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Foreword

Since Confucius and Socrates, educators have recognised the double purpose of
education: to impart the meaning and significance of the past, and to prepare young
people for the challenges of the future.

When we could still assume that what we learn in school will last for a lifetime,
teaching routine cognitive skills was rightly at the centre of education. These days,
the dilemma for educators is that the skills that are easiest to teach and easiest to test
have become the skills that are easiest to digitise and automate. Today, when we
can access content via search engines, and when routine cognitive tasks are being
digitised and outsourced, the focus must shift to enabling people to become lifelong
learners. Lifelong learning is about constantly learning, unlearning and relearning
when the contexts change. It entails continuous processes of reflection, anticipation
and action. Reflective practice is needed to take a critical stance when deciding,
choosing and acting, by stepping back from what is known or assumed and by
taking different perspectives. Anticipation mobilises cognitive skills, such as ana-
lytical or critical thinking, to foresee what may be needed in future or how actions
taken today might have consequences for the future. Both reflective practice and
anticipation contribute to the willingness to take responsible actions, in the belief
that it is within the power of all of us to shape and change the course of events. This
is how agency is built.

Modern schools need to help students constantly evolve and grow, and to find
and adjust their right place in a changing world. They need to prepare students for
rapid change, to learn for jobs that have not been created, to tackle societal chal-
lenges that we cannot yet imagine and to use technologies that have not yet been
invented. And they need to prepare students for an interconnected world in which
students understand and appreciate different perspectives and world views, interact
successfully and respectfully with others, and take responsible action towards
sustainability and collective well-being.

No country I know of is constantly reimaging the education of tomorrow’s
students as systematically and rigorously as Singapore does. This book is about the
why, the what and the how of mathematics education in Singapore. But beyond
that, it provides a unique window into the ways in which Singapore designs its
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instructional system and builds the capacity to deliver it consistently in every
classroom. Having gone through this book, readers will understand that the stellar
performance of Singapore in the global PISA mathematics and science tests is not
an artefact of context and culture, but the result of carefully designed policy and
practice.

This book begins with providing Singapore’s answer to what students should
learn in mathematics and why, and how this answer evolved as the world kept
changing. It presents a mathematics curriculum that is characterised by rigour
(building what is being taught on a high level of cognitive demand), by focus
(aiming at conceptual understanding by prioritising depth over breadth of content)
and by coherence (sequencing instruction based on a scientific understanding of
learning progressions and human development). While great attention is paid to
remain true to the mathematics discipline, much thought is also given to interdis-
ciplinary learning and building students’ capacity to see problems through multiple
lenses. Singapore’s curriculum also carefully balances knowledge of mathematics
content with knowledge about the underlying nature and principles of the disci-
pline; to help students address unknown future problems, it gives priority to
knowledge, skills and attitudes that can be learned in one context and applied to
others. A great strength of this part is that it goes beyond laying out curricular
intentions and also provides a critical analysis of the challenges that lie in trans-
lating those intentions into classroom practice.

Building on this, the second part shows how a demanding curriculum can be
consistently realised in diverse classrooms. Bringing teachers along with the ideas
of a twenty-first-century curriculum is the heart of Singapore’s success. This is not
simply about teachers knowing mathematics, teachers knowing how students learn
mathematics and teachers knowing their students, but it is about enabling teachers
to design innovative pedagogical practice, with due attention to the needs of all
learners. It is about framing learning in relevant and realistic contexts, and using
approaches that are problem-based, project-based and centred around co-creation
with their colleagues and their students. Professionalising teaching in this way has
ensured that teachers have a deep understanding not only of the curriculum as a
product, but of the process of designing pedagogies that will best communicate the
ideas behind the curriculum.

As readers will see, Singapore does whatever it takes to develop ownership of
professional practice by the teaching profession. In turn, professional discretion
accorded to teachers allows them greater latitude in developing student creativity
and critical thinking skills that are central to success in the twenty-first century and
that are much harder to develop in highly prescriptive learning environments. And
when teachers feel a sense of ownership over their classrooms, when students feel a
sense of ownership over their learning, that is when productive teaching takes place.
Singapore’s answer to this has been to strengthen trust, transparency, professional
autonomy and the collaborative culture of the profession all at the same time. This
is how Singapore has created an open-source community of teachers and unlocked
teachers’ creativity simply by tapping into the desire of people to contribute, col-
laborate and be recognised for their contributions.
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What makes this book a fascinating read is to see how all the pieces fit together,
the why, the what and the how. It underlines how Singapore’s success in education
is a story about leadership and alignment between policy and practice; about setting
ambitious standards; about focusing on building teacher and leadership capacity to
develop vision and strategy at the school level; and about a culture of continuous
improvement that benchmarks practice against the best in the world.

Paris, France Andreas Schleicher
Director for the Directorate of Education and Skills

The Organisation for Economic Co-operation
and Development (OECD)
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Series Editors’ Introduction

The third volume of the book series Mathematics Education: An Asian Perspective,
entitled “Mathematics Education in Singapore” and edited by Tin Lam Toh,
Berinderjeet Kaur and Eng Guan Tay offers a one-stop resource on the why, the
what and the how of the current state of mathematics education in Singapore. As
noted by Andreas Schleicher in the foreword, it provides a unique window into the
ways in which Singapore designs its instructional system and builds the capacity to
deliver it consistently in every classroom.

The chapters in this book provide a rich source of information and analyses from
a scholarly insider’s view. Myths about the exotic East continue to circulate. Do
Singapore teachers drill to kill? Do Singapore schools resemble a factory produc-
tion line? Are Singapore students and people unimaginative and dour? This book,
like the country, will surprise the reader with its energy, openness, humility and
pragmatism. This volume is thus a much needed and worthy contribution to the
mathematics education literature.

There is no doubt that this book contributes towards reducing the dearth in the
availability of knowledge about mathematics education in Asia for the international
audience. We hope researchers will find it a valuable resource and, for all, an
enjoyable read.

Singapore
Manila, Philippines
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Chapter 1
Surprising Singapore

Eng Guan Tay, Tin Lam Toh and Berinderjeet Kaur

Abstract Singapore is widely acknowledged to have been successful in its duty to
educate its citizens, especially with regard to science and mathematics. The focus of
the world on this small nation state came about because of Singapore’s consistently
high performance across many years of Trends in InternationalMathematics and Sci-
ence Study (TIMSS) and Programme for International Student Assessment (PISA)
assessments. Although reluctantly cast into the spotlight, Singapore has taken this
opportunity of greater interaction with international education and policy experts to
review and improve its education system as well as to share what seems to work in
Singapore with those who would want to consider if it would also be appropriate
for their own systems. This book is intended in this direction of sharing Singapore’s
mathematics education with the world fraternity. This chapter gives an overview of
the book.

Keywords Mathematics education · Schools · Teachers · Students · Policies ·
Research · Singapore

1.1 Singapore—Modestly in the Spotlight

Science and Mathematics education in Singapore was put in the spotlight when this
small nation state consistently placed within the top places of Trends in International
Mathematics and Science Study (TIMSS) and Programme for International Stu-
dent Assessment (PISA) assessments. Although Singapore also did well in Progress
in International Reading Literacy Study (PIRLS)—for example, placing 4th in
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2 E. G. Tay et al.

Reading for PIRLS 2011—the world’s attention seemed to focus more on its sci-
ence and mathematics achievements, perhaps because of its more direct association
with Science, Technology, Engineering and Mathematics (STEM) education and its
economic implications.

Some books have been published recently to give a closer view of the education
system in Singapore. In particular, Tan, Low and Hung (2017) give a perspective
of the system as a legacy of Singapore’s revered founding prime minister Lee Kuan
Yew, and Tan, Liu and Low (2017) examine teacher education on the premise that
the quality of an education system is dependent on the quality of its teachers and by
extension the quality of its teacher education. More general issues such as streaming
are discussed in generic books such as these. For example, in Tan (2017, p. 21), a
succinct evaluation of streaming is offered:

Aimed to reduce educational wastage, Dr. Goh Keng Swee (the then deputy Prime Minister)
and his team overhauled the education system with the introduction of streaming in 1979,
where students were separated into groups based on their academic achievement (Goh Keng
Swee and the Education Study Team 1979). The rationale was to have a system that best
addressed the needs of each student according to his or her academic ability. Although the
virtues of streaming are much debated, it was successful in reducing attrition rate (Goh and
Gopinathan 2008).

Streaming continues in Singapore today under the premise that it allows for
pacing and suitably pitched tasks that match perceived capability. These tasks are
not restricted to content alone but include process skills such as problem-solving
and mathematical modelling. In addition, the practice of streaming itself has been
tweaked over the years. It was refined in 2008 into subject-based banding in primary
schools (Ministry of Education 2015). Thus, a primary school student is not coarsely
branded as low-achieving but is acknowledged to have both strengths and weak-
nesses. In secondary school, a student can now move across to a “higher” stream
when his performance in his stream shows that he has benefited from the different
pacing and that he is ready to “move up”.

While the influence, positive or negative, of non-school factors, such as tuition out-
side of school, or a culture of achievement, cannot be denied, the extent to which they
affectmathematics learning in general cannot bemore than the impact of schoolmath-
ematics learning enabled by government policy and funding. Tan (2017, p. 22–23)
argues this point passionately by comparing Singapore across the years.

Singapore’s approach and achievement in education have given our children freedom—free-
dom from poverty, freedom from injustice, and freedom from illiteracy. In the 1950s, youths
and children roamed the streets with little prospect of their future in a society of poverty,
mudflats, gang fights and racial unrest. However, with a strong conviction that people are our
most precious resources, Lee, and Singapore, went about with a pragmatic approach in try-
ing to provide equal opportunity for all citizens, and maximizing their potential. Singapore’s
success can be seen in key indicators … unemployment rate 9.2% in 1966 to 1.8% in 2015
… literacy rate 82.9% in 1980 to 96% in 2015 … 94% pursue post-secondary education
today in contrast to 50% barely 40 years ago.

In this book then,we do not intend to scrutinize all the factors that have contributed
to the state of mathematics education in Singapore today. Instead, being reluctantly
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cast into the spotlight, we are of the view that we want to share what seems to work
in Singapore with those who would want to consider if it would also be appropriate
for their own systems. This book is thus intended in this direction by describing
Singapore’s mathematics education with the world fraternity from the perspectives
of its educators, researchers, mathematicians and policy makers. It is also intended
as an update to Wong et al.’s (2009) volume on mathematics education in Singapore.

Again, though Singapore has had stellar results in international benchmark assess-
ments, it has always kept its feet firmly on the ground and has continually reflected on
its practices to see if they can be further improved. To this end, one can understand
why many of the following chapters in this book highlight deficiencies in policy
and pedagogy (with clear suggestions for improvement) while acknowledging the
gains of working within the system set up by the top, i.e. the Ministry of Education
(MOE). This tension engendered by studied self-criticism and external affirmation of
what seems to be working is maintained healthily by ministry officials, mathematics
educators and researchers, and teachers in the schools.

1.2 An Overview of This Book

This book comprises three sections. Drawing on official documents, research works
and knowledge and experiences ofmathematics educators, it presents to readers a one
stop resource on the why, what and how of mathematics education in Singapore. The
scope of the book is framed by three significant and closely interrelated components
(shown in Fig. 1.1), namely the Singapore mathematics curriculum, mathematics
teacher education and professional development, and learners in Singapore mathe-
matics classrooms.

Excluding this introductory chapter and the final summing up chapter, there are
altogether 19 chapters in the book. In Sect. 1—The Singapore School Mathematics
Curriculum—there are five chapters. Chapter 2 provides the reader with an overview
of Singapore’s education system, milestones in the development of the system and
school mathematics curriculum. Chapter 3 details the school mathematics curricu-
lum, covering its philosophy, framework, learning objectives, assessment modes

Singapore Mathematics 
Curriculum

Teacher Education and 
Professional Development 

Teaching and Learning Practices 
in Singapore Maths Classrooms

Fig. 1.1 The three interlinked sections
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and evolution to its present state. While Chap. 3 is about the intended curriculum,
Chap. 4 takes a more critical look at what is really enacted of the curriculum in the
schools.

Chapter 5 is entitled:Beyond schoolmathematics. It provides insights on the scope
of the pre-universitymathematics curriculum, preparation for universitymathematics
and university mathematics instruction. This chapter is somewhat special within the
scope of this book because it captures what happens after K-12 mathematics thus
seeing what happens on the other side of Klein’s “double discontinuity”. The last
chapter in this section reviews Singapore’s achievements in international benchmark
studies, namely Trends in International Mathematics and Science Study (TIMSS),
Programme for International Student Assessment (PISA) and Teacher Education and
Development Study in Mathematics (TEDS-M). It presents snapshots of significant
data and findings of Singapore’s participation in the benchmark studies.

Section 2 of the book progresses from the macro perspective of Sect. 1 by provid-
ing the readers with more detailed insights into the teaching and learning practices in
the Singapore mathematics classroom. Here, we get to see from research done in the
schools what happens in the Singapore classroom with regard to specific pedagogies
and processes. This section contains eight chapters and forms a large bulk of this
book. Chapter 7 updates the state of mathematical problem-solving in the Singapore
mathematics classroom by reporting on the various studies on problem-solving that
have been carried out since the first review by Foong (2009).

Chapter 8 presents to readers some key innovative practices and signature ped-
agogies in the Singapore mathematics classroom. The well-known Model Method
is described here. Chapter 9 reports some new trends in the Singapore mathematics
classrooms: that of mathematical modelling and problem-solving in the real-world
context. This chapter discusses teacher preparation for these efforts, analyses the
research outcomes in this domain and proposes the way towards a more holistic
understanding of Modelling and Application of Mathematics in the Mathematics
Curriculum. Despite pattern recognition being an important aspect of the Singapore
mathematics curriculum across the various levels, little is known about how students
of various grades think about patterns, how they recognize patterns or how they
construct rules to describe the structures underpinning specific patterns. Chapter 10
addresses this gap by presenting the recent research done.

Chapter 11 describes the research projects that have been carried out in Singapore
in addressing metacognition in relation to mathematical problem-solving, which is
considered the heart of the Singapore mathematics curriculum. Several frameworks
to study metacognition in relation to problem-solving are described in this chapter.
This chapter concludes with presenting some implications to address metacogni-
tion in the Singapore Mathematics classrooms from the perspective of teachers’
professional development as well as classroom practices. Chapter 12 switches per-
spective by recording students’ perspectives of good mathematics lessons and how
they learn mathematics. The data for this chapter is drawn from two specific studies:
the Learner’s Perspective Study and the more recent study of school mathematics
curriculum enacted by competent teachers in Singapore secondary schools.
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Chapter 13 presents how Singapore teachers use various approaches to help low
attaining students learn mathematics. It begins with a baseline study which identi-
fies the mismatch between how students think they learn mathematics well and how
teachers teach mathematics. The chapter continues with several studies in the Singa-
pore context on how various research groups target different approaches to help low
attaining students from the Normal (Academic) and Normal (Technical) secondary
mathematics students learn the subject. This includes co-operative learning strategies,
use of the Concrete-Pictorial-Abstract (C-P-A) approach and the use of storytelling
and comics to motivate students to learn mathematics. Chapter 14 discusses the use
of Information and Communications Technology (ICT) in the mathematics class-
rooms. This includes the use of handheld technology, computing and programming
tools. The chapter also reports on how the National Institute of Education (NIE) in
Singapore prepares her teachers for the use of ICT in mathematics classrooms, in
response to the ICTMasterplans of the MOE. The chapter also presents a theoretical
framework on analysing the processes of “flipped classroom”, a recent use of ICT
for learning “on the go” and to optimize preparation for face-to-face teaching.

Section 3 of the book completes the triad by elaborating on the aspect of teacher
education and professional development. We concur with Barber and Mourshed
(2007) that the most important single factor for the quality of education is the quality
of the teachers’ training. There are six chapters in this section. The first chapter in
this section describes in some detail the development of the NIE, which is the sole
teacher education institution in Singapore, and how Singapore’s pragmatic approach
to issues has leveraged well on international mathematics teacher education research
and practice to develop the teacher education programmes of NIE today. While this
chapter expounds a little on the forms of knowledge necessary for a mathematics
teacher, the next chapter further elaborates on exemplary characteristics of mathe-
matics teachers as seen in Singapore classrooms.

The last four chapters are about teachers’ continuing professional development
(PD), a key feature of a teacher education model that sees learning for teachers
as a lifelong endeavour. Chapter 17 describes the framework of in-service courses
for teachers that are organized by the MOE and conducted mostly by academics
from the NIE andMaster Teachers from the Academy of Singapore Teachers (AST).
Chapter 18 reports on three models of teacher development researched in Singapore.
The first is an amalgamation of the “training model of PD” with sustained support
for teachers to integrate knowledge gained from the PD into their classroom practice.
The secondmodel is the laboratory class cyclewhich adapts theLesson Study process
while working with primary school mathematics teachers in school-based settings.
The third model is networked learning communities. All three exemplify a gradual
shift in the centre of gravity away from the university-based, “supply-side”, “off-
line” formsof knowledge production conducted byuniversity researchers for teachers
towards an emergent school-based, demand-side, on-line, in situ forms of knowledge
production by teachers with support from university scholars and knowledgeable
others.

The final two chapters are of two approaches to teacher professional develop-
ment that are being pioneered by Singapore mathematics educators, that is, through
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school-based Replacement Units and facilitating teachers for productive noticing.
Chapter 19 describes a particular school-based professional development approach
called Replacement Units. Guided by the principles of a Realistic Ambitious Ped-
agogy, such Replacement Units for topics, which teachers deem hard to teach, are
crafted by university academics and teachers within a school setting to achieve a
strong semblance of mathematical discipline within the time afforded for the topic.
The last chapter in this section argues that participating in teacher inquiry activi-
ties—the process of investigating and thinking about learning and teaching, encap-
sulated in many professional learning activities such as lesson study, action research,
video club study and microteaching—does not necessarily lead to better practice.
Instead, teachers need to hone their teacher noticing expertise, which is a kind of
professional vision, to examine artefacts of teaching and learning so as to make
sense of their own practice and gain a better awareness of their teaching. The chapter
describes some of the studies related to understanding and developing teachers’
noticing expertise.

1.3 Surprising Singapore

From the brief overview of the chapters in the preceding section, we can see that
there is a comprehensive coverage of policy, teacher preparation, teaching enact-
ment and research in mathematics education in Singapore in an effort to develop an
effective system. This comprehensive coverage is enabled by the pragmatic approach
described in Chap. 15: Pragmatism means that a country does not try to reinvent the
wheel. As Dr. Goh Keng Swee [the founding Deputy Prime Minister] would say to
me, “Kishore [former ambassador to the United Nations], no matter what problem
Singapore encounters, somebody, somewhere, has solved it. Let us copy the solution
and adapt it to Singapore”. Much can be done in Singapore because things often do
not start from scratch.

As one reads chapter after chapter of this book, one will be struck by how every
endeavour is framed by a solid internationally reputable concept, idea or system and
then adapted toworkwithin theSingapore context. For example,Chap. 2 describes the
SingaporeMathematicsCurriculumFrameworkwith problem-solving at its heart, the
result of adopting Schoenfeld’s (1985) expansion of Polya’s (1954) work in problem-
solving. As an additional example, the Realistic Ambitious Pedagogy of Chap. 19 is
the result of reconciling the ambitious disciplinarity ideas of Lampert (1990) and the
classroom constraints apparent to many others (see, e.g., Assude 2005; Plank and
Condliffe 2013). Indeed, while it may be the tendency for some to regard anything
“old as cold”, mathematics education in Singapore, as in a general Singaporean
outlook, regards traditional practices as “gold” to be burnished or refined.

Did you know that a Singapore company was the first in the year 2000 to produce
commercially a USB drive? Although it has failed to consistently beat the big boys
in the courts (where big money rules), the fact that Trek Technology, a miniscule
technology company could get its name among the claimants in Wikipedia (n. d.),



1 Surprising Singapore 7

probably means that it was de facto the first. Without controversy however is the
fact that Sim Wong Hoo, a Singapore polytechnic graduate, revolutionized sound
coming out from a computer with his range of Sound Blaster cards. Very recently,
Sim was in the news again when his Super X-Fi, a technology that can be used in
headphones to recreate the listening experience of a multi-speaker surround sound
system, won a Best of CES 2018 award at the electronics trade show in Las Vegas
(Kwang 2018). While it seems fair game to some to summarily dismiss Asian educa-
tion as capable only of producing rote learners and copycats, the fact that high-tech
Asian companies, such as Samsung, Sony, Alibaba and Sim Wong Hoo’s Creative
Technology, are innovative, creative and world leading show that such dismissals
comes more from prejudice than profundity. Singapore education, like that of other
Asian nations, throws up more surprises when one probes deeper to understand how
it works. Chapter 4 looks deeper into the enacted curriculum and debunks a standard
categorization of what happens in Singapore classrooms as “direct instruction” or
“teacher-dominated instruction” within an East-Asian culture of excessive drill and
practise for success in examinations. Instead, from the research findings a “Singa-
pore pedagogy” with its unique features is revealed. Specialised mathematics and
science schools (Chap. 5), a focus on making mathematical problem-solving work
in schools (Chap. 7), innovative practices (Chap. 8), problems in real-world contexts
and mathematical modelling (Chap. 9) all testify to a diversity and a deepening of
mathematics learning in Singapore schools.

Finally, in Singapore, it is no surprise to see that teachers are well respected in
society for their generally goodwork. In a public perception survey commissioned by
theMinistry of Education (MOE) in 2010 on the most respected professions in terms
of its contribution to society, respondents ranked teachers second, just below doctors
(MOE 2012). The whole of Sect. 3 gives insight into the preparation and continual
professional development of a teacher in Singapore. The mathematics curriculum is
reviewed every six years by the MOE to keep learning relevant and to give innova-
tive pedagogies space within the curriculum. Teachers in Singapore respond to the
changing landscape by constantly being in touch with mathematics and mathematics
pedagogy through such learning opportunities. Thus, in Singapore, wholesomemath-
ematics learning comes much from insightful and inspiring mathematics teaching by
dedicated mathematics teachers.
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Chapter 2
Overview of Singapore’s Education
System and Milestones
in the Development of the System
and School Mathematics Curriculum

Berinderjeet Kaur

Abstract The first part of the chapter acquaints the reader with Singapore’s educa-
tion system, mainly the goals of education, primary school, secondary school and
post-secondary schools/institutions. The courses of study at appropriate years of
schooling and the relationships between the corresponding mathematics syllabuses
in the courses of study are presented. It also illuminates the possible lateral trans-
fers between courses of study at the secondary school and various pathways to
post-secondary education and institutes of higher learning. The second part of the
chapter traces chronologically the milestones of the education system for the last
six decades, which fall into four well-marked phases in the development of the
system. The phases are (i) survival-driven phase (1959–1978), (ii) efficiency-driven
phase (1979–1996), (iii) ability-based, aspiration-driven phase (1997–2011), and (iv)
values-based, student-centric phase (2012–present). Alongside these developmental
phases, the milestones in the development of the school mathematics curriculum are
also elaborated.

Keywords School mathematics curriculum · Singapore’s education system ·
Survival-driven phase · Efficiency-driven phase · Ability-based aspiration-driven
phase · Values-based student-centric phase · Development milestones

2.1 Singapore’s Education System

Singapore is an island, with an area of 719.1 km2. The population is approximately
5.5million of whichmore than onemillion are foreigners working in the country. The
GDP per capita as of August 2017 was Singapore Dollars $71, 300. The two largest
budget items of the government expenditure are defence and education, respectively.
It is apparent that people are the only natural resource of Singapore and the nation
spares no effort to actualize its simple objective of education that is:
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… to educate a child to bring out his greatest potential so that he will grow into a good man
and a useful citizen (Lee 1979, p. iii)

In Singapore, education is also a key enabler of social mobility and the system
provides equal opportunity for every child by:

• Ensuring that no child is deprived of educational opportunities because of their
financial situations;

• Leveraging on the school system to provide more support for families from poorer
backgrounds;

• Investing in preschool education targeted at children with families with poorer
backgrounds; and

• Investing in levelling up programmes in primary schools that attempt to level up
academically weaker students in both English and Mathematics, so as to improve
their foundations for future learning (Heng 2012).

In the fast-changingworld of today, the system also imbues school leaverswith the
knowledge and motivation to be lifelong and adaptable learners through a “values-
driven, student-centric” focus (Heng 2012). The framework for twenty-first-century
competencies and student outcomes introduced by theMinistry of Education (MOE)
in 2010 encapsulates this focus. The framework, shown in Fig. 2.1, is founded on
the belief that knowledge and skills must be underpinned by values. The core val-
ues, namely respect, responsibility, integrity, care, resilience and harmony define a
person’s character and shape the beliefs, attitudes and actions of the person. Thus,
these values form the core of the framework. The middle ring represents the social
and emotional competencies. These competencies concern firstly with how a student
understands and manages him or herself and subsequently how a student relates to
others. The outer ring of the framework represents emerging twenty-first-century
competencies that are necessary for success in the globalized world. The framework
aims to develop a young person into:

• a confident person who has a strong sense of right and wrong, is adaptable and
resilient, knows himself, is discerning in judgment, thinks independently and crit-
ically, and communicates effectively.

• a self-directed learner who questions, reflects, perseveres and takes responsibility
for his own learning.

• an active contributor who is able to work effectively in teams is innovative, exer-
cises initiative, takes calculated risks and strives for excellence.

• a concerned citizen who is rooted to Singapore has a strong sense of civic respon-
sibility, is informed about Singapore and the world, and takes an active part in
bettering the lives of others around him (MOE n.d.).

Education for primary, secondary and tertiary levels is mostly supported by the
state. All institutions, private and public, must be registered withMOE. English is the
language of instruction in all public schools and all subjects are taught and examined
in English except for the “Mother Tongue” language paper. While “Mother Tongue”
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Fig. 2.1 Framework for twenty-first-century competencies and student outcomes (MOE n.d.)

generally refers to the first language internationally, in Singapore’s education sys-
tem, it is used to refer to the second language as English is the first language. Edu-
cation takes place in three stages: “Primary education”, “Secondary education” and
“Post-secondary education”. Detailed and most current information on Singapore’s
Education System is available at https://www.moe.edu.sg/. The following sections
provide briefs about the system.

2.1.1 Primary School

In Singapore, every child receives a six-year compulsory primary school education
made up of a four-year foundation stage and a two-year orientation stage. The primary
school curriculum provides children with a strong foundation in subject disciplines
such as languages, humanities and the arts, and mathematics and science; knowledge
skills focussing on thinking and communication skills; and character development.
Subject-based banding begins in Primary 5 and continues till Primary 6. It provides
greater flexibility for children as they can take a combination of standard and/or foun-
dation subjects depending on their strengths. This helps the child focus on and stretch

https://www.moe.edu.sg/
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Primary 5 - Decimals
Mathematics Foundation Mathematics

1.1 multiplying and dividing decimals (up to 
3 decimal places) by 10, 100, 1000 and 
their multiples without calculator

1.2 converting a measurement from a smaller 
unit to a larger unit in decimal form, and 
vice-versa
• kilometres and metres
• metres and centimetres
• kilograms and grams 
• litres and mililitres

1.3 solving word problems involving the four 
operations

1.1 notation, representations and place values (tenths, 
hundredths, thousandths)

1.2 comparing and ordering decimals
1.3 converting decimals to fractions
1.4 converting fractions to decimals when the 

denominator is a factor of 10 or 100
1.5 rounding decimals to

• the nearest whole number
• 1 decimal place
• 2 decimal places

2.1 adding and subtracting decimals (up to 2 decimal 
places) without calculator

2.2 multiplying and dividing decimals (up to 3 decimal 
places) by 10, 100, 1000 

2.3 converting a measurement from a smaller unit to a 
larger unit in decimal form, and vice-versa
• kilometres and metres
• metres and centimetres
• kilograms and grams
• litres and mililitres

2.4 solving word problems involving addition and 
subtraction

Fig. 2.2 Anextract of content for decimals for Primary5Mathematics andFoundationMathematics
(MOE 2012a)

his potential in the subjects (standard) he is strong in while building up the funda-
mentals in the subjects (foundation) in which he needs more support. For foundation,
subjects support is available in the form of smaller class size, where teachers focus on
helping students close gaps in their deficits and progress at a pace that is suited to their
needs. The decision to take a foundation subject is often based on a child’s achieve-
ment in the subject at the end of Primary 4 with close consultations by a school
and the parents/guardians of the child. At the end of six years of primary school,
students take the Primary School Leaving Examination (PSLE). The subjects tested
in the PSLE are English Language/Foundation English Language, Mother Tongue
Language/Foundation Mother Tongue, Mathematics/Foundation Mathematics and
Science/Foundation Science. They may also take an optional subject that is Higher
Mother Tongue Language.

The mathematics syllabus (curriculum) for all students from Primary 1 to Primary
4 (P1–4) is the same (MOE 2012a). However, in Primary 5 and Primary 6 (P5–6),
there is differentiation in the content for Mathematics and Foundation Mathematics.
The P5–6 mathematics syllabus continues the development of the same in P1–4,
while the P5–6 Foundation Mathematics syllabus revisits some of the important
concepts and skills in the P1–4 syllabus. The new concepts and skills introduced
in the Foundation Mathematics is a subset of the Mathematics syllabus. Figure 2.2
shows content for Mathematics and Foundation Mathematics at the Primary 5 level
for the topic decimals.
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It is apparent from Fig. 2.2 that for P5 Foundation Mathematics syllabus items
1.1–2.1 are part of the P4 mathematics syllabuses that are revisited and items 2.2–2.4
are a subset of the P5 Mathematics syllabus. Note that in item 2.2, the Foundation
Mathematics students are allowed to use calculators and they onlymultiply and divide
decimals (up to 3 decimal places) by 10, 100, 1000 unlike those doing Mathematics
who multiply and divide decimals (up to 3 decimal places) by 10, 100, 1000 and
their multiples without calculator. Similarly as shown in item 2.4 for Foundation
Mathematics, students only solve word problems involving addition and subtraction
while those doing Mathematics solve word problems involving the four operations.

2.1.2 Secondary School

Following six years of primary schooling, learning at secondary schools is tailored
to different abilities. The PSLE is a placement examination. The score obtained by
the student in the PSLE and other indicators such as special talent and or interest
helps teachers and parents guide students in taking an appropriate course of study
at a secondary school. There are three courses of study at the secondary school.
They are the Express Course (including the Integrated Programme (IP)), Normal
(Academic) [N(A)] Course and the Normal (Technical) [N(T)] Course. Table 2.1
shows the enrolments of Secondary 1 students by the course of study for the past
five years (2012–2016).

It is apparent from Table 2.1, for the period 2012–2016, that the percentage of
students in the Express Course of study ranged from 60.0 to 64.0. The percentage
of girls in the course of study ranged from 50.6 to 51.8. For the same period, the
percentage of students in the N(A) and N(T) courses ranged from 23.0 to 26.5 and

Table 2.1 Secondary one enrolment by course (2012–2016)

Year Sex Express Normal
(Academic)

Normal
(Technical)

Total

2012 All 27,293 (60.4%) 11,848 (26.2%) 6,057 (13.4%) 45,198 (100%)

F 13,803 (50.6%) 5,636 (47.6%) 2,289 (37.8%) 21,728 (48.1%)

2013 All 28,870 (60.0%) 12,747 (26.5%) 6,477 (13.5%) 48,094 (100%)

F 14,802 (51.3%) 5,955 (46.7%) 2,346 (36.2%) 23,103 (48.0%)

2014 All 27,490 (64.0%) 9,873 (23.0%) 5,606 (13.0%) 42,969 (100%)

F 13,963 (50.8%) 4,713 (47.7%) 2,080 (37.1%) 20,756 (48.3%)

2015 All 26,736 (63.3%) 9,972 (23.6%) 5,509 (13.1%) 42,217 (100%)

F 13,841 (51.8%) 4,556 (45.7%) 2,191 (39.8%) 20,588 (48.8%)

2016 All 24,613 (62.2%) 10,033 (25.4%) 4,904 (12.4%) 39,550 (100%)

F 12,568 (51.1%) 4,795 (47.8%) 1,899 (38.7%) 19,262 (48.7%)

Source of data Education Statistics Digest 2017 (MOE 2017, p. 28)
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12.4 to 13.5, respectively. The percentage of girls in the N(A) and N(T) courses
ranged from 45.7 to 47.8 and 36.2 to 39.8, respectively.

While a student may be initially placed in a particular course based on his ability
to cope with the learning pace and style, there are opportunities at every stage for
him or her to make a lateral transfer to another course if it is more suited to his or her
interests and abilities. He or she can also take specific subjects at an academically
higher level in upper secondary. For example, if he or she is in the N(T) course, he or
she may be able to take some subjects at N(A) level. Figure 2.3 shows an overview
of the pathways and possible lateral transfers amongst the courses of study. Lateral
transfers are possible as the curriculum for the three courses is related to each other.

From Fig. 2.3, it is also apparent that students in the Express Course of study
take the General Certificate of Education (Ordinary Level) (GCE-O Level) exam-
ination after four years of secondary schooling. However, students who are in the
IP, which provides an integrated six-year Secondary and Junior College education,
do not take the GCE-O Level examination. Their six years of schooling culminates
in General Certificate of Education (Advanced Level), International Baccalaureate
or other diploma qualifications. The IP is for academically strong students who can
benefit from programmes that provide broader learning experiences. The IP aims to
stretch their potential in non-academic aspects that are beyond the formal academic
curriculum. Schools that offer the IP admit students in secondary 1. Students in the
Express Course can also join in the IP at Secondary 3.

Students in the N(A) course of study take the General Certificate of Education
(Normal[Academic] Level) (GCE-N(A) Level) examination after four years of sec-
ondary schooling. Based on their results in the GCE-N(A) Level examinations, they
may continue with another year of secondary school and take the GCE-O Level
examination at the end of their fifth year in a secondary school or continue with
their post-secondary education at a polytechnic or Institute of Technical Education
(ITE). Students in the N(T) course of study take the General Certificate of Education
(Normal[Technical] Level) (GCE-N(T) Level) examination after four years of sec-
ondary schooling. Based on their results in the GCE-N(T) Level examinations, they
may continue with another year of secondary school and take the GCE-N(A) Level
examination at the end of their fifth year in a secondary school or continue with their
post-secondary education at ITE. As shown in Fig. 2.3, there are diverse pathways
for students of all abilities to realize their potential and attain desired qualifications.

As mentioned earlier, lateral transfers are possible as the curriculum for the three
courses is related to each other. From Fig. 2.4, it is apparent that the O-Level Mathe-
matics syllabus builds on the StandardMathematics syllabus. The N(A)-LevelMath-
ematics syllabus is a subset of O-Level Mathematics, except that it revisits some of
the topics in Standard Mathematics syllabus. The N(T)-Level Mathematics syllabus
builds on the Foundation Mathematics syllabus. It is also obvious from Fig. 2.4 gaps
exist between the curriculums of the courses. Therefore when lateral transfers do take
place, bridging of knowledge is undertaken by teachers in schools during additional
curriculum time.
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Fig. 2.3 An overview of the pathways and possible lateral transfers amongst the courses of study

Figure 2.5 shows content for the topic Algebra for the three courses at the sec-
ondary one level. As part of the Standard Mathematics syllabus students in Primary
6 do Algebra which involves the following:

1.1 using a letter to represent an unknown number;
1.2 notation, representations and interpretation of simple algebraic expressions such

as a±3, a×3 or 3a, a÷3 or a/3;
1.3 simplifying simple linear expressions excluding brackets;
1.4 evaluating simple linear expressions by substitution;
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Fig. 2.4 An overview of the connected Mathematics syllabuses

1.5 solving simple linear equations involving whole number coefficient only in
simple context.

From Fig. 2.5, it is apparent that the Express Course syllabus builds on the content
of Algebra in the Primary school for students who took the Standard Mathematics.
It spans from using letters to represent numbers to solution of simple inequalities,
fractional linear equations and formulation of linear equations in one variable to solve
problems. The N(A) Course syllabus is a subset of the Express Course syllabus. It
essentially focuses on strengthening the foundation in Algebra and does not involve
work on algebra fractions, simple inequalities and solution of simple fractional linear
equations at the secondary one level.
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As part of the Foundation Mathematics syllabus, students do not do any Algebra
in the primary school. Therefore, the syllabus for Algebra for the N(T) course in
secondary 1 is very basic but nevertheless also somewhat what students in the two
other courses would be re-visiting.

2.1.3 Post-secondary Schools/Institutions

Post-secondary education takes place from two to three years at junior colleges,
Polytechnics and Institutes of Technical Education (see Fig. 2.3). For junior colleges,
the curriculumcomprises of specialized subjects and a contrasting subject for a broad-
based education. Chapter 5 describes the mathematics curriculum for junior colleges
(see also Fig. 2.4). At the junior college level, mathematics is not a compulsory
subject. Furthermore, most of the students who go on to junior colleges are university
bound. Therefore, it is expected that the mathematics curriculum at the junior college
level prepares students for further study of mathematics or related subjects at the
university. For Polytechnics and Institutes of Technical Education, the curriculum
is specialized and specific to the course of study the students are undergoing, for
example, business studies, mass communication, and engineering.

2.2 Milestones in the Development of the Education System
and School Mathematics Curriculum in Singapore

Though schools were in existence well before 1959, due to a lack of documentation
of the educational system for the period prior to 1959, this chapter limits the devel-
opment of the system from 1959 onwards. The developments from 1959 to present
that have shaped the present School Mathematics Curricula in Singapore are direct
consequences of developments in the Education System of Singapore during the
same period. Major changes in the education system during the last six decades fall
into four well-marked phases in the development of the system. The phases are the
survival-driven phase, the efficiency-driven phase, the ability-based aspiration-driven
phase and the values-based student-centric phase. In the following subsections, the
milestones in the development of mathematics curriculum are presented alongside
key developments in the education system of Singapore.

2.2.1 Survival-Driven Phase (1959–1978)

According to Yip et al. (1990), this period was a conflict resolution and quantitative
expansion one. Twomajor thrusts and priorities of this period stood out in bold relief.
The first was the use of education, in the period after 1959 to resolve some of the
pressing conflicts and dilemmas Singapore faced in the 1950s. The second concerns
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the pressure to rapidly expand educational opportunities in Singapore with a view not
only to democratizing education, but also to using education as a device for achieving
national cohesion and the economic restructuring of the society. In 1959 when the
People’s Action Party (PAP) came to power, it acted upon the White Paper of 1956
and put in place a Five-Year Plan in education. The main features of this plan were:

• Equal treatment of the four language streams of education: Malay, Chinese, Tamil
and English;

• The establishment of Malay as a national language of the new state;
• Emphasis on the study of Mathematics, Science and Technical Subjects.

The government embarked on an accelerated school building programme with
the objective of providing a place in school for every child of school-going age
in Singapore. 1965 witnessed the end of Singapore’s merger with Malaysia and
marked the beginning of a transformation from statehood to nationhood. Under the
leadership of PAP, education remained a key to its survival and there was a shift in
emphasis from academic to technical education to provide the manpower base for
industrialization. In this phase, all the ethnically diverse educational steams were
also gradually merged into a single national system together with the adoption of a
bilingual education policy. Under this policy, all students are educated in English as
their first language and also learn their Mother Tongue as a second language.

Up to the late 1950s, schools in Singapore were mainly vernacular in nature, i.e.
therewere Chinese,Malay, Tamil and English schools. The language of instruction in
Chinese schools was Chinese and their curricula were adopted from China. Likewise
the language of instruction in English schools was English and their curricula were
adopted from Britain. Therefore, several mathematics syllabuses were in use across
Singapore, with each school adopting its own.

The first local set of syllabuses for mathematics was drafted in 1957 and published
in 1959 (Lee 2008). This set of syllabuses, contained in a single booklet available
in English, was for all primary and secondary schools irrespective of their language
streams. The syllabuses adopted a spiral approach and factored no consideration for
differences in the mathematical abilities of students. The secondary school mathe-
matics syllabuses referred to as Syllabus B prepared students for the mathematics
examinations of the Cambridge Certificate of Education conducted by the Univer-
sity of Cambridge Local Examinations Syndicate (UCLES). This set of syllabuses
marked the first step towards the localization of mathematics education in Singapore
(Lee 2008). The first MOE designated mathematics syllabuses for primary and sec-
ondary schools were available for use in Singapore schools is 1960. It was only ten
years later, in 1970 that mathematics was made a compulsory subject for all primary
and secondary schools.

A revision of the first local set of syllabuses for both the primary and secondary
schools took place in the late 1960s in response to the global “Math Reform of the
1960s”. The primary schoolmathematics syllabuswas revised in 1971with emphasis
on outcomes-based approach to the teaching of mathematics in the primary schools
(Wong and Lee 2010). It was again revised in 1979 and algebra became part of the
curriculum for grades 5 and 6 (Lee 2008). For secondary school mathematics, the
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revised syllabus known as SyllabusCwas implemented in the early 1970s (Lee 2008).
Towards the end of the 1970s, the syllabus underwent yet another revision resulting
in Syllabus D. At the secondary level, all students take the mathematics (elementary)
course. At the upper secondary level, the more able students take the additional
mathematics course. Both courses are based on the “Ordinary” level syllabuses of
UCLES. Since the 1980s, Singapore secondary students have been following the
Syllabus D. The Ministry of Education issues the syllabus for the Lower Secondary
levels. This syllabus covers topics in Arithmetic, Mensuration, Algebra, Graphs,
Geometry, Statistics and Trigonometry. For each topic, the syllabus describes the
instructional objectives and lists the main concepts and learning outcomes. These
topics are a subset of the syllabus for the “Ordinary” level UCLES mathematics
examination.

2.2.2 Efficiency-Driven Phase (1979–1996)

By the late 1970s, certain “cracks” and weaknesses in the system had begun to
manifest themselves. Amongst the weaknesses identified by theMOE’s Study, Team
led by Dr. Goh Keng Swee (Goh and the Education Study Team 1979) was the high
education wastage resulting in low literacy levels in the country. In line with the
“simple objective” of education in Singapore,

… to educate a child to bring out his greatest potential so that he will grow into a good man
and a useful citizen. (Lee 1979, p. iii)

as spelt out by the then PrimeMinister of Singapore in 1979 and the findings of Goh’s
Report (Goh and the Education Study Team 1979), theNewEducation System (NES)
was introduced in February 1979. The NES introduced ability-based streaming both
at the primary and secondary levels of education on the grounds that in the past a
common curriculum in the primary and secondary schools had failed to take into
consideration variations in the learning capacities of children. Streaming, according
to Goh’s report, would provide an opportunity for less capable students to develop at
a slower pace and would also enable a child to go as far as he can. Students who are
not academically inclined could still acquire basic literacy and numeracy required
for skills training. The NES was implemented in 1981. Students were streamed in
Primary 4 and Secondary 1.

In June 1980, the Curriculum Development Institute of Singapore (CDIS) was
established. It replaced the Education Development Division of the Ministry of Edu-
cation, which spearheaded the pioneering efforts in curriculum development for
Singapore schools. The main function of the CDIS was development of curriculum
and teaching materials. It was directly involved in the implementation of syllabuses
and systematic collection of feedback at each stage of implementation for the next
cycle of syllabus revision (Ang and Yeoh 1990).

1985 marked a watershed in the economic development of Singapore. Based on
two key reports, one in Singapore (Economic Committee 1986) and another in the
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USA (Tan 1986), theMinister for Education in 1986 enunciated that future education
policies in Singapore would be guided by three principles. These were:

• Education policy must keep in pace with the economy and society;
• Basics—Languages, Science, Mathematics and Humanities will be stressed to
encourage logical thinking and life-long learning;

• Creativity in schools must be boosted through a “bottom-up” approach whereby
the initiative must come from principals and teachers instead of from the Ministry
(Tan 1986).

As part of an ongoing process of self-improvement, in 1987 based on the report,
Towards Excellence in Schools (MOE 1987), schools became the centre of attention.
This was a result of the premise that the goal of excellence in education could only
be achieved through better schools (Tan 1987). Several refinements to the NES have
been made since its implementation in 1981. In 1991, the level at which streaming in
the primary school was carried out was changed to Primary 5. In 1994, the Secondary
Normal Course was further refined into the N(A) and N(T) courses and students were
streamed accordingly following the outcome of their PSLE.

In the NES, the primary mathematics curriculum (detailed syllabuses, textbooks,
workbooks and teacher guides) was developed by experienced mathematics teach-
ers from schools and the Ministry of Education under the guidance of international
experts and curriculum writers at CDIS. The revised primary mathematics curricu-
lum was produced in 1981. The curriculum adopted the Concrete-Pictorial-Abstract
(C-P-A) approach (see Chaps. 3 and 8 for details) to the teaching and learning of
mathematics. This approach provides students with the necessary learning expe-
riences and meaningful contexts, using concrete hands-on materials and pictorial
representations to construct abstract mathematical knowledge.

In 1983, the mathematics team writing the primary curriculum materials, led by
Dr. Kho, at CDIS made a breakthrough by addressing the difficulties students were
having with word problems. They introduced the “Model Method” (Kho 1987) (see
Chaps. 3 and 8 for details) in the curriculum for Primary 5 and 6 students in the
late 1980s. In the current curriculum, students are introduced to the model method
in Primary 1. This method is now synonymous with Singapore maths worldwide.
In line with the goal of the NES, i.e. to provide for every student in the system,
from 1981 onwards, there was differentiation in the mathematics content to match
the ability of students in their respective course of study, both at the primary and
secondary schools. How the contents of the various courses of study are connected
to one another are exemplified in the earlier sections of the chapter.

The Curriculum Development Division of the MOE in 1988 set up a mathematics
syllabus review committee to review and revise the mathematics syllabuses in use
since 1981. The goal of the committee was to study the adequacy of the syllabuses
in meeting the needs of the students and to revise the syllabuses to reflect appropri-
ate recent trends in mathematics education (Wong 1991). It was during this review
that the committee felt that besides elaborating the aims and objectives, a frame-
work was necessary to describe the philosophy of the revised curriculum. Hence, the
framework, shown in Fig. 2.6, that spells out mathematical problem-solving as the
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Fig. 2.6 School Mathematics curriculum framework (MOE 1990)

primary focus of the school mathematics curriculum was born. This coherent frame-
work connects the “product” conception of mathematics and its “process” aspect and
links both of them to the five factors that facilitate the development of mathematical
problem-solving (Wong and Lee 2010). The framework “presents a balanced, inte-
grated vision that connects and describes the skills, concepts, processes, attitudes
and metacognition” (Leinwand and Ginsburg 2007, p. 32). The five components
of the framework—concepts, skills, attitudes, metacognition and processes—have
remained steadfast although some refinements have been made to their attributes at
periodic subsequent revisions of the school mathematics curriculum. These refine-
ments are elaborated in Chap. 3 of the book. In 1991, the revised Mathematics
syllabuses were implemented. The revised syllabuses for both the primary and sec-
ondary schools placed emphasis on problem-solving.

In 1992, the mathematics syllabus for the N(T) course students was produced by
MOE (1992). The Normal Course mathematics syllabus was also renamed as N(A)
course mathematics syllabus A (4010). The N(T) course mathematics syllabus is a
subset of the N(A) course syllabus. The N(T) course mathematics syllabus T (4012)
was implemented in 1994 when the N(T) course came into being at the secondary
one level for the first time.

2.2.3 Ability-Based, Aspiration-Driven Phase (1997–2011)

In 1997, the PrimeMinister,Mr.GohChokTong in his speech (Goh1997) at the open-
ing of the Seventh International Conference on Thinking held in Singapore signalled
that changes had to be made to the existing education system. These were necessary
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to prepare young Singaporeans for the new circumstances and new problems that
they will face in the new millennium. He emphasized that we must ensure that our
young can think for themselves, so that the next and future generations can find their
own solutions to whatever new problems they may encounter. He also announced
at the opening of the conference that Singapore’s vision for meeting this challenge
is encapsulated in four words: Thinking Schools, Learning Nation (TSLN). The
desired outcomes of education document were also published in 1998. The Desired
Outcomes of Education (DOE) available at https://www.moe.gov.sg/ are attributes
that educators aspire for every Singaporean to have by the completion of his formal
education. These outcomes establish a common purpose for educators, drive our
policies and programmes and allow us to determine how well our education system
is doing. Thus, begun the transition from an efficiency-driven education system to
an ability-driven one that witnessed school leaders creating environments conducive
to learning and innovation and teachers imbuing the vision—TSLN as thinking and
caring professionals (MOE 2000).

Three initiatives were launched in Singapore’s education system in 1997. They
were National Education (NE), Information and Communications Technology (ICT)
and Critical and Creative Thinking (CCT) (MOE 1998). These initiatives are elab-
orated in Chap. 3. To forge the vision TSLN and to push forward the initiatives of
ICT and CCT, changes were recommended in four main areas, namely curriculum,
teaching, teachers and assessment (MOE 1997). To accommodate the recommenda-
tions, the MOE initiated a content reduction of all curricular subjects. Every subject
underwent a content reduction ranging from 10 to 30% and the reduced content syl-
labuses became effective in 1999. The amount of curriculum time for each subject
remained the same. The instruction time freed up by the reduced content supported
the implementation of the three initiatives.

The Teach Less, Learn More (TLLM) initiative was launched in the education
system in 2005 (Shanmugaratnam 2005). TLLM builds on the groundwork laid in
place by the systemic and structural improvements under TSLN, and the changes
in mindset encouraged in schools. It continues the TSLN journey to improve the
quality of interaction between teachers and learners so that our learners can be more
engaged in real learning and achieve better the desired outcomes of education. TLLM
aims to touch the hearts and engage the minds of our learners, to prepare them for
life. It reaches into the core of education—why we teach, what we teach and how
we teach. It is about shifting the focus from “quantity” to “quality” in education.
It emphasizes “more quality” in terms of classroom interaction, opportunities for
expression, the learning of life-long skills and the building of character through
innovative and effective teaching approaches and strategies. It also emphasizes “less
quantity” in terms of rote-learning, repetitive tests, and following prescribed answers
and set formulae. To provide for ability-based education, the integrated programme
was introduced in some secondary schools. Also to provide for aspiration-driven
education, the National University of Singapore High School of Mathematics and
Science was set up in 2005 and the School of the Arts in 2008.

https://www.moe.gov.sg/
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Following the launch of the three initiatives: NE, ICT and CCT in 1997, the
mathematics syllabus underwent a content reduction exercise. The following ratio-
nale guided the content reduction.

• The learning of mathematics is sequential and hierarchical in nature. Therefore,
essential topics and skills removed from one level were transferred to another level
in order to ensure continuity in the learning of the subject.

• Topics that were core content, i.e. essential as the foundation for further mathe-
matics learning, developed the desired outcomes of the syllabuses and provided
continuity and completeness were retained.

• Topics that were less fundamental and not connected to other topics in the syllabus,
which placed heavy emphasis on mechanical computation, which overlapped with
those taught at other levels, that were too abstract for the intended level, and
concepts/skills that were taught in other subjects were removed from the syllabus.

In 1998, following the content reduction exercise, a revision of the syllabuses was
undertaken to:

• Update the content to keep abreast with the latest developments and trends in
mathematics education.

• Explicate the thinking processes inherent in the subject and to encourage the use
of ICT tools in the teaching and learning of mathematics.

• Ensure the content meets the needs of the country in the next millennium (twenty-
first century).

As a result of the revision, changes were made to the reduced content syllabus. It
must be noted that the revised syllabus and reduced content syllabus were almost the
same. A reorganization of the content was mainly carried out. There was minimal
increase in the content to emphasize the development of thinking skills and help
in the attainment of the objectives. A critical appraisal of the framework was also
undertaken. Two changes were made to the framework of the 1990 syllabus. Under
the arm of processes “Deductive reasoning and Inductive reasoning” were replaced
by “Thinking skills”, which covered a much wider range of skills that students were
encouraged to use when solving problems. As an additional attribute, perseverance
was added to the arm of Attitudes.

The revised curriculum was implemented in 2001. In 2001, textbooks for the
primary school mathematics were privatized. This was done so that schools would
have more choices of curriculum materials though the scope of the content remained
the same. All the books that are available for use in schools must have been approved
by the Ministry of Education for a specified period of time. CDIS never produced
curriculum materials for secondary school mathematics. The first local textbook
series for secondary schools was published in 1969 by Teh (1969).

Since 2001, the school mathematics curriculum undergoes revision every six
years. This ensures that the curriculum remains relevant in this rapidly changing
and highly competitive and technologically driven world. In 2006, the syllabuses
were revised. The revised syllabuses were implemented in 2007. The revised pri-
mary syllabus introduced the use of calculators in the Primary 5 and Primary 6
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teaching and learning of mathematics. In 2009, the use of calculators was part of
the mathematics examination during the PSLE. The revised secondary mathematics
syllabuses placed greater emphasis on algebraic manipulation skills.

2.2.4 Values-Based, Student-Centric Phase (2012–Present)

In 2008, the Curriculum 2015 committee was set up to study twenty-first century-
skills andmindsets needed to prepare future generations in Singapore for a globalized
world (MOE 2009). The committee unveiled the twenty-first-century competencies
framework, shown in Fig. 2.1, in 2010. In 2012 the then Minister of Education in his
keynote speech, at the Singapore Conference in the USA, noted that the key foci of
the education system moving forward were

(i) to help every child access the new economic future,
(ii) to make the system centred on students’ aspirations and interests, and
(iii) to build fundamental values and skills (Heng 2012).

At the same meeting, the Minister also made apparent that the education system
had embarked on a “values-driven, student-centric” phase. In 2012, the Academy of
Singapore Teachers was set up to develop professional excellence with a focus on
student-centric, values-driven education.

Following the introduction of the twenty-first-century competencies framework
in 2010, the review of all mathematics syllabuses from primary to secondary to
pre-university level was undertaken. The review resulted in the 2012 revised syl-
labuses which were implemented in 2013. The revised syllabuses of 2012 (MOE
2012a, b, c) make explicit that learning mathematics is a twenty-first century-
necessity and it is a key fundamental in every education system that aims to prepare
its citizens for a productive life in the twenty-first century. It also notes that for Sin-
gapore as a nation the development of a highly skilled and well-educated manpower
is critical to support an innovation- and technology-driven economy. Therefore, it
is the goal of the national mathematics curriculum to ensure that all students will
achieve a level of mastery of mathematics that will serve them well in their lives,
and for those who have the interest and ability, to pursue mathematics at the highest
possible level.

The syllabuses place heightened emphasis on the role of learning experiences for
mathematics learning. They state that:

Learning mathematics is more than just learning concepts and skills. Equally important are
the cognitive and metacognitive process skills. These processes are learned through care-
fully constructed learning experiences. For example, to encourage students to be inquisitive,
the learning experiences must include opportunities where students discover mathematical
results on their own. To support the development of collaborative and communication skills,
students must be given opportunities to work together on a problem and present their ideas
using appropriate mathematical language and methods. To develop habits of self-directed
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Primary Two (Sub-Strand: Whole Numbers)
Content Learning Experience
1. Numbers up to 1000 Students should have opportunities to:
1.1 counting in tens/hundreds
1.2 number notation, 

representations and place 
values (hundreds, tens, ones)

1.3 reading and writing numbers in 
numerals and in words

1.4 comparing and ordering 
numbers

1.5 patterns in number sequences
1.6 odd and even numbers 

a) give examples of numbers in everyday situations, and talk 
about how and why the numbers are used.

b) work in groups using concrete objects/the base-ten 
set/play money to
- count in tens/hundreds to establish 10 tens make 1 

hundred and 10 hundreds make 1 thousand.
- represent and compare numbers.

c) make sense of the size of 100 and use it to estimate the 
number of objects in the size of hundreds.

d) use the base-ten set/play money to represent a number 
that is 1, 10 or 100 more than/less than a 3-digit number.

e) use place-value cards to illustrate and explain place 
values, e.g. the digit 3 stands for 300, 30 or 3 depending 
on where it appears in a number.

f) use place-value cards to compare numbers digit by digit 
from left to right, and use language such as ‘greater than’, 
‘greatest’, ‘smaller than’, ‘smaller than’, ‘smallest’ and 
‘the same as’ to describe the comparison.

g) describe a given number pattern before continuing the 
pattern or finding the missing number(s).

Fig. 2.7 An excerpt from the primary Mathematics syllabus (MOE 2012a, p. 37)

learning, students must be given opportunities to set learning goals and work towards them
purposefully. A classroom rich with these opportunities, will provide the platform for stu-
dents to develop twenty first century competencies (MOE 2012a, p. 22; 2012b, p. 20; 2012c,
p. 18).

Learning experiences are explicitly stated in the mathematics syllabuses to influ-
ence the ways teachers teach and students learn so that the curriculum objectives
can be achieved. Figure 2.7 shows an excerpt from the primary mathematics syl-
labus and Fig. 2.8 shows an excerpt from the secondary mathematics syllabus. From
both figures, it is apparent that statements expressed in the form “students should
have the opportunities to …” focus teachers on the student-centric aspect of learn-
ing mathematics. The statements describe actions that would allow students to (i)
engage in co-creation of knowledge (ii) make sense of the knowledge they acquired
and (iii) work collaboratively and communicate their reasoning using mathematical
vocabulary.

In 2011, nationwide professional development of mathematics teachers was car-
ried out to prepare them for the implementation of the 2012 revised mathematics
curriculum. The implementation of these syllabuses began in 2013. Following the
6-year cycle of review and revision of mathematics curriculum, in 2018, the revised
syllabuses will be announced and implemented in 2019.
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Secondary Three/Four (O-Level Mathematics) (Strand – Geometry and Measurement)
Content Learning Experience
G3 Properties of Circles Students should have opportunities to:
3.1 symmetry properties of circles

- equal chords are equidistant from the centre
- the perpendicular bisector of a chord passes 

through the centre
- tangents from an external point are equal in 

length
- the line joining an external point to the 

centre of the circle bisects the angle 
between the tangents

3.2 angle properties of circles
- angle in a semicircle is a right angle
- angle between tangent and radius of a circle 

is a right angle
- angle at the centre is twice the angle at the 

circumference
- angles in the same segment are equal
- angles in opposite segments are 

supplementary

a) use paper folding to visualise symmetric 
properties of circles, e.g. “the perpendicular 
bisector of a chord passes through the 
centre”.

b) Use GSP or other dynamic geometry 
software to explore the properties of 
circles, and use geometrical terms correctly 
for effective communication.

Fig. 2.8 An excerpt from the secondary Mathematics syllabus (MOE 2012b, pp. 57–58)

2.3 Conclusion

It is apparent from the goals of the education system that they are shaped by the
needs of Singapore for its economic survival. As part of the school curriculum, the
study of mathematics has been critical since the late 1950s. It is a compulsory school
subject, which takes into consideration the differing abilities and needs of students.
It provides differentiated pathways and choices to support every learner in order to
maximize their potential.

The achievement of Singapore students in benchmark studies such as Trends in
International Mathematics and Science Study (TIMSS) and Programme for Interna-
tional Student Assessment (PISA), which is presented in Chap. 6, affirms that the
school mathematics curriculum is robust and in tandem with global trends. The con-
sistent and commendable achievement of the students also show that the enactment of
the curriculum places emphasis on mastery learning and problem-solving. Chapter 4
provides some insights into the enactment of the school mathematics curriculum in
Singapore schools.

There is no doubt that the education system and in tandem the school mathematics
curriculum will continue to evolve as every new day brings new challenges and
opportunities in the nation and also the global arena. This evolution is critical in
order to prepare the young to access the new economic future.
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Chapter 3
The Intended School Mathematics
Curriculum

Ngan Hoe Lee, Wee Leng Ng and Li Gek Pearlyn Lim

Abstract This chapter examines the changes to the intended Singapore School
Mathematics Curriculum since 1990 to the present that resulted from reviews car-
ried out periodically. Special features and key approaches are identified to gain better
insights of the curriculum. The curriculum is also examined from the perspective of
the three educational initiatives that were implemented in 1997: The Critical and
Creative Thinking (CCT) Initiative, the National Education (NE) Initiative, and the
Information and Communications Technology (ICT) Initiative. A short discussion
on textbooks is also included as they contain and communicate the intended School
Mathematics Curriculum. The chapter concludeswith an examination of the intended
School Mathematics Curriculum from two levels: national versus school. This dis-
cussion is taken from the perspective of the process of curriculum development.

Keywords Singapore School Mathematics Curriculum · School Mathematics
Curriculum Framework · Intended School Mathematics Curriculum ·
Nation-building initiatives and School Mathematics Curriculum · 21CC and
mathematics education · ICT in mathematics education · Textbook in mathematics
education · Mathematics curriculum development

3.1 The Problem-Solving Mathematics Curriculum

As noted by Kaur in Chap. 2, the Singapore Ministry of Education’s (MOE) goal
of setting up of the mathematics syllabus review committee to review and revise
the mathematical syllabuses in use since 1981 was to study the adequacy of the
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syllabuses in meeting the needs of the students as well as to reflect relevant newer
trends inmathematics education.Onemajor outcomeof this effortwas the positioning
of developing students’ ability in mathematical problem-solving as the primary aim
of the Singapore School Mathematics Curriculum (MOE 1990a, p. 3), reflecting the
impact of the then considerable amount of research onmathematical problem-solving
(Lester 1994) on the Singapore Mathematics Curriculum. This Problem-Solving
Mathematics Curriculum of Singapore was first implemented in 1992, and though
it has undergone several rounds of review of revision (MOE 1990a, b, 2000a, b,
2006a, b, 2012a, b, c), problem-solving remains central to the SingaporeMathematics
Curriculum.

Lee (2016) in an analysis of the Singapore SchoolMathematics Curriculum (MOE
2012a, b, c), identified the key approaches and key features of it that exemplify a
connected curriculum (MOE 2012a, p. 11). In the sections, that follow these are elab-
orated, and henceforth in this chapter, the Singapore SchoolMathematics Curriculum
would also be referred to as the School Mathematics Curriculum.

3.1.1 Key Approaches

Lee (2016) identified two key approaches in the School Mathematics Curriculum,
namely the curriculum development approach and the pedagogical approach.

3.1.1.1 Curriculum Development Approach—Spiral Curriculum
Development Approach

The School Mathematics Curriculum recognizes the ‘hierarchical’ nature of mathe-
matics and adopts a ‘spiral approach’ to the design of the curriculum (MOE 2012a,
p. 11). Each topic is revisited and introduced in increasing depth from one level to the
next to enable students to consolidate the concepts and skills learned and to develop
these concepts and skills further. This is basically aligned with Bruner’s (1960) idea
of readiness for learning wherein he believed that a spiral curriculum can foster or
scaffold that readiness by ‘deepening the child’s powers where you find him here
and now’. An example of how the spiral curriculum is exemplified in the teaching
of addition and subtraction of fractions at the primary levels is shown in Table 3.1.
The table illustrates how clearly and refined the spiralling of the content is specified
in the curriculum document (MOE 2012a).

Garland (2013) reported that based on a 2012 study by William Schmidt and
Richard Houang, it is found that the (USA) Common Core Math Standards were
highly correlated with those of high-performing countries, including Singapore. In
fact, she noted that ‘[A]n analysis by Achieve, a nonprofit organization that has
supported the Common Core, found that Singapore’s math curriculumwas similar to
Common Core, but that in Singapore, students more quickly reach a higher level of
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Table 3.1 Spiralling of the teaching of addition and subtraction of fractions at the primary level
(MOE 2012a)

Level Topic

Primary 2 Addition and subtraction of fractions:
Adding and subtracting like fractions within one whole with denominators of
given fractions not exceeding 12

Primary 3 Addition and subtraction of fractions:
Adding and subtracting two related fractions within one whole with
denominators of given fractions not exceeding 12

Primary 4 Addition and subtraction of fractions:
• Adding and subtracting fractions with denominators of given fractions not
exceeding 12 and not more than two different denominators

• Solving up to two-step word problems involving addition and subtraction

Primary 5 Addition and subtraction of mixed numbers

math proficiency’, reflecting on the efficiency of Singapore’s spiral approach towards
curriculum development.

3.1.1.2 Pedagogical Approach—The Concrete–Pictorial–Abstract
(C-P-A) Approach

The School Mathematics Curriculum also recognizes the need for ‘age-appropriate
strategies’ such as through ‘the use of concrete manipulatives and pictorial rep-
resentations to scaffold the learning and for sense making’ (MOE 2012a, p. 33).
Consequently, the key pedagogical approach advocated by the curriculum document
is the ‘concrete–pictorial–abstract’ (C-P-A) approach, particularly for the teaching
of the number and algebra strand.

As was observed by Leong et al. (2015), this approach is an adaptation of Bruner’s
conception of the ‘enactive-iconic-symbolic’modes of representation (Bruner 1966).
They also argued that Bruner is interested in the external representations of knowl-
edge when putting forth these three modes. Ng (2009), in advocating the use of
the C-P-A development of concepts, advised teachers to ‘structure’ the external
representations in the learning environment, wherever possible, to enable students
to progress from ‘concrete and pictorial levels to abstract representation’. Lee and
Tan (2014) observed that in fact it is a common practice for teachers adopting the
C-P-A approach not only to present mathematical ideas in concrete, pictorial and
abstract representations, but also encourage students to establish linkages among
these external representations to aid students in their development of their internal
representation system of an abstract mathematical idea.

While the key curriculum approach—the spiral curriculum approach—promotes
connecting to extend existing knowledge and skills, i.e. inter-conceptual connection,
the key pedagogical approach, the C-P-A approach encourages connecting to make
sense of learning through multiple representations, i.e. intra-conceptual connections.
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Fig. 3.1 School Mathematics Curriculum Framework (MOE 2012a, p. 16)

3.1.2 Key Features

Lee (2016) also identified two key features of the School Mathematics Curriculum,
namely the School Mathematics Curriculum Framework (SMCF) and the pedagog-
ical tool—the Model Method.

3.1.2.1 The School Mathematics Curriculum Framework (SMCF)

The SMCF, shown in Fig. 2.6 in Chap. 2, has problem-solving as its ‘central focus’.
The framework ‘stresses conceptual understanding, skills proficiency andmathemat-
ical processes and gives due emphasis to attitudes and metacognition’, with these
five components being viewed as ‘inter-related’. As observed by Wong (1991), the
framework describes ‘the philosophy’ of the curriculum and integrates the ‘aspects
about mathematics learning and teaching’.

As pointed out by Kaur in Chap. 2, these five components of the framework,
concepts, skills, attitudes, metacognition and processes have remained ‘steadfast
although some refinements have been made of their attributes at periodic subsequent
revisions’ of the curriculum. In the following, we detail each of these components
and trace the refinements made during the periodic subsequent revisions of the cur-
riculum. Figure 3.1 shows the present version of the SMCF (MOE 2012a, p. 16).

Concepts: To encourage the development of deep understanding of mathematical
concepts, which forms the foundation of the SMCF, the syllabus document advocate
teaching that ‘make sense of various mathematical ideas as well as their connections
and applications’ so as to help students to ‘relate abstract mathematical concepts
with concrete experiences’ (MOE 2012a, p. 17). The two key approaches mentioned
reflects the emphasis on promoting conceptual understanding through conceptual
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inter- and conceptual intra-connectedness. The original SMCF (MOE 1990a, b) and
that follows from the immediate revision of the curriculum for implementation in
2001 (MOE 2000a, b) included only numerical, geometrical, algebraic and statistical
concepts. However, in subsequent revisions (MOE 2006a, b, 2012a, b, c), probabilis-
tic and analytical concepts were also included. The inclusion of these two groups of
concepts also marks the move away from relying purely on examination syllabuses
for upper secondary and pre-university levels, which are tied closely to the empha-
sis placed on the national examinations at these levels then. For the first time, the
SMCF articulated the philosophy of the curriculum from primary to pre-university
levels when the revised syllabus was implemented in 2007 (MOE 2006a, b). In fact,
the latest teaching and learning curriculum documents articulate clearly not only
the generic philosophy of the curriculum but also interpretations of the curriculum
approaches and features in relation to the respective year levels and courses of study
(MOE 2012a, b, c, 2015).

Skills: As reflected in the curriculum document (MOE 2012a, p. 17), these are
skills ‘specific to mathematics and are important in the learning and application of
mathematics. The set of skills have not changed much over the various rounds of
revision of the curriculum, except for the way these skills are grouped. Numerical
calculation, for example, now encompassesmental calculation and arithmeticmanip-
ulations (elaborated in the earlier versions of the SMCF—MOE 1990a, b, 2001a, b).
Other skill sets included algebraic manipulation, spatial visualization, data analysis,
measurement, use of mathematics tools and estimation. Though many of these skills
are procedural in nature, the curriculum places an emphasis for these to be taught
with ‘an understanding of the underlying mathematical principles’. In other words,
the curriculum advocates the promotion of relations understanding, as purported by
Skemp (1976), thus encouraging the address of conceptual-procedural connections.

Processes: From the perspective of the curriculum document, processes refer to
the ‘process skills involved in the process of acquiring and applying mathematical
knowledge’ (MOE 2012a, p. 17). This aspect of the SMCF has undergone the great-
est refinement over the years. In the first version (MOE 1990a, b), this aspect only
included heuristics and deductive and inductive reasoning—the two most common
types of reasoning involved in the learning and doing of mathematics. In the subse-
quent revision of the curriculum (MOE 2000a, b), heuristics remained but deductive
and inductive reasoning were then subsumed under the generic group of thinking
skills. The twelve heuristics listed in the original curriculum were reduced to eleven
with ‘use of tabulation’ and ‘make a systematic list’ combined as ‘make a system-
atic list’. At the same time, a list of eight core thinking skills was listed under the
more generic term ‘thinking skills’, and the eight included both induction and deduc-
tion, reflecting then the impact of the vision for ‘Thinking School Learning Nation’
(see Chap. 2). In the next revision of the curriculum (MOE 2006a, b), the process
aspect continued to undergo further refinement. Firstly, communication, both writ-
ten and verbal, was reclassified from being a mathematical skill to a mathematical
process skill, signifying an increased emphasis of the role classroom discourse have
in the teaching and learning of mathematics. Furthermore, the distinction was made
between the microthinking skills versus reasoning as a process. Emphasis was also
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placed to explicitly address the issue of encouraging students to see and make con-
nections ‘among mathematical ideas’ as well as ‘between mathematics and other
subjects, and between mathematics and everyday life’ (MOE 2006a, p. 17). In the
latest revision of the curriculum (MOE 2012a, b, c), this emphasis on getting stu-
dents to make sense of what they learn in mathematics and relate to real life is given a
further boost with the explicit inclusion of applications and modelling to the process
aspect of the SMCF. The continued refinement of the process aspect of the SMCF
with emphasis both on the necessary cognitive skills—thinking skills, heuristics,
communication, reasoning, connections, as well as the actual process of addressing
real-life problems using mathematics—solving problems in real-world contexts and
mathematical modelling (see Chap. 8) reflects the importance of real-life connec-
tions in the SMCF. In fact, the importance of the process aspect of the curriculum has
been further elevated by the recognition of this aspect as one of the strands, others
being the content strands—number and algebra, measurement and geometry, and
statistics—that cut across the three content strands (MOE 2012a, p. 32).

Metacognition: Despite the fact that metacognition was a term that is coined by
Flavell only in 1976, metacognition was featured as one of the five aspects of the
original version of the SMCF (MOE 1990a, b), which was developed in the 1980s.
This reflects that the Singapore Mathematics Curriculum is not only a forward-
looking curriculum but also one that is informed by theory and research, of which the
impact of Bruner’s theories (Bruner 1960, 1966) has already been discussed earlier.
Though there were no major changes made to this aspect of the SMCF, there was a
conscious effort to refine and operationalize the construct, reflecting the continuous
work on addressing this aspect of learning and doing mathematics (see Chap. 11).
In the first version and subsequent first revision of the SMCF, metacognition was
explained to be ‘the ability to control one’s own thinking processes’, and it includes
the ‘constant (and conscious) monitoring of the strategies (and thinking processes)’
(MOE 1990a, p. 4, 2000a, p. 11). In the subsequent revisions, metacognition was
further refined and elaborated as ‘thinking about thinking’ that involves ‘awareness
of’, ‘monitoringof’ and ‘regulationof’ one’s thinking and learning. Such an emphasis
on the executive processes over cognition (Tarricone 2011, p. 147) points towards
the SMCF’s promotion of the executive control connections.

Attitude: As with the other aspects of the SMCF, the attitudes aspect, which refers
to ‘the affective aspects of mathematics learning’ (MOE 2012a, p. 19), underwent
constant refinement over the various rounds of curriculum reviews. In the first ver-
sion of the SMCF (MOE 1990a, p. 4), attitudes encompassed three affective aspects,
namely (interest in and) enjoying doing mathematics, appreciating the beauty and
power of mathematics, and showing confidence in using mathematics. In the follow-
ing round of revision, persevering in solving a problem was added (MOE 2001a,
p. 11), and with the next revision that follows, beliefs about mathematics and its use-
fulnesswere added (MOE2006a, p. 15). Themost significant address to this aspect of
the SMCF occurs in the latest revised School Mathematics Curriculum—the intro-
duction of learning experiences in the curriculum documents (MOE 2012a, b, c,
2015). Learning experiences are stated explicitly in the curriculum documents ‘to
influence the ways teachers teach and students learn so that curriculum objectives
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can be achieved’ (MOE 2012a, p. 22). Though the learning experiences stipulated
in the curriculum documents are not meant to be exhaustive, a conscious effort was
made to include them as the key learning experiences in each of the topics addressed
in the curriculum. Textbooks endorsed by MOE for use in schools, for example, are
required to reflect these so that these learning experiences are addressed in all math-
ematics classes in Singapore. The idea is to ‘remind teachers of the student-centric
nature’ (MOE2012a, p. 22) of learningmathematics. The five attitudinal components
of the attitudes aspect of the SMCF do provide guidance in the choice and design of
learning experiences to help students develop a more positive attitude towards and
in the process of learning mathematics. However, with the explicit and deliberate
address of these learning experiences in MOE sanction instructional materials, there
appears to be a conscious effort to level up the learning experiences resulting from
possible differences in teachers’ level of expertise. This is aligned with the philoso-
phy held byMOE—that ‘Every School a Good School’, a slogan popularized by then
Minister of Education, Mr. Heng Swee Kiat, when he spoke during the 2014 Com-
mittee of Supply debates on 7 March 2014. Minister Heng elaborated that ‘Every
School a Good School does not mean Every School the Same School, but it does
mean Every School Good in its Own Way, seeking to bring out the Best in Every
Child’. The various pathways and possible lateral transfers among the course of study
shown in Fig. 2.3 inChap. 2 are another reflection ofMOE’s student-centric approach
towards learning of mathematics. MOE regularly updates and conducts workshops
for teachers who may be involved in the teaching of students of different courses of
study so as to ensure that students continue to be well supported and provided with
positive learning experiences even when they switch course of study. A secondary
one mathematics teacher teaching secondary 1 normal (academic) mathematics, for
example, may have students who studied mathematics as well as those who studied
foundationmathematics. Such teachers are not only informed of the differential entry
knowledge of these students, but also invited to attend workshops to help them level
up the two different groups of students in their classes. All in all, the attitude aspect
of the SMCF seeks to address the affective aspects of learning so as to achieve a
more holistic learning experience in the mathematics classroom. In other words, the
attitudes aspect of the SMCF promotes holistic learning connections.

3.1.2.2 The Model Method

The Model Method refers to the use of rectangular drawings to represent a problem
situation and to visualize and explore relationships among the quantities related to
the problem situation. The introduction of theModelMethod is ‘an essential element
of the concrete–pictorial–abstract approach’, students progress from ‘use of concrete
objects’, to ‘drawing of rectangular bars as pictorial representations of the models’,
to using the models ‘solve abstract mathematics word problems’ (MOE 2009, p. 15).
A more detailed treatment of the Model Method can be found in Chap. 8. Here,
we present the role and benefits of the Model Method in the intended Singapore
Mathematics Curriculum.
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As explicated in MOE (2009), the Model Method serves to:

• Exemplify and make visible the part-whole thinking that is key to the learning of,
particularly primary, mathematics (see Chaps. 3 and 4 in MOE 2009).

• Provides pupilswith an efficient and effective problem-solving heuristic (seeChap.
5 in MOE 2009).

• Expose pupils at the primary levels to informal algebra by promoting algebraic
thinking years before they are ready for formal algebra (see Chap. 6 inMOE2009).

It is thus not surprising that teachers generally find the Model Method to be
beneficial in the following ways:

• The model is a simplifying tool; many constraints can be handled simultaneously.
Fraction problems, for example, can be solved without cumbersome computations
involving fractions.

• Students are able to solve challenging problems without the use of form algebra.
• Students are able to engage in algebraic thinking years before they are ready for
formal algebra. It can subsequently help students to make sense of formal algebra.

The Model Method that is highly emphasized in the primary school mathemat-
ics classrooms appears to lend well as a strong connection between primary and
secondary mathematics learning. This key feature of the School Mathematics Cur-
riculum points towards an address of transitional connections.

3.1.3 The Connected School Mathematics Curriculum

In the above analysis of the School Mathematics Curriculum through an examina-
tion of the key approaches and key features of the curriculum, it is also apparent
that the intended School Mathematics Curriculum is a multidimensional connected
curriculum that promotes:

• Intra-conceptual connections
• Inter-conceptual connections
• Conceptual-procedural connections
• Real-life connections
• Executive control connections
• Holistic learning connections
• Transitional learning connections.

This multidimensional approach towards a connected curriculum is similar to the
one proposed by Kaur and Toh (2012):

Teachers must provide students with opportunities to experience connection in the math-
ematics they learn. This is possible through links between the conceptual and procedural
knowledge, connections among mathematics topics and equivalent representations of the
same concept. Similarly, teachers must also provide students with opportunities to experi-
ence connections between mathematics and other disciplines of the school curriculum and
daily life needs. (pp. 6–7)

https://doi.org/10.1007/978-981-13-3573-0_3
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In fact, Perkins has as early as 1993 argued for the need of a connected curriculum:

A good deal of the typical curriculum does not connect – not to practical applications, nor
to personal insights, nor to much of anything else. It’s not the kind of knowledge that would
connect. Or its not taught in a way that would help learners to make connections …What is
needed is a connected rather than a disconnected curriculum – one full of knowledge of the
right kind, one taught in a way to connect richly to future insights and applications. (p. 91)

3.2 The Impact of Nation-Building Initiatives
on the Intended Mathematics Curriculum

To better appreciate the modifications and refinement to the School Mathematics
Curriculum over the years that was first implemented in 1992 (MOE 1990a, b), there
is a need to examine these from the perspective of the three education initiatives (see
Chap. 2) that were introduced in 1997:

1. Critical and Creative Thinking (CCT)
2. National Education (NE)
3. Information and Communications Technology (ICT).

These three initiatives have a major and significant impact on the school curricu-
lum as they were nation-building initiatives based on the concerns that plagued the
nation then (Lee 2008). All school subjects, including mathematics, were required
to respond to the initiatives accordingly.

3.2.1 Impact of the CCT Initiative

As was noted by Lee (2008), one of the approaches taken to respond to the CCT
Initiativewas the infusion of teaching of thinking skills into the core subjects, English,
science,mathematics, geography andhistory.About 30%of curriculum time for these
subjects consisted of such infusion lessons. Thinking skills and teaching strategies
that promoted thinking were integrated into content instruction. To accommodate
for the extra time needed to cope with such an approach, these subjects, including
mathematics, underwent a content reduction ranging from 10 to 30% and reduced
content syllabuses became effective in 1999 (see Chap. 2).

In the meantime, a more systematic review of the mathematics curriculum was
carried out in 1998 to take into consideration both the content reduction that occurred
in the interim curriculum implemented in 1999 and the teaching of thinking. This
resulted in the refinement of the process aspect of the SMCF for the version of the
curriculum to be implemented in 2001 (MOE 2000a, b) as mentioned previously.
Instead of deductive reasoning and inductive reasoning for the process aspect of the
SMCF, a list of eight core thinking skills were listed under the more generic term
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‘thinking skills’. The eight core thinking skills, which are not meant to be exhaustive,
are:

1. Classifying
2. Comparing
3. Sequencing
4. Analysing parts and whole
5. Identifying patterns and relationships
6. Induction
7. Deduction
8. Spatial Visualization.

This is aligned with the intention of the CCT Initiative to get teachers more delib-
erate in the address of the teaching of thinking in the mathematics classrooms. To
establish a more common understanding of what these thinking skills are, an opera-
tionalization of these thinking skills was provided in an appendix of the curriculum
documents (MOE 2000a, p. 131; 2000b, p. 87). Thus, the School Mathematics Cur-
riculum was refined, not displaced, with minor refinements in response to the CCT
Initiative. The list of thinking skills continued to be refined, and the eight thinking
skills that are reflected in the latest curriculum documents (2012a, b, c) are:

1. Classifying
2. Comparing
3. Sequencing
4. Generalizing
5. Induction
6. Deduction
7. Analysing (from whole to parts)
8. Synthesizing (from parts to whole).

The refined list is essentially the same as the original list except for ‘spatial visu-
alization’ missing. In fact, ‘spatial visualization’ is not missing from the curriculum
document, it was removed from the list of generic thinking skills but explicitly men-
tioned and addressed in the teaching of measurement and geometry, in view of its
relevance in the teaching of this content strand. In other words, the CCT Initiative
has a lasting impact on the intended mathematics curriculum till today.

3.2.2 Impact of the NE Initiative

Lee (2008) observed that the NE Initiative, in its original form, only requires its
infusion across a core groupof subjects, namely social studies, history andgeography,
where the NE values have been identified as being especially suited for infusion into.
Though mathematics does not belong to this group of subjects, mathematics teachers
were still encouraged to incorporate NE in their teaching (MOE 2000a):
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National Education is part of Total Education; therefore every teacher has a role to play. In
the context of mathematics, National Education can be integrated into instruction by drawing
examples from the prevailing national and current issues during mathematics lessons. These
examples can be expressed in the problem context during problem solving or incorporated
into practical work. (p. 18)

The call for application of mathematics to problems in real-world contexts seems
to have its roots in the NE Initiative.

As was noted in Chap. 2, in facing a more globalized world in the twenty-first
century, MOE introduced the 21CC framework in 2010 (MOE n.d.a), consisting of
a circle at the centre surrounded by two concentric rings (see Fig. 2.1 in Chap. 2). At
the centre of this framework is a circle that captures the core of 21CC. The first ring
that encircles this core represents the social and emotional competencies, namely
self-awareness, self-management, social awareness, relationship management and
responsible decision-making. The outer ring that goes round the first ring encom-
passes the three main clusters of emerging 21CC:

1. Civic literacy, global awareness and cross-cultural skills
2. Critical and inventive thinking
3. Communication, collaboration and information Skills.

Clearly, both the CCT Initiative and NE Initiative, in fact even the ICT Initiative
(to be elaborated in this chapter), are encapsulated in the 21CC framework. The
explicit inclusion of learning experiences in the latest curriculum documents is not
just, as mentioned above, to address the affective aspect of learning mathematics;
these are also carefully chosen and designed to ensure that mathematics classrooms
are rich with opportunities ‘to provide the platform for students to develop these
twenty first century competencies’ (MOE 2012a, p. 22), including values related to
the NE Initiative and skills related to the CCT Initiative (and ICT Initiative). The
explicit inclusion of mathematical modelling and applications to problems in real-
world contexts within the process aspect of the SMCF (MOE 2012a, p. 16) allow the
address the contexts not only related to the NE Initiative, but now expanded to that
face by globalization.

3.2.3 Impact of the ICT Initiative

The ICT Initiative in the education system of Singapore has evolved over the years,
from the development of masterplan 1 for ICT in education (officially abbreviated as
mp1) to mp2 and then mp3 (which are, respectively, the abbreviations for the second
and third ICT masterplans in education) and in 2015, the fourth masterplan for ICT
in education—mp4. The goal of mp4 is to put ‘quality learning in the hands of every
learner empowered with technology’ (MOE n.d.b).

While mp1, implemented from 1997 to 2002, laid a strong foundation for schools
to harness ICT, mp2 implemented from 2003 to 2008 built on mp1 to strive for
effective and pervasive use of ICT in schools. mp3, implemented from 2009 to 2014,
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harnessed the developments of mp1 and mp2 and enriched and transformed the
learning environments of students equipping them with critical competencies and
dispositions to succeed in a knowledge economy (MOE n.d.b).

WhenMOE rolled out mp1 in 1997, the ICTmasterplan was guided by the princi-
ple of ‘appropriate and judicious use of technology in teaching and learning’ (MOE
n.d.b). The initiative laid strong foundations for schools to embrace ICT in their
respective curriculums, particularly in the provision of basic ICT infrastructure and
equipping teachers with a basic level of ICT integration competency. In other words,
the foundations were laid to harness ICT through building the infrastructure and
developing resources including ICT competency for teachers.

As outlined by Koh and Koh (2006), at the end of mp1, effective use of ICT tools
in the mathematics curriculum in Singapore could be classified as follows:

(1) Productivity tool to help teachers and students to manage and speed up admin-
istrative tasks associated with teaching and learning mathematics;

(2) Informational tool to facilitate students’ access to information on mathematics;
(3) Instructional or assessment tool to assist teachers to automate aspects of teaching

mathematics and assessing learning;
(4) Visualization or simulation tool to facilitate learners in recognizing patterns,

trends or relationships and in visualizing or simulating abstract mathematical
phenomena;

5) Connection tool to allow teachers and students to engage one another on math-
ematical learning anytime and anywhere; and

6) Reconstruction tool to provide students with an integrated learning environ-
ment that is equipped with a suite of ICT-based tools for the reconstruction and
experience of some subdomain of mathematics.

The second ICT masterplan, mp2, launched in 2003, built on the foundation laid
by mp1 to establish baseline ICT standards for students and seeding innovative use
of ICT among schools. Indeed, as part of MOE’s continual effort to level up the ICT
competency, mp2 focused on the pervasiveness of ICT in the classroom through the
amalgamationwith the educational curriculums. The charting of directions of the first
two masterplans was primarily influenced by Singapore’s economic development,
from a survival-driven industrialization phase to the current knowledge and ability-
based phase (see also Chap. 2), working towards an innovation and values-driven
future (MOE n.d.b). According to Ng and Leong (2009) during the progression from
mp1 to mp2, the use of ICT in the mathematics classroom could be classified as
follows:

(1) ICT-use as a better way for teaching mathematics;
(2) ICT-use as a better way for learning mathematics; and
(3) ICT-use in relation to other factors in the instructional environment.

The third ICT masterplan, mp3, launched in 2009, was a continuum of the vision
of mp1 and mp2, which is to enrich and transform the learning environments of the
students and equip them with the critical competencies and dispositions to succeed
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in a knowledge economy. It focused on promoting self-directed learning and collab-
orative learning for learners through strengthening and scaling the potential of indi-
viduals to leverage on technology effectively, with the intention of such ICT-enabled
learning being delivered anytime and anywhere. The initiative also empowered and
supported teachers to have the capacity to plan and deliver ICT-enriched lessons.
Students were able to use ICT extensively for school work, and teachers were able
to adapt a wide variety of ICT tools.

As part of the goals and objectives of the mathematics curriculum, students are
expected to ‘use technology to present and communicate mathematical ideas’ (MOE
2012a, b, c) and undergo specific learning experiences through the use of ICT tools
so as to enhance conceptual understanding. The presence of such instructions on
students’ learning experiences across the syllabi for all levels of mathematics is the
culmination of the development of mp3.

At the primary level, teachers are expected to use digitalmanipulatives, in addition
to other learning tools, to illustrate the various algorithms for the four operations on
whole numbers and fractions so that students can better make connections between
the operations for whole numbers and those for fractions. In addition, teachers could
include activities in which pupils construct bar charts, pie charts and line graphs
using a spreadsheet software and make connections among the different graphical
representations (MOE 2012a).

Virtual manipulatives could be used as a visual image like a static picture, manip-
ulated like a concrete manipulative, or linked with verbal and symbolic notations
(Goldin and Shteingold 2001). Virtual manipulatives, being capable of embodying
several representations, thus lend itself to supporting the learner in connecting dif-
ferent mathematical concepts and ideas. In addition, virtual manipulative, if used
appropriately, could be a powerful cognitive tool for learners (Moyer-Packenham
et al. 2008) because learners would need to remain focussed within a virtual mathe-
matical environment and constantly interact with the visual, verbal and/or symbolic
feedback in relation to their actions on the virtual manipulative.

As discussed above, the C-P-A approach has helped learners to relate their con-
crete experiences with the abstract mathematical ideas, thus closing the cognitive gap
between the two representations. According to Lee (2014), virtual manipulatives
could help to further narrow the cognitive gap between the concrete and pictorial
representations. However, as noted by Lee and Tan (2014), to incorporate the use of
virtual manipulatives in the C-P-A approach, it would be unwise to simply replace
the ‘C’ with ‘V’ (where V refers to external representation arising from the use of
virtual manipulatives) or add ‘V’ into the original approach. As such, they proposed
a revision of the C-P-A approach into a two-part approach: C-V andV-P-A approach.
The authors elaborated that the advantages of using the aforesaid two-part revised
model of the C-P-A approach include helping teachers to better understand the role of
virtualmanipulatives as a technological tool within the context of the commonly used
C-P-A approach. Furthermore, using an integrative rather than additive approach to
revising the C-P-A approach not only would increase receptivity of the revisedmodel
among teachers, but also improve the effectiveness and efficiency of lesson delivery
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in applying the revised model which in turn aid learners in developing conceptual
understanding.

For mathematics at the secondary level, examples of ICT opportunities students
are expected to receive include use of spreadsheets (e.g. Microsoft Excel) to explore
the concept of variables and evaluate algebraic expressions, compare and examine
the differences between pairs of expressions such as 2n and 2 + n, n2 and 2n, 2n2 and
(2n)2 and study how the graph of y � ax + b changes when either a or b varies or
how the graph of y � ax2 + bx + c changes when either a, b or c varies. In addition,
teachers are expected to use the AlgeDiscTM application in AlgeToolsTM to help
students make sense of addition, subtraction and multiplication involving negative
integers and develop proficiency in the four operations of integers, make sense of and
interpret linear expressions with integral coefficients such as 4x − 3y and −3(x −
2), construct and simplify linear expressions with integral coefficients and factorize
a quadratic expression of the form ax2 + bx + c into two linear factors where a, b
and c are integers. Teachers could also explore the use of other ICT tools in helping
students develop understandingmathematical concepts. For instance, the AlgeBarTM

application in AlgeToolsTM could be used to formulate linear equations to solve
problems; Graphmatica, applets or other graphing software could be used to explore
the characteristics of various graph functions, draw the graph of ax + by � c, check
that the coordinates of a point on the straight line satisfy the equation and explain
why the solution of a pair of simultaneous linear equations is the point of intersection
of two straight lines. Furthermore, computer simulations could be used to compare
and discuss the experimental and theoretical values of probability (MOE 2012b).

At the pre-university level, the use of graphing calculators, which has been inte-
grated into the advanced level mathematics curriculum since 2006, has impacted the
teaching and learning mathematics in various ways. In particular, in examinations,
students are expected to use graphing calculators to graph a given function, solve
an equation exactly or approximately, solve a system of linear equations, find the
approximate value of a definite integral, locate maximum and minimum points and
find the approximate value of a derivative at a given point (MOE 2007). More details
regarding the effects of the graphing calculator are discussed in Chap. 14.

The above examples illustrated how the ICT Initiative has widened the choices
of tools and platforms that mathematics teachers may employ to better achieve con-
ceptual understanding and procedural skills fluency. Thus, the initiative enriched the
pathways to better realize both the concepts and skills aspects of the SMCF.

Unveiled in 2015, the fourth ICT masterplan mp4 aims to nurture ‘future-ready
and responsible digital learners’ with the productive and efficient use of ICT in
support of the total curriculum in order to deepen subject mastery and develop the
twenty-first-century competencies (MOE n.d.b). Its focus is on deepening learning
through quality ICT-enabled learning and design, addressing cyber-wellness issues,
developing newmedia literacies and sharpening the use of ICT in teaching practices.
It serves a greater mission to prepare our nation’s only natural resource—people,
to be ICT-savvy besides having subject-specific knowledge. This helps to further
realize the development of the 21CC within the mathematics classrooms, providing
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further impetus to the realization of the attitudes, process and metacognition aspects
of the SMCF.

The four ICT masterplans have collectively set the direction for schools to plan,
design, implement and evaluate ICT-integrated mathematics curriculum.

3.2.4 Overall Impact of the Three Education Initiatives

In the above examination of the impact of the three education initiatives on the
School Mathematics Curriculum, it is clear that the curriculum was modified and
refined but not displaced. In fact, the CCT Initiative and the NE Initiative appear to
provide the necessary contexts for the refinement and clarifications, while the ICT
Initiatives expanded and enriched the pathways towards realizing the curriculum. In
fact, Lee (2008, 2015) observed that the SMCF, developed in the 1980s, has remained
steadfast, undergoing only minor changes resulting from the numerous curriculum
reviews undertaken to date. This is in part due to the rigour and robustness of the
philosophy and principles underlying the decisions made about what mathematics
education should equip students within the SCMF.

3.3 Textbooks and the Intended Mathematics Curriculum

A chapter on the intended mathematics curriculum would be incomplete without a
discussion on the role of textbooks as they contain and communicate the intended
School Mathematics Curriculum (Schmidt et al. 1997). In fact, Ang (2008) used the
word ‘textbook’ and ‘curriculum’ interchangeably as reflected by the high occurrence
of ‘textbook (curriculum)’ in the article. It seems that she saw textbook as equivalent
to curriculum. She even further elaborated with an example in primary mathematics:

When the new ‘part-whole’ model method was introduced in the syllabus, textbooks were
specifically designed to incorporate this and its associated teaching approaches and strategies.
(p. 81)

This is not surprising as textbooks in Singapore must be formally approved by
MOE before they could be adopted by schools.

When the Problem-Solving Mathematics Curriculum was first implemented in
1992, primary mathematics textbooks continued to be produced by MOE based on
the materials developed by CDIS in the 1980s (see Chap. 2). However, mathemat-
ics textbooks for secondary schools were published by commercial publishers. As
pointed out in Chap. 2, for the mathematics curriculum that was implemented in
2001, both the primary and secondary mathematics textbooks were all produced by
commercial publishers. Despite the involvement of the commercial publishers in
the production of the mathematics textbooks, MOE continues its rigorous process
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of vetting these books for alignment with the intended curriculum, involving both
mathematics teachers and curriculum specialists in the process.

As Singapore has consistently performed well in TIMSS since 1995, Singapore
mathematics textbooks have also been of interest to researchers around the world.
Oates’ (2014) policy paper reported that Singapore mathematics textbooks clearly
conveyed key concepts, provided systematic learning progression, included a vari-
ety of examples and applications and encouraged learner reflection. The paper also
opined that while textbooks in Singapore had to be approved MOE, the textbooks
did not dictate teachers’ teaching styles. Instead, teachers used textbooks in different
ways: teachers might ask their pupils to read the text in class or at home and then
discuss the main concepts as a whole class. Some teachers used the textbooks as
a guide when structuring their lessons and others selected assessment items from
the textbooks for the pupils to attempt. The policy paper also reported that 70% of
students in Singapore had mathematics teachers who used textbooks as a basis for
instruction, as evidenced from TIMSS 2011.

From the perspective of the SMCF, Low (2011), as part of his master’s study,
investigated the extent that the framework is represented in secondary school text-
books. In the study, Low and two other coders analysed chapters categorized under
the topic algebra in a Secondary Three Mathematics textbook used in Singapore.
They coded sections of the chapters according to the five aspects of the SMCF. Of
the contents coded, 31.5% were classified as concepts, 44.4% as skills, 11.7% as
processes, 3.1% as attitudes, 7.4% as metacognition. Although there are limitations
to the study, especially when it only examined the teaching of algebra, the study did
show that all the five aspects of the framework were represented to a certain extent
in the textbook selected. However, the glean of the distribution of the coded content
across the five aspects of the SMCF raise another pertinent issue on the intended
curriculum—Is it important, reasonable or even sensible to discuss about what is
the ideal distribution of such codes across the five aspects of the SMCF from the
perspective of the intended curriculum?

3.4 Conclusion: National Versus School Intended
Mathematics Curriculum

In this chapter, we have presented the intended School Mathematics Curriculum
from the perspective of the national curriculum. Singapore has a national School
Mathematics Curriculum, and the philosophy, principles, goals and objectives are
articulated through the curriculum documents which were produced by and dissem-
inated by MOE and that this chapter has made reference to (MOE 1990a, b, 2000a,
b, 2006a, b, 2012a, b, c, 2015).

Olivia (2013) observed that models of curriculum development are generally
deductive or inductive. Deductive models of curriculum development proceed ‘from
the general (e.g. examining the needs of society) to the specific (e.g. specifying
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instructional objectives)’, as pointed out byLunenburg (2011a). Tyler’s (1949) classic
work is an excellent example of a deductive model of curriculum development. The
way nation building in Singapore has impacted the national School Mathematics
Curriculum, as presented in this chapter, also shows that it follows the deductive
model of development. In fact, Lunenburg (2011a) also noted that most curricular
makers adhere to the deductive approach of curriculum development as it allows the
broader needs of society to be addressed. With Singapore being a young nation, a
deductive approach would help ensure necessary changes to the education system
are effected to meet nation-building needs (Lee 2008).

However, as Singapore enters into an ability-based, aspiration-driven phase
(1997–2011) (see Chap. 2), there is a greater focus on the development of the indi-
vidual student. In fact, in response to the ‘Teach Less LearnMore’ (TLLM) Initiative
mentioned in Chap. 2, Lee (2014) reported that many school teachers have embarked
on a number of interesting school-based curriculum innovations, with generous sup-
port from MOE, to cater to the specific needs of the students in their respective
schools. Furthermore, under the earlier mentioned Minister Heng’s vision of ‘Every
School A Good School’ for the values-based, student-centric phase of the Singapore
education system (see Chap. 2), ‘schools have been resourced to offer customized
programmes … Different schools also offer a variety of programmes to develop the
varied interests and abilities of their students’ (MOE n.d.c). All these school-based
curriculum innovations and programmes appear to be more aligned with an induc-
tive approach, where the process starts with the actual ‘development of curriculum
materials and leading to generalization’ (Lunenburg 2011b). As Lunenburg (2011b)
noted, such an approach has incorporated ‘a postmodern view of curriculum, because
they are temporal and naturalistic’.

Lee (2014) observed that the centrally controlled nationalmathematics curriculum
coupled with school-based mathematics curriculum innovations and programmes
have created a new mathematics curriculum that is evolving in Singapore schools.
This new intended School Mathematics Curriculum ‘starts with the actual devel-
opment of curriculum materials to target the specific needs of the pupils from the
respective schools, but that is also aligned with the national mathematics curriculum’
(Lee 2014). The approach taken to the development of such a mathematics curricu-
lum appears, as Lee (2014) proposed, to be a mixed model one—one containing the
elements of both the deductive and inductive models.
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Chapter 4
The Enacted School Mathematics
Curriculum

Yew Hoong Leong and Berinderjeet Kaur

Abstract This chapter comprises three sections. In the first section, we make ref-
erence to the previous chapter on “The intended school mathematics curriculum”.
We broaden the discussion to the age-old question of bridging the intended–enacted
curriculum gap. Here we draw on the international literature corpus to highlight how
this gap is faced everywhere before coming back to the Singapore setting—with
her unique challenges and affordances. In the second section, we draw on multi-
sites research projects that are of scale on how mathematics is taught in Singapore
classrooms and map the way mathematics is taught across a number of Singapore
schools with a view of representing broadly the enacted curriculum. While these
larger scale research can be seen as giving us a broad overview—the “airplane” view
of Singapore mathematics teaching—the next section can be regarded as zoomed-in
views of specific sites where the research focuses on how various contextual ele-
ments come into play to render the carrying out of curricular goals of teaching in
actual classrooms challenging. We do this by drawing on classroom research studies
of relatively small scale that reveal interesting complexities that are too fine-grained
in the bigger studies. We end this section with a description of a current research
project that draws upon both these lenses of looking at enactment. We conclude the
chapter by reflecting on the question: Is there a distinctly “Singapore pedagogy”?
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4.1 Introduction

In Chap. 3, we are presented with a discussion of the Singapore intended school
mathematics curriculum. In this chapter, our attention shifts to the enacted school
mathematics curriculum. They are distinguished by both the framers of the curricu-
lum and the place where the curriculum is accessed. For the intended curriculum,
the principal framers are policy-makers—normally in consultation with other stake-
holders—and they are found in curricula documents and textbooks; as to the enacted
curriculum, the framers are mainly the teachers and the arena of enactment is the
classrooms that these teachers conduct their instructional work. These two ways of
viewing curriculum are now commonly adopted in the literature (e.g., Seitz 2017).

That there are studies on alignment of curricula (Porter 2002) presupposes that
curricula, such as the intended curriculum and the enacted curriculum, are not fully
aligned. The closing of this “gap” between the curricula is seen as a continual dialogic
work-in-progress: the intended curriculum provides an explication of the vision for
schools and teachers to work towards; research on the enacted curriculum informs
the ongoing work of curriculum revisions towards nearness to practice.

We acknowledge that there are other perspectives of “curricula”, such as the
experienced curriculum (curriculum as experienced from the point of view of stu-
dents, distinguished from the curriculum perceived to be enacted by the teacher),
assessed curriculum (such as expressed in high-stakes examination, which may be
distinguished from both the intended curriculum and the enacted curriculum), and
even “unofficial curriculum” (which includes teaching and learning that takes place
outside the spatial and temporal bounds associated with the formal curriculum).
However, the focus of this chapter is on the “enacted school curriculum”, and we
define it as the curriculum that has its place of enactment located primarily in the
mathematics classroom andwhere claims of enactment are based on evidence arising
from research.

The PISA 2009 data showed that Singapore was first among 18 countries when
it came to the proportion of students who had private tuition. Forty-three per cent of
students who were tested said they had one-on-one tuition while in primary school.
But they did not do any better than those with no tuition in the PISA test (OECD
2010). The usefulness of tuitionwas called into question, in the Singapore parliament
by members in September 2013. Responding to questions, Senior Minister of State
(Law and Education) Indranee Rajah said that Singapore’s education system is “run
on the basis that tuition is not necessary”. For students who need additional support,
comprehensive levelling-up programmes are in place to ensure students develop a
good foundation in English and mathematics. At the same time, teachers provide
remedial and supplementary classes on top of community tuition schemes such as
those run by self-help groups (Straits Times 2013). Her view is supported by a
2005 exploratory study on secondary students in Singapore, which found that tuition
might be counterproductive (Cheo and Quah 2005). Cheo and Quah noted that the
high prevalence of tuition does not indicate a lack of confidence in the education
system as it could simply be a consequence of an increased climate of competition.
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A survey of 500 parents conducted by Nexus Link for the Straits Times (Davis 2015)
found that only a third agreed that tuition actually pulled up academic performance
of their children by a noticeable extent.

Due to a lack of substantial research on how out-of-school private tutoring has
contributed towards the enactment of the schoolmathematics curriculumor continues
to do so, for the rest of this chapter, we focus on studies conducted by Singapore
researchers on the enacted mathematics curriculum in schools by teachers.

4.2 The Enacted School Mathematics Curriculum: Seen
from Broad Categories

We start the review with the work done by Kaur and Yap (1997) undertaken as part
of the KASSEL project. This study is the first of its kind in Singapore in terms
of an attempt to systematically inquire into “what actually goes on in mathematics
lessons?” across a rather large sample of lessons. Prior to this, the answer to this ques-
tion is largely based on anecdotal evidences or self-reflection of one’s instructional
practices.

The researchers developed a lesson observation sheet whichwas used to record the
happenings of 43 secondary mathematics lessons. Predetermined categories such as
“teacher exposition”, “teacher demonstration”, “direct question”, “seatwork” were
used to code the lesson happenings.Based on these categories, narrativeswerewritten
for each lesson.The conglomerated image that arose from thesenarrativeswas that the
teachers’ predominant mode of instruction was presentation of knowledge through
explaining and demonstration. They placed emphasis on procedures, answers, accu-
racy more than concepts and processes. Seen through the school mathematics cur-
riculum framework (see Chap. 2, Fig. 2.6), it appeared that the teachers were heavy
on “skills” but light on “concepts” and “processes”. The study did not directly address
“attitudes” and “metacognition” although the researchers recorded observations that
both teachers and students seemed enthusiastic about participating in the activities
in the classroom. Overall, the apparently skill-biased instruction in the classes was
interpreted as consistent with an examination-oriented culture (Kaur and Yap 1998),
especially when common examinations had heavier assessment weighting on the
skills component (Leong 2008).

A study by Chang et al. (2001) may be considered to be the first that utilized
substantially video-recorded mathematics lessons and investigated the pedagogical
practices of four Grade 5 mathematics teachers. For each teacher, a lesson was
recorded.Teacherswere also interviewedabout their lessons. Itwas found that lessons
were mainly teacher directed with two-thirds of the lesson time devoted to teacher
talk and a third to student work (individually or group work). Student talk consisted
of answering teacher-initiated questions or seeking clarifications. The tasks enacted
during the lessons mainly encouraged comprehension and application of knowledge.
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Furthermore, classwork and homework focused mainly on the development of skills
and use of knowledge to complete routine tasks and prepare for examinations.

Ho and Hedberg (2005) studied the pedagogical practices of three Grade 5 math-
ematics teachers using a similar approach as Chang et al. (2001). They found that the
practice of the teachers centred around explaining concepts, demonstrating skills and
engaging students in practice of mathematical tasks to hone skills and application
of concepts to solve word problems. It was apparent that teachers were teaching for
problem-solving and emphasis was placed on preparation for periodic examinations
of the schools.

Another study on actual classroom practices was by Kaur and her colleagues as
part of the Learner’s Perspective Study (Kaur and Loh 2009). The method used in
this study differed from the previous research in these significant ways: (1) instead of
observing a single lesson from each teacher, a whole suite of 10 lessons per teacher
was recorded as representative of the instructional mode of the teacher. Due to this
heavy investment of resources on one teacher, the study limited the data collection
on three secondary teachers; (2) instead of basing the analysis on classroom observa-
tion, video records of all lessons were used; (3) apart from parsing the instructional
sequences of the teachers into broad categories, there were zoomed-in analyses into
the nature of discourse during whole-class instructional segments; (4) the selected
teachers were deemed by the community as experienced and competent.

The results of this study did not at first look different substantially from the
results of the earlier studies in that these teachers were found to remain highly com-
mitted to the goal of skill acquisition in the students; however, there were further
insights uncovered:Kaur (2009) reported that the three teachers proceeded systemati-
callymainly in cycles of “whole-class demonstration”, “seatwork”, and “whole-class
review of students’ work”. The contents within cycle and across adjacent cycles were
linked and usually formed a gradual build-up of mathematical complexity. In other
words, the image that emerged from these competent teachers is one of deliber-
ate tight-knitting of content development packed together using the familiar class-
room activities of teacher explanation, students’ practices, and feedback; moreover,
although the mode of instruction can be seen as predominantly teacher-centred, there
were intentional drawing upon students’ actual work (including errors) as resources
to build upon whole-class discussions.

The stereotype of the Singapore mathematics classroom as one where the teacher
focuses on helping students attain proficiency of prescribed procedures appears fur-
ther supported by the project undertaken by Hogan and his colleagues (Hogan et al.
2013a, b). The methods adopted by this project differed yet again from the earlier
studies: in setting out to map the instructional work of mathematics teachers by using
a nationally representative sample, the scope of data collection included 120 classes
across 32 secondary schools. A student survey, focused on students’ perceptions of
instructional practices in mathematics, was used and 1166 students in these schools
completed it.

The scales that recorded high means corresponded to the types of instructional
practices characterized as “Traditional Teaching” (3.69 out of 5) and “Direct Instruc-
tion” (3.67). The descriptors of these modes include familiar categories such as use
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of exercises from textbooks and worksheets, repeated practice for fluency, focus on
examination preparation, and clear organization of content.

However, the researchers also reported a relatively highmean (3.38) for “Teaching
for Understanding (TfU)”, as well as high correlations among these three categories.
The descriptors for TfU include focus on understanding, monitoring of students’
understanding and use of quality questions by the teacher. The data set collected did
not include “the full range of exchanges that takes place in the classroom… and the
relationship between the modes …” (Hogan et al. 2012, pp. 171–172) which would
potentially contribute to explaining the seeming incoherence between TfU and the
other instructional modes.

Nevertheless, these results pressed the researchers to re-examine conventions such
as the sharp separation between teaching for skills and teaching for conceptual under-
standing, and the necessity of dialogic talk (of the kind that engages students in
prolonged genuine inquiry, and which appears rare from the students’ data) for TfU.

To be sure, these revisionary ideas that challenge (1) the traditional modes of
teaching as necessarily ineffective in achieving more ambitious goals of teaching
and (2) the very image of “traditional teaching” as being monolithically focusing
on “drill-n-practise” are shared by other writers (e.g., Leung 2001; Putnam et al.
1990) and have arisen in part against the backdrop of high performance of East
Asian (including Singaporean) students in international comparison studies such as
TIMSS and PISA.

Going further, we think that simplistic castings of instructional approaches as
being “traditional teaching”, “direct instruction”, “teaching for understanding” (and
others) do not capture the complexity of teaching (Lampert 2001). Quality teach-
ing can be a complex mix-and-match of different instructional forms whose choice
is dependent on various factors and competing priorities. This point is eloquently
expressed by Kilpatrick et al. (2001):

Much debate centers on forms and approaches to teaching: ‘direct instruction’ versus
‘inquiry,’ ‘teacher-centred’ versus ‘student-centred,’ ‘traditional’ versus ‘reform’. These
labels make rhetorical distinctions that often miss the point regarding the quality of instruc-
tion. Our review of the research makes plain that the effectiveness of mathematics teaching
and learning does not rest in simple labels …. Moreover, effective teaching—teaching that
fosters the development of mathematical proficiency over time—can take a variety of forms.
(p. 315)

In summary, the earlier research on the enactment of the Singapore mathematics cur-
riculum presented an overall image of classroom work that is strategically directed
towards preparing students for examination. It was done in a way that did not lower
demands for students’ understanding and conceptual development. Perhaps, due to
the methods and analytical tools used in these studies, it remains unclear how Sin-
gapore mathematics teachers manage these seemingly opposing goals in a coherent
manner. To complement this broad-grained view of the enactment of themathematics
curriculum obtained through these reviewed studies, we now turn to studies that trade
scale (in terms of the number of participating schools) with more in-depth analyses
into the work of teaching mathematics.
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4.3 The Enacted Mathematics Curriculum:
Zoomed-in Views

Developing from a common metaphor of teaching as a “balancing act” (e.g., Wood
et al. 1995), Leong and Chick (2007) studied the tensions of juggling multiple goals
of teaching in the classroom. These goals include reasoning towards mathematical
formula, helping students to be less reliant on the teacher for answers, teach every
student, cover syllabus and keep to time. Undertaking the task as teacher–researcher,
the first author presented zoomed-in analyses of various junctures—in what might
occur to an outside observer as non-problematic moments—where he experienced
irreconcilable conflicts among worthy goals of teaching. He summarized the work
of balancing goals:

Despite careful planning beforehand to carry out those goals in practice, the actual occur-
rences during classroom instruction produced situations that caused some goals to appear
in competition with each other. Those conflicting priorities posed serious challenges to the
work of teaching. Nevertheless, at points when I needed to suppress some goals, it was not
to abandon the whole act; rather, the giving up of a goal was to allow other goals to be met
so that I could still proceed with the lesson (p. 62).

Following up on this study, Leong and Chick (2011) examined further the particu-
lar challenge of Singapore (and presumably, settings in other jurisdictions that are
similarly committed) where there is pronounced pressure to prepare students to mas-
ter vast amount of mathematical content given limited curriculum time. The analysis
undertaken revealed that seemingly insignificant insertions into an alreadygoal-dense
instructional plan could actually trigger a chain of tensions in lessons that resulted
in unintended departures from the original hypothetical learning trajectories.

These studies provided useful insights into answering the “why” of the enactment
of themathematics curriculum in Singapore. From the perspective of analysing teach-
ing as an attempt to fulfil the goals of instruction, we explore the view that Singapore
mathematics teachers are pragmatic when considering classroom teaching: they are
less tied down to theoretical models of teaching; rather, their primary focus is to
structure lessons in such a way as to support the achievement of their intended goals.
In other words, their classroom work is goal-based rather than tightly adhering to
a particular theoretical pedagogical model. This may partially explain the difficulty
of previous model-based approaches (using categories such as “Traditional Teach-
ing” and “TfU”) at determining a dominant single mode of instruction. Perhaps,
Singapore mathematics teachers do not see themselves nor structure their instruc-
tional work according to any particular standard classification; they are led by “what
works” for them. By this is meant the motivation to harness whatever tools that are
necessary—even when others may view them as derived from theoretically divergent
sources—to get “the job” (that is, of fulfilling the goals of teaching) done.

Moreover, the practical work of teaching is indeed tension-filled due to com-
peting and sometimes conflicting goals. This coheres with the “paradoxical” image
mentioned earlier about how the enactment of the curriculum can appear merely
skill-oriented and yet can “result” in high student performances, including tasks
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that are considered requiring high-order thinking. From the zoomed-in studies, we
see that while the teacher could not “solve” the conflicting-goals problem at those
moments when they occurred (such as between teaching a skill and encouraging
reasoning, and so might have to temporarily suppress the latter), yet he persevered
with teaching, keeping some of the abandoned goals in mind at the background—so
that he could find opportunities at a later juncture within a module to carry them out.
This perspective of “enactment” is missed out in most broad-grained studies partly
due to the choice of “unit of analysis”. In most earlier studies that seek to parti-
tion lesson activities into natural episodes of classroom happenings, (1) the “lens”
is too broad-grained to capture the fine-grained acts of the teacher—perhaps within
temporal duration of seconds—which he uses to fulfil other goals of teaching apart
from the ones coded at the broad level; (2) the generic labels used to categorize these
episodes (such as “Teacher demonstration”) does not provide the trajectory for inter-
unit tracing of goal development and hence teachers’ attempt at backgrounding goals
in one unit and then foregrounding these goals in another unit becomes invisible in
the process of analysis.

We think that both the views of enactment—the broad categories and the in-
depth examination—are complementary: the former gives the zoomed-out picture
and the latter the zoomed-in nuances. Metaphorically speaking, we see different
things when the same object is viewed from an aerial shot as compared to a macro-
capture. But both are needed in providing a more rigorous study of the enactment of
the mathematics curriculum in Singapore. We now turn to an ongoing project that
draws upon these two “lenses”.

4.4 The Enactment Project

Amore detailed description of the project is found in Kaur et al. (2018).We provide a
brief summary here. The main goal of this research project is to examine the enacted
curriculum of experienced secondary school teachers. The project aims to focus
on “the instructional core” (City et al. 2009) of Singapore mathematics teaching.
By “core” is meant the nature of instructional practice that is determined by “the
relationship between the teacher, the student, and the content—not the qualities
of any one of them by themselves” (City et al. 2009, pp. 22–23). Aligned to the
study of this core, the project is about the interactions between secondary school
mathematics teachers and their students. It also examines the content through the
instructional materials used—their preparation, use in classroom, and as homework.
In other words, the project can be seen as comprising of two-related studies: Study
1—Pedagogies adopted by experienced mathematics teachers when enacting the
curriculum; and Study 2—Experienced secondary school mathematics teachers’ use
of instructional materials for the enactment of the curriculum. This project is also
the first to be classified as “programmatic” by the Office of Educational Research
at the National Institute of Education, Singapore. It is programmatic in that it goes
beyond the scope of a narrow research agenda—in the case of this project, it aims
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to draw from the data, analyses and findings of both Study 1 and Study 2 to address
the bigger challenge of mapping the enacted mathematics curriculum.

There are six main research questions within the scope of Study 1:

• How do experienced mathematics teachers introduce concepts to students or
engage students in constructing concepts?

• How do experienced mathematics teachers engage students in developing fluency
with skills in computing or manipulating mathematical tasks?

• What are themathematical processes commonly emphasizedby experiencedmath-
ematics teachers?

• How do experienced mathematics teachers facilitate the development ofmetacog-
nitive strategies amongst their students?

• How do experiencedmathematics teachers imbue desired attitudes for the learning
of mathematics amongst students?

• What are the perceptions of students about good mathematics lessons?

As highlighted by the italicized words, the first five questions correspond to the five
sides of the school mathematics curriculum framework in the intended curriculum.
It directly addresses how—and what factors influence—teachers respond in class to
enact these five emphases of the curriculum. The last question covers the perception
of the enactment from the students’ point of view.

With respect to Study 2, there are three main research questions:

• How do experienced teachers select instructional materials for use in their lessons
preparation and/or classroom work?

• What are the experienced teachers’ guiding principles as they modify the selected
instructional materials?

• What are the characteristics of instructional materials that will fulfil the twin
objectives of (i) helping experienced teachers enact worthy instructional goals of
teaching mathematics and (ii) helping students improve desirable outcomes?

These questions presuppose that mathematics teachers draw heavily from base mate-
rials (such as textbooks) in preparation for lessons but they do not merely offload
from these sources, they intentionally modify them (Brown 2009) into a form that
is classroom ready (that is, into “instructional materials”) that fulfil their instruc-
tional goals of the respective lessons. Also, as in Study 1, the third question in Study
2 reveals the commitment to examine research objects not just from the teachers’
perspective, but also in relation to how they impact the students in the classes.

Methodologically, this project draws upon the techniques used in previously
reviewed studies mentioned in the earlier sections in order to develop both the
zoomed-out view and the zoomed-in perspectives. It used both a video segment and a
survey segment, where the survey segment is dependent on the findings of the video
segment. The methods guiding the video segment of the study is influenced by the
complementary accounts methodology developed by Clarke (2001) and widely used
in the study of classrooms such as in the previously discussed Learner’s Perspective
Study. This methodology recognizes that only by seeing classroom situations from
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the perspectives of all participants (teachers and students) can we come to an insight
into the motivations and meanings that underlie their participation.

The project is currently at the data collection phase. The video segment is expected
to involve the recording of lesson units of some thirty competent teachers taken
across the whole spectrum of school types in Singapore. In the context of the project,
a competent teacher is defined as one who has taught a same course of study for a
minimum of 5 years, and one who is recognized by the professional community as
being effective in the teaching of mathematics. Selected students from the classes
taught by these teachers will also be interviewed. For the survey segment of the
project, some 600 secondary school mathematics teachers, purposefully sampled
and representative of the profile of mathematics teachers in Singapore secondary
schools, will be expected to take part. The findings from the video segment will
shape the contents of the survey.

4.5 A Singapore Pedagogy for Mathematics Lessons?

Closely related to the study of the enacted mathematics curriculum is the question
of whether there is a discernible distinctive Singapore way of teaching mathematics;
or, is there a Singapore pedagogy? This question can also be seen as being inspired
by the findings of the TIMSS Video Study as reported in Stigler and Hiebert (1999).
They presented three portraits: the US classroom, the German classroom, and the
Japan classroom, arguing that it ismeaningful to speak of a xxx classroom (where xxx
stands for a well-defined geographical region) as if there is a single portrait because,
while there are definitely variations in how mathematics is taught in each country,
this variation is small compared to the variations across countries. Following this
argument, it seems natural to ask, “Is there a Singapore mathematics classroom?”

In the context of the strong performance of East Asian countries in TIMSS and
PISA, a related question would be whether it is more appropriate to consider the
commonalities among high-performing East Asian classrooms instead of merely
looking for distinctives within each country. Leung (2001), for example, suggested
the notion of an East Asian identity.

The answer is in part—again—to dowith the degree of zoom inwhichwe view the
enactment situation. If one is content with putting classroom instructional work into
boxes like “performative orientation”, “teacher domination”, or “traditional teach-
ing”, then these labels would perhaps describe in common language the East Asian
“pedagogy”. However, as we have argued repeatedly in this chapter, these broad-
grained strokes do not tell the whole story—including critical pieces of the story—of
what goes on in the minds and actions of the teachers and the students. And, it is for
the reason of doing justice to the enacted curriculum—in all its complexity—that
recent research efforts, including the ongoing enactment project as described in the
previous section, are directed. [More details of the enactment project and examples of
distinctive features of the Singaporemathematics classroom are provided in Chap. 16
and will not be repeated here].
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5.1 Introduction

The turn of the twenty-first century saw a global movement to building SMART
nations, nations where people are empowered by technology to lead meaningful and
fulfilled lives, and technological advancements in Engineering. Responding to this
worldwide trend, universities began re-looking at ways of equipping their graduates
to meet the expanding demands in the areas of Science, Technology, Engineering
and Mathematics (STEM), and hence a re-emphasis on STEM education. As the
vehicular language for Science, Technology and Engineering, Mathematics as an
academic subject is of central importance, starting from primary, through secondary
and pre-university, and culminating at tertiary education. With regards to this recent
movement towards STEM education, theMinistry of Education in Singapore (MOE)
has stipulated in the official document of the mathematics syllabus at the Advanced
Level that ‘H2 Mathematics is designed to prepare students for a range of university
courses, including mathematics, sciences, engineering and related courses, where a
good foundation in mathematics is required. It develops mathematical thinking and
reasoning skills that are essential for further learning of mathematics.’ The focus of
this present chapter was on this further learning of mathematics—tertiary mathemat-
ics education. More precisely, we describe how Singapore is moving beyond school
mathematics. We expound on this aspect in the ensuing three sections.

A discussion of the changes in the way mathematics have been taught at the
tertiary level in Singapore can never begin without tracing the relevant parts of
the major changes that occurred in the Singapore mathematics syllabi at the pre-
university level, i.e. A-level mathematics taught in junior colleges and centralised
institutes. MOE constantly tapped on expert advice from junior college teachers
and university professors regarding the reshaping and re-crafting of the mathematics
syllabi at the A-level. We begin Sect. 5.2, with a brief chronological recount of the
significant education policies introduced at different junctures of time that directly
brought about the changes in theA-levelMathematics syllabi. These changes are then
analysed through the lens of curriculum orientation—in this case, it represents a shift
from scholar academic to social efficiency. This critical analysis provides insight into
how Singapore, as a young nation, endeavours to equip the next generation of her
citizenswith the needful twenty-first century life-skills, amongstwhichmathematical
competencies take central status.

With the chronicle of the changes in the mathematics syllabus landscape at the
A-level as the backdrop, in Sect. 5.3, we zoom into the microscopic aspects of the
pre-university mathematics education in Singapore that have direct bearings on the
way mathematics will be taught and learnt at the tertiary level. Here, we focus on
two specific domains. The first domain deals with the H2 Mathematics syllabus
implemented by MOE. Further equipping students to study mathematics at a more
rigorous level is one key area that MOE has identified at A-level. Students who
are mathematically inclined and capable are encouraged to take up Mathematics at
Higher 3 level, which aims to develop their advanced mathematical problem-solving
skills, mathematical reasoning and communication skills through mastery of precise
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mathematical language. In Sect. 5.3.1, we examine the implementation of the H3
Mathematics syllabus, following the revamp of the GCEA-level curriculum byMOE
in 2006.More specifically, we exhibit the various options available to students taking
H3 Mathematics, such as modules offered by the National University of Singapore
(NUS), the Nanyang Technological University (NTU) and MOE, and describe the
syllabi and content coverage of thesemodules, as well as major changes in the syllabi
by MOE.

The second domain concerns MOE’s designation of certain schools that provide
specific learning to students in certain niche-areas—with particular emphasis on
mathematics and science. In Sect. 5.3.2, we give an example of such a niche-area
school—the NUS High School of Mathematics & Science (NHSMS). In particular,
we look at how education strategies deployed in NHSMS achieves her vision and
mission statement.

Section 5.4, the climax of this chapter, is where we compare and contrast the
different ways tertiary mathematics education has evolved in selected local univer-
sities. Traditionally, professors delivered mathematics lessons at the tertiary level in
lecture-cum-tutorial style. However, in recent years, many mathematics departments
worldwide moved from teacher-centric didactics to student-centric pedagogies. We
interviewed seven professors from three different mathematics departments of the
aforementioned local universities and provide some insight into the new ways of
teaching university mathematics with special focus on Singapore context. Finally, in
Sect. 5.5, we conclude with what lessons can be gleaned from the narrative we have
presented so far with regard to the tertiary education landscape.

5.2 Changes in A-Level Mathematics Syllabi in Singapore

An in-depth exploration of the changes that have taken place in the Singapore ter-
tiary mathematics education so far makes sense only if we understand what changes
had taken place in the education experience of students prior to their enrolment into
university mathematics courses. This is clear since one aim of the A-level H2 Math-
ematics is to enable students ‘to acquire mathematical concepts and skills to prepare
for their tertiary studies in mathematics…’ (MOE 2017a, p. 2).

Through the years, MOE has been conscientious in revising the A-level Math-
ematics syllabi to keep up with national and global issues, needs and trends. It is
important for us to trace this journey to elucidate the major revisions in order to
ascertain the landscape of issues and trends affecting the curriculum orientation, i.e.
what is valued by the Singaporean society, which underpins the curriculum decisions.
Here, curriculumdecisions include content selection, high-stake examinations, scope
and sequence of scheme of work, and classroom teaching and learning experiences.
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5.2.1 A Brief Chronicle of Major Educational Policies
that Shaped A-Level Mathematics Landscape

Since the 1990s, several significant education-related initiatives have impacted the
A-level mathematics curriculum. These initiatives are detailed in Chaps. 2 and 3
of this book. Table 5.1 gives an overview of the initiatives and their impact on the
A-level Mathematics syllabi.

5.2.1.1 Thinking Schools Learning Nation (TSLN) and Teach Less
Learn More (TLLM)

Responding to the Thinking Schools Learning Nation (TSLN) initiative, the MOE
undertook a fundamental review of the school curriculum and assessment system to
allow for the development of creative thinking and learning skills required for the
future. To achieve this, an important step was taken to reduce the amount of content
knowledge that the students needed to learn so that both teachers and students can
free up more time to engage in activities that develop the aforementioned skills (e.g.
Project Work). An outcome of this content reduction in the A-level Mathematics
curriculum was the Mathematics Syllabus 9233 which took its final form in 2001
after its 1999 interim version was phased out.

In 2002, the Junior College (JC)/Upper Secondary Education Review committee
was set up to look into a major reshaping of the pre-university education landscape
in the junior colleges and centralised institutes. While the aforementioned review
was in progress, another independent and major education initiative the ‘Teach Less
Learn More’ (TLLM) was introduced by MOE in 2005.

Independently, but happening in parallel to the JC/Upper Secondary Education
Review, the development of the new A-level syllabi took place and was largely
completed by the end of 2004. These new A-level syllabi took effect in 2006. In
order to broaden the learning experience of the student, the notion of a contrasting
subject came into being—it refers to a content-based subject taken outside a student’s
main area of specialisation. Under the new system, subjects are offered at either H1,
H2 or H3 level. H2-level subjects are equivalent to the previous A-level subjects in
terms of demand and intellectual challenge but would have their content reduced
to free up the curriculum time for contrasting subjects and non-academic pursuits.
H1-level subjects can be seen as half of their H2 counterparts in terms of curriculum
time. For a subject taken at the H3 level, specific H3 programmes are offered to allow
academically exceptional students to pursue that subject or area in which they have
passion and aptitude. Unlike the previous Special Papers (commonly known as ‘S’
Papers),H3programmes run on a separate syllabiwhich gobeyond theH2 syllabi.We
shall elaborate on the various H3 Mathematics programmes in Sect. 5.3.1. Notably,
a majority of the A-level students sit for examinations under the H2 Mathematics
Syllabus 9740.
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Table 5.1 Initiatives since 1990s and their impact on the A-level Mathematics syllabi

Initiative General description Syllabus change

TSLN (Thinking Schools,
Learning Nation), 1997

Lifelong learning, collective
tolerance for change, schools as
learning organisations, students
develop both lower and higher
thinking skills and processes

Mathematics 9205 changed to
Mathematics 9233 (Interim),
1999

ICT Masterplan I (mp 1),
1997

Equip schools with ICT
hardware, LCD projector in
every classroom, whole school
networking, ICT use in 30%
curriculum time

• Graphing Calculators (GCs)
were introduced in A-level
mathematics and used in the
2001 Further Mathematics
(FM) 9234 (Revised)
‘GC-neutral’ examination

• Mathematics 9233 (Interim)
changed to 9233 (Revised),
2001

Review of Junior College
(JC)/Upper Secondary
Education, 2002

Reviewing at, both the macro
and the micro levels, the
curricula of all subjects for
Junior College

The development of the 2006
A-level curriculum took place
parallel to the Junior College
(JC)/Upper Secondary
Education Review and was
largely completed by 2004

ICT Masterplan II (mp 2),
2002

Integrate ICT with curriculum
design, student-centred learning
environment, evaluation of the
use of ICT in education

GCs are used for teaching and
learning as well as assessment,
i.e. in the H2 Mathematics
(9740) examinations

TLLM (Teach Less, Learn
More), 2005

New A-level curriculum, 2006
• Broader and more flexible JC
curriculum

• Subjects offered at H1, H2 or
H3

• Contrasting subjects for H1
and H2

• Mathematics 9233 (Revised)
changed to H2 Mathematics
9740

• Removal of the subject
Further Mathematics 9234

ICT Masterplan III (mp
3), 2009

Transforming the learning
environment, a continuum of
mp1 and mp 2

SMART Nation, 2014 Making full use of new
technologies to develop
sustainable and innovative
solutions, not just to run the
place better but to make a
difference to people’s live

A re-emphasis on STEM
education

(continued)
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Table 5.1 (continued)

Initiative General description Syllabus change

ICT Masterplan IV (mp
4), every school a good
school, 2012–2015

4 every’s in MOE education
initiatives:
• Every School a Good School
• Every Student an Engaged
Learner

• Every Teacher a Caring
Educator

• Every Parent a Supportive
Partner

• H2 Mathematics 9740
changed to H2 Mathematics
9758
– Twenty-first century
competencies (e.g. creative
and inventive thinking)

– Re-emphasis on STEM
education

– Focus on ‘disciplinarity’;
constructivist pedagogies

• Reintroduction of the subject
Further Mathematics 9649

Aligning with the call for a more broad-based education, Further Mathematics
9234 was removed in 2005. Expert advice from the syllabi review and steering
committees was sought to decide which essential topics in Further Mathematics
were to be included in the H2 Mathematics Syllabus 9740, and which topics in
Mathematics Syllabus 9233 were to be removed (and in some instances, moved to
O-level Additional Mathematics) to create sufficient space for the additional topics.
Strictly speaking, the change from 9233 to 9740 involvedmore intricate restructuring
of topics so that coherence of the new syllabus was ensured.

5.2.1.2 Information and Communications Technology Masterplans
and SMART Nation

The Information and Communications Technology (ICT) Masterplans are described
in Chap. 3. There are four altogether. A significant impact ICT Masterplan I (mp
1) had on the A-level mathematics curriculum was the introduction of the use of
Graphing Calculators (GCs), i.e. hand-held scientific calculators that have facilities
for plotting graphs, computing terms of sequences, solving equations and performing
other tasks with variables or simple data structures, e.g. lists. GCs were first allowed
in examinations for the Further Mathematics 9234 (Revised) syllabus in 2001, where
it was maintained that the question items were set to be ‘GC-neutral’, meaning that
students who used GCs would have no absolute advantage over those who did not.
ICT Masterplan II (mp 2) advanced the role of GCs in the teaching and learning
of A-level mathematics. Since 2006 GCs became a mode of assessment under the
H2 Mathematics Syllabus 9740 in that ‘the examination papers will be set with the
assumption that candidates will have access to GCs. As a general rule, unsupported
answers obtained from GCs are allowed unless the question states otherwise. … For
questions where graphs are used to find a solution, candidates should sketch these
graphs as part of their answers.… if there is written evidence of using GCs correctly,
method marks may be awarded’ (MOE 2017c, p. 3).
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The SMART Nation initiative in Singapore was launched by her Prime Minis-
ter Lee Hsien Loong during the 2014 National Day Rally (Lee 2014). It called for
Singaporeans to be empowered by technology to lead meaningful and fulfilled lives
through technological advancements in Engineering. This brought about a renewed
focus on STEM initiatives. The timely development of ICT Masterplan 4 (mp 4), in
2015, supported the impetus to develop life-skills and competencies relevant to the
twenty-first century. In particular, the interconnection among the disciplines of Sci-
ence, Technology, Engineering and Mathematics (STEM) now takes central stage,
and the nation’s education system must gear itself towards equipping the next gen-
eration with STEM-related knowledge.

5.2.1.3 Every School a Good School

Beginning in 2012, the MOE set a new goal in education to provide every child with
the opportunity to develop holistically and maximise his or her potential; and to do
that, MOEmust ensure that ‘every school is a good school’. What then makes a good
school? Over four Ministry of Education Work Plan Seminars from 2012 to 2015,
MOE rolled out in stages the four ‘every’s:

(i) Every school a good school. A good school cares for its students, studying
and knowing the needs, interests and strengths of her students and motivates
them to learn and grow. The call for ‘every school to be a good school’ was
first formalised by Minister of Education, Mr. Heng Swee Keat, in 2012 and
subsequently expanded into the following three aspects (ii), (iii) and (iv) (Heng
2015).

(ii) Every student an engaged learner. A good school ensures all students acquire
strong fundamentals of literacy and numeracy and develops them holistically,
in character, knowledge and critical competencies. A good school creates a
positive school experience for each student,makinghimaconfident and lifelong
learner.

(iii) Every teacher a caring educator. A good school has caring and competent
teachers who are steadfast in their mission to impact lives.

(iv) Every parent a supportive partner. A good school has the support of parents
and the community, working together to bring out the best in our children.

Bearing in mind the importance of a STEM-based education as well as cater-
ing for a wider variety of students’ needs and interests, MOE created in 2016 an
expanded suite of A-level syllabi including, in particular, Further Mathematics. The
H2 Further Mathematics Syllabus 9649 is specifically designed for ‘students who
are mathematically-inclined and who intend to specialise in mathematics, sciences
or engineering or disciplines with higher demand on mathematical skills. It extends
and expands on the range of mathematics and statistics topics in H2Mathematics and
provides these students with a head start in learning a wider range of mathematical
methods and tools that are useful for solving more complex problems in mathemat-
ics and statistics’ (MOE 2017a). To better engage learners and to immerse them in
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authentic and relevant learning, H2 Mathematics and Further Mathematics syllabi
included two new components, one is assessed in the ‘A’-level examinations and
the other to augment the ‘examinable’. The part which will be assessed in the ‘A’-
level examinations appears in the form of Problem in Real-World Contexts (PRWC),
where real-world situations are mathematised via suitable mathematical models and
question items are designed to allow students solve problems pertaining the given
real-world situation. The augmenting component targeted to enhance teaching and
learning is Learning Experience, where students are immersed into meaningful dis-
cussions, giving them appropriate platforms in which they actively reason and com-
municate their understanding of concepts. Learning experiences typically manifest
as lessons designed to make connections between ideas in different topics, between
abstract mathematics and real-life applications, and between mathematics and other
disciplines. An exemplar of learning experience created by and for teachers’ use is
given in the Appendix; it illustrates the relevant mathematical content knowledge
that connects two different topics in the Mathematics 9758 Syllabus. It is hoped that,
through learning experiences, students may learn to form their own understanding of
concepts independently before these are formally taught to them. The detailed record
of all content adjustments that took place in A-level mathematics syllabi from 1997
to 2017 can be found in Ho and Ratnam-Lim (2018).

5.2.1.4 Some Concerns Raised by Junior College Teachers

Having discussed the major education initiatives put forth by the MOE and how
these initiatives have shaped the A-level Mathematics curriculum, we now turn to
look briefly at what some experienced JC teachers have to say about the curriculum
changes that occurred in the period 1997–2017. For the purpose of this chapter, we
only focus on the comments that have implications on tertiarymathematics education.
Though the sample of JCs teachers is small, they are holding or have held middle-
leadership roles (e.g. level heads, head of departments) in JCs during the stated
period, and hence, their views on the syllabi changes are definitely representative of
the views of most JC teachers. Each participating teacher answered a questionnaire
pertaining to the A-level mathematics syllabi changes and their perceived outcomes.
We present, in summarised form, the data we obtained:

• Is there a real need for changes in the A-level mathematics syllabi? If so why?

All the participants of the interview expressed that there is a genuine need to have
timely change in the syllabi. Moreover, they listed some criteria to consider as far as
syllabi changes are concerned:

I think the syllabus should change according to the changing needs. Beauty, suitability,
relevance and applicability are some parameters for consideration when deciding on the
content of the syllabus.

Yes. To respond to changes occurring in the world such as technological advances.
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• Describe the changes that you see in the learning outcomes of the students over
these years of changes in the syllabus.

Some teachers perceived that the changes in the learning outcomes of their students
were generally positive, i.e. they are beneficial to the students’ academic develop-
ment:

The changes made to the syllabus over the last few years made the learning of mathematics
more relevant to the student by relating it to the real-world contexts. The implementation of
‘Learning Experience’ and the introduction of ‘Application Questions’ in the examination
aim to achieve this goal.

Some teachers held different opinions:

I do agree thatmathematics should be seen as an effective tool in solving real-world problems
but I also do not discount the fact that studying mathematics should be an end itself. That is,
mathematics should be pursued regardless of whether it has potential for applications. But it
almost always turns out that some obscure piece of mathematics holds the key to the answer
of some deeper questions in science.

No mathematical rigour. Can be seen from their [students’] work. Poor algebraic skills.
Students are mostly performance-driven.

• Sum up your experience/opinions concerning the changes in A-level mathematics
syllabi over the stated period.

JC teachers are also concerned whether the content reduction in the A-level Mathe-
matics syllabi may result in weakening students’ mathematical content knowledge,
and thus, whether students will be ready for learningmathematics at the tertiary level.
Here are some of their voices:

I think the H2 Math syllabus should provide opportunities for students to think logically
and articulate mathematically. One area where students can develop these good qualities is
‘Proofs’. I am actually saddened that Mathematical Induction has been removed from the
H2 Math syllabus. Mathematical Induction is an important tool in proving mathematical
statements.

Students can also appreciate the beauty of this technique and its logical foundation. It’s
a beautiful piece of mathematics. I feel that some of the ‘proofs’ in the current H2 Math
syllabus are not rigorous enough. For example, to ‘proof’ that a function is 1-1, one uses the
horizontal line test which is incorrect.

Mechanics is another subject which in my opinion lends itself perfectly to mathematical
modelling and applications in real-world contexts. It also has cross-disciplinary interaction
with Physics.

I strongly maintain that traditional pure mathematics topics like ‘Group Theory’ should be
brought back to the ‘A’ level FM syllabus to let students have a taste of handling mathe-
matical proofs and understanding what a mathematical structure is. This idea of structure in
mathematics is an important one and permeates almost all branches of mathematics – Group
structure,Measure Spaces, Normed Spaces, and Topological Spaces etc. are all mathematical
structures.

I remember the Math B and Further Math B syllabus I did as a student have given me a
strong foundation to study mathematics in the university. I can’t really say the same about
our current syllabus.
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Experienced JC teachers also showed concern towards the deteriorating standards
of mathematical content knowledge of JC teachers in the current state as well as in
the future, and this observed phenomenon may have implications on JC teachers’
competencies and professional development.

Removal of FM results in loss of expertise, experience and resources in higher math.

Many of the ex-FM teachers have retired or just teaching H2Math due to small candidature.

The quality of teachers’ knowledge is lacking – content, assessment, etc. There are gaps
which the teachers cannot see themselves, and they wonder what is wrong. It seems to be
getting worse.

Re-introducing FM – seems to place more emphasis on engineering, and hence engineer-
trained teachers are teaching FM.

While the JC teachers’ feedback and concerns from their implementation of the
various revised A-level Mathematics syllabus are genuine and truthful, we need to
remain objective in understanding the current situation of the A-level mathematics
syllabi and the readiness of the next generation of Singapore mathematics learners to
progress beyond the school mathematics. To achieve this objectivity in our analysis,
we must acquaint ourselves with relevant and established curricular theories. The
framework we choose is the spectrum of curriculum ideologies as presented by
Schiro (2013), and in Sect. 5.2.2, we follow closely his interpretation of the central
curricular ideologies. In Sect. 5.2.2, we analyse the shifts of curricular orientation
that Singapore A-level Mathematics experienced from 1997 to 2017 so as to better
understand how well Singapore students are equipped for learning mathematics at
tertiary level.

5.2.2 Curriculum Ideologies

We give a brief introduction of the four main curriculum ideologies below: Scholar
Academic, Social Efficiency, Learning Centred and Social Reconstruction. For each
ideology, wherever possible, we tease out those syllabi aims of the different ‘A’-level
Mathematics Syllabi over the past two decades, which will provide evidence for the
presence of influence of that ideology.

5.2.2.1 The Scholar Academic Ideology

Scholar academics advocate that the human culture has amassed a body of important
knowledge which has been organised into academic disciplines institutionalised
in universities. Education, hence, is aimed at inducting young children into the
system of acquisition of such knowledge, i.e. the different academic disciplines.
An academic discipline is perceived to be a hierarchy of people in search of truth
and knowledge. The top comprises scholars who discover new truths, i.e. university
professors and researchers, the middle teachers of the discipline who disseminate
the truths discovered by the scholars and the bottom school students whose responsi-
bility is to learn the truth so as to become more proficient members of the academic
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community. Mathematics as a long-established discipline requires of its learners a
specific disciplinarity—the way a mathematician think and the way a mathematician
works—the very characterisation of the practices of a working mathematician. The
aim of education in mathematics, according to the Scholar Academic ideology, is
to equip young members of the mathematical discipline with the disciplinarity of
mathematics, moving them from the bottom (primary mathematics) towards the top
(tertiary mathematics) of the aforementioned hierarchy.

Regarding thinking and working, both the 9205 and 9233 Syllabi are explicit
about the need for clarity in thinking, and accuracy and carefulness in working in
the wording of the syllabus aims:

[item (c), 9205] encourages clear thinking and accurate working;

[item (6), 9233] develop their [students’] ability to think clearly, work carefully and …;

Additionally, both these syllabi highlight logic and coherence as important aspects
of the mathematical disciplinarity:

[item (g), 9205] develops a logical and coherent view of mathematics;

[item (4), 9233] appreciate mathematics as a logical and coherent subject with rich inter-
connections;

All theMathematics Syllabi (9205, 9233, 9758) emphasised on the upwardmove-
ment of youth members of the mathematics discipline from the school level to the
university level, and this is evidenced in the explicit statements found in their respec-
tive syllabus aims:

[item (d) & (e), 9205] provides as much as possible of the mathematics necessary for the
student’s concurrent study at A-level; provides a suitable foundation for beginning a degree
level course in mathematics or a related discipline;

[item (9), 9233] acquire a suitable foundation for further study of mathematics and related
disciplines;

[item (a), 9758] acquire mathematical concepts and skills to prepare for their tertiary studies
in mathematics, sciences, engineering and other related disciplines;

5.2.2.2 The Social Efficiency Ideology

The Social Efficiency Ideology advocates that the purpose of schooling is to effi-
ciently meet the needs of the society by training its youth to function as future
mature contributing members of society. Skills and procedures needed at workplace
and at home are deemed as of paramount importance to ensure productive lives and
to perpetuate the functioning of society.

Through the lens of Social Efficiency Ideology, mathematics learnt in schools
must be functional and useful at the workplace. Thus, certain fields of mathematics
at the tertiary level that are inclined towards this ideology include financialmathemat-
ics, engineering mathematics, econometrics, mathematical biology and operations
research methods; all of these have a natural tendency to be interdisciplinary and
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focus more on real-life applications. As the emphasis shifts towards STEM educa-
tion, one observes that the changes in the ‘A’-level Mathematics Syllabi lean towards
the applicability of mathematics at the workplace.

[item (h), 9205] presents at least one major area of application of mathematics—either
particle mechanics or probability and statistics—so that students can see examples of the
usefulness of mathematics in the real world;

[item (8), 9233] appreciate how mathematical ideas can be applied in everyday world;

In order that mathematics learnt at school is truly functional at the workplace,
the entirety of skills related to applicability to real-life situations must be realised by
effective social interactions and output, i.e. collaboration, communication and inven-
tion. Traces of this social efficiency aspect can be found in the ‘A’-level Mathematics
Syllabi:

[9740] produce imaginative and creative work arising from mathematical ideas; develop
abilities to reason logically, to communicate mathematically, and to learn cooperatively and
independently; and make effective use of variety of mathematical tools (including informa-
tion and communication technology tools) in the learning and application of mathematics;

[9758] develop thinking, reasoning, communication and modelling skills through a mathe-
matical approach to problem solving;

5.2.2.3 The Learner Centred Ideology

TheLearner Centred Ideology anchors itself on the needs and concerns of the individ-
ual learners. Thus, the goal of education is the growth of individuals, each in harmony
with his or her own unique intellectual, social, emotional and physical attributes. In
the lens of Learner Centered Ideology, the emphasis shifted from personal enjoyment
to a holistic experiential appreciation of the subject over the recent years.

[9205] develops further the mathematical knowledge of students in a way that encourages
confidence and provides understanding and enjoyment;

[items (1)-(2), 9233] develop further their understanding of mathematics and mathematical
processes in a way that encourages confidence and enjoyment; develop a positive attitude to
learning and applying mathematics;

[9740] develop positive attitudes towards mathematics;

[9758] experience and appreciate the nature and beauty of mathematics and its value in life
and other disciplines;

Alreadymentioned in Sect. 5.2.1.4, ‘Learning experiences’ are explicitly incorpo-
rated into the 9758 Mathematics and 9649 Further Mathematics Syllabi to promote
such an experiential appreciation of Mathematics in the classroom.

5.2.2.4 The Social Reconstruction Ideology

The Social Reconstruction Ideology comes from a social perspective in that it
assumes that the current state of the society is unjust and plagued with certain soci-
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etal problems such as racial, ethnic, gender or economic inequalities, or some form
of threat to the society. To resolve these societal problems, Social Reconstruction
Ideologists advocate education is the way to facilitate the construction of a new and
more just society that offers maximum satisfaction of its members.

Although Singapore has enjoyed many years of social peace and harmony under
the leadership of a corrupt-free and efficiency government, the perpetuation of social
justice and stability must never be taken for granted, especially given the current
volatile world trends and rampant terrorist threats. Staying vigilant and ready to
respond towards potential crisis and threats to Singapore’s survival, the education
systemmust be robust and quick enough to respond to changing demands, constantly
positioning Singapore at the competitive front. Top-quality education is the only way
to safeguard Singapore’s regional competitiveness and social stability, and this must
be available not just to a few elite schools but every school in Singapore—whence,
‘every school a good school’ (see Sect. 5.2.1.4). Although no part of the ‘A’-level
Mathematics Syllabi articulates the young nation’s uncompromising stand for social
justice or stability, it is the subtle insistence on the virtues of diligence, persistence
and resilience to be developed in students during their course of the mathematical
training that nurtures these students to be ready in times of crisis in the future.

5.2.3 Analysis of the Changes in the A-Level Mathematics
Syllabi Based on Curriculum Orientations

Scanning through the evolutionary history of the ‘A’-level Mathematics Syllabi, one
observes a gradual but clear change in curriculum orientation, namely from Scholar
Academic, through Social Efficiency to Learner Centred. Other than the statements
of the syllabi aims, the actual changes in the selection and alignment of topics found
in each syllabus revision witness this change in curriculum orientation. Here, we
focus on three major ‘A’-level Mathematics syllabus revision which resulted in three
different syllabi: (R1) Revised 2001 Mathematics Syllabus (9233), (R2) 2006 ‘A’-
levelMathematics Syllabus (H2 9740) and (R3) 2016 ‘A’-levelMathematics Syllabus
(H2 9758). Since Further Mathematics was withdrawn as an ‘A’-level subject from
2006 to 2016, we choose to focus on the syllabi change occurring for Mathematics
(and not Further Mathematics) as our main purpose is to highlight the shift in the
syllabi orientation throughout a continuous time interval.

5.2.3.1 Revised 2001 ‘A’-Level Mathematics Syllabus (9233)

As mentioned earlier, the MOE TSLN initiative pushed forward the reduction in
content to provide schools with more time to incorporate more thinking activities
and infuse ICT into lessons. This content reduction ‘movement’ supports the view
that MOE began to value the higher-order cognitive processes in teaching and learn-
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ing across all subjects, departing from the old Scholar Academic stance. The most
notable change was a substantial removal of trigonometry from the syllabus (e.g.
general solution of trigonometrical equations, etc.). Graphing Calculators (GCs) was
introduced to Further Mathematics students, though it was maintained that exami-
nation questions in the ‘A’-level Further Mathematics paper were ‘GC-neutral’, i.e.
students who used GCs would have no unfair advantage over those who did not. The
use of GCs was in line with the ICT Masterplans mentioned in Sect. 5.2.1.2 as well
as to expose students to the use of a powerful computational tool. In order to create
a greater flexibility of choice of topics for the students, the assessment format in
the ‘A’-level examination changes: an ‘Either-Or’ option was available for the last
question of Paper 1. This first syllabus revision spells the first step of departure from
Scholar Academic, emphasising usability and learner-centredness.

5.2.3.2 2006 ‘A’-Level Mathematics Syllabus (H2 Mathematics 9740)

Emphasis was placed on solving real-world problems, and activities including com-
munication about the mathematics involved in solving a problem and interpretation
of the solution in the context of the problem were encouraged. GCs took up a more
significant role in teaching and learning of ‘A’-level Mathematics in the classrooms,
and crucially GCs had since been officially required in the examinations. In the sec-
ond wave of content reduction, significantly more topics were removed from the
syllabus (see Table 5.2); with regards to assessment, this reduction resulted in no
question choice in the examination format. At this stage, the curriculum orientation
for Mathematics at ‘A’-level was then steering towards the Social Efficiency Ideol-
ogy, where applicability of mathematics in the real world, e.g. at the workplace, in
the community, etc., is emphasised.

Table 5.2 Da Vinci programme structure

Year Course item Requirement

1 and 2 Creative thinking Participate in activities that stimulate creative thinking

3 and 4 Independent Research
Studies

Complete a Research Methodology module; encourage
to work on a research project under the guidance of a
teacher-mentor; have the option to participate in
external research programmes at universities

5 and 6 Advanced Research
Project in either
Mathematics or Science

Completed within 9–18 months, dependent on the
nature of the project, including at least two weeks of
full-time research to be mentored by professors at
leading research institutions, universities or
polytechnics; research project must be showcased at
the annual Research Congress held in March; possible
grades received: distinction, merit, pass or fail
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5.2.3.3 2016 ‘A’-Level Mathematics Syllabus (H2 Mathematics 9758)

An expanded suite of syllabi, with H2 Further Mathematics, was introduced to give
students more options to choose from, thus catering better to their diversified needs.
An emphasis was placed onmathematical processes such asmathematical reasoning,
mathematical modelling and communication. Learning experiences, which are stated
in the syllabus, are instituted to positively influence the ways teachers teach and how
students learn so that curriculum objectives can be achieved. It is stated explicitly
in the revised syllabus that teachers are also encouraged to use pedagogies that are
constructive in nature. At this stage, we witness a shift of the curriculum orientation
from Social Efficiency to Learner Centred Ideology.

5.3 Preparing for Tertiary Mathematics Education
at Schools

The analysis given in the previous section provides insight into how education system
is moving towards, the general ‘big’ direction. Now we are ready to see whether our
findings and deductions account for the ways Singapore prepare her students for ter-
tiary education, in our interest area—tertiary mathematics education. In this section,
we look at these preparatory processes in two ways: H3 Mathematics syllabus and
its implementation, and the set-up of niche-area schools—a case study of NHSMS.

5.3.1 H3 Mathematics Syllabus and Its Implementation

With the revamp of the A-level curriculum in 2006, H3Mathematics was introduced
to provide opportunity for students who have an exceptional aptitude and passion
for mathematics to pursue it at a higher level than that of H2 Mathematics. Students
offering H3 Mathematics have several options available to them. They can choose
to read the mathematics module Linear Algebra I or Numbers and Matrices offered
by NUS or NTU, respectively; undertake research projects supervised by academic
staff from NUS or NTU; or read H3 Mathematics offered by MOE.

The module Linear Algebra I offered by NUS to pre-university students taking
it as a H3 module is also a regular module that is offered to NUS undergraduates,
and is taught by NUS lecturers. It is a typical first course in linear algebra which
covers systems of linear equations, matrices and matrix algebra, vector spaces and
linear transformations. In contrast, the module Numbers and Matrices offered by
NTU was specially designed as a H3 module for pre-university students. It covered
basic number theory, and basic linear algebra topics such asmatrix algebra and vector
spaces, and was taught by NTU lecturers.
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We shall now focus on the H3 Mathematics offered by MOE. Since its imple-
mentation in 2007, the MOE H3 Mathematics syllabi have undergone minor and
major changes. Even though the syllabi have changed over the years, the focus of
MOE H3 Mathematics has been to develop students’ abilities to solve non-routine
problems and write mathematical proofs. The students are expected to develop their
fluency with mathematical language and notation, and the concepts of proposition
and its converse, contrapositive and inverse. They also need to have knowledge of
the different methods of proof. In terms of content coverage, there has been a shift
from new additional content on top of H2 Mathematics to content that builds on the
knowledge acquired in H2 Mathematics. We elaborate below the H3 Mathematics
syllabi and the changes since 2007.

5.3.1.1 2007 ‘A’-Level Mathematics Syllabus (H3 Mathematics 9810)

There were four topics, namely, Differential Equations, Plane Geometry, Graph The-
ory and Combinatorics. While Differential Equations, Combinatorics built on the
topics of differential equations and permutations and combinations in H2Mathemat-
ics, and Plane Geometry expanded on plane geometry topic in ‘O’-level Additional
Mathematics, Graph Theorywas a completely new content that was not related to any
topic in H2 Mathematics. From past examination papers, it was apparent that Graph
Theory and Plane Geometry were used asmedium to develop students’ mathematical
reasoning and proof-writing skills, while Combinatorics focus on honing students
problem-solving skills through applyingbasic principles of counting to solve avariety
of counting problems. On the other hand, the emphasis of Differential Equations was
on analytical and numerical methods of solving first-order differential equations, and
its applications in modelling population dynamics. The examination paper consisted
of two sections: Section A, which contained four questions on Differential Equations
totalling 40 marks, and candidates had to answer all the questions; and Section B,
with two questions on each of Plane Geometry, Graph Theory and Combinatorics,
and candidates were required to answer any four questions, with each question worth
14 marks. There were 4 marks allocated for the clarity of presentation.

5.3.1.2 2010 Revised ‘A’-Level Mathematics Syllabus (H3 Mathematics
9810)

A notable change in this revised syllabus was the removal of Plane Geometry. Other
than this, there were not much changes in the syllabi of Differential Equations, Graph
Theory and Combinatorics, except that digraphs and tournament were removed from
Graph Theory. There were no significant changes to the examination format, except
that candidates had to answer all questions in Section B, with two questions on each
of Graph Theory and Combinatorics, and each question still worth 14 points.
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5.3.1.3 2013 ‘A’-Level Mathematics Syllabus (H3 Mathematics 9824)

This syllabus represented a significant change in content coverage from Syllabus
9810, as Graph Theory was no longer included. In its place were topics from H2
Mathematics: Functions and Graphs, Sequence and Series, and Calculus. The other
two topics from Syllabus 9810, namely, Combinatorics and Differential Equations,
were still in this syllabus, though the latter had been renamed as Differential Equa-
tions as Mathematical Models. The topics in Combinatorics and Differential Equa-
tions as Mathematical Models remained largely unchanged from Syllabus 9810,
although second-order homogeneous linear differential equations and mathematical
models of vibrating springs had been added in the latter. As noted earlier, the content
built on knowledge acquired in H2 Mathematics, but in greater depth and breadth.
There were also notable changes to the examination format. The examination paper
consisted of eight questions of varying lengths and marks, with three questions on
each of Functions and Graphs and Differential Equations, and two questions from
Combinatorics, and candidates were required to answer all questions. Nomarks were
allocated for clarity of presentation.

5.3.1.4 2017 ‘A’-Level Mathematics Syllabus (H3 Mathematics 9820)
(MOE 2017b)

With the introduction of Further Mathematics, most topics in Differential Equations
in the previous H3 Mathematics syllabi are now covered in Further Mathematics.
Therefore, Differential Equations no longer features prominently in this syllabus and
is subsumed under the broad topic of Functions, which also includes graphs, symme-
tries, derivatives and integrals. The other broad topics in this syllabus are as follows:
Numbers, Sequences and Series, Inequalities and Counting. Comparing with Syl-
labus 9824, the topic on Numbers is new. Although it is new additional content,
the amount of materials it covers is substantially less than that in Graph Theory in
Syllabus 9810. Further, Numbers builds on the topics of prime and composite num-
bers and greatest common divisor in secondary mathematics. Nevertheless, students
need to learn the formal definitions and properties of divisibility, prime numbers
and greatest common divisors, as well as new concepts on congruence and modular
arithmetic. That said, the content of Numbers is elementary and well-suited to serve
as a means for students to learn mathematical reasoning and proofs. There are also
changes to the examination format. The examination paper will consist of eight to ten
questions of different lengths, with each question worth 8–16 marks, and candidates
will be expected to answer all questions. The scheme of examination paper does not
spell out how many questions there are for each broad topic.
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5.3.2 A Case Study of a Niche-Area School: NUS High
School of Mathematics and Science

The NUS (National University of Singapore) High School of Math and Science
(NHSMS, for short) is a specialised independent high school in Singapore offering a
six-year Integrated Programme (IP) leading to the NUS High School Diploma. The
school offers a highly accelerated mathematics and science curriculum integrated
with language, arts, humanities, sports, in a modular system. It is estimated that
about 90% of its graduates have pursued Science, Technology, Engineering and
Medicine-related courses in University.

5.3.2.1 Academic Curriculum

Although the NUS High School is an Integrated Programme school, which means
students need not take the O-levels, it does not offer A-level or International Bac-
calaureate programmes, unlike other Integrated Programme schools in Singapore.
In place of these, an NUS High School Diploma is conferred onto her graduates,
and this diploma is recognised by all universities both locally and worldwide by
virtue of its high level of academic rigour that is comparable to the above-mentioned
qualifications. What makes NHSMS a niche school is its accelerated curriculum for
mathematics and science curriculum. Honours courses in the Specialization Stage
for mathematical and scientific disciplines are offered to further stretch the academic
abilities of able students beyond the already-accelerated curriculum.

The graduation requirement for the NUS High School Diploma mandates that the
students take Mathematics and at least two science subjects (including computing
studies) at the major (basic) level in the Advancement Stage. Students are given the
option to read a fourth subject from any subject group (sciences, humanities and the
arts), and take any math/science subject at the honours level. In addition, students
must complete an Advanced Research Project under the school’s Da Vinci Research
Programme. This is amandatory research curriculum programme that every NHSMS
student must go through. The Office of Research, Innovation and Enterprise is the
primary body responsible for developing and implementing this research curricu-
lum, with the programme structure given below in Table 5.2. In their senior years,
students are encouraged to sit for Advanced Placement and Scholastic Assessment
Test (SAT) examinations for credits for admission into foreign universities. Note that
these additional sittings of examinations are not part of the graduation requirement.

Talent programmes are a central hallmark of a student’s school experience at NUS
High School. Apart from the Da Vinci Programme, four other specially featured tal-
ent programmes include (IP) InternationalisationProgramme (exchange programmes
with other math and science schools, Summer Academic Programmes), (E+P) Ein-
stein+Programme (academicmentorship byNUSProfessors, Olympiad training pro-
gramme), (SP) Socrates Programme (for talented students in the humanities) and
(AAP) Aesthetic Appreciation Programme.
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Table 5.3 Different undergraduate mathematics programmes offered by universities in Singapore

Conferring university College/department Programme title Duration of
candidature

Nanyang Technological
University (NTU)

National Institute of
Education (Mathematics
and Mathematics
Education Academic
Group)

BA/BSc (Ed) 4 years

School of Physical and
Mathematical Sciences
(division of
mathematical sciences)

B.Sc./B.Sc. (Hons)
[Mathematical Sciences]

4 years

National University of
Singapore (NUS)

Department of
Mathematics

B.Sc. (Hons) with Major
in Mathematics (MA)

4 years

Singapore University of
Social Sciences (SUSS)

School of Science and
Technology

B.Sc. Mathematics 3 years

5.4 Tertiary Mathematics Education in Singapore

At the time of writing this chapter, there are three universities in Singapore offering
mathematics at undergraduate level under different programme titles (see Table 5.3).
Note that Nanyang Technological University offers two distinct Bachelor of Science
degree programmes under the School of Physical and Mathematical Sciences and
the National Institute of Education, respectively (Table 5.5).

5.4.1 Programme Structures

5.4.1.1 Nanyang Technological University/National Institute
of Education (NIE)

We point the reader to Chap. 15 (Sect. 15.4.1) for the detailed programme structure
for B.A/B.Sc. (Ed) offered by NIE. In that section, the reader will also find more
information about the distinctive quality of the NIE undergraduate programme, i.e.
teaching and learning of tertiary mathematics, unlike the other programmes men-
tioned herein, is guided and shaped by the pedagogical principles as advised by the
mathematics educator colleagues of the Mathematics and Mathematics Education
Academic Group.
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5.4.1.2 Nanyang Technological University/School of Physical
and Mathematical Sciences (SPMS)

Based on a social efficiency orientation, the curriculum for the undergraduate math-
ematics programme in NTU/SPMS is designed with the objective of equipping the
graduate with rigorous training needed for the new economy. The approach is also
backed up with the belief for continual lifelong learning so that the graduates can be
adaptive individuals that can contribute towards the society. Both breadth and depth
in knowledge and competencies are emphasised: breadth in knowledge and compe-
tency in useful skills such as communication as well as depth in knowledge domains
rooted to the discipline of mathematics that is required of a mathematics major. For
theMajor inMathematical Sciences (MAS), students will be trained in analytical and
reasoning skills, together with problem-solving skills, through the acquisition of rig-
orous mathematical concepts. Additionally, undergraduate mathematics students are
trained in computing, technical communication, and exposed to the interdisciplinary
nature of mathematics, especially with other disciplines such as biology, computer
science, economics and finance. Deeper investigations in the subject can be taken up
by students via special courses, supervised independent study and research projects.

Given the broadness of mathematical sciences, four distinct tracks: (1) PureMath-
ematics, (2) Applied Mathematics, (3) Statistics and (4) Business Analytics, which
are offered within the Major in Mathematical Science, cater to the varying interests
of students. The summarised programme structure of MAS is given in Table 5.4.

For the purpose of comparison, we look more closely at the courses offered for
Track (1) Pure Mathematics only (see Table 5.5).

Table 5.4 Summarised Programme Structure for MAS (NTU/SPMS)

Courses AU Remarks

MAS Core Courses for all track 48

MAS Core Courses for a specific track
(Pure Math/Applied Math/Statistics)

11

MAS Prescribed Electives for a specific
track, including project (Pure
Math/Applied Math/Statistics)

25 A grade of A− or better in the Final
Year Project (MH4900, 8 AU) is
compulsory for the award of Honours
(Highest Distinction)

GER: General Elective Requirement
GER Core Courses
GER Elective Courses

12
15

Unrestricted Electives 21

Total 132

AU—Academic Unit



5 Beyond School Mathematics 87

Table 5.5 Courses overview for MAS Track (1) Pure Mathematics

Year/courses AU

Year 1

Calculus I & II, Linear Algebra I & II, Foundations of Mathematics, Discrete
Mathematics, Algorithms and Computing I & II

27

Year 2

Calculus III, Groups and Symmetries, Algorithms & Computing III,
Probability and Introduction to Statistics, Real Analysis I, Ordinary
Differential Equations

21

One core course of Track (1) 3–4

Year 3

Two core courses of Track (1) 7–8

Prescribed electives of Track (1) See below

Year 4

Prescribed electives of Track (1) See below

Note A grade of A- or better in the Final Year Project (MH4900, 8 AU) is
compulsory for the award of Honours (Highest Distinction)

Track in Pure Mathematics (1)

Courses offered

Core courses: Complex Analysis, Knots And Surfaces: Introduction To
Topology, Abstract Algebra

4/4/3AU

Prescribed electives:
List 1: Real Analysis II, Algebraic Topology, Differential Geometry,
Continuous Methods
List 2: Number Theory, Abstract Algebra II, Set Theory and Logic, Algebraic
Methods
List 3: Coding Theory, Cryptography, Combinatorics, Discrete Methods,
Algorithms and Theory of Computing, Algorithms for the Real World
List 4: Final Year Project, Professional Internship

4 AU each
8AU/11AU

AU—Academic Unit

5.4.1.3 National University of Singapore/Department of Mathematics

The B.Sc. (Hons) with Major in Mathematics (MA) is advertised as the flagship
major that any leading university of the world is obliged to offer. The objective of the
programme is to expose students to all the important areas of mathematical knowl-
edge including algebra, logic, number theory and combinatorics, real and complex
analysis, differential equations, geometry and topology with focus on mathematical
foundations and fundamental techniques. The prerequisite to the programme is a
pass in the ‘A’-level H2 Mathematics; a lack of basic background may be made up
for by reading a certain ‘bridging’ module pegged at Module Level 1000.

To graduate with a B.Sc. (respectively, B.Sc. (Hons)) with primarymajor inMath-
ematics, a student must complete a total of 120 (respectively, 160) Modular Credits
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Table 5.6 NUS B.Sc./B.Sc. (Hons) programme degree requirement

Module
level

Major requirements Cumulative
MCs

1000 Fundamental concepts of Mathematics or Discrete Structures
Linear Algebra I, Calculus, Programming Methodology

16

2000 Linear Algebra II. Multivariate Calculus, Mathematical
Analysis I
Algebra I, Probability
One additional module from List II, III, IV

40–44

3000 Mathematical Analysis II, Complex Analysis I,
Two modules from List MA3
Pass one additional module from List III, IV

60–66

4000 Honours Project in Mathematics
Four modules from List MA4
Pass one additional module from List IV

92–98

Lists II, III and IV are not available on the public domain

List MA3: Algebra II, Set Theory, Mathematical Analysis III, Ordinary Differential Equations,
Introduction to Number Theory, Introduction to Fourier Analysis

List MA4: Galois Theory, Mathematical Logic, Functional Analysis, Partial Differential
Equations, Complex Analysis II, Measure and Integration, Topology, Differential Geometry of
Curves and Surfaces

MC—Modular Credit

(MC) of courses, inclusive of 20 MC of university requirements, 4–8 (respectively,
4–12) MC of faculty requirements, 60–66 (92–98) MC of major requirements and
26–36 (respectively, 30–44) MC of free electives. Furthermore, the major require-
ments in Table 5.6 must be satisfied.

5.4.1.4 Singapore University of Social Science (SUSS)/The School
of Science and Technology

The SUSSmathematics programme offers graduates a rigorous and broad foundation
in the three main pillars of pure mathematics, appliedmathematics and statistics. The
programme aims to have her graduates explore in greater depth any of a combination
of these three important pillars via a range of elective courses that includes abstract
algebra, financial mathematics, mathematical modelling, mathematics in computing,
mathematical logic, number theory, probability and statistics.

An interesting and seemingly attractive feature of the programme in SUSS is that
all foundational mathematics is re-examined and reviewed within the compulsory
core Level 1 mathematics courses. This facilitates anyone who meets the general
university entry requirementwith an interest in learningmathematics to be eligible for
the programme; in particular, an ‘A’-level pass inH2Mathematics is not a prerequisite
of the BSc Mathematics programme.
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To graduate with a basic degree, students are required to complete a total of 130
Credit Units (CU) of courses, inclusive of 10 CU of university core courses. The
breakdown of the CU’s to be completed for the BSc Mathematics programme is as
follows: (1) 70 CU of Compulsory Courses; (2) 50 CU of Elective Courses; and (3)
10 CU of University Core Courses. The curriculum has a three-tier structure. Level
1 courses comprise a basic suite of four courses covering all aspects of foundational
mathematics and statistics. Level 2 courses consist of a set of core courses in pure
mathematics, applied mathematics and statistics that will prepare students for higher
level mathematics courses, together with a number of elective courses in financial
mathematics, mathematics in computing and computer programming in C++. Level
3 courses consist of a collection of advanced elective courses such as graph theory,
complex analysis, optimisation, logic, number theory and applied probability, where
students can choose courses to suit their own interests and abilities.

5.4.2 University Professors’ Viewpoints on the Changes
in Tertiary Mathematics

It is not our purpose here to compare the different programme structures of the above
lists of undergraduate degree programmes since we trust that it is the substance of
the programme rather than its structure which makes the difference in the quality
of programme. Here, the ‘substance of the programme’ is characterised by the man-
ner and quality of the teaching and learning that take place in the undergraduate
mathematics courses offered under each programme. Based on this view, we believe
it is more meaningful to interview professors, seven in total, who have taught or
are currently teaching mathematics courses offered under these programmes in the
aforementioned three universities. It is hoped that their responses will offer insights
into the way tertiary mathematics is imparted to the mathematics majors by these
interviewees. Our ensuing analysis of the interview data uses a qualitative approach.
Admittedly, the small number of professors yields data that are far from being repre-
sentative of the general approach taken at the respective universities. Nevertheless,
what we compromise for numbers we make up by the rich teaching experience of
these professors—the minimum being 12 years; the maximum 57 years. Table 5.7
summarises the profiles of the seven interviewees, whomwe label as Professors A-G.

In the remaining of this subsection, we shall summarise the information gathered
from the interview data based on the inputs of the professors we interviewed. The
information is categorised accordingly to (a) the major changes in tertiary mathemat-
ics education system and their objectives and (b) the future of tertiary mathematics
education, with special focus on whether schools students are ready to read mathe-
matics at university level and/or to become mathematicians.
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Table 5.7 Profiles of the seven interviewees (Professors A-G)

Professor Universities
Taught/Teaching

Teaching
experience
(Years)

Undergraduate
math courses
taught

Teaching Philosophy
(P)/Teaching Approach (A)

A NTU/NIE 19 Graph Theory
Number Theory
Computational
Math

P: Guide students to
understand and be infused
by the disciplinarity of
mathematics—rigour,
proof, problem-solving,
beauty

A: Awareness of the different
capabilities of students
and adjust accordingly

B NUS
NTU/NIE

57 All
undergraduate
courses

P: Teach students to have
sharp observation and
critical analysis

A: Mindful of pitching
teaching at different levels
for different students

C NTU/SPMS 12 Discrete math
Real analysis
Abstract algebra

P: Motivate students in
thinking and practicing
mathematics

A: Use teaching methods that
target on students’
motivation and interest
levels

D NTU/NIE
NTU/SPMS

19 Calculus
Multivariate
Calculus
Real Analysis
Complex
Analysis

P: Teaching and learning is a
social activity and involves
intellectual exchange,
where the teacher and the
students have to commit
their attention so that
meaningful learning takes
place

A: Work out details in
classes; not keen about
using power-point

E NUS
NTU/NIE

34 Calculus
(Engineer)
Analysis
Measure Theory
Functional
Analysis
Mathematical
Methods

P: Awareness of students’
background knowledge;
progress from
fundamental concepts; go
deep rather than broad

A: Start with examples and
end with exam-
ples/counterexamples; use
whiteboard to teach small
class; power-point for
mass lectures; use
computer animations

(continued)
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Table 5.7 (continued)

Professor Universities
Taught/Teaching

Teaching
experience
(Years)

Undergraduate
math courses
taught

Teaching Philosophy
(P)/Teaching Approach (A)

F NUS 21 Fundamental
Concepts of
Mathematics
Calculus
(Engineer)
Linear Algebra
Multivariate
Calculus
Quantitative
Reasoning

P: Help students transit
smoothly from A-level to
tertiary mathematics;
changing students’
mindset/attitude towards
learning math

A: Engaging students
intellectually in class;
teacher–students and
student–student
interactions

G NUS
SSU

45 Calculus
Advanced
Calculus
Linear Algebra
Modern Algebra
Combinatorics
Graph Theory
Discrete Math

P: Teaching is an interaction
between the teacher and
his/her audience; this
meaningful interaction
contributes to the growth
of both parties

A: Present abstract ideas in
concrete or geometrical
ways; use historical
remarks/picture of
mathematicians to
motivate topics; talk to
students: obtain feedback
on teacher’s teaching and
students’ difficulties

5.4.2.1 From Past to Present

Finding out from the various professors what the major changes took place in the
respective university mathematics department in terms of undergraduate programme
in mathematics is a key step in our current undertaking to understand what goes
beyond school mathematics, particularly what is the tertiary mathematics education
landscape like. The interview question below was intended to tease out exactly this
required information:

What are the major changes in the tertiary education system over the last 10-20 years in the
university stated you are teaching in, in terms of an undergraduate programme in mathemat-
ics? Bemore specific in terms of the description, e.g., change in course structures, assessment
modes, modular system, honors-year thesis, etc., and the estimated year of occurrence.

The interview responses all revealed both changes to the programme structures and
to the ways degree programme courses in mathematics were taught, as well as the
manner in which students were assessed.
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Let us note the changes in programme structure that took place in the National
Institute of Education over the last two decades. According to Professor A, three
major programmatic changes occurred at NIE in around 1998, 2003, 2008 and most
recently in 2017. While these changes might be brought about due to direct impact
from new education policies made and perhaps be justified or understood at a pro-
grammatic level, additional insight can be obtained by matching the years in which
these changes took place (1998, 2003, 2008 and 2014) with the years in which a revi-
sion of the mathematics syllabus at ‘A’-level took place (1997, 2001, 2006, 2016).
With the exception of the 2014 programme revamp, a major structural change in the
degree programme at NIE occurred one or two years after a major revision in the
‘A’-level Mathematics syllabus. This approximate correspondence is an indication
that the decision making at the policy level in NIE was responding just in time to
important educational policy changes that took place at the school level in much
the same way as schools responding to the major changes in the educational direc-
tives (e.g. TSLN, TLLM and ICT Masterplans) initiated by the government through
the MOE. In 1997, a new ‘interim’ Mathematics Syllabus C (9205) was introduced
which was applicable to Singapore ‘A’-level candidates only. In this revised syllabus,
more emphasis was put on higher-order thinking (H.O.T.) questions. Responding to
this was the major change in NIE that took place around 1998 which sawmore hours
pumped into the AS component of the programme to equip students with a more
complete coverage of content mathematics at the tertiary level.

In 2001, the newMathematics Syllabus 9233 was introduced with the main aim of
reducing the content, freeing up for more space in thinking and infusing Information
Technology into teaching and learning of mathematics. Graphing Calculators made
their first appearance in the Further Mathematics Syllabus. Interestingly, this cut in
content at the ‘A’-level brought about a similar change in the mathematics degree
programme at NIE as witnessed by Professor A:

The most major changes are the loss of the 5th Honours year (and the academic exercise)
for Maths majors (2008), and … – Prof. A.

We now saw that the ‘emphasis more on other aspects of teacher education’ was
in actuality a systems response to the changing demands in the school education
landscape, namely, higher-order thinking and using Information Technology.

The year 2006 saw the removal of the FurtherMathematics as an ‘A’-level subject,
and the H2 Mathematics Syllabus introduced put emphasis on solving real-world
problems, i.e. solving a problem and interpreting its solutions. To ensure that the
student teachers acquire more content knowledge to meet with the aforementioned
change in educational emphasis in schools, the NIE degree programme for mathe-
matics experienced a third major change in 2008 with an increase in the number of
Academic Units for AS courses but the Academic Exercise did not return until later:

The fourth change in the NIE degree programme for mathematics was noted by
Prof. A as follows:

… and the ‘revival’ of the proportionate emphasis on AS1 (51 AUs compared to 39 AUs)
with the academic exercise (2014). – Prof. A.
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This change unlike other previous changes did not take place after a change in
the Mathematics syllabus at ‘A’-level. Crucially, this 2014 change brought about a
renewed emphasis on contentmathematics and theAcademic Exercisewas reinstated
in the fourth year of the degree programme.

In the NUS, degree programme in mathematics has undergone several changes.
Notably, in around 2005, a group-work approach to the Honours Year Project started
(as opposed to individual work in the past). Concerning the reduction of content,
Professor F has the following to say:

Reduced syllabus - Over the years, there have been a rebalance between the breadth and
depth in university education, with a reduction of the major program requirement, and an
increase in the general education requirement. – Prof. F.

In both NTU/SPMS and SUSS, an emphasis was placed on content mathematics
through Honours Year Thesis; for instance:

For honor’s projects, we have one-year FYP projects, to make sure that students can have
deep understanding of the research area.- Prof. C

Introducing more applied modules & honors-yr thesis – Prof. G.

Apart from the changes in the programme structures of mathematics undergrad-
uate programmes, we also see changes that cater to the need of using technology
in teaching and learning. We may interpret such changes as the impact of the ICT
Masterplans rolled in the period 1997–2009. Three professors made special men-
tion about the use of technology in their tertiary mathematics teaching and related
concerns:

Use of ICT in teaching - Both top down and ground up; this is a natural trend with the
advancement of technology and new generation of learners. – Prof. F.

“We provide chances for students to useMathematica andMatlab in our teaching of calculus
and linear algebra, since year 2005.” – Prof C.

I think the main change is the push of using TEL. It aims to use technology to enhance
learning. But I believe that some struggles are still necessary. Over reliance on technology to
relief the growing pains may end up not growing at all. Google and other search engine also
brought forth an important change in how students obtain information. It used to be hard to
get information (e.g., proof of a theorem) but now it is readily available. – Prof. D.

Looking for new pedagogies/methods of delivering mathematics at the tertiary level
has now received more attention than in the past. Teacher belief in this aspect has
also started to change:

I relied on the use of mathematics software to illustrate concepts especially exploiting com-
puting animations. – Prof. E.

Blended learning/flipped classroom-More traditional lectures are being replacedby recorded
video. Students come to classes for hands on, practical, group discussion. – Prof. F.

Changes also took place in the form of assessment; with regard to assessment,
many of the interviewees put forth their views (and sometimes quite different within
the same institution):
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In Singapore, the major changes took place in 1971 and in the last 20 years. In 1971, it
was the introduction of new courses. Recently, it was assessment. Roughly, the change in
assessment is from the British system to the American. – Prof. B.

For my course on Abstract Algebra II, students have presentations on some topics they are
interested, and presentation is part of the assessment, since 2014. – Prof. C.

Grade-free modules - Probably something unique in NUS; students in their first year have
the option of not counting the grade of the module, but opt for satisfactory/unsatisfactory.

Open book exam – Though this has become more common in university exam to discourage
students from memorizing, not many examiners are adopting it. It is more common for
students to bring help sheets to math exams. – Prof. F.

less closed-book exams – Prof. G.

Let us summarise what we have heard from the seven mathematics professors. Com-
mon to the responses of all the interviewees is the phenomenon of constant change
in the tertiary mathematics education landscape. These changes usually took place
at the university level as a response to significant initiative changes that occurred at
the school level—in particular, about two years after a major revision in the ‘A’-level
Mathematics syllabus. Such changes in the tertiarymathematics education landscape
ranged from structural changes in undergraduate degree programmes to the manner
mathematics was taught and assessed at the university. We also see the impact the
ICT Masterplans had on university teaching as mathematics professors looked for
innovative ways to convey mathematical ideas to students by relying on computer
and video technology. For an elaboration on the use of ICT in teaching and learning
of mathematics at all levels in Singapore, the reader is pointed to Chap. 12. These
changes have their repercussions whether for better or for worse as pointed out by
Professor A below:

Both changes significantly affected the ability of maths majors to get deeper into the disci-
plinarity, the first adversely [referring to the “C” series] and the latter, positively [referring
to the new “A” series]. Time and content for reading and writing mathematics were affected.
– Prof. A.

5.4.2.2 From Present to Future

In the interviews, all the professors indicated that content reduction is one of the
most significant changes that took place at the university level for undergraduate
mathematics degree programmes; generally, the coverage of pure mathematics at the
tertiary level changed as a response to the content reduction in the ‘A’-level Mathe-
matics syllabus and has been reduced over the years. This then begs the following
questions:

(a) What will the future of tertiary mathematics education in Singapore look like?
(b) Are the younger generation (school students) better prepared to read mathemat-

ics at the university level?
(c) Are they better prepared to become mathematicians in the future?

Here, we have three camps: the optimistic, the realistic and the less-than-optimistic.
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The optimistic camp holds the view that the mathematics education students
receive at school equips them sufficiently so that they may, if the situation allows,
take up mathematics as a career.

Tertiary mathematics education can provide a platform for students to learn math-related
subjects, like finance, business analytics, modelling, etc. Quite a lot of students from our
division find their jobs in financial industry. Yes. Students from JC are well-prepared to read
math at university level.—Prof. C.

Optimism sometimes comes with bold creativity in that mathematics need to be
redefined in order to enlarge the scope of its meaning. By so doing, this allows ones
to see that many other skills and knowledge domains need to be imparted to students
at school so that they can become a new generation of mathematicians:

We need to redefine mathematics and mathematician. We no longer need to produce the
same kind of mathematicians. I believe the same breeds are equally good. – Prof. B.

Most interviewees recognised that it is only realistic that not all people become
mathematicians, and so tertiary mathematics education should not be solely aimed at
producing mathematicians. Indeed, many careers call for analytical skills, problem-
solving skills and logical reasoning which are expected attributes of mathematics
graduates. A point to add here is that STEM students, in some of these universities,
have the option to read Mathematics as a second major, and so tertiary mathematics
education ought to be more inclusive to cater for the needs of this new group of
students.

I think students now are no longer the same as what we had. Not many reading mathematics
intend to be research mathematicians. Nonetheless, there are some good mathematicians
who came from other backgrounds. So I am not too dogmatic about that. – Prof. D.

The trend seems to be students are becoming more “pragmatic” and choose applied math
over pure math. There will still be a small group of students who will go for pure math but
majority will choose to do applied math. I am not worried about this. What I hope to see
is for more STEM students to do math as their second major (if their first major is science,
computing, engineering etc.) to build a stronger foundation for their analytical skill. – Prof.
F.

Awareness of the wide difference between making mathematics available for the
majority and training the mathematical elite to be researchers in mathematics, the
challenge here is how tertiary mathematics education can position itself in middle
ground. Professor A proposed a realistic opinion about this:

The future looks like it will be severely bifurcated – mathematics for applications for the
majority and ‘hard-core’ research publishable mathematics for the elite. I think this is hap-
pening in NUS and NTU/SPMS. I hope that it will not happen in NTU/NIE – attempts
are being made to review the curriculum to achieve the objective of a mathematics major
who can read and write maths, can tackle unfamiliar problems, is exposed to the ‘canon’ of
mathematics, can code, and have a positive attitude towards mathematics. – Prof. A.

Some interviewees held a less-than-optimistic view about the future of tertiary math-
ematics education, as far as the undergraduate degree programme is concerned.
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I don’t think the A-level mathematics syllabus prepares student sufficiently for mathematics
education at the tertiary level. Not enough rigour. – Prof. E.

I hope with the return of ‘A’ level further math, students entering university will be better
prepared. In general no [answering (b)]. Our education caters to the mass, which aims at
equipping students enoughmath skills for the jobmarket. To bemathematicians, this requires
more in depth training, and only selected few with the passion and aptitude will make it. –
Prof. F.

No for the second [answering (a)] and third [answering (b)] questions. – Prof. G.

5.4.3 Interpretation of Findings About Tertiary Mathematics
Education in Singapore

From the classification of the interview responses by the professors, we see how
education initiatives and policies have their impact, through the different school
levels (‘O’-level and ‘A’-level education), on tertiary education—focusing on math-
ematics as a subject at school level and Mathematics as a discipline at the tertiary
level. Shaping the tertiary mathematics took the form of policy-driven changes in
undergraduate programme structures as well as the self-directed changes in teachers’
beliefs which later translate into various classroom implementation, e.g. alternative
pedagogies and the use of technology in teaching and learning tertiary mathematics.
We have learnt from the responses of the eight professors that teaching style has
slowly moved from chalk-and-talk to more student-centred learning. Putting on our
curriculum ideological lens, it is not difficult to see that a trend shift has taken place at
the tertiarymathematics education landscape: there is a significant shift from Scholar
Academic through Social Efficiency to Learner Centred; following more or less a
similar movement as that in schools.

Perhaps this finding is not surprising if one considers the output of schools to
be the students who graduated from the school system, having attained the intended
level of content knowledge and skills in mathematics. Themathematical competency
of these students who have graduated from schools and ready to enter university is a
part of the Learned Curriculum (as opposed to the Intended Curriculum articulated
in the detailed syllabus). We see that the changes at the tertiary level are ways in
which the university, as a system, handle the effects of the changes that took place
upstream, i.e. at the school level.

However, this is only one direction of the flow. Now this is where the NIE stands
in contrast to the rest of the other local universities as far as tertiary mathematics
is concerned. As the sole teacher training institute, NIE is responsible of ensuring
a high-quality teaching force is ready to be feedback into the school system. As
such, mathematics student teachers must be master of both mathematical content
knowledge and pedagogical knowledge. In the next subsection, we shall look at
a snapshot of how MME makes use of teaching innovations which are backed by
sound pedagogical theories to enhance teaching and learning in an undergraduate
core course in mathematics.
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5.5 Conclusion

In this chapter, we have attempted to paint the two sides of the tertiary mathematics
education landscape in Singapore: the preparatory side at the pre-university level
and teaching and learning of mathematics at the university level. Through the lens of
curriculum ideologies, we have begun to understand the observed trend, i.e. there is
an evident shift of the curriculum orientation from Academic Scholar through Social
Efficiency to Learner Centred. Changes at the school level and at the university level
are a manifestation of systemic response to the changing demands of the society and
the world through the seemingly more direct ‘top-down’ impact of new educational
initiatives.

For mathematicians-educators (mathematicians who are passionate about mathe-
matics education) in NIE, it is perhaps time for us to reflect on what we, as teachers
at the tertiary level, want and what the society needs insofar as mathematics learning
is concerned. Not everyone needs to be a mathematician or even needs to love math-
ematics. Not every student needs to excel in mathematics, not every student who
excels in mathematics needs to major in mathematics, and not every mathematics
major needs to end up as a research mathematician. However, it will be in our interest
to see that as long as mathematics is taught in the schools, for whatever purpose, it
is taught correctly and in the way and spirit that it should be taught.

At a round-table discussion at the ICIAM 2003 (The International Congress on
Industrial and Applied Mathematics) in Sydney, Australia, in response to a heated
argument on why Australian students coming to the universities were not well pre-
pared mathematically, the late Professor Renfrey Potts (1925–2005) stood up to say,
‘It is the duty of every mathematician at the universities of this country to help
and make sure that mathematics is taught right in the schools.’s We believe tertiary
mathematics education has this to take care of, especially at NIE.

Appendix

An exemplar for creating learning experience in H2 Mathematics Syllabus 9758

Complex Numbers
Lesson Objective

Based on an ‘old’ idea of C + i S, this learning experience involves the
students to create the imaginary counterpart of a sinusoidal voltage function
across a resistor arising from an alternating current source. By so doing, the
students reinvent the phasor of the voltage function, which takes advantage
of the vector nature of complex numbers, and exploit it to calculate the resul-
tant voltage function that results from adding in series two alternating current
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sources that are not necessarily in phase. Engineers use this method, called
phasor analysis, to think and reason about alternating current voltages, and
related quantities.

Problem
An alternating current source has the following voltage function:

V1 � 3 cos
(
2t +

π

4

)
,

where V1 is the voltage (V ) across a given resistor, and t is the time lapsed (s)
since the source was turned on.

Another alternating current source whose voltage function is given by

V2 � 4 cos
(
2t +

π

6

)

is now placed in series with the above-mentioned source so that the resultant
voltage is calculated by their sum:

V1 + V2.

What is the amplitude and the period of the resultant voltage?
Mathematical Content Knowledge
For the first voltage V1, we create the imaginary sine counterpart of the

function 3 sin
(
2t + π

4

)
and construct the complex voltage function:

3
(
cos

(
2t +

π

4

)
+ i sin

(
2t +

π

4

))
� 3ei(2t+ π

4 ).

Similarly, for the second voltage V2, we have the complex voltage function:

4
(
cos

(
2t +

π

6

)
+ i sin

(
2t +

π

6

))
� 4ei(2t+ π

6 ).

Now, we sum these two complex voltages together:

3ei(2t+ π
4 ) + 4ei(2t+ π

6 ).

A preliminary investigation using a GCs reveals that the above sum can be
reduced to a single trigonometric function.

From the vector geometry of complex numbers, one can show rigorously
that

3ei(2t+ π
4 ) + 4ei(2t+ π

6 ) � Rei(2t+α), where R �√(
4 sin π

6 + 3 sin π
4

)2
+

(
4 cos π

6 + 3 cos π
4

)2
and tan α � 4 sin π

6 +3 sin
π
4

4 cos π
6 +3 cos

π
4
,

which in particular are independent of t.
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Further exploration
The phasor addition works because the two voltages are of the same angular

frequency. A natural question to ask is how one can tackle the case when the
angular frequencies are different. Use a GCs to investigate this situation.
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Chapter 6
Singapore’s Participation
in International Benchmark
Studies—TIMSS, PISA and TEDS-M

Berinderjeet Kaur, Ying Zhu and Wai Kwong Cheang

Abstract Large-scale international assessments of schooling effects attempt to pro-
vide comparative data for participating countries. Two such assessments are the
Trends in International Mathematics and Science Study (TIMSS) conducted by the
International Association for the Evaluation of Educational Achievement (IEA) and
the Programme for International Student Assessment (PISA) conducted by the Orga-
nization for Economic Co-operation and Development (OECD). Singapore has par-
ticipated in TIMSS since 1995 and PISA since 2009. These studies use student
outcomes as measures of school effectiveness and educational achievement. They
focus on student achievement mainly in three school subjects: mathematics, science
and language. Other international studies like the Teacher Education and Develop-
ment Study in Mathematics (TEDS-M) also provide comparative data on teachers of
mathematics and related matters. Singapore participated in TEDS-M. The results of
TEDS-M were available in 2012. This chapter presents snapshots of significant data
and findings of Singapore’s participation in TIMSS 2015, PISA 2009 and 2015 and
TEDS-M. For TIMSS 2015, it focuses on the performance of Singapore students
and their engagement and attitudes for mathematics. For PISA 2009 and 2015, it
focuses on the performance of Singapore students and their exposure to mathematics
content and their drive and motivation to learn mathematics. For TEDS-M, it focuses
on the national contexts and policies for teacher education and nature of mathemat-
ics teacher education programmes in Singapore. It also examines the performance
of future teachers from Singapore in mathematics content knowledge (MCK) and
mathematics pedagogical content knowledge (MPCK) and their beliefs and percep-
tions of opportunities to learn. The chapter concludes with possible reasons about
the commendable performance of Singapore students in TIMSS and PISA.
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Keywords International benchmark studies · Mathematics · PISA · Singapore
students · Singapore mathematics teachers · TEDS-M · TIMSS

6.1 Introduction

Large-scale international assessments of schooling effects attempt to provide com-
parative data for participating countries. Two such assessments are the Trends in
International Mathematics and Science Study (TIMSS) conducted by the Interna-
tional Association for the Evaluation of Educational Achievement (IEA) and the Pro-
gramme for International Student Assessment (PISA) conducted by the Organization
for Economic Co-operation and Development (OECD). Singapore has participated
in both of them. These studies use student outcomes as measures of school effec-
tiveness and educational achievement. They focus on student achievement mainly in
three school subjects: mathematics, science and language. Singapore participates in
TIMSS and PISA for four main purposes, which according to Kaur (2013b) are as
follows:

• to benchmark the outcomes of schooling, vis-à-vis the education system against
international standards;

• to learn from educational systems that are excelling;
• to update school curriculum and keep abreast of global advances; and
• to contribute towards the development of excellence in education internationally.

Other international studies like the Teacher Education and Development Study in
Mathematics (TEDS-M) also provide comparative data on teachers of mathematics
and related matters. Singapore participated in TEDS-M.

This chapter presents snapshots of significant data and findings of Singapore’s
participation in TIMSS 2015 (Mullis et al. 2016), PISA 2009 (OECD 2010a), PISA
2012 (OECD 2013a), PISA 2015 (OECD 2015) and TEDS-M (Tatto et al. 2012). For
TIMSS 2015, it focuses on the performance of Singapore students and their engage-
ment and attitudes for mathematics (Mullis et al. 2016). For PISA it focuses on the
performance of overall Singapore students in PISA 2009, 2012 and 2015 and specif-
ically for PISA 2012 the performance of students from Singapore on some released
sample items and students’ motivation to learn mathematics (OECD 2013a). For
TEDS-M, it focuses on the national contexts and policies for teacher education and
nature of mathematics teacher education programmes in Singapore. It also examines
the performance of future teachers from Singapore in mathematics content knowl-
edge (MCK) and mathematics pedagogical content knowledge (MPCK) and their
beliefs and perceptions of opportunities to learn (Tatto et al. 2012). The chapter
concludes with possible reasons about the commendable performance of Singapore
students in TIMSS and PISA.
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6.2 Trends in International Mathematics and Science Study
(TIMSS)

Trends in International Mathematics and Science Study (TIMSS) is a series of inter-
national mathematics and science assessments conducted every four years by the
International Association for the Evaluation of Educational Achievement (IEA).
TIMSS is designed to provide trends in fourth- and eighth-grade mathematics and
science achievement in an international context. TIMSS 2015 was the sixth and most
recent cycle of assessment. Forty-six countries participated at the eighth-grade level,
and 56 countries participated at the fourth-grade level. Data were collected from
representative samples of students, in participating countries, at the respective grade
levels. However, the teacher participants may not constitute representative samples
as they were the teachers of the students. The TIMSS 2015 International Results in
Mathematics (Mullis et al. 2016) contain analysis of data that spans from achieve-
ment of participants to home environment that supports mathematics and science
achievement, school resources for teaching mathematics and science, school cli-
mate, teacher preparation and classroom instruction. Singapore has participated in
all the six cycles of TIMSS so far. Several publications have focused on the perfor-
mance of Singapore’s students in TIMSS 1995, 1999, 2003, 2007 and 2011 (Kaur
2005, 2009a, b, 2013a; Boey 2009; Kaur et al. 2012, 2013).

In this section, we focus on the performance of Singapore students and their
engagement and attitudes for mathematics in TIMSS 2015. The data and findings
reported in this chapter are drawn from the respective international mathematics
reports of TIMSS 2015 (Mullis et al. 2016), TIMSS 2011 (Mullis et al. 2012) and
TIMSS 2007 (Mullis et al. 2008). All of these reports are available at the IEA TIMSS
and PIRLS International Study Centre website (http://timssandpirls.bc.edu).

6.2.1 Performance of Singapore Students in TIMSS 2015

The performance of Singapore students in TIMSS in the six cycles held so far has
been consistently outstanding and captured the attention of many educators and
politicians worldwide. Table 6.1 shows the rank of Singapore in the last six cycles
of TIMSS for both grades 4 and 8.

The international benchmarks presented as part of the TIMSS data help to provide
participating countries with a distribution of the performance of their students in
an international setting. For a country, the proportions of students reaching these
benchmarks are perhaps telling of certain strengths and weaknesses of mathematics
education programmes of the country. The benchmarks delineate performance at four
points of the performance scale. Characteristics of students at each of the benchmarks
are shown in Fig. 6.1.

Students who participated in TIMSS 2015 at the grade 8 level are from the same
cohort of grade 4 studentswho participated in TIMSS 2011. Similarly, the 8th graders

http://timssandpirls.bc.edu
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Advanced International Benchmark - 625 
Grade 4 
Students can apply their understanding and 
knowledge in a variety of relatively complex 
situations and explain their reasoning. They solve 
a variety of multi-step word problems involving 
whole numbers. Students at this level show an 
increasing understanding of fractions and 
decimals. They can apply knowledge of a range of 
two- and three-dimensional shapes in a variety of 
situations. They can interpret and represent data to 
solve multi-step problems. 

Grade 8 
Students can apply and reason in a variety of 
problem situations, solve linear equations, and 
make generalizations. They can solve a variety of 
fraction, proportion, and percent problems and 
justify their conclusions. Students can use their 
knowledge of geometric figures to solve a wide 
range of problems about area. They demonstrate 
understanding of the meaning of averages and can 
solve problems involving expected values. 

High International Benchmark - 550 
Grade 4 
Students can apply their understanding and 
knowledge to solve problems. They can solve word 
problems involving operations with whole 
numbers, simple fractions, and two-place decimals. 
Students demonstrate understanding of geometric 
properties of shapes and of angles that are less than 
or greater than a right angle. Students can interpret 
and use data in tables and a variety of graphs to 
solve problems. 

Grade 8 
Students can apply their understanding and 
knowledge in a variety of relatively complex 
situations. They can use information to solve 
problems involving different types of numbers and 
operations. They can relate fractions, decimals, and 
percentages to each other. Students at this level 
show basic procedural knowledge related to 
algebraic expressions. They can solve a variety of 
problems with angles including those involving 
triangles, parallel lines, rectangles, and similar 
figures. Students can interpret data in a variety of 
graphs and solve simple problems involving 
outcomes and probabilities. 

Intermediate International Benchmark 
Grade 4 
Students can apply basic mathematical knowledge 
in simple situations. They demonstrate an 
understanding of whole numbers and some 
understanding of fractions and decimals. Students 
can relate two- and three-dimensional shapes and 
identify and raw shapes with simple properties. 
They can read and interpret bar graphs and tables. 

Grade 8 
Students can apply basic mathematical knowledge 
in a variety of situations. They can solve problems 
involving negative numbers, decimals, 
percentages, and proportions. Students have some 
knowledge of linear expressions and two- and 
three-dimensional shapes. They can read and 
interpret data in graphs and tables. They have some 
basic knowledge of chance. 

Low International Benchmark 
Grade 4 
Students have some basic mathematical 
knowledge. They can add and subtract whole 
numbers, have some understanding of 
multiplication by one-digit numbers, and can solve 
simple word problems. They have some knowledge 
of simple fractions, geometric shapes, and 
measurement. Students can read and complete 
simple bar graphs and tables. 

Grade 8 
Students have some knowledge of whole numbers 
and basic graphs. 

Fig. 6.1 Descriptions of the TIMSS 2015 International Benchmarks. Source Mullis et al. (2016)
Exhibits 2.1 and 2.8
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Table 6.1 Ranking of
Singapore’s students for
Mathematics in TIMSS

TIMSS Rank

Grade 4 Grade 8

1995 1 1

1999 – 1

2003 1 1

2007 2 3

2011 1 2

2015 1 1

Source http://timssandpirls.bc.edu

Table 6.2 Percentage of Singapore students in last three cycles of TIMSS at the respective bench-
marks for mathematics achievement

TIMSS Grade International benchmarks

Advanced
(625)

High (550) Intermediate
(475)

Low (400)

2015 4 50 (2.1) 80 (1.7) 93 (0.9) 99 (0.3)

2011 4 43 (2.0) 78 (1.4) 94 (0.7) 99 (0.2)

2007 4 41 (2.1) 74 (1.7) 92 (0.9) 98 (0.3)

2015 8 54 (1.8) 81 (1.5) 94 (0.9) 99 (0.2)

2011 8 48 (2.0) 78 (1.8) 92 (1.1) 99 (0.3)

2007 8 40 (1.9) 70 (2.0) 88 (1.4) 97 (0.6)

( )—standard errors
Source Mullis et al. (2016) Exhibits 2.3 and 2.10

in TIMSS 2011 were from the same cohort of 4th graders in TIMSS 2007. Table 6.2
shows the percentage of grade 4 and 8 students from Singapore at the benchmarks
for the past three cycles of TIMSS, namely TIMSS 2007, TIMSS 2011 and TIMSS
2015.

It is apparent from Table 6.2 that as the cohorts of students progressed from 4th
to 8th grade, higher proportions of the students reached the advanced international
benchmark. 41% of grade 4 students at the advanced international benchmark in
TIMSS 2007 compared to 48% grade 8 at the same benchmark in TIMSS 2011 and
43% grade 4 at the advanced international benchmark in TIMSS 2011 compared
to 54% grade 8 at the same benchmark in TIMSS 2015. Table 6.2 also shows that
percentages of grade 4 and 8 students reaching the high and advanced benchmarks
have steadily increased over the last three cycles of TIMSS. The periodic revisions
of the school mathematics curriculum from the year 2000 onwards placing height-
ened emphasis on problem-solving and mathematical processes such as thinking
skills and reasoning appear to have contributed towards improved student learning
of mathematics (Ministry of Education 2016a).

http://timssandpirls.bc.edu
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Grade 8Grade 4
Content domain: Geometric Shapes and Measures 
Cognitive domain: Reasoning 
Description: Draws a specified geometric shape by 
connecting dots on a circle 

Percent full credit: 64 (1.8) 
International average: 58 (0.3)

Content domain: Algebra 
Cognitive domain: Applying 
Description: Identifies the formula that represents a 
situation involving area 

Percent full credit: 82 (1.6) 
International average: 51 (0.3)

Fig. 6.2 Examples of items of the High International Benchmark Level. Source Mullis et al. (2016)
Exhibits 2.6.3 and 2.13.2

However, for the low international benchmark level, the proportion of students
reaching it improved by 1% from 2007 to 2011 but remained the same at 99% from
2011 to 2015. These findings have been of concern to policy makers and educators in
Singapore. It may be said that the revisions of the curriculum have had limited impact
on these students. Since 2013, teachers of low attainers in mathematics have received
additional support in the form of resources and self-development (see Chap. 13 for
details).

Figures 6.2 and 6.3 show items of the High International Benchmark and
Advanced International Benchmark Levels, respectively, for TIMSS 2015. For each
item in the figures, the per cent correct for Singapore and the international average
are stated. The grade 4 item, shown in Fig. 6.2, is a non-routine and challenging one
for 4th graders in Singapore. Study of circles and equilateral triangles is beyond the
scope of the mathematics curriculum in grade 4. As such, Singapore’s 4th graders
performed reasonably well on the item. Their counterparts from Republic of Korea
(76%) and Japan (73%) did better than them. The grade 8 item, shown in Fig. 6.2,
may be said to be a routine one for 8th graders in Singapore schools. Students from
Singapore were ranked the best for the item.

Figure 6.3 shows items of the Advanced International Benchmark Level. In the
figure, the grade 4 item is a non-routine one for Singapore’s 4th graders. The multi-
step word problem is a higher-order thinking task. Nevertheless, the students per-
formed reasonablywell on it andwere ranked fourth. Their counterparts fromRepub-
lic of Korea (77%), Hong Kong SAR (71%) and Japan (66%) did better than them.
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Grade 8Grade 4
Content domain: Number 
Cognitive domain: Reasoning 
Description: Solves a multi-step reason problem 
involving division 

Percent full credit: 65 (2.1) 
International average: 37 (0.3) 

Content domain: Geometry 
Cognitive domain: Reasoning 
Description: Uses the Pythagorean theorem in finding 
the perimeter of a trapezoid 

Percent full credit: 68 (1.8) 
International average: 32 (0.3)

Fig. 6.3 Examples of items of the Advanced International Benchmark Level. Source Mullis et al.
(2016) Exhibits 2.7.1 and 2.14.4

The grade 8 itemmay be said to be a routine one for 8th graders in Singapore schools.
They were ranked second to Chinese Taipei (72%) for the item.

6.2.2 Engagement and Attitudes of Singapore Students
in TIMSS 2015

As part of TIMSS 2015, students completed tests on mathematics and science and
also a student questionnaire that collected data on students’ views about their math-
ematics instruction and attitudes towards mathematics. Grade 4 students were asked
to indicate their degrees of agreement to statements on the Students’ Views on Engag-
ing Teaching in Mathematics Lessons Scale, Students Like Learning Mathematics
Scale and Students Confident in Mathematics Scale. The grade 8 students were asked
to indicate their degrees of agreement to statements on four scales, the same three
scales as the grade 4 and the Students Value Mathematics Scale. In this section, we
present data for both grades 4 and 8 for the three common scales that were part of
their student questionnaires.

6.2.2.1 Students’ Views on Engaging Teaching in Mathematics Lessons

The student questionnaire asked students about how engaging their mathematics
lessons were. Students were scored according to their degree of agreement with ten
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Fig. 6.4 Engaging Teaching in Mathematics Lessons Scale. Source Mullis et al. (2016) Exhibits
10.1 and 10.2

statements on the Students’ Views on Engaging Teaching in Mathematics Lessons
Scale shown in Fig. 6.4.

Students who experienced Very Engaging Teaching in mathematics lessons had
a score on the scale of at least 9.0, which corresponds to their “agreeing a lot” with
five of the ten statements and “agreeing a little” with the other five, on average.
Students who experienced teaching that was Less than Engaging had a score no
higher than 7.0, which corresponds to their “disagreeing a little” with five of the ten
statements and “agreeing a little” with the other five, on average. All other students
experienced Engaging Teaching in mathematics lessons. Table 6.3 shows students’
views on Engaging Teaching in Mathematics Lessons for students from grades 4 and
8 from Singapore and the international averages in TIMSS 2015.

The 4th graders’ average scale score for views on Engaging Teaching in Math-
ematics Lessons ranged from 11.2 for Bulgaria to 8.2 for Japan, while that for 8th
graders ranged from 11.2 for Jordon to 8.4 for Republic of Korea. It is apparent from
Table 6.3 that 55% of 4th graders from Singapore found their mathematics lessons
very engaging. Just like their peers from the top-performing countries, this result is
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Table 6.3 Students’ views on Engaging Teaching in Mathematics Lessons

Grade/Country Very Engaging
Teaching

Engaging
Teaching

Less than
Engaging
Teaching

Average
scale
score

Per cent
of
students

Average
achieve-
ment

Per cent
of
students

Average
achieve-
ment

Per cent
of
students

Average
achieve-
ment

Grade 4

Singapore 55 (1.0) 625 (4.0) 37 (0.7) 613 (4.3) 7 (0.5) 592 (6.7) 9.3
(0.04)

International
average

68 (0.2) 510 (0.4) 26 (0.1) 498 (0.6) 5 (0.1) 481 (1.2)

Grade 8

Singapore 33 (1.0) 633 (3.6) 52 (0.8) 620 (3.4) 16 (0.8) 596 (6.3) 9.7
(0.04)

International
average

43 (0.2) 494 (0.7) 41 (0.2) 478 (0.6) 17 (0.2) 464 (0.9)

( )—standard errors
Source Mullis et al. (2016) Exhibits 10.1 and 10.2

lower than the international average of 68%, which contrasts with their achievement
on the test items. Also for the 8th graders, 33% found their mathematics lessons very
engaging compared to the international average of 43%. As the data collected repre-
sent students’ perceptions, it appears thatmore 4th graders comparedwith 8th graders
in Singaporemathematics lessons perceived that their mathematics lessonswere very
engaging. A perception of an engaging lesson may be one where students use manip-
ulatives or carry out activities such as measuring lengths and volumes. Such lessons
are more prevalent in the primary school than secondary school mathematics lessons
in Singapore. It is noteworthy that the percentages of students at both grade levels
are close to the international averages for “Less than Engaging Teaching” though
the average achievements of the students from Singapore are much higher than the
international averages. Such a finding prompts one to speculate if achievement on
the test items is solely an outcome of “teaching” during mathematics lessons.

6.2.2.2 Students Like Learning Mathematics

The student questionnaire also asked students about their liking of learning math-
ematics. Students were scored according to their degree of agreement with nine
statements on the Students Like Learning Mathematics Scale shown in Fig. 6.5.

Students who very much Like Learning Mathematics had a score of at least 10.1,
which corresponds to their “agreeing a lot” with five of the nine statements and
“agreeing a little” with the other four, on average. Students who do not Like Learning
Mathematics had a score no higher than 8.3, which corresponds to their “disagreeing
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Fig. 6.5 Like Learning Mathematics Scale. Source Mullis et al. (2016) Exhibits 10.3 and 10.4

a little” with five of the nine statements and “agreeing a little” with the other four,
on average. All other students Like Learning Mathematics. Table 6.4 shows the data
for students’ Like Learning Mathematics for students from grades 4 and 8 from
Singapore and the international averages in TIMSS 2015.

The 4th graders’ average scale score for Like Learning Mathematics ranged from
11.3 for Turkey to 8.9 for Republic of Korea, while that for 8th graders ranged from
11.4 for Botswana to 8.7 for Slovenia. It is apparent from Table 6.4 that only 39% of
4th graders fromSingapore verymuch like learningmathematics. Just like their peers
from the top-performing countries, this result is lower than the international average
of 46%, which again contrasts with their achievement on the test items. However,
for the 8th graders 24% very much like learning of mathematics and this result was
marginally higher than the international average of 22% unlike that for the other
top-performing countries. The push for mastery in the learning of mathematics in
Singapore schools may have produced good achievement scores but certainly have
not provided all students with enjoyment that translated into feelings of “like”.
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Table 6.4 Students Like Learning Mathematics

Grade/Country Very much Like
Learning
Mathematics

Like Learning
Mathematics

Do not Like
Learning
Mathematics

Average
scale
score

Per
cent of
stu-
dents

Average
achieve-
ment

Per
cent of
stu-
dents

Average
achieve-
ment

Per
cent of
stu-
dents

Average
achieve-
ment

Grade 4

Singapore 39 (0.8) 640 (4.1) 38 (0.7) 611 (4.1) 23 (0.8) 591 (4.5) 9.6
(0.03)

International
average

46 (0.2) 521 (0.5) 35 (0.1) 495 (0.5) 19 (0.1) 483 (0.8)

Grade 8

Singapore 24 (0.7) 654 (3.2) 42 (0.8) 625 (3.5) 33 (0.8) 592 (4.3) 10.1
(0.03)

International
average

22 (0.1) 518 (0.8) 39 (0.1) 485 (0.6) 38 (0.2) 462 (0.6)

( )—standard errors
Source Mullis et al. (2016) Exhibits 10.3 and 10.4

6.2.2.3 Students Confident in Mathematics

The student questionnaire also asked students about their confidence in mathematics.
Students were scored according to their degree of agreement with nine statements
on the Students Confident in Mathematics Scale shown in Fig. 6.6.

Students Very Confident in Mathematics had a score of at least 10.6, which cor-
responds to their “agreeing a lot” with five of the nine statements and “agreeing a
little” with the other four, on average. Students who were Not Confident in Math-
ematics had a score no higher than 8.5, which corresponds to their “disagreeing a
little” with five of the nine statements and “agreeing a little” with the other four,
on average. All other students were Confident in Mathematics. Table 6.5 shows the
data for students’ Confidence in Mathematics for students from Singapore and the
international averages in TIMSS 2015.

The 4th graders’ average scale score for Confident in Mathematics ranged from
10.6 for Kazakhstan to 8.9 for Chinese Taipei, while that for 8th graders ranged
from 10.7 for Israel to 9.1 for both Thailand and Chinese Taipei. It is apparent
from Table 6.5 that 19% of 4th graders from Singapore reported that they were very
confident in mathematics. Just like their peers from the top-performing countries,
this result is lower than the international average of 32% despite their commendable
achievement on the test items. For 8th graders, the international average was 14%
for students claiming that they were very confident in mathematics and the per cent
for the same was marginally lower, i.e. 13%, for Singapore students. Asian students,
including those fromSingapore, are alwaysmodest inmaking claims of achievement.
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Fig. 6.6 Students Confident in Mathematics Scale. Source Mullis et al. (2016) Exhibits 10.5 and
10.6

Table 6.5 Students Confident in Mathematics

Grade/Country Very Confident in
Mathematics

Confident in
Mathematics

Not Confident in
Mathematics

Average
scale
scorePer

cent of
stu-
dents

Average
achieve-
ment

Per
cent of
stu-
dents

Average
achieve-
ment

Per
cent of
stu-
dents

Average
achieve-
ment

Grade 4

Singapore 19 (0.8) 681 (3.6) 42 (0.6) 633 (3.6) 39 (1.1) 572 (4.0) 9.2
(0.05)

International
average

32 (0.1) 546 (0.5) 45 (0.1) 502 (0.5) 23 (0.1) 460 (0.6)

Grade 8

Singapore 13 (0.5) 675 (3.0) 41 (0.7) 642 (2.8) 46 (0.8) 588 (4.0) 9.7
(0.04)

International
average

14 (0.1) 554 (0.8) 43 (0.1) 494 (0.6) 43 (0.2) 449 (0.6)

( )—standard errors
Source Mullis et al. (2016) Exhibits 10.5 and 10.6
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Therefore, it is not alarming that students from the top 5 education systems in Asia
both at grades 4 and 8 do not agree a lot or agree a little with the nine statements in
Fig. 6.6.

6.3 Programme for International Student Assessment
(PISA)

Programme for International StudentAssessment (PISA)was launched by theOECD
in 1997. It aims to evaluate education systemsworldwide every three years by assess-
ing 15-year-olds’ competencies in the key subjects: reading, mathematics and sci-
ence.Most importantly, the PISA assessments focus on literacy and the use of knowl-
edge by participants. Although in every cycle, all the three subjects are assessed, only
one of the subjects is the focus. For example in PISA 2009, reading was the focus;
in PISA 2012, mathematics was the focus; and in PISA 2015, science was the focus.
Initially, participants of PISAwereOECDcountries, but at present, non-OECDcoun-
tries like Singapore and economies like Shanghai are also participating. More than
70 economies participated in PISA 2009. Singapore participated in PISA for the first
time in 2009. PISA collects data from students and their school leaders. After every
cycle of PISA, the myriad analysis of the data is publically available for everyone
through the OECD web pages (http://www.oecd.org/pisa/) and also in the form of
reports such asPISA 2009 Results: What Students Know and Can Do (OECD2010a);
PISA 2009 Results: Overcoming Social Background (OECD 2010b); and PISA 2009
Results: Learning to Learn (OECD 2010c).

6.3.1 Performance of Singapore Students in PISA

As one of the world’s best-performing school education systems in a 2007Mckinsey
study of teachers (Barber and Mourshed 2007), Singapore has been among the top-
performing countries in PISA for the last three cycles. Table 6.6 shows that Singapore
has moved up rapidly in PISA overall rankings from fifth in 2009 to first in 2015. It
was noted that the results of the 2015 and past PISA cycles reflected the deliberate
curricular shifts made over the years towards a greater emphasis on higher-order,
critical thinking skills, and pedagogical shifts in moving learning beyond content
to mastery and application of skills to solve authentic problems in various contexts
(Ministry of Education 2016b).

The PISA 2012 focused on mathematics. Singapore ranked second with a mean
score of 573 points that was significantly lower than Shanghai, China, and signif-
icantly higher than Hong Kong that ranked third. For PISA 2012, Table 6.7 shows
that on average across OECD countries, 13% of students were top performers in
mathematics with proficiency Level 5 or 6. These students have capacity of develop-

http://www.oecd.org/pisa/
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Table 6.6 Global features of Singapore performance in PISA 2009, 2012 and 2015

Year Focus Rank
(overall)

Mathematics Reading Science

Average
score

Rank Average
score

Average
score

2009 Reading 5 562 2 526 542

2012 Mathematics 2 573 2 542 551

2015 Science 1 564 1 535 556

Source OECD (2009, 2012, 2015)

Table 6.7 Percentage of students from Singapore and the OECD average in PISA 2012 at each
level of mathematics proficiency

Country Rank Average International Benchmarks

Above
level 2
(420)

Above
level 3
(482)

Above
level 4
(545)

Above
level 5
(607)

Above
level 6
(669)

Singapore 2 573 (1.3) 91.7 79.5 62.0 40.0 19.0

OECD
average

490 (0.4) 77.0 54.5 30.8 12.6 3.3

( )—standard errors
Source OECD (2012)

ing and working with model for complex situations, and they can work strategically
using broad, well-developed thinking and reasoning skills (OECD2013a). Two-fifths
(40%) of students from Singapore were at these levels. On the other side, 23% of
students in OECD countries did not achieve Level 2 in PISA mathematics. Level
2 is the baseline level on the mathematics proficiency scale that is required for full
participation in modern society (OECD 2013a). The percentage of low achievers
who were below Level 2 was 8.3% for Singapore.

6.3.2 Students Performance on Mathematics Released
Sample Items of PISA 2012

For mathematics, PISA assesses mathematical literacy that is defined as an individ-
ual’s capacity to formulate, employ and interpretmathematics in a variety of contexts.
It includes reasoning mathematically and using mathematical concepts, procedures,
facts and tools to describe, explain and predict phenomena. It assists individuals to
recognize the role that mathematics plays in the world and to make the well-founded
judgements and decisions needed by constructive, engaged and reflective citizens
(OECD 2013d, p. 17).

The PISA mathematics assessment framework has three dimensions, which are:
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1. Processes (three categories and seven fundamental capabilities)

Categories (i) formulating situations mathematically, (ii) employing mathemat-
ical concepts, facts, procedures and reasoning and (iii) interpreting, applying and
evaluating mathematical outcomes.

Fundamental mathematical capabilities (i) communicating, (ii) mathematizing,
(iii) representation, (iv) reasoning and argument, (v) devising strategies for problem-
solving, (vi) using symbolic, formal and technical language and operations and (vii)
using mathematical tools.

2. Content (four overarching ideas)

(i) quantity, (ii) space and shape, (iii) change and relationships and (iv) uncertainty
and data.

3. Contexts (four categories)

(i) personal, (ii) occupational, (iii) societal and (iv) scientific (OECD2013d, p. 18).
This section presents two examples, Drip Rate and Revolving Door, with accom-

panying released sample items from the PISA 2012. These items illustrate the dimen-
sions of the PISA assessment framework and also highlight the performance of stu-
dents from Singapore.

Figure 6.7 shows Example 1 (Drip Rate), comprising items (Questions 1 and 3)
categorized as change and relationships. The key to Question 1 lies in students being
able to relate the change in drip rate to the change in time, given the variables drop
factor and volume are held constant. This question intends to model the change and
relationships with appropriate algebra functions, as well as interpreting symbolic
representations of relationships. A form of proportional reasoning is needed. This is
a question at mathematics proficiency Level 5, and the challenge is that it requires
students to give a brief explanation of the effect of specified change to one variable
on a second variable if other variables remain constant. In particular, students’ expla-
nation needs to describe both the direction of the effect (i.e. getting smaller) and its
size (i.e. 50%).

On average across OECD, less than one-quarter of the students answered this
question correctly. Only 33.42% of the students from Singapore could state both the
direction and size of the effect correctly and obtained full credit. Another 26.97% of
the Singapore students could state either the direction or the size of the effect, but
not both, and obtained partial credit.

Question 3 requires students to transpose an equation to find expression for volume
v so as to obtain the required result by substituting values of two variables into the
expression. This is a question at Level 5 proficiency. The question also makes certain
demand on interpreting formula linking three variables in a medical context and
translating from natural language to symbolic language. Students from Singapore
did well with 63.86% obtaining full credit.

Figure 6.8 shows Example 2 (Revolving Door) with three accompanying released
items. The first two questions are space and shape items. Question 1 is a proficiency
Level 3 question. It requires some basic factual knowledge about circle geometry and
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Example 1: Drip Rate
Infusions (or intravenous drips) are used to deliver fluids and drugs 
to patients. Nurses need to calculate the drip rate, D, in drops per minute 
for infusions. They use the formula  where 
d is the drop factor measured in drops per millilitre (mL) 
v is the volume in mL of the infusion 
n is the number of hours the infusion is required to run. 

Question 1: 
Description: Explain the effect that doubling one variable in a formula has on the resulting 
value if other variables are held constant.  
Content area: change and relationships; Context: Occupational; Process: Employ 

A nurse wants to double the time an infusion runs for. 
Describe precisely how D changes if n is doubled but d and v do not change.

lluF credit Partial credit 
Singapore 33.42% (1.1) 26.35% (0.98) 
OECD average 16.32% (0.18) 11.82% (0.14) 

(  ) – standard errors 

Question 3: 
Description: Transpose an equation and substitute two given values 
Content area: Change and relationships; Context: Occupational; Process: Employ 

Nurses also need to calculate the volume of infusion, v, from the drip rate, D. An infusion 
with a drip rate of 50 drops per minute has to be given to a patient for 3 hours. For this 
infusion the drop factor is 25 drops per millilitre. 
What is the volume in mL of the infusion? 
Volume of the infusion: ……………mL

lluF credit 
Singapore 63.86% (1.2) 
OECD average 25.70% (0.21) 

(  ) – standard errors 

Fig. 6.7 Drip Rate example with accompanying released items and Singapore students’ achieve-
ment in PISA 2012. Source OECD (2013c, pp. 6–8); OECD (2012)

spatial understanding of the diagrams. Students need to recognize the relevance of the
information about equal sectors in order to find the central angle of a sector of a circle.
The performance of students from Singapore on this question was commendable
(76%), which was far above the OECD average (58%).

Question 2 requires students to interpret a geometricalmodel in a real-life situation
and then calculate the length of an arc. It requires substantial geometry reasoning
about the design features of revolving door that enable it to perform its function as
a doorway while maintaining a sealed space that prevents air flowing between the
entrance and exit. This is a novel question and it requires some creative thought, not
just the application of any textbook knowledge they would have learnt. Classified as
formulate for the dimension process, this item draws very heavily on the fundamental
mathematical capability of reasoning and argument, because the problem in the real
situation has to be carefully analysed and transformed into a mathematical problem
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Example 2: Revolving Door 
A revolving door includes three wings which rotate 
within a circular-shaped space. The inside diameter of 
this space is 2 metres (200 centimetres).  The three 
door wings divide the space into three equal sectors. 
The plan below shows the door wings in three 
different positions viewed from the top. 

Question 1:
Description: Compute the central angle of a sector of a circle. 
Content area: Space and shape; Context: Scientific; Process: Employ. 

What is the size in degrees of the angle formed by two door wings? 
Size of the angle: ……………… o

 Full credit 
Singapore 75.72% (1.1) 
OECD average 57.67% (0.25) 

(  ) – standard errors 

Question 2: 
Description: Interpret a geometrical model of real life situation to calculate the length of an arc. 
Content area: Space and shape; Context: Scientific; Process: Formulate 

The two door openings (the dotted arcs in the diagram) are the same size. If these 
openings are too wide the revolving wings cannot provide a sealed space and air 
could then flow freely between the entrance and the exit, causing unwanted heat 
loss or gain. This is shown in the diagram opposite. 
What is the maximum arc length in centimetres (cm) that each door opening can 
have, so that air never flows freely between the entrance and the exit? 

Maximum arc length: ……………… cm 

 Full credit 
Singapore 13.17% (0.81) 
OECD average 3.47% (0.08) 

(  ) – standard errors 

Question 3: 
Description: Identify information and construct an (implicit) quantitative model to 
solve the problem. 
Content area: Quantity; Context: Scientific; Process: Formulate 

The door makes 4 complete rotations in a minute. There is room for a maximum of 
two people in each of the three door sectors.  
What is the maximum number of people that can enter the building through the door 
in 30 minutes?  (A) 60     (B) 180    (C) 240    (D) 720 

 Full credit 
Singapore 59.30% (0.99) 
OECD average 46.42% (0.24) 

(  ) – standard errors 

Fig. 6.8 Revolving Door example with accompanying released items and Singapore students’
achievement in PISA 2012. Source OECD (2013c, pp. 33–35); OECD (2012)
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in geometric terms and then back again to the contextual situation of the problem.
This question was one of the most challenging questions in the PISA 2012 test and it
belongs to the upper end of Level 6 on the mathematics proficiency scale. Less than
15% of the students from Singapore were able to complete this question correctly. On
average across OECD countries, only 3.5% of the students answered this question
correctly.

Question 3 addresses a different type of challenge, involving rates andproportional
reasoning, and it lies at mathematics proficiency Level 4. Students are required to
identify relevant information and construct an implicit quantitativemodel to solve the
problem. The content category of the question is quantity category because of theway
in which the multiple relevant quantities have to be combined by number operations
to produce the required number of persons to enter in 30min. The question alsomakes
considerable demand on the formulating process. A student needs to understand the
real-world problem so as to assemble the data provided in the right way. Students
from Singapore did reasonably well on this itemwith 59.3% obtaining full credit. On
average across OECD countries, almost half of the students answered this question
correctly.

6.3.3 Singapore Students’ Exposure to Mathematics Content
and Their Drive and Motivation to Learn Mathematics
in PISA 2012

As part of PISA 2012, each student took a two-hour handwritten test on reading,
mathematics and science (with a focus on mathematics). The tests were a mixture
of open-ended and multiple-choice questions that were organized in groups based
on a passage setting out a real-life situation. Following the cognitive test, students
spend nearly onemore hour answering a questionnaire about themselves, their family
and home, general aspects of learning mathematics, problem-solving experiences,
and specific aspects of learning mathematics as in 2012 the focus of PISA was
mathematics.

6.3.3.1 Students’ Exposure to Mathematics Content

Research shows that students’ exposure to subject content in school, known as “op-
portunity to learn”, is associated with student performance (Schmidt et al. 2001;
Sykes et al. 2009). The PISA 2012 questionnaire asked students how often they
encountered various types of mathematics problems or tasks during their time at
school and also how familiar they were with mathematical concepts such as expo-
nential function, divisor, quadratic function, proper number, linear equation, vectors,
complex number, rational number, radicals, subjunctive scaling, polygon, declara-
tive fraction, congruent figure, cosine, arithmetic mean and probability. Responses
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Table 6.8 Index of Singapore students’ Exposure to Mathematics Content in PISA 2012

Country Exposure to word
problems

Exposure to formal
mathematics

Exposure to applied
mathematics

Singapore 1.56 (0.016) 2.23 (0.010) 2.00 (0.010)

OECD average 1.87 (0.003) 1.70 (0.003) 1.92 (0.002)

( )—standard errors
Source OECD (2014) Table 1.3.1

to the questionnaire were used to create three categories: exposure to word problems,
exposure to formal mathematics and exposure to applied mathematics and respective
indices created (OECD 2014). The values of these indices range from 0 to 3, with 0
corresponding to no exposure and 3 to frequent exposure.

Table 6.8 shows Singapore students’ indices for Exposure toMathematics Content
and the corresponding OECD averages. Singapore stood out among all PISA partici-
pating countries as having the strongest relationship between the index of exposure to
formal mathematics and students’ mathematics performance (OECD 2014, p. 153).
This result suggests that opportunities to learn formal mathematics are associated
with PISA performance. Furthermore, exposure to more advanced mathematics con-
tent, such as algebra and geometry, seems to be related to high performance on the
PISAmathematics performance. Exposure to word problems, which are usually rep-
resented in textbooks as applications of mathematics, is also related to performance,
but was found to be less strong when compared to the OECD average. From the
index of exposure to applied mathematics, it is apparent that students in Singapore
are exposed to a wide range of problems (includingwith real-world contexts) to solve
during their study of mathematics. In this way, students learn to apply mathematics
in varying contexts and develop necessary skills for future use.

6.3.3.2 Students’ Drive and Motivation to Learn Mathematics

In PISA 2012, students’ perseverance, openness to problem-solving, and students’
intrinsic and instrumental motivation to learn mathematics were measured to assess
Students’ Drive andMotivation to LearnMathematics (OECD 2013b). Perseverance
and Openness to Problem-Solving are two new scaled indices in 2012 PISA. They
were developed in recognition of the increasing importance of problem-solving in
the cognitive part of the assessment. Based on students’ self-reports, PISA results
show that drive and motivation are essential for students’ to realize their potential.
Students’ Perseverance was gauged by their responses to the five statements shown
in Table 6.9. Students responded with one of the following: “very much like me”,
“mostly like me”, “somewhat like me”, “not much like me” or “not at all like me”.
Across OECD countries, 56% of students indicated that they do not give up easily
when confronted with a problem, 49% indicated that they remain interested in the
tasks that they start, and 44% indicated that they continue working on tasks until
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Table 6.9 Items measuring students’ Perseverance and students’ Openness to Problem-Solving

How well does each of the following statements below describe you? Percentage of students

Students’ perseverance OECD
average

Singapore

a When confronted with a problem, I give up easilyb 56.0
(0.2)

61.8
(0.7)

b I put off difficult problemsb 36.9
(0.1)

43.8
(0.7)

c I remain interested in tasks that I starta 48.9
(0.2)

57.9
(0.8)

d I continue working on tasks until everything is perfecta 43.8
(0.2)

61.1
(0.9)

e When confronted with a problem I do more than what is
expected of mea

34.5
(0.1)

45.3
(0.9)

Openness to problem-solving

a I can handle a lot of informationa 53.0
(0.2)

44.2
(0.9)

b I am quick to understand thingsa 56.6
(0.1)

50.4
(0.9)

c I seek explanations for thingsa 60.7
(0.2)

68.5
(0.7)

d I can easily link facts togethera 56.7
(0.2)

52.4
(1.0)

e I like to solve complex problemsa 33.1
(0.1)

39.1
(0.9)

( )—standard errors
aPercentage of students who reported that the statements describe someone “very much like me”
or “mostly like me”
bPercentage of students who reported that the statements describe someone “not much like me” or
“not at all like me”
Source OECD (2013b) Tables III.3.1a and III.3.2a

everything is perfect. The percentage of Singapore students showing perseverance
for each individual statement is higher than the international average, with 62% of
students indicating that they do not give up easily when confronted with a problem,
58% indicating that they remain interested in the tasks that they start, and 61%
indicating that they continue working on tasks until everything is perfect.

PISA 2012 also measured students’ Openness to Problem-Solving through their
responses to the five statements shown in Table 6.9. The questions asked students
about the extent to which they feel they resemble someone who can handle a lot of
information, is quick to understand things, seeks explanations for things, can easily
link facts together and likes to solve complex problems.

Student’s responses to each question could range from: the statement describing
someone “very much like me”, “mostly like me”, “somewhat like me”, “not much
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Table 6.10 Index of Singapore students’ Perseverance and Openness to Problem-Solving in PISA
2012

Index of students’ Perseverance Index of students’ Openness to
Problem-Solving

All stu-
dents

By proficiency level All stu-
dents

By proficiency level

Below
level 2

Level 4 Level 5
or 6

Below
level 2

Level 4 Level 5
or 6

Singapore 0.29
(0.02)

0.09
(0.04)

0.35
(0.03)

0.36
(0.03)

0.01
(0.02)

−0.30
(0.06)

0.02
(0.03)

0.20
(0.03)

OECD
average

0.00
(0.00)

−0.28
(0.01)

0.19
(0.01)

0.43
(0.01)

0.00
(0.00)

−0.40
(0.01)

0.29
(0.01)

0.70
(0.01)

( )—standard errors
Source OECD (2013b) Tables III.3.1d, III.3.2d and III.3.8

like me” or “not at all like me”. Across OECD countries, 53% of students indicated
that they can handle a lot of information, 57% reported that they are quick to under-
stand things, and 61% reported that they seek explanation for things, 57% reported
that they can easily link facts together, and only 33% indicated that they like to solve
complex problems. Singapore students showed higher intention in seeking explana-
tion for things and solving complex problems than the international average with
69% reporting that they seek explanation for things and 39% indicating that they like
to solve complex problems, but showed lower self-belief of being able to handling
lots of information, quickly understanding things and easily linking facts together.

The responses to the items in Table 6.9 were used to create the index of students’
Perseverance and index of students’ Openness to Problem-Solving. The indices were
standardized to have amean of 0 and a standard deviation of 1 across theOECDcoun-
tries and other economies and countries that participated in PISA 2012. Table 6.10
shows the indices for perseverance and openness to problem-solving for Singapore
students in PISA 2012. The mean index of perseverance ranged from 0.77 for Kaza-
khstan to−0.59 for Japan. Singapore had an index of 0.29, which was the best among
the top-performing East Asian countries/economies that participated in PISA 2012.

It is apparent from Table 6.10 that students with proficiency Level 5 or 6 reported
higher levels of perseverance than thosewith lower proficiency levels,which indicates
a strong association between perseverance and mathematics performance in terms
of proficiency level achieved in PISA 2012. However, the perseverance index of
Singapore students with proficiency Level 5 or 6 was lower than the international
average of 0.43.

The index of students’ openness to problem-solving ranged from 0.62 for Jor-
dan and Montenegro to −0.73 for Japan. Table 6.10 shows that index for Singapore
students was 0.01 just above the OECD average. There appears to be generally an
inverse relationship between openness to problem-solving and mathematics perfor-
mance among students who participated in PISA 2012. Singapore students with
proficiency Level 5 or 6 reported relatively higher levels of openness to problem-
solving than those with lower proficiency levels. For Levels 4, 5 and 6 of proficiency,
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Table 6.11 Items measuring Intrinsic and Instrumental Motivation to Learn Mathematics

Thinking about your views on mathematics: to what extent do you
agree with the following statements?

Percentage of
students*

Intrinsic motivation to learn mathematics (mathematics interest) OECD
average

Singapore

a I enjoy reading about mathematics 30.6
(0.2)

68.1
(0.9)

b I look forward to my mathematics lessons. 36.2
(0.2)

76.8
(0.8)

c I do mathematics because I enjoy it 38.1
(0.2)

72.2
(0.8)

d I am interested in the things I learn in mathematics 53.1
(0.2)

77.1
(0.8)

Instrumental motivation for mathematics

a Making an effort in mathematics is worth it because it will
help me in the work that I want to do later on

75.0
(0.1)

90.4
(0.6)

b Learning mathematics is worthwhile for me because it will
improve my career prospects and chances

78.2
(0.1)

88.2
(0.6)

c Mathematics is an important subject for me because I need
it for what I want to study later on

66.3
(0.2)

87.4
(0.6)

d I will learn many things in mathematics that will help me
get a job

70.5
(0.2)

85.5
(0.7)

( )—standard errors
*Percentage of students who “strongly agree” or “agree”
Source OECD (2013b) Tables III.3.4a and III.3.5a

their indices of openness to problem-solving were lower than the OECD average.
It is interesting to note that for PISA 2012, creative problem-solving students from
Singapore were ranked first and yet their perceptions of openness to problem-solving
suggest that they do not have attributes of good problem solvers. Thismismatch could
be attributed to their inability to self-assess their abilities or sheer over modesty, as
often portrayed by Asian students.

PISA measures students’ Intrinsic Motivation to Learn Mathematics and Instru-
mental Motivation to Learn Mathematics through their responses “strongly agree”,
“agree”, “disagree” or “strongly disagree” with the statements shown in Table 6.11.

As shown in Table 6.11, on average across OECD countries, students who partic-
ipated in PISA 2012 have shown relatively low levels of intrinsic motivation to learn
mathematics. Only 31% of students indicated that they agree or strongly agree that
they enjoy reading about mathematics, 36% reported that they look forward to their
mathematics lessons, 38% reported that they do mathematics because they enjoy it,
and 53% reported that they are interested in the things they learn in mathematics.
However, Singapore students seem to have high levels of intrinsic motivation to learn
mathematics, with 68% of students indicating that they enjoy reading about math-
ematics, 77% indicating that they look forward to their mathematics lessons, 72%
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Table 6.12 Index of Singapore students’ Intrinsic Motivation to Learn Mathematics and Instru-
mental Motivation to Learn Mathematics in PISA 2012

Index of students’ Intrinsic
Motivation to Learn
Mathematics

Index of students’ Instrumental
Motivation to Learn
Mathematics

All stu-
dents

By proficiency level All stu-
dents

By proficiency level

Below
level 2

Level 4 Level 5
or 6

Below
level 2

Level 4 Level 5
or 6

Singapore 0.84
(0.02)

0.60
(0.06)

0.88
(0.03)

0.88
(0.02)

0.40
(0.02)

0.38
(0.06)

0.44
(0.03)

0.34
(0.03)

OECD
average

0.00
(0.00)

−0.21
(0.01)

0.17
(0.01)

0.51
(0.01)

0.00
(0.00)

−0.22
(0.01)

0.15
(0.01)

0.40
(0.01)

( )—standard errors
Source OECD (2013b) Tables III.3.4d, III.3.5d and III.3.8

reporting that they do mathematics because they enjoy it, and 77% reporting that
they are interested in the things they learn in mathematics.

From Table 6.11, it is also apparent that students who participated in PISA 2012
appreciate the instrumental value of mathematics. On average across OECD coun-
tries, 75% of students responded that they agree or strongly agree that making an
effort in mathematics is worthwhile because it will help them in the work that they
want to do later on in life. 78% of students responded that learning mathematics
will improve their career prospects, and 71% of students believed that learning many
things in mathematics will help them get a job. Likewise, Singapore students have
also shown very high levels of instrumental motivation to learn mathematics, with
90% of students responding that they agree or strongly agree that making an effort
in mathematics is worth it because it will help them in the work that they want to
do later on, 88% of students responding that learning mathematics is worthwhile
because it will improve their career, 87% reporting that mathematics is an important
subject because they need it for what they want to study later on, and 86% believing
that many things they learnt in mathematics will help them get a job.

The responses were used to create standardized indices, with mean of 0 and stan-
dard deviation of 1, for students’ IntrinsicMotivation and Instrumental Motivation to
Learn Mathematics. The index for students’ intrinsic motivation to learn mathemat-
ics ranged from 0.96 for Albania to −0.35 for Austria, while that for instrumental
motivation ranged from 0.56 for Peru to −0.57 for Romania. Table 6.12 shows the
indices for Singapore students’ intrinsic motivation and instrumental motivation to
learnmathematics and the correspondingOECDaverages in PISA2012. For intrinsic
motivation to learn mathematics, Singapore had an index of 0.84. For instrumental
motivation, the index was 0.40. Both indices were the highest compared with the
other top-performing East Asian countries/economies in PISA 2012.

From Table 6.12, it is also apparent that students with proficiency Level 5 or 6
showed significantly higher index of intrinsic motivation than those with proficiency
level below 2. The results suggest an association between students’ intrinsic moti-
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vation and mathematics performance in terms of proficiency level achieved in PISA
2012. However, for instrumental motivation to learn, it appears that Singapore is
an exception as students at all proficiency levels show high indices of instrumental
motivation to learn mathematics.

6.4 Teacher Education and Development Study
in Mathematics (TEDS-M)

TEDS-M is the first international comparative study on the training of future mathe-
matics teachers carried out by IEA. Seventeen countries including Singapore partici-
pated in the study. Singapore participated in the study to compare teacher education at
the National Institute of Education (NIE), the sole teacher education institute in Sin-
gapore, and performance of NIE student teachers in mathematics content knowledge
(MCK) and mathematics pedagogical content knowledge (MPCK) against interna-
tional benchmarks.

TEDS-Mwas a survey study that used specific questionnaires to collect data from
educators and future mathematics teachers. The theoretical framework of the study is
detailed inTatto et al. (2008). The study comprises three components. Component 1 is
about the national contexts and policies for teacher education. The national research
coordinators of the participating countries provided country reports explaining these
contexts and policies. Component 2 is specific to the nature of mathematics teacher
education programmes. Coordinators of the institutes that were sampled in each
country completed the Institution questionnaire. Educators from the institutes did
the same for the Educator questionnaire that sought their beliefs about pedagogy
and activities offered by their courses for future mathematics teachers. Information
about the school mathematics curricula and mathematics teacher education courses
was also collected and analysed.

Component 3 examines the outcomes of teacher education in terms of the per-
formance of future mathematics teachers in MCK and MPCK and their beliefs and
perceptions of opportunities to learn (OTL) about mathematics and pedagogy. The
mathematics for teaching test comprised MCK and MPCK items. The MCK items
covered four content knowledge domains (Number, Geometry, Algebra and Data)
and three cognitive domains (Knowing, Applying and Reasoning). These domains
are based on the corresponding domains used in the TIMSS 2007 framework (Mullis
et al. 2007). The MPCK items measured three types of mathematics knowledge
for teaching: mathematical curricular knowledge; knowledge of planning for math-
ematics teaching and learning (pre-active); and enacting mathematics for teaching
and learning (interactive). The test comprised 24 items and 30 items for the pri-
mary and lower secondary future mathematics teachers, respectively, and teachers
had 60 min to complete it. The beliefs and OTL survey comprised 53 Likert-type
items, and teachers had 30 min to complete it. The survey sought their beliefs about
the nature of mathematics, learning mathematics and mathematics achievement and
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perceptions about content and skills relating to seven broad areas hypothesized to
influence knowledge for teaching mathematics: tertiary-level mathematics, school-
level mathematics, mathematics education pedagogy, general pedagogy, teaching
diverse students, learning through school-based experiences, and coherence of their
teacher education programme.

As NIE is the sole teacher education institute in Singapore, it provided a census
sample to represent Singapore. Altogether 380 primary (263 primary generalist +
117 primary math specialist) and 393 (142 lower secondary + 251 upper secondary)
secondary future mathematics teachers completed the TEDS-M tests and surveys.
Seventy-seven NIE mathematicians, mathematics educators and teacher educators
who taught at least one course to the future teachers participating in TEDS-M also
completed the Educator questionnaire in 2007.

The TEDS-M international report detailing the data and findings related to the
three components was published in 2012 (Tatto et al. 2012). Several publications
by Wong Khoon Yoong, who was the National Research Coordinator for Singapore,
and his colleagues provide us with insights about findings that are Singapore centric
(Wong et al. 2011, 2012a, b, 2013a, b, c; 2014). In the following sections, we draw
on the international report and also publications byWong and colleagues and present
a brief overview of findings that provide us with a glimpse of where mathematics
teacher education sits in the international arena and how future mathematics teachers
rank in the same.

6.4.1 National Contexts and Policies for Teacher Education

Wong et al. (2012) noted that teacher education policies varied widely across the
17 countries that participated in TEDS-M and it was not possible to draw definitive
implications about the effects of these policies on the performance of future teachers.
Furthermore in several countries, including Singapore, policies have changed since
the country reports were submitted in 2008. Nevertheless, Tatto et al. (2012) reported
that in both Chinese Taipei and Singapore where future mathematics teachers scored
high on the TEDS-M tests:

• there were strong controls over the number of entrants accepted into teacher edu-
cation programmes;

• there were specific policies to ensure that teaching is an attractive career; and
• teacher education programmes were able to recruit able high school graduates.
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6.4.2 Nature of Mathematics Teacher Education
Programmes

The primary mathematics education programmes were classified along a general-
ist–specialist continuum. In Singapore, data were collected in November 2007 and
May/June 2008, from four different types of pre-service programmes for primary
teachers at the National Institute of Education (NIE):

• Diploma in Education, Dip Ed (A) or Dip Ed (C);
• Bachelor of Arts with Education, BA (Ed) (C-series);
• Bachelor of Science with Education, B.Sc. (Ed) (C-series);
• Postgraduate Diploma in Education (Primary), PGDE (P) (A) or PGDE (P) (C).

At the time of the study, the Dip Ed and PGDE (P) programmes offered two
options: option A covered two teaching subjects (one of which was mathematics)
and option C covered three teaching subjects (one of which was mathematics). The
C-series Bachelor programmes trained only primary school teachers and covered
four teaching subjects, including mathematics. Teachers who were training to teach
two subjects were classified as primary mathematics specialists, while those who
were training to teach more than two subjects were classified as generalists.

Secondary mathematics teacher education programmes covered either lower sec-
ondary up to grade 10 or upper secondary up to grade 12. In Singapore, data were
collected in November 2007 and May/June 2008 from two cohorts of the Postgrad-
uate Diploma in Education (PGDE) (Secondary) programme. Future mathematics
teachers in the programme prepared to teach either lower secondary mathematics or
all secondary mathematics. Those preparing to teach lower secondary mathematics
are generally weaker in mathematics compared to those who are preparing to teach
all secondary mathematics. In TEDS-M, the lower secondary mathematics teachers
from Singapore were classified as those preparing to teach lower secondary to grade
10, while those preparing to teach all secondarymathematics were classified as upper
secondary up to grade 12. It is reported by Wong et al. (2012) that Singapore and
Chinese Taipei had the highest requirements for the mathematics courses that future
teachers must complete in order to enter the professional component of their teacher
education programmes. However, secondary future teachers in Chinese Taipei and
Russia were prepared to teach only one subject, while those in NIE were prepared
to teach one major and one minor subject.

6.4.3 Performance of Future Teachers in MCK and MPCK
and Their Beliefs and Perceptions of Opportunity
to Learn

Futuremathematics teachers fromSingapore performedwell on theMCKandMPCK
tests and Singapore ranked among the top countries. Table 6.13 gives an overview
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Table 6.13 Ranking and score of NIE student teachers

Primary generalist Primary math
specialist

Lower secondary Upper secondary

N 263 117 142 251

MCK 2 (586) 2 (600) 1 (544) 3 (587)

MPCK 2 (588) 1 (604) 2 (539) 4 (562)

NB. International mean � 500
Source of data Tatto et al. (2012, pp. 139, 143, 147, 150)

of their performance and Table 6.14 gives a detailed breakdown of the same by
programmes of study at NIE. From the tables, it is apparent that among the pri-
mary student teachers at NIE, those who were trained to teach only two subjects
performed better than those who were trained to teach more than two subjects. The
secondary student teachers who were trained to teach upper secondary performed
better than thosewhowere trained to teach lower secondary. This resultwas expected.
Table 6.14 shows that for future primary teachers when the performance is analysed
by NIE programmes, student teachers in the BSc (Ed) programme in fact topped both
tests in the Primary Generalist group. One reason could be some student teachers
in this programme were doing undergraduate mathematics as their academic sub-
ject. Among the six NIE programmes for future primary mathematics teachers in
Table 6.14, the performance of student teachers in Dip Ed (C) was the lowest for
both tests. This is not unexpected because the Diploma programme admits student
teachers not qualified for the Bachelor programmes.

6.4.3.1 Primary MCK and MPCK Test Items

As an illustration of the performance of future primary teachers from Singapore, we
consider two released items, one from MCK and the other from MPCK. Figure 6.9
shows an itemMFC 204 of theMCKGeometry-Knowing domain. This item requires
knowledge of the relationships among quadrilaterals. For example, a square is both
a rectangle and a rhombus. Wong et al. (2012b) reported that 66% of NIE student
teachers had chosen the correct option C. This is slightly higher than the international
level of 64%. As these geometric relationships have been covered in the Subject
Knowledge (SK) courses at NIE, they expected the student teachers “to perform
better in this task than the result reported here”. A better performance entails a deeper
understanding of these relationships. An approach worth considering is to reinforce
student teachers’ ability to differentiate the defining properties of quadrilaterals from
the other properties. Knowing the roots of these relationships should help in the
understanding of why a square is both a rectangle and a rhombus, for example.

Figure 6.10 shows two items of the MPCK Enacting domain: MFC 208A at the
intermediate level and MFC 208B at the advanced level. MFC 208A tests the ability
to recognize the two commonmisconceptions thatmultiplicationwill always produce
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Table 6.14 Performance of
Singapore student teachers in
MCK and MPCK tests

Programme group/country MCK MPCK

Rank Mean Rank Mean

Primary generalist (Grade 6 maximum)

Singapore (All) 2 586 2 588

B.Sc. (Ed) 625 626

PGDE (P) (C) 593 596

BA (Ed) 586 587

Dip. Ed (C) 567 568

Primary mathematics specialist

Singapore (All) 2 599 1 603

PGDE (P) (A) 600 601

Dip Ed (A) 598 607

Lower secondary

Singapore 1 544 2 539

Upper secondary

Singapore 3 587 4 562

International mean � 500; standard deviation � 100

Source of data Wong et al. (2012b, p. 300); Tatto et al. (2012
pp. 139, 143, 147, 150)

MFC 204 

Three students have drawn the following Venn diagrams showing the relationships between four 
quadrilaterals: Rectangles (RE), Parallelograms (PA), Rhombuses (RH), and Squares (SQ). 

Which student’s diagram is correct?  (A) [Tian]  (B) [Rini]  (C) [Mia] 

Fig. 6.9 Released item (MFC 204) of the MCK Geometry-Knowing domain (Wong et al. 2013a,
p. 300)

a larger product and division will always make a number smaller. MFC 208B tests
the competency to “translate” an abstract operation into a visual model to help pupils
correct these misconceptions.

It is reported in Wong et al. (2012) that 67% of NIE student teachers could state
at least one misconception in MFC 208A. Although this is much higher than the
corresponding international performance of 41%, “that about one-third … could
not recognize these misconceptions, giving irrelevant responses” was still “truly
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[Jeremy] notices that when he enters 0.2 × 6 into a calculator his answer is smaller than 6, and when he 
enters 6 ÷ 0.2 he gets a number greater than 6. He is puzzled by this, and asks his teacher for a new 
calculator! 
MFC 208A (a) What is [Jeremy’s] most likely misconception? 
MFC 208B (b) Draw a visual representation that the teacher could use to model 0.2 × 6 to help [Jeremy] 
understand WHY the answer is what it is? 

Fig. 6.10 Released items (MFC 208A and 208B) of theMCKEnacting domain (Wong et al. 2012b,
p. 302)

MFC 610D  
Determine whether the following is an irrational number always, sometimes or never? 
D. Result of dividing 22 by 7. 

MFC 705A 
We know that there is only one point on the real number line that satisfies the equation 3x = 6, namely 
x = 2. 
A. Suppose now that we consider this same equation in the plane, with coordinates x and y. What does 

this set of points that satisfy the equation 3x = 6 look like in this setting? 

□ one point    □ one line    □ one plane    □ other     

Fig. 6.11 Released MCK items (MFC 610D and MFC 705A) of the Number-Knowing and
Geometry-Knowing domains, respectively (Wong et al. 2012a, p. 3; 2012b, pp. 14, 22)

surprising” to them. This is because these two misconceptions are covered in the
NIE Curriculum Studies (CS) courses. Overall, only 23% of NIE student teachers
could answer both parts of MFC 208 correctly. For mathematics educators at NIE, a
question worth pondering is thus how student teachers’ ability to recognize and deal
with misconceptions can be strengthened through their CS courses.

6.4.3.2 Secondary MCK and MPCK Test Items

As an illustration of the performance of future secondary teachers from Singapore,
we consider some released items, two from MCK and one from MPCK. Figure 6.11
shows two MCK items that NIE student teachers found rather difficult though both
belonged to the domain of knowing.

The performance of NIE student teachers on items MFC 610D and MFC 705A is
reported in Wong et al. (2012a). For item MFC 610D, 66% of NIE student teachers
knew that the result of diving 22 by 7 is never an irrational number, whereas 31%
thought it is always an irrational number, probably not realizing that 22/7 is only an
approximation for π. The corresponding international averages were 40 and 51%,
respectively. The performance of NIE student teachers on item MFC 705A was also
weak. About 69% knew that the solution to the equation 3x� 6 in the plane is a line,
but 27% thought it was a point thinking that the solution x � 2, which give a single
value. The corresponding international averages were 58 and 33%, respectively. The
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MFC 712C 
A mathematics teacher wants to show some students how to prove the quadratic formula.  
Determine whether the following types of knowledge is needed in order to understand a proof of this 
result. 

C. How to complete the square of a trinomial.         □ needed    □ not needed 

Fig. 6.12 ReleasedMPCK item (MFC 712C) of the Algebra-Planning domain (Wong et al. 2012a,
p. 3; 2013a, p. 30)

performance of NIE student teachers on both of the above items suggests weak
conceptual understanding of some basic mathematics.

Figure 6.12 shows a MPCK item that student teachers at NIE found difficult
too. The item belongs to the content domain—Algebra—and type of mathematics
knowledge for teaching—planning. Students’ performance of the item is reported in
Wong et al. (2012a). In proving the quadratic formula, only 37% knew that the proof
requires the knowledge to complete the square of a trinomial; this result was much
worse than the international average of 55%. As noted by Wong and colleagues, two
major reasons may account for this poor result. First, the term trinomial is rarely
used in Singapore textbooks, and second, some secondary teachers do not teach this
formula using “complete the square” approach. As such, student teachers who had
not encountered this proof during their school days may not have the opportunity to
learn it their post-secondary mathematics courses.

6.4.3.3 Singapore Student Teachers’ Beliefs and Perceptions
of Opportunity to Learn

In Wong et al. (2011), the outcomes of a questionnaire on the reasons for student
teachers to become a teacher and their beliefs about teaching as a lifetime career
were presented. Drawing on their findings, among the nine reasons given in the
questionnaire for becoming a teacher, the two most important reasons were “I like
workingwith young people” and “Iwant to have an influence on the next generation”.
In line with these reasons, 86% of primary and 82% of secondary student teachers
at NIE either expected teaching as a lifetime career or believed in this possibility.
These levels of commitment are higher than the corresponding international levels of
72 and 77%. These findings are consistent with the “career-based” model of teacher
employment in Singapore. The student teachers at NIE have a distinctive status as
employees of the Ministry of Education, and Wong et al. (2013c) noted that “this
distinctive system of ‘paying’ people to be trained as teachers is indicative of a
career-based system in its fullest sense”.

Wong et al. (2012a) also noted that NIE student teachers and educators gener-
ally endorsed the conceptual approaches to learning mathematics compared to the
procedural ones. 78% of the educators believed that mathematics should be learned
through student activity, compared to 72% of the primary and 66% of the secondary
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student teachers. Student teachers who held conceptual orientations tended to have
higher MCK and MPCK scores compared to those with procedural or fixed ability
beliefs. Wong and colleagues reported that on a scale of 0–1, the coverage of math-
ematics education pedagogy in NIE programmes ranged from 0.68 to 0.72 and this
was similar to the international mean. However, the coverage of general pedagogy
was in the range of 0.57–0.65 and this was low when compared to Russia, Switzer-
land and the USA. NIE student teachers also scored below the international mean for
opportunities to learn about teaching diverse students, and they rated “rarely having
opportunities” to read about research on mathematics and mathematics education;
write mathematical proofs; and develop research projects to test teaching strategies
for pupils of diverse abilities. A significant difference between the perceptions of
student teachers and educators at NIE was that educators felt that they had provided
fairly frequent opportunities for the student teachers to engage in interactive learning
experiences, such as to ask questions, participate in class discussion, work in groups
and make presentations to the class. However, with the exception of group work, the
student teachers rated the other three interactive experiences lower than the educa-
tors. Nevertheless, 90% of NIE students rated their programmes as effective or very
effective in preparing them to teach mathematics.

6.4.4 What Are the Implications of the Main Findings
of the TEDS-M for Educators in Singapore?

The findings of comparative studies like TEDS-M (Tatto et al. 2012) provide par-
ticipating countries with ample scope to make comparisons with other participating
countries and glean valuable insights. Drawing on the data and findings of Tatto
et al. (2012), Wong et al. (2011), five key implications arising from the findings of
TEDS-M were noted by Wong and colleagues for educators in Singapore (Wong
et al. 2011). They are as follows.

6.4.4.1 Recruit Future Mathematics Teachers with Strong
Mathematics Background

The results of the TEDS-M study in general (Tatto et al. 2012) and Singapore’s
data (Wong et al. 2011) in particular affirm that teachers with sound mathematical
knowledge demonstrate high performance in MCK and MPCK, which are neces-
sary requisites for them to teach mathematics competently in schools. Hence, it is
important that the Ministry of Education in Singapore continue to recruit future
mathematics teachers with strong entry qualifications.
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6.4.4.2 Stress Sound Grounding in Mathematics-Related Knowledge
in NIE Programmes

Generally, the good performance of NIE future teachers in MCK and MPCK affirms
a strong grounding in mathematics-related knowledge that has been acquired while
undergoing study at the NIE to be a mathematics teacher. Although generally the
performance of the future teachers was commendable, there were differences in per-
formance across the different programmes (see Table 6.14). Therefore, there is a
need to look at the structure of these programmes and make revisions that would
help future teachers of mathematics learn more mathematics while preparing to
teach mathematics at NIE. Compared to some other countries that also participated
in TEDS-M, future mathematics teachers at NIE reported relatively low coverage
of validation/structuring/ abstracting topics such as Boolean algebra, mathematical
induction, logical connectives and linear space. This could be an area for considera-
tion at least for the Bachelor Degree curriculum as these topics are important for the
development of mathematical thinking.

Another gap is the relatively lowattention given to teachingmathematics to diverse
students. Paying attention to the teaching of students with diverse backgrounds is
important as it is in line with differentiated instruction in schools advocated by the
Ministry of Education in Singapore. Yet another area that warrants attention is the
general agreement among educators and future teachers about the low frequency
requiring future teachers to read about research in mathematics and mathematics
education. Given the recent trends towards evidence-based practices, it is imperative
that educators engage future teachers to read, discuss and experiment with researched
practices.

6.4.4.3 Align Opportunities to Learn from the Perceptions
of Educators and Future Teachers

Some mismatches were found between perceptions of opportunities to learn some
components of the NIE programmes as reported by the educators and future teachers.
One significant area to probe further is the frequency of using interactive learning
experiences such as future teachers asking questions and discussions during lessons.
Periodic surveys like the one used by TEDS-M for opportunities to learn by educators
at NIE may help them keep NIE programmes relevant and prepare future teachers
who are also ready for the rapidly changing learning spaces of the future.

6.4.4.4 Strengthen Commitment to Teaching as a Lifetime Career

AlthoughNIE student teachers had expressedmore favourable commitment to teach-
ing as a lifetime career when compared to their international counterparts, there were
20% of first-career future teachers who were not fully committed. Steps should be
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taken while these future teachers are at NIE to acquaint them with the various chal-
lenges and achievements of being a teacher.

6.4.4.5 Learn from Other High-Performing Countries

Chinese Taipei and Russia performed better than Singapore in MCK and MPCK
for some groups of future mathematics teachers. When they did perform better, the
differences in scores were much larger than those of NIE student teachers. It is
valuable for educators at NIE to learn about teacher education systems of these two
countries through study visits and research collaborations.

6.5 Conclusion—Why Singapore Students Do Well
in TIMSS and PISA?

This chapter has put forth the performance inmathematics for both students and future
mathematics teachers in Singapore, in international benchmark studies TIMSS, PISA
andTEDS-M.As noted byBarber andMourshed (2007) in theMcKinsey report “The
quality of an Education System cannot exceed the quality of its teachers” (p. 16),
it is apparent from the findings of the TEDS-M study that mathematics teachers in
Singapore are one of the contributory factors for the commendable performance of
their students in Mathematics. An analogy to Barber and Mourshed’s claim that the
quality of teachers in any education system is significantly dependent on the quality
of teacher educators in that system is also supported by the findings of the TEDS-M
for Singapore. Therefore, it appears that the quality of both mathematics teacher
educators and mathematics teachers partly explains the performance of Singapore
students in TIMSS and PISA.

Since the introduction of the New Education System (NES) in 1979 (Goh and
The Education Study Team 1979), Singapore has dedicatedly pursed the vision of
a high-quality education system that devotes attention and resources not only to
high achievers, but also to lower level achievers. In line with the vision, the school
mathematics curriculum has undergone periodic revisions since the 1980s, to remain
relevant and keep abreast of development in the world around. It has been detailed in
Chap. 2 how the education system has developed so far and in tandem how the school
mathematics curriculum has also evolved into one that provides for every child in
school. The curriculum lays a solid foundation in mathematics for all students in
elementary grades, which seems to play a core role in students’ later success. From
upper primary onwards, students are assigned specialist teachers in mathematics.
From upper secondary onwards, a range of specializedmathematics courses at higher
levels are available for students who are interested to build up their strengths. It is
apparent that the government invests wholeheartedly in education. One may say
that the school levels the playing field for all students. Students who are lacking in
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progress are identified almost immediately and helped to overcome difficulties and
allowed to achieve.

Since 1981, the curriculum has adopted the Concrete-Pictorial-Abstract approach
to the teaching and learning of mathematics. This approach provides students with
the necessary learning experiences andmeaningful contexts, using concrete hands-on
materials and pictorial representations to construct abstractmathematical knowledge.
The system-wide guides of the intended curriculum issued by the Curriculum Plan-
ning and Development Division of the Ministry of Education place emphasis on the
scope and sequence of topics taught at the respective grade levels. It makes clear the
nature of the spiral curriculum and the student-centric learning experiences neces-
sary for the acquisition of deep mathematical knowledge. The principles of teaching
and phases of learning detailed in the guides make apparent that deep conceptual
knowledge and procedural fluency must be the goals of mathematics instruction.
Students must through exploration, clarification, practice and application over time
represent mathematical concepts in multiple ways and apply them to solve problems
in unfamiliar situations. Therefore, it also appears that the education system and
school mathematics curriculum contribute in part towards the success of Singapore’s
students in TIMSS and PISA.

Singapore students’ strong drive and motivation to learn mathematics are key to
their performance in the subject. In addition, the high expectations of students by
teachers and parents certainly impact their performance. In short we may say that
society, in Singapore, as a whole places a premium on education.
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Chapter 7
Problem Solving in the Singapore School
Mathematics Curriculum

Tin Lam Toh, Chun Ming Eric Chan, Eng Guan Tay, Yew Hoong Leong,
Khiok Seng Quek, Pee Choon Toh, Weng Kin Ho, Jaguthsing Dindyal,
Foo Him Ho and Fengming Dong

Abstract Problem solving has been the heart of the Singapore school mathematics
curriculum since the early 1990s after being adopted as the goal of school mathe-
matics education. Since its adoption, it has captured the interest of many Singapore
educators and researchers. It appears that problem solving will continue to be a very
active research area since there is great interest in the very high level of perfor-
mance of Singapore students in international comparative studies such as TIMSS
and PISA. This chapter begins with a re-categorization of the research work done
to date on problem solving in Singapore using the Singapore mathematics curricu-
lum framework by integrating two classifications done by Foong in 2009 and Chan
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in 2014, respectively, and including work done since 2011 that was not reported in
either survey. The earlier research focused on addressing the readiness of students for
mathematical problem solving (MPS) from the perspective of the Singapore mathe-
matics curriculum framework; the later research tended to emphasize the enactment
of MPS in the Singapore mathematics classroom and teacher education. This chapter
gives more detail to this later research with an emphasis on the enactment of Pólya’s
stages in solving structured problems.

Keyword Mathematical problem solving · Pólya’s model · Pre-service teacher
education · Real-world context

7.1 Mathematical Problem Solving and the Singapore
School Mathematics Curriculum

The central goal of the school mathematics curriculum in Singapore is mathematical
problem solving (MPS), as reflected in the School Mathematics Curriculum Frame-
work shown in Fig. 3.1 in Chap. 3. MPS has remained as the central goal of the
curriculum since its inception in the early 1990s in spite of the changing educational
landscape over the decades.

The curriculum documents across several revisions (e.g. Ministry of Education
(MOE) 1990, 2006) describe problem solving in terms of what it encompasses rather
than as a definition of what problem solving is.

Mathematical problem solving includes using and applying mathematics in practical tasks,
in real life problems and within mathematics itself. In this context, a problem covers a wide
range of situations from routine mathematical problems to problems in unfamiliar contexts
and open-ended investigations that make use of the relevant mathematics and thinking pro-
cesses.

(MOE 1990, p. 6)

Mathematical problem solving is central to mathematics learning. It involves the acquisition
and application of mathematics concepts and skills in a wide range of situations, including
non-routine, open-ended and real-world problems.

(MOE 2006, p. 3)

7.2 Why Research on MPS?

At the beginning of thismillenium,Dong et al. (2002) did a short survey onmore than
100 students from five junior colleges across Singapore on their readiness to handle
non-routine problems in mathematics. The preliminary study showed that there was
a considerable difference in the achievement among the students on routine and non-
routine problems. These students lacked skills and techniques which are considered
crucial for MPS. Moreover, MPS at the primary school level in Singapore is usually
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equated with solving word problems which constitute at least 60% of the high-stakes
nationalmathematics examination taken at Primary Six (sixth grade) (Lee 2014). The
close link between assessment and curriculum led to the belief that word problems
are the focus in the Singapore primary mathematics curriculum and has led many
primary schools to teach problem solving by teaching word problems. In addition,
although the international comparative studies PISA and TIMSS have shown that
Singapore students generally have achieved a very high level of competence in school
mathematics, an in-depth analysis of the results of these studies has also noted a
relatively weaker performance of Singapore students on solving unfamiliar problems
(Kaur 2009).

As evidence from research suggests that Singapore students might not be very
well-prepared in handling non-routine problems, it is not surprising that research
in Singapore on MPS in school mathematics in order to support classroom practice
or inform curricular policy with research-based evidence continues to receive much
attention in the Singapore context. This was also evident in Teong et al. (2009).
The study included more than 150 mathematics lessons from several primary and
secondary schools in Singapore, with this as one of the findings:

[teachers] generally read the problems, executed the solution and checked the answers. There
was very little dwelling on the exploration or the planning aspect of the solutions. … The
emphasis appeared to be more to address the skills and procedures needed to solve problems
than to tackle fresh problems anew where students have more chance of grappling with
understanding and thinking about how to solve the problems. (p. 84)

Two reviews of MPS research have been carried out thus far. Foong (2009) catego-
rized the research from the 1980s up to 2007 into three broad strands, namely (a)
approaches and tasks, (b) teachers’ beliefs and practices, and (c) students’ problem
solving behaviours.Chan (2015) looked atMPS involving students from2001 to early
2011. He categorized the research into six broad categories as follows: (a) model-
drawing method, (b) choice of heuristics, (c) open-ended and real-world problems,
(d) metacognition, (e) sense-making, and (f) affective domain. This chapter sum-
marises the various MPS research from the two reviews and adds details on more
comprehensive research on MPS carried out recently since the later part of the last
decade.

Numerous local studies (e.g. Foong et al. 1996; Foong 2009) indicate that up to
2009,MPSwas stillmostly theoretical talk andnot common in classroomenactments.
Foong et al. (1996) reported that some mathematics teachers have expressed their
inadequacy in implementing the intended curriculum for MPS. Alan Schoenfeld
wrote in the 2007 special issue on problem solving of the journal ZDM that the
prevailing focus should lie in translating decades of theory building about problem
solving into workable practices in the classroom:

That body of research—for details and summary, see Lester (1994) and Schoenfeld (1985,
1992)—was robust and has stood the test of time. It represented significant progress on issues
of problem solving, but it also left some very important issues unresolved. … The theory
had been worked out; all that needed to be done was the (hard and unglamorous) work of
following through in practical terms. (Schoenfeld 2007, p. 539)
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This has spurred the interest of researchers in the Singapore National Institute of
Education (NIE) to research on the feasibility of doing the “hard and unglamorous”
work of realising the ideals of mathematical problems solving—as envisioned to
be at the heart of the Singapore mathematics curriculum—into the daily practices
of mathematics classrooms. This has opened a new dimension of research, i.e. in
enacting the problem solving curriculum in mathematics classrooms.

7.3 Studies on MPS from 2001 to 2011

Figure 7.1 summarizes the research related to MPS from Foong (2009) and Chan
(2015). The categorization provides a clearer depiction of the current state of research
compared to the previous reviews in that it takes into account some of the overlapping
strands for which the previous reviews did not capture and consolidated only those
from 2001 onwards. Moreover, several studies recently located were appended to the
list and the list of research is sequenced chronologically from 2001 to get a sense
of the different strands of problem solving research carried out in the twenty-first
century.

Figure 7.1 shows that studies involving problem solving heuristics are popular
among researchers with 13 studies located. This is followed by 11 studies related to
open-ended problems including solving real-world and modelling problems. Other
strands like cognition and sense making, metacognition, affect and ICT make up
about five studies each. Studies on the affective domain began from 2005 while
studies related to ICT appeared to have dwindled after 2004 with only one study in
2009.

From 2009 onwards, there is a surge of research publications on MPS under the
category of problem solving curriculum. This is an indication of a new focus from
2009 onwards on enacting MPS in the mathematics classroom and is a response to
the disturbing observation that MPS is seldom realized in the classroom.

At that time, the authors, who were either teaching mathematics content or math-
ematics pedagogy at the tertiary level and who had vast school teaching experience
prior to joining the university, felt strongly thatmathematical problem solving had not
been enacted according to its true spirit in school mathematics classrooms. The pro-
cesses of problem solving were not stressed sufficiently because such processes were
not eventually assessed in the high-stakes national assessment. Extensive anecdotal
evidence suggested that teachers were mainly focused on preparing their students
for examinations by equipping them with the ability to solve a fixed repertoire of
exam-type problems. In fact, even challenging problems and problems that involve
application in the real world were “routinized”—taught in a way that they eventually
became routine—for the students.

From the perspective of mathematicians, this is the incorrect sequence of teaching
mathematics and, more unfortunately, defeats the purpose of mathematics education,
which is to prepare students to be able to handle unseen problems instead ofmemoriz-
ing various algorithms to tackle different types of mathematics problems. Figure 7.2
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TotalReferencesStrand
number

Heuristics and 
Model Drawing 

Wong (2002); Wong & Lim-Teo (2002); Ho & Hedberg 
(2005); Hedberg, Wong,  Ho, Lioe, & Tiong (2005); Ng & 
Lee (2005); Ng (2006); Yeo (2006); Ho (2007); Poh (2007); 
Wong (2008); Goh (2009); Looi & Lim (2009); Yeo (2011). 

13 

Open-ended / 
real world 
problems 

Seoh (2002); Lee (2002); Ng (2003); Chow (2004); Chang 
(2005); Chan (2005); Chua & Fan (2007); Fan & Zhu (2008); 
Ng (2010); Chan (2010); Kaur & Toh (2011). 

11 

Cognition & 
Sense Making 

Ho, Lee & Yeap (2001); Chang (2004); Foong (2005); Teo 
(2005); Heng (2007) 

5

Metacognition Teong (2003);  Teo (2006); Lioe, Ho & Hedberg (2006); 
Wong (2007); Lee (2008) 

5

Affect Tan (2002); Teo (2005); Yeo (2005); Toh (2009); Chan 
(2011) 

5

ICT Hung (2001); Lee (2002); Teong (2003); Ibrahim (2004); 
Looi & Lim (2009) 

5

Problem
solving 
curriculum 

Fan & Zhu (2007); Quek, Toh, Leong, Dindyal, & Tay 
(2009); Dindyal, Toh, Quek, Leong, & Tay (2009); Leong, 
Quek, Toh, Dindyal, & Tay (2009); Chan (2010); Quek et al. 
(2010); Dindyal et al. (2010); Leong, Toh, Quek, Dindyal, & 
Tay (2010); Toh, Quek, Leong, Dindyal, & Tay (2009); Toh 
(2010) 

10 

Others (problem 
posing, 
language 
proficiency; 
CL) 

Hung (2001); Ho, Lee & Yeap (2001); Foong (2002); Yeap 
& Lee (2002); Quek (2002); Fan & Zhu (2007); Ho (2007); 
Chua & Fan (2007) 

8

Fig. 7.1 Classification of studies on MPS from 2001 to 2011

shows the relationship between mathematics problems and exercises, and learning
mathematics.

The original intent of various types of mathematical questions (both exercises and
non-routine problems, or “hard problems”) serves to facilitate the students to learn
mathematics. With the acquisition of the new mathematical knowledge, students are
then prepared to solve questions on applications. However, teachers who anticipate
that their students would not be able to do the hard problems would end up teaching
them how to solve these instead—and often through “routinizing” them. The solution
to this conundrum is for students to first learn about problem solving so that they
will be able to attend to the hard problems independently and so learn much more
about the mathematics content through personal ownership and reflection (Pólya’s
fourth stage).

To emphasise again, the reality in mathematics classrooms was that teachers were
teaching students all themathematical content knowledge so as to solve the exercises,
the hard problems and problems on applications. This was driven by the high-stakes
school and national assessments, as teachers would not want to disadvantage their
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Fig. 7.2 Learning
mathematics and problem
solving

students with less preparation for these examinations. This, unfortunately, ran in
direct contradiction to the spirit of MPS.

Driven by a desire to restore the original spirit of MPS, NIE researchers began to
work on how to successfully enact MPS in the mathematics classroom.

7.3.1 Enactment of MPS in Mathematics Classroom

The surge in research publications under the “Problem Solving Curriculum” strand
in Fig. 7.2 was mainly the result of the work of a team of researchers comprising
Toh, Quek, Leong, Tay, and Dindyal who from 2008 to 2011, embarked on studies
to actualize the intent of the problem solving curriculum. This research project was
named MProSE (an acronym for Mathematical Problem Solving for Everyone)—a
reflection of the researchers’ belief that MPS should be meant for the general student
population, rather than reserved for the elite few.

MProSE was a design experiment that focused on the secondary school math-
ematics curriculum with the intention of infusing problem solving into the regular
mathematics curriculum and pedagogical practices across all levels in the school
as a long-term plan. At the phase from 2008 to 2011, MProSE was implemented
in a school specializing in mathematics and science as the testbed for its design.
This was based on the “best-case scenario” method to start the investigation with
high-ability mathematics students in a school that clearly emphasized the develop-
ment of the mathematical ability of its students to the fullest. It was argued that the
testbed for the initialization phase of an innovation should be at the school that is
most conducive for success. With the “success case” achieved using the best-case
scenario, researchers would then be able to understand the critical factors that led to
its success, thereby how problem solving could be tweaked to meet the demand of
the mainstream schools.
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7.3.1.1 Theoretical Framework of MProSE

MProSE was developed based on the classical four-phase Pólya’s problem solv-
ing model (1954) with an overlay of Schoenfeld’s four components (1985). MProSE
introduces a new paradigm of perceivingmathematical problem solving in the school
mathematics curriculum as similar to the science practical lessons in the school sci-
ence curriculum. It envisages the need for this new “practical paradigm” to convince
school leaders and teachers of the need for curriculum time for problem solving.

TheMProSE curriculum consists of specialized lessons introducingmathematical
problem solving in which students learn the various aspects of problem solving
through these specialized lessons. The distinct characteristics of these specialized
lessons are that (1) each lesson focuses on solving one particular problem with an
emphasis on the problem solving strategies in each lesson and (2) the mathematical
content forms the background of each lesson with the objective of providing the
context to introduce the various aspects of mathematical problem solving.

Schroeder and Lester (1989) provide three ways to understand the role and pur-
poses of problem solving with respect to the overall mathematic curriculum:

1. Teaching for problem solving
2. Teaching about problem solving
3. Teaching through problem solving.

MProSE stresses the importance of teachers modelling and explicitly teaching the
language and strategies of problem solving to students (i.e. teaching about prob-
lem solving), with its long-term plan to make mathematical problem solving as a
new pedagogical approach to teach new mathematical content (i.e. teaching through
problem solving).

Another aspect of MProSE that should be noted is the accompanying teacher
scaffolding via Pólya’s model and the holistic assessment strategy included in the
MProSE teaching package. A full description of the teacher scaffolding provided
via the mathematics “practical worksheet” is described in Toh et al. (2011a). The
guiding principle for the teacher scaffolding in theMProSE specialized lesson is that
teachers should start helping a student stuck in a particular mathematics problem
with a general guide based on Pólya stages, rather than beginning by prescribing how
students should solve the problem. The next level of scaffolding is for the teacher to
provide heuristic-related prompts. Only when even this level of help fails, the teacher
provides problem-specific hints. Throughout the entire scaffolding process, teachers
will reinforce the use of problem solving language à la Pólya, in order to develop in
students the thinking and habits of problem solving.

The assessment strategy in MProSE evaluated students’ processes in solving a
problem in addition to the accuracy of their solution of the mathematics problem
since it was strongly felt that in problem solving the processes are as valuable as the
product. A full description of the assessment strategy is found in Toh et al. (2011b).
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7.3.1.2 Research Methodology

MProSEuses design experiments (Brown 1992; Collins 1999;Wood andBerry 2003)
as themethodological backbone.Design experiments arose from attempts by the edu-
cation research community to address the demands of conducting research in real-life
school settings in all their complexity. It works on designing an educational product
that is adapted for use in the school via a series of implementation-research feedback
loops. Design experiments use multiple methods, such as participant observation,
interview, video recording, and paper-and-pencil testing to provide corroborative
evidence for findings. The envisaged outcome of MProSE was to produce a work-
able “design” for learning MPS in all Singapore schools. Starting in one school in
Phase I, MProSE scaled up to another four schools in Phase II, following Gorard
(2004): “[t]he emphasis [in design experiments], therefore, is on a general solution
that can be transported to any working environment where others might determine
the final product within their particular context [italics added]” (p. 101).

7.3.1.3 Findings of MProSE

Several papers were published on the findings related to implementing problem
solving in themainstream secondary schoolmathematics curriculum, beginning from
2008. The first paper that describes MProSE appeared in Toh et al. (2008), and a
detailed description of the entire MProSE curriculum was published in Toh et al.
(2011a, b). An outline of the MProSE problem solving module, together with the
sample mathematical problems, is available in the website http://math.nie.edu.sg/
mprose. In the papers, the researchers showed the importance of explicitly teaching a
problemsolvingmodel to students, complementedwith a common“problemsolving”
language for discussion.

The MProSE approach of enacting problem solving in the mathematics curricu-
lum encompasses a wide range of issues: (1) students’ belief and response to MPS;
(2) teachers’ belief and pedagogical practices related toMPS; (3) professional devel-
opment of teachers related to MPS. We shall report on the various findings from the
various papers related to the MProSE approach to MPS.

Students’ Belief and Response to MPS

The students in the MProSE research school went through the entire module of
problem solving. It was reported that most of the students could complete the first
three stages and apply the heuristics in solving the problem. Many of them had also
demonstrated Pólya’s fourth stage to some extent: checked the reasonableness of
their solution, provided alternative solutions, or generalised the given problem by
offering at least one related problem (Toh et al. 2011b).

As reported in Dindyal et al. (2012), students in the MProSE research school
found the MProSE lessons useful. Prior to the publication of Dindyal et al. (2012),

http://math.nie.edu.sg/mprose
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the MProSE team conducted an interview on three students from the initial MProSE
research school (Toh et al. 2011b). These three students represent each of three bands
(higher, middle, and lower abilities) in that school. To the highest ability students
in mathematics, MProSE was seen to be complementary to their higher level of
mathematical training in that it helped them to regulate their “cognitive resource”
that they had been equipped through othermathematics content training. Themiddle-
ability students appreciated the problem solving process skills, in particular, Pólya’s
stage four of Check and Expand (Pólya used “look back” to describe stage although
“check and expand” reflects more clearly the original spirit of Pólya), which was
initially perceived by them as only belonging to the domain of mathematicians. The
lower-ability students felt “coerced” to learn the entire problem solving process,
which was seen by them initially as redundant. However, as these processes were
being assessed, they had to go through the processes and they eventually realized the
value of being equipped with these problem solving skills.

7.4 Studies on MPS from 2012 Onwards

MPS has continued to receive emphasis in the Singapore schools. A similar emphasis
on MPS was also introduced in teacher education, so as to prepare the teachers to be
ready for Singapore schools. MPS was also introduced into the teaching of under-
graduate mathematics education for student teachers. This strong cohesion in the
development of MPS in schools, teacher education and undergraduate mathematics
education is the key feature of research onMPS that has been taking place from 2012
onwards.

This section discusses the research done on MPS that took place from 2012
onwards. Three main directions on MPS took place at this juncture, some following
from the research that had been conducted in the earlier years and some in response
to the revision of the school mathematics curriculum then:

(1) MProSE, an effort to introduce the holistic approach to teachingMPS, was seen
to be successful and sustainable in the first research school. Further funding was
obtained to scale up the MProSE research model to other mainstream schools.

(2) With the emphasis on Modelling and Application of Mathematics in the real
world in the curriculum revision of 2009, there was an increased interest in
introducing students to MPS in real-world contexts.

(3) Although pre-service mathematics teachers had always been exposed toMPS in
their teacher education programme, there was a heightened interest in infusing
MPS in the student teachers’ undergraduate content course. This was done with
the intention of enabling them to have first-hand experience of struggle and
success in MPS.

This chapter focuses on (1) and (3), and item (2) on Modelling and Application of
Mathematics in the real world will be discussed in Chap. 8.



150 T. L. Toh et al.

7.4.1 Scaling up the Enactment of an MPS Curriculum
in Singapore Schools

The first MProSE project in 2008 was carried out in one school specializing in
mathematics and science. The success in that school managed to attract the attention
of a range of Singapore schools who were eager to participate in this study on MPS.
This led to the eventual scaling up of MProSE to four new schools, which covered
the whole range of Singapore schools (independent school, autonomous school, and
mainstream school), with the initial MProSE school continuing in the second phase
of this researchwhich focused on the sustainability ofMPS in its regularmathematics
curriculum.

As the MProSE research design was transported to a wider range of Singapore
schools, the package was tweaked to meet the needs of the schools. Although the
core MPS design of MProSE was content appropriate to the demands of the school
and aligned to the Singapore mathematics curriculum, it still had to be adapted to
meet the particular needs, student ability, and teacher readiness of the new schools.

Firstly, the researchers worked in collaboration with the teachers of the participat-
ing schools in crafting appropriate mathematical problems to be used in the adapted
MProSE lessons. The criteria for crafting appropriate problems for MProSE MPS
lessons were that: (1) the mathematical content of the problems must be aligned to
the school mathematics curriculum, so that the students would have the “cognitive
resource” to tackle these problems; and (2) the problems must not be the typical
examination-type questions, as this would defeat the purpose of introducing the
importance of MPS to students.

Secondly, the original lesson plans were modified to meet the constraints of the
individual schools. The original proposal by Toh et al. (2011a) of using 10 lessons for
MProSEwas subsequently modified to meet the constraints of the schools: unlike the
first MProSE School, the other more mainstream schools were less ready to allocate
a total of 10 additional hours for introducing MPS. Eventually, the 10-hour lesson
MProSE package was condensed to 6–8 h, without compromising on the coverage
on the various aspects of MPS.

Despite the customization and adaptation of MProSE to the other schools, the
following parameters of the design (see Gorard 2004) could not be and were not
compromised:

1. MPS is meant for every student, rather than for the elite few. As such, if the
MProSE package is to be implemented, it should be meant for every student in
the particular level.

2. MPS must be assessed. The students’ performance in the MProSE lessons must
count towards a significant part of their continual assessment.
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7.4.1.1 Findings in the Second Phase of MProSE

In the study in the five participating schools, it was observed that generally the
students were able to meet the MPS demands of MProSE. The students who were
interviewed after participating in MProSE generally asserted that MPS has enabled
them to solve mathematical problems which they were unable to solve initially (Ho
et al. in-print).

The teacher interviewees also agreed that it was important that MPS be intro-
duced in their school curriculum. In particular, the interviews revealed that visible
success of the MProSE as an educational intervention as well as the facilitation in
the MPRoSE lessons brought about positive changes to both the students’ and teach-
ers’ competencies with regard to MPS. Such visible successes also showed up at
the school level, i.e. these produced deliverables that were aligned with the vision,
mission, and goals of the schools, as well as professionally developed teachers and
students’ growth.

In turn, visible successes produced by MProSE helped to promote a state of
“perpetual” flow of positive factors such as (1) earning support from school leaders,
(2) gaining higher degree of autonomy and flexibility in planning for MProSE and its
implementations, (3) nurturing positive attribution of teachers and students towards
the second phase of MProSE, (4) making suitable modifications, adaptations and
inventions made by teachers of the problem solving lessons, and (5) putting in place
a continual professional development model for problem solving teachers.

7.4.1.2 Further Development of MPS

The problem solving approach developed inMProSEwas adapted for another project
Mathematical Progress and Value for Everyone (MProVE). This project focused on
helping students who were making slower progress in the learning of mathematics
compared to themajority of their peers. The typical academic profile of these students
with respect to MPS was that of avoidance, low levels of persistence, and over-
reliance on teachers’ step-by-step instruction. In response to this, the MProVE team
designed a suite of lessons to help students develop a problem solving disposition,
which is marked by a willingness to try problems, improving on the strategy, and
moving beyond the solution by extending the method. The students were mostly able
to proceed positively with the problem solving attempts—including making relevant
modifications—all the way to pushing beyond the original problems with little direct
intervention by the teachers. A fuller description of the problem solving lessons and
the students’ responses is found in Leong et al. (2013).

With the emphasis on Mathematical Modelling and Application of Mathematics
in the prescribed school curriculum (MOE 2006, p 16), studies began to be conducted
on MPS using problems in real-world context. This is a relatively new domain in
problem solving in the local context and Chap. 8 is devoted to discussing teacher
education and solving problems in real-world contexts.
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7.4.2 Teacher Education Programme

Mathematics teachers must be familiar with MPS, which is the core of the Singapore
mathematics curriculum. Thus, it is not surprising that researchers from the NIE,
being the sole pre-service teacher education provider in Singapore, also conducted
several studies on MPS on its student teachers. To introduce MPS to the Singapore
schools, it is crucial to initiate student teachers into this entire paradigm on MPS in
their pre-service teacher education. This section describes several studies that have
been carried out on student teachers in both the curriculum studies (CS) and academic
subjects (AS) component of their pre-service teacher education.

Student teachers in NIE are introduced to MPS firstly through lectures explic-
itly disseminating related knowledge and facts about MPS. In addition, the student
teachers clarify the concepts and skills of MPS by being engaged in the processes of
MPS during actual solving of non-routine mathematics problems in class. A typical
process of engaging student teachers in MPS during pre-service teacher education is
described in Kaur and Toh (2011). They are given an authentic mathematical prob-
lem (which is non-routine to the student teachers, and which has multiple plausible
solutions) and expected to solve the problem without first being introduced to any
theory of problem solving. They are to reflect on the processes of solving the prob-
lem: (1) number of attempts up to the first successful attempts and (2) the strategies
and heuristics that they have used in attempting to solve the problems. The student
teachers are required to share their processes and, with the instructor as the guide,
derive at the definition of a “mathematics problem”. The student teachers are also
given several additional problems to solve and are asked to generalize the processes
they have used to solve these additional problems. This way of engaging the student
teachers in MPS not only provides them with the theory and knowledge of MPS, but
also their first-hand experience in MPS.

Dovetailing with the work in the secondary schools, the MProSE model was
extended to the teaching of undergraduate mathematics in two undergraduate math-
ematics content courses at the NIE: (1) number theory course at Year 1 and (2)
differential equations course at Year 3. In the two courses, the instructors used the
MProSE design to different extents in teaching the courses. The intent was to equip
the student teachers with MPS skills for their own acquisition of new undergraduate
mathematical content knowledge (learning through problem solving).

Following the successful experimentation of infusing MPS into the content
courses in pre-service teacher education programme and an undergraduate mathe-
matics programme curriculum review, a newMPSmodule was introduced to all Year
1 student teachers as a general elective. The three subsections that follow describe
these three infusions of MPS into the pre-service teacher education programme in
the NIE. We give substantial detail in these sections because we think that these are
somewhat unique in pre-service teacher education.
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7.4.2.1 Undergraduate Number Theory Course

The origin of using problem solving approach of the MProSE design arose from the
instructor’s (Toh et al. 2014) prior experience in teaching undergraduatemathematics
courses and frustration when student teachers waited passively for the instructor for
answers and solutions when they encountered difficult questions which they could
not make much progress. Undergraduate students in Year 1 have not read courses on
mathematics curriculum studies (CS); hence, they have not been exposed to Pólya’s
model of problem solving at this point.

Along the line of thought of weaving in problem solving approach into the under-
graduate number theory course, the instructor did not compromise the rigour that is
expected of any typical first undergraduate mathematics course. First, the instructor
identified the types of questions in the number theory courses that are suitable or
otherwise for problem solving—questions that provide a clear approach of tackle do
not belong to this category of questions for problem solving.

The instructor was careful not to introduce many structural changes to the course
because he wanted to ensure that this course covered the usual content of the first
undergraduate number theory course. Instead, he used the theorems in number theory
as a context for introducing Pólya’s problem solving model.

He distinguished the problems in his course into two categories: (1) those thatwere
“straightforward” problems and (2) those that were amenable to problem solving.
Category (1) consisted of those problems inwhich themethod is prescribed in a direct
manner while (2) consisted of those problems in which the methods of solution were
not immediately obvious (see Fig. 7.3 for an example). As the method of solution
of problems from Category (2) was usually not immediately obvious, it was an
opportunity for the instructor to introduce the entirety of Pólya’s stages, beginning
with Stage I: the importance of understanding the problem.

For Category (1) problems, the instructor would teach using the usual exposition
since the method of tackling the problem had been clearly prescribed. For Category
(2) problems, he would seize the opportunity to introduce Pólya’s problem solving
model and demonstrate the Pólya’s stages and model the use of problem solving
heuristics to solve these problems. This was done through the instructor thinking
aloud, consistently using the language of Pólya in solving the problem. MPS was
then weaved into the number theory course gradually throughout the semester.

The study anchored on the analysis of the student teachers’ performance in one
Number Theory problem, which, according to the instructor, was an unseen problem

An example of Category 1 problem: 
Prove, using mathematical induction, that 1 + 3 + 5 + 7 + … + (2n – 1) = n2.
An example of Category 2 problem: 
Prove that if the product of two integers is odd, then both integers must be odd. 

Fig. 7.3 Examples of problems belonging to categories 1 and 2
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Let a, b, c be natural numbers satisfying a + b + c = 2012.  

If we have  a!b!c! = m 10n  for some integers m and n,

where 10 does not divide m, find the smallest possible value of n.

Fig. 7.4 Problem to assess problem solving in the number theory course

whose genre was not taught explicitly in the lectures, but one in which a student with
good problem solving disposition should be able to handle (Fig. 7.4).

In analysing the students’ performance in the above item, it was reported that most
of the students (46 out of 55) demonstrated their attempt to understand the problem
and also the use of heuristics to understand the problem. The student teachers also
demonstrated the use of more than one heuristics in attempting to solve the problem.
It was also found that 48 out of 55 student teachers also attempted Pólya’s Stage
Four to “Check and Expand” the given problem. Fewer students (33 out of 55)
attempted some form of generalizing and extending the given problem. It was also
found that the student teachers’ attempt to generalize and extend a given problem
was only mainly restricted to changing the value of 2012 or increasing the number
of variables. However, none of them attempted to discuss how their solutions could
be adapted to solve the proposed extended problem.

The instructor attributed the student teachers’ attempt in demonstrating the use of
Pólya’s stages in solving the problem to the assessment criteria of the course. The
student teachers had been informed that they were being assessed on their problem
solving assignment, and that they would also be assessed based on their exhibition
of problem solving behaviour in addition to the correctness of their solution. The
instructor also admitted that due to the attempt to balance the delivery of the math-
ematical content with incorporating elements of MPS, the full range of processes
related to Pólya’s Stage Four might not have been sufficiently emphasized to the
student teachers, hence the limited variety demonstrated in Pólya’s Stage Four.

7.4.2.2 Undergraduate Course on Differential Equations

At the same time that problem solving was infused in the teaching of first-year
undergraduate number theory course as described in the preceding paragraph, a
similar study was also carried out to infuse problem solving in the teaching of the
third-year undergraduate differential equations course (Toh et al. 2013). The authors
recognized this as an opportunity to model the teaching of problem solving through
a mathematics content course.

The infusion of MPS into this course differs from the number theory course
described in the previous subsection in that the course structure was re-designed
to accommodate eight “mathematics practical lessons” in the sense of Toh et al.
(2011a), which proposed the use of these specialized “practical lessons” to focus on
teaching about problem solving. Consequently, the total number of lectures of this
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course was reduced by eight to sixteen lectures (instead of the originally allocated
24 lectures of one hour each).

In each practical lesson, the instructor first introduced one aspect of problem
solving (see Toh et al. 2011a for the detailed lesson plan of the eight practical lessons)
and engaged the students to solve a relatively challenging problem on differential
equations, based on the content of the corresponding lecture in that or the preceding
week. The student teachers were allocated 40 min to solve a given problem. The
instructor then went over the solution of the problem while the student teachers
performed peer marking. The instructor consciously highlighted the use of problem
solving heuristics at various junctures while discussing the mathematical content.

Before the first practical lesson, the instructor revised the stages of Pólya’s model
and demonstrated how the stages could be applied to solve a problem in differential
equations. The assessment rubric was introduced at the beginning of the first practical
lesson, so that the student teachers were aware of how they would be assessed in
these practical lessons. Each practical lesson was centred on one particular problem
on differential equations, called the Problem of the Day. The student teachers were
to assess their peers’ solutions of the Problem of the Day. The instructor rode on this
opportunity to introduce peer assessment as numerous researches has shown that any
opportunity for student teachers to assess their own understanding of mathematical
knowledge and that of their peers could be beneficial in their early professional
development (e.g. McTighe and Wiggins 2004).

The instructor carried out the six problem solving practical lessons (the last two
practical lessons were used to consolidate the students’ learning about the mathe-
matical content of this course). Their overall performance in the six Problems of the
Day was summarised in Table 7.1.

It was encouraging to the researchers to notice that all the student teachers who
submitted the practical worksheet after the practical lessons exhibit behaviour of
problem solving in minimally demonstrating appropriate use of heuristics (except
one student in Problem Three).

Despite problems three and six (two relatively difficult problems onmathematical
proofs) being the relatively more challenging problems for the mathematics practical
lessons, it is clear from Table 7.1 that practically all the student teachers exhibited the
MPS behaviour using Pólya’s stages and most of them arrived at least a partially cor-
rect solution.Most studentswere also able to exhibit some behaviour of Pólya’s Stage
Four (check and expand) to a certain extent for most of the problems. Generally, the
students found it more difficult to check and expand problems that involved mathe-
matical proof, as mathematical proofs involve mainly intensive deductive reasoning,
and thus requires a thorough understanding of the mathematical concepts.

Despite the reduction of the number of lectures in this course, it was reported that
the content covered in the course using this approach was not reduced, and the rigour
of the course was not compromised. In fact, some of the intricate details of parts of
the course were transported to the Problems of the Day of the mathematics practical
lessons, during which the student teachers hadmore opportunity to explore in greater
depth using theirMPS tools (learning through problem solving). By engaging inMPS
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Table 7.1 Student teachers’ performance in the six problems introduced in the practical lessons

Correctness of solution No. of students for problem

One Two Three Four Five Six

Completely correct solution 35 41 24 45 45 22

Partially correct solution with appropriate use of
heuristics

15 9 13 5 6 25

Incorrect solution with appropriate use of
heuristics

1 0 13 1 0 4

Incorrect solution without use of appropriate
heuristics

0 0 1 0 0 0

Stage IV: checking and expanding No. of students for problem

One Two Three Four Five Six

No attempt in Stage IV 27 0 31 3 1 11

Attempt to check reasonableness of answer 21 8 4 14 7 16

Attempt to check answer + either alternative
solution or generalize the problem

3 11 13 13 7 15

Attempt to check answer + alternative solution +
generalize the problem

0 11 3 21 36 9

during the lesson of the “new” problem, the student teachers in fact had first-hand
experience and exploring with the mathematical content, which was traditionally
covered by the typical lecture delivery mode.

7.4.2.3 Undergraduate MPS Course Introduced in Year 1

In a curriculum review ongoing since 2015, it was agreed that student teachers would
benefit from the direct experience of MPS in their undergraduate mathematics edu-
cation. A problem solving general elective module for student teachers parked under
the academic subject was conceptualized and developed using the secondary school
MProSE design as a template.

The course consisted of twelve 3-hour face-to-face lectures. In the first four
lessons, the student teachers were introduced to the general principle ofMPS. Pólya’s
model and the MProSE scaffolding worksheet were explicitly introduced to the stu-
dents. The choice of the problems in these four lessons wasmade in consideration for
the various aspects of MPS disposition and heuristics that were desired of students
to do MPS. In the remaining eight lessons, the problem solving course focused more
on tackling the challenging problems from the other mathematics content courses
(finite mathematics and number theory) that the student teachers were pursuing at
that time. This was an opportunity, not easily available in the secondary school con-
text, for the students to appreciate how MPS can facilitate them to better learn their
own mathematical content from specific fields.
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A typical lesson consisted of the following structure: (1) discussion of the home-
work problems given in the previous lesson; (2) solving two problems in the class;
and (3) assignment of two problems for homework (to be discussed in the next les-
son). Throughout the entire lesson, various problem solving dispositions, habits, and
heuristics were reinforced.

The instructor insisted on the use of Pólya’s model throughout the course. Rather
than perceiving this as an imposition on the part of the lecturer, the students actually
appreciated this as they saw how the model enabled them to understand and solve
the problem more efficiently. The interviewed student teachers highlighted that the
lecturers assisted themwith the direction on how to proceed to solve a problem, using
the various levels of scaffold proposed in Toh et al. (2009). The levels of scaffold
range from the most generic suggestions using Pólya’s language (e.g. “Have you
understood the problem?” “What is your plan?”) to problem-specific hints.

Three student teachers were interviewed (Tay et al. 2016) and asked about how the
problem solving course had helped them in the learning of the other undergraduate
mathematics content course. The general response was that they were able to go
through the entire MPS process when faced with a difficult mathematical problem.
According to the student teachers, the heuristics learnt in the problem solving course
were particularly useful.

However, the student teachers also pointed out that unlike the problem solving
course, they were not required to write out explicitly the problem solving processes
in solving the problems in other mathematics courses. However, the interview with
several student teachers seemed to suggest that the problem solving processes had
already been assimilated by them, as “it happens in the mind”. When faced with a
problem that cannot be solved immediately, they would record down the applicable
Pólya stages almost immediately.

7.4.3 Infusion into the School Mathematics Curriculum

The research carried out on enacting MPS in the school mathematics classroom
has resulted in the establishment of certain permanent features in the mathematics
curriculumat various school levels. For example, in theMProSE research schools, the
MProSE problem solving module has become permanent features in those schools.
For the initial research school, the MPS module is a compulsory module for all Year
2 students. The school has tweaked the module to include several e-lessons for their
students. The rationale is that selected theory portions of the lesson are to be viewed
by the students before attending the face-to-face MProSE lessons. This would allow
students to have ample time for hands-on experience in authentic problem solving.

In the other MProSE mainstream research schools, the problem solving module
has remained a compulsory module for all their Sec One express stream students. In
fact, one of the schools has built on the MProSE module to establish a common set
of mathematical language grounded in MPS for all their students in their subsequent
years. Another mainstream school has worked with several MProSE researchers to



158 T. L. Toh et al.

extend the MPS experience for upper-level students by infusing MPS through the
use of replacement units. Readers can obtain more details about replacement units in
Leong et al. (2016a, b). Not only that, theMProSE approach has influenced the devel-
opment of the new H3 mathematics curriculum, in which one significant component
of this subject emphasizes MPS. Team members of MProSE are commissioned by
MOE to conduct four 2-hour workshops to teach about problem solving to a large
segment of H3 mathematics students.

From professional development workshops on MPS conducted by NIE, several
other secondary schools have developed their own problem solving modules and
MPS approach to teaching mathematics, although their concepts are not entirely
congruent to MProSE approach.

7.5 Conclusion

This chapter traces the development of MPS research carried out in Singapore since
it became the heart of the Singapore mathematics curriculum. The earlier research
focused on addressing the readiness of students for MPS from the perspective of the
Singapore mathematics curriculum framework; the later research tended to empha-
size the enactment of MPS in the Singapore mathematics classroom. Research on
MPS has also moved beyond the schools to the teacher education programme in
NIE. To a certain extent, these design research projects have made an impact on the
implementation of MPS in the school curriculum.

The research done on enacting MPS in mathematics classrooms described above
tends to be carried out in secondary level and above. Some educators and school
leaders have reflected to the researchers that MPS disposition is best developed in
children at the upper primary level, which is a crucial stage for habit formation.
Perhaps a future direction for research on MPS should be research on the enactment
of MPS in the primary school mathematics classroom.
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of mathematics students is the Concrete-Pictorial-Abstract (C-P-A) approach. We
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8.1 Introduction

Innovative and powerful pedagogical practices in mathematics education include
innovative and powerful mathematical learning environments, innovative practices
that promote mathematics teaching and learning as inquiry, and mathematical tools
that promote deep learning (Hunter et al. 2016). Innovative and powerful mathemat-
ical learning environments are formed when teachers establish classroom cultures
(Leach et al. 2014), promote productive discourse (ibid.), and promote and maintain
student engagement (Marshman and Brown 2014) to support productive mathemat-
ical activity. In order to promote mathematics teaching and learning as inquiry, the
teachers may have to change their beliefs about social interactions within the class-
room, their role and purpose, and classroom dynamics (Murphy 2015) so that they
can notice and respond to student reasoning productively (Choy 2013). Mathemati-
cal tools that promote deep learning include challenging and ill-structured tasks with
multiple entry and exit points that can sustain thinking and argumentation (Sullivan
and Davidson 2014), and digital tools that can support and enhance learning (Lowrie
and Jorgensen 2015).

In this chapter, we will describe some innovative pedagogical practices in the
Singapore mathematics classrooms. Other than the well-known Singapore Model
Method, AlgeDisc™ is a recent invention by the Ministry of Education of Singapore
(MOE). Another teaching strategy that has been in use for many years is Bruner’s
(1961) guided-discovery learning. But the main principle that underlies all these
innovative practices to engage the minds of mathematics learners in Singapore is
still the Concrete-Pictorial-Abstract (C-P-A) approach, which was adapted from
Bruner’s (1964, 1966) enactive–iconic–symbolic model. We will also describe some
classroom practices in Singapore that engage the hearts of mathematics learners,
including the use of mathematics songs and videos, television shows and movies,
mathematics storybooks, drama and art, magic tricks, and mathematics puzzles and
games. Some of these pedagogies are unique or distinctive features of the Singapore
education system, e.g. the Model Method and the AlgeDisc™, but the rest may be
common practices in other countries as well. Lastly, we draw on some limited local
research to examine the effectiveness of such pedagogical practices, and where there
is no local research in this area, we suggest some research questions for future studies.

However, this chapter does not describe innovative pedagogies such as a mathe-
matical problem-solving approach to teaching and learning, problems in real-world
contexts and mathematical modelling, comics and the use of technology, because
they are dealt with in Chaps. 7, 9, 13 and 14 of this book, respectively.
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8.2 Engaging the Minds of Mathematics Learners: The
Concrete-Pictorial-Abstract (C-P-A) Approach

Asmentioned inChap. 2, theTeachLess,LearnMore (TLLM) initiativewas launched
in the education system in 2005 (Shanmugaratnam 2005). It aims to touch the hearts
and engage the minds of our learners, to prepare them for life. To engage the minds
of mathematics learners, MOE has used the Concrete-Pictorial-Abstract (C-P-A)
approach, mentioned in Chap. 3, extensively in the development of primary school
mathematics concepts (MOE2007, 2012a). This approach is evident in both theMOE
syllabus documents and the MOE-approved school textbooks. In Singapore, schools
only use textbooks that are approved by MOE. Therefore, schools that use MOE-
approved textbooks will also use the resources provided in the textbooks. Chang
et al. (2017) gave the example of a teaching sequence in one of the textbooks where
pictorial representation (P) in the forms of rectangular and circular models is used to
introduce the abstract concept of equivalent fractions, i.e., a

b � c
d (A). In addition,

MOE has provided fraction strips and fraction discs to all primary schools so that
students can use these concrete manipulatives (C) to learn the concept of equivalent
fractions.

As mentioned in Chap. 3, the C-P-A approach has its roots in Bruner’s notion
of enactive, iconic, and symbolic representations of cognitive growth (Leong et al.
2015; Wong 2015). According to Bruner (1964, 1966), conceptual learning begins
when a person undertakes and experiences some actions (enactive), which are then
translated into images of the experience (iconic). Subsequently, links are formed
to connect the iconic representations into a collective structure governed by a rule
derived from organising common attributes found embedded in the representations.
Eventually, this rule stands exclusively by itself and is denoted by a symbol.

TheMOEsyllabus documents specify theuseof ‘manipulatives or other resources’
(MOE 2012a, p. 23, b, p. 23) in activity-based learning to construct meanings and
understandings, and from ‘concrete manipulatives and experiences’ (ibid.), students
are guided to uncover abstract mathematical concepts or results. So far, the examples
given in the syllabus documents for ‘manipulatives or other resources’ include the use
of paper cut-out of rectangles for primary school mathematics and the virtual balance
to learn the concept of equations for secondary school mathematics. In other words,
‘manipulatives or other resources’ include both concrete and virtual manipulatives.
However, ‘concrete’ in the C-P-A approach does not only mean manipulatives, but
concrete ‘experiences’ (ibid.) derived from playing with the manipulatives.

For instance, using algebra discs or AlgeDisc™ to learn algebraic manipulation
such as expansion and factorisation (which wewill elaborate in Sect. 8.4) is an exam-
ple of utilising the C-P-A approach from concrete to pictorial to abstract. But the
Singapore Model Method (which we will elaborate in Sect. 8.3) is a pictorial repre-
sentation and there is no concrete manipulative. Although AlgeBar™was developed
at a later stage as a virtual tool for students to draw the models, the computer applica-
tion does not function as a manipulative in the sense that students cannot manipulate
the models but they just use the application to draw the models. But there is really no
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need to always rely on concrete or virtual manipulatives because sometimes picto-
rial representations are good enough to provide students with the necessary concrete
experiences to abstract mathematical concepts or to solve problems.

Similarly, when it comes to higher level mathematics, it is not always possible to
find suitable manipulatives, whether concrete or virtual, for students to manipulate
in order to abstract the concepts. Therefore, the first author has extended the C-P-A
approach to include the use of concrete examples, which often involve numerical
values for secondary school mathematics. Numerical examples are another way to
offer students concrete experiences fromwhich they can abstract the underlying con-
cepts. In the ExtendedC-P-A approach, theremay not be any pictorial representation.
The main idea behind the Extended C-P-A approach is that what is abstract at one
level may become more concrete at a higher level. For example, concrete objects
are concrete to lower primary school students but numbers are more abstract. But
when the students reach lower secondary level, numbers have become concrete and
what is abstract is algebra. At university level, algebra has become concrete to many
undergraduates and what is abstract for them is abstract algebra. We will illustrate
the Extended C-P-A approach at the secondary school level with some examples in
Sect. 8.5.

In the next three sections, we will describe three main innovative pedagogical
practices used in Singapore to engage the minds of mathematics learners: the Sin-
gapore Model Method, the Singapore AlgeDisc™, and guided-discovery learning.
Only the first two practices are unique features of the Singapore education system,
while the last one has been in use in some other countries as well.

8.3 The Singapore Model Method

The Singapore Model Method, or simply the Model Method, was developed in the
1980s to address students’ difficulties in understanding and solving mathematics
word problems (Kho 1987; Kho et al. 2014). First introduced in 1983, the Model
Method has since become a signature problem-solving heuristic in the Singapore
primary school mathematics curriculum (Kho et al. 2014). The Model Method uses
bar models to represent quantities and the relationships among the quantities given in
a word problem. The fundamental idea underpinning the method is the assumption
that if pupils were provided with a means to represent the relationships between
quantities, then the structure of the problemwould bemade clear to the pupils,making
visible the solution pathways (Kho 1987; Ng and Lee 2009). The method revolves
around pupils drawing rectangles of appropriate lengths to represent quantitative
relationships (Kho 1987). Despite its simplicity, the method offers pupils a visual
way to solve complex word problems without the use of symbolic algebra because
the bar models function as visual representations of algebraic equations (Kho et al.
2009). Hence, the method has also been used as a bridge to support primary and
secondary school students in the learning of algebra. In this section, we will present



8 Innovative Pedagogical Practices 169

Fig. 8.1 Basic part-whole
model Part 1 Part 2 

Whole 

Fig. 8.2 Model
representation of w � x + y x y 

w

Fig. 8.3 Model
representation of w � 4x  x x

w

x x 

the two basic models of the Model Method, highlight its connection with algebra,
review some of the challenges pupils facedwhen using themethod, and suggest some
possible directions for future research in this area.

8.3.1 Two Basic Models

There are two basic models in the Singapore mathematics curriculum, namely the
part-whole models, and the comparison models. The Model Method builds on the
pictorial representation of part-whole and comparison schemas—the building blocks
of mental and cognitive processes for addition and subtraction (Kintsch and Greeno
1985; Nesher et al. 1982)—and extends the part-whole and comparison models to
include multiplication, division, fractions, ratios, and percentages. In this section, we
will introduce the two basic models. Interested readers may refer to the monograph
by Kho et al. (2009).

The part-whole model shows the relationship between a whole and its part, or
simply, a whole as comprising of two parts (see Fig. 8.1). Mathematically, this is
represented as the whole w is divided into two parts x and y, i.e., w � x + y, as shown
in Fig. 8.2. A part-whole model may also involve more than two parts.

In some problems, we may have to divide the whole into equal parts. For instance,
the pictorial representation in Fig. 8.3 shows that the whole w is divided into four
equal parts, i.e., w � 4x.

There are two other quantitative relationships that students can make use of
depending on the information given. First, given two parts, students can find the
whole by adding the two parts given, i.e., Part 1 + Part 2 � Whole (see Fig. 8.1).
Next, when students are given the whole and one of the parts, students can perform
subtraction to find the other part: Whole − Part 1 � Part 2.

The comparison model shows the relationship between two quantities when they
are compared. The model involves three variables: the larger quantity, the smaller
quantity and the difference (see Fig. 8.4). Mathematically, this model represents the
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Fig. 8.4 The basic
comparison model Larger Quantity 

difference 
Smaller Quantity 

Fig. 8.5 Model
representation of x − y � d x

d
y

Fig. 8.6 Model
representation of x � y + d

x

dy

y

Fig. 8.7 Model
representation of x � 4y

x

y

y y y y

equation x − y � d, as shown in Fig. 8.5. As with the part-whole model, we can use
this model to compare three or more quantities.

Depending on the information given, there are a few other quantitative relation-
ships between the three variables. First, students can find the larger quantity by adding
the difference to the smaller quantity, i.e., x � y + d (see Fig. 8.6). Second, students
can find the smaller quantity if they were given the larger quantity and the difference,
i.e., y � x − d. In some cases, the sum of two or more quantities may be given.

Last but not least, the comparison model can be used to make this relationship
visible to students when one quantity is a multiple of the other, e.g. x � 4y in Fig. 8.7.

Referring toFigs. 8.3 and8.7,we see that the part-wholemodel and the comparison
model can be used to represent multiplication and division problems. This provides
a means to represent fractions, ratios, and percentages. For example, Fig. 8.7 can
be used to represent the relationship y � x

4 , x : y � 4 : 1, or y is 25% of x. By
using themodels, students can represent complex quantitative relationships given in a
word problem and use the visual models to find the unknowns. In the next section, we
present some of the typical word problems in the SingaporeMathematics Curriculum
and highlight how the Model Method can be used to solve these questions.
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8.3.2 Using the Model Method to Solve Word Problems

The main strength of the Model Method lies in its affordance to represent quantita-
tive relationships in word problems visually so that students can process the given
information and use them to solve for the unknowns. The method can be used for
arithmetical word problems, in which the relationship between the unknown and the
known is clear, as well as algebraic word problems, in which an unknown needs to be
introduced in the solution (Ng and Lee 2005, 2009). In this section, we will illustrate
the use of the Model Method to solve word problems.

Example 1
Dunearn Primary School has 280 pupils. Sunshine Primary School has 89 pupils
more than Dunearn Primary. Excellent Primary has 62 pupils more than Dunearn
Primary. How many pupils are there altogether? (Ng and Lee 2005, p. 63)

Solution

Dunearn Pri 280

280 89 Sunshine Pri 

62 280 Excellent Pri 

?

Total number of pupils � 280 + 280 + 89 + 280 + 62

� 280 × 3 + 89 + 62

� 991

Example 2
$260was shared amongAlan, Ben and Carol. If Alan received $20 less than Ben, and
Ben received 3 times as much money as Carol, how much money did Carol receive?

Solution

Let the amount of money Carol received be 1 unit.
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1 unit 

Alan 
20 

?

260 Ben 

Carol 

7 units � $260 + $20
(
by assumingAlan had $20more

)

� $280

1 unit � $280 ÷ 7

� $40

Therefore, Carol received $40.

Example 3
A tank of water with 171 l of water is divided into three containers, A, B and C.
Container B has three times as much water as container A. Container C has 1

4 as
much water as container B. How much water is there in container B? (Ng and Lee
2005, p. 63)

Solution

A

171 

1 unit 

B

C

¼ of B 

Representing the informationgiven in the problem,we see that the bar representing
container C is less than the amount in container A, which is 1 unit. To make all the
units the same, we divide the bar representing A into four smaller units (left as an
exercise for the reader to figure out) and arrive at the following model:
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A

171 B

C

¼ of B 

As we can see, the units are now of the same size. Therefore,

19 units � 171 litres of water

1 unit � 171 ÷ 19

� 9 litres

12 units � 9 × 12

� 108 litres

There are 108 litres of water in Container B.

Example 4
In a class of 40 pupils, 75% of the boys and 2/3 of the girls owned a tablet computer.
If 30% of the pupils do not own tablet computers, find the number of girls who own
tablet computers.

Solution

Boys 

40

Girls 

own tablets 

own tablets 

This is a challenging problem because the units representing the boys and girls are
different in sizes. However, theModelMethod can be extended to solve simultaneous
linear equations in two variables without using symbolic algebra.

Since one unit of boys and one unit of girls do not own a tablet computer, we
know that one unit of boys plus one unit of girls equal 30% × 40 � 12 pupils. This
can be illustrated with another model below if need to, although it is not necessary
to do so.
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Boys 

Girls 
12

Referring to the first model above, we can see that there are 3 groups of (1 unit
of boys + 1 unit of girls) � 3 × 12 pupils.

Thus one unit of boys � 40 − 3 × 12

� 4

So there are 4 × 4 � 16 boys, and 40 − 16 � 24 girls.
Therefore, 16 girls own tablet computers.

8.3.3 Linking the Model Method to Algebra

TheModelMethod solution to Example 4 resembles a typical algebraic approach. As
Kho et al. (2014) highlight, many Secondary One pupils continue to use the Model
Method to solve algebraic problems because they have difficulties formulating the
equations. Students may then see the algebraic approach as redundant partly because
they do not see the need to learn another method when they could solve the question
using the Model Method. How do teachers support students to learn the algebraic
method? One way is to guide students see the versatility of the algebraic approach
by giving them word problems in which the Model Method may not be the best way
to solve the problems. One common type of word problem that could not be solved
easily using the Model Method is shown below:

Example 5
I have some sweets. If I give each student in my class six sweets each, I have five
sweets left. If I give each of them seven sweets each, I am short of four sweets. How
many students do I have?

The elementary solution for Example 5 usually involves students in presupposing
certain conditions (we will leave the elementary solution to Example 5 as an exercise
for the reader). This is often difficult for many students. However, with algebra, this
question is trivial.

Solution
Let x be the number of students in my class.
Then 6x + 5 � 7x − 4.
Therefore, x � 9.

Another way to convince pupils of the need for the algebraic method is to give
them a word problem that involves a quadratic equation and let them try to solve
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Table 8.1 Parallel presentation of Model Method and Algebraic Method

Model Method

Let the amount of money Carol received be 1 unit. 

[Draw model here. In addition, write letter ‘x’ in 
each box representing 1 unit.] 

7 units = $260 + $20 (assuming Alan had $20 
more)

= $280
 1 unit = $280 ÷ 7 

= $40
Therefore, Carol received $40. 

Algebraic Method

Let $x be the amount of money received by 
Carol.

Then Ben had $3x and Alan had $(3x – 20). 

Thus x + 3x + (3x – 20) = 260
                                 7x = 260 + 20 

= 280
x = 280 ÷ 7 

= 40
Therefore, Carol received $40. 

using the Model Method. Then they will realise the limitation of the Model Method:
it can only be used to solve word problems that involve linear equations or even
simultaneous linear equations in two variables, but not those that involve quadratic
equations. Therefore, they will have to learn the algebraic method so that they can
solve other types of word problems later on.

To tackle the issue of Secondary One pupils having difficulties formulating the
equations, the Model Method can serve as a way to smoothen the transition from
arithmetic to algebra (Kho et al. 2009, 2014; Ng 2003). Ng (2003) suggests that
teachers should support students in making explicit links between theModelMethod
and its algebraic representation. One way to do this is through a parallel presentation
of the two methods (Ng 2003). For example, referring to the question on sharing of
money (Example 2), we could present the solution as shown in Table 8.1. Notice
that the teacher should write the letter ‘x’ in each box representing one unit in the
model on the left after letting $x be the amount of money received by Carol. Then,
from both the given information in the word problem and from the model, students
are led to see that Ben had $3x and Alan had $(3x − 20), so that they can see the
explicit links between the Model Method on the left and the algebraic method on the
right. The critical difference comes in the next step of forming the linear equation
in the algebraic method, which has no equivalence in the Model Method. But the
teacher can link the next step in the simplification of the linear equation to the Model
Method, thus demonstrating to the students that the algebraic method is not very
different from the Model Method.

For more examples on parallel presentations, the interested reader should refer to
Kho et al. (2009, pp. 115–136). However, it is important to note that there are times
in which the unit may not correspond to the unknown in the algebraic representation
(Ng 2003). For example, referring to Table 8.2 which shows the parallel presentation
for the Tablet Computer Problem (Example 4), we see that the unknown is one unit
of boys (=4) in the Model Method, but the unknown is the number of boys b (=16)
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Table 8.2 Different unknowns in Model Method and Algebraic Method

Model Method

[Draw model here]

1 unit of boys + 1 unit of girls = 12 

From the model, 
1 unit of boys = 40 − 3 × 12 
                       = 4 
So there are 4 × 4 = 16 boys, 
and 40 − 16 = 24 girls. 

Therefore, 16 girls own tablet computers. 

Algebraic Method 1:

Let b be the number of boys and g be number 
of girls.

Then       
4
3 b + 

3
2 g = 28 ------- (1)

b + g = 40 ------- (2)
(1) × 12:     9b + 8g = 336 ------- (3)
(2) × 8:       8b + 8g = 320 ------- (4)
(3) − (4):               b = 16
Subst. in (2): 16 + g = 40

g = 24
Therefore, 16 girls own tablet computers. 

Algebraic Method 2: 

Let b be the number of boys. 
Then there are 40 – b girls.

So 
4
3 b + 

3
2 (40 − b) = 28

        9b + 8(40 – b) = 28 × 12 
         9b + 320 − 8b = 336

b = 16
∴ 40 − 16 = 24 girls own tablet computers. 

in the algebraic method. This may cause confusion to students, and teachers should
be aware of the different unknowns when making links between the Model Method
and the algebra method.

There are several variants of the canonical Model Method introduced by MOE.
Many of these methods used a pseudo-Model Method approach, which is actually
the algebraic method in disguise. For example, many experienced teachers, who did
not learn the Model Method when they were primary school students, often write the
following after they have drawn the model in Table 8.1: 1 unit + 3 units + (3 units −
$20) � $260.

This is not the Model Method but the formation of a linear equation in disguise:
one that involves ‘1 unit’ as the unknown instead of ‘x’. In fact, we have observed
that some trainee teachers, who have learnt the algebraic method after learning the
Model Method in primary school, also use this approach of forming a linear equation
involving ‘1 unit’ when using the Model Method: somehow, the new knowledge of
the algebraic method has interfered with the old knowledge of the Model Method.
How such pseudo-Model Methods support or hinder the learning of algebra remains
an open question.
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8.3.4 Local Research on Model Method

The Model Method works on the basis that students could translate the textual infor-
mation given in word problems into a pictorial form, which provides a visual rep-
resentation of the quantitative relationships involved. However, as Goh (2009) has
found, middle-achieving and lower-achieving students may find it difficult to do
the transformation, especially for multi-step word problems involving multiplica-
tive relationships, or before–after contexts. Similarly, Poh (2007) also found her
lower-achieving students struggling with the interpretation of word problems, trans-
formation of textual information into pictorial forms, understanding the quantitative
relationships encapsulated in the models, and seeing the connections between mod-
els and solution methods. In both cases, it appeared that students relied heavily on
previously taught methods of drawing the models and their familiarity with problem
types to work out the solutions. They may not have fully understood the relation-
ships between the quantities and were unable to comprehend and solve the problem
when the problem structure is unfamiliar, or when the problem involves an algebraic
approach.

These issues suggest that it is necessary for teachers to provide opportunities for
students to make sense of the quantitative relationships given in word problems, see
the connections between the Model Method and operations involved in the solution,
and think about the reasons behind the procedure (Goh 2009; Poh 2007). There may
be a need to consider when, and how, the Model Method is introduced, especially for
the lower-achieving students (Poh 2007). In particular, teachers should not assume
that the translation process is intuitive, and may need to model the thinking process
rather than merely presenting the solutions. In addition, teachers may want to open
up the solution space of word problems and highlight other solution methods, when
appropriate. This is important as theModelMethod is not the only heuristic available
to the students, even though many students may try to apply the method without
understanding the problem.

Despite the various issues and difficulties, students may face when using the
Model Method, the prevalence of the Model Method in our classrooms is definitely
one of the unique features of our mathematics curriculum. Although the efficacy
of the method has never been systematically studied on a large scale, anecdotal
evidence suggests that the Model Method provides a way for students to think about
quantitative relationships (Ng, S. F., personal communication, 22November, 2017). It
remains to be seen whether such a study would be carried in the future. The findings
of such studies may be of interest because algebraic methods of solving simple
linear equations involving one variable will be taught under the current syllabus for
Primary Six students with effect from 2018. How the Model Method supports or
hinders students’ learning of algebraic methods may be a fertile area for research.
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Fig. 8.8 Algebra discs or
AlgeDisc™ –x2x2–xx–11

8.4 The Singapore AlgeDiscTM

While the Model Method has been used extensively in primary schools in Singapore
since 1983, the use of AlgeDisc™ in secondary schools only began with Secondary
One students three decades later in 2013. The current secondary school mathematics
syllabus document (MOE 2012b) stipulates as learning experiences that Secondary
One students should have opportunities to ‘use algebra discs or the AlgeDisc™
application in AlgeTools™ to make sense of addition, subtraction and multiplication
involving negative integers and develop proficiency in the 4 operations of integers’
(ibid., p. 34), and Secondary Two students should have opportunities to ‘use algebra
manipulatives, e.g. algebra discs, to explain the process of expanding the product of
two linear expressions of the form px + q, where p and q are integers, to obtain a
quadratic expression of the form ax2 + bx + c’ (ibid., p. 40) and ‘use the AlgeDisc™
application in AlgeTools™ to factorise a quadratic expression of the form ax2 + bx
+ c into two linear factors where a, b and c are integers’ (ibid., p. 40).

Algebra discs or AlgeDisc™ consist of discs as shown in Fig. 8.8. When the ‘1’
disc is flipped over, it will show ‘−1’. Similarly, when the ‘x’ and ‘x2’ discs are
flipped over, they will show ‘−x’ and ‘−x2’, respectively. Flipping over only occurs
when we take the negative of the number or the term shown on the disc.

AlgeTools™ is a dynamic software produced by theMinistry of Education of Sin-
gapore (Yeo et al. 2008). It contains the AlgeBar™ application and the AlgeDisc™
application: the former is used to draw models for the Model Method while the latter
is used to draw algebra discs. In this section, we will not use the AlgeDisc™ applica-
tion but we will just describe how algebra discs can be used to expand and factorise
quadratic expressions in the manner specified in the current secondary school mathe-
matics syllabus document (MOE 2012b), followed by some suggestions for research
in this area.

8.4.1 Using AlgeDisc™ to Expand and Factorise Quadratic
Expressions

Wenow turn our attention to the use of concretemanipulatives to teach expansion and
factorisation of quadratic expressions. Many countries have been, and are still, using
algebra tiles to represent quadratic expressions in pictorial form.For example, Fig. 8.9
shows an arrangement of algebra tiles used to represent the quadratic expression x2

+ 5x + 6. The large square tile has length x units, so its area is x2 square units, while
each small square tile has length 1 unit, so its area is 1 square unit. Each rectangular
tile is of dimensions x units by 1 unit, so its area is x square units. Therefore, the
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Fig. 8.9 Factorisation of x2

+ 5x + 6 using algebra tiles

x + 2 

x + 3 

11 1 

x x xx2

x
11 1 x

Fig. 8.10 Factorisation of x2

− 5x + 6 using algebra tiles

x

x

1 1 1 
1 1 1

total area of all the tiles in Fig. 8.9 is x2 + 5x + 6 square units. It is important to take
note that the algebra tiles do not have x2, x or 1 written on them, but what is shown
in Fig. 8.9 is for illustration purpose only. In order to factorise x2 + 5x + 6, we have
to arrange the tiles to form a rectangle. In this case, the rectangle in Fig. 8.9 has a
length of x + 3 units and a breadth of x + 2 units, so its area is also given by (x + 3)(x
+ 2), i.e., x2 + 5x + 6 � (x + 3)(x + 2).

But what happens when it comes to negative terms? For example, how do we use
algebra tiles to represent x2 − 5x + 6? Yes, there is a way to do this by covering one
side of the x2 tile with two x tiles, and an adjacent side of the x2 tile with another three
x tiles, and then add six ‘1’ tiles because we subtract 6 twice, as shown in Fig. 8.10.
However, many students fail to see why they have to add six ‘1’ tiles.

Algebra discs or AlgeDisc™ do not have this problem because they do not use the
concept of area. Figure 8.11 shows the arrangement of algebra discs for factorising
x2 + 5x + 6 and x2 − 5x + 6. The arrangement of algebra discs for factorising x2 +
5x + 6 in Fig. 8.11a is very similar to the arrangement of algebra tiles for factorising
x2 + 5x + 6 in Fig. 8.9, except that one uses discs while the other uses tiles. On the
other hand, the arrangement of algebra discs for factorising x2 − 5x + 6 in Fig. 8.11b
is also very similar to the arrangement of algebra discs for factorising x2 + 5x + 6
in Fig. 8.11a. In this way, algebra discs can help students deal with negative terms
more easily than the method shown in Fig. 8.10 for algebra tiles.

But the use of the algebra discs is not an end in itself. There is still a need to
abstract the algebraic manipulations of expansion and factorisation. To this end, the
Ministry of Education of Singapore has introduced what they call the ‘multiplication
frame’ as shown in Fig. 8.12. Themultiplication frames in Fig. 8.12 look very similar
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Fig. 8.11 Factorisation of x2 + 5x + 6 and x2 − 5x + 6 using AlgeDisc™

Fig. 8.12 Factorisation of
x2 + 5x + 6 and x2 − 5x + 6
using multiplication frame
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Fig. 8.13 Factorisation of
x2 + x − 6 using
multiplication frame
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to the arrangement of the algebra discs in Fig. 8.11, which is why it is more natural to
progress from algebra discs to the multiplication frame than to the traditional cross
multiplication method used to factorise quadratic expressions.

We will now illustrate how students are taught to factorise x2 + x − 6 using the
multiplication frame method without the use of algebra discs anymore. Just like the
traditional cross multiplication method, students will need to find the corresponding
factors of −6, i.e., −6 � ±1 × ∓6 � ±2 × ∓3. They will start with the multipli-
cation frame shown in Fig. 8.13a, where the coefficients of x, represented by ?, are
corresponding factors of −6 such that the sum of the coefficients is +1. The students
can use guess and check, or some deduction to reason that the corresponding factors
of −6 must be +3 and −2 since 3 − 2 � 1. Then, they will obtain the multiplication
frame shown in Fig. 8.13b. Therefore, x2 + x − 6 � (x + 3)(x − 2).
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8.4.2 Local Research on AlgeDiscTM

Prior to the implementation of AlgeDisc™with Secondary One students in 2013, the
Ministry of Education of Singapore have piloted the use of AlgeDisc™ with some
classes and have found that the students benefited from the intervention programme.
But they have not published any of their findings. As the use of AlgeDisc™ only
began in recent years, there is currently no other local research in this area. For
example, both Leong (2015) and Huang (2016) made use of algebra tiles, instead of
AlgeDisc™, in their doctoral and Master’s study, respectively. The only local paper
on the multiplication frame method is a book chapter by Chua (2017), where he
described how to use the multiplication frame effectively, without even mentioning
algebra discs or AlgeDisc™ at all.

Therefore, we will highlight some issues related to the use of AlgeDisc™ in the
teaching and learning of algebra and suggest possible directions for future research.
Firstly, algebra discs may help students deal with negative terms better than algebra
tiles but students may not understand the idea behind factorisation if there is no
concept of area. How will this affect their learning? Secondly, one way to have
the best of both worlds is to start with algebra tiles using the concept of area for
positive terms and then change to algebra discs for negative terms. But will this be
too confusing for students? Thirdly, Leong et al. (2010) have fused algebra tiles and
algebra discs to become AlgeCards, which are similar to algebra discs except that
they are in the shape of squares and rectangles. Unlike algebra tiles, algebra cards
have two sides: on one side is written 1, x or x2, but on the other side is −1, −x or
−x2, respectively. Thus, AlgeCards retain the concept of area for positive terms, but
for negative terms, the students can just use the other sides of the cards. However,
a problem may arise if we have, e.g. x2 and y2 terms: the square cards will have to
be of different sizes, but will this be confusing for students? For AlgeDisc™, this is
not an issue as all the discs have the same size. Nevertheless, Leong et al. had tried
out AlgeCards with some schools and found them to be effective, but there was no
comparison with the other two types of manipulatives.

As we can see, the main issue of using manipulatives for learning algebra is
the evaluation of the effectiveness of such methods. This is an unexplored area of
research, at least in Singapore. One or more of the following research questions can
frame research in the use of such manipulatives when learning and teaching algebra:

1. Do the combined use of algebra discs with algebra tiles develop both students’
procedural skills and conceptual understanding?

2. Is the use of more than one type of manipulatives confusing for students? If so,
why?

3. What can we say about the effectiveness of the three types of manipulatives—al-
gebra tiles, algebra discs and algebra cards—in the learning and teaching of
algebra?
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8.5 Guided-Discovery Learning and Investigation

The use of AlgeDisc™ in the above manner described by the learning experiences
in the current secondary school mathematics syllabus document (MOE 2012b) is to
guide students to discover certain mathematical concepts or skills. In fact, many of
these learning experiences make use of Bruner’s (1961) guided-discovery learning,
which is another distinctive feature of local classroom practices although it is not
unique to Singapore. Even before the stipulation of learning experiences in the current
primary and secondary school mathematics syllabus documents (MOE 2012a, b),
MOE-approved textbooks have already been using activities or investigation to guide
students to discover mathematical concepts or skills.

Ernest (1991) contrasted the differences among three inquirymethods for teaching
mathematics, namely, problem solving, guided discovery and investigation. Guided
discovery is different frommathematical investigation (Jaworski 1994) in that guided
discovery is like trail-blazing to a desired locationwhile investigation is like exploring
an unknown landwhere ‘the journey, not the destination is the goal’ (Pirie 1987, p. 2).
But Yeo and Yeap (2010) distinguished between the process of investigation and the
activity of using an open investigative task to investigate. As a process, investigation
involves examining specific examples or special cases (i.e., specialising) in order to
generalise; it is an inductive process, in contrast to the use of deductive reasoning.
So Yeo and Yeap argued that problem solving and guided discovery-learning utilise
the process of investigation if students specialise by using specific examples, instead
of trying to solve the problem by using a deductive approach. On the other hand,
an investigative approach to teaching and learning mathematics involves the use of
open investigative tasks where students are free to explore and pose any problems
to investigate or solve (Ernest 1991). However, the latter approach is seldom used in
Singapore schools (Yeo 2013).

Guided-discovery learning can be traced to Bruner (1961). Because guided-
discovery learning usually starts with specific examples for students to investigate,
these examples become concrete experiences for students to abstract the mathe-
matical concept. In other words, the underlying principle behind guided-discovery
learning is still the C-P-A approach or the Extended C-P-A approach, which again
is based on Bruner’s (1964, 1966) idea of enactive–iconic–symbolic representa-
tions of cognitive growth discussed in Sect. 8.2. Because the term ‘guided-discovery
learning’ is from the perspective of the teacher, some textbooks use the term ‘inves-
tigation’ while others use the term ‘activity’ to describe this kind of investigation or
activity that the students will do. In what follows, we will describe two exemplars
of guided-discovery learning using concrete manipulatives or concrete examples
(guided-discovery learning using virtual manipulatives will be discussed in Chap.14
while the problem-solving approach has already been dealt with in Chap.7 of this
book).

In secondary schools, paper folding can be used to guide students to discover
that the perpendicular bisector of a chord will always pass through the centre of a
circle. Figure 8.14 shows part of an investigation in a school textbook by Yeo et al.
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Fig. 8.14 Textbook investigation on symmetric property of circle (reproduced with permission
from Shing Lee Publishers Pte Ltd.)

(2015). Prior to what is shown in Fig. 8.14, the students have already folded the paper
circle to mark out the centre of the circle. Then, the students will follow the steps in
Fig. 8.14 to discover the said symmetric property of a circle.

At higher level mathematics where there may not be any suitable concrete or
virtualmanipulatives to use, we can just use concrete examples. For secondary school
mathematics, these concrete examples usually make use of numerical values. For
example, to guide students to discover the product law of logarithms, the teacher can
set up a table of values of x and y and get the class to use a calculator to evaluate
lg x + lg y and lg xy for different values of x and y. In this manner, the students will
discover that lg x + lg y � lg xy. This particular guided-discovery learning can be
found in the school textbook by Yeo et al. (2013a). Only after gaining some concrete
experiences of the product law, the students will then be guided at a later stage to
prove it because, according to C-P-A, what is abstract (i.e. the product law) should
be developed later.

Although there is some research from other countries on inquiry learning such as
guided-discovery learning (Franke et al. 2007; Hunter et al. 2016), there is a dearth
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of local research in this area. From the online repository of the National Institute
of Education (NIE), which is the sole teacher education institution in Singapore,
there are no Ph.D. dissertations or Master’s theses that are directly related to guided-
discovery learning. But there are some local Master’s theses that compared the use
of ICT and traditional teacher-directed teaching, and the pedagogy behind the use of
ICT is actually guided-discovery learning. Even though most of these studies, which
will be described in Chap. 14 of this book, suggest the effectiveness of ICT and
guided-discovery learning over traditional teacher-directed teaching, it is not known
which of these two variables (i.e. ICT and guided-discovery learning) may be the
cause of the effectiveness of the intervention programme in these studies. Therefore,
we suggest the following questions for future research.

1. How does a guided-discovery approach compare with a teacher-directed
approach for teaching mathematics?

2. What are some of the pedagogical principles for teachers to think about when
they use a guided-discovery learning approach?

3. What is the role of ICT in guided-discovery learning, especially in light of the
country’s move towards a more ICT-integrated learning environment?

8.6 Engaging the Hearts of Mathematics Learners: LOVE
Mathematics Framework

While it is essential to engage the minds of mathematics learners through various
pedagogies described in the previous sections, it is also important to engage their
hearts because several studies have demonstrated that students’ emotions have a pro-
found influence on learning. For instance, students’ epistemic emotions triggered by
cognitive problems are critical when learning with new non-routine tasks (Pekrun
2014). However, the study of the affective domain is complicated partly because
there is no common agreement on the definitions of terms, and partly because affec-
tive constructs are more difficult to describe and measure than cognition (McLeod
1992). Aiken (1972) used the term attitude to mean ‘approximately the same thing as
enjoyment, interest, and to some extent, level of anxiety’ (p. 229) while Hart (1989)
used the word attitude towards an object as a general term to refer to emotional (or
affective) reactions to the object, behaviour towards the object and beliefs about the
object. But Simon suggested the use of affect as a more general term in 1982 (cited
in McLeod 1992), and McLeod (1989) further divided the affective variables into
three categories: beliefs, attitudes, and emotions.

To measure affective constructs, the traditional paradigm for research on affect
often relied on questionnaires and quantitative methods (McLeod 1992). But most of
these studies focused on students’ existing attitude and their effect on other variables
such as test performance. There are very few intervention studies, such as on how to
change students’ attitude (Yeo 2018a).Moreover, the literature on affective education
is mainly confined to affective variables in general, such as improving students’
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personal development and self-esteem, interpersonal relationships and social skills,
and their feelings about themselves as learners and about their academic subjects
(Lang et al. 1998), but when it comes to making mathematics lessons interesting and
helping students to appreciate mathematics, there is not much literature on this (Yeo
2018a).

Some common issues that teachers face when trying to makemathematics lessons
interesting are (a) not every student will find the same thing fascinating; (b) it is not
possible to make every part of a lesson engaging; and (c) the enjoyment does not
necessarily translate to learning. To address these issues, Yeo (2018a) proposed the
LOVE Mathematics framework (Linking Opportunities in a Variety of Experiences
to the learning of Mathematics) to engage the hearts of mathematics learners. The
framework consists of three principles: variety, opportunity and linkage. Firstly,
students have different tastes, so there is a need to use a variety of resources to interest
different students in the hope that all the students will find something intriguing,
although that ‘something’ may be different for different students. Secondly, there is
actually no need to make every part of every lesson engaging. Yeo suggested that
teachers should just provide ample opportunities to engage their students, e.g. in
at least one part of most mathematics lessons. Thirdly, Yeo believed that the main
purpose of engaging the hearts of students is not just to make them laugh and have
fun, but to link the resources to the learning of mathematics.

In this section, we will use the lens of the LOVE Mathematics framework to
illustrate howmathematics teachers in Singapore use a variety of resources to provide
opportunities for students to engage in mathematical sense making, although these
resources may not be unique to Singapore.

8.6.1 Variety Principle

In Singapore, mathematics teachers use a variety of different resources to heighten
students’ interest in the subject. Types of resources used include songs such as
the ‘Polygon Song’ (see Yeo et al. 2013b; Yeo 2018b), television shows such as
NUMB3RS, story books such as ‘The Doorbell Rang’ by Pat Hutchins and ‘How
Big is a Foot’ by Rolf Myller, drama, magic tricks, puzzles, and games. Although
the choice of these resources may seem eclectic at times, the idea of using different
types of resources beyondmathematical tasks is supported by the Theory ofMultiple
Intelligences (Gardner 2006). For example, there has also been research to suggest
that different parts of the brain are stimulated when children engage in dramatic
plays (Hough and Hough 2012). Studies similar to Hough and Hough (2012) form
the basis of programmes such as Teaching Through the Arts Programme (TTAP),
which was initiated by the National Arts Council (NAC) (National Arts Council
2017; Yuen 2016). Several schools have benefitted from this programme, in which
they integrated drama into the teaching of perimeter and area with inputs from drama
educators. These schools have found it a fun and engaging approach to teaching.
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Similarly, Yeo (2018a) described a lesson where the teacher showed the class
a 10-min excerpt of Splash Splash Love, a Korean drama, with English subtitles.
The teacher chose the excerpt because there was an incident when the king and his
subjects were unable to solve a mathematical problem but a student called Dan Bi
solved it for them using Pythagoras’ theorem. However, there was really not much
linkage in the drama to the learning or application of the theorem. So the teacher
designed three problems for the class to do. These three problems contain contexts
from the drama, e.g. the first problem described how the king shot a deer across
the river and wanted his hunting trip to be recorded in history, so he needed Dan
Bi to work out the distance the arrow travelled, which the students had to calculate
using Pythagoras’ theorem. Then, the students were assigned homework from the
textbook, which consisted of typical questions on Pythagoras’ theorem. The teacher
was surprised when one of her students, who had not been handing in homework
on time, unexpectedly handed in her homework punctually the following day. It
seems that the student was motivated enough by the Korean drama that she even did
the routine homework promptly. Although the evidence base is largely anecdotal,
teachers’ implementation in schools suggests that using a variety of resources is
more likely to engage and motivate students. Whether, and if so, how these varieties
of resources help support students in learning mathematical concepts will be an
interesting area of research for mathematics educators.

8.6.2 Opportunity Principle

As highlighted in the Splash Splash Love example, using a variety of resources alone
is not sufficient for engaging the hearts of students. Instead, teachers need to incor-
porate these resources meaningfully into their lessons to provide more opportunities
for students to make sense of mathematics through these resources. The idea is to
embed different types of resources into different parts of a lesson. For example, one
could use a storybook or a mathematics trick to motivate the study of a topic, such as
fraction; use a movie clip to illustrate the use of fractions, or explain the operations
involving fractions, and use games or plan questions around a video clip to encourage
students to practise the skills taught. It may not be realistic to play an entire show
or movie during a lesson but clips of 5–10 min, showing excerpts from the shows
or movies focusing on a particular concept would allow the teacher to capitalise
on its affordance without too much intrusion on the curriculum time. Realising the
affordance of such resources can potentially open up new possibilities to engage the
hearts of students and possibly enhance students’ learning.

In a small-scale local study conducted by Lim et al. (2014), Mr. Fu Siqiang, a
teacher of Fairfield Methodist School (Primary), used a rope trick to illustrate that
average is a representative value of the set of items. He started with three ropes
of different lengths, manipulated them into three ropes of the same length to teach
the concept of average, and then changed them back into three ropes of different
lengths to emphasise that the lengths of the ropes do not actually change when we
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take the average of the lengths of the ropes. The rope trick was carried out in two
Primary Five classes. The quiz results of students who saw this rope illustration and
students who did not were compared. Students who saw the rope trick performed
significantly better on the quiz requiring them to find the average of given sets of
values and theywere alsomore engaged during the lesson. Their findings concur with
other studies which highlighted that the use of magic tricks may enthuse students
and provide more opportunities for students to dig deeper into the concepts presented
(Koirala and Goodwin 2000; Lesser and Glickman 2009). However, it remains to be
seen whether there is an optimum structure in which these resources are sequenced
within a lesson. More importantly, the design decisions surrounding the choice and
implementation of such resources deserve more attention in research.

8.6.3 Linking to Mathematics

Another important insight gained from the use of resources, such as the Splash
Splash Love example, revolves around the importance of designing tasks around
these resources to connect students to the mathematics concepts.Without this critical
connection to mathematics, it would be difficult for teachers to go beyond making
lessons fun to making lessons effective. To illustrate this principle, we refer to Yeo
(2018b), in which he described the use of an amusing video found on YouTube
called ‘25 divided by 5 equals 14’. The video clip shows three erroneous proofs
that 25 divided by 5 is equal to 14: the first proof is by division, the second one
by multiplication and the last one by addition. Although most students will laugh
at the slapstick humour in the video, the third principle of the LOVE Mathematics
framework suggests the need for the teacher to get the students to explain why the
proofs are incorrect, namely, the issue of the wrong place value of some of the digits.
In this manner, the teacher can link the video to the learning of mathematics: the
importance of the place value system. Another illustration of this principle is the use
of a movie snippet from NUMB3RS, in which Charlie Eppe explained the classic
The Monty Hall problem. The teacher could first ask students to answer the question
based on their intuition or current understanding of probability before working on
the problem to prove (or disprove) their decision. The students could then watch the
show where Charlie explained the problem.

Here, we argue that the critical aspect of using different resources to engage
the hearts of our learners lies in how teachers design tasks around these resources to
provide opportunities for students to engage inmathematical processes. For instance,
appropriate games can providemeaningful situations for students to (1) practice their
mathematical skills, (2) develop mathematical thinking, (3) test out their intuitive
ideas and problem-solving strategies, (4) communicate and reason mathematically
through the actions and decisions they make during a game, and (5) develop positive
attitudes towards mathematics (Burns 2003; Davies 1995). But how teachers can
design these tasks around different resources has not been well studied in Singapore.
This is certainly an important area for research for mathematics educators.
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8.6.4 Local Research on Engaging the Hearts
of Mathematics Learners

Although there are some research done in other countries on affective education in
the mathematics classroom, there is a dearth of local research in this area. To gain
a more comprehensive understanding of how affect may influence the learning of
mathematics, we suggest the following issues for investigation.

Firstly, there is a need for more rigorous studies to evaluate the effectiveness of
the above-mentioned resources in motivating local students to learnmathematics and
in enhancing their learning. The main problem lies in the measurement of students’
motivation and interest: Do we get the students to fill in a questionnaire? Or do we
base our judgements on the teacher’s observation of their enthusiasm in class? Or do
we use a combination of methods? Another important issue regarding measurement
is the measurement of students’ learning of the subject matter: Do we use the usual
class test based on procedural knowledge and skills? Or one that tests on conceptual
understanding as well?

Secondly, there is a need to study why these interventions work. Knowing what
works, and why it works, is critical for teachers to implement these strategies effec-
tively. Several questions arise with regard to the implementation of these strategies
or interventions:

1. Whether the duration of the intervention matters, and if so, how long does it take
for the intervention to take effect?

2. Do these strategies have any lasting effect on students’ motivation, and more
importantly, on students’ learning?

3. What are the factors that affect the effectiveness of such strategies? For example,
does the types of resources used, the topics to be taught, the belief and knowledge
of individual students, or the teacher make a difference?

What are the pedagogical principles that can be derived from these interventions?
Knowing these principles may help us develop more targeted strategies for the dif-
ferent students.

8.7 Conclusion

This chapter reviews the key pedagogical innovations that have been implemented,
and researched on, in Singapore classrooms. There seems to be limited research
evidence supporting the use of such innovations to improve mathematics learning
in the local context. However, it is not simply about knowing whether a particular
intervention works. But rather, it is crucial for mathematics educators to know the
conditions for such interventions to work. As discussed in this chapter, there are
three main research problems on the design and use of pedagogical innovations in
Singapore:
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1. The effectiveness, and the underlying theoretical perspectives, of these innova-
tions;

2. The measurement of effectiveness of these innovations; and
3. The design and development of such innovations for the variations encountered

in the different classroom contexts.

As argued persuasively by Lewis (2015), the idea of improvement science (Langley
et al. 2009)may be useful for us to consider. Themain difficulty of using experimental
approaches to investigate the effectiveness of pedagogical innovations lies in the need
to control for the different variables in classroom practices. Minimising variations in
an experimental setup is unlikely to ensure the transferability of innovations because
classrooms are complex ecological systems. As highlighted by Bryk (2015),

Such studies, however, are not primarily designed to tell us what it will take to make the
intervention work for different subgroups of students and teachers or across varied contexts.
At base here is the difference between knowledge that something can work and knowledge
of how to actually make it work reliably over diverse contexts and populations. Yet the latter
is what practitioners typically want to know—what will it take to make it work for me, for
my students, and in my circumstances? Unfortunately, policy actors who see evidence-based
practice as today’s answer typically miss this critical distinction. (p. 469)

The way forward is to accept the challenge of making ‘this critical distinction’ as
we implement pedagogical innovations, and as we design and develop new ones. An
improvement science approach distinguishes two types of knowledge essential for
improving teaching practices: knowledge about the discipline of mathematics edu-
cation (Lewis 2015), and ‘a system of profound knowledge’ needed to enact basic
disciplinary knowledge within organisations (Deming, cited in Langley et al. 2009,
p. 75). This system of profound knowledge is structured around ‘knowledge of sys-
tems, psychology, variations, and how knowledge grows’ (Lemire et al. 2017, p. 24).
According to Langley et al. (2009), the improvement science approach, which con-
sists of rapid cycles of plan-do-study-act (PDSA), is framed by three key questions:

1. What are we trying to accomplish?
2. How will we know that a change is an improvement?
3. What change can we make that will result in an improvement?

There is evidence to suggest that what teachers and mathematics educators have
been doing in Singapore seems to improve students’ learning and motivation to
some extent. However, questions regarding its effectiveness and transferability to
other contexts remain. Research into improving mathematics learning and teaching
through an improvement science paradigm may be one way to address these issues.
Building on the good work done in Singapore, we suggest that it is time for us,
as a community of inquiry, to look deeply into the design and implementation of
pedagogical innovations so that we can learn how these innovations can be applied
through a variety of contexts.
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Problems in Real-World Context
and Mathematical Modelling
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Abstract This chapter discusses teacher education efforts and analyses the research
outcomes in the domain of solving problems in real-world contexts, particularly
in the field of mathematical modelling among other tasks situated in real-world
contexts in Singapore mathematics classrooms. The first part of this chapter begins
with an understanding of “applications and modelling” from the perspective of the
Singapore schoolmathematics curriculum framework. The secondpart of this chapter
reports on the efforts made in supporting applications and modelling in teacher
education through professional development opportunities. This chapter continues
with a discussion of findings from local research in solving problems in real-world
contexts (applications and/or modelling) carried out with students in primary and
secondary schools to add to the repertoire of knowledge in this domain. Challenges
are surfaced in the light of the preceding sections with implications for teacher
education and research with the acknowledgement that there is still some distance to
go to know more about applications and modelling and actualizing the curriculum in
a more holistic sense through teacher education and the implementing of modelling
lessons. This chapter discusses the way forward in supporting the advancement of
mathematical modelling in the mathematics curriculum.
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9.1 Perspective of Applications and Modelling
from the Singapore School Mathematics Curriculum
Framework

Applications and modelling is a relatively new domain under the process component
of the Singapore school mathematics curriculum framework (MOE 2006a, b, 2012a).
The curriculum document articulates that applications and mathematical modelling
tasks are crucial in helping students draw connections between school mathematics
and the real world, enhance understanding of mathematical knowledge and skills,
and develop mathematical competencies (MOE 2012a, p. 15). Connections in the
document refer to the “ability to see and make linkages among mathematical ideas,
between mathematics and other subjects, and between mathematics and the real
world” (p. 15).

Stillman et al. (2008) noted the difference between applications tasks and math-
ematical modelling activities. While both are problems situated within real-world
contexts, the nature of use of mathematical knowledge and skills in each is different.
An applications task involves the teacher selecting real-world situations for students
to apply predetermined mathematics learned in class. Such tasks can be open-ended
in terms of solutions and answers as long as students can draw appropriate connec-
tions and interpretations of mathematics they know within the real-world situation
presented in the problem context. One adaptation of an applications task could be
what the Singapore Ministry of Education refers to as “Problems in Real-World
Contexts” (PRWC). In PRWC tasks, students solve a multi-part mathematics prob-
lem where the stem of the problem presents the context and key variables (MOE
2015). Each question part that follows requires students to apply the mathematics
they know to find an answer. Real-world interpretation of the problem context and,
often, assumption making are involved during sense-making in the solution process.
For the purpose of assessment, PRWC tasks are often open-ended to a limited extent.
Since October 2016, PRWC tasks have been incorporated into the GCE “O” lev-
els mathematics examinations. Teachers have started to familiarize themselves with
PRWC task design for teaching and learning in secondary mathematics according
to the assessment guidelines provided by the Singapore Ministry of Education (see
MOE 2015). Other Singapore literature on the use of PRWC for teaching, learning,
and assessment is still limited to date (e.g. Yeo et al. 2018).

In contrast, a mathematical modelling activity starts with a real-world problem
situation where modellers (or problem solvers) use mathematical lenses to solve
the problem. In doing so, different modellers may apply different mathematics to
develop a mathematical model to solve the problem or even use mathematics new to
them in the process. In this regard, a mathematical modelling activity is truly open-
ended, possibly right from the beginning during problem posing where modellers
may craft their own mathematical problem from the real-world situation. Literature
records different types of modelling activities from various theoretical stances (see
Kaiser and Sriraman 2006). The Singapore school mathematics curriculum defines
mathematical modelling as “the process of formulating and improving a mathemat-
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Fig. 9.1 A simplified diagram of the mathematical modelling process (MOE 2012b)

ical model to represent and solve real-world problems”. A mathematical model is
a “mathematical representation or idealisation of a real-world situation” which can
be presented in numerical, algebraic, geometrical, or statistical forms (MOE 2012b,
p. 2). As outlined in various key modelling literature in this established field (e.g.
Blumet al. 2007; Lesh andDoerr 2003;Niss 2010; Stillman et al. 2016), four stages in
the modelling process are also recognized in the Singapore mathematics curriculum
documents (MOE 2015): real-world problem, mathematical model, mathematical
solution, and real-world solution. The Singapore curriculum adapted the generic
mathematical modelling process by incorporating connecting elements, namely for-
mulating, solving, interpreting, and reflecting between the various modelling stages
as shown in Fig. 9.1 (MOE 2012b).



198 C. M. E. Chan et al.

The expected modelling competencies of students when they attempt modelling
activities in Singapore schools are articulated for each element and for each stage
of the modelling process. The formulating element is activated when the modeller
crafts a mathematical model to represent the real-world problem as a start of the
solution process. It is expected that the modeller attempts to understand the real-
world context and lists the assumptions involved as the initial model evolves. Key
mathematical variables and the relationships between these variables are also defined
along with the parameters for model development. The solving element involves the
modeller selecting and using appropriatemathematicalmethods and tools to solve the
mathematical problem. The interpreting element requires modellers to interpret the
mathematical solution in the context of the real-world problem by checking if they
have indeed addressed the problem and whether their solution makes sense within
the real-world constraints within the context. Finally, the reflecting element calls for
modellers to reflect on the reasonableness of their solutions, assumptions made, and
appropriateness of mathematics applied. Modellers can investigate more strategies
to be used as part of the solution process and even examine the applicability and
generalizability of the mathematical models developed on other similar contexts.
Limitations of the models can be discussed, leading to the development of more
sophisticated mathematical models for the real-world problem.

9.2 Teacher Education on Mathematical Modelling

Applications in the mathematics curriculum have been part of the students’ problem-
solving endeavours in school and therefore is a familiar content area. On the other
hand, although mathematical modelling was incorporated into the Singapore math-
ematics curriculum framework since 2007, teacher development programmes on
mathematical modelling have only begun in earnest in 2009. To date, mathematical
modelling activities have been implemented in many Singapore secondary schools
and all pre-university institutions (i.e. junior colleges). Such activities range from
simple classroom discussions of real-world problems resulting in the use of selected
elements from themodelling stagesmentioned above to large-scale inter-schoolmod-
elling challenges held in Singapore schools or overseas (see Kwek and Ko 2011; Lee
and Ng 2015; Ng and Lee 2012). The following subsections highlight the inception
of teacher education on mathematical modelling through mass outreach efforts and
subsequently in the form of in-service professional development courses. Research
efforts in teacher development with the help of emerging frameworks are also
discussed.
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9.2.1 Mathematics Teachers Conference

On 4 June 2009, the Association of Mathematics Educators (AME) in collaboration
with the Mathematics and Mathematics Education (MME) Academic Group orga-
nized a Mathematics Teachers Conference (MTC). The theme of the conference was
Mathematical Applications and Modelling with international experts presenting the
keynote addresses andplenaries. In addition, therewereworkshops onvarious aspects
of applications and modelling intended for the primary schools, secondary schools,
and junior colleges. Two booklets written by MME AG authors were specifically
prepared for the MTC, one for primary teachers entitled Applications and Modelling
for the Primary Mathematics Classroom (Dindyal 2009) and the other for secondary
teachers entitledMathematicalModelling in the Secondary and JuniorCollegeClass-
room (Ang 2009). These booklets contained several examples that focused on some
of the concerns of the teachers about the approaches to use for teaching applications
and modelling in schools and included several modelling examples for the teachers
to use in their teaching.

9.2.2 Mathematical Modelling Outreach

The Mathematics and Mathematics Education (MME) Academic Group at the
National Institute of Education (NIE) organized aMathematicalModelling Outreach
(MMO) event on June 2010. The event was attended by at least 320 participants,
including teachers and students from 31 primary and secondary schools in Singa-
pore, Australia, and Indonesia. The event involved primary and secondary school
students working with inter-school discussion groups on mathematical modelling
activities facilitated by pre-service teachers. Students were seen to have benefitted
from the modelling activities in various ways:

(i) They learned new concepts while working on the modelling activities.
(ii) They learned to be innovative and were not be constrained by the limits of the

modelling task.
(iii) They performed at different levels.
(iv) They worked collaboratively on the task and thereby developed better social

skills.
(v) They learned to manage meaningful experiences with complex systems.

Various professional development programmes were also conducted for the
accompanying teachers byMME teacher educators (see Ng and Lee 2012) and inter-
nationally renowned researchers in the field. Such an event was inspired by similar
ones held in Australia (Brown et al. 2015) and Germany (Kaiser and Schwarz 2010).
The event culminated in a publication of an academic book “Mathematical Mod-
elling—From Theory to Practice” (Lee and Ng 2015)—a collection of thoughts and
ideas shared and deliberated by the presenters, both international and local. Learn-
ing gleaned from the MMO was presented at the ICTMA 15 Conference in the form
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of a symposium consisting of three papers which were later published (Chan 2013;
Lee 2013; Ng 2013). The papers provided insights into teacher professional develop-
ment onmathematical modelling from the Singapore perspective, covering areas that
included conceptions, task design, and facilitation. In addition, the tasks that were
designed and employed at this event have also been collated and consolidated as a
task book for teachers’ use (Ng and Lee 2012). The book features simple and enrich-
ing modelling tasks, and each task is discussed in detail with prompting questions
for students as well as teachers’ notes for facilitation. It serves as a rich resource to
support teachers’ address of mathematical modelling in the Singapore mathematics
classrooms.

9.2.3 Promoting a Framework of Instruction
for Mathematical Modelling

A research project was started in 2015 to design and test strategies that will enable
secondary mathematics teachers develop competencies needed in the teaching of
mathematics modelling through the use of a new proposed instructional framework
(Ang 2015; Lee and Ang 2015). The project led to a seminar that included talks by
both international and local experts on mathematical modelling. The 3-hour seminar
was attended by 75 participants, including teachers from17 schools aswell as officers
from the relevant units of the Ministry of Education. One of the collaborators of
the project took the project further by completing a Ph.D. study on “Professional
Development for Teachers of Mathematical Modelling in Singapore” (Tan 2015),
further contributing to the expertise in teacher education onmathematical modelling.
The tried-and-tested mathematical modelling instructional framework (Ang 2015)
is now made more accessible through a digital platform (www.mathmodelling.sg)
allowing teachers not only access to relevant online resources for the teaching and
learning of mathematical modelling but also to be able to contribute to the collection
of resources.

9.2.4 In-Service Professional Development Courses

Teacher education on mathematical modelling turned towards the provision of in-
service training because of the pedagogical demands on the teachers in facilitating
modelling activities. Recently, the Ministry of Education rolled out intensive math-
ematical modelling professional development courses for in-service mathematics
teachers representing the majority of Singapore secondary schools. These courses
focus onhelping teachers understandwhatmathematicalmodelling is, how individual
elements of mathematical modelling can be activated within a mathematics class-
room, and how to design and incorporate simple modelling activities in mathematics

http://www.mathmodelling.sg
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classrooms. To complement these courses, the Ministry of Education commissioned
another in-service course on mathematical modelling conducted by MME so that
secondary mathematics teachers who are interested in experiencing the full mod-
elling cycle and those who lead mathematical modelling events in their schools can
fully immerse in the potentials of modelling activities. The MME in-service course
allows teachers to experience being a modeller during real-world problem-solving
facilitated by the course instructor before unpacking the modelling stages and ele-
ments in more detail. Modelling task design involving full modelling cycles and
rubrics for evaluating students’ modelling attempts is also discussed.

9.3 Research Involving Teachers in Mathematical
Modelling

Several case studies have been carried out in primary schools with respect to build-
ing teachers’ capacity in the designing and facilitating of modelling activities. Case
studies allow the researchers to understand more deeply the teachers’ thinking and
facilitative actions that led to the successful completion of their own as well as the
students’ modelling endeavours. Research designs based on an adaptation of the
multi-tiered teaching experiment design (Lesh and Kelly 2000) alongside a design
experiment method (Dolk et al. 2010) formed the theoretical basis in framing the
teacher development process at the primary school level. The multi-tiered teaching
experiment (Fig. 9.2) was a three-tiered design that enabled the researcher (Tier 1) to
collaborate with the teachers (Tier 2) in the discussion and design of the modelling
tasks as well have the teacher to facilitate modelling activities to have an understand-
ing of the features of the modelling task as well as the experience of going through
the modelling process. They would also get to see how the students (Tier 3) worked
on the modelling task and generated models. The incorporation of design experi-
ment methodology, in particular, during the retrospective analysis phase, enabled
the researchers (Tier 3) to guide the analysis and interpretation of data within an
interactive cycle to find out the teacher’s (Tier 2) rationales during reflection ses-
sions as to why certain instructional approaches were taken, which then formed the
basis for feedback and knowledge for the next cycle of facilitation of students’ (Tier
3) modelling endeavours. The main principle underlying the multi-tiered teaching
experiment framework was to seek corroboration through triangulation where non-
prescriptive conditions were provided for the development of new conceptions of
participants’ experiences, interactions were structured to test and refine constructs,
tools were provided to facilitate the construction of models, and the formative feed-
back and consensus building were integrated into the learning process.

Findings from Chan et al. (2015) on the enactment of the research designs
through interviews and retrospective analyses sessions with a novice teacher–mod-
eller revealed that the teacher development process had enabled him to have a better
understanding of the different phases and the iterative nature of the modelling pro-
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Tier 3 - 
Researchers

* Development of conceptual framework (model) to develop teachers' knowledge and
capacity in facilitating modelling tasks in two cycles. This involved creating learning
situations for teachers and students through describing, explaining, predicting
teachers' and students' behaviours.

* Researchers collaborate with teachers to test and review modelling activity.
* Researchers reflect on their own evolving knowledge of the participants' learning

experiences for the development of tools to scaffold teachers.
Tier 2 -
Teachers

* Teachers collaborate with researchers to test and review modelling activity.
* Teachers review feedback for designing own modelling tasks.
* Teachers reflect on their own evolving knowledge of the students' learning
experiences for the development of tools to scaffold their learning.

Tier 1 - 
Students

* Students engage in model-eliciting tasks in small groups where they will be involved
in constructing and refining models that reveal their interpretation of the problem
situation. They will describe, represent, explain, justify and document their
mathematical constructions.

Fig. 9.2 A three-tiered teaching experimental framework

cess. The interaction between the tiers (Tiers 1 and 2) played a crucial part in enabling
the teacher–modeller to complete the modelling experience successfully. Moreover,
the knowledge acquired through the modelling experience would serve to help him
become familiar with the students’ evolving ways of thinking about important ideas
and abilities that he would want the students to develop (Tier 3). As well, the interac-
tion between the teacher–modeller and the researchers (Tiers 2 and 1) was also seen
as a model development process for putting the theoretical framework into practice
and reviewing how each party was learning through the express-test-revise cycles of
the multi-tiered teaching experiment.

In another study involving a novice teacher–modeller, Ng et al. (2013) reported
that three teacher competencies surfaced as crucial in the incorporation of mathe-
matical modelling during the retrospective analysis phase of the study, and these
were striking an appropriate balance between questioning and listening during facil-
itation of student discussions, use of metacognitive strategies, and (c) fostering the
setting of assumptions in the modelling process. It was inferred that developing
these competencies would pave the way for cultivating a pattern of listening–ob-
serving–questioning behaviours for a better understanding of students’ thinking and
interpretation of the real-world problem, overcoming blockages through metacog-
nitive strategies as well as learning to work within parameters by being aware of
the need for and setting assumptions when solving real-world problems. There were
two follow-up studies on the same teacher–modeller where the teacher’s reflections
were sought to determine the critical moments of learning and her perceptions of
the modelling experience, respectively. For the former, the teacher reported that the
deliberate focus in the use of questions to refine students’ models, encourage artic-
ulation of student ideas in self-evaluation of the models, and clarify and understand
student reasoning were core to helping the students in the successful completion of
the modelling activity (Ng et al. 2012). It revealed how the retrospective analysis
phase, employed in conjunction with the other phases, could serve as a platform
for eliciting critical moments of learning for the teacher, building upon the careful
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selection and discussion of appropriate stimuli. For the latter, based on the teacher’s
reflections about the modelling experience, the teacher found the modelling activity
to be mathematically rich and that it provided a platform for the identification of
key variables and their relationships, relating school-based mathematical knowledge
and skills to the real-world experience, and justification of mathematical models
developed (Seto et al. 2012). In the teacher’s view, carrying out modelling activities
would make for a more student-centred mathematics lesson that allowed for richer
communication of ideas as they would have to justify the models and make their
thinking visible compared to a regular mathematics class.

The case studies above also led the researchers to examine the effective use of
videos in developing teacher competencies (Ng et al. 2015). It was noted in that using
videos as a means for stimulated recall was sufficiently effective in eliciting teacher
reflection towards identifying crucial competencies for self-development as onewent
through the playback instances in the negotiation of meaning and sense-making.
Ng and her associates (2015) stressed the importance of timely and appropriate
teacher scaffolding when facilitating student group discussions during mathematical
modelling activities, in particular the need for teacher to listen in during student
talk and mediating between teacher questions and prompts. The findings from Ng’s
research with her colleagues extended those from Blomhøj and Kjeldsen (2006) as
well as Julie and Mudaly (2007) which can be summarized into three interrelated
dilemmas faced by teachers when facilitating modelling activities: (a) balancing
between a holistic and a reductionist approach, (b) using modelling as a vehicle
versus as content, and (c) providing sufficient and appropriate student autonomy
during the modelling process.

On developing teachers in the teaching of mathematical modelling at the sec-
ondary school level, Tan andAng (2016) designed a School-BasedDevelopment Pro-
gramme (SBDP) (Fig. 9.3) aimed at influencing teachers’ knowledge and resources,
goals and orientations in planning, designing, and enacting modelling learning expe-
riences. The SBDP framework sought to help teachers acquire knowledge of mod-
elling and modelling instruction (content) and take them through the transformative
learning cycle of modelling (process) within the school context and culture (context).
Teachers began with the planning and designing of modelling lessons adopted from
Ang’s (2015) framework which put forth a set of decision procedures in scaffolding
novice teachers towards translating their modelling ideas into a series of modelling
learning tasks pitched at different levels of learning experiences. The enactment of
the teachers’ lessons was video-recorded, and modelling issues encountered were
analysed and discussed with the researcher. The cognitive dissonance that surfaced
from the teachers’ reflections was used to revise and reorganize their learning expe-
riences in anticipation of the enactment of the next modelling activity.

Findings from Tan’s case study of the enactment of a teacher participant in the
SBDP revealed that the teacherwas able to plan and structure developmentally appro-
priate modelling learning experiences for their students as evidenced by factoring
increasing demands on students’ modelling skills and competencies in the plan-
ning of the students’ modelling experiences. Through focused group discussions,
the development of the teacher’s knowledge of the modelling task solution space
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Fig. 9.3 School-based development programme for mathematical modelling (Tan and Ang 2016)

was heightened and it was inferred that the formation of the lesson image in the
SBPD programme served as an important resource to support their enactment of
modelling instruction practice. The patterns of the teacher’s instruction were found
to be driven by goals to develop students’ modelling competencies as evidenced
from the various lesson episodes, and the teaching orientations were mainly viewed
as “modelling as content”.

9.4 Research Involving Students in Solving Real-World
Problems

Research involving school students in solving problems in real-world contexts in the
Singapore classrooms took place only in recent years. We take real-world contexts
to mean problems that include modelling activities, interdisciplinary project work
as well as word problems that include authentic data. Though limited, the research
involving primary school students covered different aspects such as the students’
mathematical reasoning, competencies, attitudes, problem-solving, and empower-
ment. Most of the researches were qualitative case studies of selected groups of
Primary 5 students to determine what they were capable of during mathematical
modelling except for the research on attitudes which included both quantitative and
qualitative aspects. As these studies were carried out in conjunction with research
on developing teachers’ capacity in mathematical modelling as well, the studies
therefore embraced the multi-tiered teaching experiment design framework similar
to what had been discussed in the previous section. One other study reported in this
section is that of engaging secondary school students in interdisciplinary project
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work which has a history in terms of developing students to make connections with
the real world.

9.4.1 Research on Students’ Mathematical Modelling
in Schools

A recent case study on fostering students’ mathematical reasoning through engag-
ing a modelling activity showed that students generated several models (seen as
systems) in their decision-making process of selecting school swimmers for the
national swimming meet (Chan et al. 2016). It was found that students came up
with a point-and-elimination system where they awarded points to winners of vari-
ous races and eliminated participants who exceeded a certain time in several races
to narrow the number of selection choices; students also used averages to find the
average time of the participants as a means to validate their findings through the
point-and-elimination system. In generating these models, it was found that there
appeared to be a cyclical pattern during the modelling endeavour where students
exhibited reasoning behaviours such as comparing and analysing data, drawing log-
ical conclusions, justifying decisions and procedures, explaining the mathematical
concept, and then back to comparing and analysing data and so on with the testing
of hypothesis surfacing whenever the teacher attempted to scaffold and extend their
thinking. These reasoning aspects are highly valued as part of reformed pedagogy in
mathematics education. In this respect, mathematical modelling is found to empower
students not just in terms of eliciting their mathematical reasoning but has also pro-
vided opportunities for students to engage in exploration, metacognitive thinking,
making decision, and interpretations (Chan et al. 2017).

It can be said that all primary school students in the research were novice mod-
ellers. It was not unexpected that they faced some difficulties in making assumptions
as a modelling competence during their modelling endeavours. This was revealed
in a study on assessing students’ mathematical modelling competencies (Chan et al.
2012). The modelling task required students to plan the most efficient route for a
teacher to travel fromher home to her new school, and various bus service routeswere
given in an authentic map. In this regard, making a fair comparison of the various bus
services plying different routes was an essential aspect of assumption making. Some
students articulated that “all buses start and end at the same time” and “we assume
that there are no junctions” which were seen as examples of flawed assumptions.
Flawed assumptions could impede successful completion of the modelling activity.
Learning to make valid assumptions is a crucial aspect of mathematical modelling as
it acts as a bridge that connects the real world and the mathematical world. As such,
there was a need for teacher–facilitators to scaffold the students’ thinking which
in turn encourage revisions of thinking and generating better models. On the other
hand, students were found to be able to mathematize the problem situations, make
interpretations, and justify why their model worked.
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From the perspective of viewing modelling as problem-solving, it was found
that students go through stages of describing the modelling task by breaking down
task information, making geometrical considerations through manipulation, making
predictions through revising their solutionswhen theywere tasked to build a boxwith
the greatest volume (Chan 2009). The modelling process forced students to manifest
problem-solving behaviours, formulate important relationships between variables,
and assess the appropriateness and limitations of the models and communicate their
results.

One case study reportedbyAng (2013) involvedSecondary3 studentswhoworked
on designing a possible layout for a car park with at least 100 parking spaces while
leaving as much space as possible to the remainder of a field for other activities.
From the written feedback, there were students who found the modelling activity
refreshing and the experience enabled them to apply ideas of trigonometry in real-
world situations. Others found the experience stressful, while one student preferred
classroom time to be teaching time instead of doing projects. Video observations
showed that the modelling activity was still very much guided by the teacher through
promptings who later revealed that he was concerned that the students would not be
able to arrive at the expected solution. Ang stressed the need for a strong framework
to guide teachers who otherwise might have the tendency to over-facilitate.

One other research carried out with Primary 6 students was to find out their
perception of problem-based learning after the completion of a series of sixmodelling
activities (Chan 2011). The questionnaire showed positive responses in the attributes
of interest, perseverance, and confidence. The mixed-ability students were found
to have slightly more positive attitudes as they registered higher but statistically
not significant mean scores in the three areas mentioned than high-ability students. It
suggests that the use of modelling activities could impact how learning environments
might be designed towards shaping desirable learning behaviours.

9.4.2 Research on Interdisciplinary Project Work

Research into real-world problem-solving is an established field. Singapore’s journey
into this could be said to have started sometime in the late 1990s where Interdisci-
plinary Project Work (IPW) was implemented nation-wide in all primary and sec-
ondary schools as well as pre-university colleges (MOE 1999). IPW are real-world
problems which are designed to incorporate at least two content subjects as knowl-
edge anchors in the solution process. It could be perceived that an IPW involving
mathematics is somewhat similar to an applications task and could be seen as the
prelude that set the stage for targeted incorporation of applications and mathemati-
cal modelling in the Singapore mathematics curriculum framework in later years of
curriculum revisions (evidenced in MOE 2006a, b, 2012a). Deliberate timetabling
changes weremade then in schools so that student groups could spend up to 10weeks
working on one IPW, meeting with two or more facilitating teachers from different
subject specializations during a common curriculum time slot. The final outcome



9 Problems in Real-World Context and Mathematical Modelling 207

expected from the student groups would be that of a solution to the problem and
their oral presentation of their solution process, examining the content knowledge
and skills applied, group collaboration efforts, communication of ideas, and inde-
pendent learning and research. A key goal of using IPW in schools is the recognition
of interdisciplinarity in real-world problem-solving where different content knowl-
edge and skills come together in appropriate ways for real-world decision-making
in connection to the context.

Research into the use of IPW involving mathematics has been and still is limited.
Ng (2009) investigated secondary students’ mathematical knowledge application,
their use of metacognitive strategies, and their perception of interconnectedness in
an IPW involving mathematics, science, and design and technology as anchor sub-
jects. As reported in Ng (2011), students’ application of mathematical knowledge
in real-world problems was at times purely mathematical and devoid of real-world
interpretations. Their solution process could be technically correct in terms of compu-
tations but lacks sense-making in real-life application purposes. Ng (2010) also noted
incidences of partial metacognitive blindness in group problem-solving attempts dur-
ing IPW where a dominant group member brushed aside metacognitive monitoring
behaviours of others, resulting in incorrect mathematical outcomes. Ng et al. (2007)
presented the development of two new scales through factor analysis for measuring
students’ perceptions of interconnectedness during real-world problem-solving. It
was revealed that Express students tend to perceive the interconnectedness of math-
ematics (within mathematics, between mathematics and other subjects, and between
mathematics and the real-world) more than Normal Academic students and are likely
to make efforts at making connections such as engaging in using mathematics for
inter-subject learning.

9.4.3 Research on Students’ Solving Problems Using
Authentic Information

Cheng’s (2013a) study focused on solving problems in real-world context. She
asserted that such problems for young children at the primary level can be designed
to embed the three stages of pre-task, actual task, and extension task. The problem
posing activities in Cheng (2013b) required primary students to use a variety of real-
life situations to construct their own word problems. The students were also required
to solve the problems that they constructed. The problems posed by the students
suggested gaps in their understanding of fraction addition and multiplication con-
cepts. For example, the inappropriate context was found in the problems posed by
students suggesting that students’ understanding of fraction concepts can be deep-
ened through classroom discussion of the choice and appropriateness of the real-life
context used in fraction word problems.

In another study, Cheng and Toh (2015) reported on the advantages of design-
ing and using mathematical problems in real-world context for both teachers and
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young children. The teachers would deepen their own mathematical knowledge for
teaching in areas such as knowledge of the curriculum, task design, and children’s
thinking. The students would be able to develop their mathematical processes and
computational skills and become more flexible in their thinking. In addition, real-
world problems provide the opportunity for students to acquire twenty-first-century
competencies through critical and inventive thinking. Cheng and Toh also reported
the challenges that teachers faced in using real-world problems with young children
and cautioned against dressing the context too thickly such that the opportunities to
unpack the mathematics are compromised.

9.5 Challenges and the Way Forward

Mathematical applications and modelling (MAM) are relatively new additions in
the school mathematics curriculum in Singapore (MOE 2006a, b). Changes in the
curriculum always bring to the fore some implementation issues. How well a cur-
riculummeets its goals ultimately depends on the level of preparation of the teachers
using this curriculum and the extent to which these teachers are confident to imple-
ment that curriculum in the classroom. Applications and modelling are not located
within specific content domains, but rather it is expected that they cut across different
areas in the curriculum. Conversely, mathematics teachers are more confident with
problem-solving (see Kaur and Dindyal 2010). This is to be expected, as problem-
solving is the central organising idea of the local mathematics curriculum since the
1990s, and over time, teachers have developed greater expertise in working with
problem-solving as compared to MAM. While the syllabus documents from MOE
have provided some implementation guidelines, it is not sufficient without having
the teachers to actually go through some form of professional development courses
in order for them to be ready to take on such activities with the students. The last few
years have seen the inception of teacher education efforts towards advancing MAM.
Nonetheless, challenges with the MAM persist.

First, let us look at applications in the mathematics curriculum. This is not new,
as applications have been emphasized in the local curriculum in various ways and
more so through its emphasis on problem-solving. Applications are not meant only
for themore able students. There are aspects of applications that can be tailored to the
needs of even low-performing students. However, a “teacherwho is himself or herself
confident in the applications of mathematics and has a strong content background
with a sound pedagogical content knowledge has better chances of implementing the
applications ofmathematics in his or her classroom” (Dindyal andKaur 2010, p. 328).
Generally, most mathematics teachers are familiar with the idea of applications in
mathematics and they do understand that this involves higher-order thinking. It is
also easier for the mathematics teachers to search and adapt applications tasks for
use in classrooms with students of various abilities.

Second, regarding modelling, the issues are more pronounced. Blum et al. (2007)
have stated that:
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Yet while applications and modelling play more important roles in many countries’ class-
rooms than in the past, there still exists a substantial gap between the ideas expressed in
educational debate and innovative curricula on the one hand, and everyday teaching prac-
tice on the other. In particular, genuine modelling activities are still rare in mathematics
classrooms. (p. xi)

Mathematical modelling details in the 2006 mathematics syllabus were scant, and
understandably, the lack of awareness and understanding in this domain was a logical
reason why mathematical modelling did not quite take off. In 2012, the production
of the mathematical modelling resource kit by MOE (MOE 2012b) detailed essen-
tial aspects of mathematical modelling such as its definition, process, benefits, and
facilitation guides alongside a series of modelling examples and students’ samples
solutions. The booklet was meant as a starter kit to support secondary mathemat-
ics teachers in the implementation of mathematical modelling. While the booklet
may enhance the awareness of mathematical modelling, the challenge still remains
with respect to how to design and facilitate modelling activities, assess performance
and how to address issues that surface. Teachers need practical information about
orchestrating their lessons.Ang (2010), primarily froma secondary perspective, iden-
tified three main challenges for implementing mathematical modelling in Singapore
schools. First, teachers in Singapore have not had much exposure to mathematical
modelling, although they are otherwise very well trained. Very few primary mathe-
matics teachers in Singapore are specialists in the teaching of mathematics, and most
of them do not have a mathematics degree, although they teach mathematics. It is
quite challenging of the typical mathematics teacher to be well versed in sourcing
for modelling tasks, modifying and implementing these tasks for use in the class-
room. Even at the secondary level, where the mathematics teachers have followed
post-secondary-level mathematics courses, the situation is not much better. Second,
students are driven by assessments, and if mathematical modelling does not form
an assessable component, then students are not motivated to engage in modelling
activities. And third, there is a perceived lack of resources for teachers to use in
the classroom. These issues were echoed by Chan et al. (2015) for teachers at the
primary level. Chan et al. also highlighted the paucity of research in mathematical
modelling at the local level. Although in recent years outreach platforms like the
MTC and the MMO have been carried out, it would be too simplistic to assume that
issues about the implementation of mathematical modelling by teachers in schools
would be resolved. While teacher education and skilling of teachers in this domain
have begun, the professional development work is still very much in its infancy, and
it is reasonable to say that there is still some way to go before teachers get to have
a deeper sense of awareness, appreciation, and confidence in implementing mathe-
matical modelling activities in the classroom. There needs to be a sustained effort in
preparing pre-service teachers and providing professional development opportunities
to in-service teachers.

The following suggestions could be worth considering as the way forward in
advancing teacher education and professional development efforts in the field of
mathematical modelling:
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(a) Problem-solving seen from a modelling perspective. While teachers are con-
sidered to be conversant in teaching mathematical problem-solving from the
perspective of imparting heuristics skills for solving problems using definitive
procedures, the notion of problem-solving needs to evolve towards one that is
closer to solving unstructured problemswhere the problem solver has to develop
a more productive way of thinking through cycles of expressing, testing, and
revising of solutions (Lesh and Zawojewski 2007). Such cycles convey a more
realistic process of problem-solving that depict what scientists and engineers do
in generating models and conceptual tools towards problem resolution instead
of one seen as the direct mappings between the structure of the problem sit-
uation and the structure of a symbolic expression that leads to only one way
of interpreting the problem (Lesh and Doerr 2003). This perspective, which
is synonymous to a modelling perspective, suggests the modelling process as
is a non-trivial and thought-revealing problem-solving process. In this regard,
teachers will also need to learn to get into a different pedagogical mode with
less of frontal prescriptive teaching andmore of being facilitators andmediators
of learning.

(b) Adopting a developmental framework for instruction. It has been highlighted
that having an awareness of mathematical modelling is not enough. Ang (2015)
called for a practical instructional framework grounded in design principles
that will help and guide teachers in preparing modelling lessons, activities, and
learning experiences in the classroom. There is a variety of frameworks in the
literature, and some of these arise out of different modelling interpretations and
research agendas. For the local curriculum, and especially since mathematical
modelling is relatively young, the adoption of a sound and user-friendly frame-
work within any teacher development course on mathematical modelling is a
welcome move.

(c) Researcher–teacher collaboration. Having the necessary resources (e.g. syl-
labus documents, literature, frameworks) and attendingmathematicalmodelling
courses are helpful means to acquire the knowledge in the related field. How-
ever, teacher competence in mathematical modelling can only be strengthened
over time through facilitating more modelling activities (Chan et al. 2012). A
worthwhile endeavour to deepen one’s competence is for teachers to work with
experts through the adoption of established research frameworks like those of
the multi-tiered teaching experiment framework (Lesh and Kelly 2000) or the
design research methodology (Dolk et al. 2010). Adopting such design frame-
works provides affordances for close collaboration for exploring, adapting, and
refining lesson plans in bringing about intended learning. As Gravemeijer and
van Eerde (2015, p. 523) put it, they help “researchers and teachers experience
the project as a collective effort in which they together analyse video footage,
student work, and other data to decide on the next steps” leading towards own-
ership and understanding.

(d) Tried-and-tested materials. The recent research findings in local classrooms
highlighted earlier pointed to positive learning outcomes, particularly with
respect to what students are capable of when confronted with modelling activ-
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ities. While some may argue that the research carried out are case studies
and are not generalizable to be indicative of positive learning of the masses,
they nonetheless have provided useful information and may be seen as encour-
aging signs with respect to students’ displaying problem-solving and reason-
ing behaviours valued in reformed pedagogy. One way forward is to translate
research materials and findings into instructional materials as part of profes-
sional development efforts (e.g. Ng and Lee 2012). The research–practice nexus
may be an influential way in helping teachers to appreciate mathematical mod-
elling more and at the same time give them the confidence to carry out similar
modelling activities with the knowledge of what to expect using tried-and-tested
materials.

(e) Greater balance in assessing process and product of learning outcomes. While
there have been some discussions to downplay the emphasis on grade chasing
in assessment, it remains a challenge since performance in high-stake exam-
inations is still an important criterion in student selection purposes. In order
not to relegate the solving of real-world or modelling problems as a side dish
to be carried out as time fillers after examinations, the values and benefits of
engaging students in such activities need to be seen as upholding student learn-
ing and even performances through integrating them within lessons. Findings
from qualitative research that show the value of what students go through as
mathematical processes can play a greater role in heightening awareness with
respect to eliciting those processes that are valued in mathematics education.

(f) Professional learning communities (PLCs). Many education institutions world-
wide are leveraging on innovative ways for teachers to network and develop
themselves professionally. The Ministry of Education has acknowledged that
PLCs forman integral part of in-service teacher professional development (MOE
2014). In this light, an interest group that focuses on mathematical modelling
may be set up at the school cluster or zonal level for teachers to work and learn
collaboratively by sharing resources and experiences in this domain. Ang from
NIE in 2017 launched an online mathematical modelling resource centre (www.
mathmodelling.sg) through a funded research project in support of advancing
the field of mathematical modelling for teachers. There is a prospective advan-
tage that incorporatingPLCswith digital technology using such online resources
may prove to be a flexible way for professional growth.

9.6 Conclusion

The central aim of the Singapore mathematics curriculum is mathematical problem-
solving. Professional development of teachers and research have been focused on
numerous aspects of problem-solving in the last 30 years. In the last decade, there
has been increased attention paid to solving real-world problems, in particular, with a
focus on the mathematical modelling aspect of the process component of the mathe-
matics curriculum framework. With the recognition that problem-solving abilities in

http://www.mathmodelling.sg
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today’sworld aremore than just about applying a heuristic or getting the right answer,
there is a need to expose and equip students to complex situations where they would
have to describe, explain, analyse, construct, manipulate, and interpret those situa-
tions and to develop competencies that are valued in twenty-first-century economies.
Many countries have embraced Science, Technology, Engineering and Mathematics
(STEM) instructional approaches as a means to engage students learning in real-
world situations. Through expanding the idea of problem-solving to incorporate
applications and modelling, the Singapore mathematics curriculum has poised itself
in being relevant by implementing reformed pedagogies and developing twenty-first-
century skills with applications and modelling during a time of change.

This chapter has outlined the teacher development as well as the research efforts
carriedout in advancing the causeof applications andmodelling inSingapore schools.
Locally, this domain is still in its infancy and what has been implemented has left a
trial of documentation for reflections and refinements. There is still much to learn in
this domain as there are challenges to overcome. Nonetheless, it has been a mean-
ingful start in the last 10 years to reinforce the importance of solving problems in
real-world situations as a fundamental process of mathematical literacy.
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Chapter 10
Patterns Across the Years—Singapore
Learners’ Epistemology

Swee Fong Ng and Boon Liang Chua

Abstract Pattern has a prominent position in the Singapore mathematics
curriculum. This chapter reports how learners across the grades thought about pat-
terns, how they recognised patterns, and how they constructed rules to describe the
structure underpinning specific patterns. The corpus of data came from four studies.
Primary children participated in the first three studies: Age and Individual Differ-
ences, Forward and Backward Rule, Colour Contrast whilst Secondary 2 students
participated in the fourth, Strategies and Justifications in Mathematical Generaliza-
tion. All these studies used the mathematics curriculum to design grade-specific
mathematical tasks. In general, two types of pattern tasks were used, number pat-
terns presented in tandem with figures and figural patterns. Data with primary chil-
dren were collected using paper-and-pencil task and clinical interviews were used
to collaborate their responses. The fourth study analysed the written responses of
the secondary students to paper-and-pencil task. These studies found that learners
focused on the surface features to arrive at a rule to describe these number patterns. In
the colour-contrast study, compared with monochromatic presentation, those using
two colours encouraged learners to present possible general rules. The more able
academic stream secondary students were able to arrive at general rules for linear
figural patterns. However, all students across the academic spectrumwere challenged
by quadratic patterns. Findings from the four suggest that it important for teachers to
know how tomove learners to look for the structure underpinning patterns, numerical
and figural, and to construct the all-important general rule.
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10.1 Introduction

A large part of the mathematics taught to pupils is really about seeing patterns,
interpretingwhat is seen, and expressing those patterns inwords and symbols (Mason
1990). The important patterns are the ones that are not just particular to one situation,
but apply to many different but similar situations and are therefore generalisations.
Expressing these generalities is the root of algebra. Pupils can be encouraged to
express generalities themselves and can have them pointed out by others.

To engage in mathematical thinking, to appreciate the strengths and limitations
of mathematics, it is essential to express perceived patterns and generalities and
offer these for others to consider, challenge, and where appropriate, modify. These
conjectures need to be tested on our peers and our adversaries, with the specific
objective of trying to convince them that generalities perceived by us are acceptable
to them, too. This is how mathematical thinking develops.

Expressing generality is an important part of mathematics, and of almost all
aspects of living. It appears in many guises, but the most basic and clear instance
is in pattern spotting, particularly in seeing links, and connecting between things.
Algebraic thinking gets going when you try to express patterns in words and pictures,
so that others can see what you see.

10.2 Algebraic Thinking, Patterns, and Functions

Algebraic thinking “defies simple definition” (Driscoll 1999, p. 1). Historical ori-
gins of algebraic thinking emerged from “proportional thinking as a short, direct and
alternative way of solving ‘non-practical’ problems” Radford (2001, p. 13). Alge-
braic Thinking: Grades K-12 sets out the theoretical discussion on what is algebraic
thinking and how it differs from algebra—that there is “an algebraic way of thinking”
(Moses 1999, p. 3, original emphasis). Such thinking incorporates forming “gener-
alizations from experiences with number and computation, formalizing these ideas
with the use of a meaningful symbol system, and exploring the concepts pattern
and functions” (Van de Walle and Bay-Williams 2014, p. 276). The three strands
algebraic thinking infuses the key ideas of generalisation and symbolisation (Kaput
2008). The first strand involves the study of structures in the number system, includ-
ing those used in arithmetic, described by Usiskin (1988) as generalised arithmetic.
Strand two explores the study of patterns, relations, and functions. The third strand
seeks to study how best to capture the information or to model the situation symbol-
ically. The human mind seeks to organise the huge amount of information present
in the environment by constructing meaningful relations with the various inputs and
outputs and capturing the information symbolically (Fosnot and Jacob 2010). There-
fore, to be able to organise information meaningfully, the human mind detects what
remains the same and what is changing and to construct an appropriate rule. This
reduces the demands on human attention so that the mind can function economically
(Mason 1996).
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10.3 Some Examples of Pattern Tasks

The Singapore primary mathematics curriculum places a heavy emphasis on (i)
understanding of patterns, relations, and functions and (ii) representing and analysing
mathematical situations and structures using algebraic symbols (Cai et al. 2005). The
primarymathematics curriculum introduces and develops numerical and geometrical
patterns of varied nature. It is customary to engage young children, e.g. those in
Primary 1, with tasks such as those in Fig. 10.1. Here, the stimuli comprise four
animals and the children are required to decide which animal comes after the last
rabbit. The children have to see that this string of animals is constructed using four
animals: penguin, frog, rabbit and rabbit. After the fourth rabbit, the pattern repeats
itself. Thus, the structure underpinning this task is a string of four objects, which
repeats itself in the sameorder.Numbers 1, 4, 7, 7, 1, 4, 7, 7, 1, 4, 7, _, could replace the
animal stimuli. Completing such number sequences could be challenging to young
children. Competing knowledge could prevent children from completing this number
sequence. When asked what comes after the number 7, some children would reply 8
and some others, 11.

The complexity of number patterns could be increased to include skip counting
such as completing number sequences 2, 4, 6, 8, _, 12, _. Such tasks encourage
children to recognise this number sequence as part of the two times tables. Pattern
task presented in Fig. 10.2 challenges children to analyse how both repeating and
growing patterns are generated.

Here, the geometric shapes above any given number are a function of the nature
of the number: triangles are above odd numbers and circles are above even numbers.
This task requires children to analyse that the shapes are alternating between triangles
and circles, i.e. a repeating pattern of string two. The objective of the task in Fig. 10.2
is to relate the geometrical objects in the pattern to their positions in a pattern and
generalise those relationships. Thus, triangles are above odd numbers and circles are
above even numbers. To predict what comes next, i.e. what shape follows a circle is
relatively simple. A child who understands the demands of the task would be able to

Fig. 10.1 An example of a simple pattern task introduced at Primary 1

Fig. 10.2 Number patterns constructed using repeating shapes of length 2 and growing number
sequence
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Shapes 
…

Numbers 1 2 3 4 5 6 7 8 9 10
Remainder 

when 
number is 
divided by 

2

1 0 1 0 1 0 1 0 1 0 

Fig. 10.3 Shapes task reflecting the deeper structures underpinning such beguilingly simple pattern
tasks

state a triangle follows a circle. Similarly, children are likely to say that the number
eleven is after the number ten. However, the task becomes more challenging when
children are asked to predict what shape is above the number 23 or the number 46.
Children need to understand that the 23 is an odd number and triangles are above
odd numbers. Because 46 is an even number and circles are above even numbers,
the shape above 46 must be a circle. Such tasks may seem beguilingly simple are
not trivial. Children could answer such questions by writing out the entire number
sequences until they arrive at the required number. However, this is not desired.
Children may state correctly that circles are above even numbers, but what if they
were askedwhat shape is above 146 or 1023?Attending to superficial features such as
the digits in the ones place may get them the correct answer but it is more important
for children to notice that triangles are above odd numbers and circles are those
above even numbers. Patterns come with clockwork regularity. A more convincing
justification that could be generalised to other numbers which are not possible to
list is to offer the response that triangles are found above numbers which leave a
remainder one when divided by 2 and circles are above numbers with remainder
zero and the corresponding numbers are written in one row as in Fig. 10.3. Such
function tasks are precursors to periodic functions expressed formally as “f (x) � f (x
+ a), x≥0”.

Figure 10.4 presents a configuration of strings of shapes, in this case a string of
stick houses, starting with Diagram 1 as the smallest configuration. It is necessary
to identify that there is a pattern underpinning the construction of these string of
diagrams. This is achieved by identifying the recursive rule used to generate each
successive diagram. In this case, the recursive rule is to add 4 sticks to the number
of sticks in the previous diagram. With the correct identification of the recursive
rule, it is possible to state the rule for Diagram 10. The number of sticks for this
diagram can be found using the recursive rule of adding 4 sticks to the number of
sticks in Diagram 9. Therefore, a possible recursive rule for the number of sticks
in Diagram 10 is 5 + 9 times 4. Although some may give the erroneous solution as
twice the total number of sticks in Diagram 5. Thus, for any diagram, the correct
rule can then be generalised to 5 + 4 times one less than the current diagram number.
However, the challenge is to provide a more informative rule, the predictive rule that
can be used to state the general rule for any diagram number. The predictive rule
provides a direct relationship between the number of sticks and the diagram number.
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Diagram 1 Diagram 2 Diagram 3 Diagram 5 Diagram 10

Number 

of sticks 

Fig. 10.4 Ordered configurations of strings of houses, starting from the smallest configuration

Diagram 1 Diagram 2 Diagram 3 Diagram 5 Diagram 10

Number 

of sticks 

Fig. 10.5 A dashed line is used to represent the freestanding wall

The total number of sticks for Diagram 10 � 1 free-standing wall + 10 times 4 sticks
The total number of sticks for any diagram number� 1 free-standing wall + diagram
number times 4
The total number of sticks for Diagram n � 1 + n × 4

It is hypothesised that construction of the predictive rule may not be so easy if
nothing is used to differentiate the freestanding wall from the rest of the sticks. If a
dashed line is used to represent the freestanding wall then the predictive rule for any
diagram, which provides information on the panels and the diagram number, could
be the sum of the freestanding wall and the number of prefabricated panels, which
is a function of the figure number. Hence, the predictive rule would be (in this case)

The total number of sticks for Diagramn � 1 + n × 4

Compared to the recursive rule, the predictive rule provides direct information.
In this case, the 4 represents the four sticks which remain the same irrespective of
the diagram number (Fig. 10.5).
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10.4 The Four Studies on Patterns

Using data from four studies, this chapter documents how learners recognised the
structure underpinning specific patterns, their construction of the rules underpinning
the pattern tasks and the difficulties they have with different pattern-type tasks. The
participants of Study One—the Age and Individual Differences in Mathematical
Abilities, Study Two—Forward and Backward Rule Study, Study Three—Colour-
Contrast Study, were primary pupils, and Study Four—Strategies and Justification in
Pattern Generalization (JuStraGen), secondary students. This chapter discusses each
study in turn and the Conclusion discusses the overall implications these findings
have on the teaching of patterns, in particular, how the teachers can help sensitise
learners to patterns.

All children participatedwith consent. For this chapter, pupils are used for primary
school participants, students for those from secondary schools.

10.4.1 Study One: The Age and Individual Differences
in Mathematical Abilities: From Kindergarten
to Secondary Schools Study

In 2005, the longitudinal study (henceforth, Age and Individual Differences Study)
examined the relationships amongst cognitive abilities, socio-motivational beliefs,
andmathematical performance of Singapore children fromkindergarten to secondary
schools. A range of mathematical tasks including arithmetic word problems, alge-
braic word problems, number and geometric pattern-type tasks, function–machine
type tasks, and function tasks were constructed to track children’s mathematical per-
formance across the years. All the mathematical tasks were constructed to reflect the
expectations of the mathematics curriculum and the spiral structure of the mathe-
matics curriculum. A number of publications emerged from the Age and Individual
Differences Study (e.g. Lee et al. 2017). Primary children’s performance with func-
tion–machine tasks was reported in Ng (2018).

This chapter reports the findings from four different studies, the findings from
two grade levels, Primary 3 and Primary 4 from the Age and Individual Differences
Study, are reported here. Two of these function tasks are similar in presentation,
with one based on Primary 3 pupils’ knowledge of the five times tables (henceforth,
the five function task, Fig. 10.6), and the other based on Primary 4 pupils’ applica-
tion knowledge of long division and the three times tables (the three function task,
Fig. 10.7).
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Fig. 10.6 The five function task for Primary 3 pupils

Fig. 10.7 The three function task used with Primary 4 pupils

10.4.1.1 The Participants

Two groups of pupils, ten each from Primary 3 (age 9+) and Primary 4 (age 10+),
participated in the supplementary study for the function task. The Primary 3 function
task involved core repeating patterns of five while the Primary 4 pupils worked with
function tasks involving core-repeating of 3.Although these two tasks required pupils
to use their knowledge of five times and three times table, the Primary 3 pupils were
more fluent with the five times tables than the Primary 4 with the three times tables.
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10.4.1.2 The Instrument

In the Age and Individual Differences Study, in any one year, the function instrument
comprised nine questions, divided into four subparts. Part (a) consisted of two base
questions (Q1 andQ2), the solutions ofwhich could be read directly from the diagram
itself. Part (b) were three near-prediction questions (Q3, Q4, and Q5) the solutions
of which could not be found directly from the diagram but could be found either by
continuingwith the number sequence or from some beginnings of pattern recognition
in the structure of the numbers. The solutions to the three Part (c), far-prediction
questions, could not be found by continuing writing out the numbers. Rather the
solutions to these questions (Q6, Q7, and Q8) could be found by identifying the
structure underpinning the numbers. The single question in Part (d) used a seven-
digit number which was beyond counting but required abstraction of the structure
underpinning the pattern and then generalising that structure any number beyond
counting. This four-part structuremeant that it was possible to identify pupils’ current
knowledge of number structure. Those pupils who could solve all four parts indicated
that they had good knowledge of structure underpinning numbers. However, those
who could complete only Parts (a) meant that they could understand the demands of
the function tasks and knew where to look for the solutions. Those who proceeded
to Part (c) had better command of the structure of numbers and could identify that
although the numbers were getting bigger, certain parts of the numbers remained
the same. By identifying what remained the same and what changed, they could
provide the appropriate solutions to the questions without having to write out the
entire number sequence.

10.4.1.3 The Interview Protocol

This section is technical as it sets out the process how the interviewer engaged the
participants with the function tasks. All function tasks have a similar structure. To
gain insights into how the participant understood a given task, the interviewer used
the following questions to engage with the tasks. It is necessary to provide this level
of detail so that others may choose to follow the same protocol to see if they could
arrive at the similar findings. Otherwise, others could amend the interview protocol
to ascertain if they would achieve different findings.

To ensure that the participant understood the demand of the task, each participant
was asked to read aloud

(i) the instructions provided at the beginning of each question;
(ii) the numbers listed below each of the five vehicles; and
(iii) the numbers below each vehicle. For example, “What number cards are below

the car? The motorcycle? The truck? The van? The bicycle?”

The participants were asked to provide answers to

(i) Q1 and Q2 (base items). Participants’ correct responses suggested that they
could see that the numbers were the function of the shapes.
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(ii) Q3, Q4, and Q5 (near prediction). If participants were able to answer without
continuing the number list provided, then this suggested that participants may
have developed a sense of the patterns underpinning the task.

(iii) Q6, Q7, and Q8 (far-prediction questions). Participants’ correct responses sug-
gested that they were confident of the rule they had constructed that helped
them answer the near-prediction Q3, Q4, and Q5.

(iv) Q9. Participants’ correct response meant that the size does not matter. They
were likely to have abstracted and were willing to generalise the structure the
number pattern to any number.

However, those participants who continued the number list to help them answer
Q3, Q4, andQ5were asked to explain their strategy and to offer alternative strategies,
if possible.

(i) Why do you write down all these numbers?
(ii) Can you try to answer these questions without writing down these numbers?

The interviewer terminated the interview when the pupils were seen struggling with
a task. When the participants were unable to answer Q3, Q4, and Q5, they did not
proceed with Q6, Q7, Q8, and Q9. However, if they were able to secure two out of
three correct responses, they proceeded with Q6, Q7, and Q8. As well, the interview
was discontinued at any time a child expressed a wish to stop, but no child chose to
do so.

For each category of numbers, the interviewer followed up with the following
epistemological questions.

• How do you know these are the number cards received by each vehicle?
• How do you know you are correct?
• Did you learn to do such questions? In school or at home?

10.4.1.4 Findings

The three function task was offered to the Primary 4 pupils and the five function task
to the Primary 3 because based on task analysis, the former was deemed more chal-
lenging than the five function task. In the five function task, the numbers belonging
to the bicycle had the digit 5 in the ones place or were multiples of ten. However, for
the three function task, the pattern was less obvious. Shapes with numbers that were
multiples of ten moved from column to column. The number 10 was in the column
for triangle, 20 for the column for circle and 30, the square. The interviews with the
pupils showed that the Primary 3 and Primary 4 pupils used two different surface
strategies to answer the questions. These surface strategies are (i) the nature of the
digit in the ones place, chunking, and counting on. Five Primary 4 pupils used the
more sophisticated strategy whereby they looked at the “deep” structure of looking
for the remainder when the number was divided by 3 for the three function task. No
Primary 3 pupil used the remainder strategy because long division with remainder
was not taught until Primary 4.



226 S. F. Ng and B. L. Chua

The nature of the digit in the ones place, chunking, and counting on. All Primary
3 and five Primary 4 pupils explained that they looked at the digits in the ones place
to identify which object (vehicle or shape) would receive a specific number card.
For example, to answer Q7: What vehicle will get card 132, the common strategy
was to first look at the first row and identify that motorcycle has the number 2, and
12 in the ones place. Then they could either add in chunks of 10 until they reached
130 and then they added 2 to arrive at the total of 132. The other strategy was to
count in chunks of 10 from the last number in the row, i.e. 5. They then applied skip
counting of 10. Ten, twenty, thirty, forty, fifty, sixty, … till they reached 130. Then
they moved across to the first column where the digit in the ones place is one, they
counted on two more from there, 130, 131, and 132. The motorcycle has the number
132 (Fig. 10.8).

Deep structure of looking for the remainder: Primary 4 pupils are taught the
long division algorithm. However, the strategy of looking for deep structure did
not come naturally to these children. It was necessary to draw pupils’ attention to
what remained the same and what changes. Pupils found the following scaffolding
questions helped them in seeing the deep structure, i.e. there is a relationship between
the number of shapes which kept repeating (three shapes, triangles, circles, squares)
and the remainder of the numbers in the columns below each shape. How many
shapes are there? Name these shapes. What shape comes after the triangle? The
circle, the square? What do you notice when you divide number 3 below the square
by 3? The number 4 below the triangle? The number 5 below the circle?

Pupils used the scaffolding questions to look for patterns. PCA used the scaffold-
ing questions to help her come up with a conjecture. Her annotations showed that
she listed the remainders of numbers that were within writing. For Q2, What shape
is above 26, the annotations showed that PCA noticed that the shape triangle was
associated with the remainder 1, circle with the remainder 2, and the shape square
had no remainder. Solution to the right in Fig. 10.9 showed how this pupil used the
scaffolding questions to support her in constructing the rule that the shape associated
with any number is a function of its remainder when it was divided by 3. The solution
offered by PR was the most intriguing and his solution showed how some children
might see patterns where others did not. For numbers below 100 m, PR used the
remainder of 3 to predict which shape was above the number. However, with num-
bers above 100, PR began testing this alternative rule. Divide the number the number
by 3 and also by 9. Were the two remainders the same? He divided the number 388
by 3 and also by 9 and found that the remainders were the same. This strategy was
tested with the numbers 621 and 920 and the remainders were the same whether the
number was divided by 3 or by 9. In PR’s case, he could have noticed that the remain-
der of the number cards in the second and beyond were functions of the numbers in
the first row regardless whether these numbers were divided by 3 or by 9. PR was
the only participant who saw this deeper structure, i.e. the relationship between the
remainders when the numbers were divided by 3 and then by 9 (Fig. 10.10).
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Pupil PS
PR

PJX

PJE

Grace 

PC

Fig. 10.8 Someof the pupils’written responses explaining how they saw the structure underpinning
the pattern task

10.4.2 Study Two: Forward and Backward Rule Study

This study, conducted in 2014, investigated how young pupils navigated the elusive
pattern generalisation process. In particular, it examined how Primary 4 pupils (age
10+) determined specific terms that were both near and far from the last given term
in a pattern generalising task, how they worked out the position of a term when
given the term itself, and how successful they were in establishing the predictive rule
that described the pattern depicted in the task. Three pattern tasks were used, and
in each task, the pattern was presented figurally as a sequence of four consecutive
configurations: Diagram 1 to Diagram 4. So Diagram 5 to Diagram 10 were then
taken to be a near term whereas any term beyond Diagram 10 was considered as a
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Fig. 10.9 Solution by PCA on the left and PR on the right

Shapes

Card numbers 1 2 3 4 5 6 7 8 9

Deep 
structure

Remainder 
when divisor 
is 3 

1 2 0 1 2 0 1 2 0

Deeper 
structure 

Remainder 
when divisor 
is 9

1 2 3 4 5 6 7 8 0

Fig. 10.10 PR was the only participant who saw the relationship between the two remainders

far term. The predictive rules in all the three pattern tasks had the linear structure
an+b, with a and b as constants and n the figure number. Hence, all the three patterns
depicted a linear relationship between the term and its position.

10.4.2.1 The Participants

Fifty-seven Primary 4 pupils, (34 boys, 23 girls) fromone primary school participated
in this study. They were from different classes and, based on their performance in
their year-end Primary 3 mathematics examination, were identified as high progress-
ing,middle progressing, and low progressing. In Singapore schools, high progressing
Primary 3 and Primary 4 pupils were those who scored 85 marks and above, middle
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progressing were those who scored between 84 marks and 50 marks, and low pro-
gressing were those who scored 50marks and below. In this study, there were 25 high
progressing pupils, 14 middle progressing pupils, and 18 low progressing pupils. As
part of the mathematics curriculum, under the generic problem-solving heuristic of
looking for patterns, these pupils were taught how to (i) continue the pattern and
identify the shapes in a figural repeating pattern sequence, (ii) continue the pattern
in a growing pattern presented as a sequence of numbers or figural configurations,
and (iii) find the position of a given term in a pattern sequence.

A pilot studywas conductedwith 30 Primary 4 pupils from another primary school
with the objectives of checking the clarity and comprehensibility of the three pattern
tasks and gauging the time needed to complete all the three tasks. These pupils’ per-
formance in the pilot study showed no further modification of the tasks was needed.
Calculators were not necessary as the pupils were able to work out all numerical
computations manually. Because more answer space invited more elaborations from
the pupils, hence,more spacewas provided for each subpart in the actual study. Based
on the evidence from the pilot study, these pupils were given 75 min to complete the
task in the actual study.

10.4.2.2 The Instrument

FUN-PATS Test: The paper-and-pencil test instrument used in this study, henceforth
FUN-PATS for short, comprised three linear figural pattern tasks, each part divided
into four subparts. Pupils were asked to predict a near term in Part (a) and make a
far prediction in Part (b). Part (c) required them to determine the position of a given
term, and Part (d) asked for the predictive rule. The difficulty level of the three tasks
was graduated with the first two tasks, Making Triangles and Triangular Chains,
depicting a 1-step linear rule: 3n andn+3, respectively, where n is the figure number.
The last task, Square Tiles Extension, involved a more challenging 2-step linear rule:
4n + 1. Figure 10.11 shows the Triangular Chains task.

In theTriangular Chains task, figure number 7 inPart (a)was chosengiven its close
proximity to figure number (i.e. 4) of the last configuration in the figural sequence.
To find the number of triangles in Figure 7, pupils could easily extend the pattern by
adding 1 successively or draw out Figure 7 configuration and then count the number
of triangles. In Part (b), figure number 21, which is a multiple of the figure number
in Part (a), was deliberately chosen for two reasons: (i) to see how pupils determined
the number of triangles when the figure number was farther away and using the “add
1” rule might be inconvenient and (ii) to see whether pupils would erroneously think
that Figure 21 had three times as many triangles as Figure 7 given that 21 is thrice
of 7. The term in Part (c), which in this case referred to the number of triangles, was
made manageable for pupils to manipulate without the aid of calculators. The aim
of Part (d) was to examine the pupils’ innate ability to articulate the predictive rule
when they had not even been taught formally how to do it. The two other pattern tasks
were set in a similar context and Table 10.1 shows the respective patterns alongside
the specific terms and the figure number to be determined.
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Fig. 10.11 Triangular chains task

Table 10.1 Making triangles
and square tiles extension
pattern tasks

Parts Making triangles Square tiles
extension

(a) Find the near
term

8 6

(b) Find the far
term

18 12

(c) Find the
figure number

63 81
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10.4.2.3 Interview Protocol

To understand better the thinking and reasoning processes of these pupils, nine pupils
(four boys and five girls) were selected for individual interviews after they had
completed the FUN-PATS task. The aim of the interview was to gain further insights
into the pupils’ choice and their epistemology of strategies for finding the near and
far terms, and the relationship between the figure number and the predictive rule.
The following semi-structured questions guided the interviews:

(i) Can you think of another way to get the number of (objects) for Figure N? How
did you figure out this? Does this method work for other figure numbers?

(ii) How did you decide on what the rule is?

Before asking the pupils about each task, they were given sufficient time to look at
their written responses in the tasks. Every pupil, except for one, was interviewed
on two of the three pattern tasks. Only one pupil, who was articulate and swift in
responding to the interview questions within the stipulated time, was interviewed for
all three tasks.

10.4.2.4 Findings

The performance of the Primary 4 pupils across the three pattern tasks fell with the
increasing complexity of the predictive rules in this order: 3n in Making Triangles,
followed by n + 3 in Triangular Chains, and then 4n + 1 in Square Tiles Extension.
For instance, the percentages of pupils who made the far prediction correctly were
74% in Making Triangles, 44% in Triangular Chains, and 30% in Square Tiles
Extension. Within each pattern task, the pupil performance across the four subparts
also followed a similar trend, with the highest success rate in making near prediction
and the lowest in constructing the predictive rule. Although the pupils were found
to employ various generalising strategies to find both the near and far terms, the
majority seemed to favour the recursive approach of adding the common difference
between two consecutive terms to the previous term in both Triangular Chains and
Square Tiles Extension. But inMaking Triangles, the pupils employed predominantly
a functional approach. A possible reason for their choice of a functional approach is
that the predictive rule corresponded to the three times tables, which they were all
familiar with.

Finding the figure number seems tough for many Primary 4 pupils. Only about a
third of the pupils answered correctly in Triangular Chains and Square Tiles Exten-
sion although therewere twice asmany pupils inMaking Triangles. Amongst the suc-
cessful pupils, a sizeable number had recognised the inherent pattern structures when
predicting the far term and performed reversal thinking of operations by applying
the Undoing strategy to work out the figure number: for instance, (81 − 1)÷4 � 20
in Square Tiles Extension in which the predictive rule was 4n + 1. However, a small
number of pupils obtained the correct figure number by listing out the terms until
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the one being considered was found. The figure number was then established by
counting its position.

The construction of the predictive rule proved tricky for the Primary 4 pupils,
with success rates of below 15% for all three pattern tasks. Expressing generality
is not a straightforward task for primary school pupils and remains elusive for even
secondary school pupils and adults. Thus, it was not surprising to find the majority of
the successful Primary 4 pupils coming from the high progressing group and none of
the low progressing pupils made it. Another noteworthy finding emerging from the
data analysis was that not every Primary 4 pupils who recognised the inherent pattern
structure and predicted correctly the far term succeeded in rule construction. This
finding resonates with the remarks made by Blanton and Kaput (2004) and Mason
(2008) that the ability to make a far prediction does not always lead to successful
rule construction. The generalising skill is not acquired in a day or two; it takes time
as well as guidance from teachers and repeated exposure to develop.

10.4.3 Study Three: Colour-Contrast Study

This study was conducted in 2015 to explore the use of colour contrast in a linear
figural pattern in assisting pre-algebra Primary 6 pupils (12+) in establishing the
predictive rule. It involved collecting both quantitative and qualitative data through
a paper-and-pencil task and clinical task-based interviews with selected pupils.

10.4.3.1 Participants

Thirty Primary 6 pupils (15 boys and 15 girls) from an intact class of a typical Singa-
pore primary school participated in themain study. Twowere high progressing pupils
and the rest were either low progressing or middle progressing pupils, who had weak
number sense and basic operation manipulation skills, in particular, multiplication
and division. This class was the sample of choice because the intent was to ascertain
whether low and middle progressing pupils could generate the predictive rule when
colours were used to construct the structures in a figural pattern task. These pupils
had no formal knowledge of algebra. Thus, they were unfamiliar with the use of
letters to represent unknowns in algebraic expressions. Further, they had very little
experience in working with pattern tasks that involved rule construction.

Based on their performance in their Primary 5 summative mathematics examina-
tion, the Primary 6 pupils were divided evenly into two groups: single-colour group
and colour-contrasted group. The 15 pupils in the single-colour group were largely
middle progressing with one high progressing and two low progressing because they
were considered to have better generalising skills. The colour-contrasted group was
made up of nine low progressing pupils with one high progressing pupil and five
middle progressing pupils. After they have completed the task, four pupils from each
group were selected to participate in the clinical task-based interviews. The eight
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Fig. 10.12 The white tiles task, single colour to the left, colour contrast, to the right

pupils (4 boys, 4 girls) comprised two high progressing, three middle progressing,
and another three low progressing.

10.4.3.2 The Instruments

The paper-and-pencil White Tiles task was used in a number of studies (Amit and
Neria 2008; Rivera and Becker 2005). The White Tiles task came in two versions:
single colour versus colour contrasted (Fig. 10.12).

The pattern to the left was given to the single-colour group and the one to the
right, to the colour-contrasted group. The pupils in both groups answered the same
questions: (i) write down in words a rule to find the number of tiles in any figure, (ii)
write the rule in mathematical symbols, and (iii) find the figure that is made up of
272 tiles. The pupils had access to the calculator and were given 45-min to complete
the task that was conducted after curriculum.

10.4.3.3 Clinical Task-Based Interview Protocol

The interviews were conducted the day after the written task. Each pupil completed
the interviews in one sitting and the interviews for the entire group took two consec-
utive days to complete. The interviews meant that it was possible to (i) understand
these pupils’ written responses, (ii) provide insights into pupils’ thinking as they
explained and worked out the tasks, and (iii) test whether it was possible to support
those pupils who failed to construct the predictive rule in the paper-and-pencil task
via a chance to do so through a series of questions which directed their attention to
the relationship between input and output variables. The semi-structured interviews
meant that it was possible to modify the interview questions depending on the pupil
responses. Some of the questions asked were:

• As the pattern grows, what stays the same and what changes in each figure?
• How many objects stay the same from one figure to the next?
• Is there a relationship between the figure number and the number of tiles in the
figure?

• Explain what your pattern rule means from the figures.



234 S. F. Ng and B. L. Chua

During the interview, pupils had access to coloured counters that they could use
to build the patterns and describe their rules.

10.4.3.4 Findings

The use of colour contrast in linear figural pattern task had helped pupils of all
learning abilities, in particular the low progressing pupils, to

(i) count the quantitative parts of the figures accurately,
(ii) visualise the growth of the figural pattern correctly, and
(iii) identify parts of the figures that remained the same and parts that changed in

the linear pattern task.

The colour-contrasted pattern task shows potential in making the multiplicative rela-
tionship between the figure number and the parts of the figures that change in step
with the figure number more salient. Additionally, such a task seems to ground pupils
with a strong structural understanding of the predictive rule. Pupils in the colour-
contrasted group were more likely to be able to interpret their rules geometrically
than those in the single-colour group.

The Primary 6 pupils were more successful than the Primary 4 pupils in the
Forward and Backward Rule study in finding the figure number. About half of the
Primary 6 pupils found correctly the figure with 272 tiles. This finding was note-
worthy considering that these pupils were mostly low to average performers in their
school mathematics examination. There is also strong evidence to suggest that the
use of colour contrast had enabled the low progressing pupils in the colour-contrast
group to determine the correct figure number.

10.4.4 Study Four: Strategies and Justifications
in Mathematical Generalization (JuStraGen) Study

This large-scale study sought to (i) investigate how Secondary 2 students (age 14+)
made and justified generalisations of figural patterns when the format of pattern dis-
play and the type of functions underpinning the pattern were varied and (ii) probe
systematically the effect of the format of pattern display and the type of functions on
the students’ generalisations. The format of pattern display is concernedwithwhether
the figural pattern is presented as a sequence of successive or non-successive config-
urations. The type of functions considers whether the term-to-position relationship
describes a linear or non-linear rule. In this study, the non-linear relationship is of
the quadratic type. Data were collected in 2011 through administering a paper-and-
pencil task that comprised four linear pattern tasks and four quadratic pattern tasks.
Several publications emerged from this JuStraGen study (e.g. Chua andHoyles 2009,
2011, 2012, 2014). This chapter will only focus on the students’ competence in rule
construction and the effect of the two task features on their generalisation of the
predictive rules.



10 Patterns Across the Years—Singapore Learners’ Epistemology 235

10.4.4.1 Participants

Based on their performance in a national examination taken at the end of their primary
education, secondary school students in Singapore are placed in one of the three
tracks Express, Normal (Academic), and Normal (Technical), in order of decreasing
academic performance. The curricula for each track places are designed to suit the
students’ learning abilities and interests. Of the entire cohort in the first grade at the
secondary level (Secondary 1), the top 60% makes it to the Express track, the next
30%, and the remaining 10% to the Normal (Academic) and Normal (Technical)
tracks, respectively.

In the JuStraGen study, 515 students from the Express and Normal (Academic)
courses from three schools participated with consent. They were 14-year-old Sec-
ondary 2 students (242 boys, 273 girls), with 337 from the Express track and 178
from the Normal (Academic) track. The Express and Normal (Academic) students
were divided into two groups, Successive or Non-successive, based on three criteria:
their mathematics grades at the national examination, their scores in a baseline test
taken before the study commenced, and their gender. There were 266 students (170
Express, 96 Normal (Academic)) in the Successive group and 249 students (167
Express, 82 Normal (Academic)) in the Non-successive group. Students in the Suc-
cessive group were given pattern tasks that showed a sequence of three successive
configurations whereas those in the Non-successive group received the same tasks,
but with configurations in a non-successive order. The Secondary 1 mathematics
curriculum had introduced these students to pattern-type tasks where they had to
recognise and represent number patterns and to derive the predictive rule for finding
any term in the pattern. However, they had very little experience with work which
required the construction of quadratic equations because the concept of quadratic
functions was introduced only in Secondary 2.

10.4.4.2 The Instrument

The JuStraGen task was developed specifically to inquire into the effect of the format
of pattern display and of the type of functions on the students’ pattern recognition
and their ability to generalise. The paper-and-pencil task consisted of four pattern
tasks involving one linear pattern structure and four involving a quadratic structure.
Each pattern task assumed two different formats, with its pattern depicted as (i) a
sequence of three consecutive diagrams and (ii) a single configuration or a sequence
of two or three non-successive configurations. A full discussion of the design of the
JuStraGen test is provided in Chua and Hoyles (2013). To make the task manageable
to the students, the eight pattern tasks were divided into two sets of four tasks and
these were administered on two separate days. Each set consisted of two linear and
two quadratic pattern tasks. All the pattern tasks were unstructured to allow students
scope for exploration so that they could produce their own interpretations of the
patterns. Students had to derive the predictive rules and justify how the rules were
obtained for all the pattern tasks. The students were given 45 min to complete the
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Linear Quadratic

Bricks

For successive format: Sizes 1, 2, 3 were given 

Wall Design

For successive format: Sizes 1, 2, 3 were given

Birthday Party Decorations

For successive format: Sizes 1, 2, 3 were given 

Christmas Party Decorations

For successive format: Sizes 1, 2, 3 were given

Towers

For successive format: Sizes 2, 3, 4 were given

Oh Deer!

For successive format: Sizes 2, 3, 4 were given

High Chairs

For successive format: Sizes 2, 3, 4 were given

Tulips

For successive format: Sizes 2, 3, 4 were given

Size 3 Size 3

Size 1

Size 1 Size 4 Size 1 Size 4

Size 2 Size 4 Size 1 Size 2 Size 4

Size 2 Size 3 Size 5 Size 2 Size 3 Size 5

Fig. 10.13 Linear and quadratic pattern tasks in JuStraGen test

task and they had access to calculators. Figure 10.13 shows the eight figural patterns
given in the non-successive version of the JuStraGen test. The corresponding figure
numbers of the three successive configurations for each pattern task are also indicated.

10.4.4.3 Findings

The academicallymore able Express pupils far outperformed theNormal (Academic)
pupils in the JuStraGen test. The success rates for all the eight tasks ranged from 50
to 70% for Express pupils in both the successive and non-successive groups, whereas
those for Normal (Academic) pupils in the two groups ranged from a low of 2 to
18%. This stark contrast in success rates shows that pattern generalisation remains a
stern challenge to a vast majority of the academically less able students.



10 Patterns Across the Years—Singapore Learners’ Epistemology 237

Fig. 10.14 The Tulips task that proved to be most challenging for the students

The study had also shown that the Express students were more likely than the
Normal (Academic) students to produce a predictive rule for the pattern tasks. The
predictive rules that were constructed by the Express students for each pattern task
had a far more diverse range of structurally distinct-looking but equivalent rules,
predominantly expressed in algebraic notations. The prevalence of a wide diversity
of equivalent rules reflects the express students’ flexible thinking and discernment
of the pattern structure in multiple ways.

The Express students were not affected by the format of pattern display. Be the
display one of the typical and familiar formats of three successive configurations
or one involving non-successive configurations, the Express students were still able
to construct the predictive rules. Their ability in rule construction seems to be sup-
ported very much by their keen awareness of the pattern structure. This finding lends
credence to the view that it is extremely crucial to teach students to identify struc-
ture (Küchemann 2010; Mason et al. 2009) and that their attention will no longer
be drawn to focus on the usual counting of tiles but on using the figure number as
a generator (Chua and Hoyles 2014) to abstract a relationship between the figure
number and the parts of the configuration that change in step with the figure number,
then followed by articulating a rule that captures this relationship.

However, the type of functions seems to matter to both the Express and Normal
(Academic) students. Compared to linear pattern tasks, quadratic pattern tasks were
found to be more challenging for these students. A plausible reason is that spotting
the relationship between the figure number and the parts of the configuration that
change in step with the figure number in a quadratic pattern is not a straightforward
process. Consider the Tulips task in Fig. 10.14.
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One way to envision the tulip pattern geometrically is to cut each configuration
into three parts: the petal on the left, the stalk in the middle, and the petal on the
right. The left and right petals are identical “staircases” that are mirror images of
each other. Next, establish a link between the figure number and each part of the
tulip configuration. Students may easily notice that the number of tiles in the stalk
corresponds to the size number. However, the link between the size number and
each petal is not conspicuous and hard to establish. The number of tiles in a “3-
step staircase” is 1 + 2 + 3, which is easy to determine. However, for bigger figure
number, the calculation of the number of tiles then becomes tedious. Furthermore,
students also struggle to work out the general expression for the number of tiles in
any figure. This problem is resolved if the right petal is rotated 90° anticlockwise
and repositioned below the left petal to form a rectangle. The resulting configuration
reveals the pattern structure of the tulip that can then be interpreted in two different
ways: a n by (n + 1) rectangle with an additional column of n tiles or a (n + 1)
by (n + 1) square with one missing tile at the top right corner. Such a strategy of
rearranging one or more parts of the original configuration to form a shape more
familiar may not be apparent and clear-cut to many pupils. This is why quadratic
pattern tasks such as Tulips is not easy for secondary school students.

10.5 Conclusion

The suite of studies reported in this chapter looked at the performances of learners
from different age groups and academic abilities with pattern tasks. Constructing
rule that captures the information inherent in any given pattern task is not an arbi-
trary process. Learners need to have good number sense and proficient command
of the four binary operations. Only then can these learners notice the surface struc-
tures underpinning a pattern. Skilful questioning can help learners look for deeper
structures. However, there are some learners who are able to notice more structural
relationships than others. Pupil PR (Fig. 10.10) is a case in point. Researchers and
teachers should be aware of such possible structures so that they do not dismiss the
responses of such “gem” learners as nonsense. Rather unusual noticing raise ques-
tions of the epistemology of such “gem” learners: How did these learners notice
such structures? Why did they notice such structures? Such unusual responses offer
teachers opportunities to encourage learners not to be satisfied with the first rule
they constructed but rather to encourage learners to wonder whether there are other
possibilities.

Processes such as pattern spotting, identifying the underlying structures and gen-
erating the predictive have to be taught, not told. Selecting appropriate examples and
asking good questions would help. The evidence from the colour-contrast activity
showed that low performing children benefited from theway the taskswere presented
to them. Perhaps normal academic and normal technical students, too, may benefit
from such colour-contrast tasks and teachers can use the questions in their teaching.
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This chapter reported how the different studies utilised the three strands algebraic
thinking to infuse the key ideas of generalisation and symbolisation (Kaput 2008).
It is important to bear in mind that passing examinations should not be the mainstay
of cultivation of algebraic thinking but rather the emphasis is to help the human
mind organise the huge amount of information present in the environment enabling
individuals to function meaningfully (Fosnot and Jacob 2010).
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Chapter 11
Metacognition in the Teaching
and Learning of Mathematics
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Abstract This chapter first presents the evolving conceptualisation of
metacognition since it was first coined by Flavell in 1976. In particular, the issue of
awareness, monitoring, and regulation of both cognitive and affective resources was
examined. The role that metacognition plays in mathematical problem-solving was
also examined, leading to a discussion of the role of metacognition in the Singapore
School Mathematics Curriculum which has mathematical problem-solving as its
central aim. In view of this, the conceptualisation of metacognition as well as
the how’s of addressing metacognition in the Singapore mathematics classrooms
were discussed from the intended curriculum point of view. Some of the local
postgraduate works on metacognition and teaching, and learning of mathematics
was also presented to provide an overview of the landscape of the work in this
area that has been undertaken thus far. In addition, examples of ongoing works on
metacognitive approaches, which have made some inroads in some local schools,
were shared to give the reader a glimpse of how research in this area has impacted
school practices locally. The chapter concludes with implications for addressing
metacognition in the Singapore Mathematics classrooms from the perspective of
teachers’ professional development.
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11.1 Introduction: Metacognition

11.1.1 Conceptions of Metacognition

Metacognition is a term that was first coined by Flavell in 1976 as:

Metacognition refers to one’s knowledge concerning one’s own cognitive processes and
products or anything related to them … metacognition refers, among many other things,
to the active monitoring and consequent regulation and orchestration of these processes in
relation to the cognitive objects on which they bear, usually in the service of some concrete
goal or objective. (Flavell 1976, p. 232)

Flavell’s idea ofmetacognition involved knowledge about and of cognition aswell
as processes of monitoring and regulating of cognitive actions. He then developed
other related metacognitive constructs following that, such as metacognitive knowl-
edge and metacognitive experience (Flavell 1979, 1987), contributing to a body of
work that provided the foundational knowledge for the theory of metacognition.
However, Schoenfeld (1992) observed that there is no agreement among researchers
on a single definition of the term metacognition. Flavell et al. (2002, p. 164) refined
metacognition further by referring it to ‘metacognitive knowledge and, metacogni-
tive monitoring and self-regulation’. Though a rather extensive survey of the related
literature, Loh (2015, p. 29) found that researchers ‘tend to agree that the main ele-
ments of metacognition are knowledge or awareness of cognition, monitoring and
regulation’.

In fact, the Singapore Ministry of Education (MOE) (2012a, p. 19) describes
metacognition as ‘thinking about thinking’ and that it involves ‘the awareness of,
and the ability to control one’s thinking processes… It includes monitoring of one’s
own thinking and self-regulation of learning’. In fact, Swartz and Perkins (1990,
p. 109) in viewing metacognition as ‘thinking about thinking’, referred to it as ‘a
crosscutting superordinate kind of thinking relevant to all the others’.

In addition, the work on brain research in the 1990s, which has been labelled
as the Decade of the Brain by then US president George H. W. Bush as part of a
larger effort involved to enhance public awareness of the benefits to be derived from
brain research, has also contributed to conception of metacognition. Freeman (1995,
p. 89) pointed out that while the frontal lobes of the brain allow us to elaborate
on the details of our goals and plans, it’s emotions that generate them and drive
their execution. So, Chang and Ang (1999) proposed at a presentation at the 8th
International Conference on Thinking at Edmonton, Canada, to add the knowledge
of ‘personal affective resources’ to the knowledge of ‘personal cognitive resources’
as proposed by Schmitt and Newby (1986). The term ‘affective resources’ rather than
‘emotions’ has been used so as to be more encompassing in the conceptualisation.
Leder (1993, p. 46) defined ‘affect’ as a term ‘used to denote a wide range of concepts
and phenomena including feelings, emotions, moods, motivation and certain drives
and instincts’. McLeod (1992, p. 579) states that:
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Beliefs are largely cognitive in nature, and are developed over a relatively long period of
time. Emotions, on the other hand, may involve little cognitive appraisal and may appear
and disappear rather quickly. Therefore we can think of beliefs, attitudes and emotions
as representing increasing levels of affective involvement, decreasing levels of cognitive
involvement.

In fact, Ng (2009), in addressing the role ofmetacognition in the Singapore School
Mathematics Curriculum, refers to it as the ‘children’s awareness of and the ability to
monitor and control their thinking’. And, she added that it involves children learning
about ‘the dynamic use of mathematics and about themselves as problem solvers,
their attitudes towards mathematics, mathematics teaching and learning, as well as
their own monitoring capabilities’ (Ng 2009, p. 20). This is similar to Dweck’s
(2012) idea of a growth mindset. Dweck (2006) refers mindset as a predisposition or
fixed mental attitude that determines how an individual will respond to and interpret
situations and make decisions. In a growth mindset, students understand that their
talents and abilities can be developed through effort, good teaching, and persistence.

11.1.2 Metacognition and Problem-Solving

Making use of the distinction between novice-expert problem solver by Sweller and
Low (1992, p. 84), Barkatsas and Hunting (1996) found that the level of employ-
ment of metacognitive strategies appeared to be different between the two groups.
Successful problem solvers tend to reflect on their problem-solving activities, have
available powerful strategies for dealing with complex and unknown problems, and
regulate (even subconsciously) powerful strategies efficiently. On the other hand,
though novices have acquired problem-solving strategies, they were observed to be
less aware of the utility of them and do not use them effectively in the acquisition of
new learning.

In fact, Loh’s (2015) detailed analysis of Polya’s four-phase problem-solving
model (Pólya 1957) pointed towards notions of metacognitive activities to be evident
in all the four phases of the model. As she pointed out, the absence of the explicit use
of the word ‘metacognition’ in Polya’s work could easily be attributed to the fact that
the word was only coined by Flavell in 1976. It is no wonder that Silver (1987) noted
that ‘no process model of problem solving in any domain can be complete without
an adequate account of the role of metacognition’.

Davidson et al. (1994) observed that all problems contain three important com-
ponents: givens, a goal, and obstacles. They referred ‘givens’ to the elements, their
relations, and the conditions that compose the initial state of the problems situation,
while the ‘goal’ is the solution or desired outcome of the problem. The obstacles,
from their perspective, are the characteristics of both the problem solver and the
problem situation that make it difficult for the solver to transform the initial state
of the problem into the desired state. They perceive problem-solving as the active
process of trying to transform the initial state of a problem into the desired one, and
metacognition helps the problem solver to:
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• recognise that there is a problem to be solved
• figure out what exactly the problem is, and
• understand how to reach a solution

They also identified four metacognitive processes that are important contributors
to problem-solving performance across a wide range of domains:

• identifying and defining the problem
• mentally representing the problem
• planning how to proceed
• evaluating what you know about your performance.

11.2 Metacognition and the Singapore School Mathematics
Curriculum

Given the importance of metacognition in problem-solving and that problem-solving
is central to the Singapore School Mathematics Curriculum (see Chap. 2), it is not
surprising that metacognition is one of the five interrelated aspects of the School
Mathematics Curriculum Framework (SMCF) (Fig. 1.5 in Chap. 1). Lee, Ng, and
Lim observed in Chap. 2 that despite metacognition being coined by Flavell only
in 1976, metacognition has been featured as one of the five aspects of the original
version of the SMCF which was developed in the 1980s (MOE 1990a, b), reflecting
a curriculum that is forward looking and informed by theory and research.

11.2.1 Metacognition and the Evolving Singapore School
Mathematics Curriculum

It was highlighted in Chap. 2 that, though there were no major changes made to
the metacognition aspect of the SMCF, there was conscious effort to refine and
operationalise the construct. In the original version of the SMCF (MOE 1990a, p. 3,
1990b, p. 3),metacognition is referred to as ‘monitoring of one’s own thinking’. There
is also a short accompanying paragraphwhich describes furthermetacognition as ‘the
ability to control one’s own thinking processes in problem solving’ and includes:

• ‘constant monitoring of strategies used in carrying out a task
• seeking alternative ways of performing a task
• checking the appropriateness and reasonableness of answers’ (MOE 1990a, p. 4,
1990b, p. 4).

The short paragraph captured the essence and the key actions of control and
monitoring of thinking processes involved in metacognition as proposed by Flavell
in 1976. The other two points about ‘seeking alternative ways of performing a task’
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and ‘checking the appropriateness and reasonableness of answers’ are metacognitive
strategies that teachers are encouraged to develop as students’ productive Habits of
Mind.

This depiction of metacognition remained unchanged during the first revision of
the Curriculum that was implementation in 2001 (MOE 2000a, p. 11, 2000b, p. 12).
However, in the subsequent revision of the Curriculum that was implemented in
2007 (MOE 2006a, b), there were two distinctions made to the way metacognition
is featured in the Curriculum.

Firstly, the construct was further elaborated as ‘monitoring of one’s own think-
ing and self-regulation of learning’ (MOE 2006a, p. 12), capturing not only the
monitoring aspect but also the regulatory aspect of metacognition. There was also
an accompanying paragraph to elaborate on the various sub-processes involved in
metacognition (MOE 2006a, p. 15):

Metacognition, or “thinking about thinking”, refers to the awareness of, and the ability
to control one’s thinking processes, in particular the selection and use of problem-solving
strategies. It includes monitoring of one’s own thinking, and self-regulation of learning.

This is reflective of the impact of the continued work mentioned in Sect. 11.1.1
to refine and clarify the construct in the Curriculum.

Secondly, there was an explicit attempt to separate an understanding of the con-
struct from instructional experiences that teachers are encouraged to provide students
with to develop metacognitive Habits of Mind. Teachers were encouraged to pro-
videmetacognitive experiences to help students develop their problem-solving skills.
The following five types of activities were advocated to develop the metacognitive
awareness of students and to enrich their metacognitive experience (MOE 2006a,
p. 15):

(a) Expose students to general problem-solving skills, thinking skills, and heuris-
tics, and how these skills can be applied to solve problems

(b) Encourage students to think about the strategies and methods they use to solve
particular problems

(c) Provide students with problems that require planning (before solving) and eval-
uation (after solving)

(d) Encourage students to seek alternative ways of solving the same problem and
to check the appropriateness and reasonableness of the answer

(e) Allow students to discuss how to solve a particular problem and to explain the
different methods that they use for solving the problem.

These five types of activities involved students not only in being aware of (a, b, and
e), but also encourages students to monitor (b, c, d, and e) and regulate (a, c, and e)
their thinking processes. These activities, thoughmore specific, are well aligned with
the four clusters of metacognitive instructional strategies that Lee (2008, pp. 70–71)
found in the literature to be effective in improving students’ problem-solving ability:

i. Mathematics log writing—students use writing activities to cultivate a more
metacognitive approach towards mathematical problem-solving.



246 N. H. Lee et al.

ii. Effective questioning techniques—teachers establish an environment in which
both teachers and students continuously ask questions with regard to the
problem-solving process so as to better understand, monitor, and direct stu-
dents’ cognitive processes.

iii. Identification of structural properties of problems—teachers consistently ask
students to identify similarities and differences among methods of solution and
structural properties of problems that involve different contexts.

iv. Pair and group problem-solving—students worked in pairs and/or groups, rea-
soning aloud and interviewing each other so as to be more aware of and thus
more conscious of regulating the thought processes of the problem solver.

In the latest revised Curriculum, implemented since 2013, there was no further
change in the way the construct of metacognition is being presented (MOE 2012a,
p. 19, 2012b, p. 17, 2012c, p. 17), reflecting a more stabilised conceptualisation
of the construct. However, in line with the emphasis of this revised Curriculum,
activities that develop the metacognitive awareness of students and to enrich their
metacognitive experience are now articulated in the like of learning experiences (see
Chap. 2):

To develop metacognitive awareness and strategies, and know when and how to use the
strategies, students should have opportunities to solve non-routine and open-ended problems,
to discuss their solutions, to think aloud and reflect on what they are doing, and to keep track
of how things are going and make changes when necessary. (MOE 2012a, p. 19)

While the five types of activities have been more generically summarised in a
paragraph, the essence for the need to encourage students to be more aware of,
and continuously monitor and regulate their thinking process is still inherent. The
importance in selecting appropriate tasks—non-routine and open-ended ones that
encourage the development of metacognitive awareness and strategies is highlighted.
There is also an encouragement for teachers to help students to make their thinking
audible (think aloud) and visible (reflection writing) to heighten students’ awareness,
monitoring, and regulating of their thinking.

11.2.2 Operationalisation of Metacognition for Teaching
and Learning of Mathematics

Brown (1980) and Markman (1977) found that metacognition is a developmental
skill that does not automatically increase with age, while Schmitt and Newby (1986)
also noted that supplementing instruction with metacognitive aspects would prove
beneficial tomost learners. In the Singapore context,Wong (1992) found that students
need guided instruction in the use of metacognitive strategies for (mathematical)
problems-solving. Lee (2015, 2016b) argued thatmetacognition need to be supported
by explicit instruction whereby related skills/processes are explicitly labelled and
discussed, and students are guided throughout their repeated distributed practice
of these developmentally within the context teaching and learning of mathematics.
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This is in line with previous findings that critical thinking skills can be learned
and transferred to novel situations when pupils receive explicit instruction designed
to foster transfer (Bangert-Drowns and Bankert 1990; Cotton 1991; Dweck 2002,
Halpern 1998, 2003; Marin and Halpern 2011). Lee further proposed that, like for
the case in teaching content, there is a need to carry out a ‘task analysis’ for one to
explicitly address metacognition in the mathematics classroom. As was presented
earlier in this chapter, metacognition involves an awareness of, monitoring of, and
regulationof one’s both cognitive and affective resources in the context of carryingout
goal-oriented processes. Lee observed that regulating of one’s cognitive and affective
resources assumed the ability of one to monitor such resources, while the ability to
monitor such resources assumed the ability of one to be first aware of one’s own
cognitive and affective resources. He therefore suggested that following taxonomy
in addressing metacognition in the mathematics classroom given the hierarchical
nature of these three aspects of metacognition:

• Awareness
• Monitoring
• Regulating

While it is true that one may be exercising all these three aspects of metacognition
during the course of carrying out goal-oriented processes, he felt that teachers should
first create an awareness of students’ own cognitive and affective resources first. This
would include getting students to be able label and describe these resources in relation
to both themselves and the related task(s) at hand. Such an awareness would then
allow students to monitor short episodes of their cognitive and affective processes
before they are able to regulate such process. In particular, Lee emphasised that
regulating such processes need not always result in a change of course of action. The
regulation may further affirm one’s current course of action if an evaluation of the
processes deems fit.

At the same time, Lee also alerted to the fact that there were effort put into encour-
age students to employ metacognitive practices online—while performing a task, as
well as offline—after the completion of a task.Onlinemetacognitive practices involve
an awareness, active monitoring, and constant regulating of one’s thinking processes
while performing a task with the goal of more efficiently and effectively attaining
the goal of completing the task at hand. On the other hand, offline metacognitive
practices, though also involve an awareness, monitoring, and regulating of one’s
thinking processes, these are carried out in a post-mortem manner. The purpose of
such practices is to improve on future performance of similar task(s), or a transfer
of the learning to other similar task(s) with different context.

Taking into consideration both the taxonomy and types of metacognitive practices
involved in the classroom, Lee (2015, 2016b) proposed a two-dimensional concep-
tualisation of metacognition for teaching and learning. While both types of metacog-
nitive practices—offline and online involve awareness, monitoring, and regulating of
one’s own cognitive and affective resources, the offline and online practice turn these
into reflective and interactive practices, respectively (as shown in Fig. 11.1). Lee also
observed that a greater level cognitive load is involved in interactive metacognitive
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Fig. 11.1 Operationalisation of metacognition for teaching and learning

practices—given that the students need to juggle between metacognitive and cog-
nitive practices at the same time. He suggested that teachers may want to consider
addressing offline metacognitive practices first before involving students in both
offline and online metacognitive practices.

In arguing for students to be guided throughout their repeated distributed practice
of metacognitive practices developmentally within the context teaching and learning
of mathematics, Lee also referred to Costa and Kallick’s (2000, p. 26) reference
of metacognition as one of the Habits of Mind. Costa (2001) refers the Habits of
Mind as thinking dispositions skilfully and mindfully displayed by characteristically
intelligent people when confronted with problems the solutions to which are not
immediately apparent. The Habits of Mind are not thinking tools, rather they are dis-
positions that one inclines to adopt. Just as Costa and Kallick (2009, p. xi) proposed,
Lee also felt that such productive Habits of Mind, as in the case of physical habits,
are formed only through continuous practice with teachers providing ‘generative,
rich, and provocative opportunities for using’ such Habits of Mind.

11.3 Local Research Studies on Metacognition
and the Teaching and Learning of Mathematics

As was observed by Loh (2015, p. 48), there are few research studies on metacog-
nition in teaching and learning of mathematics that involved local subjects. Wong’s
(1989) pioneering work in this area on investigating metacognition in mathematical
problem-solving is based on the data drawn from a questionnaire used in a larger
study (Chang 1989). The main finding of the study revealed that students practiced
metacognitive activities at least half of the time when they were solving mathemat-
ics problems. However, it was found that the lower-achieving students were less
frequent in the usage of metacognitive strategies than those exhibited by the higher-
achieving students. Another pioneering research work in this area was undertaken by
Foong (1990, 1993). She developed a taxonomy of mathematical problem-solving
behaviour that included metacognitive behaviour. These pioneering works have also
become foundational work for others to pursue their postgraduate studies on. Yeap’s
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Fig. 11.2 Loh (2015, p. 98) PSM framework

(1997) master study tapped on Foong’s work to develop a catalogue of metacognitive
behaviour that teachers could use to detect metacognitive activities in the mathemat-
ics classrooms. Lo’s (1995) master study on the other hand followed on the footsteps
of Wong to further improved on the Study Skills Questionnaire by Chang (1989) by
taking into consideration the Learning Process Questionnaire by Biggs (1987). Lo
aimed to establish the relationship between the metacognitive strategies employed in
mathematics problem-solving and mathematics achievement of students at a Singa-
pore Junior college, as well as the relationship between their learning approaches and
mathematics achievement. Loh’s Ph.D. study (2015) provided further refinement of
Wong’s idea to establish her problem-solving metacognitive (PSM) framework (as
shown in Fig. 11.2) to analyse students’ use of metacognitive strategies by phase and
levels, and to gain insights to the nature and frequency of lower secondary school
students’ use of metacognitive strategies during problem-solving.

There are also studieswhich target at specific topics in the teaching and learning of
mathematics. Teo (2006), for example, carried out a small-scale study on the effects
of metacognition and beliefs on students in the study of A-level sequences and series.
Yap (2016), on the other hand, carried out an intervention study on metacognitive-
heuristic approach, also based on Foong’s work onmetacognition (1995), to help low
attainers in ratio word problems. Lee (2008) also carried out an intervention study
for his Ph.D. study to investigate the impact of metacognitive instructional strate-
gies—instructional strategies that help to activate students’ metacognitive practices
(Mevarech et al. 2006), on the mathematical learning and achievement of secondary
one students. Lee’s pioneering work on the use of a mixed methods research design
in such a study helps to address the many issues that surrounded the validity of
the various data collection method involving the study of metacognition (Loh 2015,
pp. 64–80). The research drew upon quantitative data from survey questionnaire and
problem-solving test, and qualitative data from self-report in the problem-solving
test and student interview. The complementary nature of quantitative and qualitative
approaches explored the different dimensions of metacognition, and therefore, pro-
duced more insights on metacognition and problem-solving through triangulation of
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data. The approach forms the basis for the research design adopted by Loh’s Ph.D.
work (Loh 2015), which was mentioned earlier.

The next two sub-sections detailed two areas of work that have made their way
into some local school practices to address metacognition in teaching and learning.
Of these two areas, one will address offline metacognitive practice while the other
will deal with online metacognitive practice (see Fig. 11.1).

11.3.1 The A-Cube Change 2-Dimensional Reflective
Practice Model

Lee (2003), based on his interaction with both future and practicing teachers, devel-
oped the EmC2 or ChangeModel formathematics teachers to reflect on their teaching
so as to develop teachers’ offline metacognitive habit of mind in learning from their
teaching episodes. TheModel consisted of three types of reflection, namely the emo-
tive reflection (EMR), the critical reflection (CIR), and the creative reflection (CER).
EMR refers to the awareness of the teacher with regard to his/her ‘gut feeling’ of
how successful a lesson as a whole has been upon completing a lesson episode. CIR
engages the teacher in a detailed analysis of his/her lesson episode; it encourages
the teacher to examine the various parts of the lesson. CER helps the teacher to
bring the reflective process to fruition by inviting the teacher to create a new lesson
episode based on the reflection during EMR and CIR stages. Figure 11.3 provided
a diagrammatic representation of the EmC2 or Change Reflection Model, reflecting
the hierarchical nature of the three types of reflection and includes the key questions
that teachers could use to guide them through each type of reflection in the Model.

In an attempt to also include the learning aspect of the mathematics classroom,
Lee (2010) further refined the question prompts in theModel to adapt to both teaching
and learning of mathematics, as shown in Fig. 11.4.

However, Lee (2015) shared that based on his further work with teachers on
reflective practices, he felt also a need to examine the depth of reflection, and not just
the type of reflection.He postulated thatwhile teachers/learnersmayundergo creative
reflection and profess of new/reinforced understanding, such may exist only at an
articulated level. There is a need to encourage the teachers/learners to examine such
articulated new/reinforced understanding against their personal belief so that such
new/reinforced understanding may be truly assimilated by the teachers/learners. He
also believes that for the teachers/learners to truly own the assimilated new schema of
understanding—be it reinforced or renewed, the teachers/learners need to knowwhen
and why, not just the how, of wielding the new knowledge/skill. In other words, there
is a need for the teachers/learners to appraise the new schema for effective regulated
use of such new/reinforced understanding. He presented the depth of reflection using
the A3 Reflection Model as shown in Fig. 11.5, together with the accompanying
sample question prompts that teachers may use. As shown in Fig. 11.5, the three
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Fig. 11.3 The EmC2 or Change Reflection Model for teaching Mathematics

Fig. 11.4 The EmC2 or Change Reflection Model for teaching and learning of Mathematics
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Fig. 11.5 A3 Reflection Model for teaching and learning of Mathematics

depths of reflection, also in hierarchical manner, are articulative, assimilative, and
appraisive.

Based on the types and depth of reflection, Lee (2015) presented the A-Cube
Change 2-Dimensional Reflection Model as shown in Fig. 11.6, to illustrate how
the two dimensions of reflection interact for effective offline metacognitive practice
or reflective practice to occur. As can be observed from Fig. 11.6, the interaction
of both the dimensions also demonstrated how the three aspects of metacognition,
namely awareness, monitoring, and regulation, play out in the process. He also devel-
oped sample question prompts to accompany this 2-Dimensional Reflection Model
(Fig. 11.7). Lee shared that this 2-Dimensional Reflection Model promotes deep
reflection. Such deep reflective practice allows for effective transfer of learning to
new/novel situations as it involves one critically and creatively examining one’s
practice against one’s knowledge, skills, and beliefs. Furthermore, the practice also
promotes the establishment of connections to make sense of one’s practice as it
encourages linking the examination of one’s practice to not only principles of teach-
ing and learning but also one’s belief system. Such deep reflective practice, he pointed
out, promotes the evolvement of a more connected and robust schema of practice
that better aligns practice, knowledge, and beliefs.

The 2-Dimensional ReflectionModel has been shared and adopted in pre-service,
in-service, and postgraduate courses in mathematics education as well as schools
(Lee 2017a). One such example is reported in the newsletter SingTeach, whereby
a postgraduate student, after learning about the Model in her study, attempted to
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Fig. 11.6 The A-Cube change 2-Dimensional Reflection Model for teaching and learning

Fig. 11.7 Sample question prompts for the A-Cube change 2-Dimensional Reflection Model
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adopt the Model for the primary school that she is teaching in developing reflective
culture among the teachers using a whole-school approach towards (The Discoveries
of Reflective Practice 2015). In fact, the teacher shared that although ‘the Model was
originally designed with Math in mind’, she ‘saw the potential for widespread adop-
tion in her school, regardless of subject’. As pointed out by the teacher, the reflection
that was commonly carried out in her school used to be focusing on ‘reporting and
accounting instead of critical analysis’. TheModel, she noted, ‘lends structure’ to the
school’s pre-existing reflection routine, thus helping the teachers to developmetacog-
nitive habit of mind, as pointed out earlier. A Chinese language teacher of the school,
who translated the Model into Chinese, described her previous form of reflection as
‘akin to recalling the lesson than detailed reflection’. Her new challenge, she shared,
is ‘coming to terms with’ her ‘own belief system though reflective practice, about
what works and what does not’. As pointed out by another teacher, ‘you will have
to address your belief, adjust your belief, maybe to also let go of your belief at cer-
tain times’, achieving what Lee (2015) had wanted the Model to achieve—a better
alignment of practice, knowledge, and belief.

Lee (2017a) observed that such deep reflective practice, though offline in nature,
aids the transition from offline metacognitive practice to online metacognitive prac-
tice as it deals with:

• Regulation of cognitive/affective resources that is data-based
• Anheightened awareness of one’s belief systemwhich often plays up during online
metacognition.

11.3.2 The Problem Wheel

As was reflected in Sect. 11.2.1, based on a survey of the relevant literature, Lee
(2008, pp. 70–71) found that there are four clusters of metacognitive instructional
strategies that have been shown to be effective in improving students’ problem-
solving ability. One of the clusters, the use of effective questioning techniques, refers
to the case whereby teachers establish an environment in which both teachers and
students continuously ask questions with regard to the problem-solving process so as
to better understand,monitor, and direct students’ cognitive resources. To realise such
an approach towards the development of online metacognition, he tapped upon the
ProblemWheel (Fig. 11.8), developed as a graphic organiser by Chang et al. (2001).
The ProblemWheel, which is an adaptation of the ReasoningWheel (Paul 1993) and
based on the work by Lee et al. (1998), involves getting students to make sense of
the basic structure of a mathematical problem through the use of systematic question
prompts. The set of question prompts corresponding to the respective components of
the ProblemWheel is shown in Fig. 11.9. The question prompts serve as a means for
students to be more aware of their understanding of the problem context, and through
such an awareness better select, match, and/or discriminate, i.e. regulate, their own
cognitive resources to initiate the problem-solving process.
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Fig. 11.8 The problem wheel

Fig. 11.9 Question prompts for the problem wheel

The components are depicted as a wheel with double-headed arrows linking the
various components to convey the idea that these are not to be perceived linearly
though sometimes they may occur as such. Students may go through the various
components of the wheel non-sequentially. They may go back to earlier components
of the wheel to revise the information gathered and translated as they move round the
wheel to gain abetter understandingof the problemand try to translate the information
into the mathematical concepts. The interactivity of the various components of the
wheel reflects the dynamism exhibited during both the monitoring and regulatory
aspects of the online metacognition.

Based on Lee’s (2008) study, the wheel seemed to have a positive impact in
kick-starting students problem-solving process and improved problem-solving per-
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formance. Lee (2008, p. 353) noted that, with the use of the wheel, the students were
observed ‘to be more focused in their problem solving attempts by starting from the
familiar ground of the ‘givens’ in a problem and working more productively and
purposefully towards what they are to ‘find’ through visual representations of the
problem structure’. In other words, the wheel provided a means for students to be
more aware of, be actively monitoring, and constant regulating their thinking process
during problem-solving, i.e. the wheel serves to guide students to actively carry out
online metacognition, instead of being too concerned about just getting the right
answer. This, as pointed out by Lee (2008, p. 369), results in students becoming ‘less
judgmental, and appeared to be more creative in their approach towards learning and
doing mathematics’. It is thus not surprising that Lee also observed a positive change
in the intellectual self-concept and mathematics self-efficacy of the students in the
study, as the students become more aware of their cognitive/affective resources and
learn to kick-start their new ‘encounters’ with mathematics through extending and
connecting, i.e. regulating, from their available resources.

Again, as in the case of the 2-D Reflection Model, the wheel has been shared
with teachers in schools through conferences and seminars (e.g. Lee 2015, 2016a, b;
Hong et al. 2012). There was even a workshop that was specifically conducted for
acquainting the secondary school mathematics teacher to the wheel and organised by
MOE (Lee 2016a). However, it should also be pointed out that as schools adopt the
wheel for theirmathematics lessons, somehave furthermodified thewheel to better fit
into their school programmes. Lee et al. (2014) provide a detailed description of such
an undertaking by a school. The school embarked on an intervention programme to
encourage their students to bemore awareof their thought processes by thinking aloud
to initiate students’ problem-solving process, i.e. the understanding and planning
phase of problem-solving. The teachers concerned made use of a metacognitive
questioning scheme that is called the STARt Understand and Planning (STARtUP)
(Fig. 11.10), which is an adaptation of the Problem Wheel.

A comparison of the Problem Wheel and the STARtUp scheme will reveal that
‘Topic’ and ‘Formula(e)’ components of the wheel have been replaced with ‘Heuris-
tic(s)’ and ‘Start’ in the STARtUP scheme. As the school has put in place a pro-
gramme in the explicit teaching of Heuristics and the teachers concerned felt that
solving of non-routine problems may not be topic specific, replacing the ‘Topic’
component of the wheel by ‘Heuristics’ was initiated. And since, ‘Topic’ component
of the wheel has been removed, ‘Start’ was introduced as the new component to
replace ‘Formula(e)’ in the wheel, to further emphasise the objective of the inter-
vention in kick-starting students’ problem-solving process. Though the intervention
was a mere six contact hours, and so might not have been sufficient for students
to internalise the STARtUP scheme as a habit of mind, the findings did show that
students improved in the way they initiated the problem-solving process. In fact, to
some extent, the students have developed a more metacognitive approach towards
mathematical problem-solving, and the school has integrated the scheme into the
School’s mathematics programme (Lee et al. 2014).
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Fig. 11.10 The STARtUP scheme

11.4 Enactment of Metacognitive Instructional Practices

As was pointed out Sect. 11.2.1, metacognition has been an aspect of the SMCF
since 1992. However, despite the fact that metacognition has been a key feature
of the SMCF for more than twenty years, there has been limited effort to exam-
ine its impact in the mathematics classrooms from both the teaching and learning
perspective. Through Singapore’s participation in PISA 2009 (OECD 2010), there
were efforts to collect data through student survey data to obtain a profile of our 15-
year-old students’ control strategies as a form of metacognitive practice in learning.
However, there is also a need for identification and classification of the conceptions of
metacognition and metacognitive instructional practices among mathematics teach-
ers—the frontline practitioners who enact the curriculum and principally responsible
for the curriculum experienced by the students. The Core 2 Research Programme
undertaken by the National Institute of Education (NIE) (Jonid et al. 2014) made a
first attempt to determine the level of metacognitive instructional practice employed
by teachers in Primary 5 and Secondary 3 mathematics classrooms by analysing the
mathematics teachers’ instruction. However, it is extremely difficult to differentiate
between cognitive and metacognitive processes (Garofalo and Lester 1985; Perkins
et al. 1990; Loh and Lee 2017). The key issue lies with the difficulty to distinguish
clearly between what is meta and what is cognition (Brown et al. 1983; Baker 1991;
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Cheng 1999) and that the interactions between the various mental processes are com-
plex (Yeo 2013; Loh and Lee 2017). In a review of the literature on cognition and
metacognition, Tarricone (2011, p. 1) observed that the main distinction between the
two is that ‘cognition is a constant flow of information and metacognition is knowl-
edge and awareness of processes and the monitoring and control of such knowledge
and processes … metacognition is considered to be second-order cognitions’. Thus
the task of accurately coding a teaching act as metacognitive instructional practice
without other supporting input to triangulate the data, as in the case by Jonid et al.
(2014), may result in an over-generalisation and thus may not accurately portray the
current situation in the primary mathematics classroom.

In 2015, MOE awarded a group of mathematics education researchers in NIE
a research project (AFR 04/14 LNH) to systematically use a multi-site, multi-case-
based approach to collect and triangulate data through survey, classroomobservations
and interviews to develop preliminary teacher conceptions of metacognition and
metacognitive practices grounded based on the phenomenon under observation. Ng
et al. (2016) shared the following findings from the project:

• Teachers’ conception of metacognition is superficial and/or they are confused
between cognition andmetacognition. Teachers’ description ofmetacognitionmay
contain elements of metacognition, e.g. awareness, monitoring, regulation, reflec-
tion, but there is a lack of precise description; some confused metacognition with
other cognitive skills (e.g. critical thinking and creative thinking skills), while
others confused it with teaching approaches (e.g. engaged learning).

• In terms of metacognitive instructional practices, practices are vague; metacog-
nition is still not explicitly addressed in the classroom. Though there were some
understanding and linking of metacognition to reflection and monitoring, there
is a lack of evidence that the instructional practices foster nor activate students’
metacognition.

• The data suggest the following cases are possible:

– Teachers could have unconsciously and subtly address metacognition in the
classroom.

– Teacher thought metacognition has been addressed (explicitly or implicitly), but
there is a lack of actual instructional evidence of this.

Of the three schools that participated in the study, the six participating teachers
in one of the schools, despite being unclear of the conception of metacognition,
appeared to all possess—observed to both profess and practice, some elements of
metacognitive instructional practice (Lee et al. 2016). When probed further, these
participating teachers attribute the practice to the 2-year-old school programme on
promoting talkmoves (Chapin et al. 2013). It appeared that there existed a differential
impact of a more than 20-year-old curriculum versus a 2-year-old school programme
on teachers’ metacognitive instructional practices. After an insightful interview with
theHead ofMathematicsDepartment of the said school, the researchers attributed the
differential impact to the following factors that favoured the enactment of metacog-
nitive instructional practices in the school:
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• Existence of localised expert—there is buy-in by the Head of Department
• Strong theory-practice link—the Head of Department carried out actual classroom
demonstration to exemplify the enactment of the theory

• Actual hand-holding—under the guidance of the Head of Department, teachers
worked in groups to collaboratively plan the lessons

• Enculturation versus performance—the Head of Department encouraged peer
observation and discussion of the lessons rather than evaluative observation by
school leaders for performance.

11.5 Conclusion: Implications for Teaching and Learning
of Mathematics

While this chapter has presented the extensive work done both internationally and
locally that have been carried out on the address of metacognition in the teaching and
learning of mathematics, there still exists challenges faced in the actual enactment
of metacognitive instructional practices. The following are the three key challenges:

i. developing a clear and functional conception of metacognition for teaching and
learning

ii. availing a set of practical metacognitive instructional strategies for teaching and
learning

iii. conducting related and appropriate professional development for teachers.

11.5.1 Developing a Clear and Functional Conception
of Metacognition for Teaching and Learning

As pointed out in Sect. 11.1.1, Schoenfeld (1992) observed that there is no agreement
among researchers on a single definition of the term metacognition. Given the fuzzi-
ness of the construct of metacognition, it may be challenging for teachers to address
metacognition in the classroom explicitly. Lee’s (2015, 2016b) two-dimensional con-
ceptualisation of metacognition for teaching and learning (Sect. 11.2.2) and Loh’s
(2015) problem-solving metacognitive (PSM) framework (Sect. 11.3) might help to
lend some clarity to the conception of metacognition for teaching and learning in the
mathematics classroom.

However, both the literature and the research, including those locally, have
shown that teachers are generally confused between cognition and metacogni-
tion (Sect. 11.4). Swartz and Perkins’ (1990, p. 109) (Sect. 11.1.1) Map of the
Thinking Domain provided a schematic representation of the relationships between
thinking skills, goal-oriented process, and metacognition, making clear distinction
between cognition and metacognition. In addition, in Yeo’s (2013) doctoral study, he
researched on the nature and development of cognitive and metacognitive processes
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in mathematical investigation. His refined investigation model for metacognitive
processes based on local data provided a scheme to show how metacognitive pro-
cesses and cognitive processes interact during mathematical investigation. Loh and
Lee (2017) also provided examples to demonstrate how to identify notions of cog-
nition or metacognition in students’ work in mathematics classrooms. These works
provided teachers not only with a clearer distinction between cognition andmetacog-
nition, but also helped to make clearer how the two constructs interact and play out
in the actual classroom context.

11.5.2 Availing a Set of Practical Metacognitive Instructional
Strategies for Teaching and Learning

As mentioned in Sect. 11.4, despite the fact that metacognition is featured in the
SMCF for more than twenty years, Singapore mathematics teachers’ metacogni-
tive instructional practices still appeared to be vague. Not only does it seem that
metacognition is still not explicitly addressed in the classroom, there was also a lack
of evidence that the claimed metacognitive instructional practices foster or activate
students’ metacognition. Furthermore, as was noted in Sect. 11.2.2, as a produc-
tive habit of mind, as in the case of physical habits, metacognition is formed only
through continuous practice with teachers providing ‘generative, rich, and provoca-
tive opportunities for using’ such Habits of Mind. Thus, there is a need to avail a
set of practice-oriented metacognitive instructional schemes/models/approaches that
could bridge the theory and practice nexus on the development of metacognition and
which may also be easily adapted for the cultivation of such metacognitive habit of
mind in daily mathematics lessons.

The two works that were presented in Sects. 11.3.1 and 11.3.2, namely the
A-Cube Change Two-Dimensional Reflection Model (Lee 2015) and the Problem
Wheel (Chang et al. 2001), have shown the tractability of such schemes in the Sin-
gapore mathematics classrooms. The offline metacognitive scheme—the A-Cube
Change 2-Dimensional Reflective Practice Model has not only been adopted at
mathematics education courses but also teaching and learning in general—support-
ing the teaching and learning beyond that for mathematics. The online metacognitive
scheme, on the other hand, not only have been adopted but also adapted for the Singa-
pore Mathematics classrooms. However, these schemes as they have been presented,
addressed the regulatory phase of both offline and online metacognition. Given the
taxonomy of metacognition (Lee 2015, 2016b) that is presented in Sect. 11.2.2,
schemes for the other aspects of the taxonomy need also to be investigated and
developed for teachers to fully address metacognition in completeness in the class-
room.
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11.5.3 Conducting Related and Appropriate Professional
Development for Teachers

It is a common knowledge that a teacher should possess not only a good grasp
of the content to be taught as well as a set of instructional strategies that enable
him/her to help the learner to develop a good grasp of the content. Some find it
reasonable to suggest, however, that, at a bare minimum, teachers should possess
knowledge and deep understanding of the subject matter recommended for students
at the level of their teaching and, preferably, one grade level category above their
particular teaching level (National Research Council 2010). Applying this similar
argument to the teaching of metacognition, Lee (2016b) argued for the address of
the following for professional development of teaching in addressing metacognition
in teaching and learning, on top and above of a clear conception ofmetacognition and
an accompanying repertoire of metacognitive instructional strategies for teaching of
the various aspects of metacognition:

• Meta-metacognition
• Theory of mind
• Social metacognition

Lee et al. (2013) examined the design and implementation of the series of mathe-
matical modelling lessons to determine how the development of metacognition was
addressed during planning as well as during implementation of the lessons. They
observed that the rich opportunities for the metacognitive development of the stu-
dents afforded by mathematical modelling tasks require teachers’ explicit offline and
online interventions through task design, lesson planning, and strategic scaffolding
during lesson implementation, or meta-metacognition (Stillman 2007). They argued
that such meta-metacognition knowledge—a meta-knowledge of one’s metacogni-
tion may constitute as a key pedagogical content knowledge for effective address of
metacognition in the mathematics classrooms as they observed that the lacking of
such knowledge in the mathematics classrooms may be detrimental to the mathe-
matical development of the students.

Misailidi (2010) observed that metacognition and theory of mind have ‘evolved
over the past 20 years as two distinct and unconnected research fields’ though Flavell
(2002) maintains that the two fields share the same overall objective—‘to investigate
the development of children’s knowledge and cognition about mental phenomena’
(p. 106). Unlike metacognition, which is concerned with thinking about one’s think-
ing, theory of mind deals with the ability to think about or make inferences about
the thoughts and feelings of another person (Kuhn 2000a, b; Lockl and Schneider
2006). Kuhn (2000a, p. 302) describes metacognition or ‘meta-knowing’ as ‘any
cognition that has cognition … as its object’. According to Kuhn (1999, 2000a, b),
theory of mind corresponds to the metacognitive knowing that includes children’s
knowledge about the mind, i.e. knowledge of mental state exist. Such knowledge
can be both personal and impersonal. Personal metacognitive knowledge is knowl-
edge about one’s own mental states, whereas impersonal metacognitive knowing is
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knowledge about others’mental states. One ofKuhn’s key ideas is that theory ofmind
serves as the foundation for the development of other dimensions of meta-knowing,
i.e. children need to acquire a theory of mind first, before they begin to develop the
other dimensions of meta-knowing. In other words, teachers may tap on theory of
mind to further develop students’ metacognition. In fact, Lee (2016b) further argued
that teachers themselves also need to tap on theory of mind to better make sense
of students’ thinking so as to enhance their ability in addressing the metacognitive
development of the students in their classrooms.

Chiu andKuo (2009) compare and contrasted individual metacognition and social
metacognition as follows:

Individual metacognition is monitoring and controlling one’s own knowledge, emotions, and
actions, while social metacognition consists of group members’ monitoring and control of
one another’s knowledge, emotions, and actions.

In other words, social metacognition as compared to metacognition, as it is pre-
sented thus far in this chapter, shifted the awareness, monitoring, and regulation of
thoughts from the individual to that of a social context (Brinol and DeMarree 2012).
Chiu and Kuo (2009) observed that social metacognition ‘distributes metacognitive
responsibilities across group members’ and it aids group members’ ‘identification of
errors, construction of shared knowledge, and maintenance of groupmembers’ moti-
vation. As pointed out in Chap. 1, one of the outcomes of the education in Singapore
is to develop each student into ‘an active contributor who is able to work effectively
in teams’, so an inclusion of social metacognition in our address of metacognition
in the context of teaching and learning in Singapore is certainly well aligned with
the national curriculum. In fact, Chiu and Kuo (2009) have also noted that several
programmes have showed that ‘improving students’ social metacognition skills aids
their learning and academic performance’, further reinforcing the need to address
both individual and social metacognition simultaneously. Lee (2016b) further pro-
posed that for teachers to effectively teach metacognition in the classroom context,
which is in fact a group or social context, it is essential for teachers themselves to be
better equipped with social metacognitive skills.

Lee conducted two 12-h in-service courses (Lee 2017b, c), one for primary and
another for secondary mathematics teachers, to address the issue of metacognition in
the teaching and learning of mathematics. In response to the findings of the research
project (AFR04/14LNH)mentioned in Sect. 11.4, the emphases of these two courses
are:

• Providing teachers with an operationalised conception of metacognition for teach-
ing and learning mathematics

• Equipping teachers with some metacognitive instructional strategies for teaching
and learning of mathematics.

Lee’s (2015, 2016b) proposed a two-dimensional conceptualisation of metacog-
nition for teaching, and learning was presented as an operationalised concep-
tion of metacognition to the participating teachers. Furthermore, the participants
were also introduced to an offline metacognitive approach—the A-Cube Change
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2-Dimensional Reflection Model (Lee 2015) and an online metacognitive
approach—Problem Wheel (Chang et al. 2001).

The feedback from the participating teachers indicated that most of them has
developed a better understanding of the ‘difference between cognition and metacog-
nition’ and an awareness that ‘there are 3 components of metacognition—awareness,
monitoring and regulation’. While the participants also appreciated and valued both
the offline and online metacognitive approaches shared, a number of the participants
have reflected that they would like these courses to be longer so that more metacog-
nitive instructional strategies and classroom cases could be examined and discussed.
It reflects a need to better equip teachers with a more comprehensive set of metacog-
nitive instructional strategies as well as the necessary and related knowledge and
skills, as discussed in this section. While a longer in-service course may not be a
practical response, there may be a need to design in-service courses to address the
various aspects in preparing these teachers to be teachers of metacognition. In addi-
tion, based on the factors that favoured the enactment of metacognitive instructional
practices in schools, as discussed in Sect. 11.4, the planned professional development
may need to include some form of hand-holding for actual implementation in the
classroom as well as the establishing of a school-based expert. In other words, from
the work thus far in the Singapore context, these are a need to adopt a more holistic
approach towards the professional development of teachers of metacognition.
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Chapter 12
Students’ Perspectives of Good
Mathematics Lessons, Homework
and How Their Teachers Facilitate
Learning of Mathematics

Berinderjeet Kaur and Wei Yeng Karen Toh

Abstract This chapter presents data and findings from the Learner’s Perspective
Study (LPS) carried out in Singapore, about students’ perspectives of good math-
ematics lessons and the role of homework in their learning of mathematics. It also
presents data and findings from the Study of school mathematics curriculum enacted
by competent teachers in Singapore secondary schools that examines students’ per-
spectives of how two competent teachers facilitate the learning of mathematics in
their classrooms. Both the studies are motivated by a strong belief that the char-
acterization of the practices of mathematics classrooms must attend to learners’
practice with at least the same priority as that accorded to teacher practice. Post-
lesson student interview and survey data from LPS and post-lesson interview data
from the Study of school mathematics curriculum enacted by competent teachers are
used to examine student practice. In the LPS, students deemed mathematics lessons
as good when teachers performed specific actions as part of the teachers instruc-
tion pattern which is the D (Whole class demonstration)—S (Seatwork/Out of class
assignments)—R (Review and feedback) cycle. Students’ perspective of homework
illuminated six roles it performed which included improving or enhancing under-
standing of mathematics concepts, preparing for test or examination and extending
mathematical knowledge. In the Study of the enacted school mathematics curricu-
lum, students in both the classes of the teachers affirmed that their teachers’ carefully
prepared instructional materials engaged them in learning mathematical concepts
and developing the necessary procedural fluency. Though both teachers, A and B,
adopted classroom discourse approaches skewed more towards student-centredness,
they facilitated their students’ learning differently. Teacher A had a more structured
seating for her students, while Teacher B let her students to form their own clus-
ters (friendship oriented) and sit together during the lessons. The activities for the
group-based work were also dissimilar for the students in the two classes.
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12.1 Introduction

Attending to students’ perspectives serves to enhance our understanding of the ongo-
ing relationship between the teacher and student as co-constructors of knowledge
and practice within the classroom (Anthony et al. 2013). Competent teachers like
the ones in the Learner’s Perspective Study (LPS) (Clarke et al. 2006) and the Study
of enacted school mathematics curriculum in Singapore secondary schools (Kaur
et al. 2018) are the ones that focus on enhancing student outcomes and achieve their
purpose.Achievement outcomes related tomathematical proficiency encompass con-
ceptual understanding, procedural fluency, strategic competence and adaptive rea-
soning (National Research Council 2001). Anthony and Walshaw (2007) add that
there are also the social and cultural outcomes relating to affect, behaviour, commu-
nication and participation that underwrite the quality of a mathematical experience.
This is evident from the research reported in Student Voice in Mathematics Class-
rooms around the World (Kaur et al. 2013). Therefore, it is important that students’
voice is accorded due consideration when delineating culturally and socially situated
effective pedagogy of mathematics.

In this chapter, we present data and findings from the Learner’s Perspective Study
(LPS) carried out in Singapore (Kaur 2008, 2009), about students’ perspectives of
goodmathematics lessons and the role of homework in their learning ofmathematics.
It also presents data and findings from the Study of school mathematics curriculum
enacted by competent teachers in Singapore secondary schools that examines stu-
dents’ perspectives of how two competent teachers facilitate the learning of mathe-
matics in their classrooms. Both the studies are motivated by a strong belief that the
characterization of the practices of mathematics classrooms must attend to learners’
practice with at least the same priority as that accorded to teacher practice (Clarke
et al. 2006). Post-lesson student interview and survey data from LPS and post-lesson
interview data from the Study of school mathematics curriculum enacted by compe-
tent teachers are used to examine student practice.

12.2 The Learner’s Perspective Study in Singapore

The Learner’s Perspective Study (LPS) is an international study helmed by Professor
David Clarke at the University of Melbourne. It started in 1999 with Australia,
Germany, Japan and the USA examining the practices of eighth-grade mathematics
classrooms in a more integrated and comprehensive manner than had been attempted
in past international studies, in particular the TIMSSVideo Studies of 1995 and 1999.
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Singapore joined the study in 2004. The LPS is motivated by a strong belief that the
characterization of the practices of mathematics classrooms must attend to learners’
practice with at least the same priority as that accorded to teacher practice (Clarke
et al. 2006). Singapore joined the LPS in 2004. Three mathematics teachers (T1,
T2, and T3) recognized for their locally defined ‘teaching competence’ and their
respective grade 8 classes, one per teacher, participated in the study. Details about
Singapore’s participation in the LPS are given in Chap. 16.

12.2.1 Students’ Perspectives of Good Mathematics Lessons

A distinguishing feature of the LPS is the exploration of learner practices using post-
lesson video-stimulated interviews. Video records of 13 consecutive lessons (three
during the familiarization stage and ten as part of the study) for each teacher were
collected using three cameras. The teacher camera captured the teacher’s actions
and talk during the lesson. The student camera focused on a group of two students,
known as the “focus group” and captured their actions and talk during the lesson.
Each group of students was only videotaped once. The whole class camera captured
the whole class in action. A split-screen video record mixed on-site from the teacher
and student camera imageswas used as a stimulus for students to reconstruct accounts
of classroom events during the interviews. Two students from the focus group were
interviewed separately after each lesson. The interviews of the “focus students”
consisted of two parts. The first part was based on the video record of the lesson
for which they were the focus students. The second part was stimulated by several
prompts. Student artefacts (e.g. worksheet and homework) from the focus groupwere
also collected after each lesson.

Fifty-nine students were interviewed: 19 from T1’s class, 20 from T2’s class and
20 from T3’s class. Although 59 students were interviewed the transcripts of 57
students were available for study. From the 57 interview transcripts responses to two
prompts in the second part of the interview were the source of the data analysed. The
two prompts were:

• Would you describe that lesson as a good one for you?
• What has to happen for you to feel that a lesson was a “good” lesson?

For all three teachers, T1, T2 and T3, 94%, 85% and 84% of their students, respec-
tively, felt that the lesson for which they were the “focus students” was a good one.
A close-up lens was used and the grounded theory approach adopted to analyse the
responses to the second prompt. Three categories and 12 subcategories were derived
for coding the responses (see Kaur 2008 for details). Table 12.1 shows the categories
and subcategories.

Analysis of the 50 interview responses that related to their lesson being a good
one revealed that students deemed a mathematics lesson to be a good one when some
of the following characteristics were present. The teacher

• explained clearly the concepts and steps of procedures;
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Table 12.1 Categories and subcategories for coding teachers’ teaching

Instructional
practice

Subcategory

Exposition (Whole
Class Instruction)

EC: teacher explained
D: teacher demonstrated a procedure, “taught the method” or showed
using manipulative concepts/relationships
NK: teacher introduced new knowledge
GI: teacher gave instructions (assigned homework/showed how work
should be done/when work should be handed in for grading, etc.)
RE: teacher used real-life examples during instruction

Seatwork IW: students worked individually on tasks assigned by teacher or
made/copied notes
GW: students worked in groups
M: material used as part of instruction (worksheet or any other print
resource)

Review and
feedback

PK: teacher reviewed prior knowledge
SP: teacher used student’s presentation or work to give feedback for
in-class work or homework
IF: teacher gave feedback to individuals during lesson
GA: teacher gave feedback to students through grading of their written
assignments

• made complex knowledge easily assimilated through demonstrations, use of
manipulative and real-life examples;

• reviewed past knowledge;
• introduced new knowledge;
• used student work/group presentations to give feedback to individuals or the whole
class;

• gave clear instructions related tomathematical activities for in-class and after-class
work;

• provided interesting activities for students to work on individually or in small
groups and

• provided sufficient practice tasks (in class and for homework) for preparation
towards examinations.

The main instructional approach of the three teachers may be said to comprise the D
(Whole class demonstration)—S (Seatwork/Out of class assignments)—R (Review
and feedback) cycle (Kaur 2009). When we juxtapose the findings of students’ per-
spectives of good mathematics lessons with that of the instructional approaches of
the teachers, we may infer some of the actions that characterized good teaching in
each part of the DSR cycle as follows:

• Whole class demonstration (exposition)

Teacher

– explained clearly the concepts and steps of procedures;
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– made complex knowledge easily assimilated through demonstrations, use of
manipulative, real-life examples;

– introduced new knowledge.

• Seatwork/Out of class assignments

Teacher

– gave clear instructions, related to mathematical activities for in-class and after-
class work;

– provided interesting activities for students to work on individually or in small
groups;

– provided sufficient practice tasks for preparation towards examinations.

• Review and feedback

Teacher

– reviewed past knowledge;
– used student work/group presentations to give feedback to individuals or the whole
class.

It appears that the above characteristics of good mathematics teaching that have
resulted by juxtaposing the teachers instructional approaches and perspectives of
students compare well with the component “Building understanding” of Sullivan
and Mousley’s (2007) model of the components of quality mathematics teaching.

12.2.2 Students’ Perspectives of Homework

Homework provides an opportunity for students to extend and consolidate what they
have learnt in school and for teachers to extend the time for learning beyond the hours
of formal schooling. In Singapore, many schools do not have a policy on homework
assignments. However, in most mathematics lessons, teachers assign their students
homework on a regular basis, i.e. after every lesson or after every two ormore lessons.
Homework is usually meant to be done alone but at times teachers do assign tasks for
a group of students to do as a homework assignment. Homework is most frequently
done at home, but it may be done in school during study periods or after school hours
in the library, or anywhere the student so wishes to do.

117 grade 8 students completed a questionnaire as part of the LPS, 37 were from
the class of T1, 40 each from the classes of T2 and T3, respectively. The responses
to an item of the student questionnaire, “Do homework assignments given by [name
of teacher] help you in the learning of mathematics?” were analysed to ascertain
the role of homework from the students’ perspective. All 117 of the students from
the three classes completed the questionnaire and 115 (98.3%) of them (36 from the
class of T1, 40 students from the class of T2 and 39 from the class of T3) indicated
in their responses that homework assignments given by their teachers assisted them
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in their learning of mathematics. The qualitative responses of the students were
analysed using content analysis. The responseswere first scanned through for themes,
following which codes were generated and the data coded. Inevitably “a progressive
process of sorting and defining and defining and sorting” (Glesne 1999, p. 135) led
to the establishment of the final list of functions of homework (see Kaur 2011 for
details).

Students’ perspectives of the six functions of homework, inferred from the data,
were as follows:

• Improving/enhancing understanding of mathematics concepts;
• Revising/practising the topic taught;
• Improving problem-solving skills;
• Preparing for test/examination;
• Assessing understanding/learning from mistakes;
• Extending mathematical knowledge.

It was apparent that all of the six inferred functions of homework were direct con-
sequences of the instructional purpose of homework assigned by the teachers. The
function “extending mathematical knowledge”was solely inferred from the responses
of students of T2.Unlike students of T1 andT3, students of T2were exposed to “chal-
lenging” tasks taken from non-textbook sources. This may have provided them with
opportunities to extend their mathematics knowledge. These findings mirror those
of students in the UK, on the main purposes of doing homework (MacBeath and
Turner 1990). All of the six functions of homework inferred from the responses of
the students, appear to belong to only one function of homework delineated by Tam
(2009), i.e. serving immediate learning goals, which means to review learning, to
prepare for quizzes and examinations, to comprehend things learned and to apply
learning. This finding is not surprising as the students were asked a very specific
question “Do homework assignments given by [name of teacher] help you in the
learning of mathematics?” and there was no intention to seek data from the students
about other aspects of homework involvement.

12.3 A Study of School Mathematics Curriculum Enacted
by Competent Teachers in Singapore Secondary
Schools

A Study of school mathematics curriculum enacted by competent teachers in Sin-
gapore secondary schools examines how competent experienced secondary school
teachers implement the designated curriculum prescribed by the Ministry of Educa-
tion (MOE) in the 2013 revision of curriculum. It does this firstly by examining the
video recordings of the classroom instruction and interactions between secondary
school mathematics teachers and their students, as it is these interactions that funda-
mentally determine the nature of the actual mathematics learning and teaching that
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takes place in the classroom (City et al. 2009). The study comprises a video segment
and a survey segment. For the purpose of this chapter, we focus on the video segment
of the study which adopts the complementary accounts methodology developed by
Clarke (1998, 2001), a methodology which is widely used in the study of classrooms
across many countries in the world as part of the Learner’s Perspective Study (Clarke
et al. 2006). This methodology recognizes that only by seeing classroom situations
from the perspectives of all participants (teachers and students) can we come to an
understanding of the motivations and meanings that underlie their participation. It
also facilitates practice-oriented analysis of learning.

Thirty competent experienced teachers and approximately 600 (in each class about
20 students, who volunteer to be the focus students and be interviewed) students in
their classrooms are participating in the video segment of the study. In the context of
the study, a competent experienced teacher is one who has taught the same course of
study for a minimum of five years, is recognized by the school/cluster as a competent
teacher who has developed an effective approach of teaching mathematics. At the
time ofwriting this chapter, 20 teachers and 303 students had participated in the study.
In this chapter, we examine the interview data of students from the classrooms of
two teachers, A and B, who organize student learning in their classrooms in different
ways though albeit skewed towards a more student-centred approach. Specifically
responses of the students to the interview prompt “How does your teacher help you
learn mathematics?” are explored.

12.3.1 Case Study 1 (Teacher A)

Grade 9: Topic—Quadratic Equations
Students seated in orderly clusters of fours
Number of students interviewed: 21

The collaborative learning orientation in Teacher A’s Classroom

Research had shown that collaborative workwill promote academic achievement and
positive social interaction of students in all educational levels and in a big variety
of subjects (Slavin and Cooper 1999; Johnson and Johnson 2000). It has also been
documented that when small groups worked together, there was greater impact on
the transfer of learning compared to individualist learning (Gomez 2016). According
to Swan (2006), traditional, direct “transmission” of explanations, examples and
exercises “do not promote robust, transferable learning that endures over time”. In
contrast, when students collaborate and work in small groups based on the model
of teaching he designed, teachers could emphasize the interconnected nature of the
subject and confront common conceptual difficulties. Such a method would provide
students with opportunities to tackle problems before offering them guidance and
support. Moreover, it would encourage students to apply pre-existing knowledge and
allow teachers to assess and then help them build on that knowledge. Figure 12.1
illustrates the differences between the two models of teaching.
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Fig. 12.1 Two models of teaching (Swan 2006)

Teacher A harnessed the collaborative teaching model extensively in her lessons.
Students were assigned to sit in groups of four. Every groupwas provided with amini
whiteboard and amarker penwhich theywere tasked to use towrite down their agreed
responses during group discussions. Students had to discuss among themselves, come
to a consensus, write down their responses on themini whiteboard and then present to
Teacher A. Next, Teacher A would select a few suitable responses to further explain
so as to achieve the instructional objectives of the lesson. Sometimes, Teacher A
invited students to explain the reasoning behind their group’s answers to help the
class understand their responses better.

The questions that Teacher A posed to generate discussion among students were
purposefully designed to check students’ prerequisite knowledge; stimulate students’
thinking and/or to illuminate concepts. For instance, when Teacher A first introduced
the term “quadratic equations”, and a student classified equations with a x2 term as
“quadratic”, she posed the question: Is 3

x2 + 2x − 1 � 0 a quadratic equation?
Students discussed the question in their groups, arrived at a consensus and wrote
their responses on the mini whiteboards provided. From the students’ responses on
the mini whiteboards, Teacher A gathered the misconceptions and went on to discuss
the concept of “quadratic equations” further. One of the misconceptions students had
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was that “x−2 � x2”, therefore 3
x2 +2x−1 � 0 is a quadratic equation. TeacherA took

the opportunity to elicit students’ responses and probe why they thought x−2 and x2

were equivalent, which was erroneous. When students collectively established that
x−2 �� x2, students were asked to discuss whether 3

x2 + 2x − 1 � 0 was a quadratic
equation again. Eventually, they concluded that the given equation was not of a
quadratic type. Another example of a question Teacher A posed was: Is 2x2 � 3
a quadratic equation? Time was given to students to think and then discuss. It was
meant to stimulate a discussion to address students’ common misconception—all
quadratic equations take the form of ax2 + bx + c � 0. Teacher A ensured that
students had a good grasp ofmathematical concepts. Throughout the lessons, Teacher
A posed questions to elicit students’ responses and encouraged them to clarify their
thinking/understanding both in their groups and in class. She said repeatedly “it’s
okay to make mistakes”.

The main instructional materials Teacher A provided for students was a set of
self-designed “notes cum worksheets”, hereafter known as “notes”. In the set of
notes, Teacher A placed emphasis on key mathematical terms such as “equation”,
“factorization”, “completing the square” by bolding them to draw students’ atten-
tion. Blank spaces were also provided in the text so that students could fill them in
with key points they gathered during class. The notes had sections, such as “Self-
Check”, “Practice Questions”, “Examples”, and “Try it!”, each addressing specific
instructional objectives. Tasks named as “Examples” were used for exemplifying;
tasks named as “Practice Questions” and “Try it!” were for students to apply new
concepts and practice new skills; and tasks labelled as “Self-Check”were for students
to assess themselves. Some parts of the notes were completed during the lessons,
while others were set as homework. Prerequisite knowledge and concepts from other
topics in the syllabus were also included in the notes. During lessons, Teacher A
created opportunities for students recall their previous knowledge and connect new
concepts with it so as to understand the new topic better. Besides notes, Teacher A
also assigned students to complete selected items from the textbook as homework.
In addition, Teacher A designed a few worksheets which had mainly practice items
for students to work individually as homework. Numerical answers to these practice
items were provided so students could check their work.

How Teacher A helped students learn mathematics

After every lesson, 3 of the focus students were interviewed. As part of the interview,
students were asked how their teacher helped them learn mathematics during the
lesson. A total of 21 students were interviewed. Table 12.2 shows the content analysis
of two students’ interview data.

From the interview data, it was apparent that Teacher A facilitated her students
learning of mathematics by providing them with opportunities to discuss in groups
and present their responses on a mini whiteboard. Half of the students said they
enjoyed the lessons because of such opportunities. Somementioned that they learned
from their peers during the discussions. During the Post-Lesson Interview, Student
AP02 expressed that “by discussing with friends”, she was able “[to] see… different
ways they think then I’m able to like learn more”; and Student AP06 articulated that
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Table 12.2 Content analysis of data (Students AP02 and AP06)

Student
ID

Interview response Inferences

AP02 [00:10:52] S: My teacher posed some questions that I will
not think of usually. Because usually, I see the paper, I see
the word “factorise”, I see the words “quadratic equations”, I
will just start doing without knowing what it means. So by
teaching us what the words [like “factorise”, “quadratic”,
“roots”] actually mean right, I get, I grasp the concepts
faster, then I understand the question. So no matter how my
teacher turns the question, I will know what to do, yah
[00:12:17] I: You mentioned the mini whiteboard a few
times. How does that help you?

Notes and mini whiteboard are useful
Merits

i. Emphasis was placed on the
meaning of mathematical terms

[00:12:22] I: It actually—because we sit in a cluster of 4, so
because I am not that good at Math usually, so when—by
discussing with my friends around me, I see like the
different ways they think then I’m able to like learn more

ii. Discussions among students
increased learning

[00:12:56] I: How do you find it?
[00:12:58] S: I actually find it’s much better … It’s also fun
‘cause you can actually interact with your classmates

iii. Interaction among peers

[00:18:18] I: Is there any part of the lesson you like best?
[00:18:23] S: The whiteboard part… All the whiteboard
parts… I just find it fun. Like more engaging; if not, we’ll
just sit there on our own. (And) my teacher will ask us to flip
through and do all the questions, it’s quite boring

iv. Engaged students through the use
of mini whiteboards

AP06 [00:07:20] S: My teacher did not straight away tell us the
answer yet, my teacher lets us answer ourselves, after that
discuss among ourselves, then after that if our answers are
wrong, we can realise our own mistakes. Then like that
we can remember better
[00:07:33] I: Was there any material used to help you learn?
Was it inside the notes?
[00:07:39] S: The whiteboard and the marker

Group discussion with the use of mini
whiteboard is helpful
Merits

i. Discussion promotes collation of
thoughts among students

[00:07:47] I: How does that help?
[00:07:57] S: It lets us collaborate with our group
members, then from there, we can have more
knowledge–gain more knowledge from them. Like if you
don’t know something, they will also explain to you
[00:09:56] I: … So this is the notes that helped you to learn.
So how do you feel about this whole thing? Today’s
learning? The use of all these materials?

ii. Discussion promotes
collaborative learning

iii. Increased students’ engagement
during lessons

[00:10:11] S: It’s quite effective
[00:10:12] I: Effective? In what way
[00:10:18] S: Ahh… it’ll help you remember, instead of
just my teacher talking then you just sit down there and
listen. Actually, if you do that, you can easily forget the
things my teacher talked (about)

iv. Increased retention of knowledge
and skills

[00:10:32] I: Then, on your part, how do you make sure that
you are learning also?
[00:10:51] S: Pay attention. When my teacher gives us
homework, I check the answers at the back to make sure
it’s correct. If it’s wrong, I try to find my own mistake. If
really cannot find, then I’ll ask my teacher

v. Numerical answers provided for
practice items in textbook and
worksheets. Students were
encourage to regulate their own
learning
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the discussions allowed her to “collaborate with group members”, and thereby she
could “have more knowledge–gain more knowledge from them”. Some students also
found it more engaging to use the mini whiteboards to present their responses as it
was “fun” and “more engaging” instead of merely “flip[ing] through [the notes] and
do all the questions”. One student who expressed a lack of self-confidence felt that it
was less embarrassing to present a consolidated group response than an individual’s
response so the use of the mini whiteboard was “better”.

Students also appreciated the notes the teacher prepared as they were the primary
source of information and reference for most of them. The emphasis on important
mathematical terms in the topic helped students focus on the concepts pertinent for
their learning. To comment on Teacher A’s deliberate emphasis on the mathematical
terms—“factorize”, “quadratic”, “root”—in the introductory lesson, Student AP02
said that “by teaching us what the words actually mean right, … I grasp the concepts
faster”.

12.3.2 Case Study 2 (Teacher B)

Grade 8: Topic—Mean, Median and Mode; Probability
Students seated in random clusters of three to five
Number of students interviewed: 18

The learning of mathematics with peers in small groups in Teacher B’s Classroom

Research on small group learning in schools started in the early 1970swith prominent
reviews by Johnson and Johnson (1974) and Slavin (1977). The findings showed that
there were positive effects on student achievement, especially compared to other
forms of instruction that involve less interaction between students (e.g. O’Donnell
2006; Slavin 1995). It was observed that students can learn by working with and
helping each other. When students learn in small groups, they share knowledge,
build on one another’s ideas and justify their own. Students also get to recognize and
resolve contradictions between their own and other students’ perspectives (Bossert
1988–1989; Webb and Palincsar 1996).

Cohen (1994) recommended teachers who implement small group learning in
their classrooms to carefully listen to group discussions, to make hypotheses about
the groups’ difficulties before deciding on what questions to ask or suggestions to
make and to keep interventions to a minimum. She argued that students will be
more likely to initiate ideas and to take responsibility for their discussions if teachers
provide little direct supervision (such as guiding students through tasks, or answering
individual student’s questions before the group has attempted to work collectively to
solve a problem). This will help to foster student reliance on each other rather than
on teachers.

In Teacher B’s classroom, students sat with classmates whom they feel could
help them learn mathematics better. Students sat in clusters of three to five. While
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working onmathematical tasks assigned by the teacher, students discussed their work
and helped each other.

The instructional materials Teacher B provided for the topic was a set of coherent
mathematical tasks from the textbook; a teacher made worksheet; an online quiz; and
a post-topic test. During lessons, Teacher B would begin explaining new concepts,
by introducing definitions and formulae, and then demonstrate a few examples. Fol-
lowing which, Teacher B would assign students to work on selected items from the
textbook. Teacher B believed that students should make full use of the mathematical
tasks in their textbook as the book is of high quality and the tasks in the book span
a good range from simple to complex. After completing the assigned tasks from
the textbook, students worked on their worksheets. When students are working at
their desks, Teacher B walks around the classroom monitoring students’ progress
and assisting clusters of students with their difficulties. One of the ground rules
Teacher B had put in place was that students must first discuss among themselves
their difficulties before approaching the teacher for assistance. According to Teacher
B, the mathematical tasks in the online quiz and post-topic test tested mainly the
common difficulties that surfaced during the lessons. Teacher B hoped that students
would learn from their mistakes during lessons and then apply the knowledge onto
summative assessments.

How Teacher B helped students learn mathematics

After every lesson, three students were interviewed. As part of the interview, students
were asked how their teacher helped them learn mathematics during the lesson.
Altogether 18 students were interviewed. Table 12.3 shows the content analysis of
two students’ interview data.

From the interview data, it was apparent that teacher B facilitated his students
learning ofmathematics in two distinct ways. The first was the range ofmathematical
tasks (items) that helped them consolidate concepts and develop procedural fluency.
This was important for the students as they were mindful of how they would per-
form in their summative assessments like tests and exams. Student BP06 mentioned
specifically that being familiar with the items helped to build her confidence—she
“will not … panic”.

The secondwas the seating arrangement of the class. 61.1% of the students voiced
their preference for it. They felt that they benefitted by sitting with friends who could
help them with their seatwork and homework. Student BP06 specifically mentioned,
“If I don’t understand the concept, I will askmy friends besideme”. Students not only
could learn from their classmates, teaching another person helped them reinforced
their concepts too. BP14 commented that, “When you teach people right, then you
can be reminded of the questions. Then you can see if you really understood the
question”.
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Table 12.3 Content analysis of data (Students BP06 and BP14)

Student
ID

Interview response Inferences

BP06 [00.04:00]I: Can you tell me, in what way is the worksheet
useful?

Worksheet is the most useful
Seating arrangement is helpful
Merits

[00.04:04] S: Like—because they say what, “practice makes
perfect”, so if you do more this kind of questions, of course
you will familiarise more with this kind of questions.
Then when exam come out, you will not be so panicked
and all this kind of things. Then you don’t know how to do.
So five questions is all about this kind of questions. So when
we do five questions right, maybe when I do first or second
question right, I’m not really sure of the answer, then I
will ask my friend, but then when I do the third, fourth,
fifth, it is similar to first and second question, then I will
try and do it. So if I find the answer correct, then that means
it’s useful to me

i. Similar practice questions help
student acquire procedural fluency

ii. Worksheet helps student prepare
for assessments

[00.04:41]I: So how do you- besides the Math worksheet
right, there’s something else he gave–which is (questions
from) the Math textbook, right? How do you find those
questions in the textbook compared to the Math worksheets?
[00.04:51] S: Hmmm… textbook? Textbook… my teacher
gives examples, and used textbook examples. I think it’s OK,
textbook examples. But then, I prefer my teacher to print out
those questions to let us try because textbook still need to flip
those kind of pages then this one just one worksheet then
you can refer (to it for) everything. Then the (difficulty of
the) questions are still about the same

iii. Worksheet is more concise than
textbook

[00.05:26] I: So on your part right, what did you do today to
help yourself learn?
[00.05: 31] S: Ah…pay attention to my teacher in class, and
then if I don’t understand the concept, I will ask my friends
beside me. And if I still don’t understand, then I will ask
(my teacher) for help

iv. Student benefits from learning
with friends

BP14 [00.11:35] I: So on your part, what did you do to help
yourself learn?
[00.11:41] S: I take down notes. …
[00.12:24]I: OK, so is there anything else you did in class,
other than taking notes?
[00.12:30]S: Teaching my friends. … Like when we sit in
pairs, we can help each other out, like we don’t
understand, we can ask each other. But if you sit alone,
then if you want to ask someone, like it’s very troublesome
[00.12:58]I: In (your) class, I understand that (your teacher)
lets you all sit with the person you are comfortable with.
How do you find it? [00.13:07] S: (My teacher) lets us sit
with people who can help us…
[00.13:20]I: How do you find it? Do you find it useful for
yourself? For your learning?

Seating arrangement is helpful.
Worksheet is most useful
Merits

i. Student benefits from learning
with friend

[00.13:27] S: Yes. When you teach people right, then you
can be reminded of the questions. Then you can see if you
really understood the question

ii. Student gets to reinforce own
learning while guiding friend

(continued)
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Table 12.3 (continued)

Student
ID

Interview response Inferences

[00.11:35] I: So out of the materials that you have, which
one is the most useful when you are learning Math? …
[00.18:38] S: Worksheet. … ‘Cause (our teacher) will give
like all types of questions and then teach us how to do
different types of questions which will help us in our exam

iii. Various practice questions help
students prepare for summative
assessments

12.3.3 How Competent Teachers A and B Helped Their
Students Learn Mathematics

Both teachers A and B used carefully prepared instructional materials to engage
their students in learning mathematical concepts and developing the necessary pro-
cedural fluency. Teacher A placed emphasis on mathematical vocabulary that helped
students develop sound understanding of mathematical concepts such as quadratic
expressions, equations and factorization. Teacher B likewise through his carefully
chosen learning tasks that he used to demonstrate the concepts of averages (mean,
mode and median) to the whole class facilitated his students’ development of con-
ceptual knowledge. Both teachers provided adequate practice tasks, from simple to
complex, thereby facilitating development of procedural fluency. Practice tasks also
had past examination questions so that students were familiar with the expectation
of their class quizzes and school examinations. It was apparent in the classes of both
the teachers that conceptual knowledge and procedural fluency contributed towards
successful problem-solving.

Though both teachers A and B adopted classroom discourse approaches skewed
more towards student-centredness, they facilitated their students’ learning differently.
Teacher A had a more structured seating for her students. They were seated in groups
of four and themembers were the same for every lesson. Teacher B left to the students
to form their own clusters (friendship oriented) and sit together during the lessons.
There was no involvement of the teacher with regard to with whom the students sat
together. The activities for the group-based workwere also dissimilar for the students
in the two classes. In the class of Teacher A, the group-based activities were driven
by the teacher posing questions to address the possible misconceptions students may
have or develop while acquiring conceptual knowledge worked on during the lesson.
In the class of Teacher B, the work students did at their desks were mainly practice
tasks and when students faced difficulties doing the work they sought help from their
peers, who were sitting around them or they helped their peers who had difficulties.
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12.4 Conclusion

The data and findings reported in this chapter affirm that students’ perspective of
good mathematics lessons are in tandem with the practices of their teachers. This
is so as students deemed mathematics lessons as good when teachers performed
specific actions as part of the teachers instruction pattern which is the D (Whole class
demonstration)—S (Seatwork/Out of class assignments)—R (Review and feedback)
cycle. It is also illuminating to uncover the six roles of homework perceived by the
students. Often when teachers assign their students homework it is received with
remarks like “oh no!”, “more work to do”, etc.

Students perspectives of how the two teachers, A andB, in the Study of the enacted
school mathematics curriculum facilitated their learning show us that competent
teachers harness the potential of their students by organising learning in ways that are
both non-negotiable such as curriculum materials and negotiable such as diversity in
organising student–student interactions and student–teacher interactions for student
learning.
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Chapter 13
Low Attainers and Learning
of Mathematics

Tin Lam Toh and Berinderjeet Kaur

Abstract This chapter describes the main studies which have been carried out in the
Singapore mathematics classrooms to identify and address the learning needs of low
attainers in mathematics at the primary and secondary levels. This chapter begins
with describing two research projects on low attainers: the first is an exploratory study
on low attainers at the primary level and the second a survey on teachers’ perception
of low attainers from the Normal (Technical) stream at the secondary level. These
two studies identified the characteristics of low attainers and their content knowl-
edge, teachers’ perception about their motivation and competency in mathematics,
and provide a preliminary knowledge of how teachers have attempted to facilitate
them to learn mathematics better. The chapter further presents three intervention
research projects that were conducted by researchers from the Singapore National
Institute of Education (NIE) in collaboration with school teachers to facilitate the low
attainers in learning mathematics. The first project was an action research proposed
by a school to facilitate the mathematics learning of students from the Normal (Aca-
demic) stream through the use of cooperative learning strategies. The researchers
proposed a framework of cooperative learning that was trialled in their school set-
ting. The second project was another research project initiated by researchers from
NIE on using comics and storytelling in teaching mathematics in the Normal (Tech-
nical) stream. The study shows that there was an overall positive impact of this
approach on students’ motivation in learning mathematics and their performance
in mathematics achievement test. In the third project, another team of researchers
fromNIE attempting to use the Concrete–Pictorial–Abstract heuristic to helpNormal
(Academic) students learn mathematics by assisting them to make abstract algebra
meaningful and manageable. This chapter concludes with describing the projected
initiated by theMinistry of Education at the national level on building teacher capac-
ity to facilitate learning of mathematics among the low attainers in mathematics.
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13.1 Introduction

Despite the fact that Singapore mathematics education has received much attention
from educators throughout the world, there was a concern among the policy makers
in the Singapore Ministry of Education (MOE) and the school leaders about the
significantly large proportion of Singapore students who are not performing well in
mathematics. This concern is not surprising as mathematics is a core subject in the
Singapore primary and secondary mathematics curriculum. As Kaur et al. (2012)
aptly put it, “failure in mathematics due to factors that may be controlled would be
unjust for the [students]” (p. 2).

This chapter reports the various efforts taken by the MOE, mathematics educa-
tors and researchers from the Singapore National Institute of Education (NIE) in
addressing the learning needs of the low-performing students (or “low attainers”)
in mathematics. These efforts are crucial and in fact should begin early in students’
career as data (such as the TIMSS 2003 data for the USA) have shown that students
who fail at a lower grade will very likely fail at subsequent grades if no intervention
has been taken.

13.2 Who Are the Low Attainers?

We first begin with defining and explicating the choice of the term “low attainer”
that is used throughout this paper. Early researchers used the term “low attainers” to
describe those students who fall into the bottom 20% of mathematics attainment in
their age group in national examinations (e.g. Denvir et al. 1982). Haylock (1991)
used the term “low attainers” to define students who attain very much less in mathe-
matics when compared to their contemporaries. In this chapter, we choose the words
“low attainer” over several other terms like “slow learners”, “at-risk students”, “spe-
cial needs students” and so on, to describe this group of students at the various
levels. As in Kaur et al. (2012), we adopt the use of the term “low attainer” is a
purely descriptive term and does not make any judgement about the reasons for the
students’ low attainment in mathematics.

Teaching low attainers has always been a challenging task faced by school teach-
ers. Low attainers generally show little interest in the various academic subjects. They
are usually not mentally focused in the classrooms, tend to be restless in classes and
have relatively short attention span (Lui et al. 2009).

What are the reasons that low attainers behave in this manner in the classrooms?
Many educators have argued that low attainers are what they are because there is a
misfit between their needs and the existing educational programmes; they generally
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need educational programmes which are more skill-based than theory-based. Most
teachers, based on their classroom experience and anecdotes, generally associate low
attainers with kinaesthetic learners. In Dunne et al. (2007), a senior member of a high
school commented that:

…A lot of the low-ability pupils are very kinaesthetic and they just can’t sit still and that’s
why they are low-ability pupils. They just don’t work like this (p. 62)

Educators and researchers also recognized that many of them are kinaesthetic
learners rather than visual or audio learners (Amir and Subramaniam 2007; Rayneri
et al. 2003). Empirical studies such as that by Shahrill et al. (2013) concluded that
the learning style of students of lower mathematical ability tends to be kinaesthetic.
However, educational programmes worldwide have evolved into one that is more
theory-based than skill-based, and most of the instructional programmes tend to
focus on students who are visual and audio learners (Glass 2003). This has put the
lower-attaining students at a disadvantage. It is thus not surprising that low attainers
generally do not show interest in the academic subjects or are perceived as lack of
competence in these subjects.

In the situation of Singapore, a study conducted by a group of researchers from
the Singapore NIE on low attainers in primary four mathematics (Chang et al. 2010;
Kaur and Ghani 2012) reported that there was a mismatch between how pupils
think they best learn mathematics and how teachers teach them mathematics. Most
students in the study preferred to be engaged in group activity during mathematics
lessons and believed that the use of computers would help them learn mathematics
better. However, the instructional method adopted by the teachers wasmainly teacher
demonstration, seatwork and review of pupil work. The study recommended that
teachers provide pupils with opportunities to talk and clarify their thinking as well
as motivate pupils to ask questions and freely share with others their thoughts. This
could offer a further clue on the lack of good behaviour of low attainers in the
classrooms.

13.2.1 Characteristics of Low Attainers of Mathematics

Education literature abounds with elaborate descriptions of the characteristics of low
attainers. Much research has been conducted on identifying the characteristics of low
attainers in mathematics. Generally, these characteristics can be broadly classified
under three broad categories:

1. Cognitive and metacognitive factors: The low attainers generally lack metacog-
nitive strategies (Cardlle-Elawar 1995; Kruteskii, 1976; Mercer and Mercer
2005; Verschaffel and De Corte 1995). Most of them suffer “cognitive overload”
and tend to have short-lived memory for mathematical procedures (Keijzer and
Terwei 2004; Mercer and Mercer 2005). Also, they lack the ability to apply
the appropriate heuristics for different situations (Nelissen and Tomic 1998;
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Verschaffel and De Corte 1995) or to apply domain-specific knowledge flexibly
(Kraemer 2000). Not only that, they lack appropriate background/prerequisite
knowledge (Mercer and Mercer 2005). They also have difficulties in using more
sophisticated representations such that schemata and models or in considering
numbers as formal objects (Karsenty et al. 2007; Kraemer and Janssen 2000).

2. Affective factors: Low attainers in mathematics usually show negative attitude
towards learning mathematics. Some signs of negative attitude include feelings
of fear, stress, anxiety and resentment towards mathematics (Haylock 1991;
Karsenty 2010; Mercer and Mercer 2005; Lehr and Harris 1988). In addition,
they have low motivation and academic self-concept (Fong et al. 2012; Karsenty
2010; Mercer and Mercer 2005).

3. Social factor: Many of the low attainers have social problems and lack social
skills. Many of these problems of the low attainers can be attributed to their
family background or immediate environment (Haylock 1991; Lehr and Harris
1988). However, this crosses into the boundary of social work and psychology
and is beyond the scope of this chapter. We shall not discuss this here.

This chapter next discusses how low attainers are recognized early in the students’
career and how they are integrated into the school system. The discussion will be
based on the perspective from the objective of the Singapore education system. We
shall next discuss the various efforts that were undertaken by the variousmathematics
educators and researchers in identifying and addressing the learning needs of the
low attainers in the Singapore school system, and a nationwide effort to facilitate the
learning of the low attainers by the Singapore Ministry of Education.

13.3 The New Education System—An Ability-Driven
System

Singapore, with its unique historical and geopolitical factors, has seen several phases
of development since its independence in 1965. Without any natural resources of her
own since her independence, the nation, under the visionary leadership of the first
PrimeMinisterMrLeeKuanYewandhis likeminded cabinet at that time, placedgreat
emphasis on developing her human resource. Thus, the education of the population
was the main priority at that point of consideration. Mr. Lee Kuan Yew stressed that
the “simple objective” of education is to “educate a child to bring out his greatest
potential so that he will grow into a good man and a useful citizen” (Lee 1979).

In the phase of education development in 1979, the Singapore Ministry of Educa-
tion’s Study Team led by the then Minister of Education Dr. Goh Keng Swee (Goh
and The Study Team 1979) identified that one of the key weaknesses of the education
system at that time was the high education wastage. A high proportion of the popula-
tion did not receive theminimumnumber of years of secondary education. This led to
the low literacy level in the country (Goh and The Study Team 1979). With the New
Education System (NES) introduced in Singapore in 1979, an education that was
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ability-driven was implemented. Instead of having a common core curriculum for
all students, in which students’ various capabilities was not taken into consideration,
streaming was introduced. This allowed students of various capabilities to progress
at a pace that was suitable for them. All students had the opportunity to complete
the minimum number of years of schooling in order to acquire basic literacy and
numeracy.

At this phase of the NES, ability-based streaming of students was carried out at
primary three into Foundation andNormal programme and at the secondary one level
into Express/Special andNormal. Subsequently, several fine-tuning of streamingwas
done. In 1991, the streaming at primary three level was adjusted to primary four. In
1994, the Normal Stream at the secondary level was further divided into Normal
(Academic) and Normal (Technical), paying particular attention to students in the
Normal Stream who are more inclined to technical education.

As a consequence of this process of streaming, students from the Foundation
programme at the primary level and the Normal (Technical) stream at the secondary
level tended to be labelled as “low attainers”. Readers are cautioned that labelling
students from these streams as “lowattainers” is incorrect (although itmaybe true that
a significant proportion of students from the Foundation and the Normal (Technical)
streams are less academically inclined). For example, some students in the Normal
(Technical) stream could be proficient in mathematics but less inclined to most other
academic subjects. In this chapter, we recognize that interventions that were carried
out to assist low attainers in mathematics were usually divided according to the
streams they were assigned.

Readers should note that streaming in the Singapore school system is not static.
Recognizing that the stage of student development varies with individual, channel
is available for students to be transferred from one stream (especially those who are
classified as “low attainers”) to another if they prove to be capable to manage the
challenges required in the latter stream.

13.3.1 Identification and Support for Low-Attaining Group
of Students

Even before the level of streaming at primary four, efforts are made by MOE to
identify low-attaining groups of students, so that additional support can be pro-
vided to facilitate their learning. In primary one and primary two schools, identify
low-attaining students with the help of school-based School Readiness Test (SRT),
school-based entry/diagnostic tests and performance of students in semestral assess-
ment. Schools adopt varying strategies to support these students in their learning.
Two strategies adopted by schools are banding based on either the students’ overall
performance or their performance in the core subjects (English and Mathematics)
and placement in the Learning Support Programme where teachers work either with
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Table 13.1 TIMSS 2007
Grade 4 mathematics mean
scores

Country Rank TIMSS 2007
Grade 4 mathematics mean
scores of pupils up to the nth
percentiles

n 5th 10th 15th 20th 25th

Hong Kong 1 462 488 503 514 524

Singapore 2 408 440 461 477 490

Chinese Taipei 3 427 453 469 481 490

Japan 4 404 432 449 463 474

individual students or a small group of them for the subject they are identified as low
attaining.

In the next two sections, we shall report on two studies targeted to obtain a better
understanding of low attainers in mathematics: the first is an exploratory study at the
primary level, and the second is a survey on the teachers teachingNormal (Technical)
mathematics at the secondary level.

13.4 Exploratory Study One: Low Attainers in Primary
Mathematics (LAPM)

Although Singapore students in general topped the various international comparative
studies in mathematics (TIMSS and PISA), the findings from 2007 TIMSS on the
performance of low attainers, as shown in Table 13.1, indicate that the lowest per-
forming students were not performing as well as their counterparts in several other
Asian countries.

Table 13.1 shows the mean score in the mathematics section of Grade 4 students
from four Asian countries (Hong Kong, Singapore, Chinese Taipei and Japan) in
2007 TIMSS according to the various nth percentile levels (n � 5, 10, 15, 20, 25).
The table shows that the lowest achieving students at the nth percentile (5, 10, 15, 20,
25) are not performing as well as several other countries (HongKong, Chinese Taipei
and Japan), which are on par with Singapore in the overall student performance in
2007 TIMSS.

This concern among the policymakers in theMinistry of Education and the school
leaders about the high proportion of low attainers in mathematics at the primary
schools led to the conceptualization of a research project involving an exploratory
study named “Low Attainers in Primary Mathematics” (LAPM). The project, which
was initiated by researchers in the Singapore NIE and supported by the MOE, was
conducted on low attainers in mathematics at the primary level.

In particular, LAPM aims to identify (1) how schools and teachers motivate and
inspire low attainers in primarymathematics to learn the subject; and (2) how schools
and teachers address the diverse learning needs of low attainers in primary mathe-



13 Low Attainers and Learning of Mathematics 293

matics. The project also serves to determine the characteristics of low attainers in
mathematics in their relation to (3) their school (e.g. behaviour during class, absen-
teeism, interactions with peers); (4) their home (e.g. home support, resources, envi-
ronment) and (5) their experiences of learning mathematics. We shall next present a
brief summary of the findings of the LAPM under five main subcategories:

13.4.1 How Teachers Motivate Low Attainers in Mathematics
at the Primary Level

The result of LAPM shows that primary school mathematics teachers used a variety
of strategies to motivate and inspire low-attaining students in mathematics. The
teachers modified the existing teaching packages by chunking up the resources in
each teaching unit into small chunks, and to teach the students using their modified
package in smaller groups. In addition, teachers also used various forms of activity-
based learnings, such as the use of pictures, games, songs and manipulatives, in
their mathematics lessons. Technology was also harnessed during lessons to enhance
the students’ learning. Regarding the general educational psychological principle,
teachers also used games and quizzes, words of encouragement and extrinsic rewards
to motivate and inspire the low attainers.

13.4.2 How Schools and Teachers Address the Learning
Needs of Low Attainers

According to the study, the teachers strongly believed that large class sizes, the
nature of the mathematics curriculum, time constraint and the mode of assessment
are the main hurdles in addressing the learning needs of low attainers. All the schools
addressed the above hurdles by engaging additional staff (the provision of either allied
educators or adjunct teachers) and provided supplementary and remedial lessons for
their students.

The teachers also gave three main recommendations in assisting them to further
address the needs of low attainers:

1. They should be provided with teacher professional development programme
which specifically address the learning needs of low attainers, in addition to
the general student population.

2. Enrichment programme should be provided to the low attainers.
3. More curriculum time should be allocated for core subjects (in particular, math-

ematics).
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Table 13.2 Performance of
390 low-attaining students in
mathematics content tests

Test Max. score
possible

Mean Standard
deviation

Whole
numbers
(concept)

30 17.1 4.49

Whole
numbers
(operations)

29 22.1 3.98

Whole
numbers
(word
problems)

9 3.52 2.45

Fractions 29 13.71 6.98

Measurement 21 10.14 3.69

Measurement
(word
problems)

8 3.20 2.05

Geometry 10 6.34 2.16

Data analysis 10 6.37 2.55

13.4.3 Low Attainers’ Mastery of Primary Three
Mathematics Content

One key research area of LAPM involves examining the performance of 390 primary
four low attainers in a test with various strands in the primary school mathematics
curriculum. It shows that their poor performance in mathematics was also interfered
by their language ability and the psychological hurdle of perpetual failure in math-
ematics. Table 13.2 shows the mean and standard deviation of the students in these
tests.

A full description of the pupils’ performance in the individual items is described
in greater detail by Koay et al. (2012), which will not be elaborated here.

It is clear from Table 13.2 that the students performed best in items related to
concept and operations involving whole numbers and worst in word problems on
whole numbers and measurement. Koay et al. (2012) attributed this to their poor
reading ability. Sufficiently, competent language ability is necessary in understanding
and solving word problems. They suggested the strategy of using visual imagery
to solve the word problems by engaging by the bar model method and classroom
instruction to address these deficits among the low attainers.

It was encouraging that Koay et al. (2012) asserted that most low attainers had
the capability to learn. However, perpetual failure in mathematics created a major
obstacle along their journey of mathematics education. It was recommended that
classroom teachers refine their instructional approach and set achievable learning
goals and suitable assessment tasks for this group of pupils.
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13.4.4 Characteristics of Low Attainers in Relation
to the Schools

With regard to the general characteristics of low attainers, it was found from LAPM
that the majority of the low attainers (70%) were seldom or never attentive in class
while the teachers were teaching. Few students (15%) sought help from the teachers
when in doubt. As they were not attentive and did not seek help from their teachers,
less than half of the students (about 39.6%) were able to submit classwork on time.

In relation to their learning of mathematics, the majority of the pupils appreciated
the importance (about 88.9%) and usefulness (65%) of mathematics to their daily
life. Although the vast majority of the pupils (about 89.6%) believed that they could
perform better in mathematics, approximately half of them (54%) believed that they
were not good in mathematics. The learning of mathematics aroused a diverse range
of emotions from feeling of happiness, dislike, anger, confusion, stress and anxiety
to boredom among this group of low-attaining pupils.

Although approximately half of the pupils had parents with secondary (45.3%)
and tertiary (8%) education, about one-third of the pupils (28.8%) reported that their
parents did not check their mathematics work at home.

13.5 Exploratory Study Two—Teaching and Learning
Mathematics at the Normal (Technical) Stream
in the Secondary Level

Students from the Normal (Technical) stream at the secondary level are believed
to be relatively less inclined towards mathematics. In an effort to understand the
perception of teachers teachingNormal (Technical)mathematics about their students,
and the strategies they had adopted to help their students better learn mathematics,
an exploratory study was carried out by Toh and Lui in 2013. This took place during
a teacher professional development workshop that was concurrent with the book
launch of one new secondarymathematics textbook series for theNormal (Technical)
students for use from 2014 onwards. The findings of this exploratory study were
reported in Toh and Lui (2014).

During this survey, the participating teachers were asked to discuss if it was a
challenge to teachNormal (Technical)mathematics and to answer three key questions
about their

(1) Perception of the reasons of their students’ lack of interest in mathematics;
(2) Perception of the reasons for their students’ learning difficulties inmathematics;
(3) Strategies and resources that they had used to help their students learn mathe-

matics.
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All the teachers’ answers were affirmative to the fact that it was a challenge to
teach Normal (Technical) students mathematics. The breakdown of the answers to
the above three key questions is presented below.

13.5.1 Teachers’ Perception of the Reasons of Their
Students’ Lack of Interest in Mathematics

The reasons provided by the teachers for this question in the survey can be broadly
classified under two main categories: (1) cognitive and (2) affective factors.

(1) Cognitive factors

The main reason that students lacked interest in mathematics was that mathematics
was difficult for many of them, and not relevant to daily life.

(2) Affective/psychological factors

Mathematics was boring for these students. Not only that, many of these students
had never experienced success in mathematics before, as they rarely passed mathe-
matics when they were in primary school.

13.5.2 Teachers’ Perception of the Reasons of Their
Students’ Difficulty in Mathematics

The reasons provided by the teachers on their perception of the reasons of their
students’ difficulty in mathematics can be classified under two main categories: (1)
cognitive and (2) affective factors.

(1) Cognitive factors

Most of the teachers responded that their students had poormathematics and language
foundation, which led them to being unable to understand themathematics problems.
Not only that, the students were easily confused by mathematics problems which
involvemultiple steps. In addition, the students’ style of learning is through numerous
and a wide variety of worked examples in order to acquire various mathematical
concepts. Several teachers also reflected that the low attainers experienced much
difficulty memorizing the various mathematical formulae. It was also reported in the
survey that many of these students lacked the perseverance in solving mathematics
problems.

(2) Affective/psychological factors

Two key factors cited were that the students were generally not interested in mathe-
matics, and they generally had short attention span. The students’ negative attitude
towards the subject, manifested by a lack of interest, and short attention span in the
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classroom could easily lead to disruptive behaviour during the lesson. This further
led them to dislike mathematics even more.

13.5.3 Teachers’ Use of Strategies and Resources to Help
Their Students Learn Mathematics

The numerous responses provided by the teachers for this item in the survey can be
broadly classified under six main categories:

(1) Use of manipulatives (including standard manipulative proposed by MOE and
others);

(2) Information and communications technology (online learning platforms, con-
tent websites and mathematical tools);

(3) Media (newspaper cuttings, existing video clips from YouTube and other
resources);

(4) Modification of standard pedagogical practices (managing the pace of lesson,
peer coaching, individual explanation of mathematical concepts, use of appro-
priate language, relate mathematics to everyday life);

(5) Psychology (building up students’ confidence inmathematics by providing them
with small opportunities of success in the process of learning mathematics);

(6) Alternative pedagogy (use of storytelling, cartoons with humours, games and
quizzes).

This preliminary survey (Toh and Lui 2014) clearly indicates that teachers were
already engaging their students using a variety of strategies, both utilizing the teach-
ing material available and adopting and adapting existing material outside the tra-
ditional teaching resource. It was encouraging to the researchers that many of these
strategies, other than the standard manipulatives and teaching approaches proposed
by the MOE, were the creative invention or adaptation made by the teachers in
addressing the learning needs of their students.

Teachers were clearly aware of the learning difficulties and the lack of interest
in mathematics among the low attainers in mathematics in the Normal (Technical)
stream. The teachers had devised their own intervention of addressing their students’
learning difficulties and lack of interest in the subject. Their intervention strategies
can also be broadly classified broadly under two broad categories: (1) that of address-
ing students’ learning difficulties in the subject and (2) that of addressing students’
motivation and self-esteem.

In addition to the exploratory studies in understanding the teaching and learn-
ing of mathematics among the low attainers, a variety of intervention studies were
also conducted by researchers and mathematics educators to address the teaching
needs of teachers and the learning needs of students. These interventions include
pedagogical approaches that attempt to build up students’ interest in the subject and
also approaches that attempt to help students learn mathematics better by unpacking
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the abstractness of mathematics. The next sections shall introduce several of these
intervention programmes.

13.6 Rethinking Cooperative Learning Strategies
in the Mathematics Classroom

This section reports on a study that was conducted on the learning of mathematics
among low attainers by introducing cooperative learning strategies into the math-
ematics classroom. Mathematics teachers from one mainstream secondary school,
in consultation with a team of researchers from NIE, engaged in an action research
project on studying the impact of infusing cooperative learning strategies in the
Normal (Academic) and Normal (Technical) classrooms.

Earlier, a team of researchers led by Lui (reported in Lui 2003; Lui et al. 2005)
conducted a research in Singapore schools in validating an instrument of measur-
ing students’ academic self-concept and motivation in the Singapore schools, using
mathematics as a context. This collaboration between NIE and schools sparkled the
interest of one mainstream secondary school to embark on the action research on
introducing cooperative learning strategies into the mathematics classroom. Accord-
ing to Lui et al. (2009), the teachers were keen in helping their students “who [were]
weak in mathematics” by using incorporating cooperative learning strategies in the
lower secondary mathematics classrooms. The study was conducted with the objec-
tive to empower the low attainers in learning mathematics.

The theoretical background of this action research was Vygotsky’s (1982) theory
of social constructivism. According to Vygotsky (1982), students learn best in group
activities, and greater opportunity for such interactions will widen the zone of prox-
imal development for the students. According to Burns (1990), social interaction is
one key factor in learning mathematics. Greater opportunity for interaction of stu-
dents with their peers, parents and teachers will allow them to have more exposure
to a more variety of viewpoints, thereby stimulating them to reflect on their own.

13.6.1 Various Levels of Instructions for Cooperative
Learning

The action research project was divided into two phases, and cooperative learning
activities were conducted for the various mathematical topics for secondary two in
the Normal (Academic) stream.

In the first phase, in consultation with mathematics professors from NIE, the
teachers crafted three activities for three mathematical topics, with differing level
of instructions on cooperation proposed to the students. The lesson objectives of
the three activities were clearly stated. Activity one, which involved work in com-
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puter laboratory in solving a mathematics task, did not contain explicit instructions
for students to work cooperatively. During the lesson, the teachers encouraged the
students to work in pair. Activity two contained explicit instructions for students to
work cooperatively. The teachers gave the students explicit instructions on how they
could do cooperative learning to complete the task. In addition to clear instruction
for cooperative learning in activity three, the proposed group interaction was also
structured to ensure the accountability of each group member towards the comple-
tion of the task. The content of the three activities crafted for the study was checked
by mathematics educators from NIE to ensure that it was mathematically and peda-
gogically sound. The findings for the first phase were used to better plan and refine
cooperative learning activities for the second phase.

Findings from the first phase

In activity one, the students did not exhibit much interaction with their partners even
though they were verbally encouraged to do so by their teacher. The students had
not learnt from their partners nor taught their partners during the interaction. Not
only that, most of the students indicated that they had a low level of confidence in
completing the task. Thus, the presence of the mere physical infrastructure (in this
case, the classroom arrangement being conducive for group interaction) and teacher
encouragement is insufficient to ensure students working collaboratively. In order to
encourage cooperative learning among students, teachers must provide a clear set
of instructions on how to work cooperatively. In addition, teachers should create a
spirit of cooperation among the students and make them accountable for the task to
be completed.

In activity two, explicit instructions were given to students to work in groups, and
the teachers also briefed the students on how to work cooperatively. In this activity,
student cooperation and discussion were observed. Furthermore, the students were
able to state at least one thing they had learnt from or taught their partners. There
was a higher rating on student confidence in completing the task in this activity.
However, it was observed that little learning took place among the pairs who were
both mathematically weak. Also, the students lost focus when they continued to
work in pairs for a long period of time, as students, in particular, the low attainers,
generally had short attention span. This taught the teacher researchers the lesson
that in executing cooperative learning, the grouping or pairing of students based on
their capacity was crucial in order to ensure that learning took place. The tasks for
cooperative learning must be designed in a way that it is engaging, and not an unduly
lengthy task that demands too much time in view of students’ short attention span.

In activity three, in addition to the explicit instructions and teacher briefing, the
students were divided into groups of four. The students were given clear briefing on
the importance of cooperation, the tasks to be completed and the allocation of the
scores for the activity. This activity was conducted in an open area in school. The
students were clearly aware of the task that they had to complete and the demand
of the task. However, the teachers faced greater difficulty in managing the students
in open area compared to conducting lessons in the usual classroom. Moreover, in
groups of four, there was evidence of some students leaving most of the work to their
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Fig. 13.1 A cooperative learning framework (Lui et al. 2009)

peers and completing minimal work themselves. This appears to point to a higher
chance for successful implementation of cooperative learning in pair work rather
than in bigger group.

The findings from the first phase provided the researchers with greater under-
standing of implementing cooperative learning in the second phase.

Implementation of cooperative learning in the second phase

With the learningpoints in thefirst phase taken into consideration, the implementation
of cooperative learning in second phase incorporated the following arrangement:

• Listing clearly and enforcing class rules;
• Partnering of students of different mathematical abilities;
• Developing a spirit of cooperation in class by constantly encouraging peer tutoring;
• Prompting students to use cooperative skills when offering or asking for help.

The implementation in the second phase involved using cooperative learning
strategies for four mathematical activities that were designed by the same team
of school teachers, and endorsed by the mathematics professors from the NIE. The
activities covered four different subtopics from the secondary two mathematics cur-
riculum.
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After the implementation in the second phase, most of the students (about 80%)
indicated that they had been able to learn and help one another using cooperative
skills. They showed a high degree of positive interdependence, and there was clear
evidence of peer tutoring among the students.

Based on the findings of this research project, the researchers proposed a coop-
erative learning framework that posits the implementation of cooperative learning
through the dependence of two main factors: (1) teacher and (2) support structures
(Fig. 13.1).

13.7 Contextualizing Mathematics and Comics in Teaching
and Learning Mathematics

In the survey conducted by Toh and Lui (2014) described in 12.5, it was seen that
there was sporadic effort among the mathematics teachers in using creative teaching
strategies to help their students in learning mathematics. For example, they were
already using strategies like storytelling and cartoons in teaching mathematics for
the low attainers in the Normal (Technical) mathematics classroom. However, it
seemed that there was a lack of concerted effort among teachers to explore how these
alternative approaches could be used for mathematics instructions. In 2014, a team
of researchers from the Singapore NIE initiated a research project with the objec-
tive of studying (1) the feasibility of using comics and storytelling for mathematics
instruction and (2) the impact on the students’ motivation, academic self-concept
and performance in mathematics achievement test of using comics and storytelling
as a mode of instruction.

Although the idea of using comics in the teaching of mathematics was not entirely
new [as the survey in 2013 reported in Toh andLui (2014)], thismarked the beginning
of an organized concerted effort headed by researchers in collaboration with teachers
from the Singapore school in designing teaching units of secondary one mathematics
using the comics and storytelling approach.

Even before the survey in 2013 was carried out by Toh and Lui (2014), Toh (2009)
discussed the possibility of using cartoons and comics in teaching mathematics to
the less-motivated students. It was argued in the paper that comics not only has the
potential to motivate students to yearn to learn mathematics, but it could be useful in
teaching abstract concepts in mathematics. Several examples on how comics could
be used to expound the various abstract algebra concepts were detailed in the paper.
Subsequently, this idea was adopted by a series of textbook for Normal (Technical)
stream that was launched in 2014 and adopted in the Singapore schools.

In this research project led by Toh et al. (2017), the researchers designed comics
teaching packages for selected secondary one mathematics unit in the Normal (Tech-
nical) mathematics curriculum. The package for each unit was complete in both the
content coverage and practice questions accompanying the comics. In other words,
the package that was developed was used as a “replacement unit” for the existing
curriculum resource. The comics package for each unit was offered in both hardcopy
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versions and online versions for which schools were given the option to select. The
characteristics of the two versions and the feedback provided by the teachers after
the first cycle of implementation are described below.

Hardcopy version: This version of the comics package was offered in the form
of printed worksheets that consisted of both the comic strips and the accompanying
practice questions. During each mathematics lesson, the teacher would give up each
set of comics relevant to that particular lesson. In each lesson, teacher would go
through the comic strips and give students sufficient time to attempt solving the
questions. In the feedback provided by the teachers, the hardcopy version had the
advantage in that students were provided with some concrete material to rely on
and to take notes whenever necessary. However, the comics given to students was in
black and white version; the attraction to the comics was reduced compared to the
original design which was fully coloured.

Online version: The same set of comic resources was also made available using
the online platform (a sample comic strip with the accompanying practice questions
can be found in http://math.nie.edu.sg/magical). The differences of the online version
from the hardcopy version are that

1. The former is in full-colour formwhich was designed such that it was compatible
with iPad and mobile, and that students were able to swipe the comics across
their mobile or iPad in the same way that they read e-comics.

2. The accompanying practice questions in the online version provide immediate
feedback to the students’ response. Not only that, the package was designed in
such a way that the teachers could keep track of their students’ responses for any
particular practice question.

In addition, the researchers tapped on the affordance of the online comics version
and randomize the practice questions each time a different question appeared at
different logging in. However, the feedback provided by the teachers was that, as the
questions were randomized each time, the teacher was unable to identify a common
question to discuss during the classroom instruction, and this led to amessy situation.

The participating teachers covered the entire unit using the comics package. The
researchers provided proposed lesson plans that accompanied each set of comics. The
teachers executing the lesson were given ideas on the stories to tell at each juncture of
the comics and the plausible activities to engage their students during themathematics
lessons. The teachers were also given the liberty to tweak the package according to
the needs of the students at various junctures, although they were reminded that the
whole research was to study the impact of comics on student motivation and learning
of mathematics.

To assist the researchers to better understandwhat happened in the comics lessons,
in particular, how teachers tweaked the package or adapted the proposed lesson plans
during the actual lesson implementation, all the comics lessons were video-recorded
and analysed by the researchers.

After each cycle of implementation, the researchers discussed with the participat-
ing teachers. The latter’s feedback of the teaching package provided the researchers
ideas on how best to fine-tune the existing package for subsequent implementation

http://math.nie.edu.sg/magical
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within the school. Through this cycle of design, fine-tuning and even redesigning,
the comics lesson package that had been designed was customized to the needs of
the individual schools.

In the preliminary interview conducted by the Straits Times (Teng 2016, May
30), one teacher from a participating school reported that it was quite challenging
to engage his Normal (Technical) students in the mathematics classes. With the use
of comics, he could see that there was greater engagement from his students during
the lesson. Also, more two-way communication between teacher and students on
mathematics started to surface during his mathematics lessons. More importantly,
for the unit that he taught using comics, his students performed better in the school
assessment compared with the other topics that were taught by the usual textbook
resource.

13.7.1 Twenty-First-Century Competencies

Using the twenty-first-century competency framework developed by the MOE, Toh
et al. (2017) reported from a preliminary analysis of the video recordings of the
comics lessons taught by one team of teachers in one research school. It was inter-
esting to the researchers to notice that, in the process of unpacking the teachers’ use
of the comics package in teaching mathematics, the teachers (both consciously and
subconsciously) attempted to develop in their students other competencies, skills and
values in their lesson delivery using the comics package. For example, the teachers
rode on the affordance of the comic strips in several instances to facilitate their stu-
dents to extract information from the visual cues of the comic strips, thereby making
sense of the social context provided by the story. This contributed to raising students’
social awareness in the lesson delivery of lessons.

In another instance, in a set of comics on the statistics unit for secondary one
students, the scene was a typical office setting but the context was not explicitly
stated. The teachers made the effort to engage their students to offer a possible
interpretation of the context of the comics on the process of carrying out a survey,
thereby making the process of data collection and tabulation in statistics sensible to
the students. Another point noteworthy to mention is that the teachers went the extra
mile to engage their students in communication and collaborative work through the
use of comics. Therewere also instances inwhich one participating teacher attempted
to instil in her students the idea of civic literacy and global awareness (two important
attributes of the twenty-first-century competency framework) within the lessons.

13.7.2 Students’ Perception of the Comics

Toh et al. (2017) reported on several interviews with the students on their perception
of the use of comics in classroom lessons. The students found the comics lessons
much more interesting, compared to the regular mathematics lessons. The students
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described the usual mathematics lessons as “quite boring”. Not only that, one student
highlighted that the comics lessons had provided themwith an opportunity to discuss
mathematics in the context of the real world with his friends. In this sense, the comics
had also contributed to facilitate the students in communicating their ideas, and this
translates to developing them into active contributor who can communicate and work
in teams.

Through regularly being engaged in interpreting plausible contexts of the comics,
the students became more confident in dealing with mathematics in the real-world
context. The students were also engaged in role-play during the comics lessons. They
developed a better understanding of different perspectives, and a stronger sense of
right and wrong, and being discerning in making judgement.

It was also highlighted in the student interview that the context provided by the
comics provided the platforms for them to alter the problems in the original comic
strips thereby solving more problems that were created by the students.

Another pleasant surprise to the researchers in the interview with the students
was the interview with one student who identified himself as dyslexic. He reflected
that he had recognized the importance of mathematics in the real world, although
mathematics was a very difficult subject for him. He asserted that he had a positive
change in attitude of the student due to the use of comics for mathematics instruction.
The student claimed that at first he was neither good nor confident in mathematics.
However, the comics got him excited about mathematics. Consequently, he started to
read and re-read the comics repeatedly and revised the relatedmathematics regularly.
This constant engagement with comics reading made him develop further interest
in mathematics. He claimed that due to being dyslexic, he had difficulty reading
mathematics, and each time in attempting to understand a problem, he had to “read a
lot of times”. As the comics teaching package was presented with colourful pictures
and cartoons, it became easier for him to understand the problem and it helped him
learn mathematics better.

At the time this chapter was written, the research was still going on in several Sin-
gapore secondary schools. The researchers will report more findings on this research
sometime in the future.

13.8 Concrete–Pictorial–Abstract Approach
in Mathematics Instruction

Algebra presents much difficulty to many students, especially low attainers in mathe-
matics. The difficulty can be attributed to two plausible reasons: (1) the students have
poor foundation and might not have met the prerequisite knowledge necessary for
the learning of algebra; (2) much of the learning emphasized in schools is based on
rote learning rather on facilitating students to make sense of the abstract mathematics
(Quek et al. 2016).
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Fig. 13.2 Using AlgeDiscsTM (left) and algebra tiles (right) in factorizing x2 + 3x + 2

The Concrete–Pictorial–Abstract (CPA) approach of teaching mathematics has
been highlighted as one of the key instructional strategies in the Singapore mathe-
matics curriculum since its introduction in the 1980s. This is an adaptation of the
“enactive–iconic–symbolic” modes of representation first proposed by Bruner in
1966 in his book Toward a Theory of Instructions. Leong et al. (2015) provided a
survey of the origin of CPA approach used in Singapore in relation to the original
proposed idea of Bruner (1966).

According to the Singapore MOE, CPA approach is an activity-based approach
of learning mathematics by doing.

Students engage in activities to explore and learn mathematical concepts and skills …. They
could use manipulatives or other resources to construct meanings and understandings. From
concrete manipulatives and experiences, students are guided to uncover abstract mathe-
matical concepts or results. … During the activity, students communicate and share their
understanding using concrete and pictorial representations. The role of the teacher is that
of a facilitator who guides students through the concrete, pictorial and abstract levels of
understanding by providing appropriate scaffolding and feedback (MOE 2012, p. 23)

In aligning to CPA as an instructional approach recommended for mathematics
instructions, manipulatives have been used in the Singapore mathematics classrooms
to make students learn abstract mathematics more sensibly and meaningfully. Two
types of manipulatives, the AlgeDiscTM and algebra tiles, were introduced into the
Singapore secondary mathematics curriculum as an attempt to help students to “con-
cretise” the otherwise abstract algebra in the teaching and learning processes.

For example, instead of getting students to memorize the procedure of algebraic
factorization and completing squares, concrete manipulatives were introduced in
the classroom to help students make sense of these and other algebraic processes
(Fig. 13.2).

The AlgeDiscTM has the advantage of explicit labelling of the algebraic quantities
(1, −1, x, −x) on the discs. The “negative” of this algebraic/numerical quantity can
be represented by a “flip” of the disc. On the other hand, the alge-tiles has the added
advantage of the geometrical feature of representing each algebraic quantity by the
dimensions and the area of a tile.



306 T. L. Toh and B. Kaur

In adapting the advantages of the algebra discs and algebra tiles, Leong et al.
(2010) developed a hybrid form of manipulative that combines the advantages of
both the AlgeDiscTM and the algebra tiles which was called the AlgeCards.

The AlgeCards involve the use of three types of rectangles (of areas x2, x and
1), which the length of each rectangle could easily be associated with the algebraic
quantity. For example, the rectangle (or square) with area x2 has dimensions x by
x units while the rectangle with area x has dimension x by 1 unit. The flipped side
of the rectangle x represents −x, and so on. Here, we present two of the studies by
Leong et al. (2010), Quek et al. (2016) in their studies on the use of AlgeCards in
teaching and learning school algebra.

13.8.1 Study One: Quadratic Factorization

Leong et al. (2010) discusses how the process of factorization of quadratic expres-
sions by the “trial-and-error” method, which has usually been perceived by students
as a meaningless arbitrary procedure, can be made meaningful for students. The
authors also discuss how the physical use of the manipulative can be meaningfully
translated into realistic heuristics that could be applied during the usual paper-and-
pencil tests.

Leong et al. (2010) describe in great details in how the AlgeCard, which is used
as a scaffolding, can be used to move students from concrete to abstract stage in
performing factorization of quadratic expressions during the two lessons on algebraic
factorization. In this paper, they described their study on the impact of AlgeCard on
the learning of mathematics among Normal (Academic) students from a Singapore
mainstreamschool. They specifically focused on the algebra subtopic on factorization
of quadratic expressions.

In the first lesson, the students were introduced to the use of AlgeCard and rect-
angle diagrams in performing factorization, thereby making sense of the entire oth-
erwise abstract process (factorization of quadratic expressions can be interpreted as
forming rectangles with a total fixed area). This parallel use of concrete manipula-
tive and pictorial representation enabled the students to make greater connection of
the algebraic process with the pictorial interpretation. Both AlgeCard and rectangle
diagrams were used for all the questions in the worksheet in this first lesson.

In the second lesson, the researchers emphasized more on the pictorial represen-
tation using rectangle diagrams and downplayed the use of the concrete AlgeCard. In
addition, more cumbersome quadratic expressions were introduced in the worksheet
to demonstrate the inadequacy of the physical manipulative, although the students
were still allowed to use the AlgeCard and the rectangle diagrams if they chose to do
so. In the last part of the second lesson on quadratic factorization, quadratic expres-
sions with negative coefficients were introduced in the worksheet. This rendered the
use of physical manipulative unnatural.

It was observed that the students were able to respond to this gradual process
of scaffolding and most of them eventually moved away from the use of AlgeCard
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Fig. 13.3 Illustration using AlgeCard on completing squares in x2 + 2x

and resorted to the use of rectangle diagrams and algebraic processes to complete
the factorization. What was noteworthy was that this approach increased the level of
student engagement among those who were originally uninterested in mathematics.

13.8.2 Study Two: Completing the Squares

Quek et al. (2016) extend the legacy of the AlgeCard experience in Leong et al.
(2010) to another Singapore mainstream school to teach the secondary three stu-
dents from the Normal (Academic) stream the process of completing squares in
quadratic expressions. Continuing the line of thought in Leong et al. (2010), the
researchers Quek et al. (2016) attempt to assist students to make sense of the process
of completing squares and to develop in them the skill to perform typical assessment
type items on completing squares. An example provided in Quek et al. (2016) on
completing the squares in x2 + 2x is shown in Fig. 13.3.

They used experiment control approach to test the effect of using the above
approach in teaching completing squares compared to the usual procedural emphasis
taught by most teachers. The class that was taught using the CPA approach with the
use of AlgeCards and another comparable class (that was taught using the usual pro-
cedural approach) were required to sit a test, which consisted of typical examination-
type items about completing squares in quadratic expressions. The result of the test
shows that the experimental group taught using the CPA approach performed signif-
icantly better (with higher mean score and smaller standard deviation) than the class
that served as control.

13.9 Nationwide Teacher Capacity Building for Teachers
Teaching Low Attainers in Mathematics

In recognizing the importance of preparing teachers specifically for low attainers in
mathematics, the Singapore Ministry of Education embarked on a project Improv-
ing Confidence And Numeracy (with the acronym ICAN) to equip her mathematics
teachers’ proficiency in teaching low attainers in mathematics.
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The project ICAN, which started in 2013, targets to assist the low attainers in
mathematics (which is identified as the bottom15%of each cohort) frombothprimary
and secondary schools. The project involves building teachers’ capacity to facilitate
the learning of mathematics among the low attainers in mathematics. The eight
pedagogical principles identified for the teacher building capacity of ICAN are listed
below:

1. Establish the classroom norms—getting students ready for the lesson and setting
expected behaviour.

2. Check and diagnose students’ prerequisite knowledge—to bridge any learning
gaps.

3. Create a motivating environment.
4. Focus on fundamentals—during lesson delivery.
5. Giving direct and explicit instruction.
6. Simplify and scaffold.
7. Provide guided practice/communication—oral explanation and reasoning are

encouraged.
8. Provide individual practice and review.

It is not difficult to observe that the eight principles of ICAN, which serve to help
the low attainers to get the basics right, also serve to address the five dimensions of
problem-solving as represented by the five sides of the Singapore schoolmathematics
framework (Fig. 3.1, Chap. 3). Principle 1 relates to setting a conducive environment
for learning. Principles 2, 4 and 5 address the importance of skills and concepts
dimensions of problem-solving. Principles 7 and 8 address the process of learning
mathematics. Principle 3 stresses on the affective dimension of learning—that of
attitude. Principle 8, that of providing simplification and scaffolding, addresses the
metacognitive dimension of problem-solving.

The support for teachers includes workshops, mentoring, network meetings, ped-
agogical resources and an annual symposium. To build the capacity at the ground
and to sustain ICAN for the longer term, a pool of cluster mathematics mentors from
primary schools and secondary schools are supporting the training and mentoring
effort of teachers and school mathematics mentors at the cluster level. As the work
is still work in progress at the time this chapter is written, we are unable to report
the findings of the project at the current stage.

13.10 Conclusion

This chapter presents the various studies that have been conducted in the Singapore
education context to provide assistance to low attainers in mathematics at the vari-
ous levels. In Singapore, the low attainers are identified early in the early years of
schooling so that additional assistance can be provided to help them learn better. Not
only that, various efforts made by the MOE and the various mathematics education
researchers to facilitate the low attainers learn mathematics better are provided at
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both primary and secondary levels. These additional assistance being offered come in
the various types of pedagogical innovation, which include the domain-specific (e.g.
the use of mathematics manipulatives in the mathematics lessons), and interpretation
and implementation generic pedagogical principles (the use of cooperative learning
strategies), and the use of ideas from pop culture (incorporating the use of comics in
mathematics instruction).

To ensure that these pedagogical innovations were evidence-based, they were
introduced as research projects conducted by the researchers. This chapter provides
a brief report of these studies. Readers are encouraged to read up the original research
papers if they are keen to have amore detailed understanding of each of the innovative
practices to assist the low attainers.

Not only that, these innovative approaches could not have been implemented
in classroom if teachers are not well-prepared. Thus, teacher capacity building has
always been recognized as an important aspect of better assisting the learning of the
low attainers. It is thus not surprising that the MOE embarked on the nationwide
effort to build teacher capacity for teachers working with low attainers.
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Chapter 14
Use of Technology in Mathematics
Education

Wee Leng Ng, Beng Chong Teo, Joseph B. W. Yeo, Weng Kin Ho
and Kok Ming Teo

Abstract This chapter discusses the use of information and communications tech-
nology (ICT) in mathematics education from primary to tertiary level. The focus
is on how ICT has been, or could be used, in enhancing the teaching and learning
of mathematics, particularly in the Singapore context. Four main ICT tools, namely
hand-held technology, dynamic geometry software, computing and programming
tools and e-learning, are examined. Our examination of each tool entails, the why,
what and how of the tool and research on the use of the tool in Singapore schools.
Generally, in the context of the sites of research, there is encouraging positive impact
of the tools on student learning of mathematics.

Keywords Information and communications technology · Hand-held
technology · Graphing calculators · Computer algebra system · Dynamic geometry
software · Computing and programming · E-Learning · Flipped classroom

14.1 Introduction

Most research projects conducted in Singapore in recent years tend to be on the
exploring and designing of ways of using technology for the classrooms, such as the
Singapore Mathematics Assessment and Pedagogy Project (SMAPP) and My Math
Homework PAL. The SMAPP aimed to create technology-mediated mathematics

W. L. Ng (B) · B. C. Teo · J. B. W. Yeo · W. K. Ho · K. M. Teo
National Institute of Education, Singapore, Singapore
e-mail: weeleng.ng@nie.edu.sg

B. C. Teo
e-mail: bengchong.teo@nie.edu.sg

J. B. W. Yeo
e-mail: josephbw.teo@nie.edu.sg

W. K. Ho
e-mail: wengkin.ho@nie.edu.sg

K. M. Teo
e-mail: kokming.teo@nie.edu.sg

© Springer Nature Singapore Pte Ltd. 2019
T. L. Toh et al. (eds.), Mathematics Education in Singapore,
Mathematics Education – An Asian Perspective,
https://doi.org/10.1007/978-981-13-3573-0_14

313

http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-13-3573-0_14&domain=pdf
mailto:weeleng.ng@nie.edu.sg
mailto:bengchong.teo@nie.edu.sg
mailto:josephbw.teo@nie.edu.sg
mailto:wengkin.ho@nie.edu.sg
mailto:kokming.teo@nie.edu.sg
https://doi.org/10.1007/978-981-13-3573-0_14


314 W. L. Ng et al.

problems which are non-routine multi-step investigative tasks to assess secondary
school students’ understanding and applications of mathematical concepts (Fan et al.
2010), while My Math Homework PAL is a project which developed a software
application to assist primary school students to solve mathematics word problems by
providing scaffold and structured steps to identify data, establish facts, derive new
information and write out the solutions (Ministry of Education n.d.).

As technology becomes more pervasive in work and daily living, it is opportune
that we look at the way we teach and learn mathematics, especially in balancing
mathematical thinking and applications into our curriculum. In this chapter, we will
consider ICT tools that are targeting specifically at mathematics as well those that
are for broader use.

To facilitate discussions in this chapter, we classify ICT tools into four categories:
(1) Hand-held Technology; (2) Dynamic Geometry Software; (3) Computing and
Programming Tools; and (4) E-Learning. These are common ICT tools used by
mathematics educators (Becta 2003). The following four sections of this chapter
will be on the aforementioned four categories.

14.2 Hand-Held Technology

We consider hand-helds to be computing or electronic devices that are compact and
portable enough to be held and used in one’s palm. Calculators of different levels of
sophistication, from scientific calculators to graphing calculators (GCs) and those
with computer algebra system (CAS) capabilities, will be given more attention.

In Singapore, scientific calculators have been included into the secondary school
education since 1981, and into the final two years in primary schools since 2009.
At the pre-university level, GCs without CAS capabilities were first permitted in
examinations in 2002 for Further Mathematics. This section provides the details of
these developments and presents the main findings of relevant studies including local
ones.

14.2.1 Use of Hand-Held Technology in Singapore

In the years 2002 through 2006, students who sat for the Further Mathematics papers
in the advanced level (pre-university level) examinations were allowed to use GCs
without a built-in CAS. However, in these examinations the questions were con-
structed in such a way that students who did not use a GC during the examinations
would not be disadvantaged. As Further Mathematics was a subject only taken by
students with aptitude and interest in mathematics, most pre-university students were
not mandated to use GCs.
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14.2.1.1 GC-integrated Curriculum

Following a mathematics curriculum revision in 2006, students could read either
Higher 1 (H1) Mathematics or Higher 2 (H2) Mathematics, where H2 Mathematics
is a subject taken by themajority of pre-university students, while H1Mathematics is
taken by studentswho are lessmathematically inclined. The use ofGCs is required for
both subjects in all assessments including national examinations. The examination
papers are set with the assumption that candidates will have access to GCs and
are proficient in solving problems with the aid of GCs under conditions of a timed
examination.

In particular, students are expected to use the GC to explore properties of graphs,
determine the range of a function from its graph and examine the conditions for the
existence of inverse functions and composite functions. Apart from using the GC
as a graphing tool, students are also expected to know how to use a GC to solve
problems on different topics in the syllabus. For example, students need to learn how
to use a GC to solve inequalities by graphical methods; find a numerical solution of
an equation; carry out addition, subtraction, multiplication and division of complex
numbers; and find the square roots, modulus and argument of a complex number,
etc. Students also need to learn to use the GC to compute probabilities pertaining to
Binomial and Normal distributions.

14.2.1.2 Emphases of the Revised Curriculum

The revised curriculum places greater emphasis, as compared to the curriculum
before 2006, to the development of students’ abilities to conjecture, discover, rea-
son and communicate mathematics with the aid of technological tools. To achieve
this objective, teachers were required to make suitable adjustment to their classroom
practices and pedagogical strategies. For instance, teachers were encouraged to plan
lessons such that the GC would play a key role when students engage in stimu-
lating discussions and activities in which they can explore possibilities and make
connections. Indeed, the use of GCs was intended to be integral to the learning of
mathematics at the advanced level in the revised curriculum.

One other intent of the revised curriculum was that GCs be used in ways which
allow students to learn mathematics in practical and meaningful contexts, using
analytic methods together with graphical and numerical techniques (Kissane et al.
2015). The computational and graphing capabilities of GCs should be used to enable
students to engage in active learning through exploratory work and experiments.
Students could work collaboratively with others, share ideas and discuss their find-
ings. GCs should also be used to extend the range of problems accessible to students
and enable them to execute routine procedures quickly and accurately, to make con-
nections between algebraic and geometric concepts, and to switch swiftly between
numerical, graphical and symbolic representations in mathematical explorations. In
a nutshell, it was intended that the routine tasks be relegated to the GC, allowing
students more time for thinking, reflection and discovery.
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To train the teachers in using the GCs, in-service courses were requested by
the Ministry of Education (MOE) to the Singapore National Institute of Education
(NIE) (Ng 2005). Two books were subsequently written by Ng (2006, 2009) to
provide further support to the teachers. An area of concern at the initial stage of the
implementation stems from the limitations of GCs. For instance, the initial graph
provided by a GC may not display the complete graph, and thus, window settings
may need to be adjusted. To address this concern, sharing sessions and workshops
were conducted during which teachers were alerted to the inherent limitations of
GCs.

14.2.1.3 Looking Back

Based on anecdotal evidence, benefits brought about by the implementation of the
GC-integrated curriculum include allowing teachers access to a wider range of prob-
lems (e.g. non-standard functions and matrices of higher orders); opportunities to
engage students in active learning through exploratorywork and experiments, sharing
ideas, discussing findings and working collaboratively; more time spent on discov-
ery, thinking, reflection and making inferences; learning in meaningful contexts, and
allowing students quick and accurate execution of routine procedures (e.g. calcula-
tions and graphics); connections between algebraic and geometric ideas; and ease of
switching between different representations.

Most teachers are now sufficiently skilled in using the GC and more teachers are
using them in ways that would encourage students to explore mathematics concepts
on their own. However, some teachers still use the GC mainly as a computational
tool and a graphing tool rather than as a pedagogical tool. Furthermore, it is observed
that there is a shift in teachers’ concerns from those which are assessment-related
to those related to student misconceptions or learning difficulties as they realise that
the use of GCs may bring undesirable outcomes if students misuse the GC, and that
conceptual understanding and awareness of the inherent limitations of the GC are
required for the appropriate use of the GC.

Most of the learning difficulties faced or common errors made by students are
due to their superficial level of mathematical content knowledge and the lack of an
analytical habit of the mind as they blindly accept what they see on the GC screen.
Teachers could do more to advise the students against relying too much on GC for
performing simplemathematical tasks that could be done easily by hand, and promote
in-depth thinking with the use of the GC.

In conclusion, to reap more educational benefits from the use of GC, teachers
should use the GC as a pedagogical tool to develop conceptual understanding so that
students use theGCas a learning tool, as opposed to using itmerely as a computational
tool or graphing tool. To help teachers develop new pedagogical skills, professional
development is important and achievable through a systemic approach to planning
pre-service training, in-service training and professional sharing.
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14.2.2 Research and Development (R&D) on Hand-held
Technology

The use of GCs enables mathematics to be taught in a more coherent way by pro-
viding students with the opportunities to connect mathematical concepts within and
between topics by offering a learning environment that enables mathematics to be
experienced through multiple representations (Roschelle and Singleton 2008). As
pointed out by Ng et al. (2009), the pedagogical affordances of the GC have a close
relationship with the improved learning of mathematics. Indeed, students learn more
when the cognitive load is focused on the most important learning challenge, when
linked multiple representations help them to move flexibly from one representation
to another, and when they have more time to focus on the strategic and problem-
solving aspects of mathematics (Ellington 2003) and on conceptual understanding
(Roschelle and Singleton 2008; Ng et al. 2009).

Many studies have demonstrated the benefits of using GCs in mathematics learn-
ing (e.g. Sang 2003; Abu-Naja 2008; Chamblee et al. 2008; Lyublinskaya and Zhou
2008). In addition, GCs have a positive effect on students’ understanding of graphs
and their connection to algebraic representation. Zachariades et al. (2007) proposed
that the GC, which has dynamically linked graphical, numerical and symbolic func-
tions, is an appropriate tool for teaching calculus concepts.

The demand on students’ cognitive and problem-solving abilities in the mathe-
matics curriculum, coupled with the need to harness the advanced functionality that
GCs afford, has led to calls for a change in the way that teachers teach and students
learn mathematics (Goos 2004). Other studies on GCs have examined their use as a
social tool in the classroom. For instance, Nathan and Knuth (2003) noted that learn-
ing mathematics in the classroom can create a community that engages students in
social interaction.

In a local study by Yen (2006), a survey questionnaire was administered to 116
first-year and 94 second-year students in a junior college (JC) where the use of the
GC was more actively promoted. The survey questionnaire consisted of 15 items
with Likert-type responses on a five-point scale. The items were divided into two
main categories: items on cognitive effects and affective effects. The items on cog-
nitive effects were further categorised into items on the supportive toolkit approach
versus the black box approach; and items on the importance of the GC, its effects
on achievement and its role in assessment. For feedback on how the students use the
GC, data were also obtained from a school-based test. For the analysis of the survey
and test data, the students were grouped into three groups: frequent users, infrequent
users and non-users based on their reported frequency of use of the GC. Further-
more, five first-year and five second-year students were also interviewed to obtain
some qualitative feedback on their attitudes towards the use of GCs, their usage of
the GC and the difficulties they encountered. Survey results indicated that there was
consensus among the Further Mathematics students that it was important to learn to
use the GC and that it should be allowed in mathematics tests or examinations. There
were also significant differences at the 0.05 level among the frequent, infrequent and
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non-users for the mean scores for the attitudes of the students towards the use of the
GC and for the different dimensions: affective, cognitive (supportive toolkit), cog-
nitive (black box) and cognitive (importance and achievement). The use of the GC
in a school-based test did not contribute to a significant difference in the mean test
scores between the users and non-users but made a difference in helping the users in
the sketching of the graphs as reflected in the graph scores. Finally, one of the main
difficulties students faced in the use of the GC was unfamiliarity with its features
because of underutilisation due to the restriction of its use to Further Mathematics
only and also the requirement for supporting working in high-stake examinations.

On the other hand, the use of wireless classroom systems has led to the develop-
ment of a notion of the mathematics classroom as a community in which learning
tasks and tools are used to trigger mathematical thinking and discussions (Nathan
and Knuth 2003). A study by Demana et al. (2003) also showed the potential of
wireless classroom systems for creating environments that are learner-, knowledge-,
assessment- and community-centred.

Roschelle (2003) highlighted that wireless learning networks can connect learners
and their devices in a pedagogically sound manner. He distinguished normal social
participation in the classroom, such as discussions, from information-based partic-
ipation among connected devices in a wireless learning classroom as two distinct
kinds of participation, both of which are important in teaching and learning. Some
wireless classroom systems such as the classroom response system (Roschelle 2003)
and participatory simulations (Roschelle 2003; Wilensky and Stroup 2002) allow
teachers to conduct formative assessments, monitor student learning and provide
role playing and collaborative learning tasks in the mathematics classroom.

Indeed, advanced GCs such as the TI-Nspire has wireless classroom networking
capabilities when coupled with the TI-Nspire Navigator, a wireless classroom net-
work system that enables instant and active interaction between students and teachers,
and thus has the potential to enhance the teaching and learning process through its
flexibility, portability and communication features. In Singapore, Ng (2011) con-
ducted a design experiment to examine the role of the TI-Nspire, an advanced GC,
in teaching and learning calculus. The design experiment involves the design and
conduct of a TI-Nspire Intervention Programme for an intact class of thirty-five sec-
ondary four students (15–16 years) from a secondary school. Use of the TI-Nspire
was integrated into teaching and learning Calculus concepts with the aid of the
TI-Nspire Navigator. Mathematics attitudes surveys and structured interviews were
administered to assess the effects of the use of the TI-Nspire on students’ attitudes
towards mathematics. It was found that appropriate use of graphical, numerical and
algebraic representations of calculus concepts using the TI-Nspire could enable the
subjects to better visualise the concepts and make generalisations of relevant math-
ematical properties. Results of paired samples t-tests and interviews with students
suggest that the use of the TI-Nspire has a positive effect on students’ confidence in
and perceived usefulness of mathematics.

In both cycles of the experiment conducted by Ng (2011), it was found that the
students used TI-Nspire as a tool in several different ways. For instance, they not only
used it as a visualisation tool to better understand the behaviour of graphs, the new
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Table 14.1 Using the TI-Nspire as a tool in teaching and learning calculus

Use of the TI-Nspire Description

As an exploratory tool TI-Nspire was used to explore and understand the concepts of
differentiation and integration. For example, students explored
the differentiation of the products of two functions and derived
the product rule

As a confirmatory tool Students used TI-Nspire to verify their answers to the questions
in the exercises. For instance, they first solved problems by hand
and then confirmed their answers using the graphing functions
of TI-Nspire

As a problem-solving tool Students used TI-Nspire to try different approaches to solving
calculus problems. For example, in solving problems involving
turning points, students used algebraic, graphical and numerical
approaches

As a visualisation tool Students used TI-Nspire to better visualise the behaviour of
functions, new concepts being taught or problem situations.
TI-Nspire was also used by teachers to construct simulations to
illustrate problems or new concepts. For example, a simulation
was constructed to allow students to explore the concept of rate
of change by manipulating variables and observing the dynamic
changes in the graphs

As a calculation tool Students used TI-Nspire to calculate values or evaluate complex
expressions

As a graphing tool Students used TI-Nspire to graph functions and solve problems
graphically. For instance, they used the Graph & Geometry
application to solve problems related to the area under a curve

concepts being taught, or to solve problems, but also learned how to use TI-Nspire as
a confirmatory tool to verify the correctness of their answers. Table 14.1 summarises
the ways in which TI-Nspire was used during the intervention programme, both as a
pedagogical tool in teaching or as a learning tool by the students.

14.3 Computing and Programming in Singapore

In this section, we present the use of computing and programming tools in the school
systems in Singapore. We define computing tools as a set of software to perform
numerical computation and graphical representation. Some software applications
commonly used are spreadsheets, graphical and statistical packages, and CAS such
as MAPLE and MATHEMATICA. For programming tools used, beside popular
languages such as C, JAVA, BASIC and many others, new and simple visual and
robotic coding tools are also becoming popular among schools in Singapore, such as
SCRATCH, TYNKER, LEGO MINDSTORMS and other similar app development
tools.
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As the primary mathematics curricula in schools focus mainly on fundamen-
tal concepts and techniques, few computing tools are introduced and used except
the hand-held calculators. Though in recent years, there have been strong interests
to bring elementary coding into the primary schools, and these coding programs
remain outside the mathematics curriculum and are run primarily as co-curricular
activity (CCA) or enrichment programmes. In the secondary schools and JCs, ICT
and specialised programming are incorporated into the curricula in subjects such as
Computer Application, Design and Technology, Computing and Computer Science,
but not within the subject of mathematics. In general, students, who are not taking
these subjects, do learn and apply some computing and programming tools where
applicable in their project works or inter-school activities. Looking ahead, there is a
strong need to re-align and re-connect computing and programming into the mathe-
matics curricula especially in view of the greater interests in STEM education, and
21CC requirements and expectations.

14.3.1 Use of Programming Tools in Mathematics

While the uses of ICT and computers are common in the primary school classrooms
as learning aids and resources, programming is not a featured component in the
mathematics syllabi. With the recent heightened interests in computational thinking
and coding for kids, some schools have provided enrichment programs on top of
the standard curriculum on basic programming, visual programming and coding for
selected cohort of students to promote awareness and interest in programming with
the aim to encourage more youngsters to consider pursuing further studies in game
and software design, development and computer science. Beside these, there is also
another platform in which programming tools are used which is in the CCA clubs
such as Robotics Club, Computer Club, Game Design Club, Innovation Club and
Maker Spaces.

In secondary schools, common ICT skills and computing tools are taught to most
students in the academic subject called Computer Application (CPA) at the lower
secondary levels. However, writing of codes and debugging in standard programming
languages are not in the CPA syllabus. Moreover, CPA is usually taught indepen-
dently from Mathematics. There is no use of programming tools in the mathematics
curriculum. General computing tools like spreadsheets, the Geometer’s Sketchpad
(GSP), GeoGebra (International GeoGebra Institute 2017) and other dynamic math-
ematics software, statistical and plotting tools are taught and used for illustrations,
explorations and computations in various mathematics topics in the syllabus.

There is another specialised academic subject called Computing in the secondary
curriculumwhich is offered at the upper secondary levels. This subject is a beginning
course to prepare students who are interested in pursuing study in Computer Science
in future. In this subject, programming is taught as a core component in the syllabus.
However, this special subject is offered at selected schools only.
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In JCs and tertiary institutions, as mathematics subject becomes specialised and
disciplinary, the use of programming tools diminishes in most areas except in applied
topics such as numerical methods, discrete mathematics, operation research and
statistics.

In summary, programming is generally taught outside of mathematics in Singa-
pore schools. As for the use of programming tools, they are introduced and deployed
when needed in only specific topics, computational tasks and project work. Whether
programming should be taught within the mathematics curricula is debatable, but
more appropriately, how should we consider programming, algorithm and compu-
tational approach in problem-solving be better promoted, incorporated and align
into the mathematics curricula to develop mathematical knowledge, reasoning and
problem-solving.

14.3.2 Use of Computing Tools in Mathematics

In comparison with the use of programming tools, the use of computing tools is
more common and frequent in mathematics especially those which are designed
and built specially for mathematics such as GSP, LiveMath, GeoGebra, MatLab,
Maple, SPSS, just to name a few. These tools can be generally classified in terms of
geometric representation, numerical and graphical data crunching, algebra symbolic
system, modelling and simulation, networking and optimisation, and statistical data
analysis.

Although the use of computing tools in primary schools is not specifically built
into the curriculum, teachers are encouraged to use ICT and digital resources in their
teaching if they were to find the tools appropriate and useful for specific topics.
Teachers need to develop their students’ understanding in mathematics first before
they can apply the tools correctly. While the use of computing tools may not be
necessary for primary school students in practising mathematics, teachers should
introduce these tools to illustrate, explore and explain ideas. For example, teachers
can consider using GSP to teach parallelism, angles, shapes and scales in geometry
or using spreadsheets to teach average and percentage, charting of graphs.

For secondary schools, there are more uses of computing tools in mathematics.
Most notable tools used are the dynamic geometry software like GSP and GeoGebra.
The use of these tools is incorporated into the syllabus and is used explicitly for
teachers to illustrate and explain geometrical ideas during some of the lessons in
class or for students to explore further by themselves in homework exercises. Other
computing tools like Excel spreadsheets and free easy-to-use software like iNZight
are used for data exploration in Statistics. The use of computing tools in mathematics
can be seen in secondary schools increasingly and is becoming more popular, but
its usage is still being limited mainly for illustration purpose and not as working or
learning tools. A possible change to this is to bring more use of technology into the
teaching and learning ofmathematics by introducingmathematical ideas, knowledge,
processes and problems solving skills through applications.
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At JC level, the use of computing tools likewise is not mandatory. Themain objec-
tive of the JC curricula is to prepare students for admission into university studies
in academic areas of their choice. As the major admission criteria are based on the
scores of GCE A-level examination which does not involve the use of technological
tools, much of the focus of JC study is on learning and understanding concepts,
techniques and solving academic problems. The use of computing tools remains in
general for illustrations and demonstrations. Exception happens when selected stu-
dents undertake special project work or research work in problems which require the
use of computing tools of which students learn on the job under the coaching of their
supervising teachers or university researchers.

The use of computing tools at the tertiary level is norm. Subjects of study at this
level become more specialised, disciplinary and technical, and the use of computing
tools is essential and necessary depending on its contents, methods and technicality.
Various standard or popular tools are introduced and used in topics like linear algebra,
calculus, numerical method, dynamic systems, operation research and statistics.

14.3.3 Research and Development (R&D) on Computing
and Programming

14.3.3.1 R&D on Programming and Computing in Mathematics

Not much research in recent time is being undertaken on programming for mathe-
matics. While the number of research projects in this area is relatively small, there
are some projects being undertaken involving programming or computing, especially
those related to the teaching of coding and the development of computational think-
ing. For example, one project has a focus on building teachers’ capacity in teaching
computing using the unplugged approach as introductory activities for teaching com-
puting as pedagogy on helping students to understand the concepts in computational
thinking, while another project seeks to use educational robot as tools in the math-
ematics curriculum. There is also a project which aims to prepare lower secondary
students for future enrolment in ‘O’ Level computing and another which seeks to
develop students to be critical and inventive using ‘Student as Designer’ approach
during project work or CPA. It is beneficial for pre-university students to experience
basic programming even if they may not eventually choose a related career or uni-
versity course. One project thus aims to train at least 600 pre-university students in
basic programming via a 3-week blended learning course.
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14.3.3.2 R&D on the Use of Technology in the Teaching and Learning
of Mathematics

Researches in this area are more common in Singapore schools and at the Institutes
of Higher Learning (IHL). In this section, we shall report some of the major research
work undertaken in the use of technology in the teaching and learning of mathe-
matics in Singapore schools. For latest R&D initiatives in general, readers can refer
themselves to online information sites such as Ministry of Education (www.moe.
gov.sg), National Research Foundation (www.nrf.gov.sg) and various IHL including
the NIE (www.nie.edu.sg).

Two projects were completed in 2016, one of which aimed to make students’
thinking visible so that they gain a holistic approach to problem-solving, and in turn,
develop into confident problem-solvers. The approach focuses on getting students to
talk and communicate in groups and inwriting. The use of screen casting applications
allows students to communicate clearly the steps they took to solve the problem and
thus demonstrate their understanding by making thinking processes for each step of
the problem-solving approach visible. This will help students to hone their compe-
tencies in holistic problem-solving and skilled communications using mathematical
language. The other project targeted Normal (Technical) stream students in address-
ing weakness in visualising 3D objects in the learning of Geometry andMensuration
in Mathematics. The original goal is to develop a mobile application to diagnose and
develop 3D spatial visualisation skills in the areas of mental rotation, perspective
taking, and folding and unfolding of objects. Due to delay in the software develop-
ment outsourcing processes, the project has to switch by using SketchUp for their
design.

On the other hand, a project which completed in April 2017 had trained teachers
to apply the learning framework in designing and developing resources in various
subjects (including mathematics) using open source virtual environment and tools
that present challenging tasks for surfacing intuitions and misconceptions within an
immersive learning environment.

Finally, a project, which commenced inOctober 2015, aims to design, develop and
pilot test a software for primary school students to solve math word problems. The
main objective of the software is to help students, especially slow-progress learners
to think and reflect on their own working. The software would guide the students
to solve a given problem by simplifying the questions more and more until he can
solve it correctly, then going backward to solve the next harder questions until he can
solve the original question. By giving students opportunities to succeed, and making
senses meta-cognitively in what they are doing, their competence and confidence in
solving word problems correctly would improve.

http://www.moe.gov.sg
http://www.nrf.gov.sg
http://www.nie.edu.sg
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14.4 Exploratory Mathematics Software

The first ICTMasterplan in Education for Singapore was launched in 1997 to provide
a strong foundation to harness ICT for teaching and learning (Chap. 2). The foci at
that time were to provide ICT infrastructure and educational software and resources
for all schools, and core ICT training for all teachers. An example of a mathematics
software that the MOE bought for all schools was GSP which is a dynamic geometry
software that allows students to explore geometrical concepts. In this section, the
term ‘exploratory mathematics software’ is used to describe any software that allows
students to explore mathematics.

The theoretical basis for using an exploratory software to explore mathematical
concepts is based on Taylor’s (1980) tool mode. Taylor classified the use of the
computer in the school in the 1960s and 1970s into three modes: tutor, tool and tutee
modes. In the tutor mode, the computer is the tutor and so students learn from the
computer. In the tool mode, the computer is the tool and so students learn with the
computer. Students can use the computer as a tool in at least two ways: to solve
mathematical problems or to explore mathematical concepts. In the tutee mode, the
computer is the tutee and so students learn through teaching the computer.

In the present days, there are many other exploratory software which can employ
the tool mode to help students learn mathematics. Examples of such software include
graphing software such asDesmos, statistical software such as Excel, dynamic geom-
etry software such as GSP and GeoGebra, and interactive CAS such as LiveMath.

14.4.1 Use of Exploratory Mathematics Software
in Singapore

14.4.1.1 Graphing Software

Agraphing software, such asDesmos (2017), or even a hand-heldGC, allows students
to explore graphical concepts easily. The use of such a graphing software in this
manner follows Taylor’s (1980) idea of a tool mode where students learn with the
computer.

An example is shown in Fig. 14.1. In exploring the function y� 4sinx+ 3cosx,
teachers would instruct their students to use a graphing software to plot y� 4sinx, y�
3cosx and y� 4sinx+ 3cosx.Most studentswould realise that y� 4sinx+ 3cosx is still
a sinusoidal curve and is of the form y � R sin (x + α). The teachers might also guide
their students to observe that R � 5 because the amplitude of y � 4 sin x + 3 cos x is
5, but the students would have realised that it is not easy to find α. The teacher would
then teach the students how to plot the graph of y�R sin (x + a), with the sliders forR
and a, since Desmos does not allow the users to input α. The students could then drag
the sliders until the graph of y � R sin (x + a) coincides with the graph of y � 4 sin x
+ 3 cos x, which will happen when R � 5 and a � 37° (corrected to nearest whole
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Fig. 14.1 Screenshot of Desmos exploration of R-formula

number). The purpose of this exploration is to get students to realise that 4 sin x +
3 cos x can be expressed as R sin (x + α), where R >0 and α is acute. The teacher
would then challenge the students to find R and α without the use of the software.

14.4.1.2 Statistical Software

For statistics, teachers in Singapore would have instructed their students to use Excel
as a tool to analyse statistical data. For example, they would have asked their students
to plot a bar chart or a line graph for somedata, such as the number of siblings that they
have, or the monthly live births in Singapore for a particular year, and calculate the
mean and the mode, or analyse if there is any trend. Real-world data such as monthly
live births are available on the website of the Department of Statistics, Singapore
(Government of Singapore 2017). Another example is to explore the effect of the
vertical scale of a statistical graph. In the Excel template in Fig. 14.2, students inWu’s
(2005) research study could change the scale, the minimum value and the maximum
value of the vertical axis in order to study its effect on the display of the average
monthly temperatures. Again, this is what Taylor (1980) called the tool mode of
using the computer in the mathematics classroom.

14.4.1.3 Geometry Software

For geometry, a dynamic geometry software, such as GSP or GeoGebra, allows
students to explore geometrical concepts interactively. By changing or dragging a
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Fig. 14.2 Screenshot of excel template on effect of vertical scale (from Wu 2005)

mathematical object such as a point, a line or a circle in the software, all other objects
that are linked to it will also change automatically and instantaneously. For example,
many teachers in Singapore would have used a GSP template, such as the one shown
in Fig. 14.3, to guide their students to discover the angle properties of a circle. The
students are told by the instruction in the template to observe the relationship between
the angle at the centre and the angle at the circumference. From the exploration, the
students are guided to observe that the angle at the centre is twice the angle at the
circumference if both angles are subtended by the same arc of the circle.

Another useful feature of a dynamic geometry software is the ability to trace the
path of a point, whether manually by the user or automatically by clicking on the
animation button. Figure 14.4 shows a GSP template where the sine curve on the
right is being traced out by the unit circle on the left. Without the software, such
diagram in the school textbook will just be a static illustration, which some students
may not be able to envisage.

14.4.1.4 Computer Algebra System

Some teachers have used an interactive CAS called LiveMath (MathMonkeys 2017)
for their students to explore algebraic and calculus concepts.ACAS is able to perform
algebraic manipulations such as expansion and factorisation, and calculus operations



14 Use of Technology in Mathematics Education 327

Fig. 14.3 Screenshot of GSP template on angle properties of circle

Fig. 14.4 Screenshot of GSP template on graph of sine function

such as differentiation and integration (Yeo 2004, 2015). An interactive CAS like
LiveMath is able to effect the change automatically and instantaneously whenever
the value of a parameter or a variable is changed. For example, in the LiveMath
template shown in Fig. 14.5, students are guided to observe the sign of the gradient
of the tangent to a curve around the neighbourhood of a stationary point, leading to
the discovery of the first derivative test.

Because LiveMath is expensive, not many teachers in Singapore have access to
the software. So Yeo (2001a, b) decided to use theWeb-based version of the software
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Change x-
coordinate 
of P here 

Change 
equation of 
curve here 

After changing 
x1 = -2 to -1

Fig. 14.5 Screenshot of a LiveMath template on stationary points

when he published two ICTworkbooks for O-level Elementary andAdditionalMath-
ematics students to use. Each workbook came with a CD containing GSP templates
and LiveMathWebpages. The end-users just needed to install a free LiveMath plugin
in order to view and interact with the LiveMathWebpages. However, in recent years,
many browsers do not allow the installation of plug-ins. Therefore, the company
behind LiveMath (MathMonkeys 2017) has designed a free LiveMath Viewer for
end-users to view and interact with LiveMath templates directly, while the software
itself is now called LiveMath Maker.
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14.4.1.5 Apps

With the advance in smart phone technology, some softwares, such as Desmos and
GeoGebra, are now available as apps. This opens another window of learning oppor-
tunities for students. Instead of bringing students to the computer laboratory to use
the software, teachers can now get their students to explore mathematical concepts
on their smart devices in the classroom. This saves curriculum time as students do
not have to walk to and from the computer laboratory, and teachers can carry out
other parts of the lesson in the classroom that do not involve the use of the computers.
However, not all the above-mentioned software are available as apps.

14.4.2 Research and Development on Exploratory
Mathematics Software

14.4.2.1 Teaching Approaches

Instead of allowing students to use the computer as a tool to learn mathematics,
some teachers have used the above software on their laptop, with projection onto
a big screen in front of the classroom, as a teacher-centred demonstration, instead
of bringing the students to the computer laboratory for the latter to explore the
concepts themselves. Are both teaching approaches effective for Singapore students?
In this section, we will look at the findings of local research studies on exploratory
mathematics software.

14.4.2.2 Funded Local Research

There were at least 60 local funded research studies on mathematics education
between 2001 and 2016 inclusive, some of which are still in progress. Only three
of these studies were on ICT, out of which two of them did not involve the use of
an exploratory software. The third study by Looi (2007) used SimCalc Math Worlds
to support the creation of displacement-time, velocity-time and acceleration-time
graphs, which are visually editable by clicking on hot spots as well as algebraically
editable. Two schools participated in the preliminary study. The first school used the
software package as part of an after-examination enrichment programme for one of
their Secondary One classes in the Express stream for 10 lessons spread over two
weeks, while the second school integrated the package into the lessons of a group of
Secondary Four students in the Normal Academic (NA) stream for nine lessons over
three weeks.

Every student had access to a computer to experiment with the software, which
helped the student to switch between different representations (i.e. displacement-
time, velocity-time and acceleration-time graphs) of movement of objects in the
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real world. Analysis of test results shows that the students in both schools performed
significantly better in the posttest than in the pretest. Although the pretest and posttest
scores were not significantly different between the two schools, the students in the
second school fared slightly better in questions that require an open ended response.
However, the research did not continue beyond the preliminary study.

14.4.2.3 Postgraduate Dissertations

Prior to 1996, postgraduate students had to do their Master of Education (MEd)
programmes under the National University of Singapore (NUS). We were able to
trace only three MEd dissertations on mathematics education and ICT in the 1980s:
they were also mentioned in Chong and Lim-Teo (1992). From 1996 to 2016, there
were at least 162 Master’s dissertations and Ph.D. theses on mathematics education
done by postgraduate students at the NIE in Singapore. Only 23 out of 162 (i.e. about
14.2%) were on ICT, of which one was a Ph.D. thesis, 13 were MEd dissertations,
and the remaining 9 were fromMA. Therefore, there were a total of 26 dissertations
or theses on mathematics education and ICT from 1985 to 2016. The peak occurred
in the years 2001–2004. Since the research would have been done earlier than the
date of the thesis or dissertation, this would coincide with the late 1990s and early
2000s, just after the conceptualisation of the first ICT Masterplan in 1997. But after
2004, the number of local mathematics education dissertations or theses on ICT has
dropped drastically.

On the other hand, there have been a total of 26 local mathematics education
dissertations or theses on ICT out of which 14 of them used the computer as an
exploratory tool, of which one of them was e-learning (or more specifically, asyn-
chronous online learning). Although some of these 14 dissertations stated that they
had used computer-assisted instruction (CAI), they actually used it as an exploratory
tool, according to Taylor’s (1980) tool mode, rather than CAI, which is classified
under Taylor’s tutor mode. As for CAI, only 2 of the 26 dissertations used it, and
they were both under e-learning: one of them used online lecture notes and tutorials,
while the other used online video-recorded lessons.

The focus of research studies in this section is on the 14 local mathematics edu-
cation dissertations or theses on exploratory mathematics software. The following
summarises the breakdown in terms of the types of software used, the contents/topics,
the research subjects and the research designs.

• Types of software used: Of the 14 dissertations or theses, 3 used GSP, 2 used
Graphmatica, 2 used LOGO, one used LiveMath, one used Excel, 4 used a program
written inBasic (mostly in the 1980s), and the last one usedweb-based Java applets
and a graphing simulator.

• Contents/topics:Of the 14 dissertations or theses, 7 explored geometrical concepts,
6 on graphical concepts and the last one on statistical concepts.
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• Research Subjects: Of the 14 dissertations or theses, 12 were on secondary school
students, one was on primary school students and the last one on pre-service
primary school teachers.

• Research designs: Of the 14 dissertations or theses, 8 used a quasi-experimental
pretest–posttest control group design, 4 used a pretest–posttest design for an exper-
imental group only, one used a diagnostic posttest and oral defence for an experi-
mental group, and the last one compared three groups undergoing different treat-
ments.

Wewill now summarise some of the findings. Of the five dissertations that studied
only one experimental group and no control group, 4 of them (Ingham 2001; Lee
2002; Puranadharshini 2011; Wu 2005) found that the students had performed sig-
nificantly better in the posttest than in the pretest, while the last one (Ng 2004), that
had no pretest, had found that the students had improved in their ability to explain
and to sketch geometrical transformations. One criticism of such a research design is
that the subjects will usually perform better after they have learnt a topic as compared
to before they learned the topic (Mills and Gay 2016; Soh 2009). One way to resolve
this issue is to have a control group.

Of the eight dissertations that used a control group, six of them compared the use
of an exploratory mathematics software with traditional teacher-directed teaching.
Four of them (Ho 1997; Lee-Leck 1985; Ong 2002; Woo-Tan 1989) found that the
experimental group that used ICT had performed significantly better than the control
group in the posttest. But one of them (Jee 2003) found that there was no significant
difference in the posttest for both the experimental group and the control group.
Further analysis reveals that the research subjects were of different academic levels
and abilities. In Singapore, students in theGifted streamare generally of higher ability
than students in the Express stream, who in turn are generally more academically
inclined than students in the Normal Academic (NA) stream, while students from a
top school are generally of higher ability than students from a neighbourhood school.

In general, it seems that the use of an exploratory software had a positive effect on
students of lower range and middle range ability in Ho’s (1997), Ong’s (2002), Woo-
Tan’s (1989) research, but not on high-ability students in the Gifted stream in Jee’s
(2003) study. To a certain extent, this appears to agree with the findings from Yeo’s
(1995) study,where his subjectswere from twohigh, twomediumand two low-ability
classes, and one of each of the ability group was randomly assigned as the experi-
mental group and the other as the control group. Yeo found that the medium-ability
experimental group had performed significantly better than the medium-ability con-
trol group in the posttest, but there was no significant difference in the posttest for
both the experimental group and the control group for the low-ability and high-ability
classes. In other words, the findings for Yeo’s high-ability group were similar to the
findings for Jee’s (2003) high-ability gifted students: one possible reason why there
was no significant difference is that the high-ability studentswere capable of abstract-
ing the graphical concepts themselves, even without the help of the software. The
findings for Yeo’s (1995) medium-ability group were also similar to the findings for
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Woo-Tan’s (1989) middle range ability students from the same top school as Yeo’s
(1995).

However, the findings were mixed for lower ability students because Yeo’s (1995)
low-ability students from a top school would in general be more academically
inclined than Ho’s (1997), Ong’s (2002) students from neighbourhood schools. This
may be due to the different topics or software used: Ho’s (1997) and Ong’s (2002)
topics were on geometrical concepts using LOGO andGSP, respectively, while Yeo’s
(1995) topic was on graphical concepts using a program written in BASIC. Never-
theless, these were only six small-scale studies and more research needs to be done
to investigate the effect of the tool mode on local students of different abilities using
different software for various topics.

One criticism of a research design that compares the use of an exploratory soft-
ware with traditional teacher-directed teaching is that the pedagogy itself is not kept
constant. Oppenheimer (1997) opined that the difference in the outcomes from such a
research design was most likely due to a difference between student-centred learning
and teacher-directed teaching, rather than the effectiveness of ICT. Therefore, Yeo
(2003) decided to use student-centred guided-discovery learning for both the exper-
imental and the control group, except that the experimental group used a software
to explore the characteristics of the graphs of exponential and logarithmic functions,
while the control group used hard copies of pre-printed plots of the graphs to explore
their characteristics. The analysis revealed that the experimental group performed
significantly better than the control group in their conceptual and procedural knowl-
edge of exponential and logarithmic functions. In fact, Tan’s (1987) research also
used guided-discovery learning of linear graphs for both the experimental and control
group. Although she wrote in her dissertation that she used the traditional expository
mode of instruction for the control group, she actually let the students explore the
characteristics of linear graphs by getting them to draw on graph papers, which was
student-centred guided-discovery learning as well. Tan also found that the experi-
mental group performed significantly better than the control group in the posttest.
Again, these were just two small-scale studies and more research needs to be done
to investigate whether any significant difference is really due to the effectiveness of
an exploratory software, ceteris paribus (i.e. all other things being equal).

In the last dissertation, Leong (2001) compared three groups undergoing different
treatments. The first class used student-centred guided-discovery learning with a
software, the second class used teacher-centred guided-discovery learning with the
same software (i.e. the teacher would manipulate the objects on the display on the
projected screen what students would for themselves like to do on the computers),
and the third class used teacher demonstration with the same software. Leong found
that there was no significant difference in the posttest between the first two classes,
but both classes performed significantly better than the third class. Therefore, it
seems that teacher demonstration was not as effective as guided-inquiry discovery
with the exploratory software. Again, this was just a small study. An implication for
classroom teaching is that if the teacher does not wish to bring his or her students
to a computer laboratory for student-centred guided-discovery learning for whatever
reason, he or she can adopt the same pedagogy used for the second class: it is like a
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teacher demonstration, but instead of the teacher just demonstrating, he or she will
ask the class which objects they would like to manipulate and the teacher will then
do the manipulation on the computer himself or herself, while the computer display
is being projected onto a screen in the classroom.

14.4.2.4 Unfunded Local Research (Others)

For other unfunded local research, we first examined two kinds of publications by the
Association of Mathematics Educators (AME) of Singapore: its refereed journal The
Mathematics Educator (first issue in 1996) and its yearbook (first issue in 2009).
There were 16 articles on ICT in the journal from 1996 to 2016: five were from
overseas contributors, six were local discussion papers, and five were local research
papers. Out of the five local research papers, two of them (Leong and Lim-Teo 2003;
Yeo 2006) were reports of local dissertations (Leong 2001; Yeo 2003) described ear-
lier, the third one was a survey on integration of ICT and the fourth one was on video
conferencing. Only the last one (Leong 2003) was on an exploratory mathematics
software, namely GSP (which we will describe shortly).

From the first AME year book in 2009 to the yearbook in 2017, there were 11
book chapters on ICT, of which only three were reports of research studies. None of
these are on the use of exploratory mathematics software.

We next turn our attentions to four major mathematics or ICT conferences that
were held in Singapore since 2000. All the local conference papers on ICT were in
the first two conferences: EARCOME 2/SEACME 9 in 2002, and the 9th ATCM
in 2004. For the 35th MERGA in 2012, there were 11 local research papers and
four local short communications, but none on ICT. For PME 41 in 2017, there were
four local research papers and five local short communications, but none on ICT. It
appears that research interest on ICT in mathematics education has peaked in the
early 2000s, and has since dwindled.

Of the four local research papers on exploratory mathematics software in
EARCOME 2/SEACME 9, three of them (Lee and Pereira-Mendoza 2002; Leong
and Lim-Teo 2002a, b) were reports from local dissertations (Lee 2002; Leong 2001)
discussed earlier. We will report on the findings of the other paper (Ho 2002) shortly.
For the 9th ATCM, the only local research paper on exploratory mathematics soft-
ware (Yeo 2004) was from the author’s dissertation discussed earlier (Yeo 2003). In
short, for local unfunded research, we have managed to trace two reports which were
not from local dissertations or theses: a conference paper by Ho (2002) and a journal
article by Leong (2003). We will now describe some findings from these two papers.

In the conference paper, Ho (2002) taught 11 Primary Five students from the
Gifted stream a two-hour lesson on line and rotational symmetries using GSP. The
students were shown an example using GSP by Ho, and then, they were given time to
explore and create their own designs, including a snowflake with six evenly spaced
branches. Ho observed that the students had no difficulty navigating the software and
understanding why they had to ‘Mark Centre’ in GSP when creating the snowflake
design even when they had not learnt about rotational symmetry. Feedback from the
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students suggests that they were very excited about the software. The majority of
them even went on to create snowflakes with more than six branches (although in
reality snowflakes only have 6 or 12 branches), thus learning by themselves how
much to rotate one branch of the snowflake.

In the other paper, Leong (2003) surveyed 41 students from 10 secondary schools
on how they used GSP. Only 33 of the 41 teachers (about 80%) indicated that they
had used GSP in teaching mathematics. Of the many geometrical concepts (includ-
ing mensuration and trigonometrical concepts) in the secondary school syllabus,
it was found that the 33 teachers only used GSP in teaching some of the topics.
The favourite topics which the teachers had used GSP to teach were ‘angle proper-
ties of polygon’, ‘angle properties of points/lines’, ‘angle properties of circles’ and
‘transformations’. At the other end, few teachers had used GSP to teach ‘symme-
try’, ‘congruence’, ‘similarity’, ‘vectors’, ‘mensuration’ and ‘trigonometric ratios’.
Leong observed that ‘it appeared that certain attributes of the software were piece-
wise utilised in a fragmented way to fit into bits of geometry, instead of a full integra-
tion into the curriculum’ (p. 91). In the survey, Leong also asked the respondents to
indicate their modes of using GSP and to rank them. Only 30 of the teachers clearly
indicated their most preferred mode of using GSP. The most preferred mode with the
highest number of teachers was to ‘draw diagrams for worksheet/test paper’ (seven
teachers), followed by ‘teacher click-and-drag pre-designed templates to show some
geometrical properties’ (six teachers) and ‘teacher shows animation/movement in
front of class to aid students’ visualisation (six students). At the other end, the most
preferred mode with the least number of teachers was to ‘provide templates for stu-
dents to observe and conjecture properties’ (0 teachers), followed by ‘let students
explore hands-on freely’ (three teachers). In other words, the local teachers in this
study preferred to use an exploratory software as teacher demonstration, rather than
letting their students do the exploration themselves, so Leong concluded that ‘the full
power of the software and the ‘promise’ of its potential to transform classrooms into
lab-like places for students’ inquiries are not realised in most geometry classrooms’
(pp. 92–93).

However, the above report on teachers’ use of GSP was in 2003. The question is
whether teachers in Singapore are still usingGSPor other exploratory software. Since
there were not many local mathematics education studies on ICT since 2004, we will
gather the evidence from an ongoing funded mathematics education research that is
not directly related to the use of ICT, but a study on the enacted school mathematics
curriculum. At the time of writing, 20 competent secondary school mathematics
teachers had been videotaped teaching a topic for about two to three weeks. The
classes ranged from Secondary One to Secondary Five from the Express, Normal
Academic and Normal Technical streams, including students from schools that offer
the Integrated Programme (IP). Out of the 20 teachers, 10 of them used ICT in
some parts of their lessons. Of these 10 teachers, four of them used an exploratory
mathematics software, and all the four of them let their students use the software to
explore graphical, geometrical or trigonometrical concepts, either in the computer
laboratory or in the classroom. There is some evidence that there are still local
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teachers who continue to use the computer as a tool for their students to explore
mathematical concepts.

14.4.2.5 Summary of Local Research

With the launch of the first ICT Masterplan in Education for Singapore in 1997,
there was a growing interest in local research on the use of ICT, but the interest
started to dwindle after 2004. Most of the local research on the use of exploratory
mathematics software in the classroom were unfunded and most of them were local
Master’s dissertations. The general findings suggest that Taylor’s (1980) tool mode
has made learning more effective for local students than traditional teacher-directed
teaching. However, more research needs to be done locally to investigate whether a
student-centred inquiry approach without the use of ICT can be as effective as one
that uses the tool mode. Moreover, as Ng and Leong (2009) have pointed out, the
limitations of many of these local studies are in their small sample sizes of one or
two classes of students, and their short duration of a few hours of intervention.

Another important finding suggests that local teachers in the early 2000s seem to
prefer to use an exploratory software in the teacher-demo mode, rather than letting
their students do the exploration themselves. However, in the present day, there are
some teachers who let their students use the software in the computer laboratory or
in the classroom to explore the concepts themselves. On one hand, ‘[t]he computer
stand betwixt and between the world of formal systems and physical things; it has
the ability to make the abstract concrete’ (Turkle and Papert 1990, p. 346). On the
other hand, ‘[t]echnology is just a tool. In terms of getting the kids working together
and motivating them, the teacher is the most important’ (Bill Gates, cited in Wong
2015).

14.5 Flipped Classroom

In this section, we discuss a specific blend of e-learning called ‘flipped classroom’.
The word ‘flipped’ or ‘inverted’ first introduced by Strayer (2007) was originally
taken to mean ‘events that have traditionally taken inside the classroom now takes
place outside the classroom and vice versa’ (Lage et al. 2000, p. 32). Recently, more
works in flipped pedagogy (Bishop and Verleger 2013; Ho and Chan 2016) have
adopted a more focused meaning, i.e. an educational method comprising of two
systems: interactive learning system inside the classroom (the face-to-face compo-
nent) and a direct computer-based instruction outside the classroom (the e-learning
component).

We present a theoretical framework, formulated recently by Ho and Chan (2016),
which can be used to characterise the processes centred around flipped classroom. In
addition, we also discuss issues concerning student motivational and cognitive load
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that pertain to flipped classroom, following up on works by Abeysekera and Dawson
(2015).

Admittedly, flipped classroom requires a heavy investment in termsof time, energy
and resources both on the part of the teacher and the student. Despite this, some
schools and IHLs in Singapore have taken the first few steps in trying out this
new method of teaching and learning. For mathematics, the take-up numbers are
low. We report on some research-based innovations that exploits flipped classroom
implemented at the pre-university (respectively, university) level to teach A-level
mathematics (respectively, tertiary mathematics).

14.5.1 Use of Flipped Classroom in Singapore

14.5.1.1 Definitional Matters

For the purpose of setting up amore focused, and hencemeaningful, discussion in this
section, we shall use the terminology ‘flipped classroom’ tomean the use of computer
technology and the Internet (e.g. video-recorded lecture available online) to enable
the ‘movement’ of the information-transmission component of a traditional face-to-
face lesson out of class time and replace that with a range of specifically designed
activities to engage students and to motivate independent learning. This working
definition of ‘flipped classroom’ therefore comprises two subsystems: firstly, the
interactive learning system inside the classroom and secondly, a computer-based
instruction outside the classroom. Pedagogical theories of grounded image (Ho et al.
2015) highlighted that students who made specific reference to particular junctures
of the video-recorded lectures could make more relevant discussions. Because of the
above considerations, we exclude those implementations of blended learning that do
not make use of videos as the media of out-of-class teaching instruction.

14.5.1.2 A Brief Overview of Flipped Classroom in Singapore Schools

In Chap. 4, we have seen how the Singapore mathematics curriculum has responded
to the education trends in the rest of the world—going through rapid shift in the
curriculum ideology from the Scholar Academic, through the social efficiency, to
the student centred. Locally in the schools, these shifts have a rippled effect on the
classroom practices—manifested in four major shifts: (1) from lower-order thinking
to higher-order thinking, (2) from analogue to digital, (3) from individualistic to
collaborative. These four shifts in teaching practice are simultaneously realised in
many Singapore teachers’ attempt to experiment with flipped classroom, or what
they understood to be.

More accurately, to most practitioners of flipped classroom, it remained very
much at the experimental and exploratory stage. Thus, attempts to implement flipped
classroom in Singapore schools were carried out at a small scale, with occasional
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pockets of news reporting isolated successful episodes of such implementation.
There was never a concerted effort among school teachers to understand either the
theory of flipped classrooms or the practice of it, and this could be due to a lack
of expert knowledge concerning this relatively new pedagogy. However, there are
exceptions—in such cases collaboration between school teachers and education
researchers are always the essential ingredient. In the ensuing development, we shall
briefly recount one such implementation at a local JC, where H2 Mathematics was
taught to a selected group of ‘A’ Level students using the flipped classroom approach.
In that pilot study, a theoretical framework for flipped classroom was developed
with two major considerations in mind: self -determination and cognitive load.

14.5.1.3 Theoretical Framework for Flipped Classroom Pedagogy

Bishop and Verleger (2013) modelled flipped classroom to be a system consisting
of two disjoint parts: interactive group learning activities inside the classroom and
direct computer-based individual instruction outside the classroom. However, we do
not adopt their framework here as recent research in flipped classroombyAbeysekera
andDawson (2015) suggests that flipped classroom approach relies on the interaction
between in-class human classroom activities and outclass computer-assisted learn-
ing, and hence, these two parts are far from disjoint. Backed by self-determination
theory (SDT) and cognitive load theory (CLT), Ho and Chan (2016) asserted that
‘the teacher plays an important role in connecting these two aspects’ by intention-
ally designing pre-class activities and post-class activities, constantly tweaking the
lesson design to respond to the learning processes that take place in-class and online.
The strong interplay between the interactive classroom activities and the explicit
instruction methods assisted by media/computer technology makes up the core of
flipped classroom pedagogy, and we depict this characteristic mutual interaction in
Fig. 14.6.

Student-centred learning theories

Interactive classroom activities

Teacher-centred learning theories

Explicit Instruction Methods

Require Human Assisted through Video/Computer Technology

Pre-class activities

Post-class activities

Fig. 14.6 Theoretical framework for flipped classroom
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14.5.1.4 Summary of a Case of Flipped Classroom Implementation
at a Local School

This implementation took place at a JC. Students (JC1 are 11th graders; JC2 12th
graders) who takemathematics as an ‘A’ Level subject attend lessons given in lecture-
tutorial style for two years and sit for a General Certificate Examination (Cambridge-
Singapore syndicate) at the end of the final year. For curricular details about ‘A’ Level
Mathematics in Singapore, we refer the reader to Chap. 13 of this book. Being one
of the core subjects required in most university courses, academic competency in
‘A’ Level H2Mathematics is considered an important performance indicator in most
university entry requirement.

The participating students were of mixed abilities and competencies in mathe-
matics. It was reported in Ho and Chan (2016) that the students who were weak in
mathematics displayed a lack of interest, motivation and confidence in the subject.
During the lectures, the mathematically stronger students found the pace slow and
became disengaged from the lectures, while weaker students had problem grasping
the basic concepts. Chan felt an urgent need to ‘fix’ this problem and started to look
for an alternative pedagogy—one which offers autonomy to students in learning at
their own pace and concurrently optimise students’ engagement in-class.

Chan made an adaptation of team-based learning (TBL) inspired by the findings
of Haidet et al. (2012). Three specific attributes associated to a learner’s feeling
about the flipped classroom experience are of top priority, and we briefly define
these attributes.

• Autonomy: The student feels in control and independent.
• Competence: The student feels competent to master the knowledge, skills and
behaviours necessary to be successful in a given social context.

• Relatedness: The student gets a sense of belonging to a social group in a given
context.

Three classes with a total of 63 students of varying abilities were given a separate
class to attend; i.e., they did not attend the traditional lecture-cum-tutorial classes.
These students were grouped uniformly into teams of six to seven students of mixed
mathematical abilities, gender and class. Special arrangement wasmade in the school
timetable to schedule two 100-min mathematics lessons each week, spanning over
18 weeks—an equivalent of two school terms.

A typical flipped lesson of H2 Mathematics planned by the teacher is a three-
movement symphony:

(i) Pre-class reading—Students of these three classes were expected to self-learn
the contents by reading the notes and fill out the blanks via any of the following
options.

(a) Referring to the PowerPoint Slides.
(b) Referring to video-recorded lectures (these lectures were exactly the same

as the ones attended by the non-flipped classroom students).
(c) Google for additional information to clarify their doubts.
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(ii) In-class activities

(a) Individual Readiness Assurance Test (iRAT) was conducted at the begin-
ning of the lessons when a new topic (or subtopic) is being introduced via
an online software that allows the teacher to obtain immediate feedback on
the performance of all students. The area of weakness in understanding the
content for each student, as well as the class as a whole, could be surfaced
instantly. The students, however, would not get to know the results of the
test.

(b) Group Readiness Assurance Test (gRAT) would follow immediately at the
end of iRAT, using the same set of multiple-choice questions. Each team
would discuss the questions, focusing on the justification of their choice of
answer. Online software was used to allow each team to obtain immediate
feedback on their selected answer. If the answer given was incorrect, the
team had to re-deliberate their choice until a correct choicewasmade before
moving on to the next question.

(c) Class discussion—At the end of the gRAT, the teacher would facilitate
the discussion of the MCQs to ensure that all students have gained basic
understanding of the concepts learnt.

(d) Applications of Concepts learnt—The class would proceed to solve chal-
lenging problem(s) by applying the concepts learnt as a team and present
the solutions or answers using mini-white boards or flash cards.

(e) Exit assessment—Conducted towards the end of a lesson to check each
student’s mastery of concepts and its applications. Feedback on the perfor-
mance of the assessment would be addressed during the following lesson.
Sometimes, due to time constraint, this exit assessment might be given as
timed assignment to be submitted on the following day of the lesson.

(iii) Preparation for the next lesson—Students would attempt selected tutorial ques-
tions given in their lecture notes as preparation for discussion during subsequent
lessons.

Since assessment is a key part of teaching and learning, the teacher placed empha-
sis on the RAT (both the individual and the group) by including a small percentage
of the scores into the continual assessment. RATs took the format of multiple-choice
questions (only 1 correct answer out of 4 options). Figure 14.7 shows a sample
question.

The RAT items were carefully designed, backed by the Bloom’s Taxonomy
(Bloom 1965), to include questions with varying levels of difficulty, e.g. basic ques-

1. Given that  follows a normal distribution with  where .  If 
then
(A) 0.4 (B) 0.2 (C) 0.1 (D) Unable to determine. 

Fig. 14.7 Sample RAT item for the topic of normal distribution in H2 Mathematics
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tions that require amere recalling of facts aswell as application questions that demand
higher-order thinking skills. The iRAT item takes about a minute per question, and
the same item appears in the gRAT where more time has been factored into allow
group deliberation on the question.

The teacher had access to the performance of the students’ iRATbefore conducting
the group discussion, and so areas of weakness had been identified a priori. Questions
were thus planned just in time to tease out the important aspects, e.g. students’
misconceptions. The teacher built in the culture of requiring the students to present
their answers in the following format:

• Justify their choice of the correct answer
• Explain why the answer should not be his/her initial choice (The teacher needs to
be tactful and not revealing the fact that the student being asked had given a wrong
initial response. However, in reality, most students would ‘confess’ that the wrong
answer was his/her initial choice.)

• Share the group’s points of discussion.

At the end of the two school terms, a survey was carried out for the students to
feedback on the flipped classroom experience.

14.5.2 Research and Development on Flipped Classroom

14.5.2.1 Significant Findings from Chan’s Implementation

A number of findings were gleaned from the pilot study conducted at the afore-
mentioned JC. To a large extent, Chan’s implementation showed positive effects in
most areas of extrinsic motivation due to specific features put in place in the flipped
classroom design. We highlight two particular points: (1) teachers who fore-load
the lecture content as pre-class activities usually ‘compactify’ all that need to be
covered within one video lecture. But students need time to unpack and digest the
materials even as they watched the lesson played online. (2) There is a need for
teachers to practise ‘wait-and-observe’ so that they may respond with appropriate
changes that are taking place in class by designing just-in-time postclass activities
(or pre-class activities prior to the next lesson). Recording lessons and planning too
far ahead could be counter-intuitively ineffective as students might have unforeseen
difficulties that need to be resolved.

14.5.2.2 Taking It Forward—A Flipped Classroom Implementation
at Tertiary Level

The abovementioned implications and lessons learnt in the pilot project conducted
in the above JC were taken into consideration by the fourth author of this chapter.
In particular as mentioned in Chap. 13 of this book, a graduate mathematics class in
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Topology (MSM832) adopted Chan’s lesson design principles to implement a flipped
topology class. The Topology course ran over 13 weeks, where weekly lessons were
each of duration 3 h. Each lesson followed the same sequence of activities used
by Chan. However, there are two main differences in this second implementation of
flipped classroom. The first one is about (i) pre-class activities outside the classroom,
and (ii) Applications of Concepts Learnt during the in-class activities.

For the pre-class activities, each video-recorded lecture for the week is split into
bit-size of at most 10 min. Each day, the student watches one or two such video
segments. Embedded within the video are Pre-class Milestone Tasks (PMT) to be
completed as the student watches the video. There are many kinds of PMTs. For
instance, one typical PMT requires the student to pause the video and draw a diagram
to represent the topological concept; another PMT requires the student to complete
the rest of a proof that has been started by the lecturer in the video; and yet another
requires the student to pause the video and give an example/counterexample of a
property mentioned in the video segment. CLT informs us that the student’s focus
on video-lectures begins to waver when the segment exceeds 5 min. This explains
why each 10 min-segment is filled with suitably positioned PMTs (each spaced out
uniformly about 2 min) so as to engage the students in meaningful learning as they
watched the video. This would also prevent them from ‘cheating’ by streaming the
video without actually watching it. In order for the reader to have a better understand
of how the PMTswere positioned along the video,we include a portion of the detailed
lesson plan/script in Fig. 14.8. Note that sometimes notes (in italics and bold) are
included as hints or remarks for students when they attempt the PMTs.

For the Applications of Concepts, a problem-solving approach was used. Here in
the last hour of the lesson, an unseen problem that requires the content knowledge
acquired earlier on in that particular lesson was given to the groups. Such unseen
problems can be of two kinds. (1) A new theorem that students have not encountered
in the lecture and/or RATs and each group is to produce the required proof. (2) A
new theorem with a given proof (usually tersely written or with some gaps) where
each group writes the full proof in their own words and fills in details wherever there
are gaps. Figures 14.8 and 14.9 show samples of such problem-solving items.

Although the RAT items are MCQs (there are five options for this implemen-
tation—graduate students have a higher competence than JC students in handling
MCQs), students in the Topology course reflect that:

“I am … and challenged by higher-order thinking questions (especially the last three ques-
tions)”—Student A.

“they [the MCQs] are not so straightforward … they can be quite tricky”—Student B.

“the MCQs in the RAT really tease out my misconceptions. I found these out only when
I discuss my answers with my group members during the gRAT and realized other group
members had differing views.”—Student C.

Student reflected on the group discussion and felt that they had the opportunity to
hear people out. They learnt to be more open-minded and receptive to others’ views:
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Video: Axioms of separation (I) Lecture[Slides 
1 to 8] 

PMT 

[Slide 2] 
Pause at the end of this slide. 

PMT 1 
Which one of the following correctly describes the 
condition for a  separation? 
(A) Any two distinct points cannot share the same 

family of open neighbourhoods. 
(B) Any two distinct points share the same family 

of open neighbourhoods. 
(C) Any two distinct points must be the same 

actually. 
(D) For any two distinct points, their closures 

coincide. 
(E) Two distinct points can be separated by non-

intersecting neighbourhoods. 
Answer: A 

This is the same as saying that for any two 
distinct points x and y, either there is an open set 
that contains x but not y, or the other way round.

[Slide 6] 
Pause at the end of this slide. 

PMT 2 
Let  be a set with more than one point, and 
endow it with the indiscrete space. 
Then  cannot be  because 
(A) the only non-empty open set is the singleton 

set which cannot be used to separate points. 
(B) the only non-empty open set is the entire 

space which will contain all points and hence 
fail to separate points. 

(C) the only open set is the empty set which will 
contain both points and hence fail to separate 
points. 

(D) the only non-empty closed set is the entire 
space which will contain all points and hence 
fail to separate points. 

(E) the only closed set is the empty set which 
cannot be used to separate points. 

Answer: B

Fig. 14.8 Sample PMTs positioned in a video segment of 10 min

Problem
Let X be a topological space.
The apartness map (≠): X × X Σ, where Σ is the Sierpinski space is defined by:
(≠)(x,y) = 0 if x = y; else 1.
Prove that the following statements are equivalent:

(i) X is Hausdorff.
(ii) The apartness map is continuous.

Fig. 14.9 Sample problem-solving item
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“I find my group members very insightful in their thinking and they helped me in answering
one another’s doubts or misconceptions. I felt that they cared about my learning and the
group left no one behind in the discussion.”—Student H.

“Not only did we clarify our doubts, but we reinforced on what we understood. I have time
to reflect on things that I thought I did not understand at first, but eventually obtain a clearer
understanding after we discussed about it…”—Student E.

This implementation of flipped classroom for a graduate Topology mathematics
class also ended with a survey. Similar to Chan’s study, it was reported that the
students found that they gained greater autonomy, competence and relatedness in the
flipped classroom experience.

There were also a number of students who complained that they did not have
the time (because of their daytime job as school teachers) to watch all the video
segments.

“the power-point slides were useful and well-paced…but too many slides make the video
draggy at times.”—Student F.

“I am challenged by a lack of time to sit down and go through the video lecture and the
PMTs. Too long at times.”—Student A.

Regarding the element of ‘just-in-time’ response on the part of the lecturer, in
Week 5 the lecturer organised a special session (no flipped classroom for that par-
ticular session) to consolidate the students’ feelings and opinions about what they
felt about the flipped classroom approach. This consolidation session was an essen-
tial checkpoint for both the students and the lecturer to make sure that the flipped
classroom pedagogy is doing good and not harmful to the participants.

14.5.2.3 Implications Drawn from the Two Implementations

While we are very encouraged in both implementations of flipped classroom by the
phenomenal transformations in the learners’ motivation, we have to be cautious of
many potential risks involved.

Firstly, implementation of flipped classroom requires careful and extensive plan-
ning. This inevitably requires an inordinate amount of time and effort put in, e.g.
writing the detailed script for the video-recording, the actual recording of the lec-
tures by the crew (i.e. both the voice-over video and the live demonstration of the
theorems), the setting of the RATs and the choice of the unseen problems.

Secondly, the effectiveness of the group discussions need to be further examined.
Ho and Chan (2016) caution that ‘the extent to which an individual finds group
discussion beneficial depends on several social factors’. Although the second imple-
mentation already factored this consideration in the design of the problem-solving
task, it was inevitable that at times there were students who were not as proactive as
desired in contributing their views, and others who dominated the discussions most
of the time while others kept listening to them. Here the teacher, as facilitator, should
intervene and moderate the processes in the group discussion.
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Flipped classroom is not the magic bullet to mathematics teaching and learn-
ing, and the teacher who considers using this new pedagogical approach must be
cognisant of the various challenges and limitations that are reported in the above
implementations. Further research certainly needs to be performed to better harness
the benefits of flipped classroom in mathematics teaching and learning.

14.6 Conclusion

This chapter tracks how ICT has been used in Singaporemathematics education from
all level from the primary to the tertiary level, and the various research projects and
classroomanecdotal evidence about the use of these technologies.While encouraging
positive impact on student learning of mathematics has been reported in this chapter,
readers are also cautioned on the context of their implementation.
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15.1 The National Institute of Education and Its Teacher
Education Programmes

15.1.1 Teacher Education Programmes

What is the best teacher education programme structure?

A reviewofAmerican teacher education programme structures (Arends andWinitzky
1996) lists six types of teacher education programmes. The predominant structure
is that of the 4-year undergraduate model, commonly known as the Bachelor of
Education programme. The other models are: (a) an extended 5-year bachelor’s
programme, (b) an extended 5-year bachelor and master’s programme, (c) a fifth-
year programme that leads to a master’s, (d) a 6-year master’s programme and (e)
alternative certification programmes. Zeichner andConklin (2005) state that themost
common teacher education programme issues in the teacher education literature then
were about whether 4 years were enough for the preparation of a teacher, making
teacher preparation a completely postgraduate programme, and the establishment of
alternative routes into teaching. Their paper continues with a quite comprehensive
review of the literature and summarizes the results for 4-year versus 5-year pro-
grammes, and alternative versus traditional programmes. They conclude wistfully
that “few definitive statements can be made about the effects of different structural
models of preservice teacher education based on this body of research” (p. 698).
They, however, cite the Teacher Education and Learning to Teach (TELT) study in
suggesting that “it is programme substance and not structure that is key in influ-
encing prospective teachers” (p. 701). TELT researchers differentiated programmes
by their substance into two categories, viz. traditional programmes that emphasized
the organization of students and classroom activities, and reform programmes that
encouraged more learner-centred practices with much emphasis on subject-specific
teaching. It was the latter that had more influence on the prospective teacher.

We turn to Finland, a country highly regarded for its education system, for another
perspective of teacher education. The Finnish system is a two-tier 5-year teacher edu-
cation programme. There are three main components in the structure: (a) academic
disciplines, i.e. subject majors such as mathematics or history for secondary school
teachers, and educational sciences for primary school teachers, (b) research studies
that consist of methodological studies, a BA thesis and an MA thesis and (c) peda-
gogical studies that include teaching practice. According to decrees issued in 1979,
1995 and 2005, all teachers require a master’s degree (Niemi 2012). The master’s
requirement is the result of the Finnish teacher education policy that necessitates
education on research-based foundations. A Web-based survey conducted by Niemi
(2012) among students in teacher education programmes at two Finnish universi-
ties found that students rated themselves highly in designing of instruction, critical
reflection of own work, awareness of ethical basis of teaching profession, lifelong
professional growth, self-evaluation of own teaching, using teaching methods and
development of own educational philosophy. Students rated themselves lowest for
administrative tasks, management of tasks outside the classroom, cooperation with
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parents and acting in conflict situations. The split in competencies fairly mirrors the
“subject-specific against the administration” dichotomy of the American situation.

Put together, the American and Finnish situations set the context for viewing
Singapore’s teacher preparation programmes, mainly through highlighting two con-
siderations, i.e. the “subject-specific against the administration” dichotomy, and the
fact that “few definitive statements can be made about the effects of different struc-
tural models of preservice teacher education based on … research” (Arends and
Winitzky 1996, p. 698). These help us to understand how Singapore has positioned
itself in relation to good international practices and local constraints.

Singapore is a young nation, independent for barely half a century. It inherited its
teacher training programmes from its British colonial masters and evolved it accord-
ing to the needs of the nation. Singapore has always been known for its pragmatism.
Mahbubani (2015) wrote the following in the Huffington Post:

So why did Singapore succeed so comprehensively? The simple answer is exceptional lead-
ership … Lee Kuan Yew, the founding prime minister …, Goh Keng Swee, the architect of
Singapore’s economic miracle, and S. Rajaratnam, Singapore’s philosopher par excellence.
Together, they made a great team. This exceptional team also implemented three exceptional
policies: Meritocracy, Pragmatism and Honesty. Indeed, I share this “secret” MPH formula
with every foreign student at the Lee Kuan Yew School, and I assure them that if they imple-
ment it, their country will succeed as well as Singapore. Meritocracy means a country picks
its best citizens, not the relatives of the ruling class, to run a country. Pragmatism means
that a country does not try to reinvent the wheel. As Dr. Goh Keng Swee would say to me,
“Kishore, no matter what problem Singapore encounters, somebody, somewhere, has solved
it. Let us copy the solution and adapt it to Singapore.” [italics added]

In education, and in teacher training, Singapore has pragmatically looked at the
systems in the world and adapted the right “wheel” for its use. In teacher education,
“the strength of [Singapore’s] initial teacher preparation lies in the strong integration
between content and pedagogical preparation, the design and development of which
is backed by evidence-based educational research” (Gopinathan 2010, p. 140). Here,
we see that all the positive aspects of subject-specific teaching and research have
been assimilated into a coherent teacher training framework. Indeed, Chen and Koay
(2010) in their preface describe teacher education in Singapore as being “guided by
pragmatic principles, a blend of philosophy of the East andWest unique to Singapore,
which evolved as the newly established nation responded to the challenges of the
times” (p. xii). Singapore education officials, school leaders and researchers regularly
travel to other countries to learn best practices for adaptation at home. In addition,
education officials and significant academics visit Singapore to seewhat is happening
here and to share their views and recommendations.

15.1.2 Evolution of Teacher Education in NIE: Programmes,
Students and Teacher Educators

We have today in Singapore the National Institute of Education (NIE) as the sole
teacher education institution in the country. The following is a short history of
the evolution of the teacher education programmes summarized from Transform-
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ing Teaching, Inspiring Learning (Chen and Koay 2010). The Teachers Training
College (TTC) was established in 1950. It conducted certificate courses in educa-
tion for non-graduates. In the same year, a School of Education was established
in the local university to train graduates for teaching on a full-time basis. Students
were conferred a Diploma in Education (Dip. Ed.). In 1971, the School of Education
was closed and TTC became the only institution responsible for teacher training.
It entered into a new relationship with the university, whereby besides certificate
courses, it also prepared graduate students for the Dip. Ed. In 1973, the Institute
of Education (IE) was established from the TTC. It offered a 2-year full-time or a
3-year part-time Certificate in Education (Cert. Ed.) programme for non-graduates,
and a 1-year full-time or an 18-month part-time Dip. Ed. programme for graduates.
On 1 July 1991, the NIE was established as an institute of the Nanyang Techno-
logical University (NTU). As part of the university, new 4-year degree programmes
were offered to matriculated students. These programmes, Bachelor of Arts with
Education and Bachelor of Science with Education (collectively called B.A./B.Sc.
(Ed.)), imparted both subject matter knowledge and pedagogical knowledge to stu-
dent teachers. Non-graduates and graduates training to be teachers took the two-year
Dip. Ed. and the one-year Postgraduate Diploma in Education (PGDE) programmes,
respectively.

We turn our attention now to focus mainly on the student teacher intake for the
years since the establishment of IE in 1973. The first decade of IE continued with the
providing of quality training of teachers against the backdrop of the rising demand for
a larger number of qualified teachers in the schools. Compared to colonial timeswhen
only a fraction of the population could afford school, the new nation of Singapore
was intent on educating all its children. Schools could be and were built quickly to
house all the children, but getting enough quality teachers was not as easy. Most
student teachers in TTC in the past were trained for the primary school. Thus, to
cope with the demand particularly in the secondary schools, graduates of the two
local universities at that time were trained in part-time programmes in IE under the
teaching cadetship scheme and were awarded the Dip. Ed. on completion. These
teacher cadets studied and taught at the same time, assuming two-thirds of a regular
teacher’s workload during their 18-month cadetship. This makeshift approach lasted
until 1980 when all pre-service programmes in IE became full time. In the early
years of the TTC, candidates for teacher training did not all possess high academic
qualifications. Some had not even completed twelve years of school themselves. In
IE, however, only candidates with GCE “A”-Level qualifications were considered for
the 2-year Cert. Ed. programme. When IE became NIE in 1991, teacher education
in Singapore was re-established within a university framework. The recruitment of
teachers was ramped up greatly, and NIE took in students through the PGDE, Dip.
Ed. (for non-graduates) and a totally new 4-year degree programme (B.A./B.Sc.
(Ed.)) which combined subject matter knowledge and pedagogical knowledge within
the same university setting. The intakes for each year up to 2012 were large and
comprised about 2000 new student teachers each year from the three programmes
with about 500 from the degree programme (Gopinathan 2010; MOE 2016, p. 34).
Although the prerequisites for enrolment in the programmes were not brought down,
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the variation in the quality and experience of the students was great. For example,
the “A”-Level results of candidates for the degree programme differed widely. Also,
student teachers in the PGDE could come from degree backgrounds as diverse as
engineering, law and accountancy. Many of the engineering graduates were to be
trained as mathematics teachers. This would have an effect on the mathematics
teacher education programmes, as we will read later. With a target of 33,000 teachers
for Singapore (MOE 2012), the intake tapered off after 2012 until the present intake
of about 1000 a year.

Finally, in this section, we shall describe the evolution of the teaching staff in
teacher education. IE staff in 1975 consisted of 5 (4.8%) with doctorates, 34 (32.7%)
with masters, 23 (22.1%) with a first degree and 42 (40.4%) non-graduates. As
a result of the intentional upgrading of staff and the recruitment of better-qualified
staff, in 1982, the staff composition was now 19 (12.0%) with doctorates, 88 (55.3%)
with masters, 27 (17.0%) with a first degree and 25 (15.7%) non-graduates (Chin
2010). Believing that “the most important single factor for the quality of education
is the quality of the teachers’ training” (Barber and Mourshed 2007) and that the
quality of teacher training depends heavily on the quality of the teacher educator, NIE
continued to recruit strong academics until currently, for example, in theMathematics
and Mathematics Education (MME) Academic Group, all 27 full-time teaching staff
hold doctorates. The B.A./B.Sc. (Ed.) programme made a very significant change
in NIE staff recruitment. Academics with doctorates in content specializations were
now recruited to teach the subject matter knowledge. Since NIE is part of a world-
class university, NTU, staff on the professorial tenure track would be required to
publish in high-quality journals in their area of specializations. For example again,
there are 14 academics inMMEwho hold doctorates inmathematics across a number
of fields such as Graph Theory, Number Theory, Integration Theory, Domain Theory
and Statistics. The symbiosis of mathematicians and mathematics educators would
be a major factor in an exceptional mathematics teacher training programme.

15.2 Knowledge Base for the Mathematics Teacher

15.2.1 Three Forms of Knowledge for the Mathematics
Teacher

What should a mathematics teacher know to be able to teach effectively?

Shulman (1986) in his seminal paper on teacher knowledge contrasted the exami-
nations for Californian elementary school teachers in 1875 and in 1986. While the
former emphasized assessment of subject matter knowledge covering topics such as
WrittenArithmetic,Mental Arithmetic,WrittenGrammar, Geography,History of the
United States, Theory and Practice of Teaching, Algebra, Physics, Constitution of the
USA and California, School Law of California, Biology, Reading and Vocal Music,
the latter emphasized the assessment of capacity to teach, covering categories such as
organization in preparing and presenting instructional plans, evaluation, recognition
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of individual differences, cultural awareness, understanding youth, management and
educational policies and procedures. He pointed out the “absence of focus on subject
matter among the various research paradigms for the study of teaching” (p. 6) at that
time in the 1980s. He noted the cleavage between content and pedagogy apparent
from the emphasis on one and then the other in the 1870s and the 1980s. He then
traced the apparent dichotomy to the time in the medieval universities when they
were not considered separately but were both considered essential to be a university
doctor or “dottore” which means teacher. “The tradition of treating teaching as the
highest demonstration of scholarship” (p. 7) was derived from Aristotle who “dis-
tinguish[ed] the man who knows from the ignorant man [by] an ability to teach”
(p. 7).

Thus, we have at least two forms of teacher knowledge, viz. “content knowl-
edge” (i.e. subject matter knowledge) and “general pedagogical knowledge” (Shul-
man 1986, p. 9). General pedagogical knowledge, by its emphasis in many teacher
education programmes today, is well known to include aspects of educational psy-
chology, classroom management, general teaching craft such as questioning tech-
niques and organizing learning in collaborative groups, and assessment. These are
generally independent of the subject matter, for example, assessing the validity and
reliability of biology tests and those of mathematics tests are basically the same.

Shulman (1986) then proposed a perspective on subject matter knowledge in
teaching that encompassed three kinds: (a) content knowledge, which refers to “the
amount and organization of knowledge per se in the mind of the teacher” (p. 9), (b)
pedagogical content knowledge, which “goes beyond knowledge of subject matter
per se to the dimension of subject matter knowledge for teaching” (p. 9) and (c)
curricular knowledge, so as to draw from the curriculum and its associated materials
almost as a “pharmacopeia” (p. 10) of tools for presentation, exemplifying, remedia-
tion and evaluation. For example, with (a), a teacher knows that “−1” is the additive
inverse of “1” in the field of real numbers; with (b), the teacher can represent “−1” as
a “concrete” object, such as a symbol on a card that when put together with another
card labelled “1”, eliminates both, or as a point on the number line equidistant from
“0” as “1”; and with (c), the teacher will avail herself of concrete materials such as
AlgeCards, or computer software that teaches operations with negative numbers, if
such are available. Figure 15.1 shows how 3 + (−4) can be represented in the two dif-
ferent ways mentioned in (b), with the first representation availing itself of materials
as in (c). A teacher with good pedagogical content knowledge would know different
representations and can decide wisely which to use in different class settings.

The further differentiation of subject matter knowledge by others such as Ball
et al. (2008) has shown that proficiency in this area is much more than getting a
degree in the subject. For our purpose of explaining the structure and objectives of
mathematics teacher education in Singapore, it suffices for us to focus on the main
differentiation of subject matter knowledge into content knowledge and pedagogical
content knowledge as first perceived by Shulman. Thus, using Shulman’s lens, NIE
teacher education is organized along three main components: educational studies
for general pedagogical knowledge, academic subject for content knowledge and
curriculum studies for pedagogical content knowledge.
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Fig. 15.1 Different representations of 3 + (−4)

15.2.2 Preparing Mathematics Teachers of Substance: Issues
for Consideration

We agree with Shulman that “mere content knowledge is likely to be as useless
pedagogically as content-free skill” (Shulman 1986, p. 8). Thus,we agree that general
pedagogy knowledge is essential for a teacher and that it should be a significant part
of a teacher education programme. In this chapter, however, we shall leave further
exposition of this component and instead focus on subject matter knowledge and its
two manifestations, content knowledge and pedagogical content knowledge. From
here on, we shall only discuss the preparation of mathematics teachers. Shulman
continued his work with like-minded colleagues, and together they asserted that
an examination of subject matter knowledge of teachers is important to teacher
educators (Grossman et al. 1989). To prepare “teachers of substance”, they argued
that “teacher educators must share the responsibility for the transmission of subject
matter knowledge to prospective teachers” (p. 24).

The first reason they gave was that it had become “increasingly clear that …
[teacher educators] can no longer assume that the subject matter component of
teacher preparation is fulfilled by undergraduate coursework in other departments”
(Grossman et al. 1989, p. 24). The realities that they state to support this assertion
resonate even in Singapore today. They state that within an academic major, in dif-
ferent universities and even in the same university, requirements vary for different
specializations. In Chap. 5 of this book, Ho et al. (2018) interviewed a number of
professors of mathematics in three Singapore university mathematics departments
and they concurred that “content reduction is one of the most significant changes that
took place at the university level for undergraduatemathematics degree programmes”
(p. 94). It would seem that the training in mathematics rigour would be adversely
affected and mathematics graduates may have problems with analysis concepts such
as convergence and limits, which would manifest themselves in secondary school
calculus.

Grossman et al. (1989) also observed that the overlap between the content of
courses at the university level and at the school level is “tenuous at best” (p. 24).
For example, Geometry is hardly offered in undergraduate mathematics courses
nowadays, though it is an important topic in the school. In the Singapore universities,
it is also possible for a mathematics major to avoid courses in Statistics. Although
one can possibly learn on the job when required to teach Statistics in the schools,
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this ability for all teachers cannot be taken for granted. It would be better that the
deficiencies are addressed in the teacher education programme.

Finally, Grossman et al. (1989) point to the difference between content knowledge
and pedagogical content knowledge. It is highly unlikely that future teachers would
learn pedagogical content knowledge from their professors in their undergraduate
courses if the content department were divorced from the teacher education depart-
ment, which is the case in the majority of universities. As it is quite impossible to
convince themathematics professor in themathematics department to focus a little on
pedagogical content knowledge, it would seem more feasible that teacher educators
take up the mantle to teach pedagogical content knowledge and to fill up deficiencies
in content knowledge.

The establishment of NIE as an autonomous institute of the NTU in the 1990s
gave Singapore teacher education an exceptional opportunity to plan programmes
that take into account the new understandings of teacher knowledge from Shulman
and his colleagues. NIE’s placement within a university setting allowed it to design a
bachelor’s programme that combined a subject matter specialization and a teaching
certification.Within the preparation of mathematics teachers, faculty with doctorates
inmathematics andwith doctorates inmathematics education were recruited in equal
numbers to enable a symbiosis of expertise crucial to actualizing a holistic learning
environment for the three forms of knowledge. It helped also that many faculty
members with doctorates in mathematics were also qualified school teachers before.

Themajority of pre-service teacherswould still go through the PGDEprogramme.
They would come into NIE with degrees from other universities. Some would have
gone through undergraduate mathematics programmes that did not overlap well with
the mathematics content in schools. Of greater concern would be the fact that some
of the student teachers were not mathematics majors. Some had engineering degrees
and had been accepted by the Ministry of Education to teach mathematics when
there was a need to quickly ramp up the number of secondary school teachers. These
student teachers lacked content knowledge, but there was no time in the one-year
PGDE programme to conduct content upgrading. A stopgap measure was imple-
mented to at least raise the awareness of the student teachers about their own level
in content knowledge by making them take a School Mathematics Mastery Test.
The inadequacy of the PGDE programme with regard to content knowledge would
be partly ameliorated with the provision of in-service content courses as well as a
postgraduate Masters in Science (Mathematics for Educators).

The final consideration was for primary school teachers who had to teach math-
ematics but who were not mathematics majors. Keenly aware that some of these
teachers actually disliked mathematics, could only follow procedures in mathemat-
ics and thus would only teach procedures subsequently, a component called Subject
Knowledge was included in the programme for primary school teachers. This com-
ponent resonated with Ma’s (2010) assertion that elementary mathematics is a “field
of depth, breadth, and thoroughness” (p. 122).

Each of the programmes mentioned in the paragraphs above—their motivations,
evolutions, structures and implementations—will be fleshed out in the following
sections of this chapter. The sections will follow the distinction between pedagogical



15 The National Institute of Education and Mathematics Teacher … 359

content knowledge and content knowledge. All these developments are a result of
NIE’s aspiration to have programmes that would prepare mathematics teachers of
substance.

15.3 Pedagogical Content Knowledge (PCK)

15.3.1 Pre-service PCK

We begin with curriculum studies (CS) in mathematics, which is designed to give
student teachers the pedagogical skills in teaching mathematics in Singapore schools
from the perspective of PCK. This component is offered in the pre-service PGDE,
B.A./B.Sc. (Ed.) and the Dip. Ed. programmes. In the CS Mathematics courses
for the Dip. Ed. programme, student teachers specialize in the methodology for
teaching mathematics at the primary level, while the CS Mathematics courses for
the B.A./B.Sc. (Ed.) programme prepare student teachers to teach mathematics at
either the primary or secondary/junior college level. The CS Mathematics courses
for the PGDE programme also offer courses for teaching at either primary or sec-
ondary/junior college level. In this section, we describe the key characteristics of our
CS primary and secondary mathematics courses, namely (i) a common foundation,
(ii) mathematical problem-solving and school mathematics topics, (iii) relevance to
Singapore schools and (iv) responsiveness to the changing educational landscape.

15.3.1.1 Common Foundation

Key common course content. One of the changes in the primary CS Mathematics
courses as a result of the curriculum review of 2004 was keeping the contents of
the CS Mathematics courses in the different primary programmes similar (Lim-Teo
2009). Samples of course outlines for the various CS Mathematics courses offered
at NIE, Singapore, over the last decade (from 2007 to 2017) were analysed, and
the analysis shows key common course content and assessment modes across CS
Mathematics primary and secondary courses in the Dip. Ed. programme, B.A./B.Sc.
(Ed.) (Primary), B.A./B.Sc. (Ed.) (Secondary), PGDE (Primary) and PGDE (Sec-
ondary) programmes. The common contents of the CS Mathematics courses include
the Singapore mathematics curriculum, general psychological theories for learning
mathematics, lesson planning, mathematical problem-solving, test construction, stu-
dent misconceptions or errors and the teaching of the various school mathematics
topics spelt out in the Singapore mathematics curriculum.

Most of the CSMathematics courses are conducted through lectures and tutorials,
supported by a technology-enhanced environment through the blackboard course
management system (Wong et al. 2012). E-lectures on various mathematics topics
(e.g. matrices, probability, real-life applications of mathematics) and topics, e.g. van
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Hiele Theory in the CS Secondary Mathematics courses, encourage student teachers
to “learn things for themselves”. E-learning is also implemented in some of the CS
Mathematics courses to encourage student teachers to be self-directed learners.

Key common assessment modes. Student teachers taking the CS Mathematics
courses as described above are assessed through common key assessment com-
ponents such as design of mathematics lesson plans, PCK written test, design of
mathematical problem-solving task, test construction and use of technology in the
teaching and learning ofmathematics. In addition, one of the assessment components
requires student teachers to teach an assigned concept, algorithm, word problem, etc.
(e.g. microteaching). This is usually followed by reflections on their teaching. Hav-
ing such a range of assessment modes in the CS Mathematics courses exposes the
student teachers to the realities of teaching.

Anchoring the above CS Mathematics courses in a common foundation is impor-
tant because it provides a common language for the mathematics education commu-
nity in Singapore. Furthermore, the common foundation was carefully constructed
to provide our pre-service teachers with the critical capabilities supported by sound
theoretical groundings to make prudent pedagogical judgements and decisions in
their mathematics classrooms. Common modes of assessment are used to ensure
that key skills (such as pedagogical skills, reflective skills and thinking dispositions)
and knowledge (such as knowledge of student, pedagogy, curriculum and assess-
ment) are evenly developed through the CSMathematics courses across the different
programmes.

15.3.1.2 Mathematical Problem-Solving and School Mathematics
Topics

Central to the Singapore mathematics curriculum is mathematical problem-solving.
The Singapore mathematics syllabus also encourages exposure to problem-solving
approaches such as Pólya’s model (Pòlya 1971). The emphasis on mathematical
problem-solving and reasoning is reflected in the CS Mathematics course outline,
but it may be interwoven into the strands, as well as taught separately in the CS
Mathematics courses. The problem-solving approaches and heuristics used are based
on Pólya’s model and approaches (Lim-Teo 2009).

Another characteristic of the CS Mathematics courses is that the main bulk of
the course is spent on the teaching of various mathematics topics in the school
curriculum (school mathematics topic structure). For example, for the primary CS
Mathematics courses, topics such as whole numbers, fractions and decimals (clas-
sified as Number and Algebra Strand in the Singapore primary mathematics cur-
riculum) are included. This characteristic of the CS Mathematics courses enables
student teachers to re-examine their understanding of the mathematics topics, in
particular, from the perspectives of students in Singapore mathematics classrooms.
Indeed, the school mathematics topic structure provides opportunities for CS Math-
ematics course instructors to delve more deeply into students’ learning difficulties
and diagnosis of students’ errors and explore strategies and teaching approaches to
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remedy misconceptions specific to each of the school mathematics topics. These
learning experiences are crucial for student teachers as they need these experiences
to sharpen their abilities to identify and address those learning difficulties and errors.
The experiences provided will also develop their capacities to anticipate possible
learning difficulties and errors that their students may have and get student teach-
ers “ready” to address those errors when they encounter those situations in their
teaching. Wong et al.’s (2012) analysis of primary student teachers’ performance in
mathematics PCK assessed by the TEDS-M study shows that student teachers may
“need more opportunities to learn about ways to deal with pupils’ misconceptions in
mathematics” (p. 304). In addition to dealing with the common students’ errors in
the teaching of various mathematics topics, the first batch of student teachers in the
16-month PGDE programme (inaugurated in December 2016) also had the oppor-
tunity to complete an error analysis task during their Teaching Assistantship (TA)
school stint.

The school mathematics topic structure also provides instructors and the student
teachers more opportunities to share, discuss, unpack and reflect on examples of
classroom practice specific to the various mathematics topics, and this brings us to
the next characteristic of the CS Mathematics courses, that is, direct relevance to the
realities of local classroom teaching.

15.3.1.3 Relevance to Singapore Schools

The Singapore model method (MOE 2009), a pedagogical strategy developed by a
teamof curriculum specialists in the SingaporeMinistry of Education, is a unique fea-
ture in the Singapore mathematics curriculum, and it is used widely in the Singapore
primary classrooms. By unpacking themodel method and how themodel method can
be integrated with the algebraic method to help students formulate algebraic equa-
tions to solve problems, student teachers are empowered to translate this pedagogical
approach directly into the Singapore mathematics classrooms, thus enhancing the
links of the CS Mathematics courses to the local classroom teaching. Pedagogy is
partially culturally situated in this sense. Pedagogy is also partially universal (Cai
et al. 2009). As such, resources that integrate local experiences and research with
international “best practices”, for example, Lee and Lee (2009) and Lee (2009), were
also published for the CS Mathematics courses (Wong et al. 2012).

To establish the theory-practice links, student teachers are assisted to reflect crit-
ically on several aspects of their learning during their CS Mathematics courses. For
example, during their microteaching, opportunities are created for student teachers
to reflect and relate to the theories and any classroom experiences that they already
had (such as in their previous practicums or in their pre-enrolment contract teaching).
The critical reflection is vital for student teachers to develop multiple perspectives of
teaching and learning mathematics, identify potential challenges and suggest alter-
native solutions to overcome those challenges. With the TA school stint (in addition
to the original final teaching practicum or field-based experience) and developmen-
tal nature (spread throughout the entire programme) of practicum for the B.A./B.Sc.
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(Ed.) programme, student teachers can tap upon their multiple field experiences to
make greater personal sense of the theory-practice links as they engage in critical
reflection during the CS Mathematics courses.

A suite of videos of authentic teaching—authentic in that the lessons were con-
ducted in a naturalistic classroom context—is also used in some of the CS Secondary
Mathematics courses to facilitate the link between the realities of actual classroom
practice and theories gleaned from the courses. “A critical aspect of bridging theory
and practice involves strengthening the link between research and practice” (NIE
2012, p. 13). As such, CS Mathematics course instructors have “integrated mathe-
matics pedagogical principles from international research and practices with local
contexts and lessons learned from local implementations” (Wong et al. 2012, p. 297).

15.3.1.4 Responsiveness to the Changing Education Landscape

CSMathematics courses have been revised over the years, with the core foundations
still intact, to keep abreast of the rapid changes both locally and internationally.
Responsiveness to changes due to recruitment and education initiatives launched by
the Ministry of Education, Singapore, will be elaborated below.

As mentioned earlier, student teachers in the PGDE could come from various
degree backgrounds. The PGDE secondary student teachers specialize in teaching
two subjects at the secondary school level, namely CS1 as the first teaching sub-
ject and CS2 as the second teaching subject. Applicants for the PGDE secondary
programme taking up CS Secondary Mathematics will be designated either one of
the three tracks: CS1 Mathematics, CS2 Mathematics and CS2 Lower Secondary
Mathematics. Those in the CS2 Lower Secondary Mathematics “are not required to
have studied tertiary mathematics, but they must have good grades in their O-level
or A-level mathematics” (Wong et al. 2013, p. 206). They “meet lower criteria than
for CS2 [Secondary] Mathematics and they will only be prepared to teach mathe-
matics at lower secondary level because of their lack of mathematical background”
(Lim-Teo 2009, p. 53). There was some concern over the mastery of mathematics
content for teaching at secondary levels among the teachers when the majority of
PGDE secondary student teachers doing CS1 Mathematics were not mathematics
majors and when the number of CS2 Lower Secondary Mathematics student teach-
ers grew tremendously. To address this concern, a School Mathematics Mastery Test
(SMMT) was introduced in 2003 to provide student teachers the opportunity to be
aware of their current state of mathematical knowledge so as to start them on self-
improvement for mastery of secondary school mathematics content. There was also
a concern about primary teachers’ subject understanding (Lim-Teo 2009, p. 64). A
Subject Knowledge (SK) component was introduced in some programmes to address
this problem (Lim-Teo 2009).

CS Mathematics courses have adapted over the years to remain relevant to the
needs of teachers. The adaptation was necessary for our student teachers to acquire
the skills, knowledge and disposition to implement the initiatives by the Singapore
Ministry of Education (MOE). For example, one of the key changes in the 2012
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Singapore secondary mathematics curriculum is the explication of Problems in Real-
World Context (PRWC). As such, PRWC was included as one of the topics in the
CS SecondaryMathematics courses to prepare student teachers to implement PRWC
tasks in their mathematics classrooms. Guest lectures byMOE, Curriculum Planning
andDevelopmentDivision,were also arranged for our student teachers on topics such
as AlgeDiscs and Algebars, and Learning Experiences—new features in the 2012
Singapore mathematics curriculum.

15.3.2 Postgraduate PCK

It is well known that pre-service training cannot be sufficient for the needs of the
teacher. In the first place, there is not enough time to cover all aspects of teaching.
In addition, learning without the information of actual practice is deficiently one-
dimensional. We close this section on PCK with a description of NIE’s postgraduate
programme to further develop teachers’ pedagogical content knowledge through
reflective practice and research.

The Master of Education (Mathematics) programme, or M.Ed. (Maths) for short,
is the mathematics education specialization within the NIE wide Master of Edu-
cation programme, designed for mathematics educators in Singapore schools and
other mathematics education professionals. The main aim of this specialization is to
develop within the participants the capacity to reflect deeply upon their own math-
ematics instructional practices, so as to prepare them for career development in
leadership positions in schools. The duration of the programme is between 2 and
4 years for those participants studying part time, and between 1½ and 2 years for
those studying on a full-time basis. To graduate from the programme, participants
need to earn 30 academic units, or AU’s for short, where 1 AU corresponds to 1 h
per week of instruction over a 13 week semester, and most of these academic units
are gained from taught courses. For the more academically inclined participants, the
programme also serves as an induction into contemporary mathematics education
research, by exposing them to the latest scholarly and professional work in this area.
For this purpose, candidates can opt to replace two taught courses with a 6 AU dis-
sertation, running over multiple semesters, which is an independent piece of research
work conducted under the guidance of a supervisor appointed from the faculty.

Since its inception, the M.Ed. (Maths) programme has achieved very high levels
of success, and the reader is directed to Lim-Teo (2009) and Tay et al. (2017) formore
detailed descriptions of its history and structure.Nevertheless, it isworth highlighting
here some of the more significant factors which have contributed to its success.
First, with the exception of a small number of foundational courses which introduce
the participant to educational research in general, the great majority of the course
studies are in mathematics education. Second, all the courses are taught by members
of the faculty who are themselves active researchers in the fields of mathematics
and mathematics education, and who are often also qualified school teachers, which
means that they are able to pass on to participants the latest theories and perspectives.
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Third, the greatmajority of participants are themselves active teachers ofmathematics
in schools, who often come to their lessons directly from their own classrooms and
who therefore possess very high levels of motivation to apply what they are learning
in the M.Ed. (Maths) programme to improve their own day-to-day instructional
practices. Thus, the participants and faculty together form a community of focus
similar to the “teaching research groups” engaged in “intensive study” which Ma
(2010) identified as being a principal characteristic contributing to the strength of
mathematics education in China.

Despite these successes, a growing imbalance began to emerge between the con-
tent andpedagogic strengths of the participants, just as Shulman (1986)warned, albeit
seen from the followingmore positive perspective. Specifically, asNIE became better
and better at imparting strong pedagogic skills to its pre-service teachers, exigencies
of deployment during the “expansion” era meant that it became feasible to deploy
into classrooms teachers whose content background did not necessarily match the
subjects they were expected to teach. For example, it became very common in sec-
ondary schools to have mathematics taught by teachers who were not mathematics
majors, or even majors in closely related subjects such as Physics or Chemistry, but
rather in other quantitative disciplines such as engineering or economics, and such
teachers naturally sought to upgrade their skills in programmes such as the M.Ed.
(Maths). A second issue was that roughly half the participants were primary school
teachers, and given the generalist nature of primary school teaching, it was common
to find such teachers who despite being graduates and having a strong interest in
mathematics were non-science majors. To partially address these issues, some entry
restrictions into the M.Ed. (Maths) programme were imposed, namely that partici-
pants should have taken at least two mathematics courses during their undergraduate
studies and that they should be active teachers of mathematics. Since the whole point
of the M.Ed. (Maths) programme is to encourage teachers to upgrade themselves,
these restrictions were necessarily quite mild, and other more positive measures to
address the content weakness of participants were taken as follows.

The first positive measure was to include alongside the elective courses in math-
ematics education an equal number of elective courses which were intended to be
a synergy of mathematics content and pedagogy. Generically entitled “X and the
Teaching of X”, these courses covered most of the subjects taught in schools up to
secondary level, including Arithmetic, Algebra, Geometry, Statistics and Discrete
Mathematics. Ideally taught by a pair of faculty, one staff member specializing in
content and one specializing in pedagogy, the aim of these courses was to simultane-
ously reinforce content mastery, while at the same time drawing out the pedagogic
implications for classroom practice. While the intentions behind the crafting of these
courses were sound, in practice they were challenging to teach, since to succeed well
required very high levels of cooperation between the content and pedagogy staff
involved. Unfortunately, even to arrange for a pair of staff to co-teach was often
quite difficult, and the exigencies of staff deployment often constrained the assign-
ment of a single member of staff to teach the course in its entirety. Despite the best
of intentions of the staff assigned, this inevitably resulted in a weakening of the syn-
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ergy in the direction of the area of specialization of the staff member involved, be it
content or pedagogy.

The second positive measure was to include alongside the core course in math-
ematics education a stand-alone content course entitled “Fundamental Concepts in
Mathematics”. Compulsory for all participants in the M.Ed. (Maths) programme,
the principal aim of this course was to level up the participants’ mastery of funda-
mental concepts, so as to provide a foundation for the later “X and the Teaching
of X” courses. From the outset, this course took a broad historical perspective and
introduced participants to the evolution of the key mathematical ideas and concepts
underpinning primary and secondary school mathematics. This broad historical per-
spective, which contributed significantly to the popularity of the course, also made
it rather challenging for one staff member to teach alone, so for many years it was
co-taught very successfully by a pair of staff, both in content. Nevertheless, despite
its popularity, this breadth made it very difficult to cater to the needs of both primary
and secondary school teachers, since historically these relate to quite different eras
in the history of mathematics. Therefore, as part of the recent major restructuring
described below, a reluctant decision was taken to break up this course and instead
to reincorporate its components into the newly recrafted “X and the Teaching of X”
courses.

Starting in 2016 the M.Ed. (Maths) programme was subject to major reviews,
one internally by the academic department for the purposes of quality improvement
and the other externally as part of an NIE wide programme review. The main aim
of the external review was to concentrate the 30 AUs required to graduate into a
smaller number of larger courses (essentially 4 AU as opposed to 3 AU) so as to
make it feasible for full-time participants to graduate within one calendar year. One
of the major aims of the internal review was to better serve the particular needs of
primary school teachers by creating a “primary track” within the M.Ed. (Maths)
programme. This is not a stand-alone programme, but rather consists of a sequence
of courses which, despite being open to all participants, are marked out as being of
particular relevance and interest to those teaching at primary level. Another aim of the
internal review was to further strengthen the content components of the programme,
by making a renewed effort to allow the “X and the Teaching of X” courses to fulfil
their potential. This consisted of reversing the previous practice, that is, first crafting
the courses and only then searching for a pair of staff willing to co-teach it; instead,
pairs of staff were hand-picked for their proven ability to cooperate well, and then
together they recrafted the course description with that cooperation built in from the
very start.
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15.4 Content Knowledge (CK)

15.4.1 Academic Subject (AS)

TheAcademicSubject courses, abbreviated asAScourses, are a set of courses offered
to degree programme students who either major (AS1 Mathematics) or minor in
mathematics (AS2 Mathematics).

TheAS1Mathematics students comprise twogroups in theB.Sc. (Ed.) programme
whose first teaching subject is mathematics: specialists in teaching primary school
mathematics and specialists in teaching secondary school mathematics. Since their
first teaching subject of the AS1Mathematics students is mathematics, these students
are expected to have a larger base of subject matter knowledge. Thus, AS1 Mathe-
matics students are required to complete a total of 17 courses for AS1 during their
four years of tertiary mathematics education. AS1 student must complete a core set
of compulsory courses: 4 in the first year, 6 in the second year and an academic exer-
cise at the end of the fourth year. The remaining courses are all electives. In contrast,
AS2Mathematics students will be deployed to teach secondary mathematics as their
second teaching subject. (We note that these students may have their AS1 subject
in either the Arts or the Sciences; their programmes will then be respectively, B.A.
(Ed.) and B.Sc. (Ed.).) Consequently, AS2 Mathematics student teachers are only
required to read tertiary mathematics in their first year of study, which comprises
four compulsory courses. Table 15.1 displays the courses to be completed for the
degree requirement of the AS students under the respective tracks.

A look at the range of the mathematics courses that AS Mathematics students
are required to take in the B.A./B.Sc. (Ed.) programme, as shown in Table 15.1,
shows that the degree programme at NIE has courses with similar, if not identical,
titles offered in traditional mathematics programmes at other universities worldwide.
These courses give a comprehensive coverage of the “subject matter component of
teacher preparation” (Grossman et al. 1989, p. 24) which may not be fulfilled by
a student teacher taking the PGDE route. At this point, we highlight a question
often raised by student teachers in the primary track—“Why do we need to study
such difficult mathematics which will not be used in primary school?” To this ques-
tion, we justify as follows. Firstly, as a subject major one is expected to possess
the disciplinarity of that subject. For example, an English Literature major must
know Shakespeare even though Shakespeare is never taught in primary school; a
mathematics major ought to know the notion of infinite countability even though
primary school children rarely count beyond a million. Secondly, there are aspects
of mathematics study that undergird the content per se, such as problem-solving dis-
position, rigour and the ability to read newmathematics. These disciplinarity aspects
need to be transferred to the primary school students; indeed, a non-mathematics
major will most likely emphasize on the procedural aspects of mathematics, while a
mathematics major is likely to engage students in problem-solving, problem posing,
understanding symbols (reading mathematics) and some rigour.
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Table 15.1 Course structure
for AS1 and AS2
Mathematics in the
B.A./B.Sc. (Ed.)

Year Courses Remarks

Year 1 Linear Algebra I Compulsory Year 1
core subjects common
to both tracks

Calculus I

Finite Mathematics

Number Theory

Year 2 Linear Algebra II Core for all AS1
Mathematics studentsCalculus II

Statistics I

Computational
Mathematics

Differential Equations

Complex Analysis

Year 3 Special Topics in
Mathematics I

AS1: Three electives

Statistics II

Real Analysis

Modern Algebra

Modelling with
Differential Equations

Statistics III

Combinatorial
Analysis

Year 4 Academic Exercise:
Mathematics

AS1: Core course

Special Topics in
Mathematics II

AS1: Three electives

Statistical Theory

Applied Statistics

Techniques in
Operations Research

Mathematical
Programming and
Stochastic Processes

Metric Spaces

Galois Theory

Geometry

Advanced
Mathematical
Modelling
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Crucially, the B.A./B.Sc. (Ed.) programme at NIE offered to mathematics student
teachers is fundamentally distinctive in its design and implementation that targets at
certain aims, which we now elaborate.

In his efforts to modernize mathematics education in Germany during the early
1900s, Felix Klein, one of the leading mathematicians of his time, deplored what
he termed as the “double discontinuity”—a problematic experience faced by math-
ematics students as they move from high school to university, and then back again
to the profession of school mathematics teachers:

The young university student found himself, at the outset, confronted with problems, which
did not suggest, in any particular, the thingswhich he had been concerned at school.Naturally,
he forgot these things quickly and thoroughly. When, after finishing his course of study, he
became a teacher, he suddenly found himself expected to teach the traditional elementary
mathematics in the old pedantic way; and since he was scarcely able, unaided, to discern any
connection between this task and his university mathematics, he soon fell in with the time
honoured way of teaching, and his university studies remained only a more or less pleasant
memory which had no influence upon his teaching. (Klein 1908/1932, p. 1)

The first “discontinuity” highlights the well-known problems of transition which
mathematics students struggle with as they learn mathematics at the tertiary level
for the first time (Gueudet 2008; Thomas 2008). The major problems encountered
by undergraduate mathematics students at this stage concern reading and writing
mathematical texts, understanding and constructing rigorous mathematical proofs.
This situation is not helped as the student struggles to simultaneously grapple with
the new content knowledge and the aforementioned deficiency in skills. The sec-
ond “discontinuity” concerns the difficulties experienced by mathematics teachers
in transferring “academic knowledge gained at university to relevant knowledge for
a teacher” (Winsløw and Grøbæk 2014). Cognizant that the “double discontinuity”
continues to plague student teachers of our present age, MME designs and imple-
ments the AS courses to achieve two overarching objectives. Firstly, the degree
programme should facilitate a smooth and effective transition into tertiary mathe-
matics for the AS Mathematics students. Secondly, learning opportunities should
be available to AS Mathematics students allowing them to look at the school math-
ematics from a higher standpoint, and crucially, together with training received in
the CS courses, these teachers-to-be will be equipped with the ability to transfer the
mathematical content knowledge gained from theAS courses to relevant pedagogical
content knowledge for a teacher.

Asmentioned earlier,MME has a natural advantage over many other mathematics
departments in terms of the composition of its academic staff; i.e. the staff mem-
bers comprise both mathematicians and mathematics educators (indeed, there are
those who are both!). The synergy between the mathematicians and the mathematics
educators, simple as it sounds, manifests as follows. Mathematicians identify those
“higher standpoints”, that is, those mathematical concepts and results at the tertiary
level that can impact strongly on the understanding of mathematical concepts taught
and learnt in schools, while mathematics educators inform mathematicians of the
salient pedagogical theories that underpin the learning of mathematics at the tertiary
level. Zeroing in on the vexing problem of the “double discontinuity”, MME looked
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to the pedagogical findings gleaned from rigorous educational research concerning
the problems encountered in teaching tertiary mathematics. A work of Alcock and
Simpson (2009) was brought to the attention of the Academic Group, and therein
it was reported that mathematics students at high school take a number of years for
“development from an action through a process to an object conception before they
begin to use the concept at university” (p. 22). Furthermore, at the university level “a
similar development is necessary, but a much shorter time period is available” (ibid.,
p. 22). This research finding alerted that there was simply not enough time to teach
reading and writing, understanding and construction of proofs, when the knowledge
content needs to be covered concurrently.

For this reason, MME saw that a possible solution to the identified problemwould
seem to be a total curriculum review that rightly involved all the academic staff who
were teaching the curriculum. Tyler (1949) proposed a basic model that provides
the needful framework for such a major curriculum review. In short, Tyler’s model
demands, first, that the objectives of the curriculum are positioned in a matrix with
the existing modules of the programme so that the design can ascertain which cell
in the table will be activated, i.e. which module can be used to attain the objective
(Tay and Ho 2016).

In this curriculum redesign that began in July 2015, MME considered carefully
the trinity of learning objective, learning experience and assessment. Accordingly,
learning objectives were classified under six domains: (1) content, (2) cognition, (3)
problem-solving, (4) computation, (5) communication and (6) disposition. Pertaining
to “cognition”, one of the objectives read as “At the end of the degree mathemat-
ics programme, the learner should be able to read mathematical text or language
with understanding”. This learning objective was further unpacked into four sub-
objectives: the ability to read (i) a definition, (ii) a theorem, (iii) a proof and (iv) a
mathematical text, with corresponding learning experiences and assessments. In the
actual implementation, for instance, the learning experiences for reading a definition
was realized by the requirement that “given a definition, come upwith examples/non-
examples”, “compare related definitions and identify the differences” and “come up
with special cases” and “visualize definitions”. Correspondingly, assessments were
‘given a new definition (which may not be covered in the course), determine whether
a given object satisfies the definition; come up with an example/non-example’, and
‘given several definitions, determine whether some given objects satisfy each of the
definitions’.

For each learning sub-objective, courses across the four years in the programme
(see Table 15.1) were then designated to meet it. For example, “be able to read a
definition” was designated to Linear Algebra I (Year 1, Semester 1), Number Theory
(Year 1, Semester 2), Calculus II (Year 2, Semester 2) andComplexAnalysis andLin-
ear Algebra II (Year 2, Semester 2). The philosophy behind such a curriculum design
and its implementation is that things are delivered in bite-size which are reinforced
over a period of time. Each lecturer took ownership of enacting the curriculum with
the aim of achieving the designated learning sub-objectives while ensuring a com-
prehensive coverage of the required content—each sub-objective would be covered
in five courses over four semesters.
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Recently, a systematic review of the curriculum implementation for the Year
1, Semester 1 (July 2016 Semester), was carried out with promising findings. For
instance, Calculus I students performed extremely well in answering traditionally
difficult ε-δ/M definitions for continuity and limits. Importantly, the same report
underscores that “success over four years has to be a team effort (of the entire
Academic Group of MME) with each doing his or her part in line with a well-
thought-out curricular plan” (Ho et al. 2017).

We now turn to elaborate how the curriculum redesign addresses the second “dis-
continuity”, i.e. the difficulties of transferring the mathematical content knowledge
to the relevant pedagogical content knowledge of a mathematics teacher. Under the
domain “content” that was identified in the classification of learning objectives in
the degree programme, it was stressed that the NIE Degree Programme will equip
the student teacher with a solid foundation of school mathematics and the canons
of undergraduate mathematics. Specifically, this learning objective was unpacked
into three sub-objectives: (i) possess deep understanding of all the different topics in
school mathematics (up to A-Level Mathematics) from a higher standpoint (by the
end of Year III), (ii) possess fluency in carrying out standard mathematical proce-
dures in school mathematics and (iii) possess the mathematical background practice
and the mathematical rigour needed for them to be able to proceed to postgradu-
ate studies in mathematics. To help the reader better understand how the “content”
sub-objective (i) was realized in the degree programme, we extract an episode of a
lesson in Calculus I as an illustration. This episode was contributed by the lecturer
who taught Calculus I in the July 2016 Semester in an interview.

In Week 8 (after the definition of the differentiability of a function and the deriva-
tive of a differentiable function have been taught), the lecturer introduced the concept
of turning point on the curve y � f (x) of a continuous function f defined over some
open interval I , whose definition is given below:

Definition (Turning points). Let f be a continuous real-valued function defined on an open
interval I , and a ∈ I . A point (a, f (a)) on the curve C: y � f (x) about which there is no
change in sign for f (x) − f (a) for some open deleted neighbourhood of a is called a turning
point of C.

At this juncture, the students were tasked to give two examples of turning points
on the graph of continuous functions. When asked if it is necessarily true that the
gradient of the graph at a turning point is zero, all the students responded positively
and affirmed their claims using the examples they came upwith. It isworth noting that
the students’ examples were all polynomial functions which are not only continuous
but also differentiable on the interval of definition. Without giving further comments
on the students’ examples, the lecturer showed two examples. The first one was the
maximum turning point (0, 0) on the parabola y � −x2, and the second one was the
minimum turning point (0, 0) on the graph of y � |x |. The students validated the two
given examples against the above definition of a turning point. The studentswere then
asked if there were any confusion or conflict with their pre-existing understanding
of the concept of turning points. To this question, several remarked that they were
taught in A-Level Mathematics (during their times as junior college students) to
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determine the turning points of a curve by setting dy
dx � 0 and to solve the equation

for the x-coordinate of the turning point(s). The students realized that “the function
may not be even differentiable at the turning point, let alone requiring its derivative
to be 0 [pointing at the second example given by the lecturer]”. The students then
quickly responded by saying that “it is not necessarily the case that a turning point
be stationary (a term they have used since high school)”. In response to their remark,
the lecturer then displayed the following theorem and its corollary:

Theorem. Let f be a continuous function defined on an interval I and a ∈ I . If (a, f (a)) is a
turning point on the curve C: y � f (x), then f ′(a) � 0 if the derivative at a exists.

Corollary. If f is differentiable on an interval I , then every turning point of the curve C: y
� f (x) in I is a stationary point (i.e. a point at which f ′(a) � 0).

At this point of the lesson, one of the students responded as follows:

Now I realise why the A-Level method for finding turning points work … these [functions]
are restricted to only the differentiable ones …

This episode illustrates how student teachers in their AS courses were guided
to acquire for themselves a deeper understanding of the school mathematics at a
higher standpoint. In this case, the implicit requirement that the functions involved
in the determination of turning points via differentiation (an A-level mathematics
technique) are restricted to only the differentiable ones is the salient CK required of
the teacher.

What we have elaborated concerning the AS curriculum review, as guided by
Tyler’s framework, was just one of the several instances of synergy between the
mathematicians and the mathematics educator colleagues in MME. One notable
teaching innovation, amongmanyothers, thatMMEimplements in theAScurriculum
is that of Mathematics Problem-Solving (MPS). For more information on the role of
MPS in NIE Degree Programme, we refer the reader to Chap. 7 of this book.

15.4.2 Subject Knowledge (SK)

The Subject Knowledge courses, or SK courses for short, are a set of three courses
covering all of the content taught at primary level, namelyNumber Topics (arithmetic
and number operations), Geometry Topics (properties of figures and mensuration)
and Further Topics (Algebra, discrete mathematics and elementary statistics). These
courses are offered to primary student teachers across all programmes (diploma,
degree and PGDE) except that degree students majoring in mathematics take an
abbreviated version, and the reader is directed to Lim-Teo (2009) and Tay et al.
(2017) for comprehensive accounts of the structure and evolution of these courses at a
programme level. Themain aimof theSKcourses is to raise the level of understanding
of the mathematical foundations of these topics at primary level among pre-service
teachers so that they can themselves go on to teach these topics both confidently
and correctly. A secondary aim is to ensure the smooth and efficient delivery of
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the curriculum studies, or CS, courses, uninterrupted by any prior content weakness
among the pre-service teachers, and for this purpose the SK courses are normally
scheduled to take place immediately before the corresponding CS course. Finally, as
pointed out by Lim-Teo (2009, p. 65), although the CS staff at NIE are exemplary
teachers, what they are teaching is pedagogy, not content, making it hard for trainees
to model their own classroom practice directly on what they experience in the CS
courses. So, a final unintended but quite significant benefit of the SK courses is that
they are an opportunity for the pre-service teachers to experience for themselves
what it is like to learn mathematics in an exemplary pedagogic environment.

Due to the generalist nature of primary school teaching in the USA, where all
primary teachers are expected to be able to teach all of the core subjects, the market
in the USA for textbooks generically titled “Mathematics for Elementary School
Teachers” is very large. For the sake of efficiency, therefore, when the SK courses
were first being offered at NIE, it was decided to adopt one of these texts, and of the
many titles available the one authored byBillstein et al. (2001)was chosen as themost
suitable. As a commercially produced text, this brought many immediate advantages,
such as its comprehensive coverage (one text covered all three SK courses), reliability
(it was then in its seventh edition) and quality (especially the figures and use of colour
printing). It also brought several minor inconveniences, principally the weight of the
text (many students resorted to tearing it into three parts), the cost (trainees had to
purchase their own copy) and also the peculiar US habit of retaining imperial units
(Singapore like the UK having converted to the metric system long ago). A major
issue, however, was that the level of rigour, while appropriate for the US market, fell
below what it was felt student teachers at NIE were capable of, since they are able to
specialize to a greater degree than primary teachers in the USA, so after a few years
of careful use this textbook was set aside. Although more advanced texts existed,
none was deemed a suitable replacement, so the decision was taken to produce a set
of notes in house, which as well as addressing the issue of rigour would also neatly
resolve the minor issues of weight, cost and the use of non-metric units.

These new notes were written by the content staff, all of whom possess doctorates
in mathematics content, divided into groups according to areas of specialization (in
fact one staff member was a researcher expert in both content and pedagogy) so
the levels of rigour were unimpeachable. Once these new notes were put into use,
however, the danger highlighted by Tay et al. (2017) soon became apparent, which in
fact afflicted a whole generation of authors in the 1960s and the 1970s (Keedy 1969;
Griffiths and Hilton 1970; Campbell 1970; Hunter et al. 1971;Mendelson 1973) who
attempted towritemathematically rigorous accounts of primary topics. This danger is
the very large gapwhich exists between themodern language ofmathematical rigour,
which is generally abstract, axiomatic and deductive, and the language of the primary
mathematics classroom,which is concrete, constructivist and inductive. The practical
outcome, therefore, was that although the student teachers were generally able to
master the content of the notes without great difficulty, they were unable to make
the connection between the SK courses and the primary mathematics curriculum.
Accordingly, in 2010 it was attempted to draft an entirely new set of notes, to be
used as an alternative alongside the existing set, which would attempt to bridge this
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gap by adopting a completely different approach. This new approach sought to draw
upon “other ways of understanding” the material, more suited to the needs of school
teachers, so in a sense constituted a “postmodern” approach tomathematics teaching,
based on the following three points of focus.

The first point of focus was historical and observed that the modern language of
mathematical rigour did not exist at the time when the originators of most of the
topics in the primary mathematics curriculum made their contribution. They must
have had an entirely differentway of thinking about thematerial, onewhich, given the
very early date in history when these topics first appeared, was probably much closer
to the constructivist mathematics classroom environment. For example, the modern
“definition” of Hindu–Arabic numeration, expressed in terms of sums of single-digit
multiples of powers of ten, uses the kind of Algebra and exponent notation unknown
to theHindumathematicianswho first evolved this system almost 2000 years ago. So,
in the revised set of notes, historical numeration systemswere treated inmuch greater
detail than is usually the case in the generic “Mathematics for Elementary School
Teachers” texts, especially the reasons motivating the choice of symbology and size
of base in the different simple grouping and place value systems studied. Surprisingly,
it became clear that ciphered place value systems are a very natural evolutionary step
on from simple grouping systems, in the sense that several “obvious” measures taken
to make simple grouping systems symbolically and computationally more efficient
naturally lead to ciphered place value. In particular, it became evident that the key
feature of place value systems is the regrouping property, a point highlighted by Ma
(2010), and not the absolute size of the quantities represented; that is, it is essentially
a recursive system, in which the distinction between whole numbers and fractions is
secondary.

The second point of focus, which follows from the first, is that the historical
development of mathematics is far from linear and that in many cases essentially
the same mathematical concepts arose independently in several different eras and
locations, and expressed in different ways. This suggests an alternative route to
Ma’s (2010) “profound understanding of fundamental mathematics”; namely that by
exposing student teachers to these alternative expressions of the same mathematical
concept, they are able to distinguish better between what is essential and what is
incidental, than if they only studied a single instance, namely what is taught in the
contemporary primary classroom. For example, in the revised version of the notes,
heavy emphasis was placed on getting the trainees to become proficient at carrying
out the main arithmetic algorithms (+ − ÷ ×) not only in a variety of different
number bases other than base ten, but also using a variety of different synthetic
symbologies, created by analogy with Hindu–Arabic digits, in some cases created
by the student teachers themselves. Initially, it was quite a shock for the student
teachers, as they realized quite how much of what they had previously thought of
as their “understanding” of arithmetic algorithms was merely rote learning, but by
deconstructing their prior knowledge, and then reconstructing it in this more general
context, their understanding was deepened. Another example would be the contrast
between the classical Greek approach to Geometry, based on the concept of parallel
lines, and the modern concept of Geometry based on the notion of a global sense
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of direction, which although apparently quite different can easily be shown to be
logically equivalent. This modern approach is in fact closer to the constructivist
classroom environment, such as making use of children’s natural belief that the sum
of the exterior angles of a polygon is 360°, and the concept of logical equivalence
enables trainees to see that the distinction between what counts as a “definition” and
what is classified merely as a “property” of a geometric figure is often quite arbitrary
or a matter of convenience; e.g. parallelograms can just as easily be “defined” to be
figures with opposite equal sides as figures with opposite parallel sides.

The third point of focus, following on from the other two, is to understand that
the evolution of mathematics is far from over and that many potential improvements
remain to be made, in both the near and the far future. From this perspective, stu-
dent teachers come to appreciate that often what makes certain parts of mathematics
difficult to teach is not a lack of ability on their part, but rather deficiencies in the
mathematics itself. For example, it is widely appreciated in the research literature, but
hardly at all among teachers that the size of the base ten in Hindu–Arabic numeration
is too large and that use of a lower base around base five would be both computa-
tionally more efficient and allow for more meaningful symbology. Although a global
shift to base five is not a realistic possibility in the near future, reasoning along these
lines uncovers ways in which even base ten arithmetic might be improved, such as
inventing a symbol for “ten” for use with regrouping. Similarly, the classical Greek
approach to Geometry could certainly be improved upon by a shift to a more modern
approach based on the concept of symmetry, which is more appealing to children
and also aligns better with how Geometry is taught at tertiary level. Symmetry trans-
formations also naturally lend themselves to a dynamic hands-on approach, should
share the same advantages over traditional logic-based approaches to Geometry that
research has shown to be the case for dynamic geometry software (DGS), and are
clearly much closer to the constructivist primary mathematics classroom.

15.4.3 Postgraduate Content Knowledge

Three common traits among countries with top school systems identified in the
executive summary of the 2007 McKinsey report are (i) getting the right people to
become teachers, (ii) developing them into effective instructors and (iii) ensuring that
the system is able to deliver the best possible instruction for every child (McKinsey
& Company 2007, p. 1). Regarding (ii), the 2007 McKinsey report highlighted two
case studies which exercised deliberate emphasis on professional development for
teachers: (1) policymakers in Finland raised the status of the teaching profession by
requiring that all teachers possess amaster’s degree. (2) Singapore policymakers have
achieved a similar result by ensuring the academic rigour of their teacher education
courses, as well as providing all teachers with a substantial number of hours of fully
paid professional development training each year.

TheMinistry of Education (MOE) in Singapore takes a serious viewwhen it comes
to developing its teachers professionally and has since gone beyond the 100 hours of
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professional development scheme mentioned in McKinsey (2007). Started in 2005,
the ProfessionalDevelopment ContinuumModel (PDCM) scheme provides graduate
teachers with alternative pathways to higher certification. Cognizant of the fact that
beginning teacher preparation courses are merely a first step to ensure “getting the
right persons to become teachers”, MOE intends that the PDCM scheme motivates
teachers to keep relevant in content proficiency and pedagogy, thereby “developing
them into effective instructors” (McKinsey & Company 2007, p. 1). Here, we go
into the specifics of what this statement means concerning the mathematics teachers
recruited by MOE and the professional development made available to them. For
Singapore, although all mathematics teachers in government schools, by requirement
of MOE, are PGDE graduates and thus have received preparation in pedagogical
matters concerning their teaching subjects, not all of these aremathematics graduates.
The truth is that there is a large number of engineering graduates and/or graduates
from other mathematics-related disciplines (e.g. Computer Science) joiningMOE as
mathematics teachers. Many of such teachers, in their reflections, sounded out their
need to deepen their content knowledge in mathematics to be confident classroom
teachers. To illustrate this lack of solid mastery of content knowledge, we give some
concrete examples of questions, contributed by school students, teachers and NIE
mathematics faculty staff, which pose difficulties with regard to the mathematics
content of school mathematics taught in Singapore.

• Why is partial fraction decomposition of a rational function always unique? [‘O’-
Level Additional Mathematics]

• Does definite integration give an approximation to the area under a graph or its
exact value? [‘O’-Level Additional Mathematics]

• Does X−μ

S/
√

n
always have a t-distribution with n − 1 (and why not n?) degrees of

freedom? [‘A’-Level H2 Mathematics]
• How can we produce different integral triplets (a, b, c) so that they always repre-
sent the length of the sides of a right-angled triangle? Standard textbooks present
(3, 4, 5), (5, 12, 13), (8, 15, 17) and their integral multiples, are these all? [‘O’-
Level Mathematics]

• How can the value of π be computed? Can we write π � 22
7 and then conclude

that it is a rational number? But we know from the textbook that π is irrational.
Do we have a contradiction? How can one be certain that π is indeed irrational?
[‘O’-Level Mathematics]

• Angles taught in primary school are measured in degrees, why do we need to
introduce the radian measure as an alternative unit of measurement for angles?
[‘O’-Level Mathematics]

• TheBinomialTheoremseems an isolated topic classified as furtherAlgebra in “O”-
Level AdditionalMathematics. How often is it relevant to a mathematics learner to
be able to find the term independent of x in the expansion of some expression such
as

(
x − 1

x

)6
? Where else is the Binomial Theorem used? [‘O’-Level Additional

Mathematics]
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• How come differentiation and integration are inverses of each other? When I
integrate the derivative of x2, I get x2 + C , but the constant C need not be zero?
[‘O’-Level Additional Mathematics]

Additionally, there are other aspects of work such as curriculum planning and
matters related to gifted education that demands understanding of mathematics from
a higher and more holistic perspective.

In view of the aforementioned subjectmatter knowledge demands onmathematics
educators, NIE offers aMaster of Science (Mathematics for Educators),M.Sc. (MfE)
for short, by coursework to in-service teachers with the aim of making mathematics
teachers content proficient and, as a result, developing them to be effective instructors
of mathematics. For this reason, the programme bears a meaningful name “Mathe-
matics for Educators” and is designed specifically to provide rigorous preparation
in advanced mathematics for mathematics teachers. The distinctive feature of this
programme is its emphasis of the acquisition of rigorous mathematics at postgrad-
uate level, together with the deep connection with the mathematical topics taught
in schools. The programme is backed by the belief that an effective mathematics
teacher must be, first and foremost, a teacher who himself/herself must have a sound
knowledge of mathematics and can teach correct mathematics to his/her students.

At this juncture, it is natural to ask: “How is this deep connection with the school
mathematics realized in this graduate programme?” The answer to this question lies
in the course structure. By factoring in some of the content-related questions raised
earlier, some of the courses are intentionally designed to impart subjectmatter knowl-
edge that can be used to address these questions. Such courses are categorized mean-
ingfully by practising mathematicians (most of whom have prior school teaching
experience) as Level 1 courses since they specifically highlight the deeper mathe-
matical structure underlying the topics of Mathematics and Additional Mathematics
listed in the Singapore school mathematics syllabi. Table 15.2 shows how Differen-
tiation and Integration in a Level 1 course, Elements of Mathematical Analysis with
Applications in the Teaching of Calculus, is aligned to equip themathematics teacher
with higher mathematics to teach the calculus in “O”-Level Additional Mathematics
and “A”-Level H2 Mathematics.

After a student has attained a firm foundation in that part of the tertiary math-
ematics which is related to the mathematics he/she is teaching in schools, he/she
would proceed to deepen his/her understanding of the topic further. This is made
possible by the placement of Level 2 courses. Often requiring certain prerequisite
Level 1 course(s), the mathematics content covered in the Level 2 courses is more
abstract and sophisticated in nature. For example, the Level 1 course, Elements of
Mathematical Analysis with Applications in the Teaching of Calculus, can lead to its
corresponding Level 2 courses: Real Analysis, Functional Analysis and Topology.
In order to maintain a high level of academic rigour in the programme, a student is
required to complete at least four Level 2 courses.

In order to graduate from this programme, a student must complete a total of ten
courses, including the capstone course, Mathematical Inquiry. This capstone course
is a mandatory course where a student works with a practicing mathematician in a
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Table 15.2 Alignment with school mathematics

Topic Contents Connection with school mathematics

Differentiation
and Integration

Limits and continuity of functions Continuity of certain standard
functions is assumed, e.g. in the
determination of range of functions

Differentiation Rules of differentiation (O-Level
Additional Mathematics and
A-Level H2 Mathematics)

Rolle’s theorem, mean value
theorem

Increasing and decreasing functions
determined by sign of derivative
(O-Level Additional Mathematics
and A-Level H2 Mathematics)

Definite integral as a limit of a sum,
fundamental theorem of calculus,
indefinite integrals

Riemann sum, definite integral as
the limit of Riemann sum,
Differentiation and Integration are
“inverses” of each other (O-Level
Additional Mathematics), finding
indefinite integrals of standard
functions (O-Level Additional
Mathematics), using standard forms,
substitution, integration by parts
(A-Level H2 Mathematics)

specific research field of Pure Mathematics or Applied Mathematics. In this course,
the student is expected to carry out independent study and give an oral presentation
on the research work performed. The main intention of this course is for the student
to finally be able to put together all his/her learning in an academic exercise. The
M.Sc. (MfE) programme distinguishes itself frommany othermasters by coursework
programmes by insisting that the students go through the experience of reading
and writing mathematics—which should be the hallmark of a literate mathematics
graduate.

Apart from the course structure, the way in which the substance of the programme
is delivered is also of paramount importance in realizing the aims and objectives
of the M.Sc. (MfE) programme. Again, the pedagogical theories espoused by the
MME mathematics educators informed their mathematician colleagues how best
to teach the content of mathematics crafted out in the various courses. Notably,
useful research findings in problem-solving derived from the Mathematics Problem-
Solving for Everyone (MProSE)—a funded research project in MME—guided the
lecturers of Number Theory and the Teaching of Arithmetic, Real Analysis and
Theory and Applications of Differential Equations in their classroom didactics
by taking advantage of the practical paradigm of Mathematics Problem-Solving
(Ho et al. 2014). Another example was the innovative use of flipped classroom
pedagogy in teaching Topology as an attempt to resolve problems caused by the
heavy cognitive load of set theory in learning Topology and to raise learner’s
motivation in the course (Ho and Chan 2016). The point here to make is that



378 E. G. Tay et al.

the distinctive symbiosis of mathematicians and mathematics educators in NIE real-
izes a high-quality professional development programme that benefits in-service
mathematics teachers in Singapore schools. Readers may wish to peruse the positive
feedback given by students who graduated from the M.Sc. (MfE) programme in Tay
et al. (2017, pp. 126–128).

15.5 Conclusion

In this chapter, we have painted in broad brushstrokes the role NIE has been playing
in mathematics teacher education in Singapore. By identifying the various knowl-
edge domains relevant to mathematics teacher education, i.e. subject matter knowl-
edge and pedagogical knowledge, we see how NIE has designed and implemented a
holistic spectrum of teacher training and professional development programmes that
equip both pre-service and in-service mathematics teachers in Singapore with the
twenty-first-century competencies specific to teaching and learning of mathematics
in schools.

15.5.1 Summary

From our preceding development, the alert reader might have already been aware of
two important earlier works completed by NIE mathematics educators that touched
on the issues of preparing mathematics teachers in Singapore. The first work by
Lim-Teo (2009) elaborates on the evolution and development of mathematics teacher
education via the pre-service and in-service programmes offered in NIE in the period
from the late 1990s to 2009. The second work by Tay et al. (2017) examines the issue
of Mathematics Content Knowledge in connection with mathematics teacher educa-
tion in Singapore. Our current work not only extends Lim-Teo (2009) in the sense
that we give account of the various NIE Mathematics and Mathematics Education
courses since 2009 but also follows up on areas of discussion left open by Tay et al.
(2017). We close this chapter by summarizing what was accomplished recently and
what could be done in the near future to improve the quality of mathematics teacher
education provided by NIE; along the way, we also address some of the remarks
made in Tay et al. (2017).

Academic Subject. A major curriculum revamp based on Tyler’s 1949 framework
is currently being implemented for the AS courses, as an AG-wide effort, with focus
on six domains: content, cognition, problem-solving, computation, communication
and disposition. Each AS course has been assigned to address one or two of these
domains along with delivering the subject matter knowledge under its coverage.
As the implementation of the new AS curriculum is still ongoing, it is important
to stay vigilant to see that the student teachers receiving the training in these six
domains are indeed acquiring the targeted domains through the various AS courses.
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This can be achieved by constant monitoring of the student teachers’ performance
in the assessment tasks as well as through the feedback via interviews. Interviews
with the AS course lecturers have also been carried out to obtain feedback on the
implementation of the revised curriculum.

Subject Knowledge. Tay et al. (2017) remarked that as to “what type of CK (Con-
tent Knowledge) is actually needed or appreciated by the teachers remains not com-
pletely understood” (p. 128). This statement was made pertaining to the design of
SK as NIE’s attempt of achieving “better understanding of Mathematics related to
elementary Mathematics as conceptualised by Ma (2010)” (p. 128). The proposal
put forward in Tay et al. (2017) was then to motivate the SK course with “actual
elementary school problems and concepts and building the course materials directly
by which prospective and practising teachers can be made to see the relationship of
what they are learning to their teaching” (p. 128). In response to this proposal, the
SK lecturers collaborated to collate a new set of notes that aims at bridging the gap
between the topics covered in SK and the Primary School Mathematics Syllabus.
They adopted a “postmodern approach” in the style of writing these notes with three
specific points of focus. These points of focus include (1) the historical nature of
mathematical development: the modern language of mathematical rigour was actu-
ally brought into existence when the originators of most of the topics in the primary
mathematics curriculum made their contribution; (2) the nonlinearity of the histori-
cal development of mathematics: simultaneous and independent emergence of new
mathematical concepts; and (3) the ongoing nature of mathematical development.
For the next step, it is of paramount importance to examine to what extent the use of
the new in-house notes has improved student teachers’ connection of SK topics with
the Primary School Mathematics Syllabus. One of the ways is to formally study the
effects of SK courses on student teachers who had graduated from the programme
and are currently teaching in primary schools. The question to answer is “Does the
revised SK course produce better primary school teachers?” In addition, just as the
AS curriculum is being revamped based on Tyler’s 1949 framework, the SK courses
have also been reviewed in Tyler’s framework, with special emphasis on getting the
learning objectives and their attendant learning experiences and assessments right.

Master of Science (Mathematics for Educators). Tay et al. (2017) suggested that
the M.Sc. (MfE) programme “will benefit from a review of its courses from a per-
spective of Usiskin’s teachers’ Mathematics, perceived as a generalisation of Ma’s
profound understanding of fundamental Mathematics” (p. 128). Indeed, at around
the time of writing of this present work, the mathematicians who have been directly
involved in teaching the M.Sc. (MfE) courses are proposing a restructured M.Sc.
(MfE) programme that will be launched in August 2018. This restructuring will
result in the number of Academic Units (AU) for each course (i.e. academic credit
points earned by students upon completing a course) increasing from 3 AU to 4
AU. An increase in the AU per course not only allows for a deeper treatment of the
subject matter in the course but also creates the opportunity for the course lecturer
to consider the use of modern computer and video technologies for non-face-to-face
instructions. In order to avoid a compromise of breadth for depth of coverage, the
collection of courses is streamlined into a coherent body of mathematical knowledge
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organized along four different strands: Analysis–Geometry, Algebra–Number The-
ory, Discrete Applied Mathematics and Statistics. Maintaining the crucial feature of
connecting advanced mathematics to school mathematics, each strand offers one to
two courses at “Foundation Level” with the intention of equipping non-mathematics
majors with the essential subject matter knowledge needed to move up higher along
the strand, i.e. to read courses pegged at the “Advanced Level”.

Recognizing that a majority of the twenty-first-century competencies are skill-
based, the restructured programme proposes a new 2 AU course that focuses on the
honing of mathematics research skills for mathematics educators. It is hoped that
by imparting a wide scope of skills, which includes literature review and citation,
problem-solving, reading pertaining to mathematics, typesetting mathematical texts,
posing research questions and communication, mathematics teachers become more
confident in teaching research-related skills to their students along the disciplinarity
of a mathematician.

15.5.2 The Way Forward

This chapter has considered the various kinds of knowledge that make up the knowl-
edge base of a mathematics teacher of substance, and illustrated in detail the various
programme designs which NIE implemented to ensure the development of such a
knowledge base in pre-service and in-service teachers. While NIE teacher educators
can focus on designing top-quality teacher preparation courses and professional
developmental programmes, the ultimate responsibility of translating the salient
knowledge acquired in these courses into effective enactment of themathematics cur-
riculum still rests upon the shoulders of the competent mathematics teacher—whose
characteristics form the subject of discussion in the next chapter.
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Chapter 16
Exemplary Practices of Mathematics
Teachers

Yew Hoong Leong, Berinderjeet Kaur, Ngan Hoe Lee and Tin Lam Toh

Abstract In the first section of this chapter, we review the growing literature on
“practices”, focusing on the purpose of studying teacher practices in actual class-
rooms in view of its potential in teacher professional development. Following that,
we zoom in to the Singapore situation by reviewing other studies here on mathemat-
ics teacher practices. In the second section, we describe an ongoing project and its
contribution to research on exemplary practices of Singapore mathematics teachers.
In the final section, we discuss the usefulness of this review in relation to the effort
of building portraits of Singapore mathematics teacher practices.

Keywords Exemplary teaching · Instructional practices ·Mathematics ·
Singapore

16.1 Introduction

Currently, one of the challenges faced by the Singapore mathematics education com-
munity, especially those involved in professional development (PD) work for teach-
ers, is that we do not yet have a coherent portrait of exemplary practices from which
to take reference when considering areas of mathematics instruction that can be
improved. This can result in teachers having the impression that a myriad of dis-
connected pedagogical innovations—often introduced simultaneously—are running
parallel to each other. As an example, one may advocate improvement in questioning
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techniques, another in alternative assessment modes, among others. This can result
in the dilution of the effects of PD and ultimately to PD fatigue. In this chapter, we
review research on exemplary instructional practices carried out by Singapore math-
ematics teachers. We begin by drawing from the international literature to clarify the
term “practices”.

16.2 Exemplary Practices

“Practices” within the context of education has gained interest as seen from the
recent literature (e.g. Lampert 2010). They can be thought of as a set of easily
recognizable units of work that mathematics teachers commonly carry out in the
classroom. By “practices”, we have in mind the following characteristics—drawn
from the international literature (Ball et al. 2009; Hatch and Grossman 2009) and our
experiences with mathematics teacher professional development, especially school-
based designs of instructional innovations: (1) they are professional units ofwork that
teachers do on a regular basis in school. Seen in this way, “instructional practices”
are analogous to “medical practices” or “legal practices”—the work practitioners
do as closely identifiable to the image of their respective professions; (2) they are
units of work that are sufficiently isolable so as to allow for analysis, rehearsal and
honing for improvement. In this sense, “instructional practices” carry the meaning
of practices similar to routines—such as in a sports arena (e.g. specific skill drills in
football)—that through repeated trials and fine-tuning become increasingly part of
the overall work of high-quality teaching.

This leads naturally to the question of the kind of practices that ought to be upheld
as exemplary for analysis and learning by teachers. The community is in need of a
clear articulation of the standards of exemplary practices that are worth pursuing.

Calls for reforms in mathematics teaching towards exemplary practices are often
expressed using contrastive pairs to present the traditional new distinction. Kirshner
(2002) observed that, in the USA, “the Learning Principle propounded in Principles
and Standards for School Mathematics (NCTM 2000) rehearses the familiar distinc-
tion between facts/procedures and understanding as a central guiding principle of
teaching reform” (p. 46). Boaler (2002) presented the distinction as one between
“skill-oriented” and “reform-oriented” teaching approaches. Other researchers, who
avoided associationwith prescriptivemethods, sought rather to describemethods that
teachers use in their classroom practices. Some of them have also used contrasting
dualistic descriptions, as in “calculationally oriented mathematics teacher” versus
“conceptually oriented mathematics teacher” (Thompson et al. 1994) and teaching
by “procedural instruction” versus teaching by “inquiry” (Cobb et al. 1998).

There have, however, been calls to move away from this simplistic traditional new
dualistic casting of the teaching enterprise. In this alternative perspective, enactment
of exemplary practices is not about merely applying a single teaching approach
but a variety of instructional methods suited for different contexts and purposes.
Quality teaching can be a complex mix and match of different instructional forms
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whose choice is dependent on various factors and competing priorities. Apart from
this eclectic stance in considering exemplary practice, we advocate that a pragmatic
dimension is added into the dialectic. In other words, instead of thinking about exem-
plary practices along universal categories, we should ask the question about exem-
plary practices for who? Would the images of exemplary practices differ between
a mathematics classroom in urban low-resource USA and a mathematics classroom
in “neighbourhood” Singapore schools? To deny the need to make these distinc-
tions is to run the risk of divorcing teaching from its context. Teaching is a cultural
activity (Stigler and Hiebert 1999). This provides the basis for studying exemplary
practices within the cultural context of teaching in Singapore—and we should not
be surprised that while there are features that would resonate globally, there would
be characteristics distinctive to the Singapore context.

In the next sections of this chapter, we review two studies—one recent and one
ongoing—on exemplary practices of Singapore mathematics teachers.

16.3 The Learner’s Perspective Study—A Study
of Competent Grade 8 Mathematics Teachers

Singapore’s participation in the Learner’s Perspective Study (LPS) may be marked
as the beginning of research with a focus on exemplary practices of mathematics
teachers in Singapore schools. The Learner’s Perspective Study (LPS) is an interna-
tional study helmed by David Clarke at the University of Melbourne. It started in
1999 with Australia, Germany, Japan and the USA examining the practices of Grade
8 mathematics classrooms in a more integrated and comprehensive manner than had
been attempted in past international studies, in particular the TIMSS Video Studies
of 1995 and 1999. The study has several distinguishing features among which are (a)
documentation of a sequence of lessons rather than just single lessons, (b) the explo-
ration of learner practices and (c) use of the complementary accounts methodology
developed by Clarke (1998) for data collection of classroom practice—an activity
where both teacher and students are key participants (Clarke et al. 2006).

Three Grade 8 mathematics teachers, T1, T2 and T3, recognized for their locally
defined “teaching competence” and their respective classes of students participated in
the study in 2005. These teachers are from a pool of teachers deemed as “experienced
and competent”, where experience was a measure of the number of years they have
taught mathematics in secondary schools and competency was a composite measure
of their students’ performance at examinations and their performance in class in
the eyes of their students. The teachers were nominated by their respective school
leaders and the LPS research team in Singapore followed up on the nominations and
interviewed the teachers. A strict requirement for participation in the study was that
the teacher had to teach the way he/she did all the time; i.e. no special preparation
was allowed. Details about the study are reported elsewhere (Kaur 2008, 2009; Kaur
and Loh 2009). Data and findings of the study have also been reported in numerous
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publications (Kaur 2008, 2009, 2010, 2011, 2013, 2014; Kaur and Loh 2009; Kaur
et al. 2006; Seah et al. 2006; Mok and Kaur 2006). In the following subsections,
some selected data and findings on exemplary practices of three competent Grade 8
mathematics teachers, specifically their instructional patterns, nature ofmathematical
tasks used and purpose of homework, are presented.

16.3.1 Instructional Approaches

The video records of the 10-lesson sequence for each of the teachers in the study
were the main source of the data analysed. On average, there are about six 45-minute
lessons allocated to mathematics in the Singapore classrooms per week. For the first
phase of the data analysis, a wide-angle lens was adopted. The researchers viewed
the video records and located global features related to the patterns of instruction
of the three teachers. For the second phase of the data analysis, a close-up lens was
used and the grounded theory approachwas adopted. An activity segment, “themajor
division of the lessons”, served as an appropriate unit of analysis for examining the
structural patterns of lessons since it allowed us “to describe the classroom activity
as a whole” (Stodolsky 1988, p. 11).

For the purpose at hand, the activity segments were distinguished mainly by the
instructional format that characterized them, although therewere other segment prop-
erties, such as materials that differed among the various activity segments identified.
Six categories of activity segments emerged through reiterative viewing of the video
data. These mutually exclusive segments were found to account for most of the 30
lessons, 10 each from T1, T2 and T3. Table 16.1 shows the categories, and Table 16.2
shows the analysis of lesson structure with mathematical content of T2.

Coding of the video data revealed patterns of instructional cycles that consisted
mainly of combinations of the three main categories of classroom activity: whole-

Table 16.1 Categories of activity segments

Category Description

Whole-class
demonstration [D]

Whole-class mathematics instruction that aimed to develop students’
understanding of mathematical concepts and skills

Seatwork [S] Students were assigned questions to work on either individually or
in groups at their desks

Whole-class review of
student work [R]

Teachers’ primary focus was to review the work done by students or
the task assigned to them

Miscellaneous [M] A catch-all category during which the class was involved in
managerial and administrative activities

Group quiz [Q] Found in T2’s lessons; students solved tasks in groups in a
competitive manner

Test [T] Found only in the lessons of T1 and T3
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Table 16.2 Analysis of lesson structure for T2

Lesson
No.

Activity
segment code

Mathematical content Instructional objective Cycle No.

1 [D] Worked example:
(3x + 2y)2 − 6x − 4y

Factorization by
grouping

1

[S] Practice task:
2x + 4y − 3(x + 2y)2

[R] Student wrote answers
for practice task on
board

1 [D] Worked examples:
x2 − 9, y2 − 1/16, 9y2

− 4z2

Factorization of
expression in the form
of difference of two
squares

2

[S] Practice tasks:
a2x2 − 16y2, 50x2 −
2p2

[R] Teacher and students
worked out practice
tasks on board

[S] Practice tasks:
18m2 − 8n4

(x − 1)2 − (2x + 3)2

[R] Teacher and students
worked out practice
tasks on board

[Q] Quiz tasks
4x2 − 25
121 − 36x2

49x2 − 1
πR2 − πr2

2 [R] Reviewed solutions of
6p4 − 24q2

32xy4 − 2x2

16n2 + 8ne + e2

49y2 + 42yz + 9z2

9f 2 + 24fg + 16g2

Factorization of
expressions by
grouping and difference
of two squares

1

class demonstration [D], seatwork [S] and whole-class review of student work [R]
for the sequences of ten lessons each for T1, T2 and T3. Figure 16.1 shows the
segment sequence for the ten lessons each for T1, T2 and T3. Activity segments that
served different instructional objectives were separated by a dotted vertical line. In an
instructional cycle, the mathematical tasks shared the same instructional objective.

To understand the instructional approaches further, it is necessary to go beyond
structural patterns of the lesson sequence. The key features of the classroom talk
throughwhich the teachers realized their roles in not just the teaching ofmathematics
but also in engaging students to learn it are described elsewhere (see Kaur 2009).
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Fig. 16.1 Structural patterns of the lesson sequences of T1, T2 and T3 (Kaur 2009, p. 338)
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The wide-angle lens findings show that the pattern of instruction in the Grade
8 classrooms of the three competent teachers was as follows: (1) set the stage for
a topic/review past knowledge, (2) present a concept/procedure and show how to
work out the solution of a problem, (3) do seatwork, and (4) correct seatwork and
assign homework. Lessons were also deemed to be teacher-centred, mainly com-
prising teacher exposition coupled with student practice. This is often interpreted
as “drill and practice” by many who have no other information about the what and
the how of the lessons. On the contrary, the close-up lens findings show that lessons
consisted of instructional cycles that were highly structured combinations of D, S and
R. Specific instructional objectives guided each instructional cycle, with subsequent
cycles building on the knowledge. Carefully selected examples that systematically
varied in complexity from low to high were used during whole-class demonstrations.
There was also active monitoring of student’s understanding during seatwork (teach-
ers moved from desk to desk guiding those with difficulties and selecting appropriate
student work for subsequent whole-class review and discussion). Most importantly,
student understanding of knowledge expounded during whole-class demonstrations
was reinforced by detailed review of student work done in class or as homework,
and lessons were both teacher- and student-centred.

16.3.2 Nature of Mathematical Tasks

There were three main types of tasks, learning, practice and assessment, used by
the teachers. A learning task (Mok 2004) is an example the teacher uses to teach
the students a new concept or skill. A review task is a task used by the teacher to
review previously learnt concepts and/or skills so as to facilitate the learning of new
concepts and skills. Practice tasks are tasks used during the lesson to either illuminate
the concept or demonstrate the skill further and tasks the teacher asks students towork
through during the lesson either in groups or individually or during out of class time.
Assessment tasks are tasks used to assess the performance of the students. Based on
these considerations, the tasks used by the teachers, in particular the source of the
tasks and aspects of the demands the tasks make on the learners, were studied (see
Kaur 2010 for details).

It was found that learning tasks used by the teachers either introduced new con-
cepts and skills, made connections between new and old concepts or skills, or intro-
duced students to knowledge or information that might excite them (Example T3
showing them the history of Pythagoras via the Internet) or explained some of
their observations (Example T3 working through the generalized representations
of Pythagorean triplets). These tasks were either taken from the textbook or sourced
by teachers from their personal resources.

Practice tasks often preceded a learning task, and there was emphasis on “prac-
tice makes perfect”. They were either taken from the textbook or sourced by teach-
ers from other books. The ones from the textbook were procedural in nature. The
textbooks used in the three classrooms adopted the exposition–examples–exercises
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Task T1-L01-P3 Task T3-L02-P1

Fig. 16.2 Practice tasks

model (Love and Pimm 1996), and therefore, the exercises of the textbook for the rel-
evant topic formed the bulk of the practice tasks. These tasks were mainly procedural
and algorithmic in nature. Tasks from other books were word problems contextu-
alized in some “real-world” context or like those shown in Fig. 16.2 that provided
students with opportunities to engage in thinking skills such as comparing, inductive
reasoning and systematic listing.

The assessment tasks were taken from past examination papers. These tasks
mainly tested the reproduction of facts or procedures, manipulation of algebraic
expressions, computations and application of mathematical concepts and procedures
to solve simple and routine problems. Bearing inmind the limitations of pencil–paper
tests, these items appeared to largely test for concepts and skills.

16.3.3 Homework

All the three teachers assigned their students’ homework for instructional purposes.
An analysis of the nature and source of mathematics homework was carried out. The
details are described elsewhere (see Kaur 2011). It was found that the goal of the
homework was to engage students in consolidating what they were taught in class
and prepare them for upcoming tests and examinations. The homework only involved
paper and pencil, was compulsory and often due for submission within a week from
being assigned. It was homogenous for the whole class and meant for individual
work.

The homework assignments were of only two types, i.e. Type I and Type II. Type
I homework was meant to review, practise and drill same-day content, while Type



16 Exemplary Practices of Mathematics Teachers 393

II was meant to amplify, elaborate and enrich previously learnt information. For
all three teachers, the main source of homework assignments was the textbook that
the students used for the study of mathematics at school. Teachers also gave their
students homework from past examination papers and non-school textbooks so that
they would experience a wide range of questions, of varying levels of difficulty, for a
particularmathematical topic. All three teachersmonitored their students’ homework
and graded the assignments, giving them feedback. They also helped their students
with their homework. When several students faced a common difficulty in their
assignments, the teachers convened a focused discussion of the homework task and
demonstrated the solution on the whiteboard.

The perspectives of the teachers regarding the role of homework they assigned
their students were also explored. Again, the details were described elsewhere (see
Kaur 2011). From theperspectives of the teachers, the role of homework they assigned
their students was threefold. Firstly, “practice makes perfect” appears to be an under-
lying belief of all three teachers when rationalizing why they gave their students
homework assignments. For all of them, it was important that their students “hone
their skills and comprehend the concepts” of mathematical knowledge they were
taught. Secondly, T2 also gave her students homework with the view that it was an
extension of the lesson during which students were engaged in individual seatwork.
Thirdly, T1 and T2 also gave their students homework to cultivate a sense of respon-
sibility towards their learning. Certainly, the main underlying belief that “practice
makes perfect” resonates with the finding of Macbeath and Turner (1990) about the
most important functions of homework according to secondary school teachers, i.e.
reinforcement, review and practice of work so that students perform well in tests
and examinations. Inferring from the types of homework the teachers assigned their
students, it is apparent that the homework was related to ongoing classroom work.
T2, specifically, assigned her students challenging tasks as part of homework, and
T3 was mindful of the fact that if he gave his students too much homework they were
unable to cope with it. These findings resonate with that of Hallam’s (2004) about
homework being related to ongoing classroom work, be manageable, be challenging
but not too difficult and that there be guidance and support to complete the work.

16.3.4 A Juxtaposition of Teachers’ Practice and Students’
Perception

Findings about how competent teachers teach Grade 8 mathematics reported here
as well as students’ perceptions about a good mathematics lesson (presented in
Chap. 12) are essential for the creation of an image of exemplary instructional prac-
tices. This is exactly what the data and nature of analysis adopted in the Singapore
LPS allowed the researchers to do. In so doing, the researchers questioned the stereo-
type of East Asian mathematics teaching (Leung 2001) and have been motivated to
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delve deeper into their classrooms and create a model of mathematics teaching in
Singapore schools.

The next section reports on research that is presently underway to document the
enactment of the school mathematics curriculum in secondary schools. This project
involves the study of exemplary practices that are carried out by some 30 secondary
mathematics teachers that are viewed as competent by the professional community
in Singapore. As the project is ongoing, for the purpose of this chapter, we report
preliminary findings based on a subset of the data corpus.

16.4 Enactment Project: Exemplary Practices in Relation
to the Intended Curriculum

For this section on exemplary practices in relation to the intended curriculum, we
examined 21 lessons from four teachers. The design of the study is such that two of
these teachers were from School A while the other two were from school B so that
any possible inter- and intra-school issues, if they exist at all, may be investigated.

As each enacted lesson was about an hour long, the enacted lessons were seg-
mented into phases to facilitate comparison of the lessons and to examine in detail
how the intended curriculum was enacted by these teachers. Since these Singapore
teachers are familiar with the segmentation of lessons into the four phases—introduc-
tion, development, consolidation and closure (Lee 2009)—these phases were used
and operationalized as follows:

• Introduction: Teacher setting the stage for current learning, such as checking for
mastery of prerequisite knowledge (linkages to other subjects) and use of moti-
vating stories/contexts.

• Development: Teaching for the attainment of the objective of the current lesson
(alignment with other subjects).

• Consolidation: Teacher providing opportunities for students to practise on tasks
related directly to the objective of the current lesson. It entails:

– Students’ independent work
– Teacher selects and explains questions
– Teacher asks students to explain their work
– Teacher draws connections between previous lesson’s tasks done in class or at
home, and goals of the present lesson.

• Closure: Summary of lesson, setting of homework and/or assigning follow-up
activity to set the stage for the next lesson.

These four phases of lessons also correspond closely to the phases of learning
reflected in the syllabus document (Ministry of Education 2012), as presented in
Table 16.3.

To gain further insights into how the intended curriculum was enacted by these
teachers, each segment of these lessons was examined from the perspective of each
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Table 16.3 Phases of lesson and phases of learning

Phases of lesson Phases of learning

Introduction Readiness (R)—In the readiness phase of learning, teachers prepare
students so that they are ready to learn. This requires considerations of
prior knowledge, motivating contexts and learning environment

Development Engagement (E)—This is the main phase of learning where teachers use a
repertoire of pedagogical approaches to engage students in learning new
concepts and skills

Consolidation Mastery (M)—This is the final phase of learning where teachers help
students consolidate and extend their learning. The mastery approaches
include motivated practice, reflective review and extended learning

Closure

of the five interrelated aspects of the School Mathematics Curriculum Framework
(SMCF) (Ministry of Education 2012), namely concepts, skills, processes, metacog-
nition and attitude (see Fig. 3.1 in Chap. 3). However, it is observed that the level of
enactment of the various aspects of the SMCFwas verymuch dependent on the nature
of the lessons. A skill-based lesson, for example, naturally yielded more codes under
the skills aspect of the SMCF, while a concept-based lesson correspondingly yielded
more codes under the concepts aspect of the SMCF. Consequently, the lessons were
classified into the following five types to better reflect the nature of each lesson for
further comparison:

• Type 1: Introducing new concepts
• Type 2: Revisiting learnt concepts
• Type 3: Introducing new skills
• Type 4: Revisiting learnt skills
• Type 5: Problem-solving (Barkatsas and Hunting 1996):

– Type 5A: The application of learnt concepts and skills to solve either
complex/non-routine problems (there must be a blockage to the students in
general)

– Type 5B: The application of learnt concepts and skills to solve either
complex/non-routine problems (there must be a blockage to the students in gen-
eral) demonstrated through implicit or explicit enactment of Polya’s four-step
approach.

The distribution of the types of lesson that were enacted in the 21 lessons by the
4 teachers is shown in Table 16.4.

From Table 16.4, it can be seen that these experienced mathematics teachers
enacted a good spread of the different types of lesson. In particular, there is a good
mix of addressing conceptual understanding and teaching of procedural skills; while
slightly more than half of the occurrences are introducing and revisiting mathematics
skills, a fifth of themwere on introducing and revisiting learnt concepts. In particular,
all these teachers were observed to weave in many short cycles of development and
consolidation phases within each and between lessons, i.e. Engagement Mastery
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Table 16.4 Distribution of the types of lesson

Type of lesson Number of occurrences Percentage

Introducing new concept 6 13.6

Revisiting learnt concept 4 9.1

Introducing new skills 11 25.0

Revisiting learnt skills 14 31.8

Problem-solving 9 20.5

Total 44 100.0

Note The total count is more than 21 as some of the lessons were coded as more than one type of
lessons

cycles, to ensure that students reach a reasonable level of mastery in the relevant
mathematical skills with a good grasp of the underlying conceptual understanding.

Furthermore, all these teacherswere also very selective in their choice of questions
to be used for teacher modelling, guided practice and independent practice. There
appeared to be generally a good alignment for these questions to ensure that the
students have sufficient practice to acquire the relevant mathematical skills to tackle
such questions.

All in all, these teachers seemed to focus much on promoting conceptual under-
standing and fluency in procedural skills.

It is also observed that all these teachers tapped on the affordance of information
and communications technology (ICT) to achieve their lesson objectives, though
the role of ICT use might differ. There was use of YouTube videos to facilitate
flipped classroom teaching, while some animations and videos were used to create
motivating teachingmaterials. There was also use of graphing tool and commercially
produced technological resources to exemplify mathematics ideas for proving or
promoting of understanding of mathematical concepts. There was also an attempt to
use a digital textbook to facilitate the teaching of and to make visible the problem-
solving process. These seemed to reflect an impact on these teachers’ enactment of
the intended curriculum as a result of the four ICT master plans that have been put
in place (see also Chap. 3).

From the perspective of the concepts and skills of the SMCF, these teachers
seemed to be pedagogically strong in promoting conceptual understanding through
the various use of technological aids and learning experiences, and procedural skills
were taught alongside an understanding of the underlying principles/concepts.

In addition, there was also a reasonable good emphasis on problem-solving, as
can be seen from Table 16.4 that about a fifth of the occurrences of the lesson types
are on problem-solving. In other words, these teachers also provided opportunities
for students to apply their learnt concepts and skills to solve either complex and/or
non-routine problems.

Furthermore, these teachers also made conscious efforts to teach mathemati-
cal language explicitly and both written and verbal communication were encour-
aged. The teachers were also observed to promote reasoning by getting students to
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explain/justify their work through such mathematical communication. The thinking
skills induction and deduction were employed in many of the lessons. Themost com-
mon heuristics that were observed to be employed in these lessons were drawing a
diagram, guess and check, and working backwards.

Thus, from the perspective of the process aspect of the SMCF, these teachers
provided rich opportunities for the enactment of these mathematical processes.

In terms of the metacognitive aspect of the SMCF, all the teachers were observed
to encourage students not to think impulsively but instead pause to monitor their
thoughts. Therewere also some attempts tomake visible the problem-solving process
through digitalmeans, as noted earlier. In addition, all the teacherswere also observed
to encourage offlinemetacognition, i.e. reflection (see Chap. 10), among the students.

From the attitude aspect of the SMCF, these teachers have certainly established
a rather impressive rapport with their students; students were generally observed to
be interested and enjoyed the lessons. The teachers were also seen to be consciously
structuring their teaching by breaking the learning and doing into smaller chunks to
boost students’ confidence.

Thus, these experienced mathematics teachers’ classroom practices seemed to be
very well informed and guided by the intended curriculum.

16.5 Enactment Project: Exemplary Case Studies
on Teachers’ Use of Instructional Materials

The first is a case of a teacher’s use of instructional material in “making things
explicit” to his students. [The more detailed version of this case study can be found
in Leong et al. (in press). We provide a summary here.] In searching the international
literature, it is found that a popular conception of “explicit” is found in “explicit
instruction” and it is seen as closely associated with other methods of instruction
such as “teacher-directed instruction” (Doabler et al. 2015) and “direct instruction”
(Gersten and Carnine 1984). The former highlights the primary role of the teacher
in structuring lesson sequences; the latter focusses on the direct manner in which
procedural steps “pass from” teacher to students. But in the case of “making things
explicit” that we studied in the project, we began with a different starting point: we
were not limiting “explicit” to these forms of instruction; but we started with the
teacher’s conception of explicitness; in particular, we examined his use of instruc-
tional materials as an instrument for making things explicit.

Our findings revealed that the teacher’s attempt at using instructional materials
for making things explicit can be summarized along these lines: explicit–from base;
explicit–within materials and explicit–to instruction. These three conceptions corre-
spond roughly to the three arrows shown in Fig. 16.3.

Explicit–from base. The teacher referred extensively from the school-subscribed
textbook as his base curricular material. However, the transference from textbook to
the instructional materials he used was not merely one of the direct lifting nor minor



398 Y. H. Leong et al.

Base
 Materials

Classroom 
Enactment

Notes

Unit n - 1

Unit n

explicit within

explicit from explicit to

Fig. 16.3 Illustration of how the notes were used for explicit–from, explicit–within and explicit–to

adaptations. He saw the move between these material domains as primarily one of
“making explicit”. This explicitation can be further categorized into: filling gaps in
the textbook content, making links between representations given in the textbook
and highlighting critical ideas—without which students may inadvertently develop
misconceptions—not emphasized in the textbook.

Explicit–withinmaterials. The teacher used each unit within the notes he prepared
to focus on one main concept. As is usually the case in mathematics, the focused
concept is tightly linked to other related ideas. Instead of highlighting all the ideas
in one-go within a unit, he used the strategy of foregrounding a particular idea while
holding the other related ones as “supporting cast” at the background. This inter-
unit implicit-to-explicit strategy reveals a level of sophistication in the crafting of
instructional materials that we had not previously studied. The common anecdotal
portrayal of Singapore mathematics teachers’ use of materials is one of the numerous
similar routine exercise items for students to repetitively practise the same skill to
gain fluency. In the case of this teacher’s notes, it was not pure repetitive practice
that was in play; rather, students were given the opportunity to revisit similar tasks
and representations but with added richness of perspective each time. In other words,
each revisit allowed students to reinforce previously introduced ideas and to connect
to new ones.

Explicit–to instruction. The teachers recognized the limitations to the extent in
which the notes by itself can help make things explicit to the students. The explicita-
tion strategy went beyond the contents contained in the notes. In particular, he used
the notes as a springboard to connect to further examples and explanations he would
provide during in-class instruction. He drew students’ attention to questions spelt
out in the notes, created opportunities for students to formulate initial thoughts and
used these preparatory moves to link to the explicit content he subsequently covered
in class.

From the point of view of students’ learning experience, the chronology of first
prompting their thoughts followed by the teacher’s explicitation inverts the more
traditional order of teacher–teach proceeded by student–practice. While the latter
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Example 3 Solve the inequality 2x2 – 7x + 6 < 0.
Example 4 Solve the following inequality using a graphical approach:

(a) x2 – 4x + 3 > 0 
(b) 3x2 – 4x – 7 < 0
(c) 4 – x2 < 0

Fig. 16.4 Examples in the instructional materials

tends to foster a passive adherence to teacher-demonstrated steps, the former allows
students to carry out their first-cut thought experiments before the teacher points out
the salient ideas or demonstrate some canonical methods. This sequence provides
students the opportunity to contrast their more naive preliminary ideas against the
explicit treatment provided by the teacher and thus learn to better appreciate the
mathematical explicitation.

The second case features the principles a teacher used to sequence examples in
his notes in such a way as to support mathematical reasoning. This is a significant
study both in terms of the place that “reasoning” holds in the Singapore mathematics
curriculum (see Fig. 3.1 in Chap. 3) and also in the ongoing interest in “reasoning”
within the international mathematics education community (e.g. Jeanotte and Kieran
2017; Lampert 1990).

It is less surprising to find that the teachers sequenced the examples to “ad-
vance a method” (the teacher’s own words) that he had demonstrated to the students.
Figure 16.4 provides an illustration of a sequence of examples he gave within the
topic of solving quadratic inequalities.

The method that was demonstrated to the students—for Example 3—was a series
of steps that involved quadratic factorization followed by the use of graphical rep-
resentation to show that the solution to the quadratic inequality corresponded to the
x-values of the portion of the graph that is below the x-axis. This method was “ad-
vanced” as the subsequent examples retained the main thrust of the method but with
refinements to deal with tweaks—such as the switch to “>” in Example 4(a), to non-
strict inequality in Example 4(b) and to an inequality with zero coefficient for the
x-term. The advancing of method principle is further reinforced as he proceeded with
subsequent examples (see Fig. 16.5) as he modified the method to handle quadratic
expressions that are not factorizable over the rationals.

Through the post-interview and classroom videos, it became also clear that “ad-
vance the method” was not the teacher’s only goal in his use of this sequence of
examples. The teacher expanded the examples systematically to a whole suite of
what he called non-standard cases in Examples 5 and 6.

Analysis of the teacher’s progression from Example 6(a) to 6(b) in his lessons
showed that while he demonstrated how the same method applied, he also advocated
an alternative method as he advocated that students “think flexibly”. In other words,
he wanted students not merely to follow strictly to the method he demonstrated but
to constantly exercise reasoning behind the method and the procedural steps.
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Example 5 Solve the inequality 2x2 + x – 4 > 0.
Solution: We observe (or check) that the expression      
2x2 + x – 4 is not easily factorized. In this case, we have 
to find the x-intercepts using the quadratic formula. We 
present our working in this way:

Example 6 Solve the following inequalities, giving exact answers:
(a) x2 + 4x – 7 > 0
(b) 2x2 < 5
(c) x2 + 2x + 11 > 0
(d) 3x2 – 30x + 75 < 0

Fig. 16.5 Examples 5 and 6 in the instructional materials

This goal to encourage students’ habitual reasoning is more obvious in Example
6(c). In this case, the solution of the associated equations is “no real roots”. The
students were unable to simply apply the method used in previous examples. They
were thus “forced” to reason their way out of the quandary. That reasoningwas inbuilt
into the design of the examples was attested by the teacher during the interview:
“today the focus is on the non-standard examples [Examples 5 and 6] … . So here is
to promote reasoning in general, because here the basic idea is … to get the sketch
of the graph, [then] use the graph to deduce a solution … . This way we make sure
that they know the thinking behind the particular graphical method, and we put in
all these parts to make sure that they are actually applying the reasoning behind
the graphical method” (emphases added). The teacher was not merely using the
sequence of examples to advance a method; he also wanted students to attend to the
mathematical reasoning behind the (advancement of the) method. In other words, the
advancement of the method “pulled along” the underlying mathematical reasoning.

The two cases described enabled us to uncover complex design considerations
behindwhatmay look to a casual observer as “simply drill-and-practice” instructional
materials. In the enactment project, we are just beginning to examine these exemplary
practices that are helpful in developing portraits of high-quality teaching in Singapore
mathematics classrooms.

16.6 Discussion

This chapter reports on two significant mathematics education research projects
that have been conducted in the Singapore mathematics classroom in identifying
pedagogical approaches and exemplary practices exhibited by mathematics teachers
in their enactment of the schoolmathematics curriculum.The researchers havemoved
away from the traditionally prescriptive approach in identifying classroom practices
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or using contrasting dualistic lens in the study of the mathematics classrooms. The
researchers recognize that classroom teaching, being culture- and context-bound, is a
much more complex process than it has traditionally been perceived by researchers.
In the study of the Singapore mathematics classrooms reported in this chapter, the
researchers have also questioned the stereotyped “East Asian pedagogy” (Leung
2001) in favour of delving deeper into the authentic mathematics classroom.

The message of the various studies reported in this chapter can be summarized in
the following key points. To identify teachers’ instructional approaches and exem-
plary practices, it is essential to

• Transcend the superficial patterns of the lesson sequence, but to take into consid-
eration the totality of teacher instruction and role in engaging students in the entire
process of learning during the class;

• Take into account the local factors in the educational landscape. In particular, it
is crucial to study the classroom lessons or lesson segments using the lens of the
underlying reasons and principles of the intended school curriculum, which is one
of the key factors that drives the way lessons are conducted in the classrooms
(in the researchers’ experience with the Enactment Project described above, the
lessons that were examined using the mathematical problem-solving framework
in the Singapore mathematics curriculum document); and

• examine the instructionalmaterials that are usedby the teachers.Asdescribed in the
preceding sections, teachers did not use the existing teaching resourcewholesale in
delivering a lesson. The teachers made many careful considerations in adapting or
developing the instructional resource for lesson delivery. This aspect, though not
directly visible in classroom observations, contributes to an extremely important
component in the study and identification of teachers’ exemplary practices.

At the time that this chapter is written, the enactment project is still work in progress.
After identifying the exemplary practices of this relatively small sample of experi-
enced mathematics teachers, the next step for the researchers is to identify how
widespread these exemplary practices are among the mathematics teachers in the
Singapore education system in general. This will allow the researchers to have a
fuller picture of the overall mathematics classrooms in Singapore. A study of how
these exemplary practices among mathematics teachers impact on students’ learning
(cognitive, metacognitive and affective dimensions) of the subject is another area
which will likely attract international attention on Singapore mathematics.

The researchers of the enactment project used a coding scheme that attempted
to explain in great depth the intent of the teacher. Besides the Singapore mathemat-
ics curriculum document, Schoenfeld’s Teaching for Robust Understanding (TRU)
framework is one of the theoretical frameworks that was used at least in the initial
phase in designing the coding scheme (Kaur et al. 2018). As teaching has been rec-
ognized to be cultural and it is very much context-dependent, perhaps what we need
next is to develop a local Singapore teaching framework. Although we would not
go so far as to suggest to develop a prescriptive list of “exemplary” practices, such
a local teaching framework would be useful for researchers in understanding the
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specific pedagogical approaches of the teacher which could be unique to Singapore
in recognition of its unique social–cultural factors.
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Abstract Quality teachers have long been recognised as key to preparing the future
generation for the nation. Hence, a robust teacher education system with collabora-
tive support from major stakeholders is crucial. Singapore has adopted a complex
yet integrated approach in teacher education thus far. This chapter moves on from
an earlier report presented in 2009 on the Singapore teacher education system. To
pave the way forward, the chapter introduces the visions of key stakeholders in the
professional development landscape for teacher education in the twenty-first century.
Various factors of influence are analysed before presenting the structure of profes-
sional development for mathematics teachers at the National Institute of Education.
Current mathematics professional development courses are classified according to
aspects of teacher knowledge derived from research so as to gain insights into the
content, pedagogical and assessment focuses. Finally, a proposed conceptual frame-
work amidst the multidimensional and multifaceted teacher education landscape is
outlined to describe mathematics teacher professional development for the twenty-
first century.
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17.1 Introduction

Quality teachers have long been recognised as key to preparing the future gener-
ation for the nation. Indeed, the influential McKinsey report on how the world’s
best-performing school systems come on top articulated that “the quality of an edu-
cation system cannot exceed the quality of its teachers” (Barber andMourshed 2007,
p. 16). Well-qualified teachers not only exert a critical impact on student learning
(Gopinathan et al. 2008) but also an enduring influence in the lives of future gen-
erations. Hence, it is critical that education ministries, policymakers, and teacher
educators work together on several fronts to draw interested individuals into teach-
ing and retain them in education service: (a) provide robust teacher education pro-
grammes at pre- and in-service levels at various junctures of the teaching career, (b)
maintain rigour in teaching certification, (c) allow for career progression in teach-
ing, and (d) support the teaching fraternity to chart their own professional growth.
Collaborations between teacher educators and schools in teaching-research projects
(see Ng et al. 2015), formations of professional learning communities among teach-
ers (see Hairon and Dimmock 2012) and establishments of sharing platforms (e.g.
conferences, seminars) among key stakeholders in education (i.e. schools, teacher
educators, curriculum planners, policymakers) are some infrastructure put in place
in many education systems around the world.

Yet, as Tan and her colleagues (2017b) put it, educational systems all over the
world face at least two challenges in the twenty-first century. Age old constructs or
concepts such as “creativity, critical thinking, collaboration, communication, socio-
emotional and lifelong learning aptitudes” are now recognised as “new knowledge
economy competencies” and they have been given a renewed lease of attention in
view of a technologically dominated globally connected world in the twenty-first
century (Tan et al. 2017b). Learning is not confined to traditional forms of delivery.
Neither is it confined to individual experts. These have implications on the teacher
education system. Firstly, how should schools and educators scaffold and assess
students’ new knowledge economy competencies individually and collectively?
Secondly, how would we activate and sustain a cultural and pedagogical shift from
traditional modes of education and perception on achievement to a more inclusive,
varied form of education? Some answers may lie with a progressive teacher edu-
cation framework which is aligned with the learning needs of twenty-first-century
teachers. Views on what quality teachers in the twenty-first century are may morph
from the complex, multidimensional and multifaceted discussions that follow.

17.2 Teacher Education in Singapore: A Brief
Understanding of the Current Landscape

In this chapter, Teacher Education refers to a broader concept which encompasses
the desired outcomes (e.g. philosophical, theoretical, political and economic) to be
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integrated and balanced among major stakeholders such as policymakers, govern-
ment bodies, education administrators, universities and funding agencies. Ideally,
teacher education should be in a continuum of three seamless stages according
to the teaching career progression: (a) initial teacher preparation (referred to as
“pre-service” in this chapter where student–teachers are in the process of being
accredited), (b) induction (referred to as “beginning teachers” where accredited
teachers may still work with school mentors during the first few years of teach-
ing experience) and (c) Teacher Professional Development (PD) (referred to as
“in-service” where experienced teachers may chart their own growth in teaching
repertoire). In this chapter, teacher PD includes those conducted in formal delivery-
style settings (e.g. workshops, training sessions, talks, seminars, and conferences)
as well as those which involve targeted group-based discussions or sharing sessions
(e.g. professional learning communities). This is in line with the Teacher Growth
Model for twenty-first-century teachers articulated by the Academy of Singapore
Teachers (AST) (see Sect. 17.2.3). In addition, we also recognise that beginning
teachers can also participate in PD courses alongside with experienced teachers.

We begin with a discussion of the teacher education landscape in Singapore in this
chapter and subsequently focus on teacher PD in Singapore, particularly analysing
the structure of PD for mathematics teachers. Lim-Teo (2009) provided an in-depth
discussion of the context of teacher education in Singapore and factors of influence
prior to 2009. She articulated the synergistic effect between the National Institute of
Education (NIE) and the Singapore Ministry of Education (MOE) which alleviated
teacher education to higher levels globally. This chapter moves on from Lim-Teo’s
report after 2009, presenting the complexyet integrated approachSingapore has taken
and introducingmore factors of influence in its teacher education journey thus far. The
next section summarises how teacher PD is offered through four major collaborative
avenues in Singapore; namely the NIE, MOE, AST, and professional associations.
Following which, we outline the current situation of PD for mathematics teachers
at the NIE, analysing the factors of influences and their impact on curriculum, and
hence PD. Then, some constraints, issues and challenges to mathematics PD faced
by teacher educators at NIE are highlighted. A proposed PD conceptual framework
tailored for mathematics teachers in the twenty-first century after an analysis of
the broader landscape of teacher education in Singapore and beyond is presented.
Finally, future directions for mathematics PD and related research in Singapore are
discussed.

17.2.1 Teacher Education at the National Institute
of Education: The Journey After 2009

Singapore is progressing towards a transformative system that produces quality teach-
ers equipped to raise a new generation of twenty-first-century learners. In this system,
teachers are expected to prepare students for a knowledge-driven global economy by
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helping them develop higher-order competencies and new technology-based skills,
while simultaneously building character and grounding values so that Singapore
students still remain rooted in their national identity against the backdrop of a mul-
ticultural, globalised world (NIE 2012).

The NIE is Singapore’s sole and national teacher education institute (NIE 2017a).
As the premier teacher education institute in Singapore and an autonomous institute
of the Nanyang Technological University (NTU), Singapore, NIE not only provides
teacher accreditation during initial teacher preparation but also designs programmes,
courses and workshops to empower accredited teachers in their professional devel-
opment journey for enhancement of competence and knowledge as they progress
in their teaching career. NIE embarked on a Programme Review and Enhancement
initiative in 2008 as an institute-wide strategic effort to review and enhance NIE’s
model of teacher education (NIE 2012). The Teacher Education 21 Model (TE21)
was inaugurated by NIE in 2009 to cultivate the “thinking teacher” while main-
taining “strong partnerships with key stakeholders and the schools to ensure strong
clinical practice and to inject the reality of professionalism in teacher development”
(NIE 2009). Recommendations in the TE21 Model address the entire initial teacher
preparation (i.e. pre-service) to teacher PD (i.e. in-service) continuum (NIE 2017a).
It is NIE’s mission to provide a curriculum that is “cognizant of nationwide poli-
cies and initiatives implemented by the Ministry of Education” (NIE 2017b). TE21
puts major emphasis on teachers’ values because values are the “anchor of stability,
consistency and centredness in a changing vortex” (Tan 2012, p. 39) in the midst
of the rapid changes in curriculum and policy brought about by challenges in the
twenty-first century. Three key values are identified: learner-centred values, teacher
identity values and the values of service.

Initiatives by the Singapore MOE are put forth to foster students’ new knowledge
economy competencies (see Sect. 17.1) required in the twenty-first century. A crucial
recommendation of TE21 is a robust theory-practice nexus in developing teachers’
own proficiencies to scaffold students’ twenty-first-century competencies, building
upon the content and pedagogy associated with different subject disciplines. Hence,
NIE works closely with the Singapore MOE, the AST and schools so that policies
and initiatives are not only integrated into the pre- and in-service teacher educa-
tion programmes and courses but also realised in practice among prospective and
experienced teachers.

Being in a unique and privileged position, NIE offers a robust system of teacher
accreditation at primary, secondary and pre-university levels across various subject-
discipline areas in Singapore through various programmes such as the NTU-NIE
Teaching Scholars Programme (TSP), the Postgraduate Diploma in Education pro-
gramme, undergraduate programmes (i.e. Bachelor of Arts (Education), Bachelor
of Science (Education) and Diploma programmes. Lim-Teo (2009) summarised the
model of pre-service preparation of teachers in Singapore in Fig. 17.1. The model
is still applicable to date. Since the implementation of TE21 in 2009, pre-service
programmes have been reviewed to address the emphases of TE21. For example,
the NTU-NIE TSP is a new undergraduate programme that was launched in August
2014. This programme offers final-year scholars individually supervised research
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Fig. 17.1 Model of pre-service preparation of teachers in Singapore (Lim-Teo 2009, p. 50)

opportunities with eminent research mentors at NTU or NIE where the scholars and
theirmentors pursue areas of interest together, immersing in extended content knowl-
edge academic exchanges over a 11-month period. In addition, TSP scholars also
undertake an educational research project in their third year of study to build their
capacity in the theory-practice nexus alongside their classes in curriculum studies
with pedagogical focuses for various subject disciplines (NIE 2017c).

Helmed by the Office of Graduate Studies and Professional Learning at NIE,
in-service programmes are crafted for experienced teachers, education officers with
the MOE and interested individuals from other educational institutions in Singapore
and overseas. Singapore teachers with the MOE are placed in three career tracks:
Teaching Track, Leadership Track, Senior Specialist Track (MOE 2017a). NIE in-
service and higher degree programmes cater to teachers at various junctures of their
careers in these tracks. For example, besides considering a comprehensive list of
stand-alone PD courses, primary mathematics teachers can choose to enrol in the
Advanced Diploma in Primary Mathematics Education programme should they like
to develop their pedagogical content knowledge further and have a deeper conceptual
understanding ofmathematics content knowledge in the horizon tomake connections
between primary mathematics topics and beyond (NIE 2017d). In addition, NIE also
offers a highly anticipated Teacher Leaders Programme which develops “leaders
on the Teaching Track” (i.e. Senior Teachers, Lead Teachers and Master Teach-
ers) through an intricate progression of learning journeys aligned with the Teacher
Growth Model (TGM) (MOE 2012a; see below for details). The Teacher Leaders
Programme aims to “nurture teachers as ethical educators, competent profession-
als, collaborative learners, transformational leaders and community builders” (NIE
2017a). Separately, working with MOE to develop education officers on the Leader-
ship Track (i.e. school leaders such asHeads ofDepartments, Vice-Principals, Princi-
pals and Cluster Superintendents), NIE provides at least three programmes: Leaders
in Education Programme, Management and Leadership in Schools Programme, and
Building Educational Bridges—Innovation for School Leaders. MOE education offi-
cers who are keen to progress on the Senior Specialist Track can enrol in a myriad
of higher degree programmes (e.g. Masters in Education) to enhance their theory-
practice nexus for curriculum development. Since 2005, NIE has implemented the
Professional Development Continuum Model (PDCM) scheme to provide graduate
teachers of Singapore MOE with alternative pathways to higher degree certification
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(NIE 2017e). Most of the Master’s degree programmes at NIE are available under
this scheme. A step further into TE21, with effect from August 2012, the enhanced
PDCM scheme was put in place to allow for more flexibility in structure for can-
didates with different interests and work commitments. 2014 saw the cross-listing
of selected courses in NIE Master’s degree programmes with PD. This allows for
teachers who meet the entry requirements of the Master’s degree programmes to
take higher degree courses as PD prior to their admission to the programme under
clear accreditation and time frame conditions (NIE 2017f). In this way, teachers
can experience the rigour and depth of NIE higher degree courses with a slightly
more theoretical and research stance compared to other more practice-orientated PD
courses. This also creates opportunities for teachers to design integrated research and
practise projects within their own capacities under the tutelage of faculty members,
spear-heading innovative pedagogies and curricula approaches in schools, grounded
in sound theoretical underpinnings and empirical findings; achieving another TE21
recommendation.

17.2.2 Envisioning Teacher Professional Development
for the twenty-first century in Singapore: Ministry
of Education

Launched in 2012 byMr. Heng SweeKeat, then SingaporeMinister of Education, the
Teacher Growth Model (TGM) is a “professional development model which encour-
ages Singapore teachers to engage in continual learning and become student-centric
professionals who take ownership of their growth” (MOE 2012a). Developed by the
AST under MOE, the TGM (for in-service teachers) was a result of a collaborative
conceptualisation effort among educators of diverse profiles across MOE to con-
struct the learning needs of the twenty-first-century Singapore teacher. Figure 17.2
illustrates the five desired outcomes of the twenty-first-century Singapore teacher
in the TGM (The Ethical Educator, The Competent Professional, The Collaborative
Learner, The Transformational Leader and The Community Builder). Although the
TGM Learning Continuum suggests learning focuses for teachers at various stages
of their careers, teachers have the autonomy to plan for their PD based on their needs
and interests, bearing in mind alignment to the knowledge and skills needed to nur-
ture students in twenty-first-century competencies (MOE 2012a). Recognising that
teachers also have diverse learning needs, the TGM encourages teachers to pursue
PD through multiple modes of learning (e.g. face-to-face, ICT-enabled, conferences,
mentoring and research-based practice, networked learning, reflective practice and
experiential learning). There are seven learning dimensions associated with the TGM
and all NIE PD courses for in-service teachers (including those cross-listed with
higher degree) are mapped to these learning dimensions (NIE 2017g).

Within the TGM framework, various departments at MOE also conduct PDwork-
shops or sharing sessions for teachers. Curriculum specialists with the curriculum
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Fig. 17.2 Teacher growth model (Ministry of Education 2012a)

planning and development division at MOE conduct nationwide PDworkshops peri-
odically for schools and clusters to communicate and help kick-start the imple-
mentation of curriculum initiatives. Senior management in schools send representa-
tives to attend such PD workshops so that they can take leadership in incorporating
the initiatives in school-wide programmes. An example is “Fostering Mathemati-
cal Reasoning in Classrooms” workshops conducted by the curriculum specialists
for secondary school teachers in recent years. Often, curriculum specialists work
with teacher educators at NIE to plan complementary workshops for teachers so that
the teachers are aware of the background and key messages associated with new
curriculum focuses, and have opportunities to draw connections between the cur-
riculum focuses with appropriate pedagogical approaches grounded from theory and
research. For instance, mathematics curriculum specialists have conducted introduc-
tory workshops onmathematical modelling since 2009 where they show examples of
mathematical modelling activities secondary mathematics teachers can use in their
classrooms and discuss elements of themodelling cycle (seeBalakrishnan et al. 2010;
MOE 2012b). However, teachers who are leading mathematical modelling activities
in their schools or are interested to have a more in-depth understanding of the design,
facilitation and assessment of mathematical outcomes during the full cycle of math-
ematical modelling are directed to attend NIE PD workshops for a comprehensive
hands-on experience (see Ng 2017).
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In addition, MOE holds regular meetings and briefing sessions with heads of
departments or pedagogical leaders in schools to communicate curriculum and
assessment changes. Teachers often attend conferences (e.g. Kwek and Ko 2011),
seminars and workshops based on interest or upon the encouragement of school
management. Again, within the TGM, many interest-driven professional learning
communities (see Hairon and Dimmock 2012) are set up within schools (e.g. among
teachers teaching the same level) or within school clusters. These professional learn-
ing communities can be steered by teachers, school leaders, mathematics educa-
tors, MOE education officers and Master Teachers from the AST. Each professional
learning community is set up to achieve explicit objectives and they typically out-
line PD sessions that are aligned with their progressive implementation of school-
based projects or initiatives. Subsequently, the professional learning communities in
schools may organise their own in-house PD sessions conducted by the pedagogical
leaders in the schools or by invited instructors. For example, between 2014 and 2016,
the mathematics department head of one primary school in Singapore held a series
of workshops on Talk Moves (see Michaels and O’Connor 2015) with the teachers
in the school. There was meticulous planning and mentoring by the mathematics
department head to help the mathematics teachers in the school implement what was
shared in the workshops in progressive steps, the first of which was lesson observa-
tions of the head of department in action with her mathematics class where she used
Talk Moves to generate more mathematical productive discourse and encourage stu-
dents to share their mathematical reasoning. The school finally took on this initiative
as a school-wide approach after successful implementation and good reviews from
the mathematics department and students (Lee et al. 2016). One advantage of such
carefully planned professional learning communities within the school as illustrated
above is the close links between theory and practice where teachers engage in itera-
tive cycles of reflective practice among like-minded peers under full support of the
school management.

MOE is cognisant of the importance of providing opportunities for serving teach-
ers to extend their professional repertoire in order to help them achieve their aca-
demic and professional aspirations. Funding and professional development leave
infrastructure are put in place to encourage teachers to engage in lifelong learning.
Every teacher in the school system is eligible to 100 h of PD a year, fully funded
by MOE directly or through MOE-administered school or cluster budgets (Lim-Teo
2009, p. 66). Teachers can choose from various professional development packages
and leave schemes (MOE 2016, 2017a) to participate in PD and higher degree work.

17.2.3 The Role of the Academy of Singapore Teachers
in Teacher Professional Development

The Academy of Singapore Teachers (AST) was set up in September 2010 to look
into “the development of a teaching fraternity that is characterised by a shared ethos,
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strong pedagogical expertise and ownership of professional development” (MOE
2012a). AST serves four functions: to (a) champion the ethos of the profession, (b)
foster a teacher-led culture of collaborative professionalism, (c) build a culture of
continuous learning and improvement and (d) strengthen enablers of professional
development (MOE 2017b). Crafted by AST, the TGM guides the planning and
implementation of PD activities at AST. AST articulated the TGM as a “representa-
tion of a coherent whole of core learning areas of holistic professional growth and
development for Singapore teachers” which “facilitates teachers taking ownership
of their professional growth to nurture in students the competencies required for the
twenty first century” (MOE 2017c).

To date, AST has organised an array of PD opportunities for in-service education
officers (i.e. teachers, school leaders, including those seconded to MOE headquar-
ters), executive and administrative staff working in schools, and allied educators (i.e.
teaching assistants). Besides workshops, seminars and talks, PD opportunities from
AST also come in the form of focused-group discussions and sharing sessions during
subject chapter meetings. Materials from these subject chapter meetings and those
from follow-up sessions are typically shared on a private portal with exclusive access
rights given to MOE staff.

Master Teachers are identified by MOE as “role models of teaching excellence”
based on their track records of “strong pedagogical knowledge” demonstrated in
schools over many years. Master Teachers are at the pinnacle of the Teaching
Track. The main role of a Master Teacher is to “develop and enhance the capac-
ity of teachers through mentoring and demonstrating good teaching practice” (Ng
and Foo 2009, p. 150) throughworkingwith schools, cluster schools and beyond (e.g.
school-based research projects, curriculum reviews). PD opportunities organised by
AST are usually conducted by Master Teachers although they too get invited to be
course instructors for school- or cluster-led PD sessions for professional learning
communities.

While PD courses conducted by MOE curriculum specialists are mainly to com-
municate curriculum initiatives, those by AST Master Teachers have predominantly
pedagogical focuses with a clear practice-oriented stance. On the other hand, NIE
PD courses provide theory-practice nexus where participants learn, experience and
reflect on research-based theoretically informed pedagogical practices. NIE collab-
orates with MOE and AST to plan in-service teacher PD stand-alone courses and
programmes offered by NIE every year so that teachers receive a wide selection of
complementary PD offers meeting different needs and interests. Funding for most
NIE teacher PD courses and programmes comes from annual MOE budgets. In
essence, there is a synergistic tripartite collaboration between NIE, MOE and AST
for a holistic teacher PD in Singapore.
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17.2.4 The Role of the Professional Associations in Teacher
Professional Development

Local professional bodies such as the Association of Mathematics Educators (AME)
and the Singapore Mathematical Society (SMS) also hold conferences and seminars
regularly formathematics teachers to learn fromboth foreign and local experts.Acase
in point is the annual Mathematics Teachers Conference co-organised by AME and
the Mathematics and Mathematics Education Academic Group at NIE with support
from SMS. This one-day programme includes plenary lectures and PD workshops
by invited foreign and local experts for primary school, secondary school and pre-
university mathematics teachers, as well as sharing sessions by local academics and
mathematics educators to showcase their research studies and share findings with
implications drawn for teaching and learning. The Mathematics Teachers Confer-
ence has been held for over a decade with a different theme each year articulating
current educational focuses in Singapore and globally. Participation in each Mathe-
matics Teachers Conference has been enthusiastic throughout the yearswith numbers
ranging between 500 and 800. In addition, AME also produces a newsletter and an
academic journal entitled “TheMathematics Educator” for the mathematics teaching
and research fraternity.

17.3 Mathematics Teacher Professional Development
at the National Institute of Education

PD courses and programmes for mathematics teachers at NIE are mainly offered
by educators from the Mathematics and Mathematics Education Academic Group.
Nested within larger global expectations of quality teachers in the twenty-first cen-
tury, several other factors of influence have impact on current and future PD for
mathematics teachers in particular.

17.3.1 Factors of Influence

One key factor of influence on the nature and format of PD for mathematics teachers
at NIE is research on mathematics teacher education.

17.3.1.1 Research in Mathematics Teacher Education

Teacher education research gained momentum since Shulman (1986) called
for the spotlight to be shone on a teacher’s knowledge base on teaching. Grossman
(1990) proposed four key components of teacher knowledge: general pedagogical
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knowledge, subject matter knowledge, pedagogical content knowledge and knowl-
edge of context. The foundational concept of pedagogical content knowledge was
first coined by Shulman, who in a later publication defines it as “that special amalgam
of content and pedagogy which is uniquely the province of the teacher” (1987, p. 8).
Researchers recognise the need for teacher knowledge base to be discussed in terms
of subject-specific disciplines because teaching requires a professional integration of
various components of teacher knowledge with respect to the rigour of the discipline.
A domain map of mathematical knowledge for teaching was outlined by Hill et al.
(2008) and this unpacks Pedagogical Content Knowledge further and distinguishes it
from Subject Matter Knowledge. Pedagogical Content Knowledge for mathematics
teachers includes “Knowledge of Content and Students, Knowledge of Content and
Teacher, and Knowledge of Curriculum”. On the other hand, Subject Matter Knowl-
edge refers to “Specialised Content Knowledge, Common Content Knowledge, and
Knowledge at the Mathematical Horizon” (p. 377).

Research on Mathematics Pedagogical Content Knowledge (MPCK) of Teachers
began to take root after initial efforts by Ball and her colleagues (Ball 1991; Ball
et al. 2001, 2008). In Singapore, an inaugural project on MPCK was conducted by
an NIE team of mathematics educators to investigate the development of MPCK in
primary school beginning teachers. One main goal of this project was to evaluate
the impact of a mathematics methods programme on prospective teachers’ MPCK at
NIE. As part of this large-scale longitudinal project, the team administered a 16-item
instrument to measure the performance of pre-service teachers in the Diploma in
Education programme before they started their initial teacher preparation journey
at NIE and after they completed the programme (Lim-Teo et al. 2007). The instru-
ment used took the form of a MPCK test where items assessed the teachers’ (a) own
knowledge of mathematical structure and connections, (b) representations (multiple
or alternative) of concepts for the purpose of explanations, (c) perceptions of the
cognitive demands of the mathematical tasks on learners and (d) identification of
the difficulties faced by learners and learners’ misconceptions along with teachers’
choice of follow-up actions (p. 257). Quantitative pre- and post-test results suggested
the pre-teachers with the Diploma programme had generally made some improve-
ments across (a) to (d) at the end of the programme. However, qualitative analysis
of the responses revealed that these pre-service teachers were rather weak in mathe-
matical communication; especially in explaining and developing mathematical ideas
alongside their logical reasoning using precise mathematical terms and language
(p. 251). The researchers also surfaced challenges faced by the pre-service teachers
in composing word problems to illustrate mathematical concepts (e.g. quotitive divi-
sion) (p. 252). Implications were drawn from these findings on reviewing pre-service
mathematics methods courses at NIE. In addition, teacher educators can draw upon
the research by Lim-Teo and her colleagues when planning PD focusing on MPCK
for mathematics in-service teachers so as to further deepen teachers’ understanding
of subject matter knowledge and introduce innovative pedagogical approaches to
help students overcome mathematical learning difficulties.

Another large-scale project measuring teachers’ MPCK came from the interna-
tional Teacher Education andDevelopment Study inMathematics (TEDS-M) survey.
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The performance of NIE pre-service teachers in Mathematics Content Knowledge
and MPCK as assessed by the TEDS-M survey was reported in Wong et al. (2010).
TEDS-M Mathematics Content Knowledge framework covers four domains (Num-
ber, Geometry, Algebra and Data) and three cognitive domains (Knowing, Apply-
ing and Reasoning). TEDS-M MPCK framework includes: mathematical curricular
knowledge, knowledge of planning formathematics teaching and learning, and enact-
ing mathematics for teaching and learning (Tatto et al. 2012 ). Although pre-service
primary mathematics teachers at NIE who participated captured top spots in the
TEDS-M survey in terms of Mathematics Content Knowledge andMPCK compared
to the other participating countries (Wong et al. 2010, p. 300), gaps were identified.
There is a need to provide more opportunities for prospective primary mathematics
teachers (and even those teaching mathematics at higher levels) to learn different
approaches to rectify students’ misconceptions in mathematics. Wong et al. also
suggested that teacher educators could use publicly released TEDS-M to “explore
strategies to remedy misconceptions, design classroom activities that mirror the sce-
narios described in the TEDS-M items” so as towork towards “assessment for teacher
training” (p. 304) with formative purposes. Interested readers may like to refer to
Chap. 6 for more in-depth discussions on the results from Singapore’s participation
in the TEDS-M study.

17.3.1.2 Research in Professional Development Models
for Mathematics Teachers

Research projects by Singapore teacher educators on PD models or structures with
respect to different fields in mathematics education research can also have an impact
on PD for mathematics teachers provided at NIE. These will be summarised briefly
in this section.

On mathematical modelling, Tan and Ang (2015) designed a school-based PD
programme using Ang’s (2015) framework which scaffolds mathematics teachers in
secondary schools through progressive stages of modelling task design. The school-
based PD programme consists of three phases where teacher reflections from earlier
phases provided inputs for subsequent phases. At the end of the programme, partici-
pating teachers would have designed mathematical modelling tasks for their schools,
facilitated students through the tasks and reflected on their learning about the math-
ematical modelling process. In another project on mathematical modelling but at the
primary level, Ng and her colleagues (see Chan et al. 2012; Ng et al. 2012, 2015)
incorporated a multi-tiered teaching experiment (Lesh and Kelly 2000) with adapted
design research methods (Dolk et al. 2010) in their PD structure to scaffold the
incorporation of mathematical modelling in primary schools.

On design of learning tasks to engage students in reasoning and communication,
Kaur (2012) investigated the impact of a hybrid model of PD that integrates the
PD training model from Matos et al. (2009) with “sustained support for teachers to
integrate knowledge gained from the PD into their classroom practice” (Kaur 2012,
p. 5148). This hybrid model of PD advocated three phases: (a) teachers attending
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training workshops, (b) teachers enacting what is learnt at the workshops in their
schools guided by the PD providers and (c) teachers sustaining what they have
learnt from the previous phases through school-based self-directed activities. This
PD model took two years to realise, a significantly longer duration compared to
other PDs which are constrained by MOE timelines. There are other PD designs
implemented for mathematics teachers at NIE. Detailed discussions of another PD
design from research involving Replacement Units can be found in Chap. 19 of this
book.

17.3.1.3 Curriculum Focuses

Given the widespread implementation across the world, there has been global impact
from the results of the Trends in International Mathematics and Science Study
(TIMSS) and the Programme for International Student Assessment (PISA) on pol-
icymaking as well as mathematics curriculum planning and review (OECD 2017;
Stacey 2012). In Singapore, the mathematics curriculum framework articulates the
need for students to solve a variety of problems, including open-ended and real-world
problems (MOE 2012c, p. 15). Mathematical modelling has been incorporated into
the curriculum framework since 2007 (MOE 2012b) and students’ ability to solve
“Problems in Real-World Contexts” (similar to applications problems) is assessed
formally at the high-stakes GCE “O” Levels mathematics examination since 2016
(MOE 2015). Maintaining the rigour and depth of mathematical content and skills
in the mathematics syllabi at the various school levels, but also in response to the
global focus on students’ competencies to solve non-routine, open-ended real-world
problems, Singapore teachers are encouraged to develop their pedagogical content
knowledge in support of more student-centric approaches. Such approaches require
teachers to scaffold student-directed learning, critical thinking, as well as appropriate
mathematical communication and reasoning during group collaborative problem-
solving. There is also a need for teachers to be confident facilitators during problem-
solving while discussing possibilities of alternative solution pathways in view of
real-world constraints stipulated in the context of the problem. Contents of Mathe-
matics PD courses at NIE not only address the mathematics curriculum framework,
but also bring in the larger global picture, drawing upon research to provide sound
theory-practice nexus during the courses.

17.3.2 Professional Development for Mathematics Teachers
at the National Institute of Education

There is a comprehensive array of PD courses for mathematics teachers at NIE
across four domains: subject matter knowledge, pedagogical content knowledge,
school-based curriculum planning and assessment practices. The PD courses can
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be offered as standalones, as a series of progressive courses for the same topic,
or as part of a collection of courses during a programme. Stand-alone PD courses
are typically short-term hands-on practice-oriented courses which can range from a
three-hour workshop to several sessions of three-hour blocks either taken in a school-
day afternoon or in a full day during school holidays. In contrast, PD programmes
have stipulated entry requirements and time frame for completion of academic units
through a number of courses and a subsequent accreditation process. Teachers can
register for these programmes as part-time or full-time participants depending on
their commitments. Currently, there are two PD programmes focused on mathemat-
ics teaching and learning; both for primary school teachers: the Advanced Diploma
in PrimaryMathematics Education programme and the Certificate for PrimaryMath-
ematics Education programme. Primary school teachers are accredited to teach more
than one subject.Many also enrol in other NIE-accredited programmes or PD courses
which may take a more generic stance (i.e. non-subject-specific) and apply what they
learn from these programmes in the various subject disciplines they teach. Courses in
PD programmes are at times offered as standalones should participants prefer taking
up selected courses within the programme on an ad hoc basis.

17.3.2.1 Professional Development Through MOE-Commissioned
Courses

Mathematics teachers in schools can enrol in PD stand-alone courses or pro-
grammes through three main avenues, each comprising of complementary PD lists.
Firstly, majority of PD courses and programmes for mathematics teachers are MOE-
commissioned. Teachers fromMOE schools enrol in these through an online system
called “TRAISI” (Training Administration System on Internet) using their MOE-
registered email and password. MOE, AST and NIE representatives from various
subject disciplines engage in annual discussions of course offers by NIE for the
following year. Decisions are made based on needs assessment of teachers for fur-
ther PD on curriculum initiatives and focuses. This is balanced with the overall
allocated MOE budget for PD. Table 17.1 summarises the types of TRAISI stand-
alone courses offered byNIEmathematics educators between 2014 and 2019. Higher
degree courses (i.e.Master’s) which are cross-listedwith in-service and offered under
TRAISI are not reflected in Table 17.1. The types of PD courses are classified accord-
ing to Hill et al.’s (2008) domain map of mathematical knowledge for teaching (see
Sect. 17.3.1.1). An example of a course under Pedagogical Content Knowledge with
a focus onKnowledge of Curriculum is that of “PromotingMetacognition in Primary
School Children” where mathematics teachers learn how to foster student’s use of
metacognitive strategies for problem-solving. A Subject Matter Knowledge course
can be illustrated with “Algebra in Secondary AdditionalMathematics” where teach-
ers learn algebraic concepts that are Specialised Content Knowledge needed for the
additional mathematics syllabus. Tan et al. (2017a) called for the incorporation of
teachers’ assessment literacy in examining teacher knowledge because assessment
is a crucial part of curriculum, teaching and learning. Hence, a third classification,
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Table 17.1 Types of TRAISI
stand-alone courses offered
by NIE mathematics
educators

Year Pedagogical
content
knowledge

Subject matter
knowledge

Knowledge of
assessment

Pri Sec Pre-
U

Pri Sec Pre-
U

Pri Sec Pre-
U

2014 6 7 1 0 7 0 2 0 0

2015 6 6 8 0 7 0 2 0 0

2016 7 2 8 0 4 0 2 1 0

2017 8 3 8 0 3 0 2 1 0

2018 9 3 7 2 3 1 2 0 0

2019 5 3 3 0 4 0 1 1 1

Knowledge of Assessment, is added to provide a more comprehensive represen-
tation of the available courses. One example of a course under this classification is
“Problems in Real-World Contexts: Design, Implementation andAssessment”where
secondary mathematics teachers learn how to design problems situated in real-world
contexts which require students to select and apply appropriate mathematics con-
tent and skills, similar in format to those assessed in GCE “O” level mathematics
examination.

Data shown inTable 17.1 reveal thatmost TRAISI stand-alone courses areMPCK-
related across primary, secondary and pre-university levels. However, at least two
gaps in PD can be noted. The first gap refers to Subject Matter Knowledge. Such
PD courses are not offered at primary and pre-university levels. Many educators
may agree that it is not easy to untangle MPCK and Subject Matter Knowledge in
a PD course because competent teachers are often able to integrate both seamlessly
to achieve their lesson objectives. Nonetheless, it may be crucial for experienced
primary mathematics teachers to attend PD courses on Subject Matter Knowledge
because at least a large majority of them are essentially generalist in training and
do not have a mathematics degree. Interestingly, graduates who are on the enhanced
Postgraduate Diploma in Primary Education programme for pre-service teacher edu-
cation since its inception in December 2016 have been attending Subject Matter
Knowledge courses. On the other hand, it is understandable why teachers teaching
pre-university level mathematics are not provided with Subject Matter Knowledge
PD courses. Many of them already have honours with their mathematics degrees or
even higher degree certification in mathematics. A second gap in PD shown from
Table 17.1 is that of Knowledge of Assessment, particularly for mathematics teach-
ers teaching secondary and pre-university levels. The philosophy, types, purposes
of assessment, as well as different modes of assessment are taught at pre-service
teacher education programmes in NIE. However, MOE dipstick surveys in schools
discovered that experienced teachers in schools need refresher PD courses on assess-
ment literacy or other assessment-related courses in view of the changing GCE “O”
and “A” levels mathematics examination question types. One such example is the
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recent focus on Problems in Real-World Contexts at secondary and pre-university
mathematics examinations.

17.3.2.2 Professional Development Through Customisation

Secondly, another PDavenue formathematics teachers is through customised courses
or school-based PD. TRAISI course registration is limited to two teachers from the
same school. Customised courses address a need in schools for tailor-made courses
by experts to help springboard from the entry levels of specific groups of teachers in
a school or cluster. Such courses are particularly popular with professional learning
communities and range from a three-hour workshop to a series of consecutive work-
shops. There are several advantages to a customised approach to PD. As most of the
customised courses are conducted in schools, teachers are in their “home ground”
working with familiar colleagues, and are hence more willing to engage in an open
discussion because of the natural conducive environment. Unlike TRAISI courses
which run on standardised timeslots, customised courses can be conducted during
periods of time convenient to both the instructor and the participants. Moreover, the
customised approach to PD is not bound by the formality of institute-based PD pro-
grammes such as tests, examinations, assignments and projects. Generally, there is
no prescribed syllabus from MOE for customised courses. These courses are often
crafted out of school-based needs analysis where the teacher’s voice is heard. In
some cases, mathematics educators may offer customised courses to schools in line
with their research focuses. In other cases, TRAISI courses can be re-modelled to a
customised version should there be a need. Majority of the customised courses for
mathematics teachers offered in 2017 are those for pedagogical content knowledge
(17 for Primary, 6 for Secondary and 1 for Pre-U). Only one and two courses were
offered for subject matter knowledge for Secondary and Pre-U levels respectively in
2017. There were no customised courses on knowledge of assessment in 2017. Sim-
ilar to what was observed for TRAISI PD courses, it appears that most customised
courses centred on MPCK. The two gaps still remain.

17.3.2.3 Research-Based Professional Development

A third PD avenue for mathematics teachers come from research projects. Kaur
(2012), Tan and Ang (2015), and Ng et al. (2015) are examples of this. The structure
and duration of research-based PD typically follows what is required in the research
methodology, not constrained by standardised time frames like TRAISI PD courses.
Findings from research-based PD could be used for related TRAISI or customised
courses during or after the research project. For example, the contents of a TRAISI
course on mathematics modelling by Ng (2017) were reviewed as a result of findings
from a research-based PD.



17 Continuing from Pre-service: Towards a Professional Development … 421

17.4 Some Constraints, Issues and Challenges
in Mathematics Teacher Professional Development

The analysis of the TRAISI and customisedmathematics PD courses fromNIE above
seems to show a lack of Subject Matter Knowledge and Knowledge of Assessment
PD courses for mathematics teachers. However, a brief scan into the PD course
list by MOE and AST reveal that other PD courses on assessments conducted by
MOE assessment curriculum specialist are available for teachers. In addition, schools
have been known to engage consultants to work with them on their assessment
practices. Nevertheless, the case is not the same for Subject Matter courses. PD
administrators face constraints and challenges when trying to address this situation.
As cautioned by Lim-Teo (2009), teachers prefer to sign up for generic or MPCK
courses based on their interests rather than courses on Subject Matter Knowledge
which may address their areas of weakness (p. 72). Thus, even when courses on
Subject Matter Knowledge are offered, the enrolment for the course may not be
sufficient to warrant running it due to high overheads costs. Although such courses
have been offered for secondary mathematics teachers, enrolment has declined over
the years. In some instances, the courses did not run despite being offered.

The Advanced Diploma in Primary Mathematics Education programme has tried
to incorporate courses on Subject Matter Knowledge, MPCK and Knowledge of
Assessment. However, this programme has seen a decline in enrolment since 2012.
One main reason for this is that the programme was offered on a 13-week full-time
immersion basis at NIE during a teaching semester. Because participants needed time
off from work to attend the programme, recruitment for the programme was done
through top management in schools. There had been challenges mediating between
school staff deployment needs and ensuring there were enough minimum cohort size
for the programme to be activated. Although teachers have expressed their interest
to become full-time participants in the programme so as to focus on their learning
journey, it has been very difficult for them to apply for staff development leave to
attend this programme because of certain stipulated time frames for leave in order to
minimise disruptions to school functioning needs. In response to these challenges, PD
administrators presented a revised dual pathway for the programme in 2017 where
interested teachers can enrol in the programme on part-time or full-time pathways in
a modular stackable structure. Nonetheless, it was a dismay to many that enrolment
was still insufficient to meet the minimum class size.

Last but not least, Singapore teachers are offered a wide array of PD courses from
NIE, MOE, AST and other organisations; not to mention those from private vendors,
professional learning communities and conferences. An abundance of courses to
choose from would ensure that the 100-h of PD encouraged by MOE is well-spent
or beyond, albeit physically and mentally exhaustive for some teachers who might
not be able to make choices as to which courses to attend. Although there have been
attempts to streamline course offers from NIE, MOE and AST, more could be done
to work out long-term PD plans for teachers, schools and clusters where specific
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needs are met with discerning choices of PD. This may ensure a greater and perhaps
a more sustainable impact from the PD courses.

17.5 A Conceptual Framework for Mathematics Teacher
Professional Development for the Twenty-First
Century

An analysis of the mathematics PD climate surfaces the need for a conceptual frame-
work to describe the rationale and progression of PD courses. Such a framework
presents a strategic overview of the role of PD within the continuum of teacher edu-
cation and beyond, incorporating factors of influence, and the emphases of NIE TE21
and AST TGM. The framework will also assist in reflections on possible connections
or deliberate overlaps between PD courses and the purposes they serve with respect
to the domain map of mathematical knowledge for teaching proposed by Hill et al.
(2008). Lastly, this conceptual framework can serve as a point of reference during a
comprehensive review of PD courses and programmes for mathematics teachers in
time to come, so as to streamline efforts in planning future research-practice nexus.

Figure 17.3 illustrates this conceptual framework. NIE TE21 recommendations
underpin the conceptual framework. Mathematics PD courses and programmes can
provide platforms for teachers to move on to higher degree or lead to further research
by mathematics educators at NIE (as shown by the thick arrows representing path-
ways of further opportunities). Factors of influence have impact on PD designs and
focuses which in turn, have impact on Pedagogical Content Knowledge, Subject
Matter Knowledge and Knowledge of Assessment (as shown by the thinner arrows).
There is mutual impact between PD and TGM goals from AST (represented by the
double arrow).

17.6 Conclusion and Future Directions

This chapter began with a discussion of the key stakeholders in the PD landscape
of Singapore and highlighted their vision of teacher education in the twenty-first
century. There is a synergistic tripartite collaboration between NIE, MOE and AST
in providing a holistic teacher PD in Singapore. The chapter further analysed the
various factors of influence (i.e. international comparative studies, research) which
bring about curriculum initiatives and thereby have impact on mathematics PD. The
structure of NIE mathematics PD was outlined in view of TE21 and TGM. Mathe-
matics PD courses were then classified according to aspects of teacher knowledge
derived from research and some insights into the content, pedagogical and assessment
focuses of current PD offerings were gleaned. Finally, a case is built for a proposed
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Fig. 17.3 A conceptual framework for mathematics professional development

conceptual framework to describe mathematics teacher professional development
for the twenty-first century.

Some implications could be drawn from the conceptual framework and the analy-
sis presented in this chapter. Firstly, a comprehensive reviewofmathematics PDcould
follow from this chapter. This review could examine the role of existing mathemat-
ics PD within the continuum of teacher education and propose efforts to streamline
TRAISI and customised PD courses in view of pre-service teacher programmes. In
line with TGM, new and revised PD courses which are connected could be planned
in the form of progressive series of PD tailored for schools and clusters.

Secondly, there could be coordinated research into the impact of mathematics
PD in schools as well as the sustainability and application of knowledge gleaned
from PD. Though ambitious, longitudinal studies could be done to track a cohort of
teachers as they advance from pre-service to experienced teachers on their teacher
knowledge base expansion pertaining to specific mathematics content topics.

Thirdly, there has been a dearth of research on MPCK since those reported in the
chapter. Recruitment requirements of pre-service teachers at NIE have changedmuch
after the time frame of Lim-Teo et al.’s (2009) andWong et al.’s (2010) research. The
time is ripe for more current insights into teacher knowledge base in mathematics
from robust research that would be sure to contribute to pre-service and PD course
designs.

Lastly, research on effectivePDmodels in the context of Singapore could continue,
developing ways to provide impactful PD within the constraints. There could also be



424 K. E. D. Ng et al.

more dialogue or collaborations among mathematics educators to share ideas about
various PD models. Professional learning communities spearheaded by like-minded
mathematics educators working together could be formed with teacher participants
from various PD with connected contents, perhaps further extending the impact and
sustainability of PD.
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Abstract It is a known fact that the usual “deficit” model of teacher professional
development (PD) is no longer effective in developing teachers professionally. This
chapter presents three models of continuing PD that exemplify a critical develop-
ment in the professional development of teachers in Singapore and also many parts
of the world. This development reflects a shift in the centre of gravity away from
the University-based, “supply-side”, “off-line” forms of knowledge production by
university professors for teachers towards an emergent school-based, demand-side,
on-line, in situ forms of knowledge production by teachers with support from univer-
sity professors. The first model is a hybrid one that integrates the “training model of
PD” with sustained support for mathematics teachers to integrate knowledge gained
from the PD into their classroom practice. The second model is the laboratory class,
a school-based PD programme for primary school mathematics teachers that evolved
from a lesson study process. The third model is networked learning communities. In
such communities, teachers work and learn collaboratively to examine and reflect on
their practice. As teachers learn from one another, with one another, and on behalf
of others, they are engaged in purposeful and sustained developmental activities to
co-create knowledge and share it with their fraternity.
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18.1 Introduction

Since 1998 the professional development (PD) of all teachers, including mathemat-
ics teachers, in Singapore, is guided and supported by the Ministry of Education
(MOE) and other professional bodies. Teachers are entitled to 100 h of training
and core-upgrading courses each year to keep abreast with current knowledge and
skills (MOE 2005). With the adoption of the Professional Learning Communities
(PLCs) framework, in 2010, teachers in schools belong to learning teams (Training
and Development Division 2010). The framework of the PLCs focusses on three
aims—improving student learning; building a culture of teacher collaboration; and
addressing four critical aspects of outcomes couched in terms of collective respon-
sibility: What is it we expect students to learn? How will we know when they have
learned? How will we respond when they do not learn? How will we respond when
they already know it? Teachers work and learn collaboratively through participation
in a variety of professional development activities (see, Kaur and Wong 2017).

There are several models of continuing PD (Kennedy 2005) and they may be cat-
egorized as transmission (training, award-bearing, deficit and cascade), transitional
(standards-based, coaching/mentoring, community of practice) and transformative
(action research and transformative). This categorization suggests increasing capac-
ity for teacher autonomy as one moves from transmission through transitional to
transformative categories (Fraser et al. 2007). For specific purposes, teachers may
be developed through appropriate models of continuing PD. Research has shown
that effective continuing PD for mathematics teachers involve experimenting in their
classrooms and reporting back to the group, working collaboratively with fellow
teachers, having time away from school to think and discuss common issues they
faced in their classrooms and in addition to the pedagogical aspects of their deliber-
ation also doing some mathematics (Joubert et al. 2010).

In this chapter, we present three models of continuing PD that exemplify a critical
development in the professional development of teachers in Singapore and alsomany
parts of the world. This development reflects a shift in the centre of gravity away
from the University-based, “supply-side”, “off-line” forms of knowledge production
by university professors for teachers towards an emergent school-based, demand-
side, on-line, in situ forms of knowledge production by teachers with support from
university professors. The first model is a hybrid one that integrates the “training
model of PD” with sustained support for teachers to integrate knowledge gained
from the PD into their classroom practice. The second model is the laboratory class,
a school-based PD programme for primary school mathematics teachers that evolved
from a lesson study process. The third model is networked learning communities. In
such communities, teachers work and learn collaboratively to examine and reflect on
their practice. They are engaged in purposeful and sustained developmental activities
together in which they learn from one another, with one another, and on behalf of
others.
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18.2 The Hybrid Model

In Singapore, in-service mathematics teachers continue to develop themselves
through many ways. One of the ways is through participation in a research project
facilitated by professors at the National Institute of Education (NIE), the sole insti-
tute for teacher education in Singapore. Two such past projects were EPMT-R&C
(Enhancing the Pedagogy of Mathematics Teachers to teach for Reasoning and
Comunication) (Kaur 2009, 2011) and EPMT-TfM (Enhancing the Pedagogy of
Mathematics Teachers to Teach for Metacognition) (Kaur et al. 2017). In Singapore,
these projects initiated the shift of PD activities from the “training model” (Matos
et al. 2009, p. 167) to the “hybrid model” (Kaur 2011, p. 791).

In the training model of PD, teachers attend courses conducted by specialist
officers from the mathematics Curriculum Planning and Development Division of
the MOE or professors from the NIE. These courses conducted for about 3 h per day
span four to ten consecutive days or days spread over some weeks. Almost always
following the completion of such a course, there is no follow up with the teachers
about the use of the knowledge acquired and any impact that knowledge may have
had on student achievement. Research has shown that such courses are ineffective.
This is so as teachers are likely to reject knowledge and skill requirements when

(i) the requirements are imposed or encountered in the context of multiple, con-
tradictory and overwhelming innovations;

(ii) they are excluded from the development of the courses;
(iii) PD is packaged in off-site courses or one-off workshops that are alien to the

purposes and contexts of their work; and/or
(iv) they experience them alone and are afraid of being criticized by colleagues

or being seen as elevating themselves on pedestals above them (Hargreaves
1995).

The hybrid model of PD (Kaur 2011) integrates the “training model” (Matos et al.
2009) with sustained support for teachers to integrate knowledge gained from the PD
into their classroom practice. The model has five significant features. The features
are:

• Content focus

The PD is focussed on what to teach and how to teach (Stiff 2002; Desimone 2009).
It is specific to the pedagogy of mathematics. This focus is similar to that of most
in-service courses conducted for mathematics teachers in Singapore as the main
objective of such courses is to introduce teachers to new initiatives that arise from
curriculum revisions. Teachers participating in the PD work with mathematical con-
tent that is appropriate for the grade levels of their students.

• Coherence

The PD is coherent with the needs of the teachers. The PD supports the instruc-
tional activities of teachers at school, such as the adoption of initiatives (Stiff 2002;
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Desimone 2009). Ball and Cohen (1999) have argued that classroom activities can
form the basis of constructive professional development, and many other researchers
have also determined that effective PD is embedded in teacher work (Clarke 1994;
Abdal-Haqq 1995; Hawley and Valli 1999; Carpenter et al. 1999; Elmore 2002).

• Duration

The duration of the PD is at least two years and comprises three phases. Teachers
attend trainingworkshops for the first part, followed by a period of school-basedwork
guided and monitored by the university professors (PD providers) and followed by
another year or more of self-directed school-based work. The duration of the PD is
significantly longer than most in-service courses that mathematics teachers usually
attend.

• Active learning

The PD engages teachers in active learning (Wilson and Berne 1999; Desimone
2009). It includes training, practice and feedback, and follow-up activities (Abdal-
Haqq1995), consistent with Stiff (2002), who suggested that teachers learn best
when observing, planning for classroom implementation, reviewing student work,
and presenting, leading, and writing. As stated earlier, Ball (1996) also claimed
that the most effective professional development model includes follow-up activities
in the form of long-term support, coaching in teachers’ classrooms and on-going
interactions with colleagues.

• Collective participation

In the PD, there is collective participation at two levels—school and project (all
schools participating in the PD belong to a project). At the school level, at least
four teachers, with pairs of teachers teaching the same grade year and mathematics
programme participate. These teachers work together during the training workshops
and also at school when implementing their learning in their classrooms. At the
project level, teachers alsowork together building their knowledge by participating in
sessions during which they critique their peers’ work and share their experiences and
difficulties encountered during the implementation of their newly gained knowledge.

In the next two sub-sections, we describe two PD projects carried out in Singapore
that adopted the hybrid model. The two PD projects illustrate a form of PD for
mathematics teachers that are gaining momentum in Singapore. This is so as the
PD is nestled in the classrooms of the teachers and addresses their needs. The three
phases of the PD, namely, Learn (Acquisition and co-construction of knowledge),
Apply (integrate new knowledge into classroom practice) and Teach (develop fellow
teachers nationally and/or internationally) appear tomake the engagement of teachers
in PD holistic (Kaur et al. 2017).
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18.2.1 Enhancing the Pedagogy of Mathematics Teachers
to Teach for Reasoning and Communication Project

The 2006 revision of the Singapore school mathematics curriculum and research
findings ofGinsburg et al. (2005) andKaur et al. (2005) spurred the conceptualization
of a PD project—EPMT-R&C (Enahncing the Pedagogy of Mathematics teachers
to Teach for Reasoning and Communication) that was carried out in ten Singapore
schools for two years. Forty teachers, 22 from five secondary schools and 18 from
five primary schools participated in the PD.

The PD was coherent with the needs of the teachers as the teachers relied heavily
on textbooks for their daily work and there was a need for teachers to draw on
textbook questions as starting points and craft tasks that would engage students in
reasoning and communication. During the first phase of the PD, teachers attended
training workshops conducted by the university professors. The workshops were
organized as twomodules, the first centred around crafting of tasks that would engage
students in reasoning and communication and the second centred around teaching for
understanding. Each workshop began with the university professor introducing the
teachers to an idea. In the case of thefirstmodule, theywere introduced to ideas of how
typical textbook questions could be crafted into tasks that would engage students in
reasoning and communication. Themodule introduced the teachers to eight strategies
(Kaur 2012; Kaur and Ghani 2011). The second module focussed on the “why, what
and how” of teaching for understanding. This module engaged teachers in planning
lessons and crafting/selection of appropriate learning and practice tasks.

In the second phase of the PD, teachers were encouraged to infuse in their lessons
their learning from the training workshops they participated in during the first phase
of the project. Teachers were given specific assignments by the university professors.
While teachers were working on their assignments, the university professors’ facili-
tated fortnightly meeting sessions during which teachers shared their work with the
others and invited critique. It was during these sessions that teachers’ shared with
the rest of the project participants their tasks, lessons (through video records), stu-
dents’ work and students’ voices. They invited both applause and critique. We must
say that after the first few sessions, the activity picked up momentum and teachers
became more “welcoming” of critique. It was during these sessions that teachers
were meaningfully engaged in the production of pedagogical knowledge, creating
and testing their plans, most importantly taking into consideration their students’
inputs like what made the lessons enjoyable and meaningful (Kaur 2010, 2013a, b).
Using video records of their lessons they watched the performance of their students
in class, reflected on their goals and evaluated their lessons. These actions led to
revision/modification of plans for subsequent lessons. Towards the end of this phase,
teachers submitted their assignments. The assignments submitted by the teachers led
to the publication of the resource Pedagogy for engaged mathematics learning (Yeap
and Kaur 2010).

During the third phase, teachers were left to work with their project mates in
their schools to advance the knowledge they had gained from the first two phases.
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The university professors facilitated monthly meeting sessions during which project
participants were engaged in a variety of activities:

(i) They continued to share their “highs and lows” of lessons that engaged students
in reasoning and communication and also lessons that “taught for understand-
ing”.

(ii) They prepared exemplars of mathematical tasks that were suitable for engaging
students in reasoning and communication (primary and secondary), for publi-
cation as print resources (Kaur and Yeap 2009a, b) for mathematics teachers
in Singapore schools.

(iii) Teachers participating in national conferences, school-based and cluster level
presentations prepared their presentations.

Following participation in the PD teachers from two schools went on to enlarge
their community of practice and scaled up the intervention school-wide. The experts,
teachers who had participated in the PD, were able to enlarge their school-based
community of practice subsequently from four teachers each to 18 in the first school
(primary) and 12 in the second school (secondary) (see Kaur 2015 for details).

18.2.2 Enhancing the Pedagogy of Mathematics Teachers
to Teach for Metacognition Project

Following the review of the Singapore school mathematics curriculum in 2012, a
group of teachers, university professors and curriculum specialists, examined the
outcomes of three significant studies related to student achievement in mathematics.
The studies are

(i) Programme for International Student Assessment (PISA) of 2009 (OECD
2010) and 2012 (OECD 2013);

(ii) Trends in International Mathematics and Science Study (TIMSS) of 2011
(Mullis et al. 2012; Kaur et al. 2013) and 2007 (Mullis et al. 2008; Kaur et al.
2012);

(iii) CORE 2 research at the National Institute of Education (NIE) by Hogan et al.
(2013).

The findings of PISA and TIMSS showed that the majority of Singapore students
are very good in applying their knowledge in routine situations and this is definitely
a consequence of what teachers do and use during their mathematics lessons. Hogan
et al. (2013) found that there was a dominant use of performative tasks compared
to knowledge-building tasks in grades 5 and 9 mathematics lessons that they stud-
ied. A performative task mainly entails the use of lower order thinking skills such
as recall, comprehension and application of knowledge while a knowledge-building
task calls for higher order thinking skills such as synthesis, evaluation and creation of
knowledge. From the findings of these three studies, the group hypothesized that for
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students in Singapore to scale greater heights, teachers need to nurture metacogni-
tive learners who are active and confident in constructing mathematical knowledge.
Thus, a PD project—Enhancing the Pedagogy of Mathematics Teachers to Teach
for Metacognition—was conceptualized, as the greatest source of variance in the
learning equation comes from teachers (Hattie 2009), and forty in-service secondary
mathematics teachers from seven secondary schools participated in the PD.

The PD was coherent with the needs of the teachers. It focussed on higher order
thinking and use of metacognitive strategies for learning acknowledging the place of
metacognition as one of the five components of the school mathematics framework
that nurtures mathematical problem solvers. In addition, it also addressed a gap in
instruction identified by Hogan et al. (2013), i.e. the disproportionate low use of
knowledge-building tasks by teachers to engage learners in higher order thinking
during mathematics lessons. The PD was facilitated by a professor from the NIE
and a lead teacher from a secondary school. In the first phase of the PD, teachers
attended seven 3 h long knowledge-building workshops (see Kaur et al. 2015, 2016,
2017 for details). During the second phase, teachers worked in a group at the school
level, planned a lesson that used knowledge-building tasks and engaged students
in metacognitive strategies for learning. They wrote a detailed lesson plan for the
lesson they were carrying out. One teacher from the group taught the lesson to his/her
students and the lesson was video recorded. The teachers in a school met and viewed
the lesson and prepared their presentation for the PDgroup sharingmeetings. TwoPD
groupmeetings were held. During the PD groupmeetings, the teachers from a school
that presented solicited feedback from the PD group. All participants in the PD group
except the teachers from the presenting school participated in the feedback session.
They used the “four lens noticing” feedback framework to give their feedback (see
Kaur et al. 2017 for details).

Following the PD group sessions, the facilitators of the PD organized a meeting
with every group of teachers school-wise. Each meeting lasted between 2 and 3 h.
During the meetings, the feedback from the PD group was discussed and addressed.
The feedback was very helpful as it provided the views of many more pairs of
eyes reviewing the lesson. In addition, during the meetings the facilitators of the PD
inducted the teachers into a four-step approach to facilitate working and learning col-
laboratively when integrating their new knowledge into classroom practice (see Kaur
et al. 2017 for details). During the third phase of the PD, teachers continued to inte-
grate their new knowledge into classroom practice. They attended periodic PD group
meetings and shared their lessons inviting critique and suggestions for improvement.
They alsoorganized anational level “Teaching formetacognition” event duringwhich
teachers from the PDproject presented their lessons.More than 200 secondary school
mathematics teachers attended the event. Teachers who attended the event and were
keen to learnmore about “how to craft knowledge-building tasks and engage learners
using metacognitive strategies” were matched with those in the PD project who were
keen to develop fellow teachers. Teachers from three schools also presented their
work at conferences.
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18.3 The Laboratory Class

This section reports on the laboratory class (LC), a school-based PD programme
for primary school mathematics teachers that shares some common characteristics
with the lesson study process. In Japan, the purpose of Lesson Study (LS) is for
teachers and researchers to develop deeper knowledge and the expertise necessary
to provide “students with opportunities to understand basic ideas, and support their
learning so that the students become independent learners”Takahashi (2017, p. 48). In
LS, teachers conduct collaborative “study–plan–do–reflect inquiry cycles designed
to improve classroom instruction (Lewis and Hurd 2011; Takahashi 2014; Wang-
Iverson and Yoshida 2005)” (as cited in Lewis and Perry 2014).

According to Takahashi (as cited in Fuji 2014), “Lesson study in Japan takes place
at three different levels: the individual school level; the district or regional level; and
the national level” (p. 67). The well-defined structure of the school research organi-
zation for LS (comprising of grade-level group, grade-band teams, research steering
committee) is possible because “Grade-level groups typically exist in Japanese ele-
mentary schools to facilitate the sharing of responsibilities for running school events
and for academic activities” (Takahashi 2017, p. 52). Several characteristics of the
Japanese LS are elaborated in Fuji (2014), one of which is the “lengthy period of
planning a lesson before it crystallises into a detailed lesson proposal or lesson plan”
(Fuji 2014, p. 67). The planning of a lesson and task may take more than half a year.
Another characteristic is that it is teacher-led, with teachers taking the initiative.
Also, “[in] Japanese lesson study, continuity is a fundamental feature” (Fuji 2014,
p. 71).

The concept of LC, reported in this section, is influenced by the 2004 Centre for
Proficiency in TeachingMathematics Summer Institute (see www.cptm.us/Summer_
Institute_2004.html). The LC provides a context to study teaching and learning. One
of the key features of the LC is that it enables the experimentation of pedagogies and
curricular approaches with a community of practice. Another feature is that the LC
provides a platform for teachers to engage “directly with practice, not only through
observing live teaching, but also co-planning it with the laboratory class teacher”
(Naik and Ball 2014, p. 42). It also involves teachers “reflecting on the enactment
in collaboration” (Naik and Ball 2014, p. 42). The LC, reported in this section,
was mostly employed as the school-based PD structure by Cheng who was both the
researcher and professional developer (the university professor). The LC offers a
“light” structure for teachers to examine teaching, learning and assessment in the
Singapore primary mathematics classrooms. “Light” here refers to the planning of
the research lesson that does not require more than half a year. The structure is also
light as compared to the highly integrative structure of grade-level group, grade-band
teams and research steering committee described by Takahashi (2017) in the school-
wide lesson study. The light structure was suitable as teachers who participated in
the LC were involved in teaching more than one subject and had to attend to other
subject(s)-related level meetings and PD activities.

http://www.cptm.us/Summer_Institute_2004.html
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Table 18.1 One LS cycle for a mathematics topic in School W

Step Stage Activities

1 and 2 Planning • Define the problem and plan the mathematics research
lesson

3 Observing • Teach and observe the research lesson
Research lesson taught by Teacher A in the team

4 and 5 Reflecting and
revising

• Critique, reflect and discuss the research lesson after
classroom observations

• Revise the research lesson

6 Observing • Teach and observe the revised research lesson
Revised research lesson taught by Teacher B in the team

7 Reflecting • Critique, reflect and revise

8 Sharing • Share the results

In the following sections, we first present the LSwe did in SchoolW. The strengths
and weaknesses of the LS inspired us to transit the PD to school X. However, the key
weakness, being extensive time (common time slots for teachers to meet) spurred us
to transit to the LC in School X and the LC evolved mainly as a result of the existing
structure and space in schools to support the PD of teachers. The tools to support
critical reflection of the research lesson also evolved when the reflecting stage (in
Schools X, Y and Z) took place about one to two weeks after the research lesson,
and it was a challenge for teachers to recall specific details of the lessons. Due to
similarities of the LC employed in schools X, Y and Z, we only present our work in
schools W and X.

18.3.1 Lesson Study at School W

18.3.1.1 Structure

The lower primarymathematics teachers employed Stigler andHiebert’s (1999) eight
steps for collaborative LS at School W to design and implement the mathematical
task that required primary two students to explore and apply mathematical concepts.
Table 18.1 illustrates the eight steps that SchoolW employed to plan, observe, reflect
and revise mathematics lessons. The school administrator and the mathematics level
head participated fully in the activities of the LS so that they could lead the PD when
the university professor leaves the school.
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18.3.1.2 Strengths and Weakness

The teachers expressed appreciation that LS offered a structured system for PD
and development of rich mathematical tasks within the school context. Planning
stage allowed the teachers to identify a common topic that the team was interested
in studying. For example, the team decided to examine the concept of fraction as
they found this concept to be challenging for primary two students. Next, the team
discussed common errors made by students for the topic identified before unpacking
specific strategies to address those errors. Such in-depth discussions were very useful
for the teachers as they were assisted to develop in areas that they were interested, for
example, explaining and unpacking the concept of unit fractions for young children.

Because the school had a common scheme of work for the primary two cohorts,
one LS cycle for a mathematics topic had to be completed within a stipulated period.
TheReflecting andRevising stagewas implementedwithin a few days after the obser-
vation of the research lesson so that the LS team could revise and teach the revised
lesson in another class within that week. The Observing and Reflecting stages pro-
vided the LS team a common platform to study student thinking. Through this activity
of examining and analysing students’ thinking and learning, greater appreciation of
the multiple perspectives of how children learn was developed. As a result, this
enhanced teachers’ ability to look beyond their existing perceptions and interpreta-
tions of student misconceptions and student learning difficulties.

However, extensive time was required for students to fully explore and investigate
the problems.TheLSprocess also required substantial time and commitment from the
team members especially when the LS team was required to revise, teach and reflect
the revised lesson. In addition, the teachers in the LS teamwere also teaching subjects
other than mathematics, and it was a great challenge to find common timeslots to
meet.

18.3.2 Laboratory Class at School X

18.3.2.1 Structure

In School X, two teams (lower primary mathematics team and upper primary math-
ematics team) participated in the LC to discuss more systematically problems they
encountered in teaching specific mathematics topics and to address pedagogical
issues related to the topics identified. Similar to School W, one school administrator
participated in the entire study so that she could lead the professional development
when the university professor leaves the school. Unlike School W, School X did not
revise, teach and reflect on the revised lesson. Table 18.2 shows an example of the
LC employed by School X.
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Table 18.2 One LC for a mathematics topic in School X

Step Stage Activities

1 and 2 Planning (about 4 h) • Define a problem during the first meeting
• Plan the mathematics research lesson

3 Observing (1 h) • Teach and observe the research lesson

4 Reflecting (1 h) • Critique, reflect and discuss the research lesson
after classroom observations

18.3.2.2 Strengths and Weakness

Similar to SchoolW, the teachers found common benefits of the LC. Because each of
the teams comprised of members from diverse backgrounds (e.g. for the upper pri-
mary mathematics team, teachers teaching standard and/or foundation mathematics
for primary 5 and/or 6), planning lessons became very meaningful when team mem-
bers were able to build ideas (e.g. teaching strategies to cater to the learning needs
of their students) from one another. By becoming more critical of the design of their
mathematics lessons with a focus on possible students responses to the lesson, the
teachers were able to cater to the diverse learners in their mathematics classrooms.
The opportunities for teachers to receive feedback about their hypothesis of how stu-
dents learn during the Observing and Reflecting stage were important for School X.
Because each team comprised of mathematics teachers from different grade levels,
the school administrator and “expert from outside the school”, feedback from the
various groups of people enabled the teams to develop different perspectives of the
same issue. Learning and getting feedback from the expert was viewed as amore effi-
cient way of learning. Also, the team’s mathematical and pedagogical investigations
were more theoretically rooted when a more Knowledgeable Other was around to
lead the teams. Different from School W, School X had the opportunity to deal with
upper primary mathematics topics. The teachers in the upper primary mathematics
team in School X gained deeper understanding of fraction division concept when
they observed the research lesson on fraction division.

Overall, School X found the activities of the LC engaging and hands-on because
they were involved in planning, observing and reflecting on the mathematics lessons.
Despite its advantages, School X still found the LC time-consuming especially
the Planning stage as it required team effort to conceptualize the research lesson
grounded in sound theories and this takes time. Unlike School W, the Reflecting
stage took place about one to two weeks after the Observing stage. Hence, it was
difficult for teachers to recall specific details of the research lessons.
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Table 18.3 Sample of question prompts in teacher reflection log

Session Summary/activities Question prompts

1 Discussion on students’ learning
difficulties in the topic identified

My thoughts about session 1 …

2 Planning the research lesson My thoughts about session 2 …

4 Observing the research lesson
• Focus on students thinking and
learning

• Identify and record incidents when
unexpected students responses occur

• Consider the students’ perspectives
and try to offer any explanations for
the occurrence of those incidents

5 Reflection of the research lesson What is one critical moment that I
observe?
What did the teacher do?
Why and how did the teacher do that?
What were the students’ responses?
What could I have done?

18.3.3 Reflection Log

To facilitate teachers’ recollection of the activities of the LC, a reflection log was
used in Schools Y and Z. Table 18.3 shows samples of the question prompts in the
reflection log.

18.3.4 Conclusion

A number of factors contributed to the teachers’ engagement in the LC. The LC was
useful to the teachers because they were directly assisted in teaching mathematics
through the activities of the LC. Teachers had more ownership of the LC when
they were both receivers and givers of assistance in the LC. Although the feedback
given to the learning teams positively influenced the teachers’ continual learning, a
certain culture needed to be put in place in the school environment before continual
professional learning from and with colleagues could take place using the LC e.g.
supportive platforms for all the teachers to share their ideas and not be perceived
negatively. Those views and suggestions could then be used to generate and build
appropriate teaching ideas so that teachers are directly assisted to growprofessionally.
A different perspective by a more Knowledgeable Other was also important for
knowledge-building and experimentation of innovative pedagogies in the LC. The
LC required collaborative teams to identify common shared goals for the team to
engage in the inquiry process of defining the problem of investigation, planning,
carrying out, observing and reflecting on the research lesson.
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18.4 Networked Learning Communities

The Ministry of Education launched the Academy of Singapore Teachers (AST) in
2010. Themission of AST is to build a teacher-led culture of professional excellence,
centred on the holistic development of the child. Recognizing the critical role of col-
laborative professionalism in developing teachers, AST adopts networked learning
communities (NLCs) as one of the strategies to raise the level of professional practice
in the classroom and teaching expertise across the system (Seto et al. 2018). Through
NLCs, teachers have the opportunities to display a higher level of ownership of their
professional learning and enlarge their influence by leading and guiding other teach-
ers. In Singapore, an NLC is broadly defined as a team of teachers from different
schools working together to learn from one another, learn with one another and on
behalf of others, as they share and co-create new knowledge and practices to improve
student outcomes (Jackson and Temperley 2007; Katz et al. 2009; MOE 2017).

Central to the notion of professional development of teachers through NLCs is the
concept of “Teacher Ownership and Teacher Leadership”. Teacher ownership and
leadership are attained “when teachers, driven by a sense of mission, individually or
collectively, exert intentional influence to achieve an enhanced state of professional
excellence within a climate of trusting and supportive relationships” (MOE 2011).
Leadership in NLCs can take many forms. Within the NLCs, teachers take on the
roles of learners, researchers and leaders to improve their practice. Teachers assume
these various roles, as a part of the teaching fraternity to improve classroom practice
and enhance student learning.

ASTdistinguishes between two types of networked learning communities; namely
designed networks that are initiated and managed at AST, and emergent networks
that are led by teachers, for teachers. In its infancy stage of development, most
NLCs are designed and managed by Master Teachers or appointed teachers. With
Master Teachers as instructional mentors and advisors, more emergent networks
have been formed in recent years. These emergent networks are networks that have
evolved organically, through common interests and needs. Every NLC has a learning
focus which is the unifying theme for teachers to collaborate (Seto et al. 2011).
Most NLCs have about four face-to-face meetings in a year with online platforms
for greater professional collaborations among teachers. Networks can also take the
form of subject-based networks, role-based (e.g. Senior Teachers-Lead Teachers) or
professional interests-based. The following are examples of NLCs which are formed
by (1) subject-, (2) interest- and (3) role-based.

18.4.1 Subject-Based NLC

Subject Chapters are subject-based NLCs helmed by Master Teachers (MTTs) to
advance the pedagogies and instructional practice among subject teachers. Subject
Chapter activities, such as workshops, are open to all teachers who teach that subject.



442 B. Kaur et al.

For example, a teacher teaching primary mathematics is a member of the Primary
Mathematics Chapter. The three objectives of Subject Chapters are to:

• deepen the pedagogical content knowledge of teachers for quality student learning;
• build a culture of teacher-led professionalism and pride in the teaching fraternity;
and

• champion professional collaboration and networked learning among teachers
(MOE 2012).

The Mathematics Chapter champions quality learning in Mathematics by build-
ing teacher capacity, encouraging pedagogical innovations and facilitating research-
informed practice to impact student learning. It aims to build a culture of profession-
alism and pride in the teaching of Mathematics. The Mathematics Chapter serves as
a focal point for mathematics teachers to collaborate and network, via face-to-face
meetings or collaborative workspace in OPAL (One Portal All Learners), a system-
wide learning content management system that engages teachers in online learning,
collaboration, asynchronized discussions and exchange of resources.

Two of the designed NLCs in the Mathematics Chapter are the Primary Math-
ematics Core Team and the Secondary Mathematics Core Team. Within each core
team, there are two teacher representatives from each of the four zones (North,
South, East and West Zones Schools), a representative each from the National Insti-
tute of Education (NIE), the Curriculum Planning and Development Division and
the Educational Technology Division. Led by Master Teachers from the Mathemat-
ics Chapters, members engage with one another to enquire into the teaching and
learning of mathematics. With the diverse range of experiences in the core team,
teachers capitalize on their expertise and practical wisdom to contribute towards
their shared interest in mathematics teaching. During one of the meetings, a member
voiced the challenges of using mathematics tasks in the classrooms. A NIE math-
ematics educator shared the theoretical perspectives and research findings of using
mathematics tasks for engaged learning. Drawing on their practitioner knowledge
based on these insights, the teachers redesigned and implemented some lessons on
mathematics tasks in their respective classrooms. Interactions among members from
diverse expertise therefore strengthen the theory-practice nexus. In learning from and
with one another, the teachers in the core team deepened their pedagogical content
knowledge. They also learnt on behalf of their peers when they led the professional
learning for 125 primary and secondary mathematics teachers through a Mathemat-
ics Learning Day on “Fostering Critical and Inventive thinking throughMathematics
Tasks”.

18.4.2 Interest-Based NLC

Interest-based NLCs serve as platforms that empower teachers to assume teacher
ownership and teacher leadership of their professional development. Bonded by a
common interest to engage in a topic or pedagogy of their choice, teachers collaborate
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to explore issues of teaching. Activities in the NLCs include co-designing lessons
or resource packages, lesson observations, trialling and refining research-informed
interventions.Adopting an inquiry stance inNLCs encourages teachers to continually
inquire into their practice, discover, create and negotiate new meanings that improve
their teaching practice, which often also results in enhanced student learning. This
is supported by findings from a study which suggests that teachers participating in
an NLC showed changes in teaching behaviours which resulted in a more positive
classroom learning environment and student outcomes (attitudes to mathematics) as
compared to those teachers who did not participate in networked learning (Seto and
Fraser 2014).

An example of an interest-based NLC is the Differentiated Instruction (DI) NLC
formed in 2012. This learning team comprised secondary mathematics teachers of
diverse teaching experiences (from beginning teachers to senior teachers) and of
different designations (from classroom teachers to department leaders), coming from
at least six different schools from different zones in Singapore. The formation of the
team was organic. Through an informal conversation, the teachers decided to form
an NLC based on their common goal to make mathematics accessible to the diverse
profiles of students in their respective classes.As such, the teamdecided to collaborate
on “Differentiated Instruction” that would benefit the diverse classrooms and make
learning of secondary mathematics more accessible to their students.

Members in the NLC met on a regular basis to first understand and learn the what
and why of DI, by reading and discussing related literature, such as Carol Tomlin-
son’s The Differentiated Classroom (Tomlinson 2014), building on and refining one
another’s understanding of DI. They then decided on a common topic to design a
lesson package to be implemented by members in their own school. Members who
did not have a suitable class workedwith another teacher in their school to implement
the lesson package. When these lessons were carried, other members were invited
to observe the lessons and to provide feedback. By carrying the same lesson across
the various schools of different student profiles, the lesson idea and implementation
got better and better each time as the team collaboratively addressed implementa-
tion issues and continued to improve the lesson package. These processes facilitated
teachers to co-construct knowledge that has practical relevance to the context of their
classrooms.

At the end of the first year, they shared their learning journey with fellow teach-
ers in the fraternity at a learning symposium and invitation to join the NLC was
extended to the audience. While some teachers retired from the NLC due to other
work commitments, new members came aboard in the subsequent year. The team
continued to identify common topics to work to prepare lesson packages. They also
continued the good practice of inviting teachers into their classrooms when these
lesson packages were carried out. With open minds, members gave feedback, shared
concerns, made refinements to the lesson packages before implementing in their own
school again. They also shared implementation issues, impact on students’ learning
and post-implementation survey findings. The benefits and deliverables of this NLC
were not confined within the team as the team unselfishly shared their learning, their
reflections and the lesson packages with teachers from other schools at different plat-
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forms, such as the Academy NLC Symposium and Zone/Cluster Sharing Sessions.
One of the members of the NLC remarked

It was an NLC where all the like-minded, similar interest teachers came together to make
things work… so everyone was pretty aligned in terms of goals and things that we want to
do for the students, which really inspires and motivate you to do more for the students in the
future as well. (Y.Y. Tan, personal communication, December 14, 2017)

Subsequently, the members of the DI NLC moved on to identify another focus to
differentiate mathematics instructions and began a new learning journey.

18.4.3 Role-Based NLC

Role-based networks, such as the PrimaryMathematics LeadTeacher-Senior Teacher
Network, bring together Lead Teachers (LTs) and Senior Teachers (STs) of the same
subject to focus on teacher-led efforts in professional development. LTs and STs
are pedagogical leaders and instructional mentors at their respective clusters and
schools. For greater outreach to schools, there is a need to be more intentional in the
capacity-building of LTs and STs in order to develop them to be more effective in
their roles. As such, the main objective of the LT-ST Network is to provide a holistic
framework of learning for the development of knowledge and skills in mathematics
and leadership skills in generic professional development.

In the inaugural meeting of the Primary Mathematics LT-ST Network on 19th
May 2010, 38 teacher leaders (36 STs and 2 LTs) responded to an email invitation to
start this network. To-date, there are 150 STs and 19 LTs in the PrimaryMathematics
LT-STNetwork. Besides collaborating onmathematics-related and pedagogy-related
matters, this role-basedNLC also provides opportunities for STs/LTs to develop their
teacher leadership and for AST to grow the teacher-leader pipeline.

As the STs/LTs collaborate to create and share knowledge to expand their reper-
toire of skills, they grow professionally and contribute to the development of their
peers. Seto et al. (2011) found that striving for pedagogical excellence is a compelling
need to bring the teacher leaders together, and this fosters a sense of commitment
and a shared purpose for the network. Their findings also suggest that the learning in
the Primary Mathematics ST-LT Network is more tailored to the needs of STs. The
STs also expressed that the learning in this NLC is different from other professional
development courses. Teacher leaders feel empowered when they are involved in
the professional development of their peers. Their influence stem from the respect
they command from their colleagues through their expertise and practice. When
the STs/LTs engage in such professional collaborations, they build trust within the
group and develop new ideas, which in turn energize teacher leaders to engender new
NLCs (Seto et al. 2011). Improving professional excellence is therefore the collective
responsibility of all.
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18.5 Conclusion

The three models of PD presented in this chapter exemplify a critical development
in the PD of mathematics teachers in Singapore. This development affirms a shift
from the University-based, “supply-side”, “off-line” forms of knowledge production
by university professors for teachers towards an emergent school-based, demand-
side, on-line, in situ forms of knowledge production by teachers with support from
university professors and fellow teachers. It is apparent from the three models of PD
presented in this chapter that they are transformative in nature. They facilitate the
PD of mathematics teachers in ways that allow teachers to acquire new knowledge,
integrate the knowledge in their practice and reflect on their practice such that the
learning of mathematics is enhanced. Furthermore, the roles teachers take on in their
PD allow them to grow their capacities and also contribute towards the development
of fellow teachers. The models engage teachers to learn and work collaboratively at
several levels.
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Chapter 19
Teaching Simultaneous Linear
Equations: A Case of Realistic Ambitious
Pedagogy

Yew Hoong Leong, Eng Guan Tay, Khiok Seng Quek and Sook Fwe Yap

Abstract In this chapter, we present a conceptualisation of mathematics teaching
and learning which we term realistic ambitious pedagogy. We locate this pedagogy
within the domains of teaching goals and teaching enactment, and the interactions
between them.We argue that it is a suitable pedagogy for use in teacher development
enterprises because it takes into deliberate consideration the realistic constraints
withinwhich teachersworkwhile pursuing ambitious goals ofmathematics teaching.
To illustrate, we provide an example taken from ourwork of redesigning a curriculum
unit on simultaneous linear equations in two variables with someYear 8mathematics
teachers in Singapore.

Keywords Realistic ambitious pedagogy · Teaching goals · Teacher professional
development

19.1 Introduction

The research that is reported here is part of an ongoing school-based teacher devel-
opment work that we began with Singapore secondary schools about a decade ago.
Through this rather long process of learning, we formalised and refined certain inno-
vations that we argue would advance the goals of the teacher development enterprise.
One such innovation is the Replacement Unit Strategy. We have reported on this
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strategy in other publications (e.g. Leong et al. 2016a, b). In this paper, we highlight
another innovation: realistic ambitious pedagogy (RAP).

When we think of “pedagogy”, we do not have in mind the rather narrow concep-
tions of the term as used in popular discourses—such as captured in condensed
phrases like “direct teaching”, “cooperative learning”, or “student-centred peda-
gogy”.We define pedagogymore broadly as a theoretical conceptualisation of teach-
ing that takes into account the main complexities which may hinder or advance the
goals of instruction. We think this framing of pedagogy is more suited to our purpose
(and the purpose of other researchers who share our stance), which is to provide a
theoretical framework of discussion with mathematics teachers across a wide range
of schools.

We begin by explicating RAP before reporting empirical findings based on a
specific instantiation of the pedagogy in the case of teaching simultaneous linear
equations.

19.2 Realistic Ambitious Pedagogy (RAP)

The term “ambitious” in RAP is inspired by current literature on ambitious teach-
ing (e.g. Kazemi et al. 2009; Lampert et al. 2010). These authors conceived of
“ambitious” in the sense of teachers striving for ambitious goals of teaching. They
can include goals that target the “big ideas” of mathematics (e.g. Charles 2005;
Schielack and Chancellor 2010), the use of problem-solving in learning mathemat-
ics (e.g. Hiebert et al. 1996; Lester 2003; Schoen 2003), and the attainment of these
goals consistently for all students (Kazemi et al. 2009; Lampert et al. 2010).

We think of “ambitious” as that which targets the teaching of disciplinarity in
mathematics. This is influenced by a more discipline-based view of mathematics
teaching. Following a long tradition (e.g. Lakatos 1976; Lampert 1990) of seeing
pedagogy in the mathematics classroom as rooted in how mathematics is done by
mathematicians, we share the commitment of helping students learn the disciplinar-
ity of mathematics in actual mathematics classrooms in Singapore. This means the
teaching of big ideas of mathematics and of problem-solving, as mentioned in the
previous paragraph. But a reflection on “disciplinarity” would reveal that other math-
ematical dispositions and skills should be considered too. As examples, it includes
the key strands of inductive and deductive reasoning (Lakatos 1976) as a process
of reaching conclusions in mathematics; it also includes the need for sense-making
when connecting mathematical ideas.

In summary, ambitious mathematics teaching to us is a commitment to go beyond
presenting mathematics as a set of arbitrary rules to follow—which, sadly to us,
remains the popular image of mathematics almost everywhere; it must target the
essential elements of disciplinarity relevant to the mathematical topics under study.

But we think that for ambitious teaching to be a sustainable reality in schools,
efforts to engage mathematics teachers in PD settings for this purpose must also take
into serious considerations the “realistic” constraints of teaching. In fact, we think
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that much of the failures in actualising the vision of ambitious teaching at scale are
due to an inappropriate treatment of the realistic constraints of practice faced by
teachers on a day-to-day basis.

A common contextual constraint experienced by teachers is time pressure (e.g.
Assude 2005; Jones 2012; Keiser and Lambdin 1996; Leong and Chick 2011; Meek
2003; National Education Commission on Time and Learning 1994/2005). These
studies explicated the role time pressure played in teachers’ decision-making: the
effect was not merely over isolated situations of little consequence to instructional
pathways; rather, constraints in time can significantly hinder the fulfilment of worthy
(and ambitious) goals of teaching.

Closely related to time pressure is the commitment by many teachers to prepare
their students to do well in high-stakes examinations (Amador and Lamberg 2013;
Barksdale-Ladd and Thomas 2000; Diamond and Spillane 2004; Plank andCondliffe
2013; Valli and Buese 2007; Wu and Zhang 2006). Many teachers see it as their
implicit social responsibility to help their students achieve high examination scores
in school mathematics as a way to help them realise their career choices in life.

The contextual constraints of teaching are not usually thought of as significant
enough to be brought into play in the theoretical considerations of “pedagogy”.
This is the point of departure for RAP: For efficacious teacher development that
is committed to teachers’ buy into (ambitious) pedagogical changes, we argue that
realistic constraints of teaching should not be thought of as a theoretical afterthought
that we need to put up with; rather, they ought to be incorporated into the theoretical
conceptualisation and development of pedagogy. RAP is thus a teacher-sensitive
pedagogy that stays true to its mathematics discipline-driven tradition within the
contextual givens of teaching in schools. By pedagogy, we are not restricted to a set
of specific teaching methods. Instead, it is a useful theoretical framework within the
context of teacher development to discuss teaching goals in the classroom.

19.3 Teaching Goals and Teaching Enactment in RAP

The theoretical premise of RAP is thatmuch of teaching actions and decision-making
in the classroom is driven by the teacher’s instructional goals (Lampert 2001; Leong
and Chick 2007/2008; Leong et al. 2007). As such, while pedagogical studies must
include the examination of actual classroom teaching, we think that the starting point
of the pedagogical inquiry is not teaching enactment; rather it is the set of teaching
goals. This is also substantiated from the standpoint of teacher development: In PD
work, the aim is to help teachers reflect upon their pedagogy in ways that would
challenge existing conceptions and methods of teaching. To facilitate this inquiry,
we think that the discoursewith teachers should beginwith identifying and examining
the goals of teaching mathematics.

It is in the examination of instructional goals that both the realistic givens and
the disciplinary ideals of RAP can find their places in the theorisation of pedagogy.
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Fig. 19.1 Components and interactions involved in realistic ambitious pedagogy

As discussed in the previous section, some realistic givens discussed in the previous
section can be translated into these goal-statements:

R1. Goal-exam: Help students gain fluency with exam-type questions
R2. Goal-time: Balance the use of classroom time judiciously to satisfactorily fulfil
all the other instructional goals

Likewise, the ambitious part of the equation can be represented in the form of
written instructional goals:

D1. Goal-sense: Help students experience the learning of mathematics as sense-
making
D2. Goal-problems: Help students learn mathematics through problem-solving

Thus, in RAP, there is recognition that realistic givens (expressed in the R-goals,
R1, R2, …) and aspirations for teaching that mirrors practices in the discipline
(expressed in the D-goals, D1, D2, …) are to be included when considering worthy
goals of teaching.

In seeking to enact the formalised set of R- and D-goals in the classroom, it is
critical that the pedagogical considerations be translated into a form that teachers
can use or carry out directly in classroom instruction. For this purpose, we propose
the following constructs: concretisation and routinisation. With these components
included, the proposed model of RAP is shown in Fig. 19.1.

Concretisation refers to the process of making ideas concrete to teachers. These
tangible implements are not merely theoretical conceptualisations of good practices;
they are imbued with concreteness so that they can be seen and/or acted on by
students and teachers for the purpose of mathematical learning. Examples of these
concretised objects are: Activities, including the actual tools for use in the activities
and the activity sequences; student tasks, including the task sheets that student work
on; andwhiteboardworking, including the organisation, diagrams, and chronological
sequence. Routinisation refers to the processwhereby the intended goals are captured
in classroom routines in a way that, through repeated rehearsals, they support the
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fulfilment of these goals. Students’ orientations of what school mathematics is and
how it is learnt are not easily changed by a one-off innovative task. There is a need for
habituation towards this intended instructional goal, and hence the need for routine
formation.

The model, as summarised in Fig. 19.1, does not prescribe details as is usually
found in recognisable pedagogy. However, for the purpose of teacher development,
we think themodel contains elements that are essential in the sense that if any of these
components are not carefully attended to, ambitious teaching in typical classroom
settings is unlikely to be sustainable. RAP is broad enough to encompass a range of
different forms of actual classroom enactment yet rooted in worthwhile educational
values (as expressed in the teaching goals) and in the commitment to realise these
values in class (as expressed in the goals-enactment interaction).

In RAP, we ask these organising questions: (a) How do we bring the R- and
D-goals together? (b) How can they be concretised and routinised for classroom
use? (c) To what extent is the teaching enactment supportive of the goals? We may
further ask the extent in which the goals are realised in the students. But since RAP
is developed primarily with teacher PD in view, the focus of inquiry is on teacher
enactment. In the next section of the paper, we address these questions in the context
of a specific case of unit design that was framed by RAP.

19.4 Context and Method

Weare involved in a projectwith themathematics department of a secondary school to
redesign curricula units for their mathematics classes. This project has been ongoing
for more than eight years and we have worked together on a number of secondary
level units. The mathematics teachers who participate as co-designers in these units
consider thework of planning, developing, and refining the curriculamaterials a form
of professional development. To us, one other goal of the enterprise is to trial and
study RAP. We use the intellectual journey of co-designing the unit on simultaneous
linear equations in two variables for the two Year 8 classes of the school as a case of
RAP.

Chronologically, Questions (a) and (b) relate mainly to activities before the start
of the lessons; and Question (c) is aimed at the teaching activities in class during the
lessons.

For Questions (a) and (b), the data we drew upon include all the video records of
discussionmeetingswe heldwith the teachers and the various refinements of teaching
materials leading up to the final version for use in class. As the design and PD process
is significant in RAP, the focus is on documenting the chronological and intellectual
process involved in overcoming the key challenges in the enterprise. Seen in this way,
these two questions are not “Research Questions” in the usual sense of requiring a
rigorous analytical process to address them. We have nevertheless included them to
provide a more complete portrait of RAP.
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Question (c) targets the degree to which the teaching goals are realised in teaching
enactment. The analysis comes from video records of teaching actions in both classes
for each lesson throughout the entire unit. We also draw upon the video records of
discussionmeetingswe heldwith the teachers and the various refinements of teaching
materials during the period of the class enactment. The inquiry is on whether the
instructional work of the teachers was supportive of both the R- and D-goals. Since
the goals were by design captured—through concretisation and routinisation—into
concrete tangibles and routines, the inquiry began with how the teachers utilised
these implements to fulfil the intended goals. Further evidence was obtained at other
regions of classroom practice where we noticed that teachers appeared to exhibit
consciousness in advancing a careful integration of the R- and D-goals. We were
able to confirm (or refute) these hunches through the discussion data.

19.5 RAP in the Case of Teaching Simultaneous Linear
Equations

We organise this section according to the questions (a)–(c) that we seek to address.

(a) How do we bring the R- and D-goals together?

We started by discussing the instructional goals of the topic. As we had worked with
the teachers over a number of previous similar curriculum development units, they
were comfortable enough to share freely about the realistic demands in the coverage
of the topic, summarised as:

r1. To help students develop proficiency with both the technique of “Elimination”
and “Substitution”1

r2. To inculcate in students the habit of checking by substituting the obtained solution
into a suitable equation
r3. To complete the coverage of the topic within five 45-min lessons

In our conception, the topic provides the opportunity to experience something of
what learning mathematics within the discipline is like. First, since solving simul-
taneous linear equations builds on an earlier topic on solving linear equations in
one variable, there is an opportunity, in the structuring of the unit, to help students
make connections among the mathematical content strands. Second, the concept of
“simultaneous” is a recurring idea in Algebra at the secondary school levels. We
think it is important that students are not only able to perform the steps in solving
the equations but also to develop the disposition of seeking to make sense of critical
concepts. In this case, the critical concepts are the idea of “simultaneous” as same

1Here, the lower case letters r and d are used to label the goals. This is to make a distinction between
this set of goals and the goals listed in the previous section of this paper where they were labelled
with capital letters R and D. The relationship between the r- and d-goals and the R- and D-goals
respectively is roughly one of subordination. For example, fulfilling r1 within the teaching of this
unit supports the fulfilment of some more broad-grained R-goals (such as R1).



19 Teaching Simultaneous Linear Equations: A Case of Realistic … 457

variables that are subjected to constraints by both equations, and “solving” as obtain-
ing the solution that satisfies both equations. Third, as the solution steps for this topic
tend to be considered long and tedious for many students, it is an opportunity for stu-
dents to learn to keep track of their thinking and decision-making at critical junctures
throughout the solution process. This is an important problem-solving disposition.
Thus, through discussions with the teachers and with their agreement, the ambitious
set of goals for the topic may be summarised as:

d1. To help students make connections between solving linear equation in one vari-
able and solving simultaneous linear equations in two variables
d2. To make explicit the meaning of “simultaneous” and “solving” as used in this
topic
d3. To develop in students the disposition of keeping track of their solution steps and
decision-making

It is perhaps important at this juncture to clarify that the r- and d-goals listed do not
exhaust the instructional goals for the teaching of this topic. A goal such as helping
students correct their errors in algebraic manipulation is certainly necessary for this
topic and is indeed included in the teachers’ consideration in the planning process.
We list only the goals that are directly relevant to this topic under consideration and
are overarching across the whole instructional unit. Similarly, it is easy to point out
other ambitious goals that are relevant to this topic that are not listed. For example,
should we not try to be more ambitious and generalise to the solution of a system
of linear equations with more variables? This would certainly be in line with the
learning of mathematics within the discipline; but we think that doing so would be
more ambitious than is workable. In particular, it would conflict directly with Goal
r3 which specifies a fixed number of lessons for the completion of the unit. Thus, the
ambitiousness of our goals is also tempered by the realistic situation we work in.

These sets of r- and d-goals were then carefully weighed when we planned the
structure of the unit. In the planning process, we discussed possibilities and projected
them into the imagined vision of classroom enactment. In particular, we placed
heavy emphasis on how the students would respond to certain instructional moves,
the difficulties they may face, and how they can be alleviated. The broad-grained
trajectory of the unit is summarised in Table 19.1.

By “prominent goals”, we mean the goals the teachers should consciously fore-
ground in their classroom instructional moves. This does not mean, however, that
no other goals were at play. As an example, though only r1, r2, and d3 are listed as
prominent in Lesson 2 as shown in Table 19.1, it does not mean that relating the solu-
tion method to earlier methods learnt or the concepts of simultaneity (embodied in
Goals d1 and d2, respectively) became unimportant. Rather, it means that these other
goals were implicitly embedded in the lesson sequence and were not emphasised to
the same degree as the prominent goals. Another example is Goal r3. Although it
is not listed in Table 19.1 as prominent in any of the lessons, it tacitly guided the
planning of the whole unit in terms of the content to include/exclude and the balance
of goals to pursue within the constraint of limited time.
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Table 19.1 Overall plan of the unit on solving simultaneous linear equations

Lesson Key moves Prominent
goals

Main considerations

1 • Recall solution of linear
equation in one variable

• Consider a single linear
equation in two variables—to
introduce many solutions

• Consider a pair of linear
equations in two variables—to
introduce the meaning of
simultaneous in this context

• Motivate a method to solve a
pair of simultaneous linear
equations in two variables

• Introduce method of
substitution as a way to reduce
the problem to the familiar
setting of solving one equation
in one variable

d1, d2 This can be considered an
introductory lesson that connects
prior knowledge with the contents
of this topic. But due to r3, we
cannot devote the entire lesson to
motivational elements. We
include in this lesson an overall
structure of the method of
substitution as a way to deal with
the problem presented by the need
to solve simultaneous equations

2 • Familiarise students with the
method of substitution for
simpler equations

• Emphasise the overall strategy
of reducing the problem into
one equation with one variable

• Demonstrate the usefulness of
substituting the found values
into a suitable equation as a
way to check that they satisfy
both equations—to reinforce
simultaneity

r1, r2, d3 This lesson is on the method of
substitution. The focus is on
helping students take a more
zoomed-out view of the process:
While solving the equations, they
learn to keep track of when and
why they apply the required
strategies

3 • Use students’ work to address
key conceptual and methodical
errors in their use of the method
of substitution

• Same focus as Lesson 2, with
harder equations that require
more careful manipulation

r1, r2, d3 This lesson is a follow-up on the
method of substitution. The focus
shifts more to procedural fluency
at the more fine-grained level as
they practise the details of the
method over a range of suitably
gradated examples

4 • Motivate the learning of method
of elimination by contrasting it
against the method of
substitution—to show relative
ease for certain types of
simultaneous linear equations

• Reinforce the same overall
strategy of reducing the
problem into one equation with
one variable

• Familiarise students with the
method of elimination for
simpler equations

d1, d2, r1,
d3

The introduction of another
method provides the motivation to
revisit and re-emphasise the
disciplinary goals
The main considerations for
Lessons 4 and 5 mirror that of
Lessons 2 and 3 respectively, but
for the method of elimination
instead

(continued)
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Table 19.1 (continued)

Lesson Key moves Prominent
goals

Main considerations

5 • Use students’ work to address
key conceptual and methodical
errors in their use of the method
of elimination

• Same focus as Lesson 4, with
harder equations that require
more careful manipulation

r1, r2, d3

We have also learnt the need to keep the number of listed goals in each lesson
small. Beyond a certain number of ostensible goals, it becomes unproductive both
for the planning and discussion of teaching. The more goals we load into a lesson,
the greater the tendency during enactment for the emphasis on each of the goals to
thin out, lessening the success of their fulfilment in the lesson. For the purpose of
teacher professional development, it is also helpful to limit the number of goals being
emphasised so that teachers can focus their attention on instructional innovations in
response to a few goals per lesson instead of having their attention diffused over
many instructional goals.

(b) How can the goals be concretised and routinised?

The next stage is the concretisation of the goals and plan into a form that would
enhance the potential of fulfilment of these goals during classroom enactment. We
carried this out together with the teachers by designing student task sheets that
embodied the intended learning trajectory of the students. Each lesson in the module
was supported by a task sheet. In some lessons, homework task sheets were also
developed. Since space is limited, we only discuss selected sections of some task
sheets to illustrate how the goals were concretised.

Figure 19.2 shows a section extracted from the task sheet in Lesson 1. The blanks
in the extract were meant to draw students’ attention to how the solution of simulta-
neous equations differs from their prior experience of solving linear equations in one
variable. The ellipsis “…” signalled an opportunity for students to conjecture and
discuss what they think “simultaneous” in this context could possibly mean. This
section exemplifies a concretisation of Goal d1.

A follow-up section within the same task sheet illustrates the link to an explicit
consideration of what “simultaneous” means (Goal d2), as shown in Fig. 19.3.

In subsequent lessons, the task sheets take on a more familiar form—consisting
of exercise questions in which students were required to develop fluency (Goal r1).
A typical item in these task sheets features a pair of simultaneous equations, which
students are to solve. The item shown in Fig. 19.4 is taken from a task sheet used in
Lesson 2.

The space given below the equations in Fig. 19.4 were for students to write the
usual steps involved in solving simultaneous equations; the column under “What’s
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Fig. 19.2 An extract from the task sheet prepared for Lesson 1

Fig. 19.3 Another extract from the task sheet prepared for Lesson 1

Fig. 19.4 An extract from the task sheet prepared for Lesson 2

going on?” was a provision for students to make visible the rationale or prompts
corresponding to suitable junctures of the working on the left. This is in line with
Goal d3. Under this column, students were expected to write phrases such as “Label
equations”, “Form one equation, one unknown”, “Obtain both x and y values”, and
“Check” at suitable points of the solution process. Clearly, the task sheet design
was not merely to facilitate opportunities to practise (Goal r1), to examine one’s
solutions steps (Goal d3), and to check the provisional answer by substitution (Goal
r2) as ostensible goals. There was also an implicit intent to reiterate the meaning of
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Fig. 19.5 An extract from the task sheet prepared for Lesson 4

“solving” “simultaneous” equations as finding the same solution for both equations
(Goal d2) and to reiterate the connection between this process of solving to the
process of finding the solution of one linear equation with one unknown (Goal d1).
Thus, within one exercise item in the student’s task sheet was a concretisation and
an integration of the goals intended for this module.

The item as presented in this layout was not a one-off rarity. In fact, an item of this
nature was a standard feature in most of the in-class task sheets as well as homework
task sheets. Figure 19.5 shows an extract2 of the task sheet used in Lesson 4. In other
words, routinisation was also built into design of the task sheets.

(c) To what extent is the teaching enactment supportive of the goals?

We base our analysis on 14 video recordings of two classes (seven each), transcript
of a meeting where all teachers and researchers reviewed the simultaneous equations
unit, and a student perception survey of the 80 students in the two classes that was
conducted after the unit was taught. We shall focus only on the enactment of the
“What’s going on” column as a concretisation of r1, r2, and d3.

The two classes A and B were taught by Teacher X and Teacher Z, respectively.
The videos were full recordings of seven 40-min lessons for each class. Teacher
X started the first lesson with the “What’s going on” column already prominently
written on the whiteboard (see Fig. 19.6). He consistently used the column from the
beginning to the end for all of his lessons (see Fig. 19.7), except for Lesson 5, when
students did board work for the first half of the class. Teacher Z started using the
column about 18 min into the first lesson. In Lesson 2, he waited until the student’s
board work was completed before writing the column on the board. Lessons 3, 5,
and 6 were similar to Lesson 1—he started using the column a quarter way into the
lesson. He did not use the column at all in Lesson 4. In the final lesson, he had the
column written on the board from the beginning of class.

We can see that the two teachers enacted the concretisation of the “What’s going
on” column faithfully. We now turn to the summary meeting to see what all the
teachers, including those who observed the lessons in a lesson study context, have to
say about the use of this concretisation towards achieving the desired R- andD-goals.

2The task may appear at first look to be a repetition of contents taught in earlier lessons. In Lesson
4, the teacher has moved to teaching the method of elimination. Here, students were asked to use
this newly learnt method to solve equations they would have solved in earlier lessons using the
substitution method.
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Fig. 19.6 Beginning of Lesson 1 in Class A

Fig. 19.7 End of Lesson 7 in Class A

They observed that the students treated the column initially as space in which to
copy verbatim what the teacher wrote in the same column on the board; then some
appreciated its use; and towards the end, some because they had internalised the
procedure and others because they had given up, stopped filling in the column:

Teacher Z: Basically, I think … it is a trend whereby starting there are more people
who will write down and follow what you write as you go on, I think once they grasp
the concept that column is as good as blank especially for the homework.
Teacher A: I observed two lessons. One is Teacher X’s first lesson but I think because
it’s starting so it was getting them to know what that column is about and so when
he asked them to write, they did ask them to write down a few things but it’s mostly
what you wrote on the white board. So they just copied it down. After that I went on
to Teacher Z’s third lesson. So his third lesson, I think as he said, it’s nearing the
back, so the two that I observed they didn’t write anything down even when he wrote
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it, even when Teacher Z wrote it on the column on the white board, they didn’t copy
it down.
TeacherB: I only observed the first two of Teacher Z’s lesson. That was the substitution
method. Generally the students they just copy and even when … okay, first lesson they
basically copied everything that Teacher Z mentioned. Second lesson when Teacher
Z wrote things, then for the first example they also copy, but once you moved on to
the second example, I saw them flipping because the questions are similar so I saw
them flipping to the previous example but their focus is on the steps. How to solve
and not so much on “What’s going on”. So what I gather was the note that they take
actually at the column was not very helpful to them.
Teacher C: I went for Teacher X’s lesson. The first lesson and the second last lesson.
The first lesson was Teacher X introducing it. Then the two students that I observed,
they were copying down whatever Teacher X is writing down. Then I just asked,
“Why are you copying down?” Then the girl said, “It’s is very useful for me.” And
she even do it in different colours. But subsequently, the next lesson that I went for
Teacher X’s class right, the faster … I noticed that those boys at the back, those two
boys, they didn’t take down any notes but they were able to do it very fast. They didn’t
fill up the “What’s going on” column at all.
Teacher D: I went in for Teacher X’s second class. And what basically the two of
them were doing was, they were just listing the steps they need to do. So step number
1, “label”, step number 2, “write ‘x’ in terms of ‘y’”, and step number 3, “solve for
‘x’ and ‘y’” and step number 4, “check”. So before they even attempt the question,
they will quickly fill up what’s going on first. So every single page they will fill up
that four steps first and then they will start doing. So I don’t know whether maybe
by doing this, the four steps went into their heads. So they will remember to do these
four steps every time they do. I don’t know because I didn’t observe them after that
lesson so I don’t know how useful … But when I went in for Teacher Z’s last lesson,
almost none around me were writing what’s going on anymore. They were already
done with this “What’s going on” thing.
Teacher E: Okay, I observed quite a number … three or four … I actually move down
the row, so I managed to observe random students, many random students. Mostly
when Teacher X asked them to write down, they will write down, whatever, most of
them will write down. Well I’m actually very impressed with one of the students but I
don’t know his name. The Indonesian one. So that student… he suddenly understand
… then when I go to the second example, “What’s going on”, he write, “Step number
one”, then he do, then “Step number two”, then he could do, “Step number three”,
then he could do. After he finished ah, he checked you know. After that, you can feel
and say that, he is happy. Very happy. But only one student is like that. Then … I also
see the two boys behind. These two boys were very fast. They already finished already
but nothing there lah. I observed one boy like that. Then I … I mean … It’s the front
boy … You can see really happiness. He followed everything you know. After that he
re-checked. When his answer is correct, so he was so happy. But I do feel that they
do benefit some of the students. Maybe not all, maybe very few number but I feel that
it is good and I see some writing summary.
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Teacher Z felt that the “What’s going on” column helped make his thinking visible to
the students and allowed for some permanence unlike if he relied solely on “talking”
out the steps: Okay, I mean, like err, it is the same consensus as everyone that I don’t
really know whether my students have benefitted from it or not but I do buy Researcher
L’s idea that it has benefitted the teacher meaning myself in the sense that, I think I’d
spoken about this during one of the post meetings as well—that when my thought is
being portrayed on the board, it makes my explanation clearer to myself even in that
sense too so that I have that consciousness that I need to explain certain things. And
to make it visible for the students whether … and also to help students whereby they
have those one, two seconds just switched off and suddenly they missed out that bit
that I was trying to say but once they switched back on and see the thing that is on
the board, they are able to somewhat connect back to that lesson. I thought that was
something that is useful. So whether or not they have written it down, and it helps
them or not I’m not too sure but at least by seeing something that is on the board,
I think that will help them. If it’s one word that I am trying to go by audio with my
voice, there’s another mode whereby you can see the visual of whatever is going on
in my mind is actually on the board. That’s one thing. The other thing is I think as I
look through let’s say for example, in a particular lesson after you do example one,
you can refer to the steps to do example two, maybe tomorrow if I ask them to do
again, they will forget some steps here and there.
Teacher Z also realised that he had used the column to write down procedural steps
rather than exploit its full potential for giving reason to the steps: Ultimately I think,
for my class, what I could focus on more is the whole essence behind solving simul-
taneous equation. Like what most of you correctly pointed out is that I focused quite
a bit on procedural steps. So even my “What’s going on” column right is ninety per
cent of the procedures—“do this”, “do this”, “do this” … So procedures without
exactly the reason behind it in that sense, I may or may not have said it in class but it
wasn’t on the “What’s going on” column. I can say lah, about ninety per cent about
the “What’s going on”. So in that sense, it ends up, even if students right now, it will
be a case of they will have to memorise the step one, step two, step four in order to
get the answer instead of let’s say if I were to throw in the idea that, “Hey, we are
doing elimination because we are trying to eliminate one of the variable whether
it is ‘x’ or ‘y’.” If they go back with the idea they internalised the idea then when
they see that question again, then they will know, “Oh, I need to somehow eliminate
one of the variables. How am I going to do it? Err, okay, let’s remember the steps.”
Rather than straight away come in and “What is the first step? ‘Label’.” As I reflect
I thought. The first step shouldn’t be ‘label’. The first step should be, “Hey I’ve got
two equations, I want to eliminate one of the variables in order to solve the other
one.” That sort of thing instead of just very procedural, first one, “label”, second
one …
Teacher Z felt that teaching this way was better than what he did in the previous
year: My gut feel is that they did better in that sense. I mean, they may not be good.
But with my limited teaching capability, what I taught last year and what I taught
this year, with the addition of the “What’s going on” column, I felt that my students
of this batch, they learn better. In the sense that, at least, because I focused a lot on
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Table 19.2 Responses to two items from student perception survey

Type Description Class 1 Class 2

1 Writing down notes and my thoughts in the “What’s going on”
column has helped in my understanding

34/38 35/42

89.5% 83.3%

2 Writing down notes and my thoughts in the “What’s going on”
column has helped in my homework

34/38 35/41

89.5% 85.4%

procedure, so at least, they know what are the procedures to do as compared to my
batch of students last year who were not very sure even when to begin with. So they
mix up all the steps in that sense. So to put it in that way, I don’t know it helps or
not to make the procedures clearer in that sense. Step one, step two, step three, step
four, rather than just one whole chunk of working, and I don’t know what the hell is
going on.
Teacher Xwas the chair of the meeting and gave his own views at the end. He felt that
the column was important to show the students the reasoning behind the procedures:
Most of the things he mentioned already but the thing I added was the, I think the
reasoning part to tell them the reason behind what we are doing is I guess, very
important. Not just teach them the steps.
Teacher E agreed: I find your lesson quite good. I find the first few lessons, you were
very procedural, then after that you talked more on their understanding.

The discussion above suggests strongly the two teachers were conscientiously
trying to teach better with the affordance of the “What’s going on” column. The
encouragement to students to write down their thoughts in the column both as the
teacher was teaching and in their homework was intended to develop in students the
disposition of keeping track of their solution steps and decision-making (d3). What
seems interesting also is that the teachers also realised the affordance of the column
to make their thinking clear, both procedurally and more importantly, the reasons for
the procedures.

With the addition of other parts of the transcript thatwe have not deemed necessary
to add,we think it is clear that both the teacherswere focused on achieving theR-goals
of helping students develop proficiency with both the technique of “Elimination” and
“Substitution” (r1) and inculcating in students the habit of checking by substituting
the obtained solution into a suitable equation (r2).

We finally refer to the results of the student perception survey. Table 19.2 shows
the number of positive responses (Strongly Agree and Agree) to two related items
out of the total class number for the two classes. In spite of the generally pessimistic
view of the teachers regarding the use of the column by the students, the results
suggest that at least from the students’ point of view, the “What’s going on” column
has helped their understanding and in their homework.
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19.6 Conclusion

Ambitious instructional goals provide a vision for teacher educators and teachers to
strive towards desirable educational outcomes for students. However, goals that are
too far removed from the real constraints within which teachers work on a regular
basis can result in a disconnect between teacher educators and teachers—the former
being driven by theoretical ideals and the latter by immediate solutions to practical
problems of teaching.

In this chapter, we present an alternative approach—a frame of thinking and act-
ing upon teaching goals and enactment—that would draw both teacher educators and
teachers into a common ground for teacher development enterprises. This requires
careful consideration of the realistic demands of teaching while aiming for goals
that would still be considered ambitious for teachers. RAP is a way of conceiving
instructional work that would both engage and challenge teachers’ existing teaching
practices. As such, it is a suitable pedagogy to ground sustainable teacher develop-
ment programmes, the success of which is dependent on strong teacher motivations
and buy-in.

It may be argued that the pedagogy that we advocate here lacks a matching class-
room image—unlike the case, for example, of the “pedagogy” of cooperative learn-
ing, where one can easily imagine a class of students engaging in collaborative
discussions as the main mode of learning. As such, it can be further contended that it
is hard for teachers to conceive of how RAP looks like in their classrooms. Indeed,
RAP does not map narrowly into certain fixed instructional forms in the classroom.
In other words, teachers who purportedly adhere to this pedagogy can enact their
classroom work in a variety of forms that nevertheless fulfil both the ambitious and
the realistic goals of teaching. In fact, this feature of broad interpretation is intentional
so that teachers participate in genuine pedagogical inquiry as co-designers of their
lessons. It allows for teachers with different pedagogical starting points to benefit
from a reconsideration of their existing ways of teaching in terms of ambitious yet
realistic instructional goals.

Realistic ambitious pedagogy is not constructed as an immediately transformative
pedagogy. It does not require teachers to make a big leap into the unknown. It allows
teachers to take a small but decisive step into familiar and reconstructed territory. If
that small step brings satisfaction in terms of better fulfilment of instructional goals,
then it is a beginning of a sustained teacher development journey into the elusive but
worthwhile target of ambitious teaching.
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Chapter 20
Productive Teacher Noticing:
Implications for Improving Teaching

Ban Heng Choy and Jaguthsing Dindyal

Abstract Although there have been calls to focus on teacher-inquiry approaches to
teacher professional development, simply putting teachers together in a professional
learning team is not sufficient for improving teaching. What matters is what, and
how, teachers notice when they learn from their teaching practices. In this chapter,
we first give an overview of the crucial role of teacher noticing in professional devel-
opment by drawing on relevant literature. Next, we explain the notion of productive
teacher noticing by highlighting what and how teachers notice as they attempt to
enact teaching practices, aimed at enhancing students’ reasoning. Following this, we
describe two studies on productive teacher noticing in Singapore before we highlight
some implications for improving practice and suggest possible future trajectories of
research into teacher noticing.

Keywords Learning from teaching · Mathematics teacher noticing · Teacher
education · Teacher professional development

20.1 Introduction

There has been a shift towards professional development activities that involve some
form of job-embedded collaborative teacher inquiry with teachers learning from their
own teaching (Lave 1996; Timperley et al. 2007). Examples of this kind of profes-
sional development activities include video clubs where teachers examine and reflect
on practices using video recordings of lessons (van Es 2012); study groups where
teachers examine classroom artefacts (Goldsmith and Seago 2013) or analyse lesson
plans (Santagata 2011); and lesson study (Lewis et al. 2006). However, participating
in these activities alone does not necessarily help teachers to change or improve their
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teaching. The contention is that what matters is, not the kind of professional devel-
opment activities, but what teachers focus on and how they engage with the activities
within the contexts of learning communities (Lampert 2009). Although teachers in
Singapore generally take an active role in their professional development, what they
learn from their participation in learning communities, and how this learning actually
helps improve their quality ofmathematics instruction have not beenwell understood
(Chua 2009).

Recent literature in mathematics education has positioned mathematics teacher
noticing—a component of teaching expertise and a form of professional vision
(Goodwin 1994)—to be critical for examining one’s teaching practices, and for
improving instruction (Barnhart and van Es 2015; Choy 2013; Goodwin 1994;
Mason and Davis 2013; Schoenfeld 2011). From the perspective of professional
vision, mathematics teacher noticing is conceptualised as the process of attending to
students’ mathematical ideas, and making sense of the information to make instruc-
tional decisions (Jacobs et al. 2010; van Es and Sherin 2008). On the other hand,
Mason (2002) views noticing as a set of practices, aimed at raising one’s awareness
to have a different act in mind. Although all teachers notice instructional details to
some extent, not all noticing is productive (Choy et al. 2017). As highlighted by Choy
(2015), productive noticing not only empowers teachers to shift their foci of attention
(Mason 2002), but more importantly, decide and implement instructional decisions
that potentially enhance students’ mathematical thinking. But the ability to “notice
productively” during mathematics teaching is both difficult to master, and complex
to study (Jacobs et al. 2011, p. xxvii). In this chapter, we first give an overview of the
critical role of teacher noticing in professional development by drawing on relevant
literature. We then describe two studies on teacher noticing in Singapore to provide
a characterisation of productive noticing. Following this, we illustrate the notion of
productive teacher noticing through a series of snapshots what and how teachers
notice as they attempted to enact productive teaching practices. Lastly, we highlight
some implications for improving practice and suggest possible future trajectories of
research into teacher noticing.

20.2 Learning from Professional Development: The Role
of Teacher Noticing

People notice all the time, but they are “sensitised to notice certain things” (Mason
2002, p. xi). This sensitised noticing is closely associated with the idea of “profes-
sional vision, which consists of socially organised ways of seeing and understanding
events that are answerable to the distinctive interests of a particular social group”
(Goodwin 1994, p. 606). Following Goodwin’s (1994) idea of professional vision,
teacher noticing has also been understood in terms of three inter-related processes:
attending, interpreting, and deciding to respond in teaching contexts (Sherin et al.
2011). But how does noticing enhance teacher development? To this end, Mason
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(2002) sees noticing as a discipline and highlights noticing as “the heart of all prac-
tice” (p. 1) and offers it as a means by which teachers can “do something about it
[teaching] in a practical and disciplined manner” (p. 1). Hence, the practical aim of
noticing is to improve teachers’ sensitivity to act differently during instructional sit-
uations (Mason 2002) and is distinguished from spontaneous or impromptu noticing
by adopting a more disciplined approach (Mason 2002, p. 61):

The idea is simply towork on becomingmore sensitive to notice opportunities in themoment;
to be methodical without being mechanical. This is the difference between ‘finding oppor-
tunities’ and ‘making them’. Instead of being caught up in moment by moment flow of
events according to habits and pre-established patterns, the idea is to have the opportunity
to respond freshly and creatively yet appropriately, every so often.

As argued by Mason (2002), teacher noticing is critical for improving teaching
practices—teachers who notice can learn to respond freshly or have a different act
in mind for the future. The potential for changing practices places noticing at the
centre of anyprofessional development efforts.But howdoes noticing support teacher
professional development?

With the aim of making opportunities to improve instruction, Mason (2002) high-
lighted two important ways to enhance noticing: advance preparation and using past
experience. According to him, professional learning takes place in the world of per-
sonal experience and is supported by one’s colleagues while drawing on the world
of theories, which informs how noticing can take place. Therefore, noticing does not
necessarily occur at an individual level, but rather, the practices of disciplined notic-
ing lie in the “merging” of three worlds of experience (see Fig. 20.1)—“the world
of personal experience, the world of one’s colleagues’ experience and the world of
observations, accounts, and theories” (Mason 2002, p. 93).

As seen in Fig. 20.1, the ability to recognise possibilities to act differently lies
at the intersection of the three worlds of experience, which underscore the impor-
tance of collaborative professional development. By reflecting on their colleagues’
and their own experiences systematically, teachers can prepare to notice by devel-
oping sensitivity to the common observations, which emerge from their discussion.

Fig. 20.1 Noticing in the
three worlds of experience
(Mason 2002, p. 94)
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They then interpret these observations in light of the theories and observations; and
sometimes validate their observations with other people, in order to distinguish and
recognise the possibility to act differently. While these actions usually happen ret-
rospectively during post-lesson reflections, the essence of noticing is to bring these
“moments of noticing from the retrospective to the spective” (Mason 2002, p. 87) so
that the teachers are better prepared to notice in the moment during lessons.

Our perspective of noticing adopted in this chapter sees noticing as a form of
professional vision view (Jacobs et al. 2011; van Es 2011) and at the same time, as
a discipline or practice (Mason 2002, 2011). First, we examine teachers’ noticing
in terms of the events or details they attend to, how they interpret these events, and
the instructional decisions they make based on their interpretations. Next, we use
Mason’s (2011) notion of noticing as a shift in attention to investigate what and
how teachers notice in terms of the following micro-level structure of their atten-
tion: holding wholes; discerning details; recognising relationships, and perceiving
properties.

Not all noticing, however, is productivewith regard to improving instruction, and it
is challenging for teachers to move their “moments of noticing from the retrospective
to the spective”. Erickson (2011) highlights that teacher noticing is very selective in
its focus, and while different teachers can notice various aspects of the classrooms,
what they notice may not always be helpful, and at times, direct students’ attention
away from the mathematical issues. It is common for teachers, for example, to see
students’ active participation in the tasks, or their enthusiastic raising of hands to
answer questions, as indicators of students’ understanding (Erickson 2011; Star et al.
2011; Star and Strickland 2008). Furthermore, what teachers notice depends on their
knowledge (Kazemi et al. 2011; Schifter 2011) and beliefs or philosophical stance
towards teaching (Erickson 2011; Schoenfeld 2011). This diversity of knowledge
and orientations has the potential for both “insight” and “misperception” in noticing
(Erickson 2011, p. 32; Miller 2011). This begs the question, what makes teacher
noticing productive?

20.3 What Makes Teacher Noticing Productive? Findings
from Two Studies

The construct of teacher noticing is still relatively new to mathematics teachers and
mathematics educators in Singapore. Many of the studies, based overseas, investi-
gated pre-service teachers’ development of noticing expertise within the contexts
of video clubs, or video-based professional development (Miller 2011; Seidel et al.
2011; Star et al. 2011; van Es 2011). In Singapore, however, most of the studies were
situated within the contexts of lesson study discussions (Choy 2014a, b, 2015, 2016;
Lee and Choy 2017), or other related professional development activities, where
in-service teachers had opportunities to plan, observe, and discuss lessons (Seto and
Loh 2015). These studies, together with a few others (Chia 2017; Choy and Dindyal
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2017a, b), have begun to expand the contexts of research on teacher noticing beyond
video-related professional development activities and pre-service teacher education.
In this section, we focus on two studies on teacher noticing situated in Singapore
to highlight the notion of productive noticing. In the first study (see Sect. 20.3.1),
the notion of productive noticing goes beyond the three inter-related processes—at-
tending, interpreting, and deciding to respond—by including the foci for teachers to
notice, and extending the notion of noticing beyond the walls of the classrooms to
include planning during lesson study. In the second study (see Sect. 20.3.2), we built
on Choy’s (2015) notion of productive noticing and looked at how teachers planned
day-to-day lessons around rapid cycles of simple tasks instead of a single rich task,
for example, in the context of lesson study.

20.3.1 Study 1: The FOCUS Framework

The FOCUS Framework was developed from a doctoral study (Choy 2015), which
used a design-based research approach (Cobb et al. 2003) to address the twin chal-
lenges of theoretical development and practical application (Zawojewski et al. 2008).
Data collection for the doctoral study, which consisted of three phases, took place in
Singapore over a period of eightmonths in 2012 and 2013. A total of 36 teachers from
three schools, a primary school and two secondary schools, volunteered to partici-
pate in the study. All three schools had actively supported learning communities by
providing teachers time and space to discuss curriculum-related matters. The teacher
participants had used lesson study as a professional development activity, and they
were familiar with the lesson study protocol.

The voice recordings of the lesson study discussions and video recordings of the
observed lessons formed the bulk of the data collected. The recordings were marked
for segments that focused on the key tasks of lesson study and notable episodes
involvingmathematically significant moments. Segments related to logistics, admin-
istrativematters, and other irrelevant incidentswere discarded. The selected segments
were reviewed and initially classified according to the framework for noticing stu-
dents’ thinking (van Es 2011), shown in Table 20.1. The reviewed segments were
then transcribed before they were coded using a “thematic approach” (Bryman 2012,
p. 578).

The FOCUS framework, developed from Choy’s (2015) study, reflects the fol-
lowing two characteristics of productive mathematical noticing:

1. The focus—what to notice: (a) Specific mathematically significant aspects of
learning and teaching, such as the three points; mathematics-learner-teacher
milieu; or simply the concept, confusion, and course of action. (b) The alignment
between the teaching approach and students’ learning difficulties associated with
mathematical concepts; and

2. The focusing—how to notice: The central role of sense-making or reasoning as
a mediator between seeing and responding. It is the analysis of the observations
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Table 20.1 Framework for noticing students’ thinking adapted from van Es (2011, p. 139)

What teachers notice How teachers notice

Level 1
Baseline

Attend to generic aspects of teaching
and learning, e.g. seating arrangement
and student behaviour

Provide general descriptive comments
with little or no evidence from
observations

Level 2
Mixed

Begin to attend to particular instances
of students’ mathematical thinking and
behaviours

Provide mostly evaluative comments
with a few references to specific
instances or interactions as evidence

Level 3
Focused

Attend to particular students’
mathematical thinking

Provide elaborate and interpretive
comments by drawing upon specific
instances and interactions from
observations as evidence

Level 4
Extended

Attend to the relationships between
particular students’ mathematical
thinking, mathematical concepts, and
teaching approaches

Provide elaborate and interpretive
comments by drawing upon specific
instances and interactions from
observations as evidence, make
connections to principles of teaching
and learning and propose alternative
pedagogical solutions

that provide the evidence or justification for making an instructional response
that promotes student reasoning.

Choy (2015) positions teachers’ noticing as productive when teachers’ noticing
leads to one or more of the following teaching practices for enhancing students’
mathematical thinking: designing or planning tasks to reveal students’ thinking;
listening and responding to students’ thinking, and analysing students’ thinking.
This stance extends the study of teacher noticing from examining teachers’ practices
during and after lesson to the planning processes before instruction. In particular,
Choy (2015) focuses on what and how a teacher anticipates students’ responses to
a task during planning. This is similar to the practice of anticipation as highlighted
by Smith and Stein (2011). Moreover, Choy (2015) also finds it necessary to focus
teacher’s attention on some specified aspects of teaching and learning so that teachers
can cope with the enormous amount of information encountered during real-time
teaching.

Building on the work by Yang and Ricks (2012), Choy (2015) highlights that an
explicit focus is an essential characteristic of productive noticing, especially in the
context of professional development. More specifically, he proposed that teachers
could focus on the following focal points to promote productive noticing:

1. Mathematics Concept. The key mathematical ideas, themes, or constructs that
are of interest to the lesson, discussion, or teaching episode;

2. Students’ Confusion. The mathematical difficulties, cognitive obstacles, errors,
misconceptions, or uncertainties demonstrated by students; and

3. Teachers’ Course of Action. The instructional decision or response by teachers
during the planning, teaching, or reviewing of the lesson.
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Besides noticing specific aspects of these three focal points, it is also crucial for
teachers to notice the alignment between these three points. That is, whether the
teacher’s course of action addresses students’ confusion when learning the concept.
Focusing on the alignment between the three focal points, or more generally, the
mathematics-learner-teacher milieu (Brousseau 1997) is related to what researchers
like vanEs (2011), andBarnhart and vanEs (2015), had highlighted about responding
with instructional decisions that are based on teachers’ observations. However, these
researchers were more concerned about the issue of alignment during the responding
component of noticing,whereasChoy’s (2015) study demonstrates that the alignment
of themilieu is crucial even during the attending andmaking sense stages of noticing.

Seeing the alignment between the three focal points is challenging, even for expe-
rienced teachers. For example, it is possible for teachers to give a highly detailed
description of what they notice about the three focal points, and not generate a ped-
agogically productive instructional decision (Choy 2014a, b). In other words, it is
possible for teachers to discern the details, but not to recognise relationships between
the three points, and thus fail to learn from their teaching practices. Therefore, the
second key characteristic of productive noticing is the need for pedagogical reason-
ing. According to Choy (2015), in order to coordinate their instructional decisions
with what they observe, it is necessary for teachers to make sense of their students’
difficulties when learning the key mathematical ideas. Based on their interpretation
of students’ errors, teachers can then make a reasoned decision about a potential
approach or strategy targeted at the mistakes observed. This highlights the central
role of teacher pedagogical reasoning (Shulman 1987) in aligning what teachers see
to their instructional responses.

There are two aspects of this alignment to be considered for productive teacher
noticing. Firstly, to see whether there is an alignment between the three points; and
secondly, to ensure that a teacher’s decision to respond is aligned to what he or she
has seen and interpreted with regard to the concept and confusion. For each of these
aspects, Choy (2015) argues that teacher reasoning is essential for focusing one’s
noticing. Although other similar research suggests the importance of analysing or
interpreting instructional details during teacher reflection (Barnhart and van Es 2015;
Berliner 2001; Timperley et al. 2007), Choy’s (2015) study extends their findings by
addressing the object of this teacher reasoning process. In a way, this “completes” the
micro-level structure of attention—reasoning (Mason 2011). For teachers to notice
productively, it is necessary for them to hold the wholes (see the big ideas involved
in the concept) and discern the details of the concept and students’ confusion. They
have to recognise the relationships or connections between the three focal points and
perceive the affordances or properties of their instructional strategies before deciding
on the course of action based on their pedagogical reasoning.

A theoretical model of noticing was developed from the FOCUS Framework
to describe what, and how, a teacher can notice productively when learning from
practice (see Choy 2015 p. 178.). It maps a teacher’s noticing processes (attending,
making sense, and responding) through three stages of learning from practice (plan-
ning, teaching, and reviewing) to the three key productive practices for mathematical
reasoning (designing lesson to reveal thinking; listening and responding to student
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thinking, and analysing student thinking). In other words, the model describes a the-
oretical process of productive noticing, which highlights explicitly the three crucial
focal points, and how the alignment between these three points can be achieved. A
teacher’s noticing can be analysed and then compared against this theoretical model
to highlight the similarities and differences, so that specific actions can be pinpointed
as part of a teacher’s reflection on his/her instruction (Choy 2015, 2016).

To summarise, Choy’s (2015) study introduced the notion of productive noticing
as a means to distinguish the kind of noticing expertise that sets expert teachers apart
from less accomplished ones. Furthermore, noticing expertise is not necessarily a
function of experience. A comparison of noticing expertise in pre-service teachers
in a US teacher preparatory course and in-service teachers in a Singapore school
highlights that both groups of teachers faced the same challenges in noticing the
relevant instructional details (Lee and Choy 2017). Since then, several other stud-
ies have explored the notion of productive teacher noticing in different contexts.
For example, Seto and Loh (2015) examined how a teacher mentor can direct a
teacher’s noticing to focus on relevant instructional details related to the concept of
decimals during mentoring conversations. Their study highlights the importance of
using appropriate questions to support teachers in shifting their focus on their own
thinking to how students think. Similarly, Choy (2017) details how the knowledge-
able other (Watanabe and Wang-Iverson 2005) in lesson study can redirect teachers’
attention to mathematically significant details during the kyouzai kenkyuu stage of
lesson study. Research on teacher noticing has also begun to explore the use of the
construct to reflect on teaching at the micro-level. For instance, Chia (2017) investi-
gates what and how a teacher may notice about her use of multiple representations
when teaching percentage from a commognitive perspective (Sfard 2008).

20.3.2 Study 2: Noticing and Orchestrating Learning
Experiences

We now turn our attention to the second study on teacher noticing, which is still
ongoing at the time of writing. This project extends the investigation of what teach-
ers notice beyond professional development activities such as lesson study, to explore
the role of noticing in the context of day-to-day teaching. In this section, we give
a preliminary report on an ongoing project, which examines what, and how, three
experienced mathematics teachers in Singapore notice as they orchestrate learning
experiences in their own classrooms. Learning experiences refer to “the interaction
between the learner and the external conditions in the environment to which he can
react” (Tyler 1949, p. 63). In this project, we refer to students’ learning experiences
as their engagement with mathematical tasks selected or designed by the teachers,
through which the students develop their mathematical processes. Learning experi-
ences have been incorporated into the current mathematics syllabus and may involve
teachers providing “opportunities for students to discover mathematical results on



20 Productive Teacher Noticing: Implications for Improving Teaching 477

their own”, or “work together on a problem and present their ideas using appropriate
mathematical language and methods” (Ministry of Education-Singapore 2012). This
project is therefore situated within the context of everyday teaching activities and
not within the context of a particular professional development activity as in Choy’s
(2015) study.

This ongoing project adopted a design-based research paradigm (Design-Based
Research Collective 2003), similar to Choy (2015), to develop a toolkit to sup-
port teachers in noticing and a theory to describe their noticing when orchestrating
learning experiences. We engaged in three iterative cycles of theory-driven design,
classroom-based field testing, and data-driven revision of the Mathematical Learn-
ing Experience Toolkit (MATHLET) to provide a theoretical justification for the
analytical frameworks on which the toolkit is based. By engaging with our teacher
participants in designing, implementing, and reviewing learning experiences using
the MATHLET, we aimed to develop a deeper theoretical understanding of how
teachers orchestrate mathematically meaningful learning experiences.

Four experienced mathematics teachers from three secondary schools, with dif-
ferent achievement bands and demographic factors, participated in this study. Each
teacher designed and implemented a lesson of their choice during each design-cycle
phase using the MATHLET. This would result in 12 design cycles at the end of the
project across three different schools. Data were generated through voice record-
ings of planning discussions, pre-lesson discussions, post-lesson discussions, video
recordings of lessons, and lesson artefacts. Findings were then developed using a
“thematic approach” (Bryman 2012, p. 578) together with the two characteristics of
productive noticing as proposed by the FOCUS Framework (Choy 2015).

In this project, we focus on what the teacher attended in relation to the interac-
tions between students, content, and the task. These interactions can be visualised
as a socio-didactical tetrahedron as shown in Fig. 20.2 (Rezat and Sträßer 2012).
We follow Rezat and Sträßer (2012) in seeing each face of the tetrahedron as an
instantiation of the interactions between task, students, teacher, and mathematics.
For example, the task–students–teacher face represents the interactions that occur
amongst teacher, students, and the task. Given our emphasis on teacher noticing, we
put “teacher” as the apex of the tetrahedron as seen in Fig. 20.2 to reflect our focus
on how the teacher managed these interactions.

Preliminary findings from this study go beyondChoy’s (2016) work on productive
noticing involving a single task and extend the studyof noticing into the realmof using
a sequence of typical problems to bring about mathematically productive learning
experiences for students. Typical problems are examination-type or textbook-type
questions, often used by teachers to develop procedural skills.What we have found is
that experienced teachers notice the affordances of typical problems andmodify them
to develop both procedural skills and conceptual understanding. By affordances, we
refer to what typical problems have to offer to develop conceptual understanding
beyond their usual usage. In particular, we focus on how teachers are able to notice
the characteristics of the task in relation to the particular understandings of the related
concepts, and see how these problems are deployed in the classrooms.
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Fig. 20.2 Socio-didactical tetrahedron for using the task to orchestrate learning experiences

Fig. 20.3 An example of a typical problem used by Alice

We see that experienced teachers who harnessed the affordance of typical prob-
lems to enhance students’ learning experiences do so in two ways. First, they are
able to see, within the typical problem, opportunities for developing mathematical
ideas. For example, as described in the case of Alice (Choy and Dindyal 2017a, b),
she modified a typical matrix calculation problem (see Fig. 20.3) by opening up its
solution space, which provided opportunities for students to use different methods to
solve the problem. Alice used students’ responses to the typical problems to develop
relational understanding by connecting their responses to different key mathematical
ideas in the same topic.

Another teacher, John, exploited a sequence of typical problems through the idea
of bianshi (Wong et al. 2013), which is similar toMarton and Pang’s idea of variations
(seeMarton and Pang 2006), by making deliberate modifications to typical problems
for broadening and deepening students’ understanding of the skills and concepts. He
tried to guide students in making connections between the procedural skills and the
concepts theyhad learned.His useof typical problemswas characterisedbydeliberate
changes to the structure of the chosen problems to highlight specific aspects of the



20 Productive Teacher Noticing: Implications for Improving Teaching 479

Fig. 20.4 A sequence of four typical problems used by John

concept or skill. Referring to Fig. 20.4, we see that John used four trigonometric
equations, which looked similar but are structurally different.

For example, the difference between the first equation (3 sin θ + 4 cos θ � 0) and
the second equation (3 sin θ + 4 cos θ � 1) lies in the number on the right-hand side.
This variation in the number changes the structure and solution method of the first
equation. In the first equation, we see that students can divide both sides by cos θ

to obtain an equation containing only the tangent function. The second equation,
however, requires students to transform the equation into the form R sin(θ + α) � 1.
By harnessing variations, John was able to enhance his students’ understanding of
the solution methods and highlight the key considerations when solving such equa-
tions. Therefore, both Alice and John noticed themathematical opportunities embed-
ded within typical problems and planned how they could be used in the classroom
(teacher-mathematics-task face of the tetrahedron, see Fig. 20.3).

Secondly, experienced teachers harnessed typical problems by orchestrating dis-
cussions (teacher-student-task face) about such problems to bring out key mathemat-
ical ideas (teacher-student-mathematics face). Smith and Stein (2011) highlight the
importance of a good task in orchestrating mathematically productive discussions.
In their model, they suggest an instructional sequence which centres about a single
rich task in which students attempt, present, and discuss the mathematics under the
orchestration of a skilful mathematics teacher. However, Alice’s lesson differed from
that envisioned by Smith and Stein (2011) in the plurality of tasks within the same
lesson, punctuated by several more rapid successions of the same discussion moves:
monitoring, selecting, sequencing, and connecting. This structure was made feasi-
ble by the use of typical problems which generally take a shorter time to complete.
Similarly, in John’s case, he orchestrated a series of short discussions about the four
trigonometric equations.
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Both Alice and John’s noticing were productive because they were able to enact
the productive practices of using tasks to reveal or enhance students’ thinking, and at
the same time, listened and used students’ responses to the tasks to further students’
understanding of the concepts. From our interviews with them, we realised that
they were able to hold the whole curriculum in their minds, while attending to the
details of each task. They recognised the relationships of each task to the topic taught
and perceived the potential affordances of these problems. Although more work is
needed before we can theorise further about their noticing, these findings suggest
these teachers were able to recognise possibilities and have a different act in mind
(Mason 2002). This sets up the stage to improve one’s practices of using typical
problems to enhance students’ learning experiences.

20.4 Implications for Improving Teaching

These findings beg the question: whether such noticing is trainable, and if so, how?
We believe so. Mason (2002) persuasively argues that the object of noticing is to
recognise possibilities and generate alternatives from our habitual responses. This,
according to Mason (2002), is achieved through noticing from the three worlds
of experiences: one’s experiences, other colleagues’ experiences, and the world of
theory and observations (p. 94). To support teachers in seeing the mathematical con-
nections afforded by typical problems, there is a need to empower teachers to do
this work through professional development, which focus on noticing the mathemat-
ics envisioned in the curriculum. This has important implications for mathematics
educators in how we conceptualise professional development.

20.4.1 Noticing the Mathematics: Going Beyond the Surface

As seen fromAlice’s case, it is equally important to notice mathematical possibilities
during the planning of the lesson, and not just to notice in the moment during the
lesson. We realised that it is not so much of learning new content, but rather using
teachers’ existing knowledge to delve deeper into school mathematics. It is more
about supporting teachers to use what they know and guiding them to see new con-
nections between different aspects of the mathematics they are teaching. In a way, it
is about guiding them to see the “forest and the trees”. Teachers need to have oppor-
tunities to zoom in and zoom out of the curriculum, and notice systematically about
the details of the curriculum (Mason 2011). In particular, they have to learn how to
attend to the whole curriculum (holding wholes); discern the details of the concept;
seeing the teaching of this concept in a sequence of lessons; conceptualising a lesson
as a sequence of tasks, and encapsulating the mathematics within the tasks, pay-
ing careful attention to inter typical problem differences (see Atkinson et al. 2000).
Although both Alice and John had thought of using their respective sequence of tasks
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Fig. 20.5 Embeddedness of tasks–lessons–units

in different ways, both teachers highlight the importance of noticing and drawing
on the connections between the sequence of tasks embedded within a sequence of
lessons, which in turn are embedded within a sequence of units (see Fig. 20.5).

20.4.2 Listening to and not Listening for

Much of the research on noticing focused on what teachers see as a proxy to analyse
what teachers attend to.As the two studies have demonstrated, it is crucial for teachers
to listen and respond to students’ thinking, instead of focusing on what teachers
themselves are thinking for noticing to be productive. According to Davis (1997),
this stance of listening is the difference between listening to and listening for. In
other words, teachers who listen for certain responses in students’ answers are less
likely to orchestrate mathematically meaningful conversations because the teachers’
attention is placed on getting students to utter the “correct responses”. Instead, when
teachers truly attend to students’ thinking by listening to their students in order to
make sense of themathematics embedded in students’ responses, they aremore likely
to move beyond the standard initiate–response–evaluate (IRE) discourse patterns, to
a more interactive discourse pattern. The listening to stance positions teachers to
notice other possibilities in orchestrating discussions, by focusing on what students
say, instead of what students ought to say. This stance is a critical shift towards
enhancing teachers’ formative assessment of their students’ understanding.

Moreover, the teachers in our studies demonstrate their competencies in orches-
trating discussions by supporting students to make connections between the differ-
ent ideas presented. For example, in Alice’s case, she demonstrated her productive
noticing through her attempts to make connections between the ideas presented by
different students:
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1 Alice: (Walks around the class and comes to Student S1.) Can you write this for me on
the board?

2 S1: Ok. (Walks to the whiteboard and writes the following:
T � 5×29 + 3×10 + 2×5 � 185
R � 5×30 + 3×6 + 2×8 � 184)

3 Alice: (Walks around while waiting for Student S1 to finish writing.) Ok. Most of you
have written what [Student S1] has written. 5 points for 29 gold, 3 points for 10
silver and 2 points for 5 bronze. Most of you have written in this manner. The
last few days, we have been talking about matrices, right? Would you like to
convert this to a matrix problem?
(Looks at Student S2) Have you written it in matrix form? (Student S2 nods and
Alice goes over to look at his answers.) Okay. Can you write your answer on the
board?

4 S2: (Walks to the board and writes the following)

T �
(
29 10 5

)
×

⎛
⎜⎜⎝
5

3

2

⎞
⎟⎟⎠ � 185 and R �

(
30 6 8

)
×

⎛
⎜⎜⎝
5

3

2

⎞
⎟⎟⎠ � 184

5 Alice: Any other answers from [Student S2’s] answer? (Walks around the class and
selects Student S3’s answer) Can you write this on the board?

6 S3: (Walks to the board and writes the following)
(
29 10 5

30 6 8

)⎛
⎜⎜⎝
5

3

2

⎞
⎟⎟⎠ �

(
29 × 5 + 10 × 3 + 5 × 2

30 × 5 + 6 × 3 + 8 × 2

)
�

(
185

184

)

7 Alice: Thank you all three of you. [Student S1] has written using an arithmetic method.
Most of you have written in this manner. This one comes very naturally to you,
ok? [Student S2] has written Robert and Theresa’s award separately. He has tried
to use the matrix method, (points to Student S1’s solution.) Something like this,
ok? Let’s check whether the order of matrix is correct or not
(Alice goes through the method of matrix multiplication and gets the class to
check the order of Student S2’s matrices)
… Ok. Student S3 has written Robert’s and Theresa’s together so that you only
write this matrix once (points to the column matrix [5 3 2]). Don’t need to write
two times, correct or not? See. Over here. You have to write two times but here,
[Student S3] only has to write it once. Let’s check the order again…

8 Alice: (After a short time) I would like to bring this problem a little bit further. Notice
that Student S3 presented the information this way. Is there another way to
represent the same information?
(After some time, Student S4 highlights another possible way)

Here, we see how Alice orchestrated a mathematically productive discussion
(Smith and Stein 2011). Alice carefully attended to students’ answers before she
asked for volunteers during the whole class discussion. However, it can be inferred
that she was deliberate in her selection and sequencing of students’ responses (see
Lines 1 to 6). By beginning with an arithmetic solution, Alice connected Student S1’s
arithmetic operations to matrix multiplications through the sequencing of Student
S2’s and Student S3’s matrix solutions. The reason for using a single matrix mul-
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tiplication (Student S3’s solution) was also made explicit when Alice moved from
Student S2’s solution to Student S3’s using a matrix approach (Line 7) before she
highlighted the different ways to express the given information as matrices (Line 8),
which was an important idea for the lesson. Hence, we see how Alice connected the
different ideas together during the discourse. This practice of connecting (Smith and
Stein 2011) is predicated on Alice’s ability to listen to her students (Davis 1997).
This stance is challenging for teachers to adopt, even experienced ones. Developing
and supporting teachers in listening to students during classroom discussion will
hence be an important area for investigation.

20.4.3 Support Needed by Teachers

As discussed, teacher noticing is critical but can be a difficult skill to hone. Hence, we
propose supporting teachers in (a) thinking about the use of tasks, both mathemati-
cally rich tasks and typical problems, through guided exploration of the curriculum
materials to see the mathematical potential during planning; (b) empowering teach-
ers to orchestrate discussions through discussion prompts during the lesson, and (c)
encouraging them to relook at the mathematical connections from students’ work
after the lesson. Accordingly, we have developed the MATHLET (toolkit) to address
three aspects of incorporating and modifying different tasks for orchestrating learn-
ing experiences. First, we provide a protocol for teachers to unpack the big ideas
of the unit and specify the learning outcomes in terms of concepts, conventions,
techniques, results, and processes for a lesson (Backhouse et al. 1992). Second, we
support teachers to select tasks, including typical problems, and suggest how they can
modify the structure of such problems to facilitate productive mathematics discus-
sions. Last, we suggest prompts and questions enrich classroom discussions around
typical problems that will meet the dual objectives of developing skills and concepts.
The MATHLET is still under development at this stage, but we believe that such
a toolkit will be useful for teachers as they engage in practices that are aimed at
bringing a different act to mind.

20.5 Possible Future Trajectories for Research

Teacher noticing matters. As we have described in this chapter, teachers who notice
productively about instructional and curricular details have a higher likelihood of
improving their teaching practices. As a critical component of teaching expertise, it
is important for mathematics educators to continue their research into this construct.
We see at least three potential trajectories for this research:

1. Unlocking the “black box” of teacher noticing. As argued by Scheiner (2016),
the processes of attending and interpreting instructional events are still unclear
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and hidden within a black box. In particular, it is crucial to investigate how and
why teachers attend to particular events and other instructional details in the
background simultaneously. This may help to answer how and why teachers
may attend to something and yet not perceive the object, and vice versa. A
promising way is to tap into cognitive sciences and human factor research. This
poses several methodological issues, which require more thought. Nevertheless,
such investigations may potentially unlock the black box of noticing and offer
us insights into the underlying mechanisms of productive teacher noticing;

2. Overcoming methodological challenges in researching teacher noticing. Cur-
rently, data collected on teacher noticing come from records of teachers’ conver-
sations during video clubs (Santagata and Yeh 2013; van Es 2012), lesson study
sessions (Choy et al. 2017; Lee and Choy 2017), and other professional devel-
opment settings (Fernandez et al. 2012; Goldsmith and Seago 2013; Seto and
Loh 2015). While there were some attempts to use technology, such as wearable
cameras (Sherin et al. 2011), to capture what teachers see, it remains unclear
how this information can be connected to what teachers attend to, and how they
interpret classroom details. For example, it is possible now to record and analyse
gaze plots of teachers using wearables, but the link between the gaze plots and
teaching actions remains tenuous at best; and

3. Developing teachers’ expertise in noticing. We believe that teacher noticing is
trainable (Choy and Dindyal 2017b), but it remains to be seen how this can be
implemented across teachers of varying experience levels, and across different
schooling years. Research into teacher noticing in Singapore is still in its infancy,
and developmental research into novel professional development programmes
will be a fertile area to look into. While researchers have used video clubs and
lesson study sessions to develop teaching expertise, there may be a need to
develop programmes to hone teachers’ noticing skills in Singapore. This is one
key area in our current research and there is definitely room to examine more
closely, the features of, and the effectiveness of such a programme.

To conclude, we argue for the critical role that productive noticing plays in
teacher education and professional development and highlight how this component
of teaching expertise may be developed and honed. More importantly, as Mason
and Johnston-Wilder (2006, p. 127) put it: “The heart of teaching is interaction with
learners; the rest is preparation to make this interaction useful”, it is important for
us to see noticing as a deliberate practice, which needs preparation, and not some-
thing that is impromptu. Many questions about teacher noticing and challenges in
research and development of teachers’ noticing expertise remain. Nevertheless, we
find it exciting that to see research in this area gaining momentum in Singapore,
and we look forward to see how future research trajectories of productive teacher
noticing in Singapore can contribute towards a more comprehensive understanding
of this important construct in the teaching and learning of mathematics.
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Chapter 21
Reviewing the Past, Striving
in the Present and Moving Towards
a Future-Ready Mathematics Education

Tin Lam Toh, Berinderjeet Kaur and Eng Guan Tay

Abstract This book serves the purpose of discussing the state of mathematics edu-
cation in Singapore at the time it is written, and an update of a previous edition of the
bookonSingaporemathematics educationpublished about a decade ago.This chapter
identifies the central message that runs across the chapters in this book: Singapore is
striving for excellence inmathematics education while addressing her imperfections;
Singapore is also learning from good practices of other countries and at the same
time bases her practices on sound educational theory. In addition, Singapore places
great emphasis on teacher professional development. Further, this chapter discusses
the future trends of mathematics education in Singapore: an increasing emphasis on
big ideas, big data and computational thinking.

Keywords Mathematics education · Big ideas · Big data · Computational
thinking · Early childhood · STEM

21.1 High-Quality Education in Singapore

According to the latest report (Save The Children 2018) released on 31 May 2018
by the non-governmental organization Save The Children, Singapore is ranked first
among all the countries in the world for children to grow up. Among the many
reasons, equitable high-quality education is one of the factors.

Singapore is a great place for children to grow up with good access to high quality education
[emphasis added] and medical care services, while also being one of the safest countries in
the world… (The Straits Times, 1 Jun 2018)
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Being internationally recognized for her “high-quality education” accessible by all
children, it is indeednot surprising that Singapore has performedwell inmathematics,
science and language in various international comparative studies as mentioned in
Chap. 1.

In one of his recent visits to NIE, the Deputy Prime Minister of Singapore, Mr.
Teo Chee Hean, stressed the importance of Singapore having a high level of quality
education. In his closing address at the visit, Mr. Teo also highlighted the importance
for Singapore to understand the reasons why the country had performed well in the
various areas of education. Understanding the reasons why Singapore was perform-
ing well would enable us to better adapt to the constantly changing world, thereby
allowing us to sustain the good performance in the future. He also emphasized on
three aspects of education that Singapore would be focusing on—mathematics, sci-
ence and language.

This concluding chapter summarizes the earlier chapters of this book in taking
stock of what Singapore has been doing in mathematics education and the future
directions that it will be taking.

21.2 A Sense of Singapore Mathematics Education
from the Earlier Chapters in This Book

What are some key impressions that the various chapters of this book coherently
convey? It is not difficult for the reader, as he or she reads through all the chapters in
this book, to get a sense that Singapore is not resting on her laurels despite having
been recognized as a country having one of the best mathematics education systems
in the world. As the various chapters unfold, the Singapore mathematics educators
are self-critical in their approach to mathematics education. On the one hand, the
educators are evidently striving for excellence in the various fields of mathematics
education of their specialization. On the other hand, they are continuing to tease
out the unresolved imperfections in order to approach excellence in mathematics
education.

A good illustration of Singapore mathematics educators’ effort in regularly
attempting to address the imperfections in the midst of good general performance
is in Kaur’s (2009) paper on international comparative studies. It was identified that
Singaporean students were still relatively unfamiliar with solving unseen problems,
amidst the relatively good performance of Singapore students in the international
comparative studies. This paper led researchers to deliberate on the true spirit of
mathematical problem-solving beyond the mere performance in the usual paper-
and-pencil test (Chap. 7). Metacognition, one of the five important dimensions of
problem-solving in the Singapore mathematics curriculum, continues to receive the
attention of mathematics educators and researchers (Chap. 8), as metacognition is
recognized as one of the five attributes of mathematical problem-solving in the Sin-
gapore mathematics curriculum (Chap. 3).
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We also recognize that Singapore mathematics education is not flawless. For
example, Chap. 13 reports that Singapore has a significant number of low-attaining
students who are not performing well in comparison with the low-attaining students
in several other high-performing East Asian countries. As a result, efforts from a
spectrum of concerned educators that range across researchers in NIE, education
and policy officers from the Ministry of Education and school teachers were taken to
address the learning needs of the low-attaining students in the education system. In
the process, there was much collaborative effort among the educators in addressing
the imperfection in the system.

Any reader familiarwith Singapore historywill know that the Singapore education
system evolved from the inherited colonial British education system. However, the
various chapters in this book also show that Singapore has learnt from various other
countries, such as the USA, Australia, New Zealand, and even non-English speaking
countries such as Finland and Japan (Wong et al. 2009). Singapore has boarded the
bandwagonof the latest trends inmathematics education, butwith caution. To cite two
examples of Singapore learning from other countries and testing them out in our local
education system: (1) information and communications technology (ICT) is being
used in Singapore schools in teaching and learning mathematics in various degrees
across all levels (Chap. 14); (2) mathematical modelling and problem-solving in the
real-world context are being implemented in the Singapore schools at the primary
and secondary levels (Chap. 9).

It is also important to note that Singapore does not take ideas wholesale from
overseas. Rather, Singapore adapted these ideas to fit the unique Singapore con-
text and to reinterpret and reconfigure rather than replace the existing mathematics
curriculum with the new trends. Corresponding to the two examples cited in the
preceding paragraph: (1) technology is introduced in the Singapore schools not to
replace students’ computation, but to stretch students’ higher-order thinking skills in
order to enhance their problem-solving ability. (2) The introduction of mathematical
modelling and problems in the real-world context into the Singapore mathematics
curriculumwas not meant to displace the centrality of mathematical problem-solving
in the mathematics curriculum. Instead, mathematical modelling is used to enrich the
problem-solving emphasis of the curriculum: modelling and application of mathe-
matics (in real-world context) have nowbecome important processes ofmathematical
problem-solving, one of the five important attributes of problem-solving.

Singapore builds from established international education theories found in edu-
cation literature as the basis to address the local education needs in order to solve local
problems or to stretch for excellence. As an example, algebra learning has always
been difficult for students worldwide. Piagetian theory suggests the futility of teach-
ing algebra to young children who are not yet ready cognitively to acquire abstract
mathematical concepts. The well-known Singapore model method in solving word
problems (or more affectionately known as “Singapore Math” in the west), and the
Algebra Manipulatives (AlgeDiscsTM and AlgeCards described in Chaps. 8 and 13),
are founded onBruner’s theory of threemodes of representation and subsequently the
more recently developed Concrete-Pictorial-Abstract (CPA) theory. These practices
used in the Singapore schools were tested in some Singapore classrooms to ensure its
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efficacy before its large-scale implementation in the classrooms through the national
mathematics curriculum document. As a side note, in the chapters in which all the
various teaching practices are discussed, one can easily find a long list of references
on the studies carried out to test these practices in Singapore schools. Perhaps, this
could be the reasonwhymost practicing Singaporemathematics teachers will whole-
heartedly use these innovative practices in their classrooms, as confidence has been
built in the teachers that these tested practices will improve their students’ learning.

As one reads through the various chapters of Part III of this book, it is evident
that Singapore places much emphasis on teacher professional development, as we
believe that the most important single factor for the quality of education is the qual-
ity of the teachers’ training as discussed in Chap. 15. In mathematical jargon, we
believe that the quality of the teachers is bounded by the quality of the teacher educa-
tion programme. It is also clear that teacher professional development in Singapore
has transcended the traditional workshop deficit model of professional development.
Teacher professional development has moved to the strong partnership between the
practicing teachers and the researchers in the Singapore National Institute of Edu-
cation (NIE), and/or education and policy officers from the Singapore Ministry of
Education over a sustained period of time. This close partnership ensures the validity
and sustainability of the professional development, which is both practice-oriented
and theory-based.

The reader will also get a sense from reading this book that teaching practice, the-
ory and research are strongly intertwined in the Singapore mathematics education
landscape. In each of the three parts of this book (curriculum, practice and profes-
sional development), the theme discussed in each chapter revolves around practices
which are based on sound education theory and informed by research carried out
locally and internationally. In addition to these practices, how Singapore teachers
are prepared are also discussed in detail.

21.3 Some Other Areas of Mathematics Education

Are there other aspects of mathematics education that deserve our attention? Wong
et al. (2009) asserted that there is a “huge gap in our knowledge about howbest to help
young children make the transition from less-structured acquisition of mathematics
at kindergartens to more formal instruction at Primary 1…” (p. 526). They lamented
that there was only one chapter on early childhood education in their book (Wong
et al. 2009).We find the same situation in this book that is published about one decade
later. There is little mention of research or teaching practice in early childhood years.

Following the recent announcement by the SingaporeMinistry of Education plac-
ing its emphasis on early childhood education and channelling much resource into
this area of education, more mathematics education research will be carried out at the
early childhood level. Studies on early numeracy and other aspects of mathematics
education on early childhood are in the pipeline with this new initiative. We resonate
with the government’s decision in focusing on early childhood education, as this is
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the first step of education in an individual.We believe that there will bemore chapters
on early childhood mathematics education if there is a next volume on Singapore
mathematics education published several years after the publication of this book.

Singapore has been perceived by the world to have provided her students with
a strong STEM education. STEM education has received the world’s attention in
recent years. It is noted that countries such as Thailand and South Korea have looked
towards Singapore, and theNIE in particular, for STEMeducation. There seems to be
a lack of attention onSTEMeducation (only technology ismentioned inChap. 14, not
as an integrated interdisciplinary approach). This might not be too surprising since
there is no isolated STEM subject in the Singapore curriculum either in primary or
secondary level. Singapore does not offer a unique STEM subject in their school
curriculum, a subject with explicit integration across all the four disciplines. In the
context of Singapore, the concept of STEM is perhaps well integrated into the system
implicitly through the connections and applications taught in the individual subjects
of science and mathematics. With the increasing emphasis on STEM education,
the prominent role of mathematics in an interdisciplinary context might spur some
interdisciplinary research related toSTEM—mathematicswill no longer be perceived
as playing merely a supporting role, but as leading in other systems of thought such
as design thinking and scientific thought.

21.4 Looking Forward in the Journey of Mathematics
Education

In addition to striving towards excellence from what Singapore has achieved, we see
at least two emerging trends in Singapore that we shall discuss below.

21.4.1 Big Ideas in Mathematics

We see that the next leap in mathematics education in Singapore is the incorporating
of big ideas into the mainstream discussion in the design of the school mathematics
curriculum. As early as 2000, the notion of big ideas has been discussed in theNCTM
document.

Teachers need to understand the big ideas of mathematics and be able to represent mathe-
matics as a coherent and connected enterprise. (NCTM 2000, p. 17)

The definition of a big idea was not made explicit then, although it was briefly
discussed in the NCTM document. It seems that it was only after the seminal paper
by Charles (2005) that the notion of big ideas began to attract much attention interna-
tionally and was subsequently introduced into the “conversations about mathemat-
ics standards, curriculum, teaching, learning, and assessment” (p. 9). According to
Charles (2005), a big idea is “a statement of an idea that is central to the learning of
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mathematics, one that links numerous mathematical understandings into a coherent
whole” (p. 10).

Understanding big ideas allows an individual to develop a deep and robust under-
standingofmathematics.After all, the notion of big ideas shows the connection across
the many topics of mathematics. The Singapore Ministry of Education (MOE) has
since the latest curriculum review incorporated the use of big ideas in the new school
mathematics curriculum. This development of the school mathematics curriculum
was supported by the new series of textbooks that support the approach of big ideas
in the curriculum. To support the effort of MOE in her implementation of big ideas in
the mathematics curriculum, the theme of the annualMathematics Teachers’ Confer-
ence 2018 held in Singapore was “Big Ideas inMathematics”. This platform gathered
a group of international and local mathematics educators and researchers to share
their knowledge and experience on the theory and practice of big ideas in mathemat-
ics classrooms. Subsequently, it raised an awareness among Singapore mathematics
teachers on the concept of big ideas.

It seems that research projects on big ideas are in the pipeline with the rising
awareness among educators and teachers. The next big step of mathematics edu-
cation in Singapore taken in the latest school mathematics curriculum revision is a
re-examination of the mathematics curriculum with a focus on big ideas in mathe-
matics using a threefold approach: (1) incorporation in the mathematics curriculum;
(2) alignment with the school textbooks and (3) increasing awareness among the
Singapore mathematics teachers and conducting teacher professional development
on big ideas.

21.4.2 Big Data and Computational Thinking

With the exponential increase in the amount of information every moment, it is
not surprising that now we are faced with extremely large volumes of data that are
almost impossible to process using the traditional data processing techniques. The
advent of highly sophisticated technology and powerful computers today makes it
possible to analyse large data in order to identify patterns and trends which could be
crucial information for day-to-day business. This challenges the traditional method
of analysing small sample data sets in order to obtain information about the whole
population. As mathematics is closely linked to computer science due to the nature
of its logical deductive reasoning approach, it will indeed not be surprising that
mathematics education in Singapore could be paying much attention to big data in
preparing our students to be future-ready.

In order to be program computers act on large amounts of information, the notion
of computational thinking could become a new trend in education and, in particular,
mathematics education. The term computational thinking was first used by Papert
(1980). According to Papert (1980, 1996), computational thinking is defined as the
thought processes in formulating a problem and expressing its solution in a way that
computers (and human beings) can work on it. This is reminiscent of mathematical
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problem-solving as it shares the similarity in formulating the problem and looking
for solutions to the problems. Indeed, computational thinking shares similar thought
processes with problem-solving, and in fact, the possibility of formulating a prob-
lem is expressing a problem into its equivalent form—one big idea in mathematics
(Charles 2005).

21.5 Conclusion

This book reports the current state of mathematics education in Singapore in 2018,
and it is a timely update of the book by Wong et al. (2009). The issues discussed in
this book include a broad spectrum of issues related to mathematics education faced
in Singapore. To sum up the state of the art of mathematics education in Singapore,
we would say it is encapsulated in the phrase “Reviewing the past, striving in the
present and moving towards a future-ready mathematics education”.

Interested readers may consider examining many of the ideas presented in this
book, which is written in the Singapore context, bearing in mind the contexts of
their own country. We sincerely hope that this book will be of use to readers who
are interested in mathematics education. Hopefully, the ideas expressed here can be
transferred to another context.
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