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Abstract In the present work, we have introduced a weighted statistical approxi-
mation theorem for sequences of positive linear operators defined on the space of all
real-valued B-continuous functions on a compact subset of R*> = R x R. Further-
more, we display an application which shows that our new result is stronger than its
classical version.
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1 Introduction

The classical Korovkin theory is mostly connected with the approximation to con-
tinuous functions by means of positive linear operators (see, for instance, [1, 17]). In
order to work up the classical Korovkin theory, the space of Bogel-type continuous
(or, simply, B-continuous) functions instead of the classical theory has been studied
in [2—-4]. The concept of statistical convergence for sequences of real numbers was
introduced by Fast [14] and Steinhaus [21] independently in the same year 1951.
Some Korovkin-type theorems in the setting of a statistical convergence were given
by [5, 6, 10-13, 22].

Now we recall some notations and definitions.

A double sequence x = (x,,,), m,n € N, is convergent in Pringsheim’s sense
if, for every € > 0, there exists N = N(¢) € N such that |x,,, — L| < € whenever
m, n > N,then L is called the Pringsheim limit of x and is denotedby P — limx = L
(see [20]). Also, if there exists a positive number M such that |x,,,| < M for all
(m,n) € N> = N x N, then x = (x,,,) is said to be bounded. Note that in contrast to
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the case for single sequences, a convergent double sequence need not to be bounded.

Definition 1 ([19]) Let K C N?> = N x N. Then density of K, denoted by 6>(K),
is given by:
i <m,k<n:(jk K
62(K)::P_hml{1_m =n:(j,k) € K}
m,n mn

provided that the limit on the right-hand side exists in the Pringsheim sense by | B| we
mean the cardinality of the set B C N> = N x N. A real double sequence x = (x,,,)
is said to be statistically convergent to L if, for every ¢ > 0,

52 ({(m’ n) € N2 : |xmn _L| > 5}) =0.

In this case, we write st2 — limx = L.

The concept of weighted statistical convergence was defined by Karakaya and
Chishti [16]. Recently, Mursaleen et al. [18] modified the definition of weighted
statistical convergence. In [15], Ghosal showed that both definitions of weighted sta-
tistical convergence are not well defined in general. So Ghosal modified the definition
of weighted statistical convergence as follows:

Definition 2 Let{p;},{q+}, j, k € Nbe sequences of nonnegative real numbers such
m

n
that py > 0,1iminfp; > 0, g, > 0,liminfg, > Oand P, = » " pjand @y = » i
j—o0 k—o00 = =
j= =
where n,m € N, P,, - ocoasm — 00, Q, — oo asn — 00. The double sequence
x = (xjx) is said to be weighted statistical convergent (or S__-convergent) to L if for
2
every € > 0,

P —lim

m,n

Hj < Pu.k < Qu:pjqrlxjr — Ll = €} =0.

m n

In this case, we write st~ — lim x = L and we denote the set of all weighted statistical
convergent sequences by S__.
2

Remark 1 1f p; =1, g =1 for all j, k, then weighted statistical convergence is
reduced to statistical convergence for double sequences.

Example 1 Let x = (x,,,) is a sequence defined by

mn, m and n are squares,
Xy 1= )
mn 0, otherwise,

Letp; = j,qx = kforall j, k. Then P,, = W and Q, = @ . Since, for every
e >0,
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.m|{j < Py, k=<0, pjqilxjr — 0] = e}

P -1
m,n Pan
<p —lim|{] < P,k <0, pjqilxjil # 0}
mn POy
\/Pm\/ n
< P—lim—Q =0
m,n Pan

So x = (x,,) is weighted statistical convergent to 0 but not Pringsheim’s sense
convergent.

In [15], Ghosal showed that both convergences which are weighted statistical
convergence and statistical convergence do not imply each other in general.

In the work, using the Definition 2, we prove Korovkin-type approximation the-
orem for double sequences of B-continuous functions defined on a compact subset
of the real two-dimensional space. Finally, we give an application which shows that
our new result is stronger than its classical version.

2 A Korovkin-Type Approximation Theorem

Bogel introduced the definition of B-continuity [7-9] as follows:

Let I be a compact subset of R? = R x R. Then, a function f:I —Riscalleda
B-continuous at a point (x, y) € I if, for every € > 0, there exists a positive number
6 = (¢) such that

Ay Lf (. 0)]] <e.

forany (u, v) € I with|u — x| < dand |v — y| < §, where the symbol A, [ f (u, v)]
denotes the mixed difference of f defined by

Ay lf w,v)] = f(u,v) = flu,y) — f(x,v) + f(x,y).

By C,(I), we denote the space of all B-continuous functions on /. Recall that
C(I) and B(/) denote the space of all continuous (in the usual sense) functions
on I and the space of all bounded functions on /, respectively. Then, notice that
C(I) C C,(I). Moreover, one can find an unbounded B-continuous function, which
follows from the fact that, for any function of the type f(u, v) = g(u) + h(v), we
have A,y [ f (u,v)] = 0 for all (x, y), (u, v) € I. || f|| denotes the supremum norm
of f in B([I).

Let L be a linear operator from Cj, () into B (I). Then, as usual, we say that L
is positive linear operator provided that f > 0 implies L (f) > 0. Also, we denote
the value of L (f) at a point (x, y) € I by L(f(u, v); x, y) or, briefly, L(f; x, y).
Since

Ay [f u, y) + fx,0) = flu,v)] = =Ayy [f(u, v)]
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holds for all (x, y), (u, v) € I, the B-continuity of f implies the B-continuity of
Foy(u,v) := f(u,y) + f(x,v) — f(u,v) for every fixed (x, y) € I. We also use
the following test functions

fO(xsy)zlv fl(-xsy)zxs f2(xsy)=yandf3(x,)’)=x2+y2-

We recall that the following lemma for B-continuous functions was proved by
Badea et al. [3].

Lemmal ([3)If f € Cy(I), then, for every e > 0, there are two positive numbers
ai(e) = ai(e, f) and ay(e) = oy (e, f) such that

Ay [f @, 0)] < = 4+ a1(e) — x)* + aa(e) (v — y)?

W] m

holds for all (x, y), (u,v) € I.
Now we have the following main result.

Theorem 1 Let (L,,,) be a double sequence of positive linear operators acting from
Cy (I) into B (I). Assume that the following conditions hold:

P —}}lmnp HJj < Pm.k < Qn: Ljx(fo; x, ) = folx,y) forall (x,y) € I} =1
i in’Z
2.1
and
sty —lim [ Ly, (fis x, y) — fitx, I =0,i =1,2,3. (2.2)

Then, for all f € Cy (I),we have
sty; = lm (| Ly (f (u, ) + f(x,0) = fu,0)ix,y) — fe, »IF=0. (2.3)
Proof Let (x,y) € I and f € C, (I) be fixed. Taking
A={j < Puk < Qu: Li(fos x,y) = folx,y) = 1forall (x,y) e I}, (2.4)

we obtain from (2.1) that

P — lim

m,n Py, Oy

{J < Pm,k < On:Ljr(fo;x,y) # folx,y) forall (x,y) € I} =0.

(2.5)
Using the B-continuity of the function Fy,(u, v) := f(u,y) + f(x,v) — f(u,v),
Lemma 1 implies that, for every € > 0, there exist two positive numbers «; (¢) and
a» (€) such that

Ay LF (@, y) + F(x,0) — fu, 0)]] < g + a1 — 1) + ) — y)?

(2.6)
holds for every (u, v) € I. Also, by (2.12), see that
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Ljg (f (u, y) + f(x,0) = fu,0);%,9) = F6,3) = Ljk (Day [F (u, y) + f(x,0) = fu,v)]; xiy7)
holds for all (j, k) € A. We can write for all (m, n) € A from (2.6) and (2.7), '

[Ljk (f e, y) + fx,v) = fu,v);x,9) — F, 0| = |Lj (Axy [F @, ) + fx,0) — fu, v)]5x,y)]

< Lig (|Awy [f G, 3) + fx,0) = fFu,0)]] 5 x,y)

% +ar(e)L jk ((u — x)z; X, y)

+ ()L jk ((v -nx, )’)

A

IA

€
=3+ a@? + ¥+ Li(f35 %, y)

=2xLjr(f1;x, ) = 2yLj(f2; x, )},

A

where a(e) = max{a;(¢), an(e)}. It follows from the last inequality that

3
|Ljk (F3) + FOrv) = fn0)ix,y) = F 0] = 5 +a@) Y |Ljk (fiix3) = fix,y)]
i=1
(2.8)

holds for all (j, k) € A. Taking supremum over (x, y) € I on both sides of inequality
(2.8), we obtain, for all (j, k) € I, that

3
[Ljk (f @, )+ fx.v) = flv)ix, y) = fx )| < % +a@ ) | Ljk (firx.y) = ity
i=1
Because of ¢ is arbitrary, we obtain
3
ILjk (F @ y) + O v) = F,v)ix, y) = @] @ Y |Ljk (fisx.y) = fix. 0]
i=1

Hence,

3
Pigk | Lk (f (e, ) + Fx,0) = f,0);x,9) = fO, 9] < a@) Y pige | Lk (fis x,3) = fite, »)] -

i=1
(2.9)
Now for a given r > 0, consider the following sets:

U:=1{j<Puk=<0u:pja|Lix(fu.y)+ fx.v)— f,v)ix,y) — fx, ] >r},

Uit = {j <Py k< Qnipjqr |Lix (fiix,y) — fitx, | = } i=1,2,3,

,
3a(e)
Hence, inequality (2.9) yields that

UNA|l _IUINAI | [U:NAl | |UsNA
Ple‘l a Pan Pan Pan ’

which gives,
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3

. [UNA] . UiNA] . Ui
P — lim 52 P —lim — 52 P —lim — 0 (2.10)

3
m&n 7 m&n m&n
i=1

i=1

Letting m, n — oo (in any manner) and also using (2.13), we see from (2.10) that

UNA
P—lim| | =0. 2.11)
Furthermore, if we use the inequality
Ul [UNnA]  |[UN(NN\A)
PﬂlQﬂ N Pan Pan

_lunal IN?\A|
- Pan Pan

and if we take limit as m, n — o0, then it follows from (2.5) and (2.11) that

U|

m n

P —lim =0,

which means
stgg — Hm ([ Ly (f (u, y) + f(x,0) — fu,v);x,y) — f(x, ) =0=0.

This completes the proof. (]

If pj =1and gx =1 with j, k € N, then we obtain the statistical case of the
Korovkin-type result for a double sequences on C;, (1) introduced in [13],

Theorem 2 ([13]) Let (L,,,) be a sequence of positive linear operators acting from
Cy (I) into B (I). Assume that the following conditions hold:

& {(m,n) e N*: Ly (forx,y) = L forall (x,y) e I} =1 (2.12)
and
st> — lim N Lmn (fisx,¥) — fitx, || =0fori =1,2,3. (2.13)

Then, for all f € Cy(I), we have

st = Tim | Ly (f (1, y) + £ (6, 0) = f@, ) x,3) = [, 9)] = 0.

Now we present an example for double sequences of positive linear operators.
The first one shows that Theorem 1 does not work but Theorem 2 works. The second
one gives that our approximation theorem and Theorem 2 work.
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Example 2 Let I = [0, 1] x [0, 1]. Consider the double Bernstein polynomials

an(f;x’ Y) = ZZf (%7 %) xsyt (1 _x)m—s (] - y)n_t

s=0 =0

onCy (I).
(a) Using these polynomials, we introduce the following positive linear operators
onC, (1) :

Pon(f32,y) = (1 + ) Bun (f5 %, y), (x,y) € land f e G (1), (2.14)

L 1 m, n are squares,
where a 1= () 18 given by a,,, = 1

T otherwise, Let p; =2j+1,

qr = k forall j, k. Then P, = m? and Q, = w Note that = () statistical
convergent to 0 but it is not convergent and weighted statistical convergent to 0. Then,
observe that

Pon(fo; x,y) = (1 + ) fo(x, y),
Pmn(fl;xv )’) = (1 +04mn)fl(xv y),
Pmn(fZ;xv y) =1 +amn)f2(xa y)s

Pmn(f?);xv )’) = (1 +amn) |:f3(x’ )’) +

X—X2 y—y2
m .

Since 572 — lim a,,,, = 0, we conclude that
st2 —1im || Pyn (fi; x, ¥) — fi(x, )| = 0 foreachi =0, 1, 2.

However, since « is statistically convergent, the sequence { P, (f; x, y)} given by
(2.14) does satisfy the Theorem 2 for all f € Cj (I). But Theorem 1 does not work
since o = (ayy,;) 1s not weighted statistical convergent to 0.

(b) Now we consider the following positive linear operators on Cp, (1):

Tun(f3x,9) = (14 Byun) Bun (f1x, ), (x,y) € Iand f € Cp (1),  (2.15)

.. mn m, n are squares,
where [ := is given b = .
ﬂ (ﬁﬂ”‘l) g y ﬁmn { 0 OtherWlSC,

forall j, k. Then P,, = 2+ and Q,, = @ Note that o = () statistical and
weighted statistical convergent to 0 but it is not convergent to 0. Then, observe that

Letpj=j,qe=k

Tmn(fO;xv y) = (1 +ﬂmn)f0(xv y),
Tmn(fl;x’ y) = (1 +6mn)fl(~x’ y)7
Tmn(fZ;x’ Y) = (1 +6mn)f2(x9 )’),
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2

— 52 _
Ton (33 %, ) = (1+ Bon) [fa(x, ) A } .
m n

Since stg; — lim 3,,, = 0, we conclude that
sty — lim || T, (fis x, y) — fi(x, y)|| =0foreachi = 1,2, 3.
So, by Theorem 1, we have
sty = UM | Tn (f (, y) + £, 0) = fu,v);x,y) = fx, p)| = 0forall f e Cp(1).

However, since /3 is weighted statistical convergent to 0, we can say that Theorem 1
works for our operators defined by (2.15).

Therefore, this application clearly shows that our Theorem I is a non-trivial gen-
eralization of the classical case of the Korovkin result introduced in [3].
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