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Abstract In the paper, we constructed a class of linear positive operators generaliz-
ing Picard integral operators which preserve the functions e/* and e***, 1 > 0. We
show that these operators are approximation processes in a suitable weighted spaces.
The uniform weighted approximation order of constructed operators is given via
exponential weighted modulus of smoothness. We also obtain their shape preserving
properties considering exponential convexity.

Keywords Voronovskaya-type theorems - Weighted modulus of continuity

2000 Mathematics Subject Classification Primary 41A36 - Secondary 41A25

1 Introduction

According to P.P. Korovkin and H. Bohman theorem, the convergence of a sequence
(Ln)y>1 of the linear positive operators to the identity operator is essentially con-
nected with the set {eg, e, e} with ¢; (t) =t', i =0, 1, 2. Since many classical
linear positive operators fix ey and ey, their theorem is one of the most powerful and
spectacular criteria in approximation theory. It is known that for the study of con-
vergence of linear positive operators the set {eo, exp,,, expi} . with exp,, (x) = e/,
> 0, also play an important role. For this purpose, recently in [1], the authors
introduced and investigated generalized Picard (P,f)n>1 operators fixing e and explzl
given by
(Prf) (@)= Py (f:ap (),

where

2a n — 4a?

1 n
aZ(x):x——ln(—), n>ng,,
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ng = [4a], [] indicating the integer part function or so-called floor function and
(Py)n>1 classical Picard operators defined by

(Pnf)(x)ZPn(f;x)Z\/Tﬁ/f(x+t)Kn(t)dta xeR (1.1)
R

where
Ky () =e Vi (1.2)

(See [5].) In here, the function f is selected such that the integrals are finite. Note
that similar ideas for different linear positive operators were discussed in [2—4, 7].

In this paper, we want to obtain a new construction of the classical Picard operators
fixing not only the function exp,, but also the function expi . We aim to show that the
new operators are positive approximation processes in the setting of large classes of
weighted spaces. Using a technique developed in [6] by T. Cogkun whichis based on a
weighted Korovkin type theorem for linear positive operators acting on spaces which
have different weights, we obtain weighted uniform convergence of the operators.
Note that obtained asymptotic formulae for the new operators are different from
those given for the corresponding classical operators on the line group.

The modification of our interest in this paper is defined by

(P f)(x) = \/75/]1{6_“(”?(”“)6"*’]‘ (* (x)+1)K, (1)dt, n>n, x€eR

(1.3)
where

1 n
aﬁ*(x):x——ln( 2) (1.4)
po \n—p

p>0,n,=[p*]+ 1and K, defined in (1.2).
Their close connection with the classical Picard operators is now displayed:

(P ) () = exp, (x) P, (L; oz (x)) .
exp p

It is obvious that (P,j‘*)}Dn are positive and linear operators. On the other hand,
Iz

whereas Picard operators (P,),- fix the functions eg and ey, it can be checked easily
that the operators (P,f*)nm“ reproduce exp,, and expy,, i.e.

(Pr*exp,) (x) = exp,, (x) (1.5)

and
(P expi) (x) = expi (x). (1.6)
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2 Auxiliary Results

In this section, we will give some elementary properties of the generalized Picard
integral operators defined in (1.3).
By means of elementary calculations, we obtain:

Lemma 1 Foreachn > n, and x € R, the following identities hold:

P** — Vlz
( n 60) (x) (n7#2)2 2
12
(Pr*exp;) (x) = & n((;f;u)z)
pr* 4 _ L4ux (”‘NZ)3
( n CXPM) (x)=e 2 (n—9,7)

Lemma 2 For eachn > n, and x € R, the following identities hold:
(Prrer) (x) = m ((n — p?) az* (x) — 24),

(Prres) () = 2512 (n + 342%) o+ (1 = m) (g = (4 = ) %)

= (2 + (12 =) p (x + 03 (0)))]

3 Approximation on Weighted Spaces

Now we recall the concept of weighted function and weighted spaces considered in
[6]. Let R denote the set of real numbers. A real-valued function p is called weight
function if it is continuous on R and

lim p(x) =00, p(x)>1foralxeR. (3.1

|x|]—o00

We consider the weighted spaces C, (R) and B, (R) of the real function defined
on real line defined by B, (R) := {f Af ) <Mep(x),x € R} and C, (R) =
{ f:feB,(R), f continuous}. The spaces B, (R) and C, (R) are Banach spaces
endowed with the p-norm
| f(x)]
If1l, = sup ———.

ek P(x)

Now we give some properties of a linear positive operator acting between two spaces
with different weights.

(1) A positive linear operator L,, defined on C,, (R), maps C,, (R) into B, (R) iff
anl € sz (R) .

(2) LetL, : C,, (R) — B, (R) be a positive linear operator. Then

ILallc —B,, = ||Lpl||p2'

Pl
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(3) Forne N, let L, : Cp, (R) — B, (R) be a positive linear operator. Suppose
that there exists M > 0 such that for all x € R, p;(x) < Mpr(x). If

lim [|L,(p1) — pilly, =0,
n— 00

then the sequence of norms || L,|lc, 5

’ is uniformly bounded.
at P2

Let ¢; and ¢, be two continuous functions, monotonically increasing on the real
axis such that

lim <p1(x)=|1‘im 2 (x) =+ooand py (x) =1+ ¢} (x), k=1,2.
X|—>00

|x|—o00

Theorem A ([6]) Assume that p; and p, are weight functions satisfying the equal-
ity limy|— 0o % = 0. If the sequence of linear positive operators L, : C, (R) —
B, (R) satisfies the following three conditions

Tim ILy(@)) = @Y1l =0, v=0,1,2, (3.2)

then
lim ||L,(f)— fll,, =0,
n— 00

forall f € Cp, (R).

Now we show that Theorem A can be applied to our new operators (Pn**)n>n
"

can be applicable to. Let p; (x) =1 + x? and p(x)=1+ x* with 1 (x) = x and
pr(x) = x2. In this case the test functions set is {1, eg, €2} . Using Lemma 1 and
(1.6) we have

(Prp1) () = (P (eo +€1)) ()

n? n?

- (n— 12)? + (n—2) (2 (n +31%) + (12 = n) (4ux — (1 = n) x?)

—i (4,u2 + (/1,2 — n) 1 (x + oy (x)))

and thus there exists C > 0 such that the inequality

(Pp1) () <C
p2(x) T

holds for n > n,,. Thus, (Pn**)n

into B,, (R). Also (P;*), _ is a uniformly bounded sequence of positive linear
"

_y, Are linear positive operators acting from C,, (R)

operators from C, (R) into B,,(R). Now we check the conditions in (3.2). For
v = 0, we see that
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: sk 1 n 2
A Mo = el =T [(_—u) - 1} =0

For v = 1, we have

lim ||P*e; —e < lim su
e =l = ST | oy

. X n?
< lim sup 7 2—1 =0
PR T )

Similarly for v = 2, we have

2 (n + 3u2) n? 4pn?® X n? x2
1Py e —eallp, < (n + 3 )4 e 5 sup 7+ 7 —1)sup ——
(n - ;42) (n - ,uz) xek 1+x (n - ,uz) xeR L+ x
4n? n? 2x
+ + sup

(=) p(n—p2)’ xer 1t

Thus, we get
lim || Py*e; —es]l,, =0
n—oo

Since all conditions of Theorem A are fulfilled, for all f € C,, (R), we have the
following theorem.

Theorem 1 Let P;*, n > n,, be the operators defined by (1.3). For each f €
C,, (R), the relation

lim [P f = fll,, =0
n— 00

holds, where p (x) = 1+ x? and p (x) = 1 + x*.

4 A Quantitative Result

The order of convergence of the operators (Pn**) in an exponential weighted

n>ny

space will be studied by using the following modulus of continuity. For function
feC,R), p3(x)= e we consider the modulus of continuity defined in [8]:

G(f;0)=supe "M fx+n)— @I, (4.1)
|h|<d

where § > 0 and g > 1. The weighted modulus of continuity has the following
properties:
TN < A+NeMT(f:6), A>0. (4.2)
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Similar weighted modulus of continuity was also given in [10].

Theorem 2 For function f € C,, (R), we have

*% n2
||Pn f—f”p3 =1, (m— 1>

+?§E<¢§iu+gw<a;;@ﬁ@jF>

m<l+«f\/§u>’

Proof Since

(Prp3) (x) < el

Py* f is a sequence of linear positive operators acting C,, (R) into itself. From
Lemma 1, we can write

(P f) () — f(x) = f(x) ((PrFeo) (x) — 1)
+§/R(e—u(a,’i*(X)+t)ve(a;* (x) +1) — f(x)) eVl g

Using (4.1), it is not difficult to deduce that
‘ —p(ag? (x)+t)f a** (x) + l) _ e—,u,xf ()C)‘
‘ —p(ag* (x)+t)f Oz** (x) + [) _ omhag (x)f( Hok (x))) + ‘e_#a’*’*(x)f (a:* (x)) —e " f (x)

< el @l (i Itl) + ‘e"“’:*m.f (f* ) —e ™ f (x)‘
exp
and then we conclude that from (4.2),

(PIF) @) = £ (1) = £ ) ((Peo) (1) = 1) + eI “"ff (— |t|> e™Vilay

exp

N ‘e‘“"" w g (0" (x)) — e f (x)‘ (Pr*eq) (x)
s (e -1 +5( L 5"> AT [ (15
e @ 1 (037 0) — e 0] (Bieo) (0

_ Hx _ no - L x| ‘/;l L ﬁ
= @) ((P*e) ) 1)+n7u2w(exrf§>el <~/’7—“+5" (vai—n?)

+ ‘e—ua’.j*(x)f (0 (x) —e M f (x)‘ (P ep) (x).

we have desired result. O

Choosing § = ( ﬁ‘/i)z,
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5 Voronovskaya-Type Theorem

Using exponential moments, we shall prove the Voronovskaya-type theorem for
(P;*)n> 1°

Theorem 3 If f € C,, (R) has a second derivative at a point x € R, then we have

lim n (PXF) () = F ) =F () =3pf 0 +20°F (). (5D
Proof We can use Taylor formula in the form

( o IOgN) (e/L(x—H))
= (f olog,) (¢) + (f o log,) () (" &™)
+

(f olog,) () (" = &)’ 4 hy (1) (1 — )’

fx+n=(f

| =

where K, (¢) is a continuous function which vanishes at 0.
Replacing x with o;f* (x) in above equality and applying the operator (Pn**)
one has

’
n>n#

(P7* ) @) = f (o @) (Pe0) () + (1 olog,) (157 ®)) (P exp,) (x) = 5" (Pen) (x)
1 " E (x
oL 7oty 0)
« ((P;* CXP;ZI) (x) — 2eHa" (%) (P:* exp, ) (x) + eZ,uoz X) (P**e()) (x))

(B (o500 — ) o,
This equality can be arranged as
(P F) (x) = f(x0) (Pfeq) (x) + [ f (o (x) = f ()] (PiFeq) (x)
#[(rer0) (250) = (o0, )]
(B3 exp,) () = e (Bi"eq) 1)
folog,) w) (P2 exp,) () — 95" (iveg) ()
[(rotg,) (e ) = (o log, ) ]
(P *expﬂ) (x) — 2k () (P** exp 1) (x) + &2 (pre )(x)>
( f olog ) ()

(P expl) (1) = 2eH5° D (P exp,, ) () + €210 (P eq) (1)

X

+

—+

X

o~ R —m — R — o~ —

+

X
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+ <P,T*hx (en(a;*(x)th) _ e,ux>2> ).

Since
llm ok — ]]m n e:“'a:*(x) _ e,U«X - _ Zeux
n—>ooa" (x) X s 00 ( ) 1%
nli_)rgo” (ezua':*(x) _ e2,u,x) — _2’u262“x
and
llml’l P**e x) —1 :2 2’
n—00 (( n 0)( ) ) H
we get

lim n (P f) (x) — f (x)

n—0o0

=2 f () + (f olog,) () lim n[(P}"exp,) (v) — " (P} e0) ()]

4

1 ,
+= (f o logu) (e"’x)

2
x lim n[(P" exp;) (x) — 2¢/™ (P exp,) (x) + ¢ (P, eo) (x)]
2
+ lim n <P:*hx (eﬂ(u::*(x)“‘f) _ eux) > ()C)
n—00

Using (1.5), (1.6) and Lemma 1, one finds that

lim n [((P:* eXPu) ()C) — e (P:*eo) (.X'))] =™ lim n [1 _ (P,;k*eo) (X)]

e n—o00
= —2p e
and
lim n[(P;" exp}) (v) = 2¢" (B exp,,) (x) + ™ (P"eo) ()]
= &P Tim 0 [(Peq) (1) — 1] = 2%
Since

”

(F olog,) (") = e () and (f olog,) (¢) = (2 ) =7 ().
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we have
lim o (PYf) @) = f ()= f () =3uf @) +206° f (x)
ok 2
+ llm n <P:*hx (eﬂ((¥,1 (X)‘H) — eltx) ) (.X) .

n—00

The proof of the theorem will be over if we prove

Kk 2
lim n <P,j‘*hx (e“(“u ) _ ew) ) (x) = 0.

n—00

From Cauchy—-Schwarz inequality, we can write

(P:*hx (erer s e‘”‘)2>

n < J(Pr12) (o Jn? (B expl,,) (o).

Since

(P expfm_) (x) = (P exp;t) (x) — de!™ (PF* expi) (x) + 6™ (P expi) x)
—43 (Pn** expu) (x) + ¥ (P:*eo) (x)
_ .23 _ 2\ 2
_ 2(" u)z G u)2 fae "
n?(n—9u?)  n(n—4u?) (n — p?)

and

. 2 4 4 4
lim n® (P expy ) () = 24pte™™,

we have desired result. O

6 Shape Preserving Properties

In this section, we will present some shape preserving properties of the operator
(1.3). Also we will give the global smoothness preservation properties of mentioned
operators. First, we have the following simple results.

Let f € Cﬁ} (R), we consider the operators for x € R, n € N,

(P f) @)

ehx

= %ﬁ / eiﬂ(“f‘(")*t)f (a:* (x) + t) K, (t)dt.
R

With simple calculations, we have
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Ah(Pﬂ** >(x):£ Ah( f >(O‘:*(X)+f)’(n(f)d’

(&) 7 (s
exp,,
where Ay (f) (x) = f (x +h) — f (x)and A} (f) (x) = f (x +2h) = 2f (x +h)
+ fx).

Thus from previous expression, since K, (¢) is positive for all 7 € R, i
increasing (Ah (exp ) (x) > 0) then Ay, ( )

ing. If % is convex (Aﬁ ( u ) (x) > O) then A2 ( )
P, exp,,
also convex.
We want to give the connection of the operators (P**) with generalized con-
n>n,

and

) o (x) +1) K (1) dt,

f .

vexity. Now we recall the definition of generalized convexities with respect to the
functions exp,, and exp?, .

Definition 1 A function f defined on R is said to be convex with respect to {exp u} ,
denoted by f € F (exp,). if

elho  phtx1

, Xo < X71.
S (xo)  f(x1)
f is said to be convex with respect to {exp,,, exp;. }, denoted by f € F (exp,,, exp;,),
if
olT0 X1 ph2
eZ/on eZ/Lx] eZuxz > 0’

fxo) f(x) f(x2)

X < X1 < X3.

Proposition 1 (see [4]) Let f € C?} (R). Then the following items hold.

(1) feF (exp#) if and only if f/exp, is increasing for x € R,

(2) feF (expﬂ, expi) ifand only iff/ (xX) =3uf (x) + 242 f (x) > Oforx € R.
Using above proposition, we have

Theorem 4 Let f € C,,(R). Then the following items hold.

(1) If f e F (exp#,expu) then (P} f) (x) = f (x) for x € R,
(2) If feF (expﬂ) then (Pn**f) eF (expﬂ)forx eR.

Theorem 5 Let f € Ci (R). Suppose that there exists ny € N such that

f ) < (PFf) () < (Puf) (x), foralln = noy, x €R. (6.1)
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Then
Fr@) =3uf (x) =24 f(x) >0, xeR. (6.2)

In particular, f” (x) = 0.

Conversely, if (6.2) holds with strictly inequalities at a given point x € R, then
there exists ng € N such that for alln > ny

F @) < (PFf) ) < (Pf) ().
Proof From (6.1), we have that
0<n((Pf) @) — fx) <n((Pf)(x)— f(x)).

We know from [9] that
lim 2 (P f) (1) = f ) = f (). (6.3)

Using (5.1) and (6.3), we have the desired result.
Conversely, if (6.2) holds with strict inequalities at a given point x € R, using
again (5.1) and (6.3), we have

F@ = (PFf) @) < (Pf) (x)
for all n > ny. O

By using the weighted modulus of continuity defined by (4.1), the result regarding
global smoothness preservation properties for the operators of (P,j‘*) will be

n=n,

given as follows:

Theorem 6 Let § > 0, we have

&<p;*(f);5>§< n 2>5( f ;5>. 64
exp, n—p exp,,

Proof For x € R, we have

- h - = .
eTHEH) prk (£ 4 py — e THY PR (f: x)

. % / [e—#(“’n“*<x+”>+’)f (0 (x + ) + 1) — e PO CHMHD) £ (0% (4 4 ) 4 z)] Kn () dt
R
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Thus, we have forn > n,

e M MO P (f x4 h) — e TP (f5 1)

ok Hok

< ( . )*/_%/e—ula,*,*ml oyt +1) - flor @) +1) K, (1) dt

n—i2) 2 s ooz ety et (e )
S( n )& f ;az*(x-i-h)—a:*(xﬂ

n— Mz expu
(2 (

n — /1/2 expp,
Thus, we get

5 P (f) 5| < n > f
exp,, ' T \n—pu? eXpu’
O
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