Statistical Deferred Cesaro Summability )
Mean Based on (p, g)-Integers with oo
Application to Approximation Theorems

S. K. Paikray, B. B. Jena and U. K. Misra

Abstract This chapter consists of four sections. The first section is introductory in
which a concept (presumably new) of statistical deferred Cesaro summability mean
based on (p, g)-integers has been introduced and accordingly some basic termi-
nologies are presented. In the second section, we have applied our proposed mean
under the difference sequence of order r to prove a Korovkin-type approximation
theorem for the set of functions 1, e and e~>* defined on a Banach space C[0, oo)
and demonstrated that our theorem is a non-trivial extension of some well-known
Korovkin-type approximation theorems. In the third section, we have established a
result for the rate of our statistical deferred Cesaro summability mean with the help of
the modulus of continuity. Finally, in the last section, we have given some concluding
remarks and presented some interesting examples in support of our definitions and
results.
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1 Introduction

In the study of sequence spaces, classical convergence has got numerous applications
where the convergence of a sequence requires that almost all elements are to satisfy
the convergence condition. That is, all the elements of the sequence need to be in an
arbitrarily small neighborhood of the limit. However, such restriction is relaxed in
statistical convergence, where the validity of convergence condition is achieved only
for a majority of elements. The notion of statistical convergence was introduced by
Fast [13] and Steinhaus [29]. Recently, statistical convergence has been a dynamic
research area due to the fact that it is more general than classical convergence,
and such theory is discussed in the study of Fourier analysis, number theory, and
approximation theory. For more details, see [7, 9-11, 14, 15, 17, 21, 24, 26-28].

Let w be the set of all real-valued sequences, and suppose any subspace of w be
the sequence space. Let (x;) be a sequence with real and complex terms. Suppose
£~ be the class of all bounded linear spaces, and let ¢, co be the respective classes
for convergent and null sequences with real and complex terms. We have

[Xlloo = sup|xe| (k € N),

and we recall here that under this norm, the above-mentioned spaces are all Banach
spaces.

The notion of difference sequence space was initially studied by Kizmaz [18],
and then, it was extended to the difference sequence of natural order r (r € Ny :=
{0} U N) by defining

MAY ={x=@): Ax) €N A€ (loo, o, 0)};
A = (n); ATx = (A — A )

and
r r
Axy = ;(—l)l <i>xk+i

(see [18]). Also, these are all Banach spaces under the norm defined by
bxllar =Y il + supg A" xl.
i=1

For more interest in this direction, see the current works [6, 12, 16].
Let N be the set of natural numbers, and let K € N. Also let

K,=1{k:k<n and k € K}
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and suppose that | K, | be the cardinality of K,. Then, the natural density of K is
defined by

. K| .1
0(K) = lim = lim —|{k:k <n and k € K}|,

n—o0o n n—>00 1

provided the limit exists.
A given sequence (x,) is said to be statistically convergent to ¢ if, for each € > 0,
the set
K.=1{k:keN and |x; —£]| > €}

has zero natural density (see [13, 29]). That is, for each € > 0,

K. o1

6(K.) = lim |—| = lim —|{k:k<n and |x; — €| > €}| =0.
n—oo n n—oo n

In this case, we write

stat lim x,, = £.
n— o0

Now, we present an example to show that every convergent sequence is statistically
convergent, but the converse is not true in general.

Example 1 Let us consider the sequence x = (x,) by

1

n whenn = m?, forallm € N
X, = .
o otherwise.

Then, it is easy to see that the sequence (x,) is divergent in the ordinary sense,
while 0 is the statistical limit of (x,) since §(K) = 0, where K = {m?, forall m =
1,2,3,...}

In2002, Méricz [22], introduced the fundamental idea of statistical (C, 1) summa-
bility and recently Mohiuddine et al. [20] has established statistical (C, 1) summa-
bility as follows.

Let us consider a sequence x = (x,); the (C, 1) mean of the sequence is given by

1 n
Op = m ;Xk,

and (x,) is said to be statistical (C, 1) summable to £ if, for each ¢ > 0, the set
{k:keN and |0} — €| > €}

has zero Cesaro density. That is, for each ¢ > 0,

1
lim —|{k:k <n and |0y — €] > €}| = 0.
n—00 n
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In this case, we write
stat lim o, = £ or C;(stat) lim x, = £.
n— 00 n—oQ

Subsequently, with the development of g-calculus, various researchers worked on
certain new generalizations of positive linear operators based on g-integers (see [3,
5]). Recently, Mursaleen et al. [23] introduced the (p, ¢)-analogue of Bernstein oper-
ators in connection with (p, ¢g)-integers, and later on, some approximation results for
Baskakov operators and Bernstein-Schurer operators are studied for (p, g)-integers
by [1].

We now recall some definitions and basic notations on (p, g)-integers for our
present study:

For any (n € N), the (p, g)-integer [n], 4 is defined by,

n

] o (n = 1)
n =
P10 =0

where 0 <g <p <1.
The (p, q)-factorial is defined by

| (11,4214 -.-[n]pq (R = 1)
e =1 (n = 0).

The (p, g)-binomial coefficient is defined by,

!
|:nj| :% forall n,k € N and n > k.
k . [k]!pg [n —Kk]'p g

We also recall that suppose 0 < g < p < 1 and r be a nonnegative integer. Then,
the operator

[r1 .
Ap‘q W W

is defined by

Ayl () = Z(—l)i |:::| Xn—i-
i=0

p.q
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That is,

Al (x,) = H Xn — m Xn1 + B] Yoo — H X3 ot (71)’H Yuor
0lpq Pq P 3pq "lpg

[rlpglr —1lpg _ rpglr = 1lpqlr —21p4
215! " 31
N (p’ -4 ) i ((p’ —aH@ " - q”‘))xn_2
P—q P-9*p+q
B <(p’ D e A (Ve )
P =3P>+ pg +4>)(p+q)

=uxn — [rlp.gxn—1+ Xn—3 4+ (=D xy—s

)xn—S +oeo A (DX

Now, we present an example to see that a sequence is not convergent; however, the
associated difference sequence is convergent.

Example 2 Let us consider a sequence (x,) =n + 1 (n € N). It is clear that the
sequence (x,) is not convergent in the ordinary sense.
Also, we see that

AB](xn) =X, —3x1 +3x, 2 — X3 (X, =n+1)

converges to 0 (n — 00).

For r = 3, we obtain that

ABY ) = xn = Blp.gn—t + Blp.gxn—2 — Xn—3 Gn=n+1)
=xn — (P + Pnn + 42)xXn—1 + (P} + Pudn + 4P xn—2 — Xp—3
=n+1—(pg+ Pudn + GO0 + (P + Padn +q) (=D — (1 =2) (xw =n+1)
=3- (ﬂz +af +a2).

Clearly, depending on the choice of the values of p and g, the difference sequence
Agi]q (x,,) of third order has different limits. This situation is due to the definition of
(p, g)-integers. However, in order to obtain a convergence criterion for all values of p
and g, belonging to the operator Ag,’,]q, we must have to overcome this difficulty. This
type of difficulties can be avoided in the following two ways. The first one is taking
p = g = 1, and thus, the operator reduces to the usual difference sequence. Next,
the second way is to replace p = p, and ¢ = g, under the limits, lim, g, = « and
lim, p, =06 (0 <a,8 <1) where 0 < g, < p, <1, for all (n € N). Afterward,

the difference sequence Aﬁ]q (x,) of third order 3 converges to the value 3 — B*+

af + o?). Thus, if we take g, = (%) < (nfflrit) = ppsuchthat0 < ¢, < p, <

1(s >t > 0), then lim, g, = 1 = lim,, p, and hence Agi]q(xn) -0 (n—> o).

Remark 1 Ifr = 1,lim, g, = 1, and lim,, p, = 1, then the difference operator AE,’,]‘]

reduces to the A, Also, if » = 0, lim,, ¢, = 1 and lim,, p, = 1, then the difference
operator A[p’,]q reduces to the general sequence (x,,).

Here, we now present the notion of the statistical deferred Cesaro summability under
the generalized difference sequence of order r involving (p, g)-integers:
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Let (a,) and (b,) be sequences of nonnegative integers such that (i) a, < b, and
(i) lim b, = oo,
n—oo

then the deferred Cesaro D(a,, b,) mean based on (p, g)-integers is defined by,

b

1 n
ananabn _—D,q Xp) = A[] Xk)- 1
’( ) 17( ) bn—ankzl P»‘]( k) ()

It is well known that D, , (ay,, b,) is regular under conditions (i) and (ii) (see Agnew

[2]).

Remark 2 If p=¢q =1, then the deferred Cesaro mean under (p, q)-integers
reduces to the deferred Cesaro mean (see [15]).
Let us now introduce the following definitions in support of our proposed work.

Definition 1 Let 0 < ¢, < p, <1 such that lim, g, = « and lim, p, =3 (0 <
a, # < 1), and let r is a nonnegative integer. Also, let (a,) and (b,) be sequences
of integers (nonnegative). A sequence (x,) is said to be statistical deferred Cesaro
summable to £ with respect to difference sequence of order r based on (p, g)-integers
if, for every € > 0, the set

{k:a, <k <b, and |[Dp,(x,) — L] > €}

has natural density zero, that is,

lim
n—oo b, — a,

Hk:a, <k <b, and |D,,(x,) —£| > €}| = 0.

In this case, we write

stat nlirgo D, (x,) = ¢ or ,11220 stathdx, = L.

Clearly, above definition can be viewed as the generalization of some existing
definitions.

Remark 3 If a, =n—1, b, =n, and p, = ¢q, = 1, then D(n — 1, n) reduces to
the identity transformation, and also, if a, =0, b, =n, and p, = g, = 1, then
D(0, n) reduces to (C, 1) transformation of x,,, which is often denoted as o,,. Further-
more, ifa, =n—-1,b,=n+t—1,and 0 < g, < p, <1 such that lim, g, = «
and lim,, p, = 6 (0 < a, B < 1) and let r is a nonnegative integer, then

t+n n
Dp,q(n—l,"‘i'f—l):(ff,}q:( ; )‘7533—1_(?>‘75Lq1v 2

which is called the deferred delayed arithmetic mean. Finally, if a, =n — 1, b, =
n+t—1and p, =¢q, = 1, then
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t+n n
D(n—l,n+t—1)=a,”=< p )O—n+l—l_(?)o—n—la

which is called the delayed arithmetic mean (see [31], p. 80).

Definition 2 Let 0 < ¢, < p, <1 such that lim, g, = « and lim, p, =3 (0 <
a, # < 1), and let r is a nonnegative integer. Also, let (a,) and (b,) be sequences
of integers (nonnegative). A sequence (x,) is said to be statistical deferred delayed
arithmetic summable to ¢ if, for every € > 0, the set

(k:n—1<k<n+t—1 and |0} —¢| > ¢

has zero natural density, that is,

1
lim —|[{k:n—1<k<n+t—1 and |of] —¢| > ¢€}| =0.

n—oo

In this case, we write
stat lim o}/ = ¢ or stat)x, = ¢.
n—oo

Now, we present below an example to show that a sequence is statistically deferred
Cesaro summable, whenever it is not statistically Cesaro summable.

Example 3 Forlim, g, = 1,lim, p, = 1,a, = 2nand b, = 4n (VY n € N), consider
a sequence x = (x,),

# m=m?>—m,m*—m+1,...,m>—1)
X, = —mls n=m? m>1)
0 (otherwise).
We have,
Al () =Y (1) m Xami
i=0 pa
R A R (A ARt
=1%n — Xn—1 Xn—2 — Xp—3 T - Xn—r
pyg 2pq 3pq "lp.q
—1pe —1], -2
= {xn - [V],;_qxn71 + [r]pv‘fz[;p.q! ]P,I n—2 — [r]p,q[r []31]? Ir ]p.q Xp—3+ -+ (_l)rxnfr} .

Thus,

4n
1
— — [r]
Dp,q(am bn) = Dp,q(-xn) = dn —on k;_l Ap’q(xk)
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which implies that
D, 4(x,) — 0.

Hence, (x,) is not deferred Cesaro summable , even if it is statistical deferred Cesaro
summable under the difference operator of order » based on (p, ¢g)-integers.

In the year 2012, Mohiuddine et al. [20] established statistical summability (C, 1)
and a Korovkin-type approximation theorem, and then, Jena et al. [15] investigated
a Korovkin-type approximation theorem for exponential functions via the statistical
deferred Cesaro summability of the real sequence. Very recently, Srivastava et al.
[26] has established generalized equi-statistical convergence of the deferred Norlund
summability and its applications to associated approximation theorems, and then,
Srivastava et al. [27] established a certain class of weighted statistical convergence
and associated Korovkin-type approximation theorems for trigonometric functions.
Furthermore, Srivastava et al. [28] has proved some interesting results on deferred
weighted .A-statistical convergence based on the (p, ¢)-Lagrange polynomials and
its applications to approximation theorems.

The main object of this chapter is to establish some important approximation
theorems over the Banach space based on statistical deferred Cesaro summability for
(p, g)-integers under difference sequence of order r which will effectively extend
and improve most (if not all) of the existing results depending on the choice of
sequences of the simple statistical deferred Cesaro means. Furthermore, we intend
to estimate the rate of our statistical deferred Cesaro summability and investigate
Korovkin-type approximation results.

2 A Korovkin-Type Approximation Theorem

Several researchers have worked on extending or generalizing the Korovkin-type
theorems in many ways and to several settings, including Function spaces, Banach
Algebras, Banach spaces. This theory is very useful in real analysis, functional anal-
ysis, harmonic analysis, measure theory, probability theory, and summability theory.
Recently, Jena et al. [15] have proved the Korovkin theorem via statistical deferred
Cesaro summability on C[0, co) by using the test functions 1, ¢, and e~ 2" In this
paper, we generalize the result of Jena, Paikray, and Misra via the notion of statisti-
cal deferred Cesaro summability based on difference sequence of order r including
(p, q)-integers for the same test functions 1, e, and e~ We also present an
example to justify that our result is stronger than that of Jena, Paikray, and Misra
(see [15]).

Let C(X), be the space of all real-valued continuous functions defined on [0, co)
under the norm ||.|| . Also, C[0, c0) is a Banach space. We have, for f € C[0, 00),
the norm of f denoted by || f]| is given by
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[flloo = sup ){If(x)l}

x€[0,00

with
w(@, f)= sup [[f(x+h)— f(X)le, f €C[O,00).

0<l|h|=d

The quantities w(d, f) is called the modulus of continuity of f.
Let L : C[0, oo) — C[0, 0o) be a linear operator. Then, as usual, we say that L is
a positive linear operator provided that

f =0 implies L(f) > 0.

Also, we denote the value of L(f) at a point x € [0, 00) by L(f(«); x) or, briefly,
L(f;x).

The classical Korovkin theorem states as follows [19]:

Let L, : Cla, b] — Cla, b] be a sequence of positive linear operators and let
f € Cl0, 00). Then

T [La(f: %) = f0)lloo = 0= lim [ L,(fi3 %) = fi(0)lloo =0 (i =0,1,2),

where

fox) =1, fix) =x and fr(x) = x2.

Now, we prove the following theorem by using the notion of statistical deferred
Cesaro summability based on (p, g)-integers.

Theorem 1 Let L,, : C[0, 0c0) — C[0, 00) be a sequence of positive linear opera-
tors. Then, for all f € C[0, o0)

statd i | Lu(f3 %) = f0)llw =0, 3)
if and only if
staryd mlgrcl>o 1L, (1;x) — 1||oc =0, 4
staryd mlgrcl>o ILn(e™;x) —e ™ loo=0 (5)
and
stat'y?. lim I Lm(e™ ;%) — e o = 0. (6)

Proof Since each of f;(x) = {1, e™", e ¥} eC(X) (i =0,]1,2)is continuous, the
implication (3)==(4)—(6) is obvious. In order to complete the proof of the theorem,
we first assume that (4)—(6) hold true. Let f € C[X], then there exists a constant



212 S. K. Paikray et al.
K > Osuch that | f(x)] <K, Vx € X =0, 00). Thus,
lf(s) = f)l =2K, s,x € X. (N
Clearly, for given € > 0, there exists § > 0 such that
|f(s) = f(x)] <e ®)

whenever |e™* —e™¥| < §, forall s, x € X.
Letus choose ¢ = (s, x) = (e~ — e ¥)2.If |e™ — x| > &, then we obtain:

2K
lf(s) = f(x)| < ?%(S’Xl ©))

From Egs. (8) and (9), we get

2K
[f(s) — f)] <e+ ?sm(s,x),

2K 2K
= —6—?901(5‘795)5]0(5)_]0()5)56+?@1(S’x)' (10)

Now since L,,(1; x) is monotone and linear, so by applying the operator L,,(1; x)
to this inequality, we have

Lnu(1; x) (—6 - %w(&ﬂ) < Lyn(Lx)(f(s) = f(0) < Lw(1; x) (e + %C@l(s,ﬂ) - (1D
Note that x is fixed and so f(x) is a constant number. Therefore,
—eLy(1;x) — %Lm(w;ﬂ < Ln(fi%) = f)Ln(1;x) < €Ly (1;x) + %Lm(w;x)- (12)
But
Ly(f3x) — f) =[Ln(f;x) = fOOLn(1; 0]+ fOO[Ln(15x) — 1] (13)

Using (12) and (13), we have

2K
Ly(f;x) — f(x) <eLy(l;x) + 5_2Lm(<)01; x) + fOOLn (15 x) — 11. (14)
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Now, estimate L,,(¢1; x) as,
. _ —s —x\2. _ —2s —X —S —2x.
Lin(p1;x) =Lm((e™ —e )% x) =Lin(e” ™ —2¢ e +e " x)
=Ln(e :x) =2 Lip(e S :x)+ e X Ly(1; x)
= [Lm(e 1) — e 2] = 2¢ ™ [Lim(e ™" x) — e 1+ ¢ [Ln(1;x) — 1],

Using (14), we obtain

2K —2s —2s —x -5 —X
Lm(f;X)ff(X)<6Lm(l:X)+67{[Lm(e ;x) —e ] =2 [Ly(e 5 x) —e ]
e P Ly (1 x) — 11} + £ [Ly (13 x) — 1].
2K —2s —2x —X =S —x
=e[Lm(1;x)—1]+e+5—2{[Lm(e 1X) —e ] —=2e [Lin(e1x) —e ']

+e Ly (150) = 1) + fO)[Ln (1 %) = 1].

Since € is arbitrary, we can write

L (f: ) — FQO] < et <e+ = +/c) L (L) — 1]

he ) 2K )
+ (Tzle(e_s; x)—e |+ (T2|Lm(e_25; x) —e

< B (1Ln(1:0) = 11+ L5 = 7+ [Ln(e™52) = 7)),
(15)

where
2K 4K 2K
B = max 6+y+’€,?,? .

Now replace L,,(f; x) by

1

bn —day

by
> A (T (fix)

m=a,+1

Dp.q(xn) =

in Eq. (15).
We have for a given r > 0, there exists € > 0, such that ¢ < r. Then, by setting

b
Wy (x5 7) = [m “an <m < by and S AL (i) - f@)] = r}
n — dn
m=a,+1

and fori =0, 1, 2,

1

by — ay

bn
> AL (T (fii ) — fitx)

m=a,+1

Wim(x;r) = im:an <m < b, and

r—e
> 9
~ 3B ]
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we obtain )
W, (7)) < Y Wi (xi 7).
i=0
Clearly,
2
W (x5 M e Wi m(x; M)l
< : . 16
bn — ay - ; bn —day ( )

Now, using the above assumption about the implications in (4)—(6) and by Defini-
tion 1, the right-hand side of (16) is seen to tend to zero as n — oco. Consequently,
we get
. W5 (x5 P e
im ———

n—00 b, — a,

=0 (r >0).

Therefore, the implication (3) holds true.
This completes the proof of Theorem 1. t

Corollary 1 Let L, : C[0, 00) — C[0, 00) be a sequence of positive linear opera-
tors, and let f € C[0, 00). Then,

statpy Jim Ly (f5%) = f (D)o =0 (17)
if and only if
stath? lim ||L,(1;x) — 1] = 0, (18)
m—00
statpd lim ||L,(e™;x) —e ¥ lo =0 (19)
m—00
and
stath? lim ||L,(e7*;x) —e ™| = 0. (20)
m— o0

Proof By takinga, =n — 1, Ynand, b, =n+ k — 1, V n and proceeding in the
similar line of Theorem 1, the proof of Corollary 1 is established. ]

Remark 4 By taking p, = g, = 1V n in Theorem 1, one can obtain the statistical
deferred Cesaro summability version of Korovkin-type approximation for the set of
functions 1, e~*, and e~2* established by Jena et al. [15].

Now we present below an illustrative example for the sequence of positive linear
operators that does not satisfy the conditions of the Korovkin approximation theorems
due to Jena et al. [15], Mohiuddine et al. [20], and Boyanov and Veselinov [8] but
satisfies the conditions of our Theorem 1. Thus, our theorem is stronger than the
results established by Jena et al. [15], Mohiuddine et al. [20] and Boyanov and
Veselinov [8].
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Example 3 Let X = [0, 1] and consider the (p, ¢)-analogue of Bernstein operators
B, ».q(f; x) on C[O, 1] given by (see [23])

1 " n T [k]
Bn,,,,q(f;x)=m2[k] p [0 —a'orf (%) (x €10, 1]).
P % k=0 p.q 5=0 Pr"nlpg

Also, observe that
n—1 -1
Bupg(foi ) = 1. Bupg(fiix) = e and By pq(foix) = L™ qln = 1pq —2s
[(n]p.q [nlpq

Let us consider L, : C[0, 1] — C[O0, 1] be sequence of positive linear operators
defined as follows:

Ln(f; x) = [1 + fn(X)]X(l +XD)Bn,p,q(f; x) (f € C[O, 1])’ (21)

where the operator given by

1 D D—d
aen (0=7)

was used earlier by Al-Salam [4] and, more recently, by Viskov and Srivastava [30]
(see also the monograph by Srivastava and Manocha [25] for various general families
of operators of this kind). If we choose the sequence f,(x) of functions just as we
considered in Example 2, then we have

L,(fo;x) =[14+ fu()Ix(1 +xD) - B, p4(fo; x)
=[1+ fi)xA+xD)-1=[1+ f,(x)]x,

Ly(fi;x) =14+ fu()Ix(A +xD) - By p 4(f1: %)
=[1+ fu()x(A +xD)- e =[1+ fu(x)lx(e™ —xe™),

and

Ln(f2:x) =[1+ fa(x)lx(1 +xD) - Bn,p,q(fZ; X)

-1
p" —x gln — I]qu e—2x

[”]p,q [”]p,q

=14+ fu(x)]x(1+xD) - {

—[1+ fu@)lx P M Upg o P 208 = Dpg |
(nlp.q (nlp.q [nlp.q [nlp.q
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So that, we obtain

Pd 1 Cx) — —
stfé lim 1Ly (152) = 1o =0,

stathd lim [|L,(e7*;x) —e ¥ loo =0
m— o0
and
stat?? lim |[Ly(e ;%) — e oo =0
DC m ’ © ’
m—0o0

that is, the sequence L, ( f; x) satisfies the conditions (4)—(6). Therefore, by Theo-
rem 1, we have

satfd lim (| Ly(f3 %) = flloo = 0.

Hence, it is statistically deferred Cesaro summable under (p, g)-integers; however,
since (x,,) is neither statistically Cesaro summable nor statistically deferred Cesaro
summable, so we conclude that earlier works under [15, 20] is not valid for the
operators defined by (21), while our Theorem 1 still works.

3 Rate of Statistical Deferred Cesaro Summability

In this section, we study the rates of statistical deferred Cesaro summability based on
(p, g)-integers of a sequence of positive linear operators L( f; x) defined on C[0, 0co0)
with the help of modulus of continuity.

We now presenting the following definition.

Definition 3 Let 0 < ¢, < p, <1 such that lim, g, = « and lim, p, =3 (0 <
«, B < 1), and let r is a nonnegative integer. Also, let (a,) and (b,) be sequences
of integers (nonnegative). Let (u,) be a positive non-increasing sequence. A given
sequence x = (x,,) is statistically deferred Cesaro summable to a number £ with rate
o(uy), if for every € > 0,

1
Iim ———|i\m:a, <m <b, and |D, ,(x,,) — €| > €}| =0.
nﬁoou,,(b,,—an)H n = Un | p,q( m) |_ }|
In this case, we may write

X — £ = stat)? — o(uy).

We now prove the following basic lemma.
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Lemma 1 Let (u,) and (v,) be two positive non-increasing sequences. Let x = (X,,)
and y = (yn) be two sequences such that

Xm — Ly = stat)? — o(uy,)

and
_ P
Ym — Lo = staty — o(vy)

respectively. Then, the following conditions hold true

(i) (Xm + Ym) — (€1 + £2) = stathd — o(w,);
(ii) (X — L) — £2) = SIatgg — o(u,vyn);
(iii) ANxn — £1) = statpd — o(uy,) (for any scalar \);
(iv) 1xm — O] = stat)d — o(uy),
where
w, = max{u,, v,}.

Proof In order to prove the condition (i), for e > 0 and x € [0, 00), we define the
following sets:

Ay (x5 €) = |{m ia, <m <b, and |Dp,q(xm) + Dp,q(})m) -+ )] > E}

)

’

Aon(x; €) = Hm Cay <m < by and |Dyg(tn) — 0] > g}

and
Ajn(xse) = “m tay <m <b, and |D, ,(ym) — 2] > %H .
Clearly, we have
Ap(x;€) © Agu(x; ) U A, (x;e).

Moreover, since
w, = max{u,,, Un}v

by condition (3) of Theorem 1, we obtain

AR5 lloo _ 1Mo (5 Olloo | AL (¥ Dl

< (22)
Wy (bn - an) un(bn - an) Up (bn - an)
Now, by conditions (4)—(6) of Theorem 1, we obtain
1A (5 Ollo 0. 23)

Wy (bn - an)

which establishes (i). Since the proofs of other conditions (ii)—(iv) are similar, we
omit them. O
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Further, we recall that the modulus of continuity of a function f € C[0, 0c0) is
defined by
w(f,0) = sup  [f(y) — f(x)] (6>0)

[y—x[<d:x,yeX

which implies that

|ﬂw—fun§Mﬁ®<”gyU4). 24)

Now, we state and prove a result in the form of the following theorem.

Theorem 2 Let [0, 00) C R, and let L,, : C[0, o0) — C[0, o0) be a sequence of
positive linear operators. Assume that the following conditions hold true:

(i) 1Ln(1; x) = Uloo = statlyd — o(uy),
(ii) w(f, Am) = stathl — o(vy,),

where
A =V Lu(@% x) and p1(y,x) = (e —x )%

Then, for all f € C[0, 00), the following statement holds true:
1L (f5 %) = flloo = statpé- — o(wy), (25)

w, = max{u,, v,}.

Proof Let f € C[0, c0) and x € [0, 00). Using (24), we have

(L (f5 %) = fO) < Ln(1f () = fOOLx) + [ f O L (15 x) — 1]

el
<Ln <)\7 +1; x) WOf Am) + 1Ol L (13 ) = 1]

<Lm (1 + /\%(e_x - e_y)z;x> w(fs Am) + 1f N Lm (15 x) — 1]

m

1
=< (Lm(l:x) + )\TLm(%c;X)> W(fs Am) + Lf QO L (15 %) — 1]

m

Putting \,, = /L, (©3; x), we get

L (f3x) = f(D)lloo < 20(fs Am) + w(fs A 1L (1; X) = oo + ILf G Lim (1; ) = Tloo
< M{w(f, Am) + w(f, A 1Lim (1; x) = Hloo + [1Lm (13 x) = oo},

where

M= {lIf e 2}.
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Thus,

bn

Y La(fix)— f()

m=a,+1

by — ap

)
bn

1
SM{w(fv)\m)b + w(fs Am) Z Ly(f;x)— f(x)
n m=a,+1

g |
ol |

Now, by using the conditions (i) and (ii) of Theorem 2, in conjunction with Lemma 1,
we arrive at the statement (25) of Theorem 2.
This completes the proof of Theorem 2. ]

by — ap

bn

D Lu(fix) = f)

m=a,+1

by —ay

4 Concluding Remarks

In this concluding section of our investigation, we present several further remarks
and observations concerning to various results which we have proved here.

Remark 5 Let (x,,)men be a sequence given in Example 3. Then, since
stathd — ’Jiinwxnl — 0 on [0, 00),
we have
statyyé — Jm (| Ly (fis X) = fi(®)lle =0 (=0, 1,2). (26)
Thus, we can write (by Theorem 1)
stat})é — Jim [Ly (f3 ) = f(0)llee =0, (0 =0, 1,2), (27

where
fox)=1, fix)=¢ and fo(x) = e >,

However, since (x,,) is not ordinarily convergent, and so also it does not converge
uniformly in the ordinary sense. Thus, the classical Korovkin theorem does not work
here for the operators defined by (21). Hence, this application clearly indicates that
our Theorem 1 is a non-trivial generalization of the classical Korovkin-type theorem
(see [19]).
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Remark 6 Let (x,,)men be a sequence as given in Example 3. Then, since

Pq :
stat~ — lim x,, — 0 on [0, 00),
m—00

s0 (26) holds true. Now by applying (26) and Theorem 1, condition (27) holds true.
However, since (x,,) does not statistical Cesaro summable, so Theorem 2.1 of Jena
et al. (see [15]) does not work for our operator defined in (21). Thus, our Theorem 1
is also a non-trivial extension of Theorem2.1 of Jena et al. [15] (see also [8, 19]).
Based on the above results, it is concluded here that our proposed method has suc-
cessfully worked for the operators defined in (21) and therefore it is stronger than
the classical and statistical version of the Korovkin-type approximation (see [8, 19,
20]) established earlier.

Remark 7 Let us suppose that we replace the conditions (i) and (ii) in Theorem 2,
by the following condition:

L, (fi; x)— fil = DC(stat) —o(u,,) (i =0,1,2). (28)
Then, since
Lin(¢% %) = e XL (1;5) = 1] = 2¢ " [Lin(e ™3 x) — e | + |[L(e 255 x) — e 2],
we can write
2
Lu(p% %) <MY L (fi3 %) = fi(0)oos (29)
i=0

where
M = {|l falloc + 21l filloo + 1}.

Now it follows from (28), (29) and Lemma 1 that

A = VLn(9?) = DCy(stat) — o(dy), (30)
where
O(dn) = max{uno, Up,, un2}~
This implies

w(f, 0) = DC(stat) — o(d,).
Now using (30) in Theorem 2, we immediately see that for f € C[0, 00),

L (f:x) — f(x) = DCy(stat) — o(dy). 3D
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Therefore, if we use the condition (28) in Theorem 2 instead of (i) and (ii), then we
obtain the rates of statistical deferred Cesaro summability of the sequence of positive
linear operators in Theorem 1.
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