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Abstract We propose a class of two-field cosmological models derived from
gravity coupled to non-linear sigma models whose target space is a non-compact
and geometrically-finite hyperbolic surface, which provide a wide generalization
of so-called «-attractor models and can be studied using uniformization theory. We
illustrate cosmological dynamics in such models for the case of the hyperbolic triply-
punctured sphere.
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1 Introduction

Inflation in the early universe can be described reasonably well by so-called cosmo-
logical a-attractor models [1-3], which provide a good fit to current observational
results. The observational predictions of these models are to a large extent determined
by the geometry of the scalar manifold rather than by the scalar potential.

The best studied a-attractor models contain a single scalar field, being obtained by
radial truncation of two-field models based on the hyperbolic disk [1]. The latter arise
from cosmological solutions of 4-dimensional gravity coupled to a non-linear sigma
model whose scalar manifold is the open unit disk endowed with its unique complete
metric G of constant negative Gaussian curvature K (G) = — i, where « is a positive
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parameter. As shown in [1], the “universal” behavior of such models in the radial
one-field truncation close to the conformal boundary of the disk is a consequence
of the hyperbolic character of G, when the scalar potential is “well-behaved” near
the conformal boundary. It is thus natural to consider two-field a-attractor models in
which the hyperbolic disk is replaced by an arbitrary hyperbolic surface X which is
geometrically finite in the sense that its fundamental group is finitely-generated.

Definition 1 ([4]) A generalized two-field a-attractor model is defined by a triplet
(X, G, V), where (X, G) is a complete geometrically-finite hyperbolic surface and
V : ¥ — R is a smooth potential function, while K (G) = —i with o > 0.

This class of models is very rich. Since in general X has non-trivial topology, a
complete understanding requires going beyond one field truncations. Instead, one can
use the theoretical and numerical methods of [5, 6] and certain other approximation
techniques [4].

2 Cosmological Models with Two Real Scalar Fields
Minimally Coupled to Gravity

Letus recall the general description of cosmological models with two real scalar fields
minimally coupled to gravity, allowing for scalar manifolds of non-trivial topology,
in a global and coordinate-free description.

2.1 Einstein—Scalar Theories with 2-Dimensional Scalar
Manifolds

Let (X, G) be any oriented, connected, complete and possibly non-compact two-
dimensional Riemannian manifold without boundary called the scalar manifold and
V: X — R be a smooth function called the scalar potential. We require complete-
ness of the metric G in order to avoid problems with conservation of energy. For
applications to cosmology, it is important to allow (X', G) to be non-compact and of
possibly infinite area.

Any triplet (¥, G, V) as above allows one to define an Einstein—Scalar theory on
any four-dimensional oriented manifold X which admits Lorentzian metrics. This
theory includes 4-dimensional gravity (described by a Lorentzian metric g defined
on X) and a smooth map ¢ : X — X' (which locally describes two real scalar fields),
with action:

Slg. o] = / L(g. g)vol, | (1)
X

where vol, is the volume form of (X, g) and L(g, ) is the Lagrange density:
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M? 1
L(g, ) = TR(Q) - ETrgw*(Q) —Vop. 2

Here R(g) is the scalar curvature of g and M is the reduced Planck mass. The quantity
©*(G) is the pull-back through ¢ of the metric G, while Tr,¢*(G) denotes the trace
of the tensor field of type (1, 1) obtained by raising one of the indices of ©*(G) using
the metric g. The coordinate-free formulation (2) allows one to define such a theory
globally for any topology of ¥ and X. The last two terms in the Lagrange density
(2) describe the non-linear sigma model with source (X, g), target space (X, G) and
scalar potential V.

2.2 Cosmological Models Defined by (X, G, V)

By definition, a cosmological model defined by (X, G, V) is a solution of the equa-
tions of motion of the theory (1)—(2) when (X, g) is a FLRW universe and ¢ depends
only on the cosmological time. We assume for simplicity that the spatial section is
flat and simply connected. Hence the cosmological models of interest are defined by
the following conditions:

1. X is diffeomorphic with R*, with global coordinates (z, xb x2, x3).
2. The squared line element of g has the form:

3
ds; = —d* +a()* Y (dx')* , with a(t) > 0.

i=l1

3. ¢ depends only on ¢.
4. (a(t), p(t)) are such that (g, ¢) is a solution of the equations of motion derived
from (1).

With these assumptions, the cosmological equations of motion are:

Vio+3Hp + (gradg V) =0 1I-'I+H2 R ) I-'IA——('T2 =0
ra ocp=0, = =0, =0,
e » TG 7 3 3M? 2M?

where * %< 4 3 V, = Vw(,) is the covariant derivative with respect to (), o is the

proper length parameter on the curve (), while H ket % denotes the Hubble param-
eter. The inflationary regions of a trajectory () are defined as the time intervals for
which the scale factor a(t) is a convex and increasing function of ¢ (@ > 0, d > 0)
and are given by the condition:

H(t) < He(9(1)) ,
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where H.(p) ef 1L w2 V(p ) is the critical Hubble parameteratapoint p € X. Approx-
imations useful for studymg such models are discussed in [4].

2.3 Two-Field Generalized o-Attractor Models

By definition, a hyperbolic surface is a connected, oriented, borderless and complete
Riemannian two-manifold (X, G) of constant Gaussian curvature equal to —1. A
two-field generalized a-attractor model is a two-field cosmological model defined
by a triple (X, G, V) as above, where G = 3aG with « a positive parameter and
(¥, G) is a hyperbolic surface.

3 Uniformization of Hyperbolic Surfaces

An isometric model of the Poincaré disk is provided by the Poincaré half-plane,

defined as the upper half- plane o< {r e (C| 37 > 0} endowed with its unique com-
plete hyperbolic metric ds]HI =\ (T, 7)d72, where Ag(r, 7) = 5.~ The orientation-
preserving isometries of H form the projective special linear group PSL(2, R). An
element A € PSL(2, R) is called elliptic if [tr(A)| < 2. By definition, a surface group
is a discrete subgroup I" of PSL(2, R) which contains no elliptic elements. Our anal-
ysis of generalized c-attractor models is based on the uniformization theorem [7]:

Theorem 1 For any hyperbolic surface (X, G) there is a surface group I' and
a holomorphic covering map (uniformization map) my : H — X defined on the
Poincaré half-plane H such that X is isometric to the quotient H/I".

In this theorem, holomorphicity of 7y is understood with respect to the complex
structure J induced on X by the conformal class of G.

3.1 Lifted Trajectories and Tilings

Consider the generalized a-attractor model defined by a hyperbolic surface (¥, G)
at a fixed positive value of the parameter a. To study the cosmological trajectories
¢ :J —> X (where J C Ris an interval), it is convenient to first study their lifts ¢ :
J — H to the hyperbolic plane and then project them back to X as ¢ = 7 o . The
projection from H to X' can be determined if we know the tiling of H determined by
a fundamental polygon of I". There is no fully general stopping algorithm known for
computing fundamental polygons of surface groups. However, a general algorithm [8]
is known when I is an arithmetic surface group such that H/I" has finite hyperbolic
area. The connection to uniformization theory shows that the study of generalized
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a-attractor models requires sophisticated results from uniformization theory. When
X has finite hyperbolic area, this is closely connected to the theory of modular forms
and hence to number theory.

3.2 The End and Conformal Compactifications

A non-compact hyperbolic surface (¥, G) has two natural compactifications, namely
the end compactification [9] of Freudenthal and Kerekjarto—Stoilow (which depends
only on the topology of X) and the conformal compactification (which depends on
the conformal class of the hyperbolic metric G). In the geometrically-finite case,
these two compactifications can be described as follows:

e Since m(X) is finitely-generated, X is homeomorphic with > \{p1,.-., Pu}s
where X is a closed oriented surface and p1, - - ., pp are distinct points on 5. The
compact surface 3 can be identified with the end compactification of X', while
the points py, ..., p, can be identified with the ends of X.

e As shown by Maskit, the conformal compactification X of X (with respect to the
complex structure J) can be identified with the topological closure of X' inside
a closed Riemann surface which is obtained from ¥ by adding a finite number
n. of points and a finite number n ¢ of disks, where ny + n. = n. The topological
boundary 0., ¥ = ¥ \ ¥ consists of 7, isolated points and n s disjoint simple
closed curves and is called the conformal boundary of X. Contracting each of the
n ¢ curves to a pointrecovers the end compactification, the n. isolated points and the
n ¢ contraction points recovering the ends of X'. Accordingly, the ends of X' divide
into n. cusp ends (those corresponding to points in the conformal compactification)
and n s flaring ends (those corresponding to simple closed curves in the conformal
compactification).

On the neighborhoods of each end, the hyperbolic metric can be brought to one of
four explicitly known forms (namely for the “cusp”, “funnel”, “horn” or “plane”
end), thus providing the isometric classification of ends.

3.3 Well-Behaved Scalar Potentials

Let £ be the end compactification of X. A scalar potential V : ¥ — Ris called well-
behaved at an end p € ) \ X if there exists a smooth function f/\,, :Yuf{p}—=R
such that V = V,,| » . The potential V is called globally well-behaved if it is well-
behaved at each end of X, i.e. if there exists a globally-defined smooth function
V:Y - Rsuchthat V = \7|;.
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3.4 Behavior Near the Ends

The cosmological equations of motion in semi-geodesic coordinates (r, #) on an
appropriate vicinity of an end p € X'\ X reduce to [4]:

P —3e,a S 2e2fﬂ9’2+3m‘+iav:o
I 47 30 ’

.. . .1 [4r\?
b+ 2e,i0+3H0+ — (— ) e 29,V =0 |,
3a \C)

where C, and €, are known constants depending on the type of end. Since 0 is
periodic, a generic trajectory will spiral around the ends for any well-behaved scalar
potential. Using an argument similar to that of [3], we showed in [4] that generalized
a-attractor models have the same kind of “universal” behavior as the disk models
of [1] in the naive one field truncation near each end obtained by fixing 6. The
cosmological behavior away from the ends is much more subtle than that of ordinary
a-attractors; some of its qualitative features were discussed in [4]. Various examples
are discussed in [10, 11].

4 Examples of Trajectories for the Hyperbolic Triply
Punctured Sphere

Consider those generalized «-attractor models for which the scalar manifold

XY is the triply-punctured Riemann sphere (a.k.a. the modular curve) Y (2) .

CP' \ {p1, p2, p3}. This is diffeomorphic with the doubly-punctured complex plane
endowed with its complete hyperbolic metric ds?> = p(¢, {)>d¢?, where:

m 1 ! dr
— , K = .
81C(1 = QI Re[K(OK = )] 0o V(1 —12)(1—(r?)
Each of the three punctures p; corresponds to a cusp end, so the end com-

pactification is ¥ = CP' ~ S2. The surface ¥ (2) is uniformized by the princi-

ab
cd} ePSL12,7Z) | a,d =

odd, b,c = even} , with uniformization map given by the elliptic modular lambda

p((, Q) =

pal congruence subgroup of level 2, I"'(2)= {A:|:

o (5)—9:(3)
tion of modulus 7. A fundamental polygon for the action of I"(2) on H is given
by the hyperbolic quadrilateral Oy = {r € H| — 1 <Rer <0, |7+ 3| > 1} U{r €
HI0 <Rer < 1,|7 — 3| > 3}

Consider the following two globally well-behaved scalar potentials:

function (7)) =\(1)= , where g is the Weierstrass elliptic func-
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Fig. 1 a Level plot of the lifted potential Vo on H. b Level plot of Vp on Y (2). ¢ Lifted trajectories
on H, with initial conditions given in Table 1. d Projected trajectories on Y (2), where the orange
trajectory is too long to fit into the plot at the scale shown. e Detail of the spiral ends of the trajectories
on Y (2). The beginning points of the trajectories are indicated by fat dots. In all figures, dark green
indicates minima of the potential while light brown indicates maxima

def.

Vo(h, 0) = Moy(1 + sinepcos )
def.

Vi) = Mocoszg :

where M = +/2/3 and v, € are spherical coordinates on the end compactifica-

LS .. . L . ~ def.
tion ¥ = S?. Fixing a = % and choosing the initial conditions 7, and ¥ = 3(ty)

given in Table 1, we compute [10] the lifted trajectories on the Poincaré half-plane
with coordinate 7 = x + iy and then project them to Y (2) (see Figs. 1 and 2). The
potentials Vo and respectively V+ correspond to Vy and V+ on H and to V; and V.
on Y (2). ~

For the potential Vj, we find that the red, magenta, yellow and orange trajectories
start in inflationary regime (see Fig. 3), but computations show they have small num-
ber of e-folds (less than 5); on the other hand, the black trajectory is not inflationary.
For potential V., we find that the red, yellow and orange trajectories (see Fig. 4) start
in inflationary regime, while the magenta and black trajectories are not inflationary.
The orange trajectory has 50 e-folds and using very small variations of its initial
conditions given in Table 1 we can easily find other trajectories with 50-60 e-folds;
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Fig.2 aLevel plots of the lifted potential V+ on H and the lifted trajectories with initial conditions
given in Table 1. b Level plots of V. on Y (2) and the corresponding projected trajectories. ¢ The
full orange trajectory projected on Y (2)
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Fig.3 Plotof H(t)/~/ Mo (black) and H,(#)/~/ Mo (green) for the red, magenta, yellow and orange
trajectories for the potential Vj
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Fig. 4 Plot of H(t)// My (black) and H,(t)/+/Mo (green) for the red, yellow and orange trajec-
tories in the potential V.. The red and yellow trajectory have small number of e-folds (less than 2),
but the orange trajectory has 50 e-folds

this shows that generalized « attractors with ¥ = Y (2) can produce phenomeno-
logically realistic predictions. The number of e-folds is given by N = fot’ H(1)dt,
where #; is the inflationary period (the duration of the first inflationary regime).
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Table 1 Initial conditions on the Poincaré half-plane

Trajectory 7o Vo

Black 0.4 4 0.5i 0.3 +i
Red 1.4+ 0.5i 0.1+0.2i
Magenta 0.240.7i 0.7 4 0.5i
Yellow 0.340.5i 0

Orange 0.99 + 0.415i 0

5 Conclusions

We proposed [4, 10, 11] a wide generalization of two-field a-attractor models
obtained by promoting the scalar manifold from the Poincaré disk to an arbitrary
geometrically finite non-compact hyperbolic surface and a procedure for studying
such models through uniformization techniques. Our models are parameterized by
a constant «« > 0, by the choice of a surface group I" and of a smooth scalar poten-
tial V. They have the same universal behavior as ordinary a-attractors in the naive
one-field truncation near each end, provided that the scalar potential is well-behaved
near that end.
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