Chapter 3 ®
Clifford Analysis, Dirac Operator ez
and the Fourier Transform

In this chapter, we state basic knowledge, notations and terminologies in Clifford
analysis and some related results. These preliminaries will be used to establish the
theory of convolution singular integrals and Fourier multipliers on Lipschitz surfaces.
In Sect. 3.1, we give a brief survey on basics of Clifford analysis. In Sect. 3.2, we state
the monogenic functions on sectors introduced by Li, McIntosh, Qian [1]. Section 3.3
is devoted to the Fourier transform theory on sectors established by [1]. Section 3.4 is
based on the Mobius covarian of iterated Dirac operators by Peeter and Qian in [2].
In Sect. 3.5, we give a generalization of the Fueter theorem in the setting of Clifford
algebras [3]. In Chaps. 6 and 7, this generalization will be used to estimate the kernels
of holomorphic Fourier multiplier operators on closed Lipschitz surfaces.

3.1 Preliminaries on Clifford Analysis

In this section, n and M denote the positive integers, L equals to 0 or n 4 1, and
M > max{n, L}. The real 2 -dimensional Clifford algebra Ry, or the complex
2M_dimensional Clifford algebra C ) has basis vectors es, where S is any subset in
{1,2, ..., M}. Under the identifications

€0 = égp,
ej=ey, 1< j<M,
the multiplication of basis vectors satisfies

eo=1, e?z—e():—l, 1<j<M, eg=1;

ejex = —erej =e(jp, 1 < j <k < M;
€jéej...ej =eg, 1 <J1 <j2 < v <js < MandS:{jl,jz,...,js}.
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68 3 Clifford Analysis, Dirac Operator and the Fourier Transform

Let u =) uges and v =) vrer be two elements in Ry, (or Cpyy). Then the
S T

product of u and v can be expressed as

uy = E usvreser,
S.T

where ug, vy € R (or C), ugey is usually written as ugeq or ug, and is called the scalar
part of u.

By identifying the standard basis vectors e;, ez, ..., e, of R" with their counter-
parts in Ry or C(yy, we embed the vector space R"™! in the Clifford algebras Ry,
and C ). There are two usual methods to embed R"*+! in Clifford algebras. We treat
them together by denoting standard basis vectors of R+ byei,es, ..., ey, e, and
identifying e; with either ey or e, .

On Ry and C ), we use the Euclidean norm |u| = (}_ |us|*)!/2. For a constant
s
C depending only on M, |uv| < Clul||v]. If u € R"*!, then we can take the constant

C as 1.Ifu € C"*!| the constant C is taken as +/2.
We write x € R"*! as x = x + xze;, where x € R” and x; € R. We also write
the Clifford conjugate of x as x = —x + x e, where e;e;, = 1. Then

n
- = 2 2 2
XX = XX = E xj+xL=|x| .
=1

The Clifford algebras Rg), R(;) and R, are the real numbers, the complex num-
bers and the quaternions, respectively. An important property of the three algebras is
that every non-zero element has an inverse. Although this is not true in general, but
every non-zero element x = x + xy ey in R"*! has an inverse x ! in Ry In fact,

-1 = |)C|72)E e R ¢ R(M).

For the sake of convenience, we recall some basic knowledge in Clifford analysis.

The differential operator

9 "9
D=D+ —e;, where D = —ey,
2 gy, oL Where 2 gaxke"

XL

acts on C! functions f = Y fses of n + 1 variables to give
s

dfs
E —ekes + —eLeS
axy,

and

d d
fD = Z ﬁeg er + ﬁegel,

=1 axk 8x
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Let f be a C' function defined on an open subset of R"™! with values in Ry, or
Cony- If Df =0, then f is called a left-monogenic function. If fD = 0, then f is
called a right-monogenic function. If f is both left-monogenic and right-monogenic,
we call f a monogenic function. For the left-monogenic function and the right-
monogenic function, each component is harmonic. It is easy to prove that for fixed
¢, the function e(x, ¢) is a left-monogenic and right-monogenic function of variable
x because

d
a—eLe()C, §) = —epitere(x, §)
XL

= —epiefe(x, )

= —ife(x,{) = —De(x, ).

Define a function E on R"*!\ {0} as

k(x) = 1 X

DR 0’

On | x|n+1 X #

where o, is the volume of the unit n-sphere in R"*!. In Clifford analysis, for the
above function E, the corresponding Cauchy integral formula holds.

Theorem 3.1.1 Let 2 be a bounded open subset of R" ! with the Lipschitz boundary
0K2 and the exterior unit normal w(y) defined for almost all y € 9Q2. Assume that f is
a left-monogenic function on the neighborhood of Q U 02 and g is a right-monogenic
Sfunction on the neighborhood of 2 U 9S2. Then

® /Eg(y)n(y)f(y)dSy =0

.. _ g(-x)v X € Q’

(ii) /mg(y)n(y)E(x —ydSy = {0, x ¢ QUIY
[ f, xeq,
(iii) . E(x —yny) f(y)dS, = {0, x ¢ QUIQ.

Proof (i) is a direct corollary of Gauss’s divergence theorem, while (ii) and (iii) can
be deduced from (i) and the following identity which is easily verified:

/ nME(Qy —x)dS, = / E(Qy —x)n(y)dS, =1, r > 0.
ly—xl=r [y—xl=r

We also need the following result.
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Theorem 3.1.2 Let f be a right-monogenic function on R"*'\ {0} and satisfy
|f ()| < C/lx|" for x € R"™1\ {0}). Then for some constant ¢ € C,, f(x)=
cx /x|

For & € R", & # 0, define
x+(&) =1 xike |72
such that x(§) + x—(§) = 1. By (ife;)* = |£|%, we get
X+($)2 = x+(&),
x-()? = x_ (&),
X+ @) x-&) =0= x_(&) x+(&).

Moreover, ife; = |&|x+ (&) — |€]x— (&), and in fact, for any polynomial P(A) =
> ax )y in one variable with scalar coefficients, we have

P(iger) = Y ar(ife)" = P(ENx+ () + P(—IEDX-(&).
k

Hence, the polynomial p in m variables defined by p(§) = P(i€ey) satisfies p(0) =
P(0) and

p(&) = P(ifer) = P(IENx+(E) + P(=IEDx-(5), § #0.

It is natural to associate every function B of one real variable with a function b of n
real variables. Precisely, if |£| and —|&| are in the domain of B,

b(§) = B(i§er) = B(IEN x+() + B(—§]) x-(&).
When 0 is in the domain of B, b(0) = B(0), where 0 denotes the 0-vector in R”.

We repeat this procedure for holomorphic functions of complex variables. At first
for¢ =& +in € C", define

CIE =) ¢ =57 — Inl* +2i (€. n),
j=1

where &, 7 € R”, and note that (ize;)> = |¢ |é. Hence, we extend |&|? holomorphi-
cally to C". When |¢ |é # 0, take £|¢|c as its two square roots and define

1 i§€L>
=—(1=x
1) 2( I<lc

such that
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x+(&) + x-(&) =1,

X+(§)2 = x+(&),

x-()* = x-(0),

X+ (O x-()=0=x_(Dx+()
iser = |¢lcx+() — 1¢lcx-—(8).

Let P(A) = Y _ ax)4 be a polynomial in one variable with complex coefficients, the
corresponding polynomial in n variables is defined by

p(@) = P(icer) =) arite)
k

and satisfies if |¢|% # 0, then

p(&) = P(iter) = P(I]c) x+ (&) + P(=[¢I0)x-(©)
1 (P(ICIC) - P(—|§|c))igeL
+3 ;
2 tqfe

= 3 (Puzie) + P1z1o)

if [¢[2 = 0, then
() = P(0) + P'(0)icer.

Let B be any holomorphic function in one variable defined on the open subset
S in C and let b be the holomorphic Clifford-valued function in n variables. For
all ¢ € C", {£|¢]|c} C S. The correspondence between B and b can be defined as
follows naturally. If |¢ |%C # 0, then

b(¢) = B(iter) = B(|¢]c)x+(5) + B(=I¢lc) x- ()

1 1 (Bl — BItlo))icer
= 3 (BUclo + B-t10) + 3 o

If |¢|2 = 0, then
b(¢) = B(0) + B'(0)igey.

The reason that the above correspondence is natural because not only b is the
desired polynomial when B is a polynomial, but also the mapping from B to b is
an algebra homomorphism. In other words, if F is another holomorphic function
defined on S and ¢y, ¢; € C, then

(c1F +cB)(iger) = c1F(iter) + c2B(iger)

and
(FB)(itey) = F(ite )B(ieyr).
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We give an example. For any real number ¢, define the holomorphic function
E;(A) = e~ with variable A € C. The corresponding function in n variables is
defined as follows. If | |(2: #0,

e(ter, ¢) = Ei(i¢er) = e "Iy, (¢) + el x_(¢)
= cosh(t|¢|c) — sinh(t[¢|0)I¢ | icer.

If|¢]2 =0,
e(tep, ) =1—titey.

Then
e(ter, {)e(ser, ¢) =e((t +s)er, §)

and e(te;, —¢) = e(—tey, ¢). In addition,

d
Ee(teb {) = —ilere(ter, ) = —e(ter, {)iler.

For any complex number «, another example is the function defined by R, (1) =
(A —a)~', A # a. Then

Ry(icer) = (icep —a) ' = (itep +a)(C)2 —aD)7), |¢|2 # o

From now on, although we assume that |§|é ¢ (—o0, 0] and Re|¢|c > 0, it has
been unimportant which sign we assign to each square root of | |?C. Now we prove
some estimates.

Theorem 3.1.3 Let { =& +in € C", where £,n € R", and assume that |§|é ¢
(=00, 0]. Let

. 1 1
6 = tan (—Re|§'|<c) e [0, /2).

Then

() 0 <Rel¢|c < [£] < secORel¢|c,
(b) Rel¢le < I¢lel < secORe|¢|c < [¢] < (14 2tan?6)'/?Re|¢|c,
(©) —6 <arg|¢lc <0,

(@) 1x=(0)] < secO/v/2.

Proof 1t is easy to prove
2 2 2 2y2 2\ 2 2 2
Elel” =lglel = ((I%‘I — )"+ 4, n) ) S EF+Inl" =1

Hence
Re[¢lc < 1I¢lel < [¢] (3.1
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Taking the real part of the identity

2
—E+in?=-2=c)k = (RGICIC + iImICIc) ,

we obtain
1> — Inl* = (Rel¢]e)* — Am[¢|e)? (3.2)

or
21617 — 121* = 2(Rel¢|e)? — [I¢]el*

Therefore, by (3.1), we get Re|¢|c < |€]. In addition, by (3.2), we have
§* < In* + (Rel¢|c)” = (tan® 6 + D)(Re|¢|2.).

This means || < sec ORe|¢|c and (a) is proved.
Another corollary of (3.2) is

121 = 2In1* + (Rel¢|c)* — (Im[¢|c)* < (1 + 2tan® 0)(Rel¢|3),

which implies (b).

(c) is a direct corollary of the inequality ||¢]|c| < secORe|¢|c, and (d) can be
deduced from |¢] < (1 4 2tan?0)'2||¢]c|. O
Define

sh={c=g+inec: [tz ¢ (~o0,01 and [n] < Re(l¢|c) tan u].

By (c) of Theorem 3.1.3, we know that |{|¢c € S2’+((C) and —[¢|c € SO’_ when ¢ €
Sp(C™). So for any holomorphic function B defined on S)(C) = S), , (C)U Sp, _,
the corresponding holomorphic function b in n variables:

b(¢) = B(i¢er) = B(I¢lc) x+ (&) + B(=[¢lc) x- (&)

is defined on Sg (C™). In addition, by (d) of Theorem 3.1.3, if B is bounded, then

161l0e < V2 sec 11| Blloo-

Let
H°°(S2(C")) = H°°(52 (€M), Cpy)

be the Banach space of bounded Clifford-valued holomorphic functions on Sg cm).
We have the following result.

Theorem 3.1.4 The mapping B — b defined above is a one-one bounded algebra
homomorphism from H°°(S2 (©)) o HOO(Sg @€m).
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Proof We only need to prove the mapping is one-one. In fact, this point can be
deduced from the following formula, and the reverse result from b to B still holds:

B(\) =

/lé OO O, % € 50400,

On—1

where o, is the volume of the unit (n — 1)-sphere in R”. O

So far we have considered Clifford-valued holomorphic functions of n complex
variables. What is called Clifford analysis is the study of monogenic functions of n +
1 real variables. In the next section, we will relate these two concepts via the Fourier
transform. We need to introduce the following generalized exponential function:

e(x,l) =e(x +xrer, ¢)
x Oe(xper, ¢)

= ¢l “(67“‘6IC x+() + eXLmCX— €)).

=e

For any x = x + xpe;, € R""!, this function is holomorphic on ¢ € C" and is a
left-monogenic function of x € R**! for any ¢ € C". This function satisfies

{ e(x,De(y,0) =e(x+y,0),
e(-xa _g) - e(_xv é‘)

Specially, when x € R” and £ € R", e(x, &) = /% &) ie., the usual exponential
function in the Fourier theory. Moreover, for any ¢ € C", e(x, ¢)ey is also a right-
monogenic function of x € R"*!. We point out that

1
e(x, ) =expi((x, £) —xrger) = 3 - (i((x, &) —xrgen)).

k=0

3.2 Monogenic Functions on Sectors

On the Lipschitz surface, to establish the relation between holomorphic multipliers
and the functional calculus of Dirac operator, Li, McIntosh, Qian [1] introduced the
monogenic functions on sectors. In this section, we will give a detailed statement for
the function classes K (Sy, ), K(C;ﬂ) and K(C;,M) which will be used in Sect. 3.3
and Chap. 5 below.

We start by specifying some sets of unit vectors in

R’fl = {x:g—}—xLeL e R >0}.

For these unit vectors, we use the metric Z(n, y) = cos™'(n, y).
Let N be a compact set of unit vectors in R’f‘ which contains e; and let
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uny = sup Z(n,er).

neN

Then0 < uy < 7/2.For0 < u < 7 /2 — py, define the open neighborhood N, of
N in the unit sphere by

N,={yeR: |y|=1, Z(y,n) < puforsomen e N}.
For every unit vector n, let C;" be the open half space
ChH={xeR"": (x,n) >0},
and define the open cones in R"*! as follows. Let
Cy, =UICr 1 ne NyJ,
Cy, =—Cy,

Sy, = C];H NCy,-

Definition 3.2.1 K (C;ﬂ) is defined as the Banach space of all right monogenic
functions & from Cj\,'# to Car) satistying

1
1®lk(cy,) = 700 sup IX[1|®@)] < 0.
xeCy,

Similarly, we can define K (C];”).

Definition 3.2.2 Define K(Sy,) as the Banach space of all function pairs (¥, o),
where @ is a right-monogenic function from Sy, to Cumy, and @ is continuous on
(0, 400)e; such that (&, ) satisfies

®(Rey) — D(rey) = f ®(x)dxer,
r<|x|<R

and

1
(@, D)k (sy,) = 50 sup |x|"|®(x)| 4 sup [D(rer)| < +o0.

2 XESN, r>0

Notice that P is determined by & up to an additive constant, and
Ve = [ owdser,
lx|=r

In addition, ® has a unique and continuous extension to the cone
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— — n+1 . L
TN#—{)’—X‘i‘)/LeLERIJr Y CSN#}.

This extension satisfies

D(y) - D) = / FEORE)S,,

Ar,2)
where A(y, z) is a smoothly oriented #-manifold in Sy, jointing the (;m — 1)-sphere
Sy={x eR"": (x,y)=0and |x| = |y|}
to the (n — 1)-sphere S, in which case, forall y € Ty,,
LW < (P, Pl k(sy,)-
If N is rotationally symmetric, i.e.,
N={n=n+nge, eR}": n]=1,n, > n|cotw},

we use the symbol

T;? =Ty, = {y =y+yLer € Ry, > |x|cotu}.

Now we state the relationship between these spaces. Here H,, + denote the hemi-
spheres
Hy:={x eR"™: £(x,y) > 0and |x| = |y|}.

with the boundaries S,,.

Theorem 3.2.1 (i) Let &4 € K(Ciﬂ). Define the function ® on Ty, as

Pi(y) = if Q1 (x)n(x)dSy, y € Ty,

Hy s
where n(x) = x/|x| is the normal to the hemisphere H, . Then
(@, ®) = (@, + D, &\ +P_) € K(Sy,)

and
(P, Pk sy, < ||<D+||K(c;ﬂ) + ||<D—||K(C;#)'

(ii) Conversely, assume that (D, ) € K(Sy,). There exists unique functions
NS K(Cﬁu) satisfying ® = ¢, + &_ and & = ¢, + $_. Foralln € N, and
xeCrcCy,



3.2 Monogenic Functions on Sectors 7

P (x) =+ 1lim / QM) E(x — y)dSy + (eep)k(x) |

(y,n)=0, |y|>e
where E(x) = X/o|x|"*!, and (®, ®) satisfies
[P+l ki ) < (P, Pk sy,
"

where ¢ only depends on |y, | and the dimension n.

Proof (i) In order to prove

Di(y) — Pil) = / O (X)n(x)dS,,
A(y,2)
we apply Cauchy’s theorem to the right monogenic functions ®,. The bound is
straightforward.
(i1) This is a direct corollary of the results of [4]. In other words, there exists a

natural isomorphism:
K(Sy,) =~ K(Cy) ® K(Cy).

We also need the closed linear subspaces M (C i‘) of K(C ii). The functions in

M (Czj\i) are both left monogenic and right monogenic. The subspaces M (Sy, ) of
K (Sy,) satisfying
M(Sx,) = M(C}; ) ® M(Cy,)

are
M(Sy,) = {(CD, ®) € K(Sy,) : @ is left monogenic and satisfies (3.3)} ,

where for r > 0,

/ (v, 2)r (e ®(y)y — y®(yer))dS, +x®(rey) — e ®(reg)xe, = 0. (3.3)

[yl=r

It is easy to see that

(i) the value of the integral is independent of r,
(i) ifdeM (C?f,ﬂ), the integral equals to O.

We only need to prove that when (®, ®) € M(Sy,), the function @ defined in (ii)
of Theorem 3.2.1 is left monogenic. We omit the details and refer to [4]. O

Now we consider convolutions. Assume that ® € K (C;ﬂ), veM (C,J\?“) and
xeCfc C;;”. Define (® % W) as
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(@ W) (x) = f O(x — (YIS,

(y.,n)=38

_ / O(x — YIS, + Dleer)W(x),

(¥, m)=0, |y[=e

where 0 < § < (x, n). By Cauchy’s theorem and the assumptions that & is right
monogenic and W is left monogenic, we can deduce that the integral is independent
of the choice of the surfaces. On the other hand, because W is right monogenic,
® x W is right monogenic. In fact, we can see from the following Theorem 3.3.1 that
forallv < u,

1P+ Wlik(cs,) < cvnllPlikct I¥ ks,

Moreover, if ¥ € M(C ;}L), then W x W, is both left monogenic and right mono-
genic, and
O x (W) =(dxW)x Y.

For the functions defined on C, N, We have a similar result.
If (&, @) € K(Sy,) and (¥, _) € M(Sy,), define

(®, D) % (W, W) € M(Sy,) = (Oy Wy + D_xW_, &, W, +D_xW).

Hence we can get for all v < u,
1@, D) % (¥, D)0,y < Coull (@, Dl iecs 1V, Wl eess

Let K ; be the linear space of all functions ® on R” \ {0} which can be extended
monogenically to ® € K (C;ﬂ) for some > 0. Similarly, we define K, Ky, M;;,

M, and My, such that
Ky~ Ki®Ky

and
My >~ M & My,

while My, M;; and M, are all convolution algebras. The functions which belong to
both K;? and K, are of the form ®(x) = ck(x) for some ¢ € C(y), where

1

E(x) = ———, x e R"\ {0},
W = i £ER\(0)
with the monogenic extension
ko) 1 x
X)=———.
Oy |x|n+l
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The embedding of K} into Ky is defined as ck € Ky, — (ck, ¢/2) € Ky, while
the embedding K, in K is defined as ck € K, — (ck, —c/2) € Ky.

3.3 Fourier Transforms on the Sectors

The section is devoted to the Fourier transform ¥ (®) of the function ® € K f\; and
the Fourier transform ¥ (®, @) of (&, @) introduced by Li, Mclntosh, Qian [1].
We will prove these transforms are bounded holomorphic functions defined on the
cones in C". We also prove that ¥, ¥_ and # are algebra homomorphism from the
convolution algebras M}, My, and My to holomorphic functions.

We first associate with every unit vectorn = n+nzey € R"+! satisfyingn; > 0,
a real n-dimensional surface n(C™) in C", defined as follows.

n(C") = [C =¢&+ineC’: §#£0andnyn = (ni|g|2 + (x,g)z)lﬂg}
= [5 =&+ineC": [tk ¢ (—oo,0land nzn = Re(|§|(c)g]

= {C =&+ineC": |§|é ¢ (—o0, 0] for some « > 0, n + Re(|¢|c)er =KI’1},

where

CIE =D ¢ =& — [nl* + 2i(x. n).
j=1

The surfaces associated with distinct unit vectors are disjoint. In particular,
er (C") = R" \ {0}. On these surfaces, ||, |¢|, Re(|¢|c) and [|¢|c| are all equiv-
alent. In fact, by Theorem 3.1.3,

Rel¢|e < €] < (np) " 'Rel¢]c,
and for all ¢ € n(C"),
Rel¢lc < |l¢lel < (n)'Ref¢le < l¢] < (r) 7 (1 4 In]»)*Re¢|c.

Further, the parametrization used in the first definition of n(C") is smooth, with

3¢ 1
sa(Gg )| < e %0

To prove this, without loss of generality, we can assume that n = nje; +npey. So

.
¢ =& +i—(ln; +&mD ey,
L
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Then lf] > 2, 8;,/8& = 8_/'k and

Lig} ini&(m? + 8yn?)

0& " nL(EPnl + £

Hence when k& > 2,
%) L |

— ‘gm.
08

= ng 08k

The estimate for the Jacobian follows.
For the open set N,, of the unit vectors defined above, we define the open cones
N, (C") in C" as follows:

N.(Ch = | n@

nenN,

= {; =&+ineC': |§|?C¢ (—o00, 0] forsome k > 0andn € N,

n+Re(¢loer, = xn).
Because N, (C") C 52 (C™), the estimates of Theorem 3.1.3 all hold, where 6 =

Uy + [
When N is rotationally symmetric, namely

NI

N = {n:g—}—nLeL eR™ : In|=1,n; > |n] cotw},

we have Sg (C") = N,—(C"). We let the functions take their values in the complex
Clifford algebra C ), so for example H., (N, (C")) denotes the Banach space of all
bounded holomorphic functions from N, (C") to C(y, with the norm defined as

IBllos = sup { 1)1 5 ¢ € Nu(©].
The exponential functions are defined as

e(x, ) =e (x,{)+e_(x,0),

where

er(x, §) = &' Demrlle y (¢)

and '
e_(x,0) = pcs {)exLR"CX_(é-).

For fixed ¢, these functions are entire left monogenic functions of x € R**+!. For
fixed x, these functions are holomorphic functions of £ € N, (C") which satisfy
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lex(x, £)| = e~ temmauReltle |y, (o)

< wew WRElClc/n p ¢ n(Ch)
and
le_(x, )] = et mHRRele (g
< wew WRECIe/n ¢ T,
Let

HE(N,(C") = {b € Ho(Nu(C") ¢ bys = b}.
Then any function b € Hy (N, (C")) can be uniquely decomposed as
b=b, +b_, where by = byxs € HE(N,(C")).

H;(N,L (€C")) is the closed linear subspace of Hu, (N, (C")). Actually, because for
all b € Hyo (N, (C)),

1bXlloo < V20Bllso X lloo < sec(un + 1) [1Blloo,

then
Hoo (N, (C") = HE(N,(C") & H (N, (C")).

We also introduce the subalgebra
ANLC)) = {b € HaoNu(C™) 1 Cerb(©) = b(E)cey forall ¢}.

Similarly, we can define A*(N,(C")). Notice that if b € A(N,(C")), then by =
by+ € A*(N,(C")) such that

AN, (C) = AT(NL(C) & A (N, (CM).
Particular functions b belonging to A(N,(C")) are those of the form

b(¢) = B(i¢er) = B(IZ|c) x+ () + B(=[¢|c) x-(£),

where B € H,, (SgN +u (C)). All scalar-valued holomorphic functions in Hy, (N, (C"))
belong to A(N,(C")). One of the simplest examples is rx(¢) = i&/I¢|c, k=
1,2,...,n.

Let Hy be the algebra of all functions » on R" \ {0} which can be holomorphically

extended to b € H;(NM((C”)) for some p > 0. Let H denote the algebra of all
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functions b on R” \ {0} which can be holomorphically extendedtob € Ho‘o(ﬁﬂ (Cmy),
where N = {f € R"™"!: n e N}. Then Hy N Hy = {0}.

Define Hy as Hy = H;,L + Hy. Then Hy = H;,L @ Hy. Let AT, Ay and Ay
be the spaces of the functions in Hy, Hy and Hy satisfying §e,.b(§) = b(§)Eey,
& # 0. Then

A=A, & Ay.

If we assume that N is connected, these holomorphic extensions are unique. In
fact we assume that the compact set N of unit vectors in RT’I satisfies a stronger
condition: N are starlike about ¢y, thatis,ifn € N and 0 < t < 1, then

(tn+ (1 —7ey))
[ltn+ (1 — ter)|

Under this case, the open set N, is also starlike about ez and N, (C") is the connected
open subset in C".

Theorem 3.3.1 Let N be a compact set of unit vectors in ]RT'I and starlike about
er. For any (9, @) € Ky, there exists a unique function b € Hy such that for all u
in the Schwarz space S(R"), we have the Parseval identity

7)™ / bEA(—E)dE = lim [ B +wer)eLu()dx (3.4)

a—>0+ R»

— 1im [ O WeLudx + e )u(®).
lx|>e

e—0

Hence bey, is the Fourier transform of the distributions of (®, ®). We write b =
F (P, Dey.
The Fourier transform ¥ is linear and satisfies the following properties.

(1) F is one-one from Ky to Hy. In other words, for any b € Hy, there exists

unique functions (®, ®) € Ky such that b = F (O, )e;. Actually, if b =
by +b_andby = by € HE, then

(@, 9) = (P4, Py) + (O, D),

where &1 = Gy (big) € K,\i,. We write (@, ®) = G(ber) and call G the
inverse Fourier transform.

(i) fO<v<pu<n/2—puyand (P, D) € K(Sy,), then by € HI (N, (C")),
b_ € HZ(N,(C™)) and

[b+llo0 < vl (P, Pk (s,
where the constant c, only depends on v.

(i) If0<v <u <7/2—pn, by € HE (N, (CY))andb_ € HO_O(NM((C")), then
(@, ®) € K(Sy,) and
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(P, D)k (s, < Cvllbrlloc + 1b-lloc)s

where the constant c, depends on v.
@iv) (&, P) € My ifand only if b € Ay.
W) If(®, D) e Ky, W, ¥) e My, b =F (P, Dey and [ = F (¥, W)ey, then

bf =F (P, D) * (¥, ¥))e,.

(vi) The mapping (®, ®) — b is an algebra homomorphism from the convolu-
tion algebra My to the function algebra Ay.

(vil) If (B, ®), (W, W) € Ky, b= F (b, Dler, = F (¥, We, and if f = pb,
where p is a polynomial in n variables with values in Cyy), then

v ( ;9 ; 0 ><I>
= —1 yeeay —1 .
p 0x1 0x,

(viii) LetO <v < u <7w/2 — un, s > —n. If by (or b_) can be holomorphically
extended to a bounded function for some c; and all ¢ € N, (C") (correspond-
ingly, ¢ € Nu (C™")), which satisfies |b+(¢)| < ¢|C|°, then there exists ¢,
such that for all x € C+\,’

[P 0] < coplx|™"

Forally € Ty,
(I < Cs.vlylis-

In particular, when —n < s < 0, we have 1iII(1) P(y) =0.
y—

Proof Without loss of generality, we only verify (i)-(viii) for the case C +u , N, (C),
Ky, My, HE(N,(C"), HY, A}, and F. The case Cy,» N,.(CY, Ky, My,
HZ(N,(C"), Hy, A, and F_ can be dealt with similarly. In the proof, the constant
¢ may depend on uy, u and the dimension n, and may vary from line to line. We
denote by c, a constant if the constant only depends on v. Let ® € K (C;ﬂ). Either
form of the Parseval identity uniquely determines b on R”". Because N,(C") is a
connected open set, Parseval’s identity also determines b on N, (C").

We construct b as follows. For o > 0, define ®,(x) = ®(x + aey), x + aep €
C;ﬂ. We have

1
1®allics,) = 50m 50 {100 + e v e €5, |

< sup{|y|"|d>(y)| yeCy, +aeL} S 1@l
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For
¢ en(C") CN(C") CNLCY, v <p,

define
ba(C) = f o (n(x)es (—x, £)dS, .

where the surface o is defined as
o= {x e R (x,n) = —|x|sin(u — v)}.

Note that the function in the integral is continuous and exponentially decreasing at
infinity. As usual, n(x) denotes the normal of o and nz (x) > 0. In fact, for x € o,

sec(un + 1) . wrels]

e (—x, 0)] < o
+ c ﬁ
< SCCN T 1) ixiersing.
V2

where 0 =y — v.

By this fact and Cauchy’s theorem for monogenic functions, noticing that ®,, is
right monogenic and e (—x, ¢) is left monogenic in x, we can see that the definition
of b, (¢) is independent of the choice of the surfaces o. So b, () depends on ¢ €
N, (C") holomorphically. Hence for all o, 8 > 0,

ba(£)e0le — / O (x + wer)n()es (—(x + aey). )dS,
_ / ®(x + Bern(x)es (—(x + Ber), O)dS.
— bﬂ(é—)eﬂ\llc.

Then we define b as the holomorphic function on N, (C") which satisfies the follow-
ing condition:

b(2) = be(0)e*fle Vo > 0.
We shall prove that for all z € N, (C"),
e (O] < ol ®llk(ct, ) (3.5)

where ¢, is independent of o and

(2ﬂ)_"f ba (§)it(—§)dE :f O (x + aep)u(x)dx. (3.6)
R» R»
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As the estimate in (ii), the first form of Parseval’s identity (3.4) can be deduced as a

corollary.
We prove (3.5). Let

¢ € n(C" C N,(C") C N, (C"

and 6 = p — v. Changing the surface in the integral by Cauchy’s theorem, we can
get

ba(¢) = / + / + / By (1)) (1, 1S,
©0,0,1¢17Y) @117 00,171, 00)

where
o@,r, R) = {x eR™: (x,n) = |x|sin6, r < |x| < R],
(0, R) = {x eR™ x| =R, 0> (x,n) > —Rsine}.

We need the following estimates.

(i) For R < |¢|7",

| / Oy ()n(X)es (—x, £)dS, (3.7)
a(0,0,R)
<e / o (¥)n(x)e(—x, £)dS,
o(0,0,R)
gc’ f ®, ()n()le(—x, ¢) — 11dS, +c‘ ®, (X)n(x)dS,
5(0,0,R) (x,n)>0,|x|=R
< ell@ulliie, ) (s {IVye(=2, )1 1y € 00,0, B x['7"ds, +1)

o (0,0,R)
Sl @allg(cy y(RICI+ 1) < el Pallg(c )-
" "

(i) R > ||,

/ Dy ()n(x)ey (—x, 8)dSy| < cl|Pullg(ct )R*"/ etomReltle/n g g
7(6,R) Nu T(0,R)

= cllPallk(cy ) / el Rele/n s, (3.8)
o Jee,n

0

= C”cDa”K(C;M)/ oR Relglesin®/n, 74
—0
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< D,
lel Ik,

< C“q)a”K(C;#)'

(i) R > 1¢]7",

/ D (x)n(x)eq (—x, £)d Sy
o (6,R,00)
< clbaliger / [l WREE/ns g 59
¥ Jo(8,R,00)
o .
= C”q)a”K(C;; )[ S7167351n9R8|{|C/"LdSX
R

—— [ Pallg(cs

N

R|§ |
In the above estimates (i)—(iii), taking R = |¢|~", we can use the representation of b

to obtain (3.5).
Now we prove (3.6). For ¢ € R”, we define b, y as

bon(§) = / D, (x)epe’™ Sdx.
lx|<N
Then it can be deduced from Parseval’s identity that for u € S(R"),

(271)7"/]R ba,n (§)it(—§)dé :/ O (x +ae)u(x)dx.

[x|<N

We will prove

forallé e R" and N > 0, |by n(§)] < c||d>||K(CN ) (3.10)
forany & € R", when N — 00, by (&) x4+ (&) — by (§) (3.11)

and
forany £ € R", when N — 00, by n () x—(&) = 04(&). (3.12)

Then (3.6) can be deduced from the above estimates and the Lebesgue dominate
convergence theorem.

To prove (3.10) and (3.11), letting n = ¢y, in the definitions of ¢, o (8, T, R) and
(0, R), we use the estimates (3.7)-(3.9).

At first, when |£|~! < N, we prove (3.10). Taking 0 < # < u and using Cauchy’s
theorem, we have
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Dan () x4 (€) = / + / + / —/ Bo (N(x)es (—x. E)dSy.
a(0,0,[E[7Y)  T@,lEI7Y)  o@,1E17L,N)  TO,N)

So we can apply (3.7)—(3.9) to prove that by y(€) x+(§) is uniformly bounded for &
and N. On the other hand, similar to the proof of (3.8), we get

C
|ba, v (E) x-(§)| < W”QHK(C;#) < C||q>a||1<<c;#)~

When |£]~! > N, to prove (3.10), only (3.7) is needed. To prove (3.11), fix £ €
R™, & # 0, and apply Cauchy’s theorem to write

bo(§) — ban(E) X+ () = / + / Do (x)n(x)es (=x, §)dS;.

c(0.N) o(0,N,00)

So, by (3.8) and (3.9), as N — 0,

c

ba(®) = bun©x:®)| < g7

1Pellkc;,) = 0.

Moreover, (3.12) follows from the estimate given above.
As noted previously, the first version of Parseval’s identity (3.4) holds. The next
aim is to prove the second version of (3.4). Let ¢ > 0. Then

(27T)7"/ b&)ia(—£)dé = lim / Dy (x +aep)epu(x)dx + / Oy (x + aep)eLu(0)dx
Rn

a—0+
x| > Ix|<e

+ / B (x + aer)er (u(x) — u(0)dx

lx|<e

/ Q(x)eru(x)dx + 2(e)u(0)

lx|>e

a—0+
x|<e

+ lim / Dy (x +aep)er (u(x) —u(0)dx

where in the second integral we have used Cauchy’s theorem.
Now when u € S(R"),
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T lim / 0+ aer e (ulx) — u()|dx

e—>0a—0+
x|<e

< lim lim | C f |x +aer| ™" |u(x) —u(Q)|dx
e—>0a—0+
lx|<e

<Tm [ / )" u(@) — u(O)]dx | =0,

lx|<e

SO

e [ beic-ods =tim | [ owendx + 2Eu©

x|>e

This gives (ii).

We prove (i) and (iii). It is easy to verify that # is one-one. By constructing the
inverse Fourier transform G, we prove the mapping is onto H,'.

Consider the function b € H (N,(C")). Forn € N,, and

x=x+xre, €CH C C,J\,”#,
define

@, (x) = 2m)™" / b(§)e(x, H)dsy Ndo A -+ NdEyer
n(Cr)

= @2m)™" / b(§)er(x,8)dsy ANdgy A -+ NdEyer,
n(Cn)

where in the last equality we have used the facts that e(x, ) = e (x,¢) +e—(x, )
and (b(¢), e_(x,¢)) =0 for b € HE(N,(C")). On the surface n(C"), the function
in the integral is exponentially decreasing at infinity. In fact, when ¢ € n(C"), then

|ei<x,C)e—xL\§IC| < ceomReltlc/ng

and (x, n) > 0. Moreover, e(x, ¢)er is right monogenic and ®,, is a right monogenic
function on C; satisfying
cllblloo

Pa0)] <

’

where ¢ only depends on @y and u.
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Moreover the integrand depends holomorphically on the single complex variable
z = (¢, n). So by the starlike nature of N,, and Cauchy’s theorem in the z-plane,
we find that for all x € C;I satisfying x; > 0, ®,(x) = &, (x). Hence there exists
unique right monogenic functlon ® on C, which coincides with ®,,(x) on C;\. We
call & the Fourier transform of be; and denote ® = G, (ber). The above estimates
for @, indicate that forallv < u, ® € K(C*v) and

[Pl kcy) < cvllbllco-

For the special case x;, = 0 and all ¢ € N, (C"),

b < —.
PO < T

Then by Cauchy’s theorem, we can change the surface of integration to obtain

Gibep)(x) = d(x) = 2n) ™" /R ” b(E)e'™ Odter = b(x)er,

which is the usual inverse Fourier transform of be; .

We prove that b and ® = G, (bey) satisfy Parseval’s identity (3.4). Hence we can
deduce that G is the inverse of the Fourier transform 7., and complete the proofs
of (i) and (iii).

For o > 0, let by (¢) = b(¢)e *%lc, Then for x € R”,

O(x +ae) = G (ber)(x + aer) = G (hoer) (x) = (by) ()L
By the usual Parseval’s identity, we can obtain
@m)™ / bo(§)i(—§)dé = / Q(x +aep)e u(x)dx,
R R
and for all u € S(R"),

Qm)" / bE)i(—6)de = Tim [ (x +wer)eru()dx.
R~ a—0+ R~

Now we prove (iv). Take ® € K (C;ﬂ). Then @ is left monogenic (and is also
right monogenic) if and only if forall x € C +# ,

Dep@(x) = (Per)D(x),
where the both sides all equal to —9®/dxy (x).

Let be;, = 7, (P) and define b, as above. Using twice Parseval’s identity for b,
we can see that for all u € S(R"),
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@) /R gerb, )i (~E)dE = i fR (DL ®)( + ae)erud

and
1) fR bu()geri(~§)ds = i /R (@erD)(x +aepeux)dx.

Hence @ M(CJr ) if and only if for all u € S(R"), De; ®(x) = (Per)D(x). So
the above equality holds if and only if

De; @(x + aey) = (Pep)D(x + aey) forall x € R™ \ {0}.
The above equality is equivalentto&e; b, (§) = by (§)Ee . This equation is equivalent
to Cerb(¢) = b(¢)¢ep forall z € N, (C"). This proves (iv).

The remaining part can be proved in a similar way with the estimates in (viii)
requiring a modification of the proof of (iii). (]

Denote by G_ : Hy — K, the inverse of #_. We call #_ the Fourier transform
and G_ the inverse Fourier transform.

Remark 3.3.1 When N =N, by € H}(N,(C")andb_ € Hg(N,(C")) if and
only if
b € Hoo(N,(C)).

Let B € H°°(S2((C)), where 0 < u < /2. We have seen that B is associated
with the function b € H*(S))(C")) defined as

b(¢) = B(i¢er) = B(I¢|c) x+ (&) + B(=[¢lc) x-(£).

In fact,
b e AS)(C") = [b € H®(S)(C") : teb() = b(¢)¢ey for all g],

and the mapping B —— b is a one-one algebra homomorphism from H Oo(52 ©))
to A(S))(C")). Recall that

% L(C) = {Z=X+iY €eC: Z#0,Y > —|X|tanu},
C) _(C)=—C)_(O),
S0 (€)= {x eC: A #£0,|arg(h)| < u},

Sp_(C)=-S) ,(O),
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C2’+ = {x =x+xie e R x> —|x| tanu},

0 0
0 _=-C

pot?

0 _ 0 0
S,=C,.NC, _,
T —{)’—)’+yL€L€R+1 yL>|y|cotu}

SHC) ={c = +ine T : ¢l ¢ (o0, 01 and [n] < Re(l¢]c) tan .

We find the inverse Fourier transform of b in terms of the inverse Fourier trans-
form of B. We first assume that B € H oQ(Sg +(©)). In this case, the inverse Fourier
transform of B, ® = G(B), is a complex-valued holomorphic function defined on

C. +((C) Specially, when Im(Z) > 0,

1 [ ,
<D(Z)=§ / B(r)e'"4dr.
0

When x; > 0,
1 —
@) = o | BUEDer(x. §)dger
! i
= ——— [ @+ 2)B(ghe e Dag
2emy S T e
= 2@y Jo T f B(r)e ™ ' I ldrds,  (3.13)
sm= 0
1 T |
= W S 71(6[‘ +lT)<D( 1)((1’ T) +le)dSr
! er [ - n— .
= 2y Jo, O T Txl] 2" D((x, ) +ix)dS,
— Op—2 2 1=3))2 )
- 1= @ dt,
2Q2mi)"— ‘/ = ( x |) (Jx|t +ixgr)

where &~ is the (n — 2)th derivative of ®. On C/?L, +» ® extends to a left and right

monogenic function. For all v < p, this function belongs to M (C‘?, -
For B € H“(Sg’f((C)), ® = G(B) and

b(¢) = B(iger) = B(=|¢lc) x-(£).

Then b € H;)(Sg((C”)). Hence we can construct ® = G_(ber). We see that if
x; <0,
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o = / B(—|€De_(x, &)der
— = _ > xL1E] pilx, §)
—2(2n)n/u |§|>B( £ dt
+00
= 2(27[)” /S (e —17:)/ B(—r)e"™ e V""" drdsS,
(_1)n ! — . —xpr i{x, t)r .n—1
= W/Sk](q+lr) /_oo B(—r)e e T drd S,
= Q(_Tll)_l @D 1) +ix)dS,

. .

_ On—2 20-32 | — , HE| s@-D ;

== 1—1¢ — | ® t dt.
S [ a-r o () +ix)

When B € Hy,(S))(C)), write B= By + B_,where By = Bre=0€ Hoo (S, , (C))
and B_ = Bxre<o € Hoo(Sgﬁ((C)). Then b = b, + b_, where b, is the function
with respect to B. We can use this decomposition to relate the inverse Fourier trans-
form G(bey) = (®, D) of be; to the inverse Fourier transform G(B) = (P, P,)
of B.

In the end of this section, we give two examples to make the reader to understand
the relation between (®(z), ®1(z)) and (b, B), and between (P (z), P;(z)) and
(D (x), D(y)), see [1] for more examples.

Example 3.3.1 As usual,

X

AT

(i) (@) ®1()) = (0.1). BO) = 1,b(¢) = 1;
(i) (P, 1) = (517. ). BO) = xnew0: DO = x40
(iii) (@), ©1(2) = (5. 1), BO) = Xreco: () = x-(0):
(i) (@), ®1(2)) = (&.0), BG) = sgn(h), b(¢) = K2t

The above example describes the relation between the function pair (P (z), P(z))
and the function pair (®(x), ®(y)).

Example 3.32 (i) Let (0(2), 1(2)) = (=g, =i +10g(2)) ¢ > 0). Then

z—it

(P(x), 2(y) = (k(x +ter), 2(y), iig})Q()’) =0.
(i) Let ($(2), ®1(2)) = 5 (s, 75« > 0). Then

ok .
(@), 200 = (=150 +1e0). $(1). lim B(y) = 0.
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(iii) Let (®(z), ®1(z)) =T + is)(%e—nsﬂz—l—is’ (ms)"! sinh(m/z)z_m).
Then

©00. 000 = (5 [ 1750+ renar, ,00).

where the function @, is represented as

1 o0
P . (rn) = ﬁ/@ t"“lF(n,nL,t)thn,

where r > 0, |n| = 1, and F is real-valued and satisfies

n

[Fr e, DI S e m) gy

In particular, if n = e, then

0',1,1}’_” o0 tn-‘ris—l

T —is) Jy A+ 2)e0re

D (rey) = dt, r > 0.

(To prove this, first show that the function @ in the preceding row has the form
D(rn) = F(n,ng,r/t)ern.)

The functions ®; and P are really only of interest near zero, and when they tend
to 0, these functions do not enter into Parseval’s identity or the convolution formulae.
It has been proved in Chap. 1 that if |B(1)| < ¢,|A|® holds for all A € Sg, +(©) and
some s < 0, then when z - 0 (z € S, +(C), v < ), ®1(z) = 0, and for all ¢ €
52(((3), [b(¢)| < cs|¢|*. Hence by (viii) of Theorem3.3.1, we conclude that y — 0
(y €T v <u),®(y) — 0. Therefore for | B(L)| < cs|A[*, s < 0, there is no need
to find ®; and P.

Let us turn our attention to the function B = B, = B xgre-0, and substitute the
corresponding values of ® and @ in (3.13). Using the fact that

(er +it)a+ib) = (L +it)(a — be,T)F

fort € "' and a, b € R, we obtain

¥ (=" (1 = D)!
on T Z(Zm)" i / (6””)_ 7 (& 1) + i)
_ |
_ o 21) /(€L+tf)((x t) — xe,T)"dS,,

-1
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where x; > 0. If we take the real part of the right hand side, the above result is the
plane wave decomposition of the Cauchy kernel obtained by Sommen in [5]. For the
function B = gre0, We obtain

onlxr 2

x _(,,_1)!(2—_;)*1 /(ZJrit)((L T) —xre ) "dS:,
§n—1

where x; > 0. This coincides with Sommen’s formula, see Ryan [6] for the details.

3.4 Mobius Covariance of Iterated Dirac Operators

In this section, we deduce the fundamental solutions of Dirac operators

"9
D= e—
; 8)6,‘

and
v (o)

in the setting of Clifford algebras. In [2], Peeter and Qian obtained the Mobius
covariance of iterated Dirac operators.
For @ > 0, define the operator D™ as

D) =c, / et 8) (1)~ fe)de,

n

where (i g )~¢ is defined by

(8)™ = |E]7 x4 () + (—IED ™ x-(&)

and

1 :
1) = 5 (1£i8/11).
Hence if @ = [ is a positive integer, we have

ol 1/|§|l, if [ is even,
(lg) - {i§/|§|l+l, ifl odd .

Therefore
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pfw =3[ [ e Ol fede + [ e feae
+ /’l el g)(_|§|)_af(§)d§+2/]1§n Pt §>(_|§|)—D‘—]]5(§)d§]'

If0 < @, + 1 < n, by the formula

A\
1 1
L) e
BE " x| =P

Q_af(i) = Kn,a * f(i)s

we can deduce

where

. . 1
Kn,a(J_C) = Cn,a(l +e7') + dn,a(l - eiwm)Q <—> .

x| |x|n—et

For general o > 0, by the same method, we can get
Kia@) = cna(l+e7)Go(@) + dpa(l = e DGy i1 (1),

where G, g is the fundamental solution of the operator |D |# with the symbol 13 2.
Then for odd n,

K _ Cn,lm,,%m, if [ is odd; -
ni(X) = C"*’le%’ if [ is even. (3.14)
For the even n,
Cn,zw%m, if/isodd and [ < n;
Cn, I TgT» if 1is odd and I < n;
Ku@=1 """ (3.15)

(e 10g |x| +dyp D) e, if L odd and 1 > n;

(cnyloglx| + dn,z)m%, iflisevenand ! > n;

Now we consider the fundamental solutions of the operators D', [ € Z,. Write
Dy = Bix() Then

D™ =(Dy+ D)™ = (Dy — D)'(D5 — D).

By the Fourier transform, the symbol of (Dé — QZ)‘I is |§|‘21. For0 <2l <n+1,
the inverse Fourier transform of || ~2lis ¢, ¢]x|~@*172D This indicates that the kernel
of the operator D~/ is
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Ln,l(x)zcn,l(DO_Q)l< ), 0<2l<n+1.

|x |n+l—2[

A direct computation gives

I—1—

Ln.l(x) = Cn,l l e Z+. (316)

20 7
|x|n+l ’

Forany x = xo + x1e; + - - - + x,e,, we write x = xp +x and x = xje; +--- +
xpe, € R". We define two elementary operations

(ei, -+ €i)" =€ e,
(er,---ei) = (=Dl (e, - ;).

Let I'), be the multiplicative group of all elements in the Clifford algebra which
can be written as products of non-zero vectors in R". For any a,b € T",, U {0},
a = |a|* and |ab| = |a| - |b|. If a € T, then a = [T}’ a;, where a; € R". Gen-
erally speaking, such a representation and M (a) are not unique. Denote by m (a) the
minimum of M (a) over all such representations. If a € R\ {0}, we set m(a) = 0.
Hence, m(x) = 1,and fora € T, aa* = a*a = (—1)"@|a|?. We call a group to be
a Mobius group if this group consists of orientation preserving transforms acting in
the Euclidean spaces. All Mobius transforms from R” U {oo} to R"” U {oo} can be
represented as

¢(x) = (ax +b)(cx +d)~",

where a, b, c,d € " U {0} and
ad* — bc* € R\ {0}, a*c, cd*, d*b, ba* € R".

In addition, under 2 x 2 block matrix multiplication, the identification between the
¢’s and Clifford matrices <ccz Z gives a homomorphism. For simplicity, we take

ad* — bc* = 1 to normalize the Mobius transform. We consider the following mul-
tipliers:

L) f(x) = Jig - f(P(x)),

where forl € Z,

(ex+d)* .
g, L is odd
S = § 1T (3.17)
T L 1s even.

We will use the closed relation between K, ;, Ql and the conformal weights J; 4
to prove the following result.
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Theorem 3.4.1 For [ € 7., the iterated Dirac operator D' intertwines the repre-
sentations T;, T_; of the Mobius transform group, that is, for ¢ # 0,

(=)mOHT_ (D! f), 1 is odd;

; ] (3.18)
T_(D f),lis even.

DT f) = {

Ifc =0, thend # 0 and the factor (—1)" O+ in the last formula should be replaced
by (=1)"@.

Proof We only prove the case ¢ # 0. The case ¢ = 0 can be dealt with similarly and
is easier, so we omit the proof. We only need to prove

(=)@ DT (D' £),11s odd;

- I . (3.19)
D'T_;(D'f),1is even.

(Tzf)={

Atfirst, we assume thatn isodd orn iseven and/ < n. Denote by i the inverse of ¢. If
y=¢x)=(ax +b)(cx + d)~' € R*, then y(cx +d) = ax + b. Hence we have
x=vy®)=0c—a) ' (—yd+b).Letz=z(y)=y—aand A =b —ac”'d. We
canget a o

x=z7'A—-cld. (3.20)

On the other hand, because x = x*, y= X*’ (3.20) is equivalent to

x =AY —d¥ ()N (3.21)
By the Mobius transform and the formula (3.20), we deduce from ¢ # O that A # 0

and

DT (D HW @) = cny / Kni(W (@) = ) - J_1,¢0)(D' @ ()dy (3.22)

dyr(y)
dy

= Cn,l / Kn (W (x) =¥ (y) - Lz,¢(¢(1))(2’f)(z)‘ dy,

where |dy(y)/dy| is the Jacobian matrix. Noticing that x = ¥ (y) is also a M6bius
transform, by the formula (2.4) in [7] and the condition ad™ — bc* = 1, we can obtain
the Jacobian matrix equals to |z(y)|~>". By equalities (3.15), (3.17) and

Y (@) — () = @@ -z (A,
T - = @@ -2z ()
z(x) —z(y) = (x — y)c,

we can deduce that (3.22) is equivalent to
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7 '(x) (x—y) ¢ () A
Cn.l |Z—1(x)|n—l+1 |x |n —I+1 |C|n—l+l |Z—l(y)|n—l+l |A|n—l+1
Y S A D)
.|A|n71+1 |Z71(y)|n71+1 |C|nfl+1

f)(y)| G )|2n y

Lo g (x—y)
St ) /M_y',;,ﬂ(glf)(z)gy)

Cn.l A2 el |Zfl(£)|nfl+1
1L =D ')

= |A|2n |C|2n |Z_1Q)|n_l+1
L (=)™ ')

= |A|2n |C|2n |Z—l(£)|n—l+l

/ Ko — (@' )G

f ),

where in the above estimate we have used m(z~'A) = 1. Replacing x by ¢(x) and
noticing that (x + d*(c*)™!) = z7 (¢ (x)) A, we get

(—D)"@cA*  (cx + d)*
|CA|n+l+1 |cx + d|n—l+l

DN(T(D' HHx) =

f(@ ).

By bc* = ad* — 1 and ¢~'d € R", we can deduce that b = —(c*)~' 4+ ac~'d and
A = —(c*)~!, which gives (3.19).

The case for even [ can be proved similarly. The only difference is that we should
use the formulas (3.14), (3.15) and (3.17) for the case [ even. Now we consider the

case [ > n, where n is even. Similar to the case / being odd, it can be deduced from
(3.15) that

D (T(D' /(¥ (x))
1 (=D)"@ 77 (x)

_|A|2n |C|2n |Z71(£)|n71+1

[ [entog iz + (enatogx = 31+ du)

i !
W(D Hydy

e loglel + (—enTog kD |

4
S
i=1
When n is even and [ is odd satisfying [ > n, (x — y)/Ix — X|”’l+1 =+(x —

X)Z . I} = I3 = 0. For I, by the property of fundamental solution, we can deduce

L Dm0 lw
Ar e iwpe

L=

We shall prove I, = 0. In fact, because
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X—=)

oyt = HE—ah =@ oaehIT = Y g —acTh g —ac™,

ktj=l—n

by integration by parts, we have
Iy = —cor Y hijx—ac™H f (log|y —ac™"+log e (y — ac™H)/ (D' /)((»)dy
k+j=n—I

=—cui Yy, hijx—ac”H / log|y —ac™"|(y —ac™)/ (D' f)(())dy

k+j=n—I

—ent Y, hgx—acH f (log|y —ac™"| +loglc[)(y —ac™ ")/ (D f)((y)dy
k+j=n—l,j<l—n

—enihoion / log |y — ac™"|(y — ac=Y (D! £)(())dy

y Goachy
= Sho s / 6ni00g ]y — e + ) =S (0 Oy
y—ac™|
= honflac™")
=0,

where in the last step we have used the following fact: the function f o ¢ is compactly
supported and hence

flac™) = fogpoy(ac™) = fog¢(co)=0.
As above, we still obtain

1 (=" ()
|A|2n |C|2n |Z_1(£)|"_l+1

D (T(D' HH W) = ).

Replacing x by ¢ (x), we get (3.19) for the case [ odd and [/ > n with n even. The
case [ even can be obtained similarly. O

Now we consider the following question: for the operator D!, if we have the
similar conformal covariance. In fact, if we replace R” in the Mobius transform,
the identification relation and the certain Clifford matrices by R/, respectively, all
conclusions still hold. Now let ¢ denote a Mobius transform from R} U {oo} to
R7 U {oo} and let g be a fixed function from R} U {oo} to R} U {oo}. Define

*

X
gx) = MT_H, X = Xo + X.

Define the representations

S1(@) f(x) := Ly ((ex +d)*) f($(x))
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and

S_1(@) f(x) := glex +d) (P (x)).

We have the following result.

Theorem 3.4.2
D(S1 f) = S_1(Df). (3.23)

Proof By the fundamental solution of the operator D and (3.16), replacing x and y
in Theorem 3.4.1 by x and y, respectively, we have N

1
DTHS_ (DM@ () = / Ly 1) = v (g ez MANDS) () ————5dy
|z(y)[2(+D

—z=1(x) (x — ez~ (A

Tl / lx =y el z= ()t A
A *er 1

x |A|”+3|z_l(y)|"+3|c|”+3 |Z(y)|2(n+]) dy

e o) B

= AP 1) Ly 1(x = y)(Df)(y)dy
— 1
e .

O JACH2nH2 = 1)

Replacing x by ¢ (x) and using Ac* = —1, we get (3.23). (I

3.5 The Fueter Theorem

In this section, we elaborate Qian’s work on the generalization of Fueter’s mapping
theorem, see [3]. We shall work in R**!, the real-linear span of {eg, ey, ..., e,},
where e isidentical with 1 and e;e; + eje; = —26;;. R"*! is embedded into Clifford
algebra R generated by e, ...e,. The elements in R"*! are represented as x =
X0 + x, where xp € R andx =xie; + -+ x4e, withx; € R.If x # 0, there exists
an inverse x ! x~! = 7> Where ¥ = xo — x. We will study the R"*+!-valued and
Clifford-valued functions, and the left and right monogeneity introduced by the Dirac
operator

The Kelvin inversion of a function f is I (f)(x) = E(x) f(x~"). The symbols Z and
Z* denote the sets of all integers and positive integers, respectively.
For a function f on R"*!, the Fourier transform of f is defined by

F()E) = /R T f @,
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A useful result associated with Fourier transform is

P() P€)
T (i )© = Ve g (3.24)

where 0 <a <n+1, k € Z*, P is the homogeneous harmonic polynomial of
degree k, and
Ve = ik /20 L(k/2+a/2) ’

' Fk/2+mn+1)/2 —a/2)

(I'" denotes the usual Gamma function).
For a function g, the inverse Fourier transform R(g) is defined as

R(g)(x) = / eIt € g (6.

Rr+l

The Fourier transform of a function in the Schwartz class still belongs to the Schwartz
class. In this case, the Fourier inversion formula holds: R¥ (f) = f.Inthe sequel, the
Fourier transform and the inverse Fourier transform will be used in the distributional
sense.

For the function g defined on R"t! we can introduce the Fourier multiplier M, as
M, f = R(gF f).Itis easy to prove that the Fourier multiplier induced by —47?|£|?
is identical to the Laplace operator.

Let f° be a complex-valued function defined on an open set O in the upper-half

—
complex plane. Write f 0 — y + iv, where u and v are real-valued. For x € O, set

0 X
() = ulxo, |x]) + mV(Xo, 1x[),

where
n+1
(0] :{XGR 1 (xo, |)_c|)60}.

70 is called the function induced from f 0 and 8 is call the set induced from O.
We shall work with the functions of the form

g(x) = plxo. |x]) + i%CI(Xo, 1x).

where p and ¢ are real-valued. We call p and g the real part and the imaginary part
of g, respectively.

The concepts of intrinsic functions and intrinsic sets naturally fit to our theory.
On the complex plane C, if an open set is symmetric with respect to the real axis,
then the set is called an intrinsic set. If a function is defined on an intrinsic set and
satisfies f9(z) = f°(z) within its domain, then the function is called an intrinsic
function. For f° = u + iv, the above condition is equivalent to requiring that u is
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even respect to the second variable, and v is odd respect to the second variable. In
particular, v(xp, 0) = 0, i.e., if the domain f 0 is restricted on the real axis, then f 0
is real-valued.

Denote by 7 the mapping

—
7:(f'()) — A(n—l)/ZfO,

where f° is any holomorphic intrinsic function and the differential operation is in

the distributional sense. For the sake of convenience, outside the intrinsic set 6, we
take 70 =0.

Note that forodd n € Z*, the operator A"~1/2 is a pointwise differential operator,
while for even n € Z*, A”"~V/2 is the Fourier multiplier induced by (27i|£])"~!
mapping some functions to the distributions. If b is a complex-valued function defined
on an intrinsic set, then

'@ = i@ +5@].
b2 = £[b) ~ 5@

both are intrinsic functions defined on the same set, and b = g% + i b°.

The above observation enables us to extend the domain of 7 to the sets of the
complex-valued functions b on the intrinsic set. These functions » may not be intrinsic
functions. For such a function b, we define

t(b) = 1(g°) + it (b").

The mapping t extended in such a way is linear under addition and real-scalar
multiplication. In the sequel, for the mapping t, we only need to consider the holo-
morphic intrinsic functions. For intrinsic functions, the coefficients of their Laurent
series expansions in annuli centered at real points in their domains are all real. Hence
we only need to consider the functions 7((-)7%), k € Z.For k € Z1, define

PV =1(()h, PV =1(PTH),

We have the following result.
Theorem 3.5.1 Letk € Z*t. Then

(i) P and P*=Y are monogenic functions;
(i) PP is homogeneous of degree (n + 1 — k) and P*V is homogeneous of
degree (k — 1);
(iii) Ifn is odd, then P%=D = ¢((-)"+thk=2),

Proof (i) By the Fourier transform and the following relation:

()0 (i) ()
“(”_<MJ"w—m a0 X))
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we get
PR = () H ) (3.25)
_ (_l)k_l a2\ (n—=1/2 x
_<k—1n<5%) RT<A B?)
(=D g\ oo E
_w—m(ﬁﬂ K@ g
(_1)k71 5 \*! o F
T k=1 (8_0) VinGEO
_ (_l)k—l P k—1
(k — 1)"(}1 <8_)C()> E(x)7
where

Ky = Qi) 'yl = Q)" 'T((n + 1)/2).

This means that for k € Z*, P is monogenic. The monogeneity of P* can be
deduced by the property of the Kelvin inversion, or the result of Bojarski, see [2].
The conclusion (ii) can be obtained by the expression of P~% and the property
of the Kelvin inversion.
(@iii) Let n = 2m + 1. We have

Kn = (=1)"22"(m1)? = (=1)"(@m)!)>.

We use the mathematical induction. The case k = 1 reduces to verifying A" (x>") =
(—=D™(2m)!!. We need the following lemma.

Lemma 3.5.1 Ler f°(2) = u(xg, y) + iv(xo, y) be a holomorphic function defined
on an open set U in the upper-half complex plane. Write uo = u, vo = v, and for
s € LT, write

8”.?—1 1
Uy, = 28 —
ay y
and d 1 0
vy =25 < Yool vs_zl) Y YL
dy y vy ay y
Then
s_>0 X .
A f 7 (x) = us(xo, |x]) + mvx(xo, |x]), xo +ilx] € U.

This lemma can be proved using mathematical induction via a computation of
A(us—1 + ivs—1) invoking the following relation proved in [8]:
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1 Ou, AV
= fo@s =l Bt Wt
y y ay dxo

We will frequently use the formula given in [8]: for any function f° = u + iv and
rezr,

[r/2] [r/2]

(70)7’()6) — Z(_l) C21 r— 21v2[+ |—| Z( 1) C21+l r—21—1 21+l’ (326)

where C' are binomial coefficients with the convention that C’ = 0 for / > r, and
[s] denotes the largest integer that does not exceed s.

For f°(2) =z, using the formula (3.26), by r = 2m and Lemma3.5.1, we can
obtain A™(x?™) = (—1)"™((2m)!!)?, which proves the case k = 1. Now assume that
P® = r((-)"*=1). We need to prove P**D = ¢((-)"**). This is equivalent to
proving

1

k:_ 1 a_(I(Am(( )2m+k))) I(Am((')2m+k+l)), (327)

where k € Z" ork = 0.
By (3.26) and Lemma3.5.1, we have

IN(OR16))

m+[k/2]
= (2m)!![ D (=DICo QD@L =2) - 21 = 2m 4 )y
=0
m+[k/2]
Z (=D'carL @n @l —2) - 21 — 2m + 2)xg" T y”“*z'"],

where we take y = |x|.
By the Kelvin inversion, we replace xo, y and x/y by xo|x|~2, y|x|~> and —x/y,
respectively. It follows that the above becomes

m+[k/2]
@m)! |,,+2k+1[ Z (—1)CZ,, (3.28)

m-+[k/2]
h@Rl=2)---Q2l —2m + 2)x§m+k—21y2[72m + % Z (_1)1+1C§£n++1k
1=0

X(Zl)(Zl _ 2) . (21 —2m + 2)x3171+k—21—1y21+1—2m].

Applying the differential operator [—1/(k + 1)]9/0x to (3.28), we have
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—Q2m)!! 1 x ., 9
K1 E<X>|x|2k+z{(—<n+2k>xo+;y)[~-~]+(x0+y)a—xO[---]},

(3.29)

where [---]isas [---]in (3.28).
Now we have

(—(n+2k)XO+ %y) [

m+[k/2]
=1 3 )+ 20QD Q1= 2) - (2 = 2m + 2R 2 2m
=0

m+[k/2]
Y L Q@ ) 1 - 2 22 22
=0

m+[k/2]
% I 3 DR (0 20212 2) - (2 — 2m 4 2R 22
=0

m—+[k/2]
+ > (=D @D@L=2) - QL = 2m + 2)xg TR 2 =2m
=0

and
0
2 2 — e e .
(xg+ )axo[ ]
m+1k/2]
- { Z (_1)1C%'ln+k(2l)(2l —2)--- 2l =2m+2)2m + k —2I)
1=0

2m+k—21+1_21—-2m 2m—+k—21—1_21—-2m+2
x (xg y + X y ) }

m+[k/2]
4z { Z (Do en@l—2) - 21 —2m+2)2m +k — 21 — 1)
=0

x (x§171+k—21 2[1+1-2m +x§m+k—21—2

y

2l4+1-2m+2
y ) }

By comparing the coefficients of a general nomial x3" ™17 y2/=2" in the real

part of (3.29) with those in the real part of
LA™ (™) (x) = EQ)(A™ ()P ) (e h,

the latter being of the expression (3.28) but with k + 1 in place of k, we are reduced
to verifying
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—2(n +2k)C3  + @m — 2D Co L, (3.30)
+202m + k —20)C3 i+ 2m — 2)(2m + k — 21 +2)C5 2
=—(k+ l)2lC§rln+k+l'

By (s —)C! = (I + 1)C!*!, the second and fourth entries on the left hand side

of (3.30) add up to

2012m —2)C3 (3.31)

while the first and third to

—20Q21 +k+ 1)CE = [—4* =21k + DICE, ., (3.32)

= —20Q@m+k — 2 + )L =2k + DCZ, .

Combining (3.31) with the right hand side of (3.32) and using C! + C!~' = C!_,

we get (3.30). Similarly, we can prove that the imaginary part of (3.29) is equivalent
to the imaginary part of I (A" ((-)>"**+1)). This proves (iii). O

In [9], Kou, Qian and Sommen obtained the following generalization of
Theorem3.5.1. For any x = xp + x € R”, let P, be a homogeneous polynomial of x
of degree k and satisfy

AP (x) = 0.

We consider the following question: if

DAV (g, x) + %V(xo, DP@)) =0,

We first prove that if / € Z, the function
AR (59 + 1) P) ) (3.33)

is still a left monogenic function.
At first, we assume that / is negative. By a simple computation, we can see that

(xo + )1_<i>1_£<i>l<i> 1=1.2
TEE\nE) T = \ax) kg )T

Hence we only need to prove

X
Ak+(n71)/2 (_ Pk (£)>

|x|?

is left monogenic.

Lemma 3.5.2 Q. (x) = X Py(x) is harmonic and homogeneous of degree k + 1.
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Proof By definition, it can be verified directly that

5 \2
(8_> Qr+1(x) =0.
X0

Using Leibniz’s formula for second derivative, we can get

0 2 _» d _ a P _ 9 » 5
(8_x,> Or+1(x) = <8_x, x) (8_x,> k(£)+x<8_xi> (X)?.

This implies that
AQpy1(x) = =20 Pr(x) + XA P (x) = 0.
O

In the proof of Theorem 3.5.1, we use the following Bochner type formula: in the
sense of tempered distributional sense,

Q 0,0 >(9=ngé£QJeZ%0<a<n+L (334)

. |j+(n+1)—ut |$|j+o¢
where Q; is a harmonic homogeneous polynomial of degree j, and

Vi = i/ I'(j/2+a/2)
I rGR+m+1/2—a/2)

By the Fourier transform, (3.34) is equivalent to the following equality: for any
Schwartz functionp on Rf and j € Z,0 <o <n+1,

QW e TGR2+/2) Q)
fm it $dx = i FG/2+ 1+ D/2—a/2) Jay e+

¢(x)dx.

Now we will generalize the above formula to the case Re(w) > —j and j € Z,..

Lemma3.53 Let—j < B,a<m+ 1)+ ja+B=n+1and j € Z,. For any
Schwartz function ¢ on R, we have

pop (LEBY [ Q@ g o ipenp (R [ QW)
o ( 2 > R} |ij+ﬂ¢(x)dx =i R] Ixij+a¢(x)dx'
(3.35)

Proof For 0 < a < n + 1, both sides of (3.34) are holomorphic. For j > 1, by the
orthogonality of the spherical harmonic polynomials, there follows
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j-1
/ T S bmar = T I (¢(x> ~$0) - (Zx, i) ¢3<0>) dx

+ / L’”,é(x)dx,
|

x[>1 |x|/+(n+l) ¢
that can be extended to all complex numbers « with Re(o) > —j holomorphically.

Similarly, the right hand side of (3.34) can also be extended holomorphically to all
complex numbers « such that Re(x) > —. O

Proposition 3.5.1 Let! € Z,, where n + 1 is odd and k is non-negative. Then the

functions
— !
X
AkHa=1/2 ((W) Pk(£)> L eZy

Proof In Lemma3.5.3, letting « = 2 — j, we have

are all left monogenic.

, i) (n+1)/2+4(j=2) .
00 5o i i 0;(x)

D=2 = dx.
e OO R+ D257 =1 Jy e PO

lim
e—0+

Replacing ¢ by AK+"+D/2¢ and j by k + 1, we get

Ji%‘+/x.> i) | ko0 gy = gy [ akeoD2 (%) P,

. |x|(n+1)+k| | R

where
1

—k—(n—1)/2
C((n+1)/2+k)

ﬂk — 217}172/{1-27}17/(”

Hence we obtain

B gt = p [ ot (292 oo

R} R}

Replacing Q1 by X Py (x), we have

Q](|+12(X)¢( Ydx /l;n <ka(_)> ()¢ (x)dx

= Vin /R CEx (P@)8) (1) (x)dx,

R?

where E(x) = MLH = Vl,n(#)/\(x) is the Cauchy kernel on R, § is the Dirac
function. Therefore,
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ARF=D/2 (ﬁ&@) = Vi B 'E * (P(@)8)(x) = y1.18; "EP(d)(x).

This implies
k=12 (L pk()_c))

|x|?

is left monogenic. In addition,

— \!/
AkHn=1)/2 ((Xo —i—)_c)_l Pk(i)) — AkH@=D/2 ((L) Pk(£)> (3.36)

|x[?

p (DTN
— AkT@=1)/2 —_ -
-8 ((z — D! <axo> <|x|2) )

9 -1
8x0
So _1
Ak+(n—l)/2<<x() +£) Pk(i))’ leZy,

are all left monogenic. ]

Now for the case [ > 0, we prove the function
AR + 0 P | (3.37)

is left monogenic function. We first discuss the fundamental solution of the operator
DA*+(=D/2 Below we assume that 2s = 2k + (n — 1). Hence 2s may be even or
odd. It is even if and only if n + 1 is even.

Lemma 3.5.4 The operator D|D|* in R} has a fundamental solution of the same
form as those in the above list for 3% in R"*!, except that the term x in the latter
is replaced by x.

Proof We divide the proof into two cases based on the parity of 2s.
(i) Case 1: 2s is even. The Fourier multiplier corresponding to the fundamental
solution of D|D|* is B
I &
MR T s

where ¢, ; is a constant depending on n and k. A fundamental solution of | D|**2 is

a radial function and is the same as the one in the above list for 32 in R**+!. We
denote the fundamental solution by K (x). By (3.14) and (3.15), when n + 1 is even
and2s +2 <n +1,
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K(x) = |x|n72571 :

Whenn + lisevenand2s +2 > n + 1,

K()C) = (ClOg |X| +d)m

Then DK is a fundamental solution of D|D|%. Hence the function DK can be
represented as follows. Whenn + 1lisevenand 2s +2 <n + 1,

K _ X
(x) = |x|n72s+l '

Whenn + lisevenand2s +2 >n + 1,

K()C) = (ClOg |X| +d)|x|nT+l

(i) Case 2: 2s is odd. At first, because €& = |£[2, 1 3 mzj = \S\ IE\Z‘“ Also, the

Fourier multiplier corresponding to a fundamental solution of D|D|*~! i | Elfﬁ, .

By (3.14) and (3.15), when n 4+ 1 is odd, the fundamental solution is )_c/|x|"‘25+2.
Because the Fourier transform of 1/|&| is the Riesz potential 1/|x|", then in the
tempered distributional sense, the fundamental solution of D|D|?* can be represented
via convolution: _

1 )

* —.
| . |n | . |n—23+2

It is easy to see that the convolution is a locally integrable function away from
the origin. In fact, after being applied a certain times Laplace operator, the above
distribution becomes a locally integrable function away from the origin. Secondly,
as a distribution, the convolution is homogeneous of degree 2s — n. To show this,
letting M and N denote the distributions induced by W and N —2—, respectively,
then for any Schwartz function ¢, we have

(M % N(x), ¢(x/8)) = 8"VHE (M % N(x), ¢(x)).
Write 75 f (x) = f(6x). By the homogeneous properties of M and N, we know
(M « N(x), ¢(x/6)> = <M N, f571¢(x)>
= (N, M x @)

- 5(N(x), T M % ¢(x)>
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— 61+2S(N, M*¢)>

- 31+2S(M «N, ¢>.

Let p denote the rotation about the origin in R}. The representation matrix of p is
(pij) and the operation of p on x is denoted by p~'x. The operation of p on the
functions is denoted by p(f)(x) = f(p~'x). Because M is scalar-valued and N is
vector-valued, the function M * N is vector-valued and homogeneous with degree
2s — n. Write this vector-valued function as K (x) = M * N(x). Then we can get

(PK@. ¢@) = (K. p~'9)
= (NG, Map9)
= (NG, Mxp)
= (o) NG, M)
= (0)(K(), ¢ (0)
= (&, ).

that is, f(,o‘lx) = p(K(x)). Applying the lemma obtained in [ 10, Chap. 3, Sect. 1.2]
to K (x)/|x|*™", we get K (x)/|x|*™" = Cx/|x|, Hence

Cx

M x N(x) = |x|n—2s+l :

We prove when [ € Z_, the function

ARH=1)/2 ((Xo n 1) - P (a_c))

is left monogenic. We need the intertwining relation for the operator.

Lemma 3.5.5 Let n be any positive integer. Then for s =k + (n — 1)/2 and any
infinitely differentiable function g in R \ {0}, we have

(A (it h) = e o PAY@ T, 339)

where a,, 5 is a constant depending on n and s.

Proof Write L = DA’ = D|D|2‘Y. Because n+ 11is odd, by Case 2 of Lemma 3.5.4,
the fundamental solution of L is G(x) = M,,C,—*ZM We have
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e (Mﬁ@@«-)l)) @)
R p—— L (Lo
R X y |y71|(n+1)+25+2 |y|2n+2 g (dy

Cx—' / ~x—y) y!
R |

T e X — y[n2sH |y —L|n=2sl

yil

x [y =1+ D+25+2 [y 22 (Le)(y)dy

Cx—! =y
- /R T L0y
1
Cx—'
= e 8-

Then we can deduce that

L —6 -1 =C X L -1
|.|(n+1>—2sg((') ) )= W( &x).

O

_\!
In Lemma3.5.5, take g(x):(L,) Pi(x), | €Zy. Because g(x~') =

|x|?
(=D¥x!|x| 72k P, (x), we have

(DAan—l)/Z) ((_l)kxl—lpk(£)> = an,SW(DAk+(n—l)/2> (<2>1 pk@) x~h.

(3.39)
By Proposition 3.5.1, we can see that the right hand side of (3.39) is zero and conclude
that
(DAk"r(n—l)/z) ((-x() +£)1_1Pk(£)) — O, 1= Z+.

Based on the following preliminary lemma, we give a generalization of
Theorem 3.5.1.

Theorem 3.5.2 Let f be a holomorphic function defined on an open set B in the
upper half complex plane. Define the set

e
B ={x=x0+x R}, (x0,|x]) € B}.

(i) Let Pi(x) be left-monogenic and homogeneous of degree k. If k + (n — 1) /2 is
—
a non-negative integer, then in the set B, the function
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ARFODREF (x4 x2) Pe(x)]

is left monogenic.
(ii) If (n — 1)/2 is odd and k is a non-negative integer and Py (x) is monogenic and

%
homogeneous of degree k, then in the set B, the function
AFFOTDRLf (xg + 2) Pe(@)]

is left monogenic.

Proof We only need to prove that if the function
AFEDR (o + 0 Pe)), 1 € Z,
is monogenic, then the function
AFEEDR(f (xg + x) Pr(2))

is also monogenic. Through a translation, we may assume that the function f is
holomorphic in a disc centered at the origin of the complex plane. Further, we define
the holomorphic function

g =1if@+ f@],
h(z) = %[f@) — f@].

Itis easy to see that f(z) = g(z) + ih(z). Then we can further assume that the Taylor
series expansion of f is of real coefficients. We will prove:

(i) the series Z;:lfoo ¢zl and

-1
D aA TR (x4 ) P(2)]

I=—00

have the same convergence radius;
(ii) the series Y ;2 ¢;z' and

o0

> ARy + x) Pe(p)]
1=0
have the same convergence radius.
For (i), it can be deduced from (3.36) and (3.25) that

1

AFFTIRI0x0 4+ 0" Pl < CO A D™
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which implies that the two series in (i) have the same convergence radius.

At last, we prove (ii). For this case, n is even. Because A* = |D|’1Ak+"/2, the
fundamental solution of A can be represented as the convolution of Riesz poten-
tial 1/]x|" and the fundamental solution of A**"/2, Under the case that the spatial
dimension is odd, the fundamental solution of A¥*"/2is C/|x|®+D=2~1 where C is
a constant depending on n and k. By Lemma 3.5.4, the fundamental solution of A*
can be represented as C/|x|"+1=2*. Then applying Lemma3.5.5, we can get

s 1 -1 c s -1
(A Wg(x ) =W(A )(@)(x7).

x[?

_\!/
Let g(x) = ( x ) Pi(x). Then g(x~") = (—=1)*x! P, (x). Replacing s by s + 1, we
have

|x|?

_ c _ 7Y _
At 1)/2<(_1)kxlpk()—c)> - |x|2n+2k+2 Al (<_) Pk(i)) “ 1).

By the Newton potential and (3.36), in the sense of distributions,

C 1 1
k+1+m—1)/2( .1 _ -1 -1
A (v pew) (1—1)!/11@7 o=yt =zl AERDOTI.

By Lemma3.5.4,

| ATV (0 + 0 Pe@)]] < CQ A (1) e T

3.6 Remarks

Remark 3.6.1 The idea of Theorem3.5.1 is to investigate the similarity between the
Clifford analysis and the complex analysis of single variable. Via the correspondence
Zx - P® some similarity has been obtained in [11].

The quaternionic space does not coincide with our result forn = 3. The quaternion
forms a complete algebra, and the latter is not a complete algebra. Fueter’s theorem
implies that T maps a holomorphic function of one variable to a regular function of
variables in the quaternionic space. M. Sce generalized Fueter’s result and proved
that if n is odd, then T maps the holomorphic functions defined on the subset in the
upper-half complex plane to the monogenic functions. Theorem3.5.1 (iii) indicates
that if n is odd, the result obtained by the Kelvin inversion coincides with the result
for f0(z) = z*, k € Z obtained by Sce.
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However, for even n, the method of using the the differential operator A”~1/2
introduced by Fueter and Sce is not valid. By the Fourier multiplier transform, the
results of Fueter and Sce can be extended to the case of the power function with
negative index, that is, f°(z) = z*, —k € Z*; while for the power function with
non-negative index, this method is not directly valid.

Remark 3.6.2 There is the following generalization of the result in Sect.3.5. In [12],
F. Sommen proved that if n 4 1 is a positive even integer, P is any homogeneous
polynomial in x of degree k, and is left monogenic for the Dirac D: D Py (x) = 0,
then

DA ((u(xo, X+ %v(xo, x) Pk@))) =0.

|x

It is readily seen that the above result is a special case of Theorem3.5.2.
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