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Abstract Wind-related disasters cause tremendous loss around the world, therefore
a fast, low-cost but accurate wind velocity monitoring technique is highly desirable
and will provide great benefits for wind risk management. Acoustic travel-time
tomography, which utilise the dependence of sound speed on the wind velocity
along the sound propagation path, is considered to be a promising remote sensing
technique for wind velocity monitoring. The success of acoustic tomography
technique stems from then various advantage of non-invasive, low cost and easy to
implement when compared to other techniques. This chapter describes the funda-
mentals of the simultaneously multi-channel time-of-flight measurements and the
tomographic reconstruction of 2D horizontal wind velocity distributions based on
the use of offline iteration method. The feasibility and effectiveness of the proposed
methods will be numerically validated in a simulation study.
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1 Introduction

Extreme strong wind is dangerous for people and cause significant damage to
buildings, infrastructures, agricultural, forestry and property with the damage being
highly unpredictable. There are many aspects to be looked into by researchers and
engineers [1, 2]. One of the issues is accurate and reliable measurement of wind
velocity, particularly in the atmospheric boundary layer, which is the lower part of
the atmosphere. A fast, low-cost but accurate wind velocity monitoring technique is
highly desirable and will provide great benefits in order to reduce wind-related
disasters for safer and securer communities.
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There are a number of efforts in developing robust and accurate wind velocity
measurement techniques. Conventional cup anemometer is the most used device
but they have the drawbacks including intrusive, single-point sensing and corrosion
in the harsh environment [3]. SODAR (SOund Detection And Ranging) and
LIDAR (LIght Detection And Ranging), the two remote sensing technique both
employ the Doppler effect to acquire wind observations, are very expensive and
relatively power hungry [4]. Compared to other techniques, acoustic tomography is
one of few that can deliver accurate quantitative reconstruction of the whole tem-
perature field with lower equipment cost.

Early application of acoustic tomography was firstly proposed in 1990 by
Spiesberger [5] and first experimental implementation was completed in 1994 by
Wilson and Thomson [6]. Their tomography array consisted of 3 transmitters and 5
receivers to cover a rectangular area of 200 m by 200 m with 50 m resolution.
Later, similar acoustic tomography system has been completed in the University of
Leipzig, Germany. In serval experiments since 1996 [7–9], the size and number of
transducers of the acoustic tomography system were variable, from 100 m by
200 m with 20 m resolution to 200 m by 240 m with 50 m resolution. A first 3D
array for acoustic tomography was built at the Boulder Atmospheric Observatory
[10]. 9 transmitters and 15 receivers were placed around the square sensing area,
with the side length of 80 m, at three adjustable height.

The tomographic reconstruction of the wind velocity is generally difficult. The
inverse problem is under-determined due to the limited number of measurements.
Therefore, the solution is not unique. Besides, the travel-time measurement is line
integral of the wind velocity distribution, which results in an ill-posed inverse
problem. This means that the reconstruction results are very sensitive to the mea-
surement noise. Numerous algorithms have been developed to solve the acoustic
tomographic inverse problem. These algorithms can be categorised into three main
branches including algebraic-based algorithms [8, 11, 12], sparse reconstruction
framework [13–15] and stochastic-based algorithms [6, 7, 16–18].

This chapter describes the fundamentals of the measurement method and the
tomographic reconstruction of 2D horizontal wind velocity distributions.
Section 2.1 reviews the forward modelling of acoustic travel-time tomography.
Then in Sect. 2.2 and 2.3 the Time-Of-Flight (TOF) data collection and vector
tomography reconstruction algorithm is illustrated. Numerical simulation results are
discussed in Sect. 3 and the conclusion is drawn in Sect. 4.

2 Methodology

2.1 Forward Modelling of Acoustic Tomography

Acoustic travel-time tomography mainly utilises the strong dependence of sound
propagation on the spatial distribution of air temperature and velocity. A typical
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setup for acoustic travel-time tomography is illustrated in Fig. 1. The whole square
sensing area is surrounded by 16 acoustic transceivers. The time-of-flight
(TOF) between each transducer pairs are recorded along 96 ray paths. Given the
position of the transceivers and the TOF measurements, the corresponding wind
velocity field can be recovered. The acoustic transducer array covers a sensing area
of 100 m by 100 m with 5 m resolution, therefore the reconstructed image is a
vector field with 20 by 20 pixels.

The wavelength of the acoustic signal is much smaller than the medium inho-
mogeneities in size, therefore, geometric acoustics model is used and the acoustic
signals are considered to propagate along sound ray paths between transducer pairs.

According to the geometrical acoustic assumption, the group velocity u (the
observable quantity using acoustic tomography technique) of a sound wave in air is
defined as [19]:

u ¼ cLnþ v ð1Þ

where cL denotes the Laplace’s sound speed which only depends on air tempera-
ture, v represents the wind velocity and n is the direction normal to the wave front.

With the use of acoustic transducer array placed around the sensing area, the
group velocity is determined according to the time-of-flight (TOF) measurements,
which is defined as:

T ¼
Z
C

ds
cLnþ vð Þ ð2Þ

Fig. 1 Acoustic tomography
problem setup
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where s is the TOF along ray path C and s is the unit direction vector along the ray
path.

Equation (2) can be linearized as:

s ¼
Z
C

ds
cL0 þDcLð Þnþ v

¼
Z
C

ðcL0n� DcLnþ vð ÞÞds
cL0nð Þ2� DcLnþ vð Þ2

�
Z
C

ds
cL0n

�
Z
C

DcLnþ vð Þds
ðcL0nÞ2

¼ s0 � 1
c2L0

Z
C

DcLnþ vð Þds

ð3Þ

where cL0 represents the average Laplace’s sound speed and DcL ¼ cL � cL0 is the
group velocity perturbations caused by temperature, and v is the wind velocity.
Typically, the group velocity perturbation Du ¼ DcLnþ v is much smaller than cL0,
hence Eq. (3) can be rearranged so that TOF perturbations are linearly related with
the Du.

s0 � sð Þc2L0 ¼
Z
C

DcLnþ vð Þds ¼
Z
C

Du ds ð4Þ

Because the acoustic refraction effect is usually ignored in this type of appli-
cation, the ray path is considered as a straight line from the transmitter to the
receiver [11]. For any point along the line, s is a constant vector determined by the
sensor placement and n � s ¼ 1. Based on this straight line assumption, reciprocal
tomography is employed in acoustic tomography system. The group velocity per-
turbations in one direction is given by Duþ ¼ DcLn� v, while in the opposite
direction Du� ¼ DcLnþ v. Therefore the influence brought by DcLn and v is
separated using the back and forth TOF measurements sþ and s� in two opposite
directions (Fig. 2).

Fig. 2 Reciprocal
transmission
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lC ¼ sþ � s�ð Þc2L0
2

¼
Z
C

vds ð5Þ

Then Eq. (5) can be discretized as:

lxC;i
lyC;i

� �
¼

PN
j¼1

vxj si;j cosðhÞ
PN
j¼1

vyj si;j sinðhÞ

2
6664

3
7775 ð6Þ

where vxj and vyj are the directional wind velocity in j-th pixel, si;j is the segment
length for each ray path cover across one pixel, and cos h; sin h½ � is the direction
vector from the transmitter to the receiver. Equation (6) can be written in a matrix
form:

LC ¼ SV ð7Þ

where LC 2 R
2N and N is the number of ray path, V ¼ Vx;Vy

� �
;Vx;Vy 2 R

M , M
is the number of pixels; S ¼ Sx; Sy

� �
, and Sx; Sy 2 R

N�M are the directional ray
length matrix whose elements are si;jcosðhÞ and si;jsinðhÞ respectively.

2.2 Acoustic Signal Process for TOF Detection

In conventional acoustic tomography system, each transmitter is sequentially
switched on to transmit acoustic signals to the different receivers. That approach has
small interference for TOF detection as acoustic signals from different transmitters
are separated in a different time slot at the receiver. However, the temporal reso-
lution of the system is limited and it may not be able to capture the dynamic wind
velocity changes in the sensing area. In order to improve the temporal resolution of
acoustic tomography system, all the acoustic transceivers could transmit and receive
acoustic signals simultaneously. As a result, the measurement time is significantly
reduced compared with the pairwise sequential measurement strategy. In this
operation, each received signal is a summation of all P delayed source signals.

yjðtÞ ¼
XP
i¼1

xi t � Dti;j
� �þ njðtÞ; i 6¼ j ð8Þ

where yj tð Þ refers to the received signal at j-th receiver, xi tð Þ is the source signal
from i-th transmitter and Dti;j represents their corresponding delay time, which is
the TOF in i-th ray path. nj tð Þ is the local noise received at j-th receiver.
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The summed signals must be separated at the receiver side first, then their
individual delay time Dti;j can be estimated based on the cross-correlation detection
defined as below.

Ryjxk lð Þ ¼
Xþ1

l¼�1
yj tð Þxk t � lð Þ� � ¼ Xþ1

l¼�1

XK
i¼1;i6¼j

xi t � Dti;j
� �þ nj tð Þ

" #
xkðt � lÞ

" #

¼
XP

i¼1;i6¼j;i6¼k

Rxixk l� Dti;j
� �þRxkxk l� Dtk;j

� �þRnjxk lð Þ

ð9Þ

where l denotes the correlation delay and noise term nj tð Þ is uncorrelated with the
source signal xi, and xk is the k-th reference signal waveform for cross-correlation
detection.

In order to minimise the interference term
PP

i¼1;i 6¼j;i 6¼k Rxixk l� Dti;j
� �

and noise
term Rnjxk lð Þ, all the source signal waveforms should have good correlation prop-
erty, such as sharp auto-correlation peak, but low cross-correlation value, for
arbitrarily random delay Dti;j and uncorrelated to the noise at the receiver.

Maximum Length Sequence (MLS) has a good asynchronous orthogonal
property, which could be used to separate different source signals with arbitrary
delay at the receiver [11]. However, when a large number of simultaneous acoustic
sources are used, like 16 in this case, the cross-correlation property of MLS is
relatively poor. Selecting and combining the preferred pairs of MLS together can
improve cross-correlation property, like the Kasami sequence. In fact, the Kasami
sequence has near optimal cross-correlation values close to the Welch lower bound
[20].

Therefore, the Kasami sequence shown in Fig. 3 is selected to generate acoustic
signals for simultaneous source signal transmission and separation. However, it is
difficult to practically generate and transmit the Kasami sequence with the acoustic
transceivers, because the spectrum of the Kasami sequence is arbitrarily wide with
sharp edges and discontinuity in the time domain, but the acoustic transceiver is
restricted to a limited bandwidth around a certain frequency. Therefore, before
transmission, it is essential to modulate the Kasami sequence with a fixed carrier
frequency, then a band-pass filter is applied to smooth the Kasami sequence and
control its bandwidth.

As shown in Fig. 4, compared with the original Kasami sequence, the modulated
and filtered Kasami sequence has a narrower bandwidth to meet the bandwidth
specification for the acoustic transceivers.
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2.3 Wind Velocity Reconstruction

Tomographic reconstruction of wind velocity is considered as a typical vector field
tomography problem, which recovers the wind velocity field from its line integrals
calculated from reciprocal transmission TOF measurements.

Based on Helmholtz’s theorem, a bounded wind velocity field v can be uniquely
decomposed into three components.

Fig. 3 Kasami sequence (red) and the output signal (blue) in time domain after modulation and
band-pass filter (Color figure online)

Fig. 4 Kasami sequence (red) and modulated and filtered output sequence (blue) in frequency
domain. After modulation and band-pass filter, the bandwidth of output signal is limited and
centred at the 20 kHz carrier frequency (Color figure online)
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v ¼ vS þ vI þ vH ð10Þ

where vSðr � vS ¼ 0Þ is the pure solenoidal component ðr � vS ¼ 0Þ, vIðr � vI ¼
0Þ is the pure irrotational component, and vHðr � vH ¼ 0;r� vH ¼ 0Þ is the
harmonic component. However, according to theoretical analysis of vector
tomography [21], it has been proved that the TOF measurements are not sufficient
to fully reconstruct the whole vector field, only the divergence-free component vS
and vH can be uniquely recovered from the line integrals. A brief description is
presented as below.

Apply Eqs. (10) to (5) and use the potential function representation vI ¼ r/
and vS ¼ r� w, the forward equation become:

lC ¼
Zsr
st

vI þ vS þ vH ds

¼
Zsr
st

@/
@x

;
@/
@y

� 	
þ @w

@y
;� @w

@x

� 	
þ vHx ; vHy

� �� �
� cosh dx; sinh dyð Þ

¼ / sxr; syrð Þ � / sxt; sytð Þþ
Zsxr
sxt

@w
@y

þ vHx

� 	
cosh dxþ

Zsyr
syt

� @w
@x

þ vHy

� 	
sinh dy

ð11Þ

Equation (11) shows that, for the pure irrotational component vI, only its
boundary value has contribution to the longitudinal line integral measurements. In
other words, inside the sensing area, vI is invisible to measurements, thus cannot be
recovered.

The 2D horizontal velocity field can be considered as a divergence-free vector
field [22], which can be uniquely reconstructed from the TOF measurements. This
assumption is valid as the stratification in the atmosphere caused by gravity, which
makes the horizontal velocity vxy greater than the vertical velocity vz by a factor of
10–100. Usually for the time-averaged data used here, vz can be ignored and
therefore vxy is considered as a divergence-free vector field and the reconstruction
of wind velocity field will not be affected by the invisible field problem.

r � vxy ¼ @vx
@x

þ @vy
@y

¼ � @vz
@z

¼ 0 ð12Þ

Among the two divergence-free vector components, vS and vH , of the horizontal
wind velocity field, it has been proven that, without any other information, both of
them can be uniquely recovered from their longitudinal integral measurements [22].

As mentioned before, the forward model describing the relationship between line
integral measurements and wind velocity is defined as follow:
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LC ¼ SV ð13Þ

The inverse problem for the velocity reconstruction has the general form:

min
V

LC � SVk k22 þ g DVk k22 þ a RVk k22 ð14Þ

where the first term LC � SVk k22 is the data fitting term, the second term g DVk k22 is
the vector smoothness constraint and D ¼ Dx;Dy

� �
is the divergence operator.

Dx;Dy 2 R
N�N are the two directional discrete differentials, which apply discrete

2nd order differential inside the sensing area and 1st order differential for boundary
pixel; the third term a RVk k22 is the vector smoothness constraints, and R is the
vector Laplace operator RV ¼ r2v, which can be built using Dx;Dy. Details are
showed as below:

RV ¼ r2v ¼ r2vx;r2vy
� �

¼ @2vx
@x2

þ @2vx
@y2

;
@2vy
@x2

þ @2vy
@y2

� 	

¼ @2
xx þ @2

yy


 �
vx; @2

xx þ @2
yy


 �
vy


 �
¼ DxDx þDyDy;DxDx þDyDy

� �
V

ð15Þ

Therefore R ¼ DxDx þDyDy;DxDx þDyDy
� �

.
To solve the inverse problem defined by Eq. (15), an upgrade of Simultaneous

Iterative Reconstruction Technique (SIRT) algorithm is applied [9]. This algorithm
has the advantage of fast convergence and stability. Generally, it is defined as
follow:

Vðkþ 1Þ ¼ VðkÞ þ kP STW LC � SV ðkÞ

 �

� aRTRV ðkÞ � gDTDV ðkÞ
h i

ð16Þ

P ¼ diag 1=LP1; 1=LP2; . . .; 1=LP2Nð Þ ð17Þ

W ¼ diag 1=LR1; 1=LR2; . . .; 1=LR2Mð Þ ð18Þ

where k is the constant iteration step size, a and g are the regularization parameters,
k in this section denotes the iteration for linear reconstruction, LPj ¼

P2M
i¼1 si;j is the

directional segment length for all the ray paths across j-th pixel and P is the
diagonal preconditioner which is used to geometrically weight the least square cost
function and therefore ensure a better noise tolerance and prevent semi-convergence
for reconstruction. LRi ¼

P2N
j¼1 si;j is the length of i-th ray path and W is the

normalised operator to make sure that the sum of each row of S equals to 1. By
weighting with W, when residual norm is minimised, the rays that intersect larger
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portions of image can tolerate larger errors than these are much shorter [23]. The
iteration step size, k is chosen so that convergence condition holds

0\e\k\q ð19Þ

where q is the matrix radius of ðPSTWS + P RTRþDTD
� �Þ.

In most real-time monitoring system, non-iterative methods are preferred for fast
reconstruction speed. To improve the accuracy of non-iterative method, many
researchers tried to iteratively calculate the optimal inversion operator beforehand
for non-iterative online reconstruction, for instance, Offline Iteration Online
Reconstruction (OIOR) [24] based on Landweber iteration, and Direct Landweber
(DLW) based on modified Landweber [25]. In order to build a real-time acoustic
tomography system, the offline iteration method is applied based on the SIRT
method and consequently, the reconstruction time can be reduced to the same level
as non-iterative method.

The principle of this method is to design an iteration method, whose iteration
procedure is linear and independent of measurement data, which means that the
iteration of Eq. (16) can be rewritten as

Vðkþ 1Þ ¼ BVðkÞ þGLC ð20Þ

where B ¼ I � kPSTWS� kaRTR� kgDTD
� �

and G ¼ kPSTW
The solution Vkþ 1 is decomposed into two parts, the iterative term Ckþ 1 and the

non-iterative term e

Vkþ 1 ¼ Ckþ 1e ð21Þ

Substituting Eq. (21) into Eq. (20)

Ckþ 1e ¼ BCkeþGLC ð22Þ

Let e ¼ LC, then the iterative term Ckþ 1 is independent of TOF measurement s
and can be calculated offline in advance using equation below.

Ckþ 1 ¼ BCk þG ð23Þ

Given the iteration number k, after C is iteratively obtained offline and all the
measurements LC are measured, the wind velocity V can be determined by Eq. (24).

V ¼ CLC ð24Þ

For the offline iteration calculation of C, its iteration number k need to be
determined beforehand.
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3 Simulation Results and Discussions

3.1 TOF Measurement

For the purpose of real-time measurement, the acoustic signal waveform is designed
based on the modulated and filtered Kasami sequence. Table 1 illustrates the
parameters of generating the waveform for the acoustic source signal.
Cross-correlation detection is used to estimate the TOF. In the simulation, all the
transmitted signals reached the receivers with preset delay. The cross-correlation
detection of TOFs is shown in the Fig. 5, where the arrival time of the transmitted
signal from the transceiver 1 to the transceiver 3, 5, 7 and 9 are indicated on the
cross-correlation peaks. The overlaps between preset delay and detected delay
demonstrate very good accuracy of TOF detection.

Generally, compared with the pairwise TOF measurement process, the total
measurement time per frame is reduced from 16 to 1 s.

3.2 Wind Velocity Reconstruction

The performance of proposed vector field reconstruction algorithm is tested on three
typical vector field phantoms, including a pure solenoidal vector field vS, a
divergence-free vector field which contains the harmonic component vS þ vH , and a
composite vS þ vH þ vI vector field. The last one contains the irrotational vector
component when the vertical wind velocity cannot be ignored, despite it is much
smaller than the solenoidal component by a factor of 10. To create these phantoms,
three fundamental velocity components, solenoidal component vS, irrotational
component vI and harmonic component vH are created in Fig. 6.

In the simulation, all the TOF measurements contain white Gaussian noise with
40 dB SNR. The algorithm parameters, such as the weight parameter a and g for
the divergence-free regularization and vector Laplacian regularization, are empiri-
cally determined based on a series of practices and the same parameters are applied

Table 1 Parameters of
acoustic waveform

Sampling frequency 200 kHz

Carrier frequency 20 kHz

Band-pass filter bandwidth 10 kHz

Filter length 81

Filter window Kaiser

Total measurement time per frame 1 s

Pulse duration 0.01 s

Kasami code polynomial [14, 13, 8, 4, 0]
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to the test phantoms, which is 0.01 and 0.0001 respectively. When implementing
the offline iteration algorithm, the pre-calculation iteration number is set to be 200
and the iteration step size is 0.4, which is sufficient for convergence at 40 dB SNR
and regularization condition.

To quantitatively evaluate the accuracy of the reconstructed vector field, the
relative image error between the reconstructed wind velocity and the true phantom
is employed, which is defined as follow:

Eimage ¼ VreðiÞ � VoriðiÞk k22
VoriðiÞk k22

ð25Þ

Figure 7 illustrates the wind velocity reconstruction results and the relative
image errors. The first phantom is designed to evaluate the reconstruction accuracy
on the pure solenoidal vector field, where the velocity vanishes at the boundary.

Fig. 5 Cross-correlation TOF detection results from simulation. The preset delay is marked in
green asterisks and the detected delay is marked in the red circles (Color figure online)

Fig. 6 Three vector field components, from left to right, the solenoidal vector field vs, the
harmonic vector field vH and the irrotational vector field vI
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The reconstruction result correctly shows the vortex shape and center positions.
There seems to appear some artefact and small discontinuities on the magnitude of
the velocity field. The relative image reconstruction error is 0.26, which might be
related to the modelling error due to the discretization of the domain and the limited
measurement rays paths (96 ray path for 16 transceivers).

The second phantom is designed to evaluate the reconstruction accuracy for the
source-free vector field with non-zero boundary velocity, which is a more general
case. The velocity field contains the harmonic components, which is both
source-free and curl-free, and curl-free means that it also has an invisible field
problem. Norton has concluded that measurements of the normal velocity on the
boundary can be used to resolve the ambiguity of the harmonic part, and then vS and
vH can be recovered separately [21]. Later, Ivana further proved that no extra
measurements are needed to determine the source-free vector field vS þ vH . Because
the entire vector field needs to be reconstructed, it is not necessary to sperate two
components [22]. The relative reconstruction error of the second phantom is 0.14,
which is lower than the error of the first case. This is due to the low complexity of
harmonic component.

The third phantom tests the velocity field when the irrotational component
cannot be ignored. The relative image error increases to 0.64 in this case. The
reconstruction accuracy is largely affected by the irrotational component, even the
source-free component is much larger than the irrotational vector field by a factor of
10. This phantom shows that acoustic travel-time tomography is more suitable for
the horizontal slice of wind velocity in the stratified atmosphere, where the wind
velocity is a 2D source-free vector field.

Fig. 7 Simulation phantoms and reconstructed wind velocity fields. The arrows represent the
directions of the wind field and the colours indicate its amplitude (Color figure online)
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4 Conclusion

In this chapter, the fundamental methods of acoustic tomography system are studied
for wind velocity field measurement, including the simultaneous acoustics signal
transmission and time-of-flight (TOF) collection along multiple ray paths, and
offline iteration vector field reconstruction algorithm. In this mode of operation,
TOF detection process for different paths is performed simultaneously based on
cross-correlation detection. For wind velocity field reconstruction, iterative recon-
struction with the divergence-free and vector Laplacian regularization is applied in
an offline mode for online reconstruction with good quantitative accuracy. Three
different wind velocity fields are simulated to evaluate the performance of the
reconstruction method. The results of feasibility study show that acoustic tomog-
raphy can provide tomographic images of the wind velocity field in a relatively
good accuracy.
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