Convergence Properties of Genuine )
Bernstein—-Durrmeyer Operators i

Ana-Maria Acu

Abstract The genuine Bernstein—Durrmeyer operators have notable approximation
properties, and many papers have been written on them. In this paper, we introduce
a modified genuine Bernstein—-Durrmeyer operators. Some approximation results,
which include local approximation, error estimation in terms of the modulus of con-
tinuity and weighted approximation is obtained. Also, a quantitative Voronovskaya-
type approximation will be studied. The convergence of these operators to certain
functions is shown by illustrative graphics using MAPLE algorithms.
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1 Introduction

In 1912, Bernstein [8] defined the Bernstein polynomials in order to prove
Weierstrass’s fundamental theorem. These operators are one of the important topics
of approximation theory in which it has been studied in great details for a long time.
The Bernstein operators are given by

n k
B, : C[0, 11— C[0, 11, B,(f;x) =Zf<—) by i (), ()
k=0 n
where
n
bpi(x) = <k)xk(1 — )" x e[0,1].
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Very recently, Cai et al. [9] introduced and considered a new generalization of
Bernstein polynomials depending on the parameter A as follows

L k
Bua(fix) =) bus(Xx)f (;) : )

k=0

where A € [—1, 1] and l;,,,k, k=0,1,... are defined below

- A
buo(A; x) = bpo(x) — n_bn+l,l(x)»

+1
—2k+1 n—2k—1

1 by x(x) — nz——

bu i (X; x)_bnk(x)+>\( 1

bn+1,k+1(x)> ,

- A
bn n A = bn n - _bn n .
(A x) n(X) P ()

In the particular case, when A = 0, A-Bernstein operators reduce to well-known
Bernstein operators. The authors of [9] have deeply studied many approximation
properties of A\-Bernstein operators such as uniform convergence, rate of convergence
in terms of modulus of continuity, Voronovskaya-type pointwise convergence, shape
preserving properties.

The genuine Bernstein—Durrmeyer operators were introduced by Chen [10] and
Goodman and Sharma [14] and were studied widely by a numbers of authors (see
[3, 12, 13, 20, 23]). These operators are given by

n—1

Un(fix) = (n—l)z</ S O)bp—2 k- 1(l)dt> by k() + (1 = )" fO) +x" f(1), feCl0,1].

These operators are limits of the Bernstein—Durrmeyer operators with Jacobi weights
(see [6, 7, 21]), namely

U,f = lim M,f”ﬁ> f> where

a——1,0——1

ank( )fo w (@ j)(t)bnk(t)f(t)dt’

M= C10, 1] = Ty, M7 (fix) =
w @D (6)by k(1)dt

w @) =x"1=x)* x€(0,1), o, 8> —1.

Also, the genuine Bernstein—Durrmeyer operators can be written as a composition
of Bernstein operators and Beta operators, namely U, = B, o B,. The Beta-type
operators En were introduced by A. Lupag [19]. Forn = 1,2, 3, ... and f € C|O0, 1],
the explicit form of Beta operators is given by
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fQ0), x =0,

— 1 1

B,(f;x) = —/ M =) f(Dde, 0 < x < 1,
B(nx,n —nx) J
f, x=1,

where B(-, -) is Euler’s Beta function.
Our aim in this paper is to introduce genuine A-Bernstein—Durrmeyer operators
as a composition of A\-Bernstein operators and Beta operators, namely

Un,/\ = Bn,/\ OEV:-

These operators are given in explicit form by

n—1 1
Un A (f5 %) = buoO ) £(O) + bun X ) f(1) 4 (1 = 1) Y by (X %) /O bu—2k-1(1) f (1)1
k=1
3)

2 Preliminary Results

In this section by direct computation, we give the moments and the central moments
of genuine A\-Bernstein—Durrmeyer operators.

Lemma 2.1 The genuine \-Bernstein—Durrmeyer operators verify
(i) Una(eo; x) =1;

(ii) Unalers x) = x + A (1= x4 1);

nin—1) (
(iii) Up(e2; x) = x* + nn? —1) {
on+ A" —xA);

x(1 = )% + (=23°N 4+ " x4+ 12—

3
[ n 5 = 3 _ 12 2 1— 3 -2 3 2
(iv) Uya(ez; x) =x +n(n D0 1){ x“( x)n’ + (=2 x° + x“ A+

2x° + A" —4x? 4200 QA3 — Tx2N 4 3Ax" T 4 2x N 4+ 2x2 — 2x)n
2" — Zx)\};
4

Rt 34 4 [ Ay 4 3
(v) Upa(eq; x) =x +n(n+2)(n+3)(n2—1) {3x (I —x)n" + (—2Xx" + \x

+3x = 12x° 4"+ 9x2)n 4+ (6Ax* — 18A\x3 — 3x* 4+ 6x2\ + 15x% +
6Ax" T — 18x2 4+ 6x)n? + (—4Xx* + 172x3 + 3x* — 30x2)\ — 6x3 +
LI 4+ 6x )\ + 9x2 — 6x)n +6 x"H — 6x)\}.
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Lemma 2.2 The central moments of genuine \-Bernstein—Durrmeyer operators are
given below:

A
(i) Ut —x;x) = ni—1)

; o M (-x 2 1
() Unallt =070 =22 x){k< nn—1 aw-D) arif

" — (=) —2x 4+ 1);

Lemma 2.3 The central moments of genuine \-Bernstein—Durrmeyer operators

verify
|Up 2 (t — x5 )| < 01(n, \) and U, \((t — x)%; x) < 02(n, ), forn > 2,

[Al Al +n
here O1(n,\) = —— and ,(n, \) = ——.
where 01 (n, \) noi—1) and 0>(n, \) 1)

Lemma 2.4 The genuine \-Bernstein—Durrmeyer operators verify:
(i) lim nU,\(t —x;x)=0;
n—00
(ii) lim nU, , ((t — %)% x) = 2x(1 — x);
n—oQ

(iii) lim n*U,  ((t —x)* x) = 12x*(1 — x)*.
n—0oQ

3 Basic Approximation Properties

In this section, we investigate the approximation properties of these operators and
we estimate the rate of convergence by using moduli of continuity.

Theorem 3.1 If f € C[0, 1], then
nlingo U, A(f;x) = f(x) uniformly on [0, 1].
Proof Using Lemma 2.1 follows that
nlirglo U, x(ex; x) = ex(x) uniformly on [0, 1], for k € {0, 1, 2}.

Applying the Bohman—Korovkin theorem, we get the result. (]

Theorem 3.2 If f € C[0, 1], then

|Un n(f3 %) = F0)] < 20(f; V0a(n5 M),

where w is the usual modulus of continuity.
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Proof Using the following property of modulus of continuity

Y
() = FO] < w(f3 6) <% 4 1) ,

we obtain
1
[Un A (f3 %) = fO S Uy £\ f @) = fO)]5 %) Sw(f30) (1 + 67Un,>\((t -0 X)> .

So, if we choose § = +/6>(n; \), we have the desired result. O

Theorem 3.3 If f € C'[0, 1], then

|Un n(f3 %) = f)] < 01(n5 VIS (O] 4 2¢/0a(n5 N (f', /0215 V).

Proof Let f € C'[0, 1]. For any x, t € [0, 1], we have

fO) = fx)=fe—x +/ (f') = f'x)dy,

S0, we get

Unr (f (@) = f(); %) = f/OUn(t — x5%) + Un (f (f') = f')dy; X> .

Using the following well-known property of modulus of continuity

ly — x|
1)

If(y)—f(X)ISW(f;5)( +l>, 6 >0,

(t —x)?
1)

/ 1) = F0ldy

<w(f”; 6)[ +|t—x|i|.

Therefore,

[Unn(f32) = fFOI < 1O [Upa(t — x5 2)]
1

+w(f'; 0) {SUn,)\ ((t = %)% x) + U\ (It — x1; X)} :

Using Cauchy—Schwartz inequality, we obtain
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[Un (3 2) = fFOO < [ ONUnA(E = x5 %)
+w(f,0) 1\/U ((t—x)z‘x)+l \/U ((t—x)z‘x)
s 5 nA s n,A s

1
< 1f/ 101 N) +w(f, 0) - {5\/92(71; A+ 1} Vb (n; ).

Choosing § = /6> (n; \), we find the desired inequality. O
In order to give the next result, we recall the definition of K-functional:
Ky(f.0) :=inf {|f —gll+3|g"] : g € W?[0. 11},

where
W20, 11={g € C[0,1]: ¢g" € C[0, 11},

6 > 0 and |-|| is the uniform norm on C[0, 1]. The second-order modulus of conti-
nuity is defined as follows

wr (fVB) = sup  sup  {If(e+20) =2f(+ 1)+ FI

0<h5ﬁx,x+2h€[0, 1]

It is well known that K-functional and the second-order modulus of continuity
wy ( /s «/3) are equivalent, namely

Ka(f,6) = Cun (£:5), @

where 6 > 0 and C > 0.

Theorem 3.4 If f € C[0, 1], then

1
|Unn(f1%) = f(0)| < Cuwn (f, 5\/92(11; A) + 0 (n, A)) +w (f. 01 (n: V),
where C is a positive constant.

A
Proof Denote v, \(x) = x + PP (x"' — (1 —x)""' —2x +1) and
nn —

Una (3 %) = Ug\(f3 X) + f(x) = fWr(x)). (5)
It follows immediately

U, a(eo; x) = Un (e x) = 1
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Una(er; x) = Una(er; X) +x —vp(x) = x.

Applying 0,,, A to Taylor’s formula, we get

Un(g; %) = g(x) + U, » ( / (t — 9" dy; x) .

Therefore,

Vn.)\(x)

- t
Upa(g: %) = g(x) + Uy 5 (/ (t —y)g" (ndy: x) - / (A (x) =) g"(dy.
X X

This implies that

~ U,,,/\(X)
|Up.A(g: %) — g(x)] < + / (VA () — ) g" (Mdy

t
Up,a </ (t = g" (dy: x)

< Upa(t =050 9" + (up) = %) |97
< [020: 0 + 636 ] 19”1

In view of (5), we obtain

[Tun(F5 01 < U n(F5 01+ 1 f O+ 1 f @an 0] < 3 (6)

Now, for f € C[0,1]and g € w20, 1], using (5) and (6) we get

Una(F5.0) = £ = |Tar(f:) = F) + fWna@) = £ ()

Ora(f = 90| + | Ona(gs ¥) = 90| +196) = £+ [ (6 = £ ()]
=40f =gl + 02000 + 0101, V] "] + w0 (£, 610, 1))

=<

Taking the infimum on the right side over all g € W2[0, 1], we have

1
[UnA(f3x) = f(X)] < 4K3 (f, I (62(n, ) + 67 (n, >\))> +w (f. 0i(n, V).

Finally, using the equivalence between K-functional and the second-order modulus
of continuity (4), the proof is completed. (]
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4 Rate of Convergence in Terms of the Ditzian-Totik
Modulus of Smoothness

In this section, we study the rate of convergence of genuine A-Bernstein—Durrmeyer
operators in terms of the Ditzian—Totik first-order modulus of smoothness defined
€ [0, 1] }

as follows:
WD) = sup { ‘f(x + h"“’”) - f(x - h‘m))
O<h<t 2 2
(7
where ¢(x) = /x(1 —x) and f € C[0, 1]. The corresponding K -functional of the
Ditzian—Totik first-order modulus of smoothness is given by

ho(x)

, X =

Ky(f50) =ﬁ€vivlu}[f0’]]{||f —gll +tliog'll} & > 0), ®)

where Wy[0, 11 ={g: g € ACy,c[0, 1], [[¢¢'|| < oo} and AC,[0, 1] is the class
of absolutely continuous functions on every interval [a, b] C [0, 1]. Between K-
functional and the Ditzian—Totik first-order modulus of smoothness, there is the
following relation

Ks(f31) < Cui(f; ), ©)
where C > 0 is a constant.

Theorem 4.1 Let f € C[0, 1] and ¢(x) = /x(1 — x). Then for every x € [0, 1],
we have

‘ 1
U A (f3 %) — f(0)] < wa<fi m)

where C is a constant independent of n and x.

Proof From the next representation

g(t)=g(X)+/ g (u)du,

we get
t
\Unr(g; x) — g(0)| = Un.)\(/ g/(u)du;X> - (10)
For any x € (0, 1) and ¢ € [0, 1], we find that
t 1 1
wdu| = o l| [ —sdul. (an
/x I TN bw
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But,

(12)

E

[ o=\ 7=l =| [ (G =)
sz(|ﬂ—ﬁ|+|ﬁ—«/ﬁl)

1 1
=2|t_X|(\/;+\/)_c+\/1—t+«/1—x>
<2|t—x|(L+ : ><2‘/§|t_x|

VxooJT=x) 7 o)

Combining (10)—(12) and using Cauchy—Schwarz inequality, we get

1Un (g5 x) — g0 < 232[16¢ 167 (1)U, 2 (17 — x1; )

12
< 2v2|lpg 167" (x) <Un,)\((t - 0% x)) .

Now using Lemma 2.3, we obtain

2 /
[Un (g3 %) = g0 = —7= lI9g |- (13)
n
Using (3) and (13), we can write

[ Ui (f;%) = f) | Sl Upn(f —g:0) | +1f(x) — gx) [+ | Upa(g: x) — g(x) |

1
< 2{||f — gl + mll(ﬁg/ll}-

From the definition of the K-functional (8), we get

1
Una(f30) = f0)] < 2K¢<f; m)
and considering the relation (9), the proof is completed. (]

In the following, we give an estimate by means of Ditzian—Totik modulus of
smoothness of second order defined as

wgs(f;(S): sup Hf(’H'M)—Zf(XH—f(x—h¢(x)>
0<h<b 2 2

ho(x)
2

cx £ 6[0,1]}.

where f € C[0,1],6 > Oand x € [0, 1].
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1
Theorem 4.2 Let f € C[0,1], A e [—1,1]and h € (0, §i| Forall x € (0, 1) the

relation
U (£ = 01 = P pamy 4 (14220 0) o)

n x)— ()] < wy (f, ——— ) w, (f,

A 2hp(x) ! 2m2¢2(n)) 2
holds.
Proof From [22, Theorem 2.5.1], we have

) Unat =x; 0] 4 ' 3UsN@ =050 4
Uy A (f;%) = fOI < e Y (f,2h) + (Un,x(eo, x) + 2 heR ) w, (f, h)
and using Lemma 2.3, we obtain the desired estimation. O

Applying Theorem 4.2 for h = /0>(n, ) /p(x), it follows the next result.

Corollary 4.1 Let f € C[0, 1], A € [—1, 1] and x € [0, 1]. There exist an integer
no € N, such that for n > ny, the following relation

: _ 91(}1,)\) ¢< 2»\/92(1’1,)\)) é ¢>< «/6‘2(”,)\))
[Un A (f5 %) f(X)IS—meI I o) ) T2 f,—¢(x)

holds.

S Voronovskaja-Type Theorems

In the following, we prove a quantitative Voronovskaja-type theorem for the operator
U, by means of Ditzian—Totik modulus of smoothness. Nowadays such a result has
been studied for many operators and for many moduli of continuity in classical and
weighted cases (see [1, 4, 15, 18]).

Theorem 5.1 Forany f € C?[0, 1] and n sufficiently large the following inequality
holds

1 [
|Un ACF5 ) = F@) = @i Vg (06) = W (s N ()] = —Ca ] (£7on712)

where

A
Qu(x; \) = m(}c”“ — Q=) —2x+1);

e N I

and C is a positive constant.
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Proof For f € C?[0, 1], t,x € [0, 1], by Taylor’s expansion, we have
t

F) = 00 =@ =0 S @ + [ €= f 0.

Hence,
1 t t
F0) = 10 = (=05 = 50 =27 w0 = [[C=nr'may = [« = s wdy
t
=/ =" = f@0ldy.

Applying U, \(-; x) to both sides of the above relation, we get

t
/ = YIIF" ) — GOl x) .

(14)

[Un A (F5 %) = F &) = Q06 N F/(0) = W (s M) f ()| < Uy s (

t
The quantity / ") = fo] 1t — y|dy‘ was estimated in [11, p. 337] as fol-

lows:

<2/If" = gllt —x)* + 2[99l ()|t — x|,
(15)

/ Lf" ) = f ol = yldy

where g € Wy[O0, 1].
Using Lemma 2.4 it follows that there exists a constant C > 0 such that for n
sufficiently large

C
Un (1 = %)% x) < 2—¢ (x) and U, » (¢t — x)*; x) < —2¢ (x). (16)
From (14)—(16) and applying the Cauchy—Schwarz inequality, we get

|UuA(f1 %) = F(0) = (x5 M) f/(x) — W, (a5 ) 7 ()|
<20 = glUnn ((t = )% x) + 269 67 () Upx (It — x; x)

C
—G OIS = g1l + 2169167 @) {Unat = 0% 3} (U (0 = 0% )} 2

A

A

C
< ;qﬁZ(X)IIf” gl + ¢* () f”¢h I = ¢2(X) 17" =gl +n=" 10011} .

Taking the infimum on the right-hand side of the above relations over g € Wy[0, 1],
the theorem is proved. (]
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Corollary 5.1 If f € C?[0, 1], then
lim n {Unn(f:0) = f(x) = Qu(x: g (x) — Wu(x; Ng" (x)} =0,

where Q,,(x; \) and V,,(x; \) are defined in Theorem 5.1.

6 Rate of Convergence for Functions Whose Derivative Are
of Bounded Variation

In this section, we study the rate of convergence of genuine A-Bernstein—Durrmeyer
operators for functions whose derivative are of bounded variation on [0, 1]. We
mention here some of the papers in this direction [2, 5, 16, 17].

An integral representation of the operators U,, ) can be given as follows:

1
Una(f: x) = / Ko (x, 1) £ (), (17)

0

where C,, ) is defined as

n—1
K (e, 6) = (0 = 1) Y by ks )b,k 1(0) + b, oO\; )6(0) + b n (X )3(1 = 1),
k=1

d(u) being the Dirac delta function.

Lemma 6.1 For a sufficiently large n and a fixed x € (0, 1), it follows
2+ 1AD x(1 —x)

nn+1)  (x—y)?
2+ A x(1—x)

nn+1)  (z—x)?2

y
(1) Naa(x,y) =/ Kpa(x, t)dt < 0<y<unx,
0

x<z<l.

1
(i) 1= nur(x,2) = f Koo (s 1)dt <
Z

Denote DBV[0, 1] the class of differentiable functions f defined on [0, 1], whose
derivatives f are of bounded variation on [0, 1]. Let \/Z f be the total variation of
fon[a,b] and f is defined by

f'@)— f'(x=), 0<t<x
fi@) = 0, t=x (18)
@) — f/(x+) x <t <1.

Theorem 6.1 If f € DBV|O0, 1], then for every x € (0, 1) and sufficiently large n,
the following inequality
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(n + 1ADx(1 — x)
2n(n + 1)
5 LY+ /
+=> V@

k=1 x—%

[Up A(f3%) — fO)] < {lLF &)+ F e+ 1f ) = fx-)}

holds.

Proof Since U, \(1; x) = 1, for every x € (0, 1) we can write

1
U \(fix)— f(x) = /0 Kun (e, ) (F (1) = f(x))dt

! 1

=/0 (f(t)—f(x))lCn,A(x,t)dt—i-/ () = F&)) Kpa(x, Dt

X X 1 P

= —/ |:f f/(u)du] ’Cn,A(X, t)dt +/ |:/ f/(u)du] ’Cn,/\(x, t)dt
0 t . .

= —Ax) + Bx),

where

x X 1 t
Ax) = / |:/ f’(u)dui| Koa(x, )dt, B(x) = f |:f f’(u)dui| K (x, t)dr.
0 t X X

For any f € DBV]0, 1], we decompose f’(¢) as follows:

1 1
(= E(f’()H-) + fx=) + i) + E(f/(H) — f/(x=)sgn(t —x) (19)

1
+ 0:(1) [f/(X) - E(f/(H) + f'(x—))} :

where
1, t=x

5"([):{0 t#£x

Therefore, we get

) = fx-)

5 sgn(u — x)

X X 1
A(x) =/0 {/t 5(f’(x+)+f’(x—))+f;(u)+
|
+ 0y (u) [f’(x) -3 (') + f’(x—))] du} KCp 2 (x, D)dt

/ ! (v X X X
ZW/O (x—t)ICn’A(x,t)dt—l—/O [/ f;(u)du}/c,,,A(x,z)dz
t

Cflah) = flao)

/x(x — 1)K, \(x,t)dt
2 0 ’
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+ |:f/(x) - W} fx [/x 6x(u)du] Koy r(x. ).
0 t

Since / 0y (u)du = 0, we get
t
/ I X x X
Alx) = W/ (x—z)icn,A(x,t)dmL/ [/ f;(u)du] K2 (r. )t
0 o LJ:t
/ /
_ e - fEo) /-x(x — 0K, \(x, 1)dt.
2 0 ’
Using a similar method, we find that
/ I~ 1 1 t
B(x) = f(”);f(x )/ (t—x)/c,,,A(x,z)dH/ U f;(u)} Ko (x, )dt

/ — f(x— 1
e . f'x-) / (t — ) (x, 1)dt.

Therefore,
/ roo 1
—Ax) + B(x) = w_/(; (t =)y \(x, Ddt
/7 _ ! _ 1
PLOD 0D
2 0 ’
X X 1 t
—/ [/ f)é(u)du] K A (x, H)dt +/ [/ f;(u)du] K A (x, )dt.
0 t X X
Then,
’ S 1
U £\(f3x) — f(x) = %/4 t — )y A(x, H)dt
/ _ 7 _ 1
LD N
0

X X 1 t
—/ U f;(u)du] ICn’,\(x,z)dt—f—/ [/ f;(u)du] K A (x, Ddt.
0 t X X

From the above relation, it follows

|Unn(f:x) = f0)] < Un\(t — x;x)|

flad) + f1 o)
> |

+ f(”);f(x_)'|U,,,A<|t—x|;x)|

+ |- /X |:/x f;(u)dui| Ko (x, t)dt
o LJ:
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1 1
|:/ f;(u)du] Ko (x, t)dt| .
According to Lemma 6.1, we write

‘/X[/xf¥00du]KnAugﬂdt:‘/x[/W~ﬁ(Mdu]jzmlAQ,Ddt:i/xfﬂﬂnmAugﬂdﬁ
o LJt ' o LJi o 0

Thus,
W—/W[/Xfﬂwmu]KmﬂxJﬁh
0 t

S/O W|f;§(t)|77n,A()c,t)dt+/ RO .

T

(20)

< / L) (s 1)t
0

Since f/(x) = 0and 7, \(x,t) < I, one has

|1 0aed = [ 170 = f@ s nd < / \/(f)dt

N f

\/ (f) == \/ £,
[V

x_i

S\

From Lemma 6.1, we can write

X

/0 RO It 0di < 2(’(’ tr'ﬂ) x) / 11 Ol t)z
= zn('(’ ++'ﬂ) )/ 1o - O )
< %x(l - x)fo ; \/(f;)m
Using the change of variables t = x — )u—c, we have
20D / \x/(f) R amatl —x)fﬁ \/ (fd
PCEDN x—02 nm+1) A

2(n+|)\|)
=D )Z\/(f)

k=1 x—

and hence, we get
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=[] R e na < 2 \ g+ 2D >[§\x/<f
o LJ; T Bmatt S n VoY a4 1) = x)
x—ﬁ x——
2x [Vnl x ) 201 + A [Vnl x [ﬁ] x )
<=3 Vubh+ D) = -x) Y \/(fx)<72 \/ (). 1)
RS k=1 x—3 S

Using a similar method, we get

1
f [ / t f;<u>] Ko Cx. 1)1

IA

v 2<n+|A|>xf v
Ve e S

) Lt a1t
2(1 2(n + [ADx
= Z \x/ nn+1) Z \x/

k=1
5 [¥lx IT
<= Z \/ (22)
: X
The relations (20), (21), and (22) complete the proof of the theorem. (Il

7 Numerical Results

In this section, we will analyze the theoretical results presented in the previous
sections by numerical examples.

Example 7.1 Let f(x) = sin(2mx) and A = 0.5. Figure 1 is given the graphs of func-
tion f and operator U, ) forn = 10 and n = 15, respectively. This example explains
the convergence of the operators U, ) that are going to the function f if the values
of n are increasing.

Example 7.2 LetA =1, f(x) = (x? + 3x)e* and E, \(f; x) =| f(x) — Uy (f; X)|
be the error function of genuine A\-Bernstein—Durrmeyer operators. Figure 2 is given
the graphs of function f and operator U, ), for n =5, n =7 and n = 10, respec-
tively. This example explains the convergence of the operators U, ) that are going
to the function f if the values of n are increasing. Also, the error of approximation is
illustrated in Fig. 3.

Example 7.3 For A = —1, the convergence of genuine A-Bernstein—Durrmeyer
operators to f(x) = (x — 1) sin(2mx) is illustrated in Fig.4. Also, forn = 5,7, 10
the error functions E,, , are given in Fig.5.
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Fig. 1 Convergence of 17
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Example 7.4 Let f(x) = (x — 1) (x — ) (x — 2) andn = 7.InFig. 6, is illustrated
the convergence of genuine A-Bernstein-Durrmeyer operator for A = —1,0, 1. In
Fig.7, we give the graphs of error functions. We can see that in this special case the
error for genuine A-Bernstein—Durrmeyer operators Uy 1, is smaller than for Uy g,

that is classical genuine Bernstein—Durrmeyer operator.
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Fig. 5 Error of
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