Chapter 2
Singular Integral Operators on Closed oo
Lipschitz Curves

In Chap. 1, we state a theory of convolution singular integral operators and Fourier
multipliers on infinite Lipschitz curves. A natural question is whether there exists an
analogy on closed Lipschitz curves. In this chapter, we establish such a theory for
starlike Lipschitz curves. A curve is called a starlike Lipschitz curve if the curve has
the following parameterization: ¥ = {exp(iz) : z € y}, where

y=lr+igw): ¢ e L¥(—m 1D, g(—m) = g(m) .

It can be proved that the starlike Lipschitz curves defined using such parameterization
are the same as those defined as star-shaped and Lipschitz in the ordinary sense.

In the same pattern as in the infinite Lipschitz graph case, we can define Fourier
series of L? functions on y. The question can now be specified into the following
two:

The first, what kind of holomorphic kernels give rise to L?-bounded operators on
starlike Lipschitz curves y ?

The second, is there a corresponding Fourier multiplier theory? In other words,
what complex number sequences act as L”-bounded Fourier multipliers on the
curves?

It should be pointed out that these questions are not trivial even for the case p = 2,
as the Plancherel theorem does not hold in this case. However, on the other hand, the
case p = 2 is essential, as the boundedness for 1 < p < oo can be deduced from the
L? theory using the standard Calderén-Zygmund techniques.
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44 2 Singular Integral Operators on Closed Lipschitz Curves

2.1 Preliminaries

Let y be a Lipschitz curve defined on the interval [—, 7] with the parameterization
y(x) =x+ig), g:[-m, 7] > R,

where R denotes the real number field, g(—n) = g(), g’ € L®°([—n, w]) with
llg'llcc = N. Denote by py the 27 -periodic extension of y to —oco < x < oo, and
by ¥ the closed curve

y = {exp(iz) 1z € y} = {exp(i(x+ig(x))) - <x < 71}.

We call y the starlike Lipschitz curve associated with y.
We use f, F and F to denote the functions defined on py, y and ¥y, respectively.
For F € L*(¥), the nth coefficient of F on ¥ is defined as

A _~ dz
Fy(n) z ”F(z)?-

2mi 7

In the case of no confusion, we will sometimes suppress the subscript and write
F(n).
Set
o = exp(—max g(x)), T = exp(— min g(x)).

We consider the following dense subclass of L?(¥):
AG) = {f(z) : f(z) is holomorphic in o — n < |z| < T + n for some 1 > 0}.

Without loss of generality, we assume that min g(x) < 0 and max g(x) > 0. In the
case, the domains of the functions in A(Y) contain the unit circle T, and by Cauchy’s

~ ~ ~ ~
theorem, weknow Fy(n) = Fr(n).If F and G belong to A(¥), by the Laurent series,
we can obtain the inverse Fourier transform formula

Fo= Y Frma, 2.1)

where z is in the annulus where F is defined. We apply Cauchy’s theorem to get the
Parseval identity

1 ~ o~ dz © A 2
- /y FoGoT = Y FrmGyt-n. (22)

n=—00
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Similar to Chap. 1, we will use the following half and double sectors on the
complex plane C. For w € (0, 7/2], define the sets

Sg,Jr:{ze(C: |arg(z)|<a),z7$0},

So _=-50 .. 80 =8, Us"

w,+’ Yo w,—=’

and
o, =s0u [z eC: Im@z) > o},

w

CO’_ = SgU [z eC: Im(z) < O},

where S0 ., 89, CY , and C? are shown in Figs.1.2, 1.3 and 1.4. Let X be one of
the sets defined above. Denote by

X(n):Xﬂ{z € C: |Re(2)] én}

the truncated set and by

o0

pxe = {X(n) + 2k7r}

k=—00

the periodic set associated with the truncated set. The graphs of Sg’i (), Sg () and
CY , () are shown in Figs.2.1, 2.2 and 2.3.

(1) The figures of the sets SO | and S _ are as follows:

[ Q-

Fig.2.1 SO _(m)U S, (m)



46

)

2 Singular Integral Operators on Closed Lipschitz Curves

///////

-

/

a”

T
1
1
1
1
1
I
1
1
-

Fig.2.2 CJ , (7)

7T

1
1
1
1
1
1
1
i
T
:ﬂx
1
1
1
1
1
1

Fig.2.3 CJ _(m)

i

7))
i

1
1
1
1
h
1
i
TX
1
1
1
1
1
1
'

(2) The sets C) _ () and C), _ () are shown in the following figures:

We also use the sets of the form exp(i0) =

{exp(iz) :

z € O}, where O is the

truncated set defined above. Let Q be a double or half sector defined above. H*(Q)

denotes the function space

{ f:Q — C: fisbounded and holomorphic in Q}.

If no confusion occurs, we write || -

lloo as || - lz=(0)-

Letb € H“(Sg), w € (0, w/2]. Then b can be divided into two parts: b = b* +

b, where

Hence, b* € H‘X’(S0 4

l

bt = bX{z: Re(z)>0}»
= DX{z: Re(z) <0}

(2.3)

In each of the followmg statements, the symbol “+” should be read as either all

u+”

GE(bH)(2)

=¢*(2) =

, or all “—”. The following transform has been used in Sect. 1.3:

1
/ exp(iz¢)b(¢)de, zeC
2;1 o
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where ,ogt denotes the ray s exp(if), 0 < s < 00, 6 is a constant which depends on
zZ € Cg,i and satisfies ,oei C Sg,i. Also

GE(bh)(2) = ¢ (2) = 5 ¢pE(0)de, z€ 8D L.
*(2)

where the integral is along any path from —z to z in Cg, L

In what follows, we denote by co, c¢i, C the fixed constants, and by C,, ,, the
constants which depend on w, i and so on. These constants may vary from one
occurrence to another. For b € H*°(S?), using the decomposition b = b + b~ and
Theorem 1.3.2, and letting

p=90"+¢", b1=0+¢,

we can see that the following two theorems are the main results obtained in Sect. 1.3.
We reformulate them for the sake of convenience.

Theorem 2.1.1 Letw € (0, 7/2]andb € H"O(Sg). Then there exists a pair of holo-
morphic functions (¢, ¢1) defined in Sg and Sg’+ such that for any u € (0, w),

i) 16 < Copulblio/lzl, z € Sp;
(i) ¢1 € HZ(S) ), Id1llgese ) < Coullblloo, and ¢1(z) = ¢(2) +¢(—~2), z €

0 .
Sa)n“

(iii) forall f € S(R)

@m! / b f—ode =timf{ [ g0 f)dx + i@ O}

[x[>e€

Theorem 2.1.2 Letw € (0, w/2] and b € H*®(S°). There exists a pair of holomor-
phic functions (¢, ¢1) defined in S° and Sg’ 4 satisfying

(1) there exists a constant cy such that

c
()] < —. z €8
|zl
(ii) there exists a constant ¢y such that || || g~(s0 ) < c1, and
$1(2) =¢(2) +d(—2), z€ Sy .
Then for any 1 € (0, w), there exists a unique function b € Hoo(Sg) such that

D11 1250y < Coo (o + €1),

and the function pair determined by b according to Theorem 2.1.1 is identical to
(¢, ¢1). Moreover, for all complex numbers & € S°, the function b is given by
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—> 00

b(¢) = lim lim (f exp(—iéx)p(x)dx + (])l(e)).
e~>0N e<|x|<N

2.2 Fourier Transforms Between S and pS? (r)

Theorem 2.2.1 Letw € (0, w/2] and b € HOO(SS)), and let (¢, ¢1) be the function
pair associated with b in the pattern of Theorem 1.3.2. Then there exists a pair of
holomorphic functions (®, ®1) defined in SO () and Sg, (), respectively, satisfy-
ing, for every u € (0, w),

(i) @ can be holomorphically and periodically extended to pS° () and

Co.ullbllo

|®(2)| <
|z]

0
, Z € Sﬂ(n).
Moreover, ®(2) = ¢(2) + ¢o(2), z € Sg (1), where ¢ is a bounded holomor-

phic function in S (1);
(i) @1 € HX(S) , (1)), [Pl aeese,) < Coullblloo, and

' (2) = @(2) + (—2), z € S°(7);

(iii)) ® and ® are uniquely determined (modulo constants) by the Parseval formula.
Precisely, for any continuous 2w -periodic function F defined on R,

27 Z b(n)F (—n) =!i§3)</5

n=—0o0

S(x)F(x)dx + &4 (E)F(O)),

<l

where F(n) denotes the nth Fourier coefficient of F, and b(0) = %Cbl ().

Proof By the Poisson summation formula, we define & as

O(z) =21 Y $(z+2km), z € pSH(n), (2.4)

k=—00

where the summation takes the following sense: there is a subsequence {n;} of {n}
such thatforall z € S°(rr), when! — oo, the partial sum locally uniformly converges
to a 2 -periodic and holomorphic function satisfying the assertion (i). In the sequel,
we call such sequences applicable sequences. Moreover, we shall show that the limit
functions defined through different applicable sequences differ from one another by
constants which are bounded by c||b|| -
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We use the following decomposition

n +n n
> @ +2kn) =p@) + Y (@ +2km) — pQhkm)) + Y ¢ (k)

k=—n k50 k=1

=@ +Y +) .
1 2

We will prove that the series ), locally uniformly converges to a bounded holomor-
phic function in Sg (7r), and some subsequence of the partial sums of >, converges
to a constant dominated by C,,||5|| .

By (i) of Theorem 2.1.1, Cauchy’s theorem and the fact that ¢ is a holomorphic
function, we can deduce the estimate:

C
[¢'(2)] < ﬁ, ze S°,

so the convergence of ), is proved. For ) ,, we use the mean value theorem for the
integrals to get

> oikm = [
k=1 m =
= 4120+ D) — ¢12m)

+ Y [#h@km) = Re(¢] 60) — im(@i o) |.
k=1

2(n+Dm

9l ()dr + Y [#1Ckm)  Re(9](60)) — iIm(@] (n0)) |
k=1

where &, ni € (2km, 2(k 4+ 1)7r). By the estimate of ¢’, the above series converges
absolutely. It can be deduced from the boundedness of ¢, that there exists an applica-
ble subsequence {n;} such that ¢, (2(n; 4+ 1)7) converges to a constant cy. Therefore,
we have

1 R
S0 = 9@+ Y [#(z+ 2km) — p(2km) | + lim 3" gj2nm)

k#0 n=I
= ¢(2) + ¢o(2) + co,

where ¢ is a bounded holomorphic function in 52 (1), co 1s a constant depending on
the subsequence {n;} chosen. At the same time, ® can be extended holomorphically
to pS? (), and the different ®’s associated with different applicable sequences may
differ from one another by constants dominated by c||b|] -
Now we prove (ii) and (iii). We use the decomposition b = b™ + b~ given in
(2.3). Define
b (z) = exp(Faz)b*(2), o > 0.
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Let ¢* and ¢ be the functions associated with b* and b™, respectively. By
Remark 1.3.1, p%(-) = ¢+ (- & i), and the latter are inverse Fourier transforms of
b*%. Now we define the corresponding periodic functions ®*¢ and holomorphic
functions ®* in pCY , (), respectively, which satisfy the size condition in the
assertion (i). It is to be noted that for all ®*%, we choose the same applicable
sequence {n;} as we have chosen for ®*. By the estimate in (i) of Theorem 2.1.1
and the fact that ¢ is holomorphic, we can prove that when o — 0, >, is locally
uniformly and absolutely convergent. Let

1

o D (2) = pT(2) + Py Y (2) + ¢

and

1
Edﬁ(z) = ¢*(2) + ¢y (2) + cp,

where ¢3E’“ and qbgt are holomorphic and uniformly bounded in Cg, 4 (7r). Since the
convergence as n; — 0o is uniform for « — 0, we can change the order of taking

limits n; — oo and o — 0, and conclude that q)i'“, qﬁoi “ and C(j)[ are convergent
locally uniformly in CJ) , (7). Hence,

lirr%) O (7) = dF ().

Notice that for fixed o, ®** € L>®([—m, ]), and when n; — o0, the series which
define &+ converges uniformly in x € [—m, 7 ]. For all non-zero real £ in the sense
of (3) in Theorem 2.1.2, we have

T np

] T

— | exp(—iEx)®T*(x)dx = f exp(—i£x) lim § ¢ (x + 2km)dx
27‘[ —x —x l—>ook

=—ny

oo

= / exp(—i&x)¢™ (x)dx = b™* ().

oo

In particular, {p**(n)}, n # 0, are the standard Fourier coefficients of ®*¢. If F is
any smooth periodic function on [—, ], then Parseval’s identity holds:

27 Z b (n)F(—n) =fn O (x)F (x)dx,

n=—o0 -

where .
b (0) = (2n)—1/ dF(x Lia)dx.

-7

Let € > 0. Since F (n) decays rapidly as n — 00, on letting « — 0+, we have
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o0
27 Y b*m)F(-n) = lim { O (x + ia) F(x)dx
a=>0+ U J_r 2 \(—e.0)
n=—oo 5 5

+/ O (x +ia)(F(x) — F(0))dx
lx|<e
+ / OF(x + ioc)F(O)dx}.
lx|<e
Then we can get

lim OF(x +ia)F(x)dx = f &F(x)F(x)dx

=0+ Sz 2\ (—€,0) [~ 7]\ (—€.€)

and

1
limsup/ |®E(x +ia)| - |F(x) — F(0)|dx < lim sup/ — -« |x|dx < Ce.
lx|<e \

a—0+ a—0 x|<e |)C|

Define
OE() = / & (n)dn,
3% (2)

where §%(z) is a path from —z to z in CgA, 4 (7). Hence for dﬁ, (i1) holds and

lim d*(x i) F(0)dx = & () F(0).

a—0+ |x|<e

This gives Parseval’s identity associated with b™:

e—>0

27 Y b*(m)F(—n) = lim </ dE(x) F(x)dx + @f(e)F(O)),
[-7. I\ (—€.€)

n=—00

where b*(0) = %@f(n). Note that if we replace o* by ®* + ¢* in the above
formulas, then, correspondingly, we need to replace b*(0) by b*(0) + ¢ in order
to make the formulas still hold. Since ® = ®* + &, on letting ®; = CDT + &7,
we see that (ii) and (iii) hold. This completes the proof. U

Remark 2.2.1 When we prove Parseval’s identity related to b € H*(S?), the value
of b at the origin is naturally involved. For the sake of convenience, we take b(0) =
%CDI () in consistency with the formula as shown in the theorem. The proof of the
theorem indicates that adding a constant to @ does not change the Fourier coefficients
6(}1) = b(n), n # 0, but we should add the same constant to 5(0).

Theorem 2.2.2 Let w € (0, w/2] and (®, ®y) be a pair of holomorphic functions
defined on pS° () and Sg’ (), respectively, satisfying
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(1) @ is 2mw-periodic, and there exists a constant c( such that

Co 0
P (2)| < =k z €S8, (m);
(ii) there exists a constant c| such that ||, ||Hx(sg’+(7,)) < ¢y, and

P (2) = ®(2) + P(—2), z € Sy, ().
Then for any i € (0, w), there exists a function b* such that b* € H°°(Sg) and
16" 1 1= s0) < Cpuleo + c1).
By Theorem 2.2.1, the function pair determined by b* is identical with (P, @)

(modulo constants). Moreover, b* = b*T + b*~,

1
b%ﬂm=——nm<f emPﬂm¢&M2+¢ﬂd>n€Sgg(2®
A%(e,0,In]71)

27T €—0

where 0 = (u+ w)/2, A%(€,0,0) =1(€,0) Uct (9, 0) UA*(®, 0). Here when
o<,

(e, 0) = {Z=x+iy: y=0,e < £x <o},
ct0,0) = [z =opexp(ia) : afrommw £0 tonw, and then from QO to $9],
A%@®,0) = {Z € Cg,i(n) :z=rexp(i(r £0)),r frommsech to o,

and z = r exp(Fif),r fromo to secO},

when ¢ > w,
I(e,0) =I%(e, ), ¢EB,0) =0, 1), AT6,0) = AT, n).

Proof The integral is along the path A (e, 6, |n|™"), see Figs.2.4 and 2.5.

Fix u € (0, w) and write b* as b in the rest of the proof. For all € € (0, )
andn € Sg U {0}, define b.(n) = bj(n) + b_(n), where bf are the functions in the
definition of b* in the theorem before taking the limit as € — 0. We see that for all
€ be(0) = Ly (m).

For |17|’E < 7, applying the estimate in Theorem 1.3.3, we can prove that b, (1)
is uniformly bounded, and El_i)l&_ b.(n) = b(n) exists.

If |n|~! > m, for the integral over the contour (e, 7r), we use the same argument
as to the integral over I(e, |n|~") for the case ||~' < 7. To estimate the integrals



2.2 Fourier Transforms Between SO and pS0 () 53

T
SNl

%

)
\

o
i SR

=

e o)ucto.@)UuA*t(o.8) o= I"e.o)uc o) UAT(0.68), o>

Fig. 2.4 [T (e,0)Uct(0,0) UAT(0,0)

¥ y!
-n "} -;I‘.‘II\_‘Q“ '.ﬁ'-',:’f’; (ni _}TZ E!‘\,?\*"" -,s’v",' .
—€ € X (3 —£ x
e 0) U (2,8 UA-(0,6), 0 <7 I(e.0) UC (@.6) UA(2.6). 0 > 7

Fig. 2.5 [7(e,0) Uc (0,0) UA (0,0)

over ¢* (6, m) and A(, ), we use Cauchy’s theorem to change the contour of
integration and so to integrate over the set

{z:x+iy:x= —m,y from — (£x)tan6 to 0, and x = 7, y from O to —(intan@)}.

Howeyver, by the condition =Re(z) > 0, it is easy to prove that the integral over the
above contour is bounded. Then b is well-defined and bounded.

Let F be any 2m-periodic continuous function on [—, 7]. Expanding F in a
Fourier series and using the definition of b, we have

[o.¢]

21 Y be() Fmmicny = / ®(x)F(x)dx + ®1(€)F(0).
n=—00 e<|x|<m

On letting ¢ — 0, we get

27 Y b()F g (—n) = lim ( /

n=—00 <lx|<m

O(x)F(x)dx + &, (6)F(0)>.

Denote by (G (b), G1(b)) a pair of holomorphic functions associated to b in the
pattern of Theorem 2.2.1. It can be deduced from Parseval’s identity that
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e—0

lim (f (G(b)(x) — D) F(x)dx + [G(€) — <I>1(e)]F(0)>
e<|x|<m
=27 (61(0) = b(0) ) 7.7 (0),

where b;(0) is the function associated with (G (b), G(b)) in Parseval’s identity of
Theorem 2.2.1. By Theorem 2.2.1, we can add any constant to G (b) and accordingly
adjust the value of b, (0) such that (iii) of Theorem 2.2.1 holds. In particular, we can
take a constant such that b, (0) — b(0) = 0. The right hand side of the last displayed
equality then becomes 0. Using an approximation to identity { F,,} with the property
F,(0) = 0, we conclude that G (b)(x) = P (x) for x # 0. Because of analyticity, we
know for all z € Sg(n), G(b)(z) = ®(z). For G{(b), using (iii) of Theorem 2.2.1
together with the assumption (ii) of ®;, we can get &} = G|(b) and ®; — G, is a
constant. Then by the use of

lim [G1(b)(©) — @1(6)] =0

we have ®; = G (b). The uniqueness of b can be proved similarly. (]

2.3 Singular Integrals on Starlike Lipschitz Curves

The results obtained in Sect.2.2 can be applied to study the relation between the
singular integral operators defined on periodic Lipschitz curves in Sect.2.1 and the
Fourler multipliers. Taking the change of variable z — exp(iz) and substituting d =
do ( In) and <I>1 d, 0 ( In) in Theorems 2.2.1 and 2.2.2, we obtain the following
theorem

Theorem 2.3.1 Let w € (0, w/2] and b € H>(8%). There exists a pair of functions
(CD <I>1) such that ® and d>1 are holomorphic in exp(i SO (m)) and exp(i SO L),
respectively. Moreover, for any u € (0, w),

() 1P@) < Copllblloo/I1 = zl. z € exp(i Sy (m));
(i) @1 € H®(exp(iSS(m))). 1Pl m=(exptisyiry < Copullblloc and

5o (% &1 : 60 .
' (z) = E(<D(z) + P(z )), z € exp(iS,, , (7));

(iii) For all continuous functions F defined on T,

21 Y bn)Fo(—n) = 1m(1)</
€e— N

n=—0oo

5(Z)17(z)dz—z + 51(exp(i6))f(1)).

nz|>e€,zeT

where ’I?T (n) is nth Fourier coefficient of f and b(0) = %51 (exp(im)).
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Theorem 2.3.2 Let w € (0, 7/2] and (D, ®y) be a pair of functions defined on
exp(i S0 (m)) and exp(lS (), respectively, satisfying

(1) there exists a constant cy such that

~ C .
1B (2)| < ﬁ z € exp(i % (m));

(ii) there exists a constant c¢| such that ||®, | o exp(is?, oy < €1, and

1 1
D(z) = (d>(z) + (- )), z €exp(iS? 0.4 ().

Then for any i € (0, w), there exists a function b* in H °°(Sg) such that
16" 150y < Cpuleo + ).

The function pair determined by b* according to Theorem 2.3.1 equals to (%, 51)
(modulo constants). Moreover, b* = b*T + b*~,

b:l:( L 1 7’7% o / 0
n) = im F4 + ®i(exp(i€)) |, n €S, 4.
27 e—0 ilnzeA%(e,0,0) <

where A% (¢, 0, 0) is the path defined in Theorem 2.2.2, and

D, (exp(ie)) = / P (exp(iz))dz,
1(e)

where [(€) is any path from —e to € lying in Cg,i

The following corollaries are in terms of holomorphic extension of series with
positive and negative powers and can be deduced from Theorems 2.3.1 and 2.3.2
immediately.

~ +o00

Corollary 2.3.1 Let{b, }n G EI®, D)= Y b |7 < Landw € (0, 7/2).
n==+1

If there exists 8 > 0 such that @ +3 < 7/2, and there exists a function b €

H>(S0 pavy 1) such that for all £n = £1,X£2, ..., b(n) = b,, then the function o
can be extended holomorphically to the domain exp(icg 15,4+ (7). Moreover, we get

w,8

d(2)| <
[P (2)] 1z

, z€exp(iCy ().

Corollary 2.3.2 Let w € (0, /2) and let ®bea holomorphic function satisfying

1B(2)] < , 2 €exp(iC (1))

C
11—z
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Then for any u € (0, w), there exists a function b* such that b* € HOO(Sgi) and

o +o0
®(z) = Y baz". Moreover, b* = b + b, and forn € S _,
n==1

1 . . . ~ .
b“E() = =— lim (/ exp(—inz)P(exp(iz))dz + <I>1(exp(le))),
27 €0+ \ J_jnzea*(e.0.0)

where A% (e, 0, o) is defined by Theorem 2.2.2, and

B, (explie)) = / B (exp(iz)dz,

1)
where l(€) is any path from —e to € in Cg’i.

Remark 2.3.1 As indicated in Corollary 2.3.2, the mapping d — b satisfying
5(1) = > b(n)z" is not single-valued. In fact, if @y # w,, then both b*' and
b satisfy the requirement. In general, b*' # b*2. This can be verified by using
d(z) =z2",n € Z7.

Corollary 2.3.3 Forany w € (0, 7 /2), there does not exist any function b such that
be H°°(S0 ) and satisfies b(n) = 1 for n = 2% k=1,2,..., and b(n) = 0 for
the other positive integers.

Proof Consider the function
@) =z+2 425+ +F

It is well known that ® does not have any holomorphic extension across any interval
on the unit circle, and according to Corollary 2.3.1, it is not induced by a function b
in H*(S, 0 ) O

For the functions b and F defined in Theorem 2.3.1, by the Laurent series theory,
the series

S b Fr(m:"

n=—0o0

locally uniformly converges toa holomorphlc function in the annulus on which F is

defined. Noticing that F T(n) = F 7(n), we can define an operator Mb ?I(F) —
AR as

My(F)@) =21 Y b Fr(n)z".

n=—00

On the other hand, for the function pair (5, ® 1) occurring in Theorem 2.3.2, there
holds
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~ ) ~ 1~ d ~ ) ~
1%, F () = lim ( / S HFam =L + <1>1(exp(zet<z))>F(z)>,
72|Re(i~In(nz=1))|>e.ney n

e—0

where 7(z) is the unit tangent vector of y at z in Sg, (). We have the following
theorem:

Theorem 2.3.3 Letw € (arctan N, 7/2], b € H™(S2) and let (®, ®,) be the pair
of functions corresponding to b in the pattern of Theorem 2.3.1. Then the following
conclusions hold.

() T3, isawell-defined operator from A(Y) to A(Y), and in the sense of modulo
constants, ~
T35, = Mp.

(i) 1\7;, can be extended to a bounded operator on L*(¥), and the norm is dominated
by c|Ibll -

Proof (i)Foranya > 0, deﬁneéf*"‘ ¢) = —z 8™ (—£), where b is the function
defined in Theorem 2.2.1. Let (CDf*“ , (be’“)l) be the pair of functions corresponding
to b in the pattern of Theorem 2.3.1. By (iii) of Theorem 2.3.1 and Cauchy’s theorem,
we have

Mo F) =21 Y b2 F5(n)

n=—00

=27 3 b Fr(n)

n=—o00
~ dn
=/d>f’ i HEmL!
T n

~ ~ d
= [[@EearhFa ).
v n

Similar to the proof of Theorem 2.2.1, taking the limit « — 0 and noticing that
dE(m = (@™,

we can get the desired equality for b* and b.
(i) Now we prove the boundedness of the following operator:

To.on F()=1im | / (2 = F(Ddn+ By (et @) F @)}, FEAR),
=0 U ecRez—n)i<n

where 7(z) is the unit tangent vector of y at z in Sg’ 4+ (). Here A(y) denotes the

class of all 27 -periodic holomorphic functions satisfying: F € A(y) if and only if

F = F o (i~'In) € A(¥). By the decomposition of (i) of Theorem 2.2.1, we have
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€,—0

+ Boz ~ M F ()
7 2|Re(z—n)|>€y

+e / F()dn + &1F(2).

-7

To,0)F(z) = lim / ¢(z—n)Fdn
72 |Re(z—n)|>€,

where €, — 0 is a subsequence of the sequence € — 0, ¢; and ¢, are constants.
The second and the third integrals are dominated by the L2-norm of F, while the
first integral is dominated by

sup
e>0

/ ¢z —mFi(n)dn| + cMFi(2), Re(z) € [-m, ],
[Re(z—n)|>€

where for [Re(n)| < 27, Fi(n) = F(n); otherwise F|(n) = 0. MF, is the Hardy-
Littlewood maximal function of F on the curve . By the boundedness of the operators
introduced by (¢, ¢;) and that of M, we obtain the desired boundedness. O

Theorem 2.3.4 Let ¢ be a holomorphic function satisfying |¢(z)| < C/|z| on S.
Assume that y = x +iA(x) is a Lipschitz curve, ||A'||s < tanw. If there exists a
L?(y)-bounded operator T such that

T(f)(2) :/¢><z—¢>f<;>d¢, VfeCy)zd supp f.
Y

where C.(y) denotes the class of continuous functions with compact support on y,
then there exists a function ¢, € H>(S0) such that o =0 +¢(—2), z¢€ SO

Proof Because T is bounded on Lz(y), the formula for 7 can be extended to
1@ = [ e orf .
Y

where f = xo, Q is any finite interval on y and z ¢ 0. Define a new family of
functions ¢¢ = ¢ x(ccc: |-|>¢} and the corresponding operators:

L)) = / 6oz — O f(©)de.
Y

By a standard argument, we can get the operator norm || 7¢ || .2,y 12(y) 15 uniformly
bounded. This implies that for any interval Q on y and any €, we have uniformly:

/ ITexolldE| < | Q. (2.6)
0
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For z € y, denote by y, the curve y — z. Because y is a Lipschitz curve, then y, is
also a Lipschitz curve passing the origin. We also write Q. , = {¢ € ¥, : [¢] < n}.
Fix zg € y. For z; € Q; ,/2, we will prove the following estimate:

T.(xo, (@) — / p()de| < € <0, @)

ceyp.e<|¢l<n

where C is a constant independent of €, 7 and z; € Q2.
In fact, denote by y*(zo, n) the right and the left endpoints of Q;, ,. Define

Sy =:{¢ € y,,, fromzy +y*(z0,n) toz1 + ¥ (z0. 1), 1¢| > €}

and
S, =:{¢ € yo, fromy (z9, 1) to ¥ (20, 1), I£| > €}.
We have
T.xo,, (1) - / b(0)de
teyoe<lcl<n

=/ ¢(5)dg +/ ¢(£)ds.
Si S>

Using the Cauchy theorem, we can reduce the above integrals to the integrals along
circles of radius 1 and € and along the directions of radius within {z € C : n < |z] <
3n/2}. Then from the condition |¢ (z)| < C/|z|, we can conclude (2.7).

From (2.7), we have

| $©)de| < C+ITxo,, |
L€y €<Itl<n

Taking average to both sides of this inequality w.r.t. z; € Q, ,/2 and using (2.6), we
obtain forany 0 < € < n < 00,

Il p()dz| < C. )
L€y e<Itl<n

From the Cauchy theorem, the condition |¢ (z)| < C/|z| and the inequality (2.8), we

have
\(/ +f >¢(¢)d¢\ <c
I=(z7,2) YD
+

where z; ,zf S Sg,i, and /7 (z},z,) is a contour lying in SO’_ from z| to z,,
R P o in O + + —1 1t o] — [
I7(z7, z;) is a contour lying in S, , from z; to zy, and |z | = |z |, |23 | = |z5 |-
Forz € SO ., welet
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1
$1(2) = 5( [ $(0)d¢ + / ¢<;)dc>.
1= (—1,F2) It(1,£2)

Now it is easy to check that ¢, € H*(S?) and for z € S?,
, 1
@) =3(s@+62).

We state the following theorem.

Theorem 2.3.5 Assume that w € (arctan N, m/2]. Let d be holomorphic in
exp(ng (1)) and satisfy (i) OLTheorem 2.3.2 with respect to w. If T is a bounded
operator on L*(¥) andfor all F belonging to the class of continuous functions Co(y),

~ ~ ~ d ~
T(F)(z)=/~<1>(zé‘l)F(§)§, 2 ¢ supp (B,
Y

then there exists a unique function 51 € Hoo(exp(ng’+)), u € (0, ) such that for
F e Coy),

~ 1 /~ ~
3, (2) = E(d)(z) + @(z*l)), z € exp(is?, (1))

and ~ ~
T'(F)=T353,)(F).

Proof On Sg, + (), we define the function ¢ as

d(n) = D(e™).
Then, on the one hand, we can get for n € sg, L),

~ C C
$O] < B < ——— < —.
[T=ei] = ]

On the other hand, let f(z) = F(eiz). For z ¢ supp (F) and & € Y, without loss of
generality, we can write z = ¢ and & = ¢, where z ¢ supp f and w € y. If the
operator

~ ~ ~ d ~
T(F)(z)=/~cb<zs-1)F<s>§, 2 ¢ supp (F),
Y

is bounded on L?(¥), then by change of variables, we can see that

~ =i .vdeiw
T(F)(@z) = /q’(el TTYF (") ——

W
y e
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_ i/¢(n — ) Fowydw
Y
=: Tp(f),

which implies that the operator T}, is also bounded on L*(y). By Theorem 2.3.4,
there exists a function ¢; € H°°(Sg) such that ¢1(n) = ¢ () + P (—n), n € Sg. For
z=¢€" eexp(iSy () withn € SO, (), define

®1(2) = D1(e") =: 1 ().
Then

~ dn d ~ .
®)(z) = d—za(cbl(em))

1 d
ie_""%(d)](n))

1
— oM + d(—n)]
1e'n

ie—m[a(ei") + $(e—i")]
I~ -
;[%)w(z )]

This completes the proof of Theorem 2.3.5. (]

2.4 Holomorphic H*°-Functional Calculus on Starlike
Lipschitz Curves

The purpose of this section is to clarify that the theory of holomorphic H *°-functional
calculus on infinite Lipschitz curves established by A. McIntosh in [1] can also be
established in the case of closed curves. Precisely, we study the relations between
the operator classes M,, T(3 3,, and the holomorphic H*-functional calculus, see
also [2, 3] for further information.

For the functions F € A(Y), we define the differential operator dd—z |7 as

F(z+h)— F(z) ~
— zEY.

d ~
L F@= i
dz ly F&) h%O,HzIJlrhE? h ’

For 1 < p < oo, (LP(¥), L? (¥)) is the dual of Banach spaces defined as follows:

(F, G) =/~f(z)5(z)dz,
Y
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where p’ = (1 — p~!)~!. Now by duality, we define Dy, as the closed operator with
the largest domain in L?(y) which satisfies

o e d
<D;,,,F, G> = <F —z— 5 G>

for all F and G in AY).
Letw € (arctan N, 7w/2] and A ¢ 9. Itis easy to prove Dy, is the surface Dirac
operator on ¥ and %(DA is the functions defined below.
1

Let A ¢ S°. Then on any starlike Lipschitz curve , b(z) = ——; corresponds to the

resolvent of the surface Dirac operator. If Im(A) > 0, by (1.1) and (1.2), we have

| iexp(irz), Re(z) > 0,
$.(2) = { 0, Re(z) < 0.

If Im(1) < 0, then we have

_ 0, Re(z) > 0,
$1(2) = {iexp(i/\z), Re(z) < 0.
It is easy to prove that for every case, ¢, belongs to L'(R) N L?(RR). Hence for the
two cases, we can use the remark made after Theorem 2.1.2.
For Im(L) > 0, we can deduce from the definition that

iexp(ir(z+27)) -
® _ I—exp(ir2m) ° if —m <Re(z) <0,
MO=N o g < Re(r) <
1—exp(iA2m)’ < .
For Im(A) < 0,
—iexp(ir(z—2m)) .
® ) TTexp(-iazn) if 0 < Re(z) <7,
)‘(Z) - —iexp(irz) if — 7 < Re( ) <0
T—exp(—iA2m)°’ < .
For Im(4) > 0,
iexp(ir2m)z* - Inz
¥ ) T=explr2ny if —7 <Re(5*) <0,
M2 = I : Inz
exp(27)° if 0 < Re(%%) < 7.
For Im(A) < 0,
—iexp(—ir2m)z* . Inz
— = if0 <Re(Z*) <m
= l—exp(—iA2m) ° i s
D,(z) =

it e Ing
o (-7 if —7 <Re(F*) <0.
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We can verify that Dy , is the surface Dirac operator on ¥, and in the sense of
Theorem 2.3.3, the function 5~ <I> » 1s the convolution kernel of the resolvent operator
(D7, —A)~ ! Moreover,

1 ~ %)
1Dy, =27l < ||Eq))~” < Z 92 (- + 2l L1y

n=—oo
= [lgallz1(py) < V1 + N2{dist(n, SO}~

The above estimate implies that Dy , is a type w operator. For the H* functions
b with good decay properties at both 0 and co, we can define b(Dy ,) via spectral
integrals as follows:

1
b(Dy.p) = / b)) (D, —nD)~'dn.
Here § is a path consisting of four rays:

{s exp(—if) : s from oo to 0};
{sexp(if) : s from O to oo};
{sexp(—i(mr —60)) : s from oo to 0};
{sexp(i(w 4+ 60)) : s from 0to oo},

where arctan N < § < .
By the above estimates, it is easy to prove that any b(Dy ) is a bounded operator,
and _ o
b(Dy ) =My =T(D,0).

Taking limits of the sequences of Calderén-Zygmund operators, we can extend the
definition of 5(Djy ,) to all functions in H °°(Sg), and prove that

b(Dy,p) = My = T(®, &),
Alternative proofs of the boundedness of the operators can be found in [2] by G.
Gaudry, T. Qian and S. Wang. In addition, when by, b, € H"C(Sg) and oy, «, are
complex numbers,
16(Dy ) < Colllloo
(b162)(Dy,p) = b1(Dy, p)b2(Dy, p)

and
(a1by) + a2b2)(Dy ;) = a1bi(Dy p) + azb2(Dy ).
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Below we shall not restrict ourselves to H°°-multipliers. It should be pointed out
that all the results and methods of the Fourier multiplier theory for infinite Lipschitz
curves can be adapted to the present case. The main difference is that the function
class A(Y) has even better properties. When we deal with the kernels on y, we refer
to its corresponding kernel on py via the Poisson summation formula. The following
theorem can be proved via the corresponding Schur lemma, and we omit the proofs.

For b = {b,}° € [°°, define

n=—00

151w, = sup { | Y- b Fmz"

CF 5 < 1},
LoG) ” ”LP(y) B

My ={b: 1ol < o0}.

We call the functions b in M, ()) the L?(y)—Fourier multipliers.

Theorem 2.4.1 Let ® be a holomorphic function defined on a simple connected
open neighborhood of the set

~

V—)7={z—$: z,v“;e?]

satisfying |5(r exp(i0))| < ¥ (exp(if)), where ffn Y (exp(i6))dO < oo. Then
b= @M € M), 1< p <o,

and the corresponding convolution operator Tg can be represented as

dn

T3 F(2) =/ﬁ>(zn‘l>f<n) n”, F e A®).
Y

Let 71 and }; be two curves of the type under consideration. Define
MG 5 = [b e bl .50 < 00,

where

b FW v ~ 5
12,60 F )"l o Feagnnagm).

1Bl .50 = sup | —="=
! I F e

If %3 is the third such curve, and by € M,(y1, ¥2), b, € M, (32, ¥3), then byb, €
M, (%1, ¥3), and

162611101, 5.5 < 1021lm1, 5.5 101 1m1, G 7 -
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Theorem 2.4.2 Let b € [*° and fg(n) = b(n) exp(2B|n|). If for some B > M =
max A(x), fg € M,(T), where T is the unit circleand 1 < p < oo, thenb € M, (V)
and

1613, 57 < @rpY*(B> — M*) ™ (1 + N2l fallaa,(m)-

For flat curves y, it is obvious that |||l s, ) < C5 bl But the following exam-
ple indicates that in general case, this fact may not hold.

Take y(x) = x + i A(x) to be a piece of the Lipschitz curve defined on [—m, 7]
with g(0) > 0 and m = min g(x) < 0. For any integer S, let bg be a [*°-sequence
satisfying bg(n) = 1 for n < S and bg(n) = 0 otherwise. Using F(z) = #p(m as
the test function, we can prove that for any € > 0,

b5y 2 Ce exp(=S(m + ¢€)).

2.5 Remarks

Remark 2.5.1 We can obtain the following generalizations of Theorems 2.3.1 and
2.3.2. Let y be a closed starlike Lipschitz curve. Suppose that the multiplier b
satisfies |b(z)| < Clz+£1]® in any S, +, 0 < u < w. Then it can be proved that
P (z) = Y2 b(n)z" satisfies

C
(@) < m’zecu,i»o<ﬂ<w- (2.9)

Conversely, if the holomorphic function ¢ satisfies the estimate (2.9), then there exists
a function b such that |b(z)| < C|z = 1|° and ¢ (z) = Zjﬁil b(n)z7", see Sect.7.1
for the details.
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