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Preface

In mathematics, the theory of groups is a basic tool for the study of symmetries of
objects. From this point of view, the symmetries of a group G itself are encoded in
the automorphism group Aut(G) of G. Thus, the automorphism groups of finite
groups are of fundamental interest in the study of the theory of groups. Since finite
groups are in abundance, a complete exposition of all aspects of automorphism
groups of finite groups is not feasible in a single volume. Thus, exposition of
developments according to a specific theme is highly justifiable. The purpose of this
monograph is to present developments on the relationship between orders of finite
groups and those of their automorphism groups.

It is clear that the automorphism group of a finite group is finite. Therefore, it is
natural to look for a relationship between the order |G| of the group G and the order
|Aut(G)| of its automorphism group Aut(G). Over the years, this has been studied
extensively. The first-known result regarding this problem is due to Frobenius [36],
an exposition of which is also available in [16, pp. 250-252], where it is shown that
the order of G controls the orders of the elements in Aut(G). Birkhoff and Hall [12]
proved that |Aut(G)| is always a divisor of |Aut(E)||G|"™", where r is the number of
distinct prime divisors of |G| and E is the elementary abelian group of order |G|. In
the direction of a lower bound on |Aut(G)|, Hilton [58] proved that if G is a finite
abelian group such that p” divides |G|, p prime, then p"~!(p — 1) divides |Aut(G)|.
Continuing this line of investigation, Herstein and Adney [55] proved that if G is
any finite group such that p? divides |G|, then p divides |Aut(G)|. In 1954, Scott
[114] proved that if p* divides |G|, then p? divides |Aut(G)|. With these results as
motivation, Scott [114] conjectured that a finite group has at least a prescribed
number of automorphisms if the order of the group is sufficiently large. The local
version of the conjecture is as follows:

There exists a function f : N — N such that, for each h € N and each prime p, if
G is any finite group such that p’"™) divides |G|, then p" divides |Aut(G))|.

In 1956, Ledermann and Neumann [80, 81] confirmed the above conjecture by
constructing a cubic polynomial function with the desired properties, using
extension theory of groups and bounds on the order of Schur multiplier of finite




vi Preface

groups. We, henceforth, refer to the above statement as Ledermann—Neumann
theorem. Green [49] improved previously known bounds on the order of Schur
multiplier of finite p-groups and, using it together with the standard factorization of
2-cocycle associated to a central extension of groups, refined the functional bound
of Ledermann—Neumann theorem to a quadratic polynomial function. Howarth [63]
and Hyde [68] further improved this quadratic polynomial function by deriving new
bounds on the order of the group of central automorphisms. One of the aims of the
monograph is to give an exposition of these works. We have chosen to present the
various improvements rather than just the best-known results in view of the new
group-theoretic results of independent interest obtained in the course of improving
the bound.

It is natural to ask whether the function f can be bounded from below. Hyde [68]
provided an answer to this question by showing that the least function f such that
|Aut(G)|, > p" whenever |G|, > p/® satisfies f(h) > 2h — 1. One might wonder
whether this bound can be further lowered down if we restrict ourselves to the class
of finite p-groups.

For every group G, the subset Inn(G) consisting of all inner automorphisms of
G is a normal subgroup of Aut(G). Thus, we can construct the quotient
Aut(G)/Inn(G), denoted by Out(G), and called the group of outer automorphisms
of G. It seems that Schenkman [108] was the first to ask the following question:

Does every non-abelian finite p-group admit a non-inner automorphism of prime
power order?

In the same paper, he claimed a much stronger statement for groups of nilpo-
tency class 2: Namely, if G is a finite p-group of nilpotency class 2, then |G| divides
|Aut(G)|. Unfortunately, there remained a gap in his proof. A correct proof of the
preceding statement was later given by Faudree [33]. The question was answered in
full generality by Gaschiitz [40] in 1966. Using cohomological methods, he proved
that if G is a finite p-group of order at least p?, then p divides |Out(G)|. Thus, if a
non-abelian group G is of order p" and its center Z(G) is of order p, then by the
preceding result of Gaschiitz, |G| divides |Aut(G)|. In the same year, Otto [98],
motivated by the functional bounds due to Herstein and Adney [55] and Scott
[114], proved that if G is a non-cyclic finite abelian p-group of order greater than
p?, then |G| divides |Aut(G)|. By this time, the following problem, which was later
also recorded in [89, Problem 12.77], became well known.

DivisiBILITY PROBLEM: Does the order of a non-cyclic finite p-group G of order
greater than p* divide the order of its automorphism group Aut(G)?

Notice that Divisibility Problem can also be thought of as a question whether for
all non-cyclic finite p-groups G, the identity function f on N\{1,2} satisfies the
property that, for each & € N\{1,2}, if p/™® divides |G|, then p" divides |Aut(G)|.

One of the first reductions for Divisibility Problem was given by Otto [98], who
showed that it is enough to consider purely non-abelian p-groups (recall that a
group is said to be purely non-abelian if it does not admit a nontrivial abelian direct
factor). Buckley [14] reduced the problem further by showing that we can restrict
our attention to only those finite p-groups for which the center Z(G) is contained in
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the Frattini subgroup @(G) of G. It has since been proved that the problem has an
affirmative solution for many special classes of non-cyclic finite p-groups, for
example p-groups with metacyclic central quotient [18], modular p-groups [22], p-
abelian p-groups [19], groups with small central quotient [20], groups with cyclic
Frattini subgroup [30], groups of order p’ [41], and groups of coclass 2 [35]. Using
techniques from coclass theory, Eick [26] showed that, for all but finitely many
2-groups of a given coclass, the problem has an affirmative solution.

It is worth pointing out that the main ingredient in the solution of Divisibility
Problem for groups G in various classes is the subgroup

IC(G) := Inn(G)Autcent(G)
of the automorphism group Aut(G) of G, where
Autcent(G) = {¢ € Aut(G) |x '¢(x) € Z(G) forall x € G},

the group of central automorphisms of G.

In 2015, it was shown by Gonzdlez-Sanchez and Jaikin-Zapirain [46], making an
extensive use of pro-p-techniques, that there exist non-cyclic finite p-groups of
order greater than p? for which |G| does not divide |Aut(G)|. We present a detailed
exposition of this important development in the theory of automorphism groups.
However, it is still intriguing to know for what other classes of non-cyclic finite p-
groups the problem has an affirmative solution and to construct explicit
counterexamples.

In view of the existence of counterexamples to Divisibility Problem, it is rea-
sonable to introduce the following property:

A non-cyclic finite p-group G of order greater than p* is said to have Divisibility
Property if |G| divides |Aut(G)|.

Determining all finite p-groups admitting Divisibility Property continues to be a
challenging problem.

Another fundamental problem in the study of automorphism groups of finite
groups is the following extension and lifting problem for automorphisms of groups.

If:1—-N—G— H — 1 is a short exact sequence of groups, then under
what conditions does an automorphism of N extend to an automorphism of G and
analogously when does an automorphism of H lift to an automorphism of G?

A crucial role in the investigation of this problem has been played by an exact
sequence due to Wells [126] relating derivations, automorphisms, and second
cohomology groups of groups under consideration. Let

o : H — Out(N)

be the coupling associated to the extension £ (see Sect. 2.2 of Chap. 2 for defini-
tion). The coupling « leads to an H-module structure on the center Z(N) of N. Let
Der(H, Z(N)) be the group of derivations from H to Z(N), Auty(G) the group of
automorphisms of G normalizing N (keeping N invariant as a set),
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C, = {(¢,0) € Aut(H) x Aut(N) | 0a(x) 0" = a(¢p(x)) forallx € H},

and H?(H, Z(N)) the second cohomology of H with coefficients in Z(N), where
0 = Inn(N)0 € Out(N). With the foregoing setting, Wells derived the following
fundamental exact sequence, which we refer to as Wells exact sequence throughout
the monograph:

1 — Der(H, Z(N)) — Auty(G) — C, — H*(H, Z(N)).

Wells exact sequence also turned out to be very useful, as we will see, in the study
of the relationship between the order of a finite group and the order of its automor-
phism group. Notably, Wells exact sequence is used in Sect. 4.1 of Chap. 4 to obtain a
reduction of Divisibility Problem for finite p-groups to the case when Z(G) < ®(G).
Another instance of an extensive use of Wells exact sequence is in Sect. 5.3 of
Chap. 5 for estimating |Auty (G)| for 2-groups G. Notice that the exactness of Wells
sequence at C, is equivalent to saying that a pair of automorphisms in C, is induced
by an automorphism in Auty(G) if and only if the cohomology class corresponding
to the pair vanishes. This fact is used in many instances throughout the monograph to
extend certain automorphism of N to an automorphism of G, for instance, Sects. 3.3
and 3.4 in Chap. 3 and Sect. 5.4 in Chap. 5.

Expositions of Wells exact sequence have appeared in the literature a couple of
times, for example, by Robinson [104, 105] and recently by Dietz [23]. The
extension and lifting problem for automorphisms has been investigated using Wells
exact sequence by Jin [73], Passi, Singh and Yadav [99], and Robinson [106, 107].
In the monograph, we give a thorough exposition of Wells exact sequence fol-
lowing its construction due to Jin-Liu [74], along with some applications.

The monograph is broadly divided into three parts. The first part is an exposition
of Wells exact sequence including some of its applications. The second part is an
exposition of various developments on the functional bound. The final part presents
the works on Divisibility Property of finite p-groups culminating in the existence of
groups without this property.

In Chap. 1, we discuss the basic results on p-groups that are used in subsequent
chapters of the monograph.

In Chap. 2, we begin with basic notions from group cohomology and extension
theory of groups leading to the construction of the fundamental exact sequence of
Wells. We also discuss some ramifications of Wells exact sequence, followed by a
characterization of extensions with trivial coupling in terms of central products of
groups. We conclude the chapter with applications of Wells exact sequence in the
extension and lifting problem for automorphisms of finite groups.

In Chap. 3, starting with basic results on Schur multiplier of finite groups, we
present the Ledermann—Neumann theorem giving a cubic polynomial function and
its subsequent refinements to quadratic polynomial functions. In particular, an
affirmative solution of Divisibility Problem for non-cyclic abelian p-groups is
derived.
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In Chap. 4, we take up the study of groups admitting Divisibility Property and
first present some general reduction results allowing us to work in a smaller class of
finite p-groups, namely the class of purely non-abelian finite p-groups. We then
discuss Divisibility Property for (i) p-groups of nilpotency class 2, (ii) p-groups
with metacyclic central quotient, (iii) modular p-groups, (iv) p-abelian p-groups,
and (v) p-groups with small central quotient.

In Chap. 5, we continue our study of Divisibility Property and examine it for
(i) p-groups of order p’, (ii) p-groups of coclass 2, (iii) p-groups of a given coclass,
and (iv) p’-abelian p-central p-groups. Finally, we present results for some other
classes of groups under some rather strong conditions, including p-groups with
cyclic Frattini subgroup.

In Chap. 6, which is of slightly different flavor, we present the existence of
groups without Divisibility Property using Lie theory and pro-p-techniques.

The monograph is aimed at researchers working in group theory; particularly,
graduate students in algebra will hopefully find it useful. The primary prerequisite is
an advanced course in the theory of finite groups. Section 5.3 of Chap. 5 requires
familiarity with coclass theory and pro-p-groups. Additionally, Chap. 6 demands
familiarity with basic analysis, topology and Lie algebras. An attempt has been
made to unify various ideas developed over the years and to keep the monograph
mostly self-contained. Either the results are proved or complete references are
provided. Also, some problems are posed at appropriate places, more precisely
Problems 2.57, 3.50, 3.88, 4.22, 4.35, 5.11, and 6.22.

We conclude with some notational setup. Throughout the monograph, we
evaluate the composition of functions from right to left. For example, if f : A — B
and i : B — C are two functions, then Af (x) = h(f(x)). The internal direct product
of two subgroups H and K of a multiplicatively written group G (not necessarily
abelian) is denoted by H @ K.
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Minimum number of generators of G

Subgroup of a group G generated by a subset X
{hk|h € H, k € k}, where H and K are subgroups of a group G
Coclass of G

Order of G

Order of g € G or equivalently |{g)|

Kernel of the group homomorphism ¢ : G — H
Image of the group homomorphism ¢ : G — H
Image of x € X under the map ¢ : X — Y
Conjugacy class of x in G

H is a subgroup of G

H is a proper subgroup of G
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Couc)(Z(G))
IC(G)

L

XG

G,

GOH

@iG;

XxY

I Xi

det(A)

Notation

Index of the subgroup H in G

N is a normal subgroup of G

N is a proper normal subgroup of G

Set of elements of X which are not in Y

Commutator x;xx7 1x; !

[...[[x1,%2], %3], - - ., x,] the left-normed commutator of xy, .. .,x,
Subgroup of G generated by {[h, k]| h € Handk € K}, where
H and K are subgroups of G

Commutator subgroup of G

Center of G

Centralizer of H in G

Centralizer of (x) in G

Normalizer of H in G

nth term of the lower central series of G; in particular,
72(G) =[G, G]

nth term of the upper central series of G; in particular,
Z1(G) = Z(G)

(xeGl ¥ =1)

<x1’” X € G>

Unique Sylow p-subgroup of the abelian group A

Frattini subgroup of G

Group of automorphisms of G

Group of inner automorphisms of G

Aut(G)/Inn(G)

Group of automorphisms of G which centralize the subgroup
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quotient group of G, induce identity on H

Group of automorphisms of G which normalize the subgroup
H (i.e., keep H invariant as a set)

Autg (G) N Aut”(G)
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Inn(G)Autcent(G)

Inner automorphism of G induced by x € G
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{g € G| 8x = x}, the stabilizer subgroup of G at x € X
Direct product of G and H

Direct product of the family {G;}

Cartesian product of X and Y

Cartesian product of the family {X;}

Determinant of a square matrix A
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M ®r N
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Ring of r X r matrices with entries in the ring R

Group of r X r invertible matrices with entries in the ring R
Group of r x r orthogonal matrices with entries in the ring R
Group of r X r upper unitriangular matrices with entries in the
ring R

Schur multiplier of G

Ring of formal power series in X with coefficients in the ring R
Group algebra of G over the ring R

Completed group algebra of a pro-p-group G over the ring Z,
Augmentation ideal of the group algebra R[G]

Group of derivations from G to A, where A is a G-module
Derivation algebra of the Lie algebra L

Inner derivation algebra of the Lie algebra L

nth cohomology of G with coefficients in the G-module A

nth continuous cohomology of the topological group G with
coefficients in the topological G-module A

nth Lie algebra cohomology of L with coefficients in the
L-module A

Set of equivalence classes of extensions of H by N

Set of equivalence classes of extensions of H by N inducing the
coupling o : H — Out(N)

kth exterior power of the Lie algebra L

Group of homomorphisms from G to the abelian group A
Module of R-module homomorphisms from M to N

Algebra of R-module endomorphisms of M
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Chapter 1 ()
Preliminaries on p-Groups oo

This chapter is a collection of some basic results in the theory of p-groups. Beginning with
central series of groups, we discuss regular p-groups and present some numerical results on
p-groups with large centers. We then present a generalization of a theorem of Gaschiitz, and
conlude the chapter with a quick review of pro-p-groups and coclass graphs.

1.1 Central Series

Given a group G, and its subgroup H, the centralizer of H in G is the subgroup of
G defined by setting

Co(H)={ge G |ghg ' =hforallh e H}.
If H is a normal subgroup of G, then so is C5(H). The centralizer of G in G itself
is called the center of G, and we denote it by Z(G).
A central series of G is an ascending series
1=Go<G < <G <

of normal subgroups G; of G such that

Giy1/Gi

IA

7(G/G)).

There are two extreme central series, namely, the lower and the upper central series,
which are fundamental in group theory.
Let G be a group and x, y € G. Then

[x, y]:= )cyx_ly_l

is called the commutator of x and y. In general, given elements xi, ..., x, € G,

© Springer Nature Singapore Pte Ltd. 2018 1
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2 1 Preliminaries on p-Groups

[x1, .o, x0] i= 1. X1, x20, 231, .00, X0,

is called the left-normed commutator of xy, . .., x,. For two subgroups H and K of
G, we define

[H,K]=([h.k]|h € H, k € K),

the commutator of H and K. If both H and K are normal subgroups of G, then so is
[H, K]. Further, if H = K, then [H, H] is called the commutator subgroup of H.
Set v1(G) = G. We define a descending series

G=7(0)znG) = z27%G)=---
of normal subgroups of G, recursively fori > 1, by setting

7i+1(G) = [7i(G), GI;

this series is called the lower central series of G. If +;(G) = 1 for some integer i,
then G is called a nilpotent group. A nilpotent group G is said to be of nilpotency
class c if v.41(G) = 1 but 1.(G) # 1.

The ascending series

1 =70(G) =7Z,(G) =---=Z;(G) <+~
of normal subgroups of G, where Z; | (G) is such that
2i+1(G)/ Zi(G) =Z(G/ Zi(G)),

is called the upper central series of G.

Exercise 1.1 Letl = Gy < G| <--- < G; < --- be acentral series of a group G.
Then the following statements hold:

(1) G; <Z;(G) foralli.

(2) If G isanilpotent group with nilpotency class ¢, then v, (G) < G._;+;. Moreover,
[7i(G), Zi(G)] = 1fori > 1.

(3) FOI'i 2 2, ’YI(G) = 1 lf and Only 1fZ,_1(G) = G

Exercise 1.2 Let G be a finite nilpotent group with nilpotency class ¢ and N a nor-

mal subgroup of G such that N < Z(G). If Z(G/N) =Z(G)/N, then Z;(G/N) =
Z;(G)/N forall 1 <i <c.

Let G be a group and H a subgroup of G of finite index, say n. Let {x, ..., x,}
be a set of representatives of the right cosets of H in G. Then, for g € G, we have

Hx,-g = ng(l‘>,
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where the map i — g¢(i) is a permutation of the set {1, ..., n}. Consequently, the
element x; gx(/_(l!) € H forall g € G. Let A be an abelian group, andf : H — A be a
group homomorphism. Then the transfer of @ is the map

0*:G— A

given by
0*(g) = ]_[ 0(xigx, ) (1.3)
i=1

for g € G. It is not difficult to see that the map 6* does not depend on the choice
of the coset representatives and is a group homomorphism. We need the following
basic result [103, 10.1.3].

Proposition 1.4 Let G be a finite group and H < Z(G) with |G/H| = n. Then the
transfer of the identity homomorphism idy : H — H is the map x > x".

Now we concentrate on finite p-groups. The following result is due to Exarchakos
[30].

Proposition 1.5 Let G be a finite p-group. Then
exp (7i4+1(G)/7i+2(G)) < 17:(G)/(Z(G) N7 (G))|
foralli > 1.

Proof Let|7:(G)/(Z(G) Nv;(G))| = p".Since Z(G) N v;(G) is acentral subgroup
of v;(G), by Proposition 1.4, the transfer homomorphism

7:7%(G) = Z(G) N ¥ (G)
is given by x > x? . Let x € 7;(G) and y € G. Then [x”", y] = 1, and therefore
[, 317 = 7(x, y]) = 7eyx Ty ™) = 70)rOx Ty T =X yx Py = 1

Hence, exp ('yi+1(G)/7i+2(G)) <p. (]
The next result is due to Gallian [37, Theorem 2.1].

Proposition 1.6 Let G be a p-group of nilpotency class ¢ with~; (G) /7i+1(G) cyclic
of order p” forall2 <i < c. Then

Zi(G) NYe=i(G) = Ye—i+1(G)

forall0 <i <c—2.



4 1 Preliminaries on p-Groups
Proof Since, by Exercise 1.1, v.—;11(G) < Z;(G), it follows that

Ye-i+1(G) = Zi(G) N - (G)
for all 0 <i < c¢ —2. We only need to prove the reverse inclusion. The result is

obvious for i = 0. Now we proceed by induction on i > 1. For i =1, 7.(G) <
Z(G) N 7v.~1(G) < ~.-1(G). By Proposition 1.5, we have

eer(G)] ee1(G)]
P =he@l=exp (D) = 17 m = = 6]

Consequently, Z(G) N v.—1(G) = v.(G), and hence the result holds fori = 1.
Suppose that Z; (G) N .- (G) < Ye—i+1(G) for some i > 1. For a subgroup H
of G, let H* denote the image of H under the natural homomorphism

G = G/Ye-i11(G).

Since
[G.Zi1(G) N Vi1 (G)] £ Zi(G) N i (G) = Yemir1(G),

it follows that
(Zis1(G) N Yesim1(B)) " < Zis1 (G*) N Yei—1 (GF).

Since G* has nilpotency class ¢ — i and factors of successive terms of its lower
central series are cyclic of order p”, we have

Zi11(G*) NYesi—1(G*) = Yt (G*) = (7e—i(G))".

Hence, Z; 11 (G) N v.—i—1(G) < v.—i(G), and the proof is complete. O
For a finite group G, the Frattini subgroup of G, denoted by ®(G), is defined as

the intersection of all maximal subgroups of G. The product of two subgroups H, K
of a group G is defined as

HK ={hk|h e H, k € K}.

Notice that HK is not a subgroup of G in general; however, if HK = K H, then
it is a subgroup. In [70], Itd proved the following result (see [56, 61, 94] for some
generalizations).

Proposition 1.7 Let G be a finite p-group and H a proper subgroup of G. If
Y2(H) < 12(G), then 1 (HP(G)) < 72(G).

Proof The proof is by induction on |G : H| and |G|. Notice that the result holds for
all non-abelian p-groups of order p>. Suppose that the result is true for all groups
with order smaller than |G|.
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First assume that v,(G) < H, which implies that H is normal in G. If
Y2 (H) #1, then 7, (H<I>(G)) < v (G) by the induction hypothesis, since
<I>(G/72(H)) = ®(G)/v(H) and |G/v2(H)| < |G|. Thus, we can assume that
72 (H) = 1, thatis, H is abelian. If |, (G)| > p?, then there exists a central subgroup
C of order p containedin v, (G) and G/ C is non-abelian. Since ®(G/C) = ©(G)/C
and |G/C| < |G/, it follows that ,(H ®(G)) < 72(G) by the induction hypothesis.
If |72(G)| = p, then G has nilpotency class 2, and therefore (¢” | g € G) < Z(G).
Hence, ®(G) < Z(G), and consequently H ®(G) is abelian.

If L is a subgroup of G of maximal order such that v, (L) < v2(G), then 1, (G) <
L. For, otherwise L < Lv,(G), and therefore L+,(G) contains a subgroup M con-
taining L such that [M/L| = p. As L is normal in M, it follows that 7, (M) < L.
Notice that v, (M) < v2(G), whichis a contradiction to the maximality of the order of
L. Consequently, by the preceding paragraph, we get vy, (L D( G)) < 72(G). Thus, we
can assume that the result is true for all subgroups L of G suchthat |G : L| < |G : H]|.

Now consider the case when H does not contain v, (G). Then, as in the preced-
ing paragraph, Hv,(G) contains a subgroup K containing H such that |G : K| <
|G : H| and 72(K) < 7 (G). Hence, by the induction hypothesis, it follows that
Y2 (KCD(G)) < %2(G). Since v, (H<I>(G)) <7 (KCD(G)),We obtain 7y, (HCD(G)) <
72(G), which completes the proof. g

A group G is said to be metabelian if it admits an abelian normal subgroup N
such that the quotient group G /N is abelian. The results in the following proposition
are well-known, and proofs can be found, for example, in [66, Chapter III].

Proposition 1.8 Let G be a finite p-group of nilpotency class ¢ > 1. Then the fol-
lowing statements hold:

(1) exp (Zi+1 (G)/Z; (G)) is a non-increasing function of i.

(2) exp (’yi (G) /i1 (G)) is a non-increasing function of i.

(3) 1G/(Ze-1(G)P(G))| = p*.

(4) G/ Z.~1(G) has two independent generators of the same order.

(5) If G is generated by 2 elements and of nilpotency class at most 4, then G is
metabelian.

(6) If p > 2 and Z,(G) is cyclic, then G is cyclic.
The following interesting result is due to Wiegold [127].

Theorem 1.9 Let p be a prime and G a group such that |G/ Z(G)| = p”. Then
rr=1)

72(G) is a p-group with |72(G)| < p 7.

Proof The proof is by induction on r. The result is obvious for » < 1. So we assume
that |G/ Z(G)| = p" = p*.Letx € Z»(G) \ Z(G), and set H = G/N, where

N =([x, gllgeG)={lx, gllgeG}



6 1 Preliminaries on p-Groups

Notice that Z(G)/N <Z(H) and Nx € Z(H); for, [Nx, Ng] = N[x, g] = N for
all g € G. Since x is not central, Nx ¢ Z(G)/N, and hence |H/Z(H)| = p*® for
some s < r. Thus, by induction,

r—H(r-2)
2

a(H)| < p'
Since Z(G) < Cg(x), we have
INI =|G|/ICe(x)| < |G/Z(G)| = p.

Using the fact that 7, (G)/N = v.(H), we obtain

rr=1)

[2(G)| =IN||InH)| <p =,

which completes the proof. (]

For a finite p-group G, define
2(6) =(9eG1g" =1)

and
6:6) = (9" 19 € G)

for each integer i > 1. Observe that both ©2;(G) and G; (G) are characteristic sub-
groups of G.
A group G is said to be metacyclic if it admits a cyclic normal subgroup N such
that G/ N is cyclic. For example, groups of order p? and exponent p? are metacyclic.
The following result is useful [66, III.11.4 Satz].

Proposition 1.10 Ler G be a finite p-group, where p is an odd prime. If
|G/U1(G)| < p? then G is metacyclic.

Let H be anormal subgroup of a group G. Then the pair (G, H) is called a Camina
pair if
Hx C Gy

forall x € G\ H, where
“x:={gxg"' | g€ G}

denotes the conjugacy class of x in G. For example, the pair (G, 72(G)), where G
is an extraspecial p-group, is a Camina pair. Recall that, a finite p-group is said to
be extraspecial if v,(G) = Z(G) = ©(G) is of order p.

With the preceding definition, we present the following result of Macdonald
[84, Lemma 2.1, Theorem 2.2].
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Proposition 1.11 Ler G be a finite p-group of nilpotency class ¢ and H a normal
subgroup of G such that (G, H) is a Camina pair. Then the following statements
hold:

(1) H="27Zc_11(G) =,(G) for some?2 <r < c.
(2) If H =Z7(G), then exp (Z,(G)/ Z,—1(G)) = p forall1 <r <c.

Proof By the definition of a Camina pair, Z(G) < H.If H # Z(G), then (G/ 7(G),
H/ Z(G)) is also a Camina pair. A repetition of the argument yields

H=7.,1 (G)

for some 2 <r <c. Notice that Z._,+1(G) > ¥.(G). Suppose that H =
Ze_r41(G) > v,.(G). Then (G/'y, (G), H/, (G)) is a Camina pair, and hence

Y-1(G)/%(G) < Z(G/7(G)) < H/%(G).

Consequently, v,—1(G) < H =Z.—,4+1(G), which by an easy induction yields
Y.(G) < Zy(G) = 1, acontradiction. Hence, H = Z._,+1(G) = ~,(G) proving (1).

Suppose that H = Z(G). Then (G/N, H/N) is a Camina pair for each proper
normal subgroup N of H, and consequently Z(G/N) < H/N. Obviously, H/N <
Z(G/N), and hence Z(G/N) = Z(G)/N. Now, by taking N = U;(Z(G)), we
obtainZ (G/N) = Z(G)/N.Since [Z,(G), G] < Z(G), itfollows that [, (Zz(G)),
G] < N. Consequently, we have

01(Z2(G))/N < Z(G)/N,
and hence exp (Z>(G)/ Z(G)) = p. By Proposition 1.8(1), we get
exp (Z41(G)/ Z,(G)) = p

forallr > 1.In particular, exp (G/ Z.—1(G)) = p. Since, by Exercise 1.1, [y.1(G),
Z.1(G)] =1, we get exp ([7e-1(G), G) = p. By assertion (1), we have Z(G) =
7.(G), and the proof of assertion (2) is complete. O

We conclude this section with the following result of Yadav [128, Theorem 3.1]
on Camina pairs.

Theorem 1.12 Let G be a finite p-group such that (G, Z(G)) is a Camina pair.
Then one of the following statements holds:

(1) There exists a maximal subgroup M of G such that Z(M) = Z(G).
(2) The elementary abelian groups 7,(G)/ Z(G) and G/ ®(G) have the same order.

Proof We first prove the theorem for groups G with | Z(G)| = p. If G has a maxi-
mal subgroup M such that Z(M) = Z(G), then we are done. Therefore, we assume
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that there does not exist any maximal subgroup M of G such that Z(M) = Z(G).
By Proposition 1.11(2), Z,(G)/ Z(G) is elementary abelian. Let M be a maximal
subgroup of G and x € G such that G = (M, x). Since

2(G) =m(G) = ®(G) = M,

it follows that Z(G) < Z(M), and therefore C;(M) = Z(M).
We claim that Z(M) < Z,(G).Lety € Z(M).If y € Z(G), then we are done. So
lety ¢ Z(G). Since x? € ®(G) < M and y € Z(M), we get

[v.G]l = [y, (M, x)] =y, (x)]

and
Ly, (x)]I = p.

By the given hypothesis Z(G) C [y, G]. Thus, it follows that [y, G] = Z(G), and
therefore y € Z,(G) proving our claim.

Let y,z €e Z(M)\ Z(G). Then y,z € Z,(G) \ Z(G), and therefore [z, G] =
Z(G) = [y, G]. Notice that Z(G) = [y, G] = {[y,x]). Since [z,x],[y,x]¢€
[z, G] = Z(G) and | Z(G)| = p, it follows that

[z,x] = [y, x] = [y, x]

for some i with 1 <i < p. Thus, y'z~! € Cg(x), which implies that y'z~! € Z(G),
since y'z~! € Z(M). Consequently,

(2(G), y) = (2(G), 2)

and
|Z(M)| = p|Z(G)| = p*.

We have proved that for any maximal subgroup M/®(G) of G/ P (G), there exists
a subgroup Y/ Z(G) = Z(M)/ Z(G) of Z,(G)/ Z(G) such that |Y/ Z(G)| = p.

On the other hand, suppose that Y’/ Z(G) is a subgroup of Z,(G)/Z(G) such
that |Y'/Z(G)| = p. Then Y’/ Z(G) is cyclic, say, generated by Z(G)y' for some
y' € Z5(G). Therefore, C (y') is a maximal subgroup M’ of G, since

ICcONI = IGI/IlY', Gl = |GI/p.

Thus, M’/ ®(G) is a maximal subgroup of G/ (G) corresponding to Y’/ Z(G), and
it follows that Y’ = Z(M’). This establishes a bijection between the set of all sub-
groups Y/ Z(G) of order p in Z,(G)/ Z(G) and the set of all subgroups M /P (G) of
index pin G/ ®(G). Since the two groups Z,(G)/ Z(G) and G/ P (G) are elementary
abelian, the existence of such a correspondence implies that
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72(G)/ 2(G) = G/ D(G),

which completes the proof when | Z(G)| = p.

Now assume that G is a p-group with | Z(G)| > p®. Let N be a maximal sub-
group of Z(G). Since N < Z(G), it follows that (G/N, Z(G)/N) is a Camina pair.
By Proposition 1.11(1), we get Z(G/N) < Z(G)/N. That Z(G)/N <Z(G/N) is
obvious, and therefore (G /N,Z(G/N )) is a Camina pair. Since

|Z(G/N)| =Z(G)/N| = p,

it follows from our assumption that the theorem holds for G/N. Thus, G/ N satisfies
one of the assertions in the statement of the theorem. . o

If G/ N satisfies assertion (1), then it has a maximal subgroup M suchthatZ(M) =
Z(G/N). Let

m:G—> G/N
be the natural projection. Then 7~ (M) {is a maximal subgroup M of G containing
N such that 7(M) = M = M /N. Since M contains Z(G/N) = Z(G)/N, it follows
that M contains Z(G). Hence, Z(G) < Z(M), and we have
Z(G)/N = Z(M)/N < Z(M/N) =Z(G/N) =Z(G)/N.

Thus, it follows that Z(G) = Z(M), and hence G satisfies assertion (1).
If G/ N satisfies assertion (2), then

|Z2(G/N)/Z(G/N)| = [(G/N)/®(G/N)]|.
Since Z(G/N) = Z(G)/N, it follows by Exercise 1.2 that Z,(G/N) = Z,(G)/N.
Hence,

25(G)/ Z(G) = Z2(G/N)/ Z(G/N).

By Proposition 1.11(1), N <Z(G) < 7»(G) < ®(G), and we obtain ®(G/N) =
®(G)/N. Consequently,

G/®(G) = (G/N)/(®(G)/N) = (G/N)/®(G/N).
Since
| Z2(G)/ Z(G)| = | Zo(G/N)/ Z(G/N)| = [(G/N)/®(G/N)| = |G/ D(G)|,

it follows that G satisfies assertion (2), and the proof is complete. (]
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1.2 Regular Groups

A finite p-group G is said to be regular if for each pair of elements a, b in G, there
exists an element ¢ in v, (H) such that

(ab)? = a’bPc?,

where H = (a, b). For p > 3, any finite p-group of nilpotency class 2 is regular.
More generally, every finite p-group of nilpotency class less than p is regular. The
reader is referred to Huppert [66, II1.10] for more details on regular p-groups. We
begin with the following result [66, IT1.10.2(c) Satz].

Lemma 1.13 Let G be a finite p-group, p an odd prime, such that v,(G) is cyclic.
Then G is regular.

Exercise 1.14 Let G be a finite regular p-group. Then the following statements
hold:

(1) Qu(G)={geG|g" =1} foralli > 1.

() U:(G)={g” | g G}foralli > 1.

(3) 1G/Q:(G)| = |U:(G)| forall i > 1.

(4) If x, y € G, then, for all k, [ > 0, [x?", y?'] = 1 if and only if [x, y]”" = 1.

Before proceeding further with regular p-groups, we introduce some definitions.
Let £ be a lattice with join Vv and meet A. Then L is said to be modular if

aVvVibAanc)=(aVvb)Arc

for all a, b, ¢ € £ with a < ¢. We refer the reader to [47] for more details on lattice
theory. Notice that the set of all subgroups of a group forms a lattice with inclusion
as the partial order. Given two subgroups A and B of a group G, the join A Vv B is the
subgroup (AB), and the meet A A B is their intersection A N B. A group is called
modular if its lattice of subgroups is modular.

Metacyclic p-groups are examples of modular groups. More concrete examples
are the groups which occur as a direct product of the quaternion group of order 8§ and
finite elementary abelian 2-groups. We refer the curious reader to [109, Chapter 2]
for a detailed study of modular groups. Further, the reader can refer to [9, Section 73]
for classification of modular p-groups.

For a positive integer n, a group G 1is said to be n-abelian if

(xy)" = 2"

for all elements x, y € G. Our interest here lies in the case when n = p, a prime.
Any finite p-group of exponent p is obviously p-abelian. For odd primes p, if the
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commutator subgroup v, (G) of a finite p-group G is of exponent p, then G is p-
abelian. It is shown a little later that the exponent of the commutator subgroup of a
p-abelian p-group is always p. Examples of finite p-groups with elementary abelian
commutator subgroups can be easily constructed by taking a finite p-group G and
factoring out by <I>(72(G)), the Frattini subgroup of 7, (G).

For odd primes p, we investigate three specific classes, introduced above, of
regular p-groups, namely, (1) p-groups G with central quotient G/ Z(G) metacyclic,
(2) modular p-groups and (3) p-abelian p-groups. These investigations are applied
later in the monograph. That p-abelian p-groups are regular is clear, and the regularity
of the other two classes is established below.

Let G be a finite p-group with metacyclic central quotient G/ Z(G) and of nilpo-
tency class greater than 2. Set

G = G/Z(G).

Then there exists a cyclic normal subgroup B of G such that G/B is also cyclic.
Therefore, we can choose elements a and b in G such that

B = (Z(G)b)
where the order of Z(G)b is p™ for some m > 1, and
G/B = (Ba),

where a = Z(G)a.
For the group G in the preceding paragraph, we have

Lemma 1.15 For odd primes p, v,(G) is cyclic of order p™ generated by la, b].
Furthermore, G is regular.

Proof Consider the subgroup M = (b, Z(G)) of G. Notice that 7,(G) < M and
beCg ('YZ(G))~ Therefore, M is a normal abelian subgroup of G, and G/M is the
cyclic subgroup (Ma), and [a, b]* = [a, b*] for any positive integer k. Since the
order of Z(G)b is p™, we have

(a0 = [a.p""] = 1.

Furthermore, since G = (a, b, Z(G)), it follows that [a, b]”" # 1 for any positive
integer n < m. Thus, the order of [a, b] is p™. It also follows that

72(G) = la, G] = ([a, D])

and hence 7,(G) is cyclic of order p™. Since p is odd, G is regular by
Lemma 1.13. (]
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The following two results are due to Davitt and Otto [21].

Theorem 1.16 Let G be a finite p-group with metacyclic central quotient G =
G/Z(G) and of nilpotency class greater than 2, where p is an odd prime. Let
a,b € G be such that B = (5) is of order p™ for some m > 1 and G /B = (Ba),
where b = Z(G)b and @ = Z(G)a. Then the following statements hold:

(1) The element a can be chosen such that
la,b] = b""z (1.17)

for some 0 < a < m and z € Z(G).
(2) If M = (b, Z(G)), then the order of Ma is p™.
(3) 1G/Z(G)| = p* and |G /1(G)| = p" | Z(G)].

Proof By Lemma 1.15, G is regular. Further, by Exercise 1.14(4), we have

{

[a”",b] = [a, b]"" = 1.

It therefore follows that a”” e Z(G). Hence, the order of Z(G)a is p™, since
[a, b]”" # 1 forany k < m.

Since [a, b] € 72(G) < M, we have [a, b] = b'P" 7, where r is coprime to p and
z € Z(G). Also, since the nilpotency class of G is at least 3, we can choose o such
that 0 < o < m. Notice that

1(G) = {la',b] |0 <i < p"}.

Since r and p are coprime, there exists an integer s such that s is coprime to p and
rs = 1 modulo the order of b. Thus, (b'?"z)* = b”"z* also generates 72(G), and
therefore b”"z° = [a', b] for some i, 0 < i < p™, coprime to p. Consequently, we
have (Ba) = (Ba'). Now replacing a by a' settles assertion (1).

Observe that the order of [a, b] modulo Z(G) is p™~“, and therefore

172(G)Z(G)| = p" " | Z(G)I.

Since |72(G)| = p™, we have |12(G) NZ(G)| = p®. If a” € M, then, M being
abelian,
1=[a”,b]=[a,b]".

Thus, the order of Ma is at least p™. On the other hand, since Z(G) < M, the order
of Ma cannot exceed the order of Z(G)a, which is p™. Hence, the order of Ma is
p™, which is assertion (2).

As a consequence of assertion (2), G/M is cyclic of order p™. Thus,

G/ Z(G)| = |G/M| M/ Z(G)| = p™",
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which obviously gives |G /72 (G)| = p™ | Z(G)|, and the proof is complete. (]

We continue assuming that G is a finite p-group with G/Z(G) metacyclic. Let
exp (G/72(G)) = p* and exp (Z(G)) = p'. Then there exists z; € Z(G) of order
p! such that

2(G) =(u)d W

for some subgroup W, of Z(G) with exponent p”, where 3 < I.Let M = (b, Z(G)).
Since 7, (G) < M and the order of Ma is p™ (by Theorem 1.16(1)), it follows that
the order of v,(G)a is at least p™, and therefore k > m. With this set-up, we now
prove the following result.

Theorem 1.18 Let G be a finite p-group with metacyclic central quotient and of
nilpotency class greater than 2, where p is an odd prime. Then the following state-
ments hold:

(1) 1Z2(G)/ Z(G)| = p**, where o is as in (1.17).

(2) The elements b and z; can be chosen such that

{7

al’ = zf mod W,

and
m pT[;
b =1z mod W,

for some 0 <t,, 1, <l.

Proof Using the facts that |G/ Z(G)| = p*", |72(G/Z(G))| = p™~* and [a, b] =
bP" mod Z(G), the proof of assertion (1) is an easy exercise.

Since a?" € Z(G), it follows that a?" = z;pmw] for some w; € W, and some
integer » which is coprime to p. Since (z;) = <11 ) replacing z; by z] settles first part
of the assertion (2). Similarly, b”" = z” ’ w for some w| € W, and some integer s
which is coprime to p. Then there exists an integer g such that gs = 1 modulo the
order of z; and g is coprime to p. Then

m splb b
(bq)p = Z({Ap (w/l)’f = le mod W],

and (Z(G)b?) = (Z(G)b). Hence, we can replace b by b?, and the proof of assertion
(2) is complete. [l

Next, we investigate finite non-abelian modular p-groups. Recall that, a group is
called Hamiltonian if all its subgroups are normal. The following result is a folklore
[66, I11.7.12 Satz].

Theorem 1.19 Every non-abelian p-group of odd order is non-Hamiltonian.
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The following result is due to Iwasawa [69]. Also see [117, p. 13, Theorem 14]
for a proof.

Theorem 1.20 Let G be a modular non-Hamiltonian p-group. Then the following
statements hold:

(1) There exists an abelian normal subgroup A of G such that G/ A is cyclic.

(2) For each generator Ab of G/ A, there exists an integer o« > 0 such that [a, b] =
a foralla € A.

A variant of the preceding theorem is the following result of Davitt and Otto [22].

Theorem 1.21 Let G be a modular p-group, p an odd prime. Then there exists an
abelian normal subgroup A of G and an integer o« > 0 such that G/A is cyclic,
Ua(A) = 72(6) and Br(A) = 73(G).

Proof Since p is an odd prime, by Theorem 1.19, G is non-Hamiltonian. Now, by
Theorem 1.20, G contains an abelian normal subgroup A and an element b such that

G/A = (Ab)
is cyclic. Further, there exists o > 0 such that
la,b] = a"
for all @ € A. Since G/ A is abelian, we have 7,(G) < A, and it follows that
Ua(A) = 72(G).

Notice that [a, b'] = a1+ =1 lies in U4 (A) foreacha € A andi > 0. Using com-
mutator identities, it is not difficult to show that each commutator is of the form a?"
for some a € A. Consequently, we have U, (A) = 72(G). The proof of the assertion
U4 (A) = 13(G) is similar and left as an exercise. U

The next two results are also due to Davitt and Otto [22].
Theorem 1.22 For an odd prime p, a non-abelian modular p-group G is regular.

Proof Letx,y € G and H = (x, y). Assume that H is non-abelian. Since 7,(G) is
abelian, we have
(xy)? = xPyPcld,

wherec € v, (H)andd € y,(H).Since G is modular, then sois H. Thus, by Theorem
1.21, there exists an integer «; such that y3(H) = O, ('yz(H )), and we have



1.2 Regular Groups 15

Yp(H) < y3(H) = Vg, (12(H)) < Ui (12(H)).

Consequently,d = d{ forsomed, € v2(H). Since v2(H) < 72(G) which is abelian,
we have c’d = (cd;)? with cd; € v, (H). Therefore,

(xy)p — xpypcf,
where ¢; = c¢d, and hence G is regular. O

Next, we determine the structures and the orders of Z(G) and Z,(G) of a modular
p-group G.

Theorem 1.23 Let G be a modular p-group of nilpotency class greater than 2 and A
an abelian normal subgroup of G as in Theorem 1.21 such that |G/A| = | (Ab) | =
p* and exp (WQ(G)) = p™ for some positive integers k and m. Then the following
statements hold:

(1) k>m > «;
(2) Z(G) = (b"")(ANZ(G)) = (b"")Qa(A) with | Z(G)| = p*" |Q2.(A)];
(3) Za(G) = (b7 )24 (A) with | Zy(G)| = p* " [Qaa(A)].

Proof By Theorem 1.21, we have U,(A) = 72(G), and consequently exp(A) =
p" e, Since vy, (G) is abelian, it follows that for each a € A,

1 =[a,b]”" =[a,b"]=[a"",b).
Consequently, a”*, b”" € Z(G), and hence U,,(G) < Z(G).If m < «, then
72(G) = Ua(A) < Bu(G) = U,(G) = Z(G)
and G has nilpotency class 2, which is contrary to our assumption. Hence, we have
m > q.
Notice that a”" = 1 if and only if a € Z(G). It follows that
Q.(A) = ANZG). (1.24)

Since b?" lies in Z(G), we have (b?")(ANZ(G)) < Z(G). Conversely, let x =
bla € Z(G), where a € A. Then

1 =[x,b]=[ba,b]=][a, bl =a",
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and hence a € 2,(A). Now, for a; € A, we have
l=[x,al=[b a1l =[b,ail,
and hence p™ divides i. Thus,
Z(G) = (b"")(ANZ(G)) = (b"")Qu(A).

Next, we claim that | (Z(G)b) | = p™. Suppose that | (Z(G)b) | < p"™~'. Then,
by the regularity of G, each commutator in G has order < p”’_l, and hence
exp (12(G)) < p™~!, a contradiction. Therefore,

k>m,

and hence
|Z(G)| = p* ™ |Qa(A)]

proving assertions (1) and (2).
Notice that

75(G) = {x € G| [x,b], [x,a] € Z(G) forall a € A}.
Ifa € Q54 (A), then [a, b] = a?" € Q,(4) < Z(G), and consequently
Q4(A) < Z5(G).
Conversely, let x = b'a € Z,(G) witha € A. Then
[x,b] = [b'a,b] = [a,b] = a”" € Z(G) N A = Q,(A),
and hence a € 2,,(A). Since b’ € Z,(G), we have
[b', a1] € Z(G) N A = Qu(A)
for each a; € A. Thus, we obtain
1=[b, a1 =", al.
Therefore, b'?" € Z(G) and p™ divides ip®. Hence, p"~“ divides i, which yields
Z5(G) = (0" )220 (A).

By (1.24), we get
| (AD) | = | {Qa(A)b) | = p*. (1.25)
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Thus, we obtain | (Q2,,(A)b) | = p* and
1 Z2(G)| = p*" |2 (A)),

which is assertion (3). (Il

Notice that a finite p-abelian p-group is always regular. Consequently,
Bi(G) = (x* | x € G)

and .
QUG ={xeG|xP =1}

We conclude this section with the following observation originally due to Hobby
[60, Theorem 1].

Theorem 1.26 Let G be a finite p-abelian p-group. Then U;(G) < Z(G) and
72(G) = 21(G).

Proof Let g, h € G be such that the order of g is p*. Set

e pht
u =gI+p+ 7

Then we have
u'hPu = (uhu)? = uPhPu?,

equivalently u?~'hPu'~P = h?. Notice that u'"? = ¢'~7" =g, which implies
g '"h?g = h”, and hence U;(G) < Z(G). The second assertion is obvious from the
first. [l

1.3 Groups with Large Center

Throughout this section, we assume that Z(G) < ®(G). The results are due to Davitt
[20]. We begin with a general result about the relationship between the exponents of
abelianization and center of finite p-groups.

Theorem 1.27 Let G be a finite p-group such that ®(G) is regular. Then the fol-
lowing statements hold:

(1) Ifexp ('yz(G)) = p, then exp (G/fyz(G)) > exp (Z(G)).

(2) Ifexp (12(G)) = p? then exp (G/72(G)) = exp (Z(G))/p.
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Proof Let exp(G) = p™. Since exp (12(G)) = p, we have

exp (G/12(G)) = p" .

Notice that ®(G) = U1(G)¥2(G). Since Z(G) < ®(G) and P(G) is regular, we
have
exp (Z(G)) < max{exp (U1(G)), exp (12(G))} = p™ .

Consequently, it follows that exp (G /72(G)) > exp (Z(G)), proving assertion (1).
The proof of assertion (2) goes on similar lines. (]

Exercise 1.28 If A is an abelian normal subgroup of a group G with cyclic factor
group G/A = (Ax), then the map a — [a, x] is an epimorphism from A to 7, (G)
and |A| = [72(G)| [ANZ(G)I.

Next we show that p-groups with sufficiently large centers are metabelian.

Theorem 1.29 Let G be a non-abelian p-group such that |G| Z(G)| < p*. Then G
is metabelian.

Proof The group G possesses the series of normal subgroups
Z(G) < K <9(G) <G,

where K = 7,(G) Z(G). Observe that it is sufficient to prove that K is abelian. Under
the given hypothesis, |[K/Z(G)| is 1, p or p>. If |[K/Z(G)| is 1 or p, then K is
obviously abelian. So we assume that | K| = p?. Notice that in this case K = ®(G).
If K/Z(G) is cyclic, then obviously K is abelian. The only case which remains is
when K/ Z(G) is non-cyclic. Then there exist elements a, b € K such that

K/Z(G) = (Z(G)a) & (Z(G)b) .

If the nilpotency class of G is 3, then [a, b] € 74(G) = 1, and therefore K is
abelian. If the nilpotency class of G is 4, then y3(G) £ Z(G). Therefore, we can
choosea € ,(G) and b € v3(G). Thus, [a, b] € v5(G) = 1, which implies that K is
abelian. O

Theorem 1.30 Let G be a p-group such that |G/ Z(G)| < p*. Then the following
statements hold:

(1) Ifexp (12(G/ Z(G))) = p, then U1(12(G)) < Z(G) and exp (13(G)) = p.
(2) Ifexp (12(G/ Z(G))) < p*, then exp (12(G)) < p*.
Proof Set H = G/Z(G). Notice that v, (H) = 72(G) Z(G)/ Z(G). Since the expo-

nent of 7,(H) is p, it follows that U (72(G)) < Z(G). Again notice that the nilpo-
tency class of G is at most 4. Thus, for any x € G and u € 1,(G), we have
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L =[x, u’]=[x,ul”,

and therefore exp (73(6)) =p.
Since the exponent of H is at most p? and the nilpotency class of G is at most 4,
for any x, y € G, we have

P2 P2
L= [x", y] =[x, 17 [, p, 219 )L,y v, 2160
If p > 3, then exp (v3(H)) < p as |H| < p*. Thus, it follows that [x, y]”* = 1. If
p = 2, then an easy GAP [38] check or an exercise shows that exp (yz(H )) <2

hence [x, y]"’2 = 1. Since 7, (G) is abelian, by Theorem 1.29, and is generated by
elements of order at most p?, it follows that exp (*yz(G)) < p* ]

We conclude this section with the following result on 3-groups.

Theorem 1.31 Let G be a 3-group such that G/Z(G) is not metacyclic and
|G/ Z(G)| < 3* Then the following statements hold:

(1) exp (1(G/ (@) =3;
(2) exp(13(G)) = 3;
(3) ©(G) is regular.

Proof Set H = G/Z(G). Since H is not metacyclic, we have exp(H) < 32. There-
fore, by Theorem 1.30(1), exp (’yz(G)) <32 Obviously, we have |y, (H)| < 32.
Suppose that exp (72(1‘1)) = 32. Then H is regular and d(H) = 2. If H = (x, y),
then v2(H) = ([x, y]),and Uy (H) = (x*, y*)is of order 3%. Thus, |G /U (G)| = 3%,
which implies that H is metacyclic, a contradiction. Hence, assertion (1) holds.

By (1), we get exp (y2(H)) = 3. Therefore, by Theorem 1.30(1), we have
Ul('yz(G)) < Z(G) and exp (73(G)) = 3, proving assertion (2). Assertion (3) is
immediate from the inequality |®(G)/ Z(G)| < 3. (I

1.4 Gaschiitz’s Theorem and Its Generalization

We begin the section with some basic definitions. Let G be a group and X a set. By
a left action of G on X, we mean amap G x X — X, written as

(g, x) = Ix,

satisfying the following conditions:

(1) 'x = x for all x € X, where 1 is the identity element of G;
(2) 91925 =9 (%2x) forall g1, go € Gand x € X.
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An action of a group G on a set X is said to be free if, for each x € X, the stabilizer
subgroup
G, ={geG|9x =x}

of G at x is the trivial subgroup. Further, for each x € X, the set {'x | g € G} is
called the orbit of x, and the action is called transitive if it has just one orbit.

For each x € X, the map g — 9x induces a bijection between the set G/ G, of
right cosets of G, in G and the orbit of the element x. This observation is referred
to as the orbit-stabilizer theorem in the literature.

Throughout the monograph, all our group-actions are left actions, unless stated
otherwise. For a group G and g € G, let ¢, denote the inner automorphism of G
induced by g.

In 1966, as an ingenious application of cohomological methods, Gaschiitz [40]
(see also [122, Theorem 12.2.3]) proved the following result.

Theorem 1.32 Let G be a non-abelian finite p-group. Then G has a non-inner
automorphism of order a power of p.

The following generalization of the preceding theorem for non-abelian p-groups
was obtained by Schmid [111], again using cohomological methods, which was
reproved by Webb [123] without using cohomology theory.

Theorem 1.33 Let G be a non-abelian finite p-group. Then G has a non-inner
automorphism centralizing Z(G) and of order a power of p.

We here present Webb’s proof.
Let G be a finite p-group and M a maximal subgroup of G. Let g € G be such
that G/M = (M g). Define endomorphisms 7 and ~y of Z(M) as follows

Tm)=mm--- 9"

and
y(m) = [m, gl,
for all m € Z(M).

Exercise 1.34 Im(y) < Ker(r) and Im(7) < Ker(y) =Z(G) N M. Moreover,
| Ker(7)/Im(7y)| = [ Ker(y)/Im(7)]|.

For a given a € Aut(M), we define
Ao = {9 € AwM(G) | ¢lu = o}

and
M, ={m e M |[a, ] = v, and a(g”) = (mg)"}.

Notice that, in the definition of M,,, ¢, is viewed as an automorphism of M. With
this set-up, we prove the following result.
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Lemma 1.35 Let o € Aut(M). Then the map A, — M, given by ¢ — ¢(g)g~" is
a bijection. Further, if the order of o is some power of p, then so is the case for each
element of A,

Proof If ¢ € A,,then aroutine calculation gives ¢(g)g~' € M,.Letu € M,.Define
¢: M — Mby ¢p(m) = a(m) forallm € M and ¢(g) = ug. Since a(g?) = (ug)?,
it follows that ¢ is well-defined.

Next, we show that ¢ is a homomorphism, and hence an automorphism. For
my, mp € M, we have

Gm1g")d(mag’) = almy)(ug) a(my)(ug)’
= a(m)) “Y a(my)(ug)’™
= a(m) (uty)' (a(m2)) (ug)’™
= a(m)(arga™")(a(mn))(ug)’ ™
= a(m)(ag) (mo) (ug)’ ™
= ¢(m1g'mag”).
Thus, we establish a bijection between A, and M,,. Further, if the order of « is p”

and the order of the element o” ~'(u)a” ~2(u) - - - a(u)u of M is p*, then a direct
computation shows that the order of ¢ is p’**. (Il

Let idj, be the identity automorphism of M. Notice that, by Lemma 1.35, Ajq,, =
Aut’-6/M(G) is a p-group.

Lemma 1.36 Let G be a finite p-group and M a maximal subgroup containing
Z(G) such that G/M = (M g). Then AutM- M (G) % Inn(G) if and only if Im(1) #
Ker(y).

Proof Replacing « by the identity automorphism id, of M, we obtain
Ay, = Aut™ M (G)

and
M, = {m e Z(M) | g" = (mg)"}.

Now, by Lemma 1.35, it follows that Aut”-6/" (G) < Inn(G) if and only if Miq,, con-
sists of elements of the form ¢,(g)g~", where u € C(M). Since Z(G) < M, it fol-
lows that C (M) = Z(M).But, Cq(M) = Z(M) if and only if M4, < [Z(M), g] =
Im(~y). A direct calculation shows that

KCI"(T) = MidM-
Since Im(7) < Ker(7), we have Aut”-¢/"(G) < Inn(G) if and only if Ker(r) =

Im(y). In view of Exercise 1.34, the last equality holds if and only if Im(7) =
Ker(7). [l
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The proof of Lemma 1.36 indeed gives
Corollary 1.37 IfIm(7) < Ker(vy), then
| Aut”-9M (G) Inn(G)/ Inn(G)| = | Ker(v)/ Im(7)|.
For a group G, set
Cous) (Z(G)) = Aut”“(G)/ Inn(G).

Exercise 1.38 Let G be a non-abelian group of order 8. Then 2 divides the order of
Cout() (Z(G))~

Next, we prove

Lemma 1.39 Let G be a non-abelian finite p-group such that |G| > 8 and each
maximal subgroup of G containing Z(G) is abelian. Then p divides the order of
Couo) (Z(G)).

Proof Contrarily, assume that the result is false. Then notice that
Aut" M (G) = Ay, < Inn(G).
By Exercise 1.34 and Lemma 1.36, we have
Im(7) = Ker(y) = Z(G).
We claim that any element x € G \ Z(G) generates a maximal subgroup of G. Let
x € G\ Z(G). Since, G being non-abelian, G/ Z(G) is not cyclic, we can choose
a maximal subgroup N of G containing x and Z(G). Let y € G be such that G =

(v, N), and M be a maximal subgroup of G containing y and Z(G). Notice that
G = N M. By the given hypothesis, both N and M are abelian. Thus,

2(G) = NNM = C(N)NCs (M) =Z(G),

which gives Z(G) = N N M. By the maximality of N and M, it now follows that
N = (x,Z(G)) and both x” and y” lie in Z(G). Thus,

G = (x,y,2(G))
and |G/ Z(G)| = pz, which implies that v, (G) = ([x, y]) is of order p; nilpotency
class of G is 2. By the given hypothesis on the order of G, we can assume that either
pisoddor p =2 and |Z(G)| > 4. For, if | Z(G)| = 2, then |G| = 8.

Since N is abelian, we get

Z(N) =N = (x,Z(G)) .
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Thus, by the definition of 7 and G being of nilpotency class 2, we have

Z(G) = Im(7)
=(1(x), 7(2) | z € Z(G))
— (x”[x, y]p(p—l)/Z’ lze Z(G))
= (x”[x, y]??"V7?) since ¥ € ®(Z(G)).

If p is odd, then obviously Z(G) = (x?). If p =2, since [x, y] is of order 2 and
Z(G) is cyclic of order at least 4, it follows that [x, y] € CD(Z(G)). Hence, N =
(x,Z(G)) = (x) is cyclic, and the claim follows.

Since y € G \ Z(G), we have M = (y) is cyclic of order at least p?, and therefore
yP # 1. Notice, by the choice of y, that y? = x'?, for some integer . Consequenty,
we get y~'x” € G \ Z(G). Thus, (y~'x") is a maximal subgroup of G having order
p, if p is odd, or 4, if p = 2, none of which is possible. ]

We are now ready to prove Theorem 1.33.

Proof of Theorem 1.33. We proceed by induction on the order of finite p-groups.
Let G be a non-abelian finite p-group. Suppose that the theorem holds for all non-
abelian finite p-groups of order less than |G|. In view of Lemma 1.39 and Lemma
1.36, we can, respectively, assume that G admits a non-abelian maximal subgroup
M containing Z(G) and

Im(7) = Ker(y).

Then by induction hypothesis p divides the order of Cow) (Z(M)).

Let g € G be such that G = (g, M) and v := 14|y, the restriction of ¢, to M,
where ¢, denotes the inner automorphism of G induced by g. Then the order of 1 is
some power of p. We claim that ¢ normalizes Coy(ar (Z(M)), that is, (Y)ap~" €
Coumy (Z(M)) for all & € Aut“™ (M), where ¢ = Inn(M)?) and & = Inn(M)a.
Let a € Aut?™) (M). Since Z(M) is a normal subgroup of G, for all u € Z(M), we
have

Yoy~ () = Y (a@ W) = (v W) = u,

and the claim follows. The group (1)) acts on the set of all Sylow p-subgroups
of Couamn (Z(M )). Using the Sylow theorem and the orbit-stabilizer theorem, it
follows that some Sylow p-subgroup of Couu) (Z(M)) is kept invariant by (1)).
Now, restricting the action of (1) on this Sylow p-subgroup and again using the orbit-
stabilizer theorem, we get a non-inner automorphism o € Aut“™ (M) of p-power
order such that

[, ¥] = vy € Inn(M),

where m € M.
Notice, 9 being the restriction of ¢, that

AP = (L )P = Limgyr (1.40)
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and
PP =14 € Inn(M).

Putting the value of ¥/? in (1.40) and equating both the sides give
(mg)~"a(g’) € Z(M).
Since « centralizes Z(M), we have
(mg)"a(g”) = o' ((mg)™")g".

Noticing that [a~!((mg)~")g?, g] = 1, we obtain (mg) Pa(g”) € Ker(y). Since
Im(7) = Ker(v), there exists an element y € Z(M) such that

(mg)~Pa(g”) =7(y). (1.41)
A straightforward calculation shows that

g7

g =1 gr G gP!
(myg)” = (ymg)? = 9y 9" 39y (mg)? = (mg)” y9y--- 9"y = (mg)"7(y).

since y € Z(M) and Z(M) is normal in G. Hence, by (1.41), we obtain
a(g”) = (myg)”.
Noticing that ¢,,, = t,,y, it follows that my € M,.
By Lemma 1.35, « extends to an automorphism ¢ of G of p-power order. By
the choice of « and the fact that Z(G) < Z(M), ¢ centralizes Z(G). It only remains
to show that ¢ is non-inner. Contrarily, assume that ¢ is inner, say, induced by

x € G. Then, by the choice of «, x centralizes Z(M). Suppose that x € G \ M.
Then G = (x, M), and therefore Z(M) = Z(G). Thus,

Ker(vy) = Im(7) = Z(M),
which forces Ker(7) = 1. But, on the other hand,
1 # Q1(2(6)) < Ker(r),

a contradiction, and hence x € M. Then o = ¢|y € Inn(M), which contradicts the
fact that « is non-inner. Thus, ¢ is non-inner, and the proof is complete. O
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1.5 Pro-p-Groups

In this section, we record some preliminaries on pro-p-groups. We refer the reader
to [24] for detailed account of pro- p-groups.

We begin with the definition of a directed set. A directed set is a non-empty
partially ordered set (A, <) with the property that for every A, u € A there exists
v € A with A, u < v. For example, the set of natural numbers N with the usual order
< is a directed set.

A topological group G 1is a topological space which is also a group such that the
map G x G — G given by

(9. h) — gh™",

g, h € G, is continuous. Here G x G is equipped with the product topology. An
inverse system of topological groups over a directed set (A, <) is a family of topo-
logical groups {G )} \ca With continuous group homomorphisms

UPWTR GA — G,,,
whenever 1 < A satisfying the compatibility conditions
ﬂ')\’)\ = idG)\

and
Ty T p = T,

forv <p <A\

The inverse limit of the inverse system {G}\ca of topological groups, denoted
by l(ln G ), is the subgroup of the topological group [ [, G consisting of elements
(gr)ren such that 7y ,(g)) = g, whenever p < A

Notice that each finite group can be viewed as a topological group when equipped
with the discrete topology. If we start with an inverse system {G )} ca of finite groups
each of them equipped with the discrete topology, then [[,_, G has the product
topology, and hence 1(1r_n G ) with the induced topology becomes a compact Hausdorff
topological group.

For a prime p, a pro-p-group, by definition, is the inverse limit of an inverse
system of finite p-groups. For example, finite p-groups are pro-p-groups if given
the discrete topology. A prototype example is the additive group Z, of p-adic integers
defined as the inverse limit of the inverse system of finite cyclic groups {Z/p"Z},en
with natural maps

7/p" 7 — 7./ p"Z

whenever n > m. In fact, Z,, is a pro-p-group containing Z as a dense subgroup.
Further, Z,, is a ring without zero divisors and its field of fractions is the field Q, of
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p-adic numbers. We refer the reader to [43] for an elementary introduction to theory
of p-adic numbers.
Define the coclass of a finite p-group G of order p”, denoted by cc(G), as

cc(G) :=n —cl(G),

where cl(G) denotes the nilpotency class of G. An infinite pro- p-group L is said to
be of coclass r if there exists some positive integer k such that cc (L /i (L)) =r for
alli > k.

Given a prime p and a positive integer r, let G(p, r) denote the directed graph
whose vertex set consists of all isomorphism types of finite p-groups of coclass 7,
and there is a directed edge from H to G if there exists a normal subgroup N of G
such that |[N| = p and G/N = H. The graph G(p, r) is referred to as the coclass
graph of finite p-groups of coclass r. For example, the coclass graph G(2, 1) is as
follows:

Vy Cy
\

Dy Os
Doy

D Q16 SDi6
\

D3, O3 SD3,

Here, Vj is the Klein 4-group. Forn > 3, Dy, Qo are the dihedral and the quaternion
groups of orders 2", respectively. And for n > 4, S D, is the semi-dihedral group of
order 2".

If G and H are two groups representing two different vertices of G(p, r), then
we say that G is a descendant of H if there is a directed edge from H to G. Observe
that, if G is a descendant of H, then

cc(G)=cc(H)=r.

Since |G| = p |H|, it follows that c1(H) = cl(G) — 1, and therefore N must neces-
sarily be the last term of the lower central series of G.

Let L be an infinite pro-p-group of coclass r, t be the minimal positive integer
such that cc (L/%(L)) =r and L/v,(L) do not arise as a quotient of an infinite
pro- p-group of coclass r not isomorphic to L. Then the full subtree 7 (L) of G(p, r)
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consisting of all descendants of L /~; (L) is called a maximal coclass tree in G(p, r).
It follows, by construction, that the sequence of groups {G;};>¢ with

G; == L/vi(L),

called the main line of T (L), contains every infinite path of 7 (L).

Now onwards we assume that p = 2. Let 7 (L) be a maximal coclass tree in
G(2,r) and {G,};>¢ its main line. For each non-negative integer 7, let 7 (L); be the
subgraph of 7 (L) consisting of all descendants of G; which are not descendants of
G;+1. The following theorem gives a description of L [24, Theorem 10.1].

Theorem 1.42 Let L be an infinite pro-2-group of coclass r. Then L has an open
normal subgroup T = (Zg)dfqrd = 2 forsome s < r + 1. Furthermore, P = LT
is a 2-group of order 27"V and has coclass r.

The following result is [24, Theorem 10.2] for p = 2.

Theorem 1.43 For a given integer r, there are only finitely many isomorphism types
of infinite pro-2-groups of coclass r.

The preceding theorem can be interpreted as the graph G(2, r) containing only
a finite number of maximal coclass trees. An immediate consequence of the con-
struction of the maximal coclass tree and the preceding theorem is the following
result.

Corollary 1.44 For a given integer r, all but finitely many 2-groups of coclass r are
contained in a maximal coclass tree of G(2, r).

In Theorem 1.42, the integer d is referred to as the rank of the maximal coclass
tree 7 (L), the open normal subgroup 7 is the translation subgroup of L and P is
its point subgroup. It follows from [82, Lemma 7.4.3] that there exists a sufficiently
large positive integer k such that 7 = ~(L).

We conclude this chapter with two theorems of Eick and Leedham-Green [27],
which play a crucial role in Sect.5.3 of Chap.5. The first one being the following
result [27, Theorems 27, 28].

Theorem 1.45 Let L be an infinite pro-2-group of coclass r and T (L) a maximal
coclass tree in G(2, r) of rank d. Then there exists a positive integer m such that for
each j > m, there is a graph isomorphism

Tj - T(L)] — T(L)j+d.

Furthermore, |7;(G)| = 2¢ |G| for all G € T(L);.

Let m be the smallest positive integer as in the preceding theorem. Then a group
G, representing the root of the subgraph 7 (L),, is called the periodicity root of
T (L). The full subtree of 7 with root as the periodicity root is called the periodic
part of T. Setting Tp = T and
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Tiyy =1T;, L],

the final result of this chapter is as follows [27, Theorem 7].

Theorem 1.46 Let L be an infinite pro-2-group of coclass r, T = (L) for some
integer k and P = L/ T. If k is chosen sufficiently large, then every group G in the
periodic part of T (L) can be written as an extension of P by T/ T;, where j is such
that |G| = 27 | P|. Furthermore, 7i(G) is an extension of P by T /T 4.



Chapter 2
Fundamental Exact Sequence of Wells oo

Given a normal subgroup N of a group G, a basic problem in the theory of automorphisms
of groups is that of extending an automorphism of N to an automorphism of G, and the
analogous one of lifting an automorphism of the quotient group G/N to an automorphism
of G. A crucial role in the investigation of these problems is played by an exact sequence
due to Wells [126]. In this chapter, a detailed exposition of this sequence and its role in
determining conditions for extension and lifting of automorphisms is presented.

2.1 Cohomology of Groups

Let G be a group and R a commutative ring with unity. The group algebra of G over
R, denoted by R[G], is defined as the free R-module with basis G and the product
which extends simultaneously the group operation in G and the ring multiplication
in R. More precisely, elements of R[G] are finite formal sums of the form ) a9,
where a, € R and g € G. Further, for elements ) " a,g, Y b,g € R[G], the product

is defined as
(Eas9) (Xr9) = Lean

wherec, =) _ a.by. Itcan be easily verified that R[G] is an R-algebra. Further,
since R is a ring with unity, R[G] is also a ring with unity. There is a natural
homomorphism

€: RG] = R

given by
€ (Z agg) = Z a,

called the augmentation map. The kernel of ¢ is a 2-sided ideal of R[G], called
the augmentation ideal of R[G], and denoted by Iz (G) or simply by I (G) in case
the ring of coefficients is clear from the context. Group algebras over the ring Z of

© Springer Nature Singapore Pte Ltd. 2018 29
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integers are of particular interest in group theory. For a given group G, modules over

the group algebra Z[G] are also referred to as G-modules. Notice that if a group G

acts on an abelian group N by automorphisms, then N can be viewed as a G-module.
Let R be a commutative ring. A cochain complex of R-modules is a family

C= {Cnv 3"};130
of R-modules C" and R-module homomorphisms
gt —

defined for each integer n > 0, such that 9"9"~! is the trivial homomorphism. Set
C'=1and 07':C™' — C° as the trivial map. For each integer n > 0, 9" is
called the nth coboundary operator, and C" the R-module of n-cochains. Further,
Ker(8") is referred to as the R-module of n-cocycles, and Im(9"~') the R-module
of n-coboundaries. The n-dimensional cohomology of the cochain complex C is the
R-module

H"(C) := Ker(9")/Im(d" ™).

For an n-cocycle ¢ € Ker(9"), we denote by [c¢] € H"(C) the corresponding coho-
mology class.

If C={C", 0"},s0 and C' = {C"", &"},=¢ are two cochain complexes, then a
cochain transformation f : C — C’ is a family of R-module homomorphisms f” :
C" — C"" such that

fn-Han — a/" fn

for each n > 0. It follows that each " maps n-cocycles of C to n-cocycles of C’ and
n-coboundaries of C to n-coboundaries of C’. Consequently, the cochain transforma-
tion f induces a family of homomorphisms

H"(f) : H*(C) — H"(C))

defined by
H'(f)([e]) = [f" ()]

for ¢ € Ker(9").

Let us recall the construction of the cochain complex defining the cohomology of
groups. We refer the reader to the excellent books [1, 11] for details on cohomology
of groups.

Let G be a group and N a left G-module, that is, there is a left action of G on
the abelian group N by automorphisms. Set C~'(G, N) =1, and C°(G, N) = N
viewed as maps from the trivial group to the group N. For each integer n > 1, let
C"(G, N) be the set of all maps
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c:G":=Gx---xG— N.
———

n copies

Each C"(G, N) is endowed with the structure of an abelian group with respect to the
point-wise multiplication of functions, and referred to as the group of n-cochains.
The coboundary operator

J": C"(G, N) - C"™(G, N)

is given by
d"(@)(g1, - s Gnt1)
=90(g2, .- +» Gur1) ﬁ 091y -y GkGhtls - s gn_s_l)(*l)kcr(gl, ce g,,)(fl)"“
. (2.1)
forallo € C*"(G, N)and (g1, ..., gn+1) € G Ttis straightforward to verify that

0"9"~! is the trivial homomorphism, and thus we obtain a cochain complex

n—1 1
s, S cvG, MHS et G N) - -

of abelian groups.

Set Z"(G, N) = Ker(d") the group of n-cocycles, and B"(G, N) = Im(9"~")
the group of n-coboundaries. Then the n-dimensional cohomology group of G with
coefficients in N is the cohomology of the cochain complex {C"(G, N), 0"},
and denoted by

H"(G, N) =Z7"(G, N)/B"(G, N).

Except in Chap. 6, the cohomology groups are written multiplicatively throughout
the monograph.
The low dimensional cohomology groups have very interesting interpretations.
To be precise,
H(G, N) = N = {n eN|n=nforallge G},
the fixed-point set of the action of G on N. The first cohomology group
H!(G, N) =Z'(G, N)/B'(G, N),

where

ZY(G, N) = {0:G— N|o(gig) = o(g1) "o(g2) for g1, g2 € G}
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also called the group of derivations or crossed homomorphisms, and
BY(G, N)={0: G — N | there exists n € N such that o(g) = (Yn)n~! for g € G}

also called the group of inner derivations. Due to this, the group Z' (G, N) is also
denoted by Der(G, N) in the literature.
The second cohomology group H>(G, N) classifies equivalence classes of exten-
sions
1> N—->II—-G—1

of G by N inducing the given G-module structure on N. For these interpretations
and more on cohomological methods in group theory, see [50].

Let G and G’ be two groups. Let A be a G-module and A" a G'-module. We
say that a pair (a, 3) of group homomorphisms «: G’ — G and 3: A — A’ is
action-compatible if the following diagram commutes

GxA —— A

Tl b

'xA! —— A'.

In other words,

7Ba) = 5("a)
foralla € A and ¢’ € G’. With this set-up, we have the following result.

Proposition 2.2 Let («, 3) be an action-compatible pair. Then, for eachn > 0, there
is a homomorphism of cohomology groups

(o, )" : H'(G, A) — H"(G', A").
Proof Fix n > 0. For each o € C"(G, A), define 0’ : G'" — A’ by
oGy, G - -0 ) = Blo(alg), algh), ..., alg))))

for (¢, g5, ..., g,) € G". Then ¢’ is an element of C"(G', A’).
Define («, 8)" : C"(G, A) — C"(G’, A’) by setting

(a,3)"(0) =0’

Itis routine to check that («, 5)" is ahomomorphism commuting with the coboundary
operators, that is, the following diagram commutes
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(G, A2 onGr, A

J/all J/an
(a, B!

C"I(G, A) —— C"TI(G/, A).

Consequently, it follows that («, (3)" preserves both cocycles and coboundaries, and
hence induces a map

(o, /" : H'(G, A) - H'(G', A))

given by
(a, B)'(lo]) = [0].
It is again routine to check that («, 3)" is a group homomorphism. (]

In particular, if G = G’ and o = idg, then we write («, ) = (3 and obtain the
following

Corollary 2.3 Let G be a group, A and A’ two G-modules, and 3 : A — A’ a
G-module homomorphism. Then, for each n > 0, there is a homomorphism

B H'(G, A) — H'(G, A)

of cohomology groups.

Similarly, if A = A’ and 3 = id,, then we write («, 5) = « and obtain the fol-
lowing

Corollary 2.4 Let G and G’ be two groups and A a module over both G and G'. Let
a : G' — G be an action-compatible homomorphism. Then, for each n > 0, there

is a homomorphism
o' :H' (G, A) — H'(G', A)

of cohomology groups.

Let H be a subgroup of a group G and o : H — G the inclusion. Let A be an
H-module. Define
B : Homyy (ZIG], A) — A

by f — f(1), where 1 is the unity of the group algebra Z[G]. Then the pair («, 3)
is action-compatible, and hence induces a homomorphism

H* (G, Homy 4 (Z[G], A)) — H*(H, A).
Itis a well-known result, called the Eckmann-Shapiro Lemma, that the above homo-

morphism is, in fact, an isomorphism (see [11, p.73, Proposition6.2], [11, p.80,
Exercise 2] and [25, Theorem4]).
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Theorem 2.5 Let H be a subgroup of a group G and A an H-module. Then, for
each n > 0, there is an isomorphism of cohomology groups

W H" (G, Homyz (ZIG], A)) — H'(H, A).

Let A be a G-module and H a subgroup of G. Then A is also an H-module.
Further, the group Homgy;1(Z[G], A) can be turned into a G-module by setting

UNHG)=fg'g
for g, ¢’ € G and f € Homyu(Z[G], A). Define a map
q : A — Homyzm (Z[G], A)

by setting, for each a € A,
q(a)(g) = ‘a

for g € G. Then ¢ is a G-module homomorphism since

qCa)(g) = “9a = q(a)(gd9) = “q@)(g)

for g, ¢’ € Ganda € A. By Corollary 2.3, for each n > 0, there is a homomorphism
of cohomology groups

¢" :H'(G, A) — H" (G, Homgzy(ZIG], A)).

For each n > 0, setting resf, = W"g", we obtain a homomorphism of cohomology
groups
resG :H"(G, A) — H"(H, A)

called the restriction map.

Remark 2.6 Let A be a G-module and H a subgroup of G. Then A is also an
H-module and the inclusion H < G is an action-compatible homomorphism. By
Corollary 2.4, there is a homomorphism

H"(G, A) - H"(H, A)

for each n > 0. A direct check shows that this homomorphism is the same as the
restriction homomorphism defined above.

Next, we proceed in the opposite direction. Assume that A is a G-module and H
a finite index subgroup of G. Let the index of H in G be n, and {g, ..., g,} a set of
representatives of the right cosets of H in G. Define a map

t: HOIIIZ[H] (Z[G], A) — A
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by setting .
1 =[1_ " e

for f € Homyy) (Z[G], A). Since, forany h € H,

(h.(Jj)"(f(hgj)) = (h'{]j)ilh(f(gj)) = g;l(f(gj))

foreach 1 < j < n, it follows that the function ¢ is independent of the choice of the
coset representatives. Since {gg, . .., g,g} is also a set of coset representatives, we
obtain

n

(@) =14 @Hg

Jj=1

=[] (f@io

j=1

=T fgi9»

J=1

=7t (f)),

and hence ¢ is a G-module homomorphism. Now by Corollary 2.3, for each n > 0,
there is a homomorphism

" : H" (G, Homz(Z[G], A)) — H"(G, A).
For each n > 0, set cores§ = ¢"(¥")~!. Then
coresG H'(H, A) — H"(G, A)

is a homomorphism of cohomology groups called the corestriction map or the trans-
fer map.

Remark 2.7 Let H be afinite index subgroup of a group G. If A is a trivial G-module,
then H'(H, A) = Hom(H, A) and H' (G, A) = Hom(G, A). If f € Hom(H, A),
then coresg( f) € Hom(G, A) is also referred to as the transfer of f, since it coin-
cides with the transfer homomorphism given by (1.3).

The following fundamental result relates the restriction and the corestriction maps
(see [11, Chapter III, Proposition 9.5(ii)] and [25, Theorem 5]).

Theorem 2.8 Let A be a G-module and H a subgroup of G of index k. Then, for
each n > 0, the homomorphism
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coresf, resg :H*'(G, A) - H"(G, A)

is given by coresg resg([u]) = [u]k.

Proof Let the index of H in G be k. Notice that coresg resg = t"q" foreachn > 0.
Further, tq : A — A is given by

-1

@) =TT _, " (@@) =TT _, 7' @a) =d*

fora € A. Hence, coresg resg = (tq)" = t"q" is the desired map. (]

A sequence

Sn-1 S
= G P3Gy S Gy — -

of groups G, and group homomorphisms f, : G, — G, is said to be exact at G,
if

Im(fnfl) = Ker(fn)-

Further, the sequence is said to be exact if it is exact at G,, for each n.
The following result exhibits a long exact sequence of cohomology groups asso-
ciated to a short exact sequence of G-modules [11, p.71, Proposition 6.1(ii)].

Theorem 2.9 Let G be a group and
1> A S5ada -1
a short exact sequence of G-modules. Then, for each n > 0, there is a natural map
§" :H"(G, A”) — H"T'(G, A,

known as the connecting homomorphism, such that the sequence

... > H(G, A) '—> H" (G, A) J—n> H"(G, A”) i> H”+1(G, A — ...
is exact.

The next result on vanishing of higher dimensional cohomology groups of
p-groups is due to Gaschiitz [39] (see also [122, Theorem 12.2.1]).

Theorem 2.10 Let G be a finite p-group and A a G-module which is also a finite
p-group. IfH'(G, A) = 1, then H*(H, A) = 1 for all k > 1 and all subgroups H
of G.

If G is a finite group, then we consider the element



2.1 Cohomology of Groups 37

N:Zg

geG

of the integral group algebra Z[G] of G, called the norm element of Z[G]. If A is a
G-module, then the fixed-point set of the action of G

A% :={aeAl|% =aforall g € G}

is a submodule of A. Since A is written multiplicatively, fora € A and )
Z[G], we use the convention

(Z ngg)a = l_[ Ga)".

9eG 9eG

9eG ngg €

With the preceding set-up, we state the following well-known result on the cohomol-
ogy of finite cyclic groups [11, p. 58].

Proposition 2.11 Letr G = (x) be a finite cyclic group and A a G-module. Let T :
A — A be the trace map given by T(a) = Na. Then, for alln > 1, we have

H"*1(G, A) = H'(G, A) = Ker(1)/(I(G)A)

and
H>(G, A) Z H*(G, A) = A%/Im(7).

We conclude this section with some constructions of derivations. The concept of
derivations comes very handy at many instances for constructing automorphisms of
finite groups, one such being presented at the end of this section.

Proposition 2.12 Let G = (x) be a finite cyclic group and A a G-module. Let T :
A — A bethe trace map given by T(a) = Na. Then foreacha € Ker(7), there exists
a unique derivation 0 : G — A such that §(x) = a.

Proof Define 6 : G — A by setting

k-1
5(x*) = (Z xi> a.
i=0

Since a € Ker(7), it follows that the map ¢ is well-defined. Clearly, ¢ is a derivation.
The uniqueness follows from the fact that the unique derivation § for which §(x) = 1
is the trivial derivation. Il

Proposition 2.13 Let G = (x) @ (y) be a 2-generated abelian group. Let A be a
G-module such that I(G)A < A®, where I(G) is the augmentation ideal of the
integral group algebra of G and AC is the submodule of invariant elements. Let
T =Y o0X and 7, =Y ;. Y". Then for each a,b € A with .a=1, T,b =1
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and (—1 + y)a = (=1 4 x)b, there exists a unique derivation § : G — A such that
0(x) = aand 6(y) = b.

Proof Define § : G — A by
s—1 t—1
S(x*y") = ((Zx’)a) ny b ((s(=1+y")a).
i=0 j=0
Since (—1 4+ y)a € I(G)A and I (G)A < A®, we have
(sC=1+y))a=(sA+y+y>+-+y D=1+ )a= (st(=1+y)a = (1(~1+x%))b.

A direct computation using the hypothesis and preceding equation shows that ¢ is a
derivation satisfying the required properties. The uniqueness is obvious. (]

The following basic result is due to Gavioli [42, Section 2].

Proposition 2.14 Let G be a finite group and N an abelian normal subgroup of
G viewed as a G-module via the conjugation action. Then for any derivation ¢ :
G — N, there exists an endomorphism ¢ of G given by ¢(g) = d(g)g forall g € G.
Further, if 6(N) = 1, then ¢ is an automorphism of G.

Proof For g, h € G, we have

d(gh) = 6(gh)gh = 6(g) 70(h) gh = 6(g)gd(W)h = ¢(g)p(h),

which implies that ¢ is a homomorphism. Further, if §(N) = 1, then ¢(g) = 1 implies
that g = 1. Hence, ¢ is an automorphism of G. O

2.2 Group Extensions

Let H and N be two groups. Then an extension £ of H by N is an exact sequence
of the form _
E:1->N->G->H-— L

For simplicity, we consider N as a subgroup of G, and hence do not name the
inclusion N < G explicitly, unless needed. We say that £ is an abelian extension if
N is abelian, and a central extension if N < Z(G).

Two group extensions

E:1>N—>G 3 H—>1

and
E: 1> N—>G, 3 H—1
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are said to be equivalent if there exists a homomorphism v : G; — G such that the
following diagram commutes

|

1 N G, H 1
J]d}v J/'Y Jldy
1 N G, H 1

Any homomorphism 7 : G; — G», as in the preceding commutative diagram,
is called an equivalence of £ and &,. It is easy to see that the preceding relation,
between extensions of the group N by the group H, is an equivalence relation (see
[85]). Let Ext(H, N) denote the set of equivalence classes of extensions of H by N
and [£] the equivalence class of an extension £.

Letl > N - G - H — 1beanextensionof H by N. Then a right transversal
isamapt : H — G satisfying

W(t(x)) =x

forall x € H. A transversal which is a group homomorphism is called a section. An
extension of groups admitting a section is called a split extension.

Letl > N—>G > H —> 1 be an extension of H by N and¢ : H — G afixed
right transversal such that (1) = 1. Then each g € G can be written uniquely as
g = nt(x) for some x € H and n € N satisfying m(g) = x. Let

x : H — Aut(N) (2.15)

be the map defined by
X(0)(n) = 1()ne ()~

forx € H andn € N.For x, y € H, we then have
m(t(xy)) = xy = w(t ()7 (y)) =7t ()1 (y)).
Thus, there exists a unique element, say p(x, y) € N, such that
1(0)t(y) = px, y)t(xy).
For eachn € N, lett, : N — N be the inner automorphism of N induced by n:
tn(z) =nzn™!

for all z € N. Thus,
XX = tue,ypyXx(xy) (2.16)
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for all x, y € H. We notice that the map x : H — Aut(N) is, in general, not a
homomorphism. However, clearly x composed with the natural projection

Aut(N) — Out(N) := Aut(N)/Inn(N)
is a homomorphism, denoted by
X : H — Out(N).

Proposition 2.17 The homomorphism x : H — Out(N) is independent of the
choice of the transversal t : H — G. Furthermore, if X1, X, are the homomor-
phisms associated to two equivalent extensions of H by N, then X; = X».

Proof Let£ :1 —- N — G — H — 1 be an extension of H by N. Fori =1, 2,
let#; : H — G be transversals from H to G and x; : H — Aut(N) the associated
maps. Since both #; and 1, are transversals of H in G, there existsamap A : H — N
such that

1 (x) = A(x)t1(x)

for all x € H. Consequently, we get

X2(x) = Ly x1(x)

forallx € H.Hence, the associated homomorphisms’y; : H — Out(N)fori =1, 2
are equal.

Let& :1 —> N — G; X H > 1fori = 1, 2 be two equivalent extensions and
v : Gy — G, an equivalence. Then we have the commutative diagram

Kt

1 N G H 1
J/id N l’) J/ld H
1 N G, 2+ H 1

Fori =1, 2,lett; : H — G; be transversals and x; : H — Aut(N) the respective
associated maps. Commutativity of the preceding diagram implies that y(n) = n for
alln € N, and

(Yt (X)) = i (1(x) = x = m (2 (x))

for all x € H. Thus, for each x € H, there exists an element, say A(x) € N, such
that

A (11(x) = 12(x).
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For n € N, we then have

X2(x)(n) = (x)nn(x) ™!
= A (6100))ny (1 (1)) T A@) ™!
= A7 (x1(x) (M) Ax) ™!
= LyxwX1(x) ().

Hence, x2(x) = txqyx1(x) for all x € H, and consequently, the associated homo-
morphisms X, X, : H — Out(N) are equal. (]

In view of the preceding proposition, to every equivalence class of extensions
[£] € Ext(H, N) there is associated a unique homomorphism X : H — Out(N),
called the coupling associated to [£].

Let H and N be two groups and o : H — Out(N) a coupling. Set

Ext,(H, N) = {[S] € Ext(H, N) | ais the coupling associated to [E]}.

Thus, we can write
Ext(H, N) =|_|Ext,(H. N),

«

where o runs over all couplings H — Out(N).
We conclude this section with the following

Remark 2.18 Given two groups H and N, a homomorphism from H to Out(N) is
called an abstract kernel. It must be noted that not every abstract kernel is a coupling;
however, if Z(N) = 1, then every abstract kernel is a coupling (see [85, Chapter4,
pp. 129-131], [6] or [77]).

2.3 Action of Cohomology Group on Extensions

Given groups H, N and a coupling o : H — Out(N), we construct a free and
transitive action of the cohomology group H? (H , Z(N )) on the set Ext,(H, N).
The idea can be found, for example, in [85].

Let£:1— N —> G — H — 1 be an extension and ¢ : H — G a transversal
with #(1) = 1. Then, as shown in Sect.2.2, for all x, y € H, there exists a unique
element, say u(x, y) € N, such that

1(x0)t(y) = p(x, y)r(xy).
We notice that p is a map from H x H to N such that

’u(x, H=1= [L(l, X)
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for all x € H. Itis easy to check that the choice of a transversal ¢ : H — G, and the
resulting maps ¢ : H x H — N and x : H — Aut(N), as explained in Sect.2.2,
have the following properties.

Proposition 2.19 Let H and N be two groups, and £, &1, &, be extensions of H by
N. Then the following statements hold:

(1) Lett be atransversal of £ and i be the associated map. Then

1, pxy, 2) = uly, Dulx, yz) (2.20)

forallx, y, z € H.

(2) Let t; and ty be two transversals of £ and py and py be the associated maps.
Then there exists amap X\ : H — N such that

1 (x) = A(x)t1(x)

forall x € H, and

p2(x, ¥) = M) M ONG) p (x, IAGEY) ! (2.21)

forallx, y € H.

(3) Let py and p, be the maps associated to the transversals t; and t, of £ and
&, respectively. If £, and &, are equivalent extensions, then there exists a map
A H — N such that (2.21) holds.

The condition given by (2.20) is referred to as the cocycle condition. In fact, if N
is abelian, then . : H x H — N is a 2-cocycle (see (2.1) for n = 2).
Let o : H — Out(N) be a coupling and
Z2(H, N) :=={(x, p) | x, psatisfy (2.16), (2.20) and o = X}.
Elements of Zi(H , N) are called associated pairs. Two associated pairs (x1, f1),

(x2, p2) are called equivalent, written (1, p1) ~ (X2, i2), if there exists a map
A : H — N such that

X2 (1) = xi () and pa(x, y) = A M OXN@)m(r, AT (222)
for all x, y € H. A routine check shows that the above relation is an equivalence
relation on the set Zﬁ(H , N). Define

Hi(H, N) = Zi(H, N)/-~,

and denote by [(x, p)] € Hi(H , N) the equivalence class of the associated pair
O -
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Notice that if N is abelian, then Hi(H , N) is precisely the second cohomology
group Hi (H, N) with N viewed as an H-module via c.
We have the following result [85, Chapter4].

Theorem 2.23 Let H, N be two groups and o : H — Out(N) a coupling. Then
there is a bijection
Ext,(H, N) <> H2(H, N).

Proof Define @ : Ext,(H, N) — H2(H, N) as follows. Let
E:'1->-N—->G—>H-=>1

be an extension with coupling «. Fix a transversal t : H — G such that (1) = 1.
Then there exist maps x : H — Aut(N) and p: H x H — N satisfying (2.16),
(2.20), and inducing a.. Consequently, we get [(x, p)] € H(z (H, N). Set

®([€]) = [(x, W]

By Propositions 2.17 and 2.19, it follows that the map ® is well-defined.
Next we define a map W : Hf (H, N) — Ext,(H, N) as follows. Given an asso-

X

ciated pair (, p), we define a binary operation on the set H x N by setting

(e, m)(y, m) = (xy, nXOmpu(x, y))

for all n, m € N and x, y € H. It is routine to check that the preceding binary
operation induces a group structure on H x N, and we denote the resulting group
by G(x, p). Consider the extension

Em:l—>NSGowS H— 1,
where i’(n) = (1, n) and 7'(x, n) = x forn € N and x € H. Define ¥ by setting

([, w]) =[EC w)-

One can then check that W is well-defined and the two maps & and W are inverses
of each other. O

By Theorem 2.23, we have [€] = [£(x, p)] foreach [€] € Ext,(H, N).Further,
as a consequence of Theorem2.23, we obtain the following well-known correspon-
dence [11, p. 93, Theorem 3.12].

Theorem 2.24 Let o: H — Aut(N) be a group homomorphism inducing an
H -module structure on an abelian group N. Then there is a bijection

Ext,(H, N) < H%*(H, N).
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The following result is of independent interest.

Proposition 2.25 Let oo : H — Out(N) be a coupling and (X1, p1) an associated
pair. If xo : H — Aut(N) is any map with X, = «, then there exists amap 1, : H X
H — N such that (x>, u») is an associated pair satisfying [(x1, p11)] = [(x2, p2)]-

Proof In view of the Theorem 2.23, there exists an extension
E:'1->N->G—H-—>1

corresponding to the associated pair (x1, 11).Lett; : H — G be atransversal induc-
ing the associated pair (1, p1). Since Y, = o = X, thereexistsamap A : H - N
such that

X2(x) = ta@wx1(x)
for all x € H. Define a transversal { : H — G by
11 (x) = A0t (x)

for x € H. Consequently, we have an associated pair (x}, #;) which is equivalent
to (x1, p1). But,
X1 (%) = L x1(x) = x2(x)

forall x € H, and hence [(x1, p1)] = [(x2, p2)], where po = p]. O

Let o : H — Out(N) be a homomorphism, and
a:H— Aut(Z(N))
the homomorphism obtained by composing o with the homomorphism
Out(N) — Aut (Z(N))

induced by the restriction homomorphism Aut(N) — Aut(Z(N)). Clearly, if N is
abelian, then o = &.

Let H? (H , Z(N )) be the second cohomology group of H with coefficients in
Z(N) regarded as an H-module via &. Recall that, the multiplication of cocycles is
element-wise, that is,

vu(x, y) = v(x, y)ux, y)

forall x, y € H. There exists a free and transitive action of the group H? (H , Z(N ))
on the set Ext,(H, N) (see [11, p. 105, Theorem 6.6] or [85, Theorem 8.8]). To be
precise, we have

Theorem 2.26 Let [£] € Ext,(H, N) and (x, p) an associated pair for €. Then,
for[v] e H? (H, Z(N)), the operation
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Mg =", w1 = [Ex vw)] (2.27)
defines a free and transitive action of the group H>(H, Z(N)) on the set Ext,(H, N).

Proof Tt is routine to check that the action (2.27) is well-defined. Let [£] €
Ext,(H, N) and [V] € H? (H, Z(N)) be such that 1[£] = [£]. Then

[ v =[x wl,

and hence there exists a map A : H — N such that

X(x) = tAmxx) (2.28)

and
v(x, Y, y) = Ax) XOA@) px, »AEy) ! (2.29)

for all x, y € H. The equation (2.28) implies that A(x) € Z(N) for all x € H. Con-
sequently, (2.29) implies that

v(x, y) = XA xy) T AK)
for all x, y € H. Thus, [v] = 1, and hence the action is free.
Let [£1] and [&,] be two elements in Ext,(H, N). Then for i =1, 2, [&] =

[&i (xi, pi)] for some associated pair (x;, ;). By Proposition2.25, we construct 11}
such that (x», w}) is an associated pair with

[E1(x1, pD] = [E1(x2, pD].

‘We set
v(x, ) = pi(x, Ypalx, y)~!

for x, y € H. Then it follows that v(x, y) € Z(N) and
v:HxH— Z(N)
is a 2-cocycle. Thus, we have
[E1] =& (s w0l = [E10, 1)1 = [Ee, vi)] ="E0q, )] ="&].

Hence, the action (2.27) is transitive, and the proof is complete. O

Since the action (2.27) is free and transitive, as a consequence of the preceding
theorem, we have
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Corollary 2.30 There is a bijection

Ext,(H, N) < H* (H, Z(N)). (2.31)
Remark 2.32 Combining Theorem2.24 and (2.31), we see that there is a bijection

Ext,(H, N) < Ext; (H, Z(N)). (2.33)

2.4 Action of Automorphism Group on Extensions

Let H and N be two groups. We construct a natural action, first considered by Buckley
[14], of the group Aut(H) x Aut(N) onthe set Ext(H, N) of all equivalence classes
of extensions of H by N.

Let o : H — Out(N) be a coupling. To each extension

E1—>N-5G-" H—1

representing an element of Ext,(H, N), and to each (¢, 0) € Aut(H) x Aut(N),
we associate the following extension

o
@he ] N 6D g — 1

Notice that this association maps equivalent extensions to equivalent extensions.
Thus, for (¢, 0) € Aut(H) x Aut(N) and [£] € Ext,(H, N), we can define an oper-
ation by setting

@0E] = [0¢e). (2.34)

For (¢1, 01), (¢, 65) € Aut(H) x Aut(N) and [£] € Ext,(H, N), we have

(051,91)(052,92)[5] — (<e°1<7>2,9192)[5]
— [(@1@2»9192)5]
— (01,91)[(&52,92)5]

— (@1,91)((452,92)[5])'

If ¢ and @ are both identity automorphisms, then clearly > ?[£] = [£]. Hence,

the operation (2.34) defines on the set Ext(H, N) an action of the group Aut(H) x Aut(N).

LetE:1 —> N - G —=» H —> 1 be an extension with coupling o and ¢ :
H — G atransversal. If y : H — Aut(N) is the function (2.15) associated to ¢, then

XWOp = i (1 ()i ()1 (x) )
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forx €e Handn € N.Lett; : H — G be given by

t(x) =t(¢ ()

for x € H. Then t, is a right transversal for H in G in the extension 9. Let
X1 : H — Aut(N) be the function associated to #;. Then

W =0 (1 x)i0 (s (x)7")

=0i ' (t(s7' )i (6 0)) )
— Q(X(é_](x))(gfl(n)))

for all x € H and n € N. Thus, x;(x) = 6x (¢~ (x))§~" for all x € H, and hence
the coupling corresponding to the extension (*? & is given by

X = Lga(b*l(x),

where 6 = Inn(N)0 is the image of 6 under the canonical projection Aut(N) —
Out(N). Thus, the pair (¢, ) maps elements of the set Ext,(H, N) to elements of
the Ext,_o4-1(H, N).

Given a coupling o : H — Out(N), let C,(H, N) denote the set of all pairs
(¢, 0) € Aut(H) x Aut(N) which keep the subset Ext,(H, N) of Ext(H, N) invari-
ant under the action given in (2.34). More precisely,

C.(H, N) = {(¢, 0) € Aut(H) x Aut(N) | yad™" = o} (2.35)

= {(¢, 0) € Aut(H) x Aut(N) | Ba(x)f ' = a(p(x))
forall x € H}.

In other words, a pair (¢, §) € C,(H, N) if and only if the following diagram is
commutative
H —= Out(N)

L

H —25 Out(N).

We refer to elements of C,(H, N) as a-compatible pairs (see [73, 126]). It is easily
seen that C,(H, N) is a subgroup of Aut(H) x Aut(N), which we call the group of
a-compatible pairs.

Notice that, if & : H — Out(N) is the trivial homomorphism, then

C,(H, N) = Aut(H) x Aut(N).
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The effect of triviality of the coupling o on a given extension is investigated later in
Theorem2.59. In case of no ambiguity, that is, when the groups H and N are clear
from the context, we write C,, in place of C,(H, N).

2.5 Action of Automorphism Group on Cohomology

Given two groups H, N and a coupling o : H — Out(N), as observed by Robinson
[104], the group C, acts on the group H* (H, Z(N)) in a natural way, which we
discuss in this section.

For (¢, 0) € C, and v € Z* (H, Z(N)), we define

@Oyx, y) = 0(v(g ' (x), o' )) (2.36)

for all x, y € H. It is easy to check that @0y 7?2 (H, Z(N)) ; and further that
if v € B (H, Z(N)), then v € B* (H, Z(N)). Thus, for (¢, 0) € C, and [V] €
H? (H, Z(N)), setting

@Oy =1"v] (2.37)

defines a map
C, xH* (H, Z(N)) - H* (H, Z(N))

which turns out to be a well-defined action of C, on H> (H, Z(N)).

It is worth noting that the above action is simply the action of C, on Ext,(H, N)
transferred to H? (H, Z(N)) via the bijection Ext,(H, N) <> H? (H, Z(N)) of
Corollary 2.30.

We set

I =C, x H* (H, Z(N)),

the semi-direct product of C,, and H? (H , Z(N )) with respect to the action as defined
in (2.37). By definition, the elements of I" are formal products ch with ¢ € C,, and
h € H? (H, Z(N)).For cihy, c2hs € T, we have

(c1h1)(c2h2) = (c1c2) (i hy).

The above action of C, on Ext,(H, N) and the action of H* (H, Z(N)) on
Ext,(H, N), as given in Theorem 2.26, together yield an action of I" on Ext, (H, N)
[74, Theorem 2.3]. More precisely, given a coupling o : H — Out(N), we have

Theorem 2.38 There is an action of the group T on the set Ext,(H, N) defined by
setting

MET="(°L€)),

forh € B (H, Z(N)), ¢ € C, and [€] € Ext,(H, N).
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Further, the stabilizer I'igy of [E]in T is a complement ofH2 (H, Z(N)) inT" and
{1 | [E] € Exto(H, N)} is a single conjugacy class of subgroups of T

Proof To prove that I acts on Ext,(H, N), it suffices to show that
‘("te1) =" (°1€1)

for each [£] € Ext,(H, N),c € Coand h € H? (H, Z(N)).

By Theorem 2.23, there is an associated pair (7, ) for the extension £. By the
same theorem, there is an associated pair (“y, “u) for the extension ‘£, where
“u is precisely the action given in (2.36). Further, the corresponding extensions
EEx, °p) and “E(x, p) are equivalent. Let h = [v] € H? (H, Z(N)) for some
v € Z* (H, Z(N)). Then, by Theorem2.26, we have

“(1€1) = (e w1) = L0 vl = [E(x. “ww)]
= [e(x v )] =" ECx ] =" (TE (. 1))
="(e1).

Let v € I. Since H? (H, Z(N)) acts transitively on Ext,(H, N), there is an
element h € H? (H, Z(N)) such that "[€] = "[£]. Thus, h'7[€] = [£], and hence
h~'% € T'jgy, the stabilizer of [€] in T'. Consequently, v = hé for some § € I'j¢}, and
hence I' = H? (H, Z(N))T'(¢). Further, let h € H? (H, Z(N)) N Tj¢). Then "[€] =
[£] and the freeness of the action implies that 2 = 1. Thus, I'j¢; is a complement of
H?(H, Z(N)) inT.

Finally, given [£] and [£] in Ext,(H, N), we have *[£] = [£'] for some h €
H? (H, Z(N)). Therefore, hTg)h~" = I'|¢), and the proof is complete. O

2.6 Wells Map

Let H and N be two groups. Let a: H — Out(N) be a coupling, [£] an
element of Ext,(H, N) and ¢ an element of C, such that ‘[£] € Ext,(H, N).
Since H? (H, Z(N)) acts transitively on Ext,(H, N), there exists an element
h € H* (H, Z(N)) such that

"((lE1) = [€].

Further, the freeness of the action implies that such an /4 is unique. Thus, we have a
map, called Wells map,

w([€]) : Co — H? (H, Z(N)) (2.39)
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given by
w([E])(c) =h.

For notational convenience, we write w(€) in place of w([£]).

Wells map was first considered in the literature by Wells [126], and subsequently
studied by many authors: Robinson [104, 106, 107], Buckley [14], Malfait [87], Jin
[73], Passi—Singh—Yadav [99] and Jin-Liu [74]. For the present formulation of Wells
map, we follow the one due to Jin-Liu [74].

It must be noted that the map w(&) is not a homomorphism, in general. However,
its set-theoretic kernel is the stabilizer in C,, of the class [£]; for,

Ker (w(&)) = {c € Cu | w(E)(e) = 1} (2.40)
={ceC. €1 =1£]}
= (Coier-

An interesting consequence of Theorem 2.38 is the following result.

Corollary 2.41 If £ represents an element of Ext,(H, N), then
w(€) : Co — H* (H, Z(N))

is a derivation with respect to the action of C,, on H? (H, Z(N)).
Furthermore, if £ represents another element of Ext,(H, N), then w(E) and

w(&") differ by an inner derivation. More precisely, there exists an element h €
H? (H, Z(N)) such that

w(&)(e) = w(E)(e)(hh™h)

forall c € C,.

Proof We begin by observing that the complements of H* (H, Z(N)) in the semi-
direct product I' = C, X H? (H, Z(N )) are in one-to-one correspondence with
Der (Ca, H%(H, Z(N))) ([103, 11.1.2]).

Let & represent an element of Ext,(H, N) and A € Der (Ca, H?(H, Z(N)))
the derivation corresponding to the complement I'jg} of H? (H , Z(N )) in I (Theo-
rem2.38). Then, under the above correspondence, we have

g1 = {cA(e) | ¢ € Cy).
Since I'[¢; is the stabilizer of [€] in I", we have
Naeren) =1 Er = (€]

for all ¢ € C,. By definition (2.39), we have
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w(&)(c) = M)
for all ¢ € C,, and hence w(£) = A is a derivation.
Let £ represent another element of Ext,(H, N). Then, by definition (2.39), we
have
CEOEE]) = [€] and “EVO([ET]) = [€] (2.42)
for all ¢ € C,. Further, there exists an element & € H* (H, Z(N)) such that

hET =€ (2.43)

Using (2.42) and (2.43), we obtain
W(E(C) (c (h [5])) _h [5]
We also have C(h € ]) ="‘h (C[S ]). It therefore follows that

w(EN(e) (”h(“[g])) ="1¢l,

and hence

h (€ (e) (‘h(C[g])) = OO (e[g)).
Since H? (H, Z(N)) is abelian and acts freely on Ext,(H, N), we get
WENQChh™) =™ 'w(EN () = w(E)(c)

for all ¢ € C,, and the proof is complete. (I

The above corollary shows that, given a coupling o : H — Out(N), Wells map
defines a unique element, say,

[a] e H' (C,, H(H, Z(N))),

which is independent of elements in Ext,(H, N).
From the application point of view, it is desirable to write a 2-cocycle representing
the image of a compatible pair under the Wells map explicitly.

Proposition 2.44 Let o : H — Out(N) be a coupling and
E'1-N—-G—-H-—>1
an extension representing an element in Ext,(H, N). Let (x, p) be an associated

pair for the extension £. If (¢, 0) € C, is an a-compatible pair, then there exists a
map A : H — N such that w(€)(¢, 0) = [v], where
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v(x, ¥) = A@) XOA@) plx, NAE) (@ @), ¢ o))
forallx, y € H.

Proof Letc = (¢, 0) € Aut(H) x Aut(N). Letr : H — G be a transversal induc-
ing the associated pair (x, w). Then “£ has associated pair (“y, “u) induced by the
transversal t¢~' : H — G. Since ¥ = a = Y, there exists amap A : H — N such
that

X)) = twmxx)

for all x € H. Define a transversal ' : H — G by t'(x) = A(x)t(x) forx € H. We
then have an associated pair (x’, p'), which is equivalent to (x, ). Further,

X (X) =t x(x) = “x(x)

for all x € H. We set
v(x, y) = p'(x, ) “ulx, )7

for x, y € H. As in Theorem2.26, v(x, y) is a 2-cocycle with
[E1=1E0 Wl =EK D = [ECx. v w] = MECK. “wT= V([€)).
By the definition of Wells map, we get w(€)(c) = [v]. By (2.36), we have
plx. y) = 0(u(¢™ (). 97 (1)
for all x, y € H. Further, by Proposition2.19(2), we have
1, y) = M) DA, YIAG) T
for all x, y € H. Therefore,
v(x, ¥) = M) OA@) e MA@ 0, 67 00)
and the proof is complete. [

The preceding result shows that the map w(€) defined in (2.39) is precisely the
same as the map originally defined by Wells in [126].
2.7 Wells Exact Sequence

Our aim in this section is to present the fundamental exact sequence (Theorem2.52)
due to Wells [126].
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Let H and N be two groups. Let o : H — Out(N) be a coupling and
E:1-N—->G—>H-—1
an extension representing an element in Ext, (H, N). Let
&: H — Aut (Z(N))

be the homomorphism obtained by composing « with the restriction homomorphism
Out(N) — Aut (Z(N)).

Let Der (H , Z(N )) be the group of derivations from H to Z(N) with respect
to the action &. Recall that Aut” ¥ (G) consists of the automorphisms of G whose
restriction to N and the induced automorphism on H are both identity. With these
notations, we have the following result.

Proposition 2.45 Der (H, Z(N)) = Aut™ 7 (G).

Proof Lett : H — G be a transversal with #(1) = 1 and inducing the given action
&: H — Aut (Z(N)). Define

¢ : Der (H, Z(N)) — Aut 7 (G)
by setting /(A\) = ~, for A € Der (H, Z(N)), where v, : G — G is given by
Ya(nt (x)) = nA(x)1(x)

forall x € H and n € N. Itis an easy exercise to check that vy, € Auth H(G).
Next, we show that ¢/ is a homomorphism. For \;, A\, € Der (H, Z(N)), and
x € H, n € N, we have

T (11 (x)) = n A A ()1 (x)
=nA1(x) () (x)
=\, (A2(0)1(x))
=\, (1, (2 (x))).

Hence, 1/ is ahomomorphism. Further, 1)(\) = 1 implies that A\(x) = 1forallx € H,
and it follows that v is injective.

If v € Aut™ 7 (G), then (7 (x)) = A(x)t(x) for all x € H and for some map
A: H — Nwith A\(1) = 1. Let g; = nt(x;) and g, = nyt(x,) with x, x, € H and
niy,ny € N. Then

Y(g192) = n1 X Vnap(xr, x2)A(x1x2)1 (x1x2)
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and
Y(g)Y(g2) = miA(xy) Xy XD\ () pu(xy, x2) (x1.2).

Now, ~ being a homomorphism yields
XD (e, X2) ANE12) = AQe) XDy XN () ey, x2). (2.46)
Letx € H andn € N. Then we have
v(t(x)n) = V(X(x)nt(x)) = XOpAx)t(x),

and
'y(t (x)n) = \(x)t(x)n.

Therefore,
A(x) X = XD\ (x).

It follows that A(x)n = nA(x), and hence \(H) < Z(N). Consequently, by (2.46) it
follows that A is a derivation and )(\) = . Hence, 1 is an isomorphism, and the
proof is complete. (]

Since there is an inclusion Aut" 7 (G) < Auty(G), Proposition2.45 gives the
following exact sequence

1 — Der (H, Z(N)) —> Auty(G). (2.47)

Let€:1—>N—>G-> H— 1bean extension, and ¢ : H — G a transversal.
Consider the inducing homomorphism

p(&) 1 Auty (G) — Aut(H) x Aut(N),
defined, for v € Auty (G), by

P =@, 7In),

where 7(x) = 7r(fy(t (x))) for all x € H and |y is the restriction of 7 to N.
A pair of automorphisms (¢, ) € Aut(H) x Aut(N) is called inducible if

(¢, 6) € Im (p(E)). (2.48)

Notice that Im (p(é' )) lies in C,, the group of a-compatible pairs. We thus have the
following sequence of groups

Auty(G) 22 ¢, Y8 W2 (H, Z(N)). (2.49)
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The following observation is crucial in the construction of the fundamental exact
sequence of Wells.

Proposition 2.50 Im (p(&)) = Ker (w(&)).

Proof Let v € Auty(G) and p(£)(Y) = (¢, §). Then > P[] = [£], and we have
w(&)(¢, 0) = 1. Hence, (¢, 0) lies in Ker (w(£)).
Conversely, if (¢, 0) lies in Ker (w & )), then we have
[@0€] = @P[E] = [€].

It follows that there exists v € Aut(G) such that the following diagram commutes

6.0 1 NG Tl 1
lidp, f J/ldy
£: 1 N—5G—"H3H 1.
Therefore, we have p(€)(y) = (¢, ), and hence (¢, 0) lies in Im (p(S)). (I

Before proceeding further, we provide a module-theoretic reformulation of Propo-
sition2.50 for abelian extensions. Let o : H — Aut(/N) be a coupling, where N is
abelian. Then N can be regarded as an H-module via «.. For each ¢ € Aut(H), we
define a new coupling

o =a¢p~ ' H— Aut(N).

Then N is also an H-module via o/, which we denote by N, for notational conve-
nience. The automorphism ¢ induces an isomorphism of cohomology groups

¢* : H2(H, N) — H*(H, Ny)

given by
?*(1€]) = [£4),
where
£, ) =E(97 (), 7))
forx, y e H.

Let 0 : N — Ny be an isomorphism of H-modules. Then it induces an isomor-
phism
¢* : H*(H, N) — H* (H, Ny)

given by
0 (£1) = &),
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where

&x, ) =0""(¢(x, )

forx, y € H.
Notice that § : N — N, being an H-module homomorphism means that

0(“Ony = “D0(n)

for all x € H and n € N. This is precisely the condition for the pair (¢, ) to be
a-compatible (see (2.35)).

We now present a reformulation of Proposition 2.50 for abelian extensions (com-
pare with [116, ChapterII, Proposition4.3]).

Proposition 2.51 Letl - N — G — H — 1beanabelian extension and pa cor-
responding 2-cocycle. Let (¢, 0) € Aut(H) x Aut(N) be a pair of automorphisms.
Then (¢, 0) is inducible if and only if the following conditions hold:

(1) 8 : N — Ny is a homomorphism of H-modules;
(2) 0*([u]) = ¢* (1)

Proof Let v € Auty(G) be such that ¥ = ¢ and 7|y = 6. Then the following dia-
gram commutes

1 N G—"3H 1
[
1 N G—L>5H 1

It follows that ’R’(’Y(Z()C))) = ¢(x) for all x € H. Thus, v(t (x)) = )\(x)t(gb(x)) for
some element A\(x) € N. Since \(x) is unique for a given x € H, it follows that A is
amap from H to N with A(1) = 1. Let g = nt(x) forx € H and n € N. Applying
v, we have

Y(g) = 0(m)y(1(x)) = 0)Ax)1(H(x)).
We first prove the condition (1) as follows

0C*n) = G(I(x)nt(x)_l)
= 'y(t(x)nt(x)’l)
= (tx))0m)y(r(x)"")
= A1 (6(0)) )1 (6(x)) ' Ax) ™!
= Ax) *Po(m)A(x) 7!
= 2@o(n).

Let g = nt(x1) and g» = nyt(x;). Notice that
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9192 = 1y g p(xy, x2)t (x1x2),

and hence

Y(g192) = 0O n2)0 ((xy, x2)) A(x132)1 (P(x1) P(x2)).

On the other hand, we have

Y(g)v(g2) = 0 DA (P(x1))0(2)A(x2)E (D(x2))
= 0(n)A(x1) 20(n2) PN (P(x1)) 1 (P(x2))
= 0(n1) “VO(n)A(x1) A p(P(x1), d(x2))E (D (x1)P(x2)).

Since v is a homomorphism, we have v(g192) = v(g1)7(g2), which yields
0(u(x1, x2))A@1x2) = M) "X (), $(x2)).
In other words,
po(x1, x2) = s (x1, X)AG102) " A UV A ().
More precisely, 9 and 4 differ by a coboundary, and hence 6*([n]) = ¢*([1]),

which is the condition (2).
For the converse, by condition (2), we have

fo(x1, X2) = s (x1, X2)A(x1x2) A1) YUV N (x)

for some map A : H — N with A(1) = 1. For g = nt(x) € G, define

v(g) = 0(m)A(x)t (P(x)).

That ~ is an automorphism of G inducing the pair (¢, ) is left as an exercise for the
reader. (]

The sequences (2.47) and (2.49) together with Propositions 2.45 and 2.50 give the
following fundamental result due to Wells [126].

Theorem 2.52 Let oo : H — Out(N) be a coupling and
E'1->-N—-G—->H-—1

an extension representing an element in Ext,(H, N). Then there exists the following
exact sequence

1 — Der (H, Z(N)) — Auty(G) 22 ¢, “8 W2 (1, Z(N)).  (2.53)
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As a consequence of the preceding theorem, we obtain the dimension two case of
a well known result of MacLane [85, Proposition 5.6].

Proposition 2.54 Let o : H — Out(N) be a coupling. Suppose that « is induced
byamap x : H— Aut(N). Then for each x € H, the action of the pair (Lx, X(x))
onH? (H, Z(N)) is trivial.

Proof Let x € H and [v] € H? (H, Z(N)). Let [£] € Ext,(H, N) correspond to
[v] under the bijection given by Theorem2.26. If

E:1-N—->G—H-—>1
is a representative of [£], then we can choose a transversal ¢ : H — G such that
Xy = ¢t (x)nt(x)!

for each n € N, that is, x(x) = t;(x)|n- Also ¢, induces ¢, on H. Therefore, the
pair (Lx, X(x)) is induced by ¢;(,). By the exactness of Wells sequence, we have

W) (e, x(0)) = 1,

and the definition of Wells map gives (- X)) [£] = [£]. Hence, ¢ XD [p] = [v], and
the proof is complete. O

Given an extension | - N — G — H — 1 of groups and a corresponding 2-
cocycle u, set
Y = (u(x,y) | x,y € H).

For central extensions, we have the following result.

Corollary 2.55 Let 1 - N — G — H — 1 be a central extension. Then every
automorphism 6 € Aut? (N) can be extended to an automorphism v € Aut? (G).

Proof Let # € Aut” (N). Since 1| - N — G — H — 1 is a central extension, it
follows that (1, #) is a a-compatible pair, where o : H — Aut(N) is the trivial
coupling. Further, by Proposition2.44, we have

w(€)(1,60) =1.

Hence, by Theorem2.52, (1, ) is an inducible pair, that is, 6 extends to an automor-
phism v € Aut? (G). O

Setting Z = Im (p(é' )), Wells exact sequence can be modified into the following
short exact sequence

I —> Der (H, Z(N)) — Auty(G) 22 7 — 1. (2.56)
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Ifl > N—> G— H —1is a split extension with N central, then the short
exact sequence (2.56) splits. For, if N is central, G is a direct product of H and N.
Further, in this case,

Co =7 = Aut(H) x Aut(N).

Now, for a given pair (¢, #) € Aut(H) x Aut(N), we can define f € Aut(G) by

f(hn) = ¢(h)b(n)

forg = hn € G.Consequently, we obtain a section of the short exact sequence (2.56).
In view of the preceding discussion the following problem seems natural.

Problem 2.57 Find necessary and sufficient conditions on £ under which the short
exact sequence (2.56) splits.

It is obvious that the automorphism group of a finite group is finite. Groups
which have finite automorphism groups have been the subject of investigation in the
literature, see for example [4, 8, 92, 102] and the references therein.

Recall that, for a central extension

1= N—->G—H—>1,

we have Der (H, Z(N)) = Hom (H, Z(N)) and C, = Aut(H) x Aut(N). Further,
by Proposition2.50 and (2.40), we have

Im (p(€)) = Ker (w(€)) = (Co)ye)-

As an immediate consequence of the short exact sequence (2.56), we obtain the
following result of Robinson [102, Theorem 2.4] which gives necessary and sufficient
conditions for the automorphism group of a group to be finite.

Theorem 2.58 Let G be a group, H = G/ Z(G) and £ the central extension
1—-72(G) > G— H — 1.

Then Aut(G) is finite if and only if Hom (H, Z(G)) and ( Aut(H) x Aut (Z(G)))

. [€]
are finite.

2.8 Extensions with Trivial Coupling

An extension | - N — G — H — 1 of groups for which the induced coupling
a1 H — Out(N) is trivial is called a quasi-central extension. In [14], Buckley gave
some characterisations of such extensions, which we now proceed to mention.
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We begin by recalling the definition of central product of groups. Let N, S and A
be groups such that there are embeddings A < Z(N) and A < Z(S). We set

A* ={(i(@), j@@™")|a € A}.

Then the quotient group
N x4 8:=(N x S)/A*

is called the central product of groups N and S over the group A. Let N and S denote
images of N and S respectively in N x4 S. Then N x4 S =N S, [N, S] =1 and
N NS = A. For example, any extraspecial p-group of order p’ is a central product
of two non-abelian groups N and S of order p3 with A = Z(N) = Z(S).

The following result is due to Buckley [14, Theorem2.1].

Theorem 2.59 Let& : 1 — N — G — H — 1 be an extension with coupling o :
H — Out(N). Then the following statements are equivalent:

(1) & is a quasi-central extension.

(2) G =N Cg(N).

(3) There exists a subgroup S of G such that G = NS and [N, S] = 1.
(4) G is isomorphic to some central product N x 4 S.

Proof If the coupling « is trivial, then it follows that for each g € G, there exists n €
N such that ¢y|y = ¢,. Thus, gag~' = nan~! for all a € N. Hence, g € N Cg(N)
for all g € G, and we have G = N Cg(N). Notice, that the steps are reversible, and
hence (1) and (2) are equivalent. The equivalence of (2), (3) and (4) readily follows
by taking S = Cg(N). O

For the rest of this section, the coupling o : H — Out(N) is assumed to be trivial.
In this case, Ext,(H, N) is the set of equivalence classes of quasi-central extensions
of H by N. Clearly, this set is non-empty as the class of split extension

1> N—->NxH—-H-—>1

belongs to Ext,(H, N). Further, in this case, Exts (H, Z(N)) is the set of equiva-
lence classes of central extensions of H by Z(N).

By Remark 2.32, there is a bijection between Ext,(H, N) and Ext; (H, Z(N)),
but it is not canonical. For trivial coupling, Buckley [14] gave an explicit bijection
between Ext,(H, N) and Extg (H , Z(N )), which is described as follows.

LetE:1>N->G>H—1 represent an element of Ext,(H, N). Then, by
Theorem?2.59, G = N Cg(N) and N N Cg(N) = Z(N). Hence,

H=G/N =ZCg(N)/Z(N)
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and . .
E:1—>Z(N) > Cs(N) > H—> 1

is a central extension representing an element of Extg (H ,Z(N )). Further, we have
the following commutative diagram

£* 1 Z(N) — " Co(N) = H —— 1
[
£ 1 N —! G—" +H 1.

Now,letf : 1 — Z(N) 4 S5 H— 1 represent an element of Extg (H, Z(N)).
Then

goilﬁNiNXZ(N)Slo)Hﬁl

is a quasi-central extension of N by H. Here i°(n) = (n, 1) and 7r°((n, s)) = 7w(s)
foralln € N and s € S. As before, we have the following commutative diagram

i

E: 1 —— Z(N) S T H 1
N R
£ 1 N—5 N sy S——— H——1.

With this set-up, we have the following result of Buckley [14, Theorem2.2].

Theorem 2.60 Let o : H — Out(N) be the trivial coupling. Then the map ¢ :
Ext,(H, N) — Extg (H, Z(N)) given by ¢([€]) = [E*] is a bijection with the map
¥ 1 Extg (H, Z(N)) — Exto(H, N) given by ¢([€]) = [E°] as its inverse.

Proof We see that both ¢ and 1 are well-defined. It only remains to show that ¢ and
) are inverses of each other. If

E'1-N—->G—>H-—>1
represents an element of Ext, (H, N), then (£*)° is equivalent to £ by Theorem 2.59,
and hence ¢ is identity.
Conversely, if
E:1—-Z(N)—> S— H—>1

represents an element of Exts (H , Z(N )), then we have

()" : 1> Z(N) - C4(N) —> H — 1,
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where G = N Xz S and N is the image of N in G. It is evident that Ce(N) =5,
the image of S in G. Hence, (£°)* is equivalent to £, and ¢ is identity too. O
Anextension | - N —- G — H — 1iscalled a commutator extension of H by
N if
NN%(G) =1.
Clearly, every commutator extension is a central extension. For example, the central

extension
1—-7Z (GL(n, k)) — GL(n, k) - PGL(n, k) — 1,

where k is a finite field with p™ elements such that n does not divide p™ — 1, is a
commutator extension. We set

C(H, Z(N)) = {[€] € Exts(H, Z(N)) | £ is a commutator extension}.

Since Z(N) is a trivial H-module via &, we have the following exact sequence
by Universal Coefficient Theorem [116, p. 25]

1 — Ext (H/v(H), Z(N)) — H* (H, Z(N)) > Hom (Hy(H, Z), Z(N)) — 1.
By Theorem 2.24, there is a bijection
Exts(H, Z(N)) «— H? (H, Z(N)),

under which the set C (H , Z(N )) corresponds to Ker (), which is further isomorphic
to Ext (H/'yz(H), Z(N)) (see [116, Proposition V.3.2]).
By Theorem 2.60, we have a bijection

Exts (H, Z(N)) — Ext,(H, N).

An extension representing an element in the image of C (H , Z(N )) under the map
is called a special quasi-central extension. Set

S(H, N) = {[5] € Ext,(H, N) | £ is a special quasi-central extension}.

The following result, whose proof is analogous to that of Theorem 2.59, charac-
terises special quasi-central extensions.

Theorem 2.61 Let £:1 — N — G — H — 1 be an extension with trivial cou-
pling o : H — Out(N). Then the following statements are equivalent:

(1) & is a special quasi-central extension.

(2) NNy(Ce(N)) =1

(3) There exists a subgroup S of G such that G=NS, [N, S]=1 and
NNy(S) =1
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(4) There exists an abelian group A and embeddings A — Z(N) and A — Z(S)
such that G = N x 4 S. Further,

1> A—>8§—>S/A—>1

is a commutator extension.

Remark 2.62 1In view of the preceding discussion, we have the following commuta-
tive diagram

Exto(H, N) > Extg (H,Z(N)) > H2 (H, Z(N))
S(H, N) > C(H,Z(N)) > Ext (H/v2(H), Z(N)).

If the coupling o : H — Out(N) is trivial, then C, = Aut(H) x Aut(N), and
Der (H, Z(N)) = Hom (H, Z(N)). Thus, the sequence (2.56) takes the following
simpler form, which is used in Sect. 4.1 of Chap.4.

Theorem 2.63 Let £:1 —> N — G — H — 1 be an extension representing an
element in Ext,(H, N), where « is the trivial coupling. Then there is an exact
sequence

1 — Hom (H, Z(N)) —> Auty(G) @ Aut(H) x Aut(N).

Further, Im (p(€)) is the stabilizer of [£] under the action of Aut(H) x Aut(N)
on Ext,(H, N).

2.9 Extension and Lifting of Automorphisms

In this section, as an application of Wells exact sequence developed in the preceding
sections, we discuss the following fundamental problem in the extension theory of
groups.

Problem 2.64 Let | - N — G — H — 1 be a short exact sequence of groups
and (¢, 0) € Aut(H) x Aut(N) a pair of automorphisms. Under what conditions is
the pair (¢, #) induced by an automorphism v € Auty (G)?

The most recent result in this direction, using Wells exact sequence, which we are
going to present here, is due to Robinson [106, 107].
For a finite group G, let m(G) denote the set of primes dividing the order of G.
Let
E'1->N—-G—-H-—>1


https://doi.org/_4

64 2 Fundamental Exact Sequence of Wells

be an extension of groups with H finite and inducing the coupling o : H — Out(N).
Let 7(H) = {p1, p2, ..., px} and P, = R;/N be a Sylow p;-subgroup of H for
each 1 <i < k. Let o; be the coupling induced by the extension

E:1->N—>R —> P — 1

foreach 1 <i <k, and (¢, 0) € Aut(H) x Aut(N).

Lemma 2.65 With the preceding set-up, the following statements hold.:

(1) ¢o(P) = g,.P,»(g,.)*lfor some g; € G, where g, = Ng;;
(2) (¢, 0) is a-compatible if and only if (t5,¢|p,, 1g,0) is o;-compatible for each
1<i<k

Proof Since P, = R;/N is a Sylow p;-subgroup of H for each 1 <i <k and
¢ € Aut(H), there exist elements §; = Ng; € G/N such that ¢(P;) =g, Pi(g;) ",
proving (1).

Observe that «; = ap,. Set ¢; = 15,¢|p, and 0; = 1,0. Then notice that ¢; €
Aut(P;) and 0; € Aut(N). For 0 € Aut(N), set § = Inn(N)6. Assume that (¢;, 6;)
is a;-compatible, that is,

0;0:(x)(0) ™" = a; (¢ (x))

for all x € P;. Notice that we have a(g;) = t,,, where 1, = Inn(V)¢,,. Then, for all
x € P;, we have

@08 @) = a@)T, Gy ()8, 1,0() " (2.66)
=0y (x)@l-_1
= (i (x))
= a(g;0(0)7; ")
= a(@)a(e(®)a@) .

Therefore,

@a(x)é_] = a(¢(x))

for all x € P;. Further, notice that H = (Py, P,, ..., P;). Thus, foreach x € H, we
have x = ]_[]jz1 x; for some x; € P,-j.. Therefore,

! !
5a(x)§71 = nga(xj)@il = l_[a(¢(xj)) = oz(d)(x)),
j=1 j=1

and hence (¢, 6) is a-compatible. The converse follows by reversing the above
arguments. (]
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We now present the following main result of Robinson [106, Theorem 2].

Theorem 2.67 LetE :1 — N — G — H — 1 be an extension of groups with H
finite and inducing the coupling . Let m(H) = {p1, p2, ..., px}and P; = R;/N
be a Sylow p;-subgroup of H for each 1 <i < k. Let c; be the coupling induced by
the extension

E:1-N—>R — P —>1

foreach 1 <i < kand (¢, 0) € Aut(H) x Aut(N). Then (¢, 0) is inducible in & if
and only if (15,9 p,, ty,0) is inducible in &; for each 1 <i < k.

Proof Set ¢; = 15.¢|p, and 0; = 1,0. Assume that (¢;, 6;) is inducible in &; for
all 1 <i < k. Then the pair (¢;, ;) is a;-compatible for all 1 < i < k and by the
preceding lemma (¢, 6) is a-compatible. In view of Wells exact sequence (2.53), it
remains to show that w(€)(¢, ) = 1.

Restricting to the subgroup of Aut(G) consisting of those automorphisms of G
which normalize R; and N, denoted by Auty g, (G), we obtain from Wells exact
sequence arising from &, the following exact sequence

/J(S) W)
l

1 — Derg (H, Z(N)) —> Auty £ (G) 25 C; ©5 H2 (H, Z(N)),

where

={(¢, 0) € Ca | 9(P) = Pi}.

Notice that (¢, ¢4,) is inducible in £ for all 1 <i < k, and hence is a-compatible.
Since (¢, 0) is also a-compatible and 15 ¢(P;) = P;, we have (15,9, ¢,0) € C;. Let

resp : H? (H, Z(N)) —> H* (P;, Z(N))
be the restriction map in cohomology, and
l"g : Cl‘ —> Ca,

be the map (¢, 0) — (¢|p,, 0). Then we have the following commutative diagram

C; ——H*(H, Z(N))
Co, 212 (P, Z(N)).

Now p. (Lg’(b g, 0) = (@i, 8;) € C,,. Since (¢;, ¢;) is inducible in &;, we have

w(&)(rﬁf(@,ai L) = wE) (i, 6;) = 1.
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Therefore, by commutativity of the preceding square, we have

resp (w(E&) (5,0, 14,0) = 1.
By Proposition2.54, (i3, t,,) acts trivially on H? (H, Z(N)), and hence

(@i'bqi)w(g)(gb, 0) =w(€) (9, 0).

By Corollary2.41, the map w(€) is a derivation, and hence

w(E)(1g,. 15,0) = w(E)(1g,. tg) 7' w(E) (@, 0)
= W) w(E) (¢, 0), since (g, L) is inducible
= w(&)(¢, 0).

It follows that resg (w(E ) (@, 0)) = 1. Applying the corestriction map
coresy - H* (P;, Z(N)) — H? (H, Z(N)),
and using Theorem 2.8, we get
W@ (¢, O =1

foreach 1 <i < k. Since p;, pa, ..., pi are distinct primes, we get w(E)(¢p, ) =
1, and hence (¢, ) is inducible in £.

Conversely, suppose that the pair (¢, 6) is induced by ~ € Auty(G). By
Lemma?2.65(1), we have 15 ¢(P;) = P; for some g; € G and for each 1 <i < k.
It follows that ¢4, y(R;) = R;. Thus, ¢,y € Auty(R;) and induces (¢;, ;) in &; for
each 1 <i < k. This completes the proof of the theorem. O

The special cases of Theorem2.67 for finite groups where one of the automor-
phisms in the pair (¢, 0) is identity have been dealt with in [73, Theorem D] and [99,
Theorem 7, Theorem4].

Corollary 2.68 LetE : 1 — N — G — H — 1 be an extension of groups with H
finite. Then the pair (1, 0) € Aut(H) x Aut(N) is inducible in & if and only if the
pair (1, 0) € Aut(P;) x Aut(N) is inducible in &; for each 1 <i <k.

Corollary 2.69 LetE :1 — N — G — H — 1 be an extension of groups with H
finite. Let ¢ € Aut(H) such that ¢|p, € Aut(P;). Then (¢, 1) is inducible in & if and
only if (¢|p,, 1) is inducible in &; for each 1 <i <k.

Remark 2.70 A number of conditional generalizations of Theorem2.67 (for exam-
ple, when H is a countable, locally finite or an FC-group) have been given by
Robinson [106, 107].
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Remark 2.71 We have seen that the cohomology of groups plays a crucial role in
the study of automorphisms of finite groups. It is worth mentioning that, in the
reverse direction, automorphism groups too play an important role in the study of
cohomology of groups. We just mention some notable results in this direction; a
detailed study is beyond the focus of this monograph.

Notice that an automorphism of a group G induces an automorphism of its coho-
mology ring H*(G, R), where R is a commutative ring, thus inducing a homomor-
phism

Aut(G) — Aut (H*(G, R))

whose kernel we denote by Aut*(G, R).Itisknown that Inn(G) < Aut*(G, R),and
understanding Aut*(G, R) hasbeen a subject of investigation in many works. In [71],
besides other results, Jackowski and Marciniak proved that for a finite solvable group
G the order of Aut*(G, Z) is divisible only by primes dividing the order of G. In [72],
Jespers and Zimmermann proved that any conjugacy class preserving automorphism
of a finite p-group G which is a semi-direct product of a cyclic p-group by an abelian
p-group and induces the identity on H*(G, ) is in fact inner.

The mod-p cohomology H*(G, F,) of a finite p-group G is a finitely gener-
ated graded commutative algebra with Krull dimension dim (H*(G, F p)) = 1k(G),
where rk(G) is the maximum rank of an elementary abelian p-subgroup of G. Since
Inn(G) acts trivially on cohomology, there is an action of the outer automorphism
group Out(G) on H*(G, FF)) turning it into an F,[Out(G)]-module. It was proved
in [48, 120] that every simple IF,[Out(G)]-module appears as a composition factor
in H*(G, F,). If ey is the idempotent associated to a simple IF,[Out(G)]-module
M, then dim (e uw H (G, F ,,)) > 1. In [88], Martino and Priddy conjectured that
dim (ey H*(G, F,)) = rk(G) for every finite p-group G and simple F,[Out(G)]-
module M. The conjecture was proved by Kuhn [78] for all p-groups with p > 2 and
for some 2-groups. For discrete groups G of finite cohomological dimension, Adem
[2] gave a method for constructing non-trivial cohomology classes in H*(G, F)) by
using finite p-subgroups of Aut(G).



Chapter 3 ®)
Orders of Automorphism Groups of oo
Finite Groups

The object of study in this chapter is the relation between the order of a finite group and that
of its group of automorphisms. In 1954, Scott [114] conjectured that a finite group has at
least a prescribed number of automorphisms if the order of the group is sufficiently large.
The conjecture was confirmed by Ledermann and Neumann [80, Theorem 6.6] in 1956 by
constructing an explicit function f : N — N with the property that if the finite group G has
order |G| > f(n), then | Aut(G)| > n. In the same year, building on their techniques from
[80], the authors [81] proved the following local version of Scott’s conjecture:

Conjecture 3.1 There exists a function f : N — N such that, for each h € N and
each prime p, if G is any finite group such that p/™ divides |G|, then p" divides
| Aut(G)|.

Later on, Green [49], Howarth [63] and Hyde [68] successively improved the function f to
a quadratic polynomial function. The aim of this chapter is to give an exposition of these
developments. Schur multiplier plays a significant role in these investigations.

3.1 Schur Multiplier

In his investigation of projective representations of a finite group G, Schur [112,
113] came up with an abelian group M (G), now known as the Schur multiplier of
G. This group is a basic object of study in the theory of groups and can be viewed
as having led to the development of (co)homology theory of groups. Apart from
representation theory of groups, it occurs in (i) the cohomology of groups as the
second cohomology group H*(G, C*) of G with coefficients in the multiplicative
group C* of non-zero complex numbers with the trivial G-action, (ii) the homology
of groups as Hy(G, Z), the second homology group of the group G with coefficients
in the additive group Z of integers with the trivial G-action, (iii) combinatorial group
theory as (R N [F, F])/[R, F] for a free presentation

]l R—-F—-G—1
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of the group G. Schur multiplier plays a major role in the investigation of automor-
phism groups of finite groups.

In this section, we present the basic definitions and some of the properties of
Schur multiplier, and list a few of the best known results on its order and exponent.
For detailed discussion of this topic the reader is referred to [10, 66, 76].

Let G be a group. Recall that, a free presentation of G is a surjective homomor-
phism vy : F — G, where F is a free group. Let R = Ker(¢)), so that

G = F/R.

Then [R, F]is contained in R and is a normal subgroup of F. For each subgroup
S < F,let S denote the quotient of S modulo [R, F]:

S = S[R, F]/[R, F).

Let E_: F — G be the homomorphism induced by 9, that is, E(Tc) = Y (x) for all
X € F,wherex = [R, F]x forx € F.ThenKer(y)) = R, and we have the following
central extension

| > R—F -5 G- 1. (3.2)

It is well-known that the abelian group 7, (F) N R, depends only on the group G
and not on the central extension (3.2) (see [59, p. 204]). The abelian group

M(G) :=1n(F)NR
is called the Schur multiplier of the group G. In the language of homology,
M(G) = Ha(G, Z), (3.3)

the second homology group of G with coefficients in the trivial G-module Z (see
[59, p. 204]). The isomorphism (3.3) is known as Hopf’s formula; it was originally
proved by Hopf [62] for finitely presented groups.

In general, the character group HZT(-;,\ Z) is isomorphic to H? (G, C*), the second
cohomology group of G with coefficients in C*, the multiplicative group of non-zero
complex numbers with the trivial G-action. However, when G is finite, there is an
isomorphism

H>(G, 2) 2 H(G, D),

and hence
M(G) Z H* (G, C). (3.4)

Describing the structure of the Schur multiplier of a finite group is, in gen-
eral, a difficult problem. However, a lot of work has been done by several authors
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on its order and exponent. For finite abelian groups, we have the following result
[76, p. 37].

Theorem 3.5 If G is a finite abelian group with cyclic decomposition

G =@_,Cy, then

~ ®1§i<'§r Cei,‘ lf}" >2,
M@= {0 Ty (36)

where e;j = (m;, m;).

For a natural number n and prime p, let n, denote the highest power of p that
divides n. The following results were proved by Schur himself in his fundamental
paper [112] (see also [76, Chapter 2]).

Theorem 3.7 Let G be a finite group. Then the following statements hold:

(1) M(G) is finite. Moreover, the elements of M(G) have orders dividing |G|.
(2) If1 - R — F — G — 1 is a free presentation of G, then

R=MG) & X,

with X a free abelian group.

(3) If N is a central subgroup of G and H = G/ N, then v,(G) N N is isomorphic
to a subgroup of M(H).

(4) If S is a Sylow p-subgroup of G, then
IM(G)p < IM(S)])p.

As a consequence of Theorem 3.7, we have, in particular, the following result
about the exponent of the center of a finite group.

Corollary 3.8 If G is a finite group, then
exp (Z(G)) divides exp (G/VZ(G))|G/ 7(G)|.
In [112], Schur showed that | M (G)| < m™  where m = |G|. The bound was later

substantially improved by Ledermann and Neumann [81, Lemma 3.6] as presented
in the following result.

Theorem 3.9 If G is a finite group, then
IM(G)| = m™ =D,

where d = d(G) is the minimum number of generators of G and m = |G|.
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The order of Schur multiplier of a finite p-group has been intensively investigated.
We mention some of the results in this direction for the curious reader.

The following result is by Jones [75, Corollary 2.3], which is a refinement of an
earlier bound by Green [49, Lemma 6.2].

Theorem 3.10 If G is a p-group of order p", then

n(n—1)

(GIMG) =p >

An analogue of Theorem 1.9 is as follows.

Theorem 3.11 Let p be a prime and G a group such that |G/ Z(G)|, = p". Then
r(r=1)

(Gl =p 7.
Proof Since

172(G)/(Z(G) N72(G))1p = 172(G) Z(G) ) Z(G)p, <G/ Z(G), = p',
the result follows by Theorem 3.7(3)-(4) and Theorem 3.10. U
The following result is due to Ellis and Wiegold [28, Theorem 2].

Theorem 3.12 Let G be a group of order p”". Suppose that G /v, (G) has order p™
and exponent p¢. Then

|M(G)| < pd(mfe)/2+(6f1)(nfm)fmax(0,672)’ (313)

where d = d(G) and § = d(G/Z(G)).

With the hypothesis as in Theorem 3.12, observe that ¢ > m/d and d > §. A
group is called homocyclic if it is a direct product of cyclic groups of the same order.
Consequently, (3.13) together with (3.6) yield the following interesting bound.

Corollary 3.14 With the hypothesis as in Theorem 3.12,
|M(G)| < p(dfl)(anm)/Z (315)

and the equality holds if G is homocyclic of exponent p°.

A recent improvement of the bound given in Theorem 3.10 is the following result
due to Niroomand [96].

IlleOIelll 3-1“ Let (; be a ﬁ’lite p-group Cf())del P Wlth 72(( ;) fo de p(: > 1
Then of order
|M(G)| < p%(n k ‘2)(ll—k—l)+1.

In particular,
|M(G)| < p%(n—l)(n—Z)-H‘
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Let G be a group and d(G) the cardinality of a minimal set of generators of G.
With this notation, the rank of G, denoted r(G), is defined as

r(G) = I,?i‘éd(H)'

The following result is due to Gonzéalez-Sanchez—Nicolas [44, Theorem 2], which
is a refinement of a result of Lubotzky—Mann [83, p. 494].

Theorem 3.17 If G is a finite p-group of rank r = r(G) and exponent p¢, then

rlogy p+1
1

exp (M(G)) divides porios o

As a generalization of Schur multiplier, the higher multipliers M ™ (G), n > 1,
called the Baer invariants, of the group G with free presentation F/R are defined as

follows:
RN Y1 (F)

(n) _
MEG) = [R, ,F]

)

where [R, ;F] = [[R, ;.1 F], F]fori > 1.
Mashayekhy—Hokmabadi—-Mohammadzadeh [90, Theorem 3.3] showed that for
a finite p-group of nilpotency class ¢ and exponent p¢,

exp (M"™(G)) divides p*tHoe I forp > 1.
In particular, for Schur multiplier, we thus have the following result.
Theorem 3.18 If G is a finite p-group of class c and exponent p¢, then
exp (M(G)) divides p*rioer<le=b,

‘We now proceed to study automorphism groups of finite groups in the forthcoming
sections.

3.2 Automorphisms of Finite Abelian Groups

We begin with a study of the group of automorphisms of a finite abelian group. Let
A be a finite abelian group and
A= P A P

the decomposition of A as a product of its Sylow p-subgroups. It is easy to see that
an automorphism of A induces an automorphism of A, for every prime p dividing

the order of A. Thus, we have a homomorphism

Aut(A) — @, Aut(A)).
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It is not difficult to show that this homomorphism is an isomorphism.
Lemma 3.19 Aut(A) = @, Aut(A)).

It thus suffices to consider only finite abelian p-groups.
Let A be a finite abelian p-group of order p™, where m > 1. Let

A=Cpi @ - ®Cpn, (3.20)
be a cyclic decomposition of A, where Cpm = (g;) and m| < --- < m,, so that
|A| — pl711+--~+mr.

Clearly, every endomorphism « : A — A is defined by setting

,
v@) =[]a)
j=1

foreachi suchthat1 <i <r, 0 <;; < p™, provided that each element y(a;) has
order not exceeding that of ¢;. Let (7;;) denote the r x r matrix with integer entries
7ij- A curious reader can work out the details of the following (see Ranum [100,
Theorem 13], Howarth [63, Lemma 2.1] and Hiller-Rhea [57, Theorem 3.6]):

Exercise 3.21 - is an automorphism if and only if det(v;;) 0 mod p.

The following result is due to Ledermann—Neumann [80, Lemma 3.1] (see also
[58D).

Proposition 3.22 Let A be a finite abelian p-group and o the Euler’s totient func-
tion. Then <p(|A|) divides | Aut(A)].

Proof With (3.20) as the cyclic decomposition of A, let § : A — A be the automor-
phism defined by setting
al]' -~-af’ ifi =r, where0 </; <p™forl <j<r-—1

0(a;) = and (I,, p) =1,

(3.23)
a; if i ;ﬁ r.

Notice that the number of choices for /, is ¢ (p™) and the number of choices for
each /; with i < r is p™. Thus, the number of automorphisms of type 6 is

P P e(p™) = p(IA).

Since the set of automorphisms 6 constructed above clearly forms a subgroup of the
group Aut(A), it follows that (| A|) divides | Aut(A)]. O
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Remark 3.24 Since the function ¢ is multiplicative, that is, p(ab) = ¢(a)p(b) for
natural numbers a, b with (a, b) = 1, it follows that:

If A is a finite abelian group, then ¢(|A|) divides | Aut(A)|.

For a finite abelian p-group A, in fact the precise order of Aut(A) can be easily
computed. We proceed to state the result. Suppose that, for 1 <1 < k, A with cyclic
decomposition (3.20) has r; generators of order p™, where n; < --- < ny. Then

A=Cpi @ - BCm® - BC® - ®Cp @ ®Cpu @--- B Cpu .
— — — ~— —_——
n r Tk

(3.25)
Notice that ZL] r; = r. It follows that for each 1 <i < r, there exists a unique /
suchthat 1 </ < k and m; = n;.
Foreacht suchthat 1 <r <r, set

d, = max{s | my = m,} and ¢, = min{s | my = m,}. (3.26)

With this setting, we have the following formula due to Hiller—Rhea given in their
work [57] to which we refer the reader for more details.

Theorem 3.27 Let A be an abelian p-group with cyclic decomposition (3.20),
(3.25). Then

|Aut(A)] = [T = p D] [y Twm . (3.28)
=1 j=1 i=1
Now, we proceed towards determining a Sylow p-subgroup of Aut(A). Let
{ai,...,a,} beabasis of A. Foreach 1 <i < r, we define
i = <a1$"'1ai71»aipv"'sarp>
and

Ai =ViN Qm; (A)

For each 1 <i <r, let [ be such that 1 <! <k and m; = n;. Notice that
Q, (A) = Q,,(A) for all i such that m; = n;. Setting j = (Zﬁ,:l rg) + 1, we see
that ,,, (A)V; = V;. Then

Qi (D) A; = Ry, (A)/ (R, (A) N Vi) Z R (AVI/ Vi = V;/ Vi
Since |V;/Vi| = p/~i, we get

. . . !
|Ai] = |2, | P = |y, | p 257D, (3.29)

Let (by,...,b;) € Ay X -+- X A,. Define § : A — A by setting
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0(ai) = a;b;

for 1 <i <r. Observe that 6 is an endomorphism of A. Let (6;;) be the matrix
corresponding to # obtained by replacing each b; by a product of powers of a;’s.
Notice that

1 mod p ifi =],

0, = (3.30)

0 mod p ifi > j.

Since det(0;;) # 0 mod p, it is an automorphism of A by Exercise 3.21.
Let A(A) denote the set of all automorphisms 6 defined above. It is easy to see
that A(A) is a subgroup of Aut(A) and

1A = TlAil.

i=1
We now present the following result of Howarth [63, Lemma 2.4].

Proposition 3.31 A(A) is a Sylow p-subgroup of Aut(A) of order

r r r
l_[pmj(r—dj) 1‘[ pmi=Do—ci+D) Hpt—l.
Jj=1 i=1 =1

Proof Notice that for each 1 <[ < k, we have
|Q"1(A)| = pzlf_:]l njrj p"/'(”—z_l,_zll )

and

d
[T 1450 = (pXrmrs =Xyt p=257,

J=c

With the preceding information, we have

1A =]T14il
i=1
k

= (ﬁ“‘ﬂ)

= Jj=c

k
= 1_[ (pZ’j;ll nr; pm<r—2’,;‘1 rj))” p777,<r,2+1>
=1

k
=l _ _nt+h
— 1_[ (pZ/:lnjrj pn,(r d,)pn,r,)rl p L
=1
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k

(pnl(f*dl))” l_[(pZ;:l”f’j)’I p*r’wz;”
=1

k

(pnz(rfdz)) l_[ (p"my C[+1 '1(";])

k

(pﬂl(r—dl))r’ l_[(p(n/—l)rl)r—c[-‘rl prz(V—CJ-H) I’
=1

k k
(pir—y" H(p<n,—1>r,)r—c,+1 Hpr,(r—c,+1> p

Il
:Pv

Il
=

Il
:I»

Il
=

rp(rp+1)
2

Il
:I»

Il
:l»

Il
:]‘

m;(r—d;) l_[ p(m,fl)(l —ci+1) l—[p . (3.32)

~.
I
-

Comparing equations (3.28) and (3.32), it follows that A(A) is a maximal
p-subgroup of Aut(A), and hence a Sylow p-subgroup. (]

As a special case, we obtain the following result of Howarth [63, Corollary 2.6].

Theorem 3.33 Let A be an abelian p-group of order p™ with cyclic decomposition
as in (3.20) such that 2m, < m. Then | Aut(A)|, > p3,

Proof Notice that, since €2,,, (A) = A, we have

. |A| _om—1
p

If m, = m,_y, then
[A] _
[A—i] = I =p"2,

and hence
|Aut(A)|p > pm—lpm—2 — p2m—3.

If m, > m,_y, then m,_, > 1. Observe that
|2, (A)| = p",
(R, (A)] = pr

and
|Szm 7(11)| = p’ my—m,_1+2m,
.
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Therefore, we obtain
r
IAut(A)lp > 1_[ |Al| > pm—lpm—mr-‘rmrq—lpm—m,-—m,.,1+2m,,2—2 - p2m—3’
i=r—1
and the proof is complete. a

Notice that, if, in addition, m > 3 in the preceding theorem, then | Aut(A)|, >
p™. We next present the following result which establishes this fact only with the
hypothesis that m > 3. The result is originally due to Otto [98], however, the proof
presented below is different.

Theorem 3.34 Let A be a non-cyclic abelian p-group of order p™ withm > 3. Then
p™ divides | Aut(A)|.

Proof By Proposition 3.31, Aut(A) has a Sylow p-subgroup of order

r r r
l_[pmj(r*d,) 1_[ p(m,fl)(rfciﬂ) l_[ptfl’
Jj=1 i=1 =1

which we denote by pN. Observe thatr —¢; > Oforall 1 <i <r,andr —d; > 1
forall 1 < j <r — rr. Hence, we have

N=Y"mjr—d)+Y mi—Dr—c+DH+Yy (-1
j=1 i=1 1=l

r—ry r

r(r—1)
=) i+ Y =D+ ———
j=1 i=1
— : r(r—1
=Y Eom o
j=I i=1
gl r:—3r

If » > 3, then N > m, and we are done. If r = 2, then either k =1 or k = 2. If
k = 2,then N > m, and we are done again. Finally, assume that k = 1. In this case,
G =Cpm x Cpm, withm; = m, > 2. Thus,

2
N:Z(mi—1)2+1=n+2m1—3>m,

i=1

and the proof is complete. O
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Notice that the preceding theorem establishes the fact that non-cyclic abelian
p-groups of order greater than p? admit the Divisibility Property (as stated in the
introduction). This property for non-abelian finite p-groups is dealt with in detail in
the next two chapters.

It is easy to see that:

(1) If A is a cyclic group of order p”, then p" does not divide | Aut(A)]|, but p"~!
divides | Aut(A)].
(2) If A=C,®C,, then p divides | Aut(A)|.

As a consequence, we retrieve the following result of Hilton [58].

Theorem 3.35 If A is a finite abelian group such that p"* divides |A|, then p"~!
divides | Aut(A)|. In other words, if |A|, > p", then | Aut(A)|, > pil

We next present an important result [49, Lemma 7.1], which according to Green,
was originally proved by Howarth, and a simpler proof of which, presented below,
was given by Hall.

Theorem 3.36 Let A be a finite abelian group and B, C subgroups of A. Let p be
any prime. Then
|Blp

| Aut?/B-€(A)|, > )
"= picl,

Proof Since A is abelian, it is sufficient to consider the case when A is a p-group.
Let p" be the exponent of A/C. Then there exists an element Cu € A/C of order

p" and we can write
A/C = (Cu)y® C;/C

for some subgroup C; of A containing C. Notice that A/C; is cyclic of order p”.
Setting A} = (u”, Cy), we see that |[A/A;| = p. Let

Bi={xeBNA |x" =1}
For each x € By, define v, : A — A by setting
Yx(a) = ax"
foralla € A, where the integer n,, is determined by the congruencea = u"* mod C;
and0 < n, < p".lItis straightforward to see that 7, is an endomorphism of A. Notice
thatv,(c) = cforallc € Cy.Letl #a = ulc € Aforsome0 <1 < p andc € Cy.
Then , (a) = 1 implies that

1 =@ =y @)e =y w)'ec= ux)e,

and hence
(ux)l e Cy.
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Since x € By, we can write x = u”*¢’ for some ¢’ € C; and for0 < k < p"~'. Thus,
we get (uPk+1¢")l e €y, andhence u PV e C,.1t follows that p” divides (pk + 1)I,
which is a contradiction. Hence, -, is injective, and consequently an isomorphism.
Since a~'7,(a) = x" € B, we have that v, € Aut?/? € (A).

The set of all such automorphisms form a group and is in bijection with B;. For,
if x, y € By, then

YeYy (@) = Y (@y™) = (@), (") = ax" (yx")" = az" = v.(a),

where z = yx'*, a = u" mod C; and y = u™ mod C;. Obviously the map
X > 7y is a surjection. Further, if x, y € B; are such that v, = ~,, then v, (u) =
vy(u). Since n, = 1, we have x = y and the map x > ~, is a bijection.

Set E=BNC.Then B/JE = BC/C < A/C, and hence the exponent of B/E
is at most p”. Notice that B has a subgroup By = B/E and By N A; < B,. Hence,
we obtain

B B B
| AutBC(A)], > |By| > By Ay > 120 = 1B 1B
P PIEl ~ pIC]

which completes the proof. (I

As a consequence of the preceding result, we get another proof of Theorem 3.35 by
taking A = B and C = 1. We need the following basic result which is of independent
interest.

Lemma 3.37 Let A be an abelian p-group and M a maximal subgroup of A. Then
there exists an element x € A and a subgroup H of M such that A = H & (x) and
M = H & (xP).

Proof We proceed by induction on |A|. Notice that, if |[A| < p, then the claim holds
trivially.

Let exp(A) = g = p° > p. Any element y € A with order ¢ lies in a basis of
A. Therefore, there exists a subgroup K of A such that A = (y) @ K. Furthermore,
|K| < |Al, since y has order ¢ > 1.

Let M be a maximal subgroup subgroup of A. Suppose that M contains the above
element y. Then

M = (y)®(MNK),

where M N K is a maximal subgroup of K. By induction, there exist a subgroup
L < Kandanelementx € K suchthat K =L @ (x)and M N K = L & (x?). The
claim now follows with this (x) and the subgroup H = L & (y) of A. We have
handled every case where M contains some element y of order g.

Assume that no element y of order ¢ lies in M. Let {x1, ..., x;} be a basis of A
with |x;| = exp(A) = ¢. Since M contains no element of order ¢, it is contained in
the subgroup N = (xf’) @ --- D (x4), which has index p in A. Since M is maximal
in A, we musthave M = N. Then the claim follows with (x;) and H = (x;) ® --- &
(xa). U



3.2 Automorphisms of Finite Abelian Groups 81

The following two results provide lower bounds on the automorphism groups of
finite abelian p-groups.

Proposition 3.38 Ler A be a finite abelian group of order p" withn > 2, and M a
maximal subgroup of A. Then

| Aut*M(A)|, > p" 2.

Proof By Lemma 3.37, there exists an element x € A and a subgroup H of M such
that
A=H® (x).

Let|(x)| = p' and|H| = p/.By Theorem 3.35, there exists a subgroup U’ of Aut(H)
of order at least p/~!. Let V' be the group of automorphisms of (x) of the form

X > x 'tk

for 0 < k < p'~'. Notice that V' is the Sylow p-subgroup of Aut ((x)). Let U and
V be the subgroups of Aut(A) obtained by extending elements of U’ and V'’ to
automorphisms of A, respectively. Since (U, V) < Aut?/¥ (A), we obtain

| AutYM(A)|, = (U, V)| = piti2 = p" 2,

and the proof is complete. (]

Proposition 3.39 Ler A be a finite abelian p-group and B < A. If d(B) < d(A),
then Aut® (A) has a subgroup of order p*» =", In particular,

| Aut? (A)], > p?®-1,

Proof Choose a maximal subgroup M of A containing B. Then, by Lemma 3.37,
we can write A = H @ (x) and M = H @ (x”) for some x € A and subgroup H of
M. Notice that |Q;(H)| = p?™~1. For each z € Q|(H), defineamap §: A — A
by setting
az ifa =x,
O(a) = {a ifa € H.
It is easy to see that # € Aut”(A), and hence |Aut?(A)| > |AutM(A)| >
Pl 0

We conclude this section by noticing that Theorem 3.35 confirms Conjecture 3.1
for finite abelian groups. The conjecture in full generality is dealt with in the next
section.
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3.3 Ledermann—-Neumann’s Theorem

In this section, we present a slight improvement of a theorem of Ledermann—
Neumann [81, Theorem 8.6], which confirms Conjecture 3.1, and is essentially the
culmination of the initial work by Herstein—Adney [55] and Scott [114]. The result
is formulated as follows.

Theorem 3.40 The function f : N — N defined by

2 ifh=1,
f(]’l): 3 l'f//l=2,
M 4 hifh = 3,

satisfies the property that, for each h € N and each prime p, if G is any finite group
such that p™® divides |G|, then p" divides | Aut(G)].

For proving the preceding theorem, a number of preparatory steps are needed, the
first being the following result [80, Lemma 4.9].

Proposition 3.41 Let 1| - N — G — H — 1 be a central extension of finite
groups. Let |H| = |G/N| = m and d(N) = s. Then there exists a central extension
1 - N* - G* - H — 1 such that the following conditions hold:

(1) G <G*and N < N*;

(2) d(N*) =s, [IN*/N| = m* and every element of N has an m"" root in N*;

(3) N* has a relative complement X* in G* such that the exponent of
Y*:=X*NN*

divides m;
(4) d(Y*) < (m — 1)|log, m].

Proof Since N is a finite abelian group, there exists a divisible abelian group in
which every element is of finite order, say T, such that N embeds in T (see [103, p.
91]). Let {ay, ..., as} be a basis of N. Choose b; € T satisfying b!" = a; for each
1<i<s.Let

N* = (by, ..., by).

Then N < N*, and, by standard extension theory of groups, the given central exten-
sion induces a central extension

1> N*—>G" "> H—>1
with G < G*.

It is immediate from the above construction that the statements (1) and (2) hold.
We thus proceed to prove (3) and (4).
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Lettr : H — Gbeatransversal with#(1) = landp : H x H — N the associated
2-cocycle:
px, y) =10y (xy) !

forall x, y € H.For x € H, set

() = [ ux, .

yeH
Then the element u(x)~! € N, and hence there exists [*(x) € N* such that
u(x)[*(x)™ = 1. The map ¢* : H — G* given by *(x) = ¢(x)/[*(x) is a transver-
sal for the extension
1> N> G"—> H—>1
satisfying *(1) = 1. Further, the associated 2-cocycle p* is given by

e, y) = ple, YOI (xy)™

for all x, y € H and satisfies

oy, Dpt(x, y) = prx, you(y, z) (3.42)
forallx, y, z € H.
Notice that
W) =[] e y) = @) =1 (3.43)
yeH

for all x € H. From the products of both the sides of (3.42) for fixed x, y and for z
ranging over H, we have

w (xy)p*(x, )" =ut(x)u*(y) (3.44)

forall x, y € H.Combining (3.43) and (3.44), we have u*(x, y)” = lforallx, y €
H.Let
X" =({*(x)|x € H)

and
Y*= (u*(x, y) | x, y € H).

Then it can be easily seen that Y* = X* N N*. Further, the above discussion shows
that the exponent of Y* divides m.

Finally, we prove (4). Let U be a minimal generating set for H of cardinality
r. Then an induction argument on the length, with respect to U, of elements in the
second co-ordinate of p*, shows, in view of (3.43), that
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Y*=(u"(x,y)|xe H\{l}and y € U).
It is an elementary fact that, for any finite group S,
219 < 8]
Thus, 2" < m, and hence
d(Y*) < (m — 1)|log, m],

completing the proof. ([

Let G be a finite group and N < Z(G) a central subgroup. For a given prime p
dividing the order of the group G, let P < N be a Sylow p-subgroup of N. Then we
have the central extension

l1-P—->G—Q0—1,
where Q = G/P. Notice that v,(Q) = (P’yz(G))/P. Set

E = Q/%(0) = G/Pn(G).

Then E is an abelian group and thus is the internal direct product of its subgroups
Ey and E,, where E, is the Sylow p-subgroup of E and E is the complement of
E, in E. Thus, there exist subgroups Qg and Q, of Q such that Ey = Q¢/72(Q)

and E, = 0,/7:(Q) so that Q = 000, and Qg N Q,, = 712(Q).
We set |Q], = p*. With the preceding set-up, we have the following result.

Lemma 3.45 There exists a transversal t : Q — G with the following property:
If 1 is the 2-cocycle associated to t and

Y = (ulx, y) | x, ye0Q), (3.46)

then d(Y) < XD

Proof We construct the transversal in a special way depending on whether an element
of the group Q belongs to v2(Q), Qo or Q.

Step 1: Since v, (Q) = (P'yg (G)) / P, we can always choose a coset representative
of an element 7 € v, (Q) from 7,(G), which we denote by ¢’ (7).

Before proceeding to the next step, we observe the following:

Let C be any group, D < C a subgroup and p a prime. If ¢ € C such that ¢! € D for some
positive integer / with (I, p) = 1, then there exists an element d € D such that cd = dc and
(led], p) = 1.

For, let |c| = p*m such that p { m. Then there exist integers x, y such that 1 =
p'x +1y.Letd = ¢, sothated = ¢!~ = ¢?'* has order dividing m, and therefore
is coprime to p. Clearly cd = dc.
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Step 2: Let {¢1, ..., €,} be a basis of Ey. For each 1 <i < a, let p; be a coset
representative of ¢; in the extension

1—)’)/2(Q)—> Q0—>Eo—> 1.

Notice that (|¢;|, p) = 1, and hence pl.f"l
to ensure that (|p;|, p) = 1.

Similarly, let {e, ..., €5} be a basis of E,. Notice that

€ 1 (Q). We can modify p;, if necessary,

k
Byl < 10,1 =101, = 1",

and hence b < k. For each 1 <i < b, let 0; be a coset representative of ¢; in the

extension

I = 70— 0Q0,— E,— 1

Consider an arbitrary element

a b
e = l—[q”’ l_[z-:jb"
i=1 j=1
of E. We define a transversal s : E — Q for the extension
l—-> %@ —0—E—1

by setting
a b
s =[] (3.47)
i=1 j=1

Step 3: Consider the extension
1-P—->GC— Q0 —1.
Let 79(p;) be a coset representative of p; in G. Notice that (|p;|, p) = 1. Again, if
necessary, we can modify 7y(p;) to ensure that (|7)(p;)|, p) = 1. Similarly, let 7, (o;)

be a coset representative of o; in G. Now we define the coset representative of the
element s(e), given in (3.47), by setting

a b
t"(s@) =[Jwen* [ tote)".
i=1 j=l1

Notice that every element x € Q can be uniquely written as x = 7s(e) for some
e € Eand 71 € 1(0Q). Setting t (x) = t’(T)t”(s(e)), we getatransversalt : Q — G.
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It only remains to show that ¢ is the desired transversal, that is, d(Y) <
Let

k(k+1)
5
Y, = (u(c”, o’ |1 <i <bandb;, b, € 7).
Recall that Y = (u(x, y) | x, y € Q). We claim that
Y <Y,1(G)NP =Y,(7(G)NP).
Pick an arbitrary generator ¢; of Ey. Recall that p; is a coset representative of ¢;

in the extension
1> %@ — 00— E— 1.

Then 1 (p;)% and (p;)*“ are coset representatives of pi" and pf”, respectively, where
0 <a;, a] < |¢|, and we have

) 1 (o) = (o, p ) () (3.48)

where

. a; +aj ifa; +a; < |,

al = )
! {ai+a,{_|€i|1fai+a,{2|€i|-

It follows that £ (p; )% T4 ~% = p(p, p?’, ) € P,andhence the order of ¢ (p;) is a power

of p. Recall from Step 3 that (|7 (p;)|, p) = 1, which implies u(p{", p?'/) =1
Similarly, for each generator ; of E,, we can prove that

(e, o) = t(o) (3.49)
where
b,/_ b,—i—bl/ lfbl—i-bl/ < |Ei|,
B P R R ey )

Notice that u(af"’ , aib’/) need not be a trivial element in general. It is clear that Y, can
be generated by at most b elements, and hence d(Y,) < b < k.

Next, we consider two arbitrary elements
a b a b
. . ’ ’
e = l_[ei“’ Hsjb" and ¢’ = Hei“f nejbf
i=1 =1 i=1 j=1

of E. Then we have the following, in which, for ease of computations we read modulo
72(G).
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a b a b
t(s@)t(s@)) = [Teon“ [Te@p™ [ Teon [T eton™

i=1 j=1 i=1 j=1

a b
=[Ten e [Tt 1()"

i=1 j=1

a b b
= [Tr“ [Tn@" . a7 [Tt by (3.48) and (3.49)

J=1 J=1

i=1

b

H (0] .0 ’)]_[t(p,)" ]_[t(aj)”}’_
i - H

Now consider the element

a

b
Notice that ¢” = ee’, and hence, by the definition of 7, we get

1(s(e") ]"[r(m“]"[t(a,)’”ﬁ".

j=1

Thus, modulo v, (G), we get

t(s(e))t(s(e')) =y(oy,..., ob)t(s(e”)),

where y(oq, ..., 0p) €Y.

We can now move to the general case. Letx = 7s(e) and y = 7's(¢’) fore, e’ € E
and 7, 7’ € v2(Q). Thenxy = 7°©7's(e)s(e’). Notice that, by the construction, # (1)
and #(7’) lie in 7, (G). Therefore,

p(x, y) =1ty (xy) ™!
= 1(T)t(s (e))t(T')t(s(e'))t(s(e)s(e/))_lt(r S(e)T')_l
= 1(s(e))1(s())1(s(e)s(¢)) ™ mod 72(G)
= y(oy, ..., 0p) mod 12(G).

It follows that u(x, y) € Y,72(G). Since Y, <Y < P, we get the desired claim,
namely
Y <Y,7(G)NP =Y,(7(G)NP).

By Theorem 3.10, we have
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k(k—1)

MO =p =,

where S is a Sylow p-subgroup of Q having order p*. By Theorem 3.7, we have

k(k—1)

[72(G) N Pl = |72(G) N P, < IM(D)], < M), < IMS)<p =

Hence,

d(Y) < d(1(G) N P) +d(¥,) < L;”

and the proof is complete. (]

The following problem naturally arises at this point.

Problem 3.50 Letl - N — G — H — 1 be an abelian extension of groups. Let
t1, 1, - H — G betwo transversals and Y;, Y, be the groups generated by the images
of the corresponding 2-cocycles. How are the groups Y;, Y related? In particular, if
G is finite, then how are d(Y;), d(Y>) related?

An automorphism v of a group G is said to be central if it induces the identity auto-
morphism on the central quotient G/ Z(G). The set of all such automorphisms forms
a normal subgroup of Aut(G) which we denote by Autcent(G). More specifically

Autcent(G) = {¢ € Aut(G) | g~'d(9) € Z(G) forall g € G}.

Notice that g~'¢(g) € Z(G) if and only if ¢(g)g~" € Z(G). The group of central
automorphisms is going to play a crucial role in the rest of this monograph. The
following result [81, Lemma 8.5] gives a procedure for constructing non-inner central
automorphisms of certain finite groups.

Proposition 3.51 Let G be a finite group and P a Sylow p-subgroup of Z(G)
with |G/P]|, =pk, k> 1. Let {vy, ..., v,} be a basis of P, |vi| = p*, and
¢; = max{l, p*~*} for each integeri such that 1 < i < r. Then the following state-
ments hold:

(1) There exist automorphisms ~y;; for 0 <1 < ¢; — 1 which form an abelian group
['; of non-inner automorphisms of G with |I';| = ¢;.

(2) Ifi # j, then vi; # vjr foralll andl', unless | = 1" = 0.

(3) Each ;; € Autcent(G).

Proof The main idea is to embed G in a larger group G* and then construct certain
automorphisms of G* which restrict to G as non-inner automorphisms. The general
construction of G* is carried out at the beginning of this section. Let {vy, ..., v,}
be a basis of P. Let

Y* < P* <Z(G*) < G*
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be the corresponding groups as constructed in Proposition 3.41 after adjoining the
(pk)”' roots of {vy, ..., v} to P. More precisely,

P*=<u)1, cee s Wi,

where w[”k =v; foreach1 <i <r.
For each fixed 1 < i < r and each fixed integer /, define a homomorphism

0i;: P*— P*
by setting
I+Hp* o v
i0(w;)) = { wi A= (352)
w; if j #1i.

Notice that (1 + Ip*, p) = 1, and consequently 6; ; is an automorphism.
Next we show that 6;; leaves Y* element-wise fixed. Let y* = H;=1 w?/ be an

element of Y*. Then

,

. il k

0" = [ [0 = yw”.
j=1

By Proposition 3.41, (y*)l’k = 1, and hence (w;f)Pk = 1forall 1 < j <r.Inpartic-

ular, w?ipk = 1, and hence 6; ;(y*) = y*. Thus, 6;; € Aut! (P*). By Corollary 2.55,
0.1 can be extended to an automorphism v/, € Aut?(G*), given by

Vi () = 0 () (x)

forall z* € P*and x € Q.
Next we show that 7/, keeps G invariant. Let

g=7"1"(x) = (H w?lj)t*(x)
j=1
be an element of G. Then

ik ik ip* il
91@) = 011 () = (w0 = w (Fr ) = w9 =g € G.

Let 7, be the restriction of ’y;'j ; to G. Then 7;; : G — G is an automorphism.
Further, for 0 <[ < ¢; — 1, we have

K k 1+Ipk | pk 1+1p*
Vi (i) = 0w’ ) = 6; 1 (w)? = (w;, ") =v, "
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and
Yii(vj) =v; for j # i,

such that vi1 it # v;. Thus, the automorphism -, ; is non-inner as it acts non-trivially
on the center Z(G) of G. Notice that ; o is the identity automorphism of G. The set
I'; of the automorphisms ;;, 0 <[ < ¢; — 1, clearly forms an abelian group with
|T';| = ¢;. This proves (1). The proof of (2) is clear from the definition of ~; ;.

Let g = 7*t*(x) = (]_[;.=1 wT’)t* (x) be an element of G. Then

1a(9) = 7 1(9) = 012 (x) = v g.

It follows that g~'7;,(g9) = v;"fl € P <Z(G).Hence,;; € Autcent(G) proving (3),
and the proof of the proposition is complete. (]

Remark 3.53 The preceding result for non-abelian finite p-groups guarantees the
existence of non-inner automorphisms of order a power of p in the case when s; > k
for some 1 < i < r. That there always exists a non-inner automorphism of order a
power of p in a non-abelian finite p-group, was proved by Gaschutz (see Theorem
1.32).

We need the following result on extensions of automorphisms.

Proposition 3.54 Let G = HK be a finite group such that H is a subgroup, K a
normal subgroup and H N K = 1. Let o € Aut(H) be such that h~'a(h) € Z(G)
forall h € H. Then « extends to an automorphism & in AutX (G) given by a(hk) =
a(h)k forh € H and k € K.

Proof Leth;,hy € H and ki, k; € K. Then

a((hiky) (haka)) = a(hihalhy ' kilkika)

= a(hihy)[h;", kilkik,
a(hy) (a(ho)hs ) kihaoks
a(h))kia(hy)ky, since a(hy)hy' € Z(G)
= a(hiky)a(haks).

Thus, & is a homomorphism. Obviously it is injective, and hence an
automorphism. (]

We are now ready to prove the main result of this section.

Proof of Theorem 3.40. We first establish the assertion for 7 = 1,2 (Herstein—
Adney [55] and Scott [114, Theorem 2], respectively).

Suppose p? divides |G| and p does not divide | Aut(G)|. Since G/Z(G) =
Inn(G), it follows that p does not divide |G/Z(G)|, which in turn implies that
G has a non-trivial central Sylow p-subgroup, say P. Thus,
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G=P®Q

for some subgroup Q of G whose order is not divisible by p. By Proposition 3.22,
p divides | Aut(P)|, a contradiction. Hence, p must divide | Aut(G)|.

Suppose p? divides |G|. Let P be a Sylow p-subgroup of G of order p", and
N =PNZ(G). If |P/N| > p?, then |G/Z(G)| = |Inn(G)| > p?, and hence p?
divides | Aut(G)|. In case N = P, that is, P is a central Sylow p-subgroup of G,
then, as in the preceding paragraph, G = P @ Q and, invoking Proposition 3.22, p?
divides | Aut(P)|, and hence divides | Aut(G)|.

Next, suppose that |P/N| = p. Since N < Z(P) and |P/Z(P)| # p, it follows
that P is abelian. Let o : G — P be the homomorphism g — ¢!®/?! so that o(N) =
N.

If Im(o) = N, then we have G = Ker(o) & N. Now by Proposition 3.22, there
exists a subgroup U’ of Aut(N) with order at least p"~2. Let U be the subgroup of
Aut(G) consisting of automorphisms of G which are extensions of automorphisms
from U’. Since |P/N| = p, there exists an element x € P \ Z(G) such that x? €
Z(G). It is easy to see that ¢, ¢ U and it commutes with every element of U, and
hence |{t,, U)| > p"~ .

If Im(o) = P, then |Ker(c)| = |G/P| and P NKer(c) = 1. Since Ker(o) is
normal in G, we have G = Ker(o)P. Further, since |P/N| = p, by Proposition
3.38, Aut?/N(P) has a subgroup V' of order at least p"~2. By Proposition 3.54,
there exists a subgroup V of Aut(G) of the same order as that of V’. As above
choose an element x € P \ Z(G), then ¢, ¢ V and it commutes with every element
of V. Hence, |(ty, V)| > p"~!, and p? divides | Aut(G)|.

Now we assume that 4 > 3 is a fixed but arbitrary integer. Let G be a group and P
a Sylow p-subgroup of the center Z(G) of G. Let Q = G/P and |Q|, = p*. Then
G/ Z(G) contains a subgroup of order pk. Since G/ Z(G) = Inn(G), there exists a
subgroup of Inn(G) of order p*, and hence p¥ divides | Aut(G)|. Now if k > h, then
we are done by taking f(h) = k. Therefore, from now onwards we assume that

0<k<h-1.
If k = 0, Lemma 3.45 implies that the group Y occuring in its statement is trivial,

and hence the extension
1-P—->GC—-0—-1

splits. In other words, G = Q @ P. In this case, every non-trivial automorphism
0 € Aut(P) can be extended to an automorphism y € Autg(G) by setting

v(zx) = 0(z)x
forallz € P andx € Q. Notice that all these automorphisms are in fact central. Also,

as f ranges over a subgroup of Aut(P), it follows that -y ranges over a subgroup of
Autg(G) of the same size. Notice that, if
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Gl, =1Z(G)l, = p"*,
then |P| > p/*!. By Proposition 3.22, Aut(P) has a subgroup of order

o(IP) = (p" =p"(p— 1) = p".

Hence, we have | Aut(G)|, > ph.Thus,it follows that for k = 0, the function f(h) =
h + 1 works.

‘We now assume that
1<k<h-1. (3.55)
Set r = d(P). The rest of the proof is now divided into two cases: (1) r > @;
(2) r E /1(/12—1)'

Case (1): First notice that, in this case, |G|, > phm{ Y42 Given conditions,
together with Lemma 3.45 imply that d(Y) < r. Then, by Proposition 3.39, Aut? (P)
has a subgroup of order p"~!. By Corollary 2.55, it follows that there is a subgroup
of Ath(G) of order p”l. Notice that, since & > 3, @ > h, it therefore follows
that

h(h=1)
> h

= zZp.

| Aut(G)], = | Aut?(G)|, = p" ' = p
Thus, in this case, the function f(h) = w + 2 works.

Case (2): By Proposition 3.51, Aut(G) contains a p-subgroupI’ =T, @ --- @ [,
of non-inner automorphisms, and

r r r
ri=[Tirji =]l =[]p"*=p"1PL
j=1 j=1 j=1

Further, notice that Inn(G) contains a p-subgroup / such that
11| =1G/Z(G)l, = p*.
Thus, Aut(G) contains a p-subgroup I @ I', and
|Aut(G)], = 1 @T| = p*|P| p~* = p~™ G,
Sincek <h—1landr < @, we obtain

_ hh=1)?

|Aut(G)l, > p*IGl, = p~ = |G|,

12
Thus, if |G|, > ph(hz” +h then | Aut(G)|, > ph.Therefore, in this case, we can take

fh) = h(h%l) + h. Since h > 3, this function works in all the cases, and the proof

of the theorem is complete. O
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Remark 3.56 While the values f(h) of the function f : N — N given in Theorem
3.40 are best possible for 7 = 1,2, as can be seen by considering Aut(C,) and
Aut(C, @ C,), improvement of this function for 2 > 3 has been a matter of inves-
tigation over the years. We discuss here three such attempts: Green [49], Howarth
[63], Hyde [68]. The main outcome is that the function can be brought down from
a cubic to a quadratic polynomial. It is an open problem whether this function is, in
general, a linear polynomial (see Problem 3.88).

3.4 Green’s Function

In this section, we present a refinement of the function in Theorem 3.40 to a quadratic
polynomial, due to Green [49, Theorem 2]. The key idea in Green’s approach is the
standard factorisation of a 2-cocycle corresponding to a central extension of groups
(see (3.59) for definition), and using it to reduce the problem to abelian groups.

Let H be a group and s : H — § a bijection onto a set S. Let F be a free group
on the set S \ {s(1)}. Then we have the following short exact sequence

1—>R—>F£>H—>1,

where v is the homomorphism induced by the bijection s and R is the kernel of .
Notice that s : H — F is a transversal for this extension with s(1) = 1. Let

r:HxH — R

be the corresponding function satisfying the cocycle condition (2.20). It is an easy
exercise to show that R is the normal closure of (r(x,y) | x, y € H) in F.

WesetR = R /IR, F]and F=F /IR, F]. Then we obtain the following central
extension

1—>§—>f—w>H—>1.

Let5: H — F be the transversal defined as the composition of s with the natural
projection from F to F. Let .
r:HxH—R

be the corresponding 2-cocycle. Notice that 7(x, y) = [R, Flr(x,y) forall x, y €
H. It follows that .
R=(r(x, y)|x,y€H).

The following result establishes a relation between the above central extension
and an arbitrary central extension of H [49, Lemma 4.4].
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Lemma 3.57 Let 1 - N — G > H — 1 be a central extension. Lett : H — G
be a transversal and i be the 2-cocycle corresponding to t. Then there exists a
homomorphismm : F — G satisfying the following properties:

(1) T)(E(x)) =t(x)forallx € H;

(2) 7(F(x, y)) = p(x, y) forallx, y € H;

(3) N(72(F)) = 72(G) and 7(D)= D, where D=~,(F) N R and D = v,(G) N N.

Proof Consider the following diagram

|

1——[R, F] F

The existence of 7 in the diagram follows from the universal property of free
groups. More precisely, n(s(x)) =t(x) for all x € H. It is easy to show that
n([R, F]) = 1; hence we get the induced homomorphism 77 : F — G as shown
in the diagram, and we obtain assertion (1). The assertion (2) follows by applying 7
to the equation

Fx, y) =555y~

where x, y € H.
Obviously ﬁwz(F)) <v(G).Letg, h € G,n(9) = x and w(h) = y. Then

([5(x), 5(M1) = [1(x), 1(M] = [g, hl,

as the extension is central. Hence, 1j(72(F)) = 72(G). Clearly 7(D) < D. Now let
neD. Tllen there exists an_ element u € v, (F) such that (#) = n. Notice that
u € Ker(7)), and hence u € R, which proves (3). O

Consider a central extension
1 N—-G—H-—1,
where H is finite. By Theorem 3.7(2), R = M(H) @ X, where X is free abelian.
Therefore,
Fx,y) =7(x, )7 (x,y) (3.58)
with 7/ (x, y) € M(H) and 7' (x, y) € X. Set

(7 (x, y) = p'(x, y)
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and
77" (x, y) = p"(x, ).

Since the extension
1= N—->G—H-—>1

is central, it follows that both i’ and @” : H x H — N are 2-cocycles and

plx, y) = (x, y) ' (x, y) (3.59)

for all x, y € H. Equation (3.59) is referred to as a standard factorisation of the
2-cocycle . Also notice that 1/ (x, y) € D forallx, y € H.
Using the cocycle i/, we now construct an extension

1> N—-K-—>H-—>1 (3.60)

satisfying v, (K) N N = 1. Define K = K(1, p”) to be the group corresponding to
the associated pair (1, p”), as defined in Theorem 2.23. Using Lemma 3.57 for the
central extension (3.60), there exists a homomorphism £ : F — K such that

Er'x, y)) =1

and

E(F(x, ) =1 (x, ¥)

forallx, y € Hand (D) = v (K) N N. Sinceg(r/(x, y)) = lforallx, y € H,it
follows that £(D) = 1 = v, (K) N N.
With the above set-up, we prove the following result [49, Lemma 5.7].

Lemma 3.61 Let G and K be as above. Then
Aut’ (G) = Aut P(K),

where D = v,(G) N N.

Proof Let v € Aut” (G). Since v is a central automorphism, it follows that v fixes
Y2(G) element-wise. In particular, v fixes D element-wise. Let t : H — G be a
transversal inducing p and t” : H — K a transversal inducing p”. Since +y is cen-
tral, there exists a map A : H — N such that v(z(x)) = A(x)¢(x) for all x € H.
Therefore,

Y(p@x, ) = ()t = px, HAEOAPAEY)

On the other hand

Y(plx, ) =y o W)Y ) = 1 (e (x, y).


https://doi.org/10.1007/978-981-13-2895-4_2

96 3 Orders of Automorphism Groups of Finite Groups
Hence, we get

e, MAOAWMAGEY) ™ = g (e, )y (e (),

and therefore
(1 (s y) = 1" HAEAGACxy)

The pair (1, v|y) € Aut(H) x Aut(N) satisfies conditions of Proposition 2.51, and
hence the map v* : K — K defined by

Y (1" () = YA (x)
foralln € N and x € H, is an element ofAutH(K). Asy=~v"onNand D <N,

we have v* € Aut™ P (K).
Next we show that the map

@ : Aut’(G) — Aut" P(K),
given by ®(y) = ~*, is an isomorphism. It is an easy exercise to show that @ is
an injective homomorphism. It only remains to show that ® is surjective. Let § €

Aut?-P(K). Consider the pair (1, 6|y) € Aut(H) x Aut(N). Since § € Aut’(K),
there exists a map A : H — N such that

§(1" () = A0t (x)
for all x € H. Applying § on
p'(x, y) =" 0" ()" (xy)

we have
S('(x, y)) = 1" (x, MACAG)Axy)

Further, since i/ (x, y) € D, we have 6(p’(x, y)) = i/ (x, y). Thus,

§(p(x, ¥)) = px, MA@AMAxY) .

It follows that the pair (1, J|y) satisfies the conditions of Proposition 2.51, and hence
defines an automorphism v € Aut”? (G) with v* = §. ([

Set M = K /7v,(K), the abelianization of K. Since 7,(K) N N = 1, wehave N =
(N Y2 (K )) /72(K). Thus, we can regard N as a subgroup of M and conclude that

M/N = (K /%(K))/(N72(K)/7(K)) = K/(N72(K)) = H/v(H).

Thus, we have an extension


https://doi.org/10.1007/978-981-13-2895-4_2
https://doi.org/10.1007/978-981-13-2895-4_2

3.4 Green’s Function 97
1>N—>M-—>H-—>1

of abelian groups, where H = H /v, (H ). With these notations, we have the following
result [49, Lemma 5.8].

Lemma 3.62 There exists an isomorphism
W Aut? (K) — Aut? (M),
which maps Aut P (K) onto Aut?: D).
Proof We first claim that for x|, x, € K, the congruences
t=x; mod 1 (K)

and
t=x, mod N

have a solution if and only if x; = x; mod N~,(K); furthermore, that the solution
is unique if and only if 7, (K) NN = 1.

Suppose there exists a r € K such that ¢t = x;k and 1 = x,n for some k € v, (K)
and n € N. Then equating the two equations, we get x; = xonk~!.

Conversely, suppose that x; = x,nk forsomen € N andk € v, (K).Thent = x;n
is a common solution of the two congruences. It is easy to see that such a solution,
if it exists, is unique if and only if 1, (K) N N = 1.

Let 6 € Aut” (K). Define

W Aut? (K) — Aut? (M)
by setting W(8) = 0, where § : M — M is given by
5(12(K)x) = 1(K)d(x)
forall x € K. Clearly W is a homomorphism. Let § € Aut” (K) be such that = 1.
Then

0(x)=x mod 1(K)Z

and
6(x) =x mod N.

Since 72(K) NN = 1, we get 6(x) = x forall x € K, and hence W is injective.
For surjectivity, let o € Aut” (M) and x € K be an arbitrary element. Then
o(12(K)x) = 72(K)y for some y € K. Since

o(72(K)x) =1(K)x  mod (Ny(K))/7(K),
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we have
y=x mod Ny (K).

Therefore, the congruences
t=y mody»n(K)andt =x mod N
have a unique solution, say x’. Define §(x) = x’. Notice that x’ is independent of the

choice of a coset representative for v, (K)y.
Next we show that § € Aut” (K). Let x;, x, € K. Then

o (1 (K)xi) = 1 (K)yi

fori =1, 2, and
o(12(K)x1x2) = 1 (K)yi1y,

for some y;, y» € K. As above, the set of congruences
tpy=y; mod y(K)andf, =x; mod N,
=y, mod v (K)and#, =x, mod N,
t=y1y» mod y»(K)andt =x1x, mod N

have unique solutions, say xj, x5 and x’, respectively. Consequently, we get the
congruences

xjxy =y1y» mod 7 (K) and x{x5 = x;x; mod N

and
x' =y, mod ¥ (K)and x' = x;x, mod N.

These congruences in turn give
x'=x{x) mod 1 (K)and x" = xjx, mod N.

Hence, x" = x{x}, and J is a homomorphism.
By using the injectivity of o, it is easy to show that ¢ is injective. Now we show that
& is surjective. Let y € K. Then there exists x € K such that o(2(K)x) = 72(K)y.
Consequently
6(x) =y mod vy (K).

Thus, y = k1d(x) for a unique k; € 7,(K). Notice that (k) = k for all k € 1, (K).
Take x; = kyx. Then
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d(x1) = 0(k)d(x) = k16(x) =y,

and hence ¢ is surjective.
By the definition of §, we have 6(x) = x mod N, and hence § € Aut” (K). Also
observe that

W (6)(12(K)x) = 5(12(K)x) = 1(K)6(x) = 12(K)y = o(12(K)x)

for all x € K, which shows that W is surjective. B
Since D < N, we see that if § € Aut”>P(K), thend € Aut”>P (M), and the proof
is complete. U

Combining the preceding two lemmas yields the following interesting result [49,
Theorem 1].

Theorem 3.63 Let1 — N — G — H — 1 be a central extension and D =, (G) N
N. Then there exists an extension of abelian groups

1> N—>M-—>H-—>1

such that Aut? (G) = Autf- 2 (M).

We are now in a position to present a result of Green [49, Theorem 2], with
a slight improvement, which reduces the function of Theorem 3.40 to a quadratic
polynomial.

Theorem 3.64 For integers h > 3, the function defined by

1
h(h + )+1

f)=—

has the property that, for each integer h > 3 and each prime p, if G is any finite
group such that p/™ divides |G|, then p" divides | Aut(G)|.

Proof Let G be a finite group and N = Z(G). Let H = G/Z(G) and |H|, = pr.If
k > h, then Aut(G) has a subgroup of inner automorphisms of order p*. Hence, p"
divides | Aut(G)|.

Assume that k < h — 1. Let M and D be as in Theorem 3.63. Then, by Theorem
3.7(3)—4),

(h=D)(h=2)

k1)
D], < IM(H)|, < MP)l, <p = <p 2 ,
where P is a Sylow p-subgroup of H. Since |G/ Z(G)|, = |H|, = p* < p"~!, we
get
|Z(G), = p' "Gl
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Therefore,

|Z(G)| _p— h=DG=2) _ hthi=D
P > 1—h 3 |G|,,=P 2 |G|p.
IDlp

Consequently, by Theorems 3.63 and 3.36, we have

- | Z(G)| k=1
| Aut(G)], > | Aut” (G)|, = | Aut"-P(M)], > [)'T"’ > p =G,
P

h(h+1)

Hence, if |G|, > p 2

1 then | Aut(G)|, > p". -

3.5 Howarth’s Function

In this section, we present the work of Howarth [63], wherein it is proved that, for
h > 12, the function
W53 if his odd,
fh) =
hzj

5 if i is even.

satisfies Conjecture 3.1. Notice that this function is a refinement of the function by
Green Theorem 3.64 for 1 > 12. The key idea for getting the above improvement is
to construct sufficient number of non-inner central automorphisms.

Let G be a finite group and H, K its subgroups such that 7,(G) < H and K <
Z(G). Let {wy, ..., w,} be a set of coset representatives of a minimal generating set
{wy, ..., w} of G/H, where w; = Hw; for 1 <i <¢. With this set-up, we first
present a result due to Hughes [64], the proof of which is left as an exercise to the
reader.

Exercise 3.65 Letk;, ..., k, € K be such that |k;| divides |w;| for 1 <i < t. Then
the map v : G — G, defined by

y(w;) = kjw;

forl <i <tand
y(h) =h

for h € H, is an endomorphism of G acting as the identity endomorphism on G/K
and H. Further, « is an automorphism if and only if ¥ : G/H — G/H is an auto-
morphism.

We now specialise to the situation when both G/H and K are p-groups for some
p dividing |G|. Let {p?, ..., p?}withq; < --- < g, bethe setof invariantsof G/ H.
Set
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li =194 -1(K)|

for 1 <i < t. With these notations, we have the following

Proposition 3.66 | Aut®/“9(G)|, > | Awt“*(G)|, = 1; -+ -1,.

Proof Let W; = (wy, ..., wi—,w!, ..., w’, H). Foreach 1 <i <1, define
K; =Q,(K)NW,.
Let (ki,..., k) € K; X --+- x K,;. Define § : G — G by setting

kiw; ifx =w;,1 <i <t,
bx) = {x if x € H.

By Exercise 3.65, 6 is an endomorphism of G. Let 0 : G/H — G/ H be the induced
homomorphism _ B
O(w;) = kjw;

for 1 <i < t. By the discussion preceding Proposition 3.31, 6 is an automorphism
of G/H . Hence, it follows from Exercise 3.65 that § € Aut®/X (G). Notice that the
set of all such automorphisms 6 forms a p-subgroup of Aut®/X (G), whose order is
at least | K| - - - |K;|. It is easy to see that

|Kil 2 19,1 (K)| =1
foreach 1 <i < t. Hence,
| At HOG) |, = | AwYE(G) ] = Kl (K = oy,

and the proof is complete (]
Next we prove

Proposition 3.67 Let G be a finite group and H, K its subgroups such that
72(G) < H and K < Z(G). Then | Aut®/*#(G)|, = | Aut (K /(K N H)),.

Proof Let D be a subgroup of K which is isomorphic to K /(K N H), and let
{d,,...,d,}beaminimal generating set for D.Let {p™', ..., p"™}withm; < ... <
m, be the set of invariants of D. Foreach 1 <i < r, define

Vi={(di,...,di_y,d’

i

..dP)

and
D; = V; N 2, (D).
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Further, for each 1 <i <r with m; < m,, let j be the smallest integer such that
m; < mj,and if m; = m,, set j = r + 1. Then, from (3.29), we have

|D;| = p'~7 |Q, (D)].

Since D = HK/H, it can also be viewed as a subgroup of G/H. Recall that
{p?, ..., p?} is the set of invariants of G/H.For 1 <i <r,set

si=t—r—+I.
Then it follows that r < ¢, and m; < g, for 1 <i < r. Define
Wy, = (wi, ..., wg_, wl, ..., w, H)

and
E, =W, NQ, (D).

For 1 <i <r with g, < gj,, let s; be the smallest integer such that g, < ¢g,,. And

if g5, = gy, setsp =1 + 1.
Notice that €2, (D) < Wj,, consequently

19, (D)/ Ey | = 12, (D)/(Wy, N Qq, (D))] = |2, (D)W, / Wy
< |9y, (D)W, /Wy = Wy / W, |.

Since | Wy, /Wy, | = p*~', we get |Ey| = p'™* |Q,, (D).

Next we show that |E,,| > | D;| for each 1 <i < r. For a fixed i, we have two
cases, namely m; = g, and m; < gj,.

First suppose that m; = g,. If j < k, thenm; > m; = g, = q5,;, which is a con-
tradiction to the fact that m; < g, for each i. Hence, j > k, and therefore

|Di| = p'™7 |Qu,(D)| < p'7" (R, (D)| < |Ey],

since §2,, (D) = Q4 (D).
Now suppose that m; < g5,. Then

|2 (D) = pm1+~--+m,-_1+mi(r*j+1)

and
|Qq\l(D)| > pml+...+mj71+(m,+1)(r—j+1) — pr—j+l |le(D)|

Since k < r 4+ 1, we obtain

|Es | = p'* 19, (D) = p" = Q,, (D) = p" " D] = |Dil.
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Further, since D < K, we have Aut®/?#(G) < Aut®/%-#(G). Using Proposition
3.66for K = D,weget| Aut®/P#(G)|, > |E,| - - - |E,|. Similarly, by the discussion
preceding Proposition 3.31, we obtain

| Aut(D)|p = [D1] - - - | Dyl

and hence
| Aut“’"H(G)|, = | Aut(D)] -
The proof is now complete. (]
A consequence of the preceding result is the following
Proposition 3.68 Let G be a finite group and B a Sylow p-subgroup of
Z(G)/(72(G) N Z(G)). Then
| Aut®’ ()|, = | Aut(B),-

Proof Let K and L be the Sylow p-subgroups of Z(G) and v, (G) N Z(G), respec-
tively. If G/v(G) is a p-group, then the result follows by taking H = 7,2(G) in
Proposition 3.67.

Assume that G/7,(G) is not a p-group. In this case, we can always choose a
subgroup H of G such that v,(G) < H and G/H is isomorphic to the Sylow p-
subgroup of G /v>(G). Observe that

Aut?’%H(G) < Aut?/ 49 (G).
Since (|H/7(G)|, p) = 1, we have 7,(G) N K = H N K. Hence,

B=K/L
= K/(%(G)NK)
= K/(HNK).

By Proposition 3.67, we get
| Aut®/ “9(G)|, = | Aut (K /(H N K))|, = | Aut(B)|,,

and the proof is complete. (I

Let m be a fixed positive integer, and ¢ an integer such that 1 <t < m. Let £,, ,
be the collection of all finite abelian groups of order p™ and exponent p’. For any
positive integer s, define

Ly, = min {|Q;(A)| | A € Ly}

If m =kt +d, where 0 < d < t, then it follows that
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Ls,t — pkH—min{s,d} . (369)

With these notations, we have the following number-theoretic result, proof of
which is left as an exercise.

Exercise 3.70 For any positive integer s, the following statements hold:

(1) Ifl<t<t <m,then Ly, > L, ,.
2) If1 <t <m-—1,then Ly, < Lyy1,4+1-

We can now prove the main result of Howarth [63, Theorem 5.1].

Theorem 3.71 For integers h > 12, the function defined by

W3 ifhis odd,
f =1
% ifh is even.
has the property that, for each integer h > 12 and each prime p, if G is any finite
group such that p ™ divides |G|, then p" divides | Aut(G)|.

Proof For notational convenience, we denote a Sylow p-subgroup of a group G by

G ,. We provide a proof only in the case when £ is an odd integer with p s dividing
|G|. The proof for the case & even is similar, and hence omitted.

Let H =G/Z(G)and |H|, = p*.If k > h, then Aut(G) has a subgroup of inner
automorphisms of order p¥ and there is nothing to prove. Therefore, let us assume
that

0<k<h-1.

As aresult we have | Z(G)|, > p™, wherem = ’12’2# By Theorem 3.7(3)—(4) and
Theorem 3.10 we have

k(k—1) (h—1)(h—2)
2

172(G) NZ(G)|p = IM(H)|p, < [M(Hp)I=p > =<p

Consequently
h+3

1 Z(G)/((C)NZG), = p ™.

Denote the exponents of the groups (Z(G)/(vz(G)ﬁZ(G)))p, Z(G), and

(G/’Yz(G))p by p*, p' and p’ respectively. It is clear that s < ¢ and s < r. Since h
is odd, we have either h =1 mod 4 or A =3 mod 4.

First suppose that 7 =1 mod 4. Then }%3 is even and we have the following
two cases for s:

Case (1):s < %. By Proposition 3.68 and Theorem 3.33, we have

| Aut®’#O(G)|, = | Aut ((Z(6)/(12(G) NZ(G)) )l = P
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Case (2): s > % +1= % =’ (say). Notice that r > s’ and r > s". Let
|2,_1(Z(G) )| = p". Then, by Proposition 3.66, we have
| AutHO G|, = p".

‘We now have the following two subcases:
Subcase 2a):t <s'+h—1= % = t’ (say). Using Exercise 3.70, we have

pl, > erl,t > Ls’fl,t“
Subcase (2b): t > s+ h =1t"+ 1. Since r > t — h + 1 by Corollary 3.8, it fol-
lows from Exercise 3.70 that

I
pr>L,_y,>Li_p;> Lt’—h,t’ = Ls’fl,t’-

Since h > 13, we have 4t = 5h + 3 < m. Now by (3.69) we have

4(s'—1) — Hht3 h

Ls’fl,t’ > V4 )4 >p.

Next suppose that # =3 mod 4. Then % is even and again we have the fol-
lowing two cases for s, namely s < % and s > ’1%1 + 1. Now the proof follows as

in Case (1) and (2) verbatim, and the proof of the theorem is complete for 4 odd. [J

3.6 Hyde’s Function

In this concluding section, we present a refinement of the function in Theorem 3.71.
The result is due to Hyde [68]. Before proceeding further, we need the following
results which are of independent interest.
Let « be a central automorphism of a group G. Then the map f, : G — Z(G)
given by
falg) =g 'a(g)

is a homomorphism from G to Z(G). The correspondence o — f,, gives an injective
map
Autcent(G) —> Hom (G, Z(G)).

Recall that a group is said to be purely non-abelian if it does not have any non-
trivial abelian direct factor. For example, any extraspecial p-group is purely non-
abelian. For purely non-abelian groups, Adney and Yen [3] proved the following
result.

Theorem 3.72 A finite group G is purely non-abelian if and only if the map
Autcent(G) — Hom (G, Z(G)) given by o +— f, is a bijection.
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Proof Given f € Hom (G, Z(G)), the map oy : G — G given by

arp(g) =g9f(9),

for g € G,isanendomorphism. Further, oy is an automorphismif and only if f(g) #
g~ for any g # 1. We only need to show that f(g) # g~ for any g # 1 if and only
if G is purely non-abelian.

If f € Hom (G, Z(G)) is such that f(z) = z~' for some z # 1, then z € Z(G).
We can assume that |z| = p for some p dividing |G|. Write

G/72(G) = P/7(G) ® Q/72(G),

where P /v (G) is the Sylow p-subgroup of G/v:(G). Since 72(G) < Ker(f),
¥2(G)z is non-trivial.
Recall that, for a finite abelian group A and an element a € A, the p-height of
a is the largest p* such that the equation x?" = a has a solution in A. Choose an
element x € P such that '
72(G)z = 1(G)x"",

where p* is the height of z7,(G). Taking y = f(x)~', we have z = ypk. Further,
y € Z(G)N P and (y) N¥2(G) = 1. Now it is obvious that (7, (G)y) is a direct
factor of P/v,(G), and hence of G/7,(G). Since (y) N7 (G) = 1, (y) is a direct
factor of G, and hence G is not purely non-abelian.

Conversely, suppose that G is not purely non-abelian. Write G = H @ K, where
H < Z(G) is a non-trivial subgroup. Then the map

f:G—Z(G)
defined by f(h) =h~'and f(k) = 1forallh € H and k € K is a homomorphism.
(]
Let G be a purely non-abelian group of order p". Let
G/72(G) = Cpi -+ ® Cppm (3.73)
withm; > --->m; > 1 and
Z(G)=Cpy @--- B Cpps (3.74)

with k| > --- > kg, > 1. Then it is easy to see that

| Hom (G/72(G), Z(G))| = [ [ IHom (Cppny, Cpi ) = [ ] p™nm- 40,
Ji

J.i
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Corollary 3.75 Let G be a purely non-abelian group of order p" with G /v,(G) and
Z(G) as in (3.73) and (3.74). Then the following statements hold:

(1) | Autcent(G)| = p?, where a = Zj’i min{m;, k;}.
(2) Ifexp (G/7(G)) < |Z(G)|, then | Autcent(G)| = |G /7:(G).

Proof The proof of (1) is obvious from the preceding theorem. Setm = ) jm;. For
each fixed j, set

aj = Zmin{m,, ki}.
If m; > k; for all i, then

pY = p=ki = Z(G)| = exp (G/72(G)) = p™ = p™.

Further, if m; < k; for some i, then a; > min{m;, k;} = m ;. Hence, by assertion

(D),
| Autcent(G)| = p=i® > p™.

]

We need the following result of Otto [98, Theorem 1] which is proved in the next
chapter as Theorem 4.6.

Theorem 3.76 Let G = A x N be a finite p-group with A abelian and N purely
non-abelian. Then
| Aut(G)[, = |A] | Aut(N)],.

We are now ready to discuss the bound, due to Hyde [68], for finite p-groups.

Theorem 3.77 Let G be a finite p-group such that |G| > p"*' and h < 4. Then
| Aut(G)|, = p".

Proof For abelian p-groups, the result follows from Theorem 3.35.
Assume that G is non-abelian. Then we have

|Inn(G)| = |G/ Z(G)| > p*.

By Theorem 1.32, there exists a non-inner automorphism of order a power of p, and
therefore
| Aut(G)], = p.

The only remaining case is & = 4. In this case |G| > p°. If |Inn(G)| = |G/
Z(G)| > p?, then as before, | Aut(G)|, > p* and we are done. Suppose that
|G/Z(G)| = p*. Then we have | Z(G)| > p>. By Theorem 1.9, [12(G)| = p, and
therefore
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1G/72(G)| > p*.

Notice that G/Z(G) is elementary abelian and is isomorphic to a subgroup of
G/72(G). Thus, G/v,(G) has at least two cyclic factors. If G is purely non-abelian,
then by Theorem 3.72, we have

| Aut(G)|, > | Autcent(G)|, = |Hom (G/7(G), Z(G))l, = p*.

If G = H & K with H abelian and K purely non-abelian, then by Theorem 3.76
and the preceding discussion, we have

| Aut(G)|, > |H| | Aut(K)|, > p*.

Thus, the proof of the theorem is complete. (]

Theorem 3.78 Let G be a p-group such that |G| = p/® with f(h) = }’2’3# and
h > 5. Then | Aut(G)|, > p".

Proof As in the previous theorem, the result holds when G is abelian. So, assume
that G is non-abelian. If

|Inn(G)| = |G/ Z(G)| = p" ',

then, by Theorem 1.32, we have | Aut(G)|, > p".
Suppose that | Inn(G)| = |G/ Z(G)| < ph‘2. Then, by Theorem 1.9, we have

h2—5h+6

(G| <p 2,

and hence |G /72(G)| > p". Further,

h2=5h+10

1Z(G) =z p

and W > h for h > 5. Since G/7,(G) and Z(G) are abelian p-groups, it is
easy to see that

|Hom (G/72(G), Z(G))l, = min {|G/7%(G)I,1Z(G)I} = p".
Now, if G is purely non-abelian, then by Theorem 3.72, we get
| Aut(G)|, > | Autcent(G)|, > p".
Now suppose that G = H @ K with H non-trivial abelian and K purely non-
abelian, then |H| = p” forsomer > land |K| > p/®™~" Ifr > h, then by Theorem

3.76, we have
| Aut(G)|, > |H| | Aut(K)|, > p"
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and we are done. If » < h, then showing that
| Aut(K)|, > p"™"

completes the proof of the theorem. Again, we have two cases. If 1 —r > 5, then
f(h) —r > f(h —r) and we can apply the proof of purely non-abelian case to get

| Aut(K)|, = p" .

If h—r <4, then f(h) —r > h —r + 1, and therefore by Theorem 3.77, we get
| Aut(K)|, > p"~". O

Before presenting Hyde’s function in the general case, we prove the following
results, which are of independent interest.

Proposition 3.79 Let G = H & K, where H is an abelian group with | H| divisible
by p and K is a group with | Z(K) N v, (K)| divisible by p. Then

[Aut(G)|, > | Aut(K)|,.
Proof If |H|, > p?, then by Theorem 3.35, we have | Aut(H)|, > p.Itfollows that
| Aut(G)|, = |Aut(H)|,| Aut(K)|, > | Aut(K)|,.

If |[H|, = p, then it is sufficient to consider the case when H = C, = (h). Since
Autcent(G) is normal in Aut(G), we obtain

| Aut(G)|, > | Autcent(G) Aut(K)|,
| Autcent(G)|,| Aut(K)|,
| Autcent(G) N Aut(K)|,
| Autcent(G)|,| Aut(K)|,
B | Autcent(K)|,

Thus, it suffices to show that | Autcent(G)|, > | Autcent(K)|,. To this end, we pro-
ceed to construct a central automorphism of G which is not induced by a central
automorphism of K. Notice that

G/7(G) = H & K/%(K)

and Z(G) = H & Z(K). Since p divides | Z(G) N y,(K)|, it has an element z of
order p. Then the map sending (k, 1) — (1, z) and (1, 72(K)k) — (1, 1) defines
a homomorphism

f:G/7(G) = Z(G).
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As in Theorem 3.72, there exists a central endomorphism o given by

a(9) = gf(12(G)g).

We claim that o is, in fact, an automorphism. It suffices to show that o is injective.
Let g = (h", k) be an element of G such that

o(g) = (h", kz") = (1, 1).

Then h" =1 andn =0 mod p. It follows that g = (h", k) = (1, 1). Notice that o
has order p and is not induced by an automorphism of K. Further, one can see that
o centralizes Autcent(K). Hence,

| Autcent(G)|, > | Autcent(K)(o)|, > | Autcent(K)]|,,

and the proof is complete. (I
We need the following well-known result [51, Theorem 14.4.7].

Theorem 3.80 A group G has a quotient isomorphic to a Sylow p-subgroup P of
G if and only if for each subgroup Q of P an element of G of order coprime to p
which normalizes Q also centralizes Q.

Next we have the following

Proposition 3.81 Let G be a finite group such that | Aut(G)|, = | Autcent(G)|,. If
P is a Sylow p-subgroup of G, then G = P & Q for some subgroup Q of G.

Proof First notice that | Aut(G)|, = | Autcent(G)|, implies that every Sylow p-
subgroup of Autcent(G) is also a Sylow p-subgroup of Aut(G). Since Autcent(G)
is normal in Aut(G), by Sylow’s Theorem, every Sylow p-subgroup of Aut(G) is
contained in Autcent(G). For each x € P, since the order of the inner automorphism
Ly 1s some power of p, it lies in Autcent(G). Hence, it follows that [g, x] € Z(G) for
all g € G, and consequently [G, P] < Z(G).

Let H be any subgroup of P and y € Ng(H) an element of order coprime to p,
where N (H) is the normalizer of H in G. Let the order of the inner automorphism
ty be n. Then n divides the order of y, and, since [y, h] € Z(G), we get

h=2h) = y"hy™" = [y", hlh = [y, hl'h.

Since [y, h] € H and (n, p) = 1, we have [y, h] = 1, and hence y € C5(H). It
follows from Theorem 3.80 that P has a normal complement Q. Since [G, P] <
Z(G), it follows that P Z(G) is normal in G. Further, P, being the unique Sylow
p-subgroup of P Z(G), is characteristic in P Z(G), hence P is normal in G. O

The following result is straightforward and we leave the proof to the reader.
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Exercise 3.82 Let H and K be two abelian p-groups with |H| = p”,exp(H) < p*
and |K| = p', where t < 5. Then |Hom(H, K)| > p', where | = ’;f

The following technical result is the final preparation towards Hyde’s theorem.

n2—h+2
2

s

Lemma 3.83 Let G be a purely non-abelian finite group such that |G|, > p
where h > 3 and | Z(G) N 12(G)|, = 1. Then | Aut(G)|, > pt.

Proof If |Inn(G)|, = |G/ Z(G)|, = p", then the result holds trivially. If |G/
Z(G)|, < p"~?, then by Theorem 3.11,

n2—3h42

(&), <p

It follows that
|G /7(G)], = p"

and
h2=3h+6 h

| ZG)l,=zp 2 =p".
Therefore,
| Autcent(G)|, = | Hom (G/72(G), Z(G))|, = min {|G/%(G)|,. | Z(G)],} = p"

and the result holds.
Now, suppose that |G/Z(G)|, = p"~!. Then using the fact that |,(G)N
Z(G)|, =1, we get

72(G), = 11(G)/(12(G) N Z(G))I, < 1G1(G)/Z(G)l, =G/ G, = p" .

Consequently,
1G/12(G)], = p" "

Notice that | Z(G)|, > p"~1, and therefore we get
| Autcent(G)|, = min {|G/7%(G)|,, | Z(G)|,} = p" "

If | Aut(G)|, > | Autcent(G)|,, then we are done.

Suppose that | Aut(G)|, = | Autcent(G)|,. In this case, by Proposition 3.81, G =
P & Q, where P is a Sylow p-subgroup of G. Since G is purely non-abelian, P must
be non-abelian. Now, by Theorem 1.32, there exists a non-inner automorphism of
P of order a power of p. Clearly # then extends to a non-inner automorphism of G,
and hence | Aut(G)|, > . O

‘We now present the main result of Hyde [68].
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Theorem 3.84 The integer-valued function f defined, on natural numbers h > 3,
by setting

5 ifh =3,
fh) = { R —h+6 -
Boht6 it > 4

has the property that for each h > 3 and each prime p, if G is any finite group such
that p/™ divides |G|, then p" divides | Aut(G)|.

Proof We divide the proof into the following two cases:

Case (1): We first show that f(3) = 5.If | Inn(G)|, = |G/ Z(G)|, > p3, then the
result holds trivially. Suppose that |G/ Z(G)|, < p?. By Theorem 3.11, [72(G)], <
p*and |G/ (G)l, = p*.

Subcase (1a): G is purely non-abelian. In this case, by Theorem 3.72, we have

| Aut(G)|, = | Autcent(G)|, = |Hom (G/72(G). Z(G))|,  (3.85)
> min {|G/7%(G)l,, | Z(G)],}
> p.

If | Aut(G)|, > p?, then we are done. Otherwise,
| Aut(G)|, = | Autcent(G)|, = p?,

and so, by Proposition3.81,G = P & Q, where P isa Sylow p-subgroup of G. Since
G is purely non-abelian, |P| > p?. It follows that | Inn(P)| > p?, and therefore by
Theorem 1.32, | Aut(G)|, > p?, which is absurd.

Subcase (1b): G = H & K, where H is a non-trivial abelian group and K is a
purely non-abelian group. If |[H|, > p’ fori = 2,3, 4,5, then

| Aut(G)|, = | Aut(H)|, = p'~'

by Theorem 3.77. Hence, the result holds fori = 4, 5. Fori = 2, we have |K|, > p3.
Hence, using (3.85), we get | Aut(K)|, > p?. Consequently,

| Aut(G)|, = | Aut(H)|, | Aut(K)|, = p°.
The case i = 3 is similar. If |[H|, = 1, then
IGl, = K|, = p’,
and the result follows from Subcase (1a). Finally, if |H|, = p, then K], > p*.
Hence, using (3.85), we obtain | Aut(K)|, > p*.

Now, if | Z(K) N~ (K)| is divisible by p, then by Proposition 3.79, we have

| Aut(G)|, > | Aut(K)|p,
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and the result follows. In case |Z(K) Ny,(K)|, =1, by Lemma 3.83, we have
| Aut(K)|, > p?, and again the result follows.

Case (2): h = 4. 1If | Inn(G)|, = |G/ Z(G)|, = p", then the result holds trivially.
Assume that |G/ Z(G)|, < p"~!. By Theorem 3.11,

n2—h
720G, <p 7.

It follows that
|G /%G, = p?

and
h2-3h+8

|ZG)lp = p
Let |G /v (G)l, = p', where r > 3. Then, by Corollary 3.8,
exp (Z(G), < IG/ Z(G),exp (G/1(B)) , < p" ' 1G/1(G), = p" .

Now, there are two subcases:
Subcase (2a): G is purely non-abelian. If t > h, then

| Autcent(G)|, = | Hom (G /1(G), Z(G))|, = min {|G/72(G)l,. | Z(G)|,} = p".
and we are done. Assume that # < h — 1. Then, by Exercise 3.82, we get
|Hom (G /1(G). Z(G))l, = p©.

(h>=3h+8)t

where C = 2010

. We claim that C > h — 1, or equivalently
(t —2)h* + (4 —5t)h + 10t — 2 > 0.
Notice that the discriminant of the quadratic polynomial (t — 2)h? + (4 — 5t)h +
10t — 2isnegativefort > 4. Thus, the claimis truefor? > 4. Also, for thecaset = 3,
itcanbe seenthath2 — 11h + 28 > Oforh = 4 and h > 7. Thus, the remaining cases
aret =3and h =5,6.

If h =5, then | Z(G)|, > p° and by Corollary 3.8,

exp (Z(G), < p*p’ =p.

Now it follows that

|Hom (G/(G), Z(G))|, = |[Hom(Cps, C,7 &Cp2)| > p*.

If h = 6, then | Z(G)|, > p'* and by Corollary 3.8,
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exp (Z(G)), < p°p’ = p*.
Again, it is easy to see that
| Hom (G/7%(G). Z(G))l, = [Hom(Cpn, Cp ®Cps)| = p°.
Thus, we have proved that
| Autcent(G)|, = |Hom (G /% (G), Z(G))|, = p" .

If | Aut(G)|, > | Autcent(G)|, then the result holds. Suppose that | Aut(G)|, =
| Autcent(G)|,. In this case, by Proposition 3.81,

GZP@QV

where P is a Sylow p-subgroup of G. Since G is purely non-abelian, P must be non-
abelian. By Theorem 1.32, there exists a non-inner automorphism of P of order a
power of p, which extends to a non-inner automorphism of G and gives | Aut(G)|, >
p".
Subcase (2b): G = H @ K, where H is a non-trivial abelian group and K is
a purely non-abelian group. Let |H|, = p" for some r > 1. If r > h + 1, then by
Theorem 3.35, | Aut(H)|, > p' and the result holds.
If2 <r < h, then hz_—zh% —r > w, which in turn gives

h2—h+6 _

Kl,=p 2 " =p

(h=r+1)2—(h—r+1)+6
2

Since K is purely non-abelian, the previous case gives | Aut(K)|, > p"~"*!, which
together with Theorem 3.35 yields

| Aut(G)|, = | Aut(H)|,| Aut(K)|, = p'~' p" =+ = p".

W2—h+6 | h2—h+4

Ifr =1,then |[K|, > p > =p 2 .Sinceh > 4, we get

W—htd _(h—12—(h—1)+6
2 = 2 '

Consequently, we obtain | Aut(K)|, > p" 1 If | Z(K) Ny2(K)| is divisible by p,
then by Proposition 3.79, we have | Aut(G)|, > | Aut(K)|, and the result follows.
If |Z(K) Ny2(K)|, =1, then by Lemma 3.83, we have | Aut(K)|, > p, which
finally completes the proof. O

It is natural to ask whether the function f can be bounded from below. Hyde
[68] provided an answer to this question using the following example, which, in
particular, shows that f(3) = 5 is the best possible bound for h = 3.
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Example 3.86 1t is well known that if @ and d are coprime integers, then the arith-
metic progression {a +nd | n =0, 1, 2, ...} contains an infinite number of primes
[5, p- 154, Theorem 7.9]. Let p be an odd prime,a = 1 + ph and d = ph“. Then a
and d are coprime andg = 1 + p" + kp"*!is a prime for some k. If G = GL(2, F,),
then |G| = (¢ + 1)q(g — 1)* and |G|, = p*". Notice that |Z(G)| = ¢ — 1, and
hence | Inn(G)| = (¢ + 1)g(g — 1). Further, since ¢ is prime, we have | Aut(G)| =
2 | Inn(G)|, which gives | Aut(G)|, = p".

Replacing 4 by & — 1 in the preceding example shows that the function f(h) =
2h — 2 does not work. Hence, the least function f () such that | Aut(G)|, > ph
whenever |G|, > p/" satisfies f(h) > 2h — 1. We thus have the following result.

Theorem 3.87 Leth > 2. The least function f(h) such that | Aut(G)|, > p" when-
ever |G|, > p! ™ satisfies f(h) = 2h — 1.

The following problem remains open.

Problem 3.88 Does there exist a linear polynomial function f : N — N with the
property that, for each prime p, if G is a finite group with |G|, > p/ ™, then
| Aut(G)[, = p?

Exarchakaos [29] and Burmester-Exarchakos [15] further attempted to improve
the functional bound in the class of p-groups, which we state here without proof.

The papers are intricate case-by-case analysis of various numerical invariants of
subgroups of the groups under consideration. First we state the main result of [29].

Theorem 3.89 The function f : N — N defined by

h if h <5,
2h—5if6<h<S8,
14 ifh=09,

fh)y =117 if h =10,
20 if h=11,
23 if h=12,

B ifh=13

satisfies the property that if G is a finite p-group with |G| = pT " then | Aut(G) lp >
.
The preceding bound was improved in [15] to the following

Theorem 3.90 The function f : N — N defined by

h if h <6,
3h—13 ifT<h<I12,
Sh—39 if 13 <h <22,
FM=171-81 if23<h<3l,
Oh — 142 if 32 < h < 41,

i if h>42
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satisfies the property that if G is a finite p-group with |G| > p/™ | then | Aut(G)|, =
h

p.

Exarchakos—Dimakos—Baralisin [31, 32] claimed to have improved the functional
bound to a linear polynomial function. Unfortunately, the following key lemma [32,
Lemma 2], on which the proof depends heavily, does not work and there are coun-
terexamples to this lemma.

Lemma 3.91 Ler G be a non- abelian p-group of order p" and nilpotency class c.
Let |G/7(G)| = p", |1 Z(G)| = p*andmy = my > - =m; > Lky 2 kg = -+ >
ks > 1 be the invariants of G/v,(G) and Z(G), respectively. Then the followmg
statements hold:

(1) exp(Zi+1(G)/ Z;(G)) = exp (Z(G)) = ph foralli =0,1,...,c — ;

(2) exp (11(G)/7i41(G)) = exp (Z(G)) = p¥ foralli = 1,2, ..., c — landm, >
ki

(3) exp(Ze-i(G)/%i(G)) < ph foralli =1,2,...,c = 1;

(4) |G/Zz(G)| > ple—2k1+2.

For an odd prime p, the preceding lemma does not hold for the group
G=(x,yulx" =y" =u” =1,[x,y] =u, [u,x] =u’, [u, y] = 1).
It is not difficult to show that G is generated by two elements, has order p® and is of

nilpotency class 3. Further, 7,(G) and Z(G) are distinct cyclic subgroups of order
p? and 13(G) is of order p. Being cyclic, exp (Z(G)) = p>. Obviously

exp (12(G)/713(G)) = p # exp (Z(G)),

which contradicts Lemma 3.91(2).
We remark that Problem 3.88 is open for the class of finite p-groups.



Chapter 4 ®)
Groups with Divisibility Property-I oo

Every finite non-cyclic abelian p-group of order greater than p> has the property that its
order divides that of its group of automorphisms (Theorem 3.34). The problem whether every
non-abelian p-group of order greater than p? possesses the same property has been a subject
of intensive investigation. As discussed in the introduction, this property is referred to as the
Divisibility Property. While several classes of p-groups have been shown to have Divisibility
Property, it is now known that not all finite p-groups admit this property [46]. An exposition
of these developments is presented in the remaining part of this monograph.

In this chapter, some reduction results, due to Buckley [14], are presented in Sect.4.1.
Among other results, it is proved that one can confine attention to the class of purely non-
abelian p-groups. In subsequent sections it is shown that Divisibility Property is satisfied by
p-groups of nilpotency class 2 [33], p-groups with metacyclic central quotient [18], modular
p-group [22], p-abelian p-groups [19], and groups with small central quotient [20].

In view of Theorem 3.34, it can be assumed that the groups under consideration are non-
abelian p-groups. The main ingredient in verifying Divisibility Property for various classes
of groups G is the subgroup

IC(G) := Inn(G) Autcent(G)

of the automorphism group Aut(G) of G.

4.1 Reduction Results

This section is devoted to some reduction arguments which enable verification of
Divisibility Property for finite p-groups with certain conditions. In what follows,
most of the results are due to Buckley [14].

Recall that a group G is an internal central product of two subgroups N and S if
G =NS,[N,S]=1and NN S <Z(G).

The following result is an interesting application of extension theory for central
products and Wells exact sequence.

© Springer Nature Singapore Pte Ltd. 2018 117
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Theorem 4.1 Let G be a finite p-group which is a central product of non-trivial
subgroups N and S. Suppose that N < G, S < G and N Ny,(S) = 1. Then

| Auty (G)]p = plAut(N)|, | Aut(G/N)|p.
Proof Let H= G/N and £ be the extension
1 N—-G—H—1.

Then, by Theorem 2.63, we have the following exact sequence

1 = Hom (H, Z(N)) — Auty(G) 23 Aut(H) x Aut(N).
Consequently, Ker (p(é' )) is isomorphic to Hom (H , Z(N )). It follows that
| Ker (p(€))| = | Hom (H, Z(N))| = |Hom (H/%(H), Z(N))| = p"

forsomem > 1.Recallthat S(H, N) denotes the set of equivalence classes of special
quasi-central extensions of H by N (see Sect. 2.8 of Chap. 2). In view of Remark 2.62
and the fact that both H/v,(H) and Z(N) are finite abelian groups, we have

IS(H, N)| = | Ext (H/7:(H), Z(N))| = |Hom (H/y2(H), Z(N))| = p".

If £ is a split extension, then the map p(€) is surjective. Again, by Theorem 2.63, we
have
| Auty (G)| = p" | Aut(N)| | Aut(G/N),

and the result follows in this case.

Now, suppose that £ is a non-split extension. In view of Theorem 2.61, £ is a spe-
cial quasi-central extension, and hence [£] is an element of S(H, N). Further, notice
that S(H, N) is invariant under the action of Aut(H) x Aut(N) on Ext,(H, N),
where « is the trivial coupling. Since this action of Aut(H) x Aut(N) on S(H, N)
permutes non-split extensions, we can consider this as an action on the set of all
non-split extensions in S(H, N), which is a set with p™ — 1 elements. Let L be the
stabilizer subgroup of Aut(H) x Aut(N) at [£]. Then

| Aut(H) x Aut(N)| _
[L| -

pm_L

which implies that

m—1

| Aut(H) x Aut(N)|, _
[L|p -
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or equivalently
[Aut(H)|, [Aut(N)],

pm—l

ILlp =

Therefore, by Theorem 2.63, we obtain
| Auty (G)|, = | Ker (p(é‘))|,, [L|, = p" |L|, = p |Aut(G/N)|, | Aut(N)|,,

and the proof is complete. (]
The preceding theorem leads to the following reductions on groups with Divisi-
bility Property.

Theorem 4.2 Let G be a finite p-group and 1 < N < G such that N N y,(G) = 1.
Then the following statements hold:

(1) |Auty(G)lp = plAut(N)|, | Aut(G/N)|).
(2) If |G/N| divides | Aut(G/N)|, then |G| divides | Auty (G)].

In particular, if both N and G/N have Divisibility Property, then so does G.
Proof Since N N y,(G) = 1, N is a central subgroup. Therefore, G can be viewed
as a central product of N and G, and assertion (1) follows from Theorem4.1.

If N is a non-cyclic abelian p-group of order greater than p?, then |N| divides

| Aut(N)| by Theorem 3.34. If N is cyclic, then, obviously, |N| divides p | Aut(N)|.
The assertion (2) then follows from (1). O

Remark 4.3 In view of the preceding theorem, for studying Divisibility Property,
it is enough to consider finite p-groups G such that Ql(Z(G)) < 72(G). For, if
Q (Z(G)) % 72 (G), then we can always find a non-trivial normal subgroup N <
Z(G) such that N N 7,(G) = 1, and 21 (Z(G/N)) <7 (G/N).

We now present the main result of Hummel [65].

Theorem 4.4 Let G be afinite p-group which is a central product of non-trivial sub-
groups N and A with A abelian. If |N| divides | Aut(N)|, then |G| divides | Aut(G))|.

Proof Since A is abelian, N N y,(A) = 1, and therefore,
| Auty (G|, = p |Aut(N)|, | Aut(G/N)|,

by Theorem4.1. If G/N is an abelian p-group of order p” for some r, then
| Aut(G/N)|, = p"~! by Theorem 3.35, and the proof follows. O

Remark 4.5 In view of Theorem4.4, for studying Divisibility Property, it is enough
to consider finite p-groups G with Z(G) < ®(G).

The following result of Otto [98, Theorem 1] is a special case of Theorem4.4.
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Theorem 4.6 Let G = A X N be a finite p-group with A abelian and N purely
non-abelian. Then
| Aut(G)|, = |A] [Aut(N)] .

Consequently, if | Aut(N)|, > |N|, then | Aut(G)|, > |G]|.

Remark 4.7 In view of Theorem 4.6, for studying Divisibility Property, it is further
enough to consider only purely non-abelian finite p-groups.

Next, we define the notion of isoclinism originally introduced by Hall [53]. Two
groups G and H are said to be isoclinic if there exist isomorphisms

a:G/Z(G) — H/Z(H)

and
B:m(G) — v (H)

such that the following diagram commutes

G/ Z(G) x G/ Z(G) —— 72(G)

ym la

H/Z(H) x H/Z(H) —— 7(H),
where the horizontal maps are the commutator maps given by
(Z(G)x, Z(G)y) — [x, y].

It can be easily checked that isoclinism is an equivalence relation on the class of all
groups. The following observations, due to Hall [53], allow us to state Theorems 4.1
and 4.2 in terms of isoclinism.

Proposition 4.8 Let G be a group. Then the following statements hold:

(1) If N < G, then G and N are isoclinic if and only if G = N Z(G).
(2) If N <G, then G and G/ N are isoclinic if and only if N N % (G) = 1.
(3) If G = N x A with A abelian, then G and N are isoclinic.

We conclude this section with the following result of Weichsel [124], which is
of independent interest, and states that given two isoclinic groups, we can always
obtain one from the other via a sequence of three groups involving steps (1)—(3) of
Proposition4.8.

Theorem 4.9 Let G and H be two groups. Then G and H are isoclinic if and only
if there exists an abelian group A and groups N < R such that R < G x A with
RZ(G xA)=G x A,and H = R/N with NNy%(R) = 1.
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Proof The sufficiency part of the statement follows from Proposition4.8. Assume
that G are H are isoclinic. Consider the subgroup

C ={(g.h) | «(Z(G)g) = Z(H)h}

of G x H. Set
Zy=Cn(lx H)=1xZ(H)

and
Z,=CnN(Gx1)=2Z(G) x 1.

Observe that 72(C) = (([g1. 921, B(Lg1. 92D)) | 91, 92 € G). It follows that
N@ONZ =1=7(C)NZ,.
Also, one can see that C/Z; = G and C/Z, = H. Now, consider the subgroup
C = {(Zlc, VQ(C)C) | c e C}
of C/Z; x C /% (C), which is easily seen to be isomorphic to C. Notice that
CZ(C/Z x C/72(C)) = C/Zy x C/1(C),

which implies that C can be viewed as a subgroup of G x C/7,(C). Taking A =
C/v(C), R = C and N = Z, completes the proof of the theorem. O

4.2 Groups of Nilpotency Class 2

In this section, we present a result of Faudree [33] showing that p-groups of nilpo-
tency class 2 have Divisibility Property. We begin with the following useful result
which is of independent interest, and is a slight generalization of [33, Lemma 1] and
[67, Lemma].

Lemma 4.10 Ler G be a finite p-group and K a normal subgroup of G such that
G/K = (Kx) is a cyclic group of order p". Suppose that there exists an element
7z € Cg(K) such that (zx)?" = x?" and G = (K, zx). Then the map ¢ : G — G
given by

pkx') = k(zx)'

for 1 <i < p"is an element of AutX (G). Moreover; if z € Z(K), then the order of
¢ equals the order of z.

Proof Since (zx)?" = x?", it follows that the map ¢ is well-defined. Using the fact
that z € C5(K), a routine computation shows that ¢ is an endomorphism of G.
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That ¢ € AutX (G) follows from the fact that ¢» maps a generating set of G onto a
generating set of G, and the very definition. O
We need the following well-known result [66, I11.3.18 Satz].

Theorem 4.11 Let G be a finite p-group. Then Aut®/®*©)(G) is a p-group.

Let G be a purely non-abelian finite p-group of nilpotency class 2. Let X =
{x1, x2, ..., x;s} be a minimal generating set for G such that

G/(G)=(x1)®--- & (Xa),

where X; = 7,(G)x;. Let p“ and pﬁf denote the orders of x; modulo v, (G) and Z(G)
respectively for 1 <i < d such that aj > --- > «,. Without loss of generality, we
can assume that

72(G) = (w1) & - -+ B (wy),

where w; =[xy, x2], |w;| = p™ and m; > --->m,. Since exp(G/Z(G)) =
exp (12(G)), we have o > a > my.

Let k be the largest positive integer such that o > m ;. Fix an integer i such that
1 <i <k.Foreach0 < j < (o; — my), define a map

fifxt, ..., x4} —> G

by setting
xix! i =
f(x’)_{x, ifl<l<dandl #i.

Then, by Lemma4.10, f extends to an automorphism of G. It is easy to see that
xi_lf(xi) € Z(G) \ »(G) for 1 <i < k.Let R denote the subgroup of Autcent(G)
generated by the set of all such automorphisms f.

Notice that each ¢ € Hom (G /72(G), 'yz(G)) defines an automorphism, say fy,
of G given by

Jfo(9) = go(9)

for g € G. Let R, denote the subgroup of Autcent(G) corresponding to the group of
homomorphisms Hom (G/'yz G), 7 (G)). Then, by Theorem 3.72 or Theorem4.11,
it follows that R| R, is a p-group of order

R\ Ry| > p(Z?:1 0‘[)+m2+(z;l:2 m;).

With the above set-up, we thus have the following result.

Proposition 4.12 Let G be a purely non-abelian finite p-group of nilpotency class
2. Then

d n
| Autcent(G)| > p(zi:]ai)erer(Zi:Zm').
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In view of Proposition4.12, we only need to produce p™' =™ more automorphisms
to conclude that | Aut(G)|, > |G|. If m; = m,, then we are done.

From now onwards, for the rest of this section, we assume that m; > m,. Con-
tinuing with the above settings, assume further that

a

1 1
x{ =w!  mod (wa ..., w,)
and
paz _ plz
X, =w; mod (wo, ..., wy)

for some non-negative integers t;, . Now define maps

01,02:{x1,...,xd}—> G
by setting
pml .
_x xpif I =1,
m@”_{@ if1£1,
and

p"

_ ] xx if =2,
72(x1) {m i1 £2,

where x = max{m;, oy +m| — o, — t;, a; +my — a,}. Using Lemma4.10 and
Theorem4.11, we can prove the following:

Exercise 4.13 The maps o, 0, extend to central automorphisms of G, and are of
orders p®>~" and p™inlei—maathi—mia2=m} modulo Ry R, respectively.

The following result is a slight generalization of [3, Lemma 1], which is valid in
our situation since m > mo.

Lemma 4.14 Let G be a finite p-group of nilpotency class 2 such that
(1) 2(G) = (w) ® U, where |w| = p™ > p" = exp(U);

’
my+m'

(2) w =[xy, x2] and xé) =1;
(3) m" =m' if pisodd, and m" = max{l,m'} if p = 2.

Let H= (x1,x3) and L ={x € G| [x1,x], [x2,x] € U}. Then G = HL and the
map o : G — G given by

/ﬂ/

xle if g=x1,
a@ =1y if 9=1x,
g ifgel

extends to an automorphism of G centralising Z(G). Furthermore, o has order
""" modulo Autcent(G).
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Proof We first show that G = HL. For g € G, we have
[x1,9]=w’ mod U

and
[x2, 9] =w" mod U,

which in turn gives
[x1, x;°xjgl=1 mod U

and
[x2, x;°xjgl=1 mod U.

By definition, x, ‘Yx{ g € L,and hence g € HL. Thus, G = HL and every element
g € G can be uniquely written as

g =xixl,
where 0 < s < p™ and!/ € L, since 2(G) <Z(G) < L.
Showing that ¢ is an automorphism is a routine check using basic commutator

identities in groups of nilpotency class 2, and hence left to the reader. Notice that
xi e Z.(G). Thus, to show that o centralizes Z(G), it suffices to show that

oy =x"".
Observe that

oy = (" Hr™

p
e’ g oy
= x{) xé [x2, xl] 2
" my _
. p’”l M
=x; [x2,x1] 2
If p is odd, then
[x2, x1] 2 =1,
and hence
N
olx; )=x; .
Finally, if p = 2, then
[-x2s -xl] 2 =1

if and only if m"” = max{1, m’}. By the very construction, the order of ¢ modulo
Autcent(G) is p™ ", and the proof is complete. g
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Remark 4.15 For odd primes p, the preceding lemma is originally due to Adney-Yen
[3, p. 138, Lemma 1], wherein they construct an automorphism as above for each
m > k > m’. The case of p = 2 was considered by Faudree [33, Lemma?2].

Define 7 : Z — N by setting

() = 0 ifn <O,
=00 ifn > 0.
Set
min {n(ml 4+t —ay), n2my —ay — I’)’lz)} if p odd,
Ny =
min {n(m; + &, — o), nQ2my — a, —my), my — 1} if p=2,
and
min {n(ml + 4 —ay), n2m; —a; — mz)} if p odd,
N, =

min {n(ml + 4 —ay), n2my —ay —my), my — 1} if p=2.
With the above set-up, using Theorem4.11 and Lemma4.14, we have

Exercise 4.16 The maps defined by

!

xlxzp if g =x,
(9 =1g if g=x,
g if ge L,
and
g it g=ux,
7(9) = xlem if g =x»,
g if geL

extend to automorphisms of G of orders p™' and p™> modulo Autcent(G), respec-
tively.

We are now in a position to prove the following result of Faudree [33] proof
of which makes use of the automorphisms oy, 0», 71, 7> defined in the preceding
discussion.

Theorem 4.17 Let G be a finite p-group of nilpotency class 2. Then |G| divides
| Aut(G)|.
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Proof In view of Remark4.7, we can assume without loss of generality that G is
purely non-abelian. We consider the following three cases:

Case (1): 1, = t; + r for some integer » > 0;
Case (2): t; = t, + r for some integer » > (] — a3);
Case (3): t; =t + r for some integer 0 < r < (o] — ).

o) —ap+r

In Case (1), we replace x, by x; , x5. Then it follows that r, = m except the

casewhen p = 2,1 = ap, = mandr = 0;andinthis exceptionalcaset, = m; — 1.
_ o r—aj+a

In Case (2), we replace x; by x, P le. Then #; = m except the case when

p =2,a; =a =m; and r = 0. Again, in this exceptional case t; = m;| — 1.
oot

Finally, in Case (3), we replace x, by x,x, I and obtain t, = m| —r.
Consider the following conditions:

(@) p=2and a; = ay =my;
b)) p=2,a; > a, =m;and my = 0.

Except in conditions (a) and (b), the result follows in Case (1) by considering
orders of o) and 7; modulo R} R;; in Case (2) by considering orders of o, and 7,
modulo R; R;; and in Case (3) by considering orders of o, and 71 modulo R R;.

It remains to prove the theorem when conditions (a) and (b) are satisfied in all the
three cases (1)-(3).

First we consider Case (1) with condition (a). If m, > 0, then 71 has order p™' "2
modulo R; R, and we are done. We assume that m, = 0.

If#; > 1 and m,; > 1, then considering the orders of 7y and 7, gives p™' automor-
phisms modulo R{R,. If #; > 1 and m; = 1, then it follows that #; = 1. In this case,
r = 0, and hence #, = 1. Therefore, we get x12 = x% = 1. The map

Xy ifl =1,
0(x) =1 x1 ifl =2,
x; otherwise

is an automorphism of order p”' modulo R R;.
If 1y =0and m; > 1, then » > 0. So, we can assume without loss of generality
that r, = m; — 1. A direct check shows that the map

X2X1 ifl = 1,
0(x) =13 xo ifl =2,
X; otherwise

is an automorphism of order p”' modulo R;R,. Finally, suppose that #; = 0 and
my = 1.1fr = 0, then x? = x7 = w;. And if r > 0, then x? = w; and x3 = 1. The
result now follows by considering the automorphisms

xy ifl=1,
91()6[) = X1 ifl = 2,
x;  otherwise
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and
X1 ifl =1,
92()61) = X1X2 ifl = 2,
X otherwise

respectively. Case (1) with condition (b) is analogous, and we leave it to the reader.

Cases (2) and (3) with condition (a) are analogous to Case (1) with condition (a).
The result in Case (2) with condition (b) follows by considering the orders of o,
and 7, modulo R;R,. Finally, in Case (3) with condition (b) the result follows by
considering the orders of o, and 71 modulo R; R,. With this, the proof of the theorem
is complete. (I

4.3 Groups with Metacyclic Central Quotient

Recall that a group G is said to be metacyclic if it admits a cyclic normal subgroup
N such that G/N is cyclic. In this section, for odd primes p, we show that finite
p-groups G with metacyclic central quotient G/ Z(G) satisfy Divisibility Property.

We begin with recalling the definition of regular p-group. A finite p-group G is
said to be regular if for each a, b € G, there exists ¢ € v,(H) such that

(ab)? = a’bPc?,
where H = {(a, b).
Throughout this section p is an odd prime. Let G be a finite p-group with meta-
cyclic central quotient and of nilpotency class greater than 2. Set

G = G/Z(G).

Then there exists a cyclic normal subgroup B of G such that G/B is also cyclic. So
we can choose elements a, b € G such that

B = (Z(G)Db),
where the order of Z(G)b is p™, and
G/B = (Ba),
where a = Z(G)a.
Let exp (G/VZ(G)) = p* and exp (Z(G)) = p'. Then there exists an element

71 € Z(G) of order p' such that

Z(G)=(z)® W
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for some subgroup W; of Z(G) with
exp(W) = p”, (4.18)

where 3 < [. Set
M = (b, Z(G)).

Since 72(G) < M and the order of Ma is p™ (by Theorem 1.16(1)), as observed in
Chap. 1, it follows that the order of 7, (G)a is at least p™, and therefore

k>m.

In the following result we derive a lower bound for | Autcent(G)|.

Theorem 4.19 Let G be a purely non-abelian finite p-group with metacyclic central
quotient and of nilpotency class greater than 2. Then | Autcent(G)| > p‘”g | Z(G)|
or | Autcent(G)| > p** | Z(G)|, where acis as in (1.17) and 3 as in (4.18).

Proof We have two cases: (1)1 > k; (2)1 < k.
Case (1): In this case, we decompose W, as

Wi=(w) @ & (w,) & W,
where the order of each wj is at least p* and exp(W») < p*. Then

|Hom (G/7(G), Z(G))| = |Hom (G/1(G), ()| [ | IHom (G/7(G), (wy))]

i=1
| Hom (G /72(G), Ws)|
> |G/ (G)|"T! [Wal.

If |Autcent(G)| > |G| = p*"|Z(G)|, then, since m > «, |Autcent(G)| >
p**| Z(G)|, and we are done. So assume that | Autcent(G)| < |G|.If n > 0, then by
Theorem3.72, we have

P"1G/71:(G)| = |G| > | Auteent(G)| = |G/ (G)["*'.
Thus, we obtain
P" > G /(G = 1G/72(G)| = exp (G/12(6)) = p*,

which is a contradiction to the fact that k¥ > m. Hence, n = 0 and W; = W,. There-
fore, by Theorem 1.16(2), we obtain

| Autcent(G)| > |G /12(G)| W] = |G /72(G)| exp(Wy) = p"+P1Z(G)| = p**+B | 2(6)|.
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Case (2): Decompose G /72 (G) as
G/7(G) = (x1) @ @ (Xa),
where x; = 7 (G)x; with x; € G and
pr=1812 1%l = = %l

Observe that d > 2 and assume for the moment that |x{| > |x;| > p®. Then

|Hom (G /72(G). Z(G))| = |Hom ((X1), Z(G))| |Hom ((X,), Z(G))|
= |Z(G)| |Hom ((X,), Z(G))I.
If |X,| > p', then

|Hom ((%2), Z(G))| =1Z(G)| = p' IWi| = p***

Hence, we obtain
| Autcent(G)| > p* | Z(G)|.

So we assume that |X,| < p'. Since |%,| > p®, we have

|Hom (G/7(G), Z(G))| = |Z(G)| |Hom ({(%2), (z1))| |Hom ({(%2), Wi)I.

129

Notice that | Hom ((X,), W;)| > p” or p®, depending on whether | %,| > p” or|%,| <

p?. Also
| Hom ((%2), (z1))] = [{¥2)| = p*,

and hence we obtain

| Autcent(G)| > p*™ | Z(G)| or p** | Z(G)|.

-1

It only remains to prove that |X2| > p®. Suppose that |X,| < p®. Then x/ €

Y2(G) for all 2 < i < d. From the proof of Theorem 1.16, we obtain
12(G) Z(G)/ Z(G)| = Im(G)/(12(G) NZ(G))| = p"~*,
which implies that
a—1 m— m—1
)" =x eZ2G)

forall2 <i <d. Since [x;, xj]Pm*1 = 1forall 1 <i, j < d,regularity of G implies
that exp (72(G)) < p™~!, a contradiction. The proof is now complete. (I

We now present the following result of Davitt and Otto [21].
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Theorem 4.20 Let G be a finite p-group with G/ Z(G) metacyclic, where p is an
odd prime. Then |G| divides | Aut(G)|.

Proof In view of Remark4.7 and Theorem4.17, we can assume that G is purely
non-abelian of nilpotency class greater than 2. By Theorem4.19, we have

| Autcent(G)| > p** | Z(G)| or p**7 | Z(G)|.
By Theorem 1.18(1), we have

| Inn(G)| | Autcent(G)| _
| Inn(G) N Autcent(G)|

[ IC(G)| = p?" =29 | Autcent(G)|.

If | Autcent(G)| > p>® | Z(G)|, then we are done.
Assume that | Autcent(G)| > p®*? | Z(G)|, where 3 < a. Set

F =m(G) Z(G).

Then F = (b”") Z(G) and it is a normal subgroup of G of order p”~ | Z(G)|. The
approach for the rest of the proof is to modify the generating set for G/ Z(G) to get
a normal subgroup of G with cyclic quotient so that the hypothesis of Lemma4.10
is satisfied. The proof is now divided into two cases: (1) t, > 1; (2) t, < t;, Where
t,, t;, are as in Theorem 1.18.

Case (1): In this case, t, = 1, + r for some integer » > 0. Leta = b~" q and

K = (a, F).

Then K is a normal subgroup of G. Notice that [a, b] = [a, b]. If al e F, then
[@, b]”" = 1. It follows that the order of the element Fa is at least p”. An easy
exercise shows that a”" € Z(G) < F, and hence the order of Fa is precisely p™.
Thus,

K| = p™ "1 Z(G),

and therefore G/K is cyclic of order p“ generated by Kb. By Theorem 1.18(2), we

obtain .
~ i o rtm m —plbtr la
A" =b""a" =g P zf w

for some w € Wj. Since t, = t, + r and exp(W)) = pﬁ, we have

pm<lal < p™*.

Since o« < m, we can choose s such that [@”’ | = p®andm + 3 —a > s >m — a.
Notice that

~ pn—a

[a"" ", b1 =[a, b)"" = 1.
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Consequently, a”" " € Z(K), and therefore a”" € Q,(Z(K)). By Lemmal.15, G
is regular, and we have @” b)?" = b?". Hence, by Lemma4.10, there exists an
automorphism ¢ of G of order p“. Since |Fa| = p™, it follows that

|F5PA| — pm—s > pa'—ﬁ.

a—f3—1 ~ psta—p—1

Hence, b~!¢? (b) =a?
p°~5. Consequently, we obtain

¢ F and the order of ¢ modulo IC(G) is at least

| Aut(G)l, = [(¢,1C(G))| = p*~7|IC(G)| = |GI.

Case (2): In this case, t, =, + r for some integer r > 0. Set b=a"b and
L = (b, F). It is clear that L is a normal subgroup of G. Observe that |b| > p".
There are two subcases: (2a) r + a > m; 2b) r + a < m.

Subcase (2a): Notice that G/L is generated by La. We claim that |G/L| = p™.
Since Z(G) < L and | Z(G)a| = p™, it follows that | La| = |G /L], which is at most
p™. Conversely, notice that

7+
P

l’;pn — (aiprb)pn —q bpngpa

7+

for some g € 72(G~) < F. Since r + o > m, it follows that a=?
which implies that 57" € F. Consequently,

€Z(G) < F,

IL| < p" [F| = p" | Z(G)],

and hence |G/L| > p™. Thus, our claim is proved, and hence |Fb| = p°.
As in Case (1), it follows that b”" € Wy, which implies that

pm < |5| < pm+ﬂ'
We can now choose s with 0 < s < 3 such that |l;pS| = p™. Since r + a > m, we
have

7o

[a?,b" ) =[a"",b)"" = 1.

Therefore, [l;, b”"1 =1, which in turn implies that be Z(L). It is now clear that
bY € Qm(Z(L)). Since G is regular, we have (b” a)’" = a”", and therefore by
Lemma4.10, there exists an automorphism ¢ of G of order p™. Since | F bl = pY, it
follows that |Fl;"y | =p** > p“““/’. As in Case (1), the order of ¢ modulo IC(G) is
at least pa"‘g , and we are done.

Subcase (2b): Let v = m — r — o. We claim that |G/L| = p™~7. Observe that

~ oty " a+y _pm a+y a+y
" = (@ by =a " g
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for some g € 72(G) < F. Thus, the order of Fb is at most p®*7_ If the order of Fb
is less than p®t7, then b*"""' € F. But

~ a+y—1

b = (@ P b)?

a+y—1 _ym—1 at+y—1 a+y—1

=a? b? g’ € F,

which implies that a=?""' € F. This gives

m—1 m—1

la, b =l[a” ,bl=1,
a contradiction. Hence, |F 15| = p®*7, and therefore
IL| = p" " Z(G)I,

which further yields |G/L| = p™~7. Again observe that

pm < |B| < pm-H'i

)

which implies
pmf'y < |bp"”| < pmﬂ”)’f",f'

Choose s with v < s <~ + 3 such that |b?'| = p" 7.
Notice that

67 b 1 =[a ", b"" 1 =[a """, 0" 1 =[a" ", b]"" =1,

whichimplies that5?" € Z(L) andb”" € Q,,_,(Z(L)). Again, by Lemma4.10, there
exists an automorphism ¢ of G of order p™~". Since |F b| = p®*7, it follows that

|FBPJ| _ p(H-”,’—s > p(y—ﬁ.

As before, we obtain that the order of ¢ modulo IC(G) is at least p®~”, which
completes the proof of the theorem. O

As an immediate consequence we obtain the following result of Davitt [18] for
metacyclic p-groups.

Corollary 4.21 Let G be a purely non-abelian metacyclic p-group, where p is an
odd prime. Then |G| divides | Aut(G)|.

It would be interesting to explore the following:

Problem 4.22 Do purely non-abelian 2-groups with metacyclic central quotients
have Divisibility Property?
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4.4 Modular Groups

Recall that a group G is said to be modular if its lattice of all subgroups is modular.
The aim of this section is to show that, for odd primes p, finite non-abelian modular
p-groups have Divisibility Property.

Assume for the rest of the section that p is an odd prime, and G is a purely non-
abelian modular p-group of nilpotency class greater than 2 such that G/ Z(G) is not
metacyclic.

Let G be amodular p-group. Then, by Theorem 1.21, there exists a normal abelian
subgroup A of G and an integer o > 0 such that G/A = (Ab) is cyclic,

Ba(4) =72(6)

and
020.(A) = 13(G).

We now decompose A in a useful way as follows. Let |G/A| = p* and
exp (12(G)) = p™ for some positive integers k, m. Since U, (A) = 72(G), we have
exp(A) = p™*t“. Thus, we can write

A={(a;)®B
for some element a; of order p™** and some subgroup B. If exp(B) < p?, then
B < Q.(A) = ANZ(G) = Z(G),

which implies that G/Z(G) is metacyclic, which is contrary to our hypothesis.
Hence, exp(B) > p“, which also implies that exp (Z(G)) > p“. Consequently, we
can write

B={a)®C

for some element a; of order p™>** and some subgroup C of order p”, where r > 0
and m, > 0. Hence, we can write

A= (ay) ® (a) ® C. (4.23)

If G/v(G) is generated by two elements, then G is generated by b and a;, and
hence is metacyclic, which is again contrary to our hypothesis. Hence, G/v2(G)
must be generated by at least 3 elements. By Theorem 1.23(1), we have k > «. Thus,
we can write

G/72(G) = (12(G)b1) & A/ (G)

for some element b; € G, where |(72(G)b1)| > exp (A/yz(G)). Let [(12(G)by)| =
p¥1. Notice that [(Ab;)| = p*. Thus, without loss of generality, we can take b = b.
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By (1.25), we have |(Q,(A)b)| = p*. This yields |b| < p**®, which further implies
that
ki <k+a. (4.24)

From the decomposition A = (a;) @ B, we can write
G/72(G) = (12(G)b) & (72(G)ar) @ H,
for some subgroup H of A of order p®, where s is a positive integer. Notice that

l(72(G)ay)| = p, (4.25)
and hence
1G/7%2(G)] = [{(12(G)b) ® (12(G)ay) ® H| = phtots. (4.26)

Lemma 4.27 With the above set-up, we have exp (Z(G)) < p*.

Proof Setexp (Z(G)) = p'. Since Q,(A) < Z(G), we have o < [. If @ = [, since
a < k <k, weobtain/ < k;.If « < [, then from the fact that Z(G) = (b”" Q. (A),
we obtain |b”"| = p', and hence |b| = p/*™. Since exp (72(G)) = p™ and
I72(G)b| = p*i, we get b”" ™" = 1, which implies that [ < k;. O

Lemma 4.28 With the above set-up, we have | IC(G)| > p*~“|G]|.
Proof First notice that

|G| | Autcent(G)|
[ICGO)| = ———F=7—
| Z2(G)]

_ p*|A] | Autcent(G)|

prmra | Qa0 (A)|

p" " | Autcent(G)| |A|
[€224,(A)]

= p"™% | Autcent(G)| |Gz, (A)].

Since G/72(G) = G/G,(A), we have
1G/712(G)] = |G/A||A/Ba(A)] = p* Q4 (A)]. (4.29)
By Lemma4.27, we get

| Hom ((12(G)b), Z(G))| = |Z(G)|. (4.30)
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By (4.25), it follows that
| Hom ((72(G)a1), Z(G))| = |Ra(Z(G))] = |Qa(A)]. (4.31)
Further, since exp (Z(G)) > p® > exp(H), we obtain
|Hom (H, Z(G))| > p°. (4.32)
Now Theorem 3.72 yields

| Autcent(G)| = |Hom (G/72(G), Z(G))|
= |Hom ((72(G)b), Z(G))| [Hom ((y2(G)ar), Z(G))| |Hom (H, Z(G))|.

Combining the preceding equality together with (4.30), (4.31), (4.32) and using
Theorem 1.23(2), we get

| Autcent(G)| > p* | Z(G)] |Ra(A)] = p* 7" |Q,(A) .
Finally, we obtain

[IC(G)| = p™" | Autcent(G)| |U2q(A)].

> P HTQu (A (Do (A)] (4.33)
> pF=2 |A| (by Exercise 1.14)
=p" "Gl

which completes the proof. O

We are now in a position to prove the main result of this section, which is originally
due to Davitt and Otto [22].

Theorem 4.34 Let G be a finite non-abelian modular p-group, where p is an odd
prime. Then |G| divides | Aut(G)]|.

Proof In view of Remark4.7, Theorems4.17 and 4.20, we can assume that G is
purely non-abelian of nilpotency class greater than 2 with G/ Z(G) not metacyclic.
In view of Lemma4.28, it only remains to prove that s > «a. By (4.23), we have

A= (a) @ (a2) ® C,
where |ai| = p"™*?, |az| = p™* and |C| = p". The proof is now divided into the
following two cases: (1) r > a; 2) r < a.
Case (1): In this case, if exp(C) > p®, then |Q2,(A)| > p3“.lfexp(C) < p“,then
C < Q,(A), and hence

|QQ(A)| — p2(¥ |C| — p2a+r > p3(¥.
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Thus, in either case |Q,(A)| > p>“. By (4.29), we obtain
G/ (G)] = e

By (4.26), we have k| + a + s > k 4 3a. Finally, by (4.24), we get s > «, and the
proof is complete in this case.
Case (2): In this case, we have C < Q,(A) and the decomposition of A gives

Q.(4) =@ e ecC.

Since, |Q.(A)b| = pF by (1.25), we get

p = alflpma;zpmla
where ny,n, > 0and ¢ € C. Also, |2,(A)| = pza“. Now, we have two subcases:
(2a) my > a; (2b) my < a.

Subcase (2a): In this subcase, since exp(C) < p", we have

m-tr mo+r

k+r
P nip
b =a,

a;lzl’
Since m, m, > a, we obtain b € U,(A) = 7,(G). Now, |12(G)b| = pkt gives
k +r > k. Combining all these with

|G /7(G)| = phrots = ph Q. (A)],

we get ki +a+s=k+2a+r. This implies k +r+a+s>k+2a+r or
equivalently s > a. ‘
Subcase (2b): If &« — my < r, thenr = o« — m, + (3 for some 3 > 0. Since c” =

1, we have

bkar,- i anlpnx+a—m?_+g"l nzpaer

1 a

Since 3> 0 and a > m,, we have b?"" € Un(A) = 72(G). As in Subcase (2a),
k +r > ki, and hence s > a.

Finally, suppose that o — m, > r. In this case, we directly show that | IC(G)| >
|G|. Observe that

k+a—my ny pntaTmy s pa
p _ 1P 2p
b =a a,"

since ¢ " = 1. Thus, we get b? """ € U, (A) = 1,(G), and hence k + o« — m; >
ky. Again combining all these with

|G /72(G)| = phTots = p* |Qa(A)],
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we get ki +a+s=k+2a+r.Hence, k+a—mr+a+s>k+2a+r, and
20
therefore s > my + r. Since my < «, we get Up,(A) = (a} ), which implies

020 (A) = p" 7.
By Exercise 1.14, we obtain
172(G)] = [Ba(A)] = |A]/1Q(A)] = p" .
By (4.33), we have
[IC(G)] = p* 7 [Qa(A) P [Baa (A,
which yields

|IC(G)| > pk+x7a (p20z+r)2 pmfa > pk+m+2@+2r+s > p2r+(k1+a+s)+(m+m2) — p2r IGl,

and the proof is now complete. |
The following problem remains open.

Problem 4.35 Do finite non-abelian modular 2-groups have Divisibility Property?

4.5 p-Abelian Groups

For a positive integer 7, recall that a group G is said to be n-abelian if
(xy)n — xnyn

for all elements x, y € G. Notice that 2-abelian groups are abelian. For notational
convenience, we set
D(G) = Aut™“9(G),

the group of automorphisms of G which centralize €2, (Z(G)). Notice that
Inn(G) < D(G) < Aut(G).
In this section, Divisibility Property is established for p-abelian p-groups. The

result is originally due to Davitt [19].
We begin with the following technical results.

Lemma 4.36 Let G be a finite p-abelian p-group with exp(G) > p* and

01(G) = (@") & M,
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where a is an element of order p"*! for some n > 1 and M < G. Then the set
L:={xeG|x’eM}

is a normal subgroup of G, 21(G) < L, G = L{a), L N {(a) = (a”") < Ql(Z(G))

and G/L = (La) is a cyclic group of order p".

Proof Since the exponent of Q2;(G) is p, 21(G) < L. By Theorem 1.26, 7, (G) <
©21(G), and hence L is a normal subgroup of G. Further, it is easy to see that
G = (a)L.Sincea* ¢ M foranyk < p"*',wehave L N (a) = (a”"). Consequently,
by Theorem 1.26, (a”") < Ql(Z(G)). Hence, G/L = (La) is a cyclic group of
order p". (I

Lemma 4.37 Let G be a finite p-abelian p-group as in Lemma4.36. Then the fol-
lowing statements hold:

(1) The map o : G — G defined by
o(la") = 1(a"*)",

where O <k < p" andl € L, is an element of D(G) of order p".
(2) Let N < SZ,,(Z(L)). Then for each x € N, the map ¢, : G — G defined by

or(ld") = 1(xa)t,

where 0 < k < p" andl € L, is an element of D(G). Further, the order of ¢, is
equal to the order of x.
(3) If Sy :={¢» | x € N}, then Sy < D(G) and Sy = N.

Proof Notice that the maps o and ¢, satisfy the hypothesis of Lemma4.10, and proof
of first two assertions follows. The third assertion immediately follows once Sy is a
group. Let x, y € N. Then

(rbx@by(a) = ¢x(ya) = (yx)a = stx(a)a

and hence Sy is a group. (]
We need the following elementary number-theoretic result.

Exercise 4.38 For a prime p, the following statements hold:

(1) Ifk > 1is an integer and r = ;’zl(p + 1)7*, then p divides r.
(2) If pisoddand k > 0 an integer, then

(p+D” =1 mod p*t!

and .
(p+1D? =1+ pY mod pF+2.
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If N = Q,(Z(L)), then we denote Sy simply by S. Further, set
R = (o),

where o is as defined in Lemma4.37(1).

Lemma 4.39 Let G be a finite p-abelian p-group as in Lemma4.36. Then the fol-
lowing statements hold:

(1) R is a subgroup of Nawi:)(S), RS <D(G), RNS={(¢.), |RS|=
p! |Q”(Z(L))| and RS/S = (So) is a cyclic group of order p"~!.
(2) Letx € Q,,(Z(L)) and s, k > 1 be integers. Then

(¢x0*) = 0™ ¢y,

wherer = Y% (p + 1)/~
(3) If 0 € Q(RS), then 0 = ¢, for some x € Ql(Z(L)).

Proof Consider

o ' peo(a) = o pu(a”)
_ Ufl(xa)erl
= o '(xP*1aP*tY), since x? € Z(G) by Theorem 1.26
= x"To (o (a))

= P+ (a).

This shows that o € Ny )(S). The remaining assertions of (1) are left as an
exercise.

Assertion (2) is proved by induction on s. For s = 1, by imitating proof of (1), it
follows that ¢, 0% = ak¢x(,,+,)k for all k > 1. Suppose that

kys—1 s—1)k
(o0 )y = A Dans

where | = Zj;ll (p + 1)/%. Then we obtain

k k kys—1
(9:0%)* = pp0" (¢r0")’
= 6,040 My
= Usk(bx(,ﬁ-l)f" ¢x'1
sk
=0 ¢xr1+(p+l)“'k >
where r; + (p + 1)** = r, and assertion (2) is established.

Let = ¢0f € Q(RS), where0 < k < p"landx € Qn(Z(L)).Weclaimthat
k = 0. Suppose that k > 0. Then we have
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1= 07 = (¢x0")" = 0",

where r = Zle(p + 1)/*. Notice that 7% # 1 as the order of o is p". Hence,
¢ # 1 and lies in RN S = (¢ ). Thus, x" € (a”") < (a”). Since x € L and p
divides r by Exercise4.38(1), x" € M N (a”) = 1. Hence, ¢,- = 1, which is a con-
tradiction. Thus, we have proved that 6 € ©,(S), and therefore x € Q 1(Z(L)) by
Lemma4.37(3). U

Let G be a non-abelian p-abelian p-group such that exp(G) = p"*!, where
m > 1. Consequently, p must be an odd prime. Let

O1(G) = (@) ® - & (a]),
where the order of q; is p""+1 andn; > --->n;. Foreach 1 <i <1, define
M= @)@ &)@ (al)® - & (a)

and
Li={x€G|x”€Mi}.

In the following result we collect interesting information about these groups, proof
of which is similar to that of Lemma4.36, and hence omitted.

Lemma 4.40 Let G be a p-abelian p-group as in the preceding paragraph with
subgroups M; and L; foreach 1 <i <t. Then Q(G) < L; < G, G = Li{(a;), L; N
(a;) = (ai”nl) < QI(Z(G)) and G/L; = (L;a;) is cyclic of order p™. Further, if
Jj #i, thenaj € L;.

Since U;(G) < Z(G) and exp(G) = p™*', it follows that exp (Z(G)) is either
p™ or p"+!. First, we deal with the case exp (Z(G)) = p™. The following result is
a direct consequence of the definitions.

Lemma 4.41 Let G be a p-abelian p-group with the above set-up and exp ( Z(G)) =
exp (Ul (G)) = p™. Then, for each i with n; = m, the following statements hold:

(1) Cg(L;) = Z(L;){(a!) is an abelian normal subgroup of G;
(2) @ (Co (L)) = 2, (Z(L))(al).

Remark 4.42 For each 1 <i < t, imitating Lemma4.37, we have the following:

(1) The map o; : G — G defined by
oial") = lial ™k,

where 0 < k; < p™ and [; € L;, is an element of D(G) of order p":.
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(2) Foreach x € Q,,(Z(L;)), the map ¢; , : G — G defined by

dix(lialy = l;(xa;)k,

where 0 < k; < p™ and [; € L;, is an element of D(G).
() IfS; := {¢ir | x € Q,(Z(L))}, then S; < D(G) and S; = Q,,(Z(L))).

Foreach1 <i <1, set
R; = (o),

t
T = HR,»
i=1

and
Wi = {¢ix | x € 21(Z(6))}.

Lemma 4.43 Let G be a p-abelian p-group with the preceding set-up. Then the
following statements hold:

(1) T is the direct product Ry & --- ® R,.

(2) Forl < i,j <t, gj € NAut(G)(Si)~

(3) W; <D(G) and W; = Ql(Z(G)). Furthermore, if j #1i, then W; <
Cautc) (Wh).

Proof Fixisuchthatl <i <t.Letj #iand/; € L;. Then we can write [; = ljaf,
where 0 < k < p" andl; € L; N L;. We obtain

i oo (1a)

-1
o; oioj(l;) = o;

_ _—1_ (7 (p+Dk
=0; 0 (l]aj )
=o' (lja*""), since a1 € L;

=o;(ly).

Further, we obtain
+1

9

oioj(a;)) =al" = oi(a;),
and hence o;0; = 0;0;. Obviously (o;) N (o) =1, and therefore T is the direct
product of R;, 1 <i < ¢, establishing assertion (1).

Observe that assertion (2) for i = j is simply Lemma4.39(1). So, fix i such that
i # j.Letx € Q,(Z(L;))and ; = ljaf,whereO <k<pUandl; € L;NL;. As

in assertion (1), it follows that aj_'gbi. «0j(l;) =I;. Further, we have

-1 -1
0; bixojla;) =0; (x)a;.
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It remains to be proved that
. -1
y:i=o0; (x) € Q, (Z(Li)).

Writing

G = Lia]™),

we get x = l}a;(pﬂ), for some 0 <r < p" and l} € L;. Consequently, we obtain

=1y r(pEDN o —rp
y=o0; (a; ) =la; =xa; .

Since a;'" € LiNZ(G), it follows that aj_rpeQni(Z(Li)), and hence

y € Q,(Z(Ly)).
Assertion (3) follows from Lemma4.37 by observing that (Z(G)) <
Q, (Z(Ly)) foreach 1 <i <1. 5

Theorem 4.44 Let G be a non-abelian p-abelian p-group with exp(G) = p™*!,

where m > 1. If exp (Z(G)) = exp (UI(G)) = p", then |G| divides |D(G)|.

Proof Recall that U1(G) = (aV) @ - - @ (a), where the order of a; is p"*! and
m=n; >np > --- > n,. We have the following two cases:

(1) exp (Z(L)) < exp (Z(G)) = p™;
2) exp (Z(L) = exp(G) = p" .

Case (1): By Lemmas4.39(1) and 4.41, we have R;S; < D(G) and
IRiS1 = p" ™" Q0 (Z(LD) | = p" ™" 1 Z(LD)] = | Co (L),

The idea is to show that R;S; along with Inn(G) is big enough in this case. Since
Cg (L)) is a normal abelian subgroup of G, the map

p1:Cg(Ly) = Cg(Ly)
given by p;(x) = [x, a;] is an endomorphism of Cg(L). Then it follows that
| Co(LD] = [Ker(py)| [Im(p1)].
Since Im(p1) < 12(G) < 21(G) < Ly and Im(p;) < Cg(L1), we get
Im(py) < Q(Z(Ly)).

Let us set
T ={¢1, |y € Im(py)}.
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Now by Lemma4.37(3), T < S; and T = Im(p;). We claim that T = R;S; N
Inn(G).

Let 8 € R;S; NInn(G). Since 6 € Inn(G), it follows that the order of # is p, and
therefore 6 € Q;(R;S;). Now it follows by Lemma4.39(3) that § = ¢, , for some
X € QI(Z(Ll)). Let § = ¢, for some g € G. For any element / € L;, we have

glg™' =0 = b1 () =1,
and hence g € Cs(L1). On the other hand

b1. (@) = xa; = garg~".

Hence, x = [g,a1] = p1(g) € Im(p;) and ¢y , € T.
Conversely, if ¢, € T, then x € Im(p;). Thus, there exists an element g €
Cg (L)) such that p;(g) = [g, a;] = x. Consequently, we obtain

b1x(ar) = garg™".

Since g € Cg(L;) and G = L{a;), ¢1, is an inner automorphism of G induced by
g. Since Im(p;) < Ql(Z(Ll)), it follows that ¢; , € Si, and hence ¢, € R;S1 N
Inn(G), which settles the claim.

Recall that R; S Inn(G) < D(G) and

Cqa(L G/ Z(G
IDG)| = |Ri Sy Inn(G)| = LSCEDIGTZON _ e 501167206,
| Tm(py)|

Since Z(G) < Ker(py), it follows that |G| divides | D(G)|, and the proof of theorem
in Case (1) is complete.

Case (2): In this case, ny = n, = m, and hence we can assume that a, € Z(L1).
Just as in Case (1), by considering L, instead of L, we prove

12, (C(L2))| |G/ Z(G)|

[R>S Inn(G)| =
[ Im(p2)|

, (4.45)

where the endomorphism
p2: Cg(L2) = Cg(L2)

is givenby p»(x) = [x, ax]. If [b, ay] = 1 forallb € Cs(L,), thenIm(p,) = 1. Since
| Z(G)| divides |SZ,12(CG (Lz))l, it follows that |G| divides | R, S, Inn(G)]|.

From this point onwards, we assume that [, a;] # 1 for some b, € Cs(L»).
Since G = Li{a;), we can write by = lla’f, where 0 <k < p™ and [} € L. As
ar € Z(L1) < G, it follows that [a¥, a;] € Z(L;). Consequently,

1 # [b1, a2] = [Laf, ax] = [df, as],
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ny+1

and hence p { k. Since |a;| = p™*!, it follows that |b;| = p™*!, and hence

01(G) = (b)) @ K
for some subgroup K. Therefore, we can now assume that a; = b;.
We claim that | Im(p,)| = p. Notice that a; € Z(L,), a, € Z(L,), and therefore

1 # [a1, a2] € Z(G). For each x € Cg(L,), we write x = lja}, where 0 < r < p™
and /; € L. Then, we have

p2(x) =[x, o] = [Lha}, a2l = [a}, ax] = [a1, az]".
Since the order of [ay, a;] is p, the claim follows. The remaining proof is divided
into two subcases: (2a) m = 1; 2b) m > 1.
Subcase (2a): It is clear that exp(G) = p? and Z(G) = Ql(Z(G)). Further, as
[az, a1] # 1, we have C;(L,) = Z(L»), and hence
Qi (Cq(L2) = 1(Z(L2)).
Since 03 = ¢, 2, it follows that

RS = 55.

Further, Z(G) < Q(Z(L>)) implies that |2 (Z(L»))| = p* | Z(G)| for some s > 0.
Thus, by (4.45), we get

124 (Ca (L) IG/Z(G)| _ p*|Z(G)| |G/ Z(G)|
| Tm(p2)| - p B

1S, Inn(G)| = PG|

If s > 0, then we are done. Assume that s = 0. Recall that
Wi ={¢ix | x € (Z(G)}
fori = 1, 2. Notice that W, = §, by the very definition. Since
(af) ® (@) < 21(Z(B)),
by Lemma4.43, we have |W;| > pz. It is easy to see that
Wi N S Inn(G) = (d1.1a).0,1)

is of order p. Therefore, we get

[Wi| |S2 Inn(G)|

WS Inn(G)| = —————— > |G|
[W1 S8, Inn(G)| |W10S21nn(G)|_| |
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Subcase (2b): In this case, exp(G) > p3 and n; =n, =m > 2. Since o} €
Caut(6)(R2) and 01 € Nay)(S2), we have

RiR»S> Inn(G) < D(G).

Notice that §(a’) = a} for each § € RyS, Inn(G). On the other hand, since |a;| =
pMFl > p3, we have
D 2
crl(a{’) =a{+p ;éaf.
Therefore, o1 ¢ R,S; Inn(G), and hence R,S; Inn(G) < R{R,S; Inn(G). Conse-
quently, we obtain
|R1 Ry S> Inn(G)| > p |Ry S Inn(G)|.

Then it follows that

Q,(Ce(L)| |G/ Z(G
P12 (CaLIG/ZON _ o o 1.0)] 16/ 26l
[Im(py)]

[R1 RS, Inn(G)| >

Since | Z(G)| divides |2, ( C(;(Lz)) |, the proof of the theorem is complete. O
The next result is a reformulation of a result of Ree [101, Theorem 1].

Theorem 4.46 Let G be a non-abelian finite p-group of order greater than p* and
of exponent p. Then |G| divides | Aut(G)|.

Proof Let N be a maximal subgroup of G containing Z(G) such that G/N = (Na)
is cyclic of order p for some a € G. It follows that Z(G) < Z(N). Define a map

n:Z(N) — Z(N) by

1 1

n(z) =zaz a

forz € Z(N).Itis easy to see that 7 is a group homomorphism. Since Z(G) < Ker(n),
it follows that | Z(G)| divides | Z(N)/Im(n)]|.
By Lemma4.10, for each z € Z(N), the map 0, : G — G defined by

0.(xa') = x(za)',

forx € Nand 1 <i < p, is an automorphism of G centralising N. Thus, we get a
map ® : Z(N) — Aut(G) given by

D(z) = 9z
for z € Z(N). It is easy to check that ® is an injective group homomorphism.
Next we claim that

Im(®) N Inn(G) = Im(Dn).

If ®(z) = ¢, for some g = xa' € G, then
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g =10.(9) = x(za)',
and hence (za)' =a'. If i # p, then za = a, and hence z = 1. In this case, ®(z),
being trivial, obviously lies in Im(®n). If i = p, then g = x € N. Since

n=06.(n)=xnx"!

foralln € N, we have x € Z(N). Now

za = 0.(a) = xax™"

implies that z = n(x), which yields ®(z) € Im(Pn). Conversely, foreach z € Z(N),
we see that ®7(z) is the inner automorphism induced by z, and hence the claim is
proved.

Now consider

Im(®) Inn(G)/ Inn(G) = Im(CID)/(Im(QD) N Inn(G))
= Im(P)/ Im(dn)
= Z(N)/Im(n), since d is injective.
As Im(®) Inn(G)/ Inn(G) < Aut(G)/Inn(G) and | Z(G)| divides | Z(N)/Im(n)],
it follows that |G| divides | Aut(G)]|. (I

Notice that, ifexp(G) = p,then 2, ( Z(G)) = Z(G). Thus, the preceding theorem
actually proves that |G| divides | D(G)].
We need the following result for the case exp(G) = exp (Z(G)) = p"*'.

m+1

Lemma 4.47 Let G be a p-abelian p-group such that exp(G) = p™™', where m >

1. Let
Ui1(G)=(al)®--- @ (a]),

where the order of a; is p"*! for 1 <i <t. If aj € Z(G) for some fixed j, then the
following statements hold:

(1) If6 e Ath‘(Z(Lf)) (L), then the map 0:G—>G given by
0(at) = 0)al

forall0 < k < p"i andl € L, defines an automorphism of G extending 6.
(2) Ifv;=1016¢ Au® (22)) (L))}, then V; < D(G) and

IVjI _ |AthI(Z(Lj))(Lj)|-

(3) RjVj < D(G) anlejVj| = pnf|Vj|.
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Proof Since L; N {a;) = (a”)and8(a’) = a”" it follows that § is well-defined.
Further, G = L {a;) implies that 0 extends to an automorphism of G, proving asser-
tion (1).

Since ©1(Z(G)) < Q(Z(L;)), we have V; < D(G). It is clear that |V;| =
| Aut® (2 (L )|, which proves assertion (2).

Observe that R; < Caw)(V;), and hence R;V; < D(G). Further, if o« € R; N
Vi, then a(a;) = aj and a(l) = foralll € L;, and hence o = 1. Finally |R; V| =
p"i1V;| by Remark4.42(1), and the proof is complete. O

With this information in hand, we prove the following

Theorem 4.48 Let G be a finite non-abelian p-abelian p-group such that
exp(G) = exp (Z(G)) = p"*',

where m > 1. Then |G| divides | D(G)]|.

Proof Notice that U;(G) is non-trivial. Recall the decomposition of U;(G) from
Lemma4.47. We now proceed by induction on ¢.

Ift = 1, then U;(G) is cyclic of order p™'. Choose a; € Z(G) such that the order
of a is p™*1. Then we have U;(G) = (al). Thus,

Ly =(G)

and
G/Q1(G) = (Q1(G)ay),

the latter being cyclic of order p”!. Since G is non-abelian and a; € Z(G), it follows

that 21 (G) is non-abelian group of exponent p. Thus, it follows from Theorem 4.46
that [, (G)| divides | D(21(G))|. Now consider

Vi=1{016¢ Aur® (2@ (6) (21(G)))
as defined in Lemma4.47(2). Since |G| = p™'|Q21(G)|, by Lemma4.47(3), we see
that |G| divides |D(G)|.

Now assume that the theorem holds for ¢t — 1, where ¢ > 2. Choose a; € Z(G) of
order p"*!and ay, ..., a, € G such that the order g, is p™ and

01(G) =(a]) ® -+ & (a]).

Then G/L, = (La;) is cyclic of order p™'. Since a; € Z(G), it follows that L is a
non-abelian p-abelian p-group of exponent at least p? such that

Oi(Ly) = (@) ® - & (al).
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If exp (Z(Ll)) = exp (UI(L])), then, by Theorem4.44, |L;| divides
| Aut® @E(Ly)|. If exp (Z(L1)) = exp(Ly), then, by the induction hypothesis,

|L1| again divides |Ath'(Z(L')) (Ly)|. Considering V; as defined in Lemma4.47,
we see that

IDG)| = [RiVi| = p" V| = p | Aut® (280 (1) > Ly = (6],

and the proof is complete. (I

Putting all the pieces together, we obtain the following result of Davitt
[19, Theorem 3].

Theorem 4.49 Let G be a finite non-abelian p-abelian p-group. Then |G| divides
| Aut(G)|.

4.6 Groups with Small Central Quotient

In this section, we show that finite non-abelian p-groups G with |G/Z(G)| < p*
satisfy Divisibility Property [20].

We begin with the special case when G is regular. See Sect. 1.2 of Chap. 1 for the
definition.

Proposition 4.50 Let G be a non-abelian regular p-group with |G/ Z(G)| < p*.
Then |G| divides | Aut(G)].

Proof Since regular 2-groups are abelian, p must be an odd prime. If G is p-abelian,
then the result follows from Theorem4.49.

Assume that G is not p-abelian. Then there exist at least two elements x and
y in G such that [x, y]? # 1. From the regularity of G, it follows that none of
the two elements [x”, y] and [x, yP] is trivial, which implies that both x? and
y? lie outside Z(G) and x? # y? modulo Z(G). Since |G/ Z(G)| < p*, we must
have |G/ Z(G)| = p*. Notice that |U;(G/ Z(G))| = p*. Hence, by Proposition 1.10,
G/ Z(G) is metacyclic, and the result follows by Theorem 4.20. (|

Before proceeding further, we list all possible reductions on our group. Notice that,
since G is non-abelian, |G/ Z(G)| > p*.1f |G/ Z(G)| = p>, then G is of nilpotency
class 2, and the result follows from Theorem4.17. Therefore, we assume that

P’ =1G/ZG)| = p*.
Further, by Theorem4.17, we assume that G has nilpotency class greater than 2,

and hence the nilpotency class of G is either 3 or 4. By Theorem4.20, we assume
that G/ Z(G) is not metacyclic. Let us set

exp(G) = p".
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In view of Theorem4.49, we assume that G is not p-abelian, and therefore m > 2.
Additionally, by Remark 4.5, we assume that

Z(G) < ®(G).

Itfollows thatd(G) = d(H), whichiseither 2 or 3. Finally, if p > 5, then G is regular
and the result follows from Proposition4.50. Therefore, we assume that p = 2, 3.
We first take up the case p = 3.

Proposition 4.51 Let G be a 3-group such that |G/ Z(G)| = 33. Then |G| divides
| Aut(G)].

Proof Since H := G/ Z(G) is neither abelian nor metacyclic, it follows that H is an
extraspecial 3-group of exponent 3 and d(H) = 2. Notice that G = (a, b) for some
a, b € G, and the nilpotency class of G is 3. Further, by Theorem 1.31(2), we have
exp (fy3(G)) = 3, and a simple computation yields

I =[a’,b] =la,b)la, b, al[a, b,a,a] = [a, b] .
Since G is generated by two elements, it easily follows that (see [52, Theorem 2.81])
72(G) = (la, b], 73(G)).

Consequently, exp (72(G)) = 3. By Theorem 1.31(3), ®(G) is regular. Therefore,
by Theorem 1.27, we get exp (G/VQ(G)) > exp (Z(G)). Since

|Hom (G/7(G), Z(G))| = 31Z(G),
we obtain
|IC(G)| = |Hom (G/7:(G), Z(G))|IG/ Z>(G)| = 3* | Z(G)| = |G,

and the proof is complete. ]

Recall that a group K is said to be capable if there exists a group G such that
K =G/ Z(G).

We refer the reader to [7] for some foundational results on capable groups. The
following result [115, 3.2.10] gives a necessary condition for a group to be capable.

Theorem 4.52 [If G is a group containing a non-identity element w and a generating
set S such that some power of each element in S equals w, then G is not capable.

Proposition 4.53 Let G be a 3-group such that |G/ Z(G)| = 3*. Then |G| divides
| Aut(G)|.
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Proof Let H := G/Z(G). We have two cases: (1) d(G) = 3;(2)d(G) = 2.
Case(1): If |Z(H)| = 3, then H must be extraspecial, which is not possible.
Hence, we have | Z(H)| = 3. In this case H must be regular and |G/ Z,(G)| = 32.
Indeed, since |y, (H)| = 3, H is 3-abelian.
If exp(H) =3, then G = (a, b, ¢) such that the order of all three elements
Z(G)a,Z(G)b and Z(G)c is 3. It is an easy exercise to prove that

712(G) = (la, b], [a, ], [b, c], 13(G)).

Since the nilpotency class of G is 3 and exp (13(G)) = 3, we have exp (12(G)) = 3.
By Theorem1.31(3), ®(G) is regular. It follows from Theorem1.27 that
exp (G/72(G)) = exp (Z(G)). Therefore, since

|Hom (G/1(G), Z(G))| = 3*| Z(G)l,

we obtain
|1C(G)| = 3*|Z(G)| = |G|.

Ifexp(H) = 32, then we can take H = (x, y, w) with x of order 32and U,(G) =
(x3). Since H is regular, without loss of generality, we can assume that the order of
both y and w is 3%. So there is a generating set for H such that some power of each
element in it equals x3. Thus, by Theorem4.52, H is not capable, and therefore this
case does not arise.

Case (2): Let G = (a, b). Suppose that |G/ Z(G)| = 3°. If Z(G) is non-cyclic
or exp (G/'yz(G)) > exp (Z(G)), then | IC(G)| > |G|, and we are done.

So we assume that Z(G) is cyclic and

exp (G/72(G)) < exp (Z(G)).

Thus, by Theorem 1.27, we have exp (72(G)) = 32. Since v2(G) = ([a, b], 13(G)),
()] (fyz(G)) < Z(G) and exp (73(G)) = 3, it follows that ([a, b]*) is the unique sub-
group of Z(G) of order 3 and

[72(G)] = 3|%3(G)|.

Notice that |v,(G) N Z(G)| = 3. If the nilpotency class of G is 3, then v, (G) must
be cyclic of order 3%, which is not possible as G is non-regular. If the nilpotency
class of G is 4, then

172(G)] = 3113(G) Z(G)/ Z(G)| |3(G) N Z(G)| = 3°.
Now suppose that exp(G) =3™, where m > 2. If m =2, then, since

exp (G/72(G)) < exp(Z(G)), it follows that exp(G/72(G))=3 and
exp (Z(G)) = 32. On one hand, we have
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6
|Gl =|H||Z(G)| =3".

On the other hand,
G| = 1G/7(G)] (G| =3,

which is a contradiction. Hence, m > 2, and it follows that exp (G /72(G)) = 3" 2
and exp (Z(G)) = p"LIf

G/72(G) = Can2 D Cs,

then
Gl =1G/712(6)| 1n2(G)| = 3"*2,
Also, we have |G| = |H| | Z(G)| = 3™*3, which is not possible. So we must have
G/7(G) = G2 @ Cy,
and hence

|IC(G)| = 3" = |G]|.

Finally, assume that |G/ Z,(G)| = 3. Then | Z(H)| = 32, the nilpotency class
of H is 2, and so H is regular. Notice that |O;(H)| < 3, otherwise H is metacyclic.
If |0, (H)| =1, then Z(H) = v, (H) is cyclic of order 32, which is absurd. Hence,
|01 (H)| = 3, and therefore there exists an element x € G having order 32. We can
always choose another element y of order 3> such that H = (x, y) and y> = x°.
Hence, H is not capable by Theorem4.52, and this case cannot occur, completing
the proof of the proposition. (]

We now move to 2-groups.

Proposition 4.54 Let G be a 2-group such that |G/ Z(G)| = 23. Then |G| divides
| Aut(G)|.

Proof There are only two non-abelian groups of order 23 and both of these are
2-generator metacyclic groups having elements of order 2.

Assume that G = (a, b), where the orders of Z(G)a and Z(G)b respectively are
22 and 2, and (Z(G)a) is normal subgroup of G/Z(G) with index 2. Then, by
Exercise 1.28, for A = (a, Z(G)), we get

[Al = 72(G) | Z(G)].

On the other hand |A| = 22| Z(G)|, and hence |1»(G)| = 2% and |G/7:(G)| =
2 |Z(G)|. Now exp (G/72(G)) < exp (Z(G)) or exp (G/72(G)) = exp (Z(G)).
Since |G/ Z,(G)| = 22, in both the cases, we obtain | IC(G)| > |G|, and the proof
is complete. a

For the remaining case when |G/Z(G)| = |H| = 2*, we use the classification
of non-abelian groups of order 2* from Hall-Senior [54]. There are 9 such groups


https://doi.org/10.1007/978-981-13-2895-4_1

152 4 Groups with Divisibility Property-I

H listed as follows in terms of their presentation together with some other relevant
information.
H=(x,y,wlx* y* w’ [x, y] = 27), (4.55)

Y(H) = (x*), Z(H) = (x*) & (w).

H={x,y,w|x* y"w [x,y] = x> =%, (4.56)
Y(H) = (x?), Z(H) = (x*) & (w).

H=(x,y,w| x2, yz, w4, [x,y] = wz), 4.57)
V(H) = (w?), Z(H) = (w).

H=(x,y|x*y" [x, 51", (4.58)
Y (H) = ([x, y1), Z(H) = {[x,y]) ® ().

H=(x,y|x* y*" [x,y] =x?), (4.59)
Y (H) = (x*), Z(H) = (x*) & (y*).

H=(x,y|x*y% [x,y] =y, (4.60)
Y (H) = (y*), Z(H) = (y?).

H=(x,y|x%y [x,y]" =x7), 4.61)
Y (H) = ([x, 1) = Zo(H), Z(H) = {[x, y1*) = 7:(H).

H=(x,y| x5y [x,y] = x?), (4.62)
Y (H) = ([x, 1) = Zo(H), Z(H) = {[x, y]*) = 13(H).

H=(x,y | x5y [x, v = x2, [x, y]* = »?), (4.63)
Y(H) = ([x, yl) = Zo(H), Z(H) = {[x, y1*) = 73(H).

By suitably modifying the generating sets, the following result is a direct conse-
quence of Theorem4.52.

Lemma 4.64 The groups (4.56), (4.57), (4.59), (4.60), (4.62) and (4.63) are not
capable.

Proposition 4.65 Let G be a 2-group such that |G/ Z(G)| = 2*. Then |G| divides
| Aut(G)|.

Proof In view of Lemma4.64, we only need to consider groups (4.55), (4.58) and
(4.61) from the preceding list.
Group (4.55): Since exp (12(H)) =2, it follows from Theorem1.30 that
exp (13(G)) =2 and
U1(12(6)) < Z(G).
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Thus, we have |G/ Z,(G)| = 22, |72(G) Z(G)/ Z(G)| = 2 and the nilpotency class
of G is 3. Consequently, ® (G) is abelian. By Theorem 1.30(2), we have exp (fyz (G)) <
22, If exp (fyz(G)) = 2, then by Theorem 1.27 we get

exp (G/712(G)) = exp (Z(G)).

And, if exp (VQ(G)) =22, then by Theorem1.27, we have exp (G/fyz(G)) >
exp (Z(G))/Z.

If either Z(G) is not cyclic or exp (G/'yz(G)) > exp (Z(G)), then it follows
that | IC(G)| > |G|. Thus, we assume that Z(G) is cyclic and exp (G/72(G)) <
exp (Z(G)). Then, by Theorem 1.27, we have exp (72(G)) = 22.Since |G/ Z>(G)| =
22, we only need to show that |7,(G)| = 2°. Let

G ={a,b,c)

such that the order of Z(G)c is 2 and ¢ € Z,(G). Then it follows that [, c] and [b, c]
both lie in Q;(Z(G)). Since

12(G) = (la, b], [a, c], [b, c], 13(G)),

it follows that [a, b] is of order 2%. Since U (12(G)) < Z(G), we have Q1 (Z(G)) =
([a, b1?). Hence, 12(G) = ([a, b]) is cyclic of order 22, and the proof in this case is
complete.

Group (4.58): Let G = (a, b), where Z(G)a = x and Z(G)b = y. It follows that
exp (13(G)) =2, U1 (12(G)) < Z(G), |G/ Zo(G)| = 2%, 102(G) Z(G) ) Z(G)| = 2,
®(G) = ([a, b], b*, Z(G)) and the nilpotency class of G is 3. Since b*> € Z,(G), it
follows that ®(G) is abelian. By Theorem 1.30(2), we obtain exp (12(G)) < 2%. An
easy exercise shows that

Y2(G) = (la, b], la, b, al, [a, b, D]),

where only [a, b] could possibly have order 22. Since the order of @ modulo Z(G)
is 2, we have
1 = [a*, b] = [a, b)[a, b, al.

Thus, [a, b, a] € {[a, b]), and therefore |>(G)| < 23. We now have two cases: (1)
Z(G) is cyclic; (2) Z(G) is not cyclic.

Case (1): In this case, since 1,(G) = ([a, b], [a, b, b]), we have |7,(G)| = 2.
Next we claim thatexp (72(G)) = 2.If not, then the order of [a, b]is 22.If [a, b, b] #
1, then [a, b, b] = [a, b]*. Further we have

la, b*] = [a, b*[a, b, b] = [a,b]* =1,
which implies that b% € Z(G), which is not true. Hence, [a, b, b] = 1. Then B :=

([a, b], b, Z(G)) is an abelian normal subgroup of index 2 in G. Thus, |B| =
23| Z(G)|. On the other hand, by Exercise 1.28, we get
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Bl = 12(G)| [BNZ(G)| =2* | Z(G)].

a contradiction. Hence, exp (72(G)) = 2 and consequently [a, b, a] = 1.

Since |Z(G)| > 2 and Z(G) < Ul(wz(G)), it follows that exp (Z(G)) < 2m-l
and m > 2. Let g € G be of maximal order. Since g* € Z(G), we have gan S
Z(G) Nv(G), which is the unique subgroup of Z(G) of order 2. Thus,
exp (G/72(G)) = 2~ Similarly,exp (Z(G)) = | Z(G)| = 2" 2.1f | Z(G)| = 2",
then

[1IC(G)| = 2°|G/7(G)| = |G|

Assume that Z(G) is cyclic of order 2. Thenit follows that Z(G) < U (72(G)).
Let Z(G) = (vw*), where v € 1»(G) and w € G. As a? € Z(G), we have a*> =
viw* for some integers i and j. If @’ ;= aw™2/, then a’* = 1. Since w2 € ®(G),
G = (d/, b). Therefore, without loss of generality, we can assume that G = (a, b)
such that the order of a is at most 2%. Then

A = ([a, b], a, Z(G))

is an abelian normal subgroup of G such that G/A = (Ab) is cyclic of order 22. Now
it follows from Lemma4.10 that the map ¢ : G — G defined by

¢(b) =ab and ¢p(u) = u
for all u € A, extends to an automorphism of G centralising A, and the order of ¢
is equal to the order of a. Since a ¢ 7,(G) Z(G), it follows that ¢ is a non-trivial
2-power automorphism which is not in IC(G). Hence,

| Aut(G)l, = {6, IC(G))| = 2 |IC(G)| = 2* | Z(G)| = |G|,

and the proof in complete in this case.
Case (2): In this case, if exp (G/’yz(G)) > exp (Z(G)), then

11C(G)| = 2* | Z(G)| = |G|
Similarly, if exp (G/72(G)) = exp (Z(G))/2, then
[IC(G)| = 2*|G/%(G)| = |G,
and we are done.
Group (4.61): In this case, G = (a, b), where the order of Z(G)a is 2° and
|G/ Z2(G)| =23. Then A := (a, Z(G)) is an abelian normal subgroup of G with

index 2. By Exercise 1.28, we have

21 Z(G)| = 1Al = Im(G)] | Z(G)],
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and hence |7,(G)| = 2°. If exp (G/72(G)) = exp (Z(G)), then
1C(G)| = 21| Z(G)| = |G
Similarly, if exp (G/vz(G)) < exp (Z(G)), then
[1IC(G)| = 2° |G /7(G)| = |G|

This completes the proof of the proposition. ([
Combining Propositions 4.50, 4.51,4.53,4.54, 4.65, we have proved the following
result of Davitt [20].

Theorem 4.66 Let G be a non-abelian finite p-group with |G/ Z(G)| < p*. Then
|G| divides | Aut(G)].

As a consequence of the preceding theorem and Theorem 1.32, we readily get

Corollary 4.67 Let G be a non-cyclic finite p-group such that p> < |G| < p®. Then
|G| divides | Aut(G)].
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Chapter 5
Groups with Divisibility Property-1I oo

This chapter is a continuation of the previous chapter on Divisibility Property. In the first three
sections, we deal with groups of order p’ [41], groups of coclass 2 [35] and 2-groups with
a given coclass [26]. Section 5.4 deals with p2-abelian p-central p-groups [121]. Finally, in
Sect. 5.5, results with certain specific conditions on groups are presented [30, 34, 128].

5.1 Groups of Order p’

In view of Corollary 4.67, to study Divisibility Property, it is enough to consider
p-groups of order greater than p®. That p-groups of order p’ admit Divisibility
Property was established by Gavioli [41], which we present in this section.

We begin with the following result, which is an immediate consequence of
[17, Theorem 3.2], whose proof is purely module-theoretic.

Lemma 5.1 Let G = (a, b) be a two-generated metabelian p-group. Then for all
u, v € 72(G), there exists an automorphism of G mapping a to au and b to bv. In
particular, |7, (G)|? divides | Aut(G)|.

For the rest of this section, we assume that G is a p-group of order p”. In addition,
we assume that G satisfies the following hypotheses:

(i) p is an odd prime (For p = 2, it is proved in [95] that |G| divides | Aut(G)]|,
which can also be verified using a direct GAP calculation [38]).

(ii) G ispurely non-abelian of nilpotency class greater than 2 such that €2, ( Z(G)) <
v (G) and | Z(G)| = p? (In view of Remarks 4.3 and 4.7, Theorems 4.17 and
4.66).

(iii) If G is 2-generated and metabelian, then |y, (G)| < p3 (By Lemma 5.1).

The main result of this section is the following theorem of Gavioli [41], which is
a consequence of the next four results depending on the structure of Z(G) and the
number of generators of G.
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Theorem 5.2 If G is a non-abelian p-group of order p’, then |G| divides | Aut(G)|.
We begin with the case when the center is elementary abelian.

Theorem 5.3 If G is a non-abelian p-group of order p’ with Z(G) = C,®C,,
then |G| divides | Aut(G))|.

Proof If | Hom (G/’y2(G), Z(G))l > | Z,(G)|, then

|Hom (G/1(G), Z(G))| |G|

IC(G)| =
@ 1 Z2(G)|

> |G,

and we are done.

So assume that |Hom (G/72(G), Z(G))| < | Z>(G)|. Observe that G is gen-
erated by 2 elements. For, if G is generated by more than 2 elements, then
|Hom (G/72(G), Z(G))| = p®, which implies that Z,(G) = G, that is, G is nilpo-
tent of class 2, a contradiction. Consequently, we have

|Hom (G/72(G), Z(G))| = p*,

and hence | Z>(G)| > p°. By Proposition 1.8(3), Z,(G) < ®(G). Hence, Z»(G) =
®(G), and consequently | Z,(G)| = p5.

Since G is generated by 2 elements and is of nilpotency class 3, by Proposition
1.8(5), it is metabelian. By our assumption on G, |72(G)| < p>. Since

Z(G) = Qi(Z(G)) < 1(G),
it follows that |2(G)| = p>. Notice that exp (G/ Z(G)) = p?, and hence
G/7(G)=CrdCp.

Suppose that G = (x, y). Observe that Z,(G) is abelian and can be considered

as a G-module via conjugation. Also ¥»(G) acts trivially on Z,(G), and hence

G/72(G) acts on Z,(G). Since the hypothesis of Proposition 2.13 holds, the map
0 : G/7(G) — Z,(G) defined on generators by

3(12(G)x) = y*

and
5(1n(Gy) =1

is a derivation. We lift § to a derivation § : G — Z5(G) by setting

d(ug) = 5(1(G)g),
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where u € ,(G) and g is a coset representatlve of 72(G) in G. Further, notice that

(ZQ(G)) = 1. Thus, by Proposition 2.14, 6 defines an automorphism of G 0f p-
power order, which is obviously non-inner and non-central. Since | IC(G)| = pb, we
obtain | Aut(G)|, > p’, and the proof is complete. O

We need the following basic result.

Proposition 5.4 Let G be a group and A an abelian normal subgroup of G
with 7Z(G) < A <Z,(G). Then there is an embedding of A/Z(G) into
Hom (G/A, Z(G)).

Proof Fora € A, leta = Z(G)a. Consider the map
6:A/Z(G) — Hom (G/A, Z(G))

by setting
(a) = ba,

where 6; : G/A — Z(G) is the homomorphism given by
ba(Ag) = la, gl.
It is easy to see that 6 is an injective homomorphism. (]

Next, we take-up the case when the center is cyclic.

Theorem 5.5 If G is a 2-generated non-abelian p-group of order p’ with Z(G)
cyclic, then |G| divides | Aut(G))|.

Proof Let G = (a, b). We have the following five possible cases:

Case (1) G/Zy(G) =C,®C,, Zy(G)/Z(G) ZCr®C,, Z(G) =Cp;

Case 2) G/Z,(G) =C,&C,, Z2(G)/Z(G)=C,&dC,&C,, Z(G)=C

Case 3) G/Z3(G) = C,&C,, Z3(G)/Z2(G) = C,, Zo(G)/Z(G) = C,p
7Z(G) = C,

Case (4) G/Z3(G) =C,®C,, Z3(G)/Zo(G) =C,, Z2(G)/Z(G) =C,&C,,
7(G) =C

Case (5) G/Z4(G) = C, ®C,, Z4(G)/Z3(G) = Cp, Z3(G)/Z2(G) =C
7,(G)/Z(G) = C,, Z(G)=C,

Cases (1)—(3): Notice that in all these cases Z,(G) is abelian. Taking A = Z,(G),
we see that A/ Z(G) cannot be embedded into Hom (G /A, Z(G)), a contradiction
to Proposition 5.4. Hence, these cases do not arise.

Case (4): By Proposition 1.8(5), G is metabelian, and therefore by the given
condition on G, we have |12 (G)| = p3. Thus, we obtain
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G/7(G)=Cpr@Chror C,dCp.

In the former case, the result holds by considering IC(G). In the latter case, since
Z5(G)v2(G) = Z3(G), we have

1Z2(G)/(12(G) N Zo(G))| = | Z3(G) /(G| = p*.

Hence, we obtain
172(G) N Z>(G)| = p*.

Notice that [b, a, b] and [b, a, a] lie in 7,(G) N Z,(G). Since
Q1(Z(G)) = 12(G) NZ(G) < 1(G) NZy(G),

we can choose the generators a, b such that [b, a, b] € ( Z(G)). Then, using Hall-
Witt identity, we obtain

[b,a,a,b] =1[b,a,b,a] = 1.

Notice that [b, a, a] ¢ Z(G), otherwise 13(G) < Z(G), which is not possible. Since
Z,(G)72(G) = Z3(G), it follows that [c, a] ¢ Z(G) for any c € Z3(G) \ Z,(G).
Consequently, as [a”, a] = 1, we have a” € Z,(G).

If a? € 7, (G) Z(G), then |12(G)b| = p3. If b? € Z3(G) \ Z»(G), then it follows
that [b, a, b] = 1. Since [b, a, a, b] = 1, we see that (b, Z,((G)) is abelian and Z, (G)
centralize b, which is a contradiction. Hence, we obtain

bP € Z5(G)\ Z(G).

Since b? and [b, a, a] are not powers of each other modulo v, (G) Z(G), they are not
so modulo Z(G). Consequently, Z,(G) centralize b, which is again a contradiction.
Hence, this situation does not arise, and therefore a” ¢ v,(G) Z(G).

Since a? € Z,(G), we have a” € Z,(G) \ 72(G) Z(G). Choose integers i, j such
that the elements / := a”’ and k := [b, a, a)’ satisty [a, k] = [b, h]. Using Propo-
sition 2.13, there exists a derivation ¢ : G — Z,(G) with

¢(a) = h and ¢(b) = k.
The automorphism induced by ¢ together with non-inner central automorphisms
generate a p-subgroup of Aut(G) of order greater than or equal to p®. That |G|
divides | Aut(G)| follows by combining this p-subgroup together with Inn(G).
Case (5): Clearly p* < |7(G)| < p”. If [72(G)| = p*, then
Hom (G/72(G), Z(G)) ZC, ®C),

and therefore | IC(G)| = p’, and we are done.
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Now we assume that |y,(G)| = p>, which yields
72(G) = ®(G) = Z4(G).

Consequently, we get Z4(G) = ([b, a]) Z3(G). Modify generators a, b of G such
that Z3(G) = ([b, a, al) Z,(G) and [b, a, b] € Z,(G). Further,

[b.a,a,b]=[b,a,b,al=1 mod Q(Z(G))

gives Z,(G) = ([b, a, a, a]) Z(G).

Let M = ([b,a,al,[b,a,a,al,z’), where (z) = Z(G). Since [Z,(G), ®(G)] =
1, it follows that Z3(G) is abelian. Thus, M is an abelian normal subgroup of G. If
a? € Zy(G) \ Zy-1(G) for k = 3,4, then [a”, a] = 1 generates the quotient group
Zy—-1(G)/ Zx—>2(G), which is absurd. Hence, it follows that a” € Z,(G). A simple
commutator calculation shows that

[b,a,al” =[b,a,a’1=1 mod ([b,a,a,a,al])

and
Q1(Z2(G)) =([b,a,a,al,z").

Notice that [b, a, a, a, a] is a central element of order p. Thus, [b,a,a,a,a] €
Q) (Z(G)), and consequently M N Z(G) = (Z(G)) and [M| = p>.

We claim that [Z4(G), G] f M. Contrarily, suppose that [Z4(G), G] < M. Since
Z4(G) = 7(G) and the nilpotency class of G is 5, it follows that M = v3(G).
Then G/M is a group of order p* such that the nilpotency class of G/M is 2 and
|72 (G/M)| = p?, which is not possible. Hence, we must have [Z4(G), G] ﬁ M.

Since €24 (Z(G)) < M and Hom (G/ 75(G), 4 (Z(G))) has a non-inner deriva-
tion, it follows that

H' (G/Z5(G), M) # 1.

Since [Z4(G), G] % M, no inner automorphism can be induced by a representative
of a non-trivial element in H' (G/Z3(G), M). If | H! (G/ 75(G), M)| > p2, then
it follows that H' (G/Z3(G), M) embeds in Out(G) as a p-subgroup, and hence
|G| divides | Aut(G)]|.

Suppose that | H! (G/ 73(G), M)| = p. By Proposition 2.9, we have the follow-
ing long exact sequence of cohomology groups

0 - Q1(Z(G)) = Z(G) = Z3(G)/M — H' (G/Z3(G), M) — H' (G/ Z3(G), Z3(G))

= Hom (G/Z5(G), Z3(G)/M) LNgTR (G/Z5(G), M) — ---

associated to the short exact sequence
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of G/ Z3(G)-modules. We claim that the connecting homomorphism &' is trivial.
First notice that

Hom (G/Z3(G), Z3(G)/M) = Hom (G/7(G), Z3(G)/M).

Let f € Hom (G/’yz(G), Z3(G)/M). Then we can factor f through Z;(G) via the
map . o R
F(n2(6G)a'b’) = h(72(Gra'b?) 2,

where h : G/v,(G) — M issomemapandi, j, [, m areintegers suchthat0 < i, j <
p. By the definition of connecting homomorphism, it follows that §'(f) = 9'(h)
modulo the group of 1-coboundaries of G/ Z3(G) with coefficients in M, where 9!
is the coboundary map of the associated cochain complex. Thus, 6'(f) = 1 and it
follows that

IH' (G/Z3(G), Z3(G))| = p.

Let K :=73(G)/Z(G) and L := Cz, ) (Zg(G))/Z(G). Then we have
L < G/Z(G) = Inn(G).
Using Proposition 2.45, we get

AutB(©).6/2:6) (G
' (G/25(6). Z5(G))] = 2 X @)

and
| Aut>(@-6/%(9 (G) N Inn(G)| = |L|.

Since |L/K| < p, it follows that
| Aut™©@-9/%@ (G Inn(G)/ Inn(G)| = p',

where i > 2. Consequently, |G| divides | Aut(G)|, and the proof is complete. [

Theorem 5.6 If G is a 3-generated non-abelian p-group of order p’ with Z(G)
cyclic, then |G| divides | Aut(G)|.

Proof If G = (a, b, c) and Z,(G)/ Z(G) is cyclic, then
| Hom (G /7(G), Z(G))| = | Z2(G),

and we are done. So assume that Z,(G)/Z(G) is not cyclic. Then there are four
possible cases, namely:
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Case (1) G/Zy(G) =C,®C,, Z2(G)/Z(G) = C,r®C,, Z(G) =Cp;

Case 2) G/Z,(G) =C,&C,, Za(G)/Z(G)=C,®C,®C,, Z(G)=C:

Case (3) G/Zy(G) =C,®C,®C,, Z:(G)/Z(G)=C,®C,, Z(G)=Cp;

Case (4) G/Z3(G) = C,®C,, Z3(G)/Z2(G) =C,, Zo(G)/Z(G) = C,&C,,
Z(G) =Cp.

Case (1): Let Z,(G) = (h, k) Z(G) for some h, k € G, where | Z(G)h| = p* and
|Z(G)k| = p. If k ¢ ®(G), thenk € Cg (CD(G)). Since Z,(G) N ®(G) = P(G) is
abelian, it follows that Z,(G) is abelian. Taking A = Z,(G) contradicts Proposition
5.4. Thus, k € ®(G), and in this case

P(G)/2(G)=C,dC,.
Hence, we can assume that G = (a, b, ¢) with a,b ¢ Z,(G) and ¢ = h € Z,(G).
Since ¢ induces a homomorphism of order p? from G/v,(G) onto Z(G), we get
[b, c] = z, where Z(G) = (z) and Z(G) < 72(G). Notice that orders of a, b, ¢
modulo v,(G) are p, p?, p, respectively. Thus, we can take k = b, [b, a] = c”
mod Z(G), [a,c] = [b, c]”, where 0 <i < p. Replacing a by ab™, we can
assume that [a, c] = 1. It follows that the subgroup A = (a, c¢) Z(G) is abelian and
normal. Further, Q = G/A is cyclic of order p? and A can be viewed as a Q-module
via conjugation.
By Proposition 2.11, we have

H'(Q, A) = Ker(1)/1(Q)A

and
H2(Q, A) = A2/ Im(r) = Z(G)/Im(7).

Let 7 : A — A be as in Proposition 2.12. Suppose that H' (Q, A) = 1. Since
1 =H'(Q, A) = Ker(1)/1(Q)A
and I (Q)A = 71,2(G), it follows that Ker(7) = 72(G). Consequently, we get
Im(1) = A/Ker(1) = A/%:(G) =C,®C,.
By Theorem 2.10, we obtain
I'=H*Q., A) 2Z(G)/Im(r),

which implies that
Im(7) =Z(G) = C,p,
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a contradiction. Hence, we must have HI(Q, A) # 1. Since H' (Q, A) =
Ker(7)/72(G), it follows that there exists an element x € A \ 72(G) such that
7(x) = 1. By Proposition 2.12, there exists a non-inner derivation of G, which,
by Proposition 2.14 induces a non-central automorphism of G. Since the nilpotency
class of G is greater than 2, G also admits a non-inner central automorphism. As
Autcent(G) is a normal subgroup of Aut(G), the two automorphisms are in the same
Sylow p-subgroup of Aut(G), and the result follows.

Case (2): Notice that, in this case Z,(G) is abelian. Using Proposition 5.4 with
A =7Z,(G), we get a contradiction. Hence, this case does not arise.

Case (3): If 12(G) # ©(G), then

|Hom (G/1(G), Z(G))| = | Z2(G),
and we are done. So assume that v, (G) = ®(G). Itfollows thatZ,(G) = (h, k) Z(G)
for some h,k € G. In fact, we can take h = [a, b] and k = [a, c]. This implies
(h, k) (Z(G)) is an abelian normal subgroup of G of order p3. Further, 7, (G) =
®(G) implies that [b, c] ¢ (h, k) 21(Z(G)) and [b, c] = h*k'z, where (z) = Z(G).
Replacing b by ba™" and ¢ by ca™, we can take ([b, c]) = Z(G). Since
[b,c]? =[bV,c]l =[b,c"] # 1,
it follows that both b” and c” gives non-trivial elements in Z,(G)/ Z(G). Since

[b,cP] # 1 [bP, ],

it follows that 4” and c¢” do not have the same centralizer. Therefore, we have
Z,(G)/ Z(G) = (b?, c?). Thus, ®(G) = U;({b, c¢)) and

Cipe) (P(G)) =Z2(G) = Uy ((b,¢)).
Since Cg/o(c) (CD(G)) # 1, without loss of generality, we can assume that a cen-
tralizes ®(G).
Set A = (a) Z,(G). Then A is normal in G and C;(A) = A. Since a?, b? € A,
it follows that the extension

1-A—>G—>G/A—1

does not split. Hence, HZ(G/A, A) # 1, and therefore Hl(G/A, A) # 1 by Theo-
rem 2.10. Since C(A) = A, by Proposition 2.45, it follows that

H'(G/A, A) = Aut*“*(G)/( Aut*“/*(G) N Inn(G))
= Aut?9/4(G) Inn(G)/ Inn(G).

Since |H'(G/A, A)| > p, there exists a non-inner automorphism ¢ with || > p.
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Define ¢ : G/ Z,(G) — Z(G) by setting
Y@ =z", b)) =1, ¢¥() =1

Then ¢ € Hom (G/ 7,(G), Z(G)). Since 12(G) = Z,(G), in view of Theorem
3.72, 3 corresponds to an automorphism, say, v € Autcent(G). We claim that
v ¢ Inn(G) Aut*%/4(G). Suppose that ~=af, where « e Inn(G) and
3 € Aut*%/4(G). Then

v(@) = a(f@) = ala) = (g, ala

for some g € G. This implies [g, a] = z” € Z(G). Since [a, Z,(G)] = 1, it fol-
lows that g € G \ A. Hence, gA = b'c™ A for some integers [, m such that Im # 0
mod p. This yields

lg,al =[b,al'lc,a]™ £ 0 mod Z(G),

a contradiction. Hence, v ¢ Inn(G) Aut?%/4(G). Therefore, (¢, v) Inn(G) is a sub-
group of Aut(G) with | (¢, v) Inn(G)| > p’, and the result follows.

Case (4): Since Z,(G) is abelian and centralizes ®(G), it follows that G is
metabelian. We claim that v,(G) < ®(G). Contrarily, suppose that 1, (G) = ®(G).
Then we can choose the generators a, b, ¢ such thatc € Z,(G) and [b, a, b] € Z(G).
It follows that [b, a, a, b] = 1, and neither a” Z,(G) generates Z3(G)/ Z>(G) nor
a? Z(G) generates (Zz(G) N {a, b) Z(G))/Z(G). Hence, a” € Z(G) and we obtain

1 =[da”,b] =[a,b]” mod 13(G)

and [c, G] < v3(G). Thus, Z(G) ﬁ ([a, b]) v3(G) = 72(G), a contradiction to the
fact that v,(G) = ®(G). Hence, the claim follows, and |7, (G)| < p3. Consequently,
we get

| Hom (G /7(G), Z(G))| = | Z2(G),

and the proof is complete. (I

Theorem 5.7 If G is a 4-generated non-abelian p-group of order p’ with Z(G)
cyclic, then |G| divides | Aut(G))|.

Proof 1In this case, we can assume that Z,(G)/ Z(G) is elementary abelian of order
p>. Thus, we have
G/Z,(G)=C,®Cp,

2(G)/2(G)=C,8C,8C,

and
Z(G)=Cp.
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It now follows that v, (G) = ([a, b]) 2; (Z(G)), where cosets of @ and b form a basis
for G/ Z,(G). Since | Hom (G/fyz(G), Z(G))| = p?, it follows that

|1IC(G)| = p’ = |G,

and the proof is complete. ]

5.2 Groups of Coclass 2

Recall that, for a p-group of order p” and nilpotency class ¢, the number n — ¢ is
called its coclass. We begin by noticing that if G is a finite non-abelian p-group
of coclass 1 (maximal nilpotency class), then | Z(G)| = p, and hence |G| divides
| Aut(G)| by Theorem 1.32. The aim of this section is to prove the same assertion
for finite non-abelian p-groups of coclass 2, where p is an odd prime. Notice that
for such groups G, we have |,(G)| = p"~2 or p"~>.

We begin with the following result of Blackburn [66, III.14.14 Hilfssatz].

Lemma 5.8 Let G be a p-group of maximal nilpotency class and of order p" such
that5 <n < p+ 1. Then G/v,-1(G) and v, (G) are of exponent p.

Lemma 5.9 Let G be a p-group of order p" with coclass 2, where p is an odd prime.
If12(G)| = pz, then the following statements hold:

(1) exp (G/ Zn_4(G)) = pforn > 6;
(2) 1Z;(G)|=p ' forl <i<n-3.
Proof Set G\ = G/Z(G) and G, = G1/7v4(G1). Then both G| and G, are of max-
imal nilpotency class having order, respectively, p"~2 and p*. Since p + 1 > 4, by

Lemma 5.8, it follows that exp (G2/73(G2)) = p. Since v3(G2) = 3(G1)/74(G1),
we have

G/ Zy-4(G) = (G/ Z(G)) /(Zn-4(G) ] Z(G)) = G1/73(G}) = G2/13(G).

This completes the proof of assertion (1).
Since | Z>(G)/ Z(G)| = |Z(G/Z(G))| = p, we have | Z,(G)| = p>. Assertion
(2) now follows by induction on i. O

We now present the following result of Fouladi-Jamali-Orfi [35].

Theorem 5.10 Let G be a p-group of order p" and coclass 2, where p is an odd
prime. Then |G| divides | Aut(G)]|.

Proof We first suppose that either Z(G) is elementary abelian or |72(G)| = p" 3.
If | Z(G)| = p, then the assertion follows by Theorem 1.32. So assume that Z(G) is
elementary abelian of order p?. Since G/7¥,2(G) is non-cyclic, we have
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| Autcent(G)| = | Hom (G/2(G), Z(G))| = p*.

Further, as G/ Z(G) is of maximal nilpotency class, we get | Z,(G)/ Z(G)| = p, and
hence
| Aut(G)|, = [1IC(G)| = p"*'.

If |72(G)| = p"~3, then we can assume that Z(G) is cyclic of order p2. It follows
that | Autcent(G)| > p3, and hence

| Aut(G)], = [IC(G)| = p".

We now take up the remaining case, that is, Z(G) is cyclic of order p2 and
[72(G)| = p"’z. Further, by Corollary 4.67, we can take n >7. Since
| Z2(G)/ Z(G)| = p, it follows that

|IC(G)| = p"~".

So, to complete the proof, it suffices to construct a non-central and non-inner auto-
morphism of G of p-power order. Since | Z,(G)| = p* and Z(G) is of order p?,
it follows that Z,(G) is abelian. By Proposition 1.8(6), Z,(G) is non-cyclic, and
therefore we can write

Z2(G) = (z) ® (x),

where z is a generator of Z(G) and x € Z,(G) \ Z(G). It is not difficult to show that
Cg(x) properly contains v, (G). Since x ¢ Z(G), it follows that Cg (Zz(G)) is a
maximal subgroup of G.

Set H = Cg (Z>(G)) and choose elements s € G \ H and ¢ € H \ 12(G). Then
we have G = (s, t). Obviously Z,(G) < Z(H), and the element z; := [s~', x] lies
in Z(G). Since x is of order p, it follows that z; is also of order p. Set s, = [¢, s].
Since G = (s, t), it follows that 55 € ¥2(G) \ Z,—4(G) and

H = (Z,-4(G), 52, 1) .

We construct an automorphism of H, which extends to an automorphism of G
of order p. By Lemma 5.9, H/Z,_4(G) is elementary abelian, and hence can be
written as

H/Z,-4(G) = (Z,-4(G)s2) & (Z,-4(G)1) .
Consider the homomorphism
Y:H/Z,-4(G) - Z(H)
defined by setting ¢( Z,—4(G)s2) = z and ¥(Z,—4(G)1) = x. Let

m:H— H/Z,_4(G)
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be the natural projection. Then the map

h > ha(m(h))

defines a homomorphism
a:H—H

such that a(t) = tx, a(sy) = spz; and a(y) = y forall y € Z,,_4(G). Notice that o”
is identity on H, and hence it follows that « is an automorphism of H of order p.
We extend « to an automorphism of G. Since H is a maximal subgroup, each
element of G can be uniquely written in the form s’ for some 4 € H and some i
with 1 <i < p — 1. Define
a:G—>G

by settin
’ ¢ a(hs'y = a(h)s'.

Let «s : H — H be the restriction of the inner automorphism of G induced by s.
Since H = (Z,,—4(G), 52, t) and v3(G) < Z,_4(G), it is straightforward to show
that s = 1y Consequently, & is an endomorphism of G. Since &7 is identity on
G, it follows that it is an automorphism of G of order p. Further, & is a non-central
automorphism of G, since t~'a(¢) = x ¢ Z(G).

Notice that G = (ts, t). The same way as in the preceding paragraph, we can also
extend « to a non-central automorphism

a:G— G

by defining
a(ts) =ts and a(t) = tx.

Consequently, we have a(s) = x~!s. Our final claim is that both & and & cannot
be inner automorphisms. Contrarily, assume that & and & are inner automorphisms
induced by the elements u; and u, of G, respectively. Then the automorphisms
induced by & and & on G/ Z(G) agree with the inner automorphisms induced by the
elements u; Z(G) and u; Z(G), respectively, which are also central as x € Z,(G).
So it follows that u; Z(G) and u, Z(G) lie in Z, (G / Z(G)), and therefore u; and u,
belong to Z3(G) \ Z2(G). Thus,

uy = ut mod Z,(G)
for some integer/ with1 </ < p — 1. Since s = &(s) = ulsul_l,weget [ug,s]=1.

Notice that
x s =a@) = uzsugl.
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Consequently, . '
x7' = [u, s1 = [ulx, s1 =[x, s}V € Z(G),

where 0 < j < p — 1, which is a contraction. The proof of the theorem is now
complete. ]

The following problem remains open.
Problem 5.11 Do all 2-groups of coclass 2 satisfy Divisibility Property?

For each coclass it is known that all but finitely many 2-groups have Divisibility
Property; we discuss this result of Eick [26] in the following section.

5.3 2-Groups of Fixed Coclass

In this section, we present a result of Eick [26] which asserts that there can possibly
be only finitely many groups without Divisibility Property among the 2-groups of a
fixed coclass. The tools include coclass theory, pro-p-groups and the fundamental
exact sequence of Wells.

Notice that, in view of Corollary 4.67, non-abelian 2-groups of order at most
2% have Divisibility Property. Further, in [95, 97], using computational methods,
it is proved that non-abelian 2-groups of order 27 and 2%, respectively, also have
Divisibility Property.

In what follows, we recall a bit of extension theory from Chap.2 for abelian
extensions. Let

E:1-N—->G—H-—>1

be an abelian extension of groups inducing the coupling o : H — Aut(N). Recall
from Sect.2.4 of Chap.?2 that a pair (¢, 0) € Aut(H) x Aut(N) is a-compatible if

0a(x)0" = a(p(x))

for all x € H. The group of all a-compatible pairs is denoted by C,(H, N). We
suppress « from the notation when the action is clear from the context.
We use Wells fundamental exact sequence (2.53)

1 - Z'(H, N) — Auty(G) 28 c(H, N) “8 HX(H, N),

where w(&) is Wells map defined as follows.

Recall that C(H, N) acts on the set Ext,(H, N) in a natural way. Let [£]
denote the equivalence class of £ in Ext,(H, N) and ¢ € C(H, N). Then ‘[£] €
Ext,(H, N). Since H>(H, N) acts freely and transitively on Ext,(H, N), there
exists a unique element 7 € H?(H, N) such that
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"(°1€1) = [€].

Then w(€) is defined as
w(&)(c) = h.

Now, by exactness of the preceding sequence at C(H, N), we have

Im (p(f)) = Ker (w(é‘))
= {c e C(H, N) | “[€] = [£]}
= C(H, N)g), the stabilizer subgroup at [£].

In view of the preceding observation, we obtain the following short exact sequence
1 - Z'(H, N) — Auty(G) — C(H, N)ig — 1.
Consequently, if G is finite, then
| Auty (G)| = | Z'(H, N)| |C(H, N)gjl. (5.12)

Let H and N be finite p-groups such that H acts on N. We say that the action
is uniserial if ("k)k~'| k € K, h € H) is an index p subgroup of K for each H-
invariant normal subgroup K of N. We refer the reader to [82, Chapter 4] for extensive
investigation of uniseriality.

Let L be an infinite pro-2-group of coclass r. Then, by Theorem 1.42, L has an
open normal subgroup T = (Z,)“ for d = 2° for some integer s < r + 1. Further,
the quotient group P = L/ T is a 2-group of order 2" +¢+D2™" and coclass r. Setting
To =T and T;4 = [T;, L], we have the following result.

Lemma 5.13 |Z!(P, T/ Tiva)l = 24 1ZYP, T/ T))| for sufficiently large positive
integer j.

Proof First we show that the group of 1-coboundaries B!(P, T/ T;) has order 271
for each positive integer j. By definition, if A € B'(P, T/T;), then there exists
m € T/T; such that

Ng) = 8" (m)(g) = Imm™!

for all g € P. Recall that 8° : C°(P, T/T;) — C'(P, T/T;) is the coboundary
operator (see (2.1)). Notice that P acts uniserially on 7'/ T; for each j [82, Chapter
7, Section 4]. Thus, Ker(9°) = (Tr/ Tj)P , the fixed-point set under the action of P,
has size 2, and therefore

|B'(P, T/T))| = (T/T})/ Ker(d")] =2/~ (5.14)

for each j.
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Now consider the exact sequence

H'(P, T) - H'(P, T/T;) % HX(P, T))
obtained from the long exact sequence corresponding to the short exact sequence
1->Tj—->T—>T/T; > 1
of P-modules (see Theorem 2.9). Let exp (H1 (P, T)) = 2¢. Then it follows that
7\(P, T,,) =Z7'(P, 2°T) < (Z'(P, T))* <B'(P, T).
Thus, if j > de, then « is injective. Set k = j mod d. Then T; =T, as P-
modules and H*(P, T;) = H*(P, Ti). Thus, Im(53;) = I;, where I; is a subgroup
of H*(P, T}). It can be seen that
I < lyya <0+
Since H2(P, Ty) is finite, there exits a positive integer / such that
L =1g=--.
If we choose j > max{l, de}, then
|H'(P, T/T)| = |H'(P, T)| [I,| = |H'(P, T/Tj14)|. (5.15)
Using (5.14) and (5.15), we obtain

| Z' (P, T/T;ra)| = |H'(P, T/Tj+0)| |IB' (P, T/Tj1a)l
= [H'(P, T/Tp| 27+
=27 |H'(P, T/T))| 1B (P, T/T))|
=27z (P, T/T))l,

which completes the proof. (]

Let k be a positive integer and j > k. Then
T/Te = (T/T)/(T/T})
as P-modules. This implies that the natural projections

T/T; — T/Tk
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and
T —T/T;

are homomorphisms of P-modules.
Set [ = dim (End p(T)) for the rest of this section.

Lemma 5.16 For each positive integer k and each j > k, the above natural projec-
tions induce the following homomorphisms between groups of compatible pairs:

mix:C(P, T/T;) — C(P, T/Ty)

and
m: C(P, T) - C(P, T/Ty)

defined by 7; (¢, 0) = (¢, 0) and 7 (4, 0) = (¢, 0) respectively, where 0 denotes
the induced automorphism on the corresponding quotient. Furthermore,

T T jk = Tj1 and Tk 1Tk = T

forj>k=>I.

Proof It is sufficient to prove that the maps are well-defined. More precisely,
we prove that if (¢,0) € C(P, T/T;), then 0(Ty/T;) = T/ T;, and similarly if
(¢,0) € C(P, T),thend(Ty) = Ty.Let (¢, 0) € C(P, T/T;)and K be a P-invariant
subgroup of T'/T;.If x € K, then for each g € P, we have

a(6(9))0(x) = 0(a(g)(x)) € O(K),

since K is P-invariant. Thus, § maps P-invariant subgroups of 7/ T; to P-invariant
subgroups. Since P acts uniserially on 7'/ T; with unique maximal P-invariant series

T/T]‘>T|/T]'>”'>Tj/rl'=1,

it follows that 7/ T; are f-invariant. Compatibility of (¢, 6) follows from that of
(¢, 0). The proof for m; follows along similar lines, and left to the reader.

The last assertion follows simply by observing that T/T; = (T /Ty)/(T;/ Ty),
T/Ti = (T/T)/(Ti/T) and T/ T = (T,/ T;) /(T T)). 0

If (¢, 0) € Ker(m; ), then¢ = 1and 0 : T/T; — T /T, looks like 0(x) = xA(x)
for some \(x) € Ty/T;, where x € T/T;. This defines a function

NoT/T; — T/ T;.

It is not difficult to check that \ is indeed a group homomorphism. Further, the fact
(1, 0) is a compatible pair implies that A is a homomorphism of P-modules. We now
have the following result.
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Lemma 5.17 For each positive integer k and each j > k, the following statements

hold:

(1) The map (1,0) — X defines a bijection Ker(w;) — Homp(T/T;, Ti/T)).
Furthermore, if j < 2k, then this is an isomorphism of groups.

(2) The map (1, 0) — X defines a bijection Ker(m;,) — Homp (T, Ty).

Proof First we prove that the map in assertion (1) is well-defined. Since 6 €

Aut(T/Tj), it follows that A €e Hom(T'/T;, T/ Tj). As (1,0) € C(P, T/Tj), we

see that A\(gxg~') = gA(x)g~! forall g € P and x € T/T;. Thus, \ is compatible

with the action of P, and hence the map (1, ) — X is well-defined. The injectivity

and surjectivity follows by similar arguments.

Suppose that j < 2k. Notice that the map (1, #) — X is a homomorphism if and
only if T /T; < Ker(0) for all 6 € Ker(nj ). Since 0(T;/T;) € Ti4i/T; for all i,
we have the desired result.

The assertion (2) follows by similar arguments as in (1). O

Now assume that j > d. We set
A(T/T)) = {0 e Aut(T/T;) | (1,0) € Ker(m{,d)} (5.18)

and
A(T) = {9 e Aut(T) | (1,0) € Ker(ﬂd)}. (5.19)

Observe that A(T/T;) = Ker(r; 4) and A(T) = Ker(my). With this set-up, we have
the following result.

Theorem 5.20 [f j is a sufficiently large positive integer, then
|A(T/Tja)| =2 |ACT/T))|.

Proof In view of the final assertion of Lemma 5.16, we have the following commu-
tative diagram

id id

A A(T)

Jﬂjﬂi J/ﬂ'j

Tj+d, j

AT Trea) “205 AT T 254

T j+2d.j+d
BN

where 7 and 7; denote restrictions of 7; ; and 7 on A(T/T;) and A(T), respec-
tively. Lemma 5.17 yields the following commutative diagram

o Homp(T, T) —— % Homp(T, T) —4— ...

de Jﬂ i
Tjtd.j Tjj—d

Homp(T/Tjta, Ta/Tj+a) —— Homp(T/T;, Ty/Tj) — -+ -,

Tjt2d, j+d
.. H
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where 7; ; and 7 are the corresponding maps. Since
Homp(T/Tjta, Ta/Tj1q) =Homp(T/T;, T/T;) =Endp(T/T))

for all j, it follows that the preceding commutative diagram is equivalent to the
following commutative diagram

o —% Endp(T) —2——Endp(T) —4—— ...

J’?w Jﬁj
Tjtd.j T j—d

Endp(T/Tj) —5Endp(T/Tj_g) =5 - -+,

Tj42d,j+d

where the maps are natural projections. Since T = Z¢, we have
End(T) =T ®T =7%.

The given action of P on T induces an action onEnd(7") as follows: For x € P and
f €End(T), define * f to be the conjugation of f by the automorphism of 7" induced
by x.

Let P — GL(d?, 7Z,) be the action of P onEnd(T) given by g — M,. Then
Endp(T) =End(T)?, the fixed-point subgroup under the action of P, can be deter-
mined as the kernel of the md? x d? matrix

M‘]] -1
M - .
M,, —1
with entries in Z, where P = {gy, . . ., gn}. Along similar lines, we see that the group

Endp(T/T;) corresponds to the kernel of M in T/T;. Write M = AD B for some
diagonal matrix D and invertible matrices A and B. Then for v € End(T'), we have

Tj ® Tj +v GEIldP(T/Tj) < M(w)=0 mod Tj ® Tj
< ADB(v) =w € Tf ® Tj
& DB =A"'w) e ATNT; ®T))
& DW)=0 mod A™N(T; ®T)),
where B(v) = v'. Similarly, v € Endp(T) if and only if M (v) = 0, which holds if
and only if D(v") = 0. Now, letd,, ..., d;, e1, ..., e; be the elementary divisors of

D such that d; > 0 for all i, ¢; =0 for all j, and / = dim (Endp(T)). Choose j
sufficiently large such that exp(7'/T;) > d; for all i. Then we obtain

Endp(T/T;) = Cy, @ --- & Cy, ®IM(7}4q).
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Since T4 = 2T, we obtain A_I(Tj ®T;) =2 P_I(Tj_d ® T;_gq). Consequently,
| Im(7j1.4)| = 2" | Im(7))],

and hence
|Endp(T/T;)| = 2" [Endp(T/Tj_4)l,

completing the proof. O

Combining the preceding results, we prove the following

Theorem 5.21 [f j is a sufficiently large positive integer, then
|C(P, T/Tjsa)l = 2" |C(P, T/T))l.
Proof By the last assertion of Lemma 5.16, we obtain the chain
o> Im(mi_gq) = Im(mj ) > Im(mjpaq) > -

of subgroups of C(P, T/T,). Since C(P, T/Ty) is a finite group, the chain must
stabilise at some point. Hence, there exists a positive integer k such that

Im(m;j4) =Im(7jtq,a)

for all j > k. Recall that A(T/T;) = Ker(rw;4) and A(T) = Ker(m,). Now, using
Theorem 5.20, we obtain

|C(P, T/Tjw)| = Im(wjq.a)| |A(T/Tj1a)l
=2! [Im(7;4)| |A(T/T;)| for sufficiently large j
=2'|C(P, T/T))|,

and the proof is complete. (I

Let L be an infinite pro-2-group of coclass r with lower central series
L=y(L)>mnL)>---

Let ¢ be the minimal positive integer such that L/~,(L) has coclass r and L/~;(L)
does not arise as a quotient of an infinite pro-2-group of coclass r not isomorphic to
L. Then the full subtree 7 (L) of G(2, r) consisting of all descendants of L/~,(L) is
a maximal coclass tree in the coclass graph G(2, r).

The sequence of groups {G,};>o with G; = L/~,4;(L) contains every infinite path
of 7(L). For each integer i > 0, let 7 (L); be the subgraph of 7 (L) consisting of all
descendants of G; which are not descendants of G, . Then, by Theorem 1.45, there
exists a positive integer m such that for each j > m, there is a graph isomorphism
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T T(L)j — T(L)j.,.,].
With this set-up, we are now in a position to present the following result leading to

the main theorem of this section.

Theorem 5.22 Let L be an infinite pro-2-group of coclass r which is an extension
of T by P, and T (L) the corresponding maximal coclass tree in G(2, r) of rank d
and periodicity root G,,. Then for each sufficiently large j > m and G € T (L)},

| Aut (7;(G))| = 277 | Aut(G)],

where | = dim (Endp(T)).
Proof Let j > m and G € 7 (L);. Then, by Theorem 1.46, we have extensions

E1-T/T)-G—>P—1

and
E:1—>T/Tjtq — 7(G)—> P — 1.

We know from Sect. 2.4 of Chap.2 that C(P, T/T;) and C(P, T/Tj;4) act on the
extension classes [£] and [£'], respectively. It follows from [27, Section 6] that the
orbits of [£] and [£’] have the same size. Hence, by the orbit-stabilizer theorem, we
obtain
|C(P, T/THl  |C(P, T/Tjta)l
IC(P. T/ Tyl 1CP. T/ Tjraenl

Now, by Theorem 5.21, for sufficiently large j, we get
|C(P, T/Tjsaienl = 2" |C(P, T/T))e)-

Notice that Aut (7;(G)) = Auty,z,., (7;(G)) and Aut(G) = Autr,7,(G), since
T/Tjyqand T/ T; are characteristic subgroups of 7;(G) and G, respectively. Finally,
by (5.12), we have

| Aut (7;(G))| = | Z"(P, T/Tjxa)| |IC(P, T/Tj1a)ien]
=272 (P, T/T)||C(P, T/Tjsa)iel, by Lemma 5.13
=27z (P, T/T;)| 2" |C(P, T/T;)el, by Theorem 5.21
=29t | Aut(G)|.

The proof of the theorem is complete. (]

As an immediate consequence of the preceding theorem and Theorem 1.45, we
have
| Aut (7;(G))| 27 |Aut(G)| 2! | Aut(G)|

Im G 241Gl |Gl
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for all sufficiently large j. Notice that [ = dim (End p(T)) is positive, and hence
| Aut (7j+i(G))| grows faster than |7;,;(G)| with consecutive applications of 7,
fori =0,d, 2d, ....Indeed, for instance

| Aut (7740 7;,(G))| 2/ [Aut(1;(G))| 2% | Aut(G)|
ITiva T;(G) 29 |(G) |G|

Therefore,
| Aut (774 (G))|
|74+ (G)]

eN

for some i. Using Corollary 1.44, the preceding discussion leads to the following
theorem.

Theorem 5.23 Let r be a fixed positive integer. Then there exists a function f, :
N — N such that 2°|G| divides | Aut(G)| for each 2-group G of coclass r and order
at least 25,

Corollary 5.24 Given a fixed positive integer r, all but finitely many 2-groups of
coclass r have Divisibility Property.

5.4 p2-Abelian p-Central Groups

In this section, we present a result of Thillaisundaram [121, Theorem 1.1] showing
that p2-abelian p-central p-groups have Divisibility Property.

A p-group G is said to be p-central if x? € Z(G) for all x € G. For example,
extra-special p-groups are p-central. Recall that a finite abelian p-group A can be
decomposed as

A=Com @--- @ Cpmr,

where 1 <m; < --- < m,.Suppose that, foreach 1 <t <r,C,n = (z,), and set
d, = max{s | my = m,}

and
¢, = min{s | mgy = m,}.

Let k be the number of factors of distinct orders in the decomosition of A. Suppose
that foreach 1 < < k, A has r; generators of order p™, where n; < --- < ny. Then,
we can write

AZCpi @ BCm @ ®Cp @ ®Cpu @ ®Cpu @ D Cpuc .
— — —
r i Tk
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Notice that Zle r; =r.Foreach 1 <[ <k, define
i -1
D, = Zri and C; = Zri + 1.

i=1 i=1

For convenience, we set Cr; = r + 1.
Define the following set

R, = {(aij) eM(,Z)|a;j=0 mod p" ™ forl < j<i< r}.

It is easy to check that R, is a subring of M(r, Z), the ring of r x r matrices with
entriesin Z. Foreach 1 <i <r, let

m L —> L) p" L
be the natural projection. Define the group homomorphism
7" — A

by setting

Ty, . Xy) = (Z71T1(x1)’ o, Z;rr(x,))_

Let End(A) be the ring of endomorphisms of the abelian group A. In this setting,
we have the following result due to Hillar-Rhea [57, Theorem 3.3]. Since the proof
is elementary, we leave it to the reader. We denote the transpose of a matrix M by
M.

Theorem 5.25 The map v : R, — End(A) given by
SODE ) = (M,
is a surjective ring homomorphism with
Ker(¥) = {(a;j) | a;; =0 mod p™ foralli, j}.

Throughout this section, we take A = Z(G) for a given finite p-group G and use
the above setting.

Proposition 5.26 Let G be a finite non-abelian p*-abelian p-central p-group with
Z(G) = Cpri @+ @ Cpr

where2 <m; <--- <m,. Let 0 € Aut (Z(G)) and M € R, with (M) = 0 satis-
fying the following conditions:
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(1) M=1 mod p;
(2) a;; =0 mod p™~"*2 fori # j withm; > m;, and a;; =1 mod p>.

Then 0 extends to an automorphism 6 e Autcent(G).

Proof Taking N =Z(G) and ¢ = 1 in Proposition 2.51, we see that 6 can be
extended to a central automorphism of G if and only if there exists a function

v :G/Z(G) — Z(G)

such that .
pCe, MO(p(x, ) = x()x(xxy) (5.27)

Here i : G/ Z(G) x G/ Z(G) — Z(G) is the 2-cocycle corresponding to a transver-
salt : G/ Z(G) — G of the central extension

1= Z(G) — G — G/Z(G) — 1.

Let 6 = ¢ (M) be an automorphism of Z(G) satisfying the given conditions (1)
and (2). Then we can write M in the following form

1+ s p? ap ai,
as| 1+sp> --- ar
M = . k]
ar] arn 1+Srp2

where 0 < 5; < p™ 2. Given x,y € G/ Z(G), we have
Qr

plx,y) =21z

for some 0 < o; < p™ for each i. The left hand side of (5.27) equals

r r
l_[ Z*a/‘szl’z H Z—Zi#j ajic
J J :
j=1 j=1

‘We now proceed to define the desired y. Notice that, since G is p-central, 7 (g)? €
Z(G) for all g € G. Therefore, we can write

1(x)” = 2" .. Z% for some 0 < 3 < p™,
t(y)P =7]"---z) forsome 0 < ; < p™

and
t(xy)? =20 - 2% for some 0 < &; < p™.
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Since G is also pz—abelian, we have

e, 0P =17 ) )
Putting values in this equation yields

2
arps

2 =0 Byt =5,
z a,p zzgﬁl M 1)P___Z£dr+'y, 5P

.70
Now comparing the powers, we get

a;p* = (B +7 —6)p mod p™.
Define the maps x| : G/ Z(G) — Z(G) and x» : Z(G) — Z(G) given by
i) =10 =22

and

,
B 5 —Bjs;p iz 7
TR ) s P

Taking x = x2x1 and using the conditions (1)—(2), it is not difficult to see that x
satisfies equation (5.27). U

For notational convenience, a matrix M € R, is said to be of type (H) if it satisfies
the conditions (1)—(2) of Proposition 5.26. Set

S = {0 € Autcent(G) | 0|z, = 0 = (M), where M is of type (H)}.  (5.28)

Continuing with the preceding set-up, we have the following

Proposition 5.29 Let G be afinite purely non-abelian p*-abelian p-central p-group
with2 <ny < --- < ng. Then S is a p-subgroup of Autcent(G) and

k k

1Z(G)] (i =1)(r=Cit1 +1)(Cit1—Ci) ;i =2)(r=C;)(Cit1—C;)

stz —5=11r [T» ~
i=1 i=1

Proof Since G is a purely non-abelian p-group, Autcent(G) is a p-group. Hence,
for the first assertion, it suffices to prove that S is a subgroup of Autcent(G). If
0; € Autcent(G) with »(M;) = 0, fori = 1, 2, then v)(M, M,) = 6,65. Thus, it only
remains to show that M; M, is of type (H), which we leave as an exercise for the
reader.

If 6 € S, then there exists a matrix M of type (H) and of the form
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dapy -+ aip,
ap,1 *- - AdAp,D,
ac,c, * - aAc,D, *
M =
ap,c, "+ aAp,D,
* ac,cy ** Ak Dy
ap,c; - Ap.Dy

In view of Theorem 5.25, we count the choices for a;; modulo p™ for1 <i, j <r.
Further, since each a;; = 1 mod p?, the number of choices for a;; is p™ 2. Thus,
the total number of choices for the diagonal of M is

li[pm,_z _lzo)n

2r
i=1 p
For each 1 <i < r, the number of choices for the ith block modulo the diagonal is

p(ﬂi =2)(Cit1—Ci—D(Cit1—C) .

The number of choices for the entries a;; of M withn; < n; is

k
1_[ p(nifl)(f‘*ci+1+1)(ci+1*Ci).

i=1
Finally, the number of choices for the entries of M with n; > n; is at least

k
1_[ p(njfz)(r*CHlJrl)(Cjﬂ*Cj)_
Jj=1
Since the matrices M are counted modulo Ker(¢)), it follows that distinct matrices

give rise to distinct automorphisms of Z(G), and hence distinct elements of S. It is
now clear from the above counting that the order of S is as desired. [

We now present the main result of this section [121, Theorem 1.1].
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Theorem 5.30 Let G be a finite purely non-abelian p*-abelian p-central p-group
with

Z(G)=Cpm @--- @ Cpor,
wherer >3 and3 <my < --- <m,. Then |G| divides | Aut(G)|.

Proof Recall the definition of S from (5.28). Notice that S N Inn(G) = 1. It is suf-
ficient to prove that |S| > | Z(G)|. Since n; > 3, by Proposition 5.29, we have

k k
|S| > 12(G)] l_[pz("*ci+l+1)(ci+lfcx) l_[p(rfci)(cu-]*ci)

T
p i=1 i=1
1Z(G)| :
(r=Cit1+1)(Cit1—Ci) (r=Ci)(Cit1—Ci)
2 O e[ e-cre.
i=1 i=1

k
| Z(G)| 2 +1=(Ci1+Ci) ) (Ci1—=Ci)
= 1_[ P( )

p i=1
k

_ |Z(2(j)| l—[p(2r+1><c,+l—c,)—<c?+l—c?>

p i=1
— M @r+1)(Crp1=C1)—(CE, —CD)

2r

p

=1 Z(G)|p" .
Since r > 3, the result follows. [l

Remark 5.31 The preceding theorem does not imply that all p?-abelian p-central
p-groups have Divisibility Property. The cases | <r <2 and 1 <m; < 2, except
r = m; = 1, still remain open.

Remark 5.32 Recall that, it was proved by Davitt (Theorem 4.49) that all p-abelian
p-groups have Divisibility Property. Notice that every p-abelian p-group is obviously
p*-abelian. Further, it is p-central by Theorem 1.26. Thus, Theorem 5.30 gives an
alternate proof of Theorem 4.49, except in the cases as stated in Remark 5.31.

5.5 Further Results

In this section, we present additional results on Divisibility Property which are not
covered in the previous sections.

We begin with groups of unitriangular matrices over finite fields. Let I, be a finite
field, where ¢ = p” fora prime p. For anintegerm > 2,anm x m matrix A = (a;;)
over [F, is said to be upper unitriangular if
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aijj =0foralli > ]

and
a;; = 1 forall i.

Let UT(m, IF,) be the group of all m x m upper unitriangular matrices over IF,. It
is well-known that UT(m, F,) is a Sylow p-subgroup of the general linear group

nm(m—1)

GL(@m, IF;) of order p— 2 and nilpotency class m — 1. We need the following
result [66, II1.16.4 Satz].

Lemma 5.33 The upper and the lower central series of UT(m, F,) coincide.

The stucture of the automorphism group of UT(m, [F,) has been investigated by
Weir [125] for odd primes p, and by Maginnis [86] for IF,. Concerning Divisibility
Property, we have the following result.

Theorem 5.34 For each 3 <i < m, the group
G; :=UT(m, IF(,)/%(UT(m, IB‘q))

satisfies Divisibility Property.

Proof By Lemma 5.33, Z(G;) = v;—1(G;) and Z,(G;) = v;—2(G;). Since G; is
purely non-abelian, by Theorem 3.72, we obtain

[ Aut(G))], = | IC(G))|
_ |Hom (G,-/'yz(Gi), Z(Gi))| |G|
N | Z2(Gy)l
"G
= g2t
=q' |G|
> |Gl

and the proof is complete. (]

Let n and m be positive integers such that n > m > 3. A group G is said to be
of type ECF(m,n, p) if G is a p-group of order p” and nilpotency class m — 1,
G /v (G) is elementary abelian, and |V;(G)/7;i+1(G)| = p for2 <i <m — 1. This
special class of groups was introduced by Blackburn [13]. The following result is
due of Otto [98, Theorem 2].

Theorem 5.35 Letn and m be positive integers such thatn > m > 3.If G is a purely
non-abelian group of type ECF (m, n, p), then |G| divides | Aut(G)|.
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Proof Notice that, if m = 3, then the group G is of nilpotency class 2, and there-
fore the result follows by Theorem 4.17. Therefore, we assume that m > 3. Since
[7i(G)/7i+1(G)| = pfor2 <i <m — 1 and |G| = p", it follows that G/7,(G) is
elementary abelian of order p"~"*2. Let Z(G) be of order p” and minimally gener-
ated by ¢ elements. Then, by Theorem 3.72, we have

| Autcent(G)| = p@ "1,

Since t > 1, it follows that | Autcent(G)| > p"~"*2. Further, since |G/ Z,,_»(G)| >
p?and |Z;(G)/Zi—1(G)| = pfor1 <i <m — 2, we have

1Z2(G)/ Z(G)| < p"~ "2,
Clubbing these all together with |G/ Z(G)| = p"~", we get

|G/ Z(G)| | Autcent(G)| . P prem
| Z2(G)/ Z(G)] - pn*(r+m72)

n

[IC(G)| = =r

which proves that |G| divides | Aut(G)|. (Il

As a consequence of the preceding theorem, taking n = m, we get the following
result, which also follows from Theorem 1.32.

Corollary 5.36 Let G be a finite p-group of maximal nilpotency class with order
greater than p*. Then |G| divides | Aut(G)|.

We now present some results from [30] on p-groups with Divisibility Property.

Theorem 5.37 Let G be a purely non-abelian p-group of nilpotency class ¢ such
that v;(G)/vi+1(G) is cyclic of order p” for some r > 1 and for all 2 <i <c. If
|G/ Zc—1(G)| > p* and exp (G/WZ(G)) < | Z(G)|, then |G| divides | Aut(G)]|.

Proof Let |G| = p" and |G /7,2(G)| = p™. Since |7 (G) /vi+1(G)| = p" forall 2 <
i <c,wehaven =m + (¢ — 1)r. By Proposition 1.6, we get

Zi(G) N =i (G) = Ye—i+1(G)
forall 0 <i < ¢ — 2. It follows that

1Zi4+1(G)| - | Z:(G)ve—i (G)] _ [Ve—i (G)] _ [Ye—i (G)| _
|Z;(G)| — | Z;i (G)| 1Zi(G) NYe—i (G [Ve—it1(G)]

Further, |G/Z._(G)| > p* by the hypothesis. Let |Z(G)| = p* and |Z,(G)/
Z(G)|=p". Then we have n>2r+(c—3)r+u-+k. Consequently,
m+ (c— 1)r >2r 4+ (¢ — 3)r + u + k,andhencem > k 4 u.By Corollary 3.75(2),

| Autcent(G)| > p™ > p*te,
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and hence
| Aut(G)|, > [IC(G)| = p",

and the proof is complete. (]

The following result is the case p = 2 of [118, Theorem 4.1].

Theorem 5.38 Let G be a non-abelian 2-group of order 2" and M a maximal cyclic
subgroup of G. Then G is isomorphic to one of the following groups:

(1) The dihedral group of order 2" for n > 3.
(2) The generalised quaternion group of order 2" for n > 3.

(3) <x, y1x2 =y =1, yxy ! = x1+2"72>f0rn > 4,
(4) <x, y|x¥ =y =1, yxy = x_1+2"72>f0rn > 4.

Theorem 5.39 If G is a non-abelian finite p-group such that the Frattini subgroup
D (G) is cyclic, then |G| divides | Aut(G)|.

Proof Suppose that p is an odd prime. Since 7,(G) < ®(G), it follows that 7, (G)
is also cyclic. Then, by Lemma 1.13, G is regular. It follows that

121(G/Q1(6))| = [22(G)/ Q1(G)| = |51 (G)/T2(G)].

Since U;(G) < ®(G), U;(G) is cyclic and |G1(G)/U2(G)| < p. Hence, |QI(G/
QI(G))| < p and G/21(G) has at most one subgroup of order p. Thus, G/ 2;(G)
is cyclic and 12(G) < ©(G). Since G is regular, we have exp (2(G)) = p.
Consequently, exp (WQ(G)) = p, and hence |y,(G)| = p. Thus, G has nilpotency
class 2, and the result follows from Theorem 4.17.

Now assume that p = 2. Inthiscase U;(G) = ®(G). Thus, there exists an element
a € G such that ®(G) = (a?). Let

C={H|H<G,aecHand|H/{a)|=2}.
Since for each x € G, we have x?> € ®(G), it follows that
G=(H|HeC().

Notice that, each H € C has a maximal cyclic subgroup. Therefore, by Theorem
5.38, H satisfies one of the following conditions:

(1) H is abelian;
(2) H is of nilpotency class 2 with H/ Z(H) elementary abelian of order 4;
(3) H is of maximal nilpotency class.
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If there is no group of maximal nilpotency classin C, thena? € Z(H) forall H € C.
Consequently, ®(G) = (a2> < Z(G) and G has nilpotency class 2. The result again
follows from Theorem 4.17.

If H € C is of maximal nilpotency class, then |H/v,(H)| = 4 = |H/®(G)|, and
hence 12(G) = ®(G). Therefore, exp (G/72(G)) = 2 and ;(G) /7i+1(G) is cyclic
of order 2 for all 2 < i < c. The result now follows from Theorem 5.37. U

Next we investigate Divisibility Property for finite p-groups admitting a normal
subgroup of maximal nilpotency class [30, Theorem 2].

Theorem 5.40 Let G be a purely non-abelian finite p-group and M a normal
subgroup of G of maximal nilpotency class. If G/M is elementary abelian or
|G/M| = p?, then |G| divides | Aut(G)|.

Proof Let G be of nilpotency class ¢ with |G| = p", |G /7 (G)| = p" and |G/M| =
p®. Then M is of nilpotency class ¢’ = n —a — 1 with ¢ > ¢’. In view of Theorem
4.17, we can assume that ¢ > 2. By Theorem 1.32, we can further assume that
|Z(G)| = p.

Suppose that G/M is elementary abelian. Then ®(G) < M. Since ®(G) cannot
be of maximal nilpotency class, it follows that ®(G) < M, and therefore v, (G) <
M. This implies that m > a + 1. Further, nilpotency class of G being ¢ implies that
|72 (G)| = p°~!. This together with the fact that ¢ > ¢’ implies that m < a + 2, and
hencem = a 4 1 ora + 2. Consequently, |®(G)/v2(G)| < p, which along with the
fact that exp (G/CD(G)) = p yields

exp (G/12(G) = p* < 1Z(G)].
Thus, by Corollary 3.75(2),
| Autcent(G)|, > p™.
Since ¢ > 2, it follows that |G/ Z,(G)| > p"‘l. Consequently, we get
| Aut(G)], = |IC(G)|, = |G/ Z2(G)| | Auteent(G)| = p"*+~".

Thus, it suffices to prove thatm +c¢ — 1 > n.

Notice that, since ¢ > ¢/, form = a + 2, we have m + ¢ — 1 > n. So, we assume
thatm = a + 1. Consequently, we get |2 (G) /72 (M)| = p. Weclaimthatvy,,,(G) =
~; (M) for alli. First notice that, v, (M) being a normal subgroup of G, v2(G) /v (M) <
zZ (G /72 (M )), which further yields

73(G) = [12(G), G] < 72 (M).
Since M /v, (G) is cyclic, we get v2(M) = [M, v,(G)]. Consequently,

12(M) = [12(6), M] < [12(G), G] = 13(G),
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which yields ~3(G) = % (M). Assuming that ~;41(G) =~ (M) for some
2 <i <c—1, weobtain

V(M) = 7i41(G) > %i42(6) = [7i41(G), G] = [vi (M), M] = i1 (M).

Since M is of maximal nilpotency class, we have |v;(M)/v;+1(M)| = p. Hence,
Yi+2(G) = ¥;+1(M), which proves our claim. In particular, we have v.,(G) =
Y1 (M) =1 and 7,41(G) = v+ (M) # 1. Therefore, G has nilpotency class ¢ =
¢4+ 1=n—a,and hence m 4+ ¢ — 1 = n. This completes the proof when G/M is
elementary abelian.

We remark that |G/ Z,(G)| > p°~'. Next, suppose that |G/M| = p>. We only
need to consider the case when G/M is cyclic of order p? and ¢ > ¢/ =n — 3.
Since G /7,(G) is not cyclic, we must have 7, (G) < M, and hence m > 3. Further,
[72(G)| = p°~! yields m < 4, which implies that m = 3 or 4.

If m = 3, then proceeding as in the case when G/M is elementary abelian,
we obtain ¢ = ¢’ + 1 = n — 2. Since exp (G/72(G)) < p* < |Z(G)|, by Corollary
3.75(2), we have | Autcent(G)|, > p?, whichin turn gives | Aut(G)|, > p**? = p".

If m = 4, then |v;(G)/7vi+1(G)| = p foralli > 1 and ¢ = n — 3. Moreover,

1G/12(G)] = p* = |G/M| |M/7(M)| = |G/7(M)

implies that v,(G) = v»(M). Suppose that G is generated by two elements. Since
M < G, there exists a maximal subgroup N of G such that M < N. Consequently,
we have ®(G) < N. Since G is generated by two elements, there exists an element
x € G such that N = (x, ®(G)). By Proposition 1.7, we get

12(N) =72((x) ®(G)) < 72(G6),

which implies that v, (M) < 72(G), a contradiction. Hence, G cannot be generated
by two elements. Thus, G /v, (G) has more than two invariants and exp (G /72 (G)) <
p* < |Z(G)|. By Corollary 3.75(2), we obtain

| Aut(G)|, > |IC(G)| > p* p~' = p",

and the proof is complete. (]

Divisibility Property for p-groups admitting certain quotient of maximal nilpo-
tency class is considered in the following result [30, Theorem 3].

Theorem 5.41 Let G be a finite p-group and M a maximal subgroup of G. If M
contains a normal subgroup H of order p such that M/ H is of maximal nilpotency
class, then |G| divides | Aut(G)|.

Proof Suppose that |G| = p". By Theorem 1.32, we can assume that | Z(G)| > p.
Since |[M/H| = p"~2, it follows that M/ H has nilpotency class n — 3, and hence M
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has nilpotency class ¢’ > n — 3.If ¢ = n — 2, then the results follows from Theorem
5.40.

Assume that ¢’ = n — 3. As H is normal in M and |H| = p, it follows that H <
Z(M) and | Z(M)| = p*. We claim that Z(M) is elementary abelian. Suppose that
Z(M) is cyclic. Since |M| = p"~!, we have

P’ < IM/nM)] < p.
Consequently, M /v, (M) is one of the following groups:
C,®C,, C,®C,., C,®C,®C,.

In each of these cases, exp (’ycr (M)) = p. Further, v, (M) < Z(M) and Z(M) being
cyclic implies that v (M) is cyclic of order p. Since Z(M) has only one subgroup
H of order p, we have H = ~.(M), and hence 7. (M/H) = 1, a contradiction.
Therefore, Z(M) is elementary abelian of order p?, and hence

| Aut(M)|, > |IC(G)| > p“ ™ = p".

IfZ(G) £ M, then G = Z(G)M, and the result follows from Theorem 4.4. And, if
Z(G) < M, then Z(G) < Z(M). Since | Z(G)| > p?, it must be elementary abelian
of order p?, and we again obtain

| Aut(G)], = [IC(G)| = p* = p",

completing the proof. (]

Let G be a finite p-group and N a non-trivial proper normal subgroup of G. Recall
that (G, N) is called a Camina pair if

ngcx

forallx € G\ N.

Let (G, N) be a Camina pair and H a normal subgroup of G such that H < N.
Then it easily follows that (G /H,N/H ) is also a Camina pair. We begin with the
following observation.

Lemma 5.42 Let G be afinite p-group and M a maximal subgroup of G. If Z(M) <
Z(G), then Aut™ (G) NInn(G) = 1.

Proof Eachelement ¢ € Aut” (G) N Inn(G) is conjugation by some element g € G
such that g centralizes M. If g ¢ M, then G = M (g). Thus, g centralizes G, and
therefore lies in Z(G). If g € M, then g € Z(M) < Z(G). Hence, g € Z(G), and ¢
is trivial. (I

The following result is from [34, Lemma 3.2].
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Proposition 5.43 Let G be a finite p-group such that Z.(G) is elementary abelian
and Z(G) = Z(M) for some maximal subgroup M of G. Then |G| divides | Aut(G)|.

Proof Under the given hypothesis, by Proposition 2.45, we have
| Aut”-6/M(G)| = | Der (G/M, Z(M))| = |Hom (G/M, Z(M))| = | Z(G)|.
By Lemma 5.42, Aut”-%/(G) N Inn(G) = 1. Thus,
|0ut(G)], = | Aut" M (G)| = | Z(G)],
and the proof is complete. (]

The next result is from [128, Theorem A].

Theorem 5.44 Let G be a finite p-group such that (G, Z(G)) is a Camina pair.
Then |G| divides | Aut(G)]|.

Proof If | Z(G)| = p, then the result follows from Theorem 1.32. So, we assume
that | Z(G)| = p*.

Since (G, Z(G)) is a Camina pair, Z(G) is elementary abelian by Proposition
1.11(2). Further, by Theorem 1.12, either G has a maximal subgroup M withZ(M) =
Z(G)or|Zy(G)/Z(G)| = |G/P(G)|. First assume that G has a maximal subgroup
M such that Z(M) = Z(G). By Proposition 2.45, we get

Aut" MGy =7 (G/M, Z(M)).
Since Z(M) = Z(G), wehave Z' (G/M, Z(M)) = Hom (G/M, Z(G)).Itfollows
from Lemma 5.42 that
Aut 9" (G) N Inn(G) = 1.
Since |G/M| = p, we get |Hom (G/M, Z(G))| = | Z(G)|. Thus,
| Aut(G)| = | Aut™ ¥M(G)| [TInn(G)| = | Z(G)| |G/ Z(G)| = |G|.

Now assume the second case. Since (G, Z(G)) is a Camina pair, we have Z(G) <
72(G), and therefore G is purely non-abelian. Let |G/ ®(G)| = p?and | Z(G)| = p’.
By the given hypothesis,

1Z2(G)/ Z(G)| = |G/ 2 (G)| = p’,

and hence | Z>(G)| = p"*. Also, we have | Hom (G/®(G), Z(G))| = p™. Since
both r and d are greater than 1, we get

|Z2(G)| = p'** < p'* = |Hom (G/@(G), Z(G))I.
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By Theorem 3.72, we obtain | Autcent(G)| = | Hom (G/®(G), Z(G))|, and hence
[ Aut(G)], > [IC(G)| = |G].

This completes the proof of the theorem. (]

Before proceeding further, we recall some notations from Sect. 1.4 of Chap. 1. Let
G be a finite p-group, and M be a maximal subgroup of G. Let g € G be such that
G/M = (Mg). Define endomorphisms 7 and  of Z(M) as follows:

T(m)y=mm--- 9 'm
and
y(m) = [m, gl,

forallm € Z(M).
Below is one of the main results of [34, Theorem 2.4].

Theorem 5.45 Let G be a finite non-cyclic p-group of order greater than p* admit-
ting an abelian maximal subgroup. Then |G| divides | Aut(G))|.

Proof In view of Remark 4.7, we can assume that G is purely non-abelian. Let M
be an abelian maximal subgroup of G. Let g € G be such that G/M = (Mg). Then
we have

72(G) = {lm, gl |me M} =[M,g].

Further, by Exercise 1.28, we get |7,(G)| = |M/(M N Z(G))|. Since Z(G) < M, it
follows that [, (G)| = |M/ Z(G)|, and hence

|G/72(G) = plZ(G)].

Notice that M/ Z(G) is an abelian maximal subgroup of G/ Z(G). So, as above,
we obtain

(G/Z(G)) /(G Z(G))| = p1Z (G Z(G))I.

This yields
|G/ (12(G)Z(G))| = p | Z>(G)/ Z(G),

which further implies that

G G G 7(G
122(6)] = 1910 )"7;( VNZEN | 76) 16 NZ©G)). (5.46)

We claim that exp (12(G) N Z(G)) = p. Since M = Z(M), ~ and 7, as defined
above, are endomorphisms of M. We know that Im(vy) < Ker(7). Since Im(y) =
[M, g] = 72(G), we have
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[m, g1 9[m, g)--- 9" '[m, gl =1

for all m € M. But, if [m, g] € Z(G), then this yields [m, g]? = 1. Thus, for any
[m, g] € »(G) NZ(G), [m, g]” = 1, and our claim follows.

Notice that d(G) = 2.1f exp (G/72(G)) > exp (Z(G)), then the preceding claim
together with (5.46) implies that

|Hom (G/72(G), Z(G))| = |Z(G)] 11(Z(6))| = | Z(G)| [72(G) N Z(G)| = | Z2(G)].

If exp (G/VQ(G)) < exp (Z(G)), then again by (5.46), we get

1G/72(G)121(Z(G))]

p
o |G/ (G n(6) NZG)|
N p

|Hom (G/7%2(G), Z(G))| =

=1Z2(G)|.
Since G is purely non-abelian, by Theorem 3.72, we have

|Hom (G/72(G), Z(G))! |G|

| Aut(G)|, = |1IC(G)| = 1Z>(G)

= 1G],

and the proof is now complete. (]
We need the following result of Miiller [91, Lemma 2.2].

Lemma 5.47 Let G be a finite p-group such that Z(G) < Z(M) for all maximal
subgroups M of G and Cg (Z(CD(G))) # ®(G). Then G = RS is a central product
of subgroups R and S with R Z(R) elementary abelian of order p>.

Proof We claim that there exists a maximal subgroup M of G such that Z(M) £
®(G). Suppose Z(M) < ®(G) for each maximal subgroup M of G. It follows that

U Z(M) < Z (®(G)).

M maximal

Since Cg (Z(M)) = M for all maximal subgroups M of G, we have

Cg (U Z(M)) < @(G).

M maximal

Hence, Cg (Z(<I>(G))) = ®(G), a contradiction to our hypothesis.
With M as above, choose a maximal subgroup N such that G = Z(M)N. Next,
we claim that Z(M) NN = Z(G). If Z(M) N N # Z(G), then

M =Cg (Z(M)N N) = CG(N) = Z(N),
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which implies that Z(M) = C¢(M) < Cg (Z(N )) = N, a contradiction. Similarly,
we can prove that M N Z(N) = Z(G).
Set R =7Z(M)Z(N) and S = M N N. Notice that

Z(M)/ Z(G) = Z(M)/(Z(M) N N) Z Z(M)N/N = G/N.

Thus, | Z(M)/Z(G)| = p, and similarly |Z(N)/Z(G)| = p. It follows that R is
non-abelian with |R/ Z(R)| = p? and S = C(R). Further, it is easy to see that

Z(R) = Z(G) = Z(S) = RN S,

and hence G = RS is a central product. (]
Finally, we present [34, Proposition 3.4].

Theorem 5.48 Let G be a finite p-group with elementary abelian center such that
Co(Z(P(G))) # ®(G) and Z(G) < Z(M) for all maximal subgroups M of G. Then
|G| divides |Aut(G)].

Proof If | Z(G)| = p, then the result follows from Theorem 1.32. So assume that
| Z(G)| > p*. By the proof of Lemma 5.47, there exist maximal subgroups M and
N such that G = Z(M)N and Z(G) = Z(M) N N. Thus, we have
Z(M)/ Z(G) = Z(M)/(Z(M) N N) = (Z(M)N)/N = G/N.

Write G/M = (M g) for some g € G. Let 7 and +y be as in the discussion preceding
Theorem 5.45. Since Z(G) < Ker(7), it follows that | Im(7)| < p. For simplicity of
notation, we set

Out™-9/M(Gy = Aut™-%/M (G) Inn(G)/ Inn(G).
By Corollary 1.37, we obtain

| Out" /M (G)| = | Ker(7)/ Im(7)].

If Im(7) = 1, then |Out”-9/(G)| = | Z(G)|, and we are done. Hence, we
assume that Im(7) = C,,. In this case, we have

| Out™ "M (G)| = 1 Z(G)/p.
By Lemma 5.47, G is a central product of subgroups R and S with
R/Z(R)=C,®C,

and
Z(R) =7Z(G)=Z(S)=RNS.
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Furthermore, R = Z(M)Z(N) and S = M N N = Cs(R). By Theorem 1.33, there
exists a non-inner automorphism 3 € Aut?® () of p-power order. Since

Z(G)=2Z(S)=RNS,

the automorphism 3 uniquely extends to a non-inner automorphism 3 € Aut“©-*(G).

Certainly, ﬂ does not act trivially on M N N = §, and hence ﬂ ¢ Aut” (G). We
show that Inn(G) 3 ¢ Out™-6/M(G). Contrarily suppose that /6’ Lyp for some ¢, €
Inn(G) and p € Aut”-9’M(G), where x € G. As § < M, we have

B(s) = B(s) = tx(p(s)) = t2(5)

foralls € S. Write x = rs’ forsomer € Rands" € S. Since § = C(R), we obtain
((s) = ty(s). This implies that 3 € Inn(S), a contradiction. Hence, Inn(G)( ¢
Out™-¢/M(G), and we obtain

|Out(G)|, > |{Inn(G) 3, Out™ 9/ (G))| > | Z(G)],

which was desired. O

Remark 5.49 1t would be interesting to explore whether finite p-groups G with
Z(G) elementary abelian, Z(G) < Z(M) for all maximal subgroups M of G and
Cg (Z(CD(G))) = & (G) satisty Divisibility Property.
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Chapter 6 ®)
Groups Without Divisibility Property oo

‘We conclude the monograph by showing the existence of finite p-groups without Divisibility
Property. This is a recent work of Gonzalez-Sdnchez and Jaikin-Zapirain [46]. Uniform
pro-p-groups, uniform Z,-Lie algebras, continuous cohomology, and existence of a 41-
dimensional Q-Lie algebra with one dimensional center and admitting only inner derivations,
are the main tools in this work.

6.1 Lie Algebras and Uniform Pro- p-Groups

In this section we recall some basics from the theory of Lie algebras and uniform
pro-p-groups which are needed in the proof of the main result of [46].
Let R be a commutative ring. An R-Lie algebra is an R-module L with a binary
operation
[-,—]:LxL— L,

called the Lie bracket, that is R-bilinear and satisfies the following conditions:

(1) [x,x]=0forallx € L;
(2) [Ix, yl, z] + [y, z], x] + [[z, x], y] = O for all x, y, z € L (Jacobi identity).

Expanding the Lie bracket [x + y, x 4+ y] and using bilinearity together with
condition (1) yields

3) [x,y]=—[y,x]forallx,y € L.

Further, if 2 is invertible in R, then condition (3) implies condition (1). Throughout
this chapter, the notation [—, —] stands for the Lie bracket, and it does not conflict
with the group commutator notation as the latter is not used in this chapter. Given
elements xq, ..., x, € L, we set

[x1, ..., x0 ] =[xy, x21, x30, ..., X,
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called the left-normed Lie bracket of x1, . . ., x,,. If L, and L, are two R-Lie algebras,
then an R-module homomorphism f : L; — L, satisfying

F(x.y]) =[f@), fFO]

for all x, y € Ly, is called a Lie algebra homomorphism.
For example, any associative algebra A over a commutative ring R can be turned
into an R-Lie algebra by defining the Lie bracket on A as

la, b] = ab — ba

for a, b € A. In particular, if M is an R-module, then the set Endgz (M) of all R-
module endomorphisms of M is an associative R-algebra in the usual way. And
thus, Endg (M) can be viewed as an R-Lie algebra.
Let L be an R-Lie algebra and M an R-module. An L-module structure on M is
a Lie algebra homomorphism
L — Endg(M).

Foreach x € L, letad, : L — L be the map defined by

ad,(y) =[x, y]

for y € L. Taking M = L as the R-module, we see that ad, € Endg(L) for each
x € L. Notice that the Jacobi identity is equivalent to saying that the map

ad : L — Endg(L)

given by x > ad, is a Lie algebra homomorphism, also referred to as the adjoint
representation of the Lie algebra L.

Let L be an R-Lie algebra. Then an R-linearmapd : L — L iscalled aderivation
of L if

d([x. y]) = [d(x0), y] + [x. d(»)]

for x, y € L. The set of all derivations of L, denoted Der (L), forms a Lie subalgebra
of Endg(L) and called the derivation algebra of L. Further, each ad, is also a
derivation of L called an inner derivation. The set of all inner derivations, denoted
InnDer(A), is a Lie subalgebra of Der(L).

We now recall the definition of Lie algebra cohomology. In contrast to rest of the
monograph, the cohomology groups dealt with in this section are written additively
so that they can be viewed as modules over some appropriate rings.

Let R be a field, L an R-Lie algebra and M an L-module. Set A°(L) = R. For
each integer k > 1, let A¥L denote the kth exterior power of L and set

C*(L, M) := Hompg (A*L, M).
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Define 0 : CX(L, M) — C*(L, M) by setting

k
k .
O W) (x0, o x0) = Y (=1 xi v(x0, oo Xiogs Xigrs o X
i=0
+ Z (_l)l+] V([-xia-xj]a-x01"'7xi711xi+1$"'1xj71»-xj+1a"'7-xk)
O<i<j<k

for v € CX(L, M). It is easy to verify, using the Jacobi identity and the L-module
structure on M, that 9 9*~! is the trivial homomorphism, and hence {C*(L, M), 0*}
is a cochain complex. The cohomology groups Hj (L, M) of this cochain complex
are called the Lie algebra cohomology groups of L with coefficients in M.

If we take M = L with the adjoint representation ad : L — Endg (L), then the
cohomology groups Hj ;, (L, L) contain structural information about L. In particular,
it follows that

Hj,, (L, L) = Der(L)/ InnDer(L).

Let p be a prime. Let Z, and Q, be the ring of p-adic integers and the field of
p-adic numbers, respectively. A Z,-Lie algebra L is said to be uniform if L = Z’;
as a Z,-module for some integer k and [L, L] € 2pL.

Similarly, a pro-p-group G is said to be uniform if it is finitely generated, has
no non-trivial element of finite order and v, (G) < G2, where G = <92P | g € G>,
the topological closure of the subgroup generated by 2 pth powers of elements of G.
We refer the reader to [24] and the seminal paper [79] of Lazard for detailed account
of uniform pro- p-groups and Z,-Lie algebras.

Let £ be the category of uniform Z ,-Lie algebras, and G the category of uniform
pro- p-groups. Then there are functors

Exp:L—> G

and
Log: G — L

described as follows.
Let G be a pro-p-group, a € G and A\ € Z,. Then define

Aa = lim a®, (6.1)

n—oo

where (a,) is a sequence of integers converging to A. By [24, Lemma 1.24], the limit
exists and the definition does not depend on the choice of the sequence (ay,).

If U is a uniform pro- p-group, then Log(U) is the Z ,-Lie algebra with underlying
set U and the scalar multiplication, the addition and the Lie bracket defined as follows
[24, Theorem4.30]: For A € Z, and a, b € U, Aa is given by (6.1),
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a+ b= lim (a” b?")'/?" (6.2)
and o
[a.b] = lim (a”'b"a™"b™"") . (6.3)

If f : U — Visagroup homomorphism between two uniform pro- p-groups, then
Log(f) = f is a homomorphism of corresponding Z,-Lie algebras. In particular,
conjugation in U gives a U-module structure on Log(U).

On the other hand, the passage from Lie algebra to the group structure is described
in terms of the classical Baker—Campbell-Hausdorff formula. Let Q[[X, Y]] be the
ring of formal power series over Q in two non-commuting variables X and Y. Then
QI[X, Y]]is an associative algebra and so can be viewed as a Q-Lie algebra. Consider
the power series

o n o n
E —' and E —'
n: n.

n=0 n=0

in Q[[X, Y]]. Then their formal product can be written as 1 + p(X,Y), where
p(X,Y) is a power series with zero constant term. The essence of the Baker—
Campbell-Hausdorff formula is that the nth term of the power series

i (=D p(X, Y)"

n

n=1

can be written as a Lie polynomial of degree n, that is, it is a linear combination
of commutators of length n involving X and Y. More precisely, the nth term of the
power series is u,, (X, Y) as described below.

Let L be a Q,-Lie algebra. Let x,y € L and e = (ey, ..., ex) be a vector of
positive integers. Set

[x7y]e:[x7y7-~~9y1x1~'~a-xv-~']s
N e e’

ey €

the left-normed Lie bracket of total length |e| + 1, where
lel =er + - +e.

Then the Baker—Campbell-Hausdorff series of L with respect to x, y € L is the

series
o0
D ua(x. ).
n=1
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where
ui(x,y)=x+y,

1
MZ(X, y) - E[-xa )’]

and
Un(x,y) = qu[x, vl forn > 3. (6.4)

Notice here that the summation in (6.4) is over all vectors e of positive integers
satisfying |e| = n — 1, and the coefficients g, are certain rational numbers satisfying
the convergence condition
lim |p"g.| =0.
le|]—o0
Since each u,, (x, y) is a finite sum, it can be evaluated in any Q,-Lie algebra. By

[24, Corollary 6.38], if L is a uniform Z,-Lie algebra, then, in fact, each u, (x, y)
can be evaluated in L, and furthermore, the series

o0

D unlx, y)

n=1

converges in L. Therefore, given a uniform Z,-Lie algebra L, we can define the
uniform pro- p-group Exp(L) as the set L with the group operation given by

Xy =) un(x,y)

n=1

for x, y € L. Then, by [24, Theorem 9.8], Exp(L) is a uniform pro- p-group. If f :
L — M is aLie algebra homomorphism between two uniform Z ,-Lie algebras, then
Exp(f) = f is a homomorphism of the corresponding uniform pro-p-groups.

The two functors Exp and Log are related as follows [24, Theorem9.10]. Also,
see [45, Theorem A] and [79].

Theorem 6.5 The functor Exp : L — G is an isomorphism of categories with the
functor Log : G — L as its inverse.

Let U be a uniform pro-p-group. Then, fori < j, U acts on U;(U)/U;(U) by
conjugation. More precisely,

“(O;U)Y) =T U uvu™

foru e Uand U;(U)v € U;(U)/T;(U). A consequence of the definition of addition
in (6.2) is the following result.
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Lemma 6.6 Let U be a uniform pro-p-group. Let i, j € N be such that i < j <
2i + 1. Then G;(U)/U;(U) is abelian and

U:i(U)/U;(U) = Log(U)/p’~" Log(U)
as U-modules.

We recall the notion of a p-adic analytic profinite group. For an integer r > 1,

let Q,[[X1, X2, ..., X,]] be the ring of formal power series over Q,, in commuting
variables X, X5,..., X,.Forx = (x1,...,x,) € Z; and h € N, we set

Bx,p")={x+p'ylye Z;}

It is easy to see that B(x, p~") is open in Z’ , where Z', is equipped with the product
topology.

Let V be a non-empty open subset of Z), and f = (fi,..., f;) a function
from V to Z;. Then, for x € V, we say that f is analytic at x if there exist
h € Nwith B(x, p~") € V and formal power series F; (X) € QpllX1, X2, ..., X1l
(i =1,...,s)such that

fite +p"y) = Fi(y)

forall y € Z,. Further, f is analytic on V' if it is analytic at each point of V..

For example, the function f(z) = 1/z is analytic on the group of units Z} of Z,,.
It is not difficult to see that the composition of analytic functions is again analytic.

Let X be a topological space and U a non-empty open subset of X. A triple
(U, ¢, n) is called a p-adic chart on X if ¢ is a homeomorphism from U onto
an open subset of Z;Z,. Further, two p-adic charts (U, ¢, n) and (V, 1, m) on X
are compatible if the maps ¢! |swnv) and ¢y~ [, wny) are analytic functions on
d(U NV)and (U N V), respectively. A p-adic atlas Ax on X is a set of pairwise
compatible p-adic charts that covers the topological space X.

A p-adic analytic manifold structure on a topological space X is an equivalence
class of compatible p-adic atlases on X. If such a structure exists, then X is called
a p-adic analytic manifold. Any atlas belonging to the given equivalence class is
called an atlas of X; and any chart belonging to such an atlas is called a chart of X.

For example, any discrete topological space X is a p-adic analytic manifold
with the structure determined by the atlas {({x}, o, 0) [ x € X }, where ¢, : x — 0.
The topological spaces Q, and GL(n, Z,,) are p-adic analytic manifolds. Also, by
[24, Theorem4.9], uniform pro- p-groups are p-adic analytic manifolds.

Let X and Y be p-adic analytic manifolds and f : X — Y afunction. We say that
f is analytic if there exist p-adic atlases .Ax on X and Ay on Y such that for each
pair of p-adic charts (U, ¢, n) € Ax and (V, 1, m) € Ay, the set f~!(V) is open in
X and the composition

wf(b_w@(Unffl(v)) cp(UN V) — zy
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is an analytic function. The composition of analytic functions between p-adic analytic
manifolds is analytic.

A topological group G is a p-adic analytic group if G has the structure of a p-adic
analytic manifold such that the function

GxG—>G

given by
(. y) > xy7

for x, y € G, is analytic.

For example, discrete groups, the additive group () and the multiplicative group
GL(n, Z,) are p-adic analytic groups. Also, by [24, Theorem 8.18], uniform pro-p-
groups are p-adic analytic groups.

The following result guarantees the existence of a uniform pro-p-subgroup in a
p-adic analytic profinite group. See [24, Theorem 8.29 and Theorem 8.31] or [79]
for the original source.

Theorem 6.7 Let G be a p-adic analytic profinite group. Then G contains an open
uniform pro-p-subgroup U.

For a p-adic analytic profinite group G, define its Lie algebra L(G) as the Q,-Lie
algebra
L(G) = Log(U) ®z, Q,.

Notice that the definition of L(G) does not depend on the choice of U. Further, the
dimension of G is defined as

dim(G) = dimg, (L(G)).

For a p-adic analytic pro-p-group G, the dimension dim(G) and |G/U; (G)| are
related as follows ([24, Lemma4.10], [79, Proposition II1.3.1.8]).

Theorem 6.8 Let G be a p-adic analytic pro-p-group. Then there exist positive
constants ¢y and ¢, such that

3 pidim(G) < |G/UZ(G)| S ¢ pidim(G)

for each i. Moreover, if G is uniform, then |G /U;(G)| = p'4m(©@,

Finally, we recall the definition of continuous cohomology of topological groups
for the convenience of the reader. Let G be a pro-p-group. An abelian Hausdorff
topological group A is said to be a topological G-module if it is a left G-module such
that the action G x A — A is continuous. Set C~!(G, N) = 0,and C°(G, N) = N
viewed as maps from the trivial group to the group N. For each n > 1, the set
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Cl (G, A):={pu:G" — A| pisacontinuous function}
is an abelian group with

(w+)@1s ooy Gn) = (g1 oo s ) V(GLs - s Gn)

for pu, v e C%

cts

(G, A). The coboundary operator

" C" (G, A) — C"TI(G, A)

cts

is the same as in (2.1) given by

W1y - s Gns1) (6.9)
1)k _1yn+!
=092 - gos) [ [ 101, - gegenrs s g T il - g
k=1
for all u € C" (G, A) and (gi, ..., gut1) € G"1. Then the cohomology groups

H}, (G, A) of the cochain complex {C (G, A), 0*} are called the continuous

cts

cohomology groups of G with coefficients in A. If A is a finite p-group, then
H, (G, A) =H"(G, A),

the usual cohomology of G with coefficients in A. The reader is referred to [93, 119]
for more details on continuous cohomology of p-adic analytic groups.

Let3: A — B be acontinuous homomorphism of topological G-modules. Then,

as in Corollary 2.3, for each n > 0, there is a homomorphism of cohomology groups

/67! : Hil

cts

(G, A) —» H., (G, B)

cts

given by
B ([p]) = [Bpl.

Let G be a pro-p-group and H < K open normal subgroups of G. Then the
natural map G/H — G/K induces an epimorphism between the group algebras

Z,IG/H] — Z,|G/K].

Thus, we obtain an inverse system of Z,-algebras whose inverse limit, denoted by
Z,l[G]], is called the completed group algebra of G. More precisely,

Z,lIG] = im Z,[G/ U],
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where U ranges over the inverse system of open normal subgroups of G (see [24,
Section 7.4] for details). Then the following result holds [93, Lemma2.7.2] (compare
with Proposition2.9).

Lemma 6.10 Let G be a pro-p-group and

0>4A3B2coo0

a short exact sequence of Z,[[G]]-modules with C finite. Then there exists an exact
sequence

G, 0) 5 H (G, A) S

cts cts

1 al o Bl
H! (G, A) S H! (G. B) 5> H

cts cts

(G. B),

. 2 . . .
where §' : H!, (G, C) — H? (G, A) is the connecting homomorphism.

cts
We need the following result [119, Proposition4.2.2].

Theorem 6.11 If G is a p-adic analytic pro-p-group and A is a topological G-
module which is finitely generated as a Z,-module, then H., (G, A) is finitely gen-
erated as a Z,-module for eachn > 0.

6.2 Existence of Groups Without Divisibility Property

We begin the final section by proving finiteness of first cohomology of a uniform
pro-p-group U for which all derivations of L(U) are inner.

Proposition 6.12 Let U be a uniform pro-p-group such that the Lie algebra L(U)
has only inner derivations. Then H! (U , Log(U )) is finite.

cts

Proof Since U is a finitely generated pro-p-group and Log(U) is finitely generated
as a Z,-module, by Theorem6.11, it follows that H, (U , Log(U )) is also finitely

generated as a Z,-module. Thus, it is enough to show that H! | (U, Log(U)) is a
torsion module, equivalently,

H,, (U. Log(U)) ®z, Q, = 0.
By [119, Theorem 3.8.2], we have
H!, (U, Log(U)) ®2, Q, = H!,, (U, L)),
and, by [119, Theorem5.2.4], we get

Hl

cts

(U, L(U)) = Hy,, (L), LO)).
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But,
H!,, (L(U), L)) = Der (L(U))/ InnDer (L(U)) = 0,

and the proof is complete. (]

Next, we derive a bound for | Him (U, Log(U)/piLog(U)) | which is uniform for
all i.

Proposition 6.13 Ler U be a uniform pro-p-group such that the Lie algebra L(U)
has only inner derivations. Then there exists a constant C such that

cts

|H.,, (U. Log(U)/p'Log(U))| < C

foralli.

Proof Let « : Log(U) — Log(U) be the multiplication by p’. Then the induced
map
o H?m

(U, Log(U)) — H;

cts

(U, Log(1))

is also the multiplication by p’, and hence Ker(a?) < T, where T is the torsion
subgroup of Hfls (U , Log(U )). Since U is a finitely generated pro-p-group and
Log(U) is finitely generated as a Z,-module, by Theorem®6.11, it follows that
H? (U , Log(U )) is also finitely generated as a Z,-module. Consequently, 7 must

cts

be finite. Applying Lemma6.10 for the short exact sequence

0 — Log(U) % Log(U) — Log(U)/p'Log(U) — 0
of U-modules, we obtain

|H.,, (U, Log(U)/p' Log(U))| < |H.,, (U, Log(U))| T].

cts cts
Finally, the result follows by Proposition 6.12. ]

The following result of Satd [110, Section4], showing the existence of a Q-Lie
algebra M with its derivation algebra Der(M) consisting of only inner derivations,
is the key to the main result of this section.

Proposition 6.14 There exists a Q-Lie algebra M such that dimg(M) = 41,
dimg (Z(M )) = 1, and the derived algebra Der(M) consists only of inner deriva-
tions.

The Lie algebra M as in the preceding proposition allows construction of a uniform
pro-p-group U such that L(U) admits only inner derivations. The algebra M has a
sub-algebra My such that M = My ®z Q. Setting

L = p*(My ®z 7)),
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we see that L is a uniform Z ,-Lie algebra. For the rest of this section, set

U =Exp(L)and U; = U/U;(U) (6.15)
for each i. Then we have L = Log(U) and

L(U) = L ®2, Q, = M ®q Q,.

Consequently, for the Q,-Lie algebra L(U), we have

dimg, (L(U)) = 41, (6.16)
dimg, (Z(L(U))) = 1 (6.17)
and
Der (L(U)) = InnDer (L(U)). (6.18)
Fori > j, let

m Ui = Uj
be the natural projection and
pij - Aut(U;) — Aut(U;)
the map given by
pi.j (@) (U;U)u) = . (9B (V)u))

for ¢ € Aut(U;) andu € U.
The next result is the final step towards the main theorem.

Proposition 6.19 Let U and U; be as in the preceding discussion. Then there exists
a constant D such that
| Aut(U;)/ Inn(U)| < D

foralli.

Proof By (6.18), the hypothesis of Proposition 6.13 holds, and hence there exists an
integer k such that '
p*H, (U, Log(U)/p' Log(U)) = 0
for all i. Further, by Lemma6.6, U;_(U)/U;+(U) is abelian, and, further, it is
isomorphic to Log(U)/ p**'Log(U) as an U-module. Consequently, we have
kyl _
P HY, (U, G (U) /Ui (U)) =0

cts
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forall i.
We now claim that
Ker(pix) < Inn(U;) Ker(p;,i—1)

foralli > 2k. We proceed by inductiononi. Fori = 2k, the claim is obvious. Assume
that the claim holds for i > 2k. Let ¢ € Ker(p;+ ). Since p; 41, (¢p) € Ker(p; ), the
induction hypothesis implies that ¢ € Inn(U;;) Ker(p;+1.;—«). Therefore, without
loss of generality, we can assume that ¢ € Ker(p;+1.;-«).

Since ¢ € Ker(p;41.i—x), we have ng(U[Jrl(U)u) (U,-H(U)u)fl e Ui (U)/
U;4+1(U) for each u € U. Thus, we can consider the map

c:U— Ui (U)/Giq(U)

defined by
c(u) = ¢(Ui 1 (U)u) (Vi1 (U)u) ™

for u € U. Further, for u;, u, € U, we have
-1 u
c(uiuz) = ¢(Oipt (Dugur) (Cipt (Wuiuz) = c(ur) “'e(u),

and hence ¢ € Z' (U, U;_x(U)/U;41(1)).
Consider the following short exact sequence of U-modules

1= G 1 (U) /0141 (U) S By (U) /By (U) 2> B (U) /By (U) — 1,

where « is the inclusion map and (3 is the p*th power map. Then the induced homo-
morphism 3' is multiplication by p*. Hence, by Lemma6.10, we have

Im(a') = Ker(8") = H, (U, Ui (U)/Vi1 ().

cts

Therefore, there exist ¢’ € Z' (U, U411 (U)/Ui11(U)), and v € U;_(U) such that

c(u) = ¢ (1) 8 (Vp41 (U)W) @) = ¢ @) “(Bi1(U)) (Gi1(U)v)~

for each u € U. Thus, for each u € U, we obtain

(Vi1 (Uu) = c(u) (Ui (Uu)
= &) “(Bit1 (U)V) (U1 U) ™ (Gi1 (U)ur)
= ') (Gis1 U)) (O (U)) (Vi1 (U)ur)
=) (Vi1 (U) (Bipa W) (B (U)),



6.2 Existence of Groups Without Divisibility Property 207

since U; _x(U)/U;11(U) is abelian. Since ¢/ (u) € U;_;4+1(U)/U;11(U), we have ¢ €
Ker(pi+1.i—k+1) Inn(U; 1), and the claim follows.
In view of the preceding discussion, we obtain

[ Aut(U;)/ Inn(U;)| = | Aut(U;)/ Inn(U;) Ker(p; ; —)| | Inn(U;) Ker(p; ; —x)/ Inn(U; )|
< | Aut(U;)/ Ker(p; )| | Ker(p; i k)]
< |Aut(Up)| | Ker(p; i —k)I-

Since U; has 41 generators and |U;_x(U)/0; (U)| = p‘“k, we obtain

2
| Ker(pii—)| < p*Vk,

and the proof is complete. O

Finally, we present the main result of Gonzédlez-Sdnchez and Jaikin-Zapirain [46,
Theorem 1.1] establishing the existence of finite p-groups without Divisibility Prop-
erty.

Theorem 6.20 For each prime p, the family of finite p-groups {U;} given by (6.15)
satisfy

lim |U;| = o0
=00
and
: | Aut(U;)|
limsup ————— < o0

imoo U

In particular, for each prime p, there exists a non-abelian finite p-group G such that
| Aut(G)| < |G|

Proof Notice that, by Theorem 6.8, we have
Uil = p*".

By (6.16) and (6.17), we have dim(U) = 41 and dim (Z(U)) = 1, respectively, and
therefore dim (U /Z(U )) = 40. Consequently,

|Inn(Uy)| < |U/(G:(U) Z(U))| = p**

and | Inn(U;)| < |U;| i . The result now follows from Proposition6.19. O

Remark 6.21 In [14], Buckley asked whether converse of Theorem4.6 is true.
More precisely, if G = A x N is a finite p-group with A abelian and N purely
non-abelian such that | Aut(G)|, > |G|, then | Aut(N)|, > |N|. Unfortunately, it
is not true in general. For, by Theorem 6.20, there exists a finite p-group N such
that |[N| = p" | Aut(N)|, for some integer r > 1. Let A be an elementary abelian
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p-group of rank d such that d(d —3) > 2r. Taking G = A x N, we see that
| Aut(G)], = |G].

We conclude the chapter with the following problem.

Problem 6.22 Construct explicit examples of finite p-groups without Divisibility
Property. More precisely, construct such an example of the smallest order.
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