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Preface

Fixed point theorems constitute an important and interesting aspect of applicable
mathematics and provide solutions to several linear and nonlinear problems arising
in biological, engineering and physical sciences. This book, as the title suggests,
deals with some fixed point theorems and applications. The choice of the topics is
largely guided by personal preferences, and the book will serve as a subjective
sampler of topics in fixed point theorems.

This volume neither exhausts all the important fixed point theorems nor elabo-
rates the most general formulations of the theorems presented. No attempt is made to
provide a historical/chronological background for the topics covered. Nevertheless,
it hopefully supplements the extant publications and promotes interest for further
study among the readers.

A quick run-through of the highlights of the individual chapters is not out of
place. While Chap. 1 collects the analytic and topological preliminaries needed in
the sequel, Chap. 2 describes the basic properties of iterates of real and complex
functions. It details the theorems of Thron on the rates of convergence of certain
classes of real functions. Cohen’s common fixed point theorem for commuting
continuous full surjections on a compact interval, Shield’s theorem on the existence
of a common fixed point for a commuting family of analytic functions on the closed
unit disc, an elementary proof of Sharkovsky’s theorem on periodic points of real
functions and Bergweiler’s theorem on the existence of fixed points of meromor-
phic functions are other noteworthy features of Chap. 2. Chapter 3 explores the
existence of fixed points in the setting of partially ordered sets. Knaster—Tarski
principle is formulated leading to Tarski’s theorem, and its applications to set
theory, general topology, nonlinear complementarity problem, parabolic differential
equations and formal languages are described. Also discussed are some general-
izations due to Merrifield and Stein.

Most of Chap. 4 deals with Ward’s theory of partially ordered topological spaces
culminating in Schweigert’s fixed point theorem. Manka’s fixed point theorem on
inductively and acyclically ordered posets is proved and used to deduce the fixed
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point property of continuous functions on dendroids. Also highlighted is Klee’s
counterexample in fixed point theory. Contraction principle and some of its variants
are taken up in Chap. 5, including Kupka’s topological generalization and Nadler’s
extension to multifunctions. Jachymski’s proof of the converse of the contraction
principle is also elaborated. Applications to differential equations, functional
equations, algebraic Weierstrass preparation theorem, Cauchy—Kowalevsky theo-
rem and the central limit theorem are detailed in Chap. 6. Chapter 7 is devoted to
Caristi’s fixed point theorem, a generalization of the contraction principle. Separate
proofs of Caristi’s theorem due to Siegel, Penot and Kirk are provided. The
equivalence of Caristi’s theorem, Ekeland’s variational principle and Takahashi’s
minimization theorem is proved. That these three equivalent theorems characterize
metrical completeness is also established.

Chapter 8 is on fixed points of contractive and non-expansive maps. Goebel’s
proof of Browder—Gohde—Kirk fixed point theorem for nonexpansive mappings in
the setting of uniformly convex Banach spaces is provided. Pasicki’s theory of bead
and discus spaces and his theorem on the fixed points of nonexpansive maps with
an application of Matkowski to certain functional equations are other highlights.
Ishikawa’s theorems on iterates are detailed as also a fixed point theorem due to
Merrifield et al. on generalized contractions using combinatorial ideas.

Chapter 9 using the concepts of the geometry of Banach spaces establishes that
convex weakly compact subsets of nearly uniformly smooth (NUS) and non-square
Banach spaces have fixed point property for nonexpansive mappings. Brouwer’s
theorem is treated in Chap. 10. Besides an analytic proof due to Rogers, proof based
on Sperner’s lemma is provided. The existence of Walrasian and Nash equilibria for
economies is deduced. Whyburn’s proof of Stallings's generalization of Brouwer’s
fixed point theorem for connectivity maps has also been elaborated. Schauder’s
theorem and its extensions and applications constitute the major part of Chap. 11.
Besides Tychonoff’s fixed point theorem and Ky Fan—Browder—Glicksberg theo-
rem for multifunctions, Kakutani-Markov and Ryll-Nardzewski theorems are
described. The existence of Banach limits, Haar integral on compact groups
and Nash equilibria is provided besides an introduction to measures of
noncompactness. Chapter 12 describes the finite-dimensional degree theory as
presented by Heinz. Appendices A and B summarize the classical counterexamples
due to Huneke and Kinoshita, respectively. Appendix C deals with fractals and
fixed points.

The text closely follows the notation and organization of the papers quoted
extensively, within reasonable limits, to aid the readers to peruse these papers with
ease. A judicious choice of sections from Chaps. 2—12 can constitute a basic course
on fixed point theorems.

No expression of gratitude is adequate for the award of a sabbatical leave granted
by the competent authority of the Indian Institute of Technology Madras to me for
the preparation of an earlier concise version of this tract. I am thankful to my
colleagues for their support during the preparation of this tract and to my wife
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Dr. S. Alamelu Bai for proofreading the content and for the moral support. I am
thankful to Dr. N. Sivakumar (Texas A&M University) and Dr. Antony Vijesh
(T Indore) for getting several papers for reference. I am grateful to Profs. M. S.
Rangachari, G. Rangan, (Late) K. S. Padmanabhan and (Late) K. N. Venkataraman
of the Madras University, Chennai, for initiating me into different aspects of mathe-
matical analysis. Thanks are due to Mr. E. Boopal for typesetting the manuscript.

Suggestions for improvement and corrections of errors and misprints are earn-
estly solicited.

Chennai, India P. V. Subrahmanyam



Contents

1  Prerequisites . . ... .. ....... . .. .. ... 1
1.1  Topological Spaces . . ................. ... ... .. ...... 1
1.2 Metric Spaces. . . .. .ot 5
1.3 Normed Linear Spaces . ............................. 9
1.4  Topological Vector Spaces . .......................... 16
References . .. ... ... ... .. 21
2 Fixed Points of Some Real and Complex Functions . ........... 23
2.1  Fixed Points of Continuous Maps on Compact
Intervals of R . ... ... ... .. 23
2.2 Tterates of Real Functions . . .......................... 25
2.3 Periodic Points of Continuous Real Functions ............. 31
2.4  Common Fixed Points, Commutativity and Iterates.......... 35
2.5 Common Fixed Points and Full Functions ................ 41
2.6 Common Fixed Points of Commuting Analytic Functions . . . . . 44
2.7  Fixed Points of Meromorphic Functions. . ... ............. 48
References . . ... . . . . 49
3 Fixed Points and Order. . . .. ........... ... ... .. ... ... .... 51
3.1  Fixed Points in Linear Continua ....................... 51
3.2 Knaster—Tarski Principle . . .. .......... ... ... ... . ... 54
3.3  Tarski’s Lattice Theoretical Fixed Point Theorem
and Related Theorems. . . ............................ 57
34  Some Applications . ................. 64
References . . . ... . 70
4  Partially Ordered Topological Spaces and Fixed Points . ... ... .. 73
4.1 A Precis of Partially Ordered Topological Spaces . .......... 73
4.2 Schweigert—Wallace Fixed Point Theorem ................ 81
4.3  Set Theory, Fixed Point Theory and Order. . .............. 86
4.4 Multifunctions and Dendroids ... ...................... 90

ix



Contents

4.5  Some Spaces with Fixed Point Property . . . ............... 92
4.6  An Example in Fixed Point Theory .. ............. ... ... 94
References . .. ... ... . . . 95
Contraction Principle . ... ............. ... ... ... ... ... ... 97
5.1 A Simple Proof of the Contraction Principle. . .. ....... .. .. 97
5.2 Metrical Generalizations of the Contraction Principle ... ... .. 100
5.3  Fixed Points of Multivalued Contractions. ... ............. 105
5.4  Contraction Principle in Gauge Spaces. . ................. 107
5.5 A Converse to the Contraction Principle ................. 109
5.6 A Topological Contraction Principle ............. ... ... 114
5.7  Another Proof of the Contraction Principle. ............... 116
References .. ........ .. . . . ... 118
Applications of the Contraction Principle . . . . .............. .. 121
6.1  Linear Operator Equations. . .. ........................ 121
6.2  Differential Equations ... .................. ... ... ... 125
6.3 A Functional Differential Equation. . ... ................. 128
6.4 A Classical Solution for a Boundary Value Problem

for a Second Order Ordinary Differential Equation . . ........ 129
6.5 An Elementary Proof of the Cauchy—Kowalevsky

Theorem. . . ... ... 130
6.6  An Application to a Discrete Boundary Value Problem. . . . . .. 133
6.7  Applications to Functional Equations . . . ................. 135
6.8  An Application to Commutative Algebra ... .............. 140
6.9 A Proof of the Central Limit Theorem . . ... .............. 143
References . . . ... .. 150
Caristi’s Fixed Point Theorem . ........................... 151
7.1 Introduction ................ ... 151
7.2 Siegel’s Proof of Caristi’s Fixed Point Theorem . .. ... .... .. 151
7.3 Ekeland’s Variational Principle ... ......... ... ... ... ... 156
7.4 A Minimization Theorem . ........................... 159
7.5  An Application of Ekeland’s Principle . . .. ............... 161
References ... ... ... . . . 162
Contractive and Non-expansive Mappings . .................. 165
8.1  Contractive Mappings . . . ... ...t 165
8.2  Non-expansive Maps. . . ... ... .. 171
8.3  Browder—Gohde—Kirk Fixed Point Theorem............... 173
8.4 A Generalization to Metric Spaces. . . . .................. 176
8.5  An Application to a Functional Equation . . ............... 181

8.6  Convergence of Iterates in Normed Spaces. .. ............. 184



Contents

8.7  Iterations of a Non-expansive Mapping . .................
8.8 A Generalization of the Contraction Principle Based

on Combinatorics . .. ........... ...
References . .. ... ... . . .

9  Geometric Aspects of Banach Spaces and Non-expansive
Mappings . .. ... ...
9.1 Introduction . .............. ... ...
9.2 Coefficients of Banach Spaces and Fixed Points . . ... .......
9.3  Nearly Uniformly Smooth Spaces ......................
9.4 Non-square Banach Spaces .. ............ ... ... ... ...
9.5  An Equivalent Definition of RW(a,X) and Fixed Points of
Non-expansive Maps in Non-square Banach Spaces . ........
References . .. ... .. . .

10 Brouwer’s Fixed-Point Theorem . . . ... ... ... ... ... ... ..
10.1 Introduction . ........... ... . ... . . ... ..
10.2  Analytic Preliminaries . . .. ............... .. ... ... ....
10.3 Brouwer’s Fixed-Point Theorem . ......................
10.4 A Proof of Brouwer’s Theorem from Sperner’s Lemma . . . ...
10.5 Scarf’s Algorithm . . .. ... ... oo i o
10.6 More on Brouwer’s Fixed-Point Theorem . ...............
10.7 A Proof of the Fundamental Theorem of Algebra........ ...
10.8 A Generalization of Brouwer’s Theorem . ................
References . . . ... ... . . . ...

11 Schauder’s Fixed Point Theorem and Allied Theorems .........
11.1 Introduction ....................... ... ... ... ......

11.2  An Application of Schauder’s Theorem to an Iterative
Functional Equation . ... ............. .. .............
11.2.1 Introduction............ .. ... .. ... ... ... ....
11.22 A Subset of C(I,R) .. ..o
11.3  Measures of Noncompactness and Fixed Point Theorems . . . . .
11.4 Kakutani-Ky Fan—Glicksberg Fixed Point Theorem. ... ... ...
References ... ... ... ... ..

12 Basic Analytic Degree Theory of a Mapping. . . .. .............
12.1 Introduction ... ....... ... ... .

12.2  Heinz’s Elementary Analytic Theory of Mapping
Degree in Finite Dimensional Spaces . . ... ...............
12.3  Properties of the Degree . . ...........................
12.4 Some Consequences . ...............................
References ... ... ... ... .. ...

xi



xii Contents

Appendix A: A Counterexample on Common Fixed Points. ... ... .. .. 289

Appendix B: A Compact Contractible Space Without Fixed Point
Property. . . ... .. . 293

Appendix C: Fractals via Fixed Points . . ... ...................... 297



About the Author

P. V. Subrahmanyam is Professor Emeritus at the Indian Institute of Technology
Madras (IIT Madras), India. He received his Ph.D. in mathematics from IIT Madras
for his dissertation on ‘Topics in Fixed-Point Theory’ under the supervision of
(late) Dr. V. Subba Rao. He received his M.Sc. in mathematics from IIT Madras
and B.Sc. in mathematics from the University of Madras, India. He has held several
important administrative positions, such as Senior Professor and Head of the
Department of Mathematics at IIT Madras; Founder and Head of the Department of
Mathematics at the Indian Institute of Technology Hyderabad (IIT Hyderabad);
Executive Chairman of the Association of Mathematics Teachers of India (AMTI)
and President of the Forum for Interdisciplinary Mathematics (FIM). Before joining
IIT Madras, he served as Faculty Member at Loyola College, University of Madras,
and Hyderabad Central University. His areas of interest include classical analysis,
nonlinear analysis and fixed point theory, fuzzy set theory, functional equations and
mathematics education. He has published over 70 papers and served on the editorial
board of several journals including Differential Equations and Dynamical Systems
and The Journal of Analysis. He received an award for his outstanding contributions
to mathematical sciences in 2004 and the Lifetime Achievement Award from FIM
in 2016. He has given various invited talks at international conferences and com-
pleted brief visiting assignments in many countries such as Canada, the Czech
Republic, Germany, Greece, Japan, Slovak Republic and the USA. He is also Life
Member of the Association of Mathematics Teachers of India, FIM, Indian
Mathematical Society and the Society for Industrial and Applied Mathematics
(SIAM).

Xiii



Chapter 1 ()
Prerequisites e

This chapter is a precis of the basic definitions and theorems used in the sequel. It is
presumed that the reader is familiar with naive set theory (see Halmos [4]) and the
properties of real numbers and real functions (see Bartle [1]). Other mathematical
concepts and theorems relevant to specific sections of a chapter will be recalled
therein.

1.1 Topological Spaces

This section collects important concepts and results from topology. For proofs and
other details, Dugundji [3], Kelley [7], Munkres [9] and Simmons [13] may be
consulted.

Definition 1.1.1 Let X be a non-empty set. A collection of J of subsets of X is
called a topology on X, if

(i) ¢, X €7,
(i) GiNG, e T for Gi, G, € T and
(iii) Uger G € 7 forany F C 7.

Any subset of X belonging to .7 is called an open set or more precisely .7 -open
set. The pair (X, 77) is called a topological space. Given a topological space (X, 7),
the interior of A C X, denoted by A” is the largest open subset of A.

For a subset S of X, where (X, .7) is atopological space, 75 = {GNS: G € T}
is a topology on S, called the relative topology (or subspace topology) on S.

Example 1.1.2 For a non-empty set X, the family {¢, X} is a topology on X called
the indiscrete topology on X, 2%, the power set of X or the set of all subsets of X is
a topology on X called the discrete topology on X. The family of all subsets of X
© Springer Nature Singapore Pte Ltd. 2018 1
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whose complements are finite sets together with the empty set is also a topology on
X called the co-finite topology on X.

Since the intersection of any collection of topologies on X is a topology on X,
for any family F of subsets of X, there is the smallest topology on X containing F,
called the topology generated by F.

Example 1.1.3 A subset G of real numbers is called open if for each x € G, an open
interval containing x lies in G. (Evidently the empty set is open.) This collection of
all open subsets of R, the real number system is a topology on R, called the usual
topology on R.

Definition 1.1.4 Let (X, .7) be a topological space. A neighbourhood of a point
x € X is any subset of X containing an open subset G € .7, containing x. A neigh-
bourhood base or local base at x is a family NV, of neighbourhoods of x such that for
any neighbourhood N of x, there is a neighbourhood N, € N, suchthatx € N, C N.
A topological space is called first countable if for each point there is a countable local
base. An interior point of A is a point a € A such that A contains a neighbourhood
of a.

Definition 1.1.5 A subset F of a topological space (X, .77) is called a closed subset
of X if X — F is .7-open. The closure of a subset A of X denoted by A is the
smallest closed set containing A. A subset S of X is said to be dense in X if § = X.
A topological space (X, .7) is called separable if it has a countable dense subset.

Remark 1.1.6 Let (X, ) be a topological space and A, B C X. Then
(i) =0, d=¢ X"=Xand X = X;
(i) AD Aand A° C A;
(iii) AUB=AUB, (AN B)° = A°N B°;
(iv) (A) = Aand (A°)° = A°. Further A = {x € X : every neighbourhood of x has
a non-void intersection with A}. A’ = {a € A : a is an interior point of A}.

Definition 1.1.7 For a topological space (X, 7)) B C 7 is called a base (or basis)
for .7 is for A, A» € Band x € A; N A,, there exists A3 € B such that x € A3 C
AN Aj. A subfamily . of 7 is called a subbase for .7 of B, if the family of
intersections of all finite subfamilies of . is a base for .7. If the topology .7 has a
countable base, then the topological space is called second countable.

Remark 1.1.8 If .7 is a family of subsets of X with U{S : § € .¥/} = X, then . is
a subbase for a topology on X, for which B the family of subsets of X which are the
intersections of finite subfamilies of .& is a base for this topology.

Remark 1.1.9 The family of all subintervals of the form [a, b), a < b, a,b € R is
a base for a topology on R, called the lower limit topology on R. Similarly, the
family {(a, b] : @ < b, a, b € R} is a base for a topology on R called the upper limit
topology on R. The usual (standard) topology on R has the family of all open intervals
(a,b),a < b,a,b € R as abase. R with the usual topology is separable and second
countable. However, R with the lower limit topology is separable and first countable
but is not second countable.



1.1 Topological Spaces 3

Definition 1.1.10 A binary relation < on a non-empty subset X is called a quasi-
order if the following conditions are satisfied:

(1) x < x forall x € X (reflexivity);
(if) ifx <yandy <z, forx,y, z € X, then x < z (transitivity).
If, in addition a quasi-order < satisfies
(i) ifx <y and y < x, then x = y (anti-symmetry),

then the quasi-order < is called a partial order. Accordingly if < is a quasi-order
on X, then (X, <) is called a quasi-ordered space. If < is a partial order on X, then
(X, <) is called a partially ordered set or poset.

Definition 1.1.11 A partial order < on a set X is called a linear order or total order
if for any pair of elements x, y € X either x < y or y < x. A linearly ordered set is
also called a chain.

Definition 1.1.12 A partially ordered set (D, <) is called a directed set if for any
pair x, y € X, there exists z € D suchthatx <zand y < z.

Definition 1.1.13 A net in a topological space X is a pair (S, >) where S is a
function from a directed set (D, >) into X. A net (S, >) in a topological space is
said to converge to an element x € X if for each open set G containing x, there is
an element m of D such that forn > m, n € D, S(n) € G. Clearly, a sequence in
a topological space is a net directed by the set of natural numbers with the usual
ordering.

Proposition 1.1.14 A subset S of a topological space (X, T) is closed if and only
if no net in S converges to an element of X — S. An element s € S for S C X if and
only if there is a net in S converging to s.

Definition 1.1.15 Let (X;, 7;),i = 1, 2 be topological spaces. Amap f : X; — X»
is said to be continuous if for each .75-open subset G of X,, f~'(G) is Z;-open in
X,.If fis one-one and onto X, and if both f and f~' are continuous maps, then f
(as also f 1) is called a homeomorphism from X; onto X, (from X, onto X).

Amap f : X; — Xjissaidtobe continuous at x € X1, if for each neighbourhood
Ny of f(x) in X, there is a neighbourhood N, of x such that f(N,) € Ny().
A map g : X; — X, is called open if it maps open subsets of X; onto open subsets
of X2.

The following theorem is well-known.

Theorem 1.1.16 Let (X;, 7;),i = 1, 2 be topological spaces and f : X| — X, be
a map. The following statements are equivalent:

(i) f is continuous on X,

(ii) f is continuous at each point of X;
(iii) f~'(F) is closed in (X1, 5) for each closed subset F of X»;
(iv) if G € ., a subbase for 7, then f~'(G) € F;
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(v) foreach net (S, >) converging to x in X1, (f(S), >) converges to f(x) in X,;
(vi) for each subset A of X, f(Z) C f(A),
(vii) for each subset B of Y, f~1(B) € f~'(B).

Theorem 1.1.17 A topological space (X, 7) is said to be disconnected if X =
A U B where A and B are non-empty disjoint proper open subsets of X. A pair of
sets A and B is said to be separatedif AN B = BN A = ¢, where A and B are non-
empty. A topological space is called connected if it is not disconnected (A connected
space is not the union of two non-void separated sets). A subset Y of X is called
connected if Y is connected in the subspace topology. A maximal connected subset
of X is called a component.

Definition 1.1.18 A topological space is called totally disconnected if the only con-
nected subsets are singletons.

Definition 1.1.19 A topological space is said to be locally connected if the family
of open connected subsets is a base for the topology.

Remark 1.1.20 A discrete topological space with more than one element is locally
connected, though totally disconnected. The set (0, 1) U (2, 3) with the subspace
topology inherited from R with the usual topology is locally connected and discon-
nected though not totally disconnected.

Theorem 1.1.21 Let (X, .7) be a topological space. Then

(i) if A is a connected subset of X and A C B C A, then B is a connected subset;
(ii) the union of a family of connected subsets of X, no two of which are separated
is connected;
(iii) components of X are closed and any two components are either identical or
disjoint;
(iv) any component of an open subset of a locally connected space is open.

Definition 1.1.22 A family of open sets {G» : A € A} of atopological space (X, .7)

is called an open cover for X, if X = U G ). Ifevery open cover of X has a countable

AeA
subcover, the topological space is said to be Lindelof. If each open cover of X has a

finite subcover, then the topological space is called compact.

Definition 1.1.23 A topological space is called locally compact, if each element has
a compact neighbourhood.

Definition 1.1.24 Let (X, 7)), A € A, A # ¢ be a family of topological spaces.

The Cartesian product of all these sets X denoted by X = l_[ X is the set of all
AeA

functions f : A — U X suchthat f(\) € X, foreachA € A.Themap P : X —

AeA
X such that P\(f) = f()\) foreach f € X is called the projection of the set X into

the Ath coordinate set X . The topology of X having {P/\*1 U):Ue I, e A}as
a subbase is called the product topology on X and X with this topology is referred
as the product (topological) space.
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Theorem 1.1.25 Let {(X), D)) : A € A, A # ¢} be a family of topological spaces
and X be the product space with the product topology 7. Then

(i) Py, the projection of X into X is continuous for each \ € A;
(ii) amap f :Y — X, where Y is a topological space is continuous if and only if
P\ o f 1Y — X, is continuous for each A\ € A;
(iii) a net S in X converges to an element s if and only if its projection in each
coordinate space converges to the projection of s.
(iv) X is connected if and only if each X ) is connected;
(v) (Tychonoff’s theorem) X is compact if and only if each X is compact.

Definition 1.1.26 A topological space X is said to be

(1) T if for each pair of distinct elements x and y, there exist neighbourhoods N,
of x not containing y and N, of y not containing x;

(i1) T (Hausdorff) if each pair of distinct elements has disjoint neighbourhoods;

(ii1) regular, if for each x € X and any closed subset F of X not containing x, there
exist disjoint open sets G| and G, with x € G| and F € G, (X is called T3 if
itis 77 and regular);

(iv) normal, if for each pair of disjoint closed subsets F;, i = 1, 2 of X, there exist
disjoint open sets G;,i = 1,2 with F; € G;,i = 1,2 (X is called Ty if itis T}
and normal).

(Every Ty space is T5 and each T space is T», while a T; space is necessarily 7).

Theorem 1.1.27 (Urysohn’s Lemma) If A and B are disjoint closed subsets of a
normal space X, then there is a continuous function f : X — [0, 1] such that f =0
onAand f =1 on B.

Theorem 1.1.28 Let X and Y be topological spacesand f : X — Y be a continuous
map. If X is compact, then f(X) is a compact subset of Y. If X is connected, then
f(X) is a connected subset of Y.

Corollary 1.1.29 [If X is a compact topological space and f : X — R is a continu-
ous map, then f attains its maximum and minimum on X. If X is a connected space
and f : X — Ris continuous, then f(X) is an interval.

1.2 Metric Spaces

In this section, basic concepts and theorems from the theory of metric spaces are
recalled. For details, in addition to the references cited in Sect. 1.1, Kaplansky [6]
may be consulted.

Definition 1.2.1 Let X be a non-void set. A map d : X x X — [0, 00) (=R") is
called a metric if
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(i) d(x,x) =0forall x € X;
(i1) d(x,y) = 0implies x = y;
@iii) d(x,y) =d(y,x),forall x,y € X;
(iv) d(x,y) <d(x,z) +d(z,y) for all x, y, z (triangle inequality).

The pair (X, d) is called a metric space. A map d satisfying (i), (iii) and (iv) is called
a pseudometric and the corresponding (X, d) is called a pseudometric space.

Definition 1.2.2 If (X, d) is a metric space, the set B(xp; r) = {x € X : d(xp, x) <
r} for r > 0is called an open sphere of radius r centred at x,, while the set {x € X :
d(xo, x) < r}isreferred as the closed sphere of radius » with centre x.

Remark 1.2.3 The family of all open spheres {B(x;r) : x € X, r > 0} is a base for
a topology on X called the metric topology on X induced by d.

Example 1.2.4 (i) If X is a non-empty set the map d : X x X — R™ defined by
d(x,y) =1 for x # y and d(x, x) = 0 is a metric on X called the discrete
metric. The corresponding metric topology on X is the discrete topology.

(i) OnR,d(x,y) = |x — y|, the absolute value of x — y defines a metric called the
usual (or standard) metric on R and the topology induced is the usual topology
on R (with the base comprising all open intervals).

n 2
(iii)) On R", the set of all n-tuples of real numbers, d(x,y) = (Z |x; — yi|2) R
i=1

where X = (x1, x2,...,x,) and y = (y1, y2, ..., ¥,) defines a metric, called
the Euclidean metric on R”.

(iv) Cla, b], the set of all continuous real-valued function on the closed interval
[a, b], where a < b, a, b € R is a metric space under the metric

d(f, g) = sup{|f(x) —g()|: x € [a,b]}

where f, g € Cla, b]. This metric is called Tschebyshev or uniform metric.
(v) More generally C(X), the set of all continuous real-valued functions on a com-

pact topological space becomes a metric space with the metric d defined by
d(f, g) = sup{|f(x) — g(x)| : x € X} where f, g € C(X).

(vi) d(f,g) = fab | f () — g(t)|dt also defines a metric on C[a, b] the set of all con-
tinuous real-valued functions on [a, b].

(vii) If (X, d) is a metric space and S C X, then the restriction of d to § x S is a
metric and this metric topology is precisely the topology of S relative to the
metric topology on X.

Theorem 1.2.5 A metric space is second countable if and only if it is separable.
Theorem 1.2.6 Every metric space is a Hausdorff normal space.

Definition 1.2.7 A sequence (x,) in a metric space (X, d) is called Cauchy (fun-
damental) if d(x,,, x,) — 0 as m, n — oo. A metric space is said to be complete if
every Cauchy sequence in X converges to an element of X.
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Theorem 1.2.8 (Baire) No complete metric space can be written as a countable
union of closed sets having empty interior.

Definition 1.2.9 Let (X;,d;), i = 1,2 be metric spaces. A map T : X| — X is
called an isometry if dr (T x;, Tx;) = d;(x1, xp) for all x;, x, € X;.

Theorem 1.2.10 Each metric space (X,d) can be isometrically embedded in a
complete metric space (X, d) as a dense subset. Further such a complete metric
space X, called the completion of X is unique up to isometry.

Remark 1.2.11 Inexample 1.2.4, except the space described in (vi), the metric spaces
in examples (i)—(v) are complete.

Theorem 1.2.12 [f(X, d) is a metric space, thend(x, y) = min{l, d(x, y)}, x,y €
X defines a metric on X and the topologies induced on X by these metrices are the
same.

Theorem 1.2.13 If(X,,d,), x € Nisa sequence of metric spaces, then X = 1_[ X,

neN
is a metric space under the metric d defined by

o o0 1 d,,(x,,, yn)
dx,y) = S\ T L v )
@N=3 5 (1+dn(xn,yn)>

n=1

where X = (x,) and y = (y,) are in X. Further, if each (X,, d,) is complete, then
(X, d) is complete.

The following metrization theorem is classical.

Theorem 1.2.14 (Urysohn) A regular T second countable topological space is
metrizable (in the sense that there is a metric on this space whose metric topology
is the given topology).

A concept basic to the study of the metrization problem is defined below.
Definition 1.2.15 A family F of subsets of a topological space (X, .7) is called

(1) locally finite, if each point of the space has a neighbourhood that intersects only
finitely many sets in F;
(ii) discrete if each point of the space has a neighbourhood that intersects at most
one member of F;
(iii) o-locally finite (o-locally discrete) if it is the union of a countable collection
of locally finite (finite) subfamilies.

Theorem 1.2.16 (Metrization theorems) A topological space is metrizable if and
only if it is Ty and regular with

a o-locally finite base (Nagata—Smirnov);
or
a o-discrete base (Bing).
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Another important notion is that of paracompactness formulated below.

Definition 1.2.17 A topological space X is called paracompact if each open cover
U of X has an open locally finite refinement U/* (viz. U* is locally finite and each
member of U/* is open and is a subset of some set in {f).

Theorem 1.2.18 Every pseudometric space is paracompact and a paracompact T,
space is normal.

Definition 1.2.19 Let X be a topological space. A family {f\ : A € A # ¢} of con-
tinuous functions mapping X into [0, 1] is called a partition of unity if for each
xeX, Z fr(x) = 1 and all but a finite number of f)’s vanish on some neighbour-

AeA
hood of x. A partition of unity {f\ : A € A # ¢} in subordinate to a cover I/ if each

/> vanishes outside some member of /.

Theorem 1.2.20 A regular T) space is paracompact if and only if for each open
covering of X, there is a partition of unity subordinate to this covering. For every
compact T, space, every open cover has a partition of unity subordinate to it.

Definition 1.2.21 A subset S of a metric space (X, d) is said to be totally bounded, if
for each € > 0, there exists a finite subset {x|, x, ..., x,} (depending on €) such that

S C U B(x;; €). A subset S is said to be bounded if S € B(x; r) for some x € X
i=1
and some r > 0.

Theorem 1.2.22 For a metric space (X, d), the following are equivalent:

(i) X is compact;
(ii) X is complete and totally bounded;
(iii) every sequence in X has a convergent subsequence;
(iv) X has the Bolzano—Weierstrass property, viz. for every infinite subset A of X
has a limit point xy € X, i.e. a point xy such that every neighbourhood of xg
meets A.

Theorem 1.2.23 Let (X;,d;), i = 1,2 be metric spaces and f : X1 — X, be a
continuous map. If X is compact, then f is uniformly continuous in the sense that
for each € > 0 there exists § > 0 depending only on € so that dx(f(x), f(y)) <€
whenever x,y € Xy and dy(x, y) < 9.

Definition 1.2.24 For a non-void subset A of a metric space (X, d), the distance of
a point x from A is defined as D(x, A) = inf{d(x,a) : a € A}.

Theorem 1.2.25 Let A be a non-void subset of a metric space (X,d). Then A =
{x e X: D(x,A) =0}. Further, |D(x, A) — D(y, A)| <d(x,y) forany x,y € X
and the map x — D(x, A) is a continuous map of X into R*.
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1.3 Normed Linear Spaces

Normed linear spaces, constituting the base of Functional Analysis are metric spaces
with a richer (algebraic) structure. They provide a natural setting for mathematical
modelling of many natural phenomena. Bollabos [2], Kantorovitch and Akhilov [5],
Lyusternik and Sobolev [8], Rudin [11, 12], Simmons [13] and Taylor [14] may
be consulted for a detailed exposition of the following concepts and theorems. It is
assumed that the reader is familiar with the concepts of groups, rings and fields.

Definition 1.3.1 A linear space or vector space over a field F is a triple (V, +, -),
where + is a binary operation (called vector addition or simply addition) and - is a
mapping from F x V into V (called scalar multiplication) satisfying the following
conditions;

(1) (V,+)isacommutative group with 6 (called zero vector) as its identity element;
(i) forallA e F,x,y e VA.(x +y) = x + \y;
(iii) forallA\,p€ Fandx e V A4+ pw).x = Ax+puxand A (u-x) =\-pu) - x
(where Ap is the product of A and p under the multiplication in the field F);
(iv) 0-x =6, 1-x =x for all x € V, where 0O is the additive identity and 1 the
multiplicative identity of the field F.

Often O is also used to represent the zero vector and the context will clarify this
without much difficulty. If F is the field of real (complex) numbers then V is called
a real (complex) vector space. In what follows, we will be concerned only with real
or complex vector spaces. Also a linear subspace V) of V is a subset of V which is
a linear space over F with vector addition and scalar multiplication of V restricted
to V.

Definition 1.3.2 A subset S of a linear space V over a field F is said to be linearly

independent if for every finite subset {s;, ..., s,} of S, Z a;s; = 0 implies a; = 0

i=1
n

fori =1,2,...,n where o; € F. An element of the form Zais; where o; € F
i=1

and s; € S is called a finite linear combination of members of S.

Definition 1.3.3 A subset S of a linear space V over a field F is said to span V if
every element of V can be written as a finite linear combination of elements from S.
A maximal linearly independent subset of a linear space V over F is called a basis
for V.

Any two bases of a vector space have the same cardinality.

Definition 1.3.4 The cardinality of a basis of a linear space V is called the dimension
of the linear space. If a linear space has a finite dimension, then it is called a finite-
dimensional vector space. Otherwise the linear space is infinite-dimensional.

Definition 1.3.5 Let (X, 4+, -) be a linear space over F =R or C. A map | - | :
X — RT is called a norm if the following conditions are satisfied:
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1. ||x|| = 0if and only if x = 0;

2. lx +yll < x|l + |ly|l for all x, y € X (triangle inequality);

3. Jlax|| = |a||lx]|| for all @ € F and all x € X, |«| being the modulus of «. The
pair (X, || - ||) is called a normed linear space.

Remark 1.3.6 If (X, || - ||) is anormed linear space, then d(x, y) = ||x — y|l,x,y €
X is a metric on X.

Definition 1.3.7 A normed linear space (X, || - ||) is called a Banach space if it is
complete in the metric induced by the norm.

Remark 1.3.8 The linear spaces in (ii)—(v) of Example 1.2.4 are Banach spaces
with the norms defined by |x|| = d(x, 8) where d is the metric described in the
corresponding case, while (vi) of Example 1.2.4 is a normed linear space under the
norm f: | f(t)|dt. However, this is not a Banach space.

Definition 1.3.9 Let (X;, || - |l;),i = 1, 2 be normed linear spaces over F = R or C.
A linear operator is amap 7 : X; — X, such that T (ax + By) = aT (x) + BT (y)
forall a, 0 € F and x, y € X;.If X is the base field F (=R or C with the modulus
or absolute value as a norm) which is also a normed linear space, the linear operator
is called a linear functional. If the linear operator T is continuous as a map between
the metric spaces X; and X, with metrics induced by the norms, then it is called a
continuous linear operator.

Theorem 1.3.10 Let (X;, || - |l;), i = 1, 2 be normed linear spaces over F = R or
Cand T : X\ — X, a linear operator. Then the following are equivalent:

(i) T is continuous on Xy,
(ii) T is continuous at some xo € X,
(iii) there exists K > 0 such that |[Tx|, < K| x|, forall x € X;.

Remark 1.3.11 Alinear operator satisfying (iii) of Theorem 1.3.101is called bounded.
In view of the theorem above, bound linear operators are precisely continuous linear
operators.

If T: X, — X, is a continuous linear operator where (X;, || - ||;), i = 1,2 are
normed linear spaces, then

inf{K > 0:x € X, and [|[Tx|> = Kllxlli} =sup{[[Tx|> : llx]li =1, x € X;}

is finite and is called the norm of the linear operator and is denoted by || T'||.

Theorem 1.3.12 Fori = 1,2, let (X;, || - |l;) be normed linear spaces. B(X1, X»)
the set of all bounded (continuous) linear operators is a normed linear space under
the norm described in Remark 1.3.11. If (Xa, || - |l2) is complete so is B(X1, X»)
under this norm.
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Theorem 1.3.13 (Hahn—Banach) If f is a bounded linear functional from a linear
subspace N of a normed linear space (X, || - ||), then there is a bounded linear
functional f* on X suchthat f* = fonNand || f| = || f*-

The Hahn—Banach theorem insures the abundance of continuous linear function-
als in any nontrivial normed linear space.

Definition 1.3.14 Given anormed linear space (X, | - ||), the space of all continuous

linear functionals on X is called the dual or conjugate of X and is denoted by X*.

The dual of X* denoted by X** is called the second dual or second conjugate of X.
Even, if X is incomplete, X* and X** are complete.

Theorem 1.3.15 Let (X, || - ||) be a normed linear space. The map f, defined by
f — f(x) for each x € X is a bounded linear functional on X* and || f:|| = || x|l
The map ¢ : X — X™ defined by ¢(x) = f, is one-one, isometric linear map of
X into X** and is called the duality mapping. The duality mapping is the natural
embedding (of X into X**).

Definition 1.3.16 If the duality mapping ¢ maps X onto X**, the second dual of X,
then X is said to be reflexive.

Definition 1.3.17 If (X, || - ||) is a normed linear space, then the weak topology on
X is the smallest topology on X with respect to which all the functionals of X* are
continuous. The weak * topology on X* is the smallest topology on X* such that
p(x) (= f1), ¢ being the natural embedding of X into X** is continuous.

Theorem 1.3.18 (Alaoglu) The unit sphere S* in X* is compact in the weak *
topology on X*.

Theorem 1.3.19 A Banach space is reflexive if and only if the closed unit sphere
S ={x € X :|x|| < 1}is compact in the weak topology.

The following three theorems are basic to Functional Analysis.

Theorem 1.3.20 (Open Mapping Theorem) Fori = 1, 2, let (X;, || - ||;) be Banach
spaces. If T : X1 — X, is a continuous linear operator mapping X onto X,, then
T is an open mapping (i.e. a function for which the image of any open set is open).
Consequently a continuous linear bijection of X | onto X, is a linear homeomorphism.

Theorem 1.3.21 (Closed Graph Theorem) For i = 1,2, let (X, || - ||;) be Banach
spacesand T : X1 — X, alinear operator. T is continuous if and only if the graph of
T ={(x,Tx) : x € X }isaclosed subset of the product topological space X| x X».

Theorem 1.3.22 (Banach—Steinhaus theorem) Let Ty : X1 — X», A € A # ¢ be
continuous linear operators mapping a Banach space X into a normed linear space
X, such that for each x € Xy, {||T\(x)|| : A € A} is a bounded set of real numbers.
Then {||T\|| : A € A} is bounded.

Theorem 1.3.23 A normed linear space is finite-dimensional if and only if the unit
sphere is compact.
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Theorem 1.3.24 If || - ||;, i = 1, 2 are two norms on a finite-dimensional normed
linear space then || - || and || - |2 are equivalent in the sense that there exist two
positive numbers K| and K, such that

Kilixll = llxe2ll = Kallx |y forall x € X.
Consequently a finite-dimensional normed linear space over R or C is equivalent to

1
n 2
R™ or C" with the norm given by ||(x1, ..., x,)| = (Z |x,-|2> and is a Banach
i=l

space.

Among normed linear spaces, inner product spaces have rich geometric prop-
erties. Many features of the Euclidean spaces carry over to inner product spaces.
Parseval identity for orthogonal functions has a crisp functional analytic formula-
tion.

Definition 1.3.25 A linearspace (V, +, -) over F = R or Ciscalled an inner product
space, if there is a map < >: V x V — F called an inner product satisfying the
following conditions:

i) <ax+p8y,z>=a<x,z>+4+0<y,z>forallx,y,ze Vanda, € F;
(i) <x,y>=<7Yy,x >forallx, y € V,7Zbeing the complex conjugate of z € C;
(iii) <x,x >>0forallx € V and < x, x > = 0 if and only if x = 6.

Proposition 1.3.26 An inner product space is a normed linear space with the
norm || - || defined by || x|| = /< x,x > (the positive square root of < x,x >), as
| <x,y>| < |xlllyll forall x,yin V (Schwarz inequality).

Definition 1.3.27 A Hilbert space is an inner product space which is complete in
the norm induced by the inner product.

Example 1.3.28 (i) R" or C" is a Hilbert space in the norm induced by the inner
product defined by < x, y >= in%‘ (Zx,i,) forx = (x1,...,x), y =

i=1
i, ..., yn) € R*(C).

(i) €,, the space of complex sequences (z,) with Z |za|> < +o0 is a Hilbert

n=1

i=1

o0
space with the inner product defined by < x,y >= anyn for x = (x,),
n=1
y = (n) € La.
(iii) Ccla, b], the linear space of all continuous complex-valued functions on [a, b]
is an inner product space under the inner product < f, g >= fab fx)g(x)dx.

This is not a Hilbert space as the space is not complete in the induced norm
1

Ifll = ( fab | f(x) |2dx) : .However, its completionis L;[a, b], the Hilbert space
of Lebesgue measurable complex functions which are square-integrable with
respect to the Lebesgue measure.
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Theorem 1.3.29 Every incomplete inner product space can be isometrically embed-
ded as a dense subspace of a Hilbert space.

Theorem 1.3.30 A normed linear space (X, || ||) is an inner product space if and
only if the following parallelogram law is valid:

forx,y € X, llx + yIIP + llx = yII> = 2IxII* + Iy I*)

Definition 1.3.31 A subset C of a linear space V over F = R or C is called convex
if tx + (1 —1t)y € C forall ¢ € [0, 1], whenever x, y € C.

Theorem 1.3.32 A non-empty closed convex subset of a Hilbert space contains a
unique element with least norm.

Definition 1.3.33 Let (V, <, >) be an inner product space over R or C. x € V is
said to be orthogonal to y € V if < x, y > = 0 and we write x L y (or y L x). For
SCV,St={veV:vLs, foralls € S}. S is called the orthogonal complement
of S.

Theorem 1.3.34 If M is a proper closed linear subspace of a Hilbert space H, then

(i) M* is a closed linear subspace of H;
(ii) M N M+t ={0);
(iii) eachh € H canbe written uniquelyash = m + my, wherem; € M, m; € Mt
and ||h|* = lm1||* + |m2 ]|
(In this case, we write H = M @& M~ and call H the direct sum of M and its
orthogonal complement M~ ).

Definition 1.3.35 A non-empty set S of a Hilbert space H is called orthogonal if
< x,y >=0wheneverx, y € Sandx # y. S is called orthonormal if each element
of S has unit norm and S is orthogonal.

Theorem 1.3.36 If S = {e) : A\ € A # ¢} is an orthonormal set in a Hilbert space
H and if x € H, then {e) :< x,e) >7# 0} is either empty or countable. Also
Z| <x,ex> |> < |x|>. Further, a nonzero Hilbert space has a maximal

AeA
orthonormal set of vectors, called an orthonormal basis. If {e) : A € A # ¢} is an

orthonormal basis for H and x € H, then x = Za,\ek, where ay =< x, e\ >.
AeA

Theorem 1.3.37 (Parseval identity) If {e) : A € A # ¢} is an orthonormal basis of
H then ||x||> = Zl <x,ey> |-
AeA

Example 1.3.38 (i) L»[0,27], the space of complex-valued Lebesgue measur-
able functions f on [0, 27] which are square-integrable in the sense that
0277 | f(x)|>dx < 400 is a Hilbert space under the inner product < f, g >=

elinx

0277 f(x)g(x)dx. The set {«/E n=0,%£1,=£2,... } is an orthonormal basis.
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(i) L,(R), the space of all Lebegue-measurable functions for which f_oooo | £2(x)|dx
is finite, is also a Hilbert space under the inner product < f, g >= ffooo f(x)

g(x)dx. {x"e"T,n=0,1,2,...} gives rise to an orthonormal basis for L, (R)
via the Gram—Schmidt orthogonalization process (see Simmons [13]).
Among normed linear spaces, strictly convex spaces and the more specialized
uniformly convex spaces resemble the Euclidean spaces geometrically.

Definition 1.3.39 A normed linear space (N, || - ||) over F = R or C is said to be

strictly convex if for x, y € N with [|lx|| = [ly]| = land x # y, |2 < 1.

Definition 1.3.40 A normed linear space (N, | - ||) is called uniformly convex if
there exists an increasing positive function § : (0, 2] — (0, 1] such thatforx,y € N,
X1, IIyll < r and [|x — yll = er imply that | *3* || < (1 = d(e)r.

Remark 1.3.41 The above definition is equivalent to the requirement that for
lxnll, el < 1and llxy + yull = 2, Ixy — yull = O asn — oo.

Clearly, every Hilbert space is uniformly convex. Also L,[0, 1] for p > 2 is
uniformly convex. While every uniformly convex space is strictly convex, C[0, 1] is
not even strictly convex.

Hilbert spaces are isometric to their duals, in view of the following.

Theorem 1.3.42 (Riesz Representation Theorem) Let H be a Hilbert space over R
or Cand f € H*, the dual of H. Then there exists a unique element ys € H such
that f(x) =< x,ys > foreachx € H and || f]l = |lys|.

For f, € H* defined by f,(x) = < x,y > the correspondence T, = f, maps H
onto H* so that [T ()| = Iy, T(y1 + y2) = Ty1 + Ty> and T (ay) = aT (y) for
ally € H.

Theorem 1.3.43 Every Hilbert space is reflexive.

In view of the above theorems for a bounded linear operator 7 : H — H, H being
a Hilbert space over R or C, there is a unique bounded linear operator 7* : H — H
suchthat < Tx,y > =< x,T*y > forallx,y € H.

Definition 1.3.44 Let H be a Hilbert space and 7 : H — H a bounded linear
operator. A linear operator 7" : H — H satisfying, < Tx,y > = < x, T"y > for
all x, y € H is called an adjoint operator of 7.

Theorem 1.3.45 [f T € B(H), the space of all bounded linear operators mapping
H into itself, then T* the adjoint of T is uniquely defined. Further,

(i) (T +T)*=T"+T),
(ii) (aT)* =aT*,
(iii) (I'T)* =T, T},

(iv) (T*)* =T~

) IT*> = |IT|* = IT*T].
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Definition 1.3.46 A linear operator T € B(H), the space of all bounded linear oper-
ators on a Hilbert space H is said to be self-adjointif 7 = T*.

Definition 1.3.47 For T € B(H), the spectrum of T is the set {A\ € C: T — A\l is
not invertible}, / being the identity operator. An eigenvalue of 7 is a number A € C
such that there exists a nonzero vector xo € H with Txy = Ax( and in this case xg is
called an eigenvector (corresponding to the eigenvalue \).

Theorem 1.3.48 For T € B(H), the space of all bounded linear operators on a
Hilbert space H is self-adjoint if and only if < Tx,x > is real for all x € H. So
the eigenvalues of a self-adjoint operator are real. Further o(T), the spectrum of
T liesin[m, M], wherem = inf{< Tx,x >:x € H and || x| = 1} and M = sup{<
Tx,x >:x € Hand x| = 1}. Also, m, M € o(T).

Definition 1.3.49 A linear operator P in B(H) is called a projection if P is self-
adjoint and P? = P.

Remark 1.3.50 If P is a projection on a Hilbert space H,then P = M @& M+ where
M = {Px : x € H}, the range of P and M+, the range of I—P. Further, every rep-
resentation of H as the orthogonal sum M + M+ defines a unique projection of H
onto M.

Theorem 1.3.51 For any self-adjoint operators T in B(H), there is a family { Py :
X € R} of projections on H satisfying the following conditions:

(i) if TC =CT for C € B(H), then P\C = CP, forall A\ € R;
(ii) PxP,= Py if A <
(iii) Py\_o = li&n o P, = Py (i.e. Py is continuous from the left with respect to \);
p—> A=
(iv) P\=0ifA\<mand P\ =1 for A\ > M.
(Such a family of projections P) is called a resolution of identity generated by
T).

Theorem 1.3.52 (Spectral theorem) For every self-adjoint operator T € B(H) and
any € > 0,
M+e
T = f Ad Py

where the Stieltjes integral is the limit of (appropriate) integral sums in the operator-
norm topology.

Definition 1.3.53 A linear operator 7 : Ny — N, where N; and N, are normed
linear spaces is said to be a compact operator if 7(U) is compact in N, for each
bounded subset U of N;.

Theorem 1.3.54 Let T : B — B be a compact linear operator on a Banach space
B. o(T), the spectrum of T is finite or countably infinite and is contained in
[—IT|, IT|I]. Every nonzero number in o(T) is an eigenvalue of T. If o(T) is
countably infinite, then 0 is the only limit point of o(T).
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1.4 Topological Vector Spaces

It is convenient to recall the definition of a topological group and list some of its
properties (see Kelley [7], Rudin [11] and Royden [10]).

Definition 1.4.1 Let (G, ) be a group with the identity element ¢ and for each
x € G, x~! denote the inverse of x (with respect to the binary operation -). The triple
(G, -, ) is called a topological group where .7 is a topology on the group G with
the binary operation - such that the map (x, y) — xy~!' mapping G x G into G is
continuous. (Here G x G carries the product topology.)

If (G,-)isagroupand A, BC G,wewrite A-B={a-b:ae A,be B}

Theorem 1.4.2 Let (G, -, .7) be a topological group with the identity e. Then

(i) themapx — x~' mapping G into G and the map (x, y) — xy mapping G x G
into G are continuous. Conversely if 9] is a topology on a group (G, -) such
thatx — x~'and (x, y) — xy are continuous on G with the topology 71, then
(G, -, 7)) is a topological group.

(ii) the inversion map i, defined by i(x) = x~' is a homeomorphism of G onto
G, for each a € G, L,(R,) called the left (right) translation by a, defined by
L,(x) = ax (R,(x) = xa) are homeomorphisms;

(iii) a subset S of G is open if and only if for each x € S, x~'S (or equivalently
Sx~') is a neighbourhood of e;

(iv) the family N of all neighbourhoods of e has the following properties:

(iv-a) forU,V e N, UNV eN;
(iv-b) forU e N, V.V~' C U for some V € N;
(iv-c) forU e Nandx € G, x.Ux"' e N;

1

(v) the closure of a (normal) subgroup of G is a (normal) subgroup of G;
(vi) every subgroup G of G with an interior point is both open and closed and G
is closed or G| — G is dense in G;
(vii) G is Hausdorff if it is a Ty space in the sense that for every pair of distinct
points, there is a point for which some neighbourhood does not contain the
other point.

A topological vector space can be defined in analogy with a topological group.

Definition 1.4.3 The quadruple (X, +, -, .7) where (X, +, ) is a vector space over
F =R or C and 7 is a topology on X is called a topological vector space (linear
topological space) if the following assumptions are satisfied:

(i) (X,.7)isa Ty-space;
(ii) the function (x, y) — x + y mapping X x X into X is continuous and
(iii) the function (o, x) — a.x mapping F x X into X is continuous.

Often, we simply say that X is a topological vector space (or t.v.s for short) when
the topology .7 on X and the vector space operations are clear from the context.
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Definition 1.4.4 A subset S of a topological vector space X is said to be bounded
for every neighbourhood V of # in X, there is a real number s such that S C ¢.V for
every t > s. § C X is called balanced if @.§ C § for all « € F with |a] < 1. S is
called absorbing if X = U t.S.

t>0

Theorem 1.4.5 Let X be at.v.s. Foreacha € X and \ # 0 € F define the transla-
tion operator T, and the multiplication operator My by the rules T,(x) = x + a and
M) (x) = A\.x respectively for each x € X. Then, T, and M) are homeomorphism of
X onto X.

Further G C X is open if and only if T,(G) is open for each a € X. So the local
base at 0 completely determines the local base at any x € X and hence the topology
on X.

Remark 1.4.6 Every normed linear space is a t.v.s.

Definition 1.4.7 A function p mapping a vector space X over F (=R or C) into F'
is called a seminorm if

i) px+y) <pkx)+ p(y) forall x,y € X and
(i) p(ax) =|a|p(x)forallx € X andalla € F.

A seminorm is a norm if p(x) # O for x # 6. A family P of seminorms is sepa-
rating if for each x # y, there is a seminorm p € P with p(x — y) # 0.

Theorem 1.4.8 If P is a separating family of seminorms on a vector space V, then
Vip,n)={xe X:pkx) < %}, p € P is alocal base of convex sets for a topology
T on X. Thus, (X, 7) is locally convex and each p is continuous. Also, E is bounded
if and only if p(E) is bounded for each p € P.

Definition 1.4.9 For an absorbing subset A of a t.v.s. X, the map puy : X - R
defined by 14 (x) = inf{t > 0 : t~'x € A} is called the Minkowski functional of A.

Listed below are some of the basic properties and features of a topological vector
space.

Theorem 1.4.10 Let X be a topological vector space

(i) if SC X, S =n{S+ V :V isaneighbourhood of 0};
(ii) ifS1,8 € X, 81+ 5, € S + Sy
(iii) if C C X is convex, so are C%and C;
(iv) if B € X is balanced, so is B and if in addition 0 € B, BY is balanced;
(v) the closure of a bounded set is also bounded;
(vi) every neighbourhood of 0 also contains a balanced neighbourhood of 0 and
so X has a balanced local base;
(vii) every convex neighbourhood of 0 contains a balanced convex neighbourhood
of 0;

(viii) if V is a neighbourhood of 0 and r, 1 +00 wherer; > 0, X = U rV;

n=1

o]
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(ix) if V is a bounded neighbourhood of 0 and §,, |, 0, 6y > 0, {6,V :n € N}isa
local base at 0;

(x) if X is first countable, then it is metrizable and the metric is translation invari-
ant;

(xi) if X is locally compact, then X is finite dimensional.

Theorem 1.4.11 If A is a convex absorbing subset of a vector space X, then

(i) pa(x +y) < palx) + pa(y) forallx,y € X;
(ii) pa(tx) <tpa(x)fort > 0;
(iii) w4 is a seminorm, when A is balanced;
(iv) B={x:ps(x) <1} CACC={x:ps(x)<1}and ip = pp = jic.

Theorem 1.4.12 If B is a local base for a t.v.s. (X, J) comprising convex balanced
neighbourhood, then {py : 'V € B} is a family of continuous seminorms that are
separating (i.e. for x, y € X, then there is a py such that py (x) # py(y)). Further,
the topology having a local base generated by these seminorms of the form {x :
ny (x) < %}, V € B, n € N coincides with the topology on X.

Definition 1.4.13 A t.v.s is said to be locally convex if it has a local base of convex
sets. It is called an F-space if the topology is generated by complete translation-
invariant metric. A locally convex F-space is called a Frechet space.

Theorem 1.4.14 IfP = {p; : i € N}isa countable separating family of seminorms
on a vector space X, then the topology on X induced by P is metrizable and this
metric d is given by

Ny py
d(x,y) = ; 2i(1 + pi(x,y))

is translation invariant.

Theorem 1.4.15 (Kolmogorov) A topological vector space is normable if and only
if the origin has a convex balanced neighbourhood.

Example 1.4.16 Let Q be the union of a sequence of compact sets K, C R”
forn=1,2,... with K,, C K,‘l’H, n=1,2,.... Define for each f € C(R2), the
set of all complex-valued functions on 2, p,(f) = sup{|f(x)| : x € K,,}. Then,
{pn,n =1,2,...}1is a separating family of continuous seminorms defining a com-
plete translation-invariant metric on C (£2). As the origin has no bounded neighbour-
hood, C(£2) is non-normable. Since C(£2) is locally convex, it is a Frechet space.
If Q2 is any non-empty open subset C, then H (£2), the set of all complex functions

analytic on €2 is a closed subspace of C(£2). H(2) too is not normable.

Example 1.4.17 Let Q be a non-void open set in R”. A multi-index « is an
ordered n-tuple of the form a = («y, ..., a,) where o; are non-negative inte-
gers. For each multi-index, the differential operator D® associated is defined by

9 aq 9 ay,
Da:< ) ( ) whose order is |a] = a1 + -+ «a, and for |a| =0,

Oxy 0%,
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D® f = f. A complex-valued function defined on 2 is said to belong to C*°(£2) if

o0
D“ f e C(R2) for every multi-index «. Let Q2 = U K,, where each K, is compact
m=1
and K,, C K,(,)lﬂ,m =1, 2,....Define the seminorms ¢, on C*®(Q),m = 1,2, ...,
by ¢ (f) = sup{|D“f(a)| : x € K, |a] < m}. Then, C*°(L2) is a Frechet space
under the topology generated by the seminorms ¢,,. Although every closed bounded
subset of C*°(2) is sequentially compact (and hence compact in this case), C*°(£2)

is not locally bounded and hence not normable.

Example 1.4.18 For 0 < p < 1, let L,[0, 1] be the linear space of all Lebegue-

measurable functions f on [0, 1] for which §(f) = fol | f(a)|?dx < +o00. Then d,
defined by d( f, g) = 6(f — g) defines a translation-invariant metric on L ,[0, 1] and
this metric is complete. Thus L,[0, 1] is an F-space. However, it is not locally
convex. Indeed L [0, 1] is the only open convex set. So, O is the only continuous
linear functional on L [0, 1] for 0 < p < 1 (See Rudin [12]).

Definition 1.4.19 Let X be a topological vector space. The dual of X, denoted by
X* is the set of all continuous linear functionals on X.

Theorem 1.4.20 [f X is a locally convex t.v.s, then X* separates points in X.

Definition 1.4.21 Let K be a non-empty subset of a vector space X. A points € K
is called an extreme point of K if s = tx 4+ (1 —¢)y fort € (0, 1) forsome x,y € K
implies x = y = 5. The convex hull of a set E C X is the smallest convex set in X
containing E. The closed convex hull of E is the closure of its convex hull.

Theorem 1.4.22 (Krein-Milman [11]) If X is a topological vector space on which
X* separates points. Every compact convex set in X is the closed convex hull of the
set of its extreme points. So in a locally convex t.v.s X every compact convex set in
X is the closed convex hull of the set of its extreme points.

In this context, it is pertinent to recall Riesz Representation theorem (see Rudin

[12]).

Theorem 1.4.23 (Riesz-Representation) Let X be a locally compact T, space and L
be a positive linear functional on C¢ (X) the linear space of all continuous complex-
valued functions with compact support and the supremum norm. Then, there exists
a o-algebra . on X containing all the Borel subsets of X and a unique positive
measure [ on . representing L according to the formula

Lf = /X fdu for f e Ce(X)

with the following properties:

(i) u(K) < +oo for each compact subset of X;
(ii) foreach E € .7, u(E) = inf{u(G) : G 2 E and G is open in X};
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(iii) p(E) =sup{u(K) : K C E and K compact} is true for each open set E and
forany E € . with u(E) < +o00;
(iv) for E € & with un(E) =0, A € . forany A C E and j1(A) = 0.

When X is compact, | can be chosen so that u(X) = 1, i.e. a Borel probability
measure.

Remark 1.4.24 In a Frechet space, for the convex hull H of a compact set, H is
compact and in a finite-dimensional space R”, H itself is compact. Also if an element
x lies in the convex hull and a set E C R”, then it lies in the convex hull of a subset
of E that contains at most n + 1 points.

We now proceed to define vector-valued integrals. Rudin [11] may be consulted
for further details.

Definition 1.4.25 Let (Q, J, ;1) be ameasure space, X at.v.s for which X* separates
points and f : Q — X be a function such that A f is integrable with respect to y for
each A € X* (here (Af)(q) = A(f(q)) for g € Q). If there exist y € X such that

Ay :/ Afdu
Q

for each A € X*, then we define

/Qfdu=y~

Theorem 1.4.26 Let X be a t.v.s such that X* separates points and | be a Borel
probability measure on a compact Hausdorff space Q. If f : Q — X is continuous
and if the convex hull H of f(Q) has compact closure H in X, then the integral

y=/Qfdu

Theorem 1.4.27 Let X be a t.v.s such that X* separates points and Q, a compact
subset of X and H, the closed convex hull of Q be compact.
y € H ifand only if there is a regular Borel probability measure 1 on Q such that

y=/xdu.
Q

When X is a Banach space we also have

exists (as per Definition 1.4.25).

Theorem 1.4.28 Let Q be a compact T, space, X a Banach space, f : Q — X a
continuous map and |1 a positive Borel probability measure on Q. Then
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|| /Q fdul < /Q £ lldp.

Indeed vector-valued integrals can also be defined more directly as limits of

(integral) sums.
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Chapter 2 ®)
Fixed Points of Some Real and Complex Guca i
Functions

This chapter highlights some fixed point theorems for certain real and complex
functions.

2.1 Fixed Points of Continuous Maps on Compact Intervals
of R

The following definitions are well-known.

Definition 2.1.1 Let f,g: X — Y be maps, X and Y being non-empty sets. An
element xy € X is called a coincidence pointof f and g if f(xp) = g(x¢).If f : X —
X is a map and if for some x¢ € X, f(x9) = xo, then xy is called a fixed point (fix
point) of f.If f, g : X — X are maps such thatforsome xyp € X,x = f(x0) = g(x¢),
then x is called a common fixed point of f and g.

Definition 2.1.2 Let f: X — X be a map on a non-void set X. The sequence
{f"(x)} called the sequence of f iterates is defined recursively by : f°(x) = x,
fl(x) = f(x), f"“(x) = f(f"(x)), n=0,1,2,...,. This sequence is called a
sequence of ( f) iterates generated at x. We also call the set { f*(x) : k =0,1,2,...}
the orbit of x under f and denote it by O (x). f™(x) is called the mth iterate of f
at x.

Definition 2.1.3 Foramap f : X — X, xo € X is called a periodic point of period
m if f™(xp) = xo and f"(xg) # xo forn < m.

The classical intermediate value theorem for real functions due to Bolzano is
equivalent to Brouwer’s fixed point theorem for real functions on intervals of real
numbers. In a sense, Bolzano’s theorem can be viewed as the harbinger of fixed point
theory.

© Springer Nature Singapore Pte Ltd. 2018 23
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Theorem 2.1.4 (Bolzano’s Intermediate Value Theorem) If g : [a, b] — Risa con-
tinuous function then for every real number r between g(a) and g(b), there is an
element ¢ = c(r) between a and b such that g(c) =r.

Proof Without loss of generality, we can assume that g(a) # g(b). Since g is contin-
uous, gla, b] is a connected subset of R containing g(a) and g(b). Since connected
subsets of R are intervals, the interval with g(a) and g(b) as endpoints is in the range
of g. Hence if r lies between g(a) and g(b), there is an element ¢ = ¢(r) between a
and b such that g(c) =r. U

As an immediate consequence, we have

Theorem 2.1.5 (Brouwer’s fixed point theorem in R) If f : [a, b] — [a,b] is a
continuous function, then f has a fixed point.

Proof If f(a) =a or f(b) = b, then the theorem is true. So without loss of gen-
erality we assume that f(a) # a and f(b) # b. Since function g : [a, b] - R
defined by g(x) = f(x) — x is continuous on [a, b] and g(a) = f(a) —a > 0 and
gb) = f(b) —b <0 (as f(a), f(b) € (a, b)) by Theorem 2.1.4, there is a point
¢ € [a, b] such that g(c) = 0 € [g(b), g(a)]. Thus c is a fixed point of f. U

Remark 2.1.6 The above fixed point theorem, a consequence of the intermediate
value theorem, is indeed equivalent to this theorem.

Letg : [a, b] — R be continuous. Without loss of generality let g(a) < r < g(b).
Define the map f : [—1,1] — [—1, 1] by

(1—1) (1+0)b
{r _g< 2 . + 2 )

TO=P\' = %) —g@

where p(x) = —1 for x < —1 and p(x) = 1 for x > 1 and p(x) = x for other real
numbers. Since g is continuous and p is continuous on R, clearly f is continuous and
maps [—1, 1]intoitself. Soby Theorem 2.1.5, f hasafixed pointzy € [—1, 1]. Further

(1-tg)a | (1419)b
T‘Ff} }

. . r—g
to is neither —1 nor 1 and —1 <ty < 1. So ty = f(ty) =ty — { {{](b)_q(a)

Hencer =g <W + W) In short, g has the intermediate value property.

The following is another useful fixed point theorem.

Theorem 2.1.7 Let f : [a, b] — R be a continuous map such that fla, b] 2 [a, b].
Then f has a fixed point.

Proof Since fla, b] 2 [a, b], [a,b] = [f(c), f(d)] for some interval with end
points ¢ and d lying [a, b]. If ¢ < d, then f(c) <a <c<d <b < f(d). Thus
f(x) — x changes sign in [c, d] and hence by Theorem 2.1.4 has a zero, which is a
fixed pointof f.If ¢ > d,then f(d) <d < c < f(c). Thus again f(x) — x changes
sign in [d, c] and so has a fixed point. O
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Remark 2.1.8 Theorem 2.1.4 is not true if the interval is not compact. the map x —
x + 1 is continuous but has no fixed point in (—o0, co0) or [0, 00). The continuous
map x — 1% on [0, 1) has no fixed point in [0, 1). Theorem 2.1.4 fails even if f is
continuous everywhere on [a, b] except at a single point. For instance f : [0, 1] —

[0, 1] defined by

X

_ 7 X # O
fx) L x=0

has no fixed point, and x = 0 is the only point of discontinuity of f.

Remark 2.1.9 F, the set of fixed points of a continuous map on [a, b] is closed.
Indeed Fy = {x € [a,b]: f(x) =x} = g~ '(0) where g : [a, b] — R is defined by
g(x) = f(x) — x. Since {0} is a closed set and g is continuous g~ '{0} is a closed
subset. So Fy is a closed subset of [a, b] ([a, b] being compact, F is also compact).

Remark 2.1.10 Indeed we can prove that for each closed subset F of [0, 1] there
is a continuous map f : [0, 1] — [0, 1] for which F is the set of fixed points of
f. For proving this we can, without loss of generality, assume that 0, 1 € F. So
[0, 1] — F = G is open and is a countable union of disjoint open intervals (a;, b;),
i € N. Now we consider the case when this collection is countably infinite, leaving
the case of finite collection as an exercise.

For n € N define f, : [0, 1] — [0, 1] by

X, x € FUUZ, (ai, by,
i) =1a, if x € [a;, 232 ] fori < n,
2x — by, ifx e [“ b;] fori <n.

It can be seen that the sequence of continuous functions ( f;) converges uniformly to
a continuous function f for which f(x) =x whenx € F and f(x) #xifx ¢ F.
In fact, the result is true for any non-empty closed subset of R.

2.2 Iterates of Real Functions

In this section, some theorems on the behaviour of iterates of real functions are
discussed. First, Krasnoselskii’s theorem on the convergence of special iterates of
non-expansive maps of [a, b], following Bailey’s [2] proof using elementary prop-
erties of subsequential limits is discussed in detail. Theorems 2.2.6-2.2.8 detail the
rates of convergence of iterates of special class of functions and are due to Thron
[30].

Theorem 2.2.1 (Krasnoselskii [20], Bailey [2]) Let f : I (= [a, b]) — I be a map
suchthat |f(x) — f(y)| < |x — yl|forallx,y € I. Forany x € I, the sequence (x,)
defined recursively by x,+| = %(xn + f(xp), n=1,2,..., converges to some fixed
point of f.
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Proof Suppose that (x,) does not converge to a fixed point. We show that this leads
to a contradiction. To this end, the proof is divided into several steps.

Step L. If (x,) converges to z € I, then (x,11) also converges to z. As X1 =
%(x,, + f(x,)), and f is continuous, x,| converges to % Soz= f(2).

Step II. No subsequence of (x,,) converges to a fixed point of f. For, if (x,,) converges
tozand f(z) = z,then|z — xp41] < |z = 3 (n, + f )| < 312 — x| + 51 f(2) —
FOa)l (@s z2=3(G+ f(2)) <lz— x| (since | f(x) — f(y)| < |x — y|). This
shows that (x,) itself converges to z, a fixed point of f, contradicting our assumption
that (x,) does not converge to a fixed point of f.

Step II1. Since (x,) lies in the compact interval I = [a, b], it has a subsequential limit
p for which f(p) > p. Otherwise for all subsequential limits p of (x,), f(p) < p.
Let z be the infimum of all subsequential limits. Then z itself is a subsequential limit
of (x,). So f(2) <z If f(z) <z then f(2) < 3(f(2) +2) < zand 3(f(2) +2)
is a subsequential limit of (x,) smaller than z, the smallest subsequential limit of
(x,), we get a contradiction, unless f(z) = z. But by Step II above, f(z) cannot be
z. Thus, there is a subsequential limit p of (x,) for which f(p) > p.

Step IV. By Step II, there exists € > O such that | f (x) — x| > € for all subsequential
limits x of (x,). Otherwise, there is a sequence (w,) of subsequential limits of (x,)
with |w, — f(w,)| < % for all n. This in turn implies that any subsequential limit
of (w,), which is also a subsequential limit of (x,) is a fixed point of f, contrary to
Step 11

Step V. Let w be the largest subsequential limit of (x,) such that f(w) > w so
fw)> Q= %(f(w) 4+ w) > w. Since Q is a subsequential limit exceeding w,
1(0) < 0.

By Step IV, there is the least subsequential limit R of (x,) such that f(R) < R
and w < R < f(w) (at least Q satisfies these conditions). Now f(R) < w.

Otherwise for A = J[R+ f(R)], w < A < R.If f(R) > w, then A = L(R +
FR)=IR+w) >1w+w)=w and A=3(R+ f(R) <2(R+R) =R
Since A is a subsequential limit greater than w, the largest subsequential limit less
than f(w), f(A) < A.As A < R and R is the least subsequential limit with f(R) <
R, A < f(A). Hence A = f(A) and this contradicts our assumption that no subse-
quential limit can be a fixed point of f. Hence f(R) < w. Consequently f(R) <
w<R< f(wand|w—R|=R—w < |f(R) — f(w)] = f(w) — f(R). This is
a contradiction to the assumption on the map f that | f(x) — f(y)| < |x — y| for all
x,y € I.Hence (x,) converges to a fixed point of f. ]

Remark 2.2.2 However, for any continuous map of / into itself, the sequence of iter-
ates defined in Theorem 2.2.1 may not converge. Let f : [0, 1] — [0, 1] be defined
by
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% forOfxg%
fx) = 3(%—)6) for%<x§%
0 f0r%§x§1

3

Clearly x = 3 is a fixed point of f. For x; = jT, Xy = %(xl + f(x)) = %, X3 =

8
%(xz + f(xp)) = }1 and so on. This shows that x,, does not converge.
In this context, the following result due to Cohen and Hachigian [10] is pertinent.

Theorem 2.2.3 Let f : [—1, 1] — [—1, 1] be a continuous map such that f(—1) =
—land f(1) = 1. Thenforeachm =0,1,2, ..., || f"*' = I|| = || f™ = I||. Here I
denotes the identity map and ||g|| = sup{lg(x)| : x € [—1, 1]) foranyg € C[—1, 1].

Proof If f = I, the conclusion is obvious. So suppose that f # I. Let F = {x €
[—1,1]: f(x) = x}. Since F is closed, the complement of F is open and so can be
written as a disjoint union of open subintervals S, of [—1, 1]. Forx € S,, f(x) <
x or f(x) > x. Clearly the conclusion is true for m = 0. Suppose the inequality
| A< =1 = || ff = I|istruefork = 1,2, ..., m. As[—1, 1]is compact and f"
is continuous, there exists p in [—1, 1] such that | f™(p) — p| = || f™ — 1]

Suppose without loss of generality f™(p) > p. We claim that f(p) > p. Clearly
f(p) #p.If f(p) < p,thenforqg = f(p),

It =11 = 1" —ql = 1f"(p) — ¢
= f"(p)—q (@asq < p < f"(p)
> f"(p)—p=If"—1Il.

As this is a contradiction f(p) > p.Letp € S, = (a, b). Soforx € Sy, f(x) > x.
Asa,b ¢ S,,a = f(a) < p <b= f(b).So by the intermediate value property of
the continuous function f, there exists r € S, with f () = p. Since f(x) > xin S,
andr € Sy, f(r) = p > r.Now

[ =1 > 1 ") —rl = f"(p) —r
> f"(p)—p=If"-1I.

Thus for f different from 7, the identity map

L™ =1 = " = 1lm =0,1,2,.... O

Cohen and Hachigian [10] have constructed an example of a continuous self-map
on the closed unit disc for which every point on the unit circle is a fixed point, with
the property that ||/ — f|| > |[I — f*| for some iterate f* of f.

For special real functions Thron [30] had obtained some interesting results on
the rates of convergence of iterates. Some of these are relevant to the solution of
Schroder’s functional equation. They provide useful estimates in approximating fixed
points by iterates.
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Definition 2.2.4 Amapg : R — Rissaid to belong to the class H (ay, k) if for some
x0 >0, 0 < g(x) < x for x € (0, xo] and g(x) = ayx + x*T'h(x) for x € [0, xo]
where 0 < a; < 1, k is a positive number and & is a continuous function on [0, x¢]
with |2(x)| < M in [0, x¢].

Remark 2.2.5 Clearly for g € H(a, k), 0 is the unique fixed point of g and every
sequence (x,) of g-iterates defined by x,.+; = g(x,), n € N and x; € (0, x¢] con-
verges to 0.

Theorem 2.2.6 Let g € H(ay, k) where 0 < a; < 1. Then for the sequence (x,) of
g-iterates, there exists a constant K,(g, x) such that
Xn

Iim — = Kl
n—00 a'll

Proof From the definition of g and x4,

1
m e b
- — U]
X, X n n

As (x,) decreases to zero, there exists xo € N such that for x > ny

1—(11

0<x‘M <

Sor XA—“ < ”% < 1.Hence ) x, and ) x,’fh(x,,) converge. So, the infinite product

e x*h(x,)
1_[ (1 + "—") converges to a number L (say). Writing u, = 7% it follows that
1

n=1 a
k
Untl o Xnt+l )M
Uy oaix, (1 + a ’
. - Xk h (x) X
Since Uy = u l_[ 1+ ="——= |, u,41 converges to u;L. Hence u, = %
1
m=1 a

converges to u; L (= K(g, x1)). =

Theorem 2.2.7 If g € H(ay, k) for a; = 0 and (x,) is the sequence of iterates gen-
erated at x1 € (0, xol, then there is a constant K,(g, x1) with 0 < K, < 1 such that
0<ux, < Kékﬂ) for all n after some stage. If additionally lim iglf h(x) > O, then

for some K3(g, x1) with0 < K3 < 1, xlirglo x,(l”l)_n = K.

Proof Since a; =0 and x,,1| = x,’i*lh(xn), logx,+1 = (k+ 1) logx,, + log h(x,).
Define v, = (k + 1)7" log x,,. We obtain for n > ny

Ups1 = Uy + (k+ 1" log h(x,)

=Un, + Y (k+ 17" logh(x,). (2.2.1)

m=ng
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o0
If lina inf A(x) > 0, then Z (k 4+ 1)~m+D log h(x,,) converges to a number
m=ny
K3(g, x1) — Up,, say. So (v,) converges to log K3 as n — oo or lim (x,)*™V™" =
n—o0

K;.

Suppose 0 < h(x) < M and that log /i (x,) could approach —oo so that the series
(2.2.1) might not converge. Nevertheless, we have from (2.2.1)

Vgt < D (k+ 17" log M+ (k + 1)7" log xy,

m=ngoy

1 — (k + 1)—n+n0+l

= log M (k + 1)—<"°+'>[ }Jr (k + 1)~ D Jog xf+!

1—(k+ 1!
(2.2.2)
If log M < 0, choosing x¢ such that x,,, < 1, we get from (2.2.2)
vy < (k4 1)~ D jog M < 0. (2.2.3)
IflogM > 0, (2.2.2) gives
vy < (k 4+ 1)~®FD og (M'%*x,’;j‘) . (2.2.4)

For large ny, the right-hand side of (2.2.3) or (2.2.4) as the case may be is negative
and is set as log K, (g, x1).

Now v, < log K, forn > ngy. So0 < x, < Kék’”)". O

Theorem 2.2.8 Ler g € H(ay, k) for a; = 1. Then By = lim %)I}f —h(x) >0, B, =
lim sup —h(x) < M. Given € > 0 for the sequence (x,) of iterates in (0, xo] there

x—0t

exists N (€, g, x1) so that

X, > [(B; —l—e)kn]_% forn > N.
If B > 0and 0 < € < By, then for some N'(¢, g, x1)

X, < [(By — e)kn]_% forn > N’
Proof Since g(x) = x +x**1h(x), g(x) <x and |h(x)| <M, 0 < —h(x) <M
for x € [0, xo]. Hence B; > 0 and B, < M. Writing —h(x,) = d,, Xp+1 = X, +
xK1h(x,) becomes, for k = 1

Xng1 = X, (1 — x,dy)

and so
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1 1 1

Xn41 - ; (1 - xndn) .

o0
-1 € € €
Chooseni (g, x1, €) sothatx,d, < I,Zdr’l”x,’l" < gandBl ~3 <d, < B, + 3

m=2
Forn > n,
1 1 >
=—+4d,+ Z d"x™" (by Binomial theorem)
Xn+1 Xn =2
1 2¢
< —+ B+ —. (2.2.5)
X, 3
1
S0 Xy 4m > e T
m\By+ — |+ —
3 Xn,
So forn > n;
1
X, >
n[(=2) (B4 %)+ 5]
1
>
2

1

nxp,

Choose n} > n; so that

< § forn > n}. So we have forn > nj,

1
Xp > —————.
n(By +¢€)

From (2.2.5) for n > n;, we get

So when By — € > 0, forn > n;

1 1
— > —+((n—n)(B; —¢€)or
n xl‘l[
1
X, < (2.2.6)

n[(1=75) (B — ) + (nx)~']

Choose N’ > n/ > ny, such that forn > N’,
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(1—%)(31—§)>Bl—e.

So forn > N’, we get from (2.2.6)

1

Xy < ——.
n(31 —E)

For the case k # 1, define w, = x* then x| = g(x,) = x,(1 + x*h(x,)). So

wrer = [ (0d)] = [+ wh ()]

= wn[l + wnhl(wn)]-

Since [g(w,f)]k is a function of w,, say gi, it follows that g, (w) € h;(1, 1) for 0 <

w < wy = x(’;. Also lim iOnfhl(w) = kB, limsup —h(w) = kB;. The discussion
w—0* w—0+

now reduces the case k # 1 to the case k = 1 for g; € H(1, 1). It follows from the
previous discussion that for B; > 0 and 0 < € < By, there exists N’ € N such that
forn > N’ ]

Xn < [(By — €)kn] ™k

and for € > 0, there exists Ny € N such that for n > N,
x, > [(By + €)kn]"*.

]

Remark 2.2.9 Since g(x) = sin(3) € H(%, 2)in(0, 1), lim (2”sin”(%)) converges
n—0oQ
for each x € (0, 1) by Theorem 2.2.6.

Remark 2.2.10 Theorem 2.2.7 can be applied to g(x) = sin(x'*€) for any € > 0in
(0, 1) to conclude that for any sequence (x,,) of iterates of sin(x'*€), lim (x’(11+e)*")
converges. e

2.3 Periodic Points of Continuous Real Functions

This section treats Sharkovsky’s theorem on the existence of periodic points of con-
tinuous self-maps on a compactinterval / € R. Sharkovsky published a fundamental
paper [27] on the existence of periodic points of continuous self-maps on compact
intervals in 1964, when he was about 27 years old. He introduced a new (total) order
on the set of natural numbers, often called Sharkovsky order. Interestingly, if a con-
tinuous map has a periodic point of period m, in the compact interval I (which it
maps into itself) it has periodic points of all periods ‘bigger than’ m (with respect to
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this order). The smallest natural number in this order is 3 and so it turns out that if
a continuous function mapping [a, b] into itself has periodic point of period 3, then
it has periodic points of all periods. Another implication of Sharkovsky’s theorem is
that if such a map has an odd periodic point then it has periodic points of all even
periods.

The more remarkable feature of Sharkovsky’s theorem is that its proof is essen-
tially based on the ingenious applications of the intermediate value theorem. The
paper by Li and Yorke [21] in 1975 proving a special case of Sharkovsky’s theorem
as well as May’s paper [22] highlighted the complicated behaviour of iterates of
simple functions and brought to limelight Sharkovsky’s work. The ‘simple proof” of
Sharkovsky’s theorem presented below is due to Bau-Sen Du [14].

In the following, we assume that f : I — [ is a continuous map, where / is a
compact interval in R. The following total ordering in N, the set of natural numbers
is called Sharkovsky’s ordering <. m < n in the following ordering:
3<5<7< - <23<25---
<223 <225 <227 < - <233 <235 < ...
< e <23 < 2"5 < .-
<o <22 <22 <2 <1

Sharkovsky’s theorem states thatif f : / — [ has an m-periodic point then f has
an n-periodic point precisely when m < n.

Lemma 2.3.1 Let a and b be points of I such that either f(b) <a < b < f(a) or
f(b) <a < b < f(a). Then there exists z, a fixed point of f < b, a 2-periodic point
yof f withy < z and a point v in (y, z) with f(v) = b and

max{f*(v), y} < v <z < min{f(y), f(v)}.
Further, f(x) > zand f*(x) < xfory < x <.

Proof Whether f(b) <a <b < f(a)or f(b) <a <b < f(a), f(x) — x changes
sign in (a, b) and hence has a zero in (a, b). In other words, f has a fixed point z in
(a,b).Asb < f(a),a < z < b,and f(z) = z,thereexistsv € [a, z) with f(v) = b.
If f(x) > zwhenmin/ < x < v,letu = min /; otherwise letu = max{x : min/ <
x <v, f(x) =z}. Then f>(u) > u and f(x) > z for u < x < v. Since f2(v)(=
fd) <a<w, f2 has a fixed point in [u, v) or f has a 2 periodic point in [u, v).
If y is the largest 2-periodic point, then u < y < v < z < f(¥). Since f2(v) < v,
f2(x) < x for each x in (y, v]. O

Remark 2.3.2 Let P be a period-m orbit of f with m > 3. Let p,b (p < b) be
points in P such that f(p) > b and f(b) < p. So f has a fixed point in [p, b]. Let
a € [p, b) be such that f(a) = b. Since f(b) < a (< b = f(a)), the hypotheses of
Lemma 2.3.1 are satisfied. Also b, as a point in P, has least period m.

Theorem 2.3.3 If f has a periodic point of least period m with m > 3 and odd then
f has periodic points with least period n for each odd integer n > m.
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Proof Let P be a periodic orbit of f with period m. By Lemma 2.3.1 and Remark
2.3.2. f has afixed point z, a 2-periodic point y and apoint v withy < v < z < f(y)
such that f(v) lies in P and f(x) > z and f?(x) < x when y < x < v. Define
Pm =v. As m is odd and y is a 2-periodic point of f, f"*2(y) = f(y) > y and
because f2(p,)(= f2(v)) is a period-m point of £, " 2(p,) = f*(pm) < Pm-
SO Par =min{x : y < x < p,,, "2 (x) = x} is well-defined and is an (m + 2)
periodic point of f. Since f"™*(y) = f(y) > y and f"*(pni2) = f2(Pmy2) <
Pm+2 (and it be noted that fz(pm+2) cannot be p;;4+2). SO ppta = minfx 1y <x <
P2, ™ (x) = x} exists and is a periodic point of f with period (m + 4). Thus
proceeding, we obtain a decreasing sequence of points p,, Pu+2s - « -» Pm+2ks - - - With

Yy < < DPm42k+2 < Pm+2k < 0 < Pm42 < Pm =V

such that p,,1 is a periodic point of f with period m + 2k (k =1,2,...). (]

Theorem 2.3.4 If f has a periodic point of least period m with m > 3 and odd,
then f has periodic points of all even periods. Further, there exist disjoint closed
subintervals Iy and Iy of I such that f*>(Ip) N f2(1,) 2 Iy U 1.

Proof Let P be an m-orbit of P. By Lemma 2.3.1 and Remark 2.3.2, there is a fixed
point z of f, a 2-periodic point y of f and a point v such that f(v) =b € P,

maX{fZ(U), y} <v<z<b= f(U) — fm+l(v)

and f2(x) <x and f(x) > z for x in (v, v]. Write ¢ = f? and let zo = min{¢ :
v<t<gzg()=t} Then y and zy are fixed points of g such that y < v <
20<z<b =ngH(v). Also g(x) <x and f(x) >z for y <x < zp. If g(x) <
zo for min I < x < z, then g([min /, zp]) C [min /, z9] and this contradicts that
gm2+l (v) =b > zo. Hence d = max{x :min/ < x <y, g(x) = zo} is well defined
and f(x) > z > zo > g(x) forall x in (d, z¢). Define s = min{g(x) : d < x < z¢}.
If s >d, then g([d, z0]) € [d, zo]. But this contradicts that g%(v) =b > zp.
So s <d, [s,d]U[d, zo] are non-overlapping closed subintervals and f 2[s,d]1N
f2ld, 201 2 [s,d]1U[d, z0]. Let g : [d, z0] = [d, zo] be the map defined by §(x) =
max{g(x), d}. Clearly, g is continuous and onto and let t = min{x : d < x < zq,
g(x) = d}. Foreach n € N, define ¢, = min{x : d < x <1, g(x) = x}. Itis not dif-
ficulttonotethatd < --- < ¢4 < ¢3 < ¢ < ¢; < y and that ¢, generates an n-period
orbit O, C (d, z9) of g. Clearly Q, is also an n-period orbit of g = f2. Since
x <zp<z< f(x)forxin Q,, Q,U f(Q,) is 2n-period orbit of f. Thus f has
periods of all even orders. (]

Theorem 2.3.5 (Sharkovsky) Let f : I — I be a continuous map, where I is a
compact interval of real numbers. Then

(1) if f has a periodic point of period m and if m < n (in the Sharkovsky order),
then f has also a periodic point of period n;

(2) for each positive integer n, there exists a continuous map g : I — I that has a
periodic point of period n but no point of period m < n;
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(3) there is a continuous map h : I — I having a 2'-periodic point for 0,1,2, ...,
and has no other periodic point.

Proof If f has j-periodic point with j > 3 and odd, then by Theorem 2.3.3 f has
(j + 2) periodic point and by Theorem 2.3.4, f has a periodic point of period (2.3).
If f has (2.)) periodic point with j > 3, and odd, f? has j-periodic point. So by
Theorem 2.3.3, f2 has (j + 2) periodic point and so f has either (j + 2) periodic
point or period 2(j 4 2) points. If f has (j + 2) periodic point, then by Theorem
2.3.4, f has 2(j + 2) periodic point. In any case f has 2(j 4 2) periodic point. If 2
has j-periodic point, by Theorem 2.3.4, 2 has 2.3 periodic point. So f has (22.3)
periodic point. Soif f has 2¥.j periodic point, j > 3 and odd and if k > 2, then f 2
has period 2.j points. So from what we have proved, we see that f 2" has period
2(j + 2) points and period 22.3 points. It follows that f has period (2X.(j +2))
points and period (2*!.3) points, with j > 3.If f has (2.}) perlodlc points, j > 3
and odd and if i > 0, then f? has j -periodic point. For £ > i f 2 = (f)?" has
period j points. So by Lemma 2.3.1, f 2" has period 2 points. So f has period 2¢+!
points for £ > i. Finally when f has 2*-periodic points for some k > 2, then f 2
has 4 periodic point. Again by Lemma 2.3.1 f 2 has 2 periodic points implying
that f has 2*~! periodic points. Hence (1) is true.

For proving (2) and (3), without loss of generality, we can assume that I = [0, 1]
and T(x) = 1 — |2x — 1|, a map with a triangular graph having vertices at (0, 0),
(%, 1) and (1, 0). Then for each n € N, T"(x) = x has exactly 2" distinct solutions
in 1. So T has finitely many n-periodic orbits. Among these let P, be an orbit
of the least diameter (= max P, — min P,). Define 7,, on I by T, (x) = max P,, if
T (x) > max P,, T,(x) = min P,,if T(x) < min P, and 7,,(x) = T (x) formin P, <
T (x) < max P,. Clearly T is continuous on [ and T has exactly one-period n orbit,
i.e. P, but has no m-periodic orbit for any m < n.

Let Q3 be any 3-periodic orbit of 7 of minimal diameter. Then [min O3, max Q3]
contains finitely many 6-periodic orbits of 7. If Qg is one with smallest diameter,
then [min Qg, max Qg] contains finitely many 12-periodic orbits of 7. We choose
one, say Qi, of minimal diameter and continue this process inductively. Define
go = sup{min Qqi 3 : i > 0} and g; = inf{max Q,i 3 : i > 0}. Define 7’ : I — I by

q0 T (x) <qo
T'(x) = {q if T(x) > q . Clearly T’ is continuous and has 2/-periodic
T(x) ifgo<T(x)<q
point for i =0, 1,2,... but has no other periodic point. Thus (2) and (3) are
true. (]

Remark 2.3.6 Lemma 2.3.1 has interesting consequences. Let xo € I andn > 2bea
natural number such that f"(xo) < xo < f(x9). Let X = {f" (x0):0<k<n-1}
(a finite set), a =max{x e X : qp <x < f(x)},andbe{x € X :a <x < f(a)}
with f(b) < a.From these conditions on a, b, xo, f (xo) and X itis clear that f(b) <
a<b< f(a).If f"(x0) <xo < f(xp) and n is odd (> 1) then f has n-periodic
points.
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If in addition O ¢ (c) contains both a fixed point z and a point different from z, then
f has periodic points with all even periods. Arguments similar to those in Theorems
2.3.3 and 2.3.4 can be used.

Remark 2.3.7 Sharkovsky’s theorem cannot be generalized to contlnua (compact
connected subsets) of the plane. On the unit disc, the map z — ze % has 0 as the
only fixed pomt and all the other points are 3-periodic points. For each n € N, the
map z — ze’s has only one fixed point and the rest of the points are n-periodic
points. No point of fundamental period greater than n exists.

Sharkovsky’s result is definitely and unalterably one-dimensional (See
Ciesielski and Pogoda [8].) Nevertheless, there has been appropriate generaliza-
tion of Sharkovsky’s theorem to general topological spaces and more general maps
than continuous functions. See Schirmer [25].

2.4 Common Fixed Points, Commutativity and Iterates

It is natural to find out if two continuous real functions f, g : I (= [a, b]) — I have
a common fixed point. The maps x — 5 andx — 1 — x on [0, 1] have the only fixed
points 0 and % respectively. Since their compositions are 1%‘ and 1 — 5, they do not
commute. If f, g : I — I have acommon fixed point x, then x = f(xp) = g(xp) =
gf(x0) = fg(xo) and thus f and g commute at least on {x(}. Ritt [24] showed that if
f and g are polynomials that commute, then they are within certain homeomorphisms
iterates of the same function, both power of x or both must be Chebyshev polynomials
and in both these cases, the commuting polynomials have a common fixed point. So
Dyer conjectured that if f, g : I (= [a, b]) — [ are continuous real functions that
commute, then f and g have a common fixed point. However, Boyce [5] and Huneke
[17] had disproved the conjecture independently by constructing counter-examples
to point out that commuting continuous self-maps on a compact real interval may not
have a common fixed point. Isbell [18] first recorded this problem in a more general
form.

This section discusses some results that ensure the existence of common fixed
points of two commuting continuous functions f, g : I — I under suitable additional
assumptions. We recall the following definitions.

Definition 2.4.1 Let .# be a family of maps from a topological space X into a
metric space (X, d). It is said to be equicontinuous at xy € X, if for each € > 0,
there exists an open set O in X containing x, such that for each x € O and f € F
d(f(xg), f(x)) < €. F is said to be equicontinuous on X, if it is equicontinuous at
eachx € X.

Definition 2.4.2 If f : X — X is a map, a subset A C X is said to be f-invariant
or invariant (under f)if f(A) C A.

An elementary proposition on invariant subsets of continuous maps on compact
intervals is given below.
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Proposition 2.4.3 If f : I = [a, b] — [ is a continuous map on the compact inter-
val I of real numbers, then every non-empty closed invariant subset C of I contains
a minimal closed invariant non-empty subset C'.

Proof Let C be a non-empty closed invariant subset of / and % be the family of all
closed invariant subsets of C. Clearly C C % Let.# be achain of sets in 4. Since .7
is a subfamily of non-empty closed subsets of C which are indeed compact subsets of
I, Fy = N{F : F € %} is non-empty and compact. Further f(Fp) C f(F) C F for
all F € .% and hence f(Fy) C N{F : F € 7} = F,. Thus, F; is an invariant closed
subset which is contained in each F € .%. Thus Fj is the least element of .% in C.
So by Zorn’s Lemma, % has a minimal element C¢, which is a non-empty minimal
closed invariant subset of C. (]

Remark 2.4.4 Indeed if f : X — X is a continuous map of a compact connected
T, space, then every non-empty closed invariant subset A of X contains a minimal
closed invariant subset of A.

Proposition 2.4.5 If Y is a minimal non-empty closed invariant subset of I a
compact interval of R, then for y € Y, Y = Of(y) where Of(y) ={f"(y) :n =
0,1,2,...}is the orbit of y, under f.

Proof If y € Y,then Of(y) € Y as f(¥Y) C Y. Since Y isclosed, Of(y) € Y. Now
by the continuity of f, O;(y) € Y. By the minimality of Y, Y € O;(y). So Y =
0,(». O

Theorem 2.4.6 (Schwartz [26]) Every non-void closed invariant minimal subset of
the continuous function f : 1 — I is contained in the closure of Py, where P; =
{x € I : f*(x) = x for some k € N}, the set of periodic points of f.

Proof Let Y be a non-empty minimal closed invariant subset of 1. If Y is the orbit
of a periodic point, obviously it is finite and closed and the conclusion is true.

Suppose Y is not a periodic orbit. Let c = inf Y. As Y is closed, c € Y. As Y is
minimal closed invariant subset, by Proposition 2.4.5, Y = Oy(c). So given € > 0,
we can find k € N with |y — f*(c)| < 5. Also we can find M, N € N such that
c< fNMie)y < fN(e) <c+€,as c=infY = Of(c). As Y is minimal and is
not a periodic orbit, f¥(c) > c. Thus, the continuous map f* maps [c, £V (c)] into
itself and so has a fixed point d. Since ¢ < fM(c) < fM*N(c),d € (c, f¥(c)). Thus
FM(d) = d is a periodic point and |c — d| < fV(c) —c < €.

As f k is continuous at ¢, for € > 0 we can find § > 0 with € > § such that
|f5 () = 5 (e)] < § for |x —¢| < 8. Since [y — fA(d)] < |y — fX() + [f*d) —
f¥(c)|, choosing €' = 8, we see that |y — fX(d)| < €. As fM(d) =d, it is clear
that z = f*(d) is a periodic point of f which is within € (> 0) distance from y. So
Y C P(f). O

Corollary 2.4.7 IfY is a non-empty minimal closed invariant subset of f thenY is
nowhere dense.
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Proof Let x( be an interior point of Y. Then for some € > 0, [xo — €, x9 +€] C Y.
If [x¢p — €, xo + €] contains a periodic point y of Y, then O (y) is finite and is closed.
Sincey € Y, Y = Of(y) = Oy(y) and this contradicts that ¥ is uncountable (since
it has an interior point). So [xo — €, xo + €] has no periodic point. As xy € Y, by
Theorem 2.4.6, [xo — €, xo + €] must contain a periodic point, contradicting the
preceding assertion. Hence Y is nowhere dense. (]

Theorem 2.4.8 (Cano [6]) Let % = % U %, be a collection of continuous func-
tions mapping a compact interval I = [a, b] C R into itself, satisfying the following
assumptions:

(i) for f € Fi, Fy the set of fixed points of f in I is a compact interval [ay, b¢];
(ii) for f € F,, every periodic point of f is a fixed point of f;
(iii) for f,g € F, f(g(x)) = g(f(x)) forall x € I (f and g commute).

Ifh : I — I is a continuous function that commutes with each f € %, then % U {h}
has a common fixed point in I.

Proof Let Cy U {h} be any finite subset of .% U {h} of the form {f1, ..., f,} U {h} U
{91,..., 9w} Where fi,i=1,2,...,n€.% and {gi, ..., gn} C F>. Since Fy, is

a compact interval and f;’s commute ﬂ Fy, is a non-empty compact interval, say
i=1
[c,d]. As h commutes with each f; € Cy, h maps [c, d]_into itself and so has a
fixed point z € [c, d]. Now gj (z) has a limit piint z1 in Py, by Theorem 2.4.6. As
Py, = Fy, (by hypothesis (i), and Fy, isclosed, Py, = Py,.Similarly g5 (z;) hasalimit
point z» in Py, = F,, = P, and as F, is closed z; € Fy,. Thus z;, 25 € [c, a]. Thus
proceeding, we see that {g;.' (zj-1)} has alimit point z; in Py, for j =2, ..., m which
is fixed for fi,..., fu, h, g1, ..., G- SO NFy # ¢ for all f e C;y U {h}. Itis also
easily seen that for any finite subset C; of .71, m Fy # ¢ as also m F; # ¢ for

fECz fEC3
any finite subset C3 of .%,. Thus, the family of closed subsets {F; : f € .%# U {h}} of

[a, b] has finite intersection property and hence N{F, : f € # U {h}} is non-empty,
in view of the compactness of [a, b]. O

Theorem 2.4.9 (Cano [6]) Let f : I(= [a, b]) — I be a continuous function such
that { f" : n € N} is an equicontinuous family at each x € 1. Then

(1) F,, the fixed point set of f is a compact subinterval of I;
(2) if Fy is a non-degenerate interval, then Fy = Py (Py being the set of periodic
points of f).

Proof As f : I — Iiscontinuous, Iy # ¢.If F is a singleton, the theorem is true.
Suppose ag, by € Fy and ayg < by. Assume that for no x € (ag, bo), xo = f (xo).
Then for all x € (ag, by), f(x) > x or f(x) < x. Assume that f(x) > x for all
x € (ao, bo)
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Case (i) If f(x) < by for all x € (ag, bp) then f"(x) € (ao, by) for all n € N and
f"(x) < f"(x) < by and so it converges to a fixed point of f, which cannot
be in (ag, by) and hence has to be by. So given € > 0, by the equicontinuity of
{f"} at ay, there exists § > 0 such that |ay — x| < § such that for |ag — xo| < 6,
| f"(ap) — f*(x0)| < €. Since f"(ap) = ayp, for all n, this contradicts that f”(xg)
converges to by.

Case (ii) Suppose for some xg € (ag, by), f(xo9) > by. Then there is a least num-
ber z in (ag, by) with f(z) > by. In fact f(z) = by. Otherwise, there exists 7' < z
with f(z") > by by the continuity of f and this contradicts the definition of z. Thus
proceeding, we can find a non-increasing sequence (x,) in (ao, z] such that (x,,) con-
vergestoap, x; = zand f(x,) = x,_1,n = 2,3, ....Since f"(x,) = "' (x,_1) =
<o+ f(x1) = f(2) = by for all n, f cannot be equicontinuous at ay. (Note that as
(x,) is non-increasing in (ao, z) it converges to a number z’ > ay. 7/ > ay is a con-
tradiction as 7/ = f(z’) and by assumption f has no fixed point in (ag, bo).)
Suppose f(x) < x for all x € (ag, by). We consider

Case (i)’ Suppose f(x) > ag for all x € (ag, by). Then for all x € (ay, by), f"(x) >
f"™1(x),n € Nand (f,(x)) as in Case (i) converges to ao. However the family of f
iterates cannot be equicontinuous at by.

Case (i)’ If for some x € (ag, by), f(x) < ag. Then there is a greatest element 7’
in (ag, bg) with f(z') < ag. In fact f(z') = ag. By this process, a non-decreasing
sequence (y,) can be chosen in (7/, bg] with y; =7/, f(yu) = Y1, n = 2,3, ....
So f"(yy) = f(Z') = ap. If (y,) converges to w, then f(y,) (= y,—1) converges
to f(w) and so w = f(w). As w ¢ (ao, by), (y,) converges to by. Since f"(y,) =
" 1) - = f(Z) = ap. As v, converges to by, there is a contradiction to the
equicontinuity of f” at by.

Thus we have shown that F; is a non-void compact interval. If F; is non-
degenerate let Fy = [ag, bg] where ag < by. Let f"(x) = x for some n and x €
[a, ap). (If x € (b, b], then a similar argument can be provided). Since f” has
a fixed point and its iterates are equicontinuous at each point, f"(y) =y for
all y € [x, ap] by what has been proved in (i) so far. Since f(y) > y for all
y € la, ap) and f(ag) = ap, we can choose y from (x, ag) close to ap, such that
ag — % <y< f(y) < f"(y) <a and this implies f"(y) > y, a contradic-
tion. So ag —i—% > f(y)>ay>y>ay— % Then f(y) is a fixed point for f.
So f(y) = f2(y) and f"(y) = f"2(f2(y) = f"~'(y). Thus proceeding, y =
f"(y) = f"(b)--- = f(y) contradicting f(y) > a > y. Thus if Fr =lay, bol,
[ao, @) has no periodic point. Similarly (b, b] has no periodic point. (]

This leads to the following.

Theorem 2.4.10 (Jachymski [19]) Let g : I — I be a continuous map and I, a
compact interval [a, b] of real numbers. Then the following are equivalent:

(i) I, the set of fixed points of g is a compact subinterval of I1;
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(ii) either F, is a singleton or the family {g" : n € N} of iterates is equicontinuous
on Fy;

(iii) g has a common fixed point with each continuous map f : I — I that commutes
with g on Fy.

Proof (i) == (ii). Suppose F, is not a singleton and is [a;, b;] where a; <
b;. Since for a; < x < by, ¢g"(x) = x for all n € N, the continuity of g at x
implies that given € > 0 with b — a > ¢, there is a §(¢) > O such that (x — 8, x +
8) € (a1, b1) and |g(x) — g(x)| < e forx” € (x — 8, x + ). So |g"(x) — g"(x")| =
lg(x) — g(x")| < € for x’ € (x — 5, x + §), proving the equicontinuity of {g"} on
(ay, by). We now show that {g"} is equicontinuous at a;. Since g is continuous at
ay, there exists §(¢) > 0 with € > §(¢) for a given € > O such thatfora; — § < x <
a; + 6, |g(x) —g(ay)| = |g(x) — a;| < €. We now show by the principle of finite
induction that a; — € < ¢"(x) < a; + € for all x € (a; — §,a; + ) for all n € N.
Clearly, the inequality is true for n = 1. Suppose it is true for n = 1,2, ..., k.
Let x € (a —6,a). If a; < g*(x) < a; +¢, then ¢F(x) € F, and so | (x) —
arl = g1 () = ¢ @D = 195 (x) — g @)l = 1" () —ai] < €. If ¢*(x) < a,
then ¢' (x) < a; fori = 1,2, ..., k. Otherwise by induction hypothesis for some i,
l<i<kanda <g'(a) <aj+eorg(x)e€ F,andso g*(x) € F, or g*(x) > ay,
a contradiction. Since F, = [aj, b1], g(x) > x for x € [a, a1). So ¢'(x) > ¢~ (x)
fori =1,2, ...,k implying that ¢*(x) > ¢*"'(x) > --- > x. Asa; — 8 < x and
g (x) < ay.itfollows that g* (x) € (a; — 8, a1).So|g(g* (x)) — g(a))| = |g""" (x) —
ai| <e. Forx € (a1,a1+6) < [ar, b1], 9" (x) — g"(a1)| = |x —a1| < €. Thus g"
is equicontinuous at a;. By a similar reasoning, (¢") is equicontinuous at b;.

(il)) == (1). This follows from the proof of Theorem 2.4.9 (i). In fact to prove
(i) of Theorem 2.4.9, it suffices to assume that { f"} is equicontinuous on F.

(i) = (iii). If f commutes with g on F; then F} is invariant under f. Since F;
is a compact interval by (i), f has a fixed point in F, which is a common fixed point
of f and g.

(ili) == (i). If Fj is not an interval, then there exists a;, by € F, such that
(a1, b)) N F, = ¢. Define f : [a, b] — [ay, bi] by

by forx € [a, a;]
f(x)=1b;+a —x forx e (a,b]
ai for x € (by, b]

f is continuous on /. Let x € F,. Then x € [a, a,] or [by, b]. If x € [a, a;], then
f9x) = f(x)=b =gf(x)=gb). If x € [by,b], then fgx) = f(x) =a; =
g(ar) = g f(x). Thus, f and g commute on F, but Fy N F,, = ¢. Hence the theo-
rem. [l
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Example 2.4.11 The continuous map g : [0, 1] — [0, 1] defined by g(x) =1 on
[0, 11, 3 — 2x for x € (5, 3] and 0 on (3, 1] has the only fixed point x = 5. But
g”(% +6)=(—2)"6 + % for 0 <8 < }1, as long as 2"§ < }1 oré < 2% Suppose
g is equicontinuous at x = % Then for € = }1, there exists § > 0 such that |¢" (1 +
8) — g"(%)| < ¢ for all n. Since g(%) = % and choosing least ng such that 27§ > 1
it follows that ¢"(1 +8) = 0 for all n > ng and |g" (1 +8) — ¢"(H)| =10 — 1| =
|%| % %, a contradiction. So (g") is not equicontinuous.

If £:10,1] — [0, 1] commutes with g at 1, then fg(3) = g(f(3)) = f(3) (as
g(%) = %). Since f(%) is a fixed point of g and ¢ has the unique fixed point 1, f(%) =
%. Thus, f and g have a common fixed point, even though {g"} is not equicontinuous.

This example points out that the hypothesis F; is a singleton cannot be dropped
in Theorem 2.4.10.

The next theorem on the convergence of iterates, due to Coven and Hedlund [12],
was also obtained independently by Chu and Moyer [7].

Theorem 2.4.12 If f : I = [a, b] — [ is continuous and Py = Fy, then for each
x € 1, there exists p € Fy such that { f"(x)} converges to p.

Proof If { f"(x)} converges to p, it follows from the continuity of f, that p € F.
Thus it suffices to prove the convergence of { f"(x)} for each x € I. If f"(x) € Py
for some n > 0, the conclusion is obvious. Suppose that f”(x) is not a periodic point
of f forany n > 0. Let C, be the component of N Py, the set of non-periodic points
of f in I containing f,(x). Let &, = 41 if f is completely positive on C, (i.e.)
(f(x) >xonC,) and §, = —1if f is totally negative on C (i.e. f(x) < x on C,).
Since f is continuous and C,, is connected, f(x) — x cannot take both positive and
negative values on C, as C,, has no fixed point.

If for some N >0, &, = +1 for n > N, then fV(x) < fV*!(x) and so f"(a)
converges. Similarly if &, = —1 for all n > Ny, then { f"(x)} converges.

Suppose +1 and —1 appear infinitely many times in the sequence (&§,),n > 0. Let
A=nz=0:5 =+l}={pr<pp<---}and B={n=0:§ =—-1} ={m <
my < ---}. {fP(x)} is increasing while { /" (x)} is decreasing in / and hence these
subsequences of { f"(x)} converge to p and g respectively in /. Now we can find a
subsequence k; € A such that k; + 1 € B. Since { £ (x)} converges to p { f5+1(x)}
converges to g and f is continuous f(p) = g. By a similar reasoning we find that
f(q) = p. Thus f*(p) = f(q) = p and f*(¢) = f(p) = q. Thus p € P; = Fy.
So p = f(p) = g. Hence the theorem. O

Corollary 2.4.13 If f : I = [a, b] — [ is continuous and the set of least periods
or periodic points is finite, then for each x € [a, b], there exists p € Py such that
| f"(x) — p| converges to zero as n — o0.

Proof Let N be the least common period of the periodic points. Apply Theorem
2.4.12 to fN and that Pyv = Fy~. (Itis to be observed that N must be a power of 2,
as can be seen from Sharkovsky’s theorem.) (I
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Our next theorem characterizes functions f : I — [ that are continuous and for
which Pf = Ff.

Theorem 2.4.14 (Jachymski [19]) Let g : I = [a, b] — I be a continuous function.
Then the following are equivalent:

(i) Fy= Py
(ii) {g" : n € N} is pointwise convergent on I;
(iii) g has a common fixed point with every continuous map f : I — I that com-
mutes with g on F.

Proof (i) = (ii) is precisely Theorem 2.4.12.

(i) = (iii). Let x € Fy. By the commutativity of f and g on Fy, Fy is g-
invariant. So g"(x) € Fy for all n > 1. Since {g"(x)} converges to z € I by (ii) and
Fyisclosed z € Fy and as g is continuous z = g(z). Thus z = f(z) = g(2).

(iii) = (i). Let C be a non-empty g-invariant closed subset of 7. We show that
C N F, # ¢. For such a set, there is a continuous map f : / — I such that Fy = C.
If x € Fy, then g(f(x)) = g(x) and f(g(x)) = g(x), since C is g-invariant. So f
and g commute on F(g). By assumption (iii) Fy N Fy =C N F; # ¢. Let p be a
periodic point of least period M for g. Then C = {p, g(p), ..., g™~ (p)} is closed
and invariant under g. So from what we have shown, C has a fixed point of g. If
for 1 <i <M —1, g(g"(p)) = g'(p), ¢ (p) = "™ (p) = p, contradicting p is a
periodic point of g with least period M. Soi = 0 gives g(p) = p or p is a fixed point
of g. Thus Py = F,. O

2.5 Common Fixed Points and Full Functions

In this section, an existence theorem on the common fixed points for two commuting
continuous self-maps on a compact real interval, due to Cohen [9] is proved. This
supplements the theorems in Sect. 2.4. Without loss of generality we take I = [0, 1].
We need the following lemmata and definitions.

Lemma 2.5.1 Let f,g: 1 — I be continuous maps and h : I — J = [c,d] be a
homeomorphism onto J. f and g commute on I and have a common fixed point if
and only if hf h™" and hgh™" commute on J and have a common fixed point.

Proof Let h : I — J be a homeomorphism onto J and f,g:1 — I be contin-
uous functions. Let Afh~' : J — J and hgh~' : J — J be commutative and yq
be a common fixed point. Then yy = hfh~'(yo) = hgh~'(yo. Since h is a home-
omorphism from / onto J, so A~! is a homeomorphism of J onto I. So A~ 'yy =
h='(hf ™ (y0)) = h~'hgh™"(y0). Thus h~'(yo) = f(h~'(y0)) = g(h~' () or
xo = h~'(yo) belongs to I and is a common fixed point for f and g in 1. Also
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by the commutativity of Afh~" and hgh~' we get hfgh™' = (hfh™") o hgh™! =
(hgh™") o (hfh™") = hgfh~' whence fg = ghonI.

If f(g(x)) =g(f(x)) forall x € I and h~': J — I is a homeomorphism, for
eachy e J, fgh™'(y) = gfh~"(y)andso fh~'hgh™'y = gh—'hfh~'yfory € J.
Premultiplying by & we getfory € J

(hfh=")(hgh™")y = (hgh™ ") (hfh~)y.

Thus Afh~" and hgh~' commute. If for xo € I xo = f(x0) = g(xp), then h(xg) =
hf(xo) = hg(xo). But xo=h""(yo) for some yoeJ. So yy=hfh!
(vo) = hgf~'(y9). Thus hfh~" and hgh~' have a common fixed point. O

Lemma 2.5.2 If f, g : [ — I are commuting continuous functions without a com-
mon fixed point, then there are commuting functions mapping I onto I without a
common fixed point.

Proof Let a; = max{il}f £, il}f g} and by = min{sup f, sup g}. Since f and g com-
I I

mute, f[0, 11N g[0, 1] # ¢ both f and g map [a;, b1] into itself. Otherwise for

some x € [aj, bi], f(x) > b; would imply that for some y € [0, 1], g(y) = x and

g(f() = fg(y) = f(x) > by. Thisimplies that b; < min{sup f, sup g}. Similarly
I I

f(x) < a) forsomex € [ay, b;] would imply that there exists y € [0, 1] with g(y) =
x and g(f(y)) = fg(y) = f(x) < ay. This means that a; > max{inf; f, inf; g}, a
contradiction. Writing f; and g; as the restrictions of f and g on J; = [ay, b;] respec-
tively, we can inductively define a;, b; and f; by a; = max{inf, , f, inf; , g} and
b; = min{supJH fysup,,_, g} where Ji_y = [a;—1, bi_1],i =2,3,...,and f; is the
restriction of f;_; to J;_;. Since [a;, b;], i = 1,2, ..., form a nested sequence of
compact subsets of [0, 1], they have a non-void intersection. If this intersection is
a singleton, then f and g have a common fixed point contrary to the assumption.
o0

Hence, ﬂ[ai’ b;] is a non-degenerate compact interval [a, b] and the restriction ?
i=1

and g of f and g respectively map [a, b] onto itself. If & is a homeomorphism of

[a, b] onto I = [0, 1]. Then, the continuous maps # fh~" and hgh~—" map [0, 1] onto

itself but have no common fixed points by Lemma 2.5.1. (I

Lemma 2.53 If f,g: 1 — I are commuting continuous functions, so are f and
gf. f and g have a common fixed point if and only if f and g f have a common fixed
point.

Proof f(gf)=gfofas fg=gf. If xo = f(x0) = g(xo), then xo = f(x9) =
g(xo) = g(f (x0)). If x; = f(x1) = g(f(x1)), then x; = f(x1) = g(x1). O

Definition 2.5.4 A continuous function f : I — [ is said to be full if there is a
partition Py = {xo =0 < x; < xp--- < x, = 1} of I such that f on [x;, x;11]isa
homeomorphism on [0, 1] foreachi =0,1,...,n — 1.
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Definition 2.5.5 A partition Py = {0 = x¢ < x; < --- < x,, = 1} is regular if the
length of the subintervals x;+; — x; isthe same foralli =0, 1,...,n — 1. A partition
P, refines a partition Py uniformly if each subintervals in P, formed by consecutive
partition points of Py is the union of partitioning subintervals of g.

Lemma 2.5.6 If f1, g1 are commuting full functions on [0, 1] without a common
fixed point, there are functions f and g with the same properties and additionally
fO)=g() =0and f(1) = g(0) =1, Py, P, and Py, are regular and P, refines
P uniformly.

Proof If f1(0) = ¢1(0) =0, then f; and g; have a common fixed point contrary
to the assumption. So essentially two cases arise: (i) f1(0) =0, ¢;(0) = 1 and (ii)
£1(0) = 1 = g,(0). Incase () f1(1) = f191(0) = g1 £1(0) = 1 and 50 g1 (1) = 0, as
otherwise g1 (1) = 1 would imply that f; and g, have 1 as a common fixed point. In
this case let f, = f; and ¢» = g;.

Forcase (ii), f1(1) = f191(0) = g1 f1(0) = g1(1).So f1(1) = g1(1) = Oas other-
wise 1 would be a fixed point. In this case let f, = fig; and g» = g1, 92(0) = g(0) =
I, f2(1) = figi(1) = f1(0) = 1 and g2(1) = g1 (1) = 0. In either case let f3 = f>
and g3 = g f>. Clearly Py, refines Py, uniformly. Let & be any order preserving
homeomorphism on [0, 1] taking Py, into the corresponding regular partition of [0,
1]. Define f = hf;sh~! and g = hgsh~'. As f; and g3 have no common fixed point,
by Lemma 2.5.1 f and g do not have a common fixed point. Also Py, P,, Pr, are
regular and as P,, refines P, uniformly. P, refines P, uniformly. U

Theorem 2.5.7 (Cohen) Commuting continuous full functions mapping [0, 1] onto
[0, 1] have a common fixed point.

Proof Let fi1, g1 : I — I be two commuting full functions without a common fixed
point. So using Lemma 2.5.6, we can find commuting full functions f;, g; map-
ping [0, 1] onto itself such that f(0) =g(1) =0, f(1) =g(0) =1, P, P, and
Pfg regular partitions with Pg refining Pf uniformly. Let Py = {0, % % ..., 1}and

={0, L pl m, ..., 1}and Py, = {0, W . l}wherem and n are odd. Let f;
and g; be restrictions of f to [’ 1 i] and g to [ —, m] respectively. Let r = "H
and s = m+1 . Suppose r is odd and s iseven. If D(f;, g;) is the domain of f;g; for
each i and J then it is a subinterval of Py,. In particular

(r—1 r—1 1
D(g1 fr) = PR, +%
[r —1 1 r—1 2
D(g2 fr) = . +E, . +% R
(r—1 s—1r—1 s
D(gsfr): + s + —
| n mn n mn
__mn—l mn + 1
L 2mn T 2mn

Similarly
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(s —1 s—1 1
D(f1gs) = . m +%
(s — 1 1 s—1 2
D(f2g5) = = +%, = +% )
:s—l r—1 s—1 r
D(frgs) = Pt +%]
__mn—l mn + 1
L 2mn T 2mn

Thus D(f.gs) = D(g, f;). Since g is continuous and onto [0, 1], its graph must
intersect the diagonal of I x I and g, has a fixed point z;. As D(g;) € D(fy),
z1 € D(fy) andthus zy € D(frg5) = D(gs f).Sogs f+(z1) = fr95(z1) = fr(z1) and
22 = f,(z1) is a fixed point of g,. Thus proceeding, we get a sequence z,, of fixed
points of g; with z,.1 = f.(z,,). Since f, is monotone the sequence z, converges to
71 afixed point of both f and g. The case when r is even and s is odd can be handled
similarly. (]

Remark 2.5.8 One can show that f is full if and only if f maps [0, 1] onto [0, 1]
and is an open map. For related work, Baxter and Joichi [3] may be referred.

2.6 Common Fixed Points of Commuting Analytic
Functions

We prove a theorem of Shields [28] on the common fixed points of analytic functions
in this section. We denote by G, a non-void bounded open connected set in the
complex plane. Let F; be the family of all analytic functions mapping G into itself.
Clearly Fg is a semigroup under composition of mappings. We can consider H (G)
the linear space of all functions analytic on G and continuous on G, with the topology
of uniform convergence on compact subsets of G. This topology is a metric topology
and indeed it arises from a complete metric and so F; will inherit this metric topology.
The following lemma implies that F; is a topological semigroup (i.e. the composition
map is a continuous function from G x G into G).

Lemma 2.6.1 Let f,, g, € Fg and f,, = f, g» — g inthe topology of uniform con-
vergence on compact subsets of G. Then f,(g,) — f(g) and so Fg is a topological
semigroup.

Proof Let K be a compact subset of G and let U be an open set containing g(K)
with U compact and lying in G. Since g, — ¢ uniformly on K, g,(K) C U for all
n > ng for some ny € N. Now for all n

1f(9(2) = fulgn(@)] = 1f(9(2)) = f(gn @D 4 [ (gn(2)) = fugn (2]

Since ¢(z2), g.(2) e_ﬁ for z € K for all n > ng and f is uniformly continuous
on the compact set U and f,, — f uniformly on U, the above inequality implies
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that f(gn(2)) = fg(z) and | £,(9.(2)) — f(ga(2))] =< sup [ fu(w) — f(w)| — Oas

wel
n — oo. Hence (f,g,) converges uniformly on K to fg. Thus Fg is a topological

semigroup. (]

A few facts from the theory of topological semigroups will be needed in the
sequel. For proofs and other details Numakura [23], Wallace [31] and Ellis [15] may
be consulted.

Definition 2.6.2 Let (S, -) be asemigroup. An element e of S is called an idempotent
if e.e = > = e. An element 0 is termed zero if 0.x = 0 for all x € S. 1 is called an
identity of Sif l.x = x = x.1 forall x € S. Ina semigroup S if ax = ay (xa = ya)
implies x = y for all a, x, y in S then S is called a semigroup satisfying the left
(right) cancellation law. If S satisfies both the left and right cancellation laws, it is
called a semigroup satisfying cancellation law.

The following is a basic result in the theory of topological semigroups and the
proof is essentially from Ellis [15].

Lemma 2.6.3 Let S be a compact Hausdorff topological semigroup. Then S has an
idempotent element.

Proof Let.Z be the family of all compact subsets K of S suchthat K> C K..Z # ¢,
as S € F. .7 is partially ordered by set inclusion. As every chain in .% has a lower
bound .% has a minimal element A in .%. If r € A, then r A is a non-void compact
subset of § as rA is the image of the compact set A under the continuous map
x > rx.SorA e % and rA C A. Since A is minimal rA = A. So there exists
pe€ Asuchthatrp =r.Define L={ac€ A:ra=r}. Clearly pe L and L is a
compact subset of A. Let £1,¢, € L. Thenr¢,€, =rf, =r and hence £; o £, € L.
SoL?C L.Hence L€ .Z.AsL C A and A is minimal L = A. Sincer € A = L,

r? = r from the definition of L. Thus S has an idempotent element. (]

We skip the proof of the following.

Lemma 2.6.4 Let S be a compact T, topological semigroup which is commutative.
Forx € Sand T'(x) = cl{x, x?,...,}, we have

(i) T'(x) contains exactly one idempotent;
(ii) if e is an identity for I (x), then " (x) is a group and x has an inverse in I' (x);
(iii) if e is a zero for I' (x), then x, — e.

The following lemma makes use of the basic properties of analytic functions.

Lemma 2.6.5 If the analytic function e € Fg is idempotent, then e(z) = z on e(z)
is constant for all z € G.

Proof If e(z) is constant for all z € G, clearly it is an idempotent. Suppose e is a
non-constant analytic function on G, then f is an open mapping. So G| = e(G) is an
open set. Since e?(z) = e(z), e(z) = zon G;. As G is uncountable, and the analytic
functions, viz. identity function and e coincide on G, e(z) must be z at each z
in G. O
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We also recall some classical results from complex analysis (see Conway [11]
and Ahlfohrs [1].

Theorem 2.6.6 (Montel) Let H(G) be the linear space of analytic functions on the
open region G. A family % in H(G) is normal in the sense that every sequence in
F has a convergent subsequence if and only if F is locally bounded in H(G) (i.e.
for each compact subset K of G, there is a positive constant My with | f (z)| < My
forall f € Z andz € K).

Theorem 2.6.7 (Hurwitz) Let A(G) be the linear space of all analytic functions
with the topology of uniform convergence on compact subsets of G. If (f,) converges
to f in H(G) and f, never vanishes on G for each n, then f =0 or f is non-zero
throughout G.

Lemma 2.6.8 Let D be the open unit disc in the complex plane Cand f : D — D be
a bilinear (Mobius) transformation of D onto D. Then there arise three possibilities:

(i) f(z2) =zonD;
(ii) f has exactly one fixed point in the closed unit disc;
(iii) f has two distinct fixed points in the unit circle and the iterates of f converge
to one of these fixed points.

(z—a)

E=oE where

Proof The general form of such a bilinear transformation is f(z) = «
o] =1, ]al < 1.
If f is not the identity function the fixed points z = f(z) are given by

aP—(l—a)z—az=0

As this equation is invariant under z — %, the fixed points of f(z) are inverses of
each other with respect to the unit circle. So there is a fixed point inside and another
outside the circle or there is a ‘double fixed point’ or two distinct fixed points on the
unit circle. (]

Lemma 2.6.9 Let f € Fg, be the subset of H(G) containing all analytic functions
mapping G into itself. Suppose f is not a homeomorphism of G onto itself. Then
there is a point zo in G and a subsequence {fu,} of f-iterates such that f,,(z) — 2o
uniformly on compact subsets of G.

Proof Write I'(f) = cl{f"}in H(G).If I'(f) C Fg, then I'(f) is a compact semi-
group under composition of functions and contains an idempotent element e(z) by
Lemma 2.6.3.

By Lemma 2.6.5 e(z) = z for all z € G or is a constant zq for all z € G. If the
identity map belongsto I'(f), thenby Lemma2.6.4,I"(f)isagroupand f € I'(f) C
F¢ would be invertible in F (G) contradicting that f is not a homeomorphism. Hence
e(z) = zp, for all z € G and is thus a zero for I'(f). So again by Lemma 2.6.4 f"(z)
converges to z in the topology of Fg.

Suppose g € I'(f) does not belong to Fg. Since f,(G) C G, g(G) C G. As
g ¢ Fg, there is a point 7/ € G with g(z') = zo ¢ G. We claim that g(z) = zo.
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As g e I'(f), we can find f,, , a subsequence of f iterates converging to g in
H(G).Now f,, (z) — zo never vanishes in G as zp € G and converges to g(z) — zo.
So by Lemma 2.6.7 (Hurwitz Theorem), g(z) — z¢ is identically zero in G or never
vanishes in G. Butalready forz = 7’ € G, g(z') — z0 = 0.S0 g(z) = zoforallz € G.
O

Lemma 2.6.10 Ler f € Fg and suppose [ is not a homeomorphism of G onto itself.
Let z be the element of G such that i"f converges to zg in H(G). Then z is a common
fixed point for all continuous g on G that map G into itself and commute with f.

Proof ByLemma?2.6.9,thereexists z € G withlim fn:(2) =z0in Fg.Forg € C(G),
9(z0) = g(lim f, (2)) = lim f,.(g(z)) = zo.

The following remarks are relevant.

Remark 2.6.11 If f is a bilinear map of the open unit disc D onto itself with two
distinct fixed points on the boundary, consider p a bilinear map, mapping D onto
the upper half-plane and taking these fixed points into 0 and co. For g = pfp~!,
0 and oo are fixed points of g and g maps the upper half-plane onto itself. Hence
g is a dilatation and is of the form ¢g(z) = az, a > 0 and a # 1 as f(z) # z. So
g"(z) = a"z tends to zero or to co. Thus the iterates of f converge to one of the fixed

points of f.

Remark 2.6.12 Wolff [32] and Denjoy [13] have shown independently in 1926 that
if f is analyticin D and f(D) < D, then either f is a bilinear map of D onto itself
with exactly one fixed point or f” converges to a constant C € D.

We are now in a position to prove a theorem of Shields [28] on the fixed points
of commuting family of analytic functions on D.

Theorem 2.6.13 (Shields [28]) Let F be a commuting family of continuous functions
on D which are analytic in D. Then there is a common fixed point z for all functions
in F.

Proof If F contains a constant function then that constant is the common fixed point.
Suppose it contains only non-constant continuous functions on D which are analytic
in D. So by the Maximum Modulus Theorem f (D) € D for each f € F. Suppose
not all functions of F are bilinear maps of D onto D. So there exists f, different
from the identity map in F. Then Lemma 2.6.10 can be invoked to conclude that
there is a common fixed point for each f € F. On the other hand if all the members
of F are bilinear, then if one of them has just one fixed point, then it is a common
fixed point for all. In case these have two fixed points then by Remark 2.6.11, the
iterates converge to one of the two fixed points and so invoking Lemma 2.6.10, we
conclude that for each f in F there is a common fixed point. ]

Remark 2.6.14 Theorem 2.6.13 due to Shields has been generalized to Hilbert spaces
by Suffridge [29].
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2.7 Fixed Points of Meromorphic Functions

In this section, an interesting theorem on the fixed points of meromorphic functions,
due to Bergweiler [4] is detailed. Bergweiler’s short proof is elementary, though it
invokes Picard’s theorem. We recall

Theorem 2.7.1 (Picard (see Conway [11])) Suppose an analytic function f has an
essential singularity at a. Then in each neighbourhood of a, f assumes each complex
number, with one possible exception, infinitely many times.

Corollary 2.7.2 An entire function which is not a polynomial assumes every complex
number, with one exception infinitely many times.

Inresponse to a question raised by Gross [16], Bergweiler [4] proved the following.

Theorem 2.7.3 (Bergweiler [4]) Let f be a meromorphic function that has at least
two different poles and let g be a transcendental entire function. Then the composite
function f o g has infinitely many fixed points.

The theorem above makes use of the following lemmas.

Lemma 2.7.4 Let f be a meromorphic function and zy be a pole of order p. Then
there is a function h, defined and analytic in a neighbourhood of 0 such that h(0) = 0
and f(h(z) +zo0) =z~ forz # 0.

Proof The function k defined as k(z)™” = f(z + zo) is analytic in a neighbourhood
of 0 and k' (0) # 0. So k(z) is invertible in a neighbourhood of 0 and this inverse /(z)
is analytic in a neighbourhood of 0. Now k(0) = 0. So #(0) = Oand f (h(z) + z0) =
z P forz # 0. (I

Lemma 2.7.5 Let f and g be meromorphic functions. Then f o g has infinitely many
fixed points if and only if g o f does.

Proof If xo = fg(xp), then gxo = g f(g(xp)) so that g(xp) is a fixed point of g f.
If xo = fg(xp) and x; = fg(x;), then g(xo) = g(x;) would imply that fg(xg) =
fg(x1) sothat xo = x;. Thus g maps the set of fixed points of f o g injectively into
the set of fixed points of g o f. Indeed if x* is a fixed point of g o f, then f(x™*) is
a fixed point of f o g. Similarly f maps the set of fixed points of g o f injectively
into the set of fixed points of f o g. Thus the sets of fixed points of f o gand go f
have the same cardinality. (Indeed g maps the set of fixed points of f o g bijectively
onto the set of fixed points of g o f). (I

Now we provide the proof of Theorem 2.7.3.

Proof Let z; and z, be poles of f of order p; and p;. Using Lemma 2.7.4 choose the
functions i for j € {1,2}. Letk;(z) = h((z7*) + z; and k»(z) = ha(z"") + z2. Now
fki(2)) = f(ka(2)) = z7PP2 for z # 0 in a neighbourhood of 0. Define u(z) =
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g(z~PP2), Then 0 is an essential singularity of # and in a punctured neighbourhood
of 0, u(z) = g(fki(2)) = g (ka(2)).

If f o g has only finitely many fixed points, then so has g o f only finitely many
fixed points by Lemma 2.7.5. So u(z) # k;(z) for j = 1,2 in a punctured neigh-
bourhood of 0, since k1(0) = z1 # zo = k»(0). Define

u(z) — ki(z)

S e

0 is an essential singularity for # and v does not take the values 0, 1 and oo in a
punctured neighbourhood of 0. This contradicts Picard’s Theorem 2.7.1. Hence the
theorem. O

Remark 2.7.6 1t can be similarly shown that if f and g are transcendental meromor-
phic functions and if either f or g has at least three poles, then f o g has infinitely
many fixed points.
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Chapter 3 ®)
Fixed Points and Order Geda

This chapter deals with fixed points of mappings on partially ordered sets (vide
Definition 1.1.10) under diverse hypotheses.

3.1 Fixed Points in Linear Continua

In this section, some elementary fixed point theorems on linear continua due to
Andres et al. [3] are discussed.

Definition 3.1.1 A partially ordered set (or a poset, for short) (X, <) is said to be
linearly ordered or totally ordered or a chain, if for any pair of elements x, y € X,
xX<yory=<x.

Definition 3.1.2 Let S be a nonempty subset of a poset (X, <). xo € X is called
an upper bound (lower bound) for S if s < x¢ (x9 <) for all s in S. An element
Xxo € X is called least upper bound, (l.u.b. for short) or supremum (greatest lower
bound (g.1.b. for short) or infimum) of § if x¢ is an upper bound for S and xy < x for
every upper bound x for S (if x¢ is a lower bound for § and x < x( for every lower
bound x of §). A maximal element (minimal element) m of X is an element m of
X for which m < x(e X) implies x = m (an element m of X for which x < m of
x € X implies x = m).

Definition 3.1.3 A linearly ordered set (X, <) with more than one element is called
a linear continuum, if

(i) it is densely ordered or without gaps if for x, y € X with x < y, there exists
ze Xsuchthatx <z <y(a<bifa <banda # b) and

(ii) for each nonempty subset S of X bounded above there is a least upper bound
(l.u.b) in X (called l.u.b property).
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Remark 3.1.4 1f (X, <) is a linearly ordered set, then the sets of the form {x € X :
x <a}, {x € X:a < x},a € X is a subbase for a topology on X, called the order
topology on X.

X is connected and Hausdorff in the order topology if and only if X is a linear con-
tinuum in the sense of Definition 3.1.3. Moreover, the order topology is the smallest
topology on X under which < is continuous (see Kelley [10], pp. 57-58). Also in a
linearly ordered set with the order topology every closed and (order) bounded subset
of X is compact if and only if it has the L.u.b property (see Kelley [10], p. 162).

Definition 3.1.5 Let X be a linear continuum and 2% denote the set of all subsets
(power set) of X. Amap ¢ : X — 2% — {¢}is called a multimap. An element xy € X
such that xy € ¢ (xo) is called a fixed point of ¢.

Theorem 3.1.6 (Andres et al. [3]) Let (X, <) be a linear continuum and I =
[a,b] ={x € X :a <x < b}, where a,b € X. Let ¢ : | — X be a multimap on
I with a connected graph. If either I (1) or ¢(I) C I, then ¢ has a fixed point.

Proof Let G, = {(x,y),y € ¢(x), x € I} be the graph of ¢, a subset of / x X C
X2 LletD={(x,x):xeX},Pi={(x,y) e X>:x <y}and P, = {(x,y) € X*:
y < x}. Suppose ¢ has no fixed point. Then F,, = {x € I : x € p(x)}is empty. Sup-
pose I € ¢(I). Then there exists ¢, d € I such that a € ¢(c) and b € ¢(d). Since
F,=¢,a <candd < b.Asa(€ ¢(c)) <c,(c,a) e bLNG,andasb € ¢(d) and
d <b,(d,b) € PN G,.Since G, € P; U P, and P; and P; are separated open sets
and G,, is connected in X 2 G, C Pyor G, € P,. This is a contradiction to the fact
that (¢,a) € Pr N G, and (d, b) € P, N G,. Hence ¢ has a fixed point in /.

If o(I) € I,thena < p forall p € ¢(a) as we have assumed that F,, = ¢. For
similar reasons, g < b for all g € ¢(b). So (a, p) € Pi NG, for all p € p(a) and
(b,q) € NG, forall g € p(b). As G, € Py U P, and Py and P, are separated,
G, C Py or G, € P,. In any case, this is a contradiction as G, contains points of
Py as well as P;. So, in this case also ¢ has a fixed pointin /. U

Theorem 3.1.6 has a simple corollary generalizing Theorems 2.15 and 2.1.7.

Corollary 3.1.7 Let f:1 — X be a map with a connected graph where I =
[a, b] € X, a linear continuum. If f(I) C I or I C f(I), then f has a fixed point
inl.

sin %, x #0
1, x=0
continuous (at x = 0). But it has a connected graph and has infinitely many fixed

Example 3.1.8 Define f : [—1,1] — [—1, 1] by f(x) = . f isnot

points as it maps continuously /,, = into [—1, 1] (containing ;)

1 1
3% (2n+1)§]
for each n (and so has a fixed point in 7,,).

Proposition 3.1.9 Let f : L — 2F — {¢} be a multimap with a connected graph
G . If f has an n-orbit for some x then f has a fixed point in L.
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Proof Let {x1, x2, ..., x,} be an n-orbit of f. Thus x;1; € F(x;),i=1,...,n—
I and x, € F(x;). Let Fy ={x € L : x € f(x)}, the set of fixed points of f be
empty. Let a = min{xy, ..., x,} and b = max{xy, xo, ..., x,}. So there exist x, x,
in the orbit of f such that x; € f(a) and x; € f(b). Then a < x; and x, < b since
a,b ¢ Fy. As before (a,x;) € P ={(x,y) € Gy withx < y}and (b, x¢) € P, =
{(x,y) € Gy with y < x}. Since Gy = P{U P, and P; and P, are disjoint open
subsets of Gy and G ; the graph of f is connected, Gy € Pyor Gy C P,. Thisisa
contradiction as Gy N P, Gy N P> # ¢. Hence f has a fixed point. ([l

Example 3.1.10 Define f : [0, 1] — 2% — {4} as follows:

. 3h xel[0,1)
3l ox=1

O
f(x)—{[

D= =

f has a connected graph, though f?(x) = {é, %} does not have a connected graph.
However f has a fixed point in view of Theorem3.1.6 as f (1) C I and so f? also
has a fixed point.

Corollary 3.1.11 Let f : L — 2L — {¢} be a map on a linear continuum L with a
connected graph. If for some n € N, for the nth iterate f" of f, there exists a closed
interval I C L such that I € f"(I) or f"(I) C I, then f has a fixed point.

Proof As f" has a connected graph, by Theorem3.1.6, f" has a fixed point. If this
is not a fixed point of f, then there is a nontrivial k € N such that k factors n. So by
Proposition3.1.9 f has a fixed point. (]

Example 3.1.12 Define the multimap f on [0, 1] by

1.1, x=0
_ g1
fay =7 e @bl 3.1
O, )C_E
0,11, x=1
Now
[0,3], x=0

2 ={x, x €0, 1) — {3}
[5.11, xe{3. 1}

and every point of [0, 1] is a fixed point of f2 but f has no fixed point. Further the
graph of f is not connected. Hence in Corollary 3.1.11 the hypothesis that the graph
of f is connected cannot be dropped.
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3.2 Khnaster-Tarski Principle

A set-theoretical fixed point theorem for maps in the power set of a set proved in
1927 by Knaster [11] and improved by Tarski germinated into the following theorem
referred as the Knaster—Tarski principle in the literature.

Definition 3.2.1 A map f : X — X, where (X, <) is a poset is said to be isotone
if f(x) < f(y)forallx,y € X withx < y.

Theorem 3.2.2 Let (X, <) be a posetand f : X — X be an isotone map such that

(i) b < f(b)for someb € X;
(ii) every chainin X = {x € X; b < x} has a supremum.

Then Fy, the set of fixed points of f is nonempty and contains a maximal fixed point.

Proof Consider the subset P = {x € X : b < x < f(x)}. P is nonempty as b € P.
Every chain C in P, being a subset of X; has a supremum « in X; and for ¢ € C,
¢ < u and by the isotonicity of f and the definitionof C C P,c < f(c) < f(u).So
f (u) is an upper bound for C and clearly b < u < f(u). Sou € P.Now by Zorn’s
Lemma [20] since every chain in P has an upperbound (indeed a supremum), P has
amaximal element x( in X. Since xo < f(x0), f(x0) < f(f(x0))andso f(xp) € P.
If xo # f(xp), there is a contradiction to the maximality of xy. So xg = f(x¢). xo
being a maximal element of P is a maximal fixed point and b < xj. O

In this context the following theorem due to Bourbaki [5], also called Zermelo’s
theorem [19] is stated and the proof is left as an exercise.

Theorem 3.2.3 (Bourbaki—Zermelo) Let (X, <) be a poset in which every chain has
an upper bound. Let f : X — X be a map such that x < f(x) forall x € X. Then
f has a fixed point.

In fact Abian [1] and Moroianu [13] have pointed out that it suffices to assume
the completeness of each well-ordered subset of X instead of the completeness of a
chain in Bourbaki’s theorem. First, we recall

Definition 3.2.4 A subset S of a poset (X, <) is called well-ordered if every
nonempty subset Sp of S has a least element in Sp.

Remark 3.2.5 The set of natural numbers with the ‘natural order’ is well-ordered,
though the real number system is not well-ordered. While every nonempty subset of
[0, 1] has a least and a greatest element in [0, 1], these need not belong to the subset
concerned. So [0, 1] is not well-ordered. The Axiom of Choice is equivalent to the
hypothesis that every nonempty set can be well-ordered (see Kelley [10]).

‘We now prove the following version of Bourbaki’s theorem, due to Moroianu [13]
which is equivalent to the Axiom of Choice.
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Theorem 3.2.6 [feverywell-ordered subset A of a poset (X, <) has an upper bound
in X and f : X — X is amap such that x < f(x) forall x € X, then f has a fixed
point in X.

At this stage, it is convenient to introduce the following remark and a definition.

Remark 3.2.7 Amap f: X — X, where (X, <) is a poset is called progressive or
expansive if x < f(x) forall x € X.

Definition 3.2.8 Let (X, <) be a poset and W be the set of well-ordered subsets of
X.If A€ W and x € A the initial segment defined by x in A is the set A, = {y €
Ay <x}).

Definition 3.2.9 Let F : W — X be a map, where (X, <) is a poset and W, the set
of all well-ordered subsets of X. A well-ordered subset A of X is called an F-chain
if for each x € A which is not the least element of A, f(A,) = x.

We prove Theorem 3.2.6, making use of the following lemmata.

Lemma 3.2.10 For two distinct well-ordered subsets A and B of a poset (X, <),
the following statements are equivalent:

(i) one of A, B is an initial segment of the other;
(ii) ifx € Aand y € B are such that Ay = By then x = y.

Proof Let A be an initial segment of B. Let y; =infimum B — A. Then A = B,,. Let
xeAandye Bsuchthat A, ={acA:a<x}={beB:b<y}=B,. Since
A=B,,A,={beB:b<xandb<y}={beB:b<x*}=B-»=B8B,. So
x* = y. Hence x* = min(x, y;) = y. Since eacha € Aislessthan y; € B — A and
x € A, x* =x. Thus x = y.

Suppose for two distinct well-ordered sets A and B there exist x in A and y
in B such that A, = B,. Clearly A and B have the same least element. Define
S={xeANB: A, = B,}. Sisnonempty as it contains the least element of A and
B. Further, for any x € S, S contains A, as also B,. So S = A or A, for some x in
S. Since A and B are distinct, one can suppose that § #% A. So § = A, for some x
in A. For similar reasons S = B or B, for some y in B. Thus § = A, = B,. Now
by hypothesis (ii) x = y and this means that A, = B, and by the definition of S,
x € S = A, implying that x < x. So A, = § = B. Thus (i) is true. (]

From the proof that (ii) implies (i) in Lemma3.2.10 we have

Corollary 3.2.11 If A and B are two F-chains with the same least element then one
of them is an initial segment of the other.

Lemma 3.2.12 Ift(a) is the family of F-chains, having a € X as the least element,
then C =U{A : A € t(a)} is an element of T(a).

Proof By Corollary3.2.11, C is a well-ordered subset of X with a as the least ele-
ment. If x € C, then a € A for some A € C(a) and A, = C,. So f(C,) = x from
the definition of A as an F chain. This implies that t itself is an f chain. (|
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Corollary 3.2.13 If F : W — X is a mapping such that for each A € W, F(A) is
an upper bound of A, then F(C) € C.

Proof If F(C) ¢ C,1let C' =CU{F(C)}.Forx € C’, C, = C, if x # F(C) and
C. = C'ifx = F(C). This is always F(C’,) and C’ € t(a). Since C’ contains C as
a proper subset this contradicts the definition of 7. (]

Theorem 3.2.14 Let X be an ordered set such that every well-ordered subset A of X
has an upper boundin X. Let f : X — X be a(progressive) map such that x < f(x)
forall x € X. Then f has a fixed point.

Proof As A is well-ordered subset of X, sois f(A). Defineamap F : W — X such
that (i) ' (A) is an upper bound for each A € W when A does not contain the greatest
element and (ii) F(A) = f(x), when A contains the greatest element x. Clearly F
satisfies all the hypotheses of Corollary 3.2.13 and so there is a well-ordered subset
C of X such that F(C) is the greatest element of C. In view of (ii) F(C) = f(F(C)).
Thus F(C) € X is a fixed point of f. (I

Remark 3.2.15 Since each A € W has an upper bound, U the set of upper bounds
of A is nonempty. For each A € W, we can choose one from U, using the axiom
of choice. In case each A € W has a supremum in X, then F(A) = f(supA) isa
well-defined map of W into X (and there is no need to invoke the axiom of choice).
However, by invoking the Axiom of Choice to X it is clear that X has a maximal
element which will, of course, be a fixed point of f, the last element of C. Theo-
rem 3.2.14 is equivalent to the Axiom of Choice, as observed by Abian [2].

Theorem 3.2.16 (Abian [2]) The Axiom of Choice is equivalent to the statement
that every (progressive) map f : X — X, where (X, <) is a poset wherein every
well-ordered subset has an upper bound and x < f(x) for all x € X, has a fixed
point.

Proof The use of the Axiom of Choice in the proof of the fixed point theorem,
i.e. Theorem 3.2.14 was already noted. (Zorn’s Lemma, equivalent to the Axiom of
Choice can be invoked to obtain a maximal element zo and as zo < f(z0), 2o iS a
fixed point of f under the hypotheses of Theorem3.2.14).

We now show that this fixed point theorem implies the Axiom of Choice. Let S
be any set and (W, <) be the set of all well-ordered subsets of S which are partially
ordered initial segment wise (i.e. W; < W, if W is an initial segment of W,, where
Wi, W, € W). Let (N, <) be the set of all natural numbers with the usual order. Let
(W x N, <) be the cartesian product of W with N partially ordered lexicographically
(.e. (Wy,np) < (Wa,np)ift Wy < Wrand W, ;é W, andif W = W,,n; < n,.Define
f:WxN-—=> W xNby f(w,n) = (w,n+1).Clearly x < f(x)forallx € W x
Nand f hasno fixed point. In view of Theorem 3.2.14 (W x N, <) has a well-ordered
subset without an upper bound (I).

However, every well-ordered subset of W has an upper bound. On the other hand,
not every (well-ordered) subset of N has an upper bound. (I) is impossible unless
(W, <) has a maximal element. This implies that S itself is a well-ordered set. [
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We conclude this section by proving two theorems on the existence of a common
fixed point for a family of mappings.

Theorem 3.2.17 Let .% be a commuting family of mappings of a poset (X, <) into
itself. Suppose x < f(x) forall f € F and all x € X. If each well-ordered set in X
has an upper bound then there is a common fixed point for each f € F.

Proof For f € 7, in view of Remark3.2.15 f has a fixed point xo € X, which is
a maximal element. If g € .%, then g(xg) = g(f (x0)) = f(g(x0)) = g(xp) = x0 =
f (x0) using the commutativity of f and g and the progressive nature of f and g. As
Xo is a maximal element, g(xg) = xo = f(xp). Thus, x¢ is a common fixed point for
all members of .%. O

Our next theorem supplements the above theorem.

Theorem 3.2.18 Let % be a commuting family of isotone maps of a poset (X, <)
into itself. Suppose for some fixed element a € X, a < f(a) forall f € F. If each
chain in X containing a has a supremum in X, then ¥ has a common fixed point.

Proof ThesetA ={x € X :a <x < f(x)forall f € .%}isaposet with the partial
order inherited from (X, <) and every chain in A has a supremum in X. Since a < x
for x € A and f isisotone, f(a) < f(x). Asa < f(a), wehavea < f(a) < f(x)
forall x e Aand f € .. For g € #,a <x < f(x) implies a < g(a) < g(x) <
g(f(x)) = fg(x) for all f € F and x € A. So each g € . maps A into itself.
Further every chain C in A has a supremum s in X and as @ < x < s for x € C,
a<f(a) < f(x)< f(s)and x < f(x) < f(s) for each f € .% and x € C. So
supC = s < f(s). Thus C has an upper bound in A. So there is a maximal element
X0 in A (by Zorn’s Lemma). Thus a < xo < f(xg) forall f € .%. By the maximality
of xo, it follows that xo = f(xo) forall f € .#. Hence, there is a common fixed point
for all the functions in .%. O

3.3 Tarski’s Lattice Theoretical Fixed Point Theorem and
Related Theorems

The following well-known definitions figure in the original version of Tarski’s fixed
point theorem.

Definition 3.3.1 A poset (X, <) is called a lattice if it contains the minimum and
maximum of every pair of elements.

A lattice is said to be complete if every nonempty subset S of X has a supremum
and an infimum in X.

Example 3.3.2 (a) R, the set of all real numbers is a lattice in the usual order.
Though it is totally ordered, R is not a complete lattice. While N, the set of
natural numbers is well-ordered, R is not well-ordered.
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(b) CIO0, 1], the set of all continuous real-valued functions on [0, 1] with the partial
order < defined by f < gifandonlyif f(x) < g(x) forallx e [0, 1]is alattice.
For f, g € C[0, 1], min{f, g} or max{ f, g} need not coincide with either f or
g. For instance for f(x) = x, g(x) = % for x € [0, 1],

x, x €0, 3]

min{f, g}(x) = {

%, otherwise
1 1
5, x €[0,3]
max{f, g}(x) = {2 2
x, otherwise

However, these are different from both f and g; That C[0, 1] is not a complete
lattice is left as an exercise.

(c) Let I be the closed unit interval in R and for n € N, n > 1, let I" be the n-
fold cartesian product of I with itself. Define the partial order < on I” be x =
(X1, %2, ooy X)) 2y =1, Y2,...,Yp) forx, y € I" if and only if x; < y; for
alli =1,2,...,n. Though I" is not totally ordered it is a complete lattice for
n> 1.

(d) Foranonempty set X, 2%, the power set of X with set-inclusion as a partial order
is a complete lattice.

Theorem 3.3.3 (Tarski [18]) Let (X, <) be a complete lattice and f : X — X an
isotone map. Then F¢, the set of all fixed points of f is a nonempty complete lattice
under the partial order induced by <. In particular sup Fy = sup{x € X : f(x) > x}
and inf Fy = inf{x € X : f(x) < x} belong to Fy.

Proof Let 0 = inf X and 1 = sup X and these exist as X is a complete lattice. So
v =supf{x € X : f(x) > x} is well-defined as f(0) > 0. For any x € X with x <
f(x), x < u and by the isotonicity of f, f(x) < f(u) and so x < f(x) < f(u).
Asx <u,forx < f(x),u < f(u). Again by the isotonicity of f, f(u) < f(f(u)).
Sof(u)e{x e X:x < f(x)}.Sinceu =sup{x € X : x < f(x)}, f(u) <u.Thus
u = f(u)and u € Fy. Since for every fixed point x of f, f(x) > x, u = sup Fy.

The set X with the partial order <, defined by x < y if y < x, called the dual-
order of < is a complete lattice on which f is again an isotone map (in the dual
order). Further for any subset § of X, inf<) S = sup ) S and sup.., S = inf(<) S
where < is the dual-order of the partial order <. So, by the first part of the theorem
proved so far, inf{x € X : f(a) <x} =sup{x € X : x < f(x)} is in F. Clearly
inf Ff =inf{x € X : f(x) <x}.

Let Y be any subset of Fy. Then ([supY, 1], <) is a complete lattice, where
[a,b]={xeX:a<x<b}). If xeV¥, then x <supY and so x = f(x) <
f(supY) as f is isotone and ¥ C Fy. So supY < f(supY). If supY < z, then
supY < f(supY) < f(2). So f’, the restriction of f to [sup Y, 1] maps the com-
plete lattice [sup Y, 1] into itself and is isotone. So v = inf of all fixed points of f’
(and indeed f) in [supY, 1] is itself a fixed point of f’ by the preceding part of
the theorem. This is, indeed, the least fixed point of f, which is an upper bound of
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all elements of Y. Similarly, consider the complete lattice [0, inf Y]. If x € Y, then
infY <xand f(infY) < f(x) <x,as f isisotone and so f(inf Y) < inf Y. Thus
f*, the restriction of f to [0, inf Y] maps this complete lattice into itself. So u = sup
of all the fixed points of f* in [0, inf Y] is itself a fixed point and indeed the greatest
lower bound of all fixed points of f in Y. Thus, inf ¥ and sup Y are also fixed points
of f.Thus, (Fy, <) is a complete lattice. |

Remark 3.3.4 The existence of a fixed point in Tarski’s theorem can be proved along
the lines of Theorem 3.2.2 as well.

The next theorem is also due to Tarski [18] and its proof is left as an exercise.

Theorem 3.3.5 Let (X, <) be a complete lattice and G a commuting family of
isotone maps of X into itself. Then F¢ the set of common fixed points of all the
functions f in G is nonempty and (Fg, <) is a complete lattice. Further sup Fg =
sup{x € X : x < f(x) for all f € G} and inf Fo; =inf{x € X : f(x) < x for all
f e G}

Remark 3.3.6 A decreasing map on a complete lattice may not have a fixed point.
For example, the map f : [0, 1] — [0, 1] defined by

0, ifx#£0
FOO=11 e —o

is decreasing (i.e. f(x) > f(y) for x < y) and has no fixed point.

Remark 3.3.7 Theorem3.3.5 is not true for a non-commutative family of isotone
maps. For instance, define f : [0, 1] — [0, 1]by f(x) = 1% andg : [0, 1] — [0, 1]
by g(x) = % for all x € [0, 1]. While both f and g are isotone and non-commuting,
f and g do not have a common fixed point.

Remark 3.3.8 Any non-decreasing map of [0, 1] into itself (being isotone) will
always have a fixed point, even if it is not continuous. Contrast this with Theo-
rem 2.1.5 and Corollary 3.1.7.

Remark 3.3.9 The fixed point guaranteed by Tarski’s theorem is not unique. For the
map f : [0, 1] — [0, 1] defined by

x, xel0,))
ro=1 oy
Fr =10, %) U {1} is the set of fixed points. Although % = sup[0, %) in [0, 1], as a
subset Y = [0, %) of the set of fixed points Fy of f the supremum is 1!. Fy is a
complete lattice.
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Davis [7] had proved that the converse of Tarski’s theorem that a lattice in which
every isotone map has a fixed point is complete.

Based on Tarski’s observation that inf{x € X : f(x) < x} is a fixed point for f,
an isotone self-map on a complete lattice X, Merrifield and Stein and Stein [12, 17]
proved some fixed point theorems supplementing/generalizing Tarski’s fixed point
theorem in complete lattices. A few of these results are highlighted in the sequel, as
these embellish the crux of the proof of Tarski’s theorem.

Theorem 3.3.10 (Stein [16]) Let (X, <) be a complete latticeand T : X — X, a
map. Suppose there exist positive integers k and n such that for x,y € X

(i) T"(x) <y implies T*(T"(x)) < T*(y) and
(ii) x < T"(y) implies T*(x) < T*(T"(y)).

Then T* has a fixed point.

Proof Define H = {x € X : x > T"¥(x)} H isnon-voidas 1 = sup X € H.Forx €
H, T""(x) < x and so T"(T*~D"(x)) < x. So by (i) T*(T"*(x)) < T*(x). Thus
T"(T*(x)) < T*(x). So T*(x) € H, for x € H. Consequently 7/¥(x) € H, for
j=1,2,...,wheneverx € H.Alsoforx € H,x > T*(x) > T*(x)--- > T/*(x),
Jj=2.

Since n and k are fixed natural numbers, there exists a natural number of
sufficiently large such that (gn — 1)k > n. For x € H, T Y% (x) € H in view
of the preceding paragraph, as gn > 1. Let h = inf H. Then h < T@"~Vk(x) =
T"(T@"=Dk=n(x)). Using (ii), we get that T*(h) < T*T@=Dk(x) = T2 (x). As
x € H, T"(x) € H and T9*(x) < x, T*(h) < T9(x) < x. Since x is an arbi-
trary element of H, T*(h) < h. So by definition of H, h € H and so T*(h) also is
in H. As h = inf H and T*(h)(e H) < h, h = T*(h). Thus T* has a fixed point in
X. |

Remark 3.3.11 The transposition 7(0) = 1 and T (1) = 0 on the lattice {0, 1} has
no fixed point. But T satisfies all the conditions of Theorem 3.3.10 fork =2,n =1
and hence 72 has a fixed point.

Next is a theorem on common fixed points.

Theorem 3.3.12 (Stein [12]) Let .% be a commuting family of maps on a complete
lattice X into itself satisfying the conditions for S, T € % (i) x < S(y) implies
Tx <TS(y) and (ii) S(x) <y implies TS(x) < T(y). Then the family % has a
common fixed point.

Proof Define H ={x € X : x > T(x),forallT € #}.Clearly 1l =supX € H.Let
h=inf H.

Letx € H and T € .%. Then it follows from (ii) that for any S € .% and y = x,
TS(x)=S8T(x) <T(x) and hence T(x) € H. Since T(x) € H for x e H, h <
T (x) from the definition of A. Invoking (i) for & < Tx, we get Th < T(T(x)) <
T(x) < x for all x € H. So T (h) < h. From the definition of H, it follows that
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he H. Since T(x) €e Hforx € H,T(h) € H.Since h = inf H, h < T (h). Hence
h = T (h). Thus foreach T € .#, h is a fixed point. In other words .% has a common
fixed point. (]

The following definition is needed for the next theorem.

Definition 3.3.13 Let (X, <) be a complete lattice and (x,) a sequence in X. Then

lim inf(x,) = sup {inf(x,, : m > n)}
n—00 n=1,2,...

lim sup(x,) = inf {sup(x, :m > n)}.
n— 00 n=1,2,...

If lim inf(x,) = lim sup(x,) = x, then (x,) is said to converge to x (with respect
n—oo n—oo

to the partial order <).

Theorem 3.3.14 Let (X, <) be a complete chain and T : X — X be a map such
that x <y, x,y € X implies that there exists a natural number N = N(x, y) such
that foralln > N, T"(x) < T"(y). Then T has a fixed point.

Proof Suppose T has no fixed point. Then the sets A ={x € X : x > T'(x)} and
B ={x € X :x <T(x)}are disjoint and nonempty as 1 € A and 0 € B.

Let x € A. If for some natural number p, T?(x) < T?*!(x), then by hypothe-
sis there exists N; such that for n > Ny, TP (x) < TP+ (x). As Tx < x, there
exists N, such that for n > N,, T"T!(x) < T"(x). So for n > max{N, + p, Na},
T"(a) < T"(x) < T"'(x) or T"*!(x) = T"(x). Thus T has a fixed point, viz.,
T"(a). Since we have assumed that 7 has no fixed point, forx € A, T?(x) > TP+ (x)
for all p so that nli)ngc inf 7" (x) < x. By a similar reasoning lim inf 7" (x) > x for

n—o0o

x € B. Let a =inf A. So for x € A, a < x. Hence by hypothesis, there exists N
such that for all n > N, T"(a) < T"(x). So lim inf 7"(a) < lim inf T"(x) < x
n—oo n—oo

for each x € A. So liminf T"(a) < a = inf A.
If a € B, then lim inf 7" (a) = a implies @ = T(a) = T?*(a)... and T has a

n—o0
fixed point.
If T(a) < a, then T(a) € A. Since a > T(a) > T?*(a)..., contradicting that a
is a lower bound for A. So T'(a) = a. Thus T has a fixed point. [l

Remark 3.3.15 In a complete chain an operator T such that lim inf 7" (x) <

lim inf 7" (y) whenever x < y may not have a fixed point. The map T : [0, 1] —
n— 00

[0, 1] defined by

%, forx #0

T =
(x) 1, forx =0

has no fixed point though 7" (x) — 0 as n — oo.

The next theorem, also due to Merrifield and Stein [12] insures a common fixed
point for a pair of isotone maps S and 7' for which, at each point of X, an iterate of
S is majorized by an iterate of 7 and vice versa.
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Theorem 3.3.16 (Merrifield and Stein [12]) Let (X, <) be a complete lattice and
S, T : X — X beisotone maps. Suppose for each x € X, there exist positive integers
p=px), g=qx),i=i(x)and j = j(x) (depending on x) such that S”(x) <
T9(x) and T'(x) < §7(x). Then S and T have a common fixed point.

Proof Define H={x € X :S(x),T(x) <x}. His nonempty as 1 € H. Let u =
inf{S*(x), T*(x) : k =0,1,2,...}. As u < T"(h) for h € H for all non-negative
integers n, since 7 is isotone, it follows from the definition of H that T (u) <
T"'(h) < T"(h) foralln =0, 1,2, ..., forallh € H.

By hypothesis, there exist non-negative integers p;, g; such that 77 (h) < S? (h)
for h € H. Suppose we have chosen p; < py-+- < pr, q1 < q2 -+ < gy integers
such that 77/ (h) < §% (h) for 1 < j < k. By hypothesis there exist positive integers
a and b such that T¢(T " (h)) < S?(S% (h)) (by the isotonicity of S). Let pyy; =
P +aand gi = gr +b. Then py < pyy1 and g < g1 and TP (h) < ST (h).
For n > 0 choose k such that g; > n. Then u < T?~!(h) and so T (u) < TP (h) <
S%(h) < S§"(h) and the fact thatforh € H, §"™(h) < S"~'(h) < --- < S(h) < hfor
allm > 1.Thus T (u) < T"(h), S"(h)foralln =0, 1,...andallh € H.So T (u) <
v. By a similar argument S(u) < u. It follows from this that u € H. Since u € H,
andu < T(h),Sth)forallh e Hyu <T(u), S(u).Henceu =T (u) = Su). O

Corollary 3.3.17 Let (X, <) be a complete lattice and S, T : X — X be isotone
maps. If (ST =T" or (ST)*S =T" for some natural numbers k and n, then S
and T have a common fixed point.

Proof If (ST)XS = T", then (ST)*ST = (ST)**! = T"+!. So it suffices to prove
the first part of the corollary.

If (ST)/ = T™ for natural numbers j and m, then (ST) and T satisfy the
hypotheses of Theorem3.3.16 and hence they have a common fixed point u.
Thus u = T (u) = S(T (u)). Since T (u) = u, S(T(u)) = S(u). Thus u =T (u) =
S(u). O

The following is a result akin to the corollary above, also due to Merrifield and
Stein [12].

Theorem 3.3.18 Let S and T be isotone maps on the complete lattice (X, <) into
itself. If STS" = T for some natural number n, then S and T have a common fixed
point.

Proof Asbeforelet H ={x € X : S(x), T(x) < x} H isnon-void as 1 € H. Since
Sisisotone, forh € H, S(S(h)) < S(h)andalso T (S(h)) = STS"(Sh) < ST (h) <
S(h),as T(h) < h.Hence S(h) € H.Letu = inf H.Thenu < hforh € H, S(u) <
S(h) <handT (u) < T (h) < hbytheisotonicity of S and 7. Hence S(u), T (u) < u
and sou € H. Since S(h) € H forh € H, S(u) € H. Since u = inf H, u < S(u).
Hence u = S(u) STS"(u) = T(u) and so ST(u) =T (u) <u. So T(u) € H. As
u=inf H,u < T(u). Henceu = T (u). Thus u = T (u) = S(u). U
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Corollary 3.3.19 Let (X, <) be a complete lattice and S, T : X — X be isotone
maps with STS" = TSP where n > p and n, p are non-negative integers. Then S
and T have a common fixed point.

Proof In Theorem3.3.18, replace T by T'S” and n by n — p. We now conclude that
T S? and S have a common fixed point which is a common fixed point of S and 7" as
well. (]

Merrifield and Stein [12] have provided a number of sufficient conditions to
ensure that u = inf{x € X : S(x), T(x) < x} is a common fixed point for a pair of
isotone maps S and 7" in a complete lattice. The following theorem embodying such
conditions is a sample and the proof is left as an exercise.

Theorem 3.3.20 Let (X, <) be a complete lattice and S, T : X — X be isotone
maps. S and T have a common fixed point, if for each x € X, sup{S"(x) :n =
1,2, ...}, is equal to any one of the following:

(a) sup{T"(x) :n=1,2,...};
(b) inf{T"(x) :n=1,2,...};
(¢) lim inf{T"(x)};
(d) lim sup{T"(x)}.

While a decreasing or antitone self-map on a complete lattice may not have a fixed
point (vide Remark 3.3.6) Roth [14] noted that such a map has a fixed point under
additional assumptions. We conclude this section by providing two such results for
such maps, using the following.

Definition 3.3.21 Let (X, <) be a complete lattice map f : X — X is called
antitone (or decreasing) if f(y) < f(x) whenever x <y, x,y € X. A function
f : X — X is called join antimorphism if f(sup A) = inf f(A) for each nonempty
subset A of X. f : X — X is called a meet antimorphism if f(inf A) = sup f(A)
for each nonempty subset A of X.

Remark 3.3.22 Clearly a join or meet antimorphism is antitone.

Theorem 3.3.23 (Blair and Roth [4]) Let h, g : X — X be maps on a complete
lattice (X, <). Suppose h is isotone and g maps Fy, the set of fixed points of h in X
into Fy,. Then there exists x € X such that x = h(x) and x < g(x).

Proof Since h is an isotone map on the complete lattice X, Fj, the set of fixed points
of h in X is non-void and xy = inf{x € X : h(x) < x}isin Fj, as this is the smallest
fixed point of &, in view of Tarski’s Theorem3.3.3. Since xo = inf F;, and g maps
Fj into itself h(xp) = xo = inf Fj, < g(xp) asxp € F and xg < g(x) forall x € Fj,.
Thus, there is an element xy with xo = h(xo) and xo < g(xo). (I

Corollary 3.3.24 (Roth [14]) If f : X — X is a join antimorphism on a complete
lattice (X, <), then there exists x € X such that x = fz(x) and x < f(x).
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Proof As f is join antimorphism, f is antitone and f? is isotone. Setting h = f2
and g = f in Theorem 3.3.23 and noting that f maps F: into itself, it follows that
£ has a least fixed point xy and xg < f(xp). O

Theorem 3.3.25 (Blair and Roth [4]) Let (X, <) be a complete lattice and uy, u, :
X — X bemaps suchthat f = uy o up and g = u; o uy are isotone. Then there exist
x,y € Xsuchthatx = f(x) <u;(y)andy = g(y) < ur(x).

Proof Since f and g areisotone and X is acomplete lattice F'; and F, the sets of fixed
points of the maps f and g, respectively, are nonempty and x = inf F; € F; and
y =inf F, € F,,byTarski’s fixed point Theorem 3.3.3. Sox = ujus(x).Souy(x) =
uruy (ua(x)) = g(ua(x)). So us(x) € Fy, as g = up o u;y. By definition of y and g,
y =g) = uu1(y) < us(x). Similarly, as y = uou1(y), ui(y) = uy(uau,(y)) =
(uiu2)(wi(y)) = f(ui1(y)). Hence, u(y) € Fy, f beingu; o u,. From the definition
of x,x = f(x) = ui(y). U

Remark 3.3.26 Theorem3.3.25 and Corollary 3.3.24 have found applications in
Game Theory.

3.4 Some Applications

Tarski’s fixed point theorem central to lattice theoretical fixed point theorems is of
wide applicability. In this section, we use it to prove Schroder—Bernstein theorem a
basic result in set-theory, Cantor—-Bendixon theorem, a representation theorem for
closed sets in general topology and existence theorems for a Cauchy problem for
a parabolic partial differential equation, a nonlinear complementarity problem and
certain formal languages.

Theorem 3.4.1 (Schroder—Bernstein) If f is a one-to-one mapping of a set A into
a set B and g is a one-to-one mapping from B into A, then there is a bijection (i.e.
a one-to-one mapping which is onto) of A onto B.

Proof Let 24 and 2Z be the power sets (sets of all subsets) of A and B, respectively.
24 (and for that matter 28 as well) is a complete lattice under set-inclusion as partial
order (see Example 3.3.2(d)). Define 7 : 24 — 2B by T'(S) = A — g(B — f(S)) for
each subset S of A. For A;, A, C Aand A; € Ay, g(B — f(A))) 2 g(B — f(Ay))
andso A — g(B— f(A1)) CA—g(B— f(Ay)). Inshort T(A;) S T(Ay) or T is
isotone on 2. So by Tarski’s fixed point Theorem3.3.3, T has a fixed point $* C A.
Thus $* =T(S*) = A — g(B — f(S)).
Defineh : A — B by

om e e
g ' (x), ifxeA-S
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Clearly h is well-defined on S* (as f).Ifx € A — S*,thenx € A — T(S*) = g(B —
f(S*)) and so g’l(x) is well-defined as g’1 is 1-1 on g(B) and hence on g(B —
f(S™)). Further 4 is one-to-one and

h(A) = h(S*U A — §%)
=h(S*)Uh(A — 5%
= f(SHUg ' (g(B — f(5Y)
= f(SHUB — f(5%)
= B.

Hence £ is a bijection of A onto B. (]

Remark 3.4.2 Schroder—Berstein theorem is quite useful in proving that two sets
have the same cardinality, for example (0, 1) U (2, 3) and [—1, O].

For the statement of Cantor—Bendixon theorem, we recall the definitions of a
derived set, perfect set and a scattered set.

Definition 3.4.3 For a subset A of X where (X, .7) is a topological space, xo € X
is called an accumulation point or a cluster point of A if every neighbourhood of x
contains a point of A other than x(. The set of all accumulation points of A is called
the derived set of A and is denoted by A’.

Definition 3.4.4 Let (X, .7) be a topological space. A subset A of X is said to be
perfect if A = A’ (the derived set of A). (In other words, every point of A is an
accumulation point of A and every accumulation point of A is in A).

A subset A of X is called scattered if the only subset B of A for which B’ D B is
the empty set.

Example 3.4.5 For R with the usual topology, [0, 1] is a perfect set. So is the Cantor-
ternary subset of [0, 1]. N, the set of natural numbers is scattered. If X is a T;-space,
then the derived set (of a set) is closed.

Theorem 3.4.6 (Cantor-Bendixon) Every closed subset of a topological space
(X, ) is a disjoint union of a perfect set and a scattered set.

Proof Let A be closed subset of X. Define B=U{S €2X:ANS D S}and C =
A — B. Clearly, the map defined by 7(S) = AN S’, S € 2¥ is an isotone map on the
complete lattice 2. So from Tarski’s Theorem 3.3.3 and its proof B = sup{S e 2% :
T(S) > S} is a fixed point for T. So B = T(B) = AN B’ or B’ 2 B. Thus every
point of B is an accumulation point of itself. Since A is closed and contains B and
B,B' C B C A.Hence AN B’ = B'. Thus B = B’ and B is perfect.

Clearly B is disjoint fromC = A — B.ForS C Cand S’ 2 C,AN S’ D Ssince
C C A. By the definition of B, B2 §.So S=SNC C BNC = ¢. Hence S is
empty. Thus C is scattered. The proof is complete. (I
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Finally, an application of Tarski’s fixed theorem for the solution of a Cauchy
problem for a parabolic differential equation due to Schifer [15] is described.

Theorem 3.4.7 (Schifer [15]) Let E be a real Banach space and g : R x [0, T] —
E be a bounded continuous function such that

letx, 1) =gy, Ol < Llx =yl

for x,y € R for each t € [0, T], an interval of real numbers, for some positive
constant L.
Then the function u defined by

t o0 l _ﬁ
M(X,I)Z/O Kw me g(g,t)dgdt

forx e R, t € [0, T] is a solution of the Cauchy problem

u(x, 1) —ue(x,t) = glx, 1), x e R,r € [0, T]
u(x,0) =0, x e R.

Remark 3.4.8 Schifer [15] observed that the above theorem can be proved along the
lines of proof of an existence theorem in Friedman [8].

We will use the above theorem to prove the following application of Tarski’s
theorem to the Cauchy problem for a parabolic equation.

Theorem 3.4.9 Ler f: R x [0, T] x £>°(A) — £>*(A) be a function with the fol-
lowing properties, A being a nonempty set, and £>°(A) the Banach space of bounded
real functions on A.

(i) f is continuous;
(ii) for a constant Ly > 0, forall (x,t,7), (y,t,2) € R x [0, T] x £>°(A)

If e, t,2) = f(yst, 2N =< Lilx =yl
(iii) for some L, > 0, for all (x,t,z;1), (x,t,z2) in R x [0, T] x £*(A)
If G, 1, 20) = fx, 1, 2|1 < Lallz — 22l
(iv) forzy,zo € £°(A) for (x,t) e R x [0, T] z1(a) < zz2(a) forall a € A implies
fx,t,z1) < f(x,1,22);

(v) for a constant M > 0, for all (x,t,z) in R x [0, T] x £°(A), || f(x,t,2)| <
M.
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Then there exists a continuous function u : R x [0, T] — £*°(A) with

u(x,t) —ue(x,t) = f(x,t,u(x,t)) for (x,t) € R x [0, T] and
u(x,0)=0for x e R

Proof Define Q as the set of functions {w : R x [0, T] — ¢*°(A) with |Jw(x, ) —
w(y, s)|| < Lilx — y| 4+ Ly|t — 5|, for x,y € R and ¢,s € [0, T], with —I["'(a) <
w(a) < T(a)foralla € A,where'(a) = TM,Ly =2M~TandLs = M + (L, +
L2L3)2\/§}.

As T € @, Q is non-void. For each w € Q2 define

Y 1 -6
p(w)(x, 1) = / / —————¢ ‘0 f(§, T, w(§, 1))dEdt
0 Jooo VAT(t —T)
for (x,t) e R x [0, T].
Since the integrand is continuous ¢ (w) is continuous on R x [0, T']. Further, from
the definition of 2 and the hypotheses (ii) and (iii), it follows that for (x, t), (y, ) €
R x [0, T].

If e, wlx, 1) = fO,t,wy, ) < 1 f G, 1, wx, 1) — f(y, 1, wlx, 1)
HIfO o wx,0)) = f, 1wy, D)l

< Lilx =yl + Laflw(x, 1) — w(y, D
< (L1 + LaL3)|x — yl. (vi)

So by Theorem3.4.7, for w € @, (x,t) € R x [0, T']
drw(x,t) — grw(x, t) = f(x,t,w(x,t)) and ¢p(w)(x,0) =0 (vii)

are satisfied.

We now show that €2 is a complete lattice and ¢ maps 2 into itself and ¢ is isotone.
Since " € ©, Qisnonempty. Let S be a subset of 2 whichisnon-void. Foreachs € S,
—TM <s(x,t)(a) <TM foralla € Aand (x,t) € R x [0, T]. sups(x, t)(a) for

acA
(x,7) € R x [0, T] lies between —T M and T M. Further, as ||s(x, t) — s(y, )| <
Li|x — y| + L4t — 1'], [ sups(x, 1) —sups(y, 1)l < Ls|x — y| + Lallt — ¢'|.
N S

Thus sup S € Q. By a similar reasoning inf S € 2. Hence Q2 is a complete lattice.
For w € Q, since —I' < w(x,t) <T it follows that —I" < ¢ (w)(x,1) <T.
Further for s < ¢, 5,1 € [0, T] ||¢p(w(x, 1)) —p(w(x,s))| < Ji + Jo, where J; =

_ =8 _w=8)?
e 4u-1) e 4o

N o0 1
/0 /Ooﬁf(g,r,w(é, T) Nz — Ve dédrt | and J, =

Y 1 w52
— ¢ 4o , T, ,7))dédt ||. Clearly J, < M|t —s| as
[ [ s ¥ s e mazar | cleany 1y < i
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|f(é,-:’ T, w)” =< M. Now

s o0 1
Ji < / / — e f(x =2t — T, T, wx — 20T — T, T)
0 J-oo ﬁ

— f(x —2a+v/s — 0,0, w(x —2a+/s — 7, 7)||dtdcx
% L, ~|—L2L';)/ (Wt —1— s — ‘L’)/ —a’ 2|a|dadt using (vi)
1
=< _(Ll +L2L3) (17 —s7 —(t —5)7)2

-4

< (L, + L, L)VT|t —s|.
_ﬁ(1+23) [t —s]

S0 J1 > < (M + (Ly + LaL3)2y D)t = s1. Thus [ (w)(r, 1) = p(w)x, 9)]| <

L4|t — s|. Alsoforeacha € A, ¢p(w(a))(x,s) — p(w(a))(y,s) = %qb(w)(a)(n, s)
(x — y) by the mean value theorem, where 7 lies between x and y. So |¢ (w)(a)(x, 5)
— ¢ (@)(y, )| < 2MNTy — 5| = Lsly — 5. Thus ¢ (w)(x, 1) — w)(y, )|
< Lilx — y| + L4t — s].Clearly —T" < ¢p(w)(a) < I forw € Q. So ¢ maps 2 into
itself and is isotone. As €2 is a complete lattice by Tarski’s fixed point Theorem 3.3.3
¢ has a fixed point u. Clearly u satisfies (vii) and is thus a solution to the Cauchy
problem. (]

Chitra and Subrahmanyam [6] obtained an interesting application of Tarski’s fixed
point theorem to a nonlinear complementarity problem supplementing the solution of
a class of nonlinear complementary problems in the space of real-valued continuous
functions on a compact Hausdorff space due to Fujimoto [9]. A brief description of
their main theorem is described below.

Let L,[a, b] be the Banach space of all real-valued Lebesgue measurable func-
1

tions f :[a,b] — R with the norm | f| = (f |f(x)|1’dx> 1 <p<oo. Let
K be the cone of functions in this space which are non-negative almost every-
where. L,[a, b] is partially ordered by the relation x >y (x,y € L,la, b]) if
x(t) = y(t) a.e. Of course, functions which are almost everywhere equal are con-
sidered equal.

The nonlinear complementarity problem (NLCP) is to find x € K (S L ,[a, b])
such that

x—Tx—b>0andmin(x,x —Tx —b) =0

where b is a given element in L ,[a, b] and T maps K (the cone in L ,[a, b]) into
Lpla, b]. We have the following:

Theorem 3.4.10 ([6]) Suppose

(i) T :K — L,la, b]ismonotonewithrespecttoK (i.e. Tx > Ty, ifx > y,x,y €
K);
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(ii) there exists an xo in K with xo — Txo — b > 0.
Then the above NLCP has a solution.

Proof Consider the set D = {x € K : x < xo} where x, satisfies (ii). The mapping
F defined on D by F(x) = max(Tx + b, 0) is non-negative and Fx < x, for all
x € D, by the monotonicity of 7 and (ii). Thus F is a monotone map of D into
itself. From the separability of L ,[a, b] and the fact that every Cauchy sequence in
L,la, b] has a subsequence which converges pointwise a.e in L,[a, b], it follows
that D is a complete lattice. So by Tarski’s theorem, the monotone operator F has a
fixed point x* in the complete lattice D. Clearly for x* € D, x* — Tx* — b > 0 and
min(x*, x* — Tx* — b) = 0. Further x* < x. O

Remark 3.4.11 The above fixed point x* can be obtained as the limit of the monotonic
sequence of iterates defined by x; = max(Txp + b, 0) x,4+; = max(Tx, + b, 0)
neN.DefineE={xeK:x—Tx—b>0}.Asinf E =inf{x e K, x <x° x —
Tx —b>0}=inf{x € D: Fx < x}, from Tarski’s theorem inf E is a solution to
the NLCP.

Corollary 3.4.12 Let f : [0, 1] x R — R be a function such that

(i) f(s,u) is continuous with respect to u for almost all s € [0, 1] and measurable
with respect to a for all u € R;
(i) |f(s,u)| < ao(s) + bolu| where by > 0 as ag(s) € L,[0, 1]; and
(iii) for almost all s, f(s,u) is increasing with respect to u and there exists
x0(s), b(s) € L,[0, 1] such that xo(t) — f(t, xo(t)) — b(t) > 0 for almost all
t €[0,1].

Then the problem of finding x € K C L [0, 1] such that x(¢t) — f(t,x(t)) — b(t) =
0 and min(x(t), x(¢t) — f(t, x(t)) — b(t)) = 0 has a solution.

Proof Define T : K — Lpl[0, 1]by Tx(t) = f(z, x(¢)). From (i) and (ii), it follows
that Tx € L,[0, 1] for x € L,[0, 1]. Using (iii), it can be seen that conditions (i)
and (ii) of Theorem 3.4.10 are fulfilled by 7. So by Theorem3.4.10 F has a fixed
point, where F' = max{Tx + b, 0} has a fixed point. In other words the NLCP has a
solution. (I

Remark 3.4.13 For the choice f (s, u) = cos (%),xo = land b = 0, the nonlinear

complementarity problem x(s) > 0, x(s) — cos [1 Jf(s)] > 0 and min (x(s), x(s)—

1+x(s)
It may be noted that this operator is not completely continuous.

cos (L» = 0 has a solution. It can also be proved that this solution is unique.

Finally follows an application of Tarski’s theorem for proving the existence of
certain formal languages. Our alphabet consists of just two letters « and 8. Words
are formed by concatenation of these letters. For example, o8, caf are words and
words have finite length. The empty word denoted by ¢ is also allowed. There is
also a grammar to this formal language. More specifically, it has three grammatical
terms:
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(i) the term A - consisting of all words containing « and ¢;
(i1) the term B - comprising all words containing 8 and ¢;
(iii) the term C - made of all words belonging to A or B.

The rules of the grammar are clear:

(i) forn € A, na € A;

(ii) forn € B, np € B;
(iii) forn € C,ifand only if n € A or n € B;
(vi) ¢ € A, B, C.

Theorem 3.4.14 There exists a formal language fulfilling the above conditions.

Proof Let W be the set of all words and X the set of all triples x = (A, B, C) where
A, B and C are subsets of words as described above. Define a partial order < on X
by (A], B], Cl) < (Az, Bz, C2) if A] - A2, Bl - Bz and C] - C2. It can be seen
that X is a complete lattice. Define f : X — X by f(A, B, C) = (Aa, BB, AU B).
Clearly fis 1sot0ne and by Tarski’ s theorem f has a least fixed point. Indeed for

A= U A,, B= U B, and C = U C,, where Ag = By = ¢ and A, = A,«,
n=0 n=0
Bn+1 = B B and C,y1 = A, U B,, n= O 1,2,... (A, B, C) corresponds to this
o0

least fixed point where A = U A, B= U B, and C = U C,. |
n=0 n=0 n=0
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Chapter 4 ®)
Partially Ordered Topological Spaces oo
and Fixed Points

A partial order on a set induces a natural topology on this set, and special properties of
the partial order influence this topology significantly. These aspects lead to new and
interesting fixed point theorems. The interconnections among partial order, topology
and fixed point property were systematically investigated by Wallace [11], Ward [12]
and Manka [6]. This chapter highlights these contributions to fixed point theory and
supplements the theorems detailed in the preceding chapter.

4.1 A Precis of Partially Ordered Topological Spaces

This section is a precis of the fundamental contributions of Ward Jr. [12], although
Wallace [11] had already pointed out the importance of partial order and the induced
topology for fixed point theorems. Using the definition of a quasi-ordered set (see
Definition 1.1.10), we define certain sets as in the following.

Definition 4.1.1 Let (X, <) be a quasi-ordered set (viz. < is a reflexive, transitive
binary relation on X). For A C X, we define

L(A)={ye X :y <xforsomex € A},
M(A) ={y e X :x < yforsomex € A},
E(A)=L(A)NM(A).

L(A) is called the set of predecessors of A and M (A), the set of successors of A.
Remark 4.1.2 Clearly A € E(A),as A C L(A), M(A).

Definition 4.1.3 Let (X, <) beaquasi-orderedsetand A € X.If A = L(A)(M(A)),
A is said to be monotone decreasing (monotone increasing) or simply decreasing
(increasing).
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Remark 4.1.4 1f (X, <) is a quasi-ordered set and A C X, and A is decreasing
(increasing), then X — A is increasing (decreasing). Also, the union (intersection) of
a family of increasing (decreasing) sets is increasing (decreasing). Further, for each
subset A of a quasi-ordered set X, M(A) (L(A)) is increasing (decreasing).

Definition 4.1.5 Let (X, 7) be atopological space with a quasi-order <. This quasi-
order is said to be lower semicontinuous (upper semicontinuous) provided fora < b
(b < a) in X, there exists an open set U with a € U such that for x e U, x < b
(b £ x). The quasi-order is said to be semicontinuous if it is both lower and upper
semicontinuous. The quasi-order is called continuous, if whenever a ﬁ b, there are
opensets U and V in X witha € U,b € Vandforx e Uandy € V,x £ y.

A quasi-ordered topological space QOTS for short is a topological space with a
semicontinuous quasi-order. If the quasi-order is a partial order, then the correspond-
ing quasi-ordered topological space is called a partially ordered topological space or
POTS, for short.

Remark 4.1.6 Birkhoff [1] may be referred for a detailed discussion of quasi-order.
The definitions and remarks given above are from Ward [12] and Wallace [11].

For (x1, y1), (x2, ¥2) belonging to the Euclidean space R2 a partial order < can
be defined by (x;, y1) < (x2, y2) if x; < xp and y; < y,. (R?, <) with the Euclidean
topology is a partially ordered topological space (POTS).

The proof of the following proposition is straightforward and is left as an exercise.

Proposition 4.1.7 Let (X, <) be a quasi-ordered set. It is QOTS if and only if for
each x € X. L(x) and M (x) are closed subsets of X. Hence in a QOTS for each x,
E(x) is a closed set.

The following lemmata are also needed in the sequel.

Lemma 4.1.8 Let X be a topological space with a quasi-order. Then the following
are equivalent:

(i) the quasi-order is continuous;
(ii) the graph of the quasi-order is closed in X x X;
(iii) fora % bin X, there exist disjoint neighbourhoods N and N' of a and b, respec-
tively, such that N is increasing and N’ is decreasing.

Proof (i) == (ii). Let G be the set {(a,b) € X* : a < b}. Suppose (a,b) ¢ G.
Since a £ b and the quasi-order is continuous by Definition 4.1.5, there are open
sets U and V witha € U, b € V such thatfor (x,y) e U x V, x ﬁ y.SoU xV C
X? — G and (a,b) € U x V, an open set containing an arbitrary element (a, b) of
X? — G.So X? — G is open and G is closed in X2.

(i) = (i). Let G, the graph of the quasi-order be closed in X?. Let a f b,
where a, b € X. Since (a, b) € X*> — G and X? — G is open, there exist open neigh-
bourhoods U and V of a and b, respectively, in X such that U x V C X 2_G.
For x e U and y € V, x <y would imply that (x, y) € G, contradicting that
(x,y) €U x V C X? — G. Hence x % . So the quasi-order is continuous.
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(i) = (ii).Leta,b € Xanda f b.ThenN =X — L(b)and N' = X — M(a)
are open sets containing a and b, respectively. While N is increasing, N’ is decreasing.
If xo € N NN, then xq £ xo, a contradiction. So N N N' = ¢.

(iii)) = (). Leta f b. Then there exist disjoint neighbourhoods N and N’ of
a and b such that N is increasing and N’ is decreasing. Let x € N and y € N'. If
y € N N N’ contradicting that N and N’ are disjoint. So x % y. |

Lemma 4.1.9 A continuous quasi-order is semicontinuous. A partially ordered
topological space is a Ty space and a partially ordered topological space with con-
tinuous partial order is a Hausdorff space.

We merely prove the last part of this lemma, leaving the other parts as exercises.

Proof Let (X, <) be a POTS with a continuous partial order. Let a and b be two
distinct points. If a & b, by Lemma 4.1.8, there are disjoint neighbourhoods of a and
b.Ifa < bthenb £ a and again by Lemma 4.1.8, there are disjoint neighbourhoods
of b and a. (I

Lemma 4.1.10 [f X is a QOTS with a linear quasi-order, then the quasi-order is
continuous.

Proof Since X is a QOTS, the quasi-order is semicontinuous. To prove the continuity
of the quasi-order, leta,b € X anda ¢ b. So b < a. So b ¢ E(a). If there exists ¢
suchthat b <c¢c <a,thenae U =X —L(c)andb eV =X — M(c) and U and
V are open sets by Proposition 4.1.7. If x € U and y € V, thenx £ c or ¢ < x and
cfyory<c.Soy<xorx £ y.

If there is no such ¢ with b <c¢ <a,then U = X — L(b) and V = X — M(a)
are open sets containing a and b, respectively, and forx e U and y € V, x £ b or
b <xanda f yory <a.lf x <y, thenb < a and this contradicts the assumption
that there is not ¢ with » < ¢ < a. Hence x £ y. O

The existence of maximal chains (maximal linearly ordered subsets) in a quasi-
ordered set was proved by Wallace [11], using Zorn’s lemma. Wallace [11] also
proved

Theorem 4.1.11 (Wallace [11]) Every maximal chain in a QOTS is a closed set.

Proof Let C be a maximal chain in a QOTS. Let x € C. Then x € L(x) U M(x).
Force C,x <corc <x.Ifx <c,thenc € M(x) andif ¢ < x,thenc € L(x).So
C CL(x)UM(x)foreachx € C.Hence C C D = ﬂ{L(x) UMx)}.Ifx" € D,

xeC
thenx’ < x orx < x’ foreachx € C.Ifx’ ¢ C, then x’ U C is a chain containing C

properly, contradicting the maximality of C. Hence x’ € C or D € C. Thus C = D.
By Proposition 4.1.7 L(x) and M (x) and hence L(x) U M (x) are closed sets. Hence
D (= C) is closed. ([l

Definition 4.1.12 Let (X, <) be a quasi-ordered set. y € X is called minimal (max-
imal) if x <y (y <x)in X implies y < x (x < y).
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For the following basic theorem due to Wallace [11], a proof due to Ward is
sketched.

Theorem 4.1.13 Let X be a non-empty compact space with a lower (upper)
semicontinuous quasi-order <. Then X has a minimal element.

Proof Let L = {L(x) : x € X}. L can be partially ordered with respect to set inclu-
sion. Clearly, if {L(x;) : x; € X, » € A}isachainin L, ﬂ L(x;) is the intersection

reA
of a family of closed sets with finite intersection property in the compact space X. So

m L(x;) is non-empty. Let xo € ﬂ/\eA L(x;). So L(xp) is a lower bound for each

relA
L(x;), A € A.So by Zorn’s Lemma £ has a maximal element L (xo). If x" < x( and

x" # xp, then L(x") > L(xo) contradicting the maximality of L(xg). So x” € L(x)
or xo < x’. Thus x¢ is a minimal element. The proof for the upper semicontinuous
case is similar and left as an exercise, with the hint that one has to consider the closed
set M (x) instead. O

The above theorem leads to an interesting proof of a theorem, due to Moore, on the
existence of non-cutpoints of a continuum. A few requisite definitions are recalled.

Definition 4.1.14 A continuum is a compact connected Hausdorff space. A non-
degenerate continuum (viz. containing more than a point) is called indecomposable if
itis not a union of two of its proper subcontinua. A property is said to be hereditary for
a continuum if each of its non-degenerate subcontinua has this property. A continuum
is called unicoherent if for each representation of it as a union of two subcontinua,
the common part of these subcontinua is connected.

Definition 4.1.15 Let X be a connected topological space. A point ¢ € X is called
a cutpoint if X — {c} is disconnected. A non-cutpoint of X is an element which is
not a cutpoint.

Remark 4.1.16 Generally, metrizable continua are studied in detail. Apart from those
continua defined in Definition 4.1.14, there are various classes of continua such as
tree-like continua, Peano continua and so on. Fixed point property for continuous
functions on such continua is a topic of active research.

For [a, b] in R, every interior point is a cutpoint while no point of the rectangle
[a, b] x [c, d] or a circle is a cut point.

The machinery of POTS developed so far can be used to prove the following
theorem due to Moore. The proof is due to Ward [12].

Theorem 4.1.17 (Moore, See Wilder [16]) A non-degenerate continuum has at least
two non-cutpoints.

Proof For the non-degenerate continuum X let N be the set of non-cut points. Sup-
pose N has at most one point. So there exists xo € X — N. As x( is a cutpoint,
X — {xo} = AU B where A and B are non-empty separated sets. Without loss of
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generality we can assume that N € B. So each point of A is a cut point. For each
x € A, there is a decomposition X — {x} = A(x) U B(x) where A(x) and B(x) are
non-void separated sets with xo € B(x) and so A(x) € A. We can define a partial
order on A by x < y if and only if A(x) € A(y).Since ANB(x)=¢,x € A— A
cannot be a non-cutpoint different from x¢, possibly the only non-cutpoint lying in B.
So L(x) = A(x). Hence this partial order is lower semicontinuous. Since X is com-
pact, A is compact. So by Theorem 4.1.13, there is a minimal element p € A. Since
p is minimal, A(p) is empty. Otherwise suppose g € A(p). Theng € Z(p) = L(p).
So g < p. Since p is a minimal element of A, ¢ = p. So p € A(p) and this contra-
dicts the factthat X — {p} = A(p) U B(p). So A(p) is empty. This again contradicts
the construction that A(x) is non-empty for all x € ‘A. Hence our assumption, that
there is only one non-cutpoint, viz. xy is wrong. So a non-degenerate continuum has
at least two non-cut points. O

The concept of convexity given below is useful for the study of fixed point theo-
rems in QOTS.

Definition 4.1.18 A subset A of a QOTS is called convex if A = E(A). X is said to
be quasi-locally convex if for x € X and E(x) € U, an open set, there is a convex
openset V suchthat E(x) € V C U. X is called locally convex, provided, forx € X
and U an open set, there is a convex open set V withx e V C U.

The next theorem due to Ward [12], an extension of a theorem of Nachbin on
compact POTS, is stated without proof.

Theorem 4.1.19 Let X be a compact QOTS with a continuous quasi-order and
b & a, where a,b € X. Then we can find a continuous order-preserving map f :
X — [0, 1] such that f(a) = 0and f(b) = 1.

Using the above theorem, Ward proved

Theorem 4.1.20 A compact Hausdorff QOTS with a continuous quasi-order is
quasi-locally convex.

Proof Let X be a compact Hausdorff QOTS, x € E(x) € U, where U is an
open subset of X. For r € X —U, t £ x or x % t. If t £ x, then by Theorem
4.1.19 above there is a continuous order-preserving map f; : X — [0, 1] with
fitxy=0and fi(t) =1.Let U, ={y e X: f;,(y) < %}. Then U, is a decreasing
open set containing x and r ¢ U,. If x £, then Uy, ={ye X: % < g:(y)} is an
increasing open set containing x and ¢ ¢ U,, where g X — [0, 1] is a contin-
uous order-preserving map with g,(¢) = 0 and g,(x) = 1, as guaranteed by The-

orem4.1.19. Thus X —U <U{X - U,:te X - U} wih X - U < | JX -T,.

i=1

n
U= ﬂ U,, is an open set containing x and disjoint from X — U. Since E(x) € U,
i=1
as U,, is either increasing or decreasing, x € E(x) € V C U. So X is quasi-locally
convex. [l
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Noting that a POTS with a continuous partial order is Hausdorff, we have
Corollary 4.1.21 A compact POTS with a continuous partial order is locally convex.
We proceed to study the convergence and clustering of nets in QOTS.

Definition 4.1.22 Let (X, <) be a quasi-ordered set and {x,, A € D} be a setin X
where (D, <)) is a directed set (x;) is said to be monotone increasing (decreasing)
if x, <x,forA <y u(u=<yA)inD.

Definition 4.1.23 Let X be a topological space. A net (x;, A € D), where (D, <)
is a directed set, is said to cluster at xo € X if for any open set U containing xy and
A € D, there exists 4 € D with A € u such that x, € U.

Lemma 4.1.24 Let X be a compact Hausdorff QOTS with a continuous order <.
Then every monotone net in X clusters and the set of cluster points is contained in
E(xo) for some xo € X.

Proof Without loss of generality, we assume that the net is monotone increasing.
Since X is compact, every net in X has a subset converging to some xy € X, and
hence clusters at x¢. This is also true of a monotone increasing net (x; ). By Theorem
4.1.20 X is quasi-locally convex. So given an open set U containing E (xo), there is
an open convex set V such that E(xg) € V C U. Since (x;) clusters at xg, x;, € V
for some Ag. For Ag <; A, there exists A’ with A <; A/ such that x, € V (Here the net
is indexed over the directed set (D, <;)). Since V isconvex and x;; € V, x; € V for
all L > 1A". Suppose x ¢ E(xo). Then there are disjoint open sets U; and U, such that
x € Uyand xg € U,, as X is Hausdorff. So U, and V N U, are disjoint and hence (x;)
cannot cluster at x as otherwise U; and V N U, would intersect. Hence the cluster
points of (X ) are contained in E (xp). U

Corollary 4.1.25 [If X is a compact POTS with continuous order, then every mono-
tone net in X is convergent.

The following lemmata can be proved easily.

Lemma 4.1.26 Let X be a topological space and f : X — X be a continuous map.
Iffor some x € X, { f"(x) : n € N} clusters at some xy € X, then it clusters at f (xg).

Lemma 4.1.27 Let f : X — X be a continuous map on a topological space X and
{x, : n € N}, a sequence in X such that x,, = f(x,+1). If {x,} clusters at xo, then
{x,} clusters at f (xo).

The following theorem gives a necessary and sufficient condition for a continuous
order-preserving map f on a Hausdorff QOTS so that there exists x in X that can
compare with f(x). This theorem is quite useful in obtaining fixed point theorems
in the setting of QOTS.
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Theorem 4.1.28 (Ward [12]) Let X be a Hausdorff QOTS with compact maximal
chains and f : X — X, a continuous order-preserving map. A necessary and suf-
ficient condition that there exists a non-empty compact set K C E(xg) for some
xo € X such that f(K) = K is that there exists x in X such that x and f(x) are
comparable.

Proof The necessity is obvious. Suppose x and f (x) are comparable. Then { f" (x) :
n € N} is a chain, as f is order-preserving and is therefore contained in a maximal
chain, which by hypothesis is compact. So by Lemma 4.1.24 it clusters at some x, and
all its cluster points are contained in E (x(). By Lemma 4.1.26 f(E(x)) C E(xo).
Define K = N{f"(E(xp)) : n € N}. Then K is anon-empty compact subset of E (x()
and f(K) =K. [l

Corollary 4.1.29 If X is a POTS with compact maximal chains and f : X — X is
a continuous order-preserving map, then a necessary and sufficient condition that f
has a fixed point is that there is an x € X for which x and f (x) are comparable.

Proof If x = f(x), then x and f(x) are comparable. Conversely if x < f(x) or
f(x) < x,then { f"(x) : n € N} is a chain which is contained in a maximal chain
which also clusters at some xo € X. Since f(E(x9)) € E(xp) and E(xp) = {x0}, X
being partially ordered xo = f (xo). U

It is possible to define the concept of boundedness in quasi-ordered spaces, as in
the following.

Definition 4.1.30 Let (X, <) be a quasi-ordered set with an element ¢ € X such
thate < x forall x € X. A subset A of X is said to be bounded away from e if there
isye X — E(e) with A C M(y).

Using this concept, some results on fixed points can be obtained.

Theorem 4.1.31 (Ward [12]) Let X be a Hausdorff QOTS with compact maximal
chains and suppose there exists e € X suchthate < x forallx € X.Let f : X — X
be a continuous order-preserving map satisfying

(i) for some x € X — E(e), x and f(x) are comparable;
(ii) for x satisfying (i), either { f"(x) : n € N} is bounded away from e or there
exists y € X withx € E(f(y)) and f(y) < y.

Then there exists xo € X — E(e) and a non-void compact set K C E(xg) such that
F(K)=K.

Proof Suppose (i) is satisfied for some x € X — E(e). If { f"(x) : n € N}is bounded
away from e, define K = N{f"(E(xg)) : n € N} where { f"(x) : n € N} clusters at
xo and all its cluster points are in E(x() (by Lemma 4.1.24) as in Theorem 4.1.28.
For this choice of K, f(K) = K and K C E(xg). Clearly xo ¢ E(e).

If for no x satisfying (i), { /" (x) : n € N} is bounded away from e, by (ii) there
is a y; such that for x € E(f(y1)). f(y1) < yi1. Inductively, (y,) can be chosen for
n > 2 by
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XZfODSN=fO)<y»=<--

where each y, € E(f(y,+1)),n > 1. Since {y, : n € N} is a chain, it is contained in
a maximal chain which by hypothesis is compact. So by Lemma 4.1.24, {y, } clusters
at xo and all its cluster points are contained in E(x¢) for some xo € X — E(e). By
Lemma4.1.27, f(E(xp)) € E(xo).For K, as defined in the proof of Theorem 4.1.28,
by K =N{f"(E(xg)) :n € N}, f(K) =K, K C E(xg) withxyg € X — E(e). O

Corollary 4.1.32 Let X be a POTS with compact maximal chains such that for some
ec X, e<xforallx € X and f : X — X be a continuous order-preserving map
satisfying the following:

(i) for some x € X — E(e), x and f(x) are comparable and
(ii) if x satisfies (i), then { f"(x) : n € N} is bounded away from e or there exists
y € X such that x € E(f(y)) and f(y) < y.

Then f has a fixed point different from e.

Proof By Theorem 4.1.31, for some xo 7# e, f maps a compact subset K of E(x)
into K. Since f is partially ordered E(xy) = {xo} and thus f has a fixed point
different from x. O

The proof of the following corollaries is easy and left as exercises.

Corollary 4.1.33 Let (X, <) be a POTS which is Hausdorff and having compact
maximal chains and f : X — X an order-preserving continuous map. Suppose (i)
for some u € X, L(u) = X and (ii) for x,y € X, there exists z withx <z, y < z.
Then f has a fixed point.

Corollary 4.1.34 Let X be a compact Hausdorff QOTS such that

(i) L(u) = X for someu € X;
(ii) forx,y € X, there existsz € X withx <z, y < z;
(iii) for somee € X, e < x forall x € X and X # E(e).

If f : X — X is an order-preserving continuous surjection, then there exists a non-
void compact set K C E(xq) for some xo € X — E(e) for which f(K) = K.

Corollary 4.1.35 Let X, f be as in Corollary 4.1.34. If X is partially ordered, then
f has a fixed point different from e.

Remark 4.1.36 Ward Jr. [12] has given an example to show that in a compact POTS
an order-preserving continuous surjection may not have a fixed point different from
e, without an additional hypothesis such as (ii) in Theorem 4.1.31.



4.2 Schweigert—Wallace Fixed Point Theorem 81

4.2 Schweigert—Wallace Fixed Point Theorem

This section continues further the theory of partially ordered topological spaces
developed by Ward Jr. In particular, the concepts of end point and end element
and non-alternating maps and theorems relating to these are described. The section
culminates in the proof of Schweigert—Wallace fixed point theorem [9, 11] for home-
omorphisms on certain locally connected continua.

Definition 4.2.1 An element e of a topological space X is called an end point if,
whenever e € U, an open set, there exists an open set V such thate € V C Vcu
and V — U is a singleton.

Two subsets P and Q of a connected topological space X are said to be separated
byaset K C XifX—K=AUBand P C A, Q C B and A and B are separated.
If two points p and g of a topological space are not separated by any point, we write

pP~q.

Definition 4.2.2 A prime chain is a continuum which is either an endpoint, a cutpoint
or a non-degenerate set E containing a distinct pair of elements a and b witha ~ b
with the condition that £ = {x € X : @ ~ x and x ~ b}. An end element is a prime
chain E with the property that if £ C U, an open set, then there is an open set V
suchthat ECV CUandV — Visa singleton.

Remark 4.2.3 R, with the usual topology has no endpoint, while [a, b] of real num-
bers (a < b) has a and b as endpoints. On the other hand, the unit circle has no
endpoint.

Lemma 4.2.4 Let X be a connected locally connected Hausdorff space. If E is an
end element of X, then E contains at most one cutpoint of X.

Proof Suppose E has two distinct cutpoints x; and x, of X. Then for i =1, 2,
X —{x;} = A; U B;, where A; and B; are separated and E — {x;} € A;. Since X
is locally connected, we can take A; to be connected with x, € A| and x; € A,.
Also Bi —Bj #¢ ifi #j. Lety, € B — B; (i =1,2,i # j) and let C; be the
component of X — {x;} suchthaty; € C;.If C; N C, # ¢, C; U C; is connected. As
x2 ¢ Cy, Ci € B, contradicting that y; € B; — B,.So C; N C, = ¢.

Choose an open set U such that E C U and U intersects both C; and C, but
contains neither of these sets. Since E is an end element, there is an open set V such
that ECV C U and V — V is a singleton. So x; € V or x, € V. Otherwise both
X1, %, € V — V, a contradiction. Tt readily follows that V — V meets both C; and
C», a contradiction since Cy N C, = ¢. U

Lemma 4.2.5 If X is a connected, locally connected Hausdorff space and E is an
end element of X with a cutpoint x, then E — {x} and X — E are separated.

Proof Since E is a continuum, there is a component Cy in X — {x} containing £ —
{x}. Since X is locally connected, it suffices to prove that Co = E — {x} otherwise
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there exists y € Cyp — E. Let C be any component of X — {x} distinct from Cy and P,
a connected open set such that x € P,y ¢ P and C — P # ¢. Then Co U P — {y}
is an open set containing E. Since E is an end element, there is a connected open set
V (in view of local connectedness of X) such that E €V € Co U P — {y} where
V — Visasingleton {z}. Since y ¢ Vandy € Cy — E,z € Cyandsox € V. Since
x € P,C — P # ¢ and Cisacomponentof X — {x} distinct from C, the component
of X — {x} containing E — {x}, V — VN C # ¢. So z € C. This contradicts that
z € Cpand C and Cj are distinct (and hence disjoint) components. So Cy = E — {x}.
Further £ — {x}and X — E areseparatedsetsas £ — {x} € FandsoE — {x} N X —
E=¢.1f xo e X — ENE — {x}, then every neighbourhood of xy meets X — E.
Since X is locally connected, there is an open connected neighbourhood N of xg
(# x) in E containing points of X — E other than x. So N U E — {x} would be a
connected subset of X — {x} containing £ — {x} as a proper set contradicting that
E — {x}is a component in X — {x}. So £ — {x} and X — E are separated. O

Another useful concept in this context is that of a non-alternating map, defined
below.

Definition 4.2.6 A continuous map f : X — Y where X and Y are Hausdorff topo-
logical spaces is called non-alternating if for every decomposition, X — f~!(yg) =
M UN where M and N are separated in X, there is no y in ¥ such that f~'(y)
intersects both M and N. Further f(X) =Y.

A continuous surjection f : X — Y where X and Y are Hausdorff spaces is called
monotone if f~!(y) is connected for each y in Y.

Remark 4.2.7 Clearly every monotone map is non-alternating.
We state below without proof, two results due to Wallace [10] for subsequent use.

Lemma 4.2.8 Let X and Y be Hausdorff topological spaces and f : X — Y, a
continuous surjection. The following are necessary and sufficient conditions for f
to be non-alternating for each decomposition X — f~'(yg) = M U N where M and
N are separated

(1) M= f'(f(M)and N = f~'(f(N));
(2) f(M)N f(N) =¢;
() @) NN = ¢

Lemma4.2.9 If f : X — Y is a closed and non-alternating map of X onto Y and
Y (yo) separates P and Q in X, then y, separates f(P) and f(Q).

In a locally connected space with an end element, a quasi-order can be defined in
a natural way. This is captured in the following lemma and part of its proof can be
found in Whyburn [15].

Lemma 4.2.10 Let X be a locally connected continuum with an end element. Then
the relation < defined on X by x < y forx € E, x = y or x separates E and y in X
is a semicontinuous quasi-order. If E is a singleton, then < is a partial order.
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Proof The proof that < is a quasi-order and that L(x) is closed for each x € X can
be found in Whyburn [15].

If xe E, M(x) = X and is closed. For x € X — E, M(x) = {x} U{y : x sep-
arates £ and y in X}. Let C be the component of X — {x} containing E, then
M(x) =X — C. As X is locally connected and X — {x} is open, C is open. So
M (x) is closed. U

Lemma 4.2.11 Let X be a locally connected T, continuum with end element E. If
f X — X isnon-alternating and f(E) C E, then f is order-preserving.

Proof Letx <y,x,y € X.Forx =y,x € E. Clearly f(x) < f(y), since f(x) €
E. If x ¢ E and x <y, then x separates E and y. Since f(E) C E, f(x) € X —
f(E)and f(x) # f(y). Then f~! f(x) separates E and y. So by Lemma 4.2.9 f(x)
separates E and f(y) or f(x) < f(y). [l

The next lemma is an important step towards proving Schweigert—Wallace Fixed
point theorem.

Lemma 4.2.12 Let X be a locally connected T, continuum with an end element E.
If f : X — X isnon-alternating and f (E) = E, then there is a cutpoint x of X such
that x and f(x) are comparable. Further x can be so chosen that for some y € X
withx < yand x < f(y).

Proof If x € E is a cutpoint of X, then as f(x) € E, x and f(x) are comparable.
Since f(X) = X and f(FE) C E, there is an element y € X — FE such that f(y) €
X —E.SobyLemma4.2.5 x <yandx < f(y).

If E has no cutpoint of X, choose y € X — E with f(y) € X — E. Since E is an
end element, there is an open set A with £ C ACX-— {y, f(y)}andz —A={x}Lx
a cutpoint, since X — {x} = X — A U A. Clearly x separates E and {y} as also E and
f().Sox < y,x < f(y).Also X — {x} = AU B where A and B are separated with
E C Aand{y, f(y)} € B.Also f(y) € BN f(B).If f(x) € B,thenx < f(x)and
if f(x) € E, then f(x) < x. In both these cases the lemma is valid.

Suppose f(x) ¢ BU E.So f(x) € A — E.Inthis case there are two possibilities.
Case (i): f(x) is not a cutpoint. So by Lemma 4.2.9, f~! f(x) does not separate X.
So f~' f(x) contains A or B.If B C f~! f(x), then f(y) € A, a contradiction and
when ! f(x) contains A, then f(x) € E, a contradiction.

Case (ii): Suppose f is a cutpoint. In this case we prove that X — { f(x)} = f(A) —
{f()}U f(B) —{f(x)}, where f(A) —{f(x)} and f(B) —{f(x)} are non-void
and separated. Since E C A and f(x) e X — E, f(E) C f(A) —{f(x)} # ¢.
As f(x) # f(y) (€ f(B), f(B) —{f()} #¢.If 1t € f(A) —{f)}N f(B) —
{f(x)}, thenr € f(A) N f(B). Since f is non-alternating, t = f(x), a contradic-
tion. For similar reasons, f(A) — {f(x)} N f(B) — {f(x)} is empty. If x € f(B),
then f(x) <x.Ifx € f(A) — {f(a)}, then f(A) — {f(x)}intersects both A and B
and as f(x) € A and B is connected, it follows that B € f(A) — { f(x)}. But this
implies that f(y) € f(A) — {f(x)}, a contradiction. O
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Before proving another interesting theorem, similar to Theorem 4.1.31, we define
a concept of convergence for a sequence of subsets of a given set, treated for instance
in Whyburn [15].

Definition 4.2.13 ([15]) A sequence {A,} of subsets of a topological space X is
said to cluster at a point x in X, if given any open neighbourhood of x infinitely
many members of the sequence {A,} meet the given open neighbourhood. The set
of cluster points is denoted lim sup A,,. The sequence (A,) is said to converge to
x if all but a finite number of the A, meet any given open neighbourhood of x.
The set of convergence points of A, is denoted by lim inf A,,. (Clearly lim inf A,, C
limsup A,.) If imsup A,, = lim inf A,,, then this set is denoted lim A,,.

Theorem 4.2.14 Let X be a locally connected continuum with an end element E
and f : X — X be a monotone continuous map with f(X) = X and f(E) = E.
Then X contains a non-empty subcontinuum K such that f(K) = K and either K
is a cutpoint or K € X — E. Further, no point separates any pair of points of K in
X.

Proof By Lemma 4.2.10, X is a QOTS and by Lemma 4.2.11, f is order-preserving.
Lemma 4.2.12 insures that there is a cutpoint x € X such that x and f(x) are
comparable. If x € E, then by Lemma 4.2.5, X —{x} =F —{x}UX — E and
X — E and E — {x} are separated. If f(x) = x, the theorem is proved; other-
wise f(x) € E — {x} and so by Lemma 4.2.4 f(x) is not a cutpoint. So either
EC f'f(x)or X —E C f~! f(x) as f is monotone. But E C f~! f(x) contra-
dicts f(E) = E and X — E C f~! f(x) contradicts f(X) = X.

In the other case for consideration, x € X — E. If x < f(x), then by Theorem
4.1.31, there is anon-empty set K € E(x(),xo € X — E suchthat f(K) = K. Since
E(x0) = {x0}, thetheoremisproved.If f(x) < x,letX — {x} = AU B, where A and
B are separated, A being the componentof X — {x} containing E£. Then f(x) € A.By
Lemma4.2.12, x can be so chosen that there exists b € X withb € B, f(b) € B.Note
that for any positive integer n, X — f~"(x) = f"(A) U f~"(B) where f~"(A)
and f~"(B) are separated. Since f is monotone f~!(B) is connected and because
xe f'(A),beB, f(bye B, f~'(B) C B.So AC f'(A) and so for n < m,
f"(A) € f~™(A). Since X is compact, lim sup f~"(x) # ¢.

(1) limsup f~"(x) = liminf f~"(x). Otherwise there is xo € limsup f~"(x) and
an open connected set U containing xo such that if N is a positive integer with
FN(x)NU # ¢, then there is m > N with f"(x)NU =¢. So U C f"(A)
or U C f™(B); since fN(x)NU # ¢ and f~N(x) C f7(A), it follows that
UC f™(A). Sofor p>m UC f7(A) C f~P(A) so that UN f~P(x) = ¢,
contradicting the assumption that xy € lim sup f~"(x).

@i1) lim f7"(x) is a continuum. Clearly f~"(x) is closed in X and hence compact.
Suppose lim f~"(x) = P U Q where P and Q are separated. Since X is normal
there exist open sets U and V which are disjoint and for which P € U and Q C V.
Suppose P # ¢ # Q, we can choose a positive integer N such that for allm > N.

ronU #e# )NV,
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As each f~"(x) is connected, we can choose a sequence y,, n > N with y, €
f7"(x) =U U V. Clearly y, clusters at some yp € X — U U V, contradicting that
Iim f~"(x) CUNV.Solim f~"(x) is connected and hence is a continuum.

(ii1) No point of X separates any pair of points of lim f~"(x) in X. Otherwise there
exists a € X such that the pair {p, g} C lim f~"(x) is separated by a. Thus X —
{a} = P U Q where P and Q are separated with p € P and g € Q. Since f~"(x)
converges to both p and g, there is a positive integer M such that f~"(x) meets
both P and Q form > M. In view of (ii),a € N{f " (x) : m > M}. So fN“(a) =
f(x) = x. This contradicts our assumption that f(x) < x. Consequently, it follows
that f(lim f7"(x)) C lim f~"(x), so that

K =(")f'(L). where L =lim ™" (x)
ieN

is a non-empty continuum and f(K) = K. Further no point of X separates any
pair (ipoints of K.As A C f7"(A), foreachn =1, 2, ..., we conclude that K C
X-—ACX-E. O

Corollary 4.2.15 [n addition to the hypotheses of Theorem 4.2.14 above if E is a
singleton, then K € X — E.

The following fixed point theorem is due to Schweigert and Wallace.

Theorem 4.2.16 (Schweigert [9] and Wallace [11]) Let X be a locally connected
continuumwithanend element E. If f(X) = Xand f : X — X isahomeomorphism
with f(E) = E, then f has a fixed point not in E.

Proof By Lemma4.2.11, f and f~! are order-preserving and if X has a cutpoint p,
then p and f(p) are comparable by Lemma4.2.12.If p € E, then f(p) is a cutpoint.
So, by Lemma 4.24, p = f(p). If pe X — E, then p < f(p) or f(p) <p. If
p < f(p), then by Theorem 4.1.31 there exists a non-empty compact set K with
K C E(xg), xo € X — E such that f(K) = K. Since E(xg) = xo, the theorem is
proved. If f(p) < p, by the same reasoning applied to f~', f~! (and hence f) has
a fixed pointin X — E. ]

Remark 4.2.17 Ward Jr. has noted that for non-alternating maps, the above theorem
may not be true as shown by the following example. Let X be the locally connected
continuum of points (x, y, ) in R3, satisfying x =0 =y for 1 <t <2 and X2+
y2=1—+t*for0 <t < 1.e = (0,0, 2) isanendpoint. The map f : X — X defined

by
—d=2nx (20 o) 0 << L
— )T ()7
JE YD =10,0,1), l<r=l,
0,0,2), 1=¢=2

is continuous and monotone with e as the only fixed point. K = {(x, y, 1) € X : t =
0} is fixed under f and is a subcontinuum. Of course f is not one-to-one.
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Remark 4.2.18 Schweigert [9] originally proved the theorem under the assumption
that X was separable and semi-locally connected. Wallace [11] noted that these
hypotheses could be dropped in preference to local connectedness and also pointed
to the use of quasi-order in the proof. Wallace, in fact, proved a fixed point theorem
for homeomorphisms 7 such that 7 and 7! preserve a transitive, reflexive binary
relation on the space X.

Remark 4.2.19 Wallace [11] has shown that if X has a cutpoint, then it has an end
element. He also noted that prime chains in Peano space are precisely cyclic elements,
considered by Whyburn [15]. Wallace [11] has further proved that if the end element
E of a continuum X has no cutpoint of X, then X — E is connected and if P is the
union of all the end elements of X not containing a cutpoint of X, then X — P is
connected and each component of P is an end element.

Remark 4.2.20 1t was already stated that fixed points theorems generally prove that
for certain topological spaces every continuous self-map has a fixed point. Bing (see
[8]) has noted that for the proof of numerous fixed point theorems depend on the
‘dead-end method’ or the ‘dog-chase rabbit argument’. Roughly speaking for a given
mapping f, as x moves in X, f(x) moves ‘ahead’ of x ‘relative to some hidden order
structure’ till a special feature of the underlying space is exploited to locate a point
x below f(x) in the order and corner f(x) in a dead end. Ward Jr. [14] has captured
this ‘dead-end method’ in the following theorem, which is related to Theorem 4.1.31
and its corollaries.

Theorem 4.2.21 Let X be a compact Hausdorff space with a lower semicontinuous
partial order T, such that every maximal chain is compact. Suppose that if C is
a maximal chain and a € C then al'(= {x : (a,x) € '}) N C is a closed set. If f
is a continuous, order-preserving self-map on X, then a necessary and sufficient
condition that for some xo, X contains a fixed point of f is that there exists x € xoI’
such that x < f(x).

Proof Thenecessity is obvious. Suppose xo < x < f(x).Since f is order-preserving,
clearly x < f(x) < f2(x) <--- < f"(x) <---, and s0 { f"(x)}nen lies is a com-
pact maximal chain C. So {f"(x)} has a cluster point y € C. As f"(x)I' N C is
closed for each n e N, f"(x) <y for n € N. If for some z, f"(x) <z < y for all
n € N, then X — zI" is an open neighbourhood of y, which fails to have any f"(x).
Hence y is the supremum of { /" (x)},en Which converges to y. Since f is continuous
and the space is Hausdorff, y = f(y). (I

4.3 Set Theory, Fixed Point Theory and Order

In an insightful paper, Manka [6] described a connection between set theory and
fixed point theory via partial order. In this section, Manka’s approach is described,
based on the following definitions.
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Definition 4.3.1 A partial ordered set X is called inductive if for every totally
ordered subset of X there exists a least upper bound of this subset in X. Clearly
an inductive (partially ordered) set is non-empty. A partially ordered set X is called
acyclically ordered if for every p, r € X with p < r, the segment [p,r] ={x € X :
p < x <r}is totally ordered.

Manka obtained a fixed point theorem for a class of mappings on an acyclically
inductively ordered sets.

Theorem 4.3.2 (Manka [6]) Let (X, <) be an inductively and acyclically ordered
poset and f : X — X be a map satisfying the following two conditions:

(i) p < f(p) implies that for some q € (p, f(p)lwithq < f(q);
(ii) g < f(q) forallq € Y € X implies that supY < f(supY).

Then f has a fixed point.

Proof Since (X, <) is inductively ordered, Py = {g € X : ¢ < f(q)} is also induc-
tively ordered. Since X is acyclically ordered, for each p < f(p) in X, there exists in
Py supremum of the set [p, f(p)] N Py. Thus the map ¢ (p) = sup([p, f(A)]N Py)
sends P intoitself. Since p < ¢(p) forall p € Py, it follows that there exists a fixed
point of ¢.

We note that for each p € Py, p = ¢(p) implies p = f(p). If p # f(p), then
p < f(p)since p € P,.By (i) and the definition of P, there existsg € (p, f(p)IN
Pr.Sop <gandsoq < ¢(p).So p < ¢(p) for p € P, and ¢ cannot have a fixed
point, in Py a contradiction. O

Manka used the above theorem to prove that certain compact connected topologi-
cal spaces have fixed point property for continuous functions. We need the following
concepts.

Definition 4.3.3 A non-empty connected compact Hausdorff space is called a con-
tinuum.

(Generally, metrizable space is considered.)

Definition 4.3.4 A continuum having exactly two points which do not disconnect it
is called an arc, including continua with only one point.

Definition 4.3.5 A continuum X is said to be arcwise connected if for any pair of
points p, g € X, there exists an arc joining these points in X. X is called one-arcwise
connected, if this arc is unique in X and will be denoted by pq.

Definition 4.3.6 Let X be an arbitrary one-arcwise connected continuum such that
for every monotone family of arcs ap, € X, t € T, there exists b € X with

Uap, = ab.

(Such a continuum X is some times called one-arcwise connected nested continuum.)
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For the sake of completeness, we provide a list of definitions of various kinds of
continua.

Definition 4.3.7 A continuum X is said to be irreducible between the points a and
b if X contains a and b and no other subcontinuum of X contains both these points;
a (and b as well) is called a point of irreducibility.

Remark 4.3.8 a is a point of irreducibility for a continuum X if and only if X is not
the union of two proper subcontinua both of which contain a.

Definition 4.3.9 A continuum X is called unicoherent if the intersection of every
pair of continua whose union is X, is a continuum.

Definition 4.3.10 A continuum X is said to be decomposable, if it is a union of two
continua not contained in one another.

Definition 4.3.11 A property of a continuum X is called hereditary if every non-
trivial subcontinuum has that property (thus we have hereditarily unicoherent and
hereditarily decomposable continua).

Definition 4.3.12 A hereditarily unicoherent and arcwise connected metric contin-
uum is called a dendroid. By a A-dendroid is meant a hereditarily unicoherent and
hereditarily decomposable metric continuum.

Example 4.3.13 A cone over an arbitrary hereditarily indecomposable plane contin-
uum is a one-arcwise connected nested continuum which is not hereditarily unico-
herent.

In what follows, we will show that arcwise connected hereditarily unicoherent
continua have fixed point property for continuous functions (see Manka [6], using
Theorem 4.3.2).

Let X be an arcwise connected nested continuum and a € X. The binary relation
<, defined by p <, g for p, g € X whenever the arc ap C agq, is indeed a partial
order. With respect to this partial order a is the smallest element of X and a subset
{p, € X : t € T} is totally ordered if and only if the family of arcs {ap, : t € T} is
monotone.

Lemma 4.3.14 Let X be an arcwise connected nested continuum. For a € X,
(X, <) is inductively ordered.

Proof Let{ap, : t € T} be amonotone family of arcs in X. So U ap; = ab. Clearly

teT
p: <q b.Suppose p, <, cforallt € T.Thenap, C acforallt € T.Sanp, Cac.
teT
As ac is closed, U ap; = ab C ac. So by definitionof <,,b < c.Thus{p, : t € T}

teT
has ¢ as an upper bound. Thus b is the supremum of {p;, : ¢ € T'} under this order. [J
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Remark 4.3.15 In Lemma 4.3.14, b = sup{p, : t € T} if and only if Uap, =ab.

teT

Clearly ap; € ab for all t € T so that U ap; € ab. But the closure of U ap; is a

teT teT
subarc ac of ab and ap, € ac. Soac C ab. Hence c is an upper bound for {p, € X :

t € T}. Since b is the last upper bound, ¢ = b.

In an arcwise connected continuum X, for every pair of arcs pg, pr with the same
initial point P, a binary relation < can be defined by pg < pr if pq N pr # {p}.
In other words pg < pr if pg N pr is an arc non-degenerate to the point p. The
following lemma is left as an exercise.

Lemma 4.3.16 The binary relation < is an equivalence relation in the family of all
non-degenerate arcs with the same initial point in X. If K is an arcwise connected
continuum of X and q,r € K, then for p ¢ K, pq < pr as qr € K. Further ap C
aq and pq < pr imply ap < ar.

(For further details and related ideas Manka [5] may be consulted.)

Remark 4.3.17 ap C aq implies that p € aqg and ap U pq = aq so that ap C aq
implies pg C aq.

The above ideas lead to the following.

Theorem 4.3.18 (Manka[6]) Every one arcwise connected nested continuum X with
the partial order <, is an inductively and acyclically ordered set. If f : X — X is
a map such that (a) f(pq) is an arcwise connected continuum for each pq and (b)

if for each p # f(p) thereis {p} # pq < pf(p) with pq N\ f(pq) # ¢, satisfying
conditions (i) and (ii) of Theorem 4.3.2 in the order <,, then f has a fixed point.

Proof By Lemma4.3.14, (X, <,) is inductively ordered. If p <, g, then the interval
[p, q] is the arc pg by the one-arcwise connectedness of X and the order <, in pq
is the natural order of the arc pq (defined in pg as <,). So (X, <,) is acyclically
ordered.

We will verify that (i) and (ii) of Theorem 4.3.2 are satisfied. If ap ¢ af (p) so
that p # f(p), by (b) there exists g € X such that {p} # pg C pf(p) and pg N
f(pq) =¢.So ap ¢ ag < af (p). Now we show that ag  af(q). Since p, g ¢
f(pq) and f(pq) is an arcwise continuum by (a), gf (p) < qf(g) and pf(p) <
pf(g) (by Lemma 4.3.16). Since pg < pf(p) (by (b)), pg < pf(q) by transitivity
of <.Soap C af(q) by transitivity of <. Soap C af(q) and consequently pf(qg) <
af (gq). Clearly, these lead to pq C af(q). Therefore pg € af(q). Thus g € af(q)
and aq C af(q). Thus (i) of Theorem 4.3.2 is true.

Let{ap; : t € T}beamonotone family of arcsin X withap, C af(p;),t € T.Let
b € X be the supremum in X with the order <, of the set {p; : t € T'}. So by Remark

4.3.15,1etab = Uapt.Suppose ab C af (b)isnottrue. Clearly p; # bforallt € T

teT
asap, C af (p;). Then b ¢ af (b) implying that ba < bf (b) by Lemma 4.3.16. As
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b # f(b) and m bp; = {b}, bp;  bf (b) for bp, with sufficiently small diameter,

teT
thereexistst € T withbp, N f(bp;) = ¢.Sowe canconcludethatab N f(p:b) = ¢.

In the other case, since p, ¢ f(p;b), ap; N f(p:b) # ¢. Take the first point p
in the arc ap, belonging to f(p,b), the image being a continuum by (a). We would
have p, ¢ ap.Sop, ¢ ap U f(p,b).Butaf(p,) € ap U f(p.b).Hence p, ¢ af (p;)
contrary to the assumption that ap, C af (p;). Soap; N f(p;b) = ¢. Since the con-
tinua ab and f(p;b) are disjoint, by the one-arcwise connectedness of X, there
exists in X aunique arc joining them so thatab N pqg = {p} and pg N f(p,b) = {q}
and any arc joining an arbitrary point of ab with an arbitrary point of f(p,b) con-
tains pq. In particular p € af (b). As b ¢ af (b), p # b. However, ap U pb = ab.
Taking an arc p; b C ab of smaller diameter than p;b and a suitable ¢; € f(p;b)
instead of ¢ we can suppose that ap N p;b = ¢ without change of notation. But
pg N pib = ¢ from the choice of pq. Since qf (p) S f(pib). 4f (p) N pib = ¢.
Thus (ap U pq U qf(p)) N p:b = ¢.Asaf(p:) S ap U pq U qf(p;), weinfer that
p:bNaf(p,) = ¢, implying that p, ¢ af (p,), contradicting the definition of ap;.
Thus (ii) of Theorem 4.3.2 is also satisfied. So f has a fixed point. (I

Corollary 4.3.19 An arcwise connected hereditarily unicoherent continuum has the
fixed point property for continuous maps.

Proof The corollary follows from the fact that a continuous self-map on such a
continuum satisfies (a) and (b) of Theorem 4.3.18. O

The following example due to Manka [6] shows that Theorem 4.3.18 holds even
for discontinuous maps.

o0
Example 4.3.20 Let X be the plane continuum defined as U I,,, where I is the

n=0
line segment joining (0, 0) to (1, 0) and 1, is the line segment joining (0, 0) to

(1,%),n= 1,2,.... Define themap f: X - X by f(p)=pforpel,,neN
for p € {0} x [0, 1]

and f(p) = p p X 2
(n,0) for p € {0} x (3,1]

Theorem 4.3.18, though f is not continuous.

. Clearly, f satisfies all the conditions of

4.4 Multifunctions and Dendroids

In this section, we prove a fixed point theorem for dendroids following the techniques
developed by Manka, as described in Sect.4.3. In fact, Manka’s fixed point theorem
subsumes that of Ward [13] and is proved in [7]. To this end, we need the following.

Definition 4.4.1 Let X be a topological space. A multifunction F : X — 2% — {¢}
is called upper semicontinuous if F(x) is a closed set for each x € X and F~!(4) =
{x e X: F(x) N A # ¢} is aclosed subset of X for each closed subset A of X. F is
called lower semicontinuous, if F~!(A) is open for each open subset A of X.
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Remark 4.4.2 For a compact metric space X, upper semicontinuity of /' means that

limF(x,) € F(limx,) for each convergent sequence (x,) in X. Similarly, lower

semicontinuity of F : X — 2X — {¢} means that F(limx,) € lim inf F(x,) for
n n—oo

each sequence (x,) converging in the compact metric space X. F is called continuous
if itis both lower and upper semicontinuous. Using the following version of Brouwer
reduction theorem, Manka [5] obtained an alternative proof of Ward’s fixed point
theorem for upper semicontinuous closed valued multifunctions on a dendroid.

Theorem 4.4.3 (Manka [5]) Every non-empty family P of closed subsets of a com-
pact metric space X which is closed with respect to the operation of closure of a
union of increasing sequences contains a maximal element.

Proof As X is a compact metric space, it has a countable base { B, }. Take Py € P
and define a sequence P, € P inductively as follows: Take P; € P containing P, and
intersecting B if sucha P; does notexisttake P| = Py. Suppose Py C P> --- C Py
have been defined take P as an element of P containing P;_; and intersecting By.
If such a P, does not exist, set P, = Pi_;.

The sequence Py € P defined thus has the property that foreach Q € P By N Q #
¢ and P,_; € Q imply that By N Py # ¢. As { P} is increasing P = UP e P by
definition of P. We claim that P is a maximal setin P. If for some Q € P, Q contains
P properly, then there exists By, a basic set such that P N By = ¢ and By N Q # ¢.
Since Pr_1 € Q, Br N Py # ¢. This contradicts that P N By = ¢. So P is maximal
inP. O

We also recall the following results and their proofs are left as exercises.

Remark 4.4.4 Let X be an arcwise connected hereditarily unicoherent metric contin-
uum (dendroid) and F : X — 2% — {¢} be an upper semicontinuous multifunction
for which F(x) is a continuum for each x € X. Then F(K) = U F(x) is a contin-

xekK
uum, whenever K is a continuum. If F is continuous and F'(x) is a closed subset of

X for each x € X, then F(x) intersects every component of F'(K) whenever K is a
continuum, in X.

We use the following lemmata and assume that X is a hereditarily unicoher-
ent arcwise connected metric continuum (dendroid) and F : X — 2X — {¢} is a
continuum-valued upper semicontinuous multifunction. We define P, as the set of
allarcsa, b C X suchthatfor p € ab — {b}andeachq € F(p),therelation pq < pb
holds (see the paragraph preceding Lemma 4.3.16 for definition of <).

Lemma 4.4.5 Ifa ¢ F(a), then for every d € F(a), there exists ab € P, such that
ab C ad.

Proof Suppose d € F(a) and that an arc ab C ad satisfies, by the upper semicon-
tinuity of F, ab N F(ab) = ¢. Now for each p € ab — {b} and each g € F(p), we
have p ¢ F(ab) and d, g € F(ab). Since F (ab) is a continuum (see Remark 4.4.4,
pq < pd. (I
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Lemma 4.4.6 Ifab e P,, b ¢ F(b)andd € F(b), then ab C ad.

Proof Asb ¢ F(b), it follows from the upper semicontinuity of F that for some p’ €
ab — {b}, p'b N F(p'b) = ¢. For each p € p'b — {b}, p € ab — {b}. Hence ap C
ab and pb < pq foreach g € F(p) by the definition of P,, By Lemma 4.3.16,ap C
aq.Now p ¢ F(p'b) and g,d € F(p'b). Hence pq < pd. So by Lemma 4.3.16,
ap C ad for every p € p’b — {b}. Since the union of all such arcs ap is ab — {b},
we have ab — {b} C ad. Soab C ad. O

Lemma 4.4.7 IfabUac = ac, ab € P, and bc € Py, then ac € P,,.

Proof For p € ab — {b}, pc < pb,sinceab C ac.Sinceab € P,, pb < pq foreach
q € F(p).So pc < pq,by the transitivity of <. If p € bc — {c}, then pc < pq, since
bc € 7)1,. |

Lemma 4.4.8 Ifab = | ] ab, and ab, € P,, n € N, then ab € P,.

neN

Proof For p € ab — {b}, there exists n € N such that p € ab, — {b,}. So pb, < pb
since ab,, C ab and pqg < pb, for every g € F(p), in view of ab, € P,. From the
reflexivity of <, we have pg < pb. (I

Theorem 4.4.9 (Ward Jr. [13]) If F : X — 2X — (¢} is a continuum-valued upper
semicontinuous multifunction on a dendroid X, then F has a fixed point.
Proof (AsinManka [7])Ifab, C ab, C --- is an increasing sequence of arcs in the

dendroid X, then U ab,, is an arc ab for some b. Since U ab,, is a continuum, for
neN . . o neN .
a proper subcontinuum this continuum containing a some b; will not be a member.
So U ab, is a continuum which is not the union of two proper subcontinua both
neN

containing a. So a is a point of irreducibility of U ab,,. Thus U ab, = ab for some
neN neN

b.Soby Lemmata4.4.5,4.4.8 and Theorem 4.4.3, fora ¢ F(a), there exists an arc ab
maximal in P,. Now from Lemmata 4.4.5-4.4.7 it follows that b € F (). Otherwise,
if b ¢ F(b) then ab C ad for each d € F(b) and by Lemma 4.4.5 there exists bc C
bd such that bc € Pp. So abUbc = ac € P, by Lemma 4.4.7 contradicting the
maximality of ab in P,,. O

Corollary 4.4.10 (Borsuk [2]) Every dendroid has fixed point property for contin-
uous functions.

4.5 Some Spaces with Fixed Point Property

In this section, elementary methods of constructing spaces with fixed point property
are described. Relevant concepts are also presented.
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Definition 4.5.1 Let X be a topological space and ¥ C X. Y is said to be a retract
of X if there is a continuous map 7 from X onto Y such thatr(y) = yforally € Y.
r is called a retraction of X onto Y.

Proposition 4.5.2 If X has fixed point property (for continuous functions), then any
retract of X also has fixed point property.

Proof Let g : Y — Y be continuous and r : X — Y be a retraction of X onto Y.
Then g o r maps X into ¥ C X. Since g o r is continuous and X has the fixed point
property for continuous functions, there exists xo € X such that g(r(xg)) = x¢ and
xo € Y.Sincexy € Y andrisaretraction of X onto Y r(xg) = xo.Sog(xg) = x9 € Y.
So Y has fixed point property for continuous functions. (I

Proposition 4.5.3 If X is a disconnected topological space, then X does not have
the fixed point property.

Proof Since X is disconnected X = A U B where A and B are non-empty disjoint
proper closed subsets of X. Leta € A andb € B. The map f : X — X defined by
f(x) =bfor x € A and f(x) =a for x € B is a continuous map without a fixed
point. (I

Remark 4.5.4 The unit circle S' in R? with the usual topology is a connected, locally
connected compact metric space without fixed point property. For example, (x, y) —
(—x, —y) on S' has no fixed point.

Theorem 4.5.5 Let (X, d) be a compact metric space. Suppose for each € > 0,
there is a continuous map f. : X — X, where X, is a subset of X with fixed point
property. If d(fc(x), x) < € for each x € X, then X has the fixed point property.

Proof Let f : X — X be a continuous map. For each € > 0, f. o f maps X, into
itself and is continuous. Since X, has fixed point property, fe o f(x.) = x, for some
xc € X.Nowd(f(xe), fe(f(xe)) < € byhypothesis. Settinge = %,n € N, itfollows
from the compactness of X, that (x,,) converges to an element x* of X for some
subsequence (x,,) of (x,). From the continuity of f, and d(f(x,,), X,,) < % We
conclude that f(x*) = x*. Thus X has the fixed point property.

The proof of the following proposition is left as an exercise.

Proposition 4.5.6 Let X and Y be topological spaces such that Y is homeomorphic
to X. If X has the fixed point property, so has Y.

oo
Remark 4.5.7 The subset K = U I U Iy, where I is the line segment joining (0, 0)
n=I1
and (0, 1) and 7, is the line segment joining (0, 1) to (%, 0), n € Nin R? has the fixed
point property. Similarly the sine circle {(x, sin )lc) eR’0<x <1}U{0,y) e R?>:
—1 < y < 1} has the fixed point property. Theorem 4.5.5 may be used to prove these
conclusions.
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Yet another useful idea is that of wedge of two spaces, defined below

Definition 4.5.8 Let X and Y be two disjoint spaces and let p € X and g € Y. The
wedge of X and Y at p and ¢, denoted by X Vv, , Y (or simply X V Y)is the quotient
space of X U Y obtained by identifying p with g. (Clearly X Vv Y has a natural copy
of XinXVvY)

Theorem 4.5.9 Let X and Y be T\ spaces with fixed point property. Then X V'Y
has the fixed point property.

Proof Let w denote the point at which X and Y intersectin X vV Y.Let f : X VY —
X V'Y be a continuous map. Definer : X vV — X by

p, PeEX
r(p) =
w, pevY

X and Y areclosedin X V Y andr is continuous. Since X has the fixed point property,
r o f hasafixed point, p say. Now rf (p) = p.If w = f(w), then there is nothing to
prove. Soletw # f(w).So p # w.Sorf(p) # w. So by definitionof r, f(p) € X.
Sorf(p) = f(p) = p. (Note the continuity of r is based on the 7;-hypothesis). [

For these and similar results and examples, Nadler [8] may be consulted.

4.6 An Example in Fixed Point Theory

Connell [3] had given examples of noncompact plane sets U, V and W each having
fixed point property such that ¢/ W, U? lack fixed point property and V is locally
contractible. Klee [4] had given an example of a space combining all these features.
For the sake of completeness, we give the following definitions.

Definition 4.6.1 Let X and Y be topological spaces and I, the closed unit interval
[0, 1]. A homotopy in a continuous map 4 : X x I — Y. We write A, to denote the
map from X into Y defined by #,(x) = h(x, t) for all x € X for any fixedr € I. A
continuous map f : X — Y is said to be homotopic to acontinuousmap g : X — Y,
if there exists a homotopy 22 : X x I — Y suchthathy = fand h; = g.

Definition 4.6.2 A continuous map f : X — Y is null-homotopic or inessential if
f is homotopic to a constant map. A continuous map f : X — Y is essential if it is
not null-homotopic.

Definition 4.6.3 A topological space X is called contractible if the identity map on
X is null-homotopic.

We now briefly present Klee’s [4] example.
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Example 4.6.4 Let Y be the set of real sequences (y,) in the Hilbert space £, such
that y; is non-zero for at most one i and 0 < y; < 1. If 6 is the zero sequence in
€2 and §,, the sequence in £2 which is one in the nth place and zero elsewhere then

Y = U oy, where oy, is the line segment joining 6 to §,, (and so o, = [0, §,,]). Clearly,
Yis l;lotlh contractible and locally contractible.

For each n, let r,, be the retraction of Y onto o, which is identity in o, and maps
Y —o0, onto 8. Let f:Y — Y be a continuous map. Suppose f(8) # 6. So for
some n, f(0) € o, — {0}. As r,, f maps o, onto itself and r,, f(0) = f(0) # 6 and
o, being essentially a compact real interval has the fixed point property, r, f (p) = p
for some p € o, — {0}. Since r, f(p) # 0, f(p) € 0, and so r,, f(p) = f(p). So
f(p) = p. Thus Y has the fixed point property.

In the space ¢> x £2, let P be the infinite polygon with vertices in the order
@, 61), (81,0), (0, 82), (62,0),...,(0,8,), (6,,6),.... Clearly, P is closed in ¥ x
Y and P is homeomorphic with [0, 00). As ¥ x Y would admit a retraction onto P,
and P lacks the fixed point property, ¥ x Y cannot have the fixed point property, in
view of Proposition 4.5.2.

For each r € [0, 7] and n € N consider 7, the arc consisting of all points
(X, (1), ya (1)) where x, (1) = (=1)"(1 4+ L) cost and y, (r) = (1 + %) sinz. Each arc
7, has (1, 0) as an end point and X, the union of all the arcs 7, is a homeomorphic
of y. But ¢/ X contains the unit circle C and has a retraction onto C. But C does not
have the fixed point property. So c/X does not enjoy the fixed point property.
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Chapter 5 ®)
Contraction Principle ez

The contraction mapping principle proved independently by Banach [1] and Cac-
ciopoli [7] is a fundamental fixed point theorem, with an elementary proof. This
theorem has a wide spectrum of applications and is a natural choice in approximat-
ing solutions to nonlinear problems. According to Rall [18], the applications of the
contraction principle would fill volumes and Bollabos [4] calls it a doyen of fixed
point theorems. Charmed by both the simplicity and utility of this theorem, many
authors have generalized it in diverse directions. This chapter samples a few of these.

5.1 A Simple Proof of the Contraction Principle

A simple proof of the contraction principle due to Palais [16] is given below. This is
preceded by a few definitions and remarks.

Definition 5.1.1 Let (X, d) be a metric space. A map T : X — X is said to be
a Lipschitz map with Lipschitz constant M, if for some M € R", d(Tx, Ty) <
Md(x,y) forall x, y € X. In this case M is called a Lipschitz constant for the map
T.If M < 1, then T is called a contraction (mapping) with contraction constant M.
If M = 1, T is called anon-expansive map. If d(Tx, Ty) = d(x, y) forallx, y € X.
T is a distance-preserving map and is called an isometry.

Remark 5.1.2 Every Lipschitz map T : (X, d) — (X, d) is uniformly continuous.
Also an isometry is non-expansive.

Definition 5.1.3 Let (X, d) be a metric space. Amap 7 : X — X is called contrac-
tiveif d(Tx, Ty) < d(x,y), whenever x, y € X and x # y.

Palais [16] proved the contraction principle, using the following contraction
inequality.
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Lemma 5.1.4 (Contraction-Inequality) Let T : X — X be a contraction mapping
on the metric space (X, d) with contraction constant k. Then for any x,y € X

1
d(x,y) < m[d(x, Tx)+d(y, Tyl

Proof For x, y € X, by triangle inequality

dx,y) =dx,Tx) +d(Tx,Ty)+d(Ty,y)
<d(x,Tx)+kd(x,y)+d(Ty,y)
(as T is a contraction)

So (I —k)d(x,y) <d(x,Tx)+d(y,Ty) for all x,y € X. Since 0 <k < 1,
d(x,y) < 72ld(x, Tx) +d(y, Ty)] forall x, y € X. O

Corollary 5.1.5 A contraction mapping can have at most on fixed point.

This corollary follows at once from Lemma5.1.4 by choosing x and y as fixed
points of 7T'.

Lemma 5.1.6 (Estimate for iterates) Let (X, d) be a metric space and T : X — X,
a contraction mapping with contraction constant k. Then for any x € X,

n m

k
d(T"x, T"x) <

) d(x,Tx)

Proof Replacing x and y by T"x and T™ x, respectively, in the contraction inequality
(vide Lemma5.1.4), we get

d(T"x, T"Hx) +d(T"x, T"'x)

d(T"x, T"x) < )

For j e N,

d(T/x, T’ %) < kd(T/'x, T'x)
<kld(x, Tx)

for all x € X. It follows that

d(T"x, T"x) <
(1 -k

d(x,Tx)

forallx € X. As 0 < k < 1, it follows that {T"x} is a Cauchy sequence. (]

Theorem 5.1.7 (Contraction Principle) Let (X, d) be a complete metric space and
T : X — X, a contraction mapping with contraction constant k. Then, T has a
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unique fixed point x* in X and every sequence T"x of T -iterates generated at any
element x € X, converges to x*. Further, for x € X

n

dix*,T"x) <
(x™, X)_l_k

d(x, Tx).

Proof For any x € X, {T"x}, the sequence of T -iterates generated at x is a Cauchy

sequence, in view of Lemma5.1.6. As (X, d) is a complete metric space (7"x)

converges to an element x*. Since 7 is continuous, {7 (7" (x))} = {T"*'x} converges

to Tx*, {T"*!x} being a subsequence of {7"x} must converge to x*. Since the limit of

a convergent sequence is unique in a metric space x* = T x*. Thus every sequence of

iterates converges to a fixed point of 7. By Corollary 5.1.5 this fixed point is unique.
For x € X, according to Lemma5.1.4,

m n

) d(x, Tx).

d(T"x, T"x) <

Proceeding to the limit in the above inequality as m tends to oo, and noting that
{T™x} converges to x* = Tx*, we get

n

d(x*, T"x) <
(LT =

d(x, Tx).

O

Remark 5.1.8 In order that T"x is at a distance less than € (> 0) from x* the fixed

point of T, it suffices to choose n such that %d (x, Tx) < e. In other words for

log e4-log(1—k)—logd(x,T x)
N > logk

point of a contraction T can be approximated by 7" x within an error of a pre-assigned
positive number € by choosing N appropriately.

,d(x*, TVx) < e. Thus in a specific situation, the fixed

Remark 5.1.9 Since the closed sphere B(a:r)={x € X :d(a,x) <r}of acom-
plete metric space (X, d) is complete with respect to the restricted metric, a contrac-
tion T : X — X with contraction constant k maps B(a : r) into itself and hence has
a unique fixed point in B(a : r), provided d(a, Ta) < (1 — k)r.

We also have the following useful:

Corollary 5.1.10 Let (X, d) be a complete metric space and T : X — X be a map
such that T" is a contraction for some n € N withn > 1. Then T has a unique fixed
point.

Proof Since T" is a contraction on the complete metric space (X, d), it has a unique
fixed point x*, say. Now 7" (x*) = T(T"x*) = T (x*) = T(T"x*) = T"(Tx").
Thus Tx* is a fixed point of 7". Since T" has the unique fixed point x*, x* = Tx*.
If y* is another fixed point of T, then T"(y*) = y* will be a fixed point of 7" and
hence y* = x*. Thus T has a unique fixed point. O
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Remark 5.1.11 A contractive map T which is not a strict contraction may not have
a fixed point in a complete metric space. For example, the map x — x + % maps
[2, o) into itself has no fixed point in [2, co) which is complete with respect to the
usual metric. For 2 <x <y, 0 < (y+;1,)—(x+%) = (y—x)(l—xly) <y—Xx
and consequently this map is contractive.

5.2 Metrical Generalizations of the Contraction Principle

It is natural to explore if maps satisfying inequalities similar to the Lipschitz condi-
tion have fixed points in a complete metric space. Kannan [13] proved a fixed point
theorem in this direction for a class of mappings which are not necessarily contin-
uous, though they satisfy a metrical inequality similar to the contraction condition.
Interestingly such (Kannan) maps have unique fixed points to which sequences of
iterates always converge. Hardy and Rogers [9] later extended Kannan’s theorem
to obtain a common generalization of the contraction principle and Kannan’s fixed
point theorem.

Theorem 5.2.1 (Hardy and Roger [9]) Let (X, d) be a complete metric space and
T : X — X a map satisfying the condition

d(Tx,Ty) <ad(x,y) +axd(x, Tx) +azd(y, Ty) + asd(x, Ty) + asd(y, Tx)

5
forall x,y € X, where a; > 0 fori = 1,2,...,5and2ai < 1.
i=1

Then T has a unique fixed point and every sequence of T -iterates converges to
the unique fixed point.

Proof Interchanging the roles of x and y in the inequality satisfied by 7', we get
d(Tx,Ty) <aid(y,x) +axd(y, Ty) + aszd(x, Tx) + asd(y, Tx) + asd(x, Ty).

So we get

a +as

d(Tx,Ty) <ajd(x,y) + [d(x,Tx)+d(y, Tyl

n #[d(x, Ty) +d(y, Tx)] (5.2.1)

Letting y = Tx in (5.2.1), we have
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2 a +as 2
d(Tx, T°x) <aid(x, Tx) + T[d(x, Tx)+d(Tx, T x)]

+ “—;%[d(x, T22)]

a) + a3 +a4+a5d
2

d(Tx, T?x) (5.2.2)

<ad(x,Tx) +

(x,Tx)

a) +az + aqg + as
2

upon using d(x, T?x) < d(x, Tx) +d(Tx, T?x).

(ay+a3+ay+as) )
2 a +—2=20d(x, Tx)
Thus d(Tx, T=x) < 1_<a22+a3+a4+u5)
2

a4 (@Fetaatas)
Writing k = ~—Grmrarm We get
2

d(Tx,T*x) <kd(x,Tx) forallx € X (5.2.3)

5
Since 0 < Zai < 1,0 <k < 1. Further, d(T"x, T""'x) < k"d(x, Tx) forn e N

i=1
andx € X.Forn, j e Nandx € X

J
d(T"x, Tn+jx) < Zd(Tn+i_lx, Tn+ix)

i=1

J
<Y k™ la(x, Tx)
i=1

<

Tx).
= T4« Tx)

So {T"x} is a Cauchy sequence in the complete metric space X and so it converges
to an element x* € X.
Now

d(x*, Tx*) <d(x*, T"Hx) +d(T" ' x, Tx*)
az + a3

2
+ @[d(x*, T %) + d(Tx*, T"x)]

<d(* T +ard(x*, Tx*) + [d(x*, Tx*) +d(T"x, T""'x)]

<d(*, T"x) + ayd (", To') + 2 er B doet, Tx®) +d(T"x, T x)]
L& ’ZL B 1d(*, T"  x) + d(c*, Tx*) + d(Tx*, T"x)] (5.2.4)

Allowing 7 to tend to oo in (5.2.4) and noting that x* = lim T"x = lim T""'x, we
get
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2
A, Tx*) < (ar + a3 +a;+f15+ al)d(x*,Tx*)

5
Since 0 < Za,- < 1, it follows that x* = Tx*.

i=1
If y* is also a fixed point of 7', then

d(x*, y*) = d(Tx*, Ty") (5.2.5)
< ad(x*, y*) + axd(x*, Tx™) + asd (y*, Ty")

+ asd(x*, Ty*) + asd(y*, Tx™) (5.2.6)

< (ay + a4 + as)d(x*, y*). 5.2.7)

Since 0 < a; + a4 +as < Z a; < 1,x* = y*. Thus T has a unique fixed point and
i=1
every sequence of T -iterates converges to the unique fixed point. (I
Corollary 5.2.2 (Kannan [13]) If T : X — X is a map on a complete metric space
(X, d) such that
d(Tx,Ty) < kid(x,Tx) + kad(y, Ty)

forallx,y € x withky, ko > 0andky + ko < 1, then T has a unique fixed point and
every sequence of T -iterates converges to the unique fixed point.
Proof Seta; = a4 = as =0, ay = k; and a3 = k; in Theorem 5.2.1. O

Remark 5.2.3 A mapping satisfying the conditions of Corollary5.2.2 (or Theo-
rem5.2.1) need not be continuous, as seen from the following example.

5, 0<x<% .
Themap T : [0, 1] — [0, 1]definedby Tx = i | - 21 is a discontinuous
z 3 <x <
map with O as the unique fixed point. For x, y € [O 1] it can be shown that
ITx =Tyl < ¢ Ix —Tx[+ |y =Tyl
Corollary 5.2.4 Theorem5.1.7 (Contraction Principle).
Proof Seta, =k, ay = az = as = as = 0 in Theorem 5.2.1. [l

In another direction, Boyd and Wong [6] generalized the contraction principle by
majorizing d (T x, Ty) by ¢/(d(x, y)) instead of kd (x, y), imposing suitable assump-
tions on the real-valued function v/ of the real variable. In this context we recall the
following.

Definition 5.2.5 Let v : [a, 0) — R be a function, where a € R. 1) is said to be
upper semicontinuous from the right at ¢ € [a, c0) if lirn+ sup Y (t) < P(c).
—c
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Theorem 5.2.6 Let (X, d) be a complete metric space and T : X — X, a map such
that forall x,y € X
d(Tx,Ty) <y(d(x,y))

where 1) : P — [0, 00) is upper semicontinuous from the right on P and ¥ (t) < t
forallt € P andt # 0, P being the range of d and P its closure in Rt. Then, T
has a unique fixed point and every sequence of T -iterates converges to this unique
fixed point.

Proof For x € X, define ¢, = d(T"x, T" 'x), n € N with T = x. Clearly ¢, is
non-increasing and non-negative and hence converges to ¢ > 0. Since ¢,+1 < ¥(cy)
foralln € N, forc > 0,

¢ =limc, =limsupc, < lim+ supy(t) < Y(c),
—c

a contradiction. Thus d(T"~'x, T"x) converges to zero as n — oo for each x € X.

We now show that {T"x} is a Cauchy sequence. Suppose {7"x} is not a Cauchy
sequence. Then, for some ¢y > 0 and each k € N, we can find natural numbers m (k)
and n(k) with m(k) > n(k) > k such that forall k € N

dp =d(T"Px, TP x) > ¢

and
d(T"O 1y, TP x) < €.

This can be done by choosing m (k) as the least natural number exceeding n (k) for
which d; > ¢9. Now
dy =d(T"Ox, T"0x) < d(T"Ox, T"O7 x) +d(T" O~ 'x, T"Ox)

=< Cm(k) + €0-

Thus €y < di < €y + cm). Consequently ey < lim infd; < lim supd; < lim
k—o00 k— 00 k—o00
sup € + Cpry = €o0. Thus klim di = €o. Indeed d; — 6(4)‘ as k — oo.
— 00
Further,

di = d(T"Px, T"x) < d(T"Ox, T"OF %) + a(T" O x, 70O Fy)
+d(Tn(k)+lx Tn(k)x)

< ey + @I Px, T"®x)) + ey
< 2¢x +1(dy) (as (c;) is non-increasing).

Allowing k to tend to +oo0 in the above inequality, it follows that

lim supdy = lim dy = ea' < lim sup ¥ (dy) < ¥(ep).
k—o00 k—o00 k— 00
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Since €y > 0, this contradicts that ¢y > ¥ (ep). Hence {T"x} is a Cauchy sequence
in X. As X is complete, it converges to an element x* in X. Since for all x, y € X,
d(Tx,Ty) < ¢(d(x,y)) <d(x,y), T is continuous. Since {7"*'x} converges to
Tx* and is also a subsequence of {T"x}, it follows that x* = Tx*. Since ¢(¢) < ¢
for all + > 0, it follows that the fixed point of 7 is unique. ]

Remark 5.2.7 Let X be (—oo, —1] U [1, co) with the usual metric. Define T : X —

X by
_G+D if x >
Tx = 172 ’ 1 r=
B0 ifx < -1

and v : (0, 00) — (0, c0) by

L ift <2
H=1%
v {1+§, ift>2

Clearly |Tx — Ty| <¥(]x — y|). T has no fixed point, as ¥ (2) = 2 #£ 2. Thus,
Y(t) < t is not true for all # > 0 even though ) is upper semicontinuous from the
right on (0, c0). On the other hand, —7 has both —1 and 1 as fixed points with
| = Tx — (—=Ty)| < ¢¥(]x — y|) for the same 7. (In this case uniqueness of the fixed
point is lost).

Corollary 5.2.8 (Rakotch [17]) Let (X, d) be a complete metric spaceand T : X —
X an operator such that for all x,y € X d(Tx,Ty) < a(d(x, y))d(x, y), where
a: (0,00) — [0, 1) is a montonic decreasing function such that 0 < a(t) < a(s)
for 0 <t <s. Then, T has a unique fixed point and every sequence of T -iterates
converges to the unique fixed point.

Proof Set(t) = a(t)t for all + > 0 in Theorem 5.2.6. Since all the assumptions of
Theorem 5.2.6 are satisfied, the corollary follows. |

In another direction, Jungck [12] obtained an extension of the contraction principle
as a common fixed point theorem.

Theorem 5.2.9 (Jungck [12]) Let f : X — X be a continuous mapping, (X, d)
being a complete metric space. Let g : X — X be a map such that f commutes with
g, 9(X) C f(X)andforall x,y € X there exists o € (0, 1) such that

d(gx, gy) < ad(x, y).
Then f and g have a unique common fixed point.

Proof As f is continuous and d(gx, gy) < ad(fx, fy) forall x, y € X, it follows
that g is continuous on X. As g(X) € f(X), given xo € X, we can find x; € X such
that fx; = gxo. Inductively, we can define a sequence x, € X suchthatgx,_; = fx,
for all n € N. S0 d(fxur1, f%n) = d(gxn, gxa—1) < ad(fXn, fXu_1) < @"d(fx,
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fx0).As0 < a < 1, {fx,} = {gx,—1} is a Cauchy sequence in X. Since X is com-
plete { fx,} converges to some x* € X. So {gx,} converges to x* as gx, = fx,41.
As f and g are both continuous, {g fx,} converges to gx*, while { f gx,} converges
to fx*. Since g fx, = fgx,, foralln, fx* = gx*. Now

d(gx™, ggx™) < ad(fx*, fgx™)
= ad(gx*, ggx™)

Since0 < a < 1,gx* = ggx™ = g fx* = fgx*.Clearly gx*is acommon fixed point
of f and g. If @ and b are two common fixed points of f and g, then

d(a,b) =d(ga, gb) < ad(fa, fb) = ad(a, b).

Since 0 < a < 1, @ = b. Thus f and g have a unique common fixed point. (]

Corollary 5.2.10 Let f and g be commuting mappings on a complete metric space
(X, d) into itself. Suppose f is continuous and g(X) S f(X). If for some o € (0, 1)
and a positive integer k, d(g*x, ¢*y) < ad(x, y) forallx,y € X, then f and g have
a unique common fixed point.

Proof By Theorem5.2.9, ¢* and f have a unique common fixed point a, say. Then
a=g"a) = fa.Soga = g*ga = gfa = fga, showing that ga is also a fixed point
for g* and f. By the uniqueness of the common fixed point for f and ¢*, it follows
thata = ga = fa. (I

Remark 5.2.11 Infactif f hasafixed point, then we can find acommuting map g with
a unique fixed point common with f, g(X) = f(X) and d(gx, gy) < ad(fx, fy)
for all x, y € X for some a € (0, 1). This is readily seen by setting gx = a, a fixed
point of f, and choosing any « € (0, 1).

Example 5.2.12 f(x) = x? and g(x) = x* on [0, %] satisfy all the assumptions of
Theorem 5.2.9 and 0 is the unique common fixed point.

5.3 Fixed Points of Multivalued Contractions

Nadler [15] generalized the contraction principle for multivalued functions, involving
the Hausdorff metric. We need the following

Definition 5.3.1 Let (X, d) be ametric space and C B(X) be the set of all non-empty
closed bounded subsets of X. For C € C B(X) define

N(C,e)={x e X :d(x,c) < eforsomec € C}

= U B(c; €).

ceC
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For A, B € CB(X), define

H(A,B)=inf{fee R:e¢>0,AC N(B,e)and B C N(A,¢)}.
Remark 5.3.2 H defines a metric on C B(X), called the Hausdorff distance on the

space C B(X). Further for x, y € X, H({x}, {y}) =d(x, y).

Nadler [15] proved a generalization of the contraction principle for mappings of
X into C B(X), using the following definition and a lemma.

Definition 5.3.3 Let (X, d) be a metric space. A map F : X — CB(X) is called
a multivalued contraction if there exists « € (0, 1) such that for all x,y € X,
H(Fx, Fy) < ad(x, y).

Lemma 5.3.4 Let (X, d) be a metric space and A, B € C B(X). Given € > 0 and
a € A wecanfindb € B suchthatd(a,b) < H(A, B) +e.

Proof Letr = H(A, B). For r = 0, the lemma is clear. For r > 0, by definition of
H(A,B),AC N(B,r +¢).Sofora € A, thereexistsb € B suchthata € B(b,r +
e)ord(a,b) <r+e=H(A, B) +e. U

Theorem 5.3.5 (Nadler) Let (X,d) be a complete metric space and F : X —
CB(X) be a multivalued contraction with contraction constant o € (0, 1). Then
F has a fixed point in X (i.e. an element xy € X with xo € Fx).

Proof For pg € X, since F(py) € CB(X) forany p; € F(py), for ¢ = «, it follows
from Lemma5.3.4 above that there exists p, € F(p;) such that

d(p1, p2) < H(F(po), F(p1)) + .

Since F(py), F(p2) € CB(X) and p, € F(p;) there is a point p3 € F(p,) insured
by Lemma5.3.4 for € = o with

d(p2, p3) < H(F(p1), F(p2)) + o

Thus inductively we can define a sequence of points {p; : i € N} such that

d(pi, piv1) < H(F(pi1), F(pi) + o

fori > 1. Since F is a multivalued contraction, for all i > 1,

d(pi, pi+1) < H(F(pi—1), Fpi) + o
<ad(pi1, p) +o
< alH(Fpia, Fpi) + o'+
< a*d(pi-a, pi-1) + 20
< a'd(po, p1) +ic!
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So

M~

d(pi, pivj) < ) d(Piyk—1, Ditr)

o
Il

1

(@ d(po, p1) + [i + k — 1o 1),

M~

>-
Il

1

As Z o and Z nat converge, it follows that {p,} is a Cauchy sequence in the

1 1
complete metric space (X, d) converging to an element p* in X. Writing d(a, B) =

inf{d(a, b) : b € B}, it follows that

d(p*, Fp*) <d(p*, Fpy,) + H(Fp®, Fp,)
<d(p*, pny1) + ad(p*, py)
(as ppy1 € Fp,and F is a
multivalued contraction).

This implies that d(p*, Fp*) =0 as {p,} converges to p*. Since Fp* is closed,
p* € Fp*. Thus F has a fixed point. (Il

Corollary 5.3.6 The contraction principle (Theorem5.1.7).

Proof The map x — {Tx} maps the complete metric space (X, d) into CB(X)
and is a multivalued contraction, whenever T : X — X is a contraction, in view of
Remark 5.3.2. Hence by Nadler’s Theorem 5.3.5, this map has a fixed point, which
is clearly a fixed point 7. The uniqueness can be proved independently. (]

Remark 5.3.7 A fixed point of the multivalued contraction, insured by Nadler’s the-
orem need not be unique. For example, for the map x — [0, 1] of R into C B(R),
every point of [0, 1] is a fixed point. This map, being a constant map, is clearly, a
contraction.

5.4 Contraction Principle in Gauge Spaces

We recall the following definition of a pseudometric on a non-empty set.

Definition 5.4.1 Amapd : X x X — R* is called a pseudometric if it satisfies the
following conditions:
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(i) d(x,x) =0forall x € X;
(i) d(x,y)=d(y,x)forallx,y € X;
(i) d(x,y) <d(x,z)+d(z,y) forallx, y, z € X.

Remark 5.4.2 ThemapT : X — X onametric space (X, d) induces a pseudometric
dy defined by dr(x, y) = d(Tx, Ty) on X in a natural way. dr is a metric on X if
and only if T is one-to-one mapping.

A family of pseudometrics on X defines a topology on X in a natural way, leading
to the concept of a gauge space.

Definition 5.4.3 ([8]) Let X be anon-empty setand G = {d), : A € A} be afamily of

pseudometrics on X, where A # ¢. G is called a gauge on X. The family { B4, (x, €) :

dy € G,x € X, e > 0} isasub-base foratopology on X, where By, (x,€) = {y € X :

dy\(x,y) < €}. X with this topology is called a gauge space. (Every neighbourhood of

x in this gauge space contains a set of the form ﬂ By, (x, €)), where F'is a non-void
AeF

finite subset of A and € > 0.)

Tan [20] generalized the contraction principle to gauge spaces, using the following
concepts.

Definition 5.4.4 A gauge {d) : A € A, A # 0} is said to be separating on X if for
each pair x, y € X with x # y, there exists 4 € A with d,(x, y) > 0.

Remark 5.4.5 Clearly a gauge space is Hausdorff if and only if the gauge is sepa-
rating.

Definition 5.4.6 Let D = {d) : A € A, A # 0} be a gauge on X. A sequence (x,)
is called a Cauchy sequence in (X, D) if lim d)(x,, x,) =0 foreach A € A. A

gauge space X is said to be sequentially complete if every Cauchy sequence in X
converges to an element of X.

The following is Tan’s generalization [20] of the contraction principle to sequen-
tially complete Hausdorff gauge spaces.

Theorem 5.4.7 (Tan [20]) Let D = {d) : A € A, A # ¢} be a separating gauge
on X. Let T be a self-map on X such that for each A € A, there exists c) with 0 <
cx < lsuchthatd\(Tx, Ty) < c)d\(x,y)forallx,y € X.If (X, D) is sequentially
complete, then T has a unique fixed point and every sequence of T -iterates converges
to the fixed point.

Proof Define a sequence {x,} iteratively in X by setting x; = T'xo, for an arbitrary
X0 in X and defining x,,+; = Tx,,n € N.Foreach A € A,n,p € N,
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P
d)(xn, Xngp) < Z A\ (Xpk—15 Xntk)
=1

V4
< Y AT, T ox)
k=1

)4
<Y Ay (xo. x1)
k=1

(as dy(xj_1, x;) < ¢} d(xo, x1))

n

C

< A
1—6‘)\

dy(xo, x1).

Thus lim d)(x,, x,) = 0 for each A € A and so (x,) is a Cauchy sequence in X.

As (X, d) is sequentially complete, (x,) converges to an element x* € X. Clearly
nli)ngo T (a,) = T (a), whenever (a,) converges to a in (X, D). So (T x,) converges
to Tx*. (Tx,) being (x,+1), (T x,) must also converge to x*. As D is a separating
family, X is Hausdorff in the topology induced by the gauge D. Since the limit
of a convergent sequence in a Hausdorff space is unique, x* = Tx*. Thus T has
a fixed point. If y* = Ty*, then d)(x*, y*) = d\(Tx*, Ty*) < c)d\(x*, y*). Since
0 <cy < lforall A € A, it follows that x* = y*. Thus, the fixed point is unique and
every sequence of T -iterates converges to the unique fixed point. (I

Remark 5.4.8 Thetopology of a gauge space need not be metrizable. For example, let
X be the space of all mappings of R into itself. Then for f, g € X (= R¥), d, defined
by d,(f, g) = | fx — gx| is a pseudometric on X foreachx € R. D = {d, : x € R}
is a separating family of pseudometrics on X and (X, D) is sequentially complete.
It can be seen that X is not first countable. Hence it cannot be metrized.

Corollary 5.4.9 The contraction principle (Theorem5.1.7).

Proof If (X, d) is a complete metric space and 7 : X — X a contraction, then
T has a unique fixed point, as {d} is a separating sequentially complete gauge
on X. (]

5.5 A Converse to the Contraction Principle

In this section, a converse to the contraction principle due to Bessaga [3] is proved
following a simplified approach due to Jachymski [11].

Theorem 5.5.1 (Bessaga) Let X be a non-empty setand T : X — X be a map and
k € (0, 1). Then

(a) there exists a metric d on X such that d(Tx,Ty) < kd(x,y) forall x,y € X,
whenever T" has at most one fixed point for eachn € N;
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(b) if in addition some T" has a fixed point, X has a complete metric d such that
d(Tx,Ty) <kd(x,y)forallx,y € X.

Jachymski’s proof [11] is based on the following

Lemma5.5.2 Let T : X — X be a map and k € (0, 1). The following statements
are equivalent:

(i) there exists a complete metric d on X such that d(Tx,Ty) < kd(x, y) for all
x,y€eX;

(ii) there exists a function p : X — R* such that o(Tx) < ko(x) forall x € X and
010} is a singleton.

Proof (i) = (ii). Since by the contraction principle 7" has a fixed point x*, the map ¢
defined by p(x) = d(x, x*)issuchthat p(Tx) = d(Tx, Tx*) < kd(x, x*) = kp(x)
for all x € X and ¢~ '{0} = {x*}, a singleton. Thus (ii) is true.

(ii)) = (i). Defined : X x X — R* by

d o) +e(y) forx #y
(x,y) =
0, forx = y.
Clearly d is a metric on X. d(Tx,Ty) = po(Tx) + ¢o(Ty) < kp(x) + ko(y) =
kd(x,y).So T is a contraction on X with Lipschitz constant k. Consider a Cauchy
sequence (x,) in X. Without loss of generality, suppose that {x, : n € N}is an infinite
set. Otherwise, (x,) would have a constant subsequence and being Cauchy would
converge in X. So there is an infinite subsequence (x,,) of distinct elements such
that
d(xnk7 xnm) = @(xnk) + @(xnm) for k # m.

So p(x,,) — 0 as k — oo. Since ©~ ({0} is a singleton {z} by hypothesis (ii),
p(z) =0.Sod(x,,, 2) = p(x,,) + ¢(z) tends to zero as k — oo. Thus limx,, = z.
This implies that the entire Cauchy sequence (x,) converges to z. In other words
(X, d) is complete. U

We first prove part (b) of Theorem5.5.1.

Proof (of part (b) of Theorem5.5.1).

By assumption 7" has a unique fixed point x*. By uniqueness of the fixed point of
T",x* = Tx*. So by part (a) of Theorem5.5.1 7" has the unique fixed point x* for
each m € N. Define

® = {¢ : ¢ is a map with domain D, C X into R* with 0 {0} = {x*} and
T(D,) € D, and o(Tx) < p(x) forall x € D,}

Clearly @ is non-empty, for ¢; : {x*} — R defined by ¢ (x*) = 0and D, = {x*},
belongs to ®. We can partially order ® by p1 < 5 < Dy, S Dy, and ¢o|p, = ¢1.
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If &y € ® is achain under <, then the set D = U D, is T-invariantand ¢ : D —
peDg
R* defined by 9 (x) = p(x), x € D, is an upper bound for ®q. Thus by Zorn’s
Lemma there exists a maximal element g : Dy — R in (®, <). We now show that
Dy = X. Otherwise we can find xo € X — Dy. Set O(xo) = {T" 'xo : n € N}.
Suppose O (xg) N Dy = ¢. Then the elements T~ (x¢) for n € N are all distinct.
Otherwise, T has a periodic point which necessarily is the unique fixed point x*,
implying that x* € O(xp), a contradiction as x* ¢ Dy. Define D, = O (xp) U Dy
and ¢ : D, — R" by

@(x), x €Dy
D¢(x) = n—1 n—1
k", x=T""(x0) € O(xp), forn € N
Clearly ¢ € @, ¢y < pand py # ¢, contradicting the maximality of (. So O (xp) N
D is non-empty. Now, define m = min{n € N : T"(xo) € D}. Clearly T"'(x¢) ¢
Dy. Define D, = {T™'(x¢)} U Dy. Then T(D,) = {T"xo} U T (Do)  Dy. Thus
D, is T-invariant. Consider ¢ : D, — R defined by | Dy = @pand o(T" ! (xp)) =
1,if 7"~ (xp) = x* and (T ! (x0)) = %wo(T’"(xo)) for T"~1(xo) # x*. In both
these cases ¢ € @, ¢y < ¢ and ¢ # @y, contradicting the maximality of ¢g. So by
Lemma5.5.2, the proof of part (b) of Theorem5.5.1 is complete. (]

The next lemma, not only helps to prove part (a) of theorem but even extends it.

Lemma 5.5.3 Let X be a non-void setand T : X — X, amap, with o € (0, 1). The
following statements are equivalent.

(i) T has no periodic point;
(ii) the Schroder functional equation o(Tx) = ap(x) has a solution ¢ : X —
0, 00).

Proof We prove that (i) implies (ii). Define ® = {¢ : D, — (0, 00)|D,, # ¢, D, C
X, T(D,) € D, and o(Tx) = ap(x) for x € D,}. Let xg be a fixed element of X
and D, = O(xop), ¢ beingthemap ¢; : O (xo) — (0, 00) defined by 1 (T (x0)) =
a" ', n e N. Clearly T is 1-1 on D, as T has no periodic point in X by hypothesis.
Further o1 (T'x) = ap;(x) on Dy,. So ¢ € ® and P is non-empty. We can repeat
the argument used to prove part (b) of Theorem5.5.1 involving Zorn’s Lemma to
ensure that there is a maximal element ¢ in (P, <). Here, < is the partial order
in @ defined by ¢1 < ¢y if Dy, € Dy, and @2|p, = 1. We claim that D, = X.
Otherwise there exists xo € X — Dy. If O(xo) N D, is empty, then T (xp) are all
distinct, as otherwise 7 would have a periodic point xo. Define D, = O(x9) U Dy,
¢lp,, = poandp(T" " (x)) = o' forn € N.Clearly ¢ € ®,¢ # @pand g < @,
a contradiction. Hence O (xp) N D, is non-empty.

Define m = min{n € N : T"(xo) € D,,}. So T (x) ¢ D,,. Define D, =
(T 1xo} U D,,.Clearly T(D,) € D,.Define p : D, — (0, 00) by ¢|p, = o and
(T (x0)) = 290D Tt may be noted that 7"~ (xg) # T"™ (xo). Further ¢ € ®,
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© # o and o < @, contradicting the maximality of ¢g once again. So D, = X
and oo (T (x)) = apy(x) forall x € X.

To prove that (ii) implies (i), suppose that xo = T*(xo) for some x € X, k €
N. By hypothesis (ii) ¢ (x0) = ©(T*(x0)) = a(xp) and this implies ¢©(xo) = 0, a
contradiction. (I

‘We now indicate the proof of (a) of Theorem5.5.1, below.

Proof of Theorem5.5.1 (a) If T™ has a fixed point for some m € N, either 7 has a
fixed point or a periodic point. So part (b) applies and there exists a complete metric
d on X under which T is a-contraction.

If 7' has no fixed point for all m € N, T has no periodic point. By Lemma5.5.3,
there exists ¢ : X — (0, 0o) such that (T (x)) = ap(x). Now d(x, y) = p(x) +
p(y) for x #y and d(x,y) =0 for x =y is a metric on X with d(Tx, Ty) =
ad(x, y). Further, the open sphere centred at x and radius ¢ (x) contains only x. So
this metric topology is indeed discrete.

It is natural to enquire if there exist incomplete metric spaces in which every
contraction has a fixed point. The example due to Borwein [5] describes such a
space.

Example 5.5.4 Let L; be the line segment in R? joining A = (0, 0) to By = (1, %)
for each k € N. Consider C = U L with the usual euclidean metric in R?. Clearly
keN

each L, is a connected subset of C fork € N and C itself is connected. As C contains
the line segment joining A = (0, 0) with (1, 0), C is not closed in R2. So C with the
euclidean metric is incomplete. Let 7' be a contraction mapping C into itself. If each
T"(C) contains (0, 0), then 7°(0, 0) = (0, 0) (= A) as diameter 7" (C) tends to zero.
Clearly A = (0, 0) is the fixed point of T. If T"(C) does not contain A = (0, 0) for
somen € N, then 7"(C) being a connected subset not containing A must lie properly
insome L. So T" maps L; (€ C) into L. Being a contraction on the complete space
L, into itself, 7" and hence T has a fixed point in this L;. Thus every contraction of
C into itself has a fixed point, even though C is not complete.

On the other hand, the following theorem ensures the completeness of a metric
space (X, d) under the assumption that a class of self-maps satisfying certain metrical
inequalities have fixed points (see Subrahmanyam [19]).

Theorem 5.5.5 Let (X, d) be a metric space in which everymap T : X — X satis-
Jfying the following conditions has a fixed point.

(i) forsome A\ > Qandx,y € X
d(Tx,Ty) < dmax{d(x, Tx),d(y, Ty)};
(ii) T(X) is countable.

Then (X, d) is complete.

Proof Let, if possible, A = {x,} be a non-convergent Cauchy sequence of distinct
elements of X. For any x € X, d(x, A) = inf{d(x,a) : a € A} > 0. Since {x,} is
Cauchy, there exists a least positive integer N (x) such that for m,n > N(x)
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d(xp,, x,) < Md(x, A) < M\d(x,xp), £eN.

In particular
d(xmv xN(x)) < )\d(x, x@)7 le N’ m = N()C)

By a similar reasoning for n € N, there exists a least positive integer n’ = n’(n) > n
such that
dXp, X)) < M (X, X)), m>n'.

Define T : X — X by

T(x) _ {XN()C)v if x ¢ A

X, ifx=ux, €A.

Clearly T has no fixed point, though it satisfies conditions (i) and (ii) above. Indeed
for T(x) = xn, T(Y) = xp,

d (X, xp) <

Mx,A—{x}), n<m
and consequently (i) is true. This contradiction shows that (X,d) must be
complete. (]

Corollary 5.5.6 (Converse to Kannan’s fixed point Theorem (Corollary 5.2.2)) Let
(X, d) be a metric space. If for each \ € (0, %) everymap T : X — X satisfying the
condition

d(Tx, Ty) < ANd(x,Tx)+d(y,Ty)], x,ye X

has a fixed point, then (X, d) is complete.

Corollary 5.5.7 (Converse to Theorem5.2.1) Let (X, d) be a metric space. If for
5

each {ay, ar, as, aq, as} < [0, 1] with Za,- <1, each map T : X — X satisfying
i=1
the inequality
d(Tx,Ty) <ard(x,y) +axd(x,Tx) 4+ axd(y, Ty) + asd(x, Ty) + asd(y, Tx), x,ye X

has a fixed point, then (X, d) is complete.

Corollary 5.5.7 follows from Corollary 5.5.6.
Indeed, the following theorem can be proved using the argument for Theo-
rem5.5.5.

Theorem 5.5.8 ([19]) Let (X, d) be a metric space in which every mapping T sat-
isfying either



114 5 Contraction Principle

(a) d(Tx, Ty) < Amax{infyend(x, T*x), infren d(y, T¥y)} x, y € X
or

(b) d(Tx,Ty) < Amax{infrend(x, T*y), infrend(y, T¥x)} x,y € X for fixed
A >0
and

(c) T(X) is countable
has a periodic point.

Then (X, d) is complete.

Earlier Hu [10] proved the following converse of the contraction principle using
this argument.

Theorem 5.5.9 ([10]) Let (X, d) be a metric space. If for every closed non-empty
subset C of X, any contraction T : C — C has afixed point, then (X, d) is complete.

5.6 A Topological Contraction Principle

In this section, a topological version of the contraction principle due to Kupka [14]
is presented. This fixed point theorem is proved for multifunctions which are feebly
topologically contractive, without involving any concept of completeness.

Definition 5.6.1 Let (X, 7) be a topological space. By a multifunction on X, we
mean a mapping of X into the set of all non-empty subsets of X. The graph of a
multifunction F on X isthe set Go F = {(x,y) : y € Fx,x € X} and is denoted
by GrF.

Definition 5.6.2 Let (X, 7) be atopological space. A multifunction F : X — 2X —
{#} is said to be feebly topologically contractive if for each open cover G of X and
for any pair of points a, b € X there exists k € N such that for some openset G € G,
F¥(a) € G and FK(b) NG # ¢.If f : X — X is (a single-valued) map, then f is
feebly topologically contractive if for any cover G of X and any pair a, b € X, there
exists k € N such that for some G € G, f¥(a), f*(b) € G.

Kupka obtained the following generalization of the contraction principle.

Theorem 5.6.3 (Kupka [14]) Let X be an arbitrary topological spaceand F : X —
2% — (¢}, afeebly contractive multifunction, with a closed graph. Then F has a fixed
point. If, X is in addition a T topological space, then the fixed point is unique and
F(z) = {z}, where z is the fixed point of F.

Proof Suppose F has no fixed point. So x ¢ Fx. Since GrF is a closed subset of
X x X with the product topology, O = X x X — GrF is an open set containing
the diagonal {(x,x) :x € X} of X2. Let G={v e 7 : V x V C 0}. Clearly G is
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an open cover for X as (x,x) € O for each x € X. Fora € X and b € F(a), by
the feeble-topological contractivity of F, there exists k € N and an open set G €
G such that F*(a) € G and F¥(b) NG # ¢. Since b € F(a), F*¥(b) € F'(a).
So F*'(a) N G 2 F*(b) N G is non-void. Since F¥(a) € G, F(G) N G # ¢. This
implies that Gr F N (G x G) # ¢. So GrF N O # ¢, a contradiction to the choice
of O. So F has a fixed point in X.

Suppose further that X is a 7j-space. Let x* be a fixed point of F. Suppose b # x*
alsobelongsto Fx*.Clearly G = {X — {x*}, X — {b}}isanopencoverfor X. As F'is
feebly topologically contractive, there is an open set G € G such that for some k € N,
F¥(x*) € G. As x* € Fx*, x* € FF"1(x*) and hence {z, b} C F(x*) € FF(x*) C
G. But this is impossible as G either lacks x* or b. Thus F(x*) = {x*}.

If F has two distinct fixed points a and b, then from the above argument F(a) =
{a} and F(b) = {b}. Now G = {X — {a}, X — {b}} is an open cover for X. Since
F is feebly topologically contractive, there exists k € N such that for some G € G,
F*(a) € G and F*¥(b) NG # ¢. Since {a} = F(a) and {b} = F(b), it implies that
G must contain both a and b. This is a contradiction. Hence F has a unique fixed
point. (]

Corollary 5.6.4 Let T : X — X be a feebly contractive map with a closed graph.
Then T has a fixed point. Further, if X is Ty, then T has a unique fixed point.

Corollary 5.6.5 Theorem5.1.7 (Contraction Principle).

Proof Every contraction has a closed graph and is feebly topologically contractive
(as T has a unique fixed point x* in a complete metric space X for a given pair
a,b € X, G can be chosen as an open set containing x™). ([

Example 5.6.6 DefineG : R — 2% — {¢}by G(x) = {0, n},ifx = %,n eN#£n>
1 and G(x) = {0}, otherwise. G has closed graph and is feebly topologically con-
tractive, the topology on R being the usual topology. Clearly 0 is the fixed point of
G.

Example 5.6.7 Let X be {% : n € N} U {0} with the usual metric. Define f : X — X
by f(0) =1 and f(%) = ﬁ, k € N. While X is a complete metric space and f is
feebly topologically contractive, f has no fixed point. This is because the graph of
f is not closed in X2. Thus the assumption that F is closed cannot be dropped in
Theorem5.6.3.

Kupka [14] had also introduced a stronger notion of contractivity, as in.

Definition 5.6.8 Let (X, Z) be a topological space and T : X — X, a map. T is
called topologically contractive if for each open cover G of X, given a pair of points
a and b in X, there exists n € N such that for all k > n, there exists G € G such that

A, f*b) € G.

Clearly every topological contraction is topologically feebly contractive. In fact
in Example 5.6.7, the map f is topologically contractive.
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Example 5.6.9 Let X be {0, 1,3} and 7 be {¢, {0, 1}, X}. Define f : X - X by
f(x)=xfor x #3 and f(3) = 1. f is feebly contractive with 0 and 1 as fixed
points. Evidently (X, J) is not Tj.

5.7 Another Proof of the Contraction Principle

In this section, Baranga’s proof [2] of the contraction principle using Kleene’s fixed
point theorem is presented. To this end, we need the following definitions and theo-
rems.

Definition 5.7.1 Let (P, <) be a partially ordered set. For an increasing sequence
(x, : n € N), we denote the supremum of this sequence by V{x, : n € N}. (P, <) is
said to be w-complete if every increasing sequence (x,) in P has a supremum in P.

Definition 5.7.2 Let (P, <) and (Q, <) be two partially ordered sets. A map f :
P — Q is said to be w-continuous if for every increasing sequence (x,) in P, such
that V{x, : n € N} exists in P, also V{fx, : n € N} exists in Q and f(V{x, :n €
N} = v{f(x,) : n € N}. (Clearly any w-continuous function is increasing).

We now state Kleene’s fixed point theorem.

Theorem 5.7.3 (Kleene’s fixed point theorem) Let (P, <) be an w-complete par-
tially ordered set and f : P — P an w-continuous function. If x € P is such that
x < f(x), then x* = V{f"(x) : n € N} has the following properties:

(i) f(x*) =x* (ii) x* > x and for each y in P with y > x and f(y) <y, x* <y
(x* is the least fixed point of f in{y € P : x < y}.

The proof is left as an exercise.

Given a metric space (X, d), we can define a partially ordered space in a natural
way. Consider X x R = X, R* being [0, 00), the set of non-negative real numbers
with the usual order. Define the binary relation < on X* by (x,a) < (y,b) by
d(x,y) < a — b. Clearly this is a partial order on X ™.

The following propositions relating convergence in X and convergence in X+,
lead to the contraction principle as a consequence of Kleene’s fixed point theorem.

Proposition 5.7.4 Let (x,, k,) be an increasing sequence in (X", <) where Xt =
X x Rt and (X, d) is a metric space. Then:

(i) the sequence (k) is a decreasing convergent sequence in R*;
o0
(ii) Z d(x,, Xn4+1) converges;

n=1
(iii) (x) is a Cauchy sequence in X.

Proof Since (x,,, k,) < (xXy+1, kny1) forn € N, d(x,,, x,11) <k, — ko1 foralln €
N. So (k,) decreases in R™ and so converges to a non-negative number in R*, say
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k. Clearly Zd(xj, Xjt+1) < ki — knq1. Allowing n to tend to +oo0, it follows that
j=1

o0 oo
Zd(xj, Xjt1) < ki —k. So Zd(xn, Xxn+1) converges. Clearly (x,) is a Cauchy
Jj=1 1
sequence. ]

Proposition 5.7.5 Let (x,, k,) be an increasing sequence in (X, <), XT = X x
R*, (X, d) being a metric space. The least upper bound of (x,, k) exists in X" ifand
only if (x,) converges in (X, d). Further, the least upper bound of {(x,, k,) : n € N}
is (x, k) where x = lim x,, and k = lim k,,.

Proof (Necessity) Let x = lim x,, and k = lim k,,. For m, n € N with m > n, it fol-
lows from the increasing nature of (x,,, k), d (X, x,y) < k,, — ky,. Allowing m to tend
to 400, it follows that (x, k) is an upper bound for {(x,, k,) : n € N}. If (x’, k') is
another upper bound, then allowing n to tend to +o00 in d(x,, x') < k, — k/, we get
d(x,x") <k — k' implying that (x, k) < (x’, k). So (x, k) is the least upper bound
of {(x,, k,) : n € N},

(Sufficiency) Suppose (x, k') is the least upper bound of {(x,, k,) : n € N}. By
Proposition5.7.4, (k,) decreases to some k € R*. Since k, > k’ for each n € N,
k =limk, > k'.If k = k', then k,, — k > d(x,, x) would imply that lim x,, = x.

Suppose k # k’. We claim that for each ¢ > 0, there exists x. € X such that
d(x,, x.) < e+ k, —k for each n € N. Otherwise for some ¢y > 0, foreach y € X
we can find n, € N such that

d(xy,, y) > €0 + ky, — k.

Forn > n,, we have

n—1
€0 +kn, —k < d(xa,,y) <Y dxi, xi41) +d (5, ¥)
=< kny - kn +d(xnv y)
S kny - k + d(xna y)

Sod(x,,y) > € foreachn > n,.

As (x,, k,) is increasing, it follows from Proposition5.7.4 that (x,) is Cauchy.
So (x,) converges to some x* in X*, the completion of X. Since d(x,, y) > ¢y for
each n > ny. Allowing n (> ny) to tend to +oo0, it follows that d(x*, y) > ¢, for
each y € X, contradicting that d(x*, x,,) does not tend to zero in X*. Hence for
each € > 0, there exists x. € X such that d(x,, x.) < e+ k, — k for each n € N.
Choose 0 < € < k — k’. It follows that for this choice of ¢, (x., kK — €) is an upper
bound for (x,, k,). As (x, k') is the least upper bound of {(x,, k,) : n € N}, we have
(x, k)< (x,k—e)ond(x,x.) <k' —(k—e¢)=e+ k' —k <0, a contradiction.
Hence (x,) converges to x, and k,, converges to k. O
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Corollary 5.7.6 If the metric space is (X, d) is complete, then (X*, <) is w-
complete.

A Lipschitz map on a metric space defines a w-continuous map in a natural way,
as described in the following.

Proposition 5.7.7 Let (X, d) be a metric space and f : X — X be a map such that
for some ¢ > 0, d(fx, fy) <cd(x,y) forall x,y € X. Then the map f*: X" =
(= X x RY) — XT defined by f*(x,a) = (f(x), ca) is w-continuous.

Proof Let (x,, k,),n € Nbeanincreasing sequence in X+ with (x, k) = vV{(x,, k,,) :
n € N}. For (yi,a1), (y2,a2) € Xt with (y1, a1) < (y2, a2), d(y1, y2) < a1 — as.
Nowd(fy1, fy2) < cd(y1, y2) < cayr — caz.So (fy1, cay) < (fya, caz).So f*(y,
a1) < ft(y2,a) and f7 is increasing. Also f1(x,k) = (f(x), ck) = V{(f(xn),
cky) : n € N} by Proposition5.7.4. Thus f*(x, k) = V{f+(x,,k,) : n € N}and f+
is w-continuous. O

‘We are now in a position to provide Baranga’s proof [2] of the contraction principle
5.1.7 via Kleene’s fixed point Theorem5.7.3.

Proof of Theorem 5.1.7 (Baranga [2]).

Let (X*,<)and f* : X* — X be defined as in Proposition5.7.7. For x € X,
we can find a > 0 such that (1 — ¢)a > d(xg, f(xp)) so that (xg, a) < f(xo,a).
By Kleene’s Theorem 5.7.3, (x, 0) = V{(f1)"(xo, a) : n € N}isafixed pointof .
So x = lim f"(xp) is a fixed point of f. Clearly x is independent of the choice of a.
Also f(y,b) < (y,b)ifandonly if b = O and f(y) = y. If y is a fixed point of f,
one can choose a > 0 so that (xg, a) < (v, 0) and (xg, a) < fT(xo, a). By the least
fixed point property it follows that (x, 0) < (v, 0). This implies that d(x, y) = 0 or
f has a unique fixed point x.
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Chapter 6 ®)
Applications of the Contraction Principle | oo

This short chapter offers a few samples of applications of the contraction principle.
It was already pointed out that the evergrowing list of applications of this fixed point
theorem would fill volumes.

6.1 Linear Operator Equations

We have the following simple result.

Theorem 6.1.1 Let (X, || - ||) be a Banach space and T : X — X, a continuous
linear operator. If || T || < 1, then the equation x = Tx + a has a unique solution in
X for each fixed a € X. Further {T\"(xo)} converges to the solution of this equation
for each xy € X, Ti(xo) being T (xo) + a for xg € X.

Proof Define Ty(x) = T (x) + a for each x € X. Clearly 7T} maps X into itself and
Ty (x) — Ti(y)|| = ITx — Tyl <k|lx — yl|l,wherek = ||T|| < 1. Thus T is acon-
traction mapping X into itself. Since X is complete, 7} has a unique fixed point
x*. Thus Tx 4+ a = x has the solution x = x*. Again, by the contraction principle
{T}"(x0)} converges to the unique solution of the equation x = T'x + a. O

Corollary 6.1.2 Let A = (a;;) be an n x n real matrix and b = (by, ..., b,) be a
vector in R". Then the system of linear equations
n

xi:Za,-jxj-f-b;, i=12...,n

J=1

n n

n
has a unique solution (i) provided sup Z la;j| < 1 or(ii) Z Zaizj <1
ioml i=1 j=1
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Proof Choose X =R" and T:X — X as the operator x — Ax where
n

x=y,...,x,) €eR" and Ax = (y1,...,¥,) Wwhere y, = Zaijxj, and
j=1

a=(b1,...,bn).
(1) Let ||x|| = sup |x;| where x = (xy, ..., x,). Clearly ||[Ax|| = sup |yi| <

i=l1,...,n i=l,...n

n n n
sup Z la;jlllx|l. Since sup Z laij| <1, x; = Zaijx]‘ + b; has a unique solution
i i -
j=1

j=1 j=1

in view of the Theorem 6.1.1.
n 2
@i1) Let ||lx] = (Z |xi|2> of x = (x1,...,x,). Then R" with this Euclidean
i=1

norm is complete. Now

IA

IA
=

n n n
. . . 2
So A is a contraction on R”, since ZZ“!’J < 1. Thus x; = Zaijxj + b;,
i=1 j=1 j=1
i =1,2,...,n has aunique solution, by Theorem 6.1.1. O

Corollary 6.1.3 Leta,b € R and a < b. Suppose K : [a, b] x [a, b] — R is con-
tinuous and is not zero everywhere and g : [a, b] — R is also continuous. Then the
Fredholm integral equation

b
x(t) = )\/ K (s, t)x(s)dt + g(t), t € [a, b]

has a unique solution x € Cla, b] for |\ < m where M = Sup{|K (s, )| :
s,t € la, b]}.



6.1 Linear Operator Equations 123

Proof Define the linear operator T : X — X by T(x(¢)) = )\fab K(s,)x(s)ds,t €
[a, b] for x € X = Cla, b], with this norm is a Banach space. That, Tx(¢) is a
continuous function on [a, b] , can be proved, using the uniform continuity of K on
[a, b] x [a, b].Let M = Sup{|K (s, t)| : s,t € [a, b]}. Since K is continuous on the
compact set [a, b] x [a, b],0 < M < 4o00. Now for x|, x, € Cla,b]and ¢ € [a, b]

b
|Txi (1) — Txa(1)| < |)\|/ |K (s, D)]x1(s) — x2(5)|ds

< M|Alllx1 — x2[|(b — a)

So ||Txy — Txy|| < M(b— a)|\|||x; — x2|| and is a contraction as |A| < m So
by Theorem6.1.1, T} has a unique fixed point, where T'x = Tx + g, x € X. Thus
the Fredholm integral equation has a unique solution. O
Corollary 6.1.4 For a,b € R with a <b, let K :[a,b] X [a,b] > R and g:

[a, b] — R be continuous. Then the Volterra integral equation

x(t) = /\/ K(s,t)x(s)ds + g(t), t € [a, b]

has a unique continuous solution on [a, b] for all \ € R.

Proof Let X be the Banach space C[a, b] with the supremum norm. Then foreach x €
Cla, b], fat K (s, t)x(s)ds defines a continuous function on [a, b]. Further x(t) —

T(x(t)) = )\fat K (s, t)x(s)ds is a linear operator on X.
Forx;,xx» e X, A€ Randt > 1

Txi(t) — Txy(t) = )\/ K(s,t)(x1(s) — x2(s))ds
So

t
ITx(t) — Txa(t)| < IAIf M|x; — xz||ds
< IAMM|x; — x|t —a)

where M = Sup{|K(s,t)| : s,t € [a, b]}and || x; — x2|| = Sup{|x1(¢) —x2(¢)| : t €
[a, b]}}. Now forn € Nand t > a.

IT" (1) — T" Mo (0)] < INMI T x1(2) — T"x2 (1) — a)

Inductively it can be shown that

||k k

|T*x1(t) — TFxo(0)| < (t — a)lx; — x|

k!
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fork e Nand ¢t € (a, b]. So

|)\|n+1Mn+l
17"+ %y = T" x| < T - a)"x) — x|
AM (b — a)|"H! ,
Since lim M =0, for some ng € N, M < 1 forn > ng. Thus
n—00 (n+ 1! n!

T™ is a contraction on X and for 7} = T + g, Tl"‘) is also a contraction on X. So T
has a unique fixed point in X = CJ[a, b] which is the solution of the given integral
equation. Thus the Volterra integral equation has a unique solution in Cla, b] for all
AeR. O

Remark 6.1.5 We can supplement Corollary 6.1.3 on the eigen-value problem for
Fredholm integral equations. Suppose K : [a, b] X [a,b] — R and g : [a,b] - R
are Lebesgue measurable functions such that g € L?[a, b] and 0 < fab fab K%(s, 1)
dsdt < 4o00. Then we can show that the equation

b
x(t) = )\/ K(s,t)ds + g(t)

has a unique solution in L?[a, b] for |\| fah f: K?(s, t)dsdt < 1. For the proof we
use the Hilbert space L?[a, b] instead of C[a, b].

The next result insures that certain mappings on Banach spaces are surjections
and indeed homeomorphisms.

Theorem 6.1.6 Ler (X, || -||) be a Banach space and T : X — X be a bounded
linear transformation of X onto X with a bounded inverse. Let G : X — X be map
such that |Gx — Gy|| < allx — y|| forallx,y € X. Suppose f = |T~"|| and a3 <
1. Then x — Tx — Gx defines a homeomorphism of X onto itself.

Proof Let y € X. Consider the map F defined by Fx = Tx — Gx, x € X and the
map H defined by Hx = T~'(Gx + y) for each x € X. Then Hx = T~ '(Tx —
Fx+y)orHx =x — T~'Fx + T~'y. The equation Fx = y has a unique solution
in X if and only if H has a unique fixed point. Now ||Hx; — Hx,|| = | T~ (Gx; —
Gx)| < af|lx; — x2| for x;, xo € X. Since 0 < a3 < 1, H is a contraction on the
complete space X and hence has a unique fixed point. Thus F is a continuous map
of X onto X. Also for x;, x, € X

IFT "% — FT 'x2)l = |x1 — GT 'x) —x2 + G 'xa|
> |lx; —x2ll = IGT "% — GT 'xa|
> (1 —ap)llx — x|

So [[Fxi — Fxzll = (1 — aB)ITx; — Txz|
or [x; — x| = (1 = af)ITF~'xy — TF x|
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This shows that 7 F~! is continuous and so F~! is continuous. Hence F is a home-
omorphism. O

Corollary 6.1.7 Let (X, | - ||) be a Banach space and G : X — X a (strict) con-
traction. Then (I — G) : X — X is a homeomorphism.

Proof In Theorem6.1.6, set T = I, the identity operator. ([

Example 6.1.8 For each (y1, ;) € R?, we can find a unique (x;, x,) € R? such that

(2)61 — 3)62, X1 — 2)62) — (COS <XI +X2> |X1| + |XZ|

50 ’50(1+|x1|+|x2|):(yl’yz)'

6.2 Differential Equations

We prove below an existence theorem for the solution of an initial value problem for
a system of first-order ordinary differential equations.

Theorem 6.2.1 Let G be anopen setin R+ containing the point (ty, x?, xg, R xfl))
and f; : G — R be continuous functions satisfying the Lipschitz condition

n
|ty y) = filtzn, ) S MY |y — 25

j=1

foreachi =1,2,...,nforall (¢t,y1,y2,...,yu) and (t, 21,22, ...,2,) € G. Then
we canfindh > 0 suchthat there exist continuously differentiable functions xi, . . ., X,
mapping [ty — h, to + h] into R satisfying the conditions

dx;
d_); = fi(t,x1(0)s o X)) fori=1,2,....n
and x; (ty) = xiofori = 1,2, ..., n. Further, these are unique solutions and (t, x,(t),

X2(t), ... Xn(t)) € G forallt €[ty — h, to + h].

Proof Since G is open and (x?, R xfl), to) € G, we can find a closed rectangle R =
[x? —a,x? +alx...x [xg —a,x,? +al x [ty —a, ty +al,a > 0in G. Aseach f;
is continuous on R and R is compact, we can find K > 0 such that | f;(p)| < K for
alli =1,2,...,nforall p € R.Inview of the continuity of each f;,i = 1,2, ..., n,

it is clear that x; (¢) is a solution of

% = filt,x1(1), ..., xn (1)
0)

xi(t)=x, i=1,2,....n
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if and only if
x; (1) = x;(0) +/ fi(r, x1(1), ..., x,(7))dT.

Choose h > 0 such that K/ < a. Let (X, p) be the metric space of vector-valued
continuous real functions (x;(z), ..., x,(¢)) defined on I = [ty — h, to + h] with

the metric p(x, y) = supz |x;(t) — yi(t)|, where x = (x1(¢),...,x,(t)) and y =

tel i=1
i@, ..., ya(®)).
Clearly (X, p) is complete. For x = (xq, ..., x,) € X, define Tx = (y1,..., ¥»)
where

i () :x?+/ filr, x1(T), ..., x,(T))dT.

T(x) € X whenever x € X. Further, p(Tx, Tx') =Y |yi = y/| < > Mp(x.x))
i=1 i=1

h = nMp(x, x")h. If we further choose & such that nMh < 1 then T is a contraction

on X and hence has a unique fixed point x = (xy, ..., x,) which is the solution

of the initial value problem in [fy — h, o + k] and |xl.0 —x;(t)] < Kh < a for all

t €to—h,ty+ h]and soliesin R € G. Thus forh < min{%, ﬁ}, a unique local

solution exists in [ty — h, to + h] for the initial value problem. U

Corollary 6.2.2 Let G be an open set in R* containing the point (ty, xo) and f :
G — Rbeacontinuous function satisfying the condition that | f (¢, x1) — f (¢, x2)| <
M|x) — x| for all (¢, x1), (¢, x2) € G. Then there exists h > 0 such that the initial
value problem

dx _ B
T [, x(@), x(to) =xo

has a unique solution x(t) on [ty — h, to + h] such that (t,x(t)) € G fort € [ty —
h, to+ hl.
(This pertains to the case n = 1 in Theorem6.2.1.

Next, we prove a theorem on the existence of analytic solutions for a differential
equation. To this end, we recall a few definitions.

Definition 6.2.3 A power series of the form E ailmimxi‘ .. .xf,;” where a;,;,..i,

i1,i2,...>0
are real numbers is called real-analytic in m variables x1, ..., x,, inside the sphere

S(a; p) ={(x1,...,xn) € R": Z(xi —a;)* < p*(p > 0)}ifit converges therein,
i=1
a being (ay, ..., an).

Remark 6.2.4 1f the power series in m-real variables converges in S(a; p), then it
converges in S(a; p') for 0 < p’ < p.
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Remark 6.2.5 The uniform limit of a convergent sequence of real-analytic functions
is real-analytic in any domain interior to the domain of uniform convergence of the
sequence. (This result is due to Weierstrass).

We have the following theorem due to Cauchy.
Theorem 6.2.6 (Cauchy) Consider the initial value problem

du
i fx, ), y(xo) = yo,
X

where f is real-analytic in {(x,y) € R : |x — xo| < h, |y — yo| < h}. Then there
exists a unique solution y = ¢(x) for this initial value problem which is a power
series in [xg — €, xo + €] for some € > O with e < h.

Proof As before the initial value problem is equivalent to solving
y(@®) = yo +/ @, y@®)dt.
X0

Since f isapower seriesinx and y in {(x, y) : [x — xol, |y — yo| < A}, g—; exists and
is a power series in x and y and is continuous in K = {(x, y) : |x —xo| < I/, |y —
yo| < h'} where 0 < h/ < h.Let M = Sup{‘g—;(x, y)‘ : (x, y) € K}. Without loss
of generality we may assume that M > 0.

Let X be the set of real-analytic function, real-analytic in {(x, y) : (x — x¢)* +
(v — y0)? < h'?} with the supremum metric, d. Define T : X — X by T(¢(x)) =
Yo + f;; f (¢, p(2))dt for all x with |[x — x| < h'. Clearly T ¢ is well-defined and is
real-analytic in |x — xo| < &’. Further for ¢, ¢, € X

Té1(x) = Tda(x)] < / L F i) — £t dao)ldi

= h/Md(¢1 ’ ¢2)

If we choose 0 < € < h’ suchthate < %,clearly d(T o1, Toy) < ad(¢y, ¢2), where
a = eM < 1.Thus T is a contraction on the complete metric space (X, d) and hence
has a unique fixed point, which is the unique solution of the initial value problem in
[xo — €, xo + €]. Further, this solution is a power series in x in this interval. O

Remark 6.2.7 Clearly this theorem can be extended to a system of differential equa-
tions involving real-analytic functions of several real variables.
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6.3 A Functional Differential Equation

Utz [12] raised the problem of determining conditions for the existence of a real
function y(x), not identically zero for which y’(x) = ay(g(x))) where a is a given
constant and g(x) a given real function. Ryder [7] gave a solution to this problem
under suitable assumptions.

Theorem 6.3.1 (Ryder [7])Letg : D, — D, be a continuous function on a interval
inR containing the origin with |g(x)| < k for all x in Dy. Then there exists a unique
solution f(x) : D, — R" to the initial value problem

y'(x) = A¥(g(x)), x € D,
¥(0) = fo

with A is a given n X n real matrix such that || A|lk < 1, 70 e R~

Proof Let S be the set of all functions f: D, — R" such that f(0) = f, and
Il f(x) = foll < L|x|forall x € D, for some L > 0. Define p: § x § — R* by

p(f1, fo) =inf{L : |[f1(x) — fL()l < Llx|, x € D}

If can be shown that p is a metric on S and in fact (S, p) is a complete metric space.
Define the operator 7 : S — S by

T(HHx)=fo+A fo f(g(s))ds.

If f €S, then f(g(x)) is well-defined and continuous on Dg and T f(0) = f,,.
Further,

IT(Fx) — foll < IIA]l ' /0 U foll + Llg(s)[1ds

< 1Al Foll + LE)|x], x € Dg.

SoT(f) e Sfor fes. B
If £1, f, €S, then || f(x) — fL(x)|| < L|x]|forx € Dg. Now for x € D,

IT(fD@) = T(FD@I < Al /0 Lig(s)lds

=< [IAllkL]x]|

Consequently

p(TF 1, TF) <IllAlkp(fy, f>)
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Since [|Allk < 1, it follows that T" is a contraction on the complete metric space and
hence has a unique fixed point f(x). Since f(x) = fo(x) + A f(f f(g(s))ds,and f

and g are continuous, if follows that £ (x) = A f(g(x)) and £(0) = fo(0). O

Example 6.3.2 Let g : [—%, 1] — [—%, 1] be the continuous function defined by
gx) = x_Txl and |[g(x)| <1 for all x € D, = [—%, 1]. The functional differential
equation f'(x) = 1 f (55)- £(0) = 1 has a unique solution in [—1.1]in view of

Theorem6.3.1, A being % In fact the unique solution is f(x) = +/x + 1.

6.4 A Classical Solution for a Boundary Value Problem for
a Second Order Ordinary Differential Equation

We consider the following boundary value problem
2x
T af(t,x@)), te©,1)
x(0) =x(1) =0.

Theorem 6.4.1 Ler f : [0, 1] x [—a, a] — R be a continuous function satisfying
the Lipschitz condition | f (¢, x1) — f(t, x2)| < M|x| — x»| for all (¢, x;) € [0, 1] x
[—a,al, i = 1, 2. Then the above boundary value problem has a unique solution for
sufficiently small values of c.

Proof The Green’s function for the problem G (¢, s) is defined by

t—1Ds, 0<s<t
ts—1), t<s<l1

G(t,s) = {

Let M = {x € C[0, 1] : ||x|| < a} where | x| = Sup{|x(¢)|:t €[0,1]}. As f is
continuous, |f(s,0)] < K for some K > 0 for all s € [0, 1]. Also for x € M,
s € [0, 1]

[f (s, x(NI < | f(s, 01+ 1f(5,0) — fs,x(5))]
< K+ M|x|| <k+ Ma.

The operator 7 : M — CJ0, 1] defined by

1
T(x)(t) = a/ G(t,s)f(s, (x))ds
0

maps M into itself provided
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« «
IT(x)(®)] = gllf(s,X(S))II = g(K+Ma) <a

8a
K+Ma

That is for o < . Further, for x1, x, € M, we have for all ¢ € [0, 1]

IT(x) (@) = T(x2)(0)] = Ia/OG(t,S)(f(S,X(S)) — (s, x(s))ds|
- || M

[lxr — xa|

8 8a

So if we choose || < min {M’ i } then 7' being a contraction, has a unique

fixed point, which indeed is the unique solution to the boundary value problem. [

6.5 An Elementary Proof of the Cauchy-Kowalevsky
Theorem

Walter [13] gave an elementary proof of the Cauchy—Kowalevsky theorem using
the contraction principle. First the linear version of this theorem is proved using
Nagumo’s lemma and then the proof for the quasi-linear case is given, as the nonlinear
case can be reduced to the quasi-linear case. So we merely discuss the proof of the
Cauchy—Kowalevsky theorem for the linear case following Walter [13].

Let G be a non-empty open subset of C"*! or R x C", Q an open set in C" with
non-empty boundary I' = 0. Define d(z) = dist(z, I') measured in the maximum
norm |z| = max{|z;|:i =1, 2,...,n}. We further restrict G by requiring that it
consists of all points (¢, z), withz € Qand |t| < nd(z) wheren > 01is to be specified.

The linear (Cauchy) problem is to solve the initial value problem

u;, = A, 2)u + Z B;(t, z)uz/. +c(t,z) for(t,z) € G (6.5.1)
j=1

with u(0, z) = ¢(z) in 2, where u = (uy, ..., u,) has values in C". A and B, are
complex m x m matrices, ¢ and ¢ being complex-valued column vectors. Further,
U; = %, u; = (%M, We seek a solution of the above problem which is continuous in
G and analytic in z for fixed ¢ (real case) and analytic in ¢ and z (complex case). We
also write ||A|| = mjax ; la;;| for A = (a;;).

For proving the existence of analytic solution of (6.5.1). We need the following
lemma due to Nagumo [6].

Lemma 6.5.1 Let f : Q — C™ be analytic and p > 0. Then

lf (@] < implies | f;;(z)] < C

dr(z) Pdrti(z)
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wmmcp=a+pr+pP<dp+nxb=L

Proof 1f g is analytic function of single complex variable in |z — 7’| < r, then

1
lg'(x)] < — max [g(z))].
r|z=Z|=r

This follows from Cauchy’s integral formula

8@ = / L
|

ey 2mi(Z =22
Applying this for z = z; we get the inequalities

1 C
<
dr(z’) — r(d —r)?

1 . C
|fz; (@) = - max [f(z)] £ — max
rlz—2|=r r

where 0 < r <d =d(z) and d(z') > d — r. The choice r = ﬁ leads to the esti-
mate stated in the lemma. O

Remark 6.5.2 The Cauchy problem (6.5.1) can be written as the equivalent integral
equation.

u(t,z) = g(t, z)+/ [A(s, 2)u(s, z) + Z Bj(s, 2uz, (s, 2)lds (6.5.2)
0

j=1

where g(t, 7) = ¢(z) +/ c(s, 2)ds (6.5.3)
0

Theorem 6.5.3 Suppose

(i) the functions A(t, z), B;(t, z), C(t, z) are continuous in G and analytic in z for
fixed t, the function ¢(z) being analytic in z;
(ii) there exist positive constants o, 3,1, 6 and p such that

o
A9l = 5. 1B (t.2)] < B,
n . .
|C(t,2)] < d”‘*‘l—(t,z)’ [p(2)] < @ in G;

i) @ Lty g o1
(iii) <+ 1+ 57 Y B < -’

Then the Eq.(6.5.2) has a unique solution u in G satisfying |u(t, z)| < d,,(L[Z) for
(t,2) € G.

Proof Let X be the Banach space of all functions u = (¢, z) which are continuous
on G and taking values in C” and analytic in z with the finite norm
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llull = Sgplu(t, )P, z)

Clearly convergence in the norm is uniform convergence on compact subsets of
G. So the limit of a convergent sequence in X is analytic and X is complete in this
norm. Equation (6.5.2) can be written as

u=g+T(u)

where T is the linear operator defined by

Tu(t, 2) = / [AGs, Du(s, 20+ 3 Bj(s. 2y, (5. D1ds]
0 X
J

Since
/tL _/t ds < " gt,2)eX
+1 - p+1 s s .
0 dp (S7 Z) 0 (d(s) _ %) pdp(ta Z)
From the definition of the norm
(. 2)] < [|uel] '
T dr(t, z)

Applying Nagumo’s Lemma6.5.1 to €2, with distance d(¢, z) instead of 2 and d(z)
we get,

[l
u, (t,2)| < Cp——m—
e D1 = g
Assumption (ii) and these estimates give
ofull el

|Au| < m, |Bju,,| < cﬂ’*’l—(z‘,z)ﬂj p

Sofor B =3 3;

A

[Tu(t, 2)| < llul(+ B5Cp)

/" ds
o dPtl(s,z)
nllull

1
;(CK + ﬂcp)dp(t’ Z) .

IA

So | Tul| < qllull, where ¢ = %[a—}-ﬁ(l + %)P“]n <1.Since0<g <1, u—
g + Tu is a contraction on the Banach space X and has a unique fixed point. Thus
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(6.5.2) has a unique solution. Thus the Cauchy problem (6.5.1) with analytic data
has a unique solution. O

Note 6.5.4 In Theorem6.5.3, n > 0 can be chosen sufficiently small so that (iii) of
Theorem 6.5.3 holds.

6.6 An Application to a Discrete Boundary Value Problem

In this section a solution to a discrete boundary value problem obtained by Tisdell
[10], using the contraction principle is described.

Let f : [0, N] x R — R be a continuous function. The discrete boundary value
problem is to solve

Ax;
S8 = flra), i=0 1 n wrotvn = w, wtv A0 (661)

where 0 < h < % < Nandt; =ih (i =0,1,...,n) are the grid points with Ax; =
Xi+1 — X, i =0,...,n — 1 and u, v, w are constants. The problem is to find a vetor
X = (x0, X1, ..., x,) € R satisfying (6.6.1).

Theorem 6.6.1 (Tisdell [10]) Let f : [0, N] x R — R be a continuous function
and u + v # 0. Suppose there exist constants L > 0, € (0, N), p, g > 1 such that

() 1ft.y) = £t = Lly = 2| fort €10, N1, v,z € R;
(i) 5 (Siollul®i + ol = 01F)" < 1, (with L + 1 = 1)

Then the boundary value problem has a unique solution for 0 < h < 4.

1
Proof Consider X = R"™! with the norm |x|| = (}I_, |x;|?)” for p > 1. Clearly
X is a Banach space. The problem (6.6.1) is equivalent to the system of equations

n—1

.o w .
xi:hZG(lvl)f(tj»xj)‘i‘m, i=0,...,n

j=0
where

Define T : X — X by

n—1
- .o w .
(T5); =hY Gl )f(tj.x)+——. i=0,....n
=0 utv
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for x = (xgp,...,x,) € X.
For %,y € X = R"#!

n—1
[T = TEil <h Y_1GG DI, x) = £t 5]
j=0
n—1
< Lh Y IGG, llxj — vjl
j=0

n—1 1

n—1
<LRDIGE DI | D] x =yl
j=0

Jj=0

P

(by Holder’s inequality)

From the definition of G (i, j) we have

-1 . .
nzlG(i o= Mt DRI o,
=0 ’ lu +v]? ’ B

So
Lhlx — ¥y
TG — TGy = ZE I G = e, i =0, n,
lu + v|

So

P
(Tx); — (T9)il” < ( > X = Y17l |ul? + (n = Dv|?]e, i=0,...,n.

lu+ vl
So
n ’
IT% - T3l = (Z (T%); — (Tﬁ)il”)
i=0 n %
| |ML_:ZU| (lzg[ilul" +(n— i)lvl"]g>
= oflx =yl
. 1
where a = |u1fv| <Z[i|u|" + - i)|v|‘/]§ ' < 1. So T is a contraction on X
i=0

and so has a unique fixed point, which is a solution to the discrete boundary value
problem. (]
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Corollary 6.6.2 ([10]) Let f : [0, N] = R be continuous and for 0 <t < N and
x,yeR |f(t,x)— f(t,y)| < L|x — y| for some L > 0 and u + v # 0. Then for
0 <h <9, the boundary value problem has a unique solution provided

LVNZF 6N < @

w22’

The above inequality insures that the conditions of Theorem 6.6.1 are fulfilled.

Example 6.6.3 Setu =1, v=2,w=0,N =1, f(t,y) = %‘(y 4+t +cosy). The
corresponding boundary value problem satisfies the conditions of Corollary 6.6.2 for
1

L= % and has a unique solution for 0 < i < ;.

6.7 Applications to Functional Equations

Contraction principle has been a handy tool in the solution of a variety of functional
equations. As a matter of fact the implicit function theorem is a consequence of the
contraction principle.

Theorem 6.7.1 (Implicit Function Theorem) Let U be an open neighbourhood of
(x0, yo) inR%. Let f : U — R be a continuous function such that g—-§ exists in U and

is continuous at (xo, ¥o). Suppose (i) %(xo, o) # 0 and (ii) f(xo, yo) = 0. Then
there exists a unique continuous function g defined in a neighbourhood N (xo) of xo
such that f(x, g(x)) = 0 forall x € N (xg).

Proof Define D = %(xo, ¥o). Since f is continuous on U and g—f is continuous
at (xo, y0), we can find a closed rectangle I = [xo — €, xo + €] X [yo — €, Yo + €]
inside U such that gg__f;(x, y) — 1| < i forall (x,y) € I and |5 f(x,b)| < & for
Xo—€<x <Xx9+e

Define X = {y : I — R is continuous and y(xg) = yo with |y(x) — yo| < J for
all x € I}. Clearly X is a closed subset of C (1), the Banach space of all continuous
real functions on / with the supremum norm. Hence X is complete. Define the map

T:X — C(I)by

1
(Ty)(x) = y(x) — Bf(x, y(x)), x el

Clearly Ty is continuous for each y € X. If y(x9) = yo, then Ty(x9) = y(x0) = Yo
as f(xo, y(x0)) = f(xo, yo) = 0. Now

1
T —_ = ||— s
1750 = yoll =l £ (x. yo)

1
<§(5 for |[x — xo| < €

(by construction of 7)



136 6 Applications of the Contraction Principle

Also for y;, y» € M, for x with |x — xg| <€

10 1 0
[Ty (x) = Ty(x)| = |y1(x) — Ba—yf(x, yi(x) = ya2(x) + Baf(x, y2(x))

1 .
< Eb’l(x) — y2(x)], since

0 B 1 _ - 1 0 1
5()’ Bf(xvy)) = |( B@f(xd’) <§

by choice of /.
So [Ty — Tyl < %Ilyl — . Alsofor y € X,

1Ty — yoll = 1Ty — Tyoll + ITyo — yoll

1
< Elly = Yoll + 11T yo — yoll

11
SS4-=6
<3073

Thus T maps X into itself and is a contraction (with constant %). Since X is complete
T has a unique fixed point yo(x) which is a solution of f(x, yp(x)) =0 for x €
[x0 — €, xo + €. O

Remark 6.7.2 The above theorem can be extended to functions taking values in a
Banach space after suitable modifications.

The problem of finding a curve which is invariant under a continuous transforma-
tion can also be reduced to the solution of a functional equation. Here, we consider a
relatively simple planar situation wherein the transformation F is differentiable with
a fixed point at (0, 0) such that F’(0, 0) is invertible. Indeed we can transform the

axes to coincide with the eigen vectors of F’(0, 0) so that F'(0,0) = A = (3 2)

Under suitable assumptions, we can prove the existence of Lipschitzian solutions to
the problem of finding curves invariant under F in a neighbourhood of (0, 0). This
problem has been considered by Hadamard, Lattes and Montel (see [4]).

Theorem 6.7.3 Let F = (f, g) be a continuously differentiable mapping of a neigh-

bourhood U of (0,0) in R2 with F' = A = where 0 < |A| < |u|land [\ < 1

A0
0p
or 0 < |u| < |Al, |A| > 1. Then for each L > 0, we can find a ¢ > 0 and a unique
Sfunction ¢ : [—c, c] — R satisfying

(i) lo(s) — @) < L|s —t|, s,t € [-c,c]and
(ii) p(0) =0.

In fact @ is differentiable at zero and ¢'(0) = 0.
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Proof Without loss of generality we shall assume that 0 < |A| < |u| and |A| < 1.
(In the second case F is replace by F~! which exists in some neighbourhood of (0,
0)).

By the inverse function theorem there exists a continuously differentiable mapping
h defined in a neighbour V of (0, 0) satisfying 2 (x, g(x, y)) = y for (x, y) € V. Also
h(x,y) = (0, ).(x, y) + o(y/x% + y2), (x, y) — (0,0).

Let L be any non-negative real number and ¢ > 0 be such that D = {(x, y) € R? :
|x] <c,|y| < L|x|} CUNV.Let X bethesetofall functionsp : I = [—c,c] > R
such that ©(0) = 0 and |@(s) — @(¢)| < L|s —t| for all s, € I. It can be seen that
p:X x X — R defined by

px) —p(x)

X

p(p, ) = Sup
xel—{0}

is a metric on X and that (X, p) is a complete metric space. Define 7 : X — X
by (Ty)(x) = h(x, o(f(x, ¢(x))), x € I. By taking ¢ small, we can insure that
fx,p(x)) elforx eland p € X.

For ¢ € X, (Tp)(0) = 0. For fixed € > 0 from the properties of f and 4 we have

|f e, y) = fu, )| = (Al +lx —ul + ey — vl

and

1
[h(x,y) —h(u,v)| < elx —ul+ (m +6) ly — vl

for all (x, y), (u,v) € D.
So for p € X and (s,t) € I x I, we have

1
IT(p)(s) =T ()1 < (6 + (m + e)) L((IAl+€) + Le)|s — 1]

As ‘ﬁ‘ < 1, this shows that we can choose € > 0 small such that

IT()(s) = T(p)(t)| < L|s —t|, s,tel.

So T maps X into itself. Again we can show that for ¢, 1) € X.

1
p(Te, TY) < (m + 6> (IAl+€e+2Le)p(p, )

Decreasing e and hence ¢ we can choose the Lipschitz constant in the above inequality
to be less than 1. So T is a contraction and hence has a unique fixed point. p(x) € X.
Thus

e(x) = h(x, o(fx, ) = Te(x).
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Since h(x, g(x, ¢(x)) = ¢(x) and is inverse to g with respect to the second variable,
p(fx, p(x)) = g(x, (x)). Hence the existence of a Lipschitzian solution follows.
O

Finally we prove the existence of a unique solution to an operator equation using
Tan’s extension [9] of the contraction principle (see Theorem5.4.7) as treated in
Subrahmanyam [8].

Let (Y, d) be a complete metric space, X asetand s : X — X, a function. For an
operator P on a sequentially closed subset Sy of Y the operator equation f(x) =
Pf(s(x)), x € X is studied in the following. The solutions of this operator equation
are fixed points of the map P’ on Sy defined by P’ = P(f o s). Theorem6.7.4 below
can therefore provide a set of sufficient conditions for the existence of a unique
solution for this operator equation.

Theorem 6.7.4 Let (Y, d) be a complete metric space, X a setand s : X — X a
function. For any function fy € YX the set

S={feYX:D.(fo, f) <400 forall x € X}

is a sequentially complete Hausdorff gauge space under the family F of all pseudo-
metrics D, defined by

D.(f. ) = sup{d(f(s*(x)), g(s"(x)) : k=0,1,2,...}
(s° 1 X — X being the identity map).

The proof of Theorem 6.7.4 is omitted. The next result is a fixed point theorem
obtained from Tan’s Theorem (see [9]) and Theorem 6.7.4.

Theorem 6.7.5 (see [8]) Let (Y, d) be a complete metric space and s : X — X a
function. Let P : Sy — Sy be an operator on a sequentially closed subset Sy of YX
with the topology of pointwise convergence such that

(i) Dx(fo, P(fy)) < +oo for some fy € Sy and all x € X where D, is as defined
in Theorem6.7.4;

(ii) for each x € X there is an a(x) such that given f, g € Sy there exists a non-
negative integern = n(x) withd(Pf (x), Pg(x)) < a(x)d(f(s"(x)), g(s"(x))).
Further, for each x € X,

0 < supfa(s*(x)) :k=0,1,2,...} < 1.

Then P has a unique fixed point in Sy.

Proof Define S = {f € So : Dx(fo, f) < +oo foreach x € X}. § # ¢, since fp €
S. Also S is a sequentially complete Hausdorff gauge space under the family F =
{D, : x € X} of pseudometrics, in view of Theorem6.7.4 and the assumption that
Sy is sequentially closed in Y.
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For the operator P mapping S into itself, (i) implies that P (fy) € S. Further, for
feSandx € X,

Dy (fo, P(f)) = Dx(fo, P(fo)) + Dx(P(fo), P(f))
< D.(fo, P(fo)) + Ax)D:(fo, ) (by (iD))

< +00
where A(x) = sup{a(s*(x)) : k =0, 1,2, ...}. So P maps S into itself. By (ii) again

D (P(f), P(8)) = A(x)D«(f, 8)

foreachx € X and f, g € S. As0 < A(x) < 1, P is strictly contractive and it maps
the Hausdorff sequentially complete gauge space (S, F) into itself. Therefore P has
a unique fixed point gy € S, by Theorem5.4.7. Also, as gg € S, foreachx € X

sup{d (fo(s*(x)), go(s*(x))) :k =0,1,2,...} < +o0.

The proof is complete. O
An application of Theorem 6.7.5 is now given.

Corollary 6.7.6 (see [8]) Let BX be the space of all functions mapping X into a
Banach space (B, || - ||) overthe real or complexfield K . Lets : X — X,a: X — K,
b:X — Bandh : X x B — B be given functions. Suppose that for each x € X

(i) given yi,y2 € B, [|[h(x, y1) —h(x, )|l < lIy1 — y2ll;
(ii) A(x) = sup{la(s*(x))|:k=0,1,2,...} < 1;
(i) sup{||b(s*(x))|| : k=0,1,2,...} < +o0 and sup{||A(s*(x), 0)|| : k =
0,1,2,...} < 4o0.

Then the functional equation
fx) =a@)h(x, f(s(x)) + b(x) (6.7.1)

has a unique solution f in BX.

Proof SetY = (B, || - |I), So = BX and fy = 0 in Theorem6.7.5. Then the class S
is simply the set

(f € BX :sup || f(s*(x))|| < 400,k =0,1,2,..., forall x € X}.
The operator P of Theorem6.7.5 is defined by
P(f(x) =ax)h(x, f(s(x))) +b(x), x € X.

For this choice of the operator P and the space S, all the condition of Theorem 6.7.5
are satisfied. So the operator P has a unique fixed point in S. As any other solution
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of the functional equation (6.7.1) is in S in view of (i), (ii) and (iii), (6.7.1) has a
unique solution in BX. O

Example 6.7.7 The functional equation

f() = g(x) cos(x + f(x*) (6.7.2)

has a unique solution in RX the space of all real valued functions of a real variable,
where the function g is the one defined below:

1/x, |x|>1
gx) = {x, |x] <1, x irrational

x/2, otherwise.

Choosing B =R, a(x) = g(x), b =0, h(x,y) =cos(x + y) and s(x) = x2, the
conditions of Corollary 6.7.6 are readily satisfied.

6.8 An Application to Commutative Algebra

In this section a short proof of the algebraic Weierstrass Preparation theorem due
to Gersten [2] is highlighted. To this end a few basic definitions are described. For
these Lang [5] and Zariski and Samuel [14] may be consulted.

Definition 6.8.1 A ring R is called a local ring if it is commutative and has a unique
maximal ideal.

Remark 6.8.2 If R is alocal ring with the unique maximal ideal 90, thenx € A — 9
is a unit.

Definition 6.8.3 For a ring R and an ideal /, suppose that ﬂ I" = {0}. We can

n=1
define /" as a neighbourhood of O for each n. I" is the ideal generated by elements
of the formaja, ...a,,a; € I fori = 1,2, ..., n.Inthe same way we can say thata

sequence {x,} in R is Cauchy if given some power 7* of I, there exists an integer M
such that for all m,n > M, x,, — x, € I*. A sequence (x,) in R is said to converge
to x in R if for each I, there exists an integer M such that (x,) € x + I* for all
n > M. R is said to be complete in the /-adic topology if every Cauchy sequence in
R converges.

Definition 6.8.4 Let R be a local ring and / = 91 the maximal ideal. R is called a
complete local ring if R is complete in the 9i-adic topology and we assume that the
IM-adic topology is Hausdorff.
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Remark 6.8.5 Let k be a field and R = k[[ X}, ..., X,,]] the power series ring in n-
variables. Then R is a complete local ring. If 901 is the ideal generated by X1, ..., X,
then R/90 is isomorphic with k and so 901 is a maximal ideal. Any power series of
the form f(X) = co — f1(X) where ¢y # 0 € k and f;(X) € DM is invertible as

2
(co— XN =¢;! (1 40 (f‘(f)) 4. )
Co ler

So <M is the unique maximal ideal and R is local. It can be readily verified that R is
complete.

For a ring A, the power series ring in n variables for n > 1 can be viewed
as the ring of power series in variable X, over the ring of power series in (n —
1) variables X, ..., X,_;. Thus we have the identification A[[X}, ..., X,]] =
Al[Xy, ..., Xy 11I[[X,]]. When A is a field A[[X, ..., X,]] is a complete local
ring. Moreover if R is a complete local ring, the power series ring R[[X]] is a com-
plete local ring with the maximal ideal [9J%, X ], 91 being the maximal ideal of R. If

the power series Z a, X" has unit constant ¢y € R — 9, then the power series is a

unit in R[[X]] as (ag + h)~! isao_1 (1 — kK —)

ap ag
Proposition 6.8.6 If A is a complete local ring with maximal ideal 9N, then it is a

metric space under the metric defined by

0 ifa=4d

d(a,a) =
@a) {2” ifa #a witha —a' € M — M+, MO being A

The routine proof is omitted.

Proposition 6.8.7 ([2]) Let A be a complete local ring with maximal ideal S0 which
is Hausdorff in the M-adic topology. Let B = A[[t]] be the power series ring in
oo

one variable t over A. Define d\(f, f') = sup d(ax, ay) for f = Zaktk and ' =
keZ+ k=0

o0

Z a,’{tk where ay,, a,/( € A andd is as in Proposition6.8.6. Then (B, dy) is a complete

;(n:eotric space.

Proof Since f € B is uniquely identified by the sequence (ag, ay,...,...) for
o0 o0

f= Zakt", a; € A, given a Cauchy sequence f, = Za,,ktk in B, (a,;) is uni-
0 0

formly Cauchy in n. As (A, d) is complete, a,x — a;, € A for each k > 0. Further

d\(f,, f) — 0asn — oo where ' = Za,/{tk € B. Thus (B, dy) is complete. [
0
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Definition 6.8.8 Let A be a complete local ring with maximal ideal 9t and B =
A[[t]]. A distinguished polynomial in B is of the form py + pit + - + p,_1t" ' +
t" where p; € M.

The following is

Theorem 6.8.9 (Algebraic Weierstrass Preparation Theorem) If f = Z axt* € B,

k=0
where a; € A and if there exists n € N such that a;, € M for k < n and a, ¢ M,

then f = up where u is a unit of B and p is a distinguished polynomial of degree n.
Also u and p are uniquely determined.

The proof of the algebraic preparation theorem is based on the following division
theorem for which Gersten [2] has given a proof using the contraction principle.

Theorem 6.8.10 ([2]) If f,b € B and b € M[t] and if n € N, then f =q(t" +
b) + r where q, b € B andr is a polynomial in t of degree < n. Further q and r are
uniquely determined.

Proof Define the operator E : B — Bbyx = p + E(x)t", where p is a polynomial
in t of degree <n. Define T : B— B by Tx = E(f —xb) for x € B. So f —
xb=p+ E(f —xb)t".1fx’ € B,then f — x'b = p' + E(f — x'b)t". Noting that
Ty = E(f — yb),and subtracting the latter equation from the former, we get —b(x —
x")=p" 4+ (Tx — Tx")t" where p” is a polynomial of degree < n. Note that the
coefficients of Tx — T x’ involve only the coefficients of the left-hand side of degree
> n. So

1
di(Tx, Tx") < dy(bx,bx") < Edl (x,x")

since b € M[[¢]]. Thus T is a contraction on B and hence has a unique fixed point
q € B such that Tq = q or f —gb =r + gt" where r is a polynomial of degree
<n.Thus f =q@" +Db) +r. (I

We can now deduce the algebraic Weierstrass preparation Theorem 6.8.9 from the
Division Theorem 6.8.10

Proof Let f € B with f = Zaktk, where a; € A and for some n € N,a; € 9 for
k=0

n—1
i <n with a, ¢ M. Let b = Zaktk. As a; € M for k < n, b € M[t]. Now by

k=0
Division Theorem6.8.10, f = q(t" + b) + r where g, r € B and r is a polynomial

in ¢ of degree < n. Since b € 9M|t], the distinguished polynomial p =" + b is a
unitin B. So (f —r)p ' =qor fpl=qg+rp'=q €b.So f=q'p=pq
oo

with p being a distinguished polynomial. If ¢' = Z b,t", then ay = boag so g’ is a
0
unit. The proof of uniqueness is left as an exercise. O
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6.9 A Proof of the Central Limit Theorem

Central limit theorem, a classical theorem of probability theory can be proved using
the contraction principle. Trotter [11] gave a proof based on Lindberg condition and
invoking the properties of certain linear non-expansive operators leading to a con-
traction. While Trotter’s proof completely avoids the use of characteristic functions,
Hamedani and Walter [3] gave a proof of the central limit theorem using the properties
of characteristic functions, for sub-independent identically distributed random vari-
ables, again using the contraction principle. Before describing the proof of Hamedani
and Walter [3], a few basic concepts of probability theory are stated below. See Kai
Lai Chung [1].

Definition 6.9.1 A measure space (2, ., P) where . is a o-algebra on the non-
empty 2 and P is ameasure on . is called a probability measure space if P(€2) = 1.
A map X : Q — Ris called a random variable if {x € Q : X(x) < r} € ./ for each
r € R. (Thus a random variable on €2 is simply a measurable function).

Definition 6.9.2 A function F : R — R that is increasing and right continuous
with F(—o0) = iim F(t) =0 and F(+00) = %11131 F(¢t) = 1 is called a distribu-
ty—00 t o0

tion function.

Definition 6.9.3 If X is a random variable on (2,.”, P), then p defined by
pu(—oo, x] = P{p € Q: X(p) < x} = F(x)induces ameasure on the Borel subsets
of R called the probability distribution measure of X and F is called the distribution
function of the random variable X. A family of random variables having the same
distribution is said to be identically distributed.

Definition 6.9.4 Forr > 0 and a € R given a random variable X with distribution
function F, the moment of X of order r about a is defined as

E(X —a) = /(x —a) uldx) = /Oo(x —a) dF(x)
R —00

1 being the probability distribution measure of X, provided the integral exists for
a=0,r =1 E(X) is called the mean of X. The moments about the mean are called
central moments. The central moment of order 2 is called the variance of X and
is denoted by Var(X). The positive square root of Var(X) is called the standard
deviation of X, denoted by o(X).

Definition 6.9.5 Therandom variables {X; : 1 <i < n}aresaid to be independent if
for any Borel sets B;,i = 1,2,...,ninR P ﬂ (x:X;(x) e B,-)) =I1, P{x:
i=1

Xi(x) (S] Bi}.
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Remark 6.9.6 The above definition of (stochastic) independence can be extended to
any family of random variables in a natural way. If X;,i = 1,2, ..., n are indepen-

n n
dent random variables with finite expectations, then E l_[ X i) = l_[ E(X;).
i=1 i=1

Definition 6.9.7 For a random variable X with induced probability measure . and
distribution function F, the characteristic function f(¢) is defined as

f(t):E(e”X):/e”x(w)P(dw)
Q

= / e ud(x) = /OO " dF(x).
R —

o]

Remark 6.9.8 Forallt e R,|f ()] < 1= f(0)and f(—¢) = f(¢) (zbeing the com-
plex conjugate of z). f is uniformly continuous on R and for a, b € R f,x4,(t) =
fx(at)e'™ where fx denotes the characteristic function of X. For independent ran-

domvariables X;,i = 1,2, ...,n, E(¢'"") = ]_[ E(e"™ ) or fs = ]_[ fx,» S, being

i=1 i=1
n
> X
i=1

Definition 6.9.9 The convolution of two distribution functions F; and F, is defined
to be the distribution function F such that

F(x) = /‘00 Fi(x —y)dF(y) forx e R

o0
and is written F' = F| % F>.

Remark 6.9.10 1If X; and X, are independent random variables with distribution
function F) and F,, then X; + X, has the distribution function F; x F,.

For these and the following theorem, Kai Lai Chung [1] may be consulted.

Theorem 6.9.11 [fthe distribution function F has a finite absolute moment of posi-
tive integral order k > 1, then its characteristic function f has a bounded continuous
derivative of order k given by

fOw = / oo(ix)"#”dF(x)
Further

‘ (i)j .7 Hk k k
OES ZTm(j)fj + F,U( ]
A !
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where m\Y) is the moment of order j, u'® the absolute moment of order k and |0 | < 1.

Definition 6.9.12 Two random variables X and Y on (€2, ., P) are said to be sub-
independent if the distribution of their sum is given by

Fx,y(t) = (Fx * Fy)(1).

In terms of characteristic functions it is described by

Pxy(t, 1) = dx()py(t) fort e R

where ¢y y(t, 5), ¢x (1), ¢y (¢) are characteristic functions corresponding to (X, Y),
X and Y respectively. The random variables X, X», ..., X, are said to be sub-
independent if for each subset {X; , ..., X;, } of {X1, ..., X,;}

k
Ox,yx, (00, D) = [T ox, () forr e R

i=1

Remark 6.9.13 The concept of sub-independence is more general than that of inde-

-2
€ dt

pendence. Further the random variable with distribution function F (x) = [* hvira
iy

is called the standard normal distribution

For the subsequent discussion culminating in the proof of central limit theorem
we introduce the following class of random variables

Definition 6.9.14 Let R), A > 0 be the set of all random variables X on (L2, ., P)
such that

i) E(X]Y) < +00;
(i) E(X*) =myfork =1,2,..., [\] where my is the k-th moment of Z, the stan-
dard normal variable.

Let M), denote the set of distributions of X € R).

iXt _ iYt
Definition 6.9.15 Define d) : M) x M) — R* by d\(F, G) = sup |E (%)‘
teR

where F and G are the distribution functions respectively of the random variables X
and Y.

In order to deduce the central limit theorem from the contraction principle we
need to set up appropriate complete metric spaces.

Proposition 6.9.16 (M), d)) is a metric space.

Proof Clearly the main issue in the proof is to show that d)(F, G) is finite-valued
for F, G € M). If ¢; and v, are the real parts of the characteristic functions of F
and G in M), then for n = [A].
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61(0) — b1 (O] 1677© — " (©] 1

[enfje]r n! eAn
(n) (n)

_ 1917©) = mal |ma — 9" ©)
nl|t|A—n nl[t|r—n

by Theorem6.9.11, in view of ¢\ (0) = 1\ (0) for k < n.

Now
(1) () itx _
0 1
OO 1
e T
/ e e par
expn

< KE(|X|") for some K € R*

F being the distribution function if X. A similar estimate holds for the imaginary
parts of F and G. Thus d)\(F, G) < +oo. O

Proposition 6.9.17 (M, d,) is a complete metric space when n is an integer. For
n<X\ M, C M, where M) is the completion of M.

Proof Let (F;) be a Cauchy sequence of distributions in M,, with the corresponding
characteristic function ¢. For each € > 0 there is a positive integer K such that for

k,m>K
[ (1) — P (D)
—|1”| <e€

So o(t) =kli)n;o¢)k(t) exists for each r € R. Now h, defined by h,(t) =

)|, . :
Om (1) — Z mj—= ¢t " is a uniformly Cauchy sequence of continuous func-
j=0 ’
tions converging uniformly to a continuous function /A (¢). Further 4(0) =0 as
h,,(0) = 0 by definition of M,,. Thus

m

(it)!

_um
$(1) — Zm,-T =1"h(1)
j=0
Since Fj has the same jth moment for U =0, 1, ..., n, and ¢ is continuous at zero

Fi converges weakly to F in the sense that E(X;Y) — E(XY) for each bounded
random variable Y, X; being the random variable with distribution function F; and X
the random variable with distribution function X. Using Fatou’s lemma the existence
of jthmoment of F follows and ¢(¢) is j times differentiable at 0. Soits jth derivative
for j =0, 1,2, ...n must be the same as that of ¢;. Then F' € M,,. That a Cauchy
sequence in M) for A > n is a Cauchy sequence in M, is left as an exercise. (I
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Definition 6.9.18 Let X, Y € R) be sub-independent and have identical distribu-
tions. For a > 0 define T, : M), — M, as the map taking the distribution function
of X into the distribution function of % (T, takes the characteristic function ¢(¢)

into ¢? (£)).
Proposition 6.9.19 Ler o > 0 be such that T, : My — M. Then

(i) T, is non-expansive on (M, d)) for ot > 2;
(ii) T, is strictly contractive for o/ > 2.

Proof

|9 (5) = (D)

d\(T,F, T,G) = sup

teR |t|/\
< sup 28 =V (D] s9mcn [0 (1) +v (2)
1eR el H

<2a7d\(F, G).

For o* > 2, d\(T.F, T.G) < d\(F, G), while
for o > 2, d\(T,F, T.G) < ud\(F, G)
where p1 = 207 < 1. O

Pursuing a suggestion of J. Blum that central limit theorem ‘could be interpreted
and proved as a fixed point theorem’, Hamedani and Walter [3] proved the following
version of the central limit theorem.

Theorem 6.9.20 ([3]) Let (X,,) be a sequence of sub-independent identically dis-
tributed (s.i.i.d) random variables with mean 0 and variance 1 such that E(|X|*) <

oo for some A > 2. Then
on
1
i=1

in distribution as n — oo and their distribution functions converge in the metric of
M. Moreover the rate of convergence is governed by

d\TF.¢) < 2D EXD) + E(ZIY)

Proof By Proposition6.9.19, T =T 5 is a contraction on (M), d)). So the iter-
ates of 7" must converge to the unique fixed point in the completion of M,.
Since T, takes the distribution function ¢(r) of X into ¢*(%), and (;52(\%) = ¢(1)

52 . . . . .
for ¢(t) = fiw e~ 7 ds, the distribution function of standard normal variate. So

L (1) — —12/2
d\(¢, T"F) — Oasn — oo.Thus lim supu

n—>00 1eR A

= 0, ¢, being the char-

acteristic function of 7" F Thus (¢,,(t)) converges to e /2 forall # in R. So by the
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well-known Levy-Cramer theorem of probability theory the corresponding distri-
bution functions converge. Thus 27/2 Ziz=1 X; — Z in distribution. In view of the
error estimate from the contraction principle.
d\(, T F) < 20720 0dy (6, F)
< 2079004 (6, F)
< 20D E () + E(lz1M)]
as di(, F) < [E(Ix") + E(1z|M)]

(from the proof of Proposition 6.9.16). (]

The next proposition leads to the central limit theorem for s.i.i.d random variables.

Proposition 6.9.21 ([3]) Let the random variables X;, Y;, i = 1,2 in R), have the
distribution functions F;, G;, i = 1, 2 correspondingly and oo > 0. If X| and X, are
sub-independent as also Y\ and Y;, then

d\(F, G) < a ™ d\(Fy, G2) + d\(F», Gy)

where F and G are distribution functions of @ and % respectively.

Proof 1f ¢; is the characteristic function of X; and ¢); is the characteristic function
of Y;,i =1, 2, then

[01(DE2(D) =i (DD _ [ [¢2(D) = (D]
< 3

7]

N [ha (D) |p1(£) = bi ()]

t)‘
So
dy(F. ) = sup 21 @E ) — 91|
teR |t|)\
< sup |o1(D)| e dr(Fr. Go) + sup [ (D) | e dn(Fi. G)
teR @ teR (6

< aMd\(Fi, Gy) + dy(Fs, Gy)]

]

Theorem 6.9.22 (Central limit theorem [3]) Let {X,} be a sequence of sub-

independent random variables in R for some A\ > 2 whose distribution functions
n

1
belong to a bounded set in M. Then — Z X; — Z indistribution as n — oo.
n

=
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Proof Let (Y,) be an s.i.i.d sequence in R). Repeated application of Proposi-
n+1 n+l1

tion6.9.21 forZ\/_ Z\/_

n+1 X n+l Y
g 1 , 1
A(;vn—i—lgvn—&-l)

gives

A —
) + (n+ D7 2dx(Xut1, Yaut1)

X - Y;
8 (n+ 1) (Z N eI res,
m n+1 B
5( ) sz/z sz/z ++ 173 > daXi. )
i=2m41

n+1
A —
S+ 172 dyXi Y

i=1

d, being the metric in M. As {X,,} and {Y,} are both sequences whose distribution
functions are bounded in M), the right-hand side of the last inequality converges to
zero as n tends to infinity.

n+1 n+1

= X; Y;

So d E , E — 0 as n — oo. By Theorem6.9.20
' <l 1 \/ + 1 i=1 \/Vl + 1) ’

om
Z;

dy (Z Tk Z 2m/2> — 0 as m — oo provided each Z; is a standard normal

variate. Choosmg m to be the largest integer with 2 < n 4 1, we get

n+l
m+D7F Y dNZiY) <A+ D En —2"C
i=2m 41

S 27m(%)(2n1+1 _ Zm)C
(C, aconstant)

As X\ > 2, the right-hand side (and hence the left-hand side) of the last inequality
n+1

Y,
’;\/n—i-l

tendstoOasn—>oo.Sog,\<Z >—>0asn—>oo.Now

n+1 _ n+1 X n+1 Y:
0(S ) (S e D)
_ n+l1 Y
+d, (; " 1,2)
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n+1
X;
So ——— converges to Z in distribution. O
Z vn+1 g

i=1
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Chapter 7 ®)
Caristi’s Fixed Point Theorem Geda

7.1 Introduction

In 1976, Caristi [4] published a novel generalization of the contraction principle.
Using transfinite arguments which was also later simplified by Wong [15]. Brondstedt
[3] provided an alternative proof by introducing an interesting partial order. On the
other hand, Ekeland [6] established a variational principle whence deducing Caristi’s
theorem. Brezis and Browder [2] proved an ordering principle also leading to this
fixed point theorem. Subsequently Altman [1], Turinici [14, 15] and others have
extended this principle. In this chapter, we discuss some of these as well as proofs
of Caristi’s theorem by Kirk [8], Penot [10] and Seigel [11]. That both Ekcland’s
principle and Caristi’s theorem characterize completeness is also brought out.

7.2 Siegel’s Proof of Caristi’s Fixed Point Theorem

Caristi’s fixed point theorem is the following.

Theorem 7.2.1 Let (X, d) be a complete metric space and ¢ : X — R be a lower

semicontinuous function (i.e. ¢(x) < liminf ¢(x,) whenever lim x, = x). If T :
n—00 n—00

X — X is a map such that d(x, Tx) < ¢(x) — ¢(Tx) forall x € X, then T has a

fixed point.

Siegel’s proof [11] is detailed below, based on a few definitions and lemmata,
¢, T and X being as in Theorem 7.2.1 above.

Definition 7.2.2 Let ® = {f : X — X withd(x, fx)) < ¢(x) — &(f(x)) forx €
X}. Define @7 = {f € @ : ¢(f) < &(T)}.

Lemma 7.2.3 Both ® and ®7 are closed under compositions. If ¢ is lower
semicontinuous, then these classes are closed under countable compositions.
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Proof For fi, € ® and x € X, d(x, f2(fi(x))) <d(x, fi(x)) +d(fi(x),
H(fi(x) < d(x) — o (f1(x) + o(f1(x)) — d(f2(fi1(x)) = d(x) — d(f2(f1(X))).
So fio fo € .1 f1, f» € O, then

o(f2(f1(x)) = ¢(f1(x)) (since fr € )
< ¢(x) (since fi € Pr).

Thus fl [¢] f2 € (DT.

Let (f,) be a sequence in ®. For x € X, define x, = f,(fu—1...(f1x))...) =
fio fa+- o fu(x)forn € N.Sinced (x;, x;+1) < ¢(x;) — ¢(x;41) foralli € Nand ¢
is non-negative, {¢(x;)} is a non-increasing sequence of non-negative numbers which
is convergent. Consequently (x,) is a Cauchy sequence in the complete metric space
(X, d) and so converges to some element X in X. Now d(x,, xX) = kli)n;o d(x,, xp) <
d(xp) — ligr_l) g}f d(xr) < d(x,) — @(x) (in view of the lower semicontinuity of ¢).

Thus for f, € p, n € N, lim x, = lim fjo... f,(x) =X exists for each x € X.
n—oo n—oQ

LetX¥ = f(x) = lim [ ] fi(x). Now
i=1

d(x, f(x)) <d(x,x,) +d(x,, f(x))
< d(x) — P(x) + d(x,, %)
< G(x) — d(x,) + d(x,) — H(X)

(by the above argument)

< ¢(x) — ¢(f(x) (asX = f(x))

Thus f € ® and ® is closed under countable compositions.

For f, € ®7, neN, let X = f(x) lim x, = lim l_[ﬁ(x) as before. Then
n—0o0 n—00 izl
d(f(x)) = ¢(X) = ¢(lim x,) < liminf ¢(x,) (by the lower semicontinuity of ¢)
n—o00 n—o0

< o(T(x)) as ¢(x,) = ¢(l_[ fi(x)) < ¢(T(x)) for each n € N and x € X, since

i=1
n

1_[ fi € ®r. Thus @7 is also closed under countable compositions. ([l
i=1
Definition 7.2.4 For A C X, define
(i) D(A) = Diameter of A = Sup{d(x,y):x,y € A};
(i) r(A) = inf{p(x) : x € A};
i) Sy ={f(x): f e d}ford C .
Clearly for B € A, d(B) < d(A) while r(B) > r(A).

Lemma 7.2.5 Forx € X, D(Sy) < 2(¢(x) — r(Sy)).



7.2 Siegel’s Proof of Caristi’s Fixed Point Theorem 153
Proof For fi(x), fo(x) € S,,

d(fi(x), 2(x)) =d(x, fi(x)) +d(x, f2(x))
< 9(x) — ¢(f1(x) + d(x) — d(f2(x))
=2¢(x) — (p(f1(x)) + ¢(f2(x))
= 2(¢(x) — r(Sx)-

Theorem 7.2.6 Let @' C @ be closed under compositions. Suppose xo € X.

(a) If®' is also closed under countable compositions, then there exists f € @' such
thatx = f(xo) and g(xX) =X forall g € ',

(b) If the members of @ are continuous functions, then there exists a sequence of
Sfunctions (f,) € ® andx = nli}ngc fofu-1-.. fi(xo) such that g(x) = X for all

ged.

Proof From the definition of r(S,,), it follows that we can find f; € ® such
that 0 < ¢(f1(x0)) —r(Sy,) < % Write x; = fi(xg). As @’ is closed under com-
positions, Sy, € Sy, and D(Sy,) < 2(¢(x1) — r(Sy))) < 2(¢(f1(x0)) — r(Sy)) < 1.
Thus proceeding inductively we can obtain a sequence of functions f;, such that
Xnr1 = fu(Xn), Sy, € Sy, and D(S,,) < %

oo k

If i f= X = f(xp). Si x=1 i(x;
(a) is true, define f Hf,, and ¥ = f(xg). Since X klgxgo l_[ fi(x)),
n=1 j=i+1
[o¢]

x € §,, for each i. Since lim D(S,,) =0, X € m Sy,- We claim that for g € @/,

n—00
n=1

o0
g(®) =% Since g® =g [ [] fixn) |, 9&) € Sy, for each i € N. g(x) = ¥ as
j=i+1
lim D(S,,) = 0.

n—0oQ
Suppose (b) is true and X = lim f;, f,—1 ... fi(xo) = lim x,. Since x; € S, for
n—oo n—oo

[o¢]
k> x,X €S, foralln. As D(Sy,) = D(Sy,), {x} = | Sy,.Forg € @', g(x,) € S,,
n=1
for each n and by the continuity of g, lim g(x,) = g(x). So for any given € > 0 we
n—o0

can find ng such that B(g(x), €) N Sy, # ¢ for n > ng. So for n > ny, d(g(x),x) <
€+ % Thus d(g(x), X) < €. As € > 0 is arbitrary g(x) = X. O

Remark 7.2.7 Caristi’s theorem 7.2.1 follows upon setting &' = {T" : n € N} the
set of finite iterates of 7 and T itself.

Corollary 7.2.8 Theorem 5.1.7 (Contraction Principle).
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Proof LetT : X — X beacontraction withd (7T (x), T(y)) < kd(x, y)forx,y € X
where 0 < k < 1. Define ¢ : X — R* by ¢(x) = d(x T" . Clearly ¢ is continuous.

Since d(x,Tx)+ ¢(Tx) =d(x, Tx) + % 5 d(x, Tx) + fd(x, Tx) =

4eT0 — ¢(x). Thus d(x, Tx) < ¢p(x) — ¢(Tx) for all x € X. Hence by Caristi’s
theorem T has a fixed point. (]

Brondstedt’s proof [3] of Caristi’s theorem involved a partial order and an applica-
tion of Zorn’s lemma. Penot’s constructive proof [10] of Caristi’s theorem exploiting
this order is given below.

Remark 7.2.9 Penot’s proof of Caristi’s Theorem [10].

Define the binary relation <on X by x < yifd(x,y) < ¢(y) — ¢(x). Clearly this
defines a partial order on X. Define M (x) = {y € X : y > x}. Define an increasing
sequence {x, } inductively as in the following. Choose x arbitrarily and when xy, . . . x,
are given choose x,4; € M(x,) with ¢(x,+) < inf{p(x) :x € M(x,)} + % So
Xua1 > X, and for each x € M(x,.1) € M(x,) we have ¢(x) > inf p{M (x,)} >
P(s1) = -

d(x, Xu11) < O(xpy1 — ()

So the diameter of M (x,) < % As ¢ is lower semicontinuous, each M (x) is closed.
Since {M (x,)} is adecreasing sequence of closed sets with diameter of M (x,,) tending
o0

to zero, by the completeness of X, ﬂ M (x,) = {x}, (invoking the Cantor intersection
n=1
theorem). Clearly X is a maximal element of X under this order. If y (= X) > X then
oo

y > x, foralln and y € M (x,) for all n and this would contradict m M(x,) = {x}.
n=1
Since T (x) > x, by hypothesis, x = T (x).
Making use of Brondstedt order Kirk [8] gave a proof using Zorn’s lemma.

Remark 7.2.10 Kirk’s proof of Caristi’s Theorem [8].

For x, y € X, define the partial order < by x < y if d(x, y) < ¢(x) — ¢(y) as
before. Consider all totally ordered subsets of X (with respect to this order), with
respect to set-inclusion. Since every chain in this collection has an upper bound,
by Zorn’s lemma, there is a maximal totally ordered subset E = {x, : a € I} of
X where [ is totally ordered by x, < x3 if and only if a < 3 (o, 8 € I). Since
{¢#(x,) : a € I'}isadecreasing net of non-negative real numbers converging to r as o
increasing. So for € > 0, there exists oy € I suchthatr < ¢(x,) < r + efora > ay.
So for 5 > a > ap, d(xq, x3) < P(x4) — P(xp) < €. Thus {x,}ac; is a Cauchy net
in the complete metric space X and hence converges to some x € X. ¢ being lower
semicontinuous ¢(x) < r.Since d(x,, Xg) < ¢(x,) — @(xp) letting 5 1, d(x,, X) <
O(xq) — 1 < P(x,) — d(X). Since E is maximal, x € E. Also by hypothesis ¢(x) —
o(T(x)) >d(x, T(x)). Thus x, <X < T(X) for all « € I. By the maximality of x,
x =T(X).

As has already been pointed out, the direct converse of the contraction principle
is not true. However Kirk [8] has pointed out that if in a metric space every map
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satisfying the inequality of Caristi’s theorem has a fixed point, then the space is
complete.

Theorem 7.2.11 (Kirk [8]) Let (X, d) be a metric space and ¢ : X — R*, any
lower semicontinuous map. If everymap T : X — X satisfying d(x, Tx) < ¢(x) —
¢(T (x)) has a fixed point, then (X, d) is complete.

Proof Let (x,) be a non-convergent Cauchy sequence in (X, d). For each x € X,
define ¢(x) = lim,,_, o d(x, x,,). (Note that ¢(x) is well-defined as d(x, x,,) is a
Cauchy sequence of real numbers and hence is convergent.) Given x € X, define
the least natural number n(x) such that 0 < %d(x, Xp) < ¢(x) — d(xp(x)). Define
T:X— XbyT(x)=xnuand ¢y : X - RT by ¢(x) = 2¢(x), for x € X. Since
|6(x) — ¢(y)| < d(x,y), both ¢ and ) are continuous. Clearly from the definition
of ¥, 0 <d(x,Tx) <(x) —(Tx) for all x € X. Clearly T has no fixed point.
Thus if X is not complete we can find a fixed point free map 7' : X — X satisfying
d(x, Tx) < (x) — (T (x)) for some lower semicontinuous map ¢ : X — R,
Thus Caristi’s theorem is characteristic of completeness. The following simple
example shows that Caristi’s theorem applies even when 7T is not continuous. [

Example 7.2.12 Let X be [0, 1] with the usual metricand 7 : X — X be defined as
Ty — 5 ?fx #1

1 ifx=1
discontinuous and has 0 and 1 as fixed points.

. Then |x — Tx| < ¢(x) — (T (x)) for ¢(x) = x. Clearly T is

Remark 7.2.13 Tt may be clarified that while proofs of Caristi’s theorem by Caristi
[4], Wong [16], Kirk [8] and Brondsted [3] invoke some form of the Axiom of
Choice such as Zorn’s Lemma, the constructive proofs such as those by Penot [10]
and Siegel [11] are indeed based on the axiom of choice for countable families. On
the other hand, Manka showed that Caristi’s theorem can be proved without choice
using Zermelo’s fixed point theorem for special posets. (See Kirk [9] and Jachymski
[7] for detailed comments and references.)

Jachymski [7] noted that Nadler’s fixed point Theorem 5.3.5 can be deduced from
Caristi’s Theorem 7.2.1.

Theorem 7.2.14 (Jachymski [7]) Let (X, d) be a complete metric space and T :
X — clBX (the set of all bounded non-empty closed subsets of X ) such that for some
ae€0,1). HTx, Ty) <ad(x,y),x,y € X. ThenT admits aselectiong : X — X
which satisfies the conditions of Caristi’s Theorem 7.2.1 and hence has a fixed point.
So does T.

Proof Let 8 € (0,1) be such that o < 3. For each x € X, the set {y € Tx :
B(x,y) <d(x,Tx)} is non-empty. By the Axiom of Choice there exists a map
g: X — X such that gx € Tx and d(x, gx) <d(x, Tx). So d(gx, Tx) < H(Tx,
T(g(x))) < ad(x, g(x)). So
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1
d(x, g(x)) = (Bd(x, g(x)) — ad(x, g(x))
B —a)
< G—a [d(x,Tx) —d(g(x), Tg(x))]
< o(x) — ¢(g(x))
where ¢(x) = %
Thus g is a Caristi map, a selection from 7" and hence has a fixed point in X. So does
T. Further [6(x) — (y)]| < 0BT < (12 g(x, y), O

Remark 7.2.15 Nadler noted that the multivalued map of his theorem may not admit
a selection which is a contraction. Let X be the unit circle in the complex plane. For
eachz = ¢'®, a € [0, 27, let T (z) = {e'2, ¢/™2)}, the set of square roots of z. For
z=e% i=1,2,

sin(ap —ay

H(Tz,Tz) = { 4

2 cos(ay—ay

ifa, —op <m

ifay, —ap >7

and H(Tzy, Tzp) < ‘/TEd(zl, 72) = §|25"’(“+“'|.FollowingJachymski [71if T has
a selection g which is a contraction and if g(1) = 1, then by the continuity of g at
1, for some o > 0, g(e'®) = €' forall & € [0, o). By the continuity of g at a* =
sup{ag € (0, 27) : g(e'®) = €' for all a € [0, a)}. For o* < 27, we get ey =
¢!+ 5o that o = 2. While g(e!®™#)) — ¢/ asn — 00, by the continuity of g
at1,e/®=3) — —land g(e'%) — 1. Thisis a contradiction. If g(1) = —1, a similar
contradiction results. Thus 7' has no contractive selection.

7.3 Ekeland’s Variational Principle

Ekeland [6] obtained a theorem in the setting of metric spaces that finds wide use
in solving optimization problems and partial differential equations. His proof uses a
partial order employed earlier by Brondsted and Rockafeller and Bishop and Phelps.

Theorem 7.3.1 (Ekeland [6]) Let (X, d) be a complete metric space and F : X —
R U {400}, a lower semicontinuous function # 400 bounded from below. For each
€ > 0and u € X satisfying

inf F(x) < F(u) < inf F(x) +¢€
xeX xeX

and every A > 0 there exists v € X such that F(v) < F(u), d(u,v) < X and for
w # v, F(w) > F(v) — $d(v, w).
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The proof is based on the following lemma.

Lemma 7.3.2 Let (X, d) be a complete metric space. Define the binary relation <
on X x Rby (x1,a1) X (x2, ap) iff (an — ay) + ad(x1, x2) < 0where «is any given
positive number. Then < is a partial order on X x R such that {(x, a) : (x;,a;) <
(x,a)} isclosedin X x R foreach (x1,ay) in X x R. Further if S is a closed subset
of X x R such that for all (x, a) € S, there exists m € R such that a > m. Then for
every (x1, ay) € S, there exists for the ordering < an element (x, a) which is maximal
and greater than (x1, ay).

Proof That < is a continuous partial order is easily verified. Define inductively
(xn, ay) in S, n € N beginning (x1, a1). If (x,, a,) is known, define

Sp={(x,a) € §: (xy,a,) X (x,a)}
m, =inf{a € R: (x,a) € §,}

Indeed m,, > m. Choose (x,+1, @,+1) € S, suchthata, — a,+; > %(an — my). Now
S, are closed and non-empty and S,;+; C S, for all n. Also

1 1
|an+l _mn+1| = Elan _mn| = 2_n|a1 —I’)’l|

So for (x, a) € S,+1 we get

1
|anr1 —al < Flal —m]|

1
d(Xpt1, X) = 5-—lay —m]|
2" o

Thus Diam(S,) — 0 asn — oo.

As X x Ris complete, () S, = {(¥. @)}. From the definition of (¥, @), (x,. @,) <
n=1
(x, a) for each n and in particular for n = 1. If (xg, ap) € S is greater than (¥, a),
o0

then by transitivity (x,, a,) < (xo, ap) for each n. So (xg, ap) € m S, and hence

n=1
(x0, ap) = (x, @). Thus (x, a) is maximal. ([l

Proof of Theorem 7.3.1. Let S = {(x,a):x € X,a > F(x)}. S, the epigraph of
F is a closed subset of X x R as F is lower semicontinuous. Set o = | and
(x1,a1) = (u, F(u)) and apply Lemma 7.3.2 to get a maximal element (v, a)
in S satisfying (u, F(u)) < (v, a). The maximality relation can be rephrased as
(v,a) < (w,b) € S = ad(w,v) <a—>b. As (v,a) € S is maximal, a = F(v).
If w#v, a=FWw)>b=> F(w) implying that (v,a) is not maximal. So for
w# v, and w # v, (w, F(w)) ﬁ (v, F(v)). Or F(w) — F(v) +ad(v,w) >0
or —§d(v, w) < F(w) — F(v)) If for this € > 0, u € X is such that inf{F(x) :
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x € X} < F(u) <inf{F(x) : x € X} + ¢, then (u, F(u)) ﬁ (v, F(v)). This implies
id(u, v) < F(u) — F(v) < F(u) —inf{f(x) : x € X} <eord(u,v) <A and for
u#v, F(u) > F(v) — 5d(u, v). O

Corollary 7.3.3 Let (X, d) be a complete metric space and F : X — R U {400}
a lower semicontinous map which is bounded below and not identically +00. Let
€ > 0 be given and u be a point in X such that

F(u) <inf{F(x):x € X}+e€

Thenthere existsv € X suchthat (i) F(v) < F(u), (ii)d(u, v) < landforallw # v,
F(w) + ed(v, w) > F(v).

Proof In Theorem 7.3.1 set A = 1. O

Corollary 7.3.4 Under the hypotheses of Corollary 7.3.3 given € > 0, there exists
x € X with f(x) < inf f + e

Corollary 7.3.5 (Caristi’s fixed point theorem)

Proof Let T : X — X be an operator such that d(x, Tx) < ¢(x) — ¢(T (x)) for all
x € X, where ¢ is a non-negative lower semicontinuous function. O

Proof By Corollary 7.3.3 for € = 1, there exists v € X such that for all u # v

(V) < ¢(u) +d(v, u)

If v # T (v), then ¢(T (v)) — &(u) < d(u, Tv) a contradiction. So v = T (v). Thus
T has a fixed point. O

Indeed we can even prove a multivalued version of Caristi’s theorem.

Theorem 7.3.6 (Multivalued version of Caristi’s Theorem) Let (X, d) be a complete
metric space and ¢ : X — R U {400} be a lower semicontinuous function which is
bounded below. Let T : X — 2% be a multivalued map such that T (x) # ¢ for each
x € X and d(x,y) < ¢(x) — ¢(y) for all y € Tx. Then there exists xo € X with
xo € Txo.

Proof As before set e = 1 in Corollary 7.3.3. So there exists v € X such that for all
y # v, ¢(v) < ¢(y) + d(v, y). We claim that v € T (v). Otherwise forall y € T (v),
d(v,y) > 0and ¢(v) — ¢(y) < d(v, y). But by hypothesis d(v, y) < ¢(v) — o (¥).
Thus ¢(v) — @(y) < @(v) — ¢(y), acontradiction. So forsome y € T (v),d(v,y) =
Oorv e T(v). U
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7.4 A Minimization Theorem

Takahashi [13] proved a minimization theorem which can be deduced from Ekeland’s
variational principle.

Theorem 7.4.1 (Takahashi [13]) Let (X, d) be a complete metric space and F :
X — R U {+00} a lower semicontinuous map bounded below. Suppose F satisfies
the (Takahashi) condition: there exists oy > O such that for x € X — Z, there exists
Yy # x with apd(y, x) < F(x) — F(y) Z being the set {z € X : F(z) = iI)l(f F} (the
set of possible minima of F}. Then there exists xo € X with F(xq) = iI)l(f F (or Zis
non-void).

Proof For 0 < a < «, by Ekeland’s principle (Corollary 7.3.4) there exists x € X
such that F'(x) < F(y) + ad(y, x), VY y # x. By Takahashi condition for z € X —
Z,there exists y # z suchthat F(y) + ad(y, z) < F(z).Ifx ¢ Z, the last inequality

for the choice z = x contradicts its preceding inequality. So x € Z is a minimizer of
F over X. 0

‘We now show that Takahashi’s minimization theorem implies Ekeland’s principle
(Theorem 7.3.1).

Theorem 7.4.2 Theorem 7.4.1 implies Theorem 7.3.1.

Proof Let xo be the minimum guaranteed by Theorem 7.4.1. Define Xp = {x €
X: F(x) < F(xg) — §d(x0,x)}. Clearly xo € Xo and Xy # ¢. Since F is lower
semicontinuous and % is continuous, X is closed. Further for x € Xj.

Sd(x0.x) < F(xo) = F(x) = F(x) —inf f < ¢

So 44 < 1 or d(xg, x) < A. We also have F(xo) < F(x). We claim that for
x € Xgand y # x, F(y) > F(x) — $d(x, y). Otherwise for some y € X, y # x,
F(y) < F(x) — $d(x, y). Then

IA

§d<xo, X)+ §d<x, y)

F(xo) — F(x) + F(x) — F(y)
= F(xo) — F(y).

§d<y, x0)

IA

So y € Xy. So by Theorem 7.4.1 there exists X € X such that F(x) = inf,cx F(x).
This contradicts that F(y) < F(xg), a contradiction. ([l

Theorem 7.4.3 Caristi’s Theorem 7.2.1 implies Ekeland’s Variational principle, viz.
Corollary 7.3.4.
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Proof Let the hypotheses of Corollary 7.3.4 hold. Clearly d,(x,y) = ed(x, y)
defines an equivalent metric on X. For x € x, define T(x) ={ye X : F(x) >
F(y) +di(x,y),y # x}. If the conclusion of Corollary 7.3.4 is false, then Clearly
T(x) # ¢ for all x € X. T is a multivalued map of X into 2% — {¢} satisfying
F(y) < F(x) —d,(x,y) for y € Tx. Since (X, d;) is complete, by Caristi’s theo-
rem, T has a fixed point xo. However for xo € T x( the definition of T (x) is violated.
This contradiction shows that Corollary 7.3.4 is true. O

Remark 7.4.4 Thus both Caristi’s fixed point theorem and Takahashi’s minimization
theorem are equivalent to Ekeland’s variational principle. In other words Caristi’s
theorem, Ekeland’s principle and Takahashi’s theorem are equivalent.

Since Carisit’s theorem is characteristic of completeness, both Takahashi’s the-
orem and Ekeland’s principle are also characteristic of completeness. Sullivan [12]
proved that Ekeland’s principle implies the completeness of the metric space.

Theorem 7.4.5 (Sullivan [12]) Let (X, d) be a metric space and F : X — R U
{400}, F #£ +00 be any continuous map bounded below such that for each € >
0, there exists xo € M satisfying F(xo) < inf F + € and for all x # xo, F(x) >
F(xp) — ed(x, xp).

Proof Suppose that (x,) is a non-convergent Cauchy sequence in X. For each x €
F,the x - F(x) = nlirglo d(x, x,) is well-defined, continuous on X and bounded

below by 0. Since (x,) is Cauchy inf F = 0 and F # +00. Let 0 < € < 1 then by
assumptions on F, we can find xo € X such that F(xy) < e and F(x) > F(xgp) —
ed(x, xp) for all x # xp. As (x,) is non-convergent F (xp) > 0.

Let n be any positive number less than w. Since (x,) is Cauchy we can
find x, such thatd (xy,, x,) < nforalln > Nysothat F(xy,) = HILIEO(XNO’ Xn) <M.

Setting x = xy, in the inequality
0 < F(xg) < F(x) + ed(xg, x)
we get

0 < F(xo) < F(xy,) + €ed(xo, xn,)
< F(xp,) + eld(xo, x,) + d(x,, xn,)] for n > Ny
< F(No) + enligo[d(xo, Xn) +d(xp, xn,)]

< F(xn,) + €[F(x0) + 7]
0 < F(xo) <n+en+eF(xp)

or
(I — €)F(xo)

O0< (1 —-eF(x)) <2n< >

This contradiction shows that F (x) cannot be positive for all x € X. In other words
(x,) must converge in X or (X, d) is complete. [l
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The next theorem shows that Takahashi’s minimization theorem also characterizes
completeness.

Theorem 7.4.6 A metric space (X, d) is complete if for every uniformly continuous
function f : X — RU{+00}, f # +00 and every x’' € X with infx f < f(x')
there exists 7 € X with z # x" and f(z) +d(x’',z) < f(x'), there exists xo with

f(xo) = il}(f /-

Proof Let (x,) be a Cauchy sequence in X. Define f : X — R U {400} by f(x) =
lim d(x, x,) forallx € X.Clearly f is well-defined and uniformly continuous. Also

inf f(x) = 0.Let f (x0) > 0. Thenthereexists.x,, € X withx,, # xo. f (Xn) < L&)
XeE

and d(x,, x0) — f(x0) < f(xo). Thus we have 3 f(x,) +d(xm, x0) < f(x0) +
2f(x0) =3f(x9). So there exists x € X with f(x)=inf f(x) =0. Thus
limd(x,,,x) = 0 or (x,) converges in X. Thus (X, d) is complete. O

7.5 An Application of Ekeland’s Principle

We begin with some basic ideas of calculus.

Definition 7.5.1 For locally convex linear topological spaces X and Y and U € X

open, the map F : X — Y is said to be Gateaux differentiable at u € U if for each

. Fu+th)— Fu) . L .
helX, IIII(I) exists. This limit, denoted by d F (u, h) is called the
r—

t
Gateaux differential at ¥ and is homogeneous.

Remark 7.5.2 1f the Gateaux differential is linear and continuous, it is called Gateaux
derivative. Since the Gateaux differential of a discontinuous linear function is itself,
it follows that a Gateaux differential can be linear without being continuous.

Definition 7.5.3 Amap F : X — Y where X and Y are normed linear spaces is said
to be Frechet differentiable at u if there exists a bounded linear function L such that
F(u+h) = F@u)+ L)+ o(|hl).

Remark 7.5.4 1f F is Frechet differentiable then it is Gateaux differentiable and both
the Gateaux and Frechet derivatives coincide. While a Frechet differentiable function
is continuous, a Gateaux differentiable function need not be continuous. Indeed even
if the Gateaux differential is linear and continuous, the Frechet derivative may not
exist.

We proceed to describe an application of Ekeland’s principle.

Theorem 7.5.5 Let X be a Banach space and ¢ : X — R, a lower semicontinuous
function bounded below. Suppose ¢ has Gateaux derivative on X. Then for each
€ > 0 there exists x. € X such that ¢(x.) < il)l(f ¢+ eand |Do(x)| <e
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Proof From Ekeland’s Principle (Theorem 7.3.1), there exists x. € X such that
d(xe) < Pp(x) +€llx — x| forallx € X.Leth € X and ¢t > 0. Setting x = x. + th
in the above inequality we get

1
;[d)(xe) — ¢(xc +th)] < e€||h|

Ast — 0 we get —D¢p(x.)(h) < €||h]|l. Writing —h for h we get Dop(x.)h < €||h]|.
Thus |Do(x.)h| < €||h]|. So D¢(x.) is bounded and || Dp(x.)|| < e. O

We can even ensure the existence of a critical point for ¢ which is a minimum
under an additional condition.

Definition 7.5.6 Let X be a Banach space and ¢ : X — R be a function which is
continuously differentiable. ¢ is said to satisfy the Palais—Smale condition if each
sequence (x,) in X for which ¢(x,,) is bounded and ¢’ (x,,) — 0in X has a convergent
subsequence.

Theorem 7.5.7 Let X be a Banach space and ¢ : X — R be a C' function bounded
below satisfying the Palais—Smale condition. Then there exists xo € X such that

¢(x0) = inf ¢ and @' (x0) = 0.
Proof Setting € = % in Theorem 7.5.5 we get a sequence (x,) € X such that

1

1
¢(x,) <infd+ — and ¢/ (x| < =
X n n

As ¢ satisfies the Palais—Smale condition (x,) has a subsequence (x,,) converging
to xg € X. Clearly ¢(xg) = ir;f ¢ and ¢’ being continuous, ¢'(x,,) = ¢'(xo) and

@' (x0) = 0. U

For other applications De Figueiredo [5] may be consulted.
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Chapter 8 ®)
Contractive and Non-expansive ez
Mappings

In this chapter, fixed points of contractive and non-expansive mappings are studied,
as also the convergence of their iterates.

8.1 Contractive Mappings

The following definition is recalled.

Definition 8.1.1 A mapping 7 : X — X where (X, d) is a metric space is called
contractive if d(Tx, Ty) < d(x, y) forall x,y € X with x # y.

A contractive mapping need not have a fixed point in a complete metric space as
seen from the following example.

Remark 8.1.2 The map x — e¢~* mapping R™ into itself has no fixed point. For 0 <
x<y,0<er—eV=(=leF—e?)=eF(y—x) <y—x=|x—y|bythe
Mean-value Theorem.

In this connection the theorem below leads to the existence of a fixed point for
contractive mappings under a set of suitable conditions.

Theorem 8.1.3 Let (X, d) be a metric space and T : X — X a continuous map.
Suppose

(i) d(Tx,T*x) <d(x,Tx) forallx € X;
(ii) for x # Tx, there exists a natural number n = n(x) such that

d(T"x, T""'x) < d(x, Tx);

(iti) forsomex" € X, x, = T" (x'), a subsequence of T -iterates at x" converges to
ue X.
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Then u is a fixed point of T

Proof As T is continuous, the map ¢ (x) = d(x, Tx) is a continuous map of X
into R*. As x,, converges to u, ¢(x, ) — ¢ (u). Since ¢(Tx) < ¢(x), the sequence
{¢(x))} is a non-increasing sequence of non-negative real numbers, x/, being 7" (x').
So {¢(x])} converges to a non-negative real number r. ¢(x,’,k) being a subse-
quence converging to ¢ (u), ¢p(u) =r. If r = ¢(u) > 0, then by (iii), there exists
m = m(u), a natural number such that ¢ (7" (u)) < ¢(u) =r. As {x,;k} converges
to u, {T™(x,, )} converges to 7" (u) by the continuity of 7. So {¢(T" (x,,))}
converges to ¢ (7™ (u)). Since this is a subsequence of ¢ (x,) which converges to
¢u), ¢(T™(u)) = ¢(u) = r contradicting that ¢ (7" (u)) < ¢(u). So r =0. Or
u="T(u). O

Corollary 8.1.4 (Edelstein [6]) Let (X, d) be a metric space and T : X — X a
contractive map. If for some x" € X, {x, = T"x'}is asubsequence of the T -iterates
at x' converging to u € X, then u is a unique fixed point of T. Further {T"x'}
converges to u.

Proof While the existence follows from Theorem 8.1.3 the proof of the uniqueness is
left as an exercise. Since (x,;k) converges to u, given € > 0, there exists N (¢), a posi-
tive integer such thatd (u, x,’u) < e.Forallk > N(e).Nowforn > ny ) thenfor p =
n—nye), d, x,) =d(T?u, TPx,,) < d(TP y, T”_'an) <d(u, x,,) <e€.So
(x,) converges to u. U

Corollary 8.1.5 Let (X, d) be a compact metric space. Then every contractive self
map on X has a unique fixed point to which every sequence of iterates converges.

Remark 8.1.6 Reduction of the problem of finding the fixed point of the operator T
to that of finding the zero of the map x — d(x, Tx) in the metric setting has been
suggested for instance in Dieudonne [3].

Even as Kannan’s Corollary 5.2.2 or the more general fixed point Theorem 5.2.1
apply to mappings which are not necessarily continuous, Theorem 8.1.3 has an
analogue for operators which need not be continuous.

Theorem 8.1.7 Let (X, d) be a compact metric space and T : X — X a mapping
satisfying the following conditions:
(i) for some non-negative real numbers ai, as, as,aq and as for x,y € X with

X FYy

d(Tx,Ty) < ayd(x, Tx) +ad(y, Ty) +a3d(x, Ty) + asd(y, Tx) + asd(x, y);

ajtaztas 1
17!127(13 - :

(ii) ar +az < 1 and

Then T has a fixed point. If further —*— < 1, then the fixed point is unique.

17(13 —ds
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Proof Sinced(x,Tx) > Oforx € X,letr =inf{d(x, Tx) : x € X}.Letx, € X be

such that lim d(x,, Tx,) =r. As X is compact, T (x,) has a subsequence y; =
n—o00

T (x,,) converging to y.
Now d(y, Ty) = d(y, T (xy,)) +d(Txy, Ty). But

d(Txnkv Ty) < ald(xnk, Txnk) +axd(y, Ty) + an(xnk’ Ty) 4+ asd(y, Txnk) + an(xnks y)

d(xn, Ty) = d(xp; Txn) +d(Txn, y) +d(y, Ty) and d(xy,, y) < d(xn, Txp,)
+d(Txp, y)
Using these inequalities we get

d(y, Ty) < (a1 + a3 + as)d(xn,, Txp) + (a2 + a3)d(y, Ty) + (1 + as)d(y, Tx,,)
+ (a3 + aS)d(Txnkv Y)

So

(I —ay—a3)d(y, Ty) < (a1 +az + as)d(x,,, Tx,) + (1 +ay)d(y, Tx,,)
+ (a3 +as)d(Txy,, y)

Proceeding to the limit as k — oo in the above, we get
(1 —ay —a3)d(y, Ty) < (a1 + a3 +as)r

As % = 1, it follows that d(y, Ty) = r. If y # Ty, then (ii) gives (1 —ay —
a3)d(Ty, T?y) < (ay + az +as)d(y, Ty).Sod(Ty, T*y) < d(y, Ty) = r,contra-
dicting that r = inf{d(x, Tx) : x € X}. Thus y = T'y.

If x and y are two fixed points of T, then
d(x,y) =d(Tx,Ty) < (a3 +as)d(x, y) + asd(y, x)

Thus (1 — a3 —as)d(x, y) < asd(y, x). Since —%— < 1,x = y. |

l—az—as

Corollary 8.1.8 (Reich[21]) Let (X, d) be a compact metric space andT : X — X
be a map such that forx #y, x,y € X

1
d(Tx,Ty) < E[d(x, Tx)+d(y, Ty)]

Then T has a unique fixed point.

Edelstein’s result (Corollary 8.1.4) may not be true for contractive maps on closed
bounded sets which are not compact, as shown by the following.

Example 8.1.9 (Ira Rosenholtz [22]) Let ¢y be the Banach space of all null real
sequences with the supremum norm and S, the closed unit ball in ¢y. Define T :
S — Sby
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T(x1,x2, .oy Xp,...) = (L aixy, axxa, azxs, ..., apXp, . ..)

where a,, is a sequence of positive real numbers such that each a; is less than 1 and
n

P, = l_[ aj is bounded away from zero. For example a, = %nié Clearly T maps S
j=1
into the boundary of S as ||Tx|| = 1 forx € S. Alsoif x = (x1,x2, ..., Xx,,...) 182

fixed point of 7', then Tx = (yy, ..., Yu,...) Where y; = 1 and y, = a,,_1x,,—; for
7t g

1
n > l,sothaty, = P,_; = > > =
,E(lﬂ%) 2 2

.As (yn) ¢ co, T cannot
have a fixed point in S.

Edelstein’s theorem can be used to solve a classical problem of geometry. Given
a triangle ABC with sides a (= BC), b (= CA) and ¢ (= AB), the problem is to con-
struct the triangle with prescribed lengths of angle bisectors. Originally the problem
required the solution to be constructed using ruler and compass. This problem has
been independently posed by several persons including Brocard and Terquem. See
[4, 16] for a detailed history of this problem. Indeed the internal bisectors of the
angles of a triangle are concurrent while the external bisectors form a triangle. Van
den Berg [24] showed that given three positive numbers m, i, p the necessary and
sufficient conditions for the existence of a triangle with lengths of exterior bisectors
of angle m, n, p is that the maximum of {mn, np, pm} is larger than the sum of the
remaining two of this triplet. He also noted that in this case the problem admits of
two solutions. While Korselt showed that it is impossible to construct the triangle by
ruler and compass, given the lengths of external bisectors of angles, Neiss proved the
impossibility of construction by ruler and compass the triangle for which the lengths
of the internal bisectors of the angles of the triangle are given.

In what follows we consider the problem of constructing the triangle, given the
lengths of internal bisectors of angles. Let ABC be the triangle with sides a, b, ¢ and

let m, n and p be the lengths of internal bisectors of angles A, B and C respectively.
A

B M C
Area of A ABC = Area of A ABM + Area of A AMC. So

1 1
—bcsin A = —cm sin — + —bm sin —
2 2 2 2 2
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or
2bc A
= cos | —
b+c 2
Since
a®> =b>+c¢* —2bccos A
A
= b+ ? = 2bc [200S2 <E> — 1]
we get

m = gigvbel(b +c)? —a?
n = =v/cal(c+a)? — b 8.1.1)
P = GmVabla+b)? ¢

This can be equivalently written as

bel(b+¢)* —a*l— (b +c)*m?> =0
cal(c+a)Y = b*1— (c+a)’n*> =0
abl(a +b)?* —c*1— (a+b)?*p* =0

Thus the problem is reduced to solving for a, b, ¢ in terms of m, n and p using if
necessary elimination theory.

Mironescu and Panaitopol [16] viewed it as a problem in fixed point theory. This
is described in the following theorem.

Theorem 8.1.10 (Mironescu and Panaitopol [16]) The problem of finding the trian-
gle, given the lengths of internal angle bisectors is equivalent to a problem of finding
the fixed point of a suitable mapping.

Proof The set of Eq.(8.1.1) can be rewritten suitably. For instance the first equation
in (8.1.1) is
belb+¢)* —a*1— (b +co)*m*>=0

It can be written as

» b+ —(b—0)

dm
(b+c)?

[(b+c)* —a’]

or

b —¢)%a?

142 2
bro? l[a” — (b —0)]

4m> = (b +c)* +
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[(b+ )+ “"”“T la%®—oF

= C P — — |a — C
(b+c)

Eliminating ((bb_TCL))“ between those two equations one gets

2b+¢)=am>+ (c+a—b)2+a4m> + (a+ b — ¢)?

Define x, y, z by
a=y+z, b=z+x, c=x+y

whence

_b+c—a c+a—>b a+b—c
-T2 YT T T

X

Using these in the above expression for m we get

1 1
xzz[\/mz—i- 2—y]—i—z[\/mz-i-zz—z]
1 1
y=E[vn2+z2—z]+§[\/n2+x2—x]
1 1
Z=5[VP2+x2—X]+§[vP2+)’2—)’]

Since m,n, p >0, x,y,z > 0. Further x <m, y <n and z < p. Thus the map
F : K — K where K = [0, m] x [0, n] x [0, p]definedby F(x,y,z) = (fn(y) +
Fn(@. 2@ + £22), fp (1) + f,(v) where £, (1) = [VaZ 12 — 1] on [0, o] for
o > 0 has a fixed point if and only if the system of Eq.(8.1.1) has a solution. a, b, ¢
in terms of m, n and p. O

Remark 8.1.11 Mironescu and Panaitopol invoked Brouwer’s fixed point theorem
9.1 - to conclude that F has a fixed point which is the solution to the three internal
angle bisectors problem.

On the other hand Dinca and Mawhin [4] deduced it from the contraction principle
though it can also be obtained from Edelstein’s theorem (Corollary 8.1.4).

Theorem 8.1.12 (Dinca and Mawhin [4]) The map F : K — K defined by F(x, y,
2) =) + fu(@), fu@) + fu(x), fp(x) + fp(y)) where K = [0, m] x [0, n] x
[0, pland f,(t) = %[\/oﬂ + 12 — t] is contractive and has a unique fixed point and
every sequence of F-iterates converges to the unique solution of the three internal
angle bisectors problem.

Proof f,(t) = %[\/az + 12 — t] is continuous and f (1) = % [ﬁ — 1] is neg-
ative. Further, | f, (1)] < % Now K is compact in R? with the norm ||(x, y, 2)|| =
max{|x|, |yl |z]}. Further, | f, (1) — fu(t2)| < 3|11 — ta] for 1y 5 1. So for (x, y, 2)
# @, y,z1)  1F(x,y,2) — Fx, y 22) | < max{lx —xl, [y — nil [z — 2l



8.1 Contractive Mappings 171

Further as f, (1) < % and F maps K into itself. Thus F is a contractive self-map on
the compact space K. So by Edelstein’s theorem (Corollary 8.1.4) F has a unique
fixed point to which every sequence of F iterates converges. In other words there
is a unique triangle up to isometry having with prescribed lengths of internal angle
bisectors. (]

Remark 8.1.13 Dinca and Mawhin [4] proved Theorem 8.1.12 applying the contrac-
tion principle to a sequence of contractions converging pointwise to F.

8.2 Non-expansive Maps

In this section, some elementary results on the fixed points of non-expansive maps
are discussed.

Definition 8.2.1 A map 7 : X — X, where (X, d) is a metric space is called
non-expansive if d(Tx,Ty) <d(x,y) forall x,y € X. T is called an isometry if
d(Tx, Ty)=d(x,y)forall x,y € X.

Remark 8.2.2 A non-expansive mapping on a complete metric space may not have
a fixed point as is evident by considering the map x — x + a, a # 0 on R. Indeed
themap e’ — '+ ¢ € [0, 27r) where & € (0, 277) in the unit circle in the complex
planeis an isometry without a fixed point on the compact connected locally connected
space S'.

For x = (x,) in the closed unit sphere of ¢, the Banach space of all null sequences
x — Tx =(1,x,x,...), x = (x,) is a fixed point free isometry.

Dotson Jr [5] proved a fixed point theorem for non-expansive maps in the setting
of star-shaped subsets of normed linear spaces.

Definition 8.2.3 A non-empty subset S of a linear space X is called star-shaped
if there exists an element a € S such that ta + (1 —¢)s € S for all s € S for all
t € [0, 1]. In this case a is called a star-centre of S.

Remark 8.2.4 While all convex sets are star-shaped about every one of its points a
star-shaped subset may not be convex as in evident by considering S = {0} x [0, 1] U
[0, 1] x {0} in R2.

Theorem 8.2.5 (Dotson [5]) Let S be a compact star-shaped subset of a normed
linear space and T : S — S, a non-expansive map. Then T has a fixed point in S.

Proof Without loss of generality we can assume that S is star-shaped about O (i.e. O is
a star-centre of S). Then the map 7, defined by 7,,(x) = (1 — %)Tx (= %.O + (1 -
%)Tx) maps S into itself for each n € N. As 7}, is a contraction on S and S being
compact is complete, 7, has a unique fixed point x,,, say. So T, (x,) = (1 — %)Tx,, =
x, foreachn € N. As S is compact and x,, € S foreachn € N, there is a subsequence
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{xn.} of {x,} converging to x* € S. Since T is continuous, x,, (= (1 — i)Txnk)
converges to x*, Tx,, = (1 — nik)’lxnk converges to 7x* = x*. Thus x* is a fixed

point of 7. (]

Corollary 8.2.6 Every non-expansive self-map on a compact convex subset of a
normed linear space has a fixed point.

In this context an application to approximation theory is described, based on a
few concepts and results.

Definition 8.2.7 Let (X, d) be a metric and S, a non-empty subset and xo € X — S.
If there exists an element sy € S such that d(xg, s9) = ing d(xp, s), then sq is called
se

a best approximation to xg in S.

While every element of X — S of ametric space X need not have a best approxima-
tionin § C X, the following proposition gives sufficient conditions for the existence
of a best approximation.

Theorem 8.2.8 Ler V be a finite-dimensional subspace of a normed linear space
(X, |- IDand f € X — V. Then there exists vy € V suchthat || f — vo|| = inf{|| f —
v|:veV}h

Proof Since V is a finite-dimensional subspace of X, V is complete and hence
closedin X. Soinf{|| f —v| :ve V} =d(f,V) > 0.Ifv € Vand ||v] > | f| then
d(f, V)< If =0l =11l <lvl.Soif f has abest approximation, in V, then the
best approximation lies in B(0; || f||) N V, the closed sphere centred in O of radius
Il lying in V. Now B =B@O; || fI)NV ={veV: vl <|fl} is the closed
sphere centred at 0 and of radius || f|| in the finite-dimensional space V. So B
is compact and so inf{|| f — v|| : v € B} is attained at some vy. Thus || f — vg|| =
infg{|| f — v||} = inf,ev || f — vl|. So f has a best approximation in V. O

Theorem 8.2.9 (Invariants of best approximations) Let X be a normed linear space,
V afinite-dimensional subspace of X and T : X — X amap with a fixed point f such
that forall x,y € V, ||x — y|| <d(f, V) implies |Tx — Ty| < |lx — y|, d(f, V)
being inf{d(f,v) : v € V}. If T maps V into itself then f has a best approximation
in V which is a fixed point of T.

Proof Since V is finite-dimensional S the set of best approximations of f in V is
non-empty by Theorem 8.2.8. AsT(V) C Vand Sy C V,T(Sy) C V.Since Tf =
fllTg—fll=ITg—Tf|l <llg— flforallg € S¢.SoT maps S intoitself. For
81:82€8r,  Nf -t +U=0Dgl=ltf —tg1+ A -0 f =1 —-D)gll =1
=gl + =D f — gl =d(f,V).Since Sy is a closed subset of B(0, || f|) N
V and V is finite dimensional, S is a compact convex subset of V. As T is a non-
expansive self-mapon Sy, T has afixed point fyin ;. Thus fjis abest approximation
of f which is a fixed point of 7. (]
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Corollary 8.2.10 If T : X — X be a non-expansive map with a fixed point f and
leaving a finite dimensional subspace V of E invariant, then f has a best approxi-
mation in'V.

Corollary 8.2.11 (Meinardus [14]) Let T : B — B be a continuous map where B
is a compact metric space and C[B] the space of all continuous real (or complex)
functions on B with the supremum norm. Let A : C[B] — C[B] be a non-expansive
map and suppose that

(i) A(f(T(x))) = f(x);
(ii) A(h(T (x))) € V, whenever h(x) € V where V is a finite dimensional subspace
of C[B]. Then there is a best approximation g of f with respect to V such that

A(g(T(x))) = g(x).

This corollary follows from Corollary 8.2.10 upon setting 77 : C[B] — C[B] by
T1(g(x)) = A(g(T (x))).

Corollary 8.2.12 Let f be an even (odd) function in C[—1, 1] with the supremum
norm. If' V is a finite dimensional subspace of C[—1, 1] such that whenever h(x) € V,
h(—x) also is in V, then f has an even (odd) function as best approximation in V.

8.3 Browder—Gohde-Kirk Fixed Point Theorem

While non-expansive self-maps on bounded closed convex sets in infinite-
dimensional Banach spaces may not have fixed points, fixed points for non-expansive
mappings can be ensured in Banach spaces with nice geometrical features. Browder
[2], Gohde [8] and Kirk [11] independently proved that non-expansive self-maps on
non-empty bounded closed convex subsets of a uniformly convex Banach space have
fixed points. Indeed Kirk [11] using the concept of normal structure proved a more
general fixed point theorem. The study of fixed points of non-expansive mappings
on subsets of Banach spaces is an active area of research employing sophisticated
analytic and geometric concepts. Goebel [7] gave a simpler proof of the Browder-
Gohde-Kirk fixed point theorem in the setting of uniformly convex Banach spaces
and this proof is presented below. The definition of uniform convexity (Definition
1.3.40) is repeated below for the sake of both completeness and convenience.

Definition 8.3.1 A Banach space is uniformly convex if there exists an increasing
positive function § : I, = (0, 2] — I} = (0, 1] such that ||x||, |y]| <r and |x —
yll = € r imply that P22 < (1 — §(e))r.

Remark 8.3.2 1f n is the inverse function of §, then lin}) n(y) =0. [
y—
Theorem 8.3.3 (Browder-Gohde-Kirk) Let K be a non-empty bounded closed con-

vex subset of a uniformly convex Banach space X and T : K — K a non-expansive
map. Then T has a fixed point in K.
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Goebel’s proof makes use of the following

Lemma 8.3.4 If u, v, w are elements of a uniformly Banach space B such that
lu—wll <R, lv—w| <Rand |w—"32|| = r >0, then |lu — v|| < Ry (£*).

w zrz(l—Rg’)RandRzras

R > | w;“ + w; Y | > r. So in the contrapositive version of the definition of uniform

convexity setting € = 7 (R,;r) we get lu — vl < Ry (%)- O

Proof ”w — H > r means that ‘

Proof of Theorem 8.3.3 [7]

Without loss of generality we can assume that 0 € K. Define F, = (1 — €) F for
€ € I} = (0, 1]. Since F; is a contraction mapping K into itself for each € € I,
F, has a unique fixed point x. in K for each € € I,. Writing d(K) = diameter
of K, we note that ||x. — Fx.|| = ||Fexe — Fx|| = €||Fxe|| < ed(K). As € = 0,
lxc — Fxc|| = 0. Soirlgf lx — Fx|| = 0.Define Cc = {x € K : ||x — Fx|| <¢€}and

D.={xeC.:|x|| <a-+e€}wherea = lin})a(Cé) and a(B) = ing x|l
€—> xXe

We proceed to show that NC, is non-empty. Otherwise a > 0, since each C. is
closed. Letu;,u; € C..Fori =1, 2,

i — F (”1 ;”2> < llus — Fup)| + HF(u,») —F (”1 “”)H

2
1
< €+ Sllur —ual (8.3.1)
and
i 1
ui_ul—;uz u 2u2 <6+§|Iu1—u2|| (8.3.2)
As
1 1
ez (50 () o (232

the inequality

1
Z 5 llur — ual (8.3.3)

1
P u1+u2+F Uiy + up
2 2 2

is true for at least one of i = 1, 2. From Lemma 8.3.4 and the inequalities (8.3.1),
(8.3.2) and (8.3.3)
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1 €
=< <€+ 5“”1 *“2”) n (w)

< sup (E+en (i)

d(K)
O<é<<5=

€ €
< max |:0<§ssu%5(e +&)n (ﬂ) ,f sup %(e +&)n (Mﬂ

e—e<&<

up +up _F up +up
2 2

< max [Zﬁ, e+ @n(ﬁ)] = ¢(e) (say).

uituy

So uy, up € Ce implies “572 € Cy(e). Clearly ¢(€) — Oase — 0.

For uy,us € D, ||vill <a+e for i =1,2 and as "2 € Cy),

a(Cpe))
Now by Lemma 8.3.4

uituy ” >
2

d(De) = sup |luy — uz| §(a+e)n(
a—+e€

uy,ur €D,

a-+e— a(Cd,(e)))

and lirr(l)d(De) = 0. So by Cantor intersection theorem ND, # ¢. So NC, # ¢.
€—>

Hence F has a fixed point in K.

As uniformly convex Banach spaces are reflexive and bounded closed convex
subsets of a uniformly convex Banach space are weakly compact, it is natural to
enquire if a weakly compact convex subset of a non-reflexive Banach space has fixed
point property for non-expansive mappings. Alspach [1] has given a counter-example
to this conjecture and it is summarized below.

Example 8.3.5 (Alspach[1]) Let X be the Banach space L[0, 1]and K = {f € X :
0<f <2, areand fol fdu = 1}. Clearly K is convex and weakly closed in X. As
order intervals in X are weakly compact in view of the uniform integrability of its
elements, K is weakly compact. Define 7 : K — K by

2121 V2, 0

t
Tf(t):{[Zf(Zt—l)—Z]vO, ‘

— D=

=
=

It can be seen that T is an isometry. If T has a fixed point g, then g = 24 for
some subset A of [0, l]withmeasure%.Now {t:gt)=2}={t:Tgt) =2} = {% :
g(t) =2} U {% 1g(t) =2}V {% : 1 < g(¢) < 2}. Here the union of these sets is a
disjoint union. Since u{r : g(t) =2} + ;L{lzi 1g(t) =2} =pult:gk) =2}, pufr:
1 < g(t) < 2} = 0. Repeated use of this argument shows that

{t:O<g(z)<2}=U{t;—<g(;)<F}

2m =
n=0

is of measure zero, as well.
For g = 2x4
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e =2= | [ %—l—L:teA}

n
eel0.1) Li=1 2

The above representation can be proved using induction. Since Tg = g, A = {r :
T"g(t) = 2} for all natural numbers n and the intersection of A with any interval
with dyadic end points has measure precisely half the measure of the interval. Since
such a measurable set does not exist, 7 cannot have a fixed point in K.

For other examples Sims [23] may be consulted.

8.4 A Generalization to Metric Spaces

Pasicki [ 18] obtained an interesting generalization of Browder-Gohde-Kirk Theorem
8.3.3 to special metric spaces. In this section Pasicki’s contributions are highlighted.

Definition 8.4.1 ([18]) Let (X, d) be a metric space and A a non-empty bounded
subset. x € X is called central point for A if

r(a) ;= inf{r € (0, 00) : A C B(z, t) for some z € X}
=inf{r € (0,00) : A C B(x,1)}

The centre c(A) for A is the set of all central points for A and r(A) is the radius of
A.

Proposition 8.4.2 ([18]) For a metric space (X,d) satisfying for each r > 0
and x,y € X with x # y there exists § > 0, z € X such that B(x,r) N B(y,r) C
B(z,r — 8) given a bounded non-void subset A of X, c(A) contains at most one
point.

Proof If x,y € c(A) and x # y, then for r = r(A), A C B(x,r) N B(y,r) C B
(z,r — 8). This implies r(A) = r < r — §, a contradiction. U

A centre of a set corresponds to Chebyshev centre of a set.
For developing fixed point theory Pasicki [18] introduced the following definition.

Definition 8.4.3 ([18]) Let Y be a non-void bounded subset of a metric space (X, d)
and F : Y — 2", amapping with F(y) # ¢ foreachy € Y. x € X is called a central
point for F if

r(F) :=inf{t € (0,00) : F"(y) € B(z,t) fora
z€ Xandann € N}
= inf{t € (0,00) : F"(Y) C B(x,t) forann € N}

The centre c(F) for F is the set of central points for F' and r(F) is the radius of F.
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It may be noted that if F"(y) € B(z,t) then FP(Y) C F"(Y) C B(z, t) for all
p=n.

Theorem 8.4.4 ([18]) Let Y be a non-void bounded subset of a metric space (X, d)
and f: X — X amap such that f(Y) C Y and c(fly) = {x}. If d(f(x), f(¥)) <
d(x,y) forallx,y €Y, then x is a fixed point for f.

Proof For f"~'(Y) € B(x,1), f"(Y NB(x,t)) € B(f(x),t). As f is non-
expansive f(Y, B(x,t)) € B(f(x),t) and so f"(Y) € B(f(x),t) implying that
f(x) € c(fly). Asc(f]y) is a singleton, f(x) = x. O

The above theorem leads to the formulation of a bead space and a discus space.

Definition 8.4.5 ([18]) A metric space is called a bead space if the following con-
dition holds:

for every r, B > 0, there exists a § > 0 such that for each pair x, y € X with
d(x,y) > B,thereexistsaz € X suchthat B(x,r +8) N B(y,r +6) € B(z,r —§).

Definition 8.4.6 ([17, 18]) A metric space is called a discus space if there exists a
map p : [0, o00) x (0, 00) — [0, 0o) such that

p(B,r) <pO,r)=r, B,r >0, (8.4.1)
p (-, r) is non-increasing, r > 0, (8.4.2)
p (8, -) is upper semicontinuous for § > 0, (8.4.3)

for each pair x, y € X, r, € > 0 there exists
z € X suchthat B(x,r) N B(y,r) € B(z, p(d(x,Vy),7) +€). (8.4.4)

Proposition 8.4.7 ([18]) Each discus space is a bead space.

Proof Let r >0, x,y € X and d(x,y) = B > 0 be arbitrary. In view of 8.4.6
(iv) for each €, k > 0, there exists z € X such that B(x,r + k) N B(y,r +k) C
B(z, p(B,r + k) +€). Writing 2n =r — p(B,r) = p(0,r) — p(B,r) > 0 (by (1))
For sufficiently small k, €, we have p(B8,r + k) +¢€ < p(B,r) + n (by (iii)). So
one gets p(B,r+k)+e <pB,r)+n=r—2n+n=r—nand B(x,r +k)N
B(y,r +k) € B(z,r —n). Then for § = min{k, n}, B(x,r +38) N B(n,r +68) C
B(z,r —98). If d(x,y) > B, then by (ii) p(d(x,y),r + k) < p(B,r + k) and the
inclusion follows. U

In fact a bead space is also a discus space as noted by Pasicki [19].
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Proposition 8.4.8 ([19]) Each bead space is a discus space.

Proof Let (X, d) beabeadspace.For 8, r > 0letn(0,r) = O0andn(B, r) = sup{s €
(0,r) : foreach x, y € X with d(x, y) > B there exists z € X with B(x, r + §)
NB(y,r +98) € B(z,r —9)}.

Consider p(B8,r) =r —n(B, r). Clearly p maps [0, c0) x (0, o0) into [0, 00).
For 8,r >0, n(B,r) >0 and p(B,r) < p(0,r) =r. We now show that n(-,r)
is non-decreasing for r > 0. If for , 8 > 0, § > 0 is such that for d(x,y) > 8
Bx,r+38) NB(y,r +68) € B(z,r — 8), thenit works for 8; > Bsothatn(B,r) <
n(Bi,r). Thus n(-,r) is non-decreasing and p(-,r) is non-increasing. We now
show that n(3, -) is lower semicontinuous, § > 0. Now 7(0, -) = 0 and consider
B > 0. Suppose n(B, xo) > a > 0. We show that (8, (ro — €,y + €)) C («, 00)
for any € > 0. Since n(B, ro) > r, there exists 6§ > « such that B(x,ry+ ) N
B(y,ro+8) C B(z,r9 —6) for a z € X. Let € > 0 be such that ro + 6 —2¢ > 0
and 6 > €. Then B(x,ro —€e +(§ —€)) N B(y,ro —€ +(§ —€)) C B(x,r +45)N
B(y,ro+98) C B(z,ro—38) = B(z,r9o—€ — (8 —€)). So, for§ > 2¢ and § — € >
o, n(B, (r —e, ro]) C (a, 00). However for § > € + o, we have

Bx,ro+e+ @B —€e)NB(y,x+€+ (6 —¢€))
C B(x,ro+48)NB(y,ro+38) € B(z,rp —9)
=B(z,ro+€—(+¢€) CB(z,ro+€ — (8§ —¢€))

Son(B, [ro, ro + €)) € (a, 00). Finally one has n(B, (ro — €, ro + €)) C (o, 00) and
n(B, -) is lower semicontinuous. Also B(x,r) N B(y,r) € B(x,r +3§) N B(y,r +
8) C B(z,r —§8) € B(z,r —6+¢€)and so B(x,r) N B(y,r) € B(z, p(d(x,y),r)
+ ¢€). Thus (X, d) is a discus space. O

Iiemark 8.4.9 If (X,d) is a metric space and r > 2¢ > 0, then B(x,r —2¢) C
B(x,r —e) C B(x,r)
So the definitions of bead and discus spaces can be formulated using closed balls.

We need the following lemma to decode the geometry of normed bead spaces.

Lemma 8.4.10 ([19]) In a normed linear space (X, ||||) the following conditions
are equivalent:

(i) foreveryr, B > 0, there exists 5 > 0 such that for x, y € X with |x — y|| > 8,
there exists z € X with B(x,r + ) N B(y,r +6§) € B(z,r — 8);
(ii) foreveryr, B > 0, there exists § > 0 such that forx,y € X with ||x — y|| > B,
there exists z € X such that B(x,r +§8) N B(y,r +68) € B(z,r);
(iii) for everyr, B > 0, there exists § > 0 such that for x € X and 2| x| > B imply
B(—x,r)N B(x,r) € B0, r —9).

Proof 1t is enough to prove the equivalence for y = —x. The set C = B(—x,r) N
B(x, r) is symmetric and therefore C € B(z, t) implies C € B(—z,t) N B(z,t) €
B(0,t). Thus we may let z = % =0 in (i), (ii) and (iii). Clearly (i) implies (ii)
and (iii). Choosing r = 1 in (iii) we get for 8 > 0 there exists § > 0 such that for
u,x € X with ||lu + x||, lu —x|| < land 2|x|| = 8 >0
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@iv) Jlull <1 =246

Suppose ||lu + x|, [lu — x[| < r+ € and 2|lx|| > (v + €)B hold. Then L2l
=l < 1and 25l > gand in view of (iv) {4 < 1 — S or [|u]| < (r + €)(1 — 8) <
r (1 — %) for small values of €. For y = —x, §; = min {e, 2}, and 2||x|| > g =

20 > (r +e€)B, we get B(x,r +81) N B(y,r +8) C BO,r — &) which is (i).

Thus (i), (iii) and (iv) are equivalent. Now consider (ii). Then ”(‘:J_r:)”, ”('::j)” <146

and (erTi”) > Bimply .= < 1.(see(ii)). This relation can be written as [lu + x|, [[u —
x| <@r—e)(1+8) =r+r5—€e(1+46) and 2|x|| >rB > (r —€)f implying
lul| < r —e€. Thus for e <réd —e(l1+6) or € < %, lu+ x|, lu —x|| <r+e
and 2||x|| > rB implying ||u|| < r — €, verifying (i). U

[luell

Theorem 8.4.11 ([19]) A normed linear space is uniformly convex if and only if
for each B > O there exists § > O such that foru,x € X, |lu + x|, lu — x| < 1
and 2||x|| > B > 0 imply

(v) llull <1 =46

Proof From (iv) of Lemma 8.4.10 setting u = %, x = 35 one gets

for every B > 0, there exists § > 0 such that y,z € X, ||y, l|zll < 1 and ||y —
z|| > B > 0 imply ”%“Z H < 1 —4. So X is uniformly convex.

If (v) is satisfied then writing y = u + x, z = u — x, then (iv) of Definition 8.3.1
is satisfied leading to uniformly convexity of X. (]

‘We now have

Theorem 8.4.12 ([19]) A normed linear (X, | - ||) is uniformly convex if and only
if any one of the conditions (i), (ii), (iii), (iv) of Lemma 8.4.10 and (v) of Theorem
8.4.11 are satisfied.

From Propositions 8.4.7, 8.4.8 and Theorem 8.4.11 we have

Theorem 8.4.13 ([19]) For any normed linear space the following conditions are
equivalent:

(i) X is a bead space;
(ii) X is a discus space;
(iii) X is a uniformly convex space.

Remark 8.4.14 ([19]) Each convex subset X of a uniformly convex normed linear
space satisfies the definition of a bead space with z = % (see Definition 8.4.5).

We now proceed to provide Pasicki’s generalization of Browder-Gohde-Kirk The-
orem 8.3.3 based on the following lemmata.

Lemma 8.4.15 [f (X, d) is a complete discus space, then (iv) of Definition 8.4.6 (of
Discus space) can be replaced by
for each x,y € X and r > 0 there is a 7z € X such that B(x,r) N B(y,r) C

B(z, p(d(x, y),r)).
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Proof Let @ = p(d(x,y),r) and («,) | o be such that there exist x, € B(x,r) N
B(y,r) € B(x,, o,). Suppose (x,) is not Cauchy. Then thereis § > 0 with d(x,,, xx)
C B forinfinitely many k, n withk < n.Set2n =a — p(B, @) = p(0, @) — p(B, @)
> 0 (by (i) of Definition 8.4.6). So B(x,r) N B(y,r) € B(x,, a,) N B(xg, o) C
B(xy, ax) N B(xg, ax) C B(zpks p(d(xn, X1), ax) +n) for some z,, € X (by (iv)
of Definition 8.4.6). On the other hand, p(d(x,, xx), ox) < p(B, o) (by ii) and
p(B, ar) < p(B, @) + nforsufficiently large k (by (iii) of Definition 8.4.6). Now one
gets  B(x,r)NB(y,r) C B(zux, p(B, @) + 1) = B(zup, ¢ — 20+ n) = B(zns,
a —1n) C B(zyx, ). Thus the lemma is true. If (x,) is a Cauchy sequence con-
vergent to z € X, then B(x,,«,) C B(z,a + ) for any 8 > 0 and all large n.
SoB(x,r)NB(y,r) C B(z,a + B)forall 8 > Oand B(x,r) N B(y,r) C E(z, o).
Since B(x, r) N B(y, r) is open, the lemma follows. (Il

Lemma 8.4.16 Let (X, d) be a complete discus space and let A € X be non-void
and bounded then c(A) is a singleton.

Proof Let(r,) | r =r(A)while A C B(x,, ry).If (x,) isnot Cauchy, then d (x,,, x;)
> B > 0 for infinitely many &, n with k < n. We have

A C B(xy, 1) N B(xg, 1) C B(xp, 1) N B(xg, ry)

g B(Zn,k, p(d(-xn’ xk)v rk)) g B(Zn,kv p(ﬂkrk))
(by definition of p).

So A € B(zyk,r(A) — n (n being %(a — p(B, ))) as proceed in the course of the
preceding Lemma 8.4.15. This is a contradiction. Let (x,) converge to x. Then for
any 8 > 0 B(x,, r,) € B(x, r + B) for sufficiently large n implying A C B(x,r +
B) for all B >0 and so x € c(A). If x,y € c(A) and d(x,y) > B > 0, then by
Lemma 8.4.15 A € B(x,r) N B(y,r) € B(z, p(B,r)) € B(z,r —n) foran > 0,
a contradiction. So c¢(A) is a singleton. O

Lemma 8.4.17 ([19]) Let (X, d) be a complete discus space. If Y # ¢ C X is
bounded and F : Y — 2V is a mapping, then c(F) is a singleton.

Proof Let r = r(F) (refer Definition 8.4.3 for r(F) and c(F)). F"T'(Y) C F"(Y)
and so there exists r,, | r and a sequence (x,) such that F"(y) € B(x,, r,) foralln.If
(x,) is nota Cauchy sequence, for infinitely many n, k withk < nd(x,, x;) > B > 0.
Wehave F"(Y) € F*(Y) N F¥(Y) C B(x,,r,) N B(xx, 70) € B(Zu, p(B, 1)) and
so F"(Y) € B(zuyx,r —n) for an > 0 (as in the preceding proof), a contradiction.
Let (x,) converge to x. We get F"(Y) C B(x,r + B) for any 8 > 0 and sufficiently
large n. So x € c¢(F). That ¢(F) is a singleton follows from Lemma 8.4.16. O

Theorem 8.4.4 can be modified as

Theorem 8.4.18 Let (X, d) be a complete bead (discus) metric space and f : X —
X a non-expansive map. If Y is a bounded non-empty subset of X with f(Y) C Y,
then c(f|y) is a singleton which is a fixed point of f.
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8.5 An Application to a Functional Equation

In this section, Matkowski’s deduction [13] of a fixed point theorem from Pasicki’s
Theorem 8.4.4 is discussed as well as its application to a functional equation. It is in
the setting of a paranormed space.

Definition 8.5.1 Let X be areal linear space over R. A function p : X — Riscalled
a paranorm if the following conditions are satisfied:

(i) p(x) =0ifandonly if x =0, p(x) = p(—x) for all x;
(i) p(x+y) < pkx)+ p(y) forallx,y € X;
(iii) for t,,t € R and x,,x € X with #, — ¢ and p(x, —x) - 0 as n — oo,
p(t,x, — tx) converges to zero as n — 00.

Remark 8.5.2 1f (X, p) is a paranormed linear space, then d(x,y) = p(x —y)
defines a metric on X.

Definition 8.5.3 A paranormed space (X, p) is called uniformly convex if for
each r > 0 and € € (0, 2r) there exists 8(r, €) € (0, r) such that for all x,y € X
with p(x), p(y) <r and p(x,y) > ¢, p()%) <r —§(r, €) (the function § : A —
(0, 00) where A = {(r,¢€) : ¥ > 0,0 < € < 2r} is called the modulus of convexity

of (X, p).

The following theorem due to Matkowski [13] provides a class of examples of
paranormed spaces.

Theorem 8.5.4 Let (2,., 1) be a measure space and S = S(2, .7, ) the real
linear space of all w-integrable simple functions x : Q — R. Let ¢ : [0, 00) —
[0, 00) be an increasing bijection with ¢(0) = 0. Then the functional p,(x) =
! fQ o(|x])dw is well-defined for each x € S. If ;1(2) = 1 and if there exists a set
A € S withO < u(A) < 1,then py isaparanormifandonly if F : Rt x RT — R*
defined by F(r,s) = ¢(¢~'(r) + ¢~ 1(s)) r, z € RT is concave.

If n(2) < 1 and F is concave, then p, is a paranorm on S.

Remark 8.5.5 Letg : Rt — R™ be twice differentiable with ¢ (0) = 0, ¢'(r), ¢ (r)
>0 forr > 0. If % is super additive in (0, c0) in the sense that g((:ii)) > f;((rr)) +
Z,,,((i)), r,s > 0then F : RT x R* — RT defined by F(r,s) = (¢~ ' (r) + ¢~ (5))
is concave.

For the proofs of the following lemmata Matkowski [13] may be consulted.

Lemma 8.5.6 ([13]) Let (2, .7, ) be a measure space with u(2) < 1. Let ¢ :
R* — RY be an increasing bijection with ¢(0) = 0 and F : R™ x RT — R* be
defined by F(r,s) = ¢(o~'(r) + ¢~ '(s)), r, s > 0. If F is concave, then D, defined
(in Theorem 8.5.4) is a paranormon S = S(2, %, w). If further o(r +s) + @(Jr —
s)) = 2[e(r) + @(s)] forall r,s > 0 (i.e. ¢ is super quadratic), then for x,y € S

0(Pe(x +¥)) + @(py(x — ¥)) = 2[@(py(x)) + @(pe(¥))].
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Lemma 8.5.7 ([13]) Let (2,.7, 1) be a measure space and ¢ : Rt — RT an
increasing bijection such that p, is a paranorm on S. If ¢ is super-quadratic
(ie. o(r +s)+ @(r —s|) > 2[er) + @(s)] for r,s >0), S = S(Q,.S, u) with
the paranorm is uniformly convex, the modulus of convexity being 5(r,€) =r —
o N p@r) — @(5)), r > 0ande € (0,2r).

These lead immediately to

Theorem 8.5.8 ([13]) Let (2, .Y, ) be a measure space and w(2) < 1. If ¢ :
Rt — R* is an increasing bijection and the map F : RT™ x Rt — R* defined by
F(r,s) =@ '(r) + ¢~ 1(s)), r, s = 0 is concave then Dy is a paranorm on S =
S(2, ., w). If  is also superquadratic then S is uniformly convex with the modulus
of continuity being §(r,€) =r — o' (p@r) — (p(%), r>0and0 < e < 2r.

Lemma 8.5.9 ([20]) Let X be a set in a linear space such that % CXandp:
X — X — R be amap such thatd(x,y) = p(x —y), x,y € X defines a metric on
X. If for r, B > O there exists § > 0 such that s,t,s —t € X — X the inequalities
p(s), p(t) <r+38and p(s —t) > B imply p(%) <r —2§, then (X, d) is a bead
space.

St utv (x+v)
Proof Sets =u —x,t =v —y where u,v,x,y € X. Then 7+ = == €

X—Xas X+ X C2X. So p(””) is well-defined. Let u,x,y € X be such that
du,x),du,y) <r+d8§andd(x,y) > . Thenfors =u —x,t =u —y, p(s) <
r+8,pt) <r+dandfors —t=y—-xeX-XCX,p(s—1t)=p((u—x)—
(u—y))=p(y —x)> B. So by assumption of Lemma 8.5.9, p(u — %) =
p(*=5"=2) = p(3H) <r — 6. Thus u € B(z,r —§) where z = *3* € X. Thus
(X, d) is a bead space. [l

Remark 8.5.10 The proof of the above lemma is due to Pasicki [20]. In the above
lemma X can be the whole space.

Remark 8.5.11 From Pasicki’s Theorem 8.4.4 it follows that a non-expansive map-
ping of a non-void bounded closed convex subset C of a complete uniformly convex
paranormed space X into itself has a fixed point, the modulus of convexity of X
being continuous.

Remark 8.5.12 ([13]) The completion of a uniformly convex paranormed linear
space is uniformly convex.

Matkowski deduced an existence theorem for the solution of a functional equation
using Pasicki’s theorem.

Theorem 8.5.13 (Matkowski [13]) Let 2 = [0, 1], . the o-algebra of Lebesgue
measurable sets and |1 the Lebesgue measure. Let ¢ : RT — R be an increasing,
convex, superquadratic function such that F (r, s) = ¢ (¢~ (r) + ¢~ (s)) is concave,
r,s > 0. Let f:1 — I be an increasing differentiable function, h : I x R — R
satisfy the Caratheodary conditions:
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(a) h(t,.) is continuous for each x;

(b) h(., x) is measurable for almost all x;

(c) |h(t,x)| < m(t) forall (t, x) where m is Lebesgue-integrable on [0, 1].

(d) there exist o, B € Sy(2, .7, w) with a(t) < h(t, a(t)) < h(t, (1)) < B(¢t) for
allt € [0, 1] and forallt € [0, 1] and x € [a(?), B(1)]

h(t, a(1)) < h(t,x) < h(z, B(1))

(e) there exists a Lebesgue-measurable function g : I — R™ such that

|h(t3x) _h(t’ y)' = g(t)|x - y|1t € ]3x1y € [Ot(l), ﬂ(t)]

If % <1, then the functional equation x(t) = h(t,x(f(¢))) has a solution in
S(Q2, S, w), the completion of the paranormed space S = S,(2, S, |1).

Proof Define C=1{x € R :a(t) < x(t) < B@t)forallt € I} NS (Q,.7, n).
Clearly C is a bounded closed convex subset of $¢(2,.7, ). Define T : C — R/
by

T(x)(@) =h(, f(x()), 1€l

For x € $¥(Q2, ., u), x o f is measurable and by the Caratheodary conditions (a),
(b) and (c), T'(x) is also measurable. From (d), a(t) < T'(x(t)) < B(),t € I. So
T(x) € C.Forx,y € C, from the definition of pg, and conditions (d) and (e) and
the increasing nature of ¢,

1
po(Tx —Ty) =¢" (/O e(IT(x) — T(y)l)(t)dt)
1
=v /o (I, x(f (1) = h(t, y(f D)1
1
= ¢71 (/O p(g@)Ix(f () — y(f([))|dt>
1
- </o Y (ﬁ'((?) x(f(@0) = y(f <t>>|> f’(t)dt>
1
¢! ( fo o(lx(f (1) — y(f(t))l)f/(t)dt>

[
- ( / o(|x(t) — y(r>|>dr)
f0)

1
<¢! ( /O o(lx(t) — y(r>|)dr)

= pe(x — ).

IA
<
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Thus T is non-expansive. As S% is a complete uniformly convex bead space. T has a
fixed point by Pasicki’s theorem. Thus the functional equation x(¢) = h(t, x(f(¢)))
has a solution in S¥. O

It may be mentioned that for the choice ¢(t) = t”, p > 1, the p, norms coincide
with L, norms.

8.6 Convergence of Iterates in Normed Spaces

While Banach’s contraction principle and its variants are concerned with the conver-
gence of the iterates of the operator under consideration it is also relevant to discuss
the summability of iterates. For instance, Krasnoselski’s theorem investigates the
behaviour of the sequence x, | = %(xn + Tx,) (vide section 2.2). Mann [12] gen-
eralized Krasnoselski’s theorem to more general sequences generated by regular
matrices. For discussing Mann’s theorem we need the following.

Definition 8.6.1 Lets = (s,) be a sequence of elements in a Banach space (X, || - ||)
and (c,;,) be a real or complex matrix withm =1,2,... andn=1,2,.... Let T
be the linear transformation represented by (c;,,). The transform of s by T denoted

o0

by t = T (s) is the sequence (¢,,) defined by ¢, = Zcmnsn for each m € N. The
n=1

matrix (c,,,) (or T) is said to be regular if ¢, — s as m — 0o whenever s,, — s as

m — OQ.

A classical theorem in summability called the Silverman—Toeplitz theorem is the
following.

Theorem 8.6.2 (Silverman—Toeplitz, see Hardy [9]) An infinite matrix (c,n,,) is reg-
ular if and only if the following are true:

(i) lim ¢, =0foreachn € N;
m—00

m—00

(i) lim " c,, = 1and
n=1

m

o0
(iii) sup{Z|cmn|} < K < 400 for some K > 0

n=I1

Corollary 8.6.3 Let A be the infinite triangular matrix satisfying the following con-
ditions:

(a) aj; = 0fori, jeN;

(b) a;j =0forall j >i
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(c) Zaii = 1foralli e N.

j=1

Then A is regular.
Proof Clearly (b) implies (i) and (c) and (a) imply both (ii) and (iii). O

Theorem 8.6.4 (Mann [12]) Let T : E — E be a continuous map on a compact
convex subset E ifa Banach space X. Let (x,,) be the sequence of T -iterates generated
n

by x| € E. Define the sequence (v,) inductively by v, = Z anpexxand v, = T (vy),

k=1
where A = (aui) and A is the triangular matrix satisfying (a), (b) and (c) of Corollary
8.6.3.
If either of the sequences (x,) and (v,) converges, then the other also converges
to the same point and their common limit is a fixed point of T.

n o0
Proof Let (x,) converge to p. Since v,, = Z AnicXis P = Z anrXy as A is regular,
k=1 k=1
v, converges to p. Now x,.; = T (v,) converges to both p and T(p) (T being
continuous) so that p = T'(p). Thus (x,) and (v,) both converge to the same fixed
point of 7.

If lim v, = g, then as A is regular and (v,) = A(x,), limx, = g. Hence lim
n—0oQ n—o00

Xn+1 = q = T(q). Thus both (v,) and (x,) converge to the same fixed point of 7. [J

Corollary 8.6.5 Let A = (a;;) where

1

L fork=1,2,...,i,i eN
aip =
0 ifk>i

Then A is a regular matrix and if T : E — E is a continuous map on the compact
n
Xk
convex subset E of a Banach space X, then x,+1 = T (v,) where v, = — con-
n
k=1
verges if (v,) converges and vice-versa. In both the cases the limits are the same

fixed point of T.

Theorem 8.6.6 (Mann [12]) Suppose neither {x,} nor {v,} (defined in Theorem
8.6.4) is convergent. Let X be the set of all limit points of {x,} and V the set of all limit

points of {v,}. If A satisfies additionally lim a,, = 0 and lim E |an+1k — ani| =
n— 00 n—0o0 —1
0, then X and V are closed connected sets.

Proof For a separation of V by two non-void closed sets A and A,, we can find v; €
Ajand v, € Ay such thatd(vy, v2) = inf{d(x,y) :x € Aandy € B} =r > 0. For
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n;
r . ..
v;, we can ﬁndZamikvik € B(v;, 5) N A;,i =1, 2,leading to a contradiction to the

k=1
choice of v and v, with d (v, v2) = r, in view of the Silverman—Toeplitz conditions

n
lim > lansik — anl =0.S0 V is
k=1
connected. Since T is continuous and X = T'(V), X is connected. V being compact,
sois X.
When T has a unique fixed pointand E = [a, b] in R, the sequence (v,,) converges

to the unique fixed point. ([

and the additional hypotheses lim a,, = 0 and
n—oQ

Theorem 8.6.7 (Mann [12]) Let T : [a, b] — [a, b] be continuous with a unique

n
fixed point p. Define x, by x,+1 = T (v,) where v, = — Zxk where x| € [a, b].
n
k=1
Then x,, converges to p.

Proof Define A = (a,;) by
L fork <n
g = "
0 fork>n
Clearly A is a regular matrix and v, — v, = % So lim (v, —v,) =0.
n—oo
As T is continuous with a unique fixed point p, Tx —x > Oforx < pandTx — x <
Oforx > p.Soforeachd > O thereexists € > 0 with |Tx — x| > € for |[x — p| > 4.
n
T _
Since v, = vy + Z M, these constraints imply that lim v, = p. Now by
o k+1

Theorem 8.6.4, lim le = p as well. O

Remark 8.6.8 Bailey’s proof of Krasnoselski’s theorem in R (vide chapter 2) is a
special case of the above result.

8.7 [Iterations of a Non-expansive Mapping

In this section, two basic results of Ishikawa [10] on the iterates of a non-expansive
mapping are detailed. These are in the setting of a Banach space. We make use of
the following definitions and lemmata.

Definition 8.7.1 Let D be a subset of a Banach space X, T : D — X a map and
x1 € D. By M(xy, t,, T) we denote the sequence (x,) defined by
Xp+1 = (1 — t,)x, + 1, T x,, where (t,,) is a real sequence.
x1 € D and the real sequence (#,) are said to satisfy condition (A)
oo

if0<t, <b<lforalln eN,Ztn=~|—ooandxn e Dforalln € N.

n=1
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o0
Remark 8.7.2 1f t, € [a, b] for all n where 0 < a < b < 1, then Zrn = +00 and

n=1

0<t,<b<1.

Lemma 8.7.3 Let (s,) be a real sequence and (u,) a sequence in a Banach space
X. Then for any natural number M

M M1 M1 i
:(1_1_[Si>uM_ 1_[ s l_nsj (Uip1 — siu;)
i=1

i=1 j=itl j=1

(8.7.1)

When X is the real line and u; = 1 for all i, we have the special case

(1) ()

=1-J[ss=D 3l T s ) {t-T]si ] =0
j=1

i=1 i=1 j=itl

n n
In this and what follows Z and H are defined as 0 and 1 forn < m.
i=m i=m
Proof The proof is by induction on M. When M = 1, the result is obvious. Suppose
it is true for some M > 1, then

M i

1- HSj (ip1 — siu;)

M=
—

j=i+1 j=1
M—1 M—1 i
=Sy E H S 1 —HSj (u,‘_»,_] —S,‘Mi)
i=1 Jj=i+1 j=1
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Whence we have (the right-hand side of (8.7.1) withM + 1forM)

M+1 M M i
=<1—1_[Si> ”M“_Z l_[ S; I—HS]' Migt1 — siu;)

i=1 i=1 j=i+1 j=1

M M M M
= (1 — SM+1 H&') Upm+1 + (H&') (Z(l —Sspu; — <1 - l_[Si> UM+
izl im1 i—1 im1

So by induction this lemma follows. ]

Lemma 8.7.4 Let D C X, aBanach spaceand T : D — X anon-expansive map. If
x1 € D and (t,) satisfy condition A and M (x4, t,, T) is bounded, then x,, — Tx,, — 0
asn — oo.

Proof

X041 = Toxprll = 11 = 6)xn + 8, T X0 — Txpp |l
= (1 = 1) (0 = Txp) + Txy — Txpi ||
= (I =t)llxn = Txall + X0 — Xnt1
= (1 = t)llxn — Txnll + Iy — (1 = t5)xn + 1, Tx,) |
= llxn — Txnll
Since (||x, — Tx,]||) is a non-increasing sequence of non-negative numbers, lim
llx, — Tx,|| exists. Let nlingo |xn, — Tx,|| =r > 0.Sofore > 0 there exists anartll;;ﬁ

number m such that r < ||x,,; — Txuyill < (1 +€)r foralli € N. As T is non-
expansive

(T Xmtiv1 — Xmtit1) — (U= b)) (T Xni — Xt ||
= [T — twti)Xm+i + bni T X i)
= (=t ) Xmri + lnri Txri) — (U= Gy i) (TXpgi — X)) |l
= 1T((A = twri)Xmri + i TXri) — TXi |l
< twtillXmti = Txmpi | < tygi (14 €)r (8.7.2)
%

Since (x,) is bounded and Z t, = +00, we can find a natural number N such that

n=1
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Zrm+, <s(M)+1=< rZrm+,

i=1

where 6(M) = sup{|x; — x;| : i, j € N}
Sets; =1 —ty,4i, Vi = TXpyi — Xy fori € N in (8.7.2) to get

and

i1 — siuill = 1T Xmqiv1 — Xmpie1 — (1= 1) (T Xngi — X)) |l
Stupil+r=>10-s)A+e)r

Xm4+N+1 — Xm+1 = {((1 - tm+i)x171+i + bnti Txm+i) - xm+i}

tm-‘ri(TxﬂH-i - xm+i) - Z(l - Si)ui
i=1

Xj: N

Using Lemma 8.7.3 and the above inequalities we get

N—1
( Si) lXmin1 — Xyt ll =
i=1

>

%

since §; =

(1) (320

N N-1 N-1
(1 —1"[s,-> vl =Y 3 T s 1—1"[sj et 1 — s
i=1 i=1 j=i+l j=1
N N-1 N-1 i
(1—]_[si>r—2 [Tsi]{t=-]]s|a-soa-er
i=1 i=1 =i+l j=1
N N-1 [ N-1 i
1—1_[si—2 Hsj I—Hsj A=s)¢ |7
i=1 i=1 | j=i+1 j=1
N-1 N-1 i
—e€r Ry I—Hsj (1—1s;)
i=1 Jj=i+1 j=1
1—t,4+; > 1—>b>0,(8.7.1), the choice of m and Lemma 8.7.3 imply
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N N—1 \ !
Pminet = Xmpr | =7 Y (1 —s;) —er (]_[ si)

i=1

N N—1 \ !
ZrZ(l—s,)—er( s,)

i=1 i=1

N N—-1
=r ) twei—er [ [ = tnan)™

i=1 i=1

N—1

>oM+1—er [T =tnin)™! (8.7.3)

i=1
Aslog(l +y) < yfory > —1, we have
N-1 N-1

[Ta=tw =]]A+twsi0 = tud™
i=1

i=1

N-1
= exp Z 10g(1 + tm+i(1 - thri)_l)}

i=1

N-1
= eXp Z tm+i(1 - tm+i)_l}
i=1

N—-1
<expi(1—=b)7" ) rm+,-}
i=1

<exp{(1 =6 H(EWM) + Dr ') (8.7.4)

Now (8.7.3) and (8.7.4) give

S(M) + 1 —erexp{(1 —b) " (8(M) + r '}

= ||xm+N+l - xm+l” =< S(M)

Since € > 0 is arbitrary, proceeding to the limit in the last inequality as € — 0, we

get
§(M)+ 1 < 8§(M), a contradiction.
Sor =0. Thus lim |x, — Tx,|| =0. ([l
n—00

Remark 8.7.5 Let T : D — D be a non-expansive map of a convex subset D of a
Banach space with T (D), a bounded subset of D. For 0 < ¢ < 1,let (1 —¢)I +¢T
be denoted by 7, where [ is the identity map. Then M (x|, #, T') is bounded since it is
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asequence in the convex hull of 7 (D) U {x;}. Since T,"x; — T,”_lxl =t(Tx, — x,),
by Lemma 8.7.4 T; is asymptotically regular in the sense that lim [|7/""'x — T"x|| =
n—00

0 forx € D.

The iteration procedure M (xy, t,, T') can be used to approximate a fixed point of
a non-expansive map under special conditions.

Theorem 8.7.6 (Ishikawa [10]) Let T : D — X be a non-expansive map, where D
is a closed subset of a Banach space X such that T (D) is a subset of a compact
subset of X. Let x; € D and {t,} a non-negative sequence such that the condition
(A) of Definition 8.7.1 is satisfied. Then T has a fixed point in D and M (xi,t,, T)
converges to a fixed point of T .

Proof Let Dy be the closure of the convex hull of 7 (D) U {x;}. By Mazur’s theorem

Dy is compact. Now M (x1, t,,, T) lies in Dy. Condition (A) of Definition 8.7.1 along

with this implies that this sequence which indeed lies in D being in the compact set

Dy has a subsequence (x,,) converging tou € Dy. Since (x,,) isin D and D is closed,

u € D. From the boundedness of Dy and Lemma 8.7.4, lim ||x,, — Tx,,|| = 0. As
1—>00

T is non-expansive

||M - Tu” = ”Tu - Txn,' + Txni _xni +xn,- - Lt”

< 2l — X, I+ X0, — T, |l

Hence u = Tu, in view of lim ||x,, — Tx,, || = lim |lu — x,,|| = 0.
i—00 [—>00
Also
||xn+l - M” = ”(1 - tn)xn + tnTxn - M”

=0 =1) G —u) + 16,(Tx, — Tu)|

< |lx, — u| foralln € N.

As lim x,, = u and ||x, — u|| < |[x,, —ul| foralln > n;, lim x, = u. ([l
=00 n—oo

Corollary 8.7.7 Let D be a closed subset of a Banach space X and T : D — X

a non-expansive map such that T (D) is contained in a compact subset of X. If for

somet € (0,1), (1 —t)x +tTx € D forall x € D then T has a fixed point in D

and for any x| € D, M (x,,t, T) converges to a fixed point of T.

Corollary 8.7.8 Let D be a closed convex subset of a Banach space X and T, a
non-expansive map from D into a compact subset of D. Then T has a fixed point in
D and M (x, %, T) converges to a fixed point of T, where x, is any element of D.

Remark 8.7.9 Corollary 8.7.8 was proved for uniformly convex Banach spaces by
Krasnoselski.

The assumption on the compactness of 7' can be dispensed with as in the following.
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Theorem 8.7.10 (Ishikawa [10]) Let T : D — X be a non-expansive mapping
where D is a closed subset of a Banach space X with a non-empty set of fixed points F
in D. Suppose there exists f : RT — RT (= [0, 00)) such that f is non-decreasing,
f(0)=0, f(r) > 0forr > 0 with

lx = Tx|| = f(d(x, F)) forallx € D,d(x, F) =inf{d(x,y) : y € F}. (8.7.5)

If for some x| € D and (t,) condition (A) is satisfied, then M (x, t,, T) converges to
some fixed point of T in F.

Proof If x| € F, then theorem is obvious. Let x; ¢ F. So foru € F, ||x, — ul| >
ITx, — u||. We therefore have

Xn1 — ull = 1L = t)xn + 6T X0 — ull < [0 — uel]

Sod(xpy1, F) <d(x,, F)foralln € N. Letr = lim d(x,, F). By definition of f,
n—oo

”xn - Txn” > f(d(xns F)) = f(r)

Clearly M(x;,t,,T) is a bounded sequence in D. So by Lemma 8.7.4. |x, —
Tx,|| > 0asn — ooand f(r) =0.Sor =0and lim d(x,, F) = 0. So for each
n—0oQ

i € Nwecan find N; € Nand u; € F such that ||xy, — u;|| <27 with N;y; > N;.
Soforn > Nj, ||x, —u;|| <27/, and fori < j

Nwi —ujll < lNuwi —xn N+ Nxw,, — wigall + -
luj—1 — xn; Il + llxn, — uyll

<2727 07,

Thus (u;) is a Cauchy sequence in the closed set F' of the Banach space X and hence

it converges to some u € F. Given € > 0 we can find iy > 0 such that 27 < 5 and
lui, —ull < 5.Soforn > N,
€ €
lxXn —wll < llxn — wig + llui, —ull < 5+ 5 =e€.
2 2
Thus M (xy, t,, T') converges to a fixed point of 7 in D. O

Condition (8.7.5) in the above theorem was originally considered by Senter and
Dotson.
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8.8 A Generalization of the Contraction Principle Based on
Combinatorics

Merrifield, Rothschild and Stein [15] obtained a generalization of the contraction
principle based on Ramsey’s theorem in combinatorics. Since it involves the study of
certain subsequences of iterates, it is discussed in this section. We need the following.

Theorem 8.8.1 (Ramsey) Let S be an infinite set, n a natural number. Suppose that
every subset S of cardinality n is assigned one of a finite number of colours. Then
there exists an infinite subset T of S such that T is monochromatic (i.e. every subset
T of cardinality n has the same colour).

The following lemma can be derived from the above theorem.

Lemma 8.8.2 Let m and n be natural numbers. Suppose G is a graph whose vertex
set is a disjoint union of countably many blocks, each of size m. Further suppose that
each edge has its two endpoints in distinct blocks and for any n blocks assume that
there is at least one edge having its endpoints in two of those blocks. Then there is
an infinite path in G, visiting no block more than once.

Proof Name the blocks as By, Bj, ..., and number the vertices in each block B; as
v(i, 1),v(, 2), ..., v(i, m). Colour the pairs of natural numbers with m? + 1 colours
by assigning as the colour of the pair (i, j) with i < j, either some pair (p, g) so
that v(i, p) is adjacent to v(j, ¢) on G or if there is no edge between B; and B}, the
special colour ‘none’ is assigned. By Ramsey’s Theorem 8.8.1 there is an infinite
set H of natural numbers, every pair of which has the same colour. By hypothesis,
this colour cannot be ‘none’. So let it be (p, g). Thatis if i < j are both in H, then
v(i, p) is adjacent to v(j, g). Let i (i) be the ith element of H. The desired infinite
pathis v(h(1), p), v(h(3), q), v(h(2), p), v(h(5), q), v(h(4), p), v(h(T), q), ....O]

The following is an elementary consequence of triangle inequality.

Lemma 8.8.3 Let (X, d) be a metric space and 0 < o < 1, J a natural number

satisfying . .
min{d(T'x, T'y) :i =1,2,...,J} <ad(x,y)

for all x,y € X. Then for each x, there is a bounded subsequence {T*™x :n =
,2,..}of {T"(x) :n=1,2,...} suchthatain + 1) —a(n) < J.

Proof Let C = max{d(x, T*x) 1k =1,2,...,J}. We show that we can construct
a sequence a(n) of integers such that d(x, T*"x) < ;<. Leta(1) = 1. Since 0 <
a<1,0<1—a<lclearlyd(x, Tx) < &.Proceeding inductively if d (x, Tem
x) < &, we have for some k < J, d(T*x, T*™+kx) < & So by triangular
inequality we have d(x, T*™+ x) < d(x, T*x) + d(T*x, T*™**x) < C 4+ % =

&. Letting a(n + 1) = a(n) + k completes the proof. (]
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Merrifield, Rothschild and Stein [15] proved the following generalization of the
contraction principle.

Theorem 8.8.4 (Merrifield, Rothschild and Stein [15]) Let T : X — X be a con-
tinuous map. Suppose there is a positive integer J and 0 < o < 1 such that for
x,yeX

min{d(T*xT*y) : 1 <k < J} <ad(x, y). Then T has a fixed point.

Proof Let x € X and (i, k) = d(T'x, T*x), T'x = x and for a real number r, [r]
denote the greatest integer less than or equal to r.

By Lemma 8.8.3, there is a sequence {n; : i = 1, 2, ...} of natural numbers with
(0,n;) < Candn;+; —n; < J. Applying the generalized contraction hypothesis to
each pair of points x and 7" x we get sequences {g;; : j = 1,2, ...} one sequence
for each i such that {g;;, n; + g;j) < Ca/ and Gij+1 —qi < J.1If g = g;j, then j >
[%] > g/J — 1, in which case (g, n; +¢q) < Ca4/’/~! = CyQ4 where Cy = % and
O = a7 < 1.Note thatif we have (¢, n; + ¢) < CoQ9 and (g, nj+q) < CoQ? for
two different integers i and j by the triangle inequality we have

(ni+q,nj+q) <ni+q,q9)+{q,n;+q)
<2CyQ1

We say that an integer g is represented if there are infinitely many integers i
for which (g, n; +¢q) < CoQ9. If g is represented and (gq,n; +¢g) < CoQ?, we
say that i is a representative of g. If A is a set of integers, let r(A) ={q : q €
a, q is represented} and R(A) = {i : for some ¢ in r(A) is a representative of g}

Let A be aset J consecutive integers. The condition g;;+1 — g;; < J together with
the pigeonhole principle shows that at least one member of A has to be represented.
Also for all but finitely many i, there exists ¢ € r(A) such that i is a representative
of g : thus for some integer Iy, i > I, impliesi € R(A).

Again for A, a set of J consecutive integers, there is an integer A(A) such that
for m > A(A) some integer of the form n; + ¢ lies in the set {m,m +1,...,m +
2J — 1}, where g € r(A) and i is a representative of g. Since there exists /) such
thati > [ impliesi € R(A).

Let A(A) =max{j : j € A} +n;, where A is a set of J consecutive integers.
Since each i with i > I is a representative of some g € r(A) and if i is a represen-
tative of ¢ € r(A), thenn;y1 +¢q' — (n; +q) = (nip1 —ny) +(q' —q) < 2J.

Finally, if A is a set of J consecutive integers, let NQ(A) ={n; +q :q €

r(A) and i is a representative of g}. It may be noted that if Ay, ..., Ayy4; are dis-
jointsets of J consecutive integers each, then fora = max{A(Ay) : k =1,2,2J + 1}
and m > a any set {m,m + 1,...,m + 2J — 1} must contain an integer common

to the sets NQ(A;) and N Q(Ay) for which j # k. By partitioning the sequence
{a,a+1,a+2,...}into blocks of length 2/ and applying the pigeonhole principle
we see that there are two sets NQ(A;) and N Q(Ay) with j # k having infinitely
many elements in common. Invoking the pigeonhole principle, there exist integers
g € Aj and g’ € Ay so that there are infinitely many integers common to N Q(A;)
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and N Q(Ay) that can be expressed both in the form n; + ¢ (an integer in N Q(A))
and n, + ¢’ (an integer N Q(Ay)).

Regard each integer as a vertex in a graph and partition the integers into a disjoint
unionofblocks By = {(k — 1)J + 1,k —1DJ +2,...kJ}fork =1,2,.... Wesay
that two vertices ¢ and ¢’ in distinct blocks B; and By respectively are connected by
an edge if there are infinitely many integers that can be expressed in both the forms
n; +¢ and n, + ¢’. From the above it is clear that for any collection of 2J + 1
blocks, at least one edge has endpoints in two distinct blocks.

By Lemma 8.8.2 that there is an infinite path through the graph passing through
each block no more than once. Denote the vertices traversed in this path by
{rj : j =1,2,...}. Choose the sequences of integers {s; : j € N}, and {t; : j € N}
from {n; : j € N} with the following three properties:

(i) ifrj € By, bothr; +sjandr; +t; € NQ(By);
(ll) rj +lj =Tjt+1 +Sj+1;
(iil) rj +58; < rjy1 + 841
Consider the sequence of iterates with exponents r; + s;. Observe that
o0 o0 o0
Z(}’j +sj,rj+1 +Sj+1) = Z(l’j —i—sj,rj +fj) < ZZK()Q”
, , o

Jj=1 Jj=1

Since the {r; : j € N} are all distinct, the above series converges. So the sequence
of iterates is a Cauchy sequence. As X is complete, the resulting limit of this sequence
will be shown to be a fixed point of 7. Let (7" x) converge to z. We can even choose it
sothatm; 1 > m; 4+ J foralli. Since T is continuous, Tmitk 5 Tk forl <k < J.
Define L, = T*z for 0 < k < J. We claim that Ly = L; for some j < J. Since
T(L;) = Lj itfollows that L is a fixed point of 7.

By the generalized contraction hypothesis applied to x and y = Tx, we con-
clude that for each i € N, there exists an integer j; with 0 < j; <J —1 and
d(T™iix, T"+itlx) < o'id(x, Tx) where r; — oo (this can be seen by using
an argument in the second paragraph of the proof of this theorem). By the pigeon-
hole principle, there is an integer k with 0 < k < J — 1 and j; = k for infinitely
many i. For those i with j; = k for infinitely many i we have

d(Li, Liy1) < d(Lg, T™ ) +d (T, Ty
AT L)
<d(Lg, T"**x) + o"d(x, Tx)
+d(T" N e L)
As i — 00, each of the three terms on the right-hand side of the above inequality
tends to zero. Thus Ly = Ly or L = T*z is a fixed point of 7. O

Remark 8.8.5 1t is not known if the theorem is true even when 7 is not continuous
for all J.
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Chapter 9 )
Geometric Aspects of Banach Spaces oo
and Non-expansive Mappings

9.1 Introduction

In this chapter, we outline the proof that a reflexive non-square Banach space has
fixed point property for non-expansive mappings on bounded closed convex sets. To
this end, some definitions are in order.

Definition 9.1.1 For a Banach space (X, || - ||), the closed unit ball and the unit
sphere in X are denoted by By and Sy, respectively. The Clarkson modulus of
convexity of X is a function y : [0, 2] — [0, 1] defined by

ol
2

6X(e)=inf{l .x,yeSX,le—yI|z€}~

X is called uniformly convex if §x(¢) > 0 for 0 < € < 2.

Remark 9.1.2 §x is continuous on [0, 2) increasing on [0, 2], strictly increas-
ing on [€g, 2] where €y = €¢(X) = supf{e € (0, 2] : 5x(e) = 0} is called the coef-
€0(X)

2

ficient of convexity of X. Also §x(¢) < &, 111121 Sx(e) =1—
€e—>2~

1— /11— =84(.

For a real Banach space X with dim X > 2 or a complex Banach space X of
dim X > 1, it can be shown that

and §x(e) <

Sx(€) = inf I—Hx_;—y”:x,yeBX,Hx—sze}
= inf 1—”)6—;—))”:x,y€SX,||x—y||=e}
= inf 1—”)6—;—))”:x,yeBX,||x—y||:e}
© Springer Nature Singapore Pte Ltd. 2018 197
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See Day [1].

Definition 9.1.3 The modulus of smoothness of a Banach space X is a function
px : Rt — R* defined by

t —t
pX(E)zsup{”x+ yIlerllx y”—l:x,yeSX}
. . e . p()
X is called uniformly smooth if p5(X) = lim — = 0.
t—

ot

Remark 9.1.4 p, is increasing, continuous and convex on R and px(0) =0
with px () <t. Also for a real Banach space X with dim X > 2 (or a complex
Banach space X with dim X > 1), px(t) > /1 4+ 1> — 1 = py,(¢). Lindenstrauss
[13] proved the important relations

px-(t) = sup {%6 ~sx(n) e € [0, 2]}

px () = sup{%E —8x=(t) 1 € €0, 2]} .

So px(t) = px=(t) and X is uniformly convex (uniformly smooth) if and only if its
dual X* is uniformly smooth (uniformly convex). Also X is reflexive whenever it is
uniformly convex or uniformly smooth.

Definition 9.1.5 (James [7]) A Banach space X is called uniformly non-square if
there exists § € (0, 1) such that for any x, y € Sy either w <1-§ or @ <
1 — 4. The constant J (X) defined by

J(X) = sup{min(|lx + y[|, [x — yl) : x, y € Sx}

is called the non-square or James constant of X.

Proposition 9.1.6 (Kato [10]) Let X be a real Banach space with dim(X) > 2 (or
a complex Banach space wth dim(X) > 1). Then the following are equivalent.

(i) X is uniformly non-square;
(ii) 8x(€) > 0 for some € € (0, 2);
(iii) €y(X) < 2;

(iv) J(X) <2;

(v) px(to) < ty for some ty > 0;

(vi) px(t) <tforallt > 0;

t
(vii) pj(0) = lim px®) .
t—
(viii) €y(X™) < 2;
* t
(i¥) pk.(0) = lim px®
—
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We provide only the gist of the main arguments in the

Proof We note that X is uniformly non-square
< for some § € (0, 1), x, y € Sy and

llx =yl
_— >

1—6imp1iesw> 1-4§
< for some § € (0, 1), x, y € Sy and
=3 1 5 implies 1 — ”x;y” > 5

< forsome § € (0, 1), 5x(2 —28) =6

(1) = (ii) If X is uniformly non-square set e =2 — 2§ € (0, 2) in the above equiva-
lences to get 8x(€) > 1 — 5(= 8).

(i1) = (i) If for some ¢ € (0, 2), §x(€9) > no > 0, where ny € (0, 1), then for 2 —
28 =€ € [€p,2),8 € (0, — %0) and §x (2 — 28) = 8x(€) = 8x(€9) = no > 0. This
means that for any x, y € Sy, with ||x — y|| > 2 — 2§ necessarily 1 — M > 1o-
If §' = min{8, no) then &’ € (0, 1). If X221 < 1 — §, we are done. If 221 > 1 — 5,
then 1 — m > ng or w <1—1n9 <1—4¢".So X is uniformly non-square. (ii)
< (iii) and (i) < (iv) follow from the definition. (v) < (vii) follows from the fact
that pr(t) is increasing. (vii) < (viii) and (ix) <> (iii) follow from

(2
€(X") = 20} (0) = 2lim P t() and
t—
v (7
€0(X) = 26§ (0) = 2lim ’)T().
t—

We now show that (v) < (vi). If px(fy) = to for some 7y > O then px(t) = ¢ for all
t > 0. Since ""T(’) is increasing and px (f) < t, it follows that forz > 1, | = ”Xt—f)’") <

pr(r) <lorpx(t)=tfort >1y.Let0 <t <ty and px(t) < t. Since py is convex
fort; > 1

fo—t Hh—1
fo = px(to) = px (t n+ l)
| =

a contradiction. So px (t) = t. O

Remark 9.1.7 A uniformly non-square Banach space is super-reflexive (James [8])
if it has an equivalent norm ||| - - - ||| in which it is uniformly convex. The converse
is not true in the sense that §(x,| )(¢) =0 for0 < € < 2.
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Example 9.1.8 For 1 < p < 0o, consider new norms in £, as follows:

1

00 »
[I1x[]] = max |x1|+|x2|,<2|xk|f’>

k=3

o0 P
[l1x11l" = max |x1|,|x2|,<Z|xk|”>

k=3

lxllp = 27 [Ilxlll < 277, [[1xlll” < 27 l1xll] < 4{|x|| . Since £, is uniformly con-
vex (€p, ||| - 1I]) and (£,, ||| - |||") are super-reflexive but not uniformly non- square
sine dx(e) =0 for all 0 < e < 2. To see this take x = (1,0,0,...) and y =
©,1,0,...).

From the above example, one can see that for any real Banach space X with
dim(X) > 2, there is an equivalent norm in which X is not uniformly non-square.

Garcia-Falset et al. [S] proved that in uniformly non- square Banach spaces, every
bounded closed convex subset has the fixed point property for non-expansive map-
pings. This is achieved by studying the properties of certain coefficients associated
with the geometry of Banach spaces.

9.2 Coefficients of Banach Spaces and Fixed Points

Dominguez-Benavides [3] defined in a Banach space X, the following parameters,
in terms of asymptotic diameter and radius of a sequence.

Definition 9.2.1 For a sequence (x,) in X
diam,(x,) = lim Sup{Hxn —Xpll :n,m >k}
k

¥a(x,) = inf{lim sup|lx, —yll:y € (xn)}

.o [diamg(xy) .
WCS(X) = inf [T : (x,) is a weakly convergent sequence
ra le

which is not norm convergent}

(WCS(X) is called Bynum’s weakly convergent sequence coefficient of X. If
WCS(X) > 1, then X has weak normal structure in the sense that every weakly
compact convex subset of X with more than one element is not diametral. X has
normal structure if each bounded convex subset with more than one element has a
non-diametral point.
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Definition 9.2.2 (Dominguez Benavides [3]) For a Banach space X and a > 0, the
parameter

R(a, X) := sup{liminf ||x 4+ x,]|| : [|x]] < a and
n— 00

(x,) weakly null sequence with D[(x,)] < 1}

Here D[(x,)] := lim sup <lim sup ||x, — xm||> <1.

n—00 m—00

The coefficient M (X) := sup [% ca>0}.
R(X) := sup{lim||x + x,||(x,) weakly null in Bx and x € B,}.

Kirk [11] proved that every closed bounded subset having normal structure in
a reflexive Banach space has the fixed point property for non-expansive self-maps.
This can be deduced from the following lemma due independently to Goebel [6] and
Karlovitz [9], as shown in the proof of Theorem 9.2.5.

Lemma 9.2.3 (Goebel [6], Karlovitz [9]) Lex X be a Banach space, Cy, a weakly
compact convex subset of X and T : Cy — Cy a non-expansive map. Let Cy be a
minimal closed convex set that is invariant under T. (i.e. no proper closed convex
subset of Cy is invariant under T ). For each sequence of x,, in Cy with nlLrEO [|x, —

Tx,|| = 0 and for each x € Cy lim [|x, — Tx,|| = diamCy (such a sequence x,
n—00
with lim ||x, — Tx,|| = 0is called a sequence of approximate fixed points).
n—o0

Proof Fory € Cy,lets = limsup ||y — x,||.Let D = {x € Cp : limsup ||x — x,|| <
n—oo n— 00
s}. Clearly D is non-void closed and convex. D is invariant under 7', since

HTx = xull < ITx — Txu|l + 1[Txn — Xl

< lx = xull + 1T x5 — Xpl]

and ||x, — Tx,|| — 0. So by the minimality of Cy, D = Cy. We can find a subse-
quence (x,) of (x,) withlim ||y — x,#|| = s". Letz € Co be such that ||z — x,,|| — ¢
for some subsequence {x, } of {x,/}. Define E = {x € Cy : limsup ||x — x,v|| <
min{z, s’}}. By repeating this argument, it follows that E = Cy. So y, z € E and
t = §’. Hence, for each x € Cy lim [|x — x,,|| exists and equals s'.

We claim that s’ = r = diam C,. Whence it follows that ||x,, — y|| — r when-
ever {||y — x,v||} converges and consequently by the boundedness ||y — x,|| — r
for the entire sequence. Repetition of this argument by replacing {x,} by {x, } shows
that lim ||x — x,|| = diam C,.

Consider F = {u € Cy : ||u — x|| < s’ for each x € Cy}. F is non-void as there
is a weakly convergent subsequence say {x,} with limit z. Because ||x — x,/|| — s’
foreachx € Cy, ||x — z|| < s/ foreachx € Cy.Soz € F.If s’ < r then F is a proper
subset of Cy, contradicting the minimality of Cy, since F is invariant under 7, as
well. As Cy is minimal closed convex subset invariant under 7', closed convex hull
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m
of T(Cy) = Cy. For u € Cy, given € > 0, we can find v = ZAkak with x; € Cy,
k=1
A > 0and Y A =1 with ||lu —v|| <e. Forw € F, ||[Tw —ul| <||Tw —v|| +
e — vl < 2 MlITw — Txgl| + v —ull < 3 Mellw — x| + [[v —ul] < 5" +e.
So Tw € F. Thus F is T-invariant. Hence the lemma. (I

At this stage we recall the definition of normal structure.

Definition 9.2.4 A convex subset K of of a Banach space X is said to have normal
structure if for each bounded convex subset K; of K containing more than one point,
there is a non-diametral point in the sense that for some xy € K, sup{||xo — k|| :
k e K1} <diam K.

With this we can prove Kirk’s theorem [11].

Theorem 9.2.5 Let K be a non-empty closed convex bounded subset of a reflexive
Banach space X such that K has normal structure. If T : K — K is non-expansive
then T has a fixed point in K.

Proof Since K is a bounded closed convex subset of the reflexive Banach space
X, K is weakly compact. By a standard application of Zorn’s lemma, K has a
minimal non-empty closed convex subset Cy invariant under 7. Let a € Cy. Then
T,(x) = % + (1 — ’11) Tx,, n > 2 is a contraction mapping Cy into itself and hence
has a unique fixed point x,. Thus x, = ¢ + (1 — 1) Tx, for each n > 2. Further
lim ||x, — Tx,|| = 0asn — oo. So by Goebel-Karlovitz Lemma9.2.3. nli)rrolo [|]x —

Xu|| = diam Cy for all x € Cy. If Cy contains more than a singleton, it contains a

non-diametral point a’ such that sup ||la’ — x|| < diam Cy as Cy € K 1is a closed

convex subset of K and K has normal structure. This implies that lim ||a" — x,|| <
n—00

sup ||@’ — x,|| < diam Cy, contradicting Lemma9.2.3. So Cj is a singleton which

necessarily is a fixed point of T as TCy € Cy. (]

Remark 9.2.6 Lin [12] has generalized Goebel-Karlovitz lemma using certain non-
standard analytic considerations. Let X be a Banach space with norm || - ||, £ (X),
the space of sequences (x,) in X with norm sup{||x,|| : » € N} and Cy(X) the
subspace of ¢, (X) with null sequence (x,) of X and [X] the quotient space
o (X)/Co(X) with the norm ||[z,]|| = lim sup ||z,|| where [z,] is the equivalent
class of {z,} € . x € X is identified with the class [x, x, ...] and consequently X
can be considered a subset of [ X]. For a subset K of X the set [K] = {[z,] € [X] :
zn € K foreveryn e NLIf T : K — K is a map then [T] : [K] — [K] is a map
defined in a natural way by [T]([x,]) = [T x,].

Lemma 9.2.7 (Lin[12]) Let X be a Banach space and K a minimal weakly compact
convex subset of X, invariant under T. If [W] is a non-empty closed convex subset
of [K] which is invariant under [T] then

sup{[[[wn] — x| : [w,] € [W]} = diam(K)
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foreach x € K.

We leave the details of the proof to the reader. The following theorem due to
Dominguez Benavides makes use of Lin’s lemma.

Theorem 9.2.8 (Dominguez Benavides [3]) If X is a Banach space for which
R(a, X) < 1+ a for some a > 0, then every non-empty bounded convex weakly
compact subset of X has fixed point property for non-expansive mappings.

Proof Suppose the theorem is false. Then, there is a non-empty weakly compact
convex subset K of X with diam(K) = 1 and K is minimal invariant for a non-
expansive map 7 without a fixed point. Further there is a weakly null sequence of
approximate fixed points {x,} of T in X. Define

(W] = {lza] € [K]: [l[zn] = [xa]ll = 1 —tand@@llzn — Zmll =1}

where 1 = 1.
Clearly [W]is a a closed convex [T] invariant set. [ W] is non-empty as it contains

[tx,]. So by Lin’s Lemma9.2.7 it follows that
sup{[|[w,] — x|| : [w,] € [W]} =1

for each x € [K]. For [z,] € [W] choose a weakly convergent subsequence {y,} of

{z,} such that lim,||z,|| = lim ||y,|| and lirr;é [lum|] exists. Now l1m ||yn -
n,m;n#m
Y|l = lim lim||y, — y,,|| < lim lim||z, — z,,|| < t. Let y be the weak hmlt of {v,}.
n m n m

Foreachn e N, ||y, — y|| < lirr’lninfllyn = Ym|| < limsup ||y, — yml|. So
m
Tim||y, — y|| < lim lim||y, — yall <.
n n m

R(a,X
We can choose 1 > 0 such that nR(a, X) < 1 — {i ) (i.e. R(a, X) (17 + 1+a)

1. For a large n, we have ||y, —y|| <t+n. Also ||y]| <lim||ly, —x,|| <1 —

rSo |2 = | a2+ | = RS X) = R, X). So Timllz, || = lim Iy, || <
R(a, X)(t+1n) <1, acontrad1ct10n to Lemma9.2.7. O

At this stage, we can introduce the concept of Banach—Mazur distance between
isomorphic Banach spaces, a useful concept in fixed point theory of non-expansive
maps in Banach spaces.

Definition 9.2.9 For isomorphic normed spaces X and Y, the Banach—-Mazur dis-
tance between X and Y denoted by d(X, Y) is defined as

d(X,Y) =inf{||T||||T""|: T : X — Y is an isomorphism}

Remark 9.2.10 For isomorphic normed spaces E, F, G, we have
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(i) d(E, F) =d(F, E);
(i) d(E, F) > 1,
(iii) d(E, F) <d(E,G)d(G, F)
(iv) Letc > 1and Bg and By be the closed unitballsin E and F'. Then,d(E, F) < ¢
if and only if there exist ¢, ¢; > Owithcjc, < candaninvertible T € L(E, F)
such that - B(F) € T B(E) C ¢;B(E) holds.

We skip the proof of

Theorem 9.2.11 (Dominguez Benavides [3]) For isomorphic Banach spaces X and
Y
R(a,Y) =d(X,Y)R(a, X)

where a > 0.

For a Banach space X, the coefficient M (X) can be defined as in the following

Definition 9.2.12 If X is a Banach space, M (X) is defined as sup { Ri;‘)’() Ta > 0}

Theorems9.2.8 and 9.2.11 lead to

Theorem 9.2.13 (Dominguez Benavides [3]) If X is a Banach space with
M (X) > 1 then every non-empty convex weakly compact subset of X has fixed point
property for non-expansive mappings. If Y is another Banach space isomorphic to
Xandd(X,Y) < M(X), then every non-empty convex weakly compact subset of Y
has fixed point property for non-expansive mappings.

Proof Since M (X) > 1, for some a > 0 Rij‘;() > 1. So by Theorem9.2.8 the first
1+a

part of theorem follows. Since M (X) > 1, for some a > 0, e > 1. Since by

Theorem9.2.11, R(a, ¥) < d(X,Y)R(a, X) < M(X)R(a, X) < g% R(a, X) =

1 4+ a. So by Theorem9.2.8, the fixed point property for non-expansive maps of a
non-void convex weakly compact subset of Y follows. O

9.3 Nearly Uniformly Smooth Spaces

Definition 9.3.1 Let X be a Banach space with a Schauder basis (e,) (that is each
x € X has aunique representation x = Z Xnen, X, being scalars). X is called nearly

n=1
uniformly smooth (NUS) if for each € > 0 there is § > 0 such thatif 0 < ¢ < § and
(xp) is a basic sequence in By there exists k > 1 so that ||x; + txi|| < 1 + te.

X is called weakly near uniformly smooth (WNUS) if the above definition holds
for some € > 0.
Garcia Falset [4] proved the following
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Theorem 9.3.2 Let X be a Banach space. The following are equivalent:

(a) there exists € > 0 and § > 0 such for all t € [0,§) and every weakly null
sequence (x,) in By thereis k > 1 with ||x; + txi|| < 1 + te;

(b) there exists ¢ € (0, 1) such that for each weakly null sequence (x,) in By there
isk > 1with||lx; +x¢]| <2—c¢;

(c) R(X) < 2.

Proof (b) = (c). Let (x,,) be a weakly null sequence in Bx and x € By. Define (y,)
by yi = x, yp+1 = x, forn > 1. Then (y,) is a weakly null sequence in By. By (b),
there exists ¢ € (0, 1) and ky > 1 with ||x + xt,|| <2 — c. Define another weakly
null sequence z, € B defined by z; = x and z,, = xy,4, # € N. By (b) there exists
ky > ky such that ||x + x4,|| <2 — ¢. Thus, proceeding recursively, we can get a
subsequence x;, of weakly null sequence in By such that ||x 4 xi, || < 2 — ¢ for all
k, and k,, > 1 for all n. So lim||x 4+ x, || < 2 — ¢, for any weakly null sequence (x,)
in Bx. So R(X) < 2.

(c) = (b). Let (x,) be a weakly null sequence in Byx. As R(X) <2, R(X) <
2 — ¢ for some ¢ € (0, 1). So lim||x; + x,|] < R(X) < 2 — ¢. So for some k > 1,
[lx1 + x|l <2 —c.

(a) = (b). By assumption, there exist €, 5 > 0 such that for all ¢ € (0, §) and
any weakly null sequence (x,) in By there is k > 1 with ||x; + x¢|| < 1 4 te. Let
w = min{l, §}. Thenfort < &, ||x; + x¢|| < |lx1 +txi]| + (A = O)||xi|] < 1+ €t +
1—t=2—-t(1—-€)=2—c,wherec=t(1+¢) € (0, 1).

(b) = (a). By hypothesis, there exists ¢ € (0, 1) such that for each weakly null
sequence (x,) in By, there is k > 1 with ||x; + x;|| <2 —c.Soforall 7 € (0, 1),

1 + txi]| < tllx + x| + (1 — D)|x1]]
<t@2-co)+1—t+1+1t(1-0).

Corollary 9.3.3 ([4]) For a Banach space X, the following are equivalent:

(a) X is WNUS;
(b) X is reflexive and R(X) < 2.

Theorem 9.3.4 (Garcia Falset [4]) Let X be a Banach space such that R(X) < 2.
Then, every non-empty weakly compact convex subset of X has fixed point property
for non-expansive mappings.

Proof We prove by the method of contradiction. Suppose the theorem is false. Then,
there is a weakly compact convex subset K of X with diam K = 1 which is minimal
for anon-expansivemap 7 : K — K in the sense of Goebel-Karlovitz Lemma9.2.3.
Let (x,) be a weakly null sequence of approximate fixed points of 7 in K.

With the usual notation in Remark 9.2.6, define the subset [W] of [X] by [W] :=
{lza] € [K]: [I[za] = [xa]ll < 3. D([za]) < 3}. [W] is seen to be a T-invariant
closed convex subset [X]. By Lemma9.2.3 [%] € [W]. So by Lin’s Lemma9.2.7
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sup{|[[wn] — x[| : [w,] € W]} =1 for all x € K. Let [z,] € [W]. [|[zx]Il =
lim ||z,|| = klim [|zn, || for some subsequence (z,,) of (z,), in K. As K is weakly
n—o00 — 00

compact let (z,, ) converge weakly to y € K without loss of generality. Then, passing
to subsequences and using a diagonal argument, one can assume that for m € N

1 .
Hl__ ||Zn,,,_y||5 h_mHZn,,,_y”
m

m— 00

1 Zng =Y

Lety, = (1— 1) : . As (y,,) is a weakly null sequence in By, it

maX[II)'II, Lim |z, —yl|
o0

follows from the deﬁnitionm(;f R(X) that

R(X) > lim |y, + J

e max{ fim |1z, — vl ||y||}

m— 00

So lim [z, || < RCX)max { [|yll, lim ||z, — y||}. Since (2, — %) converges
m—00 m—00

1
Weaklytoy [yl < hm ||Zn — Xn, I| < hm ”Zn — Xull = lllza] =[xl < 5 On
the other hand, the Weak limit of {z,, —y — (2o, — ¥)} =24, —y as s — 0.

Solzs, = ¥II < 1im ||z, =y = (zs, = Plor lim [z, — yI| < hm (lim [1zn,,
m—0Q —> 00

m—00
—y = (zn, = WII. As D(zs, — y) = D(z,) < D(z,) and D([z,]) < 1, we have
- 1
T 2, — ¥I1 < DAlza)) < 5. S0 el =011 = Jim fle, | < “o2 <1, as
1
ax{ lim ||z, — ¥l ||y||} < 7 This contradicts Lemma9.2.7. O
m—0o0

The following are proved using similar arguments.

Theorem 9.3.5 (Garcia Falset [4]) Let X and Y be isomorphic Banach spaces such
that d(X, Y)R(Y) < 2. Then, every non-empty convex weakly compact subset of X
has the fixed point property for non-expansive maps, provided it satisfies weak Opial’s
condition. That is, liminf ||x,|| < liminf ||x, + x|| for each x € X and each weakly
null sequence (x,).

Proof Suppose false. Then, there is a convex weakly compact subset K of X
with diam(K) = 1, which is minimal for a non-expansive map 7 : K — K by
Goebel-Karlovitz lemma. Thus, there is a weakly null sequence of almost fixed
points (x,) for T in K. As in Remark 9.2.6 consider the subset [W] of [ X] defined
by

1 1
(W] = {lz.] € [K] : |l[zn] — [x:]I] < 3 and for some x € K, [|[z,] — x|| < 5}
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It can be verified that [W] is T-invariant and a closed convex subset of [K]. Also
[W] is non-empty as [%] e [W] as [|[x,] — O]| < L. Thus, by Lin’s Lemma9.2.7
sup{|[[[w,] — x| : [w,] € [W]} = 1forallx € K.

Let [z,] € W with [|[z,]]| = @Ilznll = kli)ngo 12y, || where ||z, || is some subse-

quence of (z,,). Since K is weakly compactin X, we can assume that (z,, ) weakly con-
vergesto y € K.Let T be an isomorphism of X onto Y with ||T||||T~||. R(Y) < 2.
Clearly T (z,,) converges weakly to T (y). Passing to subsequences we can suppose
that for each k € N

1 .
(1 - §) ITGo) = T < lim [172,, — Tyl

m— 00

-1
So for all k > 1, (1 — ;) max {li_mnT(znk) ~TIl, ||Ty||} (Tzy, — Ty) and
k
-1
max {li_m||T(z,,k) - T, ||Ty||} (T'y) € By. So, from the definition of R(Y)
k

we get lim|[T'z, || = R(Y) max {li_mIIT(an) =TIl IITyII}-
k k

On the other hand since [z,,] € [W], there exists xo € K suchthat||[z,] — xo|| < %

and ||[Zn] - [xn]H S l SO ||y|| S li_mHan _xl‘lk“ S ||[Zn] - [-xn]H S % AS Y sat-

k
isfies weak Opial’s condition lim||Tz,, — Ty|| < lim||T z,, — T xol|.
k

k
So

lim|[T'zy, || < R(Y)[|T|| max {li_mllznk — xoll, IIyII}
k k

< R(Y)ﬂ

The above conditions imply that

1l2n] = Ol = lim ||z, || = Tim |7~ T2, |
= IT I im [1T 2,

R(Y) _

s||T‘1||||T||T L.

This contradicts Lin’s Lemma9.2.7. O

Corollary 9.3.6 (Garcia Falset [4]) If X is a weakly nearly uniformly smooth
(WNUS) Banach space, then every non-void convex weakly compact subset of X
has fixed point property for non-expansive mappings. In particular, a nearly uni-
formly smooth (NUS) Banach space X also enjoys this property.
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Proof As X is WNUS, X satisfies weak Opial condition. As d(X, X) =1 and
R(X) < 2 by Theorem9.3.5 every non-void convex weakly compact subset of X
has fixed point property for non-expansive maps. Since an NUS Banach space X
has WNUS, every convex weakly compact subset of X has fixed point property for
non-expansive mappings. (]

9.4 Non-square Banach Spaces

Dominguez Benavides [2] introduced the modulus of nearly uniform smoothness as
follows:

Definition 9.4.1 ([2]) The modulus of nearly uniform smoothness of a Banach space
X is the function 'y : [0, co) — R defined by

||xl +txn|| + ||X1 _tan _
2

I"X(t)zsup[inf{ 1:n>1}:(xn)

is a basic sequence in By. i.e., (x,) is a Schauder basis for X}

Remark 9.4.2 px(t) = sup {w

uniform smoothness. Clearly px (t) > I'x(¢#) > Oforall# > 0. When X is uniformly

t Ix(t
) by definition. In this case lim 0 _ 'y (0) =0.
1—

1X,y € BX} is called the modulus of

smooth, p’(0) = 1in(1)
—

There is an equivalent characterization of near uniform smoothness for reflexive
Banach spaces, whose proof is available in [2].

Proposition 9.4.3 ([2]) Let X be a reflexive Banach space. Then

11 42 || 4 {121 — 2x]
2

FX(t)zsup{inf{ —1:n>1}:(x,,)

is weakly null in BX}

As a result we have

Proposition 9.4.4 ([2]) A Banach space X is nearly uniformly smooth if and only
I'x (1)
=0.

if X is reflexive and liII(l)
11—

Ix(2)

Proof If liI‘I(l) = 0, then for € > 0 there exists § > 0 such that I'x(¢) < te¢ for
—

t € [0, ). Since X is reflexive, we can find a basic sequence {x,} in By as suggested
by Prus in §2 of [14] which is not norm convergent for which
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1
Iber 2, T = A+ Ol = 2o, |1+ [brr + 220, 1}

where c > 1, 1 + ¢ < E}IZE; and (x,,) is a subsequence of {x,}. Then for some k

[lx1 +txp, ] < (1 +€)(1 +2te) < 1+ 3te.

Conversely if X is nearly uniformly smooth then X is reflexive. Consider a weakly
null sequence (x,). Foreach e > 0, thereisaé’ > 0 with ||x; + 7z,|| < 1 + €t forall
n > 1, where z,, is a subsequence of (x,) with z; = x;. Since {x|, —22, —23, ..., }
is also weakly null ||x; — 7z,|| < 1 + €t for some 0 < § < &' for all # € [0, ). So
forO0 <t <3é

[ + 1zall + 1l — 1zall
2

1 <et

r
Sotim X _
t—0 t

0. (]

For the proof that a non-square Banach space has the fixed point property for non-
expansive mappings on non-empty bounded closed convex subsets, Garcia-Falset et
al. [5] introduced the coefficient RW (X) and M W (X) relating them to the coeffi-
cients R(X) and W (X).

Definition 9.4.5 ([5]) Let X be a Banach space and a, a positive real number. Then

RW(a, X) := sup {min(liim [, + x[[, lim [|x, —XH> S Xy € By, xy = 0, |[x]| < a}

n—00 n—o0

MWX) = sup | ——% a0
1= sup RW@. X) a>0¢.
Remark 9.4.6 For any Banach space X and a > 0, max{a, 1} < RW(a, X) <1+
a.Sol <MW(X) <2.

Lemma 9.4.7 ([5]) Let X be a Banach space. Given x € X and a bounded sequence
(xp,) in X, there is a subsequence (x,,) of (x,) such that

li_m“(xm —anl)~|-X|| > lim lim ||(x, — x) + x|
n—00 n—>00 M—>00

li_m“(xm _anl) —x|| > lim lim [|(x, — x) — x|

n—00 n—00 m— 00

and
11I1'1 ||(xnk _-xnk.H)H S D[(xn)]
k— 00

Proof Let

a:= lim lim |[(x, — xp) + x||
n—>00 Mm—>00

b= lim lim [|(x, — x,) — x||
n—>00 m—00
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By definitions of a, b and D[(x,)], we can find n; > 1 such that

1
lim ||(xn1 —Xp) +x|| >a— 5

m—00

1
lim [[(xXp, = Xp) = x[| > b— 5

m— o0 2
and |
lim ||(.an — x|l < D[(x,)] + <.
m— 00 2
Suppose ny < ny < --- < n; have been defined such that foreachk =1, 2, ..., j,

Lim [[(xXn, — Xm) +x[| > a

o0 k1
. 1
,1}i>_r?>o||(x11k _xm) —)C|| >b— m

I 1
,,}E%o”xnk — Xmll < D[(x,)] + m

and foreachk =1,2,...,j — 1

(e = Xn ) + x| > a — )

1
(e = Xny) — X[l > b — e

1
[ = g || < DLCG] + 1=

From the above inequalities for k = j and the definition of a, b and D[(x,)], we can
find n;4 > n; such that

N, — Xu,,,) X1 >a— m

1
wy = Xnyy) = x| > b — ———
1, = Xn;0) = X[ > TE

1
||x".f — Xnj [| < D[(x,)] + m
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li_m ||(xnj+1 _xm) +xm|| >a— =

li njyp — Am) T Am b— ——
mljrr(lwll(x,+l Xm) = Xm|| > 2
. 1
mh_l;noo||xﬂj+1 _xm” < D[(xn)] + m

So by induction, there exists an increasing sequence of natural numbers (1) k > 1
such that n; < ny for all &k with

Hﬁ"(xnk _-xnk+]) +x|| Z a,
k—00

lim ||(xp, — Xn,,,) — x| = b
k— o0

hm ||xnk - anl || S D[(-xn)]
k—o00

The next theorem makes use of the above lemma.

Theorem 9.4.8 ([S]) Let X be a Banach space for which Bx- is w*-sequentially
compact. For eacha > 0, R(a, X) < RW(a, X). Hence M(X) > MW (X).

Proof Leta, n > 0.From the definition of R(a, X),wecanfindx € X with||x]| <a
and a weakly null sequence (x,) in Bx with D[(x,)] < I such that

lim [|x, + x[| = R(a, X) — 7

n—o00

For each n > 1, choose f,, € Sx+ such that
fn(xn +x) = ||xn +x||

As By~ is sequentially compact in w*-topology we can without loss of generality
assume that (f,,) converges in w* topology to some f € Bys. As (x,,) converges

weakly to zero, from the weak lower semicontinuity of the norm, lim ||(x, + x,,) +
n—0oQ

x|| > ||x, +x|| foralln > 1. So

lim lim [|(x, — x|l = Lm [|x, + x[| = R(a, X) — 7
n—00 m—>00 n—00

Again forn > 1, as f,, LN f, lim f,(x,) = f(x,), we have
m—0o0
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li_m ||(xn _xm) _x” = h_m - fm((xn _xm) —X)

m—00 m—00
= h_m fm(xm +)C) - f(xn)
m-—00
= lim [|x, + x|| — f(xn)
m—00
> R(a, X) —n— f(x).
So
lim lim [[(x;, — x;,) — x[| = R(a, X) —n,
n—o0 m—00
as x, 1‘; 0.

Thus we have shown that

min{ lim lim [[(x, — x,) + x[], lim lim [[(x, — x,) —x[| = R(a, X) — 7
n—00 m—>00 n—00 m—>00

Further, D[(x,)] < 1. So by Lemma 9.4.7, we can find a subsequence x,, of x, with

min{li_m”(xnk _an]) +X||, li_m"(xnk _'x”k+l) —.X|| > R(av X) —-n

k—o00 k— 00
and klim [1x,, — Xn.,, Il <1. So we can find ko such that for all k > ko, [|x,, —
— 00
Xpeor || < 14 7. Define
Xnrge ™ Xnegrirn

= ot Tlosn s g
Yk 147 =

X
147

(yx) converges weakly to zero in By and || y|| < a. So by the definition of RW (a, X)

RW(a, X) > min{li_mllykerII, lim ||y —yll}

k—o00 k— 00

1 . .
= 1_ { h_m”(xnk _xl‘lk“) +X||, h_mH(xnk _an]) —XH}

—|—7’} k—o00 k—o00
> R(as X)_r}
I+n

Allowing 1 to tend to zero we get RW(a, X) > R(a, X). So M(X) > MW (X). O

Corollary 9.4.9 If X isa Banach space with MW (X) > 1, then every non-expansive
self-map on a convex weakly compact subset of X has a fixed point.

Proof Clearly by Theorem9.4.8 M(X) > MW (X) > 1. We can without loss of
generality assume that X is separable and By« is w* sequentially compact. Since
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M (x) > 1 by Theorems9.2.13, 9.4.8 implies that on non-void weak compact con-
vex subsets, non-expansive self-maps have fixed points. O

9.5 An Equivalent Definition of RW (a, X) and Fixed Points
of Non-expansive Maps in Non-square Banach Spaces

We begin with
Proposition 9.5.1 ([5]) Let X be a Banach space and a > 0. Then

RW(a, X) = sup{ infl(Ilax] + xnll A llaxy — xpll) @ (xn) a weakly null sequence in By}
n>

Here, o A B and a Vv B represent, respectively, the minimum and maximum of two
numbers a and B.

Proof Fora > 0, write

RWX) = sup{ inf1(||ax1 + xu || A llax1 — xn|l) : (x5) a weakly null sequence in By }.
n>

Letn > 0, (x,) a weakly null sequence in Bx and x € X with ||x|| < a. Define (y,)
by

x/a, n=1

X,, n=>2

Yn =

(yn) is a weakly null sequence in By. So
inf(layr + yull Allayr — yull) = RW(a, X).
So there exists n; > 1 such that

o+ 2, A1 = X, |1 = [layr 4+ yull A llayr — yull < RW(a, X) + 1.

Suppose n| < ny ... < ny have been found such that for j € {1, 2, ..., k}

—~—

[1x + xn, |l + |lx — x| < RW(a, X) +1n

Define (z,) by z; = ’aﬁ, Zn = Xn4n» 1 = 2 (z,) is a weakly null sequence in By with
infl(llazl + zall Allazy — zall) < RW(a, X)
n>

so that there is k > 1 such that
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llazi + zill Allazi — zill < RW(a, X) + 1.

Define nyy; = k + n;. We get

1 =+ X [ A = Xy 1] = Hlazy + zel [ A llazy — zill < RW(a, X) + 1.

So by induction, there exists a subsequence (x,,) with

x4+ X A X = X, |l < RW(a, X) + 1

We can get a subsequence (w,,) of (x,,, ) for which lim |[|x 4+ w,,||, lim [|x — w,||
m— 00 m— 00

exist.
Now

lim [l 4-x, [[ A Lim [lx —x, || < Im [|x 4wy || A lm []x —w,]|
n—o0 n—00 m—>00 m—>00

= lim ([lx + wu |l A flx — wal)
m— 00

R‘;’?a,/X) +7

IA

As n > 0 is arbitrary we get
RW(a, X) < RW(a, X).
For n > 0 and (x,) a weakly null sequence in By, suppose

lim (Jlax; +x,[) A lim ([lax; — x,|)) = lim [|ax; + x|

n—00 n—00 n—00

So by definition of RW (a, X),

lim ||ax; + x,|| < RW(a, X)

n— 0o

Thus there exists k > 1 such that
[lax; + x| < RW(a, X) + 7

Hence inf](||ax1 + x|l A llax; — x,|]) < RW(a, X) +n.
n>

So in this case RW(a, X) < RW(a, X),asn > 0.
If (li_m||ax1 +xn||) A (h_m llax, —xn||) = lim ||ax; — x,|| by a similar argu-

n—o00 n—00 n— 00

ment RW(a, X) < RW(a, X). (I
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Theorem 9.5.2 ([S]) Let X be a reflexive Banach space. Then
HRW(E, X)+1) -1
2 | ’
(ii) for all a >0, RW(a,X) <a(l+Tx(-)) and in particular MW (X) >
a

[EE
sup{1+rx(t) it > 0}

(i) forallt >0, T'x(t) <

Proof (i)Lett, n > 0and (x,) be aweakly null sequence in By. By Proposition9.5.1
. ) 1 1
’llgfl(llxl +1xall Allxr — txal)) =t}lr>lf1{||;x1 + x|l A Il;xl — x|}
1
< IRW(-, X),
So for some k > 1
1
[ber + 2L A fler = | < ERW(Z, X) 41

As ||x1 4+ txi|| V [|x1 — txi|| < 1+ ¢, we have

[lx1 + txpll + 11x1 — txll = (e + exell A llxr = exel]) + [lxg + 2xel | Vollxg — 2xl |

1
<tRW(;,X)+7)+1+t

So
. [lx1 + x| + [1x1 — £x,1] [lxr + txil| + 1lxr — txe|| — 1
inf —-1)=<
n>1 2 2
HRW(, X)+1) =147
< .
2

RW(L X)+1)—1 RW(L X)+1)—-1
So My () < w Asn — 0, Tx(f) < M

(i) Let @, n > 0 and (x,) be a weakly null sequence in By. So

inf

n>1

x4 2+ e =2 1
(II L A ““—l)gl“x(—)
2 a

So there exists k > 1 with
Xk Xk 1
[lxi + —+llx1 — = <2(1 +Tx(=) +n)
a a a

So
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inf [lax; +xal| A llaxy — x| < llaxy + xell A flaxy — x|
n>
1
= 5 (laxy + x| Aflaxy = xi[])
a Xk Xk
= Ui+ —IlIAllxi ——ID
2 a a

1
<a(l+ Fx(;) +n)

Since n > 0 is arbitrary, we get
1
RW(a, X) <a(l1+4+Tx(-)).
a

O

Theorem 9.5.3 ([5]) If X is a reflexive Banach space for which T',(0) < 1, then
M (X) > 1. So every non-void bounded closed convex subset of X has fixed point
property for non-expansive maps.

Proof Clearly T',(0) < 1 if and only if for some 7 > 0 sup{@ 0<s <t} <
1. So for some r > 0 I'x(¢) < ¢. So by (i) MW(X) > sup{HlF—J;’(t) :t > 0}. Or
MW (X) > 1. So by Corollary 9.4.9, and the reflexivity of X every non-void closed
bounded convex subset of X has fixed point property for non-expansive maps. [

Corollary 9.5.4 ([5)]) If X is a uniformly non-square Banach space, then M (X) > 1
and so every non-void closed bounded convex subset of X has fixed point property
for non-expansive maps.

Proof Since X is uniformly non-square, so is X*. By Proposition9.1.6, €o(X*) < 2.
So by Lindenstrauss formulae the modulus of smoothness py satisfies p (0) < 1
(again by Proposition9.1.6). Since I'x () < px(¢) forallz > 0,y (0) < p%(0) < 1.
As X is reflexive (being non-square) by Theorem9.5.3 every non-void bounded
closed convex subset of X has fixed point property for non-expansive mappings. [

Remark 9.5.5 Garcia Falset et al. [S] have shown that in a reflexive Banach space
X, the following are equivalent:

i) MW((X) > 1;
(i) forsomea > 0, RW(a, X) <1+ a;
(iii) inf{% ta >0} > 1;
(iv) T%(0) < 1;
(v) for somet > 0, sup{@ 0<s<t}<l;
(vi) forsomer > 0,y (1) < t.

Remark 9.5.6 If MW (X) > 1, X may not be non-square although every non-void
closed bounded convex subset of X has fixed point property for non-expansive maps.
This is seen by the following example due to Garcia Falset et al. [5].
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Example 9.5.7 Let X = (R?, || ||oo) and ¥ = (£,, || - ||») and Z the product space
Z = X x Y with the norm ||(x; y)|| = max{||x||s, ||¥||2}, where x € X = R? and
y€Y =14 For z; = ((1, 1); 0) and z5 = (1, =1); 0), [lz1ll = llz2ll = L, [lz1 +

22|| = |Iz1 — z2|| = 2. Thus Z is not uniformly non-square. Let z, = (x,; y,) be a
weakly null sequence in B, and z € Bz, withz = (x; y).If z, K) 0, thenx,, — Oand
w—0 and  limllx, +¥lleo = I¥llo < Il <1 and  lim [ly, + yI5 =
lim ||y, |3 + |lylI> < lim [|z4|]* + |lz]|* < 2. Therefore, lim ||z, + z|| = lim
n—0o0 n—o0 n—o0 n—oo

max{||x, + x||, [[vx + y|I} < V2. So RW(1, X) < +/2 and MW (X) > 1. Soin X
every non-void closed convex bounded subset has fixed point property for non-
expansive maps.
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Chapter 10 ®)
Brouwer’s Fixed-Point Theorem Check for

10.1 Introduction

It is more than a century since Brouwer [4] proved a fixed- point theorem of great
consequence, in the setting of finite-dimensional Euclidean spaces. It was subse-
quently extended to normed linear spaces by Schauder [25], and later to locally
convex linear topological spaces by Tychonoff [31]. Brouwer’s theorem was gen-
eralized to multifunctions first by Kakutani [12], and later to locally convex linear
topological spaces by Glicksberg [8] and Ky Fan [6]. Brouwer’s theorem admits
of several proofs. Notable among them are those based on Sperner’s lemma [28]
or concepts of homotopy/homology from algebraic topology (see Dugundji [S] or
Munkres [17]) or concepts and results from Real analysis (see Milnor [16], Seki [26],
Rogers [23], Kannai [13], Traynor [30]). However, we provide here only the analytic
proof of Brouwer’s theorem and a proof based on Sperner’s lemma. Needless to state
that Brouwer’s theorem and its generalizations/variants find a wide range of appli-
cations in the solution of nonlinear equations, differential and integral equations,
mathematical biology and mathematical economics.

10.2 Analytic Preliminaries

We collect in this section the basic theorems of analysis needed in the proof of
Brouwer’s theorem.

Theorem 10.2.1 (Weierstrass Approximation Theorem) If f is a continuous real-
valued function defined on a closed bounded subset S of R", then for any given
positive number €, we can find a polynomial P, of n variables x,, ..., x, such that
[ f(x1y ..o, x0) — Pe(xq, ..., xp)| < €forall (x1,x2,...,x,) €S.

Theorem 10.2.2 (Inverse Function Theorem) Let G be a non-empty open set in R”
and f = (f1,..., fn) : G € R" — R" be a continuous mapping having continuous
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first-order partial derivatives at all points of G. If for some point Py € G, the determi-

nant of the Jacobian matrix J (x) = (ng (x)) is non-zero at Py, then f is a one-to-one
J

open map in a neighbourhood of P,.

Theorem 10.2.3 (Change of variables for multiple integrals) Let ¢ = (g1, ..., &n)
be a function defined on an open connected set G C R" and taking values in R" and
having continuous first-order partial derivatives at all points of G. Let g be one-to-
one on G and Det(Jg(x)) # 0 for all x € G, where J, is the Jacobian matrix of g
and f : g(G) — R be continuous. If X is a Jordan-measurable compact subregion
of G, then

/ f(X1, ..., xp)dxidxs ...dxy =/
X

F(&(t1, ... )| Det Jg(ty ..., tw)ldty ...diy
g71(X)

_](

Theorem 10.2.4 (Mean-value Inequality) If f: G C R" — R”" is a continuous
function with continuous first-order partial derivatives which are bounded in the
open connected set G, then for some M > Q0 and all x, y € G,

I/ () = fODI = Mllx — yl.

For these and other aspects of calculus in finite-dimensional spaces, Apostol [1]
may be consulted.

10.3 Brouwer’s Fixed-Point Theorem

We state first Brouwer’s fixed-point theorem.

Theorem 10.3.1 (Brouwer) Every continuous function f mapping the closed unit
sphere B, (of R") into itself has a fixed point.

We deduce it from the no-retraction theorem via a lemma, following Rogers [23].
First, we recall the following.

Definition 10.3.2 Let B € A C R". A continuous map f : A — B is called a
retraction of A onto B if f(A) = B and f is identity on B. B is called a retract
of A if there is a retraction of A onto B.

Lemma 10.3.3 There is no continuously differentiable retraction of B" (the unit
ball in R") onto §"~! the unit sphere (in R").

Proof Let if possible f : B" — S$"~! be such a retraction. Define g : B" — R" by

g(x) = f(x) —x, x € B". Clearly g is continuous and has continuous first-order

partial derivatives. Clearly %(x) is continuous for all i, j = 1,2,...,n, where
J

g=1(81,8,.--,8n) and all x € B". Since B" is compact %(x)‘ is bounded on
J



10.3 Brouwer’s Fixed-Point Theorem 221

B"foralli, j =1,2,...,n,in view of the continuity of % on B". So by Theorem
10.2.4 for some k > 1, '

llg(x) — gl < kllx — y|| forallx,y € B".

Define f; : B* - R"by fi(x) =x +1tg(x) =1 —t)x +tf(x),Vt € [0, 1]. Since
f is a retraction of B” onto S"!, f,(x) = x forall x € §"~! forall ¢ € [0, 1]. Now
fi(x) =1 +1tg' (x) for each x € B", f/(x) being the linear operator represented
by the Jacobian matrix of f; at x. So || f/ ()|l = I +tg’ )l = 1]l —tllg’ (x)|l
for ¢t € [0, 1]. So for t < % and x € B", ||tg’(x)|| < I so that f/ is invertible by
Corollary 6.1.7. So by the inverse function Theorem 10.2.2, f; is an open one-to-
one map for ¢ < k. For x € BY = interior B", || f;(x)|| < (I —)|x|| +tlx| <1,
when # < 1. Thus, f; maps B’ into B® when # < 1 and in this case, we claim that
G, = f,(B") = B®. Letif possible e € B" — G,.Let g € G,. Join e to g and choose
a point b on the line segment [e, g] meeting the boundary of G,. Since f;(B") is
compact, being the continuous image of a compact set, b = f;(x) for some x € B".
Since b, the boundary point of G, is not in the open set G, x cannot be an interior point
of B".Sox € §" ! and f,(x) = x. Thus b = x and so e as well as b lies on "',
the boundary of B”. Also f,(S"') = §""!, B = G, and f, maps B" bijectively
onto B".

Let C(A) denote the Jordan content of a subset A of R". Clearly B, has Jordan

content and for t < %

C(By) = C(fi(By))

:/ |Det f](x)|dx by Theorem 10.2.3
B,
, 1
=/ Det (f/(x))dx for t < —,
B, k

which is a polynomial in ¢. However, left-hand side of the above equality has the
constant value C(B"), and so this polynomial is constant for all ¥ < % Butforallr €
[0,1]. I; = fB,, Det (f/(x))dx is a polynomial in 7, which is C(B") for 0 < t < %
So I, is constant for all # € [0, 1]. Now, fi.f1 = || fi @)|1> = |x||*> = 1 for x € B,
as fi = f is the retraction of B" onto $"~!. So g—g.fl =0forl <i <nonB". This

system of linear equations has non-trivial solutions on B” only when Det (%) =0

where fi = (fi1, fi2, ..., fin). So I (1) = 0 and this contradicts that C(B") > 0.

Theorem 10.3.4 (Brouwer’s theorem for differentiable maps) If f : B — B" isa
continuous map having continuous first-order partial derivatives, then f has a fixed
point in B".

Proof Suppose f : B" — B" is a continuous function having continuous first-order
partial derivatives without a fixed point. So f(x) # x for all x € B". Define w :
B" — R" by
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() — x — (1= x? .
ST (= <x, f(x) >)

for x € B".

Clearly < x, f(x) > < 1 for x € B,,. Otherwise < x, f(x) > > 1 would imply
that 1 < < x, f(x) > < ||x|llf(x)]| <1 by Cauchy-Schwarz inequality leading
to 1= <ux, f(x) > = |x|I|f(x)|l. This would mean that x = cf(x) for some
c#O0and l =<x, f(x) >=c < f(x), fx) >=c| fx|* = %||)c||2 with ¢ > 0.
Therefore ¢ = 1 with x = f(x), contradicting that f has no fixed point. Thus
<x, f(x) > < 1forx € B".

Suppose w(x) = 0. Then x = L"Hzf(x) =’ f(x), where ¢’ = L x|

l—<x,f(x)> l—<x,f(x)>"
Since x = ¢/ f(x), ¢’ = % =2 FOIE =1 =PI F )] So ¢ =
1, contradicting that f has no fixed point. So w(x) # 0 for all x € B".

Define g : B" — R" by g(x) = % Clearly g(B") € S"~! and for x € §"7!,
w(x) = x and so g(x) = x. Thus g is a continuously differentiable retraction of B”
onto §"~!, contradicting Lemma 10.3.3.

Hence every continuously differentiable map of B” into itself has a fixed

point. ]

We are now in a position to prove Brouwer’s fixed-point theorem 10.3.1.

Proof of Brouwer’s Theorem 10.3.1 Let f : B" — B" be a continuous function.
By Weierstrass Approximation Theorem 10.2.1, for any % > 0, m € N there exists
a polynomial P, such that || f(x) — P,(x)| < % for all x € B". So ||P,(x)] <

Ifeol+ % <1+ % for all x € B". So by Theorem 10.3.4, (]i’l) mapping B"

into itself has a fixed point x,, in B". Now || f (xm) — x|l < || f () — %u <

I f ) — P (i) || + 1| P () — 22821 < 2 for each m € N.

14 m?’

Hence inf{||x — f(x)| : x € B"} —='0. As B" is compactand x — ||lx — f(x)| is
continuous, there exists x* € B” such that ||x* — fx*|| = 0. Thus, x* = f(x*) and
f has a fixed point in B”. O

As a corollary we can deduce the no-retraction theorem.

Corollary 10.3.5 There is no retraction of B" onto S"~".

Proof If g : B" — §"~!is aretraction, then (—g) mapping continuously B” into B"

has a fixed point x by Brouwer’s theorem. So —g(x¢) = x¢. Hence g(xg) = —x¢.But
g(xp) € $"~! and all the points of $”~! are invariant under g.Soxp = g(xg) = —xo
contradicts that x; is in S”~!. Hence there is no retraction of B” onto S"~!. O

Remark 10.3.6 From the no-retraction theorem we can deduce Brouwer’s theorem.

The next theorem points out that all compact convex subsets of R” have the fixed-
point property for continuous functions and is a precursor to Schauder’s fixed-point
theorem.
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Theorem 10.3.7 If K is a non-empty compact convex subset of R", then every con-
tinuous mapping of K into itself has a fixed point.

Proof Let f be a continuous map of K into K and B, closed ball containing K. For
each x € B, let N(x) be the unique point in K nearest to x. (Note that if y; and y, are
two points in K equidistant from K, then 232 € K isnearer to x!). Thus x — N (x),
defines a map from B into K. We now note that this map is continuous. Suppose
Xx € B, x, (¢ B) converges to x and that N(x,) does not converge to N (x). Since
N (x,) € K and K is compact we can find (x,)) € K asubsequence of (x,) such that
N () converges to y(# N(x)) € K. Now [ — N @) [l < I1xugey = NGO
Allowing k to tend to oo in the above inequality, we get ||x — y|| < [lx — N(x)],
contradicting that y # N (x). Hence x — N (x) is continuous on B.

Now, by Brouwer’s theorem, x — f (N (x)) maps B into itself continuously and
so has a fixed point, x( say. Since f(N(x)) € K forall x € B and f (N (xg)) = xo,
xo € K. If xg € K, N(x0) = x¢. Thus f(x9) = xo and f has a fixed pointin K. [

Remark 10.3.8 1t follows that closed bounded intervals such as [a, b]" in R"” have
the fixed-point property.

10.4 A Proof of Brouwer’s Theorem from Sperner’s
Lemma

Sperner [28] proved a combinatorial theorem wherefrom Brouwer’s fixed-point the-
orem can be deduced. In this section Sperner’s lemma is detailed.

Definition 10.4.1 An n-dimensional simplex & in a linear space is a convex lin-

ear combination of n + 1 points in general position. This is for given vertices
n+1 n

Vi, ..., Uptl, the simplex S = Zaivi o > 0and Zai = 1} and the set of
i=1 i=1
vertices {vy, ..., v,4+1} is not contained in any (n — 1) dimensional hyperplane of
the linear space. It is written [vy, ..., U,41].
Each v; is called a vertex of § and each k-simplex [v;,, ..., v;, ] is called a face of
S. Thus each vertex is a face as also the whole simplex S.

Definition 10.4.2 Let S be the n-dimensional simplex with the n 4+ 1 vertices
V1, ..., V4 that are in general position. For y € S, define ¥(y) = {i EN:y=

n+1
> Aivi € Sand \; > o}. If (y) = {io, . ... it} then y is in the face [x;,, . .., x;, ].
i=1
This face is called the carrier of y.
n+1

For the n-dimensional simplex S described above, if y € S, then y = Z o V;

i=0
and in this representation «; are uniquely defined. (o, ..., a,41) are called the
barycentric coordinates of y. Thus the carrier of y is well defined.
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Remark 10.4.3 The standard n-simplex is {y = (V1y---» Ynt1) € Ry >0,

n+1
Z Vi = 1}. It is also conveniently written as An = [e', ..., e .

i=l1

Definition 10.4.4 A simplicial subdivision of an n-dimensional simplex S is a
partition of § into a finite collection {S; : i = 1,2, ..., k} of simplexes such that

k
U S; = S and S; N S is either empty or a common face.
i=1

Example 10.4.5

In the above 2-simplex [1, 2, 3], the subdivision {[1,3,5], [2,3,4], [2.4,5], [1,3],
[1,5], [2,3], [2,4], [2,5], [3.4], [4,5], 1, 2, 3, [4], [5]} is not simplicial for the inter-
section of the faces [1,3,5] with [2,3,4] is [3,4] and is not a common face. On the
other hand in the following figure:

for the simplex [1, 2, 3] {[1,3,4], [1,4,5], [1,5,6], [2,5,6], [2,4,5], [2,3,4], [1,4], {1},
[1,5], [4,5], [5,6], {5}, [2.4], [3.4], {2}, {4}} is a simplicial subdivision.

Definition 10.4.6 Let S = [xy, ..., x,41] be an n-dimensional space which is sim-
plicially subdivided, with V being the set of all vertices of all sub-simplexes. A
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function A : v — {1, ..., n 4+ 1} satisfying A(v) € ¥ (v) is called a proper labelling
where 1) is the carrier function defined in Definition 10.4.2. A sub-simplex is said to
be completely labelled if \ takes all the values from 1 to n 4 1 on the set of all its
vertices.
1 n+1
Remark 10.4.7 For the simplex S = [xy,..., x,4+1] the centroid Zx,-,
n+1 P

denoted by b(S) is called the barycentre of S. For simplexes S; and S,, we write
S1 < S, if S is a face of S. For simplexes Sy < Sx—1--- < 81 < 8o < S, the family
of all simplexes b(Sp), ..., b(Sy) is called a barycentric subdivision of S. Given a
simplex S, it is possible to obtain a simplicial subdivision such that the diameter of
each sub-simplex is less than any given positive number. The mesh of a simplicial
subdivision is the diameter of the largest proper sub-simplex.

We are now in a position to state and prove Sperner’s Lemma [28].

Theorem 10.4.8 (Sperner [28]) Let S = [x1, ..., X,+1] be a simplex which is sim-
plicially subdivided and properly labelled by the function \. Then there is an odd
number of completely labelled sub-simplexes in the subdivision.

Proof When n = 0, the simplex consists of a single point x; bearing the label 1 and
thus that is one completely labelled sub-simplex x; itself.

Suppose the statement is true for n — 1. Given a simplicial subdivision of S, let
A be the number of all completely labelled n-simplexes, A, the number of almost
completely labelled n-simplexes, i.e. those for which the sense of \is {1, ..., n}, A3
the number (n — 1) simplexes on the boundary of S that bear all the labels {1, .. ., n}
and A4 the number of all (n — 1) simplexes with labels {1, ..., n} in the interior of
S.

An (n — 1) simplex lies either on the boundary of S and is the face of a single n-
simplex in the subdivision or it is a common face of two n-simplexes. Each simplex
of type A; exactly one face labelled {1, 2, ..., n}. Each sub-simplex of type A,
contributes two faces labelled {1, 2, ..., n}. However, inside faces appear in two
simplexes while boundary faces appear in one sub-simplex. Thus we get2A, + A; =
Az +2A,.

On the boundary, the only (n — 1) dimensional face labelled {1, 2, ..., n} can be
on the face F € S whose vertices are labelled {1, 2, ..., n}. So we can apply the
inductive hypothesis for 7 which forms a complete labelled (n — 1) dimensional sub-
simplex. By hypothesis F has an odd number of completely labelled sub-simplexes.
Thus by definition of A3, Az is odd. Since A| +2A; = A3 + 2A4, A| must be odd.
So the theorem is true for all n. (]

Brouwer’s fixed-point theorem can be deduced from Sperner’s lemma. Indeed, it
suffices to prove it for n-dimensional simplexes.

Theorem 10.4.9 (Brouwer) Let S = [vy, ..., Vy11] be the n-dimensional simplex
in R with vertices v; = (0,0,...,0,1,0,0,...,0) (with 1 in the ith coordinate
and zero elsewhere) fori = 1,2,...,n+ 1. If f : S — S is continuous then f has

a fixed point in S.
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Proof Let (./;,) be a sequence of simplicial subdivisions of S such that each .7
is a subdivision of .%},_ with mesh(.%;) — 0 as k — o0o. Let ¢ > 0 and .¥}, be the
division such that mesh(.%;) < €,fork > k(e).Let V be the set of vertices of the sub-
division and A : V — {1, ..., n + 1} be a labelling function. For v € [v;, ..., v;,]
choose

A) € {iy, ..., i) N{i 2 fi(v) =N}

n+1 n+1
where v = Z)\ivi and f(v) = Zﬁ(v)vi.
i=1 i=1
This intersection is non-empty, for if f;(v) > A; foralli € {iy, ..., i¢}, then we
would have
n+1 ¢ n+1

1=Zﬁ(v)>2vil=2vi=1
i=1 j=1 i=1

a contradiction, with the second inequality following from v € [v;,, ..., v;,]. It may
be noted that we are using the representation of v, f(v) in barycentric coordi-
nates. Since A is a labelling function satisfying Sperner’s lemma there exists a
completely labelled sub-simplex [pj, ..., p;,. ] such that f;(p;) < (pH) . Ase 0
there is a subsequence of simplexes such that p; — g as ¢ — 0 for each i =
1,2,...,m+ 1. Since f is continuous f;(q) < gq;,i =1,....,m+ 1.If f(q) # q,
fi(q) < g;foralli and fi(q) < g forsome k would contradict ) fi(q) =Y qr = 1.
So f(g) =q. U

Using Sperner’s lemma, one can deduce a classical result due to Knaster Kura-

towski and Mazurkiewicz [14], called Knaster—Kuratowski—-Mazurkiewicz Lemma
or simply KKM lemma.

Theorem 10.4.10 (KKM Lemma) Let A be the simplex [ey, ..., eny1] in R
and Fy, ..., F,y be a family of non-empty closed subsets of A such that for each
AC{l1,2,...,m+ 1} the convex hull of {e; :i € A} C UE-.
i€eA
m+1

Then ﬂ F; is non-empty and compact.
i=1

m+1
Proof Clearly ﬂ F; is closed and compact. For € > 0 given subdivide A into sub-

i=1
simplexes with mesh size < e. For a vertex v of the subdivision lying on the face
e, ..., e, byhypothesis thereisanindexi € {iy, ..., ixy1} Withv € F;.Labelling
all the vertices in this way. We observe that it satisfies all the conditions of Sperner’s
Lemma. So there is a completely labelled sub-simplex [pf, ..., p;, ] with p; €
F; for each i. As € | 0, choosing a subsequence p{ converging to g and noting

pi € F; for each i, it follows that z € F; for each i as F; is closed for each i. Thus
m+1

Z € ﬂFi. O
i=1
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Now KKM lemma implies Brouwer fixed-point theorem.

Theorem 10.4.11 Theorem 10.4.10 (KKM Lemma) implies Theorem 10.3.1
(Brouwer fixed-point theorem).

Proof Let A,, =[ei, ..., eut1] be the m-dimensional simplex in R”™*! and f :
A,, = A,, a continuous map. Define F; = {x € A : f;(x) < x;}. The collections

{er, ..., ems1} and {F;, ..., F,11} satisfy the hypotheses of KKM Lemma. For
m-+1 k+1

x € ey, ..., e ] Zf,-(x) = Zx[f. So at least for one x;;, f;,(x) <x;, and
i=1 i=1
m+1

F; are all closed. So ﬂ F; is compact and non-empty. But this set is precisely

{x e A: f(x) <x} anid:is simply the set of fixed points of f. O
We can also prove that Brouwer’s theorem implies the KKM Lemma.

Theorem 10.4.12 Brouwer’s Theorem 10.3.1 implies KKM Lemma 10.4.10.

Proof Let K =convex hull of {a; : i = 1,...,m + 1}. K is evidently compact and
m+1

convex. Suppose ﬂ Fi =¢. Then {Ff:i=1,...,m+ 1} is an open cover for
i=1
K. So there exists a partition of unity fi, ..., f,+1 subordinate to this covering
m+1

by Theorem 1.2.20. Let g : K — K be defined by g(x) = Y _ fi(x)a;. Clearly g is

i=1
continuous and maps K into itself. By Brouwer’s theorem it has a fixed point p. Let
A={i: fi(p) > 0}. Thenp € co{a; :i € A}and p € F; fornoi,acontradiction. []

Aliter(Peleg [22]) Let F1, .. ., F, satisfy the hypotheses of KKM Lemma. Define
gix)=dx,F)and f : A - Aby fi(x) = %.Then]‘is continuous and
j=1 8;*
so by Brouwer’s theorem f has a fixed pointx. So g;(x) = Oforall j € {1,...,m +
m+1

1}.S0 () Fj # ¢

j=I1

10.5 Scarf’s Algorithm

Scarf [24] provided an algorithm for approximating a fixed point guaranteed by
Brouwer’s fixed-point Theorem 10.3.1. In this section Scarf’s algorithm is outlined.
It may be added that many other algorithms improving on Scarf’s contribution, due
to Eaves, Kuhn and others, have emerged subsequently.

A constructive proof of Sperner’s Lemma 10.4.8 is described below in line with
Scarf.
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Let S, be the standard simplex in R”. Let {v!, v? ..., 0", 0" v"*} be a
restricted simplicial subdivision where vl, ..., v" are the unit vectors of the ini-
tial subdivision with no subdivision along the boundaries. We label each vertex
v with £(v) € {1,2,...,n)} such that £(v') =i fori = 1,2, ...,n. The remaining

vertices in the interior can be labelled arbitrarily from {1, 2, ..., n}. We construct a
completely labelled simplex in this restricted subdivision as follows:
We construct the unique initial sub-simplex with vertices v, ..., v, by adding

an additional vertex v"*/ such that the algorithm for completely labelled restricted
subdivision halts in £(v"*/) = 1. If £(v"*/) = k # 1, then k appears in the labelling
of this sub-simplex twice. We eliminate the vertex whose label coincides with the
label of v"*/ leading to another sub-simplex with a new vertex v"+%)_ This step can
be repeated again. Thus at each stage of the algorithm, one has a sub-simplex with
n — 1 labels {2, ..., n} terminating only when we reach a restricted sub-simplex
having all the n labels {1, 2, ..., n}.

We note that this algorithm leads to a completely labelled sub-simplex in a finite
number of steps which has not been reached previously. Let S’ be the first simplex
revisited, if possible by this algorithm. If it is not the initial sub-simplex, then it can
be reached in two ways through either one of the adjacent simplices with (n — 1)
distinct labels. As per the algorithm, both these adjoint sub-simplexes had already
been reached during the algorithmic construction contradicting that S’ is not the first
simplex revisited. This computational scheme clearly encapsulates a constructive
proof of Sperner’s lemma.

Scarf’s algorithm for approximating a fixed point of a continuous self-map on a
standard simplex S, can now be briefly described.

Definition 10.5.1 Let f : S, — S, be a continuous map with a fixed point x*. For
€ > 0 given, x. € S, is called e-almost fixed point if f if ||x* — x| <e.

Theorem 10.5.2 (Scarfalgorithm) Let f : S, — S, be a continuous function. Given
€ > 0 there exists § > 0 less then € and for G, a simplicial subdivision of S,, such that
eachvertex of G is labelled by i = min{j : f;j(x) < x,> Owhere x = (xy, ..., x,)}
there is a completely labelled sub-simplex S' of G such that forx € S', || f(x) — x| <
2neand || f(y) — f@I < eforlly —zll < dwithy,z €S

Proof Since f is continuous on S, it is uniformly continuous in view of the com-
pactness of S,,. So given € > 0 there exists § > 0 with § < e such that ||y — z|| < 9,
v,z € Sy implies || f(y) — f(@)]| <e. . o

For each vertex v/ one can associate anindex i such thatv; > 0(v/ = (v{,v3, ...,
vi) and f;(v)) < vl, f(/) being (f1W)), ..., fu(v)).

From the constructive proof of the Sperner lemma outlined above, there exists
a restricted completely labelled simplicial subdivision S’ of G with mesh §" < ¢
containing a fixed point x* of f.Soforx € &', |x; — fi(x)| < ||lx — fX)|| < |Ix —
X4+ Ix* = f(x)| <d+€ <26 So||lx — f(x)| < 2ne. (Il
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10.6 More on Brouwer’s Fixed-Point Theorem

Ky Fan [6] proved the following consequence of KKM Lemma.

Theorem 10.6.1 Let X C R” and for each x € X, let F(x) be a closed subset of
R". Suppose

(i) for any subset {xi,...,x;} € X, co{x1,...,x:} C U F(x;).
i=1
(ii) F(x) is compact for some x € X. Then ﬂ F (x) is non-empty and compact.
xeX
Proof Since for each finite non-empty subset S of X, S U {x} is finite and conv{S U
{x}} € U F(s)U F(x) ﬂ F(s) N F(x)isnon-empty and compactby KKM lemma.

seS
Thus {F(s) N F(x):s e X } has finite intersection property and is a collection of

closed subsets of F'(x). So m F (s) is non-empty and closed by the compactness of
seX

F(x). O
We use the following.

Definition 10.6.2 Let U be a binary relation on aset K, i.e. a subset of K x K, such
that U (x) = {(x, y) € K} C K (this may be viewed as the set of elements y ‘bigger
than’ x). An element x € K is called U-maximal if U (x) = ¢. The U-maximal set
of K is simply {x € K : U(x) = ¢}. The graphof U is {(x, y) : y € U (x)}.

Theorem 10.6.3 (Sonnenschein [27]) Let K € R” be a non-empty compact convex
subset and U be a binary relation on K, satisfying the following:

(i) x ¢ convex hull of U (x) forall x € K;
(ii) fory € U~ (x), there exists x' € K such that y € int U~ (x").

Then K has a U-maximal element and the U-maximal set is compact.

Proof Clearly

U@ =¢}= (K -U"x)

xek
= (K —int UT'(y) by (i)
yek
Foreachy, F(y) = K —int U"'(y) i 1s a closed subset of K and hence is compact.
Fory € co{xy,...x, : x; € K}, y € U F(x;) otherwise y ¢ U F(x;) implies y ¢

i=1 i=1

U(K —intU'(x)) =K — ﬂ int U™ (x;))ory €int U™ (x;) € U™ (x;) forall
i=1 i=1
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i=1,2,...,n.S0x; e U(y) foralli =1,2,...n. Since y is in the convex hull of
Xi, y € convex hull of U(y), contradicting (i). Thus F satisfies the hypotheses of
Theorem 10.6.1 and so ﬂ F(x) # ¢ and compact. Thus the set of all U-maximal

xekK
elements is non-empty and compact. ]

Definition 10.6.4 Let S, T be non-void subsets of R” and ¢ : S — 27. 1) is called
upper semicontinuous at x, € S if for x,, € §,n € Nand (x,) — xo y, € ¥(x,) and
Yn — Yo imply that yg € 1 (xg). ¥ is said to be lower semicontinuous at x if x, € S
forn € N, x, = x¢ € Sand yy € ¥(x¢) imply that there exists y, € ¥(x,) forn € N
such that y, — yo. is called continuous if it is both upper and lower semicontinuous
1y : S — 27T is said to have open lower sections it ™' {y} = {x € § : y € ¥(x)} is
openin S.

Remark 10.6.5 1 : S — 2®" is upper semicontinuous on S if for every open subset
Vof R" {x € S:¢(x) € V}isopenin S.

Following Krasa and Yannelis [15], we can give an alternative proof of Theorem
10.6.3 using Brouwer’s theorem.
Aliter for Theorem 10.6.3 For each x € K, define ¢(x) = U~ '{x}. ¢ has open
lower sections. Suppose U~'(x) # ¢ for all x. By assumption (ii) of Theorem
10.6.3 int U~'{x} # ¢. So {inty(x) : x € K} is an open cover for K and as K

is compact it has a finite subcover {int U~ (y;),int U~'(y2),....,int U™ (y,)}
say. Let g;(x) =dist(x, K —int o(y;)} and ¢; (x) = % Clearly each o is
j=18jx

continuous, 0 < o; <1, a; =0 on K —int ¢(y;) and Zai(x) =1 for x € K.
i=1
Thus {¢;} is a partition of unity subordinate to the covering {int ¢(y;)} for K.

m

The map f : K — K defined by f(x) = Zai (x)y; is continuous on the com-
i=1
pact convex set K in R” and so by Brouwer’s fixed-point theorem it has a fixed

point xo = f(xg) = Z a;(xp)y; in K. For all the «;(xg) # 0, xo € int ©(y;) and
i=1
xo € U (y;) or yi € U(xp). So xp = Z a;(xo)y; € convex hull of U (xy) contra-

i=1
dicting the hypothesis of Theorem 10.6.3. Thus U has a maximal element.
Some consequences of Theorem 10.6.3 can now be deduced.

Theorem 10.6.6 Let U be a binary relation on K C R" with values in R", K being
a non-empty compact convex subset. Suppose

1. x ¢ U(x)forallx € K;
2. U(x) is convex forall x € K;
3. {(x,y):yeUx)}isopenin K x K.

Then U has a maximal element and the set of all such maximal elements of U is
compact.



10.6 More on Brouwer’s Fixed-Point Theorem 231

Theorem 10.6.7 Let K C R™ be a non-void compact convex set and E C K x K
be closed. Suppose

1. (x,x) € Eforallx € K,
2. foreachy € K, {x € K : (x,y) ¢ E} is convex.

Then there exists ko € K such that K x {ko} C K. The set of such kg is compact.

The above results are due to Ky Fan.
Proof of Theorem 10.6.6 For each x € K, define U(x) = {y : (x,y) ¢ E}. Clearly
U (x) isconvex, openand x ¢ U (x).Soby Theorem 10.6.3, U has a maximal element
ko and the set of al such maximal elements of U is compact. Thus U (kg) = {k € K :
(k, ko) ¢ E} = ¢. Thus K x {ko} C E.

For the proof of Theorem 10.6.7set E = {(x, y) : (x,y) ¢ U}.Clearly (x,x) € E
as x ¢ U(x). Since {(x,y):y € U(x)}is open, {(x,y) € E} is closed in K x K.
Further U (x) is convex. So by Theorem 10.6.6 for kg € K, K x {ko} € E or {y :
y € Ulko)} = ¢. U

One can deduce the following

Theorem 10.6.8 Let f : K — R™ be a continuous map on a non-void compact
convex subset K. Then there exists ky € K such that for all p € K, < ko, f (ko) >

(p. [ (ko).
Proof Define the binary relation U on K by y € U (x) if and only if

(v, f)) > ((x, f(x)).

Since f is continuous, {y € K : (x,y) € U(x)}isopenin K x K,x ¢ U(x) and
U (x) is convex, by Theorem 10.6.7, there exists kg € K such that U (ky) = ¢. So for
ko € K, (k, f (ko)) < (ko, f(ko)), forall k € K. 0

The above result is referred as Hartman—Stampacchia Lemma.

We can now prove the existence of Walrasian equilibrium in an exchange economy
without production.

Letx = (x1, ..., x,) be an allocation of goods to m consumers (each element in
the above list could itself be a vector of goods). Let w = (wy, ..., w,) be the initial
endowments of the n consumers. Let p = (py, ..., p,) be a vector of n prices. In the
competitive economy, a Walrasian equilibrium or competitive equilibrium is repre-
sented by a list (x*, p*) such that x;" is preferred to x; for all x; satisfying the budget
constraint, p*x; < p*w;. Thus all consumers maximize their utility. We assume that
demand does not exceed supply for each good or Z (xF — w;) < 0. Aggregate excess

l

demand function z(p) is defined by z(p) = Z(xi* (p) — w;). Further, we assume

i
that excess demand functions are homogeneous of degree O whenever z(p*) <0,
where (x*, p*) represents a competitive equilibrium. Also if each consumer has
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strictly increasing and strictly convex preferences then z(p) is continuous. Accord-
ing to the Walras law, pz(p) = 0. In practical terms it means thatif z; = z,_; =0
and if p, > 0 then z, must be zero. Thus in calculating competitive equilibrium, we
have to ensure that n — 1 markets are clear for clearing the n'” market. The existence
of a Walrasian equilibrium can be proved as follows, using Brouwer’s fixed-point
theorem:

As z is homogeneous of degree zero, z(1p*) < 0 whenever z(p*) < 0. We can
normalize the price vector so that the price vector lies in the (n — 1) dimensional

n

unitsimplex S = {p e R" : p = (p1, ..., py) With p; > Oandei = 1}. The map
i=1
g: S — Sdefinedby g(p) = (g1(p). ... g(p)) where g (p) = ll”i““f;‘,—mis

continuous and maps S into itself. By Brouwer’s theorem g has a fixed point p* in S.
p; *+max{0,z; (p*)} ThuS
1+ max{0,z; (p*)}

Py max{0, z;(p*)} = max{0, z;(p*)}. So Y1, piz(py) Yi_ max{0, z;(p*))
j=1

=Y ", zi(p*) max{0, z;(p*)}. By the Walras law the right-hand side of the above

equation is zero. Since each of the n-terms in this sum is non-negative, z; (p*) < 0

for each i. Since the Walrus law holds at p*, p* is a competitive equilibrium.
Uzawa [32] has proved that Walras equilibrium theorem implies Brouwer’s the-

orem and Uzawa’s theorem is stated and proved below.

Thus p* = g(p*). So for p* = (p}, ..., p;) we have p} =

Theorem 10.6.9 (Uzawa [32]) Walras’ theorem implies Brouwer fixed-point theo-
rem.

Proof Let S be the standard unit simplex {(my, ..., m,) : m >0, Z:;l m; = 1} in
R™ and f : S — S be a continuous map. Construct an excess demand function by
x(p) = (x1(p), ..., x2(p)) defined by

" Sipifi(55)
where p = (p1, ..., pn), AM(p) = ZP[ and pu(p) = Zn—pzp.
o1 i=1 Pi

Clearly f; ( /\(p)) and p;u(p) are positive homogeneous of order zero. Thus the

excess demand function x (p) satisfies

1. continuity;
2. homogeneity of order 0; i.e. x(tp) = x(p) fort > 0;

3. the Walras law; i.e. Z pix(p;) =0.

i=1
So by Walras equilibrium theorem it has an equilibrium p*. So by definition of x (p),
fi (ﬁ) < piu(p*) fori =1, ..., n with equality unless p; = 0. Writing 7* =
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%{;) and 3 = A(p*)u(p*) we get f;(7*) < Br’ with equality unless 7} = 0. Since
S is the standard simplex and 7*, f(7*) € S = {(my,...m,) : Yy m = 1, m > 0}
and so 3 = 1. So f;(7*) < ] with equality unless 7/ = 0. This again implies that

fitm*)y ==},i=1,2,...,n. Thus 7* is a fixed point for f. O

Complementing von Neumann'’s concept of cooperative games, Nash [18] defined
the concept of a non-cooperative game and its equilibrium point. Using Brouwer’s
theorem, he proved the existence of an equilibrium point (or Nash equilibrium) for
an n-person non-cooperative game. In what follows the basic ideas for the existence
of a Nash equilibrium of non-cooperative games are described, following closely
Nash [19].

An n-person games is a set of n-players (or positions), each associated with a
finite set of pure strategies. Corresponding to each player i, a pay-off function p;
mapping the set of all n-tuples of pure strategies into the set of real numbers. By
n-tuple is meant a set of n elements, each element being associated with a different
player. A mixed strategy of player i is a set of non-negative numbers with unit sum

and are in one-one correspondence with his pure strategies. We write s; = E CiaTia
«

with C;, > 0 Z C, = 1 where 7, are pure strategies of the player i (s;) can be

regarded as poiﬁts in a simplex with vertices ;. Viewing it as a convex set enables
one to get a natural way of linear combination for mixed strategies. Players can be
denoted by suffixes i, j, k while pure strategies are represented by «, (3, v etc. While
s;, t; denote mixed strategies, m;, would mean ath pure strategy of the ith player.
The pay-off function p; has a unique extension to the n-tuples of mixed strategies
which is linear in the mixed strategy of each player. This linear extension denoted
by pi, is also written p;(sy, ..., s,). s, t denote the n-tuple of mixed strategies. For
S =(S1,...,8), pi(s) = pi(s1, ..., s,)is the corresponding pay-off function. Such
an n-tuple s is a point in the product space of the vector spaces containing the mixed
strategies.

The notation (s, ¢;) denotes (s1, $2, - .., Si—1, i, Si41, - - - » Sy) Where s = (sq, ...,
sn). The resultant of successive substitutions ((s, #;); r;) is denoted by (s; #;; r;). An
n-tuple s is an equilibrium point if and only if for each i

pi(s) = max[p(s; r)]
In other words, the equilibrium point is an n-tuple such that each player’s mixed

strategy maximizes his pay-off if the strategies of others are held fixed. So each
player’s strategy is optimal against those of the remaining players. A mixed strategy

s; is said to use a pure strategy m;, if s; = Z Cigmigand C;, > 0.1f s = (51, ..., 5,)
A3

and s; uses 7;,, we say that s uses m;,. Since p;(s) is linear in s;

max[p;(s; ;)] = max[p;(s; mia)]



234 10 Brouwer’s Fixed-Point Theorem

Define p;,(s) = pi(s; m;o). Then a trivial necessary and sufficient condition
for s to be an equilibrium point is p;(s) = max p;,(s). For s = (s1, ..., 8,), S =
o

Z CiaTia,then p;(s) = Z Cia Pia(s). So for the validity of p; (s) = max Dia(s), we

must have ¢;, =0 whenever Pia(s) < méix Dip(s). This simply means that s does

not use 7;, unless it is an optimal pure strategy. With these preliminaries Nash [19]
proved the following:

Theorem 10.6.10 Every finite game has an equilibrium point.

Proof Let s be an n-tuple of mixed strategies, p;(s) the corresponding pay-off to
player i and p;,(s) the pay-off to player i if he changes his ath pure strategy m;,
while the others continue to use their respective mixed strategies from s. Define
for each s = (sq,...,s,) the map ¢;,(s) = max(0, p;n(s) — p;(s)) and for each

si+) -, Pia($)Tia
—1 o) s'). Consider the

map T(s) = (s,...,s,) =s’. Since the pay-off functions are all continuous s —
T (s) is a continuous map on the cell formed by all the strategies. So by Brouwer’s
fixed point theorem T has a fixed point ¢ = (si, ..., §,). That part of 7;, used in ¢;
must not be decreased by T'. So for all 3, ¢;3(s) = 0 so that g; does not exceed 1.
Thus if  is fixed by T, ¢;5(s) = 0 for all 8. So no player can improve his pay-oft by
moving to a pure strategy 7; 3. This is precisely the definition that ¢ is an equilibrium
point. Conversely if ¢ is an equilibrium point, then all ¢’s vanish so that  is a fixed
point of 7.

By a symmetry (or automorphism) of a game is meant a permutation of its strate-
gies such that if two strategies belong to a single player they move to two strategies
belonging to a single player. Thus, a permutation ¢ of the pure strategies induces
a permutation of the players. Each vector of pure strategies permutes into another
vector of pure strategies. Let 1) be the induced permutation of these vectors. If £
is a vector of pure strategies and p; (€) the pay-off to player i when the vector £ is

applied, then symmetry requires if j = i¥ then p;(£¥) = p;(£). This permutation

component s; of s define s; = and write s = (s7, ...

’ l‘l

¢ has a unique linear extension to the mixed strategies. Thus for s; = Z CiaTia

(s)? = Z C;o(Ti0)?. From this extension to mixed strategies, one gets an obvious

«
extension of ¥ to n-tuples of mixed strategies. A symmetric n-tuple s of a game is
defined by s¥ = s for all the extensions ). O

Theorem 10.6.11 (Nash [19]) A finite cooperative game has a symmetric equilib-
rium point.

Proof s; = Zﬂ'm/ Zl has the property (s;)” = s where j =i" so that the n-

« «
tuple s’ = (si, ..., s,) is fixed under any 1. So any game has at least one symmetric
n-tuple. Clearly if s and ¢ are symmetric, so is their convex combination. Thus the set
of symmetric n-tuples is convex. It is also closed. Consider the map T taking s to s’
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defined in the proof of Theorem 10.6.10 and v is a symmetry on the game, then for
s’ =Ts, (s) = T(s¥). So T maps the closed convex subset of symmetric n-tuples
into itself and by the continuity of 7" and Brouwer’s theorem 7 has a fixed point in
the set of symmetric n-tuples. Thus there is a symmetric equilibrium point. (]

In an earlier paper, Nash [18] outlined the proof of the existence of the equilibrium
point using Kakutani’s fixed-point theorem. This seminal work culminated in the
award of a Nobel prize (jointly in economics) for Nash. For a perspective on the
impact of Nash equilibrium on social sciences Holt and Roth [10] may be referred.

10.7 A Proof of the Fundamental Theorem of Algebra

Arnold [2] and later Niven [21] attempted a proof of the fundamental theorem of
algebra based on Brouwer’s fixed-point theorem. Subsequently, it was noted in [3]
that both the proofs contained errors. Later, Fort [7] salvaged it and we present
his proof first of Brouwer’s fixed-point theorem in the plane and then that of the
fundamental theorem of algebra.

By S we denote the set of all complex numbers z with |z| = 1. For z € §, A(z) is
the set of all real numbers 6 for which z = ¢/’. Thus A(z) is the set of all arguments
of z. A continuous function defined on a subset X of the plane of complex numbers
and taking values in S is said to have a continuous logarithm on X if there exists a
real-valued continuous function ¢ of X such that f(z) = ¢/ for all z € X. Two
basic properties of complex numbers, used in the sequel, are the following:

(a) forzy,zx €8, |z1 — 22| <2 and 6, € A(zy), then for a unique 8, € A(z;) with
|91 — 92| < T.
(b) if§; € A(w;),i =1,2,and |0, — 65| < 7, then |0, — 65| < 7|z1 — 22].

Theorem 10.7.1 If f : D — S is a continuous mapping, then f has a continuous
logarithm, D being a closed disc in the plane.

Proof Let D be the disc {z : |z — ¢g| < r}. Thus ¢ is the centre of D and r its radius.
From the uniform continuity of f, it follows that there exists 6 > 0 such that for
z1,22 € Dwith |z1 — 23] < 6, | f(z1) — f(z2)] < % Choose n € N such that - < 4.
Define Dy ={z: ]z —¢q| < %}fork € Nwith0 < k < n.Define ¢ on D by defining
it successively on Dy, ..., D,. ¢(Dy) is defined as ¢(q) = 6 € A(f(g)) such that
0 <0 < 2x.If ¢ is defined on Dy and z € Dy, let 7’ be the nearest point of Dy to
z.Since |z — 7| < 6, | f(z) — f(Z)] < % So by property (a) stated above, we may
define ¢(z) to be the unique number A( f(z)) that differs from ¢(z’) by less than 7.

Let S; be the statement: if z;, zo € Dy and |z; — 22| < 6, then |p(z1) — #(22)] <
x. Clearly Sy is true as Dy contains only one point. Suppose Sy is true. For z1, 25 €
Dy1y with |z — z2] < d. Consider z} and z, the nearest points of z; and z, in Dy
respectively. From the definition of ¢, it follows that |¢(z;) — ¢(z})| < m,fori = 1, 2.
Itis readily seen that |z} — z5| < § and by inductive hypothesis [¢(z1) — ¢(z2)| < 7.
So we have
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|4(z1) — P(z2)| < |d(z1) — P + 19(2)) — P(H)] + |P(25) — (z2)]
=7{lf@) = fEDI+HIfEDI = fFEII+ @) — fz)l}

T T w
S3t3zft3zET
S0 Sy is true. Thus §; is true for all j with0 < j < n.
Using S, and (b), we get that for z1, z, € D with |z; — 22| < 9, |¢(z1) — P(z2)| <
7| f(z1) — f(z2)|. This implies that ¢ is continuous in view of f being continuous.
As ¢(z) € A(f(z)) for z € D, f has a continuous logarithm on D. O

Proposition 10.7.2 The identity map on S does not have a continuous logarithm.

Proof If the identity map on S has a continuous logarithm, then for z € S, z = /%@,
where ¢ is continuous and real-valued. The map g : [0, 2] — R defined by g(¢) =
¢(e'?) — 0 is continuous and an integral multiple of 27. So g must be a constant
function. Now g(0) = g(1) and g(27) = g(1) — 27, a contradiction. U

The following no-retraction theorem can be deduced.

Theorem 10.7.3 There does not exist a retraction of the closed unit disc onto its
boundary S.

Proof 1f f is such amapping, then by Theorem 10.7.1, there is a continuous function
¢ on D such that f(z) = e/?® for all z € D. Since f(z) = z on S, this contradicts
Proposition 10.7.2. ]

Theorem 10.7.4 (Brouwer’s fixed-point theorem for plane) If g is a continuous
function mapping the closed unit disc into itself, then g has a fixed point in D.

Proof Suppose g has no fixed point in D. For each z € D, let f(z) be the unique
point of S such that z lies on the segment joining f(z) to g(z). It can be shown that
z — f(z) is continuous and maps D onto S with f(z) = z on S. This contradicts
Theorem 10.7.3. Hence g must have a fixed point. (]

Remark 10.7.5 Since any two closed discs in the plane are homeomorphic it follows
that any closed disc in the plane has the fixed-point property for continuous functions.

For proving the fundamental theorem of algebra using Brouwer’s theorem, we
need the following.

Proposition 10.7.6 If f is a continuous map on a closed disc D into the set of non-
zero complex numbers, then there exist n distinct continuous mappings hy, ..., h,
such that [h;(z)]" = f(2) for z € D.

Proof f(z) =|f(2)| ‘}(8' By Theorem 10.7.1, as z — \%;I maps D into S con-

tinuously there exists a continuous map ¢ such that ‘}08‘ = /9@ Define hy (z) =

JIf(@)].e S fork = 1, ..., n. Then these are the required continuous nth roots
of f(z). O
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Theorem 10.7.7 (Fundamental Theorem of Algebra) If p is a polynomial of degree
n > 0, then for some 7 € C, p(z) =0.

Proof Without loss of generality we may assume that p(z) # 0 forall z € C and the
1
coefficient of z” in p(z) is % Now lim &f) =5 So for some » > 0, p(z) and 7"

—> 00

have arguments which differ by less than 3 for |z| > r and |p(z)| < |z|". Now select
R > rsuchthat &/[p(z)] + |z] < Rfor|z| < r.Consider D the disc centred at 0 with
radius R. By Proposition 10.7.6, as p is non-zero and maps D into non-zero complex
numbers p has continuous nth root f on D. We can select f such that f(r) and r
have arguments differing by less than 5- for all z with |z| > r. (If for some z’ with
|z'| = r, f(z') and 7’ have arguments that differ exactly by 3., then the arguments
of p(z) and z" differ by 7, an impossibility.)

For |z| > r, |p(2)| < |Z"| and so | f(z)| < |z| and z and f(z) both lie in the
circular sector of radius |z| and angle 3-. Thus |z — f(z)| < |z| for |z| > r. But
when |z| <r, |z — f(2)| < |z| + | f(2)| < R. So the function z — z — f(z) maps
D into itself continuously and hence has a fixed point, say zg. So f(z9) =0 or
p(zo) = 0, a contradiction. O

10.8 A Generalization of Brouwer’s Theorem

Hamilton [9] extended the Brouwer’s fixed-point theorem for peripherally continuous
maps, while Stallings [29] generalized Brouwer’s theorem for connectivity functions.
Whyburn [35] extended an intersection theorem due to Hurewicz and Wallman [11],
whence he deduced both the generalizations of Hamilton and Stallings. In this section,
Whyburn’s approach to these fixed-point theorems is described. See also [34].

Definition 10.8.1 A subset E of a topological space X is said to be quasi-closed or
of external dimension zero, if for each p € X/E every neighbourhood of p contains
an open set having p, whose boundary does not intersect £. A subset G of X is
quasi-open if its complement is quasi-closed.

Definition 10.8.2 A function f : X — Y where X and Y are topological spaces is
said to be peripherallay continuous if for x € X and open sets U in X containing
x and V in Y containing f(x) there exists an open set W containing x such that
W C U and boundary Fr(W) is mapped in V by f.

A map f is called a connectivity function if the associated graph function x —
(x, f(x)) maps connected subsets of X onto connected subsets of the graph of f.

Lemma 10.8.3 (Whyburn [36]) A function [ : X — Y is peripherally continuous
if and only if the inverse of every closed (open) setin Y is quasi-closed (quasi-open)
in X.

Proof Suppose f is peripherally continuous. If C is closed in Y then for any p €
X — f~1(C) and an open set U containing p fortheopensetV =Y — C, f(p) € V.
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So by peripheral continuity of f, there exists an open set W in X with p e W C U
and f[Fr(W)] € V.So Fr(W) N f~1(C) = ¢. Thus for p € V there exists an open
set W C V containing p for which fr(W) € V. Thus f~!'(C) is quasi-closed.
Suppose for each closed subset C of Y f~1(C) is quasi-closed. Let p € X and
P = f(p) and let U and V be open sets containing p and P respectively. Let C =
Y —V.Asp e X — f~'(C)and C is closed there is an open set W with p ¢ W C U
and Fr(W)nN f‘l(C) =¢. So f[Fr(W)]CY —C = V. Thus f is peripherally
continuous. O

Hereinafter, we assume that the topological spaces are regular 77 spaces. The
following definitions are needed in the sequel.

Definition 10.8.4 (Whyburn [36]) A topological space X is called locally cohesive
if it is connected and each open set containing a point p of X contains the closure
of a canonical region about p, i.e. a connected open set R with connected boundary
Fr(R) such that R is unicoherent between x and Fr(R) or equivalently between x
and X — R.Recall that a connected space or set M is unicoherent or cohesive between
disjoint connected subsets (or points) A and B of M if H, N H}, is connected for every
representation M = H, U H,,, H,, H}, being closed connected subsets containing A
and B, respectively, in their interiors relative to M.

Remark 10.8.5 A locally cohesive space is locally connected and has no local cut
point. If W is a canonical region in X about a € X, any set K separating a and
Fr(W) in W contains the boundary of a canonical region R lying in W. Thus in a
locally cohesive space X, given a closed subset E of X and an open set U containing
a € X — E contains a canonical region R abouta with R C U and E N Fr(R) = ¢.
Thus for G quasi-open, any open set U containing @ € G has a canonical region R
about ¢ sothat R C U and Fr(R) C G.

Definition 10.8.6 Two subsets A and B of a connected space X are weakly separated
in X by a set E provided no component of X — E meets both A and B.

Theorem 10.8.7 Let A and B be disjoint nondegenerate closed connected sets in a
locally cohesive space X. Any quasi-closed set L that separates A and B weakly in
X contains a non-void closed set K that separates A — K and B — K in X.

Proof If A (or B) C L, then K = A (or B). Suppose neither A nor B is contained in
L. Let H be the union of all components in X — L intersecting A and V be the union
of all components of X — (HU A) intersecting B. Define K = Fr(V) UHNB
and define U = X — (VU K). U and V are open and disjoint, K is closed and K C
H U (AN L).From these it follows that X — K =UUVand B— K C B— H C
V. Also since ANV C K, we have A — K C X — (VUK) =U. We claim that
K =Fr(V)uU H N B C L. Otherwise for some x € K, x ¢ L.Let R be a canonical
region about x so that R contains neither A nor B intersects A or B only in case x is
in A or B respectively. So Fr(C) of R lies in H. In any case C intersects X — L and
lies in some component Q of X — L in H. If x € A, this is true as C intersects A;
for x ¢ A, it follows since some component of X — L in H intersects both R and A.
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Forx € B, this, however is not possible as C N B # ¢; forx ¢ B this is not possible
as C intersects some component of V. Thus K = Fr(V)UHNB C L. [

Theorem 10.8.8 ([35]) If X is locally cohesive, any connected set in X lying in the
union of two disjoint quasi-open sets lies entirely in one of them.

Proof Let E be connected and lie in U U V where U and V are two disjoint quasi-
open sets. Leta € ENU and b € EN V. For each x € E, let O, be a canonical
region containing x whose boundary C, liesin U or V accordingasx e U or V. E
being connected there exists a simple chain of suchregionsa € Qy, Oz, ..., 0, > b
from a to b only the first in the chain containing a and only the last containing b. Let
C; = Fr(Q;) for each i. Then for 1 < k < n, both Q;_; and Q4 must intersect
Cy as each meets Oy but is not contained in Qy. So Cy, intersects both Ci_; and Cyy;
because Cy, is connected and Qi1 N Q1 = ¢. However this implies that C; € U
foralli =1, ..., n contradicting C,, C V. O

Corollary 10.8.9 ([35]) Any peripherally continuous function f: X — Y of a
locally cohesive space X into a completely normal T space Y preserves connected-
ness. It is a connectivity function whenever X x Y is completely normal.

Proof If E is connected in X, and if f(E) were not connected, there would exist
disjoint open sets U; and V) in Y intersecting f (E) such that f(E) € U; U V,. But
U = f~'(U;) and V = f~!(V; would then be quasi-open sets intersecting E, con-
tradicting Theorem 10.8.8. So f(E) is connected. The proof that f is a connectivity
map is left as an exercise. U

The following extension theorem due to Whyburn is an intersection theorem
improving on Hurewicz—Wallman intersection theorem [11].

Theorem 10.8.10 (Whyburn [35]) Given quasi-closed sets Cy, Cy, ..., C,in I[" =
[0, 11" such that for each i, 1 <i <n, C; weakly separates A; and B; in I". Then

ﬂ C; # ¢, A; and B; being the faces of I" on which x; = 0 and x; = 1, respectively.

i=1

Proof Foreachi, by Theorem 10.8.7, C; contains a closed set K; separating A; — K;
and B; — K; in I" with [" — K; = U; U V; where U; and V; are disjoint and open and
contain A; — K; and B; — K| respectively. Define f(x) for x € I", by letting f(x)
as the terminal end of the position vector x 4+ d(x) in R" where the ith component
d; of the vector d(x) is £p(x, K;), the sign being 4 for x € U; and — for x € V,.
Then for x € U; and each i, d; = p(x, K;) <1 —x; sothat 0 < x; +d; < 1 while
forx € V;,d; = —p(x, K;) > —x; and again 0 < x; + d; < x; < 1. Thus p maps 1"
into itself. Further f is continuous and so by Brouwer’s fixed-point theorem f has

a fixed point xo € I". This implies that d(xo) = Oand xo € (| K; C [ Ci. O
i=1 i=1
Theorem 10.8.11 (Hamilton-Stallings) Any peripherally continuous function of 1"

into itself, n > 2 has at least one fixed point. The same is true of any connectivity
function of itself forn > 1.
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Proof Let f: 1" — I", n > 2 be a peripherally continuous function. For x =
(x1,...,xp) € I"let f(x) = (x],x),...,x,) € IN)" = I" Letg: I" — I" x I™
be the graph function of f. Thus g(x) = (x, f(x)). For 1 <i <mn,let p; = mg:
I" — I; x I; be the projection of the graph of f into the planar cell /; x I/ defined by
pi(x) = m(x, x') = (x;, x}) where f(x) = (x|, x5, ...,x,). Write A; = {(x;, x]) :
xi=x{,x; € ; =1}.

We now show that p;, i =1, ..., n is peripherally continuous. If E C [; x I is
closed, then 7rl._l (E) is closed as 7; is closed. So g’lﬂi_l (E) = pi_1 (E) is closed as
f is peripherally continuous.

Since A; is closed, C; = pfl(Ai) is quasi-closed for 1 <i < n as p; is periph-
erally continuous. We claim that C; weakly separates in I" the faces A; and B; of 1"
for which x; = 0 and x; = 1 respectively. Otherwise some component Q of I" — C;
intersects both A; and B; and p;(Q) would be connected by Corollary 10.8.9. Then
pi(Q) would intersect A; as it contains p;(a) for some a € A; for which x! > x;

and also b € B; where x; < x;. So C; weakly separates in /" the faces A; and B;

for 1 < i < n.So by Theorem 10.8.10 () C; # ¢. Since p; ' (A)) = Ci, x € () C;
i=1 i=1
implies x = x" or x = f(x).

For n = 1, that every connectivity map of [0, 1] into itself has a fixed point has
already been proved (see Corollary 3.1.7). For n > 2 we note that such a map is a
peripherally continuous map in view of the following Lemma 10.8.19 and so by the
first part of the theorem has a fixed point. O

The proof of this lemma is better understood on the basis of the following concepts
and propositions (see Whyburn [33]).

Definition 10.8.12 A collection of sets G in a topological space is called upper
semicontinuous if for G € G and U an open set containing G, there is an open set V
containing G such that any H € G and intersecting V, H C U.

Definition 10.8.13 Let (X, .7) be a topological space and G a collection of non-
empty subsets of X. The limit superior of G, written lim sup G is the set of all points
p in X such that every neighbourhood of p contains points from infinitely many sets
in G. The set of all points ¢ in X such that every neighbourhood of ¢ has points from
all but a finite number of sets from G is called the limit inferior of G and is written
liminf G.

For the proofs of the following propositions Whyburn [33] may be consulted.

Proposition 10.8.14 In a compact metric space, a necessary and sufficient condition
for a collection G of closed sets to be upper semicontinuous is that for each sequence
(Gp) in G withliminf G, N G for some G € G implies limsup G, C G.

Proposition 10.8.15 If X is a compact space, the collection G of disjoint closed
sets in the union of three subcollections G, G, and G3 where G, is the collection of
components of a closed set, G, is a null sequence (i.e. a sequence of sets such that
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for each € > 0, it contains at most a finite number of sets with diameter exceeding
€) and Gy is a collection of singletons, then G is upper semicontinuous.

Proposition 10.8.16 Proposition 10.8.14 is true when X is locally compact and all
the sets in G are continua.

Definition 10.8.17 A collection G of subsets of a metric space X is called an upper
semicontinous decomposition of X if U G = X, each setin G is compact and G is

Geg
an upper semicontinuous collection.

Remark 10.8.18 If G is an upper semicontinuous decomposition of a metric space,
then a topology on G can be defined by declaring a neighbourhood of G € G as a
subcollection U of G such that U{O : O € U} is open in X and contains G. This
topology on G is called the hyperspace topology on G.

Lemma 10.8.19 ([35]) If X is a locally compact, locally cohesive metric space
and Y a regular Ty space, then any connectivity map f : X — Y is peripherally
continuous.

Proof For x € X, let U and V be open sets containing x and f(x), respectively.
Without loss of generality let U be a canonical region with compact closure since X
is Ty, regular and locally compact. So the boundary B of U is connected and U is
unicoherent between x and B. Let U; and V; be open sets suchthatx € U; C U, CcU
and f(x) e V| C Vi,CV.Let D=U, N f‘l(vl). If x is an interior point of A
comprising the component Ay of D containing x together with the union of all
components of U — Ag except the one containing B or x is separated in U from B
by a component H of D, we get an open set W C U withx € W and Fr(W) C Ap
or Fr(W) C H. In the former case, let W = int A and in the latter case, choose W
= component of U — H. In both the cases f(Fr(W)) C V.

Suppose x is neither in the interior of A nor is separated in U from B by any
single component D. So the decomposition of U into the sets A, B components of
D not contained in A and single points of U — A — D is upper semicontinuous.
If (U) = M is the natural mapping of this decomposition, then ¢ is closed and
monotone (i.e. ¢~!(y) is a continuum for each y in the range of ¢). So M is a
locally connected continuum. If ¢ = ¢(x) and b = ¢(B) and N = C(a, b) the cyclic
element taken in M, then no point of ¢(D) N N is a cutpoint of N as no such point
can separate ¢ and b in M or N. Since U is unicoherent between x and Fr(U),
N is unicoherent. As ¢(D) is totally disconnected R = N — ¢(D) is connected. So
a € R.So ¢ '(R) = Q is connected as ¢ is monotone and closed. Also Q D {x},
as any region S in U; must intersect Q. If S is not in A and a is not a cutpoint of
M. ¢(S) N N is non-degenerate and connected and so is not connected and is not
contained in ¢(D). But then Q U {x} is connected while (x, f(x)) is an isolated
point of the graph of f|Q U x, because (g, f(g)) isnotin U; x V| forg € Q, since
f(g) € Y — V,forallg € Q. This contradiction implies that x is either in the interior
of A oris separated in U from B by some single component of D. So f is peripherally
continuous. O
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Remark 10.8.20 Since f : I, — I, is a connectivity map it is a peripherally con-
tinuous map. So by first part of Theorem 10.8.11. f has a fixed point for n > 2.
For n = 1, a connectivity map, f : I — [ has a fixed point. For n = 1, let the map

¢, x € X isrational

f:X=10,&] — [0, &] be defined by f(x) = where € is

0, x e X isirrational
a positive irrational number less than 1. Clearly f is peripherally continuous and has
no fixed point.

It may be added that Nash [20] raised the question of whether a connectivity map
on /" has a fixed point.
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Chapter 11 ®)
Schauder’s Fixed Point Theorem Geda

and Allied Theorems

11.1 Introduction

Attempts to extend Brouwer’s fixed point theorem to infinite-dimensional spaces
culminated in Schauder’s fixed point theorem [20]. The need for such an extension
arose because existence of solutions to nonlinear equations, especially nonlinear
integral and differential equations can be formulated as fixed point problems in
function-spaces. This chapter discusses Schauder’s and allied fixed point theorems
with their applications including the existence of Haar integral, invariant mean and
Banach limit. In this context, the following simple example shows that Brouwer’s
theorem is not true for closed balls in infinite-dimensional spaces.

Example 11.1.1 B, be the closed unit ball in C the space of all null real sequences
x = (x,) with the norm |x|| = sup|x,| does not have the fixed point property.

For example, the map x — Tx where T'(x) = (1, x1, x2, ...), x being (x1, x2, ...,
Xn, . ..) maps B into itself. If T (x) = x, then x = (x,,) with x,, = 1 for all n contra-
dicting that x,, is a null sequence.

Theorem 11.1.2 (Schauder [20]) If K is a compact convex subset of a normed linear
space, then every continuous function f mapping K into itself has a fixed point.

Proof Given any € > 0, by the compactness of K, we can find a finite number of
points xy, ..., xy in K such that each x € K lies in an open ball centred at x; for
somei =1,2,..., N and of radius €. Define g; : K — R* by

= llx = x;ll, ifflx —x;ll <€
gi(x) = ) .
0, iflx —xjll>e€,j=1,2,...,N.

Clearly, each g; is continuous and so is 4 ; defined by

g;(x)
> g
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N
Further,Zhj(x) =1Vx e Kandh;(x) = 0if |x — x;|| > . Themapx — V (x)

j=1
defined by
N
V) =) hj)x;
j=1
maps K into the convex hull of {xy, x5, ..., xn}. Also, forx € K

N
x—=V(x) = Zhj(x)(x —Xx;)

Jj=1

where the sum is only over those j for which ||x — x;|| < € has positive contribution.
Thus for x € K

lx = V@I <D hj@llx — xjll < e

If we denote by K., the convex hull of xy, ..., xy, then the map x — V(f(x))
maps continuously K., a compact convex set into itself. So, by Theorem 10.3.7,
V(fxe) = xe, for some x..

Sete = % for each n € N. Thus we have x,, € K such that

V) = Xu.

Now, by compactness of K, there is a subsequence x, ), converging to some x*. So,
by triangle inequality and continuity of V f, we have

1f ™) =X < FG™) = f g+ 1L Gngo) — VI Gnge) |+ lxney — x|l

Allowing k to tend to oo in the above, it follows by continuity of f that f(x*) = x*.
O

Schauder’s theorem as mentioned earlier has far-reaching applications. We merely
sketch the well-known Peano’s existence theorem for initial value problem of first-
order ordinary differential equations. For this purpose, we recall the concept of an
equicontinuous family of functions and Arzela—Ascoli theorem.

Definition 11.1.3 A family F of real-valued functions on a subset S of R is said
to be equicontinuous if given any € > 0 there exists § > 0 (independent of f € F)
such that | f(x) — f(y)| < e forall f € F whenever [x —y| < d,x,y € S.

Theorem 11.1.4 (Arzela—Ascoli) A subset K of the space C|0, 1] with supremum
norm is totally bounded if and only if it is uniformly bounded and equicontinuous.

We make use of the above criterion for compactness in the proof of Peano’s
Theorem.



11.1 Introduction 247

Theorem 11.1.5 (Peano’s existence theorem) Let f : J = [ty — a, ty + a] X [xo —
b, xo + b] — R be continuous (xo, ty € Randa, b > 0). Then the initial value prob-
lem

D ftx) and x(to) =
dl‘_ ,X) and x(lp) = X

has a solution in [ty — h, to + h] for some positive h.

Sketch of Proof. This initial value problem is equivalent to solving the integral equa-
tion

x(t) = xo +/ f(s, x(s))ds.

Since f is continuous on the rectangle J, f is bounded on J. Let K = max y)es
| f(t,x)|. Set h = min[a, %]. Clearly, 1 > 0. Consider the space C[ty — h, ty + h]
and define the operator A on this space by

Ax = xg +/ f(s,x(s))ds.

It is easy to see that A is continuous.

Let S be the closed sphere {f € C[ty — h,ty + h] : | f(t) — xo| < b}. We can
show using the definition of £, that A maps S into itself. Further, A(S) is a uniformly
bounded and equicontinuous family (Prove it!). Then, S*, the smallest closed convex
set containing A(S) (viz., the closed convex hull of A(S) is also uniformly bounded
and equicontinuous. Thus, S* is a convex, compact set (in view of Arzela—Ascoli
Theorem 11.1.4) in C[ty — h, to + h]. Clearly, as A(S) C §, A(S*) C A(S) C S*
(by definition of §*) C §.

So, by Schauder’s fixed point Theorem 11.1.2, A has a fixed point in S and this
is a solution of the initial-value problem.

Along similar lines one can prove the following existence theorem.

Theorem 11.1.6 Let F : [0, 1] x [0, 1] x R — R be a continuous function and g :
[0, 1] — R be continuous. Then the following integral equation has a continuous
solution f in [0, 1].

1
g(s) = f(s)+/0 F(s,t, f(t))dt.

Even when a continuous function does not map a compact convex set into itself it
may have a fixed point under some additional assumptions. Rothe [16] obtained the
following fixed point theorem belonging to this category. For this purpose, we need
the following.

Definition 11.1.7 Amap T : S(C X) — X is called compact if 7'(S) is contained
in a compact subset of X. Here S is a subset of a topological space X.
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Theorem 11.1.8 (Rothe [16]) Let X be a normed linear space, B its closed unit
ball and S the unit sphere. Let T : B — X be a compact continuous map such that
T(@B) C B. Then T has a fixed point in B.

Proof Definer : X — B by

X, ifx e B
L ifx ¢ B.

lx1”

r(x) =

Then r, called the radial retraction maps X continuously onto B. For x € B rx = x,
while for x ¢ B, r(x) € 0B.

Since T : B — X iscontinuousr o T maps B continuously into B and is compact.
So by Schauder’s theorem T has a fixed point xg. If xo € 9B then Txy € B so that
xo =rTxy = Txo. If xg € B, then Txy € By so that xo = rTxy = Txq. If Txg €
0B, then rTxy = Txyp € 9B C B. So in this case too xqg = Tx¢. Thus 7T has a fixed
point. (]

11.2 An Application of Schauder’s Theorem to an Iterative
Functional Equation

11.2.1 Introduction

In what follows an application of Schauder’s fixed point theorem to the solution
of an iterative functional equation with variable coefficients is described. Solution
of iterative functional equations has been studied by Abel, Babbage, Schroder and
other well-known mathematicians. For the history of this problem, Kuczma et al.
[13] may be consulted. A special case called the iterative root problem arises in the
theory of invariant curves and also in the problem of embedding a function into a
flow in dynamical systems. Murugan and Subrahmanyam [15] used Schauder’s fixed
point theorem to solve a special class of iterative functional equations of finding a
continuous function f : I = [a, b] — R such that

D M@H (') = F(x), x €1

i=1

under suitable assumption on the functions A;, H;,i = 1, 2, . ... This section details
the solution described in [15].
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11.2.2 A Subset of C(I, R)

For I =[a,b],a < b,a,b € Rlet C(I, R) be the Banach space of continuous real-
valued functions on / with supremum norm || - ||. For M > 0, we define

OM) ={feCU,R):|f(x)— f(WI=M|x—ylforx,yel}

and for § > 0,

FsM)={feCUR: fl@=a, fO)=bdx—y) = fx)—f() =Mkx—y),
x,yelandx >y}

we have

Proposition 11.2.1 ([I5SDIfM <lord>1Fs(M)=0.1f M =1 or§ = 1, then
Fs(M) is the singleton containing the identity map.

Proof Let f € Fs(M). If M < 1, then f(x) — f(y) <x —y for x > y. Setting
x >y = a,itfollows that f(x) < x as f(a) = a. This implies that f(b) = b < b,a
contradiction. So Fs(M) = . A similar argument shows that Fs(M) = @ for § > 1.
For M =1and f € Fs(M) and x > y, f(x) — f(y) <x —y. For y =a we get
f(x) < f(a) for all x. For x =b, y < f(y) for all y, so that f(x) =x on I. A
similar argument for § = 1 implies that Fs(M) is a singleton containing only the
identity function. (]

Proposition 11.2.2 ([15]) F5(M) is a compact convex subset of C(/, R).

Proof Clearly, Fs(M) is a closed and convex subset of C[I, R]. Also |f(x)| <
max{|a|, |b|}forx € [.Asé(x —y) < f(x) — f(y) < M(x —y)forx > y,x,y €
I,for f € Fs(M), Fs(M) is uniformly bounded and equicontinuous. So by Arzela—
Ascoli Theorem F5(M) is compact. U

Lemma 11.23 [f f € Fs(M) where 0<§<1<M, then f is a self-
homeomorphism on I and f~' € Fﬁ (%)

Proof f € Fs(M) is strictly increasing self-map onto I = [a, b]. So f~! exists
onland f~'(@)=aand f~'(b) =b.Soforx > yin I, L(x—y) < f(x)—
F7'y) < $(x —y). Thus f~' € Fy(87H).

O

Lemma 11.2.4 Let fi, f> be self-homeomorphisms on I and for x >y, x,y € I
S(x—y) < filx) — fi(y) < M(x —y) for some § > 0and M > 0 wherei =1, 2.
Then 8| " = f5 ' < 1A = foll < MILAT = 571

For a proof, Zhang and Baker [24] may be consulted. The following proposition
implies that it suffices to solve the functional equation in [0, 1].
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Proposition 11.2.5 f is a solution of the functional equation

D M H;(f'(x)) = F(x) for x € I = [a, b]

i=1

if and only if g(x)h~' (fh(x)) is a solution for

D )R (1)) = Gx), x €[0, 1]

i=1
where h(x) =a+x(b —a), wi(x) = A (h(x)), Ri(x) =h~'(H;(h(x))), G(x) =
h='(Fh(x)) and &;(x) = 0 with » " 3;(x) = 1.

i=1

Proof Let f be a solution for

Y M) Hi(p' () = F(x), x € I =[a,b].

i=1

Noting that 4 and A~ are affine continuous maps and Z ui(x) =1on [0, 1], for

i=1

x €0, 1]

oo ) 1 n )
D mR(G @) = lim ———— > " wi () Ri(g' (x)

n—oo

= > i) =
i=1

= lim > i oh” (Hhh ™ )))

D i) =
i=l
_ ~ i) i
= lim »  —=——h" (H; f' (h(x))

=Y oniw)
j=1

=h" (113010 > i (x)Hif‘(h(x)))
i=1
=h"'"F(h(x)) = G(x).

The converse is straightforward. [
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Lemma 11.2.6 If f,g € Q(M), M > 1 and map I onto itself, then fori € N

M —1
M—1

If =gl < If =gl

This can be proved using induction.
We state and prove an existence theorem making use of subsequent lemmata.

Theorem 11.2.7 ([15]) Let X, (x) be a sequence of nonnegative continuous functions
on/ = [0, 1]suchthatX;(x) € Q(¢;)and 1 < y; < A;(x) < A;fori =1,2,... and
o0

D xi(x) =1forx el.Letl, L; > 0and H; € F,,(L;), fori = 1,2, ... Suppose
i=1

0<8§<1,M > 1and

() Y ALM' < oo,

=1 o0 l o0
(i) Ko = ;yil,ﬁ”l -5 ;(xi > 0.

Then for any function F in Fg,s(KoM), the functional equation

D M@H (') = F(x), x €1

i=1

has a solution f in F5(M) where
K =i[ﬂ+A-L-M"—1}
P 8 1 1
For f € Fs(M), define Ly : I — I by

L) =Y M(f CNH(f (), x el

i=1

Lemma 11.2.8 Suppose that in addition to the hypotheses of the above theorem
f e F(M). Then Ly € Fk,(K) where Ky and K are as defined in that theorem.

Proof Itiseasy toseethat L;(0) =0and Ly(1) =1.Forx >y, x,y €[

(D (1)) = L ONTH (7 ()

Le(x) = Le(y) =Y n(f T COH(F @) = D k(T ONHF ™ ()
i=1 i=1
i=1
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+ 0 (T ONH @) — Hi(fF771 )]
From the definitions of A;, H; and f and by Lemma 11.2.6 one gets
Lp(x) = Ly(y) < Z{a, 7@ = T ONALM T (x — y))
i[—(x—)’)+A LM = 0} = Kit = )
P

Similarly

3

Ly =Ly = Y {nhio™ = S} o= 3) = Kot =)

So Ly € Fk,(K/) and by Lemma 1123 L' € Fyx, (1/Ko).
O

Lemma 11.2.9 Besides the hypotheses of Theorem 11.2.7, suppose that f € Fs(M).
Then ||L;— Lyl < Kollf —gll and |L7' = L' < 21 f —gll. Kz being

o0

Z {Oli n A;Li(M'
B M—1 }

i=l1

Proof If f,g € Fs(M)andx € [

ILy(x) = Ly < | D (T OV H (F7 @) = hi(g ™ (0)) Hig' ™ ()]

i—1

Z A (0 = Mg CITH (7 ()
+ A (g7 CDIH (771 (x0) — Hi(g' ™ ()}

From Lemmata 11.2.3 and 11.2.6 and the definitions of A; (x) and H;(x), one obtains
Z @) =g O+ AL T =g

i LY g
— M1 g

Thus [|L; — Lyl < Kol f —gll. As f € Fa(M) for x 2 y, L L) — L' (y) <
% (x — ). So by Lemma 11.2.4, L' =Lt < © Kl f = gll. O

ILy(x) = Ly(x)| =
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The above lemmata lead to the proof of Theorem 11.2.7.

Proof of Theorem 11.2.77. Define T : Fs(M) — C(I, R)by Tf(x) = L;I(F(x)) for
x €l.Clearly, Tf(0) =0and Tf(1) =1.Ifx > y,x,ye [

1
Tfx) = Tf() =L (F(x) =L (F(y) < K F @ = FO)]
<M@x—y).
Further,
1 1
Tfx)=Tf(y) = ?IF(X) —Fy)l= ?chs(x —y) =58x—y).
1 1
Thus Tf € Fs(M) and maps Fs(M) into itself. For f, g € Fs(M) and x € [

ITf(x) = Tg)| = IL; (Fx) = L, (F(x))]
<|IL;' - L, )l

Thus ||Tf — Tgl| < K Il f — gl in view of Lemma 11.2.8. By Proposition 11.2.2,

=%
Fs(M) is a compact coonvex subset of C[I, R]. So by Schauder fixed point theorem
T has a fixed point in F3(M) which is a solution of the functional equation. O

11.3 Measures of Noncompactness and Fixed Point
Theorems

Given a noncompact space, a natural question is to find out if noncompactness can
be measured. In a complete metric space a measure of noncompactness can be for-
mulated in a natural way since compact subsets of such a space are precisely totally
bounded closed subsets. Such a measure, called Kuratowski’s measure of noncom-
pactness is the following.

Definition 11.3.1 Let (M, d) be a complete metric space and X a bounded subset
of M. Kuratowski measure of noncompactness of X denoted by «(X) is defined by

a(X) = inf{e > 0 : X can be covered by a finite
number of sets of diameter less than €}.

Using the above definition, the following proposition can be proved easily.

Proposition 11.3.2 Let (M, d) be a complete metric space, X, Y bounded subsets
of M and «(-) the Kuratowski measure of noncompactness function. Then
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(i) a(X) =0 ifand only if X is compact;
(ii) a(X) = a(X);
(iii) X CY = a(X) <a(Y),

(iv) a(X UY) =max{a(X), a(Y)};

(v) a(XNY) <minf{a(x), x(Y)}.

Proposition 11.3.3 Ler (X,) be a non-increasing sequence of nonempty bounded
closed subsets of a complete metric space (M, d) such that lim «(X,) = 0. Then

n—o0

m X, is nonempty and compact.
n=1

Proof Define a sequence x, € X, for each n € N and a set A; = {x, : n > k} for

k € N. Clearly, A, € X, Vnand «(A)) = a(Ay) = «(A,) in view of (i), (ii), (iii)

and (iv). So a(A;) = 0. So a(A,) = 0. Thus A1 is compact. As every cluster point

of A; is a cluster point of A, and x(A,) = a(A,) =0, A, are all compact. Since
oo

A, and hence {X, 2 A, : n € N} has finite intersection property ﬂ A, and hence

n=1

()X #¢. O
n=1

Remark 11.3.4 Proposition 11.3.3 is a generalization of the Cantor intersection the-
orem.

If the metric space (M, d) is a Banach space with the metric d arising from the
norm || ||, then the (Kuratowski) measure of noncompactness satisfies additional
properties. These are collected in

Proposition 11.3.5 If(E, | - ||) is a Banach space, the Kuratwoski measure of non-
compactness satisfies the additional properties stated below:
(i) a(X+7Y) <a(X) +a(¥);
(vii) a(cX) = |cla(X); forc e R;
(viii) a(conv X) = a(X);

where X, Y are bounded subsets of E.

n m
Proof We prove only (viii). For x = Ztix,- and y = Zs_iyj for x;,y; € X
i=1 j=1

n m n m m
andt,»,sjszichti=Zsj=1,||x—y||= Zt[x,»—Zsjyj = ZSJ‘
i=1 j=1 i=1 j=1 j=1

Ztix, Zt, Zy, < Zs tillx; — yjll < diam X. Consequently a(conv X)
i i=l j=I1

< a(X). We get a(conv X) 5 a(X). As X Cconv X, a(X) < a(conv X). Thus
a(X) = a(conv X). (I
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Remark 11.3.6 When X is compact, the above result leads to Mazur’s theorem that
the closed convex hull of a compact set is compact. The calculation of the measure
of noncompactness is not always easy. In fact, the proof that «(B(0, 1)) = 2 for the
unit open ball B(0, 1) in a Banach space is not obvious.

Remark 11.3.7 « < U tX) = tooe(X). This may be deduced from U tX C

0=<t=1ny 0=<t=1

conv[tyX U {0}].

Remark 11.3.8 One may alternatively cover a bounded subset X of a metric space
(X, d) by a finite number of open balls of radius smaller than € > 0. This leads to the
Hausdorff (or ball) measure of noncompactness of X. This has been used by Gohberg,
Goebel, Nussbaum and others. This measure is closely related to the concept of
Hausdorff metric and is denoted by x . It can be proved that ¥ (X) = inf{H (X, F) : F
a nonempty compact subset of M and H the Hausdorff distance on the space of all
closed nonempty bounded subsets of M}.

It is, therefore, possible to propose an abstract concept of a measure of noncom-
pactness based on an axiomatic approach.

Definition 11.3.9 A nonempty subfamily P of the family .#” of nonempty relatively
compact subsets of E is said to be the kernel (of a measure of noncompactness) if
the following conditions are satisfied:

i) XeP=>XeP;
(i) XeP, oY X=>YeP;
(i) X, Y eP=2AX+ {1 —-AY ePforirel0,1];
(iv) the family of compact sets in P is closed in the family of nonempty compact
sets with Hausdorff metric.

Definition 11.3.10 Let 9t be the family of non-void bounded sets of E. A function
w9 — [0, 0o) is said to be a measure of noncompactness with the kernel P if it
satisfies the following:

1) nX)=0s XeP;
(i) w(X) = pn(X);
(i) X €Y = u(X) < pu(¥);
(iv) p(conv X) = u(X);
V) wOX + (1= N)Y) < Au(X) + (1 = Mu(Y) for & € [0, 1];
(vi) for X, € Mand X, = X, and X, C X, forall n € N and nan;OM(Xn) =0
imply () X, # ¢

n=1

We skip the proof of the following.

Theorem 11.3.11 For any kernel P the function uw(X) = inf{H (X, P) : P € P}is
a measure of noncompactness with kernel P.
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Remark 11.3.12 1f P is N, the family of nonempty relatively compact subsets of E
then the kernel is full and the measure is said to be complete. The Kuratowski and
Hausdorff measures are full. Given a nontrivial closed subset V of the Banach space
E, for a nonempty bounded subset X of E, u(X) = x(X) + d(X, F), where

d(X,F) =inf{e > 0: X C N(F;¢)}

is a measure of noncompactness on the family of non-void compact sets X. || X||
and diam(X) are also measures. The kernels are respectively {6} and the family of
singletons.

Definition 11.3.13 A measure p is said to have maximum property if u(X UY) =
max(u(X), w(Y)) forallx, y € P.If u(AX) = |A|(X) for all scalars A, i is called
homogeneous and if u(X + Y) < u(X) + n(Y), pu is called subadditive. (A homo-
geneous subadditive measure is also called sublinear measure.)

A measure of noncompactness is called regular if it is full, sublinear and has
maximum property. For further details and applications Banas and Goebel [1] may
be referred.

We now state and prove Darbo’s fixed point theorem [4].

Theorem 11.3.14 (Darbo [4]) Let C be a non-void closed convex set which is
bounded and | be any measure of noncompactness with the kernel of the family
of bounded nonempty convex subsets of E. Let T : C — C be a p-contraction in the
sense that u(T (X)) < ku(X) for any nonempty convex bounded subset X, where
0 <k < L.IfT is continuous, then T has a fixed point and the set of fixed points of
T in C belongs to the kernel of 1.

Proof Define C; =C, C,41 =conv(TC,) for n > 1. Now wu(C,11) = u(con
(TCy) = u(TC,) <ku(C,) < k" 'u(C) forall n > 1. As 0 < k < 1, proceed-
oo

ing to the limit as n — o0, it follows that C* = ﬂ C, # ¢ isin the kernel of u and
n=1
1 (C*) = 0. Further, C* is convex and closed. As C* is precompact, C* is a non-void
compact convex subset of the Banach space E. Also TC* € TC,, € (con(TC,)) =
o0

C,iiforalln >1.SoTC* C ﬂ C,+1 N Cy = C*. Thus T maps C* into itself and

n=1
is continuous. So by Schauder’s fixed point theorem 7 has a fixed point in C. If F

is the set of fixed points of 7 in C, then w(F) = u(T(F)) < ku(F).So u(F) = 0.
Since F is closed, F' is compact and so belongs to the kernel of w. ]

Corollary 11.3.15 Let C be a non-void bounded closed convex subset of a Banach
space and T be a contraction on C with Lipschitz constantk < 1 and S a continuous
map mapping bounded subsets of C into precompact (totally bounded) subsets of C
such that F = T + S maps C into itself. Then F has a fixed point.
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Proof Let a be the Kuratowski measure of noncompactness and B a bounded non-
void subset of C. Then «(F (B)) = «(T + S)(B)) < aT(B) + aS(B) = ka(B) as
a(S(B)) = 0. Thus F is a a-set contraction and so by Darbo’s Theorem 11.3.14 has
a fixed point. ]

Example 11.3.16 The functional equation x (¢) = %x(ﬁ) + fot ww fort €
[0, 1] has a solution in C[0, 1]. Let B be the closed unit ball in C[0, 1] and T and
S the maps on B defined by Tx(t) = %x(\/f) and S(x(1)) = A—ltfot cos(x(%))ds.
Clearly, T is a contraction on B with Lipschitz constant % while S is a compact oper-

ator since [Sx(#;) — Sx ()| < % ‘f[tlz cos(x(%))ds‘ < i|t1 —t| forty, t, €10, 1].

Further, (T + S)x € B for x € B. So by Corollary 11.3.15. F = T + § has a fixed
point in B € C[0, 1]. Thus the above functional equation has a solution in C[O0, 1].

Sadovskii [19] obtained a generalization of Darbo’s theorem using the concept of
a condensing operator.

Definition 11.3.17 Let A be a measure of noncompactness with a kernel P. Let C be
a bounded non-void closed convex subset of a Banach space E. Amap 7 : C — E
is called condensing if A(T'(A)) < A(A) forall A € C with A(A) > 0.

Theorem 11.3.18 (Sadovskii [19]) Let C be a nonempty bounded closed convex
subset of a Banach space and T : C — C be a continuous condensing operator.
Then T has a fixed point, provided ). has maximum property.

Proof Let ¢ € C. Denote by .# the set of all closed convex subsets K of C such
thatc € KandT(K) C K.Define B = m K and C* = con(T (B) U {c}). Clearly,

KeZ
F # ¢pasC € Fand B # ¢pasc € Bbydefinitionof #.Since T (B) C T(K) C K
for each K € ., T(B) C ﬂ K = B. Thus T maps B into itself. We claim that

KeZ
B=C*AscCcBandT(B)CB,Be.%,C*CB.SoT(C* CT(B)CC* So

C* € .# and by definition of B, C* 2 B. Thus B = C*. By the properties of A,
the measure of noncompactness, A(B) = A(C) = MT (B) U {c}} = A(T(B)). This
implies A(B) = 0 as T is condensing. So B is compact. Since T is continuous, B is
nonempty compact and convex and 7 (B) € B, T has a fixed point by Schauder’s
fixed point theorem. U

Remark 11.3.19 Let B be the closed unit ball in the Hilbert space of real sequences
£,. The operator F : B — B defined by

F(x)=F(xi,..., %, ...) = K/1—|Ix]I?, x1, x2,...)
=Tx)+Sx)=H1—|x]3,0,0,...)+ (0, x1, x2,...)

forx = (x1,x0, ..., Xp,...)

Clearly, S, the shift operator is an isometry and 7 is a compact operator. Fur-
ther, ¢« (F(B)) = a(T(B) + S(B)) < a¢(SB) = a(B).So F is 1-set contraction with
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respect to o has no fixed point. Thus Darbo’s theorem or Sadovskii’s theorem is not
true for 1-set contractions.

A fixed point theorem for mappings satisfying the so-called Leray-boundary con-
dition involving measures of noncompactness can also be proved.

Theorem 11.3.20 Let u be a measure with kernel P having maximum property such
that {0} € P. Suppose C is an open and bounded neighbourhood of 0 of a Banach
space E and T - C — E is a continuous k-set contraction with contractive constant
k (< 1) such that for any x € 0C, Tx # Ax for A > 1. Then T has a fixed point in
C and the set of fixed points of T belongs to P.

Proof Let K = {x € C : x = cTx for some c € [0, 1]}. K is nonempty as 6 € K
and is obviously closed. As K C conv(TK U {#}) we have u(K) < u(T(K) U
{0}) = u(T(K)) <ku(K) and K € P. Clearly, K N dC = ¢. Since K is compact
and £ — C is non-void closed set and disjoint from K, by Urysohn’s Lemma there
is a continuous function g : E — [0, 1] such that g(x) = 1 forx € K and g(x) =0
forx ¢ Cand 0 < g(x) < 1 forx € C — K. Define the map F : E — E by

Fx) = gx)T (x), forx e C
0, forx ¢ C
Clearly, F maps each ball B(6;r) (r > 0) containing C into itself. For any set X,
F(X) C conv(T(X NC)U{H}) and so

p(F(X)) < peonv(T(X NC) U O} = n(T(X N C))
= n(T(X)) < kp(X).

As T is continuous on C. F is continuous on the closed ball B(6; r) containing C
and is a k-set contraction. So by Darbo’s fixed point Theorem 11.3.14. F has a fixed
point xq in B(0; r). Clearly, xo 7 6 and is not in the complement of C. So xq € C.
If xo e C — K, then 0 < g(x9) < | and xo = g(x0)T (x¢) contradicts that xo ¢ K
(by the definition of K). So xo € K. So g(x9) = 1 and F(xo) = g(x0)T (x0) = xo
T (x0) = xo. Thus xq is a fixed point of T'. That the set of fixed points of T in Cis
compact is left as an exercise. (]

11.4 Kakutani-Ky Fan-Glicksberg Fixed Point Theorem

Kakutani [10] generalized Brouwer’s fixed point theorem to multivalued functions on
Euclidean spaces. Inspired by this theorem. Glicksberg [8] and Ky Fan [7] extended
it to topological linear spaces. We need the following.

Definition 11.4.1 Let X and Y be topological spaces and 27 denote the set of all
subsets of Y. Let T be a multivalued function mapping X into 2¥ — {¢}. T is said to
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be upper semicontinuous if for each xo € X and any neighbourhood W of T (x() in
Y, there exists a neighbourhood V of xj such that x € V implies 7' (x) C W.

Theorem 11.4.2 (Ky Fan—Glicksberg [7, 8]) Let K be a non-void compact convex
subset of a Hausdorfflocally convex linear topological space X. Let T : K — 2K be
an upper semicontinuous multivalued function such that T (x) is a nonempty closed
convex subset of K for each x in K. Then there exists xo € K such that xo € T x.

The following proof due to Terkelsen [21] employs a technique of Browder [2].

Proof Let {U; : i € I} be a neighbourhood base at 0 in X comprising open convex
circled sets. For each i € I, there exists a finite set {x;; : j € J(i)} € K such that

K C U (xi; + U;). Now there is a continuous partition of unity subordinate to this
JEJ (@)
covering, i.e. for j € J(i), continuous functions ¢; ; : K — R exist with o;;(x) > 0
for x € K, a;j(x) =0 for x ¢ x;j + Uy and Y a;j(x) =1 for x € K. Let y;; €
JjeJ @)
T (x;;) and define f; : K — X by fi(x) = Z a;;(x)y;;. Let C; be the convex hull
JEJ @)

of {y;; : j € J(i)}. C; is homeomorphic to a closed convex set in a finite-dimensional
euclidean space, where C; € K. So by Brouwer’s fixed point theorem f; has a fixed
point x; in C;.

Let xo € K be the cluster point of the net {x; : i € I} directed by {U;, D:i € I}.
Suppose xo ¢ Txy. By separation theorem there exists a closed convex neigh-
bourhood W of Txy with xo ¢ W. As T is upper semicontinuous we can find a
neighbourhood V of xo with V. N W = ¢ such that x € V N K implies T'(x) € W.
Let m € I be for an open set U,, > 0 such that U,, + U,, C V — xo. We can find
i € I such that U,, D U;, x; € xo + U, and x; + U; C V. Now for j € J(i) with
a;j(x;) #0, x; € x;j + U;. So x;; € V. This implies that y;; € W. Consequently
xi = fi(x;) = Z a;ij(x;)y;j € W contradicting that x; € V and V is disjoint from

JjeJ @)
W. Hence xg € T (xg) for some xy € K. U

Corollary 11.4.3 (Kakutani [10]) Let K be a compact convex nonempty subset of
R" and T : K — 25 be an upper semicontinuous multivalued function such that
T (x) is a nonempty compact convex subset of K for each x € K. Then T has a fixed
point.

Corollary 11.4.4 (Tychonoff [22]) Let X be a linear topological space which is
both locally convex and Hausdorff and K a nonempty compact convex subset of X.
If T : K — K is continuous then T has a fixed point in K.

Proof The map F : K — 2X defined by F(x) = {T (x)} satisfies all the hypothesis
of Theorem 11.4.2. So T has a fixed point in K. (]

Cauty [3] has shown that Tychonoff (Schauder) Theorem is true in arbitrary linear
topological spaces. Tychonoff’s theorem may be used to deduce acommon fixed point
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theorem for a commuting family of affine continuous mappings, due to Markov [14]
and Kakutani [11].

Definition 11.4.5 A mapping f on a convex set C into a linear space is called affine
if flax+(1—-a)y)=af(x)+ (1 —a)f(y)forallx,y € Cand« € [0, 1].

Theorem 11.4.6 Let K be a nonempty compact convex subset of a Hausdorff locally
convex topological vector space and F be a commuting family of affine continuous
functions mapping K into itself. Then there is a common fixed point for mappings of
ZinK.

Proof By Tychonoff’s theorem (Corollary 11.4.4), F(T'), the set of fixed points, is
nonempty for each T € #. As T is affine, F(T) is closed and convex as well. If
S € %, then S maps F(T) into itself by the commutativity of S and T and again
by Tychonoff’s Theorem has a fixed point in F(T). So F(T) N F(S) # ¢. In fact,
the family {F(T) : T € .#} is a family of nonempty compact convex subsets of K
with finite intersection property. Since K is compact, "{F(T) : T € ¥} # ¢. Any
element in this intersection is a common fixed point for mappings in .%. (]

Kakutani [11] has also given a more elementary proof of this theorem and it is
described below.

Proof ((Aliter) (Kakutani [11])) Given a commuting family A of continuous self-
maps on a non-void compact convex subset of a locally convex linear topological
space, it is clear that for T € A, T, defined by

T(n)(x) = %(X +tx 4+ Tnfl(x))

for x e M and n > 1. T* being the kth iterate of T is affine, maps M into
itself and commutes with each U € A. Further, a fixed point of T is also a
fixed point of T, for all n > 1. So we may without loss of generality assume
that A is a semigroup containing such convex combinations of the iterates of 7.
If S and T are in A then S(T(M)) € S(M) €S M and S(T(M)) =T(S(M)) <
T(M)ZS M.SoST(M) S S(IM)NT(M) S M. Since ST € A ST(M) # ¢. Thus
S(M)NT(M) # ¢. If therefore follows that if A; is a finite subset of A, then
(] U(M) # ¢. Since U (M) is compact foreach U € A, (| T(M) # ¢. Letx* €
UeA, TeA

ﬂ T(M). Then x* = T,y for some y € M. So Tx* — x* = Lirry —y) e ’%Ml

~
TeA
where M; ={x —y:x,y € M}. As M is compact, M; is compact and bounded.

Since n € N is arbitrary, 7x* = x*. T being an arbitrary element of A, it follows
that x* is a common fixed point for all T € A.

As an application Hahn—Banach theorem on the extension of linear functionals
on a linear subspace of a locally convex linear topological space can be deduced.
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Theorem 11.4.7 Let E be a linear space and f a linear functional defined on a
linear subspace Ey of E. Let p : E — R be a function such that p(tx) = tp(x) for
t>0and p(x +y) < p(x) + p(y) where x,y € E. Suppose f(x) < p(x) for any
x € Eq. Then there exists a linear functional F on E such that p(F (x)) < p(x) for
x € Eand F(x) = f(x) for x € E,.

Proof Let B={F e RF: —p(—x) < F(x+y)— F(y) < p(x)forallx,y € E

and F(x) = f(x) for x € Ey}. Since Bisaclosed subsetofl_[[—p(x), p(x)]inthe
xeE

product topology of H[— p(x), p(x)], B is compact. Note that R¥ with the product

topology is a Hausdjsrif;:f locally convex linear topological space. The convexity of
B is also clear. Let I" be the group of all linear transformations on B generated by
S;and Ty, 7 € R, y € E defined by S,(F (x)) = 22 T\ F(x) = F(x +y) — F(y).
Clearly it is abelian. So by Kakutani’s common fixed point theorem it has a fixed
point F' which coincides with f on Ey, F(x) < p(x) for x € E and F(tx) =tFx
as S§;F = Fforall t and F(x +y) — F(y) = F(x) as T, F = F for all y. Thus F

is a linear extension of f to E. (I

Werner [23] has proved that Hahn—Banach theorem implies Markov—Kakutani
theorem. To this end, we use the Hahn—Banach theorem in the form of separation
theorem, to prove the following lemma leading to Markov—Kakutani theorem.

Lemma 11.4.8 ([23]) Let T : K — K be a continuous affine map on K, a compact
convex subset of a locally convex Hausdorff linear topological space E. Then T has
a fixed point in K.

Proof Suppose the lemma is false. Then the diagonal A = {(x,x) : x € K} and
the graph of T, viz I" = {(x, Tx) : x € K} are disjoint compact convex subsets of
E x E. So by the Hahn—Banach theorem there exist continuous linear functional ¢,
and ¢, on E and real numbers « and § such that

L) +60) sa < B <) +6(T))

for all x,y € K. So £,(T(x)) —£>(x) > B —« for all x € K. Since €,(T"(x)) —
L(T"1(x)) > B —« for all n > 1, it follows £,(T"(x)) — £»(x) > n(B — a) for
all x € K. This implies that £,(7" (x)) — 400 contradicting that £, (K) is compact.
SoT"' N A # ¢ or T has a fixed point in K. (I

We can now deduce Markov—Kakutani theorem from the preceding lemma.

Proof Let T, : K — K be an affine continuous map on a compact convex subset of
a Hausdorff locally convex linear topological space for each A € A. Further, 7,7, =
T, T, forany A, u € A.By Lemma 11.4.8 K, the set of fixed points of T} is non-void
for each L € A. K, is compact being a closed subset of K and is convex as Tj is
affine foreach A € A.Letk € K,,. Then T, (k) = k. Also T,k = T, T,k = T, (T)k).
So T),(k) is a fixed point of T},. So T3, (K ;) € K, and so T} has a fixed point K ,. Thus
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K, N K, # ¢. From the principle of finite induction it follows that every non-void

finite subfamily of {K, : A € A} has non-void intersection. So K* = ﬂ K, # ¢.

reA
Clearly, every point if K* is a fixed point of T3, A € A. O

Markov—Kakutani theorem also provides other applications, for example the exis-
tence of an invariant mean and the existence of Banach limits. These are described
below.

Definition 11.4.9 Let P (X) be the set of all Borel probability measures on a compact
Hausdorff space X. Let u € P(X). A u-measurable map f : X — X is called mea-
sure preserving with respect to p if u(B) = pn(f ~1(B) for every Borel set B C X.
In this case u is called an invariant measure for f.

Remark 11.4.10 For a compact Hausdorff space the dual of C(X) can be identified
with M (X), the space of complex regular Borel measures on X, (in view of the Riesz
Representation theorem) with ||¢|| = total variation of .

If f: X — X is continuous, then fu defined by fM(B) = uw(f~Y(B)) for each
Borel set B defines a probability measure on X.

We have

Lemma 11.4.11 If f : X — X is continuous on a compact Hausdorff space, then
the map f : P(X) — P(X) defined by f,(B) = u(f~'(B)), B any Borel set is
continuous in the Weak™ topology.

Proof For g € C(X), fx gdfﬂ = fx g o fdu is well-defined for g and an applica-
tion of monotone convergence theorem to an increasing sequence of nonnegative
simple functions clarifies that it is well-defined for all g € C(X). If {i; },.ca 1S a net
converging to u € P(X), then for every g € C(X) it can be seen that

}\1611/} ng(fu)x =)1\1€II[}-/;((90f)dM,\

_ f (go f)dp = f 9d(f)
X X

Hence we have

Theorem 11.4.12 For f € C(X), there exists i € P(X) for which f is measure
preserving.

Proof The map f : P(X) — P(X) defined by fM(B) = w(f~'(B)) for any Borel
subset of X is continuous in the weak* topology by Lemma 11.4.11 and P(X) is a
convex and closed subset of the closed unit sphere of M (X). M(X) is compact by
Alaoglu’s theorem. So by Tychonoff’s theorem f has a fixed point ©* in P(X) and
w*(B) = fL*(B) = u*(f~'(B)) or f is measure preserving with respect to u*. [J
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The next application insures the existence of an invariant mean in a semigroup.

Definition 11.4.13 Let (S, o) be a semigroup and B(S) be the real Banach space
of all bounded real functions in S with the supremum norm. For ¢ € §, the left-
translation operator L, : B(S) — B(S) is an operator defined by

(L, f)(s) = f(tos) fors €S

where o is the associative binary operation on S.

Definition 11.4.14 A left-invariant mean on a semigroup (S, o) is a positive linear
functional u on B(S) satisfying the following conditions:

@O p() = 1; (i) u(Ly f) = u(f) Vs € Sand f € B(S).

If a semigroup has a mean, then the semigroup is called amenable (one can define a
right-invariant mean similarly and in an abelian semigroup both the means coincide).

The next theorem is due to Day [5].
Theorem 11.4.15 Let S be an abelian semigroup. Then S is amenable.

Proof Let K = {£ € (B(S))" : ||£]| = £(1) = 1}. Clearly, K is convex and closed
subset of the closed unit ball in the weak* topology of B(S). Since the closed
unit ball in the weak™ topology is compact by the Banach—Alaoglu theorem. K is
compact and convex. It is nonempty by Hahn-Banach Theorem. Define the fam-
ily of linear operators 7 : B(S)* — B(S)* by T;(A)(f) = A(Ly(f)) for s € S.
IfV={AeBS)":|Afil<e€,i=1,...,n} where f; € B(S) and ¢; >0, i =
1,2,...,n,then T,' (V) = {A € B(S)* : |T,A(f)| <e€,i=1,2,...,n} ={A €
BS)*: |A(Lsfy)| <€,i=1,2,...,n}. So T;l(U) is a neighbourhood of zero
even as V is a neighbourhood of zero in B(S) with the weak™ topology.
Ifs € K,then T;A(1) = AL;(1) = A1 =1and

ITsAll = sup [Ts(A)(f)l = sup [A(Ls(f))]

B IflI=1
< sup [Af[=[Al=1
If1=1

as ||ILy fIl = I fIl. So Ts(K) < K. Further,

IT,(A) =T(Ao L) = (Ao Lo Ly
=AoLgy;=AolL
=T T,(A)Y A € B(S)".

Thus {7} is a commuting family of linear operators mapping the compact convex
set into itself and so has a fixed point A* in K. Clearly, A* is left-invariant (and
right-invariant as S is commutative) and A*L;(1) = A*1 = 1. We now show that
each element of K is positive. Suppose not. Then there exists f € B(S), f > 0such
that for some A € K, Af = B < 0. So for small ¢ > 0, we get
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1 —efll =sup|l —€f(s)| = 1(as f>0)

sesS

So

l<1—eB=<|l—¢€B]=|A—¢€f)
<M—efll =1,

acontradiction. So each element if A is positive. Thus A* is a left-invariant functional
which is positive with 1 = A*(1) = ||A*|. Thus A* is an invariant mean on S and
S is amenable. O

The existence of a generalized limit or Banach limit for bounded sequences can
also be deduced from fixed point theorems.

We can also deduce the existence of a generalized or Banach limit of a bounded
sequence from Tychonoff’s theorem.

Definition 11.4.16 A generalized or Banach limit of a bounded sequence of reals
a = (a,) is areal number L(a) satisfying the following:

(i) L is alinear functional on £, the linear space of bounded sequences;
G) LA, 1,...)=1;
(iii)) L(a) = 0ifa >0
iv) L(ay,az,...) = L(as,as,...)

Remark 11.4.17 Ifa = (a,) € m, theninfa, < L(a) < supa,. Letm = inf a, and
M = supa,. Clearly, m < a, < M for n. So a, —m > 0. So L(a, —m) > 0, by
(iii). Since L(a, —m) = L(a, — m(1)) = L(a,) —mL(,1,...) >0.So L(a,) >
mL(1) = m by (ii). Similarly L(a,) < L(M) = ML(1,1,...) = M. Thusinf a, <
L(a) < supa,.Thisinturnimplies |L(a)| < sup |a,| = ||la]|.Since L(1) = 1,||L| =
1. From (iv) and inf (a,) < L(a) < sup(a,) itfollows thatlim(a,) < L(a) < lim(a,)
fora = (a,) € £o (v). Also (i) and (v) imply (ii) and (iii).

Theorem 11.4.18 A generalized (or Banach) limit of a bounded sequence always
exists.

Proof Define K = {L € m* : L satisfies (i), (i), (iii) and (iv) of Definition 11.4.16}.
Clearly, K is non-void as L(a) = a; for a = (a,) lies in K. Also K is con-
vex. Since K =N{L e m* : L(a) <supa,} N{L e m*: L(a) > infa,} and {L :
L(a) <&} and {L : L(a) > n} are weak* closed in m*, K is weak* closed. As
IL|| = 1, K is a weak* closed subset of the unit ball in m*; K is weak™ compact by
the Banach—Alaoglu theorem. K is thus compact and convex. Define the map 7 :
K —- KbyT(a)=TL(a) = L(az,as,...)fora = (a;,a,...) T € m™*.Fora €
mand Q € m*, T~ (N(Q;a)) ={L:TL € N(Q,a)} ={L : |TL(a) — Q(a)| <
1} ={L:|L(az,as,...) — Qai,...,ay,...)| <1} = N(Q1; (a2,a3,...)), 01
being in m* for which Q;(ay, a3, ...) = Q(ay, ...).
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Thus T is continuous on K with the weak™ topology. So by Tychonoff’s theorem
T has afixed point Ly € K suchthat T Ly = L. Thus there is a generalized (Banach)
limit on m, satisfying (i)—(iv). O

Kakutani [11] proved another related fixed point theorem and is stated below.

Theorem 11.4.19 Let K be a compact convex subset of a locally convex space and
let F be a group of affine transformations of K into itself. If F is equicontinuous on
K (in the sense that for each neighbourhood N of zero, there is a neighbourhood V
of origin with the property that Tx — Ty € N forall T € F wheneverx —y € V),
then F has a common fixed point.

The above theorem due to Kakutani follows from a more general theorem of Ryll-
Nardzewski and its proof discussed in the following is based on the ideas of Hahn
[9]. To this end, we need the following.

Definition 11.4.20 A family F of functions mapping a topological space X into
itself is called distal it for every pair x, y of distinct points in X, there is an open cover
{Gy : @ € A} of X such that F(y) ¢ U{G, : F(x) € G4} foreach F € F. (In other
words for x # y the set {(Fx, Fy) : F € F is disjoint from some neighbourhood
U{Vy x V, : @ € A} of the diagonal.)

Theorem 11.4.21 Let K be a non-void compact convex subset of a locally convex
space E and F a semigroup of affine continuous self-maps on K. If F is distal in
each minimal F-invariant closed set in K, then F has a common fixed point.

Proof Let % be the family of all non-void compact convex subsets which are F
invariant. Since K € ¢, % isnonempty. %  is partially ordered by set inclusion and
every chain K, has the lower bound N K ; by Zorn’s lemma there is a minimal element
Ky C K in J#". Let # be the family of all non-void compact subsets of K that are F
invariant. As before an application of Zorn’s lemma insures the existence of a closed
minimal F invariant subset Sy of K. We claim that S is a singleton. If x, y, x # y are
in So, then *3* € Ko and K is F invariant. Moreover A = {F (*3X) : F € F} € K,
and A C Ky is compact. Also A is F invariant. As each F is affine, convA C K,
is also F invariant and so by the minimal property of Ky, con A = K. Let z be
an extreme point of K which exists by the Krein—-Milman theorem in A. So z =

So we may assume without loss of generality F,x — s € Sp and F,y — t € ) so

for some net. F;(x) and F;,(y) belong to Sy and Sy is compact.

1 1
that = lim —[Fyux + Fyy] = = (s 4+ ). As z is an extreme point of Ky, z =5 = ¢.

So for each open covering {G,} of Sy any set G4, containing s will contain all the
Fyx, F,y eventually. So F is not distal in the closed minimal F invariant set Sp.
This contradiction to the hypothesis implies that Sy must be a singleton F invariant
set. Thus F has a common fixed point. ]

Corollary 11.4.22 (Hahn [9]) Let IC be a compact convex non-void subset of a
locally convex topological vector space and F a semigroup of affine continuous
self-maps on K. If F is distal on K, then F has a common fixed point.
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Following Dugundji and Granas [6], we state and prove

Theorem 11.4.23 (Ryll-Nardzewski [18]) Let K be a non-void compact convex
subset of a locally convex topological vector space E and F a semigroup of weakly
continuous self-maps on K. If F is strongly distal on K, then F has a common fixed
point.

Proof To prove that (). FixF # ¢, where FixF is the set of fixed points of F in
K, it suffices to show that {Fix F, F € F} being a family of weakly closed subsets
of the weakly compact set K has finite intersection property.

Let Fi, ..., F, be a finite subfamily of F and S be the semigroup generated
by {Fj, ..., F,}. § is countable and it suffices to show that S has a common fixed
point. To this end, consider Q the convex closure of { F (k) : F € S} where ky € K.
Clearly, Q is strongly separable and as each F € S is affine Q is S invariant and is
weakly closed being a closed convex subset of K. K being weakly compact, Q too
is weakly compact. In other words, the proof of the theorem follows from the proof
for the special case of K = Q and F = S.

We now show that S is weakly distal on each weakly closed minimal S invariant set
Xin Q.Forx,y € X, x #y.Let{V, : « € A} be a strongly open cover satisfying
Definition 11.4.20. Since E is locally convex {V,} has an open refinement {X N
Bg, B € B} with each Bg a convex strongly open set in E and for each Bg, X N By C
V,, for some . Due to strong separability, there is a countable subcover {X N B; : i €
Z}. Each B; is strongly closed convex and is weakly closed. Now {X N B; : i € Z} is
a countable weakly closed cover of the weakly compact set X. So by Baire’s theorem,
at least one of these sets must contain a weakly open set U with U € X N B; C V.

The family {F~'(U) : F € S} of weakly open sets satisfies the Definition 11.4.20
for the points x # y. These sets cover X as otherwise X — U{F~'(U) : F € S}
would be a weakly compact S-invariant proper subset of X contradicting the mini-
mality of X. Also forno G € S, Gx and Gy belong to the same F~!(U); otherwise
FGx and FGy wouldbeinU € X N E C V, and as FG € S this contradicts that
{U,} is a strong open cover. Hence the theorem. (]

Proof of Theorem 11.4.19. Given a compact convex non-void set K of a locally
convex linear topological space E and F an equicontinuous group of affine maps of
K into itself, 7 must be distal on K. Otherwise there exist pair of distinct elements
on K, with the property for each neighbourhood U of the origin there is an Fy € F
such that Fy(x) and Fy(y) lie in a common set of the open cover {U + ¢ : ¢ € K}
of K. Let W be a neighbourhood of the origin such that y ¢ x 4+ W; then for each
V' a neighbourhood of the origin there exists U (a neighbourhood of the origin)
with U = U C V and Fy(x) — Fy(y) € V. However for ;' € F, F;'(Fyx) —
F; Y(Fyy) = x —y ¢ W. This contradicts the equicontinuity of F on K. Hence F
is distal on K. So by Theorem 11.4.21. F has a common fixed point. |
We can wind up with some applications.

Definition 11.4.24 Let G be a group and f a bounded function in G. f is called
left-uniformly almost periodic if the set
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My={fi:1eG}

is precompact in the uniform norm, f; being the function f; (x) = f(Ax), A, x € G).
f is called left weakly almost periodic if the set M, defined above is precompact
in the weak topology in the linear space of bounded functions on G with uniform
norm.

Theorem 11.4.25 Let G be a group and f a bounded function and My = {f; : 1 €
G, where f;(x) = f(Ax) forall x € G}. Let K = coMy. If

(i) f is left almost periodic, then K contains constant functions;
(ii) if f is almost periodic and M ; is precompact in the weak topology, then too K
contains constant functions.

Proof (i) K is a compact convex subset of B(G) the space of bounded functions on
G. The operators T;, defined by T, g = g, is a group of isometries mapping K into
itself. So by Kakutani’s Theorem 11.4.19. T, has a common fixed point f in M.
Thus f(x) = f(Ax) VA € G. Thus f(x) = f(e) forall x € G or f is constant.

If M is weakly compact, K is weakly compact and convex. Let T, be the group
of isometries mapping M into itself as before. Then by Ryll-Nardzewski Theorem
11.4.23. T; has a common fixed point which is a constant function again. (]

Next, following Rudin [17] we deduce the existence of left-invariant Haar measure
on a compact group. Let G be a compact topological group and C(G) the Banach
space of all continuous complex-valued functions with the supremum norm (Recall
that a topological group is a group with a Hausdorff topology such that (a, b) — ab™!
is continuous.

Lemma 11.4.26 Let G be a compact group, f € C(G) and Hy (f) the closed con-
vex hull of the left translates Lsf of f. (Thus Hp(f) = conv{L;f : Ly f(x) =
f(sx),s € G}. Then (a) f is uniformly continuous and (b) Hy (f) is totally bounded
in C(G).

Proof f : G — Cis called uniformly continuous if for each € > 0 there is a neigh-
bourhood N, of e the identity in G such that | f(x) — f(y)| < € for x, y € G with
x"'y e N,.

As f is continuous on G, for each a € G and € > 0, there is a neighbourhood
N, of e such that |f(x) — f(a)| < 5 for all x € aN,. From the definition of the
topology on G, we can find neighbourhoods U,, of e such that U, U, ' € N,. As G is

k
compact and {aU, : a € G} is an open cover for G, G C U a;U,, for some k € N.
i=1
k
Let U = ﬂUui. Let x~'y € U. Choose a;, i = 1,2, ...,k such that y € q;U,,.
i=1
Then |f(a) — f(a))| < 5. Now |f(a;)) — f(x)| < 5 as x € yu-'caqU, U C
aNg. So | f(x) = fDWI = 1f(x) = fla)l +1f(a) — fF(W] < 5+ 5 =€ Thus f

is uniformly continuous on G.
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For x 'y e U, |f(x) — f(y)] <e. Butforall s € G, x 'y = (sx)"!(sy) and
[Ls f(x) — L f(y)| = |f(sx) — f(sy)| <€ as (sx)’l(sy) = x’ly € U. Thus
H; (f) is an equicontinuous subfamily of C(G). Hence the lemma. O

Theorem 11.4.27 Given a compact group G, there is a unique regular Borel prob-
ability measure p which is left-invariant. That is fG fdu = fG (Lyf)du fors € G
and f € C(G). This u is also right-invariant and satisfies the relation

/ F)dp = / Fedu
G G

for f € C(G).

Proof The operators Ly on C(G) defined by L, f(x) = f(sx) for any given s € G
and f € C(G) for all x form a semigroup and indeed a group of isometries on
G. So it is equicontinuous. If f € C(G), K the closure of Hy(f) is compact by
Lemma 11.4.26. Clearly, Ly(K ) = K. So by Kakutani’s Theorem 11.4.19, there is
a common fixed point ¢ in K¢ forall L. Thus Ly¢ = ¢ forall s € G. Thus ¢ (x) =
¢(sx) for all s € G so that ¢ (x) = ¢(sx) for all s € G so that ¢ (x) = ¢(e) for all
x. Hence ¢ is constant. Since Ky = ¢l H; (f). ¢ (e) can be uniformly approximated
by functions in Hy (f). So for each f € C(G), there exists a constant k which can
be uniformly approximated by convex combinations of left translates of f on G.
Similarly there is a constant k" that can be uniformly approximated on G by convex
combinations of right translates of f. We will show that &’ = k. Let € > 0 be any
prescribed number. There exist finite sets A = {g;} and B = {b;} in G witha;, B; > 0

andZai =Zﬂj =1 and
A B

(M k=Y, f(aix)| <e,x € Gand
D) [K' =Yz Bif(bjx)| <e,x€G

Setting x = b; in (I), multiplying (I) by 8, and add over j to get
(m)v—zummf@@ﬂ<e

Similarly setting x = a; in (II), multiplying (II) by «; and add over i to get
k’ — Zi,j a,»,ij(a,-bj)‘ < €

From (III) and (IV) it follows that k = k’.

Thus for each f € C(G) there is a unique number written as /; such that it can
be uniformly approximated by convex combinations of left translates of f (as well
as convex combinations of right translates of f') with the following properties:

av)

Iy > 0for f >0,
I =1
Iy = aly for any scalar o

I(Lsf) = If = I(Rsf) foreachs € G
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We now show that I, = I + I,. Given € > 0 for a finite subset A = {a;} C G

and o; > 0 with ) o; = 1, 'If — Zaif(aix) < € for all x € G. Define h(x) =
A

Zaig(a,-x), then h € K,,. So K;, € K,,. Since each of K and K, contains unique

constant functions I, and Iy, it follows that I, = I,. So there is a finite set B =
{b;} € G with8; >0and ) B; = 1 suchthatforallx € G

I, =Y Bih(bx)| <e.
j

From the definition of &2 we get forall x € G

Ig — Z(xiﬂjg(aibjx) < €.

i,
Since forall x € G

Iy =) a;flax)| <e
j

replacing x by b;x and multiplying by 8, and suming over j we getas y_f; =1

I =Y i flaibjx)| <€

iJ

So |Is+ 1, = > aiBi(f + g)aibjx)| < 2 forallx € G.Since » " a;f; = 1 and
i,j i,j
a;B; = Oitfollows that Iy + Iy = I (4.
Since Iy > 0,1y =1, Iy =aly fora € Cand Iy, = Iy + I, it follows from
the Riesz representation theorem that there is a unique regular Borel probability
measure p such that

Iy =/ fdu for f € C(G).
G

From the construction of I, the left invariance of u follows.
Iy =/ f(x"YHdu is well-defined on C(G) and I >0 for f>0, I, =1,

G
Ii(af +Bg) =aly + Bl for f,g € C(G) and &, B € C. So by the uniqueness
I, =Is. ' O
f f
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Kitamura and Kusano [12] proved the existence of oscillatory solutions for a first-
order nonlinear functional differential equation under suitable assumptions using
Tychonoff’s theorem. In what follows this existence result is described.

Definition 11.4.28 A solution of a first-order differential or functional differential
equation defined on [«, 00) @ > 0 1is called oscillatory if it has arbitrarily large zeros.
Otherwise it is called nonoscillatory.

Theorem 11.4.29 Consider the differential equation

N
X0 =Yg fitx(g ).t >a>0 (IL1)

i=1
Suppose

(a) qi,g;:la,oc0) — R are continuous functions, with ¢;(t) > 0 and lim g;(t) =
11— 00

oo fori=1,2,...,N;
(b) fi: R — R is continuous, nondecreasing and tf;(t) > 0 for t #0 for i =
1,2,...,N;

N 0
(c) Z/ qi(t)dt < oo;
i=14

Then the differential equation(11.1) has only nonoscillatory solutions.

Proof For an arbitrary positive constant k consider the integral equation

N o ot
x(t)=k+Yy, / qi () fi (x(g: (5)))ds
i=1 VT

where T > a is chosen such that

N o0
> £k f qi(s)ds < k
i=1 r

in view of (c) and the continuity of f;,i = 1,2,..., N.Define Ty = minN{inf gi (1)

i=1,...,
:t > T} sothat Ty > O (this can be done by rechoosing 7" in view of the assumption

tlim gi(t) =oofori =1,2,..., N). Let M be the locally convex space of all real-
— 00

valued continuous functions on [7j, co) with the topology of uniform convergence
on compact subintervals of [Ty, 00). Let X = {x e M : k < x(¢t) < 2k fort > Tp}.
Define the operator ¢ : X — M by

k+ N, [ qi(s) fi(xe(gi(s))ds

P (x(1)) = k forTy <t <T
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Clearly, ¢ (x) € X foreachx € X in view of the choice of T'. Further, X is a closed
convex subset of M and ¢ maps X into a compact subset of X. So by Tychonoff’s fixed
point theorem ¢ has a fixed point which is a solution for the integral equation leading
to the solution of the functional differential equation (11.1). Clearly, the solution is
nonoscillatory. ]

The next theorem follows similarly and its proof is left as an exercise.

Theorem 11.4.30 Under (a), (b) and (c) of Theorem 11.4.29, the equation
N
x'(t) + Zqi (1) fi(x(gi(1))) =0 (11.2)
i=1
has nonoscillatory solutions.
Example 11.4.31 (Kitamura and Kusano [12]) For « > 0 and g > 1, the equation

_|x (@ +sin?)|*sgn x(1 + sint)

!
1) =
* (@) tP(log(t + sint))
. . * dt .
has nonoscillatory solutions for ¢ > 2 as - < 00 and condi-
oz tB(log(t + sint))®

tions (a) and (b) of Theorem 11.4.29 are satisfied.
Remark 11.4.32 1t has been observed in [12] that under the assumptions (a) and (b)

N o0
of Theorem 11.4.29, along with Z / qi(t)dt = oo, for the equation
i=1v4

N
x'(t) = ZC]i(t)fi(x(gi(t))) (11.3)
i=1
every solution is oscillatory when g;(¢) > ¢ fori = 1, ..., N; for the equation
N
X0+ Y i) fi(x(gi (1)) =0 (11.4)
i=1
every solution is oscillatory when g;(f) < ¢ fori =1,..., N.

Next we state and prove an inequality due to Ky Fan.

Theorem 11.4.33 Let K be a nonempty compact convex subset of a linear topolog-
ical space X and g : K x K — R be a map such that

(i) g(-, ) is lower semicontinuous for each y € K (i.e. g~'(-, y) (a, 00] is open in
K foreachy € K);
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(ii) g(x,-) is concave for each x € K (i.e. —g(x,-) is a convex function for each
x €K).

Then there exists xo € K such that

sup g(xo, y) < sup g(y, y).
yek yek

Proof For each € > 0, and a given x € K we can find y, € K and a neighbourhood
N, of x such that

9(z, yx) > supg(x,y) —eforall z € N,
yek

Since K C U N, and K is compact we can find a finite number of elements
xek

n
X1, X2,...,%,1in K with K C U N,,.Let {¢i, ..., ¢,} be a partition of unity for K
i=1

subordinate to the covering {N,, : i = 1, ..., n}. Then the map f defined by

fO) =) gix)ys
i=1

maps the closed convex hull of {y,,, ..., yy,} into itself and is continuous. Since X
is a linear topological space and the subspace topology on the closed convex hull of
{¥x» -, Y, } is euclidean, f has a fixed point x* by Brouwer’s fixed point theorem.
So

supg(y,y) = g(x™, x™)
yek

=) MGG, ) — €

i=1

>y @) (sup g (xi. 3) = €)
ye

i=1

v

D o) sup glxi, y) — e

i=1 yek

v

inf supg(x,y) —€

xXe yeK

= sup g(xop, y) — € for some x¢

Allowing € to tend to zero we conclude that
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sup g(xo, y) < supg(y, y)
yek yek

for some xg. O

Consider a game involving n (> 2) players who pursue a strategy depending on the
strategies of other players. Let the strategy set of the ith player be denoted by K; and
K be the set K| x K, x --- x K,. An element of K is called a strategy profile. For

n

each player let f; : K — R be the loss function of the ith player. If Z Je(x) =0,

k=1
then this game is called zero-sum game.
Definition 11.4.34 A Nash equilibrium is a strategy profile x = (x1,...,x,) € K
such that foreachi =1,2,...,n
fl(f) < ﬁ(fl, X1 Xy Xy ey Xp) forall x € K;

(In other words this strategy profile minimizes the loss for each player.)

The existence of a Nash equilibrium for an n-person game can now be proved in
the setting of a locally convex topological vector space.

Theorem 11.4.35 Fori =1,2,...,n, let K; be a non-void compact convex sub-
set of a locally convex topological vector space X;. Suppose that for each i =
1,2,...,n the loss function f; : K — R is continuous and for each fixed x; € K,
with j # 1, the function f;(x1,...,Xi—1, ", Xi+1,--.,Xn) : Ki = R is convex. Here
K = K| x Ky x --- x K. Then there is a Nash equilibrium in K.

Proof Defineg: K x K — R by

g(x7 y) = Zﬁ(x) - ﬁ(xl5 cees Xiels Yis Xit1s --~7xn)

i=1

where x = (x1,...,x,) and y = (y1,..., ¥,). Since ¢ is continuous and g(x, -)

is concave for each fixed x € K, by Theorem 11.4.33 there exists x € K such

that sup g(x, y) < supg(y,y) = 0. Settingy = (X1, ..., X;—1, Xi, Xit1, - - - , Xp) fOr
yek yek

each x; € K; we get
g(x,y) <0 foreachx; € K;

This means that foreachi =1,2,...,n
,fl(f) = ‘fi(f]?""fi—laxiafi-l—l’ "'7fn)

for all x; € K;. O
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In the case of two person zero-sum game the hypotheses can be further weakened
and we get a theorem due to von Neumann.
Clearly, g(x1, x2) = fi(x1, x2) + f2(x1, x2) = 0 or fi(x1, x2) = — fa(x1, x2).

Theorem 11.4.36 Let X, and X, be two locally convex spacesand K; € X;i = 1,2
be non-void compact convex subsets of X;. Let  : K| x K, — R be such that

(i) ¥ (-, xp) is lower semicontinuous and convex for each x, € K;;
(ii) ¥(xy, ) is upper semicontinuous and concave for each x; € K;

Then there is a Nash equilibrium (X1, X,) € K; X K.

For the proof define g : K x K — R by g((x1,x2), (y1, y2)) = =¥ (¥, x2) +
¥ (x1, y2) and apply Theorem 11.4.35 to K = K| x K,. From the theorem, it also
follows that inf sup ¥ (x, y) = sup inf ¥ (x, y). So this theorem is also called

xe 1}’6[(2 yeszeKl
minimax theorem.
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Chapter 12 ®)
Basic Analytic Degree Theory oo
of a Mapping

12.1 Introduction

The problem of finding the number of solutions of a given equation has engaged a
number of mathematicians. Brouwer, Bohl, Cauchy, Descartes, Gauss, Hadamard,
Hermite, Jacobi, Kronecker, Ostrowski, Picard, Sturm and Sylvester had contributed
to this topic. The Argument principle propounded by Cauchy on the zeros of a func-
tion inside a domain and Sturm’s theorem on the number of zeros of a real polynomial
in a closed bounded interval have evolved into Degree theory of mappings. Even as
the degree of a nonconstant polynomial gives the number of zeros of a polynomial,
the degree of a mapping provides the number of zeros of nonlinear mapping in a
domain. In this chapter, an elementary degree theory of mappings is described from
an analytic point of view proposed by Heinz [3]. For more elaborate treatment, Cronin
[1], Deimling [2], Lloyd [4] Outerelo and Ruiz [6] and Rothe [7] may be referred. It
should be mentioned that Ortega and Rheinboldt [5] had provided a more accessible
version of Heinz’s treatment.

12.2 Heinz’s Elementary Analytic Theory of Mapping
Degree in Finite Dimensional Spaces

Heinz [3] based his approach on some lemmata and relevant definitions. Throughout
we assume that € is an open set in R”, OS2 its boundary and € its closure with respect
to the topology generated by the euclidean norm. We consider a map y : 2 — R”
with y = (y1, ..., y,) Where y; = y;(x1, ..., x,) is the ith component function of
y,wherei =1,2,...,n.Fory € C' (), the Jacobian J[y(x)] is well-defined for
each x € Q. Let A;;(x) be the cofactor of a;;(x) in the determinant of J[y(x)] =
det(a;j(x)).
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Lemma 12.2.1 Lety : Q — R” be a function in C%(Q). Let A;j(x) be the cofactor

"9

of a;j(x) in the determinant of J|y(x)] = det(a;j(x)). Then Z a—A,-j (x) =0,
X ;
j=1 "
i=1,...,n,x € Q.
Proof Suppose (a;;(x)) isinvertible and b;; = (a;; (x))~!. Thenford = det(a;j(x)).
Clearly, dI = (a,l)(A,]) or
d(slj = Zk la,kA]k SO 8a = Aij
dbij = Aji.
For y’(x¢) invertible, by the inverse function theorem y maps some open neigh-
bourhood of U of xy onto an open neighbourhood of y(xq) and if z = y~!, then
¥ (x0)Z' (y(x0)) = 1. So Jy(xo) = (aij). J(z(y(x0)) = (bij), d = det(Jy(xp)) and
e=det J[z(y(xo)] Let B;; be the cofactor of the (i, j)th element of J[z(y(x0))] =
"\ e Obij Ob; " Oby
b;;. Then — — = Bii—L = .
o ayk Z \ Obij O ,-,Zzl oy, = ¢ 29y,

But

8_x,- T Oxi Oy

n

=l

Obix 0%z i 0 0z 8yj

j=1
and hence
Oe " 8b,~k
— = - (12.2.1)
Dyi ; Oy
As de=1, dg-+efl =0, we get from (1221) 0= -|—le | Gk =

er'lzl I:gf b’k + e()blk] = Zl 1 O}k (dblk) = Z? 1 9y Akl’ k= 1
If y'(x0) is smgular then the mapping y. = y(x) + ex is invertible. So by the first

0
part of the lemma Z (A6 ) = 0 where AE is the cofactor of (7, j)th element in

J[y(x)]. By continuity Z Aj; =lim Z ox. = 0. Thus in this case also

e>0

the Lemma is true. O
Lemma 12.2.2 Suppose

(i) y:Q — Qis a function with y € C'(Q), Q being an open bounded subset of
R”, y is continuous on Q2 and for some € > 0 ||y(x)|| > € for all x € 0K;

(ii) ¢ : [0, 00) — Ris continuous, vanishing in [e, 00) and also in a neighbourhood
of 0 and fooo r"Lo(r)dr = 0.
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Then [, o(ly(x)IDJ[y(x)ldx = 0.

Proof Since functions in C(£2) can be uniformly approximated by polynomials in
Q, it suffices to prove the lemma for y € C%().
Define ¥ : [0, c0) — R by

r (T " o(p)dp, forr >0
oy = 17" o erdp
0, forr =0

Clearly, 1 € C'[0, 0o) and vanishes in a neighbourhood of 0 and in [e, c0) since ¢
vanishes in a neighbourhood of 0 and in [¢, 00). Further rv/(r) + ny)(r) = ¢(r) for
r>0.

Foreachi = 1,...,n, f;(y) = ¥ (||y])y; is in C'(R") and vanishes for ||y|| > €.
From Lemma 12.2.1 we get

n 8 n n af]
— ) A fi(y(x) =Jlyx)] <—>
i:Zl Oxi ]2:; Y ]2:; 9% / =y
= J[(y)1T' (r) + np(r))r=jy
= o(lyx)IDJLyx)]. (12.2.2)

For F : R" — R, a continuously differentiable function with compact support
/ div F(x)dx =0
So integrating the above equality (12.2.2) over R” we get

[ ctymmitsen =o

O

Lemma 12.2.3 Lety : QCR' - I&” be afunction in C'(Q) where Q is a bounded
open set and let y be a continuous on Q. Let 7 € R" be such that z # y(x) for x € 0Q
and @ : [0, 0c0) — R be continuous function such that

(i) it vanishes in a neighbourhood of 0 and also in [€, 00) where 0 < € < min{x €
OA :|y(x) —zl};
(ii) [gn ®(lx[Ddx = 1.

Then the number d[y(x); Q; z] is uniquely defined by

dly(x); Q;z] = / D(lly(x) —zIDJ[y(x)]dx
Q
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Proof Let D be the linear space of all continuous real-valued functions satisfying
@i). Define L, M, N : D — R by

L@:/wr"*‘cp(r)dr

0

Md>=/ (1 )dx

Nd>=/d><|y<x)—z|>1[y<x)]dx
Q

Clearly, L, M and N are linear functionals on D. Applying Lemma 12.2.2 to
y =x (for [|x|| <2¢)and y = y(x) — z (x € Q) it follows that L® = 0 for ® € D
implies M® = N® = 0. For &, ®, € D with M®, = MP, =1, L(LP,.D;, —
LYy ®)=0 and so LO,.MP, — LO,.MDP, =0. So L(P; — D) =0. So
N(®; — ®;) =0and N®; = NP,. Thus the definition of N P is independent of &
in D and d[y(x); €2, z] is independent of ® and is uniquely defined. O

Definition 12.2.4 Let y : Q € R" — R” (where Q is a bounded open set in R") a
continuous function such that y € C'(£2). The number d[y; 2, z] uniquely obtained
in Lemma 12.2.3 is called the (Brouwer) degree of y.

Lemma 12.2.5 Let y; : Q C R" — R" be mappings such that y; is in C'(Q2) and
continuous on 2 for each i = 1, 2. Suppose for z € R"

(i) llyi(x) —zll > 7€ > 0 for x € O fori = 1,2 and
(it) [ly1(x) = y2(x)|| > € forx € Q.

Then d[y(x); 2, z] = d[y2(x); Q, z].

Proof Clearly, d[y;(x); 2, z] is well-defined and equals d[y;(x) — z; 2, 0] for
each i = 1,2. Thus without loss of generality it may be assumed that z = 0.
Let f : [0, 00) — R be a continuously differentiable function which vanishes in
[3¢,00) and is 1 in [0, 2¢] with range in [0, 1]. Define y; Q> R by yi3(x) =
[1— £y @)D + f Uy x)IDy2(x). Since 0 ¢ €, ys € C' () as £, y1. »2
are C'-functions. Further y; € C(Q). Clearly, ||y;(x) — yj(x)] < € for x € Q, for
i, j €{1,2,3}. From the definition of f, for ||y;(x)|| > 3¢, y3(x) = yi(x) and for
Y1 (O] < 26, y3(x) = y(x).

Let @, : [0, o0) — R be be two continuous functions that vanish in a neighbour-
hood of 0 satisfying

@ (r) =0forr € [0,4€e] U[S¢, 00)
®,(r) = 01in [¢, 00) and

/ ®;(|xl)dx = 1fori =1,2.
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From the definitions of ®; and the choice of ys it follows that for x € €2

@1 ([ly3 () DI Ly3s ()] = P1(lly1 ()N [y1(x)]

and
Do (lys () DI [y3(x)] = o[l y2 () DI [y2(x)].

Upon integrating we get
dly3(x); €2, 0] = d[y (x); €, 0]

and
dly;(x); ,0] = d[y2(x); 2, 0]

whence d[y;(x); 2, 0] = d[y2(x); 2, 0] as required. O

Lemma 12.2.6 Let y : Q@ — R”" be continuous, Q being a nonvoid bounded open
set in R". Suppose z € R" is such that z # y(x) forall x € OQ. If y; : Q@ — R" is
continuous for each k € N and is in C'(Q) with yi(x) # z for all x € O and (yi)
converges uniformly in Q to y then d[y(x); Q, z) = limy_ oo d[yr(x); 2, z].

Proof Be Lemma 12.2.5, {d(yx(x); 2,z)} is a Cauchy sequence of real num-
bers and hence is convergent. (Indeed it is constant after some stage.) Again
as sup{|ly(x) — ye(x)|| : x € Q} can be made less than % sup{|y(x) —z|| : x €
0R}. d(y(x); @, z) = d(yr(x); @, z) after some stage. Thus d(y(x); 2, z) = klirgo

d(yr(x); 2, z) forz ¢ {y(x); x € 0} O

Remark 12.2.7 Fory € C () where € is a nonvoid bounded open set and y(£2) €
R, for z ¢ {y(x); x € 02}, d[y(x); 2, z] is well-defined. Indeed by Weierstrass
approximation theorem there is a sequence of polynomials (y;) on € such that
(yx) converges uniformly on € to y and y;(x) # z for all x € O for all k. So
d[y(x); R, z) is well-defined for all y € C () with z ¢ y(0R2) and is called the
degree of y.

Remark 12.2.8 For a linear operator A : R" — R”", Q = B(0, 1) the unit open ball.
+1, ifdetof A > 0

d[A, Q2= B(0,1),0]=1{ —1, ifdetof A <0
not defined ifdetof A =0
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12.3 Properties of the Degree

In this section, we describe the elementary properties of the degree of a mapping.

Theorem 12.3.1 Let 2 and 2, be two disjoint bounded nonempty open sets in R".
Let y : QU Qy, — R”" be a continuous map such that y(x) # z for x in 2, U 2,
Sfor some fixed 7 € R". Then

dly(x); 1 U, z] =d[y(x); 21, z] + d[y(x); o, z]
Proof By definition of the degree

dly(x); U, z] = klirgod[yk(x); QU Q, 7]
= kli{go [dlyr(x); 21, 2] +d (e (x); 2, 2)]
=d[y(x); Q, z] +dly(x); Q02, z]

where y, € C'(Q; U Q) converges uniformly on Q; U ©; to y. It may be noted that
the linearity of the integral and Lemma 12.2.5 lead to the conclusion. (I

Corollary 12.3.2 Let y : Q C R" — R" be continuous, where Q is a nonempty

bounded open set. Suppose Q = Uﬁi where each 2; is a nonempty bounded
i=1

open set in R" with QN Q; =¢ for i #j. If ¢ y(Q) then d[y(x); Q,z] =

> dly): @izl

i=1
The next theorem generalizes Lemma 12.2.5.

Theorem 12.3.3 Letr Q be a nonvoid bounded open subset of R" and y : Q — R”
a continuous map. If z € R" is such that min{||y(x) — z|| : x € 9Q} > € > 0, then
dly(x); Q,z] =d[y(x); Q, z] for any $ : Q@ — R" for which sup{||y(x) — $(x)| :
xe€Q} <z
Proof We can find sequences yi, y; : Qo — R" such that (y), (§;) € C'(R0),
where Q is a bounded open set containing € such that (y;) and (3 ;) converge
uniformly on © to y and 3 respectively. So there exists my € N such that for all
k,j>moandallx € Q

13/(0) = v < 113;(0) = IO+ [5(x) = y o)l + [y (x) — yex) |l
<<
7
(Since sup{|ly(x) — y(x)|| : x € Q} =n < £, we have to choose mg so that

sup{|ly(x) — yx(0)|| : x € 2} and sup{[|$;(x) — 9;(x) : x € Q} < 3 (5 —n).) Also
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we can choose (i) and (;) such that for k, j > my, inf{||yx(x) — z|| : x € 92} and
inf{||y;(x) — zll : x € 9} > e. So by Lemma 12.2.5, d[y;(x); 2, z] = d[yx(x);
Q, z]forall j, k > myg. Proceeding to the limit we get d[V(x); 2, z] = d[y(x); 2, z]
by Lemma 12.2.6. (]

Next theorem establishes the invariance of the degree under homotopy.

Theorem 12.3.4 Let Q2 be a nonvoid bounded open set in R" and H : Qx[0,1] >
R" be a continuous map. Suppose for z € R" for which H(x,t) # z for all x € 0Q
andt € [0, 1]. Then d[H (x, t); 2, z] is a constant for all t € [0, 1].

Proof As 022 x [0, 1] is compact (in the product topology), min{||H (x, 1) — z|| :
x € 022,t € [0, 1]} > € > Oforsomee. As H is uniformly continuous on x [0, 1],
for £ we can find § > 0 such thatsup{||H (x,?) — H(x,s)| : x € Q,s,t€[0,1]} <
£ for|s — 1| < 4. Soby Theorem 12.3.3 above d[H (x, t); 2, z] = d[H (x, 5); 2, 7]
for |s —t| < 4, s,t € [0, 1]. Since [0, 1] can be covered by a finite number of sub-
intervals of length §, it follows that d[H(x,t); Q2,z] is constant for all
t €[0,1]. O

The next theorem, also called Poincare—Bohl theorem, is a consequence of the
above result.

Theorem 12.3.5 Let y,y: Q C R" — R" be two continuous maps on a nonvoid
bounded open set Q. Ifz¢ {veR" :v=1ry(x) + (1 —1)y(x),x € 9, € [0, 1]}
then d[y(x); Q,z) = d[y(x); 2, z].

Proof Define H :Q x[0,1]1 = R" by H(x,t)=ty(x)+ (1 —1)$(x). By
assumptionz ¢ {v = ry(x) + (1 — 1)y(x), x € IR, t € [0, 1]}. Further H is ahomo-
topy between y(x) and $(x), with H(x, 0) = $(x) and H(x, 1) = y(x) for x € Q.
So by Theorem 12.3.4 d[y(x); 2, z] = d[y(x); 2, z]. O

Corollary 12.3.6 Let 2 be a nonvoid bounded open subset of R" such that y, y:
Q(C R") — R” are continuous. Suppose y(x) = y(x) for x € Q. Then for any
7 ¢ y(09Q). d(y(x); 2,2) = d[y(x); 2, z].

Proof H 1 Q x [0, 1] x R” defined by H(x, 1) =ty(x) + (1 —1)y(x) x € Qe
[0, 1] is a homotopy with H(x,t) = y(x) # z for all x € 92 and ¢ € [0, 1] since
y(x) = ¥(x) on 9. So by Theorem 12.3.5, d(y(x); 2, z) = d[y(x); 2, z]. O

Remark 12.3.7 The above corollary implies that the degree of a mapping depends
only on its value on the boundary of €.

The following theorem shows that the degree remains the same under certain
translates.

Theorem 12.3.8 Lery : Q € R" — R” be a continuous map on a nonvoid bounded
openset Q. Ifz ¢ y(OR2) and p € R". Thend[y(x) — p; 2,z — p] =d[y(x); 2, z].
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Proof If y : D € R" — R" is continuously differentiable on an open bounded set
D D Q, then for y(x) = y(x) — p. Let ® : [0, 00) — R be a continuous function
vanishing in a neighbourhood of z as well as in [¢, 00) where 0 < ¢ < min{||y(x) —
z|l : x € 0}, such that fRn O (Jlx|Ddx = 1. Then ®(|ly(x) — z|)det y'(x) =
®(|3(x) = (z = p)IDder §'(x). Consequently d(y(x); 2,z — p) =d[y(x): 2, z].
Since there is a sequence (y;) of functions in C!'(D) converging uniformly on
D to y, where D is a bounded open set containing Q and d(3(x); Q,z — p) =
d[yr(x); 2, z] by the proceeding argument, and proceeding to the limit as k tends to
infinity, we get d(y(x); 2,z — p) =d[y(x); , zl. O

The above theorem in conjunction with the property of homotopy invariance of
the degree leads to

Theorem 12.3.9 Lety : Q — R” be a continuous map on a nonvoid bounded open
set Q in R". Let py and p; be two points in R" such that there is a continuous path
7 : [0, 1] = R" which does not meet y(02) with n(0) = py and n(1) = p,. Then
d(y(x); 2, p1) =d[y(x); Q, pal.

Proof The map H : Q x [0, 1] - R" defined by H(x,t) = y(x) — n(¢) is a homo-
topy for which H (x, ) # 0x € 0Qandr € [0, 1]. Soby Theorems 12.3.4 and 12.3.8
dly(x); 2, p1) =d[H(x,0),2,7(0)) =d[H(x, 1); 2,n(1)) =d[yx); Q, p2).U

The above results imply that in the computation of the degree of a mapping on €2,
certain portions of 2 can be excised. This point is captured in

Theorem 12.3.10 (Excision property) Let y : Q@ € R* — R” be a continuous map,
where Q is a nonvoid bounded open subset of R". Let 7 ¢ y(02) and F any closed
subset of Q such that z ¢ y(F). Then d[y(x); 2, z] = d[y(x); Q — F, z]. In partic-
ular if F = Q, then dly(x); 2,z] =0.

Proof Let y, € C'(D) where D is an open set containing Q such that ¢y =
min{|ly;(x) — z|| : x € 9Q} > 0 and n = min{||yx(x) — z|| : x € F} > 0. Now € =
min(ey, 77) > 0. We can find ® : [0, co) — R such that & vanishes in a neighbour-
hood of zero and on [¢y, 00) with fR,, d(||x])dx =1 and

dlyr(x); €2, 2] =fQ<I>(||yk(X) —zIDJ (e (x))dx

_ / Oy (x) — 2I)J (e ())dx
Q—-F

as ®(||yk(x) —z|) =0forx € F.
=d[y(x); 2 = F, z].

Since any y € C(RQ) can be uniformly approximated by a sequence y; € C'(Q)

for which lim_ o d[yx (x); 2, z] = d[y(x); Q,z], d[y(x); R, z] = kliHolo d[yr(x);

Q,z] = klim [yi(x); Q — F,z] =d[y(x); @ — F, z]. In particular when Q=F,
—00

dlyr(x); Q — F,z] =0sothatd[y(x); Q,z] =d[y(x); 2 — F,z] =0. [l
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Corollary 12.3.11 Let y: Q C R" — R” be continuous, 2 being a nonvoid
bounded open subset of R". If F ={x € Q:y(x) =z} where z ¢ y(O) then
dly(x); Q,z] =d[y(x); @ — F, z].

The following theorem is the first step in relating the degree of a mapping to the
solution of (non-linear) equations.

Theorem 12.3.12 Let Q2 be a nonvoid bounded open set in R" and y : Q2 — R" be
a continuously differentiable map. Let D be a nonvoid open set contained together
with its closure in Q. Suppose that for a given z ¢ y(OD), y'(x) is non-singular for
alxeT'={xeD:ykx) =z}

Then T contains at most finitely many points such that

m

ngn det J[y(x))], forTU ={x1,..., xu}
i=1

0 ifT = ¢.

dly(x); 2,z] =

Proof Since z ¢ y(x) for x € 9Q by hypothesis the solutions of y(x) = z lie in
Q. In other words each solution of y(x) = z is an interior point of . Since vy is
non-singular at these solutions, y is a local homeomorphism at each of the solutions
of y(x) = z by the inverse function theorem. Thus for each x with y(x) =z, y
maps a neighbourhood N (x) of x onto a neighbourhood of y injectively. Such a
neighbourhood of x will therefore not contain another solution of y(x) = z. Thus
the solutions of y(x) = z have no cluster points in  or . Since & is compact, such
isolated solutions of y(x) = z can only be finite. Thus I" is empty or nonempty and
finite.

IfT" = ¢, then we have already shown in Theorem 12.3.10, thatd[y(x); 2, z] = 0.

Suppose I' Z¢pand I' = {x, ..., x,}. Let 0 < € < min{||y(x) — z| : x € 02}
We can find @ : [0, o0) — R such that ® is zero in a small neighbourhood of zero as
well asin [e, 00) with [, ¢(||lx[)dx = 1. Further [, @(||ly(x) — z|)J[y(x)]dx = 0.
For each x; € I' by Inverse function theorem we can find an open neighbourhood U;
of x; such that the restriction of y on U; is an open neighbourhood V; of z and y is a
homeomorphism of U; onto V;. Since y’ is non-singular at each x;, we can choose U;
such that the sign of J[y[x]] is that of y’(x;) foreachi =1, 2, ..., m. We can find
€0 € (0, €) such that the closed ball B(z, ¢g) = K C V;. Define W; = yi_1 (K) where

m
y; is the restriction of y to U;. Now U W; € Qandif ® : [0, o0) — Risacontinuous
i=l
map vanishing in [0, o) and in [, 00) for 0 < o < €y with fRn o(llx])dx = 1, then
by the change of variables theorem for the integral applied to each y; we get
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dly(@): Q.2 = Zf O (ly(x) — 2Dy (x)ldx

= Z f S(Ily: (x) = zl)J Ly: (x)1dx

Sgn det J[yi(x)] /¢(IIXI|)dx

sgn det J[y;(x)]

NgE ﬁMs

i=1

as [ o(lIxIDdx = [g, o(lx]Ddx = 1.

Thus in this case degree of the mapping y at z with respect to 2 is an integer. [

Naturally one would like to know if the degree of the mapping y(x) at a point
remains an integer even if the Jacobian of the mapping in singular at some of the roots
of y(x) = z. Thanks to Sard’s theorem detailed below the answer to this question is
in the affirmative.

Theorem 12.3.13 (Sard’s Theorem [8]) Let y : @ € R" — R” be continuously dif-
ferentiable on the nonempty bounded open set Q. Let K be a compact subset of 2
and C = {x € K.y’ (x) is singular}. Then y(C) has zero measure.

Proof Since K C 2 is compact and €2 is open K can be covered by a finite num-
ber of cubes of any prescribed length. So it suffices to assume that K is a cube
Q, of side length £. Divide Q into m" subcubes P; of side % Suppose some
P, a subcube contains u at which y’ is singular. Given € > 0 one can choose m
so large that [y (x) — y(u) — ¥, (x — Y)llos < €llx — ullos < €. Letsup{|ly,| : x €
Q} = 3. Clearly, 8 > 0. So forx € P,

L
ly@) = (@) +y'(x = y)lloo < Bllx — ulloo < ﬁ%'

As y'(u) is singular T'(P) lies in a hyperplane of dimension at most n — 1 where
T(x)=y)+ y'(x —u). So y(P) is contained in fn—z neighbourhood of T (P). In

other words y(P) is contained in a hyper interval of volume at most [2(3 + €) = ]"_1
(i—fe) = (m) (B + )" 'e. Since € > 0 is arbitrarily small, y(K) is contained in

hyper intervals of total volume at most equal to (2£)"(3 + €)"'e. So y(K) is of
measure zero. O

In view of Sard’s theorem above, Theorem 12.3.12 can be reformulated as

Theorem 12.3.14 Ler y : Q € RY — R” be continuously differentiable where
is a nonvoid bounded open set. Suppose G < K is open such that G < 2 and
z ¢ y(0G) U y(L(G)) where ./ (A) = {x € A : y'(x) is singular} for A C Q. Then
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I'={xeG:ykx)=_z}isemptyandd[y(x); G, z] = 0 or has finitely many points

X1,y .oy Xy and
m

dly(x); G,z =) _sgndet J[y(x)]

i=1

Theorem 12.3.15 Let y: Q C R" — R" be continuously differentiable on the

bounded open set Q and G C Q an open set with G C Q. If 7 ¢ y(0G), then there

is a sequence 7 ¢ y(OG) U y(L(G)) (k=1,2,...,) such that klim Zx = z and
—00

there exists ko with d[y[x]; G, z] = d[y(x); G, z] for all k > k.

Proof By Sard’s Thfl)rem 12.3.13 y(& (G)) has measure zero. So there exists a
sequence z; ¢ y(Z(G)) U y(OG) with klim Z) = z. By assumption there exists € >
— 00

Osuchthatz; € B(z, €) forall k > kg and the line segments joining y to y; for k > ko
lie in B(z, €). So these paths do not meet y(9G). So by Theorem 12.3.9 for k > k.
dly(x); G, z] = d[y(x); G, z]. O

Corollary 12.3.16 Lety : Q C R" — R” be a continuous map where Q is a nonvoid
bounded open set. Then for any z ¢ y[02], d[y(x); @, z] is an integer.

Proof We can find a sequence of functions y; € C'(S) such that y, converges uni-
formly in Qto y, with z & y(0R2). Clearly, d[y;(x); €2, z] is an integer for each k by
Theorem 12.3.15. Also we can find k¢ such that d[y (x); 2, z] = d[yk, (x); 2, z] for
allk > ko.Proceeding to the limit as k tends to infinity and noting that d[yy, (x); €2, 2)
is an integer and kli)rgo dlyr(x); 2, z] =d[y(x); 2, z] it follows that d[y(x); 2, z]

is an integer. 0

12.4 Some Consequences

The concept of degree of a mapping at a point with respect to a region can be
used, along with its properties to prove Brouwer’s fixed point theorem as well as
Kronecker’s theorem on the existence of solution to nonlinear equations.

First, we prove Kronecker’s theorem.

Theorem 12.4.1 (Kronecker) Let €2 be a nonempty bounded open set in R" and
f:QCR"— R" be a continuous map. If z ¢ f(ORQ) and if d[y(x); 2, z] # 0,
then the equation f(x) = z has a solution in <.

Proof Tf f(x) = z has no solution in € then z ¢ f(£2). So by Excision Theorem
12.3.10. d[ f (x); €2, z] = 0, a contradiction. O

Theorem 12.4.2 (Brouwer) Ler f : B(0,1) — B(0, 1) be a continuous mapping
where B(0, 1) is the closed unit ball in R", then f has a fixed point.
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Proof Let Q be the unit open ball {x € R" : ||x]| < 1}. Suppose f(x) # x for
all x € Q = B(0, 1). For each 7 € [0, 1] and x € Q define f(x,1) =x — tf(x).
Now [|f(x, DIl = llx —tf )l = Ixl| =t fC)l =1 =zl f()ll =1 =1 >0 for
x € 0 and t € [0, 1). By assumption x # f(x) for x € 9. Thus f(x, ) # 0 for
allx € 0Qandr € [0, 1]. Soby Theorem 12.3.4,d[ f (x, t); 2, 0] is a constant. Thus
dlf(x,1); 2,0] =d[f(x0); 2,0] = 1 by definition of the degree. So by Theorem
12.4.1, the equation f(x) —x = 0 has a solution in €2, a contradiction. So f has a
fixed poin in Q. O

It may be added by way of conclusion that Heinz had also presented Leray’s
product theorem for the degree of a mapping. This result can be used to deduce
important theorems of topology such as Brouwer’s domain invariance theorem. The
reader is referred to Lloyd [4] for further details.
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Appendix A
A Counterexample on Common Fixed Points

Since every continuous self-map on a bounded closed interval of real numbers has a
fixed point, a natural question is whether two commuting continuous self-maps on a
closed bounded interval of real numbers have a common fixed point. This has been
answered in the negative, independently by Boyce [1] and Huneke [2]. In the sequel,
we highlight the solution provided by Huneke in Part IT of his paper [2].

Let #: S CR — R be a map where S is a subset of the set of real numbers
R. Define h* by h*(x) =1 — h(1 — x) for each x for which 1 —x € S. Let b €

1
[0.1) and let s = %. Clearly, s is well-defined and positive. Define three

continuous functions &y, h, and k3 with linear graphs as follows:

" (I—b+sb
by k= b,ﬁ}»[b,ubyhl(x)=s<x—b)+b
S
(1 —b+sb) (2—b+sb
hy i1y = | L0t +€)]—>[O,l]byhz(x)=2—sx+sb—b
S N
(2 —b+sb) (3—2b+sb
hyop = | B22HsD +S):|—>[O,l—b]byh3(x)=—2+sx—sb+b
S S

Define & : [b, w] — [0, 11by h(x) = {h;(x).x € I;, j = 1,2,3. Clearly,
is continuous and has a linear graph and 4 is invertible for each j =1, 2, 3.

Definition A.1.1 Let C, be the set of all continuous self-maps on [0, b] with b as a
fixed point. For each g € Cj, define g : [0, 1] — R the unique continuous extension
of g defined by

(1) g(x) = g(x) on [0, b];

(2) g(x) = h(x)on [b, hy' (1 = b)];

3) g0 = () ~'g(h* () on [h3' (1 = b). (h3)"h3 ' (O)];
@) () = (W) ~'g(h*(x)) on [(h3)~" (h3 ' (0)). 1 = b;
(5) g(x) = the fixed point of 45 on [1 — b, 1].
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Remark A.1.2 The verification that g defined above is a unique extension of g is left
as an exercise.

Remark A.1.3 1f g € C,, satisfies Lipschitz condition with Lipschitz constant s, then
g too satisfies Lipschitz condition with Lipschitz constant s.

Proof (attributed to David Boyd in [2]) Let g € C), satisfy Lipschitz condition with
Lipschitz constants and L be the set of all s-Lipschitz self-maps on [0, 1] satisfying
(1), (2) and (5) for g in Definition A.1.1.

Define T : L — L by

F(x) ifx €[0,h; (1 —b)]U[l —b, 1]
Tf(x) =3 (D™ fh*(x)), ifx ehy'(1=b), (h5)'hy'(0)]
B3V (h*(x)), if x € [(h3)(hy'(0)), 1 — b]

Since (h})~" and (h3)~" have linear graphs and I Lipschitzian, (2})~'(0) = (h})~!
(0), h* is s-Lipschitzian and the fixed points of h* are h3 (1 =b), &= ;i:} b and
1 — b. Clearly, L is a complete metric space with the supremum metric on Wthh T
is a contraction with Lipschitz constant ~ < 1. This follows from the fact that (h}) ™"
and (h%)~! are contractions with Llpschltz constant 1. So, there is unique function
g in L with T (g) = g and it can be seen that g satlsﬁes the conditions of Definition
ALl =

Lemma A.14 Let f,g € Cp and x € [%, 1]. Then

(i) (f)*x = x implies G(x) # x and
(i) (/)*@x) = g(f)*(x).

Proof (i) The domain of h* is [(h3)7'(b), 1 — b] and (h})~'(b) = —Ft2btimsb —
1-b+ % < 3as0 < b < 1.So, the fixed points of (f)*arein[1 — b, 1]
or those of h*. By definition of g on [1 — b, 1], g(x) is the same as as the ﬁied
point of A} and this is % <l—b<xforxe[l—b,1]. Sogand (f)*
have no common fixed point in [1 — b, 1]. The only fixed points of A* are those

of h7, j=1,2,3. The fixed point 1 —b of hy is not a fixed point of g. If x;

is the fixed point of /3, then x, = U=26=D o b2 —bBs — (p)=1 (431 (0)).

So g(xz) e (h*)fl[o 1] [v l+b bv v+h ] But X (1 f}r(iv 1) < X—H;b—xb <

g(xz) So x2 = h3(x2) # g(x2). If X3 = h*(x3) then x3 = 3=tsb=b — 3-2bish

h3 (1 —b). Thus, g(x3) = g(hy (1 —b))=1->b > x3. So, (f)* and g have no
common fixed point in [% 1].

(i) Ifx € [1 = b, 1] then (f)*(g(x)) = (f)*(x2) = h3(x2) = x2 and g(f)*(x) =
gl —f—x) =90 —f1—x) =x; Slnce S —=x) G [0 b]. Thus, (f)*g(x)
—g(f) (x) forx € [1 — b, 1]. Forx € [h3'(1 = b), (h3)~" (h; ' (O))]. (/)*g(x) =
g(f (x)). Now h3 (1 — b) is the fixed point of /3. So h3[(h})~ L), hy 1(1 —b)] =
[b, h;l (1 — b)] and this is the domain of /. Also, h5(1 — b) is the fixed point of 3.
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So hs[(h)~1(b), h3' (1 — b)] = [(h%)~'b, 1 — b]. This equals the domain of defini-
tion of 4*. It can be seen that the two piecewise linear functions 2™ (Al ,x)-15 -1 (1-p))
and h* (h| [()1b.h3! (1—py))" are the union of three linear functions mapping (h;)’1 D),
Ry ()7, by N((*)71(0)), hy'(1 —b) to b, 1,0 and 1 — b, respectively. So
these two functions coincide. Soforeachx € [% h;l(l — b)],x € [(h;)’lb, h;](l —
b)]. Thus, (f)*(g(x)) = (f)*h3(x) = h*h(x) = (h*h)*(x) =1 = h*(h(1 — x)) =
h(1 —h(1 —x)) = hh*(x) = g(h5(x)) = g(f)*(x). In other words, (f)* and g
commute on [% 1] and are without a common fixed point in [% l]. O

Thus, we have

Proposition A.1.5 For any f and g in Cp, f and (§)* are commuting functions
without a common fixed point.

Proof For f,g € Cp, by Lemma A.1.4, f and ()* commute without a common
fixed point in [1, 1]. Also, (f)* and § commute without a common fixed point in
[% l]. So, ((f)*)* and (g)* commute without a common fixed point in [0, %] But
()™ = f. Thus, f and g* form a solution to the nonexistence of a common fixed
point for commuting maps on [0, 1]. ]
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Appendix B

A Compact Contractible Space Without Fixed
Point Property

B.1 Introduction

A natural question is whether a compact contractible space has the fixed point prop-
erty for continuous functions. This question was raised in 1932 by Borsuk [1] and
was settled in the negative by Kinoshita [2] in 1953. In the following, Kinoshita’s
counterexample is described.

Recall that a topological space X is called contractible if the identity map on X
is null-homotopic (i.e. homotopic to a constant).

B.2 Kinoshita’s Example

We define the set A = A, U A, U Az in R? as follows:

A ={(0,2):0<r<1,0€[0,27],z=0}
Ay ={(r0,2):r=1,0 €[0,2x],z = [0, 1]}

2
Az = {(r,@,z):r = —arctan¢, 0 = ¢ mod 27, ¢ > 0, z = [0, 1]}.
T

A inherits the subspace topology of R>. Clearly, A is closed and bounded in R?
and so is compact. Define hy,hy : A — A by hi(r,0,2) = (r,0,0) and h, : A —
A by hy(r,0,z2) = (0,6, z). From the properties of h, o h(r,0,z) = (0,6, 0), the
contractibility of A follows.
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Intuitively the continuous map on A constructed by Kinoshita involves twisting
the top of A in counterclockwise direction while rotating the bottom of A in clockwise
direction. More precisely, f : A — A is defined in the following way:

For (r,0,z2) € Ay,

£ 6.7 = (% arctan (tan (%* — 7)), 0 — 7,0), forr > Z arctan(r)
nEe= (0, 0,1— ﬂlarctan (%)) , forO0 <r < %arctan(n).
f maps (0, 0, 0) onto (0, 0, 1), the circle r = % arctan(sr) to (0, 0, 0) and the interior
of this circle into the segment r = 0, z € [0, 1]. The annulus of the circle is rotated
7 radians while the inner boundary is contracted to (0, 0, 0). f has no fixed points
in A].
For (r,0,z) € Ay, sincer = 1

F01.0.2) (1, —mw+27z) mod 27,z + £, z € [0, 5]
9 b Z -

(1,0 —7 +27z) mod 27, 3 + £, z€[5.1].
Geometrically, f rotates the top of the cylinder counterclockwise by & radians, the
bottom clockwise by 7 radians, while the circle r = %arctan(n), z =1 is pulled
upwards to z = %, stretching the bottom half of the cylinder with it and compressing
the top half of the cylinder between % < z < 1. No pointin A, off the circle at z = %
is fixed by f even as no point of the circle is fixed due to the lifting motion of the
map.

On Aj, for 0 < ¢ < m f is defined by

(2 arctan((¢ + )z, (¢ +m)zmod 27, 1 + £(£ — 1)) 0<z<
f(r0,2) =13 5 -

(2 arctan((¢ + )z, (¢ + m)zmod 2, 1 + £(5H)) L=<z <
On Az, form < ¢ < 400, f is defined by

(2 arctan((¢ — 7 +272), (¢p — 7 + 272)z mod 27, F)) 0
(% arctan((¢ — 7 +272), (¢ — 7 + 27z) mod 27, 132)) 2

f(r,9,z)=:

Clearly f is well-defined on A} N A, A} N A3z and continuous not only on each
of Aj, Ay and Az butalsoon A} N Ay, A, N Az and A} N As. By construction f has
no fixed point in A (see sketch below for A).
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Appendix C
Fractals via Fixed Points

C.1 Introduction

Fractals may intuitively be understood as highly irregular non-smooth sets with ‘non-
integral dimension’ arising often from a recursive process of construction displaying
self-similarity. Some of these fractals can be realized as fixed points of set-functions.
(see Hutchinson [2]).

Mandelbrot has pointed out how fractals can be used to model several physical
phenomena. Falconer [1] treats interesting aspects of fractals from a geometric point
of view.

C.2 Hausdorff Measure and Hausdorff Dimension

The following concepts and results are used in the sequel.

Definition C.2.1 Let E be any subset of R” and s > 0. The Hausdorff s-dimensional
outer measure of E denoted by H*(E) is defined by H*(E) = %irr(l) Hj (E), where

o0 o0
Hj (E) = inf Z(diam U) EC U U;and 0 < diam U; < 8} .

i=1 i=1
Here diam U = sup{||lx — y|| : x,y € U}.

Remark C.2.2 One can show that H*(E) = sup H; (E) for any E C R”. Further
§>0
when H® in restricted to the o-algebra of H®-measurable subsets of R”, it is a

measure called s-dimensional Hausdorff measure.
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Remark C.2.3 If T : R" — R”" is a similarity map in the sense that |Tx — Ty| =
Mllx — y|| for some A > O for all x, y € R", then for a H*-measurable subset E of
R". T(E) is H'-measurable and H*(T (E)) = A"H*(E).

Remark C.2.4 Foreach s > 0 H’ is a regular outer measure. Thus all Borel subsets
of R" are H*-measurable.

Definition C.2.5 Let £ C R". The unique real number, dim g E is called the Haus-
dorff dimension of E provided

HY (E) = oo for0<s <dimy(E)
0 fordimy(E) <s < oo.

Using the concept of iterated function systems (IFS), a large class of fractal sets
can be constructed with explicit computation of their Hausdorff dimension.
The theorem below stated without proof is used in the existence theorem.

Theorem C.2.6 Let (X, d) be acomplete metric space. K (X) the set of all nonempty
compact subsets of X is a complete metric space under the Hausdorff metric (vide
Definition 5.3.1).

Remark C.2.7 1f (A,) € K(X) is a Cauchy sequence with the Hausdorff metric then
it converges to lim sup(A,) in K (X).

C.3 Construction of Fractal Sets

Definition C.3.1 Let F be a nonvoid closed subset of R”. An iterated function

system (IFS for short) is a finite set of contractions {S,..., S,},m >2on F. A
subset D of F is called an attractor of the IFS {S;, ..., S,}if D = U S; (D).

i=1
Theorem C.3.2 Let F C R”" be a nonempty closed subset of R" and {Si, ..., Sy}

be an IFS on F. Let K(F) be the space of nonvoid compact subsets of F with the
Hausdorff metric. For each E € K (F) define S(E) = LmJ Si(E). Then there is a
unique attractor D of S in K (F) and for each E € K(Fi):vlvith S(E) CE,
0
F = ﬂ SK(E)
k=0

with SO(E) = E, S*T\(E) = S(SK(E)) fork =1,2, ...
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Proof Let c; be the contraction constants for S;, foreachi = 1,2, ..., m. Now,

H(SA,SB)=H (U siA). Si(B)>
i=1 i=1

.....

< max c¢;H(A,B)

=1,..., m

for A, B € K(F).Since foreach¢;,0 <¢; < 1,0 <c=max{c; :i =1,2,...,m}
< 1. Thus A — S(A) is a contraction on K (F) with contraction constant c. As
(K(F), H) is complete, S has a unique fixed point D say. Thus S(D) = D € K(F).
So the IFS {Si, ..., S} has a unique attractor D. If for E € K(F), S(E) C E then
SK(E) e K(F)isa sequence of S-iterates which is decreasing and Cauchy in K (F)
and converges to the fixed point D by the contraction principle. But lim S¥(E) =

o0
lim sup S¥(E). Thus ﬂ SY(E) = D. O
k=0
Remark C.3.3 If the contractions are similarity mappings satisfying an additional
condition called open set condition, then the Hausdorff dimension of the attractor
of the IFS, can be computed. This in turn leads to the construction of a number of
self-similar fractals.

Definition C.3.4 An IFS of similarity contractions {Si, ..., S,} is said to satisfy
the open set condition (or Moran’s condition) if for some nonvoid bounded open set

V.V 2 Si(V) with §;(V) N S;(V) = ¢ fori # j.
i=1

The following proposition is left as an exercise.

Proposition C.3.5 Let {V;} be a family of disjoint nonvoid open sets in R", such
that each V; contains a ball of radius ar and is contained in a ball if radius Br. Then
any ball of radius r intersects at most (1 + 28)"a™" of the closures of V;.

Proposition C.3.6 Suppose for some finite positive measurable subset E of R" there
exists, k,§ > Qsuchthat w(E) < k(diam U)* for all sets U withdiamU < §. Then
H*(E) > @ ands < dimykE.

Proof For a cover {U;} of E with diamU; < §. Then from the properties of mea-
sure ju(E) € p(UU)) < Y u(Up) < k Y (diam(Up)*. So kH*(E) = pu(E) > 0,

L

As w(E) > 0.dimy(E) > s. (Il
Theorem C.3.7 Let the IFS {Si, ..., Sy} of contracting similarities with con-

traction constant c; satisfy the open set condition and F be the attractor of the

IFS guaranteed by Theorem C.3.2, then dimyF = s where Zc,A = 1. Further
i=1

0 < H*(F) < o0.
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m m

Proof Clearly for the function t — Z c!, there is a unique s with Z ¢; = 1. For
i=1 i=1

I = {(@iy,...,i;) s ip € {1,...,m}} and any set B and a given element (i1, ..., i;)

of Iy, define B;, ;, = S;, o--- 08, (B). As F is fixed under the IFS, F' = U Fi i
I

So {Fj, i} cover F. Since §; o---0 S is a contraction similarity with constant
Ciy« o Cips

Z(diam Fi, ) = Z(ci1 ...ci)’ (diam F)*

7
= (Z c;) o (Z cfk) (diam F)'

= (diam F)' since Y ¢} = 1.

i=1

For § > 0, we can choose k such that (max ¢;)* diam F < §. Since diam F i <
(max; c,-)k diam F the sets {F;, ;} cover F with diameter < §, for sequences
(i1, ..., k) in I;. So H*(F) < Zh(diam(l*",-l L F))
Consider I the set of all sequences (i,) such thati; € {1, ..., m} for all k and let
I;,..;, be the subset of I consisting of only those sequences starting with iy, ..., i.
o0

Define p(l;,.. i) = (ci, . ..ci,)*. Define x;, ;, . = ﬂ F;, i, For a subset A of F
k=1
define w(A) = wlli, i, * Xi,...ii» -+ - € A}). Now (F) = u(l) =1 as F contains
every point x;, ;, . foreach (i1, ip,...) € 1.
Since the IFS satisfies an open set condition, there is an open set V with V D

LJ Si(V). where $;(V) N S;(V) = ¢ fori # j.So S(V) = | ] $:(V) and {$*(V))
i=1 i=1

converges to F. So F C Vil ,,,,, i, for any sequence {iy, ..., i;}. For aball B of radius
0 < r < 1, each sequence in [ is truncated at the first iy for which

min ¢; |r <c¢j...c; <F
1<i<m

where ¢; are the contraction constants of the corresponding similarities. As
VoNVy=¢forp#q,V, i p,andV, _; ,aredisjoint. Let J be the finite set of
all such truncated sequences in /. Clearly,

F = U Fi ... € U Fi...ii. € Uvil,...,ik
1 7

J

Choose «, 8 such that V contains a ball of radius ar and is contained in a ball of
radius Br.Soforall (i, ..., iy) € JthesetV;, ; containsaballofradiusc;, ...c; or

and is contained in a ball of radius ¢;, .. .c; r. Now every V;, ; contains a ball of
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radius (min; ¢;r) o and is contained in a ball of radius rg. Let J " be be the subset
of I consisting of only those sequences (iy, ..., i) such that V; ; intersects B.
By Proposition C.3.5 there exist at most y = (1 + 28)" (min; ¢;a) " elements in J'.
Now

w(B) =u(FNB)
=pu({li,. i Xi,.ir.. € FNBY})

=pul{liy, i, P Xi, g € (U Vi) N BY).
7

So

w(B) < w({li,..iy < Xiy,.iy... € Uvil...ik})
7
= pnJ L)
7
< Z wly, ... 1)
=

< Z(Cil coc)t < er =qr’.
N N

So for any set U contained in a ball By of radius diam U, p(U) < (By) <
g(diam U)*. So by Proposition C.3.6, H*(F) > @ = > 0. Thus dimy F = s

If the dimension of the set F' is non-integral, then F is called a fractal. For instance,
the Cantor set is the unique attractor of the IFS {S;, S>}on [0, 1] where S;(x) = ’3‘ and
SH(x)y=1-— ’5‘ It satisfies the open set condition with V = (0, 1). So by the above
theorem the Hausdorff-dimension of the Cantor set is s with 2(%)3 =lands = %.
The Cantor set results from throwing off the middle third intervals recursively from
[0, 1] and a small section of the Cantor set is a scaled version of the entire set.
This points to the self-similar nature of the set. The von Koch curve constructed by
throwing off the middle third of a line segment and constructing an equilateral triangle
over the removed middle third segment and continuing recursively this process results

. . . . 2 loed
in a fractal set and its dimension is 1§§ z
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