Chapter 2 ®)
Graph Structures Under Neutrosophic e
Environment

A single-valued neutrosophic graph structure (neutrosophic graph structure, for
short) is a generalization of neutrosophic graph. In this chapter, we present the notion
of neutrosophic graph structures and explore some properties of neutrosophic graph
structures. Moreover, we discuss the concept of ¢p-complement of neutrosophic graph
structure and present certain operations of neutrosophic graph structures elaborated
with examples. Further, we discuss some applications of neutrosophic graph struc-
tures in decision-making. This chapter is due to [33, 34, 151].

2.1 Introduction

Sampathkumar [151] introduced the graph structure which is a generalization of
undirected graph and is quite useful in studying some structures like graphs, signed
graphs, labelled graphs and edge-coloured graphs.

Definition 2.1 A graph structure G* = (X, E\, ..., E,) consists of a nonempty
set X together with relations E1, E», ..., E, on X which are mutually disjoint such
that each E;, 1 <i < n, is symmetric and irreflexive.

One can represent a graph structure G* = (X, Ey, ..., E,) in the plane just like a
graph where each edge is labelled as E;, 1 <i <n.

Example 2] Let X = {r] s, r3, rg, r5} and E] = {(r] s rz), (}’3, r4), (r] , 7'4)},
E, ={(r1,r3), (r1,rs)}, E3 ={(r2, r3), (r4, rs)} be mutually disjoint, symmetric and
irreflexive relations on set X. Thus G = (X, E|, E», E3) is a graph structure and is
represented in plane as a graph where each edge is labelled as E, E; or E5 (Fig.2.1).

Definition 2.2 Let ¢ be a permutation on {E\, Es, ..., E,}. Then ¢-complement
of a graph structure G* denoted by G** is obtained by replacing E; by ¢(E;),
1<i<n.
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Fig. 2.1 Graph structure G* = (X, E|, E3, E3)

G* is self-complementary if it is isomorphic to G*%°, where ¢ is not an identity
permutation. G* is rotally strong self-complementary if it is identical to G*¢ for all
permutations ¢ on {E1, Es, ..., E,}.

Definition 2.3 If graph structure G* is connected and contains no cycle, in other
words, its underlying graph is a tree, then it is called a tree. G* is an E;-tree if
subgraph structure induced by E;-edges is a tree. Similarly, G* is an E\E; ... E,—
tree if G* is an E;—tree for each i € {1, 2, ..., n}. G* is an E;-forest, if subgraph
structure induced by E;-edges is a forest.

Definition 2.4 Let G} = (X, E|, E,, ..., E,) and G5 = (X', E{, E}, ..., E)) be
two graph structures, Cartesian product of G7 and Gj is defined as: G} x G} =
(X xX',E\xE|,E; X E},...,E, x E}),where E; x E!={(bid, b,d) |d € X',
biby € E;}U{(bdy,bdy) | b e X,did, € E}}, i =(1,2,...,n).

Definition 2.5 Let G} = (X, E|, E,, ..., E,) and G = (X', E{, E}, ..., E,) be
two graph structures, cross product of G} and Gj is defined as: G} * G; = (X *
X/, E; % Ei, E, % E/, oL ELx Er,z)’ where E; x Ez/ = {(bldl, bzdz) | b1b2 € E;,
d1d2 € El/}, i = (1, 2, . ,I’l).

Definition 2.6 Let G} = (X, E|, E,, ..., E,) and G5 = (X', E|, E}, ..., E)) be
two graph structures, lexicographic product of G} and G is defined as: G| o G}
=(XeX ,E eE|,E;eE}, ....,E,eE)), where E; ¢ E = {(bd|,bd;) | b € X,
d]d2 (S El/} @) {(b]d], bzdz) | b]bz (S] E,‘, dldz (S El,},l = (1, 2, ey n)

Definition 2.7 Let G} = (X, E\, E,, ..., E,) and G5 = (X', E{, E}, ..., E,) be
two graph structures, strong product of G} and G3 is defined as: G X G} =
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(XRX,E\RE|, E;KE). ... E, K E,), where E; X E={(bid. byd) | d € X',
biby € E;yU{(bdy,bdy) | b € X,d\dy € E[} U {(bidy, bydy) | bibs € E;, didy €
E}i=(2....n).

Definition 2.8 Let G} = (X, E|, E,, ..., E,) and G = (X', E{, E}, ..., E,) be
two graph structures, composition of G} and G3 is defined as: G} o G5 = (X o
X ,EioE|,E;0E),...,E,0E}), where E; o El = {(bid, byd) | d € X', bib; €
E,’} U {(bdl,bdz) | b e X, d1d2 € E{}U{(bldl,bgdz) | blbz S Ei, dl,dz € X' such
thatd; #dr}, i = (1,2,...,n).

Definition 2.9 Let G} = (X, E, E3, ..., E,) and G5 = (X', E{, E;, ..., E,) be
two graph structures, union of G} and G3 is defined as: GTUGs = (X UX', E U
E|,E;UE},...,E,UE.).

Definition 2.10 Let G} = (X, E|, E», ..., E,) and G} = (X', E{, E}, ..., E)) be
two graph structures, join of G} and G} is defined as: G} + G = (X + X', E| +

E\,E,+E}, ...,E,+E)),whereX+X =XUX',E;+ E/=E; UE;UE/ for
i=(,2,...,n). E{/ contains all those edges, joining the vertices of E and E’.

2.2 Neutrosophic Graph Structures

Definition 2.11 Let X be a nonempty set and £, E,, ..., E, relationson X. G =
(A, By, By, ..., By,) is called a single-valued neutrosophic graph structure if

A ={<n,T;(n), l;(n), F;(n) >:n € X}
is a single-valued neutrosophic set on X and
B; ={< (m,n), T(m,n), I(m,n), F(m,n) >: (m,n) € E;}
is a single-valued neutrosophic set on E; such that

Ti(m,n) < min{T (m), T(n)}, I;(m,n) < min{l(m), I(n)},
F;(m,n) < max{F(m), F(n)},VYm,n € X.

Note that 7;(m,n) = 0 = I;(m,n) = F;(m,n) forall (m,n) € X x X — E; and
0=<Ti(m,n)+ Ii(m,n) + Fi(m,n) <3 forall (m,n) € E;,

where X and E; (i = 1,2, ..., n) are underlying vertex and underlying i-edge sets

of G, respectively.

Throughout this chapter, we will use neutrosophic set, neutrosophic relation and
neutrosophic graph structure, for short.
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Fig. 2.2 Single-valued neutrosophic graph structure

Definition 2.12 Let G = (A, By, B», ..., B,) be a neutrosophic graph structure of
G*.If H = (A, B{, B), ..., B)) is a neutrosophic graph structure of G* such that

T'(n) < T(n), I'(n) < I(n), F'(n) > F(n),Vn € X,
T/(m,n) < T;(m, n), I;(m,n) < I;(m, n) and F/(m,n) > Fi(m,n),Vm,n € E,,

wherei = 1,2, ...,n. Then H is called a neutrosophic subgraph structure of neu-
trosophic graph structure G.

Example 2.2 Let G* = (X, E|, E;) be a graph structure, where X = {q1, ¢2, g3,
g4, 95, 96}, E1 = {q196, 9293, 4394, q4qs}, E2 = {9192, 4596, 9496, q193}. Now we
define neutrosophic sets A, B, B, on X, Ey, E», respectively.

Let A = {(¢q1,0.3,0.6,0.4), (¢2,0.4,0.7,0.5), (¢3,0.5,0.7,0.6), (g4,0.6,0.9,
0.7), (g5,0.4,0.5,0.5), (g6,0.3,0.4,0.4)}, B; = {(q196,0.3,0.2,0.3), (g293,0.3,
0.5,0.4), (g394,0.5,0.7,0.6), (ga4qs,0.3,0.3,0.4)}, B, = {(¢1¢92,0.2,0.6,0.3),
(4596, 0.1, 0.4, 0.2),(q496, 0.1,0.4,0.2), (q193,0.2,0.4,0.3)}. By direct calcula-
tions, it is easy to show that G = (A, B;, By) is a neutrosophic graph structure
of G* as shown in Fig.2.2.

Definition 2.13 A neutrosophic graph structure H = (A’, B}, B, ..., B)) is called
an induced subgraph structure of G by a subset R of X if

T'n)=Tm),I'(n)=1n), F'(n)=F@n),Vn € E,
T/(m,n) = T;(m, n), I;(m,n) = I;(m, n) and F/(m,n) = F;(m,n),Ym,n € E,

wherei =1,2,...,n.

Definition 2.14 A neutrosophic graph structure H = (A’, B}, B}, ..., B)) iscalled
a spanning subgraph structure of G if A’ = A and
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Fig. 2.3 Neutrosophic graph n1(0.5,0.2,0.3) n2(0.7,0.3,0.4)
structure G ®
B1(0.5,0.2,0.4)
©
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o~
S >
S S
Q
B2(0.4,0.3,0.6)
@
n4(0.7,0.3,0.6) n3(0.4,0.3,0.5)
Fig. 2.4 Neutrosophic n1(0.4,0.1,0.4) n2(0.6,0.2,0.5)
subgraph structure ®

B11(0.4,0.1,0.5)

B12(0.4,0.1,0.7)

B12(0.3,0.2,0.7)

n4(0.6,0.2,0.7) n3(0.3,0.2,0.6)

T/(m,n) < T;(m,n), I;(m,n) < I;(m,n) and F/(m,n) > F;(m,n),i = 1,2, ..., n.

Example 2.3 Consider a graph structure G* = (X, E;, E;) and let A, B, B, be
neutrosophic subsets of X, E;, E,, respectively, such that

A ={(n,0.5,0.2,0.3), (n2,0.7,0.3,0.4), (n3, 0.4, 0.3, 0.5), (14, 0.7, 0.3, 0.6)},
Bi = {(mn2,0.5,0.2,0.4), (nan4,0.7,0.3, 0.6)},
B, = {(n3n4, 0.4, 0.3,0.6), (n1n4,0.5,0.2, 0.6)}.

Direct calculations show that G = (A, Bj, B,) is a neutrosophic graph structure of
G* as shown in Fig.2.3.

Example 2.4 A neutrosophic graph structure K = (A’, Byj, By) shown in Fig.2.4
is a neutrosophic subgraph structure of G = (A, By, B,) shown in Fig.2.3.

Definition 2.15 Let G = (A, By, B», ..., B,) be a neutrosophic graph structure of
G*. Thenmn € E; is called B;-edge or simply B;-edge if T; (m, n) > Oor I;(m,n) >
Oor F;(m, n) > 0 orall three conditions hold. Consequently, support of B; is defined
as:
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Fig. 2.5 Strong neutrosophic graph structure G = (A, By, B>)

supp(B;) = {mn € B; : T;(m,n) > 0}U{mn € B; : [;(m,n) > 0}
U{mn € B; : F;(m,n) >0},i =1,2,...,n.

Definition 2.16 B;-path in a neutrosophic graph structure G = (A, By, By, ..., By)
is a sequence of distinct vertices ny, ny, ..., n, (except choice that n,, = n;) in X,
such that n;_n; is a neutrosophic B;-edge forall j =2, ..., m.

Definition 2.17 A neutrosophic graph structure G = (A, By, B», ..., B,) is called
B;-strong for some i € {1,2,...,n}if

T:(m,n) = min{T (m), T (n)}, I;(m,n) = min{l (m), I (n)}

and
F;(m,n) = max{F (m), F(n)}, Vmn € supp(B;).

Furthermore, neutrosophic graph structure G is called strong if it is B;-strong for all
ief{l,2,...,n}

Example 2.5 Consider a neutrosophic graph structure G = (A, By, B) as shown in
Fig.2.5. Then G is a strong neutrosophic graph structure since it is both B;- and
B,-strong.

Definition 2.18 A neutrosophic graph structure G = (A, By, B,, ..., B,) is called
complete if G is a strong neutrosophic graph structure, supp(B;) # ¢ for all i =
1,2, ..., n and for every pair of vertices m, n € X, mn is a B;-ed ge for some i.
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Fig. 2.6 Complete n1(0.5,0.4,0.5)
neutrosophic graph structure

B2(0.4,0.7,0.8)
n3(0.5,0.7,0.6) n2(0.4,0.7,0.8)

Example 2.6 Let G = (A, By, B») be a neutrosophic graph structure of graph
structure G* = (X, Ey, E») such that X = {ny, n,, n3}, E1 = {niny} and E, =
{nons, nins3} as shown in Fig.2.6. By simple calculations, it can be seen that G
is a strong neutrosophic graph structure. Moreover, supp(B)) # ¢, supp(B) # ¢,
and each pair of vertices in X is either a Bj-edge or an B;-edge. So G is a complete,
i.e. B| By-complete neutrosophic graph structure.

Definition 2.19 Let G = (A, By, By, ..., B,) be a neutrosophic graph structure.
Then truth strength, indeterminacy strength and falsity strength of a B;-path Pp, =
ni, ny, ..., n, are denoted by T.Pp,, I.Pp, and F.Pp,, respectively, and defined as

m

T.Pg, = /\[Tg(njoinp)1. 1.Ps = \Uf (njinp)]. F.Pg = \/[Fg(njnp].
j=2 j=2 j=2

Example 2.7 Consider a neutrosophic graph structure G = (A, By, B;) as shown in
Fig.2.6. We found that Pg, = n,, n3, n; is a By-path. So T.Pg, = 0.4, I.Pg, = 0.4
and F.Pp, =0.8.

Definition 2.20 Let G = (A, By, By, ..., B,) be a neutrosophic graph structure.
Then

(i)  Bj-truth strength of connectedness between m and n is defined as:
Tge(mn) = \/{Tl;; (mn)} such that Tél (mn) = (TL{,[_1 o Tél_)(mn) for j >2
j>1
and
Tj (mn) = (Ty, o Ty )(mn) = \/(Tg,_ (mz) A Ty (zn)).

Zz
(i)  B;-indeterminacy strength of connectedness between m and n is defined as:

1°(mn) = \/ {I} (mn)} such that Iy (mn) = (I[,jl o I )(mn) for j > 2 and
j=1

I3 (mn) = (Iy, o I3)(mn) = \/ (I}, (mz) A I (zn)).
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(iii)  B;-falsity strength of connectedness between m and n is defined as:
Fg’(mn) = /\{FEJ?,- (mn)} such that Féi(mn) = (Fé:l o Féi)(mn) for j >2
j=l
and
Fj (mn) = (Fy, o Fy)(mn) = [\ (Fj (m2) v Fj (zn)).

z

Definition 2.21 A neutrosophic graph structure G = (A, By, By, ..., B,) is a B;-
cycle if

(supp(A), supp(B1), supp(B>), ..., supp(By)) is a B;-cycle.

Definition 2.22 A neutrosophic graph structure G = (A, By, B,, ..., B,) is a B;-
cycle (for some i) if G is a B;-cycle, no unique B;-edge mn is in G such that

Tp,(mn) = min{Tp, (rs) : rs € E; = supp(B;)},

or
Ig,(mn) = min{lp, (rs) : rs € E; = supp(B;)},

or
Fg,(mn) = max{Fp,(rs) :rs € E; = supp(B;)}.

Example 2.8 Consider a neutrosophic graph structure G = (A, By, B,) as shown in
Fig.2.5. Then G is a B;-cycle and neutrosophic By — cycle, since (supp(A), supp
(B1), supp(B,)) is a Bj-cycle and there is no unique Bj-edge satisfying above con-
dition.

Definition 2.23 LetG = (A, By, B», ..., B,) beaneutrosophic graph structure and

p be a vertex in G. Let (A, B;, Bé, ..., B)) be a neutrosophic graph structure
induced by X \ {p} such that, for all v # p, w # p,

Ty (p)=0=I4(p)=Fua(p), Tg;(pv) = 0 = I (pv) = Fp/(pv), Vedges pv € G,
Ty (v) =Ta(v), Lo (v) = 14(v), Fa(v) = Fa(v),
TB/;(vw) = Tp, (vw), IB/;(vu)) = I (vw) and FB/;(vw) = Fp (vw).
Then p is neutrosophic B;-cut vertex for any i if
Tg (vw) > Tgf(vw), Iz (vw) > Igf?(vw) and Fg’ (vw) > Fg?(vw),

for some v, w € X \ {p}. Note that p is a

e B; — T neutrosophic cut vertex if 75" (vw) > Tz’ (vw),
e B; — I neutrosophic cut vertex if Ig’(vw) > 137 (vw),
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e B; — F neutrosophic cut vertex if Fgf’(vw) > Fg?(vw).

Example 2.9 Consider a neutrosophic graph structure G = (A, Bj, B;) as shown
in Fig.2.7 and let G’ = (A’, B{, B}) be a neutrosophic subgraph structure of neu-
trosophic graph structure G found by deleting vertex n,. Deleted vertex n, is a
neutrosophic Bj-I cut vertex since

I (nans) =04 > 0.3 = I;?(ngns), I3 (n3ng) = 0.7 = Ig?(n3n4),

and
I3 (n3ns) = 0.4 > 0.3 = I;?(n3n5).

Definition 2.24 Suppose G = (A, By, B», ..., B,) be a neutrosophic graph struc-
ture and mn be B;-edge. Let (A’, B, B, ..., B)) be a neutrosophic spanning sub-
graph structure of G, such that V edges mn # rs,
Tp(mn) =0 = Ip(mn) = Fg(mn), Tp (rs) = Tp,(rs),
Ip/(rs) = Ip,(rs) and Fp/(rs) = Fp,(rs).
Then mn is a neutrosophic B;-bridge if

Ty (vw) > Ty (vw), Ip°(vw) > I’ (vw) and Fg" (vw) > Fp’(vw),

for some v, w € X. Note that mn is a

e B; — T neutrosophic bridge if Tgf’(vw) > T (vw),
e B; — I neutrosophic bridge if Igf’(vw) > 17 (vw),
e B; — F neutrosophic bridge if Fgf(vw) > Fg?(vw).

n2(0.4,0.7,0.5)

N

Q'% 03 (00-? 0
A B 6,

%0 2(0.2,0.4,0.3) "2
S 2 i 5
A= S S
A < ~
S s s
S = =
3 S )

%, = = B>(0.1,0.4,0.2) &
2,5%5 o
g 3 oY
)0;) ’0.4) A\

n5(0.4,0.5,0.6)

Fig. 2.7 Neutrosophic graph structure G = (A, By, B»)
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Example 2.10 Consider the neutrosophic graph structure G = (A, By, B;) as shown
in Fig.2.7 and G’ = (A’, B}, B}) be a neutrosophic spanning subgraph structure of
neutrosophic graph structure G which is found by deleting B;-edge (n,n5). Edge
(nyns) is a neutrosophic Bj-bridge. Since

Ty (nans) = 0.4 > 0.3 = Tg{o(ngn5),
I3 (nans) = 0.4 > 0.3 = Ig?(l’lzns)

and
Fg?(nznf,) =05>0= Fg?(n2n5)

Definition 2.25 A neutrosophic graph structure G = (A, By, B,, ..., B,) is a B;-
tree if

(supp(A), supp(By1), supp(Ba), ..., supp(By))

is a B;-tree. In other words, G is a B;-tree if a subgraph of G induced by supp(B;)
generates a tree.

Definition 2.26 A neutrosophic graph structure G = (A, By, Ba, ..., By) is B;-tree
if G has a neutrosophic spanning subgraph structure H = (A, B}, B, ..., B,) such
that for all B;-edges mn notin H, H is a B]-tree,

T, (mn) < Ty’ (mn), Ig,(mn) < I (mn) and Fg,(mn) > Fp; (mn).

In particular, G is a:

e neutrosophic B;-T tree if T, (mn) < Tg’(mn),
e neutrosophic B;-I tree if I, (mn) < I3 (mn),
e neutrosophic B;-F tree if Fp, (mn) > Fg’(mn).

Example 2.11 Consider the neutrosophic graph structure G = (A, By, B,) as shown
in Fig.2.8, which is a B;-tree. It is not a Bj-tree but a neutrosophic Bj-tree since it
has a neutrosophic spanning subgraph (A’, By, Bj) as a Bj-tree, which is obtained
by deleting B;-edge n,ns from G.

Moreover,

TB1 (I’lzl’lS) =02<03= Tg?(l’lzn5), 131 (I’lgi’l5) =0.1<03= I;f’/(ngn5)
and

Fg (nans) = 0.6 > 0.5 = Fg?,(nzns).

Definition 2.27 A neutrosophic graph structure G; = (A4, Bi1, B12, ..., B1,) of
the graph structure G} = (X1, E11, E12, ..., Ey,) is isomorphic to neutrosophic
graph structure G = (A2, By, B, ..., By,) of the graph structure G5 = (X», Eai,
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B, .

., E»y) if we have (f, ¢) where f : X; — X, is a bijection and ¢ is a permu-
tation on set {1, 2, ..., n} and following relations are satisfied

Ta (m) = Ta,(f(m)), 14, (m) = I4,(f(m)), Fa,(m) = Fa,(f(m)),
for allm € X, and

T, (mn) = Tg,,, (f (m) f(n)), Ig, (mn) = Ip,,, (f(m)f(n),

Fg, (mn) = FBz«nm (f(m)f(n)),
forallmn e Ey;,i=1,2,...,n

Example 2.12 Let G, = (A, By, By) and G, = (A’, B}, B}) be two neutrosophic
graph structures as shown in Fig.2.9. G is isomorphic G, under (f, ¢) where f :
X — X' is a bijection and ¢ is a permutation on set {1, 2} defined as ¢(1) = 2,
¢(2) = 1 and following relations are satisfied

Ta(ni) = Ta(f(n), Ia(ni) = 14 (f (1)), Fa(ny) = Fa(f(ny)),
forall n; € X, and

Ty, (ninj) = Tpy, (f () f(n))), Ig, (ninj) = I

1o (i) f(nj)),
FB,.(ninj) = FB

’

o (F) f))),
Vl’l,'l’lj € E;andi =1, 2.

Definition 2.28 A neutrosophic graph structure G; = (A, B11, Bia,
the graph structure G = (X, Eq1, Ei2,

ces B ln) of
., E1,) is identical to neutrosophic graph

93
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n3(0.2,0.7,0.8) m2(0.5,0.5,0.6)

14(0.2,0.3,0.5)

n1(0.3,0.3,0.4) m4(0.2,0.3,0.5) m1(0.3,0.3,0.4)

n2(0.5,0.5, 0.6) m3(0.2,0.7,0.8)

Fig. 2.9 Isomorphic neutrosophic graph structures
structure G, = (Az, Ba1, Bay, ..., Byy,) of graph structure G5 = (X», Ez, B, ...,
E,,) if f : X; — X, is a bijection and following relations are satisfied:
Ta,(m) = Ta,(f(m)), 1a,(m) = Ix,(f(m)), Fa,(m) = Fa,(f(m)),
for allm € X, and
Tp, (mn) = Tg, (f(m) f(n)), Ip,(mn) = Ip, (f(m)f(n)),
Fp, (mn) = Fg, (f(m) f (n)),

forallmn € Ej;andi =1,2,...,n.

Example 2.13 Let G, = (A, By, By) and G, = (A, B, B}) be two neutrosophic
graph structures of graph structures G} = (X, E|, E;) and G} = (X', E{, E}),
respectively, as shown in Figs.2.10 and 2.11. Neutrosophic graph structure G is
identical to G, under f : X — X’ defined as

fn) =my, f(na) =my, f(n3) =my, f(ng) =ms, f(ns) =ms, f(ne) =ms,
f(n7) =mz, f(ng) =me, Ta(ni) =Ty (f(ni)),
Ta(ni) = Ia (f (i), Fa(ni) = Fa(f(n:)),
foralln; € X and

T (ninj) = T (f i) f (n)), 1, (ninj) = Iy (f (i) f(n)), Fp;(ninj) = Fp:(f (ni) f(n)),
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n5(0.7,0.6,0.5)

74(0.6,0.5,0.4)

n6(0.4,0.5,0.2)

n7(0.5,0.3,0.6)

Fig. 2.10 Neutrosophic graph structure G

ms(0.7,0.6, 0.5)

m7(0.5,0.3,0.6)

Fig. 2.11 Neutrosophic graph structure G

forallmn; € E;andi =1, 2.

Definition 2.29 LetG = (A, By, B,, ..., B,) be aneutrosophic graph structure and
¢ be a permutation on {By, B,, ..., B,}andon {1, 2, ..., n} defined by ¢(B;) = B;
if and only if ¢(i) = j for all i. If mn € B; for any i and

TB;* (mn) = Ta(m) A Ta(n) — \/ Ty(p;)(mn), IB;o(mn) = Ia(m) A la(n) — \/ Iy(p;)(mn),
J#i Ji

Fye(mn) = Fo(m) v Fx(n) — N\ Tos)(mn), i =1,2,....n,
J#i

then mn € Bf , Where k is selected such that
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n1(0.3,0.4,0.7) n1(0.3,0.4,0.7)

[ ® L g
n2(0.5,0.6,0.4) B»(0.5,0.4,0.3) n3(0.7,0.5,0.3) n5(0.5,0.6,0.4) Q7(0.5,0.5,0.4) n3(0.7,0.5,0.3)

Fig. 2.12 Neutrosophic graph structures G, G

TBf‘ (mn) > TBio (mn), ]Bf (mn) > IBio (mn) and FB;° (mn) > Bm (mn) for all i,

then neutrosophic graph structure (A, Blo , Bg) s B,f ) is called ¢-complement of
G and denoted by G%°.

Example 2.14 Let G = (A, By, B, B3) be a neutrosophic graph structure shown in
Fig.2.12 and ¢ be a permutation on {1, 2, 3} defined as:

o(1) =2, ¢(2) =3, ¢(3) = 1. By direct calculations, we found that
nins € Bg’,nzm € Bl,nlnz € B So, G = (A, B1 , B2, B; )1sgz$ -complement of
neutrosophic graph structure G as shown in Fig.2.12.

Proposition 2.1 ¢-complement of a neutrosophic graph structure G = (A, By,

By, ..., By) is always a strong neutrosophic graph structure. Moreover, if ¢(i) =
k, where i,k € {1,2,...,n}, then all By-edges in neutrosophic graph structure
(A, By, B>, ..., B,) become B;b-edges in

(A, B, BS,....BY).

Proof According to the definition of ¢-complement,

Tyo(mn) = Ta(m) A Ta(n) = \/ Ty, (mn),
J#

Iyo(mn) = La(m) A La(n) = \/ Los,) Omn),
J#

Fye(mn) = Fa(m) Vv Fa(n) = /\ Fyn,)(mn),
J#L
fori € {1, 2, ..., n}. For expression of truthness in ¢-complement:
Since
Tp(m) A Ta(n) = 0, \/ Ty, (mn) > 0 and Tg, (mn) < Ta(m) A Ta(n), VB;,
J#i

we see that
\/ Tocs,)(mn) < Ta(m) A Ta(n),
j#i
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which implies that

Tp(m) A Ta(n) = \/ Ty, (mn) = 0.
J#i

Therefore, Tyo(mn) > 0 Vi. Moreover, Ty (mn) achieves its maximum value when
\Vi Ty(p;)(mn) is zero. It is obvious that when ¢(B;) = By and mn is a By-edge then

j\7 Ty(p;)(mn) gets zero value. So
J#i
Tyo(mn) = Ta(m) ATa(n), for (mn) € By, ¢(Bi) = B.
Similarly, we have
Lgo(mn) = In(m) A 1a(n), for (mn) € By, ¢(B;) = B.
In the similar way for expression of falsity in ¢-complement:
Since
Fy(m) v Fo(n) =0, /\ Fys,)(mn) > 0and Fg,(mn) < Fs(m) v FA(n)¥B;,
J#

we see that
/\ Fy;)(mn) < Fa(m) Vv Fa(n),
J#i

which implies that
Fa(m) v Fa(n) = )\ Fy,)(mn) > 0.
j#i

Therefore, F . (mn) is nonnegative for all i. Moreover, F s (mn) attains its maximum

value when /\ Fy(p;)(mn) becomes zero. It is clear that When ¢(B;) = By and mn
J#
is a By-edge then /\ Fy g, (mn) gets zero value. So
J#

FB;»(mn) = Fa(m) Vv Fs(n) for (nn) € By, ¢(B;) = By.

This completes the proof.

Definition 2.30 LetG = (A, By, Bs, ..., B,) beaneutrosophic graph structure and
¢ be a permutation on {1, 2, ..., n}. Then

(i) If G is isomorphic to ‘G‘ﬁc, then G is said to be self-complementary.
(ii) If G is identical to G?¢, then G is said to be strong self-complementary.
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n2(0.4,0.5,0.6)

B1(0.4,0.4,0.6)

n1(0.7,0.4,0.5)

(¢0°'€'0'2°0)eg

n6(0.4,0.5,0.6) n4(0.4,0.5,0.5)

n7(0.2,0.3,0.4) n5(0.2,0.3,0.3) n3(0.2,0.3,0.4)

Fig. 2.13 Totally strong self-complementary neutrosophic graph structure

Definition 2.31 Suppose G = (A, By, By, ..., B,) be a neutrosophic graph struc-
ture. Then

(i) If G is isomorphic to G, for all permutations ¢ on {1, 2, ..., n}, then G is
totally self-complementary.
(ii) If G is identical to G?¢, for all permutations ¢ on {1, 2, ..., n}, then G is

totally strong self-complementary.

Remark 2.1 All strong neutrosophic graph structures are self-complementary or
totally self-complementary neutrosophic graph structures.

Example 2.15 A neutrosophic graph structure G = (A, By, B, B3) inFig.2.13is a
totally strong self-complementary neutrosophic graph structure.

Theorem 2.1 A neutrosophic graph structure is totally self-complementary if and
only if it is strong neutrosophic graph structure.

Proof Consider a strong neutrosophic graph structure G and a permutation ¢ on
{1,2,...,n}. By Proposition 2.1, ¢-complement of a neutrosophic graph structure
G = (A, By, By, ..., By,) is always a strong neutrosophic graph structure. More-
over, if (i) = k, where i, k € {1,2, ..., n}, then all B;-edges in neutrosophic graph
structure (A, Bj, B,, ..., B,) become Bf)-edges in (A, B(/), Bg), R B,(f). This leads

T, (mn) =Ta(m) ATa(n) = TB:a(mn), Ip (mn) = I,(m) A Ix(n) = IB,?” (mn)

and
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Fg (mn) = Fa(m) V Fa(n) = Fpe(mn).

Hence, under the mapping (identity mapping) f : X — X, G and G? are isomorphic
such that

Ta(m) = Ta(f(m)), Ia(m) = I4(f (m)), Fa(m) = Fa(f(m)),
Ty, (mn) = Tgo(f(m) f(n)) = Tyo(mn), Ip,(mn) = Lo (f (m)f(n)) = Igo(mn),
Fp (mn) = Fpo(f (m) f(n)) = Fpo(mn),

forallmn € Ey, qb"(k) =iandk =1, 2, ..., n. Thisis satisfied for every permuta-
tion ¢ on {1, 2, ..., n}. Hence, G is totally self-complementary neutrosophic graph
structure. Conversely, let for every permutation ¢ on {1,2,...,n}, G and G? are
isomorphic. Then according to the definition of isomorphism of neutrosophic graph
structures and ¢-complement of neutrosophic graph structure,

T (mn) = Tgo(f(m) f(n)) = Ta(f (m)) A Ta(f (n)) = Ta(m) A Ta(n),
I, (mn) = Ipo(f(m) f(n)) = Ia(f (m)) A La(f (n)) = Ta(m) A La(n),
Fp (mn) = Fpo(f (m) f(n)) = Fa(f(m)) vV Ta(f (n)) = Fa(m) A Ta(n),

forallmn € Eryandk = 1,2, ..., n.Hence, G is strong neutrosophic graph structure.

Remark 2.2 Every self-complementary neutrosophic graph structure is totally self-
complementary.

Theorem 2.2 If G* = (X, E|, E», ..., E,) is a totally strong self-complementary
graph structure and A = (Ta, L4, Fy) is aneutrosophic subset of X where Tx, 14, Fa
are constant valued functions, then a strong neutrosophic graph structure of G* with
neutrosophic vertex set A is always a totally strong self-complementary neutrosophic
graph structure.

Proof Consider three constants p, g, r € [0, 1], such that Ty(m) = p, [4(m) =
q, Fa(m) =r Ym € X. Since G* is totally self-complementary strong graph struc-
ture, so there is a bijection f : X — X for any permutation gb_l on{l,2,...,n},
such that for any E-edge (mn), (f(m)f(n)) [an E;-edge in G* ] is an E-edge in
G**”'¢. Hence, for every Bi-edge (mn), (f(m)f(n)) [a B;-edgein G ]is a B,f-edge
in G®'*. Moreover, G is strong neutrosophic graph structure. Thus,

Tpg(m) = p =Ta(f(m)), Ia(m) = q = 15(f(m)), Fa(m) =r = Fo(f(m)), Vm € X,

T, (mn) = Ta(m) A Ta(n) = Ta(f (m)) ATa(f (n)) = Tyo (f (m) f (n)),
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g (mn) = Ta(m) A Lx(n) = Ta(f(m)) A La(f () = Lpo(f(m) f(n)),
Fp (mn) = Fa(m) vV Ia(n) = Fa(f (m)) vV Fa(f (n)) = Fpo(f(m) f(n)),

forallmn € E;andi = 1,2, ..., n. This shows that G is self-complementary strong
neutrosophic graph structure. Every permutation ¢ and ¢~' on {1,2, ..., n} satisfy
above expressions; thus G is totally strong self-complementary neutrosophic graph
structure.

Remark 2.3 Converse of Theorem 2.2 may not be true, for example a neutrosophic
graph structure shown in Fig. 2.13 is a totally strong self-complementary, it is strong
and its underlying graph structure is a totally strong self-complementary but T4, 14,
F 4 are not constant functions.

2.3 Operations on Neutrosophic Graph Structures

In this section, we present the operations on neutrosophic graph structures.

Definition 2.32 LetG,=(A, Bi1, B2, ..., Biy)and G, = (A3, By, B, ..., Byy,)
be neutrosophic graph structures of the graph structures G} = (X1, Eq1, Ep2, ..., Ein)
and G5 = (X, Ea1, En, ..., Ey,), respectively. The Cartesian product of G and
G», denoted by

G X Gy = (A1 X Ay, By X Ba1, Bia X By, ..., By, X By,),

is defined by the following:

Tia xan(qr) = (Ty, X Ta,)(qr) = Ty, (q) A Ta,(r)

@) TIia xan(qr) = (Ia, X 1a,)(qr) = 14,(q) A 14, (r)

Faixay(gr) = (Fa, X Fa,)(qr) = Fa, (q) V Fa,(r)

forall gr € E; x Ey,

T, x B (qr1)(gr2) = (T, x T, )(qr1)(gr2) = T, (q) N Tp, (r112)
(ii) I, x o) (qri)(qry) = (Up, % 1p,)(qri)(gr2) = 14,(q) A I, (rir2)
FB,xBy)(qri)(qr2) = (Fp, x Fp,)(qr1)(qr2) = Fa,(q) V Fp, (r112)
for allq € X[, rirn € Ez,',

T, x B (@17)(q2r) = (T, x T,)(q1r)(qar) = Ta,(r) A T, (q192)
(iii) I, x o) (q17)(q2r) = (U, x Ip,)(q17)(qor) = 1a,(r) A Ip,(q192)
FB,xBy)(q1r)(qar) = (Fp,, X Fp,)(q1r)(qar) = Fa,(r) V F3,(q192)
forallr € X5, q192 € Ey;.

Example 2.16 Consider G; = (Ay, By1, Bi2) and G, = (A,, By, By) are neu-
trosophic graph structures of graph structures G| = (X, Ey, E12) and G5 =
(X2, Ez1, Enp), respectively, as shown in Fig.2.14, where E|; = {q1q2}, E12 =
{4394}, E21 = {rir2}, Ex = {r2r3}.
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¢1(0.5,0.2,0.6)

71(0.2,0.2,0.3)

r2(0.3,0.3,0.4)

r3(0.5,0.4,0.5)
43(0.4,0.3,0.4) G2 = (A2, Ba1, B22)
G1=(A1, Bi1, Bi2)

Fig. 2.14 Neutrosophic graph structures
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oy PN Q- 3(C 5 o 1 g N
2 >0, ¢
¢ 20 o
2 08 %7
3,0 750,
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@ Biz X 322(0-24,042,046{03«0- 7s(y) ® Bz % B22(0.4,0.3,0.6) K
T 4 O3 0 »(‘b\
*0.5) o

Fig. 2.15 Cartesian product of two neutrosophic graph structures

Cartesian productof G| and G, definedas G| x Gp={A| X A3, By; x By, Bjy X
By} is shown in the Fig.2.15.

Theorem 2.3 The Cartesian product Gi x G, = (A; X Ay, Byy X By, Bya X
By, ..., By, X Ba,) of two neutrosophic graph structures G| and G, of the graph
structures G| and G} is a neutrosophic graph structure of G| x Gj.

Proof According to the definition of Cartesian product, there are two cases:

Case 1. Whengqg € Xy, rir; € Ey;
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T(BliXBz,‘)((qu)(qu)) = TAl(q) A TBz,‘ (rir2)
< Tp, (g) A[Ta,(r1) ATy, (r2)]
= [T, (@) ATa,(r))] AlTa,(q) ATy, (r2)]
= Ta,xa)(@r1) A Tea, xa,)(qr2),
I, xB)((qr1)(qr2)) = 14,(q) A Iy, (rir2)
<5, (q) ANa, (r1) A g, (r2)]
= [14,(q) A 12, (r1)] A (q) A 14,(1r2)]
= Ta, x4 (qr1) A Lia,xa,)(qra),
F(BUXBzi)((qu)(qu)) = FA[(‘]) \% FBZ,- (rir2)

S Fu(q) VI[Fa,(r) V Fa,(r2)]

=[Fa,(q)V Fa,(r)] V[Fa,(q)V Fa,(r2)]
= Fa,xa)(@r1) vV Fa,xa,(qr2),

for gry, gry € X1 x Xo.
Case2. Whengqg € X,,r1m € Ey;

T8, xB,) ((11q) (r2q)) = Ta,(q) A T, (r112)
< T, (@) A [Ta, (r1) A Ta, (r2)]
= [Ta,(q) AN Ta, (r)] AN[Ta,(q) A Ta, (r2)]
= Tiaxa)(r19) A Ta, x4, (r29),
1B, x B,y ((r1@)(r29)) = 1a,(q) A I, (r172)
< 1a,(q) A U4, (r1) A 14, (r2)]
= [La,(q) AN A, (rD)] AU, (@) A, (r2)]
= T, xan(11q) A Lia,xa,) (r2q),
FB,:x8,)((r1q)(r2q)) = Fa,(q) V F,(r1r2)
< Fa, (@) V[Fa (r1) V Fa,(r2)]

= [Fa,(q@) V Fa,(r)] V [Fa,(q) V Fa,(r2)]
= Fa,x4,)(1q) V Fia xa,) (nq),
for riq, g € X; x X».
Both cases are satisfied Vi € {1,2, ..., n}
Definition 2.33 Let G, =(A, Bi1, Bya,

.o+, Bip)and Gy = (A, Ba1, B, ..., Byy)
be neutrosophic graph structures. The cross product of G| and G, denoted by

G1 %Gy = (A1 % Ay, Byi * By1, Bio * By, ..., By, * Byy),
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q171(0.2,0.2,0.6) q172(0.3,0.2,0.6) q173(0.5,0.2,0.6)
[ ]

B * 321(0.2, 0.2, 0.8)

B11 * B21(0.2,0.2,0.8)

[ J
QQT1(0.2,0.2,0.8) QQT2(0.3,0‘3,0.8) QQT3(0.5,0.3,0.8)

q371(0.2,0.2,0.4) 4372(0.3,0.3,0.4) q373(0.4,0.4,0.5)
[ ]

Bi12 * B22(0.3,0.3,0.6)

Bia * 322(0.3, 0.3, 0.6)

[ ]
qa71(0.2,0.2,0.6) qar2(0.3,0.3,0.6) qa73(0.5,0.3,0.6)

Fig. 2.16 Cross product of two neutrosophic graph structures

is defined by the following:

Tiaxa,)(qr) = (Ta, * Ta,)(qr) = Ta,(q) A Ta,(r)
(i) Tiaean(qr) = (Ia, % 1a)(qr) = 14,(q) A 1a,(r)
Fiaan(qr) = (Fa, % Fa))(qr) = Fa, (@) V Fa,(r)
forall gr € X| x X3,
T(B,+By)(q171)(q2r2) = (T, * T, )(q17r1)(q2r2) = T, (q192) A T, (r1r2)
(i) { Iy« (q1r1)(qar2) = (I, * Ip,)(q1r1)(q2r2) = I, (q192) A Ip, (r1r2)

Fpmon (qir)(qar2) = (Fp,, * Fp,))(q1r1)(q2r2) = Fp,(q192) V F,,(ri12)
forall giq> € Ey;, 1112 € Ey;.

Example 2.17 Cross product of two neutrosophic graph structures G| and G, shown
in Fig.2.14 is defined as G| * G, = {A| * Ay, By1 * Bay, Biz * By} and is shown in
the Fig.2.16.

Theorem 2.4 The cross product Gy * G, = (A; * Ay, By * By1, Bia % B, ...,
B\, * By,) of two neutrosophic graph structures of the graph structures G x| and G’
is a neutrosophic graph structure of G} * G35.
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Proof For all giry, gory € X1 % X5

T(B,x8,) ((q1r1)(q2r2)) = Tp,,(q192) A Tp,, (r1r2)
< [Ta,(q1) A Ta(g2)] A[Ta,(r1) A Ta,(r2)]
= [Ta,(q) A Ta,(r))] ATa,(q2) A Ta,(r2)]
= Tiaxa2)(q171) N Tia x4, (@272),

I(B,;+,)((q171)(q212)) = I, (q192) N I, (r172)
< Ua (g0 A4 (q2)] A Ua,(r1) A sy (r2)]
= [1a,(q1) A L4, (rD] A A (q2) A 14,(r2)]
= Tiaxan (@171 A L xay)(q2r2),

Fi i« ((qir1)(q2r2)) = Fp,.(q192) V Fp, (rir2)
< [Fa,(q1) vV Fa,(@2)] V [Fa,(r1) V Fa,(r2)]
= [Fa,(q1) V Fa,(r1)] V [Fa,(q2) V Fa,(r2)]
= Fiaxan(@irD) V Fasay (qar2),

fori € {1,2,...,n}.

Definition 2.34 LetGl = (Al, B“, Blg, ey B],l) and Gz = (Az, le, Bzg, ey an)
be neutrosophic graph structures. The lexicographic product of G| and G,, denoted
by

GieGy= (A e Ay, Bjye By, Bye B, ..., By, e By),

is defined by the following:

Tia,00,)(qr) = (T4, @ Tp,)(qr) = Ta,(g) A Ta,(r)
() La10n,)(qr) = (14, @ 14,)(qr) = 1a,(q) A 14,(7)
Flajeny)(qr) = (Fa, @ F4,)(qr) = Fa,(q) V Fa,(r)
forall gr € X x X»,
T(B,e8:)(qr1)(gr2) = (T, @ T, )(gr1)(qr2) = Ta,(q) A T, (r172)
(i) I(B,e8,)(qr1)(gr2) = (I, ® Ip,)(qr1)(qr2) = 14,(q) A Ip, (r172)
F(B,eB,)(qr1)(qr2) = (Fp, ® Fp,)(qr1)(qr2) = Fa,(q) V Fp, (rir2)
forallg € Xy, riry € Ey;,
T(B, e, (q171)(g212) = (T, ® T, ) (q171)(q212) = T, (q192) N T, (r112)
(iii) § I(ByeB) (q1r1)(q2r2) = (I, ® Ip,)(q1r1)(q2r2) = Ip,,(q192) A I, (r172)
F(ByeBy)(q171)(q2r2) = (Fp,, @ Fp,)(q171)(q2r2) = Fp,,(q192) V Fp, (r1r2)
for all g1q, € Ey;, rir2 € Ey;.

Example 2.18 Lexicographic product of two neutrosophic graph structures G| and
G, shown in Fig.2.14 is defined as
G1eG,={A| e Ay, Bjj @ By, Bj; @ By} and is shown in the Fig.2.17.
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q171(0.2,0.2,0.6)B11 @ B21(0.2,0.2,0.6) q172(0.3,0.2, 0.6) q273(0.5,0.3,0.8)

Bi1 e B21(0.2,0.2,0.8 Bi2 e B2>(0.3,0.2,0.6)

Bi1 e B21(0.2,0.2,0.8) B2 @ B22(0.3,0.3,0.8)

271(0.2,0.2,0.8) B11 @ B21(0.2,0.2,0.8)272(0.3,0.3,0.8)  g175(0.5,0.2, 0.6)

qa71(0.2,0.2,0.6) q372(0.3,0.3,0.4)B12 @ B22(0.3,0.3,0.5)g373(0.4,0.3)

Bi1 e B21(0.2,0.2,0.6 B13 e B32(0.3,0.3,0.6)

Bi1 e B21(0.2,0.2,0.4) B2 @ B33(0.3,0.3,0.6)

4571(0.2,0.2,0.4) qar2(0.3,0.3,0.6)B12 ® B22(0.3, 0.3, 0.6)qa75(0.5, 0.3, 0.6)

Fig. 2.17 Lexicographic product of two neutrosophic graph structures

Theorem 2.5 The lexicographic product G, e G, = (A;e Ay, B e By, By
e By, ..., By, @ By,) of two neutrosophic graph structures of the graph structures
G71 and G5 is a neutrosophic graph structure of G} e G3.

Proof According to the definition of lexicographic product, there are two cases:

Case 1. Whengqg € Xy, rir € Ey;

T(B,08,)((qr1)(qr2)) = Ta, (@) A T, (r172)
< Ta (q) A [Ta,(r1) ATy, (r2)]
= [Ta, (@) A Ta,(rD)] A[Ta,(q) A Ta,(r2)]
= Ta1042)(q71) A Tia,04y)(q72),

I(B),0By) ((qr1)(gr2)) = 1a,(q) A Ip,, (r112)
< 1a,(q) A, (r) A 1a,(r2)]
= [a, (@) A 1a,(r)] AT (g) A 14, (r2)]
= I(a,0,)(q71) A L4104, (qT2),
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F(B,e8,)((qr1)(qr2)) = Fa,(q) V Fp,,(r112)
< Fa (@) V[Fa,(r1) V Fa,(r2)]
= [Fa, (@) V Fa,(r1)] V [Fa, (@) V Fa,(r2)]
= Fla,0a)(qr1) V Fa,ea,)(qr2),

fOI’ql"l,ql"z € X0 X,.
Case 2. Whenqq; € Ey;, 7172 € Ey;

T(B,08,)((q171)(q212)) = T, (q192) A Tp,, (r112)
< [Ta,(q1) A Ta,(g2)] A[Ta,(r1) A Ta,(r2)]
= [Ta,(q) A Ta,(r1)] AN T4, (q2) A Ta,(r2)]
= T(a10a0)(q171) A T(a04,)(q272),

I (e, ((q171)(q2r2)) = I, (q192) A I, (r172)
< [a, (q) A A (g2)] A a,(r) A a,(r2)]
= [1a,(q1) A L4, (rD] A LA (g2) A 14,(r2)]
= L1040 (@171) A L (A 0ay)(q212),

Fige8,)((q171)(q212)) = Fp,,(q192) V Fp, (r1r2)
< [Fa (gD Vv Fa,(g2)] V [Fa,(r1) V Fa,(r2)]
= [Fa,(q1) V Fa,(r1))] V [Fa,(q2) V Fa,(r2)]
= Fla1ea)(q171) V Fla,04,)(q272),

for qiri, qar € X1 ° Xz.
Both cases are satisfied fori € {1, 2, ..., n}.

Definition 2.35 LetG1 = (Al, Bn, Blg, ey B]n) and G2 = (Ag, le, Bzg, ey an)
be neutrosophic graph structures. The strong product of G| and G,, denoted by

GIXGy= (A XAy, B X By, BinX By, ..., By, X Byy),

is defined by the following:

T4, R4, (qr) = (Ta, W Ta,)(gr) = Ta,(q) A Ta,(r)
() Tamay)(qr) = (Ia, W 1a,)(qr) = 14,(q) A 1a,(r)
Famay(qr) = (Fa, B Fa,)(gr) = Fa(q) V Fa,(r)
for all gr € X; x X»,
T(3,,®B,)(qr1)(qr2) = (Tp,, KW Tp,)(qr1)(qr2) = Ta,(q) N Tp, (r112)
(i1) I8, B, (qr1)(gr2) = (Ig, X Ip,)(gr1)(qr2) = 1a,(q) A Ip, (r1r2)
F(B,,®B,)(qr1)(qr2) = (Fp, W Fp,)(qr1)(qr2) = Fa,(q) V Fp,, (rir2)
for allq € X, rirn € E2i,
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Fig. 2.18 Strong product of two neutrosophic graph structures

T(8,®B,)(q17)(q2r) = (T, W Tp,)(q17)(q2r) = T, (r) A T, (q192)

(i) { Iy (@1r)(qar) = (I, ® 15,)(qir)(qar) = 1a,(r) A I, (q192)
Fip,®8,)(qir)(q2r) = (Fp,, W Fp,)(qir)(q2r) = Fa,(r) V Fp,(q192)
forallr € X, q192 € E1i,
T8, &8y (q111)(q2r2)=(Ts,, ¥ Tp, ) (q171)(q2r2)=TB,,(q192) N T, (r1r2)
iv)  Isimen (q1r1)(qar2) = (g, W 1p,)(q171)(q2r2) = 1B, (q192) A g, (r1r2)

Feg,®B,)(q1r1)(qar2)=(Fp,, X Fp,)(q171)(q2r2)=Fp,, (q192) V Fp, (r17r2)
for all g1q> € Ey;, riry € En;.

Example 2.19 Strong product of two neutrosophic graph structures G, and G,
shown in Flg 2.14 is defined as Gl X G2 = {Al X A2, B]] X Bz], B]2 X B22} and

is shown in the Fig.2.18.

Theorem 2.6 ThestrongproductG1 X Gr,=(A1 X Ay, By X By, Bp X By, ...,
B, X By,) of two neutrosophic graph structures of the graph structures G and G
is a neutrosophic graph structure of G{ X G3.

Proof According to the definition of strong product, there are three cases:

Case 1. Whengqg € Xy, rir € Ey;
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T(3,®B,)((qr1)(gr2)) = Ta,(q) A T, (r112)
< Ta, (@) AN[Ta,(r1) A Ta,(r2)]
= [Tr,(q) A Ta,(r))] A[Ta, (@) A Ta,(r2)]
= Ta,R4ay) (qr1) A Tia,RA,) (g72),
I(,®8,)((qr1)(gr2)) = 14,(q) N Ip, (r172)
< 1a (@) A4, (r1) A a,(r2)]
= [Ia,(q) A La,(r))] A a, (@) A 14, (r2)]
= l(a,Ra,)(qr1) A LaR4,)(qT2),
Fp,®B,)((qr1)(gr2)) = Fa,(q) V Fp, (r1r2)
< Fp (@) V [Fa,(r1) V Fa,(r2)]
= [Fa, (@) V Fa,(r)] V [Fa, (@) V Fa,(r2)]
= Fa,R4,)(qr1D) V Fara,)(gra),

for gry, gry € X1 K X5.
Case2. Whengqg € X5, € Ey;

T(8,®B,)((r19)(r2q)) = Ta,(q) A T, (r112)
< Tay(q) AT, (r) A Ta,(r2)]
= [Ta,(q) AT, (r)] A[Ta,(g) A Ta, (r2)]
= Ta,R4,) (11q) A Ta,04,)(129),
I(3,&8,) (r19)(r2q)) = 14,(q) N Ip,,(r17r2)
< 1a, (@) A4, (r) A a (2)]
= [1a,(q) A LA, (r)] Ay (q) A L4, (r2)]
= I(a,Ra,) (11q) N La,R4,)(r29),
Fp,®B,)((r1q)(r2q)) = Fa,(q) V Fp,,(r1r2)
< Fa, (@) V[Fa (r1) V Fa,(r2)]
= [Fa,(q) vV Fa,(r1))] V [Fa,(q) V Fa,(r2)]
= Fa,Ra) (11q) V Fa,Ra,)(rnq),

for riq, rng € X1 X X5.
Case 3. Forall gig, € Ey;, 111, € Ey;

T(8,R8,)((q171)(q2r2)) = Tp,;(q192) A T, (r1712)
< [Ta,(q1) A Ta,(g2)] A[Ta,(r1) A Ta,(r2)]
= [Ta,(q1) A Ta,(ri)] A T4, (g2) A Ta,(r2)]
= T(a,84,)(q171) A T(a,R4,)(q272),
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I(3,®8,)((q171)(q272)) = I, (q192) A I, (r1712)
< Ua, (1) A 14, (q2)] Aa,(r1) A La,(r2)]
= [1a,(q1) A La,(r)] A Ua, (2) A 14, (r2)]
= l(a,Ra,)(q171) N I(4,R4,)(g272),

Fp,®8,)((q171)(q212)) = F,,(q192) V FB,, (r172)
< [Fa,(q1) V Fa, (@2)] V [Fa,(r1) V Fa,(r2)]
= [Fa,(q1) V Fa,(r)] V [Fa,(q2) V Fa,(r2)]
= Fa,ran (@171 V Fa,ra,(q2r2),

forqlrl,qzrz (S X] |X’X2
All cases are satisfied fori =1, 2, ..., n.

Definition 2.36 LetG,=(A, By1, B12, ..., Bj,)and G, =(A,, By, By, ..., Byy,)
be neutrosophic graph structures. The composition of G| and G,, denoted by

G10Gy=(A10Ay, Bj1oBay, Bipo By, ..., By, 0 By,

is defined by the following:

Tia,0a,)(qr) = (Ta, 0 Ta,)(gr) = T4, (q) N Ty, (r)

() 1 Liaonn(gr) = (Ia, 0 1a,)(gr) = Ia,(q) A La,(r)

Fiajon)(qr) = (Fa, 0 Fa,)(qr) = Fa, (q) V Fa,(r)

forall gr € X; x X,

T(B];oBzi)(qu)(qr2) = (TBl, ° TBzi)(qu)(qrz) = T, @A T, (rir2)

(ii) I(By0By)(qr1)(gr2) = (Ip; o I, )(qr1)(qr2) = 14,(q) A I, (r112)

F(py08,)(qri)(qr2) = (Fp, o Fp,)(qri)(qr2) = Fa,(q) V Fg, (rir2)

forallg € Xy, riry € Ey,

T(BuoBz,)(CIl")((h”) = (TBU © TBZ/')(qlr)(qzr) = TA2 (r) A TB“(QICIZ)

(iii) I8y;08,) (q17)(q2r) = (Ip,; 0 1B, )(q1r)(q2r) = 1a,(r) A Ip,(q192)

F(BlioBzi)(er)(QZV) = (FB]i ° FBzi)(qlr)(QZr) = FAz(r) 4 FBli(CIIQZ)
forallr € X5, q19> € Ey;,

. T(Byi0By) (q171)(q212) = (TBy; © T, )(q171)(q2r2) = T, (q1q2) N Ta, (r1) A Ta,(r2)

(iv) I(B);0B)(q171)(q212) = (IB; 0 Iy )(q171)(q212) = IB,;(q1G2) A 1a,(r1) A 14, (r2)

F(BliOBzi)(qlrl)(quZ) = (FBli o Fp,)(q1r1)(q2r2) = Fpy, (@192) V Fay (r)) V Fay (r2)

for all g1q> € Ey;, rir; € Ey; such that ry # .

Example 2.20 Composition of two neutrosophic graph structures G; and G, shown
in Fig.2.14 is defined as G| o G, = {A| 0 A3, By; o By, Bi; o By} and is shown in
the Fig.2.19.

Theorem 2.7 The composition GioGy = (Ao Ay, BjjoBy,Bip0By,...,
Bin 0 By,) of two neutrosophic graph structures of the graph structures G} and
G} is a neutrosophic graph structure of G o G3.
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Fig. 2.19 Composition of two neutrosophic graph structures

Proof According to the definition of composition, there are three cases:

Case 1. Wheng € Xy, rir; € Ey;

T(By108,)((qr1)(gr2)) = Ta,(q) A T, (r112)
< Ta, (@) AN[Ta,(r1) A Ta,(r2)]
= [Ta,(q) A Ta,(r1)] AlTa,(q) A Ta,(r2)]
= T(a,08,)(@r1) A T(a,04,)(q12),
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I(B,08,)((qr1)(q12)) = Ia,(q) N I, (r172)
< 1a,(q) A, (r) A 1a,(r2)]
= [a, (@) A 1a,(r)] A4, (g) A L4, (r2)]
= lA,0a)(qT1) A L(a0a,)(qT2),

FB,08,)((qr1)(qr2)) = Fa,(q) V Fp,,(r112)
< Fa (@) V [Fa,(r1) V Fa,(r2)]
= [Fa,(q@) V Fa,(r)] V[Fa, (@) V Fa,(r2)]
= Fla04y)(q71) V Fla,04y)(qT2),

forqu,qrz € Xl OXQ.
Case2. Whengqg € X5, r1r € Ey;

T(B,08,) ((r1q)(r2q)) = Ta,(q) A Tp,, (r1r2)
< T, (@) A[Ta,(r1) A Ty, (r2)]
= [Ta,(q) AT, (r)] A[Ta,(q) ATy, (r2)]
= T(a10a0) (1) A T(a104,)(r29),

I(B,;08,)((r1q) (r2q)) = 1a,(q) N Ip,, (r17r2)

< 1a,(q) A4, (r1) A4, (r2)]
= [a, (@) A 1a, (r)] AT (q) A L4, (r2)]
= laj0a) (119) A L(aj0a) (12q),

FB108,)((rq)(r2q)) = Fa,(q) V Fp,(r112)
< Fa,(q@) V[Fa (r1) V Fa, ()]
= [Fa,(q) V Fa,(r1))] V [Fa, (@) V Fa,(r2)]
= Fla04y)(r19) V Fla,04,)(r29),

forrlq,rzq € X|0X>,.
Case 3. Forall q1q» € Eyj;, 11,2 € Xy suchthatry # rp

T(8,.08,)((q171)(q212)) = T, (q1G2) N Ta,(r1) A Tx,(r2)
< [T, (q1) A Ta, (g2)] A Ta,(r1) A Ta,(r2)
= [Ta,(q1) A Ta,(r))] A T4, (q2) A Ta,(r2)]
= Ta104y)(@171) A Ta,045)(g212),

I(B,08,) ((q171)(q2r2)) = I, (q1G2) N 14, (r1) A 1a,(12)
< [a, (g1) A la(g2)] A s, (r1) A La,(r2)]
= [, (g1) A L4, (r)] AU (g2) A 14, (r2)]
= la0a) (@171) A L(a oAy (q212),

111
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Fig. 2.20 Union of two neutrosophic graph structures

FB,08,) ((q171)(q212)) = Fp,,(q1G2) V Fa,(r1) V Fu,(12)
< [Fa,(q1) vV Fa (@2)] V [Fa,(r1) V Fa,(r2)]
= [Fa,(q1) V Fa,(r1)] V [Fa,(q2) V Fa,(r2)]
= Fa,04)(q171) V Fa,04,)(g272),

for qiry, gory € X1 0 X».
All cases are satisfied fori =1, 2, ..., n.

Definition 2.37 LetG] = (A1 s B| 1 Blg, ey B]n) and Gz = (Az, Bz] , Bzz, ey an)
be neutrosophic graph structures. The union of G, and G,, denoted by

Gi1UG, =(A1UAy, Bi1 UBy, BpUBp, ..., By, U By,),

is defined by following:

Tiauay)(q) = (Ta, UTa)(q) = Ta,(q) V Ta,(q)
) La0a,)(q) = (Ia, U 1a,)(q) = 14,(q) V 14,(q)
Fauan (@) = (Fa, UFa)(q) = Fa(q) N Fa,(q)
forallg € X; U X>,
T(BliUBzi)(qr) = (TBli U TBZi)(qr) = TBli (gr) v TBZi (gr)
(ii) I(B,uBy)(gr) = (Ip, U Ip,)(qr) = Ip,(qr) V Ip, (q1)
Fi,up,(gr) = (Fp, U Fp,)(qr) = Fg, (qr) A Fg,(qr)
forall gr € Ey; U Ey;.

Example 2.21 Union of two neutrosophic graph structures G; and G, shown in
Fig.2.14 is defined as G; U G, = {A| U Ay, B11 U By, B1» U By} and is shown in
the Fig.2.20.

Theorem 2.8 The union G] 0] GZ = (Al U Az, B“ U le, BIZ U Bgz, ey Bln U
By,) of two neutrosophic graph structures of the graph structures G| and G% is
a neutrosophic graph structure of G{ U G3.
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Proof Let q1q» € E1; U E,;. Here we consider two cases:

Case 1. Wheng, g2 € X;,thenaccording to Definition2.37, T4, (q1) = Ta,(q2) =
T, (q192) =0, 14,(q1) = 14,(q2) = Ip,;(q192) =0, Fa,(q1) = Fa,(q2) = Fp,
(q192) =0, s0

T(,uB,)(q192) = T, (q192) V T, (q192)
= Tg,(q192) VO
S [Ta,(q1) ATp(g2)] VO
= [Ta,(q1) V O] A [T4,(g2) Vv O]
=[Ta,(q1) V Ta, (q] A [Ta,(q2) V Ta,(g2)]
= Tia,uay)(q1) A Tia,0a,)(q2)s

I(8,,uB,)(q192) = IB,;(q192) V 1B, (q192)
= Ip,(q192) VO
< Ua, (q1) A4, (g2)] VO
= [{4,(q1) VO] A [1a,(q2) V O]
= [La,(q1) V 1a, (gD A [1a,(q2) V 1a,(g2)]
= Ia,0a,)(q1) A Liauay)(q2),

Fi,uB,)(9192) = F5,,(q192) N F,,(q192)
= Fp,(q192) N O
< [Fa, (q1) V Fa,(q2)] AO
= [Fa,(q1) AO]V [Fa,(g2) A O]
= [Fa,(q1) N Fa,(qD)]V [Fa,(q2) A Fa,(g2)]
= Fa,0a,)(q1) V Fauay(q2),

fOI’ql,qz (S X] U X2.

Case 2. Whengi, g2 € X,,thenaccording to Definition2.37, T4, (q1) = Ta,(q2) =
T, (q192) =0, 14,(q1) = 14,(q2) = I, (q192) =0, F4,(q1) = Fa,(q2) = Fp,
(q192) =0, so

T(,uB,)(q192) = T, (q192) V T, (q192)
= T3, (q192) VO
< [Ta,(q1) A Ta,(g2)] VO
= [Ta,(q1) V 0] A [T4,(q2) Vv O]
= [Ta,(q1) V Ta, (@I A [Ta,(q2) V Ta,(q2)]
= Tia,uay)(q1) A Tia,0a,)(q2)s
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I(,uB) (q192) = I, (q192) V 1B, (q192)
= Ip,(q192) VO
< [Ua,(q) A 1A, (g2)] VO
= [1a,(q1) V O] A [1,(g2) Vv 0]
= [L4,(q1) V 14,(q1)] A [14,(q2) V 14,(q2)]
= Ia,0a,)(q1) A 14,045 (q2),

Fep,us (@192) = Fp,,(q192) N Fp,,(q192)
= F5,(q192) NO
< [Fa,(q1) V Fa,(q2)] AO
= [Fa,(q1) AO]V [Fa,(g2) A O]
= [Fa,(q1) A Fa,(q)]V [Fa,(q2) A Fa,(q2)]
= Fla,uay(q1) V Fauay(q2),

fOI‘ql,qZ (S X] U Xz.
Both cases are satisfied Vi € {1, 2, ..., n}. This completes the proof.

Theorem 2.9 Let G* = (X1 U Xy, E\1UEy, EpUEy, ..., E, UE),) be the
union oftwo graph structures G{ = (X1, E11, E12, ..., E1,) and G5 = (X2, Ey, Ex,
..., Eay). Then every neutrosophic graph structure G = (A, By, Ba, ..., B,) of G*
is union of two neutrosophic graph structures Gy = (A1, By1, Bia, ..., By,) and G,
= (Ay, By, By, ..., By,) of graph structures G| and G, respectively.

Proof First we define Ay, A,, By; and By; fori € {1,2,...,n} as:
Ta (@) = Ta(q), 1a,(q) = 14(q), Fa,(q) = Fa(q), ifg € X;
Ta,(q) = Ta(q), 14,(q) = 14(q), Fa,(q) = Fa(q), if g € X5

T, (q192) = T (q192), I, (q192) = I8 (q192), F,(q192) = F,(q192), if qiq» €
E\i, T3, (q192) = T, (q192), I, (q192) = 1B.(q192), F,,(q192) = FB,(q192),ifq19> €
E25.ThenA = A1 UA2 and B; = B1; U By;,1 € {1,2,...,71}.

Now forqiq» € Eyi, k=1,2,i=1,2,...,n

T3, (q192) = Tp,(q192) < Ta(q1) N Ta(q2) = T4, (q1) A Ta,(q2),

Ip.(q192) = Ip,(q192) < 1a(q1) N 14(q2) = 14,(q1) N 14, (q2),

Fg,(q192) = F,(q192) < Fa(q1) vV Fa(q2) = Fa(q1) V Fa,(q2),

ie.

G = (Ag, Bii, Bra, . . ., Biy) is a neutrosophic graph structure of G, k = 1, 2.
Thus G = (A, By, B, ..., B,), a neutrosophic graph structure of G* = G} U G3, is
union of two neutrosophic graph structures G| and G,.

Definition 2.38 LetG] = (A] s B[], B[2, ey B]n) and Gz = (Az, Bz] s Bzz, ey an)
be neutrosophic graph structures and let X; N X, =@. The join of G| and G,, denoted
by
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¢1(0.5,0.2,0.6) 44(0.7,0.3,0.6)

(€'0'2°0°2°0) T+

Bi1 +/B21{0.7, 1.2

( .
42(0.7,0.3,0.8) 43(0.4,0.3,0.4)

Fig. 2.21 Join of two neutrosophic graph structures

G+ Gy = (A1 + Ay, Bii + Bay, Bio + By, ..., By + Bay),

is defined by the following:

Tia1+42) (@) = Tia,ua,) ()
() LA, +4,)(q) = Iia,uan (@)

Fa,+a)(q) = Fiauay(q)

forallg € X| U X»,

T(y+8:)(qr) = T(s,UB)(gT)
(i) I(B,+8,)(qr) = I(8,UBy)(qT)
F(Bli"rBZi)(qr) = F(BI;UBz,»)(CI”)
forall gr € Ej; U Ey;,
T(BI,-+BZ,-)(C]’") - (TB],- + TB;,)(C]V) = TA] (C]) AN TAz (r)
(ii1) I, +B,)(qr) = (Up, + Ip,)(qr) = I4,(q) N 14, (r)
F(B]i"rBZi)(qr) = (FBli + Fle)(qr) = FAl(q) \% FAz(r)
forallg € Xy, r € X».

Example 2.22 Join of two neutrosophic graph structures G; and G, shown in
Fig.2.14 is defined as G| + G, = {A| + A3, By + By, Bz + By} and is shown
in the Fig.2.21.

Theorem 2.10 The join G| + G, = (A} + Ay, Bi1 + Ba1, Bia+ Ba, ..., Bin +
Bo,,) of two neutrosophic graph structures of the graph structures G} and G5 is a
neutrosophic graph structure of G7 + G5.

Proof Let q1q> € E1; + E,;. Here we consider three cases:

Case 1. Whengi, g2 € X;,thenaccording to Definition 2.38, T4, (q1) = Ta,(q2) =
T, (q192) =0, 1a,(q1) = 14,(q2) = Ip,,(q192) =0, Fa,(q1) = Fa,(q2) =
Fg, (q192) =0, so,

T3,+8.)(q192) = Tp,,(q192) V T, (q192)
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= Tg,(q192) VO

< [Ta,(q1) ATy (g2)] VO

= [Ta,(q1) V O] A [T4,(q2) V 0]

= [Ta,(q1) V Ta, (DI A [T, (q2) V Ta,(q2)]
= Tia+4) (@) A Tia,+4,)(q2),

I, 18,)(q192) = I, (q192) V I, (q192)
= Ip,(q192) VO
< [a,(q1) N 14,(g2)] VO
= [14,(q1) VO] A [14,(q2) V O]
= [1a,(q1) V 14,(q1)] A [14,(q2) V 14,(q2)]
= I +40)(@1) A Lia+45)(q2),

FB,+8,)(q192) = Fp,,(q192) N Fp,(q192)
= Fg,(q192) NO
< [Fa,(q1) V Fa,(q2)] NO
= [Fa,(q1) ANO]V [Fa,(g2) A O]
= [Fa, (@) N Fa,(q)]V [Fa, (g2) A Fa,(g2)]
= Fla,+4)(qD) V Fa,+4,)(q2),

forql,qz e X+ X».

Case 2. Whengi, g2 € X,,thenaccording to Definition 2.38, T4, (q1) = Ta,(q2) =
T, (q192) =0, Ia,(q1) = 1a,(q2) = Ip,(q192) =0, Fa,(q1) = Fa,(q2) =
FBli (QIQZ) =0, so0

T8, +8,)(q192) = T8,,(q192) V T, (q192)
= T3, (q192) VO
< [Ta,(q1) A Ta,(g2)] VO
= [Ta,(q1) vV O] A [T4,(g2) Vv O]
= [Ta,(q1) V Ta,(qD]I A [T, (g2) V Ta,(g2)]
= Ta+42)(q1) N T(a,+4,)(q2),
I, +8,)(q192) = I, (q192) V I, (q192)
=1p,(q192) VO
< Ua,(q1) N 14,(g2)] VO
= [14,(q1) vV O] A [14,(q2) v 0]
= [14,(q1) V 14,(q1)] A [14,(q2) V 14,(q2)]
= La,+4) (@) A Lia,+4,)(q2),
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FB,+8:)(q192) = Fp,,(q192) N Fp,(q192)
= Fp,(q192) N O
< [Fa,(q1) V Fa,(g2)] AO
= [Fa,(q1) AO]V [Fa,(q2) A O]
= [Fa,(q) N Fa,(q)]V [Fa, (g2) A Fa,(q2)]
= Fa+4,)(q1) V Fa+4,)(q2),

fOI'ql,QQ (S X] +X2
Case 3. When q; € X1, g2 € X5, then according to Definition 2.38,
Ta (q2) = Ta,(q1) =0, 14,(q2) = 14,(q1) =0, Fa,(q2) = Fa,(q1) =0, s0

T(Bi+8:)(q192) = Ta, (q1) A Ta,(q2)
= [Ta,(q1) V O] A [Ta,(g2) Vv 0]
= [Ta,(q1) V Ta, (g A [Ta,(q2) V T, (q2)]
= Tia,+4)(q1) N Ta+4,)(q2),

LB, +8,)(q192) = 1a,(q1) A 14,(q2)
= [1a,(q1) V Ol A [14,(gq2) Vv 0]
= [1a,(q1) V 14, (qD] A [14,(q2) V 14,(q2)]
= La,+4)(q1) N Lia,+4,)(q2),

Fp,+8,)(q192) = Fa,(q1) V Fa,(q2)
= [Fa,(q1) ANO]V [Fa,(q2) A O]
= [Fa,(q1) N Fa,(q)]V [Fa,(g2) A Fa,(q2)]
= Fa,+4)(qD) V Fa,+4,)(q2)s

fOI‘ql,qg e X + X,.

All cases are satisfied Vi € {1,2,...,n}.

Theorem 2.11 IfG* = (X + X2, E11 + Eoi, Ev2 + En, ..., E1y + Eoy) isjoin of
two graph structures G| = (X1, E11, E1a, ..., E\n) and G} = (X2, Eay, Ea, . . .,
E»,). Then every strong neutrosophic graph structure G = (A, By, B, ..., B,) of
G is join of two strong neutrosophic graph structures G| = (A1, By1, B2, ..., Biy)
and G, = (A2, By, By, ..., By,) of graph structures G and G3, respectively.

Proof First we define Ay and By; fork =1,2andi =1,2,...,n as:
Ta (q) = Ta(q), 14,(q) = 14(q), Fa,(q) = Fa(q), if g € Xi

T, (q192) = T (q192), I, (q192) = 1B (q1q2), FB,(q192) = Fp,(q192), if qiq> €
Ey;
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Now for qiq» € Eyi, k=1,2,i=1,2,...,n
T3, (q192) = Tp,(q192) = Ta(q1) N Ta(g2) = Ta, (q1) A T4, (q2),
Ip.(q192) = Ip,(q192) = 14(q1) A 1a(q2) = Ia,(q1) N 14,(q2),
Fp.(q192) = Fp,(q192) = Fa(q1) vV Ta(q2) = Ta,(q1) V T4, (q2),
ie.
Gy = (A, Byi, Bia, . .., By,) is a strong neutrosophic graph structure of G§, k=1,2.
Moreover, G is join of G and G, as shown:
Using Definitions 2.37and 2.38, A = A{ U A, = A; + A, and B; = B|; U By, =
Bii + B2, Vq192 € E1; U Ey;.
When q1q> € Ej; + Ey (Ej; U Ey),ie.q € X;and gy € X,
T (q192) = Ta(q1) A Ta(q2) = Ta,(q1) A Ta,(q2) = T(,+8,)(q192)s
I (q192) = 14(q1) N 14(q2) = 14, (q1) N 14,(q2) = I(B,+B,)(q192),
Fp,(q192) = Fa(q1) V Fa(q2) = Fa,(q1) V Fa,(q2) = F3,+8,)(q192),
Calculations are similar when q; € X,,¢q, € X;.Itistruewheni = 1, 2, ..., n. This
completes the proof.

2.4 Applications of Neutrosophic Graph Structures

Graph structures are amazing source of graph-theoretical notions to represent the
most prominent relations between objects. But these graph structures do not repre-
sent all real-world relations. Therefore, fuzzy graph structures are important to repre-
sent the relations between objects of uncertain systems existing in nature. However,
graph structures and fuzzy graph structures are failed to depict the most prominent
relations between objects in many real-world phenomenons due to natural existence
of indeterminacy or neutrality. It increases the utility of neutrosophic graph structures.

2.4.1 Detection of Crucial Crimes During Maritime Trade

Waters are very important for trade in whole world but crimes through waters are
increasing day by day. Crimes held during maritime trade are in abundance but
some are very crucial including human trafficking, illegal carrying of weapons, black
money transfer, smuggling of precious metals, drug trafficking and smuggling of rare
plants and animals. Using neutrosophic graph structure, we can easily investigate the
fact that between any two countries which maritime crime is chronic and increasing
rapidly with time. Moreover, we can decide which country is most sensitive for
particular type of maritime crimes. We consider a set X consisting of eight countries.

X={Bangladesh, Malaysia, Singapore, United Arab Emirates, Pakistan, India,
Kenya, Italy}. Let A be the neutrosophic set on X, defined in Table2.1.

In Table 2.1, T depicts the importance of that particular country in the world due
to its geographic position, F indicates the degree of its nonimportance in the world,
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Table 2.1 Neutrosophic set A of eight countries

Country T 1 F

Bangladesh 0.8 0.7 0.6
Malaysia 0.7 0.7 0.8
Singapore 0.9 0.5 0.5
United Arab Emirates | 1.0 0.5 0.6
Pakistan 0.9 0.5 0.5
India 0.8 0.7 0.7
Kenya 0.7 0.6 0.7
Italy 0.9 0.6 0.5

Table 2.2 Neutrosophic set of crimes between Pakistan and other countries during maritime trade

Type of crime (P, UAE) (P, B) (P, M) (P, S)
Human (0.7,0.4,0.5) (0.8,0.3,0.4) (0.7,0.4,0.2) (0.6,0.4,0.2)
trafficking

Illegal carrying of | (0.6, 0.3, 0.6) (0.7,0.3,0.4) (0.4,0.5,0.5) (0.4,0.3,0.5)
weapons
Black money (0.6,0.3,0.2) (0.7,0.5,0.4) (0.2,04,0.3) (0.9,0.2,0.2)
transfer
Smuggling of (0.8,0.3,0.2) (0.6, 0.3,0.3) (0.2,04,0.3) (0.8,0.5,0.5)
precious metals
Drug trafficking | (0.7, 0.3, 0.3) (0.5,04,0.3) (0.6, 0.5, 0.6) (0.8,0.4,0.3)
Smuggling of (0.3,0.5,0.5) 0.4,0.3,0.4) (04,04,0.5) (0.2,0.3,0.3)
rare plants and
animals

and I expresses, to which extent it is undecided/indeterminate to be beneficial for
the world, geographically.

Let Bangladesh = B, Malaysia = M, Singapore = S, United Arab Emirates = UAE,
Pakistan = P, India = I, Kenya = K, Italy = IT.

In Tables2.2,2.3,2.4,2.5, 2.6, 2.7 and 2.8, we have shown the values of 7', I and
F of different crimes for each pair of countries.

Many relations on set X can be defined, let we define six relations on X as:

E| =Human trafficking, E, =Illegal carrying of weapons, E3 = Black money transfer,
E, = Smuggling of precious metals, E5 = Drug trafficking, E¢ = Smuggling of rare
plants and animals, such that (X, Ey, E», E3, E4, Es, Eg) is a graph structure. An
element in a relation detects that kind of crime during maritime trade between those
two countries.

As (X, E|, E,, E3, E4, Es, Eg) is a graph structure, an element will not be in
more than one relations, so it can appear just once. Therefore, we will consider it an
element of that relation for which its percentage of truth is high, and percentage of
both falsity and indeterminacy is low as compared to other relations.
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Table 2.3 Neutrosophic set of crimes between UAE and other countries during maritime trade

Type of crime (UAE, B) (UAE, M) (UAE, S) (UAE, I)
Human (0.7,0.3,0.4) (0.6, 0.2, 0.5) (0.3,0.2,0.5) (0.6,0.4,0.2)
trafficking

Illegal carrying of | (0.5, 0.2, 0.2) (0.5,0.3,0.2) (0.4,0.3,0.5) (0.4,0.3,0.5)
weapons

Black money (0.6, 0.3,0.3) (0.6, 0.2,0.3) (0.6, 0.2,0.3) (0.6, 0.4,0.5)
transfer

Smuggling of (0.6,0.2,0.2) (0.6, 0.3,0.3) (0.6, 0.3,0.3) (0.8,0.3,0.2)
precious metals

Drug trafficking | (0.6, 0.2, 0.2) (0.5,04,0.3) (0.7,0.3,0.2) (0.7,0.4,0.3)
Smuggling of (0.3,0.4,0.4) (0.4,0.3,0.4) (0.4,0.2,0.5) (0.3,0.3,0.3)
rare plants and

animals

Table 2.4 Neutrosophic set of crimes between Bangladesh and other countries during maritime

trade

Type of crime (B, M) (B, S) B, (B, K)
Human (0.6,0.3,0.4) (0.8,0.3,0.2) (0.5,0.2,0.5) (0.6, 0.4, 0.5)
trafficking

Illegal carrying of | (0.5, 0.2, 0.5) (0.5,0.3,0.2) (0.7,0.3,0.5) (04, 0.3,0.5)
weapons

Black money 0.4,0.2,0.2) (0.7,0.4,0.3) (0.1, 0.1, 0.2) (0.1,0.3,0.4)
transfer

Smuggling of 0.4,0.2,0.2) (0.6, 0.3,0.3) (0.2,0.3,0.3) 0.2,0.2,0.4)
precious metals

Drug trafficking | (0.6, 0.2, 0.2) (0.5,0.4,0.3) (0.6,0.3,0.5) (0.5,0.4,0.4)
Smuggling of (0.2,0.3,0.3) (0.3,0.2,0.3) (0.2,0.1,0.4) (0.5,0.2,0.2)
rare plants and

animals

According to given data, we write the elements in relation to their truth, falsity
and indeterminacy values, resulting sets are neutrosophic sets on E;, E,, E3, Ey,
Es, E¢, respectively. We can name these sets as Bj, By, B3, By, Bs, Bg, respectively.
Let
E| ={(Bangladesh, Pakistan), (Malaysia, Pakistan), (Bangladesh,
Singapore)},

E, ={(Pakistan, India)},

E; ={(Singapore, Pakistan)},

Ey={(India, Singapore), (United ArabEmirates, India)},
Es ={(Italy, Pakistan), (India, Italy)},

E¢ ={(Kenya, Singapore)}.

And corresponding neutrosophic sets are:
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Table 2.5 Neutrosophic set of crimes between Malaysia and other countries during maritime trade

Type of crime M, S) M, D M, K) M, IT)
Human (0.5,0.3,0.4) (0.6, 0.2,0.3) (0.3,0.2,0.5) (0.6,0.4,0.5)
trafficking

Illegal carrying of | (0.6, 0.2, 0.2) (0.5,0.3,0.2) (0.4,0.3,0.5) (0.4,0.3,0.5)
weapons

Black money (0.6, 0.3,0.3) 0.2,0.2,0.3) 0.2,0.2,0.3) 0.2,0.4,0.5)
transfer

Smuggling of 0.6,0.2,0.2) (0.6,0.3,0.3) (0.2,0.3,0.3) (0.2,0.2,0.6)
precious metals

Drug trafficking | (0.5, 0.2,0.2) (0.5,0.4,0.3) (0.4,0.3,0.6) (0.7,0.4,0.2)
Smuggling of (0.3,0.4,0.4) (0.4,0.3,0.4) (0.6,0.2,0.2) (0.5,0.3,0.3)
rare plants and

animals

Table 2.6 Neutrosophic set of crimes b

etween Singapore and other countries during maritime trade

Type of crime (S, 1) S, K) (S,1IT) P 1)

Human (0.5,0.3,0.4) (0.3,0.2,0.5) (0.3,0.2,0.5) (0.6, 0.4, 0.6)
trafficking

Illegal carrying of | (0.7, 0.4, 0.5) (0.5,0.3,0.2) (0.4,0.3,0.5) (0.8,0.2,0.4)
weapons

Black money (0.5,0.3,0.4) (0.6,0.2,0.3) (0.6,0.2,0.3) (0.7,0.4,0.5)
transfer

Smuggling of (0.8,0.3,0.7) (0.6,0.3,0.3) (0.6,0.3,0.3) (0.6,0.2,0.4)
precious metals

Drug trafficking | (0.7, 0.3, 0.4) (0.5,0.4,0.3) (0.6,0.3,0.2) (0.8,0.4,0.4)
Smuggling of (0.7, 0.5, 0.6) (0.4,0.3,0.4) (0.6,0.2,0.5) (0.7,0.3,0.3)
rare plants and

animals

By ={((B, P),0.8,0.2,0.2),(M, P),0.7,0.4,0.2),((B, S), 0.8,0.3,0.2)},

B, ={((P,1),0.8,0.2,0.4)},

B3 ={((S, P),0.9,0.2,0.2), },

B, =1{(,S),0.8,0.3,04),(UAE, I),0.8,0.3,0.2)},
Bs={((IT, P),0.9,0.3,0.3),(({,1T7),0.8,0.3,0.3)},
Bs ={((K, §),0.7,0.2,0.4)}.

Clearly, (A, By, By, B3, B, Bs, Bg) is a neutrosophic graph structure as shown
in Fig.2.22.

In neutrosophic graph structure shown in Fig.2.22, every edge detects most fre-
quent crime between adjacent countries during maritime trade. For instance, most
frequent maritime crime between Pakistan and Singapore is black money transfer, its
strength is 90%, weakness is 20% and indeterminacy is 20%. We can also note that
for relation human trafficking, vertex Pakistan has highest vertex degree, it means
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Table 2.7 Neutrosophic set of crimes between Italy and other countries during maritime trade

Type of crime T, P) (T, UAE) dT, B) AT, 1)
Human (0.5,0.3,0.4) (0.3,0.2,0.5) (0.3,0.2,0.5) (0.6, 0.4, 0.6)
trafficking

Illegal carrying of | (0.8, 0.3, 0.3) (0.6, 0.3,0.2) (0.4,0.3,0.5) (0.7,0.3,0.5)
weapons

Black money (0.6, 0.3,0.3) (0.5,0.2,0.3) 0.2,0.2,0.3) (0.5,0.4,0.5)
transfer

Smuggling of (0.7,0.3,0.3) (0.6, 0.3,0.3) (0.2,0.3,0.3) (0.7,0.3,0.6)
precious metals

Drug trafficking | (0.9, 0.3, 0.3) (0.6, 0.4, 0.3) (0.7,0.3,0.5) (0.8,0.3,0.3)
Smuggling of (0.3,0.4,0.4) (0.4,0.3,0.4) (0.6,0.2,0.5) (0.7,0.3,0.3)
rare plants and

animals

Table 2.8 Neutrosophic set of crimes between Kenya and

other countries during maritime trade

Type of crime (K, P) (K, UAE) K, D (K, IT)
Human (0.5,0.3,0.4) (0.6, 0.2, 0.5) (0.5,0.2,0.5) (0.6, 0.4, 0.5)
trafficking

Illegal carrying of | (0.6, 0.2, 0.5) (0.5,0.3,0.4) (0.5,0.3,0.5) (0.4,0.3,0.5)
weapons

Black money (0.5,0.3,0.3) (0.5,0.2,0.3) (0.5,0.2,0.3) (0.5,0.4,0.5)
transfer

Smuggling of 0.4,0.2,0.2) (0.6, 0.3,0.3) (0.6, 0.3,0.3) 0.4,0.2,0.4)
precious metals

Drug trafficking | (0.7, 0.2, 0.2) (0.5,04,0.3) (0.5,0.3,0.5) (0.8,0.4,0.2)
Smuggling of 0.3,0.4,0.4) (0.7,0.3,0.4) 0.6,0.2,0.4) (0.7,0.3,0.3)
rare plants and

animals

Pakistan is most sensitive country for human trafficking. Moreover, according to our
neutrosophic graph structure, most frequent crime is human trafficking. It means
that navy and maritime forces of these eight countries should take action to control
human trafficking.

2.4.2 Decision-Making of Prominent Relationships

Among the countries of this world, various types of relationships exist, for example
friendship, rival or enemy, religious affection, trade, political and military. Between
any two countries, all relationships are not of same strength. Some relationships are
comparatively stronger than other relationships. In general, it is difficult and time



2.4 Applications of Neutrosophic Graph Structures 123

Bangladesh

Fig. 2.22 Neutrosophic graph structure showing most crucial maritime crime between any two
countries

consuming to judge all relationships among the countries and to decide the most
prominent one. But through neutrosophic graph structure, we can represent all these
in easiest way and can be judged even in a single glance on graph. Moreover, we
can be aware of the status of relationship, that is, what is percentage of its strength,
weakness and in how much percentage it is indeterminate. We can also examine
which pair of countries are in same kind of relationship. We consider a set X of eight
countries.

X = {America, Russia, China, Japan, Pakistan, India, Iran, Saudi
Arabia}. Let A be the neutrosophic set on X, defined in Table 2.9.

In Table2.9, T indicates positive impact (strength) of a particular country for
whole world, F indicates negative impact (weakness), and / expresses that in what
percentage or magnitude that country’s position is undecided or indeterminate for
global world. Let we denote the countries with alphabets: A = America, R = Russia,
CH = China, J = Japan, P = Pakistan, I = India, IR = Iran, S = Saudi Arabia.

In Tables2.10, 2.11, 2.12, 2.13, 2.14 and 2.15, we have shown the 7', I and F
values of different relationships for each pair of countries.
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Table 2.9 Neutrosophic set A of a few countries on globe

Country T 1 F

America 0.9 0.3 0.2
Russia 0.7 0.4 0.3
China 0.8 0.4 0.4
Japan 0.8 0.5 0.4
Pakistan 0.7 0.6 0.7
India 0.7 0.8 0.6
Iran 0.7 0.7 0.6
Saudi Arabia 0.6 0.9 0.7

Table 2.10 Neutrosophic set of relationships between America and other countries

Type of (A,R) (A, CH) (A, P) (A D (A, IR)
relation

Friendship (0.0,0.2,0.3) [(0.2,0.3,04) [(0.2,0.1,0.4) |(0.5,0.3,0.5) |(0.1,0.3,0.5)
Rival or (0.7,0.1,0.1) |(0.8,0.2,0.1) {(0.3,0.2,0.4) |(0.3,0.2,0.4) |(0.5,0.2,0.4)
enemy

Religious 0.4,02,0.2) |(0.1,0.3,0.2) |(0.1,0.1,0.2) |(0.1,0.3,0.4) |(0.1,0.1,0.2)
affection

Trade (0.3,0.1,0.1) |(0.5,0.2,0.2) {(0.1,0.2,0.2) |(0.1,0.1,0.5) |(0.6,0.1,0.3)
Politics 0.6,0.1,0.1) |(0.4,0.3,0.2) |(0.6,0.1,0.1) |(0.7,0.3,0.2) |(0.7,0.3,0.1)
Military (0.2,0.3,0.3) [(0.3,0.2,0.3) [(0.5,0.1,0.4) |(0.6,0.2,0.2) |(0.2,0.3,0.2)

Table 2.11 Neutrosophic set of

relationships between Russia and other countries

Type of (R, CH) R, 1)) R, P) R, D (R, IR)
relation

Friendship (0.5,0.2,0.3) |(0.5,0.2,0.3) |(0.3,0.3,0.4) |(0.4,0.3,0.3) |(0.1,0.1,0.5)
Rival or (0.6,0.2,0.2) |(0.6,0.2,0.2) |(0.3,0.3,0.3) |(0.2,0.2,0.4) |(0.4,0.1,0.3)
enemy

Religious (0.1,0.1,0.4) |(0.2,0.1,0.3) |(0.1,0.1,0.4) |(0.4,0.4,0.3) |(0.2,0.1,0.5)
affection

Trade 0.4,0.1,0.3) |(04,0.2,0.3) |(04,0.1,0.4) |(0.5,0.2,0.3) |(0.4,0.1,0.3)
Politics 0.7,0.3,0.4) |(0.7,0.1,0.3) |(0.4,0.1,0.3) |(0.5,0.2,0.3) |(0.7,0.4,0.5)
Military 0.2,0.1,04) |(0.4,0.1,0.3) |(0.7,0.1,0.3) (0.7,0.2,0.4) |(0.2,0.1,0.3)

We can define many relations on set X, let we define six relations on X as:
E| = Friendship, E, = Rival or Enemy, E3 = Religious affection, E4 = Trade, Es =
Politics, Eq = Military, such that (X, E, E,, E3, E4, Es, E¢) is a graph structure. An
element in a relation indicates that these two countries have a particular relationship.
As (X, Ey, E», E3, E4, Es, Eg) is a graph structure, so an element will not be in
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Table 2.12 Neutrosophic set of relationships between China and other countries

Type of (CH,J)) (CH, P) (CH, D) (CH, IR) (CH, S)
relation

Friendship (0.5,0.2,0.3) |(0.7,0.1,0.1) |(0.2,0.3,0.6) |(0.1,0.4,0.6) |(0.2,0.4,0.6)
Rival or 0.6,0.2,0.2) |(0.1,0.1,0.7) |(0.7,0.2,0.2) |(0.3,0.3,0.6) |(0.2,0.3,0.5)
enemy

Religious (0.1,0.1,0.4) |(0.3,0.3,0.6) |(0.4,0.4,0.3) |(0.2,0.2,0.5) [(0.1,0.4,0.6)
affection

Trade (0.1,0.1,0.3) |(0.6,0.1,0.1) |(0.4,0.2,04) |(0.7,0.1,0.3) |(0.5,04,0.2)
Politics (0.8,0.4,04) |(0.2,04,0.3) |(0.6,0.2,0.2) |(0.7,0.2,0.2) |(0.6,0.4,0.3)
Military (0.4,0.2,0.3) |(0.6,0.2,0.3) |(0.1,0.4,0.2) |(0.2,0.4,0.6) |(0.1,0.4,0.6)
Table 2.13 Neutrosophic set of relationships between Japan and other countries

Type of d.A) d,P) a0 (U, IR) a.s)
relation

Friendship (0.5,0.3,04) |(0.2,0.3,0.6) |(0.3,0.4,0.3) |(0.2,0.5,0.6) |(0.1,0.4,0.6)
Rival or (0.7,0.3,0.3) |(0.3,0.4,0.6) |(0.2,0.3,0.5) |(0.2,0.4,0.4) [(0.3,0.4,0.4)
enemy

Religious (0.1,0.3,0.3) |(0.1,0.4,0.5) |(0.4,0.4,0.5) |(0.1,0.5,0.6) | (0.1,0.4,0.6)
affection

Trade (0.1,0.3,04) |(0.7,0.3,0.2) |(0.7,0.2,0.1) |(0.6,0.4,0.6) |(0.6,0.5,0.7)
Politics (0.8,0.3,0.3) |(0.6,0.4,0.2) |(0.6,0.5,0.2) |(0.6,0.3,0.1) | (0.4,0.3,0.4)
Military (0.2,0.3,0.3) |(0.4,0.4,04) |(0.5,0.4,0.3) |(0.2,0.4,0.6) |(0.1,0.4,0.6)
Table 2.14 Neutrosophic set of relationships between Saudi Arabia and other countries

Type of (L IR) S, D (S, 1R) (S, A) (S,R)
relation

Friendship 0.2,0.4,04) |(0.1,0.7,0.6) |(0.2,0.4,0.6) |(0.4,0.3,0.6) |(0.2,0.2,0.6)
Rival or (0.6,0.3,0.6) |(0.5,0.4,0.5) |(0.5,0.4,04) |(0.4,0.2,0.5) |(0.4,0.2,0.4)
enemy

Religious (0.1,0.4,0.6) |(0.3,0.4,0.6) |(0.6,0.4,0.2) |(0.1,0.1,0.7) |(0.2,0.1,0.6)
affection

Trade (0.4,0.4,0.5) |(0.1,0.4,0.6) |(0.3,0.4,0.6) |(0.2,0.1,0.6) |(0.1,0.1,0.3)
Politics (0.7,0.4,0.2) |(0.3,0.4,0.6) |(0.6,0.4,0.6) |(0.6,0.2,0.3) |(0.6,0.4,0.6)
Military (0.2,0.5,0.6) |(0.1,0.4,0.6) |(0.2,0.3,0.7) |(0.1,0.1,0.7) |(0.2,0.1,0.5)

more than one relation. So, we will put it in that relation for which percentage of
truth is high, percentage of both falsity and indeterminacy is low as compared to
other relationships, using above-mentioned data.

‘We write the elements in relations with their truth, falsity and indeterminacy values
according to given data, resulting sets are neutrosophic sets on E;, E;, E3, Ey4, Es,
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Table 2.15 Neutrosophic set of relationships between Pakistan and other countries

Type of relation ()] (P, IR) (P, S)

Friendship (0.1,0.4,0.6) (0.5,0.4,0.5) (0.5,0.1,0.1)
Rival or enemy (0.7,0.1,0.1) 0.4,04,0.5) (0.3, 0.6, 0.6)
Religious affection 0.4,0.4,0.6) (0.7,0.4,0.5) 0.6, 0.1,0.1)
Trade (0.3,0.3,0.6) 0.4,0.4,0.5) (0.3,0.2,0.6)
Politics (0.6,0.2,0.2) (0.5,0.4,0.5) 0.2,0.4,0.5)
Military (0.1,0.2,0.6) (0.2,04,0.6) (0.1,0.4,0.6)

Eg, respectively. We can name these sets as By, By, B3, B4, Bs, Bg, respectively. Let
B, ={((P,CH),0.7,0.1,0.1)},

B, ={((P,1),0.7,0.1,0.1), ((A, R),0.7,0.1,0.1), ((A,CH), 0.8,0.2,0.1),
(I,CH),0.7,0.2,0.2)},

B ={((P, S),0.6,0.1,0.1), (P, IR),0.7,0.4,0.5)},

By ={((P,J),0.7,0.3,0.2), (({, J),0.7,0.2,0.1)},

Bs ={((P, A),0.6,0.1,0.1), ((A, 1),0.7,0.3,0.2), ((A, S), 0.6,0.2,0.3),
((A,IR),0.7,0.3,0.1), ((A, J),0.8,0.3,0.3)},

Bs={((P, R),0.7,0.1,0.3), ((R, 1),0.7,0.2,0.4)}.

Clearly, (A, By, B, B3, B4, Bs, Bg) is a neutrosophic graph structure as shown in
Fig.2.23.

In neutrosophic graph structure shown in Fig. 2.23, every edge indicates the most
prominent relationship of adjacent vertices(countries), for example most prominent
relationship between Pakistan and China is friendship, it is 70% strong, 10% weak
and 10% indeterminate. It can be noted that for the relation politics, vertex America
has highest degree, it shows that America is the most prominent country for having
political relationship with other countries in A. Further, we can tell that China and
India, America and Russia, Pakistan and India have common relationship, that is,
they are rival or enemy of each other. Moreover, according to our neutrosophic graph
structure most frequent relation is politics, it means that among these eight countries
politics is dominating relationship.

This neutrosophic graph structure depicts most prominent relationships among
some elements (countries) of A. By taking large neutrosophic graph structure, most
dominating relationships among all the countries of A can be detected. On the similar
basis, we can make a neutrosophic graph structure for all countries across the world,
in order to find the status and strength of prominent relationships among them. From
neutrosophic graph structure, we can also determine that which pair of countries
have common relationships. Further, we can find which country is most prominent
for having a particular kind of relationship with other countries. Most frequent rela-
tionship in the neutrosophic graph structure will indicate that this relationship is
prevailing in the world. So, using neutrosophic graph structure, it is quite easy to
judge, in which direction this world is moving? whether it is moving towards peace
or war/Cold War.
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Fig. 2.23 Neutrosophic graph structure showing most prominent relationship between any two
vertices(countries)

2.4.3 Detection of Most Frequent Smuggling

Smuggling on the seaports are increasing rapidly with time. There are 4,764 seaports
on Atlantic ocean, Arctic ocean, Indian ocean, Pacific ocean, etc. These seaports
are very useful and advantageous for import and export of different types of goods
through out the world. Besides, there are also many disadvantages of these seaports.
Crimes held on seaports are in abundance, but Smuggling of different kinds like
human smuggling, weapons smuggling, black money smuggling, gold and diamond
smuggling, smuggling of ivory and drug smuggling are most alarming. A lot of time
and labour is required to collect and manipulate the data from all seaports to judge
that which type of smuggling is frequent. But using neutrosophic graph structure, we
can easily investigate the fact that between any two seaports which type of smuggling
is chronic and increasing violently. Moreover, we can decide which seaport is most
sensitive for smuggling, globally and need to be focused by security teams. We
consider a set X consisting of eight seaports.

X= {Chalna, Penang, Singapore, Dubai, Karachi, Mumbai, Mombasa, Gioia
Tauro}. Let A be the neutrosophic set on X, defined in Table 2.16.

In Table 2.16, T depicts the importance of that particular seaport in the world due
to its geographic position, F indicates the degree of its nonimportance in the world,
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Table 2.16 Neutrosophic set A of eight seaports

Country T 1 F

Chalna 0.7 0.6 0.5
Penang 0.6 0.6 0.7
Singapore 0.8 0.4 0.4
Dubai 0.9 0.4 0.5
Karachi 0.8 0.4 0.4
Mumbai 0.7 0.6 0.6
Mombasa 0.6 0.5 0.6
Gioia Tauro 0.8 0.5 0.4

Table 2.17 Neutrosophic set of smuggling between Karachi and other seaports

Type of (K, DU) (K, ©C) (K, P) (XK, S)
smuggling

Human (0.6,0.3,0.4) (0.7,0.2,0.3) (0.6,0.3,0.1) (0.5,0.3,0.1)
smuggling

Weapons (0.5,0.2,0.5) (0.6,0.2,0.3) (0.3,0.4,04) (0.3,0.2,0.4)
smuggling

Black money (0.5,0.2,0.1) (0.6,0.4,0.3) (0.1,0.3,0.2) (0.8,0.1,0.1)
smuggling

Gold and (0.7,0.2,0.1) (0.5,0.2,0.2) (0.1,0.3,0.2) (0.7,0.4,0.4)
diamond

smuggling
Drug smuggling | (0.6, 0.2, 0.2) (0.4,0.3,0.2) (0.5,0.4,0.5) (0.7,0.3,0.2)
Smuggling of 0.2,04,0.4) (0.3,0.2,0.3) (0.3,0.3,0.4) (0.1,0.2,0.2)
ivory

and I expresses, to which extent it is undecided/indeterminate to be beneficial for
the world, geographically.

Let Chalna = C, Pengang = P, Singapore = S, Dubai = DU, Karachi = K, Mumbai
= MU, Mombasa = MO, Gioia Tauro = GT.

In Tables2.17, 2.18, 2.19, 2.20, 2.21, 2.22 and 2.23, we have shown the values of
T, I and F of different smuggling for each pair of seaports.

Many relations on set X can be defined, let we define six relations on X as:

E| = Human smuggling, E, = Weapons smuggling, E3 = Black money smuggling,
E, = Gold and diamond smuggling, E5 = Drug smuggling, Es = Smuggling of ivory,
such that (X, E, E,, E3, E4, Es, E¢) is a graph structure. An element in a relation
detects that kind of smuggling between those two seaports.

As (X, E|, E,, E3, E4, Es, Eg) is a graph structure, an element will not be in
more than one relations, so it can appear just once. Therefore, we will consider it an
element of that relation for which its percentage of truth is high, and percentage of
both falsity and indeterminacy is low as compared to other relations.
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Table 2.18 Neutrosophic set of smuggling between Dubai and other seaports
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Type of (DU, ©) (DU, P) (DU, S) (DU, MU)
smuggling

Human 0,6, 0.2,0.3) (0.5,0.1,0.4) (0.2,0.1,0.4) (0.5,0.3,0.1)
smuggling

‘Weapons 0.4,0.1,0.1) 0.4,0.2,0.1) (0.3,0.2,0.4) (0.3,0.2,0.4)
smuggling

Black money (0.5,0.2,0.2) (0.5,0.1,0.2) (0.5,0.1,0.2) (0.5,0.3,0.4)
smuggling

Gold and (0.5,0.1,0.1) 0.5,0.2,0.2) (0.5,0.2,0.2) (0.7,0.2,0.1)
diamond

smuggling

Drug smuggling | (0.5, 0.1,0.1) 0.4,0.3,0.2) (0.6,0.2,0.1) (0.6,0.3,0.2)
Smuggling of (0.2,0.3,0.3) (0.3,0.2,0.3) (0.3,0.1,0.4) 0.2,0.2,0.2)
ivory

Table 2.19 Neutrosophic set of smuggling between Chalna and other seaports

Type of C.P) (S) (C,MU) (C,MO)
smuggling

Human (0.5,0.2,0.3) (0.7,0.2,0.1) (0.4,0.1,0.4) (0.5,0.3,0.4)
smuggling

Weapons (0.4,0.1,0.4) (0.4,0.2,0.1) (0.6,0.2,0.4) (0.3,0.2,0.4)
smuggling

Black money 0.4,0.2,0.2) (0.7,0.4,0.3) (0.1,0.1,0.2) (0.1,0.3,0.4)
smuggling

Gold and (0.3,0.1,0.1) (0.5,0.2,0.2) (0.1,0.2,0.2) (0.1,0.1,0.3)
diamond

smuggling

Drug smuggling | (0.5, 0.1, 0.1) (0.4,0.3,0.2) (0.5,0.2,04) (0.4,0.3,0.3)
Smuggling of (0.2,0.3,0.3) (0.3,0.2,0.3) (0.2,0.1,0.4) (0.5,0.2,0.2)

ivory

According to given data, we write the elements in relations with their truth, falsity
and indeterminacy values, so the resulting sets are neutrosophic sets on Ey, Ej,
E;, E4, Es, Eg, respectively. We can name these sets as By, By, B3, By, Bs, Bg,

respectively. Let

E, ={(Chalna, Karachi), (Penang, Karachi), (Chalna, Singapore)},

E, ={(Karachi, Mumbai)},
E3 ={(Singapore, Karachi)},

Ey={(Mumbai, Singapore), (Dubai, Mumbai)},
Es ={(GioiaTauro, Karachi), (Mumbai,Gioia Tauro)},

Es ={(Mombasa, Singapore)}.

And corresponding neutrosophic sets are:
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Table 2.20 Neutrosophic set of smuggling between Penang and other seaports

Type of ®,S) (P, MU) (P, MO) (P, GT)
smuggling

Human 0.4,0.2,0.3) (0.5,0.1,0.2) (0.2,0.1,0.4) (0.5,0.3,0.4)
smuggling

‘Weapons (0.5,0.1,0.1) 0.4,0.2,0.1) (0.3,0.2,0.4) (0.3,0.2,0.4)
smuggling

Black money (0.5,0.2,0.2) (0.1, 0.1, 0.2) (0.1, 0.1, 0.2) (0.1,0.3,0.4)
smuggling

Gold and (0.5,0.1,0.1) 0.5,0.2,0.2) (0.1,0.2,0.2) (0.1, 0.1, 0.5)
diamond

smuggling

Drug smuggling |(0.4,0.1,0.1) 0.4,0.3,0.2) (0.3,0.2,0.5) (0.6,0.3,0.1)
Smuggling of (0.2,0.3,0.3) (0.3,0.2,0.3) (0.5,0.1,0.1) (0.4,0.2,0.2)
ivory

Table 2.21 Neutrosophic set of smuggling between Singapore and other seaports

Type of (S, MU) (S, MO) (S, GT) (K, MU)
smuggling

Human (0.4,0.2,0.3) 0.2,0.1,0.4) (0.2,0.1,0.4) (0.5,0.3,0.5)
smuggling

Weapons (0.6,0.3,0.4) (0.4,0.2,0.3) (0.3,0.2,0.4) (0.7,0.1,0.3)
smuggling

Black money (0.4,0.2,0.3) (0.5,0.1,0.3) (0.5,0.1,0.2) (0.6,0.3,0.4)
smuggling

Gold and (0.7,0.2,0.6) (0.5,0.2,0.4) (0.5,0.2,0.2) (0.5,0.1,0.3)
diamond

smuggling

Drug smuggling | (0.6, 0.2, 0.3) (0.4,0.3,0.4) (0.5,0.2,0.1) (0.7,0.3,0.3)
Smuggling of (0.6, 0.4, 0.5) (0.6,0.1,0.3) (0.5,0.1,0.4) (0.6,0.2,0.2)
ivory

B ={((C, K),0.7,0.2,0.3),((P, K),0.6,0.3,0.1),((C, S),0.7,0.2,0.1)},

B, ={((K,MU),0.7,0.1, 0.3)},
B3 ={((S,K),0.8,0.1,0.1), },
By={(MU, §),0.7,0.2,0.3), (DU, MU),0.7,0.2,0.1)},
Bs ={((GT, K),0.8,0.2,0.2), (MU, GT),0.7,0.2,0.2)},
Bs={((MO,S),0.6,0.1,0.3)}.

Clearly, (A, By, By, B3, B, Bs, Bg) is a neutrosophic graph structure as shown
in Fig.2.24.

In neutrosophic graph structure shown in Fig.2.24, every edge detects most fre-
quent smuggling between adjacent seaports. For instance, most frequent smuggling
between Karachi and Singapore is black money smuggling, its strength is 80%, weak-
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Table 2.22 Neutrosophic set of smuggling between Gioia Tauro and other seaports
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Type of (GT,K) (GT, DU) (GT,O) (GT, MU)
smuggling

Human 0.4,0.2,0.3) 0.2,0.1,0.4) (0.2,0.1,0.4) (0.5,0.3,0.5)
smuggling

‘Weapons (0.7,0.2,0.2) (0.5,0.2,0.1) (0.3,0.2,0.4) (0.6,0.2,0.4)
smuggling

Black money (0.5,0.2,0.2) 0.4,0.1,0.2) (0.1, 0.1, 0.2) (0.4,0.3,0.4)
smuggling

Gold and (0.6,0.2,0.2) 0.5,0.2,0.2) (0.1,0.2,0.2) (0.6,0.2,0.5)
diamond

smuggling

Drug smuggling | (0.8, 0.2,0.2) 0.5,0.3,0.2) 0.6,0.2,0.4) 0.7,0.2,0.2)
Smuggling of (0.2,0.3,0.3) (0.3,0.2,0.3) (0.5,0.1,0.4) (0.6,0.2,0.2)
ivory

Table 2.23 Neutrosophic set of smuggling between Mombasa and other seaports

Type of MO, K) (MO, DU) (MO, MU) (MO, GT)
smuggling

Human (0.4,0.2,0.3) (0.5,0.1,0.4) (0.4,0.1,0.4) (0.5,0.3,0.4)
smuggling

Weapons (0.5,0.1,0.4) (0.4,0.2,0.3) (0.4,0.2,0.4) (0.3,0.2,0.4)
smuggling

Black money 0.4,0.2,0.2) (0.4,0.1,0.2) (0.4,0.1,0.2) (0.4,0.3,0.4)
smuggling

Gold and (0.3,0.1,0.1) (0.5,0.2,0.2) (0.5,0.2,0.2) (0.3,0.1,0.3)
diamond

smuggling

Drug smuggling | (0.6, 0.1, 0.1) (0.4,0.3,0.2) (0.4,0.2,0.4) (0.6,0.3,0.1)
Smuggling of (0.2,0.3,0.3) (0.6,0.2,0.3) (0.5,0.1,0.3) (0.6,0.2,0.2)
ivory

ness is 10% and indeterminacy is 10%. We can also note that for relation human
smuggling, vertex Karachi has highest vertex degree, it means Karachi is most sen-
sitive seaport for human smuggling. Moreover, according to our neutrosophic graph
structure most frequent smuggling is human smuggling. It means that at these eight
seaports, security forces should take action to control human smuggling.

This neutrosophic graph structure detects most frequent smuggling between some
seaports of set A. By making a neutrosophic graph structure of all seaports, we can
examine between any two seaports, which kind of smuggling is most frequent, we can
also tell that which seaport is most sensitive for particular kind of smuggling. Further,
we may get information about violently increasing smuggling through seaports in
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Fig. 2.24 Neutrosophic graph structure showing most frequent smuggling between any two sea-
ports

the whole world. That is why neutrosophic graph structures can be very helpful for
security forces to overcome the smuggling at seaports.

We now elaborate general procedure of our applications in the following Algo-
rithm.

Algorithm 2.4.1
Step 1. Input the set X = {A1, Ay, ..., A,} of vertices and the neutrosophic vertex
set A defined on X.
Step 2. Input neutrosophic set of relationships or smuggling of a vertex with other
vertices and compute 7', I and F of each pair of vertices using:
T(AiA)) < min(T(A). T(A))), I(A;A;) <min(I(A;), I(A))).
F(A;Aj) < max(F(A;), F(A))).
Step 3. Repeat Step 2 for all vertices in X.
Step 4. Define relations Ey, E», ..., E, onset X such that (X, E|, Es, ..., E,)is
a graph structure.
Step 5. Put an element in that relation for which value of T is high, and values of
I and F are low as compared to other relations.
Step 6. Write all elements of relations with their 7', I and F values, resulting rela-
tions Bj, By, ..., B, are neutrosophic sets on E;, E,, E3, ..., E,, respectively,
and (A, By, By, ..., B,) is a neutrosophic graph structure.
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