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Abstract The principal objective of this work is to obtain the optimal strategies for
a multi-objective two-person zero-sum matrix game with intuitionistic fuzzy goals
(MOMGIFG). In this problem, the fuzziness in aspiration levels of both players are
characterized by intuitionistic fuzzy sets. The developed linear models are solved in
maxmin—-minmax way using linear membership function (mf) and non-membership
function (nmf). A numerical example is incorporated to demonstrate the proposed
solution procedure.
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1 Introduction

Multi-objective game theory optimizes those multi-objective problems that involve
two or more than two decision makers. In fact, real game problems cannot be charac-
terized precisely because of fuzzy information about their elements. Various studies
about the zero-sum matrix game models with two players have been done so far, e.g.,
[6-8, 10, 16] and references therein, where fuzziness in payoffs and goals are charac-
terized by fuzzy sets. But, a situation in which an element feels a hesitation to belong
or not belong to a subset of universe cannot be represented by fuzzy sets. Intuitionistic
fuzzy sets (I-fuzzy sets) [4] can give a suitable description of such kind vague in-
formation. Firstly, Atanassov [5] used I-fuzzy set in game models. Thereafter, many
researchers studied single- and multi-objective two-person zero-sum matrix game in
[-fuzzy environment [1, 2, 11-13, 17, 18] and references therein.
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The focus of this paper is introducing a solution approach for MOMGIFG. The
notion for the proposed technique is inspired from max—min principle of classical
game theory.

The outline of this research work is as follows: Sect. 2 introduces some prelimi-
naries which are relevant to this work such as I-fuzzy set, maxmin—minmax solution
and decision-making principle in I-fuzzy environment. In Sect. 3, a single-objective
game model in matrix form with I-fuzzy goals is reviewed under some assumptions.
A solution procedure for MOMGIFG with a set of assumptions is proposed in Sect. 4.
In Sect. 5, an example is given to demonstrate the effectiveness of present work.

2 Preliminaries

Present section concerns some necessary definitions and one principle which are
used throughout this paper.

Definition 1 (/-fuzzy Set) An I-fuzzy set T on space S is defined by two functions,
p+ and g, such that gy (s) € [0, 1] represents the grade of membership of s in T
and p—(s) € [0, 1] represents the grade of non-membership of s in T with condition
0 < f14(s) + p1—(s) < 1.Theexpression /" (s) = 1 — p1,.(s) — p_(s) is called degree
of hesitancy of s in T.An [-fuzzy set T is denoted by

T =1{{s, pr(s), p_(s)) | s€S}.

In this paper, the goals for each player are viewed as I-fuzzy sets. The meaning of
the value of 1 (s) for an I-fuzzy goal is the grade of satisfaction of [-fuzzy goal for an
expected payoff, whereas the value of 1 (s) represents the degree of dissatisfaction
of I-fuzzy goal. Recently, some I-fuzzy and fuzzy programming in term of goal
programming have been found in [9, 14, 15].

A MOMGIFG is described by multi-payoff matrices M U M2, ..., M". In this
problem, Player I and II are denoted by P; and P», respectively. Suppose that I-fuzzy
goal for kth payoff for P; and P, is denoted by gf,] and g;gz , respectively. It is supposed
that the r objectives of P; are also the objectives for P;.

Definition 2 The maxmin—-minmax value w. r. t. the grade of satisfaction of an
aggregated I-fuzzy goal to P is

L Task

_ M 1
s iy min g+ 074 o
min max max {,ug;l,(pTqu)} 2

peUngeU" k

where U™ /U™ is mixed strategy space to P|/P,. Such a strategy p* is known as the
maxmin-minmax solution of matrix game with aggregated I-fuzzy goal for P;.
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Similarly, the maxmin—minmax value w. r. t. the grade of satisfaction of an ag-
gregated I-fuzzy goal to P, is
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Such a strategy ¢* is known as the maxmin—-minmax solution of matrix game with
aggregated I-fuzzy goal for P;.

Definition 3 (Angelov’s Decision-Making Principle) Suppose that there are m goals
Ay, Ay, ..., A, and n constraints By, B,, ..., B, in a domain of alternatives 2. All
these goals (As) and constraints (B;s) are [-fuzzy sets on 2. Angelov [3] proposed
that an [-fuzzy decision which is evaluated by a suitable aggregation of the [-fuzzy sets
Ai(i=1,2,...,m) and B;(j = 1,2,...,n). He used fuzzy intersection and fuzzy
union as aggregation operators. Therefore, an [-fuzzy decision D which is an I-fuzzy
set, defined by ppy : 2 — [0, 1] given by pp4 (w) = min (NA,-+(W)» yBjJr(w)) and
ij
up— 1 2 — [0, 1] given by pp_ (w) = II}Z]IX (,uAi,(w), ugf,(w)).
The optimal decision can be obtained as max pp+(w) and min pip— (w).

According to this principle, the crisp version of above I-fuzzy optimization prob-
lem in linear programming (LP) form can be formulated as follows:

max (o — o)
S.t.,

pa+ (W) = ay,

pa—(w) <a_, (i=12,...,m),
pg+ (W) = ay,

@) <as, (=1,2,...m),
ar +a_ <1,

ar >a_, a_>0,w=>0. 5

Here, the optimal solution of model (5) is denoted by (w*, a4 *, a_%).

3 Single-Objective Matrix Game with I-Fuzzy Goal
(SOMGIFG)

Present section demonstrates in what way a SOMGIFG can be solved through a pair
of linear programming problem (LPP).
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Let M = [mjj],,xn denote a payoff matrix of real constants for P. Since game is
zero-sum, so —M = [—mj];ux, is payoff matrix for P,. Here, U™ /U" represents a
set of mixed strategies for P /P,. The sets U™ and U" are defined as:

U"=1{p=@i.p-...pw)| Y pi=1p; =0}
i=1tom

and
U'={g=(q1.q.-...q0)"| > q=1.¢>0).
j=1ton

In this work, the goals of P; and P, are characterized by I-fuzzy sets. Suppose that
v, is the aspiration level for P, with tolerance error p, and v, is the rejection level
for P, with tolerance error p,. For P,, let v, be aspiration level with tolerance error
q. and v, be rejection level with tolerance error g,.

To solve two-person zero-sum SOMGIFG, the following conditions are assumed
as:

(Hy) TheI-fuzzy goals of both players P, and P, are represented by linear mf and
nmf’;

(Hy)  For Py, v,—p, < Ua—p, & Uy < Va;

(H3) ForPr,v,+qa <v,+¢r&v, <v,.

Using (H;)—(H>), the solution for optimization problem of P, will be produced as:

Theorem 1 [11] The maxmin—-minmax solution for P, is equivalent to the solution
of a LPP which is described as

max (Ay — L)
s.t.,
Z mijpi"'pa_l_)a > pa)\-i—»
i=110m
Z mijpi_l_)rz_Pr)\—, (j=1727‘-'5n)’
i=1tom
Yo b= L0=AL A < 1
i=1tom
A+ A <L A=A ,p>0. (6)

Theorem 2 [11] The maxmin—minmax solution for P, with assumptions (Hy) and
(H3) is equivalent to the solution of a LPP which is described as:
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max (14 —1-)
s.t.,

Z mijqi — Vg, — qGa = —qall+,

j=1ton
Z miq; —v, < —qm-, (=12,...,m),
j=1ton
Y g =10<n.,n <1,
j=1ton
nytn- < Lny>n,g=0. (7)

4 Solution Procedure to MOMGIFG

In a multi-objective matrix game, each player has more than one objective and each
objective is represented by a payoff matrix. Suppose that both players (P, and P,)
have same r objectives.

For this matrix game problem, following conditions are assumed as:

(Hy) The payoff values in each payoff matrix are real numbers;

(Hs) The fuzziness in aspiration level of each objective is represented by an [-fuzzy
set; and

(Hs) mf and nmf for each I-fuzzy goal are linear.

Now, a methodology is proposed to obtain the models in LP form for strategic problem
to Py and P,, respectively, as follows:

Optimization problem for P,

Suppose that mf and nmf of the I-fuzzy goal for kth objective of P, are denoted by
u§£l+(pTqu) and ,ug,}k)lf(pTqu), respectively. Using (Hy)—(Hg), uglkJIJr(pTqu)
can be represented as

0 o p'M*q < vk—pk,
pg PTMEq) =y 1 Bk ph < pTM b < o, ®)
1 . 0s <p'M*q,
and nmf pg _(p"M*q) is
1
: T kaqu = ﬁl;_pl;’
pap "M ) = 1= EEGEER gl < pIMig <)
1 r
0 . Uy <p'M*q,

k

a*

with conditions v¥ —p* < 9% —pk and v < ¥
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Using [3], mf and nmf for aggregated I-fuzzy goal to P; can be formed in respec-
tive order as:

mikn {,ug,éﬁ(pTqu)} (10)

and,
max (g _(p'M*q)) (11)

Assuming that
(H7) The calculating mf in (10) and nmf in (11) are linear.
The maxmin—minmax value in terms of degree of acceptance of an aggregated

I-fuzzy goal to P is

T
M*
max, qnglg mkm g + (0" M 9},

min max max {u; g _(pTqu)}.
pelUmngelU" k

Theorem 3 The maxmin—minmax solution for Py with assumption (H7) is equiva-
lent to the following LP model

max (Ay — A_)
s.t.,
D mbpi4ph— v = piAs,
i=1tom
Z mg-p,-—ﬁf > —plr‘/\,, G=12,..., n),
i=l11t0om

D opi= L0 AL < 1
i=1tom

Ay + A

IA

LAy = A, p=>0, (12)
wherek =1,2,...,r
Proof The maxmin—minmax problem for P; is

k
max min min M
pelUngelUn k {:u’g +(p CI)}

min max max {u; g _(pTM"q)}.
pelUrngelU" k
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For mf
=k Tpsk
N v, —P Mg
max min min 1-=——
peUngeUn k pk
= i max min min Z Z mkpigi + c*
p{;peU’"qu” k vy
i=1tomj=11t0n
1 . . k k
= — max min min Z Z mipi + ¢ | g;
Dy PE< U k qgeU" )
j=1ton \i=1tom
1 P k k
= — max minmin Z mgp; + ¢
pkpeurm &k jes .
i=1tom
Let min < > mgp,- + c*) = My and further let min A\, = A,.Insimilar
jed i=1tom k
way, for nmf, lettingmax )\;— = A_.The maxmin—minmax problem for P; reduces
k
to LP model (12).

Optimization problem for P,

Letmf and nmf of an I-fuzzy goal for k™" objective of P; be denoted by 11z . (p" M*q)
2

and fiz _(p"M*q), respectively. Using (Hy)—(Hg), g +("M*q) can be repre-
2 2
sented as

1 Tagk k ’ pTqu <2]a<7
Ng;2+(PTqu) = l_quzqﬂg , 21; SPTqu<ylac+q];’ (13)
0 . Vo e <p'Mq,
and piz _(p"M*q) is
2
0 , pTM¥*q < y’r‘,
Task, ok
g (P'MYq) = BT < pTMEg < of +gf, (14)
1 . Y+ g <p"MYq,
with conditions vf + ¢f < v* +¢F and vk < V¥ fork =1,2,...,r.

Using [3], mf and nmf for aggregated I-fuzzy goal can be calculated in respective
order as

min {pg ., (p"M*q)) (15)
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and,
max (g _(p"M*q)} (16)
P
In similar to problem of Py, assuming that
(Hs) The calculating mf in (15) and nmf in (16) are linear.
The maxmin—minmax value in terms of the degree of acceptance of an aggregated

I-fuzzy goal to P is

. . Task
max min min sk M
pelUngeUr k {:u’gpz-ﬁ-(p q)}s

. Task
min max max & _(p'M .
Jmin,, max, m: {g (0" M"q)}

Theorem 4 The maxmin—minmax solution for P, with assumption (Hg) is equiva-
lent to the following LP model

max (14 —1-)
s.t.,

E k k k k
j=1ton

k k k .
Z ml]q]_yr = —q,MN-, (l:1,2,...,m),
j=1ton

Z q_] = 170577+777— S 17
j=1ton

77++777 = 1»7]+ Zn—aCIEO, (17)
wherek =1,2,...,r.

Proof Proof is similar to Theorem 3.

5 Example

This section consists of an example of MOMGIFG which shows the validity of the
proposed work.
The payoff matrices M ', M ? are separately indicated as:

4 2 -1 10 24 9
1 _ 2 _
w=(5 5 )= )
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Here, we assume that

vl =3, pl=43! =2, pl=6andv? = 10, p2=5,0>=7, p?=4.

Now, model (12) becomes,
max (Ay — A_)
s.t.,

Adpr = 2pr+ 1= 4X1 , 2p1 + 1 > 4),,
—p1+p2=4X., 10p; +Tpr — 5= 5A,,
2py 4 15p2 — 5> 5\, 91+ 11pr — 5 > 5\,
4p; —2pr — 2> —6A_ , 2p; —2 > —6)_,
—p1+pr—22=—-6\_,10p; +Tpy =7 > —4A_,
24py + 15py — 7> —4X_ , Ip1 + 1lp, — T > —4)_,
pr+pr=1, 2+ =<1,
PLp2=0, A = A A >0. (18)

The optimal solution for P; is obtained as;
(p* = (0.3750, 0.6250)7 , A, * =0.3125, \_* = 0.2917).

For Py, wetakev! = -2, gl =5, 0! =0, ¢! =4andrv? = 7, > =4, v? =
10, qf =5.
Model (17) is reduced as follows,
max (14 —1-)
S.t.,

491 +2q0 —q3 —3 < =514, —2q1 +q3 — 3 < =514,
10g, +24¢g> +9q3 — 11 < —4n, , Tq; + 15¢> + 11g3 — 11 < —4n,,
41 +2q0 — q3 < —4n-, —2q1 +q3 < —4n)—,
10g1 + 249> +9q3 — 10 < =51, Tq1 + 15¢> + 11g3 — 10 < =51,
Gataetea=1,n+n <1,
q1.92,93 =0, np =n—,n- > 0. (19)

The optimal solution for P, is obtained as;
(q* = (0.25, 0, 0.75)", ny* =0.25, n_* = 0.0625).
These results are calculated by TORA software.

6 Conclusions

A solution procedure is introduced for MOMGIFG in this paper. This work shows
that the strategic problems for both players are equivalent to two LPP. An example is
given to show the existence of this theory. The author intends to study a case in which
assumption (Hy) is violated, i.e., entries of payoff matrices having fuzziness in future.
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