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Preface

The aim of this book is to provide an up-to-date overview of the problems on
summability and approximation theory, obtain some positive linear operators, and
prove some approximation results. Of particular interest, the chapters in this book
are devoted to the state-of-the-art research and development in summability and
approximation theory. This book contains some original research papers by well-
established mathematicians from the international mathematical community. This
book will be of interest for a wide range of mathematicians whose area of research
is summability and approximation theory.

This book consists of 14 chapters. Chapter “Tauberian Conditions Under Which
Convergence Follows from Statistical Summability by Weighted Means” is devoted
to obtaining some Tauberian theorems for real and complex sequences involving
the notion of statistical summability by weighted means. Chapter “Applications of
Fixed Point Theorems and General Convergence in Orthogonal Metric Spaces”
discusses the general convergence methods in the setting of orthogonal metric space
and studies the existence of a solution of differential and integral equations with the
help of fixed point theorems in orthogonal metric spaces.

Chapter “Application of Measure of Noncompactness to the Infinite Systems of

Second-Order Differential Equations in Banach Sequence Spaces c, £, and cg” uses

a technique to study the existence of the solutions of infinite systems of
second-order differential equations in the Banach sequence space based upon the
measures of noncompactness in conjunction with Meir—Keeler condensing opera-
tors with a view. Some illustrative examples are given in support of the results
presented in this chapter. Chapter “Infinite Systems of Differential Equations in
Banach Spaces Constructed by Fibonacci Numbers” makes use of the techniques
associated with measures of noncompactness to obtain the existence theorems
of the Cauchy problem in Banach sequence spaces derived by Fibonacci numbers
and provides examples which show that infinite systems of differential equations
have solution in these spaces but have no solution in the classical Banach spaces.
Chapter “Convergence Properties of Genuine Bernstein—Durrmeyer Operators”
presents a new construction of Bernstein—Durrmeyer operators. The local
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approximation, error estimation in terms of the modulus of continuity, weighted
approximation, and a quantitative Voronovskaya-type theorem are investigated for
the new operators. The significance of these results is supported by graphical and
numerical data.

Chapter “Bivariate Szasz-Type Operators Based on Multiple Appell
Polynomials” discusses the construction of bivariate Szasz operators by means of
multiple Appell polynomials. This chapter also deals with the study of many
approximation properties of these operators such as uniform convergence, the
degree of approximation via partial moduli of continuity, estimation of error in
simultaneous approximation, the rate of convergence for twice continuously dif-
ferentiable functions by Voronovskaya-type asymptotic theorem, and other related
results. Chapter “Approximation Properties of Chlodowsky Variant of (p, g) Szész—
Mirakyan—Stancu Operators” is devoted to constructing Chlodowsky variant of
(p, q) Szasz—Mirakyan—Stancu operators on the unbounded domain and to obtain its
Korovkin-type approximation properties. The rate of convergence of new operators
in terms of Lipschitz class and modulus of continuity is discussed. Chapter
“Approximation Theorems for Positive Linear Operators Associated with Hermite
and Laguerre Polynomials” discusses the approximation behaviors of linear positive
operators associated with Hermite and Laguerre polynomials and approximation
properties of the Poisson-type integrals in space Lp. The author has given Szasz—
Mirakyan-type operators defined by Hermite polynomials. The rate of convergence
by means of the modulus of continuity and moduli of smoothness, Voronovskaya-
type results, and boundary value problems for the Poisson integrals are discussed.

Chapter “On Generalized Picard Integral Operators” is dedicated to presenting
the generation of a famous Picard integral operator which preserves some expo-
nential functions. A few results concerning the weighted approximation properties
of new operators, the order of convergence in an exponentially weighted space via
exponentially weighted modulus of continuity, and shape-preserving properties are
included. Chapter “From Uniform to Statistical Convergence of Binomial-Type
Operators” investigates the sequences of binomial operators introduced by using
umbral calculus in view of statistical convergence. Bernstein—Sheffer linear positive
operators are analyzed, and some particular cases are highlighted. Chapter
“Weighted Statistical Convergence of Bogel Continuous Functions by Positive
Linear Operator” deals with the study of Korovkin-type approximation theorems for
a sequence of linear positive operators for Bogel continuous functions by using the
notion of weighted statistical convergence and using bivariate Bernstein polyno-
mials to construct an illustrative example in support of results.

Chapter “Optimal Linear Approximation Under General Statistical Convergence”
is devoted to obtaining both qualitative and quantitative results of a sequence of
linear positive operators by considering the notion of B-statistical A-summability.
Chapter “Statistical Deferred Cesaro Summability Mean Based on (p, g)-Integers
with Application to Approximation Theorems” introduces the notion of statistical
deferred Cesaro summability mean based on (p, ¢q) integers and uses it under
the difference sequence of order to prove a Korovkin-type approximation theorem.
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An illustrative example is given to demonstrate that the present theorem is a non-
trivial extension of some well-known Korovkin-type approximation theorems. The
rate of statistical deferred Cesaro summability means with the help of the modulus of
continuity is also discussed. Finally, chapter “Approximation Results for Urysohn-
Type Nonlinear Bernstein Operators” introduces the new nonlinear Bernstein
operators by using a nonlinear form of the kernels together with the Urysohn-type
operator values instead of the sampling values of the function. The results of this
chapter deal with the study of convergence problems for these nonlinear operators
that approximate the Urysohn-type operator in some functional spaces.

We wish to express our gratitude to the authors who have contributed to this
book. We would like to thank our family for moral support during the preparation
of this book. Finally, we are also very thankful to Mr. Shamim Ahmad, Editor of
Mathematics in Springer, for taking interest in publishing this book.

Jeddah, Saudi Arabia S. A. Mohiuddine
Konya, Turkey Tuncer Acar
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Tauberian Conditions Under Which
Convergence Follows from Statistical
Summability by Weighted Means

Zerrin Onder and ibrahim Canak

Abstract Let (p,) be a sequence of nonnegative numbers such that py > 0 and

n
P,,::E Prx — 00 as n — oQ.
k=0

Let (s,) be a sequence of real and complex numbers. The weighted mean of (s,) is
defined by

l n
t, = Fn;pksk for n=0,1,2,...

We obtain some sufficient conditions, under which the existence of the limit
lim s, = p follows from that of sz-lim 7, = p, where p is a finite number. If (s,)
is a sequence of real numbers, then these Tauberian conditions are one-sided. If (s,)
is a sequence of complex numbers, these Tauberian conditions are two-sided. These
Tauberian conditions are satisfied if (s,,) satisfies the one-sided condition of Landau
type relative to (P,) in the case of real sequences or if (s,) satisfies the two-sided
condition of Hardy type relative to (P,) in the case of complex numbers.

Keywords Statistical convergence - Slow decreasing + Slow decreasing relative to
(P,) - Slow oscillation - Slow oscillation relative to (P,) + The one-sided
conditions of Landau type - The two-sided conditions of Hardy type * Tauberian
theorems + Weighted mean summability method

2010 Mathematics Subject Classification 40A05, 40A35, 40E05, 40G05

Z. Onder - 1. Canak ()
Department of Mathematics, Ege University, 35100 Izmir, Turkey
e-mail: 91150000158 @ogrenci.ege.edu.tr

1. Canak
e-mail: ibrahim.canak @ege.edu.tr

© Springer Nature Singapore Pte Ltd. 2018 1
S. A. Mohiuddine and T. Acar (eds.), Advances in Summability
and Approximation Theory, https://doi.org/10.1007/978-981-13-3077-3_1


mailto:91150000158@ogrenci.ege.edu.tr
mailto:ibrahim.canak@ege.edu.tr
https://doi.org/10.1007/978-981-13-3077-3_1

2 Z. Onder and 1. Canak

1 Introduction

Let (s,,) be a sequence of real or complex numbers and p = (p,) be a sequence of
nonnegative numbers such that

n
po>0 and Pni=Zpk—>OO as n — oo. @))
k=0

The weighted mean of (s,) is defined by

1 n
t, = P Zpksk for n e N.
" k=0

A sequence (s,) is said to be summable by the weighted mean method determined
by the sequence p to p if (¢,) converges to the same number. Weighted mean methods
are also called Riesz methods or (N, p) methods in the literature. The (N, p) summa-
bility method is regular if and only if condition (1) is satisfied. In other words, every
convergent sequence is also (N, p) summable to the same number under condition
(1). However, the converse of this statement is not true in general. That the con-
verse of this statement holds true is possible under some suitable condition which is
so-called a Tauberian condition on the sequence. Any theorem stating that con-
vergence of a sequence follows from its (N, p) summability and some Tauberian
condition is said to be a Tauberian theorem for the (N, p) summability method. If
pn = 1 for all nonnegative integers n, then the (N, p) summability method reduces
to Cesaro summability method.

We now give the definition of natural density of K C N and present statistically
convergent sequences by using this concept. Let K C N be a subset of positive
integers and K, = {k € K : k < n}. Then the set K has a natural density if the
sequence M has a limit. In this case, we write §(K) = lim ﬁ, where the

n n—oo n
vertical bar denotes the cardinality of the enclosed set.

A sequence (s,,) is said to be statistically convergent to p if for every € > 0, the set
K. :={k € N:|sx — p| > ¢, k < n} has natural density zero, i.e., for each € > 0,

1
lim —— (ke N:|s; —pul > e k <n)|=0. )
n—oon + 1

We denote the set of all statistically convergent sequences by s¢. In this case, we
write st — lim s, = p if the limit (2) exists.
n—o00
We write down that every convergent sequence is statistically convergent to the
same number since all finite subsets of the natural numbers have density zero. Accord-
ingly, the statistical convergence may be considered as a regular summability method.
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However, the converse of this statement is not always true. For example, the sequence
(s,) defined by

_n ifn=k%k=0,1,2,...
= 0 otherwise

is statistically convergent to O since |{k € N : |s; — 0] > €, k < n}| < «/n for every
€ > 0, but not convergent in the ordinary sense.

Recall that a sequence (s,) is called statistically (N, p) summable to j if st —
lim, o0 t, = .

We write down that every statistically convergent sequence is also statistically
(N, p) summable to same number under the boundedness condition of the sequence
(cf. [1D).

At present, we define the concepts of slow decrease and slow oscillation relative
to (P,), respectively. In pursuit of defining of these concepts, we mention about how
a transition exists between them.

We say that a sequence (s,) of real numbers is slowly decreasing relative to
(Py) if

P,
liminf (s, —s,) >0 as 1 < — — 1. 3)
m>n—00 ”

Using €’s and 0’s, (3) is equivalent to the following statement:
To every € > 0, there exist 6 > 0 and ng € NO such that

P

— < 1+456.
P, — +

Sm — 8, > —c whenever m >n>ny and 1<

We say that a sequence (s,,) of complex numbers is slowly oscillating relative to
(Py) 1f

Py
limsup|s, —s,] =0 as 1 < — — 1. 4)
m=n—00 Pﬂ

Using €’s and ¢’s, (4) is equivalent to the following statement:
To every € > 0 there exist § > 0 and ny € N° such that

P,
P,

|S — su| <€ whenever m >n >ng and 1 < <1+9.

We emphasize that if p, = 1 for all nonnegative integers n in (3) and (4), then
the concepts of slow decrease relative to (P,) and slow oscillation relative to (P,)
correspond to the concepts of slow decrease and slow oscillation, respectively (cf.
[2]). In addition to this, there is a similar relation between the concepts of slow
decrease relative to (P,) and slow oscillation relative to (P, ) like the relation between
the concepts of slow decrease and slow oscillation In other words, if the sequence
(sn) is slowly oscillating relative to (P,), then it is also slowly decreasing relative to
(Pp).
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We define the concepts of the one-sided condition of Landau type relative to (P,)
and the two-sided condition of Hardy type relative to (P,), respectively. In pursuit of
defining of these concepts, we mention about how a transition exists between them
and the concept defined previously.

We say that a sequence (s,) of real numbers satisfies one-sided condition of
Landau type relative to (P,) if there exist positive constants ny and C such that

Sp— Sp—1 > —C% whenever n > ng. 5
n

We say that a sequence (s,,) of complex numbers satisfies two-sided condition of
Hardy type relative to (P,) if there exist positive constants ¢ and C such that

[$p — Su_1| < C& whenever n > ny. (6)
n

We emphasize that if p, = 1 for all nonnegative integers n in (5) and (6), then
one-sided condition of Landau type relative to (P,) and two-sided condition of Hardy
type relative to (P,) correspond to one-sided condition of Landau type and two-sided
condition of Hardy type, respectively. We note that if the sequence (s,) satisfies
two-sided condition of Hardy type relative to (P,), then it also satisfies one-sided
condition of Landau type relative to (P,).

Additionally, it is easy to see that if the sequence (p,) satisfies condition (1),
then one-sided condition of Landau type relative to (P,) implies condition of slow
decrease relative to (P,) (cf. [3]).

As a matter of fact, we suppose that (p,) satisfies condition (1). Since one-sided
condition of Landau type relative to (P,) is satisfied, there exist positive constants

no and C such that s, — s, > —C% whenever n > ng. Let m > n > no and
n
Pﬂl

1< —
=p,

< 1+ 4. Then we have for a given € > 0,

Sm — Sp = (Sm - Sm—l) + (Sm—l - Sm—Z) +...+ (sn+l - Sn)

Z (Sk = Sk-1)

k=n+1

v
A
™

IS

%
|
@)
N
B
|
N
\
|
Q
(«%)
\
|
™

in case we choose 0 < § < g Therefore, we obtain that the sequence (s,) of real

numbers is slowly decreasing relative to (P,).
Similarly, if (p,) satisfies conditions (1) and (11), then two-sided condition of
Hardy type relative to (P,) implies condition of slow oscillation relative to (P,).
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2 Development of Tauberian Theory for Weighted Mean
Method of Summability and Its Statistical Convergence

In this section, we begin with some remarks about the late history of the (N, D)
summability and its Tauberian results that are about the history from the early part of
nineteenth century until these days. We shortly mention the emergence of the concept
of statistical convergence and the advancement of that in Tauberian theory. In the
sequel, bringing together the concepts of the (N, p) summability and statistical con-
vergence under the same roof, we refer certain results obtained by several researchers
concerning these concepts. After dwelling on the studies that encourage us to do this
research, we complete this section summarizing theorems and corollaries attained in
this article.

Also called Riesz method since it was investigated for the first time in detail by
Riesz, the (N, p) summability method has attracted the attention of many researchers,
notably Kronecker, Cesaro, and Hardy [4]. One of the researchers who supported
the development of this method in Tauberian theory, Tietz [5] revealed many Taube-
rian conditions that contain some well-known special Tauberian conditions, for the
(N, p) summability method. In the sequel, Méricz and Rhoades [6] presented two
Tauberian theorems which convergence follows from the (N, p) summability under
necessary and sufficient conditions. Tietz and Zeller [7] established some Tauberian
conditions controlling one-sided and two-sided oscillatory behavior of a sequence in
certain senses defined in their paper for the (N, p) summability method. Méricz and
Stadtmiiller [8] obtained necessary and sufficient conditions including all classical
(one-sided and two-sided) Tauberian conditions given for the (N, p) summability
method. Méricz and Rhoades [9] arrived more general results than that in [6]. Finally,
Sezer and Canak [10] investigated some conditions needed for the (ﬁ, p) summable
sequences to be convergent by using different approaches.

Contrary to the common belief that the concept of statistical convergence, which
is a natural generalization of that of ordinary convergence, was introduced by Fast
[11] and Schoenberg [12], this concept firstly came up with by Zygmund [13] who
used the term almost convergence in place of statistical convergence and proved some
theorems related to it. After the definition of statistical convergence was put into final
form by Fast [11] and Schoenberg [12], it was associated with Tauberian conditions
given by several researchers from past to present. Salat [14] proved that the statisti-
cally convergent sequence needs to be neither bounded nor convergent. Considering
statistical convergence as a regular summability method, Fridy [15] indicated that
nAu, = O(1) is a Tauberian condition for statistical convergence. Following the
paper [15], Fridy and Khan [16] presented the statistical extension of some classical
Tauberian theorems. Méricz [17] found out that necessary conditions for convergence
of sequences which are statistically convergent are slow decrease and slow oscilla-
tion. In the sequel, Totur and Canak [18] obtained some results which generalize
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well-known classical Tauberian theorems given for statistical convergence. There
are also some interesting studies related to Tauberian theorems in which statistical
convergence is used (see [19, 20]).

After the results obtained related to the concept of statistical convergence were
published, it was combined with the (N, p) summability method. In relation to that,
Moricz and Orhan [21] presented Tauberian theorems which convergence follows
from the (N, p) summability under necessary and sufficient conditions, statistical
slow decrease and statistical slow oscillation conditions. In the sequel, Totur and
Canak [22] arrived some results which improve well-known classical Tauberian
theorems given for (N, p) summability method and statistical convergence.

Besides the studies mentioned up to now, the studies that encourage us to do
this research is in fact those including some results obtained by Moéricz [17, 23]
for the Cesaro (or (C,1)) and the harmonic (or (H,1)) summability methods. Méricz
formulated these results as follows, respectively:

Theorem 2.1 ([17]) If the real (or complex) sequence (s,) is statistically (C, 1)
summable to (v and slowly decreasing (or slowly oscillating), then (s,,) is convergent

to (1.

Theorem 2.2 ([23]) If the real (or complex) sequence (s,) is statistically (H, 1)
summable to p and slowly decreasing (or slowly oscillating) with respect to the
(H, 1) summability, then (s,) is convergent to |i.

1 —
In case that p, = 1 and p, = — for all nonnegative integers n, the (N, p) summa-

bility method reduces to the Ceséﬁo and the harmonic summability methods, respec-
tively. Here, our aim extends the theorems presented by Méricz for the Cesaro and
the harmonic summability methods to the (N, p) summability method. Therefore,
above-mentioned theorems are corollaries of our main results.

In this paper, we indicate that some conditions under which convergence follows
from the statistical (N, p) summability for real and complex sequence. In Sect. 3,
we present some lemmas which will be benefited in the proofs of our main results
for real sequences. In the sequel, we prove a Tauberian theorem for real sequences
that convergence follows from statistically (N, p) summability under the condition
of slow decrease relative to (P,) and additional conditions on (p,) and we present
a corollary related to this theorem. We end this section by giving another Tauberian
condition for the (N, p) summability method. In Sect.4, we present some lemmas
which will be benefited in the proofs of our main results for complex sequences
in parallel with Sect.3. In the sequel, we prove a Tauberian theorem for complex
sequences that convergence follows from statistically (N, p) summability under the
condition of slow oscillation relative to (P,) and additional conditions on (p,,) and
we present a corollary related to this theorem. We end this section by giving another
Tauberian condition for the (N, p) summability method.
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3 Lemmas and Main Results for Real Sequences

This section essentially consists of two parts. In the first part, we present some lemmas
which will be used in the proofs of our main results for real sequences. In the second
part, we obtain some Tauberian conditions under which convergence follows from
statistically (N, p) summability. In the sequel, we end this section by a corollary.

3.1 Lemmas

In this subsection, we express and prove the following assertions which will be
benefited in the proofs of our main results for real sequences. The following lemma
which were proved by Mikhalin [24] plays a crucial role in the proofs of subsequent
two lemmas which are necessary to achieve our main results for real sequences.

Lemma 3.1 ([24, Lemma 2]) Let (p,) satisfy conditions (1) and % —Qasn —

n
oo. If (s,) satisfies condition

Py,
liminf (s, —s,) > —r 0<r<o0) as 1 < — — 1, @)
m=n— 00 n

Py
then there exist numbers a > 0 and b > 0 such that s,, — s, > —alog B b for
allm >n > 0. "

Due to the fact that condition (7) corresponds to condition of slow decrease relative
to (P,) in the case of r = 0 in Lemma 3.1, we prove in the following lemma that the
below-mentioned sequence is bounded below under condition of slow decrease rela-
tive to (P,) which is restrictive in comparison with condition (7) and some additional
condition on (p,) by the help of Lemma3.1.

Lemma 3.2 Let (p,) satisfy conditions (1) and % — Qasn — oo0. If (s,) is slowly
decreasing relative to (P,), then !

<Pim nngopn(sm - Sn))

is bounded below.

Proof Assume that (p,) satisfies conditions (1) and % — 0 as n — oo and (s,)

is slowly decreasing relative to (P,). Then, by taking thrése hypotheses into consid-
eration, we conclude by the help of Lemma 3.1 that there exist positive numbers
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Py, .. .
a and b such that s, — s, > —alog — — b for all m > n > 0. In addition to this,
n

since (p,) satisfies the condition Pn — Qasn — oo, we have
n

Pn :1_pn+1

Pn+1 Pn+1

— 1 as n - oo. (8)

1 1
By the fact that t, — £ implies - — 7 whenever £ # 0, we find by (8) that

n

Pn+1

— 1 as n— o0 )

and so,

P, Py, P,y Pn+1

— = — 1 as m>n — oo. (10)
Pn Pm71Pm72 Pn

1<

Py
This means that for every § > 0, there exists ngy € NOsuchthat 1 < —= < 149§

n
whenever m > n > ng. Therefore, from the condition of slow decrease relative
to (P,) we declare that for every ¢ > 0 there exist § > 0 and ny € N° such that

Sm — Sy > —ewheneverm >n > ngand 1 < —= < 1 + §. With reference to above
n
inequalities, we obtain that given € > 0

T 1 no 1 m
?an(sm_sn): ?an(sm_sn)+? Z Pn(Sm — Sn)
M =0 M p=0 " n=ng+1
1 & Py 1 &
> — —alog— —b |+ — —€
> mZPn( e ) B 72 Pa(—€)
n=0 n=no+1
1 & P, “
m
=B > P (—“1"2 P b) 5 > pal=e)
n=0 n=nop+1
Pno_P0< Pm > Pm_Pno
= ——|—-alog— —b |+ ——(—¢)
Py ¢ Py P

Py,

Pu
Py, — P P

> (Pag — Po) (f%) + ””TOOH;) + <1 - P—) (=€)

(P, _ _ P
_(Po 1)“’ b)+<1 Pm)(e)

for all m > 0. In conjunction with information obtained up to now if we consider

) (=€)

P,
that (ﬂ> is convergent to 0 by the condition (1) and every convergent sequence

m
is also bounded, then there exists a positive constant H such that
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1 & Py, P,
— Sm — S —1)(—a—-b)+(1—--2)(—¢€
P nE—o Pn(Sm — Sn) < Py ( ) P, (=€)

Py b
<Po >(a_)

=-M

v

A%

for all m > 0 and some constant M > 0. In conclusion, we reach that the sequence
( Z Pn(Sm — sn)> is bounded below. O
l’ﬂ n= 0

At present, we offer an alternative proof of Lemma3.3 which were previously
proved by Mikhalin [24].
Lemma 3.3 Let (p,) satisfy conditions (1) and % — Oasn — oo. If (s,) is slowly

decreasing relative to (P,), then (t,) is also slowlrgz decreasing relative to (Py).

Proof Assume that (p,) satisfies conditions (1) and i) — O0asn — oo and (s,) is

n
slowly decreasing relative to (P,). Given € > 0. By the definition of slow decrease
relative to (P,), this means that there exist § > 0 and ng € N° such thats,, — s, > —e

m
wheneverm >n >npgand 1 < — <1+496.

n

Py .. .
Letm >n >ngand 1 < - < 1+ ¢'. By the definition of the weighted means of

(s,) and Lemma3.2, we obtgin that

n
m — 1ty = Z PkSk — Zpksk
Py =0

P
=7 {Z-ﬁ- Z PkYk—*ZPkYk
mn = k=n+1
P n 1 n
= S —_— Y Sn — ——— Sp — — S,
mZPkk-ﬁ- P, Z Pkk+ P,,,P,, Z[’I\n PmPn Zpkn P, PkSk
k=0 k=n+1 k=0 k=0
m
- L PGk —sn)+ | 5= — 5 Zﬂk*k + En = P stn
Pm Pm Pm n
k=n+1 k=0
Py — 1 &
= mP Zpk("n_s‘k)"l‘? Z Pr(Sk = $n)
m Pn k=0 M k=n+1
})n) 1 m
zZ\1=-5 ) (=M + - pr(=€)
P>

M k=n+1

=|1- b M
- (1) o
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P P
wheneverm >k >n >ng, 1 < Fk < Fm < 14 ¢’ and for some constant M > 0.
n n

Since we have that form > n > ngand 1 <

. € .
if we choose 0 < §' < w then we arrive

tn— 1, > 1 P”(M ) > 6/(M ) >
m n — Pm €_l+5/ €) = —€.

Therefore, we obtain that (¢,) is also slowly decreasing relative to (P,). ([l

Lemma 3.4 ([17, Lemma 6]) If (s,) is statistically convergent to | and slowly
decreasing, then (s,) is convergent to [u.

Lemma 3.5 ([3, Theorem 4.2.2]) Let (p,) satisfy conditions (1) and

Py

Pn+l

— 1 as n— oo.

If (sp) is (N, p) summable to 1 and slowly decreasing relative to (P,), then (s,) is
convergent to L.

3.2 Main Results

In this subsection, we prove a Tauberian theorem for real sequences that convergence
follows from statistically (N, p) summability under the condition of slow decrease
relative to (P,) and additional conditions on (p,) and we present a corollary related
to this theorem. In the sequel, we end this part by giving a Tauberian condition for
the (N, p) summability method.

Theorem 3.6 Let (p,) satisfy conditions (1), % — Q0asn — oo and

1< — —1 whenever 1<ﬂ—>1as n — oo. (11
P, n

If (s,) is statistically (N, p) summable to . and slowly decreasing relative to (P,),
then (s,) is convergent to (1.
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Proof Assume that (p,) satisfies conditions (1), (11) and % — 0 as n — oo and

n
that (s,) is statistically (N, p) summable to x and is slowly decreasing relative to
(P,). In the circumstances, we arrive by the help of Lemma3.3 that (z,) is also
slowly decreasing relative to (P,). In other words, we can say by the definition of
slow decrease relative to (P,) that condition

Py,
liminf(t, —1,) >0 as 1 < — — 1

>
m=>n— 00 .

holds and so by the condition (11) we obtain that

. m
liminf (z,, —t,) >0 as 1 < — — 1.
m>n— 00 n

This statement implies the slow decrease of (#,). Since (7,) is slowly decreasing
and statistically convergent to i, we reach by the help of Lemma3.4 that (z,) is
convergent to . which means that (s,,) is (N, p) summable to . In addition to this,

as (py) satisfies condition Dn — 0 as n — oo, we attain that
n

Pn _ Pn+pn+l_pn+1 _ Pn+l _pn+l _l_le-l

= = — 1 as n — oo.
Py Py Py Py Py

If we consider that condition of slowly decreasing relative to (P,) is Tauberian
condition for (N, p) summable sequence under additional conditions on (p,) as a
result of Lemma 3.5, then we conclude that (s,) is convergent to . U

Corollary 3.7 Let (p,) satisfy conditions (1), (11) and % — 0asn — oo. If (s,)

_ n
is statistically (N, p) summable to p and one-sided condition of Landau type relative

to (P,) is satisfied, then (s,) is convergent to .

Lemma 3.8 Let (p,) satisfy conditions (1) and (11). If the one-sided condition

Susl — S > —C% forall n €N (12)

n

is satisfied for some constant C > 0, then condition

fy =ty > —c% forall n e N (13)

- n
is also satisfied and (t,) is slowly decreasing relative to (P,).

Proof Assume that (p,) satisfies conditions (1) and (11). By taking these hypotheses
and condition (12) into consideration, we obtain that
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1 n 1 n—1
by —th—1 = Fn Zpksk — P Zpksk
k=0 k=0

n n—1
= Py Z Pisk — Py Z PrSk
Po By k=0 k=0
1 n—1
- Pn Pn71 (Pn—lpnsn — Pn Z PkSk)

k=0

n—1
4
=50 Z Pr(Sn — k)

Pabur i35
p n—1 n
= PPn Zl’k Z (sj —sj-1)
nin=l 40 j=k+1

n
=——>—) Pii(sj—s;-1)
PnPnflz(; ! ! !

J_

n

Pn Pj-1
> -C Pi_
&mIZ;’P”
P,

for all n € N and some constant C > 0. Therefore, we conclude that condition (13)
is satisfied and so (#,) is slowly decreasing relative to (P,). U

Remark 3.9 We recall that if (s,) is a (N, p) summable sequence satisfying the
two-sided condition

Dr
mﬂ—m§cg (14)

n

for all n € N and some constant C > 0 and (p,,) holds condition (1), then (s,) is
convergent. However, if we replace the two-sided condition (14) by the one-sided
condition (12), then this statement fails in general without additional condition on

(pn) or (s,) (cf. [3]).
On the other hand, the two-sided condition (14) can be weakened to the one-sided

condition (12) by adding the assumption that (p, ) also satisfies the condition i) —- 0

as n — oo (cf. [25)).

n

In consideration of Lemma3.8 and Remark 3.9, we can give the following theo-
rem.

Theorem 3.10 Let (p,) satisfy conditions (1), (11) and % — 0asn — oo. If (s,)

n

is statistically (N, p) summable to . and condition (12) is satisfied, then (s,) is
convergent to [u.
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Proof Assume that (p,) satisfies conditions (1), (11) and % — 0asn — ooand that

_ n
statistically (N, p) summable (s,) to u satisfies condition (12). In the circumstances,

we arrive by the help of Lemma 3.8 that (¢,,) is also slowly decreasing relative to (P,).
In other words, we can say by the definition of slow decrease relative to (P,) that

condition

. . Pﬂl
liminf (t,, — ¢,) >0 as 1 < — — 1,
m>n— 00 Pn

holds and so by condition (11) we obtain that

. . m
lim lnf(tm - tn) = 0 as 1 < — — 1.
m>n—00 n

Since (t,) is slowly decreasing and statistically convergent to p, we reach by the
help of Lemma3.4 that (¢,) is convergent to p which means that (s,) is (N, P)
summable to . If we consider that condition (12) is a Tauberian condition for (N, p)
summable sequence under additional conditions on (p,), then we conclude that (s,,)
is convergent to /. (]

4 Lemmas and Main Results for Complex Sequences

This section essentially consists of two parts as lemmas and main results for complex
sequences in parallel with Sect. 3. In the first part, we present some lemmas which
will be used in the proofs of our main results for complex sequences. In the second
part, we prove some Tauberian theorems for complex sequences that convergence
follows from statistically (N, p) summability under some Tauberian conditions and
additional conditions on (p,). In the sequel, we complete this part by giving a corol-
lary.

4.1 Lemmas

In this subsection, we express and prove the following assertions which will be
benefited in the proofs of our main results for complex sequences. The following
lemma was proved for real sequences by Mikhalin [24] and it plays a crucial role
in the proofs of subsequent two lemmas which are necessary to achieve our main
results for complex sequences.

Lemma 4.1 Let (p,) satisfy conditions (1) and % — 0asn — oo. If (s,) satisfies
the condition !
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Py
limsup|s,, —sy| <r (0<r<oo) as 1 <— — 1, (15)

m=>n—00 n

P
then there exist positive numbers ¢ and d such that |s,, — s,| < clog Fm + d for all

n
m=>n>0.

Proof Assume that (p,) satisfies conditions (1) and % — 0 as n — oo and (s,)

satisfies the condition (15). We can say from conditionn(IS) that for every r + 1 >
0, there exist § > 0 and ng € N such that |s,, — s,| < r + 1 whenever n > ng and
1< ?'” <1+6.

Letn % np and P,, < P, (14 9). In this case, we find that [s,, — s, | has a maximum
depending only on n¢, and so there exist § > Oand £ > (r + 1) such that |s,, — s,,| <

P,

¢forallm,n € Nrelatedby O < P,, — P, < §P,. Choose n; such that 1 < TH <
(1 + 6) foralln > n;. We investigate chosen n; in three cases such thatg > w § ni,
0<w<n <q,and 0 < w < g < n; for arbitrary fixed g, w € N.

We firstly take into consideration the case ¢ > w > n;. For this, we define the
subsequence (w;) where wy = w and w; | is the largest natural number for which
the inequality P, < P,, (1 + ¢) holds for all i € N. Therefore, we attain from this
defining that the inequalities P,,,, < Py, (1 +0)and P,,, 41 > Py, (1 4 ¢) are valid.

In addition to these, let wy < g — 1 < wi41. Then, we obtain that the inequalities
P, < Py, , and0 < P,,,, — P,, < 0Py, hold for all k € N, and so we get that

|sq —sw| = |sq7 + Sw, — Sy —sw0|

k—1
= E (sw‘,'.H - Sw,) + Sqg — Swy
j=0

IA

k-1
Z |Swj+1 - Swj| + |Sf/ - ka|
i=0

k—1
= ZZ + |S(1 _ka|
i=0
< (k+ 1.
Due to the fact that we have also the inequalities

k
Py = Pyt > Py (1+0) = Py, 1(1+68) > Py s(1+6) =+ = Py (1 +5)[2] > Pu(146):7",

2
+ 3 holds, and hence, we achieve the

we eventually reach the inequality log P, > log P, + log(1 + 0). Thisimplies

. . log P, — log P,
that the inequality (1 + k) < W
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inequality

lsg —sw| < (k+ 1) < (log P, —log P,)) + 3¢ (16)

¢
log(1 + 6)1/2

forany ¢ > w > n;.
On the other hand, we take into consideration the case 0 < w < n; < ¢g. Then,
we obtain that

IA

}‘Yli - S“«" = ‘Sl{ = Sny + S0y — 5w| ‘Sl{ — Sny | + Usnz]uajm [$n; = swl

4
< log(lT)l/ZﬂOg Py —log Py)) + 3¢+ Og})a}m [$n, = Swl

4
< W(bg Py —log Py) + 3¢ +0;1]1”a<x’” [$n, — Swl- (17)

Finally, if we consider the case 0 < w < g < nj, then we attain that

|Sq — Sw{ < Ofwgz]agxnlfl |Sq - Sw|

(log Py —log Py) +3¢+ _ max Isg — sw]-
<w<g<nj

(18)

and d = max{3¢, 3¢ +

L
< _
~ log(1 +0)1/2

Y4
If we define positive numbers c,d as c = ———
log(1 + 6)1/2

}, then we conclude by (16)—(18) that

max }s -
O<w=g=n; 1 Y

<cl Py d
|sq—sw|_cogp—+

forallg > w > 0. |

Due to the fact that condition (15) corresponds to condition of slow oscillation
relative to (P,) in the case of » = 0 in Lemma4.1, we prove in the following lemma
that the below-mentioned sequence is bounded under condition of slow oscillation
relative to (P,) which is restrictive in comparison with condition (15) and some
additional condition on (p,) with the help of Lemma4.1.

Lemma 4.2 Let (p,) satisfy conditions (1) and % — Qasn — oo. If (s,) is slowly
oscillating relative to (P,), then !

(Pim HXYE; pn(sm - Sn))

is bounded.

Proof Assume that (p,) satisfies conditions (1) and % — 0asn — oo and (s,) is

slowly oscillating relative to (P,). Then, by taking these hypotheses into considera-
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tion we can say with the help of Lemma4.1 that there exist positive numbers ¢ and

Py, . .
d such that |s,, — s,| < clog 7 + d for all m > n > 0. In addition to this, as (p,,)

n

satisfies the condition Pn — 0 asn — oo, we attain that
n

Pn Pn + Pn+1 — P+l Pn+1 Pn+1 Pn+1
= = - =1———>1asn— oo

Pn+l Pn+l N Pn+l Pn+l Pn+l
(19)

1 1
Because it is well known that ¢, — ¢ implies — — 7 whenever £ # 0 as n — o0,

we find by (19) that !

Pn+1

— 1 as n—> o (20)
Py

and so,
P, P, P,_ P,
l<im— fm Zmol T L as om0, @21)
Pn Pm—l Pm—2 Pn

Pﬂl
This means that for every § > 0, there exists ngy € NO such that 1 < 7 <149

n
whenever m > n > nq. Therefore, from condition of slow oscillation relative to (P,)
we declare that for every € > 0 there exist § > 0 and ng € N° such that |s,, — s,| < €

whenever m > n > np and 1 < — < 1 4 6. With reference to above inequalities,

we obtain that for all m > 0 and ginven ane > 0

m

1 & 1
P_ an(sm —sp) + P_ Z Pu(Sm — Sp)
M p=0

m n=ny+1

m

1
P_ Z pn(sm - sn) =
M p=0

m

1 & 1
_an|sm_sn|+_ Z DPulSm — Sul
Pm n=0 Pln

n=no+1
1 & P,
P—mnX_(;pn (cloan +d

no

IA

IA

+

IA
|’—‘
N
S
o
2
|
+
U
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_ (Eu 1 d 1 Py
<P0 B >(C+ )+< _Pm>€'

In conjunction with the information obtained up to now if we consider that < 0 )

m

is convergent to 0 by condition (1) and every convergent sequence is also bounded,
then there exists a positive constant H such that

1 - Pno Pno
_an(sm_sn) —1)(c+d+|1——)c¢€
m =0 PO Pm

< P, d)+ H
_<P0 )(C+)+

=M

IA

for all m >0 and some constant M > 0. In conclusion, we reach that
( Z DPn(Sm — sn)> is bounded. 0
ﬂl n=0

An alternative proof of the following lemma can also be done by following the
procedure used in [24].

Lemma 4.3 Let (p,) satisfy conditions (1) and % — Qasn — oo. If (s,) is slowly

oscillating relative to (P,), then (t,) is also slowl’)li oscillating relative to (P,).

Proof Assume that (p,) satisfies conditions (1) and % — 0asn — ooand (s,) is

n
slowly oscillating relative to (P,). Given € > 0. By the definition of slow oscillation
relative to (P,), this means that there exist 6 > 0 and ny € N° such that |s,, — s,,| < €

Pﬂl
wheneverm >n >npgand 1 < — <1+96.

n

Letm >n>npand 1 < < 1+ ¢'. By the definition of the weighted means of

Cr~v:|~c

(s,) and Lemma4.2, we obtain that

ltm —tn] = |5~ ZPkAk -5 Z!’kék
ln
m

n n
= Pim[2+ Z ]Pksk—FnZPksk

k=0 k=n+1
=|— Sk + —— N + N N — S,
mzm mzm o Zmn B P15 pes - sz
k=0 k=n+1 k=0 =0
1 Py — Py
= |5 3 pk@k-s,,>+(fl—f)zm+ o zpks,,
k=n+1
P P n m
—In

=|— Pik(sn — sk) + € Pk (s — Sn)
P

P "kO "M k=n+1
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m

Pu—Py| 1 1
== EZpk(xnfsw + 5 > prlsk — sl
k=0 k=n+1
P, 1 &
<(1-7)meg 3 me
k=n+1
(i Py M
= —Fm +€)
Pk Pm !
wheneverm >k >n > ngp, 1 < o < 7 < 1+ 4" and for some constant M > 0.
n n
. P,
Since we have that form > n > ngand 1 < Fm <146
n
P, o
0<({l——=—)= ,
P, 1+

. € .
if we choose 0 < §' < IR then we arrive

/

1+

P,
|tm—t,,|§(1—P—>(M+6)§ (M +¢) <e.

Therefore, we reach that (z,,) is also slowly oscillating relative to (P,). O

Lemma 4.4 ([17, Lemma 7]) If (s,,) is statistically convergent to y and slowly oscil-
lating, then (s,) is convergent to L.

Lemma 4.5 ([3, Corollary of Theorem4.2.2]) Let (p,) satisfy conditions (1) and

Py

Pn+l

— 1 as n— oo.

If (sp) is (N, p) summable to | and slowly oscillating relative to (P,), then (s,) is
convergent to L.

4.2 Main Results

In this subsection, we prove a Tauberian theorem for complex sequences that conver-
gence follows from statistically (N, p) summability under condition of slow oscil-
lation relative to (P,) and additional conditions on (p,) and we present a corollary
related to this theorem. In the sequel, we complete this part by giving a Tauberian
condition for the (N, p) summability method.
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Theorem 4.6 Let (p,) satisfy conditions (1), (11) and % — 0asn — oo. If (s,)

n

is statistically (N, p) summable to p and slowly oscillating relative to (P,), then
(sn) is convergent to [u.

Proof Assume that (p,) satisfies conditions (1), (11) and % — 0 as n — oo and

(s,) which is statistically (N, p) summable to 1 is slowly oscillating relative to (P,).

In the circumstances, we arrive with the help of Lemma4.3 that (z,) is also slowly
oscillating relative to (P,). In other words, we can say by the definition of slow
oscillation relative to (P,) that condition

limsup|t, —1,] =0 as 1<
m=n— 00 n

holds and so by condition (11) we obtain that

. m
limsupl|t, —t,]=0 as 1 < — — 1.
m=>n— 00 n

The statement implies the slow oscillation of (z,). Since (z,) is slowly oscillating
and statistically convergent to i, we reach with the help of Lemma4.4 that (z,) is
convergent to . which means that (s,,) is (N, p) summable to . In addition to this,

as (py) satisfies condition Dn — 0 as n — oo, we attain that
n

Pn o Pn+pn+l_pn+l o Pn+l _pn+l _l_pn+l

= — 1 as n — oo.
Py Py Poyi Py Py

If we consider that condition of slowly oscillating relative to (P,) is a Tauberian
condition for (N, p) summable sequence under additional conditions on (p,) as a

result of Lemma4.5, then we conclude that (s,) is convergent to . U
Corollary 4.7 Let (p,) satisfy conditions (1), (11) and % — O0asn — oo. If (s,)

n

is statistically (N, p) summable to j and two-sided condition of Hardy type relative
to (Py,), then (s,) is convergent to [i.

Lemma 4.8 Let (p,) satisfy conditions (1) and (11). If condition

[Spt1 — Sul < C% forall n e N (22)

n

is satisfied for some constant C > 0, then condition

Ity — ta1] < c% forall n e N (23)

n

is also satisfied and (t,) is slowly oscillating relative to (P,).
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Proof Assume that (p,,) satisfies conditions (1) and (11). By taking these hypotheses
and condition (22) into consideration, we obtain that

|tn - tn71|

IA

IA

Z DS

p, k=0
1 n n—1
Pu Zpksk — Py ZPkSk
PnPnfl k=0 k=0
1 n—1
P._1pnsy — Ky
PnPn_] n—1PnSn pnkX:(‘:pk k
1 n—1
P Pi(Sn — 5k)
P,1Pn71 Vl; !
p n—1
s Zpk Z (sj —sj-1)
PnPn—l — J=k+1
P
s ZPk Z (sj —sj-1)
Pu Py Jj=k+1
Pn
Pk ls; — 51
DPn

ZPj71|Sj =81

PnPn—l =0
n
DPn Pj-1
C P
PnPn—l ; ! P/'—l
e
P,

for all » € N and some constant C > 0. Therefore, we conclude that condition (23)
is satisfied and so (¢,) is slowly oscillating relative to (P,).

O

Remark 4.9 It is known that provided the sequence (p,) satisfies condition (1), any
(N, p) summable sequence (s,) which satisfies two-sided condition (22) is conver-

gent (cf. [3]).

In consideration of Lemma4.8 and Remark 4.9, we can give the following theo-

rem.

Theorem 4.10 Let (p,) satisfy conditions (1) and (11). If (s,) is statistically (N, p)
summable to |1 and condition (22) is satisfied, then (s,) is convergent to [.
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Proof Assume that (p,) satisfies conditions (1), (11) and statistically (N, D)
summable (s,) to u satisfies condition (22). In the circumstances, we arrive with
the help of Lemma4.8 that (,) is also slowly oscillating relative to (P,). In other
words, we can say by the definition of slow oscillation relative to (/,) that condition

Py
limsup|t, —1,] =0 as 1 < — — 1,

m=n— 00 n

holds and so by condition (11) we obtain that

. m
limsup|t, —t,]=0 as 1 < — — 1.
n

m=>n— 00

The statement implies the slow oscillation of (z,). Since (z,) is slowly oscillating
and statistically convergent to p, we reach with the help of Lemma4.4 that (%,) is
convergent to x4 which means that (s,) is (N, p) summable to . If we consider
that condition (22) is a Tauberian condition for (N, p) summable sequence under
additional conditions on (p,), then we conclude that (s,,) is convergent to . ([l
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Applications of Fixed Point Theorems )
and General Convergence in Orthogonal | @i
Metric Spaces

Bipan Hazarika

Abstract In this chapter, we discuss the general convergence methods in orthogonal
metric space. Also we study the applications of fixed point theorems to obtain the
existence of a solution of differential and integral equations in orthogonal metric
spaces.

1 Introduction

The concept of orthogonality in normed linear spaces has been studied by Birkhoff
[1-6] among others. The most natural notion of orthogonality arises in the case where
there is an inner product < ., . > compatible with the norm ||.|| on a space X. In this
case, L isdefined by x L yifandonlyif < x, y >= 0. Some of the major properties
of this relation are as follows:

(1) x L xifandonlyif x = Oforall x € X,

(2) x L yimplies ax L y forall x, y € X, a € R (Homogeneity),

(3) x L yimplies y L x forall x, y € X (Symmetry),

(4) x L yand x L zimplies x L (y + z) for all x, y, z € X (Additivity),

(5) Forevery x,y € X, x # 0, there exists a real number ~ such that x L (yx + y).

For general normed linear spaces (X, ||.||), Birkhoff [1] and James [5, 6] formulated
definitions of orthogonality which did not require the existence of an inner product
as follows:

(B) Birkhoff Orthogonality [1, 5, 6]: (x L y)(B) provided ||x|| < ||x + Ay]| for
allx,ye X, A e R,

(P) Pythagorean Orthogonality [4]: (x L y)(P) provided ||x — y||2 = ||x|> +
[ly||> forall x, y € X,
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(D)  Isosceles Orthogonality [4]: (x L y)(/) provided ||x — y|| = ||x + y|| for all
x,y € X,

(o) a-Orthogonality [7]: If « # 1, (x L y)(«) provided
(14 a)|lx =yl = llx — ay|l* + [lax — y|[* forall x, y € X,

((a, B))  (a, B)-Orthogonality [8]: If o, B # 1, (x L y)(«, B) provided
llx = 11> + llax = BylI> = llx = By|* + |ly — ax]|* forall x, y € X.

It should be noted that Pythagorean and isosceles orthogonalities are particular cases
of a-orthogonality, which is in turn a special case of («, (3)-orthogonality. An ordered
triples of the form (X, ||.||, L), where X is a real linear space, ||.|| is a norm on X,
and L is an orthogonality relation on X which has the properties (1)—(5), is an inner
product space if there is an inner product < ., . > on X such that < x, x >= ||x||?
forallx e Xand x L yifandonlyif < x,y >=0forallx, y € X.

Proposition 1.1 ([3, Theorem I]) If any of (x L y)(P), (x L y)(I), (x L y)(«) or
(x L y(a, B)) implies that x L y, then (X, ||.||, L) is an inner product space. If
dimX > 3 and (x L y)(B) impliesthat x L y, then (X, ||.||, L) is an inner product
space.

Definition 1.2 ([3]) The relation L is said to satisfy the norm invariance prop-
erty (NIP) provided the conditions x L y, ||x|| = ||z]|, [|y]| = ||w]|, and ||x — y|| =
|lz — w|| imply z L w.

Definition 1.3 ([3]) The relation _L is said to satisfy the rotation invariance property
(RIP) provided the following conditions hold

R1) Ifx Ly, ||x|| = |ly]l then (ax — by) L (ax + by) foralla, b € R,

(R2) If [|x|] = [Iyl| then [|y(x, y)x + y[| = |[7(y, x)y + x|, where y(x, y) and
v(y, x) are respective real numbers from (5) such that x L (y(x, y)x + y)
and y L (v(y, x)y + x).

Lemma 1.4 ([3, Theorem III]) (X, ||.||, L) is an inner product space if and only if
L satisfies NIP or RIP.

Lemma 1.5 ([3, Lemma 1.1]) Ifx,y € X, x,y # 0, and x L y, then x and y are
independent.

We define a function v : X x X — R by

(x.y) = 0, if x =0;
YY) = the unique vy such that x L (yx 4+ y), if x # 0.
From definition, we see that v(x, y) = O if and only if x L y. Also v(x, y) have the
following properties:
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Lemma 1.6 ([3, Lemma 1.3])

(i) v(x,0) =~(0,x) =0forall x € X,

(ii) v(x,Ay) = My(x,y) forallx,y € X, A € R,
(iii) y(A\x,y) = iv(x, y)forallx,y € X, A € R, A = neq0,
(iv) v(x,y) =0ifand only if y(y,x) =0,

(v) v(x,y+2) =vx,y)+vx,2) forallx,y, z € X.

2 Orthogonal Set

The notion of orthogonal set and orthogonal metric space was introduced by Gordji et
al. [9]. They gave an extension of Banach’s fixed point theorem in this new structure
and applied their results to prove the existence of a solution of an ordinary differential
equation. Applications of fixed point theorem in orthogonal metric spaces we refer
[10-12].

Definition 2.1 ([9]) Let X be a non-empty set and L. C X x X be a binary relation.
If L satisfies the following condition

dxo: (Vy,y L xp)or (Vy, xo L y)

then it is called an orthogonal set (written as O-set). We denote the orthogonal set
by (X, L). The element x is called an orthogonal element of X.

Definition 2.2 Let (X, ) be an orthogonal set. Any two elements x, y € X are said
to be orthogonally related if x L y.

Example 2.3 Let X = Z. Define x L y if there exists p € Z such that x = py. We
see that 0 L x for all x € Z. Hence (X, L) is an O-set.

Example 2.4 Let X be a non-empty set. Consider P (X) is the power sets of X. We
define L on P(X)as A L Bif ANB =¢. Wehave pN A = ¢ forall A € P(X).
Then (P(X), L) is an orthogonal set. Similarly we can define L on P(X)as A L B
if AU B = X. Then (P(X), L) is also an orthogonal set.

Example 2.5 Let X = [3, 0o) and define x L y if x < y. Taking xo = 3, (X, L) is
an orthogonal set.

Example 2.6 Let X = [0, 0co) and define x 1 yifxy € {x, y}. By taking xo = O or
xo = 1 (X, L) is an orthogonal set.

Example 2.7 Let (X, d) be a metric space and 7 : X — X be a Picard operator;
i.e., there exists z € X such that lim 7"(y) =z for all y € X. Define x <y if
n—0oQ

lim d(z, T"(y)) = 0. The (X, L) is an orthogonal set.
n—0oQ
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The following example shows that the orthogonal element xy is not unique.

Example 2.8 Suppose M,, is the setof all m x m matrices and Y is a positive definite
matrix. Define the relation 1. on M,, by A L B < 3X € M, suchthat AX = B. It
iseasytoseethat / L B, B L O and ﬁ 1 Bforall B € M,,, where I and O are
the identity and zero matrices in M,,, respectively. Then this orthogonal relation is
reflexive and transitive, but it is antisymmetry.

Example 2.9 For any D € M,,, consider the orthogonal relation L, on M, with
respect to D defined by

ALlp B & tr(ABD) = tr(DBA).

We have D 1 X forall X € M,,. Then this orthogonal relation is reflexive, transi-
tive, and symmetry.

Example 2.10 If 0 < o < 1, let A, ([0, 1]) be the space of Holder’s continuous
functions of the exponent ain [0, 1], 1.e., f € A, ([0, 1]) ifand only if || f]|s, < 00,

e If ) = )
x) —
1flla, = 1FOI+  sup LTV
vyelo gy X =l

For all 0 < o < 1, define A\, ([0, 1]) to be the set of f € A, ([0, 1]) such that

i L&) = fO)]
m--—--------

=y ey

=O0forall x, y € [0, 1].

For all o, 3 € [0, 1], we define A\, ([0, 1]) L Ag([O, 1]) if and only if )\n%ﬂ([o, 1] is
an infinite dimensional closed subspace of A ot ([0, 17). Hence (A, ([0, 1]), L) is an
orthogonal set.

Definition 2.11 ([9]) Let (X, L) be an orthogonal set. A sequence (x,) in X is called
an orthogonal sequence (O-sequence) if

Xn L Xpi1 or X041 L x,, Vn.

Definition 2.12 A mapping d : X x X — [0, 0o) is called a metric on the orthog-
onal set (X, L), if the following conditions are satisfied:

(O1) d(x,y) =d(y,x)forany x,y € X suchthatx L yandy L x,

(02) d(x,y) =0ifandonlyifx = y forany x, y € X suchthatx 1 yandy L x,

(03) d(x,z) <d(x,y)+d(y,z) forany x,y,z € X such that x L y,y 1 z and
x 1z

Then the ordered triple (X, L, d) is called an orthogonal metric space.

Example 2.13 Let X = Q. The orthogonal relation on X is defined x L y if and
only if x =0 or y = 0. Then (X, L) is an orthogonal set, and with the Euclidean
metric, (X, L, d) is an orthogonal metric space.
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Let X be an orthogonal setandd : X x X — [0, oo) be a mapping. For every x € X
we define the set

OKX, d, x) = {(x,l) CX:lim d(x,,x) =0andx, L x,Vn ¢ N} Y
n—oo

Definition 2.14 Let (X, L, d) be an orthogonal metric space. A sequence (x,) in X
is said to be

(i) an orthogonal convergent (in short O-convergent) to x if and only if (x,) €
OX,d, x),
(i) an orthogonal Cauchy (in short O-Cauchy) if and only if lim d(x,, x,,) =0

n,m— oo
and x, 1L x,, orx,, L x,,Vn,m € N.

Remark 2.15 In an orthogonal metric space (X, L, d), an orthogonal convergent
sequence may not be an orthogonal Cauchy.

Definition 2.16 ([9]) An orthogonal metric space (X, L, d) is said to be an orthog-
onal complete (O-complete) if every orthogonal Cauchy sequence converges in X.

Remark 2.17 Ttis easy to see that every complete metric space is orthogonal complete
but the converse is not true. For this remark, see the following examples.

Example 2.18 Let X = Q. Definex L yifand onlyifx = 0ory = 0. Then (X, 1)
is an orthogonal set. It is clear that Q is not a complete metric space with respect to
the Euclidean metric, but it is orthogonal complete. If (x,) is any orthogonal Cauchy
sequence in (Q, then there exists a subsequence (x,, ) of (x,) for which x,, = 0for all
k > 1. Then (x,,) converges to 0 € X. We know that every Cauchy sequence with a
convergent subsequence is convergent, so (x,) is convergent.

Example 2.19 Let X = [0, 1) and define the orthogonal relation on X by

Then (X, L) is an orthogonal set. We have X is not a complete metric space with
respect to Euclidean metric but it is orthogonal complete. Consider (x;,) is an orthog-
onal Cauchy sequence in X. Then there exists a subsequence (x,, ) of (x,) for which
xp, = Oforall k > 1, or there exists a monotone subsequence (x,, ) if (x,) for which
Xp, < j—‘ for all £k > 1. We see that (x,,) converges to a point x € [0, }1] C X. We
know that every Cauchy sequence with a convergent subsequence is convergent, so
(xp) is convergent in X.

Definition 2.20 ([9]) Let (X, L, d) be an orthogonal metric space. A function f :
X — X is said to be an orthogonal continuous (O-continuous or _L-continuous) at a
point xq in X if for each orthogonal sequence (x,) in X converging to x, such that
f(xy) = f(x0). Also f is said to be orthogonal continuous on X if f is orthogonal
continuous at each point on X.
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Remark 2.21 Ttis easy to see that every continuous mapping is orthogonal continu-
ous. The following examples show that the converse is not true in general.

Example 2.22 Let X = R. Define the orthogonality relation on X by x L y if and
only if x =0 or y # 0 in Q. Then (X, L) is an orthogonal set. Define a function
f:X— Xby

)2 ifxeqQ,
fo) = {o, ifx € Q.

Then f is an orthogonal continuous but f is not continuous on Q.

Example 2.23 Let X =R. Define x L y if x,y € (g + 1, g + 2) for some g € Z
orx = 0. Then (X, L) is an orthogonal set. Define a function f : X — X by f(x) =
[x]. Then f is an orthogonal continuous on X. Because for an orthogonal sequence
(x,) in X converging to x € X, then we have

Case-I: If x, = 0 for all n, then x = 0 and f(x,) =0 = f(x).

Case-II: If x,, # O for some ny, then there exists k € Z such that x,, € (k + %
k+ %) foralln > ng. Thenx € [q + %, g + 2] and f(x,) = k = f(x). It follows
that f is orthogonal continuous on X but it is not continuous on X.

If X = R” be a standard inner product space, then the Remark 2.21 is false. It follows
from the following theorem.

Lemma 2.24 ([13]) Let X = R" be a standard inner product spaceand T : X — X
be a mapping, where T (x) = (T;(x), Tr(x), ..., T,(x)) for all x € X, and each
T; is a mapping from R" to R for all i = 1,2,...,n. Then T is continuous at
y=0O1,Y2,...,Yn) ifand only if T; is continuous at y for eachi = 1,2, ..., n.

Theorem 2.25 ([14, Theorem 2.1]) Let (X, L, < .,.>) be an orthogonal inner
product space, where X = R", < ., . > denotes the standard inner product space and
L is an orthogonal relation on X defined by x L yif<x,y >=0forallx,y € X.
Then f : X — X is orthogonal continuous on X if and only if f is continuous on
X.

Proof Given that (X, 1, < .,. >) is an orthogonal inner product space, where X =
R". The orthogonality relation L on X is defined by x L yif < x, y >= 0. Suppose
(x¢) be a Cauchy orthogonal sequence converging to x, where x; = (x¥, x5, ..., x)
andx = (xy, x2, ..., x,).Supposethat f : X — X is an orthogonal continuous func-
tion at x. To show that f is continuous at x.

For any x, y € X, the distance function d(x, y) induced by the inner product is

given by

dx,y) = |:Z(Xi - yi)2j| .

i=1

Since f is orthogonal continuous at x then for any orthogonal sequence (x;) con-
verging to x, we have
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lim d(f (). £(0) =0

o=

= Jim {Zj(ﬁ(xk) - f,-(x))z} =0
= lim (fi(x) = fi(x))?> =0, foreach i

= fi(xx) = fi(x), foreachi, ask — oo
=> f; is continuous at x, foreachi =1,2,...n
= f is continuous at x, (Lemma 2.24).

Since x is arbitrary, so f is continuous on X.
Conversely, if f is continuous on X, it is easy to show that f is orthogonal
continuous on X.

3 Orthogonal Contractions

Definition 3.1 ([9]) Let (X, L, d) be an orthogonal metric space and 0 < K < 1.
A mapping 7 : X — X is called an orthogonal contraction (O-contraction or
1 -contraction) with Lipschitz constant K, if for all x,y € X with x L y then
d(Tx,Ty) < Kd(x, y)

Remark 3.2 1t is clear that every contraction is orthogonal contraction but the con-
verse is not true.

Example 3.3 Let X = [0, 10) and d be the Euclidean metric on X. Define x L y if
xy <xory.Let F:X — X be amap defined by

[ ifx <4,
F(x)_{o, if x > 4.

Letx L yand xy < x then we have
Case:l1 If x =0and y <4 then F(x) =0and F(y) =
Case:2Ifx =0and y > 4 then F(x) = F(y) =0.
Case:3If y <3 and x < 4then F(y) = § and F(x) = 3.
CasedIfy<landx >4thenx —y >y, F(y) = f—v ad F(x) =0.
Therefore we have |F(x) — F(y)| < };|X — y|, and hence, F is an orthogonal
contraction. But F is not a contraction, because foreach K < 1then |F(5) — F(4)| =
1>K=K|5—-14|.

Example 3.4 Let X = [0, 1) and d be the Euclidean metric on X. Define x L y if
xy € {x,y}forall x,y € X. Let F : X — X be a mapping defined by

B

2 ifxeQnNX
-1z ’
F(x)—{o, ifx € Q° N X.
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Then F is an orthogonal contraction on X but it is not a contraction.

Definition 3.5 ([9]) Let (X, L, d) be an orthogonal metric space. A mapping 7T :
X — X is said to be an orthogonal preserving (or L-preserving or O-preserving) if
x L yimplies Tx L Ty forallx,y € X.

Definition 3.6 ([9]) Let (X, L, d) be an orthogonal metric space. A mapping 7T :
X — X is said to be a weakly orthogonal preserving (or weakly _L-preserving or
weakly O-preserving) if x L y implies Tx L Tyor Ty L Tx forallx,y € X.

Example 3.7 ([9]) Let X be the set of all peoples in the world. We define x L y if
x can give blood to y. According to the following table, if x is a person such that
his/her blood type is O~, then we have xo L y for all y € X. Then (X, L) is an
orthogonal set. In the following, we see that in this orthogonal set x is not unique.

Type |You can give blood to|You can receive blood from
AT AT, ABT AT, AT, 07,07

ot | OoF, AT, BT ABT 0%, 0~

BT BT, ABT BT,B~,07.0~
ABT ABT Everyone

A~ |AT.A=,ABT AB~ A=,0"

(o Everyone o~

B~ |BY,B~,ABT,AB~ B~,0"

AB~ ABT,AB~ AB=,B7,07, A"

Remark 3.8 We have every orthogonal preserving mapping is weakly preserving,
but the converse is not true.

For this let (X, L) be an orthogonal set defined in the Example 3.7. Let O; in X be
a person with blood type O~; P; be a person with blood type A™. Define a mapping
F:X— Xby

_ P] , ifx = 01 ,
Flx) = { 0., ifx € X — {Oy).

Let O, € X — {0} be a person with blood type O~. Then we get O; L O, but we
do not have F(0O;) L F(O;). Therefore F is not an orthogonal preserving but it is
weakly orthogonal preserving.

Theorem 3.9 ([9, Theorem 3.11]) Let (X, L, d) be an orthogonal complete metric
space (not necessarily complete metric space) and 0 <k < 1. Let T : X — X be
an orthogonal continuous, orthogonal contraction with Lipschitz constant k, and
orthogonal preserving. Then T has a unique fixed point x € X. Also T is a Picard
operator, i.e., nli)n;o T"(x) = x forall x € X.
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Proof Giventhat (X, L, d) is an orthogonal metric space. Therefore by the definition
of orthogonality, there exists an element xo € X such that xo L y or y _L x¢ for all
y e X.

It follows that xq L T'xg or Txy L x¢. Let

x1=Txo0,x0=Tx; =T%x0, ..., Xp41 = Txy = T" ' xo, Vn € N.

Since T is orthogonal preserving, (x,) is an orthogonal sequence in X. Also since T
is an orthogonal contraction, so we have

d(xn’ xm) = k"d(xo, x1)7 Vn e N.
Ifm,n € Nand m > n we get

d(xm -xm) =< d(xm -anrl) + d(xn+lv xn+2) +- 4+ d(-xmfla -xm)
< k"d(xo,x1) + k"d(xo, x1) + -+ + K" d(x0, x1)

n

1—k

=

d(xo, x1).

Since 0 < k < 1 and d(xg, x1) is fixed, d(x,, x,,) — 0 as m, n — oo. Therefore
(xp) is an orthogonal Cauchy sequence in X. Since X is orthogonal complete, there
exists X € X such that x, — x. Again since T is orthogonal continuous, therefore
T(x,) = T(x)and T(x) = lign(Tx,,) = lilgn Xn+1 = X. Hence x is a fixed point of
T.

Next we prove that the uniqueness of x. Let y be another fixed point of 7. Then
we have T"(x) = x and 7" (y) = y for all n € N. By the definition of orthogonality,
we have

X0 1 x and X0 1 )_1

or
X J_XO and)'J J_xo.

Since T is orthogonal preserving, we have
T"(xp) L T"(x)and T"(x0) L T"(y)

or
T"(%) L T"(x) and T"(5) L T"(xo), Vn € N.

Now by triangular inequality, we have

d(x,y) =d(T"(x), T"(y))
=d(T"(x), T"(x0)) + d(T" (x0), T"(¥))
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< k"d(x,xo) + k"d(xo, y)

— Qasn — oo.

This shows that x = y.
Finally let x € X be arbitrary. Similarly we have

xo Lxandxg L x

or
x 1L xpand x L xg.

Since T is orthogonal preserving, we have
T"(xo) L T"(x)and T" (xg) L T"(x)

or
T"(%) L T"(xo) and T"(x) L T"(xo), Vn € N.

Thus for all n € N we have

dix,T"(x)) =d(T"(x), T"(x))
<d(T"(x), T"(x0)) + d(T" (x0), T"(x))
< k"d(x, xo) + k"d(xg, x)

— 0asn — oo.

This completes the proof.

B. Hazarika

Corollary 3.10 (Banach’s Contraction Principle) Let (X, d) be a complete metric
space and T : X — X be a mapping such that for some k € (0, 1), d(Tx, Ty) <

kd(x,y) forall x,y € X. Then T has a unique fixed point in X.

Proof Suppose that
xLly&dTx,Ty) <d(x,y).

For fix xo € X. Since T is a contraction, so for all y € X, xo L y. Hence (X, L) is
an orthogonal set. It is clear that X is an orthogonal complete and T is an orthogonal
contraction, orthogonal continuous, and orthogonal preserving. Then by Theorem

3.9, T has a fixed point in X.

The following example shows that Theorem 3.9 is a real extension of Banach’s

fixed point theorem.

Example 3.11 Suppose that (X =[0,9), L,d)and T : X — X is defined by

2 ifx <3
_13 =9
T(x)_{O, if x > 3.
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Then X is orthogonal complete (but not complete), and 7 is orthogonal continuous
(not continuous on X), orthogonal contraction, and orthogonal preserving on X.
Therefore by Theorem 3.9 T has a fixed point in X. However T is not a contraction
on X, so by Banach’s contraction principle, we cannot find any fixed point of 7' on
X.

4 Applications to Ordinary Differential Equations

We apply Theorem 3.9 to prove the existence of a solution for the following differ-
ential equation:

{u/(t) = f(t,u(t)), ae.t €I =1[0,T]

u) =a,a>1

(D

where f : I x R — R is an integrable function satisfying the following conditions:

(Cl) f(s,x)>0forallx >0ands €1,
(C2) there exists o € L'(I) such that

[f(s,x) = f(s, V)] < als)|x — yl

foralls € I and x, y > O with xy > x or y.

It is clear that the function f : I x R — R is not necessarily Lipschitz from the
condition (C2). We consider the function

: 1
sx, ifx < 3,
if x >

f(s,X)={0’

which satifies the conditions (C1) and (C2) but f is not continuous and monotone.
For s # 0 we have

1 2\ 1 1
(3) - (3)| =57 o=

Theorem 4.1 ([9, Theorem 4.1]) Under the conditions (C1)and (C2), forall T > 0,
the differential equation (1) has a unique positive solution.

3 5|

1 2 ‘

Proof Let X ={u € C(I,R) : u(t) > 0,Vt € I}. We consider the orthogonality
relation in X as
x Ly&sx(@)y()>x()ory(t), Vtel.

Let S(¢) = fot |a(s)|ds. Then we have S'(¢) = |a(t)| for almost every ¢ € I. Define
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l1x|la = supe 5O1x(1)|, d(x,y) =|lx — ylla,¥x,y € X.

xel

It is easy to show that (X, d) is a metric space.

We show that X is an orthogonal complete (not necessarily complete) metric
space. Consider (x,) is an orthogonal Cauchy sequence in X. It is easy to show that
(x,) is convergent to a point x € C([). It is enough to show that x € X. For ¢ € I
by the definition of L we have

Xn () Xp11(t) > x,(t) or x,,41(¢) foreachn € N.
Since x,(¢) > 0 for each n € N, there exists a subsequence (x,,) of (x,) for which
Xn, (t) = 1 for each k € N. By the convergence of this sequence to a real number,

x(t) implies that x(¢) > 1. Since ¢ € [ is arbitrary, so we have x € X.
Define a mapping F' : X — X by

F(u(t)):/ fG,u@)ds +a.
0

The fixed point of F is the solution of the Eq.(1). For this, we need to prove the
following steps.
Step-I: F is orthogonal preserving: Forall x, y € X withx L yand¢ € I we have

F(u()) =/ f(s,u()ds +a=>1
0

which implies that Fx(t) Fy(t) > Fx(t) andso Fx L Fy.
Step-1I: F is orthogonal contraction: For all x, y € X withx L y and ¢ € I, the
condition (C2) implies that

eSO Fx(t) — Fy(1)] < e5® / £ (5. x() = £ (s, y())lds
0

t
< S0 / s[5 eSO [x(s5) — y(s)]ds
0

t
<e %0 (/ Ioc(s)les(”dS> e = ylla
0

= e 70 = Dllx = ylla

< (1 —eMmyx —ylla,

so we have
||Fx — Fylla < (1 —e ®)|1x — y]|4.

Since 1 — e~ !l*ll < 1, so F is an orthogonal contraction.
Step-III: F is orthogonal continuous: Let (x,) be an orthogonal sequence in X con-
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verging to a point x € X. So we see that x(t) > 1 forall # € I and hence x,, L x for
all n € N. By condition (C2) we have

e SO|Fx,(t) — Fx(t)| < e 5% / | £ (s, %4(8)) — f(s,x(s))|ds
0

<1l—eh|x, —x||a,Vn e Nandr € I.

Hence
[|[Fx, — Fx||a < (1 — e 1*)[lx, — x||a, ¥n € N.

Therefore Fx, — Fx.
The uniqueness of the solution follows from Theorem 3.9. This completes the
proof.

5 Generalized Metric

A mapping D : X x X — [0, oo] is called a generalized metric on a non-empty set
X, if the following conditions are satisfied:

1. D(x,y) = D(y,x) forx,y € X,

2. D(x,y)=0& x=yforx,ye€ X,

3. D(x,2) < D(x,y)+ D(y, z) for x, y, z € X considering that if D(x, y) = oo
or D(y, z) = oo then D(x, y) + D(y, z) = oo.

Then the pair (X, D) is called a generalized metric space.

Definition 5.1 [15] Amapping D : X x X :— [0, oo] is called a generalized metric
on the orthogonal set (X, L), if it satisfy the following conditions:

(GO1) D(x,y) = D(y, x) for any points x, y € X suchthatx 1L yandy L x,

(GO2) D(x,y)=0<% x =yforanypointsx,y e X, x L yandy L x,

(GO3) D(x,z) < D(x,y) + D(y, z) forany pointsx, y,z € X,x L y,y L z, and
x L z,considering thatif D(x, y) = coor D(y, z) = oo then D(x, z7) = oo.

Then the ordered triple (X, L, D) is called generalized orthogonal metric space.

The concept of completeness of a generalized orthogonal metric space is defined
in the usual way.

Theorem 5.2 ([15, Theorem 3.2]) Let (X, L, D) be a generalized orthogonal com-
plete metric space. Let T : X — X be an orthogonal preserving and orthogonal
continuous map such that
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(1) D(Tx,Ty) < AD(x,y)foranypointsx,y € X suchthatx 1 yand0Q < X < 1,
(2) Forany x € X there exists ng such that for (T, L)-orbit (T"x);2, we have
D(T™x, T x) < o0,
(3) Ifx Ly, Tx =xand Ty = y then D(x,y) < o0.
Then there exists a unique fixed point x of the map T and lim T"x = x for any
n—oo

x e X.

Proof Consider the (T, L)-orbit (T"x);2, of an arbitrary point x € X. Suppose that
x LTx, Tx LT, T?x LTx, ..., T"x LT""'x,....

By the given condition (2), we find ng such that D(T"x, T™+!x) < co. Then for
n > no we have

D(T"x, T" 'x) < AD(T""'x, T"x)
< )\2D(T"_2x, Tn—lx)
< MDT" 3%, T" %x)

< )\nfn()D(Tn()x’ Tn(hle)
and

D(T"x, Tn+mx) < D(]ﬂ’lx7 Tn+lx)+D(Tn+1X, T”+2X) 4+ D(Tn+m_lx, Tn+mx)
< Ao D(Tn()x7 Tno-i-lx) 4ot )\n—i-m—]—n()D(Tnox’ Tn0+1x)
_ I:/\nfno 4= )\n+m717nUD(Tngx7 Tn0+lx)]

n—ng
< D(T™0x, T"0F 1y,

T 1=

Therefore the (7', L)-orbit (T"x):°, is a Cauchy sequence in X, and by the com-
pleteness of X, it converges to a point x € X. Since T is an orthogonal continuous,
so x is a fixed point of 7. Suppose that x 1. y, Tx = x and Ty = y, then by the
given condition (3) we have D(x, y) < oo, and by condition (1) we get

D(x,y) = D(Tx,Ty) = AD(x, y)

which is a contradiction. So the fixed point is unique, This completes the proof.

Definition 5.3 ([16]) Let (X, L) be an orthogonal set. A sequence (x,) in X is called
a strongly orthogonal (SO-orthogonal) if

Xn L Xpam Or Xy L x,,Vn,m € N.
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Remark 5.4 Every strongly orthogonal sequence is an orthogonal sequence, but the
converse is not true.

Example 5.5 Let X = 7Z. Define the orthogonal relation on X by x L y if and only
if xy € {x, y}. Consider a sequence (x,) in X as follows
_ 3, if n = 2k, for some k € Z,
tn = 1, if n = 2k + 1 for some k € Z.

Then we have x, L x,4; for all n € N, but x,, is not orthogonal to x4,. So (x,) is
an orthogonal sequence but not a strongly orthogonal sequence.

Definition 5.6 An orthogonal metric space (X, L, d) is called strongly orthogonal
complete (SO-complete) if every strongly orthogonal Cauchy sequence is convergent.

Remark 5.7 Every complete metric space is strongly orthogonal complete, but the
converse is not true.

Example 5.8 Consider X = {x € C([0, 1], R) : x(¢) > 0, Vr € [0, 1]}. Then X isan

incomplete metric space with the supremum norm ||x|| = sup |x(¢)|. Define the
t€[0,1]
orthogonal relation L on X by

xly &< x()y@) > lrer%%{x(t), y(®)}.

Then X is strongly orthogonal complete. If (x,) is a strongly orthogonal Cauchy
sequence in X, then for alln € Nand ¢ € [0, 1], x,(¢) > 1. Since C([0, 1], R) is a
Banach space with the supremum norm, so we can find an element x € C([0, 1], R)
for which ||x, — x|| = 0asn — oo. Since uniformly convergent implies the point-
wise convergent. Thus x(¢#) > 1 for all # € [0, 1] and hence x € X.

Remark 5.9 Every orthogonal complete metric space is strongly orthogonal com-
plete, but the converse is not true.

Example 5.10 Suppose X = [1, co) with the Euclidean metric and the orthogonal
relation on X is defined by x L y <= xy € {x, y}. Let (x,) be a strongly orthog-
onal Cauchy sequence in X, by the definition of 1 we have x, =1 for all n € N.
Therefore (x,) converges to 1. Consider a sequence

_ 0, if n = 2k, for some k € Z,
=Nk 41, ifn =2k + 1 for some k € Z.

Then (x,) is an orthogonal sequence but it is not convergent to any element in X.

Definition 5.11 ([16]) Let (X, L, d) is an orthogonal metric space. A mapping 7 :
X — X iscalledstrongly orthogonal continuous (SO-continuous) at xo € X, foreach
strongly orthogonal sequence (x,) in X if x,, — xo then T (x,,) — T (xp). Also T is
called strongly orthogonal continuous on X if it is strongly orthogonal continuous
at each point of X.
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Remark 5.12 Every continuous mapping is orthogonal continuous and every orthog-
onal continuous mapping is strongly orthogonal continuous, but the converse is not
true; i.e., every continuous mapping is strongly orthogonal continuous but the con-
verse is not true.

Example 5.13 Let X = R with the Euclidean metric. Suppose the orthogonal rela-
tion Lasx L y <= xy € {x, y}. Define a function T : X — X by

] LifxeQ,
Te) = {i if x € Q.

Then T is not continuous, but 7 is strongly orthogonal continuous, because we
consider x, € Q for enough large n. Then we have T (x,) = 1 — x = 1. Now we
consider a sequence

. 1, if n = 2k, for some k € 7Z,
= ‘/TZ, if n = 2k + 1 for some k € Z.

Then we see that x, — 0 but the sequence (7' (x,)) is not convergent to 7(0). So T
is not orthogonal continuous.

Definition 5.14 Let (X, L, d) be a strongly orthogonal complete metric space. A
mapping T : X — X is called strongly orthogonal Meir—Keeler contraction if for
every € > ( there exists d(¢) > 0 such that

x#y,xLyand e <d(x,y) <e+0(e) = d(Tx,Ty) <e. (D
Theorem 5.15 Let (X, L, d) be a strongly orthogonal complete metric space (not
necessarily complete) with an orthogonal element xy. Suppose that T : X — X
is orthogonal preserving, strongly orthogonal continuous such that satisfying the
strongly orthogonal Meir—Keeler contraction. Then T has a unique fixed point z € X.

Also T is a Picard operator, i.e., for all x € X, the sequence (T"(x)) is convergent
to z with respect to the metric d.

Proof By the definition of orthogonality, we have
xo Ly ory.lxy,VyeX.
It follows that xo L. Txq or Txy L x¢. Put
x1=Txg, x0 =T (x1) =T (x0), ..., Xnp1 = T(x,) = T" ' (x0), Vn € N.

‘We have
xo L x, or x, L xo,Vn € N.

Since T is orthogonal preserving, so we get
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Xm = Tm(XO) 1 Tm(xn) = Xptm O Xpym = T (xn) L Tm(xO) = Xm, Vn,m € N.

This gives that (x,) is a strongly orthogonal sequence.
We divide the proof in the following steps:
Step-I: To show that lim d(x,, x,) = 0.
n—00

If there exists mg € N, x,,,, = X;,,+1 then the result is obvious. Let x,, # x,,4 for
all n € N. Then by the Meir—Keeler condition, we have

d(anrh xn) < d(xnv xnfl)vvn eN.

This shows that the sequence (d(x,+1, X,)) is strictly decreasing and it converges.
Put lim d(x,4;, x,) = t. We prove that t = 0. Suppose that ¢ > 0. Using the Meir—
n—0oo

Keeler condition for ¢ > 0, we can find §(¢) > 0 such that
x#y,x Lyandt <d(x,y) <t+61t) = d(Tx,Ty) <t.

Since lim d(x,+1, x,) = t, then there exists my € N such that

n—oo
t <dXpy, Xmg—1) <t +0(0) = d(Txpmy, Ximy—1) < 1.

This implies that d (x,,,+1, Xm,) < ¢, and it contradicts the assumption lim d(x,41,
n—oo

x,) = t. Therefore t = 0.

Step-1II: To prove that (x,) is a strongly orthogonal Cauchy sequence.

Suppose that (x,) is not a strongly orthogonal Cauchy sequence. There existe > 0
and two sequences (my) and (ny) such that my; > ny > my

d (X, xn,) = € and d (X, Xp,) <€ (2)
To prove the result (2), we suppose that
Sy ={m e N:3ng > mo, d(xp, Xy) = €,m > 0y > mg}.
Clearly S; # ¢ and S; € N, then by the well-ordering principle, the minimum ele-
ment of & is denoted by my, and clearly the result (2) holds. Then there exists
d(¢) > 0 (which can be chosen as §(g) < ¢) satisfy the result (1). Then by Step-I, we

show that there exists m € N such that d(x,,,, Xm,+1) < d(€). Then for fix k > my
we have

d(xmk—la xnk—l) = d(xmk—l’ xnk) + d(xnk’ xnk—l)
<e+4d(e).

Now we consider the two cases:
Case-I: Suppose that d (X, —1, Xp,—1) > €.
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Since x,,—; and x,,,_; are orthogonal comparable, using the condition (1) we get
9 S d(xmk—lvxnk—l) < €+5(6) é d(xmkaxnk) <E&.

Case-II: Suppose that d(x,,,—1, Xn,—1) < €.
Since x,,,—; and x,,_; are orthogonal comparable, then by (1) we get

d(-xmka xnk) < d(-xmk—lv xnk—l) <E&.

Hence in each case we get d(x,,, xn,,) < ¢ which contradicts the condition (2).
Hence (x,,) is a strongly orthogonal Cauchy sequence. Since X is strongly orthogonal
complete, then there exists yg € X suchthatx,, — yy.Sod(x,, yo) = coasn — oo.
Also since T is a strongly orthogonal continuous, then for any € > O there exists
mgo € N such that

€ €
d(Xpmg+1, Yo) < 3 and d(T'xu,, Tyo) < 5

Now

d(Tyo, yo) = d(Tyo, Txmy) + d(T Xy, yo)
JELf .
-2 2
It follows that Tyy = yo. Hence T has a fixed point in X.
Now we prove that T is a Picard operator. Let x € X be arbitrary. By the choice
of x¢, we have
xo L yoand xo L x

or
yo L xpand x L xq

Since T is orthogonal preserving, it implies that
x, L ypand x, L T"x

or
yo L x,and T"x L x,,Vn € N,

Now we show that the sequence (d(7"x, x,)) converges to zero. For some mg € N,
if T™0x = x,,, thend(T"x, x,) = 0 for all n > m.

Let T"x # x, foralln € N. The Meir—Keeler condition implies that the sequence
d(T"x, x,)) is strictly decreasing. Using the same argument in Step-I, we get
lim d(T"x, x,) = 0. For all n € N we obtain that

n—00
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d(T"x, yo) <d(T"x, x,) +d(x,, yo) = 0asn — oo.

Therefore T"x — .
Finally we prove that the fixed point y is unique. Let y € X be another fixed point
of T, then T"y = y for all n € N. It follows from 7 is a Picard operator that y = .

6 Applications to Integral Equations

We study the existence and uniqueness of a solution of the following integral equation

' b
u(t) = / e <f e Tg(s, T, M(T))d7’> ds (1)
0 0

Let p > 0, g be a function from [0, p] x [0, p] x X into X and I" : [0, p] x [0, p]x
[0, p] — R™ be an integrable function for which

P1) G)g:(t,.,x):s —> g(t,s,x) is an integrable function for every x € X and
for all € [0, p]
(i) g(¢, s,.) : x — g(t, s, x) is d-continuous on X for all ¢, s € [0, p].

P2) (1) g(t,s,x) = 0forall x > 0 and forallz, s € [0, p]
(i) g(t, s, x)g(’,r,y) > g(t,t', xy) foreach x, y € X with xy > 0 and for all
t,t',r,s €[0, pl.

(P3) Thereexistsy > Osuchthatd(g(t, s, x), g(¢,s,y)) < ~vd(x, y)forall (¢, s, x),
(t,s,y) €10, p] x [0, p] x X with xy > 0.

P4) d(g(t, s, x),g(v,s,x)) <I'(,v,s)forall (¢, s, x), (v, s, x) € [0, p] x [0, p]

x X and
p

lim | I'(¢,v,s)ds =0

1—>00

0

uniformly for all v € [0, p].

We consider B = C ([0, p], X) the space of all continuous function from [0, p] into
X. Itis a complete metric space with the metric

dy(u, w) = sup e ""|u(r) — w(r)|, where b > 0.
t€[0, p]

We define the operators 7' and S on B by

Tu(t) = /p e g(t,s,u(s))ds
0

Su(t) :/ e 'Tu(s)ds
0
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We have the fixed points of S are the solutions of the Eq. (1) and B is invariant under
T and S.

Theorem 6.1 Under the conditions (P1)—(P4), for all p > 0 the integral equation
(1) has a unique solution in B.

Proof We consider the orthogonal relation on 3 as
ulw << u@®w()=>0,Vvrel0,pl

It is clear that B is a strongly orthogonal complete metric space. To complete the
proof, we need the following steps.

Step-I: S is an orthogonal preserving. For each u, w € B with u L w, by the
hypothesis (P1)(i) and (P2)(ii) we have

P p
Tu(@®)Tw(t) :/ e *g(t,s, u(s))ds/ e g, r, wr))dr
0 0
= /p /p et g(t, s, uls))g(t’, r, w(r))dsdr
o Jo

> fp /p e g, 1, u(s)wr)dsdr, u(s)w(r) =0
0 0

> 0 foreacht,t €0, pl.

Therefore Tu 1| Tw. By the definition of § we have Su L Sw.
Step-1II: To prove that S is dj,-Lipschitz on orthogonal comparable elements. Let
k=1
M = {so, s1, . .., s} be a subdivision of the interval [0, p]. Then we have Y (s;41 —
i=0
)4
s;)e % x(s;) is norm convergent and consequently dj,-convergent to f e *x(s)dsin B,

0
when |M| = sup{|sjt1 —s;|:i=0,1,2,...,k—1} > 0as k — oo. Let u L w.
Then we have

P
/(; e*S(g(t’S’M(S)) _g(tvsaw(s)))ds
k-1
= klillgo Z(;(SH-I —sp)e i (g(t, si, uls)) — g, si, wis;)))

and

k-1 »
E (six1 —sp)e™ % < / elds=1—e? <1
i=0 0

by Fatou property and condition (P3). Now we have
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k—1
d(Tu@), Tw(t)) < liminf Y (sip1 — si)e d(g(t, si, u(s)), g(t, si, w(s)))
i=0
k—1
< Aim inf Z(sm —sp)e d(u(s;), wis))
i=0
k—1
< Aliminf ) (sip1 — )" dy(u. w).
i=0

Therefore we get

e d(Tu(t), Tw()) < e <fp ebfds) dy(u, w)
0

bp __ 1
<Ay, w).
Hence
e —1
dp(Tu, Tw) < A dp(u, w).
By definition of S gives that
A
dp(Su, Sw) < Ndp(u, w), where N = TE) (1—e ®HPy (e —1).

Step-III: To show that S satisfies the Meir—Keeler condition.
We define
0(e) = {dp(u, w) : dp(Su, Sw) > cand u L w}.

Let0O < N < land e > 0 be given. If u L w and d,(Su, Sw) > ¢ then by Step-II,
we have

dy(u, w) = N7 'e.
So d(¢) > N~ 'e > ¢. By using Theorem 1 of [17] we have S satisfies the Meir—

Keeler condition. Therefore by Theorem 5.15, S has a unique fixed point, which is
the solution of the integral equation (1).

7 Different Types of Convergence
The asymptotic density or density of a subset U of N, denoted by §(U), is given by

1
5(U) = lim —|{k <n:keU},
n—>oo n
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if this limit exists, where [{k < n : k € U}| denotes the cardinality of the set {k <
n:k € U}. Fast [18] and Steinhaus [19] independently introduced the notion of
statistical convergence with the help of asymptotic density, and later on Schoenberg
[20] reintroduced it. A sequence X = (x,) is said to be statistically convergent to
£ if for every € > 0, the set {n € N : |x, — £| > €} has density zero. We call ¢ the
statistical limit of x. The set of all statistically convergent sequences is denoted by
st.

The notion of ideal convergence is the dual (equivalent) to the notion of filter
convergence which was introduced by Cartan [21]. The filter convergence is a gen-
eralization of the classical notion of convergence of a sequence, and it has been an
important tool in general topology and functional analysis. Kostyrko et al. [22] and
Nuray and Ruckle [23] independently discussed the ideal convergence which is based
on the structure of the admissible ideal Z of subsets of natural numbers N. It was fur-
ther investigated by many authors, e.g., Salat et al. [24], and references therein. The
statistical convergence and ideal convergence for sequences of real-valued functions
were studied by Balcerzak et al. [25].

A non-empty class Z of power sets of a non-empty set X is called an ideal on X
if and only if (i) ¢ € 7 (ii) Z is additive under union (iii) hereditary. An ideal Z is
called non-trivial if T # ¢ and X ¢ Z. A non-empty class F of power sets of X is
called a filter on X if and only if (i) ¢ ¢ F (ii) F is additive under intersection (iii)
foreachU € Fand V D U, implies V € F. A non-trivial ideal Z is said to be (i) an
admissible ideal on X if and only if it contains all singletons (ii) maximal, if there
cannot exist any non-trivial ideal U # 7 containing Z as a subset (iii) is said to be a
translation invariant ideal if {(n +1:n e U} € Z, forany U € 7.

We recall that a real sequence x = (x,) is called ideal convergent (in short Z-
convergent) to the number / (denoted by Z-1lim x, = [) if for every € > 0, the set
{n e N:|x, —1| > ¢} is in Z. The set of all ideal convergent sequences denoted
by Z.

A lacunary sequence 6 = (k) is a non-decreasing sequence of positive integers
such that ky # 0 and A, : k, — k,_; — oo. The intervals determined by € will be
denoted by I, = (k,_1, k], and the ratio k—l will be abbreviated as g,. We assume
that lim inf, g, > 1. The notion of lacunar'}; statistical convergence was introduced
and studied by Fridy and Orhan [26, 27]. A sequence (x,) in R is called lacunary
statistically convergent to x € R if

lim L ik €L;|x, — x| =€}l =0,
r—oo i,
for every positive real number €. The set of all lacunary statistically convergent
sequences is denoted by stg.

Connor and Grosse-Erdman [28] gave sequential definitions of continuity for real
functions calling G-continuity, where a method of sequential convergence, or briefly a
method, is a linear function G defined on a linear subspace of s, denoted by cg, into R.
We refer [29] for sequential compactness and [30, 31] for G-sequential continuity.
A sequence x = (x,) is said to be G-convergent to £ if x € ¢g and G(x) = £. In
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particular, lim denotes the limit function lim x = lim,, x,, on the linear space ¢, and
st — lim denotes the statistical limit function st — lim x = st — lim,, x,, on the linear
space st and sty — lim denotes the lacunary statistical limit function sty — limx =
sty — lim, x,, on the linear space sty. Also Z — lim denotes the Z-limit function
7 —limx = Z — lim, x,, on the linear space Z(R). A method G is called regular if
every convergent sequence X = (x,) is G-convergent with G(x) = lim x. A method
is called subsequential if whenever x is G-convergent with G(x) = ¢, then there is a
subsequence (x,,) of x with limy x,,, = £.

8 General Convergence

Let X be an orthogonal setand d : X x X — [0, 0co) be a mapping. Forevery x € X
we define the set

GOX.d, x) = [(xn) CX:G— limd(x,.x)=0andx, L x,Vn e N}. (1)

Definition 8.1 Let (X, L, d) be an orthogonal metric space. A sequence (x,) in X
is said to be

(i) G-orthogonal convergent (in short G O-convergent) to x if and only if (x,) €
GoOX,d, x),
(i) G-orthogonal Cauchy (in short G O-Cauchy) if and onlyif G — lim d(x,, x;,)
n,m—oo

=0andx, L x,, orx,, L x,,Vn,m € N.

Theorem 8.2 Let (X, L, < .,.>) be an orthogonal inner product space, where
X =R", < .,. > denotes the standard inner product space and L is an orthogonal
relation on X defined by x L yif <x,y >=0forall x,y € X. Let (x,) and (y,)
be two sequences in X with (x,) € GO(X,d, x) and (y,) € GO(X,d, y). Then

(a) (-xn + )’n) e gO(X»da-x + )7)»

(b)) <Xy, Yy >—>g<Xx,y>.
Proof The proof is simple. The reader should prove the theorem on its own.

Definition 8.3 Let (X, L, d) be an orthogonal metric space. A function f : X — X
is said to be G-orthogonal continuous (G O-continuous) at a point xq in X if for each
orthogonal sequence (x,) in X, G-converging to x such that f(x,) —¢g f(xo). Also
f is said to be G-orthogonal continuous on X if f is G-orthogonal continuous at
each point on X.

Definition 8.4 Let (X, L, d) be an orthogonal metric space and E C X. A function
f+E — X is said to be G-orthogonal sequentially continuous (G O-sequentially
continuous) at a point xo in X if for each orthogonal sequence (x,,) € E, G-converging
to xo such that f(x,) —¢g f(x0).
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Theorem 8.5 Let G be a regular method and (X, L, d) an orthogonal metric space,
and f, g : X — X be functions on X. Then the following are satisfied.

(a) If f and g are G O-sequentially continuous, then so also is g f,
(b) If f and g are G O-sequentially continuous, then so also is f + g.

Proof (a) Let x be an orthogonal sequence in X such that G(x) = xy € X. Since f
is G O-sequentially continuous at xg, we get G(f(x)) = f(xo) and since g is GO-
sequentially continuous at f(xp) we have G(g(f(x))) = g(f(xg)). Therefore the
function g f is G O-sequentially continuous.

(b) Let x be an orthogonal sequence in X such that G(x) = xo € X. Since the
functions f and g are GO-sequentially continuous, so we have G(f(x)) = f(xo)
and G((x)) = g(xp). Therefore by the additivity of G we get

Gf + 9 =G(f(X) +9(x) =G(f (X)) + G(g(x) = f(x0) + g(x0) = (f + 9)(x0)

i.e., f + g is GO-sequentially continuous.

Theorem 8.6 Let G be a method and (X, L, d) be an orthogonal metric space. Then
we have the following.

(i) If f : X — X is GO-sequentially continuous, then so also is a restriction fy :
A — X to a subset A,
(ii) The identity map J : X — X is GO-sequentially continuous,
(iii) For a subset A C X, the inclusionmap f : A — X is GO-sequentially contin-
uous,
(iv) If G is regular, then the constant map C : X — X is G O-sequentially continu-
ous,
(v) If f is GO-sequentially continuous, then so also is — f,
(vi) The inverse function f : X — X; f(x) = —x is GO-sequentially continuous.

Proof (i) Let x be an orthogonal sequence of the terms in A with G(x) = xp. Since
f is GO-sequentially continuous, then we have G(f(x)) = f(xo)-

(ii) Let G(x) = xq for an orthogonal sequence x in X. Then G(J (X)) = G(X) =
xo = J(x0) and so J is G O-sequentially continuous.

(iii) Follows immediately from (i) and (ii).

(iv) Let C : X — X be a constant map with C(x) = yy and let X be an orthog-
onal sequence in X with G(x) = xo. Then C(x) = (Yo, Yo, - - .) which G-converges
to yp. Since G is regular G(C(x)) = yp = C(xp). Therefore C is G O-sequentially
continuous.

(v) Let x be an orthogonal sequence in X with G(x) = x. Since f is GO-
sequentially continuous G(f(x)) = f(x¢). Therefore G(—f(x)) = —G(f(x)) =
— f(x0), and hence, — f is G O-sequentially continuous.

(vi) Follows immediately from (ii) and (v).

Corollary 8.7 Let G be a regular method and CG O (X) the class of G O -sequentially
continuous functions. Then CG O (X) becomes a group with the sum of functions.
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Definition 8.8 Let (X, L, d) be an orthogonal metric space. Let A C X and xy € X.
Then x is in the G O-sequential closure of A (it is called GO-hull of A) if there is
an orthogonal sequence x = (x,) of points in A such that G(x) = xo. We denote
G O-sequential closure of a set A by A9, We say that a subset A is G O-sequentially
closed if it contains all the points in its G O-sequential closure, i.e., if A0 C A It
is clear that ago = ¢ and X99 = X.If G is a regular method, then A C A C A99,
and hence, A is G O-sequentially closed if and only if A9 = A.

Definition 8.9 A subset A of an orthogonal metric space (X, L, d) is called GO-
sequentially open if its complement is G O-sequentially closed, i.e., X \Ago C X\A.

Definition 8.10 A function f is said to be G O-sequentially open if the image of
any G O-sequentially open subset of an orthogonal metric space (X, L, d) is GO-
sequentially open.

Definition 8.11 Let (X, L, d) be an orthogonal metric space. A function f is said
to be G O-sequentially closed if the image of any G O-sequentially closed subset of
X is G O-sequentially closed.

Theorem 8.12 Let (X, L, d) be an orthogonal metric space and G be a regular
method. A function f : X — X is GO-sequentially closed if f(B)gO - f(EgO)
for every subset B.

Proof Let f : X — X be a function such that f(B)gO C f(EgO) for any subset B.

Let A be a GO-closed subset. By assumption f(A)gO - f(ZgO). Since G is regular
B =B and so we have f(B)gO C f(B) and therefore f(B) is GO-sequentially

closed.

Theorem 8.13 Let (X, L, d) be an orthogonal metric space and G be a regular
method. If a function f is G O-sequentially continuous on X, then the inverse image
f~Y(A) of any GO-sequentially open subset A of X is G O-sequentially open.

Proof Let f: X — X be any GO-sequentially continuous function and A be any
G O-sequentially open subset of X. Then X\ A is G O-sequentially closed. By Lemma
8.12, f (X \A) is GO-sequentially closed. On the other hand

1 x\A) = OO\ ) = X\ f1(A)

and so it follows that f~'(A) is G O-sequentially open. This completes the proof of
the theorem.

Definition 8.14 Let (X, L, d) be an orthogonal metric space. A point x is called
a G O-sequential accumulation point of a subset A of X (or is in the G O-sequential
derived set) if there is an orthogonal sequence X = (x,,) of points in A\{xo} such that

G(x) = xo.
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Definition 8.15 Let (X, L, d) be an orthogonal metric space. A subset A of X is
called G O-sequentially countably compact if any infinite subset of A has at least one
G O-sequential accumulation point in A.

Theorem 8.16 Let (X, L, < .,. >) be an orthogonal inner product space, where
X =R", <.,. > denotes the standard inner product space and | is an orthog-
onal relation on X defined by x L y if <x,y >=0 for all x,y € X. Then any
G-orthogonal sequentially continuous function at point x if and only if it is contin-
uous at xq in the ordinary sense.

Proof The proof follows from Theorem 2.25 and the definition.

Theorem 8.17 Let (X, L, d) be an orthogonal metric space. Suppose that G is
a regular method. Let f : X — X be an additive function on X. Then f is GO-
sequentially continuous at origin if and only if f is GO-sequentially continuous at
any pointb € X.

Proof Let the additive function f : X — X be G O-sequentially continuous at ori-
gin. So for an orthogonal sequence x = (x,,) € X such that G( f(x)) = 0, whenever
G(x) = 0. Let x be a sequence in X with G — limx = b and b the constant sequence
b = (b, b, ...). Since G is regular G(b) = b. Therefore the sequence x — b is GO-
convergent to 0. So by assumption G(f(x — b)) = 0. Since f and G are additive
G(f(x)) — G(f (b)) = 0. Since the constant sequence f(b) tends to f(b) and G is
regular, G(f (b)) = f(b). Therefore we have that G(f(x)) = f(b).

Theorem 8.18 Let G be a regular subsequential method. Then a subset of X is
G O-sequentially compact if and only if it is G O -sequentially countably compact.

Proof Let A be any G O-sequentially compact subset of X and B be an infinite subset
of A. We can choose an orthogonal sequence x = (x,,) of different points of B. Since
A is G O-sequentially compact, so it implies that of B that the orthogonal sequence
x has a convergent subsequence y = () = (x,,,) with G(y) = xo. Since G is a sub-
sequential method, y has a convergent subsequence z = (z;) of the subsequence
y with lim; z; = xo. By the regularity of G, we obtain that xy is a GO-sequential
accumulation point of B. Thus A is G O-sequentially countably compact.

Next we suppose that A is any G O-sequentially countably compact subset of X.
Letx = (x,) be an orthogonal sequence of pointsin A. We write P = {x,, : n € N}.If
P is finite, then there is nothing to prove. If P is infinite, then P has a G O-sequential
accumulation pointin A. Alsoeach set P, = {x; : k > n}, for each positive integer n,

has a G O-sequential accumulation pointin A. Then the intersection [ | Ego # ¢.
So there is an element xy of A which belongs to the intersection. Since G is a
regular subsequential method, xo € ﬂflozl ‘P,. Then it is not difficult to construct a
subsequence z = (zx) = (x,,) of the sequence x with G(z) € A. This completes the
proof.
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9 Orthogonal Sequential Compactness

We consider (X, L, d) is an orthogonal metric space.

Definition 9.1 A subset E of X is called an orthogonal sequentially compact if any
sequence (x,) in E has a G-convergent subsequence whose limit is in E.

Definition 9.2 A subset E of X is called G O-sequentially compact if any sequence
(x,) in E, there is subsequence y = (yx) = (x,,) of (x,) such that G(y) = lim; yx
in E.

Remark 9.3 Any sequentially compact subset E of X is also G-orthogonal sequen-
tially compact and the converse is not always true. For this, see the following example.

Example 9.4 Let (X =1[0,1), L,d) be an orthogonal metric space. Define the
orthogonal relation L on X by

There exists a subsequence (yx) = (x,,) of (x,) for which x,, =0 forallk > 1 or
there exists a monotone subsequence (x,, ) if (x,) for which x,, < % forallk > 1. We
see that (x,, ) is G-convergent to apoint x € [0, %] C X.If we consider a subsequence
() = (1 = 1) of (x,), then limy y is not in [0, 1].

Theorem 9.5 Every GO-sequentially closed subset of a GO -sequentially compact
subset of X is G O-sequentially compact.

Proof Let A be any GO-sequentially compact subset of X and B be a GO-
sequentially closed subset of A. Consider an orthogonal sequence x = (x,,) of points
in B. Then x is a sequence of points in A. Since A is GO-sequentially compact,
there is a subsequence y = (yx) = (x,,) of sequence x such that G(y) € A. The sub-
sequence y is also a sequence of points in B. Since B is G O-sequentially closed,
so G(y) € B. Thus x has a G-convergent subsequence, with G(y) € B. Hence B is
G O-sequentially compact.

Theorem 9.6 LetG be aregular subsequential method. Every G O-sequentially com-
pact subset of X is G O-sequentially closed.

Proof Let A be any G O-sequentially compact subset of X. Take any xo € A. Then
there is an orthogonal sequence x = (x,,) of points in A such that G(x) = xy. Since G
is a subsequential method, there is a subsequence y = (yx) = (x,,) of the sequence
x such that limy x,, = x¢. Since G is regular, so we have G(y) = x¢. By the GO-
sequential compactness of A, there is a subsequence z = (z;) of the subsequence
y such that G(z) = x; € A. Since lim; z;x = x¢ and G is regular, G(z) = xy. Thus
xo = x1 and hence xy € A. Thus A is G O-sequentially closed.
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Corollary 9.7 Let G be a regular subsequential method. Then a subset of X is
G O-sequentially compact if and only if it is sequentially countably compact in the
ordinary sense.

Corollary 9.8 Let G be a regular subsequential method. Then a subset of X is GO-
sequentially compact if and only if it is countably compact in the ordinary sense.

Theorem 9.9 Every G O-sequential continuous image of any G O-sequentially com-
pact subset of X is G O-sequentially compact.

Proof Let f be any G O-sequentially continuous function on X and A be any GO-
sequentially compact subset of X. Consider an orthogonal sequence y = (y,) =
(f (x,)) of points in f(A). Since A is GO-sequentially compact, there exists a
subsequence z = (zx) = (x,,) of the sequence x = (x,,) with G(z) € A. Then the
sequence f(z) = (f(zx)) = (f(x,,)) is a subsequence of the sequence y. Since f
is G O-sequentially continuous, so we have G(f(z)) = f(z0) € f(A). Hence f(A)
is G O-sequentially compact.

Corollary 9.10 Let G be a regular subsequential method. Then every GO-
sequentially continuous image of any sequentially compact subset of X is sequen-
tially compact.
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Application of Measure )
of Noncompactness to the Infinite e
Systems of Second-Order Differential
Equations in Banach Sequence Spaces

¢, {p, and cff

Anupam Das and Bipan Hazarika

Abstract In this paper, we establish the existence of solutions of infinite systems of
second-order differential equations in Banach sequence spaces by using techniques
associated with measures of noncompactness in a combination of Meir—Keeler con-
densing operators. We illustrate our results with the help of some examples.

1 Intoduction

The theory of infinite system of ordinary differential equations is a very important
branch of the theory of differential equations in Banach spaces. Infinite system of
ordinary differential equations describes many real-life problems which can found
in the theory of neural nets, the theory of branching processes and mechanics, etc
(see [3, 4, 6]).

In the functional analysis the study of measure of noncompactness plays a very
important role which was introduced by Kuratowski [7]. The idea of measure of
noncompactness has been used by many authors in obtaining the existence of solu-
tions of infinite systems of integral equations and differential equations (see [2]).
Mursaleen and Mohiuddine [8] and Mohiuddine et al. [9] proved existence theorems
for the infinite systems of differential equations in the space £,. On the other hand,
existence theorems for the infinite systems of linear equations in ¢; and £, were
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given by Alotaibi et al. [10]. Mursaleen and Alotaibi [11] proved existence theorems
for the infinite system of differential equations in some BK-spaces.

1.1 Preliminaries

Let M and S are subsets of a metric space (X, d) and € > 0, and then the set S is
called € — net of M if for any x € M there exists s € S, suchthatd(x, s) < e. If Sis
finite, then the ¢ — net S of M is called finite ¢ — net. The set M is said to be totally
bounded if it has a finite € — net for every e > 0. A subset M of a metric space X is
said to be compact if every sequence (x,) in M has a convergent subsequence and
the limit of that subsequence is in M. The set M is called relatively compact if the
closure M of M is a compact set. If a set M is relatively compact, then M is totally
bounded. If the metric space (X, d) is complete, then the set M is relatively compact
if and only if it is totally bounded.

If x € X and r > 0, then the open ball with center at x and radius r is denoted
by B(x,r), where B(x,r) ={y € X : d(x,y) < r}.If X is a normed space, then
we denote by By the closed unit ball in X and by Sy the unit sphere in X. Let
My or simply M be the family of all nonempty and bounded subsets of a metric
space (X, d), and let M$ or simply M€ be the subfamily of My consisting of all
closed sets. Further, let Ny or simply A/ be the family of all nonempty and relatively
compact subsets of (X, d). Let dg : M x M — R be the function defined by

dy(A, B) = max {supd(x, B), supd(y, A)} ,

x€eA yeEB

where A, B € Mx. The function dy is called the Hausdorff distance, and dy (A, B)
is the Hausdorff distance of sets A, B.

Let X and Y be infinite-dimensional complex Banach spaces and denote the set
of bounded linear operators from X into ¥ by B(X, Y). We put B(X) = B(X, X).
For T in B(X,Y), N(T) and R(T) denote the null space and the range space of
T, respectively. A linear operator L from X to Y is called compact (or completely
continuous) if D(L) = X for the domain of L, and for every sequence (x,) € X
such that || x,, ||< C, the sequence (L(x,)) has a subsequence which converges in
Y. A compact operator is bounded. An operator L in B(X,Y) is of finite rank if
dimR(L) < oo. An operator of finite rank is clearly compact. Let F (X, Y), C(X,Y)
denote the set of all finite rank and compact operators from X to Y, respectively. Set
F(X)=F(X,X)and C(X) = C(X, X).

If F is a subset of X, then the intersection of all convex sets that contain F' is
called convex cover or convex hull of F' denoted by co(F).

Let Q be a nonempty and bounded subset of a normed space X. Then the convex
closure of Q, denoted by Co(Q), is the smallest convex and closed subset of X that
contains Q. Note that Co(Q) = co(Q).
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1.2 Kuratowski Measure of Noncompactness

Definition 1.1 ([1]) Let (X, d) be a metric space and Q a bounded subset of X.
Then the Kuratowski measure of noncompactness (a-measure or set measure of
noncompactness) of Q, denoted by a(Q), is the infimum of the set of all numbers
€ > 0 such that Q can be covered by a finite number of sets with diameters ¢ > 0,
that is,

a(Q)=inf{e>0:Q CU_ S, S C X, diam(S;) <e(i=1,2,...,n) ,n €N}

The function « is called Kuratowski measure of noncompactness was introduced by
Kuratowski [5]. Clearly,

a(Q) < diam(Q) for each bounded subset Q of X.

1.3 Axiomatic Approach to the Concept of a Measure
of Noncompactness

Suppose E is a real Banach space with the norm || . || . Let B(xo, ) be a closed ball
in E centered at xo and with radius . If X is a nonempty subset of E, then by X
and Conv(X) we denote the closure and convex closure of X. Moreover, let Mg
denote the family of all nonempty and bounded subsets of E and N its subfamily
consisting of all relatively compact sets.

We consider the definition of the concept of a measure of noncompactness defined
by Bana$ and Lecko [12].

Definition 1.2 A function i : Mg — [0, o) will be called a measure of noncom-
pactness if it satisfies the following conditions:

(i) the family ker p = {X € Mg : 1 (X) = 0} is nonempty and ker u C Ng.
(i) XCV = pX) =p).
(iil) p(X) = p(X).
(iv) p(ConvX) = pu(X).
V) pQAX+A=XNY) <AuX)+ A =X p)for X e0,1].
(vi) if X, € Mg, X, = X,, Xp11 C X, forn=1,2,3, ... and nlirglou(X,l) =0

then ()2, X, # ¢.
The family kerp is said to be the kernel of measure p.
A measure  is said to be the sublinear if it satisfies the following conditions:
(1) p(AX) = |\ p(X) for X € R.
Q) pX+Y)=p@)+p).
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A sublinear measure of noncompactness y satisfying the condition:
p(XUY) =max {z(\X), p(AY)}

and such that ker s = N is said to be regular.

1.4 Hausdorff Measure of Noncompactness

Definition 1.3 ([2]) Let (X, d) be a metric space, Q be a bounded subset of X and
B(x,r) ={y € X :d(x,y) < r}. Then the Hausdorff measure of noncompactness
x(Q) of Q is defined by

n
Y(Q) := inf e>0:QCUB(xl-,r,-),x,-eX,rl-<e (i=1,2,...,n),neN}.

i=1

The definition of the Hausdorff measure of noncompactness of the set Q is not
supposed that centers of the balls that cover Q belong to Q. Hence, it can equivalently
be stated as follows:

x(Q) =inf {e > 0 : Q has a finite e—net in X} .

Then the following results were obtained in [1, 2].

Lemma 1 ([2]) Let Q, Q1, and Q> be bounded subsets of the complete metric space
(X,d). Then

x(Q) =0if and only if Q is compact, (1.1)
X(Q) = x(Q). (1.2)

Q1 C @, implies x(Q1) = x(Q2), (1.3)
X(Q1 U Q2) = max {x(Q1), x(Q2)}, (1.4)
X(Q1 N Q2) <min{x(Q1), x(Q2)}. (1.5)

Consider the following sequence spaces are Banach spaces with their respective
norms,

c=1xcw:limx; =1, 1€C,| x |loo= sup x|
k—o00 k

the space of all convergent sequences;
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00 00 1/p
ty=qxew: ) lul’ <oo(l<p<oo). |lxl,= (DW)

k=0 k=0

the space of all absolutely p— summable series.
In the Banach space (c, || . ||) , the most convenient measure of noncompactness
1 can be formulated as follows (see [2]).

u(B) = lim [sup {sup | up — lim u,, |”
P= [ yeB Lk>n m—00
where u (1) = (u;(t));2, € ¢ for each t € [0, T] and B € M,. The measure /i is
regular.
Bana$ and Mursaleen [2] defined the Hausdorff measure of noncompactness

for the Banach space (£, | . ll¢,) . (1 < p < 00) as follows.

o) 1/p
— i p
X (B) = lim sup<Z|uk|)

ueB k=n

where u(t) = (u;(t));2, € £, foreacht € [0, T]and B € M,,.

Let us fix a positive nonincreasing real sequence 3 = (3,)q, such a sequence
is called the tempering sequence. Let the set X consisting of all real (or complex )
sequences x = (x,)o2, such that 3,x, — 0 asn — oo. Itis obvious that X forms a
linear space over the field of real (or complex ) numbers. We will denote the space
by the symbol cg It is easy to see that c{f is a Banach space under the norm

I x 1ly= sup {6, xal)
neN

In fact, the Hausdorff measure of noncompactness x(X) for X € ./\/tcg can be
expressed as follows [1]:

X(X) = nli;goi sup [SUP (B; Ixil)”.

(x;)eX Li>n

1.5 Condensing Operators, Compact Operators, and Related
Results

Definition 1.4 Let i) and i, be measures of noncompactness on Banach spaces E
and F, respectively. Let L : E — F be an operator. Then
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(a) L is called (1, pp)-contractive operator with constant k > 0 (or simply k-
(1, p2)-contractive) if L is continuous and

p2(L(Q)) = kpi (Q) for each Q € M.

In particular, if E = F and 1y = pp = p, then we say that L is a k-pu-contractive
operator.

(b) L is called (p;, po)-condensing operator with constant k£ > 0 (or simply k-
(pe1, p12)-condensing) if L is continuous and

2 (L(Q)) < kuy(Q) for each non — precompact Q € Mg.

In particular, if E = F and 41 = pu» = pu, then we say that L is a k-p-condensing
operator. Moreover, if k = 1, we say that L is a u-condensing operator.

If an operator L is (p1, j12)-contractive, then the number || L ||, ,, defined by

Ll o= inf {k = 02 p2(L(Q)) < kpa(Q) for each Q € Mg} (1.6)

is called (1, pp)-operator norm of L, or (41, i2)-measure of noncompactness of L,
or simply measures of noncompactness of L. If y1; = pp = pu, then we write || L |,
instead of || L ||, which we call as the y-norm of L.

In infinite-dimensional spaces E and F, for any arbitrary measure of noncom-
pactness f, || L ||, may be expressed by the equivalent formula

p(L(QD))

L =
e Sup{ 1(0)

10 e Mg, u(Q)>O}. 1.7)

Definition 1.5 Let X and Y be Banach spaces and x; and x, be Hausdorff measures
on X and Y. Then, the operator L : X — Y iscalled (x1, x2) — bounded if L(Q) is
bounded subset of Y for every O € My and there exists a positive constant K such
that x2(L(Q)) < Kx1(Q) forevery Q € My.Ifanoperator L is (1, x2)—bounded,
then the number || L |/, y,)= inf {K > 0: x2(L(Q)) < Kx1(Q) for all bounded
QO C X} is called (i, x2)-measure of noncompactness of L. In particular, if x; =
X2 = X, then we write || L [lo,=Il L Il .

The idea of compact operators between Banach spaces is closely related to the
Hausdorff measure of noncompactness, and it can be given, as follows. Let X and Y be
Banach spaces and L € B(X, Y). Then, the Hausdorff measure of noncompactness
IL|l, of L can be given by ||L|, = x(L(Sx)), where Sx = {x € X : |lx|| = 1} and

we have L is compact if and only if || L], = 0. We also have ||L|| = sup ||Lx||y.
x€Sx

Definition 1.6 ([13]) Let £ and E; be two Banach spaces and let p; and p; be
arbitrary measure of noncompactness on E; and E,, respectively. An operator f
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from E; to E, is called a (u, t2) —condensing operator if it is continuous and
w2 (f(D)) < u1 (D) for every set D C E; with compact closure.

Remark 1.7 If E;y = E, and p; = pup = p, then f is called a p— condensing
operator.

Theorem 1.8 ([14]) Let Q2 be a nonempty, closed, bounded, and convex subset of a
Banach space E and let f : Q — Q be a continuous mapping such that there exists a
constant k € [0, 1) with the property p (f(2)) < kui(2). Then f has a fixed point
in Q.

Definition 1.9 ([15]) Let (X, d) be a metric space. Then a mapping 7 on X is said
to be a Meir-Keeler contraction if for any ¢ > 0, there exists 6 > 0 such that

e<dx,y)<e+d = d(Tx,Ty) <e¢,Vx,y € X.

Theorem 1.10 ([15]) Let (X, d) be a complete metric space. If T : X — X is a
Meir-Keeler contraction, then T has a unique fixed point.

Definition 1.11 ([16]) Let C be a nonempty subset of a Banach space E and let ;i be
an arbitrary measure of noncompactness on E. We say that an operator 7 : C — C
is a Meir—Keeler condensing operator if for any € > 0, there exists 4 > 0 such that

e<puX)<e+d = pu(T (X)) <e

for any bounded subset X of C.

Theorem 1.12 ([16]) Let C be a nonempty, bounded, closed, and convex subset of
a Banach space E and let i be an arbitrary measure of noncompactness on E. If
T : C — C is a continuous and Meir—Keeler condensing operator, then T has at
least one fixed point and the set of all fixed points of T in C is compact.

We study an infinite system of second-order differential equation by transforming
the system into an infinite system of integral equation with the help of Green’s
function (see [17]).

Consider the infinite systems of second-order differential equations

w, (1) = — fi (t, uy, up, uz, ...) (1.8)

where u; (0) = u;(T) =0, t € [0,T]andi = 1,2, 3, ....

Let C (I, R) denote the space of all continuous real functions on the interval I =
[0, T] and let C2(1, R) be the class of functions with second continuous derivatives
on I. A function u € C>(I, R) is a solution of (1.8) if and only if u € C(I,R) is a
solution of the infinite systems of integral equation

T
u;(t) = / G(t,s)fi(s,u(s))ds, (1.9)
0
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where f;(t,u) € C(I,R), i =1,2,3,...and ¢t € I and Green’s function associated
with (1.8) is given by (see [17, 18])

(T —5),0<1<s<T,

T (1.10)
S(T—1),0<s<t<T.

G(t,s) = {

The solution of the infinite systems (1.8) in the sequence space £ has been studied
by Aghajani and Pourhadi [19], and in the sequence spaces, ¢y and £; have been
studied by Mursaleen and Rizvi [18]. In this article, we establish the existence of
solution of the infinite systems (1.8) for the sequence spaces ¢, £, (1 < p < 00)

and cg .

2 Solvability of Infinite Systems of Second-Order
Differential Equations in ¢

Suppose that

(1) The functions f; are defined on the set / x R* and take real values. The operator
f defined on the space I x c into c as

(ta l/t) - (fu) (t) = (fl(tt M), fZ(Z?M)9 f3([1 M), )

is such that the class of all functions ((fu) (¢)),c;is equicontinuous at every
point of the space c.
(ii) The following condition hold:

o (tu(@®)) = pu(t, u(t)) + gn(t)u, (1)

where for all n € N both p,, (¢, u(t)) and g, (¢) are real functions and continuous
definedon / x c and I, respectively. Also, there exists a sequence { P, } converges
to zero with | p, (¢, u(t))| < P, forany ¢t € I, u(t) € c and the sequence (g, (?))
is uniformly convergent on /.

Let us assume

P =sup{P,}
neN

Q = Ssup {Qn(t)}
tel,neN

such that QT? < 1.

Theorem 2.1 Under the hypothesis (i)—(ii), infinite systems (1.8) has at least one
solution u(t) = (u;(t)) € cforallt € [0, T].
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Proof We have sup; . | u;(t) |< M where M is a finite positive real number for all

u(t) = (u;(t)) ecandt € I.
By using (1.9) and (ii), we have forall ¢ € I,

| u(@) Il
T
/ G(t,s) fi(s, u(s))ds
0

= sup
k=1

T
< sup / (G, 5) fuls, u(s))| ds
0

k>1

T
< sup/O G, ) {pe(s, uGs)| + lge(s)] | ur(s) |} ds

T
< sup {/ T(P + QM)ds}
0

k>1
= (P + QM)T? = r(say)

ie. |u@@) ||.<r.

Let u®(t) = (u?(t)) where u?(t) =0Vrel,ieN.
Consider B = B (uo(t), r) , the closed ball centered at u((¢) and radius r; thus,

B is an nonempty, bounded, closed, and convex subset of c¢. Consider the operator
F = (F;) on C (I, B) defined as follows.
Fort e I,

T
(Fu) (1) ={(Fiu) 1)} = {/O G(t,5) fi(s, u(S))dS}

where u(r) = (u;(t)) € B and u;(t) € C(I, R).
Since (f; (t, u(t))) € c foreach r € I, we have,

T T
lim (Fu) (t) = lim / G(t,s)fi(s,u(s))ds = f G(t,s) im f;(s, u(s))ds
1—>00 11— 00 0 0 11— 00

is finite and unique. Hence, (Fu) (¢) € c.
Also, (F;u) (t) satisfies boundary conditions, i.e.,

T

T
(Fu) (0) = / G0, s) fi(s,u(s))ds = / 0.fi(s,u(s))ds =0
0 0
T T
(Fiu) (T) = / G(T,s) fi(s,u(s))ds = / 0.fi(s,u(s)ds =0
0 0

Since || (Fu) (t) — u’(t) ||.< r, thus F is self-mapping on B.
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The operator F is continuous on C (I , B) by the assumption (i). Now, we shall
show that F is a Meir—Keeler condensing operator.

For ¢e>0, we need to find § >0 such that ef,u(f?) <e+d =
o (f B) <e.

We have

m (]:B)
lim sup { sup
P00 |:u(t)eB k>p

T
QTpli)moo|: sup {sup/o ‘uk(s)—mli_r)nooum(s)’ds}}.

u@yeB lk=p

T T
/ G(,s) fi(s,u(s))ds — lim / G(t,8) fm (s, u(s))ds
0 m—0o0 0

|

IA

ie., pu(FB) < QT*u(B)

Hence, y1 (FB) < T*Qu(B) < ¢ = pu(B) < 75

Taking § = % (1 — T2Q) we gete < (l_?) < €+ 6. Therefore, F is a Meir—
Keeler condensing operator defined on the set B C c. So F satisfies all the conditions
of Theorem 1.8 which implies F has a fixed point in B. Thus, the system (1.8) has
a solution in c. (]

3 Solvability of Infinite Systems of Second-Order
Differential Equationsin £, (1 < p < o0)

Assume that

(i) The functions f; are defined on the set I x R*® and take real values. The operator
f defined on the space I x £, into £, as

(t,u) — (fu) (1) = (fr(t, ), fot,u), f3(t,u),..)

is such that the class of all functions ((fu) (¢)),c;1s equicontinuous at every
point of the space £,.
(i) The following inequality hold:

| o @, u(®) 17 = gn (1) + B (1) [ un(2) P

where g, (¢) and h,(¢) are real functions defined on 7, such that )_ gx(¢) con-
k=1
verges uniformly on / and the sequence (h,(t)) is equibounded on /.

Let us assume that

G =sup{ng<r>}

tel k>1
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and
H= sup {h,()}

neN,tel

such that T2HY? < 1.

Theorem 3.1 Under the hypothesis (i)—(ii), infinite systems (1.8) has at least one
solution u(t) = (u;(t)) € £, forallt € [0, T].

Proof By using (1.9) and (ii), we have for all t € 1,

I uo) 117
o0
i=1

© LT
<10y [T166 I ) + 1 @ s, <+ 2 =1
i=1 70

p

T
/ G(t,s)fi(s,u(s))ds
0

Since u(t) € £, therefore there exists a finite real number M such that

Y lui®)|” < M.
i=1

Hence, we get
) I < T4 (G + HM) = T? (G + HM) = r/ (say)

e, [l u) lle, < ri-

Let u®(t) = (u?(t)) where u?(t) =0Vrel,ieN.

Consider B = B; (uo, rl) , the closed ball centered at u(t) and radius r;; thus,
B\ is an nonempty, bounded, closed, and convex subset of £,,. Consider the operator
F = (F;) on C (I, By) defined as follows.

Fort € I,

T
(Fu) (1) = {(Fiu) (1)} = {/0 G, 5) fi(s, M(S))dS} ,

where u(t) = (u;(¢t)) € By and u;(t) € C(I, R).
We have that (Fu) (t) = {(Fu) (t)} € £, foreacht € I.Since (f; (t,u(t))) € £,
foreach ¢t € I, we have,

[e.¢]

PIEOIGIEDY
i=1

i=1

P
<rl <oo.

T
/ G(t, ) fi(s, u(s))ds
0
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Also, (F;u) (t) satisfies boundary conditions, i.e.,

T T
(Fiu) (0) = / G@O,s) fi(s,u(s))ds = / 0.fi(s,u(s)ds =0
0 0

and
T

T
(Fiu) (T) = / G(T,s)fi(s,u(s))ds = / 0.fi(s,u(s))ds =0
0 0

Since || (Fu) (t) — u®(2) le,< r1, thus F is self-mapping on B;.

The operator F is continuous on C (/, By) by the assumption (i). Now, we shall
show that F is a Meir—Keeler condensing operator.

For e > 0, weneed to find § > O suchthate < x (B)) <€+ = X (FBy) <

€.
We have
X (FBy)
T PY 7
= lim sup Z / G(t,s) fi (s, u(s))ds
=00 | u(r)eB, k= 170
. T P
<T+™" lim | sup Zf (g5 (s) + he(s) lug()7) ds
=00 | y(t)eB; kon V0
- 1
" T P
<T«" lim | sup / gk(s) + H lup(s)|? ) ds
=00 1 y(r)eB, 0 ; ;
i.e.,

X (FBy)
< Hl/[?T1+1/[J+1/qX (B])
= HYPT?\ (B)).

Hence, y (FBy) < H/PT?x (B) < ¢ => X (B)) < 7o

_gl/pp2 _
Taking & = %e, we get € < x (B) < e+ . Therefore, F is a Meir—
Keeler condensing operator defined on the set B; C £,. So F satisfies all the con-
ditions of Theorem 1.8 which implies F has a fixed point in B;. Thus, the system

(1.8) has a solution in £,,. O
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4 Solvability of Infinite Systems of Second-Order

Differential Equations in c{

We assume that

(i) The functions f; are defined on the set I x R and take real values. The operator
p

f defined on the space I x cg into coﬂ as

(t,u) = (fu) (1) = (fr(t, ), fo(t,u), f3(t,u),..)

is such that the class of all functions ((fu) (t)),c; 1s equicontinuous at every
point of the space c‘g .
(ii) The following inequality holds foralln e N, ¢ € I and u(t) € cg ,

| fo (. u(0)) [< pu(t) + Gn(0) | un(1) |

where p,(t) and g,(t) are real functions defined and continuous on 7, such
that (3, p,(t)) converges uniformly to zero on I and the sequence (g,(t)) is
equibounded on /.

Let us consider

P = sup {B,pa(1)}

tel,neN

0= sup {G.()}

neN,tel

such that QT2 < 1.

Theorem 4.1 Under the hypothesis (i)—(ii), infinite systems (1.8) has at least one
solution u(t) = (u;(t)) € cgfor allt €0, T].

Proof We have sup,, .y {3, lu, (t)|} < M, where M, is a finite positive real number
for all u(1) = (u; (1)) € cj and 1 € I.
By using (1.9) and (ii), we have for all ¢ € I,

lu) 1,
T
/ G(t,s) fi(s,u(s))ds
0

]

r T
< sup ﬂk/o G, ) {Pr(s) + qi(s) | ur(s) I}dS}

k>1

= sup | Bk
k=1L

T
= sup /0 G(t, ) {Bipr(s) + Brgr(s) | ux(s) I}dS]

k>1 L
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T
< sup [/ G@t,s){P+ QMl}ds}
0

k>1
< (P + OM)T? = ry(say)

Let u®(r) = (ud(t)) where uf(1) =0V e I,i € N.
Consider B, = B, (uo(t), r2) , the closed ball centered at 1 (¢) and radius r,; thus,

B, is an nonempty, bounded, closed, and convex subset of cg . Consider the operator
F = (F;) on C (I, By) defined as follows.
Fort € I,

T
(Fu) (1) = {(Fiu) 1)} = {/O G(t,5) fi(s, u(S))dS}

where u(t) = (u;(t)) € B, and u;(t) € C(I, R).

We have that (Fu) (t) = {(Fiu) (1)} € ¢ foreacht € I.Since (f; (t, u(t))) € c}
for each ¢t € I, we have

T T
lim [By (Fuu) (1)] = lim |:/ G(t,5) fn(s, u(s))dsi| = lim |:/ G(t,$)Bn fn(s, u(s))dsi| =0.
n—00 n—oo | Jo n—oo | Jo

Also, (F;u) (¢) satisfies boundary conditions, i.e.,

T

T
(Fiu) (0) = / G0, s) fi(s,u(s))ds = / 0.fi(s,u(s))ds =0,
0 0
T T
(Fiu) (T) = f G(T,s) fi(s,u(s))ds = / 0.fi(s,u(s)ds =0
0 0

Since || (Fu) (t) — u®(2) ”c(jf r, thus F is self mapping on B;.

The operator F is continuous on C (I, B,) by the assumption (i). Now, we shall
show that F is a Meir—Keeler condensing operator.

For ¢ >0, we need to find § >0 such that e < xy(By) <€+ —
X (.7:32) < €.

We have

X (FB»)

= lim | sup {sup (& )}
=00 y(eB, Lk=n

T
< lim [ sup {Sup <5k/ G(t,s) (p(s) + qr(s) Iuk(S)I)dS>”
0

T
/ G(t,s) fi(s,u(s))ds
0

=001 y(t)eB, Lk=>n
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_ T
<TQ lim | sup {sup (/ (Bx Iuk(s)l)ds>}
=00 yityeB, Lk=>n 0

i.e Y (FBy) < QT?x(By).

Hence x (FB>) < OT?*x(B) <€ = x(By) < ﬁ

Taking 6 = 57 (1 — OT?),wegete < x (By) < €+ 4. Therefore, F is a Meir—
Keeler condensing operator defined on the set B, C c‘g . So F satisfies all the con-
ditions of Theorem 1.8 which implies F has a fixed point in B,. Thus, the system

(1.8) has a solution in cg. O

S Illustrative Example

In this section, we illustrate our results with the help of examples.

Example 5.1 Letus consider the following system of second-order differential equa-
tions
dzui (1)
dr?

= fi (¢, u(?)) (5.1

with; (0) = u; (1) = 0, where f; (t,u()) = 5 + 3. 4OV eN, rel=[0,1].
m=1

Ifu(t) € c, then

. R0
1 i (tu@) =1 = —
Jim, fi @ () ifzz[,-ﬁ;zmz}

is finite and unique. Therefore, (f; (¢, u(¢))) € c.
Let € > 0 arbitrary and z(¢) € ¢ with || u(t) — z(¢) |.< 6 = %. Then we get

| fi (¢ u(@) — fi (t,2(2)) |

_ Z ui(t) — zi (1)
2m?

m=1

‘1
<D 5 i®) =z (@)
m=1

‘1
S5Zw
m=1
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2
< 5.5 < ¢ for any fixed i.

Therefore, (f; (¢, y(t))),c; 18 equicontinuous on c. Again, we have

Ji (2, u(1))

t (D)
:i_2 Z”

t 1
2 + u; (1) Z )
m=1

= pi(t,u(t)) + qi (t)u; (1),

where p;(t, u(t)) = Lz, P = i_2 and ¢;(¢) = Z T > defined and (p; (¢, u(r))) and

qi(t) are continuous and P; converges to Zero and {g: ()} is uniformly convergent
on /. Also, we have P =1, 0 = {5 and T = 1. Thus, oT? = —2 < 1. Hence, by
Theorem 2.1, the system (5.1) has unlque solution in c.

Example 5.2 Letus consider the following system of second-order differential equa-
tions

d?u;(t)

g = Jiu) (52)

with u;(0) = u; (1) = 0, where f; (,u(t)) = <2040 v eN, t el =[0,1].

o0 o0
We have D | fi (t, u(@®)|P <e? > lug ()| < oo if u(t) = (u;(t)) € €, where
k=1 k=1
1 < p<oo,ie., (fi(t,u(®))) €,.
Let us consider a positive arbitrary real number € > 0 and z(#) € £,,. Taking

2(1) € £, with || u(r) — z(1) [le, < 6 = (5)"'", then

| fi (@, u(®)) — filt, z()]”
elcos(Du;(t) e'cos(t)z;(t)|”

- 42 T4

<el u() —z(0) Ily,

e |fi(t,u(®) — fi(t,z()] <€

which implies the equicontinuity of ((fu)(¢)),c; on £,.
Again, we have foralli e Nandr € I,

pt

| it u@)I? < Z_p|“i(t)|p=gi(t)+hi(t) |u; (D17
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where g;(t) =0 and h;(t) = 3’—; are real functions on 7 and ) g (t) converges
k>1

uniformly on [ and the sequence {/;(#)} is equibounded on . Also, we have G =
0,H = Z—’;and T HYP = ¢ < 1. Thus, by Theorem 3.1, the system (5.2) has unique
solutionin £,.

Example 5.3 Let us consider the following system of second-order differential
equations
du;(t)
dr?

= fi (¢, u(?)) (5.3)

with #;(0) = u;(1) =0, where f; (,u(®) =5+, _ %0 VieN rel=
(0, 1].
Let 3; = }7 foralli € N.

Ifu(r) cg , then we have for any # € [ that

' ) u;(t)

Thus, if u(t) = (u;(1)) € ¢}, i.e., (f; (1, u(t))) € cj.
Let us consider a positive arbitrary real number ¢ > 0 and z(¢) € c‘g where z(t) =
(zi ()2, . with || u(r) — z(r) ||Cg< § = L2 then we have

Bilfit,u@)) — fi(t, z(1))]
Ly [ s
— 2m? 2m?

i?
1 1
S i) =201 Y 5

m=1

IA

2

12i2
2

< E lu(t) =20 Il
ie. Bilfitt,u(®) — fi(t,z(@))| <€

|ui (1) — zi (1)

which implies the equicontinuity of ((fu)(1)),.; on cj.
Again, we have foralli e Nand r € I,

2

2
™
o ") _i_2+ﬁ|ui(t)|

/i, u(@)] < —+|u <t>|Z
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where p; () = [’—i and g;(t) = % are real continuous functions on 7 and (5; p; (1)) =

(f—j) converges uniformly to zero on I, and the sequence {g;(¢)} is equibounded
2

on I. We also have P = 1, Q = % and QT2 = T < 1. Thus, by Theorem 4.1, the

12
system (5.3) has unique solution in cg .
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Infinite Systems of Differential Equations | m)
in Banach Spaces Constructed by L
Fibonacci Numbers

Merve Ilkhan and Emrah Evren Kara

Abstract In the present paper, we investigate the existence theorem for the Cauchy
problem
x =g(t,x), x(0)=x

in some Banach spaces derived by Fibonacci numbers. For this purpose, we use the
Hausdorff measure of noncompactness. Also, we give an example of infinite system
of differential equations which has a solution in these spaces but has no solution in
the classical Banach sequence spaces ¢y and £ ,.
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1 Introduction and Preliminaries

The theory of infinite systems of differential equations is an important branch of
functional analysis and applied mathematics since it has many applications in the
theory of neural nets, branching processes, the theory of dissociation of polymers
and so on (cf. [1-4]). Also, several problems in mechanics which lead to infinite
systems of differential equations have been investigated by authors in [5-7].

The infinite systems of ordinary differential equations can be considered as a
special case of ordinary differential equations in Banach spaces. Recently, Banas
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and Lecko [8], and Mursaleen and Mohuiddine [9] have studied the solvability of
infinite systems of differential equations in classical Banach sequence spaces by
using the measure of noncompactness. For further results and discussions related
to this topic, we refer the papers [10—15] and various references given therein. A
considerable number of those results have been formulated in terms of measures of
noncompactness. Also, Olszowy has studied the infinite systems of integral equations
in Frechet spaces with measure of noncompactness in [16, 17].

Now, we give some basic definitions, notations, and results about sequence spaces
and the Hausdorff measure of noncompactness (special case of measure of noncom-
pactness). These can be found in [18, 19].

Let N={0, 1, 2,...} and R be the set of all real numbers. By w we denote the
vector space of all real sequences x = (xi)ren-. Let cg be the set of all null sequences.
We write £, = {x € w : ), |x|” < oo} for 1 < p < oo. The spaces ¢y and £, are

Banach spaces with the norms || x|, = sup; |xx| and [x||, = (Zk |xk|p)1/p, respec-
tively.

The Fibonacci numbers are the sequence of numbers { f,}°2 , defined by the linear
recurrence equations

Jo=fi=land f, = fu_1 + fa2sn>2.

There are many interesting properties and applications of Fibonacci numbers in
arts, sciences, and architecture. For example, the ratio sequences of Fibonacci num-
bers converge to the golden ratio « (lim,,—, % = #g = « ), which is important
in sciences and arts. Also, for some basic properties of Fibonacci numbers, one can

see [19]. Furtherfor, the inequalities

iglandﬁgz (1.1)
S+ S

hold every k € N.

Let (X,d) ((X,].])) be a metric space (a normed space). By B(xp,r ) and
E(xo, r), we denote, respectively, the open ball and closed ball in X centered x( and
with radius » > 0. Moreover, let My be the collection of all nonempty and bounded
subsets of X. If Y € My, then the Hausdorff measure of noncompactness of the set
Y, denoted by x (Y), is defined by

x(Y)::inf{s>0:YCIGIB(xi,r,‘), xeX, ri<e (=1,2,....n)), neN—{O}}
i

;= inf {¢ > 0 : Y has a finite e-net in X}.

The function y : Mx — [0, 00) is called the Hausdorff measure of noncompactness.
Recently the theory of measures of noncompactness has been used in determining
the classes of compact operators on some sequence spaces, e.g., [20-24].

The basic properties of the Hausdorff measure of noncompactness can be found
in [25].
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The following result [26, Theorem 2.8] gives the Hausdorff measure of noncom-
pactness of a bounded set in the spaces ¢ and £, for 1 < p < oo.

Lemmal.l Let X ={, or X =coandY € Mx. If P,, : X — X (m € N) is the
operator defined by P,,(x) = (xo, X1, ...,%Xn,0,0,...) for all x = (x;) € X, then
we have

x(¥Y) = lim (SUP I — Pm)(X)II),

m—00 \ yecy

where I is the identity operator on X.

Recently, Kara [27] and Basarir et al. [28] have defined the Banach sequence
spaces £, (F) and co(F) by using Fibonacci numbers as

]

Ly(F) = x:(x,,)ea):z I xn—ﬁxn,l p<oo
n=0 T In
and
co(F)=3{x=(x,) € w: lim ( L X, — Ean) = O},
n=00 \ futl I
where 1 < p < oo and x_; = 0. The spaces £,(F) and co(F) are Banach spaces

with the norms given by

o fan

X fn X ﬁ1+1
n n T
Snt1 S

ot S

p\ /P
Xn—1 ) and ”x”cU(F) = sup Xn—1|,

neN

o0
lxlle,r) = (Z

n=0

respectively. Since the inclusions £, C £,(F) and ¢y C c¢o(F) strictly hold, the
spaces £, (F) and cy(F') are more comprehensive than the spaces £, and ¢y, respec-
tively. Also, Kara et al. [25] and Alotaibi et al. [29] studied the classes of compact
operators on the spaces £, (F') and ¢ (F') by using the Hausdorff measure of noncom-
pactness. For more details about the Banach spaces derived by Fibonacci numbers,
see [30-32].

In this paper, we apply the technique of measure of noncompactness to give
solvability of infinite systems of differential equations in Banach spaces £, (F) and
co(F). Also, we give an example of infinite system of differential equations which
has a solution in these spaces but has no solution in the spaces cg and £,,.

The following lemma is essential for our results.

Lemma 1.2 (i) IfY € My, (r), then we have that

i Jir1

x(Y) = lim ( sup kaXk e

n—00
()€Y k>n

(ii) If Y € M), then we have that
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V4
x(Y)= lim | sup (sup —kxk — Exk_l ) .
n=00 \ (xyey \k=n | frt1 Ji
Proof Tt is obtained from Lemma.1. (Il

2 Infinite Systems of Differential Equations in £, (F) and
co(F)

In the present section, we study the solvability of the infinite systems of differential
equations in the sequence spaces £, (F) and co(F). Also, we give some examples.
Let us consider the ordinary differential equation

x = g(t, x) (2.1)

with the initial condition
x(0) = xo. 2.2)

Now let (X, |.||) be a real Banach space and take the interval / = [0, T], T > 0.
Then, we give the following result proved by Banas§ and Goebel [33] and modified
by Banas and Lecko [8].

Theorem 2.1 Assume that g(t, x) is a function defined on J x X with values in X
such that
gz, )l = O+ RIxl,

for any x € X, where Q and R are nonnegative constants. Also, let g be uniformly
continuous on J, x B(xg, r), where r = (QTy + RT, ||xol)/(1 — RTy) and J; =
[0, T\] C J, RT\ < 1. Further, assume that for any subset Y of B(xo,r) and for
almost t € J the following inequality holds:

n(g(,Y)) < q()u(Y) (23)

with a sublinear measure of noncompactness | such that {xo} €kerp. Then, the
problem (2.1)—(2.2) has a solution x such that {x(t)} €kerp fort € J; where q(t)
is an integrable function on J, and kerpn = {E € Mx : un(E) =0 } is the kernel of
the measure [i.

Remark 2.2 If we take the Hausdorff measure of noncompactness x instead of u in
Theorem 2.1, then the assumption of the uniform continuity of g can be replaced by
the continuity of g.

Consider the infinite system of ordinary differential equations

xzf =gi([,X1,X2,...), teJ=1[0,T], 24
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with the initial condition
xi(0) = x} (2.5)

fori =1,2,3,....
Let the functions ¢g; (i = 1,2, ...) be defined on the set J x R* and take real
values. Further, we assume the following conditions hold:

(i) xo = (x{) € co(F),

(ii) the mapping g = (g1, 92, - . .) defined from the set J x ¢o(F) into co(F) is
continuous,

(iii) there exits an increasing sequence (k,) of natural numbers (k,, — oo asn —
oo) such that forany ¢ € J, (x;) € ¢o(F) and forn = 1, 2, ..., the inequality

:izk,,}

holds, where p,, and g, are real-valued continuous functions on J such that (p, (t))
converges uniformly on J to the function vanishing identically and (g, (¢)) is equi-
bounded on J.

Also, let us denote

/i Jix

i
——X = X

fin | f;

lgn(t, x1, X2, .. )] < pu(t) + gn(t) Sup{

q) =supf{g,(t) :n=1,2,...}; tel,
Q1 =supfq(t): 1€ J},
Py =sup{p,(t):teJ, n=1,2,...}.

Then we have the following theorem.

Theorem 2.3 Let T) < T, J; =[0,T1], Q =30, and QT, < 1. Then, under the
above assumptions the problem (2.4)—(2.5) has at least one solution x = x(t) =
(x,(2)) on Jy. Further, x(t) € co(F) foranyt € Jj.

Proof Letus take an arbitrary x = (x,,(t)) € co(F). By using the above assumptions
and (1.1), for any ¢ € J and for a fixed n we obtain

fﬁlgna,x)f fjc:lgnq(r,x) = ffilgn(r,xl,xz..‘.)f fl’glgnmz,xl,xz,‘..)‘
= (”"(’)””(”S”"Hfﬁl"" -t :izk"}>
+f’}:‘ (pn_1<r>+qn_1<t>sup{ ﬁilxi—f;‘xi_l :izkn_lD

< P+ Qllxllcyr)
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where P = 3P;.
Thus, we have

lg(t, oy = P+ Qllxlleyry - (2.6)

Now, let us take the closed ball B(xg, r) in ¢o(F), where r is choosen as in
Theorem?2.1. Let X be a subset of B(xg, ) and ¢ € J;. Then, by using Lemma 1.2(ii)
and inequality (1.1), we get

il

= lim { sup =suprf gi(t, x1,x2,...) — ﬁ“g,-,l(t,xl,xz,...)‘ :iZn”}

o0 | (riex fi

X(g(t,X))zlllingo{sup{Sup!‘ I~ g )

xeX fi+1 fl

. f fz fp fp+l :|}
1 i i - —1] - 4,h
=, {(xs,tlsx {?gg{fwl Pie) + Jit1 4 Sup[ fp+1x'} Ir Fpot|fP 2
. f S
+n1£‘;o{(jl;gx {f_lzlg{fg pi ff -q(t)supﬂﬁxp - ;:]xpfl ‘p zk,-l]}”

= lim (sur){pi (t)}> +2 lim (SUP{pi-l(t)}>

i>n i>n

. fp fp+1
+¢q(t) lim | su suy {su [ Xp — Xp—1|:p >k
n—00 (x,»)gx izg P fp1 ? fr !

+ 2q(t) hm sup §sup {sup[ ——Xp — Jri1 Xp—1|:p=> ki,l]}
ex |izn S fr
= q1()x(X), (2.7)

where q; () = 3¢(t).

It follows from inequalities (2.6) and (2.7), Theorem2.1, and Remark2.2 that
there exists a solution x = x(¢) of the problem (2.4)—(2.5) such that x(¢) € co(F)
forany ¢ € J;. (]

Now, we consider the solvability of the problem (2.4)—(2.5) in the Banach space
£,(F). For this purpose, we assume the following conditions.

(i) xo = (x2) € £,(F),

(ii) the mapping g = (g1, g2, . . .) defined from the set J x £,(F) into £,(F) is
continuous, where g; : J x R*® — R foreveryi € N,

(iii) there exist the functions ¢;, r; : J — [0, co) for every i € N such that

. p ‘ : p
ffrlgi(t’x) fl;l gi—1t, x)| = lﬁﬁlgi(hm,xz,---)— ﬁglgi—l(l,x17x27-~-)
fi o fint P

< qi(t) +ri (1) Xi—1

fir1 fi
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fort S J,x = (xn) (S] Zp(F)’
o0
(iv) for every i € N, g; is continuous on J and the series > g;(z) converges
i=0
uniformly on J,
(v) the sequence (g;(¢)) is equibounded on J and the function r(¢) = lim sup,_,
r; (¢) is integrable on J.
Now, we give the following result.

Theorem 2.4 [f the conditions (i)—(v) hold then the problem (2.4)—(2.5) has a solu-
tion x(t) = (x;(t)) defined on the interval J = [0, T] whenever R\T < 2-(r+h),
where

Ry =sup{ri(t):teJ, i=0,1,2,...}.

Further, x(t) € £,(F) foranyt € J.

Proof Forany x(t) € £,(F)andt € J,under the above assumptions and using (1.1),
we have

p
||g(t7x)||2)(p) Z ffl gi(t,x) — %gl 1(t, x)
s}j?ﬂg@wﬂﬁ+um40wnﬂ
i=0
<2 (lgi (6, )P + lgio1 (&, 0)17)
i=0
2”§:<%ay+nm o ﬁﬂaqr)
pars S f;
~|—22”i (Qi—l(l‘) +ri1() fl—xz - i, ")
i=0 fl fl
< 2% (Z fix1 p)
q: () + Sup(”z - X
~ f;
fz p
+2% <Zq, 10+ sup(ri- m»Z R )
—0 1 i—
 A2ptl Jin1 r
=2 }j%a»+ana»§:\f - e
i=0 i+ l

< Q+RIXI )

where Q = 22"*!sup,; 3% i () and R = 22"*1R,.
Now, let us take the closed ball B(xo,r) in £,(F), where r = (QT + RT
||x0||fp(F))/(l — RT). Consider the operator g = (g;) on the set J x B(xg, r), and
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let ¥ be subset of B(xo, r). Then, by using inequality (1.1), we get
p)

< 2°7 lim sup (Z (1g: (2, )17 + |gi—1(f,x)|p))

g0 -

x(g(,Y)) = lim su
n—00 v ; fi-H i

xeY

n=>0 yey \ oo
2p 1; . .
<2 lim <§ql(t)+2q,1(t>>
. fi Ji+1 g
+ 227 lim supr;(t). sup —_—X; — ——Xi_|
n—00 <i2n (x;)eY ; fi+1 fl
+2°7 lim [ supr,_(r). sup Z Exi,l — —ix,-,g ’ .
n—>00 \ j>p ey | i fi fi-

It follows from Assumptions (i)—(v) and Lemma 1.2(i) that

x(g@,Y) <ri@®)xX),

where | (t) = 227 (t). This says that the operator g satisfies (2.3) of Theorem 2.1
and Remark 2.2. Thus, we obtain that there exists a solution x = x(¢) of problem
(2.4)—(2.5) such that x(t) € £,(F) for any t € J. Thus, the proof of the theorem is
completed. O

Example 2.5 Let us consider the infinite system of differential equations
X =x: x(0)= fin (2.8)

fori =0,1,2,....
It is easily seen that the solution of (2.8) has the form

x(1) = (x() = (finre) = (fie', fe', fze',..)

on the interval J = [0, T].
Now, for every ¢ € J, we will show that x(¢) ¢ co(F) . Lett € J. Then we have
Jfi Sit1

——Xi(t) = == xi1(?)

Jir1 fi

T e L g

fi—H i
=e'|fi — firil =€ fin
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fori =1,2,3,....Also, itisclearthat‘f x; (1) — f}.*_‘x,-,l(t) = e’ fori = 0. Thus,
we getlim;_ o f{‘—ilxi (1) — %xi_l(t)‘ =lim; €' fi_; = coforeveryt € J.This
shows that x(¢) ¢ co(F) for every t € J. Therefore, the sequence space co(F) is not
suitable to consider solvability of problem (2.8) in this space. Indeed, this situation
appears quite naturally since the initial point (x?) = (fi11) is not in the space co(F).

Corollary 2.6 The problem in Example 2.5 has no solution in the space £,(F).
Proof The proof is clear since the inclusion £,(F) C co(F) holds. O

Example 2.7 Let us consider the infinite system of differential equations
x=x; x0) = [, 2.9)

fori =0, 1,2, ... and take the interval J = [0, T']. Then, the solution of (2.9) has
the form

x() = (x®) = (fh,€) = (fle, fie', fie',...)

for every t € J. Also, for every t € J, we have that ‘ 7o Xi (1) — f’*‘x,_l(t)

¢ fi fior — fifimal = Ofori > land‘f Xi(1) — f’“x,_l(t)‘ — ¢ fori = 0. Thus,

the problem (2.9) has a solution in the space £, (F') (or co(F')). On the other hand, the
initial condition (x}) = (f7,) is not in ¢, (and s0 £,,). Thus, the problem (2.9) has
no solution in the spaces co and £, according to [8, Theorem 3] and [9, Theorem 3.1].
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Abstract The genuine Bernstein—Durrmeyer operators have notable approximation
properties, and many papers have been written on them. In this paper, we introduce
a modified genuine Bernstein—-Durrmeyer operators. Some approximation results,
which include local approximation, error estimation in terms of the modulus of con-
tinuity and weighted approximation is obtained. Also, a quantitative Voronovskaya-
type approximation will be studied. The convergence of these operators to certain
functions is shown by illustrative graphics using MAPLE algorithms.
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1 Introduction

In 1912, Bernstein [8] defined the Bernstein polynomials in order to prove
Weierstrass’s fundamental theorem. These operators are one of the important topics
of approximation theory in which it has been studied in great details for a long time.
The Bernstein operators are given by

n k
B, : C[0, 11— C[0, 11, B,(f;x) =Zf<—) by i (), ()
k=0 n
where
n
bpi(x) = <k)xk(1 — )" x e[0,1].
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Very recently, Cai et al. [9] introduced and considered a new generalization of
Bernstein polynomials depending on the parameter A as follows

L k
Bua(fix) =) bus(Xx)f (;) : )

k=0

where A € [—1, 1] and l;,,,k, k=0,1,... are defined below

- A
buo(A; x) = bpo(x) — n_bn+l,l(x)»

+1
—2k+1 n—2k—1

1 by x(x) — nz——

bu i (X; x)_bnk(x)+>\( 1

bn+1,k+1(x)> ,

- A
bn n A = bn n - _bn n .
(A x) n(X) P ()

In the particular case, when A = 0, A-Bernstein operators reduce to well-known
Bernstein operators. The authors of [9] have deeply studied many approximation
properties of A\-Bernstein operators such as uniform convergence, rate of convergence
in terms of modulus of continuity, Voronovskaya-type pointwise convergence, shape
preserving properties.

The genuine Bernstein—Durrmeyer operators were introduced by Chen [10] and
Goodman and Sharma [14] and were studied widely by a numbers of authors (see
[3, 12, 13, 20, 23]). These operators are given by

n—1

Un(fix) = (n—l)z</ S O)bp—2 k- 1(l)dt> by k() + (1 = )" fO) +x" f(1), feCl0,1].

These operators are limits of the Bernstein—Durrmeyer operators with Jacobi weights
(see [6, 7, 21]), namely

U,f = lim M,f”ﬁ> f> where

a——1,0——1

ank( )fo w (@ j)(t)bnk(t)f(t)dt’

M= C10, 1] = Ty, M7 (fix) =
w @D (6)by k(1)dt

w @) =x"1=x)* x€(0,1), o, 8> —1.

Also, the genuine Bernstein—Durrmeyer operators can be written as a composition
of Bernstein operators and Beta operators, namely U, = B, o B,. The Beta-type
operators En were introduced by A. Lupag [19]. Forn = 1,2, 3, ... and f € C|O0, 1],
the explicit form of Beta operators is given by
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fQ0), x =0,

— 1 1

B,(f;x) = —/ M =) f(Dde, 0 < x < 1,
B(nx,n —nx) J
f, x=1,

where B(-, -) is Euler’s Beta function.
Our aim in this paper is to introduce genuine A-Bernstein—Durrmeyer operators
as a composition of A\-Bernstein operators and Beta operators, namely

Un,/\ = Bn,/\ OEV:-

These operators are given in explicit form by

n—1 1
Un A (f5 %) = buoO ) £(O) + bun X ) f(1) 4 (1 = 1) Y by (X %) /O bu—2k-1(1) f (1)1
k=1
3)

2 Preliminary Results

In this section by direct computation, we give the moments and the central moments
of genuine A\-Bernstein—Durrmeyer operators.

Lemma 2.1 The genuine \-Bernstein—Durrmeyer operators verify
(i) Una(eo; x) =1;

(ii) Unalers x) = x + A (1= x4 1);

nin—1) (
(iii) Up(e2; x) = x* + nn? —1) {
on+ A" —xA);

x(1 = )% + (=23°N 4+ " x4+ 12—

3
[ n 5 = 3 _ 12 2 1— 3 -2 3 2
(iv) Uya(ez; x) =x +n(n D0 1){ x“( x)n’ + (=2 x° + x“ A+

2x° + A" —4x? 4200 QA3 — Tx2N 4 3Ax" T 4 2x N 4+ 2x2 — 2x)n
2" — Zx)\};
4

Rt 34 4 [ Ay 4 3
(v) Upa(eq; x) =x +n(n+2)(n+3)(n2—1) {3x (I —x)n" + (—2Xx" + \x

+3x = 12x° 4"+ 9x2)n 4+ (6Ax* — 18A\x3 — 3x* 4+ 6x2\ + 15x% +
6Ax" T — 18x2 4+ 6x)n? + (—4Xx* + 172x3 + 3x* — 30x2)\ — 6x3 +
LI 4+ 6x )\ + 9x2 — 6x)n +6 x"H — 6x)\}.




84 A.-M. Acu

Lemma 2.2 The central moments of genuine \-Bernstein—Durrmeyer operators are
given below:

A
(i) Ut —x;x) = ni—1)

; o M (-x 2 1
() Unallt =070 =22 x){k< nn—1 aw-D) arif

" — (=) —2x 4+ 1);

Lemma 2.3 The central moments of genuine \-Bernstein—Durrmeyer operators

verify
|Up 2 (t — x5 )| < 01(n, \) and U, \((t — x)%; x) < 02(n, ), forn > 2,

[Al Al +n
here O1(n,\) = —— and ,(n, \) = ——.
where 01 (n, \) noi—1) and 0>(n, \) 1)

Lemma 2.4 The genuine \-Bernstein—Durrmeyer operators verify:
(i) lim nU,\(t —x;x)=0;
n—00
(ii) lim nU, , ((t — %)% x) = 2x(1 — x);
n—oQ

(iii) lim n*U,  ((t —x)* x) = 12x*(1 — x)*.
n—0oQ

3 Basic Approximation Properties

In this section, we investigate the approximation properties of these operators and
we estimate the rate of convergence by using moduli of continuity.

Theorem 3.1 If f € C[0, 1], then
nlingo U, A(f;x) = f(x) uniformly on [0, 1].
Proof Using Lemma 2.1 follows that
nlirglo U, x(ex; x) = ex(x) uniformly on [0, 1], for k € {0, 1, 2}.

Applying the Bohman—Korovkin theorem, we get the result. (]

Theorem 3.2 If f € C[0, 1], then

|Un n(f3 %) = F0)] < 20(f; V0a(n5 M),

where w is the usual modulus of continuity.
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Proof Using the following property of modulus of continuity

Y
() = FO] < w(f3 6) <% 4 1) ,

we obtain
1
[Un A (f3 %) = fO S Uy £\ f @) = fO)]5 %) Sw(f30) (1 + 67Un,>\((t -0 X)> .

So, if we choose § = +/6>(n; \), we have the desired result. O

Theorem 3.3 If f € C'[0, 1], then

|Un n(f3 %) = f)] < 01(n5 VIS (O] 4 2¢/0a(n5 N (f', /0215 V).

Proof Let f € C'[0, 1]. For any x, t € [0, 1], we have

fO) = fx)=fe—x +/ (f') = f'x)dy,

S0, we get

Unr (f (@) = f(); %) = f/OUn(t — x5%) + Un (f (f') = f')dy; X> .

Using the following well-known property of modulus of continuity

ly — x|
1)

If(y)—f(X)ISW(f;5)( +l>, 6 >0,

(t —x)?
1)

/ 1) = F0ldy

<w(f”; 6)[ +|t—x|i|.

Therefore,

[Unn(f32) = fFOI < 1O [Upa(t — x5 2)]
1

+w(f'; 0) {SUn,)\ ((t = %)% x) + U\ (It — x1; X)} :

Using Cauchy—Schwartz inequality, we obtain
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[Un (3 2) = fFOO < [ ONUnA(E = x5 %)
+w(f,0) 1\/U ((t—x)z‘x)+l \/U ((t—x)z‘x)
s 5 nA s n,A s

1
< 1f/ 101 N) +w(f, 0) - {5\/92(71; A+ 1} Vb (n; ).

Choosing § = /6> (n; \), we find the desired inequality. O
In order to give the next result, we recall the definition of K-functional:
Ky(f.0) :=inf {|f —gll+3|g"] : g € W?[0. 11},

where
W20, 11={g € C[0,1]: ¢g" € C[0, 11},

6 > 0 and |-|| is the uniform norm on C[0, 1]. The second-order modulus of conti-
nuity is defined as follows

wr (fVB) = sup  sup  {If(e+20) =2f(+ 1)+ FI

0<h5ﬁx,x+2h€[0, 1]

It is well known that K-functional and the second-order modulus of continuity
wy ( /s «/3) are equivalent, namely

Ka(f,6) = Cun (£:5), @

where 6 > 0 and C > 0.

Theorem 3.4 If f € C[0, 1], then

1
|Unn(f1%) = f(0)| < Cuwn (f, 5\/92(11; A) + 0 (n, A)) +w (f. 01 (n: V),
where C is a positive constant.

A
Proof Denote v, \(x) = x + PP (x"' — (1 —x)""' —2x +1) and
nn —

Una (3 %) = Ug\(f3 X) + f(x) = fWr(x)). (5)
It follows immediately

U, a(eo; x) = Un (e x) = 1
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Una(er; x) = Una(er; X) +x —vp(x) = x.

Applying 0,,, A to Taylor’s formula, we get

Un(g; %) = g(x) + U, » ( / (t — 9" dy; x) .

Therefore,

Vn.)\(x)

- t
Upa(g: %) = g(x) + Uy 5 (/ (t —y)g" (ndy: x) - / (A (x) =) g"(dy.
X X

This implies that

~ U,,,/\(X)
|Up.A(g: %) — g(x)] < + / (VA () — ) g" (Mdy

t
Up,a </ (t = g" (dy: x)

< Upa(t =050 9" + (up) = %) |97
< [020: 0 + 636 ] 19”1

In view of (5), we obtain

[Tun(F5 01 < U n(F5 01+ 1 f O+ 1 f @an 0] < 3 (6)

Now, for f € C[0,1]and g € w20, 1], using (5) and (6) we get

Una(F5.0) = £ = |Tar(f:) = F) + fWna@) = £ ()

Ora(f = 90| + | Ona(gs ¥) = 90| +196) = £+ [ (6 = £ ()]
=40f =gl + 02000 + 0101, V] "] + w0 (£, 610, 1))

=<

Taking the infimum on the right side over all g € W2[0, 1], we have

1
[UnA(f3x) = f(X)] < 4K3 (f, I (62(n, ) + 67 (n, >\))> +w (f. 0i(n, V).

Finally, using the equivalence between K-functional and the second-order modulus
of continuity (4), the proof is completed. (]
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4 Rate of Convergence in Terms of the Ditzian-Totik
Modulus of Smoothness

In this section, we study the rate of convergence of genuine A-Bernstein—Durrmeyer
operators in terms of the Ditzian—Totik first-order modulus of smoothness defined
€ [0, 1] }

as follows:
WD) = sup { ‘f(x + h"“’”) - f(x - h‘m))
O<h<t 2 2
(7
where ¢(x) = /x(1 —x) and f € C[0, 1]. The corresponding K -functional of the
Ditzian—Totik first-order modulus of smoothness is given by

ho(x)

, X =

Ky(f50) =ﬁ€vivlu}[f0’]]{||f —gll +tliog'll} & > 0), ®)

where Wy[0, 11 ={g: g € ACy,c[0, 1], [[¢¢'|| < oo} and AC,[0, 1] is the class
of absolutely continuous functions on every interval [a, b] C [0, 1]. Between K-
functional and the Ditzian—Totik first-order modulus of smoothness, there is the
following relation

Ks(f31) < Cui(f; ), ©)
where C > 0 is a constant.

Theorem 4.1 Let f € C[0, 1] and ¢(x) = /x(1 — x). Then for every x € [0, 1],
we have

‘ 1
U A (f3 %) — f(0)] < wa<fi m)

where C is a constant independent of n and x.

Proof From the next representation

g(t)=g(X)+/ g (u)du,

we get
t
\Unr(g; x) — g(0)| = Un.)\(/ g/(u)du;X> - (10)
For any x € (0, 1) and ¢ € [0, 1], we find that
t 1 1
wdu| = o l| [ —sdul. (an
/x I TN bw
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But,

(12)

E

[ o=\ 7=l =| [ (G =)
sz(|ﬂ—ﬁ|+|ﬁ—«/ﬁl)

1 1
=2|t_X|(\/;+\/)_c+\/1—t+«/1—x>
<2|t—x|(L+ : ><2‘/§|t_x|

VxooJT=x) 7 o)

Combining (10)—(12) and using Cauchy—Schwarz inequality, we get

1Un (g5 x) — g0 < 232[16¢ 167 (1)U, 2 (17 — x1; )

12
< 2v2|lpg 167" (x) <Un,)\((t - 0% x)) .

Now using Lemma 2.3, we obtain

2 /
[Un (g3 %) = g0 = —7= lI9g |- (13)
n
Using (3) and (13), we can write

[ Ui (f;%) = f) | Sl Upn(f —g:0) | +1f(x) — gx) [+ | Upa(g: x) — g(x) |

1
< 2{||f — gl + mll(ﬁg/ll}-

From the definition of the K-functional (8), we get

1
Una(f30) = f0)] < 2K¢<f; m)
and considering the relation (9), the proof is completed. (]

In the following, we give an estimate by means of Ditzian—Totik modulus of
smoothness of second order defined as

wgs(f;(S): sup Hf(’H'M)—Zf(XH—f(x—h¢(x)>
0<h<b 2 2

ho(x)
2

cx £ 6[0,1]}.

where f € C[0,1],6 > Oand x € [0, 1].
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1
Theorem 4.2 Let f € C[0,1], A e [—1,1]and h € (0, §i| Forall x € (0, 1) the

relation
U (£ = 01 = P pamy 4 (14220 0) o)

n x)— ()] < wy (f, ——— ) w, (f,

A 2hp(x) ! 2m2¢2(n)) 2
holds.
Proof From [22, Theorem 2.5.1], we have

) Unat =x; 0] 4 ' 3UsN@ =050 4
Uy A (f;%) = fOI < e Y (f,2h) + (Un,x(eo, x) + 2 heR ) w, (f, h)
and using Lemma 2.3, we obtain the desired estimation. O

Applying Theorem 4.2 for h = /0>(n, ) /p(x), it follows the next result.

Corollary 4.1 Let f € C[0, 1], A € [—1, 1] and x € [0, 1]. There exist an integer
no € N, such that for n > ny, the following relation

: _ 91(}1,)\) ¢< 2»\/92(1’1,)\)) é ¢>< «/6‘2(”,)\))
[Un A (f5 %) f(X)IS—meI I o) ) T2 f,—¢(x)

holds.

S Voronovskaja-Type Theorems

In the following, we prove a quantitative Voronovskaja-type theorem for the operator
U, by means of Ditzian—Totik modulus of smoothness. Nowadays such a result has
been studied for many operators and for many moduli of continuity in classical and
weighted cases (see [1, 4, 15, 18]).

Theorem 5.1 Forany f € C?[0, 1] and n sufficiently large the following inequality
holds

1 [
|Un ACF5 ) = F@) = @i Vg (06) = W (s N ()] = —Ca ] (£7on712)

where

A
Qu(x; \) = m(}c”“ — Q=) —2x+1);

e N I

and C is a positive constant.
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Proof For f € C?[0, 1], t,x € [0, 1], by Taylor’s expansion, we have
t

F) = 00 =@ =0 S @ + [ €= f 0.

Hence,
1 t t
F0) = 10 = (=05 = 50 =27 w0 = [[C=nr'may = [« = s wdy
t
=/ =" = f@0ldy.

Applying U, \(-; x) to both sides of the above relation, we get

t
/ = YIIF" ) — GOl x) .

(14)

[Un A (F5 %) = F &) = Q06 N F/(0) = W (s M) f ()| < Uy s (

t
The quantity / ") = fo] 1t — y|dy‘ was estimated in [11, p. 337] as fol-

lows:

<2/If" = gllt —x)* + 2[99l ()|t — x|,
(15)

/ Lf" ) = f ol = yldy

where g € Wy[O0, 1].
Using Lemma 2.4 it follows that there exists a constant C > 0 such that for n
sufficiently large

C
Un (1 = %)% x) < 2—¢ (x) and U, » (¢t — x)*; x) < —2¢ (x). (16)
From (14)—(16) and applying the Cauchy—Schwarz inequality, we get

|UuA(f1 %) = F(0) = (x5 M) f/(x) — W, (a5 ) 7 ()|
<20 = glUnn ((t = )% x) + 269 67 () Upx (It — x; x)

C
—G OIS = g1l + 2169167 @) {Unat = 0% 3} (U (0 = 0% )} 2

A

A

C
< ;qﬁZ(X)IIf” gl + ¢* () f”¢h I = ¢2(X) 17" =gl +n=" 10011} .

Taking the infimum on the right-hand side of the above relations over g € Wy[0, 1],
the theorem is proved. (]
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Corollary 5.1 If f € C?[0, 1], then
lim n {Unn(f:0) = f(x) = Qu(x: g (x) — Wu(x; Ng" (x)} =0,

where Q,,(x; \) and V,,(x; \) are defined in Theorem 5.1.

6 Rate of Convergence for Functions Whose Derivative Are
of Bounded Variation

In this section, we study the rate of convergence of genuine A-Bernstein—Durrmeyer
operators for functions whose derivative are of bounded variation on [0, 1]. We
mention here some of the papers in this direction [2, 5, 16, 17].

An integral representation of the operators U,, ) can be given as follows:

1
Una(f: x) = / Ko (x, 1) £ (), (17)

0

where C,, ) is defined as

n—1
K (e, 6) = (0 = 1) Y by ks )b,k 1(0) + b, oO\; )6(0) + b n (X )3(1 = 1),
k=1

d(u) being the Dirac delta function.

Lemma 6.1 For a sufficiently large n and a fixed x € (0, 1), it follows
2+ 1AD x(1 —x)

nn+1)  (x—y)?
2+ A x(1—x)

nn+1)  (z—x)?2

y
(1) Naa(x,y) =/ Kpa(x, t)dt < 0<y<unx,
0

x<z<l.

1
(i) 1= nur(x,2) = f Koo (s 1)dt <
Z

Denote DBV[0, 1] the class of differentiable functions f defined on [0, 1], whose
derivatives f are of bounded variation on [0, 1]. Let \/Z f be the total variation of
fon[a,b] and f is defined by

f'@)— f'(x=), 0<t<x
fi@) = 0, t=x (18)
@) — f/(x+) x <t <1.

Theorem 6.1 If f € DBV|O0, 1], then for every x € (0, 1) and sufficiently large n,
the following inequality



Convergence Properties of Genuine Bernstein—Durrmeyer Operators 93

(n + 1ADx(1 — x)
2n(n + 1)
5 LY+ /
+=> V@

k=1 x—%

[Up A(f3%) — fO)] < {lLF &)+ F e+ 1f ) = fx-)}

holds.

Proof Since U, \(1; x) = 1, for every x € (0, 1) we can write

1
U \(fix)— f(x) = /0 Kun (e, ) (F (1) = f(x))dt

! 1

=/0 (f(t)—f(x))lCn,A(x,t)dt—i-/ () = F&)) Kpa(x, Dt

X X 1 P

= —/ |:f f/(u)du] ’Cn,A(X, t)dt +/ |:/ f/(u)du] ’Cn,/\(x, t)dt
0 t . .

= —Ax) + Bx),

where

x X 1 t
Ax) = / |:/ f’(u)dui| Koa(x, )dt, B(x) = f |:f f’(u)dui| K (x, t)dr.
0 t X X

For any f € DBV]0, 1], we decompose f’(¢) as follows:

1 1
(= E(f’()H-) + fx=) + i) + E(f/(H) — f/(x=)sgn(t —x) (19)

1
+ 0:(1) [f/(X) - E(f/(H) + f'(x—))} :

where
1, t=x

5"([):{0 t#£x

Therefore, we get

) = fx-)

5 sgn(u — x)

X X 1
A(x) =/0 {/t 5(f’(x+)+f’(x—))+f;(u)+
|
+ 0y (u) [f’(x) -3 (') + f’(x—))] du} KCp 2 (x, D)dt

/ ! (v X X X
ZW/O (x—t)ICn’A(x,t)dt—l—/O [/ f;(u)du}/c,,,A(x,z)dz
t

Cflah) = flao)

/x(x — 1)K, \(x,t)dt
2 0 ’
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+ |:f/(x) - W} fx [/x 6x(u)du] Koy r(x. ).
0 t

Since / 0y (u)du = 0, we get
t
/ I X x X
Alx) = W/ (x—z)icn,A(x,t)dmL/ [/ f;(u)du] K2 (r. )t
0 o LJ:t
/ /
_ e - fEo) /-x(x — 0K, \(x, 1)dt.
2 0 ’
Using a similar method, we find that
/ I~ 1 1 t
B(x) = f(”);f(x )/ (t—x)/c,,,A(x,z)dH/ U f;(u)} Ko (x, )dt

/ — f(x— 1
e . f'x-) / (t — ) (x, 1)dt.

Therefore,
/ roo 1
—Ax) + B(x) = w_/(; (t =)y \(x, Ddt
/7 _ ! _ 1
PLOD 0D
2 0 ’
X X 1 t
—/ [/ f)é(u)du] K A (x, H)dt +/ [/ f;(u)du] K A (x, )dt.
0 t X X
Then,
’ S 1
U £\(f3x) — f(x) = %/4 t — )y A(x, H)dt
/ _ 7 _ 1
LD N
0

X X 1 t
—/ U f;(u)du] ICn’,\(x,z)dt—f—/ [/ f;(u)du] K A (x, Ddt.
0 t X X

From the above relation, it follows

|Unn(f:x) = f0)] < Un\(t — x;x)|

flad) + f1 o)
> |

+ f(”);f(x_)'|U,,,A<|t—x|;x)|

+ |- /X |:/x f;(u)dui| Ko (x, t)dt
o LJ:
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1 1
|:/ f;(u)du] Ko (x, t)dt| .
According to Lemma 6.1, we write

‘/X[/xf¥00du]KnAugﬂdt:‘/x[/W~ﬁ(Mdu]jzmlAQ,Ddt:i/xfﬂﬂnmAugﬂdﬁ
o LJt ' o LJi o 0

Thus,
W—/W[/Xfﬂwmu]KmﬂxJﬁh
0 t

S/O W|f;§(t)|77n,A()c,t)dt+/ RO .

T

(20)

< / L) (s 1)t
0

Since f/(x) = 0and 7, \(x,t) < I, one has

|1 0aed = [ 170 = f@ s nd < / \/(f)dt

N f

\/ (f) == \/ £,
[V

x_i

S\

From Lemma 6.1, we can write

X

/0 RO It 0di < 2(’(’ tr'ﬂ) x) / 11 Ol t)z
= zn('(’ ++'ﬂ) )/ 1o - O )
< %x(l - x)fo ; \/(f;)m
Using the change of variables t = x — )u—c, we have
20D / \x/(f) R amatl —x)fﬁ \/ (fd
PCEDN x—02 nm+1) A

2(n+|)\|)
=D )Z\/(f)

k=1 x—

and hence, we get
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=[] R e na < 2 \ g+ 2D >[§\x/<f
o LJ; T Bmatt S n VoY a4 1) = x)
x—ﬁ x——
2x [Vnl x ) 201 + A [Vnl x [ﬁ] x )
<=3 Vubh+ D) = -x) Y \/(fx)<72 \/ (). 1)
RS k=1 x—3 S

Using a similar method, we get

1
f [ / t f;<u>] Ko Cx. 1)1

IA

v 2<n+|A|>xf v
Ve e S

) Lt a1t
2(1 2(n + [ADx
= Z \x/ nn+1) Z \x/

k=1
5 [¥lx IT
<= Z \/ (22)
: X
The relations (20), (21), and (22) complete the proof of the theorem. (Il

7 Numerical Results

In this section, we will analyze the theoretical results presented in the previous
sections by numerical examples.

Example 7.1 Let f(x) = sin(2mx) and A = 0.5. Figure 1 is given the graphs of func-
tion f and operator U, ) forn = 10 and n = 15, respectively. This example explains
the convergence of the operators U, ) that are going to the function f if the values
of n are increasing.

Example 7.2 LetA =1, f(x) = (x? + 3x)e* and E, \(f; x) =| f(x) — Uy (f; X)|
be the error function of genuine A\-Bernstein—Durrmeyer operators. Figure 2 is given
the graphs of function f and operator U, ), for n =5, n =7 and n = 10, respec-
tively. This example explains the convergence of the operators U, ) that are going
to the function f if the values of n are increasing. Also, the error of approximation is
illustrated in Fig. 3.

Example 7.3 For A = —1, the convergence of genuine A-Bernstein—Durrmeyer
operators to f(x) = (x — 1) sin(2mx) is illustrated in Fig.4. Also, forn = 5,7, 10
the error functions E,, , are given in Fig.5.
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Fig. 1 Convergence of 17
Un\(f; x) t0 f(x)
——~
N
0.5 /f- - ~.\
. N
Vs N
v )
\
0 T .
0.2 0.4
-0.5
_1 J
== U0,05(f; x) = = Uis,05(f; x) S (x) =sin(2 mx) |
Fig. 2 Approximation
process 10 1
8,
6,
‘/‘
i 4
4 ///
R
R
P
21 V/V/
.;)/’/
0 ‘ ‘ ‘ ‘ ‘
0 0.2 0.4 0.6 0.8 1
X
- = U51(f x) — — Un1(fix) == U0, 1(f; x)

— flx)= (x2 +3x)é

Example 7.4 Let f(x) = (x — 1) (x — ) (x — 2) andn = 7.InFig. 6, is illustrated
the convergence of genuine A-Bernstein-Durrmeyer operator for A = —1,0, 1. In
Fig.7, we give the graphs of error functions. We can see that in this special case the
error for genuine A-Bernstein—Durrmeyer operators Uy 1, is smaller than for Uy g,

that is classical genuine Bernstein—Durrmeyer operator.
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Fig. 3 Error of LA b
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Fig. 5 Error of
approximation
0.3 AR
N
AT
1 '\".
0.21 - 0l "
e~ . \-
N | -
\-
- \ 1 -
R I i
2
0.1 _-.I 1 ‘:
) I :
=3 J
Y, :.I [/
P ]
0 : ‘ Y ‘ b
0 0.2 0.4 0.6 0.8 1
P
Fig. 6 Approximation
process
0.20+
0.151
0.10+
0.05
0

== Uz-1(f,x) — — Uro(f,x) == U7, 1(f, x)

f(x)]




100 A.-M. Acu
Fig. 7 Error of 0.054 RN
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Bivariate Szasz-Type Operators Based on | M)
Multiple Appell Polynomials e
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Abstract We introduce bivariate case of the Szdsz-type operators based on
multiple Appell polynomials introduced by Varma (Stud. Univ. Babes -Bolyai Math.
58,361-369 (2013)). We establish a uniform convergence theorem and determine the
degree of approximation in terms of the partial moduli of continuity of the approxi-
mated function. We estimate the error in simultaneous approximation of the function
by the bivariate operators by using finite differences. We investigate the degree of
approximation of the bivariate operators by means of the Peetre’s K-functional. The
rate of convergence of these operators is determined for twice continuously differ-
entiable functions by Voronovskaja-type asymptotic theorem. The weighted approx-
imation properties are derived for unbounded functions with a polynomial growth.
Lastly, we introduce the associated generalized boolean sum (GBS) of the bivariate
operators to study the approximation of Bogel-continuous and Bogel-differentiable
functions and establish the approximation degree with the aid of the Lipschitz class
of Bogel-continuous functions and the mixed modulus of smoothness.

Keywords Szdsz-type operators + Divided differences
Multiple Appell polynomials - Rate of convergence + Modulus of smoothness

Mathematics Subject Classification (2010) 41A10 - 41A25 - 41A36 - 41A63
26A15 - 26A16

R. Chauhan (<) - P. N. Agrawal

Department of Mathematics, Indian Institute of Technology Roorkee,
Roorkee 247667, India

e-mail: ruchichauhan753 @gmail.com

P. N. Agrawal
e-mail: pnappfma@gmail.com

B. Baxhaku

Department of Mathematics, University of Prishtina, Mother Teresa,
10000 Prishtina, Kosovo

e-mail: behar.baxhaku@uni-pr.edu

© Springer Nature Singapore Pte Ltd. 2018 103
S. A. Mohiuddine and T. Acar (eds.), Advances in Summability
and Approximation Theory, https://doi.org/10.1007/978-981-13-3077-3_6


http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-13-3077-3_6&domain=pdf
mailto:ruchichauhan753@gmail.com
mailto:pnappfma@gmail.com
mailto:behar.baxhaku@uni-pr.edu
https://doi.org/10.1007/978-981-13-3077-3_6

104 R. Chauhan et al.

1 Introduction

First, we introduce some facts about Appell polynomials. The well-known Appell
polynomials are generated by

g =Y Br) .
k=0 :

For every power series

> Ak, k l‘kll‘k2
gy = Yy —=l2 (1.1)

ko'
Pl kylks!

with g(0, 0) = ap ¢ # 0, the multiple Appell polynomials ¢y, ,(x) have the follow-
ing generating function:

t
g(t1, )17 = Z (' . (1.2)

ki'lko!
k1,ka=0 A2

Remark 1.1 ([12]) Let {¢x, , ()} 1,0 be a multiple Appell polynomial. Then, the
following statements are equivalent:

(D) {dk ko ()1 1,0 18 @ set of multiple Appell polynomials.
(ii) There exists a sequence {¢y, k, (X) )77z, —o With ¢ o(x) # 0 satisfying the differ-
ential recurrence relation

ko ks
Pry oy (X) = ZZ( >< >¢>k, ik xR

i=0 j=0
(ii1) For each k; + k, > 1, we have
Dty 1y X)) = K1 Bpy 1.1, (X) + k2 Biy 1 (%)

In view of the above remark, let us assume that the multiple Appell polynomials
satisfy:

() g(1.1) #0, T >0, forki ky € N;

(ii) Equations(1.1) and (1.2) converge for |t;| < Ry, |t2] < Ry (R, Ry > 1).

Varma [15] gave a generalization of Szdsz operators involving multiple Appell poly-

nomials: ~
. _ e k() (ki +hk
&UJJ%-X:(LDkMﬂ — ).

ki,ky=0

(1.3)

Also, in the same paper he defined a sequence of Kantorovich-type operators as
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o Ky ko +1
ne™"™ i, (5) "

g(1, 1) kilky!  Juse

S(fix )= ) f @y, (1.4)

ky,ka=0

The purpose of this paper is to construct and investigate the bivariate Sz 4sz operators
by linking to multiple Appell polynomials.

2 The Construction of the Operators

Let E=1[0,00) x[0,00). For a >0, let C,(E)={f € C(E):|f(x,y) <
ve**+Y) | for some constant v > 0}. If f € C,(E) then, inspired by [15], we intro-
duce the bivariate case of Szdsz operators by means of multiple Appell polynomials
as follows:

e~ tixtmy) 2 2 ko (5 Pra ks (50) (kl+k2 k3+k4)
n  m ’

an,m(f;xyy): 5
g=(1, 1) ko Free) s Fee0 kilky! k3'lky!

(2.1)
whenever the right-hand side of (2.1) exists.
An appropriate generalization of the Kantorovich-type operators in the space of
continuous functions of two variables is given by

kjt+kp+1 ky+kp+1

—xtmy) 20 2 g (5 b () [ [
. _ nme k1.k2 (3 k3. ka5
B (f3%.3) = =5 >y TSI / / f (. s)dtds.

k1. k2=0 k3, ka=0 kitky  katky

2.2)
An appropriate generalization of the type Durrmeyer operator is given by

—(nx+my) i b (Y ¢ () TR
nme ki,ko\ 7 k3, ka\ n
Ram(f;2,0) = —5—— Y Y //sz (t,5)f (t,5)drds.
’ Vkr! Vka! m
g . k1 ,ko=0 k3,ky=0 ki k! k3 lhea! 00
(2.3)
n _ 1 1 —(nt+ms) a+k+k B+k3+k.

where $2, (¢, 5) = vom 6D Fath kD € (n)* TR (ms) TR mn €
Nand o, 8 > —1.

Throughout this paper, we use the following notation for the partial derivatives;

——gt Q=123 4

Lemma 2.1 Let

o0

9(t1, g3, ta)er TR =y 7
k1,k2=0 k3,ks=0

> ¢k|,k2 ('x) ¢k3,k4 (y) tkl tkztk3tk4
kilka!  kalkg! 1234
(2.4)
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Then we have

my
Z Z ¢k1 kz( )d’k; k4( — 92(17 1)6’”‘"’”)’; (2.5)

| V!
Pl Sl kylko! k3lky!

5 Z GO0 Ok _ (g, (1 1901, 1)+ 201, )

WD klkl o kslka!
(2.6)

o0
K1k Gry iy (B5) bk kg (5)
§ §: PR *k;‘k,z 9(L D™ T g1 (1 1) + g (1 DT
i ko =0 k3. kg= 1ot 3

2)62
+9n, (1, 1) " g, T }
(2.7)

i i Py der (5 )k3k4¢k3k4(2)

g(1, l)e"”m’{gm(l D+g,0, 1)*

ki,k2=0 k3,ka=0 kilka! k3lky!
m?y?
+91, (1, 1) Y 1 g1, 1)7}
2.8)
o0 k2¢kl kz(nx) oy k4( > ) n2x2
nx-—+my
Z Z kiky!  kslka! 901, De {9(1 D— +g,(1,D

ki,ka=0 k3 k4=

nx
+nxg, (1, 1) + g, (1, D) + g1, 1)7}.
(2.9)

Proof By the generating function (2.4), after simple computations, the proof of the
above lemma follows. Hence, we omit the details.

Lemma 2.2 For the bivariate operators 4, ,, €;;(x,y) = Xy, 0<i, j<2,i]j
being integers be the two-dimensional test functions, we have

(l) an,m(eOO; X, y) = 1;
gy (L, D+gy, (1,1) |

(ll) Q[n,m(el(); X, y) =x+ ng(l,1) ;

9 (1,D+g,, (1,1
(iit) Anm(eors x,y) =y + ===
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(iv)
x(29, (1. 1) + 29, (1 D) +9(1, 1
(€20 X, y) = x% + (29, (1, D) +2g,(1, 1) + g(1, 1))
ng(1, 1)
+ gtl(l, 1) +glz(1, 1) +g,l,,(1, 1) +gtzlz(17 1) + zgfllz(lv 1)
ng( D) ’
(iv)
2g,,(1, 1) +2g, (1, 1) + g(1, 1
an,m(eOZ;X,y) — y2+ y( gt3( ) gt4( ) g( ))
mg(1, 1)
gl3(1’ 1) +gt4(1’ 1) +gl3t3(1a 1) +gt4t4(1, 1) + th3t4(1, 1)
+ .
m?g(1, 1)

Proof From (2.4), it is clear that for all n, m € N:

—(nx+my) 00 o) ¢ (ﬁ) ¢ (ﬂ)
¢ ki.k ks ke
an,m(eoo; X, y) = — L2 2 3.ka\

g*(1,1) o ko kilko! k3lky!
_ e~ (nx+my) 5 —
= mg (1, De =1.
Also, we obtain
% (e 9y — ef<:x+my) i i (k1 + k2) Py oy (55) Dy ks ()
ng (L) | = = ky ! k3 ka!

e—(nx+my) ehx+my

nx nx
= W(Q (1 g D + (L DS + g5 (1. Dg(L D + (1L D)

g (LD +g,0, 1D

ng(1, 1)
Similarly,
e—(nxtmy) (k3 + k) bk ey (B Dy by (3
An,m(eo1; x,y) = A1) Z k1! k3 k4!
mg= (D) om0k k=0 B S

o~ (nx4my) jnx+my L Dol 1 2 1 my L Dol 1 21 1 my
_W(%(’ )9 D+ g7 D—=+ g4 (1, Dg (1, )+g(,)7)

g (1, 1) + gy (1, 1)
mg(1l, 1)

Finally, from (2.4) and (2.6), we get
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—(nx+my) 2 . (ky + k)2 nx ny
anym(ezo; x,y) _ e Z ( 1 2) ¢k1,k2( ) ) ¢k3,k4( ) )

n’g* (L 1), 4= 2= ey Vo ks ks
e~ (nx+my) -ty n2x2
= g A D e D= gn (L D 40, (1L D

+n'x{gl1(17 1) + gt2(17 1)} +gt1l1(17 1) + gtzlg(l’ 1) +g(1 l)n-x
2x2
+ 294, (1, 1) + 29, (1, 1)_+29t2(1 1)—+2g(1 1)—})

x(2g, (1, 1) + 29, (1, 1) + g(1, 1))

ng(1, 1)
+g[1(1 1)+glz(1 1)+gt111(1 1)+gf212(1 1)+2gt112(1 1)
n2g(1,1)

Analogously, we can show the formula

ef(nermy) = i (k3 + k4)2¢k1,k2(%) ¢k3,k4(%)

Ql s X, = —
nm (€025 X, ) m2g2(1, 1) Rl ky ko ! kalky!
o~ (nx+my) . m?y?
— NnxX-—1+m
~ m2(, ) (9(1 De y{g(l DT 40,1 D + 9,1, 1)

+my{g, (1, 1) + g, (1, D} +gm3<1, 1) +gtm<1, D)+ g(1, my

2 2
+ 295, (1, 1) + 29, (1, 1) Y 1 29,1, 1) Y g™ })

y(29,(1, 1) + 2gm(1, 1)+ g1, 1))
mg(1, 1)
+g['4(1 1)+gl4(1 1)+gt3l3(1 1)+gf4l4(1 1)+29t3t4(1 1)
m g(l 1)

From (2.1) and by applying relation (2.4) in Lemma2.1, we obtain the identities
(v)—(vii). Hence, we omit the details.

Remark 2.3 For the operator given by (2.1), the first few central moments are given
by
g (1L, D+g, (1D

1) 2y m(ero—x;x,y) = T gL

(i) Ay (eor = yi %, y) = —-"'»*“;jgz-";g“*“;
(iii) P ((er0 — 2)% x, y) = £ 4 LD ED L0 LD (LD,
(V) (o1 — )% x, y) = 2 LTI D00 D, G D200 >

Definition 2.4 (See [2]) For f € C(Il,,) where I1,;, = [0, a] x [0, b], the com-
plete modulus of continuity for the function f (x, y) is defined by

O.)(f; 61752) :s”P{|f(”7U)_f(xa)’)| : (M;v),(xa)’) € Iab, |M—)C| 5515 |U—y| =< 62}7
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and its partial modulus of continuity with respect to x and y is given by

w(f;8) = sup  sup {|f(x1,y) — f (2, I},

0=<y=<b |x;—x2|<6

w®(f;8) = sup sup {|f(x,y1) — fx, m)I}

O=x=<a|yi—y:|<6

Now, we investigate the rate of convergence of the approximation by the bivariate
operators 2, ,,, in terms of the partial of modulus of continuity.

Theorem 2.5 If f € C,(E), then

hm Ao (f3x,¥) = f(x,y),

n,m—
the convergence being uniform in each compact Ty,.

Proof The proof is obvious from the Korovkin Theorem [16].

Theorem 2.6 Let f € C,(E). Then, for all (x,y) € (E), and t1, 1, € [0, 00) we
have

|an.m(f§ x,y) — f(x, )’)|

1
<w(f; ){1 + \/x D 9 D+ 9D+ gy (1D + 290, (1 D + iy 1, 1)}}

+w (s

S si-

1
){1 +\/Y+ m{gt:‘,(L l) +gt4(1s 1) +gf33(1s 1) +29t34(17 ) +gt44(l~ 1)}}

Proof Suppose that f € C,(E). By Lemma?2.2 case (i), we obtain the following
inequality:

e~ (xtmy) By () Dty (55)
Am (f3x,5) — flx, y)‘ 2(1 1) Z Z ki'lky! k3!k4.2

ki,ka=0 k3,ks=0

« | f k1+k2 ks + ky
m

)‘f(x,)’)’

_emm S i Bh ke () Dk ks (5
2 1kH! Vka!
g 1,1 Ky Kame0 ks kyes0 kilky! k3lky!

(‘f(kl + ky k3+k4> . k3;k4)

m

D) o)
m
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e~ (nxtmy) X i (bkl,kz(%) Qbkﬂg(%)
g1, 1) by T ko0 ki'k,! k3lky!

ki +ky ks+k ks +k
‘f<1+2 3+ 4) Flx, 3+ 4)

m
+ e—(nx+m_v) > > (bkl,kz(T) ¢k3,k4(7y)
PAD A k! k!
ks +k
x‘f(x, 3m 4) — fe, )| =L+ b, (say). (2.10)

Now, we consider /;. By using well-known properties of the modulus of continuity,
we obtain the formula

¢~ (nx+my) 0 R ¢k|¢k2(%) ¢k3,k4(%) ki +ky kz+ky k3 + ky
1 Z AR m

TR0 ksl kalka! ’ )
ki + ko ‘}
— X .
n

n m
k1,ko=0 k3,k4=0

o) EE G (5) G (R
M r. - 1,k2\ 3,ka\
w1 0n) ‘H 2 TRkt ke

2
6 9 (1 1) ki1,k2=0 k3,ka=0

If we apply Cauchy—Schwarz inequality for sums, we obtain

1 —(nx+my) X OO X nx my %
I, < W(l)(f; Sl + € } : j: (bkl,k_( 5 ) ¢k3,k4( 5 )
5,, gz(l, 1) kllkz! k3!k4!
ky,ky=0 k3,ky=0

9 e~ (rtmy) i i ey () Dty s (5) k1+k2—x 2
g* (1, 1) kilka!  kslky! n

ki,ka=0 k3 ,ks=0

2=

(ST

nm(eOva )’)} { nm((eIO_-x) X, Y)}

— W 5n){1 +61 {2

2.11)

In view of Lemma?2.2 and taking 9, = \/Lﬁ, we have:

1 {90 (1, D) + g, (1, 1) + gryy (1, 1) + 2941, (1, 1) + gy, (1, 1)}
My £ 1 2 1 12 202
I =W ﬁ){w\/ L }
(2.12)
Similarly, we obtain

b =w?(/f; L){l i \/y " {g5;(1, 1) + g1 (1, 1) + gr35 (1, 1) + 2945, (1, 1) + gy, (1, D} }
m mg(1, 1)
(2.13)
Combining (2.10)—(2.13), we reach the desired result.
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Now, we can give the following statement about error estimation in terms of
higher-order partial moduli of continuity in simultaneous approximation for the oper-
ators (2.1). Let C' (E) = {f € C(E) : f7) € C,(E)}

Theorem 2.7 Let f € C/(E), then the following estimate holds

-

o . o
(l) ‘Wﬂn,m(fvxa y)f 8x"

f(x,y)‘

1 1
=< "!W(l)(ﬂ ﬁ){l + \/X + m{gn(L D+ 9,1, 1) + gnye (1, 1) + 2941, (1, 1) + gry, (1, 1)}}

1 1
+riw®(f; ﬁ>{1 + \/y + m{%(l, D+ gty (1, D) + gy (1, D) + 29530, (1, 1) =+ gryry (1, 1)}}

of r
M LD
tw (8)(” n)'

ar
oy"

ar
(U)) '?an,m(f;x,y) - f(x,y)’
y

1 1
< rwD(f; ﬁ>{1 + \/x + m{gma, D+ g (L D+ gon (L D) 420551 D + gon (1, 1>}}

1 1
+riw®(f; ﬁ){l + \/y + ————{gn (1, D + g5, (1, Dgrry (1, 1) + 2911, (1, D) + gy (1, 1)}}

mf (1, 1)
af or
2) .
+w (ayr’ il

Proof (i) The partial derivative of 2, ,, (f; x, y) with respect to x may be written as
follows:

0
amn,m(fax’ Y) =

_pe—(nx+my) i d)k],kz(%) ¢k3,k4(%) <k1+k2 k3+k4)

g2 (1, 1) k1lky! k3lky! n m

ki1,k2=0k3,ka=0

ne*(nx+my) i — ¢;(| ko (%) ¢k3,k4(%) kl + k2 k’; + k4
2¢2(1, 1) kilka!  k3lky! ' :

n m
k1,ko=0 k3,ks=0

By virtue of the results (iii) from Remark (1.1), we deduce that

y o0 oo 1 (kith Ktk
ﬂm (f' X y) _ e_(nx+m)) Z ¢k1,k2 (x) ¢k3,k4(‘x) A%f( n ’ m )
9x Mo (1, 1) el el kilka!  kslka! 1 ’

(2.14)
where Al f (k‘nLkz, k‘;—k“) is the difference of order 1 of f with step 1. From (2.14),

one computes the rth derivative of 2, ,, as
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r kitky  katkg
o emtm) 2 X () G ) A1 (T’ T)
7m)1,m(f§x»y))=r! L2 T3 &

oxr g1, 1) kilky! kalky! Ly

k1,k2=0 k3,ka=0

e E 2 Gk ey (X) sk () |:k1+k2 ki ko + 1 ki+ko+r _k3+k4]

=rl—
2 ko ! ! | n > a0 o
g*(1,1) K s ks e kilky! k3lkq! n n n m

B r'e‘(’”*’”y) - i Pk () Db ks (¥) <k1 +ky k3 +k4> (2.15)
=rl—— , , .
g*(1, 1) o ko kilky!  k3lky! n m
where h(s, t) = (s, s + %, s+ %, L8+ %; f, t) and so we obtain
8"
— A (3 x,9) =%, m(h; x, ). (2.16)

ox’

From (2.16), the difference |%an,m( fix,y) — ‘({Zr f(x, y)| is represented as fol-
lows:

g a"
‘ Q[n,m(f;xa )’)) - 8 r
X

F )| < x, ) — h(x, y)|

r

ox’

ox’

+ (rlh(x, y) —

f(x,y)‘ . 2.17)

By using Theorem 2.6, we obtain:

o . o
‘7mn,m(f§ x,y) —

p o 09

1 1
< rwD; ﬁ>{1 + \/x o o D+ 9D+ g (1D + 2005 (1D + gy (1 1)}}

1 1
+r1w® ﬁ){l + \/y + m{gt3(l, D)+ g1y (1, D)+ gy (1, 1) 4+ 2913, (1, 1) + gryy (1, 1)}}

’

ox"

+ (rlth(x,y) — fx, . (2.18)

On the other hand,

h(s + 61, + d2) —h(S,f)‘ < |h(s + 01,1 +62) — h(s + 01, 1)
+ |h(s +01,1) — h(s, )] = Ay + Ay, say. (2.19)
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We estimate Aj:
= |h(s + 91, t+02) — h(s + 91, 1)

1 r
<|[t+6b,t+0h+—, ..., t4+0+ —: f.s+01]
m m

1 r
—[t,t+—,...,t+—;f,s+51]

1

o
ﬁf(s—kcsl t+52—|—s01*) 6t’

f(S+51 l+<p2*)‘

where 1, ¢ € (0, 1). Hence, we get

Al < lw(2)<
—r!

o r 1
o+ o1 — wl—) < —w®? <
ot" m

r!

ol 0t ) (2.20)

p
—) . (2.21)
n

Similarly, we have

1 0
Ay < —w
2= r!w (8s’

On other hand, we write

r

0
r!h(x’ )’) - axrf(xv y)’ =

1 r
rx,x+—,....,x+—; f,y]l—
n n

o r
=’—a —f(x+@3—,y)
X n

(1>( f r

<w ), (2.22)

where @3 € [0, 1]. Using (2.20)—(2.22) in (2.18), the proof of Theorem?2.7 is com-
pleted. The proof (ii) can be given in a similar manner.

Let C?(I1,;) be the space of all functions f such that 9r 9f € C(Iy),i =1,2.

xi* dyl
C(nm) ’
where ||.||c(m,,) 1s the sup-norm.
In [7], the Peetre’s K-functional and the second order modulus of smoothness for
function f € C(I,,) are defined, respectively, as

The norm on the space C?(I1,) is defined as

I f lemapn=If e, +Z <H Oxi

C(M,p) } ‘5

K(f;0) = inf — +0
(f;0) pect {hf=nllem, 7 e, )
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and

wa(f;0) = sup || flx+2u,y+2v) =2f(x+u,y+v)+ f(x,y) llem,, -
Vul+v2<d

Theorem 2.8 If f € C3(T1 ) then for (x, y) € I, the following estimate holds:

Onm
|0 (f3x,y) = f(x,y)]| < 2K(f; T) (2.23)
gy (L, D+g, (LD] 1 91, (L, D+g6, (1, D4gey 1 (1,411, (1,1) 4211, (1, 1)
where 8y, =max{ S—an | E{f +|= 2 D 12 },
9y (LD+g, LD 1)y + 913 (L, D4g1, (L,D4gi303 (1, D 4G50, 1, D+2g15,, (1, 1)
mg(1,1) 22 )\ m m2g(1,1) .

Proof Let 1) € C*(I,;). Using Taylor’s theorem, we can write

Y(z1, 22)—Y(x, y) =¥z, y) — v (x, y) + (21, 22) — P(z1, y)
aw(x y) / azw(x " e
—— @@=+ [ (@-

0 , 9?2
n ) (x y)( y)+/ _ 2= P(x, y) dp. (2.24)
dy v 0p?

Applying 2, ,, to both sides of the relation (2.24), we deduce that

o )
pm (Y5 X, Y)—P(x, y)’ = '7‘|mnm(21 XX, y)}'i" l/j anm<(ZITX)s a}’)‘
2 2
‘ ’|91nm(22 yi X, J’)}Jr w Q[n,m<('2 2)’) ;x,J’>‘- (225)
By using Remark 2.3, we obtain
[l 2 (3 %, ¥) = (x, ¥) e,
1%, gD +gn D “ ) ” gis (1 1) + gy, (1, 1)
=I5 lema) —ng(l ) C(Myp) T gL
o K | 1 + g (1, 1) + g, (1, 1>+qm1(1 D) + gy (1, 1>+2qt1t2(1,1)‘}
oxz €M) 3 n2g(1, 1)
o Py | 1 1+ 9L, D + 9, (1, D) + g, (1, D + grary (1, D + 29130, (1, 1)
dy 7 IC(Map) ) ng(l )

pe
{II Kid e, + 1 ag e, + || % IIC(n,,,,) + f)f e }
(2.26)

< nm | (i ”C(Hah)’
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_ 9y (L D+g, (LD 1) x| g (L D40, (LDHg0 0 (1D +g0, (1.1D+20,,, (1)
where 0, , = max —nan a3yt oD ,
95D+, D | 1y {0 D0y (D40 (D401 (1D +2013, (LD
mg(1,1) 2 m m2g(1,1) .

By the linearity property of the operator £, ,,, we have

Il R (f32,9) = ) o) SN Qam (Fr %, 9) = Aam (W 2, ¥) lle(w)
1 fGy) =, y) e + 1 m (@; x, ¥) —P(x, ) e,
< f = e [Ramleoos x, M|+ 1| f =¥ ey +6nm 1 ¥ le2qm,,)

1
<2 {” =9 llcma +£5n,m Il ”CZ(Hab)} .

By taking the infimum over ¢» € C?(I1,;), the proof is completed.

Theorem 2.9 If f € C,(E) such that fy, fy, fix, fyy, fry € Co(E), we have

. n (L, D) 4+g,(1,1
Tim n(2,,(ix,3) - flry) = g)(] i")( L fcry)
g5 (1, D) + g, (1, 1)

g(1,1)

1 1
fy(x’ y)+ Exfxx + Enyyv

uniformly in Tgp.

Proof Let fy, fy, fexs fyy, fry € Ca(E).Foreach (x, y) € E, letus define the func-
tion sz:

2 . . i
-y flunfremg] ey
=

Py V) = N =x)t+(@=y)* > (,v) # (&),

0, else,

where ¢/ is a derivative of function g for j = 0, 1, 2. Then, using our hypothesis
we have s, y)(u, v) = 0 and s ) (-, -) € Co(E). By the Taylor formula for f €
C.(FE), we may write:

1
fWJO=f@d%+ﬁuowu—w+1ﬂmww—y%+Epnudwu—ﬂ2+ﬁﬂmww—yf
+ 2 ey (6, 1) = x) (v — y)] + 32y s VY = )3 + (v — ). (2.27)

Now,
{0 (3%, ) — £, 9)) = nfa (6, )0 (@ — x); %, ) + nfy (6, 9)nn (= )5 %, y)
1
-+E{ﬁxuawnmmn«u—xﬁ;my>+fw«nymmmm«v—yﬁ;ny)

+2 fry @, YIny 0 ((u — x) (0 — y): x, y)} + 12, m (e, yy (0, V)Y (0 = X)* 4+ (0 = Y)* x, y).

(2.28)
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By the Holder inequality and by the linearity of 2, , and Lemma2.2, we get

1901 ey 1, 0 @ — 0% + 0 — )% x, ¥)|
< @ (@ =2+ 0= 09T X @nney ) ()i x,3)?
(2.29)

It follows from Theorem 2.5 that lim 91,1,,1(%(2)( 9 (u,v); x,y) =0, uniformly on E.
n—o0 >

From the foregoing facts and Lemma?2.2, we obtain

lim ann,m(%(zx’y)(u, VWV —x)*+ @ —y)*x,y) =0. (2.30)

n—00

Then, taking limit as n — oo in (2.28) and using (2.30), we have

Tim 1 (2 (f1 2, 9) — Fxy) = 20 19)(if;2(1’ L fey

(1, 1) +g,(1, 1) 1 1
o1, 1) fy(x’ y)+2xfxx+2yfyyv

uniformly in IT,p.

3 Weighted Approximation Properties

LetRi:{(x,y):sz,yzO} and [T, = {(x,y) :0<x <a,0 <y <b}. Let
C (Ri) be the space of all continuous function f in Ri such that condition
| f(x, Y)| < Msp(x,y), where p(x, y) =1+ x? 4+ y?and M s is a constant depend-
ing on function f only. It is clear that C (Ri) is a linear normed space with a norm
I f 1= sup LZE

(x,3) R p(x,y)

Lemma 3.1 ([10, 11]) For the sequence of positive linear operators {An,m}

n,m>1

acting from C p(Ri) to Bp(Ri), it is necessary and sufficient that inequality

” An,m(p; X, y) ”pf k
is fulfilled with some positive constant k.

Theorem 3.2 ([10, 11]) If a sequence of positive linear operators A, ,,, acting from
C, (Ri) to B,,(Ri), satisfies the conditions

lim || Apm(l;x,y) = 11,=0, (3.1)

n,m— 00
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Jlim ] Ay (1152, y) = x |,= 0, (3.2
JUm A (1252, y) = 1,= 0, 3.3)

lim || Ay ((F+1);x,9) — 2+ 1,=0, (34

n,m— oo
then, for any function f € C’p‘ (Ri),

lim ” An,mf - f ”p: O,

n,m—
and there exists a function f* € C ’p‘ (Ri), for which

lim | Ap f* = f M= 1.

n,m—00

Theorem 3.3 ([10, 11]) Let A, ., be a sequence of linear operators acting from
C,,(R%_) to B'[f (Ri), and let py(x,y) > 1 be a continuous function for which

lim M

=0, wherev = (x,y). 3.5)
lol=00 p1(V)

If A, satisfies the conditions of Theorem 3.2, then

lim [|A,nf—flpn=0,
n,m— 00

forall f € CP(Ri).
Now, we consider the following positive linear operators A,, n,, defined by

an,m(f;xay) when (X,Y)Enah

An,m(f; X, y) = { (36)
fx,y) when (x,y) € Ri\l'[ab.

Theorem 3.4 Let p(x,y) = 1 + x% + y?, be a weight function, and A, ,,(f; x,y)
be a sequence of linear positive operators defined by (3.6). Then, forall f € C, (Rﬁ),

we have
lim “ An,mf - f ”plz 07

n,m— 00

where p1(x, y) is a continuous function satisfying condition (3.5).

Proof First, we show that A, ,, is acting from C,(R2) to B,(R? ). Using Lemma?2.2,
we can write
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2 200, (1, 1) + 24, (1, 1 1,1
I Apm(p; 6, ) 1, < 1+ sup Yo sup x (204 (1L, 1) +2g, (1, D) + g(1, D)
ey P Y) T (yen,, P, Y) ng(1,1)
4 s T gy (LD 49,1, D+ gy (1, 1) + g (1, 1) + 294, (1, 1)
(x.y)eMy, P, Y) n2g(1, 1)
voawp 2y wp 2 es@D+26,( D +g0, 1)
@ yely P Y) T (e, P Y) mg(1,1)
+ sup 1 gn(LD 49,1, 1) + gryry (LD 4 g1, (1, 1) + 2955, (1, 1)
(x.y)eM,y PX,Y) m2g(1, 1)
=3+p+9
_ (2!11,(1,l)+2,0r2(1,1)+.(1(1,1)) gy (LD g, 1,1+ (1L, D4gr i, (1,1 42914, (1,1)
Where Y= ng(1,1) + nzg(l’l) and ¢
_ (20,00420, 01 49011) 00, (D50 (D0 (D20 (LD e

mg(1,1) m2g(1,1)
¢ = 0and lim,,_, . 1 = 0, we have

| Anm(p; x, y) ”/)f 1 +k.
FromLemma3.1,wehave A, ,, : C ,,(]R%r) — B,,(Ri).lf we can show that conditions

of Theorem3.2 are satisfied, then the proof of Theorem3.4 is completed. Using
Lemma?2.2, we can obtain (3.1)—(3.3). Finally, using Lemma?2.2, we get

| Kum(eo0 + eo2; X, ¥) — (X + 35 ,< o+,

and since lim,_, o, ¢ = 0, lim,,;,_, o ¥ = 0, we obtain the desired result.

Theorem 3.5 If f € C°, then

120, (f5 x, ) — f(x, y)]
sup 3
(x.y)eR? P (x,y)

< Kw,(f50n, 0m) 3.7

holds true where 6,, = \/Lﬁ O = \/Lr; and K is independent of m and n.

Proof Considering the following inequality

Lf(t,s) — £, W] < 81+ x4+ y)Hw,(f; Gn, Om)

m
We have,
—(nx+my) o0 nx 11k k
R (fix.9) = fe N <81 +22 45— 3 M(H— e —xD
g=(1, 1) Pl kilky! on n
1,2~
ki 4 ky 2 & g () 1 k3 +ka
1 LN RS ILE DG N IO s L
( +< " x) 2 k3 ky! ol m

k3,kq4=0



Bivariate Szasz-Type Operators Based on Multiple Appell Polynomials 119

2
(555
m
Now, applying the Cauchy—Schwarz inequality, we have

0, m (5%, ¥) = F&, P < 81+ 2+ y)wp(f5 Sns )

1
|:1 + mn,m ((e10 — X)Q; x,y)+ 6*\/%,:41((610 - X)Z; x,y)
n

1
+§*\/an,m (te10 — x)2; X, y)mn,m((el() - x)4l X, y):|
n

1
x [1 + (o1 — )% %, 3) + 67\/%”"((601 —»%xy)
m

1
+§f\/2ln,m((€01 = 9%, )Anm((e10 — 1) x, y)]~
m
By using Remark 2.3, we get

R, (f3 %, ¥) = £, 0] < 8(1+x2 + ), (f3 Sns Om)

[Ho(G)er+ g
1+ 0 (x—|—x)+f
\/()(x—l—xz)—i-; 0(%)(x+x2)(x4+x3+x2+x)}
[1—1—0( )(y+y2)

1 1
+— 0(—)<y+y2>

Om m

\/ O+ yHO*+y3+)2 +y)}

from which the desired result is immediate.

4 Approximation in the Space of Bogel-Continuous
Functions

In this section, we introduce the generalization of (2.1) to approximate Bogel-
continuous functions. For this, we define a GBS operator associated with (2.1) and
determine the rate of convergence. Bogel [5, 6] gave a concept to approximate the
B-continuous and B-differentiable functions. Badea et al. [3] gave the Korovkin
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theorem to prove the convergence of these type of functions. For more literature in
this direction we refer the reader to (cf. [8, 9, 13, 14]). In the recent years, several
authors have made significant contributions in this area of approximation theory ([1,
4] etc.). Let I and J be compact real intervalsand A =1 x J.Forany f : A - R
andany (¢, 5), (x,y) € A, let Ay f (x, y) be the bivariate mixed difference operator
defined as

Ay fx,y) = ft,5) = f(2,y) = flx,s) + fx, ).

A function f: A — R is called a B-continuous (Bogel-continuous) function at
(x,y)e Aif
lim Aggfx,y)=0.

(t,8)—>(x,y)

If f is B-continuous at every point (x, y) € A, then f is B-continuous on A. We
denote by C,(A) ={f|f : A - R, fis B — bounded on A}, the space of all B-
continuous functions in A.

A function f : A — R is called a B-differentiable on (x, y) € A if it exists and
if the limit is finite:

A(l,s)f(x7 Y)

o=t (=) —y) Dpf(x,y) < oo.

Wewrightby D(A) = {f|f : A —> R, fis B—differentiable on A}, thespace
of all B-differentiable functions.

The function f : A — R is B-bounded on D if there exists K > 0 such that
|[Aq.s f(x,y)| < K forany (¢, 5), (x, y) € A. Here, If A is a compact subset, then
each B-continuous function is a B-bounded function on A — R. We denote by
B, (A), the space of all B-bounded functions on A equipped with the norm || f ||p=

sup  [Aqo f(x, 9]
(x,y),(t,s)eA
In order to evaluate the approximation degree B-continuous function using

linear positive operators, an important tool is the mixed modulus of continu-
ity. Let f € Bp(I1,5). The mixed modulus of continuity of f is the function
wp : [0, 00) x [0, 0c0) — R, defined by

wp(f501,02) = sup{lqs f(x,y) |t —x| <01, s — y| < da},
for any (¢, 5), (x,y) € A.
For I1,, = [0, a] x [0, b], let Cp(I1,p) denotes the space of all B-continuous
functions on I1,; and let C(I1,;) be the space of all ordinary continuous functions

on IT,;. We define the GBS operators of the 2, ,, given by (2.1), forany f € Cp(I1,p)
andn,m € N, by

Gnm(f(t,8):x,y) =y (f (1, 9) + fx,8) = f(2.5): X, y),

for all (x, y) € I1,. forany f € Cp(I1,p), the GBS operator of (2.1) is given by
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S (Fixey) — 6—2(nx+my) i i ¢k1,k'2("'7X) (bk3,k:(%) (f(kl + kz’ y)
g (1,1) Ky Jo=0 ks kg0 kl.kz. k3.k4. n

ks + k ki +ky ks+k
+f<x, u) _f(¥, u))
m n m

Theorem 4.1 If f € C,(I1,p), then for any (x,y) € Iy, and any m,n € N, we
have

1 1

16, (f(t5):x,9) — f(x, V| < dwp(f: —=, —=),
n Jm

Proof By using the properties of wg we obtain

t_ —
| Ay £ G )| < w(F: 1t —xluIs — y]) < (1 4! - "') (1 + 'sé y')wg(f;an,6m>,
n m

for every (x, y), (¢, s) € I1,,. Hence, from the monotonicity and linearity of the

operators S, ,, (f (¢, s); x, y), and by using Cauchy—Schwarz inequality, it follows
that

1Snm (f(t5): %, y) = f(x, )| = An,m (IA(z,s)f(x,y)l' x,y)

<an m(e00; X, ¥) + — <mnm((6’10_x)2§st) )1/2

5m (mn m <(801 _)’) 5 X, )’))]/2

5n = (nm (10— 2% x.5))
5m (an m <(601 - )’)2; X, y>>1/2 )WB(f§ Ons Om)-
< dwp(f; f }

Next, we discuss the approximation of Lipschitz class of B-continuous functions.
ForO<a=<1,0<g<l1letLipy (a,p) = {f € C(Ilg) : A fx, M <
M|t —x|*|s — y|’}, where (¢, ), (x,) € T
Let 6, (x) = 2, (810 - x)Z; X, )’) and 6, (y) = A (8()1 - y)z; X, y)'

Theorem 4.2 If f € Lipy («, B), then for any (x,y) € Iy, and any m,n € N,
we have

| (f(0.9):2.9) = FG. ) < MG () 6 (3))",

where M > 0, o, 5 € (0, 1].
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Proof By the definition of S,, ,,(f; x, ¥), we have

Gum (ft,8);x,y) =Uwm (f(x,8) + f(E,y) = f(t,5):x,y)
= i)ln.m (f(xv )’) - A(t,s)f(x’ }’), X, y)
= f(x’ y)mnm (eOO; X, )’) - mn,m (A(t,s)f(-xv y), X, y) .

In view of definition Lipy (a, ), we have

1Gm (F(t,5):x,9) = FO, D] < MUy (It —x1% s — y17 5 x, ).

Now by using the Holder’s inequality with p; =2/a,q; =2/ (2 — @) and p, =
2/B,q2 =2/ (2 — ), we get the desired result.

Theorem 4.3 If f € D,(I1,,) and Dg f € B(Ilyy), then for each (x, y) € gy, we
get

M —1/2 _ —1/2
1S (f5%.9) = FO ] = =755 (11P8 flles +wp(Dp fin 2, m ™) ).
n'/2m
Proof Since f € D (I1,,), we have the identity

AfLE, s); (x, 1= —x)(s —y)Dp f(§,m), withx <§<t; y<n<s.

Eventually,

Dpf(&,n) = ADpf(&,m) + Dpf(&, y)+ Dpf(x,n) — Dpf(x,y).

Since Dy f € B(Il,;), by above relations, we can write

(R m (AL, 5); (e, T X, Y] = [ (0 — ) (s — Y)Dp (€, m); x, ¥
< A (It — xlls — yIIADB f(E, M5 x, ¥)
R (It — x|Is — yI(IDB f (€, ¥
+IDp fx, M|+ |Dp f(x, y)D; x, y)
< Ay (|t — x|ls — ylwp(Dp £ 1€ = x1, 10— yD; x, y)
+3 [1DB flloo Aum (It = x|ls — ¥1; x, ¥).

By the above inequality, using the linearity of 2, ,, and applying the Cauchy—Schwarz
inequality we obtain

1Snm(f5x,¥) — fx, VI = Ry m AL, 5); (x, V)] X, ¥
< 311D5 fllooy/ B (t — )25 = )% x. )

+(Q[n,m(|t —x|ls = yl; anqM»xsy)

8, 1 (0 — )25 — Yl x, y)
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0, 0 (1 — x1(s — Y)%5 x,y)

6, 0 U (1 — )2 (s — )5 x, y>>w3<DBf; Sy Om)

< 31105 f ooy nan (1 = )2(5 = )% Gy G- %, )

+<\/mn,m(<r — (s — )% x.)

+5n_1\/2ln,m((t - x)4(5 - y)2§ X, y)

+6r;]\/2[n,m((t -2 s —y*x,y)

0,10, W (1 — )25 — )% x, y))oJBwa; Sy Om)-
4.1)

In view of Remark 2.3, for (¢, s) € Iz, (x,y) € Hgpandi, j = 1,2

i (= )2 (s — W32, 9) = W (= )5 2, )0 (5 — V)5 x, y).
M, M,
< ——7

n' m’/

4.2)

for some constants M, M, > 0.

Let 6, = #, and 6, = mL

72 -
Thus, combining (4.1)-(4.2), we get the desired result.
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Approximation Properties )
of Chlodowsky Variant of (p, q) L
Szasz—Mirakyan—Stancu Operators

M. Mursaleen and A. A. H. AL-Abied

Abstract Inthe present paper, we introduce the Chlodowsky variant of (p, q) Szasz—
Mirakyan—Stancu operators on the unbounded domain which is a generalization of
(p, q) Szasz—Mirakyan operators. We have also derived its Korovkin-type approxi-
mation properties and rate of convergence.

Keywords (p, g)-integers * (p, g)-Szdsz—Mirakyan operators - Chlodowsky
polynomials - Weighted approximation

AMS Subject Classification (2010) 41A10 - 41A25 - 41A36

1 Introduction and Preliminaries

The applications of g-calculus emerged as a new area in the field of approximation
theory from last two decades. The development of g-calculus has led to the discovery
of various modifications of Bernstein polynomials involving g-integers. The aim of
these generalizations is to provide appropriate and powerful tools to application
areas such as numerical analysis, computer-aided geometric design and solutions of
differential equations.

In 1987, Lupas and in 1997, Phillips introduced a sequence of Bernstein polyno-
mials based on g-integers and investigated its approximation properties.

Mursaleen etal. [12, 13, 18] introduced on Chlodowsky variant of Szasz operators
by Brenke-type polynomials, rate of convergence of Chlodowsky-type Durrmeyer
Jakimovski—Leviatan operators and Dunkl generalization of g-parametric Szdsz—
Mirakjan operators and shape preserving properties.

Several authors produced generalizations of well-known positive linear operators
based on g-integers and studied them extensively. For instance, the approximation

M. Mursaleen (<) - A. A. H. AL-Abied
Department of Mathematics, Aligarh Muslim University, Aligarh 202002, India
e-mail: mursaleenm @gmail.com

A. A.H. AL-Abied
e-mail: abied1979 @gmail.com

© Springer Nature Singapore Pte Ltd. 2018 125
S. A. Mohiuddine and T. Acar (eds.), Advances in Summability
and Approximation Theory, https://doi.org/10.1007/978-981-13-3077-3_7


http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-13-3077-3_7&domain=pdf
mailto:mursaleenm@gmail.com
mailto:abied1979@gmail.com
https://doi.org/10.1007/978-981-13-3077-3_7

126 M. Mursaleen and A. A. H. AL-Abied

properties of A generalization of Szdsz—Mirakyan operators based on g-integers [5],
convergence of the g-analogue of Szdsz-Beta operators [9], Dunkl generalization of
q-parametric Szasz—Mirakjan operators [18] and weighted statistical approximation
by Kantorovich-type q-Szdsz—Mirakyan operators [6].

Recently, Mursaleen et al. introduced (p, g)-calculus in approximation theory
and constructed the (p, g)-analogue of Bernstein operators [14], (p, g)-analogue
of Bernstein—Stancu operators [15]. Further, Acar [1] has studied recently, (p, q)-
generalization of Szdsz—Mirakyan operators.

In the present paper, we introduce the Chlodowsky variant of (p, q) Szasz—
Mirakyan—Stancu operators on the unbounded domain. Most recently, the (p, g)-
analogue of some more operators has been studied in [2, 4, 10, 11, 14, 17, 19,
21].

The (p, q)-integer or in general the (p, g)-calculus was introduced to generalize
or unify several forms of g-oscillator algebras well known in the Physics litera-
ture related to the representation theory of single-parameter quantum algebras. The
(p, g)-integer is defined by

pn_qn
(p#q#1)
P—q
_ n—1 n—2 n—2 n—1 __ 1 - qn =1
(nlyg=01"+qp" "+ +pq" " +q" = =g (p=1
n (p=qg=1
)]

The (p, g)-binomial expansion is

n
@Rk k=D | 71 _ _
(ax +by), , ;:Zp “ q : |:k] a" Rk kg,
k=0 p.q

n—1

A+, =+ Px+gNPx+q>y) - (P x+ 4"y,
(1—x) =0 =x)(p—g)(p* —g*x) - (p"" —q" 'x).
The (p, g)-binomial coefficients are defined by
|:n:| L [n]p,q!
k »a C [klpglln — k]!
The definite integrals of a function f is defined by
“ - p* p* p
/ f)dpgt =(qg—play  f (k—_Ha> = if ‘— <1,
0 —~" \q q q
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a 0 7" 7" q
/ f(t)dpqt=(p—q)a2f<k—+la> 1 lf'—
0 i P p

There are two (p, g)-analogues of the classical exponential function defined as fol-
lows

00 n=l)
p X
epq(x) = 1
n=0 n psq-
and 00 g n(n2—l) o
Epg() =) "
n=0 [n]p,q~

which satisfy the equality e, ,(x)E, ,(—x) = 1. For p =1, ¢, ,(x) and E, ,(x)
reduce to g-exponential functions.
For 0 < g < 1, Aral [5] introduced the generalized ¢-Szdsz—Mirakyan operators

as follows
> k1,bn
Sug(fi2) = Zsz,k(x)f<[ Jo ) @
k=0 [l
where | (@l ot
q _ nlgX
k) =l ik bt
where 0 < x < oy (n), ay(n) == (bﬁ f € C(Ry) and (b,) is a sequence of
q

positive numbers such that lim,,_, o, b, = 00.
Mursaleen et al. [10] introduced the (p, ¢)-analogue of the Szdsz—Mirakyan oper-
ators as follows

00 k(k D

([n],, qx) —k < [klp.q )
Sn X)) = ) g\ . _ : 3
(3 X) kzzo = K]0 epq(—Inlpqq"x) f Pl (3)

Lemmal.l LetO <qg < p < 1andn € N. We have

(i) Sn,p,q(l;x) =1
(i) Sn.p,q (T x)=x

2. 22
(”1) Sn,p,q (t ) x) 7 + ["]pq
: 3. x3 2p+q x
(V) Snpg (%32) = 5 + GRpx® + G
4. xt o 3p? +2pq+q 3 4 3P 43patq?
(V) Snpq(t™x) = I + P Tlpg + x?+ ["]7)4 .

P,
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2 Construction of the Operators

We construct the Chlodowsky variant of (p, q) Szdsz—Mirakyan—Stancu operators
as

k
a,[3 p 2 ‘Ix)
SO (fsx) = Z o

P Ky + oy )
B K] g (D) !

_ %X
—ep.q(=[n]p.qq bﬂ)f( ol 15

“4)

wheren e N,a, e Nywith0<a<3,0<x<b,,0<qg < p<=<1andb,isan

increasing sequence of positive terms with the properties b, —> oo and

n
pq
0 asn —> 0o. We observe that S,iaf ,} is positive and linear. Furthermore, in the case

of g = p=1and a = 8 = 0, the operators (4) are similar to the classical Szdsz—
Mirakyan operators.

Lemma2l LetO0<g<p<landnelN a,feNywith0<a=<pg 0<x=<
by, and integer m > 0, we have

b'n . x
(o, ) R e
Sipa("i0) = ([n]pqw)mZ( ) ””"(tj’q bn)‘ ©)

Proof Using the identity

[k + l]p,q = Pk +q[k]p,q7

we can write

T (nlpgn)t A\ (P kg +a \"
,(lapdq)(t x) = Z g, <_[n]p,qqika> (Mbn)

S T g o [(nlp.g +5
k(k=1)
_ by Pz (nlpgt kXN 1k m
T rlpg + 9" > KT [k g o) ”(‘“”Mq ) (7! + )

k=0gq 2

k_
_ by p 2 ([n]p, qx) <_ *ki)
= Tl o Z k(k D [k1p.q(Gn)F ep.q | —[nlp.qq by

m
<3 <';’ ) ol iRl
=

k(k—1)
= o u Z < ) m—j Z p 2 (nlpg0t
(Inlp.q + 00" = 5 0 gk

Xep,q(—[nlp,qq*kﬁpf by,
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L (m> "I S pg a7 )
= I e ; —
(nlp,q + )" o\ npq {4 bn

which is desired.

Lemma 2.2 Let S,(la’g)( ; X) be given by (4). Then the following properties hold:
Dq 8

@) S (1;x) =1

n,p.q
[n] ab,
) S@H (1 1) = r.q
(1) S, 54 (15 x) s +5x + bl + 7
[n]? (1 + 2a)b,[n] a2b?
S(w,ﬂ) 2; — p.q 2 n p.q n
G Spa 50 = g Y Tl 1 87 T nlyg + )2
[n]? Bpa+2p + q)bulnl?
. (@B) (3. 1\ — Pq 3 g 2
) S50 pa 0 = g 1B Py, + 87
(1 +3a+ +3a?)b2[nl,, a’b?

g + 57 (g + B)°

() S@D (@ x) [n13, p Gp* +2pq +q* + 4pa)bn[n]§,,qx3
o p6([n]p,q + /6))4 ps([n]p,q + 6)4
+(3p2 +3pq +q* +4pga+ 8p*a + 6p*at)bynl, o
pA(nlyq + B)*

(1 +4a + 6a% + 4a’)bi[n], , o*b?
X .
([n]P,q + ﬁ)4 ([n]p,q + 5)4
Proof (1)
X
Sr(fif;(h x) = Supq(liq IE)
=1.
(ii)

1
b 1 X . X
S(aﬁ)(l;x) - " < _)al—JSn (ﬂ;q—l_)
P ([n]p,q + ﬂ) Z J e bn
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[n],.4 ab,
= + )
g + 5" [nlpg + 5

(iii)

S(a,ﬂ)(tZ.x) — b—5i<2)a2_15 (tj.q_li)
n.p.q ) ([n]p,q + ﬁ)Q = ] n,p.q ’ bn

_ 24208, (11g7 ) + Supg (P g7 )
T Ul | T 2 e
b2 [n]?

_ n . o 4 2a [”]p,qx T [n]pqqx p2,q 2
([nlpq +5) b, by pb;
(n17, , (14 2)b,lnl,, o?b?

T ol + A T (Il + 52 (g + B2
(iv)

3 3
(@.f) 3 by 3\ 3 i1 X
S = ()a T Snpg@ig™ )
n,p.q ([”]p,q+6)3 = Jj n,p.q by

= bz{aS +3(125n (t'q_li)-i—?aaS (l2'q_1i)
- D5 s n,p, 5
([n]p,q + /6)3 P4 by P4 bn

X
+Sn,p,q(t3§q ! )}
bn

b, 3 2[nlpg [n], [

— T 3 5 3 sq pP.q 2
([n]p,q+ﬁ)3{o‘ e O‘( b C g
2

[”]p,qx 2nly, 5 alnd, 5, | [l 3}
b, pb? p*bl pib}
_ (nD}, g Brat2rd Q)bulnl;, e
pi([nlyq + B)? p*([nlpq + B)?
(1+3a+ +3a2)bﬁ[n]p_qx 043193
([n]p,q + ﬂ)S ([n]p,q + 5)3 ’

)

D p— - 24:<4)a4j5 RS
a ’ ([n]p,q + /8)4 =0 ] mpd ’ bn
b4

S — YN VN t; -1 + 6025, 12 -1X
([n]p,q+ﬁ)4{ n,p,q( q ) n,p,q( q )

bl‘l b n

X 1 X
+404Sn,p,q(l3;q l;)+Sn,p,q(t4;q 1;)}
n n
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4 [n] [n] (n]?
_ n 4 3 p.q 2 p.q p.q 2
= ([an,q+ﬂ)4{a e, ”6a< b b2 x)

2 2 3 4
4o (n]p.q 4 2[nlpq 2 qlnly 2 (11,4 3 [n]p.q 4
by pb? p*b2 p°b; pob}
P15, 3 2q1n1,4 3 2T 2 31,4 3 3qinT,q 2
5p3 4p3 3p2 3p3 2p2
p by Py P by P by pP=o;
2
3["]1)41 e ["]p-qx
Pblzl by,
_ g, s, BP+2pq 147 +4padbulnly, ,
pé([n]p,q + B)* PS([ﬂ]p,q + B4
(Bp? +3pq +q* +4pga+8p*a+ 6p*a?)binl3
+ 3 7 X
p>([nlp.qg +B)
(14 4a + 602 +4a)b} [l .4 N bt
(["]p.q + 5)4 ([n]p,q + /8)4

Lemma 2.3 Let p,q € (0, 1). Then for, x € [0, 00), we have:

. [n] 0y
@Bt _xox) = [ ——29 =
(l) Sn,p,q (t X3 x) ([n]p,q + ﬂ )x + [n],,,q + 5

‘ (A = p)nP +pBHx*+ (Inlpq +208) pbux + pa’b?
1y ¢(@.B) 2. _ g g n
(ii) Sn,p,q((t x)75x) = p([n]p,q +ﬁ)2 .

3 Korovkin-Type Approximation Theorem

Suppose C,, is the space of all continuous functions f such that | f(x)| < Mp(x),

—00 < x < 00. Then C, is a Banach space with the norm || ||, = sup %.
—o0<X <0
The subsequent results are used for proving Korovkin approximation theorem on

unbounded sets.

Theorem 3.1 (See [8]) There exists a sequence of positive linear operators T,,
acting from C, to B, , satisfying the conditions

(i)
lim [|7,(1;x) — 1], =0
n—0o0

(ii)
n—o00
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(iii)
lim [|T;, (% x) — @*[l, =0,
n—oo

where p(x) is a continuous and increasing function on (—o0, 00), such that
lirf o(x) = %00, p(x) = 1 + ¢?, and there exists a function f* € C,, for which
X—> 00

lim |7, f* — f*ll, > 0.

n—0o0

Theorem 3.2 (See [8]) Conditions (i), (ii), (iii) of above theorem implies that
lim || T, f — fll, =0,
n—o0

for any function f belonging to the subset

CSz{fEC,,[O,OO):)LrgJiEj?' <oo}.

Consider the weight function p(x) = 1 + x? and operators:

e SO (fix),  x €0,by] o
n,p, yX) =
" £, x € [0, 00)/[0, by].

Thus for f € Ci4,2 , we have

T2 (f 5 %)) | f ()]
—_— su

IT558 (f3 0l < sup == +
e ! x€[0,b,] 1 +X2 b, <x<o00 1 +X2
(a,3) 2
| T, plg (1 + 17 x)|
§||f|I1+2< sup — +1).
“\re0.00) 1 +x2

Now we will obtain,

v, 3 .
IS 0w < Ml

if p := (py) and g := (g,) satisfy 0 < g, < p, < 1 and for n sufficiently large

b
pn— 1,g, — land p" — N,q" — N, N <ooand lim —— =0

n—00 [n]p’q

Theorem 3.3 Let p := (p,) and q := (g,) satisfy 0 < q, < p, < 1 and for n suffi-

ciently large p, — 1,q, — land p), — N,q,} — N, N < ocand lim =0
n—00 [n]p,q

Then, forany f € C ? 2 We have

1752 (f5) = FOlli4e = 0.
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Using the results of Theorem 3.1, Lemma 2.2, we will obtain the following assess-
ments, respectively:

a,f3 o,
Tao (15 %) — 1 wp i (L x) — 1]

1, Pnsqn
su = 0.
reto) I+ x2 0<x=b, 14 x
wp T (30 1] _ |Shepuan (3 %) = x|
xe[0,00) 1+ x2 0<x<by 1+ x?
( nlpg l)x 4 aby,
< [n]p,q + 6 [n]p,q + ﬂ
- 0<x<b, 1 + x2
U |
[n]p,q + 5 [n]p,q + 5
Ty o, (1% %) — 22| |Shpo, (1% %) — 22|
sup > = sup >
xe[0,00) I+x 0<x<by 1+x
sup 1 (((1 - P)[n]f,,q + pB*)x?
N 0<x=<b, 1+ x? p([”]p,q + ﬁ)Z
([n1p,q + 2a8)byx n azbﬁ )
([n]p,q + ﬁ)z ([n]p,q + ﬂ)Z
a’h? (1- P)[n]i,,q + pB?
< +
([nlp.q + 5)? p([nlpq + 0)?
2 b,
([n]),q + 045)2 0
([n]p,q +5)
) ) . by
whenever n —> 00, because we have lim ¢, = lim p, =1, lim =0,
n—00 n—00 n—00 [n]p,q

asn — OoQ.

Theorem 3.4 Assuming C as a positive and real number independent of n and f
as a continuous function which vanishes on [C, 00). Let p := (p,) and q := (qn)
satisfy 0 < q, < pn < 1 and for n sufficiently large p, — 1, g, — 1 and p;, — N,

by
q; — N, N < ooand lim = 0. Then

n—=o0 |n|, 4

lim sup |S,(lf‘;,f?qn(f; x)— f(x)|=0.

n—oo 0<x<b,
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Proof From the hypothesis on f, it is bounded, i.e. | f(x)| < M(M > 0). For any
e > 0, we have

‘f <p1k[k]p,q + «

M <p1k[k],,,q + Oébn B x>2
[n]pq + 8

<t U, + 0

bn) ~ f) S

where x € [0, b,] and § = d(¢) are independent of n. Now since we know,

) 2, B 2, B . 2 (a3 .
Sfl(alpfa)‘h((t - x) ’ x) = S’giyﬁn’)q»t (t ’ x) - szl(lfypm)‘h (t’ x) +x SV(l?Pu,)Qn (1’ x).

We can conclude by Theorem 3.3,

2 2,.2
(o, 8) ZM( a2b3 (a- P)[n]p)q + pB9)x
su S, 1 x) — fo( <e+—
gDy, 1 (56 = SO 32 \(Inlp.q + B)? p(nlp.q + B2
([n]p,q + Zaﬁ)bnx>
(nlpg +0B)2 )
Since —— =0, as n — o0, we have the desired result. O
[n]p.q

4 Rate of Convergence

a,3

Now we give the rate of convergence of the operators Sy p‘:q) (f; x) in terms of the

elements of the usual Lipschitz class Lipy (7).
Let f € Cp[0,00), M > 0 and 0 < v < 1. We recall that f belongs to the class
Lipy () if the inequality

| f&) = f)ISM|t—x]|" t,xel0,00)
is satisfied.

Theorem 4.1 Let0 < g < p < 1. Then for each f € Lipy(7y), we have
| SN (fi0) = f@) |< M6, (x))?

where
5u(x) = St — x)%; x).

n,p.q

Proof For f € Lipy (), we obtain

S (fix) = £ |



Approximation Properties of Chlodowsky Variant ... 135

k(k—1)

e 5 B I=krf +
Z p]\(k 1) % pq( [ ]p.qq k al )(f (P[]pqa n) f(x))’
P.q

k=0 4 (nlpq + B
2Pt (g0t X\ | (P g 0
= R —[nlpqq™ )' — b | -
kg:,)qm D Tk g (bu)F PQ( nlp.qq f( lyq + 5 ) fx)
00 k(k—1) l—k 5
p 7 (nlpgn)t X\ | P T klp g+
M P - Bl N L e A
- k;) T g Gt e \ Tt ) [
Applying Holder’s inequality with the values p = = andq = , we get follow-

ing inequality,

| SD(frx) = f(x) |

p”kz”M g mb )’
£ qu(k D [k1pq (b )ke”"<_n”'qq bn>< [n]pq + 08 n—x)

(g0t B
p n X kX
(Z KD (k1. 5;2[7 ) €p.q <_[”]p,qq lm))

k=0 4

From Lemma 2.2, we get

(597 ((t — 0% ))" (S (1,2))
(82 (11 = )% %))

Choosing J : §,(x) = S,(f,y;’{?q) (¢ —x)%x),
we obtain

o

M
M

| SED(fix) — fx) |< M(G,(x))7.
Hence, the desired result is obtained. (]
We will estimate the rate of convergence in terms of modulus of continuity. Let
f € Cg[0, 00), and the modulus of continuity of f denoted by w(f, J) gives the

maximum oscillation of f in any interval of length not exceeding § > 0 and it is
given by the relation

w(fsé):‘yTJﬁéé'f(y)_f(x) |7 X7y€[0700)-

It is known that lims_, o w(f, §) = 0 for f € Cp[0, c0) and for any § > 0 one has

O = FG0) 1< (% + 1) W(f. 9). ™
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Theorem 4.2 If f € Cg[0, 00), then

| SED(frx) — £(x) 1< 2w(f; (6, (x)),

n,p.q

where w(f;-) is modulus of continuity of f and 6,(x) be the same as in
Theorem 4.1.

Proof Using triangular inequality, we get
i k(kgl) ([n]p q-x) _[n] 7ki
~ 4 A(kzl) [k]pq'(b )k €p.q p.q4 bn
1—k k
( (P ey, ) - f(x))‘
(n]pq + 5
> A(kz 5 ([n],.4x)k X
< p.q _ -k X
= Z k(k ) (k] p.q!(by )k €pq ( (n1p.qq bn)

P! k[k]M—l—a )
P Whpgma, ) .
X‘f ( (1 + 3 e

| S©@D(fix) — f(x) | =

n.p.q

Now using inequality (7), Holder’s inequality and Lemma 2.2, we get

kk=1)

a, p 2 ([l’l] -x) )C
| SO (fix) = f(x) | = Z [k],,:'zbn)k pq< (npqgq~ bn)

=09 *
| P [k]p(]+abn —x |
« ( [n]pq—H(S +1 w(f, 5)
P (nlyg0) ~ X
= w(f 6)](2(; qwle) [k]pq'(b )k €p.q ( [n][’«qq bn)
w(f 6) Zp 2 ([n]pqx) [ ] -x
D RIS A L L
pl—k[k]p’q +ab,, .
[n]pq + 4

k(k 1

w(f, 5)( > ([n]p.gx)*
= .0 KT
w(f )+ z(; (k=1 [k]pq'(b )

i)
— b, —
( TIE g

1

Xeép, q( [}’l]p qq

b
=w(f,8) + ”(’;’ 0 (S,i‘zf;«t x)% x))Q.
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Now choosing § = 6§, (x) as in Theorem 4.1, we have

| SO (120 = f(0) 1< 2w(f5 (3, (x)). O

Now let us denote by C% [0, 00), the space of all functions f € Cg[0, 00), such
that f', f* € C[0, 00). Let || f | denote the usual supremum norm of f. Classical
Peetre’s K-functional and the second modulus of smoothness of the function f €
C3[0, oo) are defined, respectively, as

K(f,0)= inf (I f—gll+6lg I},
geCz[0,00)

BLYs

where § > 0 and g € CIZS [0, 00). By Theorem 2.4 of [7], there exists an absolute
constant C > 0 such that

Ka(f, 8) < Cwn(f, V3) ®)
where

wi(f, V6 = sup  sup | f(x+2h) —2f(x +h)+ f(x) |
0<h<+/3 X.xthel

is the second-order modulus of smoothness of [ € Clzg [0, 00). The usual modulus of
continuity of f € C% [0, 00) is defined by

w(f,0)= sup sup | fx+h)—f(x)].

0<h<6 x€[0,00)

Theorem 4.3 Letx € [0, b,], f € Cg[0,0)and0 < g < p < 1,0 < a < (.Then
for all n € N, there exists a positive constant C > 0 such that

| S (frx) = F@) | < Cwnl(f, 5a(x0)) + w(fy (X)),

where

a,p [n]p, aby,
On(x) = \/S'(l»l’a;(([ —0)20) + (an (1)), an(x) = <ﬁ - 1>X + W

Proof For x € [0, 00), we consider the auxiliary operators S’,T defined by

(1,4 . ab, )
[n]p,q + 5 [n]p,q + ﬁ ’

Sifix) =SS0+ fx)— f (

From Lemma 2.2 (i) (ii) and Lemma 2.3 (i), we observe that the operators S‘;f( fix)
are linear and reproduce the linear functions. Hence,
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S0 =8*1x)+1-1=1

n,p.q

’ | [n] abn
S*(r: = s@p) : — < b4 ) -
n (t )C) n,p.q (t x) T [n]p,q + ﬁx " [n]p,q + /6 ’

S*((t —x);x) = S (t; x) — x8*(1; x) = 0.

Letx € [0,00) and g € C% [0, 00). Using Taylor’s formula

9(0) = g0 + ¢ (O —x) + / (t — g (u)du.

Applying S’; to both sides of the above equation, we have

t
Sigix) — g(x) = g ()85t —x); %) + S (/ (t —u)g" (u)du; x)

t
= s\ (/ (t —u)g" (u)du: x>

lnlp.q

g iBrt [n]:.b;+r3 (n]p4 ab, )
_ 4 x4+ —u | g"(u)du.
/x ([n]p,q +0 (nlp.q + 0

On the other hand, since

<@t-0*Ig"

t
/ |t —u|du
X

t
5/ il g ) [ du <] g |
X

t
/ (t — g (w)du

and

[nlp.q aby
sl A VY P ab, > :
2 _x+ —u ) g’ (u)du
/x ([n]p,q +6 Inlpg+ P

< ( gy 00 x)z rd
- [n]p,q + 4 [n]p,q + 4 .

We conclude that

Sig;x) —gx)| <

t
Sy (/ (t —w)g" (u)du; x) ‘

[n1p, aby
e ARRn s [n]p.q aby,
+ X+ -
x [”]p,q +8 [”]pﬁq +5

u) g’ (u)du

3 [n] ab, 2
4 (o, B) 2. ” P.q n _
=N Supg (@ =050t g ([ﬂ]p.q + ﬁx * nlpg+ 5 x)

=1lg" Il ).
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Now, taking into account Lemma 2.2 (i), we have

| SECfx) ISISED i 1 +2 0 FUS3 £

Therefore,

| SO (Fr) = FO) ] < IS5(f —g:0) — (f — ) |
[n]pq ab,, ) _
+’f <["]p,q +ﬁx - (nlpq + B 00
<4 f—gl+o(f @) +62@ 1 g" -

+ 1 8¥(g; x) — g(x) |

Hence, taking the infimum on the right-hand side over all g € C 123 [0, 00), we have
the following result

| SED(f3x) — Fx) |< 4Ka(f. 52(0)) + w( f, o (x)).

In view of the property of K -functional, we get

| SDf5x) = F() 1< Can(f 5a(x) + w(fy an(x)).

This completes the proof of the theorem. O
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Approximation Theorems for Positive m
Linear Operators Associated oo
with Hermite and Laguerre Polynomials

Grazyna Krech

Abstract We present some results regarding positive linear operators associated
with Hermite and Laguerre expansions. We consider Poisson type integrals for
orthogonal expansions and discuss their approximation properties in the L” space.
We also investigate operators of Szdsz—Mirakjan type defined via Hermite polyno-
mials. We give the rates of convergence by means of the modulus of continuity and
moduli of smoothness. We present Voronovskaya type theorems for these operators
and discuss boundary value problems for Poisson integrals. We also consider some
combinations of the operators presented here, study their approximation errors and
prove the Voronovskaya type formula.

Keywords Poisson integrals - Linear operators - Hermite and Laguerre
expansions - Approximation order + Voronovskaya type theorem
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1 Introduction

In this part, we present some examples of positive linear operators associated with
the Hermite and Laguerre expansions. We recall and summarize the approximation
results achieved for these operators.

1.1 Modified Szdsz—Mirakjan Operators

Starting with the identity
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=35

k=0

3

|

G.M. Mirakjan (in 1941) and O. Szasz (in 1950) considered the linear positive oper-

ators (see [6, 9])
Su(fiy=e™ Y (”,f!) ! (;) ,

k=0

X € R(J{ :=1[0,00),n € N:={1,2,3,...}, and proved that if f is bounded in every
finite interval, f € O(x¥) as x — oo, for some k > 0 and f is differentiable at a
point £ > 0, then

Jlim VnlSu(f:8) — f(©1=0.

The so-called Hermite—Kempé de Fériet polynomials (or, in other words, the two
variable Hermite polynomials [1]) defined by

k
[7] k—2s s

~ Z
Hk(yaZ) Zk'zom

are specified by means of the generating function

o] lk _
ZFHk(y,Z) = exp(yr + z12). (1.1)
k=0 "

Putting y = nx, z = a in the equality (1.1) we can consider the class of operators
G4,n € N,a > 0, given by the formula (see [5])

G(f: x)—e—<"x+“x>z Hk(n a)f( ) x e R

In paper [5], we study approximation properties of G}, for functions f € Cp (Rg ),
where Cp(IR])) is the space of all real-valued functions f continuous and bounded
on R7. The norm on Cp(Ry) is defined by

Il = sup [f(x)].

xeRg
The operator G maps Cp(Ry) into Cp(R{) and
|Ga(HI| < 111l

for f € Cp(RY).
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We recall some estimates of the rate of convergence of the operators G, a > 0

n?
for functions f € Cp (Rar ) using the modulus of continuity and the modulus of
smoothness.

Theorem 1.1 ([5]) For every f € Cp (Ra'), X € Ra' and n € N, we have

2 2
G4(F5 ) — FO0| = 20 <f, \/;ﬁ+w)

n2
where
wi(fy0)= sup [f(y)—f(x), ¢>0.
x,yeRY
[y—x|<6

Theorem 1.2 ([S])If f € Cp (R(J{), then for every x € Rg we have

|Ge(f;x) — f(x0)|
1 2(qx2 2\2 2

< Muw, f,—\/f+4ax (ai +1)+<2‘” ))+wl (f, 2ax )
2\ n n n n

where M is some positive constant, w;(f, §) is given by (1.1) and

wr(f,0) = sup |f(x+2h)—=2f(x+h)+ f(x)], &>0.

xeRy
0<h<d

The above theorems imply the following result.

Corollary 1.2.1 ([5)) If f is an uniformly continuous bounded function on Rg , then
lim G, (f;x) = f(x)
n—00

uniformly on every interval [a, b] C R}, a < b.
‘We have also the Voronovskaya type theorem for Gy..

Theorem 1.3 ([5]) Letx € R(J{ be a fixed point and let f be an uniformly continuous
bounded function on Ry . If f is of the class C'(RY) in a certain neighbourhood of
a point x and f"(x) exists, then

lim n[G3(f5) = (0] = 2ax? () + 5 £ (o).
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Observe that for a = 0 we have

> xk k
0 . __ ,—nx Tk ~ +
G,(fix)=e Z " f(n) x e RS,
k=0
$0 G, n € N are the classical Szdsz—Mirakjan operators S,,.

It is clear that ﬁk(Zn, —1) = Hi(n), where H; is the kth classical Hermite poly-
nomial defined by

dk
Hi(t) = (—1)ke'2d7e—'2, keNy:=1{0,1,...}. (1.2)

In the next paragraph, we recall some approximation theorems for Poisson inte-
grals associated with the classical Hermite polynomials (1.2).

1.2 The Poisson Integrals for Hermite and Laguerre
Expansions

Let LP(exp(—z?)), p > 1 denote the set of functions f defined on R such that
o0
/ |f(f)|pexp(—t2)dt <oo if 1 <p < oo,
—00

and f is bounded almost everywhere on R if p = co.
The Hermite polynomials in (1.2) satisfy

a 2td H,(t) = —2kH (1)
dr? dr) T k

and the system {Ek}keNO, where

Rit) = (K7 Hi(0),

is a complete orthonormal system on Lz(exp(—zz)).
Muckenhoupt in [7] studied the Poisson integral of a function f € L”(exp(—z2))
for Hermite expansions defined by

AV(f)(’”,y)zg(f;r,y)2/ Ky, 20 f@exp(—2*)dz, 0<r <1,

—00
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where
o0
= ran(y)Hn(Z)
K@y, z2)= E — =
—~ Jm2mn!
1 (—rzy2 +2ryz — r212>
= exp > .
m(l —r?) I—r

Muckenhoupt proved that if f € L”(exp(—z?)), then
@ IAf;r )y <Ufll,, 1<p<oo,
®) IA(f;r) = fOll, =0 asr — 1~ for 1 < p < oo,

(¢) lim,_ - ;f(f; r,y) = f(y) almost everywhere, 1 < p < oo,

where || f ||, denotes the norm in L” (exp(—z?)) of a function f defined on R.
In papers [8, 10], the following approximation properties of A(f) are presented.

Theorem 1.4 ([8]) Let f € C(R) N L?(exp(—2z2)). Then

~ 1
[AC(f5r,y) = fO = 2w <f, /(1 =) <§(r + 1)+ y2(1 —r)>)

for0 <r <landy € R, where

wi(f,0) = sup [f(y)—fx), >0

x,yeR
[y—x|<é

We have also the Voronovskaya type formula for the operator A( ).

Theorem 1.5 ([10]) Let y € R. If f € C(R) N L (exp(—z2)), f is of the class C!
in a certain neighbourhood of a point y and " (y) exists, then

1~ 1
Jim —— [A(f5 ) = fD] = =3O + 31O,

The following boundary problem is presented in paper [10].

Theorem 1.6 ([10]) If f € L”(exp(—g)z), then Z(f) is of the class C* in the set
D={(ry):0<r <1, yeR}and A(f) is a solution of the equation

du(r, y) ou(r,y) . 0%u(r,y)
2 -2 =
"o Y Oy + dy?

0

in D.

The above theorem implies
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Corollary 1.6.1 ([10D) If f € C(R) N L”(exp(—z)z), then the function X(f) isa
solution of the problem

2
5 U y) 2y3u(r, Y Fuy) _

0 inD
or dy dy? e

hg} ur,y)=f(©), yeR.

Let L?(z“ exp(—z)), p = 1, a > —1 denote the set of functions f defined on Rg
such that

)
/|f(t)|pl(l exp(—t)dt <oo if 1 < p < oo,
0

and f is bounded almost everywhere on ]Rar if p = oo.

Note [7] also considered Poisson integrals for Laguerre polynomial expansions.
The Poisson integral E(f)(r, y) of a function f € LP(z%exp(—2z)),a > —1 is
defined by

Euon=Eunuo=/ Blry, 2 f(D2 exp(=2)dz, 0 <r <1
0

with the Poisson kernel

~ ind r"n!
P . , — La L(!
(r.y.2) Zﬁﬂi?Tﬁ"w”&)

G <—r(y + Z)> (2(ryZ)5>
= exp| —— | I )
1—r 1—r 1—r

where LY, is the nth Laguerre polynomial and /,, is the modified Bessel function ([3])

o a+2n

S
I, (s) = '
o () ;z(whn!]"(a—i—n-i- 1)

The Laguerre polynomials

x ¢ 4"
—x _n+
S (), ne N,

Ly(x)=e¢e"

satisfy

o ita-0L) 00 = —ne
X3 a=x)-— ) L(x) = —nL; (),
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and the system {['},,cn,, where

o=

«@ _ n! «
19(x) = <—F(n T 1)) Ly (x),

is a complete orthonormal system on L2(z® exp(—2)).
Muckenhoupt proved in [7] that if f € L? (z* exp(—z)), then

@ IB(f5r, )y <fll,, 1<p<oo,
®) I1B(fir.) = fOll, — 0 asr — 1" for 1 < p < oo,
(¢) lim,_, - E(f; r,y) = f(y) almost everywhere in [0, 0c0), 1 < p < 0.

The symbol || £, is used here to denote the pth norm of a function f defined on Rj
with respect to the measure z% exp(—z) dz.
Analogously as for the operator A we have the results for the operator B.

Theorem 1.7 ([8]) Let f € C(R:{) N LP(z" exp(—z)). Then

IB(f:r.y) — f)
< 2w, (f, \/(1 — (2 +a2+3a+2(1—r) +2y(a+2)r —a— 1)))

forO<r<1andyeR3’.

Theorem 1.8 ([10]) Let y € Ra'. If f € C(Rg) N LP(z* exp(—2)), f is of the class
C' in a certain neighbourhood of a point y and f"(y) exists, then

1 ! "
lim — [B(fir.y)— fM] = A +a—nf'O)+yf ().
Theorem 1.9 ([10]) If f € L?(z" exp(—z)), then B(f) is of the class C* in the
set D={(r,y):0<r<1,ye RO } and B(f) is a solution of the heat-diffusion
equation

u(r, y) Qu(r,y) — 0*u(r,y)
14+a— =0
r— = (ta=y) 3 +y 9y

in D.

Corollary 1.9.1 ([10D)If f € C(Rg) N LP(z" exp(—2)), then the function E(f) is
a solution of the problem

=0 inD,

Ou(r, y) ou(r,y) — 0*u(r,y)
1 —
- +0+a-y) By +y a2

}i_l)nlu(r, y)=f(), ye R(J{.
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1.3 The Poisson Integrals Associated with Hermite Functions

Let L?(R) denote the set of functions f defined on R such that
o0
/|f(t)|”dt<oo if1 <p<oo,
—0o0

and f is bounded almost everywhere on R if p = oco.

Gosselin and Stempak in [2] studied the heat-diffusion and Poisson integrals
for Hermite function expansions. They considered the integral A (f) of a function
f € LP(R) defined by

&ﬂu»o=&ﬁxdﬁ3/fawxv&wa
where N
K(x,y,2) = Zhn(y) hy()exp(—@2n+Dx), x>0
n=0
and
1 x2
hp(x) = (2"n!y/T) * exp <—?> H,(x).

Muckenhoupt in [7] treated the exponential exp(—z?) as a weight function. Gos-
selin and Stempak in [2] considered expansions with respect to the system of Hermite
functions {h,},ecn, Which is a complete orthonormal system in L” (R).

The authors obtained the following results.

Theorem 1.10 ([2]) If i e LP(R), 1 < p < o0, then Z(f) is of the class C*™ on
the set (0, 00) x R and A(f) is a solution of the differential equation

du(x,y)  8ulx,y)

Theorem 1.11 ([2]) Let f € LP(R). Then

(@) I|ACf; x, ), < (cosh2x) 2| fll,, 1< p <o,
(b) I1A(f;x,) = fOll, =0 asx =0, 1<p<oo,
(c) lim,_q A\(f;x, y) = f(y) almost everywhere, 1 < p < 00,

where || f |, denotes the norm in L (R) of a function f defined on R.

Instead of working with the kernel K we consider the kernel
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o0

K(r,y,2) = Zr”hn(y)h,,(z), 0<r<l.

n=0

Then we have K (x, y, z) = e K (e~>*, y, 2).

In paper [4], the author studied some approximation properties of the operator
A(f), f € LP(R), given by

o]

AN y) =A(firy) = / K(r.y,2) f(z)dz.

—00
The following results were obtained.

Lemma 1.1 ([4))If f € L?(R), 1 < p < oo, then A(f; r,-) € LP(R) and

IACEs Il < fIlp (1.3)
forO <r <1, yeR

This means that the operator A is linear, positive, bounded and transform the space
L?(R) into itself.

Theorem 1.12 ([4]) If f € C(R) and f = f, + f», where f; € L'(R),
fo € L®(R), then

rli“f— A(firy) = f(y)

for every y € R. This convergence is uniform on every closed subset of R.
Moreover, from paper [4] we have the Voronovskaya type theorem.

Theorem 1.13 ([4]) Lety e R. If f € C(R) N L?(R), f is of the class C' in
a certain neighbourhood of a point y and f"(y) exists, then

li]ll Du— (1‘(]‘, r, y) — f( )) ny(y) f//(y)

The main aim of this survey paper is to present approximation properties for a
combination of the operators A(f).

We will consider the sequence of operators of the form

A(fsry)=Af;1—-k(1—1),y), k=1,2,..., re(%,l).

We define the following operator A(f)

A(fsn,ry) =) (=D <Z>Ak(f§ ).
k=1
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2 Auxiliary Results

In paper [4], we presented among other thing some preliminary properties of the
operator A. The purpose of this part is to remind the reader of some results which
we apply to prove main theorems.

Let oy y(z) = (2 —y)", y,z € R, m e N.If y = 0, then we denote ©,, y by @y,
Moreover, we assume that pg(z) = 1.

Lemma 2.1 ([4]) For every fixed m € Ny it follows

2 \: 1=,
A(%nﬂ%)’): 1+r2 exp _E 1+I"2y

m

[7] m (m—p)! 1_r2 P 2I"y m—2p
§ o \P Cm—2p)t2r \1+72 1+ r2 ’

p=
2 \: 1 1-r2
A(Spm,y;rs y): 1+I"2 eXp _5. l+7’2y
x%%m m—pl  (1=r\' [ (A—r)? \"
2\p) =z T T+

(2.1)
for 0 <r < 1,y € R, where [a] denotes the integral part of a € R.

Observe that if r —> 17, then 1 — k(1 —r) —> 1~. Moreover, the following
formula can be written

Ac(Li 7, y) ( 2 )é < Lolor 2) (2.2)
i y) = exp|—=- , .
EEEP =) P\ T

where ry, =1 — k(1 —r).
From (2.2) and (1.3) we have

0<A(Liry) <1 and [|A(Lir Y)llp < I1Lf1lp-

By the definition of A the following inequalities hold:

Atin | <Y (Z) — .
k=1

[AC i), < "= 1)1 £,

Now, we recall results giving some error estimates for the operator A via modulus
of continuity
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. 20 r.
wa(f310)p = sup [AR(fi)llp, 0 >0,
0<h<d

where
A2(fiy)=fG+h) =2f)+ f(y—h) forh,yeR.

Theorem 2.1 ([4]) If f € LP(R), 1 < p < oo, then there exists a constant M > 0,
independent of f, such that

1A 7 = FOAU R, < M {wz (£:vT=r) +a- r>||f||p}

for0O<r <1
This theorem allows one to write

Corollary 2.1.1 ([4])) If f € LP(R), 1 < p <00, then there exists a constant
M > 0, independent of f, such that

IAGFir ) = FOl, < M {wz (£:vT=r) +a- r)llfllp}
+ A7) = DOl

forO<r < 1.

3 Approximation Theorems

Theorem 3.1 If f € C(R) and f = fi + f», where fi € L'(R),
fr € L®(R), then

rlir?Z(f;n,r, =5

for every y € R. This convergence is uniform on every closed subset of R.

Proof Using Theorem 1.12 we obtain
Tim A(fsn,ry) = lim > (=pi (Z) Ac(firy)
k=1
=) (=D (’;) lim A(firy) =) (=D (Z)f(y)
k=1 k=1
= 1) (ZH)" (Z) (=D + 1) = 1)
k=0
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This ends the proof. O

Theorem 3.2 If f e LP(R), 1 < p <oo, n €N, then there exists a constant
M(n, p) > 0, independent of f, such that

[ACfin 0 = O, < M@, p) {wz (f:vT= r)p +2- r>||f||p}

for0<r <1

Proof Observe that

[ACfsnr )=o), <Y (Z) IACf5r) = FOIl, -

k=1

From Corollary2.1.1 we have

IACf 7 = FOll, = M {wz (£:vT=r) +a- r>||f||p}
+ (A5 7, ) = D fFOllp.
Using the above inequality we obtain
[Ainr - £0l,
u n
< ]; (k) {M [m (f; V(1 — r))p + k(1 - r)llfllp] + 1A (fir ) — 1)f(~)||,,}

" n
< k; (k) {M(k, P) [wz (r:vT=7) +a —r)llfll,;} + I AKCF3 7) = 1>f(->up} .

Consider the term ||(Ax(f5r,-) — 1) f()l, . Taking the supremum over y € R in
|Ax(1; 7, y) — 1|7, we can conclude

[ACriner = £, < M p) {wz (r:v1=7) +@- r)||f||p} ,

where M (n, p) is some positive constant, 0 < r < 1. This completes the proof. O

Letro=1andr, =1—k(1 —r), k € Nand A(f; ro, y) = 0. Observe that

Z(—l)"(Z)h(rk)
k=0

Ay [ro, 1 Il

where [rg, 71, ..., r,]h denotes the nth order divided difference of & at the points
ro, r1, - - - , Iy. Using the properties of [rg, 1, ..., r,]h we have
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PGV (:>h<rk> = (1= "h" o),
k=0

where £ € (0, 1).
Taking into account the definition and properties of the divided difference we can
write

— " n
A((pm,y; n,r, y) = - Z(_l)k <k>Ak(@m,y7 r, y)
k=0

" n
=Y =t (k)A(som,y, riey) == —r)"A" Oy, re. y)
k=0

and

. 1 — .
rll>nl]* mA(QOm,y; n,r, y) = _r]—l>nlq* A(n)(wm,yv re, Y)

= —A" (O, 1, ).

Moreover, applying the induction and using the Leibniz rule to the formula (2.1), we
can conclude

A(n)(804n,y, r,y)=0 ((l - r)”) as r— 1.

Hence, by some calculations, it follows the following lemma.

Lemma 3.1 For every fixed y € R and n € N we have

M l A . —
r141>Hll_ m (A(l, n,r, )’) - 1) - Co(y),

I
1. —A n '; LI = _A(n) n v; 1, N
Jm Ay Ay y) (Pnyi 1, Y)
|

rl_iflllf mA (4,04n,y§n,r, y) < o0, 3.1

where cy(y) denotes a constant depending on y.

Now we can prove the Voronovskaya type theorem.

Theorem 3.3 Lety € R.If f € C(R) N LP(R), f is of the class C*"~ in a certain
neighbourhood of a point y and f®(y) exists, then

1 2n
lim ———— (A(f;n, ) = f() = D_aMFPm,

r—1- (1—]")” =0
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where constants ci(y), k =0, 1, ...,2n, depend on y.

Proof Let y € R. By Taylor’s formula we get

f@ = fO) =i &@ = o)
9y = - LT
0, =Yy,

where lim ), (z) = 0 and 1), is continuous on R.
=Yy

Remark that

Z(_f7 n,r, y) - f(Y) = f(J’) (Z(lv n,r, y) - 1) + f/(y)z(gol,\v n,r, y)
] /" A ] n A
+ 3/ WMA(p2yinr, y) 4+ @f” YDA (2nyi 1,1, y)
+ A (Yy pouyin 1, y). (3.2)

Using the Holder inequality we obtain

1 1/2

1 A .
mA (4P4n,ys n,r, Y)

a—nn |A by pan,yi i1, y)| < ’Z (wg; n,r, y))l/z

Moreover, the function @/}3 satisfies the assumption of Theorem 3.1. Hence

lim Z(qﬁi; n,r, y) = 1/13()’) =0.

r—1-

Using (3.1) we obtain

lim ———A i 1,1, y) = 0. 3.3
A Gy A W e ) G
From (3.2), (3.3) and Lemma3.1 we get the assertion. O

Thus, the operator A( f) converges at the rate of (1 — r)".

Corollary 3.3.1 Lety € R. If f is as in Theorem3.3, then
[A(finry) = f] =0 (1 =n)")

asr — 1.
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On Generalized Picard Integral )
Operators ot o

Ali Aral

Abstract In the paper, we constructed a class of linear positive operators generaliz-
ing Picard integral operators which preserve the functions e/* and e***, 1 > 0. We
show that these operators are approximation processes in a suitable weighted spaces.
The uniform weighted approximation order of constructed operators is given via
exponential weighted modulus of smoothness. We also obtain their shape preserving
properties considering exponential convexity.

Keywords Voronovskaya-type theorems - Weighted modulus of continuity

2000 Mathematics Subject Classification Primary 41A36 - Secondary 41A25

1 Introduction

According to P.P. Korovkin and H. Bohman theorem, the convergence of a sequence
(Ln)y>1 of the linear positive operators to the identity operator is essentially con-
nected with the set {eg, e, e} with ¢; (t) =t', i =0, 1, 2. Since many classical
linear positive operators fix ey and ey, their theorem is one of the most powerful and
spectacular criteria in approximation theory. It is known that for the study of con-
vergence of linear positive operators the set {eo, exp,,, expi} . with exp,, (x) = e/,
> 0, also play an important role. For this purpose, recently in [1], the authors
introduced and investigated generalized Picard (P,f)n>1 operators fixing e and explzl
given by
(Prf) (@)= Py (f:ap (),

where

2a n — 4a?

1 n
aZ(x):x——ln(—), n>ng,,
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ng = [4a], [] indicating the integer part function or so-called floor function and
(Py)n>1 classical Picard operators defined by

(Pnf)(x)ZPn(f;x)Z\/Tﬁ/f(x+t)Kn(t)dta xeR (1.1)
R

where
Ky () =e Vi (1.2)

(See [5].) In here, the function f is selected such that the integrals are finite. Note
that similar ideas for different linear positive operators were discussed in [2—4, 7].

In this paper, we want to obtain a new construction of the classical Picard operators
fixing not only the function exp,, but also the function expi . We aim to show that the
new operators are positive approximation processes in the setting of large classes of
weighted spaces. Using a technique developed in [6] by T. Cogkun whichis based on a
weighted Korovkin type theorem for linear positive operators acting on spaces which
have different weights, we obtain weighted uniform convergence of the operators.
Note that obtained asymptotic formulae for the new operators are different from
those given for the corresponding classical operators on the line group.

The modification of our interest in this paper is defined by

(P f)(x) = \/75/]1{6_“(”?(”“)6"*’]‘ (* (x)+1)K, (1)dt, n>n, x€eR

(1.3)
where

1 n
aﬁ*(x):x——ln( 2) (1.4)
po \n—p

p>0,n,=[p*]+ 1and K, defined in (1.2).
Their close connection with the classical Picard operators is now displayed:

(P ) () = exp, (x) P, (L; oz (x)) .
exp p

It is obvious that (P,j‘*)}Dn are positive and linear operators. On the other hand,
Iz

whereas Picard operators (P,),- fix the functions eg and ey, it can be checked easily
that the operators (P,f*)nm“ reproduce exp,, and expy,, i.e.

(Pr*exp,) (x) = exp,, (x) (1.5)

and
(P expi) (x) = expi (x). (1.6)
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2 Auxiliary Results

In this section, we will give some elementary properties of the generalized Picard
integral operators defined in (1.3).
By means of elementary calculations, we obtain:

Lemma 1 Foreachn > n, and x € R, the following identities hold:

P** — Vlz
( n 60) (x) (n7#2)2 2
12
(Pr*exp;) (x) = & n((;f;u)z)
pr* 4 _ L4ux (”‘NZ)3
( n CXPM) (x)=e 2 (n—9,7)

Lemma 2 For eachn > n, and x € R, the following identities hold:
(Prrer) (x) = m ((n — p?) az* (x) — 24),

(Prres) () = 2512 (n + 342%) o+ (1 = m) (g = (4 = ) %)

= (2 + (12 =) p (x + 03 (0)))]

3 Approximation on Weighted Spaces

Now we recall the concept of weighted function and weighted spaces considered in
[6]. Let R denote the set of real numbers. A real-valued function p is called weight
function if it is continuous on R and

lim p(x) =00, p(x)>1foralxeR. (3.1

|x|]—o00

We consider the weighted spaces C, (R) and B, (R) of the real function defined
on real line defined by B, (R) := {f Af ) <Mep(x),x € R} and C, (R) =
{ f:feB,(R), f continuous}. The spaces B, (R) and C, (R) are Banach spaces
endowed with the p-norm
| f(x)]
If1l, = sup ———.

ek P(x)

Now we give some properties of a linear positive operator acting between two spaces
with different weights.

(1) A positive linear operator L,, defined on C,, (R), maps C,, (R) into B, (R) iff
anl € sz (R) .

(2) LetL, : C,, (R) — B, (R) be a positive linear operator. Then

ILallc —B,, = ||Lpl||p2'

Pl
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(3) Forne N, let L, : Cp, (R) — B, (R) be a positive linear operator. Suppose
that there exists M > 0 such that for all x € R, p;(x) < Mpr(x). If

lim [|L,(p1) — pilly, =0,
n— 00

then the sequence of norms || L,|lc, 5

’ is uniformly bounded.
at P2

Let ¢; and ¢, be two continuous functions, monotonically increasing on the real
axis such that

lim <p1(x)=|1‘im 2 (x) =+ooand py (x) =1+ ¢} (x), k=1,2.
X|—>00

|x|—o00

Theorem A ([6]) Assume that p; and p, are weight functions satisfying the equal-
ity limy|— 0o % = 0. If the sequence of linear positive operators L, : C, (R) —
B, (R) satisfies the following three conditions

Tim ILy(@)) = @Y1l =0, v=0,1,2, (3.2)

then
lim ||L,(f)— fll,, =0,
n— 00

forall f € Cp, (R).

Now we show that Theorem A can be applied to our new operators (Pn**)n>n
"

can be applicable to. Let p; (x) =1 + x? and p(x)=1+ x* with 1 (x) = x and
pr(x) = x2. In this case the test functions set is {1, eg, €2} . Using Lemma 1 and
(1.6) we have

(Prp1) () = (P (eo +€1)) ()

n? n?

- (n— 12)? + (n—2) (2 (n +31%) + (12 = n) (4ux — (1 = n) x?)

—i (4,u2 + (/1,2 — n) 1 (x + oy (x)))

and thus there exists C > 0 such that the inequality

(Pp1) () <C
p2(x) T

holds for n > n,,. Thus, (Pn**)n

into B,, (R). Also (P;*), _ is a uniformly bounded sequence of positive linear
"

_y, Are linear positive operators acting from C,, (R)

operators from C, (R) into B,,(R). Now we check the conditions in (3.2). For
v = 0, we see that
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: sk 1 n 2
A Mo = el =T [(_—u) - 1} =0

For v = 1, we have

lim ||P*e; —e < lim su
e =l = ST | oy

. X n?
< lim sup 7 2—1 =0
PR T )

Similarly for v = 2, we have

2 (n + 3u2) n? 4pn?® X n? x2
1Py e —eallp, < (n + 3 )4 e 5 sup 7+ 7 —1)sup ——
(n - ;42) (n - ,uz) xek 1+x (n - ,uz) xeR L+ x
4n? n? 2x
+ + sup

(=) p(n—p2)’ xer 1t

Thus, we get
lim || Py*e; —es]l,, =0
n—oo

Since all conditions of Theorem A are fulfilled, for all f € C,, (R), we have the
following theorem.

Theorem 1 Let P;*, n > n,, be the operators defined by (1.3). For each f €
C,, (R), the relation

lim [P f = fll,, =0
n— 00

holds, where p (x) = 1+ x? and p (x) = 1 + x*.

4 A Quantitative Result

The order of convergence of the operators (Pn**) in an exponential weighted

n>ny

space will be studied by using the following modulus of continuity. For function
feC,R), p3(x)= e we consider the modulus of continuity defined in [8]:

G(f;0)=supe "M fx+n)— @I, (4.1)
|h|<d

where § > 0 and g > 1. The weighted modulus of continuity has the following
properties:
TN < A+NeMT(f:6), A>0. (4.2)
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Similar weighted modulus of continuity was also given in [10].

Theorem 2 For function f € C,, (R), we have

*% n2
||Pn f—f”p3 =1, (m— 1>

+?§E<¢§iu+gw<a;;@ﬁ@jF>

m<l+«f\/§u>’

Proof Since

(Prp3) (x) < el

Py* f is a sequence of linear positive operators acting C,, (R) into itself. From
Lemma 1, we can write

(P f) () — f(x) = f(x) ((PrFeo) (x) — 1)
+§/R(e—u(a,’i*(X)+t)ve(a;* (x) +1) — f(x)) eVl g

Using (4.1), it is not difficult to deduce that
‘ —p(ag? (x)+t)f a** (x) + l) _ e—,u,xf ()C)‘
‘ —p(ag* (x)+t)f Oz** (x) + [) _ omhag (x)f( Hok (x))) + ‘e_#a’*’*(x)f (a:* (x)) —e " f (x)

< el @l (i Itl) + ‘e"“’:*m.f (f* ) —e ™ f (x)‘
exp
and then we conclude that from (4.2),

(PIF) @) = £ (1) = £ ) ((Peo) (1) = 1) + eI “"ff (— |t|> e™Vilay

exp

N ‘e‘“"" w g (0" (x)) — e f (x)‘ (Pr*eq) (x)
s (e -1 +5( L 5"> AT [ (15
e @ 1 (037 0) — e 0] (Bieo) (0

_ Hx _ no - L x| ‘/;l L ﬁ
= @) ((P*e) ) 1)+n7u2w(exrf§>el <~/’7—“+5" (vai—n?)

+ ‘e—ua’.j*(x)f (0 (x) —e M f (x)‘ (P ep) (x).

we have desired result. O

Choosing § = ( ﬁ‘/i)z,
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5 Voronovskaya-Type Theorem

Using exponential moments, we shall prove the Voronovskaya-type theorem for
(P;*)n> 1°

Theorem 3 If f € C,, (R) has a second derivative at a point x € R, then we have

lim n (PXF) () = F ) =F () =3pf 0 +20°F (). (5D
Proof We can use Taylor formula in the form

( o IOgN) (e/L(x—H))
= (f olog,) (¢) + (f o log,) () (" &™)
+

(f olog,) () (" = &)’ 4 hy (1) (1 — )’

fx+n=(f

| =

where K, (¢) is a continuous function which vanishes at 0.
Replacing x with o;f* (x) in above equality and applying the operator (Pn**)
one has

’
n>n#

(P7* ) @) = f (o @) (Pe0) () + (1 olog,) (157 ®)) (P exp,) (x) = 5" (Pen) (x)
1 " E (x
oL 7oty 0)
« ((P;* CXP;ZI) (x) — 2eHa" (%) (P:* exp, ) (x) + eZ,uoz X) (P**e()) (x))

(B (o500 — ) o,
This equality can be arranged as
(P F) (x) = f(x0) (Pfeq) (x) + [ f (o (x) = f ()] (PiFeq) (x)
#[(rer0) (250) = (o0, )]
(B3 exp,) () = e (Bi"eq) 1)
folog,) w) (P2 exp,) () — 95" (iveg) ()
[(rotg,) (e ) = (o log, ) ]
(P *expﬂ) (x) — 2k () (P** exp 1) (x) + &2 (pre )(x)>
( f olog ) ()

(P expl) (1) = 2eH5° D (P exp,, ) () + €210 (P eq) (1)

X

+

—+

X

o~ R —m — R — o~ —

+

X
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+ <P,T*hx (en(a;*(x)th) _ e,ux>2> ).

Since
llm ok — ]]m n e:“'a:*(x) _ e,U«X - _ Zeux
n—>ooa" (x) X s 00 ( ) 1%
nli_)rgo” (ezua':*(x) _ e2,u,x) — _2’u262“x
and
llml’l P**e x) —1 :2 2’
n—00 (( n 0)( ) ) H
we get

lim n (P f) (x) — f (x)

n—0o0

=2 f () + (f olog,) () lim n[(P}"exp,) (v) — " (P} e0) ()]

4

1 ,
+= (f o logu) (e"’x)

2
x lim n[(P" exp;) (x) — 2¢/™ (P exp,) (x) + ¢ (P, eo) (x)]
2
+ lim n <P:*hx (eﬂ(u::*(x)“‘f) _ eux) > ()C)
n—00

Using (1.5), (1.6) and Lemma 1, one finds that

lim n [((P:* eXPu) ()C) — e (P:*eo) (.X'))] =™ lim n [1 _ (P,;k*eo) (X)]

e n—o00
= —2p e
and
lim n[(P;" exp}) (v) = 2¢" (B exp,,) (x) + ™ (P"eo) ()]
= &P Tim 0 [(Peq) (1) — 1] = 2%
Since

”

(F olog,) (") = e () and (f olog,) (¢) = (2 ) =7 ().
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we have
lim o (PYf) @) = f ()= f () =3uf @) +206° f (x)
ok 2
+ llm n <P:*hx (eﬂ((¥,1 (X)‘H) — eltx) ) (.X) .

n—00

The proof of the theorem will be over if we prove

Kk 2
lim n <P,j‘*hx (e“(“u ) _ ew) ) (x) = 0.

n—00

From Cauchy—-Schwarz inequality, we can write

(P:*hx (erer s e‘”‘)2>

n < J(Pr12) (o Jn? (B expl,,) (o).

Since

(P expfm_) (x) = (P exp;t) (x) — de!™ (PF* expi) (x) + 6™ (P expi) x)
—43 (Pn** expu) (x) + ¥ (P:*eo) (x)
_ .23 _ 2\ 2
_ 2(" u)z G u)2 fae "
n?(n—9u?)  n(n—4u?) (n — p?)

and

. 2 4 4 4
lim n® (P expy ) () = 24pte™™,

we have desired result. O

6 Shape Preserving Properties

In this section, we will present some shape preserving properties of the operator
(1.3). Also we will give the global smoothness preservation properties of mentioned
operators. First, we have the following simple results.

Let f € Cﬁ} (R), we consider the operators for x € R, n € N,

(P f) @)

ehx

= %ﬁ / eiﬂ(“f‘(")*t)f (a:* (x) + t) K, (t)dt.
R

With simple calculations, we have



166 A. Aral

Ah(Pﬂ** >(x):£ Ah( f >(O‘:*(X)+f)’(n(f)d’

(&) 7 (s
exp,,
where Ay (f) (x) = f (x +h) — f (x)and A} (f) (x) = f (x +2h) = 2f (x +h)
+ fx).

Thus from previous expression, since K, (¢) is positive for all 7 € R, i
increasing (Ah (exp ) (x) > 0) then Ay, ( )

ing. If % is convex (Aﬁ ( u ) (x) > O) then A2 ( )
P, exp,,
also convex.
We want to give the connection of the operators (P**) with generalized con-
n>n,

and

) o (x) +1) K (1) dt,

f .

vexity. Now we recall the definition of generalized convexities with respect to the
functions exp,, and exp?, .

Definition 1 A function f defined on R is said to be convex with respect to {exp u} ,
denoted by f € F (exp,). if

elho  phtx1

, Xo < X71.
S (xo)  f(x1)
f is said to be convex with respect to {exp,,, exp;. }, denoted by f € F (exp,,, exp;,),
if
olT0 X1 ph2
eZ/on eZ/Lx] eZuxz > 0’

fxo) f(x) f(x2)

X < X1 < X3.

Proposition 1 (see [4]) Let f € C?} (R). Then the following items hold.

(1) feF (exp#) if and only if f/exp, is increasing for x € R,

(2) feF (expﬂ, expi) ifand only iff/ (xX) =3uf (x) + 242 f (x) > Oforx € R.
Using above proposition, we have

Theorem 4 Let f € C,,(R). Then the following items hold.

(1) If f e F (exp#,expu) then (P} f) (x) = f (x) for x € R,
(2) If feF (expﬂ) then (Pn**f) eF (expﬂ)forx eR.

Theorem 5 Let f € Ci (R). Suppose that there exists ny € N such that

f ) < (PFf) () < (Puf) (x), foralln = noy, x €R. (6.1)
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Then
Fr@) =3uf (x) =24 f(x) >0, xeR. (6.2)

In particular, f” (x) = 0.

Conversely, if (6.2) holds with strictly inequalities at a given point x € R, then
there exists ng € N such that for alln > ny

F @) < (PFf) ) < (Pf) ().
Proof From (6.1), we have that
0<n((Pf) @) — fx) <n((Pf)(x)— f(x)).

We know from [9] that
lim 2 (P f) (1) = f ) = f (). (6.3)

Using (5.1) and (6.3), we have the desired result.
Conversely, if (6.2) holds with strict inequalities at a given point x € R, using
again (5.1) and (6.3), we have

F@ = (PFf) @) < (Pf) (x)
for all n > ny. O

By using the weighted modulus of continuity defined by (4.1), the result regarding
global smoothness preservation properties for the operators of (P,j‘*) will be

n=n,

given as follows:

Theorem 6 Let § > 0, we have

&<p;*(f);5>§< n 2>5( f ;5>. 64
exp, n—p exp,,

Proof For x € R, we have

- h - = .
eTHEH) prk (£ 4 py — e THY PR (f: x)

. % / [e—#(“’n“*<x+”>+’)f (0 (x + ) + 1) — e PO CHMHD) £ (0% (4 4 ) 4 z)] Kn () dt
R
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Thus, we have forn > n,

e M MO P (f x4 h) — e TP (f5 1)

ok Hok

< ( . )*/_%/e—ula,*,*ml oyt +1) - flor @) +1) K, (1) dt

n—i2) 2 s ooz ety et (e )
S( n )& f ;az*(x-i-h)—a:*(xﬂ

n— Mz expu
(2 (

n — /1/2 expp,
Thus, we get

5 P (f) 5| < n > f
exp,, ' T \n—pu? eXpu’
O
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of Binomial-Type Operators L

Octavian Agratini

Abstract Sequences of binomial operators introduced by using umbral calculus are
investigated from the point of view of statistical convergence. This approach is based
on a detailed presentation of delta operators and their associated basic polynomials.
Bernstein—Sheffer linear positive operators are analyzed, and some particular cases
are highlighted: Cheney—Sharma operators, Stancu operators, Lupags operators.
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operator -+ Umbral calculus - Bernstein—Sheffer operator - Pincherle derivative
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1 Introduction

Let (L,),>1 be asequence of linear positive operators acting on the space C([a, b]) of
all real-valued and continuous functions defined on the interval [a, b], equipped with
the norm || - || of the uniform convergence, namely ||2|| = sup |k(t)|. Bohman—

a<t<b
Korovkin’s theorem asserts: If the operators L,, n € N, map C([a, b]) into itself
such that

lim |[Lye; —e;|| = 0for j € {0, 1,2}, (1.1)
n—oo

then one has
lim |L, f — f|l =0 forevery f € C([a, b]). (1.2)
n—00

O. Agratini ()

Faculty of Mathematics and Computer Science, Babes-Bolyai University, Str. Kogédlniceanu, 1,
400084 Cluj-Napoca, Romania

e-mail: agratini@math.ubbcluj.ro

0. Agratini
Tiberiu Popoviciu Institute of Numerical Analysis, Romanian Academy, Str. Fantanele, 57,
400320 Cluj-Napoca, Romania

© Springer Nature Singapore Pte Ltd. 2018 169
S. A. Mohiuddine and T. Acar (eds.), Advances in Summability
and Approximation Theory, https://doi.org/10.1007/978-981-13-3077-3_10


http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-13-3077-3_10&domain=pdf
mailto:agratini@math.ubbcluj.ro
https://doi.org/10.1007/978-981-13-3077-3_10

170 O. Agratini

In the above, ¢ represents the monomial of jthdegree, eg(x) = lande;(x) = x4,
j> 1

A current subject in approximation theory is the approximation of continuous
functions by using the statistical convergence, the first research of this topic being
done by Gadjiev and Orhan [5]. This approach models and improves the technique
of signals’ approximation in different function spaces.

On the other hand, sequences of polynomials of binomial type have been the
subject of many mathematical studies, drawing to light their role in approximation
theory. Practically, the theory of the approximation operators of binomial type is
based on the technique of the umbral calculus. In its modern form, this is a strong tool
for calculations with polynomials representing a successful combination between
the finite differences calculus and certain chapters of probability theory. The topic
discussed in this chapter is at the confluence of the two concepts mentioned above,
statistical convergence and binomial-type operators, from the point of view of the
approximation of some function classes. The material is structured in three sections.

First of all, we recall the variant of Bohman—Korovkin theorem via statistical con-
vergence and we present elementary facts about polynomial sequences of binomial
type. Further on, we deal with delta operators and their basic polynomials. In the last
section, we will analyze the approximation properties of some binomial operators in
terms of the statistical convergence.

We mention that at the first sight this work seems disproportionate, dominated
by a lot of notions introduced and results already achieved. The goal was to be self-
contained paper. It will be seen that for a clear understanding of the last paragraph,
it was necessary to structure the article in this way.

2 Preliminaries

The concept of statistical convergence was first defined by Steinhaus [13] and Fast
[4]. It is based on the notion of the asymptotic density of subsets of N. The density
of § € N denoted by §(S) is given by

1}1
0(S) = lim — ),
(8) nL“;on;XS(”

where Y stands for the characteristic function of the set S. Clearly, 0 < §(S) <
d(N) = 1. A sequence (x,),>; of real numbers is said to be statistically convergent
to a real number /, if, for every € > 0,

d({neN: |x, =1 =} =0,

the limit being denoted by st — lim x,, = [. Itis known that any convergent sequence
n—oo

is statistically convergent but the converse of this statement is not true. Even though
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this notion was introduced in 1951, its application to the study of sequences of
positive linear operators was attempted only in 2002. We refer to the A.D. Gadjiev
and C. Orhan [5] result, which reads as follows.

Theorem 2.1 [fthe sequence of positive linear operators L,, : C([a, b]) — B([a, b])
satisfies the condition

st — lim ||L,e; —e;|| =0, j €{0,1,2}, 2.1
n—o0
then one has

st — lim ||L, f — fll = 0 for every function f € C(la, b]). 2.2)

As usual, B([a, b]) stands for the space of all real-valued bounded functions de-
fined on [a, b], endowed with the sup norm. The identities (2.1) and (2.2) generalize,
respectively, relations (1.1), (1.2). From this moment, the statistical convergence
of positive linear operators represented a new direction in the study of so-called
KAT—Korovkin-type approximation theory.

Set Ny := N U {0}. For any n € Ny, we denote by I, the linear space of polyno-
mials of degree no greater than n and by IT the set of all polynomials of degree n.

We also set
= U I,

n>0

representing the commutative algebra of polynomials with coefficients in K, this
symbol standing either for the field R or for the field C.

A sequence p = (p,),=o such that p, € IT? for every n € Ny is called a polyno-
mial sequence.

Definition 2.2 A polynomial sequence b = (b,,),>¢ is called of binomial type if for
any (x, y) € K x K the following identities hold

n

bax+y) =Y (Z)bkmbnk(y), n € Np. (2.3)

k=0

Remark 2.3 Knowing that deg(by) = 0, we get by(x) = 1 for any x € K and by
induction we easily obtain b, (0) = 0 for any n € N.

The most common example of binomial sequence is e = (e,),>0 (the monomials).
Some nontrivial examples are given below.
(a) The generalized factorial power with the step a: p = (Pp)n>0,

po(x) = x%4 =T and p,(x) = x" :=x(x —a)--- (x = (n — Da), n € N.
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The Vandermonde formula, i.e.,

n
n
(x + y)[n,a] — Z (k>x[k,a]y[n—k.a]’
k=0

guarantees that this is a binomial-type sequence. There are two particular cases:
For a = 1, we obtain the lower factorials which, usually, are denoted by (x),; for
a = —1, we obtain the upper factorials denoted by Pochhammer’s symbol (x),. By
convention, we consider

K7l = 1/(x 4 na)l™al,

(b) Abel polynomials: @ = (a\"") =0,
aé‘” =1,a"x) =x(x—na)""", neN, a #0.

Rewriting the identity (2.3) for these polynomials, we obtain the Abel-Jensen (1902)
combinatorial formula

n

(X + ) +y+na)t = Z(

k=0

n

k>xy(x +ka)* 'y +m—ka)" ' * neN.

(c) Gould polynomials: g = (gﬁ,a’b))nzo,

b
g =1, gl () =

x <x—an

3 >n,n€N, ab # 0.

X —an
The space of all linear operators T : IT — IT will be denoted by .. Among these
operators, an important role will be played by the shift operator, named E“. For
every a € K, E* is defined by

(Ep)(x) = p(x + a), where p € 1.
An operator T € . which switches with all shift operators, that is

TE® = E°T forevery a € K,

is called a shift-invariant operator, and the set of these operators is denoted by ..

3 On Delta Operators

Definition 3.1 An operator Q : IT — I is called delta operator if Q € .%; and Qe;
is a nonzero constant.
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Let .Z; denote the set of all delta operators. For a better understanding, we present
some examples of delta operators. In the following, the symbol I stands for the
identity operator on the space I1.

(a) The derivative operator, denoted by D.
(b) The operators used in calculus of divided differences. Let & be a fixed number
belonging to the field K. We set

Ay, := E" — I, the forward difference operator,
Vy :=1 — E7", the backward difference operator,

8y = E"M? — E7"2 | the central difference operator.

It is evident that V;, = ALE~", §, = A,E~"? = V, E"/?. The properties of these
operators as well as their usefulness can be found in [6].

d
(c) Abel operator, A, := DE®.Forany p € I1, (A, p)(x) = d—p(x + a).
X
Writing (symbolically) Taylor’s series in the following manner

o0
hl/DV
EM = Z =P, (3.1)

V!
v=0

we can also get A, = D(eP).
(d) Gould operator, G, j, := AyE® = E“** — E¢ ab # 0.

Definition 3.2 Let Q be a delta operator. A polynomial sequence p = (pn)n>0 is
called the sequence of basic polynomials associated with Q if

(1) po(x) = 1 forany x € K.

(ii) p,(0) = 0 for any n € N.

(iii) (Qpn)(x) = np,_i(x) foranyn € Nand x € K.

Remark 3.3 If p = (p,)n>o0 1s a sequence of basic polynomials associated with Q,
then {po, p1, .., Pn—1, €x} is a basis of the linear space I1,. Taking this fact into
account, by induction it can be proved that every delta operator has a unique sequence
of basic polynomials; see [9, Proposition 3].

Here are some examples. The basic polynomials associated with the operators
Q=D, Q=A, and Q =V, are, respectively, (e,),=0, (x"""),-0, and ((x +
(n — D)"Yy, . Also, we can easily prove that @ = (af,“)),,zo respectively g =
(gflu’m)nzo is the sequence of basic polynomials associated with Abel operator A,,
respectively Gould operator G, 5.

The connection between the delta operator and the binomial-type sequences is
given by the following result [9, Theorem I].

Theorem 3.4 Let p = (pu)n>0 be a sequence of polynomials. It is a sequence of
binomial type if and only if it is a basic sequence for some delta operator.
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The following statement generalizes the Taylor expansion theorem to delta oper-
ators and their basic polynomials.

Theorem 3.5 Let T be a shift-invariant operator, and let Q be a delta operator with
its basic sequence (py)n>0. Then, the following identity holds

Tpo) (0
T=Y %Qk. (3.2)

k>0

Let Q be a delta operator, and let (F, 4+, -) be the ring of the formal power series
in the variable r over the same field. Here, the product means the Cauchy product
between two series. Further, let (£, +, -) be the ring of shift-invariant operators,
the product being defined as usually: For any Py, P, € %, we have P, P, : I1 — TII,
(P1Py)(q) = P1(P2(q)), g € T1. Then, there exists an isomorphism ¢ from JF onto
%, such that

W(f(0) =T, where f(1) =Y %z" and 7= %Qk. (3.3)

k=0 k>0

This isomorphism allows us to conclude: A shift-invariant operator T is invertible
if and only if T'ey # 0. Since for every Q € %5 we have Qe¢y = 0, we deduce that
any delta operator is not invertible. Also, we can write T = ¢(D), where T € .%;
and ¢(t) is a formal power series, to indicate that the operator 7' corresponds to the
series ¢(t) under the isomorphism defined by (3.3).

Remark 3.6 Inrelation (3.1), we choose 7' = E* and expand E* in terms of Q. Due
to the identity (E* pr)(0) = py(x) and the relation (3.2), one obtains

oD — Z pk(‘x) ¢k(D).

k!
k=0

Substituting D by u, the series terms lead us to the following result [9, Corollary 3].

Theorem 3.7 Let Q be a delta operator with p = (pn)a>0 its sequence of basic
polynomials. Let ¢(D) = Q and ¢(t) be the inverse formal power series of ¢(u).
Then,

oo _ N P

n!
n>0

, 3.4)

where @(t) has the form cit + cat> +--- (¢; # 0).

Another characterization of delta operators was included in [9] without proof. For
this reason, we prove the following statement.

Theorem 3.8 Q € %, is a delta operator if and only if Q = DP for some shift-
invariant operator P, where the inverse operator P~ exists.
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Proof 1f in (3.3) we substitute 7' by a delta operator Q, then we getagp = Q(ep) =0
and a; = Q(e;) = ¢ # 0. Consequently, we can write

0=Y" %Dk. (3.5)

k>1

a
Denoting Z k—]:Dk’l by P, we have P € %, and P(eg) = a; # 0; thus, P is in-
k>1 "
vertible; see the conclusion that emerges from (3.3). So, Q can be written as D P.
Reciprocally, for every P € %, such that P is invertible, D P is a shift-invariant
operator, E(DP) = (DP)E“, and

(DP)(e1) = P(D(e1)) = Peg) =c #0

thus DP € %;. O

Now we are ready to analyze some binomial operators investigating their statistical
convergence to the identity operator.

4 Classes of Binomial Operators

We consider a delta operator Q and its sequence of basic polynomials p = (p,),>0,
under the assumption that p, (1) # O for every n € N. Also, according to Theorem
3.7, we shall keep the same meaning of the functions ¢ and . For every n > 1, we
consider LnQ : C([0,1]) — C([0, 1]) defined as follows

n

1 k
LENHW =3 (Z)m(x)pn_k(l ~x0)f (;) . (@.1)

k=0

They are called by P. Sablonniere [10] Bernstein—Sheffer operators. As D.D. Stancu
and ML.R. Occorsio motivated in [12], these operators can be named Popoviciu oper-
ators. T. Popoviciu [8] indicated the construction (4.1) in front of the sum appearing
the factor d, ! from the identities

o0
. "
(1+d1[+d2l2+"')x=€ly(r) = E pn(X);a
n=0 :

see (3.4). If we choose x = 1, it becomes obvious that d, = p, (1)/n!.

In the particular case Q = D, L? becomes genuine Bernstein operator of degree
n. An integral generalization of L¢ in Kantorovich sense was introduced and studied
in [1].
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The operators L2, n € N, are linear and reproduce the constants. Indeed, choosing
in (2.3) y := 1 — x, we obtain LZ¢, = ¢y. The positivity of these operators is given
by the sign of the coefficients of the series ¢(t) = ¢ + c2t + -+ (¢ # 0). More
precisely, in [8, 10], the authors established the following.

Lemma 4.1 L9 is a positive operator on C([0, 1]) for every n > 1 if and only if
¢y >0andc, > 0foralln > 2.

Moreover, if L,? satisfies the above conditions, then one has

LnQel =e¢;, n €N, and LnQeg =ey+a,(eg —ey), n > 2, “4.2)
1 rp—2(1) .

wherea, = - |14+ ®n —1) o ) the sequence (r,(x)),>0 being generated by
n Pn

n

P exprp0) = 3 )

n>0

Theorem 4.2 Let the operators LY, n € N, be defined by (4.1) such that the hypoth-
esis of Lemma 4.1 takes place.
n—2 ( 1 )

If st — lim =0, then
n—co py(1)
st — lim L2 f — fl =0, f € C(l0, 1)). (4.3)
n—0oQ

Proof We apply Theorem 2.1. Based on algebraic operations with statistically con-
vergent sequences of real numbers, our hypothesis guarantees the identity (4.3). For
a profound documentation of operations with such sequences [2, Theorem 3.1] can
be consulted. (]

Further, choosing particular delta operators Q, we reobtain some classical linear
positive operator of discrete type.

Example 4.3 1If Q = A, with its basic sequence @ and assuming that the param-
eter a depends on n, a := t,, one obtains the Cheney—Sharma operators [3]. The
corresponding operators Q, , n € N, are defined by the equation

(Qu )(x):=(1 + nt,)' ™" Z(Z)x(x + k) (1 =0 = x + (0 = b, 1"
k=0

Clearly, Q,eq = ey. To compute Q,¢;, j € {1, 2}, we follow the same path as in
[3, Section 3]. We can deduce: If the sequence (nt,),> is statistically convergent to
zero, then (4.3) takes place.



From Uniform to Statistical Convergence of Binomial-Type Operators 177
1 o . .
Example 4.4 1f Q = —V,, a # 0, with its basic polynomials
«
pn(x) = (x + (n — D)™,
L2 becomes Stancu operator [11] denoted by P,
- k
P["] X w, (x; o -,
HE) = § wk (3 @) f (n)

n x[k,—u](l _ x)[n—k,—a]
Wy k(x5 @) = k ,

1 [n,—a]

a being a parameter which may depend on a natural number n. One has

1 1-—
Plle;=e;, j €10, 1}, and (Pe;)(x) = —<u +x(x + 04)) ,
14+« n

in accordance with [11, Lemma 4.1].
If0 < a:=a(n) and st — lim a(n) = 0, then (4.3) takes place.
Indeed, it is enough to prove (2.1) for j = 2. We get

1
14+«

(L)<t
I+a\dy %) =g, T

x(1—x)
n

— ax2 + xa

[(PI"ey) (x) — %7

IA

and the conclusion follows.

At this moment, we take a break in order to illustrate some further properties of
the binomial sequences. Keeping the notations Q € %5, p = (pn)us0, Q = &(D),
qb_l = ¢, we assume that the conditions of Lemma 4.1 are fulfilled.

In [7], A. Lupag proved new inequalities between the terms of the binomial se-
quences p. For any x > 0 and n > 2, one has

O<C pnfl(x) < (Q/ zpn 2)( )< pn( )
| x2 (n N (4.4)
— < pa(Q) < 1, where p,(Q) i=1 — ———(0" " p,2)(x).

Pn(n)

In the above, Q' represents Pincherle derivative of Q. The concept is detailed
further.

Knowing that the operator X : [T — I, (Xp)(x) = xp(x) is called multiplication
operator, we recall that the Pincherle derivative of an operator U € .Z is defined by
the formula

U=UX-XU.
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For example, we get I’ =0, D' = I, (D*) = kD", k > 1.

Example 4.5 Following Lupas, we can define the operators ZHQ :C([0, 1)) —
C([0,1D,n e N,

-~ 1 " k
2N = kX:(; (Z)pk(nmpnk(n —nx) f (;) .

It is proved that
L2 =e;. i €{0.1}, and L2e; = es + (e — €2)pu(Q),
see (4.4). Consequently, if

st — lim m(Q/_zpnfz)(x) =1,
n—oo  p,(n)

then the operators L2

n?

n € N, satisfy identity (4.3).

Concluding remarks. The paper reintroduces some linear positive operators of dis-
crete type by using umbral calculus. Relative to these operators have been studied
approximation properties in Banach space (C[0, 1], || - ||). The approach was based
on Bohman—Korovkin theorem via statistical convergence. The usefulness of this
type of convergence can be summarized as follows: The statistical convergence of
a sequence is that the majority, in a certain sense, of its elements converges and
we are not interested in what happens to the remaining elements. The advantage of
replacing the uniform convergence by statistical convergence consists in the fact that
the second convergence is efficient in summing divergent sequences which may have
unbounded subsequences. In short, it is more lax.
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Weighted Statistical Convergence of m
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Fadime Dirik

Abstract In the present work, we have introduced a weighted statistical approxi-
mation theorem for sequences of positive linear operators defined on the space of all
real-valued B-continuous functions on a compact subset of R*> = R x R. Further-
more, we display an application which shows that our new result is stronger than its
classical version.

Keywords Weighted uniform convergence + Double sequences - Statistical
convergence * Korovkin-type approximation theorem

Mathematics Subject Classification 40A35 - 41A36

1 Introduction

The classical Korovkin theory is mostly connected with the approximation to con-
tinuous functions by means of positive linear operators (see, for instance, [1, 17]). In
order to work up the classical Korovkin theory, the space of Bogel-type continuous
(or, simply, B-continuous) functions instead of the classical theory has been studied
in [2—-4]. The concept of statistical convergence for sequences of real numbers was
introduced by Fast [14] and Steinhaus [21] independently in the same year 1951.
Some Korovkin-type theorems in the setting of a statistical convergence were given
by [5, 6, 10-13, 22].

Now we recall some notations and definitions.

A double sequence x = (x,,,), m,n € N, is convergent in Pringsheim’s sense
if, for every € > 0, there exists N = N(¢) € N such that |x,,, — L| < € whenever
m, n > N,then L is called the Pringsheim limit of x and is denotedby P — limx = L
(see [20]). Also, if there exists a positive number M such that |x,,,| < M for all
(m,n) € N> = N x N, then x = (x,,,) is said to be bounded. Note that in contrast to
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the case for single sequences, a convergent double sequence need not to be bounded.

Definition 1 ([19]) Let K C N?> = N x N. Then density of K, denoted by 6>(K),
is given by:
i <m,k<n:(jk K
62(K)::P_hml{1_m =n:(j,k) € K}
m,n mn

provided that the limit on the right-hand side exists in the Pringsheim sense by | B| we
mean the cardinality of the set B C N> = N x N. A real double sequence x = (x,,,)
is said to be statistically convergent to L if, for every ¢ > 0,

52 ({(m’ n) € N2 : |xmn _L| > 5}) =0.

In this case, we write st2 — limx = L.

The concept of weighted statistical convergence was defined by Karakaya and
Chishti [16]. Recently, Mursaleen et al. [18] modified the definition of weighted
statistical convergence. In [15], Ghosal showed that both definitions of weighted sta-
tistical convergence are not well defined in general. So Ghosal modified the definition
of weighted statistical convergence as follows:

Definition 2 Let{p;},{q+}, j, k € Nbe sequences of nonnegative real numbers such
m

n
that py > 0,1iminfp; > 0, g, > 0,liminfg, > Oand P, = » " pjand @y = » i
j—o0 k—o00 = =
j= =
where n,m € N, P,, - ocoasm — 00, Q, — oo asn — 00. The double sequence
x = (xjx) is said to be weighted statistical convergent (or S__-convergent) to L if for
2
every € > 0,

P —lim

m,n

Hj < Pu.k < Qu:pjqrlxjr — Ll = €} =0.

m n

In this case, we write st~ — lim x = L and we denote the set of all weighted statistical
convergent sequences by S__.
2

Remark 1 1f p; =1, g =1 for all j, k, then weighted statistical convergence is
reduced to statistical convergence for double sequences.

Example 1 Let x = (x,,,) is a sequence defined by

mn, m and n are squares,
Xy 1= )
mn 0, otherwise,

Letp; = j,qx = kforall j, k. Then P,, = W and Q, = @ . Since, for every
e >0,
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.m|{j < Py, k=<0, pjqilxjr — 0] = e}

P -1
m,n Pan
<p —lim|{] < P,k <0, pjqilxjil # 0}
mn POy
\/Pm\/ n
< P—lim—Q =0
m,n Pan

So x = (x,,) is weighted statistical convergent to 0 but not Pringsheim’s sense
convergent.

In [15], Ghosal showed that both convergences which are weighted statistical
convergence and statistical convergence do not imply each other in general.

In the work, using the Definition 2, we prove Korovkin-type approximation the-
orem for double sequences of B-continuous functions defined on a compact subset
of the real two-dimensional space. Finally, we give an application which shows that
our new result is stronger than its classical version.

2 A Korovkin-Type Approximation Theorem

Bogel introduced the definition of B-continuity [7-9] as follows:

Let I be a compact subset of R? = R x R. Then, a function f:I —Riscalleda
B-continuous at a point (x, y) € I if, for every € > 0, there exists a positive number
6 = (¢) such that

Ay Lf (. 0)]] <e.

forany (u, v) € I with|u — x| < dand |v — y| < §, where the symbol A, [ f (u, v)]
denotes the mixed difference of f defined by

Ay lf w,v)] = f(u,v) = flu,y) — f(x,v) + f(x,y).

By C,(I), we denote the space of all B-continuous functions on /. Recall that
C(I) and B(/) denote the space of all continuous (in the usual sense) functions
on I and the space of all bounded functions on /, respectively. Then, notice that
C(I) C C,(I). Moreover, one can find an unbounded B-continuous function, which
follows from the fact that, for any function of the type f(u, v) = g(u) + h(v), we
have A,y [ f (u,v)] = 0 for all (x, y), (u, v) € I. || f|| denotes the supremum norm
of f in B([I).

Let L be a linear operator from Cj, () into B (I). Then, as usual, we say that L
is positive linear operator provided that f > 0 implies L (f) > 0. Also, we denote
the value of L (f) at a point (x, y) € I by L(f(u, v); x, y) or, briefly, L(f; x, y).
Since

Ay [f u, y) + fx,0) = flu,v)] = =Ayy [f(u, v)]
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holds for all (x, y), (u, v) € I, the B-continuity of f implies the B-continuity of
Foy(u,v) := f(u,y) + f(x,v) — f(u,v) for every fixed (x, y) € I. We also use
the following test functions

fO(xsy)zlv fl(-xsy)zxs f2(xsy)=yandf3(x,)’)=x2+y2-

We recall that the following lemma for B-continuous functions was proved by
Badea et al. [3].

Lemmal ([3)If f € Cy(I), then, for every e > 0, there are two positive numbers
ai(e) = ai(e, f) and ay(e) = oy (e, f) such that

Ay [f @, 0)] < = 4+ a1(e) — x)* + aa(e) (v — y)?

W] m

holds for all (x, y), (u,v) € I.
Now we have the following main result.

Theorem 1 Let (L,,,) be a double sequence of positive linear operators acting from
Cy (I) into B (I). Assume that the following conditions hold:

P —}}lmnp HJj < Pm.k < Qn: Ljx(fo; x, ) = folx,y) forall (x,y) € I} =1
i in’Z
2.1
and
sty —lim [ Ly, (fis x, y) — fitx, I =0,i =1,2,3. (2.2)

Then, for all f € Cy (I),we have
sty; = lm (| Ly (f (u, ) + f(x,0) = fu,0)ix,y) — fe, »IF=0. (2.3)
Proof Let (x,y) € I and f € C, (I) be fixed. Taking
A={j < Puk < Qu: Li(fos x,y) = folx,y) = 1forall (x,y) e I}, (2.4)

we obtain from (2.1) that

P — lim

m,n Py, Oy

{J < Pm,k < On:Ljr(fo;x,y) # folx,y) forall (x,y) € I} =0.

(2.5)
Using the B-continuity of the function Fy,(u, v) := f(u,y) + f(x,v) — f(u,v),
Lemma 1 implies that, for every € > 0, there exist two positive numbers «; (¢) and
a» (€) such that

Ay LF (@, y) + F(x,0) — fu, 0)]] < g + a1 — 1) + ) — y)?

(2.6)
holds for every (u, v) € I. Also, by (2.12), see that
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Ljg (f (u, y) + f(x,0) = fu,0);%,9) = F6,3) = Ljk (Day [F (u, y) + f(x,0) = fu,v)]; xiy7)
holds for all (j, k) € A. We can write for all (m, n) € A from (2.6) and (2.7), '

[Ljk (f e, y) + fx,v) = fu,v);x,9) — F, 0| = |Lj (Axy [F @, ) + fx,0) — fu, v)]5x,y)]

< Lig (|Awy [f G, 3) + fx,0) = fFu,0)]] 5 x,y)

% +ar(e)L jk ((u — x)z; X, y)

+ ()L jk ((v -nx, )’)

A

IA

€
=3+ a@? + ¥+ Li(f35 %, y)

=2xLjr(f1;x, ) = 2yLj(f2; x, )},

A

where a(e) = max{a;(¢), an(e)}. It follows from the last inequality that

3
|Ljk (F3) + FOrv) = fn0)ix,y) = F 0] = 5 +a@) Y |Ljk (fiix3) = fix,y)]
i=1
(2.8)

holds for all (j, k) € A. Taking supremum over (x, y) € I on both sides of inequality
(2.8), we obtain, for all (j, k) € I, that

3
[Ljk (f @, )+ fx.v) = flv)ix, y) = fx )| < % +a@ ) | Ljk (firx.y) = ity
i=1
Because of ¢ is arbitrary, we obtain
3
ILjk (F @ y) + O v) = F,v)ix, y) = @] @ Y |Ljk (fisx.y) = fix. 0]
i=1

Hence,

3
Pigk | Lk (f (e, ) + Fx,0) = f,0);x,9) = fO, 9] < a@) Y pige | Lk (fis x,3) = fite, »)] -

i=1
(2.9)
Now for a given r > 0, consider the following sets:

U:=1{j<Puk=<0u:pja|Lix(fu.y)+ fx.v)— f,v)ix,y) — fx, ] >r},

Uit = {j <Py k< Qnipjqr |Lix (fiix,y) — fitx, | = } i=1,2,3,

,
3a(e)
Hence, inequality (2.9) yields that

UNA|l _IUINAI | [U:NAl | |UsNA
Ple‘l a Pan Pan Pan ’

which gives,



186 F. Dirik

3

. [UNA] . UiNA] . Ui
P — lim 52 P —lim — 52 P —lim — 0 (2.10)

3
m&n 7 m&n m&n
i=1

i=1

Letting m, n — oo (in any manner) and also using (2.13), we see from (2.10) that

UNA
P—lim| | =0. 2.11)
Furthermore, if we use the inequality
Ul [UNnA]  |[UN(NN\A)
PﬂlQﬂ N Pan Pan

_lunal IN?\A|
- Pan Pan

and if we take limit as m, n — o0, then it follows from (2.5) and (2.11) that

U|

m n

P —lim =0,

which means
stgg — Hm ([ Ly (f (u, y) + f(x,0) — fu,v);x,y) — f(x, ) =0=0.

This completes the proof. (]

If pj =1and gx =1 with j, k € N, then we obtain the statistical case of the
Korovkin-type result for a double sequences on C;, (1) introduced in [13],

Theorem 2 ([13]) Let (L,,,) be a sequence of positive linear operators acting from
Cy (I) into B (I). Assume that the following conditions hold:

& {(m,n) e N*: Ly (forx,y) = L forall (x,y) e I} =1 (2.12)
and
st> — lim N Lmn (fisx,¥) — fitx, || =0fori =1,2,3. (2.13)

Then, for all f € Cy(I), we have

st = Tim | Ly (f (1, y) + £ (6, 0) = f@, ) x,3) = [, 9)] = 0.

Now we present an example for double sequences of positive linear operators.
The first one shows that Theorem 1 does not work but Theorem 2 works. The second
one gives that our approximation theorem and Theorem 2 work.
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Example 2 Let I = [0, 1] x [0, 1]. Consider the double Bernstein polynomials

an(f;x’ Y) = ZZf (%7 %) xsyt (1 _x)m—s (] - y)n_t

s=0 =0

onCy (I).
(a) Using these polynomials, we introduce the following positive linear operators
onC, (1) :

Pon(f32,y) = (1 + ) Bun (f5 %, y), (x,y) € land f e G (1), (2.14)

L 1 m, n are squares,
where a 1= () 18 given by a,,, = 1

T otherwise, Let p; =2j+1,

qr = k forall j, k. Then P, = m? and Q, = w Note that = () statistical
convergent to 0 but it is not convergent and weighted statistical convergent to 0. Then,
observe that

Pon(fo; x,y) = (1 + ) fo(x, y),
Pmn(fl;xv )’) = (1 +04mn)fl(xv y),
Pmn(fZ;xv y) =1 +amn)f2(xa y)s

Pmn(f?);xv )’) = (1 +amn) |:f3(x’ )’) +

X—X2 y—y2
m .

Since 572 — lim a,,,, = 0, we conclude that
st2 —1im || Pyn (fi; x, ¥) — fi(x, )| = 0 foreachi =0, 1, 2.

However, since « is statistically convergent, the sequence { P, (f; x, y)} given by
(2.14) does satisfy the Theorem 2 for all f € Cj (I). But Theorem 1 does not work
since o = (ayy,;) 1s not weighted statistical convergent to 0.

(b) Now we consider the following positive linear operators on Cp, (1):

Tun(f3x,9) = (14 Byun) Bun (f1x, ), (x,y) € Iand f € Cp (1),  (2.15)

.. mn m, n are squares,
where [ := is given b = .
ﬂ (ﬁﬂ”‘l) g y ﬁmn { 0 OtherWlSC,

forall j, k. Then P,, = 2+ and Q,, = @ Note that o = () statistical and
weighted statistical convergent to 0 but it is not convergent to 0. Then, observe that

Letpj=j,qe=k

Tmn(fO;xv y) = (1 +ﬂmn)f0(xv y),
Tmn(fl;x’ y) = (1 +6mn)fl(~x’ y)7
Tmn(fZ;x’ Y) = (1 +6mn)f2(x9 )’),
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2

— 52 _
Ton (33 %, ) = (1+ Bon) [fa(x, ) A } .
m n

Since stg; — lim 3,,, = 0, we conclude that
sty — lim || T, (fis x, y) — fi(x, y)|| =0foreachi = 1,2, 3.
So, by Theorem 1, we have
sty = UM | Tn (f (, y) + £, 0) = fu,v);x,y) = fx, p)| = 0forall f e Cp(1).

However, since /3 is weighted statistical convergent to 0, we can say that Theorem 1
works for our operators defined by (2.15).

Therefore, this application clearly shows that our Theorem I is a non-trivial gen-
eralization of the classical case of the Korovkin result introduced in [3].
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Optimal Linear Approximation Under )
General Statistical Convergence L

Daniel Cardenas-Morales and Pedro Garrancho

Abstract This work deals with optimal approximation by sequences of linear opera-
tors. Optimality is meant here as asymptotic formulae and saturation results, a natural
step beyond the establishment of both qualitative and quantitative results. The ordi-
nary convergence is replaced by B -statistical .7 -summability, where B is a regular
infinite matrix with non-negative real entries and %7 is a sequence of matrices of
the aforesaid type, in such a way that the new notion covers the famous concept of
almost convergence introduced by Lorentz, as well as a new one that merits being
called statistical almost convergence.

1 Introduction

Under the framework of the approximation of functions by means of linear operators,
the idea of assigning a limit to sequences of such operators that do not converge in
the ordinary sense is a well-settled subject. A walk along the papers that deal with it
starts from the results of King and Swetits [13] and finds at least as many directions as
different notions of convergence have been moved from pure mathematical analysis
to linear approximation theory.

B-statistical A-summability, introduced in [7], is one of those notions. It covers a
lot of particular cases but do not cover the one that starred [13], namely the famous
almost convergence introduced by Lorentz [15] in 1948 and characterized as follows:
a bounded sequence of real numbers z = (z;) is said to be almost convergent to £ if

n+k—1

klgroloz Z zj =4 uniformly forn e N={1,2,...}.
j=n
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In 1973, Bell [3] introduced a summability method that helped Swetits [19] unify
both classical convergence and almost convergence and then state a general result on
the approximation of continuous functions by sequences of positive linear operators.

In this work, we present a sort of unification of that type which covers both B-
statistical A-summability and almost convergence, and then we go through the topics
within Korovkin-type conservative approximation theory usually tackled right after
studying primary qualitative and quantitative results, namely asymptotic formulae
and saturation. In order to specify our objectives, we need some definitions that the
reader may find in [5]; we recover them here, however, for the sake of completeness.
As a matter of fact, the current paper can be considered as a continuation of that one;
firstly, because a more general setting is considered, and secondly, because it deals
with topics that have not been studied earlier under such a generality. Some previous
results of the authors in this very line can be found in [1, 11]. See also [6, 16, 17]
for further papers dealing with this matter.

The contents are organized as follows. In the next section, we present the new
definition. In Sect.3, we make it explicit the conservative approximation theory
setting we shall be dealing with. Section4 is devoted to typical linear approximation
results, given by a quantitative theorem and statements about asymptotic formulae
and saturation, whereas Sect.5 contains a quantitative version of that asymptotic
expression. We end this work with some final remarks in Sect. 6.

2 B-Statistical <7 -Summability

Given an infinite matrix of real entries A = (a;;), i, j =1, 2, ..., and a sequence of
real numbers z = (z;), the A-transform of z is the sequence, denoted by Az or A(z;),
whose elements are defined by (provided the series below converges for each i)

oo
(Az); == Zaiij-
j=1

A is said to be regular if the convergence of z towards £ (as j — +00) implies the
convergence of Az towards the same limit £ (as i — 4-00).

Let B = (by), n,k = 1,2, ... be a non-negative regular infinite matrix. For a
given set of natural numbers K C N, the B -density of K, denoted by §5(K), is
defined by (provided the limit exists)

85(K) = lim > b
keK

Edely used in [7] the previous concept introduced by Freedman and Sember [9]
to present the following.
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Definition 1 Let A = (a;;) and B = (b,x) be two non-negative regular infinite
matrices. A sequence z = (z;) is said to be B-statistically A-summable to £, denoted
by ¢ = sty —lim Az, if for every ¢ > 0, one has that §p ({i € N : |(Az); — €] > ¢})
=0.

Next proposition is a key element to present our new definition. The assertion
that contains was already observed by Fast [8] and Fridy [10] in the particular case
in which A = I (I denotes the infinite identity matrix) and B = (C, 1), the Cesaro
matrix of order 1, that is to say, when B-statistical A-summability amounts to clas-
sical statistical convergence. By the way, notice that the general notion includes fur-
ther elementary concepts: classical convergence appears when A = B = [; if only
A = I, then one has B-statistical convergence; if only B = I, then ordinary matrix
summability is recovered; and if only B = (C, 1), then statistical A-summability
appears.

Proposition 1 Let £ € R and let 7 = (z;) be a sequence of real numbers. Then the
following items are equivalent:

(i) £ =stg —lim Az;
(ii) there exists a strictly increasing sequence of positive integers o : N — N, such
that §p (G (N)) = land (Az)s ) convergesto £ asi — oo in the classical sense.

Proof We prove firstly that the first statement implies the second. For v € N, if we
consider
L=[t—=2""¢+27"], K,={ieN:(Az); ¢ 1},

we have from the hypothesis that

85 (K)) = lim Y by = 0.

kek,
As a consequence, for each v € N, there exists n,, € N such that if n > n,, then
1
Z bnk < ;
kek,

We define a subsequence from Az by removing the terms (Az); withi € K, where
K:={ieN:i>nyandi € K, whenevern, <i <n,.}.
Naturally, we denote that subsequence by (Az)s¢), i = 1,2,...,whereoc : N - N
is understood to be strictly increasing.
Thus,
lim (Az)e) =4
1—00

because for i € N such that o (i) > n, one has that
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|(A2)eiy — €] =277

Finally, §5 (o (N)) = 1 amounts to §5(K) = 0, and this last equality follows readily
after observing that for n, < n < n,;, one has that K C K,, so

ank =< Z bnk < %

keK kek,

We prove now that (ii) implies (i). Let ¢ > 0 and let
K.={i eN:|[(Az); — €| = ¢}, K] ={i e N:[(A2)oq) — | = ¢€}.

After Definition 1, we have to prove that 6 (K,) = 0.
Notice that K, C K7 UN\ o (N), and that, directly from the hypothesis and basic
facts about B-density, §g(N \ 0 (N)) = 0. Thus,

6p(Ke) = 6p(K]) + 65N\ o(N)) = ép(K]).

Finally, since (Az), ;) converges to £ in the classical sense, then K is finite, so, as
a direct consequence of the necessary and sufficient conditions for B to be regular
given by the well-known Silverman—Toeplitz theorem, one derives that

8p(K7) = lim Z b = 0.
keK?

O

Definition 2 Let.o/ = (A?P) = (ai(}’ ) be a sequence of non-negative regular infinite
matrices and let B be a matrix of that type. A sequence of real numbers z = (z;) is
said to be B-statistically ./ -summable to £ € R, denotedby ¢ = st — lim o7z, if for
each p € Nthere exists astrictly increasing sequence of positive integers o), : N — N
such that §3(0,(N)) = 1 and (A"'z), ., witho,; :=0,(i),i € N, converges in the
ordinary sense to £ as i — oo uniformly in p.

Notice that if z is B-statistically .</-summable to ¢, then for every single p € N,
z is B-statistically A" -summable to £.

3 Conservative Approximation Theory Setting

Here we reproduce the general framework and notation displayed in [5].

Let J =[0,1] CR, J° = (0, 1) and leti € Ny = N U {0}. We denote by C'(J)
the space of all real valued i -times continuously differentiable functions defined on J,
and we denote by D' the classical ith differential operator. Obviously, C°(J) = C(J)
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is the space of all continuous functions on J, D° = I is the identity operator and
C*®(J) = NienCi(J). Asusual, for f € C(J), w(f, &) denotes its classical modulus
of continuity with argument &.

Let T € C*(J) such that t(0) =0, (1) =1 and 7/(r) > 0 for t € J°. As a
generalization of the usual notation for the monomials ¢; (f) = ¢/ and ej(t) =(t —
x)', we denote by e.; and e} the functions e, ;(r) = 7(s)" and e} (1) = (z(1) —
7(x))". We also define the differential operator D! to be

Dif(t):=D'(for ") (z(t). (1)

Obviously, D? = I, and if t = e;, then DI = D'. Moreover, we notice that the oper-
ator D coincides with the ith iterate of the operator %Dl, denoted by D"* and
defined recursively as follows:

D" =1, D" =—p' D" =D'"oD'" ieN
T

Besides, it can be easily checked that for x € J,

i P .
4 Ghmier. i i) = s
Diet = )

tvt,j
0, ifj <i.

Finally, given f € C"(J) and x € J, we are interested in the optimal B-statistical
&/ -summability of the sequence (D;”L if (x)) towards D7 f(x), where L = (L)
with L; : C"(J) —> C™(J) is a sequence of linear operators. In this respect, we
shall make use of the following notation:

AT () =Y a”’ DL f (x).
j=1

In the section that follows we present a quantitative result, an asymptotic formula
and some saturation results. The proofs follow the usual pattern that one finds when
studying the so-called Korovkin-type approximation theory [2, 14], so we omit them.
We do prove, however, in a subsequent section a quantitative version of the asymptotic
formula, which is a novelty under our general setting.

4 Typical Linear Approximation Results

Theorem 1 Under the general conditions above, assume that the following (shape
preserving) property is satisfied:



196 D. Cardenas-Morales and P. Garrancho

DIf(t)=0,VieJ = & " f()=0,Vield, i=12,...,p=12,....
3)
Then, for f € C™(J) and x € J,

Dm
o fo — D o] = 2L

ﬁf]f&fn,per,m(x) - D;ne”m(x)|
| -
o [ e () + DY) @ (D f 0T e ()

where

M7 e (X) AT ()]

B (m+2)!|

A natural uniform qualitative result follows directly from Theorem 1. The B-
statistical </-summability of the sequence (DL ; f (x)) towards D?" f(x), for any
f € C™(J), uniformly for x € J, is guaranteed whenever it holds just for the func-
tions e; 4y, With v = 0, 1, 2. This is a remark that was already point out in the
pioneer quantitative result of Shisha and Mond [18] under the most basic frame-
work.

Here, we merely observe that the B-statistical .<7-summability of the sequence
(DTLjf(x)) towards D7 f(x) for f = e; 4y, With v =0, 1, 2, implies that for
every p € N and v =0, 1, 2, there exists a strictly increasing sequence of non-
negative integers ol’j :N—> N, al'j(i) = a;j,i, such that SB(US(N)) =1
and (A(”)D;"e,,mw(x))(,;i converges in the ordinary sense to Der 4+, (x) as
i — oo uniformly in p. In addition to that, we observe that for each single p € N,
Sp (ﬁf}zoa;j(N)) =1.

Now we proceed with the statement of an asymptotic result. For the sake of
brevity, we take into account the considerations above and make use of the following
notation:

LIfO =l fO =) al DILf(),
j=1

where 0, ; = 0,(i) and 0, : N — N are the strictly increasing sequence of non-
negative integers associated with the B-statistical .27-summability of the sequence
(DL; f(x)) towards D f(x).
Thus, we shall write it in terms of the sequence of operators
ilp . Cm(J) — Cm(])
under the assumption that

Dlf>0 = L"f=>0. 4)

This will be our starting assumption for the rest of the theorems of the paper.
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Theorem 2 Let x € J° and let us assume that there exist a sequence of real positive
numbers A; — +00 and three strictly positive functions wy € C2%(J°), w, € C1(J°)
and wy € C(J°) such that, for s € {m,m + 1, m + 2, m + 4}, the following limit
holds uniformly in p:

lim A; (Z;p)eis(x) — D"t (x)) = w; D' (w D (wy D)) ().

. T TS T 7,8
i—>+00 ’ ’

Then, for any f € C™(J), m + 2 times differentiable in some neighbourhood of x,
next limit holds true uniformly in p:

gim_ 2, (£§P’f(x) - D;"f(x)) = wy ' D w D (wy D ) ().

Now, we pass on to present some saturation results. We assume therein that the
sequence of operators fulfil the asymptotic formula we have just described. Here
0" (1) stands for a sequence that converges to 0 uniformly in p.

Theorem 3 (i) Let f € C"(J). Then

A

L9 fx) — DTf(x)‘ <M+0P(), xeJ°
if and only if, almost everywhere on J°,
Lo (Lo
—D'(—D'(—=D"f)) <M.
Ui%} w1 wo
(ii) f € C™(J) is a solution of the differential equation (in the unknown y)
I (1 /(1
—D |\ —D (—y])])=0
wo w1 wo
in some neighbourhood of x € J° if and only if

3 (70 = D) =0 (1),

Next result follows readily from the previous one. We recover our terminology of
interest.

Theorem 4 Let f € C™(J). Then
M| Fx) = DI ()| <M+ B, x el

if and only if, almost everywhere on J°,
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1 1 1 1 1 m
—D' | —D | —D7f <M,
wh wq wo

where stg — lim o7 8 = 0.

5 Quantitative Version of the Asymptotic Formula

In this section, we present a quantitative version of the asymptotic expression stated
in Theorem 2. We make the most of the approach displayed in [12]. For f € C(J),
we shall consider the K-functional

K(e, f;C(J), C'(J)) = inf{||f — gl +ellg" ()} )

and the usual least concave majorant of w( f, -) denoted by @( f, -), both connected
by the equality (see [12, Lemma 3.1] and the remarks and references therein)

K(8/2sf;C(J),C'(J))=%5(f»8), €=0. (6)

Theorem 5 Let f € C"2(J), then

_ 2 Dm+v
Lynfog__Drfcn-—EZ-ﬁzqgggz(L?)§m+gx) lﬂ’§m+vﬁj) <
v=0 ’

2 1
L{P) X ( )(1) <D;n+2f,

m+2)! LPw(x)
(m+2)‘2 i rm+2

7 (p)
6 Li e)rc,erZ(x)

where DWW (1) = |t(t) — ()3

Proof Given f € C"2(J),second-order Taylor’s polynomial of the function D f o
7! at the point 7 (x) is given as follows with the use of the definition of the operator
DL

2 DY(D™ 1 Dm+v
§ DUDEFoTNEW) Ly Z¢<f(z) 7(0))".
V.

v=0 v=0

Directly from [12, Theorem 3.2] and (6), we can write

Dm+vf( )
Z—

v=0

DT f (1) — (t(®) —t(x))"
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< @@ —zf(x))2 (DerZf I(T(I);T(X)|>

= (t() — T(x)K (—'(’“) —

, DI fLC()), CI(J)> ,

and by using (5), one has, for every g € C'(J),

2 m+u
IOEDY i(m) 7(x))"
v=0
_ 3
< @ v f = gl + OOy

Equivalently, we have the two inequalities

m—+v rm v(t)
(f(r)—ZD IO ),)

v=0

Dy . OIIDI*2 f ||+1‘1/(f)|| Nl
— T (m + 2)!et,m+2 T 8 6 8

and

m 2 X m+2 ! !
—D mef,mu@”l)r f=sll+ v olgl

2

Fngn (D)
<D} (f(t) = DM f(x )ﬁ)

v=0

where D" (1) = |t(t) — T(x)|*.
We work with (7) and use linearity arguments and (4) to obtain

LP fx) - Z - fv(;) L€ 4, ()

1
= G IS =gl + L lig I

which amounts to

2

m+v
L{" f(x) — Zﬁd”) SNES)

‘ (m+1))' i rm+v

199

)

®)
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L(p) X (x) <||Dm+2f g|| +

< -
— (m+2)| 1 'L’m+2

m+2! LPvx)
12 L(P)x lg'll |-

m+2( )

Passing to the infimum over g € C'(J), we have

LE”)ﬂx)—Z - +fv(f,) L{"er ., @)

m+2)! LPw(x)

7 (p)
12 L j:( m+2

< L(P) X
= (m+2)' rm+

20K (DZ’”ﬁ 3 C(J>,C1(J>>,

and taking again into account (6),

2

m+
= (p) _ "f ) - F )
L7 f(x) ?:0 (m + v)! L; rm+v( x)

2 1 - o)l LPw
S a0 (DT“f, M )
m

0 LV,

After inserting the term — D" f(x) + D' f (x), it is derived that

3 2, pr
LPf) —Drfn) =Y WTJ:)()X') (Lf’” €l iy (x) — Dle i‘mﬂ(x))

v=0

2 Lzp o ma2 p (M +2)! LW (x)
< ° Jt wa [ b2, .
(m + 2)| 2 i ‘L’ m+2 ( T

6 L0

Finally, the proof is over if one proceeds analogously with (8). (]

Notice that the necessary comparison between Theorems2 and 5 makes sense
when there exist three strictly positive functions wy € C>(J°), w; € C'(J°) and
wy € C(J°) such that w; 'p! (wl_lD (wngm f))(x) coincides with

2

Dm+V (x) .
P2 iy (L0060 - DY)
v=0

(m+v)! i>+oo

This has been a natural assumption in the previous papers that have dealt with par-
ticular situations.
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6 Final Remarks
If o = (A™) = (ai(jm)) is such that

1Ji,m<j<i+m
(m) __
a;;" = .
0, otherwise,

201

then B-statistically .«/-summability amounts to almost convergence whenever B =
I, and refers to a new notion that merits being called statistical almost convergence

if B=(C,1).

On the other hand, the results of the paper cover previous ones of the authors
proved in [1, 5, 11] under different specific settings. A particular sequence of oper-
ators that shows the applicability of the results showed here is described briefly to

finish off. Details are left to the reader.

Let
j2
- , if jisodd,
j+1
o = .
! G-0* .. ..
————if jiseven,
1 . ..
-, if 2n—1<j<i+@2n—1),
(n)y _ ¢, (my. (1) __
A" = (a;;"); a;;" = '
0, otherwise
and {
-, if k=2v; 1 <v <n,
n

B = (bnk); bnk =
0, otherwise.

Then we take t as described in the paper and consider the sequence of operators
1+« j)Bf, where (BJ’A) is the sequence studied in [4] and defined for f € C(J) by

J

Bifiy=y_ (f))r(t)”(l — @) (ot HW/.

v=0
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Statistical Deferred Cesaro Summability )
Mean Based on (p, g)-Integers with oo
Application to Approximation Theorems

S. K. Paikray, B. B. Jena and U. K. Misra

Abstract This chapter consists of four sections. The first section is introductory in
which a concept (presumably new) of statistical deferred Cesaro summability mean
based on (p, g)-integers has been introduced and accordingly some basic termi-
nologies are presented. In the second section, we have applied our proposed mean
under the difference sequence of order r to prove a Korovkin-type approximation
theorem for the set of functions 1, e and e~>* defined on a Banach space C[0, oo)
and demonstrated that our theorem is a non-trivial extension of some well-known
Korovkin-type approximation theorems. In the third section, we have established a
result for the rate of our statistical deferred Cesaro summability mean with the help of
the modulus of continuity. Finally, in the last section, we have given some concluding
remarks and presented some interesting examples in support of our definitions and
results.
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1 Introduction

In the study of sequence spaces, classical convergence has got numerous applications
where the convergence of a sequence requires that almost all elements are to satisfy
the convergence condition. That is, all the elements of the sequence need to be in an
arbitrarily small neighborhood of the limit. However, such restriction is relaxed in
statistical convergence, where the validity of convergence condition is achieved only
for a majority of elements. The notion of statistical convergence was introduced by
Fast [13] and Steinhaus [29]. Recently, statistical convergence has been a dynamic
research area due to the fact that it is more general than classical convergence,
and such theory is discussed in the study of Fourier analysis, number theory, and
approximation theory. For more details, see [7, 9-11, 14, 15, 17, 21, 24, 26-28].

Let w be the set of all real-valued sequences, and suppose any subspace of w be
the sequence space. Let (x;) be a sequence with real and complex terms. Suppose
£~ be the class of all bounded linear spaces, and let ¢, co be the respective classes
for convergent and null sequences with real and complex terms. We have

[Xlloo = sup|xe| (k € N),

and we recall here that under this norm, the above-mentioned spaces are all Banach
spaces.

The notion of difference sequence space was initially studied by Kizmaz [18],
and then, it was extended to the difference sequence of natural order r (r € Ny :=
{0} U N) by defining

MAY ={x=@): Ax) €N A€ (loo, o, 0)};
A = (n); ATx = (A — A )

and
r r
Axy = ;(—l)l <i>xk+i

(see [18]). Also, these are all Banach spaces under the norm defined by
bxllar =Y il + supg A" xl.
i=1

For more interest in this direction, see the current works [6, 12, 16].
Let N be the set of natural numbers, and let K € N. Also let

K,=1{k:k<n and k € K}
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and suppose that | K, | be the cardinality of K,. Then, the natural density of K is
defined by

. K| .1
0(K) = lim = lim —|{k:k <n and k € K}|,

n—o0o n n—>00 1

provided the limit exists.
A given sequence (x,) is said to be statistically convergent to ¢ if, for each € > 0,
the set
K.=1{k:keN and |x; —£]| > €}

has zero natural density (see [13, 29]). That is, for each € > 0,

K. o1

6(K.) = lim |—| = lim —|{k:k<n and |x; — €| > €}| =0.
n—oo n n—oo n

In this case, we write

stat lim x,, = £.
n— o0

Now, we present an example to show that every convergent sequence is statistically
convergent, but the converse is not true in general.

Example 1 Let us consider the sequence x = (x,) by

1

n whenn = m?, forallm € N
X, = .
o otherwise.

Then, it is easy to see that the sequence (x,) is divergent in the ordinary sense,
while 0 is the statistical limit of (x,) since §(K) = 0, where K = {m?, forall m =
1,2,3,...}

In2002, Méricz [22], introduced the fundamental idea of statistical (C, 1) summa-
bility and recently Mohiuddine et al. [20] has established statistical (C, 1) summa-
bility as follows.

Let us consider a sequence x = (x,); the (C, 1) mean of the sequence is given by

1 n
Op = m ;Xk,

and (x,) is said to be statistical (C, 1) summable to £ if, for each ¢ > 0, the set
{k:keN and |0} — €| > €}

has zero Cesaro density. That is, for each ¢ > 0,

1
lim —|{k:k <n and |0y — €] > €}| = 0.
n—00 n



206 S. K. Paikray et al.
In this case, we write
stat lim o, = £ or C;(stat) lim x, = £.
n— 00 n—oQ

Subsequently, with the development of g-calculus, various researchers worked on
certain new generalizations of positive linear operators based on g-integers (see [3,
5]). Recently, Mursaleen et al. [23] introduced the (p, ¢)-analogue of Bernstein oper-
ators in connection with (p, ¢g)-integers, and later on, some approximation results for
Baskakov operators and Bernstein-Schurer operators are studied for (p, g)-integers
by [1].

We now recall some definitions and basic notations on (p, g)-integers for our
present study:

For any (n € N), the (p, g)-integer [n], 4 is defined by,

n

] o (n = 1)
n =
P10 =0

where 0 <g <p <1.
The (p, q)-factorial is defined by

| (11,4214 -.-[n]pq (R = 1)
e =1 (n = 0).

The (p, g)-binomial coefficient is defined by,

!
|:nj| :% forall n,k € N and n > k.
k . [k]!pg [n —Kk]'p g

We also recall that suppose 0 < g < p < 1 and r be a nonnegative integer. Then,
the operator

[r1 .
Ap‘q W W

is defined by

Ayl () = Z(—l)i |:::| Xn—i-
i=0

p.q
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That is,

Al (x,) = H Xn — m Xn1 + B] Yoo — H X3 ot (71)’H Yuor
0lpq Pq P 3pq "lpg

[rlpglr —1lpg _ rpglr = 1lpqlr —21p4
215! " 31
N (p’ -4 ) i ((p’ —aH@ " - q”‘))xn_2
P—q P-9*p+q
B <(p’ D e A (Ve )
P =3P>+ pg +4>)(p+q)

=uxn — [rlp.gxn—1+ Xn—3 4+ (=D xy—s

)xn—S +oeo A (DX

Now, we present an example to see that a sequence is not convergent; however, the
associated difference sequence is convergent.

Example 2 Let us consider a sequence (x,) =n + 1 (n € N). It is clear that the
sequence (x,) is not convergent in the ordinary sense.
Also, we see that

AB](xn) =X, —3x1 +3x, 2 — X3 (X, =n+1)

converges to 0 (n — 00).

For r = 3, we obtain that

ABY ) = xn = Blp.gn—t + Blp.gxn—2 — Xn—3 Gn=n+1)
=xn — (P + Pnn + 42)xXn—1 + (P} + Pudn + 4P xn—2 — Xp—3
=n+1—(pg+ Pudn + GO0 + (P + Padn +q) (=D — (1 =2) (xw =n+1)
=3- (ﬂz +af +a2).

Clearly, depending on the choice of the values of p and g, the difference sequence
Agi]q (x,,) of third order has different limits. This situation is due to the definition of
(p, g)-integers. However, in order to obtain a convergence criterion for all values of p
and g, belonging to the operator Ag,’,]q, we must have to overcome this difficulty. This
type of difficulties can be avoided in the following two ways. The first one is taking
p = g = 1, and thus, the operator reduces to the usual difference sequence. Next,
the second way is to replace p = p, and ¢ = g, under the limits, lim, g, = « and
lim, p, =06 (0 <a,8 <1) where 0 < g, < p, <1, for all (n € N). Afterward,

the difference sequence Aﬁ]q (x,) of third order 3 converges to the value 3 — B*+

af + o?). Thus, if we take g, = (%) < (nfflrit) = ppsuchthat0 < ¢, < p, <

1(s >t > 0), then lim, g, = 1 = lim,, p, and hence Agi]q(xn) -0 (n—> o).

Remark 1 Ifr = 1,lim, g, = 1, and lim,, p, = 1, then the difference operator AE,’,]‘]

reduces to the A, Also, if » = 0, lim,, ¢, = 1 and lim,, p, = 1, then the difference
operator A[p’,]q reduces to the general sequence (x,,).

Here, we now present the notion of the statistical deferred Cesaro summability under
the generalized difference sequence of order r involving (p, g)-integers:
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Let (a,) and (b,) be sequences of nonnegative integers such that (i) a, < b, and
(i) lim b, = oo,
n—oo

then the deferred Cesaro D(a,, b,) mean based on (p, g)-integers is defined by,

b

1 n
ananabn _—D,q Xp) = A[] Xk)- 1
’( ) 17( ) bn—ankzl P»‘]( k) ()

It is well known that D, , (ay,, b,) is regular under conditions (i) and (ii) (see Agnew

[2]).

Remark 2 If p=¢q =1, then the deferred Cesaro mean under (p, q)-integers
reduces to the deferred Cesaro mean (see [15]).
Let us now introduce the following definitions in support of our proposed work.

Definition 1 Let 0 < ¢, < p, <1 such that lim, g, = « and lim, p, =3 (0 <
a, # < 1), and let r is a nonnegative integer. Also, let (a,) and (b,) be sequences
of integers (nonnegative). A sequence (x,) is said to be statistical deferred Cesaro
summable to £ with respect to difference sequence of order r based on (p, g)-integers
if, for every € > 0, the set

{k:a, <k <b, and |[Dp,(x,) — L] > €}

has natural density zero, that is,

lim
n—oo b, — a,

Hk:a, <k <b, and |D,,(x,) —£| > €}| = 0.

In this case, we write

stat nlirgo D, (x,) = ¢ or ,11220 stathdx, = L.

Clearly, above definition can be viewed as the generalization of some existing
definitions.

Remark 3 If a, =n—1, b, =n, and p, = ¢q, = 1, then D(n — 1, n) reduces to
the identity transformation, and also, if a, =0, b, =n, and p, = g, = 1, then
D(0, n) reduces to (C, 1) transformation of x,,, which is often denoted as o,,. Further-
more, ifa, =n—-1,b,=n+t—1,and 0 < g, < p, <1 such that lim, g, = «
and lim,, p, = 6 (0 < a, B < 1) and let r is a nonnegative integer, then

t+n n
Dp,q(n—l,"‘i'f—l):(ff,}q:( ; )‘7533—1_(?>‘75Lq1v 2

which is called the deferred delayed arithmetic mean. Finally, if a, =n — 1, b, =
n+t—1and p, =¢q, = 1, then
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t+n n
D(n—l,n+t—1)=a,”=< p )O—n+l—l_(?)o—n—la

which is called the delayed arithmetic mean (see [31], p. 80).

Definition 2 Let 0 < ¢, < p, <1 such that lim, g, = « and lim, p, =3 (0 <
a, # < 1), and let r is a nonnegative integer. Also, let (a,) and (b,) be sequences
of integers (nonnegative). A sequence (x,) is said to be statistical deferred delayed
arithmetic summable to ¢ if, for every € > 0, the set

(k:n—1<k<n+t—1 and |0} —¢| > ¢

has zero natural density, that is,

1
lim —|[{k:n—1<k<n+t—1 and |of] —¢| > ¢€}| =0.

n—oo

In this case, we write
stat lim o}/ = ¢ or stat)x, = ¢.
n—oo

Now, we present below an example to show that a sequence is statistically deferred
Cesaro summable, whenever it is not statistically Cesaro summable.

Example 3 Forlim, g, = 1,lim, p, = 1,a, = 2nand b, = 4n (VY n € N), consider
a sequence x = (x,),

# m=m?>—m,m*—m+1,...,m>—1)
X, = —mls n=m? m>1)
0 (otherwise).
We have,
Al () =Y (1) m Xami
i=0 pa
R A R (A ARt
=1%n — Xn—1 Xn—2 — Xp—3 T - Xn—r
pyg 2pq 3pq "lp.q
—1pe —1], -2
= {xn - [V],;_qxn71 + [r]pv‘fz[;p.q! ]P,I n—2 — [r]p,q[r []31]? Ir ]p.q Xp—3+ -+ (_l)rxnfr} .

Thus,

4n
1
— — [r]
Dp,q(am bn) = Dp,q(-xn) = dn —on k;_l Ap’q(xk)
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which implies that
D, 4(x,) — 0.

Hence, (x,) is not deferred Cesaro summable , even if it is statistical deferred Cesaro
summable under the difference operator of order » based on (p, ¢g)-integers.

In the year 2012, Mohiuddine et al. [20] established statistical summability (C, 1)
and a Korovkin-type approximation theorem, and then, Jena et al. [15] investigated
a Korovkin-type approximation theorem for exponential functions via the statistical
deferred Cesaro summability of the real sequence. Very recently, Srivastava et al.
[26] has established generalized equi-statistical convergence of the deferred Norlund
summability and its applications to associated approximation theorems, and then,
Srivastava et al. [27] established a certain class of weighted statistical convergence
and associated Korovkin-type approximation theorems for trigonometric functions.
Furthermore, Srivastava et al. [28] has proved some interesting results on deferred
weighted .A-statistical convergence based on the (p, ¢)-Lagrange polynomials and
its applications to approximation theorems.

The main object of this chapter is to establish some important approximation
theorems over the Banach space based on statistical deferred Cesaro summability for
(p, g)-integers under difference sequence of order r which will effectively extend
and improve most (if not all) of the existing results depending on the choice of
sequences of the simple statistical deferred Cesaro means. Furthermore, we intend
to estimate the rate of our statistical deferred Cesaro summability and investigate
Korovkin-type approximation results.

2 A Korovkin-Type Approximation Theorem

Several researchers have worked on extending or generalizing the Korovkin-type
theorems in many ways and to several settings, including Function spaces, Banach
Algebras, Banach spaces. This theory is very useful in real analysis, functional anal-
ysis, harmonic analysis, measure theory, probability theory, and summability theory.
Recently, Jena et al. [15] have proved the Korovkin theorem via statistical deferred
Cesaro summability on C[0, co) by using the test functions 1, ¢, and e~ 2" In this
paper, we generalize the result of Jena, Paikray, and Misra via the notion of statisti-
cal deferred Cesaro summability based on difference sequence of order r including
(p, q)-integers for the same test functions 1, e, and e~ We also present an
example to justify that our result is stronger than that of Jena, Paikray, and Misra
(see [15]).

Let C(X), be the space of all real-valued continuous functions defined on [0, co)
under the norm ||.|| . Also, C[0, c0) is a Banach space. We have, for f € C[0, 00),
the norm of f denoted by || f]| is given by
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[flloo = sup ){If(x)l}

x€[0,00

with
w(@, f)= sup [[f(x+h)— f(X)le, f €C[O,00).

0<l|h|=d

The quantities w(d, f) is called the modulus of continuity of f.
Let L : C[0, oo) — C[0, 0o) be a linear operator. Then, as usual, we say that L is
a positive linear operator provided that

f =0 implies L(f) > 0.

Also, we denote the value of L(f) at a point x € [0, 00) by L(f(«); x) or, briefly,
L(f;x).

The classical Korovkin theorem states as follows [19]:

Let L, : Cla, b] — Cla, b] be a sequence of positive linear operators and let
f € Cl0, 00). Then

T [La(f: %) = f0)lloo = 0= lim [ L,(fi3 %) = fi(0)lloo =0 (i =0,1,2),

where

fox) =1, fix) =x and fr(x) = x2.

Now, we prove the following theorem by using the notion of statistical deferred
Cesaro summability based on (p, g)-integers.

Theorem 1 Let L,, : C[0, 0c0) — C[0, 00) be a sequence of positive linear opera-
tors. Then, for all f € C[0, o0)

statd i | Lu(f3 %) = f0)llw =0, 3)
if and only if
staryd mlgrcl>o 1L, (1;x) — 1||oc =0, 4
staryd mlgrcl>o ILn(e™;x) —e ™ loo=0 (5)
and
stat'y?. lim I Lm(e™ ;%) — e o = 0. (6)

Proof Since each of f;(x) = {1, e™", e ¥} eC(X) (i =0,]1,2)is continuous, the
implication (3)==(4)—(6) is obvious. In order to complete the proof of the theorem,
we first assume that (4)—(6) hold true. Let f € C[X], then there exists a constant
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K > Osuch that | f(x)] <K, Vx € X =0, 00). Thus,
lf(s) = f)l =2K, s,x € X. (N
Clearly, for given € > 0, there exists § > 0 such that
|f(s) = f(x)] <e ®)

whenever |e™* —e™¥| < §, forall s, x € X.
Letus choose ¢ = (s, x) = (e~ — e ¥)2.If |e™ — x| > &, then we obtain:

2K
lf(s) = f(x)| < ?%(S’Xl ©))

From Egs. (8) and (9), we get

2K
[f(s) — f)] <e+ ?sm(s,x),

2K 2K
= —6—?901(5‘795)5]0(5)_]0()5)56+?@1(S’x)' (10)

Now since L,,(1; x) is monotone and linear, so by applying the operator L,,(1; x)
to this inequality, we have

Lnu(1; x) (—6 - %w(&ﬂ) < Lyn(Lx)(f(s) = f(0) < Lw(1; x) (e + %C@l(s,ﬂ) - (1D
Note that x is fixed and so f(x) is a constant number. Therefore,
—eLy(1;x) — %Lm(w;ﬂ < Ln(fi%) = f)Ln(1;x) < €Ly (1;x) + %Lm(w;x)- (12)
But
Ly(f3x) — f) =[Ln(f;x) = fOOLn(1; 0]+ fOO[Ln(15x) — 1] (13)

Using (12) and (13), we have

2K
Ly(f;x) — f(x) <eLy(l;x) + 5_2Lm(<)01; x) + fOOLn (15 x) — 11. (14)
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Now, estimate L,,(¢1; x) as,
. _ —s —x\2. _ —2s —X —S —2x.
Lin(p1;x) =Lm((e™ —e )% x) =Lin(e” ™ —2¢ e +e " x)
=Ln(e :x) =2 Lip(e S :x)+ e X Ly(1; x)
= [Lm(e 1) — e 2] = 2¢ ™ [Lim(e ™" x) — e 1+ ¢ [Ln(1;x) — 1],

Using (14), we obtain

2K —2s —2s —x -5 —X
Lm(f;X)ff(X)<6Lm(l:X)+67{[Lm(e ;x) —e ] =2 [Ly(e 5 x) —e ]
e P Ly (1 x) — 11} + £ [Ly (13 x) — 1].
2K —2s —2x —X =S —x
=e[Lm(1;x)—1]+e+5—2{[Lm(e 1X) —e ] —=2e [Lin(e1x) —e ']

+e Ly (150) = 1) + fO)[Ln (1 %) = 1].

Since € is arbitrary, we can write

L (f: ) — FQO] < et <e+ = +/c) L (L) — 1]

he ) 2K )
+ (Tzle(e_s; x)—e |+ (T2|Lm(e_25; x) —e

< B (1Ln(1:0) = 11+ L5 = 7+ [Ln(e™52) = 7)),
(15)

where
2K 4K 2K
B = max 6+y+’€,?,? .

Now replace L,,(f; x) by

1

bn —day

by
> A (T (fix)

m=a,+1

Dp.q(xn) =

in Eq. (15).
We have for a given r > 0, there exists € > 0, such that ¢ < r. Then, by setting

b
Wy (x5 7) = [m “an <m < by and S AL (i) - f@)] = r}
n — dn
m=a,+1

and fori =0, 1, 2,

1

by — ay

bn
> AL (T (fii ) — fitx)

m=a,+1

Wim(x;r) = im:an <m < b, and

r—e
> 9
~ 3B ]
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we obtain )
W, (7)) < Y Wi (xi 7).
i=0
Clearly,
2
W (x5 M e Wi m(x; M)l
< : . 16
bn — ay - ; bn —day ( )

Now, using the above assumption about the implications in (4)—(6) and by Defini-
tion 1, the right-hand side of (16) is seen to tend to zero as n — oco. Consequently,
we get
. W5 (x5 P e
im ———

n—00 b, — a,

=0 (r >0).

Therefore, the implication (3) holds true.
This completes the proof of Theorem 1. t

Corollary 1 Let L, : C[0, 00) — C[0, 00) be a sequence of positive linear opera-
tors, and let f € C[0, 00). Then,

statpy Jim Ly (f5%) = f (D)o =0 (17)
if and only if
stath? lim ||L,(1;x) — 1] = 0, (18)
m—00
statpd lim ||L,(e™;x) —e ¥ lo =0 (19)
m—00
and
stath? lim ||L,(e7*;x) —e ™| = 0. (20)
m— o0

Proof By takinga, =n — 1, Ynand, b, =n+ k — 1, V n and proceeding in the
similar line of Theorem 1, the proof of Corollary 1 is established. ]

Remark 4 By taking p, = g, = 1V n in Theorem 1, one can obtain the statistical
deferred Cesaro summability version of Korovkin-type approximation for the set of
functions 1, e~*, and e~2* established by Jena et al. [15].

Now we present below an illustrative example for the sequence of positive linear
operators that does not satisfy the conditions of the Korovkin approximation theorems
due to Jena et al. [15], Mohiuddine et al. [20], and Boyanov and Veselinov [8] but
satisfies the conditions of our Theorem 1. Thus, our theorem is stronger than the
results established by Jena et al. [15], Mohiuddine et al. [20] and Boyanov and
Veselinov [8].
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Example 3 Let X = [0, 1] and consider the (p, ¢)-analogue of Bernstein operators
B, ».q(f; x) on C[O, 1] given by (see [23])

1 " n T [k]
Bn,,,,q(f;x)=m2[k] p [0 —a'orf (%) (x €10, 1]).
P % k=0 p.q 5=0 Pr"nlpg

Also, observe that
n—1 -1
Bupg(foi ) = 1. Bupg(fiix) = e and By pq(foix) = L™ qln = 1pq —2s
[(n]p.q [nlpq

Let us consider L, : C[0, 1] — C[O0, 1] be sequence of positive linear operators
defined as follows:

Ln(f; x) = [1 + fn(X)]X(l +XD)Bn,p,q(f; x) (f € C[O, 1])’ (21)

where the operator given by

1 D D—d
aen (0=7)

was used earlier by Al-Salam [4] and, more recently, by Viskov and Srivastava [30]
(see also the monograph by Srivastava and Manocha [25] for various general families
of operators of this kind). If we choose the sequence f,(x) of functions just as we
considered in Example 2, then we have

L,(fo;x) =[14+ fu()Ix(1 +xD) - B, p4(fo; x)
=[1+ fi)xA+xD)-1=[1+ f,(x)]x,

Ly(fi;x) =14+ fu()Ix(A +xD) - By p 4(f1: %)
=[1+ fu()x(A +xD)- e =[1+ fu(x)lx(e™ —xe™),

and

Ln(f2:x) =[1+ fa(x)lx(1 +xD) - Bn,p,q(fZ; X)

-1
p" —x gln — I]qu e—2x

[”]p,q [”]p,q

=14+ fu(x)]x(1+xD) - {

—[1+ fu@)lx P M Upg o P 208 = Dpg |
(nlp.q (nlp.q [nlp.q [nlp.q
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So that, we obtain

Pd 1 Cx) — —
stfé lim 1Ly (152) = 1o =0,

stathd lim [|L,(e7*;x) —e ¥ loo =0
m— o0
and
stat?? lim |[Ly(e ;%) — e oo =0
DC m ’ © ’
m—0o0

that is, the sequence L, ( f; x) satisfies the conditions (4)—(6). Therefore, by Theo-
rem 1, we have

satfd lim (| Ly(f3 %) = flloo = 0.

Hence, it is statistically deferred Cesaro summable under (p, g)-integers; however,
since (x,,) is neither statistically Cesaro summable nor statistically deferred Cesaro
summable, so we conclude that earlier works under [15, 20] is not valid for the
operators defined by (21), while our Theorem 1 still works.

3 Rate of Statistical Deferred Cesaro Summability

In this section, we study the rates of statistical deferred Cesaro summability based on
(p, g)-integers of a sequence of positive linear operators L( f; x) defined on C[0, 0co0)
with the help of modulus of continuity.

We now presenting the following definition.

Definition 3 Let 0 < ¢, < p, <1 such that lim, g, = « and lim, p, =3 (0 <
«, B < 1), and let r is a nonnegative integer. Also, let (a,) and (b,) be sequences
of integers (nonnegative). Let (u,) be a positive non-increasing sequence. A given
sequence x = (x,,) is statistically deferred Cesaro summable to a number £ with rate
o(uy), if for every € > 0,

1
Iim ———|i\m:a, <m <b, and |D, ,(x,,) — €| > €}| =0.
nﬁoou,,(b,,—an)H n = Un | p,q( m) |_ }|
In this case, we may write

X — £ = stat)? — o(uy).

We now prove the following basic lemma.
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Lemma 1 Let (u,) and (v,) be two positive non-increasing sequences. Let x = (X,,)
and y = (yn) be two sequences such that

Xm — Ly = stat)? — o(uy,)

and
_ P
Ym — Lo = staty — o(vy)

respectively. Then, the following conditions hold true

(i) (Xm + Ym) — (€1 + £2) = stathd — o(w,);
(ii) (X — L) — £2) = SIatgg — o(u,vyn);
(iii) ANxn — £1) = statpd — o(uy,) (for any scalar \);
(iv) 1xm — O] = stat)d — o(uy),
where
w, = max{u,, v,}.

Proof In order to prove the condition (i), for e > 0 and x € [0, 00), we define the
following sets:

Ay (x5 €) = |{m ia, <m <b, and |Dp,q(xm) + Dp,q(})m) -+ )] > E}

)

’

Aon(x; €) = Hm Cay <m < by and |Dyg(tn) — 0] > g}

and
Ajn(xse) = “m tay <m <b, and |D, ,(ym) — 2] > %H .
Clearly, we have
Ap(x;€) © Agu(x; ) U A, (x;e).

Moreover, since
w, = max{u,,, Un}v

by condition (3) of Theorem 1, we obtain

AR5 lloo _ 1Mo (5 Olloo | AL (¥ Dl

< (22)
Wy (bn - an) un(bn - an) Up (bn - an)
Now, by conditions (4)—(6) of Theorem 1, we obtain
1A (5 Ollo 0. 23)

Wy (bn - an)

which establishes (i). Since the proofs of other conditions (ii)—(iv) are similar, we
omit them. O
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Further, we recall that the modulus of continuity of a function f € C[0, 0c0) is
defined by
w(f,0) = sup  [f(y) — f(x)] (6>0)

[y—x[<d:x,yeX

which implies that

|ﬂw—fun§Mﬁ®<”gyU4). 24)

Now, we state and prove a result in the form of the following theorem.

Theorem 2 Let [0, 00) C R, and let L,, : C[0, o0) — C[0, o0) be a sequence of
positive linear operators. Assume that the following conditions hold true:

(i) 1Ln(1; x) = Uloo = statlyd — o(uy),
(ii) w(f, Am) = stathl — o(vy,),

where
A =V Lu(@% x) and p1(y,x) = (e —x )%

Then, for all f € C[0, 00), the following statement holds true:
1L (f5 %) = flloo = statpé- — o(wy), (25)

w, = max{u,, v,}.

Proof Let f € C[0, c0) and x € [0, 00). Using (24), we have

(L (f5 %) = fO) < Ln(1f () = fOOLx) + [ f O L (15 x) — 1]

el
<Ln <)\7 +1; x) WOf Am) + 1Ol L (13 ) = 1]

<Lm (1 + /\%(e_x - e_y)z;x> w(fs Am) + 1f N Lm (15 x) — 1]

m

1
=< (Lm(l:x) + )\TLm(%c;X)> W(fs Am) + Lf QO L (15 %) — 1]

m

Putting \,, = /L, (©3; x), we get

L (f3x) = f(D)lloo < 20(fs Am) + w(fs A 1L (1; X) = oo + ILf G Lim (1; ) = Tloo
< M{w(f, Am) + w(f, A 1Lim (1; x) = Hloo + [1Lm (13 x) = oo},

where

M= {lIf e 2}.
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Thus,

bn

Y La(fix)— f()

m=a,+1

by — ap

)
bn

1
SM{w(fv)\m)b + w(fs Am) Z Ly(f;x)— f(x)
n m=a,+1

g |
ol |

Now, by using the conditions (i) and (ii) of Theorem 2, in conjunction with Lemma 1,
we arrive at the statement (25) of Theorem 2.
This completes the proof of Theorem 2. ]

by — ap

bn

D Lu(fix) = f)

m=a,+1

by —ay

4 Concluding Remarks

In this concluding section of our investigation, we present several further remarks
and observations concerning to various results which we have proved here.

Remark 5 Let (x,,)men be a sequence given in Example 3. Then, since
stathd — ’Jiinwxnl — 0 on [0, 00),
we have
statyyé — Jm (| Ly (fis X) = fi(®)lle =0 (=0, 1,2). (26)
Thus, we can write (by Theorem 1)
stat})é — Jim [Ly (f3 ) = f(0)llee =0, (0 =0, 1,2), (27

where
fox)=1, fix)=¢ and fo(x) = e >,

However, since (x,,) is not ordinarily convergent, and so also it does not converge
uniformly in the ordinary sense. Thus, the classical Korovkin theorem does not work
here for the operators defined by (21). Hence, this application clearly indicates that
our Theorem 1 is a non-trivial generalization of the classical Korovkin-type theorem
(see [19]).



220 S. K. Paikray et al.
Remark 6 Let (x,,)men be a sequence as given in Example 3. Then, since

Pq :
stat~ — lim x,, — 0 on [0, 00),
m—00

s0 (26) holds true. Now by applying (26) and Theorem 1, condition (27) holds true.
However, since (x,,) does not statistical Cesaro summable, so Theorem 2.1 of Jena
et al. (see [15]) does not work for our operator defined in (21). Thus, our Theorem 1
is also a non-trivial extension of Theorem2.1 of Jena et al. [15] (see also [8, 19]).
Based on the above results, it is concluded here that our proposed method has suc-
cessfully worked for the operators defined in (21) and therefore it is stronger than
the classical and statistical version of the Korovkin-type approximation (see [8, 19,
20]) established earlier.

Remark 7 Let us suppose that we replace the conditions (i) and (ii) in Theorem 2,
by the following condition:

L, (fi; x)— fil = DC(stat) —o(u,,) (i =0,1,2). (28)
Then, since
Lin(¢% %) = e XL (1;5) = 1] = 2¢ " [Lin(e ™3 x) — e | + |[L(e 255 x) — e 2],
we can write
2
Lu(p% %) <MY L (fi3 %) = fi(0)oos (29)
i=0

where
M = {|l falloc + 21l filloo + 1}.

Now it follows from (28), (29) and Lemma 1 that

A = VLn(9?) = DCy(stat) — o(dy), (30)
where
O(dn) = max{uno, Up,, un2}~
This implies

w(f, 0) = DC(stat) — o(d,).
Now using (30) in Theorem 2, we immediately see that for f € C[0, 00),

L (f:x) — f(x) = DCy(stat) — o(dy). 3D
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Therefore, if we use the condition (28) in Theorem 2 instead of (i) and (ii), then we
obtain the rates of statistical deferred Cesaro summability of the sequence of positive
linear operators in Theorem 1.
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Approximation Results for Urysohn-Type | m)
Nonlinear Bernstein Operators L

Harun Karsli

Abstract In the present work, our aim of this study is generalization and extension
of the theory of interpolation of functions to functionals or operators by means of
Urysohn-type nonlinear operators. In accordance with this purpose, we introduce and
study a new type of Urysohn-type nonlinear operators. In particular, we investigate
the convergence problem for nonlinear operators that approximate the Urysohn-type
operator. The starting point of this study is motivated by the important applica-
tions that approximation properties of certain families of nonlinear operators have in
signal-image reconstruction and in other related fields. We construct our nonlinear
operators by using a nonlinear forms of the kernels together with the Urysohn-type
operator values instead of the sampling values of the function. As far as we know,
this will be first use of such kind of operators in the theory of interpolation and
approximation. Hence, the present study is a generalization and extension of some
previous results.

Keywords Urysohn integral operators + Nonlinear Bernstein operators *
Urysohn-type nonlinear Bernstein operators + Approximation.

AMS Subject Classification 41A25 - 41A35 - 47G10 - 47TH30.

1 Introduction

For a function defined on the interval [0, 1], the Bernstein operators (B, f),n > 1,
are defined by

. k
Buf)@) =Y f (;) Puk@) . n =1, (1)
k=0
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n
k
called Bernstein basis (0 < x < 1). These polynomials were introduced by Bernstein
[1] in 1912 to give the first constructive proof of the Weierstrass approximation
theorem.

The first main approximation result related to pointwise convergence of the
Bernstein polynomials reads; let f be a bounded function on [0, 1], then

where p, ;(x) = x*(1 — x)"* is the well-known Binomial distribution and

lim (B,f) (x) = ()

holds at each point of continuity x of f(x) and that the relation holds uniformly on
[0, 1] if f(x) is uniformly continuous on the interval.

Undoubtedly that the most intensively studied discrete operator is the celebrated
Bernstein polynomial, which provides an elegant proof and example to the famous
Weierstrass first approximation theorem for continuous function defined on [0, 1].
For detailed approach to this operator, see the classical book of Lorentz [2].

It is worthwhile to note that the linear positive operators have been obtained by
starting from the following well-known properties of the probability density func-

tions; for discrete case
n
> puax) =1
k=0

and for continuous case

b
/ f(®)dt =1

from the probability theory.

Now, in view of the theory of singular integrals, we will characterize the positive
linear operators in terms of the singular integrals.

In general, a singular integral may be written in the form

b
(T f) (x) =/f(t) Ky, (x,1)dt (@)

where K, (x, t) is the kernel, defined fora < x < b,a <t < b, which has the prop-
erty that for functions f of a certain class and in a certain sense, (7,, ) (x) converges
to f (x)asn — oo.

The Bernstein polynomial (1) is a finite sum of a type corresponding to the integral
(2). It is easy to see that (1) and (2) are special cases of singular Stieltjes integrals
and hence (1) may be written in the form of a Stieltjes integral in the variable ¢ as
follows:
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1
(B f) (x) :/f(t)dtKn (x,1)
0

with the kernel

K, (x,1) = Z (Z)xk(l —x)"F L 0<r<1

k<nt
K,(x,00=0
which is constant in any interval k/n <t < (k+ 1) /n,k=0,1,...,n — 1.

At the beginning, the theory of approximation is strongly related to the linearity
of the operators. But, thanks to the approach of the famous Polish mathematician
Julian Musielak, see [3], and afterwards continuous works of C. Bardaro, G. Vinti
and their research group, this theory can be extended to the nonlinear-type operators,
under some specific assumptions on its kernel functions; see the fundamental book
due to Bardaro, Musielak and Vinti [4]. For further reading, please see [5—11] as well
as the monographs [12].

Especially, nonlinear integral operators of type

b

(T.f) (x) =/Kx(t —x, f(n)dr, xe(a,b),

a

and its special cases were studied by Bardaro, Karsli and Vinti [13, 14] and Karsli
[15, 16] in some functional spaces.

In view of the approach due to Musielak [3], recently, Karsli-Tiryaki and Altin
[17] introduced the following type nonlinear counterpart of the well-known Bernstein
operators:

(NB,f)(x) =) Pk <xf<f—l)) , 0<x=<1, neN, 3)

k=0

acting on bounded functions f on an interval [0, 1], where P, satisfy some suit-
able assumptions. They proved some existence and approximation theorems for the
nonlinear Bernstein operators. In particular, they obtain some pointwise convergence
for the nonlinear sequence of Bernstein operators (3) to some discontinuity point of
the first kind of f, asn — oo.

As a continuation of the very recent paper of the author [ 18], the author and his PhD
student estimated a Voronovskaya-type formula for this class nonlinear Bernstein
operators on the interval [0, 1] (see [19]). Please see also very recent papers of the
author [20, 21].

The most important and frequently investigated integral equations in nonlinear
functional analysis are the Hammerstein equations
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b

x(t) = y() —l—/k(l, s)f (s, x(s))ds, t €la,b],

and the Urysohn equations

b
x(t) = y() —|—/k(t, s, x(s))ds, t €la,b].

a

Consider the nonlinear operator equation
x=y+ K(x)

where K is a completely continuous operator defined on a Banach space. An example
of such an operator K is the Urysohn integral operator with a kernel function

Kx(t) = /k(t,s,x(s))ds, teQ, xeD
Q

with a closed bounded region €2 in R” for some m > 1, which includes the Fredholm
equations of the first and second kind.
In the present work, we will deal with the following Urysohn equation:

b
x(t) = y() —|—/k(t, s, x(s))ds, t €la,b]

a
and corresponding Urysohn operator

b

Ux(t) = /k(t, s, x(s))ds, t € la, b]

a

where k and y are known functions and x is the unknown function to be determined.
In the above equation, k(¢, s, x) is called kernel function of the type of Green’s
function, which is defined on [a, b] x [a, b] x R into R.

The goal of this study is generalization and extension of the theory of interpolation
of functions to functionals and operators by introducing the Urysohn-type nonlinear
counterpart of the Bernstein operators. Afterwards, we investigate the convergence
problem for these nonlinear operators that approximate the Urysohn-type operator
in some functional spaces. The main difference between the present work and con-
vergence to a function lies in the use of the Urysohn type operator values instead of
the sampling values of a function.
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Let us consider a sequence NBF = (NB,F) of operators, which we call it
Urysohn-type nonlinear counterpart of the Bernstein operators, having the form

1 n
(NB, F)x (t):/ [Z Pin (x(s),f(t,s, Iﬁ))} ds , 0<x(s)<1, neN,
0 k=0

acting on bounded functions f on an interval [0, 1], where P, satisfy some suit-

able assumptions. In particular, we will put Dom NBF = (| Dom N B,F, where
neN
Dom N B, F is the set of all functions f : [0, 1] — R for which the operator is well

defined.

Since the theory of approximation is quite different from its linear counterpart, in
same cases we can obtain only some estimates related to the convergence problems.
Actually, in some cases, it is not possible to obtain exact estimates for nonlinear
operators, because of the nonlinearity of their kernel functions.

2 Preliminaries and Auxiliary Results

This section is devoted to collecting some definitions and results which will be needed
further on.
Here we consider the following type Urysohn integral operator,

1
Fx(t) = / f(t, s, x(s))ds, t €0, 1] 4)
0

with unknown kernel f. If such a representation exists, then the kernel function
f(t,s, x) is called the Green’s function, which is strongly related to the function x.

For a constant function x(s) = a, we set Fa(t) := F(a).

Equation (4) was investigated by Urysohn in 1923-1924 in [22, 23]. This kind
of equations appears in many problems. For example, it occurs in solving problems
arising in economics, mathematics, engineering and physics (see [12, 24]).

It is well known that the solution of the following differential equation

DG(x,y) =48(x —y),

represents a Green function G (x, y); here D is a differential operator, § is the Dirac
Delta function satisfying a boundary condition. Note that

dH(x)
dx

S(x) =
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is true, where
1,x>0
H(x)_{o,x<0

is the Heaviside function.
In view of these relations, we assume that continuous interpolation conditions
hold:

Fx;(t) = / [, s, xi(s))ds, t €[0,1] (5)

where x;(s) = LtH(s —§); £ € [0; 1]; and i =0,1,2,....
The following equalities are well known:

OFx:(t) OF (LH@ —s) i
_OF( ) _ f(t,5,0) = f(t,s, —), (6)
os as n
where x; (1) = JH(r —s); s € [0; 1], and i = 0, 1,2, ...
Say
. Fx,
P <t,s’ l_) L F%@) (7)
n as

According to the above definition together with (6) and (7), it is possible to construct
an approximation operator in order to generalization and extension of the theory of
interpolation of functions to operators.

In 2000, Demkiv [25] defined and investigated some properties of the following
type Bernstein operators, which is linear with respect to F defined by (5):

(B, F) x (1) —/Zf(r s, )pnk(x<s>)ds

In 2012, Makarov and Demkiv [26] considered the problem of approximation to the
Urysohn operator (4) by Stancu-type operators, which is based on Polya distribution
pf,"k (x(s)), defined as:

1

X(t)=/ ( )Pnk(X(S))ds

0 k=

where o > 0.
In 2017, the author [21] defined the following Urysohn type Meyer-K 6nig and
Zeller operators:
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1
nd k
(M, F)x(1) = / [; f (t, s, m) Mo (x(s))} ds,
0 -

(M, F)1(t) = F1(t) = F(1),

where
Mg (6()) = <” e 1) () (1= x(5))",

n is a non-negative integer and 0 < x(s) < 1, and obtained some positive results
about the convergence problem.

In view of (3) and (5), we introduce the following Urysohn-type nonlinear Bern-
stein operators:

1 n
B, = [ [Z P (x(s),f(r,s, S))}‘“ ®)
0 k=0

where n is a non-negative integer, Py, satisfy some suitable assumptions and 0 <
x(s) < 1.

Now, we assemble the main definitions and notations which will be used through-
out the paper.

Let X be the set of all bounded Lebesgue measurable functions f : [0, 1] —
RS = [0, 00).

Let W be the class of all functions i : RS’ — R(}L such that the function i is
continuous and concave with ¥ (0) = 0, ¥ (1) > 0 foru > 0.

We now introduce a sequence of functions. Let { P }nEN be a sequence functions
Py, 2 10, 1]x R— R defined by

Pk,n (t,u) = pk,n(t)Hn(”) )

for every ¢t € [0, 1], u € R, where H, : R — R is such that H,(0) = 0 and py ,(t)
is the Bernstein basis.

Throughout the paper, we assume that 1 : N — R™ is an increasing and contin-
uous function such that nlirrgo u(n) = oo.

First of all, we assume that the following conditions hold:
(a) H, : R — R is such that

|Hy () — Hy(v)| < u—vl,

holds for every u,v € R, for every n € N. That is, H, satisfies a strong Lipschitz
condition.



230 H. Karsli
(b) Denoting by r,(u) := H,(u) —u, u € R and n € N, such that
lim r,(u) =0
n—0oQ

uniformly with respect to u.
In other words, for n sufficiently large

sup |r, ()| = sup |H, (u) —ul < ——,
u u wn(n)

holds.
The symbol [a] will denote the greatest integer not greater than a .
At first we recall the following results.

Lemma 1l For (B,t°)(x),s =0, 1,2, one has

(ByD)(x) =1

(But)(x) = x

(B,t2)(x) = x> + g

For proof of this Lemma, see [2].
By direct calculation, we find the following equalities:

1—
(B, (r—x>2)<x>=¥ . Byt —x)(x) = 0.

Lemma 2 For the central moments of order m € N

Tn,m(x) = Z (k - nx)m Pk.n ()C) .

k=0
One has for eachm = 0, 1, ... there is a constant A, such that
0< Tn,2m(x) < Amnm-

The presented inequality is the well-known bound for the moments of the Bernstein
polynomials, and it can be found in Chap. 10 in [27].

Lemma 3 The first-order absolute moment for Bernstein polynomial is defined as

n

My (pus, x()) = )

k=0

Pn.k (x(s))

— —x(s)
n

and satisfies the following inequality
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2x(s) (1 —x(s)\* 1 B |
My (pug. x(5)) < (—n ) 7 + PN OISR

where
BZ(%) +i+52:/_ (;)

which can be found in [28]. Note that the above inequality can be written as

2x(s) (1 — | 1
M, (pn,ka )C(S)) = (M) ﬁ +o (ﬁ) .

Remark 1 By (6), (N B, F) satisfies the following inequality:

kR —
OF (H( s))ds

(VBP0 = 1FO+| [ 3 i o) =20

We can prove the above equality as follows:

l n
(NB,F)x (t) = / [Z Pin (x(s), f (t,s, 5))} ds
0 k=0 n
1 n
= prk,n (x(s)) H, <f (t, 5, S)) ds
k=0

/ZPH(NS))‘f(f S5 —)’ds

L n

OF (*H@ —
- /Zpk,n (x(s))‘f(t,s,O)_ M’ds

as
5 k=0

F(kH(G —
o (EHGa )

< PO+ | [ 3 b o =
k=0

3 Convergence Property

We now introduce some notations and structural hypotheses, which will be funda-
mental in proving our convergence theorems.
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Here, as usual, we denote by C[0, 1] the Banach space of continuous functions
u : [0, 1] — R with norm

l[ull = sup{lu(x)| : x € [0, 1]}

Let W be the set of all continuous, concave and non-decreasing functions
¢ : RS — R with

@ (0) =0,
¢ () >O0foralu >0

and
lim ¢(u) =+oo
u—+00

in the usual sense. Such function is called a p-function.
Assume that the following condition holds:
f:10,1] x [0, 1] x [0, 1] — R is such that

Lf@s,u) = ft,s, )| <¢ (u—v]), ¥eV,

holds for every u, v € [0, 1]. Thatis, f satisfies a (L — W) Lipschitz condition with
respect to the third variable.
Let f € C ([a. b]*) and 8 > 0 be given. Then the modulus of continuity is given
by:
w(fi8)=w(@)= sup lf@t, s,u) — f(t,s,0)]. (10)

lu—v|<é , t,s€la,b]

Recall that w (f; §) has the following properties:
() Letr € R, thenw (f; A8) < (A + D w (f;9),
(i) lim o (f:6) =0,
(i) [f () — f O =t —x]),
W If 0= f@l= (5 +1) 06,
We mention that some additional properties and applications of this modulus of

continuity given in [2] and some of its generalizations can be found in [4].

Definition 1 We will say that the sequence (P,),cn iS (¥ — o) —singular if the
following assumptions are satisfied:
(P.1) For every x € I and 6 > 0, there holds

k —a
— = X| Pnk (x) =0(n ), (n — o0).

vl 2

|5 —x[=s
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(P.2) For every u € R and for every x € I, we have
n
nll)nolon |:k2(; Pyi(x, u) ui| =0.
We are now ready to establish one of the main results of this study:

Theorem 1 Let F be the Urysohn integral operator with 0 < x(s) < 1. Then
(N B, F) converges to F uniformly in x € C[0, 1]. That is,

lim [[(NB,F)x (1) — Fx(t)| = 0.

Proof In view of the definition of the operator (8), by considering (5), (9), (6) and
(7), we have

1

/ {Z Pr.n (x(s), f (t, s, l;))} ds — Fx(t)
k=0

0

1 n X 1 n
/ Pk (X()) Hy (f (z,s, ;>> ds — / D Pron (X(9) Hy (f (2,5, x(5))) | ds
o Lk=0 0

k=0

[(NBpF)x (1) — Fx(1)| =

<

+

1 n 1
/ [Zpk,n (x(s) Ha (f (z,s,x(s»)} as = [ fe.s.xnds
0 k=0 0

k
Dien (X(5)) |:Hn (f (L s, ;)) — H, (f (t, s,x(S)))} ds
0

L n
+/ P (X($)) [Hy (f (2,5, x(5))) — f (1,5, x(s)|ds

By assumption (b), the second term, namely /,, tends to zero as n — oo. In fact,
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I = /Zpk,n (x()) | Hy (f (2,5, x(8))) — f (£, 5,x(5))|ds

o k=0
1 n 1
< 0/ kgpk,n (3(6)) s
_ 1
-

which tends to zero as n — oo. Now, it is sufficient to evaluate the term /. Using
the definition of the function Fj (¢, s, x(s)) , we have

1
" k
I < /Zpk,n (x() | f (t,s, ;) —f(t,s,x(s))‘ds
0 k=0

1
n k
:[Zpk,n (x($)) | f(t,5,0) — f(t,s,x(s)) — [f(l‘,s,O)—f<t,s, ;)]‘ds

o k=0

1 n
_ /Zpk,n o) |F @5 x(s) - F (t’s, S)‘ds.
0

k=0

Let us divide the last term into two parts as:
L<hLi+hLo,

where

1

k
L= / Z Pni (x(s)) ’Fl (t,s,x(s)) — F <t, s, ;)‘ds

0 |§—x(x)|<6

and
1

k
11,2=/ > pn,k(x(s»‘ﬂ(r,s,x<s>>—F1(t,s,;ﬂds.

0 |p—x@)]=s

Since x € CJ0, 1], then clearly

<€

‘Fl (t,s,x(s)) — Fy (t, s, S)

holds true when |§ - x(s)| < §, and
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‘Fl (t,s,x(s)) — Fy (t, s, S)

< |Fi (1,5, x(5))] +‘ <t s, S)‘
<2M

holds true for some M > 0, when }f—i — x(s)} > 4.

So
1 k
I =/ Z Pk (x(8)) |Fi (1,5, x(5)) — Fy (t,s, ;)’ds
%—x(x)|<6

se/ Y pus (x(s))ds
0 ,,x(3)|<3

< €,

and

1

k
]12_/ Z pl‘t,k(-x(s))‘Fl(tvsv-x(s))_Fl (t’s7;>‘ds

0 x(s)|>6
1

<o [ patods
0 |f—x(s)|25
1 2 T

ko
M / > (Tx®> Puk (x(5)) | ds

0 Lly—x6)[=s

IA

k 2
> ;—x(s)) Puk (x(5)) | ds

1
_M/
82

0

ILxmlztS i
_2M k 2
<= Z = —x() | pux (x(s)) |ds
o Lk=0 n
In view of Lemma 2, we obtain
2M A,
I < ——

82 n’
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Collecting these estimates, we have

2MA, 1
nd* o (n)’

|(NB,F)x (1) — Fx(1)| < € +

That is,
Tlim [[(N B, F)x (1) = Fx(D)llcgo,1y = 0.
This completes the proof.
Theorem 2 Let F be the Urysohn integral operator with x € C[0, 1], and 0 <
x(s) < 1. Then for every ¢ > 0

1
((NB,F)x (t) — Fx(t)| < ¥ (e) + 20 (f;8) + ——
w(n)

holds true, where § = /x(s) (1 — x(s)) /n.

Proof Clearly, one has

e k 1
I((NBn F)x (1) = Fx ()] < / Y P (x(5) ‘f (t,s, 7> = [ s, x(9)| [ds + ——
o Li=o n ()
1
D=y () A+ —— an

wn)’

say. Since x € C[0, 1] we can rewrite (11) as follows:

1
k
L1 (x) Sf 3 Pk k) ¥ (x(s) - ED”’S
0 %7x(s)|<8
1 k
+f Z Dk (x(s5)) ‘f (t, s, ;) — f(, s,x(s))‘ ds

0 |E—x()]=s
<Y+ 1,12 (x).

Taking into account that w (f; 8) is the modulus of continuity defined as (10),
I,.1.2 (x) can be written as

1

k
Ini2 (x) = > Pk (x(s) ‘f (LS» ;) — [, 5,x(5)

0 |f—x(9]=s

ds
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| k
< [ ¥ <|;_8—X(S)|+l)ds
0

E_x(s)|=8
1
<o (f;8) 1+8‘1/ > S—x(s) Puk (x(s)) ds
0 |f—x()]=8
n k 2
. ) L
<w(f;8) 1+ f§<n x(s)) Pk (x(s)) ds
Ay
<w(f;d) 1+57}
If we choose
Ay
§=,—,
n

then one can obtain the desired estimate, namely

(M F)x (8) = Fx(D)] < ¥ (8) + 20 (f38) + %

Thus, the proof is now complete.

Theorem 3 Let F be the Urysohn integral operator with x € C[0, 1], and 0 <
x(s) < 1. Then

(N B, F)x (1) — Fx(t)] < v (} <\/% + BA)) + Min)

holds true for constants A and B, for which

= A < 00,

1
Of X(S)(l —x(S))

and
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Proof Using the similar lines to the proof of Theorem 2, one has

1 n k 1
|(NBy F)x (1) = Fx(1)] < / [Z P () |[F1 (1.5, x()) = Fy (t,s, )Hdw
0 Lizo n w(n)

1
" k 1
E " — =) |ds+ .
S!L_Op & (X(S))l[f(x(s) "D} s )

By concavity of the function ¥, and using Jensen’s inequality, we obtain

n

1
|(NB,F)x (t) = Fx(t)] < v /[Z
0

k=0

k 1
(— - X(S)>‘ Pk (x(8)) | ds | + ——
n w(n)
Since V¥ is non-decreasing, we apply the inequality of the first absolutely moment

given in Remark 1; then we can write

1 1
2 I — x(s 21 B 1
(NByF)x () = Fx()] < v (/ [(x(” ) s x(v))} ds)

0
o (L (L van))e L
Vn \V2x ()

So we get the desired estimate.

4 Practical Examples, Graphical Representations

In this section, we will apply the theory to the theory of interpolation of functions to
functionals or operators by means of Urysohn-type nonlinear operators.

We note that in Figs. 1 and 2, the graph with the red line belongs to the original
function, the graph with the green line to the operators with n = 2, and finally the
graph consisting of blue line to the operators with n = 10.

1
Example 1 Let us consider the operator Fx (1) = f x3(t)dt, and we take its corre-
0

sponding nonlinear Bernstein operator (N B, F)x (¢); then one has for n = 2 and for
n = 10.

The corresponding numerical evaluation on the left-hand side yields numerically,
for n = 10, 20, 30, 40,

n=10 n=20 n =30 n =40
(NB,F)(0.3) 0.04674 0.03666 0.0333933  0.0317775,
£(0.3) 0.027 0.027 0.027 0.027
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Fig. 1 Approximation of
1

Fx(t) = [ x3(t)dt by
0

Urysohn-type nonlinear
Bernstein operator, forn = 2
andn =10

Fig. 2 Approximation of
1

Fx(t) = [sin[x*(@) + 1] dt
0

by Urysohn-type nonlinear
Bernstein operator, for n = 2
andn = 10

(NB,F)(0.5)
f(0.5)

(NB,F) (0.8)
£(0.8)

03l
02/

011

091}
0.90
0.89
0.88 |

T

0.87 |
0.86 |
0.85 |

— [ x@)? dz

— (NBzF)x(t)
— (NByoF)x(t)

1 1

0.2 0.4 0.6 0.8 1.0

— [}'sin(x(2))*+1] dz
— (NB2F)x(t)
— (NByoF)x(t)

n=10
0.1625
0.125

n=10
0.54944
0.512

0.2 0.4 0.6 0.8 1.0

0.14375  0.1375  0.134375,
0.125 0.125 0.125

n=20 n =230 n =40
0.53096  0.524693  0.52154.
0.512 0.512 0.512

I
Example 2 Let us consider the operator Fx(r) = [ sin [x3(1) + 1] dt, and we take
0

its corresponding nonlinear Bernstein operator (N B, F)x (t); then one has forn = 2

and for n = 10.

Finally, numerically for n = 10, 20, 30, 40,

(NB,F) (0.3)
f(0.3)

n=10
0.864157
0.855751

n =20 n =30 n=40
0.860156  0.858726  0.857995,
0.855751  0.855751  0.855751
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n=10 n=20 n =30 n =40
(NB,F)(0.5) 0.908705 0.906317 0.905157  0.904507,
£(0.5) 0.902268  0.902268  0.902268  0.902268

n=10 n=20 n =30 n=40
(NB,F) (0.8) 0.9723 0.984958 0.98933 0.991542.
£(0.8) 0.998272  0.998272  0.998272  0.998272

The situation is similar for other examples studied.
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