k

where E,Ei)*g = sup |E(g|. Now, for every k,
m<k

B (2 1826017) < Clldiluno- (4.45)

m=k

This is because, if I € Ji_1, then we canrestrict o —field {F,,};,_,_, to I and deduce
thaton 7,

1 A
m/} Z 1A (i) Pdx

() )
= m/ZW@, E, (¢i)dx

m=k

_ C 1 b d
o J, éi = 17| j¢i) x

1 2
|1|/¢’ |1\<J>/ "_m/,d”'dz)dx‘
Cllgil3 o

Br( 2 188 60P)

m=k

N
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where we have used the fact that [IV)| = [, b;dx. This gives (4.45). Returning to
(4.43), we have

ISOW; I3 < Clldi Mo f (Mf @) dx < CIS I,

where M f denotes the usual Hardy-Littlewood maximal function. This proves (4.43).
By Lemma4.1.1, U; is bounded on L2. The operator U! is still bounded on L2. If

i # j,because fbjot;j)dx =0,

(Ui b)), flo, = (bj, Ui(bi ))
= 2 3 () o ([ 5) ([ o)
k=—o00 I€Tx_; I I
=0.

Hence if i # j, U/ (b;) = 0. Letting R =t — U; — U}, we have
R(by) = R'(by) = 0. (4.46)

The operator R is also weakly bounded. Applying the method of Theorem4.2.1,
we wish to show that R and T are bounded on L?. This effectively reduces to
checking that the operator R and R’ satisfy the same kind of conditions as those
given in Lemma4.2.4. The proofs of (iii) and (iv) of Lemma4.2.4 use only the
property (4.21) of the kernel K. Consider the kernels associated with the operators
U, and Uj. Fori = 1, 2, they are given by (4.42). Now for fixed x # y, and k, there
exists at most one I € J;_1, denoted by I;_;, such that the summand in (4.42) is
nonzero. For such a term,

lx —yl < Cc27F, (4.47)

where C is independent of x, y and k. Let ko be the largest integer such that (4.47)
holds. By (4.47), the sum in (4.42) is then, in norm, at most

ko
il -
C S / B9 ()b; ()11 — @)1, Idy
L1l Ji,
k=—00 k=1
ko
< Cligillsmo Y Mkl ™

k=—00

ko
< Cligillsmo Y 2™

k=—00
< Cligillsuo2™
< Cligillsmolx — yI™
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As to (i) and (ii) of Lemma4.2.4, we note that, if J is a dyadic-quasi-cube with
x ¢ 2J, then

o] -1
Uibiaf) @) =Y Y ¢ (B, ¢1>b2( f, bl) ( /I bla?)) =0.

—00 I€Jk-1

In fact, the last factor in a term of the double summation is nonzero only when I C J.
But because x ¢ 2J, then x;(x) = 0. So this term is 0. A similar argument applies
to UJ. Hence, (i)—(iv) of Lemma4.2.4 hold for the operator R. The operator R’ can
be dealt with similarly. Assume that R(b;) = R'(b,) = 0. With some appropriate
modifications, the proof of Theorem4.2.1 applies to the operator R. O

4.3 Clifford Martingale ®—Equivalence Between
S(f) and f*

In Sect.4.2, the L?-norm equivalence between a Clifford martingale and its square
function plays an important role in the proof of the main results. The L?-boundedness
of the maximal function f* indicates the L? equivalence between f* and its square
function. The later mentioned result is associated with ® (¢) = ¢2. In this section, we
will generalize this result to more general functions ®.

Let (2, ¥, v) be a nonnegative o —finite space and let ¢ be a bounded Clifford-
valued measurable function. Consider the Clifford-valued measure du = ¢v. The
martingales are with respect to du and a family of {¥,,}> of sub-o-field satisfying

{Fm)}>,, nondecreasing, ¥ = UF,,, NF,, =0, (4.48)
and
(2, Fm, v) complete, o — finite V m. (4.49)
Letey, --- , e, be the basic vectors of R” satisfying
e’ =—1, eie;=—ejer, i £ j, i, j=1,2,...,n, (4.50)
and R, be the Clifford algebra on 2"-dimensional real number field generated
by the increasingly ordered subset e4, {1,---,n}, where ey =¢; ---¢;, A=
{1, i}, 1 <1 < n, ey = eg = 1. We will use the following norm in R;):

A = (Zﬁ)m, L= haea. 4.51)
A A
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For this norm, we have the following relation:
Al < KAl Y &y € Ry, (4.52)

where k is a constant which depends only on the dimension m. When at least one of
A and p, say A, is of the form A = Z;‘Jzo Aje;, i.e., a vector in R"T! ¢ R, we have

KA < 1A (4.53)
For a martingale f = ()%, the maximal square function is defined as

To=swp lfil, 7= f&. (4.54)

k<m

For1 < p < o0, f = {fn}%, is called bounded on L? if

£l = sup |l fiull, < 00. (4.55)

In the next proposition, we prove the boundedness of the maximal operator f*.

Proposition 4.3.1 Let 1 < p < 0o. The maximal operator “x” is (p, p) type and
weak (1, 1) type. For 1 < p < oo, every LP-bounded martingale f = {f,}>, is
generated by some function f € LP(v) which satisfies || f ||, ~ sup,, | finll p-

Proof Let f = {f,,}>,, be a martingale. On the one hand,

Jn = E(fnst | Fn) = E@ | Fon) " E@ i1 | Fon)-

On the other hand,

fo=E(fura | ¢m>~=~i<¢ | Fo) " E(@fsa | Fon)
=E(@ | Fn) "EE@fns2 | Fur1) | Fn)-

The above estimates give
E@fur1) = EE@fuiz | Fu) | Fun)-

Hence {’Ev(qﬁfmﬂ)}cjooo is the martingale with respect to (2, 7, v, {,,}%%,). We can
deduce from the expression of f,, that the following relation holds:

E@fns1 | Fu) = E@ | Fon) fn-
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Then it is L?-bounded. Moreover, we have

sup || follp &~ sup | E @ fms1 | Fudllps

f 2 sup |E(@frr | F)l-

Because of the result in the classical case, * is (p, p) type and weak (1, 1) type.
For 1 < p < 0o and any integer M > 0, we decompose 2 = U2, where ; €
F_m and || < oco. Because for any &, {E(@fnsr | Fm) X tn>—m is a classical
martingale, we can obtain some ¢f € L” (€2, v) such that on 2,

E@fns1 | F) = E@f | F), n > —M.

Therefore, forn > —M,

fu=E@ T E@fusr | Fu)
=E(p | Fu) 'E@f | Fn)
- E(f | 7rm)

Letting M — o0, we can see that f,, = E(f | ,,) ¥ n. Moreover, we have
I fxellp < Csupll fnxallp
n

and
£, < Csup |l fullp-

In addition, sup,, | fiull, < CIfll, and || f1l, = sup,, || fullp- O

By Proposition4.3.1, we can identify a L”-bounded martingale with the function
that generalizes the martingale as follows

J =% ={E(f | Fi) ¥ m}Z.

Proposition 4.3.2 Let 1 < p < oocand f = {fu}%,, be a L?-bounded martingale.
Then
lim f,=f,1< p < oo, (4.56)
m—0o0

where f is the L?-function which generates { f,,}>,, in Proposition4.3.1, and for
p = 1, the following limits exists:

lim f, exists, p =1 4.57)

m—0Q
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and
lim f,=0,1<p<o0. (4.58)

m——00

Pr00f~Let Q = UQy, where Q; € F( with || < ooV k. Then {E(q’) | Fm) X hm>0
and {E(¢fim+1 | Fm) X tm>0 are LP-bounded martingales with respect to (2, F N
Qi {Fm N Qi }m>0), and have their respective limits:

on every 2, lim E(d) | Fm) = ¢ ae.;
m— 00

on every €2, for some g, lim,,_, o E(¢fm+1 | F) = ¢pg ae.;
forl < p<oo,g=1.

The last two limits imply that (4.56) and (4.57) hold. Now we prove (4.58). Write
0(w) = lim,,, | fin|. Then 8(w) < f*(w) and O(w) are NF,, measurable. This
means that 6(w) = a > 0 a.e. Because * is weak (p, p) type, for 1 < p < oo, we
have

C P
HO (@) > Ay < H{f* > A < (X”f”p) Va>0.

Hence a = 0. This gives (4.58). (]
Let ® be a nondecreasing and continuous function from R* to R™ satisfying ®(0) =
0 with the moderate growth condition

OQ2u) < Cip(u), u > 0. 4.59)

We begin to establish the ®—equivalence between S(f) and f*, where f is the
martingale such that for any m,

[Am f1 < D1, (4.60)
where D = {D,,} is a nonnegative nondecreasing and adapted process to {F,,}. We

only consider the case {F, }n>0.

Theorem 4.3.1 Let f = {f}n>0 be a l—martingale or a r —martingale satisfying
(4.60). Then

/ O(S(f))dv < c/ ®(f* 4 Doo)dv (4.61)
Q Q

and

/ O(f)dv < C/ D(S(f) + Doo)dv, (4.62)
Q Q

where the involved constants depend only on Cy and C.

Proof We shall use the stopping time argument and the good A— inequality. Let «
be any real number larger than 1, 8 > 0 to be determined and A be any level. Notice
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that
|fm| < |ﬁn—l| + |Amf| < fr;:_l + Dm—l = Pm—1-

Define the stopping time t = inf{m : p, > B} and the associated stopping mar-
tingale

FO = (£ mz0 = { fminim.o) Im>0-

Then we have

{t < o0} ={ps > BA}, f(r)* = sup |fmin{m,r}| < f: < -1 < BA.
m

Now consider the adapted process {S,,(f)) > A} and define the stopping time
T =inf{m : S,(f™) > A}.

Then we have
{T < o0} = {S(f™) > A}, St () <A

Hence

{S(f) > ar} C {t <o} U{t =00, S;(f)* > a’A?}
C{t <00} U{S(f™)* = Sr_1(f)* > (& — DA%}

and

(XS(f(”)?—SH(ff)2>(oz2—1),\2 | F1)
E(S(f) =S (f)? | Fr).

N

(@2 — )2

Now we consider a new underlying space (2, ¥, v, {Jm}m>0) with J,, = Fripm,and

the martingale
g = {gn}m>o0 such that g,, = 7("2m — T(Z)l

Then we have
(7) (7) (7) (7)
Ang = fT:.m - Tr_l - (fT:—m—l - fTr_l) = AT+mf(t)

and

oo

S =Y 1Angl =) |ArimfOP

m=0

m=0
= D IAS O = S(FO) = Sroa(f )
k=T
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By Lemma4.1.1, we get

ES(f? = St (f)? | Fr) = E(S©)* 1. T)
< CE(Igl* | Jo)
= CE(f™ — £21 1 Fr)
< CB2A2.

Now, because {S(f*) > a)l} C {T < oo}, we obtain

S(FD) > anlly < / XisrnmanydV

{T <o0}

Z/ E(Xs(p@ysany | Fr)dv
{T <00}

< / EQusronz—sr(rop>@ -2y | Fridv
{T <00}

cp? cp?
< sy = 1l < <L iis() > A,
ar—1 ar—1
and hence
cp?
S0 > @l < 1o > Bl + 50— IS(F) > My

which is the desired good A inequality for the couple (S(f), f* + Doo). The one for
the couple (f*, S(f) + Do) is similar. From them, we obtain (4.61) and (4.62). [J

We can get rid of D, in the following cases:

(i) @ is convex;

(i) (2, F, v, {Fm}>,) is regular in some sense.

For simplicity, we only consider the simplest regularity, i.e., the dyadic type one: each
F, is atomic, whose atom [ ™ = Il(m+1) + 12('”“) satisfies ||11(m+]>|u| = ||12(m+1) Ll
A little more general regularity is applicable to our case. We have

Theorem 4.3.2 Under the additional condition (i) on ® or (ii) on (2, F, v, {Fm} %),
we have

f O(S(f)dv ~ f O(f)dv,
Q Q

where in the above equivalence, all the constants only depend on Cy and Cj.

Proof We first consider {#,},>0. Davis’ decomposition holds in such case: every
Clifford martingale f = { f;,}m>0 can be decomposed into a sum of two martingales:
& = {8mtm>0 and h = {hy },n>0 satisfying
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|Angl < 4dy,_;, d* = sup |di|, di = Arf, (4.63)
k<m
and
o0
/ QD(Z [A DAY < C/ ®(d*)dv ¥V convex . (4.64)
(o T —, Q

Now for f = { fiu}m>0, we have
/CD(S(f))du < C/ <I>(S(g))dv+C/ O(S(h))dv
Q Q Q

< c/ c1>(g*)+c/ <I>(d*)+C/ (> |Anh)dv
Q Q (o R ——

< c/ O(f*)dv.
Q

The proof for the reverse inequality is similar. Next we consider the dyadic type
case. We claim that in such case, (4.60) holds for any martingale f = {f,,}*°, and
suitably defined D = {D,,}. In fact,

Dy |mer= sup max(( Ay f] o, 1A f] |,0)
k<m

is a nonnegative, nondecreasing and adapted process such that
|Amf | < Dm—l

and
Doy < Cmin(f*, S(f)).

Only the last assertion needs to be verified. In fact,

G
implies
[, serdn== [ acrau.
Il(k—l) 12(/(71)
This gives

k k
Acf 1y PN = =B f 1o 1571
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or ®
Acf 1o | 1L,

Acf Lo | 1P

Therefore, on 1%,

max(|Ac f1 [;w, |Acfl1w) < ClALf]

and
Do < Csup|Arf] < Cmin{S(f), f*).
k

4.4 Remarks

Remark 4.4.1 Another method to prove the boundedness of Calderén-Zygmund
operators lays on the multi-resolution technique developed by R. Coifman, Y. Meyer
etc. That method is usually called the fast algorithm of Calderén-Zygmund. The
basic idea is to decompose the kernel of the Calderén-Zygmund operator 7 under
consideration by wavelet basis and then represent 7 as a linear combination of
quasi-annular operators. Then applying the smoothness and the canceling condition
of the regular wavelets, we estimate the coefficients of the kernel and obtain that the
L% —norms of the quasi-annular operators have a good rate of decay. This implies the
L?-boundedness of Calderén-Zygmund operators. In 1994, similar to the result on
R", using Clifford-valued regular wavelets, M. Mitrea obtained the L?-boundedness
of singular integral operators on Lipschitz surface, see [12].
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