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Abstract The paper uses model predictive control (MPC) strategy to design the
controller for double-inverted pendulum on a cart (DIPOAC) system having three
degrees of freedom (DOF) and an input. The main aim is to control the angles and
position of the considered system in best possible minimum time. The simulation
results are also shown and compared with PID controller strategy. These types of
systems are normally applicable in transporting explosive materials or devices.
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1 Introduction

Under-actuated system is an important topic for research since many decades. It has
many applications. The under-actuated systems are less bulky, less weight, and cost-
effective, but system complexity is drastically increased because in under-actuated
systems there are actuators less than degrees of freedom which make the system
complex and hard to control. Under-actuated systems have a long list of applications
including autobots, marine-robots, locomotives, robotics, and overhead crane.

In recent years, researchers have suggested many techniques for the control of
under-actuated system. References [1–6] shows the example of control of under-
actuated system. Paper [7] describes the dynamics of a class of under-actuated sys-
tems. PID controllers have been used in [8, 9] to control. Paper [10] shows how to
control overhead crane using generalized predictive control (GPC). Similarly, there
are many more examples which show under-actuated system is the benchmark prob-
lem on which the research is carried from a long time [11].
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This paper has considered a DIPOAC system. It is a system with three DOF
and one input and is highly nonlinear. There are many examples where control of
pendulum on a cart (POAC), andDIPOAC are reported in [10, 12]. Paper [1–3] shows
the control of DIPOAC with different strategies, and [13–15] shows the control of
POAC system. The DIPOAC comprises of a double-inverted pendulum attached on
a cart and stable vertically upward. This paper uses model predictive control (MPC)
strategy for controlling the considered system, and the results are compared with
PID controller.

MPC is a technique that predicts the future output of a plant using the plant model.
It uses iteration to predict next stage of the output. These are done at subsequent con-
trol intervals. It was primarily implemented on refineries and power plants [16]. But
over the years, the applications under MPC have increased and the area of applica-
tions has widened. There are many areas where MPC has been applied successfully.
Survey of industrial MPC control is shown in [17]. Stability and robustness of an
MPC are very important factors [18, 19]. Smoczek et al. [20] shows the trajectory
tracking usingMPC. References [21, 22] are some books which describe the use and
application of MPC.

The outline of the paper follows here—Sect. 2 gives the modeling of DIPOAC
and its linearization. Section 3 will discuss the application of MPC on the consid-
ered system and its control followed by comparative analysis with PID controller.
Simulation results are obtained in Sect. 4, and in Sect. 5 conclusion is drawn.

2 Modeling

2.1 Modeling of POAC

Figure 1 shows the picture of DIPOAC system. Assumptions are—massless rod,
force applied on mass M, and the pendulum’s mass as m1 and m2, respectively. The
external force u(t) is applied in x-direction. Here, θ1(t) and θ2(t) are the pendulum
angles, x(t) represents position.

Modeling of DIPOAC uses Euler–Lagrangian model. Lagrangian is represented
by.

L � T − V (1)

here,

V potential energy (PE),
T kinetic energy (KE).

After calculating KE and PE, and after some mathematical manipulations, the
Lagrangian will be,
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Fig. 1 Double-inverted
pendulum on a cart
(DIPOAC)
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Putting the value of Eq. (2) and the parameter values, M � 0.5 kg,m1 � 0.25 kg,
m2 � 0.25 kg, l1 � 1 m, l2 � 1 m, g � 10
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in Euler–Lagrange formulation and

casting them to nonlinear state-space and further linearizing.
We get,
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And output state-space matrix as,
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3 MPC Design and Comparison with IOPID

Figure 2 shows the block diagram of traditional PID controller for DIPOAC and is
expressed as

kpid � kp +
ki
s
+ kds (5)

The obtained values of PID parameters using PID tuner as follows:
Tables 1, 2, and 3 show the optimumvalues of PID controller response for position

and both the angles. Figure 3 shows the basicMPC structure overview and is designed
inmodel predictive control toolbox [23]. From the structure overviewofMPC toolbox
for DIPOAC, there are three outputs and one input. Outputs are in the form of cart
position, pendulum angle θ1, and angle θ2.

MPC has three parameters which are to be manipulated to get an optimum value
of output, i.e., control interval, control horizon, and prediction horizon. This paper
is taking control interval as 0.1 s, prediction horizon to be 50, and control horizon

Fig. 2 Block diagram of DIPOAC system
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Table 1 To control
pendulum’s angle θ1

Controller kp ki kd

PID −1700 −210 −560

Table 2 To control
pendulum’s angle θ2

Controller kp ki kd

PID −1700 −910 −5610

Table 3 To control cart’s
position

Controller kp kd ki

PID 0.001 100 0.000016

Fig. 3 MPC structure overview

to be 3 to obtain better output. The state-space equations are used further to design
MPC.

4 Simulations and Results

The simulation results corresponding to Eqs. 3 and 4 are obtained using MATLAB
to stable the angle and the position of the DIPOAC system at desired position and
angles in minimum time with little overshoot.

We can conclude from simulation result shown in Fig. 4 that the cart position is
settled at 2 m and both the angles are settled at 0°.

Figure 5 shows the output response of a PID controller for DIPOAC system;
from this, we can conclude that the cart position is nearly settled at 2 m with some
steady-state error, and angles are settled at 0° with oscillations (Table 4).

As we compare the performance of PID and MPC of DIPOAC system, from
Figs. 4 and 5, we see that the performance of MPC is much better than that of PID.
There is a steady-state error in case of a PID controller, whereas in MPC no such
error exists. The oscillations are more in PID as compared to MPC. PID controller
takes almost 60 s to stabilize the system, whereas MPC does the work in around 15 s.
From simulation results, we observe that MPC performs good if we compare it to
classical PID. From the above table, as compared to PID, MPC performs well when
it comes to oscillations, settling time, and overshoot.
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Fig. 4 MPC response with at cart position at 2 m and both the angle θ1 and the angle θ2 at 0°

Fig. 5 PID response with at cart position at 2 m and both the angle θ1 and the angle θ2 at 0°

Table 4 Comparison table

Controllers specifications PID MPC

Oscillations (Pendulum’s angle) High Compensated

Settling time (cart’s position) 60 s 15 s

Settling time (θ1) 60 s 12 s

Settling time (θ2) 60 s 12 s

Overshoot High Very much Improved
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5 Conclusion

This paper shows that MPC controller can also be used for the stabilization of
DIPOAC system. If we compare with traditional PID controllers, the MPC has better
response. MPC for under-actuated system settles fast with little oscillations, whereas
the settling time for PID controllers of DIPOAC is large and is with oscillations and
steady-state error.

References

1. Singh AP et al (2016) On modeling and analysis of launch vehicle system. Lecture Notes in
Electrical Engineering. Springer, vol 396, pp 273–279

2. Furuta K et al (1978) Computer control of a double inverted pendulum. Comput Electr Eng
5(1):67–84

3. Cheng F et al (1996) Fuzzy control of a double-inverted pendulum. Fuzzy Sets Syst
79(3):315–321

4. Singh AP et al (2013) Fractional equations of motion via fractional modeling of underactuated
robotic systems. IEEE ICARET

5. Singh AP et al (2012) PI α D β controller design for underactuated mechanical systems. In:
2012 12th International Conference on control automation robotics & vision (ICARCV)

6. Joshi S, Singh AP (2016) Comparison of the performance of controllers for under-actuated
systems. In: 2016 IEEE 1st international conference on power electronics, intelligent control
and energy systems (ICPEICES), Delhi, pp 1–5

7. Reyhanoglu M et al (1999) Dynamics and control of a class of underactuated mechanical
systems. Autom Control IEEE Trans 44(9):1663–1671

8. SalihALet al (2010)Modelling andPIDcontroller design for a quadrotor unmanned air vehicle.
In: IEEE international conference on Automation quality and testing robotics (AQTR), vol 1,
pp 1–5. IEEE, 2010

9. Andary S et al (2012) A dual model-free control of underactuated mechanical systems, appli-
cation to the inertia wheel inverted pendulum. In: American Control Conference (ACC), 2012,
pp 1029–1034. IEEE

10. Singh AP et al (2015) Fractional order controller design for inverted pendulum on a cart system
(POAC). In: Wseas transactions on systems and control, vol 10, pp 172–178

11. Shim DH et al (2003) Decentralized nonlinear model predictive control of multiple flying
robots. In: Decision and control, 2003. Proceedings. 42nd IEEE conference on, vol 4, pp
3621–3626. IEEE

12. Castillo CL et al (2007) Unmanned helicopter waypoint trajectory tracking using model pre-
dictive control1. In: mediterranean conference on control and automation, 2007. MED’07, pp
1–8

13. Srivastava T et al (2015) Modeling the under-actuated mechanical system with fractional order
derivative. Progr Fractional Differentiation Appl Int J 1(1):57–64

14. Abhaya PS et al (2017)On design and analysis of fractional order controller for 2-d gantry crane
system. Published in Progress in Fractional Differentiation and Applications An International,
vol 3, No 2, pp 155–162, 2017

15. Graichen K et al. (2007) Swing-up of the double pendulum on a cart by feedforward and
feedback control with experimental validation. Automatica 43(1):63–71

16. Sandoz DJ et al (2000) Algorithms for industrial model predictive control. Comput Control
Eng J 11(3):125–134

17. Qin S Joe, Badgwell Thomas A (2003) A survey of industrial model predictive control tech-
nology. Control Eng Practice 11(7):733–764



460 A. P. Singh et al.

18. Kothare Mayuresh V et al (1996) Robust constrained model predictive control using linear
matrix inequalities. Automatica 32(10):1361–1379

19. Fahimi F (2007) Non-linear model predictive formation control for groups of autonomous
surface vessels. Int J Control 80(8):1248–1259

20. Smoczek J et al (2015) Generalized predictive control of an overhead crane. In: 2015 20th
international conference on Methods and models in automation and robotics (MMAR), pp
614–619

21. Morari Manfred et al (1993) Model predictive control. Prentice Hall, Englewood Cliffs, NJ
22. Wang L (2009)Model predictive control system design and implementation usingMATLAB®.

Springer Science & Business Media
23. Bemporad A et al (2010) Model predictive control toolbox 3 User’s Guide. The mathworks


	Predictive Controller Design to Control Angle and Position of DIPOAC
	1 Introduction
	2 Modeling
	2.1 Modeling of POAC

	3 MPC Design and Comparison with IOPID
	4 Simulations and Results
	5 Conclusion
	References




