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Abstract Categorial local quantum field theory was suggested as a new paradigm
for quantum field theory by Brunetti, Fredenhagen and Verch in 2003 (Commun
Math Phys 237:31-68, [7]). In this paradigm quantum field theory is defined to be
a covariant functor from the category of certain spacetimes (with isometric embed-
dings as morphisms) into the category of C*-algebras (with injective C*-algebra
homomorphisms as morphisms). Further properties of the functor are stipulated
axiomatically on the basis of physical considerations. The present paper suggests
an additional axiom on the functor that expresses independence of systems as mor-
phism co-possibility. It is argued that this axiom is very natural because it has a direct
physical interpretation. The relation of the axiom system containing the morphism
co-possibility axiom to other axiom systems is investigated. It will be seen that this
axiom system is strictly stronger than the axiom system originally formulated in
Brunetti, Fredenhagen, Verch (Commun Math Phys 237:31-68, 2003, [7]), and it is
conjectured that it is strictly weaker than the ones formulated in subsequent devel-
opment of categorial quantum field theory in which the functor is required to be
extensible to a tensor functor. Determining the precise status of the axiom system
based on morphism co-possibility as independence needs further analysis.

Keywords Quantum field theory - Category theory * Operator algebra theory

1 The Main Idea of the Categorial Paradigm for Quantum
Field Theory

In their seminal paper, [7], Brunetti, Fredenhagen and Verch initiated a new approach
to quantum field theory. The new approach is based on category theory. The theory
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was further developed in a series of papers [5, 6, 14, 18] (the recent papers [12, 13]
give an overview of the framework).

This new, categorial approach generalizes substantially the Haag—Kastler alge-
braic axiomatization of quantum field theory (for monographic presentation of the
Haag—Kastler axiomatization see [2, 15, 16]). The main motivation for the Brunetti-
Fredenhagen-Verch generalization is the desire to develop quantum field theory in a
general (curved) spacetime. To do this one needs a formalism that is flexible enough to
accommodate any (physically reasonable) spacetime as background to quantum field
theory. The Haag—Kastler approach is unsatisfactory from this perspective because it
relies on certain axioms (e.g. covariance with respect to the group of symmetries of
the spacetime, spectrum condition, existence of vacuum state) which are framed in
terms of a preferred representation of the Poincaré group. In a curved spacetime, how-
ever, there are no non-trivial global symmetries; hence none of the standard axioms
that rely on the existence of a global symmetry make sense in a quantum field theory
on a general, curved spacetime. Brunetti, Fredenhagen and Verch summarize these
motivations this way:

Quantum field theory incorporates two main principles into quantum physics, locality and
covariance. Locality expresses the idea that quantum processes can be localized in space and
time (and, at the level observable quantities, that causally separated processes are exempt
from any uncertainty relations restricting their commensurability). The principle of covari-
ance within special relativity states that there are no preferred Lorentzian coordinates for the
description of physical processes, and thereby the concept of an absolute space as an arena
for physical phenomena is abandoned. Yet it is meaningful to speak of events in terms of
spacetime points as entities of a given, fixed spacetime background, in the setting of special
relativistic physics.

In general relativity, however, spacetime points loose this a priori meaning. The principle
of general covariance forces one to regard spacetime points simultaneously as members of
several, locally diffeomorphic spacetimes. It is rather the relations between distinguished
events that have physical interpretation.

This principle should also be observed when quantum field theory in presence of gravitational
fields is discussed.

Quantum field theory ... is a covariant functor ... in the ... fundamental and physical sense
of implementing the principles of locality and general covariance... [7] [p. 61-78]

The covariant functor Brunetti, Fredenhagen and Verch refer to in the above quota-
tion is between two concrete categories (see Sect. 2 for the properties of these two
categories):

o (Man, homonan)
The category of spacetimes with isometric embeddings of spacetimes as mor-
phisms.

° (Ql[g, homgug)
The category of C*-algebras with injective C*-algebra homomorphisms as mor-
phisms.

The properties of the functor are fixed axiomatically: one requires the functor to have
certain features that express “locality” alluded to in the quotation above. It is a priori
more or less clear that this can be done in more than one ways. It will be seen in
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Sect. 2 that different axioms have indeed been formulated in the papers [5-7, 13,
14, 18]. The different axiomatizations differ in how they express independence of
physical systems pertaining to causally disjoint spacetime regions.

The present paper suggests an axiomatization in which the axiom expressing
independence of systems differs from the ones in the aforementioned papers. The
independence axiom proposed here is the categorial morphism-co-possibility, intro-
duced first in [20]. I will argue that the independence axiom suggested is very natural
because it has a direct physical interpretation. Having different axiomatizations, the
question of their relation emerges as a non-trivial problem. Some results will be
recalled in Sect. 4 that clarify some of the relations but there remain open questions
in this regard. It will be seen that the axiom system proposed in this paper is strictly
stronger than the axiom system originally formulated in [7], and it is conjectured
that it is strictly weaker than the ones formulated in subsequent developments of
categorial quantum field theory in which the functor is required to be extensible to a
tensor functor. Determining the status of the axiom system based on morphism—co-
possibility as independence needs further analysis.

2 The Covariant Functor of Categorial Local
Quantum Physics

The category (Man, homenan) is specified by the following stipulations (see [7] for
more details):

e The objects in Obj(Man) are 4 dimensional C* spacetimes (M, g) with a
Lorentzian metric g and such that (M, g) is Hausdorff, connected, time oriented
and globally hyperbolic.

e The morphisms in homgnan:

Y (M, g1) — (M, &)

are isometric smooth embeddings such that

— 1 preserves the time orientation;
— 1 is causal in the following sense:
if the endpoints y (a), y (b) of atimelike curve y : [a, b] — M, are in the image
¥ (M), then the whole curve is in the image: y (t) € (M) for all 7 € [a, b].
— The composition of morphisms is the usual composition of maps.

The category (Ulg, homsg) is defined as:
e The objects in Obj (2Alg) are unital C*-algebras.

e The morphisms are injective, unit preserving C*-algebra homomorphisms

o A —
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The composition of morphisms is the usual composition of C*-algebra homomor-
phisms.

Categorial local quantum field theory is then defined as a functor:

Definition 1 A locally covariant quantum field theory is a covariant functor .#
between the categories (IMan, homopan) and (Alg, homegg):

e For any object (M, g) in Man the .F (M, g) is a C*-algebra in 2lg.
e For any homomorphism v in homgy,, the % () is a C*-algebra homomorphism
in homgyg

such that the following hold

F (Y1 oY) = F W) o F (V)
ﬁ(idiman) = idQl[g

The physical interpretation of the elements in the definition is along the lines of
local quantum physics as this is understood in the Haag—Kastler version of algebraic
quantum field theory: The functor .% assigns to a spacetime manifold (M, g) an
operator algebra .% (M, g) of observables measurable in M. This explicit association
of the observables with a specific spacetime embodies an elementary but fundamental
aspect of locality: the idea that any measurement, observation, and interaction can
only take place at a particular location in spacetime. Following the terminology
introduced in [20], I call this kind of locality “spatio-temporal locality”.

3 Causal Locality Conditions on the Covariant Functor

The interpretation of .# (M, g) as the algebra of observables measurable in M
motivates imposing further conditions on the functor .%. The further conditions
express “locality”, understood as conditions ensuring harmony of the assignment
(M, g) — F (M, g) with the causal structure of the spacetimes. Following the ter-
minology introduced in [20], I call this kind of locality “causal locality” to dis-
tinguish it from “spatio-temporal locality”, which does not involve causal content
explicitly: Spatio-temporal locality expresses the fact that % explicitly specifies the
spatio-temporal location of observables in such a way that spatio-temporal locality
of observables is in harmony with the subsystem relation. That is to say, the content
of spatio-temporal locality is that a physical system’s set of observables are a subset
of the set of observables of a system if the latter system’s spatio-temporal locality
region contains that of the former (this is expressed by the covariance property of the
functor). While extremely natural, spatio-temporal locality is crucially important: it
is a conceptual pre-condition without which causal locality cannot be formulated at
all [20]; furthermore, as emphasized by [15], all the physical information is contained
in the association of observables with spacetime regions. This is reflected by the fact
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that in the Haag—Kastler version of algebraic quantum field theory it holds that the
local algebras pertaining to typical spacetime regions are all isomorphic [8], [15] [p.
225]; thus the physical content of the theory is contained in the way the isomorphic
algebras are related to each other via the isotony relation constrained by the causal
locality condition.

Causal locality so interpreted cannot be expressed as a single condition: A space-
time has a causal structure that specifies both causally independent and causally
dependent spacetime regions. Accordingly, causal locality conditions to be imposed
on the functor .# should regulate the behavior of .% from the perspective of both
causally independent and dependent spacetime regions. The most basic stipulations
were formulated in [7]: Einstein Locality and Time Slice axiom, they are recalled in
the next subsection.

3.1 The BASIC Axioms: Einstein Locality and Time Slice
Definition 2 The covariant functor of categorial quantum field theory
F: (Man, homsnan) — (Alg, homag)

should satisfy

e Causal Locality — Independence: Einstein Causality:

[7an(Fon.a0). 2u(F06.0)] " =0

whenever
Y1 (My,g1) > (M, g) (2)
Yoo (Ma, g2) —> (M, g) 3)
and 1 (M) and ¢, (M;) are spacelike in M, where [, ;?(M’g) in (1) denotes the

commutator in the C*-algebra .# (M, g).
e Causal Locality — Dependence: Time slice axiom: If (M, g) and (M, g’) and the
embedding

Vi (M, g) — (M, g)
are such that ¢ (M, g) contains a Cauchy surface for (M’, g’) then

FW)FM,g)=FM', g

I call the axiom system specified by Definition 2 BASIC.
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In what sense is Einstein Causality a causal independence condition? The stan-
dard answer is that Einstein Causality entails no superluminal signaling with respect
to non-selective operations represented by local Kraus operations: A completely
positive, unite preserving map (operation) 7 on local algebra .# (M, g) of the form

T(X) = Z WX W, “4)

is called a local Kraus operation represented by the local Kraus operators W;, if all
W; are in .% (M, g) and sum up to the identity:

dSWIW =1 S

(See [3, 17] for the definition and elementary facts about operations, including oper-
ations that are not Kraus representable.) Given spacetimes (M, g1), (M, g») and
(M, g) with embeddings 1, ¥ (2)—(3) such that v; (M) and ¥, (M) are spacelike
in M, any Kraus operation 7} on .% (M, g;) can be extended to the local algebra
F (M, g) to a Kraus operation T by

T(A) =) FEDWHAZY)W,) AeF(M,g) (6)

i

Einstein Locality together with (5) entails then that the restriction of T to the alge-
bra . Z (V) (% (M>, g»)) is the identity map. Thus the state of system localized in
spacetime (M,, g>) and viewed as a subsystem of .% (M, g) remains unaffected by
performing the operation 77 on system in spacetime (M|, g;) (viewed as a subsystem
of F (M, g)). This is the content of no-signaling. A particular case of no-signaling
is when the Kraus operators W; in (4) are one dimensional projections, giving no-
signaling with respect to the projection postulate.

Einstein Causality does not entail however no superluminal signaling with respect
to general spatio-temporally local operations; i.e. with respect to operations 7 on
F (M., g1) that are not Kraus representable. An example of such an operation is the
Accardi-Cecchini state-preserving conditional expectation [1] in the context of the
Haag—Kastler quantum field theory (see [23] for details).

More generally: Einstein Causality does not, in and of itself, entail what is called
operational subsystem independence: That any two (non-selective) operations per-
formed on spacelike separated subsystems Sj, S, of system S are jointly imple-
mentable as a single operation on § [22]. Given the significance of the concept of
subsystem independence in quantum field theory [24, 25], one should ensure that the
axioms of the categorial approach to quantum field theory express subsystem inde-
pendence. One way to do this is to formulate a categorial version of subsystem inde-
pendence and postulate it axiomatically as a required feature of the functor .%. The
natural independence notion in a concrete category is morphism co-possibility. This
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notion was introduced in [20] in the specific context of the category (lg, homsyig)
but I formulate it in an arbitrary concrete category in the next subsection.

3.2 Amending the Basic Axioms by Adding Morphism
Co-possibility as Subsystem Independence

Let (&, hom¢) be a concrete category and Morg be a class of morphisms between
objects of €. The morphism class Mor¢ can be the same as homg, but this is not
required: Morg can be larger than hom . The class of morphisms More should be
viewed as a variable in the independence notion, specified by the following definition.
Different choices of Mor¢ yield qualitatively different independence concepts.

Definition 3 Given objects C;, C, and C in € and homomorphisms A;: C; —
C and hy: C, — C in homg, the objects h(C;) and hy(C,) are said to be
Morg-independent in C, if for any two morphisms m: h(C;) — h;(C;) and
my: hy(Cp) = hy(Cy) in Morg, there exists a morphism m: C — C in Morg that
coincides with m; on h(Cy) and coincides with m, on h,(C,).

It is intuitively clear why M or¢-independence of objects 2, (C;) and h,(C3) is an
independence condition: fixing morphism m; on object &;(C;) does not interfere
with fixing any morphism m, on object /;(C;) and vice versa. That is to say, mor-
phisms can be independently chosen on these objects seen as parts of object C. This
independence notion is a natural categorial generalization of the concept known as
subsystem independence [24, 25]. One can recover all the major subsystem indepen-
dence concepts that occur in algebraic quantum (field) theory by taking the category
(Alg, homgg) and choosing, as morphism class Moryg, special subclasses of the
class of all non-selective operations (unit preserving completely positive, linear maps)
Opi’l[g [19]

Given the concept of O py((g-independence, it is natural to impose it on the covari-
ant functor .% representing quantum field theory in order to express causal locality
in terms of it:

Definition 4 The covariant functor of categorial quantum field theory
F 1 (Man, homonan) — (Alg, homeyg)

should satisfy
e Causal Locality — Independence: Opsg4-independence:

whenever

Yy (My, g1) — (M, g) (N
Yo 1 (M2, g2) = (M, g) ®)
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and Y| (M) and y, (M,) are spacelike in M, the objects % (M, g) and .% (M>, g>)
are Opyg-independent in the sense of Definition 3, taking Opgiig as Morgg.

The axiom system that requires quantum field theory to be a covariant functor having
the features of Einstein Locality, Time Slice axiom and Ops4-independence, is
called OPIND.

One can strengthen O py(4-independence into O pyg-independence in the product
sense by requiring the morphism m in Definition 3 that extends m; and m to factorize
across h1(Cy) and hy(C):

m(AB) = m(A)ym(B) =m(A) =my(B) A €hi(C)) Beh(C) (9

This leads to a natural strengthening of the axiom system OPIND: by requiring
that the extension 7 in (6) factorizes across the algebras % (y))(F (M4, g1)) and
F Y2)(F (Y2)):

T(AB)=T(AT(B) AeFW)(FM,g)), BeFW)(F(Ma,g))
(10)
I call the strengthened axiom system OPIND™.

3.3 Amending the Basic Axioms by Adding the Categorial
Split Property

Categorial split property was introduced in [6] (also see [11]). The categorial split
property is the categorial version of what is known the funnel property of the Haag—
Kastler net of local algebras:

Definition 5 The functor .%# has the categorial split property if the following two
conditions hold:

1. For spacetimes (M, gy), (N, gy) in Man and morphism v : (M, gy) —
(N, gn) such that the closure of (M, gy) is compact, connected and in the
interior of M, there exists a type / von Neumann factor % such that

FWYNF (M, gu)) CZ C F(N,gn) Y

2. o-continuity of the .# (") with respect to the inclusion % C %', where ¢ :
(M, gu) = (L, &) and

(F W) o FWUNF M, gn) C F W) E) (12)
CFW)NF(N,gn) CZ CF(L, gL 13)
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For later purposes I recall the notion of weak additivity of the functor .%:

Definition 6 The functor .7 satisfies weak additivity if for any spacetime (M, g)
and any family of spacetimes (M;, g;) with morphisms v; : (M;, g;) — (M, g) such
that

M < Uiy (M;) (14)

we have

orm

T (M, g) = UiZ i) (F (M;, 8))) 15)

I call BASIC+SPLIT the axiom system that requires of the covariant functor .# to
have weak additivity and the categorial split property, in addition to Einstein Locality
and Time Slice axiom.

3.4 The Tensor Axiom

The axiom system BASIC was modified by Brunetti and Fredenhagen by replac-
ing the Einstein Causality condition by an axiom that requires a tensorial property
of .% (Axiom 4 in [5]; also see [14]). To formulate this axiom one has to extend
(Man, homopan) and (Alg, homgy) to tensor categories.

The category (Man®, homgI an) has, by definition, as its objects finite disjoint
unions of objects from Man, and the empty set as unit object. (Thus the objects in
Man® are no longer connected spacetimes.) By definition, the morphisms ¥® in
hom% an are maps of the form

YO MiUM,U... .UM, - M (16)

LI denoting the disjoint union) such that

e the restriction of ¥® to any M; are morphisms in the category (9an, homopan);
e the images ¥®(M;) and ¥ ®(M;) of the spacetimes M, are spacelike in M for

i#j.

One can take (Alg®, homgl g) to be the tensor category of C*-algebras with respect
to the minimal tensor product of C*-algebras, with the set of complex numbers as
unit object and with the homomorphisms homgl , being identical to homsgg: the
class of injective C*-algebra homomorphisms.

To define the tensorial features of the functor, we need some notation first. Let
Y;: M; — N; be embeddings of disjoint spacetimes M; (i = 1,2) such that the
images ¥ (M) and v, (M>) are causally disjointin Ny U N;. Then ¥ ® v, denotes
the map
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W1 ®@Yn) : MiUM, - NyUN, (17)
L e itxem
W1 @ ¥2)(x) = :wz(x) ifx € M, (18)

Clearly, the map (Y ® V) is a morphism in the category (Man®, hom%; ). The
tensor product «; ® a; of two injective C*-algebra homomorphisms «; and «, on
the tensor product .2} ® o of C*-algebras «#] and <% is defined in the usual way
as the extension to @7, ® % of the map

(2 @ 25) > A1 ® Ay = a1 (A)) @ aa(Az) (19)

Let ¢;: My — M; ® M, denote the trivial embedding of spacetime M, into the
disjoint union M; ® M,. One can then require that the covariant functor .# be a
tensor functor in the sense of the following definition:

Definition 7 The covariant functor
FO: (Man®, hom?}tan) — (Alg®, homglg) (20)
is called a tensor functor if for any two spacetimes M, M, € Man with M| N M, =

) and embeddings ¥; : M| — N and ¥, : M, — N with causally disjoint images in
N we have

FeW) =C (21)
FEW)A)=AQ1 A € F°M) (22)
FOL)(A) =1®A;, A e FE(My) (23)

FO(M, @ My) = F€(M,) @ F°(M>) (24)
FOWn @ ¥) = F2(Y1) @ Z2(Yn) (25)

I call TENSOR the axiom system that requires the functor .% to be extendible
to a tensor functor .#® between the tensor categories (Man®, homgefnan) and
(Alg®, hom, o) in addition to the Time Slice axiom.

4 Relation of Axiom Systems

Given the axiom systems BASIC, OPIND, OPIND*, BASIC+SPLIT and TEN-
SOR, two questions arise:

e What is their logical relation?
e Assuming that they are not equivalent, which one is the most suitable one?

The next few propositions summarize some relations among the axiom systems. In
the rest of this section (M, g1), (M», g,) and (M, g) are objects from Man, ¥; and
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Y, are morphisms from homayqy, such that

Y1 (M, 81) —> (M, g) (26)
Vo o (Mo, g) — (M, g) (27)

and 1 (M) and ¥,(M;) are spacelike in M.

Proposition 1
BASIC+SPLIT < TENSOR

Proposition 1 is the combined content of Theorem 1 in [5] and Theorem 2.5 in [6].
The role of the split property and weak additivity in the equivalence claim is to pick
out the minimal (also called: spatial) tensor product in the category of C*-algebras
from the other possible tensor products as the suitable one to define the extension of
the functor .Z to the tensor functor .7 ®.

Proposition 10 in [22] entails that Opg4-independence in the product sense of
algebras % (Y1) (F (M4, g1)) and F (Y2)(F (M,, g1)) is equivalent to the condi-
tion that the algebra in .7 (M, g) generated by algebras .# (¥1)(% (M, g1)) and
F () (F (M, g1)) is isomorphic to the tensor product .# (Y1) (% (My, g1)) ®
F () (F (M, g1)). So we have

Proposition 2
BASIC+SPLIT < TENSOR < OPIND*

Does TENSOR entail OPIND*? Since the tensor product of two operations is
again an operation [4] [p. 190], (see also Proposition 9 in [22]), it follows that if
Z can be extended to a tensor functor .#®, then the algebras & (y1)(F (M1, g1))
and Z (Y2)(F (M, g1)) are Opyg-independent in the product sense in the ten-
sor product F () (F (M1, g1)) @ F (Y2)(F (My, g1)). Although this tensor prod-
uct algebra is a C*-subalgebra of .7 (M, g), since operations on subalgebras need
not be extendible to operations to superalgebras, [3], the Opg(4-independence of
algebras .7 (Y1) (% (M1, g1)) and & (Y,) (F (M, g1)) in the tensor product algebra
FW)(F (M1, g1))  F (Y)(F (My, g1)) does not entail, without further assump-
tions, the Opgg-independence of .7 () (F (M1, g1)) and .Z (Y) (F (M}, g1)) in
F (M, g). A C*-algebra .7 is called injective just in case the following holds: Given
any C*-algebra & and a C*-subalgebra %, C %, every completely positive map
To: By — </ has an extension to A to a completely positive map T: B — <.
Thus TENSOR entails OPIND* holds if the local algebras .% (M, g) are injective.
In the Haag—Kastler quantum field theory the local algebras associated with double
cones can be proved to be hyperfinite hence injective [8], [15] [p. 225], [9], [10]
[Theorem 6]. But it is not clear to me whether injectivity of the algebras .% (M, g)
can be proved to be a consequence of BASIC+SPLIT. Thus the following problem
seems to be open:

Problem 1 0
BASIC+SPLIT < TENSOR = OPIND*
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OPIND* obviously entails OPIND. I conjecture that the converse is not true. To
prove this rigorously one would have to display a model of the axioms such that
OPIND holds but OPIND* does not. I am not aware of such models; however, this
conjecture is supported by the following two facts: (i) C*-independence is strictly
weaker than C*-independence in the product sense ([24], also see Proposition 1 in
[22]); (ii) operational C*-independence in the product sense is equivalent to C*-
independence in the product sense when the C*-subalgebras commute (Proposition
10 in [22]).

We have seen in Sect. 3.1 that BASIC does not entail OPIND. Since OPIND
entails BASIC by definition, the logical relationship of the different axioms can be
summarized in the following diagram (question mark ? next to the arrows indicating
open questions):

BASIC+SPLIT < TENSOR

m4?
OPIND*

IR
OPIND

b
BASIC

Assessing the suitability of the different axiom systems, one has to ask which
of the axioms has a direct physical interpretation. From this perspective I regard
OPIND as the most suitable one: O pg(g-independence has a clear operational phys-
ical content. This content is not captured fully by BASIC, and both OPIND* and
the (possibly equivalent) TENSOR seem to require too much: a particular (product)
form of independence that does not seem to be justifiable by some specific physical
considerations.

What matters ultimately, however, is which of the axiom systems allows a suf-
ficient number of models that describe physically relevant quantum fields. Axiom
systems in physics, in quantum field theory in particular, should possess the right
balance of two features that are pulling in different directions: restricting their models
and, at the same time, being sufficiently non-categorical, allowing a large number of
models describing physical systems [21].
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