Applications of Fixed Point Theorems )
and General Convergence in Orthogonal | @i
Metric Spaces

Bipan Hazarika

Abstract In this chapter, we discuss the general convergence methods in orthogonal
metric space. Also we study the applications of fixed point theorems to obtain the
existence of a solution of differential and integral equations in orthogonal metric
spaces.

1 Introduction

The concept of orthogonality in normed linear spaces has been studied by Birkhoff
[1-6] among others. The most natural notion of orthogonality arises in the case where
there is an inner product < ., . > compatible with the norm ||.|| on a space X. In this
case, L isdefined by x L yifandonlyif < x, y >= 0. Some of the major properties
of this relation are as follows:

(1) x L xifandonlyif x = Oforall x € X,

(2) x L yimplies ax L y forall x, y € X, a € R (Homogeneity),

(3) x L yimplies y L x forall x, y € X (Symmetry),

(4) x L yand x L zimplies x L (y + z) for all x, y, z € X (Additivity),

(5) Forevery x,y € X, x # 0, there exists a real number ~ such that x L (yx + y).

For general normed linear spaces (X, ||.||), Birkhoff [1] and James [5, 6] formulated
definitions of orthogonality which did not require the existence of an inner product
as follows:

(B) Birkhoff Orthogonality [1, 5, 6]: (x L y)(B) provided ||x|| < ||x + Ay]| for
allx,ye X, A e R,

(P) Pythagorean Orthogonality [4]: (x L y)(P) provided ||x — y||2 = ||x|> +
[ly||> forall x, y € X,
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(D)  Isosceles Orthogonality [4]: (x L y)(/) provided ||x — y|| = ||x + y|| for all
x,y € X,

(o) a-Orthogonality [7]: If « # 1, (x L y)(«) provided
(14 a)|lx =yl = llx — ay|l* + [lax — y|[* forall x, y € X,

((a, B))  (a, B)-Orthogonality [8]: If o, B # 1, (x L y)(«, B) provided
llx = 11> + llax = BylI> = llx = By|* + |ly — ax]|* forall x, y € X.

It should be noted that Pythagorean and isosceles orthogonalities are particular cases
of a-orthogonality, which is in turn a special case of («, (3)-orthogonality. An ordered
triples of the form (X, ||.||, L), where X is a real linear space, ||.|| is a norm on X,
and L is an orthogonality relation on X which has the properties (1)—(5), is an inner
product space if there is an inner product < ., . > on X such that < x, x >= ||x||?
forallx e Xand x L yifandonlyif < x,y >=0forallx, y € X.

Proposition 1.1 ([3, Theorem I]) If any of (x L y)(P), (x L y)(I), (x L y)(«) or
(x L y(a, B)) implies that x L y, then (X, ||.||, L) is an inner product space. If
dimX > 3 and (x L y)(B) impliesthat x L y, then (X, ||.||, L) is an inner product
space.

Definition 1.2 ([3]) The relation L is said to satisfy the norm invariance prop-
erty (NIP) provided the conditions x L y, ||x|| = ||z]|, [|y]| = ||w]|, and ||x — y|| =
|lz — w|| imply z L w.

Definition 1.3 ([3]) The relation _L is said to satisfy the rotation invariance property
(RIP) provided the following conditions hold

R1) Ifx Ly, ||x|| = |ly]l then (ax — by) L (ax + by) foralla, b € R,

(R2) If [|x|] = [Iyl| then [|y(x, y)x + y[| = |[7(y, x)y + x|, where y(x, y) and
v(y, x) are respective real numbers from (5) such that x L (y(x, y)x + y)
and y L (v(y, x)y + x).

Lemma 1.4 ([3, Theorem III]) (X, ||.||, L) is an inner product space if and only if
L satisfies NIP or RIP.

Lemma 1.5 ([3, Lemma 1.1]) Ifx,y € X, x,y # 0, and x L y, then x and y are
independent.

We define a function v : X x X — R by

(x.y) = 0, if x =0;
YY) = the unique vy such that x L (yx 4+ y), if x # 0.
From definition, we see that v(x, y) = O if and only if x L y. Also v(x, y) have the
following properties:
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Lemma 1.6 ([3, Lemma 1.3])

(i) v(x,0) =~(0,x) =0forall x € X,

(ii) v(x,Ay) = My(x,y) forallx,y € X, A € R,
(iii) y(A\x,y) = iv(x, y)forallx,y € X, A € R, A = neq0,
(iv) v(x,y) =0ifand only if y(y,x) =0,

(v) v(x,y+2) =vx,y)+vx,2) forallx,y, z € X.

2 Orthogonal Set

The notion of orthogonal set and orthogonal metric space was introduced by Gordji et
al. [9]. They gave an extension of Banach’s fixed point theorem in this new structure
and applied their results to prove the existence of a solution of an ordinary differential
equation. Applications of fixed point theorem in orthogonal metric spaces we refer
[10-12].

Definition 2.1 ([9]) Let X be a non-empty set and L. C X x X be a binary relation.
If L satisfies the following condition

dxo: (Vy,y L xp)or (Vy, xo L y)

then it is called an orthogonal set (written as O-set). We denote the orthogonal set
by (X, L). The element x is called an orthogonal element of X.

Definition 2.2 Let (X, ) be an orthogonal set. Any two elements x, y € X are said
to be orthogonally related if x L y.

Example 2.3 Let X = Z. Define x L y if there exists p € Z such that x = py. We
see that 0 L x for all x € Z. Hence (X, L) is an O-set.

Example 2.4 Let X be a non-empty set. Consider P (X) is the power sets of X. We
define L on P(X)as A L Bif ANB =¢. Wehave pN A = ¢ forall A € P(X).
Then (P(X), L) is an orthogonal set. Similarly we can define L on P(X)as A L B
if AU B = X. Then (P(X), L) is also an orthogonal set.

Example 2.5 Let X = [3, 0o) and define x L y if x < y. Taking xo = 3, (X, L) is
an orthogonal set.

Example 2.6 Let X = [0, 0co) and define x 1 yifxy € {x, y}. By taking xo = O or
xo = 1 (X, L) is an orthogonal set.

Example 2.7 Let (X, d) be a metric space and 7 : X — X be a Picard operator;
i.e., there exists z € X such that lim 7"(y) =z for all y € X. Define x <y if
n—0oQ

lim d(z, T"(y)) = 0. The (X, L) is an orthogonal set.
n—0oQ
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The following example shows that the orthogonal element xy is not unique.

Example 2.8 Suppose M,, is the setof all m x m matrices and Y is a positive definite
matrix. Define the relation 1. on M,, by A L B < 3X € M, suchthat AX = B. It
iseasytoseethat / L B, B L O and ﬁ 1 Bforall B € M,,, where I and O are
the identity and zero matrices in M,,, respectively. Then this orthogonal relation is
reflexive and transitive, but it is antisymmetry.

Example 2.9 For any D € M,,, consider the orthogonal relation L, on M, with
respect to D defined by

ALlp B & tr(ABD) = tr(DBA).

We have D 1 X forall X € M,,. Then this orthogonal relation is reflexive, transi-
tive, and symmetry.

Example 2.10 If 0 < o < 1, let A, ([0, 1]) be the space of Holder’s continuous
functions of the exponent ain [0, 1], 1.e., f € A, ([0, 1]) ifand only if || f]|s, < 00,

e If ) = )
x) —
1flla, = 1FOI+  sup LTV
vyelo gy X =l

For all 0 < o < 1, define A\, ([0, 1]) to be the set of f € A, ([0, 1]) such that

i L&) = fO)]
m--—--------

=y ey

=O0forall x, y € [0, 1].

For all o, 3 € [0, 1], we define A\, ([0, 1]) L Ag([O, 1]) if and only if )\n%ﬂ([o, 1] is
an infinite dimensional closed subspace of A ot ([0, 17). Hence (A, ([0, 1]), L) is an
orthogonal set.

Definition 2.11 ([9]) Let (X, L) be an orthogonal set. A sequence (x,) in X is called
an orthogonal sequence (O-sequence) if

Xn L Xpi1 or X041 L x,, Vn.

Definition 2.12 A mapping d : X x X — [0, 0o) is called a metric on the orthog-
onal set (X, L), if the following conditions are satisfied:

(O1) d(x,y) =d(y,x)forany x,y € X suchthatx L yandy L x,

(02) d(x,y) =0ifandonlyifx = y forany x, y € X suchthatx 1 yandy L x,

(03) d(x,z) <d(x,y)+d(y,z) forany x,y,z € X such that x L y,y 1 z and
x 1z

Then the ordered triple (X, L, d) is called an orthogonal metric space.

Example 2.13 Let X = Q. The orthogonal relation on X is defined x L y if and
only if x =0 or y = 0. Then (X, L) is an orthogonal set, and with the Euclidean
metric, (X, L, d) is an orthogonal metric space.
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Let X be an orthogonal setandd : X x X — [0, oo) be a mapping. For every x € X
we define the set

OKX, d, x) = {(x,l) CX:lim d(x,,x) =0andx, L x,Vn ¢ N} Y
n—oo

Definition 2.14 Let (X, L, d) be an orthogonal metric space. A sequence (x,) in X
is said to be

(i) an orthogonal convergent (in short O-convergent) to x if and only if (x,) €
OX,d, x),
(i) an orthogonal Cauchy (in short O-Cauchy) if and only if lim d(x,, x,,) =0

n,m— oo
and x, 1L x,, orx,, L x,,Vn,m € N.

Remark 2.15 In an orthogonal metric space (X, L, d), an orthogonal convergent
sequence may not be an orthogonal Cauchy.

Definition 2.16 ([9]) An orthogonal metric space (X, L, d) is said to be an orthog-
onal complete (O-complete) if every orthogonal Cauchy sequence converges in X.

Remark 2.17 Ttis easy to see that every complete metric space is orthogonal complete
but the converse is not true. For this remark, see the following examples.

Example 2.18 Let X = Q. Definex L yifand onlyifx = 0ory = 0. Then (X, 1)
is an orthogonal set. It is clear that Q is not a complete metric space with respect to
the Euclidean metric, but it is orthogonal complete. If (x,) is any orthogonal Cauchy
sequence in (Q, then there exists a subsequence (x,, ) of (x,) for which x,, = 0for all
k > 1. Then (x,,) converges to 0 € X. We know that every Cauchy sequence with a
convergent subsequence is convergent, so (x,) is convergent.

Example 2.19 Let X = [0, 1) and define the orthogonal relation on X by

Then (X, L) is an orthogonal set. We have X is not a complete metric space with
respect to Euclidean metric but it is orthogonal complete. Consider (x;,) is an orthog-
onal Cauchy sequence in X. Then there exists a subsequence (x,, ) of (x,) for which
xp, = Oforall k > 1, or there exists a monotone subsequence (x,, ) if (x,) for which
Xp, < j—‘ for all £k > 1. We see that (x,,) converges to a point x € [0, }1] C X. We
know that every Cauchy sequence with a convergent subsequence is convergent, so
(xp) is convergent in X.

Definition 2.20 ([9]) Let (X, L, d) be an orthogonal metric space. A function f :
X — X is said to be an orthogonal continuous (O-continuous or _L-continuous) at a
point xq in X if for each orthogonal sequence (x,) in X converging to x, such that
f(xy) = f(x0). Also f is said to be orthogonal continuous on X if f is orthogonal
continuous at each point on X.
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Remark 2.21 Ttis easy to see that every continuous mapping is orthogonal continu-
ous. The following examples show that the converse is not true in general.

Example 2.22 Let X = R. Define the orthogonality relation on X by x L y if and
only if x =0 or y # 0 in Q. Then (X, L) is an orthogonal set. Define a function
f:X— Xby

)2 ifxeqQ,
fo) = {o, ifx € Q.

Then f is an orthogonal continuous but f is not continuous on Q.

Example 2.23 Let X =R. Define x L y if x,y € (g + 1, g + 2) for some g € Z
orx = 0. Then (X, L) is an orthogonal set. Define a function f : X — X by f(x) =
[x]. Then f is an orthogonal continuous on X. Because for an orthogonal sequence
(x,) in X converging to x € X, then we have

Case-I: If x, = 0 for all n, then x = 0 and f(x,) =0 = f(x).

Case-II: If x,, # O for some ny, then there exists k € Z such that x,, € (k + %
k+ %) foralln > ng. Thenx € [q + %, g + 2] and f(x,) = k = f(x). It follows
that f is orthogonal continuous on X but it is not continuous on X.

If X = R” be a standard inner product space, then the Remark 2.21 is false. It follows
from the following theorem.

Lemma 2.24 ([13]) Let X = R" be a standard inner product spaceand T : X — X
be a mapping, where T (x) = (T;(x), Tr(x), ..., T,(x)) for all x € X, and each
T; is a mapping from R" to R for all i = 1,2,...,n. Then T is continuous at
y=0O1,Y2,...,Yn) ifand only if T; is continuous at y for eachi = 1,2, ..., n.

Theorem 2.25 ([14, Theorem 2.1]) Let (X, L, < .,.>) be an orthogonal inner
product space, where X = R", < ., . > denotes the standard inner product space and
L is an orthogonal relation on X defined by x L yif<x,y >=0forallx,y € X.
Then f : X — X is orthogonal continuous on X if and only if f is continuous on
X.

Proof Given that (X, 1, < .,. >) is an orthogonal inner product space, where X =
R". The orthogonality relation L on X is defined by x L yif < x, y >= 0. Suppose
(x¢) be a Cauchy orthogonal sequence converging to x, where x; = (x¥, x5, ..., x)
andx = (xy, x2, ..., x,).Supposethat f : X — X is an orthogonal continuous func-
tion at x. To show that f is continuous at x.

For any x, y € X, the distance function d(x, y) induced by the inner product is

given by

dx,y) = |:Z(Xi - yi)2j| .

i=1

Since f is orthogonal continuous at x then for any orthogonal sequence (x;) con-
verging to x, we have
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lim d(f (). £(0) =0

o=

= Jim {Zj(ﬁ(xk) - f,-(x))z} =0
= lim (fi(x) = fi(x))?> =0, foreach i

= fi(xx) = fi(x), foreachi, ask — oo
=> f; is continuous at x, foreachi =1,2,...n
= f is continuous at x, (Lemma 2.24).

Since x is arbitrary, so f is continuous on X.
Conversely, if f is continuous on X, it is easy to show that f is orthogonal
continuous on X.

3 Orthogonal Contractions

Definition 3.1 ([9]) Let (X, L, d) be an orthogonal metric space and 0 < K < 1.
A mapping 7 : X — X is called an orthogonal contraction (O-contraction or
1 -contraction) with Lipschitz constant K, if for all x,y € X with x L y then
d(Tx,Ty) < Kd(x, y)

Remark 3.2 1t is clear that every contraction is orthogonal contraction but the con-
verse is not true.

Example 3.3 Let X = [0, 10) and d be the Euclidean metric on X. Define x L y if
xy <xory.Let F:X — X be amap defined by

[ ifx <4,
F(x)_{o, if x > 4.

Letx L yand xy < x then we have
Case:l1 If x =0and y <4 then F(x) =0and F(y) =
Case:2Ifx =0and y > 4 then F(x) = F(y) =0.
Case:3If y <3 and x < 4then F(y) = § and F(x) = 3.
CasedIfy<landx >4thenx —y >y, F(y) = f—v ad F(x) =0.
Therefore we have |F(x) — F(y)| < };|X — y|, and hence, F is an orthogonal
contraction. But F is not a contraction, because foreach K < 1then |F(5) — F(4)| =
1>K=K|5—-14|.

Example 3.4 Let X = [0, 1) and d be the Euclidean metric on X. Define x L y if
xy € {x,y}forall x,y € X. Let F : X — X be a mapping defined by

B

2 ifxeQnNX
-1z ’
F(x)—{o, ifx € Q° N X.
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Then F is an orthogonal contraction on X but it is not a contraction.

Definition 3.5 ([9]) Let (X, L, d) be an orthogonal metric space. A mapping 7T :
X — X is said to be an orthogonal preserving (or L-preserving or O-preserving) if
x L yimplies Tx L Ty forallx,y € X.

Definition 3.6 ([9]) Let (X, L, d) be an orthogonal metric space. A mapping 7T :
X — X is said to be a weakly orthogonal preserving (or weakly _L-preserving or
weakly O-preserving) if x L y implies Tx L Tyor Ty L Tx forallx,y € X.

Example 3.7 ([9]) Let X be the set of all peoples in the world. We define x L y if
x can give blood to y. According to the following table, if x is a person such that
his/her blood type is O~, then we have xo L y for all y € X. Then (X, L) is an
orthogonal set. In the following, we see that in this orthogonal set x is not unique.

Type |You can give blood to|You can receive blood from
AT AT, ABT AT, AT, 07,07

ot | OoF, AT, BT ABT 0%, 0~

BT BT, ABT BT,B~,07.0~
ABT ABT Everyone

A~ |AT.A=,ABT AB~ A=,0"

(o Everyone o~

B~ |BY,B~,ABT,AB~ B~,0"

AB~ ABT,AB~ AB=,B7,07, A"

Remark 3.8 We have every orthogonal preserving mapping is weakly preserving,
but the converse is not true.

For this let (X, L) be an orthogonal set defined in the Example 3.7. Let O; in X be
a person with blood type O~; P; be a person with blood type A™. Define a mapping
F:X— Xby

_ P] , ifx = 01 ,
Flx) = { 0., ifx € X — {Oy).

Let O, € X — {0} be a person with blood type O~. Then we get O; L O, but we
do not have F(0O;) L F(O;). Therefore F is not an orthogonal preserving but it is
weakly orthogonal preserving.

Theorem 3.9 ([9, Theorem 3.11]) Let (X, L, d) be an orthogonal complete metric
space (not necessarily complete metric space) and 0 <k < 1. Let T : X — X be
an orthogonal continuous, orthogonal contraction with Lipschitz constant k, and
orthogonal preserving. Then T has a unique fixed point x € X. Also T is a Picard
operator, i.e., nli)n;o T"(x) = x forall x € X.
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Proof Giventhat (X, L, d) is an orthogonal metric space. Therefore by the definition
of orthogonality, there exists an element xo € X such that xo L y or y _L x¢ for all
y e X.

It follows that xq L T'xg or Txy L x¢. Let

x1=Txo0,x0=Tx; =T%x0, ..., Xp41 = Txy = T" ' xo, Vn € N.

Since T is orthogonal preserving, (x,) is an orthogonal sequence in X. Also since T
is an orthogonal contraction, so we have

d(xn’ xm) = k"d(xo, x1)7 Vn e N.
Ifm,n € Nand m > n we get

d(xm -xm) =< d(xm -anrl) + d(xn+lv xn+2) +- 4+ d(-xmfla -xm)
< k"d(xo,x1) + k"d(xo, x1) + -+ + K" d(x0, x1)

n

1—k

=

d(xo, x1).

Since 0 < k < 1 and d(xg, x1) is fixed, d(x,, x,,) — 0 as m, n — oo. Therefore
(xp) is an orthogonal Cauchy sequence in X. Since X is orthogonal complete, there
exists X € X such that x, — x. Again since T is orthogonal continuous, therefore
T(x,) = T(x)and T(x) = lign(Tx,,) = lilgn Xn+1 = X. Hence x is a fixed point of
T.

Next we prove that the uniqueness of x. Let y be another fixed point of 7. Then
we have T"(x) = x and 7" (y) = y for all n € N. By the definition of orthogonality,
we have

X0 1 x and X0 1 )_1

or
X J_XO and)'J J_xo.

Since T is orthogonal preserving, we have
T"(xp) L T"(x)and T"(x0) L T"(y)

or
T"(%) L T"(x) and T"(5) L T"(xo), Vn € N.

Now by triangular inequality, we have

d(x,y) =d(T"(x), T"(y))
=d(T"(x), T"(x0)) + d(T" (x0), T"(¥))
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< k"d(x,xo) + k"d(xo, y)

— Qasn — oo.

This shows that x = y.
Finally let x € X be arbitrary. Similarly we have

xo Lxandxg L x

or
x 1L xpand x L xg.

Since T is orthogonal preserving, we have
T"(xo) L T"(x)and T" (xg) L T"(x)

or
T"(%) L T"(xo) and T"(x) L T"(xo), Vn € N.

Thus for all n € N we have

dix,T"(x)) =d(T"(x), T"(x))
<d(T"(x), T"(x0)) + d(T" (x0), T"(x))
< k"d(x, xo) + k"d(xg, x)

— 0asn — oo.

This completes the proof.

B. Hazarika

Corollary 3.10 (Banach’s Contraction Principle) Let (X, d) be a complete metric
space and T : X — X be a mapping such that for some k € (0, 1), d(Tx, Ty) <

kd(x,y) forall x,y € X. Then T has a unique fixed point in X.

Proof Suppose that
xLly&dTx,Ty) <d(x,y).

For fix xo € X. Since T is a contraction, so for all y € X, xo L y. Hence (X, L) is
an orthogonal set. It is clear that X is an orthogonal complete and T is an orthogonal
contraction, orthogonal continuous, and orthogonal preserving. Then by Theorem

3.9, T has a fixed point in X.

The following example shows that Theorem 3.9 is a real extension of Banach’s

fixed point theorem.

Example 3.11 Suppose that (X =[0,9), L,d)and T : X — X is defined by

2 ifx <3
_13 =9
T(x)_{O, if x > 3.



Applications of Fixed Point Theorems and General Convergence ... 33

Then X is orthogonal complete (but not complete), and 7 is orthogonal continuous
(not continuous on X), orthogonal contraction, and orthogonal preserving on X.
Therefore by Theorem 3.9 T has a fixed point in X. However T is not a contraction
on X, so by Banach’s contraction principle, we cannot find any fixed point of 7' on
X.

4 Applications to Ordinary Differential Equations

We apply Theorem 3.9 to prove the existence of a solution for the following differ-
ential equation:

{u/(t) = f(t,u(t)), ae.t €I =1[0,T]

u) =a,a>1

(D

where f : I x R — R is an integrable function satisfying the following conditions:

(Cl) f(s,x)>0forallx >0ands €1,
(C2) there exists o € L'(I) such that

[f(s,x) = f(s, V)] < als)|x — yl

foralls € I and x, y > O with xy > x or y.

It is clear that the function f : I x R — R is not necessarily Lipschitz from the
condition (C2). We consider the function

: 1
sx, ifx < 3,
if x >

f(s,X)={0’

which satifies the conditions (C1) and (C2) but f is not continuous and monotone.
For s # 0 we have

1 2\ 1 1
(3) - (3)| =57 o=

Theorem 4.1 ([9, Theorem 4.1]) Under the conditions (C1)and (C2), forall T > 0,
the differential equation (1) has a unique positive solution.

3 5|

1 2 ‘

Proof Let X ={u € C(I,R) : u(t) > 0,Vt € I}. We consider the orthogonality
relation in X as
x Ly&sx(@)y()>x()ory(t), Vtel.

Let S(¢) = fot |a(s)|ds. Then we have S'(¢) = |a(t)| for almost every ¢ € I. Define
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l1x|la = supe 5O1x(1)|, d(x,y) =|lx — ylla,¥x,y € X.

xel

It is easy to show that (X, d) is a metric space.

We show that X is an orthogonal complete (not necessarily complete) metric
space. Consider (x,) is an orthogonal Cauchy sequence in X. It is easy to show that
(x,) is convergent to a point x € C([). It is enough to show that x € X. For ¢ € I
by the definition of L we have

Xn () Xp11(t) > x,(t) or x,,41(¢) foreachn € N.
Since x,(¢) > 0 for each n € N, there exists a subsequence (x,,) of (x,) for which
Xn, (t) = 1 for each k € N. By the convergence of this sequence to a real number,

x(t) implies that x(¢) > 1. Since ¢ € [ is arbitrary, so we have x € X.
Define a mapping F' : X — X by

F(u(t)):/ fG,u@)ds +a.
0

The fixed point of F is the solution of the Eq.(1). For this, we need to prove the
following steps.
Step-I: F is orthogonal preserving: Forall x, y € X withx L yand¢ € I we have

F(u()) =/ f(s,u()ds +a=>1
0

which implies that Fx(t) Fy(t) > Fx(t) andso Fx L Fy.
Step-1I: F is orthogonal contraction: For all x, y € X withx L y and ¢ € I, the
condition (C2) implies that

eSO Fx(t) — Fy(1)] < e5® / £ (5. x() = £ (s, y())lds
0

t
< S0 / s[5 eSO [x(s5) — y(s)]ds
0

t
<e %0 (/ Ioc(s)les(”dS> e = ylla
0

= e 70 = Dllx = ylla

< (1 —eMmyx —ylla,

so we have
||Fx — Fylla < (1 —e ®)|1x — y]|4.

Since 1 — e~ !l*ll < 1, so F is an orthogonal contraction.
Step-III: F is orthogonal continuous: Let (x,) be an orthogonal sequence in X con-
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verging to a point x € X. So we see that x(t) > 1 forall # € I and hence x,, L x for
all n € N. By condition (C2) we have

e SO|Fx,(t) — Fx(t)| < e 5% / | £ (s, %4(8)) — f(s,x(s))|ds
0

<1l—eh|x, —x||a,Vn e Nandr € I.

Hence
[|[Fx, — Fx||a < (1 — e 1*)[lx, — x||a, ¥n € N.

Therefore Fx, — Fx.
The uniqueness of the solution follows from Theorem 3.9. This completes the
proof.

5 Generalized Metric

A mapping D : X x X — [0, oo] is called a generalized metric on a non-empty set
X, if the following conditions are satisfied:

1. D(x,y) = D(y,x) forx,y € X,

2. D(x,y)=0& x=yforx,ye€ X,

3. D(x,2) < D(x,y)+ D(y, z) for x, y, z € X considering that if D(x, y) = oo
or D(y, z) = oo then D(x, y) + D(y, z) = oo.

Then the pair (X, D) is called a generalized metric space.

Definition 5.1 [15] Amapping D : X x X :— [0, oo] is called a generalized metric
on the orthogonal set (X, L), if it satisfy the following conditions:

(GO1) D(x,y) = D(y, x) for any points x, y € X suchthatx 1L yandy L x,

(GO2) D(x,y)=0<% x =yforanypointsx,y e X, x L yandy L x,

(GO3) D(x,z) < D(x,y) + D(y, z) forany pointsx, y,z € X,x L y,y L z, and
x L z,considering thatif D(x, y) = coor D(y, z) = oo then D(x, z7) = oo.

Then the ordered triple (X, L, D) is called generalized orthogonal metric space.

The concept of completeness of a generalized orthogonal metric space is defined
in the usual way.

Theorem 5.2 ([15, Theorem 3.2]) Let (X, L, D) be a generalized orthogonal com-
plete metric space. Let T : X — X be an orthogonal preserving and orthogonal
continuous map such that
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(1) D(Tx,Ty) < AD(x,y)foranypointsx,y € X suchthatx 1 yand0Q < X < 1,
(2) Forany x € X there exists ng such that for (T, L)-orbit (T"x);2, we have
D(T™x, T x) < o0,
(3) Ifx Ly, Tx =xand Ty = y then D(x,y) < o0.
Then there exists a unique fixed point x of the map T and lim T"x = x for any
n—oo

x e X.

Proof Consider the (T, L)-orbit (T"x);2, of an arbitrary point x € X. Suppose that
x LTx, Tx LT, T?x LTx, ..., T"x LT""'x,....

By the given condition (2), we find ng such that D(T"x, T™+!x) < co. Then for
n > no we have

D(T"x, T" 'x) < AD(T""'x, T"x)
< )\2D(T"_2x, Tn—lx)
< MDT" 3%, T" %x)

< )\nfn()D(Tn()x’ Tn(hle)
and

D(T"x, Tn+mx) < D(]ﬂ’lx7 Tn+lx)+D(Tn+1X, T”+2X) 4+ D(Tn+m_lx, Tn+mx)
< Ao D(Tn()x7 Tno-i-lx) 4ot )\n—i-m—]—n()D(Tnox’ Tn0+1x)
_ I:/\nfno 4= )\n+m717nUD(Tngx7 Tn0+lx)]

n—ng
< D(T™0x, T"0F 1y,

T 1=

Therefore the (7', L)-orbit (T"x):°, is a Cauchy sequence in X, and by the com-
pleteness of X, it converges to a point x € X. Since T is an orthogonal continuous,
so x is a fixed point of 7. Suppose that x 1. y, Tx = x and Ty = y, then by the
given condition (3) we have D(x, y) < oo, and by condition (1) we get

D(x,y) = D(Tx,Ty) = AD(x, y)

which is a contradiction. So the fixed point is unique, This completes the proof.

Definition 5.3 ([16]) Let (X, L) be an orthogonal set. A sequence (x,) in X is called
a strongly orthogonal (SO-orthogonal) if

Xn L Xpam Or Xy L x,,Vn,m € N.
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Remark 5.4 Every strongly orthogonal sequence is an orthogonal sequence, but the
converse is not true.

Example 5.5 Let X = 7Z. Define the orthogonal relation on X by x L y if and only
if xy € {x, y}. Consider a sequence (x,) in X as follows
_ 3, if n = 2k, for some k € Z,
tn = 1, if n = 2k + 1 for some k € Z.

Then we have x, L x,4; for all n € N, but x,, is not orthogonal to x4,. So (x,) is
an orthogonal sequence but not a strongly orthogonal sequence.

Definition 5.6 An orthogonal metric space (X, L, d) is called strongly orthogonal
complete (SO-complete) if every strongly orthogonal Cauchy sequence is convergent.

Remark 5.7 Every complete metric space is strongly orthogonal complete, but the
converse is not true.

Example 5.8 Consider X = {x € C([0, 1], R) : x(¢) > 0, Vr € [0, 1]}. Then X isan

incomplete metric space with the supremum norm ||x|| = sup |x(¢)|. Define the
t€[0,1]
orthogonal relation L on X by

xly &< x()y@) > lrer%%{x(t), y(®)}.

Then X is strongly orthogonal complete. If (x,) is a strongly orthogonal Cauchy
sequence in X, then for alln € Nand ¢ € [0, 1], x,(¢) > 1. Since C([0, 1], R) is a
Banach space with the supremum norm, so we can find an element x € C([0, 1], R)
for which ||x, — x|| = 0asn — oo. Since uniformly convergent implies the point-
wise convergent. Thus x(¢#) > 1 for all # € [0, 1] and hence x € X.

Remark 5.9 Every orthogonal complete metric space is strongly orthogonal com-
plete, but the converse is not true.

Example 5.10 Suppose X = [1, co) with the Euclidean metric and the orthogonal
relation on X is defined by x L y <= xy € {x, y}. Let (x,) be a strongly orthog-
onal Cauchy sequence in X, by the definition of 1 we have x, =1 for all n € N.
Therefore (x,) converges to 1. Consider a sequence

_ 0, if n = 2k, for some k € Z,
=Nk 41, ifn =2k + 1 for some k € Z.

Then (x,) is an orthogonal sequence but it is not convergent to any element in X.

Definition 5.11 ([16]) Let (X, L, d) is an orthogonal metric space. A mapping 7 :
X — X iscalledstrongly orthogonal continuous (SO-continuous) at xo € X, foreach
strongly orthogonal sequence (x,) in X if x,, — xo then T (x,,) — T (xp). Also T is
called strongly orthogonal continuous on X if it is strongly orthogonal continuous
at each point of X.
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Remark 5.12 Every continuous mapping is orthogonal continuous and every orthog-
onal continuous mapping is strongly orthogonal continuous, but the converse is not
true; i.e., every continuous mapping is strongly orthogonal continuous but the con-
verse is not true.

Example 5.13 Let X = R with the Euclidean metric. Suppose the orthogonal rela-
tion Lasx L y <= xy € {x, y}. Define a function T : X — X by

] LifxeQ,
Te) = {i if x € Q.

Then T is not continuous, but 7 is strongly orthogonal continuous, because we
consider x, € Q for enough large n. Then we have T (x,) = 1 — x = 1. Now we
consider a sequence

. 1, if n = 2k, for some k € 7Z,
= ‘/TZ, if n = 2k + 1 for some k € Z.

Then we see that x, — 0 but the sequence (7' (x,)) is not convergent to 7(0). So T
is not orthogonal continuous.

Definition 5.14 Let (X, L, d) be a strongly orthogonal complete metric space. A
mapping T : X — X is called strongly orthogonal Meir—Keeler contraction if for
every € > ( there exists d(¢) > 0 such that

x#y,xLyand e <d(x,y) <e+0(e) = d(Tx,Ty) <e. (D
Theorem 5.15 Let (X, L, d) be a strongly orthogonal complete metric space (not
necessarily complete) with an orthogonal element xy. Suppose that T : X — X
is orthogonal preserving, strongly orthogonal continuous such that satisfying the
strongly orthogonal Meir—Keeler contraction. Then T has a unique fixed point z € X.

Also T is a Picard operator, i.e., for all x € X, the sequence (T"(x)) is convergent
to z with respect to the metric d.

Proof By the definition of orthogonality, we have
xo Ly ory.lxy,VyeX.
It follows that xo L. Txq or Txy L x¢. Put
x1=Txg, x0 =T (x1) =T (x0), ..., Xnp1 = T(x,) = T" ' (x0), Vn € N.

‘We have
xo L x, or x, L xo,Vn € N.

Since T is orthogonal preserving, so we get
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Xm = Tm(XO) 1 Tm(xn) = Xptm O Xpym = T (xn) L Tm(xO) = Xm, Vn,m € N.

This gives that (x,) is a strongly orthogonal sequence.
We divide the proof in the following steps:
Step-I: To show that lim d(x,, x,) = 0.
n—00

If there exists mg € N, x,,,, = X;,,+1 then the result is obvious. Let x,, # x,,4 for
all n € N. Then by the Meir—Keeler condition, we have

d(anrh xn) < d(xnv xnfl)vvn eN.

This shows that the sequence (d(x,+1, X,)) is strictly decreasing and it converges.
Put lim d(x,4;, x,) = t. We prove that t = 0. Suppose that ¢ > 0. Using the Meir—
n—0oo

Keeler condition for ¢ > 0, we can find §(¢) > 0 such that
x#y,x Lyandt <d(x,y) <t+61t) = d(Tx,Ty) <t.

Since lim d(x,+1, x,) = t, then there exists my € N such that

n—oo
t <dXpy, Xmg—1) <t +0(0) = d(Txpmy, Ximy—1) < 1.

This implies that d (x,,,+1, Xm,) < ¢, and it contradicts the assumption lim d(x,41,
n—oo

x,) = t. Therefore t = 0.

Step-1II: To prove that (x,) is a strongly orthogonal Cauchy sequence.

Suppose that (x,) is not a strongly orthogonal Cauchy sequence. There existe > 0
and two sequences (my) and (ny) such that my; > ny > my

d (X, xn,) = € and d (X, Xp,) <€ (2)
To prove the result (2), we suppose that
Sy ={m e N:3ng > mo, d(xp, Xy) = €,m > 0y > mg}.
Clearly S; # ¢ and S; € N, then by the well-ordering principle, the minimum ele-
ment of & is denoted by my, and clearly the result (2) holds. Then there exists
d(¢) > 0 (which can be chosen as §(g) < ¢) satisfy the result (1). Then by Step-I, we

show that there exists m € N such that d(x,,,, Xm,+1) < d(€). Then for fix k > my
we have

d(xmk—la xnk—l) = d(xmk—l’ xnk) + d(xnk’ xnk—l)
<e+4d(e).

Now we consider the two cases:
Case-I: Suppose that d (X, —1, Xp,—1) > €.
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Since x,,—; and x,,,_; are orthogonal comparable, using the condition (1) we get
9 S d(xmk—lvxnk—l) < €+5(6) é d(xmkaxnk) <E&.

Case-II: Suppose that d(x,,,—1, Xn,—1) < €.
Since x,,,—; and x,,_; are orthogonal comparable, then by (1) we get

d(-xmka xnk) < d(-xmk—lv xnk—l) <E&.

Hence in each case we get d(x,,, xn,,) < ¢ which contradicts the condition (2).
Hence (x,,) is a strongly orthogonal Cauchy sequence. Since X is strongly orthogonal
complete, then there exists yg € X suchthatx,, — yy.Sod(x,, yo) = coasn — oo.
Also since T is a strongly orthogonal continuous, then for any € > O there exists
mgo € N such that

€ €
d(Xpmg+1, Yo) < 3 and d(T'xu,, Tyo) < 5

Now

d(Tyo, yo) = d(Tyo, Txmy) + d(T Xy, yo)
JELf .
-2 2
It follows that Tyy = yo. Hence T has a fixed point in X.
Now we prove that T is a Picard operator. Let x € X be arbitrary. By the choice
of x¢, we have
xo L yoand xo L x

or
yo L xpand x L xq

Since T is orthogonal preserving, it implies that
x, L ypand x, L T"x

or
yo L x,and T"x L x,,Vn € N,

Now we show that the sequence (d(7"x, x,)) converges to zero. For some mg € N,
if T™0x = x,,, thend(T"x, x,) = 0 for all n > m.

Let T"x # x, foralln € N. The Meir—Keeler condition implies that the sequence
d(T"x, x,)) is strictly decreasing. Using the same argument in Step-I, we get
lim d(T"x, x,) = 0. For all n € N we obtain that

n—00
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d(T"x, yo) <d(T"x, x,) +d(x,, yo) = 0asn — oo.

Therefore T"x — .
Finally we prove that the fixed point y is unique. Let y € X be another fixed point
of T, then T"y = y for all n € N. It follows from 7 is a Picard operator that y = .

6 Applications to Integral Equations

We study the existence and uniqueness of a solution of the following integral equation

' b
u(t) = / e <f e Tg(s, T, M(T))d7’> ds (1)
0 0

Let p > 0, g be a function from [0, p] x [0, p] x X into X and I" : [0, p] x [0, p]x
[0, p] — R™ be an integrable function for which

P1) G)g:(t,.,x):s —> g(t,s,x) is an integrable function for every x € X and
for all € [0, p]
(i) g(¢, s,.) : x — g(t, s, x) is d-continuous on X for all ¢, s € [0, p].

P2) (1) g(t,s,x) = 0forall x > 0 and forallz, s € [0, p]
(i) g(t, s, x)g(’,r,y) > g(t,t', xy) foreach x, y € X with xy > 0 and for all
t,t',r,s €[0, pl.

(P3) Thereexistsy > Osuchthatd(g(t, s, x), g(¢,s,y)) < ~vd(x, y)forall (¢, s, x),
(t,s,y) €10, p] x [0, p] x X with xy > 0.

P4) d(g(t, s, x),g(v,s,x)) <I'(,v,s)forall (¢, s, x), (v, s, x) € [0, p] x [0, p]

x X and
p

lim | I'(¢,v,s)ds =0

1—>00

0

uniformly for all v € [0, p].

We consider B = C ([0, p], X) the space of all continuous function from [0, p] into
X. Itis a complete metric space with the metric

dy(u, w) = sup e ""|u(r) — w(r)|, where b > 0.
t€[0, p]

We define the operators 7' and S on B by

Tu(t) = /p e g(t,s,u(s))ds
0

Su(t) :/ e 'Tu(s)ds
0
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We have the fixed points of S are the solutions of the Eq. (1) and B is invariant under
T and S.

Theorem 6.1 Under the conditions (P1)—(P4), for all p > 0 the integral equation
(1) has a unique solution in B.

Proof We consider the orthogonal relation on 3 as
ulw << u@®w()=>0,Vvrel0,pl

It is clear that B is a strongly orthogonal complete metric space. To complete the
proof, we need the following steps.

Step-I: S is an orthogonal preserving. For each u, w € B with u L w, by the
hypothesis (P1)(i) and (P2)(ii) we have

P p
Tu(@®)Tw(t) :/ e *g(t,s, u(s))ds/ e g, r, wr))dr
0 0
= /p /p et g(t, s, uls))g(t’, r, w(r))dsdr
o Jo

> fp /p e g, 1, u(s)wr)dsdr, u(s)w(r) =0
0 0

> 0 foreacht,t €0, pl.

Therefore Tu 1| Tw. By the definition of § we have Su L Sw.
Step-1II: To prove that S is dj,-Lipschitz on orthogonal comparable elements. Let
k=1
M = {so, s1, . .., s} be a subdivision of the interval [0, p]. Then we have Y (s;41 —
i=0
)4
s;)e % x(s;) is norm convergent and consequently dj,-convergent to f e *x(s)dsin B,

0
when |M| = sup{|sjt1 —s;|:i=0,1,2,...,k—1} > 0as k — oo. Let u L w.
Then we have

P
/(; e*S(g(t’S’M(S)) _g(tvsaw(s)))ds
k-1
= klillgo Z(;(SH-I —sp)e i (g(t, si, uls)) — g, si, wis;)))

and

k-1 »
E (six1 —sp)e™ % < / elds=1—e? <1
i=0 0

by Fatou property and condition (P3). Now we have
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k—1
d(Tu@), Tw(t)) < liminf Y (sip1 — si)e d(g(t, si, u(s)), g(t, si, w(s)))
i=0
k—1
< Aim inf Z(sm —sp)e d(u(s;), wis))
i=0
k—1
< Aliminf ) (sip1 — )" dy(u. w).
i=0

Therefore we get

e d(Tu(t), Tw()) < e <fp ebfds) dy(u, w)
0

bp __ 1
<Ay, w).
Hence
e —1
dp(Tu, Tw) < A dp(u, w).
By definition of S gives that
A
dp(Su, Sw) < Ndp(u, w), where N = TE) (1—e ®HPy (e —1).

Step-III: To show that S satisfies the Meir—Keeler condition.
We define
0(e) = {dp(u, w) : dp(Su, Sw) > cand u L w}.

Let0O < N < land e > 0 be given. If u L w and d,(Su, Sw) > ¢ then by Step-II,
we have

dy(u, w) = N7 'e.
So d(¢) > N~ 'e > ¢. By using Theorem 1 of [17] we have S satisfies the Meir—

Keeler condition. Therefore by Theorem 5.15, S has a unique fixed point, which is
the solution of the integral equation (1).

7 Different Types of Convergence
The asymptotic density or density of a subset U of N, denoted by §(U), is given by

1
5(U) = lim —|{k <n:keU},
n—>oo n
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if this limit exists, where [{k < n : k € U}| denotes the cardinality of the set {k <
n:k € U}. Fast [18] and Steinhaus [19] independently introduced the notion of
statistical convergence with the help of asymptotic density, and later on Schoenberg
[20] reintroduced it. A sequence X = (x,) is said to be statistically convergent to
£ if for every € > 0, the set {n € N : |x, — £| > €} has density zero. We call ¢ the
statistical limit of x. The set of all statistically convergent sequences is denoted by
st.

The notion of ideal convergence is the dual (equivalent) to the notion of filter
convergence which was introduced by Cartan [21]. The filter convergence is a gen-
eralization of the classical notion of convergence of a sequence, and it has been an
important tool in general topology and functional analysis. Kostyrko et al. [22] and
Nuray and Ruckle [23] independently discussed the ideal convergence which is based
on the structure of the admissible ideal Z of subsets of natural numbers N. It was fur-
ther investigated by many authors, e.g., Salat et al. [24], and references therein. The
statistical convergence and ideal convergence for sequences of real-valued functions
were studied by Balcerzak et al. [25].

A non-empty class Z of power sets of a non-empty set X is called an ideal on X
if and only if (i) ¢ € 7 (ii) Z is additive under union (iii) hereditary. An ideal Z is
called non-trivial if T # ¢ and X ¢ Z. A non-empty class F of power sets of X is
called a filter on X if and only if (i) ¢ ¢ F (ii) F is additive under intersection (iii)
foreachU € Fand V D U, implies V € F. A non-trivial ideal Z is said to be (i) an
admissible ideal on X if and only if it contains all singletons (ii) maximal, if there
cannot exist any non-trivial ideal U # 7 containing Z as a subset (iii) is said to be a
translation invariant ideal if {(n +1:n e U} € Z, forany U € 7.

We recall that a real sequence x = (x,) is called ideal convergent (in short Z-
convergent) to the number / (denoted by Z-1lim x, = [) if for every € > 0, the set
{n e N:|x, —1| > ¢} is in Z. The set of all ideal convergent sequences denoted
by Z.

A lacunary sequence 6 = (k) is a non-decreasing sequence of positive integers
such that ky # 0 and A, : k, — k,_; — oo. The intervals determined by € will be
denoted by I, = (k,_1, k], and the ratio k—l will be abbreviated as g,. We assume
that lim inf, g, > 1. The notion of lacunar'}; statistical convergence was introduced
and studied by Fridy and Orhan [26, 27]. A sequence (x,) in R is called lacunary
statistically convergent to x € R if

lim L ik €L;|x, — x| =€}l =0,
r—oo i,
for every positive real number €. The set of all lacunary statistically convergent
sequences is denoted by stg.

Connor and Grosse-Erdman [28] gave sequential definitions of continuity for real
functions calling G-continuity, where a method of sequential convergence, or briefly a
method, is a linear function G defined on a linear subspace of s, denoted by cg, into R.
We refer [29] for sequential compactness and [30, 31] for G-sequential continuity.
A sequence x = (x,) is said to be G-convergent to £ if x € ¢g and G(x) = £. In
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particular, lim denotes the limit function lim x = lim,, x,, on the linear space ¢, and
st — lim denotes the statistical limit function st — lim x = st — lim,, x,, on the linear
space st and sty — lim denotes the lacunary statistical limit function sty — limx =
sty — lim, x,, on the linear space sty. Also Z — lim denotes the Z-limit function
7 —limx = Z — lim, x,, on the linear space Z(R). A method G is called regular if
every convergent sequence X = (x,) is G-convergent with G(x) = lim x. A method
is called subsequential if whenever x is G-convergent with G(x) = ¢, then there is a
subsequence (x,,) of x with limy x,,, = £.

8 General Convergence

Let X be an orthogonal setand d : X x X — [0, 0co) be a mapping. Forevery x € X
we define the set

GOX.d, x) = [(xn) CX:G— limd(x,.x)=0andx, L x,Vn e N}. (1)

Definition 8.1 Let (X, L, d) be an orthogonal metric space. A sequence (x,) in X
is said to be

(i) G-orthogonal convergent (in short G O-convergent) to x if and only if (x,) €
GoOX,d, x),
(i) G-orthogonal Cauchy (in short G O-Cauchy) if and onlyif G — lim d(x,, x;,)
n,m—oo

=0andx, L x,, orx,, L x,,Vn,m € N.

Theorem 8.2 Let (X, L, < .,.>) be an orthogonal inner product space, where
X =R", < .,. > denotes the standard inner product space and L is an orthogonal
relation on X defined by x L yif <x,y >=0forall x,y € X. Let (x,) and (y,)
be two sequences in X with (x,) € GO(X,d, x) and (y,) € GO(X,d, y). Then

(a) (-xn + )’n) e gO(X»da-x + )7)»

(b)) <Xy, Yy >—>g<Xx,y>.
Proof The proof is simple. The reader should prove the theorem on its own.

Definition 8.3 Let (X, L, d) be an orthogonal metric space. A function f : X — X
is said to be G-orthogonal continuous (G O-continuous) at a point xq in X if for each
orthogonal sequence (x,) in X, G-converging to x such that f(x,) —¢g f(xo). Also
f is said to be G-orthogonal continuous on X if f is G-orthogonal continuous at
each point on X.

Definition 8.4 Let (X, L, d) be an orthogonal metric space and E C X. A function
f+E — X is said to be G-orthogonal sequentially continuous (G O-sequentially
continuous) at a point xo in X if for each orthogonal sequence (x,,) € E, G-converging
to xo such that f(x,) —¢g f(x0).
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Theorem 8.5 Let G be a regular method and (X, L, d) an orthogonal metric space,
and f, g : X — X be functions on X. Then the following are satisfied.

(a) If f and g are G O-sequentially continuous, then so also is g f,
(b) If f and g are G O-sequentially continuous, then so also is f + g.

Proof (a) Let x be an orthogonal sequence in X such that G(x) = xy € X. Since f
is G O-sequentially continuous at xg, we get G(f(x)) = f(xo) and since g is GO-
sequentially continuous at f(xp) we have G(g(f(x))) = g(f(xg)). Therefore the
function g f is G O-sequentially continuous.

(b) Let x be an orthogonal sequence in X such that G(x) = xo € X. Since the
functions f and g are GO-sequentially continuous, so we have G(f(x)) = f(xo)
and G((x)) = g(xp). Therefore by the additivity of G we get

Gf + 9 =G(f(X) +9(x) =G(f (X)) + G(g(x) = f(x0) + g(x0) = (f + 9)(x0)

i.e., f + g is GO-sequentially continuous.

Theorem 8.6 Let G be a method and (X, L, d) be an orthogonal metric space. Then
we have the following.

(i) If f : X — X is GO-sequentially continuous, then so also is a restriction fy :
A — X to a subset A,
(ii) The identity map J : X — X is GO-sequentially continuous,
(iii) For a subset A C X, the inclusionmap f : A — X is GO-sequentially contin-
uous,
(iv) If G is regular, then the constant map C : X — X is G O-sequentially continu-
ous,
(v) If f is GO-sequentially continuous, then so also is — f,
(vi) The inverse function f : X — X; f(x) = —x is GO-sequentially continuous.

Proof (i) Let x be an orthogonal sequence of the terms in A with G(x) = xp. Since
f is GO-sequentially continuous, then we have G(f(x)) = f(xo)-

(ii) Let G(x) = xq for an orthogonal sequence x in X. Then G(J (X)) = G(X) =
xo = J(x0) and so J is G O-sequentially continuous.

(iii) Follows immediately from (i) and (ii).

(iv) Let C : X — X be a constant map with C(x) = yy and let X be an orthog-
onal sequence in X with G(x) = xo. Then C(x) = (Yo, Yo, - - .) which G-converges
to yp. Since G is regular G(C(x)) = yp = C(xp). Therefore C is G O-sequentially
continuous.

(v) Let x be an orthogonal sequence in X with G(x) = x. Since f is GO-
sequentially continuous G(f(x)) = f(x¢). Therefore G(—f(x)) = —G(f(x)) =
— f(x0), and hence, — f is G O-sequentially continuous.

(vi) Follows immediately from (ii) and (v).

Corollary 8.7 Let G be a regular method and CG O (X) the class of G O -sequentially
continuous functions. Then CG O (X) becomes a group with the sum of functions.
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Definition 8.8 Let (X, L, d) be an orthogonal metric space. Let A C X and xy € X.
Then x is in the G O-sequential closure of A (it is called GO-hull of A) if there is
an orthogonal sequence x = (x,) of points in A such that G(x) = xo. We denote
G O-sequential closure of a set A by A9, We say that a subset A is G O-sequentially
closed if it contains all the points in its G O-sequential closure, i.e., if A0 C A It
is clear that ago = ¢ and X99 = X.If G is a regular method, then A C A C A99,
and hence, A is G O-sequentially closed if and only if A9 = A.

Definition 8.9 A subset A of an orthogonal metric space (X, L, d) is called GO-
sequentially open if its complement is G O-sequentially closed, i.e., X \Ago C X\A.

Definition 8.10 A function f is said to be G O-sequentially open if the image of
any G O-sequentially open subset of an orthogonal metric space (X, L, d) is GO-
sequentially open.

Definition 8.11 Let (X, L, d) be an orthogonal metric space. A function f is said
to be G O-sequentially closed if the image of any G O-sequentially closed subset of
X is G O-sequentially closed.

Theorem 8.12 Let (X, L, d) be an orthogonal metric space and G be a regular
method. A function f : X — X is GO-sequentially closed if f(B)gO - f(EgO)
for every subset B.

Proof Let f : X — X be a function such that f(B)gO C f(EgO) for any subset B.

Let A be a GO-closed subset. By assumption f(A)gO - f(ZgO). Since G is regular
B =B and so we have f(B)gO C f(B) and therefore f(B) is GO-sequentially

closed.

Theorem 8.13 Let (X, L, d) be an orthogonal metric space and G be a regular
method. If a function f is G O-sequentially continuous on X, then the inverse image
f~Y(A) of any GO-sequentially open subset A of X is G O-sequentially open.

Proof Let f: X — X be any GO-sequentially continuous function and A be any
G O-sequentially open subset of X. Then X\ A is G O-sequentially closed. By Lemma
8.12, f (X \A) is GO-sequentially closed. On the other hand

1 x\A) = OO\ ) = X\ f1(A)

and so it follows that f~'(A) is G O-sequentially open. This completes the proof of
the theorem.

Definition 8.14 Let (X, L, d) be an orthogonal metric space. A point x is called
a G O-sequential accumulation point of a subset A of X (or is in the G O-sequential
derived set) if there is an orthogonal sequence X = (x,,) of points in A\{xo} such that

G(x) = xo.
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Definition 8.15 Let (X, L, d) be an orthogonal metric space. A subset A of X is
called G O-sequentially countably compact if any infinite subset of A has at least one
G O-sequential accumulation point in A.

Theorem 8.16 Let (X, L, < .,. >) be an orthogonal inner product space, where
X =R", <.,. > denotes the standard inner product space and | is an orthog-
onal relation on X defined by x L y if <x,y >=0 for all x,y € X. Then any
G-orthogonal sequentially continuous function at point x if and only if it is contin-
uous at xq in the ordinary sense.

Proof The proof follows from Theorem 2.25 and the definition.

Theorem 8.17 Let (X, L, d) be an orthogonal metric space. Suppose that G is
a regular method. Let f : X — X be an additive function on X. Then f is GO-
sequentially continuous at origin if and only if f is GO-sequentially continuous at
any pointb € X.

Proof Let the additive function f : X — X be G O-sequentially continuous at ori-
gin. So for an orthogonal sequence x = (x,,) € X such that G( f(x)) = 0, whenever
G(x) = 0. Let x be a sequence in X with G — limx = b and b the constant sequence
b = (b, b, ...). Since G is regular G(b) = b. Therefore the sequence x — b is GO-
convergent to 0. So by assumption G(f(x — b)) = 0. Since f and G are additive
G(f(x)) — G(f (b)) = 0. Since the constant sequence f(b) tends to f(b) and G is
regular, G(f (b)) = f(b). Therefore we have that G(f(x)) = f(b).

Theorem 8.18 Let G be a regular subsequential method. Then a subset of X is
G O-sequentially compact if and only if it is G O -sequentially countably compact.

Proof Let A be any G O-sequentially compact subset of X and B be an infinite subset
of A. We can choose an orthogonal sequence x = (x,,) of different points of B. Since
A is G O-sequentially compact, so it implies that of B that the orthogonal sequence
x has a convergent subsequence y = () = (x,,,) with G(y) = xo. Since G is a sub-
sequential method, y has a convergent subsequence z = (z;) of the subsequence
y with lim; z; = xo. By the regularity of G, we obtain that xy is a GO-sequential
accumulation point of B. Thus A is G O-sequentially countably compact.

Next we suppose that A is any G O-sequentially countably compact subset of X.
Letx = (x,) be an orthogonal sequence of pointsin A. We write P = {x,, : n € N}.If
P is finite, then there is nothing to prove. If P is infinite, then P has a G O-sequential
accumulation pointin A. Alsoeach set P, = {x; : k > n}, for each positive integer n,

has a G O-sequential accumulation pointin A. Then the intersection [ | Ego # ¢.
So there is an element xy of A which belongs to the intersection. Since G is a
regular subsequential method, xo € ﬂflozl ‘P,. Then it is not difficult to construct a
subsequence z = (zx) = (x,,) of the sequence x with G(z) € A. This completes the
proof.
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9 Orthogonal Sequential Compactness

We consider (X, L, d) is an orthogonal metric space.

Definition 9.1 A subset E of X is called an orthogonal sequentially compact if any
sequence (x,) in E has a G-convergent subsequence whose limit is in E.

Definition 9.2 A subset E of X is called G O-sequentially compact if any sequence
(x,) in E, there is subsequence y = (yx) = (x,,) of (x,) such that G(y) = lim; yx
in E.

Remark 9.3 Any sequentially compact subset E of X is also G-orthogonal sequen-
tially compact and the converse is not always true. For this, see the following example.

Example 9.4 Let (X =1[0,1), L,d) be an orthogonal metric space. Define the
orthogonal relation L on X by

There exists a subsequence (yx) = (x,,) of (x,) for which x,, =0 forallk > 1 or
there exists a monotone subsequence (x,, ) if (x,) for which x,, < % forallk > 1. We
see that (x,, ) is G-convergent to apoint x € [0, %] C X.If we consider a subsequence
() = (1 = 1) of (x,), then limy y is not in [0, 1].

Theorem 9.5 Every GO-sequentially closed subset of a GO -sequentially compact
subset of X is G O-sequentially compact.

Proof Let A be any GO-sequentially compact subset of X and B be a GO-
sequentially closed subset of A. Consider an orthogonal sequence x = (x,,) of points
in B. Then x is a sequence of points in A. Since A is GO-sequentially compact,
there is a subsequence y = (yx) = (x,,) of sequence x such that G(y) € A. The sub-
sequence y is also a sequence of points in B. Since B is G O-sequentially closed,
so G(y) € B. Thus x has a G-convergent subsequence, with G(y) € B. Hence B is
G O-sequentially compact.

Theorem 9.6 LetG be aregular subsequential method. Every G O-sequentially com-
pact subset of X is G O-sequentially closed.

Proof Let A be any G O-sequentially compact subset of X. Take any xo € A. Then
there is an orthogonal sequence x = (x,,) of points in A such that G(x) = xy. Since G
is a subsequential method, there is a subsequence y = (yx) = (x,,) of the sequence
x such that limy x,, = x¢. Since G is regular, so we have G(y) = x¢. By the GO-
sequential compactness of A, there is a subsequence z = (z;) of the subsequence
y such that G(z) = x; € A. Since lim; z;x = x¢ and G is regular, G(z) = xy. Thus
xo = x1 and hence xy € A. Thus A is G O-sequentially closed.
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Corollary 9.7 Let G be a regular subsequential method. Then a subset of X is
G O-sequentially compact if and only if it is sequentially countably compact in the
ordinary sense.

Corollary 9.8 Let G be a regular subsequential method. Then a subset of X is GO-
sequentially compact if and only if it is countably compact in the ordinary sense.

Theorem 9.9 Every G O-sequential continuous image of any G O-sequentially com-
pact subset of X is G O-sequentially compact.

Proof Let f be any G O-sequentially continuous function on X and A be any GO-
sequentially compact subset of X. Consider an orthogonal sequence y = (y,) =
(f (x,)) of points in f(A). Since A is GO-sequentially compact, there exists a
subsequence z = (zx) = (x,,) of the sequence x = (x,,) with G(z) € A. Then the
sequence f(z) = (f(zx)) = (f(x,,)) is a subsequence of the sequence y. Since f
is G O-sequentially continuous, so we have G(f(z)) = f(z0) € f(A). Hence f(A)
is G O-sequentially compact.

Corollary 9.10 Let G be a regular subsequential method. Then every GO-
sequentially continuous image of any sequentially compact subset of X is sequen-
tially compact.
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