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Preface

The Tenth Structural Engineering Convention 2016 (SEC-2016) was organized by
CSIR-Structural Engineering Research Centre jointly with IIT Madras and Anna
University, Chennai, during 21–23 December 2016 at CSIR-SERC, Chennai, India.
SEC-2016 provided a common platform for professional structural engineers,
academicians and researchers in the broad fields of engineering mechanics and
structural engineering to exchange ideas for enriching the research and development
activities in the area of structural engineering.

The papers contributed in this convention are a reflection of the diverse research
activities in this area and represent the recent developments and futuristic trends in
the fundamental understanding of behaviour of materials and structures, compu-
tational structural mechanics, structural health monitoring, mitigation strategies
against natural hazards, performance- and durability-based design methodologies,
repair and retrofit methods, and technologies for sustainable development. More
than four hundred delegates from research organizations, academia and industry
participated and presented their papers, making this conference a real great success.
All the papers presented are double-blind peer-reviewed.

This lecture series in Civil Engineering with the theme of Recent Advances in
Structural Engineering is brought out in two volumes and contains the select papers
presented in SEC-2016. This volume (Volume 1) contains 92 contributions in the
following parts:

Part I Analysis and Design of Concrete Structures
Part II Analysis and Design of Steel Structures
Part III Computational Structural Mechanics
Part IV New Building Materials for Sustainable Construction
Part V Mitigation of Structures against Natural Hazards
Part VI Structural Health Monitoring

We believe that the collection of papers included in this volume will contribute
to scientific developments in the field of structural engineering in a global sense and
will be a useful reference work for the academicians, researchers and also most
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importantly the student community pursuing research in the area of structural
engineering.

The success of the conference, SEC-2016, was due to the collective efforts of a
large number of individuals, members of the various organizing committees and
sponsors. We should take this opportunity to thank all of them for making
SEC-2016 a great success. We would like to especially thank all the reviewers, the
majority of them from CSIR-SERC who have spent their quality time for reviewing
more than five hundred papers received.

Chennai, India A. Rama Mohan Rao
K. Ramanjaneyulu
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Analysis and Design of Tabletop
Foundation for Turbine Generators

Siddhartha Bhattacharya

Abstract The paper illustrates through a practical example the step-by-step pro-
cedure adopted in designing a tabletop foundation supported on piles for a steam
turbine generator with operating speed of 60 Hz. Finite element model of the
tabletop foundation is generated in ANSYS. Analysis results are used to perform
the static design checks. Dynamic analysis is performed to check for resonance and
allowable amplitude limits of the foundation as specified by machine vendor.

Keywords Steam turbine generator foundation � Finite element
Static analysis � Dynamic analysis

1 General Introduction

Steam turbine generators (STG) and combustion turbine generator (CTG) are used
in almost all modern petrochemical, LNG plants, and power plant facilities.
Reinforced concrete tabletop foundations are required to support these high-speed
rotating heavy machineries and are one of the most critical and challenging
structures on any industrial project. Because of the complexity in the analysis and
design of this type of a machine foundation, several modern analysis techniques are
adopted to predict its exact behavior under sustained vibrating loads and to extract
the results to perform the reinforced concrete design. Static and dynamic analysis is
carried on with two different stiffness values for piles and material elasticity for
concrete. The basic intent is to ensure that resonance does not take place under any
circumstances and the amplitudes of vibration remain within allowable limits as
specified by the vendor. The paper explains in detail, through a practical example
problem, the step-by-step methods involved in the analysis and design of a tabletop
foundation for a steam turbine generator operating at a speed of 60 Hz.
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2 Foundation Geometry

The STG pedestal supports a steam turbine machine which consists of one
low-pressure turbine, one HP/LP (HP—high pressure; LP—low pressure) turbine,
and one generator. All of the equipment are located at the operating deck. The
layout of the operating deck is determined by the footprint of the machines. The
condenser located beneath the low-pressure turbine is supported directly on the
condenser piers that are sitting on the pedestal base mat.

The STG pedestal foundation is a massive concrete frame structure consisting of
a 30.5 m � 12.0 m in plan and 2.4 m thick operating deck (also known as tabletop)
supported by eight columns, all of which are supported by a 32.4 m � 14.4 m in
plan and 2.3 m thick base mat on piles. The top elevation of the tabletop is 11.85 m
above the top of the base mat. Columns are located at 150 mm within the edges of
the tabletop to facilitate rebar placement. There are three openings in the tabletop
for the connections of various pipes and equipment to the underside of the steam
turbine generator. A general view of the STG foundation is shown in Fig. 1. Pile
arrangement is shown in Fig. 2. The number of piles is calculated based on a
manual estimate of the number of piles required to resist the vertical and lateral
loads under operating and seismic conditions. Labels are used to identify the

Fig. 1 Geometric details of STG foundation
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different structural elements. The elements in the longitudinal direction are referred
to as girders and the transverse elements are identified as beams. In the same way,
vertical elements are referred to as columns. Table 1 shows the dimension details of
the structural components.

3 Finite Element Model

Based on the initial sizing, as specified above, a 3-D solid finite element model is
created to assess the behavior of the STG foundation. 10-noded tetrahedral element
(SOLID92) is created in ANSYS for generating the mesh for the entire model.
SOLID92 element has a quadratic displacement behavior and is well suited to

Fig. 2 Pile layout plan

Table 1 Geometric properties of the foundation

Member H (m) B (m)

Columns C1–C5 2.10 2.10

C2–C6 2.10 2.10

C3–C7 2.75 2.10

C4-C8 2.75 2.10

Girders/beams G1–G2 2.45 2.45

G3–G4 2.45 3.00

G5–G6 2.60 4.00

B1 2.45 2.06

B2 2.45 1.65

B3 2.45 1.85

B4 2.60 2.75
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model irregular meshes. The foundation piles are modeled as springs at each pile
locations with two horizontal and one vertical stiffness using spring–damper ele-
ments (COMBIN14). The solid model is presented in Fig. 3, and meshed model is
presented in Fig. 4. For dynamic analysis, machine mass is modeled at each sole
plate location by adjusting the mass density of the embed volumes at each sole plate
location using the formula

qi ¼ qc þ
Wmi

Vi
ð1Þ

where qi is the density assigned to the contact volume, qc is the density of rein-
forced concrete, and Wmi is the machine mass acting on the contact volume Vi. This
approach is used for purposes of both dynamic and static analyses. Other machine
loads are applied by dividing the loads by total number of nodes within the

Fig. 3 ANSYS model of the
tabletop foundation

Fig. 4 Meshed model of the
tabletop foundation
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corresponding designated volume. The six bearing locations are modeled as nodes
at the shaft level of the machine and are connected to the center of sole plates with
very stiff axial beam elements. The sole plates are modeled in a way that the center
of the plate is a master node and all other nodes on the plate are slaves. This is done
to simulate the rigid behavior of the plates (Fig. 6).

4 Loads and Load Combinations

Loads and load combinations are adopted as per the specifications from vendor,
standard industry practice, and relevant ASCE and ACI codal provisions. In gen-
eral, the following loads are adopted in analyzing and designing the STG
foundation:

(a) Dead load (DL)
(b) Live load (LL)
(c) Thermal load (TL)
(d) Vacuum load (VL)
(e) Normal torque load (TN)
(f) Emergency torque load (TE)

Fig. 5 Meshed model
showing bearings

Fig. 6 Meshed model
showing bearings and rigid
links
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(g) Jacking post load (JP)
(h) Bowed rotor accidental load (BR)
(i) Loss of bucket load (LB)
(j) Unbalanced load (UNL)
(k) Condenser flooding load (CF)
(l) Wind load (WL)

(m) Seismic load (EL)
(n) Non-sliding load (NSL)

These loads are applied as uniformly distributed nodal loads in the loading
volumes at sole plate locations. Such loading volumes are shown in Fig. 7.

The load combinations adopted for checking the capacity of pile foundations are
as follows:

(a) DL + LL
(b) DL + LL ± 0.7EL
(c) 0.6DL ± 0.7LL
(d) DL + LL + TN + UNL
(e) DL + LL + TN + 0.7EL + UNL
(f) DL ± NSL + TN
(g) DL + TL
(h) DL + TN ± BR
(i) DL + JP
(j) DL + CF

The load combinations adopted for static check and reinforced concrete design
of the foundation are as follows:

Fig. 7 Volumes for load points and sole plate ID
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(a) 1.4DL
(b) 1.2DL + 1.6LL
(c) 1.2DL + LL ± EL
(d) 0.9DL ± EL
(e) 1.4DL + 1.4VL
(f) 1.2DL + 1.6LL + 1.2VL ± 1.6TL + 1.6TN + 1.6UNL
(g) 1.2DL + LL + 1.2VL + TN ± EL + UNL
(h) DL + VL ± NSL + TN
(i) DL + VL + TN
(j) DL + VL + TN ± BR
(k) DL + VL + TN ± LB
(l) DL + JP

(m) DL + CF

The most important thing to note in these combinations is that the unbalanced
load and bowed rotor accidental loads need to be considered in both vertical and
horizontal directions one at a time. For seismic load, both horizontal, vertical and
orthogonal loading directions need to be considered simultaneously with full
contribution from one direction along with 30% contribution from orthogonal
directions (Fig. 8).

Fig. 8 Unbalanced loads at
bearing locations
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5 Static Serviceability Check

Misalignment tolerance matrix (MTM) deflection criteria check is the most
importance static acceptance criteria for an STG foundation. This check is per-
formed to ensure that the turbine generator foundation is rigid enough to assure
correct bearing alignment during its operating condition. The checks are performed
as per vendor provided guidelines in order to ensure that the foundation meets the
criteria for the proper functioning of the machine. The MTM defines the percentage
of available misalignment that is consumed at a given bearing due to a displacement
at another bearing. It can be described as an “Influence Coefficient Approach”. The
deflections that may result from various loadings on the foundation after initial
alignment are calculated. These deflections are then multiplied by the influence
coefficient as provided by the vendor to calculate the response at a particular
bearing location due to deflection at other bearing locations. In Fig. 5, if R3′ is the
initial response at bearing location 2 and y1, y2, y3, y4, y5, and y6 be the deflections
at bearing locations with influence coefficient C1, C2, C3, C4, C5, and C6, then the
resultant response (R3) at bearing location 2 will be

R3 ¼ R0
3 þC1y1 þC2y2 þC3y3 þC4y4 þC5y5 ð2Þ

Apart from this, other serviceability checks performed on the STG foundation
are as follows:

(a) Relative radial displacement between adjacent bearings.
(b) Differential settlement at the foundation base mat.
(c) Top surface rotation of specific piers.
(d) Differential displacement of any three adjacent piers.
(e) Crack width of the deck elements.
(f) Precise location of all embeds on the deck.

6 Dynamic Analysis

Dynamic analysis of the turbine generator foundations is performed in two steps:

(a) Modal analysis—It is performed to determine the governing modes of the
foundation where more than 95% of the mass participation takes place. Also, it
is used to determine whether any resonance is taking place during operating
condition of the machine, i.e., whether the fundamental frequencies of vibration
of the foundation in X, Y, and Z directions are coinciding with the operating
frequency of the machine. Also, it gives a clear picture of the mass participation
in other modes through which machine passes during startup and shutdown
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phase. As an industry practice, the fundamental frequency of the machine
foundation is kept outside the range of ±20% of the operating frequency of the
machine.
The modal analysis results in Fig. 9 shows that the fundamental frequencies of
the foundation are outside ±20% of the operating frequency of the machine
hence the frequency analysis shows that there is no probability of occurrence of
resonance under operating condition. In case the natural frequency of the
foundation would have fallen within this ±20% range, then, in that case, there
would have been two options that could be adopted to resolve the resonance
issue. The first option is mass tuning of the foundation wherein the foundation
can be either over tuned or under tuned to avoid resonance. In case mass tuning
of foundation is not possible then the other option is to go for harmonic analysis
in which the amplitudes are determined in the frequency range of ±20% of the
operating frequency of the machine and compared with allowable amplitudes as
specified by the vendor and those stipulated in the industry standards for human
comfort level. Modified Reiher-Meister figure (barely perceptible, noticeable,
and troublesome) is generally used to establish the limits with respect to per-
sonnel sensitivity (Figs. 10 and 11).

(b) Harmonic analysis—This is a forced vibration analysis in which the amplitudes
and peak velocity of vibration of the machine are calculated at different sole
plate locations and determined over a definite frequency range to assess the
severity of vibration of the machine foundation. Vendor specified limits are
adopted for checking the severity. For this foundation, the limiting peak
velocity is adopted as 1.55 mm/sec and limiting peak amplitude is adopted as
0.004 mm.

Foundation is analyzed for unbalanced loads of the machine at the bearing
locations. These loads either act in-phase or out-of-phase with each other, and
effects are estimated for each of the conditions. The displacement amplitudes at the
sole plate locations, as obtained from the analysis, are plotted with reference to the
vendor supplied allowable limits in Figs. 12, 13, 14 and 15.

The graphs basically represent the results of sweeping frequency analysis for
in-phase and out-of-phase loadings. The displacement amplitude at each of the sole

Fig. 9 Plot showing the
frequencies at which
maximum mass participation
occurs and also indicates that
no mass participation occurs
within ±20% of maximum
operating frequency (60 Hz)
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plate locations is found to be much below the allowable displacement amplitude
limits, and hence, the foundation is considered to be safe in terms of strength and
serviceability.

7 Reinforced Concrete Design

Reinforced concrete design of the components of the tabletop foundation is carried
on as per the stipulated guidelines of ACI codes and ASCE task committee report
on design of turbine generator foundations. Element stresses of the entire cross
section of the members are taken at the support and span locations. These stresses
are integrated over the cross section to calculate the axial loads, bending moments,
shear forces, and torsion. All the structural components are designed as column
members subjected to all the four types of design forces. In most of the cases, the
sectional sizes as provided are much more than that required from design; however,
these sections need to be provided to satisfy the mass criteria for the dynamic
behavior of the foundation. A minimum steel of 0.5% of the cross-sectional area is

Fig. 10 Reiher-Meister chart
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Fig. 11 Turbomachinery bearing vibration limits (Ref. [3])

Fig. 12 Vibrations in X-direction (in-phase)
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provided as per the codal provisions. The maximum rebar spacing along any edge
of concrete is limited to 250 mm. The sections are designed in two stages. In the
first stage, it is checked for axial load and biaxial moment using load–moment
strength interaction diagrams given in ACI SP-17 corresponding to grade of steel
and concrete with reinforcement being equally distributed on all sides. A typical
load–moment chart being used for the present design is shown in Fig. 16.

Fig. 13 Vibrations in
X-direction (out-of-phase)

Fig. 14 Vibrations in
Z-direction (in-phase)

Fig. 15 Vibrations in
Z-direction (out-of-phase)
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If the axial load on the members is more than 10% of the compression capacity
of unreinforced concrete member of equivalent section, i.e., if Pn > 0.1fcAg, then
Bresler reciprocal load method is used to determine the section capacity using
Eq. (3).

Pn � 1
1
Pox

þ 1
Poy

� 1
Po

ð3Þ

where

Pn Design axial load on the member.
Pox Axial capacity of the member corresponding to moment about x-axis, Mnx.
Poy Axial capacity of the member corresponding to moment about y-axis, Mny.
Po Axial capacity of the member with zero moment.

If Pn < 0.1fcAg, then PCA load contour method needs to be used as per Eq. (4).

Mnx

Mox

� � log 0:5ð Þ
logbð Þ

þ Mny

Moy

� � log 0:5ð Þ
logbð Þ

� 1:0 ð4Þ

Fig. 16 Load-moment diagram, ACI Sp-17 (Ref. [4])
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where

Mnx, Mny Design axial load on the member about x- and y-axis.
Mox Moment capacity of the member about x-axis corresponding to load Po.

Moy Moment capacity of the member about y-axis corresponding to load Po.

b Value ranges from 0.55 to 0.7.

The second stage of design involves the checking of the section for shear and
torsional capacities. Generally, such huge sections are not critical in terms of tor-
sion. In some cases, the design of torsional reinforcement to resist local accident
loads like short circuit and lost bucket can be challenging. Another important check
that is performed on this structure is the ductility check where it is assured that the
moment capacity of the reinforced concrete section is not less than 20% more than
the cracking moment of the section. Reinforcement detailing is done as per the
relevant provisions of ACI 318.

8 Conclusion

Analysis and design of the tabletop foundation is carried out to satisfy the strength
and serviceability checks, and is found to be satisfactory. This analysis and design
procedure is adopted to do an in-depth simulation and checking of the exact
behavior of the foundation under the operating condition of the machine. This paper
is mainly limited to the conventional analysis and design procedures under oper-
ating machine loads. Seismic design and detailing of these tabletop foundations is
also an interesting area to deal with. IS 13920 specifies that ductile detailing needs
to be done for all the reinforced concrete structures, which calls in for ductile design
and detailing for these massive structures but an important thing to note here is that
these structures are mostly designed as uncracked, and as such, ductile detailing
need not be considered as this will unnecessarily increase the project cost. An
important opportunity area that needs to be explored in the design of this kind of
foundation is the simulation of the condition when seismic base excitation is
applied under the operating condition of the machine. An important area which
needs substantial research for these kinds of foundations is the implementation of
precast technology with special emphasis on the connection design between various
elements which can sustain long-term fatigue loading. This will be of tremendous
impact in terms of total installation cost (TIC) of a project as cast in place foun-
dations for these massive structures are time-consuming and labor-intensive. Also,
the application of precast will help to ensure a better quality control in terms of
construction for such an important structure. Since these foundations are subjected
to continuous dynamic loads, posttensioning may be a good option that can be
adopted in case of precast tabletop foundations.
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Effect of Infill Wall Stiffness on Seismic
Analysis of High-Rise Building Resting
on Sloping Ground

Kolasani Rajasekhar and Maganti Janardhana

Abstract Buildings constructed on hill slopes are highly unsymmetrical in nature.
The buildings situated on hill slopes are generally irregular, torsionally coupled,
and hence susceptible to severe damage when affected by earthquake ground
motion. In this paper, a 21-storeyed RC framed building resting on sloping ground
is studied. Seismic response of the high-rise building is carried out using linear
static analysis and linear dynamic analysis (response spectrum analysis). This paper
also compared the behavior of RC framed building resting on plain ground and
resting on sloping ground including the effect of infill wall stiffness.

Keywords RC building � Sloping ground � Infill stiffness

1 Introduction

The Indian subcontinent has a history of earthquakes. North and northeastern parts
of India have large scales of hilly region, which are categorized under seismic zones
III, IV, and V. In this region, the construction of multistoried RC framed buildings
on hill slopes is inevitable. Dynamic characteristics of buildings on sloping ground
are significantly different from the buildings resting on flat terrain, as these are
irregular and unsymmetrical in vertical directions.
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2 Description of Building

A commercial cum residential building of G + 21 RC building having the base
dimension of plan 23.62 m � 25.15 m with constant floor height of 4.0 m
including the of a stilt floor is considered for the analysis.

The building has 21 storeys symmetrical in plan with five bays in X-direction
(along the slope) and eight bays in Y-directions, and elevation as shown in Figs. 1
and 2, respectively. The superstructure is modeled using the commercially available
software SAP2000 (v14.0.0) [3] as a space frame.

2.1 Input Data

The parameters and loads considered for the analysis are as per IS 1893 (Part1) [1]
and are mentioned below.

2.1.1 Seismic Parameters

Seismic zone III
Type of soil Medium
Importance factor 1
Response reduction factor 3
Damping ratio 5%
Type of structure OMRF

X

y

Fig. 1 Typical floor plan
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2.1.2 Seismic Parameters

Unit weight of concrete 25.0 kN/m3

Live load (residential) 2.0 kN/m2

Live load (cellar) 5.0 kN/m2

Live load (roof) 1.5 kN/m2

Staircase load—live 7.734 kN
Staircase load—dead 30.937 kN
Wall load (230 mm thick) 16.0 kN/m
Wall load (115 mm thick) 8.0 kN/m

X

Z

Fig. 2 Elevation
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Plinth beam size 400 � 500 mm

Roof beam size 400 � 650 mm

400 � 750 mm

Column size 450 � 1500 mm

1500 � 450 mm

500 � 1500 mm

1500 � 500 mm

Slab thickness 100 and 150 mm

Thickness of wall 230 and 115 mm

2.1.3 Material Properties

Grade of concrete M35
Grade of steel Fe500

2.1.4 Infill Walls

The infill walls are modeled as equivalent struts and shown in Fig. 3, and the strut
parameters are calculated using Eq. (1) and shown in Tables 1 and 2.

The equivalentwidth (w) of the infill wall proposed by a scientist Hendry [2] is given
by

w ¼ 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2h þ a2L

q

ð1Þ

where

ah ¼ p
2

EfIch
2Emtsin2h

� �1=4

ð2Þ

aL ¼ p
2

Ef IbL
2Emtsin2h

� �1=4

ð3Þ

h ¼ Tan�1 h
L

� �

ð4Þ
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h Slope of infill wall diagonal to the horizontal,
Em Elastic modulus of masonry wall = 2720.0 N/mm2,
Ef Elastic modulus of masonry of frame material,
t Thickness of the infill wall,
h Height of the infill wall,
L Length of the infill wall,
Ic Moment of inertia of the column of the frame,
Ib Moment of inertia of the beam of the frame, and
w Width of the equivalent strut.

X

Z

Fig. 3 Equivalent diagonal strut in X-direction
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Table 1 Equivalent strut parameters in X-direction

Strut Wall thickness (m) Equivalent width (m)

1 0.115 2.1

2 0.115 2.5

3 0.23 2.0

4 0.23 2.1

5 0.23 2.3

6 0.23 2.3

Table 2 Equivalent strut parameters in Y-direction

Strut Wall thickness (m) Equivalent width (m)

1 0.115 2.0

2 0.115 2.4

3 0.23 1.7

4 0.23 2.0

Fig. 4 Storey shear distribution for seismic load in the X-direction with storey height for building
on plain and sloping ground
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3 Results and Discussion

During vibration, reinforced concrete (RC) frame buildings having columns of
different heights within one storey, the shorter columns have suffered relatively
higher damage when compared to taller columns. A short column is relatively stiffer
when compared with that of a tall column. Hence, it attracts relatively higher
earthquake force. Structures may be irregular due to nonuniform distribution of
mass, stiffness, and strength or due to their structural form. Buildings resting on
sloping ground are also irregular.

A building on plain and sloping ground by considering infill wall stiffness in
both X- and Y-directions was analyzed for linear static and dynamic behavior using
SAP [3] (v14.0.0).

Fig. 5 Storey shear distribution for seismic load in the Y-direction with storey height for building
on plain and sloping ground
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Fig. 6 Inter storey drift for seismic load in the X-direction with storey height for building on plain
and sloping ground

Fig. 7 Inter storey drift for load in the Y-direction for building on plain and sloping ground
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Fig. 8 Storey twisting moment in X-direction for building on plain and sloping ground

Fig. 9 Storey twisting moment in Y-direction with storey height for building on plain and sloping
ground
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3.1 Results of Linear Static Analysis

It is observed from Figs. 4 and 5 that the base shear is relatively higher for a
building if the infill wall stiffness is considered.

Inter storey drift is observed to be relatively less if the infill wall stiffness is
considered as shown in Figs. 6 and 7.

When the stiffness of infill walls in the X-direction is considered, it is observed
that there is a higher magnitude of twisting in the Y-direction as shown in Fig. 8.
Similar behavior is observed when the infill stiffness in the Y-direction is considered
as shown in Fig. 9.

Fig. 10 Modal time period for building on plain and sloping ground
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3.2 Response Spectrum Analysis Results

It is observed from Fig. 10 that there is a decrease in the time period with the
increase in mode number.

There is an increase in the storey shears in the Y-direction when the seismic load
was considered in the X-direction when the effect of infill wall stiffness in the
X-direction is considered as shown in Fig. 11. Similar behavior is observed in the
X-direction when the seismic load was considered in the Y-direction when the effect
of infill wall stiffness in the Y-direction is considered as shown in Fig. 12.

Fig. 11 Storey shear distribution for seismic load in the X-direction with storey height for
building on plain and sloping ground
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Fig. 12 Storey shear distribution for seismic load in the Y-direction with storey height for
building on plain and sloping ground

Fig. 13 Inter storey drift for seismic load in the X-direction for building on plain and sloping
ground
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Inter storey drift is observed to be relatively less if the infill wall stiffness is
considered as shown in Figs. 13 and 14 as is observed for linear static analysis case
(vide: Figs. 6 and 7).

When the stiffness of infill walls in the X-direction is considered, it is observed
that there is a higher magnitude of twisting in the Y-direction as shown in Fig. 15.
Similar behavior is observed when the infill stiffness in the Y-direction is considered
as shown in Fig. 16. This behavior is observed for linear static analysis (vide:
Figs. 8 and 9) also.

Fig. 14 Inter storey drift for seismic load in the Y-direction for building on plain and sloping
ground
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Fig. 15 Storey twisting moment in X-direction with storey height for building on plain and
sloping ground

Fig. 16 Storey twisting moment in Y-direction for building on plain ground and sloping ground
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4 Conclusions

Based on the seismic analysis of G + 21 storey building resting on sloping ground,
the following conclusions are drawn:

(a) The development of torsional moments in building resting on sloping ground is
higher than that in the building resting on plain ground. Hence, buildings
resting plain ground are the parameters and loads considered to seismic ground
motion than the building resting on sloping ground.

(b) In the building resting on a sloping ground, it is observed that extreme left
columns at ground level, which are short, are the worst affected. Hence, special
attention should be paid to these columns in design and detailing.

(c) From the observation of the results, it is observed that with the decrease in the
time period, there will be an increase in the base shear of the building along the
sloping ground.

(d) It can be concluded that drift of a storey is a not only a function of storey height
but also depends on the weight of that storey. It can also be concluded that
introduction of infill wall stiffness can reduce the storey drifts.

(e) Storey shear, storey drift, and storey displacements of the building are relatively
lesser if response spectrum method is adopted for seismic analysis instead of
equivalent static method.

(f) Time period is getting reduced with the increase in the number of modes. The
time period of building with mass irregularity is comparatively lesser than that
of regular building as the stiffness of the building considered is higher than that
of a regular building.
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Effect of Pile Layout and Pile Cap
Thickness on Load Distribution in Piles

Meenu Sharma

Abstract The paper illustrates, through practical examples, the effect of pile layout
and pile cap thickness on the load distribution among different piles in a pile
group. Study has been done considering square and rectangular pile cap configu-
rations with different pile cap thickness being considered for each pile arrangement
pattern. Each of these models is analyzed under axial load and biaxial moments to
find out the variation in pile reactions. The baseline for comparison is considered to
be the behavior of a rigid pile cap. The paper also demonstrates the effect of a pile,
being directly placed under a load point, on the distribution of loads among the
other piles of the group.

Keywords Pile � Pile cap � Finite element � Static analysis

1 General Introduction

Pile foundations are most preferred foundation systems adopted in major projects
where loads are very high and soil condition is poor. Conventional manual methods
of finding out the pile reactions are illustrated in many textbooks and literatures.
However, it is important to know the limitations of these manual methods and also
the effect of the pile layout and pile cap thickness on load distribution in different
piles. The paper demonstrates the variation in pile reactions from the conventional
rigid mat analysis results through example case studies. Often in many cases, it is
observed that the practicing engineers tend to provide a pile just below a column
even in a foundation system comprising more than one pile. The paper demon-
strates the effects of load distribution in pile group due to the presence of a pile
directly below the load bearing column. The effect of pile cap thickness and the
ratio of pile spacing to cap thickness on load distribution of loads in piles are also
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studied in this paper. This study is done for square as well as rectangular geometry
of the pile cap subjected to the following load conditions:

(a) Axial load
(b) Biaxial moment
(c) Axial load and biaxial moment.

2 Geometry and FEM Model

Two types of pile and pile cap configurations are adopted for conducting the study.
The square pile cap is of size 19 m � 19 m and the size of the rectangular pile cap
is 13 m � 19 m. Mat is modeled using plate elements, and the piles are modeled as
translational springs with stiffness in three orthogonal directions X, Y, and Z. The
intermediate distance between adjacent piles is kept as six times the pile diameter in
order to avoid the group efficiency effects. In all models, the load is applied at the
center of the pile cap in order to assess the behavior of the pile cap and estimate the
variation in pile reactions with variation in pile cap thickness. Figures 1 and 2 show
the basic geometry of the pile and pile cap arrangements adopted for this study.

Piles are considered to be H-shaped steel piles and spaced at 3.0 m center to
center. Study is conducted on the pile cap thickness of magnitudes 0.3, 0.5, 1.0, 1.5,
2.0, 2.5, 3.0 and 3.5 m. Piles stiffness in horizontal directions are Kx = 3503 kN/m
and Kz = 5954 kN/m and in vertical direction is Ky = 105100 kN/m. For simplicity

Fig. 1 Geometric details of
square pile and pile cap
arrangement with central pile

Fig. 2 Geometric details of
rectangular pile and pile cap
arrangement with central pile
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in analysis and design in most of the cases, the rotational stiffness is avoided. From
practical engineering judgement, this is fine as while estimating the lateral stiffness
geotechnical group already considers the rotational factor.

3 Loads and Load Combinations

Vertical load of 10,000 kN and biaxial moment of 5000 kNm is considered for this
study and is applied at the center of the mat for all the configurations of the pile and
pile cap. Load combinations consider three conditions, i.e., vertical load, biaxial
moment, and combinations of vertical load and biaxial moments.

4 Analysis Considering Rigid Pile Cap

With the above loading conditions, initially, a conventional analysis is done
manually to assess the load distribution among piles in each of the configurations
using the formula

Fi ¼ Po

n
� Mx:rxiPn

i r
2
xi
� Mz:rziPn

i r
2
zi

ð1Þ

where

Fi Reaction in the ith pile.
Po Total vertical load on pile group.
n Total number of piles in the group.
Mx Moment about x-axis.
Mz Moment about z-axis.
rxi Distance of ith pile from x-axis.
rzi Distance of ith pile from z-axis.

The basic assumption for using this formula is that the pile cap is rigid in nature,
i.e., the deflected shape of the pile cap under loaded condition is always a straight
line. Figure 3 shows the nodes and node numbers corresponding to piles for each of
the configurations.

Tables 1, 2, 3 and 4 illustrate the reactions at each pile location for rigid square
and rectangular pile configurations, respectively. This data is used later for com-
paring the variations in pile reactions with variation in stiffness (thickness) of the
pile cap under different loading conditions.

Considering these data to be the baseline values for the classical analysis of pile
and pile cap arrangements, the subsequent sections will illustrate the variation in
behavior of the pile and pile cap arrangements based on the adopted mathematical
models.
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5 Analysis of Pile and Pile Cap Models

5.1 Square Pile Cap with Central Pile

Behavior of the pile and square pile cap arrangement is studied with respect to the
distribution of loads in different piles for each of the pile cap thickness conditions
when a central pile is present right below the point of application of the load.
The results of the study are plotted in graphs in Figs. 4, 5 and 6. Graphs are plotted
for each of the three loading conditions for piles next to central row.

Fig. 3 Nodes and node
numbers in different pile cap
configurations

Table 1 Reactions on piles for rigid square pile cap with central pile

Pile
No.

Fi (kN) (vertical
load)

Fi (kN) (biaxial
moment)

Fi (kN) (vertical load + biaxial
moment)

1 204 0.00 204.1

2 204 −8.50 195.6

3 204 −17.01 187.1

4 204 −25.51 178.6

5 204 −34.01 170.1

6 204 −42.52 161.6

7 204 −51.02 153.1

8 204 8.50 212.6

9 204 0.00 204.1

10 204 −8.50 195.6

11 204 −17.01 187.1
(continued)
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Table 1 (continued)

Pile
No.

Fi (kN) (vertical
load)

Fi (kN) (biaxial
moment)

Fi (kN) (vertical load + biaxial
moment)

12 204 −25.51 178.6

13 204 −34.01 170.1

14 204 −42.52 161.6

15 204 17. 01 221.1

16 204 8.50 212.6

17 204 0.00 204.1

18 204 −8.50 195.6

19 204 −17.01 187.1

20 204 −25.51 178.6

21 204 −34.01 170.1

22 204 25.51 229.6

23 204 17.01 221.1

24 204 8.50 212.6

25 204 0.00 204.1

26 204 −8.50 195.6

27 204 −17.01 187.1

28 204 −25.51 178.6

29 204 34.01 238.1

30 204 25.51 229.6

31 204 17.01 221.1

32 204 8.50 212.6

33 204 0.00 204.1

34 204 −8.50 195.6

35 204 −17.01 187.1

36 204 42.52 246.6

37 204 34.01 238.1

38 204 25.51 229.6

39 204 17.01 221.1

40 204 8.50 212.6

41 204 0.00 204.1

42 204 −8.50 195.6

43 204 51.02 255.1

44 204 42.52 246.6

45 204 34.01 238.1

46 204 25.51 229.6

47 204 17.01 221.1

48 204 8.50 212.6

49 204 0.00 204.1
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5.2 Square Pile Cap Without Central Pile

Pile and square pile cap arrangement is studied with respect to the distribution of
loads in different piles for each of the pile cap thickness conditions when a central
pile is absent below the point of application of the load. The results of the study are
plotted in graphs in Figs. 7, 8 and 9. Graphs are plotted for each of the three loading
conditions.

Table 2 Reactions on piles for rigid square pile cap without central pile

Pile
No.

Fi (kN) (vertical
load)

Fi (kN) (biaxial
moment)

Fi (kN) (vertical load + biaxial
moment)

1 208 0.00 208.3

2 208 −8.50 199.8

3 208 −17.01 191.3

4 208 −25.51 182.8

5 208 −34.01 174.3

6 208 −42.52 165.8

7 208 −51.02 157.3

8 208 8.50 216.8

9 208 0.00 208.3

10 208 −8.50 199.8

11 208 −17.01 191.3

12 208 −25.51 182.8

13 208 −34.01 174.3

14 208 −42.52 165.8

15 208 17.01 225.3

16 208 8.50 216.8

17 208 0.00 208.3

18 208 −8.50 199.8

19 208 −17.01 191.3

20 208 −25.51 182.8

21 208 −34.01 174.3

22 208 25.51 233.8

23 208 17.01 225.3

24 208 8.50 216.8

26 208 −8.50 199.8

27 208 −17.01 191.3

28 208 −25.51 182.8

29 208 34.01 242.3

30 208 25.51 233.8
(continued)
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5.3 Rectangular Pile Cap with Central Pile

Pile and rectangular pile cap arrangement is studied with respect to the distribution
of loads in different piles for each of the pile cap thickness conditions when a
central pile is present below the point of application of the load. The results of the
study are plotted in graphs in Figs. 10 and 11. Graphs are plotted for each of the
three loading conditions (Fig. 12).

Table 2 (continued)

Pile
No.

Fi (kN) (vertical
load)

Fi (kN) (biaxial
moment)

Fi (kN) (vertical load + biaxial
moment)

31 208 17.01 225.3

32 208 8.50 216.8

33 208 0.00 208.3

34 208 −8.50 199.8

35 208 −17.01 191.3

36 208 42.52 250.9

37 208 34.01 242.3

38 208 25.51 233.8

39 208 17.01 225.3

40 208 8.50 216.8

41 208 0.00 208.3

42 208 −8.50 199.8

43 208 51.02 259.4

44 208 42.52 250.9

45 208 34.01 242.3

46 208 25.51 233.8

47 208 17.01 225.3

48 208 8.50 216.8

49 208 0.00 208.3

Table 3 Reactions on piles for rigid rectangular pile cap with central pile

Pile
No.

Fi (kN) (vertical
load)

Fi (kN) (biaxial
moment)

Fi (kN) (vertical load + biaxial
moment)

8 286 23.81 309.5

9 286 0.00 285.7

10 286 −23.81 261.9

11 286 −47.62 238.1

12 286 −71.43 214.3

13 286 −95.24 190.5

14 286 −119.05 166.7
(continued)
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5.4 Rectangular Pile Cap Without Central Pile

Pile and rectangular pile cap arrangement is studied with respect to the distribution
of loads in different piles for each of the pile cap thickness conditions when a
central pile is absent below the point of application of the load. The results of the
study are plotted in graphs in Figs. 13, 14 and 15. Graphs are plotted for each of the
three loading conditions.

Table 3 (continued)

Pile
No.

Fi (kN) (vertical
load)

Fi (kN) (biaxial
moment)

Fi (kN) (vertical load + biaxial
moment)

15 286 47.62 333.3

16 286 23.81 309.5

17 286 0.00 285.7

18 286 −23.81 261.9

19 286 −47.62 238.1

20 286 −71.43 214.3

21 286 −95.24 190.5

22 286 71.43 357.1

23 286 47.62 333.3

24 286 23.81 309.5

25 286 0.00 285.7

26 286 −23.81 261.9

27 286 −47.62 238.1

28 286 −71.43 214.3

29 286 95.24 381.0

30 286 71.43 357.1

31 286 47.62 333.3

32 286 23.81 309.5

33 286 0.00 285.7

34 286 −23.81 261.9

35 286 −47.62 238.1

36 286 119.05 404.8

37 286 95.24 381.0

38 286 71.43 357.1

39 286 47.62 333.3

40 286 23.81 309.5

41 286 0.00 285.7

42 286 −23.81 261.9
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Table 4 Reactions on piles for rigid rectangular pile cap without central pile

Pile
No.

Fi (kN) (vertical
load)

Fi (kN) (biaxial
moment)

Fi (kN) (vertical load + biaxial
moment)

8 294 23.81 317.9

9 294 0.00 294.1

10 294 −23.81 270.3

11 294 −47.62 246.5

12 294 −71.43 222.7

13 294 −95.24 198.9

14 294 −119.05 175.1

15 294 47.62 341.7

16 294 23.81 317.9

17 294 0.00 294.1

18 294 −23.81 270.3

19 294 −47.62 246.5

20 294 −71.43 222.7

21 294 −95.24 198.9

22 294 71.43 365.5

23 294 47.62 341.7

24 294 23.81 317.9

26 294 −23.81 270.3

27 294 −47.62 246.5

28 294 −71.43 222.7

29 294 95.24 389.4

30 294 71.43 365.5

31 294 47.62 341.7

32 294 23.81 317.9

33 294 0.00 294.1

34 294 −23.81 270.3

35 294 −47.62 246.5

36 294 119.05 413.2

37 294 95.24 389.4

38 294 71.43 365.5

39 294 47.62 341.7

40 294 23.81 317.9

41 294 0.00 294.1

42 294 −23.81 270.3
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Fig. 4 Pile reactions under
vertical load for square pile
cap with central pile

Fig. 5 Pile reactions under
biaxial moments for square
pile cap with central pile

Fig. 6 Pile reactions under vertical load and biaxial moments for square pile cap with central pile
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Fig. 7 Pile reactions under
vertical load for square pile
cap without central pile

Fig. 8 Pile reactions under
biaxial moments for square
pile cap without central pile

Fig. 9 Pile reactions under
vertical load and biaxial
moments for square pile cap
without central pile
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Fig. 10 Pile reactions under
vertical load for rectangular
pile cap with central pile

Fig. 11 Pile reactions under
biaxial moments for
rectangular pile cap with
central pile

Fig. 12 Pile reactions under
vertical load and biaxial
moments for rectangular pile
cap with central pile
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6 Discussion on Analysis Results

Above graphs show the analysis results for pile reactions under different loading
conditions on square and rectangular piles with different pile cap thickness and pile
arrangements. For a rigid pile cap, reactions at all the piles are uniform or vary
linearly. However, a finite element analysis, considering the stiffness of the mat and
piles, shows that the pile reactions deviate largely from the conventional rigid
analysis results. The piles closest to the point of load application attract higher

Fig. 13 Pile reactions under
vertical load for rectangular
pile cap without central pile

Fig. 15 Pile reactions under
axial load and biaxial
moments for rectangular pile
cap without central pile

Fig. 14 Pile reactions under
biaxial moments for
rectangular pile cap without
central pile
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amount of compressive load than the piles farther away from the center. For an
extremely flexible pile cap, the farthest piles even undergo tension, and there exists
a probability of a point of contraflexure being prevalent in the pile cap which needs
to be properly addressed during reinforced concrete design and reinforcement
detailing of the pile cap. Also, if we compare the nature of the load distribution in
piles, having a central pile directly under load and that without a central pile, it is
quite evident that if a pile is placed directly under the load point especially in a
flexible mat, then it attracts most of the loads, and adjacent piles are under stressed.
This is very important to note as overlooking this effect often increases the project
cost. The pile cap when subjected to both vertical load and bending moments shows
a stable result in terms of variation in pile reactions independent of whether it is a
square or a rectangular pile. However, when the moments become more predom-
inant than the vertical loads, the piles closest to the load point experience
remarkably high reactions whereas the piles, farther away from load points,
experience negligible reactions. Also, presence or absence of central pile and plan
geometry of the mat appreciably impacts the stress concentration in and around the
point of load application in a flexible pile cap. Also as the thickness increases, the
difference in pile reactions start decreasing which indicates that the mat starts
behaving like a rigid mat.

7 Conclusion

The point of interest for the practicing engineers is to look out for a thumb rule where
a quick estimation of the probable thickness of pile cap is possible to assess whether a
particular pile cap is rigid or flexible. Industry standards like ACI 351.3R-04 provide
thumb rules for rigid foundation. It states that a foundation is considered to be rigid if
its thickness is the greatest among 1/5 of its shorter dimension, 1/10 of its longer
dimension, 0.6 m and 1/30 of the span plus 0.6 ft. However, no such thumb rule is
provided by the codes especially for the mat supported on piles. Also, the application
of the above thumb rule leads to a huge thickness of large pile supported mat
foundations, which is very uneconomic. This paper basically aimed to provide a
method to evolve a thumb rule for estimating the thickness required for a pile
supported mat so that it can be considered to be behaving as a rigid mat. The basic
exercise performed and the nature of the graph for pile reactions show that if the
thickness of the mat is kept around 1.2–1.3 times the spacing between the piles, then
the mat will demonstrate a close to perfect rigid mat behavior. This paper is just a
preliminary attempt made to propose a thumb rule, and there is an ample opportunity
for future research on this topic and to come up with a more refined formula con-
sidering the effect of relative location for the building columns on these pile caps.
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Reaction Response of Horizontally
Curved and Skewed Concrete
Box-Girder Bridges

Tanmay Gupta and Manoj Kumar

Abstract Concrete box girders are widely used in horizontally curved bridges due
to their high torsional rigidity. Certain geographical situation demands skew sup-
ports in addition to the curved layout of the bridge and results in complex
skew-curve geometry of the deck. The present study focuses on predicting the
support reaction response for each unique skew-curve combination of four-cell
box-girder bridges via 3D finite element analysis. Central curvature angle for the
bridges considered in this paper has been varied from 48° curving left to 48°
curving right, at an interval of 12° while the skew angle is swept from 0° to 50° at
an interval of 10° to generate feasible combinations possible for skew-curve case.
For these unique simply supported multicell concrete box girder bridges, support
reactions for dead load as well as for Class-A and Class-70R vehicular live load
cases are monitored via large parametric study. Results indicate that uplifting of
supports become more prominent in high skew-curve cases at acute corners, while
obtuse corner reactions reach as high as 104% of total force transmitting to abut-
ment. Reaction ratio monitored can also be used for deriving skew correction
factors for skew-curved bridges.

Keywords Concrete box-girder bridges � Horizontally curved � Skew abutments
3D FEM modelling � Support reaction � Skew correction factor
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1 Introduction

Rapid urbanization and massive growth in infrastructure have created a necessity
for complex transportation system for highway bridges, which often leads to
unconventional, non-collinear bridge configurations. Presence of skew supports and
horizontal curvature together is one such problem which significantly changes the
structural response of bridges.

In such situations, concrete/prestressed concrete box-girder sections are often
used, to compensate for high torsional moment and bending moment demands
arriving from the virtue of geometry. Designing such girders to support a
skew-curved bridge is a complex problem since the support reactions, shear and
moment demands even due to gravity loads vary significantly across the girders of
the bridge deck [1]. For significantly curved bridges (having central curvature angle
12° or more) with sharp skew support edges, generally there exist substantial
amount of torsional deformations and potential for uplift at bearings.

Nowadays design engineers have a wide variety of approximate and sophisti-
cated analysis and design methods at their disposal for the analysis of bridge forces.
Thus, it becomes very important that the appropriate method is selected for the
problem involved considering time and accuracy needed for the project.
One-dimensional spine bridge modelling technique, implemented using linear line
elements placed along the centre line of the bridge span, still remains the most
common technique for bridge analysis in India. Sophisticated and complicated 2D
grillage or full fledged 3D finite element analysis for bridges are generally not
preferred, for bridges having simple geometric alignment since the spine modelling
technique is accurate enough; however, it is unable to capture live load distribution
effects especially when the geometry of the girder becomes horizontally curved and
skewed at supports.

Capturing the complicated structural response of aforementioned bridges via
simplistic spine model is thus not possible; consequently, the need for skew-curve
correction factors arrives, which can attenuate the response value of spine model to
actual response of the bridge [2]. The present study focuses on capturing the worst
support reaction response generated for various combinations of curvature and
skewness present in the bridge. As per Indian loading conditions, a case study for
12.5 m wide box-girder bridge is carried out considering unique combinations of
central curvature angle (varied from 48° curving left to 48° curving right, at an
interval of 12°) and the skew angle (swept from 0° to 50° at an interval of 10°). The
3D finite element models of the bridges are generated and analysed using
CsiBridge, to study the effect of skewness in conjunction with curvature on the
reactions at obtuse corner. Obtuse corner reactions have been plotted in the form of
non-dimensional parameter normalized by total support reactions at that abutment.
Results not only give a simplistic way to rectify the obtuse corner reactions
obtained from spine model but also provide a deep insight for designers towards
girder design for such complicated geometry bridges.
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2 Skew-Curve Bridge Force Transfer Mechanism

Structural responses of skew bridges as well as curved bridges are found to differ
significantly in comparison with straight/orthogonal counterpart of similar dimen-
sions. By the virtue of geometry, force path in such bridges do not remain as simple
as in case of orthogonal bridges; thus, they attract high design forces and moments,
which should be aptly considered in bridge modelling.

In case of bridges having only curved geometry, the load is generally transferred
along the shortest curved distance between the supports, while for only skewed
bridges force tend to take shortcut route via one obtuse corner to other. For com-
bination of skew and curved geometry, however, force path becomes tedious in
nature, but in general, it remains heavily towards obtuse corner. Thus, the risk of
uplifting at acute corners increases manifold in such cases, especially in case of
eccentric vehicular loading, which generates high reactions at obtuse side.

Figure 1 shows the top slab geometry and force transfer mechanism in a general
skew-curved bridge. In the present study, curvature towards right-hand side is
considered as negative central curvature angle while bridges curving towards
left-hand side are considered as positive central curvature angles. Sense of skew
angle is used such that obtuse corner is created towards the outer periphery of
curved geometry in the near abutment (towards approaching traffic) for bridges
having negative central angle (as shown in Fig. 1), while, for positive central angle
case, skew is taken in similar manner, but in this case, obtuse corner remains inward
for near abutment.

In general, due to change in force transfer mechanism in skew bridges through
the strip of area connecting the obtuse-angled corners, bridge deck primarily bends

Fig. 1 Schematic diagram of skew-curved bridge showing shortest path for force transfer
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along the line joining the obtuse-angled corners. The magnitude of bending moment
is considered to be dependent mainly upon skew angle, ratio of the skew span and
the width of the deck and the position of load on the span. However, adjacent areas
of the force transfer strip in skew bridges, transfer the load only to this obtuse angle
joining strip as cantilever rather than transferring the load to the supports directly.
Thus, even for dead load case, skew bridges come under considerable torsional
moments and unequal reaction forces at bearings. As the skew angle increases
obtuse corner tend to come further near, thus generating more twisting in the
section. Moreover, due to the presence of curvature in addition to skew, situations
get more complicated as curve effect creates additional moments in bridge and more
uneven support reaction distribution.

3 Numerical Investigation

3.1 Case Study Description

To investigate the cumulative effect of skew and curvature in concrete box-girder
bridges, 54 unique skew-curve combinations are chosen in present case study. As
such, box geometries attract high torsional moments; thus cross section for bridge
section is chosen as box girder, which has exceptional torsional rigidity. In order to
simplify the numerical investigation multi-span bridges are avoided, rather all
parametric variations in geometry are applied for simply supported end conditions.
The geometrical parameters for the box-girder having cross-section as shown in
Fig. 2 and material properties considered in this study are as follows:

Length 25 m
Width 12.5 m
Number of cells 4
Depth 1.22 m
Top slab thickness 0.2 m
Bottom slab thickness 0.2 m
Web thickness 0.3 m
Web spacing (c/c) 2.5 m
Overhang 1.1 m

0.20

0.20

0.301.02

1.10

12.50

Fig. 2 Box-girder bridge cross section used in present study
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Concrete grade M35
Density 25 kN/m3

Poisson’s ratio 0.2
Elastic modulus 2.958 � 107 kN/m2

For considering realistic modelling of support bearing, it is assumed to be
partially rigid, having a bearing stiffness of 87.5 kN/m. The same base cross section
(Fig. 4) has been used for all the skew-curve bridges considered in this study where
the skewness and curvature have been varied in accordance to Table 1.

The reactions at the obtuse corner of the box girders considered in present study
have been expressed as non-dimensional parameter (in %) normalized by total
support reaction at that abutment, and are reported in terms of obtuse corner
reaction percentage for gravity (dead) load case and for live loads specified by IRC
[3].

3.2 Finite Element Modelling

For better prediction of results for such complicated geometries, full 3D modelling
of bridge superstructure was implemented using well-known finite element analysis
and design software CSiBridge. For simplicity, first-order linear elastic analysis is
performed for all unique combinations for three different load cases, namely, dead
load case, Class-A vehicle moving on three lanes and combination of Class-A
loading on first lane and Class-70R vehicle moving on separate third lane.
Discretization of the bridge is done using a four-noded 3D shell element having six
degrees-of-freedom (three translations + three rotational) at each node. Proper
connectivity of top and bottom flange elements with the webs ensures the dis-
placement compatibility. Element size and aspect ratio of the elements have been
decided via considering mesh sensitivity analysis for simplified box girder. Based
on which a preferred sub-mesh area of 0.25 m2 was chosen in order to limit the time
involved in analysis. Figure 3 depicts a typical finite element model for 30° skew
and −36° curved generated in CSiBridge.

3.3 Live Load Placement

The recommendations of Indian Road Congress (IRC) may be used to place the
vehicular live load in transverse directions. However, it is not possible to place the

Table 1 Parametric variations

Skew angle Central curvature angle

0°–50° (at an interval of 10°) −48° to 48° (at an interval of 12°)

Reaction Response of Horizontally Curved and Skewed Concrete … 53



vehicular load in longitudinal direction to develop maximum moment since the
rolling load concept can be used only for normal bridges. To mitigate this problem,
in the present study, vehicle load is considered to run throughout the span at an
average speed of 1 m/s, for which the results of vertical support reactions are
captured at an interval of one second. Thus, at every 0.1 m interval, outputs are
gathered and finally, all such outputs are compared for finding out the worst con-
dition in all cases.

Since the carriageway width of box girders considered in this study is 12.5 m,
which lies in between 9.6 and 13.1 m, as per IRC-6 requirements, this bridge
geometry is to be analysed as three-lane bridge. Thus, two live load combinations
are implemented in this study which are

1. CASE 1: CLASS-A − 3 LANES
2. CASE 2: CLASS-A − 1 LANE + CLASS 70R (W wheeled or tracked) − 1

LANE
(these load cases are depicted in Fig. 4)

To generate worst support reaction at obtuse corner on near abutment, heavier
loads were kept as near as possible to the obtuse corner following the IRC

Fig. 3 3D finite element model of a typical skew-curved bridge (curving towards right) showing
all discrete elements along the span length
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recommendations. The results for IRC Class-70R tracked vehicle are not presented
here since the preliminary study indicated that support reactions at obtuse corner
due to tracked vehicle are less severe compared to wheeled vehicle.

For present study, it can be expected that approximately 20% of the support
reaction (total five supports) will go to each support in the non-curved, non-skewed
case under gravity loading, because overhang length of bridge is chosen such as to
produce equal distribution of weight among the girder, but same is not true for live
load cases as vehicle is kept at minimum clearance from obtuse angle side, thus
generating more reaction towards obtuse side even for non-skewed, non-curved
cases.

4 Results and Conclusions

4.1 Structural Response Under Dead Load Case

The results compiled in the present study specifically focus on the comparison of
proportion (in %) of reaction carried by obtuse corner support bearing with respect
to total abutment reaction for each unique combination of central curvature angle

Fig. 4 Live load placement (transverse location)
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and skew angle considered. Dead load case results for each unique skew-curve
combination are presented in Fig. 5 (negative curvature angle represent curving
right while positive for curving left):

• From Fig. 5, it is evident that the obtuse corner reaction for the non-curved case
reaches 40% at about 50° skew angle which just about doubled from non-skew
non-curve bridge case.

• The curve effect greatly influences reaction response, which can be observed via
uplift at corners occurring around +40° central angle case when the bridge is not
skewed. It implies high central curvature itself is sufficient for uplifting even
towards the obtuse side.

• For bridges curving right (+ve central angle) with high central angle and high
skew, the coupled skew-curve effect is dominant, which is evident from the fact
that the curve for 40° skew crosses the curves next to it (50° skew curve). Thus,
it can be concluded that at higher skew angle (greater than 40°) obtuse corner
tend to attract reaction at slower rate as compared with skew range of 0°–40°.

Fig. 5 Obtuse corner reaction percentage under dead load case for each unique skew-curve
combination chosen
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4.2 Structural Response Under Live Load Cases

The results for obtuse corner support reaction for live load case 1 (Class-A vehicle
running on three lanes) and case 2 (Class70R on one first lane and Class-A on third
lane) are presented in Figs. 6 and 7, respectively. As all the results are compiled for
near abutment (abutment towards the incoming traffic flow) thus by changing the
curvature direction from right to left, obtuse corner experiences significantly low
support reactions, reason being, for right curved bridge obtuse corner remain on
outer periphery while for left curved, it falls towards inside periphery of curve.
Furthermore, some significant observation from Figs. 6 and 7 are as follows:

• It can be evidently seen for non-curved cases that, as the live load is eccentric,
obtuse corner reaction percentage distribution in skew 0°–50° again doubles but
this time from 30% to near more than 60% in both live load cases. Case 1 shows
a steeper rate of increase than case 2 indicating that for higher skews as the
vehicle weight gets more distributed, it tends to attract more reaction at obtuse
side, while for lower skews, heavy vehicle (Class 70R in present case) running
near to obtuse corner will dominate the support reaction.

• As the live load is always modelled to run near obtuse corner, no uplift occurs
near obtuse side with the change in curvature from right to left for both the
cases.

Fig. 6 Obtuse corner reaction percentage under live load case 1 for each unique skew-curve
combination chosen
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• Combined effect of skew and curve for case 1 generates obtuse corner reaction
as high as 104% of the abutment reaction; similarly, in case 2, these values go
up to 87%. These values signify that going beyond these limits of skew and
curvature for single span bridges will surely create much more challenges for
constructions.

4.3 Skew Correction Factors

For the simplified analysis, box-girders are modelled as spine, which comprises of
only one single girder. The spine models are unable to capture the non-uniform
support reactions in the skew-bridges. Skew correction factors (SCF) can be applied
to the support reactions for the corresponding non-skewed bridges to account for the
effect of skewness in the bridges analyzed using the simplistic spine modelling of the
bridge [2]. Consequently, for superstructure shear design, the use of skew correction
factors for obtuse girder regions is required. To quantify skew correction factors
AASHTO LRFD [4] specifications give an empirical equation for cast-in-place
concrete multicell box as 1 + (0.25 + (12L/70d))tanh, where L is bridge span in ft.,
d is the depth of cross section in inch and h is skew angle. Further, as amendment to
this equation in 2014, CALTRANS provided a much simpler estimation of skew
correction factor as 1 + (h/50). As these equations are limited to only skew geom-
etry, these cannot predict the behaviour of SCF for skew-curve cases.

Fig. 7 Obtuse corner reaction percentage under live load case 2 for each unique skew-curve
combination chosen
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As the nature of the curves presented obtuse corner reaction for various load
cases (Figs. 5, 6 and 7) have similar trend, consequently, the nature of curves for
absolute reaction (for dead plus live load case) will be almost same. Therefore,
these curves may be used to determine the skew correction factors for absolute
reaction at obtuse corner. Since there are no direct guidelines available on skewed
bent or abutment reactions, sometimes these skew correction factors are also
applied to reactions to calculate bearing forces.

Thus, SCF from the present study can be derived for obtuse corner as (obtuse
corner reaction percentage/100) * no. of supports. Figure 8 shows a comparison of
skew correction factors thus obtained for non-curved case under dead load from
these three approaches.

Results show un-conservative values of SCF for lower skew range calculated via
LRFD and CALTRANS equations. While there are no guidelines available for SCF
calculations in case of IRC loading for either skew or skew-curve cases, thus,
present study results can play a pivotal role in bridge design using spine models
also. Similarly, for dead load cases, SCF for combined effect of skew curve are rare
to find.

In conclusion, present study not only provides obtuse corner reaction response
for all unique skew-curve combinations feasible but also presents simple SCF value
charts for ease of designers.

Fig. 8 SCF comparison among LRFD, CALTRANS and present study under dead load
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Performance Estimation of Solid
and Punched Shear Wall Buildings
with Two Modelling Techniques

Juturu Swetha, Onkar G. Kumbhar and Ratnesh Kumar

Abstract Shear walls are generally provided in multistoried buildings to resist
in-plane lateral loads by increasing strength and stiffness to control the lateral
deformations. Various modelling techniques are available to model shear wall in
computer models, viz. nonlinear layered shell elements, wide column, fibre elements
or truss elements. The accuracy of results and time required for the analysis depends
on the modelling technique adopted. In the present paper, parametric study of two
modelling techniques of shear wall, i.e. wide column approach and nonlinear layered
shell element, has been discussed for solid and punched shear walls. Response
spectrum analysis and nonlinear static pushover analysis have been performed. In
linear range, the modal analysis results, shear force and moment in the shear wall
from aforementioned approaches are comparable. From nonlinear analysis, it has
been observed that the wide column approach is unable to capture progressive
nonlinearity in the shear wall and overestimates the stiffness of the structure.

Keywords Shear wall � Nonlinear layered shell element model
Wide column model � Nonlinear static pushover analysis

1 General

Shear walls are generally provided from the foundation in multistorey buildings to
resist lateral loads. Due to cantilever behaviour of the shear wall, the lateral drift
near bottom storeys is reduced. The inclusion of shear wall in frame building makes
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it efficient by increasing strength and stiffness as well as by reducing the lateral
drift. In buildings having height more than 23 m, shear walls can be curtailed at
different storey levels [1]. Shear walls may fail in flexure, shear or both, depending
on aspect ratio. Flexural failure occurs in high aspect ratio shear wall. When shear
wall fails in the flexure, crushing of concrete compression zone and yielding of steel
at tension zone take place. In mathematical modelling, shear walls can be modelled
as nonlinear layered shell elements, wide column, fibre elements or truss elements.
However, in the present paper, variation in the parametric results of two modelling
techniques, viz. wide column approach and nonlinear layered shell element, are
compared. Wide column frame analogy method was first developed by Clough
et al. [2], and later it was improvised by Kwan [3]. The shear wall is treated as a
structural column with the centroidal axis of shear wall coinciding with the column.
The rigid beams are provided in the wide column to connect the frame members of
the building with the shear wall and helps in connecting the non-coplanar shear
walls at nodes along the vertical edges. The nonlinearity in the wide column can be
provided as lumped plasticity over the hinge length as nonlinear flexural hinges at
possible yielding locations (i.e. at maximum bending moment location). In the
present research, the nonlinear hinge properties of the wide column have been
calculated from the moment–curvature curve of the wide column, which is obtained
from section designer in SAP2000. In nonlinear layered shell element modelling,
nonlinear stress–strain curves for layers of concrete and steel in the shear wall along
with the direction of nonlinearity have been defined. However, the nonlinear lay-
ered shell element modelling is computationally more time-consuming.

2 Modelling and Analysis

An eight-storey symmetrical building has been considered with storey height 3 m
each. The plan of the considered building is shown in Fig. 1. The shear wall
provided is 1.7% of the plan area in the longitudinal direction and 2% of the plan
area in the transverse direction. The building is assumed to be situated in zone V
having PGA 0.36 g, on medium soil as per Indian standard conditions. The grades
of concrete and steel considered are M30 and Fe 415.

The building has been modelled in SAP2000 V 17.3 with frame elements and
solid shear wall as a wide column (Fig. 2). The model has been analysed to get
forces as well as moments in shear walls and designed as per Indian standard codes.
The shear walls have been manually designed without openings as per IS
13920:1993 and with 1 m2 openings in each floor as per Madheker and Jain [4] for
the obtained axial, shear forces and moment. The percentages of openings provided
in punched shear wall are 7 and 8% in the longitudinal and transverse directions,
respectively. Four mathematical models with same building plan as well as
geometry have been created using SAP2000. In one model solid shear wall has
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been modelled using wide column and in the second model, using nonlinear layered
shell element. Another two models have been developed for punched shear wall
using the same two aforementioned approaches. In all the models, the nonlinearity
of frame elements (i.e. beams and columns) has been provided as lumped hinges
based on FEMA 356 [5].

2.1 Solid Nonlinear Layered Shell Element Modelling

The designed solid shear walls have been modelled as nonlinear layered shell
elements. The nonlinear stress–strain curves of layers of concrete and steel have
been provided and direction of nonlinearity has been mentioned. The designed
thickness of wall, size and spacing of reinforcement bars have been assigned in
SAP2000. The nonlinearity of the layered shell element shear walls has been
provided using distributed plasticity approach.

Fig. 1 Plan of considered building (all dimension are in metres)

(a) (b)

Fig. 2 Frame A–A of a solid shear wall building and b punched shear wall building
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2.2 Wide Column Modelling

The designed section of shear wall has been modelled as wide column using section
designer. The nonlinearity of wide column has been provided as uniaxial flexural
hinges considering the in-plane behaviour of shear walls. The nonlinear flexural
hinges have been provided at the ends of the wide column. The hinge properties
have been calculated by converting moment–curvature curve obtained from section
designer to moment–rotation curve. The formulae for conversion of curvature to
rotation are given in EC8 part-3 [6] (Eqs. 1, 2 and 3).

hy ¼ /y
Lv þ avZ

3
þ 0:0013þ/y

dbL fy
8

ffiffiffiffiffi

fck
p ð1Þ

The first term, second term and the third term in the above expression represent
flexural contribution, shear deformation and anchorage slip of bars, respectively.

hu ¼ hy þ /u � /y

� �

Lp 1� 0:5Lp
Lv

� �

ð2Þ

Lp ¼ 0:08 Lv þ 0:022 fy db ð3Þ

where Lv is the shear length constant (1/2 of the total length of element), av is 1 if
shear cracking is expected to precede the flexural yielding at the end section,
otherwise 0, Z = length of internal lever arm, dbL = mean diameter of longitudinal
bars, Lp = plastic hinge length, fck = characteristic strength of concrete and fy = yield
strength of steel (Fig. 3).

The points on idealized moment–rotation curve are given in Tables 1, 2 and
have been inputted in SAP2000 as hinge properties [7]. The results obtained from
response spectrum analysis for solid shear wall building from two approaches are
comparable.

Further nonlinear static analysis has been performed on two solid shear wall
models in longitudinal and transverse directions. The capacity curves in longitu-
dinal and transverse direction are shown in Fig. 4.

Fig. 3 Idealised moment–
rotation curve
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Various parameters have been derived and compared by idealizing the capacity
curve of solid shear wall models. The derived capacity curve parameters of solid
shell element model and wide column model in longitudinal and transverse
direction are given in Tables 3 and 5, respectively. It can be observed that the initial
stiffness of two modelling approaches is same. The capacity curve of solid shell
element model deviates when nonlinearity has started in the shear wall. In wide
column model, the stiffness of building is constant till B hinge has formed in
longitudinal wide column. The stiffness in wide column abruptly reduces after
nonlinearity has started in the wide column. The yield force and stiffness of wide
column model are 3 and 25% greater than that of shell element model. Ductility of
wide column model in the longitudinal direction is 46% more than shell element
model. The ultimate base shear of solid shear wall models is nearly same. The
progressive nonlinearity in the longitudinal wide column and the corresponding (at
same displacement) shell stresses in concrete and steel at supports shown in Fig. 5

Table 1 Hinge properties of wide column

Point Moment/SF Rotation/SF

A 0 0

B 1 0

C Mu=My hp=hy
D 0:2Mu=My hp=hy
E 0:2Mu=My 1:5 hp=hy

Table 2 Acceptance criteria on moment–rotation curve

IO 10% hp=hy
LS 60% hp=hy
CP 90% hp=hy

(a) (b)
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Fig. 4 Capacity curve of solid shear wall models in a longitudinal direction and b transverse
direction
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are compared in Table 4. It is to be noted that the hinge property in longitudinal
direction has been modelled as shown in Fig. 6. The progression of nonlinearity in
the transverse wide column and its corresponding (at same roof displacement) shell
stress in concrete and steel at supports shown in Fig. 7 are given in Table 6. It is to
be noted that the hinge property in longitudinal direction has been modelled as
shown in Fig. 8. It is observed that the initial stiffness of nonlinear layered shell
element model and wide column model in the transverse direction is same.

Table 3 Capacity curve parameters of solid shear wall models in longitudinal direction

Model SE WC

Yield force (kN) 14,000 14,400

Yield displacement (mm) 28 22

Effective stiffness, Ke (kN/m) 513,333 640,000

Target displacement (mm) 48 42

Ultimate displacement (mm) 225 258

Ductility capacity 8.04 11.73

Over strength ratio 2.19 2.35

SE shell element, WC wide column

Table 4 Hinge formation in longitudinal wide column and its corresponding nonlinear layered
shell stresses (Fig. 5)

Stress at 1 Stress at 2 Stress at 3 Stress at 4 Stress at 5

C S C S C S C S C S

B 0 188.8 0 149.2 0 13.25 −10.23 −84.36 −14.69 −121.9

IO 0 421.2 −0.23 386.2 0 128.2 −14.6 −134.1 −21.96 −212.3

LP 0 415 0 415 −0.6 484.9 −11.02 −221.5 −38.09 −436.3

CP 0 427.4 0 418.3 0 437.4 −10.06 −19.8 −41.79 −449.3

C 0 433.2 0 424.1 0 426 −10.43 15.26 −42.48 −447.1

Note Negative is compression and tension is positive, considering concrete has no tensile strength,
C concrete, S steel

Table 5 Capacity curve
parameters of solid shear wall
models in transverse direction

Model SE WC

Yield force (kN) 149,00 14,400

Yield displacement (mm) 19 16

Effective stiffness, Ke (kN/m) 790,000 960,000

Target displacement (mm) 36 34

Ultimate displacement (mm) 265 370

Ductility capacity 13.95 17.13

Over strength ratio 2.06 2.39
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The stiffness gradually decreases in shell element model due to progression of
nonlinearity in the shear wall. In the wide column, the stiffness suddenly reduces
after B hinge has formed in transverse wide column. In the transverse direction,
yield force in wide column model is 3% less than that of solid shell element model,
whereas stiffness is 22% higher for wide column model. Ductility of wide column
model in the transverse direction is 23% more than solid shell element model. The
ultimate base shear of shell element model is more than wide column model.

Fig. 5 Longitudinal shear wall
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Fig. 6 Moment–rotation curve given for longitudinal wide column

Fig. 7 Transverse shear wall

Table 6 Hinge formation in transverse wide column and its corresponding nonlinear layered shell
stresses (no opening)

Stress at 1 Stress at 2 Stress at 3 Stress at 4 Stress at 5 Stress at 6

C S C S C S C S C S C S

B 0 143.2 0 114.2 0 32.05 −3.79 −28.28 −8.74 −72.3 −11.93 −99

IO 0 415 0 417 −0.41 382.1 0 43.28 −16.16 −140.5 −22.49 −218.7

LS 0 420.7 0 415.5 0 415 −0.31 489.9 −11.9 −234 −38.65 −439.3

CP 0 441.2 0 439.3 0 416.7 −0.27 460.3 −11.64 −142.5 −41.7 −429.2

C 0 443.6 0 442.3 0 420.6 −0.12 449.2 −11.59 −97.7 −42.27 −431.7

Note Negative is compression and tension is positive, considering concrete has no tensile strength, C concrete,
S steel
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2.3 Punched Nonlinear Layered Shell Element Modelling

The building with 1 m2 openings in the shear wall has been manually designed for
shear at two sections in a shear wall (i.e. at solid and punched sections). The
reinforcement obtained near the opening was greater than at the solid section.
The shear walls have been modelled as nonlinear layered shell elements similar to
the solid shell element modelling.

2.4 Equivalent Wide Column Modelling

To simulate the opening in wide column, the wide column has been divided into
three parts. Top, bottom parts are the solid section of shear wall, and the height of
mid-part has kept equal to the height of the opening. The designed sections have
been provided as wide column using section designer. The hinge properties have
been calculated separately at solid and punched sections as explained for wide
column modelling. The moment of inertia and shear area at the opening section
have been modified according to the size of the opening in the shear wall. The
property modifiers have been entered in SAP2000. Neuenhofer [8] proposed some
methods to estimate lateral stiffness of shear walls with openings, and a similar
approach has been used to calculate modification factors to modify moment of
inertia and shear area of shear wall section used in software model (Eqs. 4 and 5).

Moment of inertia modifier ¼ Kpunched section

Ksolid section
¼ Ipunched section

Isolid section
ð4Þ

Shear area modifier ¼ Area of punched section
Area of solid section

ð5Þ

The yield force and stiffness of equivalent wide column model 7 and 24% more
than punched shell element model, respectively. Ductility of punched shell element
model is 12% more than wide column model (Fig. 9; Table 7).

The nonlinear hinge formation in the longitudinal equivalent wide column and
corresponding punched shell stresses of concrete and steel for Fig. 10 are given in
Table 8. Hinge property of punched shear wall modelled as equivalent wide column
is shown in Fig. 11. The yield force of punched shear wall models in the transverse
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direction from the two approaches is nearly same. The stiffness of equivalent wide
column model is 6% more than punched shell element model. Ductility of punched
shell element model is 27% more than punched shell element model in the trans-
verse direction.

The ultimate base shear of punched shell element model is more than equivalent
wide column model (Table 9). The nonlinear hinge formation in the transverse
equivalent wide column and corresponding punched shell stresses of concrete and
steel for Fig. 12 are given in Table 10.

It was observed that first IO, LS, C hinges are formed in longitudinal beams
connected to the longitudinal shear wall for pushover analysis in the longitudinal
direction and in beams connected to transverse punched shear wall for pushover
analysis in the transverse direction. The corresponding hinge property of punched
shear wall as equivalent wide column is shown in Fig. 13. From inelastic stresses, it
is observed that steel has started yielding just before the IO hinge formation in the
transverse equivalent wide column.
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Fig. 9 Capacity curve of punched shear wall models in a longitudinal direction and b transverse
direction

Table 7 Capacity curve
parameters of punched shear
wall with 1 m2 openings in
longitudinal direction

Model SE 1 m
opening

WC 1 m
opening

Yield force 13,800 kN 14,700 kN

Yield displacement 30 mm 26 mm

Effective stiffness, Ke 453,333 kN/m 560,000 kN/m

Target displacement 54 mm 47 mm

Ultimate
displacement

228 mm 174 mm

Ductility capacity 7.6 6.69

Over strength ratio 2.29 2.35

Fig. 10 Longitudinal
punched shear wall
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Table 8 Hinge formation in longitudinal equivalent wide column and its corresponding layered
punched shell stresses

Stress at 1 Stress at corners of
opening A

Stress at
3

Stress at corners of
opening B

Stress at 5

C S C S C S C S C S

B −0.34 299 0 0 134 89 0 29 −1.8 −6.3 −14 −52 −17.2 −155

0 0 123 97 −3.5 −4.6 −26 −36

IO 0 429 0 0 304 157 0 23.5 0 −6.6 7 −52 −22.2 −215

0 0 158 171 0 −4.5 −7 −34

LS 0 426 −0.36 0 417 135 0 415 0 0 110 18 −38.3 −470

−0.06 0 399 416 0 0 374 336

CP 0 440 −0.23 0 449 149 0 415 0 0 157 72 −42.1 −452

0 0 419 414.7 0 0 415 393

C 0 441 −0.23 0 449 150 0 415 −0.2 0 159 104 −42.6 −453

0 0 421 415.5 0 0 415 422

Note Negative is compression and tension is positive, considering concrete has no tensile strength, C concrete, S
steel
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curve given for longitudinal
equivalent wide column

Fig. 12 Transverse punched
shear wall

Table 9 Capacity curve parameters of punched shear wall models with 1 m2 openings in
transverse direction

Model SE 1 m opening WC 1 m opening

Yield force (kN) 14,200 14,150

Yield displacement (mm) 22 20

Effective stiffness, Ke (kN/m) 660,000 700,000

Target displacement (mm) 37 42

Ultimate displacement (mm) 274 183

Ductility capacity 12.45 9.15

Over strength ratio 2.13 2.44

70 J. Swetha et al.



3 Conclusions

The linear analysis results (i.e. modal analysis results, shear force and moments) of
layered shell element model and their respective wide column models are compa-
rable. The initial stiffness of the layered shell element model and wide column
model is alike in both directions, which indicates that observed behaviour of shear
wall building from two approaches is same within the linear range. From the
nonlinear analysis, it is observed that the yield force by wide column model is 3%
higher than layered shell element, whereas the bilinearized stiffness of wide column
models is 25% higher than that of layered shell element model. Similarly, in case of
punched shear wall, the yield force and stiffness of equivalent wide column models
are 7 and 24% higher than punched layer shell element model. As in wide column
model, bilinear lumped plasticity has been assigned; hence, this modelling approach
is unable to capture progressive nonlinearity in the shear wall and overestimates the
capacity of the building. In case of punched shear wall, the stress concentration has
been observed around the shear wall opening in layered shell element model, which

Table 10 Hinge formation in transverse equivalent wide column and its corresponding layered
punched shell stresses

Stress at 1 Stress at 2 Stress at corners of
opening D

Stress at 4 Stress at 5

C S C S C S C S C S

B −0.4 303 0 20 0 0 49 12 −2.8 −22 −16 −139

0 0 41 25

IO 0 427 0 26 0 0 151 80 0 7.7 −22 −213

0 0 137 93

LS 0 434 0 414.8 0 0 155 143 0 415 −39.2 −468

0 0 415 415

CP 0 444 0 424 0 0 157 142 0 415 −42.3 −448

0 0 415 415

C 0 447 0 431 0 0 158 142 0 415 −42.7 −442

0 0 415 415

Note Negative is compression and tension is positive, considering concrete has no tensile strength,
C concrete, S steel
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plays an important role in nonlinear deformation. Overall, the layered shell element
model is more effective in predicting the nonlinear response of the shear wall
building than wide column model; however, it is computationally more
time-consuming.
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Effect of Modeling Assumptions
on Seismic Performance of RC Building

Onkar G. Kumbhar and Ratnesh Kumar

Abstract Present paper highlights the effect of some modeling assumptions on the
seismic performance of reinforced concrete (RC) structure. Nonlinear seismic
behavior of RC buildings for different modeling assumptions, viz., support con-
dition, nonrigid beam-column joint, and lintel integrated with the columns, has been
studied. Seismic performance has been checked by using nonlinear static analysis
procedure (NSP). It has been observed that change in modeling assumption sig-
nificantly affects the nonlinear performance of the building. From the study, it has
been concluded that the modeling assumptions should match the realistic condition
and should not be same irrespective of actual circumstances. Due to lack of specific
structural modeling guidelines, the designers do not give due importance to
appropriate modeling assumptions which can lead to unsafe design of buildings.

Keywords RC frame building � Modeling assumptions � Support condition
Beam-column joint � Lintel � Nonlinear static analysis

1 Introduction

The deficiency in building crops up at different stages of planning, design, and
construction, and these deficiencies impart drastic reduction in seismic behavior of
structure. As per Singh and Kumar [1], these deficiencies can be classified in three
categories, viz., configurational deficiencies, design and detailing deficiency, and
constructional deficiencies. Modeling deficiencies are also a part of design and
detailing deficiency. Objective of present study is to examine the seismic perfor-
mance of buildings having different types of modeling deficiencies using linear and

O. G. Kumbhar � R. Kumar (&)
Department of Applied Mechanics, Visvesvaraya National Institute
of Technology, Nagpur 440010, Maharashtra, India
e-mail: ratnesh.eq@gmail.com

O. G. Kumbhar
e-mail: onkar.kumbhar97@gmail.com

© Springer Nature Singapore Pte Ltd. 2019
A. Rama Mohan Rao and K. Ramanjaneyulu (eds.), Recent Advances in Structural
Engineering, Volume 1, Lecture Notes in Civil Engineering 11,
https://doi.org/10.1007/978-981-13-0362-3_6

73

http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-13-0362-3_6&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-13-0362-3_6&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-13-0362-3_6&amp;domain=pdf


nonlinear analysis procedure. Some modeling assumptions like joint rigidity, sup-
port condition, and lintel beams integrated in the column have been discussed.
Along with some general modeling assumptions, few extreme cases of modeling
assumptions (like foundation will allow 100% rotation, no damage will observe in
lintel beam, etc.) are considered to observe the variation in seismic performance of
structure.

In monolithic RC constructions, beam-column joints are relatively rigid; how-
ever, the effect of joint rigidity is generally ignored in the conventional structural
analysis. Khan and Badre [2] carried out finite element analysis of RC
beam-column connection and clearly indicated that results of the conventional
frame analysis method do not reflect actual behavior of an RC frame structure. EC8
provides modeling guideline to incorporate the contribution of joint to the
deformability of building. FEMA 356 [3] also recommends that the beam-column
joint in monolithic construction shall be represented as stiff or rigid zone having a
horizontal dimension equal to the column cross-sectional dimension and vertical
dimension equal to the beam depth, except that a wider joint. ASCE/SEI 41-06 [4]
also gives recommendation identical to FEMA 356 [3]. However, in update of
ASCE/SEI 41 concrete provisions [5] concluded that FEMA356 overestimates the
stiffness of reinforced concrete moment frames by recommending that
beam-column joints to be represented as a stiff or rigid zone. Effective joint stiffness
can be modeled by assigning different rigid zone factors in a centerline model based
on ratio of nominal moment capacity of beam and columns. To improve the
accuracy of the linear frame modeling approach, Birely et al. [6] proposed b factor
on the basis of optimal offset length ratios calibrated using the available experi-
mental data.

Inappropriate boundary condition of column foundation can affect the building
performance. Lamp et al. [7] concluded that incorporating foundation stiffness in
design of bridges leads to an improved solution of the overall seismic load level.
FEMA 356 [3], recommends some mathematical model for considering the effect of
soil stiffness for foundation. However, IS 1893(2) 2002 suggests that soil–structure
interaction may be neglected in the seismic analysis for structures supported on
rock or rock-like material. Fixed end condition of column foundation is the pre-
vailing modeling assumption in the contemporary design industry in India. In
present study, different fixity conditions for foundation have been dealt.

The lintel beams (i.e., is a small beam) are provided to bridge the door and
window opening over masonry wall; however, the same practice is still being
continued with RC frame structures in which lintel spans between columns. If the
cross-sectional size of lintel is small, it does not significantly affect the behavior of
building. However, it is observed that many times designer provides large lintel
sizes but neglects in modeling. Due to lintel integrated into the column the behavior
of structure under lateral loading changes. Such integrated lintel beam provides
additional restrain to the column results in change in performance of building.
Murty et al. [8] performed linear dynamic analysis of building with three different
lintel sizes (100, 200, and 300 mm) and was observed that the shear demand
imposed on columns increases with increase in size of lintel. The short column
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effect will be predominantly seen due to lintel level beam. In present study, the
effect of three lintel cross sections on seismic performance of the building has been
studied.

2 Modeling and Analysis

To carryout a comparative study of proposed modeling deficiencies, a G + 5 storey
building with regular plan is selected, which is very similar to the plan of office and
public building, having rooms on the both side of passage way (Fig. 1). The plan is
simple and symmetric in both longitudinal and transverse directions. Structural
modeling, analysis, and design have been performed using SAP 2000.

The detailed mathematical model has been prepared to represent the distribution
of structural stiffness and loading in plan as well as in elevation. The details of the
model can be found in the paper of [9].

2.1 Effect of Monolithic Rigid Joints

Many researchers [5, 6, 10] suggested different methods for modeling of RC
beam-column joint, in the present study joint has been modeled as End-length-offset
by modifying centerline model having different rigidity factors. In present work,
joint rigidity factor (i.e., b) has been considered, viz., b = 0, b = 1, b = 0.8, and
b = 0.6 to analyze the performance of building which is designed as nonrigid joint
(i.e., b = 0) frame. As per modal analysis results 15% reduction in fundamental
time period has been observed as joint becomes rigid and no much change has been
observed in model mass participation ratio. Details of modal analysis are not given
due to page restrictions.

The capacity curves of the building models designed as general practice no joint
rigidity model and analyzed by considering aforementioned joint rigidity factors are
as shown in Figs. 2 and 3. Comparison of capacity curve results shows that initial
stiffness of structure along longitudinal and transverse directions has been increased
approximately by 23% after application of joint rigidity factor. Ultimate displace-
ment of models with joint rigidity is reduced approximately by 32% than no offset
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Fig. 1 Plan of a six-storey
building (Model S)
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frame model. However, the joint rigidity factor (b) changed from 0.6 to 1, not much
change has been observed in initial stiffness, yield base shear, and yield displace-
ment of the structure. This indicates that buildings designed excluding joint rigidity
behave similar irrespective of degree of joint rigidity.

Now to understand the alteration in nonlinear performance of buildings designed
for 0.6, 0.8, and 1 joint rigidity value, nonlinear pushover analysis has been per-
formed. Capacity curve obtained from NSP are shown in Figs. 4 and 5. After
design, few members were failed because of additional demand of shear and
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flexure, due to which few sections has been altered. Failure in different elements of
building when same considered model is designed for different joint rigidity implies
that no offset frame sections are unable to fulfill the additional demand imposed by
joint rigidity.

All results computed from capacity curves are given in Tables 1 and 2. From
results, it is observed that target displacement of building designed as well as
analyzed for same joint rigidity factor shows approximately 70–90% improvement
in ductility along transverse direction and approximately 2–20% improvement in
ductility along longitudinal direction compare to no offset frame. Building designed
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Fig. 4 Comparison of capacity curves of structures designed and analyzed for various joint
rigidity factors (b) (i.e., b = 0, b = 1, b = 0.8, and b = 0.6) in longitudinal direction
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as nonrigid joint frame shows increment in over strength ratio as rigidity of joint
increases. On the other hand, reduction in over strength ratio can be seen in
structure designed for modified joint rigidity. But overall performance of structure
improves if they are designed as rigid joint frame.

2.2 Effect of Support Condition

Moment frames consist of a grid of vertical (i.e., column) and horizontal (i.e., beam)
members. They resist lateral load through axial force, bending moment, and shear
force generated in the structural elements (i.e., beams and columns). Member forces
distribution depends upon the relative stiffness and support condition of element. In
general practice, while analysis and design of structure, it is common to assume
support condition as fixed, which means soil-foundation system restricts translation
and rotation in all three directions, i.e., X, Y, and Z. However, it is not true for all
practical cases [11]. In reality, soil below the foundation acts as spring. To properly

Table 1 Comparison of capacity curve results for different joint rigidity factors in longitudinal
direction

Models designed as nonrigid joint and
performance analyzed for different
joint rigidity

Models designed and
performance analyzed for
same joint rigidity

Joint rigidity b = 0.0 b = 0.6 b = 0.8 b = 1.0 b = 0.6 b = 0.8 b = 1.0

Ductility 3.201 3.333 3.000 2.727 3.611 3.656 3.333

Yield force (kN) 5900 6300 6350 6400 6100 5900 5700

Yield displacement (m) 0.25 0.18 0.20 0.22 0.18 0.18 0.20

Target displacement
(m)

0.213 0.132 0.127 0.123 0.220 0.227 0.235

Over strength ratio 2.14 2.280 2.298 2.316 2.20 2.135 2.063

Table 2 Comparison of capacity curve results for different joint rigidity factors in transverse
direction

Models designed as nonrigid joint and
performance analyzed for different
joint rigidity

Models designed and
performance analyzed for
same joint rigidity

Joint rigidity b = 0.0 b = 0.6 b = 0.8 b = 1.0 b = 0.6 b = 0.8 b = 1.0

Ductility 3.647 3.833 3.067 3.067 4.670 6.417 7.070

Yield force (kN) 6300 7205 7350 7350 6550 6500 6400

Yield displacement (m) 0.17 0.12 0.15 0.15 0.12 0.12 0.13

Target displacement
(m)

0.259 0.168 0.163 0.155 0.172 0.177 0.187

Over strength ratio 1.380 2.608 2.660 2.660 2.334 2.353 2.316
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model the structural behavior, accurate soil spring property based on soil flexibility,
amplification, and soil–structure interaction has to be determined. To roughly
indicate the effect of modeling assumption regarding fixity of foundation, analysis
of few cases including the two extreme cases, i.e., fixed (restrained in all six degrees
of freedom) and pinned (only translational degrees of freedoms restrained) condi-
tions of foundation, could provide some insight into structural behavior under
severe ground shaking. To verify the performance of building designed for different
end conditions, four different support conditions as indicated in Table 3 have been
considered. To assess the seismic performance of building due to change in support
condition, initially, the building is designed for fixed support condition, and the
capacity curve has been developed based on nonlinear hinge properties assigned as
per design, and named as Model 4. This model indicates the prevailing designer’s
assumption of boundary condition in field.

In reality, the support condition could be different than assumed; therefore, three
separate support conditions were assigned (i.e., all support pinned, exterior support
pinned, and interior fixed and exterior support fixed and interior pinned) to Model

Table 3 Support conditions considered in the study

Building model
nomenclatures

Support conditions

Model 1 All support as PIN support

Model 2 Peripheral support as PIN support and inner support as FIX
support

Model 3 Peripheral support as FIX support and inner support as PIN
support

Model 4 All support as FIX support
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Fig. 6 Comparison of capacity curves of various support conditions in longitudinal direction
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4. Without changing the preassigned hinge properties of frame members, and using
NSP capacity, curves have been developed.

Capacity curve obtained from nonlinear analysis of aforementioned building
models are shown in Figs. 6 and 7. Other results obtained from capacity curves are
given in Table 4. The capacity curve results show very small change in initial
stiffness of structure with change in support condition along both longitudinal and
transverse directions. In comparison to Model 4, the bilinearized capacity curve of
Model 1 shows that the yield point occurs at 20% less displacement and 39% less
base force along longitudinal direction. Similarly, same structure yields at 6% less
displacement and 70% less base force along transverse direction. In this case, the
over strength ratio is reduced by 60% along longitudinal and 30% along transverse
direction.

General sequence of hinge formation in considered Model is first “IO” and “C”
level hinge formed in plinth beam. Further, it has been observed that in longitudinal
and transverse directions, the hinges formed in lower four storeys only. In case of
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Fig. 7 Comparison of capacity curves of various support conditions in transverse direction

Table 4 Comparison of capacity curve results for different support conditions

Pushover along longitudinal
direction

Pushover along transverse
direction

Curve I II III IV I II III IV

Ductility 1.8 3.217 3.333 3.160 5.067 3.063 4.625 3.706

Yield force (kN) 3600 5100 5650 5950 5250 6650 7300 7550

Yield displacement (m) 0.2 0.23 0.24 0.25 0.15 0.16 0.16 0.17

Target displacement (m) 0.853 0.840 0.827 0.814 0.836 0.661 0.650 0.671

Over strength ratio 1.303 1.846 2.045 2.153 1.900 2.407 2.642 2.733
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Model 2, the structure yields at 8% less displacement and 14% less base force along
longitudinal direction; similarly, same structure yields at 6% less displacement and
12% less base force along transverse direction than Model 4. Change in support
condition shows 14 and 12% reduction in over strength ratio along longitudinal and
transverse directions, respectively. In this case, no hinge has been formed in upper
two storeys during pushover analysis along longitudinal direction, and hinges are
formed throughout structure in pushover analysis along transverse direction.
In comparison to Model 4 the yield force and displacement of Model 3 slightly
decreases (i. e., less than 6%) in both longitudinal and transverse directions. Change
in support condition shows 14 and 12% reduction in over strength ratio along
longitudinal and transverse directions, respectively. In this case first hinge (IO) as
well as collapse level hinge (C) has been formed in peripheral short column below
plinth level (i.e., with restrained support condition) along longitudinal direction
pushover. But along transverse direction, first hinge has been formed in short span
internal plinth level beam; however, collapse hinge has been formed in short span
beam but in middle storey level. Pattern of hinge formation shows that load dis-
tribution mechanism is greatly affected by end restrain of structure and which alters
seismic performance of structure.

2.3 Effect of Lintel Beam

The function of a lintel is to carry the weight or load of the masonry wall con-
structed above it. It transmits that load to the supporting walls/columns on its either
side. But lintel integrated into the column change the performance of the same
structure under lateral loading. Such integrated lintel beam provides additional
restrain to the column results in change in behavior of building. Generally, such
lintel beams are not considered at analysis and design stage of building. To study
the effect of lintel beam on seismic behavior of structure, three different sizes of
lintel beams (100, 200, and 300 mm) are modeled in building, which is not
designed for lintel bands, by means of two different cases, viz., (i) no hinges will
form in lintel beam of size 100 mm (i.e., Model 1), 200 mm (i.e., Model 2), and
300 mm (i.e., Model 3). (ii) Minimum steel is available in lintel beam and hinges
will form in lintel beam of size 100 mm (i.e., Model 4), 200 mm (i.e., Model 5),
and 300 mm (i.e., Model 6). The capacity curve results are shown in Figs. 8 and 9.

In Model 4, 5 and 6 minimum steel has been provided in lintel beam which
results in hinge formation in lintel at very small displacement. Therefore, the
capacity curve of Model 2 and 3 shows higher stiffness than Model 5 and 6. Model
2 shows 10 and 20% more stiffness than Model 5 along transverse and longitudinal
direction respectively. Similarly Model 3 shows 1.5 and 2 times more stiffness than
Model 6 along transverse and longitudinal direction respectively. However
insignificant change has been observed in stiffness values of Model 1 and 4, and the
capacity curve is similar to Model S (i.e., without lintel model). Model 1, 2 and 3
shows 1, 35 and 50% reduction in ductility of structure as compared to Model S in
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longitudinal direction, also 1.5, 6 and 30% reduction along transverse direction.
Results obtained from capacity curves are given in Table 5.

In every model with lintel first hinge and collapse level hinge has been formed in
lintel beam but at different levels of base forces. Building model with 100 mm size
lintel beam (without hinges) shows 5% higher ultimate base force and approxi-
mately equal displacement compared to no lintel model.
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In comparison to Model S the Model 2 has approximately 1.4 times larger
ultimate base shear capacity in both directions. However, there is significant
reduction in ductility i.e. 0.6 times in longitudinal direction and 0.9 times in
transverse direction. Likewise, Model 3 also shows 34 and 78% larger ultimate base
shear capacity but 66 and 27% less ultimate displacement than Model S in longi-
tudinal and traverse directions, respectively. The capacity curve results of Model 4,
5 and 6 are similar to Model S in both the directions. It is to note that if appropriate
hinges are assigned to lintels then early formation of plastic hinges are observed in
lintel and columns with only minor increase in the ultimate base shear. Moreover,
the ultimate displacement remains same.

3 Conclusion

In the present study, effect of some modeling assumptions, viz., nonrigid joints,
support conditions and lintel integrated with column on seismic performance of the
structure, has been studied. To assess the influence of joint rigidity on seismic
performance of the monolithic RC structure, a comparative study of performance
has been done by considering different values of joint rigidity (i.e., b = 0, b = 1,
b = 0.8, and b = 0.6) at analysis and design stage of structure. If a structure
designed as a fully rigid joint frame (i.e., b = 1), the ductility capacity of the
structure increases by 90% in comparison to structure with full flexible joint (i.e.,
b = 0). In contrary, the over strength ratio reduced by 2–6%. Condition of foun-
dation fixity depends on the soil type and foundation dimension soil below the
foundation has specific stiffness and allows a certain degree of translation and
rotations. To assess the effect of support condition on behavior of structure, the
building is designed for all support fixed condition. Further, the same building has

Table 5 Comparison of capacity curve results for different support conditions

Curve S I II III VI V VI V

Pushover along longitudinal direction

Ductility 3.33 3.312 2.176 1.679 3.461 3.573 3.430 5.935

Yield force (kN) 5760 6200 7250 7400 5760 6100 6000 6200

Yield displacement (m) 0.235 0.23 0.22 0.16 0.22 0.22 0.23 0.10

Target displacement (m) 0.270 0.231 0.225 0.167 0.226 0.222 0.231 0.231

Over strength ratio 2.084 2.208 2.6239 2.6782 2.084 2.207 2.172 2.244

Pushover along longitudinal direction

Ductility 3.25 3.205 3.066 2.556 3.555 3.458 3.35 4.619

Yield force (kN) 5831 6400 7300 9900 6300 6200 6400 6800

Yield displacement (m) 0.192 0.16 0.171 0.169 0.175 0.162 0.165 0.121

Target displacement (m) 0.201 0.165 0.174 0.172 0.178 0.163 0.168 0.168

Over strength ratio 2.110 2.485 2.642 2.826 2.28 2.439 2.316 2.461
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been assessed for all support fixed, all support pinned, and combination of fixed-pin
support conditions. If for a structure all fix support condition changes to all pin
support conditions, structure yields at 6% less displacement and 70% lesser base
force. In addition to this, the over strength ratio also decreases by 30–60%. In case
of a combination of fixed-pin support condition, structure with peripheral supports
fixed and internal supports hinged yields at 10% higher base force than the structure
with peripheral support as hinged and inner support as fixed. Consideration of large
size lintel integrated with columns can significantly alter the performance of
building. Therefore, to study the influence of ignoring lintel beams in mathematical
modeling of structure on seismic performance, three different sizes of lintels are
considered (viz., 100, 200, and 300 mm). The overall performance of the building
designed without considering lintel and other by considering 100 mm size lintel is
similar. However, when the size of lintel beam increased to 200 and 300 mm
ductility capacity of structure reduces up to 35 and 50%, respectively. From the
present study, it can be concluded that, for the considered building model, the
contribution of various modeling irregularities at the design and the analysis stage
results in seismically deficit structure and may lead to excessive damage or com-
plete failure during the anticipated seismic event.
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Robust Optimal Design of Buried
Reinforced Concrete Pipe in Trenchless
Construction Under Bounded Type
Uncertainty Considering Seismic Load

S. Mukherjee, P. K. Shaw, G. Datta, S. Bhattacharjya and S. Ghosh

Abstract The adaptability of micro-tunneling of underground pipeline is getting
importance day by day because of minimum disturbance requirement to the busy
city life. In the present paper, a Robust Design Optimization (RDO) approach under
uncertainty of such buried concrete pipeline is presented incorporating seismic
effect. Often sufficient reliable data is unavailable for such problems to treat the
involved parameters probabilistically. Hence, these parameters have been treated as
Uncertain but Bounded (UBB) type. The limit state functions considered are the
bending moment, torsional moment, crack control, shear, and minimum and
maximum steel requirements as per ASCE and BS guideline. The results depict that
the RDO yields solutions which are insensitive to the variation of input uncertainty.
The parametric study shows that by accommodating a small increment in the
optimal cost of the pipe, a more robust and reliable design solution can be achieved
by the RDO approach in comparison to the deterministic design.
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1 Introduction

The adaptability of micro-tunneling or trenchless construction of underground
pipeline is getting importance day by day because of minimum disturbance
requirement to the busy city life. However, Indian design code for such an
important practice has yet not come up. The most designers apply British standard
[1], ASCE guidelines [2] for the design of such pipe. In the present work, an
optimal design is presented for buried reinforced concrete pipeline following [1, 2].
Effect of seismic load has also been considered following IITK-GSDMA guideline
[3]. The constraint functions are the bending moment, torsional moment, crack
control, shear, and minimum and maximum steel requirements as per [1, 2]. The
design variables are reinforcement area of inner and outer cages.

The presence of uncertainty in the trenchless construction and design method is
quite natural. Thus, an attempt has been made to optimize the weight of the pipe
cross section incorporating uncertainty. The most conventional approach of opti-
mization under uncertainty is the Reliability-based Design Optimization (RBDO),
where specific target reliability is sought for the critical limit states [4]. The RBDO
brings specified target reliability of a design, but it focuses only on the expectation
of the objective function, disregarding the variance of the objective function. As a
result of which, the variance of the output design may be at quite high levels,
causing undesirable deviations from the expected performance. Moreover, when the
uncertainty information about the input parameters is insufficient to model them
probabilistically, the RBDO cannot be applied. Because, in such cases, the prob-
ability density function is not available or cannot be constructed reliably. One such
type of uncertainty is “Uncertain but Bounded (UBB)” type, which is considered in
the present paper. In this case, the lower and upper bounds of the uncertain
parameters are only available. With such limited information about the uncertainty,
the reliability index cannot be calculated, and hence, the RBDO cannot be executed.
Thus, an alternate option was in search, which is efficiently met by a comparatively
newer approach called “Robust Design Optimization” (RDO). The RDO [5]
becomes an attractive alternative to the RBDO approach in UBB type uncertainty
cases. The RDO is fundamentally concerned with minimizing the effect of uncer-
tainty on the output response (i.e., dispersion of the output response). The definition
of the RDO may be described as, “A product or process is said to be robust when it
is insensitive to the effects of sources of variability, even though sources themselves
have not been eliminated” [6]. Moreover, for life cycle cost analysis, the deviation
of the structural performance should be designed to a minimum to avoid mainte-
nance and repair cost. As the RDO minimizes both the nominal value and the
dispersion (or deviation) of output response simultaneously, the design solutions by
the RDO will have much lesser value of dispersion than by the conventional RBDO
approach. Even, with the probabilistic cases, the RDO yields more robust solution
(lesser the variance of the output, more robust the solution) in comparison to the
RBDO [7]. However, it has been observed that literature on RDO of buried rein-
forced concrete pipe is not yet available. It has been further observed that sufficient
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reliable data is often unavailable for such problems to treat involved parameters
probabilistically. Hence, the parameters are considered to be of UBB type in this
study. The RDO essentially becomes two criteria optimization problem. The
nominal value of the objective function and the associated dispersion are simulta-
neously optimized. The robustness in constraint function is imposed by adding
suitable penalty term. A Penalty factor is further multiplied to the penalty term to
enhance constraint feasibility. Once the RDO problem is formulated, the solution is
done by Sequential Quadratic Programming (SQP) in MATLAB. The constraint
function is approximated by a Moving Least Squares Method (MLSM) based
metamodeling technique.

The development of the RDO approach with UBB parameters is presented in
Sect. 2, followed by numerical study in Sect. 3. Section 4 summarizes the
conclusions.

2 Development of the RDO Approach with UBB
Parameters

The most common approach to deal with uncertainty is to model the structural
geometric and material parameters, loads, etc., as random variables. Under these
circumstances, the information about uncertainties can be modeled in the proba-
bilistic format by using the pdf and the joint pdf. But, in many cases, for example,
in preliminary design phases, even though some experimental data are available, it
is not enough to construct the pdf reliably. Unfortunately, the probabilistic theory
attains its limitation when insufficient reliable data are only available to describe the
real-life systems with the aid of pdf. The available data can be used, particularly in
combination with the engineering experience, to set some tolerances or bounds on
the uncertain parameters. In the present study, owing to the essence of the problem,
the involved uncertain parameters are modeled as UBB type.

Let us consider a system with N numbers of UBB parameters. The lower and
upper bounds of the ith UBB parameter, uIi are denoted by uIi and uui , respectively.
With the help of interval mathematics, uIi can be expressed as [6]

uIi ¼ uIi uui
� � ¼ �ui � Dui �ui þDui½ �

¼ �ui �ui½ � þ �Dui Dui½ � ¼ �uþDu
ð1Þ

In the above equation, �ui is the nominal value of uIi and Dui denotes the max-
imum variation of uIi from its nominal value, termed as dispersion. If a practical
estimation of a nominal value is available, it can be directly assigned to �ui;
otherwise, it is usually considered as �ui ¼ uIi þ uui

� �
=2. The standard deviation of

the probabilistic variable is equivalent to dispersion in case of UBB type uncer-
tainty. The objective function is f(u). The deviation of the objective function (Df )
from its nominal value, �f is a measure of robustness of objective function. The �f and
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the robustness of objective function Df can be obtained by the first-order Taylor
series expansion of f(u) about �u as [8]

�f ¼ f �uð Þ Df ¼
XN
i¼1

@f =@uij jDui ð2Þ

In the above, Df can be visualized as gradient index, which is a function of the
gradients of the performance function with respect to uncertain parameters. Using
weighted sum approach, Eq. (2) can be modified as [8]:

Minimize: 1� að Þ �f =�f �ð Þþ a Df =Df �ð Þ 0� a� 1 ð3Þ

where �f � and Df � are the optimal solutions at two ideal situations obtained for a = 0
and 1.0, respectively. The robustness of the constraint is the feasibility of the
constraint needs to be guaranteed for the considered uncertainty ranges of the DVs
and DPs. The nominal value (�gj) and the maximum dispersion (Dgj) of the jth
constraint (gj) with respect to its nominal value can be obtained through the
first-order Taylor series expansion about �u as [8]:

�gj ¼ gj �uð Þ Dgj ¼
XN
i¼1

@gj=@ui
�� ��Dui ð4Þ

A penalty factor, kj is multiplied to Dgj to further enhance the feasibility of the
associated constraint. The jth constraint function is thus expressed as [8]

gjðuÞ ¼ gj þ kjDgj � 0: ð5Þ

Finally, the RDO problem under UBB type uncertainty can be poised by
combining Eqs. (3) and (5) as

minimize: 1� að Þ f

f
� þ a

Df
Df �

0� a� 1

subjected to: gj þ kjDgj � 0 j ¼ 1; 2; . . .; J

ð6Þ

The RDO is solved by SQP routine available in MATLAB.

3 Numerical Study

In this section, the RDO of a buried pipeline (Fig. 1) is presented. The
Deterministic Design Optimization (DDO) is formulated first following [1] and
second by [2]. The design is done under dead load, earth load, water load, and
seismic load. The seismic load has been estimated following [3]. The earth load is
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estimated by Marston’s approach [1]. The depth of the pipe from ground is con-
sidered more than 7 m, and hence, live load is neglected. The Design Variables
(DVs) for optimization are the reinforcement area requirements in the inner and
outer cages. The thickness of the pipe is taken as 125 mm. The maximum rein-
forcement area requirement at the inner or outer cage is considered to be the
objective function. The constraint functions are as follows: (i) limiting combined
stress ratio for moment and axial thrust [1, 2], and (ii) crack control [2]. As per
ASCE standard flexural, steel area (As) of the pipe is given by the following
equation:

As ¼
g;fd � Nu �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g g ;fdð Þ2�Nu 2;fd � hð Þ � 2Mu

h ir� 	

fy
ð7Þ

where g = 0:85bf 0c and fc is the design compressive strength of concrete, /f is a
combined flexure and thrust coefficient which is equal to 0.95, d is the effective
depth of pipe, h is the overall depth of pipe, Nu is the thrust, Mu is the moment, fy is
the yield strength of steel, and b is the diameter of the pipe.

The area of steel as per British standard is

As ¼ Pu

fy
þ 0:85f 0ca

0b
� �

fy
ð8Þ

where Pu is the factored thrust,

a ¼ 2 �Mult

0:85 � f 0c � b � d2i
ð9Þ

a0 ¼ 14ð1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� að Þ

p
Þ ð10Þ

Fig. 1 The buried concrete
pipe section
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The crack control factor Fcr as per ASCE standard is

Fcr ¼ B1=5250ufdAsð Þ � Ms þNs d � h=2ð Þð Þ=ijf g½
� 0:083Ctbh2

p
fc

� �� ð11Þ

where B1 is the crack control coefficient given by

B1 ¼ ffi
3
p 25:4xtbxs1

2xn
ð12Þ

i ¼ 1

1� jxd
e

ð13Þ

j ¼ 0:74þ 2:54xe
d

� 	
ð14Þ

e ¼ Ms

Ns
þ d � h

2
ð15Þ

Ms, Ns, As, tb, and s1 are the total moment, total thrust, provided area of steel,
clear cover, and spacing of circumferential reinforcement, respectively. n = 2, when
tension reinforcement is made of multiple layer, and Ct = 1.00 for smooth wire
plain bars.

Thus, the Deterministic Design Optimization (DDO) problem is posed as

Find x1; x2
So as to minimize:
f ðuÞ ¼ qs x1 þ x2ð Þ
subjected to:
g1 uð Þ : Asð Þinner cage�x1 � 0
g2 uð Þ : Asð Þouter cage�x2 � 0
g3 uð Þ : Fcr � 1:0� 0
xl � x1; x2 � xu

ð16Þ

In the above equation, x1, x2 are the areas of reinforcements in the inner and
outer cages, respectively. qs is the density of steel, and xl and xu are the minimum
and maximum areas of reinforcement, respectively. The Design Parameters
(DPs) are shown in Table 1. The DPs are considered as UBB type. The nominal
values and the associated dispersion of the DPs are also indicated in Table 1.

The soil–structure interaction is modeled by equivalent springs in axial, lateral,
and vertical directions, the stiffness (k) of which is estimated following [3]. The soil
is considered as saturated clay. It may be noted here that the k values depends on
the UBB type DVs a, c, w, H and deterministic Nc (= 5.14), Nq (= 1), and diameter
of the pipe (D). However, for the sake of simplicity, the nominal values of k are
estimated substituting nominal values of the associated DPs. Then, an ad hoc
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dispersion level of 20% due to uncertainty is imposed on k. Thus, k is also con-
sidered as UBB type. The seismic effect is estimated by a time-history analysis with
El-Centro NS earthquake history in STAAD.Pro software. The spring model with
time-load is shown in Fig. 2.

It may be noted here that the constraint functions of Eq. (16) are implicit with
the involved DVs and DPs. Hence, the Response Surface Method (RSM) is applied
here to judiciously evaluate the constraints and the gradients. Conventionally, Least
Squares Method (LSM) based RSM is applied for dealing optimization problems
including implicit constraint functions. However, the accuracy with the LSM-based
RSM, which is based on global approximation, is often challenged [9]. The authors
feel that the MLSM-based RSM, a local approximating technique, will be more
elegant for such problems [9]. Thus, in the present study, the MLSM-based RSM
strategy has been adopted. The constraint functions are approximated by the
MLSM-based RSM in terms of the DVs and DPs. The design of experiment has
been performed by the redundant design scheme with axial points extending up to
�u� 6Du: Once the RSM approximation is obtained and validated by “goodness of
fit” tests, the gradient evaluation becomes extremely simplified to cast the RDO
problem following Eq. (6). Then, the resulting RDO problem is solved by the SQP
routine available in MATLAB.

Table 1 Details of the uncertain DPs

DPs Nominal values Dispersion (%)

Height of earth above the top of pipe (H) 7.5 m 20

Unit weight of soil (w) 18 kN/m3 20

Design characteristic strength of concrete (fck) 50 MPa 10

Design yield strength of steel (fy) 480 MPa 10

Coefficient of cohesion (c) 1900 N/m2 20

Saturated top soil coefficient (K 0
u) 0.15 10

Seismic time-history load (TL) 0.3 g 20

Adhesion factor, a 1.0 10

Density of steel, qs 77 kN/m3 5

Fig. 2 The STAAD model
representing pipe–soil
interactions along with forces
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The RDO is executed first by the limit state functions of the British standard [1],
referred here by RDO_BS. As a second module, the RDO is executed with ASCE
standard, which will be referred as RDO_ASCE. The RDO_BS results are shown in
Figs. 3 and 4 for different D and kj values. Similarly, the RDO_ASCE results are
presented in Figs. 5 and 6. The value of a is considered to be 0.5 for developing
these figures. Figures 3 and 5 depict the variation of the optimal reinforcement area
in the cage per meter length of pipe. It may be observed from these figures that the
steel requirement is more for higher values of the penalty factor. The steel
requirement by the RDO_BS is observed to be more than that of RDO_ASCE.
Thus, the RDO_BS approach yields more conservative design that by the
RDO_ASCE approach. Figures 4 and 6 represent the dispersion (%) of the optimal
reinforcement weight requirement. Lesser the dispersion, more robust will be the
design. It may be observed from Figs. 4 and 6 that even in presence of the
uncertainty level as in Table 1, as high as 20%, the optimal weight has a dispersion
of maximum 3.4%. This indicates that the RDO design is really insensitive to the
input parameter variation due to uncertainty. The increment of the optimal weight
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of steel by the RDO in comparison to the conventional DDO is on an average 5% to
11%. Thus, by sacrificing a marginal amount of cost, one can have robust and
reliable design solutions by the RDO approach. The computational cost to imple-
ment the proposed RDO approach is also nominal.

It is generally observed that there is a trade-off between the objective values of a
design and its robustness. If one desires more robustness, the design will be further
away from its ideal optimal value. The situation can be studied further in terms of
Pareto front [10]. The Pareto front is one where any improvement in one objective
can only occur through worsening of at least one other objective. If one chooses a
design that is not Pareto-optimal, one essentially forfeits improvements that would
otherwise entail no compromise. Thus, one of the important tasks in the RDO is to
obtain the Pareto front. The Pareto fronts as obtained by RDO_BS and RDO_ASCE
approaches by varying the values of “a” are presented in Figs. 7 and 8, respectively.
The diameter of the pipe is considered to be 1500 mm for developing these figures.
kj is considered to be 3.0.
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So far, the RDO deals with the inner and outer cages of circumferential rein-
forcement. The requirement of the longitudinal reinforcement is largely dictated by
the jacking force during micro-tunneling operation and the effect of seismic force.
The jacking force has been estimated by the approach laid in [11]. The involved
parameters are assumed as UBB type with uniform probability density function.
Then, the jacking force Fj is estimated by a direct Monte Carlo Simulation (MCS).
The result is validated with filed data during a practical micro-tunneling project.
The comparison is presented in Fig. 9. It can be observed that the experimental
results are quite close to the theoretically predicted values of the jacking force.

It has been observed that on an average 1.2% steel is sufficient to cater the
jacking force, when the jacking pit and receiving pits are located at a distance of
150 m. The seismic effect is calculated according to [3]. However, the maximum
strain in concrete pipe is observed to be exceeded invariably under the considered
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time-history seismic load in the present study. Hence, an inside steel casing of
16 mm thickness is calculated to be essential in this regard to cater the seismic
effect.

4 Conclusions

A novel RDO approach of buried concrete jacking pipe is presented in an
MLSM-based RSM framework. The constraints are the limiting stress and crack
control criteria under earth, water, and dead load as per British standard and ASCE
standard. The seismic effect is also considered by IITK-GSDMA guideline. The
jacking force has been estimated and validated with the field results. The theoretical
prediction of the jacking force is in close conformity with the field test data. Since
uncertainty information about the parameters is often limited in such cases, the
parameters are modeled as UBB type. The parametric study shows that the British
standard yields more conservative results than the ASCE standard. The results
depict that the RDO yields solutions which are insensitive to the variation of input
parameters due to uncertainty. By accommodating a small increment in the optimal
weight (or the optimal cost) of the pipe, a more robust and reliable design solution
can be achieved by the RDO approach in comparison to the deterministic design.
The proposed RDO approach is computationally viable, as well.
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Numerical Study on Flexural Capacity
of Biaxial Hollow Slab

R. Sagadevan and B. Nageswara Rao

Abstract Biaxial hollow slab is a type of slab in which concrete from the middle of
the slab (floor) has been eliminated by means of voids. This type of slab system is
mainly used as reinforced concrete flat slab. Its main advantage is reduction in
self-weight (about 30–50%). However, the presence of voids reduces the area of
slab concrete, which leads to reduction in the flexural stiffness and shear resistance.
In this study, simulations were carried out by using finite element software DIANA
(Displacement Analyzer) to investigate the flexural capacity of the biaxial hollow
slab. Parametric studies were carried out to compare the effect of different types of
voids on the behaviour of the slab.

Keywords Biaxial hollow slab � Flexural capacity � Voided slab

1 Introduction

Biaxial hollow slab is reinforced concrete slabs with top and bottom reinforcing
mesh and hollow plastic bubbles as voids as shown in Fig. 1. From the slab,
concrete is eliminated by voids (bubbles made of recycled plastic materials); this
leads to a reduction in self-weight about 30–50% compared to the conventional flat
slab. It reduces the requirement of reinforcement and concrete in other structural
parts of construction and gives economy and efficient floor system in construction.
It is an eco-friendly system, because of the use of recycled plastic and reduction in
material consumption.

Bubbles can be placed by various methods, but using the reinforcement meshes
reduces material consumption and gives an optimal geometrical proportion between
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concrete, reinforcement and voids. The voids are positioned in the middle of the
cross section, where concrete has limited effect and thus maintaining solid sections
on top and bottom where high stresses can exist. Hence, the slab is fully functional
with regard to both positive and negative bending. The cross section of the bubble
deck slab and its stress variation at a section are shown in Fig. 2.

For the design of flat slab, flexural capacity [1] and shear resistance [2] are to be
considered. These parameters are mainly influenced by voids (size and shape of the
plastic bubble). In this article to investigate the flexural capacity of the voided slab,
numerical simulations have been carried out by using finite element software
DIANA (Displacement Analyzer) [3]. A parametric study was carried out to
understand the behaviour of the biaxial hollow slab with different types of voids
such us sphere, cuboid, donut and ellipsoid. These voids are selected based on
experimental work carried out by various authors [4–11].

2 Simulation of Biaxial Hollow Slab

Adopting a three-dimensional model with four-noded isoparametric solid pyramid
elements numerical simulation was carried out to simulate the structural behaviour
of the biaxial hollow slab. Finite element model of simply supported biaxial hollow
slab with plan dimension of size 5 m � 5 m subjected to uniformly distributed load
(UDL) is modelled and analysed with smeared crack model [12].

Fig. 1 Components of
bubble deck

Fig. 2 Cross section of void
slab and stress diagram
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Finite element model is analysed with smeared crack model, and it has been
frequently used in finite element simulation of fracture and crack propagation
problems. This crack model simulates the mechanical effects of concrete in terms of
stiffness or strength reduction [13]. In this model, cracking is specified as a com-
bination of tension cut-off, tension softening and shear retention. The material
properties used for the simulation of behaviour of slab specimen are summarized in
Table 1.

2.1 Parameters of Smeared Crack Model

2.1.1 Tension Cut-Off

Tensile and compressive strength of concrete are the parameters needed to define
the tension cut-off in two-dimensional principal stress spaces. In this model, linear
tensile stress cut-off was used, and it is shown in Fig. 3.

Table 1 Material properties Parameter Value

Tensile strength of concrete (ft) 2.5 N/mm2

Compressive strength of concrete (fck) 50.8 N/mm2

Fracture energy (Gf) 0.09 N-mm/mm2

Shear retention factor (b) 0.18

Cohesion (c) 14.66 N/mm2

Friction angle ðuÞ 30˚

Yield strength of reinforcement (fy) 415 N/mm2

Fig. 3 Linear tension cut-off
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2.1.2 Tension Softening

In order to define the softening branch of the tensile stress–strain relation of con-
crete by fracture mechanics, three important parameters need to be defined [14, 15]:

1. The tensile strength of concrete at which a fracture zone initiates.
2. The area under the stress–strain curve.
3. The shape of the descending branch.

Among these parameters, the first two can be considered as material constants,
while the shape of the descending branch varies. Tension softening curve proposed
by Hordijk et al. [16] was used in this analysis, and it is shown in Fig. 4.

2.1.3 Shear Retention Factor

The shear stiffness of concrete reduces due to the cracking. The reduced shear
stiffness is quantified as shear retention [17]. The shear retention factor ‘b’ is less
than one, but greater than zero. The cracked shear stiffness is then given by the
general relation

DII
secant ¼

b
1� b

G ð1Þ

From the earlier work done by the researchers in the field of non-linear finite
element analysis of RC structures, it was understood that the shear retention factor
is very important for simulating the experiments. Therefore, this value was varied
from 0 to 0.99 to reproduce the load versus deflection curve obtained from the
results.

Fig. 4 Non-linear tension softening (Hordijk et al. [16])
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2.1.4 Mohr–Coulomb Plasticity Model

The non-linear properties required for defining the compressive regime of concrete
are cohesion (c) and friction angle ðuÞ: Cohesion (c) can be found by knowing the
compressive strength (fck) and friction angle ðuÞ with help of the following
relationship:

c ¼ f ck 1� sinuð Þ
2 cosu

ð2Þ

2.2 Finite Element Model of Slab in DIANA

The finite element model of the slab is created in DIANA software by adopting a
three-dimensional model with four-noded isoparametric solid pyramid elements.
The model of slab with boundary conditions is shown in Fig. 5. Meshing of
reinforcements was done by using an element called ‘reinforcements embedded in
concrete’ with the assumption of full bonding between concrete and reinforcement.
The slab (sphere shape void) model after meshing is shown in Fig. 6. Non-linear
analysis was performed by adopting the material properties given in Table 1.

The slab is modelled and analysed with various types of void shapes, such as
sphere, cuboid, donut and ellipsoid. The size of voids was arrived such that it
eliminates 30% of the concrete.

Fig. 5 Slab model with boundary conditions
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3 Results and Discussions

The finite element analysis results were divided into strength and serviceability
criteria. For strength and serviceability criteria, the load carrying capacity and
deflection were considered, respectively. The deflection contour is shown in Fig. 7.

The plot of load versus mid-span deflection for various types of void shapes is
shown in Fig. 8. The behaviour of two-way hollow slab with various voids can be

Fig. 6 Slab (sphere void)
model after meshing

Fig. 7 Deflection contour
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observed from the plot. From the plot, it is observed that the cuboid shape of void
takes less load compared to other shapes of voids.

Figure 9 shows the load (i.e. load corresponding to the allowable deflection le/250,
18.4 mm) [18] with respect to the different void shapes; this plot clearly shows that
sphere shape void has more load carrying capacity than other types of shapes.

Figure 10 shows the deflection (i.e. deflection corresponding to load of 32 kN/
m2—capacity of solid slab) with respect to the different void shapes, and it is
observed that the cuboid shows maximum deflection than other shapes of voided
slabs for same loading.

Fig. 8 Load versus mid-span deflection

Fig. 9 Load corresponding
to deflection of 18.4 mm
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4 Conclusion

The results of non-linear finite element analysis show that the void slab also can
withstand the load that is carried by solid slab. However, reduction in stiffness of
void slab leads to increase in deflection. The optimum void ratio can be arrived such
that the void slab satisfies both strength and serviceability requirement.

Slab with cuboid shape void carries less load than slab with other void shapes. It
is because stress concentration is taking place at the corner of cuboid.

Slab with sphere shape void shows better results in terms of load carrying
capacity as well as serviceability criteria.
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Issues on Design Shear Strength of RC
Deep Beams

J. Leon Raj and G. Appa Rao

Abstract In this paper, a simple analytical expression is proposed for limiting the
design shear strength of RC deep beams, by considering following facts. The
maximum shear strength equation of ACI code is same for both concentrated and
uniformly distributed loading cases. The effect of a

d needs to be accounted for
properly. Second, the effect of size, tension reinforcement and limitations on
compressive strength of concrete result in either overestimation or high underes-
timation of shear strength of beams with a/d ratio ranging between 1.0 and 2.0. The
proposed equation is validated with the test data of 413 deep beams segregated
from literature and design provisions of various codes. The proposed model
overestimates only, a meagre fraction, 5% of the collected data, whereas the ACI
318-14 code equation overestimates 18.4% of collected data.

Keywords Deep beams � Shear strength limit � Shear span-to-depth ratio
Size-effect

1 Introduction

Deep beams are characterized by small shear span-to-depth ratio, whose ratio, as
per ACI 318, is restricted to 2.0, exhibiting significant shear capacity at failure with
complex failure mechanisms. In view of ample shear capacity, deep beams are
primarily recommended as transfer girders. These members transfer loads from
loading face to supports in the transverse direction as shown in Fig. 1. The deep
horizontal members predominantly fail in shear. Pile caps, corbel, brackets, foun-
dation walls and offshore structures are few examples of RC deep beams.
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Issues on designing deep beams are different from that of normal or slender
beams. First, Kani [1] reported that shear strength seems to increase with breadth of
the beam, and decrease with depth of beam. Second, the variation of ultimate shear
strength, Vu/bd versus compressive strength does not reveal any improvement in
shear strength using high compressive strength of concrete proportionately. Third,
the ACI maximum shear strength equation is common for both concentrated and
uniformly distributed loading, thus, the effect of a

d is not properly reflected for
different cases of loading. Consequently, for deep beams with a/d ratio greater than
1.0, the shear strength is overestimated. Accounting for all the above-mentioned
factors influencing the shear strength in the maximum shear strength equation is the
main objective of this paper.

2 Review of Definition of Deep Beams

Beams are classified according to the shear span-to-depth ratio. Different codes
specify different values of clear span-to-depth ratios for classifying the beams as
deep beams. According to ACI 318-95 [2], a beam is defined as a deep beam when
l
D � 5:0. Later, in 2002, ACI code modified the ratio as l

D � 4:0 [3, 4]. As per the
Indian standard [5], a beam shall be deemed to be a deep beam when l

D � 2:0:
Though deep beams are described by different l

D ratios, generally, they are recog-
nized by small span-to-depth ratio.

Figure 2 illustrates the geometric and loading discontinuity of beams. In the
same figure, ‘B’ and ‘D’ regions are also explained, where B-region obeys classical

Fig. 1 Examples of deep
beams in bridges
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Bernoulli’s theory, and D-region is the disturbed region. According to ACI 318,
D-region is the shear span. Either strut-and-tie model or analytical approach is
preferred to design the D-region.

3 Research Significance

The expression for estimating the maximum shear strength is found unconservative
for deep beams with a/d ratio ranging between 1.0 and 2.0. The maximum shear
strength equation is modified by considering the effect of size, shear span-to-depth
ratio and limitations on shear resistance of high strength concrete. The proposed
model has been validated with 413 test data points collected from the literature.

4 Existing Equations for Maximum Design Shear
Strength

4.1 ACI 318(1995)

As per ACI 318-95, clause 11.8.4 [2], VACI318�95
n in Eq. (1) is the limit on shear

strength of deep beams.

VACI318�95
n ¼ 0:70

ffiffiffiffi
f 0c

p
bd SIUnitsð Þ; ln

d
� 2:0 ð1Þ

Fig. 2 ACI code definition for deep and slender beams
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4.2 ACI 318(2008)

The expressions for the maximum shear strength by ACI 318 codes released before
1999 are re-examined with the test data. The support crushing is considered as the
limiting criteria. ACI 318-08 clause 11.7.3 [3], restricts that shear force should not
exceed Eq. (2).

VACI318�08
n ¼ 0:83

ffiffiffiffi
f 0c

p
bd SI unitsð Þ ð2Þ

4.3 ACI 318 (2011, 2014)

ACI 318-11 clause11.7.3 [6] and ACI 318-14 [4] Clause 9.9.2.1 proposed same
Eq. (3) for maximum design shear strength of deep beams. To make the actual
equation conservative, ‘£’ the reduction factor is multiplied by the previous code
design equation. Maximum design shear strength depends on the cylinder com-
pressive strength of concrete and the cross-sectional area of beam. To arrest the
cracking within service loads and to safeguard the deep beam against diagonal
compression failure, the limit is imposed.

VACI318�14
n ¼ £0:83

ffiffiffiffi
f 0c

p
bd; £ ¼ 0:75 ð3Þ

4.4 BS8110

As per British code BS8110 [7], the shear strength and its limit on deep beams is
given by

cBS8110n ¼ 0:79
cm

100Asv
bd

� �
400
d

� �1=4 fck
25

� �1=3
2 d

a

� �
cBS8110n � lesser of 0:8

ffiffiffiffiffi
fck

p
5 MPa

�
; ð4Þ

where 400
d

� �� 1:0; fck � 40 MPa, and 100Asv
bd � 3:0.

4.5 BD 2013

Similar to BS8110 code, the shear strength of BD 2013 [8] for deep beams is given
below:

cBS8110n ¼ 0:79
cm

100Asv
bd

� �
400
d

� �1=4 fck
25

� �1=3
2 d

a

� �
cBS8110n � lesser of 0:8

ffiffiffiffiffi
fck

p
7 MPa

�
: ð5Þ
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Note that, except the shear strength limit, the equations by BD 2013 and BS8110
are the same.

5 Modified Maximum Shear Strength Equation

To maintain simplicity in the proposed equation for maximum shear strength, the
generic form of ACI 318-14 equation is retained. In addition, to account for
the influence of shear span-to-depth ratio and percentage tension reinforcement, the
generic equation is formulated as below

VPRO
n ¼ f 0a1c qa2m bda3

a
d

� �a4 ; ð6Þ

where a
d

� �� 2:0:

In order to find the coefficients, namely, a1, a2, a3 and a4, Vn
bdf 0c

� �
is plotted with

a
d

� �
ratio, f 0c , b and d. From the literature [9–34, 35], geometry details and strength

results of 413 tests were collected. In the collected data, the beam breadth ranges
from 50 to 900 mm, and the depth ranges from 100 and 2000 mm. Also, the data
collection was focused on a/d ratio ranging from 0.50 to 2.0. The cylinder com-
pressive strength of concrete used in the beams is varied between 10 and 100 MPa.

The best-fit curve of Vn
bdf 0c

� �
versus a

d

� �
is a

d

� ��1:0
, and the trend is exponentially

decaying. First, it is challenging to account for the shear span-to-depth ratio in the

proposed equation. Thus, a
d

� �a4 is replaced by a more consistent term

log10 Aþ a
d

� �� �B
, where A and B are the empirical constants. Next, to consider the

size-effect, Vn
bdf 0c

is plotted with depth, and the best-fit curve is identified as d�0:25.

Similarly, other coefficients such as a1 and a2 are obtained by trial-and-error
method. By substituting all the constants in Eq. (6), the following equation is
developed:

VPRO
n ¼ f 01=3c q1=3m bd3=4

log10 1:25þ a
d

� �� �3=2 ; ð7Þ

where a
d

� �� 2:0:
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6 Influence of Parameters

Figure 3 shows the ratio of measured shear strength-to-predicted strength versus
influencing parameters. Usually, the maximum shear strength equations limit the
design strength. In the case of unconservative prediction, the strength factors need
to be increased or influencing parameters shall be incorporated.

Irrespective of the mode of failure or size of the beam, the limiting shear strength
should fall within the experimentally measured shear strength. However, ACI code
overestimates 18.4% of the collected data as shown in Fig. 3. Especially, when the
depth of the beam is greater than 1000 mm and a/d ratio ranges between 1.0 and
2.0, the maximum shear strength equation of ACI code seems to be overestimated.
Similar to Kani’s investigations [1], the trend of shear strength of 413 beams
increases with the width of the beams.

6.1 Effect of a/d Ratio

In the proposed model, the well-established fact is that as the shear span-to-depth
ratio decreases, the shear strength increases. The proposed maximum shear strength
equation for deep beams with the highest and the lowest limits of a/d ratios are 0.50
and 2.0, respectively. Even though the ACI 318-14 maximum shear strength
equation is economic, the safety of beams shall be important. The proposed

Fig. 3 Effect of influencing parameters
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equation effectively accounted for the influence of shear span-to-depth ratio, and it
predicts uniformly. Importantly, proposed model underestimates all the beams with
a/d ratio 1.0 and 2.0.

In practice, maintaining a
d � 2:0, for girders is difficult. Thus, transfer girders of

bridges, residential and commercial buildings, the shear span-to-depth ratio ranges
between 0:5� a

d � 3:0. If the a/d ratio is greater 2.0, then maximum shear strength
equation of either ACI code or the proposed model is strictly not applicable.

6.2 Effect of Compressive Strength of Concrete

Most of the data predicted range between 50 and 110% of the experimentally
measured shear strength. Either for high strength or normal strength deep beams,
the proposed model predicts uniformly for the collected data points. The normal
strength concrete beams scatter more when compared to the data on high strength
concrete beams.

6.3 Effect of Depth

As the depth of the beam increases, the shear strength decreases. It is a
well-established phenomenon, known as the size-effect. Either small or large size
beams, the proposed model predicts the shear strength uniformly. Since the power
coefficient of ‘d’ is reduced by 0.75, the proposed model underestimates all the
large size beams.

7 Comparison of Proposed Model with Existing Models

The proposed equation is relatively safe when compared to the maximum shear
strength equation of ACI 318-08 and ACI 318-14 codes. The proposed equation has
the least coefficient of variation of 0.25 and fits well with the experimental data,
whereas for ACI318-14 and BS8110 equations, COVs are 0.34 and 0.35,
respectively.

In Figs. 4 and 5, the test results are plotted versus predicted values by the
maximum shear strength by ACI 318-08 and BS8110. Since a number of beams are
overestimated by the ACI 318-08 code equation as shown in Fig. 4, the strength
factor is introduced in the ACI 318-14 code. Moreover, the British code overesti-
mates 30% of the collected data, and the ACI 318-08 code overestimates 44% of
data.
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As compared to a prediction of ACI 318-08 code with ACI 318-14 and BS8110,
mean of strength ratios are 11 and 32% higher. Prediction of ACI 318-08 deviates
from the 45° line when the depth of the beam is greater than 1200 mm.

Fig. 4 Vn
TEST versus Vn

PRE

(ACI 318-08)

Fig. 5 Vn
TEST versus Vn

PRE

114 J. L. Raj and G. A. Rao



8 Case Study

Test results of Ref. [35] are used as a case study. All the 12 beams are provided
without web reinforcement. The depth of the beam and the compressive strength of
concrete are the variables. In Fig. 6, strength ratio versus compressive strength plot
shows that the proposed model is valid even for the high strength concrete beams.
The prediction for high strength concrete beams is more conservative than normal
strength concrete beams.

9 Conclusion

From the analysis, the following conclusions have been drawn:

1. The proposed equation is more conservative than those models by codes of
practice, such as ACI318-14, ACI 318-08, BD 2013 and BS 8110.

2. By incorporating the effect of size, tension reinforcement and limitations of high
strength concrete, the proposed model shows good agreement with the test
results.

3. The proposed equation has the least coefficient of variation of 0.25.

Fig. 6 Strength ratio versus
compressive strength [35]

Issues on Design Shear Strength of RC Deep Beams 115



References

1. Kani, G. N. J. (1967). How safe are our large reinforced concrete beams? ACI Journal
Procedings, 64(6), 128–141.

2. ACI Committee 318-95. (1995). Building code requirement of reinforced concrete.
Farmington Hill, MI: American concrete Institute.

3. ACI Committee 318-08. (2008). Building code requirements for structural concrete.
Farmington Hill, MI: American concrete Institute.

4. ACI Committee 318-14. (2014). Building code requirements for structural concrete.
Farmington Hill, MI: American concrete Institute.

5. IS 456:2000. (2000). Indian standard plain and reinforced concrete code of practice, Fourth
Revision. New Delhi: Bureau of Indian Standards.

6. ACI Committee 318–11. (2011). Building code requirements for structural concrete.
Farmington Hill, MI: American Concrete Institute.

7. British Standards Institution (BSI) BS 8110-1. (1997). Structural use of concrete—Part 1:
Code of practice for design and construction. London, UK: BSI 1997.

8. Hong Kong Buildings Department (HKBD). (2013). Code of practice for structural use of
concrete 2013.

9. Clark, A. P. (1951). Diagonal tension in reinforced concrete beams. ACI Journal Proceedings,
48(10), 145–156.

10. Moody, K. G., Viest, I. M., Elstner, R. C., & Hognestad, E. (1954). Shear strength of
reinforced concrete beams part 1—Tests of simple beams. ACI Journal Proceedings, 51(12),
317–332.

11. Morrow, J., & Viest, I. M. (1957). Shear strength of reinforced concrete frame members
without web reinforcement. ACI Journal Proceedings, 53(3), 833–869.

12. Leonhardt, F., & Walther, R. (1964). “The Stuttgart Shear Tests 1961,” A translation of the
articles that appeared in Beton und Stahlbetonbau, Vol. 56(12), 1961 and Vol. 57 2,3,6,7 and
8, 1962. Wexham Springs, United Kingdom: Cement and Concrete Association Library
Translation No. 111, 134 pp.

13. Mathey, R. G., & Watstein, D. (1963). Shear strength of beams without web reinforcement
containing deformed bars of different yield strengths. ACI Journal Proceedings, 60(2), 183–
208.

14. Kani, M. W., Huggins, M. W., & Wittkopp, R. R. (1979). Kani on shear in reinforced
concrete (p. 225). Toronto, Canada: University of Toronto Press.

15. Lee, D. (1982). An experimental investigation in the effects of detailing on the shear
behaviour of deep beams. (Master thesis), Department of Civil Engineering, University of
Toronto, 138 pp.

16. Smith, K. N., & Vantsiotis, A. S. (1982). Shear strength of deep beams. ACI Journal
Proceedings, 79(3), 201–213.

17. Rogowsky, D. M., & MacGregor, J. G. (1986). Tests of reinforced concrete deep beams. ACI
Journal Proceedings, 83(4), 614–623.

18. Walraven, J., & Lehwalter, N. (1994). Size effects in short beams loaded in shear. ACI
Structural Journal, 91(5), 585–593.

19. Tan, K. H., Kong, F. K., Teng, S., & Guan, L. W. (1995). High-strength concrete deep beams
with effective span and shear span variations. ACI Structural Journal, 92(4), 1–11.

20. Foster, S. J., & Gilbert, R. I. (1998). Experimental studies on high-strength concrete deep
beams. ACI Structural Journal, 95(4), 382–390.

21. Tan, K. H., & Lu, H. Y. (1999). Shear behavior of large reinforced concrete deep beams and
code comparisons. ACI Structural Journal, 96(5), 836–846.

22. Yang, K.-H., Chung, H.-S., Lee, E.-T., & Eun, H.-C. (2003). Shear characteristics of
high-strength concrete deep beams without shear reinforcements. Engineering Structures, 25
(10), 1343–1352.

116 J. L. Raj and G. A. Rao



23. Tanimura, Y., & Sato, T. (2005). Evaluation of shear strength of deep beams with stirrups.
Quarterly Report of RTRI, 46(1), 53–58.

24. Salamy, M. R., Kobayashi, H., & Unjoh, S. (2005). Experimental and analytical study on RC
deep beams. Asian Journal of Civil Engineering (AJCE), 6(5), 409–422.

25. Zhang, N., & Tan, K.-H. (2007). Size effect in RC deep beams: Experimental investigation
and STM verification. Engineering Structures, 29(12), 3241–3254.

26. Garay, J.D., & Lubell, A.S. (2008). Behavior of concrete deep beams with high strength
reinforcement. 2008 Structures Congress—Crossing Borders, Vancouver, Canada, 10 p.

27. Zhang, N., Tan, K.-H., & Leong, C.-L. (2009). Single-span deep beams subjected to
unsymmetrical loads. ASCE Journal of Structural Engineering, 135(3), 239–252.

28. Breña, S. F., & Roy, N. C. (2009). Evaluation of load transfer and strut strength of deep
beams with short longitudinal bar anchorages. ACI Structural Journal, 106(5), 678–689.

29. Birrcher, D., Tuchscherer, R., Huizinga, M., Bayrak, O., Wood, S., & Jirsa, J. (2009).
Strength and serviceability design of reinforced concrete deep beams, Report no. FHWA/
TX-09/0-5253-1. Center for Transportation Research, The University of Texas at Austin.

30. Sahoo, D. K., Sagi, M. S. V., Singh, B., & Bhargava, B. (2010). Effect of detailing of web
reinforcement on the behaviour of bottle-shaped struts. Journal of Advanced Concrete
Technology, 8(3), 303–314.

31. Senturk, A. E., & Higgins, C. (2010). Evaluation of reinforced concrete deck girder bridge
bent caps with 1950s vintage details: Laboratory tests. ACI Structural Journal, 107, 534–543.

32. Zhang, N., & Tan, K. H. (2010). Effects of support settlement on continuous deep beams and
STM modelling. Engineering Structures, 32(2), 361–372.

33. Mihaylov, B. I., Bentz, E. C., & Collins, M. P. (2010). Behavior of large deep beam subjected
to monotonic and reversed cyclic shear. ACI Structural Journal, 107(6), 726–734.

34. Lu, W. Y., Lin, I. J., & Yu, H. W. (2013). Shear strength of reinforced concrete deep beams.
ACI Structural Journal, 110(4), 671–680.

35. El-Sayed, A. K., & Shuraim, A. B. (2015). Size effect on shear resistance of high strength
concrete deep beams. Materials and Structures, 49(5), 1871–1882.

Issues on Design Shear Strength of RC Deep Beams 117



Detailing of Stirrup Reinforcement
Along the Span and Across the Width
of Reinforced Concrete Beams

D. S. R. Murty and G. Papa Rao

Abstract The extensive study of flexural behaviour of R.C beams has clarified
mechanisms to such an extent that its verified outcome is already incorporated in
many codes. Progress in the understanding of the behaviour of beams also subjected
to shear has not been quite as spectacular. Notwithstanding many decades of
experimental and theoretical research, shear failure is not yet fully understood. No
rational theory exists for shear strengths, but continuing research is refining pro-
portioning and detailing of structural concrete members for shear. Though design
codes specify the maximum permissible spacing limits of stirrups legs span-wise,
they are silent on the beneficial refining of stirrup spacing along the span, resulting
in marginal strength increase and significant reduction in deformations. Codes are
also silent on the location of stirrup legs width-wise in wide beams. The current
research focuses on detailing stirrup reinforcement along the span as well as width
of an R.C beam. The requirement and refinement of stirrup spacing in beams is
interpreted by truss model.
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1 Research Significance

Truss models are very useful for detailing. They represent the distribution of
internal forces in the member of failure. Once this distribution is known, structural
systems (truss models) comprised of concrete and steel can be furnished to satisfy
equilibrium between applied loads and supports. Truss models are very useful for
detailing of stirrup reinforcement for shear as per Anderson and Ramirez [1]. The
concept of truss models in R.C members was first introduced at the turn of the
nineteenth century by Ritter [2] and Morsch [3]. This pioneering work was later
refined by several renowned researchers: Rausch [4], Kupfer [5] and Leonhardt [6].
Lampert and Thurliman [7] and several others have provided a foundation for truss
models by means of the theory of plasticity. The truss model approach was
extended to overall structures in the form of strut-and-tie systems by Schlaich et al.
[8]. The truss model of R.C beam under bending and shear illustrates the function
of vertical stirrups. The stirrups form the vertical tension ties of a truss, and the
bottom flexural reinforcement constitutes the bottom tension chord of the truss. The
concrete in the diagonal constitutes a diagonal. Under the assumption that forces
can be equilibrated at the joints, stirrups must be capable of developing the required
force over the entire height. Hooks are preferred for stirrup anchorage. Anchorage
of stirrup hooks in the flexural tension zone is questionable because of the reduced
confinement provided by the cracked concrete. Continuation of stirrup leg would
seem to be only feasible alternative for stirrup anchorage in the flexural tension
region. Adequate stirrup spacing is also critical span-wise as well as width-wise;
large spacing in the longitudinal direction of the beam creates a concentration of
diagonal compression stresses at the truss joints. This practice results in overloading
of the nodal zones or the diagonal struts themselves, leading to premature failure
due to concrete crushing. It is evident that longitudinal stirrup spacing has to be
under control. The spacing of stirrup legs in the transverse direction (width of
beam) can also be a critical factor in wide beams, when the legs are concentrated
around the outer longitudinal bars. A wide beam must have a width to height ratio
exceeding two, while slabs will typically have much larger ratios as per Sherwood
et al. [9]. Anderson and Ramirez [1] tested 16″ � 16″ beam specimens referring
them as wide beams. The diagonal truss members are equilibrated at the truss joint,
formed by the stirrup and the longitudinal reinforcement. The vertical force com-
ponent is equilibrated by the stirrup reinforcement. In wide beams with several
longitudinal bars in a layer, the lack of well-distributed stirrup legs across the web
of the member could lead to a concentration of diagonal compression stresses at the
joint of the stirrup leg outside longitudinal bar. This situation could result in pre-
mature failure due to concrete crushing in these nodal zones and inefficient use of
interior longitudinal reinforcement. To correct this situation interior stirrup legs can
be placed using multi-legged stirrups to furnish the necessary vertical equilibrium
resultants, thus creating additional interior truss joints. Detailing of stirrup spacing
along the span is dealt with first. To eliminate shear failure, before the attainment of
full moment capacity, web reinforcement is provided in the form of small-sized
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bars, vertical stirrups, various national codes specify placement limits for web
reinforcement as vertical stirrups placed perpendicular to the axis of the member.
Although maximum permissible spacing limit is specified in the codes, they are
silent regarding the influence of placement of stirrups at a lesser spacing than their
maximum permitted limits. For example, shear occurring in a beam of 410 mm
effective depth as per IS 456-2000, design allows placement of 12 mm dia stirrups
at 300 mm (less than 0.75 d) or 10 mm dia at 200 mm intervals, or 8 mm dia at
130 mm centre to centre. In all cases, tensile force in the stirrups in beam length/
one mm remains same or nearly the same. In the absence of code guidance and
work done on this aspect, a designer will fail to comprehend which of these stirrup
spacing is the most desirable; in all these alternative options, the amount of web
reinforcement per unit length of beam remains the same. The present study
undertaken fills the gap and shows the forward method to follow. Although the use
of stirrups of smaller diameter at smaller spacing involves marginally higher labour,
time and cost of steel cage fabrication, the disadvantage is more than offset by the
resulting benefits. Stirrups intended to resist shear force directly in a beam, con-
tribute additional shear resistance in no less way from the presence of concrete,
even in cracked state. Concrete in the compression owing to confining effects of the
stirrups that prevent diagonal crack propagation, provides the beam extra shear
capacity. Another source of additional shear strength mobilisation is the support
given to the flexural reinforcement by the stirrups, and also the prevention of
longitudinal splitting by the stirrups; this strength enhancement is likely to be
proportional to the decrease in stirrup spacing.

Shear reinforcement legs for one way shear must be appropriately spaced along
the member length as well as across the member width. While spacing limits of
stirrups are provided in design codes for the longitudinal direction, little guidance is
available for spacing of them across the width; studies on this aspect also are scarce.
A few studies available to date on the influence of stirrups across the width are
briefly mentioned here. Well detailed web reinforcement will provide confinement
to the compression block, control crack widths (and thereby enhance aggregate
interlock on the crack surfaces), and control splitting action along longitudinal bars
from dowel action. Thus, it is reasonable to assume that the magnitude of concrete
contribution to shear resistance would be sensitive to the web reinforcement
arrangement. From ACI-318 shear provisions, a wide beam has a width to overall
height ratio of at least two. Without specific experimental validation presented,
Leonhardt and Walther [10] suggested a shear reinforcement spacing limit in the
width direction, of effective depth for low shear stresses, but noted the spacing limit
should decrease as a function of the shear stress. For members with high shear
stresses, a transverse spacing of 200 mm was proposed. Eurocode-2 [11] suggests
spacing limits of 0.75 d or 600 mm in the width direction. ACI318-08 [12],
CSA23.3-04 [13], AASHTO LFRD [14] and IS 456-2000 do not provide spacing
limits across the width of sections. Vaguely engineers provide stirrup legs more
than two in wide beams without any guidance from anywhere. Anderson and
Ramirez [1] tested two series of beams. The second series contained four
16 � 16 in. (400 � 400 mm) wide beams; the width/depth ratio was one.
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The number of vertical legs was four and three in two beams and two in the balance
two beams. The adopted stirrups leg spacing related to the beams tested by them
was 200 mm, subjected to shear stresses exceeding 6

ffiffiffiffi

f 0c
p

, where f 0c is the cylinder
compressive strength in Psi. The maximum transverse leg spacing 200 mm used by
them was same as the value suggested by Leonhardt and Walther [10] for beams
under high shear stresses. The decrease in stirrup spacing resulted in nearly 20%
increase in ultimate strength. The increase in vertical stirrup legs did not result in
higher ductility in these beams. Lubell et al. [15] tested two series of wide beams to
provide guidelines for maximum transverse spacing of shear reinforcement to
ensure adequate safety of wide members. Beams were 1170 mm wide and 593 mm
deep in one series with width/depth ratio about 2. In the second series, beams were
700 mm wide and 335 mm deep. The shear stresses in these beams at ultimate were
1.4 and 1.9 MPa less than those specified as high values of shear stress. In the first
series, stirrup leg spacing varied from 235 to 625 mm; these spacing values were
more than 200 mm and 50% of effective depth, in the beams having nearly high
shear values. Without specific test validation, Lubell et al. [15] recommended
stirrup spacing of d/2 and 300 mm under high shear stresses exceeding 5

ffiffiffiffi

f 0c
p

,
where f 0c is the cylinder compressive strength in Psi.

2 Test Programme

The test programme comprised of two series of beams: first one related to stirrup
spacing along beam span designated as ‘A’ series with shear critical beams PC21
and PC22, and the second one related to stirrup spacing across the beam width,
designated as ‘B’ series with beams PC1, PC2 and PC3. The configuration of test
specimens of both series is illustrated in Fig. 1, and the properties are detailed in
Table 1. Table 2 contains the properties of steel reinforcement used in the beams
tested. The beams PC21 and PC22 were identical in all respects including flexural
reinforcing, except they differed in size of stirrups and their spacing, but the
two-legged stirrup force was held constant per 1 mm length of beam; this was
possible by using smaller diameter stirrups at smaller spacing. The objective of this
part of investigation was to determine the benefits accruing to the beam by using
closer stirrup spacing, but holding the amount stirrup force per mm length of beam
constant. The wide beams PC1, PC2 and PC3 were identical in all respects
including flexural reinforcement. The aspect ratio, width/depth of all the wide three
beams was 3.64. PC1 did not have any web reinforcement. PC2 contained 12 mm
two-legged stirrups at 120 mm c/c. PC3 had 8 mm four-legged stirrups at
115 mm c/c. Beam with four-legged stirrups (closer spacing of stirrup legs across
the width) had about 8% less stirrup steel in comparison with two-legged stirrups.
The objective of this part of study was to examine the beneficial effects of closer
spacing of stirrup legs across the member width.
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Beam moulds for both series for casting were made of brick masonry; they were
plastered and then oiled before pouring concrete. Each beam and the control
specimens were poured in one batch of mix. The concrete in beams was compacted
with a needle vibrator, and the controlled specimens were compacted in the stan-
dard way. After 24 h of casting, the specimens were demoulded and cured till
testing, which happened after 28 days of casting. The beams were tested in bending
in load frame with a concentrated load at mid-span. The test setup is shown in
Fig. 2. Instrumentation included a hydraulic jack of 1000 kN capacity and a
proving ring of 1000 kN capacity for the load application and load measurement,
respectively.

A dial gauge is positioned at the centre of the span for measurement of trans-
verse deflection. A handheld microscope, capable of measuring a minimum value of
0.05 mm, was used to note the crack width. Loading was done in a series of
increment. The transverse load, deflection and maximum crack width were mea-
sured and noted. Cracks were noted on the test specimen. About 20 load stages
were needed to bring a beam to ultimate load stage. The principal test results of
both the series are noted in Table 3. Tested specimens were photographed to pre-
serve the crack pattern and mode of failure. The tested specimens are shown in
Fig. 4.

3 Presentation of Test Results

Series-I: In beam PC 21, the initial crack originated was flexural at the bottom of
side face at 76.62 kN which was 36% of ultimate moment. With load increases,
several diagonal cracks formed in the shear span on either side of load, on the side
faces, and further increased in load, and extended the diagonal cracks to the top
face. The shear failure occurred at 171.2 kNm with slight shear compression dis-
tress on the top face. The initial flexural crack in beam PC22 appeared at bottom of

Fig. 1 Configurations of test specimens
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side face at 86.12 kNm which was 38% of ultimate moment. As the load increased
additional diagonal cracks formed and already formed ones extended towards top
face; the crack widths widened. The shear failure occurred suddenly at moment
180 kNm.

Series-II: Beam PC1 without web reinforcement developed the first crack as
flexural crack at the bottom of side face at 286.25 kNm. As the loading progressed
several other flexural cracks developed and already formed ones widened. Two
inclined cracks from both supports from tension zone rapidly extended to the top of
the beam. One diagonal crack was wider than the other. As failure approached, the
two diagonal cracks were bridged by a horizontal crack parallel and close to the top
face. The failure occurred suddenly at moment 320.6 kNm which was about 11%
higher than the initial crack moment. The shear stress at initial cracking and ulti-
mate were, respectively, 1.291 and 1.446 N/mm2. For the beam PC2, with
two-legged stirrups, initial flexural crack formed at the bottom of vertical face at
206.1 kN. As loading progressed, further several cracks appeared and already
formed ones extended in length to the top face and widened in width. The failure
resulted in bending at 385.86 kNm moment. In beam PC3, with four legs in each
stirrup, initial flexural crack appeared at 148.45 kNm at 36% of its ultimate

Table 2 Properties of steel reinforcement

Diameter of steel bar
(mm)

Cross-sectional area
(mm2)

Yield stress
(MPa)

Ultimate stress
(MPa)

6 28.27 283 353

8 50.26 539 659

12 113.09 461 588

16 201.06 541 626

20 314.16 500 582

Fig. 2 Load test setup

Detailing of Stirrup Reinforcement Along the Span … 125



T
ab

le
3

Pr
in
ci
pa
l
te
st
re
su
lts

Sp
ec
im

en
la
be
l

Se
ri
es

M
om

en
t
at

fi
rs
t
cr
ac
k

(k
N
m
)

M
om

en
t
at

0.
3
m
m

cr
ac
k

w
id
th

(k
N
m
)

A
t
se
rv
ic
e
lo
ad

A
t
ul
tim

at
e
lo
ad

T
yp
e

of fa
ilu

re
M
om

en
t

(k
N
m
)

Sh
ea
r

fo
rc
e

(k
N
)

Sh
ea
r

st
re
ss

(M
Pa
)

D
efl
ec
tio

n
(m

m
)

C
ra
ck

w
id
th

(m
m
)

M
om

en
t

(k
N
m
)

Sh
ea
r

fo
rc
e

(k
N
)

Sh
ea
r

st
re
ss

(M
Pa
)

D
efl
ec
tio

n
(m

m
)

C
ra
ck

w
id
th

(m
m
)

PC
21

Se
ri
es
-A

76
.6
2

11
4.
62

14
2.
67

11
4.
13

2.
08

8.
33

0.
59

21
4

17
1.
2

3.
13

13
.4
2

1.
80

Sh
ea
r

PC
22

86
.1
2

15
2.
62

14
2.
67

12
0.
0

2.
19

7.
55

0.
30

22
5

18
0.
0

3.
29

12
.5
8

1.
20

Sh
ea
r

PC
1

Se
ri
es
-B

28
6.
25

29
7.
7

21
3.
73

23
3.
33

0.
96

5.
79

–
32
0.
60

35
0.
0

1.
45

9.
22

9.
4

Sh
ea
r

PC
2

20
6.
1

24
0.
45

25
7.
24

28
0.
93

1.
16

6.
11

0.
3

38
5.
86

42
1.
24

1.
74

10
.9
7

1.
3

Fl
ex
ur
e

PC
3

14
8.
85

27
6.
17

25
7.
24

30
0.
00

1.
24

5.
87

0.
2

41
2.
20

45
0.
0

1.
86

11
.7
5

2.
0

Fl
ex
ur
e

126 D. S. R. Murty and G. Papa Rao



moment. As the load increased, more number of cracks formed, cracks widened and
increased in length. The beam failed in bending, with major flexural cracks
widening and crushing of compression zone. Beam PC3 with four-legged stirrups
failed at 7% higher load then the companion beam PC2 with two-legged stirrups.
For all the beams, the measured transverse mid-span deflections were graphed
versus the applied load and shown in Figs. 3 and 4. Figures 5 and 6 illustrate the
moment–crack width relationships for the tested specimens. The photographs of the
tested beams with crack patterns after failure are presented in Figs. 7 and 8.

4 Discussion of Test Results

In a larger study in series-A, only two specimens would be investigated by the
authors, but the trend on the influence of closer spacing of the stirrup legs along the
span, keeping the force of stirrup legs per mm length of the beam unaltered could be
established. Beams PC21 and PC22, identical in all respects but differed only in
stirrup leg spacing. Beam, PC22 with lesser stirrup spacing resulted in higher
cracking strength, ultimate strength and lesser deformations than the companion
beam PC21 with larger stirrup spacing. PC22 developed initial crack at 12% higher
moment than PC21. At service load, closer stirrup spacing in PC22 than in PC21
facilitated the occurrence of smaller transverse deflections and crack width in PC22.
PC22 and PC21 had defections 7.55 and 8.30 mm, respectively. Similarly, PC22
and PC21 had crack widths 0.3 and 0.59 mm, respectively.

Fig. 3 Load–deflection curves of PC21 and PC22
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Beams PC1, PC2 and PC3 were identical in all respects including flexural
reinforcing except stirrup orientation. PC1 did not have web reinforcement.
Influence of providing more stirrup legs across the beam width can be studied by
comparing the performance of beam PC2 and PC3. Beam PC3 with four stirrup legs
recorded 7% higher ultimate strength than the companion beam PC2 with two
stirrup legs. The beneficial effects in the beam with lesser stirrup legs are reflected
in deformations also. Beam PC3 with four legs recorded lesser deflections and crack

Fig. 4 Moment–crack width curve of PC21 and PC22
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width than the beam PC2 with two legs. At service load, PC3 had a crack width
0.2 mm while PC2 had 0.3 mm and PC3 recorded deflections of 5.87 mm while
PC2 recorded 6.11 mm. It is established that more number of stirrup legs across the
width is needed. In this investigation, the minimum leg spacing adopted was
314 mm, and the effective depth was 242 mm, which was closer to the values
recommended by earlier investigators.

5 Conclusions

Useful ideas gleaned from the study undertaken are summed up in the conclusions
listed below.

1. Closer stirrup spacing resulted in marginally enhanced shear carrying capacity
of beams at ultimate. Beam PC22 with smaller stirrup spacing recorded 5%
higher ultimate load than the companion beam PC21 which had stirrup spacing
larger than that of PC22.

2. As the stirrup spacing decreased, cracking strength of beams increased.
Cracking moments of PC21 and PC22 were 36 and 38% of their ultimate
moment capacities, respectively. In the post-cracking stage, the integrity of
cracked concrete was more effective as the stirrup spacing decreased.

3. Deformations of the beam usefully improved at serviceability level as stirrup
spacing decreased. The deterioration of cracked concrete was more restrained
with the presence of closer stirrup spacing. At service load level, transverse
deflections were 8.33 and 7.55 mm, and crack widths were 0.59 and 0.3 mm for
beams PC21 and PC22, respectively, showing decreased deformations as stirrup
spacing decreased.

4. In proportioning RC beams for shear, use of small-sized bars as stirrups at closer
spacing is recommended in an empirical way, based on the findings of the
current study. Such guidance is not available in any current national code.

5. Despite the slightly higher labour involved in steel cage fabrication, lower
stirrup spacing imparts to the beams the beneficial effects of marginally
improved ultimate strength and useful deformational behaviour.

6. Beam PC1 without shear reinforcement and with shear span/depth ratio of
3.33 failed in shear. The ultimate moment was 11% in excess of cracking
moment.

7. Beams with four-legged vertical stirrups, developed 7% higher ultimate strength
than the companion beam with two-legged stirrups.

8. The occurrence of lesser deformations at service load is demonstrated by the
behaviour of PC2 and PC3. At service load, PC3 had a crack width of 0.2 mm,
while PC2 had 0.3 mm.

9. This limited study confirms the generally held view that use of multiple legs in
stirrups in width in place of conventional two legs is highly a desirable practice.
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Pylon Shape Analysis of Cable-Stayed
Bridges

R. Sharath and R. K. Ingle

Abstract Behavior of cable-stayed bridge is of great importance as the influence of
moving loads, seismic, and wind forces on the cable-stayed bridge mainly depends
on its characteristic behavior. The structure is of nonlinear nature and highly
indeterminate. The analysis demands various elements of cable-stayed bridge to be
modeled properly so as to represent the actual behavior of structures as close as
possible. In the present work, various aspects of cable-stayed bridge are modeled
using SAP-2000 software. The work is started with the basic model of two spanned
symmetrical cable-stayed bridge. The analysis was done by taking six different
pylon shapes for dead load and live load conditions as per IRC-6 2010. Then, the
pylon shape which is having better responses is suggested. After this, a parametric
study was conducted. The basic factors which affect the design of cable-stayed
bridges are shape and stiffness of towers, areas of cables. In this study, it is intended
to study the effect of shape of pylons, cable areas with different cable layouts on the
response of cable-stayed bridges. Further modal analysis is carried out to determine
the fundamental natural frequencies of bridges with different pylon shapes. The
study is then extended for unsymmetrical cable-stayed bridges also, and appropriate
pylon shape is suggested.

Keywords Pylon � Deck � Cable � Moment � Shear

1 Modeling of Cable-Stayed Bridges

The deck of the cable-stayed bridge is modeled as concrete box girders which are
idealized as beam elements, connected laterally by rigid links at the points where
cables need to be attached. Cables are idealized using cable elements and the tower/
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pylon; top and bottom cross members are modelled using beam elements. The
connection between deck slab and bottom cross beams is also provided by a rigid
link, to have a compatibility between deck slab and bottom cross beam. In the
present study, the nonlinear static analysis of cable-stayed bridges has been per-
formed using SAP2000 for the analysis of dead loads. Various pylon shapes con-
sidered for the analysis are shown in Fig. 1.

2 Analysis of Symmetrical Cable-Stayed Bridges

Following data was considered, for the mathematical modeling of symmetrical
cable-stayed bridges. Figure 2 shows various elements of cable-stayed bridge. Side
spans: 50 m, height below deck: 10 m, height above deck: 30 m, pylon cross
section = 1 m � 1 m, deck having concrete box girder of dimension: width: 9 m,
depth: 2 m, thickness of flange and web = 0.5 m (cross section as shown in Fig. 3),
grade of concrete: M 45, top cross beam of pylon: 1 m � 1.5 m (c/s), bottom cross
beam of pylon: 1 m � 2 m (c/s), cable properties: modulus of elasticity 210 GPa,
cable areas 1 and cable 2: 40,000 mm2, cable areas 3 and cable 4: 30,000 mm2,
cable areas 5 and cable 6: 20,000 mm2, pylon material: concrete, and deck material:
concrete (Fig. 4).

Fig. 1 Different pylon
shapes considered for the
analysis

Fig. 2 Symmetrical
cable-stayed bridge
considered for the analysis
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The deck is having two lanes of 3.5 m wide; the lanes were defined in
SAP. After the lane definitions, “IRC Class 70 R” and “IRC Class A” loading are
defined. “Class 70 R” loading was applied to lane 1, whereas “Class A” was applied
to both the lanes 1 and 2. After this, the analysis is performed for load combinations
of “DL + 70R Lane 1” and “DL + 2 Class A”. After the analysis is performed, the
maximum responses out of these two load cases were taken, and the results are
mentioned here along with their interpretation.

2.1 Comparison of Axial Forces in the Cables

The cable forces are compared by taking three cable planes as shown in Fig. 5. The
variation of cable forces with reference to cable planes is as shown in Fig. 6. From
the graph, it can be concluded that the axial forces in the cables are less in the case
of “inverted Y shape” and more in the case of perfect A shape.

Fig. 3 Cross section of deck
considered for analysis

Fig. 4 Various elements of
cable-stayed bridge modeled
in SAP

Fig. 5 Cable planes
considered for reference
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2.2 Maximum Deck Deflection Comparisons

As shown in Fig. 7, it can be seen that the maximum and minimum girder
deflections are occurring in “inverted Y shape” and “H shape” pylon, respectively.

2.3 Comparisons of Deck Forces

In the following section, various responses of the deck obtained during the analysis
are listed, and the change in the behavior of the deck with change in pylon shape is
observed. It can be seen from Fig. 8 that axial force in deck is more in the case of
“modified A shape” and lesser in the case of “perfect A shape”.

From Fig. 9, it can be seen that moment M-3 in deck is more in the case of
“modified A shape” and lesser in the case of “perfect A shape”.

2.4 Pylon Forces Comparison

In this section, the maximum pylon responses were taken and then plotted in
Figs. 10 and 11. This helps us to determine the pylon shapes by comparing max-
imum and minimum responses. From Fig. 10, it can be seen that axial force in the
pylon is more in the case of “inverted Y shape” and lesser in the case of “modified
A shape”.

0

500

1000

1500

2000

2500

3000

0 2 4 6 8

C
ab

le
 F

or
ce

 (
 k

N
 )

Shape of Pylon

Plane 1

Plane 2

Plane 3

Fig. 6 Variation of cable
forces in different planes

-0.0105 -0.0104 -0.0101 
-0.0113 -0.0117 

-0.0125 
-0.014

-0.012

-0.01

-0.008

-0.006

-0.004

-0.002

0

0 1 2 3 4 5 6 7

D
ef

le
ct

io
ns

 (
 m

 )

Pylon ShapesFig. 7 Deflection variation in
different pylon shapes

136 R. Sharath and R. K. Ingle



Fig. 8 Axial force variation in the deck
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From Fig. 11, it can be seen that moment M-3 in the pylon is more in the case of
“inverted Y shape” and lesser in the case of “H shape”.

From the above observations, it can be concluded that

i. Considering girder deflection, deck moments, pylon moments and pylon torsion
criterion, it is best to choose “H shape”.

ii. Considering cable force, deck moments, pylon moments, and deck torsion
criterion, it is best to choose “inverted Y shape”.

2.5 Parametric Studies of Symmetrical Cable-Stayed
Bridges

From the above conclusions, now “H shape” is taken for the following parametric
studies.

i. Variation in cable areas.
ii. Variation in boundary conditions.

2.5.1 Variation in Cable Areas

In this section, it is intended to study the effect of use of uniform cable diameter and
various diameter cables on the behavior of cable-stayed bridge. The various cable
planes used for reference are shown in Fig. 12.

Comparison is done between constant cable area and varying cable areas.
Constant cable area used is 30,000 mm2 for all three cable planes, whereas variable
cable sections used in Plane 1 is of area 40,000 mm2, Plane 2 is of area
30,000 mm2, and Plane 3 is having area of 20,000 mm2.

Fig. 12 Cable planes
considered for reference
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H Shape Pylon

Now, the variation of other responses is also plotted from Figs. 13, 14 and 15, to
study the effect of variation in cable areas.

From Fig. 14, it can be seen that the axial compressive stress in the deck has
been reduced, and the axial tensile stress has been increased with the use of variable
cable areas in different planes, which is advantageous as the nonlinear behavior of
deck will be reduced. Also since there is an increase in the cable forces, which
ensures effective utilization of cable strength, it is advantageous to use different
cable areas in different cable planes. Similar kind of behavior is observed in “in-
verted Y shape” also.
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2.5.2 Effect Due to Various Boundary Conditions

In this section, different deck end support conditions as shown in figures below are
used, and comparisons are made for “H shape” and “inverted Y shape”. The results
are presented below along with their observations.

H Shape

Case 1: Both ends of longitudinal girder are hinged

Table 1 shows the values of different responses for both ends hinged condition
(Fig. 16).

Case 2: One end of longitudinal girder is hinged and other roller

The values of different responses are tabulated in Table 2 for one roller and one
hinge condition (Fig. 17).

Case 3: Rollers at both ends of longitudinal girder

The values of different responses are tabulated in Table 3 for two rollers con-
dition (Fig. 18).

The conclusions from the above parametric study of changing the support
conditions are, the cable tension was more in case 1, i.e., both hinge condition and
the cable tension decreased as the support condition was changed to roller. This is
not desirable as the more cable force ensures effective utilization of the cable
strength. Also in both hinged condition, the deck was in tension, which is desirable,

Table 1 Comparison of results for various deck pylon connections when both girder ends are
hinged

S. No. Element Responses

1 Cable Axial (kN) 2071

2 Longitudinal deck element Axial (kN) 2759

Shear (kN) −5035

Moment (kN-m) −35,595

3 Pylon Axial (kN) −13,062

Moment (kN-m) −445

Shear (kN) 278

Fig. 16 Both ends of
longitudinal girder are hinged
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as the nonlinear behavior of the deck will be reduced. Hence, from the above
observations, it can be concluded that case 1 (i.e., both hinged condition) is most
desirable support condition for both H shape and inverted Y shapes.

Table 2 Comparison of results for various deck pylon connections when one end is roller and
another hinge

S. No. Element Responses

1 Cable Axial (kN) 2042

2 Longitudinal deck element Axial (kN) 7968

Shear (kN) 5047

Moment (kN-m) 35,717

3 Pylon Axial (kN) 13,033

Moment (kN-m) 439

Shear (kN) 276

Fig. 17 One end of
longitudinal girder is hinged
and another roller

Table 3 Comparison of
results for various deck pylon
connections when both the
ends are rollers

S. No. Element Responses

1 Cable Axial (kN) 2042

2 Longitudinal deck
element

Axial (kN) 7918

Shear (kN) 5047

Moment
(kN-m)

35,600

3 Pylon Axial (kN) 13,037

Moment
(kN-m)

451

Shear (kN) 274

Fig. 18 Both the ends of
longitudinal girder are rollers
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2.6 Fundamental Natural Frequency

In this section, the fundamental natural frequency of Symmetrical cable-Stayed
Bridge is obtained by conducting the modal analysis and is presented in Fig. 19.

From the above study, it can be seen that the fundamental frequency is lesser in
the case of cable-stayed bridge with pylon “H shape”, which shows that
cable-stayed bridge with H shape pylon is more flexible in nature, whereas the
fundamental frequency is more in the case of cable-stayed bridge with pylon
“inverted Y shape and A shape”, which shows that they are rigid in nature.

3 Unsymmetrical Cable-Stayed Bridges

In the case of unsymmetrical cable-stayed bridges, all the material and sectional
data taken for the analysis were same as symmetrical study, except one of the span,
i.e., left span was taken one-third of the total span, i.e., 25 m and right span was
taken as two-thirds of the total span, i.e., 75 m (refer Fig. 20), and the analysis was
done to determine the best possible pylon shapes in the case of unsymmetrical
cable-stayed bridges.

The study which is conducted for symmetrical cable-stayed bridges is also
repeated for unsymmetrical cable-stayed bridges and it was found that “H shape”
and “perfect A shape” are most suitable for unsymmetrical kind of cable-stayed
bridges. Bridges with these shapes of pylons also showed lesser fundamental fre-
quency indicating flexible behavior.
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4 Conclusions

In this study, the symmetrical cable-stayed bridge is analyzed for six different
shapes of pylons on SAP 2000 software for dead and moving live loads. It can be
concluded from the above study that “H shape” is the best possible pylon shapes for
symmetrical cable-stayed bridges. The bridges with this shape showed flexible
characteristic having a lesser fundamental frequency which is advantageous. Also,
it has been found from the analysis that having varying cable areas in different
planes is advantageous as it reduces the nonlinear behavior of the deck, also
increasing the cable tensile force ensuring efficient utilization of cable strength. In
the boundary conditions, it was concluded that having both hinged conditions is the
more suitable one, as it reduces compression in deck thereby reducing nonlinear
behavior of the deck. In the unsymmetrical cable-stayed bridges, it can be con-
cluded that “H shape” and “inverted Y shape” are more suitable.
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Evaluation of Minimum Flexural
Reinforcement in Design of Reinforced
Concrete Beams

H. E. Nagesh and G. Appa Rao

Abstract Reinforced concrete (RC) beams are generally designed with different
percentages of flexural tension reinforcement depending on the capacity require-
ments. The amount of reinforcement provided affects the crack propagation and
failure mechanism in RC beams. This paper presents discussion on the minimum
tension reinforcement requirement in code provisions for RC beams. Models based
on fracture mechanics to evaluate minimum flexural reinforcement are also
reviewed. Experimental study has been undertaken to understand the effect of size
on the behaviour of lightly RC beams. This paper outlines how the present code
provisions can be improved by applying fracture mechanics principles for the
design of RC beams. Fracture mechanics approach for design of RC structures
considers the energy requirements for crack growth and size effect. It also enables
rational procedure to evaluate the optimum amount of steel reinforcement, which
ensures safe designs by taking the effect of size and other influencing parameters.

Keywords Fracture mechanics � Minimum reinforcement � Lightly reinforced

Abbreviations

As,min (qmin) Minimum area of steel
As Area of steel
b Breadth of beam
d or h Effective depth of beam
d′ Clear cover
D Overall depth of beam
Ec Modulus of elasticity of concrete
Es Modulus of elasticity of steel
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fck Characteristic cube compressive strength of concrete
f′c Cylinder compressive strength of concrete
ft Tensile strength of concrete
fr Modulus of rupture
fy Yield strength of steel
KIc Critical stress intensity factor in mode I
MCR Moment of crack propagation
My Moment at steel yielding
Np Brittleness number
FPZ Fracture process zone
FCM Fictitious crack model
LEFM Linear elastic fracture mechanics
NLFM Non-linear fracture mechanics

1 Introduction

Concrete beams are reinforced with steel in tension zone to bear tensile stresses.
The amount of reinforcement provided governs the behaviour and failure mecha-
nism in reinforced concrete (RC) beams. The failure may be of steel yielding
followed by concrete crushing in case of under-reinforced and crushing of concrete
in over-reinforced beams. While designing of RC beams, minimum ductility must
be ensured to perform satisfactorily. This can be achieved by providing an adequate
amount of tensile reinforcement. If the beam is provided with an insufficient
quantity of steel than required, the failure tends to change to brittle. Minimum
reinforcement in RC beams should avoid brittle failure and must ensure adequate
warning before failure.

2 Behaviour of Lightly Reinforced Concrete Beams

For an RC beam to exhibit stable response, the beam must be provided with
adequate amount of tension reinforcement. Suppose if the beam is provided with
less area of steel than required, then it leads to brittle failure. This leads to instability
in the overall response. Before concrete cracking, the load deflection response of
plain concrete beam and an RC beam is same as shown in Fig. 1. If the ultimate
strength developed with the provided reinforcement is less than the flexural
cracking strength, then the later determines the hyper-strength ðq\qminÞ. This
creates instantaneous crack growth and in turn causes brittle failure when tested
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under load control. Hence, a certain amount of minimum tension reinforcement is
required for ductile behaviour ðq[ qminÞ. Figure 1 also shows the transition from
brittle to ductile with increase in tension reinforcement.

3 Code Provisions

The provisions in the present codes of practice are mainly based on serviceability
and strength aspects. Many codes of practice specify empirical formulae, without
theoretical background, for estimating minimum reinforcement. Such code provi-
sions mostly incorporate compressive strength of concrete and yield strength of
steel reinforcement as parameters. They neglect the non-linear behaviour of con-
crete in tension, toughness of concrete, and bond strength, which provides the
conservative design. Moreover, mechanical behaviour of RC beams not only
depends on material properties but also on the size as well. The condition for
evaluation of minimum reinforcement is that the beam should not fail immediately
upon concrete cracking. To achieve this condition, the ultimate capacity (Mu) of an
RC beam should be greater than its cracking moment (Mcr).

Mu �Mcr ð1Þ

Evaluation of flexural cracking strength of concrete beams in flexure is vital
because many code provisions provide tension reinforcement relatively more than
what is required for cracking strength. Code provisions use modulus of rupture to
evaluate the cracking stress in beams. But full-scale specimens have lower cracking
flexural strength than that of modulus of rupture [1]. The code provisions for
providing minimum tension reinforcement in RC beams are given in Table 3. The
equation for evaluating minimum and maximum tension reinforcement, and com-
mentary or remarks for codes are also given in Table 3.

Fig. 1 Behaviour of lightly
reinforced concrete beam
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4 Need for Fracture Mechanics-Based Design

Direct tension testing of concrete involves complex procedures. So split cylinder
tests are used to get tensile strength of concrete. The uniaxial tensile strength of
concrete is always much less than the flexural cracking strength of concrete.
Suppose if concrete is considered as brittle material, soon after the extreme tension
fibres reaches uniaxial tensile strength, it should fail instantaneously. But concrete
is a quasi-brittle material due to its tension softening property. It can transfer stress
across crack faces. This property can be modelled using non-linear fracture
mechanics models (NLFM). Fictitious crack and cohesive crack models are able to
include this quasi-brittle nature of concrete.

In the conventional design methodology, tests on cylinder compression, modulus
of rupture and split tensile tests are used to characterize concrete properties.

These properties of concrete alone cannot characterize its complete behaviour.
Hence, the post-cracking behaviour of concrete such as fracture softening has to be
well understood. The formation of fracture process zone (FPZ) ahead of crack tip
affects the crack initiation and propagation in concrete beams. The application of
fracture mechanics principles is necessary to study the crack growth and fracture
behaviour in concrete. Fracture mechanics principles are applied to study the
behaviour of lightly RC beams because of its sensitivity to the fracture of tension
reinforcement. The models based on fracture mechanics principles are given in
Table 4. It can be noticed that the minimum reinforcement is found to be a function
of depth of beam.

5 Experimental Programme

An experimental programme was undertaken to study size effect on the behaviour
of lightly RC beams in flexure. The beams are provided with 0.25% tension rein-
forcement. The material properties are given in Table 1. Three geometrically
similar specimens were cast with depth ranging from 150 to 600 mm. The span of
the beams is six times the depth. The width of the beam was maintained constant
150 mm. Specimen designations and dimensions are given in Table 2. All three
specimens were cast with the same concrete mix. Potable water was used for mixing
of concrete. All specimens were cured for 28 days before testing. Mix design for
concrete includes 400 kg/m3 of 53 grade ordinary Portland cement (OPC) with
water–cement ratio of 0.39. Fine aggregate with a content 736 kg/m3 and coarse
aggregate 10 mm graded with 1100 kg/m3. The fracture energy (Gf) was obtained
according to the test procedure given in the RILEM standard.

Linearly variable differential transformer (LVDT) was placed to record mid-span
deflections and crack mouth opening displacements (CMOD).
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6 Monotonic Testing

All beams were tested under three-point bending and actual set-up is shown in
Fig. 2. Testing was carried out using actuator of 1000 kN capacity at Indian
Institute of Technology Madras. The beams were loaded with displacement control
up to failure. All beams failed by fracture of reinforcing steel bars. The load–
deflection response is discussed in the results and discussions.

Table 1 Material properties Material property Results

Compressive strength of concrete cube 60.7 MPa

Specific gravity of cement 3.14

Grade of cement 53 OPC

Fracture energy of concrete 97.2 N/m

Specific gravity of fine aggregate 2.78

Specific gravity of coarse aggregate 2.70

Yield strength of reinforcing steel 547 MPa

Ultimate strength of reinforcing steel 634 MPa

Table 2 Beam dimensions Beam designation Depth (mm) Span (mm)

SB 150 900

MB 300 1800

LB 600 3600

Fig. 2 Monotonic test set-up
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7 Results and Discussions

7.1 Load–Deflection Response

The load versus mid-span deflection response of the small, medium and beams are
shown in Fig. 4. LVDT was used to get mid-span deflection. In the initial stage up
to concrete cracking, the deflection was observed to be small with high stiffness. At
peak loading, the crack starts to propagate from cover towards tension reinforce-
ment. Once the crack begins to propagate, the reduction in stiffness can be noticed
with increase in deflections. As the crack crosses the tension steel reinforcement,
steel being in elastic state arrests crack growth, thus demanding an extra force for
crack propagation across reinforcement. This causes steel pull-out and slip simul-
taneously. Hence, the peak and near post peak P-d response controlled by steel
ratio, bond-slip properties and the cover. All the three beams failed due to rupture of
tension reinforcement. Figure 3 shows ductile response with excessive deforma-
tions before final failure for all beams. In case of large beam (LB), the spalling of
concrete cover at ultimate loading caused excessive deflection of beams; this
behaviour is reflected in Fig. 4. This behaviour can also be noticed in Fig. 3.

7.2 Strain Localization

All beams tested predominantly failed due to single crack originating from the
centre of beam. As the tensile stress in the concrete exceeds the tensile strength of
concrete, the gradual reduction in the tension stress (tension softening) takes place.
Due to single crack formation, the strain gets localized causing increased crack
widths until rupture of tensile reinforcement. The horizontal strain in percentage
measured using digital image correlation (DIC) for large beam is shown in Fig. 3.

7.3 Size Effect on Flexural Cracking Strength

It has been observed that as the depth of the beam increases, the flexural cracking
strength decreases. This behaviour is expected because the volume of concrete in
tension is relatively more, and the probability of increase in the volume of voids and
imperfections is also more. Figure 5 shows that flexural cracking strength is
inversely proportional to size.
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7.4 Comparison of Equations

The comparison of equations existing in code provisions (Table 3) and equations
proposed by researchers (Table 4) for evaluating minimum tension reinforcement in
RC beams is shown in Fig. 6. It is observed that the codes provision equation is
independent of beam depth. Whereas few models proposed by Hawkins et al.,
Baluch et al. and Shehata et al. clearly show the size-dependent variation in the
minimum reinforcement. But the present experimental studies and the literature
suggest that the lightly RC beams responses are size-dependent.

Fig. 3 Horizontal strain (%) showing strain localization

Fig. 4 Load versus
deflection

Fig. 5 Flexural cracking
strength
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8 Conclusions

It can be concluded that the code provisions for minimum tension reinforcement are
based on material properties such as concrete compressive strength, yield strength
of steel and cracking stress. However, it has been observed from the present
experimental studies that flexural cracking strength is size-dependent. Flexural
cracking strength is inversely proportional to depth of beam. Many researchers also
proposed equations which recommend that minimum reinforcement should be
size-dependent. The response of the beams changes with size; hence, it should be
incorporated properly. The behaviour of concrete in tension, crack initiation and
crack propagation, and FPZ, size-dependent response of concrete are well under-
stood using fracture mechanics studies. Hence, fracture mechanics-based design
enables rational approach ensuring safe design with the optimum amount of
reinforcement.

References

1. Shioya, T., Iguro, M., Nojiri, Y., Akiyama, H., & Okada, T. (1989). Shear strength of large
reinforced concrete beams. In Fracture Mechanics: Application to Concrete, SP118 (p. 309).
Detroit: American Concrete Institute.

2. ACI-318-14. (2014). Building code requirements for structural concrete and commentary.
3. IS 456:2000. (2000). Plain and reinforced concrete—Codes of practice.
4. AASHTO. (2007). AASHTO LRFD bridge design specifications. American Association of

State Highway and Transportation Officials.
5. Eurocode 2: 1992. (2002). Design of concrete structures—Part 1: General rules and rules for

buildings.
6. CAN/CSA-A23.3-04. (2004). Design of concrete structures.
7. NZS 3101: Part 1: 2006. (2006). Concrete structures standard.

0.00%

0.10%

0.20%

0.30%

0.40%

0.50%

0.60%

0.70%

0.80%

0.90%

1.00%

0 200 400 600 800 1000

ρm
in

Depth (mm)

ACI 318-14 [2]

IS 456-2000 [3]

EUROCODE-2
[5]
CSA A23.3-04 [6]

NZS 3101-06 [7]

AS3600-2009 [8]

BS8110-1997 [9]

Shehata et al [16]

Appa Rao et al
[17]
Gerstle et al [13]

Hawkins and
Hjorselet [14]

Fig. 6 Comparison of equations

154 H. E. Nagesh and G. Appa Rao



8. AS3600. (2009). Concrete structures.
9. BS 8110-97. (1997). Structural use of concrete Part 1: Code of practice for design and

construction.
10. Bosco, C., Carpinteri, A., & Debernardi, P. G. (1990). Minimum reinforcement in

high-strength concrete. Journal of Structural Engineering, ASCE, 116(2), 427–437.
11. Bosco, C., & Carpinteri, A. (1992). Fracture mechanics evaluation on minimum reinforce-

ment in concrete. In A. Carpinteri (Ed.), Application of fracture mechanics to reinforced
concrete (pp. 347–377). Italy: Elsevier App Head Science.

12. Baluch, M., Azad, A., & Ashmawi, W. (1992). Fracture mechanics application to reinforced
concrete members in flexure. In A. Carpinteri (Ed.), Applications of fracture mechanics to
reinforced concrete (pp. 413–436). London: Elsevier Applied Science.

13. Gerstle, W. H., Partha, P. D., Prasad, N. N. V., Rahulkumar, P., & Xie, M. (1992). Crack
growth in flexural members a fracture mechanics approach. ACI Structural Journal, 89(6),
617–625.

14. Hawkins, N., & Hjorsetet, K. (1992). Minimum reinforcement requirement for concrete
flexural members. In A. Carpinteri (Ed.), Applications of fracture mechanics to reinforced
concrete (pp. 37–412). London: Elsevier.

15. Ruiz, G., Elices, M., & Planas, J. (1997). Size effect and bond-slip dependence of lightly
reinforced concrete beams. In A. Carpinteri (Ed.), Minimum reinforcement in concrete
members (24). ESIS Publication.

16. Shehata, I. A. E. M., Shehata, L. C. D., & Gracia, S. L. G. (2003, Jan–Feb). Minimum steel
ratios in reinforced concrete beams made of concrete with different strengths—Theoretical
approach. Materials and Structures, 36, 3–11.

17. Rao, G. A., Aravind, J., & Eligehausen, R. (2007). Evaluation of minimum flexural
reinforcement in RC beams using fictitious crack approach. JoSE, 34(4), 277–283.

18. Carpinteri, A., Corrado, M., & Ventura, G. (2013). Failure mode scaling transitions in RC
beams in flexure: Tensile, shearing, and crushing. In FraMCoS-8, Spain.

Evaluation of Minimum Flexural Reinforcement … 155



Various Aspects of Detailing
of Reinforcement in Two-Pile Cap
Concrete

Murty Sree Rama Chandra Devalraju and Dinakar Pedapenki

Abstract Of the many types of pile caps, two-pile cap (TPC) born by two piles is
extensively used. Notwithstanding being a very extensively used structural mem-
ber, there is no generally accepted procedure for design of pile caps. Of the very
few available methods of design, sectional force method, endorsed by IS 456:2000
(Indian Standard code of practice for plain and reinforced concrete. Bureau of
Indian Standards, New Delhi [1]), and IRC 21:2000 (‘Standard Specifications and
Code of Practice for Road bridges’ section: III Cement concrete (Plain and
Reinforced). The Indian Road Congress [2]), is generally in use in India. In this
method, design for flexure, two-way shear and bearing is done by standard meth-
ods. The aforementioned codes provide specifications for identification of one-way
shear on pile caps, but little experimental research is reported to date, on the validity
of the specifications contained in the codes. The research presented in this paper
fills the void. The seven TPCs tested to failure have shown that the specifications of
the code are valid. The concurrence of specifications of the codes since their
inception and test results have been established for the first time by the current tests.

Keywords Pile cap � Shear � Service load � Ultimate load � Validity

1 Research Significance

Most frequently used deep foundation for various kinds of large structures is
piles. The inevitable structural element, incorporated between the column in the
superstructure and a group of piles, for transfer of loads from the former to the
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latter is pile cap. The piles are tied at their tops or capped by a spread footing or
cap that distributes the column loads to all the piles in the pile group. Pile caps
are labelled as single pile cap, two-pile cap (TPC), three-pile cap, four-pile cap or
multiple pile cap. In spite of being a very important structural member and most
extensively used item in large constructions such as bridges, industries, oil dril-
ling platforms and high-rise structures, there is no generally accepted procedure
for proportioning pile caps. Many empirical detailing rules or rules of thumb are
followed in practice, but these approaches vary significantly with considerable
disparity. There has been no consensus on which method provides the best
approach for a working designer. There are some design approaches followed by
codes and designers which include (1) truss analogy, (2) ACI method (traditional
sectional design method), (3) AASHTO LFRD STANDARD and (4) strut-and-tie
method. Traditional sectional force approach and strut-and-tie model approach
constitute principal design approaches, used today. Sectional force design attends
to bending and one-way shear separately, while catering also to two-way shear
and bearing; this method is extensively used in India, supported by code IS
456:2000 [1]. Strut-and-tie model does not separate bending (tie tensile force) and
one-way shear (automatically resisted by developed arch action). In sectional
force method, the pile caps have traditionally been designed as beams spanning
between piles with the depth selected to avoid shear fractures and the amount of
longitudinal reinforcement selected to provide sufficient flexural capacity by the
engineering beam theory. Design is made for two-way shear and bearing, by the
standard code methods. In the current research work, sectional force method is
made use of. Depending on the geometry of pile cap and orientation of column
and piles, IS 456:2000 [1] specifies in Cl 34.2.4.1 and Cl 34.2.4.2 whether shear
force occurs on pile cap due to pile reactions. A critical section is assumed as a
vertical section through pile cap, located from the face of column at distance
equal to effective depth of pile cap. The entire reaction from any pile of diameter
Dp whose centre is located Dp/2 or more outside the critical section shall be
assumed as producing shear on the section (on pile cap); the reaction from any
pile whose centre is Dp/2 or more inside the critical section shall be assumed as
producing no shear on the section (on pile cap). This IS code provision guides the
designers whether to design a pile cap for shear or not. Little or no test data are
available in the literature to date, on the verification of code provisions on the
occurrence of one-way shear on pile caps. The principal objective of the research
reported herein is to experimentally establish the validity of provision of IS
456:2000 [1] code, on the occurrence of one-way shear on TPCs. Proper sub-
stantiation is needed by the tests to evolve one-way shear design, in the sectional
design method of TPCs.
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2 Experimental Research

Seven numbers of TPCs were proportioned for one-way shear; the column working
load for the design of all TPCs was 150 kN and tested to investigate provisions of
IS 456:2000 [1] relative to occurrence of one-way shear. For the TPCs that failed in
shear, identical companion TPCs were designed for shear to precipitate bending
failure. In TPC, PC3, the column and the piles were oriented relative to pile cap in
such a way that as per code provisions, no shear occurs on pile cap. The effective
depth of TPC was 181 mm, and the distance between face of the column and outer
face of pile was 180 mm which was less than 181 mm; as per the code, no shear
force occurs on the TPC. Test has to verify the specification of the code (mode of
failure, shear failure or bending failure). TPC, PC4 was oriented such that the
effective depth was 180 mm and the distance between the face of the column and
inner face of pile was 180 mm which was equal to effective depth of pile cap; as per
code, total pile reaction appears as shear on TPC and shear failure is predicted. Test
has to establish the mode of failure (shear or bending failure). In TPCs PC5, the
distance between the face of column and outer face of pile (440 mm) is more than
the effective depth of TPC (230 mm); hence, shear force occurs on the TPC leading
to shear failure, which has to be proved by the test. Similarly in TPC, PC6, the
distance between the column face and outer face of pile (530 mm) was more than
the effective depth (229 mm) of the TPC; hence, shear force occurs on TPC leading
to shear failure. Again test has to establish mode of failure. TPCs PC4, PC5 and
PC6 failed in shear. TPCs PC7, PC8 and PC9 were identical and companion TPCs
to PC4, PC5 and PC6 TPCs, respectively; the former three TPCs were designed for
shear to eliminate shear failure and to obtain flexural failure. The details of test
specimens are summarised in Table 1 and shown in Figs. 1, 2, 3, 4, 5, 6 and 7. The
steel details as manufactured are shown in Tables 2 and 3.

3 Materials Properties of Test Specimens

In the concrete, made for production of test specimens, the cement used was 43
grade ordinary Portland cement, and the fine aggregate was river sand conforming
to zone-II as per IS 383:1970 [3]. The coarse aggregate was locally available
crushed granite stone sieved to 20 mm maximum size and satisfied the requirement
of IS 383:1970 [3]. The mix proportion of concrete by weight of cement, sand and
coarse aggregate was, respectively, 1:1.76:3.79 with water–cement ratio, 0.56 by
weight. The concrete compressive strengths were 38.6 MPa for the first four TPCs
and 39.2 MPa for the latter three TPCs.
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Plan of two pile cap PC3
All dimensions in mm Section A-A

Fig. 1 Two-pile cap PC3

Plan of two pile cap PC4
All dimensions in mm

Section A-A

Fig. 2 Two-pile cap PC4

Plan of two pile cap PC7

All dimensions are in mm Section A-A

Fig. 3 Two-pile cap PC7

Plan of two pile cap PC5

All dimensions in mm Section A-A

Fig. 4 Two-pile cap PC5
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Table 2 Properties of steel reinforcement of PC3, PC4, PC5 and PC6

Nominal diameter
(mm)

Area
(mm2)

Yield stress
(MPa)

Ultimate tensile
stress (MPa)

Percentage
elongation

12 113.10 423.1 572.9 18

10 78.50 445 572.1 19

8 50.29 436.8 575.8 20

Plan of two pile cap PC8
All dimensions are in mm Section A-A

Fig. 5 Two-pile cap PC8

Plan of two pile cap PC6

All dimensions in mm
Section A-A

Fig. 6 Two-pile cap of PC6

Plan of two pile cap PC9
All dimensions are in mm Section A-A

Fig. 7 Two-pile cap PC9
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4 Fabrication and Testing of Test Specimens

The pile cap moulds for casting were made of brick masonry on the laboratory
floor, plastered smooth and oiled before concrete was poured. The concrete in the
pile cap was compacted with a needle vibrator, and the control specimens, cubes
and cylinders were compacted in a standard way. Curing of specimens started after
24 h of casting. The pile caps were shifted from the moulds to curing tanks after
5 days of casting, on wooden planks; for these 5 days, curing was done with wet
gunny bags in the laboratory. Curing was done till starting of testing at 28 days;
testing of pile caps was carried out in a test load frame shown in Fig. 8. The pile
caps were tested on span equal to spacing of piles which varied depending upon the
type of pile cap; the spans varied from 360 to 1060 mm. Columns were simulated
using 150 mm diameter and 30 mm thick steel cylindrical plate on the pile cap,
over which hydraulic jack was located for load application. Piles were simulated
using 150 mm concrete cubes. A hydraulic jack of 1000 kN and a proving ring of
500 kN capacity were utilised for load application and load measurement,
respectively. The applied force was controlled through manual operation.
Instrumentation for the test specimens was designed to obtain the measurement of
transverse load and to capture the load–deflection response and crack development.
Strength and serviceability data were collected for each test. A dial gauge was
employed for recording deflection under the column load. A handheld microscope,
capable of measuring a minimum value of 0.05 mm, was used to note crack width.
Each specimen was loaded in 12–15 load increments to failure. At each load stage,

Table 3 Properties of steel reinforcement of TPCs PC7, PC8 and PC9

Nominal diameter
(mm)

Area
(mm2)

Yield stress
(MPa)

Ultimate tensile stress
(MPa)

Percentage
elongation

12 113.10 551.2 637.3 17

10 78.50 515 602.9 18

8 50.29 529.4 627.5 20

Fig. 8 Details of test setup
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magnitude of the load on the test specimen and central transverse deflection of the
pile cap under the column load and maximum crack width were recorded. The
cracks were marked on the pile cap surfaces, and the tested specimens were pho-
tographed and shown in Plates 1 and 2. The details of seven test pile caps are
shown in Figs. 1, 2, 3, 4, 5, 6 and 7 and Table 1. The properties of steel rein-
forcement used in the pile caps are tabulated in Tables 2 and 3.

5 Presentation of Test Results

In TPC, PC3, the initial flexural crack occurred at column load, 127.20 kN. As the
load increased, two flexural cracks extended to the top face. No shear cracks
appeared. As the ultimate load neared, the TPC failed in bending at column load
283.5 kN, the bending failure was correctly predicted by the code. Post ultimate
load, ductility was exhibited by pile cap as shown in Fig. 9. In TPC, PC4, the first
flexural crack occurred under the load at a column load of 135.15 kN. With further
load increase, diagonal cracks formed joining the supports and concentrated load;
with further load increase, the diagonal cracks widened and sudden shear failure
occurred at column load, 309.7 kN; the shear failure was predicted as per the
specifications of the code. The abrupt shear failure can be observed in Fig. 9. TPC,
PC5 developed two initial flexural cracks at column load 158kN at the bottom side
face under the column load. As the load increased, the flexural cracks extended to
top face and additional diagonal cracks formed. At ultimate, the diagonal cracks

Plate 1 Photos of PC3, PC4
and PC 5
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widened joining the two supports and the column load on the top face and shear
failure occurred at an ultimate load 377.20 kN. From the load–deflection curve in
Fig. 11, sudden shear failure can be noticed. TPC, PC6 developed initial two
flexural cracks at column load 173.80 kN at the bottom of side face under the
column load. Increase in column load caused the appearance of several diagonal
cracks. As the failure neared, the pile cap collapsed in shear at column load of
420.75 kN. The TPCs PC7, PC8 and PC9 were, respectively, identical to the TPCs

Fig. 9 Load–deflection
curves of two-pile caps PC3
and PC4

Plate 2 Photos of PC6, PC7,
PC8 and PC 9
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PC4, PC5 and PC6 that failed in shear as per IS 456:2000 [1]. The TPCs PC7, PC8
and PC9 were proportioned for shear to transform shear failure into the desired
flexural failure. Pile cap PC7 developed initial flexural crack under the load at the
bottom of the side face, at 181.70 kN, column load. As the load increased, the
flexural cracks extended to the top face. Finally, the failure occurred in flexure at an
ultimate load, 342.30 kN. Load–deflection curve of PC7 in Fig. 10 shows the
ductility characteristic of flexural failure. Pile cap PC 8 was identical to pile cap
PC5 which failed in shear when designed as per IS 456:2000 [1]. Pile cap PC8 was
designed for shear to allow, flexural failure to occur. The initial flexural crack
occurred under the concentrated load at column load, 246.40 kN. Subsequent
increases in column load forced the flexural cracks to extend to the top face with
their widening. The flexural failure occurred at column load of 436.80 kN.
Figure 11 shows the ductility experienced by the TPC, PC8. To see the change of
shear failure of the pile cap PC6, a companion pile cap identical in all the respects
to PC6, PC9 was fabricated with web reinforcement. The initial flexural crack
originated at the bottom of the side face, under the column load at 292.60 kN. As
the loading progressed, additional cracks formed and already formed cracks
extended to the top face, widening in width. As the collapse neared, compression
distress was formed in the top face at ultimate column load of 488.25 kN. Flexural
failure occurred. Figure 12 shows the ductility experienced by the pile cap, PC9.
No uplift of support was noticed in tests (Figs. 13, 14, 15, and 16; Table 4).

Fig. 10 Load–deflection
curves of two-pile caps PC4
and PC7

Fig. 11 Load–deflection
curves of two-pile caps PC5
and PC8
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Fig. 12 Load–deflection
curves of two-pile caps PC6
and PC9

Fig. 13 Moment–crack
width curves of two-pile caps
PC3 and PC4

Fig. 14 Moment–crack
width curves of two-pile caps
PC4 and PC7

Fig. 15 Moment–crack
width curves of two-pile caps
PC5 and PC8
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6 Discussion of Test Results

TPC, PC3 with shear span/effective depth ratio (a/d), 0.58 develops very high shear
resistance by arch action. It is well known that at a/d equal to 1 shear resistance
boosts to 8–10 times the normal bending shear resistance. PC3 with a/d = 0.58
develops much more shear resistance than a member with a/d equal to 1. PC3
though has high ultimate shear stress, 3.13 MPa, it is nullified by high arch action.
Failure occurred in bending as predicted by the code. PC4 with a/d equal to 1.42
develops far less arch action and consequent shear resistance. Its high ultimate shear
stress 3.44 MPa is not nullified completely due to less arch action, and shear failure
has occurred as per code. TPCs, PC5 and PC6 have high a/d ratios 1.59 and 1.99,
respectively, with less arch action and less development of shear resistance. The
ultimate shear stress for both was at 3.28 MPa; consequently, both have failed in
shear as per code. The three companion and identical TPCs, PC7, PC8 and PC9 to
PC4, PC5 and PC6, respectively, were designed for shear to make them fail in
bending.

7 Conclusions

Useful ideas gleaned from the experimental investigation undertaken are summed
up in the conclusions listed below.

1. The long-awaited substantiation of specifications incorporated in IS456:2000
[1], relative to the occurrence of one-way shear on TPCs, has been established
by the current tests on seven TPCs.

2. Four TPCs designed in accordance with Cl 34.2.4.1 and Cl 34.2.4.2 of IS
456:2000 [1] failed as prescribed by the code; TPC, PC3 failed in bending and
TPCs PC4, PC5 and PC6 in shear. A designer of TPCs can follow the speci-
fications of IS 456:2000 [1] to determine the mode of failure; if shear failure is
predicted by the code, the TPC can be designed for shear reinforcement to force
the failure in the desired flexure, as is done in the case of TPCs PC7, PC8 and
PC9 in current investigation.

Fig. 16 Moment–crack
width curves of two-pile caps
PC6 and PC9
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Comparative Study of Flat Slab-Column
Connection Techniques for Seismic
Loading

Aastha Mahajan, Ratnesh Kumar and Onkar G. Kumbhar

Abstract In the present paper, comparative study of flat slab-column connection
techniques for lateral loading has been made for a symmetrical plan of a ten-storey
building. The modelling has been done for a flat plate directly resting on columns.
Since there are issues in modelling of flat slab, out of which, one of the most
important issues taken in this paper is the effect of torsion transfer in the
slab-column connections. The study has been done using three different torsional
stiffnesses of slab-column connection, and their performance assessment has been
done for a moderate seismic zone. From linear analysis, change in fundamental
period of vibration has been studied. Further, the performance of these building
models has been assessed using non-linear static analysis. The present study finds
the results of ‘Unified Equivalent Frame Model’ (UEFM) to be the most reliable
because of the inclusion of the effect of both gravity and lateral loads in the
calculation of torsional stiffness of the slab-column connections.

Keywords Flat slab � Torsion � Pushover analysis � Lateral load
Gravity load

1 Introduction

Flat slab buildings are widely used form of RCC structures due to their efficiency in
terms of easier formwork, increased storey height and better architectural appear-
ance. Many times designers consider only gravity loads for designing flat slab
buildings. Flat slab structures designed without considering seismic load may not
have enough lateral strength and ductility to resist earthquake ground motions. In
beams, local hinge failure is possible, but in the case when beams are not there,
hinges will be formed directly in slab and in columns, which might subsequently
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lead to a global structural failure quickly and catastrophically. Since the column
connection is only over part of slab, hence, the rotation of slab along a transverse
section at the column support will vary and will be equal to the column rotation
only in the immediate vicinity of the column, resulting in torsion. Therefore, the
study of behaviour of flat slab for seismic forces and the effect of torsion in
slab-column connections need to be understood.

For modelling the flat slab, Allen and Darvall [1] provided tables of effective
width coefficients for different combinations of plate aspect ratios (l1/l2) and column
width-to-slab span ratios (c1/l1 or c2/l1). Hwang and Moehle [2] provided equations
for effective width that indicate that the relationship between exterior and interior
bays is about one-half. The following equations can be used in lieu of tables from
Allen and Darvall [1]:

For interior bays: b ¼ 2c1 þ l1
3
; ð1Þ

For exterior bays: b ¼ c1 þ l1
6
; ð2Þ

where b is defined as the effective slab width, c1 is defined as the column dimension
parallel to span and l1 is defined as the centre to centre span length in the direction
under consideration (Fig. 1).

To take the effect of transfer of torsion, the flat slab has been modelled using the
model proposed by Benavent-Climent [3], for wide beams, according to which the
wide beam can be divided into three fictitious parts, and is interconnected to the
columns with the help of torsional springs (as shown in Fig. 2). ACI 318 [4]
provides the following equations for calculating the torsional stiffness which was
derived under the basis of flat slab subjected to the gravity loads:

K ¼
X 9ECSC

l2 1� c2
l2

� �3; ð3Þ

C ¼
X

1� 0:63x
y

� �
x3y
3

� �
; ð4Þ

where c2 is defined as width of column, x is defined as the shorter overall dimension
of rectangular part of cross section, y = longer overall dimension of rectangular part
of cross section and Ecs = modulus of elasticity of slab concrete.

To take the effect of lateral loads in the performance of flat slab, Park et al. [5]
had proposed a different equation for the calculation of torsional stiffness, i.e.
modified effective beam model. The equations for torsional stiffness as derived by
Park et al. are Eqs. (5) and (6)
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K ¼
X 6ECSC

l2 1� c2
l2

� �3; ð5Þ

C ¼
X

1� 0:63x
y

� �
x3y
3

� �
: ð6Þ

The equation for flexural stiffness of the slab is as given in Eq. (7).

KS ¼ 4EcIS
l1

: ð7Þ

To take the effect of both lateral and gravity loads, Shin et al. [6, 7] proposed a
different model called unified equivalent frame method to take the effect of both
lateral and gravity loads in the calculation of torsional stiffness at slab-column
connections as given in Eqs. (11) and (12). A new parameter called load ratio factor
(kc) has been introduced in this model which is the relative ratio of the torsional

Fig. 1 Equivalent beam width model
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moment due to lateral loads (Tl) to the torsional moment due to gravity loads (Tg) as
given in Eq. (8)

kc ¼ Tl
Tg

: ð8Þ

For determining the load ratio factor, torsional moments due to lateral and
gravity load can be found out using Eqs. (9) and (10)

Tg ¼ MS
Ktg

Ktg þ
P

Kci

� �
; ð9Þ

Tl ¼ Mub
Ktg

Ktl þ
P

Ksi

� �
; ð10Þ

Kt;kc ¼ 18CECð1þ kcÞ
l2a2ð2aþ 3kcÞ ; ð11Þ

C ¼
X

1� 0:63x
y

� �
x3y
3

� �
; ð12Þ

Fig. 2 Equivalent frame model with torsional springs used in the slab-column connections
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where a is 1� c2
l2

� �
.

Therefore, this study is limited to the analytical investigation of the seismic
behaviour of the RC Flat slab buildings and the effect of modelling techniques of
flat slab has been studied by performing linear and non-linear static pushover
analysis on the buildings using SAP 2000. The cracking effect is not considered in
this study. To avoid the effect of other geometrical deficiencies on structural
behaviour, a regular and symmetrical building plan has been selected (Fig. 3). Four
different building models have been developed with a same basic plan.

2 Specification of Building

Selected regular ten-storey building with symmetric plan (Fig. 3) is very much
similar to the plan of an office, hotel, school or a public building. The plan is
symmetric in both longitudinal and transverse directions with constant storey height
of 3 m above plinth level.

Seismic force has been calculated as per Indian Standard IS 1893-Part I [8]
considering a minimum base shear correction. The building is situated on medium
soil in seismic zone III and designed to meet the requirements of IS 456 [9]. Effect

Fig. 3 Plan of the building to be analysed and designed
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of cracking stiffness is ignored. Concrete with nominal characteristic compressive
strength of 25 MPa and steel with 415 MPa yield strength has been used in the
design.

3 Modelling and Analysis

To check the changes in performance of flat slab with different modelling
approaches such as effective beam width model which is modelled without con-
sidering torsional stiffness, and the remaining three models ACI equivalent frame
model [2], modified effective beam model [3] and unified effective beam model [4]
are modelled using the Benavent-Climent model [1] with the equations for torsional
stiffness differing from each other. Nomenclatures of all the building models and
their brief description have been presented in Table 1. The sectional properties of
equivalent beams used for modelling flat slabs are taken as 600 � 125 mm for
central beams, 500 � 125 mm for exterior beams and 1300 � 125 mm for interior
beams. Sectional properties for corner columns are 300 � 450 mm and for the
other columns 600 � 600 mm.

Structural modelling, analysis and design have been performed in SAP 2000
(V-14.2.4) [10]. Effective beams and columns have been modelled using 3D frame
elements. The foundation has been considered as rigid and all the six degrees of
freedom at the base of the ground storey columns have been restrained. The
in-plane rigidity of the slab has been modelled using diaphragm constraint.
Response spectrum analysis is performed on the building to compute seismic force.
Lumped plastic hinge model [FEMA 356/ASCE 41-06] [11, 12] has been used to
simulate the non-linear behaviour of members. In the flat slab models, the columns
have been assigned the coupled axial moment (P-M2-M3) auto hinges (which are
inbuilt in SAP 2000), and the cracking effect in the stiffness of all the members has
been ignored.

In beams, the hinges are generated using the moment curvature obtained from
the section designer, the yield moment and yield rotation. These parameters are
given as input in the hinge properties where the curvature is converted into rotation
using Eqs. (13) and (14) from Eurocode 8—Part 3 (CEN 2005) [13]:

Table 1 Details of different models of flat slab buildings

Model Description

ACI-EFM Flat slab modelled as ACI-based equivalent frame model

MEFM Flat slab modelled as modified equivalent frame model

UEFM Flat slab modelled as unified equivalent frame model
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hy ¼ /y
ðLv þ aVzÞ

3
þ 0:00135 1þ 1:5H

Lv

� �
þ 0:13/ydbfy

0:5fc
; ð13Þ

hu ¼ hy þðhu � hyÞLp 1� 0:5Lp
Lv

� �
: ð14Þ

Non-linear Static Procedure (NSP) has been used to study the non-linear
behaviour of the buildings and to estimate the seismic performance. Lateral load
deformation pattern based on storey mass as per FEMA 356 for obtaining capacity
curve has been used.

3.1 Modal Analysis Results

To recognize the difference in modelling approaches on the modal parameters of flat
slab structure, modal analysis has been performed on all four building models. The
natural time period of ACI-EFM is 8.88% less than UEFM and that of MEFM is
2.96% more in first two modes. And in the third mode, the natural time period of
ACI-EFM is 6.3% less than UEFM and that of MEFM is 2.27% more than UEFM.
Thus, the time period for ACI-EFM is the least making it the stiffest structure since
more stiffness leads to a reduction in natural time period of the building. It is
observed that MEFM is the most flexible structure having the maximum natural
time period. In terms of the models with torsional stiffness, we can conclude that the
stiffness of ACI-EFM is the most, followed by UEFM and MEFM. First three
natural periods of all the four models are presented in Table 2.

3.2 Non-linear Analysis Results

The different pushover curves in terms of base shear and roof displacement in
longitudinal for different models are compared as shown in Fig. 4.

All curves are approximated by means of bi-linearization as stated in FEMA 356
to calculate the yield force, yield displacement and stiffness. The displacement
corresponding to the ultimate base shear is calculated as ultimate displacement.
Ductility and collapse margin ratio have also been calculated and shown in Table 4.
Performance is assessed at three levels of drift 1, 2 and 4% as stated in FEMA 356
of the total building height since the target displacements found conventionally
were misguiding.

The hinge formation pattern has been given in Table 3. From Tables 3 and 4, the
following observations were made. The yield strength of UEFM is least and that of
ACI-EFM is most which is correlated with the base force of the respective models.
The yield strength (with respect to yield base force) of ACI-EFM is 1.06 times more
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than UEFM, and the yield strength of MEFM is 1.03 times that of UEFM. The base
force carried at 1% drift of the total height, EBWM is carrying 0.75 times UEFM,
MEFM is carrying 0.93 times UEFM and ACI-EFM is carrying 1.2 times base
force. At 2% drift of the total height, ACI-EFM is carrying 1.1 times, EBWM is
carrying 0.7 times and MEFM is carrying the same base force as that of UEFM.

The maximum initial stiffness is for ACI-EFM followed by UEFM and MEFM.
The difference in stiffness of the various models of flat slab is directly proportional
to the respective torsional stiffness of the slab-column connections. It is also found
that the ductility of UEFM is the least. Ductility of ACI-EFM is 1.76 times more
and that of MEFM 1.25 times more than UEFM. The yield force for ACI-EFM is
1.06 times more than UEFM. The yield displacement of ACI-EFM 0.68 times less
and for MEFM 1.1 times more than UEFM. The CR at DBE level and MCE level
for ACI-EFM is 1.27 times more and for MEFM, it is 1.02 times more than UEFM.
The IO level hinges are first formed in MEFM, UEFM and ACI-EFM, which means
that at IO level, MEFM is giving the worst performance and ACI-EFM is giving the
best performance. There is no formation of CP level hinges for UEFM; therefore,
the CR has been found at LS level hinge.

Inter-storey drift is found at 2% drift of the total height as shown in Fig. 5. The
peak inter-storey drift % for Push X load case for EBWM is 0.98 times UEFM, for
ACI-EFM it is 1.07 times UEFM and for MEFM it is 0.98 times UEFM.
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4 Conclusion

It has been observed that many times in the seismic design practice, the designers
ignore the effect of torsion on slab-column connections during the modelling of flat
slab. In reality, the torsion will get transferred because the width of the column
supporting the flat slab will be relatively very small; therefore, the rotation of the
column will be equal to the rotation of slab only in the immediate vicinity of
column and will vary with the distance, and therefore, it will result in torsion. To
take care of this, the present study deals with the effect of transfer of torsion in the
slab-column connection by providing torsional spring of different proposed stiff-
nesses. From the modal analysis, it has been observed that the MEFM is the most
flexible structure having the maximum natural time period. It is observed that the
stiffness of ACI-EFM is the highest, followed by UEFM and MEFM. Evaluation of

Table 4 Pushover analysis results of different models of flat slab buildings

Model ACI-EFM MEFM UEFM

Yield force (KN) 3300 3200 3100

Yield displacement (mm) 400 640 580

Ultimate displacement (mm) 1480 1680 1200

Ductility 3.7 2.62 2.1

(CR) Collapse ratio at LS level

DBE 30 24 23.6

MCE 15 12 11.8
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Fig. 5 Inter-storey drift (%) for different models of flat slab at 2% drift of the total height of the
building
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Inter-storey drift also shows that the value of torsional stiffness influences the
stiffness of flat slab. The peak inter-storey drift is the least for ACI-EFM and
maximum for MEFM. The formation of hinges is first in MEFM and lastly in
ACI-EFM. Collapse ratio values are also most conservative for ACI-EFM. The
present study finds the results of UEFM most reliable, because of the inclusion of
the effect of both gravity and lateral loads in the calculation of torsional stiffness of
the slab-column connections.
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Comparative Study of 1D and 2D
Simulation Models of Hollow RC Bridge
Columns Under Reversed Cyclic Loads

Vijay Kumar Polimeru, Abhideep Sahu and Arghadeep Laskar

Abstract Reinforced concrete (RC) bridge columns can be subjected to large
dynamic loads during earthquakes. In order to design these structures, a thorough
understanding of their nonlinear behavior is essential. 1D and 2D numerical sim-
ulation models are generally used for the analysis of these structures under axial
loads and uniaxial bending. The iterative process used in the numerical simulation
is cost-sensitive and time-consuming because of the complex constitute relation-
ships of the materials. In this study, two hollow RC bridge columns tested under
reversed cyclic loads at the National Centre for Research on Earthquake
Engineering (NCREE) Taiwan have been analyzed using both 1D and 2D
numerical simulation models. Analysis results from both simulation models such as
primary backbone curves, hysteretic loops including pinching effects, and the
strength degradation in the post-peak region have been compared and verified with
the experimental data.

Keywords RC bridge column � Reversed cyclic load � Nonlinear analysis
Hysteretic loops

1 Introduction

Reinforced concrete (RC) bridge columns can be subjected to large dynamic loads
during earthquakes. In order to design these structures, a thorough understanding of
their nonlinear behavior is essential. Macro-models and micro-models are the two
types of analytical models commonly used for the analysis of these structures.

V. K. Polimeru � A. Sahu � A. Laskar (&)
Department of Civil Engineering, IIT Bombay, Mumbai 400076, India
e-mail: laskar@civil.iitb.ac.in

V. K. Polimeru
e-mail: vijaykumarpolimeru@iitb.ac.in

A. Sahu
e-mail: abhideep.sahu@gmail.com

© Springer Nature Singapore Pte Ltd. 2019
A. Rama Mohan Rao and K. Ramanjaneyulu (eds.), Recent Advances in Structural
Engineering, Volume 1, Lecture Notes in Civil Engineering 11,
https://doi.org/10.1007/978-981-13-0362-3_15

183

http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-13-0362-3_15&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-13-0362-3_15&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-13-0362-3_15&amp;domain=pdf


Macro-models analyze the bridge column by treating it as a cantilever and are
essentially one-dimensional (1D) models, whereas micro-models analyze the bridge
columns by treating it as a combination of plane-stress elements and beam-column
elements. Hence, these models are two-dimensional (2D) models. Examples of 1D
simulation models are equivalent beam model (EBM) [1], multiple vertical line
element model (MVLEM) [1], and modified multiple vertical line element model
[2]. These models are very good in predicting the macro-level properties such as
load deformation relationships but are not useful for micro-level analysis or for
doing a complete stress analysis. On the other hand, researchers have developed
various rational analytical micro-models for more than three decades to study the
nonlinear behavior of RC structures by predicting both the macro-level load
deformation parameters and micro-level stress–strain properties. These models
include equilibrium plasticity truss model [3], Mohr compatibility truss model
(MCTM) [4], compression field theory (CFT) [5], modified compression field
theory (MCFT) [6], rotating angle softened truss model (RA-STM) [7], fixed angle
softened truss model (FA-STM) [8], softened membrane model (SMM) [9], and
cyclic softened membrane model (CSMM) [10]. However, the validity of these
analytical models in predicting the shear behavior of RC structures is not certain.
Out of all the micro-models, cyclic softened membrane model (which is based on
smeared crack concept and satisfies Navier’s principles of mechanics) is able to
predict the shear behavior of RC structures with reasonable accuracy [11]. The 1D
and 2D simulation models can be improved by implementing the damage param-
eters [12, 13] in the constitutive relationships of concrete and steel. In the past, the
cyclic and dynamic response of RC shear walls has been predicted using
CSMM-based 2D plane-stress elements [14]. 1D models using nonlinear
beam-column elements have been used to predict the seismic behavior of hollow
rectangular RC bridge columns [15] and cyclic behavior of GFRP-strengthened
hollow rectangular RC bridge columns [16]. Recently, a combination of nonlinear
beam-column elements and CSMM-based 2D plane-stress elements has been used
to predict the cyclic response of post-tensioned hollow rectangular bridge columns
tested at SUNY Buffalo [17]. However, no literature on comparative study of 1D
and 2D models for bridge columns is reported till date. In this study, two rectan-
gular hollow RC bridge columns, PI1 and PI2, tested under reversed cyclic loads at
the National Centre for Research on Earthquake Engineering (NCREE) Taiwan [18]
have been analyzed using both 1D and 2D numerical simulation models.
Plane-stress elements developed using cyclic softened membrane model (CSMM)
have been used for the 2D analysis. The results obtained from the 1D and 2D
models have been compared with the experimental results. The efficiency of 1D and
2D models in predicting the load deformation relationships has been studied by
comparing the results. The effectiveness of implementing the damage parameters
into the constitutive laws has been demonstrated by comparing the analytical results
obtained from the present study with the analytical results obtained from previous
simulations of the bridge columns available in the literature.
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2 Methodology

Nonlinear finite element models in 1D and 2D have been developed and analyzed
using OpenSees finite element software. The uniaxial material model of concrete
developed by Chang and Mander [12] has been used along with a uniaxial trilinear
hysteretic steel material model [13] for longitudinal reinforcement. Chang and
Mander’s concrete model [11] is a generalized constitutive model which defines the
damage properties of concrete. In this study, the damage parameters for concrete
consisting of the shape parameters in Tsai’s equation [19] defined for compression
ðrcÞ and tension ðrtÞ, nondimensional critical strain on compression envelope ðx�ve

cr Þ
and tension envelope ðxþ ve

cr Þ have been calibrated with respect to aspect ratio.
A detailed explanation of these parameters is given in [12]. On the other hand, the
hysteretic steel model is a generalized trilinear model which also defines the
damage properties of steel. In this study, the damage properties for steel consisting
of thee pinching factors during reloading for strain ðPxÞ and stress ðPyÞ, damage due
to ductility ðD1Þ and energy ðD2Þ, and power used to determine the degraded
unloading stiffness based on ductility ðbÞ have been calibrated with respect to
aspect ratio. A detailed explanation of these parameters is given in [13]. The
calibrated values are tabulated in Tables 1 and 2. The constitutive relationships are
shown in Fig. 1. Confined concrete (concrete within the stirrups) properties have
been calculated using a model developed by Mander et al. [20]. The material and
geometric properties of the specimens are listed in Table 3 along with their rein-
forcement details. The aspect ratio (height-to-width ratio) of the specimens PI1 and
PI2 is 2.7 and 2.0, respectively. The bridge columns have been modeled as a
cantilever fixed at the bottom in the 1D model. 11 nonlinear beam-column elements
are used for the analysis. In each element, the entire cross section of the bridge
columns has been divided into 8 fibers of unconfined concrete, 4 fibers of confined
concrete, and 64 fibers of steel. In the 2D model, two of the bridge column walls
have been modeled with ten RC plane-stress elements, and each of the other two
walls has been modeled with five nonlinear beam-column elements consisting of 4

Table 1 Properties of
confined and unconfined
concrete with respect to
aspect ratio

Concrete
type

Aspect ratio
ðL=dÞ

rc x�cr rt xþcr

Confined >2 7 1.035 6 10,000

Unconfined >2 7 1.035 6 10,000

Confined � 2 7 1.035 3 1.5

Unconfined � 2 7 1.035 3 1.5

Table 2 Damage properties
of steel with respect to aspect
ratio

Aspect ratio ðL=dÞ Px Py D1 D2 b

>2 0.6 1.0 0.011 0.2 0.5

� 2 0.3 0.1 0.040 0.8 0.3
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fibers of unconfined concrete, 2 fibers of confined concrete, and 32 fibers of steel.
Both the columns have been subjected to a static axial load (N) and reversed cyclic
load (P). The cross section and elevation of 1D and 2D models are shown in Fig. 2.
Multipoint constraint has been applied at the nodes common to plane-stress and
nonlinear beam-column elements. Modified Newton–Raphson method with Krylov
subspace acceleration has been used for the analysis.

3 Results and Discussion

Hysteretic loops obtained from 1D to 2D models have been compared with the
experimental results for both flexure dominant column PI1 and shear dominant
column PI2. Comparing the results obtained from 1D to 2D simulation models
developed in this study, it can be observed from Figs. 3 and 4 that the peak loads
predicted from 1D to 2D analysis for specimen PI1 are 12 and 11% lower than the
experimental peak loads, respectively. For specimen PI2, the predicted peak loads
from 1D to 2D analyses are 1% lower and 5% higher than the test result, respec-
tively. The run times for both 1D and 2D models were similar. Even though the
absolute peaks are better predicted using 1D analysis, the slopes of loading and
unloading curves and the pinching effects (pinched shape near origin) in the pre-

(a.) Constitutive relationship of concrete [12]
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(b.) Constitutive relationship of steel [13]

Fig. 1 Constitutive relationships of steel and concrete

Table 3 Geometry and material properties of bridge columns

Specimen
No.

f 0c (N/
mm2)

N (kN) L (mm) Longitudinal
reinforcement

Transverse
reinforcement

Dia.
(mm)

fy (N/
mm2)

fsu (N/
mm2)

Dia.
(mm)

fy (N/
mm2)

fsu (N/
mm2)

PI1 34 4000 4500 22 460.0 647.0 10 510.0 120

PI2 32 3600 3500 22 418.2 626.5 10 420.0 200
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and post-peak regions of all cycles are better predicted using 2D model. It can thus
be concluded that with some minor improvements in the prediction of the peak
loads, CSMM-based plane-stress elements can be effectively used to predict the
seismic performance of shear critical components of RC structures in place of the
nonlinear beam-column element. The results obtained from the present study have
also been compared with the analytical results available in the literature on these
bridge columns, which were obtained using a 1D model developed by Mullapudi
[21]. The constitutive relationships used were based on Kent and Park model [22]
of concrete modified by adding constitutive relationship of concrete in tension, and
Menegotto and Pinto model [23] was modified by Filippou et al. through addition
of isotropic strain hardening effects for steel [24]. It can be observed from Figs. 5
and 6 that the present 1D model was able to better predict the peak loads, post-peak
strength degradation, and pinching behavior of columns PI1 and PI2 compared to
the 1D analysis results obtained by Mullapudi [21]. The better predictions obtained
from the present study are due to the implementation of damage properties in the
constitutive relationships of concrete and steel.
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(a.) Cross section and elevation of 1D model
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Fig. 2 Cross section and elevation of 1D and 2D models
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Fig. 3 Comparison of 1D
and 2D analysis results of
column PI1 with experimental
results

Fig. 4 Comparison of 1D
and 2D analysis results of
column PI2 with experimental
results
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4 Conclusions

The analytical results showed that the 1D model predicted the overall cyclic
behavior more accurately compared to the 2D model developed in the present
study. Hence, 1D model with damage parameters is effective for predicting the
macro-level behavior of the bridge columns such as load deformation relationships.
However, the certain characteristics of the column behavior such as the slopes of
loading and unloading curves and the pinching effects in the pre- and post-peak
regions of all cycles are better predicted by the 2D model. For solid columns, the
results obtained from 1D to 2D analysis match for columns with higher aspect ratio
(width to height greater than 0.2). At lower values of aspect ratio, the predictions
from 2D analysis are higher than 1D analysis results. The implementation of the
damage parameters in the constitutive relationships has improved the prediction of
the shear behavior of the bridge columns compared to results available in literature

(a) Without Damage Properties (b) With Damage Properties

Fig. 5 Comparison of 1D analysis results of PI1 with experimental and Ref. [21]

(a) Without Damage Properties (b) With Damage Properties

Fig. 6 Comparison of 1D analysis results of PI2 with experimental and Ref. [21]
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from models without damage parameters. However, the quantification of the
damage properties with change of aspect ratio of the bridge column that has been
implemented in the current simulation models needs to be verified with additional
simulations of tested specimens.
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Comparative Study of Different
Foundation and Sidewall Systems
for Large Storage Tanks

T. Pavan Kumar, G. Papa Rao and P. Veerabhadra Rao

Abstract R.C.C tanks are widely used to store large quantities of water, and
ground resting tanks without top slab are being used worldwide in sewage treatment
plants (STPs). The type of foundation system and sidewall system for tanks depends
on the type of soil and height of the tank. The authors tried two types of foundation
systems and three types of sidewall systems keeping the capacity of tank being
constant. Comparisons were made to evaluate the best structural system in terms of
load dispersion and economy. To understand the behavior of large storage tanks, an
open tank of size 30 m � 15 m � 5.5 m (0.5 m freeboard) is considered. The
analysis is carried out in STAAD-Pro and designs were done by manually and the
comparisons made between each system, and the most economic combination of
sidewall and foundation system was arrived.

Keywords Water tanks � STAAD-Pro � Foundation systems

1 Introduction

R.C.C tanks are widely used to store large quantities of water and ground resting
tanks without top slab are being used worldwide in sewage treatment plants (STPs).
The type of foundation system and sidewall system for tanks depends on the type of
soil and height of the tank. The authors tried two types of foundation systems and
three types of sidewall systems keeping the capacity of tank being constant.
Comparisons were made to evaluate the best structural system in terms of load
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dispersion and economy. To understand the behavior of large storage tanks, an open
tank of size 30 m � 15 m � 5.5 m (0.5 m freeboard) is considered. The analysis is
carried out in STAAD-Pro and designs were done by manually and the comparisons
made between each system and the most economic combination of sidewall and
foundation system was arrived.

2 Modeling and Methodology

As per Indian Standard IS-3370 (PART-4), the moment coefficients for tanks with
walls fixed and hinged at bottom are given for the values up to b/a = 0.5–3.0,
where b = width of the wall and a = height of the wall, for ratios b/a > 3.0, the
IS-3370 (PART-4) code is silent and the authors tried for b/a > 3.0. In the present
study, a rectangular tank is considered of size 30 m � 15 m � 5.5 m of capacity
2250 kL, and the b/a ratio in the present study is 5.45. The main aim of this study is
to understand the behavior of large storage tanks for which three sidewall systems
and two foundation systems are considered. The study is carried for equal capacity
of tanks with different sidewall systems such as free cantilever, framed type system,
and twin wall system to resist water pressures and two foundation systems such as
solid raft foundation system and cellular raft foundation system to resist uplift of the
tank due to the water table effect. The tanks are analyzed and designed for
hydrostatic and hydrodynamic pressures. Analysis has been carried out using
STAAD-Pro software and designs were done by manually and the tanks are
assumed to be fixed at the bottom and free and the top and the comparisons were
made between each system. The best sidewall system and foundation system are
selected based on load dispersion, and also the economy is taken into consideration
and the most economic combination of sidewall and foundation system was arrived.

2.1 Preliminary Data for the Problem Taken

The dimensions of the tank considered in the analysis are of size 30 m �
15 m � 5.5 m, and the materials used areM30 grade concrete and Fe415 grade steel.
Type of soil is hard rocky, and the tanks are considered to be in seismic zone-II. The
capacity of the tank in all cases is taken to be 2250 m3. The types of sidewall systems
considered are shown in Figs. 1, 2 and 3, and the types of foundation systems con-
sidered are shown in Figs. 4 and 5.

Fig. 1 Free cantilever type
system
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2.2 Modeling of Sidewall Systems

See Tables 1, 2 and 3.

2.3 Modeling of Foundation Systems

See Tables 4 and 5.

Fig. 2 Framed type system

Fig. 3 Twin wall system

Fig. 4 Solid raft foundation
system

Fig. 5 Cellular raft
foundation system
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2.4 Tank Conditions

Tank condition-I: On ground resting tank with no soil pressure from outside and
no water table effect on bottom surface of the tank as shown in Fig. 6.

Tank condition-II: On ground resting tank with soil pressure outside and no
water table effect on bottom surface of the tank as shown in Fig. 7.

Tank condition-III: On ground resting tank with soil pressure outside and
considering Water table effect on bottom surface of the tank as shown in Fig. 8.

Table 1 Free cantilever type system

Size of tank 30 m � 15 m � 5.5 m

Wall thickness 0.3 m

Table 2 Framed type system Size of the tank 30 m � 15 m � 5.5 m

Wall thickness 0.3 m

Distance between columns 3 m

Size of beams 0.3 � 0.45 m

Size of internal columns 0.45 m � 0.45 m

Size of external columns 0.45 m � 0.6 m

Table 3 Twin wall system Size of the tank 30 m � 15 m � 5.5 m

Distance between transfer walls 3 m

Wall thickness 0.3 m

Width of transfer wall 1 m

Table 4 Solid raft
foundation system

Size of foundation 30 m � 15 m

Water table effect from N.G.L 2 m

Slab projections of the tank base slab 2 m

Thickness of base slab 0.5 m

Table 5 Cellular raft
foundation system

Size of foundation 30 m � 15 m

Center to center distance between deep
beams

3 m

Thickness of top and base slabs 0.25 m

Size of deep beams 0.3 � 2.5 m
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2.5 Loadings Considered for the Analysis

1. Self-weight,
2. Uplift pressure,
3. Soil pressure,
4. Wind pressure,
5. Hydrostatic pressure, and
6. Hydrodynamic pressure.

2.5.1 Self-Weight

Self-weight of all the structural members such as walls, base slabs, beams, and
columns are considered in the analysis. Unit weight of R.C.C is considered to be
q = 25 kN/m3.

Fig. 6 Tank condition-I

Fig. 7 Tank condition-II

Fig. 8 Tank condition-III
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2.5.2 Uplift Pressure

Uplift pressure of the tank is a major criterion when the water table is present above
the base slab of the tank. As per IS:3370-(PART-1), the factor of safety against the
uplift pressure of the tank is 1.2. The depth of water table considered in the analysis
is 2 m from the ground level.

2.5.3 Soil Pressure

Soil pressure acts on the sidewalls of the tanks in both tank conditions-II and III,
and soil pressure acts on sidewalls varying linearly from minimum at top and
maximum at the bottom.

Soil pressure acting on the wall ¼ ðcoefficient of earth pressureÞ
� ðcÞ � ðheight of wallÞ ¼ ka � c� H

2.5.4 Wind Pressure

Wind pressure acts on the sidewalls of the tanks in tank condition-I, and wind
pressure acts on the tank sidewalls varying linearly from maximum at top and
minimum at the bottom.

2.5.5 Hydrostatic Pressure

Hydrostatic pressure is the pressure exerted by water at rest condition, and
hydrostatic pressure acts on sidewalls varying linearly from minimum at top and
maximum at the bottom. Unit weight of water is taken to be cw = 9.8 kN/m3.

Hydrostatic pressure on the tank side wall ¼ ðunit weight of waterÞ
� ðheight of wallÞ ¼ ðcwÞ � ðHÞ

2.5.6 Hydrodynamic Pressure

Hydrodynamic pressure is the pressure exerted by water on tank sidewalls when the
water is in motion. Hydrodynamic pressure depends on seismic zone and size of
tank. Hydrodynamic pressure varies linearly from minimum at top and maximum at
the bottom, the hydrodynamic pressure is expressed in terms of the hydrostatic
pressure. Hydrodynamic pressure is calculated as per GSDMA guidelines for tank
size of 30 m � 15 m � 5.5 m in zone-II.
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Hydrodynamic
pressure

� �
¼ 11:5%

Hydrostatic
pressure

� �

3 Presentation of Analysis Results

MY (kNm/m) = Bending moment about local Y-axis.
MX (kNm/m) = Bending moment about local X-axis.
SX (N/mm2) = Axial stress along X-axis.
SY (N/mm2) = Axial stress along Y-axis (Figs. 9, 10, 11 and 12).
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3.1 Design and Detailing of Sidewall Systems

See Figs. 13, 14, 15, 16, 17 and 18.

3.2 Design and Detailing of Foundation Systems

See Figs. 19 and 20.

4 Results and Discussions

When compared with framed type tank, the bending moment in free cantilever type
tank is 83.57% higher and 92.8% lesser in twin wall system. The axial stress in free
cantilever type tank is 16.67% lesser and 181.25% higher in twin wall system when
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Fig. 12 Deflection in
different systems
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Fig. 13 Free cantilever type
system
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compared to framed type tank and the deflection in free cantilever type tank is
48.15% higher and 52.38% lesser in twin wall system. The cost estimation of the
foundation and sidewall systems are carried out the rates per quantities as shown in
Figs. 21, 22, 23 and 24; Table 6.

Fig. 14 Twin wall system

Fig. 15 Wall panels in
framed type system

Fig. 16 C/S of beams
concealed in walls in framed
type tank system

Fig. 17 C/S of beams
connecting walls at top of
framed type tank
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Fig. 18 Columns in framed type system

Fig. 19 Solid raft foundation system

Fig. 20 Cellular raft foundation system
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5 Conclusions

The following conclusions were drawn from the analysis.

1. Framed type sidewall system is cheaper than Free cantilever type system by
5.71% and Twin wall system by 38.88%.

2. Hydrodynamic pressure is about 11.5% of hydrostatic pressure in seismic
zone-II.

Fig. 21 Material costs per
quantity
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3. Twin wall sidewall system is costlier than free cantilever and framed system due
to increased concrete volume and shuttering area.

4. Framed type tank with cellular raft is cheaper than free cantilever type tank with
cellular raft by 1.71% and twin wall system with cellular raft by 15.22%.

5. Cellular raft foundation system is cheaper than solid raft foundation system by
32%.

6. Framed type sidewall system with cellular raft foundation is the most eco-
nomical system for large storage tanks.
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Fig. 24 Total cost comparison of sidewall systems with solid and cellular raft in crore rupees

Table 6 Cost comparison of different sidewall and foundation systems in water tanks

S. No Type of tank sidewall
system

Type of tank
foundation system

Total cost in crore rupees

1. Free cantilever Solid raft Rs. 15,903,310 ≅ 1.60 crores

2. Free cantilever Cellular raft Rs. 11,891,760 ≅ 1.19 crores
3. Frame type Solid raft Rs. 15,663,260 ≅ 1.57 crores

4. Frame type Cellular raft Rs. 11,651,710 ≅ 1.17 crores
5. Twin wall system Solid raft Rs. 17,757,270 ≅ 1.78 crores

6. Twin wall system Cellular raft Rs. 13,745,720 ≅ 1.38 crores
Bold indicates to show the cost reduction by using cellular raft foundation compared with solid raft
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Influence of Shear Core Curtailment
on the Structural Response of Core-Wall
Structures

Nishant Rathi, G. Muthukumar and Manoj Kumar

Abstract Shear walls and shear cores are the major lateral load resisting elements
in multi-storeyed framed structures because of their proven track record in miti-
gating the damage under severe earthquake ground motions including the recent
ones. The contrasting deflected profiles of shear core and frame actually help in
reducing the drift of the structure. The reduction is primarily attributed to the level
of horizontal interaction between cores and frames. The present study aims to
simulate the horizontal interaction between core wall and frames using the
dimensionless parameter (aH) capable of characterizing the individual behaviors of
the components of the dual system using the finite element analysis with different
levels of curtailment of shear core. The triangular loading has been considered, and
the computations have been made considering the site located in zone 4 with
medium soil characteristics. To this end, in order to identify the optimum level of
curtailment, an analytical study has been done on some shear core buildings with
different levels of curtailment of shear core. The structural performance of the
buildings with different levels of curtailment has been assessed for different
parameters, namely, storey drift, deflection, bending moment, and shear forces
using finite element modeling and analysis.
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1 Background and Introduction

Tall buildings are inevitable in urban areas because of paucity of land. Taller
buildings are more susceptible to damage due to wind forces and seismic forces.
Not so often that the buildings are subjected to heavy earthquake. Nevertheless, the
amount of damage that the severe earthquake can cause is immeasurable. Hence, it
is essential to protect the building from such severe damages. Shear walls and shear
cores are the major lateral load resisting elements in multi-storeyed framed struc-
tures because of their proven track record in mitigating the damage under severe
earthquake ground motions including the recent ones. The contrasting deflected
profiles of shear core and frame actually help in reducing the drift of the structure.
The reduction is primarily attributed to the level of horizontal interaction between
cores and frames. The present study aims to simulate the horizontal interaction
between core wall and frames using the dimensionless parameter (aH) capable of
characterizing the individual behaviors of the components of the dual system using
the finite element analysis. The triangular loading has been considered and the
computations have been made considering the site located in zone 4 with medium
soil characteristics.

There are ten different horizontal interactions considered with the increasing size
of the frame components, characterized by an increase in the parameter aH
(Table 1). On the other hand, the shear cores are conventionally provided
throughout the height of the building. Nevertheless, on the basis of their incom-
patible behaviors, it was observed that there is a need to curtail the shear wall to
minimize the force demand on the frame [1, 2]. To this end, in order to identify the
optimum level of curtailment, an analytical study has been done on some shear core
buildings with different levels of curtailment of shear core.

Table 1 Different horizontal interactions considered

S. No. aH Beam size (mm) Column size (mm) Shear core thickness (mm)

1. 0.5 200 � 300 450 � 450 600

2. 0.75 200 � 375 500 � 500 565

3. 1 225 � 425 525 � 525 500

4. 1.5 230 � 500 750 � 750 400

5. 2 250 � 570 800 � 800 350

6. 3 275 � 700 900 � 900 325

7. 4 300 � 820 1000 � 1000 300

8. 6 300 � 950 1200 � 1200 250

9. 8 400 � 975 1300 � 1300 175

10. 10 425 � 1050 1400 � 1400 150
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2 Characteristics of Shear Core-Frame System

The shear core-frame building, when loaded laterally, deflects in a flexural con-
figuration at the lower part of the structure and shear configuration at the upper part
of the structure. The level of point of transition from the flexural configuration to
the shear configuration depends on the shear stiffness of the frame and flexural
stiffness of shear core. The nondimensional parameter characterizing the behavior
of the frame and shear core is given by

aH ¼ H
GA
EI

� �1=2

ð1Þ

In the above equation, H = the height of the structure, EI = the total flexural
rigidity of the set of shear cores, and GA = the total shear rigidity of the set of the
frames.

The shear rigidity of a single uniform frame “i” is given by the expression

GAð Þi¼
12E

h 1P
Ic
h

þ 1P Ib
l

� �
i

ð2Þ

In the above equation, E = the modulus of elasticity of the material of columns
and beams; h = the storey height; and

P
Ic = the sum of the inertias of the columns

in a storey of frame i.
P

Ib = the sum of the inertias of the beams at a particular
level.

The lateral loading on the core-frame structures results in the lateral deflection of
the structure, and subsequently, the horizontal interaction forces occur between the
shear core and the frames. The approximate continuum approach of modeling and
analysis of shear core-frame structure is based on the uniform properties of frame
and shear core throughout the height of the structure [3]. The irregularities in the
vertical plane in terms of abrupt change in the stiffness of frame and core wall
cannot be dealt with the continuum approach, and the use of transfer matrix method
[4] may be sought. However, the present study employs the continuum approach for
the assessing the behavior of the core-frame structure and is widely used for the
preliminary analysis and design of tall buildings.

2.1 Shear Core-Frame for Different Levels
of Curtailment—Problem Statement and Methodology

The shear core can be curtailed in a core-wall system depending on the horizontal
interaction between the two systems of the structure, i.e., core wall and the frame.
The transition zone between the flexural configuration and shear configuration
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needs to be identified. The height at which the transition zone occurs depends on
the relative stiffness of frame and shear wall. If the shear wall is quite dominant, the
transition zone shifts upward.

In order to identify the optimum height of shear core in terms of its beneficial
effect of reducing the internal force demand on the frame, the shear core-frame has
been analyzed for the different levels of curtailment of core wall for different
systems characterized by the nondimensional parameter (aH) as defined in the
earlier sections.

In the present study, a 30-storeyed shear core-framed building with aspect ratio
of 2.63 with shear core located in the center of the plan has been considered
(Fig. 1), as shown respective plan (Fig. 2) and elevation (Fig. 3). The plan
dimensions are kept at 40 m � 40 m, and the storey height is kept at 3.5 m. The
structural performance of the buildings with different levels of curtailment has been
assessed for different parameters, namely, storey drift, deflection, bending moment,
and shear forces using finite element modeling and analysis. The shell elements
have been used to model the shear core and membrane elements are used to model
the rigid slab (Figs. 2 and 3). For all the structural components such as beam,
column, shear core, and slab, the grade of concrete is kept at M25 (Fig. 3).

Fig. 1 3-D core-wall frame
structure

Fig. 2 Plan of shear
core-framed building
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2.1.1 Response Parameters of Core-Wall Frame Structure

The following four structural response parameters are normally considered for the
response analysis and are presented in Table 2.

In the above expression, the values of k1, k2, k3, and k4 represent the various
coefficient factors indicating the contribution of stiffening effect of frame on the
response of the shear wall or shear core. The maximum values of k1, k2, k3, and k4
are unity. For example, if the value of aH is close to zero (due to high value of EI
and low value of GA), then the value of k1 tends to be unity, characterizing the
negligible effect of the frame action in resisting the deformability of the structure.
The variation of the k1, k2, k3, and k4 for the different values of aH along the height
of the structure (z/H) is presented in the form of graph in the literature [5]. For the
convenience, the variation of the k1 through k4 is plotted here corresponding to
different levels of z/H, where z represents the elevation at which the structural
response parameter is desired to be estimated (Fig. 4).

Case (i) Case (ii) Case (iii)

Case (iv) Case (v) Case (vi)

Fig. 3 Different curtailment
levels of shear core
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3 Response Analysis of Shear Core-Frame for Different
Levels of Curtailment

The response analysis of the shear core-frame has been compared for different
values of aH and different levels of curtailment. The current section highlights the
various responses in terms of relative deflection, relative base shear, relative base
moment, and relative shear (top).

The relative deflection, defined as the ratio of deflection at the top of the
structure to the max deflection of the wall (with no frame included) has been shown
in Fig. 5. For lower values of aH, it has been observed that the deflection pattern

Table 2 Structural parameters considered for the present study

S. No. Response parameter Expression for triangular load pattern

1. Displacement of shear wall yðzÞ ¼ 11wH4

120EI k1

2. Storey drift of shear wall dy
dz ðzÞ ¼ wH3

8EI k2

3. Bending moment of shear wall MbðzÞ ¼ wH2

3 k3

4. Shear force of shear wall MbðzÞ ¼ wH
2 k4

(a) Variation of k1 (b) Variation of k2 

(c) Variation of k3 (d) Variation of k4 

Fig. 4 Variation of response factors (K) for different values of z/H and aH
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follows more of the flexural wall, whereas for higher values of aH, it follows more
of a shear behavior signifying the predominant frame action.

The relative base shear, defined as the ratio of total shear carried by the shear
wall to the shear applied, has been shown in Fig. 6 for different values of aH and
for different levels of curtailment. The shear carried by the core wall gets affected as
the value of aH increases, signifying the greater contribution by the frame. On the
other hand, it has been observed that shear carried by the core wall has not been
affected by the curtailment of core wall. Hence, the curtailment does not necessarily
result in the reduction in the load carrying capacity of the wall.

The variation of relative base moment for different levels of curtailment and for
different values of aH is shown in Fig. 7. For lower values of aH, the relative base
moment, defined as the ratio of moment of the shear core at the base of the structure
to the maximum moment of the structure, is contributed more by the shear core than

Fig. 5 Variation of relative
deflection (top) for different
levels of curtailment
(for different aH)

Fig. 6 Variation of relative
base shear for different
levels of curtailment
(for different aH)

Fig. 7 Variation of relative
base moment for different
levels of curtailment
(for different aH)
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the frame. As the value of aH is increased, the relative base moment is contributed
more by the frame rather than by the shear wall, signifying the predominant frame
action. Moreover, for all values of aH, the curtailment of shear core does not seem
to affect the structural response of shear core-frame structure. Hence, with respect to
relative base moment, it can be concluded that the curtailment of the shear core is
neither sensitive nor detrimental to the structural response.

The variation of relative shear (top) for different levels of curtailment and for
different values of aH is shown in Fig. 8. The relative shear at the top of the
structure is defined as the ratio of the shear at the top of the structure to the shear
applied at the top of the structure. When the shear core is provided till the top of the
structure, the relative shear has been on the negative side and hence creating the
additional force demand on the frame of the structure especially for the higher
values of aH.

The curtailment of shear core has resulted in the change in the relative shear
from negative to positive, and subsequently, the position of point of contra-shear
changes depending on the values of aH. It has been observed from the graph that
for higher values of aH, the point of contra-shear occurs more toward the bottom of
the structure, and hence, the curtailment of shear core has more pronounced effect
on the structural performance by avoiding the large negative shear at the top region.
The optimum level of curtailment has been found to in the range between 80 and
90% of the height of the structure. It is also to be noted that shear walls of height
about 85% of the total height of building are considered advantageous [6].

4 Conclusions

On the basis of the above results, the following conclusions have been drawn on the
structural performance of shear core-frame.

• The level of horizontal interaction strongly influences the structural behavior of
the dual system (frame and shear core) as much as the intensity of loading.

• For lower values of aH, the behavior of the structure is dominated by the
flexural action due to the influencing presence of shear core.

• The shear core carries most of the base shear and base moment for lower values
of aH and the frame carries the forces for higher values of aH.

Fig. 8 Variation of relative
shear (top) for different levels
of curtailment (for different
aH)
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• The curtailment of the shear core at the top region has not been found detri-
mental with respect to base shear and base moment.

• The curtailment of the top region has actually been beneficial with respect to the
reduction in the negative shear at the top of the structure, which in turn reduces
the force demand on the frame.
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Location of Balance Points on Design
and Actual P–M Interaction Curve
for RC Sections

Piyush Mehta, Sumit Kumar, Vikash Kumar, Sunil Bandawala
and Kaustubh Dasgupta

Abstract The axial force–bending moment (P–M) interaction curve is a graphical
representation of sectional capacity of a uniaxial eccentrically loaded reinforced
concrete (RC) member. On the P–M curve, balance point represents simultaneous
achievement of limit states of both concrete and reinforcing steel. Although loca-
tions of balance points are commonly used for demarcating under-reinforced and
over-reinforced regimes of behavior of RC columns, these are not studied from the
point of view of actual behavior. In the present study, first P–M curves are gen-
erated as per the actual stress–strain curves of concrete (considering the confine-
ment action) and reinforcing steel for different sizes of column section. The balance
points are located on the actual P–M curves based on the definition of limit states of
concrete and reinforcement. The locations of balance points on the actual
P–M curves are reviewed to determine whether the design balance points give an
upper bound or lower bound of the under-reinforced range of behavior.
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1 Introduction

The axial force–bending moment (P–M) interaction curve is based on the estima-
tion of combined capacity of an RC section. Each point on the curve corresponds to
a particular set of axial capacity and flexural capacity values. The points also
represent primarily four failure modes of an RC section, namely, (a) tensile
cracking of concrete, (b) compression failure of concrete, (c) tensile yielding of
steel reinforcement, and (d) tensile rupture of steel reinforcement. Based on the
different failure modes, the identified balance point demarcates (a) under-reinforced
and (b) over-reinforced behavior regions along the entire P–M curve.

P–M interaction curve can be drawn for the design level material properties
prescribed by the respective code provisions, as well as for the actual material
properties obtained from the experimental tests. One of the major issues in the
P–M interaction curve with actual material properties is the confinement effect of
concrete under axial compression. Previous studies have not focused on the com-
parison of P–M interaction curves with design and actual material properties (Ref.
[1, 2]). The Indian Standard for the design of RC structures, IS:456-2000 (Ref. [3]),
also does not prescribe any confinement effect of concrete and failure strain for steel
reinforcement.

In the current study, P–M interaction curve is first developed using the design
stress–strain curves of concrete and reinforcement as per IS:456-2000. Then, using
actual stress–strain curves of concrete and reinforcement, the P–M curve is
redrawn. The balance points are located on both the P–M curves, and the locations
are reviewed for sets of curves corresponding to different section sizes. The actual
balance point locations represent the expected range of under-reinforced behavior
during actual conditions.

2 Material Properties

The constitutive characteristics of concrete and reinforcement, under actual con-
ditions, are discussed in the following sections.

2.1 Concrete

The presence of axial compression in an RC section mobilizes the confinement
effect in the core concrete and enhances its compressive strength. In the present
study, the analytical stress–strain curves proposed for unconfined and confined
concrete, considering different cross-sectional shapes and levels of confinement
reinforcement, have been used (Ref. [4]). The stress and strain parameters of
confined concrete are established by considering equivalent uniform confinement
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pressure applied by the confining reinforcement. The proposed curve consists of a
parabolic ascending portion and a linear descending portion. The obtained curves
for unconfined and confined concrete, for M20 grade, are shown in Fig. 1.

2.2 Reinforcement

For the Fe415 grade of reinforcement considered in the present study, the design
stress–strain curve is considered in two parts, namely, (a) a linear ascending part
(till a strength of 0.87fy, where fy is the yield strength of steel), and (b) a constant
horizontal line till the final strain of 14%. Although IS:456-2000 does not prescribe
any final strain value for the reinforcement, limit of 14% has been considered based
on the experiments carried out with Fe415 grade of steel (Ref. [5]). The actual
stress–strain curve is based on curve fitting of the tensile test results of Fe415 steel
specimens with various cross-sectional sizes (Ref. [5]). The trilinear curve char-
acterizes a linear elastic part and a strain hardening part beyond yield point along
with an intermediate ascending linear part (Fig. 2).

3 Fixing the Section Variables

For drawing both the design level and the actual P–M curves, nominal cover (Nc) is
considered as the minimum value of 40 mm (Ref. [3]). Diameter of the tie (dt) is
taken as 10 mm for all the cases. The distance (d′) between the edge of the section

Fig. 1 Stress–strain curves of concrete under design level and confinement effects
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and nearest centerline of longitudinal reinforcement (with diameter d) is
expressed as

d0 ¼ Nc þ dt þ d
2
: ð1Þ

The d′/D ratio is assumed to be constant and taken as 0.05, 0.10, 0.15, and 0.20
for all the cases (where D is the overall depth of the section). Although d is obtained
from structural design, the values are assumed according to section dimensions. For
d′/D = 0.05 and 0.10, d is taken as 28 mm and for d′/D = 0.15 and 0.20, d is taken
as 20 mm. For d′/D = 0.05, 0.10, 0.15, and 0.20, the depth D is obtained as 1280
mm, 640 mm, 400 mm, and 300 mm, respectively. With the assumed width of
section b, the number of steel bars n is determined as per the minimum spacing
along the width and depth of the section. Two cases of reinforcement distribution
are considered, namely, (a) bars distributed equally on two sides, and (b) bars
distributed equally on all the four sides.

4 Methodology for P–M Curve

For obtaining the strains and stresses across the section, the section is divided into
rectangular strips of thickness t as 10 mm and length same as the width of the
section (Fig. 3). For obtaining the P–M interaction curve, the neutral axis location is
varied, with respect to the section, so that the obtained stresses are summed up to
determine the P and M values. Thus, the depth of neutral axis (xu) is varied from
10 � D to 10 mm.

Fig. 2 Design level and actual stress–strain curves for reinforcement
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4.1 Design P–M Curve

For each xu, the strain distribution is obtained for the maximum compressive strain
as 0.0035 for the design level response. The distance of rotation point of strain from
the top edge of the section is determined by

u str ¼ D � 0:0035� 0:002ð Þ
0:0035

: ð2Þ

The strip’s distance for the ith strip from the top of the section was calculated by
(Fig. 3),

x ið Þ ¼ i� 1ð Þtþ t=2f g: ð3Þ

The clear distance between the steel layers will be equal to,

T ¼ D� 2Nc � 2dt � dj
J � 1

: ð4Þ

The distance of the jth steel layer from the top edge of the section is calculated
by

y jð Þ ¼ Nc þ dt þ d
2

� �
þ T þ dð Þ � j� 1ð Þð Þ

� �
: ð5Þ

The strain at the middle point of the strips for a given xu was calculated using the
formula,

e ¼
0:002 � xu�x ið Þ

xu�u ; if xu [D

0:0035 � xu�x ið Þ
xu

; if 0\xu �D
0:0035 � xu þ x ið Þð Þ; if xu � 0

8><
>: : ð6Þ

These above mentioned strain equations will remain same for steel layers by
replacing x(i) with y(j). The stress corresponding to the strain calculated from

Fig. 3 Design level sectional parameters: a cross section with reinforcement details, b typical
strip for concrete, and c reinforcement layers

Location of Balance Points on Design and Actual … 221



Eq. (6) was obtained from the stress–strain curve developed earlier by using the
following formula, where ruc is the stress in unconfined concrete:

ruc ¼
interpolate values; if 0\e\0:002
0:45 � fck; if 0:002� e� 0:0035
0; if e[ 0:0035 or e\0

8<
: : ð7Þ

Design stress value for steel is obtained as

rs ¼
interpolate values; 0\e\0:0038
0:87fy; 0:0038� e� 0:14
0; if e[ 0:14

8<
: : ð8Þ

The force developed in the strips is calculated as

c ¼ ruc � Ac; ð9Þ

Ac ¼
bt; if 0\x ið Þ\ Nc þ dt þ dð Þ
bt; if D� Nc þ dt þ dð Þð Þ\x ið Þ\D
2t Nc þ dt þ dð Þ or 2t Nc þ dtð Þ; otherwise

8<
: ; ð10Þ

where c is the force in strip of unconfined concrete, and Ac is the area of strip of
unconfined concrete.

The force developed in a steel layer (s) is given by

s ¼ rs � As: ð11Þ

Two cases of longitudinal reinforcement arrangements are considered, namely,
(i) steel equally distributed on four sides, and (ii) steel equally distributed on two
sides. For reinforcement equally distributed on four sides,

No: of steel layers; J ¼ n
4
þ 1; ð12Þ

where n is the total number of longitudinal steel bars.
Area in each steel layer can be calculated using the conditional equation given

below

As ¼
n
4 þ 1
� �

p � d2
4

� 	
; if j ¼ 1 or J

2 p � d2
4

� 	
; for all other layers

8<
: : ð13Þ

For reinforcement equally distributed on two sides, the number of steel layers is 2.
Then,
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As ¼ n
2

� 	
p � d

2

4

� �� �
; ð14Þ

where n is the total number of longitudinal steel bars.
The corresponding moments are obtained from the equations,

mc ¼ c � D
2
�x ið Þ

� �
; ð15Þ

ms ¼ s � D
2
�y jð Þ

� �
; ð16Þ

where mc is the moment in a strip of unconfined concrete, and ms is the moment in
steel layer.

The individual forces and moments in the strips are summed to obtain the force
Pc (i.e., the total force in unconfined concrete), Ps (i.e., the total force in steel
layers), the moments Mc (i.e., the total moment in unconfined concrete), and Ms

(i.e., the total moment in steel) capacity of the section

Pc ¼
X

c; ð17Þ

Ps ¼
X

s; ð18Þ

Mc ¼
X

mc; ð19Þ

Ms ¼
X

ms: ð20Þ

4.2 Actual P–M Curve

For each xu, the strain distribution is obtained for the maximum compressive strain
as 0.0264 for the actual behavior of concrete. The distance of rotation point of strain
from the top edge of the section is determined by

u ¼ D � 0:0264� 0:002ð Þ
0:0264

: ð21Þ

The strain at the middle point of the strips (Fig. 4) for a given xu is calculated as

e ¼
0:002 � xu�x ið Þ

xu�u ; if xu [D

0:0264 � xu�x ið Þ
xu

; if 0\xu �D
0:0264 � xu þ x ið Þð Þ; if xu � 0

8><
>: : ð22Þ
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The stress corresponding to the strain calculated from Eq. (22) is obtained from
the stress–strain curve. The stress in confined concrete (rco) is

rco ¼ interpolate values; if 0� e� 0:0264
0; if e[ 0:0264 or e\0

�
: ð23Þ

Actual stress value (rs) in steel is obtained as

rs ¼ interpolate values; if 0� e� 0:16
0; e[ 0:16

�
: ð24Þ

The force developed in the strips was calculated using

cc ¼ sco � Acc; ð25Þ

Acc ¼
0; if 0\x ið Þ\ Nc þ dt þ dð Þ

bt � 2t Nc þ dt þ dð Þ
or bt � 2t Nc þ dtð Þ; otherwise

0; if D� Nc þ dt þ dð Þ\x ið Þ\D

8>><
>>:

; ð26Þ

where cc is the force in a strip of confined concrete, and Acc is the area of the strip.
The force developed in a steel layer is given by

s ¼ rs � As: ð27Þ

The moment in a strip of confined concrete (mcc) is given by

mcc ¼ cc � D
2
� x ið Þ

� �
: ð28Þ

The individual forces and moments in the strips are summed to obtain Pcc (i.e.,
the total force in confined concrete) and Mcc (i.e., the total moment in confined
concrete) as

Fig. 4 Sectional parameters for actual behavior: a cross section with reinforcement details,
b typical strip for confined concrete, and c typical strip for unconfined concrete
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Pcc ¼
X

cc; ð29Þ

Mcc ¼
X

mcc; ð30Þ

P ¼ Pc þPcc þPsð Þ; ð31Þ

M ¼ Mc þMcc þMsð Þ: ð32Þ

In order to compare with the design charts of SP:16 (Ref. [6]), the axial force and
moment values are converted into nondimensional parameters.

5 Results

5.1 Steel Equally Distributed on Four Sides

The percentage of steel (p) in the chosen column section is determined using

p ¼ Ast
bD

� �
� 100: ð33Þ

For comparing the balance point values, Pa and Ma are the axial force and
bending moment considering the actual stress–strain curves of steel and confined
concrete, respectively. Pd and Md are the axial force and bending moment obtained
considering the design stress–strain curves of steel and concrete. With increasing
percentage of longitudinal reinforcement, the normalized bending moment values
for balance point locations show increasing trend for both actual and design
material stress–strain curves (Tables 1 and 2). However, the normalized axial
capacity values (Pa/fckbD) obtained with actual stress–strain curves do not show
monotonic trends for d′/D values of 0.1, 0.15, and 0.2 (Table 1). For d′/D as 0.2, the
balance point occurs with net axial tensile force on the section. However, for design
level response, the Pd/fckbD values reduce with increasing p/fck values.

For lower percentages of steel and d′/D ratios, the balance points obtained using
design and actual material properties tend to lie close to each other (Fig. 5a, b).
However, due to increase in Ma/fckbD

2 values as compared to Md/fckbD
2 for the

same axial force level on the column section, the deviation between the balance
points increases with higher percentages of reinforcement. For d′/D as 0.2, the locus
of the balance points, across the different values of p/fck, tends to be a straight line
with positive slope (Fig. 5b). Similar points do not lie on a straight line for lower
values of d′/D (Fig. 5a). For the design level material properties, all the balance
points tend to lie on straight lines.
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5.2 Steel Equally Distributed on Two Sides

For reinforcement distributed equally on both sides, the same trends are observed
regarding the locations of the balance points (Fig. 6a, b) as for reinforcement
distributed equally on four sides (Tables 3 and 4). However, the available range for
under-reinforced behavior with actual material properties reduces with increasing
d′/D values. For low values of d′/D, the range for under-reinforced behavior also
increases with percentage of steel. For reinforcement distributed equally on all four
sides, reverse trend is observed with the mentioned range increasing with
d′/D values (Fig. 5b).

The balanced axial compression values are almost the same using both design
stress–strain curve and actual stress–strain curve for low d′/D values and large
d′/D values for steel equally on four sides and steel equally on two sides, respec-
tively. For steel distributed equally on all the four sides, the locus of balance points
for the actual behavior does not follow a straight line with low d′/D values (Fig. 5a).

Table 1 Balance point values with actual material stress–strain curves

d′/D D (mm) b (mm) n p/fck Pa/fckbD Ma/fckbD
2

0.05 1280 300 4 0.032 0.201 0.108

1280 400 12 0.072 0.252 0.171

1280 500 24 0.115 0.316 0.247

1280 650 36 0.133 0.334 0.282

1280 800 48 0.144 0.352 0.304

0.1 640 280 4 0.069 0.166 0.169

640 380 8 0.101 0.254 0.193

640 440 12 0.131 0.234 0.246

640 540 20 0.178 0.261 0.318

640 640 28 0.210 0.276 0.368

0.15 400 200 4 0.078 0.101 0.158

400 250 8 0.126 0.048 0.193

400 300 12 0.157 0.155 0.244

400 350 16 0.179 0.109 0.270

400 400 20 0.196 0.171 0.297

0.2 300 220 4 0.095 0.091 0.159

300 180 4 0.116 0.060 0.186

300 250 8 0.167 −0.05 0.208

300 280 12 0.224 0.101 0.279

300 300 16 0.279 −0.01 0.334
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However, for steel distributed equally on two sides, the locus becomes a straight
line for the entire range of d′/D values (Fig. 6a, b). This is due to the contribution of
the intermediate bars along the lateral edges for the first case. For grades of rein-
forcement Fe415 onward, a definite yield point is never observed during laboratory
testing of reinforcement specimens. In absence of definite yield point and any
horizontal portion of stress–strain curve, the balance point is obtained by consid-
ering the achievement of limiting strain in concrete and beginning of second linear
part in the stress–strain curve of steel. Thus, for low values of d′/D in case of steel
equally on four sides, the locations of balance points do not lie strictly on a linear
locus (Fig. 5a). However, the trend changes with higher values of d′/D. The exact
locations of balance points are expected to undergo some change for other stress–
strain curves of concrete and reinforcement; however, the overall trend would
remain the same.

Table 2 Balance points with design material stress–strain curves

d′/D D (mm) b (mm) n p/fck Pd/fckbD Md/fckbD
2

0.05 1280 300 4 0.032 0.160 0.103

1280 400 12 0.072 0.143 0.137

1280 500 24 0.115 0.136 0.186

1280 650 36 0.133 0.134 0.206

1280 800 48 0.144 0.132 0.218

0.1 640 280 4 0.069 0.152 0.148

640 380 8 0.101 0.126 0.158

640 440 12 0.131 0.110 0.187

640 540 20 0.178 0.104 0.233

640 640 28 0.210 0.092 0.264

0.15 400 200 4 0.078 0.143 0.145

400 250 8 0.126 0.102 0.164

400 300 12 0.157 0.079 0.188

400 350 16 0.179 0.074 0.206

400 400 20 0.196 0.067 0.219

0.2 300 220 4 0.095 0.121 0.144

300 180 4 0.116 0.116 0.165

300 250 8 0.167 0.040 0.175

300 280 12 0.224 −0.009 0.211

300 300 16 0.279 −0.045 0.246
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Fig. 5 Normalized P–M interaction curves for steel distributed equally on four sides with
a d′/D = 0.05 and b d′/D = 0.20
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Fig. 6 Normalized P–M interaction curves for steel distributed equally on two sides with
a d′/D = 0.05 and b d′/D = 0.20
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Table 3 Balance point values with actual material stress–strain curves

d′/D D (mm) b (mm) n p/fck Pa/fckbD Ma/fckbD
2

0.05 1280 400 8 0.048 0.301 0.164

1280 600 14 0.056 0.332 0.188

1280 800 22 0.066 0.347 0.215

1280 1000 30 0.072 0.356 0.230

1280 1200 40 0.080 0.362 0.251

0.1 640 300 4 0.064 0.238 0.173

640 350 6 0.082 0.254 0.213

640 400 8 0.096 0.266 0.244

640 500 12 0.115 0.282 0.287

640 600 18 0.144 0.294 0.349

0.15 400 320 4 0.049 0.205 0.123

400 340 6 0.069 0.204 0.161

400 360 8 0.087 0.207 0.194

400 380 10 0.103 0.210 0.224

400 400 14 0.137 0.212 0.286

0.2 300 240 4 0.087 0.137 0.165

300 220 4 0.095 0.128 0.154

300 260 6 0.120 0.140 0.206

300 280 8 0.149 0.143 0.251

300 300 10 0.174 0.145 0.290

Table 4 Balance points with design material stress–strain curves

d′/D D (mm) b (mm) n p/fck Pd/fckbD Md/fckbD
2

0.05 1280 300 4 0.032 0.159 0.129

1280 400 12 0.072 0.159 0.141

1280 500 24 0.115 0.159 0.158

1280 650 36 0.133 0.159 0.167

1280 800 48 0.144 0.158 0.180

0.1 640 280 4 0.069 0.153 0.141

640 380 8 0.101 0.151 0.167

640 440 12 0.131 0.150 0.187

640 540 20 0.178 0.150 0.214

640 640 28 0.210 0.148 0.255

0.15 400 320 4 0.049 0.146 0.109

400 340 6 0.069 0.144 0.134

400 360 8 0.087 0.142 0.156

400 380 10 0.103 0.140 0.175

400 400 14 0.137 0.137 0.217

0.2 300 240 4 0.087 0.122 0.136

300 220 4 0.095 0.121 0.144

300 260 6 0.120 0.115 0.170

300 280 8 0.149 0.109 0.199

300 300 10 0.174 0.103 0.224
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6 Conclusion

The following salient conclusions are drawn from the present study:

(a) The range of under-reinforced behavior of an RC section from the actual
P–M interaction curve may be significantly more than that estimated using
design level material properties. Thus, the design level response provides a
conservative estimate for reinforcement calculations during design of RC
columns.

(b) The difference between the moment capacities obtained from P–M interaction
curves using design level and actual material stress–strain curves increases for
steel distributed equally on two sides as compared to steel equally on all four
sides.

(c) For RC sections with steel distributed equally on all four sides, the locations of
balance points give very small range of axial compression for under-reinforced
behavior as compared to steel distributed equally on two sides.
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Effect of Skewness on Shear Lag Effect
in RC Box-Girder Bridges

Manoj Kumar, Nitin Gulhane and Tanmay Gupta

Abstract This paper deals with 3-D linear elastic finite element analysis of
box-girder bridges to study the influence of skewness on the longitudinal stresses
and shear lag effect in simply supported box-girder bridges. In the present study, a
20 m span simply supported box-girder bridge with different degrees of skewness
varying from 10 to 60° has been considered to investigate the effect of skew angle
on transverse distribution of longitudinal stresses and coefficient of shear lag (CSL).
The shear lag response of the skew box-girder bridges due to dead load has been
compared with the right box-girder bridge, and it has been observed that up to 20°
skewness, the CSL is not much affected by the skew angle; however, for the skew
angles more than 20°, shear lag effect in the box girders decreases with increase in
skew angle, and it becomes remarkably low compared to right box-girder bridges.
Moreover, the study shows that for the highly skew bridges, the nature of longi-
tudinal stresses alters.

Keywords Skew box-girder bridge � Finite element � Shear lag
Longitudinal stress

1 Introduction

Construction of box-girder bridges is gaining popularity in bridge engineering
fraternity because of its better stability, serviceability, economy, aesthetic appear-
ance, and structural efficiency. In concrete bridges, most of the loads are due to
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self-weight of bridge superstructure and in order to reduce it, box sections are
constructed with thin webs and flanges and referred as thin-walled sections.

Sometimes, due to geometric and space constraints, the bridges are supported on
skewed supports and these bridges are referred as sked box girders. The skew angle
is defined as the angle between the normal to the centerline of the bridge and the
centerline of the abutment or pier cap.

According to the simple theory, in a box girder subjected to transverse load, the
longitudinal stresses induced in the flanges are assumed to be uniformly distributed
across the flange width. However, in the thin-walled box sections, longitudinal
stresses are found nonuniformly distributed due to the shear deformations of the
flanges, consequently, the longitudinal stress near the web-flange junction becomes
much larger than that far from the web. This phenomenon is known as shear lag.

In order to investigate the effect of skewness on the longitudinal stresses and
shear lag, a 20 m span box-girder bridge with different degrees of skewness varying
from 10 to 60° and subjected to dead load has been considered in this study.

2 Shear Lag

In the thin-walled box sections, the longitudinal stresses in top/bottom slabs are
found nonuniform and the stresses in the regions close to the webs are found higher
compared other locations in the respective slabs and the phenomenon associated
with this nonuniform longitudinal stress distribution is known as shear lag effect
(Fig. 1). Numerous studies have been made in past to understand the shear lag
effect in box-girder phenomenon in the orthogonal (right) RC box-girder bridges
and shear lag factors have been proposed to incorporate the shear lag effect
designed by simple bending theory (SBT). The shear lag factors derived for
orthogonal box sections cannot be applied to incorporate the shear lag effect in
skewed box-girder bridges.

The phenomenon of shear lag was first addressed by Reissner in 1946 [1]. Using
the principle of minimum potential energy, Reissner demonstrated that due to the
shear lag effect, stresses at the web-flange junction may enhance up to 30% com-
pared to simple bending theory (Fig. 1).

The simple bending theory is unable to reflect the shear lag effect. However, to
determine the peak stresses at the junctions of top/bottom slabs and webs, the
stresses calculated from SBT may be enhanced by multiplying these stresses by an
appropriate factor known as shear lag factor. SBT is used to calculate the coefficient

          SBT  
          Actual 

Fig. 1 Typical variation of
longitudinal stresses
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of shear lag (CSL) in the box girder which is defined as the ratio of longitudinal
bending stress at the junction of top/bottom slab as obtained from finite element
analysis to that as calculated from SBT. The CSL is calculated as

CSL ¼ �r
r

where

�r = Actual longitudinal stress obtained by FEM.
r = Longitudinal stress calculated by SBT.

The shear lag has been studied for many years. Nevertheless, most of the studies
are related to orthogonal and curved box-girder bridges. Reissner [1] was the first
researcher to use the variational principle of energy method to analyze the shear lag
effect in box girders. Luo and Li performed experimental study [2] on box girder
models made of perspex glass and used potential variational method to analyze the
curved box-girder bridges [3]. Further, Luo et al. used the variational approach to
investigate the effect of shear lag in simply supported, cantilever and continuous
box-girders [4]. The studies made by Luo and his associates [3, 4] showed that the
variational method proposed by Reissner [1] is reliable for straight as well as curved
box girders. Yang et al. [5] developed the stochastic finite segment method and
applied it to the analysis of shear lag effect on box girder. Lertsima et al. [6]
investigated the effect of shear lag on stress concentration in the flange of
box-girder bridges by the three-dimensional finite element method using shell
elements. Based on the numerical results obtained, they proposed an empirical
formula to compute stress concentration factors due to shear lag. Luo et al. [7]
proposed a new method for the calculation of membrane forces in thin-walled box
girder considering shear lag effect is proposed in this paper. The method is simple
in concept and easy to implement and it can be used for design purposes. It was
concluded in [7] that the shear lag not only affects the longitudinal membrane force
but also the transverse membrane forces as well as the membrane shear force are
influenced by shear lag effect. Chang and Yun [8] performed the analysis of right
concrete box-girder bridges with varying depth. Chang [9] performed analysis of
simply supported right prestressed concrete girder to investigate the influence of
prestressing on shear lag effect. The abovementioned studies pertain to the shear lag
effect in orthogonal box-girder bridges. Bakht [10] performed the analysis of skew
bridges as right bridges for skew angles up to 20°. Mohseni and Rashid [11]
performed the grillage analysis multicell skew box-girder bridges to predict the
maximum moments in girders (webs) more reliably and proposed modification
factors to enhance the accuracy of moment distribution among webs calculated
using the AASHTO LRFD specifications. Yang et al. [12] studied the effect of shear
lag in curved box-girder bridges and concluded that with the decrease of the radius
of curvature, the shear lag effect of box girder becomes more serious. Song and
Scordelis [13] presented a harmonic shear lag analysis using plane stress elasticity
for stresses in flanges of box sections.
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3 Description of Bridge

A 20 span simply supported box girder has been taken for the modeling in the Ansys,
having top flange width 11 m, bottom flange width 5.9 m, both top and bottom
flange thickness 0.25 m, overall depth 3.0 m, and the web thickness 0.4 m. The end
diaphragms of thickness 0.3 m have been assumed at both the ends. The modulus of
elasticity of concrete is taken as 3.61 � 1010 N/m2, and the Poisson’s ratio is taken
as 0.15 in the analysis. The details of the cross section are shown in Fig. 2.

To this end, a 20 m span box-girder bridge with different degrees of skew
varying from 0 to 60° at the interval of 10° is analyzed to investigate the effect of
skew angle on the longitudinal stress and shear lag effect in the box-girder bridges
subjected to dead loads.

4 Longitudinal Bending Stresses According to Simple
Bending Theory

The determination of longitudinal bending stresses according to SBT needs the
properties of section, namely, position of neutral axis, moment of inertia, and
self-weight of girder.

4.1 Position of Neutral Axis

In order to determine the moment of inertia, there is a need to find the position of
neutral axis which h may be determined as

y ¼ A1y1 þA2y2 þA3y3 þA4y4
A1 þA2 þA3 þA4

y ¼

0:25� 5:9ð Þ � 0:25=2ð Þþ 2� 2:5� 0:4ð Þ � 0:25=2þ 0:25ð Þ
þ 11:0� 0:25ð Þ 3:0� 0:25=2ð Þ

" #

0:25� 5:9ð Þþ 2� 2:5� 0:4ð Þþ 11:0� 0:25ð Þ½ �
¼ 1:79m ðmeasured from extreme top fiberÞ

250

250

400 400
275

550

275275 550

All dimensions 
in mm 

Fig. 2 Geometrical details of
box-section
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4.2 Moment of Inertia

I ¼
X4
i¼1

Iselfð ÞAi
þAiy

2
i

h i

I ¼ 11:0� 0:253

12
þ 11� 0:25ð Þ � 3� 1:79� 0:25

2

� �2
" #

þ 2� 0:4� 2:53

12
þ 0:4� 2:5ð Þ � 2:5

2
þ 0:25� 1:79

� �2
" #

þ 5:9� 0:253

12
þ 5:9� 0:25ð Þ � 1:79� 0:25

2

� �2
" #

I ¼ 8:558m4

4.3 Self-weight of the Bridge

Wself ¼ Total Cross Sectional Area � Density of Concrete

Wself ¼ ð0:25� 5:9Þþ 2� ð2:5� 0:4Þþ ð11:0� 0:25Þ½ � � 25� 103

Wself ¼ 154:6875� 103 N=m

For 20 m span right bridge considered in this study, the bending moment at
mid-span due to its self-weight may be calculated as

Mc ¼ 154:6875� 103ð Þ � 20ð Þ2
8

Mc ¼ 7:7343� 106 Nm

Therefore, the bending stresses at the top fiber of the girder will be

rt ¼ 7:7343� 106

8:558
� ð3� 1:7916� 0:25Þ

rt ¼ 0:86616� 106 N=m2

and the stress at bottom fiber of the girder will be

rt ¼ 7:7343� 106

8:558
� ð1:7916� 0:25Þ

rt ¼ 0:13932� 107 N=m2

For the determination of longitudinal stresses in skew bridge, an approximate
method developed for skew plates has been used [14]. In this method, the skew
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plate under consideration is replaced by an orthogonal plate. If the maximum
longitudinal moment in the equivalent orthogonal plate is Mx,max, the longitudinal
bending moment in the skew plate �Mx;max is approximated as

Mx;max ¼ Mx;max

cx

where cx = (1 + k1) is the correction factor to incorporate effect of skewness on
longitudinal moments. The value of the coefficient k1 is read from the graph shown
in Fig. 3 corresponding to e and angle of skewness u. If a* is the shortest width of
skew plate and b is the simply supported span, the parameter e is calculated as
e = (b/a*).

The longitudinal stresses at extreme top and bottom fibers of all the box-girder
sections considered in this study according to SBT including the correction for
skewness are shown in Table 1.

Fig. 3 Coefficient k1 for
moment in skew plate

Table 1 Longitudinal stresses at top and bottom fibers by simple bending theory (kN/m2)

u 0° 10° 20° 30° 40° 50° 60°

At mid-span section

rx, top 866 829 787 735 639 549 456

rx, bott 1393 1330 1270 1180 1030 883 733

At a section located 8 m from support

rx, top 832 796 756 706 613 527 438

rx, bott 1330 1270 1210 1130 980 840 700
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5 Finite Element Modeling

In this study, three-dimensional finite element analysis of box-girder bridge has
been carried out using the Ansys to investigate the effect of skewness on longitu-
dinal stresses and shear lag in simply supported box-girder bridges. The box girders
considered in this study have been modeled using the 8-noded Shell91 element
having six degrees of freedom per node. In order to validate the effectiveness of the
analytical model, the finite element results obtained from Ansys were compared
with the experimental data and found satisfactory. The finite element discretization
of the bridge is shown in Fig. 4. Along the width the top slab and bottom slab have
been divided into eight and four elements, respectively. The longitudinal stresses as
well as the shear lag factor have been plotted at the corner nodes of the top and
bottom slab elements and the numbering scheme for these nodes has been shown in
Fig. 5.

Fig. 4 Finite element
discretization of 0° skew
bridge

1 2 3 4 5 6 7 8 9

1 2 3 4 5 

Top Slab

Bottom Slab

Fig. 5 Location of nodes for
plotting longitudinal stress
and CSL in top and bottom
slabs
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6 Results and Discussions

In order to investigate the influence of skewness on the longitudinal stresses and
shear lag effect a 20 m span simply supported box-girder bridge with 300 mm
diaphragms at both the ends, two sections have been considered in the present
study, one at mid-span and other at distance 8 m from the support or at distance
2 m from the mid-span. The longitudinal stresses and the CSL have been plotted at
these two sections at top and bottom slab levels. The angle of skew has been varied
from 0 to 60° at the interval of 10°. All the bridges considered in this study are
subjected to dead loads only due to the self-weight of bridge. The effect of
skewness on longitudinal stresses and the coefficient shear lag at mid-span and at an
intermediate section located at 2 m from the mid-span is discussed below.

6.1 Longitudinal Stresses at Mid-span Section

Figure 6 shows the effect of skewness on the longitudinal stress distribution along
the transverse direction (breadth) in top and bottom slabs of the 20 m span simply
supported RC box-girder bridges at mid-span. It may be observed from Fig. 6 that
at mid-span, the stresses in the top as well as in bottom slab decreases throughout
the breadth of the slabs with increase in skew angle. As the skew angle is varied
from 0 to 60° the longitudinal stress at the junctions of the top and bottom slabs
with webs are found to decrease by approximately 70 and 83%, respectively.
Moreover, the nonuniformity of longitudinal stresses in transverse direction in top
as well as in bottom slab decreases with increase in skew angle. In case of top slab,
the ratio of the stress at web-slab junction and the stress at mid of the slab for the
right bridge case is found 1.83 and this ratio decreases to 1.74 for 60° skew bridge.
For the bottom slab case, the ratio of maximum and minimum stress for right bridge
is found 1.56, and this ratio has been observed to decrease to 1.13 for the 60° skew
bridge. It shows that the longitudinal stresses in bottom slab are more significantly
affected by skew angle as compared to top slab.

6.2 Longitudinal Stresses at Section 2 m from Mid-span

Figure 7 shows the effect of skewness on the longitudinal stress distribution along
the transverse direction of top and bottom slabs of the 20 m span simply supported
RC box-girder bridge at a section located at distance 8 m from the support or 2 m
from the mid-span due to dead load only. It may be observed from Fig. 7 that at the
section located 2 m away from the mid-span, the stresses in the top as well as in
bottom slab decreases throughout the breadth of the slabs with increase in skew
angle. As the skew angle is increased from 0 to 60° the longitudinal stress at the
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junctions of the top and bottom slabs with webs are found to decrease by
approximately 46 and 48%, respectively. Moreover, the plots show that longitu-
dinal stresses become un-symmetric along transverse direction in top as well as in
bottom slabs due to skewness. It is interesting to note that for highly skewed
bridges, the nature of stress in bottom slab changes the sign, and it becomes
compressive rather than tensile which is contrary to conventional nature of stresses
in bottom slab.

6.3 Shear Lag at Mid-span Section

To examine the influence the effect of skewness on shear lag effect at mid-span of
the simple supported box-girder bridge, the variation of CSL in top and bottom
slabs along the transverse direction is shown in Fig. 8. It may be observed from the
plots for coefficient for shear lag that up to 30° skewness, the CSL is not much
affected by the skew angle; however, the CSL at web-slab junction significantly
decreases with increase in skew angle beyond 30°. Moreover, for the highly skewed

(a) Longitudinal Stresses in top slab

(b) Longitudinal Stresses in bottom slab
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bridges with skew angle 60°, CSL becomes less than unity which indicates that the
shear lag effect disappears and the longitudinal stresses throughout the top slab
become less than those calculated from SBT. And the similar trend was observed in
bottom slab for skew angle 40° and higher.

6.4 Shear Lag at Section 2 m from Mid-span

The variation of CSL in top and bottom slabs along the transverse direction at the
section located at 8 m from the left support or say 2 m away from the mid-span are
shown in Fig. 9. It may be observed from the plots for CSL that at section 2 m
away from mid-span the CSL becomes highly un-symmetric, wherein the CSL for
the left web-slab junction always remains more than unity, however, for the
right-hand side web-slab junction, CSL always remains below unity irrespective of
skew angle. Moreover, it is important to note that at the right web-slab junction, the
shear lag decreases with increase in skew angle, and it becomes approximately zero
for skew angle 40° and then increases with increase in skew angle beyond 40°.

(a) Longitudinal Stresses in top slab

(b) Longitudinal Stresses in bottom slab
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7 Conclusions

In this paper, the linear elastic finite element analysis of a 20 m span simply
supported single cell box-girder bridge was carried out to study the effect of skew
angle on the longitudinal stresses and shear lag in top and bottom slabs at mid-span
section as well as at an intermediate section located at 2 m from the mid-span. To
this end, the skew angle was varied from 0 to 60° at an interval of 10°. Based on the
study carried out following conclusions are drawn:

• In general, with increase in skew angle, the longitudinal stresses in top and
bottom slabs at mid-span as well as at section located 2 m distance from the
mid-span decrease; however, at the section 2 m away from the mid-span, the
stresses at right web-slab junction decrease more rapidly compared to left
web-slab junction.

(a) Coefficient of Shear Lag (CSL) in top slab

(b) Coefficient of Shear Lag (CSL) in bottom slab
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• At the mid-span section, the nonuniformity of longitudinal stresses in top and
bottom slabs decreases with increase in skew angle.

• Up to 20° skewness, the CSL is not much affected by the skew angle; however,
the CSL decreases with increase in skew angle beyond 20°.
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Stress in Unbonded Tendons
for Post-tensioned Concrete Members—
Assessment of Prediction Equations
and Experimental Investigation

R. Manisekar and K. Saravana Kumar

Abstract Post-tensioning is being widely used in bridges, namely, highway
bridges, railway bridges, segmental box girder bridges, METRO bridges, and sea
links. Generally, the ultimate flexural behavior of concrete members with unbonded
tendons is evaluated by the stress in unbonded tendons at ultimate state.
Researchers have developed the equations using various analytical concepts,
namely, moment–curvature relationship, empirical methods, strain reduction coef-
ficient method, equivalent plastic hinge length method, and finite element method.
The paper intends to present the performance of the prediction equations and
suitable analytical concept for calculating the stress in tendons. Performance of
prediction equations for calculating the stress at ultimate in unbonded tendons fps
has been evaluated using experimental data published in the literature. In the next
stage, an experimental investigation on the flexural behavior of post-tensioned
concrete beam is done by authors, and the results have been used for evaluation.
Also, the FEM analysis using ANSYS package is also performed and compared
with test results. It is concluded that the prediction equations developed using
equivalent plastic hinge length concept have performed well.

Keywords Post-tensioning � Unbonded tendons � Stress increase
Notations

Aps Area of prestressing steel
As Area of nonprestressed tensile steel
A0
s Area of nonprestressed compressive steel

b Width of the section
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c Depth from concrete extreme compressive fiber to neutral axis
cy Depth fromconcrete extreme compressivefiber to neutral axis calculated using fpy
dp Depth from concrete extreme fiber to centroid of the prestressing steel
ds Depth from concrete extreme compressive fiber to centroid of the non

prestressed tensile steel
d0s Depth from concrete extreme compressive fiber to centroid of the nonpre-

stressed compressive steel
Eps Modulus of elasticity of the prestressing steel
fpe Effective stress in the prestressing steel
fps Ultimate stress in the prestressing steel
fpu Ultimate strength of the prestressing steel
fpy Yield strength of the prestressing steel
f 0c Concrete compressive strength
fcu Concrete compressive strength taken from cube test
fy Yield strength of nonprestressed tensile steel
f 0y Yield strength of nonprestressed compressive steel
h Height of the section
hf Thickness of the flange
L Span length between end anchorages
Le Span length between end anchorages divided by the number of plastic hinges
Lp Width of the plastic zone
L0 Equivalent plastic hinge length
b1 ACI concrete compression block reduction factor
qp Prestressing steel ratio
qs Reinforcing steel ratio
ecu Strain in the concrete at the compressive fiber at ultimate

1 Prediction Equations Used for Evaluation

The flexural behavior of concrete members with unbonded tendons is evaluated by
the stress in unbonded tendons at ultimate state. The common approach for eval-
uating the stress in unbonded tendons at ultimate state, fps is as follows:

fps ¼ fpe þDfps ð1Þ

fps ultimate stress in unbonded tendons,
fpe effective prestress, and
Dfps stress increase in tendon beyond the effective prestress, up to ultimate behavior.

Thirteen equations are taken for evaluation, which are given below:
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ACI Equation [1]

fps ¼ fpe þ 10; 000þ f 0c
100qp

for L=d� 35 Psi ð2Þ

fps ¼ fpe þ 10; 000þ f 0c
300qp

for L=d� 35 Psi ð3Þ

Pannell [2]

fps ¼ qu
qp

f 0c MPa ð4Þ

qu ¼ qe þ k
1þ 2k

qe ¼ Apsfpe
bdpf 0c

k ¼ wqpecuEpsdps
Lf 0c

w ¼ 10 Lp ¼ Lo ¼ 10c

where Decps is change in strain in the concrete at the level of the prestressing steel,
Lp is length of the plastic zone occur at ultimate, Dl is concrete elongation at the
level of the prestressing steel that measured within the length of the plastic zone, c
is depth of the neutral axis at ultimate, and ecu is strain in the concrete top fiber at
ultimate.

Tam and Pannell [3]

fps ¼
f 0c

qe þ k
1þ k

a
� qsk

aþ k

h i
qp

MPa ð5Þ

where

qe ¼ Apsfpe
bdpf 0c

ð6Þ

qs ¼ Asfy
bdpf 0c

ð6aÞ

k ¼ wreuEsd=Lfcu Lp ¼ Lo ¼ 10:5c

where a ¼ 0:85 b1 (based on cylinder compressive strength) or a ¼ 0:68 b1 (based
on cube compressive strength), b1 is the stress block reduction factor defined in the
ACI Building Code.
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Du and Tao [4]

fps ¼ fpe þð786� 1920qoÞ MPa ð7Þ
fps � fpy

qo � 0:3; 0:55fpy � fpe � 0:65fpy, where fpy is the yield stress of the prestressing
steel.

Harajli [5]

fps ¼ fpe þ 10; 000þ f 0c
100qp

 !
0:4þ 8

S
�
dp

 !
� fpy psi ð8Þ

fps � fpe þ 60; 000 psi

Harajli and Hijazi [6]

fps ¼ fpe þ csfpu 1� b0
c
dp

� �
� fpy Psi ð9Þ

where

cs ¼ n0
n 0:1þ 2

S=dp

� �
for single point load; cs ¼ n0

n 0:25þ 1:2
S=dp

� �
for uniformly

distributed load.

cs ¼ n0
n 0:4þ 1:1

S=dp

� �
for third point load; b0 ¼ 1:8 for single point load; and

b0 ¼ 1:75 for uniform and third point loads.

Naaman and Alkhairi [7]

fps ¼ fpe þDfps ¼ fpe þXuEpsecu
dps
c

� 1
� �

L1
L2

Psi ð10Þ

fps � 0:94fpy

in which Xu ¼ 1:5

L
dps

� � for one point loading. Xu ¼ 3:0

L
dps

� � for third point or uniform

loading.
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L1 length of loaded span or sum of lengths of loaded spans, influenced by the
same tendon, and

L2 length of tendon between end anchorages.

Harajli and Kanj [8]

fps ¼ fpe þ c0fpu 1:0� 3:0
Apsfpe þAsfy

bdpf 0c

� �
Psi ð11Þ

where c0 ¼ n0
n 0:12þ 2:5

S=dp

� �
.

Chakrabarti [9]

fps ¼ fpe þ 10; 000þA
1� Bð Þ psi ð12Þ

where

A ¼ f 0c
100qs

dp
ds

60; 000
fy

1þ qs=0:025ð Þ� 20; 000 psi ð12aÞ

B ¼ rf 0c
100qpfpe

� 0:25 ð12bÞ

r ¼ 1:0 for S=d� 33,

r ¼ 0:8 for S=d[ 33.
However, when qs ¼ 0 and S=d[ 33, the fps shall be reduced as follows:

fps ¼ fpe þ fpe þ 10; 000þA
1� B

� fpe

� �
:0:65 ð12cÞ

With following limits:

fps ¼ fpe þ 60; 000 where S=d� 33,

fps ¼ fpe þ 40; 000 where S=d[ 33.

Expressions of the parameters used in this equation are as follows:
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Reinforcing index xpp ¼ qpfps
f 0c

þ qsfy
f 0c
;

Partial prestressing ratio PPR ¼ Apsfps
Apsfps þAsfy

;

Ratio of prestressing steel qp ¼ Aps

bdp
; and

Ratio of reinforcing steel qs ¼ As
bds
.

Lee et al. [10]

fps ¼ 10; 000þ 0:8fse þ 1
15

A0
s � As

	 

fy

Aps
þ 80

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ds
dp

f 0c
qp

1
f
þ 1

L=dp

� �s
psi ð13Þ

in the limit of fse þ 10; 000� fps � fpy.

Au and Du [11]

fps ¼ fpe þ
0:0279Eps dp � cpe

	 

le

� fpy MPa ð14Þ

where cpe ¼ Apsfpe þAsfy
0:85b1f 0cb

� fpy.

Harajli [12]

fps ¼
fpe þKoEpsecu dp � qsdsfy

0:85b1f 0c

h i
1þ KoEpsecuqpdp

0:85b1f 0c

ð15Þ

where Ko ¼ ups
20:7
f þ 10:5

� �
np
La
.

Qi-He and Liu [13]

fps;u ¼ fpe þDfps;u � 0:8fpu ð16Þ

Dfps;u ¼ jEps
em
c
Rs � L1L2
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2 Discussion

2.1 Evaluation of Equations Using Test Results Published
in the Literature

Prediction equations of Tam and Pannell [3], Pannell [2], Du and Tao [4],
Chakrabarti [9], Harajli and Kanj [8], Harajli [5], Harajli and Hijazi [6], ACI
318-83, Naaman and Alkhairi [7], Lee et al. [10], Au and Du [11], Harajli [12], and
Qi-He and Liu [13] were taken for evaluation. Test results of Tam and Pannell [3],
Pannell [2], Du and Tao [4], Chakrabarti [9], Harajli and Kanj [8], and Cooke et al.
[14] were used for evaluation.

The performance of equation of Tam and Pannell [3] is shown in Fig. 1, in
which the data of Du and Tao and Chakrabarti are scattered, and it has a negative
value. Figure 2 shows the evaluation of Pannell’s [2] equation, which is well
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correlated with dataset However, it does not contain the parameters associated with
nonprestressing steel. The equation of Du and Tao [4] is away from four data,
shown in Fig. 3. It has a negative value since the combined reinforcement index, qo,
is not within or equal to 0.30, which is a limit of the equation (i.e., qo � 0:30). The
equation of Chakrabarti [9] is correlated with dataset, as shown in Fig. 4. However,
the equation is proposed on the basis of only test results and does not have any
analytical ground.

The equation of Harajli and Kanj [8] predicts negative values (Fig. 5). It is due

to the term Apsfpe þAsfy
bdpf 0c

is not within or equal to 0.23 for these specimens, which is a

limit of the equation: Apsfpe þAsfy
bdpf 0c

need not be taken more than 0.23. The equations of

Harajli [5], and Harajli and Hijazi [6] are shown in Figs. 6 and 7, respectively. Both
the equations predict in a similar way, but little improvement in the Harajli’s [5]
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equation. Harajli and Hijazi’s equation shows a negative value since the c value of
the equation for the particular specimen becomes high. In Fig. 8, the equation of
Naaman and Alkhari [7] predicts very high Dfps values. Prediction of ACI equation
[1] (Fig. 9) does not show negative values, but the graph is scattered. Moreover, the
equation is limited for span to depth ratio. The equation of Lee et al. [10] is shown
in Fig. 10. Here, all the data are closer to the correlation line except showing some
negative values, associated with Chakrabarti’s data. The negative values are pre-
dicted for the specimens, which do not contain nonprestressing steel. Although the
prediction has negative values, it contains loading type and span to depth ratio in
the plastic hinge length, Lo. The equation of Au and Du [11] is shown in Fig. 11, in
which two datasets are away from correlation line. Figure 12 shows the prediction
of Harajli [12], which perform well with all the data except some data. Also, it is
comparatively better than others. Figure 13 shows the performance of equation of
Qi-He and Liu [13], which is nearer to the correlation line, and exhibit some
scattering in the data of Cooke et al. [14] and Harajli and Kanj [8].

From the evaluation, it is observed that the prediction of Dfps by equation of
Harajli [12] and equation Lee et al. [10] found satisfactory. Others have shown
unsatisfactory performance. It seems that the unsatisfactory performance of equa-
tions may be due to the inefficiency of the equations in predicting the plastic hinge
formation. Manisekar and Senthil [15] and Harajli [12] have suggested that the
plastic hinge formation is directly related to the stress increase in unbonded ten-
dons, Dfps. Conventionally, the equivalent plastic hinge length is expressed as 1:5d.
Authors have used different values and expressions for equivalent plastic hinge

length. Harajli [12] and Lee et al. [10] have used Lp ¼ 20:7
f þ 105

� �
� c and

Lo ¼ 1
f þ 1

L=dp

� �
L, respectively, where f , c, and L

�
dp are loading type, neutral axis

depth, and span to depth ratio, respectively. Therefore, it is possible to believe that
the Dfps could be predicted accurately if the plastic hinge formation and its length of
extension in the flexural region are predicted accurately.

A second stage of evaluation on the prediction equations, an experimental
investigation was done by the authors, and the test results are used for evaluating.

Fig. 14 Test setup of the specimen
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Fig. 15 Failure of post-tensioned concrete beam
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3 Experimental Investigation

Experimental investigation on the flexural behavior of post-tensioned concrete
rectangular beam of section 150 mm � 270 mm subjected to two-point load was
performed. The rectangular beam specimen consists of two numbers of 12.7 mm dia
7-ply strand with eccentricity of 75 mm, was used (Fig. 14). M45 concrete and
straight tendon profile were provided. The specimen failed with concrete crushing in
the extreme compressive fiber at the load of 124.05 kN with the maximum deflection
of 58 mm, shown in Fig. 15. The stress at ultimate in unbounded tendons, fps was
1490 MPa and the stress increase in unbonded tendons Dfps was 335 MPa.

The comparison of FE analysis using ANSYS package with test results of
authors is shown in Figs. 16 and 17.

4 Evaluation of Equations Using the Test Results
of Authors (Manisekar and Saravana Kumar)

In Fig. 18, the prediction equations are compared with the test results of authors by
perfect correlation line. In the evaluation, the equation of Harajli [12] is well
correlated with the perfect correlation line. Equations of Lee et al. [10], Harajli and
Kanj [8], and Naaman and Alkhairi [7] are nearer to the perfect correlation line. It is
to mention that the equations of Harajli [12], Lee et al. [10], and Harajli and Kanj
[8] have been developed based on the plastic hinge length concept.

Comparison of Dfps (exp) and Dfps (predicted) was used for evaluation, since the
post-tensioned concrete members undergo deformation when stress increase in
tendons occurs. In view of the evaluation of the prediction equations with published
test data and the authors’ experimental data, it could be concluded that the
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equations developed based on the equivalent plastic hinge length concept have well
correlated with the test data. It is due to the reason that the equivalent plastic hinge
length is directly related to the stress increase in unbonded tendons, Dfps.

5 Conclusions

1. Prediction equations developed by the researchers have been evaluated using
published test data and the authors’ experimental data. It is concluded that the
equations developed based on the equivalent plastic hinge length concept have
well correlated with the test data rather than that of other concepts.

2. This conclusion is establishing the fact that the equivalent plastic hinge length is
directly related to the stress increase in unbonded tendons, Dfps, of a
post-tensioned concrete member.
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Biaxial Effects in Unreinforced Masonry
(URM) Load-Bearing Walls

Jacob Alex Kollerathu and Arun Menon

Abstract Under seismic loading, a structure may be subject to simultaneous
in-plane and out-of-plane actions. Existing simplified methods like the storey-shear
mechanism to determine the shear capacity of masonry structures neglect the
out-of-plane effects leading to a non-conservative seismic assessment. In this paper,
an analytical model is developed to evaluate the in-plane shear capacities of
unreinforced masonry (URM) walls, in the presence of additional out-of-plane
displacement. Results from this paper demonstrate that the additional out of dis-
placements alter both the in-plane shear capacity and failure mechanism of the wall.
The sensitivity of the interaction to the axial load on the wall is also studied. The
proposed model is validated with non-linear finite element analysis. The developed
model can be used to determine the reduced shear capacity of URM walls if the
mid-height out-of-plane displacement is known. The biaxial interaction of URM
walls is also studied dynamically. The model is extended to the framework of the
storey-shear mechanism to study the effect of out-of-plane displacements at the
global level.

Keywords Unreinforced masonry walls � Out-of-plane displacements
In-plane shear capacity � Interaction

1 Introduction

Post-earthquake studies have identified out-of-plane collapse of unreinforced
masonry (URM) walls as one of the predominant modes of failure. The random
nature of the ground shaking and the possible eccentricity between centres of mass
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and stiffness may lead to additional out-of-plane effects in masonry walls and
combined in-plane and out-of-plane (biaxial) actions in a wall that can affect its
in-plane shear capacity. While the seismic demand on the wall can be obtained by
considering global load combinations, a method that describes the out-of-plane
effects on the in-plane shear capacity of a member under seismic response does not
exist. During an earthquake, the response of the wall depends on the presence of RC
tie beams and type of diaphragm action (rigid/flexible). Depending on the magni-
tude of loading and the aforementioned factors, the wall may be subject to in-plane
and out-of-plane loading. The negligible OOP resistance of URM walls prevents
the exploitation of the global capacity of masonry walls associated with their
in-plane capacity leading to non-conservative seismic assessment.

URM walls are significantly used as load-bearing walls, and their behaviour
under combined in-plane and out-of-plane loading is important to understand the
seismic assessment of masonry structures completely. Past experimental and
numerical studies [1–7] indicate that there is interaction between the in-plane and
out-of-plane forces. While the force-based interaction models are useful, possibly
up to peak force capacity, they become limited at ultimate conditions. The current
research addresses this gap area in the way biaxial effects are studied without
considering the effects of out-of-plane (OOP) displacements on in-plane shear
capacity in the following manner:

• Generating biaxial interaction curves for load-bearing URM walls to evaluate
their shear capacity for increasing out-of-plane displacements.

• Validating the proposed analytical model by non-linear finite element analysis,
under both static and dynamic effects.

• Proposed analytical model is utilized for determining the in-plane global
capacity of a multi-storied URM structure, in the presence of additional
out-of-plane displacements.

2 Review of Research on Biaxial Interactions

2.1 Experimental Studies

Shapiro et al. [1] experimentally studied the in-plane and out-of-plane interaction of
infill walls in concrete frames, and a complete loss of out-of-plane capacity was
observed in the presence of in-plane shear forces. Flanagan and Bennett [2] per-
formed several bidirectional tests on structural clay tile infill panels in steel frames.
Significant out-of-plane stability under combined loading was noticed due to
arching mechanism. Al-Chaar [3] experimentally studied how large out-of-plane
forces lead to a drop in the in-plane capacity URM infill walls. In this test, the
in-plane capacity of the infill walls was determined at varying percentages of its
out-of-plane capacity.
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Recent experimental work by Najafgholipour et al. [4] developed a circular
interaction surface between the in-plane and out-of-plane capacities of masonry
walls using both force-based experimental and theoretical studies.

2.2 Analytical and Theoretical Studies

Hashemi and Mosalam [5] and Kadysiewski and Mosalam [6] used a simple ele-
ment hysteretic model to investigate the interaction of in-plane and out-of-plane
action of an infill URM wall. This study considered an infill wall with two
degrees-of-freedom (DOF): one assigned to the in-plane displacement of the top
plane of the wall and one for out-of-plane displacement at its mid-height.

Non-linear FE analyses by Bakshi et al. [7] have described the biaxial behaviour
of URM walls and developed relations between the in-plane and out-of-plane shear
forces of the wall. Masonry walls were modelled in a more rigorous manner (mi-
cromodelling) compared to the macroelement modelling approach. It is also con-
cluded from the results that the presence of out-of-plane forces resulted in the
reduction of the in-plane deformation capacity.

Results from Agnihotri et al. [8] modelled unreinforced masonry walls with 3D
deformable shell elements to study the effect of in-plane deformations on OOP
damage. Numerical results showed that the effect of in-plane deformations resulted
in a drop in the out-of-plane capacity of the wall by nearly a third of its un-cracked
capacity.

2.3 Gap Areas

The storey-shear-mechanism ignores the interactions of the out-of-plane actions on
the in-plane shear capacity. Results from all the aforementioned works demonstrate
that there is considerable interaction between the in-plane and out-of-plane effects,
which may result in a non-conservative seismic assessment if one were to use the
storey-shear mechanism. However, published literature has limited the study of
biaxial behaviour of load-bearing masonry walls in terms of its force capacities with
no reference to the effects of out-of-plane displacements on in-plane behaviour.
Only Agnihotri et al. [8] have studied the biaxial behaviour of masonry walls in
terms of its displacement. However, the authors have studied the effects of the
in-plane displacement on the OOP capacity and damage. A drawback of looking at
the effects of out-of-plane forces is that the biaxial interaction cannot be studied
close to ultimate conditions.
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3 Biaxial Effects in Masonry Walls

3.1 Effect of Out-of-Plane Displacement on In-Plane
Shear Strength

None of the published literature has studied the effects of out-of-plane displace-
ments on the in-plane behaviour of load-bearing walls. The effect of out-of-plane
displacement demand on the in-plane shear capacity of a wall should be explored
under both static and dynamic analysis to understand the interaction at out-of-plane
displacements on the in-plane capacity of URM walls. In the ensuing section, the
effect of the out-of-plane displacement on the in-plane shear capacity is determined
under static loading conditions. An unreinforced masonry wall pinned at the top and
bottom, when subjected to out-of-plane displacements, undergoes vertical bending
and cracks horizontally across its thickness when its tensile strength is exceeded.
The effective thickness is used to estimate the in-plane shear capacity in the
presence of out-of-plane displacements that is expressed as a scaled pure in-plane
shear capacity in Eq. (1):

V ¼ Vc 1�
ffiffiffiffiffiffiffi

D
Du1

s

 !

ð1Þ

where the pure in-plane shear capacity Vc is estimated as the shear capacity as per
Magenes and Calvi [9]. Du1 corresponds to out-of-plane displacement at loss of
in-plane shear strength; D is the out-of-plane displacement demand on the wall
estimated as per Priestley [10]. Figure 1 shows the drop in shear capacity as per
Eq. (1) of an unreinforced masonry wall (2000 � 2000 � 250 mm) with a com-
pressive strength of 10 MPa wall when subjected to an axial stress of 0.1 MPa and
increasing mid-height out-of-plane displacement.

3.2 Behaviour of URM Walls Under In-Plane,
Out-of-Plane and Axial Loads

When subjected to in-plane shear forces, out-of-plane mid-height displacements
and axial forces, a URM wall may fail due to loss of in-plane strength, second-order
effects or due to flexural crushing at extreme fibre about the thickness. The different
out-of-plane displacements at which the wall may fail in any of the
above-mentioned scenarios have to be determined. The value of Δu in Eq. (1) is
limited to the minimum of the out-of-plane displacements at which one of the
failure mechanisms occurs.
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D ¼ min Du1;Du2;Du3ð Þ ð2Þ

Due to out-of-plane displacements, the wall is subject a strain gradient along its
thickness. When the tensile strength is lost, the wall cracks across its thickness
leading to a loss in its in-plane strength. The out-of-plane displacement at which the
in-plane shear capacity drops to zero (Δu1) is determined as the displacement at
which the in-plane strength is lost due to decreasing cross section of the wall (see
Fig. 2). The out-of-plane displacement at which the wall fails due to loss in
out-of-plane capacity (Δu2) is for load-bearing masonry walls (pinned at top and
bottom) close to 0.5 t and for parapet walls (free at the top) close to 0.67 t [11]. The
out-of-plane displacement at which the wall fails due to flexural crushing (Δu3) is
the displacement at which the edge compressive stress about the thickness exceeds
the strength of the masonry in flexural compression, in the presence of out-of-plane
bending and axial stress (see Fig. 2).

The sensitivity of the interaction on the axial load is studied and from Fig. 3, one
can establish that in walls under simultaneous in-plane and out-of-plane displace-
ments and subject to very low axial loads (0.01f′m), wall failure is due to loss in
out-of-plane capacity, whereas for higher loads, it is due to flexural crushing.

3.3 Validation of Proposed Model

The model proposed in Eq. (1) has been validated using a non-linear finite element
tool, TNO-Diana 9.5.5 [12] (DIANA.9.5 documentation, 2014). The wall is

Fig. 1 Drop in in-plane
capacity due to out-of-plane
deformations, as per
formula (1)
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modelled using the simplified micromodel or the meso-model approach. The brick
units were modelled using eight-noded iso-parametric quadrilateral curved shell
elements (CQ48S). The unit has been modelled to behave as an elastic element with
a constant thickness. The unit-mortar interface has been modelled as a non-linear
interface using the combined cracking–shearing–crushing model [13]. The crack in
the unit is modelled in a manner that the wall has a strong unit–weak joint beha-
viour. The number of material properties required in both the approaches is dif-
ferent; however, material properties such as E, G, compressive strength and tensile
strength are kept the same in both the models. The rest of the material properties
have been derived from closed-form solutions and tables prescribed in Lourenço
[13]. The walls are free to rotate in the out-of-plane direction at their base and at the
top of the wall, they are restrained against rotations along the vertical direction and
translations in the out-of-plane direction. The non-linear finite element model is
pre-validated against experimental work [14] for in-plane behaviour (Table 1).

Fig. 2 Definitions of Du1 and Du3

Fig. 3 Sensitivity of failure on axial load (Z: ratio of axial load to compressive strength)
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The effects of out-of-plane displacement are examined under different condi-
tions: varying pier aspect ratios and low to high axial loads. In the ensuing section,
the height and thickness of the piers studied are kept constant at 2.0 and 0.25 m,
while the length of the pier is varied to account for varying piers in a wall with
openings. Walls have been designated on the basis of their aspect ratios (height to
length ratios) as: A (0.5), B (1.0), C (1.5) and D (2.0). For validating the proposed
model in Eq. (1), the analysis procedure is carried out in two steps. In the first step,
the wall is analysed under an axial load and the out-of-plane displacement repre-
sented as a uniformly distributed displacement at mid-height. In the second step,
incremental in-plane displacement is applied at the top of the wall. Figure 4 (A–D)
shows a comparison of the model with non-linear finite element analysis results.
From Fig. 4, one can conclude that the proposed model compares well with
NLFEM results in capturing the drop in shear capacity in the presence of an
out-of-plane displacement. In addition, as the mode provides a lower bound of the
shear capacities, it leads to a conservative seismic assessment.

4 Interaction Under Dynamic Response

In Sect. 3, the interaction of the out-of-plane displacements on the in-plane beha-
viour is examined under static loading. However, in an earthquake, a structure may
be subject to accelerations in both the in-plane and out-of-plane accelerations.
During earthquakes, large floor horizontal accelerations have been recorded in
buildings that are responsible for inertial forces causing out-of-plane damage of
walls leading to structural damage and even building collapse. To study this phe-
nomenon, one has to evaluate the out-of-plane seismic demand on walls

Table 1 Material properties for NLFEM modelling as per Lourenço [13]

Brick Young’s modulus (MPa) 5500

Poisson’s ratio 0.15

Brick–mortar interface Shear stiffness (N/mm3) 86

Cohesion (MPa) 0.2

Fracture energy in shear (N/mm) 0.02

Internal friction angle 32°

Shear stiffness (N/mm3) 87

Normal stiffness (N/mm3) 38

Tensile strength (MPa) 0.15

Fracture energy in tension (N/mm) 0.012

Compressive strength (MPa) 10

Vertical cracks in bricks Normal stiffness (N/mm3) 357

Shear stiffness (N/mm3) 890

Tensile strength (MPa) 1.0
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considering the dynamic filtering effect of the building and diaphragms and the
dynamic response of the walls [15]. The behaviour of walls A and C subjected to
axial stresses of 0.2 and 1 MPa when subjected to in-plane base excitations and
out-of-plane floor accelerations is studied. The biaxial response of the wall to
dynamic loading is studied by incremental dynamic analysis (IDA). An ensemble of
10 natural strong motion records from published literature [16] was used here.

Figure 5 shows the in-plane shear capacity versus in-plane displacement of walls
A and C from IDA subject to biaxial accelerations and in the presence of an
additional out-of-plane displacement. One observes that the shear capacity of all the

Wall A

Wall B

Wall C

Wall D

Fig. 4 Validation of Eq. (1)
with NLFEM analysis
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walls from IDA is a lower bound when compared to static analysis. The disparity in
the capacities can be attributed to decoupling of the in-plane and out-of-plane
displacements in the non-linear static analysis while in the dynamic analysis the
effects are considered simultaneously, which is a more realistic representation of the
behaviour during an earthquake.

In Table 2, the peak shear capacities from Fig. 5 are compared with shear
capacities obtained with the analytical model. One observes that the shear capacity
from IDA is a lower bound when compared to shear capacities from the model
developed. However, the shear capacity obtained from the proposed analytical
model is intermediate between the capacities obtained from NLSA and IDA. It is
also observed that the effect of biaxial loads in terms of reducing the shear capacity
is slightly more significant in a slender wall (wall A) while compared to a squat
wall. This is an observation consistent with previously published work [17], which
concludes that effect of out-of-plane actions is more in slender walls than squat
walls.

5 Application of Analytical Model to Determine
the Biaxial Effects at Global Level

The proposed analytical model is used to determine the effect of the out-of-plane
displacements at the global level by introducing it within the scope of an existing
method such as storey-shear mechanism (SSM). As mentioned, the storey-shear
mechanism (SSM) only determines the global in-plane shear capacity of piers and
ignores the out-of-plane effects which may lead to an overestimate of the shear
capacity. Even when a structure is subject to pure in-plane displacement, depending
on the structure’s inherent eccentricity due to plan and vertical irregularities it will
be subjected to an additional OOP displacement. The effects of the out-of-plane
displacements determined are examined on two three-storied structures (plan in
Fig. 6). Structure A is regular in plan and has an eccentricity of 0.8 m in the
X direction and 0.67 m in the Y direction between the centres of mass and stiffness.
Structure B has an eccentricity of 2.02 and 0.8 m. A comparison of the global

Table 2 Comparison of drop in shear capacity from NLSA, IDA and developed model

Wall Pure in-plane shear
capacity (kN)

Drop in-plane shear capacity (%)

Non-linear static analysis IDA Analytical model

A (Z = 0.02) 24 75 61 72

A (Z = 0.1) 110 52 42 51

C (Z = 0.02) 159 78 63 72

C (Z = 0.1) 490 54 45 51
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capacity neglecting and considering biaxial interactions are determined in both
directions and are reported in Fig. 7a, b and Tables 3 and 4.

One observes that the SSM provides an upper bound of the shear capacities
when compared to results from NLFEM analysis. However, the shear capacity
obtained while considering the out-of-plane effects is a lower bound of the
capacities from non-linear analysis. The underlying assumption is that NLFEM
results are closer to the reality. In this context, the fact that the proposed analytical
model to describe the biaxial effects gives a lower bound when compared to

B
A

Fig. 6 Ground floor plans of
a regular structure and
b irregular structure

Fig. 5 Comparison of force–displacement biaxial effects (static vs. dynamic)
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NLFEM results leads to conservative seismic assessment. This goes to show that
the model could be a useful and simple to use tool that to describe the biaxial effects
at both elemental and global level.

Fig. 7 a In-plane shear capacity of structure A under pure in-plane displacement and considering
biaxial effects. b In-plane shear capacity of structure B under pure in-plane displacement and
considering biaxial effects

Table 3 Comparison with NLFEM analysis for structure A

Structure Capacity in X direction (kN)

Capacity neglecting
interaction

Global capacity considering
interaction

NLFEM (numerical
model)

A 388 347 368

B 476 425 452
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6 Conclusions

An analytical model to evaluate the effect of out-of-plane mid-height displacement
on the in-plane shear capacity of URM walls is proposed. The model is founded on
the assumption that when a URM wall is subject to OOP displacements cracks
along the thickness leading to a drop in shear capacity.

Non-linear finite element analyses under static and dynamic confirm the theo-
retical basis of the model. A preliminary application of the model to determine the
effects of out-of-plane displacements at the global level highlights significant
repercussions on the global behaviour especially in the post-peak region.

The force–displacement pushover curves obtained from the proposed method
provide a lower bound solution compared to non-linear finite element analysis. In
the absence of experimental results for the phenomenon addressed in the paper, the
fact that the shear capacity considering the biaxial interaction is a lower bound
compared to NLFEM results points to a conservative seismic assessment.

As a closing comment, the authors would like to state that the effects of ele-
mental out-of-plane displacements have to be considered in unreinforced masonry
structures especially in the ones where features to prevent the effect of out-of-plane
displacements are ineffective.
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Bond Performance of Pretensioned
Concrete Systems

Prabha Mohandoss, Sriram K. Kompella and Radhakrishna G. Pillai

Abstract Prestressed concrete technology has revolutionized the infrastructure
growth in many countries, especially that of the bridge sector. The bond between
prestressed strand and concrete is very important for achieving good structural
performance. However, some of the codal provisions have not given enough
consideration to the bond strength of pretensioned concrete system in design. This
paper presents the results from a preliminary experimental program on the bond
strength of 7-wire strands embedded in M35 and M55 concretes. A pull-out test
method was developed, and the same was used to determine the bond strength. The
bond behavior and the mechanisms at the strand–concrete interface are also dis-
cussed. Bond strength of 7-wire strand in M55 concrete is found to be about two
times more than that in M35 concrete.

Keywords Pretensioned concrete � Pull-out test � Bond strength
Bond-slip � Strand–concrete interface

1 Introduction

In India, for the past five decades, the applications of prestressed concrete have
been predominant in the field of bridge constructions, overpasses/flyovers, metro
rail projects, commercial buildings, nuclear containment vessels, pavements, rail-
road sleepers, poles, piles marine structures liquefied gas, and oil storing vessels.
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Moreover, bridges and railway sleepers have the most widespread application of the
pretensioned concrete among all the fields.

In a pretensioned concrete (PTC) systems, prestress is transferred through a bond
from the strand to the surrounding concrete. Hence, the bond between the pre-
stressed strand and concrete is more important for its structural performance. If the
bond of PTC member is not good or inadequate, then it can lead to poor structural
performance leading to shear failure at the ends and cracks in the member. In India,
similar types of issues have been observed in a highway bridge girder as shown in
Fig. 1. One of the main reasons for this poor bond performance is the presence of
the residue of the colorless, shiny, and dry lubricant on the strands. Calcium stearate
(CaSt) and sodium stearate are the most commonly used dry lubricants to ease the
process of cold drawing of wires during the strand manufacturing and to meet the
site inspectors’ demand of corrosion free strands. However, there is no test method
to quantify the quality of the bond between the strand and concrete to produce the
better quality product. Therefore, this study attempts to study the bond strength and
bond behavior between the strand and concrete.

1.1 Bond Mechanisms

Bond mechanism of PTC systems is mainly contributed by three factors: adhesion,
mechanical interlock, and friction [1]. Adhesion plays a minimal role in PTC
system. Mechanical interlock and friction play a significant role in the PTC systems
[2]. Mechanical interlock occurs due to the spiral twisting of the outer wires that
form the strand. This helical shape of the strand results in bearing stress between the
strand and concrete. Friction is attributed to concrete confinement and Hoyer effect.
Hoyer effect is the expansion of strand in the transfer zone after releasing the
prestress due to Poisson’s effect. The bond between the strand and concrete can also
be influenced by many factors such as compressive strength of concrete, type/
diameter/surface condition of the strand, amount of prestress applied, etc. [3].

Fig. 1 Shear cracks in bridge
girders due to poor bond
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1.2 Bond Test Methods

Typically, the bond strength between strand and concrete is determined by using
pull-out test. Many pull-out tests have been developed to determine the bond
strength of strand. The Moustafa pull-out test [4] was one of the earliest test
methods. It was developed to quantify the bond capacity of strands for lifting loops.
In this test method, strands were pulled out from the large concrete block using a
jack. Another test method is the North American Strand Producers (NASP) bond
test [5], in which the strand is pulled out from the mortar. The contemporary version
of the NASP bond test is adopted by American Society for Testing and Materials
(ASTM A1081 Standard test method for evaluating the bond of seven wire pre-
stressing strand) [6, 7]. However, none of these test methods represent the actual
behavior of PTC (the bond behavior between the stressed strand and concrete),
where the strands are pretensioned to certain stress level (say, 0.75 fpu). Moreover,
these test methods use only the unstressed strand, which may lead to wobbling issue
during specimen preparation since the strands are not perfectly straight and stressed
as in the field structures.

Performing pull-out test for a fully pretensioned strand member is not easy due
to the requirement of long specimen length to transfer the applied pretension from
the strand to concrete and the machinery required. Later, ECADA test method was
developed by Marti-Vargas et al. (2006) [8] to determine the bond performance
between the prestressed strand and concrete by representing the actual behavior of
PTC.

This study focuses on the pull-out testing, bond strength, and bond behavior of
taut strands embedded in concrete. The taut specimen is the specimen with minimal
prestress—applied to keep the strands straight and avoid the wobbling effect.

2 Experimental Program

Figure 2 provides a schematic of the pull-out test specimen with a taut 7-wire strand
embedded in concrete prism (500 � 100 � 100 mm in size). High strength,
low-relaxation 7-wire strand of 12.7 mm diameter was used. The modulus of
elasticity of the 7-wire strand was 196 MPa. The ultimate tensile strength (fpu) of
the 7-wire strand was 1770 MPa. Four specimens each with M35 and M55 grade

Fig. 2 Schematic of the
pull-out test specimen with
taut strand embedded in
concrete prism
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concrete with 40–50 mm slump were cast and tested. The average 28-day com-
pressive strength of M35 and M45 concretes were 41 and 58 MPa, respectively. As
shown in Fig. 2, the length of the concrete prism was 500 mm. The length of bond
breaker placed inside the specimen was 50 mm. Therefore, the actual embedment
length (le) of the strand is 450 mm.

2.1 Specimen Preparation

2.1.1 Initial Stressing

The length of the strand to be used for stressing is decided based on the length of
the strand embedded in the specimen, the length of strand inside the hydraulic jack,
load cell, and the thickness of the endplate including the screws. Based on this, 6 m
long, 7-wire strands (12.7 mm dia.) were kept straight in the prestressing bed. Then,
a hydraulic jack was used to apply a minimum load just to keep the strand straight
and to avoid the wobbling effect. Before placing the wedges and tensioning the
strand, a 5 cm long PVC pipe was kept around the strand (as bond breaker) near the
pulling end. This was done to avoid the stress concentration in this region during
the pull-out test. The wedge and barrel were placed outside the two end brackets of
the prestressing bed—to maintain the stress. Also, a stress releasing system with a
nut-bolt system was placed at the releasing end—to facilitate gradual release of the
prestress.

2.1.2 Casting of Concrete

Fresh concrete was prepared using laboratory scale pan mixer and placed inside the
specimen molds, which are placed on the prestressing bed. Concrete was
hand-compacted using a standard procedure—to ensure uniformity in the concrete
properties. Along with the pull-out specimens, three companion cube specimens
were also cast to determine the compressive strength of concrete at the time of
pull-out testing. After 24 h, the specimens were demolded, and the stress in the
specimen was released. The strand was cut at both ends of the specimen—leaving
350 mm length of the strand at one end and 150 mm long at another end of the
specimen. This was done to facilitate the placement of LVDTs and grip the strand at
pulling end during the pull-out testing. Then, the specimens were cured for 28 days
to achieve the desired concrete properties, prior to the pull-out test.
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2.2 Pull-Out Test Procedure

2.2.1 Pull-Out Test Setup

Figure 3 shows the schematic of the pull-out test setup. In this, a 40 mm thick top
and bottom steel plates of the frame are connected using four tension members
(1.4 m long and 36 mm diameter steel rods). The center of the bottom steel plate of
the frame has a 16 mm diameter hole to place the strand through and grip it using
the hydraulic V-grips of the universal testing machine. One end of the hanging rod
is gripped inside the upper wedge of the machine. Another end of the hanging rod
has hemispherical shape to lock with the top plate of the frame to provide a swivel
arrangement, which allows the free rotation of the frame while testing and avoids
any torsion.

After fixing the pull-out frame on the machine, the pull-out specimen is placed in
the pull-out frame. The bottom end of the strand is gripped in the MTS machine and
that end is called as the live end where the load is applied. The top portion of the
strand is free and known as a free end.

Fig. 3 Schematic of the
pull-out test setup
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2.2.2 Instrumentations

TwoLVDTswere used. One LVDTwas placed at the live end and another LVDTwas
placed at the free end of the strand, as shown in Fig. 3—to measure the slip of the
strand with respect to the concrete during testing. An L-shaped plate of a smooth
surface is placed on the surface of concrete at the free end of the specimen to place the
LVDT in a position to get a uniform reading. Load was applied at the rate of
2 mm/min. Two LVDTs and the load cell of the machine were connected to a data
acquisition system, and the time elapsed, load, and displacement data were recorded.

3 Results and Discussions

The bond stress-slip behavior (s–s curve) of 12.7 mm strand embedded in M35 and
M55 grade concretes is shown in Fig. 5a, b. The bond surface area is calculated as
the circumference of the strand (p) multiplied by the actual embedment length (le).
The bond strength (sb) is calculated as follows:

sb ¼ Pu

ple
ð1Þ

where Pu is the ultimate load (or peak load).
As discussed in Sect. 1.1, the bond mechanism in PTC is governed by three

factors: (i) adhesion, (ii) mechanical interlock, and (iii) friction. Hence, the
bond-slip curve can be divided into three regions as follows.

• Region 1: Linear region, which is governed by the adhesion mechanism. Once
adhesion is lost, then the mechanical interlock and friction are mobilized.

• Region 2: Mainly governed by mechanical interlock, which gives resistance to
slip.

• Region 3: Mainly governed by friction between the strand and concrete, after the
peak load.

Two types of behaviors or bond-slip patterns are observed: (i) smooth pattern
and (ii) stick-slip pattern. The specimens with smooth pattern exhibited splitting
and cracking of concrete, as seen in Fig. 4. The specimens with stick-slip pattern
exhibited pulling-out of the strand (without the splitting and cracking of concrete).

Fig. 4 Longitudinal cracks along the 7-wire strand in M55 grade in concrete
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3.1 Bond Strength and Slip

Figure 5a, b shows the s–s curves of taut strands in M35 and M55 concretes,
respectively. As shown in Fig. 5, two specimens with M35 concrete and all the
specimens with M55 concrete are exhibiting the smooth pattern. This happens when
the concrete confinement is good. In such case, the concrete will resist the move-
ment of the strand, resulting in an increase in the stress developed, which in turn
results in longitudinal cracks in concrete (Fig. 2).

Specimens A2 and A3 in Fig. 4a exhibited the stick-slip pattern. It seems that
this pattern is more predominant in the case of low strength concrete (say, below
M35 concrete). When the concrete strength is low, the grooves may fail in shear
and allow the strand to slide from one groove to the next one (in the longitudinal
direction)—resulting in the stick-slip pattern. Also, 25°–40° rotation of strands (as
they are pulled out) was observed at the peak of the s–s curve.
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The measured bond strength smax of pull-out specimens is shown in Fig. 6. The
term smax is defined as the maximum bond stress observed in the s–s curves, as
shown in Fig. 6. For the eight specimens tested here, the smax occurred at a slip
ranging from 8 to 30 mm. However, in ASTM 1018, bond strength is calculated as
the bond stress corresponding to 2.5 mm. Hence, the maximum bond stress (smax)
and bond stress at 2.5 mm (s2.5) are calculated and shown in Table 1. Also, the slip
corresponding to smax is shown in the last column of Table 1. It can be seen that
these values are in the range of 8–30 mm (i.e., greater than the design slip value of
2.5 mm).

It is observed that average s2.5 is approximately half the value of smax. Also,
when the grade of concrete increased from M35 to M55, the savg increased from 6
to 11 MPa—about twofold increase.

Fig. 6 Bond strength of PTC specimens as a function of compressive strength of concrete

Table 1 Bond stress values of 12.7 strands

Specimen
no.

Grade of
concrete

f′c
(MPa)

s2.5
(MPa)

smax

(MPa)
Slip at smax

(MPa)

A1 M35 44.1 4.03 4.74 8.4

A2 43.8 3.04 6.77 11.9

A3 43.7 3.74 6.77 9.10

A4 42.9 3.36 5.40 11.2

B1 M55 63.1 3.65 10.50 24.0

B2 61.8 4.65 9.72 22.0

B3 60.2 4.30 12.66 31.2

B4 60.2 6.26 11.80 20.7
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4 Preliminary Findings

• As the characteristic compressive strength of concrete increases from 35 to
55 MPa, the average bond strength increase by about two times.

• A stick-slip s–s behavior is observed when the strand is pulled out of the
concrete with relatively low strength (say, M35).

• A smooth s–s behavior is observed when the bond failure is due to concrete
cracking or splitting.

5 Notations

db Nominal diameter of strand (mm)
le Embedded length of the strand in the concrete (mm)
p Circumference of the strand in the concrete (mm)
Ab Bonded area of the embedded length of the strand (mm2)
Pu Ultimate load (kN)
f′c Compressive strength of the concrete at the time of testing (MPa)
smax Measured bond strength of the strand (MPa)
savg Average measured bond strength (MPa)
s2.5 Measured bond stress at 2.5 slip (MPa)
S Slip of the strand (mm)
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Part II
Analysis and Design of Steel Structures



Comparative Study of Fire-Resistant
Design of Steel Structures
as per IS800:2007, AS4100:1998,
AISC360:2010 and EN1993-1-2

Dhara Shah and Janak Shah

Abstract Construction of any structure consists of various stages and layers, one
of which is fire protection. Fire leads to temperature rise in structural members,
which in turn reduces their strength. Current fire protection strategy integrates a
combination of active and passive fire protection measures but very less focus is
given to the fire-resistant design approach. This study focuses on comparison of
fire-resistant design method for steel structures as per Indian standard (IS800),
Australian standard (AS4100), Eurocode (EN1993-1-2) and American standard
(AISC360). The study includes design of simply supported steel beam, laterally
supported as well as unsupported, with span varying from 3 to 7 m, using
IS800:2007. The fire-resistant design of the beam is done for protected and
unprotected case, and is compared as per different standards. It is concluded that
AISC code gives conservative value, due to the consideration of higher safety factor
in the code. Further, Indian code gives economical value but restricts temperature
value by 750 °C and in most cases of laterally supported beam, the value of critical
temperature is higher than 750 °C, and hence, we cannot use the result of Indian
code. Further, Indian code fails to provide clear representation of fire-resistant
design for protected steel members.
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1 Introduction

Fire protection is a key element in all structures. Current fire protection strategy
integrates a combination of active and passive fire protection measures. Active fire
protection measures consider the use of fire alarms, fire extinguishers, sprinklers,
smoke detection devices, emergency exits, etc., which might be manually or
automatically operated, based on the principle of early fire detection and reduced
risk of large fire. It is installed mainly for the escape of people from buildings in
case of fire and hence will not protect the structure. Passive fire measures are
actually structural fire protection systems within the structural system of a structure
with the use of certain materials such as spray protection, board protection, intu-
mescent coatings, etc. Passive system also incorporates layout of escape routes, fire
brigade access routes along with control of combustible materials of construction
[1]. In past, many failures have occurred due to fire including:

• The World Trade Center (WTC), New York, 9 September 2001.
• The Mumbai High North Platform, Indian Ocean, 27 July 2005.
• Interstate 580, Oakland, 29 April 2007.
• Faculty of Architecture Building, the Netherlands, 13 May 2008.

Fire leads to temperature rise in structural members, which in turn reduces their
strength. Thus, it is necessary that structural members remain intact during the
evacuation of personnel and even after collapse, it will not trigger the collapse of
structure. Different countries have already done sufficient work to find the tem-
perature rise in structural member or structure as a whole during fire. They also
found reduction in strength of a member with increase in steel temperature.

A general approach to fire safety of structure is to provide active fire safety
measures. Very less focus is given to fire-resistant design approach. Mostly
designers provide protection directly to structural members. Looking to IS800:2007
[2], code provides equations to calculate the temperature rise for unprotected steel
members on the basis of standard fire test data. However, for protected members,
code has provided table for structural steel beam (406 mm � 176 mm) and steel
column (203 mm � 203 mm), with no information regarding protection of other
sections in beams and columns. The code has more emphasis on testing of mem-
bers, which is not possible all time. On the other hand, Eurocode and American
code give equations for temperature rise in the steel on the basis of heat transfer
theory. Thus, it is vital to compare results of Indian standards with other standards.

This study focuses on the comparison of fire-resistant design method for steel
structures as per Indian standard IS800, Australian standard—AS4100 [3],
Eurocode—EN1993-1-2 [4] and American standard—AISC360 [5]. The study
includes the design of simply supported steel beam, laterally supported as well as
unsupported at room temperature (20 °C), with span varying from 3 to 7 m, using
IS800-2007. For calculation of temperature rise in steel members, ISO 834 [6]
standard fire is used. The fire-resistant design of the beam is done for protected and
unprotected case, and is compared as per different standards listed above.
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2 Structural Steel and Its Properties

The time for which the structural member will support the applied loads when
subjected to a standard fire ISO 834 is known as period of structural adequacy
(PSA) of a member. Vital material properties of steel structures related to heating
and load-bearing capacity of steel structures are the thermal properties of steel as a
function of temperature and mechanical properties of steel at elevated temperature.
Thermal properties of steel do change with varying temperature including thermal
elongation, specific heat and thermal conductivity. These properties are more or less
uniform throughout different standards. The difference lies in the mechanical
properties of the steel across the standards which are explained below.

2.1 Yield Stress

Yield stress decreases with increase in temperature and is independent of steel grade
[7]. Indian code and Australian code provide equations for variation in yield stress of
steel at elevated temperature based on the regression analysis of data from elevated
temperature tensile tests conducted in Australia and Britain. The equation is

fy Tð Þ
fy 20ð Þ ¼ 1:0 when 0 �C \ T \ 215 �C ð1Þ

fy Tð Þ
fy 20ð Þ =

905� T
690

when 215 �C \ T \ 905 �C ð2Þ

where

fy Tð Þ Yield stress of steel at T °C.
fy 20ð Þ Yield stress of steel at 20 °C (room temperature).
T Temperature of steel in °C.

On the other hand, American standard and Eurocode provide reduction factors for
stress–strain relationship of steel at elevated temperature. Figure 1 shows the com-
parative chart of yield stress ratio of steel versus temperature as per selected standards.

3 Modulus of Elasticity

Like yield stress, modulus of elasticity decreases with increase in temperature [7].
Indian code and Australian code provide equations for variation in modulus of
elasticity of steel at elevated temperature, as recommended by the French Technical
Centre for steel construction—CTICM. The equation is
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E Tð Þ
E 20ð Þ ¼ 1.0þ T

2000 ln T
1100

� �n o
2
4

3
5 when 0 �C \ T \ 600 �C ð3Þ

E Tð Þ
E 20ð Þ ¼

690 1� T
1000

� �
T � 53:5

when 600 �C \ T \1000 �C ð4Þ

where

E Tð Þ Modulus of elasticity of steel at T °C.
E 20ð Þ Modulus of elasticity of steel at 20 °C (room temperature).
T Temperature of steel in °C.

American standard and Eurocode provide reduction factors for variation in
modulus of elasticity of steel at elevated temperature. Figure 2 shows the com-
parative chart of modulus of elasticity ratio of steel versus temperature as per
selected standards.
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From the comparison, it is observed that Eurocode provides higher values of
yield stress at elevated temperature whereas Australian code and Indian code
provide higher values for modulus of elasticity at elevated temperature.

4 Fire-Resistant Design

4.1 Load Combinations

The most likely loads at the time of a fire are much lower than the maximum design
loads specified for normal temperature conditions. It is generally assumed that there
is no explosion or other structural damage associated with the fire. Table 1 lists
partial safety factors for dead load and imposed load as per different standards
[8, 9], to be considered for fire-resistant design of steel members.

4.2 Shape Factor (Am/V or Hp/a)

It is defined as the ratio of heated perimeter (Hp) to that of the cross-sectional area
of the steel member (A). It is an important parameter in determining the rise of
temperature of steel section. Higher the value of Hp/A, higher the rate of heating.
The value of Hp depends on the type of protection (sprayed insulation, intumescent
paint or board insulation which boxes the section) and whether the member is
heated on four sides or three sides. Eurocode uses section factor—Am/V instead of
shape factor, where Am is the surface area of the member per unit length (m2/m),
and V is the volume of the member per unit length (m3/m). The unit of Hp/A
(Am/V) is m−1. Indian code does not provide considerable information for shape
factor. American standard uses W/D ratio where W is the weight per unit length and
D is the heat perimeter. When we consider the whole equation of heat transfer for
Eurocode and American code, this factor is similar because in Eurocode density and
shape factor have been used separately while in American standard, both have been
combined and given as one factor, i.e. W/D ratio.

Table 1 Partial load safety
factors as per different
standards

Standard Partial load factors

Dead load (DL) Live load (LL)

IS 800 1 0.35

AS 4100 1 0.4

EN 1991 1 0.3

ASCE 1.2 0.5
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4.3 Limiting Steel Temperature/Critical Temperature

It is the temperature above which the residual strength of member is not useful.
Indian code and Australian code provide equation for critical temperature based on
the yield stress of steel. Eurocode gives formula based on the degree of utilization
factor which is same as the load factor, given by the Indian code. American code is
silent about the value of critical temperature. The equation for critical steel tem-
perature as per IS800 and AS4100 is given as

Tl ¼ 905� 690rf ð5Þ

where

rf Ratio of the design action on the member under the design load for fire to the
design capacity (Rd) of the member at room temperature.

Rd Design strength of member at room temperature = Ru/cm.
Ru Ultimate strength of member at room temperature.
cm Partial safety factor for strength.

The equation for critical steel temperature as per EN1993-1-2 is given as

hcr ¼ 39:19 ln ½ 1
0:9674l03:833

� 1� þ 482 ð6Þ

where

hcr Critical temperature in steel.
l0 Degree of utilization.

4.4 Temperature Rise in Unprotected Steel Member

As per IS800 and AS4100, time (t) to reach critical temperature (T1) is given by the
equations obtained from regression analysis of British temperature data for
unprotected steel. The equations are

(a) Four-sided exposure conditions

t ¼ �4:7þ 0:0263Tl þ 0:213Tl
Ksm

ð7Þ
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(b) Three-sided exposure conditions

t ¼ �5:2þ 0:0221Tl þ 0:433Tl
Ksm

ð8Þ
where

t Time from the start of the test, in min.
Tl Limiting steel temperature in °C; 500 °C <= T <= 750 °C.
Ksm Exposed surface area to mass ratio in 103 mm2/kg; 2 � 103 mm2/

kg <= Ksm <= 35 � 103 mm2/kg = (Hp/A) � 106/7.85 mm2/kg.

For Tl < 500 °C, code suggests linear interpolation based on the time at 500 °C
and an initial temperature of 20 °C at t = 0. Design temperatures for different fire
resistance time for beams and columns are found in the British standard BS5950
Part-8 [10], which were used as the basis of the regression analysis. In New Zealand
standard, upper temperature limit has been increased to 850 °C from its original
value owing to the research performed in recent years [7]. The Indian code and
Australian code have not revised the upper temperature limit, and it remains at
750 °C. As per EN1993-1-2, the equation is given as

Dha;t ¼ Ksh
Am=V
Caqa

hnet;dDt ð9Þ

where

Ksh Correction factor for the shadow effect.
Am=V Section factor for the unprotected member (1/m).
Am Surface area of member per unit length (m2/m).
V Volume of member per unit length (m3/m).
Ca Specific heat of steel (J/kg k).
hnet,d Design value of net heat transfer per unit area (W/m2).
Δt Time interval (seconds).
qa Unit mass of steel, 7850 kg/m3.

As per AISC 360, the equation is given as

DTs ¼ a
Cs W=Dð Þ TF � Tsð ÞDt ð10Þ

where

DTs Temperature rise in steel (°C).
TF Fire temperature (K).
Ts Steel temperature (K).
Δt Time interval (s).
W Steel section weight per unit length (kg/m).
D Heat perimeter (m).
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A Heat transfer coefficient (W/m2 °C).
Cs Specific heat of steel (J/kg °C).

4.5 Temperature Rise in Protected Steel Member

As per IS800 and AS4100, time to reach critical temperature shall be determined by
a suitable series of fire test or from result of a single test. Thus, these codes provide
the value for critical temperature on the basis of test with appropriate protection.

As per EN1993-1-2, time to reach critical temperature is given by equation as

Dha;t =
kp

Ap

V

� �
hg;t � ha;t

� �
dpCa qa 1 + f

3

� � Dt � (e
f
10 � 1ÞDhg;t ð11Þ

/ ¼ Cpqp
Caqa

dp
Ap

V

� �
ð12Þ

where

Ap

V
Section factor for the fire protected section (1/m).

Cp Specific heat of protection material form (J/kg k).
qp Unit mass of fire protection material (Kg/m3).
Dt Time interval (seconds).
hg;t Ambient gas temperature at time t (°C).
ha;t Steel temperature at time t (°C).
dp Thickness of protection material (m).
kp Thermal conductivity of fire protection system (W/mK).

As per AISC360, time to reach critical temperature is given by equation as

DTs ¼ kp
dp

TF � Tsð Þ
Cs

W
D

� �þ Cpqpdp
2

" #
Dt ð13Þ

where

ΔTs Temperature rise in steel (°C).
Cp Specific heat of steel (J/kg °C).
qp Unit mass of fire protection material (Kg/m3).
dp Thickness of protection material (m).
kp Thermal conductivity of fire protection system (W/m °C).
Dt Time interval (seconds).
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5 Problem Formulation

For calculation of temperature rise in steel, excel spreadsheet has been used. The
basic data that have been taken into consideration are as follows:

Steel Grade Fe 410,
DL 20 kN/m,
LL 10 kN/, and
Type of beam Simply supported.

Member spanning from 3 to 7 m have been taken for calculation. Analysis of all
beams for laterally supported and laterally unsupported has been carried out using
IS 800:2007. The sections obtained for different spans as per design are given in
Table 2.

For fire-resistant design of protected members, gypsum board has been used.
Typical properties of gypsum board are shown in Table 3.

6 Analysis and Results

Results obtained from fire-resistant design as per different standards are shown
below for unprotected and protected steel beams with laterally supported and
unsupported, from span 3 to 7 m, showing critical values in terms of critical
temperature, time to reach critical temperature and design moment (Tables 4, 5, 6,
7, 8, 9, 10, 11, 12 and 13).

Table 2 Steel sections
obtained for different spans

Span (m) Section

3 ISMB 350

4 ISMB 400

5 ISMB 500

6 ISMB 550

7 ISMB 600

Table 3 Properties of
gypsum board

Material Gypsum board

qp 800 kg/m3

cp 1700 J/kg/K

kp 0.2 W/mK

dp 20 mm
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Table 4 Comparison of critical values for unprotected 3 m beam

Standards Laterally supported Laterally unsupported

Critical
temp.

Time Design
moment

Critical
temp.

Time Design
moment

(°C) min. kNm (°C) min. kNm

IS800:2007 839.09 29.46 27.02 775.42 22.65 27.02

AS4100-1998 838.67 29.38 27.58 772.72 22.55 27.58

AISC360-2010 708.16 23.08 32.63 648.04 19.15 32.63

EN1993-1-2 785.01 29.97 25.88 741.78 24.54 25.88

Table 5 Comparison of critical values for unprotected 4 m beam

Standards Laterally supported Laterally unsupported

Critical
temp.

Time Design
moment

Critical
temp.

Time Design
moment

(°C) min. kNm (°C) min. kNm

IS800:2007 780.56 29.37 48.21 677.4 19.74 48.21

AS4100-1998 777.98 29.25 49.21 672.67 19.57 49.21

AISC360-2010 656.01 21.56 58 576.29 17.48 58

EN1993-1-2 705.02 19.76 46 664.69 17.4 46

Table 6 Comparison of critical values for unprotected 5 m beam

Standards Laterally supported Laterally unsupported

Critical
temp.

Time Design
moment

Critical
temp.

Time Design
moment

(°C) min. kNm (°C) min. kNm

IS800:2007 839.09 29.46 27.02 775.42 22.65 27.02

AS4100-1998 838.67 29.38 27.58 772.72 22.55 27.58

AISC360-2010 708.16 23.08 32.63 648.04 19.15 32.63

EN1993-1-2 785.01 29.97 25.88 741.78 24.54 25.88

Table 7 Comparison of critical values for unprotected 6 m beam

Standards Laterally supported Laterally unsupported

Critical
temp.

Time Design
moment

Critical
temp.

Time Design
moment

(°C) min. kNm (°C) min. kNm

IS800:2007 781.49 33.37 110.33 630.62 19.47 110.33

AS4100-1998 778.97 33.25 112.58 625.02 19.25 112.58

AISC360-2010 657.35 24.28 130.5 544.64 18.58 130.5

EN1993-1-2 751.73 30.12 103.5 640.4 18.02 103.5
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7 Conclusions

• For unprotected members, Indian standard proposes higher PSA along with
critical temperature among all codes. Australian standard provides almost

Table 8 Comparison of critical values for unprotected 7 m beam

Standards Laterally supported Laterally unsupported

Critical
temp.

Time Design
moment

Critical
temp.

Time Design
moment

(°C) min. kNm (°C) min. kNm

IS800:2007 774.15 34.67 151.3 592.7 18.57 151.3

AS4100-1998 771.5 34.53 154.37 586.38 18.32 154.37

AISC360-2010 648.36 24.94 177.63 512.5 18.31 177.63

EN1993-1-2 744.53 30.25 140.88 620.25 17.83 140.88

Table 9 Comparison of critical values for protected 3 m beam

Standards Laterally supported Laterally unsupported

Critical
temp.

Time Design
moment

Critical
temp.

Time Design
moment

(°C) min. kNm (°C) min. kNm

AISC360-2010 708.16 121.82 32.63 646.21 96.64 32.63

EN1993-1-2 718.55 123.75 25.88 648.37 97.42 25.88

Table 10 Comparison of critical values for protected 4 m beam

Standards Laterally supported Laterally unsupported

Critical
temp.

Time Design
moment

Critical
temp.

Time Design
moment

(°C) min. kNm (°C) min. kNm

AISC360-2010 652.05 110.07 58 576.29 84.85 58

EN1993-1-2 760.73 140.04 46 676.09 109.16 46

Table 11 Comparison of critical values for protected 5 m beam

Standards Laterally supported Laterally unsupported

Critical
temp.

Time Design
moment

Critical
temp.

Time Design
moment

(°C) min. kNm (°C) min. kNm

AISC360-2010 632.54 108.41 90.63 490.38 70.74 90.63

EN1993-1-2 788.84 151.41 71.88 686.3 113.98 71.88
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similar values as Indian standard; the minor difference in values is due to the
partial load safety factor as per the standards.

• For unprotected members, AISC code provides less value of PSA. Main reason
for this is the higher partial load safety factors in the standard.

• For protected members, Eurocode gives more PSA before failure when com-
pared to American code.

• With increase in span of the member, load ratio increases thereby reducing the
limiting temperature. Thus, it can be explained for Tn by

T3 [ T4 [ T5 [ T6 [ T7ð Þ

where Tn = critical temperature for ‘n’ m span, n = 3–7 m.
• Critical temperature in a member reduces with reduction in section factor (Hp/A),

i.e. steel member with low section factor will take more time to reach critical
temperature.

• For fire-resistant design of steel structures, AISC code gives conservative value,
due to the consideration of higher safety factor in the code.

• Indian code offers economical value for fire-resistant design, but restricts tem-
perature value by 750 °C and in most cases of laterally supported beam, the
value of critical temperature is higher than 750 °C. Hence, we cannot refer the
result of Indian code.

Table 12 Comparison of critical values for protected 6 m beam

Standards Laterally supported Laterally unsupported

Critical
temp.

Time Design
moment

Critical
temp.

Time Design
moment

(°C) min. kNm (°C) min. kNm

AISC360-2010 657.35 126.1 130.5 546.07 89.06 130.5

EN1993-1-2 834.88 181.15 103.5 731.26 135.5 103.5

Table 13 Comparison of critical values for protected 7 m beam

Standards Laterally supported Laterally unsupported

Critical
temp.

Time Design
moment

Critical
temp.

Time Design
moment

(°C) min. kNm (°C) min. kNm

AISC360-2010 647.97 129.66 177.63 512.5 18.31 177.63

EN1993-1-2 847.8 193.7 140.88 742.24 143.78 140.88
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Effects of Column-to-Beam Strength
Ratio on Behaviour of Beam-to-Column
Moment Joints

Arnav Anuj Kasar, S. D. Bharti, M. K. Shrimali and Rupen Goswami

Abstract Steel Moment Resisting Frames (MRFs) are believed to be very ductile
structures and are highly regarded structural systems, even in areas of high seis-
micity. The overall ductility of a steel MRF depends on many factors, such as
connection configuration, column-to-beam strength ratio, effect of joint panel zone,
material and cross-sectional properties, rate of loading, etc. Seismic performance of
a steel MRF depends, primarily, on the performance of beam-to-column joints in
the frame. The capacity of a joint to undergo inelastic deformation determines the
ductility of an MRF. In a beam-to-column moment joint, the desirable behaviour is
to limit inelastic actions at beam end regions, thereby preventing irreparable
damage to structures. In a simple unreinforced moment connection, this is achieved
by varying the Column-to-Beam Strength Ratio (CBSR). In this paper, a minimum
value of CBSR, which ensures the formation of plastic hinge at beam end region,
for a simple unreinforced joint, is determined. A parametric study, using Nonlinear
Finite Element Analysis (NFEA), is carried out to determine the force–deformation
behaviour of ten beams to column joint subassemblages. The CBSRs are varied
from 1.2 to 11 to determine the value at which inelastic actions can be limited to the
beam ends. The selection of CBSRs is based on the strength of AISC standard
sections and their compatibility along with the various prevalent codal provisions.
Results of NFEA show that the minimum CBSR required to prevent inelastic
actions in columns is close to 7.5.
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Keywords Steel moment resisting frames � Column-to-beam strength ratio
Capacity design � Strong axis moment joints � Force–deformation behaviour
Strong column weak beam

1 Introduction

Since their inception, steel Moment-Resistant Frames (MRFs) are considered to be
the most effective structural systems. This belief is based, partially, on the inherent
ductility of steel as a construction material, and partially on their ease of con-
struction and architectural suitability. During mid-twentieth century, steel MRFs
were the most preferred structural systems, especially in areas of high seismicity. It
was because of their ‘assumed’ good ductile behaviour that these structural systems
were assigned the most optimistic design parameters.

The damages sustained by steel MRFs during and in the aftermath of 1994
Northridge and 1995 Kobe earthquakes were phenomenal, and led to substantial
research on the behaviour of such frames, under seismic excitations [1]. The
Northridge earthquake led to the damage of nearly 200 steel MRF buildings, most
of which were located in the connection region. The damage to welded
beam-to-column connections can be attributed to two broad reasons: (i) improper
design, leading to insufficient strength of connections; and (ii) excessive rotation,
due to inelastic yielding of Joint Panel Zone (JPZ) region. As MRFs are more
flexible than other common earthquake-resistant structural systems, such as braced
frames and steel plate shear wall systems, they require to be designed on the basis
of drift limits. When subjected to lateral forces, the lateral deformation of steel
moment frames is supposed to be accommodated through inelastic flexing of
beams, while the columns are supposed to remain in elastic range.

The concept of capacity design recommends that, in a frame structural members,
should be proportioned to yield at predetermined sequence and locations. Thus,
better control on the inelastic behaviour of structures is achieved, by accommo-
dating the imposed ductility demand in a few predetermined locations, while rest of
the structures remains in elastic range. A typical strong axis, interior
beam-to-column joint subassemblage, of an MRF, is shown in Fig. 1, depicting
different regions of the subassemblage. The concept of capacity design suggests that
both the columns and the beam-to-column joints have to be stronger than the beams
[2].

In the past, numerous researches have been carried to determine the factors on
which the ductility of steel beam-to-column moment joint depends. One of the most
critical factors is design of Joint Panel Zone (JPZ) region, which may be based on
one of the three design philosophies: (i) Strong JPZ, wherein the JPZ remains
elastic [3], forcing all inelastic actions to the beam ends; (ii) Weak JPZ, all inelastic
deformations are limited to the JPZ [4] region, thereby preventing the formation of
plastic hinges at beam ends; and (iii) Balanced JPZ, allows controlled inelastic
yielding of JPZ [5–7] region, leading to sharing of inelasticity between beams and
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JPZ region. Most of the prevalent design codes recommend that the JPZ region
shall be designed on the basis of the third approach, i.e., sharing of inelastic actions
between beams and JPZ region.

When subjected to lateral force, JPZ region undergoes very stable shear yielding
and is capable of undergoing large inelastic deformations [5]. To utilize this reserve
strength, designers configured the joints such that the JPZ region is allowed to
participate, along with the beams, in dissipating the input seismic energy through
inelastic action. Much research has been carried out to determine the effects of
behaviour of JPZ region on the overall performance of MRFs [8–12].

The objectives of code-based design are to assure life safety (strength and
ductility) and, to some extent, prevent damage (limiting the drifts). The first
objective may be achieved by allowing yielding of JPZ region; nevertheless, the
shear yielding of JPZ region leads to uncontrolled overall deformation of the
structure. Also, as the JPZ is an integral part of column, shear yielding of JPZ
necessarily means yielding of column web and is irreparable in nature, and thus
shall not be permitted. In the prevalent state of steel design, the JPZs are designed to
undergo yielding simultaneously with the beams. This design philosophy needs to
be revisited and suitable amendments need to be brought in, so that the shear
yielding of JPZ can be postponed up to the formation of beam plastic hinge.

Fig. 1 A typical exterior
beam-to-column moment
joint subassemblage showing
different regions of the joint
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2 Modelling and Analysis

To determine the effects of CBSR on the behaviour of strong axis interior
beam-to-column joint subassemblages, a range combination of columns and beams
is selected. Two important deciding parameters for selecting a section as column or
beam are (a) plastic section moduli and (b) width of flange. Beam sections are such
selected, in which the width of beam flanges remains lesser than width of corre-
sponding column flanges for a particular CBSR. A fair representation of a wide
range of column-to-beam strength ratios is achieved through section selection. Ten
beam-to-column joint subassemblages are modelled having different CBSRs,
ranging from 1.2 to 11. A list of different beam and column sections, used to obtain
beam-to-column joint subassemblages with different CBSRs, is presented in
Table 1. The class of selected section is determined using tables B4.1a and B4.1b of
AISC 361-10, and most of the sections selected are compact, while only a few are
classified as non-compact.

For the purpose of analysis, both exterior and interior beam-to-column joint
subassemblages are modelled starting from CBSR of 1.2, based on IS 800:2007.
The subassemblages consist of column with height equal to sum of the distance of
point of contraflexure, above and below the joint. Beam length for subassemblage is
also taken to be equal to distance between two points of contraflexures, on either
side of the column for an interior joint. The points of contraflexures are assumed at
the mid-heights of members, and centerline dimensions are considered at this stage
(Fig. 2).

The subassemblages are simply supported at column ends, and displacement
loading is applied at beam ends. A displacement-based nonlinear finite element
analysis of all the subassemblages is performed using ABAQUS software package
[13]. The members are assumed to be of ASTM A36 grade steel with isotropic
hardening model, the stress–strain behaviour of which is shown in Fig. 3 (yield
stress of 250 MPa and ultimate stress of 415 MPa).

Table 1 Standard AISC sections used for beam-to-column joint subassemblages

S.N. Beam sections Column sections CBSR
MpC/MpBSection MpB (kNm) Section MpC (kNm)

1. W27�84 1,000 W18�130 1,188 1.19

2. W18�97 864 W24�176 2,093 2.42

3. W18�71 598 W24�176 2,093 3.50

4. W24�103 1,147 W33�318 5,203 4.54

5. W30�124 1,671 W36�529 9,545 5.71

6. W27�102 1,250 W36�487 8,726 6.98

7. W21�101 1,036 W27�539 7,743 7.47

8. W30�90 1,159 W40�503 9,504 8.20

9. W27�84 1,000 W36�529 9,545 9.55

10. W24�94 1,041 W40�593 11,307 10.86
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Stress–strain relationships for A36 grade steel and E70 electrodes used for
analysis are shown in Fig. 3. The modulus of elasticity and Poisson’s ratio of both
the materials are 200 GPa and 0.260, respectively. The height of columns in the
subassemblages is 3.8 m, which, in most cases, is the average storey height
(Fig. 2). The distance considered between column centerline and the point of
application of load on beams is 3.0 m, representing span of beam. Nonlinear
analyses are carried out on three-dimensional solid models. A uniform mesh is
developed for the subassemblage models using eight-noded linear brick element
(C3D8R). Single-step monotonic drift loading up to a drift level of 4% is used for
analyses to obtain the differences in responses of these beam–column joints. Axial
compressive load is not considered on the columns, to reduce the number of
parameters on which the behaviour of subassemblage depends.

Fig. 2 Strong axis interior
beam-to-column joint
subassemblage modelled for
analyses

Fig. 3 Stress–strain
relationship of materials used
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3 Results and Discussion

Displacement-based nonlinear finite element analyses are carried out for ten
beam-to-column joint subassemblages. The results obtained from ABAQUS are
presented in Figs. 4 and 5. Figure 4 shows the level of inelasticity induced in a
beam-to-column joint, at a drift level of 4% through von-Mises stress contours. For
combinations having a CBSR less than 7, inelastic yielding of JPZ is observed. The
extent of inelasticity in JPZ region reduces, with an increase in CBSR. This is
primarily due to increase in strength of beams, which in turn increases their par-
ticipation in the dissipation of induced energy, through inelastic excursions.

Figure 5 depicts shear–stress contours for the analyzed beam-to-column joint
subassemblages, at the initiation of yield. The state of inelastic shear action indicates

Fig. 4 Shear–stress contours
of beam-to-column joint
subassemblages at initiation
of yield
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that, for joints having CBSR lesser than seven, yielding of JPZ initiates at a very
small drift level. Inelastic actions in a structure at a drift level of 0.0067 rad are
in-acceptable, especially in areas prone to seismic excitations. Table 2 gives the
NFEA-based estimates of drifts and beam forces corresponding to those drift levels,
at which yielding of three components of a beam-to-column joint occurs. From the
table, it can be noted that, up to a CBSR of 4.52, there is no contribution of beams in
the inelastic energy dissipation mechanism, and all the inelasticity remains limited to
the JPZ region.

Figure 6 shows the force–deformation behaviour of beam-to-column joint sub-
assemblages analyzed for this study. The extent of energy dissipation depends on
the sections selected for designing the joint, along with the CBSR.

Fig. 5 von Mises stress
contours of beam-to-column
joint subassemblages at 4%
drift
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4 Conclusions

The seismic behaviour of steel MRFs depends primarily on the CBSR of the
beam-to-column joints. The concept of capacity design recommends that the col-
umns of a frame remain undamaged in a moderate level shaking. As joint panel
zones are integral part of the columns, inelastic activities in JPZ region shall not be
allowed for a moderate level shaking. Following conclusions can be drawn from the
study carried out in this paper:

Table 2 Yield sequence of components of a beam-to-column moment joint

S.N. CBSR Panel zone yielding Beam flange yielding Beam plastic hinging

%Drift Force (kN) % Drift Force (kN) % Drift Force (kN)

1. 1.19 0.644 340.97 1.099 453.62 – –

2. 2.42 0.643 154.60 0.972 180.57 – –

3. 3.43 0.753 139.95 1.065 177.05 – –

4. 4.52 0.840 419.93 0.699 394.39 – –

5. 5.66 2.554 976.84 0.753 678.56 2.954 1014.28

6. 7.02 3.087 773.11 0.647 484.27 2.767 751.85

7. 7.57 – – 0.768 399.93 2.568 566.81

8. 8.43 – – 0.574 456.79 2.434 706.58

9. 9.62 – – 0.613 401.35 2.749 623.73

10. 10.99 – – 0.614 418.92 2.954 660.30
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Fig. 6 Force deformation behaviour of beam-to-column joint subassemblages up to 4% drift
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1. The JPZ region in a simple unreinforced beam-to-column moment joint is
susceptible to inelastic actions at a drift level of 0.64%. This yield drift is much
less than that expected during a moderate level of shaking.

2. The beam end regions of a beam-to-column joint subassemblage shall be
allowed form plastic hinges, before shear yielding of JPZ region initiates.

3. In a beam-to-column joint subassemblage, a strong JPZ can be obtained by use
of column web stiffeners of sufficient thickness. This thickness of column web
region (JPZ) needs to be arrived at, on the basis of strength requirements.
Further research is required to determine the column web stiffening strategy.

4. The minimum value of CBSR to prevent inelastic shear yielding of JPZ before
the formation of plastic hinges in the beams is about 8.0.

It is recommended that the suitability of steel MRFs in areas of high seismicity is
re-evaluated in the light of present conclusions.
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Moment–Rotation Response
for Semi-rigid Connections

Venkatesh Patnana, A. Y. Vyavahare and Laxmikant M. Gupta

Abstract In this paper, mathematical models available for eight commonly used
beam-to-column connections like single-web angle, double-web angle, top and seat
angle with and without web angles, extended end-plate, flushed end-plate, and
header plate connections are studied from literature. Connection analysis program is
developed to obtain moment–rotation response of each type of connection using
empirical data available models in the literature. Bjorhovde’s classification system
is used for the classification of the connections. Each type of connection as listed
are analyzed; moment–rotation response of each connection is obtained using
available models in literature; and results are compared.

Keywords Semi-rigid � Moment–rotation � Beam-to-column connection
Classification

1 General Introduction

In general, much importance was given to the design of structural elements like
bending members, compression members, and tension members. There should be a
proper connection arrangement in the structure to transfer the loading from one
member to another. Connection should not fail before the member failure, and
importance shall be given to design the connection as that of connecting members.

Traditionally, connection is assumed as either pinned or fixed to reduce the
complexity of the analysis and design. From the past research of experimental,
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analytical, mechanical, empirical, numerical, and informational models, it is evident
that the connection is neither pinned nor fixed. The behavior of connection falls in
between pinned and rigid, known as semi-rigid type.

Magnitude and effect of semi-rigidity in the structure will be known by
observing the moment–rotation response of connection at the joint. Experimental
observations show that different types of connections possess stiffness between
ideally pinned and rigid. Semi-rigid connection not only changes the moment
distribution but also makes the frame to drift, accordingly increase the P−D effect in
the analysis.

The magnitude of the maximum bending moment in the beam changes due to
semi-rigidity of beam-to-column connection. The behavior of frame depends upon
the semi-rigid connection characteristics. The reduced bending moment will result
in the reduction in the size of the member, thereby reducing the weight of structure.

2 Mathematical Moment–Rotation Models

Moment–rotation models express the relation between moment and rotation
through curve fitting constants and standardization parameters. The following are
the moment–rotation relationships proposed by researchers.

2.1 Frye–Morris, 1975

Frye and Morris [1] proposed a polynomial form of moment–rotation model for
single-web (SWA), double-web (DWA), top and seat angle without web angle
(TS), end-plate with (EEC) and without column (EEP) stiffeners, header plate (HP),
and T-stub (Ts) connection.

/ ¼ C1(KM)1 þC2(KM)3 þC3(KM)5 ð1Þ

M Moment available at the connection,
/ Relative rotation between beam and column,
C1, C2, and C3 Curve fitting constants, and
K Standardization parameter.

2.2 Prabha et al., 2015

In Ref. [2], a polynomial form of moment–rotation model for double-web angle
connection is proposed. By considering the air gap between column flange and
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beam web as 10 and 7 mm, Frye–Morris polynomial model is modified by Prabha
et al. in [2].

/ ¼ 75.043 (KM)� 1.583� 103(KM)3 þ 9:816� 104(KM)5 ð2Þ

2.3 Ang–Morris, 1984

Ramberg–Osgood power model [3] describes the stress–strain modified in Ref. [4],
accompanying standardization functions for single-web angle, double-web angle,
top and seat angle, header plate, and strap angle connection.

/
/0

¼ KM
[KM]0

1þ KM
[KM]0

� �n�1
" #

ð3Þ

/0, [KM]0, and n—are constants that define the shape of the standardization
function,

K—Standardization parameter.

2.4 Richard–Abbott, 1975

Four-parameter power model by Richard and Abbott [5] is the commonly used
function as in Eq. (4).

M ¼ (ki � kp) /j j
1þ (ki�kp) /j j

M0

��� ���nh i1=n þ kp /j j ð4Þ

ki; kp;M0 & n are initial stiffness, plastic stiffness, reference moment, and shape
parameter.

2.5 Chisala, 1999

Three-parameter power model given by Chisala in [6] used to represent the non-
linear moment–rotation relation for single-web angle, double-web angle, and top
and seat angle with and without web angle connection.

Moment–Rotation Response for Semi-rigid Connections 315



M = ½M0 + Kp/�½1� e
�Ki f
M0 � ð5Þ

M0;Ki;Kp—Interception constant, initial stiffness, and strain hardening stiffness,
respectively.

2.6 Attiogbe–Morris, 1991

Attiogbe and Morris [7] derived the functions for parameters involved in Richard–
Abbott model [5] for double-web angle connection as given in Eq. (6).

M
M0

¼ /
/0

1� kp
/0

M0

� �

1þ ð 1
/0
� kp

M0
Þ/

��� ���nh i1=n þ kp
/0

M0

2
664

3
775 ð6Þ

M0, /0, kp, and n are the reference moment, reference rotation, slope of the curve
for large value of rotation, and sharpness parameter, respectively.

2.7 Calado et al., 2000

Calado et al. [8] conducted experiments on top and seat angle connection using
neural networks and proposed a power model as given in Eq. (7).

/ ¼ M
k0

1þ M
My

� �r�1
" #

ð7Þ

My, k0, and r are the yielding strength, initial stiffness, and the shape parameter,
respectively.

2.8 Krishnamurthy et al., 1979

Krishnamurthy et al. [9] conducted numerical analysis using FEM and developed a
simple power model (Eq. 8) for extended end-plate connection with four bolts on
tension side.
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/ ¼ CMa ð8Þ

a, C are curve fitting constants.

2.9 Kukreti, 1987

Kukreti et al. [10] extended the concept of FEM to know the influence of param-
eters on the flushed end-plate connection. Krishnamurthy power model [9] is
modified by changing the geometrical parameter.

/ ¼ CMa ð9Þ

a;C are curve fitting constants.

2.10 Yee and Melchers, 1986

Four-parameter power models in Ref. [11] obtained by considering the equilibrium,
material relationships, compatibility, and moment of resistance of a joint and
rotational stiffness. Possible yielding and failures of connection components for
bolted extended end-plate eave connection is considered.

M ¼ Mp 1� exp
�(ki � kp + Cf )f

Mp

� �� �
+ kpf ð10Þ

Mp, ki, kp, and C are plastic moment capacity of weaker section, initial stiffness,
plastic stiffness, and a constant that controlling the slope of the curve, respectively.

2.11 Lui–Chen, 1986

Lui and Chen [12] proposed exponential model used to analyze single-web angle,
top and seat angle, flushed end-plate, and extended end-plate connection. This
model needs more curve fitting constants to get proper shape of response.

M ¼ M0 þ
Xn
j¼1

Cj 1� exp
� /j j
2ja

� �� �
þ kp /j j ð11Þ
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M, M0, Cj, /, a, n, and kp are moment in the connection, initial moment, curve
fitting coefficients, absolute value of the rotation, scaling factor, and number of
terms considered.

2.12 Kishi–Chen, 1986

Proposed exponential model in Ref. [12] is modified in by Kish and Chen [13] to
accommodate linear components to analyze single-web angle, top and seat angle,
flushed end-plate and extended end-plate connection.

M ¼ M0 þ
Xm
j¼1

Cj 1� exp
� /j j
2ja

� �� �
þ

Xn
k¼1

Dk(/� /k)H(/� /k) ð12Þ

/k, Cj, Dk, and H[/] are the starting rotation of linear components, curve fitting
constants, and heavy side function.

3 Connection Analysis Program (CAP)

In this connection analysis program (CAP), moment–rotation responses available
for experimental and empirical models are incorporated along with curve fitting
constants and shape parameters.

3.1 Main Routines of CAP

a. Input for the connection analysis program is in CGS units, and the program
changes the units of the data relevant to the moment–rotation models. Output is
in MKS units.

b. Output of the program contains moment–rotation responses, classification of
connection according to IS: 800 [14], and stiffness at 0.01 rad.

c. Visualization can be in the image or pdf format.
d. Seven types of connections and seven moment–rotation responses are included

in the program.
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4 Analysis of Connections Using CAP

Connection data available from the literature is collected to analyze the connections
using connection analysis program (CAP). The following connections are analyzed
using appropriate models reported in literature, and moment–rotation response and
classification of connections are shown in Figs. 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12,
13, and 14.

Fig. 1 Geometric parameters
of SWA

Fig. 2 Classification of SWA
connection

Fig. 3 Geometric parameters
of DWA
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4.1 Single-Web Angle (SWA) Connection

Geometric parameters of SWA are shown in Fig. 1. Beam and column of ISMB
300 are connected by angle of 101.6 � 88.9 � 6.35 � 215.9 with gauge of 65 mm
connected by 3 bolts of 19.05 mm (Table 1).

Fig. 4 Classification of
DWA connection

Fig. 5 Geometric parameters
of TS

Fig. 6 Classification of TS
connection
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4.2 Double-Web Angle (DWA) Connection

Geometric parameters of DWA are shown in Fig. 3.
Beam and column of 306.6 � 165.7 � 11.8 � 6.7 are connected by angle of

ISA 65 � 65 � 6 � 180 with gauge of 72.7 mm connected by 3 bolts of 16 mm
(Table 2).

Fig. 7 Geometric parameters
of TSW

Fig. 8 Classification of TSW
connection

Fig. 9 Geometric parameters
of EEP
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Fig. 10 Classification of
EEP connection

Fig. 11 Geometric
parameters of FEP

Fig. 12 Classification of FEP
connection

Fig. 13 Geometric
parameters of HP
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4.3 Top and Seat Angle (TS) Connection

Geometric parameters of TS are shown in Fig. 5.
Beam and column of W12�31.8 are connected by angle of 152.4 � 152.4

9.525 � 152.4 with gauge of 88.9 mm connected by 2 bolts of 36.39 mm
(Table 3).

4.4 Top and Seat Angle with Web Angle (TSW) Connection

Geometric parameters of TSW are shown in Fig. 7.

Fig. 14 Classification of HP
connection

Table 1 Initial stiffness from
M–/ response for SWA

Model Stiffness at 0.01 rad (kN-m/rad)

Frye–Morris, 1975 316.13 (F–F)

Ang–Morris, 1984 333.33 (F–F)

Chisala, 1999 981.6 (F–SR)

Lui–Chen, 1986 1074.33 (F–F)

IS:800 318.75 (F–F)

Table 2 Initial stiffness from
M–/ response for DWA

Model Stiffness at 0.01 rad
(kN-m/rad)

Frye–Morris, 1975 792.86 (F–F)

Prabha et al., 2015 (10 mm) 4 (F–F)

Prabha et al., 2015 (7 mm) 4.78 (F–F)

Ang–Morris, 1984 825 (F–F)

Attiogbe–Morris, 1991 970 (F–F)

Chisala, 1999 2016 (F–F)

IS:800 792.86 (F–F)
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Beam W12�31.8 and column of W12�58 are connected by a flange angle
152.4 � 152.4 � 9.525 � 152.4 and web angle 101.6 � 88.9 � 6.35 � 139.7
(Table 4).

4.5 Extended End-Plate (EEP) Connection

Geometric parameters of EEP are shown in Fig. 9.
Beam and column of W24�55 and W14�48 are connected by an end plate of

22.225 mm thick. Gauge of 139.7 mm is maintained with 25.4 mm bolt dia. at an
outer distance of 692.15 mm (Table 5).

4.6 Flushed End-Plate (FEP) Connection

Geometric parameters of FEP are shown in Fig. 11.
Beam and column of W10�21 and W8�28 are connected by an end plate of

12.7 mm thick. Gauge of 88.9 mm is maintained with 19.05 mm bolt diameter, at
an outer distance of 279.4 mm (Table 6).

Table 3 Initial stiffness from
M–/ response for TS

Model Stiffness at 0.01 rad (kN-m/rad)

Frye–Morris, 1975 6116.3 (SR–SR)

Ang–Morris, 1984 3740.3 (SR–R)

Chisala, 1999 3659 (SR–SR)

Lui–Chen, 1986 3593 (SR–SR)

IS:800 6116.3 (SR–SR)

Table 4 Initial stiffness from
M–/ response for TSW

Model Stiffness at 0.01 rad (kN-m/rad)

Chisala, 1999 1494.23 (F–SR)

IS:800 2491 (SR–SR)

Table 5 Initial stiffness from M–/ response for EEP

Model Stiffness at 0.01 rad (kN-m/rad)

Frye–Morris, 1975 100,000 (R–R)

Lui–Chen, 1986 23,110.45 (SR–SR)

Krishnamurthy et al., 1979 15,800 (R–R)

IS:800 44,657.5 (SR–R)
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4.7 Header Plate (HP) Connection

Geometric parameters of HP are shown in Fig. 13.
Beam and column of W10�21 and W8�28 are connected by an end plate of

12.7 mm thick. Gauge of 88.9 mm is maintained with 19.05 mm bolt diameter at
an outer distance of 279.4 mm (Table 7).

5 Conclusion

Analysis of all connections is carried out using the CAP program. Following
observations are listed upon comparison of moment–rotation response.

a. Single-web angle connection demonstrates the flexible connection with very
small initial stiffness.

b. Moment–rotation response of double-web angle connection shows large devi-
ation among the models and fall in flexible type.

c. Moment–rotation response of top and seat angle connection shows deviation
among the models other than Frye–Morris model, IS:800-2007 model, and
Maxwell L Chisala model. Classification shows that it falls in semi-rigid type
except for Ang–Morris model. Chen–Lui model demonstrates it as close to the
boundary of flexible connection.

d. Moment–rotation response of top and seat angle with web angle connection falls
on the boundary of flexible connection.

e. Moment–rotation response of extended end-plate connection shows large
deviation among all models. Classification demonstrates it as rigid type con-
nection, except Chen–Lui model which shows it as semi-rigid connection.

f. Moment–rotation response of flush end-plate connection demonstrates it as
semi-rigid connection based on its initial stiffness and based on its capacity, it
falls into rigid type of connection.

g. Moment–rotation response of header plate connection demonstrates semi-rigid
type by all available models.

Table 6 Initial stiffness from
M–/ response for FEP

Model Stiffness at 0.01 rad (kN-m/rad)

Lui–Chen, 1986 6855 (SR–R)

Kukreti, 1987 7043.5 (SR–R)

Table 7 Initial stiffness from
M–/ response for HP

Model Stiffness at 0.01 rad (kN-m/rad)

Frye–Morris, 1975 1800 (SR–SR)

Ang–Morris, 1984 1750 (SR–SR)

IS:800 1800 (SR–SR)
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The moment–rotation response of any connection depends on its geometry and
material properties. Available models to obtain moment–rotation response show
large deviation among all. The observation from the analysis connection highlights
the urgent need of experimental research and development of rational models to
predict the moment–rotation response of beam-to-column connections so that it can
be confidently included in the analysis of steel structure by the structural designer.
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Semi-elliptical LDSS Hollow Stub
Columns Under Axial Compression

Tekcham Gishan Singh and Konjengbam Darunkumar Singh

Abstract In this paper, effect of thickness on the structural performance of
concentrically loaded semi-elliptical lean duplex stainless steel (LDSS) hollow stub
columns is presented via nonlinear finite element (FE) analysis by using ABAQUS.
The modeling procedure has been validated against the LDSS stub column
experimental results available in literature. The cross-sectional dimensions
considered in this analysis conform to the commercially available semi-elliptical
hollow sections from Ancofer Stahlhandel GMBH. Extensive parametric study was
carried out to study the structural performance by varying the thickness from
t = 5 to 14 mm. Based on the FE analyses, it has been found that, for the sections
considered, a near linear increase (*+300%) in column resistance (Pu) is seen with
increase (*+180%) in thickness from t = 5 to 14 mm. Further, an enhanced strain
hardening effect on the load capacity can be observed for the thicker sections, i.e.,
t � *12.5 mm.

Keywords Finite element analysis � Lean duplex stainless steel
Semi-elliptical � Thickness � Strain hardening

1 Introduction

Stainless steel sections are known to provide enhanced properties over traditional
carbon steel sections in terms of mechanical strength, sustainability, durability, etc.,
such as higher strength, high corrosion resistance, 100% recyclability, negligible
maintenance required, better fire performance, good aesthetic appearance, smooth
and uniform surface, high ductility, etc. Despite these enhanced properties,
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high initial material cost and price fluctuation of important alloying element like
nickel in particular hampers widespread use of stainless steel sections over the most
widely used traditional carbon steel sections. Among the different types of stainless
steel, austenitic steel grade which has nickel content of *8–11% is commonly
used, but due to the recent increase in the price of nickel, it becomes a difficult
choice to use stainless steel in the construction industry. Lean duplex stainless steel
(EN 1.4162) is a relatively new stainless steel grade with nickel content of *1.5%
and improved strength, i.e., twice the mechanical strength of austenitic steel. Hence,
LDSS is an alternative choice for use of stainless steel in construction sector [1–5].

Tubular hollow stainless steel sections have been increasingly used in exposed
structures where aesthetic appearance is of primary importance. In addition, tubular
sections are known to provide improved torsional resistance, as compared to open
sections. In the recent years, new sections such as elliptical, semi-elliptical, etc. with
continuously varying curvature (with or without flat elements) have been intro-
duced, as structural members. Semi-elliptical hollow sections (SEHS) are com-
mercially available and manufactured by some of the prominent structural steel
manufacturers, such as Ancofer Stahlhandel GMBH [6]. A typical SEHS is shown
in Fig. 1.

In the literature, limited work has been reported on LDSS. Theofanous and
Gardner [1, 2] studied the structural performance of square and rectangular LDSS
hollow sections through experimental and numerical process and then compared the
structural performance with sections made of other commonly used stainless steel
grades such as austenitic steel grades. Huang and Young [7–11] also performed
experimental and numerical investigations on the structural behavior of LDSS

Fig. 1 Semi-elliptical hollow
section (Silvestre et al. [13])
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square and rectangular sections under concentric, bending, and eccentric loading
conditions. Sachidananda and Singh [3] carried out numerical investigations to
study the effects of cross-sectional thickness, flat length, and curvature of end parts,
on the load capacity of fixed-ended LDSS flat oval stub columns. However, for such
sections especially semi-elliptical section, very limited information on their struc-
tural behavior is available in the literature. Nowzartash and Mohareb [12] studied
the plastic interactions relations for semi-elliptical hollow sections (SEHS) sub-
jected to general loading combinations involving axial force, biaxial bending, and
twisting moments. Silvestre et al. [13] studied the buckling behavior, ultimate
strength, and failure of SEHS columns using finite-strip analyses and finite element
analyses. Both the studies are based on an idealized bilinear elastic-perfectly plastic
stress–strain curve. Therefore, the additional capacity of the steel material due to
strain hardening is neglected. In this present work, a parametric study on the
structural performance of LDSS semi-elliptical hollow stub columns subjected to
concentric compressive load is attempted, using the general-purpose, commercial
FE software, ABAQUS [14].

2 Numerical Modeling

2.1 General

The effect of thickness on the structural performance of concentrically loaded
semi-elliptical LDSS hollow stub columns was carried out using the commercial
nonlinear FE program ABAQUS, 2009 [14]. Geometry of the semi-elliptical hollow
sections considered in this study has been adapted from the commercially marketed
sections from Ancofer [6]. Typical section nomenclature is followed, e.g.,
h252b276L828t5, where h = flat length, b = semi-elliptical arm length, L = length
of the column, and t = thickness (as shown in Fig. 2). The flat material properties
obtained from Huang and Young [7] were assigned to both flat and corner parts of
the sections considered. The effect of residual stress was not considered.

h

b

t

L

Fig. 2 Nomenclature of
semi-elliptical hollow section
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2.2 Boundary and Loading Condition

In the present study, all the models were fixed at both ends by restraining all
degrees of freedom except the degree of freedom in the loading direction which is
allowed to translate. The ends were coupled with reference points (RP-1 and RP-2)
available in ABAQUS [14] library, and load was applied through RP-2. Typical
boundary and loading condition are shown in Fig. 3.

2.3 Element Type and Meshing

Due to the thin-walled nature and the SEHS under study, four-noded doubly curved
shell element with reduced integration (S4R) having six degrees of freedom per
node was utilized available in ABAQUS [14]. Convergence studies were carried
out to find the appropriate mess size which will require optimal computational time
without compromising accuracy. An approximate global mess size of 15–20 mm
was found to be appropriate for this analysis and thus used to discretize the whole
geometry. The number of S4R shell elements generated in various models ranges
from *1,000 to 4,000. A typical FE meshing is shown in Figs. 2 and 3.

2.4 Material Modeling

The material properties obtained from the test results of Huang and Young [7] were
used to derive the stress–strain model, and it is shown in Table 1. The stress–strain
model up to 0.2% proof stress (r0.2) was derived using Ramberg-Osgood model
[15] as given in Eq. (1) and from r0.2 to r1.0, by Gardner and Ashraf model [16], as
given in Eq. (2) were employed.

RP-1

RP-2
Loading

Fig. 3 Typical boundary and
loading condition
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e ¼ r
E0

þ 0:002
r
r0:2

� �2

; For r� r0:2 ð1Þ

e ¼ r� r0:2
E0:2

þ et1:0 � et0:2 � r1:0 � r0:2
E0:2

� �
r� r0:2
r1:0 � r0:2

� �n00:2;1:0
þ et0:2;

For r0:2 � r� r1:0

ð2Þ

where r and ɛ are the engineering stress and strain, respectively, E0 is the initial
young modulus, r0.2 is the 0.2% proof stress, n is the strain hardening exponent,
r1.0 is the 1% proof stress, ɛt1.0 and ɛt0.2 are the total strain corresponding to r1.0 and
r0.2, respectively. n00:2;1:0 = strain hardening exponent representing a curve that
passes through r0.2 and r1.0, and its value was determined using Eq. (3) proposed
by Quach et al. [17]. The engineering stress–strain has been converted into true
stress (rtrue) and strain (epltrue) using Eq. (4) to input in ABAQUS [14].

n00:2;1:0 ¼ 6:399
E0:2

E0

� �
r1:0
r0:2

� �
þ 1:145 ð3Þ

where

E0:2 ¼ E0r0:2
r0:2 þ 0:002nE0

and
r1:0
r0:2

¼ 0:662
1
n
þ 1:085

rtrue ¼ rð1þ eÞ
epltrue ¼ lnð1þ eÞ � rtrue

E0

ð4Þ

2.5 Local Geometric Imperfection

The lowest buckling mode shape was captured using linear elastic buckling analysis
through Lanczos method and utilized to simulate the local geometric imperfection
of the stub column. The imperfection amplitude proposed by Theofanous and
Gardner [1] was used in all the models and is given in Eq. (5).

Table 1 Flat and curve coupon material properties [7]

Cross section E (MPa) r0.2 (MPa) r1.0 (MPa) n

150 � 50 � 2.5–Flat 202,000 664 766 4

150 � 50 � 2.5–Corner 967,000 831 953 6
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w0 ¼ 0:023
r0:2
rcr

� �
t ð5Þ

where

rcr ¼ E0k
DL
L

� �

Here, rcr is the elastic critical buckling stress, k is the eigenvalue obtained from
the buckling analysis, DL is the initial displacement given at the movable end, and
L is the length of the column. Modified Riks method was employed to capture the
complete load–displacement characteristics.

2.6 Validation of Finite Element Model

The stub column experimental results by Huang and Young [7] on LDSS rectan-
gular hollow specimen—SC6L450—were utilized to assess the accuracy of the
FE modeling approach and verify the compatibility of parametric study. The
cross-sectional dimensions of the column are shown in Table 2. Similar modeling
approached published in [3–5, 18] was followed in the present FE modeling. The
flat and corner material properties are, respectively, assigned to the flat and corner
part of the section. The load versus end-shortening comparison curve and defor-
mation pattern between experimental and FE approach are shown in Figs. 4 and 5,

Table 2 Cross-sectional dimension of SC6L450 [7]

Specimen Depth (mm) Width (mm) Thickness (mm) Outer radius (mm) Length (mm)

SC6L450 150.0 50.2 2.463 4.3 450

0
50

100
150
200
250
300
350
400
450
500

0 2 4 6

L
oa

d 
(k

N
)

End-shortening (mm)

Huang and Young-2013

Gardner& Ashraf Model

Gardner& Ashraf Model
( Flat Material Only)

Fig. 4 Comparison of load–
end-shortening curves of
section 150 � 50 � 2.5
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respectively. From Figs. 4 and 5, good agreement between the present FE modeling
approach and experimental result from Huang and Young [7] can be seen.

3 Parametric Study

The motivation of this present study is to investigate the structural behavior of
semi-elliptical hollow stub columns by varying the thickness. Finite element study
on 21 stub columns was carried out using the validated FE procedure described in
previous sections. Three commercially marketed cross sections from Ancofer were
considered in the present study, which includes h203b223L669, h225b259L777,
and h252b276L828. The thickness of the sections was varied from 5 −14.2 mm.
The column length was taken as three times the larger dimension to capture the
behavior of stub column. The flat material property from Huang and Young [7] has
been utilized for all the models for both the flat and corner sections. The effect of
residual stress was not considered in the present study, as their effect on the column
was relatively small [19]. The initial geometric imperfection was introduced with
imperfection magnitude as given in Eq. (5).

Fig. 5 Comparison of test
and FE deformation mode for
SC6L450
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4 Result and Discussions

Nonlinear FE buckling analysis was conducted using ABAQUS [14]. The results of
the FE analysis are shown in the form of table and curves. The ultimate load
capacity and corresponding end-shortening magnitudes for different models are
shown in Table 3. The load versus end-shortening curves, load–thickness curves,
and von Mises contours are analyzed in subsequent paragraphs.

Typical load versus end-shortening behavior for h252b276L828,
h225b259L777, and h203b223L669 sections are shown in Figs. 6, 7, and 8,
respectively. An enhanced strain hardening effect on the load capacity for the
thicker section can be observed, i.e., t � *12.5 mm. The behavior of load with
the increase in thickness is shown in Fig. 9. It can be seen that there is a near linear
increase (*+300%) in column resistance capacity with increase (*+180) in
thickness from t = 5 mm.

The von Mises stress distribution contours coupled with deformed shaped cor-
responding to du, where du is the end-shortening deformation with respect to ulti-
mate load, Pu for section corresponding to h203b223L669t5.0 is shown in Fig. 10.
From the figure, the onset of local buckling at the ultimate load can be observed.

Table 3 Key results from FE
analysis

Sections Ultimate load (kN) du (mm)

h203b223L669t05.0 2187.88 4.22

h203b223L669t06.0 2770.09 4.21

h203b223L669t06.3 2971.09 4.14

h203b223L669t08.0 4139.89 4.35

h203b223L669t10.0 5574.80 7.35

h203b223L669t12.5 7122.85 10.88

h203b223L669t14.2 8130.65 11.13

h225b259L777t05.0 2368.81 3.99

h225b259L777t06.0 2976.97 5.07

h225b259L777t06.3 3194.22 4.70

h225b259L777t08.0 4472.55 4.40

h225b259L777t10.0 6083.83 6.06

h225b259L777t12.5 8036.21 10.48

h225b259L777t14.2 9168.67 11.38

h252b276L828T05.0 2380.45 3.33

h252b276L828T06.0 3230.91 4.77

h252b276L828T06.3 3438.83 4.63

h252b276L828T08.0 4723.76 4.64

h252b276L828T10.0 6407.10 5.74

h252b276L828T12.5 8697.95 6.03

h252b276L828T14.2 9999.10 12.21
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5 Conclusions

(a) The column load (Pu) capacity increases in a linear fashion with increase in
thickness.

(b) An enhanced strain hardening effect on the load capacity can be observed for
the thicker sections.
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Assessment of Load Carrying Capacity
of Thin-Webbed Castellated Beam

A. Cyril Thomas and K. Baskar

Abstract Castellated beam (CB) is a type of expanded beam with hexagonal,
circular and octagonal openings. This paper reports the nonlinear behaviour of
thin-webbed castellated steel beams under different lengths (high, moderate and low
shear) and the effect of cut-out geometry. The sectional property of the beam is
considered as semi-compact by using the ratio of depth of the web (dw) to thickness
of the web (tw). The main objective of this study is to understand the prominent
failure modes and to propose an equation to find the load carrying capacity of
thin-webbed CBs. For obtaining the failure modes and load carrying capacity, finite
element models were developed with initial imperfections and material nonlinear-
ities. The parametric study was carried out to propose an empirical equation to find
the load carrying capacity of the thin-webbed CBs, and simultaneously the failure
modes of CBs were observed and discussed.

Keywords Castellated beam � Nonlinear finite element model
Web-post buckling � Load carrying capacity

1 Introduction

Beams are the structural members which are capable of transferring loads to the
columns and withstanding load mainly by resisting against the bending. The uti-
lization of steel structures in the construction industry increased in a drastic manner.
Castellated beam is one of the most efficient structural steel members in steel
structure construction.
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Castellated beam (CB) is a type of expanded beam with hexagonal, circular and
octagonal openings. These beams are generally fabricated by cutting the web of an
I-section in a zig-zag pattern where the cut portion was reassembled to the other end
and welded along its length, to increase depth of the original beam. The improved
depth increases its section modulus and moment of inertia, and results in greater
strength and rigidity. This increment was done without adding any additional
weight in the existing member.

The web opening is frequently used for ductwork, piping, etc., which conven-
tionally suspends below the beam. Providing the holes in the web decreases the
building height and the structure is in safer side from wind and seismic effects. The
typical castellated beam is mentioned in Fig. 1.

2 Background

In past two decades, many research works were carried out to understand the
various structural behaviours of castellated beams.

Boyer discussed the development, application and its advantages [1]. From the
consideration of all failure-inducing terms, the design concepts are proposed by
Blodgett and Knowles [2, 3].

The existence of opening the web in CBs leads to different failure modes [4].
The major failure modes of castellated beams are mentioned below:

(a) Lateral–torsional buckling of one or several web posts which is due to hori-
zontal shear in the web post.

(b) Formation of Vierendeel mechanism which is due to vertical shear transfer due
to the presence of hole.

(c) Rupture of welded joint in a web post which is due to horizontal shear force in
the web.

(d) Web-post buckling due to vertical shear force.
(e) Lateral–torsional buckling of entire span.
(f) Formation of a flexure mechanism.

These failure modes are obtained from the experimental investigation. The
experimental investigation is carried out for understanding the buckling behaviour

Fig. 1 Fabrication process of
castellated beams
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of CBs web post between the openings, and it was concluded that the web-post
buckling is the leading failure mode in the thin-webbed (Banthan beam series) CBs
[5, 6]. The same work was numerically investigated, and it was compared with euro
code. The effect of imperfection in the numerical model also is studied by finite
element analysis [7]. Due to the economical and lightweight usages, the thickness
of the members (tw and tf) considered in this study is lesser than the minimum value
as specified in the code and earlier studies [5–7].

In CBs, web-post buckling is one of the most important failure modes. This
mode of failure occurs due to the horizontal shear force in the web post which is
connected with double curvature bending over the height of the post. Hence, there
are no standard accepted design concepts that are available for designing CB
connected with all of its failure modes [7]. But some research works are carried out
for assessing the load carrying capacity of the CBs using optimization tools like
artificial neural network (ANN), gene expression programming (GEP), etc. [8, 9].
On the other hand, empirical equations are also proposed for evaluating the load
carrying capacity of the CBs [10].

From the earlier studies, the load carrying capacity of the CBs depends on the
weld length (e) and size of the opening (d). In this study, the empirical equations are
to be proposed by using the parameters (Moment to shear ratio, weld length and
size of opening).

3 Finite Element Study

3.1 General and Meshing

The main objective of this study is to analyse the leading failure modes and to
assess the load carrying capacity of the thin-webbed CBs. The finite element
models were developed with the initial imperfections and material nonlinearities in
ABAQUS/CAE 6.10. The beam was modelled with four-node shell element (S4R)
which is frequently used in previous studies [7].

The geometrical parameters of the CBs considered for this study are as follows:

1. Width of flange (bf) 100 mm

2. Thickness of flange (tf) 4 mm

3. Depth of web (dw) 292 mm

4. Thickness of web (tw) 2.5 mm

5. Overall depth (h) 300 mm

Figure 2 shows the important terms used for modelling of CB. Mild steel
material is considered for this analysis. The average value of yield stress (ry) of the
steel is 233.3 MPa, the Young’s modulus (E) is 210 GPa and Poison’s ratio (m) is
0.3. A trilinear stress–strain curve of mild steel is used for calculating the true stress
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and plastic strain values [11]. The sectional property of the beam is considered as
semi-compact as per IS 800-2007.

In ABAQUS/CAE, the developed model should complete two analyses.
Buckling analysis was performed in the first step for incorporating the imperfec-
tions in the model. In general, the lowest buckling mode was considered for the
nonlinear analysis [12]. The imperfection factor of dw/100 was considered for this
study, which is preferred from the earlier studies [7]. The second step is nonlinear
analysis. This analysis was performed by using Riks analysis with geometrical and
material nonlinearities.

3.2 Validation of FE Model

In general, validation is one of the most important terms. In this study, the FE
model of CB was developed and it was validated with the earlier established
experimental work [5]. The computed results are mentioned in Table 1.

The load computed from the FE study is 7.15% higher than the experimental
work. Hence, the same steps have been initialized for this study.

3.3 Parametric Study

The validated FE model was utilized for the assessing the load carrying capacity of
CB with different parameters. Totally, 27 CBs are modelled with various lengths
and cross-sectional geometries. These parameters are selected based on the length
and castellation geometries. The beams are analysed as ‘laterally restrained simply
supported condition’. In this study, all beams are analysed as single-point loading
condition. The ratio between maximum bending moment to maximum shear force

Fig. 2 Terminology of
castellated beam

Table 1 Validation of FE model

Beam name Previous study [5] PEXP (kN) Present study PFEM (kN) Error (%)

10–3 73.84 79.12 +7.15
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is known as moment–shear (M/V) ratio. In general, shear in the beam will affect the
moment carrying capacity of the beam. In a simply supported beam, shear is
maximum when the M/V ratio is 0.5. On the other hand, the shear is moderate when
the M/V ratio is 1.0 and also the shear is low in the M/V ratio 1.5. Based on this
condition, the lengths of the beams are chosen as high shear (HS), moderate shear
(MS) and low shear (LS) by its moment–shear (M/V) ratio. The details of the
parameters are as follows:

(a) Length—According to the moment (M) to shear (V) ratio, lengths of the CBs
are considered as high shear (HS with M/V ratio 0.5), moderate shear (MS with
M/V ratio 1.0) and low shear (LS with M/V ratio 1.5).

(b) Castellation geometries—The castellation geometries are considered as per the
ratio of depth of the castellation (d) to depth of the web (dw) and weld length
(e) to depth of the castellation (d).

The cutting angle of castellated beams ranges from 45° to 70°. The considered
cutting angle (/) in this study is 60°. The dimensional terms of CB were finalized
using Blodgett’s approach [2].

tan/ ¼ ðd=2Þ
d1

or tan/ ¼ ðd=2Þ
d3

ð1Þ

S ¼ 2ðd1 þ eÞ or S ¼ 2ðd3 þ eÞ ð2Þ

Castellation geometries act as an important role in the load carrying capacity of
CB. From the earlier research works, indicate the increase of the castellation depth
which leads to web-post buckling. In the same manner, the increment and decre-
ment of weld length affect the stability of web post. The complete parametric
information is mentioned in Table 2. The developed FE model of CB is indicated in
Fig. 3.

All the CBs are modelled with even number of holes, because in this study
single-point load was applied in the centre span. To avoid local bucking, stiffeners
are provided in the loading point and end points of the CB. The effect of residual
stresses due to welding is very small. So this effect of residual stress is neglected in
the model [7, 12].

Table 2 Parametric
information

Section M/V ratio d/dw ratio e/d ratio

Semi-compact 0.5 0.55
0.65
0.75

0.2
0.3
0.4

1.0 0.55
0.65
0.75

0.2
0.3
0.4

1.5 0.55
0.65
0.75

0.2
0.3
0.4
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4 Results and Discussions

The assessment of load carrying capacity and the leading failure modes of CB are
numerically investigated. For all cut-out geometries, a constant length was not
fixed; rather, the lengths of the beam for all cut-out geometries are specified by its
M/V ratio. All the CBs are failed by web instability due to the formation of
Vierendeel mechanism and web-post buckling. The following discussions explain
the behaviour of CBs in detail.

4.1 High Shear (HS) Sections

The CB sections with the moment–shear (M/V) ratio of 0.5 are termed as HS
sections. The maximum load carrying capacity was noted in the beam
MV05SC554, and the minimum load carrying capacity was witnessed in the CB
section MV05SC754. The computed values are mentioned in Table 3. According to
the geometrical parameters of CB, it was observed that the variation in the load

Fig. 3 Finite element model
of castellated beam

Table 3 Load carrying capacity of CB in HS

Name e (mm) d (mm) n d/dw ratio e/d ratio Load (kN)

MV05SC552 32 160 6 0.55 0.2 54.24

MV05SC553 48 160 6 0.3 58.13

MV05SC554 64 160 4 0.4 63.42

MV05SC652 38 190 6 0.65 0.2 44.54

MV05SC653 57 190 4 0.3 51.75

MV05SC654 76 190 4 0.4 47.42

MV05SC752 44 220 4 0.75 0.2 44.32

MV05SC753 66 220 4 0.3 41.07

MV05SC754 88 220 4 0.4 33.97
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carrying capacity is continuously differing in load. From the analysis, the deflection
values vary from 2 to 4 mm.

From the nonlinear FE analysis, it was noted that the load–deflection behaviour
of HS CBs is similar. Figure 4 clearly indicates the same.

In HS sections, shear is the most important dominant factor for failure. The
typical failure mode of HS section is shown in Fig. 5. The openings in the web
portions develop the double curvature bending in the web post. This leads to
progress the formation of Vierendeel mechanism.

4.2 Moderate Shear (MS) Sections

To obtain the load carrying capacity, the same measure has been initialised for MS
sections. The CB section with M/V ratio of 1.0 is named as MS sections. In this
study, the maximum and minimum load carrying capacities were achieved by
MV10SC552 and MV10SC753. The obtained values are shown in Table 4.

The length of the MS sections is higher than the HS section because of the
M/V ratio. The deflection values are from 4.5 to 5.5 mm. Similarly, there are some
notable changes which are found in the load carrying capacities. The load carrying
capacity values are gradually increased from MV10SC552 to MV10SC554.
Similarly, the same kind of variation is noticed from MV10SC752 to MV10SC754.

Fig. 4 Load versus
deflection of HS sections

Fig. 5 Typical failure mode
of HS section
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But in the CB section, MV10SC653 has the maximum load carrying capacity
compare to the other sections MV10SC652 and MV10SC654.

The load–deflection behaviour of MS sections is mentioned in Fig. 6. In MS
sections, all the beam sections are failed due to the formation of flexural mechanism
and the formation of Vierendeel mechanism. The typical failure mode of MS
section is mentioned in Fig. 7.

Table 4 Load carrying capacity of CB in MS

Name e (mm) d (mm) n d/dw ratio e/d ratio Load (kN)

MV10SC552 32 160 12 0.55 0.2 54.39

MV10SC553 48 160 10 0.3 54.56

MV10SC554 64 160 8 0.4 55.76

MV10SC652 38 190 10 0.65 0.2 44.31

MV10SC653 57 190 8 0.3 48.56

MV10SC654 76 190 8 0.4 45.97

MV10SC752 44 220 10 0.75 0.2 36.00

MV10SC753 66 220 8 0.3 38.60

MV10SC754 88 220 6 0.4 39.44

Fig. 6 Load versus deflection of MS sections

Fig. 7 Typical failure mode of MS section
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4.3 Low Shear (LS) Sections

The CB sections with M/V ratio of 1.5 are termed as low shear (LS) sections. The
similar method has been applied for assessing the load carrying capacity of the
LS CB sections. The maximum load carrying capacity was attained by
MV15SC552 section. The changes in the load carrying capacities are gradually
decreased according to the cut-out geometries of the CB.

The load–deflection behaviour of LS sections of CB is mentioned in Fig. 8.
From the results, it was observed that the deflection values of LS sections are varied
from 10 to 12 mm. Similarly, the load carrying capacities of LS sections are shown
in Table 5.

In LS sections, the formation of flexural mechanism is the most important failure
mode. The typical flexural mechanism formation in LS sections is shown in Fig. 9.

Fig. 8 Load versus
deflection of LS sections

Table 5 Load carrying capacity of CB in LS

Name e (mm) d (mm) n d/dw ratio e/d ratio Load (kN)

MV15SC552 32 160 20 0.55 0.2 49.51

MV15SC553 48 160 16 0.3 46.85

MV15SC554 64 160 14 0.4 45.52

MV15SC652 38 190 16 0.65 0.2 44.75

MV15SC653 57 190 14 0.3 41.97

MV15SC654 76 190 12 0.4 41.50

MV15SC752 44 220 14 0.75 0.2 41.64

MV15SC753 66 220 12 0.3 38.47

MV15SC754 88 220 10 0.4 36.00
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5 Conclusions

The intention of this nonlinear FE study is to understand the behaviour of
thin-webbed CB sections. The earlier study was carried out in the thin-webbed
sections. But in this study, thickness of the web and thickness of the flange were
considered 33.33 and 10.65% lesser than the previous study.

From the obtained results, the following three empirical equations are proposed
to find the load carrying capacity of CBs with different M/V ratios and cut-out
geometries.

P0:5 ¼ 128:8x2 � 233:2y2 � 488:2xy� 115:1xþ 460:1yþ 47:97 ð3Þ

P1:0 ¼ 17:83x2 � 126:2y2 þ 51:75xy� 123:2xþ 52:85yþ 105 ð4Þ

P1:5 ¼ 72:33y2 � 41:25xy� 30:58x� 38:05yþ 75:25 ð5Þ

where x—(d/dw), y—(e/d) and P—Load (kN).
These equations are derived from the multilinear regression analysis. In all the

equations, the coefficients have 95% confidence bounds. Also, the root mean square
(RMS) values vary from 0.97 to 0.99. These equations accomplished based on the
assumed parameters of this particular study which cannot be compared or elabo-
rated with the other empirical equations.

The combination of these three proposed equations is not possible because there
is no fixed beam length considered in this study. All the beam lengths are finalized
based on the M/V ratio. The failure modes also vary according to the beam length.
The Vierendeel mechanism is the dominant failure mode in the HS sections. In the
same time, the beams fail by both Vierendeel mechanism and formation of flexural
mechanism in the MS sections. In LS sections, beams failed due to the formation of
flexural mechanism. Because of these various reasons, the combination of equations
is not possible.

The conclusion based on the FE study is that the maximum load carrying
capacity was noted in the CB sections with the geometrical properties of d/h ratio
0.55 and e/h ratio 0.2. In all M/V ratios (M/V—0.5, 1.0 and 1.5), the same results
were observed. The load carrying capacity of CB sections with d/dw ratio of 0.55 is
around 10–25% higher than the CB section with d/dw ratios of 0.65 and 0.75.
Hence, it is concluded that the height of castellation is inversely proportional to the
load carrying capacity.

It is also noted that the CB with M/V ratio of 1.5 is performed well when
compared with other CB sections with M/V ratios of 0.5 and 1.0. Meanwhile, the

Fig. 9 Typical failure mode
of LS section
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CB sections with the M/V ratio 0.5 and 1.0 are failed due to shear. Table 6 indicates
the different failure modes of CBs according to its M/V ratios.

Hence, it is suggested that the utilization of these types of thin-webbed CBs can
be used in the lightweight structures because of its less weight, economical factor,
easy handling and durability also for its aesthetic appearance. On the other hand,
providing CB sections should not be used for smaller lengths due to the domination
of shear in the castellation portions.

Notations
bf Width of the flange (mm)
d Depth of castellation (mm)
d1 or d3 Inclined cutting length (mm)
d2 or e Weld length (mm)
E Young’s modulus (GPa)
h Overall height of the beam (mm)
S Distance between holes (mm)
M Bending moment (kN m)
tf Thickness of the flange (mm)
tw Thickness of the web (mm)
V Shear force (kN)
/ Cutting angle
ry Yield stress (MPa)
m Poisson’s ratio
M/V Moment–Shear ratio
P0.5 Load carrying capacity of HS sections (kN)
P1.0 Load carrying capacity of MS sections (kN)
P1.5 Load carrying capacity of LS sections (kN)
ANN Artificial neural network
CB Castellated beam
GEP Gene expression programming
RMS Root mean square
LS Low shear section
MS Moderate shear section
HS High shear section
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Table 6 Failure modes of CB according to M/V ratio

S. No. M/V ratio Failure mode

1 0.5 Vierendeel mechanism

2 1.0 Vierendeel mechanism and formation of flexural mechanism

3 1.5 Formation of flexural mechanism
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Evaluation of Seismic Performance
of Steel Plate Shear Walls Arranged
in Staggered Configuration

Abhishek Verma and Dipti Ranjan Sahoo

Abstract Steel plate shear walls (SPSWs) are used as lateral load resisting systems
in building structures, which consist of thin steel plates surrounded by boundary
elements. It is most often provided in the same bay along the entire height of the
buildings. This results in high demands on columns and foundation. Instead of
providing the plates in a single bay, it can be arranged in such a way that the
column forces are reduced inherently. The current study focuses on one such
possible staggered arrangement. Nonlinear dynamic and static analyses are con-
ducted to evaluate the seismic performance of such system. The staggered steel
plate shear wall shows an excellent reduction in inter-storey drifts. It proves to be
economical in terms of steel usage, in case of narrow steel plate shear walls.
Reduction in foundation forces is observed, which further improves the economy.

Keywords Steel plate shear wall � Staggered arrangement

1 Introduction

Steel plate shear wall (SPSW) is used as a lateral load resisting system. It consists of
a thin steel plate surrounded by boundary elements. Its ductility, energy dissipation
capacity and ease of construction and repair have attracted a lot of engineers and
researchers over the past few years [1–5]. SPSWs are most often provided in the
same bay along the complete height of the buildings. The boundary elements of this
system are designed as per the capacity design approach. This results in high axial
forces in columns and on foundations.
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A couple of techniques to reduce the column forces have been suggested by
various researchers [6, 7]. Instead of providing the plates in a single bay, it can be
arranged in such a way that the column forces are reduced inherently. The current
study focuses on one such possible arrangement. The arrangement is shown in
Fig. 1 and is referred to as staggered arrangement.

In this arrangement, unlike conventional SPSW which has two, there are three
columns which need to be designed to resist lateral load. Horizontal boundary
elements (HBEs) need to be designed to resist more load than a conventional
SPSW, as they are pulled by the plate tension field either from top or bottom.
Increased number of rigid beam–column joints and heavier HBEs result in high
overstrength of such arrangements.

In this study, the overstrength of SPSW due to staggered arrangement is
investigated, and an equation to predict this overstrength is proposed. Then, a
design procedure for staggered SPSW, by reduction of the design base shear, is
suggested. Lastly, 6- and 9-storey conventional and staggered SPSWs are modelled
in OPENSEES, [8]. Nonlinear static and dynamic analyses are conducted and the
results are presented.

2 Overstrength of Staggered SPSW

According to the current design practice [9], when designing an SPSW, the entire
lateral load is assumed to be resisted by the plates only. Then, the boundary
elements are designed as per the capacity design approach. While this approach is
satisfactory for a conventional SPSW, this results in a considerably high over-
strength for a staggered SPSW. The overstrength is primarily due to two reasons:
(i) The number of moment resisting beam-to-column joints is twice when compared
to conventional SPSW and (ii) as HBEs in such a system have plates connected to

Fig. 1 SPSW with staggered
arrangement of plates
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them either at the top or the bottom flange, they must be designed to resist higher
forces. This results in further overstrengthening of the system. To address the
aforementioned problems, an analytical method is proposed.

The aim of the method is to design a staggered SPSW with static pushover
strength similar to a conventional SPSW. It is done by analytically predicting the
overstrength due to staggering, based on which the base shear reduction factor is
calculated. Finally, the staggered SPSW is designed for a reduced base shear using
the conventional method.

The lateral resistance of SPSW is a combination of the lateral strength provided
by the plate and the frame, see Fig. 2a. The expected base shear strength of a
conventional SPSW, VCS can be expressed as

VCS ¼ bVd þVM ð1Þ

where Vd is the design base shear, VM is the shear resisted by the moment frame
action and b is the overstrength factor for the plate strength incorporated during the
design procedure. If the thickness of plates is chosen using the equation given in the
code [9], b can be expressed as

b ¼ 0:5
0:42

� Ry

/p
ð2Þ

where Ry is the ratio of the expected yield strength to the nominal yield strength of
steel and /p is the resistance factor used for the design of plates. VM can be
expressed in terms of plastic moment capacities of HBEs at each floor.

M0 M0

M1 M1

M2 M2

M3 M3

Mn-1 Mn-1

Mn Mn

βVd VM

βF1

βF2

βF3

βFn-1

β Fn

+

ConvenƟonal SPSW Plate AcƟon Frame AcƟon
VCS

L

(a)

βFi

βFi ωxi

ωyi

(b)

βVd

ωx0
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Fig. 2 Conventional SPSW a plate and frame action, b forces on intermediate HBE, c forces on
anchor beam
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VM ¼ 2
Pn

i¼0 MiPn
i¼1 CviHi

ð3Þ

Using Eqs. (1) and (3),

VCS ¼ bVd þ 2
Pn

i¼0 MiPn
i¼1 CviHi

ð4Þ

It is to be noted that the plastic moment at both the ends of any HBE is assumed
to be equal. This might not be true in the presence of different axial forces at the two
ends, but it is expected to have a minor effect, as far as the objective of the study is
concerned. Also, the effect of gravity loads is neglected for the same reason to make
the expressions simpler.

Consider an intermediate HBE at any level i, as in Fig. 2b. Tension field is
inclined at an angle a to the vertical. Using the equilibrium equation for horizontal
and vertical directions, we obtain the following.

bFi ¼ wxiL ð5Þ

wxi ¼ wyi tan ai ð6Þ

wyi ¼ bFi

L tan ai
ð7Þ

wxi and wyi are the net horizontal and vertical uniformly distributed forces
applied by both the plates on the HBE at any level i. Equation (8) is then used to
calculate the design bending moments for HBEs [10].

ubMi ¼ wyiL2

4
ð8Þ

where ub is the resistance factor for HBEs and Mi is the plastic moment capacity of
the HBE at ith floor. Putting the value of wyi in Eq. (8) from Eq. (7):

Mi ¼ bFiL
4ub tan ai

ð9Þ

Similarly, the moment capacity of the anchor beam at the floor level can be
given by

M0 ¼ bVdL
4ub tan ai

ð10Þ
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Putting the value of Mi and M0 in Eq. (4) and assuming a constant value of a for
all the stories, we obtain

VCS ¼ bVd þ 2bL
Pn

i¼0 Fi þ 2bVdL
4ub tan ai

Pn
i¼1 CviHi

ð11Þ

using Vd ¼
Pn
i¼0

Fi

VCS ¼ bVd 1þ 1
ub tan ai

� LPn
i¼1 CviHi

� �
ð12Þ

Here, for simplicity, a may be assumed to be 45°. Also,
Pn

i¼1 CviHi is replaced
by

P
CH.

VCS ¼ bVdP
CH

X
CHþ L

ub

� �
ð13Þ

In case of staggered SPSW, as shown in Fig. 3, moment capacity of any HBE
may be given by

Mi ¼ bViL
4ub tan ai

ð14Þ

where Vi ¼
Pn
i
Fj

So the equation for VSS may be expressed as
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Fig. 3 Plate and frame action of staggered SPSW
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VSS ¼ bVd þ bL
P

V
ub

P
CH

þ 2 Ma þMbð ÞP
CH

ð15Þ

VSS ¼ bVdP
CH

X
CHþ L

ub
�
P

V
Vd

þ 2 Ma þMbð Þ
bVd

� �
ð16Þ

where
P

V ¼ Pn
i
Vi

c ¼ VCS

VSS
ð17Þ

c ¼
P

CHþ L
ubP

CHþ L
ub
�
P

V
Vd

þ 2 Ma þMbð Þ
bVd

ð18Þ

For Ma ¼ M1 and Mb ¼ Mn, the equation becomes

c ¼
P

CHþ L
ubP

CHþ L
ub

0:5þ
P

V
Vd

þ Fn
2Vd

� � ð19Þ

Equation (19) can used to calculate the value of c.

c can then be applied to the design base shear for staggered SPSWs to con-
servatively reduce the overstrength to be similar to that of conventional SPSWs.
The adequacy of the proposed approach is validated in Sect. 4.

3 Design and Modelling

To study the static and dynamic behaviour of staggered SPSW and to validate the
proposed design approach for staggered SPSW, eight specimens were designed and
modelled in OPENSEES. Details of these specimens are given in Table 1. Plan of
the buildings is same for all the specimen and is shown in Fig. 4a. The dead and
live loads are taken to be same as the 9-storey state-of-the-art building [11]. Height
of all the stories is taken as 3.96 m. The seismic parameters are same as considered
in [12]. The staggered specimen is designed by applying a factor c to the design
base shear of their conventional counterpart. The values of c obtained for the four
staggered specimen, calculated using Eq. (19), are given in Table 1.

Nonlinear strip models are developed in OPENSEES using centre line approach.
Offsets are taken to account for the rigid panel effect at beam–column joints. HBEs
and VBEs are modelled using force based beam–column element with fibre section
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to account for P–M interaction. The fibers are assigned Steel02 material of
OPENSEES library module. Diagonal strips are modelled as tension only truss
members using hysteretic material. Gravity columns are modelled to account for the
P-Delta effect of the gravity loads. Figure 4b shows the strip model for 6M and
6M-S.

In order to validate the analytical models, a four-storey SPSW test specimen [13]
is modelled to compare its hysteretic response with the test results. The load–
displacement curve obtained from the experiment and the analysis is compared in
Fig. 5.

Table 1 Specimen details

Model
name

SPSW
type

No. of stories Aspect
ratio

No. in each direction c

6M Conva 6 1.15 4 –

9N Conva 9 0.77 8 –

9M Conva 9 1.15 6 –

9W Conva 9 1.54 4 –

6M-S Stagb 6 1.15 4 0.52

9N-S Stagb 9 0.77 8 0.58

9M-S Stagb 9 1.15 6 0.50

9W-S Stagb 9 1.54 4 0.44
aConventional SPSW
bStaggered SPSW

5 Bays @ 30'

5 
Ba

ys
 @

 3
0'

Hinged connecƟon

(a) (b) (c)

Fig. 4 a Plan of 6- and 9-storey specimen; strip model representation of b 6M c 6M-S

Evaluation of Seismic Performance of Steel Plate … 357



4 Analysis and Results

Static pushover analysis is performed to investigate the overstrength obtained for
the conventional and staggered specimen, when designed by the proposed
methodology. Figure 6a shows the pushover behaviour of specimen in terms of
base shear, normalized by the design base shear, versus roof drift. It is evident from
the figure that the overstrength of staggered SPSWs is conservatively reduced to
match those of the conventional SPSWs.

Further, dynamic analysis using 20 DBE level ground motions is done for each
specimen. For all the considered models, plastic hinge formations were restricted to
the HBE end only. Staggered systems show excellent reduction in the inter-storey
drift for 9-storey specimen. Drift distribution is also improved. For 6-storey spec-
imen, the improvement was marginal. Figure 6b shows the median inter-storey drift
ratio (MISDR) for the specimen. 9W outperformed 9N and 9M with a maximum
MISDR of 1.62%. Maximum MISDR among all the staggered specimen was 1.32
for 9N-S. The reduction of drift from 6M to 6M-S was only observed in the top
storey. From these results, it can be inferred that staggering of plates is ineffective in
reducing the drifts in low-rise buildings, whereas it is very effective for medium-rise
buildings. The study will be extended to high-rise buildings in future to investigate
its effectiveness for the same.

Unlike conventional SPSW, staggered SPSW requires three supports instead of
two. This might result in increased cost of foundation. But Fig. 6c shows that the
maximum vertical reaction (normalized by design base shear) on the supports is
highly reduced in the case of staggered specimen. Also, the reaction in the middle
support is very less. This reduces the overall design force on the foundation and
thus becomes more economical.
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Fig. 5 Validation of the
modelling technique
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Volume of steel used for each configuration is compared in Fig. 6d. It should be
noted that beams and columns in the gravity frame have not been included. It can be
observed that staggering reduces the tonnage by about 25% in case of 9N to 9N-S.
Steel tonnage tends to decrease with increase in aspect ratio of the plate for con-
ventional SPSWs, whereas it increases in case of staggered SPSWs. 9M and 9M-S
use approximately the same amount of steel, whereas, in case of wide SPSWs,
9W-S uses slightly more steel than 9W. Staggering of SPSW results in increase in
the weight of HBEs but decrease in the weight of VBEs and plates. Heavier beams
may result in strong beam weak column, so it is important to check against the
same. For the models in the study, no correction was required as the check for weak
beam strong column was satisfied for all.
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5 Conclusion

The current study investigates the behaviour of a staggered arrangement of plates in
a steel plate shear wall. Following conclusions can be drawn from the study.

• Staggered steel plate shear walls demand heavier horizontal boundary elements
and more beam–column rigid connections than conventional SPSWs. This
results in considerable increase in the overstrength of the system. An equation is
proposed to estimate this overstrength due to staggering. It is proposed, for
design of staggered SPSW, to reduce the design base shear by a factor c, which
can be calculated using the proposed equation. Staggered SPSWs conservatively
perform similarly to their conventional counterparts.

• When subjected to DBE level ground motions, reduction in inter-storey drift and
a better drift distribution is observed in staggered SPSWs for 9-storey SPSWs.
The improvement is not equally remarkable in 6-storey SPSW.

• Support reactions are reduced to about half on staggering of the plates. This
reduces the design force on the foundation and thus can reduce the cost incurred
in the substructure.

• When the proposed design procedure is used for design of staggered SPSW,
with respect to conventional SPSWs, steel tonnage is reduced for narrow
medium-rise buildings. When compared to their conventional counterpart,
weight of plates and columns is reduced, whereas weight of beams is increased.
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Identification of Semi-rigid Joints
in Steel Frame Structures Using
Vibration-Based Technique

Joy Pal and Sauvik Banerjee

Abstract The connections are the critical locations where damage commonly
occurs. However, very limited vibration-based studies using the artificial neural
network (ANN) are found to identify the damaged connections. Again, the
ANN-based technique requires retraining of network for little variation in geometry
of the structure. Moreover, those studies were limited to damage at the beam end
connection. In this present study, health monitoring of steel plane frame structures
having semi-rigid connections either at the beam side or at the column side using a
limited number of sensors is addressed. With that purpose, a single-storey and a
two-storey frame are considered. The frames are modeled using plane frame ele-
ments, in which two rotational springs are placed at the ends to affect the stiffness of
the rotational springs only. The frames are excited using an impact at the right top
corner, and strain time responses are collected from the connections only. The strain
data are then transformed into frequency spectra. Using the frequency spectra, an
objective function is developed and minimized using particle swarm optimization
(PSO) to get the updated fixity factors for all the springs. In order to get more
accurate values of fixity factors of the two-storey frame, it is divided into
sub-structures, and it is found that the technique estimates fixity factors with an
acceptable error.
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1 Introduction

Vibration-based structural health monitoring is a popular approach among the
scientists and researchers due to its simplicity. Changes in mass or stiffness alter
modal properties, which contain localize effect of damage. A vast amount of lit-
erature is reviewed by Fan and Qiao in Ref. [1] on various types of structures like a
beam, plate, frame, etc. In these types of structures, the damage is simulated by
reducing the elemental properties, added mass, and saw-cut damage. Surprisingly,
very limited studies are found on joint damage identification. Loosening of bolts,
defects in welding, and environmental variability are the reasons for damage at
joints.

Due to joint damage, fixity level reduces which makes it semi-rigid. The ele-
mental stiffness matrices for semi-rigid boundary conditions are developed in Ref.
[2]. The study has been found on semi-rigid joint identification using the
ANN-based approach in Ref. [3]. However, ANN is not a generalized technique; it
requires a large amount of input–output data for training the network. Moreover,
small variations in the model require retraining the network. Again, both the beam-
and column-side damages were represented using a spring at beam end. Therefore,
an effective theoretical model is required to represent both the beam- and
column-side damages.

Since last 10 years, finite element model updating technique has received con-
siderable attention among researchers. In this technique, a numerical model is
developed as a reference structure, and updated to detect the damage-sensitive
parameters. The updating operation is carried out using different optimization
techniques like Nelder–Mead algorithm, GA, etc. in Refs. [4–6].

Newly developed optimization techniques, such as particle swarm optimization
(PSO) proposed by Kennedy and Eberhart in Ref. [7], require lesser numbers of
iterations than conventional optimization techniques, which ultimately reduces the
computational costs. Moreover, it provides more accurate results than the
above-mentioned algorithms. PSO was applied to complex engineering field due to
its convergence speed and simplicity in Refs. [8, 9].

In the present study, an effective theoretical model is considered to represent
both the beam- and column-side damages. In order to overcome the limitations of
ANN-based techniques, PSO-based finite element model updating technique is
utilized to identify joint damage.

2 Numerical Modeling

In order to identify the location and severity of a semi-rigid joint, a single- and a
two-storey plane frame as shown in Fig. 1 are considered. The value of fixity
factors of the rotational springs in the reference state of the structure is considered
as 0.891 in Ref. [10]. The frame is modeled using beam–column elements.
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The displacement-based structural analysis assumes fixed–fixed boundary con-
dition for stiffness and mass matrices derivation. Therefore, to introduce the effect
of semi-rigidity, a rotational spring is considered at each end of an element. The
elemental matrices are then derived for this type of element following the
below-mentioned procedure.

2.1 Formulation of Elemental Matrices

In order to simulate the loosening of joints, the elemental matrices are formulated
based on semi-rigid boundary conditions (BC). The deflected shape of an element is
shown in Fig. 2. The element consists of two springs at the ends to introduce the
semi-rigidity of the joints. The degrees of freedom at each node of the element are
translations along x- and y-axis and rotation about the z-axis. A relative rotation will
take place in the inner and the outer sides of the spring. In inner side, the rotations

Fig. 1 Location of springs
and data acquisition points of
a a single-storey frame, b a
two-storey frame structure
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are Lh1 and Rh1 and in outer side, these are Lh2 and Rh2, respectively. According to
Monforton and Wu in Ref. [11]

RM
Rrc

¼ Rh2 � Rh1 and
LM
Lrc

¼ Lh2 � Lh1 ð1Þ

In the above equation, LM, RM, Lrc, and Rrc are the applied moment and
rotational spring constants at left and right sides of the element, respectively. The
displacement over an element is calculated by the following expression as given in
Ref. [2]:

y ¼ P2
1P2L P1P2

2L
� �

�
4EI
L þ Lrc 2EI

L
2EI
L

4EI
L þRrc

" #�1

�Lrc 0
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L 1 � 1

L 0

1
L 0 � 1

L 1
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The elemental stiffness and mass matrices are formulated considering the flexible
boundary conditions in Ref. [2].

k½ � ¼
ZL

0

EI N 00 xð Þ½ �T N 00 xð Þ½ �dx ð3Þ

m½ � ¼
ZL

0

�m N xð Þ½ �T N xð Þ½ �dx ð4Þ

Fig. 2 Displacement profile
over an element
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Once the elemental stiffness and mass matrices are formulated, the health
monitoring of the frames is carried out using finite element model updating tech-
nique based on particle swarm optimization.

2.2 Model Updating Using Particle Swarm Optimization

In model updating, developments of an objective function and parameter selection
are the two most important tasks. The function is required to be selected in such a
way that it is sufficiently sensitive to the updating parameter. The requirement of a
large amount of damage for the prominent identification of damage location indi-
cates insensitivity of mode shape to the damage. Moreover, a large number of data
point are required. Therefore, in the present study, a limited number of data point
are used to identify the damage location and severity. For that purpose, data are
collected only from the nearest nodes of the joints. Using those data, objective
function is developed. The procedure of developing the objective function is given
below.

2.2.1 Objective Function and Parameter Selection

In the present study, frequency shape correlation and frequency amplitude spectra
are considered for the development of objective function. Shape correlation is
defined as follows.

The numerical model is excited by an impulse at the top right corner. The forced
vibration equation of the system can be written as

M½ � €x tð Þf gþ C½ � _x tð Þf gþ K½ � x tð Þf g ¼ f tð Þf g ð5Þ

In the above equation, [M], [C], [K], {f(t)}, and {x(t)} represent the mass matrix,
damping matrix, stiffness matrix, the force vector, and the displacement vector,
respectively. Overdot indicates derivative of the displacement component with
respect to time.

The displacement responses at SG1 to SG6 (for single-storey frame) and SG1 to
SG12 (for two-storey frame) as shown in Fig. 2 are evaluated using numerical
integration scheme Newmark-Beta in Ref. [12]. The displacement time histories are
converted to strain time histories using strain–displacement relationship.

en tð Þ ¼ zx00nðtÞ ð6Þ

where z is the distance of extreme fiber of a section from the neutral axis and double
dash over x represents the curvature at that section. n stands for the numerical
model.
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en xð Þ ¼ 1
2p

Z1

�1
en tð Þe�ixtdt ð7Þ

where x represents frequency and en xð Þ represents corresponding amplitude. In the
case of an experiment, the strain data are directly collected and converted into the
frequency domain using Fourier transform as shown below.

eexp xð Þ ¼ 1
2p

Z1

�1
eexp tð Þe�ixtdt ð8Þ

In the above expression, exp indicates experimental model. The frequency shape
correlation for ith sensor using numerical and experimental data is defined as
follows:

wi ¼
P

en;i xð Þeexp;i xð Þ
e2n;i xð Þ
h i1=2

e2exp;i xð Þ
h i1=2 ð9Þ

where n and exp represent the undamaged and damaged structures, respectively. It
is clear that if both the structures are in the same state, then the correlation value is
nearer to 1 and if not then the value is away from 1. The objective function is
defined as follows:

OF cLrc ; cRrc
� � ¼

XNS
i¼1

Wi e xð Þud;i�e xð Þd;i
h i2

x AMPmaxð Þud;i�x AMPmaxð Þd;i
h i2 ð10Þ

In the above expression, cLrc and cRrc are left and right fixity factors of each
member. NS indicates the number of sensors used to collect data. x AMPmaxð Þ
represents frequency corresponding to the maximum amplitude, and subscripts ud
and d stand for undamaged and damaged data, respectively. The relationship
between natural frequency and fixity factor is shown in Fig. 3a. It is found that
fixity factor is having sufficient sensitivity to the natural frequency. Therefore,
frequencies are utilized to form the objective function. Wi, the weight factor for
each sensor, is defined as follows:

Wi ¼ w2
iP
w2
i

ð11Þ

Weighted sum method is used to formulate the objected function. It is presumed
that the sensors near to the loosely bolted connection are affected more than the
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other sensors. Therefore, higher weight is provided to those sensors to achieve more
reliable results. This will also ensure that no other set of cLrc and cRrc can give a
better estimate.

Selection of parameters as an updating variable is a significant measure of
optimization. The parameters, which are sensitive to the objective function, are
needed to be considered as updating parameters. The relationship between fixity
factor and frequency, shown in Fig. 3, indicates that with the change of fixity factor,
modal frequency changes. Therefore, fixity factor can be considered as the updating
variable where the objective function is needed to be developed using frequency
and frequency amplitudes of the strain data. The strain responses are utilized to
captures more local features of the structures.

Fig. 3 a Fixity factor at
different springs versus
frequency and b population
versus fixity factor for SD1
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2.2.2 Particle Swarm Optimization

Particle swarm optimization (PSO) proposed by Kennedy and Eberhart in Ref. [7] is
a stochastic evolutionary computation technique, grounded on the motion and
intelligence of swarms. The detail of the particle swarm optimization technique is
given in Pal and Banerjee in Ref. [13]; therefore, it is not presented here for brevity.
Figure 3b shows the population size versus fixity factor relationship. It is found that
20–25 population size is sufficient for the convergence of the function.

3 Numerical Results and Discussions

Various damage cases are studied in order to validate the health monitoring tech-
nique. Tables 1 and 2 listed the fixity levels at different springs in different cases of
damages for single- and two-storey frame structures. The undamaged strain
response and its frequency spectra are shown in Fig. 4. Using the strain frequency
spectra from all the sensors, objective function is developed as mentioned earlier.

Average of 10 run results is considered as the estimated fixity factor in Ref. [13].
Table 3 depicts the estimated results for different damage cases for single-storey
structure. The mean values of fixity factors at different locations are plotted and
found that the technique successfully identified the damaged locations and fixity
factors. The study is carried out for 80 and 70 dB levels of noise, and the efficacy of
the technique by estimating the fixity factors is determined. Different types of
damage cases, which include single and multiple locations, along with different
levels of fixity factor at the same location are studied and in each case, the technique
perfectly estimates the fixity factors.

With the increase in number of storeys, the number of variables increases
thereby increasing the problem complexity. This complexity reduces the accuracy
of the results. In some literature in Ref. [5], the sub-structuring method is followed
by dividing the frame into some small parts and carrying out the model updating
considering that part only.

In order to do so, the two-storey frame is divided into two parts, and the part
inside the red box is considered. In this context, the data are collected only from that
region only. The robustness of the technique is again observed in the estimation of

Table 1 Damage cases of the single-storey plane frame structure having semi-rigid connections

Structure Spring number Fixity level at different springs

SD1 SD2 SD3 SD4 SD5

Single storied S2 0.700 0.600 0.600 0.500 0.400

S3 0.891 0.891 0.600 0.500 0.500

S4 0.891 0.600 0.700 0.600 0.600

S5 0.891 0.891 0.891 0.600 0.700
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fixity levels at different springs. All the damage cases tabulated in Table 2 are
studied, and the results are shown in Table 4. It is found that the sub-structuring and
a limited number of data points do not affect the accuracy of results. Even the
noise-based studies show perfection in estimating the fixity factors. Observing all

Table 2 Damage cases of the single-storey plane frame structure having semi-rigid connections

Structure Spring number Fixity level at different springs

TD1 TD2 TD3 TD4 TD5

Two storied S2 0.600 0.650 0.891 0.450 0.450

S3 0.600 0.500 0.891 0.891 0.450

S8 0.891 0.891 0.500 0.550 0.650

S9 0.891 0.891 0.400 0.450 0.550

S11 0.891 0.600 0.600 0.550 0.650

S12 0.600 0.500 0.550 0.450 0.550

Fig. 4 a Strain response and
b frequency spectra of the
response obtained at node 26
of the single-storey frame
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the results, it can be said that the technique is able to find out the fixity levels at
different joints. It also indicates the effectiveness of the objective function for the
estimation of fixity levels. Moreover, the technique has the capability to carry out
the identification with a limited number of sensors.

Table 3 Estimated fixity factor at different springs for the single-storey numerical model

Damage case Noise Spring

S2 S3 S4 S5

SD1 WN 0.7 0.891 0.891 0.891

80 db 0.7 0.891 0.891 0.891

70 db 0.719 0.87 0.845 0.874

SD2 WN 0.61 0.889 0.597 0.891

80 db 0.6 0.891 0.6 0.891

70 db 0.6 0.891 0.6 0.891

SD3 WN 0.592 0.591 0.695 0.884

80 db 0.592 0.577 0.693 0.881

70 db 0.598 0.596 0.694 0.884

SD4 WN 0.56 0.509 0.604 0.605

80 db 0.511 0.538 0.605 0.607

70 db 0.499 0.502 0.597 0.598

SD5 WN 0.398 0.496 0.596 0.696

80 db 0.398 0.493 0.597 0.698

70 db 0.392 0.457 0.607 0.704

Table 4 Estimated fixity factor at different springs for the two-storey numerical model

Damage case Noise Spring

S2 S3 S8 S9 S11 S12

TD1 WN 0.593 0.590 0.864 0.888 0.844 0.594

80 db 0.600 0.600 0.891 0.891 0.891 0.600

70 db 0.592 0.592 0.864 0.872 0.852 0.591

TD2 WN 0.633 0.487 0.855 0.846 0.560 0.485

80 db 0.640 0.495 0.826 0.889 0.582 0.491

70 db 0.639 0.497 0.823 0.841 0.593 0.482

TD3 WN 0.891 0.891 0.499 0.399 0.596 0.550

80 db 0.891 0.891 0.509 0.418 0.634 0.560

70 db 0.891 0.891 0.500 0.400 0.600 0.550

TD4 WN 0.449 0.890 0.565 0.448 0.551 0.450

80 db 0.442 0.873 0.534 0.439 0.517 0.441

70 db 0.451 0.888 0.556 0.451 0.554 0.450

TD5 WN 0.432 0.428 0.668 0.525 0.500 0.545

80 db 0.466 0.470 0.685 0.566 0.522 0.559

70 db 0.457 0.456 0.663 0.556 0.532 0.553
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4 Conclusions

In the present study, an effective theoretical model is considered to estimate joint
damage either at the beam side or at the column side. In order to overcome the
shortcomings of ANN-based technique, PSO-based finite element model updating
technique using a limited number of data is applied. First, the effectiveness of the
theoretical model is observed in the identification of joint damage either at the beam
side or at the column side. Second, the ability to detect 15% change in fixity level
with and without the presence of noise proves the robustness of the technique.
Third, a limited number of sensors used for analysis represent its efficacy to apply in
large and real-life structures. After the successful identification of semi-rigid con-
nections, an experimental validation is needed to examine the effectiveness of the
theoretical model and the health monitoring technique on a full-scale model.
However, in the absence of a baseline structure, numerical model updating tech-
nique can be applied if knowledge of structural topology and some basic id are
available.

Acknowledgements Authors are thankful to the MHRD for providing the scholarship to carry
out the research work.
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Identification of Parameter of Truss
Structure by Limited Static Strain
Measurement

Debasish Bandyopadhyay, Sumit Saha and Tanvir Sohail

Abstract Structural health monitoring has become significantly important in recent
times. Dynamic inverse technique is widely accepted but seems to be complex in
case of real-life application. Whereas, the static approach is simple in nature. The
proposed paper discusses parameter identification of truss structure adopting static
inverse technique in a finite element framework using limited strain measurement.
In addition, noise in the measured data, which is quite inevitable in real situations,
is also considered to validate its applicability of the proposed model in practical
situation. This study further extends in identifying the exact location of the damage
in the damaged truss element. The predicated parameters seem to be accurate for
various combinations of damage even with noise consideration. The exact damage
location in the damaged element is also able to be identified by the proposed
method.

Keywords Structural health monitoring � Strain � Parameter estimation

1 Introduction

The need of health monitoring of structures has increased manifold in recent years
due to the defects occurring in the structural members. These defects can be due to
various reasons, such as corrosive environment, aging, fatigue, or result of collision
with foreign particles. Structural health monitoring of these structures can be per-
formed by parameter estimation, which is a mathematical approach using the major
differences between the estimated and the experimental values termed as errors.
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Parameter estimation attempts to correlate changes in test data to the changes in
structural elemental properties. Damages to sensitive objects like aircraft, oilrigs
can be successfully identified through this technique.

Parameter estimation utilizes an art of reconciling on prior finite element model
(FEM) of the structure with the nondestructive (NDT) test data. This technique
updates the parameters of an analytical model of a structure such as FEM to match
its response with the NDT data obtained from experiment. The estimated param-
eters represent the current condition of the structure. These parameters are usually
stiffness, mass, and damping properties of the structural elements. Parameter esti-
mation can be done using both static and dynamic methods. The static method is
cost-effective and less complicated than the dynamic method.

In this paper, static method is utilized to detect damage of the members of truss
bridges. The first truss has 21 members. The other truss has 65 members. At first,
the sensitive nodes of the structure are identified using forward approach. After
successfully identifying the sensitive nodes in the structure, the loads are applied at
one set of DOFs and strains are measured at another subset of DOFs, which may or
may not overlap. The error between the analytical values and experimental values
are calculated. By minimizing square of error equation the damage parameters are
identified using inverse technique. Thereafter, the model parameters are updated
after each iteration. After successfully detecting the damaged member, the member
is further discretized and parameter estimation is performed on the damaged
member. Isoparametric element is assumed to get the exact location of the damage
in the damaged element of the truss. This is performed in the same manner as for
the whole trusses as proposed by Sanayei and Saletnik [1]. However, they detected
the damaged element only. This method provides a good tool for damage detection
for the linear truss structure. The results obtained are quite accurate. Further, the use
of noise or random data enhances the accuracy of the result obtained. The result is
able to pinpoint the exact location of the damages in the truss as precise as the
discretization of the member.

1.1 Theoretical Formulation

The static equation of truss structure is

F½ � ¼ k½ � U½ � ð1:1Þ

where [F] is the force matrix containing different set of forces, and [U] is the
displacement matrix containing different set of displacements for each set of force.
Hence,
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U½ � ¼ k½ ��1 F½ � ð1:2Þ

Displacement of each degree of freedom (DDOF) is measured for each set of
force for incremental damage of each parameter. Now, this DDOF is classified on
the basis of sensitivity. Then, the set of DDOF which is sensitive for all parameters
of the structural model is selected as a set of MDOF.

1.1.1 Strain–Displacement Relationship

We know through the stiffness method that force is related to displacement.
Therefore, we have to drive a mapping between strain and displacement, to use the
measured strain data.

ef g ¼ B½ � Uf g ð1:3Þ

where εf g is the elemental strain vector of the order of NEL � 1 and {U} global
displacement vector, multiplication results in {B} is the elemental mapping vector
of the order of NEL � NDOF.

By substituting (1.3) in (1.2), we get the strain equation

e½ � ¼ B½ �½K pð Þ��1 F½ � ð1:4Þ

Now, the [B] matrix is portioned based on measured strain a and unmeasured
strain b

ea
eb

� �
¼ Ba

Bb

� �
½K pð Þ��1 F½ � ð1:5Þ

The unmeasured strain is eliminated and we work with only the measured strain

ea½ � ¼ Ba½ � F½ � ð1:6Þ

εa½ � ¼ NMS� NSF, Ba½ � ¼ NMS� NDOF, where NMS = number of mea-
sured strains. Equation (1.6) gives the relationship between force strain and
parameters. It is hereby solved for the parameters {p} of size NUP � 1.

1.1.2 Output Strain Error

E pð Þ½ � ¼ εa pð Þ½ �a� εa½ �m ð1:7Þ

The superscript refers to analytical values, and m superscript refers to measured
values.
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On substituting (1.6) and (1.7), we get

E pð Þ½ � ¼ Ba½ �½K pð Þ��1 F½ � � εa½ �m ð1:8Þ

1.1.3 Evaluation of Parameter Vector

Now, the size of the error matrix [E(p)] is no. of measured degrees of freedom
(NMD) by no of set of force (NSF). Now, the error matrix is transformed into an
error vector of size NM (NMD � NSF) by 1. {p} is the vector containing unknown
parameter. So size of {p} is NUP by 1. Now, the error vector is liberalized by
first-order Taylor series as shown below.

E pþDpð Þf g ¼ E pð Þf gþ d E pð Þf g
dp

Dpf g ð1:9Þ

where S pð Þ½ � ¼ d E pð Þf g
dp Dpf g

Now, the sensitivity matrix [S(p)] is formed by differentiating [E(p)] with
respect to pj to form �S pð Þ��

of the size NM � NUP.

�S pð Þ½ � ¼ � Ba½ � K pð Þ½ ��1 @

@pi
K pð Þ½ � K pð Þ½ ��1 F½ � ð1:10Þ

These vectors are concatenated column wise to form sensitivity matrix [S(P)].

1.1.4 Scalar Performance Error Function Minimization

The scalar performance error function can be written as

J pþDpð Þ ¼ E pþDpð Þ½ �T E pþDpð Þ½ � ð1:11Þ

Least square method is applied for minimization of error matrix.

@

@ pf g J pþDpð Þ ¼ 0f g ð1:12Þ

Now from the above equation, it can be developed that

Dpf g ¼ � S pð Þ½ �T S pð Þ½ �
h i�1

S pð Þ½ �T E pð Þf g ð1:13Þ

where {Δp} is the change in size of the parameters and is of the size NUP � 1.
The size of sensitivity matrix [S(p)] is NM by NUP. So inverse of sensitivity

matrix is only possible when it is a square matrix, i.e., NM = NUP. Now, the
evaluated vector {Δp} is added to the vector {p}. An iterative process is done till
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error matrix becomes null matrix. Once {Δp} is established, an iterative process is
used for solving where for each iteration k

pkþ 1

� � ¼ pkf g þ Dpf g ð1:14Þ

Thus, the parameter is updated after each iteration.

1.2 Isoparametric Formulation

The term isoparametric is derived from the use of the same shape functions (or
interpolation functions) [N] to define the element’s geometric shape as are used to
define the displacements within the element. Thus, when the shape function is
u = a1 + a2s for the displacement, we use x = a1 + a2s for the description of the
nodal coordinate of a point on the bar element and, hence, the physical shape of the
element. We will now develop the isoparametric formulation of the stiffness matrix
of a simple linear bar element with two nodes as shown in Fig. 1.

Select element type first, the natural coordinate s is attached to the element, with
the origin located at the center of the element, as shown in Fig. 1b. The s-axis need
not be parallel to the x-axis—this is only for convenience. Consider the bar element
to have two degrees of freedom—axial displacements u1 and u2 at each node
associated with the global x-axis.

For the special case when the s and x axes are parallel to each other, the s and
x coordinates can be related by

x ¼ xc þ L
2
s ð2:1Þ

where xc is the global coordinate of the element centroid. Using the global coor-
dinates x1 and x2 in Eq. (2.1) with xc = (x1 + x2)/2, we can express the natural
coordinate s in terms of the global coordinates as

s ¼ x� x1 þ x2ð Þ=2½ � � 2 x1 � x2ð Þ ð2:2Þ

We now relate global-coordinate system to its natural one through the formula

x ¼ a1 þ a2s ð2:3Þ

On solving for ai’s terms, we get

Fig. 1 Coordinate system
a global, b natural
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x ¼ 1
2

1� sð Þx1 þ 1þ sð Þx2½ � ð2:4Þ

The matrix form can be written as

fug ¼ N1N2½ � u1
u2

� �
ð2:5Þ

The final strain equation can be written as

εxf g ¼ � 1
L

1
L

� �
u1
u2

� �
ð2:6Þ

Since εxf g ¼ B½ � df g

B½ � ¼ � 1
L

1
L

� �
ð2:7Þ

The stiffness matrix can be represented as

k½ � ¼
Z L

0
t B½ �T D½ �Adx ð2:8Þ

The jacobian is represented by in case of simple bar as

Jj j ¼ dx
ds

¼ L
2

ð2:9Þ

The Jacobian relates an element length in the global-coordinate system to an
element length in the natural-coordinate system. In general, |J| is a function of s and
depends on the numerical values of the nodal coordinates.

After integration, the k matrix can be represented as

k½ � ¼ AE
L

1 �1
�1 1

� �
ð2:10Þ

After this isometric forward formulation, the inversion approach is same as the
previous one to identify the damaged portion of the truss member.

2 Results and Discussion

The inversion approach integrates state-of-the-art in experimental and analytical
approaches to parameter estimation. This simulation-based estimation is carried out
with some truss examples. Both the examples are two-dimensional trusses as seen in

380 D. Bandyopadhyay et al.



Figs. 2 and 10. This simulated truss structures are modeled as designed trusses. This
simulation-based model algorithm helps to estimate the parameters of these truss
structures. The estimation of the parameters of finite element-based truss structure is
carried out with the help of measured strain data. Using simulation technique strain
data with measurement noise or without measurement noise has been extracted and
the algorithm must identify the true values of the parameters, respectively.

This algorithm consists of iteration processes, where the first iteration value has
been taken as initial value of parameters {pi}. The limited measured data are obtained
by simulation technique using the true value of parameters {pt}. We have to identify
the sensitive degrees of freedom followed by the estimation of parameter with the
simulated noise or noise-free data and then identify the portion of damaged member.

For each example, several arbitrary combination force sets are used. Using these
force sets, the sensitive degrees of freedom (DOFs) can be identified. After that, the
above mentioned parameter estimation process is carried out with this simulation
technique.

2.1 Truss Example 1

The two-dimensional truss structure as shown in the figure is modeled as an
example.

It carries only axial loads, i.e., tension and compression and pinned at both ends.
In this paper, the only applicable parameter is the area of the member of truss
structure. The physical properties and geometric properties of the truss structure are
as follows:

Fig. 2 Pratt truss of example 1
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• Total member 21 and total nodes 12.
• 1–6, 18–21 no. member’s area 25.06 cm2; 7, 9, 11, 13, 15, 17 no. member’s

area 19.03 cm2; 8, 10, 12, 14, 16 no. member’s area 13.79 cm2.
• Modulus of elasticity of all members is 2 � 105 N/mm2.

Several experiments are carried out with the simulation data. The forward
approach is used to study the sensitivity of the nodes with the help of every set of
force degree of freedom (FDOF) for incremental damage of each element of the
truss structure. The selection of sensitive nodes with the help of forward problem
with incremental damage is able to avoid the requirement of large number of strain
measurements (Table 1).

In this truss structure, node numbers 2, 6, 9, 11 are sensitive. Strain measurement
of the member is easy and each element will have one strain. Now, it will be a
challenge to estimate all the parameters of truss structure using inversion technique
with the help of limited static strain measurements. Error in prediction can be
defined by

Error in prediction ¼ predicted value� true valueð Þ
true valueð Þ� � 100

Few cases are discussed in this paper and 1KN is applied at four degrees of
freedom (FDOFs) and corresponding result has been interpreted through the cor-
responding graphs (Fig. 3).

Table 1 Different cases of
elemental damage

Case no. Damaged element % of damage

1. 6 6%

2. 18 5%

3. 18 5%

4 2%

10 3%

6 6%

4. 2 2–10% @ 2% increment

Fig. 3 Maximum error (%)
versus no. of measurement
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The maximum error in prediction for each type of member, i.e., top chords,
bottom chords, diagonal chords, and vertical chords, is seemed to be low to the
extent of 2.5% (Fig. 4).

It is noted that the error of prediction decreases with the number of measure-
ments (Fig. 5).

The maximum error in prediction of both damaged and undamaged condition
error is very less and correctly implemented with respect to the conceptual model
(Fig. 6).

It is noted that the maximum error of different members’ parameter prediction is
very low for multiple damage scenarios (Fig. 7).

The proposed model is able to identify damages accurately for different degrees
of damages.

Fig. 4 Maximum error (%)
versus no. of measurement

Fig. 5 Error for undamaged
and damaged condition

Fig. 6 Maximum error (%)
for multiple damaged cases
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2.2 Prediction of Exact Damage Location

In the above discussion, we have talked about the prediction error of the truss
member. In this article segment, we will discuss about the damaged portion of the
truss member with the help of isoparametric formulation. The term isoparametric is
derived from the use of the same shape function [N] to define the element’s geo-
metric shape as are used to define the displacements within the element. In this
formulation, truss member is considered as a bar whose both ends are fixed and
member is discretized into five elements.

• Area of the five segments (2 no. member) 25.06 cm2.
• Modulus of elasticity (2 no. member): 2 � 105 N/mm2.
• Connecting nodes: 1–2; 2–3; 3–4; 4–5; 5–6.
• Degrees of freedom: 1–2; 2–3; 3–4; 4–5; 5–6 (Table 2).

Figures 8 and 9 shows the variation of maximum error in prediction of seg-
mental damage with respect to member segment number. The error evaluated in this
case is quite small. So the model is correctly able to identify the degree and exact
location of damage.

Fig. 7 Maximum error (%) for incremental damage

Table 2 Different cases of elemental damage

Case no. Portion of element damage Percent to damage (%)

1. Third portion of fourth member 5

2. Third portion of sixth member 5

Fourth portion of the eighth member 8
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2.3 Truss Example 2

A real-life pipeline bridge at Kolkata as shown in Fig. 10 is modeled as an example.
It carries only axial loads, i.e., tension and compression and pinned at both ends.

In this paper, the damaged parameter is considered as the reduction of cross section
area of the member of truss structure.

The physical properties and geometric properties of the truss structure are as
follows:

Fig. 9 Maximum error (%) for multiple element damage

Fig. 10 Pipeline truss structure of example 2

Fig. 8 Maximum error (%) for single element damage
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• Total member 65 and total nodes 34
1, 8 no. member’s area 25.06 cm2; 26, 28, 32, 34, 38, 40, 44, 46, 50, 52 no.
member’s area 19.03 cm2; 23, 24, 29, 30, 35, 36, 41, 42, 47, 48 no. member’s
area 13.79 cm2; 27, 33, 39, 45, 51 no. member’s area 11.38 cm2; 2–7, 15, 20,
22, 54, 56, 58, 60 no. member’s area 34.59 cm2;
9, 16 no. member’s area 21.06 cm2; 17, 18, 61–65 no. member’s area
10.74 cm2; 19, 21, 25, 31, 37, 43, 49, 55, 57, 59 no. member’s area 8.66 cm2;

• Modulus of elasticity of all members is 2 � 105 N/mm2

The forward approach is first used to identify the parameter. In this truss
structure, 6, 8, 12, 14, 15, 18 no. nodes are sensitive nodes. Strain measurement
of the members is not as intricate as displacement measurement. The mea-
surement is restricted to one per element. A load of 1KN is applied at 12 degrees
of freedom (FDOFs) and corresponding result has been interpreted in this
graph 1 for both noisy and noise-free data. Few cases have been outlined in this
section (Table 3; Figs. 11 and 12).

Fig. 11 Maximum error
(without noise) multiple
damage

Fig. 12 Maximum error %
(with noise) multiple damage

Table 3 Different cases of
elemental damage

Case no. Damaged element % of damage

1. 10 10

2. 1 2

2 3

5 5

18 6

3. 18 2, 4
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The error evaluated in both the cases considering both with and without noise is
small. Thus, the validation of the proposed models for the identification of the
damaged truss systems is established. However, the error seems to be more in case
of noisy data.

Similarly, the change of maximum error in prediction with respect to each
member of this truss example in case of multiple damage to the members has been
shown in Fig. 13. It represents the contrast between maximum error in prediction
with respect to vertical, diagonal middle, top, and bottom chords with the help of
noise-free and noisy data.

To study the versatile applicability of the proposed method, variable damage
states are considered to study the effect of multiple damages on different members.
The graphical representation of considered damaged cases in terms of maximum
error in prediction of structural parameters is shown in Figs. 14 and 15. It is noted
that the proposed model is able to predict the maximum error for each element.

Fig. 13 Comparison of
maximum error in prediction

Fig. 14 Maximum error
(noise) multiple damage

Fig. 15 Maximum error
(without noise) multiple
damage
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3 Conclusions

Based on the numerical studies, the following conclusions maybe drawn.

• Static parameter identification is simple and experimental data can be collected
easily in real-life situation in most of the cases. Structural damage mainly refers
the reduction of stiffness, which is duly considered. The static displacements are
the primary responses and which maybe used as the input to identify the damage
state of structure.

• The selection of FDOF also plays an important role to predict the structural
parameters with appreciable accuracy. The rank of the sensitivity matrices is
important and responsible for the accuracy of the stiffness parameter
identification.

• Noise is inevitable and may occur during experiment. The noise is assumed as
zero mean unbiased random variables. It is observed that accuracy of prediction
is slightly affected due to incorporation of noise. In these cases, both noisy and
noise-free data are used.

• The model is able to identify the location and degree of damage with great
accuracy with minimum required strain data.

• Accuracy of the predicted structural properties significantly depends on the
proper selection of MDOF.

• The selection of sensitive MDOF seems to have contributed accurate prediction
even with noisy data using limited strain measurement.

• The isoparametric formulation further points out the exact location of the
damage in the particular element.
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TWLIGHT-IITM—A Computational
Utility for Elastic Buckling Stress
Predictions of Cold-Formed Steel
Elements

S. S. Ajeesh and S. Arul Jayachandran

Abstract A new design method, Direct Strength Method (DSM), has been intro-
duced by researchers in recent years for calculating the ultimate design strength of
cold-formed steel sections. DSM is basically a stress-based approach, wherein the
strength of the section is reduced to take care of buckling effects. The ultimate
strengths corresponding to three buckling modes, local, distortional, and global
modes are distinguished in DSM, in which the elastic buckling stresses are deter-
mined using analytical expressions or by using numerical methods like finite ele-
ment, finite strip, or spline finite strip method. A finite strip computational
procedure for evaluating the critical elastic buckling stresses has been proposed in
the present study. Also, decomposition of buckling modes into pure modes can be
performed using the formulation. This formulation has been validated for a range of
cross-sectional dimensions under uniaxial compression and flexure and can be used
as a design utility for IS 801 based on DSM.

Keywords Finite strip method � Buckling � Direct strength method

1 Introduction

Cold-formed steel construction is becoming popular nowadays in housing and
industrial sector. Cold-formed steel sections manufactured using rolling, folding, or
press braking operation offer enough freedom for the designer to make a variety of
cross sections. The main advantages of cold-formed sections include high
strength-to-weight ratio, versatility of profile shape, variety of connections and
materials which can be formed, and increase in yield strength due to cold forming.
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The important structural applications of cold-formed steel sections include purlins,
wind bracings, roof trusses, storage racks, columns, beams, and rigid frames. The
slender cold-formed steel members are prone to instabilities in the form of local,
distortional, and global buckling which poses the main challenge for design engi-
neer. Traditionally, effective width method has been used for the design of
cold-formed steel which involves lengthy calculations in the determination of
ultimate strength of complex cross sections.

To overcome these difficulties, a new design method, Direct Strength Method
(DSM), has been introduced by researchers in recent years. DSM is basically a
stress-based approach, wherein the strength of the section is reduced to take care of
buckling effects. Basically, the ultimate strengths corresponding to three buckling
modes, local, distortional, and global modes are distinguished in DSM. This
method can be easily employed in the strength determination of complex section
geometries considering the interaction of individual elements. The method has been
incorporated in the Australian/New Zealand standards, AS/NZS 4600:2005 [1] and
North American specification, AISI S100-2007 [2] for the design of cold-formed
steel structural members. The DSM requires the determination of elastic local,
distortional, and global buckling stress. Elastic analysis can be done using finite
element or finite strip method for the determination of buckling stress. In addition to
finite element and finite strip method, analytical and semi-analytical expressions are
available for the determination of elastic buckling stresses. This paper presents a
finite strip code (TWLIGHT-IITM) programmed in Fortran for the evaluation of
elastic buckling stresses of cold-formed steel open cross sections. This free program
serves as a design utility for Indian designers in cold-formed steel member design
for revised Indian code, IS 801 based on DSM.

The semi-analytical finite strip method was developed by Cheung [3, 4] for the
stress analysis of isotropic and orthotropic plates with constant and variable
thickness under bending. Przmieniecki [5] presented finite element analysis of
plates, stiffened panels, and thin-walled columns made up of plates to predict local
buckling under biaxial state of stress. Both elastic and geometric stiffness matrixes
were formulated to solve the eigenvalue problem in buckling analysis. Finite strip
method for the buckling analysis of thin flat isotropic plates subjected to longitu-
dinal and transverse compression, longitudinal in-plane bending, and shear was
developed in Ref. [6]. The variation of buckling mode was assumed as sinusoidal
function in longitudinal direction. The method can be used to calculate natural
frequencies of prismatic structures. Hancock [7] developed local, distortional, and
lateral torsional buckling curves of cold-formed steel beams using finite strip
method. The paper identified the signature curve of a beam cross section being
plotted with buckling stress versus half buckling wavelength. Adany and Schafer
[8] developed constrained finite strip method in which the buckling mode is
decomposed into pure local, distortional, and global modes. Key and Hancock [9]
developed finite strip method for the large displacement elastoplastic analysis to
determine the nonlinear local buckling behavior of cold-formed steel sections in
compression. The analysis includes geometric imperfection, variation in yield
stress, and complex pattern of residual stress during the cold forming process.
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Buckling of plates and channel sections subjected to localize loading using
semi-analytical finite strip method by including multiple series terms in the lon-
gitudinal direction is assessed in Ref. [10].

In this paper, the finite strip formulation used in TWLIGHT-IITM is briefly
presented. In order to validate the program, analysis has been done on lipped
channel section under simply supported boundary condition for the determination
of signature curve. The results of the proposed program are compared with CUFSM
software. Also, results are presented for the decomposition of buckling modes into
pure local, distortional, and global buckling modes using the proposed finite strip
program.

2 Finite Strip Method

In finite strip method, the thin-walled prismatic member is discretized into strips by
nodal lines in transverse direction (x-axis). Each nodal line has four degrees of
freedom, two out-of-plane (flexural) displacements (w, hxz), and two in-plane
(membrane) displacements (u, v) as shown in Fig. 1. In transverse direction,
Lagrangian and Hermitian interpolation functions are used for membrane and
flexural displacements, respectively, whereas in the longitudinal direction contin-
uously differentiable smooth series satisfying the boundary condition has been
implemented. The general displacements, u, v, and w of the plate strip, are
expressed as the product of displacements of nodes and shape functions as shown in
Eqs. (1–3).

Fig. 1 Plate strip with degree
of freedom
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where lm ¼ mp and m is the number of half-waves in the longitudinal direction.
Here, Ym is the shape function in the longitudinal direction. Usually, trigonometric
functions satisfying various boundary conditions are used as interpolating function
in the y-direction.

The strain–displacement relation and stress–strain relation are established based
on displacement function as shown in Eqs. (4, 5). The matrix B represents the
strain–displacement relation and D represents the stress–strain relation based on
orthotropic plate theory.

ef g ¼ B½ � df g ð4Þ

rf g ¼ D½ � ef g ð5Þ

The stiffness equation (Eq. 6) has been formulated from equilibrium equation
based on variational principles. The expression of stiffness matrix is shown in
Eq. (7). The loads acting on a plate strip can be in the form of pressure loads, line
loads, and concentrated loads and are imposed on to the load vector appropriately.

K½ � df g ¼ Ff g ð6Þ

K½ � ¼
Z
v

B½ �T D½ � B½ �dv ð7Þ

The membrane and flexural stiffness matrices of the plate strip have to be
developed separately. Based on linear theory, there is no interaction between
in-plane membrane and out-of-plane bending characteristics of a flat plate strip. In
the case of folded plate structures like thin-walled open sections, the membrane
action of a flat strip will affect the bending action of the neighboring strip and vice
versa. Hence, to fulfill the minimum compatibility requirement and convergence of
results, the membrane and bending characteristics have to be combined and the
resulting formulation has four degrees of freedom (u, v, w, and h).
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Membrane characteristics are given by
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Bending characteristics are given by
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Flat strip characteristics inclusive of membrane and bending characteristics is
given by
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The stiffness matrix and load vector of a plate strip whose local axes inclined at
an angle a to the global axis are to be transformed into global system using
transformation matrix. A plate strip inclined at an angle a with global axis is shown
in Fig. 2, and the relationship between local and global system is given in Eq. (11).

For nodal line “i”

Fig. 2 Finite strip inclined to
global coordinate axis
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In short form

di
� 
 ¼ T að Þ½ � dif g ð12Þ

The stiffness and load matrices in local coordinate system can be transformed
into global system as shown in Eqs. (13, 14).

K½ � ¼ TT að Þ 0
0 TT að Þ


 �
kii kij
kji kjj


 �
T að Þ 0
0 T að Þ


 �
ð13Þ

Ff g ¼ TT að Þ 0
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� �
ð14Þ

The element stiffness matrices are assembled to form the global stiffness matrix
after transforming to global coordinate system and application of boundary
conditions.

The geometric stiffness matrix for plates subjected to edge stresses has been
formulated for both flexural and membrane characteristics. The increase in potential
energy due to membrane deformation and flexural deformation has been formu-
lated. The state of stress acting on a plate strip consists of longitudinal compressive
stress rl varying linearly across the width of the strip, uniform transverse com-
pressive stress rt, and uniform shear stress s. The increase in potential energy of the
membrane forces resulting from flexural and in-plane buckling deformations
developed by Plank and Wittrick [6] is implemented in the present study as shown
in Eqs. (15, 16):
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Applying the principle of minimum total potential energy for infinitesimal
buckling deformations, the eigen buckling equation is formulated as shown in
Eq. (17), where [K] and [G] are the elastic stiffness and stability matrices, k is the
buckling load factor, and {/} is the eigenvector.

394 S. S. Ajeesh and S. Arul Jayachandran



K½ � � k G½ �ð Þ /f g ¼ 0 ð17Þ

For certain thin-walled cross-sectional dimensions, the signature curve obtained
during finite strip analysis is not able to produce distinct minima for buckling
stresses. Hence, the decomposition of buckling modes into pure local, distortional,
and global buckling stresses has to be performed based on the principles of gen-
eralized beam theory (GBT).

For decomposition of buckling modes, the principles of GBT are used to develop
the restraint matrices corresponding to various buckling modes. For global and
distortional subspace, Vlazov’s hypothesis has to be satisfied, i.e., the in-plane
shear strain and transverse strain has to be zero. The cross section is in transverse
equilibrium. Also, the longitudinal warping is constantly not equal to zero. In the
case of local buckling mode, all the warping displacements are zero and also the
transverse equilibrium is violated. Other assumptions are same as the global–dis-
tortional subspace. The restraint matrices are applied on to the finite strip stiffness
matrices using transformation technique. The pure buckling modes are obtained
from the constrained eigenvalue analysis. For more details on the development of
restraint matrices and decomposition of buckling modes, one can refer to Ref. [8].

3 Analysis of Cold-Formed Steel Sections Using
TWLIGHT-IITM

The finite strip program (TWLIGHT-IITM) developed in FORTRAN has to be
validated for the evaluation of elastic buckling stresses. The elastic buckling
stresses are compared with finite strip software, CUFSM developed by John
Hopkins University. A lipped channel cross section subjected to uniform com-
pression and flexure with simply supported boundary condition has been analyzed
using the proposed program and the buckling stress corresponding to various half
buckling wavelengths (signature curve) has been compared with CUFSM as shown
in Figs. 3 and 4. It has to be noted that the longitudinal term “m” is taken as one,
and the lipped channel is allowed to buckle in a single half-wave in the longitudinal
direction.

The signature curve evaluated in the present study matches exactly with the
CUFSM software for all the half buckling wavelength compared to the present
study for both uniaxial compression and flexure with simply supported ends. The
minimum local, distortional, and global buckling stresses are to be applied in the
DSM equations to evaluate the ultimate strength of the lipped channel cross section
analyzed.

The deformation of the lipped channel section under uniaxial compression at
salient points is shown in Figs. 5, 6, and 7. In Fig. 5, local buckling mode of the
cross section is observed with the longitudinal edges of the member rotate without
any translation. For half buckling wavelength of 1000 mm, the cross-sectional
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deformation mode is in the form of flange–lip combination rotating about flange–
web junction (Fig. 6). This form of buckling is called distortional buckling. In
Fig. 7, for a half wavelength of 10,000 mm, the member buckles in flexural tor-
sional mode, i.e., a combination of torsional and major axis buckling mode. The
local and distortional modes involve distortion of the cross section, whereas in the
global buckling mode the cross section as a whole moves laterally and rotates
without any distortion. In all the three modes, the member is allowed to buckle in a
single half wavelength in the longitudinal direction.

The lipped channel cross section used in Figs. 3 and 4 for calculating signature
curve has been used for decomposing the buckling modes into pure local, distor-
tional, and global buckling modes. The buckling curves evaluated by constraining
the finite strip model to buckle in a particular mode for both uniaxial compression
and bending are shown in Figs. 8 and 9. The buckling curves match very well with
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the constrained finite strip method using the software CUFSM expect for the dis-
tortional buckling in cases where the length of the member is less than 100 mm.
This type of mode decomposition is useful in cases where the minima for buckling
modes cannot be distinguished from the signature curves.

The study has been extended to lipped channels with various cross-sectional
dimensions under uniaxial compression by varying the width (b) and thickness
(t) of the cross section. The depth of the section and lip size has been maintained
constant (h = 200 mm, c = 30 mm). The modulus of elasticity and Poisson’s ratio
has been maintained as 200,000 N/mm2 and 0.3, respectively. The length of the
member has been taken as 6000 mm for evaluating the critical global buckling
stresses. The critical stresses calculated using the present study have been compared
with CUFSM as shown in Table 1.

Fig. 5 Local buckling of the
lipped channel (L = 100 mm)

Fig. 6 Distortional buckling
of the lipped channel
(L = 1000 mm)
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Fig. 7 Global buckling of
the lipped channel
(L = 10,000 mm)
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The critical global buckling stress predicted by both the programs is identical for
all the cross-sectional dimensions compared. The critical local and distortional
buckling predictions by the present study are lower bound to CUFSM for majority
of the cross-sectional dimensions compared. The maximum variation in distortional
buckling prediction is less than 20%, whereas in the case of local buckling the
maximum variation is less than 10%.

The newly developed program (TWLIGHT-IITM) validated for lipped channel
cross section is applicable for buckling stress prediction of any thin-walled open
section. Currently, the program is having features similar to finite strip software,
CUFSM. But new methods like GBT and spline finite strip method will be added to
the formulation in future. The proposed finite strip program is a utility for Indian
designers for evaluating elastic buckling stresses applicable to DSM as per IS 801
revised code (to be released).

4 Conclusion

A finite strip formulation for the buckling analysis of cold-formed steel sections has
been developed in the present study. The formulation incorporated in a software is
capable of effectively capturing the signature curve of cold-formed steel section
under uniaxial compression and flexure, and the results compare well with the
existing finite strip software, CUFSM. Also, the decomposition of general buckling
modes into pure local, distortional, and global buckling is performed by the present
software. The pure buckling modes calculated for a range of cross-sectional
dimensions are comparable with the existing finite strip software. This finite strip
software is proposed to be used for the DSM design of cold-formed steel members
using the new IS 801 code.
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Improved Sparse High-Dimensional
Model Representation Based on Least
Absolute Shrinkage and Selection
Operator

Tanmoy Chatterjee and Rajib Chowdhury

Abstract The increasing complexity of real-time problems has posed a perpetual
challenge to existing simulation models. In particular, such models governing any
physical system usually entail long hours of simulation, making them computa-
tionally intensive for large-scale problems. In order to mitigate this issue, a novel
computational tool has been developed for efficient stochastic computations. The
proposed model has been developed by two-tier improvement of the existing
approximation techniques. As the first improvement, Kriging (Dubourg et al., in
Probab Eng Mech 33: 47–57, 2013, [1]) has been incorporated within
high-dimensional model representation (HDMR) (Li et al., in J Phys Chem A
110:2474–2485, 2006, [2]) model so as to enhance approximation capabilities in
terms of accuracy. Second, least absolute shrinkage and selection operator
(LASSO) (Tibshirani, in 1996, J. R. Stat. Soc. B 58:267–288, [3]) has been utilized
and integrated with the refined model so as to construct a sparse HDMR approx-
imation, eventually leading to reduced computational complexity. Implementation
of the proposed approach has been demonstrated with two analytical benchmark
examples and a 25-element space truss problem.

Keywords Kriging � HDMR � LASSO � Sparse � Stochastic

1 Introduction

The computational effort associated with uncertainty quantification of engineering
systems has been one of the prime concerns over the years. In order to mitigate the
problem of computational intensiveness, the concept of surrogate modelling has
been originated [4]. Surrogate modelling is a technique of approximating the

T. Chatterjee � R. Chowdhury (&)
Department of Civil Engineering, IIT Roorkee, Roorkee 247667, India
e-mail: rajibfce@iitr.ac.in

T. Chatterjee
e-mail: tanmoydce88@gmail.com

© Springer Nature Singapore Pte Ltd. 2019
A. Rama Mohan Rao and K. Ramanjaneyulu (eds.), Recent Advances in Structural
Engineering, Volume 1, Lecture Notes in Civil Engineering 11,
https://doi.org/10.1007/978-981-13-0362-3_32

405

http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-13-0362-3_32&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-13-0362-3_32&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-13-0362-3_32&amp;domain=pdf


underlying computational model in a sample space, thereby reducing the simulation
time significantly.

Among these techniques, high-dimensional model representation (HDMR) is
one of the most promising dimension reduction approaches [5]. HDMR has evolved
as a general set of quantitative assessment and analysis tools for capturing the
high-dimensional relationship between the model input and its output. However,
many of the existing forms of HDMR suffer from several drawbacks [6]. In
high-dimensional complex systems, the standard HDMR models, i.e. cut-HDMR
and random sampling HDMR (RS-HDMR), constructed over the whole functional
space has been observed to be deficient in accurately capturing the input–output
relationship [7].

Therefore, the primary objective of this work has been towards the formulation
of a refined HDMR model operable in high-dimensional functional space. The
following improvements have been performed on existing HDMR model: First,
Kriging [8] has been incorporated with the HDMR model so as to achieve local
refinements and improve its approximation capabilities. Second, least absolute
shrinkage and selection operator (LASSO) [3] has been integrated within the
refined model so as to construct sparse HDMR approximation at a much reduced
computational cost.

The rest of the paper has been organized in the following sequence. Section 2
describes the formulation of the proposed methodology. In Sect. 3, numerical
investigation has been carried out. Two analytical benchmark examples have been
solved by utilizing the proposed approach in Sect. 3.1. In Sect. 3.2, a 25-element
space truss has been investigated. Finally, some conclusions have been drawn in
Sect. 4 based on the present study carried out.

2 Methodology

2.1 High-Dimensional Model Representation

HDMR approximates multivariate functions in such a way that the component
functions of the approximation are ordered starting from a constant and gradually
approaching towards multivariance as we proceed along the terms like first order,
second order and so on. Let i ¼ i1; i2; . . .; iNð Þ 2 N

N
0 be a multi-index with

ij j ¼ i1þ i2þ � � � þ iN , and let N � 0 be an integer. Considering x ¼
x1; x2; . . .; xNð Þ be a N-dimensional vector, representing the input variables of a
structural system, HDMR expresses the response function g xð Þ [9] as

g xð Þ ¼
XN
ij j¼0

gi xið Þ ð1Þ
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Definition 1 Two subspace A and H in Hilbert space are spanned by basis
a1; a2; . . .; alf g and h1; h2; . . .; hmf g, respectively. If (i) H � A and (ii) H ¼ A� A?

where A? is the orthogonal complement subspace of A in H, H is termed as
extended basis and A as non-extended basis. Considering w is to be a suitable basis
of x, Eq. (1) can be expressed in terms of extended bases as

g xð Þ ¼ g0þ
XN
k¼1

XN�kþ 1

i1¼1
� � �

XN
ik¼ik�1

Xk
r¼1

(

X1
m1¼1

X1
m2¼1
� � �
X1
mr¼1

a i1i2...ikð Þir
m1m2...mr

wi1
m1
. . .wir

mr

" #) ð2Þ

where g0 is a constant term representing the zeroth-order component function or the
mean response of any response function g xð Þ. It has been observed that most
real-life problems exhibit only the lower order cooperative effect and therefore, the
higher order components in Eq. (2) can be ignored. Considering up to Mth order
component function and sth order basis, Eq. (2) can be rewritten as

ĝ xð Þ ¼ g0þ
XM
k¼1

XN�kþ 1

i1¼1
� � �

XN
ik¼ik�1

Xk
r¼1

(

Xs
m1¼1

Xs
m2¼1
� � �
Xs
mr¼1

a i1i2...ikð Þir
m1m2...mr

wi1
m1
. . .wir

mr

" #) ð3Þ

Once the unknown coefficients associated with the bases are determined, Eq. (3)
represents the basic functional form of HDMR.

2.2 Kriging

Kriging is a surrogate modelling technique in which the interpolated values are
modelled by Gaussian process governed by prior covariance [10]. Suppose x ¼
x1; x2; . . .; xNð Þ are the input variables, where x 2 D � R

N . Now assuming the
model output MK xð Þ to be a realization of a Gaussian process, one obtains

MK xð Þ ¼ bTf xð Þþ r2Z x;xð Þ ð4Þ

where bTf xð Þ ¼PP
j¼1 bjfj xð Þ is the mean value of the Gaussian process and Z x;xð Þ

is a zero mean, unit variance Gaussian process. r2 denotes the process variance.
The solution of Eq. (4) with respect to b; r2 may be obtained as [11]
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b hð Þ ¼ FTR�1F
� ��1

FR�1y ð5Þ

r2y hð Þ ¼ 1
N

y� F bð ÞTR�1 y� F bð Þ ð6Þ

where Rij ¼ R v ið Þ; v jð Þ; h
� �

is the correlation matrix of the points in the experimental

design, Fij ¼ fj v ið Þ� �
is the Vandermonde matrix and y ¼ y ið Þ; i ¼ 1; . . .;M are the

model responses at the training/sample points v ið Þ; i ¼ 1; . . .;M: The set of
hyperparameters h defines the autocorrelation R x; x0; hð Þ between two points x and
x0. The prediction of the Kriging model at a new sample xS, denoted by Ŷ xSð Þ, is a
Gaussian variable defined by a mean value lŶ and a variance r2

Ŷ
[4] as shown in

Eqs. (7) and (8), respectively.

lŶ ¼ f xð ÞTbþ r xð ÞTR�1 y� F bð Þ ð7Þ

r2Ŷ ¼ r2y 1� f xð ÞTr xð ÞT� � 0 FT

F R

� ��1 f xð Þ
r xð Þ

� 	 !
ð8Þ

where ri xð Þ ¼ R x; v ið Þ; h
� �

is the correlation between the new sample xS and the
sample points in the experimental design. The Kriging model prediction is
stochastic, i.e. the mean and variance of the prediction are obtained at any pre-
diction point. It is to be noted that the prediction variance obtained using Eq. (8) is
a local error measure and is useful for searching the regions of input with low
prediction accuracy.

2.3 Least Absolute Shrinkage and Selection Operator

LASSO represents the most fundamental augmentation of the ordinary least squares
solution which implements coefficient shrinkage and selection [3]. The sum of

squared residual loss function L b̂ kð Þ

 �

is combined with a penalty function

J b̂ kð Þ

 �

based on the l1 norm as

b̂ kð Þ ¼ argmin
b

L b̂ kð Þ

 �

þ kJ b̂ kð Þ

 �

¼ argmin
b

y� Xbk k2þ k bk k1
ð9Þ

The l1 penalty promotes sparse solutions. This also means as k increases, ele-
ments of b̂ kð Þ become zero. Due to the non-differentiability of the penalty function,
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there are no closed-form solutions to Eq. (9). Further details of the computations
related to LASSO have been provided in Sect. 2.4.

2.4 Proposed Approach

The proposed approach serves as a two-tier approximation tool. To be specific,
HDMR ensures the approximation on a global scale and Kriging accounts for the
fine deviations in the functional space. Further, in order to identify the most relevant
bases required in order to construct the surrogate model, LASSO has been inte-
grated within the above-defined model, which results in a sparse and efficient
model.

Suppose x ¼ x1; x2; . . .; xNð Þ are the input variables, where x 2 D � R
N . Now

substituting Eq. (3) in Eq. (4), the output M can be represented as

M ¼ g0þ
XM
k¼1

XN�kþ 1

i1¼1
� � �

XN
ik¼ik�1

Xk
r¼1

( 

Xs
m1¼1

Xs
m2¼1
� � �
Xs
mr¼1

a i1i2...ikð Þir
m1m2...mr

wi1
m1
. . .wir

mr

" #)!

þ r2Z x;xð Þ

ð10Þ

Alternatively, Eq. (10) can be represented as

d ¼waþ e ð11Þ

where d is the difference between response at the sample point and the mean
response and w 2 R

mxp. It is also assumed that

E ei½ � ¼ 0; E eiej
� 
 ¼ r2Rij ð12Þ

where Rij is the i; jð Þth element in the covariance matrix R. E 	ð Þ, used in Eq. (12),
denotes expectation operator. Equation (12) can be expressed in matrix form as

E e½ � ¼ 0; E eeT
� 
 ¼ r2R ð13Þ

Primarily, the errors are assumed to be uncorrelated and have the same variance
such that R ¼ I, and maximum likelihood estimate of the parameter is the least
square solution a
, obtained as

a
¼ wTw
� ��1

wTd ð14Þ
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The maximum likelihood estimate of the variance is obtained as

r2 ¼ 1
m

d�wa
ð ÞT d�wa
ð Þ ð15Þ

Now, the errors are assumed to be uncorrelated and have different variance such
that E eiei½ � ¼ r2i and E eiej

� 
 ¼ 0 for i 6¼ j. In this case, the covariance matrix and
the weight matrix WK are defined as

R ¼ diag
r21
r2

; . . .;
r2m
r2

� �
ð16Þ

WK ¼ diag
r
r1

; . . .;
r
rm

� �
ð17Þ

Comparing Eqs. (16) and (17), it is implied that W2
K¼ R�1: The weighted

observations ~d ¼WKd ¼WKd aþ~e have been observed to satisfy the relations in
Eq. (18) [12].

E ~e½ � ¼ 0; E ~e~eT
� 
 ¼WKE eeT

� 

WT

K ¼ r2I ð18Þ

From Eq. (18), the transformed set of observations is observed to satisfy the
assumptions depicted in Eq. (13) and it follows that a
 and r can be found
by replacing w; d in Eqs. (14) and (15) by WKw; WKd, respectively.
Hereafter, one can very easily obtain the weighted normal equations as shown in
Eqs. (19) and (20)

wTR�1w
� �

a
 ¼ wTR�1d ð19Þ

r2¼ 1
m

d� wa
ð ÞTR�1 d� wa
ð Þ ð20Þ

In general, the correlation parameters h are a priori unknown. The optimal
parameters have been obtained by maximum likelihood estimate [13]. The objective
function to be minimized is shown in Eq. (21).

fML hð Þ ¼ 1
N
log R hð Þj j þ log dTR hð Þ�1d


 �
ð21Þ

Alternatively, Eq. (19) can be represented as shown in Eq. (22)

B a ¼ C
where, B ¼ wTR�1w; C ¼ wTR�1d; a ¼ a
 ð22Þ
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On obtaining the form as defined by Eq. (22), the unknown coefficients have
been determined. The estimate â as illustrated in Eq. (23) is equivalent to the
LASSO estimate

â ¼ argmin
Xl
i¼1

Xd
j¼1

ajBij � Ci

 !2

þ k
d

Xd
j¼1

aj
�� �� !2

ð23Þ

where k is the Lagrange multiplier and Eq. (23) imposes the constraintPd
j¼1 aj
�� ��
 �2

=d�K1: The expectation–maximization (EM) algorithm utilized to

determine the unknown coefficients has been demonstrated below.

At each step s, the EM algorithm estimates the optimal parameters k sð Þ
j of the

Bayes prior based on the estimate a s�1ð Þ
j , and then maximizes the posterior to

evaluate the current estimate a sð Þ
j . a; kð Þ have been parameterized to c; dð Þ in order

to avoid divergent solutions, which yields

d sþ 1ð Þ2
j ¼ dc sð Þ2

jPd

k¼1 c
sð Þ2
k

c sþ 1ð Þ ¼ diag d sþ 1ð Þ

 �

BTB diag d sþ 1ð Þ

 �

þ kI

 ��1

�diag d sþ 1ð Þ

 �

BTC

ð24Þ

where cj ¼
ffiffiffi
kj
k

q
aj and dj ¼

ffiffiffi
k
kj

q
; j ¼ 1; . . .; d. Thus, the unknown coefficients can

be evaluated iteratively by utilizing Eq. (24). For easy understanding of the readers,
the proposed approach has been briefly summarized in algorithm 1.

Algorithm 1: Pseudocode for the proposed approach

1: Input the variable bounds and distributional parameters. Generate sample points within the
outer limits and evaluate actual response
2: Normalize the variables
3: g0  1

n

P
n
g xsð Þ

4: for i ¼ 1 : n
di  g xið Þ � g0

end for

5: w w x1ð Þ w x2ð Þ � � � w xNð Þ� 
T
6: d d1 d2 � � � dn½ �T
7: R diag r21

r2 ; . . .;
r2m
r2


 �
8: WK  diag r

r1
; . . .; r

rm


 �
9: Minimize objective function Eq. (21) to determine the correlation parameter
10: B wTR�1w; C wTR�1d

(continued)
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(continued)

11:
c sþ 1ð Þ  diag d sþ 1ð Þ


 �
BTB diag d sþ 1ð Þ


 �
þ kI


 ��1
� diag d sþ 1ð Þ


 �
BTC

12: Construct ĝ xð Þ using c (the parameterized unknown coefficients)
13: Evaluate response using ĝ xð Þ

3 Numerical Examples

This section has been bifurcated into two portions, the first containing two ana-
lytical examples and the second containing a finite element (FE) model of a
25-element space truss. The performance of the proposed approach has been rep-
resented in the form of probability density function (PDF) plot of responses. Results
obtained using the proposed approach have been validated with that of full-scale
Monte Carlo simulation (MCS). Comparison of the proposed approach has also
been carried out w.r.t HDMR and Kriging in case of the analytical examples.

Out of the various available uniform and non-uniform sampling techniques,
Latin hypercube sampling [14] has been utilized. Gaussian correlation function has
been utilized in Kriging [15]. For all of the examples investigated, various error
metrics have been evaluated, in order to access the performance of the proposed
approach. The use of such statistical metrics is quite recurrent in the literature in
order to access the performance of computational models in terms of their pre-
diction accuracy.

3.1 Analytical Examples

Two nonlinear test functions have been selected in order to investigate the per-
formance of the proposed approach. The description of the problems and random
variables have been provided in Tables 1 and 2, respectively. The number of
sample points utilized has been reported in Table 3.

Table 1 Description of the analytical test problems

Name Function

Ishigami function [17] f xð Þ ¼ sin x1ð Þþ a sin2 x2ð Þþ bx43 sin x1ð Þ ;
a ¼ 7; b ¼ 0:1; �p� x� p

30-D function [18]
f xð Þ ¼Pn

i¼1
x2i þ

Pn
i¼1

1=2ð Þixi
� �2

þ Pn
i¼1

1=2ð Þixi
� �4

;

i ¼ 1; 2; . . .; n ; n ¼ 30
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The results of the two problems obtained have been represented in Figs. 1, 2 and
Tables 4, 5. Good agreement with that of MCS reveals accurate performance of the
proposed approach. On comparing the performance of PA, w.r.t Kriging and
HDMR, it has been observed that PA performs well, especially in Ishigami function
(refer Table 4), where both Kriging and HDMR fail to accurately the capture the
nonlinearity in the functional space. In case of the 30-D function, it can be observed
from Table 5 that HDMR performs the best; however, the performance of PA is
worth mentioning as the difference in error metrics obtained seems to be quite less.
The performance of PA in approximating a highly nonlinear function and a
high-dimensional problem is observed to be good in terms of accuracy. Further, in
order to illustrate the computational efficiency of PA, an FE model of a 25-element
space truss is solved in the next section.

Table 2 Description of the
random variables

Function Distribution Parameters

Ishigami function Uniform �p;p½ �
30-D function Uniform 1; 5½ �

Table 3 Number of sample
points utilized

Function No. of samples

Ishigami function 256

30-D function 3000

Fig. 1 Response PDF for
Ishigami function
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3.2 FE Model of a 25-Element Space Truss

A 25-element space truss [16] as shown in Fig. 3 has been considered in this
section. The truss structure consisting of 10 nodes and 25 elements is subjected to
seven loads (for details refer [16]). All the loads acting on the truss structure have
been considered to be random. Furthermore, the cross-sectional area of all 25
members Ai, i = 1–25 and Young’s modulus Eð Þ have been considered to be
random. As a result, there are 35 random variables in this problem. The description
of the random variables has been provided in Table 6. Stochastic response analysis
has been carried out in terms of maximum nodal displacement of the truss.

Fig. 2 Response PDF for
30-D function

Table 4 Comparison of the
error metrics for Ishigami
function

Approach R2 RMSE E (%) [19]

PA 0.992 0.331 6.496

Kriging 0.651 2.199 43.118

HDMR 0.505 2.620 51.356

Table 5 Comparison of the
error metrics for 30-D
function

Approach R2 RMSE E (%) [19]

PA 0.996 9.843 � 105 2.222

Kriging 0.975 2.603 � 106 5.878

HDMR 0.998 7.429 � 105 1.677
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Good agreement with MCS illustrates robust performance of PA in terms of
accuracy (refer Fig. 4 and Table 7). The number of sample points utilized for PA is
3000, which is significantly less than that of MCS Ns ¼ 3� 104ð Þ. This illustrates
the computational efficiency of PA with excellent accuracy achieved.

Fig. 3 Twenty-five element
space truss

Table 6 Description of the
random variables

Variable Unit Distribution Parameters

P1 lb Gumbel Mean = 1000
cov = 0.1

P2–P5 lb Gumbel Mean = 10,000
cov = 0.1

P6 lb Gumbel Mean = 500
cov = 0.1

P7 lb Gumbel Mean = 600
cov = 0.1

E ksi Beta Mean = 10,000
cov = 0.1

A1–A25 sq.in Uniform [0.5, 2.0]
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4 Conclusion

In this work, a novel computational model for stochastic computations has been
proposed. The potential of the proposed model both in terms of approximation
accuracy and computational effort has been well illustrated through the numerical
study carried out. Some of the highlights of the proposed method have been
summarized below:

• The proposed model is non-intrusive in nature, which allows a broad class of
problems to be addressed.

• PA is flexible to be utilized with any sampling strategies.
• The two-tier approximation framework of the proposed model enhances the

ability to capture nonlinear functional space adequately.
• LASSO enables the proposed approach to construct a sparse model, which

results in lesser computational complexity w.r.t respective full model.

Fig. 4 Comparison of
response (maximum
displacement in inches) PDF
obtained by PA Ns ¼ 3000ð Þ
w.r.t MCS Ns ¼ 3� 104ð Þ

Table 7 Error metrics
obtained by PA Ns ¼ 3000ð Þ R2 RMSE E (%) [19]

0.9637 0.0216 2.9746
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Reliability-Based Design Optimization—
A Hybrid PCFE-Based Approach

Souvik Chakraborty and Rajib Chowdhury

Abstract This paper presents a novel approach for reliability-based design opti-
mization. The proposed approach facilitates a novel surrogate modelling technique,
referred to as hybrid polynomial correlated function expansion (H-PCFE), for
reliability analysis and a particle swarm optimization for solving the optimization.
H-PCFE performs a bi-level approximation: first on a global scale by using poly-
nomial correlated function expansion and second on a local scale by using Kriging.
Application of the proposed approach has been illustrated with three numerical
examples. For all the problems, the proposed approach is found to yield excellent
results, outperforming popular approaches available in literature. Moreover, the
computational effort associated with the proposed approach, as indicated by
the number of actual function evaluations, is significantly low which indicates the
possible application of the proposed approach for large-scale problems.

Keywords RBDO � H-PCFE � PCFE � Kriging

1 Introduction

Reliability-based design optimization (RBDO) is an important prototype for per-
forming optimization in the presence of uncertainties. The basic goal of RBDO is to
ensure that the configuration obtained at the end of the optimization loop is reliable.
To this end, an additional constraint, describing the reliability of the system, is
introduced into the optimization framework. An RBDO problem reads [1]
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arg min
x2R

f xð Þ
gi xð Þ� 0; i ¼ 1; 2; . . .; nie

s.t. gpi xð Þ� gthreshold; i ¼ 1; 2; . . .; np
hj xð Þ ¼ 0; j ¼ 1; 2; . . .; ne

ð1Þ

where f xð Þ represents the objective function, gi xð Þ represents the equality con-
straints, gpi xð Þ represents the probabilistic constraints and hj xð Þ represents the
equality constraints. nie, np and ne, respectively, denote the number of inequality
constraints, number of probabilistic constraints and number of equality constraints.

Solving Eq. (1) described above entails solving a reliability analysis problem. It
is well established that solution of an RBDO problem is heavily dependent on the
methods used for reliability analysis. The methods for RBDO, available in litera-
ture, can be broadly classified into two groups: (A) first-order reliability method
(FORM)-based RBDO techniques [2, 3] and (B) surrogate-based RBDO techniques
[4]. The FORM-based RBDO techniques are again categorised into three cate-
gories, namely (a) double-loop approach [2], (b) single-loop approach [3] and
(c) decoupled approach [5]. As the name suggests, double-loop approach uses two
loops coupled with each other for solving the RBDO problem. Two parallel
approaches namely reliability index-based approach and probability measure-based
approach are available for double-loop approach [2]. Nonetheless, the double-loop
approach is computationally inefficient. In order to address this issue, the other two
variants have emerged. However, all the three approaches rely on the FORM for
performing reliability analysis and hence, results obtained for high-dimensional and
highly nonlinear problems are often erroneous. Due to this reason, the other pos-
sible alternative that is the surrogate-based RBDO technique has emerged. The
basic idea of this approach is to utilise surrogate models for the reliability analysis.
Naturally, choice of surrogate model becomes extremely important for this
approach. Surrogate models that have been used for RBDO are Kriging [4] and
least square based response surface method [6]. However, as already demonstrated,
Kriging-based approach requires significantly more sample points [7] making the
procedure inefficient. On the other hand, the least square based response surface
approach yields satisfactory results only for linear and weakly nonlinear systems.

In order to address the above-mentioned issues, a hybrid polynomial correlated
function expansion (H-PCFE)-based RBDO approach has been proposed in this
paper. H-PCFE [8, 9] is a novel surrogate model recently proposed by the authors.
Unlike conventional surrogates, H-PCFE performs a bi-level approximation: first
on a global scale by using the PCFE [10–14] and second on a local scale by using
Kriging [15]. As a consequence, accuracy is significantly enhanced. In this paper,
the H-PCFE has been coupled into a conventional particle swarm optimization
(PSO) tool. While H-PCFE is used for performing the reliability analysis, opti-
mization is performed by using the PSO. As a consequence, the computational
effort associated with the RBDO problem is significantly reduced.

The rest of the paper is organised as follows. In Sect. 2, the basic formulation of
H-PCFE has been provided. In Sect. 3, the proposed approach for RBDO has been
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presented. Section 4 presents three numerical examples to illustrate the perfor-
mance of the proposed approach. Comparison with other state-of-the-art techniques
has also been presented. Finally, Sect. 5 presents the concluding remarks.

2 H-PCFE

Suppose, x ¼ x1; x2; . . .; xNð Þ are the input variables, where x 2 D � R
N . In

H-PCFE, the output M H�PCFEð Þ can be represented as

M H�PCFEð Þ ¼ g0 þ
XM
k¼1

XN�kþ 1

i1¼1

� � �
( 

XN
ik¼ik�1

Xk
r¼1

Xs
m1¼1

Xs
m2¼1

� � �
"

Xs
mr¼1

a i1i2...ikð Þir
m1m2...mr

wi1
m1
. . .wir

mr

)!
þ r2Z x;xð Þ

ð2Þ

where g0 is a constant and referred to as zeroth-order component function. M
denotes the maximum order of component function and w denotes some suitable
basis. Writing Eq. (2) in matrix form

d ¼ waþ e ð3Þ

where d is the difference between response at the sample point and the mean
response and w 2 R

mxp. If the errors are assumed to be uncorrelated and have the
same variance such that R ¼ I, and maximum likelihood estimate of the parameter
is the least square solution a�, obtained as

a� ¼ wTw
� ��1

wTd; ð4Þ

the maximum likelihood estimate of the variance is obtained as

r2 ¼ 1
m

d� wa�ð ÞT d� wa�ð Þ ð5Þ

Now extending the above concept for uncorrelated errors having different
variances such that E eieið Þ ¼ r2i and E eiej

� � ¼ 0 for i 6¼ j

wTR�1w
� �

a� ¼ wTR�1d ð6Þ
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r2 ¼ 1
m

d� wa�ð ÞTR�1 d� wa�ð Þ ð7Þ

where WK ¼ diag r
r1
; . . .; r

rm

� �
.

Equation (6) can be written in a matrix form as

B a ¼ C ð8Þ

where B ¼ wTR�1w; C ¼ wTR�1d; a a�. Since H-PCFE employs extended bases
[9] as already shown in Eq. (2), matrix B has identical rows. These are redundants
and can be removed. Removing the redundants, one obtains

B0a ¼ C0 ð9Þ

where B0 and C0 correspond to B and C, respectively, after removing the redundant
equations. Equation (9) represents a set of underdetermined equations, and natu-
rally there exists an infinite solution given as

a ¼ B0ð Þ�1C0 þ I� B0ð Þ�1B0
� �

v sð Þ ð10Þ

where B0ð Þ�1 denotes the generalised inverse of B0 that satisfies partially or com-
pletely all four Penrose conditions [16]. I represents an identity matrix of dimen-
sions q� q.

Out of all the possible solutions for Eq. (10), the solution that minimises the
least squared error and satisfies the hierarchical orthogonality of the component
functions [10] is termed as the ‘best’ solution.

In H-PCFE, homotopy algorithm [17–20] is employed to determine the ‘best’
solution. Employing homotopy algorithm, the ‘best’ solution is obtained as

a�HA ¼ Vq�r UT
q�r
Vq�r

� ��1
UT

q�r

� �
B0ð ÞyC0 ð11Þ

where

PWHA ¼ U
Ar 0
0 0

� �
VT ð12Þ

and

P ¼ I� B0ð ÞyB0 ð13Þ
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B0ð Þy in Eq. (13) is the generalised inverse of B0 satisfying all four Penrose
conditions. WHA in Eq. (12) is the weight matrix utilised for formulating the
objective function in homotopy algorithm. For details regarding the formulation of
weight matrix, interested readers may refer [10, 21]. For details regarding homo-
topy algorithm, interested readers may refer [17–20].

Once the unknown coefficient vector a�HA is determined, the prediction mean and
prediction variance are given as

l xð Þ ¼ g0 þMa�HA þ r xð ÞR�1 d�Wa�HA
� � ð14Þ

and

s2 xð Þ ¼ r2 1� r xð ÞR�1r xð ÞT þ 1�WTR�1r xð ÞT� �
WTR�1W

 !
ð15Þ

where

M ¼ w1 xp
� �

;w2 xp
� �

; . . .
� � ð16Þ

at the prediction point xp and

r xð Þ ¼ R xp; x1
� �

;R xp; x2
� �

; . . .
� � ð17Þ

3 H-PCFE-Based RBDO Framework

H-PCFE described in the previous section provides an efficient means to represent
the constraint functions in a RBDO problem and perform reliability analysis. As for
the objective function(s), it is generally not necessary to employ H-PCFE since the
objective functions are more or less simple. However, as a special case, if the
objective function of a RBDO problem involves stochastic computations, it is
possible to employ H-PCFE by using the same procedure. One such problem is
presented in example 3 of this paper.

There exist multiple alternatives for formulating an RBDO framework by using
the H-PCFE. The obvious option is to represent the constraint by using H-PCFE at
each optimization step. However, such an approach is computationally inefficient.
In this work, an alternative approach has been adopted. The basic idea of the
proposed approach is to first generate a single H-PCFE-based surrogate and sub-
sequently update it based on local refinement. The different steps involved in the
proposed approach are as follows:

Step 1: Input the statistical properties of the input parameters. Also provide number
of particles, number of iteration count and technology parameter.

Reliability-Based Design Optimization … 423



Step 2: Using the H-PCFE, generate approximate functions for the probabilistic
constraint(s).
Step 3: Randomly initialize the position and velocity of the particles.
Step 4: For each particle, perform the followings steps (for the probabilistic
constraints):

(a) Generate random numbers corresponding to each input variable.
(b) Predict response using the H-PCFE model. Also, predict error in prediction

(Eq. 15).
(c) Identify the sample points corresponding to which prediction error is signifi-

cant. Place additional points in the vicinity of those points. Update the H-PCFE
model.

(d) Compute the probability of failure and hence, the probabilistic constraints.
(e) Compute other deterministic constraints as well.

Step 5: If for each particle, all the constraints are satisfied, proceed. Else, go to
step 3.
Step 6: For each particle, calculate fitness value. If fitness value is better than the
best fitness value in history, repeat Step 4 to check whether the constraints are
satisfied. If constraints are satisfied, set the current value as the best value (pbest).
Step 7: For each particle, choose the particle with the best pbest as the gbest.
Step 8: Calculate particle velocity and particle position.
Step 9: Increment iteration count by 1.
Step 10: iteration > maximum iterations, go to step 5.

4 Numerical Examples

In this section, three numerical examples are presented to illustrate the performance
of the proposed approach. For all the examples, only a second-order H-PCFE model
and a third-order basis have been used. As for the stochastic part of H-PCFE,
Gaussian covariance function has been used due to its superior performance [22].
The sample points required for H-PCFE have been generated by using the
sequential experimental design scheme based on optimal Latin hypercube sampling.
Further details of this scheme can be found in [1].

Results obtained using the proposed approach have been validated against brute
force optimization performed by using Monte Carlo simulation (MCS) with PSO.
Additionally, comparison with results obtained using other state-of-the-art tech-
niques has been presented to illustrate the superior performance of the proposed
approach.
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4.1 A Highly Nonlinear Test Function

In this example, a two-dimensional mathematical problem first proposed by Lee and
Jung [23] has been considered. The typicality resides in the probabilistic counter-
part of this problem. The two performance functions involved are

g1 xð Þ ¼ �x1 sin 4x1ð Þ � 1:1x2 sin 2x2ð Þ ð18Þ

g2 xð Þ ¼ x1 þ x2 � 3 ð19Þ

where x represents the realisation of the random vector X composed of two inde-
pendent Gaussian random variables with standard deviation r ¼ 0:1. For solving
the RBDO problem, the mean of the random variables is considered to be the
design variables. The objective function for this problem reads

c dð Þ ¼ l1 � 3:7ð Þ2 þ l2 � 4ð Þ2 ð20Þ

The problem domain is restrained to the following hyper-rectangular design space:

D ¼ 0; 3:7½ 	 � 0; 4½ 	 ð21Þ

The probabilistic constraints associated with this problem are

P g1 X dð Þð Þ� 0½ 	 �U �bð Þ ð22Þ

P g2 X dð Þð Þ� 0½ 	 �U �bð Þ ð23Þ

where b represents the generalised reliability index. For both the probabilistic
constraints,

b ¼ 2 ð24Þ

has been considered.
Results obtained using the proposed approach have been presented in Table 1. It

is observed that the results obtained using the proposed approach are almost
identical to the benchmark solution. Additionally, the number of sample points
required using the proposed approach is significantly less as compared to other
state-of-the-art methods.

Table 1 Comparative results for the nonlinear function

Method l1 l2 Cost ba1 ba2 g1=g2 - call

Brute Force 2.79 3.28 1.34 2 1 107

PMA 2.82 3.30 1.26 1.67 >8 296

PMA-Kriging 2.82 3.30 1.26 1.67 >8 90

Meta-RBDO 2.81 3.25 1.35 2 >8 80/10

H-PCFE RBDO 2.8 3.27 1.34 2 1 32/12

Reliability-Based Design Optimization … 425



4.2 Euler Buckling of Straight Column

In this example, the well-known Euler buckling of straight column [1] problem has
been considered. The underlying problem involves three random variables and two
design variables. The objective is to minimise the overall cross-sectional area, i.e.

f xð Þ ¼ lblh ð25Þ

The problem is subjected to a probabilistic constraint defined in terms of the
buckling load. Hence, the performance function of the system is

g1 xð Þ ¼ p2Ebh3

12L2
� p2lEl

0ð Þ
b l 0ð Þ3

h

12L2
ð26Þ

where E, b and h are the random variables with mean lE, lb and lh. The details
regarding the random variables are provided in Table 2. The probabilistic constraint
reads

P g1 xð Þð Þ�U �bð Þ ð27Þ

where b denotes the generalised reliability index. For this problem,

b ¼ 3 ð28Þ

has been considered. Additionally, one deterministic constraint, as shown in
Eq. (29), is also involved with this problem

g2 xð Þ ¼ lh � lb � 0 ð29Þ

Proposed approach has been employed for RBDO of the above-mentioned
problem. Results obtained have been shown in Table 3. In the absence of result
obtained using the other state-of-the-art RBDO techniques, only the results obtained
using the proposed approach and brute force approach (benchmark solution) have
been shown. It is observed that the results obtained using the proposed approach are
almost identical to the benchmark solution. Additionally, number of sample points
required using the proposed approach is significantly less as compared to the
benchmark solution.

Table 2 Statistical
parameters for Euler buckling
problem

Variable Distribution Mean COV

E (MPa) Lognormal 10,000 15%

b (mm) Lognormal lb 5%

h (mm) Lognormal lh 5%

L (mm) Deterministic 3,000 –
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4.3 A Short Column Under Oblique Bending

The last example considered involves a short column under oblique bending. This is
a well-known example that has been widely used for RBDO problems. It is inspired
by the article by Royset et al. [5].

The structure under consideration is a short column with rectangular cross
section b� h. It is subjected to two moments M1 and M2 and an axial force P. The
system described above is referred to as oblique bending because of the rotation of
the neutral axis, as illustrated in Fig. 1. According to the actual reference, the
performance function describing the ultimate serviceability of the column is given
as

g xð Þ ¼ 1� 4M1

bh2ry
� 4M2

b2hry
� P

bhry

� 	2

ð30Þ

Equation (30) is obtained by assuming the constitutive material to be having an
elastic-perfectly plastic behaviour. The stochastic model considered involves six
independent random variables. Statistical properties of the random variables are
given in Table 4. Similar to the previous example, lb and lh are considered to be
the design variables.

The objective function of this problem is given as

c dð Þ ¼ c0 dð Þþ pf dð Þcf dð Þ
¼ c0 dð Þ 1þ 100pf dð Þð Þ
¼ lblh 1þ 100pf dð Þð Þ

ð31Þ

Table 3 RBDO results for
Euler buckling of column
problem

Method l1 l2 g1 - call

Brute force 231 231 107

H-PCFE RBDO 230.8 231.1 64

Fig. 1 Short column under
oblique bending
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where pfcf is the expected failure cost which, in this case, is considered to be
proportional to the construction cost c0. The search for the optimal designs is
subjected to the following geometric constraints:

1
2
� lb

lh
� 2 ð32Þ

and

100� lb; lh � 1000 ð33Þ

The minimum reliability index is considered to be 3.
Proposed approach has been employed for RBDO of the above-mentioned

problem. Results obtained have been tabulated in Table 5. Similar to the first
example, results obtained have been compared with that obtained using other
state-of-the-art techniques. It is observed that the proposed framework yields
excellent results outperforming other methods in both accuracy and efficiency.

5 Conclusions

In this paper, a novel approach for reliability-based design optimization (RBDO)
has been presented. The proposed approach facilitates a novel surrogate model,
referred to as hybrid polynomial correlated function expansion (H-PCFE) for

Table 4 Probabilistic model for short column subjected to oblique bending

Variable Distribution Mean COV

M1 (N.mm) Lognormal 250� 106 0.3

M2 (N.mm) Lognormal 125� 106 0.3

P (N) Lognormal 2:5� 106 0.2

ry (MPa) Lognormal 40 0.1

b (mm) Normal lb 0.01

h (mm) Normal lh 0.01

Table 5 Comparative results for the beam subjected to oblique bending

Method lb lh Cost ba1 g1 - call

Brute Force 359 556 2:15� 105 3.1 19� 106

DSA 372 449 2:15� 105 3.38 4� 106

Nested FORM 399 513 2:12� 105 3.38 9472

Meta-RBDO 358 560 2:15� 105 3.32 70

H-PCFE RBDO 360 557 2:15� 105 3.16 48
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reliability analysis and particle swarm optimization for solving the optimization. It
is argued that coupling H-PCFE into the optimization framework significantly
reduces the computational cost without affecting the accuracy. Additionally, a
scheme to update the generated H-PCFE model has also been proposed in this
work.

Performance of the proposed approach for RBDO has been illustrated with three
numerical examples. For all the examples, the proposed approach yields highly
accurate results. Additionally, the computational effort as indicated by the number
of actual function evaluations has also been reduced significantly.
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Numerical Modeling of Spalling in High
Strength Concrete at High Temperature

Patnayakuni Ravi Prakash and Gaurav Srivastava

Abstract High strength concrete (HSC) is predominantly used in high-rise rein-
forced concrete buildings. While excellent from strength point of view at room
temperature, HSC is known to be prone to spalling, when exposed to high tem-
peratures (e.g., in case of a fire). Fire resistance evaluated from building codes
(CEN in Design of concrete structures. Part 1–2: general rules—structural fire
design, Eurocode-2, Brussels, 2004; Bureau of Indian Standards in Indian code of
practice for fire safety of buildings (General): details of construction code of
practice. IS-1641, New Delhi, 1989) [1, 2] and simulation-based studies typically
does not consider the effects of spalling. To alleviate these difficulties, a 2-D
hydrothermal model has been developed for predicting the extent of spalling in
HSC. The numerical model evaluates pore pressure inside the concrete as a function
of time using the laws of thermodynamics. Spalling is said to occur when the pore
pressure built-up within concrete exceeds its tensile strength. The model depends on
several parameters such as permeability, initial moisture content, and thermome-
chanical properties of concrete. All of these parameters are considered by the model
through a two-way coupling between the pore pressure analysis and thermal
analysis, both implemented using the finite element method. Validity of the
numerical example is established by comparing the spalling predictions obtained
from the numerical model against standard experiments available in the literature.
Parametric studies have also been performed using the numerical model to quantify
the effects of model parameters such as permeability, grade of concrete, and type of
fire scenario on the prediction of spalling.
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1 Introduction

Reinforced concrete structures are extensively utilized as load-bearing mechanisms
in residential, office, and industrial buildings. In addition to the usual service loads,
these buildings carry the risk of being exposed to fire during their design life.
Hence, quantification of their response against fire is vital. In recent years, use of
high strength concrete in structural engineering applications like high-rise build-
ings, bridges, etc. has increased significantly. This is mainly due to economic and
architectural advantages associated with HSC compared to conventional normal
strength concrete (NSC). For performance-based design of these HSC structures,
understanding the behavior of HSC at elevated temperatures is vital. Concrete
structures, in general, exhibit good fire resistance compared to steel and timber
structures. However, they are prone to explosive spalling which enhances the risk of
structural collapse during fire. Previous studies on spalling in concrete structures [3,
4] revealed that HSC structures are more prone to spalling compared to NSC when
subjected to rapid heating. HSC is characterized by high density, high strength, and
low permeability and hence, it is more susceptible to spalling at elevated temper-
atures. Spalling occurs due to the accumulation of built-up pore pressure inside
concrete. Low permeability and high density of HSC can cause internal pore
pressures of as high as 6 MPa. Such internal vapor pressures can be critical for
materials like concrete which possess low tensile strength and eventually result in
explosive spalling at elevated temperatures.

Fire-induced spalling is a key physical behavior which needs to be incorporated
in coupled thermomechanical analysis of concrete structures, especially for HSC,
primarily because spalling can cause significant reduction in the cross section/
thickness of the structural member which, in turn, accelerates the heat transfer to the
embedded steel rebars and eventually affects the load carrying capacity of the
structure. Experimental investigations as reported in the literature [3, 4] infer
contradictory picture of spalling mechanism as well as spalling occurrences. Many
research investigations reported explosive spalling during laboratory fire tests as
well as full-scale tests on HSC structures [5]. At the same time, there were tests on
HSC where almost no spalling has been reported [5]. The main reason for this
phenomenon is that spalling is dependent on several interdependent physical
parameters. In terms of spalling mechanisms, in-built pore pressure based and
thermal dilatation based spalling mechanisms are most widely accepted. Present
study focuses mainly on in-built pore pressure based spalling mechanism.

A very limited number of numerical models [6, 7] are available to quantify the
pore pressure across a concrete section at elevated temperatures. Aforementioned
numerical models perform combined 3-D heat and mass transfer analysis in con-
crete structures and are computationally intensive. Also, to accurately capture the
spalling phenomenon using the aforementioned numerical models, input parameters
like mass of liquid, mass of vapor, and material permeability tensor coupled with
material stiffness tensor should be known at elevated temperatures. However, some
of these parameters are not accurately defined even at room temperatures.
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To alleviate these difficulties, few researchers suggested simplified analytical
methods to predict spalling in concrete structures. Kodur et al. [8] proposed
temperature-based spalling criteria. Their spalling criteria had been developed from
the experimental observations of full-scale fire tests on HSC structures. However,
these simplified analytical methods cannot be relied upon due to the uncertainties
pertaining in spalling monitoring system. Also, the effects of parameters like grade
of concrete, permeability, porosity, etc. are not accounted for in the aforementioned
analytical method. In terms of codal provisions, very few guidelines are available
regarding spalling in concrete structures without actually integrating it into the
design philosophy. Eurocode-2 [1] provides simplified guidelines to prevent spal-
ling in concrete structures. It suggests that concrete structures with moisture content
less than 3% are not prone to spalling. However, it ignores the effects of perme-
ability and strength of concrete which can accelerate spalling phenomenon even at
low moisture contents. ACI 216.1 [9] suggests that spalling can be avoided with the
aid of polypropylene fibers in the design mix. Abovementioned guidelines are
developed on the basis of laboratory tests on small samples without accounting for
built-up pore pressure due to moisture migration. Also, abovementioned laboratory
test uses standard fire curves and does not account for design fire curves. The lack
of reasonably accurate spalling prediction framework is the principle reason for
ignoring spalling effects in building codes as well as in typical thermomechanical
analysis frameworks. Hence, a reasonably accurate, computationally efficient
framework is required for spalling prediction in concrete structures.

Pore pressure inside concrete sections can be computed in a computationally
efficient manner using a pore pressure analysis coupled to a heat transfer analysis.
The hydrothermal model is essentially derived from the laws of thermodynamics
and structural mechanics. Dwaikat and Kodur [10] developed a 1-D hydrothermal
model for pore pressure computations inside concrete structures utilizing laws of
thermodynamics and validated against standard experiments. However, parameters
like critical state of water and permeability of concrete were not addressed properly.
In the present study, utilizing the laws of thermodynamics, a-2D coupled heat
transfer pore pressure analysis framework is developed for spalling prediction in
concrete structures. Due consideration is given to critical state of water while
computing the Bazant’s isotherms [11], which are required for pore pressure
analysis. In case of permeability, a non-uniform permeability suggested by Gawin
et al. [6] is followed for realistic structures utilizing a thermomechanical solver
developed by Prakash and Gaurav [12]. Utilizing the developed framework, vali-
dation studies are performed for standard experiments available in the literature.
Also, parametric studies are demonstrated to quantify the effect of permeability and
grade of concrete on the extent of explosive spalling in HSC structures.
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2 Thermal Analysis

Thermal analysis is performed for concrete cross sections by solving the transient
heat conduction equation in 2D given by

kr2T þQ ¼ qc
@T
@t

; ð1Þ

where k is the coefficient of thermal conductivity, c is the specific heat, and q is the
mass density of the material; Q is the heat source, t represents time, and T represents
temperature. The effects of convection and radiation have been considered through
boundary conditions given by

krT � n ¼ h T � T1ð Þ; ð2Þ

where T∞ is the ambient temperature, h is the temperature-dependent combined
convective–radiative heat transfer coefficient, and n is the vector normal to the
boundary. The fire exposure of concrete structures is considered by linking T∞ with
the fire temperature. For instance, to subject a structural member to the standard fire
ASTME119 [13], T∞ is prescribed as

T1 ¼ T0 þ 750 1� exp �3:9953
ffiffiffiffi
th

pð Þð Þþ 170:41
ffiffiffiffi
th

p
; ð3Þ

where T0 is the initial ambient temperature and th is time in hours. Equation (2) is
discretized in space using four-noded bilinear quad elements and is solved using the
Galerkin method [14]. Upon spatial discretization of Eq. (2), a first-order nonlinear
ordinary differential equation in time is obtained as

MT _TþKTT ¼ F; ð4Þ

where MT is the heat capacity matrix, KT is the conductivity matrix, and F is the
heat flux vector. The generalized trapezoidal scheme in time domain is applied to
Eq. (4) which yields a system of nonlinear algebraic equations given by

MT þ sbKTð ÞTnþ 1 ¼ MT � s 1� bð ÞKTð ÞTn

þ s bFnþ 1 � 1� bð ÞFnð Þ; ð5Þ

where s is the time step, b is a constant between 0 and 1 (b � 0.5 for unconditional
stability), and the subscripts n or n + 1 represent functions being evaluated at times tn
or tn+1, respectively. Equation (5) is highly nonlinear due to temperature-dependent
material properties as well as the convective–radiative boundary conditions and is
solved iteratively using the Newton–Raphson (NR)method. The NR residual Rsn+1 at
a given time tn+1 is defined from Eq. (5) and the iterations are continued until the
residual reaches a specified relative tolerance of 10−4.
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3 Pore Pressure Analysis

To quantify the extent of spalling in concrete structures, a 2-D two-way coupled
pore pressure and heat transfer analysis needs to be performed. Two-way coupling
between thermal and pore pressure analysis is required to cater for cross-sectional
reduction due to spalling and is accounted for in the subsequent heat transfer
analysis. In the present study, the following assumptions are considered while
performing the pore pressure analysis.

• Concrete is assumed to be an isotropic continuum medium.
• Water vapor is treated as an ideal gas with due consideration to the critical state

of water in the numerical model.
• Mass transport of liquid water is ignored as permeability of liquid water in

concrete is much smaller compared to that of water vapor.
• Mass transport of water vapor through concrete is modeled using Darcy’s law.
• Spalling is assumed to occur when the built-up pore pressure exceeds the

temperature-dependent tensile strength of concrete.

Based on the abovementioned assumptions, 2-D pore pressure inside concrete is
modeled by

kpr2Pv þQp ¼ A
@Pv

@t
; ð6Þ

where kp ¼ mv
jt
l , A ¼ 1� mv

Vvql

� �
dml
dPv

þ Vvf
RT

h i
, Pv is the pore pressure, l is the

coefficient of dynamic viscosity, mv is the mass of water vapor, Vv is the volume of
water vapor, ql is the density of liquid water, f is the molar mass of water, R is the
ideal gas constant, jt is the coefficient of intrinsic permeability, and Qp is the mass
flow rate of water vapor computed using Bazant’s isotherms and can be found in
[10, 11]. The initial condition for above vapor diffusion model is given by

Pvo ¼ RhoPso ð7Þ

where Pvo is the initial pore pressure in concrete, Rho is the initial relative humidity
in concrete, and Pso is the initial saturation pressure. Equation (6) is discretized in
spatial domain using four-noded bilinear quad elements and is solved using the
Galerkin method [14]. Upon spatial discretization, a first-order nonlinear ordinary
differential equation in time is obtained as

AP _PV þKPPV ¼ FP: ð8Þ

Furthermore, a generalized trapezoidal scheme is applied to Eq. (8) and series of
nonlinear algebraic equations are obtained and are solved iteratively using NR
method as discussed in the thermal analysis. Spalling is said to occur in an element
when the built-up pore pressure exceeds temperature-dependent tensile strength of
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concrete (η.Pv� f
0
T), where η is the porosity of concrete and f

0
T is the

temperature-dependent tensile strength of concrete and is taken from constitutive
relationship proposed by Rots et al. [15].

4 Numerical Examples

This section illustrates validation studies on spalling in HSC structures. For vali-
dation studies, the following examples are considered.

• HSC block exposed to fire and
• HSC concrete beam exposed to fire.

4.1 HSC Block Subjected to Fire

An HSC block shown in Fig. 1 with specifications in Table 1 is subjected to
ASTM-E1529 fire exposure. Bilodeu et al. [16] investigated the experimental
spalling response of aforementioned HSC block (Fig. 2) exposed to a 2 h
ASTM-E1529 [6] fire. Reduced block thickness due to spalling had been measured
only at the end of experiment. 2-D hydrothermal analysis is performed for this HSC

Fig. 1 HSC block subjected
to ASTM-E1529 fire

Table 1 Specifications of
HSC block [16]

Physical property Value

jt (m
2) 1 � 10−18

qc (kg/m
3) 461

Vso (m
3) 0.96

fck (MPa) 65

Rh (%) 86
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block and temperature-dependent spalling prediction is obtained and compared
against experimental counterpart as shown in Fig. 2. The developed numerical
model is able to predict the reduction in the thickness of the block due to spalling
with reasonable accuracy.

4.2 HSC Beam Exposed to Fire

An HSC beam with specifications in Table 2 is considered. Dwaikat and Kodur
[17] experimentally characterized the spalling response history of this beam which
is subjected to a long-term design fire as shown in Fig. 3.

In case of HSC structures subjected to flexure, initial intrinsic permeability is
non-uniform depending upon the extent of mechanical damage in compression and
tension regimes. Gawin et al. [6] addressed this issue by proposing a modification
factor which is a function of damage in concrete. In the present study, mechanical
damage in concrete is quantified from the thermomechanical analysis framework
developed by Prakash and Srivastava [12] and is utilized in permeability compu-
tations. Also, spalling is assumed to occur outside of the confinement as observed
from many full-scale fire tests. Incorporating abovementioned phenomena, 2-D
hydrothermal analysis is performed for the HSC beam under consideration. Volume
of concrete spalled is compared against experimental observations as shown in
Fig. 4. The spalling response history computed by the model shows good
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Fig. 2 Reduction in block
thickness due to spalling

Table 2 Specifications of
concrete beam [17]

Physical property Value

Dimensions (mm) 254 � 406

jt (m
2) 1 � 10−18

qc (kg/m
3) 513

Vso (m
3) 0.929

fck (MPa) 93.3

Rh (%) 86

Clear cover (mm) 38
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agreement with the experimental observations. Further, parametric studies are
performed to study the effects of intrinsic permeability and grade of concrete on the
response of this beam, as shown in Figs. 5 and 6. Parametric studies indicate that
intrinsic permeability and grade of concrete have a significant effect on spalling
response of concrete structures under fire.
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5 Conclusions

A simplified framework for the prediction of the spalling response of HSC struc-
tures at elevated temperatures has been developed. The developed framework
considered two-way coupling between thermal and pore pressure analysis with
temperature-dependent thermal and mechanical properties. The accuracy of the
developed framework was demonstrated through two numerical examples. The
numerical examples indicate that developed framework is reasonably accurate for
spalling prediction in HSC structures. Furthermore, parametric studies were per-
formed to study the effect of permeability and grade of concrete on spalling in HSC
structures. Parametric studies showed that permeability of concrete has significant
effect on the extent of concrete spalling. Higher permeability leads to lower spalling
and vice versa. Also, higher tensile strength of concrete leads to lower spalling and
vice versa.
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A Study on Finite Element Modelling
of Acoustic Emission Waveforms
in Composite and Sandwich Plates

Sanjay Sengupta, Pijush Topdar and Aloke Kumar Datta

Abstract Acoustic Emission (AE) technique is non-destructive Structural Health
Monitoring (SHM) technique which has the potential to detect internal damages in
real time. Literature reveals that researchers have used three-dimensional (3d) Finite
Element Method (FEM) to predict AE waveforms in isotropic and single-layer
anisotropic plates. However, the study to predict acoustic emission waveforms
using FEM in layered composites and sandwich plates is limited in literature.
Modelling of such layered plates is challenging as material properties may vary
from one layer to another across the plate thickness. In this study, an effort has been
made for two-dimensional finite element modelling for predicting AE waveforms in
layered composites and sandwich plates using a generalised refined plate theory
modelling. Numerical examples are first solved for isotropic and anisotropic plates
and validated with the results obtained from 3d FEM. New results are presented for
multilayered composites and sandwich plates.

Keywords Acoustic emission � Finite element method � Structural health
monitoring � Layered composites � Sandwich plates

1 Introduction

Acoustic Emission (AE) technique is non-destructive Structural Health Monitoring
(SHM) technique which has the potential to detect internal damages in real time.
Study on AE waveforms using Finite Element Method (FEM) for structural
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investigations is considered to be an important area of research [1]. Researchers
have used three-dimensional (3d) Dynamic Finite Element Method (DFEM) to
predict acoustic emission waveforms in isotropic and anisotropic plates [2, 3]. In
carbon fibre-reinforced plastic undamaged and damaged specimens, the simulation
of acoustic emission was studied through FEM by researchers [4, 5]. Literature
reveals that FEM is used by the researchers to study the acoustic waveforms
generated by glass capillary fracture for calibration of sensors [6, 7]. To model AE
signal propagation in an isotropic plate with an attached waveguide, FEM is used
recently [8]. In most of these studies using FEM, researchers have used either
isotropic plates or single-layer anisotropic plates. However, the study to predict
acoustic emission waveforms using FEM in layered composites and sandwich
plates is limited in literature. Modelling of such layered plates is challenging as
material properties may vary from one layer to another across the plate thickness.
Moreover, most studies focus on circular plates or plates with infinite geometry,
which are not supported at the extreme outer boundary and primarily the dis-
placements in the in-plane direction, i.e. extensional/compressional modes are
considered using some wave propagation-based approach. However, the geometries
for the practical structure of interests for AE monitoring are not necessarily infinite
in lateral extent; instead, they are often supported at their ends. Very often struc-
tures like plates are supported in such a way that they are more sensitive in the
transverse/out-of-plane direction and such out-of-plane displacement is actually
equivalent to the flexural response. Thus, flexural mode is predominant in those
cases and can be better predicted using vibration-based approach than the wave
propagation-based approach. Therefore, in detecting, damage in layered composite/
laminate prediction of flexural behaviour of any given structure can be useful. In
this study, an effort has been made for two-dimensional finite element modelling for
predicting AE waveforms in layered composites and sandwich plates using a
generalised refined plate theory modelling. More emphasis is given to predicting the
flexural waveforms. Numerical examples are first solved for isotropic and aniso-
tropic plates. Results obtained for such plates using present study are compared
with three-dimensional DFEM. In general, agreement between the two theoretical
approaches is good. Moreover, the present two-dimensional approach is compu-
tationally more efficient than that of the three-dimensional approach. New results
are presented for layered composites and sandwich plates using the present
formulation.

2 Mathematical Formulation

In this study, a generalised Refined Plate Theory (RPT) as proposed by Cho and
Parmerter [9] is used for modelling so that the transverse shear stress continuity at
the interface of two consecutive layers is satisfied, which is very critical for lam-
inated composite and sandwich plates. The 3d view of the plate is shown in Fig. 1.
Displacements at the reference plane (midplane of the plate) along x-axis, y-axis and
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z-axis are represented as u, v and w, respectively. The variation of in-plane dis-
placements across the plate thickness is expressed as a combination of linearly
varying zigzag component and a cubically varying continuous component. The
transverse displacement is taken to be constant over the plate thickness.
A rectangular higher order C1 continuous element having four nodes at its four
corners is used considering eight degrees of freedom u; v;w;w;x;w;y;w;xy; cx; cy at
each node [10]. The field variables u; v; cx and cy are approximated by bi-linear
interpolation functions, whereas the transverse displacement w is approximated by
bi-cubic interpolation function.

The Hamilton’s variation principle of dynamics is applied to get the equation of
motion of the system. For an element, if df g is the nodal displacement vector,
considering the effect of damping, the equation of motion for an element may be
expressed as

Me½ � €d
n o

þ Ce½ � _d
n o

þ Ke½ � df g ¼ Rf g ð1Þ

The element level mass matrix Me½ �, damping matrix Ce½ � and stiffness matrix
Ke½ � and load vector Rf g for all the elements can be computed and assembled
together to form the system level mass matrix M½ �, damping matrix C½ �, stiffness
matrix K½ � and load vector Ff g for the entire structure. The equation of motion for
the system may be expressed as

M½ � €D
n o

þ C½ � _D
n o

þ K½ � Df g ¼ Ff g ð2Þ

where Df g is the global displacement vector for the entire plate. The governing
equation of dynamic response, i.e. Eq. (2), can be solved by direct time integration
scheme following Newmark’s b method, which is an explicit time integration
technique [11].

Fig. 1 3d view of plate along
with axis system
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3 Numerical Examples and Discussion

3.1 Preliminary Remarks

The implementation of the mathematical formulation as described above is done by
solving numerical problems. In AE technique, structural damage is studied in real
time. Signal generated due to damage developed is considered in the present
modelling. However, signal corresponding to a particular damage and its identifi-
cation is a grey area of research. Due to non-availability of exact signal corre-
sponding to a particular type of damage in a structure, researcher normally adapts
the signal generated by pencil lead break widely available in literature. Authors
have tried to check the efficacy of the mathematical model in simulated environ-
ment. Thus, the damage/crack is simulated by a forcing function corresponding to a
pencil lead break which can be considered to be an equivalent AE source [3]. The
forcing function is considered to be a unit step function of duration 150 ls fol-
lowing Prosser et al. [3] for each problem. To obtain the flexural AE waveforms,
the forcing function is applied out of the plane, i.e. in transverse direction of the
plate in all cases. Rectangular plate geometry is used for all the problems with
simple supported boundary condition along all the edges. This condition is
implemented by making u = w = w,x = w,xy = cx = 0 along the boundary line
parallel to x-axis and u = w = w,y = w,xy = cy = 0 along the boundary line parallel
to y-axis. Displacement, velocity and acceleration at initial time were considered as
zero. Damping is not considered. The time step used for solution using Newmark’s
b method is taken as 0.164 ls and the values of a andw are taken as 0.25 and 0.50,
respectively.

3.2 Example 1

The present formulation is used to study an isotropic plate, made of aluminium, as
studied by Prosser et al. [3] for validation purpose, before studying layered com-
posites and sandwich plates. The dimensions of the plate along x- and y-direction
are 0.508 and 0.381 m, respectively. The plate is 0.003175 m thick. The material
properties are as follows:

Density 2770 kg/m3

Young’s Modulus 73 � 109 N/m2

Poisson’s Ratio 0.3

The plate is analysed in the present study (RPT). The x- and y-coordinates for the
AE source are 0.254 and 0.127 m, respectively. The flexural waveform responses
are obtained along y-direction at a distance of 0.0762 and 0.127 m from the source.
Based on convergence study, the mesh size used is 40 � 30. The displacement
responses at a distance 0.0762 m from source in the z-direction, i.e. the flexural
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mode is plotted for the present study, and obtained by Prosser et al. [3] from 3d
FEM in Fig. 2a. The flexural waveform responses at a distance 0.127 m from
source are presented in Fig. 2b. It is observed from Fig. 2a, b that the responses
obtained by Prosser et al. [3] using 3d FEM and the present study (i.e. RPT) agree
well. From the comparison, it can be inferred that for isotropic plates for predicting
flexural AE waveforms, 2d FEM using RPT may be used effectively instead of 3d
FEM. The computational efficiency for 2d FEM will be much higher than that of 3d
FEM.

Fig. 2 Comparison of
flexural waveform response
for isotropic (aluminium)
plate at propagation distance
a 0.0762 m, b 0.127 m
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3.3 Example 2

In this example, the applicability of the present model for single-layered anisotropic
plates is studied and validated with the available results of 3d FEM [10]. The plate
is made of anisotropic material AS4/3502 graphite/epoxy. The dimensions of the
plate along x- and y-direction are 0.254 and 0.1524 m, respectively. The plate is
0.00254 m thick. The x-axis is along the fibres and the y-axis is perpendicular to the
fibres in the plane of the plate. The material is unidirectional and transversely
isotropic.

The material properties are chosen as reported by Prosser et al. [3]:

Density : 1550 kg=m3

C11 : 147:1� 109 N=m2 C12 : 4:11� 109 N=m2

C13 ¼ C12

C22 : 10:59� 109 N=m2 C23 : 3:09� 109 N=m2

C33 ¼ C22

C44 : 3:75� 109 N=m2 C55 : 5:97� 109 N=m2

C66 ¼ C55.

The source is positioned at x = 0.0508 m and y = 0.0762 m. Based on con-
vergence study, the mesh size used is 40 � 24. The responses are recorded along
the fibre direction, i.e. along the x-direction at a distance of 0.0762 and 0.127 m
from the source and are presented in Fig. 3a, b. It is observed that the AE flexural
wave responses obtained using the present study and the study by Prosser et al. [3]
using 3d FEM for the single-layer anisotropic material are in good agreement.

Some discrepancies observed at long times in the waveforms may be due to the
differences in the contribution from reflections at the plate edges which has been
taken care in the DFEM modelling. However, with the present model (RPT), the
results obtained are found to be matching well with 3d FEM in the near field and
shorter times, where the plate edge reflections do not have a major impact in the
response.

3.4 Example 3

In the previous two examples, the present model is validated for isotropic and
single-layered anisotropic material. In this example, the present model is used to
further study the four-layer orthotropic plate [0/90/90/0] of graphite/epoxy. The
plate dimension and material properties are same as in Example 2. The source is
positioned at x = 0.0508 m and y = 0.0762 m. The flexural waveforms, i.e.
out-of-plane displacement time history, are obtained using the present study at a
distance of 0.0762 and 0.127 m from the source along the direction of the longer
side of the plate, i.e. along the x-direction. The responses are presented in Fig. 4a, b,
respectively. In this context, it can be mentioned that, in the present model (RPT),
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the transverse shear stress continuity at the interface of two consecutive layers is
considered, which is a very important consideration while modelling the composite
plates for predicting flexural AE response which is not taken care of while mod-
elling using 3d FEM [10]. Hence, it is expected that 2d model using RPT will
predict the flexural AE responses in a better way for multilayered composites than
that of the 3d FEM.

Fig. 3 Comparison of
flexural waveform response
for anisotropic (graphite/
epoxy) material perpendicular
to the fibre direction at
propagation distance
a 0.0762 m, b 0.127 m
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3.5 Example 4

In this example, the present model is used to the flexural response of a sandwich
plate due to out-of-plane AE source. For this, a rectangular sandwich composite
plate [f(0/90)/c/f(90/0)] having core-to-face thickness ratio of 3 is considered. Each
face is 0/90 Fibre-Reinforced Laminated Composite (FRLC). The dimension of the
plate is considered to be same as in Example 2. The material properties used are
after Kant et al. [12]:

Fig. 4 Flexural waveform
response for four-layer [0/90/
90/0] (graphite/epoxy)
material along the x-direction
at propagation distance
a 0.0762 m, b 0.127 m
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For Face:
Density ¼ 1580 kg=m3

Young’s modulus:
E1 ¼ 1308� 1008 N=m2 E2 ¼ 106:0� 1008 N=m2 E3 ¼ 106:0� 1008 N=m2

Poisson’s Ratio:
m12 ¼ 0:28 m13 ¼ 0:28 m23 ¼ 0:34
Shear modulus:
G23 ¼ 39:0� 1008N=m2 G13 ¼ 60:0� 1008 N=m2

G12 ¼ 60:0� 1008 N=m2

For Core:
Density ¼ 100:9 kg=m3

Young’s Modulus:
E1 ¼ 1:0� 1006 N=m2 E2 ¼ 1:0� 1006 N=m2

E3 ¼ 1:0� 1015 N=m2

Poisson’s Ratio:
m12 ¼ 0 m13 ¼ 0 m23 ¼ 0
Shear modulus:
G23 ¼ 1:772� 1008 N=m2 G13 ¼ 5:206� 1008 N=m2

G12 ¼ 0:5� 1006 N=m2

The source is positioned at x = 0.0508 m and y = 0.0762 m. The responses for
different a/h ratios of 60, 30 and 15 are studied in this case at a distance of
0.0762 m from the source along the longer direction of the plate using the present
study and are presented in Fig. 5a. Similar responses at a distance 0.127 m from the
source are presented in Fig. 5b. Reason behind taking different thickness ratios is to
check the effect of shear deformation in case of composite plates on total structural
behaviour in flexural mode. Here, an attempt is made to develop a purely mathe-
matical model which can later be verified with experimental observations. The basis
of the mathematical model and mechanism of the plate consider the linear flexural
behaviour as well as continuity of shear stress at the laminar interfaces. The results
indicate that with the decrease in a/h ratio, i.e. with the increase in thickness of the
plate, the flexural AE responses are reducing. Thus, using the present model, the
responses for thin to moderately thick sandwich plates can be predicted well.
However, deviations are observed in the flexural response obtained after some time
step for different a/h ratios. This may be linked to the typical mechanism of the
structure under consideration. Further investigation in this regard is under way for
establishment of the same in the proposed mathematical model.

In this context, it can be mentioned that as sandwich plates are made of low
strength core and high strength laminated stiff face sheets; the material properties of
the plate under consideration are varying widely between consecutive layers. In
such cases, modelling of transverse shear stress continuity at the layer interfaces
becomes very critical for realistically predicting the flexural AE response.
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Fig. 5 Comparison of flexural waveform response for sandwich plate [f(0/90)/c/f(90/0)] for
different a/h ratios along the x-direction at propagation distance a 0.0762 m, b 0.127 m
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The present model (RPT) takes care of this requirement. However, the results
predicted by the present study, for sandwich plates, may be used for validation with
experimental results.

4 Concluding Remarks

In this paper, multilayered composite and sandwich plates under simulated
out-of-plane AE source are studied for predicting flexural waveforms. An RPT is
used for modelling. The model is highly computationally efficient and comparable
with the 3d FEM as proposed by the researchers earlier. Moreover, it is very general
in nature and captures the variation in material properties of multilayered plates.
A C1 continuous four-node rectangular element is used for FE modelling and
implementations of RPT. Numerical examples are solved by this finite element
model for different types of plate. It is observed that the present model can predict
flexural wave modes due to AE source for thin to moderately thick isotropic,
anisotropic, layered orthotropic, FRLC and sandwich plates realistically. The results
from the present study may be used as standard solutions for future research in the
absence of experimental results of FRLC and sandwich plates for predicting flex-
ural AE waveforms. The in-plane (i.e. non-flexural) responses due to out-of-plane
excitations are found to be very feeble and hence are not included in the results.
Using the proposed model, the effect of extensional mode is yet to be studied.
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HDMR-Based Bayesian Structural
System Identification

O. A. Shereena and B. Nageswara Rao

Abstract This paper presents a method for faster identification of structural
systems within a Bayesian framework with the use of High-Dimensional Model
Representations (HDMR). For system identification problems solved within
Bayesian framework, the intractable multidimensional integrals involved always
pose a problem. To address this issue, the multidimensional integrands are
expanded approximately by HDMR, an exact hierarchical representation for the
multivariable functions, thereby significantly reducing the computational expendi-
ture and ensuring the applicability of the procedure to systems of infinite dimen-
sionality. The proposed method combines HDMR with Bayesian inference and
follows an iterative procedure for convergence. In the present study, a stochastic
plane strain field and a single degree of freedom system are analyzed. The results
obtained are compared with the estimates from Extended Kalman Filter. In future,
the proposed method will be tested on structural identification problems involving
nonlinearity, non-Gaussianity, and high dimensionality.

Keywords High-Dimensional Model Representation � Structural identification
Bayesian inference

1 Introduction

Structural system identification techniques are of particular interest because of its
potential use in structural health monitoring, damage detection, etc. [1–3]. This
requires the structural parameters, such as vibration frequencies, damping ratios,
and stiffness to be identified in real time. Starting from the method of least squares,
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Kalman Filter (KF) and its variants, sampling-based techniques, such as Monte
Carlo methods and particle filters have been adopted for the same from time to time
for different types of challenges with consistent improvements on a variety of
aspects, say nonlinear, non-Gaussian, and high-dimensional systems.

Extended Kalman Filter (EKF) is a modification over KF to accommodate
nonlinearity of systems. EKF linearizes the nonlinear relations by Taylor series
expansions and proceeds in a similar manner as does KF. Linearization leads to
significant bias and convergence issues as the number of variables increases.
Further demand of avoiding the calculation of Jacobian matrices, all these together
led to the development of Unscented Kalman Filter (UKF). This technique employs
a set of sigma points and performs an unscented transformation to estimate the
mean and variance of the state variables and system parameters. Additionally, there
are various Gaussian filters too.

The basic idea behind these approaches is Bayes’ theorem. Mathematical rep-
resentation of the theorem contains multidimensional integrals. Computation of
these integrals is quite difficult. Hence, the above-cited methods are developed,
avoiding the need for computation of these multifold integrals, and are in wide
and efficient use for the appropriate applications. Here, we attempt to evaluate
the high-dimensional integrals with the help of High-Dimensional Model
Representations (HDMR) [4–7] to proceed through the Bayes’ theorem combined
with the basic concepts of probability and estimation. This attempt is done with an
intention of employing this method for high-dimensional nonlinear dynamic sys-
tems in future.

2 Bayesian Inference with HDMR

Bayes’ theorem helps to predict the posterior distribution, combining the available
observation data and the prior distribution. This relation contains a multidimen-
sional integral in the denominator as shown in Eq. (1), which forms the normalizing
constant. The computation of this term is almost practically impossible. The nor-
malizing constant is evaluated by expanding the integrand with HDMR. To do this,
we incorporate prior information on each of the state variables in the form of lower
and upper bounds. The numerator term, i.e., the product of likelihood and prior
density—which is the same as integrand in the denominator integral is also
expressed in the HDMR expanded form. This is required in order to evaluate the
conditional means and variances from the multidimensional marginal densities
obtained.

Brief descriptions on Bayesian inference and HDMR are followed. Thereafter,
the proposed method is explained.
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2.1 Bayesian Inference

By Bayes’ theorem, for continuous X, the observations and H, the parameters

fHjX hjxð Þ ¼ fH hð Þ � fXjH xjhð Þ
R
H fH hð Þ � fXjH xjhð Þdh ð1Þ

Integral in denominator of the expression for posterior density function and
thereby, the normalization constant are quite difficult to compute, particularly if H
is multidimensional. Hence, common practice is to adopt the techniques such as KF
and its extensions. Here, we are attempting to evaluate the multidimensional inte-
gral with HDMR technique, for the estimation of H in a more direct manner. The
subsequent computation of marginal distributions of each parameter and conditional
mean and mean square errors are also carried out, employing HDMR.

Let the set of state variables and parameters we wish to estimate be

H ¼ H1;H2; . . .;Hn½ � ð2Þ

Marginal density function of H1 is given by

fH1 h1ð Þ ¼
Z

. . .

Z
fHjX hjxð Þdh2. . .dhn ð3Þ

Similarly marginal density functions for each parameter should be derived to be
used to calculate the conditional estimates of each.

Conditional mean is calculated by

bh1 ¼
Z

h1 � fH1 h1ð Þdh1 ð4Þ

Mean squared error is estimated as

MSEbh1
¼

Z
ðh1 � bh1Þ2 � fH1 h1ð Þdh1 ð5Þ

In the same manner, each of the state variables and system parameters in the
state vector will be analyzed for their respective mean values and standard
deviations.

2.2 High-Dimensional Model Representation (HDMR)

A multidimensional nonlinear function g(x), where x is a vector of “N” variables/
parameters, is expanded by HDMR technique, taking into account the cooperative
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effects between the variables to the most extent. The hierarchical expansion rep-
resentation of g(x) is given as follows:

g xð Þ ¼ g0 þ
Xn
i¼1

gi xið Þþ
X

1� i1 � i2 �N

gi1i2 xi1 ; xi2ð Þþ � � �

þ
X

1� i1\���\il �N

gi1...il xi1 ; xi2 ; . . .; xilð Þ

þ � � � þ g12...N x1; x2; . . .; xnð Þ

ð6Þ

g0 is a constant term obtained by evaluating the function g(x) at a reference
point. It represents the mean response of the function g(x). This term can also been
seen as the zeroth order component in the HDMR expansion approximation of the
function g(x). gi xið Þ’s are the first-order components expressing the effect of any
variable xi acting alone towards the representation of the function g(x). Succeeding
higher order terms represent the joint interaction contributions of the respective
number of variables. Inclusion of the final term is to ensure an exact approximation.
Typically, the expansion up to the second order will serve the purpose of
approximate expansion by the assumption that contribution of higher order terms to
the overall performance is negligible.

Consider the functional

Z
C

g xð Þ � g0 þ
Xn
i¼1

gi xið Þ
"

þ
X

1� i1 � i2 �N

gi1i2 xi1 ; xi2ð Þþ � � � þ
X

1� i1\���\il �N

gi1...il xi1 ; xi2 ; . . .; xilð Þ

þ � � � þ g12...N x1; x2; . . .; xnð Þ�2dl xð Þ

Subjected to the constraint

Z
0;1½ �

gi1...il xi1 ; xi2 ; . . .; xilð Þdxik ¼ 0

This functional is minimized to obtain the terms gi1i2 xi1 ; xi2 ; . . .; xilð Þ uniquely.
Major and popular HDMR techniques are Analysis of Variance (ANOVA)

HDMR, Random Sampling (RS) -HDMR, Cut-HDMR, and ANOVA-HDMR
based on Cut-HDMR expansions. In this paper, we are using Cut-HDMR technique
for approximating the nonlinear relations.

Cut-HDMR expands the multidimensional function g(x) with respect to a ref-
erence point “c,” chosen within the neighborhood of interest of the input variables
and the final outcome is independent of “c” at the convergence limit.

Cut-HDMR yields
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g0 ¼ g cð Þ ð7aÞ

gi xið Þ ¼ g xi; c
i

� �� g0 ð7bÞ

gi1i2 ¼ g xi1 ; xi2 ; c
i1i2

� �� gi1 xi1ð Þ � gi2 xi2ð Þ � g0 ð7cÞ

and so on.

g0 is evaluated at the reference point “c.” g xi; cið Þ ¼ g c1; c2; . . .; ci�1;ð
xi; ciþ 1; . . .; cNÞ denotes the function in terms of the input variable xi alone, i.e.,
univariate and at all the other variables at their reference point value. The
second-order bivariate term gi1i2 xi1 ; xi2ð Þ takes into account the cooperative effects
of binary sets of input variables. Subtracting off the lower order terms from higher
order terms is to ensure the unique contribution from each term.

First- and second-order approximations of g(x), excluding the higher order
residual terms and with reference to the reference point, are as follows:

~g xð Þ ¼ g x1; x2; . . .; xNð Þ ¼
XN
i¼1

g c1; c2; . . .; ci�1; xi; ciþ 1; . . .; cNð Þ � N � 1ð Þg cð Þ

ð8Þ

and

~g xð Þ ¼ S2 � N � 2ð Þ � S1 þ N � 1ð Þ N � 2ð Þ
2

g cð Þ

S2 ¼
XN

i1¼1;i2¼1i1\i2

gðc1; c2; . . .; ci1�1; xi1 ; ci1 þ 1; . . .; ci2�1; xi2 ; ci2 þ 1; . . .; cNÞ

S1 ¼
XN
i¼1

g c1; c2; . . .; ci�1; xi; ciþ 1; . . .; cNð Þ

ð9Þ

Along the cut points, this approximation gives exact values. For any arbitrary
point in the domain, response surface models are required.

The first-order interaction term for an arbitrary point xnewi is

gi x
new
i

� � ¼ Xn
j¼1

Uj x
new
i

� �
g c1; . . .; ci�1; x

j
i ; ciþ 1; . . .; cn

� � ð10Þ

where Uj xnewi

� �
is one-dimensional Lagrange interpolation polynomial.

In a similar fashion, the second-order interaction term for any two arbitrary
points is as follows:

HDMR-Based Bayesian Structural System Identification 457



gij xnewi1 ; xnewi2

� �
¼

Xn
j¼1

Uj1j2 xnewi1 ; xnewi2

� �

� g c1; . . .; ci1�1; x
j1
i1 ; ci1 þ 1; . . .; ci2�1; x

j2
i2 ; ci2 þ 1; . . .; cn

� � ð11Þ

where Uj1j2 xnewi1 ; xnewi2

� �
is the tensor product of Uj1 xnewi1

� �
and Uj2 xnewi2

� �
.

In the proposed method, all the multidimensional integrals involved in Bayesian
inference problems are computed with the help of HDMR. For the same, the bounds
of the parameters or variables of interest need to be specified. Thereof, the inte-
grands are approximated by HDMR expansions and then the integrals are
evaluated.

3 Numerical Example 1

Consider a single degree of freedom system governed by the equation

€xþ 21x0 _xþx2
0x ¼ f tð Þ ð12Þ

The excitation force is taken to be harmonic with a known deterministic fre-
quency x1 (= 1.5 Hz). The parameters 1 and x0 need to be identified. The analysis
is carried out in time domain. Prior knowledge of the bounds of the parameter
values is used in constructing the prior density function.

Assumed bounds

Forx0; 4� 12 Hz
For 1; 5� 15%

Statistics of the displacement response is evaluated using the tools of stochastic
dynamics.

Impulse response function for the system is given by

h tð Þ ¼ 1
mxd

exp �1x0tð Þ � sin xdtð Þ ð13Þ

where xd ¼ x0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 12

p
.

Let f tð Þ ¼ A cos x1tð Þ; A�N 1; 1ð Þ.
The mean excitation is

lf tð Þ ¼ lA � cos x1tð Þ: ð14Þ

Autocovariance of the forcing function is
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KFF t; sð Þ ¼ r2A � cos x1tð Þ � cos x1sð Þ ð15Þ

Mean response is

lx tð Þ ¼
Z t

0

lf tð Þ � h t � rð Þ � dr ð16Þ

Autocovariance of the response is

Kxx t; sð Þ ¼
Zs

0

Z t

0

KFF t; sð Þ � h t � r1ð Þ � h s� r2ð Þ � dr1 � dr2 ð17Þ

The likelihood function, i.e., conditional density function for the response over a
specified time span is obtained thereof. The normalization constant is calculated by
integrating the complicated integrand which is the product of the prior density and
likelihood, on first-order HDMR expansion approximation of the integrand.
Posterior distribution thus arrived is utilized to compute the marginal densities of
each of the unknown parameters. The conditional expectation or mean and variance
of each parameter are computed from the marginal densities as usual. With the
updated variance and mean value, an iterative procedure is followed for
convergence.

The observations were generated as such there is coefficient of variation of 0.1%
around the mean, and with x0 ¼ 6:28 Hz and 1 ¼ 9%. Initial conditions were
assumed to be at rest. i.e. Initial displacement u(0)=0 and initial velocity u′(0)=0.
Initial values for calculation x0 ¼ 6:0 Hz and 1 ¼ 8%.

Fig. 1 Natural frequency as
identified using HDMR
combined Bayesian inference
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The results are represented graphically as shown in Figs. 1 and 1. Natural fre-
quency is converging to the original value, as shown in Fig. 1. From Fig. 2, it can
be observed that damping ratio is converging to a value of 9.6%, i.e., with a slight
deviation. These estimates may be used to identify the stiffness “K” and damping
‘c’ of the system.

4 Numerical Example 2

A stochastic plane strain elastic field [8] with specified nodal loads is analyzed to
identify the equivalent moduli of elasticity over three different sets of layers of
similar characteristics.

Top two layers of the field

E1 ¼ 1000 tonf=m2

Middle three layers of the field

E2 ¼ 2000 tonf=m2

Bottom three layers of the field

E3 ¼ 3000 tonf=m2

Measurement model for the problem is

d ¼ K�1F

where d is the displacement vector, K is the stiffness matrix, and F the external
force vector (Fig. 3).

Fig. 2 Damping ratio as
identified by HDMR
combined Bayesian inference
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Lateral displacements at given nodes are taken as observations. They are
assumed to be with a known coefficient of variation and uncorrelated.

The estimation is carried out by Bayesian inference approximated by first-order
HDMR and second-order HDMR as well. Six sets of measurements of displace-
ments are used in the identification process. With each set of measurement, a
suitable number of local iterations are performed. Then iterations are started afresh
with a new set of measurements. As the procedure shows good convergence at the
end of iterations with the third set of measurements, it can be concluded that six sets
of measurements are good enough to prove the stability of the algorithm.

The HDMR Bayesian identification procedure is carried out for two sets of initial
values to test the robustness, along with the application of first and second order
HDMR. The same field is analyzed using Extended Kalman Filter and results are
shown graphically for comparison. Figure 4 shows the application of HDMR-
Bayesian procedure with first-order HDMR, using a set of initial values [1500, 2500,
3500] tonf/m2 as mean, to identify the moduli of elasticity of each of the three layers.

Fig. 3 Plane strain field as
considered in the problem

Fig. 4 Estimation using
HDMR combined Bayesian
inference with first-order
HDMR and set of mean initial
values [1500, 2500,
3500] tonf/m2
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Fig. 5 Estimation using
HDMR combined Bayesian
inference with second-order
HDMR and set of mean initial
values [1500, 2500,
3500] tonf/m2

Fig. 6 Estimation using EKF
for mean initial values [1500,
2500, 3500] tonf/m2

Fig. 7 Estimation using
HDMR combined Bayesian
inference with first-order
HDMR and set of mean initial
values [500, 1500,
2500] tonf/m2
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Figure 5 shows the results when second order HDMR is used for the same set of
initial values. Figure 6 shows the estimated values by Extended Kalman Filter for the
same set of initial values. Then, choosing a different set of initial values [500, 1500,
2500] tonf/m2, HDMR Bayesian procedure is applied with first order HDMR (Fig. 7)
and with 2nd order HDMR (Fig. 8). Results from EKF for the same set of initial
values is shown in Fig. 9. It can be observed that EKF requires more number of
iterations for convergence.

Fig. 8 Estimation using
HDMR combined Bayesian
inference with second-order
HDMR and set of mean initial
values [500, 1500,
2500] tonf/m2

Fig. 9 Estimation using EKF
for mean initial values [500,
1500, 2500] tonf/m2
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5 Conclusions

In this paper, we attempted to identify the moduli of elasticity of a stochastic plane
strain field, with the displacement measurements available at specified nodes. This
problem has a nonlinear measurement model. EKF may be used for the state
estimation in such a case. It has certain convergence issues. Here, we attempt to
carry out the identification by HDMR-based Bayesian inference. This method
provides results with better convergence. This may be compared against
sampling-based approaches/filters for efficacy, accuracy, and faster convergence. In
this problem, the state variables/system parameters are not changing with time. We
have also considered an SDOF system with a known harmonic excitation input. In
this problem, the damping and stiffness are identified with the proposed method.
Identification of a SDOF system by the proposed method yields faster convergence
as compared to that obtained by EKF. The identification of material or structural
parameters of various structures such as multistory buildings, bridges, etc., under
different types of dynamic loadings, will be found useful in damage detection,
health monitoring, etc. These problems involve nonlinear high-dimensional rela-
tions which are not easy to be handled with the conventional methods in terms of
the computational issues. The proposed method will be applied to check the same in
future.
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Adaptive Metamodel-Based Efficient
Robust Design Optimization of Offshore
Structure Under Wave Loading

Gaurav Datta, Soumya Bhattacharjya and Subrata Chakraborty

Abstract The present paper deals with the Robust Design Optimization (RDO) of
an offshore steel structure under wave loading considering parameter uncertainty.
A novel Moving Least Squares Method (MLSM)-based metamodelling strategy has
been adopted in the framework of MCS to evade extensive computational time
requirement. The optimization problem is posed as weight minimization problem
under displacement constraint. The proposed MLSM-based RDO strategy yields
more accurate solutions than the conventional Least Squares Method (LSM)-based
metamodelling when compared with the direct MCS results as benchmark. The
proposed approach requires less computational time than the direct MCS. The
results show that by compromising a small increment in structural weight, one can
achieve robust and reliable design solution within affordable computational time by
the proposed RDO approach.

Keywords Robust design optimization � Offshore structure � Parameter
uncertainty � Wave load � Moving least squares method

1 Introduction

The studies on deterministic design concepts, methods and cost-effectiveness of
offshore structure in last decade are exhaustive [1]. Among different elements of
marine structure, the support structure has the highest cost share [2]. Currently, the
most widely used support structure is steel tubular tower that is connected through a
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transition piece to a mono pile which is a suitable concept for water depths of up to
40 m [3]. It has been now well established that disregarding uncertainty in the
Deterministic Design Optimization (DDO) process will invite catastrophic conse-
quences [4]. Hence, there is a growing trend to incorporate uncertainty directly in
the optimization process. In recent years, efforts have been observed to explore
probabilistic optimization and design under wave load. Critical parameters for
designing such an elevated structure are the wave height crest and its probability
distribution. The most conventional approach of optimization under uncertainty is
the Reliability-Based Design Optimization (RBDO), where specific target reliability
is sought for the critical limit states [5]. However, the RBDO yields design which
may be sensitive to input parameter variation due to uncertainty. A Robust Design
Optimization (RDO) becomes an attractive alternative to the RBDO approach in
such cases to make a design least sensitive to input parameter uncertainty.
Moreover, for life cycle cost analysis, the deviation of the structural performance
should be designed to a minimum to avoid maintenance and repair cost. It has been
observed that the RDO study on offshore structure is scarce. Application of RDO in
designing offshore structure is felt to be more prudent under such extreme loadings,
largely uncertain in nature. The present study focuses on the RDO of a steel
offshore structure under wave loading considering parameter uncertainty.

In [6], RDO of offshore turbine supporting structure is presented considering
normally distributed dimension and material properties. However, uncertainty in
load and robustness of constraints are not considered in their study. The direct
Monte Carlo Simulation (MCS) have been applied to offshore structure optimiza-
tion that makes the implementation procedure extensively time-consuming [6–8]. It
is of worth mentioning that solution of RDO of such structure would involve
complex computer codes and numerical analyses by the direct MCS approach.
Also, several repetitive analyses of finite element model would be involved to yield
a single solution of RDO. Moreover, the gradients of the constraint functions are
required to be evaluated many times during the execution of the RDO process.
Therefore, in the present study, metamodelling technique based on Response
Surface Method (RSM) has been adopted to evade complex interlinked repetitive
evaluation of structural response and their gradients. Once the RSM approximation
is obtained and validated by ‘goodness of fit’ tests, the gradient evaluation becomes
extremely simplified to cast the RDO problem. Conventionally, Least Squares
Method (LSM)-based RSM is applied for dealing optimization problems including
implicit constraint functions. However, the accuracy with the LSM-based RSM is
often challenged. On the other hand, the Moving Least Squares Method (MLSM) is
found to be more efficient in this regard [9]. Thus, in the present study, a novel
MLSM-based adaptive metamodelling strategy has been adopted in place of the
direct MCS to avoid extensive computational time requirement. The proposed RDO
approach is elucidated by a numerical study on a steel jack-up platform.
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2 Development of the Proposed RDO Approach

The performance of an optimal design depends on the Design Variables (DVs) and
the Design Parameters (DPs). The DVs are the variables that the designer wants to
optimally evaluate. The DPs are the other involved system parameters used for
design which cannot be controlled by the designer. The objective of a typical design
optimization is to determine the DVs to meet the desired design performance.
Design objectives are normally specified by a performance function associated with
a set of constraints. The Deterministic Design Optimization (DDO) can be math-
ematically expressed as

minimize f ðuÞ
subjected to gjðuÞ� 0 j ¼ 1; 2; . . .; J

xLi � xi � xUi ; i ¼ 1; 2; . . .;K

ð1Þ

In above, f(u) is the performance function; gjðuÞ denotes the jth constraint;
u ¼ x[ z is a n-dimensional vector composed of both the DVs and DPs denoted by

x ¼ ½x1; x2; . . .; xK �T and z ¼ ½z1; z2; . . .; zL�T;

respectively; xLi and x
U
i are the lower and the upper bounds of the ith DV, respec-

tively. J, K and L are the total number of constraints, DVs and DPs, respectively. It
can be noted here that the DDO problem as described by Eq. (1) does not consider
the effect of randomness in x and z. But the performance function and the con-
straints are the function of x and z. Thus, the randomness in x and/or z are expected
to propagate at the system level, influencing the performance function and the
constraints of the related optimization problem. The development of the RDO
methodology is described next in the Sect. 2.1. Then, in Sect. 2.2, the MLSM
strategy is briefly discussed.

2.1 The RDO Methodology

The presence of uncertainty in structural parameters causes significant deviation of
performance of a structural system from its desired behaviour. Such undesirable
deviation of system performance indicates a poor quality and added life cycle cost
of the structure, including inspection, repair and other maintenance costs in the
perspective of the entire design life of the structure. To decrease such deviation, one
possible way is to reduce or even to eliminate the source of uncertainty in the
structural parameters by prudent design and construction practice [10], which may
either be practically impossible or adds much to the total cost of the structure.
Another way is to find a design, in which the structural performance is less sensitive
to the variations of the parameters without eliminating the cause of parameter
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variations. This latter one is the task of the RDO. The RDO is fundamentally
concerned with minimizing the effect of uncertain DVs and DPs to the output
response. The concept of RDO is presented in Fig. 1. Two designs, conventional
optimal design under uncertainty (xopt) and RDO (xrob), are shown in the same
figure. Both design inputs (x) are deviated with same amount due to uncertainty.
However, probability density function of the output response is considerably less
deviated by the RDO (Dfrob) than the other case (fopt). Also, it can be readily
observed from Fig. 1 that the RDO captures comparatively a flatter insensitive
region of the performance function. The RDO is formulated by simultaneously
optimizing the expected value and the variation of the performance function. The
robustness in constraint is ensured by adding suitable penalty term and ensuring a
target reliability index.

The RDO problem is formulated in the following [12] and [13]:

minimize: /ðuÞ ¼ ð1� aÞ lf
l�f

þ a rf
r�f
; 0� a� 1

subjected to: lgj þ kjrgj � 0 j ¼ 1; 2; . . .; J
xLi � xi � xUi ; i ¼ 1; 2; . . .;K

ð2Þ

where k is a designer specified penalty factor to enhance the feasibility of the jth
constraint and can be obtained as U�1 1� U �bT

� �� �
and bT is the target reliability

index and U is the cumulative density function of a standard normal distribution.
/ðuÞ is a new objective function, called desirability function, and the parameter a
serves as a weighting factor; lf and rf are the mean and the standard deviation of
the performance function, respectively; l�f and r�f are the optimal values of the
mean and the standard deviation obtained for a equals to 0.0 and 1.0, respectively;
lgj and rgj are the mean and the standard deviation of the jth constraint gj,
respectively.

Fig. 1 A robust solution
versus an optimal solution
[11]
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2.2 The MLSM-Based RSM Strategy

The MLSM-based RSM is a weighted LSM that has varying weight functions with
respect to the position of approximation [14]. The weight associated with a par-
ticular sampling point xi decays as the prediction point x moves away from xi. The
weight function is defined around the prediction point x and its magnitude changes
with x. The modified error norm Ly(x) can be defined as the sum of the weighted
errors [14]

Ly xð Þ ¼ eTW xð Þe ¼ Y � Qbð ÞTW xð Þ Y � Qbð Þ ð3Þ

where e is the lack of fit error term; Y represents the response of the structure; and
Q is the design matrix and b is the unknown coefficient vector. The coefficient
b(x) can be obtained by the matrix operation as below [14]:

bðxÞ ¼ ½QT WðxÞQ��1QTWðxÞY ð4Þ

In the above equation, W(x) is the diagonal matrix of the weight function and it
depends on the location of the associated approximation point of interest (x);W(x)may
be obtained by utilizing the weighting function as an exponential function [14]:

wðx� xIÞ ¼ wðdÞ ¼ expð�d=RIÞ ð5Þ

where RI is the approximate radius of sphere of influence, chosen as twice the
distance between the most extreme points from the centre point considered in the
Design of Experiment (DOE). The exponential form of the weight function is used
in the present numerical study. The weight matrixW(x) can be constructed using the
weighting function in diagonal terms as below:

WðxÞ ¼
wðx� x1Þ 0 . . . 0

0 wðx� x2Þ . . . 0
. . . . . . . . . . . .
0 0 . . . wðx� xnÞ

2
664

3
775

3 Estimation of Extreme Wave Loading

Offshore structures are subjected to temporally and spatially varying random loads
due to wind, wave, earthquake, ice and thermal gradient. The complexity of wind
and earthquake load is compounded by the wave environment. The long-term
behaviour of loads is nonstationary and due to nonlinear functional dependence, it
is non-Gaussian as well [15]. The wave forces on the offshore structures depend on
the characteristic of the wave environment and the geometric and dynamic
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properties of the structure. Morison et al. [16] proposed an empirical formula or the
in-line force per unit length as

Fðs; tÞ ¼ FI þFD ¼ MI U
:: þCH U

:
U
:

��� ���
where; MI ¼ CMq

pD2

4
¼ ðCm þ 1ÞqpD

2

4

and CH ¼ CD
qD
2

ð6Þ

where FI and FD are the inertia and drag force, respectively; D is the diameter of a
single column; q is the density of the seawater; _U is the fluid particle velocity; €U is
the fluid particle acceleration; CM is the inertia coefficient; Cm is the hydrodynamic
mass and CD is the drag coefficient. The wave force can be rewritten as

Fh ¼ pqD
H2L
T2

pD
4H CmK2 sin 2p x

L � t
T

� �
þCdK1 cos 2p x

L � t
T

� ��� �� cos 2p x
L � t

T

� �
" #

where;

K1 ¼
4pS2
L � 4pS1

L þ sin h 4pS2
L

� �� sin h 4pS1
L

� �
16 sin h 2pd

L

� �� �2
and K2 ¼

sin h 2pS2
L

� �� sin h 2pS1
L

� �
sin h 2pd

L

� �

ð7Þ

where S1 is the level of equivalent force from the bottom of sea and S2 refers to the
depth of the sea; L is the length of wave; D is the diameter of a single column; T is
the time period of wave; t is the time step interval; and H is the maximum wave
height.

3.1 Morison Equation for Flexible Members

The original Morison equation of Eq. (6) is modified for flexible or moving
members, by replacing the absolute velocity by relative velocity and including an
added mass term associated with the acceleration of the structure [17]. The modified
equation is represented as

Fðs; tÞ ¼ ðCM � 1Þ qpD
2

4
€Y þ qpD2

4
€Uþ 1

2
qCDD _Y _Y

�� ��
¼ Ma€Y þMw €UþCH _Y _Y

�� �� ð8Þ

where _Y ¼ _U � _X is the relative velocity and XðtÞ is the displacement in the
direction of the wave propagation. The modified hydrodynamic load vector �FðtÞ
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may be obtained by aggregating the hydrodynamic load on each member. It
includes the effect of inertia, drag and fluid–structure interaction.

�FðtÞ ¼ M1 €U �Ma
€�XþCH _U � _�X

��� ��� _U � _�X
	 


where; MI ¼ qCMV ; Ma ¼ q CM � 1ð ÞV ; CH ¼ 1
2
qCDA

ð9Þ

_U, €U are the fluid particle velocity and fluid particle acceleration, respectively;
A ¼ p

4D
2 and V ¼ p

4D
2l, where l is the length of a column.

4 Numerical Study

A single storied jack-up platform made up of steel plates is taken up to study the
proposed RDO procedure. The structure is considered to be subjected to wave load
with a maximum wave height of 3 m, and the corresponding wave period is taken
as 8.25 s. The values of CM and CD are taken as 2 and 1, respectively, [18]. In this
particular problem, DVs are taken as column diameter ðdcÞ and bracing diameter
ðdbÞ. The sections are tubular with uniform thickness of 25 mm. The uncertain DPs
are maximum height of wave (Hmax), time period of wave (T), modulus of elasticity
of steel (Es), unit weight of steel (cs), unit weight of seawater and weight of deck.
The DVs and DPs are tabulated in Table 1. The mean values of the DPs are taken
from Ref. [15]. Time period ‘T’ is assumed to be log-normally distributed [15],
whereas all other parameters are assumed as random normal. The structure and the
sea level are shown in Fig. 2. S2 = d = 25 m. SWL refers to the mean seawater
level. The DDO is then formulated as

Find x1; x2
To minimize f ðuÞ ¼ Weight of frame

subjected to: gðuÞ ¼ d� dal; xL � x� xU
ð10Þ

Table 1 Details of the uncertain DVs and DPs

Variable Notation Mean CoV (%)

DPs Hmax (m) z1 4.34 20

T (s) z2 8.51 10

Es (t/m
2) z3 2.1 � 107 10

cs (t/m
3) z4 7.83 10

cw (t/m3) z5 1.03 10

W (t) z6 3000 10

DVs Dia. of col ðdcÞ (m) x1 3 5

Dia. of bracing ðdbÞ (m) x2 1 5
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where d and dal are the maximum top displacement and allowable displacement,
respectively. dal is taken as (Hs/500), where Hs refers to the height of the structure.

The RDO has been performed by (i) the direct MCS framework, (ii) the
MLSM-based RSM framework and (iii) the LSM-based RSM framework.

The DoE for generating the RSM approximation is performed by randomly
generating 20 sampling points as per Latin hypercube sampling method. The RDO
is executed by sequential quadratic programming routine available in MATLAB.
The results are presented for varying reliability index in Figs. 3, 4, 5 and 6. The
results obtained from the direct MCS, the conventional LSM-based RSM and the
proposed MLSM-based RSM are shown in the same figure. The direct MCS result

Fig. 2 The jack-up platform
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serves here as the benchmark for the comparison. In Fig. 3, optimal weight is
plotted. The Coefficient of Variation (CoV) of optimal weight is presented in Fig. 4.
It can be observed from these figures that the optimal weight and its CoV increase
with increase in target reliability index. The trend is similar by all the three
approaches. From Figs. 3 to 4, it can be observed that the optimal weight and the
CoV of optimal weight by the MLSM-based RSM approach is in close conformity
with the direct MCS-based approach. From Fig. 3, it can be observed that the
results by the conventional LSM-based RSM approach are significantly deviated
from the direct MCS results. Hence, the results by the LSM-based RSM seem to
yield inaccurate design solutions, which may be even to the unsafe side inviting
catastrophic failure consequences. This warrants the application of the LSM-based
RSM in the RDO. The marginal deviation of the results by the MCS and the MLSM
predictions is expected to be further reduced by taking more sample points, iterative
improvement of the DoE which is under study at this stage. The CoV of the optimal
weight (Fig. 4) obtained by the conventional LSM-based RSM approach is not only
more (i.e. less robust) than the MLSM-based RSM results, but also not in agree-
ment with the benchmark direct MCS results. The RDO results for different values
of the parameter ‘a’ are presented in Fig. 5 showing the variation of the CoV of
optimal weight with the weight factor. The inaccuracy with the conventional
LSM-based RSM approach is pertinent here also. On the other hand, the
MLSM-based RSM approach is in close agreement with the benchmark MCS
solutions and more robust than the LSM-based RSM, as well. It can be further
observed that the robustness (i.e. less CoV of the optimal weight) achievement is
more for decrease in the value of ‘a’ from 1.0 to 0.0.

It is generally observed that there is a trade-off between the objective values of a
design and its robustness. If one desires more robustness, the design will be further
away from its ideal optimal value. The situation can be studied further in terms of
Pareto front [19]. The function space representation of the Pareto-optimal set is the
Pareto-optimal front. When there are two objectives, the Pareto-optimal front is a
curve, when there are three objectives, the Pareto-optimal front is represented by a
surface and if there are more than three objectives, it is represented by a hypersurface.
The Pareto-optimal front in multi-objective optimization problems is useful to visu-
alize and assess trade-offs among different design objectives. In addition to identify
compromise solutions, this also helps the designer to set realistic design goals. The
Pareto front is one where any improvement in one objective can only occur through
worsening of at least one other objective. If one chooses a design that is not
Pareto-optimal, one essentially forfeits improvements that would otherwise entail no
compromise. Thus, one of the important tasks in the RDO is to obtain the Pareto front.
The Pareto fronts as obtained by the proposed and the conventional RDO approaches
are plotted inFig. 6. It can be readily observed from thisfigure that to achieve a specific
level of variation in the desired objective (CoVof theweight here), the requiredweight
by the proposed MLSM-based RSM approach is lesser than that by the conventional
LSM-basedRSMapproach.On the other hand, for a prescribedweight of the structure,
the CoV of optimal weight as obtained by the proposedMLSM-based RSM approach
is lesser than that obtained by the conventional LSM-based RSM approach.
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Hence, more robust (i.e. lesser CoV) solutions are achieved by the proposed
MLSM-based RSM approach, which is also more economic (i.e. lesser structural
weight yielded by the proposed approach), as well.Moreover, theMLSM-based RSM
results are in close conformity with the benchmark direct MCS solutions in compar-
ison to the conventional LSM-based RSM results. Thus, more efficient Pareto front is
obtained by the proposed MLSM-based RSM approach as compared to the conven-
tional LSM-based RSM approach.

It has been observed that the direct MCS approach requires on an average 9
minutes, whereas the proposed MLSM-based RDO approach takes 15 seconds for
producing a single solution of the RDO. The LSM-based RSM yields result in
approximately 5 seconds. This endorses the computational efficiency of the pro-
posed approach. The MLSM-based RSM approach takes more time than the
LSM-based RSM since the former fits a new RSM curve for each of the iterations of
the RDO.

5 Conclusions

An efficient RDO of offshore structure is presented under wave loading. The
MLSM-based RSM approach is used in the present study to reduce the high
computational time requirement by the direct MCS. It has been observed that with
respect to the conventional deterministic design, the RDO yields 18% higher
optimal weight considering uncertainty in load and other system parameters. The
proposed MLSM-based RDO approach is not only computationally efficient but
also acceptably accurate as evinced from the numerical study. The proposed
MLSM-based RSM approach yields more efficient Pareto front than the conven-
tional LSM-based RSM approach. The results indicate that by sacrificing a small
increment in the structural weight designer can achieve robust and reliable design
solution within affordable computational time by the proposed RDO approach. The
proposed RDO method is valid and general approach for extending to other types of
large offshore structures considering uncertainty. The RDO can reduce the sensi-
tivity of several other responses of the supporting structure, such as stress. Thus,
future research studies can be focused on vibration control and fatigue design using
the RDO method.
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Shear Strength of Semi-corrugated
Webbed Beam

Anjaly J. Pillai and Laxmikant M. Gupta

Abstract The main purpose of using corrugation is to increase the shear strength
of the web, hence no stiffeners are required for the same. This helps in reducing the
material and fabrication cost. For a simply supported beam, the shear force is less in
the middle portion of the span. Therefore, the web is kept plain in the middle
portion and corrugations are provided for the remaining portion. Hence, it is called
as semi-corrugated web. In this paper, various models of the web are analysed in
ABAQUS. The shear stress of the plain-webbed beam and that of semi-corrugated
webbed beam is compared for the same loading. The behaviour of the
semi-corrugated web is then observed by changing the height of the web.
The optimum depth of corrugation is found out by changing the flange width and
the depth of corrugation.

Keywords Corrugation � Shear strength � Web

1 Introduction

Plate girder structure, fabricated from welded steel plate, is well recognized.
Economical design of girders and beams normally requires thin webs. But if the
web is extremely thin, the problem of plate buckling may arise. Possible ways to
reduce this risk consist of using thicker plates, web stiffeners or strengthening the
web by making it corrugation. The conventional provision of stiffeners to allow the
use of thin webs has two disadvantages, i.e. high fabrication cost and a possible
reduced life due to fatigue cracking that may initiate at the stiffener weld. The use of
corrugated plates is used to replace the flat stiffened plates as the web can eliminate
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both disadvantages. It is assumed that the web carries only shear forces due to the
accordion effect in a corrugated web. Due to this, the corrugated steel webs fail due
to shear buckling or yielding. Three different shear buckling modes (local, global
and interactive) are possible, depending on the geometric characteristics of corru-
gated steel webs.

Extensive experimental and numerical investigations were found in the literature
highlighting the behaviour and ultimate strength of girders with corrugated webs
when subjected to compressive patch loads applied at the top flange explained in
Elgaaly et al. [1]. The test results provided by Elgaaly et al. [1] have given
information regarding failure of corrugated web under compressive patch loading.
The behaviour of corrugated webs under fatigue loads has been carried out by
Elgaaly et al. [2]. In this, six trapezoidally corrugated web plate girders are tested
under monotonic and repeated loading under different stress ranges. Relationship
between stress range Frð Þ and the number of cycles Nð Þ is developed for trape-
zoidally corrugated web plate girders. The shear strength and failure modes of
corrugated webs are given by Driver et al. [3]. The effect of web initial geometric
imperfections is assessed through measurements of out-of-plane displacements of
the web. A lower bound equation is proposed considering web imperfections due to
fabrication process and material nonlinearities. This equation takes into account
both local and global bucklings of the web in elastic and inelastic domain. The
shear strength and design criteria of trapezoidal corrugated webs, based on the
first-order interactive equation, are given by Moon et al. [4]. The shear buckling
parameter of corrugated webs, ks, is then proposed. The shear buckling strength,
considering material inelasticity, residual stresses and initial imperfections, is
determined from the buckling curves using the proposed ks. A series of tests were
performed with large corrugated webs in order to verify the proposed shear
strength. The shear buckling strength and design of curved corrugated steel webs
for bridges considering material inelasticity are studied by Eldib [5]. The inelastic
buckling strength is determined from the buckling curves based on the proposed
shear buckling parameter ks. Shear buckling formula is proposed which depends on
the geometric properties of the curved corrugated web profile. The parameters
considered are web thickness to web height tw=hw, the radius R of the curved web
and the corrugation angle h.

In this paper, using a general-purpose finite element (FE) programme
(ABAQUS), a numerical parametric study was carried out for a simply supported
semi-corrugated web plate girders of length 5 m. The parameters considered to
observe the effect on shear stress are height of web, flange width and depth of
corrugation. Also, the optimum depth of corrugation was found out by varying the
parameters mentioned.
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2 Numerical Parametric Study

A numerical parametric study was carried out on simply supported plate girders
with semi-corrugated web in ABAQUS [6], a general-purpose finite element pro-
gramme. Parametric study was performed on number of models with varying the
web height, flange width and depth of corrugation. The modelling including the
loading, material and boundary conditions is described in the next section.

2.1 Verification of Finite Element Model

To verify the result of the finite element model, an eigenvalue analysis (with elastic
properties of steel, i.e. modulus of elasticity E = 200,000 MPa and Poisson’s ratio
0.3) of various plate girders is carried out to find their critical moment value that
corresponds to lateral torsional buckling mode of failure. Critical moment of simply
supported plate girder with plain web is evaluated, considering depth 100 and
300 mm. The end of the simply supported plate girder subjected to uniform end
moment is shown in Fig. 1. The critical moment given by Timoshenko [7] is given
by Eq. (1):

Mcr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2EIy
L2

GIt þ P2EIw
L2

� �s

: ð1Þ

where L is the unbraced length, Iy is the minor moment of inertia of the cross
section, GIt and Iw are the torsional and warping constants of the beam, respec-
tively. The results of the comparison of manual calculation as per Eq. (1) and that
from ABAQUS are summarized in Table 1. The deformed shape of the plate girder
when undergoing lateral torsional buckling in mode 1 is shown in Fig. 2. It is

Fig. 1 Plain web with end
moments and boundary
conditions
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understood from the figure that the beam deflects in the direction of load and then
rotates about its longitudinal axis.

2.2 Description of the FE Models for Semi-corrugated

In this study, various models were prepared by changing the depth of corrugation,
web height and flange width. The modelling of semi-corrugated webbed beam is
explained below.

The element used in the models was four-node doubly curved shell element
(S4R) available in ABAQUS [6]. The dimension of the upper and lower flange is
200 mm � 12 mm. The web thickness is 8 mm. The span of the plate girder is
5 m. Area load applied on the upper flange was of magnitude 0.0075 N/mm2. The
dimensions of the plain-webbed beam are shown in Fig. 3. The geometric notations

Table 1 Comparison of critical moment Mcrð Þ
Plate girders of depth
(mm)

Mcr (manual calculation)
(kNm)

Mcr (ABAQUS)
(kNm)

%
Error

100 14.6 16 9.5

300 241.7 249.1 3

Fig. 2 Deformed shape of
plate girder in buckling
mode 1

Fig. 3 Dimensions of the
plain-webbed beam
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of the semi-corrugated webbed beam shown in Fig. 4 and the dimensions used for
modelling are given below.

Depth of corrugation, d ¼ 120 mm
Flat panel width, a ¼ 200 mm
Horizontal projection of the inclined panel width, b ¼ 200 mm
Inclined panel width, c ¼ 233:24 mm
Thickness of the web, tw ¼ 8 mm

Boundary conditions were applied to either end of the model to simulate the
simply supported boundary condition by restraining appropriate degrees of
freedom.

An elastic material was modelled with modulus of elasticity E = 200,000 MPa
and Poisson’s ratio 0.3.

The shear stress distribution along the cross section of the beam is calculated by
the formula given in Eq. (2). For area load of 0.0075 N/mm2, the shear stress for a
plain-webbed beam at support and at 500 mm from the support is calculated using
the shear stress equation and from ABAQUS. The values obtained are compared as
shown in Table 2.

Also, the shear stress of a plain-webbed beam and that of semi-corrugated
webbed beam caused due to area load of 0.0075 N/mm2 is compared in Table 3.
The semi-corrugated webbed beam modelled in ABAQUS [6] is shown in Fig. 5.

s ¼ VAy
Ib1

; ð2Þ

Fig. 4 Geometric notations of the semi-corrugated web (Shear strength and design of
trapezoidally corrugated steel webs by Moon et al. [4])

Table 2 Comparison of shear stress values obtained for area load of 0.0075 N/mm2

Shear stress at section Manually (N/mm2) ABAQUS (N/mm2)

At support 0.77 0.76

At 500 mm from support 0.61 0.61
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where Ay ¼ Rymax

y1

ydA.

Since the cross section is same for both plain-webbed and semi-corrugated
webbed beams, the shear stress variation is also the same. The maximum deflection
in the direction of loading is compared as shown in Table 4.

The shear stress was compared by changing the following parameters tabulated
in Table 5. These variations are explained below.

2.2.1 Depth of Corrugation

The depth of corrugation was changed from 80 to 120 mm with an increment of
10 mm for a web height of 500 mm and flange width of 200 mm.

Table 3 Comparison of shear stress of plane web from that of semi-corrugated web for area load
of 0.0075 N/mm2

Shear stress at section Plane web Semi-corrugated web

Analytically (N/mm2) Analytically (N/mm2)

At support 0.68 0.54

At 500 mm from support 0.61 0.48

Fig. 5 Semi-corrugated web
modelled in ABAQUS with
loading and boundary
conditions

Table 4 Comparison of
maximum deflection

Plain
web

Semi-corrugated
web

Maximum deflection
(mm)

0.16 0.08
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2.2.2 Height of Web

The height of the web was changed from 400 to 600 mm with an increment of
100 mm for a depth of corrugation 120 mm and flange width 200 mm.

2.2.3 Flange Width

The flange width was changed from 200 to 250 mm. The depth of corrugation was
also changed from 80 to 120 mm with an increment of 10 mm for 250 mm flange
width.

3 Results of the Parametric Study

Figure 6 and Table 6 show the variation of shear stress by varying the depth of
corrugation from 80 to 120 mm with an increment of 10 mm for 200 mm flange
width.

From Fig. 6 and Table 6, it was observed that the shear stress was found to
decrease from 80 to 100 mm and then increase from 110 and 120 mm. Therefore,
the optimum depth of corrugation is 100 mm giving the least shear stress.

Table 5 Parametric variations

Parameter
varied

Parameter kept constant Dimensions

Depth of
corrugation dð Þ

Height of web hwð Þ is 500 mm, flange
width bfð Þ is 200 mm

80–120 mm with an
increment of 10 mm

Height of web
hwð Þ

Depth of corrugation dð Þ is 120 mm, flange
width bfð Þ is 200 mm

400–600 mm with an
increment of 100 mm

Flange width
bfð Þ

Depth of corrugation dð Þ is 120 mm, height
of web hwð Þ is 500 mm

200–250 mm with an
increment of 50 mm
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Fig. 6 Plot of shear stress
and depth of corrugation
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Figure 7 and Table 7 show the variation of shear stress for 250 mm flange
width. Depth of corrugation was changed from 80 to 120 mm with an increment of
10 mm. There is no change in shear stress variation when the flange width is
increased to 250 mm.

Figure 8 and Table 8 show the variation of shear stress for an increase in web
height from 400 to 600 mm with an increment of 100 mm. The depth of corru-
gation was kept as 120 mm and flange width 200 mm.

The behaviour of semi-corrugated web on increasing the height of web was same
as that of the plain web.

Reduction in shear stress with an increase in height of web is observed. The
shear stress is reduced due to an increase in web area.

Table 6 Shear stress at the support on changing the depth of corrugation for the area load of
0.0075 N/mm2

Models Depth of corrugation, d (mm) Shear stress at support (N/mm2)

1 80 0.49

2 90 0.48

3 100 0.42

4 110 0.45

5 120 0.54
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Fig. 7 Plot of shear stress and depth of corrugation for flange width of 250 mm

Table 7 Shear stress at the support on changing the flange width to 250 mm and increasing the
depth of corrugation for the area load of 0.0075 N/mm2

Models Depth of corrugation, d (mm) Shear stress at support (N/mm2)

1 80 0.45

2 90 0.37

3 100 0.35

4 110 0.39

5 120 0.41
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4 Conclusions

The aim of this study was to observe the variation in shear stress of semi-corrugated
web by changing various parameters. Based on the results obtained, the following
conclusions are made:

1. The shear stress distribution is same for a plate girder with plain web and that of
corrugated web.
The cross section is an I-section for both the cases. The only difference in
semi-corrugated web is that the moment of inertia about y-axis increases due to
shift of web from the centroid plane either to the left or right. Hence, the shear
stress values are zero at top and bottom and maximum at the neutral axis.

2. The maximum deflection in the direction of loading was compared for a
plain-webbed beam and that of semi-corrugated webbed beam. The maximum
deflection obtained for semi-corrugated webbed beam was found to be less than
that of plain-webbed beam. Hence, stiffness provided by the semi-corrugated
webbed beam is more than that of plain-webbed beam.

3. Shear stress was found to decrease and then increase when the depth of cor-
rugation was increased. Therefore, the depth of corrugation giving least shear
stress termed as optimum depth of corrugation was found out for the loading
considered.
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Fig. 8 Plot of shear stress and height of web

Table 8 Shear stress at support and at 500 mm from support on changing the height of web for
the area load of 0.0075 N/mm2

Models Height of web, hw mmð Þ Shear stress at support (N/mm2)

1 200 0.72

2 300 0.65

3 400 0.6

4 500 0.54

5 600 0.49
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4. The shear stress was found to decrease as the height of web increases due to
increase in web area.

5. No change in shear stress variation was observed when the flange width was
increased from 200 to 250 mm.
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Failure Analysis of Composite
Cylindrical Shells Using Continuum
Damage Mechanics

Maharshi Kintada and Arbind Kumar Singh

Abstract Progressive failure analysis of laminated composite cylindrical shells
subjected to internal pressure is carried out based on continuum damage mechanics.
The state of distributed microscopic damage is modeled as the damage variable in
the irreversible thermodynamic formulation. The damage tensor for composite
material accounts for the breakage of fibers, matrix cracking in perpendicular to the
fiber direction. The damaged constitutive modeling is formulated by the assumption
of strain energy equivalence. The damage analysis of composite shells is carried out
using C0 continuous degenerated shell element which uses 3D continuum properties
to reduce thickness degrees of freedom onto the surface in terms of rotations.
Selective reduced integration is employed. In the present paper, brittle damage
analysis of composite shell is investigated by implementing plane stress conditions
into the damage evolution functions and assuming the damage distribution to be
linear across the thickness of the shells. The nonlinear governing equations are
solved using Newton–Raphson iterative technique to trace the equilibrium path.
Examples have been presented to apply the employed model for composite shell
problems.
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1 Introduction

Laminated composite cylindrical shells have their wide range of applicability in
aerospace engineering, turbine industry, and automobile industry. Progressive
failure analysis of such shells is required to understand the structural integrity
during their life cycle. Continuum Damage Mechanics (CDM) has developed as a
tool to predict the progressive failure of laminated composites [1, 2]. A realistic
analysis based on CDM is relied on the proper selection of damage variable and its
evolution. Analytical solution of shells using CDM based constitutive relations is
almost impossible to obtain. Finite element method is popularly used to analyze
shell structures. A continuum-based shell element often called as degenerated shell
element is employed in the present study. In the following paragraph, various
damage models for composites and its implementation for shells are briefly
reviewed.

Continuum damage mechanics has been used to understand the crack initiation,
fracture and failure of metals and alloys, concrete, ceramics, and composites.
Details of the formulation are available in many textbooks and monographs [1–4].
Application of CDM to composites started in 80s of last century [5, 7]. The
breakage of fiber, cracking of matrix, debonding of fiber–matrix interface, and also
delamination have been modeled in CDM using scalar [5, 6], vector [7],
second-order tensor [8], and fourth-order tensor [9, 10] for damage variables.

Ladeveze and Le Dantec [6] proposed a ductile damage model for composites.
The matrix cracking and the interface debonding were represented by individual
scalar damage variable. The unilateral effect of matrix cracks along with only
matrix plastic deformations was modeled. The elastic but nonlinear nature of
composites in longitudinal (fiber) direction is observed by Allix et al. [11].
A modification of material characteristic parameter for the fiber direction modulus
nonlinearity was presented. Matzenmiller et al. [9] proposed a damage model based
on the failure criterion by Tsai–Wu. The effective stress is formulated by the strain
equivalence concept. A fourth-order damage tensor was utilized to model the
effective stresses in in-plane principal directions and also a separate variable for
shear stress reduction. The damage evolution in accordance with strain rate effects
was also presented. The failure mode of fiber in compression is introduced to be
fiber kinking termed as fiber buckling modes, kink band models [12]. Barbero and
DeVivo [10], Barbero and Lonetti [13] introduced a generalized damage evolution
model based on Tsai–Wu failure criterion for in-plane loading and bending of
composite plates. A fourth-order damage tensor was used which considers the
damage as fiber breakage (longitudinal tension), fiber kinking (longitudinal com-
pression), and matrix cracking in only tension. This model only needs the experi-
mental shear stress–strain curve for its model parameters and critical damage
parameters identification. In Lonetti et al. [14], composites with ductile polymer
resins are modeled for unrecoverable plastic strains in matrix directions. The
inter-laminar delamination is also accommodated with the damage variable in
thickness direction. The unilateral effect is considered in Chapter Issues on Design
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Shear Strength of RC 2 Deep Beams by Mayugo and Barbero in Barbero’s book
[12] for the deducing the effective stiffness in compression and tension for fiber
damage. Kennedy and Nahan [15] utilized the eigenvalues of second-order damage
tensor at lamina level for formulating the effective stress resultant and effective
moment resultant at the laminate level. The extension-bending coupling matrix is
assumed to be zero, i.e., the model is applicable only for symmetric laminates. It
was assumed that the only membrane tension was dominant and flexure does not
induce any compressive damage. A nonlocal damage model was also implemented
to avoid mesh sensitivity problems in strain softening region. Shell buckling and
post-buckling response effects on intra-laminar and inter-laminar progressive failure
of composite panels with circular cutouts are carried out by Goyal et al. [16].
A second-order damage tensor is presented relating the damaged and undamaged
material modulus. The Hashin failure criterion is used for constructing the damage
evolution in fiber, matrix, and fiber-matrix shear damages.

Robbinson et al. [17] implemented the Barbero and DeVivo damage model to
shear deformable laminated composite plates. A 3D element with quadratic damage
distribution among the element area as well as thickness is considered. The failure
load sensitivities for different element types, mesh densities, element distortion
levels, and element integration schemes are compared. Gupta et al. [18, 19] ana-
lyzed shallow cylindrical shells using modified Love–Sanders shell theory based
element with and without damage. Geometric nonlinearity is also implemented
along with exact shear correction scheme. Problems with different radii of curva-
ture, thickness, and lamina schemes are analyzed.

In the present paper, the continuum damage mechanics based progressive failure
analysis of shells using degenerated shell element is carried out. Degenerated shell
element is a general continuum shell element of which applicability is not limited to
certain geometry. The advantages of degenerated shell element are its general
applicability and easy implementation of large deformation formulation.

2 Continuum Damage Mechanics Model

The constitutive relations for damaged composites are obtained using strain energy
equivalence principle [4] which can be stated as

�rf g ¼ M½ � rf g; �ef g ¼ M�1� �
ef g ð1aÞ

rf g ¼ �Ce½ � ef g; �rf g ¼ Ce½ � �ef g ð1bÞ

where terms with overbar are effective quantities and [M] is the fourth-order
damage effect tensor which is related to the integrity tensor as [12]
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Mijkl ¼ 1
2

XikXjl þXilXjk
� � ð2Þ

The dual variable of the damage tensor is the integrity tensor, X ¼ ffiffiffiffiffiffiffiffiffiffiffiffi
I � D

p
and

Dij ¼ didij; i ¼ 1; 2; 3: no� sum on ið Þ ð3Þ

where Dij are the components of the second-order damage tensor D. The coordinate
system coinciding with the principal directions of D coincides with the fiber,
transverse, and thickness directions and di are the eigenvalues of the damage tensor,
which represents the damage ratio along these directions.

The damaged stiffness tensor �Ce is derived from the concept of strain energy
equivalence with the help of fourth-order damage effect tensor M and virgin con-
stitutive matrix Ce as Barbero [12]

�Ce ¼ MTCeM ð4Þ

The Helmholtz-free energy density U for damaged composite considering the
damage hardening can be written as

U ¼ U e;D; dð Þ ¼ 1
q

� �
£ e;Dð Þþ p dð Þ ð5Þ

The internal variable d in the above equation is a nondimensional damage
hardening parameter that symbolizes the overall state of damage. The Clausis–
Duhem inequality is given as [2],

rf g � q
@U
@ ef g

� �
_ef g � q

@U
@ Df g

� �
_D

	 
� q
@U
@d

� �
_d� 0 ð6Þ

where q is the material density and f _hg indicates the time derivative of the
quantity. The thermodynamic damage driving force Y and damage hardening
variable c are defined as [4]

Yf g ¼ �q
@U

@ Df g ¼ � @ 1
2 ef gT �Ce½ � ef g� �

@ Df g ¼ � 1
2

ef gT@
�Ce½ �

@ Df g ef g ð7aÞ

c ¼ �q
@U
@d

ð7bÞ

A generalized damage loading surface proposed by Barbero and Lonetti [13]
which uses thermodynamic force and hardening parameters is employed in the
present study. The damaged surface defined as a convex surface is given as
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gðY ; cÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J11Y2

1 þ J22Y2
2 þ J33Y2

3

q
� c0 þ c dð Þð Þ ð8Þ

where J11, J22, and J33 represent experimentally obtained material constants that
define the damage tolerance of the material. Y1, Y2, and Y3 are thermodynamic
forces in principal directions. The hardening function c dð Þ denotes the damage
surface expansion threshold and c0 is the initial damage surface threshold. These
material constants are taken from experimental results as in Barbero and DeVivo
[10]. Extremization of the dissipative inequality Yf g _d

	 
� c _d� 0 subjected to the
constraint g Y ; cð Þ ¼ 0 yields damage evolution equations

_Dii ¼ _k
@g
@Yii

; _c ¼ _k
@g
@d

ð9Þ

where _k is the Lagrange multiplier. The implementation of the above constitutive
equations is employed in the nonlinear finite element formulation discussed in next
section.

3 Finite Element Formulation

In this paper, an eight-noded degenerated shell element formulation for laminated
composite shells is employed with Gauss integration along the thickness direction.

Geometric definition of the element:
In the present formulation, four types of coordinate systems are employed: shell

coordinate system (x′, y′, z′), global coordinate system (x, y, z), parent element
coordinate system (n; g; 1), and material coordinate system (1, 2, 3). The coordinate
of any point is a transformation of element coordinate system using [20]

x
y
z

8<
:

9=
; ¼

X
Ni

xi
yi
zi

8<
:

9=
;þ

X
Ni1

ti
2

l3i
m3i

n3i

8<
:

9=
; ð10Þ

in which Ni is the shape function of ith node of the eight-node quadratic plane
elements (xi, yi, and zi) that are the mid-surface global coordinates of the ith nodal
point and l3i,m3i, and n3i represent the directional cosines of the mid-surface unit
normal. At any typical node i, one can write a thickness direction vector V3i as
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V3i ¼ ti
l3i
m3i

n3i

8<
:

9=
;; where

l3i
m3i

n3i

8<
:

9=
; ¼ 1

ti

xm � xn
ym � yn
zm � zn

8<
:

9=
; ð11Þ

Displacement field definition of the element:
The displacement of point P on the vector V3i is formed by displacement of node

“i” plus the displacement relative to node “i” created by rotation of V3i with respect
to V1i and V2i. The relative displacement components must be resolved into (x, y,
z) components before being added to the displacements of node “i”. Thus, the total
displacement at the node “i” is [20]

uPi ¼ ui � ai 1
ti
2

� �
l2i þ bi 1

ti
2

� �
l1i ð12Þ

Displacement of an arbitrary point in the element is

u
v
w

8<
:

9=
; ¼

X
Ni

ui
vi
wi

8<
:

9=
;þ

X
Ni1 l½ � ai

bi


 �
ð13Þ

The strains are expressed as

exx
eyy
ezz
cxy
cyx
czx

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

¼ @u
@x

@v
@y

@w
@z

@u
@y þ @v

@x
@v
@w þ @w

@y
@u
@z þ @w

@x

n oT
¼ H½ � J½ ��1 G½ � uf g

¼ B½ � uf g ð14Þ

Here, [G] matrix is displacement derivative matrix with respect to n; g; 1ð Þ, [H] is
relating matrix from strains to displacement derivatives, and J½ ��1 is the inverse of
the 9 � 9 Jacobian matrix [J]. All six strains are included in the above equation
because the shell mid-surface has no particular orientation with respect to Cartesian
coordinates (x, y, z) and left if any stiffness arises after converting the constitutive
matrix to the shell coordinate system. Plane stress condition r3 = 0 is implemented
through the stress–strain relation shown in next paragraph. As the displacement and
strains are defined in (x, y, z) space only, it cannot be applied directly to a problem in
shell coordinate system. With the assumption of no thickness stress, i.e., r3 = 0 is in
global axis, and applying this formulation to a shell coordinate system requires a
transformation of the current (x, y, z) system to the shell coordinate system (x′, y′, z′):
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e0f g ¼ Te½ � ef g ð15Þ

The above discussed is a way of orienting element properties to element face
using element Jacobian [21]. The constitutive relation for an orthotropic material is
given as

r11
r22
r33
s12
s23
s31

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

¼

E11
1�t12t21ð Þ

t21E11
1�t12t21ð Þ 0 0 0 0

t12E22
1�t12t21ð Þ

E22
1�t12t21ð Þ 0 0 0 0

0 0 0 0 0 0

0 0 0 G12 0 0

0 0 0 0 G23 0

0 0 0 0 0 G31

2
6666666664

3
7777777775

e11
e22
e33
c12
c23
c31

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

rf g ¼ ½Ce� ef g

ð16Þ

where these directions (1, 2, 3) are presumed to be in the principal material
directions of the material, i.e., as orthotropic configuration.

The governing equations are solved using Newton–Raphson method given as

KT½ � Dui
	 
 ¼ ff g �

Z
V

B½ �T ri
	 


dV ð17Þ

where [KT] is the tangential stiffness at the ith iteration.

KT½ �e¼
ZZ Z1

�1

B½ �T CT½ � B½ � Jj jdn dg df ð18Þ

where [CT] is the tangential constitutive relation obtained from Newton–Raphson
solution of nonlinear constitutive relations in Sect. 2. As the composite consists of
lamina which is having different material configurations, a layer-wise thickness
integration scheme is recommended by Panda and Natarajan [21]. Using incre-
mental finite element formulation as in Eq. (17), the incremental displacements are
found out upon a proportional load increment, and the strains at each Gauss point
are calculated. The incremental damage variable values are calculated and the
damage variables are updated. This iterative procedure is repeated till the norm of
the incremental displacement vector between two consecutive iterations is less than
the specified convergence tolerance (0.001%). The loading increments are contin-
ued till the maximum value of the damage variables reaches unity or convergence
failure.
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Layer-wise integration
In the present work, 3 x 3 x 2 for bending and 2 x 2 x 2 for shear terms (selective

reduced integration) is used for thick and thin shells respectively. For layer-wise
integration scheme, the integration limits are not from −1 to 1 in any layer. To
overcome this, the variable in any kth layer is changed to fk such that fk varies from
−1 to 1 in the kth layer. Thus, the stiffness integration becomes

1 ¼ �1þ 1
t

�hk 1� 1kð Þþ 2
Xk

j¼1
hj

h i
ð19aÞ

KT½ �e¼
Xn

k¼1

ZZ Z1

�1

B½ �TCTk½ � B½ � Jj j hk
t
dn dg dfk ð19bÞ

The internal force vector is evaluated by integrating the stresses at the Gauss
points (n, η, f),

ref g ¼
Z
V
B½ �T rf gdV ¼

Xn
k¼1

ZZ Z1

�1

B½ �T rf g Jj j hk
t
dn dg dfk ð20Þ

4 Results

The developed finite element formulation is applied to a composite cylindrical shell
with lamina configurations of [0/90]ns (where n is any number) to carry out damage
analysis. Problems involving shallow and deep shells are chosen to check the
performance of the present degenerated shell element in combination with pro-
gressive failure analysis for membrane and bending failure loads. The results are
plotted in contour levels by linear extrapolation of the results from Gauss points to
the nodes. The evolution of damage of a laminated composite shell subjected to
uniformly distributed transverse loading is analyzed. The shear correction factor for
the first-order shear deformation theory to account for through the thickness vari-
ation of transverse shear stresses is taken as k = 1.2. The boundary conditions
considered unless otherwise specified are as follows:

Immovable simply supported or hinged (S):

u0 ¼ v0 ¼ w0 ¼ hx ¼ 0 along curved edges

u0 ¼ v0 ¼ w0 ¼ hy ¼ 0 along straight edges

Clamped (C):

u0 ¼ v0 ¼ w0 ¼ hx ¼ hy ¼ 0 along all edges

The combinations of support conditions considered are
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SSSS: All edges simply supported;
CCCC: All edges clamped;
SSFF: Simply supported along straight edges and free along curved edges;
CCFF: Clamped along straight edges and free along curved edges.

Unless specified, material properties considered are [10] as follows:

E11 = 167 GPa, E22 = 8.13 GPa, G12 = G23 = G31 = 8.8252 GPa, t12 = 0.27;
F1t = 3060 MPa, F1c = 1255 MPa, F2t = 35.8 MPa, F6 = 75 MPa; J11 = 0.9524
10�15, J22 = J33 = 0.4381 � 10�12, and k = 7.595 � 10�07 where E, G, and t are
Young’s modulus, shear modulus, and Poisson’s ratio, respectively. The subscripts
1, 2, and 3 represent the principal material directions (Figure 1).

The present degenerated shell element formulation along with evolving damage
is validated with four-layered cross-ply [0/90]S laminated SSFF cylindrical panel.
The geometrical properties of the problem are

a = 2 m, a/h = 100, r1/a = 2.0, and / = 0.4 rad.
Laminated cylindrical shell: [0/90]2.
Boundary Conditions: SSFF.
The values in the brackets are the results from Gupta et al. [18]. The values of

maximum damage eigenvalues column are obtained from the maximum of all the
eigenvalues for the specific principal direction only at failure load.

It has been observed that the present elastic damage analysis results are in close
with the solutions given by Gupta et al. [18]. The present FEM analysis stopped at
9.2 MPa due to convergence failure. The transverse loading effects on the evolution
of damage variable in thickness direction are observed to very low than damage
variables in other principal directions. The composite laminate is failed in matrix

Fig. 1 Typical laminated cylindrical shell with global and local coordinate system
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cracking in the upper middle layer (top Gauss points) which yielded the maximum
damage variable of 0.8445 at (x/a = 0.511, y/b = 0.511, and z/h = 0.65). There is
no much mesh sensitivity observed in the results after 5by5 mesh (Table 1).

The present shell element is based on degenerated shell element, whereas Gupta
et al. [18] is based on Love–Sanders shell theory. The present element can also be
used for doubly curved shells. Force–displacement curves using degenerated shell
element with plane stress constitutive model and linear distribution of damage
along thickness are plotted in Fig. 2 which is exactly matching with equilibrium
path given in Gupta et al. [18]. Hence, a linear distribution of damage across
thickness with plane stress constitutive model can also be sufficient for thin shells.

Table 1 Mesh convergence study and validation with results of damage analysis of laminated
cylindrical shell

Mesh Failure load (MPa) w0 center/h Max-D1 Max-D2 Max-D3

5 � 5 9.2
(9.2)

9.7867
(10.622)

0.2411
(0.2313)

0.8445
(0.8881)

4.113 � 10−03

(1.407 � 10−04)

10 � 10 9.2
(9.2)

9.7867
(10.622)

0.2411
(0.2313)

0.8445
(0.8881)

4.118 � 10−03

(1.323 � 10−04)

20 � 20 9.2
(9.2)

9.7867
(10.622)

0.2411
(0.2312)

0.8445
(0.8880)

4.118 � 10−03

(1.284 � 10−04)

Fig. 2 Force–displacement
curve of a shell with [0/90]2s
configuration
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The damage contours were plotted using MATLAB as shown in Figs. 3, 4, 5,
and 6 to understand the progression of damage across the whole shell. Y-axis shows
the length and X-axis shows the angular direction of the cylindrical shell (here,
X and Y are used for legibility rather than x and y used before). The layer (Here,
layer means layer of Gauss points starts from bottom along the whole laminate—2
Gauss points layer along thickness per lamina) is chosen where maximum trans-
verse matrix cracking is occurring (Figs. 3, 4, and 5). The D2 contours for different
load steps are plotted at 5, 8.2, and 9.2 MPa as shown in Figs. 3, 4, and 5.
A contour plot at layer of maximum D1 is also plotted in Fig. 6b. It was observed

Fig. 3 Damaged surface and all damage eigenvalues plotted at sixth layer of Gauss points at a
load of 5 MPa
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from the Figs. 3, 4, and 5 that the matrix cracking was initiated near the X = 0, and
it can be interpreted as the matrix damage, i.e., debonding occurred at the fiber–
matrix interfaces.

The critical eigenvalues D2 were initiating at X = 0 and spreading across the
Y-axis in either direction. At the failure load (final stage), the fibers act as a loose
bundle of fibers. The contour showing maximum damage eigenvalue D1 plotted at
eighth layer of laminate is shown in Fig. 6b. It can be interpreted from Fig. 6b that
the multiple brittle fractures of fibers have occurred (same location near X = 0).

Fig. 4 Damaged surface and damage eigenvalues plotted at sixth layer of Gauss points at a load
of 8.2 MPa
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Fig. 5 Damaged surface and eigenvalues plotted at sixth layer of Gauss points at a load of
9.2 MPa

Fig. 6 Damaged surface and damage eigenvalue D1 plotted at eighth layer of Gauss points at a
load of 9.2 MPa
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The degraded stress–strain curve in Fig. 7 shows the stiffness degradation at the D2

maximum critical Gauss point. As the damaged surface (Figs. 3a, 4a, 5a and 6a) is
obtained from Tsai–Wu failure criterion, the damaged surface here serves as
indicative measure of the damage level at that corresponding load.

Fig. 7 Damaged stress–strain curves at the critical gauss point at the failure load (9.2 MPa)
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5 Conclusions

Failure analysis of composite laminated shell with [0/90]2S configuration is carried
out using degenerated shell element based on continuum damage mechanics. It was
observed that assumption of plane stress condition and linear distribution of damage
across thickness is sufficient for thin shells. It was also shown that the damage
initiation is possible at X = 0 and spread of damage will occur across the y-axis.
Maximum damage of fibers occurred in topmost layer, while matrix damage is in

Fig. 7 (continued)
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middle layer. The failure of composite cylindrical shells is possible by damage in
longitudinal bending than cylindrical bending.
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Prediction of Compressive Strength
of Concrete: Machine Learning
Approaches

Dipro Dutta and Sudhirkumar V. Barai

Abstract Abrams’ law is commonly used to predict the compressive strength of
concrete with respect to the water content of the mix, but it is largely inaccurate.
High-performance concrete, with its complex additional ingredients, makes the
prediction more difficult. The goal of the paper is to find the most accurate model
for prediction of the compressive strength of a given concrete mix using machine
learning (ML). First, the various ML models are explained along with their working
principles. Second, the evaluation methods used for the error analysis in the study
are discussed. Third, the findings of the study are displayed and inferences are
drawn from them. It is found that the 2-nearest-neighbour performs the best with an
error of 8.5% and a standard deviation of 1.55.

Keywords Machine learning � Prediction � Strength of concrete

1 Introduction

The compressive strength is the most important property of a concrete mix.
Abrams’ law of 1919 gives an inverse proportionality between the compressive
strength of hardened concrete and the water-to-cement ratio (w/c) used in the
concrete mix measured by volume [1]. It, hence, implies that the strengths of
distinct but comparable concrete are identical as long as their w/c ratios remain the
same, regardless of the details of their composition. The law is acceptable within
wide limits but is not completely accurate [2]. Abrams assumed that the concrete is
completely compacted. For this, the air gaps present between the cement and the
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dry particles of the aggregates need to be removed completely after the addition of
water-to-concrete mix. However, in practice, fully compacted concrete still contains
1% of air gaps [3].

Along with the basic components of conventional concrete (Portland cement,
fine and coarse aggregates and water), HPC incorporates supplementary cementi-
tious ingredients like fly ash, silica fume, blast furnace slag and usually a chemical
admixture, such as superplasticizer. These additional ingredients make HPC a
complex conglomerate, and predicting its strength becomes difficult.

Compressive strength can also be predicted using regression analyses and sev-
eral methods which can be collectively classified as machine learning (ML). One of
the popular machine learning approaches is Artificial Neural Networks (ANN).
The ANN model is inspired by the biological neural network. It utilises several
computing elements to parallel process the input data. These elements, called
artificial neurons, are arranged in layers and interact with each other via weighted
connections. Backpropagation algorithms are popularly used to solve problems of
ANN. Backpropagation minimises the error using a gradient descent method. Yeh
[5] compared regression and ANN for predicting compressive strength of the
concrete. He found that the ANN model performs better than regression.

There is a need to search and develop better machine learning models apart from
well-reported ANN models. This study explores ANN further, along with another
model of ML called the Instance-Based Learning (IBL) or k-Nearest Neighbours
(k-NN).

In the present study, the main objective is to compare the machine learning
models—ANN and IBL—for predicting compressive strength of the concrete. This
study presents—ANN based two back propagation algorithms and the IBL model
for integral values of k ranging from 1 to 6.

2 Background of Tools Used

Machine learning (ML), a subset of artificial intelligence, has evolved from the
study of pattern recognition. Two ML subfields have been studied. Yeh [5] com-
pared regression and ANN for predicting compressive strength of the concrete. He
found that the ANN model performs better than regression.

Instance-based learning (IBL) is a learning method which compares new
problem instances with the instances that the programme has been trained. Its k-
nearest training examples (k-nearest neighbours or k-NN) are utilised to deliver the
output, and the value is determined as the mean of the output values of its k-nearest
neighbours.

The contribution of the neighbours has weights assigned to them. This allows the
output to be more similar to the nearer neighbours than the distant ones.

Artificial neural networks (ANN) is learning method used to solve problems
requiring nonlinear and parallel processing through a mesh of simple computing
elements called artificial neurons. Each neuron can have R inputs (x) and each input is
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weighted (w). There is a biaswith a constant input of 1. The sumof theweighted inputs
and the bias passes through the transfer function (f) and generates an output (a).

a ¼ f bþ
XR

1

wixi

 !

Backpropagation algorithm, commonly used in ANN, minimises the error by the
gradient descent method. The neurons are arranged in two or more layers and
interact with each other via weighted connections. The first layer is an input layer
where the data is fed into the network, and the last layer is an output layer which
contains the response of the network to the given input. The intermediate layers
(hidden layers) facilitate the interactions between the elements of the network. The
learning process goes through several iterations (epochs) where the weights are
modified till the network can properly associate between the inputs and their
respective outputs. Once trained, the network can rapidly simulate the desired
output to a given input of similar nature.

Backpropagation further involves several algorithms such as the Levenberg–
Marquardt algorithm (LM) and a variable-learning-rate-with-momentum gradient
descent algorithm (GDX).

LM is an iterative technique that locates the minimum of a function as the sum of
squares of nonlinear functions. It is used to solve nonlinear least-squares problems [4].

In the standard steepest descent algorithm, the training rate is a constant value.
An optimum learning rate is important for the algorithm’s performance. A high rate
makes the algorithm oscillate unstably, whereas a low rate makes the algorithm take
too long to converge. In fact, the ideal rate keeps changing during the training of the
network. The algorithm performs better if the learning rate is allowed to change
during training. GDX implements a momentum factor to determine the varying rate.

3 Data Collection and Analysis

The data was collected from the machine learning repository of the University of
California, Irvine [5]. It provided 1030 samples. The output variable is the com-
pressive concrete strength (MPa) which depends on eight input variables:

1. Cement (kg/m3),
2. Fly ash (kg/m3),
3. Blast furnace slag (kg/m3),
4. Water (kg/m3),
5. Superplasticizer (kg/m3),
6. Coarse aggregate (kg/m3),
7. Fine aggregate (kg/m3)
8. Age at the time of testing (days).
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The set includes data from several sources. This verifies the reliability of the data
[2]. Only, the 28-day samples have been taken for the study. The summary of the
425 samples is shown in Table 1.

The data set was randomised before each iteration. 43 samples (� 10%) were
kept aside for testing, while the remaining was used for training the algorithm. The
same sets of randomised data were utilised to conduct the experiment across the
three algorithms to ensure a perfect comparison between the three.

4 Model Development

4.1 Instance-Based Learning

The weighting scheme used in the analysis gave each neighbour a weight, which
was the inverse of the Euclidean distance between the simulation point and the
neighbour. The analysis was run for 1-NN through 6-NN models. The average of
the absolute error in the prediction of the output had been calculated and a graph of
predicted versus expected values of the output was generated.

4.2 Artificial Neural Network

The feedforward neural network is trained using seven inputs in the input layer and
one output in the output layer. Training is the process of presenting testing data to
the network and has it to modify its weights to accurately produce the strength
when presented with the mix proportions. The performance function in the net-
works is mean squared normalised error (MSE). The parameters for the training of
the network are as follows:

For LM,

• No. of hidden layers = 1,
• No. of hidden units = 7,
• Initial momentum (mu) = 0.001,

Table 1 Feature summary of the data set

Min 1st Quartile Median Mean 3rd Quartile Max

Cement 102 160.1 260.5 265.4 322.2 540

Slag 0 0 94.3 86.3 160.1 359.4

Ash 0 0 59.5 62.8 120.0 200.1

Water 121.7 171 185 183.1 193.2 247

S.P. 0 0 7.8 7.0 10.3 32.2

C.A. 801 882.2 953 956.1 1012.4 1145

F.A. 594 712 769.2 764.4 810.9 992.6
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• mu increase factor = 0.1,
• mu decrease factor = 10,
• Max. validation failures = 6,
• Max. epochs to train = 1000.

For GDX,

• No. of hidden layers = 1,
• No. of hidden units = 7,
• Learning rate (lr) = 0.01,
• Ratio to increase lr = 1.05,
• Ratio to decrease lr = 0.7,
• Momentum constant (mc) = 0.9,
• mu increase factor = 0.1,
• mu decrease factor = 10,
• Max. validation failures = 6
• Max. epochs to train = 1000.

5 Model Performance

The absolute error percentage (AEP) was calculated for each testing data point and
subsequently, the mean of that was calculated (MAEP). The MAEP thus produced
by each algorithm (IBL, LM and GDX) was statistically analysed using hold-out
and cross-validation. These give an estimate of the accuracy of the performance of
the models in a practical setting [6].

In hold-out (HO), the data was divided randomly into training and testing sets
consisting of 90% and 10% of the entire data. The errors in the output of the testing
set were used for the analysis. Ten iterations of each k-NN, LM and GDX were
evaluated using HO.

Cross-validation (CV) is preferred for prediction models [6]. In k-fold
cross-validation, the data set is equally split into k subsets, each of which is used as
the test set while the others (k-1) are used together as the training set. The average
error of the k trials is calculated. A 10-fold cross-validation has been used for the
analysis.

6 Results

6.1 Instance-Based Learning

1-NN through 6-NN models were run and the experiment was iterated 10 times and
analysed. Table 2 shows the results of the hold-out experiments. The 2-NN model
has shown the best performance and its summary is as follows:
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Mean ¼ 8:5%
S:D: ¼ 1:55
Minimum ¼ 5:81%
Maximum ¼ 10:87%
1st Quartile ¼ 7:60%
Median ¼ 8:25%
3rd Quartile ¼ 10:08%

The 10-fold cross-validation analysis on the k-NN model too shows that the
2-NN algorithm performs the best. Table 3 shows evaluation of the analysis, and its
summary is presented as follows:

Mean ¼ 9:32%
S:D: ¼ 0:78
Minimum ¼ 8:52%
Maximum ¼ 11:49%
1st Quartile ¼ 8:99%
Median ¼ 9:17%
3rd Quartile ¼ 9:33%

A scatter plotted graph of the expected values versus the predicted values of the
fifth experiment of 2-NN using hold-out is shown in Fig. 1.

Table 2 Arithmetic mean
and standard deviation for the
absolute error percentage in
the hold-out analysis of the
k-NN model

MAEP SD

NN 1 9.24 2.56

NN 2 8.50 1.55

NN 3 9.00 1.72

NN 4 8.99 1.78

NN 5 8.77 1.82

NN 6 8.71 1.79

Table 3 Arithmetic mean
and standard deviation for the
absolute error percentage in
the cross-validation of the
2-NN model

MAEP SD

E 1 9.26 1.53

E 2 9.02 2.15

E 3 8.98 2.17

E 4 8.52 1.39

E 5 9.35 1.76

E 6 8.65 1.68

E 7 9.25 3.00

E 8 9.08 1.56

E 9 9.62 1.54

E 10 11.49 3.03
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6.2 Artificial Neural Networks

A hold-out analysis was performed on the artificial neural network models. Table 4
shows the AEPs and MAEP as calculated from the LM and GDX algorithms. The
summary of the findings are as follows:

For LM,

Mean ¼ 15:18%
S:D: ¼ 2:36
Minimum ¼ 11:39%
Maximum ¼ 18:67%
1st Quartile ¼ 13:80%
Median ¼ 15:54%
3rd Quartile ¼ 16:78%

Fig. 1 Scatter plot of expected versus predicted values for Exp. 5 of hold-out for 2-NN

Table 4 Arithmetic mean and standard deviation of ANN models using hold-out

LM GDX

MAEP 15.18 20.18

SD 2.36 6.93
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For GDX,

Mean ¼ 20:18%
S:D: ¼ 6:93
Minimum ¼ 12:89%
Maximum ¼ 38:39%
1st Quartile ¼ 16:84%
Median ¼ 18:62%
3rd Quartile ¼ 20:49%

Tables 5 and 6 show the evaluation of the 10-fold analysis of the fifth experi-
ment of neural network method using LM and GDX, respectively. Their summaries
are as follows:

Table 5 Arithmetic mean
and standard deviation for the
absolute error percentage in
the cross-validation of the LM
algorithm

MAEP SD

E 1 9.26 1.53

E 2 9.02 2.15

E 3 8.98 2.17

E 4 8.52 1.39

E 5 9.35 1.76

E 6 8.65 1.68

E 7 9.25 3

E 8 9.08 1.56

E 9 9.62 1.54

E 10 11.49 3.03

Table 6 Arithmetic mean
and standard deviation for the
absolute error percentage in
the cross-validation of the
GDX algorithm

MAEP SD

E 1 29.86 13.02

E 2 27.82 14.00

E 3 21.43 7.37

E 4 23.04 11.29

E 5 25.49 11.82

E 6 21.61 7.17

E 7 19.77 5.63

E 8 23.66 8.00

E 9 24.71 6.75

E 10 19.85 4.71
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For LM,

Mean ¼ 14:2%
S:D: ¼ 1:2
Minimum ¼ 12:83%
Maximum ¼ 16:33%
1st Quartile ¼ 13:1%
Median ¼ 14:08%
3rd Quartile ¼ 14:75%

For GDX,

Mean ¼ 19:45%
S:D: ¼ 4:19
Minimum ¼ 14:52%
Maximum ¼ 30:29%
1st Quartile ¼ 17:42%
Median ¼ 18:62%
3rdQuartile ¼ 20:56%

Scatter plotted graphs of the expected values versus the predicted values of the
seventh experiment of LM and GDX using hold-out are shown in Figs. 2 and 3,
respectively.

Fig. 2 Scatter plot of
expected versus predicted
values for Exp. 7 of hold-out
for LM
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7 Comparative Study

The analysis shows that the ML algorithms can predict the compressive strength of
28-day hardened concrete with varying accuracy. A comparison of the data in
Tables 2 and 4 is shown in Fig. 4.

Figure 4 shows that IBL performs considerably better than either of the neural
network algorithms. It follows that the 2-NN model performs slightly better than the
other k-NN models with an MAEP of 8.50%. The 2-NN model also has the lowest
SD at 1.55.

Fig. 3 Scatter plot of
expected versus predicted
values for Exp. 7 of hold-out
for GDX

Fig. 4 Comparison of the MAEPs and SDs of the three algorithms
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Thevariable-learning-rate-with-momentumgradient descent algorithm (GDX)has
a very high-performance error at 20.18%. The standard deviation of 6.93 indicates that
it may not be dependable to produce consistent results.

The Levenberg–Marquardt algorithm (LM) performs better than GDX and other
gradient descent algorithms. It has an error of 15.18% and a standard deviation of
2.36.

8 Conclusions

HPC is a complex material and that makes the modelling and predicting its
behaviour difficult. The study was an attempt to demonstrate the possibilities of
using machine learning to predict the compressive strength of concrete. The ini-
tialisation values were not optimised, and hence there is a scope for further study of
the ANN models. Optimising the initial weights and constants may give better
results.

It must be noted that none of the explored methods is applicable to extrapolation.
Hence, the minimum and maximum of the training set must be selected carefully.
Also, more training instances will produce more accurate predictions. Hence, larger
training data sets should be utilised for modelling.

Based on the comparison of the models, the following can be concluded:

• Instance-Based Learning (IBL) is a preferred choice for the prediction of the
compressive strength with the seven parameters.

• The neural network models are comparatively easier to train and hence easier to
simulate the predictions, but their performance is relatively poor.

• The Levenberg–Marquardt (LM) algorithm can be used for approximations
where the tolerance for error is high (preferably above 15%).

• It is advisable to not use the variable-learning-rate-with-momentum gradient
descent algorithm (GDX) for the prediction.
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Numerical Study of the Effect
of Boundary Conditions on Buckling
Behaviour of Flat Oval LDSS Stub
Column Under Axial Compression

Khwairakpam Sachidananda and Konjengbam Darunkumar Singh

Abstract This paper presents the effects of two support boundary conditions, viz.
simply mounted and fixed on the buckling capacity of flat oval Lean Duplex
Stainless Steel (LDSS) stub columns of two thicknesses (t = 20 mm and 5 mm,
corresponding to Class 3 and 4 sections, respectively) under pure axial compres-
sion, analysed using Abaqus. It is observed that the ultimate load (Pu) capacity of
both the boundary conditions (BCs) is similar for the Class 3 section, whereas
simply mounted specimen showed lower value of Pu as compared to the fixed
support boundary condition, for the Class 4 section considered. Further, in contrast
to the Class 3 section, the Class 4 section with fixed BCs showed the formation of
elephant foot near the end of column with denting located at the quarter height of
column, while the simply mounted column showed mid-height denting only.

Keywords Stub � Flat oval � LDSS � Simply mounted � Fixed

1 Introduction

Tubular steel sections are popular choices in the construction industry as they
provide relatively higher moment of inertia and torsion capacity than those of open
sections. In the recent years, several new sections such as elliptical, oval, flat oval,
etc. have become available (or proposed) in the steel market, due to their enhanced
aesthetics. As they are relatively new, many researchers, e.g. [1–3], have devoted
their attention to study their structural performances. In the experimental studies
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reported, three types of support boundary conditions (BCs), viz. fixed, hinged or
simply mounted (the specimen being simply placed between steel plates), were used
while assessing the tubular column strength. The importance of end boundary
conditions on cylindrical panels, ellipse/oval section under axial load, has been
studied by different researchers [2, 4]. Theofanous et al. [2] showed the inaccuracy
of the FE models with fixed end columns for the experiments conducted on oval
section with both of its ends simply mounted on flat plate compression testing
machine. Shariati et al. [4] reported the increased load carrying capacity for
clamped/fixed section as compared to the section under simply supported. Simply
mounted or fixed BCs are generally adopted for stub column tests, due to their
easier support preparation. In the literature, for the case of square sections,
experimental geometrical dimensions considered are L = 332.2 mm, B = 80 mm,
ri = 3.6 mm, H = 80 mm, t = 3.81 mm, respectively, as shown in Table 1, where L,
B, ri, H, t represent length, breadth, corner radius, height and thickness, and
numerical studies are reported by Park and Yu [6], Zhu and Young [3, 7] and
Sachidananda and Singh [8], considering mainly fixed-ended stub columns. Liang
[9] describe the importance of boundary conditions (i.e. simply supported steel
plates and free plates) in determining the strength of steel plate columns. From the
literature review, it is found that the effects of such support boundary effects on the
behaviour of stub flat oval columns have not been reported. Hence, an attempt has
been made in this study, to assess the effects of both simply mounted and fixed
boundary conditions on the buckling capacity of flat oval Lean Duplex Stainless
Steel (LDSS) stub columns under pure axial compression. LDSS such as grade EN
1.4162 belongs to the family duplex stainless steel and provides attractive benefits,
e.g. lower initial cost (due to lower nickel content *1.5% as compared to austenitic
stainless steel), enhanced strength, high-temperature performance, weldability and
fracture toughness properties, etc. (e.g. Theofanous and Gardner [10]). In this work,
two thicknesses, viz. t = 20 and 5 mm, are considered to represent Class 3 and
Class 4 sections, as per EN 1993-1-4 [11] for the analysis of flat oval column.

2 Finite Element Modelling

FE modelling of the flat oval stub column has been conducted with the FE software,
Abaqus [12]. Typical geometrical dimensions considered are l = 300 mm, w = 300
mm, r = 150 mm, h = 900 mm, t = 5 (class 4) and 20 mm (class 3) respectively,
where l, w, r, t, h represent flat length of cross-section, width between flat plates,

Table 1 Stub column dimensions [5]

Specimen L (mm) B (mm) H (mm) t (mm) ri (mm)

80 � 80 � 4-SC2 332.2 80 80 3.81 3.6

L = Length, B = width, H = depth, t = thickness, ri = internal corner radius
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curvature radius of curve portion, thickness and height of column. Schematic
diagram of the flat oval section is presented in Fig. 1. The stub column has been
meshed using four-noded element, S4R element with six degrees of freedom per
node (available in Abaqus [12]) as reported in the literature for such work, e.g. [3].
The boundary conditions of the columns were applied through reference points
(RP-1 and RP-2) by constraining the end nodes of the column through kinematic
coupling [12] as shown in Fig. 2.

In the FE model, simply mounted and fixed BCs are accomplished by con-
straining the rotation and axial displacement degree of freedom for the simply
mounted support (i.e. U1 6¼ 0, U2 6¼ 0, U3 = 0; UR1 = UR2 = UR3 = 0) and
constraining both rotation and vertical displacements (U1 = U2 = U3 = 0;
UR1 = UR2 = UR3 = 0) at the fixed support, respectively, e.g. [2] as shown in
Fig. 3. At the loaded end also, corresponding similar boundary conditions have
been applied, except that vertical translation is allowed (i.e. U3 6¼ 0). Typical mesh
size of 10 mm � 10 mm with the aspect ratio of 1 was taken for the analysis, based
on mesh convergence study. Following previous work, e.g. [5], nonlinear buckling
analyses have been performed, considering a local imperfection magnitude of t/100.
The material properties for the LDSS are taken as Young’s modulus
(E) = 197,200 MPa, yield stress (r0.2 = 657 MPa) from the experimental study of
Theofanous and Gardner [5] as shown in Table 2. Before proceeding with the FE
study, the FE modelling procedure was validated by comparing the present FE
result with that of an experimental result from Theofanous and Gardner [5] in the
form of load (P) versus axial displacement (d), as shown in Fig. 4. From Fig. 4, it
can be seen that the FE analysis is able to predict the experimental result with
reasonable accuracy, and hence the FE procedure followed herein can be considered
as acceptable. The von Mises stress superimposed on deformed shape for the
experimental and FE results in Fig. 5 shows the accuracy of the FE modelling as it
shows similar stressing and deformation.

w = 300 mm
r = 150 mm

t

l = 300 mmFig. 1 Flat oval hollow
section
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Reference point (RP2)

r

h

l
Reference point (RP1)

S4R elements

Fig. 2 Typical FE meshing
with boundary condition

U1≠0, U2≠0, U3≠0

UR1=UR2=UR3=0

U1≠0, U2≠0, U3=0

UR1=UR2=UR3=0

U1=U2=0, U3≠0

UR1=UR2=UR3=0

U1=U2=U3=0

UR1=UR2=UR3=0

(a) (b)

Fig. 3 Typical FE a Simply
mounted support, b fixed
support
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3 Results and Discussion

The performances of flat oval column under different boundary conditions of
fixed-ended and simply mounted have been presented in the form of load (P) versus
displacement (d) in Figs. 6a and 7a for different thicknesses of t = 5 (Class 4) and
t = 20 mm (Class 3) sections. For different boundary conditions of column,

Table 2 Compressive flat material properties [5]

Cross section E (MPa) r0.2 (MPa) r1.0 (MPa) R-O coefficients

n n00:2; 1:0
80 � 80 � 4-SC2 197,200 657 770 4.7 2.6
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Ultimate  load (Pu)
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Fig. 4 SHC
80 � 80 � 4-SC2

FEExperimental 

Fig. 5 Von Mises stress
superimposed on deformed
shape for stub LDSS column
[5]
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von Mises stress contour superimposed on different stages of deformed shapes are
also shown in Figs. 6 and 7 (Note that the contour intervals are kept same so that
comparison can be made easily; also the grey colours indicate the region that has
crossed the yield stress). It can be seen from Figs. 6 and 7 that the load carrying
capacity of column increases up to Pu, after which the load capacity decreases in
post-Pu, irrespective of the boundary condition (BC) of column. Further, a sudden
drop in the post-Pu profile is seen after a short post-Pu axial displacement, for the

i) P vs δ for l300w300r150t5 (Class 4)

Pu (Stage 1)

P (stage 2)                     P (stage 3)

ii) Fixed support (l300w300r150t5)

0
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4000
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N
)

Axial displacement, δ (mm)

FE (BC-Fixed)

FE (BC-Simply mounted)

1

2

3

4

5

6

(a)

(b)

(c) (d)

Pu (stage 4)

P (stage 5) P (stage 6)

iii) Simply mounted (l300w300r150t5)

(e)

(f) (g)

Fig. 6 (i) l300w300r150t5 (Class 4) (a) P versus d; von Mises superimposed on deformed shape
for (ii) fixed support (b, c, d) and (iii) simply mounted (e, f, g)

520 K. Sachidananda and K. D. Singh



simply mounted boundary condition. For the Class 4 section, a distinct drop in Pu

can be observed for the simply mounted BC (Fig. 6). A comparison of the von
Mises stress contour plot shows that local buckling is seen at two locations on the
flat element, with the formation of elephant foot at the ends (or near the support and
loading BCs), when the supports are fixed (see inset figure c of Fig. 6); however,
when the supports are simply mounted, local buckling at the mid-height of the

Pu(stage 1)

P (stage 2) P (stage 3)
ii) Fixed Support (l300w300r150t20)

Pu (stage 4)

P (stage 5) P (stage 6)
iii) Simply mounted (l300w300r150t20)

(b)

(c) (d)

(e)

i) P vs δ for l300w300r150t20 (Class 3)
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FE (BC-fixed)

FE (BC-Simply mounted)

6
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4

5

(a)

(f)
(g)

Fig. 7 (i) l300w300r150t20 (Class 3) (a) P versus d; von Mises superimposed on deformed shape
for (ii) fixed support (b, c, d) and (iii) simply mounted (e, f, g)
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column is seen, with no significant formation of elephant foot (see inset figure f of
Fig. 6). On the other hand, for the Class 3 section, up to a small axial deformation
beyond post-Pu (up to inset stage 2 or 5 in Fig. 7), both the BCs produced similar
load–deformation profile (see also similar von Mises stress contour in Fig. 7).
Although initiation of outward local buckling can be seen for both types of BCs
(see stages 2 and 5 in Fig. 7), in the case of fixed BC, at Stages 3, it is seen that
most region of the column is yielded, whereas at Stage 6, corresponding to simply
mounted BC, the column has started significant distressing. In general, the post-Pu

with sudden drop in load for the simply mounted cases may be related to the
relatively unstable boundary condition imposed as compared to that of fixed BC.
Further, it is also observed that elephant foot type of local buckling is not seen for
the thicker Class 3 section, using fixed BC.

4 Conclusions

Based on the study of flat oval column for different boundary conditions (Simply
mounted and fixed), the following conclusions have been concluded.

(1) The load carrying capacity of fixed-ended flat oval column is relatively higher
than simply mounted in case of Class 4 section (t = 5 mm) but for Class 3
section (t = 20 mm), there is negligible effect.

(2) Elephant foot formation can be seen in the case of fixed-ended column while it
is absent in case of simply mounted column for t = 5 mm (Class 4 section).

(3) The load carrying capacity of post-Pu is more in case of fixed condition as
compared to simply supported boundary condition, where the column failed
suddenly once it reached the Pu.

(4) The columns buckle in mid-height for the case of simply supported column,
while the fixed-ended column shows the local buckling in quarter height of
column at t = 5 mm (Class 4 section).

(5) For thicker section (t = 20 mm, Class 3 section), there is no formation of
elephant footing on the column.
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Two-Dimensional Mesoscale
Compressive Damage Analysis
of CT Images of a Concrete Cube

S. Vinay Kumar and Nirjhar Dhang

Abstract This paper evaluates the two-dimensional (2D) compressive response of
a computed tomography (CT) scan image. The image of size 150 � 150 mm has
been used in numerical simulation. The CT image consists of realistic structures of
the aggregates, mortar, and voids inside the concrete. The effect of the shapes and
the distribution of the aggregates and the voids on load carrying capacity have been
studied. The numerical results indicate that the concrete modeled as mortar and
aggregate has a high nucleation of micro-cracks near the vicinity of aggregates and
also high load carrying capacity compared to concrete modeled with voids.
Aggregates modeled as a regular shape with the same area and centroid show
comparable load carrying capacity with real aggregate shape.

Keywords CT scan � Mesoscale � Aggregate shape and voids

1 Introduction

Concrete is a heterogeneous material consists of cement, sand and coarse aggre-
gates. Inclusion of these embedded constituents in a numerical model would result
in better understanding of failure of concrete. The mesoscale ranges from 10−1 to
10−3 mm. Reduction of scale of study from the macro- to meso-level exhibits
distribution of aggregates and voids. The numerical analysis of mesoscale consists
of two steps. The first step generates mesoscale geometry consisting of aggregate
and voids. The second step applies individual material properties, and responses are
simulated using numerical methods Ref. [1].

The aggregates occupy 60–70% of the volume of concrete. These aggregates are
the skeleton of concrete and carry the bulk of the load Ref. [2]. The shape, size,
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distribution, and volume fraction of these aggregates play an important role in the
fresh and hardened states of concrete Refs. [3, 4]. The aggregate properties, such as
shape, size, volume fraction, and distributions, are included in the mesoscale model
of concrete. Regular shapes of aggregates such as circles, ellipses, squares, rect-
angles, pentagons, and hexagons, are used in the numerical analysis Refs. [1, 5, 6,
7]. The circular shape of aggregates is commonly used due to the ease of appli-
cation in the packing algorithm.

Mortar is a designed mix proportion of cement and sand. Mortar is simulated
using damage plasticity model. Abaqus finite element software adopts the coupled
plasticity model to simulate separate strain softening in tension and compression.
These equations capture the stress hardening and softening behaviors of concrete
Refs. [8, 9]. Hsu and Hsu [8] developed an empirical stress–strain model for
high-strength concrete; this model consists of separate equations for the hardening
part and the softening part of the curve. Naraine and Sinha [9] developed an
exponential stress–strain relationship consisting of a single equation for the hard-
ening and softening part of the curve, with only three simple parameters required to
develop the curve.

The mesoscale geometry is developed using two methods namely ordered and
random packing. Ordered packing arranges aggregates into a predefined pattern
Ref. [10]. Random packing adopts statistical distributions and Monte Carlo simu-
lation for particle generation Refs. [11–13]. This paper emphasizes the use of CT
scan images to capture the realistic geometrical shapes and the spatial distribution
of aggregates with voids embedded inside the concrete. CT scan is very versatile
technique, where series of 2D images are produced from three-dimensional (3D)
objects Ref. [14]. CT scan in concrete technology is mainly used to develop the
numerical and statistical models from the real geometrical shape, spatial distribution
of aggregates, and voids Refs. [15, 16]. CT images are also used for better
understanding of the microstructural characterization, heat generation during
hydration, curing, permeability, and damage evolution Refs. [16–20].

This paper focuses on finite element simulation of the CT-scanned image model
under the influence of compressive displacements. Models of regularly shaped
aggregates are prepared based on the areas and centroids of actual aggregates
extracted from CT images. The mesoscale analysis of concrete is performed using
the following steps. The first step consists of the preparation of concrete with a
specified proportion and curing for 28 days. Next, CT scan imaging was performed
on the cube to non-destructively determine the actual shape of the aggregates and
the voids from the images. In the second step, a critical image was selected from the
series of captured images. The threshold segmentation technique was performed on
the CT image to separate mortar, aggregate, and voids. A computer-aided drawing
(CAD) was prepared from the image model. In the third step, finite element sim-
ulation was performed on the CAD model by using the commercially available
finite element analysis software, Abaqus 6.11. The mesoscale simulations evaluate
the effects of the shape, size, and volume fraction of the aggregates and the voids on
micro-crack localization and the load carrying capacity of concrete.
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2 2D CT Image Model

CT scanning is a nondestructive technique which is used for visualizing the
embedded features within solids. It provides 3D image model from the series of 2D
images Ref. [14]. The 2D image contains exact shape, position, distributions of
aggregates, and voids. The development of irregular shape of aggregates model
from the CT image has been explained in this section.

2.1 Specimen Preparation

Nominal mix design for M20 grade of concrete consists of 1(Cement):1.5(Sand):3
(Coarse aggregates) proportion with water–cement ratio of 0.45 was used for
making cubes of dimension 150 mm. After casting process, the concrete was
allowed to air cure for 24 h and then water cured for 28 days. After completion of
curing period, concrete cubes were oven dried and packed for CT scanning.

2.2 Working Principle of CT Scanning

The CT scan machine consists of X-ray emitter, detector, and centrally placed
concrete specimen. The process of CT scan starts with placing the concrete spec-
imen at the center of donut-shaped gantry which consists of 360° of X-ray emitters
and detectors. The X-ray emitters emit beam of X-rays which passed through
concrete specimen are captured by detectors. The CT scan performs 360° of X-ray
emission and detection on the specimen. These data are stored in computers, where
it uses advanced algorithms to form the 2D image. The CT scan detects the
embedded materials inside the concrete based on the density variation as shown
in Fig. 1a. The CT image contains exact shape, position, surface roughness,
distributions of aggregates, and voids.

Fig. 1 CT model of
aggregates. a CT image of
concrete. b Edge model of
concrete consisting of coarse
aggregate and each aggregate
had been marked with the
number
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2.3 Mesoscale Model of Concrete

The CT image exhibits mortar, aggregates, and voids inside the concrete as shown
in Fig. 1a. This image is converted into computer model of lines, which separates
aggregates and mortar. The computer model consists of total of 87 coarse aggre-
gates as shown in Fig. 1b. The aggregates are randomly distributed over the mortar
domain, consisting of different shapes, sizes, and aggregates surface possess
numerous sharp corners. The air pockets get trapped between the aggregates. For
simulation, air voids are introduced into the model.

3 Regular Geometric Shape of the Aggregates

The regular geometric-shaped aggregate was created from the area and centroid
from the CT image as shown in Fig. 2a. The different regular geometric shapes
considered are circular, elliptical, triangle, square, pentagon, and hexagon as shown
in Fig. 4. The areas of all the aggregates are calculated by dividing the shapes into
rectangles, triangles, and trapezoidal shapes, and the centroid of each aggregate is
evaluated from the left corner. The modeled regular geometric shape of aggregates
also account for the orientation of the real model. In some cases, the area and
the centroids of aggregates collide with each other. In that case, the aggregates are
randomly searched from space until there is no overlapping of the area of the
aggregates.

4 Finite Element Analysis

Mesoscale compressive behaviors are simulated using the commercially available
Abaqus 6.11 finite element software. The mesoscale finite element simulations were
performed in four steps. The first step involves importing the CAD drawings to
Abaqus and the creation of the geometrical models of each phase separately. The
second step consists of the application of the mechanical properties to each phase.
Aggregates are modeled as linear elastic and stress-softening models for mortar.
The interaction between aggregates and mortar is modeled as being perfectly
bonded with no gap. The third step is meshing, performed by using triangular plane
stress elements with unit thickness. In the fourth step, a vertical compressive dis-
placement of 200 µm is applied on the top surface, and the fixed boundary con-
dition is applied to the bottom edge of the surface. The Abaqus explicit technique is
used to analyze the displacement controlled simulation of the models. Stress, strain,
force, displacement, and compressive damage are evaluated. The finite element
simulations are also used to evaluate the effects of the shape and distribution of the
aggregates and voids.
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4.1 Material Properties Aggregates and Mortar

The aggregates are comprised of higher strength and stiffness material compared to
the mortar. Igneous dolerite crushed aggregates are used in this study. Young’s
modulus and the Poisson ratio of the aggregates are 70 GPa and 0.2, respectively.

The compressive stress–strain model proposed by Naraine and Sinha [9] was
used to model the compressive and tensile stress–strain response of the mortar. This
stress–strain model consists of a single equation for the strain hardening and
softening parts of the curve. Three parameters, namely, maximum strength, strain at
maximum strength, and ultimate strain, are required to capture the strain softening
characteristics in the mortar. The tensile stress–strain responses are modeled con-
sidering the reduced strength and stiffness of the compression curve. Equation (1)
shows the empirical stress–strain model [9].

Fig. 2 Micro-crack
localization of CT-scanned
slices at different positions of
the cube
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r ¼ ru
e
eu

� �
exp 1� e

eu

� �
ð1Þ

in which ru, eu, and ef represent the ultimate strength, the strain at the ultimate
strength, and the failure strain, respectively. In the compressive and tensile stress–
strain curve for mortar phase using Eq. (1), the parameters for compression are
taken as eu = 0.0015 and ef = 0.007; and the parameters for tension are taken as
eu = 0.00015 and ef = 0.0007. ru for the compression and tension strength of the
mortar 56 and 6 MPa are used in simulation.

5 Results and Discussion

In this section, results of compressive response of mesoscale model to aggregates
shapes, distribution, and fractions and voids have been discussed.

5.1 Effect of the Distribution of Aggregates
and the Volume Fraction

CT image slices provide insight into the distribution and volume fraction of the
aggregates inside the concrete. The effects of CT image slices with different volume
fraction and distribution of aggregates on compressive displacement are investi-
gated. For simulation, six slices at different locations of the cube are selected, as
shown in Fig. 2. These slices vary in the distribution and volume fraction of the
aggregates. The result shows that the localization of micro-cracks, and the load
carrying capacity is different for all the slices, as represented in Figs. 2 and 3, which
suggest that the volume fraction of the aggregates and the distribution of the
aggregates affect the compressive response of the concrete. Therefore, it can be
concluded from this study that the initiation of micro-cracks is affected by the
volume fraction of the aggregates. The distribution of the aggregates influences the
propagation and localization of the micro-cracks.

5.2 Effect of Aggregate Shape and Position

This section presents the effects of the shapes of the aggregates on the compressive
behavior of concrete. The models of circular, elliptical, square, hexagonal, and
pentagonal aggregates are presented in Fig. 4.

The result reveals that localization of micro-cracks is different for each of the
aggregate shape models, as visualized from Fig. 4. The ultimate loads carried by the
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Fig. 3 Load carrying
capacity of CT slices at
different positions of the cube

Fig. 4 Micro-crack
localization of regular
aggregates shape in concrete.
a Circle. b Ellipse. c Triangle.
d Square. e Pentagon.
f Hexagon
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models of different shapes of aggregates are shown in Fig. 5. The circular aggre-
gates carried the maximum failure load, with 10.35% variation from the actual
shape of aggregates. The elliptical aggregates carried the nearly same load as the
model of irregular shapes of aggregates, that is, the actual shapes of the aggregates.
In the hexagonal, pentagonal, and square models, the failure loads vary from 3.44 to
5.80%. Therefore, it can be concluded from this study that the shape and position of
the aggregates have less influence on the load carrying capacity and failure pattern
of concrete under compressive load.

5.3 Effect of the Voids

The voids are empty spaces created by entrapped air pockets due to an excessive
water–cement ratio, insufficient compaction, surface roughness of the aggregates,

Fig. 5 Load carrying
capacity of different aggregate
shapes

Fig. 6 Micro-crack
localization around
aggregates and voids region
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and the materials and shape of the molds used for the concrete specimen. The voids
are included into the mortar phase to evaluate the compression response of the
mesoscale model. The void shapes collected from CT images are placed between
aggregates. The CAD software employs pick-and-place methods for placing voids
(0.65% of the area of the model). Figure 6 illustrates that the introduction of voids
increases the localization of micro-cracks and reduces the load carrying capacity.
The load–displacement curves for mesoscale models with and without voids are
shown in Fig. 7. The inclusion of voids into the concrete model reduced the load
carrying capacity to 23.72%. The result shows that for voids with 0.65% area
occupation, the micro-cracks are diverted to the region of the voids. From this
study, it can be concluded that voids significantly control the ability of the concrete
load carrying capacity.

6 Conclusion

An X-ray CT scan technique was used to capture the realistic mesostructure of a
concrete cube. The numerical simulation was performed using Abaqus 6.11 finite
element software. In the simulation, the material behavior of the aggregates is
considered to be linear elastic, and damage plasticity models are used for mortar.
The effect of the shape and distribution of aggregates and the inclusion of voids
were studied in relation to the load carrying capacity, the stress–strain response, and
the strain localizations of concrete. Based on the numerical results, the following
conclusions can be drawn.

• The two-phase model that considers only mortar and aggregates carries the bulk
of the load compared to air-void model. CT slices at different locations attract
different paths of strain localizations due to the random distribution of coarse

Fig. 7 Load carrying
capacity of models with and
without voids
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aggregates. The positions of the aggregates inside the concrete play a dominant
role in the load carrying capacity of concrete.

• Models of regular-shaped aggregates developed based on the area and centroid
of the actual shape of the aggregates show a variation in the load carrying
capacity of up to 10%. The model of the circular aggregates carried more load
compared to the model using irregularly shaped aggregates. Each aggregate
shape has different strain localizations, which proves that the aggregate shape
has an effect on the load carrying capacity of the concrete model.

• The inclusion of voids in mortar results in micro-cracks localized near the empty
space. Due to the voids inside the model, the concrete load carrying capacity is
reduced by 23.72%, which proves that voids play an important role in the
mesoscale model. Porous structure (voids) should be considered while model-
ing, analyzing, and designing concrete.

In summary, CT scan is an effective technique for capturing the real shape of
aggregates and voids inside concrete. Finite element simulations of the realistic
mesoscale models can be effectively performed using Abaqus 6.11 software. The
effects of the size, shape, and distribution of the aggregates were elucidated. The
influences of voids in the mesoscale models were evaluated. These realistic
mesoscale models facilitate a better understanding of the failure process of concrete.
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Flutter Reliability Studies of a Swept
Back Plate

G. Shanthini, A. C. Pankaj and M. Manjuprasad

Abstract In the present paper, an attempt has been made to calculate the flutter
reliability of a swept back plate taking uncertainties in material and aero properties
into consideration. As flutter analysis for computing flutter speed involves finite
element analysis followed by an extensive interpolation process, a regular Monte
Carlo Simulation (MCS) is infeasible. Hence, in the present work, a novel approach
involving Response Surface Method (RSM) of simulation followed by MCS has
been used for the study. The variation in flutter speeds due to uncertainties in the
material properties such as Young’s modulus and mass density and aero parameters
such as air density and Mach number are studied and the reliability has been
computed for different failure conditions.

Keywords Flutter � Reliability � Response Surface Method � Monte Carlo
Simulations

1 Introduction

Aeroelastic analysis is very important in the aircraft design. Flutter analysis, a
typical aeroelastic problem in aircraft design, is carried out as a deterministic
analysis assuming complete determinacy of structural parameters. However, there
are uncertainties of geometric properties, material properties, load distributions,
working environment, etc. So the deterministic analysis cannot provide complete
information about the flutter boundaries required for defining the flight envelope.
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A robust solution for any analysis should take into account all the model uncer-
tainties possible. In the present work, probabilistic methods are used to compute the
flutter reliability [1–5] of a swept back plate considering uncertainties in material
and aero properties. An RSM [6, 7] combined with MCS method has been used for
the study reported in this paper.

2 Methodology

Flutter analysis of aircraft structures is a complex problem involving finite element
analysis followed by extensive interpolation process. A closed-form solution of
flutter response is not available due to its complexity. Therefore, first-order relia-
bility method and its corresponding improved methods for the explicit limit state
function will be impracticable due to the inaccuracy and excessive computational
cost.

Response Surface Method (RSM) is one such method which can be used for
reliability analysis of structures with implicit limit state functions.

A major advantage of this method is that the implicit limit state function is
represented by the explicit form, and the existing reliability analysis methods can be
readily implemented. So the RSM has been widely applied to the reliability analysis
of structures. However, the selection of experimental points and the form of
response surface function are two unsolved problems for the reliability analysis of
complex structure with highly nonlinear limit state function, and sometimes the
RSM may be not converged.

Monte Carlo Simulation (MCS) is a traditional method for the probabilistic
analysis. The main advantage of this method is that engineers with only a basic
knowledge of probability and statistics will be able to use it and it always provides
correct results when very large times of simulations are performed. However, its
computational cost is very high. A direct Monte Carlo simulation for flutter relia-
bility studies is infeasible as human intervention and logical reasoning is needed in
certain conditions of interpolation process.

Because of the abovementioned drawbacks, a hybrid method has been adopted
for flutter reliability studies. Response surface method has been used to establish
explicit limit state function based on the basic variables considered, and a Monte
Carlo simulation is run on the explicit limit state function to obtain flutter reliability.

3 Structural Model

A swept back aluminum cantilever plate is considered as test specimen to represent
the wing-like structure (Fig. 1). The plate has a thickness of 3 mm, length of
300 mm, and chord varying from 130 to 70 mm and has a sweep angle of 23.80 at
the leading edge. The candidate structure has Young’s modulus of 71 GPa,
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Poisson’s ratio of 0.3, and density of 2722.77 kg/m3. The natural frequencies of the
plate are tabulated in Table 1. The first three mode shapes of the plate are shown in
Figs. 2, 3, and 4.

4 Aerodynamic Model

The aerodynamic model for the plate is a mesh consisting of flat panels based on
doublet lattice method for the lifting surface of the plate model, idealized by means
of trapezoidal boxes lying parallel to the flow direction. Surface spline functions are
used to generate the necessary interpolation matrix to estimate the displacement of
aerodynamic grids based on the displacement of structural grids.

5 Analysis

For the probabilistic flutter studies, three cases were considered. (1) Structural
parameters considered as random variables; (2) Structural and aero parameters
considered as random variables; and (3) Critical parameters as random variables.
Flutter analysis has been carried out using Doublet lattice aerodynamics and PK

Fig. 1 FE model of the swept back plate

Table 1 Natural frequencies
of the plate FE model

S. No. Mode description Frequency (Hz)

1. First bending 30.395

2. Coupled bending torsion 161.899

3. Torsion 205.118

4. Third bending 427.332
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method of NASTRAN [8] for the limited samples considered. Typical V–g V–f
plots for the plate are shown in Fig. 5.

Based on the concept of Design of Experiments (DoE), in order to minimize the
number of simulation runs, the upper and lower bounds of flutter are computed

Fig. 3 Coupled bending torsion mode of the swept back plate

Fig. 2 First bending mode of the swept back plate

Fig. 4 Torsional mode of the swept back plate
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considering the possible combinations of extreme and mean values of the design
variables. A response surface is fitted based on the DoE results. A response surface
fit is obtained using different methods like least square regression model, moving
least squares regression model, hyper-Kriging regression model, and radial basis
function. As the radial basis function response surface fit resulted in minimum error,
stochastic studies were carried out using this model. MCS was run using the radial
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Fig. 5 Flutter plots of the
swept back plate
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basis function response fit assuming uniform distribution of the design variables.
Failure probability is defined as the probability of the flutter velocity being lesser
than the limiting flutter velocity. Therefore, reliability represents the probability of
the flutter velocity being greater than the limiting flutter velocity. Reliability has
been computed as a complement of the failure probability for different limiting
flutter velocities for all the cases.

5.1 Structural Parameters as Random Variables

For the flutter reliability studies, two parameters namely Young’s modulus and
mass density are considered as design variables with a variation of 10%. The
Young’s modulus varies between 63.9 and 78.1 Gpa, and density of the material
varies between 2450.49 and 2995.05 kg/m3. Density of air is considered as
1.0 kg/m3, and flutter analysis is carried out at Mach 0.5. Based on the concept of
Design of Experiments (DoE), the possible combinations of extreme and mean values
of the two design variables and the flutter response results are tabulated in Table 2.

MCS was run using the radial basis function response fit assuming uniform
distribution of both the design variables. Reliability has been computed for different
flutter margins and is presented in Table 3.

Table 2 Design of experiments results

S. No. E (GPa) (DV1) DEN_MAT (kg/m3) (DV2) Flutter speed (m/s) (response)

1. 78.1 2995.05 361.588

2. 78.1 2722.77 361.956

3. 78.1 2450.49 362.431

4. 71.0 2995.05 344.416

5. 71.0 2722.77 344.847

6. 71.0 2450.49 345.395

7. 63.9 2995.05 326.847

8. 63.9 2722.77 327.316

9. 63.9 2450.49 327.91

Table 3 Flutter reliability
analysis results

S.
No.

Flutter limit
(m/s)

Probability of
failure

Reliability

1. 330 0.11 0.89

2. 335 0.27 0.73

3. 340 0.38 0.62

4. 345 0.53 0.47

5. 350 0.61 0.39

6. 355 0.76 0.24
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5.2 Structural and Aero Parameters as Random Variables

In order to study the effect of variations in aero parameters on flutter boundaries,
two parameters in addition to the abovementioned structural parameters namely
Mach number and density of air were considered as design variables, with a
variation of 40 and 22%, respectively. The Mach number varies from 0.3 to 0.7, and
density of air varies between 0.774 and 1.226 kg/m3. Based on the concept of
Design of Experiments (DoE), the possible combinations of extreme and mean
values of all the design variables and the results are tabulated in Table 4.

MCS was run using the radial basis function response fit assuming uniform
distribution of all the design variables and the reliability values are tabulated in
Table 5. The effect of variation in Young’s modulus, density of material, density of
air, and Mach number on flutter speeds is shown in Figs. 6, 7, 8, and 9. It has been
seen that Young’s modulus and density of air have major influence on flutter
speeds, whereas density of material and Mach number have little influence.

5.3 Critical Parameters as Random Variables

From the above studies, it has been observed that Young’s modulus and density of
air have maximum effect on flutter boundaries, whereas density of material and
Mach number have least effect. So a flutter reliability analysis has been carried out
considering the two critical parameters, namely Young’s modulus and density of air
as design variables with a variation of 10 and 22%, respectively. Density of material
is considered as 2722.77 kg/m3 and flutter analysis is carried out at Mach 0.5.
Based on the concept of Design of Experiments (DoE), in order to minimize the
number of simulation runs, the upper and lower bounds of flutter are computed
considering the possible combinations of extreme and mean values of the two
design variables and the results are tabulated in Table 6.

MCS was run using the radial basis function response fit assuming uniform
distribution of both the design variables. Reliability has been computed for different
flutter margins and is presented in Table 7.

6 Summary and Conclusions

The flutter reliability results of all the cases are summarized in Table 8. The
maximum and minimum flutter speeds for the three cases are given in Table 9. The
variation of reliability with respect to flutter limits is shown in Fig. 10.

It can be seen that in all the cases reliability comes down as the flutter limit
increases. When compared to the case with structural parameters as design variables
(Case 1), the case with structural and aero parameters as design variables (Case 2),
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Table 4 Design of experiments results

S. No. E (GPa)
(DV1)

DEN_MAT
(kg/m3) (DV2)

DEN_AIR
(kg/m3) (DV3)

Mach No. (DV4) Flutter speed (m/s)

1. 78.1 2995.05 1.226 0.7 326.463

2. 78.1 2995.05 1.226 0.5 326.655

3. 78.1 2995.05 1.226 0.3 324.263

4. 78.1 2995.05 1 0.7 361.326

5. 78.1 2995.05 1 0.5 361.588

6. 78.1 2995.05 1 0.3 359.485

7. 78.1 2995.05 0.774 0.7 410.446

8. 78.1 2995.05 0.774 0.5 410.952

9. 78.1 2995.05 0.774 0.3 408.38

10. 78.1 2722.77 1.226 0.7 327.061

11. 78.1 2722.77 1.226 0.5 327.099

12. 78.1 2722.77 1.226 0.3 324.6

13. 78.1 2722.77 1 0.7 361.742

14. 78.1 2722.77 1 0.5 361.956

15. 78.1 2722.77 1 0.3 359.968

16. 78.1 2722.77 0.774 0.7 410.815

17. 78.1 2722.77 0.774 0.5 411.323

18. 78.1 2722.77 0.774 0.3 408.879

19. 78.1 2450.49 1.226 0.7 327.889

20. 78.1 2450.49 1.226 0.5 327.74

21. 78.1 2450.49 1.226 0.3 325.1

22. 78.1 2450.49 1 0.7 362.279

23. 78.1 2450.49 1 0.5 362.431

24. 78.1 2450.49 1 0.3 360.364

25. 78.1 2450.49 0.774 0.7 411.297

26. 78.1 2450.49 0.774 0.5 411.79

27. 78.1 2450.49 0.774 0.3 409.491

28. 71.0 2995.05 1.226 0.7 311.555

29. 71.0 2995.05 1.226 0.5 311.552

30. 71.0 2995.05 1.226 0.3 309.735

31. 71.0 2995.05 1 0.7 343.895

32. 71.0 2995.05 1 0.5 344.416

33. 71.0 2995.05 1 0.3 342.344

34. 71.0 2995.05 0.774 0.7 391.048

35. 71.0 2995.05 0.774 0.5 391.632

36. 71.0 2995.05 0.774 0.3 389.543

37. 71.0 2722.77 1.226 0.7 311.928

38. 71.0 2722.77 1.226 0.5 311.855

39. 71.0 2722.77 1.226 0.3 310.081
(continued)
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Table 4 (continued)

S. No. E (GPa)
(DV1)

DEN_MAT
(kg/m3) (DV2)

DEN_AIR
(kg/m3) (DV3)

Mach No. (DV4) Flutter speed (m/s)

40. 71.0 2722.77 1 0.7 344.417

41. 71.0 2722.77 1 0.5 344.847

42. 71.0 2722.77 1 0.3 342.683

43. 71.0 2722.77 0.774 0.7 391.426

44. 71.0 2722.77 0.774 0.5 391.994

45. 71.0 2722.77 0.774 0.3 390.011

46. 71.0 2450.49 1.226 0.7 312.456

47. 71.0 2450.49 1.226 0.5 312.299

48. 71.0 2450.49 1.226 0.3 310.433

49. 71.0 2450.49 1 0.7 345.079

50. 71.0 2450.49 1 0.5 345.395

51. 71.0 2450.49 1 0.3 343.119

52. 71.0 2450.49 0.774 0.7 391.191

53. 71.0 2450.49 0.774 0.5 392.46

54. 71.0 2450.49 0.774 0.3 390.396

55. 63.9 2995.05 1.226 0.7 294.958

56. 63.9 2995.05 1.226 0.5 295.198

57. 63.9 2995.05 1.226 0.3 293.22

58. 63.9 2995.05 1 0.7 326.269

59. 63.9 2995.05 1 0.5 326.847

60. 63.9 2995.05 1 0.3 324.586

61. 63.9 2995.05 0.774 0.7 370.966

62. 63.9 2995.05 0.774 0.5 371.508

63. 63.9 2995.05 0.774 0.3 369.545

64. 63.9 2722.77 1.226 0.7 295.46

65. 63.9 2722.77 1.226 0.5 295.578

66. 63.9 2722.77 1.226 0.3 293.509

67. 63.9 2722.77 1 0.7 326.875

68. 63.9 2722.77 1 0.5 327.316

69. 63.9 2722.77 1 0.3 324.951

70. 63.9 2722.77 0.774 0.7 371.317

71. 63.9 2722.77 0.774 0.5 371.846

72. 63.9 2722.77 0.774 0.3 370

73. 63.9 2450.49 1.226 0.7 296.154

74. 63.9 2450.49 1.226 0.5 296.126

75. 63.9 2450.49 1.226 0.3 293.938

76. 63.9 2450.49 1 0.7 327.635

77. 63.9 2450.49 1 0.5 327.91

78. 63.9 2450.49 1 0.3 325.419
(continued)
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and case with critical parameters as design variables (Case 3) have lower reliability.
But as the flutter limit reaches 345 m/s, the Case 2 and Case 3 have higher relia-
bility when compared to Case 1. This is because Case 2 and Case 3 have higher
flutter range when compared to Case 1 and so number of flutter points above the
flutter limit for these cases are high resulting in higher reliability. When compared
to Case 2, Case 3 has slightly lower reliability as the flutter range is slightly low for
Case 3. The more the number of design variables, the greater is the accuracy of

Table 4 (continued)

S. No. E (GPa)
(DV1)

DEN_MAT
(kg/m3) (DV2)

DEN_AIR
(kg/m3) (DV3)

Mach No. (DV4) Flutter speed (m/s)

79. 63.9 2450.49 0.774 0.7 371.774

80. 63.9 2450.49 0.774 0.5 372.28

81. 63.9 2450.49 0.774 0.3 370.36

Table 5 Flutter reliability
analysis results

S.
No.

Flutter limit
(m/s)

Probability of
failure

Reliability

1. 330 0.27 0.73

2. 335 0.33 0.67

3. 340 0.40 0.60

4. 345 0.47 0.53

5. 350 0.53 0.47

6. 355 0.59 0.41
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reliability. Case 2 here is more reliable when compared to other two cases as it
considers all the possible uncertainties. When there is a constraint on time and cost,
it is necessary to select critical parameters affecting the phenomenon to get rea-
sonably accurate results which in here happens to be Case 3. Case 3 considers
critical parameters affecting flutter as design variables and so the reliability results
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Table 6 Design of
experimental results

S. No. E (GPa)
(DV1)

DEN_AIR (kg/m3)
(DV2)

Flutter speed (m/s)
(response)

1. 78.1 1.226 327.099

2. 78.1 1.0 361.956

3. 78.1 0.774 411.323

4. 71.0 1.226 311.855

5. 71.0 1.0 344.847

6. 71.0 0.774 391.994

7. 63.9 1.226 295.578

8. 63.9 1.0 327.316

9. 63.9 0.774 371.846

Table 7 Flutter reliability
analysis results

S.
No.

Flutter limit
(m/s)

Probability of
failure

Reliability

1. 330 0.29 0.71

2. 335 0.36 0.64

3. 340 0.43 0.57

4. 345 0.48 0.52

5. 350 0.56 0.45

6. 355 0.60 0.40
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are comparable to that of Case 2. Though Case 2 has four design variables, it
predicts higher reliability values when compared to Case 3 which may be because
remaining parameters ignored in Case 3 might have a positive effect on flutter
speeds.

Table 8 Flutter reliability analysis results

S. No. Flutter limit Case 1 Case 2 Case 3

2DV (structural) 4DV (structural and aero) 2DV (critical)

1. 330 0.89 0.73 0.71

2. 335 0.73 0.67 0.64

3. 340 0.62 0.60 0.57

4. 345 0.47 0.53 0.52

5. 350 0.39 0.47 0.45

6. 355 0.24 0.41 0.40

Table 9 Statistics of flutter speeds

S. No. Max flutter speed (m/s) Min flutter speed (m/s) Mean Range

Case 1 362.43 326.85 344.64 35.58

Case 2 411.79 293.22 352.51 118.57

Case 3 411.32 295.58 353.45 115.74
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Nonlinear Static Analysis of Offshore
J-Lay Risers Using Finite Element
Method

S. Madhuri, B. Narendra Kumar and K. Venkateswara Rao

Abstract Risers are used for carrying crude oil/gas from seabed to supporting
platform. These risers experience various environmental loads while carrying the
fluids. Generally, the length of the riser depends on water depth, type of the plat-
form that is attached to, sea state and environmental conditions. The deformation
characteristics of the risers shall be analyzed in order to assess the design param-
eters and safety operation. A nonlinear finite element analysis of the riser at 300 and
2000 m water depth has been performed under wave, current and wave + current
loading in the present study. The riser is modeled as a two-dimensional beam
element considering six degree of freedom which is suspended in the floating
drilling platform and subjected to both axial and lateral forces. A straight riser at
300 m water depth is considered for the present study. As the J-Lay technique of
the riser is easy and mostly used in the industry, a J-Lay at 2000 m is also analyzed.
A MATLAB code ‘Riser Stat’ is developed to analyze the riser. The axial exten-
sions of all the elements are estimated considering top tension, weight of the riser,
internal liquid weight and buoyancy. Morison equation is used to estimate the wave
force on the riser. The axial and horizontal displacements are at each node of the
finite element model of the riser and are estimated due to the effect of top tension
and wave force in a wave cycle. Series of analyses are performed on the J-Lay riser
under wave height of 2.0 m and wave period of 5–15 s at and increment in wave
period of 1 s. Linearly varying current velocity of 1.4 and 1.0 m/s at sea surface to
0 m/s at a depth of 200 m is considered to estimate the current loading. The
effective tension along the length of the riser at 2000 m water depth is compared
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with the Lenci and Callegari (Acta Mech 178:23–39, 2005) [1]. The results are
compared well. The response of the riser under the combination of wave and
current showed more when compared with the response of the riser under only
wave loading.

Keywords Riser stat � Axial displacement � Lateral displacements
Effective tension

Nomenclature

A Cross-sectional area of the riser (m2)
a Wave amplitude (m)
Cd Drag coefficient
Cm Inertia coefficient
d Water depth (m)
df Wave loading per unit length (kN/m)
D Outer diameter of the riser
E Modulus of elasticity of the riser material (N/m2)
f Force vector
g Acceleration due to gravity (m/s2)
I Area moment of inertia (m4)
k Wave number (m−1)
KE Elastic stiffness matrix
KG Global elemental stiffness matrix
Kl Local elemental stiffness matrix
L Length of the element
li Length of the riser element
Si Curved length of the riser
SE Geometric stiffness matrix
t Time step (s)
T Transformation matrix
Ti�1 Effective tension of the previous element (kN)
TEff Effective tension in the element (kN)
u Water particle velocity (m/s)
uc Current velocity (m/s)
_u Water particle acceleration (m/s2)
wr Weight of the riser element (kg)
wi Weight of the internal fluid (kg)
wB Buoyancy of the riser element (kg)
x Spatial location of the node in the direction of the wave
xi Spatial location of the riser in the direction of the wave
yi Spatial location of the riser in the direction of water depth
z Elemental water depth (m)
q Density of sea water (kg/m3)
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D Displacement vector
hi Angle of the riser with vertical axis
r Wave angular frequency (Hz)

1 Introduction and Literature Review

In offshore industries, risers play a key role in bringing the hydrocarbons from the
seabed to the offloading vessel (ship) in deep/ultra-deepwater. In deepwater,
installation of risers is most efficient and economical for transportation of crude oil
and natural gas. The subsea risers are subjected to environmental loading such as
wind, wave and current motions in different directions, vessel motion, pipeline
seabed interaction, etc. Various studies on risers are discussed below. Bernitsas
et al. [2] presented the three-dimensional, nonlinear and large deformation of
marine riser analysis using small strain theory for three numerical applications. It
was concluded that the stiffening effects of nonlinearity were important in the
analysis of the risers. Lenci and Callegari [1] proposed an approach to boundary
layer phenomenon by considering the stiffness of the soil of a J-Lay riser and
concluded that the boundary layer effect of the soil shall be given importance on
predicting the accurate results. Jinlong and Menglan [3] performed finite difference
method analysis of a steel lazy wave riser (SLWR) considering small deflection and
large deflection beam theories including soil–pile interaction, internal flow of the
riser under ocean wave and current loading. Based on the analysis, it was observed
that the increase in current velocity increased the axial tension at touchdown point
but decrease in equivalent stress. The deformation [4] of riser and stress analyses
[5] of riser were carried out under wave and wave + current including vessel
motions using OrcaFlex. Lucile et al. [6] presented variations of the maximum
stress at TDZ for SCRs of riser using FRONTIER and OrcaFlex softwares. Yang
et al. [7] examined riser stability and the bottom over pull margins using a
mechanical analysis approach and verified the results with common methods. The
effects of true axial force and effective axial forces were examined and concluded
that the stability of the riser depends on effective tension. Based on the brief
literature review, it is observed that the nonlinear response studies of J-Lay riser
under wave, wave + current loading are minimal. The variation of effective tension,
axial and horizontal displacement along the length of the riser during its operation is
minimal. Hence, a MATLAB [8] code, ‘RiserStat’, is developed to analyze the riser
at any water depth using finite element method. The internal fluid velocity and the
motions of the vessel are ignored in the present analysis.
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2 Finite Element Modeling

The riser is descritized into finite elements. The coordinates of the riser elements,
connectivity of the elements, dimensions, material properties and boundaries are
given as input. The elements are modeled as two-dimensional beam elements by
considering three degrees of freedom (axial, lateral and rotational) at each node. The
elemental stiffness matrices (Kl) were developed based on elastic stiffness (Eq. 1) and
geometric stiffness (Eq. 2). Elastic stiffness matrix is developed based on material
properties, cross-sectional area and length of the riser element. Geometric stiffness
matrix is developed based on effective tension in each element of the riser. Top
tension at the vessel connecting point is applied. The effective tension of each element
is estimated considering top tension, weight of the riser element, weight of internal
fluid and buoyancy of the riser element (Eq. 4). Global stiffness matrices (Eq. 3) were
generated using transformation technique. All the elemental stiffness matrices are
assembled based on their elemental connectivity. The translational degrees of free-
dom are arrested (hinge) at vessel connection point and at touchdown point.

KE ¼

AE
L 0 0 � AE

L 0 0

0 12EI
L3

6EI
L2 0 � 12EI
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6EI
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Kl ¼ KE þ SE

KG ¼ TT
� �

Kl½ �½T � ð3Þ

Teff ¼ Ti�1 � 0:5ðwr þwi � wBÞ ð4Þ

The wave force is estimated using Morison equation [9] as the D/L ratio of the
riser is less than 0.2. The wave force is estimated for one cycle of wave by
incremental time step method. The wave force is taken as combination of inertia
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and drag forces (Eq. 5). The water particle kinematics (velocity and acceleration,
Eqs. 6a, 6b) at each time step are estimated using linear Airy’s wave theory. As the
wave height-to-wavelength ratio is less than one in the present case, linear Airy’s
wave theory is considered.

df ¼ Cm q
p
4
D2 _uþ 1

2
Cd qD uþ ucð Þ uþ ucj j ð5Þ

u ¼ agk
r

cosh ðdþ zÞ
cosh kd

cos kx� rtð Þ ð6aÞ

_u ¼ agk
cosh ðdþ zÞ
cosh kd

sin kx� rtð Þ ð6bÞ

D ¼ KG½ ��1ff g ð7Þ

The global stiffness matrix and load vectors are generated based on geometry
and boundary conditions of the riser. The displacement vector (Eq. 7) is estimated
using stiffness method. The axial forces obtained due to the effective top tension in
each riser element are considered for the first time step. The coordinates of the
nodes are updated based on the global displacement, and the variation in top tension
is also estimated. The obtained displacements are used to estimate the displaced
coordinates of the nodes. The displaced coordinates and estimated top tension are
given as input for the analysis in the next time step. The stiffness matrix and load
vector are estimated for the updated coordinates. The wave force is estimated in
addition to top tension. The displacement and top tension are estimated and are used
for the next time step, and this process is continued for one cycle of the wave. The
axial and lateral deformations at each time step are obtained as output in the
MATLAB code. The flowchart [10] of the present analysis is shown in Fig. 1.

Fig. 1 Scheme of nonlinear
static analysis of riser
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3 Analysis of Straight Riser at 300 m Water Depth

A straight steel riser of 0.6 m outer diameter and 0.05 m wall thickness is analyzed
under the combination of top tension and wave loading. The schematic diagram of
straight riser is shown in Fig. 2. The details of the riser are given in Table 1. Wave
height of 2 m and wave period of 10 s are assumed for the analysis. Uniform
current velocity of 1 m/s is considered for current load estimation. The axial and
lateral deformations at different time steps under wave loading are presented
(Fig. 3a, b). The variation of top tension in one wave cycle with and without current
is shown in Fig. 4.

300 m 
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Hinged Joint 

Hinged Joint 
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element-4 

element-n 

Fig. 2 Schematic diagram of
riser at 300 m water depth

Table 1 Details of straight
riser

Description Quantity Units

Outer diameter 0.6 m

Inner diameter 0.55 m

Water depth 300 m

Top tension 2700 kN

young’s modulus 2.1 � 105 N/m2

Density of sea water 1030 kg/m3

Density of steel 7850 kg/m3

Density of crude oil 800 kg/m3

Wave height 2 m

Wave period 10 s

Current velocity 1.0 m/s
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Fig. 3 a Axial displacement of straight riser. b Lateral displacement of straight riser
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4 Analysis of Catenary Riser at 2000 m Water Depth

As the oil exploration is going towards deeper and ultra-deepwater depths, instal-
lation of straight risers is not feasible. Flexible risers are being used at deeper and
ultra-deepwater depths. J-Lay risers are common and easy to install. Hence, a J-Lay
catenary riser at 2000 m water depth is analyzed using the developed MATLAB
code RiserStat. The schematic diagram of catenary riser is shown in Fig. 5. The
length of the riser is considered from free hang point to touchdown point in cate-
nary shape. The origin of global coordinates system is taken at free hang point. The
free hang point of the riser is assumed at sea surface. The pipeline welding ramp
angle of 80° with the vertical axis at free hanging point is considered. The hori-
zontal distance between touchdown point and free hanging point is assumed about
1200 m. Top tension of 7 � 106 N is applied. The riser details are given in Table 2.

The coordinates of the elements of the catenary riser are estimated using the
following equations:

xi ¼ ai sinh�1 li
ai

þ tan hi

� �
� sinh�1 tan hið Þ

� �
ð8Þ

Fig. 5 Layout of catenary
riser

Table 2 Details of catenary
riser (Lenci and Callagari [1]

Description Quantity Units

Outer diameter of pipeline 0.6 m

Inner diameter of pipeline 0.55 m

Water depth 2000 m

Elastic modulus of riser 2.1 � 105 N/mm2

Density of sea water 1030 kg/m3

Density of steel material 7850 kg/m3

Density of crude oil 800 kg/m3

Top tension 7 � 106 N

wave height 2 m

Wave period range 5–15 s
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yi ¼ ai cosh
xi
i
þ sinh�1 tan hið Þ

� 	
� cosh sinh�1 tan hið Þ
 �h i

ð9Þ

Si ¼ ai sinh
xi
ai

þ sinh�1 tan hið Þ
� �

� tan hi

� �
ð10Þ

tan hiþ 1ð Þ ¼ tan hi þ Si
ai

� �
ð11Þ

The catenary riser is analyzed using RiserStat, and the effective tension variation
along the length of the riser is compared with Lenci and Callagari [1]. The com-
parison is shown in Fig. 6. Results show that the effective tension is compared well
along the length of the riser. A nonlinear finite analysis of riser is performed under
wave loading, and the maximum axial and lateral deformations in a wave cycle are
recorded. The nonlinear analysis is performed by varying wave period from 5 to
15 s with an increment of 1 s. Linearly varying current velocity for a depth of
200 m from mean sea level (MSL) is applied as current loading. The current
velocity is considered in two cases. In case I, current velocity of 1.0 m/s at MSL
and 0 m/s at a depth of 200 m from MSL is considered. In case II, current velocity
of 1.4 m/s is considered at MSL. The combined effect of wave and current loading
is estimated. The maximum axial and lateral deformations of the riser in the con-
sidered wave and current load combinations are obtained and amplification factor
(Ratio of maximum deflection and wave height) of the riser for each case is plotted
against wave periods. The maximum axial and lateral amplification factors of the
riser in the considered cases are shown in Figs. 7 and 8, respectively.
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5 Results and Discussions

A MATLAB code RiserStat is developed to perform nonlinear static analysis of the
riser. Analysis is performed for in two different risers at 300 and 2000 m water
depth. The variation of effective top tension one wave cycle (10 s wave period) of
straight riser is plotted against time step. The results indicate that the maximum
effective tension is obtained at 3 s time step which is indicating that the riser crests
at 3 s time step. This behavior is observed due to increase in water particle velocity
and acceleration at 3 s time step. The maximum effective top tension under wave
loading is about 2.97 times of initial top tension. The maximum effective top
tension under wave and uniform current loading are about 6.55 times of initial top
tension. The maximum axial and lateral displacements in straight riser are observed
about 50 m below the MSL.

A catenary riser at 2000 m water depth is also analyzed, and effective tension
variation along the length of the riser is compared well with Lenci and Callegari [1].
Nonlinear static analysis is performed for catenary riser, and amplification factors
are plotted against wave period. The comparison of lateral and axial amplification
under wave loading indicates that the maximum lateral amplification factor is about
10 times the maximum axial amplification factor which is indicating that the riser is
flexible in nature. The comparison of amplification factors under wave and
wave + current loadings cases indicates that the increase in current velocity
increased the response of the riser. The maximum axial amplification under
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wave + current (case I) loading is observed 29% higher than the axial amplification
factor under wave loading. 57% higher axial amplification is observed when case II
current velocity is compared with maximum axial amplification under wave load-
ing. No major significant effect is observed in the lateral deformation even current
velocity is applied in addition to wave loading.

6 Conclusions

The present MATLAB code ‘RiserStat’ is developed using finite element method
by neglecting internal fluid velocity and vessel motions. A straight riser at 300 m
water depth and a catenary riser at 2000 m water depth are analyzed using the
developed code. The variation of the top tension in one wave cycle under wave
loading of 2 m wave height and 10 s wave period is studied, and maximum
effective top tension is obtained at wave crest location. The maximum axial and
lateral displacements are observed at 50 m below the MSL. The present effective
tension variation of catenary riser is compared well with Lenci and Callegari [1].
The increase in current velocity indicated the increase in amplification factor of the
riser. The present analytical results show that the lateral deformations of the cate-
nary raiser are about 10 times the axial deformations indicating that the riser is
flexible in nature.
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Estimation of Modal Characteristics
of a Reduced-Order Fluid–Structure
Interaction System

Hridya P. Lal, W. Dheelibun Remigius, Sayan Gupta
and Sunetra Sarkar

Abstract Understanding of modal characteristics of fluid–structure interaction
(FSI) systems plays a vital role in avoiding large oscillations and instabilities.
Further, with parametric uncertainties, the onset of the instabilities may change and
hence it is important to know the statistics of the modal characteristics of the
coupled system to avoid system failures. The primary objective of the study is to
estimate the statistics of modal characteristics of the stochastic FSI system which
demands intensive computation resources especially for large ordered FSI systems.
The present study also focusses on developing and implementing a stochastic
reduced-order model to resolve pressure-induced oscillations of a disc-like structure
as a generic fluid–structure interaction system. The stochastic reduced-order model
uses a modal reduction approach together with spectral projection-based polyno-
mial chaos expansion (PCE) to truncate both the system degrees of freedom (dofs)
and the random modes. Interfacing algorithms have also been developed that enable
finite element (FE) modelling of the FSI system using commercial software and
in-house developed codes.
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1 Introduction

This study focuses on estimating the modal characteristics of a stochastic fluid–
structure interaction (FSI) system. The system being studied consists of a thin
annular disc immersed in a compressible fluid-filled cylindrical enclosure. The
interaction between the disc and the acoustic system arises either from the
flow-induced vibrations of the disc or from the structure-induced acoustic oscilla-
tions [1]. Additionally, it is assumed that there exist uncertainties in the mathe-
matical modelling of the system properties, which are treated as random variables.
A first step in understanding the dynamical behaviour of the FSI system involves
characterizing the modal properties such as the coupled natural frequencies, mode
shapes and the frequency response functions of the coupled system. Deterministic
eigenvalue analysis reveals the dependence of the system parameters on the disc
and acoustic-dominated coupled mode shapes. Due to uncertainties in system
parameters and depending on the coupling, an eigenvalue veering phenomenon may
occur. As a result, a structure-dominated coupled mode may become an
acoustic-dominated mode and vice versa. Hence, this kind of FSI systems requires
the development of high fidelity finite element (FE) models for both the disc and the
fluid. This result in system matrices of high dimensions and the computational cost
associated with estimating the modal characteristics can be significant. The problem
is compounded by the presence of stochasticity in the model. There is thus a need to
investigate methodologies for reducing computational cost.

Reduced-order models for the stochastic FSI system which can reduce the
computational costs without compromising the accuracy of the solution are
developed in this study. A scheme based on polynomial chaos expansion (PCE) [2]
and system equivalent reduction expansion process (SEREP) [3] has been devel-
oped that enables formulation of reduced-order models for the FSI system.
Reduction in the globally coupled system matrices is obtained through SEREP by
retaining the active dofs along with the dominant dynamic modes and in uncertainty
quantification through PCE by retaining only the first few dominant stochastic
modes. Interfacing algorithms have been developed that enable finite element
(FE) modelling of complex systems using commercial FE software and the
developed codes.

2 Problem Formulation

This section explains the evaluation of the coupled frequencies using FE approach
for the full FSI model shown in Fig. 1. Further, the development and the imple-
mentation of the PCE-based SEREP formulation is also explained in this section.
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2.1 Full FSI Model

Consider a thin annular disc backed by an annular cavity as shown in Fig. 1. The
system shown in Fig. 1 can effectively model the fluid–structure interaction
behaviour of the various engineering systems such as compact disc drives, saw
blades and impeller discs of the centrifugal compressors, etc. The FSI behaviour of
the considered system involves the interaction of the elastic field of the disc with the
acoustic field of the surrounding fluid.

Based on the discretization technique given by Ref. [1], the field equations
governing the pressure oscillations in the upper and lower cavities coupled with
disc oscillations are rewritten as (Ref. [5]),

½G�af€pðtÞga þ ½H�afpðtÞga ¼ ðqcÞ2½AT �af€uðtÞg; ð1Þ

½G�bf€pðtÞgb þ ½H�bfpðtÞgb ¼ �ðqcÞ2½AT �bf€uðtÞg; ð2Þ

where the column matrix fpg 2 <N�1 gives the pressure at the grid points of the
finite element mesh, f€ug 2 <Q�1 is the structural acceleration vector and ½AT � 2
<N�Q is the transposed structural-acoustic coupling matrix of the boundary surface
areas. ½G�; ½H� 2 <N�N represent acoustic mass and stiffness matrices, respectively.
Here, the superscripts a and b denote the upper and lower cavities, respectively, and
q; c are the fluid density and wave propagation speed in the fluid medium,
respectively.

Similarly, the finite element field equation governing the disc displacement
u coupled with the fluid oscillations p is discretized and rewritten as (Refs. [1, 5])

Fig. 1 A schematic of the
considered FSI model
(Ref. [4])
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½M�f€uðtÞgþ ½D�f _uðtÞgþ ½K�fuðtÞg
¼ f½A�bf€pðtÞgb � ½A�af€pðtÞgagþfFðtÞg; ð3Þ

where fug2<Q�1 designates the structural displacement vector; ½M�; ½D�; ½K� 2
<Q�Q represent structural mass, damping and stiffness matrices, respectively; fFg2
<Q�1 is the vector of external forces applied to the structure; and ½A� 2<Q�N is the
structural-acoustic coupling matrix of the boundary surface areas (Ref. [5]).

The field Eqs. (1, 2, 3) are rewritten in matrix form, with damping and forcing
neglected, as

½M� ½0� ½0�
�ðqcÞ2½AT �a ½G�a ½0�
ðqcÞ2½AT �b ½0� ½G�b

264
375 f€uðtÞg

f€paðtÞg
f€pbðtÞg

8><>:
9>=>;

þ
½K� ½A�a �½A�b
½0� ½H�a ½0�
½0� ½0� ½H�b

264
375 fuðtÞg

fpaðtÞg
fpbðtÞg

8><>:
9>=>; ¼

f0g
f0g
f0g

8><>:
9>=>;

ð4Þ

This equation yields the eigenvalue problem of the gyroscopically coupled
disc-acoustic system from which one can get the coupled mode shapes and the
system frequencies in the physical coordinate system. Since the physical coordinate
involves all the degrees of freedom (dof), which makes the analysis computationally
intensive especially for large-order systems. In order to reduce the computational
cost, as a conventional way, the field equations are converted into generalized
coordinate system using the following transformation:

fuðtÞg ¼ ½~Us�f~gsðtÞg; fpðtÞg ¼ ½~Uf �f~gf ðtÞg; ð5Þ

where ½~Us� 2 <Q�k and ½~Uf � 2 <N�l are the uncoupled modal matrix of the disc and
the acoustic cavity with k and l dominant dynamic modes, respectively.

f~gsðtÞg 2 <l�1 and f~gf ðtÞg 2 <k�1 are the generalized coordinates of the disc
and the acoustic cavity, respectively. Making use of the transformation (5), the
Eq. (4) becomes

½m� ½0� ½0�
�ðqcÞ2½CT �a ½g�a ½0�
ðqcÞ2½CT �b ½0� ½g�b

264
375 f€~gsðtÞg

f€~gf ðtÞga

f€~gf ðtÞgb

8><>:
9>=>;

þ
½k� ½C�a �½C�b
½0� ½h�a ½0�
½0� ½0� ½h�b

264
375 f~gsðtÞg

f~gf ðtÞga

f~gf ðtÞgb

8><>:
9>=>; ¼

f0g
f0g
f0g

8><>:
9>=>;

ð6Þ
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where ½C� ¼ ½~Us�T ½A�½~Uf � is the modal coupling matrix, ½m� ¼ ½~Us�T ½M�½~Us�, etc. are
diagonal matrices. The elements of ½C� represent the product of the structural modes
with the acoustic cavity modes weighted by the bounding area attributed to each
boundary point. Further, it is worth noting here that the modal coupling matrix ½C�
describes the gyroscopic coupling between the disc and cavity mode shapes (Ref.
[6]). Each coupled mode is designated either as a disc-dominated mode or as an
acoustic-dominated mode depending upon its energy content (Ref. [6]). The cavity
and disc mode shapes are in general expressed as (k1, k2, k3) and (k4, k5), respec-
tively. Here, k1 and k4 represent the number of nodal diameters, k2 and k5 represent
the number of nodal circles and k3 represents the z-directional node number.
Moreover, for a large-order FSI system, the analysis in the modal domain by
retaining the selected modes is still computationally intensive which encourages the
use of the model reduction techniques.

2.2 Reduced FSI Model Using SEREP Technique

Among all model reduction techniques, SEREP has been found to be more reliable
and accurate (Ref. [7]) which preserves the essential dynamical behavioural char-
acteristics of the full-scale model by retaining only lesser number of dofs known as
active dofs along with modal truncation. SEREP is an eigenvalue-based reduction
technique, used to find a low-dimensional subspace in order to approximate the
state vectors fuðtÞg and fpðtÞg. Partitioning the state vectors in terms of active and
deleted dofs by retaining the few important modes, one can write

fpðtÞg ¼ fprðtÞg
fpeðtÞg

� �
¼ ½eUr�

½eUe�

( )
fegf ðtÞg;

fuðtÞg ¼ fuoðtÞg
fudðtÞg

� �
¼ ½eUo�

½eUd�

( )
fegsðtÞg:

ð7Þ

Here, r, o and e, d are the active and deleted dofs of the cavity and the disc,
respectively. Using Eq. (5), the truncated modal vector can be expressed as

f~gf ðtÞg ¼ ½eUg
r �fprðtÞg; f~gsðtÞg ¼ ½eUg

o�fuoðtÞg; ð8Þ

where the superscript g refers to a generalized inverse of ½eUr� and ½eUo�, respec-
tively. Substituting Eq. (8) into Eq. (5), one gets

fpðtÞg ¼ ½eUf �½eUg
r �fprðtÞg ¼ ½Tf �fprðtÞg;

fuðtÞg ¼ ½eUs�½eUg
o�fuoðtÞg ¼ ½Ts�fuoðtÞg;

ð9Þ
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where ½Tf � 2 <N�r and ½Ts� 2 <Q�o are the transformation matrix which relates the
full system and the reduced system. Using the transformation matrices, Eq. (4) is
reduced as

½Mo� ½0� ½0�
�ðqcÞ2½AT

ro�a ½Gr�a ½0�
ðqcÞ2½AT

ro�b ½0� ½Gr�b

264
375 f€uoðtÞg

f€prðtÞga
f€prðtÞgb

8><>:
9>=>;

þ
½Ko� ½Aor�a �½Aor�b
½0� ½Hr�a ½0�
½0� ½0� ½Hr�b

264
375 fuoðtÞg

fprðtÞga
fprðtÞgb

8><>:
9>=>; ¼

f0g
f0g
f0g

8><>:
9>=>;:

ð10Þ

Here, the reduced submatrices are

½Mo� ¼ ½Ts�T ½M�½Ts�; ½Gr� ¼ ½Tf �T ½G�½Tf �;
½Ko� ¼ ½Ts�T ½K�½Ts�; ½Hr� ¼ ½Tf �T ½H�½Tf �;
½Aor� ¼ ½Ts�T ½A�½Tf �:

Equation (10) yields the gyroscopic eigenvalue problem of the reduced system.
In the modal domain, Eq. (10) can be rewritten as

½mo� ½0� ½0�
�ðqcÞ2½CT

ro�a ½gr�a ½0�
ðqcÞ2½CT

ro�b ½0� ½gr�b

264
375 f€~gsðtÞg

f€~gf ðtÞga

f€~gf ðtÞgb

8><>:
9>=>;

þ
½ko� ½Cor�a �½Cor�b
½0� ½hr�a ½0�
½0� ½0� ½hr�b

264
375 f~gsðtÞg

f~gf ðtÞga

f~gf ðtÞgb

8><>:
9>=>; ¼

f0g
f0g
f0g

8><>:
9>=>;

ð11Þ

In the following subsection, the effect of system randomness is going to be
incorporated into the deterministic model and uncertainty quantification (UQ) is
carried out in order to obtain the statistics of the modal characteristics.

2.3 Uncertainty Quantification

Uncertainties can occur due to modelling limitations and these uncertainties asso-
ciated with the system parameters are treated here as random variables h. After
incorporating the randomness, the deterministic model will become a stochastic
model. To get the statistics of the modal characteristics, as a conventional approach,
one has to solve the deterministic model corresponding to each sample realization.
This statistical sampling-based approach is widely known as Monte Carlo
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simulations (MCS). However, to obtain the desired level of accuracy, one needs to
generate large sample sets which in turn require a large number of solutions of the
problem. For large ordered system, this can be computationally prohibitively
expensive.

As an alternative approach, spectral projection-based approach known as PCE
has been used here. In this approach, the stochastic quantities are projected using a
family of orthogonal polynomials in the random space. The polynomials are chosen
from the generalized Askey scheme. A projection-based non-intrusive version of
PCE has been used here. In the PCE form, stochastic state vectors can be written as
follows (Ref. [2]):

uðt; hÞ ¼
XB
i¼0

ûiðtÞwiðnðhÞÞ; pðt; hÞ ¼
XE
j¼0

p̂jðtÞwjðnðhÞÞ; ð12Þ

where ûðtÞ; p̂ðtÞ are deterministic coefficients, wi;wj are the orthogonal polynomials
of the order i; j, respectively, B;E are the highest order of the orthogonal polyno-
mials and n is the basis random variables. Deterministic coefficients are evaluated as
follows:

ûiðtÞ ¼ uðt; 1Þ;wih i
wi;wih i ; i ¼ 0; 1; . . .;B;

p̂jðtÞ ¼
pðt; 1Þ;wj

� �
wj;wj

� � ; j ¼ 0; 1; . . .;E;
ð13Þ

The inner product in the numerator is evaluated using a tensor product
quadrature as follows:

uðt; 1Þ;wih i ¼
XB1

i¼0

uðt; 1Þwiwi; whereB1 �B;

pðt; 1Þ;wj

� � ¼ XE1

j¼0

pðt; 1Þwjwj; whereE1 �E:

ð14Þ

Here, B1;E1 are the total numbers of collocation points and wi;wj are the weight
functions corresponding to the ith; jth collocation points. The weighing function
depends on the orthogonal polynomials being used; for Hermite polynomials, the
associated function is the Gaussian distribution function and the orthogonality
condition becomes wj;wj

� � ¼ j! and a; bh i represents the standard inner product.
These deterministic coefficients are substituted back into Eq. (12) and subsequently
MCS runs are carried out on these expressions to get the statistics of the modal
characteristics. The computational time reduction in the uncertainty quantification
has been achieved through PCE formulation for the full FSI model. Moreover, for
the large ordered stochastic FSI model, further reduction in computational time can
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be achieved by extending the SEREP technique to this PCE approach. The fol-
lowing subsection explains how the SEREP is applied through the PCE formulation
to a large ordered stochastic FSI system.

2.4 PCE-Based SEREP Formulation

The method of stochastic collocation can be used to obtain the spectral represen-
tation of the reduced-order system as well. The SEREP formulation explained in
Sect. 2.2 has been applied to the field equations in Eq. (4) at the collocation points.
Retaining only a specified number of dofs by partitioning the state vectors at the
collocation points into active dofs and deleted dofs, the transformation matrices at
the collocation points can be obtained as

fpðt; 1Þg ¼ eUf ð1Þ
h i eUg

r ð1Þ
h i

fprðt; 1Þg ¼ ½Tf ð1Þ�fprðt; 1Þg;

fuðt; 1Þg ¼ eUsð1Þ
h i eUg

oð1Þ
h i

fuoðt; 1Þg ¼ ½Tsð1Þ�fuoðt; 1Þg:
ð15Þ

Using the transformation matrices, the reduced stochastic FSI model at the
collocation points can be obtained as

½Moð1Þ� ½0� ½0�
�ðqð1Þcð1ÞÞ2½Aroð1ÞT �a ½Grð1Þ�a ½0�
ðqð1Þcð1ÞÞ2½Aroð1ÞT �b ½0� ½Grð1Þ�b

264
375 f€uoðt; 1Þg

f€prðt; 1Þga
f€prðt; 1Þgb

8><>:
9>=>;

þ
½Koð1Þ� ½Aorð1Þ�a �½Aorð1Þ�b
½0� ½Hrð1Þ�a ½0�
½0� ½0� ½Hrð1Þ�b

264
375 fuoðt; 1Þg

fprðt; 1Þga
fprðt; 1Þgb

8><>:
9>=>; ¼

f0g
f0g
f0g

8><>:
9>=>;:

ð16Þ

Equation (16) yields the gyroscopic eigenvalue problem of the stochastic
reduced system. In the modal domain, Eq. (16) can be rewritten as

½moð1Þ� ½0� ½0�
�ðqð1Þcð1ÞÞ2½Croð1ÞT �a ½hrð1Þ�a ½0�
ðqð1Þcð1ÞÞ2½Croð1ÞT �b ½0� ½grð1Þ�b

264
375 f€uoðt; 1Þg

f€prðt; 1Þga
f€prðt; 1Þgb

8><>:
9>=>;

þ
½koð1Þ� ½Corð1Þ�a �½Corð1Þ�b
½0� ½hrð1Þ�a ½0�
½0� ½0� ½hrð1Þ�b

264
375 fuoðt; 1Þg

fprðt; 1Þga
fprðt; 1Þgb

8><>:
9>=>; ¼

f0g
f0g
f0g

8><>:
9>=>;;

ð17Þ

and has to be solved to obtain the modal characteristics at the collocation points.
The corresponding spectral representation of the desired random coupled

570 H. P. Lal et al.



eigenvalue output can be obtained using the procedure explained in Sect. 2.3 and
the statistics of the same can be evaluated.

3 FE Modelling

To demonstrate the proposed methodology described in Sect. 2, the FSI system
shown in Fig. 1 with the system parameters described in Ref. [4] has been con-
sidered here. The uncoupled disc and cavity are modelled in COMSOL with
appropriate boundary conditions. The disc and the cavity are discretized using
296 edge elements, 640 hexahedral (bricks) elements, 1,424 quadrilateral elements
and 16 vertex elements with total dofs of 23,616 and 7, 872, respectively. The dofs
at each node for the disc correspond to the displacements along the Cartesian
coordinates and denoted by u, v and w while for the cavity, the dof at each node
represents the fluid pressure and is denoted by p. The meshed geometries of the
cavity and the disc are shown in Figs. 2 and 3. The radial, the circumferential and
the axial direction are consisting of 41, 64 and 3 nodes, respectively.

Interfacing algorithms have been used to extract the uncoupled deterministic
system matrices ½G�; ½H� and ½M�; ½K� from both the FE models. The coupled FSI

Fig. 2 Meshed geometry for
the upper cavity

Fig. 3 Meshed geometry for
the disc
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system also has been modelled to extract the structural-acoustic coupling matrix of
the boundary surface areas ½A�. The same FE discretization of the uncoupled models
(see Figs. 2 and 3) is adopted for the coupled FSI model as well and is shown in
Fig. 4.

4 Results and Discussions

As a first step, deterministic eigenvalue analysis has been carried out to get the in
vacuo structural modes and rigid wall acoustic modes using the uncoupled system
matrices. Then, the uncoupled system matrices and the coupling coefficient matrix
in the modal domain have been evaluated by retaining only the dominant uncoupled
modes. Further, the coupled eigenvalue analysis of the full FSI model has been
carried out in the modal domain using Eq. (6).

Next, the reduced uncoupled system matrices and the coupling coefficient matrix
have been obtained by retaining only the active dofs, along with the dominant
modes. As in full system, the reduced uncoupled system matrices and the coupling
coefficient matrix in the modal domain have been evaluated by performing the
reduced uncoupled eigenvalue analysis. Further, the coupled eigenvalue analysis of
the reduced FSI model has been carried out in the modal domain using Eq. (11). In
order to show the computational efficiency of the SEREP model, two case studies
have been performed based on the number of dominant modes.

4.1 Case 1

In this study, for the full system, first 3000 in vacuo disc modes, first 2000 rigid
wall acoustic modes for each cavity have been considered for the coupled eigen-
value analysis. As a result, the system matrices in the modal domain has the size
of 7000� 7000: It is worth noting here that the full system has 39,360 dofs.

Fig. 4 Meshed geometry for
the coupled FSI model
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Next for the reduced system, the uncoupled system matrices for the disc and the
cavity are obtained by arbitrarily choosing 100 dofs, first 100 in vacuo modes and
80 dofs, first 80 rigid wall modes for each cavity, respectively. Hence, the size of
the system matrices is 260� 260: The results for the first five acoustic-dominated
modes and the disc-dominated modes of both the full and the reduced systems are
given in Table 1.

As in Table 1, the agreement between the SEREP systems with the full system
seems to be good. The computational time taken for the full system is around
48 min, whereas the time taken for the SEREP system is around 0.7 s. Compared to
full system, the computational time has been reduced by 99.97%.

4.2 Case 2

This study has been performed by keeping first 50 in vacuo disc modes, first
50 rigid wall acoustic modes for each cavity for both the full and the reduced
systems. As a result, the system matrices in the modal domain for both the systems
have the size of 150� 150: Here, the reduced uncoupled system matrices are
obtained by considering 50 arbitrary dofs for both the disc and the cavity. The
results for coupled eigenvalue analysis of both the full and the reduced systems are
given in Table 2.

There is an exact match between the SEREP and the full system frequencies for
most of the modes as shown in Table 2. The computational time taken for the full
system is around 13 s, whereas the time taken for the SEREP system is around
0.4 s. Compared to full system, the computational time has been reduced by
96.92% with very high accuracy. It is also important to note here that the accuracy
of this case study can be improved by increasing the number of active dofs.

Table 1 Comparison of coupled frequencies of the reduced system with the full system for the
case 1

Modes Full FSI model (Hz) SEREP model (Hz) % of error

(1, 0, 0) 408.7221 408.7360 0.0034

(2, 0, 0) 781.2173 781.5462 0.0421

(1, 0) 916.9915 918.1361 0.1248

(0, 1) 927.2655 928.8834 0.1745

(2, 0) 1052.2 1053.6 0.1331

(3, 0, 0) 1117.5 1117.6 0.0089

(4, 0, 0) 1129.6 1129.8 0.0177

(5, 0, 0) 1421.3 1421.4 0.0070

(3, 0) 1633.6 1636.2 0.1592

(4, 0) 2633.6 2633.6 0
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Further owing to the system randomness, the analysis will be extended to
stochastic domain and the analysis of obtaining the statistics of the modal char-
acteristics is currently being studied.

5 Conclusions

In the present work, the PCE-based SEREP formulation has been developed for a
dynamic FSI system. By means of the interfacing algorithms, the FE modelling of
the uncoupled systems has been carried out using COMSOL. Subsequently, the FE
system matrices of the uncoupled system have been imported from the commercial
software environment and the modal characteristics are obtained by carrying out the
coupled eigenvalue analysis. Two case studies have been carried out based on the
number of dominant modes used for the analysis. From these two case studies, it is
observed that the computational complexities associated with the full eigenvalue
problem have been reduced significantly by SEREP reduction strategy. The case
study with equal number of dominant modes in both full and the reduced systems
seems to be more accurate than the other study in which the number of dominant
modes is unequal. For the purpose of brevity, the article reports the modal char-
acteristics of the deterministic model only. However, using the proposed
PCE-based SEREP technique, the statistics of the modal characteristics can be
obtained easily.

Table 2 Comparison of coupled frequencies of the reduced system with the full system for the
case 2

Modes Full FSI model (Hz) SEREP model (Hz) % of error

(1, 0, 0) 408.7452 408.4248 0.0784

(2, 0, 0) 781.2618 779.8770 0.1773

(1, 0) 918.4455 918.4402 0.0006

(0, 1) 929.0226 929.0226 0

(2, 0) 1054.1 1054.2 0.0095

(3, 0, 0) 1117.6 1117.6 0

(4, 0, 0) 1129.9 1130.3 0.0354

(5, 0, 0) 1421.5 1421.5 0

(3, 0) 1634.8 1634.8 0

(4, 0) 2633.3 2633.3 0
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A Simple NURBS Finite Element for 2D
Sloshing Analysis

Mrityunjoy Mandal and Shaikh Jahangir Hossain

Abstract A simple and accurate Non-Uniform Rational B-Spline (NURBS) based
Finite Element (FE) is proposed for examining the dynamic characteristics of a
partially liquid-filled rigid container. The present NURBS-FE is founded on a
variational problem that arises from small amplitude sloshing of incompressible and
inviscid liquid where the flow field is assumed to be irrotational. The superiority of
Ck-NURBS-based FE over conventional C0-FE in terms of accuracy and robustness
is witnessed through solving a set of numerical problems.

Keywords Rigid container � Sloshing � FE analysis � Isogeometric analysis
NURBS � Degree of the basis function � Frequency � Free surface

1 Introduction

Liquid sloshing in a container due to external disturbance is of major concern in
many engineering fields. The motion of liquid inside a partially filled container
during sloshing creates significant changes in the hydrodynamic forces. This abrupt
change of hydrodynamic force often causes structural damage and may destabilize
the vehicle that carries the container. Besides the safety issues, moving liquid
container gets severely affected by sloshing, particularly when the liquid is of
reactive in nature. Thus, it becomes important to have the comprehensive knowl-
edge about the slosh dynamics before the design of liquid container. Significant
amount of research efforts have been made over last few decades comprising of
analytical [1, 2, 7, 11, 13], numerical [3–6, 8, 10], and experimental methods [1, 3,
9]. These studies reveal that the incompressibility of liquid along with the presence
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of free surface place an intricate mathematical problem, because the time varying
position of free surface cannot be known a priori. Analytical methods are mainly
limited to the linearized dynamic boundary conditions [1, 2, 11, 13]. In few cases,
the perturbation methods are applied where the weakly nonlinear dynamic
boundary condition is considered [13]. However, in almost all situations, the
considered container shapes are kept simple. In the numerical methods, i.e., based
on Finite Difference Method (FDM) [6], Boundary Element Method (BEM) [8, 10],
and Finite Element Method (FEM) [3–5], these limitations are partially removed.
In FEM, it is a common practice to employ the same function space for approxi-
mating both the geometry and fields, i.e., isoparametric elements. This isopara-
metric FEM has become popular due to its simplicity. On the other hand, the
generated mesh, in this way, only can approximate the geometry and the presence
of C0 connections introduces non-smoothness in the geometry which in turn affects
the performance of the model, i.e., it delays the convergence rate. Again, it is
extremely difficult to accommodate the incompressibility satisfying approximation
function space in the aforementioned numerical methods. These necessitate a
postprocessing step to approximately recover the dependent fields. The violation of
mass conservation in velocity potential based model occurs due to such postprocess
step involved in recovering the velocity components.

In recent days, the NURBS-based finite element or the Isogeometric Analysis
(IGA) has emerged as a viable alternative to the conventional C0-based FEM.
In IGA, same function spaces are used for approximating both the geometry and the
fields. However, unlike the isoparametric FEM, the IGA function space is capable
of representing the exact geometry. Moreover, the enrichment of the approximation
space can be made through h-refinement, p-refinement, and k-refinement.

In this paper, we present the IGA-based analysis method for linear slosh
dynamics of a partially liquid-filled container of various shapes. The variational
problem associated with the slosh dynamics is given in Sect. 2. In Sect. 3, we
present numerical results highlighting various features of IGA.

2 Mathematical Formulation

The initial-boundary value problem associated with the sloshing of liquid in a
partially filled container is presented in this section. First, we start with the con-
tinuous problem where we assume the Helmholtz type orthogonal split of the
velocity field. Thereafter, we use the incompressibility condition along with the
irrotational flow constraint which in turn yields the modified momentum balance
involving Bernoulli pressure, velocity potential, and the potential of the existing
body force. The free surface dynamic boundary condition is then identified directly
from the modified momentum balance through which the velocity potential and the
free surface displacement interact. On the other hand, the conservation of mass or
the continuity equation defines the governing equation as the Laplacian of the
velocity potential. These define the continuous problem which can be treated as a
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Neumann type problem with time varying data. However, for present analysis, we
use an equivalent variational problem which is presented after the continuous
problem. Subsequently, we discuss the basic ingredients related to NURBS-based
FEM.

We use a two-dimensional bounded domain X � <2 with the boundary @X for
representing the fluid domain. Further we assume @X ¼ @Xf [ @Xs with
@Xf \ @Xs ¼ ; where @Xf represents the free surface and @Xs is the interface
between the fluid and the rigid container. This is shown in Fig. 1. The components
of velocity field at a generic point ðx; yÞ 2 X are denoted by ðu; vÞ.

2.1 Continuous Problem

For an incompressible fluid, the continuity equation and the momentum equation in
the Eulerian description are given by

div v ¼ 0 inX ð1Þ

vt þ grad vð Þvþ 1
q
grad pþ 1

Re
curl curl vð Þ ¼ f ð2Þ

For irrotational flow, i.e., curl v ¼ 0 in Ω, one obtains a unique representation
the velocity field v ¼ �gradu in Ω where u is the so-called velocity potential. In
light of these, the momentum balance equation Eq. (2) takes the following form:

grad �ut þ
p
q
þ 1

2
graduk2�gZ

��� �
¼ 0 in X ð3Þ

The dynamic boundary condition can be identified by applying Eq. (3) at the
free surface. Neglecting the nonlinear term the dynamic boundary condition can be
written as

@nu ¼ 1
g
utt on @Xf ð4Þ

where @nu refers the partial derivative of the potential function u in the normal
direction and this yields the normal velocity at the boundary.

Fig. 1 Representation of
fluid domain
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Therefore, we define the continuous problem as

Problem(P) Find u 2 H2ðXÞ � 0; T� ½ that satisfies

r2u ¼ 0 inX
@nuþ vsn ¼ 0 on @Xs

@nu ¼ 1
gutt on @Xf

9=
; ð5Þ

The Variational Problem
Here, we start with the following variational problem that is equivalent to Eq. (5)

Problem(Q) Find u 2 U � 0; T� ½ � H1ðXÞ � 0; T� ½, such that

a u; duð Þ ¼ l duð Þ8 du 2 U � 0; T� ½ � H1ðXÞ � 0; T� ½ ð6Þ

Here a �; �ð Þ and l �ð Þ are the bilinear and the linear forms, which are respectively
defined as

a u; duð Þ :¼ R
X
rdu � ru dX

l duð Þ :¼ � 1
g

R
Xf

duu;ttds

9>=
>; ð7Þ

It may be verified that the Euler–Lagrange’s equations associated with Eq. (5)
are none other than those given in Eq. (5).

In this paper, we study the modal analysis using Eq. (5) where we assume a
product decomposition u x; y; tð Þ ¼ exp ix tð ÞU x; yð Þ. Using this, we obtain the
following Eigen value problem:

Problem(Qh) Find uh 2 Uh � U, such that

½a uh; duh
� � ¼ b uh; duh

� � 8 duh 2 Uh� ð8Þ

where the bilinear form b uh; duh
� �

is defined as

b uh; duh
� �

:¼ x2

g

Z
Xf

duh uh ds ð9Þ

2.1.1 NURBS-Based Finite Element Analysis

Let Nif gnpatch1 be the set of NURBS basis function defined over a patch that contain
npatch number of control points. These basis functions are defined in terms of spline
basis. The detailed procedure for constructing the NURBS basis functions is given
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in Ref. [12]. The 1D B-spline basis functions on a set of knot points
N ¼ n1; n2; . . .; nnþ pþ 1

� �
are computed based on Cox-de Boor recursive formula

as

Ni;pðnÞ ¼ n� ni
niþ p � ni

Ni;p�1ðnÞþ
niþ pþ 1 � n

niþ pþ 1 � niþ 1
Niþ 1;p�1ðnÞ ð10Þ

for p[ 0 and

Ni;0ðnÞ ¼ 1 ifni � n� niþ 1

0 otherwise

	 

ð11Þ

for p ¼ 0.
With the aid of the NURBS basis, the velocity potential and its variation are

approximated as

uh ¼
XNpatch

i¼ 1

Ni u
h
i; and duh ¼

XNpatch

i¼ 1

Ni du
h
i ð12Þ

where Ui represents the control point velocity potential and should not be confused
with the nodal velocity potential in C0-based FE.

The discrete algebraic Eigenvalue problem is generated upon using the approxi-
mation Eq. (12) in the variational statement given in Eq. (8) and is written as

KW ¼ kMW where; k ¼ x2 ð13Þ

where K, M, and x refers to the reduced stiffness matrix, reduced mass matrix, and
natural frequency, respectively.

It may be noted at this point that this stiffness matrix is rank deficient in the
absence of Dirichlet data. In the present study, we use the following averaged
Dirichlet condition to make Eq. (13) meaningful

Z
Xf

uh ds ¼ 0 ð14Þ

3 Results and Discussions

Numerical results are presented in this section to evaluate the performance of
developed NURBS-based analysis procedure. First, we consider liquid in a partially
filled rigid 2D rectangular container. Next, we present natural slosh frequencies for
trapezoidal shaped container.
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3.1 Rectangular Container

A rigid container of width ‘w’ and water depth ‘h’ is considered in this problem.
The initial free surface is assumed to be horizontal. Separate codes are developed
based on both the isoparametric FEM- and NURBS-based isogeometric FEM. The
geometric and material data assumed in this example problem are given in Table 1.

The mesh sizes used for the convergence study are 4 � 4, 8 � 8, 16 � 16, and
32 � 32.

The computed slosh frequencies are then plotted along with the known analytical
results Ref. [13]. Here, only 16 � 16 mesh size is considered for the plotting. From
Figs. 2 and 3, it is found that the computed slosh frequencies are in excellent
agreement with the frequencies obtained using analytical technique Ref. [13]. The
figures also indicate that higher degree of the basis function produces higher
convergence rate irrespective of the dimension of the container. It is also noted that
the numerical results for C0 basis converged with the analytical results for lower
modes and the rate of convergence decreasing for higher modes. But for higher

Table 1 Geometric and
material parameters

Geometric data Material data

w = 2 m, 2 m q = 1.00 kg/m3

h = 2 m, 1 m g = 9.81 kN/m2

Fig. 2 Comparison of natural
frequencies using a 16 � 16
mesh for 2 m � 2 m
container

Fig. 3 Comparison of natural
frequencies using a 16 � 16
mesh for 2 m � 1 m
container
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degree basis functions, the numerical results are in good agreements with the
analytical results in all the modes irrespective of the container dimensions. That
means higher degrees of basis function provides higher convergence rate for a given
mesh.

Convergence behavior of both the FEM (biquadratic C0) and the IGA (bi-
quadratic C1) based analysis are shown in Figs. 4 and 5. For this purpose, a
2 m � 2 m container is considered.

Further, it is observed from Figs. 4 and 5 that C0 type FEM results converge
with a slow rate when compared with those obtained from IGA. Thus, even with a
coarse mesh IGA-based results become meaningful.

Higher rate of convergence of the IGA-based computed slosh natural frequencies
is noted. The slosh natural frequencies obtained from bi-quadratic C0 FEM are
compared with those obtained from biquadratic C1 IGA and are presented in Figs. 6
and 7.

It may be worthy to note from Table 2 that IGA-based computation outperforms
in terms of computation time and complexity. The results reported in Table 2 are
obtained from biquadratic C0 FEM and biquadratic C1 IGA and are denoted only by
FEM and IGA. Here, we choose a 2 m � 2 m container.

It is also observed from Table 2 that for a given mesh size the Degree Of
Freedom (DOF) obtained using FEM is higher than that of IGA. Hence, the CPU
time required to solve a problem in FEM is higher than that of IGA. It is important

Fig. 4 Convergence study of
natural frequencies for
various mesh sizes for FEM
(biquadratic C0) basis

Fig. 5 Convergence study of
natural frequencies for
various mesh sizes for IGA
(biquadratic C1) basis
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to note that the increase of total DOF with the mesh refinement is negligible for the
IGA. This makes the IGA attractive when compared with the FEM.

The convergence behavior of the slosh natural frequencies considering higher
order basis functions is presented in Figs. 8, 9, 10 and 11. A 2 m � 2 m container
is considered for all the cases. The optimal rate of convergence is observed for all
IGA-based results.

Insignificant increase of computation time with the increase of polynomial
degree may be observed from Table 3. Results presented in Table 3 are generated
for a 2 m � 2 m container.

Fig. 6 Comparison of
convergence rate of natural
frequencies for a 2 m � 2 m
container

Fig. 7 Comparison of
convergence rate of natural
frequencies for a 2 m � 1 m
container

Table 2 Comparison of
computational cost

Mesh size DOF CPU time required
(s)

FEM IGA FEM IGA

4 � 4 81 36 0.109 0.109

8 � 8 289 100 0.172 0.125

16 � 16 1089 324 0.672 0.547

32 � 32 4225 1156 8.906 2.125

64 � 64 16,641 4356 322.797 15.266
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Fig. 8 Convergence study of
natural frequencies for
various mesh sizes for IGA
(bi-cubic C2) basis function

Fig. 9 Convergence study of
natural frequencies for
various mesh sizes for IGA
(bi-quartic C3) basis function

Fig. 10 Convergence study
of natural frequencies for
various mesh sizes for IGA
(bi-quintic C4) basis function

Fig. 11 Convergence rate of
natural frequencies for
various mesh sizes for IGA
(bi-cubic C2) basis function
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3.2 Trapezoidal Container

A trapezoidal container is considered in this example problem and a schematic
diagram is shown in Fig. 12.

The used geometric data and the computed slosh natural frequencies are reported
in Table 4. From Table 4, it is observed that the slosh natural frequency of
trapezoidal container decreases with the increases of the water depth of the con-
tainer and the span of the free surface.

Table 3 Computational cost for IGA basis functions

Mesh size DOF CPU time required (s)

p = 3 C2 p = 4 C3 p = 5 C4 p = 3 C2 p = 4 C3 p = 5 C4

4 � 4 49 64 81 0.125 0.141 0.672

8 � 8 121 144 169 0.234 0.500 2.500

16 � 16 361 400 441 0.969 0.166 10.031

32 � 32 1225 1296 1369 3.906 6.625 40.052

64 � 64 4489 4624 4761 24.484 37.375 185.109

N.B. ‘p’ represents polynomial degree and it is assumed that ‘p’ is identical in all direction

Fig. 12 Problem geometry
for trapezoidal container

Table 4 Geometric data and the corresponding slosh frequencies

Geometric data Natural slosh frequency (Hz)

Mode 1 Mode 2 Mode 3 Mode 4 Mode 5

H = 0.04 m
a = 0.1143 m
ϴ = 30°

1.191 1.933 2.583 3.182 3.681

H = 0.07 m
a = 0.166 m
ϴ = 30°

1.019 1.611 2.174 2.658 3.085

H = 0.1 m
a = 0.218 m
ϴ = 30°

0.895 1.406 1.903 2.317 2.676
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4 Conclusions

The slosh natural frequencies of an incompressible fluid in a rigid container are
presented in this paper. A NURBS-based FEM or IGA-FEM analysis procedure has
been developed for this purpose. The developed NURBS-based FEM is then
evaluated through solving a set of numerical example problems. Comparative study
on the convergence behavior of the developed IGA elements is made. It is seen that
the IGA elements outperform the conventional C0

finite elements.
The developed IGA elements are then used to study the slosh dynamics of an

incompressible liquid in rigid non-rectangular containers. The developed elements
show high convergence rate in computing natural slosh frequencies when compared
with the conventional C0-based finite elements. Unlike the conventional FE, the
developed IGA-FE requires insignificant increase of computer resources, i.e.,
memory, for hp-refinement.

Study on slosh dynamics in a flexible container is under progress.

References

1. Aslam, M., Godden, W. G., & Scanlinell, D. T. (1979). Earthquake sloshing in annular and
cylindrical tanks. Journal of Engineering and Mechanics Division, 105, 371–389.

2. Bauer, H. F., & Eidel, W. (1999). Frictionless liquid sloshing in circular cylindrical container
configurations. Journal of Aerospace Science and Technology, 3, 301–311.

3. Okamoto, T., & Kawahara, M. (1990). Two-dimensional sloshing analysis by Lagrangian finite
element method. International Journal for Numerical Methods in Fluids, 11(5), 453–477.

4. Wu, G. X., & Taylor, R. E. (1994). Finite element analysis of two dimensional nonlinear
transient water waves. Journal of Applied Ocean Research, 16, 363–372.

5. Tokuda, N., Sakurai, T., & Teraoku, T. (1995). Sloshing analysis method using existing FEM
structural analysis code. Journal of Pressure Vessel Technology, 117(3), 268–272.

6. Chen, W., Haroun, M. A., & Liu, F. (1996). Large amplitude liquid sloshing in seismically
excited tanks. Journal of Scientific & Industrial Research, 25, 653–669.

7. Solaas, F., & Faltinsen, O. M. (1997). Combined numerical and analytical solution for sloshing
in two-dimensional tanks of general shape. Journal of Ship Research, 41(2), 118–129.

8. Gedikli, A., & Ergüven, M. E. (1999). Seismic analysis of a liquid storage tank with a baffle.
Journal of Sound and Vibration, 223(1), 141–155.

9. Saeki, S., Madarame, H., & Okamoto, K. (1999). Growth mechanism of self-induced sloshing
caused by horizontal plane jet. In Proceedings of the 1999 3rd ASME/JSME Joint Fluids
Engineering Conference, FEDSM (pp. 18–23), Vol. 99.

10. Dutta, S., & Laha, M. K. (2000). Analysis of the small amplitude sloshing of a liquid in a rigid
container of arbitrary shape using a low-order boundary element method. International
Journal for Numerical Methods in Engineering, 47, 1633–1648.

11. Cho, J. R., Lee, H. W., & Kim, K. W. (2002). Free vibration analysis of baffled liquid-storage
tanks by the structural-acoustic finite element formulation. Journal of Sound and Vibration,
258, 847–866.

12. Cottrell, J. A., Hughes, T. J. R., & Bazilevs, Y. (2009). Isogeometric analysis toward
integration of CAD and FEA. United Kingdom: Wiley Publication.

13. Ibrahim, R. A. (2005). Liquid sloshing dynamics theory and applications. New York:
Cambridge University Press.

A Simple NURBS Finite Element for 2D … 587



Numerical Study on Cyclic Response
of Self-centering Steel
Buckling-Restrained Braces

Ahmad Fayeq Ghowsi, Amanollah Faqiri and Dipti Ranjan Sahoo

Abstract A self-centering buckling-restrained brace (SC-BRB) is capable of dis-
sipating the seismic energy through metallic hysteresis under cyclic axial loading
without any instability. The use of shape memory alloy (SMA) rods along with steel
BRB core helps in controlling the residual drift response of the braced frames under
seismic loading. This paper is focused on the evaluation of the optimum length of
SMA rods required to achieve the desired energy dissipation with the effectively
controlling the residual deformation. A numerical study has been conducted for a
SC-BRB by varying the SMA length in the range of 0–125% of the BRB core
lengths. The SC-BRB has been modelled and analysed using a computer software
Opensees to assess the self-centering ability, hysteretic response, energy dissipation
and ductility capacity. Results show that SC-BRBs with the higher SMA length
ratio exhibited more stable energy dissipation.

Keywords Buckling-restrained braces � Self-centering system � Hysteretic energy
Numerical modelling � Shape memory alloy

1 Introduction

Steel buckling-restrained braces (BRBs) are capable of nearly symmetric hysteretic
response due to the yielding in both tension and compression without any pre-
mature instability under the cyclic axial loading [1]. A BRB consists of two basic
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components: (i) a steel core element that carries the brace axial force, and (ii) an
external restraining element that prevents the core from buckling in compression.
The restraining element is typically a concrete (or mortar) filled steel tube without
any bonding with the steel core. The excellent energy dissipation potential of BRBs
helps the buckling-restrained braced frames (BRBFs) to resist the seismic loading
with limited damages in the frame members. However, BRBFs show the relatively
higher post-earthquake residual drift response resulting in the costly repair and high
downtime [2, 3].

A self-centering BRB (SC-BRB) has the ability to dissipate energy and also
return to their original position after ground shaking [4, 5]. SC-BRBs exhibited the
excellent hysteretic performance resulting in the significant reduction in residual
drift response under the seismic loading. The length of SMA rods in SC-BRBs
plays an important role in exhibiting the self-centering capability. One of the
possible ways to enhance the high ductility and hysteretic energy dissipation of
SC-BRBs with the minimum residual drift response is to optimise the length and
strength ratio of the BRB cores and the SMA rods [6, 7].

The present study is focused on predicting the hysteretic response of SC-BRBs
by varying the parameters of BRB core segments and SMA rods for a constant
yielding cross-sectional area. The SC-BRBs are modelled and analysed under the
reversed cyclic loading using computer software Opensees [8]. The main param-
eters investigated are the hysteretic response, backbone curves and hysteretic
energy factors.

2 Numerical Modelling

A SC-BRB specimen tested by Mliller et al. [7] has been considered for the
numerical investigation in this study. Figure 1 shows the longitudinal and
cross-sectional views of the SC-BRB assembly. The end segments of BRB are
intentionally made stronger to remain elastic under the expected range of cyclic
loading. For SC-BRB, the size of BRB end segments at both ends may be different.
This is because of the connection requirements of the inner and outer tubes. The
arrangements of these tubes and SMA rods are made in such a way that the SMA
rods are subjected to tension forces in either direction of cyclic loading. Both these
tubes are attached to the BRB end segments only at one end alternatively, whereas
the other ends are supported by the movable plates through bearing action. SMA
rods are connected to these movable plates through bolted connections.

Figure 2 shows the numerical modelling of SC-BRB assembly in computer
software Opensees [8]. Various elements of SC-BRB are modelled as link elements.
The element connecting nodes 1–10 represent BRB, with a total length of 3.2 m.
The element connecting nodes 1–5 and 6–10 represent the elastic portion of BRB
including the transition zones with total length of 0.93 and 0.48 m, respectively.
The element of 5–6 represents the BRB core with total length of 1.83 m.
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The elements connecting 11–12 and 15–16 represent with the same total length
of 2.58 m inner and outer tube, respectively. The outer and inner tubes are con-
nected to the BRB’s elastic portion using the multi-point constraint-rigid links of
8–12 and 3–15. The outer and inner tubes are connected to the elastic portion of BRB
only from one end of tubes. The other ends of tubes are supported on each other.

Let SMA rod be the link 13–17 that represents the four numbers of SMA rods of
22 mm diameter and total length of 1.07 m and placed between the outer and inner
tubes. These tubes are connected to two elastic movable plates over the elastic
zones of BRB ends (Fig. 2). The SMA bar is under pre-tension while the SC-BRB
is under zero load. The SMA wire is expected to be under tension when BRB core
under some shortening or elongation. The preloading in SMA rods are carried by
these tubes and hence, the load-resisting capacity of BRBs is not altered.

The link 17–14 has been provided as a rigid link to limit the length of SMA
within SC-BRB. The rigid link is modelled by assuming their axial stiffness sig-
nificantly higher than SMA rods. The prestress in SMA rods should also be con-
sidered in rigid links. The links 13–15, 13–11, 14–12, and 14–16 in Fig. 2 represent
the gap elements to consider the translations of movable plates under axial loading.

Fig. 1 Longitudinal and cross-sectional views of SC-BRB specimen

Fig. 2 Numerical modelling of SC-BRB assembly
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While the SC-BRB is at zero position under no loading, the inner and outer tubes
are in contact with the movable plates on both sides. Any cyclic loading on BRB
cores results in a gap at one end with bearing contact at the other. The gap elements
chosen in this numerical modelling are capable of resisting the compression loads
without providing any resistance to tension forces.

The rigid links 8–12 and 3–15 are provided to represent the inter-dependency of
inner and outer tubes in transferring the cyclic loading to the SMA rods. This means
that if the inner tube is connected to the right side of elastic portion of node 8 and
the other end of the tube should be free and not connected to any other elements.
The outer tube has to be connected to the left end of the elastic portion of BRB at
node 3 and not to be connected to the other end.

Since the elements representing the force–displacement behaviour of SMA rods
do not exist in Opensees [8] library, a UMAT code has been written in C++
following the recommendations of Taftali [9] and is implemented in the numerical
models in this study. The parameters of force–displacement characteristics are
modified suitably to match the experiment result [7]. Two main parameters con-
sidered are the residual strength and the change in slope in the unloading segments
of hysteretic response in martensitic phase of SMA. This slope changes in every
cycle with the increasing strain demand on SMA rods.

Figure 3 shows the material model used by Taftali [9] with the inputs as
Young’s modulus (ESMA), yield stress (FS

AS), austenite slope (RS), ultimate slope in
austenite (Rm) and similar variables for negative loading regions. The same slope in
martensitic has been considered under plastic reverse displacement. However,
cyclic tests have shown that the unloading slope of SMA keeps changing with the
plastic deformations [7]. As shown in Fig. 4, the force–deformation characteristics
of SMA rod are modified in this study that represent the residual displacements and
varying slope of martensite unloading branch. Thus, the influence of residual strain
is considered in this study to compare the numerical results with the past experi-
mental studies.

σ

ε 
FfSA

Fs
AS

ESMA

RS

Rm

dfAS

Fig. 3 Material model used
by Taftali [9]
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3 Validation of Numerical Model

Figure 5a shows the comparison of predicted stress–strain and force–deformation
response of SMA coupons with test results. SMA coupons are of 21.6 mm in
diameter and of 122 mm in gage length. The numerical models successfully pre-
dicted the material response of SMA rods.

Figure 5b shows the comparison of force–strain response of SMA rods used in
SC-BRB specimen. The outer and inner tubes have been used over the BRB to keep
the SMA rod under and preventing the BRB from SMA pre-tension demand. The
movable plates are kept in contact on both ends of outer and inner tubes. The SMA
is connected from one to another end, in between outer and inner tubes. The
material for outer and inner tubes are selected as in HSS standard section. The same
properties of SMAs used in experiment [7] are also considered in this numerical

σ 

ε FeSA
FfSA

Fs
AS

ESMA

RS

Rm

dfASεresidual

Fig. 4 Modified material
model used in this study
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study. The properties of ESMA, Fs
AS, Rs and Rm for SMA are assumed as

28,650 MPa, 308 MPa, 3.3% ESMA, and 20% ESMA, respectively. The results of
the numerical study for SMA rods of SC-BRB specimen also matched very well
with the experimental results.

The size of BRB core plate in SC-BRB specimen is 12 mm thickness and
36.6 mm width, same as used in the past experimental study [7]. The BRB core
plate is modelled as fibre sections using uniaxial material Steel02 elements in
Opensees [8] platform. The material yield stress and modulus of elasticity of BRB
are 305 MPa and 200 GPa, respectively. To prevent the buckling of BRB core
plates under the axial loading, the moment of inertia of fibre sections increased
keeping the same cross-section area. A small value of eccentricity has been used in
the numerical models to consider the imperfections in BRB core plates. The beam
column element has been selected from Opensees library for modelling of BRB end
segments. The force–displacement response of BRB of SC-BRB specimen obtained
from the numerical models has been compared with the experimental results as
shown in Fig. 5c. The numerical model successfully predicted the axial strengths at
different plastic deformations and cyclic hardening behaviour in tension.

Since the movable plates of SC-BRB remain in the elastic range as modelled by
using gap elements with compression and no tension, there compression hardening
parameters of BRB of SC-BRB assembly are noted to be different from the con-
ventional BRB as shown in Fig. 5c. Further, the friction at the interface of the
movable plates and the BRB plates, which is not considered in the model, maybe
another reason for discrepancy noted in the hysteretic response of BRB.

The numerically predicted hysteretic response of combined assembly of
SC-BRB predicted matched very well with the test results as shown in Fig. 5d with
less residual strain and good energy dissipation.

4 Preliminary Design of SC-BRB

The design procedure for SC-BRB has been carried out as per the current practice
for design of BRBs [9, 10]. The design parameters, i.e. the response modification
coefficient R, the deflection amplification factor Cd, and the system overstrength
factor X0 for BRBFs are considered from the past study [6]. Elastic properties of
SC-BRBs are assumed similar to the BRBs with the corresponding material
strengths. The axial strength of SC-BRB is a combination of a BRB core strength
and pre-tension in SMA wire. The design axial strength of BRB can be expressed as
follows:

pu�BRB ¼ /pyBRB ð1Þ

where pyBRB = yield strength of BRB core. The ultimate strength of SC-BRB is
given by
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pu�SC�BRB ¼ / pyBRB þ/ pi�SMA ð2Þ

pu�SC�BRB ¼ 0:9FyscAcore þ 0:9Fi�SMAASMA ð3Þ

where Fysc = yield strength of steel BRB core, Fi-SMA = initial prestress in the
SMA, Acore = area of BRB steel core, and ASMA = area of SMA bar. The initial
prestress in the SMA should be able to overcome the BRB core yield stress. The
following condition has to be met for the adjacent brace strengths based on AISC
seismic provision [11].

padj�BRB ¼ bxFyscAsc �Fi�SMAASMA ð4Þ

where b = compression strength factor, and x = the hardening adjustment factor.
Since the material yield stress is assumed to be obtained from the coupon tests, the
material overstrength factor (Ry) factor is omitted from the adjusted brace strength
equations. The cross-sectional area of BRB can be calculated using the following
expression:

ASC ¼ Pu

/Fysc 1þ bxð Þ ð5Þ

Similarly, the area of SMA area can be found as follows:

ASMA ¼ bxFyscAsc

Fi�SMA
ð6Þ

The above equations can be used for the preliminary design. Hence, a detailed
study is required to optimise the design procedure for SC-BRB considering the
various values of design parameters and relative length/area ratio of BRB and SMA
rods.

5 Results and Discussions

Numerical model is validated by comparing the brace force–deformation response
and SMA force–strain response measured in the past experiment. In this study, the
length of SMA rods is varied in the range of 0–125% of BRB core lengths. Figure 6
shows the comparison of hysteretic response of SC-BRB models. It can be seen that
the martensitic effect of SMA is more pronounced if the length of SMA rods is 25%
of BRB core length. However, this results in the less energy dissipation though the
residual drift response can be controlled effectively. The energy dissipation and
equivalent damping potential of all SC-BRB models are also computed for the
hysteretic response. The results concluded that the SMA length ratios can signifi-
cantly influence the hysteretic behaviour of SC-BRBs.
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Figure 7 shows the variation of energy dissipation with different values of
SMA-to-BRB core ratio. The increase in the SMA length resulted in less energy
dissipation. The SC-BRB with 0% of SMA shows the higher energy dissipation
because of the rigid link used along with BRB. The higher energy dissipation is
noted in SC-BRB with the smaller lengths of SMA rods.

Table 1 shows the maximum ductility values of SC-BRB under varying SMA
ratios. The result showed the higher ductility in SC-BRB with 0% of SMA ratio, but
no changes are observed in ductility for SMA ratios varying in the range of
25–125%.

Fig. 6 Hysteretic response of SC-BRB with varying SMA length ratio
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6 Conclusions

Based on this numerical study, the following conclusions can be drawn from this
study:

• The length of SMA rods should not exceed the 50% of BRB core length in order
to control the residual drift effectively.

• The optimum range of length ratio can be considered to be in the range of
50–75% for the better energy dissipation and desired residual drift reduction.

• More detailed optimum design is required for cross-section area ratio as well as
modification factor, amplification and overstrength factor to be used in the
design of SC-BRBs.
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Computational Modelling of Cement
Hydration to Evaluate the Mechanical
and Transport Properties

B. S. Sindu, S. Radha Meenaloshini and Saptarshi Sasmal

Abstract Concrete is heterogeneous and is not perfectly isotropic. It has many
distinct phases which are not homogenously distributed. It also contains a network
of capillary pores and grains of unhydrated (crystalline and amorphous) cement.
Hydration of cement-based materials is a complex phenomenon. During hydration,
many physical and chemical changes take place. The present study deals with the
computational modelling of cement hydration. CEMHYD3D has been employed in
this study to investigate the hydration behaviour of cement paste. The influence of
parameters like water–cement ratio on various transport and mechanical properties
during hydration has been investigated. It is significant to mention here that the rate
of change in behaviour parameters is not consistent and it greatly depends on the
reaction state and activism during a particular time frame. The results obtained from
the computational studies are verified with the results obtained from experimental
studies. The study would greatly help not only to understand the mechanism of
cement and cementitious materials at different time frame during hydration, it also
signifies the reaction kinetics and possible states of hydration.

Keywords Micromechanics � Cement hydration � Reaction kinetics
Transport properties

1 Introduction

At macroscopic level, concrete is homogeneous and isotropic and consists of coarse
aggregates embedded in cement matrix whereas at microscopic level, concrete is
heterogeneous and is not perfectly isotropic. It has many distinct phases which are
not homogenously distributed. Apart from that, cement-based materials undergo
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many interrelated phenomena, some of which are well understood and others still
remain ambiguous. One such phenomenon is the hydration process. Hydration is an
exothermic process and it is complex to be described by simple chemical equations.

It is extremely useful, though complicated, to understand the hydration kinetics
of cement paste and the mechanism during the hydration process. This under-
standing would help in developing the new class of cementitious/cement-based
materials with desired properties. For the structural/civil engineers, though it is
most important to obtain the physical and mechanical properties of concrete after
complete hydration, there is a pressing need to understand the science behind it to
tailor, to the possible extent, the properties of cement/mortar/concrete at different
time and geometrical scales.

The properties of the final hydrated product depend upon many influencing
factors such as the degree of hydration, composition and particle size distribution of
cement, curing temperature and water–cement ratio. There are innumerable
experimental and numerical techniques to determine the properties and the
influencing parameters of final hydrated product whereas it is very difficult to
experimentally determine (trace) the evolution of mechanical properties and the
influencing parameters during the course of hydration. Computer-based simulation
becomes handy in such situations. It also helps in bridging the gap between the-
oretical predictions and engineering practice.

For a wise simplification of the real hydration process, it is necessary to deal
with the complexity of simulating the hydration reaction. Hydration models sim-
ulate the development of microstructure and evolution of hydration reactants and
products. The results obtained from the computer simulation can be extended to
know about various parameters of cement at their microscopic level.

Jennings and Johnson [1] developed a mathematical model in which the
development of microstructure of tricalcium silicate (C3S) when reacted with water
was demonstrated. In this model, cement hydration is considered as the nucleation
and growth of spherical particles in space. In 1991, van Breugal [2] developed a
model named HYMOSTRUC which can simulate the development of microstruc-
ture of cement particles during hydration and predict its bulk properties. According
to this model, all the hydration products deposit over the cement particles and hence
the hydrating cement particles are represented as growing spheres. Maekawa et al.
[3] developed a model called DUrability of COncrete Model (DUCOM) which can
demonstrate the microstructure formation of hardening concrete and also evaluate
the durability properties of concrete. Navi and Pignat [4] developed a model to
accurately represent the development of microstructure of cement called integrated
particle kinetics model (IPKM). In this model, the calcium-silicate-hydrate (C-S-H)
which is hydration product deposits on C3S whereas Portlandite (CH) is assumed to
form in pore space enabling the modelling of the evolution of each particle inde-
pendently. Hence, this model is capable of demonstrating the evolution of indi-
vidual phases and also calculating the interactions between them. But, due to the
modelling of all possible interactions, this model is very slow and limits the sim-
ulation to be carried out only for small number of particles. To overcome this
shortcoming, [5] developed a model called µic in which millions of particles can be
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simulated within short time incorporating all the interactions. The main advantage
of this model is that it enables customisation of many aspects. It can be seen that all
the above models are continuum models. Bullard [6] developed a numerical model
to simulate the cement hydration and microstructure development at their early and
later ages called HydratiCA. HydratiCA is a stochastic reaction-transport model that
simulates the complex interactions among the coupled nonlinear chemical reactions
and mass transport phenomena. Bentz [7] developed a model named CEMHYD3D
which uses digital image processing approach to simulate the cement hydration
process. This model is capable of simulating the microstructure development of
plain and blended concrete and also measures its thermo-mechanical properties.
The main advantage of this model is that it allows the representation of multi-size
and non-spherical particles.

In this study, CEMHYD3D has been used to model the evolution of
microstructure of cement paste during hydration. This study helps in understanding
the underlying mechanism of cement hydration and its influencing parameters. The
spatial distribution of various reaction products and pores has also been investi-
gated. The influence of parameters like water–cement ratio and hydration time on
the transport and mechanical properties has also been investigated.

2 Modelling of Cement Hydration

The computational volume of size 100 � 100 � 100 voxels is created at first. This
computational volume is distributed with digitised spheres. The number of spheres
and the size of spheres placed inside depend upon the particle size distribution of
the cement powder under investigation (shown in Fig. 1) and the desired water–
cement ratio of the mix.

The next step is to sort these spherical particles into different phases according to
the phase distribution in the SEM image of the cement matrix. Cement powder of
interest is mixed with epoxy resin and made into a dry paste. The specimen is cut,
polished and coated with thin film of carbon. Then the specimen is viewed through
SEM and analysed for backscattered electrons and X-rays emitted due to the

Fig. 1 Particle size
distribution of the cement
powder under investigation
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specimen-primary electron beam interactions. These backscattered electron images
and X-ray images collected for Ca, Si, S, Al and Fe are used to determine the phase
distribution such as tricalcium silicate (C3S), dicalcium silicate (C2S), tricalcium
aluminate (C3A), tetracalcium aluminoferrite (C4AF) and gypsum (CSH2) in the
sample. The X-ray and backscattered electron images are obtained for the same area
of specimen. So, at one pixel location, six signals are available, the backscattered
electron intensity and five x-ray signals. From the collective information of all these
six signals, the phase separation is carried out using autocorrelation function.

For an M � N image, the autocorrelation function S(x; y) takes the form

S x; yð Þ ¼
XM�x

i¼1

XN�y

j¼1

I i; jð Þ � I iþ x; jþ Yð Þ
M � xð Þ � N � yð Þ ð1Þ

where I(x,y) has a value of 1 if the pixel located at (x,y) meets the user criteria and 0
otherwise.

The two-point correlation function for silicates is used for separating the cement
particles into silicates and aluminates. For this, each pixel in three-dimensional
cement particle image is assigned a random number following a normal distribu-
tion, N(x,y,z), generated using the Box-Muller method. The random number image
is then filtered using the autocorrelation function, F(x,y,z):

F rð Þ ¼ F x; y; zð Þ ¼ Sðr ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2 þ z2ð Þ � S 0ð Þ � S 0ð Þp

S 0ð Þ � S 0ð Þ � S 0ð Þ½ � ð2Þ

The silicates are further segmented into C3S and C2S and aluminates to C3A and
C4AF. More detailed information on the image processing can be found elsewhere
[8]. Figure 2 shows the obtained SEM image and the segmented image showing
different phases.

Using the point counting procedure, the area and perimeter of each phase are
calculated (shown in Table 1). In order to create a good representation of the
cement paste, phase volume fractions, phase surface area fractions and phase
autocorrelation structure should be described with extreme clarity.

Once the initial microstructure is created, a set of rules are employed to simulate
the hydration behaviour. The phase of each voxel gets updated in the next time step
through cellular-automata (CA) algorithm (shown in Fig. 3). Each voxel may
undergo dissolution, diffusion or reaction according to the state transition rules to
form solid hydrated phase.

2.1 Dissolution

In Fig. 3, the first set of pixel shows the initial states and the next three sets show
possible states if the centre pixel moves in the direction mentioned in the arrows. It
can be seen in the dissolution phase that if the solid pixel moves towards water,
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Fig. 2 SEM image
a obtained and b segmented
with different phases

Table 1 Calculated volume
fraction and surface area

S. No Phase Volume fraction Surface area

1. C3S 0.657354787 0.708161988

2. C2S 0.097637795 0.203423923

3. C3A 0.076457834 0.047693546

4. C4AF 0.168549583 0.040720544

Fig. 3 Cellular automata
algorithm applied in
CEMHYD3D for dissolution,
diffusion and reaction (black
—solid phase, grey—
diffusing phase and white—
water phase)
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it becomes a diffusing pixel and if it moves towards solid pixel, it remains as such.
To shift the dissolution rate, the soluble phase is allotted possibilities of zero and
unity. In this way, hydration is adjusted in such a way that C3A react faster than
C3S followed by C2S and C4AF.

2.2 Diffusion

Likewise, the probable diffusing species is formed by dissolution process that
comprises of diffusing CH, diffusing C-S-H, diffusing C3A, diffusing gypsum and
diffusing FH3. It can be seen in diffusion phase that the diffusing pixel has the
liberty to move towards the water but if it moves towards solid pixel, it undergoes
reaction to form another solid phase otherwise it keep on as such.

2.3 Reaction

Numerous reactions are considered for modelling the cement hydration. For sim-
ulating the nucleation process, a diffusing species is allocated to certain probability
of altering to its solid form. The probability (P) is made to be exponentially
dependent on the number of diffusing species in solution (c):

P ¼ P0ð1� e�c=cmÞ ð3Þ

where P0 and cm are constants. This functional equation brings a nucleation
probability that will deteriorate rapidly as c becomes less than cm so that few new
crystals will form late in the hydration. Figure 4 shows the state transition rules that
are followed for modelling the cement hydration. Arrow patterns denote the dis-
solution, nucleation and collision of two species to form a hydration product.
f[X] denotes that nucleation or dissolution probability is a function of concentration
or volume fraction of phase X.

Flowchart in Fig. 5 shows the basic steps involved in modelling of cement
hydration process using CEMHYD3D.

Fig. 4 State transition
diagram for 3-D Cement
Hydration Model
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3 Results and Discussion

With the above procedure, the evolved microstructure is obtained during each time
step. Figure 6 shows the microstructures obtained at different times. From the
microstructure, various physical and mechanical properties are determined.

3.1 Degree of Hydration

The degree of hydration denotes the quantity of cement matrix that has undergone
hydration. It is calculated using the following relation:

Degree of hydration ¼ ðMi �MtÞ=Mi ð4Þ

Identify different 
phases from image 

(No. of phases 
=N)

Cement Powder
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Distributi
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(Elemental mapping)
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Phase distribution 
of the generated 

Image Processing

Measure Surface 
Area and Volume 
fraction of each 

Initiate hydration 
under required 

conditions

Hydration using 
Cellular 

Automata 

i < N

Create 3D 
computational volume

Fig. 5 Flowchart explaining
modelling of cement
hydration process using
CEMHYD3D
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where

Mi Mass of initial clinker materials which is calculated by multiplying with its
specific gravity. (i.e. number of pixels containing each clinker material at the
initial stage is multiplied with their respective specific gravity) and

Mt Mass of clinker materials remaining unhydrated at time t.

Fig. 6 Microstructures obtained at different hydration times
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3.2 Chemical Shrinkage

The volume stoichiometry of all ongoing chemical reactions is calculated in order
to determine the chemical shrinkage. The molar volume of water left out is
deducted from the molar volume of total porosity (including self-desiccation
porosity) for calculating the chemical shrinkage.

Chemical Shrinkage ¼ mvp � mvw
� � � hf ð5Þ

where

mvp molar volume of porosity,
mvw molar volume of water left out and
hf heat conversion factor (arbitrary value to fit the numerical value with

experimental results).

3.3 Compressive Strength

The compressive strength of the hardened cement paste is predicted using the
gel-space ratio concept developed by Powers [9]. According to this method, the
compressive strength is calculated using

rc ¼ AXn ð6Þ

where

A Intrinsic strength of the cement paste, MPa depending upon clinker
composition,

n Constant which takes the value between 2.6 and 3 depending upon the cement
being investigated and

X gel-space ratio which is defined as the ratio of volume of hydration product to
the combined volume of the hydration product and capillary porosity which can
be given as

X ¼ 0:68að Þ= 0:32aþw=cð Þ ð7Þ

where a is the degree of hydration on mass basis.
The values of A and n depends upon the type of cement and the Bogue com-

position. For the type of cement considered in this study, the value of A is 250 MPa
and n is taken as 2.6.
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3.4 Porosity

The microstructure is distributed with different chemical constituents. The count of
number of pixels occupied by pores (pixel value = 0) gives the porosity of the
matrix at any point of time.

The compressive strength and heat release of cement paste obtained using the
above procedure is compared with that of the experimental results (shown in
Fig. 7). It can be observed from Fig. 7 that the results obtained from numerical
simulation are well corroborated with that obtained from experiments. Further, with
the validated computational model, other mechanical and transport properties like
the degree of hydration, porosity and chemical shrinkage are calculated. The
influence of parameters like water–cement ratio and hydration time on various
transport and mechanical properties has also been evaluated (shown in Fig. 8). The
model can be used to evaluate the influence of addition of pozzolanic and
non-pozzolanic materials on the transport and mechanical properties.

Fig. 7 Comparison of
experimental and numerical
results
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4 Conclusion

This study deals with the computational modelling of cement hydration.
CEMHYD3D has been used to investigate the hydration behaviour of cement paste
and the influence of parameters like water–cement ratio and hydration time on
various transport and mechanical properties. The study would greatly help not only
to understand the mechanism of cement and cementitious materials at different time
frame during hydration but also signifies the reaction kinetics and possible states of
hydration. For any further enhancement of physical/chemical or mechanical prop-
erties of cement-based materials, this study would provide a tool to estimate the
reaction kinetics and particle reactions for effective and desired performance.

Fig. 8 a Degree of
hydration, b chemical
shrinkage and c porosity

Computational Modelling of Cement Hydration … 609



References

1. Jennings, H. M., & Johnson, S. K. (1986). Simulation of microstructure development during
the hydration of a cement compound. Journal of the American Ceramic Society, 69(11),
790–795.

2. Van Breugel, K. (1991). Simulation of hydration and formation of structure in hardening
cement-based materials.

3. Maekawa, K., Chaube, R., & Kishi, T. (1999). Modelling of concrete performance.
4. Navi, P., & Pignat, C. (1996). Simulation of cement hydration and the connectivity of the

capillary pore space. Advanced Cement Based Materials, 4, 58–67.
5. Bishnoi, S., & Scrivener, K. L. (2009). µic: A new platform for modelling the hydration of

cements. Cement and Concrete Research, 39(4), 266–274.
6. Bullard, J. W. (2008). A determination of hydration mechanisms for tricalcium silicate using a

kinetic cellular automaton model. Journal of the American Ceramic Society, 91(7), 2088–2097.
7. Bentz, D. P. (1997). Three-dimensional computer simulation of Portland cement hydration and

microstructure development. Journal of the American Ceramic Society, 80(1), 3–21.
8. Stutzman, P. (2004). Scanning electron microscopy imaging of hydraulic cement microstruc-

ture. Cement and Concrete Composites, 26(8), 957–966.
9. Powers, T.C. (1962). Physical properties of cement paste. In Proceedings of the 4th

International Symposium on the Chemistry of Cement (pp. 577–613), Vol. 2. Washington, D.C.

610 B. S. Sindu et al.



Three-Dimensional Analytical Solution
for FGM Plate with Varying Material
Properties in In-plane Directions Using
Extended Kantorovich Method

Poonam Kumari and Agyapal Singh

Abstract A three-dimensional analytical solution for a functionally graded plate
with longitudinally varying material properties is developed the first time. The plate
is subjected to Levy-type boundary condition. A closed-form solution is developed
using extended Kantorovich method. Deflections and stresses by taking three
varying indexes ðd1Þ are studied under different boundary conditions.

Keywords Functionally graded material � Kantorovich method
Analytical � Power series method

1 Introduction

Functionally graded materials (FGMs) are a new class of advanced composite
materials in which material properties vary gradually with respect to the spatial
coordinates. Bamboo, bones, teeth, and wood are the excellent example of natural
occurring FGMs. Manmade designed\fabricated FGMs are specially used in aero-
space and biomedical field. Jha et al. [1] presented the current state of research for
static and dynamic analysis of thermoelastic FGM plates. Very recently, a com-
prehensive review of mathematical models for FGM plate under bending, buckling,
and dynamic analysis is presented by Swaminathan et al. [2]. In literature, most of
the research work is related to modeling and analysis of FGM plates and shells
having material property variation along the thickness direction. Very limited work
is reported in the literature for FMG plates with a longitudinal variation of material
properties. Lu et al. [3] applied the differential quadrature method (DQM) to solve
3-D elasticity equation of Levy-type multidirectional functionally graded rectan-
gular plates with an exponential variation of material properties along x and
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z-direction. Recently, Tahouneh and Naei [4] developed 3D dynamic solution for
thick two-directional functionally graded Levy-type FGM plate using
two-dimensional DQM. Liu et al. [5] analyzed a Levy-type rectangular plate con-
sidering power law variation of material properties along the longitudinal direction.
Classical plate theory (CPT) is used to develop the governing equation and Runge–
Kutta method is applied for a solution. Very recently, Amirpour et al. [6] developed
the analytical solution using higher order shear deformation theory for all round
simply supported FGM plate assuming an in-plane variation of stiffness. Mostly
numerical or semi-analytical techniques were used for three-dimensional analysis of
in-plane or multidirectional functionally graded structures. As per author’s
knowledge, there is no three-dimensional analytical solution exist for plates having
in-plane stiffness variation. The powerful extended Kantrovich method
(EKM) originally proposed by Kerr [7] for two-dimensional (2D) elasticity prob-
lems is generalized to the three-dimensional (3D) elasticity solution for the multi-
layered plate by Kapuria and Kumari [8, 9]. In this paper, EKM is applied to
develop an analytical solution for rectangular functionally graded plate considering
a variation of material properties along the x-direction. By employing the varia-
tional process along the in-plane (x) and thickness (z) directions, yield a system of
6n ODEs with variable constant and 3n algebraic equation in the direction of x and
a similar set of equations with constant coefficient in the z-direction. In thickness
direction, exact closed-form solutions are obtained using the approach given in Ref.
[9] and along in-plane direction, the system of ordinary differential equation has
variable coefficients, which is then solved by employing the modified power series
method suggested by Kukla [10]. Numerical results are obtained for a thick FGM
plate with different boundary conditions considering three value of variation index
ðd1Þ.

2 Basic Assumption

A rectangular FG plate of uniform thickness h, span length ‘a’ along the x-direction
and length b along y-direction as shown in Fig. 1 is considered for the present
study. The plate is made of FGM material.

For the present case, material properties are assumed to vary along x-axis as

�sm1j ¼ �s1jð1þ d1n1Þ ) �s1j þ ŝ1j for j ¼ 1; 2; 3 ð1Þ

where �s is compliance properties, di is varying constant, and n1 ¼ x=a; n2 ¼ y=b are
nondimensional quantities. The plate is subjected to simply supported boundary
conditions along the y-axis and along x-axis any boundary conditions can be
applied, e.g., clamped, free, soft-clamped.
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3 Theoretical Formulation

By using mixed Reissner-type variational principle for a linear elastic medium, the
weak form of governing equation considering material variation along x-axis is
expressed as

Z
V

duðsxz;z þ rx;x þ sxy;yÞ
�
þ dv syz;z þ sxy;x þ ry;y

� �þ dw rz;z þ szx;x þ syz;y
� �

þ drx ð�s11 þ ŝ11Þrx þð�s12 þ ŝ12Þry
�

þð�s13 þ ŝ13Þrz � uxgþ dry ð�s12 þ ŝ12Þrxf
þ ð�s22Þry þð�s23Þrz � vy

�� drz wzf
�ð�s13 þ ŝ13Þrx � ð�s23Þry � ð�s33Þrz

�
� dsyz vz þwy � ð�s44Þsyz

� �� dszx uzf
þwx � ð�s55Þszxgþ dsxy ð�s66Þsxy � vx � uy

� ��
dV ¼ 0

ð2Þ

The boundary conditions at top and bottom surfaces of the plate are

at z ¼ �h=2 rz ¼ �p1; syz ¼ 0; szx ¼ 0

at z ¼ �h=2 rz ¼ �p2; syz ¼ 0; szx ¼ 0
ð3Þ

The boundary conditions at the edges n1 ¼ 0 and 1 are set according to type of
support given as

Simply Supported Sð Þ : w ¼ 0; rx ¼ 0; v ¼ 0
Clamped Cð Þ : w ¼ 0; u ¼ 0; v ¼ 0
Free Fð Þ : sxz ¼ 0; rx ¼ 0; sxy ¼ 0

ð4Þ

Fig. 1 Geometry of FGM plate
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The boundary conditions at edges n2 ¼ 0 and 1 are assumed to be hard simply
supported (SH)

w ¼ 0; ry ¼ 0; u ¼ 0

4 EKM Approach

The field variables to be solved are in column matrix form as

X ¼ ½u; v;w; rx; ry; rz; sxy; syz; szx�T

The solution is assumed in separable form as

Xlðn1; n2; fÞ ¼ Xx
l ðn1ÞXy

l ðn2ÞXz
l ðfÞ for l ¼ 1; 2; . . .; 9 ð5Þ

To obtain analytical solution in y-direction, the field variables Xy
l are expressed

in term of Fourier series in y-direction as

ðu;w; rx; ry; rz; szxÞ ¼
X1
m¼1

ðu;w; rx; ry; rz; szxÞm sinmpn2

)
X1
m¼1

Xlðn1; fÞmXy
lSðn2Þ

ðv; syz; sxyÞ ¼
X1
m¼1

ðv; syz; sxyÞm cosmpn2

)
X1
m¼1

Xlðn1; fÞmXy
lCðn2Þ

where ð Þm denotes mth Fourier component which is a function of x and z.
The solution for the lth variable Xl is assumed in the following form:

Xlðn1; n2; fÞ ¼
X1
m¼1

Xy
lSðn2Þ or Xy

lCðn2Þ

Xn
i¼1

f il ðn1ÞgilðfÞþ dl6½pa þ zpd�g
( )

for l ¼ 1; 2; . . .; 9

ð6Þ

wherein f il ðn1Þ and gilðfÞ are the univariate function of n1 and f respectively, for
the ith term of the n-term series solution. These functions are to be determined
iteratively, satisfying all homogenous boundary conditions.
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5 First Iteration Step

In this step, functions f il ðn1Þ are assumed, for which the variation dXl is obtained as

dXl ¼
X1
m¼1

Xy
lS or X

y
lC

� �Xn
i¼1

f il ðn1Þdgil for l ¼ 1; 2; . . .; 9 ð7Þ

Functions gilðfÞ are partitioned into a column vector �G of that six variables which
appear in the boundary and interface conditions and a column vector Ĝ consisting
of the remaining three variable

�G ¼ g1 g2 g3 g6 g8 g9½ �T
Ĝ ¼ g4 g5 g7½ �T

Equation (7) is substituted in Eq. (2) and integration is performed over n1
direction on the known function of n1. Since the variation dgil is arbitrary, thus
coefficient of dgil must be zero individually. This result in the following system of
9n differential algebraic equations for dgil

M �G;f ¼ �Am �Gþ ÂmĜþ �Q ð8Þ

KĜ ¼ ~Am �Gþ ~Qm ð9Þ

where

�Am
6n�6n ¼ �Aþ �Av; Âm

6n�3n ¼ Âþ Âv

~Am
3n�6n ¼ ~Aþ ~Av ~Qm

6n�1n ¼ ~Qp þ ~Qv
p

(), ()v contain constant and varying components, respectively. Substituting the Ĝ
from Eq. (9) into Eq. (8) gives

with

�G;f ¼ A�GþQp

A ¼ M�1½�Am þ ÂmKm�1~Am�
Qm

p ¼ M�1½�Qm
p þ ÂmKm�1 ~Qm�

ð10Þ

The general solution for Eq. (10) is

�GðfÞ ¼
X6n
i¼1

FiðfÞCi þU0 þ fU1 ð11Þ

This complete the first iteration step.
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6 Second Iteration Step

The solution of gilðn1Þ from the previous step is now taken as known a priori, where
f il are considered unknown. The variation dXi for this case is obtained as

dXl ¼
X1
m¼1

Xy
lS or X

y
lC

� �Xn
i¼1

gilðfÞdf il for l ¼ 1; 2; . . .; 9 ð12Þ

Functions f il ðn1Þ are partitioned into a column vector �F consisting of that six
variables that appear in the boundary conditions along the x-direction given in
Eq. (4) and a column vector F̂ of the remaining three variable

�F ¼ f1 f2 f3 f4 f7 f9½ �T

F̂ ¼ f5 f6 f8½ �T

Equation (12) is substituted in Eq. (2) and integration is performed over f
direction on the known function of f. Considering that variation df il are arbitrary,
the coefficient of df il in the resulting left-hand side expression is equated to zero
individually. This results in the following system of differential algebraic equations
for f il

N�F;n1 ¼ �Bf �Fþ B̂ f F̂þ �Pf
m ð13Þ

LF̂ ¼ ~Bf �Fþ ~Pf
m ð14Þ

where

�Bf ¼ �Bþ n1�B
v; B̂ f ¼ B̂þ n1B̂

v

�Pf
m ¼ �Pþ n1�P

v; ~Bf ¼ ~Bþ n1~B
v

~Pf
m ¼ ~Pm þ n1~P

v
m

and

N; �Bf ; B̂ f ; L; ~Bf are 6n� 6n; 6n� 6n; 6n� 3n; 3n� 3n; 3n� 6n
matrices, respectively

Substituting the F̂ from Eq. (14) for into Eq. (13) gives

�F;n1 ¼ ðB0 þ n1B1 þ n21B2Þ�FþP0 þ n1P1 ð15Þ
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where

B0 ¼ N�1ð�Bþ B̂L�1~BÞ;
B1 ¼ N�1ð�Bv þ B̂L�1~Bv þ B̂vL�1~BÞ;
B2 ¼ N�1ðB̂vL�1~BvÞ;
P0 ¼ N�1ð�Pm þ B̂L�1~PmÞ;
P1 ¼ N�1ð�Pv

m þ B̂vL�1~PmÞ;

The above Eq. (15) is set of non-homogenous ordinary differential equations
with the variable coefficients. Thus, the solution for Eq. (15) is expanded in terms of
a power series in the dimensionless axial coordinate n1ð0� n1 � 1Þ as

�Fðn1Þ ¼
Xn
i¼1

Yin
i
1

i!
ð16Þ

Further above assumed solution is modified as

�F jðn1Þ ¼
X1
i¼1

Z j
i n

i
1 þ

X1
i¼1

H j
i n

i
1

 !
C0 ð17Þ

where C0 is evaluated by applying edge conditions where Ziðn1Þ and Hiðn1Þ are
given by recursive relations which are obtained by substituting Eq. (17) into
Eq. (15). The infinite power series is truncated to a finite number of terms such that
the contribution of the first neglected term is less than 10�10.

7 Numerical Results

A thick square metal FG plate with S = 5 and Young’s modulus (66.2 GPa) of plate
varies along the length with variation index of d1 ¼ 0; 0:5; 1:0 is considered for
the numerical study. Poisson’s ratio ðm ¼ 0:33Þ is assumed to be constant. The plate
response is obtained for following pressure load at the top of the plate.

p2 ¼ p0 sinðpy=bÞ

The results are nondimensionalized with Y0 ¼ 10:3 GPa as follows:

�w ¼ 100 wY0=p0hS4;
ð�rx; �ry; sxz; syzÞ ¼ ð�rx; �ry; Ssxz; SsyzÞ=p0S2

Since there exists no analytical solution for a plate with longitudinal varying
material properties. Therefore, the present method is validated with respect to 3D
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FE results. For FE analysis, spatially graded property distribution (at different
Gauss points) with the quadratic hexahedral solid element is implemented by
employing user material subroutine (UMAT) in ABAQUS FE software.

The longitudinal variation of deflection and stresses (normal and shear) for
different boundary conditions (e.g., CC, SS, SF, and FF) are presented in Figs. 2, 3,
4 and 5 for the thick plate (S = 5). Results are presented for different variation index
d1 = 0, 0.5, 1. Figure 2 presents the longitudinal variation of deflection (�w) and
in-plane stress ð�rxÞ for simply supported-simply supported (SS) and
clamped-clamped (CC) boundary conditions. For comparison, 3D FE results are
also plotted for d1 = 0.5 and it is observed that as the variation index for material
properties increases, the location of maximum deflection and in-plane stress shifts
toward right for both cases (SS as well as CC boundary). It is also observed that
there is significant variation in in-plane stress ð�rxÞ for SS and in deflection for CC
boundary conditions. Longitudinal variation of transverse shear stresses �szx, �syz is
plotted in Fig. 3 and it observed that there is noticeable variation in �syz as compared
to �szx for both cases. It is evident from Figs. 2 and 3 that present results are in good
agreement with 3D FE results. Similarly, Figs. 4 and 5 present the variation of
deflection and stresses for simply supported-free (SF) and free-free (FF) boundary
conditions. As variation index increases, the deflection (�w) for FF boundary con-
ditions decreases. While for other support conditions it increases and the reverse
trend is followed by stress ð�rxÞ. No significant variation is observed for transverse
shear stress under SF and FF boundary conditions. These results can be taken as
benchmark results for verifying 2D theories and numerical results.

Fig. 2 Variation of deflection �x and normal stress �rx in single layer FGM plate with different d1
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Fig. 3 Variation of transverse stresses �szx;�syz in single layer FGM plate with different d1

Fig. 4 Variation of deflection �x and normal stress �rx in single layer FGM plate with different d1
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8 Conclusion

The first time a closed-form 3D solution is presented for a functionally graded plate
with longitudinally varying material properties. The location of maximum deflec-
tion and maximum stresses in the case of in-plane FG plate are different than the
homogeneous plate. The significant effect of properties variation on a deflection and
in-plane stress is observed and boundary condition plays an important role in the
behavior of longitudinal varying FGM plate.
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Effect of Support Settlement
on the Behaviour of Stone
Masonry Arch Bridge

T. P. Vijayalekshmi and Job Thomas

Abstract In this paper, the behaviour of an existing masonry stone arch bridge
when subjected to foundation settlement is evaluated. The 13 Arch Bridge, also
called Kannara Bridge situated in the Kollam–Shenkottai Railway line is considered
for this study. This bridge is originally designed for Metre Gauge (MG) load and is
now being upgraded for Broad Gauge (BG) load. CATIA V5 is used to model the
bridge in its original form and strengthened form. Transient load analysis is carried
out in ANSYS V15 to study the deformation of the bridge in different situations.
The cases, namely, when the supports are intact and when the central support sinks
with respect to the other supports were analysed for the original bridge and for the
strengthened bridge. The middle support deflection and maximum principal stresses
were determined. A parametric study on the influence of thickness of the concrete
jacket on the deformation properties of the bridge was carried out. Three thick-
nesses for the concrete jacket, namely, 200, 450 and 600 mm, were considered. It is
found that the provision of concrete jacket offers high resistance against defor-
mation of the bridge due to settlement. The concrete jacket of 450 mm is suggested
as a feasible solution to mitigate the settlement problems.

Keywords Stone masonry � Arch bridge � Support settlement � Transient
analysis � Middle support deflection
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1 Introduction

Masonry arch bridges are surprisingly strong structures; most of them are con-
structed centuries ago. These structures are still in use and have to carry increased
loads than they are actually designed for. These bridges have a major role in
transportation in many countries. There are about 19,600 masonry arch bridges in
Indian Railways, which are originally designed for loads lower than that in the new
code provisions. The present study aims to understand the behaviour of a modified
stone arch bridge situated in the Kollam–Shenkottai Railway line when subjected to
foundation settlement. These structures are getting worldwide attention and there
are certain studies on masonry arch bridges regarding pier settlement and
strengthening. Gilbert [1] modelled a twin-span bridge subjected to central support
settlement in Ring software. It is found that support settlement may lead to
incremental damage to the structure. Luboweicka et al. [2] indicated that due to the
live load, there is local bending of the arch which causes tensile stress and foun-
dation settlement affects the total stress state in the bridge structure. Farhad et al. [3]
analysed three stone arch bridges of the Iran railway using SAP2000. It is suggested
that strengthening the arches results in a considerable increase in lateral capacity of
stone arch bridges. Gonen et al. [4] found that excessive stresses at critical points
cause failure of stone arch bridges. Behnamfara and Afshari [5] suggested that the
lateral load carrying capacity of stone arch bridges increases as a result of
strengthening. Domede et al. [6] predicted the effects of existing cracks in presence
of displacement of supports. It is concluded that the compressive strength of the
masonry remains a decisive factor in the load-bearing capacity of the bridge. Kindij
et al. [7] in a study observed that differential settlement of pier foundations cause
damage to the pier itself and also cause damage of the barrel, spandrel walls, or
drainage system. Reccia et al. [8] analysed an existing bridge under foundation
settlements. It is found that a vertical small displacement of the pile could worsen
the serviceability conditions.

2 Salient Features of the Stone Masonry Arch Bridge

The bridge under study is 143.22 m long and has 13 arches of 9.14 m span and 3 m
rise. The central pier is about 19.895 m high. It is a stone masonry arch built a
hundred years ago. The stone arch of the original bridge is 600 mm thick. Concrete
jacketing is provided for all the 12 piers. The intrados of the arches are provided
with 450 mm jacketing. The original bridge is shown in Fig. 1.
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3 Geometric Model

The software used for modelling is CATIA V5. It is a solid modelling commercial
tool used for modelling of complex structures like masonry arch bridges. The
central pier, two adjacent piers, two central full spans and two half spans on either
side of the bridge were considered for the analysis. The drawing of the original
bridge and strengthened bridge is shown in Figs. 2 and 3 respectively.

The parts of the railway masonry arch bridge namely piers, arches, spandrel
walls, infill and ballast are separately modelled in the part workbench and assem-
bled in the assembly workbench of CATIA V5.

Fig. 1 Stone masonry arch
bridge under study

Fig. 2 Original bridge
drawing
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4 Finite Element Model

The geometric model of the bridge is imported to the ANSYS V15 environment.
The material properties are assigned to all parts of the bridge. Proper meshing is
done to the geometry. Supports are introduced so that the middle support is free to
sink. Loads are applied according to the Bridge Rules [9].

4.1 Material Properties

The geometric model of the bridge is imported to the ANSYS V15 environment.
The material properties of stone masonry are assigned to the piers and arches.
Young’s modulus of masonry is taken as 10,000 MPa, Poisson’s ratio as 0.2, and
density as 2200 kg/m3 [10]. The nonlinear stress–strain response of stone masonry
as suggested by Grandjean and Brühwiler [11] is considered and is given in Fig. 4a.
Young’s modulus of fill material is taken as 5000 MPa, Poisson’s ratio 0.2, density
1800 kg/m3, cohesion 0.5 kPa and angle of internal friction 30° [12]. Drucker–
Prager criterion is used to model the soil fill. The ballast properties are Young’s
modulus 150 MPa, Poisson’s ratio 0.35 and density 2500 kg/m3 [13]. In the case of
strengthened bridge, the stress–strain response of concrete in compression as shown
in Fig. 4b is considered [14].

4.2 Element and Meshing

SOLID 186 is a 3D-brick element and is used for modelling the structure. 10-noded
tetrahedral elements and 20-noded hexahedral elements are used in the meshing of
various parts of the structure. The element sizes used in the meshing of the original

Fig. 3 Strengthened bridge
drawing
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bridge model and retrofitted bridge model are 150 and 200 mm, respectively. The
finite element models of the original structure and the retrofitted structure are shown
in Figs. 5 and 6 respectively.

Fig. 4 Stress–strain curves.
a Stone masonry, b concrete
in compression

Fig. 5 Finite element model
of original structure
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4.3 Boundary Conditions

Supports are assigned beneath the piers at the ends. The settlement of the middle
pier is modelled with no supports beneath the central pier. Loads based on the
Bridge Rules [9] are considered in the analysis. Dead load is the self-weight of
the structure together with the permanent loads and it is applied by selecting the
standard earth gravity option. Live load is the BG load plus the dynamic effects.
The BG loco load is shown in Fig. 7. The axle load is 245.25 kN and there are 12
axles. The distance between the axles at the ends is 26.688 m. The dynamic effect is
accounted for in the computation of load and the impact factor is 1.11.

The centrifugal effect may be negligible [15] for these types of massive struc-
tures. As recommended in the Arch Bridge Code [16], the tractive effort and
breaking effect are not considered.

5 Finite Element Analysis

Transient analysis is carried out and the middle support deflection and stresses in
the structural elements of the bridge are determined. In transient analysis, the
position of load is varying with time. The movement of load in the structure is
considered and it takes 8.3 s for the BG loco load to cross the bridge corresponding
to the train speed of 31 km/h as laid down in the route specification. The middle

Fig. 6 Finite element model
of strengthened structure

Fig. 7 Broad Gauge loco loading (all dimensions are in mm)
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support deflection and maximum principal stresses at every second in the analysis
of the original bridge is determined. Similar analyses were carried out for the
retrofitted bridge with varying thicknesses of concrete jacket namely 200, 450 and
600 mm.

6 Results

The deflection values evaluated in the various cases, with settlement are given in
Table 1.

The maximum middle support deflection was found to be 85.80 mm in the
original bridge. By providing 200-mm-thick concrete jacketing, the middle support
deflection is reduced to 20.39 mm. A further reduction of 5.16 mm is seen when
the thickness of the jacket is increased to 450 mm. In the case of retrofitted bridge
with 600 mm jacketing, the value is found to be 14.95 mm. There is only 0.28 mm
reduction even if the thickness is increased from 450 to 600 mm. It is found that the
450-mm-thick concrete jacket offers high resistance against deformation of the
bridge due to settlement. Hence, it can be concluded that the support settlement
problems can be effectively mitigated using the jacketing. The middle support
deflection plotted against time for the original bridge, 200, 450 and 600-mm-thick
retrofitted bridge is given in Fig. 8.

Table 1 Predicted deflection in settlement

Particulars Middle support deflection (mm)

Original bridge 85.80

Strengthened bridge with 200-mm-thick jacketing 20.39

Strengthened bridge with 450-mm-thick jacketing 15.23

Strengthened bridge with 600-mm-thick jacketing 14.95

Fig. 8 Middle support
deflection versus time
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The deformation contour of the original bridge and 450 mm retrofitted bridges
are shown in Figs. 9 and 10, respectively.

The maximum principal tensile stress due to the settlement of middle pier in the
original structure was found to be 6.1248 MPa and the location is near the middle
support. By introducing the concrete jacket of 450 mm, the maximum principal
tensile stress was found to be 0.70446 MPa, which is significantly lower than the
magnitude in the original structure. It is found that jacketing is an effective solution
in reducing the stress in the structural elements of arch bridge subjected to support
settlement.

7 Conclusions

In the analysis, excessive deformation is observed for original masonry arch bridge.
In the case of retrofitted arch bridge, the deformation is found to be reduced to a
large extent. Concrete jacketing at the intrados of the arches and around the piers is
found to be effective in controlling the settlement of intermediate pier. It is found
that 450 mm concrete jacket is a solution to control the excessive deformation due
to middle support settlement. The principal tensile stresses in the structural elements
of arch bridge subjected to support settlement are found to be considerably reduced
by introducing the concrete jacket.

Fig. 9 Total deformation in
original bridge

Fig. 10 Total deformation in
450-mm-thick retrofitted
bridge
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Experimental Studies on Physical
Properties and Strength Response
of Construction and Demolition Wastes

Ashok Kumar Suluguru, Arkamitra Kar, Anasua GuhaRay
and Naveen James

Abstract There is increasing inclination towards the reuse of construction and
demolition wastes (CDWs), primarily containing building derived materials
(BDM) in engineering practices such as ground improvement. Currently BDMs are
used in the form of recycled aggregates that incur extra cost due to refinements. The
present study, thereby, emphasizes on the use of virgin BDM. No previous studies
related to its characterization and utilization in ground improvement have been
reported till now. Hence, this study focuses on the characterization of BDM and its
durability aspects through physical, chemical, and microscopic studies to test their
compatibility when used in conjunction with local soil contaminated with aggres-
sive chemicals. Soil composition varies based on the vicinity of a chemical plant,
waste processing plant, or a coastal area. Results from this study can be used to
encourage the practical use of BDM especially in chemically contaminated soil and
developing relevant standard codes.
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1 Introduction

Due to rapid urbanization and development of infrastructure, huge volume of
construction waste is generated. Additionally, periodic renovation and modification
of these structures produce large quantities of demolition waste. Further, natural
calamities like earthquake may also lead to destruction of structures, creating a
significant amount of solid demolition waste [1]. U.S. Environmental Protection
Agency (USEPA) defines construction and demolition waste (CDW) as waste
materials consisting of the debris generated during the construction, renovation, and
demolition of buildings, roads, and bridges. As the construction industry greatly
contributes to the present environmental unbalances, it is necessary to (i) drastically
reduce the consumption of nonrenewable natural resources and (ii) limit the
dumping of waste from CDW that takes up ever more limited space. Possible
solutions to overcome these challenges are investigated in the present study. The
primary component of CDW is building derived materials (BDM).

This paper is specifically aimed at working upon the analysis of BDM charac-
teristics, so that they can be used for practical purposes such as ground improve-
ment. Due to a critical shortage of natural aggregates, the availability of demolished
concrete for use as BDM is rapidly increasing [2]. Presently, BDMs are used in the
form of recycled concrete aggregates, but this refinement incurs extra cost due to
chemical and mechanical processes associated with it [3–5]. Considering the Indian
scenario, “Over the last five years, India’s first and only recycling plant for CDW
has saved the already-polluted Yamuna and the overflowing landfills of Delhi from
15.4 lakh tonnes of debris. A Ministry of Urban Development circular on June 28,
2012, directed States to set-up such facilities in all cities with a population of over
10 lakhs. But, till now the existing facility at Burari is the only one.” [6]. Hence, the
present study emphasizes on the use of virgin BDM to conserve natural aggregate,
reduce the impact on landfills, and provide cost and energy benefits. If BDM are to
be used for ground improvement, knowledge of its load carrying and durability
characteristics are of utmost importance. The present study investigates the dura-
bility characteristics BDM on exposure to aggressive chemical environment. The
results obtained from these tests are compared with the standard natural aggregate
values for concrete pavement, owing to the lack of available data for BDM. The
results obtained from Los Angeles abrasion test, specific gravity test, water
absorption test, and aggregate impact value test comply with standard results for
natural aggregates. Since the chemical composition of soil varies with location, the
responses of BDM to aggressive chemicals are assessed. The BDM are immersed in
separate solutions of seawater, sulfuric acid (5% v/v), nitric acid (5% v/v), and
hydrochloric acid (5% v/v) for 7 days. The aforementioned aggregate tests are
repeated for these BDM to identify the effect of these chemicals on BDM perfor-
mance. According to ASCE, there are no global standards for recycled BDM in
geotechnical applications [7, 8]. Hence, the results obtained from the proposed
study can be used to establish a basis for the practical use of BDM in geotechnical
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applications and provide recommendations which can be used to prepare standard
codes of practice for these materials.

2 Materials

The BDM used for this study are procured from local construction sites. The
Hyderabad campus of the Birla Institute of Science and Technology (BITS)-Pilani
is undergoing extension, and thus producing huge amounts of construction as well
as demolition wastes. The primary sources of these wastes are the demolition of
some existing structural elements that are no longer serviceable, and the concrete
cubes, cylinders, and prism specimens which are rejected from the concrete tech-
nology laboratory after preliminary testing for the new phase of construction.

The BDM used in the present study are thus predominantly concrete wastes. The
compositions of cement, sand, and coarse aggregates used for the preparation of the
relevant concrete mixes are available from the supplier. The procured concrete
wastes were crushed to particles having sizes of 10 mm or less, based on sug-
gestions from existing literature for inclusion of foreign materials in soil. The
crushed BDM were then graded through sieve analysis and the results are furnished
in Sect. 4. Seawater used for immersion of BDM is procured from the coastal
regions in the vicinity of the Bay of Bengal. Commercially available laboratory
grade sulfuric acid, hydrochloric acid, and nitric acid are procured and necessary
amounts of deionized water added to prepare the respective 5%v/v solutions. The
experimental techniques are detailed in the following section.

3 Experimental Methodologies

Before exposure to the aggressive chemical environmental conditions, some pre-
liminary tests were carried out in order to identify the mineralogical composition of
the available BDM. These include:

• X-ray diffraction (XRD) to identify the minerals present in the BDM. Bruker D8
Discover was the model used. The CuKα X-rays were generated at 40 mA and
40 kV. Scans were performed over 20°–80° 2θ range at 0.02° 2θ steps and
integrated at the rate of 2 s step−1. The results are presented in Fig. 1.

• Particle size analysis (following IS 2720 Part 4:1985 and Stereo microscopic
imaging). Olympus SXZ7 stereo microscope was used to investigate the
dimensions of the different particles comprising the crushed BDM having
maximum size of 10 mm (Fig. 2). The minimum dimension that can be iden-
tified by this microscope is 20 μm. Stereo microscopy was also used to identify
any characteristic surface features of the BDM for future comparison with BDM
exposed to aggressive chemicals.
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• Aggregate Impact Value Test according to IS-2386 Part 3 (1963) to identify the
resistance of the BDM to degradation when subjected to impact. The values
from this test were then compared with those from BDM exposed to aggressive
chemical attacks (Table 1).

• Specific gravity and aggregate water absorption according to IS 2386-Part 3
(1963) were also determined for BDM to evaluate their compatibility when
included in soil.

The BDM samples were then tested after exposure of 7 days to each of the
following chemicals:

Meas. data:CaO+SiO2
Calc. data:CaO+SiO2
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Fig. 1 X-ray diffractogram
for virgin BDM powder

Fig. 2 Stereo microscopic
image for virgin BDM
particle at 2.5× magnification

Table 1 Comparison of AIV
for BDM, before and after
exposure to aggressive
chemical attacks

Prevailing condition AIV (%)

Before any chemical attack 35

After sea water attack 43.3

After sulfuric acid attack 36.7

After hydrochloric attack 36.7

After nitric acid attack 40
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• Sea water
• Sulfuric acid
• Hydrochloric acid
• Nitric acid

5% v/v solutions of sulfuric acid, hydrochloric acid, and nitric acid were pre-
pared for checking sulfate, chloride and nitrate attack, respectively. To study the
extent of the attack, the samples were tested for the following after 7 days of
immersion in the agents mentioned above:

• Study of surface under stereo microscope: After immersing the BDM in dif-
ferent aggressive chemicals for 7 days, they were observed under a stereo
microscope to check for changes in surface characteristics (Figs. 3, 4, 5 and 6).

• Study of loss of impact value due to attack: An indirect idea about the bearing
strength of aggregates can be measured by conducting the aggregate impact
value test. After immersing the BDM in chemicals for 7 days, they were tested
for impact value (as per IS: 2386 (Part IV)-1963). The difference in impact
values due to these immersions is presented in Table 1.

• Check for change of weight due to attack: Depending on the compositions of the
BDM, their immersions in different chemicals can produce different outcomes.
Reactions may lead to either an increase in weight of the BDM or a decrease.
This was being determined by measuring the BDM weight prior to immersion in
the chemicals; and comparing these weights with those after 7 days of
immersion. The differences were expressed in percentages w.r.t. the weight of
BDM before immersion. The results are provided in Sect. 4.5.

• XRD for BDM immersed in different chemicals: To identify possible chemical
changes upon comparison with the XRD patterns from virgin BDM. The results
are provided in Sect. 4.6 (Figs. 7, 8, 9 and 10).

Fig. 3 Stereo microscopic
image for BDM particle after
7-day immersion in seawater
at 2.5× magnification
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Fig. 4 Stereo microscopic
image for BDM particle after
7-day immersion in sulfuric
acid (5% v/v) solution at 2.5×
magnification

Fig. 5 Stereo microscopic
image for BDM particle after
7-day immersion in
hydrochloric acid (5% v/v)
solution at 2.5× magnification

Fig. 6 Stereo microscopic
image for BDM particle after
7-day immersion in nitric acid
(5% v/v) solution at 2.5×
magnification

Meas. data:Sea Water
Calc. data:Sea Water

2-theta (deg)

In
te

ns
ity

 (c
ps

)

20 30 40 50 60 70 80
  0.0e+000

  2.0e+003

  4.0e+003

  6.0e+003

Fig. 7 X-ray diffractogram
for powdered sample of BDM
immersed in seawater for
7 days
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4 Results and Discussions

4.1 X-ray Diffraction (XRD)

XRD patterns for powdered BDM showed the predominance of calcium silicates
and quartz, as expected from Portland cement concrete. The sharp peaks corre-
sponding to 2-theta values near 21°, 26°, and 51° represent crystalline quartz or
silica. The smaller peaks between 2-theta values of 30° to 40° represent the tri-
calcium silicate and dicalcium silicate component of Portland cement, whereas the
peaks near 2-theta values of 36° and 45° represent the calcium hydroxide com-
ponent due to hydration of Portland cement. The flatter portions of the diffrac-
togram containing small humps represent amorphous hydrated cementitious paste

Meas. data:SULPHATE
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Fig. 8 X-ray diffractogram
for powdered sample of BDM
immersed in sulfuric acid for
7 days

Meas. data:Chloride
Calc. data:Chloride
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Fig. 9 X-ray diffractogram
for powdered sample of BDM
immersed in hydrochloric
acid for 7 days
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Fig. 10 X-ray diffractogram
for powdered sample of BDM
immersed in nitric acid for
7 days
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component. These conclusions were drawn through comparisons with existing
research [9–11].

4.2 Stereo Microscopy

As mentioned earlier, the virgin BDM particles having maximum size of 10 mm
were investigated under the stereo microscope. The regions of interest were selected
at random. The advantage of a stereo microscope over an optical microscope is the
identification of surface undulations or unevenness. If two regions on the same
image have difference in focus or clarity, it indicates that they are different eleva-
tions. Before exposure to aggressive chemicals, visual inspection of the images
(Fig. 2) showed the BDM consisted of hardened cementitious paste, cement mortar,
and aggregates. Grayish areas on the image indicate the hardened cementitious and
cement mortar. The brownish regions may indicate sand particles and the blackish
areas are most likely to indicate the limestone aggregate components. The images
were captured at magnification of 2.5×. The dimensions of the area covered in each
image for that magnification are 3.376 mm (length) by 1.894 mm (height), which is
the total area visible in each image (Figs. 2, 3, 4, 5 and 6). Knowledge of these
dimensions provides a perspective on the respective sizes of the particles visible in
the images. Section 4.5 presents the images taken on separate BDM specimens after
immersion in different chemicals for 7 days.

4.3 Aggregate Impact Value (AIV) Test

This section presents the results of the AIV test (Table 1) for BDM specimens,
before and after immersion in different chemicals. The duration of immersion was
7 days. The impact value test on the virgin BDM (max. size of 10 mm) resulted in
the value of 35%. This is equal to the maximum permissible AIV for natural
aggregates according to IS-2386: Part 3 (1963) for cement concrete pavements.
Sulfuric acid and hydrochloric acid immersions did not affect much of its AIV
(36.7% compared to 35% before the immersion). But as the limiting value is 35%,
the use of BDM in sulfuric acid or sulfate-prone zones and in the presence of
chlorides are discouraged. In case of nitric acid attack, the impact value is found to
be 40% (relatively high in comparison to the prior value) much higher than the
limiting value and thus this kind of attack results in adverse effects. The impact
value is very high (43.3%) in case of a seawater immersion.
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4.4 Specific Gravity and Water Absorption

The average specific gravity for the BDM was determined to be 2.48 after taking
means of three samples. The specific gravity of aggregates used for road con-
struction lies in the range of 2.5–3.0 with an average value of 2.68 as a preferred
value. The BDM used for the present study was thus almost complying with the
lower limit of the standard coarse aggregate values.

The water absorption for the same BDM was found to be 1.182%, which is less
than the maximum permissible limit of 2% for aggregates used in cement concrete
pavements. These two tests serve as a metric to evaluate the quality of BDM
obtained from various sources.

4.5 Stereo Microscopy on BDM in Aggressive Chemicals

4.5.1 Seawater

Figure 3 presents the stereo microscopic image for BDM particle after 7-day
immersion in seawater, at 2.5× magnification. The dimensions of this image are
identical to Fig. 2. Visual comparison of BDM before exposure to seawater shows
whitish deposition on the surface. These deposits are the effect of dissolved salts
present in seawater. The resulting change in weight of BDM was determined and
found to be less than 1%, hence negligible. However, this deposition distorts the
physical appearance of the BDM and also reduces its impact value, as mentioned in
Table 1.

4.5.2 Sulfuric Acid

Figure 4 presents the stereo microscopic image for BDM particle after 7-day
immersion in sulfuric acid, at 2.5× magnification. The dimensions of this image are
identical to Fig. 2. Visual comparison of BDM before exposure to sulfuric acid
solution (5% v/v) shows yellowish white deposition on the surface. These deposits
could be precipitation of sulfate salts on the BDM surface. The resulting change in
weight of BDM was determined and found to be 6.67%. This significant amount of
deposition distorts the physical appearance of the BDM and also reduces its impact
value, as mentioned in Table 1.

4.5.3 Hydrochloric Acid

Figure 5 presents the stereo microscopic image for BDM particle after 7-day
immersion in hydrochloric acid, at 2.5× magnification. The dimensions of this

Experimental Studies on Physical Properties … 643



image are identical to Fig. 2. Visual comparison of BDM before exposure to
hydrochloric acid solution (5% v/v) shows light brown to yellowish white depo-
sition on the surface. These deposits could be precipitation of chloride salts on the
BDM surface. The resulting change in weight of BDM was determined and found
to be less than 1%. This deposition distorts the physical appearance of the BDM
and also reduces its impact value, as mentioned in Table 1.

4.5.4 Nitric Acid

Figure 6 presents the stereo microscopic image for BDM particle after 7-day
immersion in nitric acid, at 2.5× magnification. The dimensions of this image are
identical to Fig. 2. Visual comparison of BDM before exposure to nitric acid
solution (5% v/v) shows yellow to brown deposition on the surface. These deposits
could be precipitation of nitrate salts on the BDM surface. The resulting change in
weight of BDM was determined and found to be less than 1%. This deposition
distorts the physical appearance of the BDM and also reduces its impact value, as
mentioned in Table 1.

4.6 XRD for BDM Immersed in Chemicals

XRD patterns for powdered BDM showed the predominance of calcium silicates
and quartz, as expected from Portland cement concrete.

4.6.1 BDM in Seawater

On comparison with Fig. 1, additional peaks were observed for KCl (26°, 28°, 42°,
68°, 74°), NaCl (32°, 44°, 66°, 77°), CaCl2 (29°, 31°, 42°, 43°, 61°) [12, 13]. These
results are consistent with the fact that seawater contains these dissolved salts. This
also explains the change in appearance of the BDM when investigated through
stereo microscope and the possible reason for the decrease in AIV.

4.6.2 BDM in Sulfuric Acid

On comparison with Fig. 1, additional peaks were observed for gypsum,
CaSO4.0.5H2O (21°, 23°, 29°) [14]. This is expected due to the high sulfate content
in sulfuric acid. This explains the change in appearance of the BDM when inves-
tigated through stereo microscope and also the possible reason for the decrease in
AIV.
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4.6.3 BDM in Hydrochloric Acid

On comparison with Fig. 1, additional peaks were observed for gypsum, CaCl2
(29°, 43°, 61°) [14]. This is expected due to the high chloride content in sulfuric
acid. Presence of KCl was also observed (26°, 68°, 74°). This explains the change
in appearance of the BDM when investigated through stereo microscope and also
the possible reason for the decrease in AIV and change in weight.

4.6.4 BDM in Nitric Acid

On comparison with Fig. 1, additional peaks were observed for potassium nitrate,
KNO3 (27°, 29°, 68°) [15]. This showed presence of potassium in the BDM and the
corresponding deposition on its surface. This can be the possible reason for the
decrease in AIV.

It was observed that weight of the sample increased by 6.67% after sulfuric acid
attack. But, there was no notable change in weight of the BDM due to any of the
other attacks.

5 Conclusions

From the aggregate impact values, it is clearly visible that the BDM get strongly
influenced by the presence of aggressive chemicals. The decrease in AIV results
clearly suggests that durability of BDM in such chemical environment is signifi-
cantly less. Change in weight of BDM due to sulfuric acid immersion indicates the
possibility of expansion if they are exposed to a soil containing sulfates. Thus,
further studies are required to improve the durability characteristics of BDM if it to
be used as an inclusion material in soils containing such chemical contaminant. As
a follow-up to the present study, soil-BDM mixtures will be tested in the future, for
bearing capacity and shear strength through plate load tests and shear box tests.
This will help to evaluate the utility of BDM in ground improvement.
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Combined Effect of Steel Fibers
with Ferrochrome Slag on Hardened
Concrete

Rohit Shah and Tribikram Mohanty

Abstract Research on concrete technology is of vital importance in the present
world as concrete is used in a variety of environments, many of them being
aggressive in nature. As such, new explorations are being done in an everyday
basis, to increase the mechanical properties of concrete, as well as making them
cost-efficient. But significant research has not been done in the combined effects of
steel fiber along with ferrochrome ash, and hence not much is known about the
effects imposed by the combination on the properties of concrete. Ferrochrome ash
is a by-product of industrial wastes, which has been seen to have considerable
resistive strength. This, in combination with steel fiber, which is known for its
strength-increasing property in concrete was used. The results of the experiment
were found to be satisfactory, as the use of small proportions in ferrochrome ash
along with steel fiber was seen to considerably improve the mechanical properties.
Compressive strength was seen to develop at a great rate in the different combi-
nations, however for the combination of 10% ferrochrome + 2% steel fiber, all the
properties were seen to get the highest influence. Strength started depreciating
however, on increasing the steel fiber beyond 2%, as it resulted in lower worka-
bility. Thus through this study, properties of ferrochrome ash as well as steel fiber,
and their effects on concrete strengths, were presented.

Keywords Ferrochrome slag � Steel fibers � Fiber reinforced concrete

1 Introduction

As we all know concrete is weak in tension and strong in compression. Hence,
ordinary concrete is used with steel reinforcement. Nowadays, concrete is rein-
forced with fibers which are distributed in a random way. Along with toughness and
energy absorption ability, tensile strength and flexural strength are also improved
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[1]. Micro-cracks which are present in mortar aggregate interface are responsible
for inborn weakness of ordinary concrete. This can be reduced by the addition of
fiber in concrete mixture [2]. Toughness and resistant to crack growth can be
improved by adding various type of fibers in ordinary concrete. When the load is
distributed to micro-crack by the help of fibers in concrete, the concrete is known as
fiber reinforced concrete [1, 3]. Fibers of different sizes and shapes are obtained
from steel, glass, natural materials, and carbon. Generally, steel fibers are preferred
for both nonstructural and structural purpose. At failure, mechanical properties of
concrete are affected by the addition of fiber in concrete. The strong mechanism of
fibers contains the distribution of stress from the matrix to fibers by the bond
between the matrix and fibers [4]. Behavior of fiber reinforced concrete in strength
is controlled by fiber content and its efficiency. Effectiveness of fiber is maintained
by the resistance to pull out which generally depends on bond at interface of fiber
matrix. Pullout resistance improves with length of the fiber which is directly pro-
portional to inter-facial area. It has been found that with decrease in diameter of
fiber, inter-facial area available is large enough for bonding. The bond is com-
paratively more effective for small area of a given length of a fiber. This effect is
expressed by aspect ratio. Ratio of length of fiber to diameter of fiber is known as
aspect ratio. Higher aspect ratio improves the efficiency of fiber. The preparations of
FRC are done by using lower water/cement ration and higher cement content [5].

Ferrochrome is considered as a relatively nonhazardous industrial waste material
in the form of powder is prepared from the ferrochromium industry. Nowadays, the
requirement of concrete is increased rapidly with the growing population. Major
component of concrete is cement. Manufacture of cement is a highly energy taking
process [6]. Huge amount of CO2 (Carbon dioxide) and other greenhouse gases are
released from cement industries, causing global warming. To reduce global
warming and conserve natural resources, we have to reduce the generation and
utilization of cement. Thus, the replacement of cement has become necessary to
reduce global warming. A number of researches have been done on how to use
industrial wastes as a replacement material in concrete constitute. From the
researches, the results which were obtained show that replacing substituent mate-
rials not only increases the concrete properties but also leads to development in the
concrete strength economically [6].

It is well known fact that ferrochrome is produced at a quantity of
6.5–9.5 million ton worldwide. The increment in the rate of production is 2.8–3%
per annum. From approximately 1.2 metric ton of solid waste, 1 metric ton of
ferrochrome powder is obtained. Another application of ferrochrome powder is
utilization as dumping waste in landfills [6].

Few researches have been carried out to use ferrochrome slag aggregates by
partially replacing normal aggregates along with partially lime replacement by
cement in concrete, without sacrificing or even improving strength and durability
properties of concrete.
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In this present experimental study, ferrochrome powder has been used as an
alternative construction material instead of OPC along with application steel fiber
by the replacement of weight of concrete.

2 Literature Review

Shende et al. [1] investigated compressive, flexural, split tensile strength of
SFRC, containing 0, 1, 2 and 3% hooked end steel fiber by volume fiber for
M-40 grade of concrete with water cement ratio 0.35. Steel fiber with aspect ratio
of 50, 60 and 67 was used. The data obtained has been studied and compared
with standard concrete sample (0% fiber). From the result data, it was observed
that properties of SFRC are on higher side for 50 aspect ratio in comparison to 60
and 67 aspect ratio. With the addition fiber, it was seen that compressive, flexural
and split tensile strength was increased by 10–30%. Almottiri [2] investigated that
the structural behavior of steel fiber reinforced fly ash concrete under compression
and flexure by conducting tests on standard control specimens. Addition of steel
fiber and fly ash in concrete improves the structural properties, mainly its flexural
strength. It was found that for up to 1.5% of steel fiber and up to 30% of fly ash
in concrete compressive and flexural strength both gets improved. Research
showed that SFRC shows better resisting ability to flexural stress whereas fly ash
concrete shows better resisting ability to compressive stress. 1–1.5% of steel
fibers by volume of concrete along 15–25% of fly ash which was replaced by
cement and it was considered as the optimum percentage. By inclusion of fly ash,
the workability of concrete was improved which was necessary for higher
quantity of steel fibers. Khadake and Konapure [3] studied the properties of
SFRC for M-25 grade of concrete having mix proportion 1:1:5:3.17 and water/
cement ratio 0.465. They used the hooked end steel fiber of aspect ratio of 71.
They used the fiber at 0.5–1.5% by volume of concrete and fly ash from 10 to
30% by weight of cement. They compared the result with standard concrete and
from the results it was seen that compressive strength was more for fly ash 10 and
20% for 1 and 2% steel fiber in it. From Acharya and Patro [6] study, it was
found that they replaced the ferrochrome ash with cement from 10 to 40% along
with 7% of lime. They investigated the properties of concrete like compressive,
flexural, and split tensile strengths along with water permeability of concrete. The
results showed that there was improvement in early strength. For 40% fer-
rochrome ash and 7% lime replacement in concrete with cement shows nearly
equal properties to that of ordinary concrete for 28 days. Durability of concrete
was improved for later age in concrete. From their study, it was found that there
was maximum improvement in durability properties and strengths for mix having
10% ferrochrome and 7% lime. It was also found that bonding was improved
between cement paste and aggregates due to the addition of ferrochrome and lime
(Fig. 1).
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3 Materials and Its Properties

3.1 Cement

For this present study, OPC-43 grade of cement was used which was tested as per
IS: 8112-1989.

3.2 Aggregates

For preparing cement mix, fine aggregate (sand) has been collected from local river
bed conforming to Zone-III. The maximum size of sand particles was 4.5 mm
tested as per IS: 383-1970. Fresh coarse aggregate of 10–20 mm size was taken for
experimental purpose as per IS: 383-1970.

3.3 Steel Fiber

FRC is defined as a composite material mixed with ordinary Portland cement,
aggregate, and adding discrete discontinuous fibers. It is well known in improving
the structural durability of the concrete. In terms of shape and size, there are various
steel fiber available in the market such as straight, crimped, hooked end, deformed,
and irregular steel fiber. Their cross section varies from 0.25 to 0.75 mm. For this
experimental study, crimped from of steel fiber was used. Its diameter was 0.6 and
30 mm long with aspect ratio (l/d) 50 (Fig. 2).

Fig. 1 Steel fiber
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3.4 Ferrochrome Powder

Ferrochrome (FeCr) known as “Charge Chrome” is a corrosion resistant alloy of
chrome and iron containing between 50 and 65% Chrome. Ferrochromium is
extracted from the chromium ore to produce the final product. The metal and
primary slags are tapped from the furnaces approximately at every 2 h. The chrome
is tapped through a furnace tap hole into a ladle and is then cast into silica and
ferrochromium fines moulds. Primary slag (also termed untreated), a semisolid
waste still containing ferrochromium and 2% moisture, is tapped into a slag bell (a
big round pot-like container) and processed through a metal-recovery processing
(MRP) plant where the slag is crushed, screened, and separated from the residual
metal through a hydro-jigging process. The metal and slag (now termed final,
treated, or weathered slag) are separated during this process as a result of their
differences in density and the final slag is dumped on site. So ferrochrome slag is a
by-product from the production of ferrochrome, an essential component in stainless
steel. Extensive tests have been carried out on the physical properties of the fer-
rochrome slag from different organization and it was found to be highly suitable as
construction material [6].

4 Experimental Program

For concrete with steel fiber and ferrochrome powder replacement:
In this mix, steel fiber was replaced with by various (1, 2 and 3%) weights of

concrete and ferrochrome powder was replaced with by weight of cement (10, 20
and 30%).

Fig. 2 Types of steel fiber
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1. First, dry tray and bucket were taken.
2. Required weight of aggregate was taken in tray and put in the pan mixer.
3. Sand of required weight was taken in tray and put in the pan mixer.
4. Ferrochrome powder of required weight is taken and it was also put in the pan

mixer and all the three materials were dry mixed for 1–2 min.
5. After that steel fiber of required weight was taken in tray and put in the pan mixer.

Now, water of required weight was taken in bucket and mixed in dry mixture in
small quantities gradually so that the mix is uniformly gauged and workability is
proper. Now, run the mixer for 2–3 min and check the mix quality.

5 Results

See Figures 3, 4 and 5, Tables 1, 2 and 3.
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6 Conclusions

In this present experimental study, the combined effect of steel fiber and fer-
rochrome ash has been discussed in a detailed manner. Considering the behavior of
additive added in concrete mixes, some of the important observation can be noted:

1. Results show that concrete mix containing steel fiber + ferrochrome ash proved
to be effective in increasing the compressive strength of hardened concrete.

2. Observation from graphs reveal that approximately 10–25% increment in
compressive strength can be achieved.
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Table 1 Compressive strength of SFFCA concrete

Mix type Age in days Test details Steel fiber and FeCr ash concrete

C-1 C-2 C-3 Avg.

R-201 7 Wt. in Kg. 9.13 9.17 9.07 9.12

Load in KN 697.95 707.18 692.55 699.3

Stress in Mpa 31.02 31.43 30.78 31.08

28 Wt. in Kg. 9.09 9.14 9.2 9.14

Load in KN 1195.88 1206.68 1171.58 1191.3

Stress in Mpa 53.15 53.63 52.07 52.95

R-202 7 Wt. in Kg. 9.18 9.12 9.06 9.12

Load in KN 696.38 702.68 682.2 693.9

Stress in Mpa 30.95 31.23 30.32 30.84

28 Wt. in Kg. 9.03 9.12 9.09 9.08

Load in KN 1136.7 1156.5 1133.78 1142.3

Stress in Mpa 50.52 51.4 50.39 50.77
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Table 2 Flexural strength of SFFCA concrete

Mix type Age in days Test details Steel fiber and FeCr ash concrete

P-1 P-2 Average

R-101 7 Days Load in KN 13 13.5 13.25

Stress in MPa 5.2 5.4 5.3

28 Days Load in KN 17 18 17.5

Stress in Ma 6.8 7.2 7.0

R-102 7 Days Load in KN 13.8 14 13.9

Stress in Mpa 5.5 5.6 5.55

28 Days Load in KN 18 19 18.5

Stress in Mpa 7.2 7.6 7.4

R-103 7 Days Load in KN 15.5 15.0 15.75

Stress in Mpa 6.2 6.0 6.3

28 Days Load in KN 17.5 17.0 17.25

Stress in Mpa 7.0 6.8 6.9

Table 3 Split tensile strength of SFFCA concrete

Mix type Age in days Test details Steel fiber and FeCr ash concrete

CY-1 CY-2 Average

R-101 7 Days Load in KN 232.0 238.0 235.0

Stress in Mpa 3.28 3.37 3.33

28 Days Load in KN 293.5 296.5 294.0

Stress in Mpa 4.15 4.19 4.17

R-102 7 Days Load in KN 265.0 270.0 267.5

Stress in Mpa 3.75 3.82 3.79

28 Days Load in KN 306.5 311.0 308.75

Stress in Mpa 4.34 4.40 4.37

R-103 7 Days Load in KN 236.5 240.5 238.5

Stress in Mpa 3.35 3.40 3.38

28 Days Load in KN 277.0 282.0 279.5

Stress in Mpa 3.92 3.99 3.96

R-201 7 Days Load in KN 15.5 16.5 16.0

Stress in Mpa 6.2 6.6 6.4

28 Days Load in KN 17.5 18.5 18.0

Stress in Mpa 7.0 7.4 7.2

R-202 7 Days Load in KN 15.5 15.0 15.25

Stress in Mpa 6.2 6.0 6.1

28 Days Load in KN 18.0 18.5 18.25

Stress in Mpa 7.2 7.4 7.3
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3. Substitution of 2% steel fiber + 10% ferrochrome ash and 1% steel fiber + 20%
ferrochrome ash proved to be the best combination for compressive strength.

4. It is observed from graph that there is 10–15% increment in flexural strength of
concrete mix containing steel fiber + ferrochrome ash.

5. Observation from graph show that approx. 5–10% of increment in split tensile
strength can be achieved.

6. Substitution of 2% steel fiber + 10% ferrochrome ash and 2% steel fiber + 20%
ferrochrome ash proved to be the best combination for flexural and split tensile
strength.
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An Experimental Investigation
to Determine the Properties of Fly Ash
Based Geopolymers as per Indian
Standards

Suman Saha and C. Rajasekaran

Abstract Production of ordinary Portland cement requires huge quantity of natural
resources and also releases huge quantity of carbon dioxide into the atmosphere.
Research efforts have been continuing to establish geopolymer as an alternative
cementitious material for the replacement of ordinary Portland cement. This paper
presents the study to find out the properties of fly ash based geopolymer paste and
28 days compressive strength of geopolymer mortar. Standard consistency, setting
time of geopolymer paste has been determined using vicat’s apparatus (according to
Indian Standards), which is followed for cement paste, varying the concentration of
sodium hydroxide solution from 6 to 16 M. Results indicate higher standard con-
sistency, more time required for setting for fly ash based geopolymer than that of
cement paste. Compressive strength of the geopolymer paste and mortar 17 spec-
imens increases with the increase of the concentration of sodium hydroxide solution
and decrease beyond 14 M.

Keywords Geopolymer � Standard consistency � Setting time � Compressive
strength � Paste � Mortar

1 Introduction

Concrete is the most used construction material next to water. Ordinary Portland
cement (OPC) is the main ingredient of the concrete. At present scenario, usage of
ordinary Portland cement becomes very high due to the huge demand of concrete as
construction industry is growing rapidly. The huge demand for concrete using OPC
has resulted in high volume of carbon dioxide (CO2) emission, and leads to
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environmental problems continuously and also results in huge depletion of natural
resources. The production process of OPC emits huge quantity of CO2 into the
atmosphere. The cement manufacturing industries release approximately 1 tonne of
carbon dioxide into the atmosphere to produce 1 tonne of OPC. This is approxi-
mately 5–7% CO2 emissions of the global CO2 emissions [1, 2]. Research efforts
are continuing throughout the world to find alternative binder materials for the
production of concrete. Geopolymer is produced from the reaction between mate-
rials, which are rich in Si or Al (e.g. fly ash, slag, etc.) and alkali solutions (sodium
hydroxide and sodium silicate), is trying to consider as replacement of cement in
concrete. ‘Geopolymer’ was first introduced by Prof. Davidovits in 1978 to rep-
resent a broad range of materials characterized by chains or networks of inorganic
molecules [3]. Geopolymer does not form calcium-silicate-hydrates (C–S–Hs) for
matrix formation and strength, but utilize the poly-condensation of silica and alu-
mina precursors to attain structural strength. Two main constituents of geopolymer
are source materials and alkaline liquids. The source materials should be rich in
silicon (Si) and aluminium (Al). They can be by-product materials such as fly ash,
silica fume, slag, rice husk ash, red mud, etc. Geopolymers are also unique in
comparison to other alumino-silicate materials (e.g. alumino-silicate gels, glasses,
and zeolites). The mechanism of geopolymerization has been divided into three
main stages: (i) Dissolution of oxide minerals from the source materials (usually
silica and alumina) under highly alkaline condition; (ii) transportation/orientation of
dissolved oxide minerals followed by coagulation/gelation; (iii) poly-condensation
to form 3-D network of silico-aluminates structures [1]. Based on the types of
resultant chemical bonding, three types of structures can be derived from the 3-D
alumino-silicate network: poly (sialate) (–Si–O–Al–O–), poly (sialate-siloxo)
(Si–O–Al–O–Si–O) and poly (sialate-disiloxo) (Si–O–Al–O–Si–O–Si–O) [4].

The schematic formation of geopolymer material is described as shown below
[5–7].

A brief description of conceptual model of geopolymerization was described as
shown in Fig. 1 [8].

Investigation on the effect of silica and alumina contents on setting, phase
development, and physical properties of high calcium fly ash (Class C) based
geopolymers reveals that setting of geopolymer was accelerated with the increase of
both alumina and silica [9]. Whereas setting time of fly ash based geopolymer with
use of potassium hydroxide (KOH) for different fly ash to alkaline solution ratio
reported that as the ratio increases, the setting time decreases [4]. Study on the
mechanical and physical properties of fly ash based geopolymer by varying
solid-to-liquid ratio using sodium hydroxide as the only activator was carried out
and reported optimum solid/liquid ratio of 4 for getting highest compressive
strength [10]. Two different temperatures (65 and 85 °C) as curing temperature and
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three different durations (2, 5 and 24 h) of heat curing were used to determine the
properties of class F type of fly ash based geopolymer varying the concentration of
sodium hydroxide solution and concluded that the optimal concentration of NaOH
solution was 6 M and observed that an increase in the curing temperature increased
the compressive strength [11]. Different curing conditions on the properties of high
calcium fly ash based geopolymer were investigated and high early compressive
strength for temperature curing was observed [12].

In this paper, an attempt has been made to study the properties of fly ash based
geopolymers by varying the concentration of sodium hydroxide solution and the
ratio of sodium silicate solutions to the hydroxide solutions. To determine the
properties of geopolymer, casting of samples, test procedures, etc., has been done as
described in Indian Standards (IS-4031), which is followed to determine the
properties of ordinary Portland cement [13–17].

2 Experimental

2.1 Materials

In the present investigation, fly ash, locally available sand, alkali solutions (com-
bination of sodium hydroxide solution and sodium silicate solution) and water were
used as materials for the preparation of samples.

Fig. 1 Conceptual model of
geopolymerization [8]
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2.1.1 Fly Ash

Fly ash (FA) is a by-product waste material of thermal power plants resulting from
the combustion of pulverized coal in the coal-fired furnaces. There are two types of
fly ash. For this research work, class F type of fly ash was used.

2.1.2 Sand

The aggregate material which passes through 4.75 mm IS sieve and retained on 75
micron IS sieve is termed as fine aggregate [18]. The sand used for the experimental
works is locally procured and conformed to grading zone II (IS: 383-1970) [19].
Table 1 represents the properties of fine aggregates used in this study. Figure 2
shows the particle size distribution of sand used for this experimental work.

Table 1 Properties of fine
aggregates

Characteristics Value

Type Sand

Specific gravity 2.67

Fineness modulus 2.78

Grading zone II

Fig. 2 Particle size distribution of sand
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2.1.3 Alkali Solutions

A combination of sodium silicate solution and sodium hydroxide solution was
chosen as the alkaline liquid. Sodium silicate (Na2SiO3) is available commercially
in solution form. The chemical composition of sodium silicate is Na2O—8.5%,
SiO2—28.0% and water—63.5% by mass. The sodium hydroxide (NaOH) is
available commercially in flakes or pellets form. For the present study, NaOH flakes
with 98% purity were used for the preparation of alkaline solution. In this study,
ratio of sodium silicate solution to sodium hydroxide solution was also varied and
taken as 1.0, 1.5 and 2.0. Alkali solution, i.e. mixture of sodium silicate and sodium
hydroxide solution was prepared before 24 h prior to use in mixes.

2.1.4 Water

In the present investigation, distilled water was used for the preparation of NaOH
solution.

2.1.5 Ordinary Portland Cement (OPC)

Ordinary Portland cement (OPC) was used for the purpose of comparison of the
properties with geopolymer paste and mortar. Ordinary Portland cement of grade—
43 (UltraTech Cement) conforming to Indian standard IS: 8112-1989 has been used
[20]. The results of the various tests on cement properties are given in Table 2.

2.2 Methods

In this section, procedures to perform the test to determine the properties of
geopolymer paste and mortar have been discussed.

Table 2 Properties of
ordinary Portland cement

Characteristics Value

Normal consistency 31%

Initial setting time 75 min

Final setting time 190 min

Fineness 1.43%

Compressive strength at 28 days

Paste 51.6 MPa

Mortar 45.5 MPa
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2.2.1 Standard Consistency

The standard consistency of a binder paste, i.e. cement paste is defined as that
consistency which will permit the vicat plunger of having dimension of 10 mm
diameter and 50 mm length to penetrate to a point 5 mm to 7 mm from the bottom
of the vicat mould. Here, standard consistency of geopolymer paste was determined
as the amount of alkaline solution (expressed as the percentage by mass of dry fly
ash) required to get penetration 5 mm to 7 mm from the bottom of the vicat mould
by the above said plunger. In this experimental investigation, the procedure to
conduct the test was followed as mentioned at IS-4031 (part 4)—1988 [13].

2.2.2 Setting Time

Initial setting time of cement paste is required to delay the process of hydration or
hardening. Final setting time of cement paste is the duration when the cement paste
completely loses its plasticity. It is the duration taken for the cement paste to
harden sufficiently and gain the shape of the mould in which it is cast. Therefore,
determination of initial and final setting time of geopolymer paste is essential to use
geopolymer concrete in real practices properly. Initial setting time should not be too
less to allow time for mixing, transporting and placing concrete. For determining
setting times, quantity of alkaline solution was taken as 0.85 times of standard
consistency for the preparation of geopolymer paste sample. Vicat apparatus was
used again to find out the setting time. For finding initial setting time, vicat
apparatus with 1 mm diameter needle and for final setting time, vicat apparatus with
a needle having circular cutting edge 5 mm in diameter and set of 0.5 mm behind
the tip of the needle were used. In this study, the procedure to conduct the test was
followed as mentioned at IS-4031 (part 5)—1988 [14].

2.2.3 Compressive Strength

Compressive Strength is one of the most important properties and it is determined
to check whether the geopolymer mortar will be able to develop required com-
pressive strength of concrete. To determine compressive strength of geopolymer
paste, cubes having dimension of 50 mm � 50 mm � 50 mm were cast and for
mortar sample, cubes having 50 cm2 surface area were cast. Geopolymer mortar
was produced by mixing fly ash and sand at ratio 1:3. After de-moulding, cubes
with paste and mortar were kept at room temperature for curing. Cast samples were
tested after 28 days of curing. Tests to determine compressive strength were con-
ducted according to IS-4031 (part 6)—1988 [15].
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3 Results and Discussion

The results of experimental tests, which have been mentioned in the previous
sections, are discussed in the following. All the above mentioned tests to find out
the properties of geopolymer paste and mortar were conducted according to the
specifications given in Indian Standards, which are followed to find the properties
of cement. Effects of the concentration of sodium hydroxide solution and the ratio
of sodium silicate solution to sodium hydroxide solution have been discussed.

3.1 Standard Consistency

Experimental results show higher value of standard consistency of the geopolymer
paste compared to that of cement paste. Figure 3 shows the values of standard
consistency of geopolymer paste produced with the different concentration of
sodium hydroxide solutions and different ratios of sodium silicate solution to
sodium hydroxide solutions. From the experiment, it has been seen that the range of
the value of standard consistency of geopolymer paste varies from 38 to 42%
whereas standard consistency of cement paste is 31%. Therefore, to get geopolymer
paste with normal consistence, high amount of alkaline solution is required.

3.2 Setting Time

It has been observed from this experimental investigation that initial and final
setting time of geopolymer paste both were reduced with the increment of the ratio
of sodium silicate solution to sodium hydroxide solution (SS/SH ratio). Figure 4
shows the variation of initial setting time (IST) and Fig. 5 represents the final
setting time (FST) of the geopolymer paste for different concentration of sodium

Fig. 3 Standard consistency
of geopolymer paste
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hydroxide solution and different ratios of sodium silicate to sodium hydroxide
solution. Initial setting time of geopolymer paste was found to be in the range of
260–480 min and final setting time to be in the range of 1000–1600 min in this
study. Therefore, with respect to the initial and final setting time of ordinary
Portland cement paste, geopolymer paste requires more time for initial set and final

Fig. 4 Initial setting time of geopolymer paste

Fig. 5 Final setting time of geopolymer paste
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set. Most of the researchers concluded that geopolymer paste will show less
duration for setting and high strength with the heat curing.

Setting of ordinary Portland cement is associated with the formation of
calcium-silicate-hydrate gel (C–S–H). Like that geopolymer paste is typically
dependent on the formation of sodium aluminate silicate hydrate gel (N–A–S–H)
[18]. From the experiments, it is clear that formation of sodium aluminate silicate
hydrate gel will be formed when the quantity of sodium silicate solution in alkaline
solutions is high. As a result, geopolymer paste produced with alkaline solutions
having high ratio of sodium silicate solution to sodium hydroxide solution (in this
study it is 2.0) shows comparatively less durations for initial setting and final setting.

3.3 Compressive Strength

Compressive strength of geopolymer paste (samples cured at ambient temperatures)
was found to be increasing trend while the concentration of sodium hydroxide
solution was increased up to 14 M. Geopolymer paste samples, which were pre-
pared with 14 M sodium hydroxide solution and the ratio of sodium silicate to
sodium hydroxide solution as 1.5, showed the highest compressive strength at
28 days. The variation of compressive strength at 28 days of geopolymer paste has
been shown in Fig. 6.

Experimental results show increasing trend of compressive strength of
geopolymer mortar (50 cm2 cube samples cured at ambient temperatures) with the

Fig. 6 Compressive Strength of geopolymer paste at 28 days
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increment of the concentration of sodium hydroxide solution up to 14 M.
Geopolymer mortar samples, which were prepared with 14 M sodium hydroxide
solution and the ratio of sodium silicate to sodium hydroxide solution as 1.5,
showed the highest compressive strength at 28 days. Figure 7 represents the
compressive strength of geopolymer mortar for the different concentrations of
sodium hydroxide solutions and different ratios of sodium silicate solution to
sodium hydroxide solutions.

Compressive strength of geopolymer is attributed by the formation of sodium
aluminate silicate hydrate gel (N–A–S–H) and poly-condensation to form 3-D
network of silico-aluminates structures. Therefore, from this study it can be stated
that with ambient curing, combination of 14 M sodium hydroxide solution with the
ratio of sodium silicate solution to sodium hydroxide solution of value 1.5 helps to
form sufficient sodium aluminate silicate hydrate gel (N–A–S–H) and leads to
poly-condensation. As a result, stable 3-D network of silico-aluminates is produced

Fig. 7 Compressive strength of geopolymer mortar at 28 days

Fig. 8 a Paste cubes after
compression test, b Mortar
cubes after compression test
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to provide high strength to the fly ash based geopolymer. Cube samples of
geopolymer paste and geopolymer mortar after compression test are shown in
Fig. 8a, b, respectively.

4 Conclusions

In this paper, experimental investigation to determine the properties of fly ash based
geopolymers is presented and discussed. From this investigation, the following
conclusions can be drawn:

• Standard consistency of geopolymer paste is higher than that of OPC paste. The
range of standard consistency value of geopolymer paste was found to be
38–42%.

• Geopolymer paste requires more time to set. But geopolymer paste produced
with high ratio of sodium silicate solution to sodium hydroxide solution took
comparatively less time to be set. When compared to OPC paste, geopolymer
paste needs more time for the final setting. In this study, initial setting time of
geopolymer paste was found to be in the range of 260–480 min and final setting
time to be in the range of 1000–1600 min. This time range does not satisfy the
limits given in Indian Standards for OPC paste.

• Highest compressive strength of 50.4 MPa after 28 days ambient curing has
been observed for geopolymer paste produced with sodium hydroxide solution
having concentration 14 M and ratio of sodium silicate solution to sodium
hydroxide solution as 1.5. Geopolymer mortar produced with sodium hydroxide
solution having concentration 14 M and ratio of sodium silicate solution to
sodium hydroxide solution as 1.5 shows highest compressive strength of
33.8 MPa after 28 days ambient curing.

• Increase in compressive strength of fly ash based geopolymer paste and mortar
has been observed with the increase of the concentration of sodium hydroxide
solution up to 14 M. But, compressive strength is found to be in decreasing
trend while the concentration of sodium hydroxide solution is beyond 14 M.

Using fly ash (a by-product of thermal power station) to produce geopolymer
will help to control the usage of OPC, solve the dumping problems of by-product
materials, reduce environmental problems, etc. But, there is an immense need to
study how to reduce the setting time of geopolymer with ambient curing.
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Impact Response of Paver Blocks
with Waste Tyre Crumb Rubber

R. Bharathi Murugan, E. Rama Sai and C. Natarajan

Abstract Waste materials utilisation has been a very important aspect in the
concrete manufacturing to develop the green construction in the last decade. The
disposal of waste tyres is one of the most problematic issues in the present scenario.
The use of waste tyres in the concrete production is very important to control the
waste accumulation and preserve the natural resources. The aim is to investigate the
effect of partial replacement of sand by waste tyre crumb rubber in the production
of concrete paver blocks. The specimens were prepared for 5, 10, 15, 20 and 25%
replacements by volume for sand. M40 grade concrete was designed and used in
this study. The paver blocks were prepared in the industry and tested in the labo-
ratory to determine the impact resistance. The test results revealed that the impact
resistance for both first crack and ultimate failure increased with an increase in the
crumb rubber content up to 25%.

Keywords Paver block � Waste tyre � Crumb rubber � Impact energy
Ductility index

1 Introduction

Recycling of waste tyres is considered as one of the major environmental chal-
lenges faced by every country. Many countries follow two easiest ways of dis-
posing. First, burning of tyres and second, used as a landfill due to low density and
poor degradation. Nowadays, some of the countries do not accept the burning
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method because while burning the waste tyres, large amount of smokes is produced
which will get mixed in the natural air and lead to the environmental issues. The
second method of landfill techniques is also not advisable because of uneven set-
tlement and the stagnation of storm water during rainy season as this will produce
mosquitoes which spread many diseases. Hence, this becomes a more dangerous
health hazard [1–3].

Several investigations were done on the effect of waste tyre crumb rubber
replacement for sand (or) aggregate in the concrete mixtures and few studies were
done with waste tyre powder as a replacement of cement. These studies indicate that
the presence of rubber in concrete seems to reduce the compressive strength and
enhance the elastic behaviour [4, 5].

The size of the crumb rubber also influences the strength of the concrete. The use
of coarse crumbs gave lower compressive strength than the fine crumbs. Even
though, the strength of concrete seems to reduce by the addition of crumb rubber,
there are several other properties of concrete that are beneficial. For example,
concrete mixed with crumb rubber is found to have lower density, higher impact
and toughness resistance, enhanced durability and better sound insulation.

In this study, the performance of Precast Concrete Paver Blocks (PCPB) with
waste tyre crumb rubber as a partial replacement of fine aggregate, under drop
weight impact loading is examined. The drop weight impact test was conducted on
PCPB added with waste tyre crumb rubber as the replacement of 5, 10, 15, 20 and
25% by volume of fine aggregate. The impact energies to induce the first visible
crack and ultimate failure on each paver block were investigated.

2 Materials and Methods

2.1 Materials

Ordinary Portland cement of 53 grades was used in this study and it conforms to IS
12269:1987 [6]. The physical properties are presented in Table 1.

Table 1 Physical properties of cement

Sl. No. Property Results Limits as per IS 12269:1987

1. Fineness (m2/kg) (Specific surface) 290 >225

2. Initial setting time (min) 85 <30

3. Final setting time (min) 280 <600

4. Soundness by Le-Chatelier 1 <10

5. Compressive strength
7 days (N/mm2)
28 days (N/mm2)

38.60
56.96

>37
>53
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Locally available river sand passing through 4.75 mm IS sieve conforming to
grading zone III as per IS: 383-1970 [7] having a fineness modulus of 2.51 and a
specific gravity of 2.65.

The coarse aggregate used in the concrete mixtures was crushed granite stone,
having the maximum size of 12.5 mm, a fineness modulus of 5.94 and a specific
gravity of 2.72. Sieve analysis was performed on the coarse aggregate, according to
IS: 383-1970 [7].

Shredding and chipping is the mechanical process of shredding tyres into par-
ticles up to 4.75 mm. A tyre shredder is a machine with a disc of cutting edges,
rotating in one direction to create a shearing motion, that effectively cuts or shreds
tyres as they are fed into the machine. In the present study, a shredded rubber is
used as partial fine aggregate replacement. Sieve analysis was performed as per IS:
383-1970 [7]. Crumb rubber is a fine material with gradation is close to that of river
sand and the gradation curves are shown in Fig. 1. The fineness modulus is 3.72
and specific gravity is 0.84. Figure 2 shows the crumb rubber used in the current
study.

Light brown colour superplasticiser (SikaViscoCrete 20HE) was used to
improve the workability with the specific gravity of 1.08.

Fig. 1 Gradation of sand and
crumb rubber

Fig. 2 Crumb rubber
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2.2 Manufacturing Concrete Paver Blocks

Paver block manufacturers followed two methods of specimen preparation which
are given as follows:

(i) Wet cast method
(ii) Dry cast method

In the dry casting method, low water–cement ratio (0.30–0.36) was used. It has a
zero slump and the forms can be stripped as soon as the concrete has been com-
pacted. A dry casting method is especially followed for the mass production
because it requires expensive equipments. In wet casting method, the concrete
should have a minimum water cement ration of 0.4. In the wet casting method, the
concrete is placed in the rubber moulds and levelled off by using a rake or similar.
Table vibrator is then used to make the concrete compact, fill any small voids and
force any small air pockets/bubbles to expel via the open top surface (which will
become the base of the finished paved blocks). After a successive period of
vibration, all the moulds are moving on to the storage area. In this method, the
curing is not required because sufficient water is present in the mould in the
hydration process. For that, all the moulds are covered by the plastic cover to avoid
the evaporation of the water. The moulds are manually removed as soon as 24 h
after casting. After demoulding, all the specimen thickness and surface were
checked. In this current study, paver blocks of size 250 mm � 120 mm � 80 mm
were produced by using a wet casting method. M40 grade concrete had cement, fine
aggregate and coarse aggregate in the ratio of 1: 2.20: 2.66 with water–cement ratio
of 0.4. The mix was designed as per IS 10262 [8] and the target strength was found
to be 48.25 MPa. Fine aggregate was partially replaced with crumb rubber by
volume (5, 10, 15, 20 and 25%). The identification and details of the specimens are
presented in Table 2.

Table 2 Mix proportions

Mix ID Details of mix ID C FA CA CR W/C SP

R0 Control mix 1 2.27 2.65 0 0.42 0.04

R5 5% FA replaced by CR 1 2.08 2.65 0.19 0.42 0.04

R10 10% FA replaced by CR 1 1.97 2.65 0.30 0.42 0.04

R15 15% FA replaced by CR 1 1.86 2.65 0.41 0.42 0.04

R20 20% FA replaced by CR 1 1.75 2.65 0.52 0.42 0.04

R25 25% FA replaced by CR 1 1.64 2.65 0.63 0.42 0.04

C cement, FA fine aggregate, CA coarse aggregate, CR crumb rubber, W/C water–cement ratio and
SP superplasticiser
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2.3 Test Setup and Procedure

A 4.54 kg weight was lifted to 0.457 m above the specimen and then released. The
drop weight impact testing machine is shown in Fig. 3. The impact load was
applied via the free fall of the drop weight onto a centre of the paver block by the
guidelines of ACI committee 544.2R-89 [9]. The weight was dropped repetitively
and the number of blows required for the first visible crack and the complete failure
of the specimens was noted. The failure of the specimen during the testing was
shown in Fig. 4. The impact energy was calculated for each paver block using the
following equation:

U ¼ nmv2

2
ð1Þ

where U = impact energy; n = number of blows; m = weight of the ham-
mer = 4.54 kg; v = drop weight hammer velocity =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ð0:9gÞhp

; g = gravitational
acceleration; h = drop height. The factor 0.9 accounts for effect of the air resistance
and friction between the lifting weight and the guide rails.

Fig. 3 Impact testing
machine

Fig. 4 Failure specimens
after impact testing
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3 Results and Discussion

3.1 Impact Energy

The number of blows required for producing the first visible crack and the complete
failure for each type of paver blocks is presented in Table 3. Based on the number
blows, the first crack impact energy and failure impact energy were calculated by
using Eq. (1) and plotted in Fig. 5.

As compared to conventional concrete paver blocks, the first crack impact
energy was increased by 34.48, 51.23, 71.92, 91.62 and 112.31% and the failure
impact energy was increased by 35.81, 53.02, 74.88, 96.27 and 118.14% to 5, 10,
15, 20 and 25% of sand replaced by crumb rubber by volume, respectively.

Hence it was observed that increasing the replacing percentage of shredded
rubber increases the impact energy of paver blocks significantly, in both the first
crack stage as well as failure stage [10–12]. The impact resistance of R25 is
approximately twice than R0 (CPB) because crumb rubber absorbs more energy.
This proves that the rubber acts as a fibre and effective crack arrestor, when an
impact load is encountered. Thus, the plain concrete exhibits an early brittle failure
when compared to FRC which shows better ductile properties [13]. The mode of
failure of concrete depends upon the cement matrix strength, aggregate strength and
bond strength of fibre with aggregate matrix.

Average, statistical value of first crack and failure impact energy and the number
of test specimens for each PCPB at the level of 5, 10, 15, 20 and 25% of crumb
rubber replacement by sand volume are presented in Tables 4 and 5 respectively.

In this study, paired t-test was mainly used to determine whether the average
impact energy (first crack and failure stage) for PCPB with different percentage
crumb rubber content is compared to the control concrete (without crumb rubber).

At the statistical level of 0.05 (95% level of confidence), it is required to have ta
critical value of 2.571 with the degree of freedom of 5. The t-statistical values were
calculated and presented in Tables 4 and 5. The statistical analysis results show at a
0.05 level of significance and the calculated t-statistical values are greater than the
critical value (ta). Therefore, it is possible to show the significant difference in the
average impact energy at first crack and failure conditions between control PCPB
and 5, 10, 15, 20, 25% of crumb rubber content.

3.2 Ductility Index

Ductility index is defined as the ratio of energy absorbed at failure to energy
absorbed at first crack [14]. The ductility index may quantitatively represent the
ductility of the paver blocks. Figure 6 shows the variations of the ductility index of
the wet cast paver blocks based on the crumb rubber replacements at various
percentages. It was observed that the ductility index value increases if the
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percentage of the crumb rubber increases in the concrete mix. The sand replacement
by crumb rubber (5, 10, 15, 20 and 25%) increases the ductility index by 0.93, 1.16,
1.82, 2.3 and 2.94%.

Fig. 5 Impact energy of wet casting paver blocks

Table 4 Paired t-tests for crumb rubber-concrete paving blocks (first crack)

Mix
ID

No. of
specimen

Average impact
energy (first crack)

Standard
deviation

t-value p-value Remarks

R0 5 738.11 91.44 – – –

R5 5 992.63 99.24 3.062 0.0376 Significant

R10 5 1116.24 118.23 8.011 0.0013 Very significant

R15 5 1268.97 139.28 6.506 0.0029 Very significant

R20 5 1414.41 139.88 12.044 0.0003 Extremely significant

R25 5 1567.13 178.31 9.621 0.0007 Extremely significant

Table 5 Paired t-tests for crumb rubber-concrete paving blocks (failure)

Mix
ID

No. of
specimen

Average impact
energy (first crack)

Standard
deviation

t-value p-value Remarks

R0 5 781.74 85.21 – – –

R5 5 1061.72 106.72 3.455 0.0255 Significant

R10 5 1196.25 119.49 7.853 0.0014 Very significant

R15 5 1367.15 124.90 11.217 0.0004 Extremely significant

R20 5 1534.40 144.64 12.800 0.0002 Extremely significant

R25 5 1705.30 154.47 13.754 0.0004 Extremely significant
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4 Conclusions

• The impact resistance of paver blocks was investigated for the paver blocks with
partial replacements of 5, 10, 15, 20 and 25% volume of sand by waste tyre
crumb rubber.

• The impact resistance of the paver blocks was mainly calculated in two stages;
(i) First cracks impact resistance and (ii) Failure impact resistance. Both stages
of impact resistance were increased by the replacement of sand with crumb
rubber up to 25% by volume of sand. The ductility index also increased with the
crumb rubber content increases up to 25%.

• All the test results are statistically validated by using paired t-test and proved
that both first crack and failure impact resistance were statically significant. The
results show that 25% of rubber content replacement fine aggregate considerably
increase the impact energy in case of CPB with crumb rubber when compared to
conventional CPB.

• The incorporation of rubber content to concrete changes the failure pattern from
brittle mode to ductile, which displays the beneficial effects of CPB with crumb
rubber used in absorbing vibrations.
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AAC Block Masonry with Ready Mix
Mortar—An Experimental
and Numerical Analysis

Deepa Doddamani and Mangala Keshava

Abstract The evolution of masonry form of construction predates history.
Although it is used from prehistoric times, it continues to be used widely currently.
Bricks consume huge amount of energy during the firing stage of its manufacturing
process thus leading to emission of greenhouse gases. Alternatively, there has been
a development of concrete blocks and light weight concrete blocks. Autoclaved
Aerated Concrete (AAC) blocks are one such light weight concrete blocks.
These AAC blocks are being used with another alternative material apart from
conventional mortar called Ready Mix Mortar (RMM). The present study aims to
explore the suitability of AAC block masonry with ready mix mortar in load
bearing masonry construction with experimental and numerical investigation using
NISA. Also a comparison is attempted with masonry made with conventional
blocks (Hollow concrete blocks) and conventional mortar of mix proportion 1:6.

Keywords Autoclaved aerated concrete blocks � Ready mix mortar
Hollow concrete blocks � Masonry � Experimental investigations
Numerical investigations

1 Introduction

Some of the world’s most significant architecture such as the Egyptian Pyramids,
the Colosseum in Rome, India’s Taj Mahal, and the Great Wall of China are built
with masonry [1]. Masonry construction is resistant to fire, sound and earthquake
and can withstand wear and tear for centuries. Clay bricks and concrete blocks are
the most frequently used masonry units for masonry construction. Development in
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masonry has led to production of hollow concrete blocks and subsequently
Autoclaved Aerated Concrete (AAC) blocks.

Concrete blocks were used by Roman, Greeks, and Egyptian for building the
huge monuments, however the modern-type concrete blocks were first caste in the
middle of nineteenth century. Joseph Aspidin in the year 1987 developed the first
basic mix of blocks. The mix consisted of powdered limestone and clay mixed with
water. Block manufacturing became an established industry in the recent twentieth
century. The first Hollow Concrete blocks was designed by Harman S Palmer in the
year 1890 [2]. The blocks designed were of size 8 in. � 10 in. � 30 in. which was
very heavy for manual handling. The blocks were carried with the help of a small
crane from one place to another.

Based on the density and manufacturing process, concrete blocks can be clas-
sified as dense concrete blocks, light weight concrete blocks, and aerated concrete
blocks. Dense concrete blocks are being used since 1940. These blocks are man-
ufactured from cement, aggregates, and sand and have a thermal conductivity of
0.70–1.28 W/mK [3]. Light weight concrete blocks are less strong then dense
concrete blocks. These are manufactured from cement along with man-made
aggregates which includes granulated/blast furnace slag, expanded clay or shale,
furnace bottom ash, pulverized fuel ash. The thermal conductivity of these blocks
was typically found to be between 0.25 and 0.60 W/mK [3]. Aerated blocks are
well known as cellular or gas concrete blocks. These blocks have a thermal con-
ductivity of 0.09–0.20 W/mK [3].

1.1 Autoclaved Aerated Concrete Blocks

Autoclaved Aerated Concrete Blocks (AAC) are the extra light concrete blocks
which are suitable for high rise construction as it is lighter than conventional bricks
and blocks. These blocks are manufactured with the reaction of aluminum with a
proportionate blend of fly ash, lime, and cement. The hydrogen gas that escapes
during the reaction creates millions of tiny air cells giving it a strong cellular
structure which is further strengthened by high pressure steam curing in autoclaves
hence the name autoclaved aerated concrete blocks. AAC blocks are one of the
most commonly used light weight concrete blocks due to its low density and unique
thermal properties and high fire resistant. These blocks also provide excellent sound
and fire insulation apart from being eco-friendly. AAC blocks were first commer-
cially produced in Sweden in 1923 [1]. These autoclaved aerated concrete blocks
are being used with the thin jointing material called ready mix mortar instead of
conventional mortar with the mix proportion of 1:6. The present investigation aims
to know the suitability of these blocks with ready mix mortar and conventional
mortar. As a comparison, Hollow Concrete Blocks (HCB) with Ready Mix Mortar
(RMM) and Conventional Mortar (CM) are also attempted. Several tests are carried
out on both types of masonry with ready mix mortar and conventional mortar.
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Hence, this paper presents the suitability of ready mix mortar on two types of
concrete blocks.

2 Literature Review

Research carried out on various light weight concrete blocks such as foamed
concrete blocks, aerated concrete block and autoclaved aerated concrete blocks was
studied. Foamed concrete blocks are also known as “cellular light weight blocks”.
These are manufactured by adding aqueous foam to the mixture of slurry of cement,
fly ash or sand, water and other additives in the foam mixer. Chaipanich [4], in his
study, reports that foamed concrete blocks can be made by adding detergent, resin
soaps, glue resin, protein such as keratin as a foaming agent. Krishna Bhavani [5],
in her study, conducted experiments on foamed concrete blocks which were pro-
duced by adding a foaming agent which is diluted in 40 parts of portable water. The
minimum weight of foam was 80 g/l. The nominal dimension of the blocks pro-
duced was of length 400, 500, or 600 mm, height 250 or 300 mm, width 100, 150,
200, or 250 mm. These blocks were cured for 2–3 weeks. The compressive strength
of Cellular Light weight Concrete (CLC) blocks of density 800 kg/m3 was found to
be 35 kg/cm2. Water absorption of these blocks was 12.5% as against 20% for
burnt clay bricks. Thermal conductivity was found to be in the range of 0.131–
0.151 W/mK showing a great thermal conductivity due to number of closed
cavities.

Mirza et al. [6] tested aerated concrete blocks for compressive strength, fire
resistance, and moisture penetration. Five different sands around Saudi were used to
manufacture Non-autoclaved aerated concrete blocks and compressive strength of
these blocks was found to be in the range of 58–120 kg/cm2. Further sulfate attack
tests on these blocks showed that non-autoclaved blocks showed reduction in
strength between 20 and 40% while autoclaved blocks showed 10–20% reduction
when compared to its original strength.

Densities of aerated concrete blocks range between 400 and 800 kg/m3. These
blocks consume less than 60% energy and save up to 45% construction cost. Water
absorption of these blocks was found to be 2/3rd of the normal brickwork and 1/6th
of autoclaved aerated concrete blocks.

Narayanan et al. [7], in his paper “structure and properties of aerated concrete
blocks,” found that the compressive strength for AAC block for density of 700 kg/m3

was found to be 3.9–2.8 N/mm2 but reduces to 1.3–2.8 N/mm2 when the density is
400 kg/m3. Albayrak et al. [4] showed that the compressive strength for the density
range of 270–500 kg/m3 was found to be 1.1–5 N/mm2 showing an increase in the
strength with density. Flexural strength was in the range of 0.15–0.35 N/mm2.
Newman et al. [8] in his study advanced concrete technology processes has pre-
sented the typical properties of AAC blocks for various densities which is tabulated
in Table 1.
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Andolsun [9] has studied the material properties of autoclaved aerated concrete
and has reported the mechanical properties and density of AAC which is presented
in Table 2.

The literature review shows that the studies are carried out on the unit properties
of AAC blocks. No studies have been attempted on the properties of ready mix
mortar. Also no research is available to understand the behavior of AAC along with
ready mix mortar. Hence, this paper brings out the compressive strength behavior of
AAC block masonry with ready mix mortar with the help of masonry prisms.

3 Properties of Masonry Blocks and Mortar

A block is a masonry unit whose one of the external dimension is greater than the
corresponding dimension of the brick as specified in IS 3952:1978 [10] and of such
size and mass as to be handled by one man. Furthermore to avoid confusion with
slabs and panels, the height of the block shall not exceed either its length or
six times its width. The present study focuses on two types of blocks namely
AAC blocks which come under the light weight block category and hollow concrete
blocks that come under conventional block category. Tests carried out on these
blocks are as per IS 2185 (Part 2)—1983 [11]. The various tests are dimensionality
test, block density test, compressive strength test, flexural strength, and modulus of
elasticity.

Table 1 Typical properties of aerated concrete blocks

Dry density
(kg/m3)

Compressive
strength (N/mm2)

Flexural strength
(N/mm2)

Modulus of
elasticity (GPa)

Thermal conductivity
(W/mK)

450 3.2 0.65 1.6 0.12

525 4.0 0.75 2.0 0.14

600 4.5 0.85 2.4 0.16

675 6.3 1.00 2.5 0.18

750 7.5 1.25 2.7 0.20

Table 2 Mechanical properties of AAC

Density (kg/m3) Compressive strength (N/mm2) Static modulus of elasticity (N/mm2)

400 1.3–2.8 0.18–0.17

500 2.0–4.4 1.24–1.84

600 2.8–6.3 1.76–2.64

700 3.9–8.5 2.42–3.58
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Tests on AAC blocks and hollow concrete blocks are carried out as per IS 2185
(Part 3) and (Part 2)—1983 and the test results of these blocks obtained are tab-
ulated in Table 3.

The block density of AAC blocks is 65% lower than the hollow concrete blocks.
IRA of AAC blocks is well within the range of 0.8–3 kg/m2/min as per ASTM
standards. However, it has exhibited high water absorption when compared to
hollow concrete blocks. The structural properties such as compressive strength,
flexural strength of AAC blocks are slightly below than that of hollow concrete
blocks.

Mortar is a homogenous mixture produced by mixing cementitious material,
water, and inert material such as sand to the required consistency to bind with the
masonry units. Choice of masonry mortar is governed by several conditions such as
type of masonry, situation of use, degree of exposure to weather, strength
requirements, besides special considerations like fire resistance, insulation, rate of
setting and hardening, etc. Cementitious ingredients may be cement or lime or
combinations of these and with or without additions of pozzolanas, plasticizers, etc.
The proportions in which they are to be mixed depend largely on practical expe-
rience with local materials. Mud mortar was the choice several centuries ago,
conventional mortar basically comprising of cement has been in use for decades.
However, the modern trend is to use ready mix mortar. Ready mix mortar is applied
as a thin bed of 2–5 mm. Properties of ready mix mortar are determined using IS
2250–1981 [12]. The experiments conducted are flow table test, compressive
strength test, flexural strength, tensile strength, and modulus of elasticity and the
results are tabulated in Table 4.

The properties of ready mix mortar are found to be better than conventional
mortar. Compressive strength of ready mix mortar was found to be 30% more than
conventional mortar. Also there is increase in flexural strength of ready mix mortar
when compared to conventional mortar.

Table 3 Unit properties of AAC blocks and hollow concrete blocks

S. No. Tests Results

AAC (IS 2185
(Part 3)—1983)

HCB (IS 2185
(Part 2)—1983)

1. Dimensionality (mm) 600.5 � 200.2 � 149.4 390.5 � 191 � 139.5

2. Block density (kg/m3) 766.88 1264.90

3. Initial Rate of absorption
(kg/m2/min)

2.44 5.42

4. Water absorption (%) 19.75 6.12

5. Compressive strength (MPa) 3.46 4.63

6. Flexural strength (MPa) 1.16 1.31

7. Modulus of elasticity (MPa) 8276 9031.5
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The properties of AAC blocks and ready mix mortar have indicated the suit-
ability of using these two materials in masonry. Hence, experimental and numerical
investigations are taken up to understand the behavior of masonry under
compression.

4 Experimental and Numerical Investigations
on Masonry Prisms

Masonry is an assemblage of units and mortar which are bonded together and
placed in a predetermined orientation. To determine the masonry strength three
types of specimen can be considered namely, masonry prisms, masonry wallettes,
and masonry walls. Failure pattern can be analyzed by three methods such as
experimental investigations, analytical investigations, and numerical investigations.
Experimental investigations include tests on unit and mortar and masonry speci-
mens such as masonry prisms, masonry wallettes, and full scale wall specimens.
Analytical investigations include determining compressive strength of masonry and
masonry efficiency using Lenczner’s theorem or Hilsdorf’s equation. Numerical
investigations help in determining the stress contours in masonry prisms using
software tools such as NISA, ANSYS, etc. This paper involves experimental and
numerical investigations on masonry prisms for four different combinations such as
AAC with RMM, AAC with conventional mortar, HCB with RMM and HCB with
conventional mortar. Thickness of bed for ready mix mortar is 3 mm and 10 mm
for conventional mortar.

4.1 Experimental Investigations on Masonry Prisms

Masonry prisms are cast using AAC blocks and HCB with ready mix mortar and
conventional mortar. Since ready mix mortar does not require curing the prisms
with ready mix mortar are tested after 7 days without curing and prisms with
conventional mortar are tested after 28 days of curing using wet burlaps.

Table 4 Properties of ready mix mortar and conventional mortar (1:6)

S. No. Tests Results Ref.

Conventional mortar RMM

1. Flow table test 1.36 22% IS 2250: 1981

2. Compressive strength (MPa) 6.95 9.67

3. Flexural strength (MPa) 1.56 2.79

4. MOE (MPa) 7093 38042

5. Tensile strength (Mpa) 0.91 1.26 ASTM C 190
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The masonry prism specimen is placed in the universal testing machine and the
demec gauge is fixed as shown in Fig. 1. A constant load of 14 N/mm2 per minute
is applied and the deformation is noted from the demec gauge for every load
change. Compressive strength of the prism is calculated using the formula (1) and a
graph is plotted to determine the modulus of elasticity,

Compressive strength ¼ Failure load
Area of specimen

ð1Þ

The masonry efficiency is calculated for all the prism combination using the
formula

Masonry efficiency ¼ Masonry strength
Masonry unit strength

� 100 ð2Þ

Table 5 presents the compressive strength, modulus of elasticity, and masonry
efficiency of the four masonry combinations selected for the present study. Figure 2
shows the typical graph (for AAC with RMM) drawn to understand the stress–strain
relationship and hence to obtain the modulus of elasticity of masonry prisms.

The results show that the compressive strength of AAC with RMM is the least
when compared with the results of other prism combinations. However, hollow
concrete block prisms exhibited relatively higher compressive strength and masonry
efficiency when compared with AAC block masonry.

Fig. 1 Test setup of
compression test
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4.2 Numerical Investigations on Masonry Prisms

Numerical simulation is carried out on the same four combinations subjected for
experimental investigations using Numerically Integrated Structural Analysis
(NISA) tool. Masonry specimens are modeled in NISA. Figure 3 shows the
physical model of a masonry prism as used for experimental investigation and the
finite element model as is modeled in NISA. Numerical simulation helps to
determine the various stresses acting on the specimen when the prisms are subjected
to loading.

Any element subjected to loading has stresses induced in the element. The
stresses induced are normal stress, tangential stress/shear stresses, and principal
stresses.

These specimens are subjected to compression along the longitudinal direction
(Y-axis). The masonry is modeled as a heterogeneous material by assigning the

Table 5 Properties of masonry prims

Prism combination Compressive strength
(N/mm2)

Modulus of
elasticity (N/mm2)

Masonry efficiency (%)

AAC + RMM 2.02 1525.1 58.38

AAC + CM 2.82 3461.6 81.41

HCB + RMM 4.73 6364.9 102.0

HCB + CM 4.35 7903.9 93.78

Fig. 2 Stress–strain curve of AAC with RMM
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respective elastic properties to unit and mortar as obtained from experimental study.
The study comprised of two parts, in the first part, the analysis is carried out with
RMM of 3 mm thickness. The second part comprised of masonry specimens
modeled with RMM of 10 mm thickness. Nature of stresses in mortar and unit
developed along the longitudinal (along y-axis) and lateral stresses (along x-axis)
are studied for the four masonry prism combinations. The stress contours hence
obtained from the simulation for the prisms are shown in Figs. 4, 5, 6 and 7.

Stresses developed in lateral direction for AAC with RMM and HCB with RMM
combinations are found to be compression in unit and tension in mortar. However

Fig. 3 Physical and finite element models

Fig. 4 Stresses in x and
y direction for AAC with
RMM
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Fig. 5 Stresses in x and y direction for AAC with CM

Fig. 6 Stresses in x and y direction for HCB with RMM

Fig. 7 Stresses in x and
y direction for HCB with CM
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when conventional mortar is used with HCB, it is found to be reversed. In case of
AAC with CM, both the unit and mortar developed tensile stresses. Stresses
developed in longitudinal direction are found to be in compression for all the prism
combination.

Further, the masonry prism specimens are modeled with RMM of 10 mm
thickness. The stress contours developed are as shown in Figs. 8 and 9.

Numerical simulation of the test on compressive strength of masonry prisms
with increase in thickness of RMM from 3 to 10 mm has resulted in partial
development of compression and tension zones in the unit and tensile stresses in
mortar in the lateral direction. Thus, increase in mortar thickness did not show any
prominent changes in the nature of stresses developed in masonry.

Fig. 8 Stress in x and y direction for AAC with 10 mm RMM

Fig. 9 Stress in x direction
for HCB with RMM
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5 Conclusion

From the experimental and numerical study the following conclusion can be drawn:

1. Properties of AAC block satisfy as a masonry unit. Similarly ready mix mortar
exhibited properties similar to conventional mortar.

2. Compressive strength of AAC + RMM is found to be the least among the four
combinations which is 2.02 N/mm2. The compressive strength of HCB + RMM
is the highest with a value of 4.73 N/mm2.

3. Stresses developed in lateral direction for AAC with RMM and HCB with
RMM combinations are found to be compression in unit and tension in mortar.
However, when conventional mortar is used with HCB, it was found to be
reversed. In case of AAC with CM, both the unit and mortar developed tensile
stresses. Similar pattern is observed when the thickness was increased from 3 to
10 mm.

4. In both experimental and numerical analysis, the performance of hollow con-
crete blocks with conventional mortar or ready mix mortar is relatively better
than AAC blocks with conventional or ready mix mortar.
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Effect of Addition of Fly Ash
and Superplasticizer on Ultra-fine
Slag Based Geopolymer Mortar

Sulaem Musaddiq Laskar and Sudip Talukdar

Abstract Geopolymer is a promising sustainable supplementary cementitious
material in construction industry. Researchers have found it to have strong potential
for replacing the Portland cement in mortar and concrete. The present study reports
experimental works performed on geopolymer mortar prepared from ultra-fine
ground granulated blast furnace slag. Geopolymer mixes were prepared with alkali
activator composed of sodium hydroxide solution and addition of certain admix-
tures such as fly ash and superplasticizer. The mixes were tested to study properties
such as setting time, workability and strength. Addition of fly ash to slag based
geopolymer was advantageous in terms of setting time and workability perfor-
mance. However, very high amount of fly ash in the mix caused significant
reduction in strength. Superplasticizer also modified the properties of geopolymer
mixes at fresh and hardened state. High dosage of superplasticizer caused deteri-
oration of performance of geopolymer mix.

Keywords Ultra-fine ground granulated blast furnace slag � Fly ash
Superplasticizer � Setting time � Workability � Compressive strength

1 Introduction

Geopolymer is an emerging sustainable supplementary cementitious material in
construction industry. Till date, numerous research works have been carried out to
understand the behaviour of geopolymeric systems in terms of workability,
strength, durability, etc. [1–8]. Geopolymers have capacity of sustaining strength
when exposed to high temperature of order 800 °C [9]. The compressive and bond
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strength; and abrasion resistance of geopolymeric systems are superior to Portland
cement (PC) based ones [10]. While some of the geopolymers have to be cured at
elevated temperature for attaining strength, slag based geopolymer can gain
strength even when cured at ambient temperature [11, 12].

Ultra-fine slag has been successfully employed to produce geopolymeric systems
of superior performance. Such geopolymer can gain sufficient strength at early ages
[2, 13]. Ultra-fine materials also help to exhibit better durability performance [2,
14]. However, mortar or concrete prepared by ultra-fine material exhibit lower
setting time and workability compared to the mortar or concrete prepared with same
binder of lower fineness [15].

To modify the setting behaviour and workability of geopolymer mixes,
researchers have performed series of experiments by adding various types of
chemical admixtures to geopolymer mixes [16]. Douglas and Brandstetr [17] added
very high amount of superplasticizer (SP) to slag based geopolymer and found that
workability improved, but the strength reduced when compared to the strength of
geopolymer consisting no SP. Bakharev et al. [18] found that addition of ligno-
sulphonate admixture to geopolymer improved workability however, it retarded
strength development.

Activators of various types have been used for geopolymerisation process in
both isolated and combined form [1, 2, 4, 19–22]. Researchers found alkali metal
silicates and/or hydroxides to be the most suitable. However, alkali silicates are
expensive, they cause shortening of setting time and reduce workability [22].
Hence, to get rid of such disadvantages, alkali metal hydroxides can be better
alternative. Sodium hydroxide (SH) activated geopolymer can attain higher strength
compared to sodium silicate (SS) activated geopolymer when cured at ambient
temperature [11]. Carbon footprint of alkali metal hydroxide based geopolymer is
lower than alkali metal silicate based ones [23].

Till date, inadequate investigations were performed on SH activated ultra-fine
ground granulated blast furnace slag (UGGBS) based geopolymer. Such geopoly-
meric systems have very low setting time and workability. Therefore, an attempt
has been made in this study to investigate the setting time, workability and strength
behaviour of UGGBS based geopolymer. Effect of addition of FA and SP on fresh
and hardened state properties of geopolymer mortar have been investigated through
series of laboratory experiments.

2 Materials and Method

UGGBS available indigenously was used as primary binding agent in the
geopolymer mixes. Class F FA obtained from thermal power plant at Farakka, India
was used as an additive. Physical and chemical properties of UGGBS and FA are
given in Table 1. Physical properties such as median particle size and specific
surface area have been evaluated by laser particle size analyzer and specific gravity
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by laboratory experiment as per Indian Standard (IS) [24]. Chemical property, i.e.
oxide composition has been determined by X-ray fluorescence spectrometer (XRF).

In this paper, UGGBS and FA are together referred as total binding agent.
Commercially available SH pellets were used to prepare the alkali activator. SH
solution of required concentration was prepared by mixing SH pellets having 97–
98% purity with distilled water. Alluvial sand conforming to zone III of IS [25]
having specific gravity of 2.69 and water absorption of 1.7% was used as fine
aggregate. Polycarboxylate ether based SP were used in the study.

Table 2 presents the mix proportion of geopolymer mortar mixes prepared as per
IS [24] to study the effect of addition of FA of varying amounts of 20, 30, 40 and
50% by weight of total binding agent in the mortar; and addition of SP of varying
amounts of 0.5, 1.5 and 3% by weight of total binding agent in the mortar. The ratio
of total binding agent to fine aggregate was 1:3 [24]. Alkali activator to binding
agent ratios (a/b) of 0.6 was selected for preparing the mixes. Concentration of SH
solution was 10 molar (M). Mixes M1 to M5 were tested to observe the effect of
addition of FA of varying amounts to the UGGBS based geopolymer. M3, M6, M7
and M8 were tested for finding the effect of addition of SP of varying amounts to
the UGGBS based geopolymer.

Prior to casting of geopolymer mortar specimens, alkali activator was prepared.
SH solution was prepared by mixing SH pellets with distilled water as per desired

Table 1 Chemical and
physical properties of binder

Chemical composition (% mass) UGGBS FA

Silicon dioxide (SiO2) 33.6 55.47

Aluminium oxide (Al2O3) 22.5 25.37

Ferric oxide (Fe2O3) 1.3 6.2

Calcium oxide (CaO) 34.0 6.24

Magnesium oxide (MgO) 6.8 1.55

Sulphur oxide (SO3) 0.15 0.9

Physical properties

Specific gravity 2.84 2.42

Median particle sized d50 (lm) 3.579 26.33

Specific surface area (cm2/g) 30,100 8940

Table 2 Mix proportion (kg) Mix UGGBS FA SP dosage (%)

M1 100 0 0

M2 80 20 0

M3 70 30 0

M4 60 40 0

M5 50 50 0

M6 70 30 0.5

M7 70 30 1.5

M8 70 30 3
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molarity 24 h before the casting of specimens and then allowed to cool. Before
addition of alkali activator to the mortar mixes, UGGBS, FA and fine aggregates
were manually mixed dry thoroughly for 2 min. Later, to this dry mix, alkali
activator was added and further mixed for 3 min. SP was added to the mix after
addition of alkali activator. For geopolymer pastes preparation for conducting
setting time tests, similar procedure and mix proportions were maintained as that of
corresponding geopolymer mortar excluding fine aggregate addition.

Cube specimens of size 50 mm � 50 mm � 50 mm were used to perform
compressive strength test of geopolymer mortar. Fresh geopolymer mortars were
placed into cubes in two layers, each layer being tamped 25 times by tamping rod.
Later, these were placed under ambient temperature of 20 ± 2 °C. After 24 h of
casting, the cubes were demolded and completely submerged inside water tank
maintaining temperature of 20 ± 2 °C and stored till the arrival of test day.

The provisions mentioned in IS [24] were adopted for performing setting time
tests of geopolymer pastes using Vicat apparatus, workability test and compressive
strength tests of geopolymer mortar. For assessing workability property of fresh
geopolymer mortars, flow table test was conducted immediately after mixing the
mortar ingredients. The results are indicated in terms of flow index as given below:

FI ¼ FD� ID
ID

� 100 ð1Þ

where FI is the flow index in percent. FD is the average final base diameter of
mortar mass measured on four diameters after jolting as per the codal provisions, ID
is the original base diameter, which is 100 mm. Compressive strength tests were
conducted on the cube specimens at 7, 28 and 91 days to assess the strength of the
geopolymer mortars at both early and later ages.

Field emission scanning electron microscopic (FESEM) images of UGGBS, FA,
combination of 80% UGGBS and 20% FA; and 50% UGGBS and 50% FA were
obtained.

3 Results and Discussions

Addition of FA to the mixes retarded the setting time (see Table 3). Gradual
increase in setting time occurred with the increase in FA content. This phenomenon
is due to the fact that unlike UGGBS, FA cannot form geopolymerisation products
instantly at early stages when subjected to curing at ambient temperature [12, 26],
thereby delaying the setting of the mixes. Moreover, since FA particles are spherical
shaped as seen in Fig. 1, its addition allowed better mobility of particles in the
mixes which eventually contributed to delay of setting time. However, the increase
was more pronounced in mixes with FA content of 30% and above, compared to
those with FA content of 20%.

Addition of SP to the mixes at constant FA content contributed to the retardation
of early setting by preventing the geopolymerisation products from formation of
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bonds at early period. The reason for this is similar to that of addition of FA in the
mixes which provide better mobility to particles by producing less viscous mixes
and thus retarding the setting times. In fact, the accelerating capacity of SP which is
otherwise shown in decreasing the setting times of PC based systems is not shown
in these geopolymeric mixes. Retarding effect deteriorated at dosage higher than
1.5%. Figure 2 shows that by increasing the content of FA in the mixes, higher
workability can be attained. The steep rise of FI curve beyond 20% FA content
point indicated that increase in FI with increasing FA content was more for mixes
with FA content higher than 20%. Increase in addition of FA increases the avail-
ability of smooth and spherical particles in the mixes which contribute to better
sliding among the particles and reduction of friction which is otherwise caused due

Table 3 Results from setting time test (mins)

Mix Initial setting time Final setting time

M1 13 24

M2 20 51

M3 35 60

M4 37 69

M5 44 71

M6 37 68

M7 58 88

M8 53 80

Fig. 1 FESEM images of a UGGBS, b FA, c 80% UGGBS and 20% FA; and d 50% UGGBS
and 50% FA
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to presence of angular UGGBS particles. FESEM images in Fig. 1 show the particle
shape and distribution in mixes. As FA content in the mixes increases, reduction of
total friction among the particles occurs leading to better workability.

SP contributed towards increasing workability of the mixes with constant FA
content of 30% (see Fig. 3). It helped in releasing the liquid component in the
mixes trapped in flocs by dispersing the solid particles. Higher dosage of SP
(>1.5%) led to segregation in the mix. At SP dosage of 3%, solid particles in the
mixes got highly dispersed causing separation of semiliquid phase from the solid
phase. Such behaviour of mixes with SP have also been observed by Laskar and
Bhattacharjee [27] in their work on FA based geopolymeric mixes consisting of
SP. Criado et al. [28] observed similar changes due to addition of SP in the
geopolymeric mixes.

Though addition of FA in the mixes retarded setting time and improved work-
ability as seen in Table 3 and Fig. 3. However, it reduced strength of mixes at early
age (see Fig. 4). The reduction in the strength was more significant in mixes with
FA content 40 and 50%. Strengths of these mixes at later ages, i.e. 28 days and

Fig. 2 Effect of FA content
on workability of mixes

Fig. 3 Effect of SP content
on workability of mixes
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beyond were notably higher than those at early age indicating the contribution of
FA in long term strength when cured at ambient temperature. However, such
contribution could not help the mixes with FA content 40 and 50% to attain
strengths similar to that of the other mixes.

The main product in UGGBS based geopolymer is calcium silicate hydrate
(C–S–H) when activated with alkaline solution [29]. The formation of C–S–H takes
place even at ambient temperature. FA on the other hand is rich in SiO2 and Al2O3.
In alkaline medium, polymerisation occurs to transform aluminosilicates minerals
to three dimensional polymeric chains [30]. However, FA can contribute to the
strength development in geopolymer at early days only if cured at elevated tem-
perature [26, 31]. In this study, geopolymer mortars were cured at ambient tem-
perature. Thus, contribution of FA in the strength development is insignificant at
early age.

In the mixes, angular UGGBS particles contributed to early strength gain by
enhanced rate of geopolymerisation due to availability of higher particle surface
areas. But, the angular shape and higher particle surface area reduced workability
and accelerated setting of the mixes rendering it unsuitable for use as building
material. On the other hand, though the smooth and spherical FA particles led to
lower rate of geopolymerisation, but they balanced the workability loss and retarded
the setting.

The amount of SP significantly affected the strength of the mixes. Huge variation
in strength at various days was observed in mixes with various amount of SP (see
Fig. 4). Compared to 28 days strength, more than about 80% strength was attained
at 7 days by the mixes containing SP. Mix with 0.5% SP exhibited highest strength
at each selected day. Higher dosage (>0.5% SP) led to reduction of strength.
Though in mixes with 1.5% SP dosage, the strength drop compared to mixes with
0.5% SP dosage was lower but pronounced strength drop was observed for mixes
with 3% SP dosage. The strength drop can be attributed to the fact that at 3% SP
dosage, segregation occurred in the mix which was observed while performing the
workability test of fresh mortar mix. Similar strength reduction with increase of SP
content was observed by Douglas and Brandstetr [17].

Fig. 4 Compressive strength
of mixes at 7, 28 and 91 days
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4 Conclusions

This paper reports the results of laboratory experiments performed on eight different
UGGBS based geopolymer mixes activated by SH. Admixtures such as FA and SP
were added to the mixes and their influence on setting time, workability and
strength was observed. Following important observations were made from the
study:

1. Addition of FA in the mixes retarded the early setting property and improved the
workability of the mixes. Significant improvement of properties of mixes in
fresh state was observed when FA content was 30% and higher.

2. Amount of FA higher than 30% of total binder content resulted in reduction in
strength of the mixes at early age. It also causes reduction in the strength at later
ages.

3. SP retarded the early setting property and improved the workability of the
mixes. Change in the trend of the influence of SP was observed at higher
dosage, i.e. beyond 1.5% SP dosage. SP showed better performance up to
dosage 1.5%.

4. Strength of mixes improved with the addition SP. However, SP dosage higher
than 0.5% of total binder content led to significant reduction strength of the
mixes.
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Carbonation, Shrinkage and Long-Term
Studies on Recycled Aggregate Concrete

V. Bhashya and B. H. Bharatkumar

Abstract Crushing demolition waste concrete to produce recycled aggregates for
production of new concrete is one common means for achieving a more environ-
mentally friendly concrete. In this paper, durability properties such as drying
shrinkage, carbonation and long-term exposure up to one year explained in detail.
Increase in compressive strength of control and recycled aggregate concrete was
around 20% after a exposure period of one year whereas reduction in water
absorption were 1.5 and 6%, respectively, for control and recycled aggregate con-
crete. The carbonation depths and drying shrinkage in the recycled aggregate concrete
were higher than conventional concrete. The use of heat treated recycled aggregates
and incorporating fly ash/silica fume in addition to cement reduced the carbonation
depth and drying shrinkage in concrete. Reduction of carbonation depth and drying
shrinkage in recycled aggregate concrete was due to the minimization of pores in
recycled aggregate after heating and abrasion treatment and incorporation offly ash or
silica fume in addition to cement in recycled aggregate concrete.

Keywords Recycled aggregate concrete � Carbonation � Shrinkage
Long-term studies

1 Introduction

The construction industry is one which, to a great extend, depends on natural
resources. The large scale depletion of natural resources for extraction of natural
aggregates, simultaneously, huge amount of construction and demolition (C&D)
waste is produced during construction (construction waste), due to demolition of aged
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concrete structures (demolition waste) and insufficient number of landfills for
dumping such waste led to search for a viable option for effective utilization of C&D
Waste. The separate rules ‘Construction and Demolition Waste Management Rules’
for management of C&D waste was published by the Ministry of Environment,
Forest and Climate Change, India, wide notification no. G.S.R.317(E) dated 29th,
March 2016 [1]. The rules defined thresholds (more than 20 tonnes or more in one
day or 300 tonnes per project in a month) above which construction and demolition
wastes have to be sorted into four streams such as concrete, soil, steel, wood and
plastics, bricks and mortar in order to facilitate their subsequent recovery.

In India, the Central Pollution Control Board has estimated solid waste gener-
ation to be about 48 million tonnes per year, of which 25% is from the construction
industry [2]. It is seen from the literature [3–7] that the properties such as, density,
water absorption, specific gravity, crushing value have a negative influence on
recycled aggregate concrete quality. Grabiec et al. [8] concluded that the method of
bio-deposition of calcium carbonate improved the quality of recycled aggregate.
The acid concentration of 0.1 M proposed in the acid pre-soaking method devel-
oped by Tam et al. [9] was reported to result in only 7.27–12.17% reduction in the
water absorption of the RCA samples tested. The acid concentration of 2 M pro-
posed in the method developed by Akbernezhad et al. [10] was reported to result in
less than one percentage of water absorption of the recycled concrete aggregates.

Yildiram et al. [11] studied shrinkage of recycled concrete having different w/
c ratios. Authors reported for w/c = 0.7, Shrinkage (after 112 days) in recycled
aggregate concrete two times more when compared to control concrete. For w/
c = 0.6, a mere 16% difference was reported between highest and lowest shrinkage
values after 112 days, while the corresponding difference for w/c = 0.5 was 37%.
After 112 days, the differences in relative shrinkage tended to decrease with time.
Ismail and Ramli [12] studied the shrinkage behaviour of three different types of
concrete mixes by using natural, recycled and treated recycled aggregates. In par-
ticular, RCA concrete was likely related to the poor quality and low stiffness of
untreated, coarse RCA, which was reported as affected in long run. However,
enhancing the quality of treated RCA after surface treatment positively affected and
slowed down drying shrinkage stress.

Leemann et al. [13] studied the carbonation of concrete having lime stone
powder, micro silica and GGBS. The exposure conditions were 1% CO2 (20 °C,
57%RH) and carbonation chamber with 4% CO2(20 °C, 57%RH) sheltered outdoor
and unsheltered outdoor exposure until the age of 56 days. The cement replacement
with limestone powder, micro silica and GGBS reported higher carbonation coef-
ficient than the use of ordinary Portland cement. The carbonation coefficients in the
sheltered conditions are higher than in the unsheltered conditions. Miguel bravo
et al. [14] concluded that the mixes with recycled aggregate have lower carbonation
resistance than the control concrete. This was predictable since, when the water
absorption was analysed, a property influenced by the same factors, the same trend
occurred.

Experimental studies on recycled aggregate concrete have shown use of RCA
has poor mechanical and durability properties of concrete. RCA has the greatest
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potential to reduce the overall durability of RCA concrete, likely due to the greater
amount of fissures created by RCA, into which water can permeate and diffuse. It is
important to consider that climate can affect long-term performance of recycled
aggregate concrete. Therefore, it is necessary to evaluate the durability responses
and performance of concrete prepared using RCA. From the detailed review of
existing literatures, several investigations are found in India related to the
mechanical (compressive strength, split tensile strength, flexural strength and
modulus of elasticity) and durability properties (water absorption, sorptivity,
chloride ion permeability) recycled aggregate concrete. However, limited studies
have been carried out to evaluate the carbonation, shrinkage and long-term per-
formance of recycled aggregate concrete. Therefore, the present research focuses on
carbonation, shrinkage and long-term studies of concrete prepared using RCA and
use of treated RCA, incorporation of pozzolanic materials (fly ash and silicafume)
to improve its properties.

2 Experimental Programme

2.1 Materials

Recycled coarse aggregates were prepared by crushing the demolished concrete in a
jaw crusher set at an opening of 20 mm with the jaws in the closed position.
Crusher products from each of the demolished concretes were screened into two
size ranges (25–12.5 and 12.5–4.75 mm) and recombined into a recycled coarse
aggregate of approximately the same grading as the natural aggregate (i.e. 60% of
25–12.5 mm, and 40% of 12.5–4.75 mm material). To improve the quality of the
recycled aggregates, a heating and abrasion treatment described in the next section
was used. Ordinary 53-grade Portland cement conforming to IS 12269 [15] was
used. Locally available river sand passing through a 4.75-mm sieve was used as fine
aggregate. Blue granite crushed stone aggregate of size ranging 12.5–25 and 4.75–
12.5 mm was used in a ratio of 60:40 by volume as coarse aggregate for the control
concrete. Fly ash from a thermal power plant near Chennai in India and silica fume
supplied by a company in Mumbai was used in this research. The chemical com-
position of fly ash and silica fume is presented in Table 1.

2.2 Heating and Abrasion Treatment
for the Recycled Aggregates

The presence of mortar was the main reason for lower quality of the recycled
aggregates compared to natural aggregates. The adhered mortar can be removed by
chemical treatment, heat treatment and microwave treatment [16]. Using this
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method, the recycled concrete aggregates were heated to 250 °C for four hours,
after which the heated aggregates were immediately immersed in water causing a
sudden reduction in the aggregate temperature and creating internal thermal stres-
ses. After cooling, the adhered mortar became brittle. These aggregates were
dry-mixed in a pan-type mixer for 2 to 3 minutes to remove the adhered mortar.
Then, the mixture of recycled aggregates and removed mortar was sieved through
standard sieves for preparation of treated recycled aggregates.

2.3 Mix Proportion and Test Specimens

Experimental investigations were carried out to investigate the carbonation,
shrinkage and long-term performance of concrete, produced by replacing the nat-
ural aggregates with recycled aggregates coming from construction and demolition
of waste. The concrete mix proportions were designed in accordance with IS 10262
[17], with a common target slump of 70 ± 10 mm. A super plasticizer made of
sulphonated naphthalene formaldehyde was used. The content was 0.5% by weight
of the binder. The details of the mix are given in Table 2. Totally four mixes have

Table 1 Chemical composition of fly ash and silica fume

Chemical compound Fly ash (% by mass) Silica fume (% by mass)

SiO2 62.10 94.73

Al2O3 27.44 –

Fe2O3 4.57 –

CaO 0.83 –

MgO 0.55 –

Na2O 0.04 0.51

K2O 1.17 –

TiO2 1.09 –

Mn2O3 0.04 –

SO3 0.4 0.2

Chlorides – 0.07

Table 2 Mix proportions per 1 m3 of concrete

Specimen Id Cement
(kg/m3)

Fly ash/silica
fume (kg/m3)

Sand
(kg/m3)

Coarse aggregates
(kg/m3) (RCA)

Mix 1 362 – 832 –

Mix 2 362 – 793 921

Mix 3 362 92 782 828

Mix 4 362 46 784 875

Coarse aggregate (NA) 1030 kg/m3, water 170 kg/m3
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been cast. Mix 1 contained 100% natural aggregates. This group serves as control
mix. In Mix 2, 100% of the natural aggregate was replaced with RCA. The samples
in Mix 3 contained fly ash 10% of the coarse aggregate in addition to cement and
Mix 4 produced with 5% of the coarse aggregate was replaced by silica fume. The
natural coarse aggregates in Mix 3 and Mix 4 were replaced with 100% treated
RCA. The test specimens were casted for both conventional concrete mixes and
RAC with water to cement ratio of 0.5.

2.4 Long-Term Studies

Experimental studies on recycled aggregate concrete have shown use of RCA has
poor mechanical and durability properties of concrete. These effects on concrete
properties can affect the long-term performance of the concrete mix. RCA has the
greatest potential to reduce the overall durability of RCA concrete, likely due to the
greater amount of fissures created by RCA, into which water can permeate and
diffuse. Also, it is important to consider that climate can affect long-term perfor-
mance of recycled aggregate concrete. Therefore, it is necessary to evaluate the
responses and performance of RCA concrete in the long-term through experimental
studies. In the present study, performance of natural and recycled aggregate con-
crete exposed to open atmosphere up to a period of one year have been studied.

2.5 Carbonation

The accelerated carbonation test was carried out on recycled aggregates obtained
from construction and demolition waste. The test specimens were casted for both
conventional concrete mixes and RAC with water cement ratio of 0.5. Concrete
cubes of size 100 mm were cast to determine the compressive strength and car-
bonation of recycled aggregate concrete. The specimens taken from the curing
chamber were directly put into the accelerated carbonation apparatus. Exposing the
concrete specimens to the accelerated carbonation process will be continued for a
period of 1 and 2 months. The specimens were subjected to 2.5% carbon dioxide in
a chamber with a temperature of 20 °C and 65% RH, until the time required for
testing.

2.6 Drying Shrinkage

Experimental investigations were carried out to investigate the shrinkage of con-
crete, produced by replacing the natural aggregates with recycled aggregates
coming from construction and demolition of waste. The main aim of this work was
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to determine shrinkage variations experienced in recycled concrete, and comparing
it to control concrete. Concrete specimens having size 100 � 100 � 500 mm were
prepared to conduct shrinkage test. The change in length of the specimens was
recorded when their age of curing reached 3, 7, 28, 60, 90, 120,150 and 180 days.

3 Results and Discussion

3.1 Bulk Density

Recycled aggregates have lower density when compared to natural aggregates. This
was due to the presence of adhered mortar in the recycled aggregates. Bulk density
of natural and recycled aggregate is presented in Table 3. Reduction in bulk density
was observed by 9% and 12% for RCA sizes ranging from 4.75 to 12.5 mm and
12.5 to 25 mm, respectively, in comparison to natural aggregates. After heating and
abrasion treatment bulk density of recycled aggregates increased by 8 and 10% for
aggregates of sizes ranging from 4.75 to 12.5 mm and 12.5 to 25 mm, respectively.

3.2 Water Absorption

Recycled concrete aggregate sizes ranging from 12.5 to 25 mm and 4.75 to
12.5 mm had very high percentages of water absorption. Water absorption of
natural aggregate of size 12.5–25 mm was found to be 0.7%, whereas for recycled
aggregate it was 4.8% by weight. The water absorption of recycled concrete
aggregate was 6.8 times that of natural aggregate, while many investigations found
the water absorption about 6–10 times [18–20]. This was due to the porous char-
acteristics of the mortar residue adhering to the original aggregate particles. The
heating and abrasion method reduces the water absorption to 1.62% by weight.
Hence, it is observed that there is a 66% reduction in water absorption of recycled
aggregate after treatment. For the 4.75–12.5 mm aggregates, after treatment with
the heating and abrasion method, water absorption was reduced to 1.59 from
2.67%.

Table 3 Bulk density of
recycled aggregates

Aggregate type Bulk density (Kg/m3)

(4.75–12.5 mm) (12.5–25 mm)

NA 1572 1690

RCA 1430 1483

Treated RCA 1550 1664
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3.3 Results of Long Studies on RAC

Table 4 presents results of compressive strength of recycled aggregate concrete
specimens exposed to open atmosphere for a period of one year. Compressive
strength of control (Mix 1) and recycled aggregate concrete specimens (Mix 2)
tested after one year have 20 and 18% increment in strength, respectively, this may
be due to strength gained by concrete during the period of exposure. The increase in
strength in the specimens with fly ash and silica fume, when 100% of the coarse
aggregate was replaced by recycled aggregate was 33% (Mix 3), and 32% (Mix
4100). Fly ash or silica fume could improve the compressive strength with age
because of a pozzolanic reaction.

Table 5 presents results of water absorption of recycled aggregate concrete
specimens exposed to open atmosphere for a period of one year. Reductions in
water absorption for control (Mix 1) and recycled aggregate concrete specimens
(Mix 2) tested after one year were 1.49 and 6.14%, respectively. The water
absorption of heat treated recycled aggregate concrete with addition of fly ash and
silica fume was reduced by 1.78 (Mix 3) and 1.9% (Mix 4), respectively. Hence, a
significant amount of reduction in water absorption was observed when the addition
of mineral admixtures in concrete with heat treated recycled aggregates.

3.4 Results of Carbonation

The specimens were taken out after completion of the test and the depth of car-
bonation was measured by spraying the surface of a freshly broken concrete cube
specimen with a 1% phenolphthalein indicator solution. Purple red colour is
obtained in the non-carbonated part of the specimen where the concrete is still
highly alkaline, while in the carbonated part of the specimen due to the carbonation,

Table 4 Compressive
strength of RAC exposed to
one year

Age of concrete 28 days 1.0 years

Mix 1 38.25 46.27

Mix 2 31.74 37.49

Mix 3 45.51 60.95

Mix 4 44.75 59.07

Table 5 Water absorption of
RAC exposed to one year

Specimen designation Water absorption (%)

28 days 1.0 years

Mix 1 4.22 4.15

Mix 2 6.49 6.03

Mix 3 4.92 4.83

Mix 4 4.86 4.76
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the alkalinity of concrete is reduced and no colour occurs (Fig. 1). Immediately
after spraying the indicator, the average depth of the colourless phenolphthalein
region has been measured. In conventional concrete, the carbonation depth mea-
sured was around 2 mm, whereas in recycled aggregate concrete it was higher.
Figure 2 shows the depth of carbonation recycled aggregate concrete for w/c 0.5. It
is observed that the recycled aggregate concrete was 2.0–2.5 times greater than that
of conventional concrete. This may be attributed to the recycled aggregate being
more porous. The use of heat treated recycled aggregates and incorporating fly ash/
silica fume in addition to cement reduced the carbonation depth in concrete. This is
due to the reduction of pores in recycled aggregate after treatment and fly ash or
silica fume in addition to cement reduced the porosity of recycled aggregate
concrete.

3.5 Results of Shrinkage on RAC

Figures 3 and 4 show the carbonation and percentage weight loss in RAC with age.
The results from the shrinkage test showed that the drying shrinkage values of all

Mix 1 Mix 2 Mix 3 Mix 4

Fig. 1 Carbonation in
conventional and recycled
aggregate concrete

Fig. 2 Depth of carbonation
of recycled aggregate
concrete (w/c = 0.5)

Fig. 3 Comparison of
shrinkage strain in RAC with
conventional concrete
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specimens, which were measured up to 180 days, fell below 850 microstrains.
From the results during the early ages up to 28 days, the drying shrinkage beha-
viour of all four concrete mixes was observed to similar. After 28 days, however,
different drying shrinkage values became clearer. In particular, concrete having
100% RCA exhibited a high shrinkage value compared with the control concrete.
Shrinkage in the recycled concrete was 79% higher than that of the control concrete
after a period of 180 days. The higher shrinkage of the 100% RCA mix may be the
relatively easier loss of moisture from the RCA particles because it is likely that this
is free water and is not required to hydrate the cement in the residual mortar which
is already hydrated. However, enhancing the quality of treated RCA after surface
treatment positively affected and slowed down drying shrinkage in concrete with fly
ash and silicafume. At the age of 180 days, the shrinkage strains in concrete with
fly ash were 20% and with silicafume were 47% lesser than in control mix. Based
on these observations, it is obvious that the RCA mixes produced by using treated
RCA and mineral admixtures experience less long-term shrinkage than the concrete
prepared by using untreated RCA.

4 Conclusions

Experimental investigations were carried out on concrete with coarse recycled
concrete aggregates. The study presents the physical and mechanical properties of
the recycled concrete aggregate (RCA) and the durability of concrete prepared with
RCA. Durability properties such as drying shrinkage, carbonation and long-term
exposure up to one year were presented. Increase in compressive strength of control
and recycled aggregate concrete was around 20% after a exposure period of one
year whereas, reduction in water absorption was 1.5 and 6%, respectively, for
control and recycled aggregate concrete. The carbonation depths drying shrinkage
in the recycled aggregate concrete were higher than conventional concrete. It was
observed that the carbonation depth in recycled aggregate concrete was 2.0–2.5
times greater than that of conventional concrete. The use of heat treated recycled
aggregates and incorporating fly ash/silica fume in addition to cement reduced the
carbonation depth and drying shrinkage in concrete. This is due to the reduction of

Fig. 4 Comparison of weight
loss (%) with age in RAC
with conventional concrete
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pores in recycled aggregate after treatment and fly ash or silica fume in addition to
cement reduced the porosity of recycled aggregate concrete.
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Mechanical Properties of PVA
and Polyester Fibers Based Engineered
Cementitious Composites

S. B. Singh and Pankaj Munjal

Abstract Engineered cementitious composite (ECC) is a mortar based composite
reinforced with polymeric fibers and exhibits strain hardening characteristic through
the process of multiple micro-cracking. In this study, two types of polymeric fibers
(i.e., polyvinyl alcohol (PVA) fibers and polyester (Poly) fibers) were used for
making of ECC. The uniaxial compressive, uniaxial tensile, and four point bending
test were carried out to characterize the mechanical behavior of PVA-ECC and
Poly-ECC with same mix proportions. The compressive, tensile and flexural stress–
strain responses of ECC are plotted. The ratio of compressive strengths of cylinder
(150 � 300 mm), and small cube (70.7 � 70.7 � 70.7 mm) to the compressive
strength of standard cube (150 � 150 � 150 mm) is determined. The experimental
results show that PVA-ECC exhibits higher compressive, tensile and flexural
strength in comparison to the Poly-ECC.

Keywords Compressive strength � ECC � Polyester fiber � PVA fiber
Stress–strain response � Tensile stress

1 Introduction

Engineered cementitious composite (ECC) is cement based composite which
contain discontinuous short polymeric fibers featuring high ductility and strain
hardening behavior based upon micromechanics. ECC can be developed with a
variety of polymeric fibers such as polyvinyl alcohol (PVA), polyethylene fiber
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(PE), and polyester fibers [1]. Most investigations so far have been carried out on
polyvinyl alcohol (PVA) and polyethylene (PE) fibers for making of ECC. There is
a difference in basic micromechanics of these two fibers. The PE fibers are
hydrophobic and do not make any bond with cement matrix but PVA fibers are
hydrophilic and makes bond with cement matrix [2]. Li [1] initially used the high
modulus PE fiber to produce the ECC, then, Kanda and Li [3] studied the behavior
of PVA-ECC which has shown good agreement. Since the cost of high modulus of
PE fibers is 6–7 times higher than PVA fibers, researchers started using PVA fibers
instead of PE fibers to produce ECC. Most of the researchers [4–8] had used oiled
PVA fiber (oil coating to the surface of fiber) because unoiled PVA fiber may be
ruptured in a cementitious matrix due to the strong chemical bonding to cement
hydrates [9]. The oiled PVA fiber is mainly supplied by Kuraray Co. Ltd. Japan and
its cost is very high.

As a result, it is difficult to put ECC into large scale practical applications. It is
worth studying on the low-cost ECC. Polyester fiber is another alternative which
can be used for producing ECC and its cost is relatively lower, about 1/4th that of
PVA fibers. Polyester fibers are neither completely hydrophobic nor hydrophilic in
nature but it exhibits intermediate behavior. This distinctive properties of polyester
fibers develop the very good bond strength between fiber and cementitious matrix
[10].

Some researchers [10–13] have been conducted on the use of polyester fibers for
making ECC. Rathod and Patodi [10] conducted the experimental study on inter-
face tailoring of polyester fiber in ECC matrix against pullout and have concluded
that polyester fibers do not require any extra treatment such as oiling agent or
plasma treatment to enhance the performance of ECC. Ahamed et al. [11] studied
the flexural behavior of ECC beam made up of polyester fibers and have investi-
gated material properties of polyester-ECC. Singh et al. [12] studied the flexural
response of masonry beams with polyester-ECC as bed joint in place of cement
mortar and concluded that masonry beam with ECC as bed joint could be used as a
structural beam. Singh and Munjal [13] have shown the comparative response of
masonry beams with PVA-ECC and Poly-ECC as bed joints. Authors [13] con-
cluded that masonry beams with PVA-ECC as bed joints exhibit better perfor-
mance, and the load carrying capacity is found to be 1.5 times of that of masonry
beam with Poly-ECC as bed joint.

Most of these past studies indicate that there are limited studies on the use of
polyester fiber for making of ECC. The aim of the present paper is to determine the
mechanical properties such as compressive strength, tensile strength, split tensile
strength, and flexural strength of Poly-ECC. Moreover, the mechanical properties of
Poly-ECC are compared with the PVA-ECC of the same mix proportion.
Furthermore, compressive, tensile, and flexural stress–strain responses of ECC
made up of PVA and polyester fibers are presented.
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2 Experimental Details

2.1 Materials and Mix Design

ECC generally consists of mixtures of cement, silica sand, fly ash, water,
super-plasticizer, and polymeric fibers to reinforce the mix. In this study, Portland
pozzolana cement (PPC) as binder, microsilica sand with an average grain size of
100 µm, and class F fly ash (pozzocrete-63) was used to prepare the ECC. The
material properties of Portland pozzolana cement explained by Singh et al. [14] is
used and briefly presented Table 1. Glenium Sky 8777 provided by BASF India
Ltd. was used as the super plasticizer. The present study used two types of poly-
meric fibers such as polyester fibers of triangular shape and polyvinyl alcohol
(PVA) fibers. The material properties of polymeric fibers are given in Table 2. The
mix proportion of ECC has been presented in Table 3.

2.2 Mixing Process and Specimen Preparations

Hobart mixer was used to prepare the ECC. The mixing process is completed in the
three steps.

Table 1 Physical properties of PPC

PPC properties Test results

Blaine fineness (m2/kg) 375

Specific gravity 3.15

% Fly ash addition 30

Normal consistency (%) 30.8

Table 2 Materials properties of polymeric fibers

Properties Polyester fiber PVA fiber

Fiber diameter (mm) 0.025–0.035 0.04

Fiber length (mm) 12 8

Tensile strength (MPa) 480 1600

Elongation (%) 30 –

Rupture strain (%) – 7

Manufacturer by Reliance, India Kuraray & Co., Japan

Table 3 Mix proportion of ECC in kg/m3

Cement Silica sand Fly ash Water Super plasticizer Fiber

620 620 620 290 8.5 26
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Step 1: Water and super plasticizer are added and thoroughly mixed using
Hobart mortar mixer.

Step 2: Silica sand is then added and is mixed for around 2 min. Then fly ash is
added and the mixing process is continued.

Step 3: Further cement is added and mixed about 5 min. Fibers are then added
slowly. The entire process takes around 20–25 min. In this mixing
method, cement is added in the step 3 because entire process will take
around 20–25 min, since cement would attain its initial setting time in
this period.

After mixing the ECC, cubes of size 150 � 150 � 150 mm and 70.7 � 70.7
70.7 mm, cylinders of size 150 � 300 mm and 100 � 200 mm, tensile coupons
of size 310 � 75 � 13 mm, and rectangular prisms of size 100 � 100 � 500 mm
were cast. A thin layer of release agent was spread on the interiors of the moulds
using a clean brush and then a paste of ECC was poured into the mould. Specimens
were left in the mould inside the moist room (temperature 27 ± 3 °C and relative
humidity 65%) for a period of 24 h. The specimens were removed from the mould
and placed inside the curing tank at temperature of 27 ± 3 °C for 28 days. ECC
specimens were divided into two categories, i.e., PVA-ECC and Poly-ECC as
differentiated with type of the fibers inclusion.

3 Experimental Method and Test Procedure

3.1 Compressive Strength

Five cylindrical specimens (150 � 300 mm) and ten cube (150 � 150 � 150 mm
and 70.7 � 70.7 � 70.7 mm) specimens were tested in Compression Testing
Machine (CTM) of capacity 2000 kN after 28 days. Cylindrical and cube speci-
mens were tested as per ASTM C39 [15] and IS 516:1959 [16], respectively.
Compressive strength was measured by placing the specimens in the contact of
bearing surface of the CTM and the load was applied at the rate of 2–5 N/mm2 per
minute until failure occurs. The compressive strength was calculated by dividing
the maximum load applied to the specimen during the test by cross sectional area.
The modulus of elasticity and Poisson’s ratio of cylindrical specimens were cal-
culated using Eqs. (1) and (2) [17], respectively. The strain was measured by the
extensometer attached with the CTM as shown in Fig. 3.

Ec ¼ S2 � S1ð Þ
e2 � e1ð Þ ð1Þ

l ¼ et2 � et1ð Þ
e2 � e1ð Þ ð2Þ
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where

Ec chord modulus of elasticity, MPa
S2 stress corresponding to 40% of ultimate load, MPa
S1 stress corresponding to a longitudinal strain (e1), MPa
e2 longitudinal strain produced by stress S2, mm/mm
e1 3.45E−7 (longitudinal strain in mm/mm)
l Poisson’s ratio
et2 transverse strain at mid-height of the specimens produced by stress S2, mm/mm
et1 transverse strain at mid-height of the specimens produced by stress S1, mm/mm

3.2 Split Tensile Strength

The split tensile strength of ECC was measured through testing of five cylindrical
specimens (100 � 200 mm) of each category as per IS 5816-1999 [18] and BS
1881-part 117 [19]. The split tensile strength can be calculated using Eq. (3). In this
equation, fct is split tensile strength, P is the load applied to the specimen, and l,
d are length and diameter of the specimen, respectively.

fct ¼ 2P
pdl

ð3Þ

3.3 Tensile Strength

Five specimens of ECC coupons of each category were tested in automated
deformation controlled hydraulic Universal Testing Machine (UTM) of capacity
100 kN and the load was applied at displacement control rate of 0.5 mm/min. The
size of coupons was 310 � 75 � 13 mm and gauge length was maintained as
200 mm. The tensile stress–strain response of ECC coupons was measured by the
UTM.

3.4 Bending Test

Four point bending tests were performed on the five rectangular prism specimens of
each category on servo hydraulic actuator of capacity 200 kN as per ASTM D790
[20]. The load was applied on the prisms at the displacement control rate of
0.5 mm/min. The flexural stress, strain, and modulus were calculated using
Eqs. (4)–(6), respectively.
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rf ¼ PL
bd2

ð4Þ

ef ¼ 6Dd
L2

ð5Þ

Eb ¼ L3m
4bd3

ð6Þ

where

rf flexural stress, MPa,
P load at a given point on the load–deflection curve
L support span, mm
b width of the beam, mm
d depth of beam, mm
ef flexural strain in the outer surface, mm/mm
D maximum deflection of the axis of the beam, mm
Eb modulus of elasticity in bending, MPa
m slope of the tangent to the initial portion of the load–deflection curve, N/mm.

4 Experimental Results and Discussions

4.1 Compressive Strength

The results of compressive strength, strain at peak stress, failure strain, and modulus
of elasticity are presented in Table 4. The failure strain is defined throughout this
paper as the strain corresponding to stress equal to 80% of the peak stress in the
post peak region. This definition of the failure strain is arbitrary in the sense that
after reaching the peak stress, a sudden drop in stress value is observed with small
increment in the strain. Thereafter, strain is increasing with higher rate due to
crushing of ECC. The average compressive strength of cube (150 mm), cylinder,
and small cube (70.7 mm) specimens is observed to be 54.05, 45.12, and
61.74 MPa, respectively for PVA-ECC whereas it is found to be 46.25, 38.55,
50.88 MPa, respectively for Poly-ECC. The compressive strengths of cylinder
(150 � 300 mm), and small cube (70.7 � 70.7 � 70.7 mm) are observed to be
0.83 and 1.14 times of compressive strength of standard cube (150 � 150 � 150
mm), respectively for PVA-ECC whereas they are observed to be 0.83 and 1.10
times of compressive strength for Poly-ECC. The compressive strength of
PVA-ECC is found 1.17 times of the compressive strength of Poly-ECC. The
compressive axial stress–strain response of the cylindrical specimens of ECC
(PVA-ECC and Poly-ECC) is shown in the Fig. 1. It is seen that, initially both the
curves are linear up to about half of the peak stress after which it becomes nonlinear
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accompanied by a sudden drop in the stress is observed after peak load. The failure
patterns of cubes and cylindrical specimens are shown in Figs. 2 and 3, respec-
tively. It has been observed that vertical axial cracks develop in the most of the
specimens (Fig. 2). In case of cylinder specimens under compression test, initial
cracks developed at top and propagated to the bottom with increase in load and then
the cracks got widened at failure along the top of the specimen as shown in Fig. 3.

Fig. 1 Compressive stress–strain response of ECC cylinder specimens

Fig. 2 Failure pattern of
cube specimen
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Fig. 3 Failure pattern of cylindrical specimen

Fig. 4 Failure pattern of cylindrical specimen after split tensile strength test

4.2 Split Tensile Strength

The results of split tensile strength of ECC are presented in Table 4. Failure modes
of split tensile strength test of cylindrical specimens are shown in Fig. 4. It is
observed that cylinder specimens got split into two pieces as shown in Fig. 4.
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4.3 Tensile Strength of ECC Coupons

The results of tensile strength of ECC coupons are presented in Table 5. The failure
pattern of Poly-ECC coupon during the tensile strength test is shown in Fig. 5. All
the coupons have shown multiple cracking and pseudo strain hardening behavior.

After the first crack, load is continued to rise without fracture. Subsequently,
parallel cracks developed and increase the crack width with increasing stress. The
average tensile stress–strain response of the ECC coupons is presented in Fig. 6.

Table 5 Experimental
results of tensile strength of
ECC coupons

Properties Poly-ECC PVA-ECC

Tensile strength (MPa) 2.42 4.78

Peak strain (%) 0.04 0.20

Rupture strain (%) 3.20 4.60

Young’s modulus (GPa) 16.42 21.82

Fig. 5 Failure pattern of
poly-ECC coupon during
tensile strength test
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It is seen that PVA-ECC has higher tensile strength in comparison to the Poly-ECC.
The tensile strength of PVA-ECC is about two times of tensile strength of
Poly-ECC. After the first crack, the tensile stress is increased in PVA-ECC due to
bridging action of cement and fibers bonding whereas in Poly-ECC, small drop in
stress is observed after the first crack and then, stress increases due to strain
hardening. The reason behind this significant strength is PVA-ECC, i.e., PVA fiber
which has higher tensile strength and stronger bonding with cement matrix in
comparison to polyester fibers.

4.4 Flexural Strength

The results of the four point bending test of ECC prisms are presented in Table 6.
The average flexural strength of PVA-ECC and Poly-ECC is observed to be 9.49
and 8.52 MPa, respectively. The average peak compressive strain of PVA-ECC is
0.017 whereas it is found to be 0.016 for Poly-ECC. The flexural stress–strain
response of the ECC prism is presented in Fig. 7. PVA-ECC prism has shown more
flexural stress in comparison to Poly-ECC. The flexural strength of PVA-ECC
prism is found to be 1.11 times of the flexural strength of Poly-ECC prism. The
failure pattern of ECC prism during four point bending test is shown in Fig. 8.
The vertical flexural cracks developed in the tension zone and propagated towards
the compression zone as shown in Fig. 8.

Fig. 6 Tensile stress–strain response of ECC coupon
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Table 6 Experimental results of bending test of ECC prism

Properties Poly-ECC PVA-ECC

Flexural strength (MPa) 8.52 9.49

Peak strain (%) 1.59 1.68

Failure strain (%) 1.60 1.73

Flexural modulus (MPa) 98.74 83.15

Fig. 7 Flexural stress–strain response of ECC prism

Fig. 8 Failure of ECC prism during four point bending test

726 S. B. Singh and P. Munjal



5 Conclusions

The experimental study was conducted on the mechanical properties of ECC using
two types of polymeric fibers. The following conclusions are drawn from this study.

• The compressive strengths of cylinder specimens and small cube specimens are
found to be 0.833 and 1.20 times of the compressive strength of standard cube
(150 mm size).

• The compressive, tensile, and flexural strength of PVA-ECC are respectively
found to be 1.14, 2, and 1.11 times of compressive, tensile, and flexural strength
of Poly-ECC.

• The compressive, tensile, and flexural modulus of PVA-ECC are found to be
22.24, 9.58, and 0.98 GPa, respectively, whereas for Poly-ECC, they are 16.85,
7.50, and 0.83 GPa, respectively.
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A Correlation Study Between Lime
Reactivity Strength Test
and Calorimeter for Different SCMs

Anuj Parashar, Vineet Shah, Geetika Mishra and Shashank Bishnoi

Abstract Supplementary cementitious materials (SCMs) are added to improve
various mechanical and durability properties of cement and concrete. One of the
indirect benefits of binary and ternary blended cements is to reduce CO2 emissions.
As per Indian standards (IS), reactivity of pozzolanic material is observed in the
presence of calcium hydroxide (CH) using lime reactivity test. A pozzolana should
qualify lime reactivity test before adding it to the cement. In this study, reactivity of
SCMs was observed using lime reactivity strength test and isothermal calorimeter.
For this purpose, different calcined clays, fly ashes (FA), and slags were selected.
Lime reactivity test was used to study the mechanical strength potential of SCMs
and calorimeter was performed to measure total energy evolved during the reaction
of SCMs with CH in the presence of water at 27 °C. Strength data from lime
reactivity test was then finally correlated with the calorimeter heat evolved data in
different conditions.

Keywords Pozzolana � Lime reactivity � Isothermal calorimeter

1 Introduction

Pozzolanic materials majorly contain reactive silica and reactive alumina. In the
presence of calcium hydroxide, reactive silica reacts which forms similar hydration
products as of cement. Pozzolanic materials can be classified as natural pozzolana
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such as volcanic glasses, volcanic tuffs, calcined clay, etc., and industrial
by-products such as fly ash, blast furnace slag, silica fume, rice husk ash, etc. [1].

In India, FA, slag and calcined clay are majorly used pozzolanic material either
for making pozzolanic Portland cement or for directly adding them to the concrete.
However, according to Indian Standard (IS), every pozzolanic material has to
qualify the minimum required specification before adding them to cement and
concrete. Currently, IS 1727-1967 “Methods of test for pozzolanic materials”
provides the guideline and criteria which every material has to fulfill for qualifying
as a pozzolana. This standard also contains the most important method to check the
reactivity of pozzolanic material that is lime reactivity test [2].

This approach of testing pozzolanic reactivity is extensively used in many
studies to check the reactivity of FA, pond ash, calcined clay, rice husk ash, etc [3–
6]. This method does not include the testing of ground granulated blast furnace slag
due to the fact that slag behaves as hydraulic pozzolana and does not require much
CH for its pozzolanic reaction.

According to this test, mortar cubes of 5 cm prepared and conditioned according
to the specification given in the standard need to be tested for compressive strength
at the age of 10 days [2, 7]. This method has various advantages over the other
reactivity test methods due to the fact that it is easy to perform, requires less efforts,
can be applicable almost on every pozzolanic material and the result is easy to
understand. However, there are some disadvantages associated with this method
and one of the major disadvantages is the requirement of number of trials for
workability of mortar. The test for workability requires additional amount of
material and time for testing [7]. Some authors also tried to correlate an alternative
of this test by finding out the soluble content in fly ash and its fineness [8].

An alternative to study the reactivity potential of pozzolanic materials can be
their energy evolved during the pozzolanic reaction in the presence of calcium
hydroxide using isothermal calorimeter. Some recent efforts have already proven
that isothermal calorimeter can be used perfectly for predicting the strength at the
age of 28 and 90 days using the energy data upto the age of 7 days [9, 10].
However, such efforts are only made for correlating cement mortar compressive
strength with energy of SCM in the presence of CH.

In this study, efforts were made to provide alternative for lime reactivity tests
specially in case when very less amount of material is available (50 g or so) and less
period of time. For the objective, isothermal calorimeter was used for the study of
energy released in the pozzolanic reaction of pozzolanic material in the presence of
CH [7]. Various attempts were made to look at the effect of CH ratio on energy
released. Additionally, effect of gypsum as an accelerator was also studied. Finally,
the lime reactivity strength data was correlated with the energy evolved by various
pozzolana.

730 A. Parashar et al.



2 Materials

Total 8 pozzolans were focused for this study. Total 4 FA were used due to the fact
that FA is most widely used pozzolanic material in India. One FA was directly
collected from the thermal power plant and was comparatively coarse and unpro-
cessed. Two-processed Fine FA was collected from two different suppliers. One fly
ash was processed in the lab by crushing the one FA that was directly collected
from the plant. One pure metakaolin with almost 90% purity and other calcined clay
having around 55–60% kaolinite was procured and two slags were selected. There
is only fineness difference with in the slags. All the materials were characterized
with XRF and reported in Table 1. The fineness of all the materials was obtained
with the help of particle size analyser. The mean value of particle diameter for d(50)
is reported in Table 1. Lab grade calcium hydroxide having more then 96% purity
was used for all the testing study. Double distilled water was used for Lime
reactivity as well as calorimeter study.

3 Methodology

Lime reactivity test was performed as per the Indian standard. All the raw materials
were stored in the temperature-controlled room at 27 ± 2 °C for 24 h for condi-
tioning. After casting, all the cubes were stored in the temperature and humidity
controlled chamber at 27 ± 2 °C and 65%, respectively, for next 48 h. During this
period, the moulds were covered with a glass plate and a wet cloth placed over and
around the glass plate. After 48 h, the cubes were demoulded and then were kept in
a plastic box with a moist cloth to maintain the humidity inside the box.

Table 1 Chemical and physical properties of SCMs

S No. Constituents % K1 K2 FA1 FA2 FA3 Slag

1. Loss on ignition LOI 3.03 4.34 1.11 1.74 0.86 0.32

2. Silica SiO2 53.53 52.70 58.82 67.66 54.85 32.26

3. Iron Fe2O3 1.15 4.00 6.19 5.32 32.17 1.93

4. Aluminum Al2O3 40.03 38.14 30.62 22.18 4.97 23.16

5. Calcium CaO 0.08 0.09 1.01 0.32 1.33 33.88

6. Magnesium MgO 0.02 0.2 0.41 0.18 1.11 7.01

7. Sulfate SO3 0.12 0.01 0.12 0.02 0.06 Traces

8 Sodium Na2O 0.24 0.18 0.19 0.43 0.23 0.34

9. Potassium K2O 0.07 0.17 1.30 1.60 1.49 0.65

12. Manganese Mn2O3 – 0.01 – 0.12 0.06 0.30

13. Specific gravity 2.64 2.61 2.26 2.28 2.36 2.87

14. Particle size distribution D (50) 5.86 5.39 37.3 11.9 5.01 12.2
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The objective of using box was to maintain the humidity same for next 8 days,
continuously. Hygro meter was kept inside the chamber to monitor, humidity and
temperature inside the box were monitored. Then the plastic box was kept in
temperature and controlled chamber at 50 ± 3 °C and a minimum of 90%
humidity. All the cubes were tested under compression using a compression testing
machine having a maximum capacity of 50 kN. The reason for that is because high
capacity compression testing machine will lead to indecorous strength value.
Strength data for the average of min. 3 cubes is given in Fig. 1.

Isothermal calorimeter Ical 8000 supplied by Calmetrix having 8 channels was
used. For this study, the amount of paste and water/binder ratio kept same for the
entire test. A total of 50 g of powder with 0.6 water binder ratio was used. All the
testing was done in a temperature-controlled room at 27 ± 2 °C. For the test
procedure, first water was kept inside calorimeter for 2 hrs for conditioning. After
that dry powders were mixed and then placed in the mould. After that, water was
taken out from the calorimeter and mixed with the dry mixed powders. The mixing
was done uniformly with the help of spoon and vortex mixer. The paste was kept
inside the cell of calorimeter immediately just after mixing. The average time for
entire mixing process was approximate 2 min.

Three different approaches were focused in this study. One approach was with
high CH content and low SCM content including sulfates. Total 3% gypsum was
added and rest was divided into 70% CH and 30% SCM. This approach leads to the
fact that SCM is the one, which will be controlling the reactivity of CH. This is also
used in different ways in different studies [9, 10]. Second approach was to provide
equal amount of CH and SCM with 3% of gypsum. And in third approach CH and
SCM was mixed equally without adding any sulfates. This approach is more
realistic to the reaction of SCM in lime reactivity system.

Fig. 1 Lime reactivity compressive strength
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4 Results and Discussion

4.1 Lime Reactivity

All the materials were tested for the compression test with minimum 3 cubes. FA1
was found to be least reactive which could be due to its coarser nature. In fact, after
grinding the FA1 to the similar fineness level of FA2 (i.e., FA4), its reactivity
increases almost by 1.5 times the original. The reactivity order for FA was
FA2 > FA3 > FA4 > FA1.

As it is very well known that calcined clay is highly reactive than FA, the same
behavior was obtained in the result and its reactivity order was K1 > K2. However,
among all maximum strength was maximum for S2 that is because of its high
fineness. Compressive strength of all the SCMs is shown in Fig. 1.

As this test only find out the compressive strength for checking the reactivity,
but, their can be some problems during the mixing and curing. Due to this fact, the
repeatability of this test was also tested. As given in Fig. 2, FA1, FA2, K1, S1, and
S2 were repeated. A very good repeatability of this test was observed.

4.2 Calorimeter

In the first case of 3% gypsum with 70% CH and 30% pozzolan, cumulative energy
is plotted in Fig. 3a. It was observed that due to the excessive CH and gypsum
content, the energy evolved was higher due to acceleration of the reaction. The
correlation of cumulative energy evolved at 7 days and compressive strength is
plotted in Fig. 3b. It was observed that a good correlation was observed but due to
addition of gypsum into the system, the energy was recorded also for aluminates
and gypsum reaction that lead to the formation of ettringite. This behaviour can
exist in the pozzolanic materials having highly soluble alumina content such as
calcined clay and slag.

Fig. 2 Repeatability of lime reactivity test tested by repeating two series of test over same SCMs
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Fig. 3 a Energy plot for calorimeter data having 3% gypsum and rest 70% CH and 30% SCM
b correlation between lime reactivity strength and calorimeter data having 3% gypsum and rest
70% CH and 30% SCM

Fig. 4 a Energy plot for calorimeter data having 3% gypsum and rest 50% CH and 50% SCM
b correlation between lime reactivity strength and calorimeter data having 3% gypsum and rest
50% CH and 50% SCM
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For the second case having 3% gypsum and rest 50:50 was CH:SCM, lower
amount of energy was recorded as shown in Fig. 4a. Correlation obtained for the
same is plotted in Fig. 4b. In this case, the correlation was comparatively not good
than the first one.

In the last set of experiments having 50:50 SCM and CH without any gypsum,
the energy evolved was even lesser than other two cases. This condition was more
close to the realistic conditions of lime reactivity test. Additionally, no accelerator
such as gypsum was added which can lead for aluminate reaction. The energy data
is reported in Fig. 5a. In fact, the correlation was best among the all other
approaches and is reported in Fig. 5b. The only reason for that can be the close
conditions to the real situation. More amount of CH in the system can also
accelerate the reactivity in compare with lime reactivity test conditions.

5 Conclusion

Efforts was made to correlate lime reactivity strength data with energy evolved in
reaction of SCM and CH in presence of additional accelerators. It was observed that
addition of gypsum to the system can give aluminate reaction and leads to addi-
tional energy generation especially in case of slag and calcined clay. A good

Fig. 5 a Energy plot for calorimeter data having 50% CH and 50% SCM b correlation between
lime reactivity strength and calorimeter data having 50% CH and 50% SCM
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correlation was found in condition that was close to the realistic conditions of lime
reactivity test. This new method based on isothermal calorimeter can be very useful
in the case when a limited quantity of material is available and need to be tested for
lime reactivity. Another benefit was lesser time duration and less amount of work
required to perform the test.
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Effects of Steel Fibre
on Self-Compacting Concrete
with Fly Ash

Gaurav Udgata and Ashoke Kumar Rath

Abstract This era of constructions demands easily usable construction materials
which are cost-effective and durable. Self-Compacting Concrete (SCC) is also
known as Self-Consolidated Concrete and is considered as high strength modified
concrete material. The objective of the present work is to study the effects of steel
fibres on the strength and workability of the SCC. A rational method was used for
design mix with fly ash. VMA was used to control the flow properties. The fresh
properties were determined for various fractions of steel fibre by volume. It was
observed that steel fibres reduced the flowability of the specimens. Hardened tests
on fibre reinforced SCC were also determined and it was found that the flexural
strength and the split tensile strength were directly proportional with the addition of
fibres but the compressive strength reduced after reaching a peak value. Thus, this
combination of steel fibres and SCC along with fly ash can become very innovative
for modern constructions.

Keywords Flexural � Split tensile � Compressive � Flowability
VMA

1 Introduction

The initiation of the Self-Compacting Concrete (SCC) made a huge step towards
the improvement of efficiency and working conditions on construction sites. A low
degree of automation of the concrete industry, the durability problems of concrete
and shortage of labourers forced Japanese researchers to think for the future; as a
result, SCC was developed Okamura et al. [1]. SCC spreads homogenously,
without any externally applied energy, and spreads without air getting entrapped.
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The vibration of concrete is eliminated and also other improvements are gained, e.g.
shorter periods of casting, a more esthetical appearance of concrete surface and
improved characteristics in the hardened state. Filling capability, resistance to
segregation and ability of passing are the key characteristics of SCC. Dense rein-
forcement configurations, architectural concrete and remote casting are applications
tailored for SCC. The concrete that is placed successfully without manual com-
paction or vibration and without segregation of its constituents and also has enough
mobility to flow under its own weight without settlement of its constituents is
known as Self-Compacting Concrete (SCC). It happens to be a high performance,
more reliable and uniform quality concrete. It flows under its own weight in plastic
state and homogeneity is maintained without having segregation when dropped
from a certain height while filling the formwork and flowing inside the reinforce-
ment. The following are the types of SCC mixes:

1. Powder-type SCC
2. VMA-type SCC
3. Combined type SCC (when the VMA-type SCC and powder-type SCC are

combined).

Advantages of SCC are as follows:

1. Quicker Construction
2. Limiting site manpower
3. Improved surface finish
4. Comfortable and smooth placing
5. Enhanced durability
6. Better freedom in design
7. Decreased noise level.

Since many years, SCC has come to practical applications in major construction
areas with different mix proportions as per the requirement. Since the SCC is not
given any compaction, special admixtures are added to improve the durability and
strength of SCC, which could be achieved when the mix was added with some
Pozzolonas. Pozzolanic material like fly ash was used for this purpose. It was
observed that compared to the normal SCC when Pozzolona like fly ash was added
to it, the hardened properties of concrete were enhanced according to Mahure et al.
[2].

This continued up to few years then research was done to increase the strength of
concrete with the tensile and flexural properties of SCC. Thus fibres came into the
action. The bridging nature of fibres helped in the improvement of tensile and
flexural properties of SCC. But the problem arose when the fibres reduced the
workability of concrete. Since the major characteristics of SCC are flowability.
These fibres affected the flowable properties of SCC negatively. The strength was
increased when the fibres were added to the SCC up to an extent and then the
reduction of strength was observed. Hence an optimum quantity of fibres was found
from researches which gave the maximum tensile and flexural strength and also
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maintaining the compressive strengths of concrete. The steel fibre maintains the
stress developed due to dry shrinkage. It restricts the cracks developed in the
concrete.

Applications of Steel Fibre reinforced SCC

Structural

1. By the use of steel fibre, the dry shrinkage can be controlled which may be
caused due to high cement to an aggregate fraction.

2. Repair and patch the concrete structures where tensile strength is to be
enhanced.

3. The span between the columns can be increased because the buckling strength
increases.

4. In concrete by use of steel fibres, the ductility ratio can be increased.

Construction

Pile foundations, concrete used for retaining wall, pump concrete, congested
reinforcement member and long column.

2 Literature Review

A study done by Kamran and Mishra [3] gives an idea on the type of the cement
better for casting SCC. Three mixes were made for each of Ordinary Portland
Cement (OPC) and Pozzolona Portland Cement (PPC) specimens and the fly ash
was varied at 15, 25 and 35% as replacement. Fresh properties were looked and the
strength consideration was also observed. It was found that OPC had better strength
and flow properties compared to PPC. 25% fly ash addition to OPC gave the best
flowability. Compressive strength and fly ash addition were inversely proportional.
15% fly ash content for the 28 days compressive strength for OPC mix was
34.12 MPa and PPC mix was 27.7 MPa.

A research by Mahure et al. [2] showed that the SCC mix prepared with 20%
replacement of fly ash using OPC grade cement confirming to IS: 8112-1989 gave
an optimum strength for M30 grade concrete. The fly ash added to the concrete
helped to reduce the micro-cracks formed in the structure found by Bhalchandra
and Bajirao [4]. This may be the reason of enhancement of compressive strength.
The rise in compressive strength at over normal SCC at 7 days is 21.35% and
28 days is 53.49%, respectively, for 3% fibre content by volume fraction. There
was an increase from 3.48 to 41.76% at 7 days and from 4.91 to 34.97% at 28 days
in the flexural strength of concrete.

Fibre gives high strength to the concrete but at the same time also becomes an
obstacle for the SCC to achieve its flowability properties. Fibres are generally
parallel to the direction of flow and only few fibres are perpendicular as suggested

Effects of Steel Fibre on Self-Compacting Concrete … 739



by Ponikiewski and Golaszewski [5]. The aspect ratio and optimum volume frac-
tion of fibre for giving best results in terms of strength were found to be 25 and 1%
respectively by Rao and Ravindra [6].

Pozzolanic reactions were low in early ages when the fly ash volume was high in
the composite, but considerable effect has been seen in strength when the specimen
age became more than 56 days. Fibres like steel fibre and Pozzolonas like fly ash
can improve the mechanical properties of specimens. The workability characteris-
tics of SCC was enhanced when the volume of fly ash was increased.

Admixture is an important part for fresh and hardened properties of concrete.
The viscosity properties and flowability of admixture increase the fresh properties
of steel fibre reinforced SCC without much increase of w/c ratio in concrete. A gain
in strength of concrete was depicted when the w/c ratio was reduced.

2.1 European Federation of National Associations
Representing for Concrete (EFNARC) [7]

They define SCC and also provide information on standards related to testing and to
the associated constituent materials used in the production of SCC. The admixture
should bring about the required water reduction and fluidity but should also
maintain its dispersing effect during the time required for transport and application.
Admixtures are an essential component of SCC because they provide it with the
basic nature, the flowability and the resistance to segregation when dropped from a
certain height water reduction. The admixtures that are responsible for modification
of the cohesion of the SCC without significantly altering its fluidity are called
Viscosity Modifying (VMA). There is no standard method for SCC mix design and
many academic institutions, admixture, ready-mixed, precast and contracting
companies have developed their own mix proportioning methods. These mix pro-
portion are not fixed. Some SCC mixes may also be different than this range
(Table 1).

As per EFNARC, some acceptance criteria for SCC have been made with the
maximum aggregate size up to 20 mm. However these values are not fixed, future
developments may lead to different requirements being adopted. Some of the
typical requirements are shown in the table based on current knowledge and
practice (Table 2).

Table 1 EFNARC guidelines for mix proportion

Constituent Range of mass (kg/m3) Range of volume (litres/m3)

Water/powder ratio by volume 0.85–1.10

Water 150–210 150–210

Coarse aggregate 750–1000 270–360

Powder (cement & fly ash) 380–600

Fine aggregate (sand) Typically 48–55% of total aggregate weight
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A slump flow diameter of range 500–700 mm is considered as the slump
required for a concrete to be accepted as SCC investigated by Fujiwara and
Nagataki [9].

3 Materials Used in SCC and Their Properties

3.1 Cement

Cement used in this project was Ramco Cement. This cement is confirmed to
IS8112 and 43 grade. The grade is based on the 28-day compressive strength of the
cement mortar (tested as per IS 4031), which is at least more than 43 MPa.

3.2 Water

Water used in concrete is required to hydrate cement and other cementitious
materials as well as to produce workability of the mixture.

3.3 Aggregates

Aggregates of size 10–20 mm are desirable for structures having congested reinforce-
ment. The maximum size of aggregates is generally limited to 20 mm. Well-graded
cubical or rounded aggregates are desirable in SCCbecause they increase theworkability
and do not provide unnecessary frictional forces to the mobility of concrete.

3.4 Admixtures

There are two types of admixtures:

(1) Mineral admixtures:

• Fly ash
• Silica fume

Table 2 Acceptance criteria
for SCC [8]

Methods Unit Min. Max.

1. Slump flow (D) mm 650 800

2. L-box h2/h1 0.8 1

3. U-box (h2–h1) mm 0 30

4. V-funnel sec 6 12
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• Stone powder
• Ground Granulated Blast Furnace Slag (GGBFS)
• Fibres.

(2) Chemical admixture:

• Shrinkage Reducing Admixtures (SRA)
• Poly-Carboxylate Ethers (PEC)
• Air Entering Admixture (AEA)
• Viscosity Modifying Admixtures (VMA).

3.5 Admixtures Used

Sika® ViscoCrete®2004 NS is the admixture that was used in SCC to enhance the
flowable properties. It imparts very high workability, improved workability reten-
tion and allows a large reduction in water content.

Dosage Optimum dosage of Sika® ViscoCrete® 2004 should be determined by
lab trials for achieving the best flowability properties. Recommended dosage:
0.2–2% by weight of powder, i.e. cement and fly ash.

Dispensing Sika® ViscoCrete® 2004 NS can be added into the mixing water or
directly into the concrete mixer.

4 Experimental Procedures

4.1 Mix Proportions

Rational method was used for the design mix of M30 Grade concrete. There is no
codal provision of SCC for mix proportions. After performing the entire test, the
following mix proportion was used for the present study (Table 3).

With different designations according to the amount of steel fibre used, the mix
proportions was finalized. The mix M0 corresponds to normal SCC without any

Table 3 Mix proportions of SCC used

Materials Proportions by weight Weight in kg/m3

Cement 1 450

Fine aggregates (sand) 1.15 517

Coarse aggregates (<16 mm) 2.09 940

Fly ash 0.2 90

Water/cement ratio 0.45 202
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fibres added to it. Similarly, M1, M2 and M3 correspond to the mix with 1, 2 and
3% steel fibres added by volume fraction.

4.2 Fresh Tests on Concrete

The fresh concrete was prepared according to the above-designated design mix.
VMA content was varied so that the mix comes in the range of acceptance criteria
of SCC. Slump flow test was conducted on the mix to check its acceptance criteria
for SCC. The distance between the cone and the spread concrete was measured for
slump test, but in slump flow test the diameter of the spread was determined. The
slump flow test was carried out for all the four mixes, i.e. M0, M1, M2 and M3 and
the values were tabulated.

4.3 Hardened Tests on Concrete

The concrete was prepared according to the above-designated design mix. Dry mix
should be proper to ensure homogenous distribution of steel fibres in the mix and to
avoid formation of balls. The admixture should be added with water and then mixed
to dry mix. It should not be vibrated or tamped while putting inside the mould.

Mixes each for M0, M1, M2 and M3 were cast in 150 � 150 � 150 mm cube,
100 � 100 � 500 mm prism and 150 mm diameter and length of 300 mm cylin-
ders. Then these moulds were kept in curing chamber and were taken out for
compressive strength, split tensile strength and flexural strength tests at 7 and
28 days (Table 4).

Table 4 7 and 28 days
strength results in MPa

Mix Compressive
strength

Flexural
strength

Split tensile
strength

7
days

28
days

7
days

28
days

7
days

28
days

M0 36.8 56.44 7.15 8.25 4.1 4.26

M1 41.7 60.07 5.1 7 4.36 5.105

M2 50.2 63.61 7.6 12.05 6.39 6.53

M3 46.1 57.36 9.55 12.65 7.06 7.24
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Table 5 Slump flow test
results in mm

Mix Slump flow (mm)

M0 700

M1 610

M2 540

M3 460

5 Results

5.1 Fresh SCC Test Results

The slump flow test was carried out and the test results were determined (Table 5).

5.2 Hardened SCC Test Results

Two specimens each for 7 and 28 days for all the mixes were subjected to com-
pressive, flexural and split tensile strength test. The test results were calculated and
the average value was determined.

6 Conclusions

• The slump flow test results for mixes M0, M1 and M2 can be accepted as SCC
under the criteria mentioned but mix M3 may not pass the acceptance criteria
successfully.

• The increase in compressive strength was 36.43% in 7 days and 12.7% in
28 days over normal SCC till 2% fibre addition by volume fraction.
A compressive strength of 63.61 MPa was obtained at 28 days at this fibre
content. But when fibres more than this fibre content were added, a reduction in
compressive strength was observed. The self-compacting properties of concrete
at 3% fibre content did not allow the concrete to get compacted under its own
weight. Excess fibre addition reduced the workability of the SCC developing
voids inside the specimen and hence the compressive strength was reduced.

• The flexural strength and split tensile strength increased with the additions of
fibres proportionally. The increase in flexural strength was 33.5% in 7 days and
53.33% in 28 days over normal SCC. Increase in split tensile strength was
72.1% in 7 days and 70% in 28 days over normal SCC.

• Fly ash did not help much with the flowability but it helped in setting of SCC
without external vibration or tamping.

• There was not much difference in peak split tensile strengths of 7 and 28 days.
But the strength was increased by around 70% compared to normal SCC due to
addition of fibres at 3% by volume fraction.
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Fig. 1 Effects of steel fibre on flexural strength of the beam

• Addition of fibres helped to bridge the cracks in the structures preventing it from
cracking. Thus when the normal SCC was given two point load of 8.25 MPa
during flexural test, the prism collapsed into two parts but when it was reinforced
with fibres, the prism got just deflected but did not collapse at a higher load of
12.65 MPa. Fibres helped to reduce deflections (Shown in Fig. 1).
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• 3% by volume fraction of fibres firstly did not qualify the SCC acceptance
criteria also it was not much good for practical applications because addition of
fibres increased the dead load of the structure which was not considered safe and
economical. The flexural strength 12.65 MPa (28 days) and split tensile strength
7.24 MPa (28 days) developed at this fibre content were nearly same to the
strength developed at 2% fibre volume fraction, i.e. 12.05 MPa as flexural
strength and 6.53 MPa as split tensile strength for 28 days. Already from the
results, we found that 2% fibre content gives maximum compressive strength. It
has 11% more strength than strength at 3% fibre content. Hence it can be
concluded that 2% of steel fibre addition by volume is the optimum content to
achieve the best mechanical properties of fibre reinforced SCC which will be
safe for the structure in practical application and economical delivering a high
strength.

Future Work
The properties of fibre-reinforced SCC can be studied by varying different types of
fibres like propylene, glass fibre, hybrid fibre, etc.
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Investigation on Characteristics
of Spinacia oleracea as an Innovative
Internal Curing Agent in Combination
with Self-compacting Admixtures

G. S. Rampradheep, M. Sivaraja, M. Geetha, R. Saranya, R. Sathish,
V. Vignesh, G. Kavin, K. Gayathiri, M. Balaji and R. Divya

Abstract Exploratory study made on spinach also termed as Spinacia oleracea, a
self-curing agent in self-compacting concrete is unveiled in this paper. Here, the study
was made for natural self-curing agent in-built with water reducing and
viscosity-based admixtures like super plasticizers and viscosity modifying agent in
the brand nameMaster Glenium Sky (MGS) 8233. Fixed 2% based on cement weight
was used throughout the study incorporated with self-curing admixtures. The main
notion behind the usage of spinach as a self-curing agent is the presence of bondwater
in and its effective presence of hydroxyl and ether group in a chemical structure of
spinach family. The design grade of concrete was fixed asM40 and its manufacturing
procedure for such modern concrete was entirely based on trial and error and its end
results were compared with the EFNARC specifications. Outcome from other com-
monly used curing agent such as Poly-Ethylene Glycol (PEG) (Bentz and Snyder in
Cement Concr Res 29:1863–1867, 1999, [1], Dhir et al., Mater Struct 27:606–615,
1994, [2]) and conventional methods are collated with the payoff from spinach (Dhir
et al., MagConcr Res 50:85–90, 1998, [3], Dhir et al., CemConcr Res 25:1153–1158,
[4]). The sample test results have been given which splash the behaviour of internal
curing agent under a designed laboratory conditions. Initially, the agent used for
robotic curing purpose was studied to examine its water holding capacity analysis.
Here for the special case, explanatory results were appraised using Fourier Transform
Infra Red (FTIR) spectrum analyser. Different tests were conducted to determine the
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workability properties, mechanical properties, microstructural properties and dura-
bility properties of the concrete. Test such as compression test, split tensile test and
flexural test were conducted to determine the mechanical properties of concrete. Tests
on bond of spinach with concrete matrix, Scanning Electron Microscope
(SEM) Analysis, water sorptivity and shrinkage were carried out. Results show that
alike PEG, spinach is also an effective curing agent and improves the cement
hydration, compressive strength, diminishes shrinkage and accelerates the durability
of concretewhereas the conventionalmethods need improvement. Their outcomes are
found to be satisfactory as per IS standards, EFNARC specifications andASTM codal
provisions.

Keywords Spinach � Poly-Ethylene Glycol (PEG) � Viscosity
Sorptivity � Shrinkage

1 Introduction

Over the last few decades, a great deal of interest has been shown in the study of
making concrete better by the process of incorporating specifically engineered
ingredients and simulating the methods of batching and mixing. Compared to
traditional concrete, modern types of concrete are highly advantageous in as much
as they provide good workability in the fresh state, possess high strength and low
permeability. However, these types of concrete have also shown to be more sen-
sitive to early age cracking than traditional concrete. The significant problem of
self-desiccation and shrinkage was observed for the concrete with 0.4 (w/c) using
the light weight aggregate by Bentz & Snyder [1]. One of the major problems with
these mixtures is their tendency to undergo early age cracking. While this cracking
may or may not compromise the compressive strengths of these concretes, it likely
does compromise their long-term durability. The phenomenon of early age cracking
is complex and depends on thermal effects, autogenous strains and stresses, drying
stress relaxation. The volume change in the concrete under the different sizes of the
light weight aggregate particles at an early age of specimen was investigated by
Lura & Van Breugel [5].

Concrete with internal curing may also have evolved from the concept of
self-curing concrete, which is based on the introduction of a chemical admixture
that is able to reduce water evaporation by a retaining function. The addition of a
self-cure chemical based on a water-soluble polymeric glycol leads to improved
durability of concrete cured in air, which was pointed out by Dhir et al. [4].
However, the performance of such admixture does not attain the efficiency of the
water film curing as discussed by Hewlett et al. [6]. The use of water retaining
agents should not be seen as internal curing, since it is conceptually based on the
internal sealing rather than internal curing. The latter consists of a water curing
agent capable of enhancing cement hydration maintaining optimal curing
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conditions. In either case, there are many examples that require other forms of
curing procedures rather than the traditional or external curing methods, e.g. high
strength concrete applied in submerged pipe systems within oil platform structures.
In high-performance concrete, capillary discontinuity may significantly delay and
even limit the water movement throughout the system as pointed by Cusson &
Hoogeveen [7]. This makes the use of water ponding or other external curing
methods inefficient in assuring the continuous internal moisture of the material. In
this case, the use of internal curing methods may be required to counteract auto-
genous deformation. As there is only little experience on the practical use of
internal curing methods to improve early age properties of high-performance
concrete, the subject constitutes a great challenge to technicians and industrialists of
the modern age.

2 Experimental Investigation

2.1 Materials Used

The concrete was cast with basic ingredients of OPC 53 grade confirms to IS:
12269-2013 [8], Class F Fly ash based on ASTM C 618 [9] and aggregates that
confirm to IS: 383-1970 [10]. Potable water free from salts was adopted to mix the
concrete ingredients for the design mix. Spinach was used as a natural curing agent
and the outcomes were compared with Poly-Ethylene Glycol (PEG), the existing
curing agent and the conventional cured concrete which involves Full/Immersion
Curing (FC) and Sprinkler Curing (SPRC). Figure 1 shows the hydroxyl ion
presence for PEG under Fourier Transform Infrared (FTIR).

Fig. 1 OH ion presence for PEG
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2.2 Spinacia oleracea

The spinach leaves were obtained naturally from the agriculture land, cleaned well
using normal water and it was used as a curing agent as investigated earlier by
Geetha & Malathy [11]. The chemical extract and the molecular structure of spi-
nach were shown in Fig. 2. The presence of OH ions observed using FTIR analyser
for spinach extract was shown in Fig. 3.

2.3 Mix Proportion

The mix constitution was designed to convince all performance norms of the
concrete in both fresh and hardened stages. Here, the four trails were acquired as
per EFNARC identification to gain medium strength Self-Compacting concrete of
grade M40. In this work, contrary percentage of fly ash content was achieved for
each trail. The divergent percentage of fine aggregate with regard to total weight of
aggregate was believed for each trail mix. The percentage of Master Glenium Sky
(MGS) impelled to all mix proportions was kept 2% in constant. The collation of
materials used for each trail mix is designed in Table 1. Each divergent percentage
of two Self-curing agents was impelled to all four trail mix to survey the best trail
mix constitution. So, totally 24 trail mix constitutions were tried out in this study.

a. Chemical Extract

b. Molecular structure

Fig. 2 Spinacia oleracea
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For each four trail, conventional concrete was cast without impelling self-curing
agent and cured by conventional method. PEG and Spinacia oleracea (SO) were
impelled to the concrete mix as a percentage of weight of cement. For a basic trial,
the percentage of each curing agents in the order was assumed at 0.2, 0.5 and 0.7%

a. Extract separation    

b. FTIR output

Fig. 3 Presence of OH ion for Spinacia oleracea

Table 1 Mix proportion

Trial
mix

Cement
(kg/m3)

Fly ash
(kg/m3)

Fine aggregate
(kg/m3)

Coarse aggregate
(kg/m3)

Water
(kg/m3)

1. 435 145 720 760 180

2. 445 155 740 810 180

3. 470 130 730 760 180

4. 460 140 790 720 180
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for PEG and SO, and its individual effects under each mix have been observed with
conventional concrete under full/immersion cured and sprinkler cured concrete.

2.4 Casting, Curing and Testing of Specimens

For verifying the ability of concrete on horizontal flow, filling and to assess the
extent to which concrete is subject to blocking slump flow and T50, V funnel, L box
and U box tests were conducted based on the guidelines for self-compacting con-
crete given in EFNARC specification [12]. Concrete specimens were cast to per-
form significant tests such as compressive strength for cube of size 150 mm, split
tensile strength for cylinder of size 150 mm diameter and 300 mm height and
flexural strength of prism of size 500 mm � 100 mm � 100 mm. All the speci-
mens were tested at the age of 28 days. PEG and SO were used as internal curing
agents and the specimens were left free to the atmospheric temperature after casting
without curing. Full Curing (FC) or normal conventional curing and Sprinkler
Curing (SPRC) were used for comparison of the results and the curing was con-
tinued for 28 days. In sprinkler curing method, the water was sprinkled on the
cubes at a time interval of 3 h. Figure 4 indicates the different conditions of curing
made at a constant temperature of 30 °C.

Figure 5 shows the durability tests such as water sorptivity for concrete speci-
men of size 50 mm diameter and 100 mm height and tested as per ASTM C
1585-O4e1 [13]. The test was made up to 3 h at a time interval of 30 min. Here, the
side faces of the specimen were coated with epoxy to protect the ingress of moisture
to inside and out from the specimen. Drying shrinkage was carried out based on
ASTM C 596-O9e1 [14]. Figure 6 shows the shrinkage tests.

3 Results and Discussions

The optimized percentage was found from trial mix 4 and the test results for
workability, mechanical, durability and microstructure properties were given in
Tables 2 and 3. All the self-cured specimens were compared with conventional
cured specimens.

3.1 Outcomes from Workability Test

From Table 2, it was cleared that concrete with internal curing agents behaves
appreciable workability than conventional concrete. It was noticed that internal
curing concrete possess 22% increase in workability behaviour than conventional
concrete under full curing and 36% under sprinkler curing averagely. But all the
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a. Full / Immersion curing

b. Sprinkler curing

c. Self-curing

Fig. 4 Different profiles of
curing
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Table 2 Workability Results

Concrete
type

Slump flow
(mm)

T50 cm slump
flow (s)

V funnel (s) L Box
(H2/H1)

U Box
(H2 − H1) mm

PEG 720 3 7.2 0.82 10

SO 710 3 8.5 0.84 9

FC 690 4 10.4 0.94 15

SPRC 700 4 10.6 0.92 17

Fig. 5 Water sorptivity test

Fig. 6 Drying shrinkage test
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values from various concrete types get satisfied as per EFNARC specifications.
Even though the conventional concrete under both curing types falls within the
range, the ultimate sustainability depends on the internal matrix of the ingredients
as it based on the moisture holding capacity by the curing agents.

3.2 Outcomes from Mechanical and Durability Test

From Table 3, it was cleared that concrete with internal curing agents behaves
superior mechanical properties than conventional concrete under sprinkler curing. It
was noticed that internal curing concrete possess 10.31% increase in strength
behaviour than sprinkler cured concrete and a very slight reduction in strength
percentage of 2.3% was observed for self-cured concrete than full cured concrete. In
concern with durability properties on water sorptivity, the self-cured concrete
possesses greater reduction in bottom permeation than conventionally cured spec-
imens. It was examined that nearly 56.38% permeability increase occurred for
sprinkler cured specimen which was a major drawback in the view of concrete
sustainability. The shrinkage value was 83.33% less for self-cured specimen than
sprinkler cured specimen which shows the first-string performance of natural curing
regime in the conventional concrete.

3.3 Micro-Structural Properties

The internal arrangement of the structure of concrete for self-cured and conven-
tional cured specimens was shown in Fig. 7. The perfect bond between the
ingredients was obtained for the concrete with self-curing agents and the weakest
bond could be observed for the concrete without curing agents. Interfacial
Transition Zone (ITZ) was well protected by the incorporation of automatic curing
agents, and the presence of OH ions makes the concrete to prevent from
self-desiccation.

Table 3 Mechanical and Durability Results

Concrete type Mechanical properties at 28 days Durability properties

Compression
strength
(N/mm2)

Split tensile
strength
(N/mm2)

Flexural
strength
(N/mm2)

Water sorptivity
at 180 min.
(g/mm2) � 0.0001

Drying
shrinkage at
240 days(mm)

PEG 44.5 3.68 5.62 9.9 0.20

SO 43.8 3.45 5.48 10.2 0.20

FC 45.2 3.98 6.26 19.2 0.68

SPRC 39.6 3.22 3.98 22.7 1.20
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a. Self-cured concrete

b. Conventional concrete

Fig. 7 SEM image

756 G. S. Rampradheep et al.



But the condition is reverse for the conventional concrete, as it allows
self-evaporation from the inner part of the concrete.

4 Conclusion

From the various test results on concrete with and without self/internal curing
agents, the following conclusions arrived.

(i) OH ions are mainly responsible for hardening of concrete during curing
process. From FTIR results, it is confirmed that OH ions are present in
spinach and hence it could be used as an internal curing agent, a substitute
for existing curing agent and an innovative product for conventional
concrete.

(ii) Workability results get satisfied for self-cured concrete using spinach as per
EFNARC specifications.

(iii) Mechanical properties show superior performance for spinach cured concrete
than sprinkler cured concrete.

(iv) Notable achievement was observed for self-cured concrete with spinach than
conventional concrete.
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Recycled Aggregate Concrete: Particle
Packing Method (PPM) of Mix Design
Approach

Subhasis Pradhan, Shailendra Kumar and Sudhirkumar V. Barai

Abstract The reuse of old concrete as a source of aggregate is a reliable alternative
to Natural Aggregate (NA) in concrete construction. Because of poor quality of
Recycled Aggregate (RA), the performance of Recycled Aggregate Concrete
(RAC) is not up to the mark in fresh stage and hardened stage as compared to
Natural Aggregate Concrete (NAC). In this work, Recycled Coarse Aggregate
(RCA) is replaced 100% to produce RAC. The Particle Packing Method (PPM) is
proposed for the mix proportioning of concrete. In PPM, the smaller particles are
selected to fill up the voids between large particles and so on. PPM is found out to
be cost-effective than IS code method of mix design because of the requirement of
lesser quantity of cement. The 7 and 28 days compressive strength of conventional
concrete and RAC using PPM design mix are very similar. But, the increment in
compressive strength from 28 to 90 days curing is higher for NAC than RAC.
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1 Introduction

The rapid growth in population and economy in India leads to the unavoidable
process of industrialization and urbanization. It requires a huge amount of con-
struction works and also produces large quantities of Construction and Demolition
(C&D) wastes. According to Ministry of Environment and Forests (MoEF), India
generates nearly 530 million tonnes of C&D waste annually. In this C&D debris
waste, concrete percentage is very high. The reuse of old concrete as a source of
aggregate is a reliable alternative to Natural Aggregate (NA) mined from nature in
concrete construction. Demolished building, rejected precast concrete member,
concrete road beds, unused concrete in ready-mix concrete plant and tested spec-
imens from different laboratories are the sources of waste concrete.

Recycled Aggregate (RA) is yielded by crushing the waste concrete procured
from C&D debris. NA and adhered hardened mortar are the constituents of RA. The
concrete in which NA is replaced partially or fully by RA is known as Recycled
Aggregate Concrete (RAC). The adhered mortar layer and its quantity are the main
reasons for having inferior physical and mechanical properties of RA as compared
to NA and also for the poor performance of RAC. Fresh RAC has the lower
workability than conventional concrete as the water absorption capacity of RA is on
the higher side due to its structure [1–8]. Compressive strength of RAC is primarily
influenced by replacement ratio of natural aggregate and w/c ratio. The reduction in
compressive strength of RAC is not very significant when the replacement of RCA
is up to 30% [9–11]. It has been observed by many researchers that the reduction in
compressive strength of RAC is up to 30% at 100% replacement of NA [5, 10, 11].

The techniques approached by different researchers to improve the performance
of RAC are the incorporation of mineral admixture, using different mix design
methods and modifying the mixing process. The addition of mineral admixtures to
RAC improves the workability in fresh stage [12]. The use of fly ash or GGBS as
partial replacement of cement reduces the compressive strength of RAC [12, 13].
However, using fly ash as the addition of cement increases the compressive
strength [13].

Direct Weight Replacement (DWR) method, Equivalent Mortar Replacement
(EMR) method [14] and Direct Volume Replacement (DVR) method are three
different aggregate replacement methods employed by different researchers.
In DWR method, the weight of coarse aggregate (natural coarse aggregate plus
RCA), cement and water content are kept constant for any replacement ratio. In
order to produce same volumetric yields, the fine aggregate amount is reduced. In
Ref. [14], the EMR method was proposed and in this method, RCA was considered
as a two-phase material rather than a single coarse aggregate. In EMR method, the
total volume of mortar (residual and fresh mortar) content in RAC remains the same
as the fresh mortar content of target natural aggregate concrete. The DVR method
considers RCA as a single-phase coarse aggregate. In this method, the volume of
replacing RCA is the same as the volume of natural aggregate. The amount of fine
aggregate, cement and water are unaffected as the total volume of coarse aggregate
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remains constant. In EMR method, workability reduces significantly and replace-
ment ratio more than 20% needs changes in mix proportions and high dose of water
reducing admixture. The compressive strength is not influenced significantly by any
of these mix design methods at any replacement ratio [15].

Some modified mixing approaches, such as double mixing method, Two-Stage
Mixing Approach (TSMA) and Triple Mixing Method (TM) have been employed
by different authors to enhance the performance of RAC. Tam et al. [11] have
proposed a TSMA and basically, this method divides the mixing process into two
parts and water is added in two steps at different times. The TSMA helps in
developing a stronger ITZ by effectively filling the voids and cracks present in
RCA. The compressive strength of RAC is increased up to 21% and TSMA is also
effective in enhancing durability [11]. The TM contributes significantly to
improving workability, compressive strength and flexural strength in comparison to
double mixing method.

2 Research Importance

Review of literature shows that the poor performance of RAC both in fresh stage
and hardened stage is related to the inferior quality of RA. The DWR and DVR
methods are not very useful in improving the performance of RAC, whereas the
performance of RAC using EMR method of mix design is quite encouraging. But,
the major drawback of EMR method is that 100% replacement of RCA is never
achievable. There is no specific code or guidelines available for mix design of RAC
as per BIS. So, most of the researchers follow the mix design procedure used for
conventional concrete to produce RAC. Therefore, in the present study, an attempt
is made to use Particle Packing Method (PPM) of design mix to improve the
performance of RAC and to overcome the disadvantages of different mix design
methods.

3 Proposed Mix Design Method

The basic concept of PPM of mix design is to minimize the voids content [16–18].
This is a process of optimization where the smaller particles are selected to fill up
the voids between large particles and so on. In PPM, the aim is to obtain maximum
possible packing density using coarse and fine aggregates. In this regard, it involves
the proper determination of proportions of different sizes of coarse aggregates and
fine aggregate and packing density of the mixture of coarse and fine aggregate. The
increase in packing density leads to the minimization of voids and hence the
requirement of binder and water will be less.
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3.1 Materials

The concrete mixtures were prepared using Ordinary Portland Cement (OPC) of 53
Grade conforming to Bureau of Indian Standard Specifications (BIS) (IS:
8112-1989), Natural Coarse Aggregate (NCA), Recycled Coarse Aggregate (RCA),
clean river sand conforming to grading Zone II (IS: 383-1970) and potable water.
The specific gravity and 28 days compressive strength of the cement used were
found out to be 3.13 and 60.59 MPa, respectively. The NCA used to produce
conventional concrete was collected from locally available quarries with maximum
size of 20 mm and satisfying the grading requirements of BIS (IS: 383-1970). The
processed RCA was collected from the IL&FS Environmental Infrastructure and
Services Ltd. Plant (New Delhi). The physical and mechanical properties of NCA,
RCA and fine aggregate are shown in Tables 1 and 2 by following the procedure
given in BIS (IS: 2386 (Part I)-1963, IS: 2386 (Part III)-1963 and IS: 2386 (Part
IV)-1963).

3.2 Aggregate Fractions and Packing Density

In this study, 20–12.5 mm, 12.5–10 mm, 10–6.3 mm and 6.3–4.75 mm sized RCA
and 20–12.5 mm, 12.5–10 mm and 10–4.75 mm sized NCA were used along with
Zone II fine aggregate to optimize the packing density. Compacted bulk density and
specific gravity for each size of aggregates were determined. First 20–12.5 mm and
12.5–10 mm aggregates were mixed in different proportions by mass, such as
90:10, 80:20, 70:30, etc., and the bulk density of each mixture was determined. The
Packing Density (PD) and Voids Content (VC) of the aggregate mixture were
determined at each proportion using Eqs. (1) and (2), respectively. As the smaller
sized aggregate fraction increases, the bulk density of the mixture increases. But
after a certain proportion of the mixture, the bulk density starts decreasing.

PD ¼
XBulk Density�Weight Fraction

Specific Gravity
ð1Þ

VC ¼ 1�
X Bulk Density

Specific Gravity
ð2Þ

The proportion at which maximum PD obtained was determined. This particular
weight fraction of first two different sized aggregate mixture was used while
preparing mixture along with 10–6.3 mm aggregate size. So, the mixture of 20–
12.5 mm, 12.5–10 mm sized aggregates was blended with 10–6.3 mm sized
aggregates was blended with 10–6.3 mm sized RCA to prepare mixtures of dif-
ferent proportions. The PD of the mixture of three different sized RCA was
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calculated for each weight fraction. The maximum PD of the mixture and its
corresponding weight fraction were determined.

Then 6.3–4.75 mm RCA was added to the mixture of 20–12.5 mm, 12.5–
10 mm and 10–6.3 mm sized aggregates in different proportions and the proportion
at which maximum PD obtained was determined. Finally, fine aggregate was added
to the mixture of four different sized RCA in different proportions by mass. For each
weight fraction, PD was calculated and the maximum PD and its corresponding
weight fraction were determined.

By conducting the whole exercise, maximum packing density for the RCA and
fine aggregate mixture was found out to be 0.728. The corresponding proportion of
20–12.5 mm, 12.5–10 mm, 10–6.3 mm, 6.3–4.75 mm sized RCA and fine aggre-
gate to achieve maximum packing density was 31.92:13.68:11.4:3:40. For con-
ventional concrete production, 20–12.5, 12.5–10, 10–6.3 size of natural coarse
aggregate and fine aggregate has been used. The maximum packing density was
found out to be 0.713 in the aggregate proportion of 38.4:9.6:12:40 for 20–12.5,
12.5–10, 10–6.3 sized NCA and fine aggregate. In Figs. 1 and 2, the packing
density at different weight fractions, for the mixture of NCA with sand and RCA
with sand are shown respectively.

Table 2 Mechanical properties of NCA and RCA

Properties of aggregate NCA RCA BIS limits (upper)

Los Angeles abrasion value (%) 14.34 34.08 50

Impact value (%) 13.87 24.23 45

Crushing value (%) 17.66 23.32 45
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Fig. 1 Packing density of (NCA (20 mm + 12.5 mm + 10 mm):sand)
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3.3 Determination of Paste Content

In PPM, the higher degree of packing density leads to minimum voids, maximum
density and minimum requirement of binder. The total packing density
(PD) obtained by mixing 20–12.5 mm, 12.5–10 mm, 10–6.3 mm, 6.3–4.75 mm
RCA and natural fine aggregate is 0.728.

Hence, Voids Content VCð Þ ¼ 1�PD
The total paste content in this method is the sum of the voids content found in

the aggregate mixture and excess quantity of paste required to coat the aggregate
particle and to obtain desirable workability of the concrete. From multiple trials, it
was found out that 16% excess paste content is required for M30 grade of concrete
and desired workable condition (Tables 3 and 4). Hence,

Total Voids Content ¼ VCþExcess Paste Content� VC

Now, Volume of aggregates ¼ 1� Total Voids Content
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Fig. 2 Packing density of (RCA (20 mm + 12.5 mm + 10 mm + 6.3 mm):sand)

Table 3 Mix proportions for different types of concrete

Type of
concrete

Mix design
method

w/c
ratio

Water
(kg/m3)

Cement
(kg/m3)

Sand
(kg/m3)

Coarse aggregate (kg/m3)

20 mm 12.5 mm 10 mm 6.3 mm

NAC IS 10262: 2009 0.45 215.85 438.13 610.19 755.77 485.63

NAC PPM 0.45 203.51 410.04 762.12 666.85 247.69 228.64

RAC IS 10262: 2009 0.45 234.18 422.22 621.24 671.45 416.73

RAC PPM 0.45 225.79 410.04 702.03 560.22 240.09 200.1 52.65
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Total solid volume of aggregates ¼
XWeight fraction of aggregates

Specific Gravity

Weight of the aggregate ¼ Volume of aggregates
Total solid volume of aggregates

�Weight fraction� 1000

The water–cement ratio for M30 grade of concrete is determined by conducting
the trials at w/c ratio 0.4, 0.43, 0.45 and 0.47 and finally, it is fixed at 0.45 to
achieve the target mean strength specified for M30.

w=c ratio ¼ 0:45; w ¼ 0:45c

Total paste content ¼ cþw ¼ c
Specific Gravitycement

þ 0:45c
Specific gravitywater

Cement content ¼ Total voids content
Total paste content

� 1000

Water content ¼ w=c ratio� Cement content

4 Mixing Process

The TSMA proposed by Tam et al. [11] is adopted for the current study, as the
process helps in improving the performance of the concrete by improving its quality
at microstructure level. This may be attributed to the effect of internal curing. In this
method, water is added in two stages of mixing. The steps involved in TSMA are
shown in Fig. 3.

Table 4 Compressive strength of different types of concrete

Type of
concrete

Mix design
method

w/c ratio 7 days
strength (MPa)

28 days
strength (MPa)

90 days
strength (MPa)

NAC PPM 0.40 30.87 51.27 65.49

0.43 28.74 44.29 58.87

0.45 25.35 42.75 56.15

0.47 23.69 38.18 52.52

NAC IS: 10262 (2009) 0.45 29.69 47.68 64.85

RAC PPM 0.40 31.71 49.33 56.34

0.43 29.48 48.09 53.72

0.45 25.14 42.82 47.69

0.47 24.48 42.48 47.59

RAC IS: 10262 (2009) 0.45 35.99 45.23 54.46
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5 Performance Evaluation of Concrete

In order to verify the performance of hardened concrete, both NAC and RAC
(100% replacement) were prepared using PPM design mix, TSMA and established
method as per IS: 10262–2009, normal mixing method. So, four types of concrete
were produced using w/c ratio of 0.45.

5.1 Fresh Concrete

The property of fresh concrete was examined by its workability in terms of slump
value. In this study, 75–100 mm slump was kept constant for both conventional
concrete and RAC. In conventional concrete, desired workability was obtained
without addition of any admixture. But for RAC, Master Glanium ACE 30 (BASF)
admixture was added 0.32% by weight of cement to achieve the required slump.

5.2 Hardened Concrete

The hardened concrete performance can be studied as its short-term and long-term
behaviour. The short-term properties of hardened concrete include compressive
strength, tensile strength and modulus of elasticity. The compressive strength of
concrete was measured using standard cubes and cylinders in accordance with BIS
(IS: 516-1959).

5.2.1 Compressive Strength

The 7 days compressive strength shows negligible difference for NAC and RAC
using PPM design at different w/c ratio. For w/c ratio 0.4, 0.43 and 0.47, the 7 days
compressive strength of RAC is 2.57–3.3% higher than that of NAC. Whereas for
w/c ratio 0.45 the 7 days compressive strength of NAC is 0.84% higher than RAC.

Fig. 3 Schematic diagram of Two-Stage Mixing Approach

Recycled Aggregate Concrete … 767



In PPM mix proportioning except w/c ratio 0.4, the 28 days compressive strength of
RAC are 0.16–11.26% higher in comparison to NAC and the 28 days compressive
strength obtained at w/c ratio 0.4 for NAC is 3.93% higher than that of RAC. So,
the 7 and 28 days compressive strength of RAC are slightly on the higher side than
NAC. But, interestingly the 90 days curing compressive strength of RAC at dif-
ferent w/c ratio are 9.58–17.74% lower than NAC. There is an increase of 27–37%
observed in compressive strength at different w/c ratio of NAC from 28 to 90 days;
whereas for RAC, only 11–14% increment is observed for the same time period
(Figs. 4, 5, 6, 7 and 8).
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Fig. 4 Compressive strength of NAC versus w/c ratio at different ages
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6 Conclusions

In this study, the physical and mechanical properties of the materials used are
verified. The PPM is proposed for the mix proportioning of concrete and the
compressive strength of both NAC and RAC are experimentally analysed.

• The bulk density and specific gravity are lower and water absorption is on the
higher side for RCA because of the adhering mortar layer. The mechanical
properties of RCA are relatively inferior to NCA, but the values are within the
permissible limits of BIS.

• The proposed PPM design mix requires lesser quantity of cement, but more fine
aggregate in comparison to IS: 10262 (2009) method of mix proportioning
without affecting the properties of fresh and hardened concrete. The lesser
demand for cement in the PPM design mix indicates the cost-effectiveness of the
method.

• The RAC is having lower workability than NAC. The PPM mix proportioning
has no significant effect in improving the workability of the fresh concrete for
both NAC and RAC.

• The 28 days curing compressive strength of RAC is found out to be very close
to that of NAC in PPM design mix at w/c ratio 0.45. But, the gain in strength
from 28 to 90 days is less for RAC than NAC. It is very difficult to separate
PPM and IS code mix proportioning on compressive strength parameter of the
concrete.

Further study for other performance parameters is under investigation.
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Durability of Fly Ash Added Reinforced
Concrete in Chloride and Composite
Chloride–Sulfate Environment

Arya Anuj Jee and Bulu Pradhan

Abstract This work reports the corrosion performance of steel reinforcement in
OPC and OPC with 20% fly ash concrete mixes exposed to chloride (5% NaCl) and
composite chloride–sulfate solutions (5% NaCl + 2% MgSO4 and 5% NaCl + 4%
MgSO4). The reinforced concrete specimens were exposed to these solutions for a
period of 12 months with alternate wetting–drying cycles. Compressive strength
and corrosion parameters were measured on concrete cube specimens and rein-
forced concrete specimens, respectively. The half-cell potential test and linear
polarization resistance measurement (LPR) were performed to evaluate the corro-
sion parameters of steel reinforcement. From the results, it is observed that the
compressive strength of the OPC concrete mix was higher as compared to OPC
with 20% fly ash. From the results of corrosion parameters, it is observed that the
addition of magnesium sulfate in composite solutions reduced the probability of
occurrence of steel reinforcement corrosion and corrosion current density till the
exposure period of 12 months. The replacement of the OPC with fly ash improved
the performance of concrete mix against corrosion of steel reinforcement. Further,
mostly there was less probability of occurrence of steel reinforcement corrosion and
lower corrosion current density at lower w/b ratio as compared to that at higher w/b
ratio.
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1 Introduction

The partial replacement of cement with supplementary cementitious materials in the
preparation of concrete has become more popular nowadays. It improves the
mechanical and durability performance of concrete [1, 2]. Reinforced concrete is a
composite material that is composed of concrete and steel bar and it is frequently
used for the construction of structures such as bridges, buildings, tunnels, etc. The
service life of these structures is mainly associated with environmental exposure
conditions and physical and chemical protection provided by concrete [3, 4]. The
reinforced concrete structures deteriorate mainly due to corrosion of steel bar as a
result of chloride attack and carbonation and due to sulfate attack [5]. These ions
enter into hardened concrete from external sources through the crack of concrete
and by diffusion process [6–8]. In concrete, chloride ions are present in the form of
free chloride and bound (physically adsorbed by C–S–H gel and chemically bound
with the hydrated C3A) chloride. Free chloride ions are mainly accountable for
corrosion of steel bar in concrete [9]. The attack of sulfate ions results in deterio-
ration of concrete because of formation of expansive products (gypsum and
ettringite) as a result of chemical reaction between sulfate ions with cement
hydration products (calcium hydroxide and hydrated C3A) [5, 7].

The presence of sulfate ions together with chloride ions in concrete may influ-
ence the corrosion of steel reinforcement. Several studies have been reported on
corrosion behavior of steel reinforcement in concrete subjected to chloride exposure
conditions [2, 10, 11]. However, there is limited literature on corrosion behavior of
steel reinforcement in concrete subjected to composite solutions of chloride and
sulfate ions [3, 12, 13].

In the present work, an experimental investigation has been carried out to
evaluate the corrosion performance of steel in concrete exposed to chloride and
composite chloride–sulfate environment. The corrosion performance of steel rein-
forcement in concrete made with ordinary Portland cement (OPC) and OPC with fly
ash and exposed to chloride and composite chloride–sulfate solutions have been
evaluated by conducting half-cell potential test and linear polarization resistance
(LPR) measurement. The half-cell potential provides information about the prob-
ability of occurrence of steel reinforcement corrosion whereas, LPR measurement
determines the corrosion current density of steel reinforcement.

2 Experimental Work

2.1 Materials and Mix Composition

In the experimental investigation, two types of binders namely ordinary Portland
cement (OPC) 43 grade confirming to IS: 8112-2013 [14] and OPC with 20% fly
ash (by weight of binder) were used. Coarse aggregates of size 20 mm MSA
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(maximum size of aggregate) and 10 mm MSA each with specific gravity of 2.65
and locally available river sand as fine aggregate with specific gravity 2.62 were
used in the preparation of concrete mixes. The mix proportioning of the ingredients
of concrete mix was carried out using DOE method [15] with some modifications.
The w/b ratios used in the preparation of concrete mixes were 0.50 and 0.55. As
already stated, this experimental work has been carried out to evaluate the corrosion
performance of steel reinforcement in concrete exposed to chloride and composite
chloride–sulfate solutions. The penetration of chloride and sulfate ions into concrete
is normally affected by its porosity, which in turn depends on w/b ratio of the
concrete mix. Keeping this in view, in the present work, the above values of w/b
ratio were taken to study its effect (i.e., change from 0.50 to 0.55) on variation in
corrosion parameters of steel reinforcement. From trial tests, a water content of
205 kg/m3 was selected for both w/b ratios for slump value ranging from 30 to
60 mm. The proportion of 20 mm MSA and 10 mm MSA aggregates was fixed at
62 and 38%, respectively, of the total mass of coarse aggregate. The composition of
concrete mixtures is shown in Table 1.

2.2 Specimen Preparation

Cube specimens of size 150 mm were prepared from each concrete mix for
determining compressive strength. Prismatic reinforced concrete specimens of size
62 mm � 62 mm � 300 mm with a centrally embedded steel bar and 25 mm
cover depth (from longitudinal face) were prepared for measurement of corrosion
parameters. Tempcore TMT steel bar of diameter 12 mm was used as the steel
reinforcement. The steel bars of length 380 mm were cleaned with a wire brush to
remove any surface scale and insulating tape followed by epoxy coating was
applied for preventing the crevice corrosion, at places where there is a discontinuity
of steel bar with the surrounding concrete. After 24 h of preparation, the cubes and
prismatic specimens were demoulded and subjected to water curing in a curing tank
for 28 days from the day of preparation. At the end of the curing period, the
compressive strength test was performed on cube specimens and the prismatic
reinforced concrete specimens were kept in the laboratory drying condition for a

Table 1 Concrete mix composition

Binder type w/b ratio Binder content Proportion of binder:sand:
coarse aggregate (by mass)Cement

(kg/m3)
Fly ash
(kg/m3)

OPC 0.50 410.00 – 1:1.58:2.69

0.55 372.72 – 1:1.77:3.02

OPC with 20% fly ash 0.50 328.00 82.00 1:1.58:2.69

0.55 298.18 74.54 1:1.77:3.02
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period of 14 days. Subsequently, a plastic reservoir of size 50 mm � 42 mm
200 mm (internal dimensions) was fixed on a longitudinal face of prismatic
specimens with epoxy to store the exposure solution during the wetting period.
Further, epoxy coating was also applied on four vertical faces and on the remaining
portion of the top face of the prismatic specimen outside the plastic reservoir. The
schematic diagram of prismatic reinforced concrete specimens is shown in Fig. 1.
The exposure length of the steel bar inside the prismatic specimen is 200 mm.

2.3 Compressive Strength Test

After completion of moist curing, the 28 days compressive strength of concrete mix
made with OPC and OPC with 20% fly ash at w/b ratios of 0.50 and 0.55 was
determined in the compression testing machine. For a given mix, the average value
of three replicate cube specimens was reported as the compressive strength of that
mix.

2.4 Exposure to Chloride and Composite Solutions

The prismatic reinforced concrete specimens were exposed to chloride solution (5%
NaCl) and composite chloride–sulfate solutions (5% NaCl + 2% MgSO4 and 5%
NaCl + 4% MgSO4) with alternate wetting–drying cycles for a duration of
12 months. The chloride solution and composite chloride–sulfate solutions were
prepared by adding these salts in water at above concentrations. The details of
chloride and composite chloride–sulfate solutions are shown in Table 2.

The wetting–drying cycle consists of 5 days of wetting (filling the solution in the
reservoir) followed by 10 days of laboratory drying. The corrosion parameters were
measured at the start of exposure and at the end of exposure periods of 6 months
and 12 months.

Fig. 1 Schematic diagram of prismatic reinforced concrete specimen
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2.5 Corrosion Monitoring Tests

For corrosion monitoring of steel reinforcement, half-cell potential and corrosion
current density (Icorr) were measured using potential and linear polarization resis-
tance (LPR) measurements, respectively. For this purpose, three-electrode system
consisting of saturated calomel electrode (SCE) as reference electrode, embedded
steel bar as working electrode and stainless steel plate as auxiliary electrode was
used. The half-cell potential of steel bar was measured with reference to saturated
calomel electrode. For measurement of corrosion current density by LPR technique,
the steel bar (working electrode) was polarized to ±20 mV from the corrosion
potential at scan rate of 6 mV per minute. Only top half surface area of steel bar
was assumed to be polarized. The corrosion tests were conducted using corrosion
monitoring instrument (make: ACM, Gill AC serial no. 1542-sequencer). The
experimental setup of three-electrode system for corrosion monitoring of steel
reinforcement in the prismatic reinforced concrete specimen is shown in Fig. 2.

The corrosion current density (Icorr) of steel reinforcement was determined using
Stern–Geary equation [3, 13].

Icorr ¼ B
Rp

Table 2 Details of exposure
solutions

Solution type Exposure solutions

Chloride solution 5% NaCl

Composite chloride–sulfate
solution

5% NaCl + 2%
MgSO4

5% NaCl + 4%
MgSO4

Fig. 2 Experimental setup for corrosion tests
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where Rp is polarization resistance of steel reinforcement and B is Stern–Geary
constant. The value of B depends on anodic and cathodic Tafel constants. In this
work, the value of B was taken as 26 mV considering the reinforcing steel bar in
active condition [3, 13].

3 Result and Discussion

3.1 Compressive Strength

The 28 days compressive strength values of concrete mixes made from OPC and
OPC with 20% fly ash at w/b ratios of 0.50 and 0.55 are shown in Fig. 3. Each
value shown in this figure is the average value of three replicate cube specimens of
a given concrete mix. From Fig. 3, it is observed that the concrete mix made from
OPC exhibited higher 28 days compressive strength as compared to that made from
OPC with 20% fly ash at both w/b ratios. The lower 28 days compressive strength
of concrete mix made from OPC with 20% fly ash indicates that the pozzolanic
reaction was not effective in enhancing the compressive strength of fly ash added
concrete up to the age of 28 days. Further, the compressive strength of concrete
decreased with increase in w/b ratio for both types of binder as observed from
Fig. 3.

3.2 Half-Cell Potential

The measured half-cell potential values of embedded steel bar in the prismatic
specimens are shown in Fig. 4a–d for OPC and OPC with 20% fly ash respectively.
As already stated, the prismatic specimens were exposed to chloride and composite
chloride–sulfate solutions for a period of 12 months and corrosion tests were

Fig. 3 Compressive strength of concrete mixes
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Fig. 4 a Half-cell potential versus exposure duration for OPC at w/b ratio of 0.50 and exposed to
chloride and composite chloride–sulfate solutions. b Half-cell potential versus exposure duration
for OPC at w/b ratio of 0.55 and exposed to chloride and composite chloride–sulfate solutions.
c Half-cell potential versus exposure duration for OPC with 20% fly ash at w/b ratio of 0.50 and
exposed to chloride and composite chloride–sulfate solutions. d Half-cell potential versus
exposure duration for OPC with 20% fly ash at w/b ratio of 0.55 and exposed to chloride and
composite chloride–sulfate solutions
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performed at the start of exposure and at the end of exposure periods of 6 months
and 12 months.

From Fig. 4a, b, it is observed that the half-cell potential values of steel in OPC
specimens exposed to chloride solution (5% NaCl) were more negative than those
exposed to composite chloride–sulfate solutions (5% NaCl + 2% MgSO4 and 5%
NaCl + 4% MgSO4) at both w/b ratios till the exposure period of 12 months. This
indicates higher probability of occurrence of steel reinforcement corrosion when
exposed to chloride solution as compared to composite chloride–sulfate solution. In
addition, the potential values became less negative with increase in concentration of

Fig. 4 (continued)
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MgSO4 in the exposure solution for OPC specimens till the exposure period of
12 months. Further, it is noted that the potential values became more negative
than −270 mV (SCE) mostly at the end of exposure period of 12 months in OPC
specimens exposed to 5% NaCl solution and composite solution of 5% NaCl + 2%
MgSO4 as observed from Fig. 4a, b, which correspond to greater than 90% prob-
ability of occurrence of steel reinforcement corrosion according to ASTM C876
criteria [16].

From Fig. 4 c, d, it is observed that the steel reinforcement in concrete made
from OPC with 20% fly ash showed potential values less negative than −270 mV
(SCE) till the exposure period of 12 months. Further, the variations in potential
values between chloride solution and composite chloride–sulfate at different
exposure periods were very small. However, the specimens exposed to chloride
solution (5% NaCl) mostly showed more negative potential values than those
exposed to composite chloride–sulfate solutions (5% NaCl + 2% MgSO4 and 5%
NaCl + 4% MgSO4) till the exposure period of 12 months.

On comparing the effect of w/b ratio on half-cell potential values, it is observed
that the specimens made with w/b ratio of 0.50 mostly exhibited less negative
potential values as compared to those made with w/b ratio of 0.55 for both types of
binder and different exposure solutions. Further, it is observed that the specimens
made from OPC with 20% fly ash mostly showed less negative potential values
than those made with OPC for different exposure solutions and both w/b ratios as
observed from Fig. 4a–d.

3.3 Corrosion Current Density

Figure 5a–d shows the variation in corrosion current density of embedded steel
reinforcement in concrete for different w/b ratios, binders, and exposure solutions
till the exposure period of 12 months. From these figures, it is observed that the
corrosion current density of steel reinforcement was mostly lower in the specimens
exposed to composite solutions (5% NaCl + 2% MgSO4 and 5% NaCl + 4%
MgSO4) as compared to those exposed to chloride solution (5% NaCl) for both
types of binder (OPC and OPC with 20% fly ash) and w/b ratios (0.50 and 0.55).
This may be attributed to higher resistivity of concrete when exposed to composite
sodium chloride plus magnesium sulfate solution than exposure to only sodium
chloride solution. The similar observation of mostly lower corrosion current density
in the specimens exposed to composite solutions of NaCl plus MgSO4 as compared
to those exposed to NaCl solutions for OPC has been reported in literature [13],
wherein the slab specimens with a centrally embedded steel bar were exposed to
sodium chloride and composite sodium chloride plus magnesium sulfate solutions
with alternate wetting (7 days of immersion of slab specimens in chloride and
composite chloride–sulfate solutions) and drying (7 days of laboratory drying)
cycles and after exposure, the corrosion parameters were measured at the age of
300 days from the day of preparation of the specimens.
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Fig. 5 a Corrosion current density versus exposure duration for OPC at w/b ratio of 0.50 and
exposed to chloride and composite chloride–sulfate solutions. b Corrosion current density versus
exposure duration for OPC at w/b ratio of 0.55 and exposed to chloride and composite chloride–
sulfate solutions. c Corrosion current density versus exposure duration for OPC with 20% fly ash
at w/b ratio of 0.50 and exposed to chloride and composite chloride–sulfate solutions. d Corrosion
current density versus exposure duration for OPC with 20% fly ash at w/b ratio of 0.55 and
exposed to chloride and composite chloride–sulfate solutions
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Further, from these figures, it is noted that the specimens made from OPC with
20% fly ash mostly exhibited lower corrosion current density as compared to those
made from OPC for different exposure solutions and w/b ratios. The lower cor-
rosion current density in concrete made from OPC with 20% fly may be attributed
to retarding of the ingress of aggressive ions into concrete due to the formation of
denser microstructure as a result of the formation of additional C–S–H gel in
concrete due to pozzolanic reaction.

On evaluating the effect of w/b ratio, it is observed that the corrosion current
density was mostly lower at w/b ratio of 0.50 as compared to that at w/b ratio of

Fig. 5 (continued)
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0.55 for different exposure solutions and binders except in few cases for the
specimens made with OPC and exposed to composite solutions. Mostly lower
corrosion current density at lower w/b ratio is attributed to higher resistivity of
concrete due to the formation of denser microstructure.

4 Conclusions

From the experimental investigation on corrosion performance of steel reinforce-
ment in concrete exposed to chloride solution (5% NaCl) and composite chloride–
sulfate solutions (5% NaCl + 2% MgSO4 and 5% NaCl + 4% MgSO4), the fol-
lowing conclusions were drawn.

The presence of magnesium sulfate in composite solutions (sodium chloride plus
magnesium sulfate) resulted in less negative half-cell potential values and lower
corrosion current density as compared to only chloride solution (sodium chloride)
for both types of binder and w/b ratios up to exposure duration of 12 months.

The reinforced concrete specimens prepared from OPC with 20% fly ash showed
better performance against corrosion of steel reinforcement as compared to OPC
specimens in terms of less negative potential and mostly lower corrosion current
density for different exposure solutions and w/b ratios.

The specimens made with lower w/b ratio mostly exhibited less negative
potential values and lower corrosion current density as compared to those made
with higher w/b ratio.
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Study on Strength Reduction Factor
of Blended Concrete Exposed
to Seawater

T. Jena and K. C. Panda

Abstract This article reports the mechanical properties of blended concrete con-
taining fly ash (FA) and silpozz exposed to seawater. The reduction in strength is
evaluated between normal water curing (NWC) and seawater curing
(SWC) samples by strength reduction factor (SRF) in percentage. The
microstructural analysis is done by scanning electron microscopy (SEM). It is
revealed from the test results that the SRF for compressive strength is 4% for 10%
FA and 20% silpozz replaced with ordinary Portland cement (OPC) for 6 months
exposure to seawater. The SRF for flexural strength and split tensile strength is 1
and 0.80% at 90 days exposure. The minimum slip is 1 mm after 28 days of testing
bond strength for NWC samples. The SRF in bond strength is also evaluated and
found as 10.35% for 28 days SWC samples. The dense and compact microstructure
was observed in 28 days NWC samples.

Keywords Blended concrete � Bond strength � Fly ash � Seawater
Silpozz

1 Introduction

Long-term durability of structures has become vital to the economics of all nations.
Concrete for the twenty-first century can be much stronger, more durable and at the
same time cost and energy efficient. Failure of concrete in a period less than its
design life may be caused by external factors such as the environment to which it
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has been exposed or by a variety of internal causes. External factors may be
physical or chemical in nature, such as weathering, extreme variation of tempera-
tures, abrasion and exposure to aggressive chemicals. Internal causes may lie in the
choice of materials or inappropriate combination of materials. Some of the
researchers have reported the deterioration mechanism in marine exposure condi-
tion such as Kumar [1] studied the percentage decrease in compressive strength for
the period of one year of exposure both in freshwater and seawater curing and the
effect of marine environment on concrete is to decrease its compressive strength and
this loss increases with age of exposure. Menon et al. [2] studied the effect of
mineral admixtures such as fly ash (FA), silica fume (SF), and ground granulated
blast furnace slag with superplasticizer on high strength concrete in development of
compressive strength under severe exposure seawater tidal zone and found that the
high strength concrete would withstand severe seawater exposure without serious
deterioration. Wegian [3] reported all forms of deterioration can be controlled by
using higher cement content in seawater. Anwar and Roushdi [4] showed the
improvement of mechanical properties of concrete containing OPC, FA, and SF in
artificial seawater and resist against environmental deterioration. Jena and Panda [5,
6] studied the development of mechanical properties in blended concrete made with
silpozz to improve the durability of marine structures. Shen et al. [7] found that the
slip corresponding to bond strength decreases with increase in compressive strength
at early age. Aggrawal and Siddique [8] and Weiting et al. [9] studied the
microstructural properties of concrete using waste foundry sand and bottom ash as a
partial replacement of fine aggregates.

The objective of the present article is to study the strength reduction factor
(SRF) of mechanical properties of blended concrete such as compressive, flexural,
split, and bond strength exposed to seawater as well as microstructural analysis by
scanning electron microscopy (SEM).

2 Experimental Study

2.1 Properties of Materials Used

In this study, the materials used are OPC 43 grade, course aggregates, fine
aggregates, normal water, seawater, and high-end superplasticizer (SP). The tested
physical properties of OPC as per IS 8112-1989 [10] are presented in Table 1. The
experimental value of aggregates as per IS 383-1970 [11] is given in Table 2. FA is
a fine material and possesses good pozzolanic activity. Silpozz is an effective
mineral admixture and specially mixed in marine concrete to improve mechanical
and durability properties. Silpozz is a commercial name for micro-silica produced
from rice husk ash. FA and silpozz sample is shown in Fig. 1. Physical properties
FA and silpozz are given in Table 3 and chemical composition of cementitious
materials is presented in Table 4.
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Table 1 Physical properties of OPC

Characteristics Experimental value Value specified by IS 8112:1989

Setting time, (min)

Initial setting time 165 30 (min)

Final setting time 360 600 (max)

Standard consistency (%) 34 NA

Specific gravity 3.15 3.15

Compressive strength (MPa)

(a) 3 days 28 MPa 23 MPa

(b) 7 days 42 MPa 33 MPa

(c) 28 days 48 MPa 43 MPa

Fineness (m2/kg) 333 225 (min)

Table 2 Properties of aggregates

Specifications Experimental value as per IS: 383-1970

Coarse aggregates Fine aggregates

Fineness modulus 7.0 3.03 (Zone-3)

Specific gravity 2.86 2.67

Water absorption (%) 0.2 0.4

Bulk density (kg/m3) 1424 1568

Abrasion value (%) 34.78 –

Impact value (%) 24 –

Crushing value (%) 23.3 –

Fig. 1 FA and silpozz

Study on Strength Reduction Factor of Blended Concrete … 789



2.2 Mix Proportions and Identifications

The mix design is targeted for M30 as it is the marine exposure condition as per IS
10262-2009 [12]. The obtained material ratio was (1:1.44:2.91), W/B ratio 0.43.
The control specimen made 0% replacement of FA and silpozz with cement and
without SP. The blended concrete samples made 0% FA and 10, 20 and 30%
replacement of silpozz with cement and doses of SP. Another blended cement
concrete samples also made with 10% replacement of FA and 10, 20 and 30%
replacement of silpozz with cement. The controlled specimen is prepared with
100% OPC without SP and there is no change of quantity of materials. As SP is
used in blended concrete mixes, the amount of water was reduced by 20% based
upon the several trial mixes in order to maintain the slump in between 25 and
50 mm. Two sets of samples (cube, cylinder, and prism) have been prepared. One
set of sample cured normal water and the other set of samples has been cured in
seawater for 7, 28, 90, and 180 days and their strength reduction factor (SRF) in
percentage was studied after getting the results of compressive strength. The split
tensile strength and flexural strength was studied up to 90 days and their SRF (%)
evaluated. The bond strength of the seawater curing (SWC) and normal water

Table 3 Physical properties
of FA and silpozz

Physical properties FA Silpozz

Specific gravity 2.12 2.3

Bulk density (gm/cc) 1.2 0.23

Specific surface, m2/g 33 17

Particle size (Micron) 34 25

Color Gray Gray black

Physical state – Solid nonhazardous

Table 4 Chemical
composition of cementitious
materials

Oxides (%) Cement (OPC) Silpozz FA

SiO2 20.99 88.18 58.13

Al2O3 6.05 1.61 31.00

Fe2O3 6.01 0.56 4.10

Carbon – 2.67 –

CaO 62.74 1.59 0.60

MgO 1.33 1.63 0.10

K2O 0.40 1.67 0.90

Na2O 0.04 – 0.05

SO3 1.82 – 0.12

TiO2 .025 – 1.63

Others – 2.09 0.011

Moisture content (%) – 0.79 3.0

Loss on ignition (%) 1.14 0.04 0.29
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curing (NWC) samples is tested at 28 days and the slips are observed. The mix
identity MC100F0S0 means OPC 100%, FA 0% and silpozz 0% without
SP. Similarly, the mix M1C90F0S10 means OPC 90%, FA 0% and silpozz 10%
with SP 0.2% and so on. The details of mix identity along with their percentage of
cementitious materials with SP are presented in Table 5.

2.3 Specimen Preparation and Exposure Conditions

Standard concrete cubes of size 150 × 150 × 150 mm were used for measuring the
compressive strength. For the split tensile strength, the concrete cylinders of size
100 mm diameter and 200 mm height were taken and concrete beams of size
100 × 100 × 500 mm were employed for the determination of flexural strength.
The specimen size for pull out test is 150 mm × 150 mm × 150 mm with a
reinforcing tor bar of 12 mm diameter. Total length of the bar is 120 mm with a
bond length of 60 mm. The compressive strength was determined for cube samples
after 7, 28, 90 and 180 days of NWC and SWC. The flexural and split tensile
strength was tested at the age of 7, 28, and 90 days of NWC and SWC for the
samples of prism and cylinder, respectively. The bond strength was tested for
28 days of NWC and SWC samples. The materials were batched into the mixer
according to the following sequence: coarse aggregate followed by sand, and then
cementitious materials (OPC, FA, and Silpozz were well mixed outside the mixer).
The total mixing time was 3 minutes which is divided into two stages, starting with
60 s dry mixing, followed by the addition of the required water within 30 s, then
the mixer continued for the next 1.5 min of wet mixing and after adding SP the
mixture continued for extra 1.5–2 min for wet mixing. The doses of SP were added
to the silpozz based samples of 10–40% replaced with OPC. After casting, the
concrete moulds were compacted by a vibrator. The samples were finished, and
stripped from their moulds the day after casting. The specimens were cured in water
until testing. The compressive test, flexural test, split tensile test, and bond test
setup are shown in Figs. 2, 3, 4 and 5.

Table 5 Details of
cementitious materials with
SP

Mix Identity OPC
(%)

FA
(%)

Silpozz
(%)

SP
(%)

MC100F0S0 100 0 0 –

M1C90F0S10 90 0 10 0.20

M1C80F0S20 80 0 20 0.29

M1C70F0S30 70 0 30 0.40

M1C80F10S10 80 10 10 0.22

M1C70F10S20 70 10 20 0.33

M1C60F10S30 60 10 30 0.47
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Fig. 2 Compressive test set
up for cube

Fig. 3 Flexural test set up for
prism

Fig. 4 Split tensile test set up
for cylinder
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3 Experimental Results and Discussions

3.1 Properties of Fresh Concrete

The workability of fresh concrete was measured by slump value and compaction
factor. The dose of SP was added only to maintain the slump in between 25 and
50 mm and the experimented slump ranging from 34 to 42 mm was observed. The
compaction factor ranges from 86.20 to 96.20% which shows good workable
concrete at all levels.

3.2 Properties of Hardened Concrete

The properties of hardened concrete are evaluated by their SRF in percentage for
compressive strength up to 180 days curing period. For flexural strength and split
tensile strength, the SRF (%) evaluated up to 90 days and for bond strength 28 days
of NWC and SWC. The SRF is defined as SRF = (1 − σs)/σn × 100, where
σs = strength of cubes after exposed to seawater for a period of ‘t’ days, σn = strength
of cubes in normal water curing after ‘t’ days, t = curing period in days.

3.3 Compressive Strength

The SRF(%) versus age in days in compressive strength is shown in Fig. 6.
The SRF is limited to 7% for 6 months study but the sample having 10% FA and
20% silpozz replaced with OPC gives minimum 4% SRF than the other samples. It
is observed from Fig. 6 that the normal mix shows higher SRF at all ages of curing.
The sodium chloride and some amount of CO2 present in seawater reacts with Ca

Fig. 5 Bond test set up
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(OH)2 and the formation of hydrochloric acid and CaCO3 may reduce the strength
gain in seawater. But FA and silpozz with proper doses of SP restricted the
intrusion of chloride and CO2, thus SRF is decreasing. The compressive strength of
NWC and SWC is given in Tables 6 and 7.

Fig. 6 SRF (%) versus age in
days

Table 6 Compressive
strength of NWC (MPa)

Concrete mix Compressive strength of NWC (MPa)

7 28 90 180

MC100F0S0 36.95 51.15 62.50 65.80

M1C90F0S10 44.50 56.85 66.50 69.85

M1C80F0S20 47.20 58.25 67.80 71.40

M1C70F0S30 41.50 55.40 66.10 69.50

M1C80F10S10 43.00 55.00 65.00 68.50

M1C70F10S20 44.00 56.00 66.80 69.80

M1C60F10S30 41.00 54.00 64.50 67.30

Table 7 Compressive
strength of SWC (MPa)

Concrete mix Compressive strength of SWC (MPa)

7 28 90 180

MC100F0S0 36.9 51 61 62

M1C90F0S10 44.45 56.7 65 66

M1C80F0S20 47.15 58.1 66.5 68

M1C70F0S30 41.4 55.1 64.5 65.5

M1C80F10S10 42.9 54.85 64 65.2

M1C70F10S20 43.95 55.85 66 67

M1C60F10S30 40.5 53.2 62.8 63
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3.4 Flexural Strength

The SRF (%) versus age in days in flexural strength is shown in Fig. 7. The higher
value of SRF is 2% at 90 days and 0.8% at 7 days for 10% FA and 30% silpozz
replaced with OPC.

The minimum value of SRF is 0.37, 0.67 and 1% at 7, 28 and 90 days age for
10% FA and 20% silpozz replaced with OPC, respectively. The SRF is limited to
1% at 7 days age for all samples and it is increased only after 28–90 days. The SRF
is directly proportional to the exposure conditions. The SRF of sample containing
10% FA and 30% silpozz is 0.8% at 7 days which is almost al equal to the SRF of
other samples except M1C70F10S20 but the SRF increased up to 2% at 90 days
which is the highest value in this study. As silpozz was replaced by 30% with OPC
as a result of which early strength gains may be the reason of reducing the SRF at
7 days age. The highest value of SRF in flexural strength is limited to 2% at
90 days.

3.5 Split Tensile Strength

The SRF (%) versus age in days for split tensile strength is shown in Fig. 8. It is
observed from the Fig. 8 that some of the intermediate samples having al most al
equal SRF at all ages. But the sample containing 10% FA and 20% silpozz shows
0.54, 0.64 and 0.78% SRF at 7, 28 and 90 days age which is the minimum value
than the control specimen. The maximum value is 1.65% for 10% FA and 30%
silpozz sample at 90 days age and it is equal to the value of control specimen for
same curing periods. The SRF is same for M1C80F0S20 and M1C70F10S20

Fig. 7 SRF (%) versus age in days
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sample at 90 days curing. The combined sample with FA and silpozz performed
better SRF as compared to control specimen up to 90 days.

3.6 Bond Strength

The specimen size for pull out test is 150 mm × 150 mm × 150 mm with a
reinforcing tor bar of 12 mm diameter. Total length of the bar is 120 mm with a
bond length of 60 mm. For all specimens, the load rate was 0.1 KN/s. The types of
failure were identified for each test by recording the bond strength slip results
measured at the free end with a dial micrometer an accuracy of 0.0025 mm. The
ultimate bond strength was calculated from τb = Fmax/πΦL, where τb is the bond
strength, Fmax is the maximum pull out force, Φ is the diameter of the tor bar and
L is the bond length. The bond strength set up is shown in Fig. 5. The SRF in bond
strength versus types of mix is shown in Fig. 9. It observed from Fig. 9 that the
lowest value of SRF is 10.35% for sample of 10% FA and 20% silpozz replaced
with OPC. The highest value of SRF is 14.11% for control specimen at 28 days of
curing. The combined samples having FA and silpozz performed better in seawater.
The slip in ‘mm’ versus types of mix is shown in Figs. 10 and 11. It is observed
from Fig. 10 that slip is limited to 1.40 mm for normal concrete and minimum slip
is 1 mm for silpozz based concrete. Slip mainly depends upon the bond between
cement concrete matrix and steel reinforcement. It was noted at the time of max-
imum applied load. When FA is added with silpozz the slip is controlled and less
than the control specimen. It was observed that slip corresponding to bond strength
decreases as the compressive increases. The sample 10% FA and 20% silpozz gives
higher bond strength and compressive strength with minimum slip of 1 mm.

It is observed from Fig. 11 that the maximum slip is limited to 1.462 mm for
control specimen and 1.12 mm for M1C80F0S20 in SWC samples at 28 days.

Fig. 8 SRF (%) versus age in days
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3.7 Microstructural Analysis

Internal construction of cement concretes and properties within concretes are
essential elements for a structural designer who deals with concrete properties and
behavior in service. SEM studies are essential for developing mathematical models
and durability of concrete. SEM for the sample M1C70F10S20 is given in Figs. 12
and 13 both in NWC and SWC. The phases of different SEM images are studied as
per the literature available [8, 9]. It is observed from Fig. 12 that the bright and dark
matter stands for calcium–silicate–hydrate (C–S–H) gel present inner aggregates
during subsequent curing process and acting as a binder in the paste thus improving
mechanical properties. In some places, the voids and pores are also visible along
with salt accumulation marked by white spots. In due process, C–S–H gels are
formed during hardening process and voids are eliminated therefore strength gains.
In SWC samples, the formation of C–S–H gels is hardly visible and salt accu-
mulation is observed in some places by white spots along with voids thus deteri-
oration takes place at later age which are shown in Fig. 13. Furthermore,
deterioration takes place by various chemical and physical attacks in marine
environment which can change their inner structures as well as their characteristics.

Fig. 9 SRF (%) versus types of mix
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Fig. 10 Slip in ‘mm’ versus types of mix

Fig. 11 Slip in ‘mm’ versus types of mix
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4 Concluding Remarks

The following conclusions may be drawn from the present study:
It is observed that 10% replacement of FA and up to 20% silpozz with cement,

the SRF in compressive strength is found to be less than 4% at 180 days of
exposure.

Fig. 12 SEM of NWC sample (M1C70F10S20)

Fig. 13 SEM of SWC sample (M1C70F10S20)
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The SRF in flexural strength for the sample 0% FA and 20% silpozz replaced
with OPC was found 1.22% at 90 days and 1% for sample 10% FA and 20%
silpozz replaced with OPC. It seems to be negligible but in long term, this may lead
to the vulnerability of coastal structures.

The SRF in split tensile strength for sample 0% FA and 20% silpozz replaced
with OPC was found as 0.3%. 0.45 and 0.8% at 7, 28 and 90 days age which is less
than the SRF value for sample 10% FA and 20% silpozz.

The lowest value of SRF in bond strength is 10.35% for sample of 10% FA and
20% silpozz replaced with OPC. The highest value of SRF is 14.11% for control
specimen at 28 days of curing. The maximum and minimum slips are 1.40 mm and
1 mm for control specimen and M1C70F10S20 sample, respectively, in 28 days
NWC. But the slips were observed as 1.146 and 1.19 mm for control specimen and
M1C70F10S20, respectively, in 28 days SWC.

In the present study of SEM, the sample M1C70F10S20 with SP showed large
formation of C–S–H gel needs the development of dense microstructures.

The addition of SCM such as FA and silpozz with SP enhances the homogeneity
of cement paste and densifies the microstructure of the cement considerably as well
as improves the mechanical properties of marine concrete.

It is concluded that Silpozz is having average particles size of 25 microns and
below, so that it fills the interstices in between the cement in the aggregate as fine
filler with the help of SP which gives better strength and resistance to seawater
attack.

Acknowledgements Authors would like to thank IIMT and SOA (Deemed to be University),
Bhubaneswar, Odisha, to conduct experimental work.
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Influence of Fly Ash and Silpozz
on the Concrete Containing Crusher
Dust as Sand Replacement Material

S. Jena and K. C. Panda

Abstract This paper is aimed at finding out any other alternate materials to be used
in concrete without compromising its desired quality and durability. The mix design
is targeted for M30 grade concrete with w/b ratio 0.43. The investigation comprises
of 12 numbers of concrete mixes. First two mixes were made by replacing 0 and
50% of natural fine aggregate (NFA) with crusher dust (CD). Then at each
replacement level of NFA, cement is replaced partially with both fly ash (FA) and
silpozz. The studied parameters include the workability, compressive, split tensile
and flexural strength of concrete samples after 7, 14, and 28 days of curing period.
Workability decreases with increase in CD and silpozz content and increases with
FA. The hardened concrete test results indicate that CD-based concrete increases
the compressive, split tensile and flexural strength. Use of FA and silpozz increases
the strength and maximum strength is achieved at 20% replacement of cement with
silpozz.

Keywords Crusher dust (CD) � Fly ash (FA) � Silpozz � Compressive strength
Flexural strength � Split tensile strength

1 Introduction

In this era of rapid industrialization, there is exponential growth in infrastructure
sector. To sustain this infrastructural growth, raw materials and related requisites
are to be fetched in abundance. Since natural resources are depleting by the day,
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the time has come for us to look for alternative to these resources that can be used
efficiently. Concrete is used extensively in developing the infrastructure of any
kind. Cement and sand being its two important ingredients, scarcity of good quality
natural sand is hindering the progress of many infrastructure projects. Extensive
sand quarrying has also its own adverse environmental impact. Therefore, it is high
time we explored the possibility for replacement of sand in concrete. There are so
many materials available as industrial or agricultural by-products that can be
recycled as construction material. When rocks are processed in crusher to produce
aggregates of various sizes, the residue is called crusher dust (CD). Disposal of
these CD is a difficult proposition as huge area of land is required for this purpose.
There is always risk of pollution if these fine particles mingle with air/water. To
overcome these problems and to find an economically viable alternative to river
sand, we can use CD in concrete.

CD is successfully being used in road projects in place of river sand. Similarly,
use of cement is increasing exponentially. Production of cement is energy con-
suming and expensive. Environmental pollution is its another drawback. During the
production of 1 MT of Portland cement, nearly 1 MT of CO2 is released into the
atmosphere, contributing to the Global warming, which has reached a severe stage.
On the other hand, disposal and stockpiling of industrial by-products such as blast
furnace Slag, fly ash (FA) and Silpozz, etc., are becoming difficult day by day. The
only solution to these problems is to explore ways for replacement of Portland
cement with these by-products so that consumption of cement will be less at the
same time these by-products will be disposed of efficiently.

FA is recognized as a cementitious material. Workability of concrete can be
improved if cement is suitably substituted with FA. Water requirement of the
concrete shall also be reduced. Similarly, Silica fume can efficiently be replaced
with eco-friendly and low-cost Silpozz to enhance the strength and workability of
concrete.

According to Pofale and Quadri [1], at all replacement levels of natural fine
aggregates (NFA) with CD, there is reduction of 1–6% in workability. They further
concluded that compressive strength of concrete is increased up to 5–22% when
NFA is substituted with CD. They also mentioned that when percentage replace-
ment level of NFA with CD is 40%, maximum compressive strength was achieved.
With the increase in percentage of dust content, slump value decreases according to
Celik and Marar [2]. According to Eren and Marar [3], water permeability is
reduced with increasing content of CD.

Utmost compressive, tensile and flexural strength are achieved when NFA is
replaced by 50% CD according to Balamurugan and Perumal [4]. They further
concluded that CD can be put to use in place of NFA when replaced by 50%, with
giving additional strength. Compressive strength of concrete is increased consid-
erably with the addition of FA and but tensile strength is not that much affected by
FA according to Sama et al. [5]. They further concluded that utilization of FA in
concrete as the partial replacement of cement leads to a cost-effective and envi-
ronmental friendly product. According to Pitroda et al. [6] Coal and thermal
industry disposal cost can be saved with utilization of FA. It also leads to
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construction with ‘greener concrete’. But it is noticed that with the addition of FA,
percentage change in compressive as well as tensile strength decreases. According
to Jalal et al. [7], workability of concrete increases with increasing FA content.
They further concluded that as compared to OPC concrete, FA concrete is more
durable. Pradhan and Panda [8] concluded that addition of silpozz in concrete, as
partial replacement of cement enhances the strength remarkably. At all age of
curing, the strength of all concrete mixes prepared with the different combination of
silpozz and RHA is higher than control mix as per Panda and Prusty [9].

Aim of this study is to investigate on the effect of FA and silpozz on the
properties of concrete containing CD. To evaluate the fresh concrete properties,
slump test and hardened concrete properties were known from compressive, split
tensile and flexural strength tests.

2 Experimental Details

2.1 Material

In this study, ordinary Portland cement, NFA, NCA, CD, FA, Silpozz and potable
water were used. OPC 43-grade is used in the present study having specific gravity
3.15. The physical properties of cement are obtained experimentally and the value
specified by IS 8112:1989 [10] is presented in Table 1. Silpozz was supplied by N.
K. Enterprises, Jharsuguda. Colour grey, particle size 25 l-mean, specific gravity
2.3, surface area 17.1 m2/gm. FA of class F was supplied from Nava Bharat
Ventures Ltd., Dhenkanal, Odisha. The chemical composition of OPC, FA and
average batch analysis report of silpozz is given in Table 2. Sand is used as NFA
which is passing through IS 4.75 mm sieve. It is having specific gravity 2.68 and
conforming to zone II, and was used in the present study. NCA was of 20 mm
downgraded and its specific gravity is 2.77. CD used was from a local crusher of
zone I, with specific gravity 2.80. The physical properties of NFA, NCA and CD as

Table 1 Physical properties of cement (OPC-43 grade)

Characteristics Test value Value as per IS: 8112-1989

Normal consistency, percent 32.5 NA

Specific gravity 3.15 3.15

Setting time, minutes

Initial setting time 121 30 (min)

Final setting time 410 600 (max)

Compressive strength (Mpa)

3 days 30 23 (min)

7 days 43 33 (min)

28 days 51 43 (min)
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per IS: 383-1970 [11] obtained experimentally are presented in Table 3. The
residues obtained from different CD particles passing through different sieves are
shown in Fig. 1. Particle size gradation curve of NFA and CD is shown in Fig. 2.

3 Mixture Proportion

To acquire target mean strength, design mix of M30 grade of concrete was done as
per IS: 10262-2009 [12]. The target mean strength was found to be 38.25 MPa for a
tolerance factor of 1.65. Here, the mix proportion 1:1.535:2.746 was taken in this
experiment. Two different mixes of concrete mixtures were made by replacing 0
and 50% of NFA with CD. The same mixes have been tested in a constant w/b ratio,
i.e. 0.43 for cement concrete. In this study, total 12 mixes were prepared for CD
Concrete. MCD indicates concrete mix with 0 and 50% replacement of NFA with
CD, with w/b ratio 0.43. MCD0 indicates 0% CD, 100% cement, 100% NFA, and
100% NCA, MCD50 indicates 50% CD, 100% cement, 50% NFA and 100% NCA.
Designation of mix proportion for their identification is done as per the degree of
replacement of different ingredients. Then total ten different mixes of concrete (5 in
each percentage interval of replacement of NFA) were made. The sample
MCD0F10S0 represents 0% replacement of NFA with CD, 10% replacement of

Table 2 Chemical
composition of OPC, FA and
Silpozz

Oxide OPC FA Silpozz

SiO2 20.50 60.69 91.86

Al2O3 5.05 22.55 1.98

Fe2O3 2.99 3.52 0.58

CaO 62.00 0.007 1.03

MgO 2.07 0.005 0.67

SO3 2.40 0.012 –

LOI 3.10 3.27 1.99

Carbon – – 0.79

Na2O – – 0.14

K2O – – 0.87

Others – – 0.87

Moisture – – 0.74

Table 3 Physical properties
of aggregates and CD

Characteristics Test value (as Per IS: 383-1970)

NFA NCA CD

Fineness
modulus

2.76 (zone II) 6.93 3.37 (zone I)

Specific gravity 2.68 2.77 2.80

Water absorption 0.80 0.22 0.80
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Fig. 1 Residues of crusher dust passing through different sieves

Fig. 2 Particle size gradation curve of NFA and CD
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cement with FA and 0% replacement of cement with silpozzz. Similarly,
MCD50F10S0 represents 50% replacement of NFA with CD, 10% replacement of
cement with FA and 0% replacement of cement with silpozz.

3.1 Casting and Testing of Specimen

After the cementitious materials such as OPC, FA, silpozz along with NCA, NFA
and CD were weighed in different proportions as per test sampling to homogeneous
mixture by placing them in the concrete mixer, specified quantity water as per w/
b respective ratio was weighed and added to this mix and further mixed in the mixer
till a uniform homogeneous mix is obtained. The mixing procedure is same for all
the test samples. The workability of the mixed concrete was carried out immedi-
ately by the slump test. Test specimens were placed in moulds of specified size.
40 mm size needle vibrator was used for in compacting the concrete specimens.
The specimens were kept in the mould for 24 h. After removal from moulds, the
specimens were placed in curing tank using potable water for 7, 14 and 28 days.
The objective of the curing is to provide an appropriate environmental condition
within a concrete structure (temperature and humidity) to ensure smooth progres-
sion of hydration reactions (Table 4).

In this study, cubes of size 150 mm � 150 mm � 150 mm, cylinders of size
100 mm diameter and 200 mm height and prisms of size 100 mm � 100 mm
500 mm are used. The hardened concrete properties such as compressive strength for
cubes, flexural strength for prisms and split tensile strength for cylinders were tested in
the laboratory.

Table 4 Details of mix quantity per m3 of concrete

Mix Identity Filler
(%)

Cementitious materials
per m3 of concrete

NFA
(kg)

NCA
(kg)

CD
(kg)

Water
(kg)

Cement
(kg)

Fly ash
(kg)

Silpozz
(kg)

MCD0 0 432.55 0 0 663.96 1187.78 0 185.99

MCD50 50 432.55 0 0 331.84 1187.78 331.84 185.99

MCD0F10S0 0 389.29 43.25 0 663.96 1187.78 0 185.99

MCD0F20S0 0 346.04 86.51 0 663.96 1187.78 0 185.99

MCD0F0S10 0 389.29 0 43.25 663.96 1187.78 0 185.99

MCD0F0S20 0 346.04 0 86.51 663.96 1187.78 0 185.99

MCD0F10S10 0 346.04 43.25 43.25 663.96 1187.78 0 185.99

MCD50F10S0 50 389.29 43.25 0 331.84 1187.78 331.84 185.99

MCD50F20S0 50 346.04 86.51 0 331.84 1187.78 331.84 185.99

MCD50F0S10 50 389.29 0 43.25 331.84 1187.78 331.84 185.99

MCD50F0S20 50 346.04 0 86.51 331.84 1187.78 331.84 185.99

MCD50F10S10 50 346.04 43.25 43.25 331.84 1187.78 331.84 185.99
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Workability of fresh concrete mixture was measured by slump test. Fresh con-
crete mix was prepared and then slump test was conducted immediately after the
mixing. The slump values of concrete mixtures were obtained experimentally where
w/b ratio is 0.43. Characteristics of the hardened concrete specimens were obtained
by testing the specimens after specified curing time, i.e. 7, 14 and 28 days. The
compressive strength, split tensile strength test and flexural strength test were
conducted to know hardened concrete properties of the specimens.

The compressive strength was computed by using the equation:

fck ¼ P=B2 ð1Þ

where

fck compressive strength, MPa
P maximum applied load in Newton
B size of the cube specimen in mm

The split tensile strength was computed by the equation:

fsp ¼ 2P=pLd ð2Þ

where

fsp split tensile strength, MPa
P maximum compressive load on the cylinder in Newton
L length of the cylinder in mm
d diameter of the cylinder in mm

The flexural strength was computed using the equation:

fb ¼ PL=BD2 ð3Þ

where,

fb flexural strength, MPa,
P maximum applied load in Newton,
L span length in mm,
B width of the specimen in mm
D depth of the specimen in mm

4 Results and Discussions

The test results are presented along with their graphical plots and discussions.
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4.1 Fresh Concrete Test Results

The concrete mixes were prepared in different proportions and the fresh concrete test is
conducted after the mixing. It is observed that in the control specimen, i.e. MCD0, the
slump value was 35 mm. But when sand is replaced with 50% of CD, the slump was
15 mm. The test results indicate that as CD content increases the workability of fresh
concrete decreases. In the absence of CD, when cement is replaced with 10 and 20%
FA, the slump values were 38 and 39 mm, respectively. But when sand is replaced
with 50% of CD and cement is replaced with 10 and 20% FA, the slump values were
19 and 21 mm, respectively. The test results indicate that workability of concrete mix
with FA and CD is less as compared to concrete mix without CD. In the absence of
CD, when the cement is replaced with 10 and 20% silpozz, the slump values were 12
and 6 mm, respectively. But when sand is replaced with 50% of CD and cement is
replaced with 10 and 20% of silpozz, the slump values were zero. It is observed that
addition of silpozz without CD decreases the workability. Further decrease in work-
ability is observed in the presence of silpozz and CD. In the absence of CD, when
cement is replaced with combination of 10% FA and 10% of silpozz, the slump value
was 35 mm. But when sand is replaced with 50% of CD and cement is replaced with
combination of 10% FA and 10% of silpozz, the slump value was 16 mm. It is
observed that with combination of FA and silpozz, the workability is not so significant.

Fig. 3 Compressive strength versus age in days for concrete without CD
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4.2 Hardened Concrete Test Results

4.2.1 Compressive Strength

Nine numbers of cubes were cast for each mix and each of the three cubes was
tested after 7, 14 and 28 days of curing. Figures 3 and 4 show the plot between the
compressive strength in MPa and age in days for concrete without CD and with CD.

It is observed that the compressive strength of concrete mix with 50%
replacement of NFA with CD increases up to 30.80, 25.63 and 19.13% at 7, 14 and
28 days respectively as compared to control specimen. Whereas in concrete mix
with 50% CD and with 20% replacement of cement with FA, the compressive
strength increases up to 34, 28.19, 20.71 at 7, 14 and 28 days, respectively. In
concrete mix with 50% CD and with 20% replacement of cement with silpozz, the
compressive strength increases up to 44.66, 43.73, 27.58% at 7, 14 and 28 days,
respectively. In the presence of 50% CD and with 20% replacement of cement with
combination of 10% FA and 10% silpozz, the compressive strength increases up to
42.06, 41.29, 25.41% at 7, 14 and 28 days, respectively, as compared to control
specimen. The compressive strength of all concrete mixes with and without CD and
with cementitious material is giving higher value as compared to control specimen.

4.2.2 Split Tensile Strength

Nine numbers of cylinders were cast for each mix and each of the three cylinders was
tested after 7, 14 and 28 days of curing. Figures 5 and 6 show the plot between the
split tensile strength in MPa and age in days for concrete without CD and with CD.

Fig. 4 Compressive strength versus age in days for concrete with 50% CD
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It is observed that the split tensile strength of concrete mix with 50% replace-
ment of NFA with CD increases up to 35.45, 47.26 and 35.14% at 7, 14 and
28 days, respectively, as compared to control specimen. Whereas in concrete mix
with 50% CD and with 20% replacement of cement with FA, the split tensile
strength increases up to 74, 55.61 and 43.81% at 7, 14 and 28 days, respectively. In
the presence of 50% CD with 20% replacement of cement with silpozz, the split
tensile strength increases up to 77.92, 78.96 and 63.61% at 7, 14 and 28 days,

Fig. 5 Split tensile strength versus age in days for concrete without CD

Fig. 6 Split tensile strength versus age in days for concrete with 50% CD
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respectively. In the presence of 50% CD with 20% replacement of cement with
combination of 10% FA and 10% silpozz, the split tensile strength increases up to
73.57, 70.31 and 61.63% at 7, 14 and 28 days, respectively, as compared to control
specimen. The split tensile strength of all concrete mixes with and without CD and
with cementitious material is giving higher value as compared to control specimen.

4.2.3 Flexural Strength

Nine numbers of prisms were cast for each mix and each of the three prisms was
tested after 7, 14 and 28 days. Figures 7 and 8 show the plot between the flexural
strength in MPa and age in days for concrete without CD and with CD,
respectively.

It is observed that in comparison to control mix, with 50% replacement of NFA
with CD, the flexural strength increases up to 28.78, 25 and 24.19% at 7, 14 and
28 days respectively. Secondly, when there is 20% replacement of cement with FA
in the above mix, the flexural strength increases up to 48.48, 36.53 and 30.06% at 7,
14 and 28 days respectively. In the presence of 50% CD, with 20% replacement of
cement with silpozz, the flexural strength increases up to 78.78, 59.61 and 50% at 7,
14 and 28 days, respectively. In the presence of 50% CD with 20% replacement of
cement with combination of 10% FA and 10% silpozz, the flexural strength
increases up to 42.06, 41.29 and 25.41% at 7, 14 and 28 days, respectively as
compared to control specimen. The flexural strength of all concrete mixes with and
without CD and with cementitious material is giving higher value as compared to
control specimen.

Fig. 7 Flexural strength versus age in days for concrete without CD
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5 Conclusions

Based on the above studies or results, the following conclusion may be drawn.

• Workability of concrete samples decreases with increase in CD content.
• With respect to control specimen, at all replacement levels of NFA (0 and 50%),

when the cement is replaced with FA starting from 10 up to 20%, the worka-
bility increases.

• At all replacement levels of NFA with CD, when the cement is replaced with
silpozz starting from 10 up to 20%, the workability of concrete decreases with
respect to control specimen.

• With respect to control specimen, when cement is replaced with the combination
of 10% of FA and 10% of silpozz, the rate of increase in workability is not so
significant.

• At all replacement levels of NFA with (0 and 50%) CD, when the cement is
replaced with FA starting from 10 up to 20% the compressive strength, split
tensile strength and flexural strength increases with respect to control specimen.

• With respect to control specimen, at all replacement levels of sand with CD,
when the cement is replaced with silpozz starting from 10 up to 20% the
compressive strength, split tensile strength and flexural strength increases
remarkably. With the increase in silpozz, the strength of concrete increases due
to its higher pozzolanic effect.

• With respect to control specimen, when cement is replaced with the combination
of 10% of FA and 10% of silpozz, the increase in compressive, split tensile and
flexural strength is not so significant.

Fig. 8 Flexural strength versus age in days for concrete with 50% CD
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• It is noticed that at all replacement level of FA and silpozz in presence of CD,
the percentage of increase in early strength, i.e. at 7 days is higher than 28 days
strength. It may be due to the early hydration process of cement.

• NFA can be replaced with CD up to 50% resulting in increasing strength.

Acknowledgements The authors wish to thank SOA (Deemed to be University) for the support
of conducting the experimental work. Also, thankful to the N K Enterprises, Jharsuguda and Nava
Bharat Ventures Ltd., Dhenkanal for supplying the materials.

References

1. Pofale, A. D., & Quadri, S. R. (2013). Effective utilization of crusher dust in concrete using
Portland Pozzolana cement. International Journal of Scientific and Research Publications, 3,
2250–3153.

2. Celik, T., & Marar, K. (1996). Effects of crushed stone dust on some properties of concrete.
Cement and Concrete Research, 26, 1121–1130.

3. Eren, O., & Marar, K. (2009). Effects of limestone crusher dust and steel fibers on concrete.
Construction and Building Materials, 23, 625–633.

4. Balamurugan, G., & Perumal, P. (2013). Behaviour of concrete on the use of Quarry dust to
replace sand—an experimental study. Engineering Science and Technology: An International
Journal, 3(6), 776–781.

5. Sama, T., Lalwani, D., Shukla, A., & Sofi, A. (2014). Effect of strength of concrete by partial
replacement of cement with fly ash and addition of steel fibres. Journal of Civil Engineering
and Environmental Technology, 1, 5–9.

6. Pitroda, J., Zala, L. B., & Umrigar, F. S. (2012). Experimental investigations on partial
replacement of cement with fly ash in design mix concrete. International Journal of Advanced
Engineering Technology, 3, 126–129.

7. Jalal, M., Pouladkhan, A., Harandi, O. F., & Jafari, D. (2015). Comparative study on effects of
class F fly ash, nano silica and silica fume on properties of high performance self-compacting
concrete. Construction and Building Materials, 94, 90–104.

8. Pradhan, S. S., & Panda, K. C. (2014). Effect of silpozz and LSP on fresh and hardened
properties of SCC. Journal of Civil Engineering and Environmental Technology, 1, 84–90.

9. Panda, K. C., & Prusty, S. D. (2015). Influence of silpozz and rice husk ash on enhancement
of concrete strength. Advances in Concrete Construction, 3, 203–221.

10. IS: 8112-1989. Indian Standard, 43 Grade ordinary Portland cement specification (first
revision). New Delhi: Bureau of Indian Standards.

11. IS: 383-1970. Indian standard specification for coarse and fine aggregates from natural
sources for concrete (second revision). New Delhi, India: Bureau of Indian Standards.

12. IS: 10262-1982. Recommended guidelines for concrete mix design. NewDelhi, India: Bureau
of Indian Standards.

Influence of Fly Ash and Silpozz on the Concrete … 815



Behaviour of RC Structural Elements
with Laced Reinforcement

V. Sai Venkata Ramanjaneyulu and G. Papa Rao

Abstract This study investigates the performance of RC elements, and the benefits
accruing to them with Laced Reinforced Concrete (LRC). Investigations are carried
out on four beams specimens. The variations in the four beam specimens were in
the arrangement of shear reinforcement such as, first beam without shear rein-
forcement (B1), second beam (B2) is provided with conventional double-legged
stirrups as shear reinforcement. Third and fourth beams B3 and B4 are fabricated
with inclined continuous laced shear reinforcement, of 4 and 6 mm dia, which are
inclined at an angle of 50° with longitudinal reinforcement arranged on both the
faces of the beam respectively. All the four beams were designed and tested to
compare the strength and performance of beams with conventional two-legged
stirrups as shear reinforcement and laced reinforcement used as continuous shear
reinforcement. LRC beams and slabs are widely used to resist the lateral forces and
the sudden loads. Lacing is a form of continuous shear reinforcement which is
placed on both the faces of the beam. With the help of transverse bars, the laced
reinforcement is anchored and it is placed in the plane of principal bending [1]. The
concentric load is applied at half the span of the specimen. The experimental results
demonstrate that, as the LRC arrangement adapted to the specimens, achieved
greater ultimate loads and decreases the deformation characteristics like deflection
and crack widths. The structural integrity and ductility of the elements improve
more in LRC elements. In this study, the comparison is done between the perfor-
mance of the specimens with conventional and laced reinforcement as shear rein-
forcement under the monotonic loading. The beneficial aspect of using LRC makes
the elements to resist the sudden impact and blast loads, which also reduces the
spalling of the concrete.
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Keywords Laced reinforced concrete � Monotonic loading � Ductility
Crack width � Deflection

1 Introduction

The main aim of the current investigation is to characterize the magnitude of the
ductility in terms of deflections and crack widths between the beams with con-
ventional shear reinforcement and laced reinforcement arrangement of different
varieties. The structural elements without shear reinforcement lose their structural
integrity at 2° support rotation due to lack of confinement of concrete. The struc-
tural members with conventional two-legged closed stirrups lose their structural
integrity at 4° support rotation and the structural members arranged with laced
reinforcement due to their truss action, the reinforcement in the structural member
will restrain through its complete strain hardening region until the tension failure of
reinforcement occurs at 12° support rotation [2]. Here, the static monotonic loading
is applied on the centre of the specimens, and deflections and the crack widths are
measured and the graphs are plotted between load versus deflection and moment
versus crack width. Ductility is the important parameter for the structural elements
and the ductility of the structural elements has shown improved by adopting LRC.
LRC structures have been advocated, where high-intensity nonuniform loads like
blast and earthquake loads.

2 Research Significance

Investigations carried out by Srinivasa Rao et al. [3] indicate that ductile failure of
R.C beams with conventional stirrups is not possible when shear span to depth ratio
is <2.5 due to the influence of severe diagonal cracking. After conducting tests on
20 LRC specimens under monotonic and cyclic loading, the test results indicated
that LRC beams even with large tension steel reinforcement can effectively elim-
inate brittle failure thus ensuring large ductility and sustained over large yield
plateau. Tegos et al. [4] have conducted experimental studies on low slender
structural elements having shear span to depth ratio varying between 1.0 and 2.0.
The plastic rotations obtained using rhombic reinforcements were compared to be
large with conventional reinforced specimens under combined flexure and shear
influence. Thus, it shows that inclined reinforcement is found to be one of the most
effective ways to improve the seismic resistance of reinforced short columns and
beams, specially under predominant shear influence. Akshaya et al. [5] investigate
that LSCC (laced steel concrete composites) is having specified increase in load
carrying capacity as well as ductile property as compared to conventional R.C due
to lacing in flexural members gives confining to concrete and avoid sudden failure
in the element. Experimental investigations on laced and R.C beams are carried out
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under monotonic and reverse cyclic load and the ductility of LSCC beam with 60°
lacing is found more than that of RC beam. Pauly [6] introduced the concept of
diagonal arrangement of main reinforcements to prevent concrete spandrel beams
from brittle failure under shear

3 Experimental Programme

The experimental programme involves in evaluating the ductility, flexural strength
and crack widths between the specimens provided with conventional and laced
reinforcement. Here, the specimens are designed for 100 kN concentrated load and
tested for monotonic loading applied at the centre of the specimen. All the speci-
mens were cast using M25 grade concrete. The lacing bars were 4 mm diameter for
beam B3 and 6 mm diameter for beam B4 fabricated on both sides of beam. The
angle of inclination with respect to principle reinforcement is kept 50° for beams. In
beam specimens, 3 no’s of 16 mm diameter bars were used as tension reinforcement
and 2 no’s of 12 mm diameter bars are used as holder bars. The spacing between the
conventional two-legged shear reinforcement in B2 is 200 mm. In beam B3 and B4
with laced reinforcement used as shear reinforcement, the lacing nodes are kept at a
distance of 200 mm. The concrete used in the study was M25 grade. The fine
aggregate was river sand and coarse aggregate was locally available granite stone
sieved to 20 mm maximum size. The details of the test specimens used are shown in
Fig. 1. All the specimens were under curing till testing. It took 30 days before
testing could be started (Fig. 2).

4 Test Procedure

All the test specimens were tested in a 100 T capacity steel load frame shown in
Fig. 2. The specimens were tested on a simply supported span of 1300 mm with a
concentrated load at half of the span. The load was applied by a hydraulic jack of
1000 kN capacity. The load applied on the specimen was controlled by manual
operation. To measure the deflection, a dial gauge of 20 mm run was utilized at
mid-span having least count of 0.01 mm. The crack widths are measured using
handheld microscope with least count of 0.02 mm. After each load application, the
applied load, transverse deflection and maximum crack width were recorded. The
crack patterns were observed on the beam sides and noted. As initial cracking and
ultimate loads were approached, load intensity was reduced. About 10–12 load
increments were needed to reach ultimate loads. At the termination of the test, the
beams were photographed to depict the failure and crack patterns. From the mea-
sured deflections and the crack widths, graphs are plotted between load versus
deflection and moment versus crack width.
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Fig. 1 Longitudinal and cross-sectional configurations of test specimens
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5 Test Results

All the specimens which are tested under the loading frame, the measured deflec-
tions and crack widths at the working and ultimate load are provided in Table 1. For
the purpose of comparison of test specimens, deflection and crack width at service
load of B2, i.e. (2/3 * (170) = 112 kN) are tabulated in Table 2. The deflections are
measured using dial gauge of 20 mm run and the crack widths are measured at
every load increment using handheld microscope which has a measuring capacity
up to 1.8 mm. For the measurement of crack widths more than 1.8 mm, refined
measuring scale was used. The failure patterns of the specimens after testing are
shown in Figs. 3, 4, 5 and 6.

Failure patterns of beam specimens: See Figs. 7 and 8.

Table 1 Principal test results of beam specimens

Specimen
identity

Design
load (kN)

Ultimate
load (kN)

Deflection in mm at Crack width in mm at

Design
load

Ultimate
load

Design
load

Ultimate
load

B1 100 110 3.99 4.55 0.36 0.4

B2 100 170 2.59 5.7 0.22 0.8

B3 100 160 2.95 6.10 0.2 1.24

B4 100 200 2.19 6.10 0.06 1.12

Fig. 2 Schematic diagram of the load test set-up for the test specimens
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Table 2 Deflection and crack width at service load

S. No. Specimen Deflection (mm) Crack width (mm)

1. B1 4.45 0.4

2. B2 2.98 0.28

3. B3 3.25 0.4

4. B4 2.35 0.075

Service load of B2, B3 and B4 were taken as service load of B2, i.e. (2/3 * (170) = 112 kN)

Fig. 3 Failure pattern of B1

Fig. 4 Failure pattern of B2

Fig. 5 Failure pattern of B3
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Fig. 6 Failure pattern of B4

Fig. 7 Load–deflection curves of B1, B2, B3 and B4
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6 Discussion of Test Results

All the test specimens in this investigations are designed for a working load of
100 kN. The flexural reinforcement is kept same for all beams with the variation in
the pattern of shear reinforcement. The beam B1 without shear reinforcement failed
suddenly at an ultimate load of 110 kN. With the provision of conventional vertical
two-legged 8 mm dia. stirrups as shear reinforcement, the load carrying capacity
increased to an ultimate load of 170 kN. By adopting inclined continuous laced
reinforcement of 4 mm dia. in B3 as shear reinforcement in lieu of conventional
shear reinforcement, it failed at an ultimate load of 160 kN. The reduction of load
carrying capacity in B3 is due to less percentage of shear steel which is about 58%
of shear steel used in B2. By adopting inclined continuous laced reinforcement of
6 mm dia. in B4 as shear reinforcement in lieu of conventional shear reinforcement

Fig. 8 Moment–crack width curves of B1, B2, B3 and B4
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the load carrying capacity is increased to an ultimate load of 200 kN which is 17.5%
more than the companion specimen B2. In beam B4, the percentage of shear steel
used in nearly equal to percentage of shear steel provided in B2.

The design load (100 kN) deflections of beams specimens, B1 without shear
reinforcement is 3.99 mm, B2 with conventional two-legged shear reinforcement is
2.59 mm, B3 with 4 mm dia. inclined continuous reinforcement is 2.95 mm which
has 13.9% more deflection than B2 and for B4 with 6 mm dia. inclined continuous
reinforcement is 2.19 mm which is 15.5% less than B2. At service load of B2, i.e.
(2/3 * (170) = 112 kN), the deflection was 2.98 mm at same load the deflection of
B3 and B4 are 3.25 and 2.35 mm which is 9% more and 20.3% less than the
companion specimen B2. At failure load, the deflection of B2 is 5.7 mm at that load
B4 has a deflection of 4.05 mm which is 30% less compared to B2.

For B1 without shear reinforcement, the first crack of 0.16 mm started at 80 kN,
at that load B2, B3 and B4 have crack widths of 0.14 mm, 0.09 mm and no crack
observed, respectively. At design load, the crack widths for B1 and B2 are 0.36 and
0.22 mm and for B3 and B4 are 0.2 and 0.06 mm which is 10 and 72.7% less by the
companion specimen B2, respectively. At service load of B2, i.e. (2/3 * (170) = 112
kN) the crack width was 0.28 mm at same load, the crack widths of B3 and B4 are
0.4 and 0.075 mm which is 42% more and 73.21% less than the companion
specimen B2.

7 Conclusions

Following conclusions are drawn from the present study

1. The laced reinforced beams with equal percentage of shear steel used in con-
ventional stirrups have shown greater ultimate load carrying capacity which is
17.5% more than their companion specimens.

2. At design load and ultimate loads, the deflections of laced reinforced beams
reduced by 15.5% and 30% to their companion specimens, respectively.

3. At design load and ultimate loads, the crack widths of laced reinforced beams
reduced by 72% to their companion specimens, respectively.

4. The specimens with laced reinforcements showed more ductility than the con-
ventional vertical two-legged stirrups.

5. From the experimental investigation laced reinforcement with lacing angle of
50° for beams with respect to principal reinforcement achieved the improved
ductility, lesser deflections and control in crack width than their companion
specimens, so these are preferable lacing angles to RC elements.

6. From this investigation, we can conclude by using the same amount of rein-
forcement and by altering the pattern of shear reinforcement, the load carrying
capacity has been increased, and deflection and crack widths have been greatly
reduced which proved that laced reinforcement had achieved greater structural
integrity.
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Influence of Metakaolin and Silpozz
on Development of High-Strength
Concrete

P. Sarangi and K. C. Panda

Abstract Supplementary cementitious materials (SCM) have converted a funda-
mental part of high-strength and high-performance concrete. Using mineral
admixtures as the replacement substance of cement in concrete has an affinity to
increase by the future in order to provide greater sustainability in construction
fields. This study investigates the coupled substitution of 20% of metakaolin
(MK) and silpozz in ordinary Portland cement. This paper presents the influence of
MK and silpozz on mechanical properties of concrete. Cement was partially
replaced with up to 20% MK and silpozz with two types of w/b, i.e., 0.35 and 0.30.
The test results revealed that substitution of MK and silpozz had significant effects
on mechanical properties of high-strength concrete. For w/b 0.35, the concrete mix
with 15% silpozz and 5% MK gave higher strength as compared to other mixes and
exactly opposite combination gave increased strength for w/b 0.30. The strength of
concrete appreciably increased in its early ages and also long-term strength can be
achieved.

Keywords Metakaolin (MK) � Silpozz � Superplasticizer (SP)
Compressive strength � Split tensile strength � Flexural strength

1 Introduction

In recent decades, the construction sector has faced many challenges. The positive
attitude of construction industry towards innovations will work as a catalyst for
the development of durable, cheap, and new construction materials compared to
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the conventional ones, resulting in low-cost, and energy-efficient structure.
The worldwide demand for cement-based materials has increased for high-strength
and high-performance concrete. Substitution of usual construction materials fully or
partially with the industrial by-product (e.g., fly ash, rice husk ash, blast furnace
slag, and silica fume) and natural product (limestone, calcined clay and pozzolan)
improves the strength, durability, workability, toughness and makes it cost-effective.
Some of the researchers have improved the strength of concrete using supple-
mentary cementitious materials (SCM) and conducted experiment on the
enhancement of strength using silpozz and rice husk ash such as Panda and Prusty
[1]. The total percentage of replacement was done 20%. Three different water–
binder ratios (w/b) were used, i.e., 0.375, 0.325, and 0.275. The study reveals that
the percentage increase in strength at early age is more as compared to later ages.
Kadri et al. [2] investigated the use of SCM in cement-based systems. The meta-
kaolin (MK) and silica fume (SF) were replaced 10% with cement.

It was observed that the hydration heat of SF is greater than that of MK. The
study showed that SF exhibits higher pozzolanic activities than MK [2]. The
appropriate amount of superplasticizer was required to obtain the desired slump
flow in MK and SF mortars.

Poon et al. [3] investigated the mechanical properties of the MK and SF concrete
and demonstrated that MK concrete had relatively higher strength development
than control specimen depending on the replacement level of MK and w/b ratio.
MK and SF are the most popular mineral admixtures used in the production of
high-strength concrete. However, the improvement of construction materials which
provides technical and environmental reimbursement is the foremost challenge of
the new millennium. Wild et al. [4] studied that the manner in which highly reactive
pozzolans condensed silica fume (CSF) and MK influence the rate of strength
improvement of concrete is highly complex. When MK and CSF replaced then they
rapidly remove calcium hydroxide (CH) from mix and accelerate the hydration of
cement.

The present study aims to reveal the comparative effectiveness of utilization of
MK and silpozz on the mechanical properties of high-strength concrete using two
different types of w/b, i.e., 0.35 and 0.30 with the required amount of superplas-
ticizer to attain the desired workability.

2 Experimental Investigation

2.1 Materials

Ordinary Portland cement 43 grade (OPC), zone II fine aggregate, natural coarse
aggregate (20 mm passing), MK, silpozz, and superplasticizer (SP)—(CONXL—
PCE DM—360) in an adequate amount in the mixes to achieve desired slump value
of 25–50 mm and potable water are used. The physical properties of these materials
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are given in Table 1. The properties of aggregates obtained experimentally as per
IS: 383-1970 [5] are presented in Table 2. The cementitious materials used in
high-strength concrete mixes were ordinary Portland cement (OPC), MK, and sil-
pozz. MK is highly pure kaolinitic clays which can be calcined at comparatively
low temperature 600–700 °C to keep silica and alumina in amorphous state. Silpozz
is an organic micro-silica, otherwise known as amorphous silica, with silica content
of above 90% having particle size of 25 microns mostly.

2.2 Mix Proportions and Identification

The details of mix proportions found out according to IS: 10262-2009 [6] and mix
identifications and quantities of this research were presented in Tables 3, 4, 5, and
6, respectively. Two mix proportions for two different types of w/b are prepared,
i.e., 1:1.576:3.035 and 1:1.268:2.552 for the w/b 0.35 and 0.30, respectively. M40
grade concrete is designed as per standard specification IS: 10262-2009 to achieve
the target mean strength 48.25 MPa for both the w/b (0.35 and 0.30). Total 12
mixes are prepared. Six mixes are prepared for each w/b.

The enhancement of concrete strength is carried out using two water–binder
ratios. Both MK and silpozz are replaced combinedly by 20% and five set of
concrete mixes are prepared for each w/b (i.e., M0S20, M5S15, M10S10, M15S5,

Table 1 Physical properties
of OPC, MK and silpozz

Physical properties OPC MK Silpozz

Specific gravity 3.15 2 ± 0.1 2.3

Compressive strength

3 days (MPa) 30 – –

7 days (MPa) 43 – –

28 days (Mpa) 51 – –

Initial setting time (min) 121 – –

Final setting time (min) 410 – –

Table 2 Properties of
aggregates

Properties Value obtained experimentally as
per IS:383-1970

Coarse aggregate Fine aggregate

Specific gravity 2.78 2.68

Abrasion value (%) 47.46 –

Flakiness index (%) 21.18 –

Crushing value (%) 24.50 –

Impact value (%) 29.63 –

Water absorption (%) 0.22 0.80

Fineness modulus 6.93 2.76 (zone II)
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and M20S0) and compared the value with control specimen (M0S0). HC1 indicates
high-strength concrete for w/b 0.35 and HC2 indicates high-strength concrete for
w/b 0.30. M and S are used for MK and silpozz, respectively.

2.3 Mixing, Casting, and Curing Details

The batching, mixing, and casting of concrete were accomplished properly. For
curing, the specimens as shown in Fig. 1 were removed from the moulds after 24 h

Table 3 Details of concrete mix (HC1) proportion along with identification

Concrete mix proportions Mix identity

C 100% + MK 0% + S 0% + w/b 0.35 + SP 0.40% HC1M0S0

C 80% + MK 20% + S 0% + w/b 0.35 + SP 0.44% HC1M20S0

C 80% + MK 0% + S 20% + w/b 0.35 + SP 0.80% HC1M0S20

C 80% + MK 5% + S 15% + w/b 0.35 + SP 0.51% HC1M5S15

C 80% + MK 10% + S 10% + w/b 0.35 + SP 0.65% HC1M10S10

C 80% + MK 15% + S 5% + w/b 0.35 + SP 0.50% HC1M15S5

Table 4 Details of concrete mix (HC2) proportion along with identification

Concrete mix proportions Mix identity

C 100% + MK 0% + S 0% + w/b 0.30 + SP 0.50% HC2M0S0

C 80% + MK 20% + S 0% + w/b 0.30 + SP 0.51% HC2M20S0

C 80% + MK 0% + S 20% + w/b 0.30 + SP 0.95% HC2M0S20

C 80% + MK 5% + S 15% + w/b 0.30 + SP 0.65% HC2M5S15

C 80% + MK 10% + S 10% + w/b 0.30 + SP 0.70% HC2M10S10

C 80% + MK 15% + S 5% + w/b 0.30 + SP 0.55% HC2M15S5

Table 5 Details of mix proportion (HC1) quantity per m3 of concrete

Mix Identity SCM
replacement
(%)

Cementitious materials
per m3 of concrete

NFA
(kg)

NCA
(kg)

SP
(kg)

Water
(kg)

Cement
(kg)

MK
(kg)

SF
(kg)

HC1M0S0 0 425 0 0 670 1290 1.70 148.8

HC1M20S0 20 340 85 0 670 1290 1.87 148.8

HC1M0S20 20 340 0 85 670 1290 3.40 148.8

HC1M5S15 20 340 21.25 63.75 670 1290 2.17 148.8

HC1M10S10 20 340 42.5 42.5 670 1290 2.76 148.8

HC1M15S5 20 340 63.75 21.25 670 1290 2.12 148.8
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of casting and placed in water tank at normal temperature (27–30 °C) for 7, 28 and
90 days.

2.4 Testing

Slump cone test was performed for each mix to measure the desire slump value as
Fig. 2. Compressive strength tests were performed using 150 mm cubic moulds.
Three samples per batch were tested using compressive testing machine
(CTM) with capacity of 3000 KN as shown in Fig. 3.

Split tensile strength tests were carried out using cylindrical mould of size
100 mm dia � 200 mm length. Three samples per mix were tested using com-
pressive testing machine (CTM), and the average value was measured. Flexural
strength tests were performed with prism mould of dimension 500 mm � 100
mm � 100 mm using flexural testing machine with capacity of 100 KN as shown
in Fig. 3. The samples were tested and the average value was taken into
consideration.

Fig. 1 After 24 h of casting

Table 6 Details of mix proportion (HC2) quantity per m3 of concrete

Mix Identity SCM
replacement
(%)

Cementitious materials
per m3 of concrete

NFA
(kg)

NCA
(kg)

SP
(kg)

Water
(kg)

Cement
(kg)

MK
(kg)

SF
(kg)

HC2M0S0 0 496 0 0 629 1266 2.48 148.8

HC2M20S0 20 396.8 99.20 0 629 1266 2.52 148.8

HC2M0S20 20 396.8 0 99.20 629 1266 4.72 148.8

HC2M5S15 20 396.8 24.80 74.40 629 1266 3.22 148.8

HC2M10S10 20 396.8 49.60 49.60 629 1266 3.47 148.8

HC2M15S5 20 396.8 74.40 24.80 629 1266 2.72 148.8
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3 Results and Discussion

3.1 Fresh Concrete Test Results

To achieve the desired workability, required amount of SP was added to the mixes.
For w/b 0.30, the amount of SP was required slightly higher than that of w/b 0.35.
For HC1 mixes, the slump values obtained in the range of 16–46 mm, whereas for
HC2 mixes the values were 25–35 mm.

Fig. 2 Slump test

Fig. 3 Compression, split, and flexural strength test
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3.2 Hardened Concrete Test Results

3.2.1 Compressive Strength

The effect of MK and silpozz can be observed from the Figs. 4 and 5. The data
concerning the compressive strength development with both the w/b, i.e., 0.35 and
0.30 and the ages of curing for the concrete incorporating MK and silpozz are
presented in Fig. 6. The silpozz and MK-based concretes had consistently higher
compressive strength than that of control specimen.

From Fig. 4, it may be observed that for w/b 0.35 the concrete mix with 15%
MK and 5% silpozz gives higher compressive strength. The percentage increase in
compressive strength of HC1M15S5 is 60.32% in its early stage, i.e., at 7 days,
47.56% at 28 days, and 30.29% at 90 days. The 28 days compressive strength of
concrete with w/b 0.35 is observed as 90.60 MPa for specimen HC1M15S5.

From Fig. 5, it may be observed that, for w/b 0.30, the concrete mix with 5%
MK and 15% silpozz combination gives higher compressive strength than all other
specimens. The percentage increase in compressive strength of HC2M5S15 is
34.88% at its early stage, i.e., at 7 days, 34.49% at 28 days, and 26.07% at 90 days.
The 28 days compressive strength of concrete with w/b 0.30 is observed as
102.15 MPa for specimen HC2M5S15.

In the figure, it may be observed that HC2 has more compressive strength than
HC1 due to the addition of more amount of SP. Because of the low w/b of HC2 as

Fig. 4 Compressive strength versus HC1 concrete mix
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compared to HC1 and the amount of SP added to the mixture is more. Addition of
MK and silpozz improves the bond between the cement paste and aggregate par-
ticles which in turn significantly improves the strength of concrete.

Fig. 5 Compressive strength versus HC2 concrete mix

Fig. 6 Comparison of compressive strength for HC1 and HC2
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3.2.2 Split Tensile Strength

Neville [7] reported that there is a direct proportionality between split tensile
strength and compressive strength of concrete, i.e., while the compressive strength
increased, the tensile strength also increased at a lower rate. From Figs. 7 and 8, it
may be observed that the split tensile strength of the concrete mix with 10% of
replacement of MK and silpozz is higher as compared to other specimens. The
maximum strength observed in HC1M10S10 is 5.40 MPa at 28 days and the
percentage increase in split tensile strength is 44.12% at 7 days, 22.73% at 28 days,
and 26.32% at 90 days.

From Fig. 8, it may be observed that the maximum split tensile strength of
concrete specimen HC2M10S10 is 5.85 MPa at 28 days which is 27.17% more as
compared to control specimen. Due to more amount of SP addition in HC2 con-
crete, the strength is higher as compared to HC1 concrete.

Figure 9 illustrates the split tensile strength development pattern of HC1 and
HC2 mixes. The maximum split tensile strength is observed in HC2M10S10 mix.

3.2.3 Flexural Strength

Figures 10 and 11 show the flexural strength with the different curing ages of
concrete mix with combination of MK and silpozz replacement. Figure 10 illus-
trates that HC1M20S0 has maximum flexural strength and the increase in flexural

Fig. 7 Split tensile strength versus HC1 concrete mix
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tensile strength is 33.33% at 7 days whereas in HC1M10S10, the maximum
increased flexural tensile strength is 23.94 and 25% at 28 and 90 days, respectively.
The rate of flexural strength development in MK is higher, as investigated by
Yerramala et al. [8].

Fig. 8 Split tensile strength versus HC2 concrete mix

Fig. 9 Comparison of split tensile strength for HC1 and HC2
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Figure 11 represents that the percentage change in flexural strength is maximum
in concrete when cement is replaced with silpozz in 10% and MK in 10%, i.e.,

Fig. 10 Flexural strength versus HC1 concrete mix

Fig. 11 Flexural strength versus HC2 concrete mix
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HC2M10S10. The increase in flexural strength of HC2M10S10 is 25.73% at
7 days, 22.97% at 28 days, and 25.61% at 90 days as compared to control
specimen.

It is seen in Fig. 12 that the relative strength of HC2M15S5 is greater than that
of HC1M15S5, i.e., 23.26% at 7 days, 20.83% at 28 days, and 14.12% at 90 days.
The results suggest that the replacement between 10 and 20% is advantageous for
long-term rate of strength gain.

4 Conclusions

Based on the studies, the following conclusions may be drawn:

• As water–binder ratio decreases the compressive strength, split tensile strength
and flexural strength of HSC increase.

• The improvement of strength in early age is higher as compared to the later age
due to the presence of SP and micro-silica effect of silpozz and MK.

• Requirement of SP for MK based concrete was lesser than that of Silpozz based
concrete.

• For HC1, the concrete mix with 15% silpozz and 5% MK gives higher com-
pressive strength whereas for HC2 5% silpozz and 15% MK gives higher
compressive strength as compared to other mixes.

• For flexural and split tensile strength, the concrete mix with 10% silpozz and
10% MK gives higher strength than other mixes for both HC1 and HC2.

• HC2 specimens have higher strength than that of HC1 because of the reduction
of water amount in HC2 and addition of more SP than HC1.

Fig. 12 Comparison of flexural strength for HC1 and HC2
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• The bond between cement paste and aggregate particles increases due to com-
bined effect of MK and SP.
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Influence of Particle Packing Method
on Sustainable Concrete Using Fly
Ash and Recycled Aggregates

Sushree Sunayana and Sudhirkumar V. Barai

Abstract The construction industry, using concrete most widely, is not sustainable
as (i) it consumes large quantities of natural resources (for aggregates), (ii) The
principal binder in concrete is cement whose production is a major contributor to
greenhouse gas emissions (iii) Performance of concrete structures relies on rapid
strength gain rather than durability and long-term effects. So, use of fly ash and
recycled aggregates (RA) in concrete production may become a sustainable con-
struction material with less environmental and economic impact if the performance
of concrete structures is satisfied. Effect of RA and fly ash on compressive strength
(CS) of concrete is addressed in present context by adopting particle packing
method of mix design and modifying mixing techniques. Theoretical and experi-
mental packing density is obtained and compared. A comparison of PPM and
Indian standard (IS) code method of mix design is being done for the observed CS.
Results concluded that PPM is suitable in terms of compressive strength for RAC
with fly ash.

Keywords Recycled aggregates � Packing density � Compressive strength
Particle packing method

1 Introduction

Achieving sustainability in construction practices is a major concern nowadays.
Rapid industrialization and urbanization result in the generation of huge quantities
of construction and demolished wastes. Concrete, the most common construction
material, uses large quantities of nonrenewable resources in the form of aggregates
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(75%). Concrete construction also requires large quantities of cement, the pro-
duction of which results in the release of greenhouse gas emissions thereby
affecting the environment adversely. So, there is an urgent need to address the issue
of natural resources depletion and waste disposal problem. Use of recycled
aggregates (RA) in concrete producing recycled aggregate concrete (RAC) has been
evolved as one of the emerging solutions for present scenario. Fly ash has been
used to replace cement partly in conventional concrete as in Ref. [1].

The use of fly ash in recycled aggregate concrete has been studied in literatures.
Fly ash at 0, 25, and 35% by weight replacements of cement reduced the com-
pressive strength (CS), tensile strength, and static modulus of elasticity values of the
concrete at all ages. However, the use of fly ash as a substitute for cement improved
resistance to chloride ion penetration and decreased the drying shrinkage and creep
of the RAC Ref. [2].

Pulverized fly ash at 30% recovered the reduction in compressive strength of
concrete containing recycled aggregate at 7, 28, 90, and 180 days observed in Ref.
[3]. Use of ground fly ash up to 35% by weight of cement can increase the com-
pressive strength for w/b of 0.45 and up to 20% part replacement can increase the
CS at w/b of 0.55 and 0.65 as studied in Ref. [4]. For RAC, various mix design
methods have been used such as direct weight replacement method, equivalent
mortar volume method (Ref. [5]) and direct volume replacement method. Particle
packing method (PPM) of mix design has been studied for natural aggregate
concrete through various theoretical models such as Toufar model, Dewar model,
De Larrard Linear Packing Model (LPM), De Larrard Compressible Packing Model
(CPM) and Modified Compressible Packing Model Ref. [6] and also experimentally
as in Refs. [7, 8]. Two-stage mixing approach (TSMA) was developed in Ref. [9]
and triple mixing method were proposed in Ref. [10] for concrete with the use of
mineral admixture.

2 Research Significance

The behavior of RAC with fly ash is not well understood from the limited study as
mentioned in the literature. In this paper, the effect of fly ash on the behavior of
concrete produced using 100% replacement of natural coarse aggregates with
recycled coarse aggregates using PPM mix design is studied. Concrete with only
natural aggregates without the addition of fly ash is used as control concrete.

3 Materials

The behavior of concrete primarily depends on the properties of its constituents
such as aggregates, cement, the interface characteristics, etc.
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3.1 Cement and Fly Ash

Ordinary Portland cement (OPC) 43 Grade cement is used and its characterization is
done according to IS: 4031-1988 [11] as shown in Table 1. Fly ash characterization
as per IS: 3812-2003 (part II) and chemical analysis for cement and fly ash as per
IS: 4032:1985 are performed as presented in Table 2.

3.2 Aggregates

Crushed dolerite was used as the natural aggregate and recycled aggregate collected
from a recycling facility in New Delhi was used. The nominal sizes of the natural
and recycled coarse aggregates are 20 mm and their particle size distributions are
done as per particle packing method (PPM) The physical and mechanical properties

Table 1 Properties of
cement and fly ash

Property Values

Consistency (%) 29

Fineness modulus 2.65

Specific gravity(cement) 3.13

Specific gravity(fly ash) 2.29

Specific surface area 306

Setting time(min) Initial 75

Final 295

Compressive strength 3 days 30.46

7 days 44.4

28 days 55.06

Table 2 Chemical
composition of cement and fly
ash

Compounds Cement (%) Fly ash (%)

SiO2 22.48 55.805

Al2O3 7.12 35.17

Fe2O3 3.01 4.61

CaO 59.03 1.546

MgO 1.77 0.574

K2O 1.33 1.821

Na2O 0.36 0.094

TiO2 0.37 1.907

MnO2 0.05 0.069

SO3 4.20 0.255

L.O.I (1,000 °C) 3.846 2.50

Moisture content 0.127 0.062
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of the coarse aggregate obtained as per BIS (IS:2386(Part3)-1963) [12] are shown
in Tables 3 and 4. Locally available river sand confirming to zone II specification of
BIS (IS 383-1970) is used as the fine aggregate in the concrete mixtures.

3.3 Water Reducing Admixture (WRA)

To maintain a slump of 120 ± 20 mm, this chemical admixture is added. The
dosage of WRA percentage is found out as per trials based on total cementitious
materials content.

4 Concrete Mix Design

The mix design procedure of concrete mix using PPM and details of quantities of
materials are calculated in the following section.

4.1 Calculation of Packing Density

There is no specific mix design process for RAC. Here, mix design is done using
particle packing method (PPM) and the results are compared with Indian Standard

Table 3 Physical properties of coarse (NA and RA) and fine aggregates

Coarse aggregate type Size of aggregate (mm) Specific gravity Water absorption

NCA 20 2.9 1.59

12.5 2.88 1.67

10 2.8 1.06

RCA 20 2.54 3.63

12.5 2.53 3.4

10 2.43 4.2

6.3 2.29 5.09

Table 4 Mechanical
properties of coarse (NA and
RA) and fine aggregates

Property NCA RCA

Flakiness index (%) 19.14 15.17

Elongation index (%) 49.42 18.24

Los Angeles abrasion value (%) 14.4 34.08

Impact value 13.87 24.23

Crushing value 17.66 23.32
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(IS) method. To calculate theoretical packing density (PD), the theoretical volu-
metric proportion of aggregates to obtain maximum PD is obtained from EMMA
mix analyzer by using modified Andreassen curve. Distribution coefficient is varied
within the range to get the gradation curve that matches with Anderson curve which
is as shown below in Fig. 1.

4.2 Theoretical Packing Density Using CPM

Then the theoretical PD is obtained using compressible packing model (CPM).
Virtual packing density of a mixture containing n size classes with category i

being dominant is expressed as:

bti ¼
bi

1�Pi�1
j¼1 1� bi þ bijbi 1� 1=bj

� �� �
rj �

Pn
j¼iþ 1 1� aijbi=bj

� �
rj

ð1Þ

For mono sized particle class bj, experimentally calculated PD

aj ¼ bj= 1þ 1
k

� �
ð2Þ

Coefficient representing loosening effect

aij ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1� dj=di

� �1:02
q

ð3Þ

RAC with fly ash mix

Modified Andreassen:  q=0.35 Particle Size Distribution
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Fig. 1 Comparison between theoretical and modified Andreassen curve
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Coefficient representing wall effect

bij ¼ 1� 1� di=dj
� �1:5 ð4Þ

Compaction index

K ¼
X

ki ¼
Xn

i¼1

ri=bi
1=at � 1=btið Þ 1 ð5Þ

Using the proportions of aggregates obtained from the theoretical gradation
curve from EMMA, maximum theoretical packing density is obtained as 0.758 in
CPM model. The virtual packing density physically represents the maximum PD
achieved if the aggregates are placed one by one and packed accordingly.

4.3 Experimental Packing Density

Experimental packing density is obtained as follows which is used further for the
mix design steps given in Ref. [8].

• Bulk density of coarse aggregate (20 mm and 12.5 mm) is determined for
different proportions by mass (90:10, 80:20, 70:30, and so on).

• Packing density is determined for different mixture combination and the pro-
portion at which maximum packing density achieved was found out.

• With this proportion of bigger size aggregates, smaller size of aggregate
(10 mm) is added at different proportions by mass. (90:10, 80:20, 70:30 and so
on).

• These processes are repeated for smaller size aggregates (6.3 mm and fine
aggregate) to find out the proportions of all participating aggregates for which
maximum possible packing density (PD) can be achieved.

Packing density ¼
X bulk density� weight fraction

specific gravity
ð6Þ

Void content %ð Þ ¼
X specific gravity� bulk density

specific gravity
� 100 ð7Þ

The experimental packing density obtained as per methods given above and the
bulk density and corresponding PD obtained for different proportions of aggregates
to select the proportions for maximum PD are shown in Fig. 2. There is a good
match observed between theoretical and experimental PD. By knowing the
aggregate proportions of different coarse aggregate sizes (20, 12.5, 10 and 6.3 mm)
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for which maximum packing density is achieved and using the value of maximum
packing density as 0.728, mix design is done as per PPM mentioned in Ref. [8].

Water-to-binder (w/b) ratio of 0.45 is maintained for all the mixes as obtained
from trials mixes. Fly ash is used as 20 and 30% of the total cementitious content
for RAC mixes. RAC mixes contain 100% replacement of natural aggregates with
RA. Three types of concrete mixes are prepared for each mix design method, i.e.,
NAC mix with 100% natural aggregates without any addition of mineral admixture
and superplasticizer (NAC), RAC mix with 100% recycled aggregates with 20%
(RAC + FA20) and 30% replacement of cement by fly ash (RAC + FA30). For
Indian standard (IS) method of mix, design IS 10262:2009 [13] code is followed.
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Fig. 2 Experimental bulk density and corresponding packing density curve
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All mixes are designed for M30 grade of concrete. Adjustments are made in
quantities of materials for water absorption and moisture content. The difference in
quantity of RCA and NA is due to its density. The mix proportion of concrete used
for the mixes is shown in Table 5.

5 Mixing Process and Specimen Casting

Triple mixing method [10] is used for mixing process which is proved to be an
effective method in terms of compressive strength and other mechanical properties
for concrete with use of mineral admixture.

For each concrete mixture, 150 mm cubes and 150 mm � 300 mm cylinders
were prepared for compressive strength tests. Concrete mix for M30 grade is
designed using PPM and IS code method. Specimens were tested at 7, 28, and
90 days of curing.

6 Tests and Results

Compressive strength test is done using a compression testing machine of 300 ton
capacity in accordance with BIS (IS: 516-1959) [14]. The concrete mixtures are
tested for Indian standard (IS) method and particle packing method of mix design.
For selection of w/b ratio, trial mixes were prepared considering w/b ratio of 0.4,
0.43, 0.45, and 0.47. Variation of 28-day compressive strength (CS) with change in
w/b ratio is shown in Table 6. Compressive strength decreases with increase in w/
b ratio for all the mix types. The target strength is achieved for w/b 0.45 and the
variation of CS at this w/b ratio for all the mixes is less compared to other w/b ratio.
So, it is considered in the mix design for all the concrete mixes. CS variation with
w/b ratio is plotted in Fig. 3. RAC + FA30 mix shows lower CS at 28 days in
compared to RAC + FA20 mix by 3.2–5.5%. Increase in CS for RAC + FA20 mix
in compared to NAC in some of the w/b ratio may be due to improvement in
microstructure of the concrete in the latter case due to proper coating of fly ash on
aggregates because of the mixing method adopted.

Effect of curing ages (7, 28, and 90 days) on compressive strength of concrete
mixes is shown in Table 7. Three cubes have been used for each test and the
average values of these results are reported. For NAC mixes, the CS variation with
curing ages is shown in Fig. 4. It is observed that with increase in curing ages there
is increase in CS of NAC mix for considered w/b ratio. The 7 days CS is 59.3–
64.9% of the 28 days strength. There is an increase of 27.74–32.92% from 28 to
90 days compressive strength.

Figure 5 represents the variation of CS at different curing ages for RAC + FA20
mix. It is observed that 7 days strength is 52–55% of 28 days strength indicating
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slower strength gain due to fly ash replacement than NAC. There is an increase of
15.8–20.3% from 28 to 90 days strength.

Figure 6 shows the relation between CS and curing ages for RAC + FA30 mix.
The development of strength at 7-day is observed to be slower than the other two
mixes considered, i.e., 42–50% of 28 days strength is achieved at 7 days. At
90-day, 11–13% strength gain is achieved compared to 28-day strength. The
strength gain in long term is smaller in case of recycled aggregate concrete mix with

Table 6 Variation of 28-day compressive strength (CS) with w/b ratio

w/b ratio NAC RAC + FA20 RAC + FA30

0.4 51.27 48.52 46.25

0.43 44.29 44.58 43.09

0.45 42.75 43.21 41.82

0.47 40.51 42.57 40.2
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Fig. 3 Variation of CS (28-day) with w/b ratio

Table 7 Compressive
strength variations with
w/b ratio

Age
(day)

Mix w/b

0.4 0.43 0.45 0.47

7 NAC 30.87 28.74 25.35 23.69

28 51.27 44.29 42.75 39.51

90 65.49 58.87 55.96 55.85

7 RAC + FA20 26.6 23.49 22.59 22.05

28 48.52 44.58 43.22 42.57

90 58.4 52.58 50.64 49.3

7 RAC + FA30 22.09 21.74 17.57 17.1

28 46.25 43.09 41.82 40.2

90 52.4 48.26 46.74 44.67
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fly ash in compared to NAC mixes may be due to adhered mortar content in
recycled aggregates. The plots represent CS in percentage of 28-day strength.

A comparison of hardened concrete property, i.e., compressive strength of the
considered mixes in the PPM mix design adopted in the present study and IS code
method is done. CS at 28-day is observed and the values in Table 8 represents
relative CS in compared to NAC in IS method of mix design for both the cubes and
cylinder specimen considered in the present study. Figure 7 shows the comparison
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which indicates that there is not much difference in the relative strength of all the
mixes considered at 28-day in both the method.

Increase in compressive strength of RAC + FA20 as compared to NAC in PPM
may be due to pozzolanic property of fine particles of fly ash. It may be attributed to
the improvement in microstructure and filling up of micro-cracks already present in
recycled aggregates due to mixing method involving coating of fly ash.

Table 8 Comparison of CS of different concrete mix

Mix Mix design method Cube strength Cylinder strength

NAC IS 46.07 30.13

PPM 42.75 –

RAC + FA20 IS 43.83 25.60

PPM 43.22 26.01

RAC + FA30 IS 41.24 24.95

PPM 41.82 25.09
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Fig. 7 Comparison of compressive strength in PPM and IS code method
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The effect of RAC with 20 and 30% replacement of fly ash is also observed in
case of cylinder strength in compression as shown in Fig. 8. The strength relative to
NAC designed with IS code method is plotted. The cylinder strength is observed to
be approximately 60–65% of cube strength. Failure in cylinders is less affected by
the restraining effect of the platens and these are cast and tested in the same
position.

7 General Discussions

• Particle packing method of mix design was followed experimentally and also
verified theoretically to get the proportioning of aggregates for maximum
packing density.

• The fresh (slump) and hardened concrete property (compressive strength) of
recycled aggregate concrete mix incorporating fly ash were studied.

• Slow rate of strength gain is observed for RAC with fly ash mixes in compared
to NAC mix but the target strength was achieved at 28 days.

• Increase in long-term strength at 90 days though lower than natural aggregate
concrete was significant in case of RAC with fly ash, i.e., approximately 20%
for RAC + FA20 mix and 13% for RAC + FA30 mix.

8 Conclusions

In the present study, PPM mix design method is used both theoretically and
experimentally for RAC with fly ash. It showed nearly equivalent or higher results
in terms of compressive strength compared to Indian standard method. Hence, PPM
can be used for such concrete mix as it has other advantages in terms of mini-
mization of cement content and voids which may have other advantageous effects
on performance properties of concrete.
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Glass Fibre Reinforced Gypsum Panels
for Sustainable Construction

S. R. Gouri Krishna, Philip Cherian, Devdas Menon
and A. Meher Prasad

Abstract The tremendous housing need of India is causing the depletion of virgin
building materials. In an era of scarce resources, sustainable solutions are always
preferable. Glass Fibre Reinforced Gypsum (GFRG) technology is one such
solution where all the structural members are constructed using hollow panels
infilled with reinforced concrete (RC), as per structural design. This paper discusses
the sustainability of construction using GFRG panels in terms of embodied energy
and indoor thermal comfort. The case study building at IIT Madras campus was
found to have lesser embodied energy compared to conventional buildings. The
result is significant considering the fact that the building sector consumes 40% of
the total energy in world. Also, the inside temperature was found to be lesser by
2 °C which will help in reducing the air conditioning requirement of the building
and thereby the operational energy.

Keywords GFRG � Embodied energy � Sustainable construction

1 Introduction

There is a great need to find innovative solutions to tackle the booming problem of
housing shortage in India, distinctly for the poverty-stricken people of our society.
In particular, there is a necessity to address the shelter needs of the lower income
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groups and their aspirations. The challenge is to make these aspirations a reality, by
providing an affordable solution that is also fast. Ideally, the solution should be
scalable—to reach the masses—and should be quickly buildable. There would be
significant demand for construction materials such as cement, steel, burnt clay
bricks and water in order to fulfill this huge demand. While chasing this big target,
the requirement for future generation should also be kept in mind. These require-
ments, rapidity, affordability and sustainability, oblige to the promotion of inno-
vative new materials and methods of construction. Although there are a number of
solutions for resolving the housing shortage problem, the scope of this paper
focusses on one such solution using Glass Fibre Reinforced Gypsum (GFRG)
panels. This holds the promise of providing sustainable, rapid and affordable mass
housing.

GFRG is a new building panel product, known commercially as Rapidwall® in
the industry. GFRG panels are lightweight load-bearing panels that are most suit-
able for rapid mass-scale building construction. They are manufactured out of
gypsum reinforced by special glass rovings and were first introduced in Australia in
1990. Panels are manufactured to a standard size of 12 m � 3 m � 0.124 m and
every 1 m of panel houses four cavities of inner dimension 230 � 94 mm as shown
in Fig. 1.

The technology found its roots in India in 2003 and since then, several buildings
were constructed using GFRG load-bearing panels, without any beams and col-
umns. Studies conducted in India and elsewhere have contributed to ensure satis-
factory structural performance of the individual components as well as the system
as a whole. But in the present scenario of construction, sustainability also plays a
key role which cannot be fulfilled by the fast depleting conventional construction
materials. GFRG panels, which are manufactured in India out of the industrial
fertilizer waste, are fairly competent in this aspect.

The term sustainability is applicable to materials as well as building as a whole.
A material will be termed as sustainable, when it satisfies certain criteria in man-
ufacturing, usage and disposal stages [1]. Numerically, sustainability is expressed in
terms of CO2 emission rate and embodied energy (total energy associated with the
manufacturing of material, starting from the extraction of components). The green
rating of a building depends on several factors such as selection of site, energy
efficiency, water conservation, materials and resources used, indoor environment
quality, provision for rainwater harvesting, waste management, etc. Two rating
systems, namely Leadership in Energy and Environmental Design (LEED) Green

gypsum 
plaster + 
ingredients

20
15

15

glass 
fibres

230

250

flange

web

94

Fig. 1 Cross section of
GFRG panel
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Building Rating System (managed by Indian Green Building Council (IGBC)) and
Green Rating for Integrated Habit Assessment (GRIHA) (under The Energy and
Resources Institute (TERI)), are responsible for the green rating of buildings in
India. Figure 2a, b shows various factors and respective weightages as per the two
rating schemes.

According to the above distribution, around 50% of the rating depends on the
materials used for construction. In this regard, it is necessary to ascertain the
suitability of GFRG as a sustainable alternative to conventional construction
materials. The embodied energy of GFRG panel as well as GFRG buildings is

Fig. 2 a Weightage for various factors according to LEED [2]. b Weightage for various factors
according to GRIHA [3]
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considered for assessing sustainability. In addition, the thermal comfort is also
accounted because thermally uncomfortable environment lowers the energy effi-
ciency of the building GFRG demonstration building inside the IIT Madras campus
(Fig. 3), constructed for showcasing the features of this technology such as rapidity,
affordability, sustainability, etc., which was considered for the calculation of
embodied energy and assessment of thermal comfort through field measurements.

2 Construction of GFRG Buildings

GFRG panels can be used as walls (both external and internal), slabs, staircases,
lift-well walls, parapet walls, sunshades, etc., with Reinforced Concrete (RC) filling
inside the cavities. The number, diameter and spacing of rebars are decided based
on the structural design. Foundation for GFRG building is same as that of con-
ventional buildings up to the basement/plinth level (above ground level). The type
of foundation depends on the number of storeys and soil condition at the site. The
connectivity between foundation and superstructure is achieved with the help of
starter bars with L anchorage, provided to the network of RC plinth beams at
basement footing level. Panels are cut into required sizes in the factory based on

Fig. 3 GFRG demonstration building at IIT Madras campus
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requirement and are packed in stillages, loaded on to trucks, and then transported to
the construction site. At the site, panels in stillages are unloaded using vehicle
mounted cranes and are stacked at a convenient location. Panels are handled at site
using special lifting jaws fitted onto cranes. For construction, the erection of walls is
to be done as per the building plan (marked with notations of panels) by installing
the respective panels in perfect plumb and level by specially trained installation
team. Wall panels are fixed in position using specially manufactured adjustable
lateral props in order to hold them in rigid position. Concrete is poured on to the
cavities wherever required. The leftover cavities of the wall panel are filled with
quarry dust. After infilling concrete in the wall panel, construction of staircase waist
slabs is carried out. The slab panels shall be laid on suitable support system and
concrete infilling can be done after cutting the flanges of specified cavities. The
upper storeys can be constructed in a similar manner. After the construction of
superstructure, proper waterproofing and finishing works need to be carried out (For
details of construction, ‘GFRG construction Manual, 2016’ [4] shall be referred).

3 Embodied Energy of Building

The energy consumed by the building over its entire life cycle can be considered as
a measure of sustainability. The components of Life Cycle Energy (LCE) are
illustrated in Fig. 4. In this paper, only the initial embodied energy is considered for
assessing sustainability.

Initial embodied energy is given by

Eim ¼
X

miMi ð1Þ

where

mi total quantity of the ith material;
Mi energy density of the ith material;

For calculating the embodied energy, the quantity of different materials needs to
be evaluated.

Life cycle 
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Fig. 4 Components of life cycle energy
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4 Details of Case Study Building

The GFRG demonstration building, built inside IIT Madras campus, is considered
for assessing sustainability. Figure 5 shows the building plan of a typical floor.

The two-storey building houses four flats with a built-up area of 184 m2 (two for
Economically Weaker Section (EWS) having carpet area of 25 m2 each and two for
Low Income Group (LIG) having carpet area of 46 m2). The construction was
completed in 40 days (11 days for foundation and 29 days for superstructure). The
foundation was strip footing, constructed using fly ash blocks. Every structural
member except sunshade was constructed using GFRG panels with concrete infill.
The steps of staircase were constructed using concrete. The front doors are made of
wood and the interior doors, and all windows are made of aluminium. Ceramic tiles
were used for the floor finishing.

5 Estimation of Quantities of Various Materials Used

The total quantity of various materials used for the construction of foundation,
walls, slabs, lintel cum sunshade, parapet, staircase headroom, etc. and finishing
works (such as waterproofing, tiling, rendering, priming and painting) were cal-
culated. Table 1 shows the values obtained.

As GFRG buildings are constructed using prefabricated wall and slab panels, the
joints need to be waterproofed in order to prevent the ingress of water, unlike con-
ventional buildings. The quantity of waterproofing products used is given in Table 2.

Fig. 5 Typical floor plan
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Table 1 Quantity of building materials

Component of building Constituents of
component

Materials
used

Quantity
(kg)

Foundation Concrete for PCC
layer, floor and plinth
beam

Cement 3878.6

Coarse
aggregate

26,721.0

River sand 13,360.7

Water 1861.4

Block work Fly ash
blocks

85,067.5

Mortar and plastering Cement 4100.2

River sand 24,318.7

Water 1845.1

Infill River sand 35,660.3

Quarry
dust

22,848.0

Reinforcement for
plinth beam

Steel 361.2

Walls (including parapet) Wall panels GFRG
panels

21,714.9

Concrete infill (M20
grade)

Cement 4937.9

Coarse
aggregate

19,751.5

River sand 9875.8

Water 2222.0

Reinforcement Steel 509.9

Inert infill Quarry
dust

36,901.8

Slabs Slab panels GFRG
panels

7721.7

Concrete (M25 grade) Cement 7974.7

Coarse
aggregate

23,924.1

River sand 11,962.0

Water 3588.6

Reinforcement
(including weld mesh)

Steel 1339.3

Staircase headroom Panels for walls, slabs
and parapet

GFRG
panel

2261.5

Concrete infill in walls
(M20 grade)

Cement 409.9

Coarse
aggregate

1639.8

River sand 819.9

Water 184.5
(continued)
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The total embodied energy of materials calculated using Eq. (1) is given in
Table 3. The energy for transportation of materials and construction equipment are
not considered in this study. It was observed that materials for envelope hold the
major part of embodied energy.

Table 1 (continued)

Component of building Constituents of
component

Materials
used

Quantity
(kg)

Inert infill Quarry
dust

2335.0

Concrete for slabs
(M25 grade)

Cement 328.5

Coarse
aggregate

985.6

River sand 492.8

Water 147.8

Reinforcement
(including weld mesh)

Steel 181.4

Finishing works Priming WD P30 19.3

WD
thinner

16.3

Rendering (interior and
exterior)

Wall putty 783.6

Water 132.2

Elastobar 41.7

Painting Paint 247.2

Tiling Tiles 4721.4

Plastering Cement 2033.2

Sand 7999.2

Water 915.0

Doors/windows/ventilators Door/window frame Aluminium 259.5

Window/ventilator
panes

Glass 218.7

Doors Wood 47.9

MEP works Pipes PVC 300.5

Fittings Ceramic 58

Iron 93.0

Stainless
steel

270.6

Miscellaneous (Lintel cum sunshade,
landing beam, beam in balcony, etc.)

Concrete (M20 grade) Cement 2373.6

Coarse
aggregate

7502.8

River sand 3751.4

Water 1068.1

Reinforcement Steel 550.1
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Figures 6 and 7 show the distribution of weight and embodied energy of various
materials used. The large quantity of usage can be misleading in terms of embodied
energy. For example, river sand and coarse aggregate together constitute 46.8% of the
total quantity. But in the context of embodied energy, their contribution is only 4%.

Table 2 Quantity of waterproofing chemicals used

Waterproofing product Quantity (kg)

Zycosil 7.8

Zycoprime 18.9

ZMB60 116.5

ZMB thinner 1.0

Elastobar 48.6

Stretch fab 13.6

Total 240.6

Table 3 Calculated embodied energy

Material Total quantity, mi

(kg)
Embodied energy, Mi (MJ/kg)
[5–9]

Total embodied energy
(MJ)

Quarry dust 62,084.8 0.15 9312.72

Fly ash blocks 85,067.5 0.64 54,443.2

Cement 26,050.5 6.85 178,445.9

GFRG panels 31,698.1 5.44a 172,437.7

Steel 2941.9 35.1 103,260.7

Tiles 4721.4 3.33 15,722.3

Aluminium 259.5 155b 40,222.5

Paint 247.2 144 35,596.8

Coarse
aggregate

80,524.8 0.4 32,209.9

PVC 300.5 106 31,853

Waterproofing 240.6 90.67 21,815.2

River sand 108,261.1 0.15 16,239.2

Stainless steel 270.6 56.7b 15,343.0

Primer 35.6 144 5126.4

Wall putty 783.6 5.3b 4153.1

Iron 93 25b 2325

Ceramic 58 29b 1682

Glass 218.7 25.8 5642.5

Wood 47.9 7.2 344.9

Total 746,176
aEmbodied energy value from Ref. [5]
bEmbodied energy value from Ref. [9]
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Fig. 6 Percentage distribution of weight of different structural and non-structural components of
building

Fig. 7 Percentage distribution of embodied energy of different materials used for construction
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6 Evaluation of Indoor Thermal Comfort

The thermal performance of GFRG building was analysed through real-time field
measurements. The purpose of this test was to compare the thermal performance of
GFRG buildings with that of the conventional reinforced concrete framed buildings.
For this, the case study buildings selected were the GFRG demo building inside the
IIT Madras campus and a conventional RC framed building in the same campus.
The latter was located just adjacent to the demo building and was subjected to
similar shading conditions as that of the former. The test was done on harsh summer
days (10–13 June 2015) and was conducted by installing digital thermometers
inside one of the rooms in both the buildings. Each thermometer had two ther-
mocouples, of which one was fixed on the selected wall surface and the other on an
exterior wall of the building. The thermometer was set to record temperatures at
every hour, and the readings were taken continuously for 3 days. After analysis, it
could be seen that the variation in the measured temperatures followed a similar
pattern. The measured values for a typical day are shown in Table 4, and a plot of
the same is shown in Fig. 8. The difference in the temperatures measured in the
exterior thermocouples of the two case study buildings was very minimal, but those
in the interior showed considerable difference.

It was observed that the temperatures inside the GFRG building were lesser than
the conventional building by a maximum of 2 °C. It could also be observed that the
trend was reversed during the afternoon hours, where the conventional building was
up to 0.6 °C cooler. But the number of discomfort hours was considerably less.

7 Conclusion

A similar study conducted on the evaluation of embodied energy on a conventional
reinforced concrete framed building shows that the embodied energy per unit area is
10.8 GJ/m2 [10]. For the GFRG demo building, the embodied energy works out to
be only 5.24 GJ/m2, which shows that GFRG has almost 50% lesser embodied
energy when compared to conventional building system. This makes GFRG a
competent alternative to conventional building materials and systems. Moreover,
GFRG buildings offer better interior thermal comfort even during the hottest days.
This minimizes the energy requirement for air conditioning of the building and
thereby results in saving of electricity. This reveals that the use of GFRG panels in
building construction improves the sustainability of the building sector.
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Table 4 Temperature measurements

Time Outside
temperature (°C)

Temperature inside conventional
building (°C)

Temperature inside GFRG
building (°C)

12:00
AM

30.9 33.5 32.2

01:00
AM

30.8 33.6 32.1

02:00
AM

30.9 33.4 32

03:00
AM

30.4 33.3 32

04:00
AM

29.9 33.5 32

05:00
AM

29.4 33.2 31.7

06:00
AM

28.8 33.2 31.3

07:00
AM

29.4 32.9 31.2

08:00
AM

30.7 33.1 31.1

09:00
AM

32.4 32.9 31.1

10:00
AM

34.8 32.2 31.4

11:00
AM

36.2 32.7 31.6

12:00
PM

36.6 32.9 31.8

01:00
PM

39.4 33 32.3

02:00
PM

40 32.5 32.7

03:00
PM

36.7 32.6 33

04:00
PM

34.9 32.9 33.5

05:00
PM

34.8 32.9 33.4

06:00
PM

33.3 33 33.2

07:00
PM

32.9 33.8 33.1

08:00
PM

32.6 33.7 33

09:00
PM

32.2 33.5 33

10:00
PM

31.5 33.7 32.8

11:00
PM

31.3 34.2 32.6
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A Study on the Strength
and Performance of Geopolymer
Concrete Subjected to Elevated
Temperatures

G. Mallikarjuna Rao, T. D. Gunneswara Rao, M. Siva Nagi Reddy
and D. Rama Seshu

Abstract The present paper presents the experimental studies on the mechanical
performance of Geopolymer Concrete (GPC), produced by alkali activation of fly
ash and GGBS combination, at different temperatures. Being an innovative alter-
native material for cement concrete, GPC requires performance studies under ele-
vated temperatures. In view of this, an experimental investigation has been carried
out on GPC subjected to elevated temperatures. The parameters of the study of GPC
(M20) include different levels of elevated temperatures (200, 400, 600 and 800 °C)
and different durations of exposure (30, 60 and 90 min) and two different cooling
regimes like air cooling and water quenching. The change in mass, compressive
strength and X-ray diffraction (XRD) analysis for different GPC specimens are
evaluated. The results indicate that the mass and compressive strength of concrete
are decreased with increasing temperatures and air cooling resulted in higher values
of residual compressive strength than water quenching. XRD analyses presented
indicated the mineralogical variations in the material at higher temperatures and at
longer durations as a result of which the mechanical properties of GPC are
decreased.
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1 Introduction

With the growth in infrastructure development and a boom in the housing sector,
the demand for cement is bound to increase. Due to environmental concerns of the
cement industry, there arises a strong need to make use of alternate sustainable
technology. Geopolymer (Inorganic polymer concrete) is an emerging class of
cementitious material and could be the next-generation concrete for civil infras-
tructure applications. The main advantage of geopolymer concrete (GPC) is envi-
ronmentally friendly (reduces emission of CO2 into the atmosphere by replacement
of cement with alkali activated fly ash), which can be achieved by the effective
utilization and operation of natural resources. Geopolymerization is a geosynthesis
—a reaction that chemically integrates minerals [1]. Geopolymers can be formed by
treating aluminosilicate materials (such as fly ash, ground-granulated blast furnace
slag, etc.) with alkaline activators at high temperatures. In general, fly ashes from
the combustion of coal consist of an inhomogeneous mix of aluminosilicate and
silica plus small amounts of crystalline materials including mullite, quartz, hematite
and magnetite [2]. The commonly used combination of the alkaline solution is
NaOH and Na2SiO3. This solution binds the loose aggregates in the mixture to form
GPC which has high strength, durability and low creep [3]. This solution activates
SiO2 and Al2O3 in fly ash to form N-A-S-H and C-S-H gels by reacting with
calcium in ground-granulated blast furnace slag. The curing conditions especially,
temperature significantly impacts the polymerization process [4]. The compressive
strength and performance of GPC depends on type of alkaline activator, concen-
tration of alkali and curing temperature. According to Hardjito et al. [5] sodium
activators provide high strength as compared to that of potassium activators.
Various authors studied the importance of molar of Na2SiO3/NaOH and suggested
as 2.5 for maximum compressive strength at constant binder content [6]. Purdon [7]
was probably the first researcher to investigate the alkaline activated slags.
Subsequent to this, many researchers performed studies on alkali-activated slag
shows a promise as an alternative binder to Ordinary Portland Cement. However,
performance and behaviour of geoploymers when exposed to elevated temperatures
have received less attention than it deserves. To the author’s knowledge, there is no
known published data available on the fire resistance of alkali-activated slag binder
[8–15] was perhaps first to study the fire resistance behaviour of the alkali-activated
concrete activated by sodium Hydroxide. In continuation to this, [16–19] performed
studies on the thermomechanical properties of alkali-activated slag mortars (acti-
vated by NaOH, Na2SiO3 and a combination of these activators) and concluded that
remarkable high-temperature resistance, exhibited superior mechanical properties
comparable with the properties of the original material not subjected to any thermal
load. Subsequent to these studies [20, 21] reported that the residual compressive
strength of alkali-activated fly-ash-based GPC is constant at temperatures
800–1000 °C, whereas for the Portland cement concrete the residual compressive
strength falls to zero beyond 800 °C. However, the research on the performance of
fly ash and GGBS-based GPC at elevated temperatures at different heat exposure
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periods is still lacking. Thus, the present investigation focuses on the study of
strength, performance and mineralogical behaviour of GPC subjected to elevated
temperatures following a cooling regime with different heat exposure periods. Such
a study is very much necessary to establish the durability of new concrete.

2 Present Investigation

This study examines the performance of GPC as a structural grade for concrete
application, aiming for the optimal percentage replacement of GGBS to meet target
strength of M20. The experimental program was conducted to investigate the
residual behaviour of GPC subjected to elevated temperatures. The primary aim of
the experimental study is to compare the compressive strengths of GPC of M20
grade with air cooling and water quenching cooling regimes with different heat
exposure periods. The program consists of cast and testing a total 150 number of
cubes of 150 � 150 � 150 mm size each. Different sets of three cubes were tested
for different elevated temperatures (200, 400, 600 and 800 °C) maintained for a
period of 30, 60 and 90 min. After heating, the specimens were subjected to two
different types of cooling regimes, one is by air cooling and another is by water
quenching. A comparative study has been conducted to evaluate the residual
behaviour of GPC subjected to elevated temperatures under two different cooling
regimes. Test results show that cooling regime plays a critical role in the assessment
of the residual behaviour of GPC subjected to elevated temperatures under different
exposure periods.

3 Experimental Program

The experimental Program consisted of finding the hardened state properties of GPC
by casting specimens for M20 grade. Total of 72 cubes of size 150 mm � 150
mm � 150 mm were cast and tested for determining thermal properties at different
temperatures exposed for different time periods.

3.1 Materials

3.1.1 Fly Ash and GGBS

Fly ash and GGBS are used as source materials in the present study.
Ground-granulated blast furnace slag is obtained from Toshali Cements Pvt. Ltd.,
Bayyavaram, India and fly ash is collected from National Thermal Power Plant,
Ramagundam, India. The specific gravity of fly ash and GGBS are 2.17 and 2.90
respectively. Chemical composition details are shown in Table 1. The morphology
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of fly ash and GGBS were examined using Scanning Electron Microscope
(SEM). Fly ash particles were spherical in shape. The fly ash is mainly composed of
large percentages of silica and alumina. The shape of the GGBS grains is crystalline
and angular form and From the EDAX, it can be observed that GGBS is

Fig. 1 SEM and EDAX of fly ash

Fig. 2 SEM and EDAX of GGBS

Table 1 Chemical
composition of fly ash and
GGBS (% by mass)

Chemical composition Fly ash GGBS

SiO2 60.11 34.06

Al2O3 26.53 20

Fe2O3 4.25 0.8

SO3 0.35 0.9

CaO 4.00 32.6

MgO 1.25 7.89

Na2O 0.22 NIL

LOI 0.88 NIL
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predominated with calcium and silica while compared to other elements are shown
in Figs. 1 and 2. The mineralogical characterization of fly ash and GGBS sample
has been carried out for the X-Ray diffraction (XRD) analysis which has been
shown in Figs. 3 and 4.

Fig. 3 XRD analysis for fly ash

Fig. 4 XRD analysis for GGBS
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3.1.2 Fine Aggregate

The nearby river sand conforming to Zone-2 according to IS 383 (BIS, 1970) [22]
is preferred as fine aggregate. The specific gravity and bulk density of fine aggregate
are 2.65 and 1.45 g/c.c. respectively.

3.1.3 Coarse Aggregate

Crushed granite of 20 mm nominal size obtained from a local crushing unit is taken
as coarse aggregate and the aggregate is well-graded aggregate according to IS 383
(BIS, 1970) [22]. The specific gravity and bulk densities are 2.80 and 1.5 g/c.c. are
shown in Table 2.

3.1.4 Water

Potable water was used in the experimental work for preparation of alkaline
solution.

3.1.5 Superplasticizer

Sulphated naphthalene formaldehyde-based superplasticizer is used for the
improvement of workability.

3.2 Preparation of Alkaline Solution

Molarity of NaOH solution plays a crucial role in the strength of GPC. The nominal
molarity for fly ash and GGBS mixes range from 2 to 10 M, but higher strength can
be obtained when the concentration approaches the maximum range [23]. From 8 to
16 M, there was a rise in the compressive strength for all mixes [24]. According to
previous studies, it was found that with the higher concentration of NaOH solution,
i.e. above 10 M, a lower rate of polymerization takes place and results in decreased
compressive strength [25]. In the present experimental work, the properties of GPC
were examined with 8 M NaOH were examined.

Table 2 Physical properties
of fine and coarse aggregate

Physical properties Fine aggregate Coarse aggregate

Specific gravity 2.65 2.80

Bulk density 1.45 1.5

Fine modulus 2.57 7.3

Water absorption (%) 2 0.5
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320 g of NaOH pellets were dissolved in potable water to make one litre of 8 M
sodium hydroxide solution. To achieve the required strength the ratio of sodium
silicate solution to sodium hydroxide solution is considered as 2.5 and the mixed
solution is stored for 24 h at room temperature (25 ± 2 °C) and relative humidity
of 65%, before it is used for casting. Because dissolution of NaOH in water is an
exothermic reaction and a substantial amount of heat will be generated when added
in concrete, hence the heat liberated is to be reduced and come down to ambient
temperature.

In the present investigation, a series of laboratory experiments were performed to
determine the optimum mix proportions of concrete with minimum binder content.
Before carrying out actual experimentation several trials were carried out for control
mixes as per IS: 10262-2009 for M20 grade of concrete. The mix design of
geopolymer concrete was similar to ordinary concrete but cement was replaced by
binder and water with an alkaline solution. NaOH solution and Na2SiO3 solution
were used as alkaline activators. The alkaline activator-to-binder ratio was taken as
0.55 for M20. NaOH solution concentration was maintained as 8 M (320 g of
NaOH of 98% purity were dissolved in tap water to prepare one litre NaOH
solution). Preparation of alkaline solution is an exothermic reaction and hence the
quantified NaOH and Na2SiO3 solution were mixed and stored at room temperature
for 24 h prior to mix in concrete. After certain trail mixes and testing of cast
specimens, a final mix proportion shown in Table 3 was adopted to carry out
mechanical properties at elevated temperatures.

3.3 Casting and Curing of GPC

The individual dry materials weighed were mixed using a rotating drum pan mixer
of 100 kg capacity. The alkaline liquid and superplasticizer of optimum dosage
were added after uniform mixing of dry materials. Proper homogenous mixing
would be ensured by continuous mixing for 5–7 min and fresh property tests were
carried out to ensure workability of GPC. The fresh concrete was transferred into
concrete moulds (150 mm � 150 mm � 150 mm) followed by table vibration for
a period of 45 s and allowed to set for 24 h. The specimens are demoulded after
24 h of casting and cured in outdoor condition. For outdoor curing, specimens were
left out at outdoor (temperature—35 ± 2 °C and relative humidity—75%) up to the
specified age of testing 28 days. Temperature and humidity control were not nec-
essary for outdoor-cured specimens.

Table 3 Mix proportion of geopolymer concrete

Mix Fly ash (kg/
m3)

GGBS (kg/
m3)

F.A. (kg/
m3)

C.A. (kg/
m3)

Alkaline solution
(kg/m3)

M20 252 108 770 1090.8 198
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3.4 Elevated Temperature Exposure Regime

After 28 days of curing, before going to the heating process, the original weight of
all the specimens was measured. GPC specimens were subjected to sustained ele-
vated temperatures of 200, 400, 600 and 800 °C and in each case retention periods
were 30, 60 and 90 min has been adopted. For any particular temperature, after
reaching the specified retention periods the exposed specimens were kept outside
for air cooling and water quenching. Air cooling method was adopted in this study
for bringing down the temperature of the specimens to ambient temperature. The
specimens left for air cooling were allowed to cool at the room temperature for
1 day whereas for water quenching the specimens taken out from the muffle furnace
after the specific temperature and exposure period is reached. The heated specimens
were kept in 15 L of water and allowed to cool until the water temperature reaches
the room temperature. The final weights of the cooled specimens were measured
and compressive strength test was done. Fragment pieces are obtained from the
tested specimens and powdered to use for XRD analysis (Figs. 5 and 6).

Fig. 5 Specimens kept in an electric furnace

Fig. 6 Specimens testing for compression
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3.5 Testing Procedure for Compressive Strength

Standard cube specimens of size 150 mm � 150 mm � 150 mm are cast and
tested under compression using 3000 kN compression testing machine at a standard
rate of loading suggested by IS 516 (BIS, 1956) [26]. The strength values reported
at 28 days outdoor curing and various temperatures and different heat exposure
periods and the reported results are the averages of three cubes.

4 Results and Discussion

4.1 Change in Weight

Average percentage loss in weight of fly ash and GGBS-based GPC specimens,
after exposure to various elevated temperatures with respect to the unheated
specimens, are shown in Fig. 7. From Fig. 4, it can be seen that the weight loss of
GPC is gradually increasing with increase in temperature up to 800 °C. The
increase in loss is also observed with an increase in the exposure period irrespective
of the heating temperature. The weight loss in GPC increases significantly due to
the evaporation of moisture within the specimen. The average weight loss for M20
is 1.35% at 200 °C for an exposure period of 90 min, which is very less and
negligible, whereas for 400, 600 and 800 °C, the average weight loss at heat
exposure period of 90 min is 3.86, 4.42 and 5.05%, respectively, displaying a
significant trend with the change in temperature.

The heat exposure period has a significant effect at lower temperatures and has
no considerable influence at 600 °C and above. The weight loss in GPC is due to
the evaporation of sodium aluminosilicate hydrate and calcium alumina-silicate
gels. Based on the experimental results of GPC prepared with fly ash and GGBS for
M20 grade it can be concluded that the weight loss of GPC with an increase in
temperature and with longer exposure period, has increased in general. Particularly,
the loss is more pronounced at 800 °C for 90 min exposure period which does not
have a crucial effect on the density of GPC.

Fig. 7 Weight loss after different elevated temperatures
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4.2 Water Quenching

The average percentage weight gain results of M20 and subjected to different heat
exposure periods of different temperatures are presented in Fig. 8. From Fig. 8, it
can be observed that, the GPC specimens exposed to high temperatures have gained
weight after quenching them in water immediately after taking out from the furnace.
The percentage of weight gain is increased as the temperature increases from 200 to
800 °C for M20 at all exposure periods. Exposure period also plays an important
role in the weight gain of GPC Specimens. As the exposure period increases weight
gain for the specimens M20 increases with a rise in temperature. In GPC the weight
loss is observed when the specimens are subjected to different temperatures prior to
the quenching process. The weight loss of the specimens already mentioned in the
air-cooled specimens is shown in Fig. 7. From the literature it is reported, the
reacted geopolymer contains free water and structurally bonded water. The struc-
tural water was bonded to reaction product namely N-A-S-H gel [27]. Thus, loss in
structural water gives an indirect estimation of the reaction product. More weight
loss is due to the formation of the new reaction products already reported in air
cooling. Here, in this study, the different pattern was for the water cooling is quite
different from the other studies, here the specimens are kept in constant volume of
water for 6 h in order to measure the thermal diffusivity for the specimens subjected
to the elevated temperature. In this process, the weight gain was observed for all the
specimens, which are kept at different exposure periods and different temperatures.
The mass gain is due to the disconnected fine pore structures in the matrix filled
with the water. The water absorption of M20 increases with increase in the exposure
period. The weight gain values for M20 grade GPC at 200 °C are 2.5, 3.13 and
4.05% for 30, 60 and 90 min exposure periods respectively. There is a sudden
increase in weight gain at 400 °C at 30 min compared to 200 °C 30 min. This may
be due to the fact that the specimens are subjected to the thermal shock.

Fig. 8 Percentage weight gain for GPC20 (water quenching)
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4.3 Change in Compressive Strength for Air Cooling

The variation in the compressive strength of GPC specimens subjected to elevated
temperatures under different heat exposure periods is displayed in Fig. 9.

The compressive strength test results presented in Fig. 9 indicate that the
strength is gained about 40% higher than that of the unheated specimen at 200 °C.
It shows a significant difference in the strength with different exposure periods
attaining a peak of around 44 MPa for 90-min exposure period. As the temperature
increases further, the rate of gain is reversed producing the results in lower side of
those at 200 °C. This decreasing trend is continued till 800 °C, but the difference is
more pronounced in between 600 and 800 °C. Even though the degradation of GPC
is started at 600 °C, it has retained the strength highly above the characteristic
strength with a minimum of 80% of the unheated GPC strength. At 800 °C, it lost
almost 65% of the strength, which is vulnerable to a structural grade concrete. Here,
the duration of heat exposure also has a significant effect in gaining/ losing the
compressive strength. At relatively lower temperatures, the strength of GPC has an
increment, this is mainly attributed to the fact that moderate exposure to a normal
temperature could make the geopolymerization process to continue forming new
hard products.

The decrease in the strength of GPC at higher temperatures mainly results from
the loss of cohesive bond between the matrix and aggregates, thermal incompati-
bility, i.e. unmatched expansion and contraction between the matrix and aggregate
components, which lead to the formation of a significant amount of minor cracks
within the specimen. Also, mineralogical changes by water evaporation and the
crystalline phases are also factors contributing to the strength loss, which were
shown in XRD analysis.

Fig. 9 Change in compressive strength at different elevated temperatures and different heat
exposure periods
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4.4 Change in Compressive Strength for Water Quenching

The compressive strength of the GPC specimens subjected to elevated temperature
was shown in Fig. 10. The cooling regime selected here is the water quenching. The
cooling regime has an influence on the properties of the GPC prepared with dif-
ferent percentages of fly ash and GGBS contents. The compressive strength of the
water-cooled specimens is lower compared with the air-cooled specimens. This
may due to the fact that the specimens are subjected to the thermal shock was also
reported by [28]. By keeping the specimens in a certain volume of water after
taking the specimens directly from the furnace which causes rapid cooling and it
leads to a significant thermal gradient and a non-uniform stress distribution in the
specimen, which makes the initiation and expansion of microcracks and causes
more severe damage to GPC specimens. As shown in Fig. 10, reduction in com-
pressive strength more was observed at 600 °C from 30 min heat exposure period
in water quenching for M20. Then, the strength decreases continuously with
increase in temperature at different heat exposure periods also, while the specimens
have a relatively higher bearing capacity up to 600 °C in air cooling whereas for
water cooling the strength degradation starts from 200 °C for an exposure period of
30 min. For temperature above 600 °C, the compressive strength decreases con-
siderably and only roughly 35% of the original strength is retained at 800 °C for
M20. Therefore, from the strength point of view, it can be concluded that the
temperature of 600 °C is critical for M20 in both water cooling and air cooling.

Fig. 10 Change in compressive strength at different elevated temperatures and different exposure
periods of GPC20 (water quenching)
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4.5 XRD Analysis

X-Ray Diffraction (XRD) Analysis
The XRD patterns of M20 grade powdered samples at different temperatures for heat
exposure periods 30, 60, 90 min were presented in Figs. 11, 12, 13 and 14. From the
figures, it can be seen that the samples contain quartz (SiO2), mullite (Al2(Al2.8Si1.2)
O9.6) and calcite (CaCO3) and are the main minerals which are present in the source
materials. The highest peak for all heat exposure periods was contributed by quartz
(SiO2) at different elevated temperatures. For different heat exposure periods at
temperature 200 °C, quartz (SiO2), mullite (Al2(Al2.8Si1.2)O9.6), calcite (CaCO3) and
albite (Na(AlSi3O8)), microcline (KAlSi3O8) peaks were detected and there is no
much variation in peaks to an exposure period of 30, 60 and 90 min retention period at
200 °C. There is an increase in the strength of the GPC specimens at 200 and 400 °C
for different retention periods than the initial strengths this may due to the further
geopolymerization process in the concrete specimens [29]. However, for the different
retention periods (30, 60 and 90 min) at 200 and 400 °C the peaks pertaining toAlbite
(Na(AlSi3O8)) were found at 2h = 28° approximately. The geopolymerization of fly
ash and GGBS with alkaline activators resulted in the synthesis of Albite which also
resulted in transformations from amorphous to crystalline phases. The synthesis of
albite a crystalline phase of the N-A-S-H (aluminosilicate gel) contributed to the
maximum compressive strength and also for the sample exposed to 90 min [30].

Fig. 11 XRD analysis of geopolymer concrete at 200 °C for different heat exposure periods for
M20
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Fig. 12 XRD analysis of geopolymer concrete at 400 °C for different heat exposure periods for
M20

Fig. 13 XRD analysis of geopolymer concrete at 600 °C for different heat exposure periods for
M20
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The reason for this superior behaviour of could be attributed to the formation of
crystalline phases called anhydrous alumina silicates such as albite and Microcline.
These phases improve the crystallinity during heating up to 200–400 °C and then
recrystallize to new phases albite andmicrocline. This contributes to the enhancement
of mechanical strength for M20 [31]. As shown in Figs. 13 and 14, the XRD patterns
for all the geopolymer samples are quite similar for the 600 and 800 °C. The sam-
ples exposed for the high temperatures showed marginal mineralogical changes.
Leucite (KAlSi2O6) and nepheline (NaAlSiO4), microcline (KAlSi3O8), albite
((Na(AlSi3O8))were mainly formed at 600 and 800 °C of different retention periods.
Leucite is not observed at a lower temperature, this crystalline phase change was
observed at a high temperature other than 400 °C. The similar observations of for-
mation of gel binder fully crystallized Leucite at high temperatures in geopolymer
composites were reported by Lin et al. [32]. The increase in strength is due to the
formation of newminerals like albite and leucite. Whereas the reduction in strength at
high temperatures was attributed to a thermal expansion mismatch of the different
compounds. At 800 °C, new phase formation nepheline (NaAlSiO4) was identified
which is in the form of amorphous aluminosilicate and the same pattern was observed
in the literature [33]. Studies have shown that at a temperature below 500 °C the
strength was improved for GPC specimen. The primary reaction products of amor-
phous aluminosilicate semi-crystalline gels such as N-A-S-H are formed along with
the crystals of mullite. This formation of crystals is due to the presence of the minerals
in both the fly ash and GGBS and the chemical activator used for the activation of the
combination of Fly ash and GGBS.

Fig. 14 XRD analysis of geopolymer concrete at 800 °C for different heat exposure periods for
M20
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4.6 XRD Analysis of Water Quenching

X-Ray Diffraction (XRD) Analysis for M20 Grade
The XRD patterns of M20 grade powdered samples at different temperatures for
heat exposure periods 30, 60, 90 min subjected to water quenching were presented
in Figs. 15, 16, 17 and 18. From the figure, it can be seen that the samples contain
quartz (SiO2), mullite (Al2(Al2.8Si1.2)O9.6) and calcite (CaCO3) and these minerals
are already identified in fly ash. The highest peak for all heat exposure periods was
contributed by quartz at different elevated temperatures. Through geopolymerisa-
tion of fly ash and GGBS with alkaline activators resulted in the synthesis of Albite
which also resulted in transformations from amorphous to crystalline phases. The
synthesis of albite, a crystalline phase of the N-A-S-H (aluminosilicate gel) con-
tributed to maximum compressive strength. For different heat exposure periods at
temperature 200 °C, quartz (SiO2), mullite (Al2(Al2.8Si1.2)O9.6), calcite (Calcium
Carbonate) and sandine (Potassium Sodium Calcium Aluminium Silicate),
microcline (Sodium potassium Aluminium Silicate) peaks were detected and
there is no much variation in peaks to an exposure period of 30,60 and 90 min at
200 °C. However, the heat exposure period for 30 and 60 min, peaks pertaining to
albite (Sodium Calcium Aluminium Silicate) were found at 2h = 28°, approxi-
mately. The reason for this superior behaviour could be attributed to the formation
of crystalline phases called anhydrous alumina silicates such as sodalite, microcline
and sandine. These phases improve the crystallinity during heating up to 200–600 °C

Fig. 15 XRD analysis of geopolymer concrete at 200 °C for different heat exposure periods for
M20 (water quenching)
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Fig. 16 XRD analysis of geopolymer concrete at 400 °C for different heat exposure periods for
M20 (water quenching)

Fig. 17 XRD analysis of geopolymer concrete at 600 °C for different heat exposure periods for
M20 (water quenching)
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and then recrystallize to new phases albite, nepheline. This contributes to the
enhancement of mechanical strength for M20 after quenching process. As shown in
Figs. 15, 16, 17 and 18 the XRD patterns for all the geopolymer samples are quite
similar for the 400, 600 and 800 °C after the specimens are subjected to the
quenching process. The samples exposed to the high temperatures showed marginal
mineralogical changes. Leucite (Sodium Potassium Aluminium Silicon Oxide)
was mainly formed at 400, 600 and 800 °C of different exposure periods in air
cooling. Leucite is not observed at any temperature in water cooling, this crystalline
phase change was observed at a high temperature other than 200 °C. The similar
observations of formation of gel binder fully crystallized Leucite at high temper-
atures in geopolymer composites were reported by Lin et al. [32]. The increase in
strength is due to the formation of new minerals like albite and lucite. Whereas the
reduction in strength at high temperatures was attributed to a thermal expansion
mismatch of the different compounds. The primary reaction products of amorphous
aluminosilicate semi-crystalline gels such as N-A-S-H are formed along with the
crystals of Mullite. This formation of crystals is due to the presence of the minerals
in both the fly ash and GGBS and the chemical activator used for the activation of
the combination of Fly ash and GGBS.

Fig. 18 XRD analysis of geopolymer concrete at 800 °C for different heat exposure periods for
M20 (water quenching)
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5 Conclusions

From the experimental investigation carried out on GPC subjected to elevated
temperatures, the following conclusions were arrived.

(1) The weight loss of GPC with an increase in temperature and with longer
exposure periods has increased in general. Particularly the loss is more pro-
nounced at 600 °C.

(2) The compressive strength of GPC has a gain of around 45% strength of unheated
GPC after exposure to 200 °C and the rate of gain is lowered at 400 °C.

(3) Up to 600 °C, GPC retained its strength with a maximum loss of 19%, beyond
this the degradation is more rapid. Hence, 600 °C can be the critical temper-
ature for this mix proportion.

(4) At the temperature of 800 °C, the reduction in strength is more pronounced
with a loss of 65% of the strength.

(5) Heat exposure period also has a significant effect at all temperatures.
(6) The XRD analysis indicated that the crystalline structure of GPC is affected by

the increase in elevated temperatures and with longer exposure periods. These
changes are in line with the strength and weight loss observation made on GPC.

(7) The influence of cooling regime has a significant effect in deterioration of GPC
cooled by water quenching is more serious than that of specimens cooled by air
cooling.

(8) The specimens for both air and water quenching the critical temperature for
M20 is 600 °C. For air cooling, there is an increase in the strength up to 600 °C
30 min whereas the specimens subjected to water quenching there is a slight
loss of strength at 200 °C itself.
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Degradation Kinetics of Cement-Based
Materials in Citric Acid

K. P. Ramaswamy and Manu Santhanam

Abstract Cementitious materials being highly alkaline in nature are easily attacked
by the acids present in industrial effluents, with implications in its mechanical and
durability properties. This paper aims to evaluate the degradation kinetics of cement
paste when exposed to citric acid solution by performing a static immersion-based-
accelerated leaching test. Binders such as Class F fly ash (30% replacement), blast
furnace slag (50% replacement), silica fume (10% replacement) are considered as
mass replacements to cement in addition to the control mix containing ordinary
Portland cement only. A holistic test protocol was developed with and without
abrasive action and the degradation kinetics was investigated by measuring mass
changes, thickness changes, changes in pH of the acid solution, strength changes
and imaging using X-ray micro-tomography. The results showed that citric acid is
highly aggressive to cement-based materials as it resulted in strong leaching. The
performance of binders such as fly ash and slag was found to be ordinary while the
mix containing silica fume showed better resistance to citric acid.
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1 Introduction

The attack by acidic waters represents a topic of growing significance due to
increasing damages to concrete structures globally. Concrete structures undergo
rapid deterioration when it comes into contact with acidic solutions in varied
situations, and the range of aggressive species is wide. This undesirable situation is
a consequence of increasing sources of acidic media due to growing urban and
industrial activities, and because cementitious materials are highly vulnerable in
acidic environments due to their high alkalinity [1, 2]. Industrial effluents contain a
wide range of organic acids whose action may lead to severe degradation of
concrete structures. A review of the literature on the acid attack on concrete
reinforces the fact that even though considerable research has been done on the
effect of inorganic acids on concrete, only very few studies have focused on the
effect of organic acids [3].

Organic acids are either present naturally in the agricultural products themselves
(i.e. plants or fruit) and/or are intermediary or final products of the metabolism of
microorganisms growing in the effluents. Organic acids also arise in industrial
applications, but particularly in the agro-food industry [4]. Of all the organic acids,
citric acid is found to be the most aggressive and leads to rapid deterioration [3, 4].
Sugarcane vinasses produced by the sugar industry and whey water from dairy
industry contain citric acid, in addition to other organic acids detailed in Table 1.
Concrete structures storing these effluents are vulnerable to the acid attack. Also,
citric acid is the main constituent of lime/lemon juices and the juice shop floors and
drains are prone to the acid attack. Acid attack is a complex process influenced by
many factors related to materials and test method, and this process of degradation is
still not properly understood. Currently, there are no codes or standards available
for evaluating the resistance of materials to acid attack. Hence, this study attempts

Table 1 Organic acids in some agro-food industries [4]

Industry Wastewaters Acids Concentration
(mmol/L)

pH

Sugar industries Sugar cane
vinasses

Lactic
Glycolic
Citric
Trans-aconitic
Cis-aconitic
Oxalic
Fumaric
Total (max.)

18–80.4
12–25
1.7–10.4
0.2–4.8
0.1–2.8
0.08–0.8
0.1–0.4
124.2

4–7

Dairy industries Whey Acetic
Citric
Lactic
Propionic
Butyric
Total (max.)

14.0
9.2–9.6
3.4–5.7
1.0
0.6
30.9

4–6
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to investigate further, the alteration kinetics in these conditions by developing
accelerated test methods and thus, to design materials that perform well in these
environments.

2 Materials and Methods

Currently, there are no codes or standards available for evaluating the material
resistance to acid attack. Hence, the current study attempts to come up with a test
method for evaluating the resistance of cement paste against acid attack. In order to
study the role of binders in influencing alteration kinetics, binders such as Class F
fly ash (30% replacement, FA30), densified silica fume (10% replacement, SF10),
ground granulated blast furnace slag (50% replacement, BFS50) are considered as
mass replacements to cement in addition to the control mix containing Ordinary
Portland 53 Grade Cement (OPC) only. Particle size distribution of binders was
studied using laser diffraction technique and is shown in Fig. 1. Slag was finer
compared to cement and fly ash. Table 2 gives the physical properties of the
binders. All mixes were prepared with constant water to binder ratio of 0.40.
Polycarboxylate ether (PCE) based admixture at suitable dosage was used for the
mix containing silica fume for improving the fluidity and dispersibility.

According to De Belie et al. [5], accelerated tests are preferred, in which the
degradation rate can be increased by means of higher concentrations of the acid
solution, larger contact surfaces, smaller sized specimen, etc. Hence, a static
immersion based, accelerated leaching test was conducted on prismatic cement
paste specimens of size 10 � 10 � 60 mm. Specimens were initially cured in
saturated limewater for a period of 28 days. After the initial curing, saturated
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Fig. 1 Particle size distribution of binders
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mass and thickness of specimens were measured after which they are exposed to
0.5 M citric acid (pH of 1.72). The volume of acid solution to specimen was kept
fixed at 7.

Three specimens of the same mix were kept fully immersed in a glass beaker
containing acid solution and the beaker is then covered with aluminium foil wrap in
order to avoid carbonation and exposure to outside environment as much as pos-
sible. Acid solutions were renewed every week to maintain aggressiveness of the
acid. Two types of tests were done: with and without brushing to simulate various
real-life conditions. Test with brushing (named B28) is useful in studying the
alteration kinetics while the study without brushing (named WB28) is essential to
investigate the mechanism of degradation. In the method B28, brushing of speci-
mens (with soft nylon brush) was done on a weekly basis to remove the loosely
held corroded particles and also to accelerate the testing. Table 3 gives the details of

Table 2 Physical property of binders

Property OPC Class F fly ash Slag Silica fume

Specific gravity 3.15 2.21 2.88 2.04

Blaine’s fineness (m2/kg) 318 241 398 20000*

Loss on ignition (%) 3.43 0.08 −0.02 1.49

*BET surface area

Table 3 Test methods for evaluating the degradation kinetics

Test method Remarks

Mass changes In the case where brushing of specimens (with nylon brush) was done
to remove the loosely held corroded particles, mass changes before
and after the brushing were noted using a weighing balance having
the precision of 0.1 mg. Parameters such as mass loss/gain,
cumulative mass precipitated/leached and abraded were estimated
based on the mass data collected, to demarcate the effect of brushing
and precipitate/leaching. In the case of no brushing, mass changes
were noted immediately after taking out the specimens from the acid
solution.

Thickness changes The thickness of the specimens was noted using a digital caliper
having a sensitivity of 0.001 mm. When brushing is done, the
thickness was measured after the brushing.

pH changes Changes in pH of the acid solution were monitored using a digital pH
meter, on a weekly basis just before the renewal of the acid.

X-ray
micro-tomography
(CT)

X-ray computed micro-tomography (CT) was used to get the 3-D and
2-D images of the cut specimen of size 10 � 10 � 10 mm before
and after the degradation.

Compressive strength Cube specimens of size 25 mm were prepared and immersed in acid
solution (without any brushing). Compressive strength was tested
before acid exposure and at every week of acid exposure, the loading
rate being 143 N/s.

894 K. P. Ramaswamy and M. Santhanam



test methods used to evaluate alteration kinetics. The degradation was stopped after
3 weeks of exposure (by solvent exchange process using isopropanol) and the
specimens are stored in sealed zip lock covers inside a vacuum desicccator until
further tests to understand the mechanism of degradation. The study with brushing
as described above was extended to OPC specimens initially cured for 28 days to
analyse its behaviour when exposed to lemon juice solution (�0.083 M citric acid,
pH 1.98) for a period of 6 weeks. In the case of the static test without brushing
(WB28), the only difference from the previous test (with brushing) is that no
abrasive action is applied in the form of brushing and hence, the corroded layer was
preserved for further characterisation.

3 Results and Discussions

3.1 Visual Observations

Citric acid was found to be very aggressive in the cementitious system.
A white-coloured salt is precipitated in substantial quantities on specimens
immersed in citric acid (Fig. 2) and is confirmed as calcium citrate tetrahydrate
(Ca3(C6H5O7)2.4H2O) by X-ray diffraction study. This precipitate has low solu-
bility (0.95 g/L at 25 °C), and loosely adhered to the specimen. The salt does not
have a protective effect on the matrix due to the high molar volume of the salt,
518.4 cm3/mol when compared to C–S–H (108–125 cm3/mol) and Portlandite
(33 cm3/mol). This led to rapid loss of thickness and the aspects of specimens
(without brushing) after three weeks of exposure are shown in Fig. 3. It can be
noted that the control mix and the mix containing silica fume performed better as
the loss of thickness was less when compared to the other mixes. Citric acid is

OPC FA30 BFS50 SF10

Fig. 2 Solutions after 3 weeks of acid exposure
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polyacidic as they dissociate to give multiple protons at their respective pKa values
of 3.14, 4.76 and 6.40 [6]. The high concentration used (0.5 M), polyacidity of
citric acid and the non-protective nature of precipitate formed seems to have
increased the aggressiveness of citric acid. According to Koenig and Dehn [7], the
higher damaging effect could also be due to the acid buffer action exhibited by these
organic acids. Figure 4 shows the specimen before and after brushing, when
exposed to the lemon juice solution. The precipitate formation was found to be
lesser as the concentration of citric acid was less. Also, the precipitate was not
loosely adhered to the matrix as evident from Fig. 4. Apparently, the reduction in
thickness was also found to be very less, when compared to 0.5 M citric acid.

Before exposure
After acid exposure

OPC FA30 BFS50 SF10

10 mm

Fig. 3 Specimens before and after acid exposure

a) before brushing b) after brushing

10 mm

Fig. 4 OPC specimens before and after brushing on exposure to lemon juice
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3.2 Mass Changes

Mass change is a direct measure of degradation, and hence can be considered as a
measure of material resistance against acid attack. The test method with periodic
brushing (B28) simulates the flowing conditions of effluents, besides removing the
outer degraded layer, thus accelerating the kinetics. Mass changes were calculated
with respect to the initial mass (just before acid exposure). A positive value
indicates mass gain whereas a negative value indicates mass loss. Exposure to 0.5 M
citric acid resulted in mass loss at all ages, for all the mixes as the cementitious
materials underwent dissolution to form the precipitate. Among the mixes, the mix
containing silica fume (SF10) showed a lower mass loss while the mix containing fly
ash (FA30) showed the least resistance as the mass loss was severe. OPC mix
exposed to lemon juice (named OPC(L)) showed a small mass gain at initial ages and
mass loss at prolonged exposure. However, the mass loss was significantly lesser
when compared to 0.5 M citric acid. Hence, it can be inferred that the degradation
kinetics in citric acid is highly dependent on its concentration (Fig. 5).

The test method without brushing (WB28) simulates static conditions of
effluents. It also preserves the degraded layers for further micro-analytical study.
The variation of mass changes without application of brushing is depicted in Fig. 6.
It can be noted that the trend in the variation of mass change is similar to the case
when brushing is done. The mix containing silica fume (SF10) showed superior
resistance to citric acid. The mix containing fly ash (FA30) showed the least
resistance while the control mix (OPC) and the mix containing slag (BFS50)
exhibited intermediate resistance. It is found that abrasive action in the form of
brushing had a negligible impact on kinetics, as the mass changes with and without
brushing were comparable. However, the effect of the abrasive action in the form of
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brushing will be more pronounced when the specimens are exposed to inorganic/
organic acids and when the solubility of the salt formed is protective and less
soluble as in the case of gypsum layer formed on specimens exposed to the
sulphuric acid solution.

Based on the mass data observed for the testing with brushing (B28), cumulative
mass abraded due to brushing and cumulative mass leached were calculated as % of
the mass loss of specimens and presented in Figs. 7 and 8 respectively. The pre-
cipitate formed is more stable and adhered to the specimen in the case of the mix
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Fig. 6 Mass changes in acid exposure (WB28)
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containing silica fume (SF10) and evidently, abrasion effect was found to be more.
Similar behaviour was noticed when OPC specimens are exposed to lemon juice
and hence, leaching effect and mass loss was found to be less. In all the other mixes,
the precipitate was found to be loosely bound to the matrix offering a little resis-
tance, and it was found to fall from the specimen and got easily deposited in the
beakers.

3.3 Changes in pH

The various phases present in the cementitious system reacts with an acid solution,
releasing mainly Ca2+ and OH− ions to the solution. Acid–base reaction occurs and
due to this neutralization process, pH of the acid solution increases with time.
Hence, measuring pH on regular basis could be another possible measure of the
degradation kinetics as it gives an idea about the hydrogen ion consumption or
neutralization capacity of the system. The pH evolution for the testing done with
and without brushing is shown in Figs. 9 and 10 respectively. From Figs. 9 and 10,
it can be seen that pH decreases with time. However, considering the considerable
reduction in mass and surface area of specimens with exposure, it can be concluded
that the degradation kinetics is unaffected by the time of exposure and continues to
attack the specimen inward. In the case of OPC exposed to lemon juice, pH was
found to increase with exposure. A sudden increase in pH after 2 weeks is observed
due to the delamination of the adherent thick precipitate layer formed (refer Fig. 4),
thus creating a new unattacked surface for leaching to continue at a faster rate
thereafter. The hydrogen ion consumption is found to be high in the case of slag
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containing mix (BFS50) for the tests with and without brushing. The pH rise was
found to be lowest for SF10 for the test without brushing and this correlates well
with the mass loss measurements.
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Fig. 9 Changes in pH of the acid solution (B28)
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3.4 Thickness Changes

The loss of thickness measured after 3 weeks of exposure is shown in Fig. 11. For
FA30, the degradation was severe and hence, thickness reported was at 2 weeks of
exposure for the testingwithout brushing. The order of performance ofmixes based on
thickness changewas found to be in good alignment withmass changemeasurements.

For the tests with and without brushing, the thickness loss was found to be lesser
in the case of the mix containing silica fume (SF10). Contrary to the expectations,
the loss of thickness was found to be more when no brushing is involved. In the
case of brushing, abrasive action applied in the saturated condition of the specimen
could have a protective effect against further leaching. Also, the precipitate was
found to be wet as it is a tetrahydrate. This reaffirms to a conclusion that abrasive
action need not be applied while testing organic acids where leaching is the pre-
dominant process and the salt formed is not protective. These observations have
important implications when designing test methods.

3.5 Strength Changes

The variation of the compressive strength of various mixes with acid exposure age
is shown in Fig. 12. All the mixes showed a reduction in compressive strength on
acid exposure when compared to the strength just before the exposure. This strength
reduction is due to the alterations in the microstructure. Portlandite, C–S–H and
other hydrates undergo decalcification to form the precipitate and this leads to
weakening of the material having an impact in the mechanical properties.
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The strength loss was maximum (more than 50% reduction) for fly ash
containing mix (FA30) and minimum for the control mix (OPC). As the degra-
dation has to be limited for the test to be conducted, volume of the solution to
specimens was maintained at 4 only. The high variability in strength values
observed may be attributed to the smaller size of specimens and the ratio of failure
load to testing system capacity being less.

3.6 X-Ray Micro-Tomography

A novel attempt is made to characterize the microstructure of the acid degraded
specimens using X-ray computed micro-tomography. Ramaswamy et al. [8] have
formulated a test protocol for imaging the cementitious specimens using X-ray
tomography. The tomography test set up at IIT Madras used for imaging, v|tome|x s
is a versatile high-resolution system. Cubical samples of size approximately 10 mm
were cut from the degraded specimens from the end. Solvent exchange process
using isopropanol was used for specimen conditioning. The dried specimens were
then taken for the imaging.

Figure 13 shows the 2-D cut slice image before and after the degradation
(3 weeks); and the 3-D rendered image after the degradation of the various mixes
investigated. Black regions in the images refer to the voids, white regions refer to
the dense/anhydrous particles and grey coloured regions indicate the various
hydrated/deteriorated phases formed.

The specimens after the degradation have clearly shown the mineralogical
zonation which consists of an inner core zone, a thin dense transition zone and an
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outer degraded zone. The inner core zone is unattacked and the microstructure is
very similar to the one before the attack. Transitional zone is seen as a thin dense
white layer and this may be ascribed to the formation of aluminium and/or
iron-bearing products. The outer zone is severely attacked and was seen only as a
thin layer (dark layer with lower grey scale values for pixels), a majority of this
zone underwent dissolution and got eroded away due to leaching and brushing.
Another observation is that even the anhydrous particles were absent in the outer
zone which leads to a conclusion that outer zone is amorphous and even anhy-
drous particles are unstable. The shape of the specimens was found to be distorted
in the mix containing fly ash and control mix. Also, decalcification associated
shrinkage cracks were found in the altered zone leading to further deterioration in

Mix Before degradation After degradation 3D image after degradation

OPC

FA30

BFS50

SF10

OPC (L)

2 mm

Fig. 13 X-ray tomographic images after acid exposure with brushing (not to scale)
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these mixes. The dark altered layer was restricted close to the surfaces only and
this point out the fact that the salt (precipitate) formed is from outward of the
sample. The thickness of the altered layer was found to be lesser in the case of
the mix containing silica fume as well as the control mix when exposed to lemon
juice. The precipitate formed in these cases was adherent to the matrix but could
be removed due to brushing action. However, the altered layer was thicker for
other mixes despite brushing which indicates that acid has penetrated to a deeper
depth and the degradation is more.

4 Conclusions

In this study, the degradation kinetics of cement-based materials was investigated
by developing and performing a static immersion-based-accelerated leaching test on
cement paste specimens with and without brushing on exposure to citric acid.
A holistic test protocol was presented and the study is one of the first of its kind in
India in the area of durability of materials against acid attack. The results showed
that citric acid is highly aggressive to cement-based materials as it resulted in strong
leaching. The damaging effect was higher when compared to strong inorganic acids.
The aggressiveness of citric acid could be attributed to its polyacidity, as they
dissociate to give multiple protons at pKa values. Furthermore, heavy precipitate
formation was observed due to the formation of calcium citrate salt. This salt has
less solubility and very high molar volume compared to Portlandite and C–S–H gel
and thus found to be detrimental to the cement matrix. The performance of binders
such as fly ash and slag was found to be ordinary while the mix containing silica
fume showed better resistance to citric acid. The ordinary performance of binders
could be due to high concentration/low pH of the acid solution and the absence of
interfacial transition zone (ITZ) in the paste. A thorough micro-analytical study in
conjunction with the methods presented in this paper will throw more light on the
better understanding of degradation of cement-based materials in aggressive acidic
environments.
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Influence of Blended Cement
on the Fresh Properties
of Self-compacting Concrete
Incorporating Recycled Aggregate

Ranganathan Senthamilselvi and Purushothaman Revathi

Abstract Production of self-compacting concrete requires a large amount of
powder content, thus demanding the high quantity of cement with one or more
admixtures. Using large quantity of cement creates production demand, environ-
mental pollution and leads to high-energy consumption. In view of this aspect,
mineral admixtures are used to replace the cement in high volume. On the other
hand, the issue of disposal of demolition waste is addressed by recycled aggregate
as coarse aggregate in SCC. This study investigates the influence of blended cement
on the properties of fresh self-compacting concrete-incorporating RA. SCC with
RA mixes is produced with different types and amounts of mineral admixtures.
OPC cement, fly ash (FA), silica fume (SF), and ground-granulated blast-furnace
slag (GGBS) are used in binary, ternary, and quaternary blends to improve the fresh
properties of SCC. Cement is replaced by the above blends with 20, 40, and 60%
for all mixtures. Fresh properties of the SCC with RA mixes are tested for slump
flow, T 500, V-funnel flow, and L-box tests. The results indicated that when all the
blended cement mixtures show improved fresh properties without segregation even
at 60% replacement.

Keywords Self-compacting concrete � Recycled aggregate � Fresh properties
Blended cement � Mineral admixtures

1 Introduction

Self-Compacting Concrete (SCC) is gaining popularity all over the world due to its
self-flowability, which can be placed and compacted under its self-weight without
any external vibration [1]. In order to achieve self compaction, a large amount of
powder content is required, thus demanding a large quantity of cement with one or
more admixtures [2]. Consumption of a large amount of cement severely affects the
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environment severely. In order to reduce energy consumption, CO2 emission, and
production demand, cement is replaced with mineral admixtures in concrete [3].
Mineral admixtures are the by-products of different industries and dumped as waste.
Various mineral admixtures such as fly ash (FA), silica fume (SF),
ground-granulated blast-furnace slag (GGBS), metakaolin, etc., are used as a
cement replacement in SCC. An extensive review of the literature has been carried
out to examine the effect of mineral admixtures on the properties of SCC. Proper
replacement of cement by suitable mineral admixtures can result in not only eco-
nomical and ecological benefits but technical benefits as well. It improves the fresh
properties of SCC considerably [3–10]. Large quantities of Construction and
Demolition (C&D) wastes have been generated annually across the world. The use
of C&D waste as a recycled aggregate (RA) in concrete is limited due to its low
density and high absorption [11]. Few studies have been conducted using RA in
SCC [12–14]. Fresh properties of SCC decreased with the increasing percentage of
RA. To overcome these issues, RA is used in saturated surface dry condition (SSD).
As a result, RA in SCC enhances the workability and flow properties of concrete,
thus reducing the powder demand. Moreover, the fresh properties are influenced
due to the small particle sizes of mineral admixtures, which in turn directly influ-
ence the fresh, mechanical, and durability performances of concrete. Use of blended
cement in SCC is expected to eliminate the drawbacks of the particular mineral
admixtures through combining with other superior quality material in order to
reduce the overall cost of concrete production. The current knowledge of the fresh
properties of blended cement is generally limited to SCC only. Celik [15] utilized
high-volume class—F FA/High-volume natural pozzolan and limestone as binary
and ternary blends in SCC. The study reveals that both binary and ternary-blended
mixes give the better fresh properties. Gesoglu and Ozbay [16] investigated the
effects of using FA, GGBFS, and SF as mineral admixtures in binary, ternary, and
quaternary blends on the fresh properties of SCC. It is reported that SCC mixtures
with blended cement have improved fresh properties without segregation. Guneyisi
and Gesoglu [17] studied the properties of SCC with Limestone and GGBS as
binary and ternary-blended cement. The study reveals that the use of GGBS in
blended cement improves the fresh properties of SCC. Gesoglu et al. investigated
the properties of SCC with binary, ternary, and quaternary-blended cement con-
taining FA, GGBS, and SF [18]. It was concluded that the ternary use of
PC + FA + GGBS shows the better fresh properties than the other blended mix-
tures. In view of this, a research program is implemented to study the contribution
of binary, ternary, and quaternary blended cement with different mineral admixtures
on the fresh properties of SCC with RA as coarse aggregate.
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2 Materials

Ordinary Portland Cement (43 Grade) was used for this experimental investigation.
Cement was partially replaced with Class F fly ash, Silica fume, and GGBS
powders to develop binary, ternary, and quaternary systems. Locally available river
sand with 4.75 mm, which is the maximum size and it was used as fine aggregate.
Crushed granite obtained from the local quarry was used as NA. The crushed
concrete specimens from the laboratory were used as the source of RA. These
concrete specimens were crushed manually and subsequently crushed with a lab
model jaw crusher and sieved. The aggregate passing in 16 mm sieve and retained
on 4.75 mm sieve is used as RA. The nominal size of the natural and recycled
coarse aggregates was 16 mm. The physical and mechanical properties of NA and
RA were determined in accordance with IS 2386-1963 [19] and presented in
Table 1. Potable water available in the college campus was used for the mixes.
Polycarboxylic ether-based superplasticizer was used at 1% by weight of powder
content, to achieve good workability.

Mix Proportion
In this study, SCC mixes were produced adopting particle packing mix design
approach,whose detailed proportions are presented inTable 2. Totally, 22mixeswere
designed with w/p of 0.36–0.37 and total powder content used was generally main-
tained as 570 kg/m3 of concrete. SCCRA mixtures incorporated binary (PC + FA,
PC + GGBS, PC + SF) and ternary (PC + FA + SF, PC + FA + GGBS,
PC + GGBS + SF) and quaternary (PC + FA + GGBS + SF) cementitious blends
in which a proportion of Portland cement was replaced with the mineral admixtures.
The various replacement levels of mineral admixtures considered for SF are 5–15%,
for FA are 20–60% and for GGBFS are 20–60% by volume of total powder content.
Designed mixes are designated according to the type and the amount of mineral
admixtures included.

Testing Methods
Fresh properties of SCC were quantified through slump flow, T 500 slump flow
time, J-ring test, V-funnel test, and L-box test. The above tests were performed
according to EFNARC guidelines to evaluate the characteristics of SCC such as
passing ability, flowability, and segregation resistance. Slump flow and T 500 time
test to assess the flowability and the flow rate of SCC in the absence of obstructions.
The result is an indication of the filling ability of SCC, and the T 500 time is a

Table 1 Physical properties of aggregate

Sl. no. Physical properties Fine aggregate (River sand) Recycled aggregate (RA)

1. Specific gravity 2.59 2.27

2. Bulk density (kg/m3) 1375 1209

3. Water absorption (%) 1 7.79

4. Fineness modulus 3.06 7.24
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measure of the speed of flow. J-ring test is to investigate both the filling ability and
the passing ability of SCC. In the V-funnel test, the funnel is filled with the concrete
and the time taken by it to flow through the funnel is measured. This test gives the
account of the filling capacity of SCC. In the L box test, the test was conducted by
removing the gate to allow the flow of concrete through the horizontal part and of
the remaining concrete is in the vertical part and then the ratio of h2/h1 was
determined.

3 Result and Discussion

Slump Flow
Slump flow results of all blended cement with SCCRA are shown in Figs. 1, 2, and
3. The slump flow values of all blended mixtures are within the range of 690–
770 mm. As per EFNARC guidelines, binary-blended mixtures are classified SF2,
ternary mixes and quaternary mixes are classified as SF2 and SF3. These mixtures
are suitable for many normal applications and congested reinforcement structures. It
is evident from these figures that in all in all cases of blended mixes, the
improvement of flowability increased for all replacement levels of mineral
admixtures. The result shows that the addition of mineral admixtures such as FA,
SF, and GGBS helps in increasing flowability of the mix without segregation even
at the 60% replacement ratio. The same trend is observed for all binary, ternary, and
quaternary-blended mixes. It is also observed that the binary mix with GGBS and
ternary mixes with FA and GGBS shows higher flow value compared to that of
other blended mixes at 60% of replacement level. The best combination of various
blending with respect to flow is 40% replacement of GGBS, 60% replacement for
GGBS for binary blends, 60% of FA & GGBS for ternary blends, and 60% of the
quaternary-blended mix. Therefore, it is clear that the binary blends, ternary blends,
and quaternary mixes show better stability and flowability of mixes.

Fig. 1 Effect of
binary-blended cement on
slump flow
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T 500 Flow Time
T 500 indicates viscosity of mixture. Shorter time of T 500 is an indication of the
better flow capacity, with lower viscosity. As seen in Figs. 4, 5 and 6, T 500 values
varied from 0.86 to 1.48 s for binary-blended mixtures, 0.8–1.49 s for
ternary-blended mixtures and it is varied from 1.23 to 1.65 s for quaternary-blended
mixtures. As per EFNARC guidelines, binary blended, ternary mixes, and quater-
nary mixtures are classified under VS1. These mixtures are suitable for congested
reinforcement structures and it has a better surface finish. As clearly seen in the
figures, the use of GGBS and FA in all the blended mixtures shows the effective
reduction in the slump flow time. The concretes with SF and 20% of FA in binary
mixtures, and all ternary and quaternary-blended mixtures at 20% replacement had
a high slump flow time. According to EFNARC specifications and guidelines, the T
500 slump flow time of SCC generally ranges from 2 to 5 s. Hence, the T 500
slump flow times were less than the acceptable range. However, at the time testing,

Fig. 2 Effect of
ternary-blended cement on
slump flow

Fig. 3 Effect of
quaternary-blended cement on
slump flow
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Fig. 4 Effect of
binary-blended cement on T
500

Fig. 5 Effect of
ternary-blended cement on T
500

Fig. 6 Effect of
quaternary-blended cement on
T 500
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all the blended mixtures were observed with good flow capacity without any
bleeding and segregation. This is mostly due to the increased content of powder and
SSD condition of RA.

J-Ring Slump Flow
The slump flow values of J-ring are shown in Fig. 7, 8 and 9. Flow ranges between
610–720 mm, 595–670 mm and 625–640 mm for binary, ternary, and
quaternary-blended mixtures are considered acceptable as per EFNARC. It is evi-
dent from these figures all the blended mixes having FA and GGBS shows the
highest slump value due to its particle size. For all blended mix, no segregation was
observed during the tests and indicates satisfactory mix stability and segregation
resistance for flow through reinforcement.

V-Funnel Flow
The V-funnel times of different mixes are presented in Figs. 10, 11, and 12. It can
be seen from these figures that, V-funnel times for binary, ternary, and quaternary

Fig. 7 Effect of
binary-blended cement on
j-ring slump flow value

Fig. 8 Effect of
ternary-blended cement on
J-ring slump flow value
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Fig. 9 Effect of
quaternary-blended cement on
J-ring slump flow

Fig. 10 Effect of
binary-blended cement on
V-funnel flow time

Fig. 11 Effect of
ternary-blended cement on
V-funnel flow time
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blended mixes are in the range of 6.54–9.8 s, 6–7.8 s, and 6–6.95 s, respectively.
The V-funnel flow times of all mixtures satisfy the requirement of EFNARC
guidelines. The quantity of mineral admixtures influences the V-funnel flow time of
all the SCC mixes. Incorporating the lowest replacement of all blended mixtures in
SCC makes it highly flowable with decreased viscosity.

L-Box
The results from the L-box test are shown in the Figs. 13, 14 and 15. The blocking
ratio of SCC for all blended mixtures containing FA, GGBS and SF changed from
0.8 to 1.0. It shows the satisfactory blocking ratio as per EFNARC recommendation
and all the blended mixtures were under PA 1 category. It is evident from these
figures increasing replacement of GGBS and FA content in binary-blended cement
shows the increased passing ability. This result was evident in the concrete pro-
duced with ternary and quaternary-blended cement. At the same ternary and
quaternary blended cement. Also at the time of testing, the authors did not observe

Fig. 12 Effect of
quaternary-blended cement on
V-funnel flow time

Fig. 13 Effect of
binary-blended cement on
blocking ratio
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any tendency of blockage between reinforcement. Hence, it is revealed that all the
mixes have good segregation resistance with good filling ability.

4 Conclusions

The following conclusions may be drawn from the experimental results.

1. The result shows that the addition of mineral admixtures such as FA, SF, and
GGBS helps in increasing flowability of the mix without segregation even at the
60% replacement ratio. The same trend is observed in the ternary mixes and
quaternary mix.

Fig. 14 Effect of
ternary-blended cement on
blocking ratio

Fig. 15 Effect of
quaternary-blended cement on
blocking ratio
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2. The binary mix with GGBS and ternary mixes with FA and GGBS shows higher
flow value compared to that of other blended mixes at 60% of replacement level.
The best combination of various blending with respect to flow is 20%
replacement of S, 40% replacement for S for binary blends, and 60% of FA and
S for ternary blends.

3. The filling ability of all blended mixtures increased with the inclusion of FA,
GGBS at all replacement levels and with SF at high replacement.

4. Though binary and ternary mixes exhibit good fresh properties, the quaternary
blended mixes will be assured to have better mechanical and durability prop-
erties of SCC with RA, in addition to its fresh properties.
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Flow Characteristics
of Polymer-Modified Sisal
Fibre-Reinforced Mortar

Sriraman Priyadharshini and Gudimella Ramakrishna

Abstract Nowadays, incorporation of natural fibres in cement composites is
becoming very popular due to several advantageous properties of natural fibres. The
natural fibre incorporation into matrix provides varying effects in terms of both
negative and positive aspects with respect of fresh characteristics of composites and
these effects will resembles in performance of hardened composites. Therefore, it is
important to study the fresh behaviour of natural fibre-reinforced matrices and also
to proportionate mix parameters before production of fibrous composites. On the
other hand, use of polymers in natural fibre plays a vital role in adjusting the
negative effects of fibre incorporation. Based on the above facts, the effects of
addition of sisal fibre and styrene-butadiene rubber polymer on flow behaviour in
1:3 mortar composite has been investigated in the present study. From the results, it
is noticed that the polymer addition into sisal fibre-reinforced cement mortar greatly
enhances the fresh behaviour. Also, the flow curves are obtained for various cement
mortar mixes containing the polymer contents of 5 and 10% and sisal fibre contents
of 0.5, 1, 1.5, 2, 2.5 and 3% respectively. The flow curves can be used to arriveW/C
ratio for a given flow value, polymer content and fibre content for the various
applications of cement mortar.
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1 Introduction

Use of natural fibres in cement/cementitious matrix is gaining vital importance in
the field of construction. The major concern on natural fibres among many
researchers is because of its abundant availability, economical and eco-friendly
nature. Moreover, the environmental issues in manufacturing and disposing of the
synthetic fibres are very serious and also pose several health problems. Also,
synthetic fibres affords high cost due to more energy consumption during the
manufacturing process. Hence, the attention towards natural fibre cement/
cementitious composites has been growing and a lot of research works is going
on all over the world. Natural fibres, not only proves to be economical and
eco-friendly, but also provides several useful technical properties such as light-
weight, high impact strength, more toughness, excellent tensile properties, better
post-cracking behaviour, etc. [1–3].

Also, natural fibre cement composites show some negative issues on long-term
durability due to varying nature of fibre, balling effect in fresh composites,
moisture sensitivity, degrading effects under cement medium (i.e. alkaline med-
ium) [4]. These characteristics of natural fibres need some extra care to make such
composites to perform in a better way. Several techniques are adopted to improve
the properties of natural fibre composites. The various techniques so far adopted
are a surface modification of fibres (e.g. coatings to fibre, alkaline treatment, etc.),
matrix modification (e.g. Using mineral admixtures, polymer modification) and
combined surface and matrix modification [5–12]. The techniques so far men-
tioned are major aspects of improving the composite properties. On the other
hand, there are some minor factors but are very important in improving composite
strength and durability. Such minor contributing factors are method of mixing,
curing, mix type and various material parameters [4, 9]. The mix proportion and
material optimization is the foremost process of achieving good-quality composite
product. It is well known that the quality of composites in fresh state resembles
its performance at hardened state. The mix with good fresh characteristics will
pave way for achieving designed strength and durability. Fresh characteristics of
mortar are concerned with several complicated terms namely workability,
flowability, consistency, rheology, etc. [13, 14]. These terms are measured by
using various tests, viz. mini-slump test, flow test, marsh cone, viscometers and
rheometers [15–17]. The literature states that, it is more common to use flow table
test for studying the fresh behaviour of mortar [18]. Also, this test proves to be
very simple, economical and provides reliable direct results on flow, which, in
turn, tells how the mortar is consistent [13]. Also, the term consistency related to
the type of application of mortar, thereby arriving the required W/C ratio seems to
be predominant in proposing adequate mix proportions.

In this investigation, the polymer-modified sisal fibre-reinforced mortar is
evaluated for its fresh properties using flow table test. The main aim of this study is
to investigate mix parameters and to arrive flow curves for achieving quality mix
proportion. The various parameters considered are water–cement ratio, fibre
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content, and polymer content and mix type. Also the effect of various sisal fibre
content (0.5–3%), SBR polymer content (1–15%) and their interactive effect on
flow values for various mixes of 1:3 mortar is thoroughly investigated.

2 Experimental Program

2.1 Materials for Mortar

Ordinary Portland Cement (OPC) of grade 43 confirming to IS 8112-2013, good
quality locally available river sand and potable water were used in the preparation
of mortar. Natural fibre named sisal fibre available in 300 mm lengths was cut and
used an aspect ratio from 125 to 215. Styrene-butadiene rubber (SBR) polymer was
used to enhance the properties of mortar mixes and the water content already
present in SBR was adjusted with designed W/C ratios. The physical properties of
all the materials used were provided in Tables 1, 2, 3 and 4.

Table 1 Physical properties
of cement (OPC 43 grade)

Sl. no. Property Values

1. Standard consistency (%) 29.5

2. Initial setting time (min) 120

3. Final setting time (min) 270

4. Soundness (mm) 1

5. Specific gravity 3.15

Table 2 Physical properties
of sand

Sl. no. Property Values

1. Specific gravity 2.6

2. Water absorption (%) 1%

3. Bulk density (kg/m3) 1683

4. Fineness modulus 2.83

5. Zone II

Table 3 Physical properties
of sisal fibre

Sl. no. Property Values

1. Average length (mm) 2.6

2. Average diameter (mm) 0.1

3. Density (g/cm3) 1.45

4. Average tensile strength (N/mm2) 1360

5. Elongation (%) 7.3

6. Water absorption (%) 180
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2.2 Mix Proportions

The mix was designed for 1:3 mortar by considering four different mixes, viz.
control mix, polymer-modified mortar (PMM) mix, sisal fibre-reinforced mortar
(SFM) mix and polymer-modified sisal fibre-reinforced mortar (PMSFM) mix and
shown in Table 5. The varying parameters considered were water/cement (W/C)
ratio, fibre content and polymer content. The mixes were prepared with fibre
content (FC) varying from 0.5 to 3% and polymer content (PC) from 1 to 15%.W/C
ratio has been varied by considering the attainment flow values ranging from 80 to
100%.

2.3 Test Program

The 1:3 mortar mixes were tested for determining the effects of fibre and polymer
content on flow characteristics using flow table test confirming to IS 4031: Part-7.
The flow table test is performed by placing the mortar sample inside the frustum of
cone mould in two layers and each layer is tamped 20 times smoothly with tamping
bar and excess mortar is wiped off. Then, remove the mould and operate the
machine to offer 25 drops to the placed sample. The flow is measured for the
increased base at least for four diameters with equispaced intervals and is expressed
as a percentage increase with that of the original base diameter. The flow table test
for each mix is performed by increasing W/C ratio up to the attainment of aimed
flow percentage of 80–100%.

Table 4 Physical properties
of SBR polymer

Sl. no. Property Values

1. Colour Milky white

2. Total solid content (%) 44

3. Water content (%) 56

4. pH 10

5. Specific gravity 1.03

Table 5 Mix proportions of various mixes

Mix Cement (By
parts)

Sand (By
parts)

Fibre content
(%)

Polymer content
(%)

Control 1 3 – –

PMM 1 3 – 1–15%

SFM 1 3 0.5–3% –

PMSFM 1 3 0.5–3% 1–15%
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3 Results and Discussion

3.1 Effect of Polymer Content on Flow Characteristics
of Mortar

The effect of different percentages of polymer contents on flow characteristics of
mortar for various W/C ratios is shown in Fig. 1. The flow curves of PMM falls
above the control mortar, confirming that the effect of polymer addition improves
the flow characteristics of mortar. In general, increase of PC andW/C ratio increases
the flow value. However, critically comparing the flow values for each PC shows
that the flow increases with increase in PC but the curves with PC of 9, 10 and 11%
are overlapped at different W/C ratios and also the PC–13% shifts below the
PC–15% curve. Therefore, from the above point, it is realized that the selection of
low PC with higher flows is also possible. Hence, PC of 13 and 10% are a wise
choice instead of 15 and 11%, respectively, for bringing the advantages in
achieving required flow at minimum polymer dosages. The improvement in flow
with respect to control mortar is compared for flow curve with higher flows. In this
aspect, the higher flow is achieved for PC of 13%, showing the increase in flow at
W/C ratio of 0.45 is around 8.3 times with that of control mortar. Also, the aimed
flow percentage of 80–100% is achieved at lower W/C ratio for PMM but a flow of
only 24.5% attained for control mortar. From this it is clear that the addition of
polymer imparts very high flow improvement even at low W/C ratios. Almost all
flow curves (PC–1 to PC–15%) are noticed to convening closer as W/C ratio
increases and this implies that the effect of the polymer at higher W/C ratios is very
less but the effect is vice versa at lower W/C ratios. Moreover, increase of PC
achieves the flow at very low W/C ratios, i.e. the flow starts very earlier for higher
PCs when compared with low PCs and control mortar. Therefore, the mixes with
very low W/C ratio and higher PC impart a mortar to achieve measurable flow.

Fig. 1 Flow versus W/C ratio
for control and PMM mixes
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3.2 Effect of Fibre Content on Flow Characteristics
of Mortar

In Fig. 2, the effect of fibre content on flow characteristics at various W/C ratios is
shown. From this, it is seen that the flow curves of SFM show opposite trend when
compared with PMM curves. Therefore, it is clear that the addition of fibre reduces
the flow values when compared with flow of control mortar. Also, increase of FC
from 0.5 to 3% shows reduction in flow, but FC of 0.5% illustrates an improved
flow from 0.55 W/C ratio compared to control mix. This improvement of flow may
be due to the minimum FC, which is not sufficient to restrict the flow performance.
The percentage reduction of flow for control mortar and SFM at 3% FC is compared
and it is evident that the reduction of flow almost ranges from 38 to 75% at various
W/C ratios. In addition, the flow curves for various FC (0.5–3%) are critically
evaluated at constant W/C ratio and this depicts that at W/C ratio of 0.5, the
differences of flow for various FC are very closer than that of flows attained at W/C
of 0.65 and greater. The difference of flow for 0.5 and 3% ranges from 19.4 to
53.7% between W/C ratio 0.5 and 0.65 respectively. Therefore, this may be due to
the fact that the fibre used in SSD condition imparts higher flow differences for
low-to-high FC at higher W/C ratios. Moreover, the flow of control mortar starts at
W/C ratio of 0.45, SFM at FC between 0.5 and 2.5% starts at 0.5 W/C ratios and for
FC of 3% the flow begins only at 0.55 W/C ratios. From this, it is clear that the
water requirement is more for SFM compared to control mortar whereas mix with
FC content greater than 2.5% requires still higher W/C ratio to attain a measurable
flow. Also it is seen that up to W/C ratio of 0.6, the flow curves of FC–3% and
FC–2% shifts over the flow curves of FC–2.5% and FC–1.5%, respectively, but
after W/C ratio of 0.6 the curves are vice versa, showing the fibre effect is nonlinear
at lower W/C ratios whereas shows linear trend at higher W/C ratios. Altogether, the
attained higher percentage loss in flow for SFM is observed for 3% FC and is
compared to control mortar, which seems to be in the range of 75–38% for W/C
ratios between 0.55 and 0.7.

Fig. 2 Flow versus W/C ratio
for control and SFM mixes
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3.3 Comparative Discussion on PMM and SFM Mixes
with Flow Curves and Flow Value

The flow curves and flow values obtained for PMM and SFM are compared and
critical ranges of varying parameters are presented in this discussion. In Fig. 3, the
curves for control mortar, PMM and SFM mixes are correlated. From this, it is
clearly seen that the curves of SFM are lying below the control mix and PMM
curves are above control mix. Therefore, this confirms that there is a loss in flow is
observed for SFM mixes and wide improvement in flow has been noticed for PMM
mixes. On the other hand, the PMM attains flow at a very minimum W/C ratio of
around 0.3 whereas the control and SFM mixes attained the flow only at W/C ratios
of 0.45 and 0.5 respectively. Hence, the higher water requirement, particularly in
SFM, mixes to attain sufficient flow will lead to lower strength, which can be
expected to compensate by incorporation of polymer in SFM mortar mixes. The use
of SBR polymer in SFM mixes may also contribute to even distribution of fibres
throughout the mix and thereby solves the purpose of fibre addition by maintaining
uniformity in mixes and reducing the balling effect. Also, it is seen that the PMM
curves converge at higher W/C ratio but the SFM curves diverge at higher W/C
ratio. In other words, it is seen that the increase in polymer addition does not shows
much effect at higher W/C ratios when compared with lower W/C ratio but the
increase in fibre addition improves flow at higher W/C ratios. From Table 6, it is
evident that the PMM with W/C ratio of 0.45 particularly starts to cover the wide
range of mixes than other lower W/C ratios by attaining flow for all PCs used. As
overall, the W/C ratio between 0.35 and 0.45 almost covers major mixes by starts
attaining flow in PMM mixes with medium to higher flow percentages. By com-
paring SFM and PMM, W/C ratio of 0.5 starts to cover almost all mixes with
various FC and PC by attaining the measurable flow. Moreover, the selection of
W/C has to be made by compensating the flow loss and flow gain in both PMM and
SFM mixes. From the Table 7, it is noticed that the flow value minimized at
0.5 W/C ratios for the fibre content from 0.5 to 3% and on the other hand the flow is

Fig. 3 Comparative flow
curves for control, PMM and
SFM mixes
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maximized for the W/C of 0.45 with respect to various polymer dosages. From this,
it is desired to maintain the W/C ratio between 0.4 and 0.45 for obtaining mea-
surable flow. Also, the compensation of flow loss in SFM at particular FC will be
achieved by adopting a particular range of PC. Furthermore, it is noticed that at
lower W/C ratio, the flow can be achieved only beyond 10% PC and so selecting
lower FC for such mixes will be able to balance the lost flow in SFM. Moreover, the
lower PC of 1–5% and higher PC of 7–15% are to be dealt distinctly. It is noticed
that the PC of 5% shows better flow among PC below 5% and also PC of 10 and
13% performs superior than other PC. However, the optimum flow at high W/C
ratios can be achieved by combining lower FC with lower PC and higher PC with
higher FC.

3.4 Effect of Fibre–Polymer Interaction on Flow
Characteristics of Mortar Using Critical PC

The combined effect of fibre and polymer on flow characteristics of mortar has
been studied for the selected PMM mixes based on discussion under Sect. 3.1.
The selected PC of 5 and 10% are used to make mortar mixes with all FC
employed in SFM mixes and their effects on flow performances are presented in
Fig. 4. It is noticed that almost all flow curves of PMSFM falling above the
control mortar, illustrating that the polymer addition in SFM improves the flow
performance with the chosen PC of 5 and 10% for the mixes having FC from 0.5
to 3%. This improvement in flow is noticed to be about 1.2–4 times and 1.3–5.6
times for mixes produced with PC of 5 and 10%, respectively, for various W/C
ratios and FCs. Also, it is evident that the flow behaviour seems to be higher with

Table 7 Difference in flow value for higher and lower flow values at constantW/C ratio for PMM
and SFM

W/C ratio PMM-difference in PC (%) Difference in flow (%)

0.3 3 17.8

0.35 4 26

0.4 10 49

0.45 12 64.9

0.5 12 55.5

W/C ratio SFM-difference in FC (%) Difference in flow (%)

0.5 2.5 19.4

0.55 2.5 40.3

0.6 2.25 49.8

0.65 2.5 53.7

0.7 2.5 61.7

0.75 2.5 69.4
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decreasing FC and with increasing PC. Moreover, the flow is noticed for constant
FC with PC of 5 and 10% and it is observed that the mixes at all FC with 10% of
PC performs better than 5% PC with the exception of mix at a FC of 1.5%.
Therefore, the flow curves with PC of 5 and 10% with FC of 1.5% almost
overlap each other and establish the behaviour of fibre–polymer interaction at FC
of 1.5% to be more critical. Moreover, an increase in FC irrespective of PC and
W/C ratio shifts the flow curves towards the curve of control mortar, implying

Fig. 4 Flow curves for PMSFM mixes at various W/C ratios

Fig. 5 Flow spread for control, PMM, SFM and PMSFM mixes
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that mixes with higher FC behave as control mortar even with polymer addition.
Anyhow the FC of up to 2.5% with both PC of 5 and 10% offers measurable flow
at W/C ratio of 0.4, which is earlier than control, showing approximately equal
flow only at W/C of 0.45. Also, when comparing PMSFM curves with SFM at
constant FC, it is possible to observe the compensation of flow loss with mini-
mum water requirement in PMSFM mixes due to polymer interaction. Figures 5
and 6 clearly show the overall flow performances of all the mixes, viz. control
mortar, PMM, SFM and PMSFM. The figure depicts that the obtained flow
curves of PMSFM are falling between PMM and control mortar mixes.
Furthermore, it is accomplished that due to fibre–polymer interaction, the flow
gain in PMM and flow loss in SFM are well adjusted and the flow compensation
has been noticed for all flow curves with FC from 0.5 to 3% in PMSFM with the
selected PC. However, for obtaining better mortar composites, selection of W/C
ratio has to be made with respect to appropriate flow curve presented and in turn
depends on flow requirement and applications of composites.

4 Conclusions

The various useful conclusions were made from the results obtained as follows:

1. Increase in the fibre content decreases the flow value whereas an increase of
polymer content and W/C ratios increase the flow value as compared with the
control mortar.

2. The maximum increase in the flow value of PMM mixes is 8.3 times more than
the control mortar for the polymer content of 13%.

3. There is no significant improvement in the flow value is observed beyond 13%
polymer content for the chosen W/C ratio of 0.25–0.55.

4. The maximum decrease in the flow value of SFM for the fibre content of 3%
ranges about 38–75% for the selected W/C ratios.

Fig. 6 Flow curve showing a
range of distribution of flow
for control, PMM, SFM and
PMSFM mixes
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5. In the PMSFM mixes, the improvement in the flow value is about 1.2–4 times at
5% PC and 1.3–5.6 times at 10% PC higher than the control mortar.

6. Due to the addition of SBR polymer in the SFM mixes, the flow values are
increased reasonably, with less W/C ratios. Also, a uniform distribution of sisal
fibres in the mix was observed, while mixing with the polymer.

7. The developed flow curves for various mixes can be used to choose W/C ratios
for various cement mortar application based on flow value.
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Steel Fibres as a Partial Shear
Reinforcement in Self-compacting
Concrete

K. Praveen and S. Venkateswara Rao

Abstract The present study investigates the possibility of replacement of shear
reinforcement with steel fibres in Self-Compacting Concrete beams. A total of
12 beams were designed and tested for two grades of SCC, i.e. M30 and M70. The
variable parameters in the study apart from grade of concrete are dosage of steel
fibres and stirrup spacings. The size of the beam was 100 � 200 � 1200 mm. The
clear span of beam, 1100 mm was maintained throughout the study. All the beams
were tested under three- point loading with shear span-to-depth ratio a/d = 2. The
investigation shows that shear strength decreased as spacing of stirrup increased.
The test results indicates that the initial crack shear strength increased significantly
in the presence of steel fibre and the improvement in ultimate shear strength was
also achieved. The present study also proves that steel fibre can reduce the area of
shear reinforcement (stirrups) required and that the combination of fibres and stir-
rups increase the shear strength properties.

Keywords Self compacting concrete � Shear strength � Steel fibers

1 Introduction

When principal tensile stresses within the shear region of a reinforced concrete
beam exceed the tensile strength of concrete, diagonal cracks develop in the beam,
finally causing failure. The brittle nature of concrete causes the collapse to occur
shortly after the formation of the first crack. The addition of steel fibres to concrete
mix can bridge the crack propagation and delays the failure of the beam, which can
improve the brittle nature of concrete to a more ductile behaviour [1, 2]. Addition of
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steel fibres can also increase the flexural tensile strength of concrete, thereby
enchasing the post-cracking behaviour of Reinforced Concrete (RC) member [3].

Of all the different types of failure in concrete, shear failure is a sudden and
brittle failure. Addition of steel fibres in concrete, can modify the brittle shear
failure mode into a ductile flexural-shear failure. Inclusions of steel fibres can also
partially replace conventional shear reinforcement, i.e. stirrups without compro-
mising the strength aspect, thereby significantly reducing the cost and duration of
construction [4–6].

The principal parameters that influence shear behaviour of reinforced concrete
beam are: shear span-to-effective depth ratio (a/d), concrete compressive strength
(fc), longitudinal tensile reinforcement (qt) and spacing of stirrups (Sv). When fibres
are also included, parameters like fibre volume fraction (Vf) or fibre type (material,
dimensions shape, etc.), also affect the shear performance of concrete [7, 8].

The main purposes of the present study is (1) To study the mechanical behaviour
of steel fibre reinforced self-compacting concrete beams under shear, (2) To study
the potential use of steel fibres as partial replacement of stirrups in Self-Compacting
Concrete, (3) To investigate the combined effect of stirrups and steel fibres for
improvements in initial and ultimate shear strengths and also to check the ductility
of Steel Fibre- Reinforced Concrete (SFRSCC).

2 Materials Used

2.1 Cement

Cement used in the present study was 53 grade ordinary Portland cement con-
forming to IS: 12269-2013 [9]. The specific gravity of cement was 3.14 and specific
surface area of 225 m2/g having initial and final setting time of 45 and 560 min
respectively.

2.1.1 Fly Ash

The fly ash used in the experiments was obtained from Ramagundam Thermal Power
Station (NTPC) and was sieved by 90 micron sieve and confirmed to IS 3812:1981
[10]. The specific gravity was 2.2 and specific surface area was 450 m2/g. The fly
ash had a silica content of 63.99%, silica + alumina + iron oxide content of 92.7%,
pH value 10 and a loss on ignition 2.12.

2.1.2 Fine Aggregate (FA)

The fine aggregate used in the present study was conforming to Zone-2 according to
IS: 383-2002 [11]. It was obtained from a nearby river source. The specific gravity
was 2.65, while the bulk density of sand was 1.45 g/c.c.
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2.1.3 Coarse Aggregate (CA)

Crushed granite was used as coarse aggregate. Coarse aggregates of 20 mm
nominal size were obtained from a local crushing unit, which was a well-graded
aggregate according to IS: 383-2002 [11]. The specific gravity was 2.8, while the
bulk density was 1.5 g/c.c.

2.1.4 Water IS456-2000

Potable water was used in the experimental work for both mixing and curing of
specimens.

2.1.5 Silica Fume [12]

It is an amorphous (non-crystalline) polymorph of silicon dioxide, silica. It is an
ultrafine powder collected as a by-product of the silicon and ferrosilicon alloy pro-
duction and consists of spherical particles with an average particle diameter of
150 nm. The main field of application is as pozzolanic material for high-performance
concrete. The bulk density of silica fume varies from 130 to 600 kg/m3. The specific
gravity of silica fume is generally in the range of 2.2–2.3. Specific surface area of
silica fume typically ranges from 15,000 to 30,000 m2/kg.

2.1.6 Super Plasticizer (SP)

High-Range Water-Reducing (HRWR) admixture confirming to ASTM C494 [13]
commonly called as super plasticizers was used for improving the flow or work-
ability for decreased water–cement ratio without sacrifice in the compressive
strength. These admixtures when they disperse in cement agglomerates signifi-
cantly, decreases viscosity of the paste forming a thin film around the cement
particles. In the present investigation, water-reducing admixture CHRYSO FLUID
OPTIMA P-77 (poly carboxylic ether based) obtained from Chyrso Chemicals,
India was used.

2.1.7 Steel Fibre [14]

Crimped Steel fibre (from Apex Encon Projects Pvt Ltd., New Delhi, India) with
nominal diameter of the fibre 0.5 mm and cut length 30 mm with aspect ratio of 60
were used. Tensile strength and modulus of elasticity of this fibre is 850 MPa and
2.1 � 105 MPa.
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2.1.8 Tension Reinforcement

TMT bars of 12 and 16 mm diameter of grade Fe 500 confirming to IS: 1786 [15]
whose yield strength Fy = 500 N/mm2 of length 1160 mm were used as tension
reinforcement and 6 mm Ø mild steel bars whose yield strength Fy = 290 N/mm2

was used as stirrups (shear reinforcement) and also for top compression
reinforcement.

3 Experimental Programme

In the present study, a total of 12 shear deficient beams were designed and cast for
two grades of SCC via M30 and M70. The dimensions of the beam were fixed as
100 � 200 � 1200 mm with a clear span of 1100 mm. All beams were tested
under three-point loading. For compressive strength, standard cube moulds of
150 mm � 150 mm � 150 mm made of cast iron were used. For split tensile
strength, standard cylinder moulds of 150 mm u � 300 mm made of cast iron were
used. For flexural strength, 100 � 100 � 500 mm of standard prism moulds were
used. In the present study, dosage of steel fibres is taken as 0.5% by volume of
concrete [16], from our preliminary research work it was found that 0.5% dosage of
steel fibres is optimum based on fresh and hardened properties.

Table 1 shows the details of beams with spacing of stirrups and percentage of
steel fibre per volume of concrete SCC30-0 beam indicates that Self-Compacting
Concrete beam with M30 grade concrete without any shear reinforcement
(Stirrups), Similarly, SFRSCC30-180 beam indicates that it is a steel fibrous con-
crete beam with spacing of stirrups as 180 mm.

Table 1 Details of beams cast

S. No. Designation Shear Span-to- depth
ratio (a/d)

Spacing of
stirrup’s (mm)

Fibre volume
fraction (kg/m3)

1 SCC30-0 2 – –

2 SFRSCC30-0 2 – 38

3 SCC30-180 2 180 –

4 SFRSCC-180 2 180 38

5 SCC30-360 2 360 –

6 SFRSCC-360 2 360 38

7 SCC70-0 2 – –

8 SFRSCC70-0 2 – 38

9 SCC70-180 2 180 –

10 SFRSCC70-180 2 180 38

11 SCC70-360 2 360 –

12 SFRSCC-360 2 360 38
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3.1 Reinforcement Details in Each Beam

The dimensions and typical reinforcement detail for both grades of SCC M30 and
M70 with shear span to depth (a/d) ratio 2, are shown in Figs. 1, 2, 3 and 4. The
stirrups spacing was varied in the shear span, i.e. 180–360. M30 grade SCC beams
consisting of 2–12 mm Ø TMT bars as longitudinal reinforcement, 2–6 mm Ø mild
steel bars as top compression reinforcement and two legged 6 mm Ø bar was used
as stirrups. Similarly, M70 grade SCC beams consisting of 2–16 and 1–12 mm Ø
bars as longitudinal reinforcement, 2–6 mm Ø mild steel bars as top compression
reinforcement and two legged 6 mm Ø bar was used as stirrups.

Fig. 1 Details of reinforcement for M30 SCC with a/d = 2

Fig. 2 Details of reinforcement for M70 SCC with a/d = 2
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3.2 Mix Proportions

Self-Compacting Concrete (SCC) mixes were designed by using Rational Mix
design method [17], details of mix proportions are presented in the Table 2. Trial
mixes were carried out by varying Super Plasticizer dosage and binder content and
evaluated the fresh properties as per EFNARC Specifications [18] via, Slump flow,
T50, L-Box, V-Funnel, T5 and J ring tests.

(a) (b)

(c)
Slump flow  J-ring 

 V-funnel 

Fig. 3 Some tests on fresh properties of SCC
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3.3 Fresh Properties

The details of Fresh Properties for M30 and M70 grades SCC without and with
steel fibre were shown in Table 3. It can be seen from Table 3 that, addition of steel
fibres has reduced the flow properties but are satisfying the EFNARC
Specifications. Figure 3 shows the various testing methods on workability of SCC.
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Fig. 4 Load versus deflection for SCC30

Table 2 Mix proportions of M30 and M70 grade SCC

Mix Cement
(kg/m3)

Fly ash
(kg/m3)

Silica fume
(kg/m3)

CA (kg/
m3)

FA (kg/
m3)

Water
(kg/m3)

SP (kg/
m3)

M30 350 324 0 746 945 203 5.73

M70 600 226 48 780 874 247 6.03

Table 3 Fresh properties of
M30 and M70 grade SCC
with and without fibre

M30 M70

Dosage of fibres (%) 0 0.5 0 0.5

Slump test (mm) 750 620 720 680

T50 slump flow (s) 3 5 2.5 4

V funnel (s) 6 6.58 10.5 11.8

V funnel @ T5 (min s) 7.5 8.38 12 14

J-ring (s) 3 8 3 7
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3.4 Hardened Properties

The details of hardened properties of M30 and M70 grades of SCC without and
with steel fibre at the end of 28 days of curing were shown in Table 4. All the tests
were done as per IS: 516-2004 [19] specifications.

4 Results and Discussions

At the end of the required curing period, the beams were tested for three-point
loading under the Tinius–Olsen Testing Machine (TOTM) of 2000 kN capacity.
The linear variable differential transformers (LVDT) were used to measure the
displacement at mid span. From the recorded data, the shear load versus deflection
graphs were plotted, initial crack strength and ultimate shear strength were calcu-
lated. The toughness and stiffness were evaluated for both fibres and non-fibre
concrete beams (Tables 5 and 6).

Table 4 Hardened properties of M30 and M70 grades of SCC at 28 days

M30 M70

Dosage of
steel fibres
(%)

Compressive
strength
(MPa)

Split
tensile
strength
(MPa)

Flexural
strength
(MPa)

Compressive
strength
(MPa)

Split
tensile
strength
(MPa)

Flexural
strength
(MPa)

0 39.67 4.17 3.98 78.25 5.04 5.34

0.5 48.76 4.34 4.87 86.66 6.85 7.41

Table 5 Initial shear and ultimate shear strength values for SCC30

Designation First crack shear
strength (MPa)

Ultimate shear
strength (vu)
(MPa)

Deflection
(mm)

Toughness
(kN/mm)

Stiffness
(kN/mm)

SCC30-0 1.60 1.73 3.16 100.83 14.15

SFRSCC30-0 1.98 2.34 5.05 225.60 16.56

SCC30-180 2.03 2.66 4.18 234.27 18.23

SCC30-360 1.76 2.41 4.12 207.43 17.68

SFRSCC30-180 2.29 3.28 6.90 364.1 22.52

SFRSCC30-360 2.16 2.84 5.21 328 20.17
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4.1 Load Versus Deflection Curves

From the recorded data, load versus deflection curves were plotted, Figs. 4 and 5
show the comparison of load deflection curves of M30 and M70 grade concrete
among SCC and SFSCC beams. The SCC30-0 beam without stirrups failed very
early after first diagonal crack occurred. SCC30-180 beam with stirrups spacing at
180 mm shows load carrying capacity and brittle failure pattern compared to the
SFRSCC30-180, addition of steel fibres has increased the load bearing capacity by
23.25% and also maximum deflection corresponding to ultimate load increased by
65.07%. Similarly, the SCC30-360 beam also shows lower load carrying capacity
and brittle failure pattern compared to the beam with steel fibres (SFSCC30-360).
With increase in the stirrup spacing from 180 to 360 mm, the ultimate shear
strength decreased by 10.37% without fibres and by addition of steel fibres the
ultimate shear strength was reduced by 6.7%. This shows that steel fibres will
bridge the cracks and increase the shear strength. Similarly, for higher grade

Table 6 Showing initial and ultimate shear strength values for SCC70

Designation First crack shear
strength (MPa)

Ultimate shear
strength (vu)
(MPa)

Deflection
(mm)

Toughness
(kN/mm)

Stiffness
(kN/mm)

SCC70-0 1.98 2.41 3.66 197.70 24.61

SFRSCC70-0 2.04 2.55 4.08 228.50 25.55

SCC70-180 2.16 3.21 4.92 365.7 29.17

SCC70-360 2.10 2.60 3.54 212.2 28.07

SFSCC70-180 3.52 4.44 5.90 525.03 36.47

SFSCC70-360 2.41 3.86 5.40 483.46 31.47
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concrete (SCC 70), addition of steel fibres has increased the ultimate shear strength
by 38.07% and also maximum deflection corresponding to ultimate load increased
by 19.91%. From the above observations, it can be concluded that the addition of
steel fibres can increase the load carrying capacity and can greatly enhance the
ductility and also change the failure pattern of the beam from brittle shear failure to
ductile flexural-shear failure. It can be proven that steel fibres can only replace
stirrups partially by increasing the stirrup spacing, but not completely replacing the
stirrups as shear reinforcement.

5 Details of Tested Beams

A total of 12 beams including 6 Plain and 6 fibre SCC beams have been cast and
tested. Figures 6 and 7 show the typical failure pattern of plane and fibrous SCC
M30 grade concrete.

Similarly, Figs. 8 and 9 show the failure pattern for plain SCC and fibrous SCC
for M70 grade concrete. It was noticed that plain specimen’s failed in sudden brittle
failure, where as in case of fibrous SCC mode of failure was ductile.

Fig. 6 Failure pattern of
SCC30

Fig. 7 Failure pattern of
SFRSCC30
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6 Conclusions from Experimental Study

1. Addition of fibre has modified the failure pattern from brittle shear failure to a
ductile flexural-shear failure. There is also an increase in the ultimate shear
strength. This shows that steel fibres play a very important role before and after
cracking.

2. For an increase of stirrups spacing from 180 to 360 mm for a/d = 2, the ulti-
mate shear strength decreased by 15.49% without fibres.

3. In case of M30 grade SCC, addition of fibres enhanced cracking and ultimate
shear strength by 19.2 and 23.2%, respectively, and also toughness and stiffness
increased by 56.8 and 18.8% respectively.

4. In case of M70 grade SCC, addition of fibres enhanced the cracking and ultimate
shear strength by 25.71 and 30.77% respectively.

5. Steel fibres can be used as partial shear reinforcement by increasing the spacing
of stirrups thereby reducing the area of shear reinforcement.

Fig. 8 Failure pattern of
SCC70

Fig. 9 Failure pattern of
SFRSCC70
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On the Toughness Characterization
of Fibre- Reinforced Concrete Using
Notched Beam Tests

Sujatha Jose and Ravindra Gettu

Abstract The significant benefit of using fibre-reinforced concrete (FRC) is its
improved energy absorption capacity, termed as toughness, and the consequent
enhanced post-cracking load carrying capacity, which have resulted in applications
such as tunnel linings, pavements, industrial floors, etc. There is limited knowledge
regarding notched beam testing in India for flexural toughness characterization of
FRC though it is prevalent in Europe. In the current work, the flexural behaviour of
concrete with different dosages of hooked-ended steel fibres are characterized by
centre-point loaded (CPL) notched beam testing, according to the EN 14651:2005
and RILEM TC 162-TDF recommendations. The flexural toughness parameters
assessed are based on the load-crack mouth opening displacement (CMOD) curves
and load–deflection (d) curves obtained experimentally. A detailed analysis also
revealed that for steel FRC, a good correlation exists between equivalent and
residual flexural tensile strength parameters.

Keywords Fibre-reinforced concrete � Flexural toughness � Notched beam
test � Crack mouth opening displacement

1 Introduction

The enhanced performance of fibre-reinforced concrete is due to its increased
energy absorption capacity during fracture, which is termed as ‘toughness’. The
main objective of toughness characterization is to measure the effectiveness of the
fibres and the resistance offered against crack propagation. The test configuration
commonly used for toughness characterization is the bending of prismatic
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specimens. From the fracture mechanics perspective, the notched beam test is mostly
recommended for toughness characterization due to its rational analysis [1, 2].

Over the past few decades, extensive research has been carried out on the
material properties of FRC. Consequently, based on the state-of-the-art knowledge,
FRC is introduced in the fib Model Code 2010 to provide design guidelines for the
design of FRC structural elements, at both serviceability and ultimate limit states. In
this code, material classification of FRC is based on the flexural toughness
parameters with respect to post-cracking tensile strength, determined from bending
tests on notched prisms according to EN 14651 [3, 4].

Considering the fact that notched beam test gives a more reliable test data and
post-cracking response of FRC, relevant for structural applications, it is proposed as
the basis of the present work. The notched beam test with Centre Point Loading
(CPL) is performed as per EN 14651:2005 (E) and RILEM TC 162-TDF: Test and
design methods of steel fibre-reinforced concrete, Bending Test: Final
Recommendations [5, 6].

2 Flexural Toughness Testing Based on the Notched
Beam Test

The tests are performed in a closed-loop servo-controlled Controls testing system as
shown in Fig. 1. The test control and data acquisition is done through a Controls
software interface Advantest. The test is performed initially under load control by
increasing the load at a constant rate of 100 N/s up to about 40% of the estimated
peak load, and then by changing to crack mouth opening displacement (CMOD)
control. However, both deflection and crack mouth opening are measured as shown
in Fig. 2. The specimen dimensions are 150 � 150 � 700 mm, and the span is
500 mm. A notch is cut through the width of specimen at mid-span on a face that is

Fig. 1 Experimental setup
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perpendicular to the casting direction. Since the crack opening is measured at a
distance of y (=3 mm) from the bottom face of the specimen, the value of CMOD
has to be corrected as

CMOD ¼ CMODy
h

hþ y
ð1Þ

where h is the depth of the specimen (i.e. 150 mm) and CMODy is the measured
value. For measuring the deflection, two LVDTs are mounted on rigid frames fixed
to the either side of the specimen and the tips rest on 1 mm-thick steel plates placed
across the notch.

2.1 Notching Procedure

A notch is cut through the width of specimen at mid-span on a face that is
perpendicular to the casting face using a water-cooled diamond-edged disc saw.
Specimens are rotated 90° over their longitudinal axis and then sawn as shown in
Fig. 3. The notch depth adopted for 150 mm deep beam was 25 mm.

1. Top surface during casting
2. Notch
3. Cross-section of test specimen.

hsp is the distance between the tip of the notch and the top of the specimen, in
millimetres.

The test specimens are cured for a minimum of 3 days after sawing. Toughness
testing is performed at 28 days. The width of the notch is about 3 mm.

Fig. 2 Position of the clip
gauge and 2 LVDTs for
measuring CMOD and
deflections, respectively
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2.2 Flexural Toughness Parameters

Flexural toughness parameters in are derived from the load–CMOD curves and
load–deflection curves. The Limit of Proportionality f ct

f (LOP) and Residual
Flexural Tensile Strength (fR) are the parameters recommended by EN 14651:2005
(E) [3], which are obtained from load–CMOD curve as in Fig. 4. The LOP rep-
resents the flexural strength of the composite obtained using the first peak load of
the FRC specimen. Residual flexural strength is an estimate of flexural strength
retained by FRC after cracking at particular crack widths of 0.5, 1.5, 2.5 and
3.5 mm.

Additionally, the equivalent flexural strength (feq) has been calculated from the
load–d curve, as recommended by RILEM TC 162-TDF, using the average load
over certain deflection ranges as in Fig. 5.

The energy absorption DBZ,2(or DBZ,3) is equal to the area under the load–
deflection curve up to a deflection d2 (or d3), and is taken to be the sum of the
contribution of the plain concrete and that of the fibres (DBZ,2

f or DBZ,3
f ) as in Fig. 5.

The two contributions are separated by a straight line connecting the point on the
curve corresponding to FL and the point on the abscissa equal to “dL +0.3”, where
dL is the deflection at FL.

Fig. 3 Position of the notch
with respect to the test
specimen as cast

Fig. 4 Estimation of LOP
and residual flexural strength
from typical load–CMOD
curve
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Fig. 5 Estimation of the equivalent flexural strength parameters from the load–deflection curve
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The equivalent flexural tensile strengths feq. 2 and feq. 3 can consequently be
determined [6] as

feq;2 ¼ 3
2

Df
BZ;2

0:5
L

bh2sp
ð2Þ

feq;3 ¼ 3
2

Df
BZ;3

2:5
L

bh2sp
ð3Þ

3 Experimental Programme

The flexural behaviour of concrete, having 40 MPa design compressive strength
(denoted as M40), reinforced with hooked-ended steel fibres was characterized. The
fibre details are given in Table 1, as specified by the manufacturer. The nominal
mix proportion for the concretes is given in Table 2.

The concrete was mixed for about 3 min after fibre addition. Specimens such as
cubes of 150 � 150 � 150 mm and prisms of 150 � 150 � 700 mm, were cast
for plain concrete and different dosages of steel fibre-reinforced concretes (SFRC).

Nine prisms were cast, along with nine cubes for each dosage of the mix, and a
high-frequency vibrating table was used for compaction of the concrete in moulds.
Reference concrete without any fibres was also cast. The specimens were left in the
moulds for 24 h after casting, then demoulded and cured for the next 27 days in the
mist room. Three days prior to the testing, a notch of 25 mm length was cut across

Table 1 Details of fibre

Type Specific
gravitya

(g/cc)

Aspect
ratio

Tensile strengtha

(MPa)
Fibre dosages
(kg/m3)

Hooked-ended
steel fibres

7.8 80 1225 10, 15, 20, 30, 45

aSpecified by the manufacturer

Table 2 Nominal mix proportions in kg/m3

Material Quantity

Cement 380

Fine aggregates 760

5–10 mm coarse aggregates 390

10–20 mm coarse aggregates 700

Water 171
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the longitudinal section and the specimen was kept again in the mist room for
curing. Flexural tests were performed at the age of 28 days.

4 Results and Discussion

4.1 Fresh Properties

There was a loss in workability due to the addition of fibres with lower slump being
obtained. Consequently, a poly-carboxylate (PCE)-based superplasticizer (with a
density of 1080 kg/m3 and solid content of 33%), was used to obtain a reasonable
workability to be handled during fabrication. The superplasticizer dosage, by
weight of cementitious materials, was increased from 0.19% in plain concrete to
0.4% for 45 kg/m3 of steel fibres and the slump could be maintained at
100 ± 20 mm. In general, all mixes showed similar trends of workability reduction
with an increase in fibre dosage.

4.2 Compressive Strength

Compressive strength tests were conducted on cubes at the ages of 3, 7 and 28 days
using a 3 MN capacity Controls compression testing machine; a minimum of three
specimens were tested at each age. Note that in the mix designation, M40 denotes
the concrete grade, SF denotes the use of steel fibres and the number at the end
denotes the fibre dosage in kg/m3. The compressive strength values along with the
standard deviation are given in Table 3, for specimens of different fibre volume
fractions.

From Table 3, it can be observed that, the incorporation of steel fibres resulted in
an improvement in the compressive strength compared to plain concrete, from 3 to
12% for the fibre dosages of 10–45 kg/m3. This can be attributed to the bridging of
cracks by the fibres, which produces some internal confinement, increasing the

Table 3 Compressive
strength of SFRC

Concrete Compressive strength
(MPa) (mean ± standard deviation)

At 3 days At 7 days At 28 days

M40SF0 22.3 ± 1.2 33.7 ± 0.5 47.1 ± 0.3

M40SF10 22.5 ± 0.8 34.4 ± 0.9 48.4 ± 0.8

M40SF15 23.5 ± 0.7 35.6 ± 1.5 49.2 ± 0.6

M40SF20 26.7 ± 0.8 36.7 ± 1.6 50.4 ± 1.3

M40SF30 27.9 ± 1.3 37.3 ± 0.7 51.5 ± 1.7

M40SF45 28.6 ± 0.4 38.0 ± 0.9 52.8 ± 0.7
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compressive strength. The variability of compressive strengths is within the usual
range and is not influenced by the type or amount of fibres.

4.3 Flexural Behaviour of SFRC and Toughness
Parameters

Typical load–CMOD curves for the SFRCs are shown in Fig. 6. For all the mixes it
was observed that, the post-peak load-carrying capacity and the area under the
load–CMOD curve increase with the fibre dosage, as expected. There is a gradual
change from softening- to hardening-type response with an increase in fibre dosage
(10–45 kg/m3), especially at larger deflections (after a CMOD of 0.2 mm). In fact,
for the M40SF45 mix, the post-crack load-carrying capacity was even higher than
the peak load after a CMOD of 1 mm. For lower dosages of steel fibres (10 and
15 kg/m3), the softening branch is followed by a region of constant residual load.
The typical load–deflection curves of the different mixes, presented in Fig. 7, show
similar trends as in the load–CMOD curves. The flexural toughness parameters
obtained for all the mixes are given in Table 4, as mean and standard deviation

Fig. 6 Typical load–CMOD
curves

Fig. 7 Typical load–
deflection curves
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values. It can be seen that the values of feq,3 and fR,4 are higher than feq,2 and fR,1,
respectively, which indicates that the energy absorption and post-cracking capacity
increase at larger crack mouth openings, in the case of SFRC, especially at higher
dosages.

Based on the data obtained, the FRC can be classified according to fib Model
Code 2010 in terms of the response at the serviceability limit state (represented
by CMOD = 0.5 mm) and at the ultimate limit state (represented by
CMOD = 2.5 mm). Note that, in order to take into account the effect of variability
of the test specimens, characteristic values of the parameters are considered, i.e.
fR,1k. and fR,3k. The class of the FRC is denoted with a number followed by a letter:
the number is based on the value of fR,1k rounded off to the nearest 0.5 MPa and the
letter depends on the ratio fR,3k/fR,1k ratio, as follows:

a. if 0.5 < fR,3k/fR,1k� 0.7
b. if 0.7 < fR,3k/fR,1k � 0.9
c. if 0.9 < fR,3k/fR,1k� 1.1
d. if 1.1 < fR,3k/fR,1k� 1.3
e. if fR,3k/fR,1k > 1.3

The FRC is taken to be suitable and can be used at Ultimate Limit State (ULS) if
the relationships given in Eqs. (4) and (5) are fulfilled, where fLk is the charac-
teristic value of the LOP.

fR;1k=fLk � 0:4 ð4Þ

fR;3k=fR;1k � 0:5 ð5Þ

The classification for the SFRCs tested based on the fib Model Code2010, as
well as the ratios given in Eqs. (4) and (5) are shown in the Table 5. It can be
observed that all the SFRCs considered here have satisfied the restrictions on the
minimum residual strength, as given in Eqs. (4) and (5). This becomes relevant in
structures with high degree of redundancy, especially when fibres completely
replace conventional reinforcement, where a minimum redundancy level is required
for the structural member.

Table 5 SFRC classification
as per fib Model Code 2010

Concrete Class fR,3k/fR,1k fR,1k/fLk
M40SF10 2b 0.9 0.40

M40SF15 2c 1.0 0.42

M40SF20 2.5e 1.3 0.50

M40SF30 3e 1.4 0.61

M40SF45 4b 0.9 0.80
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4.4 Relationship Between Equivalent and Residual Flexural
Tensile Strengths

A linear relationship was found to exist between the equivalent (feq,2 and feq,3) and
residual strength parameters (fR,1 and fR,4), as shown in Figs. 8 and 9, confirming
the observations of Barros et al. [7]. Further, the relationships between feq,2 and fR,1

Fig. 8 Relationship between
feq,2 and feq,3 of SFRC

Fig. 9 Relationship between
fR,1 and fR,4 of SFRC

Fig. 10 Relationship
between feq,2 and fR,1 of SFRC
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and between feq,3 and fR,4 are represented in Figs. 10 and 11, with good correlation
between two sets of parameters, as again obtained by Barros et al. [7].

The present study suggests that approximate values of feq or fR can be obtained
when the other has been reported.

5 Conclusions

The post-cracking behaviour SFRC was assessed using three-point bending tests on
notched specimens for M40 grade of concrete. From the results obtained from the
concrete mixes and fibre dosages considered here, the following conclusions can be
drawn.

• From the load–CMOD behaviour and load–deflection behaviour of the SFRC
from notched beam test, it can be concluded that at large crack openings, the
hooked-ended steel fibres are efficient in enhancing the post-crack load-carrying
capacity. This is reflected by the higher values seen for feq,3 and fR,4 than for feq,2
and fR,1.

• A good correlation exists between equivalent and residual flexural tensile
strengths parameters of SFRC.

Acknowledgments The authors acknowledge the support of Bekaert Industries, for having
provided the fibres used in this study. The help from the staff of the Construction Materials
Laboratory of IIT Madras is gratefully appreciated.

Fig. 11 Relationship
between feq,3 and fR,4 of SFRC
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Investigations on Aggregate Reactivity
in Geopolymer Concrete

B. Singh and G. Ishwarya

Abstract The potential reactivity of sandstone/siliceous aggregates in geopolymer
concrete based on fly ash/GGBS composite mixes was assessed in terms of
alkali-silica reaction. The mortar bars made as per ASTM C1260 were exposed to
1 M NaOH at 80 °C up to 90 days. The exposed samples were examined for their
expansion and petrography. It was observed that the samples expanded less than the
threshold of 0.1% at the end of 16 days exposure while its OPC counterpart failed
by exceeding the limit. At 90 days, the geopolymer mortars containing composite
mixes had expansion in the range of 0.31–0.56% as compared to 0.12% for fly
ash-based geopolymers. Evidence of crystalline zeolites, sodium calcium silicate
gel and cracks observed under FESEM after 90 days could be responsible for
higher expansion. Reduction in alkalinity of solution/dissolved silica from aggre-
gate after 24 h exposure in 1 N NaOH solution indicated innocuous nature of
aggregates contrary to the expansion results. It was noted that geopolymer concrete
made with high GGBS content exhibited prominent ASR product. It was concluded
that siliceous aggregates had less ASR than the sandstone aggregate.

Keywords Geopolymer concrete � Expansion � ASR � Microstructure
Aggregate

1 Introduction

In the recent years, geopolymer has received a lot of attention as an alternative to
Portland cement (OPC) concrete in civil infrastructures due to its superior properties
such as high early compressive strength, low permeability, negligible shrinkage,
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excellent acid and fire resistance and low thermal conductivity [1–3]. However,
concerns are often raised on the performance of these new materials in the aggressive
chemical environment. It is known that alkali-silica reaction (ASR) is one such factor
causing gradual but severe deteriorations of hardened cement concrete structure in
terms of its strength loss, cracking and volume expansion [4–6]. It involves the
reaction between the hydroxyl ion in the pore solution within the concrete matrix and
reactive silica in the aggregate. The extent of dissolution of reactive silica from
aggregate depends on a number of factors such as alkalinity of pore solution
(threshold 0.20–0.25 M), water–cement ratio, degree of hydration (0.15–0.85 mol/l
corresponding to pH values of 13.2–13.9), humidity and temperature. It is also
recognized that high calcium content is necessary for concrete expansion by ASR
[7]. In geopolymer concrete, the residual alkali after geopolymerization of alumi-
nosilicate is expected to react with reactive silica of the aggregates causing dis-
ruption of their siloxane bridges. It is, therefore, desirable to assess the potential
reactivity of different types of aggregates and subsequent evolution of their
microstructures in geopolymeric environment.

In earlier studies, attempts were made to study ASR in geopolymer concrete using
reactive and non-reactive aggregates [8–10]. The alkalis are able to interact in two
competitive reactions. In the primary reaction, they are taken up to activate the vitreous
component of the aluminosilicates and convert it into a cementitious material, or even
formzeolite crystals; but at the same time, theymaybe involved in a secondary reaction
that attacks the aggregate [2]. Garcia-Lodeiro et al. [8] indicated that fly ash-based
geopolymers had greater resistance to ASR than the corresponding Portland cement
and reported that calcium in thematerial plays an important role in the expansive nature
of gels. Patil and Allouche [9] found that ASR in fly ash-based geopolymer concrete
was well below the ASTM-specified threshold because the samples appeared to
undergo a densification process during accelerated exposure resulting in reduced
permeability and increased mechanical strength. Fernandez-Jimenez and Puertas [10]
concluded that alkali-activated slag mortar expanded initially at slower rate than the
OPC mortars but monitoring of expansion for longer period will be essential due to
formation of sodium and calcium silicate hydrate products with rosette- type mor-
phology in the microstructure. Bakharev et al. [11] found that alkali-activated slag
concrete had lower resistance to ASR than that of OPC concrete of similar grade. Till
date, there have been no reports available on the potential reactivity of aggregates in
geopolymer concrete produced from fly ash–slag composite mix.

In the present study, we aimed at discussing geopolymer pastes based on fly ash/
groundgranulated blast furnace slag (GGBS) as binders for producing concrete
which can set fast under ambient temperature and be easily adopted in the field
similar to OPC concrete [12]. Since aggregates contain some deleterious sub-
stances, the knowledge on understanding the reactivity of these aggregates in the
geopolymeric alkaline environment is essential for mass utilization. It is expected
that un-utilized water-soluble alkalis existing in the geopolymer concrete may cause
expansion in the concrete through alkali-silica reaction. Such effect can be assessed
by a known method (ASTM C1260) used for cement mortars which is very much
applicable to geopolymer concrete as also adopted by other authors [8, 9]. In this
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article, the potential reactivity of siliceous and sandstone aggregate in geopolymer
concrete using fly ash/GGBS composite mix was investigated under accelerated
condition. The exposed mortar bars were assessed for their expansion and
microstructural changes. A comparison in the expansion of geopolymer concrete
was also made with its corresponding OPC concrete.

2 Experimental

2.1 Materials

Class F fly ash (FA) was collected from Suratgargh super thermal power station,
Suratgargh, India (Blaine’s surface area 4099 cm2/g, average Particle size = 39 µm).
Chemically, it consists of SiO2 45.76%, Al2O3 22.41%, Fe2O3 3.48%, CaO 0.74% and
LOI 0.58%. Ground-granulated blast furnace slag (GGBS) was procured from M/s
Rashtriya ispat nigam limited, Vishakhapatnam, India (Blaine’s surface area—
5144 cm2/g, average Particle size = 14 µm). It consists of CaO 32.23%, SiO2 27.2%,
Al2O3 11.85%, Fe2O3 0.86%. The fly ash particles were spherical while GGBS par-
ticles were angular (Fig. 1). Laboratory-grade sodium hydroxide (97.5% pure) and
sodium silicate (Na2O 8%, SiO2 27%, H2O 65% by mass) were used as received.
Sandstone (SiO2 49.9%, Al2O3 5.64%, Fe2O3 3.35%, CaO 7.04%, MgO 1.68%,
K2O + Na2O 2.36%) and siliceous type (SiO2 49.47%, Al2O3 8.1%, Fe2O3 3.34%,
CaO 2.99%, MgO 1.52%, K2O + Na2O 2.69%) of aggregates were procured locally.

2.2 Sample Preparation

2.2.1 Preparation of Pastes

Fly ash and GGBS were inter-ground in a ball mill for 5 min in different ratios. The
activator solution was prepared with 12 M NaOH and sodium silicate in the ratio of
1:2.5 and kept at room temperature for 24 h before use. The geopolymer pastes

1 µm 20 µm

(a) (b)

Fig. 1 SEM image a fly ash particles b GGBS
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were optimized varying the fly ash/GGBS mix ratio, activator dosage and liquid–
solid ratio. Four binder systems selected for mortar bars are: fly ash geopolymer, fly
ash-GGBS geopolymer (80:20, 60:40) and OPC.

2.2.2 Preparation of Mortar Bars

The sandstone aggregates were crushed below 4.75 mm. The mix proportioning of
mortar bars was done as per ASTM C1260 using fly ash/GGBS, aggregate and
activators. The liquid–solid ratio for geopolymer mortars (GPC) was kept as 0.47.
OPC mortar bars were taken as control specimen (w/c, 0.47). The dry components
such as fly ash, GGBS and aggregate were first mixed together and then mixed with
the activating solution in a Hobart mixer for 2–3 min to obtain homogeneous mix.
The resulting mix was cast in a prismatic mould of size 25 � 25 � 285 mm
consisting of gauge studs protruding 17.5 mm inside the specimen from both the
ends. The cast OPC mortars were demoulded after 24 h and then immersed in water
at 80 °C for 24 h. The geopolymer samples were cured at 80 °C for 24 h before
being demoulded. The initial length of the demoulded specimens was recorded.

The specimens were immersed in 1 M NaOH at 80 ± 2 °C in an oven up to
90 days. The specimens were monitored at a regular interval of time for visual
inspection and change in length.

2.3 Test Methods

The change in length of the mortar bars was measured with the help of a length
comparator as per ASTM C490. The samples were placed vertically with the gauge
stud at one end pressing against the tip of the dial gauge needle and the gauge stud
at the other end resting on the groove of the collar. The length change in the
samples was recorded at different periods.

The fractured surface of exposed mortar bars was examined on a FESEM
(Quanta 200F). Prior to examination, a thin film of Au/Pd coating was applied on
the surface by a sputter coater to render them conductive. The elemental chemical
composition was mapped with an EDAX at different locations.

The potential reactivity of sandstone aggregate with NaOH was assessed by
chemical method. The sample was digested for 24 h at 80 °C. Reduction in alka-
linity and dissolved silica in 1 N NaOH solution were determined in accordance
with IS: 2386 (Part VII) [13].
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3 Results and Discussion

3.1 Composite Geopolymer Pastes

The geopolymer pastes were optimized as a function of fly ash–GGBS ratio (4:1,
3:1, 2:1), activator dosage (10–30%), water–binder ratio (0.2–0.29), curing tem-
perature (28 & 80 °C) and curing time (7, 28, 56, 90 days) [12]. DSC run under
quasi-isothermal mode showed that rate of geopolymerization increased with the
increase of activator dosage. The addition of GGBS into the fly ash produced a
single heat flow peak and reduced time lag compared to fly ash showing its fast
setting time. The optimum strength of geopolymer pastes at 7 days was obtained at
a fly ash–GGBS ratio of 2:1, 22% activator dosage and at water–binder ratio of
0.21. It was also found that the compressive strength of room temperature cured
samples was higher than the heat cured samples (80 °C) after 28 days.

3.2 Mortars with Sandstone Aggregate

Visually, the surfaces of both OPC and GPC were defect free at the end of 16 days
exposure showing no signs of surface fissures, cracks and voids. However, warping
in GPC was 51% less than OPC. Contrary to this, at 90 days exposure, the OPC
mortars showed white exudates along with pores and hair cracks on their surface.
The surface of fly-ash-based GPC was soft and eroded, whereas GPC made with fly
ash/GGBS mix appeared harder and less eroded but exhibited thick-white deposits
along with large voids and cracks (Fig. 2). It is assumed that low dissolution of Ca
from the surface of fly ash/GGBS mix binders in high pH solution favoured their
less surface erosion.

Figure 3 shows that expansion of mortar bars increased with increasing exposure
time. It was observed that the expansion in GPC mortars at 16 days was less than
0.1% as specified in ASTM C 1260 whereas, OPC mortars expanded beyond the
threshold limit. When the exposure period was extended up to 90 days, the
expansion in the fly-ash- based geopolymer (0.12%) approached the threshold
while fly ash–GGBS composite mixes exhibited expansion in the range of

OPC GPC (FA) GPC (FA+GGBS)

Fresh Fresh Fresh

ExposedExposed Exposed

Fig. 2 Fresh and exposed OPC and geopolymer samples (GPC) after 90 days
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0.31–0.56%. It was also noted that fly ash-based geopolymer had 60% less
expansion than the OPC mortars. Contrary to this, geopolymer mortars made with
fly ash–GGBS composite mixes exhibited 23–46% more expansion than the OPC
mortars. This can be explained on the basis of unstable co-existence of N-A-S-H
and C-S-H gels as a result of exposure at 80 °C for longer periods. In addition to
expansion test, the reactivity of aggregates in 1 N NaOH was assessed by fitting the
experimental data in the standard curve between the reduction in alkalinity and
dissolved silica from aggregate mentioned in the specification (Fig. 4). It was found
that the aggregate was falling in the innocuous zone. The reduction in alkalinity
was *50 mmol/litre while silica dissolved from aggregate was *26 mmol/litre.
These values were low because sodium hydroxide might have reacted with car-
bonate of magnesium or ferrous or certain silicates of magnesium (antegorite). This
result was quite contradictory with the expansion and petrographic data wherein
ASR reaction evidenced.

Evidence of deterioration in the exposed OPC and GPC was viewed in FE-SEM
micrographs. In OPC mortars, a rim of reaction products around the aggregate
mainly consisting of sodium, silica and calcium was observed (Fig. 5a). In the
vicinity of interface (Fig. 5b), matrix had been converted into jelly-fibrous structure
with plenty of voids (90 days). The Ca/Si ratio decreased significantly (from
0.6–1.2 to 0.4) as observed under an EDAX mapping. Sodium existed at a level
of *3% in the matrix suggesting the migration of sodium ions into the specimen
during exposure which confirmed the formation of sodium calcium silicate gel
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Exposure time (days)

Fig. 3 Expansion of OPC versus geopolymer mortars bars containing coarse aggregates
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triggering the ASR. The fly-ash-based GPC showed an intact interface between the
paste and the aggregate at the age of 16 days. EDAX mapping indicated that Si/Al
(2.27) and Na/Al (0.76) ratios at the interface were nearly comparable to bulk of the
matrix (Si/Al = 2.33, Na/Al = 0.53). The ingress of alkali at the initial stage has
caused densification of ITZ (Fig. 6a) and matrix by further geopolymerization of
unreacted particles, thus causing slight expansion. The growth of crystalline zeolites
was viewed in the cavities (Fig. 6b) which play no role in exerting pressure on the
structure. The formation of sodium calcium silicate gel appeared to be minimal due
to non-availability of adequate calcium in the system. In the case of fly ash/
GGBS-based geopolymer (20% GGBS), a clear demarcation between the paste and
the aggregate was observed at ITZ (16 days). The Si/Al = 3.99 ratio was higher
than that of the bulk matrix (Si/Al = 2.35) probably due to reaction between
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Fig. 4 Illustration of division
between innocuous and
deleterious aggregates on the
basis of reduction in alkalinity
test

Detailed 
view of 
matrix

20 µm 50 µm

(a) (b)
Fig. 5 FESEM images of
ITZ of OPC mortars at
a 16 days b 90 days
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reactive silica of aggregate and NaOH. At 90 days exposure, wide cracks at ITZ
(Fig. 7a) and the existence of crystalline zeolites in the matrix were evident.
When GGBS content was increased up to 40%, the cavities existed in the matrix
were filled with the rod-shaped structures (Si/Al = 1.05). A “pseudo rosette”-type
zeolitic structure was widely scattered throughout the matrix (Fig. 7b). The pres-
ence of excess Ca++ ion in the system (from GGBS) had exchanged for sodium ion
on silica gel leading to further production of ASR complexes, thus causing severe
deterioration.

3.3 Mortar Bars with Siliceous Aggregate

Figure 8 shows expansion of mortar bars as a function of exposure time. At
16 days, both OPC and geopolymer mortars expanded less (0.03–0.07%) than the
prescribed limit of the Standard. At 90 days, the expansion in both OPC and
geopolymer mortars exceeded the limit as similar to sandstone aggregate system.
As observed earlier, the mortars made with composite mix of fly ash and GGBS had
higher expansion (0.27–0.35%) than the mortars made with fly ash alone (0.11%).

(a) (b)

100 µm

Si/Al
= 2.27
Na/Al
= 0.76

Si/Al = 2.33
Na/Al = 0.53

20 µm

Fig. 6 FESEM images of fly- ash- based GPC mortars showing a ITZ at 16 days b growth of
crystalline zeolites at 90 days

Si/Al = 3.99

(a)

5 µm

(b)

Si/Al = 2.35

100 µm

Fig. 7 FESEM images of GPC mortars after 90 days showing a 20% GGBS b 40% GGBS
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It was also observed that geopolymer mortar exhibited less expansion than the OPC
mortar (0.46%). This is mainly because of less expansive gel formation following
the reaction of NaOH with reactive silica. When compared with sandstone system,
the siliceous aggregate was less prone to ASR possibly due to its less reactive silica
and also its lower CaO content and higher Al2O3 content as determined by chemical
analysis. The dissolved aluminium either from the Si–Al networks or unreacted fly
ash/GGBS slag may adsorb onto the surface of silica and thus prevented ASR. It is
also mentioned that mineralogy of sandstone was mainly quartzite type and soft
fragmented. Due to some unstable form, the dissolution of silica was more in
sandstone coarse aggregate than the siliceous fine aggregates. Because of this, the
expansion in mortar bars containing siliceous aggregate was less than the sandstone
aggregate mortars.

SEM micrographs on the fractured surface of mortars were also studied. In OPC
samples, ITZ between the paste and aggregate appeared to be intact at 16 days
exposure. The reaction product formed at the interface consisted of high silica
content (27.59%) and small amount of sodium (1.56%) and calcium (0.53%)
showing dissolution of silica from the aggregates. Fly-ash-based geopolymer
mortars exhibited large number of cavities in which crystalline zeolites was filled.
The specimens did not respond to ASR showing innocuous nature of siliceous
aggregate. Mortars made with fly ash–GGBS composite mix (80:20) produced a
rim at the interface around the aggregate. As similar to fly ash system, voids were
filled with crystalline zeolites showing no stress in the microstructure.
Consequently, this has resulted in less expansion. In the case of geopolymer mortar
with 40% GGBS, the aggregate was covered with the reaction products. Several
gel-type structures were distributed in the matrix and filled the voids (Na = 9.3%,
Al = 6.38%, Si = 16.19%, Ca = 3.73%). Because of this gel formation, the mortars
exhibited more expansion than those of others systems.

Exposure time (days)
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Fig. 8 Expansion of OPC
versus geopolymer mortars
bars containing siliceous
aggregate
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4 Conclusions

The results indicate that geopolymer concretes were less susceptible to the
expansive alkali-silica reaction. However, for longer periods, expansion beyond the
prescribed limit was observed in the case of fly ash–GGBS composite mix based
mortars. It was noted that expansion in geopolymer mortars increased with
increasing GGBS content in the fly ash–GGBS mix. The existence of large number
of voids, cracks and crystalline zeolitic phases in the microstructure affected the
expansion behaviour of geopolymer concrete. The deleterious ASR in geopoly-
meric environment can be prevented through a dense matrix formation by utilizing/
immobilizing dissolved silica in geopolymer and also by involving CaO in the
Na/Ca-A-S-H phase formation through ternary binder system.
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Bond Behaviour of Recycled Aggregate
Concrete

M. Surya, P. Lakshmy and V. V. L. K. Rao

Abstract This paper discusses the mechanical properties and bond behaviour of
recycled aggregate concrete (RAC). The recycled aggregates used were obtained
from crushed concrete cubes of 2–3 years old. The properties of the aggregates
were studied and a concrete of characteristic compressive strength of 40 MPa was
designed. RAC mixes with 50, 75 and 100% coarse-recycled aggregates, viz. R50,
R75 and R100 and 20% fly ash were tested, the properties were compared to natural
aggregate concrete with and without fly ash, viz. NAC and NAF. Triple mixing
method was adopted for mixing of concrete. The mechanical properties were
studied at 56 days and the bond behaviour was investigated by performing rebar
pull out test. The mechanical properties of the mixes were found to be almost
similar for all mixes, except for elastic modulus which decreased with increase in
percentage of recycled aggregates. The bond strength of RAC at a slip of 0.025 and
0.25 mm were up to 25% higher and 27% lower than that of NAC and NAF,
respectively. However, the bond strength at failure load was found to be almost
similar for all the mixes.
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1 Introduction

The global consumption of construction aggregates, including for road construc-
tion, as filling materials and for structural concrete, has increased from 26.8 billion
metric tonnes (bmt) in 2011 to 28.7 bmt in 2013 and 48.3 bmt in 2015 [1]. Due to
this increased consumption, several sources of natural aggregates (NA) are in
decline and the construction industry is at the risk of facing shortage of NA. Use of
recycled aggregate (RA) obtained from the construction and demolition waste
(CDW) is a techno-economically viable solution for the problem of shortage of
aggregates. With the use of CDW for generation of aggregates, the quantity of the
same dumped in the landfill is reduced and the use of constructible land as a landfill
shall be prevented. However, the use of RA in structural concrete is still limited in
use, due to lack of evidence on the efficacy of the RA. Various research studies
were and are carried out around the world to investigate the properties of RA and
the performance of recycled aggregate concrete (RAC) with respect to mechanical
properties and durability, whereas only a few studies have been carried out on the
bond strength and structural properties of RAC. This research investigates the bond
behaviour of RAC with varying percentage of replacement of NA by RA along with
the basic mechanical properties.

2 Literature Review

The earlier studies reported an inferior performance of RA and RAC when com-
pared to NA and NA concrete with respect to mechanical and durability properties
[2–19]. However, the same had been found to improve in RAC with the use of
SCM, coating of aggregates and adopting double mixing [5] or triple mixing
methods [6].

There had been only a few researches on bond of RAC with the steel rebar and
the findings reported are as follows. Xiao and Falkner [9] found that RAC exhibited
a similar behaviour as NA concrete under rebar pullout testing, with respect to
micro slip, residual cracking and load versus slip curve. It was also reported that the
mixes with similar compressive strength exhibited equal bond strength. However,
the RAC with similar mix proportions exhibited bond strength of up to 6 and 12%
lesser than the comparable NA concrete mix when the percentage of RCA
replacement were 50 and 100% respectively. Similarly, Butler et al. [10] reported
that bond strength of RAC was lesser by 9–11.4% for 30 MPa concrete and by
10.3–11.4% for 50 MPa concrete, when compared to NA concrete of respective
strengths.

Kim et al. [11] also reported reduced bond strength of concrete with an increase
in the amount of the RA. Based on the study, Eq. (1) was proposed to predict the
bond strength of RAC with the quantity of RA replacement.
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srmax ¼ 0:614
ffiffiffiffiffi

fck
p Cc

db
� 0:55

� �

� 0:4203e0:0172s þ 0:007G
� � ð1Þ

where

srmax maximum predicted bond stress of RAC
fck observed compressive strength of RAC
Cc distance from the deformed steel rebar core to the concrete surface
db diameter of deformed steel rebar
S replacement ratio of recycled fine aggregate
G replacement ratio of recycled coarse aggregate

On contrary to the earlier findings, Fathifazl et al. [7] concluded that the type of
aggregate does not have any considerable effect on the bond properties of the
concrete when equivalent mortar volume method of mix design was adopted.

3 Design Provisions in Standards

CEB-FIP [20] defines bond as the term used to denote the interaction and transfer of
force between reinforcement and concrete. Various factors influencing bond slip
relations such as cracking, loading, creep and fatigue, rebar surface features, etc.,
were discussed and suitable anchorage length design procedure has been suggested.
The code also suggests a basic bond strength and design bond strength values as
given by Eqs. (2) and (3).

The basic bond strength,

fbd;0 ¼ g1g2g3g4 fck=25ð Þ0:5=cc ð2Þ

where

fck is the compressive strength of concrete
η1 is a coefficient representing surface characteristics of rebar
η2 coefficient based on the casting position of the bar during concreting
η3 coefficient based on the bar diameter:
η4 represents the characteristic strength of steel reinforcement

The partial safety coefficient for bond cc is taken as 1.5.
The design ultimate bond strength is

fbd ¼ a2 þ a3ð Þfbd;0 � 2Ptr

cc
\2:5fbd;0 � 0:4Ptr

cc
\

ffiffiffiffiffi

fck
1:5
p

=cc ð3Þ
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where
a2 and a3 represent the influence of passive confinement from cover (a2) and

from transverse reinforcement (a3).
Ptr is the mean compression stress perpendicular to the potential splitting failure

surface at the ultimate limit state; where transverse compression perpendicular to
the bar axis acts over a portion of the bond length, bond strength may be increased
over that portion. Ptr is negative when transverse stress is compressive.

Indian standards like IS 456 [21] and IRC 112 [22] provide a design bond
strength value for concrete based on its characteristic compressive strength.

IS 456 [21] consider a design bond stress for design of development length of
steel reinforcement. The values of bond stress for plain rebars are considered to be
1.2, 1.4, 1.5, 1.7 and 1.9 N/mm2, respectively, for concrete of grade M20, M25,
M30, M35 and M40 and above. For deformed bars, these values shall be increased
by 60% and for bars in compression the values of bond stress shall be increased by
25%. However, it is not to be assumed that the average bond stresses calculated
from the pull out tests performed as per IS 2770 [23] have any direct relation to the
permissible bond stress given in IS: 456 [21], though these values are arrived at
based on the bond slip behaviour of the rebar and concrete.

IRC 112 [22] considers bond as a property dependent on surface pattern of the
bar, dimension of the member, and on position and inclination of the rebar with
respect to the direction of concreting. The bond strength of concrete is significant in
determination of anchorage length of rebar, as per IRC 112 [22]. The design bond
strength values are also given for both plain rebar and high yield strength deformed
bars as given in Table 1. For unfavourable conditions, these values are multiplied
by 0.7.

4 Experimental Study

The experimental studies were carried out in three phases which involved
(i) Characterization of materials, (ii) Mechanical properties of the concrete mixes,
(iii) Bond strength determination by pull out test.

Table 1 Design values for favourable bond conditions

Concrete grade fck/rebar grade M20 M25 M30 M35 M40 M45 M50 M55 �M60

Plain bars Fe 240 1.0 1.1 1.2 1.3 1.4 1.45 1.5 1.6 1.7

HYSD bars of U � 32 mm 1.95 2.25 2.7 3.0 3.2 3.4 3.75 4.0 4.3

974 M. Surya et al.



5 Characterization of Materials

5.1 Aggregates

Crushed granite available in Delhi region was used as coarse natural aggregates
(NA). The RA for the present study was obtained by crushing concrete cubes and
cylinders that were cast at CSIR-CRRI and various bridge construction sites and
tested at CSIR-CRRI. The samples crushed for aggregates were of strength range
35–45 MPa and age between 2 and 3 years and stored in atmospheric conditions
after failure. The properties of these aggregates were studied and reported in
Table 2 along with the results obtained in earlier studies and acceptance criteria for
comparison.

From Table 2, it can be seen that the specific gravity and bulk density of RA
used in the present study were lower and water absorption was higher than that of
NA. However, the same were found to comply with the acceptance criteria for RA
and hover within the range observed in earlier studies. The RA used in the present
study was found to have better resistance to impact than the NA and same was
observed to be contradictory to the results of the earlier studies. The other
mechanical properties of the RA used in the present study, though slightly inferior
to that of NA, satisfied the acceptance criteria for RA as well as NA. This, menial
performance of RA may be attributed to the porous nature of the adhered mortar
and micro cracks and fissures, which could have formed in the aggregates during
the manufacturing process of RA.

Table 2 Properties of RA and NA

Property RA NA

Present
study

Earlier
studies
[2–19]

Acceptance criteria Present
study

Earlier studies
[2–19]

Acceptance
criteria

Specific
gravity

2.501 2.3–2.56 2.5 or more (JIS A
5021 Class H) [24]

2.675 2.5–2.7 2.30–2.90
(ACI EI
07) [27]

Water
absorption
(%)

2.76 0.9–11.55 3.0 or less (JIS A
5021 – Class H) [24]

0.42 0.2–1.5 2.0
(MORTH)
[28]

Abrasion
loss (%)

29.27 10–46 40 or less (KS F 2573)
[25]

26 12–29 30
(IS 383)
[41]

Crushing
value (%)

28.87 19.86–36.3 – 27.12 15–28 30
(IS 383)
[41]

Impact
value (%)

16.04 9.66–35.8 – 21.77 5–22 30
(IS 383)
[29]

Bulk
density
(kg/m3)

1340 1190–1426 1200 (HB 155: 2002)
[26]

1630 1340–1733 1280–1920
(ACI
E1-07)
[27]
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5.2 Rebar

High-yield strength deformed bars of grade Fe 500 was used. The surface char-
acteristics of the bar are given in Table 3.

5.3 Fine Aggregate

Crushed stone sand available in Delhi region is used as fine aggregate in this
study. The specific gravity of the fine aggregates is found to be 2.63 and the
water absorption value is obtained as 0.72%. The particle size distribution of
the fine aggregate used conformed to the grading curve of Zone I as given in
IS 383 [29].

5.4 Concrete Mixes

Five concrete mixes of characteristic compressive strength 40 MPa were made with
different percentages of RA, (a) Control concrete with 100% natural aggregate
(NAC), (b) Natural aggregate concrete with 100% natural aggregate and fly ash
(NAF), (c) RAC with 50% of recycled aggregate and fly ash (R50), (d) RAC with
75% of recycled aggregate and fly ash (R75) and (e) RAC with 100% of recycled
aggregate and fly ash (R100).

All the NA concrete mixes were designed as per IS 10262 [30] to achieve a
characteristic compressive strength of 40 MPa. In case of RAC mixes, the weight of
coarse aggregates was adjusted according to the specific gravity of the aggregates.
The specific gravity used for determining the weight of coarse aggregate in RAC
are specific gravity of RCA (2.501) for R100 and the specific gravity of the
combination of NA and RCA (2.593 and 2.553) for R50 and R75 respectively. The
details of mix proportions of the concrete mixes are given in Table 4.

Table 3 Surface parameters
of rebars

Property Observed value

Diameter (mm) 20

Rib height (mm) 1.45

Rib width (mm) 0.2

Rib spacing (mm) 20.8

Rib face angle (°) 45
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5.5 Casting and Curing

The concrete mixes were prepared in a drum mixer of capacity 300 kg.
Conventional mixing for NAC and triple mixing method, developed by Kong et al.
[6], for NAF and RAC mixes were adopted for the production of concrete. In
conventional method, dry mixing of aggregates and cement is carried out first and
then the water is added, whereas in triple mixing water is added in two parts. This
method of mixing is reported to allow less water near ITZ, making the same more
compact contributing to better mechanical and durability properties. The steps
involved are as follows: coarse (RCA and NA) and fine aggregates were initially
mixed for 15 s. A part of water was then added to the aggregate mixture and mixed
for 15 s, and to this wet aggregate the fly ash was added and further mixed for 15 s
to facilitate coating of the surface of aggregate with fly ash. Cement was then added
to the surface-coated aggregate and the remaining water was added and the mixing
was continued for further 60 s. The oiled moulds were filled with concrete in layers
and vibrated on a table vibrator. The cast specimens were water cured for 56 days.

5.6 Mechanical Properties of Concrete Mixes

The specimens were water cured till the age of test and tested at 56 days for
compression, flexure and Young’s modulus as per procedure in IS 516 [31] and
splitting tensile strength as per IS 5816 [32]. The test results are reported in Table 5,
from which it is observed that the compressive strength, split tensile strength and
flexural strength of RAC are on par with NAC and NAF while the elastic modulus
decreases with increase in percentage of RCA.

Table 4 Details of mix proportions

Mix designation NAC NAF R50 R75 R100

Cement (kg/m3) 410 410 410 410 410

Water (kg/m3) 164 164 164 164 164

Fly ash (kg/m3) – 82 82 82 82

Fine aggregate (kg/m3)
(SSD condition)

706 706 706 706 706

Coarse aggregate (kg/m3)
(SSD condition)

NA 1172 1172 568 280 –

RCA – – 568 839 1119

Super plasticizer (percentage
by weight of cement)

0.6 0.6 0.6 0.6 0.6

Slump (mm) 65 61 63 62 68
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5.7 Rebar Bond Behaviour

The pull out test has been carried out to determine the bond strength of different
concrete mixes in a universal testing machine as shown in Fig. 1 at an age of
56 days. The cube specimens of size 150 mm and deformed high yield strength
(HYSD) steel bar of 20 mm diameter were used. The test was performed and the
load at a specified slip was recorded until the total slip was 2.5 mm or rebar failure
or concrete crushing, whichever occurred first as specified in IS 2770 [23].

During the test it was observed that, NA concrete specimens developed signif-
icant measurable cracks on the concrete surface whereas in case of RAC specimens
there has been no measurable/significant crack on the concrete surface. On the other
hand, a fine powdery material is seen falling from the concrete–rebar interface in
the RAC mixes during the test. This may be due to crushing of the adhered mortar
(which is porous and comparatively weaker than aggregates) in the RAC mixes as
the rebar is pulled which could be preventing transfer of load from the rebar to the

Table 5 Mechanical properties of concrete mixes

Mix
designation

Compressive
strength (MPa)

Split tensile
strength (MPa)

Flexural
strength (MPa)

Elastic
modulus
(GPa)

NAC 53.19 3.96 5.35 30.15

NAF 57.77 4.15 5.46 35.20

R50 54.02 3.53 4.78 27.17

R75 54.22 3.63 4.77 26.28

R100 57.33 4.15 5.72 25.03

Fig. 1 Pull out test
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adjacent concrete. Thus, appearance of crack on concrete surface, which normally
happens in the NA mixes, was not found in RAC mixes. Figure 2 shows the crack
pattern of specimens after failure.

The effect of this localized crushing of mortar in the interface between RAC and
rebar can be observed in the load versus slip curves as shown in Fig. 3. The curve is
almost linear initially till a slip of 0.5 mm for all the mixes. However, beyond
0.5 mm slip NAC and NAF mixes displayed comparatively steeper curves than
R50, R75 and R100. The steeper curves of NAC and NAF show that the increase in
slip is lower for equal increase in load. This indicates that the rate of slip of the bar
in RAC specimens is comparatively greater than the rate of slip in NA concrete.
This may be because in case of NAC and NAF the slippage of bar is resisted by the

Fig. 2 Observed crack
pattern on specimens after
pull out test
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strong rebar–concrete interface and the load is transferred to the adjacent concrete,
whereas in the case of RAC mix the rebar–concrete interface becomes weak due to
crushing of the mortar at the interface.

The bond strength is determined using the embedded surface area of the bar and
load corresponding to a slippage of 0.025, 0.25 mm and at failure. Three specimens
have been tested for each mix and the average bond strength is plotted in Fig. 4. It
is found from Fig. 4 that the bond strength of RAC at a slip of 0.025 and 0.25 mm
were up to 25% higher than that of NAC and 27% lower than that of NAF,
respectively.

However, the bond strength at failure load was found to be almost similar for all
the mixes with a maximum variation of only 6% when RAC was compared to NAC
and NAF.

The results of the present study are similar to the results observed in a study by
Xiao and Falkner [9], in which mixes with 100% RA exhibited higher bond
strength at failure load and it was concluded that the bond strength of RAC will be
similar to the bond strength of NAC when the compressive strength of the mixes are
comparable. The same is applicable in the present study as well, as the compressive
strength of the mixes are in similar range.

The experimental results compared with the predictions for ultimate bond
strength are given in Fig. 5. It is seen that the RAC mixes exhibited a bond strength
up to 23% higher than the bond strength predicted by Eq. (1) by Kim et al. [11].
However, all the mixes including NA mixes exhibited a bond strength up to 32%
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lesser than that given by the Model Code, 2010 [20]. But the bond strength pre-
diction given in Model Code 2010 is valid for well-confined concrete with a cover
greater than five times the diameter, while the specimens used for pull out study had
a cover thickness equivalent to three times the bar diameter. Hence, the predictions
may not be strictly obliging to the obtained values, but the variation in trend
remained similar for both experimental and predicted values.

The bond strength of the concrete is related to its tensile and splitting properties
and thus fracture toughness is a significant indicative of bond strength [12]. As the
Brittleness index (ratio of compressive strength to split tensile strength) is an
important attribute to fracture toughness the obtained ultimate bond strength value
and the computed brittleness index against the percentage of RCA are given in
Fig. 6. The higher brittleness index indicates more brittle the material is and the
vice versa. It is seen from Fig. 6 that the bond strength decreases with increase in
brittleness index. This indicates that the brittleness index may be considered as a
valid predictor for computation of bond strength of concrete.

6 Conclusions

From the discussions made in the paper following conclusions can be drawn.

• The properties of RCA were menial compared to NA but complied well within
the limiting values of the specifications.

• The mechanical properties of RAC were on par with NAC and NAF, except for
elastic modulus which decreased with increase in percentage of RCA.

• The bond strengths of RAC mixes were greater than that of NAC and lesser than
that of NAF.

• The bond strengths of RAC predicted from the compressive strength values
were found to be following a similar trend as that of the experimental values.
However, the RAC exhibited up to 23% higher bond strength than the predicted.

• Brittleness index may be considered as a valid predictor for computation of
bond strength of concrete.
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Durability and In Situ Performance
Evaluation of Sustainable Recycled
Aggregate Concrete Using
Fluorogypsum as Cementitious Binder

Monalisa Behera, A. K. Minocha, S. K. Bhattacharyya
and Rajesh Deoliya

Abstract Enormous industrialization and urbanization have led to the generation
of huge quantity of C&D waste, which requires its appropriate utilization or dis-
posal. Keeping these in eyes, construction sector is focusing on sustainable waste
management regulations nowadays. Thus, the sustainable future green cities can be
possible only by using low-carbon resources, eco-friendly materials and through
energy conservation techniques. The goal of this study was to evaluate the dura-
bility and in situ performances of concrete made with recycled coarse aggregate
(RCA) using fluorogypsum as cementitious binder to replace the cement partially
(25%). This leads to a new perspective for achieving green concrete. The quality of
RCA and the influence of the replacement ratio were assessed on several parameters
such as chloride ion penetration, carbonation and water absorption resistance. The
in situ parameters such as ultrasonic pulse velocity (UPV) and rebound hammer
number reflected the same behaviour with replacement percentage level of RCA.
The UPV values of more than 3600 m/s, showed good-quality concrete. Though,
RCA is having potentially inferior quality than natural aggregate (NA), it could be
used to produce a structural grade concrete of strength more than 40 MPa. The
results with fluorogypsum binder (FB) revealed that though it is having its own
binder property, it could not achieve strength up to that with cement replacement.
Rather, it can be used as a filling material or as an additive to improve its per-
formance by making its matrix denser.
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1 Introduction

Over the past years, there is a huge demand of natural resources such as aggregates
and cement due to the exponential growth in population and the infrastructural
development in most of the developing countries like China, India, etc. The
increased demand of NA may contribute toward the quarry mining and mining of
river bank and contribute towards global warming. Hence, the use of recycled
aggregate through the recycling of C&D waste in concrete has become the recent
burning topic all over the globe in pursuit of sustainable development. Recycling of
C&D waste will provide a breakthrough for turning the economy of developing
countries into a circular flow. The use of C&D waste as a substitute of NA not only
has the tremendous environmental benefits, but also reduces the social and financial
cost. Recently, IS: 383 has permitted to include the use of RCA, iron, steel slag and
copper slag among manufacture aggregate to replace the use of natural aggregates
(NAs) in its draft revision (March 2015) [1].

The major issues involved in sustainable construction lies with the optimizing
usage of natural resources, waste minimization, and innovative usage of industrial
by-products by conserving natural minerals and to reduce the emission of green-
house gasses without sacrificing the safety of structure. The production of cement is
extensively energy intensive and contributes 1 ton of CO2 per ton of its production,
which is approximately 7% of the total CO2 contribution from all sources [2]. The
usage of industrial by-products in cement, are becoming popular worldwide in the
construction sector to make it less energy intensive and to reduce the greenhouse
gas emission. The by-product of hydrofluoric acid industry can be used as a
cementitious binder in construction sector, which will significantly reduce the
carbon footprint and meet the sustainability requirement.

From the past studies, it is noted that RCA can be utilized for many purposes
such as road base material, pavement material and concrete structures. However,
the quality assurance is very much essential in its safe and reliable usage for
structural purposes. A large number of studies have revealed that RCA is having
some inherent negative attributes compared to NAs which limit its mass usage for
construction purposes [3, 4]. In consequent to these attributes, the old mortar
wrapped around the surface of RCA after crushing is one of the most distinguished
aspects in differentiating the quality and properties of RCA over the NA [4–6]. The
adhered mortar around RCA is the solely responsible factor for affecting the con-
crete behaviour [7–9]. Many studies have reported that the inferior properties of
RCA have detrimental effect on the physical, mechanical and durability properties
of the RAC [10–14].

The objective of this study is to evaluate the durability and in situ performances
of RAC at various percentage replacement levels and to correlate these with the
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apparent porosity distribution. In addition, the effect of fluorogypsum binder
(FB) on the properties of concrete was also studied to evaluate its viability of using
as a binding material by replacing cement. The use of industrial by-product
(fluorogypsum) in concrete along with RCA for sustainable construction is the main
focus of this experimental paper.

2 Availability of Fluorogypsum

In India, more than 300 million tons of industrial by-product such as fly ash, slag,
gypsum, red mud, mine tailing are getting generated per annum [15]. Out of these
by-products, gypsum waste is a cardinal waste obtained from several industries
such as phosphoric acid industry, hydrofluoric acid industry. In India, more than
6.0 million tons of gypsum by-products are produced annually [15]. Fluorogypsum
is a waste by-product of hydrofluoric acid industry, available to an extent of 1
million ton per annum. Basically, it is an anhydrite form of gypsum, which is
chemically inert. However, it has been used as a binder for producing value added
building material by activating its hydration and setting property.

3 Material Properties

The recycled aggregate used in this study was obtained from commercial C&D
waste recycling plant crushed through both jaw crusher and impact crusher. The
aggregates derived from C&D waste were characterized in accordance with the BIS
specifications IS:2386-1963 and IS:383-1970 due to the non-availability of Indian
standard specification for the characterization of recycled aggregate. Two different
size fractions of 10 and 20 mm were used for both RCA and NA in concrete mix.
RCA was used to replace NA at three various replacement levels (0, 50 and 100%).
Locally available river sand as fine aggregate (zone-III) confirming to IS-383-1970
and readily available natural coarse aggregates were used. The particle size analysis
indicates that the size distribution of RCA lies within specified range of IS: 383,
showing a good particle distribution. The fineness modulus of RCA, NA and
natural fine aggregate were found to be 6.51, 6.73 and 2.27 respectively. Water
absorption of the RCA was 3.95% (20 mm) and 4.07% (10 mm) respectively,
which is considerably larger than that of NA which was found to be 0.5%.

Ordinary Portland cement (OPC) of 43 grade, (specific gravity 3.15, specific
surface area 3819 cm2/gm) confirming to IS 8112:1989, is used as binding agent.
Additionally, a new binding material, FB was used in this study to partially replace
cement up to 25%. FB (specific gravity 2.81, fineness 2875 cm2/gm) is basically a
waste by-product which has been processed to develop its binding property by
adding chemical reagents. The content of FB was added to the mix by weight of
cement to replace cement. The chemical composition of the binders was determined
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through XRF analysis and reported in Table 1. The required water for a normal
consistency and setting times of the binders are assessed in accordance with BIS
specifications IS 4031. The results for consistence, setting time, mortar strength and
soundness are given in Table 2.

4 Concrete Mix Proportion and Methodology

The proportions of the various components of the concrete mixes were determined
as per IS: 10262. The mix proportioning was based on absolute volume method and
the aggregates were used in dry condition. The mix design was formulated for
control sample to achieve a compressive strength of 40 MPa at 28 days. The
minimum value of the w/c ratio was determined by a preliminary study to assure the
desired workability and the required strength. In the present investigation, the free
water/binder (w/b) ratio (0.42) and the quantity of total cementitious substances
(390 kg/m3) were kept constant for all the mixes. To achieve the proper worka-
bility, a polyvinyl ether-based high-range superplasticizer was used. Totally, six
concrete mix recipes were prepared by taking the combination of type of aggregate
and binders and the mix compositions are presented in Table 3. To improve the
quality of concrete-containing RCA, two-stage mixing approach (TSMA) [16] was
adopted in a little modified manner for the present study. In TSMA, water is added
in two stages of equal time interval, in two equal parts. However, in the current
investigation, water was added in unequal parts at different time intervals. At first,
coarse aggregates of both the sizes were dry mixed and then mixed with one-third

Table 1 Chemical composition of the binders

Binder CaO SiO2 Al2O3 Fe2O3 MgO SO3 Na2O Cl– F−

Cement 50.40 13.14 2.73 3.27 1.25 2.07 0.18 0.02 –

FB 36.04 0.46 0.18 0.23 0.24 45.50 0.19 0.29 1.32

Table 2 Physical properties of binders

Properties Cement FB

Consistency (%) 28.5 22

Initial setting (min) 160 195

Final setting (min) 280 290

pH 12.34 8.5

Mortar strength (MPa) 3 days 20.72 3.67

7 days 25.23 15.71

28 days 49.15 21.67

Soundness (mm) 0.5 3
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of the total water in the mixer for around a minute to compensate the initial water
absorption of aggregates and in order to make a proper coating of binder around the
aggregates. Consequently, the fine aggregate was added and uniformly mixed for
1 min more. Then, the binder was added to the wet aggregates and agitated for
around 2 mints to get the aggregates surface-coated with binders. Finally, the
balance two-thirds of water premixed with super plasticizer was added to the mix
and rotated in the mixer machine for 2–3 min to obtain a uniform mix.

5 Test Methodology

The compressive strength of concrete was determined on 150 mm cube specimen at
the age of 7 and 28 days in accordance with IS: 516-1959. Three tests were per-
formed to measure the durability of concrete: the chloride penetration resistance,
carbonation resistance and water resistance test in terms of water absorption
according to ASTM C 642-06 [17]. The test for chloride ion penetration depth was
carried out on 100 mm cubic specimen as per description given by Otsuki et al.
[13]. The specimens were immersed in 3.0% by wt. of NaCl solution for the
diffusion of chloride ion into the concrete mass for 28 days. The fractured surfaces
were sprayed with 0.1 N AgNO3 aqueous solution, which forms a white colour
boundary due to the formation of silver chloride indicating the depth of chloride
penetration. Similarly, an accelerated carbonation test was carried out on 100 mm
cube specimens of size. Only two faces were exposed to CO2-enriched carbonation
chamber with 10% carbon dioxide at 25° C and the relative humidity of 60 ± 5%
for 7 days. Non-destructive tests were performed to evaluate the concrete condition
to assess the performance of concrete in-place and to determine the presence of
voids, cracks, if any. Ultrasonic pulse velocity (UPV) test was conducted as per IS:
13311 (part 1) 1992 and the rebound hammer test was also performed as per IS:
13311(part 2) 1992. The UPV value is mainly related to the density of concrete in
terms of quality of concrete. A Schmidt’s rebound hammer of N-type was used to
evaluate the surface hardness of different concrete specimen.

Table 3 Mix proportion details of concrete (kg/m3)

Mix Notation Cement FB Sand NA RCA SP (%) w/c ratio

REF 390 – 660 1241 – 0.75 0.42

C-R50 390 – 659 619 619 0.75 0.42

C-R100 390 – 660 – 1149 0.75 0.42

F- R0 293 97.5 657 1234 – 0.25 0.42

F-R50 293 97.5 657 617 617 0.25 0.42

F-R100 293 97.5 657 – 1146 0.25 0.42
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6 Results and Discussion

6.1 Fresh Properties

Fresh concrete mixes were subjected to the consistency test—slump tests according
to IS: 1199-1959. The results of slump test are shown in Table 4. From slump cone
test results, slump value decreases drastically with the increment in RCA content
irrespective of the binder types. It is mainly associated with the higher initial water
absorption features of RCA which absorbs the available free moisture from concrete
and more friction due to rough surface of RCA. Furthermore, the increase in the
replacement ratio had negative effects on the workability of RAC. Despite that, the
influence of cementitious substances on workability was also remarkable. The
influence of FG binder also contributes towards lower consistency due to its platy
and lathe shape [4].

6.2 Compressive Strength

Figure 1 represents the compressive strength results for all the mixes at 7 and
28 days. The results indicated that the replacement level of RCA and the binder
replacement has a strong influence on the compressive strength of concrete for their
respective ages. The highest strength was achieved by control concrete 28 days,
which was 51.93 MPa. The 28-day strength achieved with 100% RCA was

Table 4 Slump test values of different mixes

Mix REF C-R50 C-R100 F- R0 F-R50 F-R100

Slump value (mm) 45 20 15 28 35 9
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42.07 MPa. The compressive strength thus appeared to be increased with age but
with a lesser rate in the latter age than the strength developed in early age. The
strength got reduced with the increase in replacement ratio. It was also observed
that the rate of 7-day strength development of RAC was higher than the control
concrete. The strength at 7 days was found to be 38.59 and 34.22 MPa for control
concrete and for concrete with 100% RCA. The higher early strength development
in RAC may be attributed to the higher water absorption capacity of RCA which
ultimately helps in reducing the effective w/c ratio. The modified mixing method
also would have imparted on RCA in forming better bond with the surrounding
matrix and hence, improving the strength. However, a contradictory effect is
noticed in the early strength development of concrete made with FB. A significant
distinction was noticed in the strength development of concrete made with either
NA or RA where FG binder was used as a partial replacement of cement.

The 7-day strength of F-R0 is 28.7% lower than the control concrete. It may be
explained on the basis of slower rate of hydration in early strength gain of FG.

From 28-day strength results, it was found that the concrete made with 100%
RCA achieved strength more than 40 MPa as the control concrete. Though, it could
achieve the characteristics strength of 40 MPa, however, it could not reach to the
target strength of control concrete. Thus, there was a decrease of approximately
14.69% in 28-day strength than that of target strength at 100% RCA replacement
for pure cement. Similarly, the strength was 18.98% lower than the strength
achieved by control concrete at 28 days for OPC with 100% RA respectively.
However, the strength reduction rate at 28 days appeared to increase steeply when
FB is used as replacement of cement. A reduction in strength is noticed up to
24.69% with NA for the concrete having FB as a partial replacement of cement.
Similarly, the strength was reduced up to 30.12% with 100% RA for the concrete
made with FB. It was observed that the variation in 28-day compressive strength of
FB concrete is nearly similar to each other irrespective of the coarse aggregate
replacement ratios.

6.3 Chloride Ion Penetration

Figure 2 illustrates the effect of RCA and the influence of various binders on the
chloride ion penetration resistance of various mixes of natural aggregate concrete
(NAC) and RAC after an exposure to chloride environment for a period of 28 days.
It also represents the influence of partial replacement of various types of cements by
FB on the chloride resistance of concrete. As revealed from the figure, there was a
reduction in chloride ion penetration resistance of concrete with the subsequent
substitution of NA by RCA. The chloride ion penetration depth of control specimen
was found to be 5.25 mm. However, after 28-day exposure period, the concrete
made with 100% RCA and FB had shown the highest penetration depth than the
other concrete. The maximum chloride ion penetration could reach up to 10.54 mm
in the mix having 100% RCA and FB as a partial replacement of cement. By using

Durability and In Situ Performance Evaluation … 991



FB, the chloride ion penetration resistance of mixes is further decreased as com-
pared to using cement. It was found to be two times more than that of control
samples. RAC having FB always showed a higher chloride ion penetration depth
than that of concrete using cement. This may be attributed to the more porous
microstructure of FB concrete as it is also reducing the strength characteristics of
concrete. The microstructure of the hydration product of cement and FB paste
matrices are shown in Fig. 3. As one can see that the matrix of FB is more porous
than that of cement, which facilitates the ingression of chloride ion to a greater
depth. To improve the performance of FB, it is needed to improve the hydration
process to obtain a denser matrix.

6.4 Water Absorption

The behaviour of pore structure within the concrete was assessed by measuring the
water absorption rate of unsaturated specimens by immersing in water. It is a very
important parameter for evaluating the pore structure and their connectivity in
concrete made with RCA and the results are presented in Table 5. It was observed

0

5

10

15

R0 R50 R100

P
en

et
ra

ti
o

n
 d

ep
th

 (
m

m
)

RCA %

Cement Flurogypsum

Fig. 2 Chloride ion penetration depth at different RCA replacement levels

Fig. 3 SEM micrographs of hydration product of cement and FB paste
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that the water absorption value increases with the increase in RCA replacement
ratio. The higher porosity of RCA facilitates the higher water absorption of RAC as
compared to normal concrete. The water absorption value found to be 5.51%.
Hence, there was an increase of water absorption value up to 55% at various
replacement level of RCA. The higher water absorption value is attributed to the
quantity of adhered mortar present in the RA and its porous nature. It was also
observed that water absorption value decreased with the increase in strength. It is
due to the dense microstructure which ultimately increases the strength. Despite
that, a very prominent influence of binders has been observed on the water
absorption characteristics of hardened concrete. There was a significant increase in
the water absorption value of concrete with FB. However, the use of FB in concrete
resulted in more increase of water absorption. It might be due to the porous
microstructure and presence of accessible cracks in FB matrix, obtained from the
SEM evidence of the hydration products of paste (Fig. 3).

6.5 Carbonation

Keeping the w/c ratio constant, varying the type of binders and the RCA substi-
tution level, their effect on carbonation depth was analysed upon 7-day period of
exposure to carbonation environment and the results are shown in Fig. 4. In control
specimens, carbonation occurred only up to 0.3 mm. As a consequence of this, it
was difficult to measure and compare the carbonation depth occurred in various
concretes. However, an effort was made to measure the carbonation depth of
concrete with greater accuracy. Regardless of the binder variation, the RAC showed
sufficient resistance to carbonation to occur and did not show proper response
towards RA substitution ratio. OPC series did not show any significant difference in

Table 5 Water absorption values of different mixes

Mix notation REF C-R50 C-R100 F-R0 F-R50 F-R100

Water absorption (%) 3.54 3.80 5.51 4.95 5.24 5.70

0

1

2

3

Cement FG

C
ar

b
o

n
at

io
n

 d
ep

th
 

(m
m

)

R0 R50 R100

Fig. 4 Carbonation depth in
cement and FB at different
RCA replacement levels

Durability and In Situ Performance Evaluation … 993



the carbonation depth at various substitution levels of RCA. A possible reason
contributing towards this could be the lower permeability and poor interconnected
pore network structure of concrete even if RCAs were used. Moreover, it is seen
from the experimental results that carbonation depth increased with the increase in
RCA content exhibiting the same trend as in case of water absorption and chloride
penetration. However, the FB- containing concrete shows a slight deviation from
this trend shown by other concrete suggesting the possibility of different mecha-
nism of carbonation. As expected, it is both NAC and RAC. The replacement of
cement by FB facilitated the more diffusion of CO2 into the hardened concrete
irrespective of RCA substitution signifying its more porous microstructure.

6.6 Ultrasonic Pulse Velocity

UPV test is a non-destructive in situ test, conducted to ensure the quality of con-
crete in terms of homogeneity, honeycombing or the presence of internal cracks
within the concrete. The UPV test also gives an indirect indication of the coherent
porosity of the concrete. The UPV results of all the mixes are illustrated in Fig. 5.
The UPV values of all the mixes were found to be more than 3600 m/s, showing a
very good quality concrete. The control concrete showed excellent performance
with a UPV value of 4636 m/s. However, the UPV values started decreasing with
the increase in the replacement level of RCA. Hence, there is a reduction of 5.13%
in UPV value at 100% RCA than the control concrete. The higher water absorption
of RCA, due to loosely adhered porous mortar is responsible for contributing
towards the porosity of concrete. Thus, it affects the transmission of ultrasonic
waves in UPV test and results in poor quality concrete. Whereas, the partial
replacement of cement with FB resulted in lesser UPV value than concretes made
with cement. The lowest UPV value was obtained for concrete made with FB and
100% RCA, which was 4316.17 m/s. In this case, both quality of aggregate and
replacement of binder became the limiting parameters. The honeycombing or the
presence of internal flaws in the matrix having FG binder or due to the changes in
the structure of concrete probably could be added as a contribution towards the
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porosity of concrete. Thus, it resulted in lowering their UPV values to a greater
extent, up to 7%. The possible reason could be attributed to the variation in
aggregate type and cement type.

6.7 Rebound Hammer Strength

Rebound hammer test is one of the non-destructive tests, performed to evaluate the
strength of concrete in terms of surface hardness. The rebound hammer results in
terms of rebound indices are shown in Fig. 6. Rebound numbers get influenced by a
number of factors such as cement and aggregate, surface condition and moisture
content and age of concrete. Fig. 6 shows that the rebound number increases with
the increase in strength of concrete and decreases with the increase in replacement
level of RCA. The decrease in rebound number may be related to the poorly linked
porous mortar attached to RCA surface which increases the porosity of concrete. In
addition to this, the same trend was observed with various binder combinations also
and it decreased corresponding to their RCA replacement level. However, rebound
index reduced drastically in the concrete made of FB. Thus, it shows that the
hardness of concrete is reducing when cement is replaced by FB. As per IS: 13311
(part 2) 1992, rebound indices are indicative of the compressive strength of concrete
to a limited depth of 30 mm from the surface. So, compressive strength of the core
specimen was evaluated after the rebound hammer test in order to establish a
relationship between the actual strength and rebound hammer strength. As, the
rebound hammer value and UPV value get affected by moisture content of concrete,
the increase in moisture content could have increased the UPV value and decreased
the rebound number.
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7 Conclusion

This paper addresses the efficient reuse of the RCA derived from C&D waste. The
obtained results show that coarse RCA can be used to replace NA up to 100% to
achieve a strength value of 40 MPa. The strength reduction was found up to 11%
with 100% reduction and 5% with 50% replacement. The chloride ion penetration,
carbonation and water absorption resistance decreased with the increase in RCA
replacement ratio. However, concrete made with RCA showed good carbonation
resistance and better UPV values result of more than 3600 m/s, showing
good-quality concrete. The results with FB revealed that though it is having its own
binder property, it could not achieve strength up to that with cement replacement as
it is having adverse effect on the durability and in situ properties of concrete.
Rather, it can be used as a filling material or as an additive or else can be used with
other mineral admixture such fly ash to improve its performance by making its
matrix denser. RAC with pure cement showed better durability and in situ prop-
erties than concrete made with FB as a partial replacement of cement.
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Shear Behaviour of Glass
Fibre-Reinforced Geopolymer Concrete

K. Nithyapriya, K. Subramanian, X. John Britto and M. P. Muthuraj

Abstract Experimental investigations were carried out on shear behaviour of
geopolymer-reinforced concrete beams with and without fibres. The mix is com-
posed of ternary blend of mineral admixtures, ground-granulated blast furnace slag
(GGBS), silica fume, metakaolin and fly ash. In all the mixes, the amount of GGBS
is kept constant and other mineral admixtures such as silica fume, metakaolin and
fly ash are varied in different proportions. Two concentrations of molarities,
namely, 6 and 10 M of NaOH solution are considered in the present study to
investigate the shear behaviour of geopolymer concrete beams with and without
glass fibres. Several beams were cast for different mixes and the responses were
studied under four-point bending static loading. Among the various mixes, it
was found that the mix of 10 M, i.e. 70% GGBS + 12% fly ash + 10% silica
fume + 8% metakaolin performed well with and without fibres. Many cracks were
developed for the case of fibre-incorporated beams signifying the contribution of
fibres in terms of higher energy absorption and improved ductility. There is no
significant difference is observed in terms of load carrying capacity, first crack load
and deflection of 10 M mixes compared to 6 M mixes.
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1 Introduction

For the construction of buildings, bridges, airport pavements, nuclear containments
and other civil infrastructure, the reinforced concrete (RC) is one of the commonly
used composite materials. It can be well forecasted that the requirement for RC will
enhance many folds in view of expansion of infrastructure in many countries. To
produce concrete, Ordinary Portland cement (OPC) is normally employed as pri-
mary binder. In the process of production of OPC, it is estimated that about one ton
of carbon dioxide (CO2) liberates for one ton of OPC. It was also found that
concrete is less durable under severe environmental conditions.

In the present scenario, it has become necessary and urgent requirement to
search for alternate binding materials to reduce CO2 emission and to preserve
natural resources. Geopolymer concretes (GPC) is one of the advanced cementi-
tious concretes, proved to be a potential candidate to replace or supplement the
conventional concrete.

It possesses high mechanical and durable properties. Many investigations were
carried out on GPC at laboratory level as well as in the field to demonstrate its
efficacy [1–6]. The typical mechanism of geopolymerization consists of: (a) disso-
lution, (b) speciation equilibrium, (c) gelation, (d) reorganization and (e) polymer-
ization and hardening [7]. Pictorially, the process of geopolymerization is shown in
Fig. 1 [7]. Many research investigations reported that the behaviour of
under-reinforced fly-ash-based geopolymer concrete beams is similar to conven-
tional reinforced concrete beams under flexural loading. The responses considered
for comparison include crack width, first crack load, load–deformation relationship,
flexural stiffness, failure load, ductility, ultimate load, etc. [8–12].

Mohana and Nagan [13] compared the flexural behaviour of geopolymer-
reinforced ferrocement slabs and conventional ferrocement slabs. From the exper-
iment, it was found that the cracking load, yielding load and ultimate load of the
geopolymer ferrocement slabs are found to be larger compared to conventional
ferrocement slabs. The interesting observation was the geopolymer ferrocement
slabs possess higher energy absorption and ductility compared to conventional
ferrocement slabs. Maranan et al. [14] investigated the flexural strength and ser-
viceability aspects of beams made up of geopolymer concrete beams and glass
fibre-reinforced polymer bars under four-point bending static loading. The effect of
bar diameter, anchorage system and reinforcement ratio were also studied and it
was noticed that there is no significant effect of bar diameter on the flexural per-
formance of the beams. Hung et al. [15] carried out an extensive review on
structural behaviour of geopolymer concrete members such as beams, columns,
slabs, panels. From the review, it is highlighted that (i) there is no negative effect of
using geopolymer concrete as structural elements in terms of load-carrying capacity
and ductility and (ii) standard codes of practice can be used to design the members
made up of geopolymer concrete.

In the present study, the shear performance of geopolymer-reinforced concrete
beams with and without fibers is carried out.
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2 Basic Material Characteristics

For the production of geopolymer concrete, various ingredients such as fly ash,
ground-granulated blast furnace slag (GGBS), metakaoline, silica fume, sodium
silicate, sodium hydroxide, glass fibres, coarse aggregate (12.5 and 20 mm),
superplasticizer (Polyheed 997) and water were used. GGBS is procured from JSW
Steel Works Ltd., Coimbatore, India. The following norms were considered to
arrive at geopolymer concrete mix with and without fibers.

Alkaline liquids/GGBS = 0.3–0.45
Sodium silicate/sodium hydroxide = 2–2.5
Water/GGBS = 0.16–0.24

Fig. 1 Concept of
geopolymerization [7]
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Total aggregate in mass of concrete = 65–85%
Fine aggregate content in total aggregate = 30%
Extra water content = 20% of mass of cementitious material
Superplasticizers = 2% of mass of cementitious material
Various material properties are presented in Table 1.

General description on preparation of geopolymer concrete is given below:
The alkaline activator solution (AAS) is prepared with the combination of

sodium hydroxide pellets, sodium silicate solution (SiO2/Na2O = 2.2), and distilled
water. Since lot of heat is generated when sodium hydroxide flakes react with water,
the sodium hydroxide solution should be prepared a day before casting. The main
function of AAS is to dissolve Si and Al present in the reactive portion of source
materials such as FA, GGBS, silica fume and metakaolin and provide a high
alkaline liquid medium for condensation polymerization reaction. The aggregates
are to be taken out from the mixer and dry mix is to be performed about 2 min after
addition of a small quantity of water to prevent the water absorption of aggregates
in later stage. Later, all the cementitious materials are added one after the other.

Next, the alkaline activator solution is to be added to the mix and the mixing is
to be continued for about 5 min. The required quantity of superplasticizer is mixed
with water and then added to the mix during the production of geopolymer

Table 1 Various material properties

Material Property Value

GGBS Specific gravity
Fineness (m2/kg)

2.2
420

Fly ash Specific gravity
Fineness (m2/kg)

2.05
415

Silica fume Specific gravity
Fineness (m2/kg)

2.15
320

Metakaolin Specific gravity
Fineness (m2/kg)

2.7
432

Sodium Hydroxide Purity 97%

Specific gravity 2.13

Sodium Silicate Purity 98.5%

Specific gravity 1.53

Coarse aggregate 20 mm Specific gravity 2.80

Water absorption in % as per IS 2386 0.35%

Coarse aggregate 12.5 mm Specific gravity 2.79

Water absorption in % as per IS 2386 0.30%

Fine aggregate Specific gravity 2.73

Water absorption in % as per IS 2386 0.86%

Conforming to Zone II

Water Specific gravity 1

Superplasticizer Specific gravity 1.65
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concrete. In any combination of geopolymer concrete mix, desired degree of
workability is to be ensured.

Several trials were made to finalize the mix. The final mix proportion arrived at
is 1:0.94:2.2:0.13:0.192 (Cementitious materials: Fine aggregate: Coarse aggregate:
Alkaline liquids: Water)

Two concentrations of NaOH (molarities 6 and 10) were considered for the
present study. Table 2 presents the details of various ingredients used for casting of
geopolymer concrete beams. For all the beams, the percentage of GGBS is fixed as
constant, i.e. 70%.

3 Workability Studies

The slump values obtained for the two concentrations of several mixes are given
below in the form of table (Table 3). From Table 3, it can be noted that the slump
values are varying from 25 to 29 mm for the concentration of 6 M and the highest
value is obtained for 6M3 for which the mix proportion is 70% GGBS + 10% silica
fume + 5% metakaolin. For the other concentration of 10 M, the slump value for all
the combinations is observed to be almost same, i.e. 27 mm (average).

There is no significant variation in slump with the increase in concentration of
NaOH.

Table 2 Various ingredients used for casting of beams

Mix ID GGBS (%) Fly ash (%) Silica fume (%) Metakaolin (%)

6M2 70 20 5 5

6M3 70 15 10 5

6M4 70 17 5 8

6M7 70 12 10 8

6M9 70 25 5 0

10M2 70 20 5 5

10M3 70 15 10 5

10M4 70 17 5 8

10M7 70 12 10 8

10M9 70 25 5 0

Table 3 Slump values for
the mixes considered

Mix Slump (mm) Mix Slump (mm)

6M2 31 10M2 29

6M3 41 10M3 28

6M4 37 10M4 29

6M7 27 10M7 29

6M9 25 10M9 25
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4 Mechanical Properties

Cubes of size 100 mm are cast to determine the compressive strength of various
mixes of two concentrations. The compressive strength of various mixes corre-
sponding to the two concentrations is presented in Table 4. The compressive
strength values are varied from 61.2 to 71.8 MPa for the case of 6 M concentra-
tions, whereas for the case of 10 M, the values are varied from 64.8 to 79.7 MPa.

The maximum increase in compressive strength between 6 and 10 M is about
10%. From Table 4, it can be observed that the maximum strength is obtained for
the cases of 6M7 and 10M7 where in the mix proportion is 70% GGBS + 12% fly
ash + 10% silica fume + 8% metakaolin. Figure 2 shows the typical slump test and
testing of cube for evaluation of compressive strength.

5 Testing of Beams for Shear

To determine the flexural performance of geopolymer beams, the beams were cast
of size 1500 mm � 100 mm � 200 mm (length � width � depth). Some beams
were cast with glass fibres by adding at 5% of total volume.

Figure 3 presents the typical reinforcement details for shear tests.
Figure 4 shows casting of typical geopolymer concrete beam. All the specimens

were cured at ambient temperature in order to achieve strength gain through the
polymerization yielding of Si–Al bonds.

Load is applied incrementally on the beam through hydraulic action till failure.
The testing frame has the capacity of 2000 kN. Load has been controlled through a
proving ring, which has a capacity of 200 kN. At each incremental load, the
deflections were measured by using dial gauges. All the beams were tested under
four-point bending.

The responses such as first crack load, corresponding deflection, crack patterns,
ultimate load and corresponding deflection were noted for all the beams. To
measure curvature of the beams above and below the neutral axis, pellets were fixed
at 75 mm distance on either side of the loading point. Figure 5 shows typical test
setup including the location of pellets and dial gauges.

Table 4 Compressive strength for the mixes considered

Mix Compressive strength (MPa) Mix Compressive strength (MPa)

6M2 67.2 10M2 71.9

6M3 70.9 10M3 77.3

6M4 70.1 10M4 76.8

6M7 71.8 10M7 79.7

6M9 61.2 10M9 64.8
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Fig. 2 Typical slump test on concrete and compressive strength test. aTypical Slump test, bTesting
of a cube for compressive strength

Fig. 3 Reinforcement details for shear test

Fig. 4 Casting of typical
geopolymer concrete beam
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Figure 6 shows the crack pattern of typical geopolymer beam. Table 5 presents
the details of first crack load, ultimate load and deflection at ultimate load.

The effect of fibres can be seen clearly in Fig. 7 on the response behavior of
geopolymer beams with fibres. There are many multiple cracks compared to the

Fig. 5 Typical test setup
including the location of dial
gauges and pellets

Typical crack pattern of shear beam Without fibres -6M3 

Typical crack pattern of shear beam without fibres - 10M4   

Fig. 6 Typical crack pattern
for a geopolymer beam
without fibres
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response behavior of beams without fibres (Fig. 6). Figure 7 presents the typical
failure behaviour of geopolymer beams with fibres.

The important interpretation can be drawn from nature of failure of beam with
fibres is, the beam possess more energy absorption indicating higher ductility
compared to the behaviour of beam without fibres. From Table 5, it can be
observed that the first crack load occurred at about 25–35% of ultimate load of all
the geopolymer beams with and without fibres.

This observation is generally same as for the case of RC beams. The ultimate
load varies from 47 to 78 kN for all the mixes without fibres. The vertical deflection
is varied from 6.12 to 8.45 mm for all the mixes without fibres. The geopolymer
beam with mix 10M7 sustained the maximum load up to 78.8 kN with the corre-
sponding deflection of 8.45 mm.

For the case of beams with fibres, the ultimate load is varied from 49.7 to
81.2 kN and the corresponding deflection is from 6.38 to 9.28 mm.

The increase in maximum load for all the mixes with fibres is about 5% com-
pared to the beams without fibres. But the corresponding deflection is varied by
about 10%. The beam containing fibres with mix 10M7 sustained the maximum
load of 81.2 kN and the corresponding deflection is 9.28 mm.

Table 5 Reponses of tested geopolymer beams

Mix First crack load (kN) Ultimate load (kN) Deflection at ultimate load (mm)

Without fibres

6M2 18.4 52.5 6.54

6M3 21.4 61.5 6.89

6M4 21.8 62.5 6.91

6M7 24.5 72.1 7.82

6M9 15.9 47.3 6.12

10M2 19.1 54.5 6.61

10M3 21.9 64.8 7.11

10M4 21.7 64.5 7.08

10M7 28.5 78.8 8.45

10M9 17.1 50.3 6.34

With fibres

6M2 18.1 53.9 6.58

6M3 21.2 62.3 6.97

6M4 21.1 62.7 6.94

6M7 26.7 77.2 8.15

6M9 16.8 49.7 6.38

10M2 18.9 56.4 6.78

10M3 22.9 67.9 8.11

10M4 23.1 68.2 8.24

10M7 28.2 81.2 9.28

10M9 18.2 52.3 6.67
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The ultimate load and the corresponding deflections of all the mixes of 10 M are
larger by an extent about 5–10% compared to respective mixes of 6 M. This may be
due to more polymerization of mineral admixtures. Similarly, about 5–10% increase
in ultimate load and deflection is observed for 10 M mixes in comparison with 6 M
mixes.

The increase in ultimate load for the case of beams with fibres could be
attributed to enhanced compressive strain by the addition of fibres. The extent of
increase in deflection may be attributed to the tensile strength of glass fibres.

Typical crack pattern of shear beam with fibres -10M4   

Typical crack pattern of shear beam with fibres -6M9   

Fig. 7 Typical crack pattern
for a geopolymer beam with
fibres
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6 Summary

Experimental investigations were carried out on shear behaviour of glass
fibre-reinforced geopolymer concrete beams under shear loading. Geopolymer
concrete beams are made up of ternary blend of mineral admixtures, namely,
GGBS, silica fume, metakaolin and fly ash. Basic material characteristics of the
materials used for the investigation are from the studies. Some beams were cast
with and without glass fibres. For all the beams, the amount of GGBS is kept
constant, i.e. 70% and other mineral admixtures, namely, fly ash, silica fume and
metakaolin are varied in proportion. Along with the mineral admixtures, fine
aggregate, coarse aggregate, activator solution and water are used to prepare GPC.

The activator solution is prepared in combination of NaOH with Na2SiO3. Two
concentrations of NaOH, i.e. 6 and 10 M are considered to the study the behaviour
of the beams along with various combinations of mineral admixtures.

The slump and compressive strength were experimentally observed for all the
mixes of 6 and 10 M. All the beams were tested under four-point bending static
loading under shear loading condition till failure. The responses such as first crack
load, ultimate load and the corresponding deflections were monitored during the
loading. It was found that the mix 10M7 (70% GGBS + 12% fly ash + 10% silica
fume + 8% metakaolin) performed well with and without fibres.
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Mitigation of Structures Against Natural

Hazards



The Effect of Macroroughness in Front
of Building for Tsunami Pressure
Dissipation—A Numerical Study

D. Ghosh, A. K. Mittal, S. K. Bhattacharyya and S. Behera

Abstract Ocean surge may create a serious damage to coastal buildings. The surge
may be generated due to high tide, storms or even from tsunami. The damage on
buildings depends on shielding characteristics of the objects near the buildings. The
shielding can be provided by placing small barrier or blocks in front of the con-
sidered building. It is difficult to estimate the loading on this building due to
interference between waves and barrier. Wave pressure on building is numerically
evaluated for the presence of macroroughness elements (small obstructions) placed
in tandem arrangement in front of building. Computational Fluid Dynamics
(CFD) technique is adopted for the simulation of tsunami-like solitary wave impact
on macroroughness and building. Realizable k-e turbulence model is applied for
turbulence modelling. Volume of Fluid (VOF) method is adopted to track the free
surface movement of the flow. Wave is generated with the help of sudden discharge
control at the inlet of an open channel. Wave characteristics are validated with the
reported experimental results. Two types of wave height are considered in the study
to evaluate the dependence between wave height and pressure on building. The
results reveal that for wave height less than the building height, the placement of
macroroughness is quite effective but if the wave height is more than the building
height, the wave pressure reduction is not so significant.
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1 Introduction

Tsunami is commonly generated due to movement of underwater earth crust.
Tsunami wave travels at hundreds of kilometres an hour in the deep ocean and as
they approach towards the land, the shallow water causes them to slow down and
increase in height, which is known as shoaling effect of tsunami. Three parameters
responsible for magnitude of tsunami induced pressure are: (1) inundation depth,
(2) flow velocity and (3) flow direction. These parameters mainly depend on:
(a) tsunami wave height and wave period (b) coast topography and (c) roughness of
the coastline. Therefore, it is difficult to estimate pressure induced on coastal
structures during tsunami. The impact of tsunami-induced forces on coastal pro-
tection structures, viz. breakwaters, seawalls, etc., have been analysed and clarified
by different researchers to a certain degree. Different strategies to protect buildings
against the tsunami wave surge are also studied. But it is very difficult to design the
building considering those strategies, because no guidelines are readily available in
this regard. Macroroughness in front of building can be used as effective strategies
for wave pressure dissipation. Before estimation of tsunami pressure on building, it
is important to calculate the run-up and inundation of tsunami wave. Goseberg et al.
[1] studied the effect of macroroughness elements on tsunami run-up and inunda-
tion experimentally and numerically. Investigation of tsunami inundation is also
carried out through an urban waterfront modelling and it is observed that the
macroroughness elements can reduce the wave speed up to 40% [2]. Tsunami force
estimation on building model with different configurations is also carried out by
others [3–5]. Recently an experimental study is carried out [6] to investigate the
effect of symmetrically placed macroroughness on coastal structures and it is
observed that properly configured macroroughness can be used as an effective
tsunami pressure dissipation strategy. Experimentations are very costly and time
consuming. Therefore, numerical modelling can be an alternative and less
time-consuming method for the investigation.

Numerical modelling of tsunami impact on building or any coastal structures is
not reported by many researchers. Some of the studies are listed here. Ref. [7]
studied dam break wave (i.e. single long wave) impact on tall structure using
smooth particle hydrodynamics method. Two-dimensional RANS turbulence
modelling is also carried out [8] to investigate the effect of impinging and over-
topping of tsunami waves over an impermeable sea wall. Modelling of tsunami
impact on rectangular shaped structure using smoothed particle hydrodynamics has
been studied [9]. Therefore, it is observed that modelling of tsunami wave and its
impact on building or structures is an emerging area and only a few studies have
been reported.
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2 Problem Descriptions

In the present study, tsunami impact on building and macroroughness elements has
been simulated using CFD technique. The wave pressure reduction on building due
to presence of macroroughness in front of building is also quantified in this paper.

Two following cases are studied:

(a) Reference building (without any obstruction) model
(b) Presence of macroroughness in front of building model.

The study is carried out for two types of solitary waves with constant period.
Wave type 1: Wave height (0.135 m or 0.45H) which is less than the building

height (300 mm or H).
Wave type 2: Wave height (0.380 m or 1.27H) which is more than the building

height (300 mm or H).

3 Numerical Modelling

ANSYS commercial software on unsteady 3D Reynolds-averaged Navier–Stokes
(RANS) model is used to describe this flow. Realizable k-e turbulence model is
employed for the turbulence modelling. In order to simulate two-phase (air and
water) flow, Volume of Fluid (VOF) technique is used. The free surface is detected
using this. The Pressure-Implicit with Splitting of Operators (PISO) algorithm is
used for pressure– velocity coupling. The stability and accuracy of the model is
enhanced by keeping Courant Number below 0.25, which resulted in a time step
between 0.001 and 0.01 s. Two phases (air and water) domain are created and
involved governing equations are solved using VOF, which is a surface tracking
technique applied to a fixed Eulerian mesh which is generally used for two or more
immiscible fluids where the position of the interface between the fluids is of
interest. The fluids in both phases are Newtonian, viscous and isothermal. A single
set of momentum equations is shared by two fluids, and the volume fraction of each
of the fluids in each computational cell is tracked throughout the domain. Since,
time-accurate transient behaviour of the VOF solution is required to track the free
surface motion of water, time-dependent with the geometric reconstruction inter-
polation scheme is used. The VOF formulation depends on the fact that fluids (or
phases) are not interpenetrating and in a control volume, the sum of volume frac-
tions of all phases equals to unity. The fields for all variables and properties are
shared by the phases and represent volume-averaged values corresponding to the
volume fraction of each of the phases at each cell location. Thus, the variables and
properties in any given cell are representative of any of the phases, or representative
of a mixture of the phases, depending upon the volume fraction values. Therefore, if
qth fluid’s volume fraction in the cell is denoted as aq, then aq = 1: when cell is
completely full, aq = 0: when cell is completely empty and for 0 < aq < 1 it
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contains interfaces of qth fluid and one or more other fluids. Based on the local
value of aq, the appropriate properties and variables are assigned to each control
volume within the domain.

3.1 Governing Equations

The governing equations can be written as follows [10]:

Continuity equation:

The continuity equation is used for the volume fraction of one of the phases to
track the interface between the phases. For the qth phase, this equation has the
following form:

@

@t
ðaqqpÞþr:ðaqqp~vqÞ ¼ 0 ð1Þ

where~v is the velocity vector and q is the density. The volume fraction equation is
not solved for the primary phase; the primary-phase volume fraction is computed
based on the following constraint:

aq þ ap ¼ 1 ð2Þ

The properties appearing in the transport equations are determined by the
presence of the component phases in each control volume. The density in each cell
is given by

q ¼ aqqq þð1� aqÞqp ð3Þ

And the viscosity of each cell is given by

l ¼ aqlq þð1� aqÞlp ð4Þ

Volumes of fraction equations are evaluated using explicit time discretization
scheme. The volume fractions of each phase are interpolated using Geometric
Reconstruction Scheme (an interface reconstruction scheme).

Momentum Equation:

A single momentum equation is solved throughout the domain, and the resulting
velocity field is shared among the phases. The momentum equation is dependent on
the volume fractions of all phases through the properties q and l as shown below.
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@

@t
ðq~vÞþr:ðq~v~vÞ ¼ �rpþr: lðr~vþr~vTÞ� �þ q~g ð5Þ

where ~v = velocity vector, q = density, l = viscosity and g = gravitational
constant.

Turbulence Modelling:

During free surface flows, a high-velocity gradient at the interface between the
two fluid surfaces result in high turbulence. Therefore, accurate modelling of tur-
bulence is required. Realizable k�e turbulence model is used for the simulation of
free surface flow, where k is the turbulence kinetic energy and its dissipation rate is
e. In case of realizable model expression for the normal Reynolds stress in an
incompressible strained mean flow is obtained by combining the Boussinesq rela-
tionship and eddy viscosity equation:

u2 ¼ 2
3
k � 2mt

@U
@x

ð6Þ

where mt ¼ lt=q, when the strain is large enough to satisfy k
e
@U
@x [ 1

Cl
� 3:7; the

normal stress, u2, which by definition is positive quantity.
Transport Equations for the realizable k�e model are as follows.
Turbulence kinetic energy (k)

@

@t
ðqkÞþr:ðq~vkÞ ¼ r lþ lt

rk

� �
rk

� �
þGk � qe ð7Þ

and dissipation rate e is

@

@t
ðqeÞþr:ðq~veÞ ¼ r lþ lt

rk

� �
re

� �
þ qC1Se� qC2

e2

kþ ffiffiffiffi
me

p ð8Þ

where C1 ¼ max 0:43; g
gþ 5

h i
; g ¼ S k

e ; S ¼ ffiffiffiffiffiffiffiffiffi
SijSij

p
and the generation of turbulent

kinetic energy, Gk due to mean velocity gradient is computed from,

Gk ¼ �qu0iu
0
j
@uj
@xi

ð9Þ

The eddy viscosity is computed from

lt ¼ qCl
k2

e
ð10Þ

The model constants are C2 ¼ 1:9; rk ¼ 1:0; re ¼ 1:2 and Cl ¼ 1
A0 þAs

kU�
e

, where

U� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SijSij þ ~Xij

~Xij

q
, ~Xij ¼ Xij � 2eijkxk and Xij ¼ �Xij � 2eijkxk , where �Xij is the
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mean rate of rotation tensor viewed in a rotating reference frame with the angular
velocity �xk . The constants A0 and As are given by A0 = 4.04, As =

ffiffiffi
6

p
cos /, where

/ ¼ 1
3 cos

�1ð ffiffiffi
6

p
WÞ, W ¼ SijSjkSki

S3 , ~S ¼ ffiffiffiffiffiffiffiffiffi
SijSij

p
, Sij ¼ 1

2 ð@uj@xi
þ @ui

@xj
Þ.

3.2 Geometry

The scaled model of 1:50 is used in the numerical modelling. The building is as per
geometric scale and velocity is as per Froude number. Table 1 shows the building
model dimensions and prototype dimensions. Velocity of wave and wave height are
also mentioned for both the cases.

The dimensions of the numerical domain are fixed according to the experimental
facility of earlier research [11]. The domain is also optimized for numerical domain
requirement. The dimensions of various portion of tank, channel and building are
described below and shown in Fig. 1.

Table 1 Model and prototype dimensions

Details Model (1:50) Prototype

Height of building 0.3 m 15 m

Width of building 0.25 m 12.5 m

Length of building along the direction
of wave

0.15 m 7.5 m

Dimension of macror oughness 1 m � 1 m � 1m 0.02 m � 0.02 m � 0.02 m

Generated wave height 0.38 and 0.135 m 19 and 6.75 m

Wave velocity 2.76 m/s 10.74 m/sec (Froude Scale )

Fig. 1 Details of numerical domain and its different part name
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Hexahedral type of mesh of variable sizes is used in entire numerical domain and
near wall treatment is provided around the wall boundary (Fig. 2). The mesh
convergence study is also carried out to find the optimum numbers of cell
requirement. Approximately 20 � 105 numbers of hexahedral cells are employed
for the creation of each numerical domain. The strategies for wave dissipation,
employed in the study are shown in Fig. 2.

3.3 Boundary Conditions

Inlet is considered as a mass flow inlet, where a certain amount of water discharge is
applied (see Fig. 1). Outlet and top of the channel is considered as pressure outlet
and hydraulic diameter is mentioned. Bottom wall, notch wall and building walls
are considered as no slip wall, non-penetrating (Fig. 1) and wall functions are
employed for the turbulent quantities. Sidewalls are considered as symmetric.
Initially, the tank and certain height of the channel (up to 0.66 m) are kept filled
with water as an initial condition. The wave is generated by application of sudden
discharge in the inlet of the tank which is controlled through a user-defined
command.

4 Results

Wave generation in the numerical wave channel and wave movement at the dif-
ferent instances of time are shown in Fig. 3. At 10th second of the simulation, wave
is in the verge of impacting the structure. Bore-like wave front is observed.

Fig. 2 a Building without any macroroughness b macroroughness present in front of building
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Overtopping of water over the building is observed at 11th second. Water line is
observed at the back of the building at 12th second. At 13th second, water height is
reduced and rundown is started.

4.1 Validation of Wave Velocity and Wave Profile

The average velocity of the wave at any particular instant is measured by dividing
distance travelled with time taken by the wave to cross a particular distance. The
average wave velocity = 34.375/13 = 2.644 m/sec, which has 3.89% error as
compared to shallow wave velocity computed using

ffiffiffiffiffiffi
gD

p
formula. The

non-dimensional wave amplitude and non-dimensional time can be represented by
following equations.

g� ¼ g=h0 ð11Þ

t� ¼ t
p

g=h0ð Þ ð12Þ

where η* is the normalized wave amplitude, η is surface elevation of the wave, ho is
the initial level of the water. t* = non-dimensional time and g = gravitational
constant.

Figure 4 shows the validation of wave profile at 15th m of the channel
location. The numerical results are in fair agreement with theoretical Boussinesq
equation, Synolakis [12] experimental results, and University College London

Fig. 3 Movement of wave at different instant of time for a particular wave condition
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(UCL) experimental results [11]. The horizontal axis represents the
non-dimensional time and vertical axes represent the normalized wave amplitude.

4.2 Wave Pressure Reduction

Numerical results show the reduction of wave pressure on building due to the
presence of macroroughness. Wave conditions for Wave type 1 and Wave type 2
are different; therefore, the individual wave takes different time to reach up-to
building from generation point. Wave type 1 takes 13 s while Wave type 2 takes
10 s to reach the building as shown in Figs. 5a and 7a. Pressure profile on building
is also higher for Wave type 2 (Figs. 5b and 7b). But in presence of macror-
oughness, the wave motion is delayed by one second as shown in Figs. 6a and 8a.
Therefore, the wave velocity reduces and thereby pressure profile also reduces as
shown in Figs. 6b and 8b. Low-pressure zone and formation of vortices are
observed in the gap between the obstructions and the building. A low-pressure zone
is also observed at the top of the obstructions. Figure 8 shows that due to high
amplitude of wave (Wave type 2), water is crossing the obstruction without
changing its flow pattern and pressure reduction is not significant.

Quantification of the pressure reduction on the object building due the presence
of macroroughness has been carried out. The plots of pressure reduction along
height of building with and without obstructions are shown in Figs. 9, 10 and 11.
The obstructions reduce 46% of maximum pressure for Wave type 2 and 62% of

Fig. 4 Validation of wave
profile

Fig. 5 a Volume fraction contour b pressure contour on building for Wave type 1
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Fig. 6 a Volume fraction contour b pressure contour on building for Wave type 1

Fig. 7 a Volume fraction contour b pressure contour on building for Wave type 2

Fig. 8 a Volume fraction contour b pressure contour on building for Wave type 2

Fig. 9 Pressure distribution
throughout the height of the
building for Wave type 1
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pressure for Wave type 1. It is interesting to observe that the pressure distributions
are of similar patterns along the building height with or without obstruction in case
of Wave type 2, however, this not the case for Wave type 1. This may be due to
efficiency of the obstructions in reducing the hydrodynamic pressure component for
smaller wave only. Therefore, the macroroughness are more effective for smaller
wave height than larger wave height.

5 Conclusions

i. The strategy to place macroroughness in front of building is most effective
when wave height is less than the building height (Wave type 1). It reduces
pressure up to 62% whereas for wave height is more than the building height
(Wave type 2) the reduction is 46%.

Fig. 10 Pressure distribution
throughout the height of the
building for Wave type 2

Fig. 11 Comparison of
maximum water pressure
reduction for different wave
conditions
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ii. For Wave type 2, the reduction in the pressure is less may be because
macroroughnessess are not able to reduce the hydrodynamic contribution of
wave pressure.

iii. Considerable amount of negative pressure is observed around the macror-
oughness elements which may lead to uplift of the elements. Scouring around
these obstructions will also be an issue to be addressed. Therefore, special care
is to be taken while designing these elements.
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Performance of Base-Isolated Building
Frame for Extreme Earthquakes

M. Bhandari, S. D. Bharti, M. K. Shrimali and T. K. Datta

Abstract Seismic design codes all over the world specify the concept of two-level
earthquakes, one extreme earthquake (maximum credible earthquake) and other is
design-level earthquake. Base-isolated buildings designed for design-level earth-
quake should be checked for their performances in the extreme-level earthquake.
While under design-level earthquake, the framed structure remains in the elastic
range but sufficient inelastic excursion may take place in the isolated frame in the
extreme earthquake. The present study deals with the inelastic behavior of
base-isolated frame subjected to an extreme level far-field and near-field earth-
quakes. Inelastic behavior of the structure is studied for different response param-
eters like base shear, top story displacement, isolator displacement, the formation of
plastic hinges. A numerical study elucidates that for extreme level, the building
goes highly into inelastic state in near-field earthquakes as compared to far field
earthquakes.
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1 Introduction

Base isolation technique is widely accepted and applied successfully all over the
world. It has also been adopted in some codes for designing base-isolated buildings.
Base-isolated structures offer minimum base shear and floor accelerations such that
minimum energy is pumped into the structure. Though base-isolated structure
remains in the elastic state for design0level earthquakes but it can go into inelastic
phase up to some extent for extreme-level earthquakes. Also, different types of
earthquakes may lead to different inelastic behaviors of the structure.

For the same PGA (peak ground acceleration), the structure is highly susceptible to
near-field earthquakes as compared to far-field earthquakes.When the distancebetween
the site and fault is less than 20 km, site experiences near-field earthquake which
consists ofmajor portionoffaults energy in the formofpulses [1, 2].Thesepulses tend to
havemaximum Fourier spectrum in limited periods whereas far-field earthquakes have
maximum Fourier spectrum in wide range of periods. Near-field earthquakes are
associated with two major effects namely, directivity effect and fling step effect [3].

When the direction of propagation of rupture is aligned toward the site or having
a small angle between them and when the velocity of fault rupture is close to shear
wave velocity of the site, then it is called forward directivity effect [4]. Fling step
effect is accompanied by permanent ground displacement resulting from tectonic
deformations. It produces large amplitude unidirectional velocity pulse and a
monotonic step in displacement time history [5, 6].

Structural responses of base-isolated buildings have been studied by a number of
researchers. Base isolation is effective in near-fault earthquake but eventually
increases the story drift. Formation of hinges is found in structure and inelasticity is
more in lower story level [7]. High initial isolator stiffness excites higher modes
which increase floor accelerations [8]. Large displacements and high floor accel-
erations are produced due to lead rubber bearing isolator subjected to near-field
earthquakes [9]. Properly designed isolation system can reduce floor accelerations
and column stress. Also, the variation in structural and isolator damping have very
less effect on peak acceleration and deflection [10]. The flexibility of superstructure
increases the superstructure acceleration but did not significantly affect the bearing
displacements [11]. Time history analyses is conducted on a 2-story reinforced
concrete shear wall structure seismically isolated using unbonded rectangular
fiber-reinforced elastomeric isolator FREI and with the fixed base. Investigation on
the influence of near-fault and far-fault earthquakes with consideration of soil–
structure interaction on the maximum response of SDOF system [12] is performed.
A comprehensive parametric study conducted on the inelastic seismic response of
seismically isolated RC frame building designed for gravity loads only with dif-
ferent isolation systems [13]. Investigated on inter-story drift and floor acceleration
demands is carried out in buildings subjected to near-fault ground motions by
considering simplified building and ground motion [14]. Interstory drift ratio is
compared by conducting nonlinear time history analysis to assess the damage
caused by near fault and far-fault ground motions [15].
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Well-designed and constructed structures for design-level earthquakes can also
be damaged up to great extent for some type of earthquakes [16]. This creates a
scope to investigate the structures for extreme levels so that their inelastic demands
can be identified and necessary measures can be taken in order to cope up with the
excess deformation levels.

To this end, present work in directed toward the assessment of base-isolated
structure for its nonlinear behaviour under near-field and far-field earthquakes at an
extreme level. Time history analysis is simulated for 10- story-reinforced concrete
frame which is isolated with the lead rubber bearing subject to different types of
earthquakes scaled to PGA of 0.4 g. Inelastic behavior is depicted by comparing
different response parameters for fixed base and base-isolated frame.

2 Building Details

The building which has been considered for the study is square building consisting
of 3 bays in each direction of 5 m width each whose plan view is shown in Fig. 1
and loading is shown in Fig. 2. Further, all the building details are given in Table 2.

3 Analysis and Design

A frame in x-direction is considered for analysis and design. The distribution of the
floor loads on the frame is calculated by considering the tributary areas of the slab.
Dead load value is calculated as 22 and 23 kN/m for roof beams and floor beams,
respectively, live load value is calculated as 3.75 and 6.25 kN/m for roof beams and
floor beams. The frame is modeled and analyzed in SAP 2000 software. The design

Fig. 1 Building plan
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of the frame is done by considering seismic loads as governed by Indian Code
1893–2002.

Base isolator properties used for analysis are given in Table 1 with bilinear curve
shown in Fig. 3. The isolators are designed according to the method proposed by
Datta [17].

FEMA 356 default hinges in SAP 2000 are inserted to model the nonlinear
hinges in the frame. Force–deformation behavior of plastic hinge is described by 5
points A, B, C, D, E as shown in Fig. 4. Three performance levels are shown in
force–deformation relationship labeled as IO, LS, CP as immediate occupancy, life
safety, collapse prevention whose default plastic hinge rotation values are defined in
FEMA 356 for the various section, material, and design parameters.

Time history analysis of frame is done for different sets of far-field and near-field
earthquakes in SAP 2000 for both fixed base and base-isolated condition.

Fig. 2 Loading details

1028 M. Bhandari et al.



A comparative study is also done for the analysis results on different parameters
both for far-field and near-field earthquakes.

4 Ground Motion Database

Earthquake records which are used in this study have been taken from PEER Strong
Motion Database, University of California (Berkeley). All the records have been
normalized and scaled to 0.4 g in order to perform time history analysis. All the
relevant properties of records like PGA (peak ground acceleration), PGV
(Peak ground velocity), PGD (peak ground displacement) are given in Table 3.

Table 1 Properties of
isolator

Parameters Values

Keff Effective stiffness 713 kN/m

K1 Initial stiffness 5419 kN/m

beff Effective damping 0.1

c Post yield stiffness ratio 0.10

FY Yield force 59.61 kN

Kv Vertical stiffness 200,687 kN/m

Table 2 Building details No. of storeys 10

No. of bays in x-direction 3

No. of bays in x-direction 3

Floor height 3.2 m

Parapet height 1.5 m

Slab thickness 150 mm

Brick wall thickness 230 mm

Grade of concrete M40

Grade of steel Fe415

Density of concrete 25 kN/m3

Density of brick 20 kN/m3

Size of columns 650 � 650 mm

Size of beams 400 � 650 mm

Terrace water proofing 1.5 kN/m2

Floor finish 0.5 kN/m2

Live load on floor 2.5 kN/m2

Live load on roof 1.5 kN/m2

Seismic design code IS 1893

Seismic zone v

Building frame type SMRF

Importance factor 1

Soil type medium
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5 Numerical Study

In the present study, the seismic response is obtained by performing time history
analysis of 10-story building frame subjected to set of near-field and far-field
earthquakes. The seismic response is calculated both for fixed base and
base-isolated conditions. Response parameters which are considered are base shear,
top story absolute acceleration, maximum story drift, peak top floor displacement,
RMS (root means square) value of top floor and first floor, isolator displacement.

Fig. 3 Bilinear curve of isolator

Fig. 4 Force–deformation
relationship of plastic hinge
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Table 4 shows the comparison of different response quantities for far-field and
near-field earthquakes scaled to 0.4 g (extreme level) for fixed base (FB) and
base-isolated (BI) condition. It can be clearly seen that there is maximum 71%
reduction in base shear for far-field earthquake (LANDERS) and the maximum of
59% for near-field directivity effect (ERZINCAN) and 18% reduction in base shear
in the case of near-field fling step (CHI–CHI). This indicates the poor performance
of base isolation system in earthquakes having fling step effect but for the far field
and earthquake with directivity effect, the base isolation efficacy is high to reduce
the base shear.

Base isolation is effective in reducing the maximum story drift to 84 and 71% for
far-field and near-field with directivity effect earthquakes but there is only 28%
reduction in case of near-field fling step effect earthquake. Also, high value of story
drift of 48 mm for near-field fling step effect leads to high level of stresses even in
base- isolated structure. Maximum top floor displacement reaches to 265 and
962 mm for near-field earthquakes with directivity effect and fling step effect, but
for far-field earthquake the value is only 118 mm which is quite acceptable for
base-isolated structure. Far-field earthquake and near-field earthquake produces the
fair amount of isolator displacement of 96 and 215 mm, which is acceptable for
extreme earthquakes but near-field earthquake with fling step effect demands
702 mm of isolator displacement which leads to the complete failure of the isola-
tion system.

The inelastic performance of building frame is investigated by prediction of
plastic hinge formation in fixed base (FB) and base-isolated (BI) subjected to
near-field and far-field earthquakes. Plastic hinges are formed against different
performance levels.

Only B-level hinges are formed as shown in Fig. 5a, b for (Landers) in fixed
base and base-isolated frame, showing the minimum damage to the structure as the
number of hinges which were formed are only 21. It is observed from Fig. 5c, d that
for the Chi–Chi earthquake with fling step effect have the maximum number of
hinges having severe damage up to E level for fixed base and there is a reduction of
inelasticity in base-isolated condition but still, the structure goes into the high

Table 3 Ground Motion Records

S. No. Year Earthquake Mw Station Component PGA
(g)

PGV
(cm/s)

PGD
(cm)

Far-field records

1. 1992 Landers 7.3 Cool
water

SCE
STATION 23

0.42 42.35 13.84

2. 1978 Tabas 7.4 Ferdows L 0.093 5.4 2.24

Near-field records (Forward directivity effect)

3. 1992 Erzincan 6.69 Erzinkan EW 0.5 64.32 21.91

Near-field records (Fling step effect)

4. 1999 Chi–Chi 7.6 TCU
068

N 0.46 263.25 430.2
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inelastic state. For Erzinkan, the hinge formation is only up to B level forming 40
hinges for base-isolated case showing less damage as compared to fling step effect.

Force–deformation loops for different types of earthquakes are shown in Fig. 6.
It can be clearly observed in the case of far-field earthquake (landers) that there are a
large number of loops which are placed centrally and the force–deformation curve
is wide enough which indicates large amount of energy dissipation. Near-field
earthquake with directivity effect produces less loops which are distributed along
the whole force–deformation cycle because of less dissipation of energy. Also, the
force–deformation curve is less wider as compared to far-field earthquake. On the
other hand, very few cycles have occurred in case of near-field fling step effect
earthquake (Chi–Chi) having narrow force–deformation curve which clearly shows
very low efficacy to dissipate the earthquake energy.

(a) FB (Landers) (b) BI (Landers) (c) FB (Chi-Chi) (d) BI (Chi-Chi) 

(e) FB (Erzincan) (e) BI (Erzincan) 

Fig. 5 Plastic hinge formation
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6 Conclusion

Base-isolated frame of 10 stories is analyzed in order to evaluate its performance
under extreme earthquakes scaled to 0.4 g PGA. Three different types of earth-
quakes are used likely, far field, near field with directivity effect and near field with

           

(a) Far field (landers) 

               

(b) Near field field (landers) 

(c) Near field (chichi) 

Fig. 6 Force–deformation
curves
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fling step effect. Different response quantities of base-isolated structure are com-
pared with fixed base structure which draws following conclusions:

1. It is seen from the numerical study that under extreme earthquake the
base-isolated frames can sufficiently get into the inelastic range.

2. Most of the plastic hinges remain in the initial stage, i.e., B for far-field and
near-field (directivity effect) but the frame has undergone in high level of
inelasticity under near- field (fling step) earthquake.

3. There is sufficient reduction in base shear of about 60–70% (remains nearly
equal to design level earthquake) except in near field.

4. Effective reduction in story drift of about 70–80% is observed but for near-field
(fling step) earthquake reduction is only 28%.

5. At isolator level for near field, (fling step) earthquake base isolation acts as
inappropriate system as it demands high isolator displacement which seems to
be very difficult to accommodate and can result in complete failure of the
system.
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Analytical Seismic Fragility Analysis
of Existing Building Frame in Northeast
India
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Abstract The analytical seismic fragility analysis (SFA) of a typical mid-rise steel
building frame considered to be located in the Guwahati city of Northeast India is
presented in the performance-based earthquake engineering (PBEE) framework.
The approach starts with a detailed probabilistic seismic hazard analysis (PSHA) of
the Guwahati city to obtain hazard curve parameters. Subsequently, nonlinear time
history analyses (NLTHA) are carried out to obtain displacement demand model
parameters for the example frame. For dynamic analysis, a representative ground
motion bin is prepared judiciously. As the recorded accelerograms in the region is
limited, the bin is formed with recorded as well as artificially and synthetically
generated data. The structural capacities at various limit states are obtained from
random pushover analysis (RPA). With the estimated seismic hazard, demand and
capacity parameters, fragility curves are generated for different performance levels.
The annual probability of failure is finally estimated based on the seismic hazard
and the fragility curves.
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1 Introduction

The Northeast (NE) India, comprising of the States of Arunachal Pradesh, Assam,
Manipur, Meghalaya, Mizoram, Nagaland, Sikkim and Tripura, is one of the
seismically most active regions of the world. The region has experienced 18 large
earthquakes (M� 7) during the last hundred years including the great earthquakes
of Shillong (1897, M = 8.7) and Assam–Tibet border (1950, M = 8.7). The region
marks the boundary between Indian and Eurasian plates. The complex tectonic and
geological set up of the region cause plate movements in different directions. Due to
the highly oblique continental convergence of the northward-moving Indian plate at
the rate of 20 + 3 mm/year, earthquakes of magnitudes 8 and above have occurred
in the past and may recur. But the big concern is that with the present state of the art
knowledge it is not possible to predict when, where and how it will occur.
Moreover, there has been a phenomenal increase in the population density and
infrastructural development programmes in the region. These factors are further
increasing the vulnerability of human population and structures to earthquakes.
Thus, it becomes essential to assess the status of seismicity in the NE region
realistically for an urgent and sustained mitigation measure.

A significant amount of research conducted on the subject and the subsequent
advancements in the understanding and knowledge of earthquake-resistant struc-
tural design provided a better recognition of the need for Seismic vulnerability
assessment (SVA) and retrofit of older existing buildings. The recent development
of performance-based earthquake engineering (PBEE) in the context of proba-
bilistic seismic response analysis of structures is believed to open a new way for
SVA of structures considering parameter uncertainty. In fact, seismic fragility
analysis (SFA) has emerged as an integrated platform for SVA in a probabilistic
framework to quantify seismic risk during the life-cycle of a structure.

Though, the development in the field of SVA at international level is exhaustive
[1, 2]; same is not the case for NE region. The studies on seismic hazard analysis of
the NE region are notable [3, 4]. However, the studies on the seismic safety of
existing structures are very scarce and limited to simplified evaluation in deter-
ministic framework [5, 6]. Thus, realistic SFA of existing structures of the NE
region for an urgent and sustained mitigation measure has become important.

The present study deals with analytical SFA of a typical mid-rise moment
resisting steel building frame located in the Guwahati city of NE India. The
approach starts with a detailed Probabilistic Seismic Hazard Analysis (PSHA)
considering the seismicity around 300 km radius around the city to estimate the
seismic hazard parameters corresponding to the desired hazard level. Subsequently,
the nonlinear time history analyses (NLTHA) are carried out to obtain the dis-
placement demand model and the demand parameters are calculated accordingly for
the example frame. For NLTHA, a representative ground motion bin corresponding
to the specified hazard level for the location of the structures is necessary. As the
recorded accelerograms in the NE region is very scarce, the present study is limited
to use of eight numbers of recorded accelerograms. And, to supplement the limited
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recorded input, the accelerogram data are further generated artificially and syn-
thetically so that statistically meaningful study can be performed for seismic
demand analysis. Eight numbers of accelerograms are generated artificially and
matched with IS code (IS 1893: 2000) specified pseudo-acceleration response
spectrum for seismic Zone V and for rock and hard soil site corresponding to 5%
damping. Another eight numbers are synthetically generated by stochastic point
source modelling, identifying the most vulnerable source for the specific hazard
level for the city. The structural capacities at various limit states are obtained from
the random pushover analysis (RPA) of the considered frame. Finally, with the
knowledge of the seismic hazard parameters, demand and capacity parameters, the
analytical seismic fragility expression is obtained in the context of PBEE and
fragility curves are generated corresponding to different structural limit states
namely the immediate occupancy (IO), life safety (LS) and collapse prevention
(CP). Annual probability of failure of the example frame is also estimated based on
the seismic fragility and hazard data obtained by PSHA corresponding to specified
hazard level.

2 Fundamental of Seismic Risk Analysis

The fundamental of seismic risk analysis procedure is to calculate the probability of
exceeding a structural limit state. It is basically a time-dependent structural relia-
bility analysis problem in which the limit state of interest is the difference between
seismic demand and capacity. It can be mathematically expressed as

ZðXC;XD; tÞ ¼ CðXC; tÞ � DðXD; tÞ ð1Þ

In the above, XC;XD are the variables governing the capacity and demand and
t is the time parameter. The computation of probability that the limit state function
is negative represents the seismic risk of the structure, i.e.

Pf ¼
Z

Z\0

fZðXÞdZ ð2Þ

where X is an ‘n’ dimensional vector having variables involving seismic demand
and capacity, fZðXÞ is the joint probability density function (pdf) of the involved
random variables. The exact computation of the above is often computationally
demanding. In fact, the joint pdf of fZðXÞ is hardly available in closed form.
Various approximations are usually adopted to obtain the probability of exceeding
different limit states of damage for a response parameter under a specific seismic
intensity measure. This is customarily termed as SFA. The SFA by PBEE in the
probabilistic framework can be performed by two approaches: (i) Analytical fra-
gility based on probabilistic seismic demand and capacity model and
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(ii) Simulation-based fragility based on nonlinear PBEE using random field theory
and statistical simulation. Considering the focus of the present study, the analytical
SFA is presented here.

3 Analytical Seismic Risk Analysis

The problem of seismic risk evaluation for a structure at a site is to obtain the failure
limit state probability, PLS ¼ P½D�C�, i.e. the exceedance of the structural demand
value (D) to its capacity (C). In order to determine PLS, the equation can be
decomposed into parts with respect to an interface variable using the concept of
total probability theorem [7]. Considering the spectral acceleration (Sa) as the
interface variable, the decomposition can be obtained as

PLS ¼ P½D�C� ¼
X
x

P½D�CjSa ¼ x�:P½Sa ¼ x�

¼
Z
x

FRðxÞ:jdkSaðxÞj
ð3Þ

The problem of calculating the limit state probability in Eq. (3) involves solution
of two problems. The first term in the integral represents the conditional limit state
probability for a given level of ground motion intensity which is the seismic fra-
gility, FRðxÞ. The second problem is to estimate the spectral acceleration hazard for
the location, which can be estimated from PSHA. For this, a detailed PSHA is
carried out in the present study, considering the seismicity around the site from
historical earthquake data. Evaluations of these are briefly discussed in the fol-
lowing subsections.

3.1 Spectral Acceleration Hazard, P½Sa� x�

The spectral acceleration hazard at a site is based on evaluating the pdf of a random
parameter Z, representing the strong ground motion parameter at a site due to all the
earthquakes expected to occur during a specified exposure period in the region
around the site. The peak spectral velocity, PSV(T) for a time period T is considered
as the ground motion parameter here for PSHA. If, qðzjMjRiÞ denotes the proba-
bility that a given PSV(T) of amplitude ‘z’ at a site will be exceeded during an event
of magnitude Mj occurring at a source element Ri., the annual average occurrence
rate of earthquakes k(z) can be obtained as:
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kðzÞ ¼
XI

i¼1

XJ
j¼1

qðzjMjRiÞnðMjRiÞ ð4Þ

The quantity nðMjRiÞ in the above equation is the annual rate of occurrence of
the (Mj, Ri) event. The estimated value of the PSV(T) amplitude for a particular Mj

and Ri combination will be log½PSV0ðTÞ� þ eðTÞ, eðTÞ is the error residual term
obtained from the attenuation model [4]. The probability that the estimated value of
PSV0ðTÞ will be greater than a specific value ‘z’ can be obtained as,
eðTÞ[ log½z� � log½PSV0ðTÞ�. Based on the normal distribution assumption of the
residuals eðTÞ, the cumulative distribution function (CDF) can be obtained as

pðeðTÞÞ ¼ 1

rðTÞ ffiffiffiffiffiffi
2p

p
ZeðTÞ

�1
e
�1

2
x�lðTÞ
rðTÞ

� �2

dx ð5Þ

Thus, the term qðzjMjRiÞ can be obtained as 1 − pðeðTÞÞ, where
pðeðTÞÞ ¼ UðeðTÞÞ. Assuming that kðzÞ is the average occurrence rate of a Poisson
process, the probability of exceeding z during an exposure period of Y years can be
obtained as

P½PSVðTÞ� ¼ 1� expf�kðzÞ:Yg ð6Þ

The CDF is obtained for a specified exposure period (50 years herein) using
Eq. (4) in Eq. (6) with the knowledge of nðMjRiÞ around the site and an attenuation
model. The details of those calculations may be seen in [4].

The steel frame taken up for the case study (detailed in Sect. 5) is considered to
be located in the Guwahati city. Based on the procedure outlined above, the PSV
hazard is obtained and converted to PSA hazard by multiplying its ordinates with
2p/T. Figure 1a shows the peak spectral acceleration (PSA) hazard curve (in terms
of ‘g’) for horizontal motions, for T = 1.0 s, Y = 50 years. Figure 1b shows the
uniform hazard spectra (UHS) obtained for 10% probability of exceedance in
50 years. The hazard curve is approximated in the region of interest by a power-law
relationship [7]:

kIMðxÞ ¼ P½IM� x�
¼ 1� exp � x=uð Þ�k

h i
� x=uð Þ�k� k0x

�k ð7Þ

where u and k are the scale and shape parameter, respectively, and k0 = uk. Drawing
a tangent line to the hazard curve (Fig. 1a) at the point of interest (i.e. points
corresponding to p = 0.1, Y = 50 years), the slope and intercept of the tangent are
obtained which provides the values of the parameters ko and k. These are estimated
as 0.0004 and −2.72, respectively. Thus, the power-law model of PSA hazard for
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Guwahati city is obtained as kIMðxÞ = 0.0004x−2.72 for T = 1.0 s, p = 0.1 and
Y = 50 years (i.e. 475 years of return period).

3.2 Damage Fragility P½D�CjSa ¼ x�

The next problem is to calculate the conditional failure probability of seismic
demand reaching or exceeding random structural capacity given a specific value of
seismic intensity, i.e. FRðxÞ ¼ P½D�C Sa ¼ x�j . Assuming structural capacity is
log-normal with uncorrelated D and C, following the fundamentals of first order
reliability analysis method, the damage fragility (probability of failure) can be
obtained as

FRðxÞ ¼ U � ln mC � ln mDffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2C þ b2bDjSa

q
2
64

3
75 ¼ U

lnmD Saj � lnmCffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2D Saj þ b2C

q
2
64

3
75 ð8Þ
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Fig. 1 a Hazard curve for
T = 1.0 s and exposure period
of 50 years. b Uniform hazard
spectra for 10% probability of
exceedance in 50 years
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Here FRðxÞ is the fragility that the median demand will reach or exceed the
median capacity for a specified value of Sa = x, mC is the median capacity and bC is
its log-normal standard deviation (SD). For a given level of intensity Sa there will be
variability in displacement based demand due to randomness in seismic phe-
nomenon. A functional relationship is conveniently introduced between the spectral
acceleration and the median, mD of the demand variable. In general, the conditional
median of D for Sa = x can be expressed as

mD Saj ðxÞ ¼ gðxÞ ð9Þ

Assuming that the demand parameters are log-normally distributed, the above
conditional probabilistic model can be represented as

D ¼ mD Saj ðxÞ:e ð10Þ

In which e is a log-normal random variable with median equal to unity and
conditional logarithmic SD rln e ¼ bDjSa . A power-law relationship can be readily
obtained between the median demand and spectral acceleration as:

mD Saj ðxÞ ¼ a:xb ð11Þ

where, ‘a’ and ‘b’ are the regression parameters and can be obtained by proba-
bilistic seismic demand analysis methods, e.g. cloud analysis (CA), strip method or
incremental dynamic analysis method. In the present study, the CA method is used
to obtain the median relationship which is further detailed in the case study section.

Now, substituting Eq. (11) in Eq. (8) yields

FRðxÞ ¼ U
lnðaxbÞ � ln mCffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b2D Saj þ b2C

q
2
64

3
75

¼ U
ln x� lnðmC=aÞ1=b

1
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2D Saj þ b2C

q
2
64

3
75 ¼ U

lnðx=mRÞ
bR

� � ð12Þ

where, mR and bR are the median and dispersion of the damage fragility defined as

mR ¼ ðmC=aÞ1=b and bR ¼ 1
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2D Saj þ b2C

q
. The log-normal SD of capacity,

bC ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2CR þ b2CU

q
, where bCR represents the effect of structural uncertainty

propagation obtained through RPA of the considered structure for different per-
formance level. While bCU arises from the assumption of structural modelling. Due
to the non-availability of specific information on epistemic uncertainty (bCU), it is
considered to be 0.2 in the present study [8].
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3.3 Analytical Seismic Risk

Once the conditional failure probability FRðxÞ is obtained from Eq. (12), the ana-
lytical expression can be readily obtained to estimate the seismic risk. By substi-
tuting Eqs. (7) and (12) in Eq. (3) and carrying out the integral, the failure limit
state probability, PLS can be obtained as

PLS ¼ P½D�C� ¼
X
x

P½D�CjSa ¼ x�:P½Sa � x�

¼
Z
x

FRðxÞ:jdkSaðxÞj ¼ kIMðmRÞ exp 1
2
k2b2R

� �

¼ kIMðmRÞ exp 1
2
k2

b2
b2D Saj þ b2C

� �� �
ð13Þ

The above displacement based explicit format to obtain annual limit state fre-
quency can be directly used by substituting the values of mR and bR in Eq. (13) and
the use of the hazard curve relation as describe by Eq. (7).

4 Selection of Ground Motion Bin

The analytical SFA in the framework of PBEE as described in the previous section
largely hinges on proper evaluation of structural demand parameters through
nonlinear response history analysis. The most acceptable form for NLTHA of SFA
of structures corresponds to the use of recorded accelerograms. However, due to the
limited availability of recorded accelerograms specific to the hazard level for the
focused region, the choice of natural ground motions here is limited to eight
numbers. Thus, eight numbers of accelerograms are generated artificially and
another eight numbers are synthetically generated identifying the most vulnerable
Mj and Ri combination for the specific hazard level of the location under consid-
eration. These are briefly discussed in the following.

The eight natural records are selected from the past earthquake data in the region
which covers a surface wave magnitude range from 6.0 to 8.0 and epicentral
distance within 300 km for rock site. For the disaggregation study, a target hazard
level is identified and contribution of each source is calculated by finding out the
probability of exceedance of the target hazard level for each of the sources. Due to
limited resources of recorded accelerograms in the region, the accelerogram records
are also selected from Northern Himalayan earthquakes corresponding to similar
subsoil sites (available in the COSMOS virtual data centre). The earthquakes with
an epicentral range within 10 km are avoided due to the possibility of directivity
pulse effect.
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The artificial accelerograms are generated compatible with the acceleration
response spectra for rock and hard soil for 5% damping [9]. The power spectral
density (PSD) function is obtained following Kaul [10] and the accelerograms are
generated accordingly following the methodology proposed by Gasparini and
Vanmarcke [11]. Defining a vector of amplitudes and simulating different arrays of
phase angles, the stationary stochastic process is obtained with the same general
aspect but with different characteristics. These amplitudes are calculated using the
PSD and the random phase angles are generated in the interval of 0–2p. Further, to
simulate the transient nature of the earthquakes, the steady-state motions are mul-
tiplied by a deterministic envelope function [12].

The stochastic ground motion model as proposed by Boore [13] is used for
generation of synthetic acceleration time histories. Following this, eight accelero-
grams are generated for different magnitudes between 6.0 and 8.0 and epicentral
range within 300 km. Figure 2a compares actual and one typical simulated accel-
eration spectra for Loharghat Station (closest to the Guwahati City) and Fig. 2b is
the associated synthetic accelerogram generated for Mw = 6.0 and R = 150 km and
focal depth = 15 km.

5 Case Study: A Six-Storey Steel Frame

A two-bay steel moment frame as shown in Fig. 3 considered to be located in the
Guwahati city is undertaken for the numerical elucidation of the analytical SFA and
seismic risk evaluation procedure. The structural analysis is performed by using
SAP 2000 software. The grade of steel is Fe250 having expected yield stress of
275 MPa. The beams and columns are modelled with lumped plasticity at their
ends. The nonlinear hinges are assigned at the beam and column ends. The beams
are modelled with moment hinges (M3) whereas the columns are modelled with
axial-moment (P-M3) hinges. Auto hinges are assigned at beam and column ends
according to tables of FEMA 356 [14]. The NLTHA is carried out by Hilber–
Huges–Taylor integration scheme. The mass and stiffness proportional damping,
i.e. Rayleigh’s damping is considered as 2% for the first two modes.

The NLTHA of the frame is carried out for the 24 numbers of ground motion
inputs and the maximum interstory drift (ISD) values are obtained for each of
ground motion input representing the structural demands D. The power-law rela-
tionship conveniently constructed between the median maximum ISD and spectral
acceleration values and the regression parameters ‘a’ and ‘b’, obtained by the cloud
analysis. For the considered building frame the power-law relationship between the
median demand and spectral acceleration is obtained as: mDðxÞ ¼ 1:713:x0:828,
bDjSa ¼ 0:263.
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The RPA is performed to obtain the probabilistic seismic capacity of the frame.
For the present study, four structural parameters are considered to be random as
detailed in Table 1. With the assumed distribution types of the parameters, random
samples are generated using Latin Hypercube Sampling (LHS) with reduced cor-
relation. With the generated 100 sets of random parameters and the maximum ISD
values are calculated corresponding to each limit state. The three structural limit
states or performance levels, i.e. IO, LS and CP as per FEMA 356 are considered
for seismic risk evaluation. The median capacity values (mC) and the associated SD
(bC) are obtained accordingly and are depicted in Table 2.

(a)

(b) 

Fig. 2 a Acceleration spectra for actual and simulated accelerogram for Loharghat Station.
b Generated accelerogram from the modified Fourier spectrum
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With these parameters, the fragility curves corresponding to all the three limit
states are obtained for the considered frame and shown in Fig. 4. With the
knowledge of the fragility and hazard curve the annual failure probability, corre-
sponding to the spectral acceleration hazard level of 10% probability of exceedance
in 50 years, is calculated from Eq. (13) and are shown in Table 3 for different
performance limit states.

Fig. 3 Elevation of the
two-bay steel frame

Table 1 The properties of
the random parameters

Uncertainty source pdf COV

Dead load Normal 0.07

Live load Normal 0.10

Steel yield strength Log-normal 0.1

Steel elastic modulus Log-normal 0.02

Table 2 The median
capacity and associated SD

Parameter IO LS CP

mC (%) 0.65 0.7 1.04

bC 0.06 0.07 0.10
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6 Discussion and Conclusions

The analytical SFA of steel frame located in the Guwahati city of the NE India is
performed in the framework of PBEE and the associated seismic risks are estimated
for different limit states. From the fragility curves, it is observed that the structure is
associated with high probability of failure for IO limit state corresponding to the
spectral acceleration hazard level (i.e. 0.3g) at fundamental period of the structure.
However for LS and CP limit state, the performance of the structure is rather
satisfactory. The hazard value corresponding to 10% probability of exceedance in
50 years as obtained from the PSHA at the fundamental period is close to the
hazard value as specified by the Indian code, i.e. 0.36g. Hence the spectral accel-
eration hazard level considered for the present analysis may be regarded as the
representative of the IS code specified hazard level. Based on the observations it
may be opined that a steel moment frame building located in NE India with the
moderate fundamental period when designed according to the IS code guidelines is
most likely to perform beyond its elastic range, i.e. beyond IO level when subjected
to the IS code specified hazard level. This clearly indicates the need for a more
detailed study on nonlinear seismic performance evaluation of structures located in
the NE India.
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Table 3 The annual
probability of failure for
different performance limit
states

Limit state PLS
IO 0.0071

LS 0.0058

CP 0.0020
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Seismic Vulnerability Assessment
of Open Ground Storey Buildings

G. V. Rama Rao, N. Gopalakrishnan and K. Sathish Kumar

Abstract Open Ground Storey (OGS) in multistoried buildings is meant for a
parking space within a building plan. These buildings have reduced stiffness at the
ground storey due to absence of in-fill walls. The abrupt change in the stiffness of
the open ground storey compared to the stories at the top result in huge seismic
displacement demand, to be borne by the ground storey itself. Conflict demand
between seismic safety and functional requirement, and moreover huge number of
OGS buildings in urban areas in India, necessitates the seismic vulnerability
assessment of OGS buildings. In the present paper, a simplified procedure to assess
the level of severity of OGS building is developed using plastic hinge concept. The
simplified procedure is validated with the shake table experiment conducted on
three-storey model OGS building. The simplified procedure will help to identify the
urgency for repair and rehabilitation of OGS buildings.

Keywords Open ground storey � Seismic vulnerability assessment
Shake table � Soft storey

1 Introduction

Urban residential buildings of a special class have been and are being built in India,
which has open ground stories and are built with prescriptive dimensions without
proper seismic design. The number of such buildings in the country runs in lakhs,
and such buildings are located in urban areas of moderate to severe seismic zones of
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the country. A number of these buildings are being built simply and not being
designed as per sound practices of earthquake-resistant design. Past earthquakes
worldwide (including the events in India during the past two decades) have shown
that these structures are vulnerable. Open Ground Storey (OGS) structures are
reinforced concrete frames consisting of beams and columns with in-fill walls made
of masonry available only in the top stories and left open (without in-fill) at the
ground storey. Functionally, these are built for the purpose of parking of vehicles.
These structures characterized by the vertical stiffness irregularities cause the dis-
continuity in force and displacement flow and causes excessive displacement
demands from the ground floor during seismic actions. Damage of such structures is
concentrated in the ground floor and none of the other elements show any sign of
significant damage.

Street parking is difficult in many urban areas, where the available road widths
are small. Hence, between the municipal authorities and architects, a solution was
achieved to take motorized vehicles off the road, and move them to the ground
storey of the buildings. To a large extent, this has helped to overcome the parking
problem. Having parking in the ground storey is not a concern, but removing all
masonry walls in the ground storey and leaving the exposed slender 230 mm wide
columns, is the crux of the matter. Removing all in-fill masonry walls in the ground
storey makes the whole building flexible and weak in that storey. It is important to
sensitize the general public (stake holders), approving agencies and construction
contractors about the high vulnerability of these classes of structures to lateral
seismic loadings. Along with that, existing municipal and urban rules that govern
the construction of new apartment buildings in India also tempt the builder to
choose parking space within the building, make highly vulnerable situation.

IS 1893(Part 1): 2002 [1] defines soft storey, as one in which the lateral stiffness
is less than 70% of that in the storey above or less than 80% of the average lateral
stiffness of the three stories above. Because of such a configuration, more seismic
force is attracted in the ground storey level and the displacement demand has to be
realized fully from the ground storey. A high level of ductility (with associated
damage and in-elastic rotations) is expected from axially loaded compressive
members, which are incapable of giving such a demand (columns). P-D effects,
Secondary moments are generated in these columns due to their large deformation
resulting in lack of stability. Due to all these reasons, the damage is sudden,
catastrophic and without warning.

The usual way to address and solve the soft storey is to avoid, by introducing the
in-fills in the soft storey. However, IS 1893(Part-1): 2002 [1] suggests the columns
and beams of the soft storey are to be designed for 2.5 times the storey shears and
moments calculated under seismic loads specified in the other relevant clauses. But
this may not solve the full problem, as displacement demands are not satisfied by
the above suggestion. Addition of shear walls throughout the height of the building
will solve the problem. After retrofit, it is necessary to check the displacement
behaviour through proper nonlinear analysis.

Internationally, quite a number of literature on the performance and retrofit of
open ground storey structures emanate from Turkey and Greece [2]. References [3]
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and [4] explain the behaviour of soft storey buildings. References [5] and [6]
discuss the strengthening options for soft storey buildings. But there is not much
published guidance on how to carry out a quick assessment of soft storey buildings.
Reference [7] proposed a fast and simple seismic risk-assessment procedure for
vulnerable urban building stocks. A performance score for determining the risk
priorities of buildings is proposed. Statistical correlations have been obtained for
measuring the sensitivity of damage to the assigned performance score by
employing a database consisting of 454 damaged buildings surveyed after the 1999
Düzce earthquake in Turkey. This study highlighted the presence of soft storey and
heavy overhangs significantly influence the seismic vulnerability of the building.
Reference [8] presented a review of the available methods for Rapid Visual
Screening (RVS) of RC-frame buildings and proposes a RVS method for RC-frame
buildings in India based on systematic studies on damage data of the 2001 Bhuj
earthquake. This study also highlighted the significance of soft storey.

OGS buildings stock is the majority of the class of buildings in Indian urban
places, which are highly vulnerable to earthquake. The conflict between the demand
of seismic safety and the functional requirement to provide a parking space within a
building plan necessitates the seismic vulnerability assessment of the OGS build-
ings. Due to the huge stock of OGS buildings, a simplified and quick methodology
to assess the severity is very much necessary. In the present paper, a simplified
procedure to assess the level of severity of OGS building is developed using plastic
hinge concept. The plan symmetrical OGS building is represented into an SDOF
system as an inverted pendulum with a heavy mass at the top such that the entire
deformation of the structure is felt only by the OGS columns. Displacement
Demand–Capacity Ratio (DCR) is used to evaluate the severity of the risk of an
OGS building for local seismic hazard and can be calculated as a ratio of dis-
placement demand to displacement capacity. The value of DCR larger than one
indicates that the building requires retrofit to avoid the soft storey mechanism. If the
DCR is more than 1, it indicates that the building requires retrofit to avoid the soft
storey failure mechanism, and precisely it indicates that urgent detailed evaluation
is required before decides its vulnerability.

The simplified procedure is validated with the nonlinear static analysis and the
shake table experiment conducted on three storey model OGS building. The pro-
posed simplified procedure will help to identify the urgency for repair and reha-
bilitation of OGS buildings.

2 Simplified Procedure for Assessment of Open Ground
Storey Buildings

A simplified procedure to assess the level of severity of OGS building is developed
using plastic hinge concept. The main assumption in this procedure is that the
whole structure behaves as a single degree of freedom system as an inverted
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pendulum with a heavy mass at the top such that the entire elastic deformation of
the structure is felt only by the OGS columns. Further, the columns in the OGS are
rotationally restrained at top of the stilt floor and at the foundation level. They are
free to translate at top of the stilt floor only. The displacement demand–capacity
ratio is used to evaluate the severity of the risk of an OGS building for local seismic
hazard. The displacement demand–capacity ratio is calculated using yield and
ultimate curvature of the representative column section in the open ground storey.
The moment and curvature at yield and ultimate for the representative column can
be obtained using section analysis by using modified mander’s model [9] for
confined concrete and suitable model for steel reinforcement. As the OGS column
bent in double curvature the force at it yield will be yield moment divided by half of
the height of the column. A check should be made to avoid premature shear failure;
the yield (or ultimate) force should be lower than the shear strength of column.

As the representative column is free to translate at top of the stilt floor only, the
yield displacement (Dy) of the soft storey representative column can be calculated
using the yield curvature (/y) by the following expression Eq. (1).

Dy ¼
/yh

2

6
ð1Þ

where h is the height of the open ground storey. The displacement capacity (Du) of
the soft storey is the sum of yield displacement and the plastic displacement due to
post-yield plastic rotation of the soft storey columns and it can be worked as the
function of the ultimate curvature (/u) and yield curvature, plastic hinge length and
total height of the open ground storey.

Du ¼ /u � /y

� �
lp h� lp
� �þ /yh

2

6
ð2Þ

Plastic hinge length (lp) can be estimated using expressions given in the literature
or it can be assumed that it is half the depth of the section. Displacement ductility
capacity (µ) of the overall structure is derived from the ductility of soft storey
columns and can be estimated using Eq. (3).

l ¼ 6 /u � /y

� �
lp h� lp
� �

/yh2
þ 1 ð3Þ

The seismic demand on the soft storey building for the local seismicity can be
estimated using IS 1893(Part-1): 2002 [1] by assuming total displacement demand
of OGS columns are equal to their elastic displacement demand (R = 1), such that
the equal displacement rule applies and not equal energy rule. The time period of
the structure can be estimated from the total stiffness of the columns in open ground
storey and the total mass of the above structure. The stiffness can be calculated
using the above-estimated force and displacement at yield. The force demand can
be obtained by multiplying the mass with the horizontal acceleration (Ah)
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correspond to Maximum Considered Earthquake (MCE) obtained from the spec-
trum given IS 1893 for a corresponding calculated time period of the building. The
force demand to yield force is similar to response reduction factor, which should be
less than the available displacement ductility capacity. The displacement demand
(Dd) can be calculated using Eq. (4).

Dd ¼ 1
4p2

Ah

f 2
ð4Þ

where the ‘f’ is the natural frequency of the building, which is inverse of the time
period of the building (T). The displacement Demand Capacity Ratio (DCR) is used
to evaluate the severity of risk of an OGS building for local seismic hazard and is
given in Eq. (5).

DCR ¼ Dd

Du
\1:0 ð5Þ

The DCR above one indicates that the building requires retrofit to avoid the soft
storey mechanism; precisely it indicates that urgent detailed evaluation is required
before decides its vulnerability.

3 Validation of Proposed Simplified Procedure

The proposed simplified procedure is validated with shake table experiment con-
ducted on a three storey model OGS building and the pushover analysis made on
typical multistoried building model using SAP software. In order to understand the
importance of soft storey effect and ductile detailing, a half-scale model of
three-storey RC building with soft storey is constructed and tested on 4 m � 4 m,
30T shake table at Advanced Seismic Testing and Research Laboratory (ASTaR
Lab), CSIR-Structural Engineering Research Centre, India. The building is three
storied with a total height of 4.8 m, two bays in X-direction and single bay in Y-
direction. Storey height of the specimen at each floor is 1.6 m. The RC building is
OGS frame having in-fills at higher floors and kept open at the ground floor.
Non-ductile detailing is incorporated by means of large stirrup spacing (6 mm / @
150 mm c/c) and 90° hook. The dimensions of beam and column are
150 � 150 mm. The reinforcement details are for column 4#12 mm /, 6 mm /
stirrups @ 150 mm c/c, with 90° hook (weak column) and for beam 4#16 mm /,
6 mm / stirrups @ 150 mm c/c, with 90° hook (strong beam). The slab thickness is
100 mm and base is a raft foundation, which is used for connect the model to shake
table. Figure 1 shows the shake table test of OGS model frame. Materials used are
M 25 grade concrete and Fe 415 steel. The additional mass of 1200 kg has been
added on each floor to represent an equivalent live load. The length of the beam in
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shorter direction is 2 m. The length of the continuous beam in longer direction is
3 m (bay width is 1.5 m). Displacement and Acceleration at each floor level is
measured.

The earthquake time history compatible to response spectrum given in Indian
standard code of practice IS-1893(Part 1): 2002 [1] for soft soil spectrum is used
and it is modified by considering frequency scaling of

ffiffiffi
2

p
by similitude law for the

half-scale model of reinforced concrete frame. The earthquake time history is

Fig. 1 Shake table test of OGS model frame
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applied in a longer direction (uni-axial excitation), progressively increasing the
acceleration levels (PGA levels) and the response is measured. Reference [10] has
given details of experimental programme and results. OGS behaviour is clearly
depicted wherein the drift value is very high for the ground storey compared to the
second and third storey. The test building failed at a maximum peak ground
acceleration value of 7.99 m/s2 (0.814 g). The corresponding response acceleration
value at the third storey level is 11.44 m/s2, with an amplification of 1.43.
Maximum base shear is 116.48 kN. The RC-frame model has undergone a maxi-
mum displacement of 48.75 mm at third storey level at final failure stage.

The force and displacement capacities of the reinforced concrete model frame
are determined analytically using the developed simplified procedure. The force and
displacement capacity of the experimental OGS reinforced concrete model frame
building is calculated. Based on the concrete grade, reinforcement detailing, cross
section and the weight (axial load) of the reinforced concrete frame model, the
following moment–curvature values are determined, using a section analysis. Yield
Moment (My) is 13.17 kN-m, Ultimate moment (Mu) is 13.58 kN, Yield curvature
(/y) is 0.000048 rad/mm and Ultimate curvature (/u) is 0.000275 rad/mm. lp is
taken as D/2 (D-depth of column). Total displacement capacity, Δ = Δy + Δp =
46.55 mm. The force capacity and the maximum displacement obtained from the
shake table experiment is 11.65 t as against 11.075 t from the simplified method
and 48.75 mm as against 46.55 mm from the simplified method respectively.
Table 1 shows the validation of simplified procedure with shake table test of OGS
model frame.

Also, the simplified procedure is validated with the nonlinear static analysis
conducted on five-storey OGS building using SAP software. Pushover analysis is
done for better understanding the behaviour of soft storey buildings using SAP
software. A five storied building is modelled in SAP 2000 software (Fig. 2). Beams
and columns are modelled as 3D frame elements. The material properties of con-
crete and steel rebar including unit weight, modulus of elasticity, Poisson’s ratio,
shear modulus, characteristic compressive strength, yield stress and ultimate stress
has been provided. Beams and columns are then assigned the respective
cross-section dimensions, materials and reinforcement.

A design is made using IS 456: 2000 [11]. Rigid beam–column joints have been
modelled by giving end length offsets to the frame elements. To take into account
the structural effect of slabs, diaphragm constraint has been assigned at each floor
level. The brick in-fill is modelled as equivalent diagonal compression strut ele-
ments. Rigid joints connect the beams and columns, but pin joints at the
beam-to-column junctions connect the equivalent struts. The considered building

Table 1 Validation of the
simplified procedure with
shake table test of OGS model
frame

Experiment Simplified
procedure

Displacement
capacity

48.75 mm 46.55 mm

Force capacity 11.65 ton 11.07 ton

Seismic Vulnerability Assessment of Open Ground Storey Buildings 1057



model is identical in plan, consisting of 3 bays in both X-direction and Y-direction
with a bay width of 4 m. The storey height is 3 m. Dead load and live loads are
applied as gravity loading. Table 2 shows validation of simplified procedure with
the nonlinear static method. The proposed simplified procedure fairly gives good
matching in case of plan symmetrical buildings.

Fig. 2 Five-storey OGS building—SAP model

Table 2 Validation of the simplified procedure with nonlinear static analysis

Pushover analysis Simplified procedure

Displacement capacity 95.2 mm 98 mm

Force capacity 106 ton 120 ton
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4 Parametric Study Using Prescriptive Dimensions

A parametric study is carried out considering the prescriptive reinforcements and
dimensions of ground floor columns of the OGS buildings in India. The study made
for stilt+1 storey building to stilt+4. The column sizes are varied between 230 and
450 mm, commonly used, and are considered as prescriptive dimensions. The
reinforcement is varied between 1 and 2%, which is also considered based on
prescriptive reinforcement used for various dimensions of the column. The height
of the OGS is considered as 3 and 2.4 m cases. Axial load on OGS columns are
calculated approximately by assuming 4 m bay width in both directions. The
material and other data are considering prevailing site conditions. Two cases of
shear reinforcements are considered, these are confined case and unconfined case.
Detailed as per IS 13920: 1993 [12] codal provisions, is considered as the confined
case. Non-compliant shear reinforcement with 90-degree hooks is considered as the
unconfined case. The study made for various zones and by varying the soil type.

The displacement Demand–Capacity Ratio (DCR) is used to evaluate the
severity of risk of an OGS building for local seismic hazard. Typical outcome from
the study is given in Figs. 3, 4, 5 and 6, the dashed line above DCR indicates the
OGS building is vulnerable. Ductile detailing plays a role in controlling the soft
storey mechanism. Figures 3 and 4 for soft storey building with 230 mm � 230
mm column in zone V and zone II respectively. Figures 5 and 6 for soft storey
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building with 450 mm � 450 mm column in zone V and zone II respectively. This
parametric study is made on an assumed building for the purpose to show the effect
of zone location and ductile detailing. These cannot be directly applicable to the
other buildings.
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5 Summary

OGS buildings are highly vulnerable to earthquake, since it is conflict demand from
the function requirement point and a huge stack of OGS buildings existed in Indian
urban places, makes the assessment and retrofit is a major challenge. In this paper, a
simplified procedure to assess the level of severity of OGS building is proposed
using plastic hinge concept. The simplified procedure is validated with the non-
linear static analysis and the shake table experiment conducted on three-storey
model OGS building. The simplified procedure will help to identify the urgency for
repair and rehabilitation of OGS buildings.
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Cyclic Behavior
of Retrofitted-Reinforced Concrete
Coupling Beams

Romanbabu M. Oinam, P. C. Ashwin Kumar, Dipti Ranjan Sahoo
and Kaushik Maran

Abstract Coupling beams are utilized in shear walls to connect one shear wall to
another. A high amount of reinforcement is required in these beams to resist the
forces developed during a seismic event. Generally, the main reinforcements in a
coupling beam are provided in a diagonal manner but due to the high reinforcement
content, the constructability and construction time management becomes an issue.
Past earthquakes and experimental studies on coupling beams have shown that
these members are subjected to high shear forces and it becomes imperative that the
members should have adequate shear reinforcement. To reduce the reinforcement
concentration and enhance the ductility of coupling beam, an experiment was
conducted on two coupling beam specimens, (a) reinforced concrete specimen with
the double-beam-type reinforcement arrangement, and (b) steel fiber-reinforced
concrete specimen with again the double-beam-type reinforcement arrangement.
Both beams were geometrically identical and were subjected to a reversed-cyclic
loading up to 6% lateral drift. The steel fiber-reinforced concrete specimen showed
higher resistance than the reinforced concrete specimen. The failure patterns

R. M. Oinam
Department of Civil Engineering, National Institute of Technology,
Warangal 506004, India
e-mail: romanbabu@nitw.ac.in

P. C. Ashwin Kumar
Department of Earthquake Engineering, Indian Institute of Technology,
Roorkee 247667, India
e-mail: pcashwin.feq2018@iitr.ac.in

D. R. Sahoo (&) � K. Maran
Department of Civil Engineering, Indian Institute of Technology Delhi,
New Delhi 110016, India
e-mail: drsahoo@civil.iitd.ac.in

K. Maran
e-mail: kaushikmaran93@gmail.com

© Springer Nature Singapore Pte Ltd. 2019
A. Rama Mohan Rao and K. Ramanjaneyulu (eds.), Recent Advances in Structural
Engineering, Volume 1, Lecture Notes in Civil Engineering 11,
https://doi.org/10.1007/978-981-13-0362-3_84

1063

http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-13-0362-3_84&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-13-0362-3_84&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-13-0362-3_84&amp;domain=pdf


observed in steel fiber-reinforced specimen showed distributed microcracks,
whereas the reinforced concrete specimen showed wider and fewer numbers of
cracks.

Keywords Reinforced concrete � Steel fiber � Coupling beam � Shear force
Ductile

1 Introduction

The lateral load resistance of the reinforced concrete coupled shear walls is greatly
affected by the response of their coupling beams. Coupling beams tie the individual
shear wall and convert the lateral load resisting response from an individual wall
flexural action to an axial compression–tension couple between two walls. Thus, for
the satisfactory performance of coupled shear walls, it is imperative that the cou-
pling beam has adequate strength and ductility under large cyclic displacements.
Paulay [1] highlighted the inadequacy of the conventional longitudinal beam
reinforcements in coupling beams and a subsequent study by Paulay and Binney [2]
demonstrated the advantage of having higher ductility by providing diagonal
reinforcement in coupling beams. Other alternatives to achieve higher ductility in
coupling beam have also been investigated, namely, “rhombic” reinforcement detail
in coupling beams [3, 4], diagonally reinforced coupled beams with alternate
confinement detail [5], steel and hybrid steel–concrete composite coupling beams
[6], use of double-beam coupling beam reinforcement detailing [7] and use of
high-performance fiber-reinforced concrete [8, 9]. However, these alternatives have
not been implemented widely due to issues related to performance, constructability
and fewer numbers of studies. Hence, it is the diagonal reinforcement detailing as
shown in Fig. 1, which is widely used in coupling beams to achieve enhanced
lateral load resisting performance. As it is evident from Fig. 1, the provision of
diagonal reinforcement with the column-type transverse reinforcement to confine
each diagonal reinforcement poses great difficulty in terms of constructability and
construction time management. This has been the main motivation for the alter-
native studies as mentioned above. Similarly, this study investigates the provision
of double-beam reinforcement arrangement with the fiber reinforcement to enhance
the ductility and to avoid reinforcement congestion in the coupling beam.
Experimental investigation was carried out on two coupling beam specimens,
(a) Reinforced concrete (RC) specimen with double-beam-type reinforcement
arrangement, and (b) Steel Fiber-Reinforced Concrete (SFRC) specimen with again
the double-beam-type reinforcement arrangement. The hysteresis response, energy
dissipation capacity and stiffness degradation response of both the specimen were
studied to highlight the advantage of using fiber-reinforced double-beam-type
reinforcement in coupling beam.
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2 Experimental Programs

The details of the test specimen, material properties and loading history are dis-
cussed in the following sections. The dimensions and the reinforcement details of
the coupling beams are as shown in Fig. 2a. The dimensions and the reinforcement
detailing of both RC and SFRC specimen was kept the same. The region of the
SFRC in the test specimen is as shown in Fig. 2c.

2.1 Material Properties

Ordinary Portland cement (OPC) was used in the preparation of cement concrete
used in the casting of the test specimens. Natural sand confirming to Zone-II was

Fig. 1 Diagonal reinforcement detailing in coupling beam

(a) (b) (c)

Fig. 2 a The reinforcement detailing of coupling beams, b details of test setup and c location of
SFRC
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used as fine aggregates [10]. The maximum size of coarse aggregates used in
concrete was limited to 12.5 mm as the use of 20 mm aggregates lead to worka-
bility issues. This was also done to limit the nominal cover to 15 mm. Concrete mix
was designed for a characteristic cube compressive strength of 25 MPa which
resulted in a target mean cube compressive strength of 31.6 MPa as per Indian
Standard IS: 10262-1982 [10] code provisions. The design mix proportion for the
cement concrete was taken as 1.0:2.6:2.3 (cement: sand: coarse aggregate) for a
water–cement ratio of 0.45 and a compaction factor of 0.9. End-hooked steel fibers
of 60 mm length and 0.75 mm diameter (i.e. fiber aspect ratio = 80) were used into
the concrete mix of the SFRC specimen. The specified tensile yield strength of steel
fibers was 1100 MPa. Usually, the increase in fiber content reduces the workability
of concrete and ACI Committee 318-08 [11] recommends a minimum fiber content
of 0.75% to be used in the concrete construction. Although higher fiber content has
been used in different research applications [12–16], a fiber content of 1% has been
used in the SFRC specimen in this study [17]. To achieve better workability,
superplasticizer of 0.5% volume/volume of water was used in the mixing of SFRC.

The average 28-day compressive strength of plain concrete was 35.39 MPa,
which was slightly higher than the target mean strength of 31.6 MPa. In case of
SFRC, the 28-day compressive strength was found to be 39.5 MPa. This showed a
minor increase of about 10% in the compressive strength of SFRC as compared to
the plain concrete.

Thermomechanically treated (TMT) steel reinforcement bars were used as both
longitudinal reinforcement and transverse stirrups in both the specimens. The
minimum specified values of yield stress, ultimate stress, and elongation of TMT
bars are 500 MPa, 545 MPa and 12.0%, respectively. Since these bars do not
exhibit a definite yield point, the 0.2% proof stress values was considered as the
yield stress. Sufficient development length of reinforcement bars was provided at
the required locations.

2.2 Test Setup

Servo-hydraulic actuator of 250 kN capacity and stroke length of 125 mm was used
to apply the cyclic lateral displacements at one side of the column level of the
specimen. The actuator was supported by a reaction frame, which was firmly held to
the laboratory strong floor. Figure 2b shows the test setup along with specimen
used in this study. The specimens were firmly attached to the strong floor at the
bottom column level using high-strength bolts to prevent their possible vertical
movements under the lateral loading. Figure 2b shows the details of the attachment
of the actuator with the test specimens. Additional supports were also placed at the
bottom column level using hydraulic jack, which provided a constant gravity load
and a lateral support system to restrict the horizontal movement.
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2.3 Loading Protocol

Test specimens were subjected to gradually increasing reversed cyclic lateral dis-
placements in addition to a constant gravity load. Displacement history as specified
in ACI Committee 374.1-05 [18] was used for the slow-cyclic testing of specimens
in this study. This displacement history consists of drift cycles of 0.20, 0.35, 0.50,
0.75, 1.10, 1.40, 1.75, 2.20, 2.75, 3.50, 4.50, and 6.0% (Fig. 3). Story drift (or drift
ratio) may be defined as the ratio of the roof displacement to the height of the story
measured from the top of footing to the centerline of the beam. Each displacement
cycle was repeated for three times at any drift ratio and then, followed by a single
drift cycle of the smaller magnitude. With the help of the hydraulic jack, 10% of
column capacity was applied to the lower column face constantly. Figure 2b shows
the test setup of coupling beam, which indicates the location of application of
gravity load and cyclic displacement load.

3 Results

Two tests, namely, slow load control test and slow-cyclic displacement control test,
were carried out on the test specimens. Slow load control test was conducted to
determine the initial stiffness of specimen, whereas the slow-cyclic displacement
control test was carried out to study the overall behavior under the action of lateral
loading condition. The results of these tests are discussed in the following sections.

3.1 Hysteresis Response

Figure 4a, b shows the comparison of experimental results in terms of hysteresis
loop and backbone curve of both specimens. The maximum load resisted by RC

Fig. 3 Imposed displacement profile on specimens
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specimen was 125.4 and 122.1 kN in pull and push directions respectively. First
microcrack in the RC specimen appeared on the coupling beam face at 0.35%
lateral drift level. Most of the microcracks were observed near beam and column
joints, however, at higher drift level, major cracks were concentrated near the
bottom of the coupling beam. Up to 1.0% drift level, flexural behavior was
observed; however, just after the starting of 1.4% drift-level major cracks appeared
on coupling beam face vertically. At 2.2% drift level, maximum peak load of
specimen was observed; after this drift level, load degradation was observed up till
the end. Maximum lateral drift resisted by this specimen was 6.0%.

SFRC specimen resisted a maximum lateral load of 143.9 and 125.1 kN in pull
and push directions respectively. At 0.35% drift level, few microcracks were
observed near upper and bottom end of coupling beam. Later, most of the existing
microcracks expanded at higher drift level under flexural action, and this flexural
nature continued up to 1.4% drift level. First shear crack was observed at 1.75%
drift level while for the RC specimen it was observed at 1.4% drift.

3.2 Stiffness Degradation

The effective lateral stiffness (Keq) in each drift cycles was obtained as the ratio of
the lateral load resisted by the specimens to the corresponding displacement values
observed in both pull and push directions as per FEMA 356, 2000 [19]. The
equation to calculate effective lateral stiffness is given in Eq. (1). Figure 5 shows a
comparison of effective lateral stiffness degradation of both specimens. Initial and
final stiffness of RC specimen was 13.2 and 1.28 kN/mm respectively; while for the
SFRC specimen it was 12.0 and 1.7 kN/mm, respectively. SFRC specimen had a bit
lower initial stiffness compared to RC specimen; however, SFRC specimen had
higher final stiffness value.

(a) (b)

Fig. 4 Comparison of experimental results a hysteresis and b backbone curve
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There was the absence of severely damaged in SFRC specimen while RC
specimen observed severe damage at the end of the experiment Fig. 7; this can be
related to the observation of higher final stiffness in SFRC specimen. However,
both specimens had a very close value of effective lateral stiffness at all intermediate
drift level.

Keq ¼ F þ � F�ð Þ=ðDþ � D�Þ ð1Þ

where F+ and F− are the peak positive and negative force, D+ and D− are the peak
positive and negative displacement of hysteresis loop.

3.3 Energy Dissipation

Figure 6 shows the cumulative energy dissipated by the RC and SFRC test specimen.
There is minor variation in the energy dissipation capacity of the two test specimens in
the initial story drifts. However, at higher drift level, the SFRC specimen showed
slightly higher energy dissipation capacity. The peak cumulative energy attained by
the RC specimen was 21.98 kNm, whereas the SFRC specimen attained a maximum
value of 23.58 kNm at 6% lateral drift level. The variation is only 7%.

3.4 Final Damaged State

Figure 7 shows the final damaged state of the test specimens. As it is evidently
clear, the RC specimen underwent heavy damage. The concrete at the bottom of the
coupling beam in the RC specimen had spalled off leaving the main reinforcement

Fig. 5 Stiffness degradation
curve
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(a) (b)

(c) (d)

Fig. 7 Damaged state of the test specimen at the end of the experiment

Fig. 6 Cumulative energy
dissipation of specimens
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visible. The major crack in the specimen developed along the region in between the
double-beam reinforcement arrangement. The possible reason for this can be
attributed to the relative motion between the two beams of the double-beam cou-
pling beam arrangement. Additionally, no shear reinforcement was provided in the
interface region of the double beams. The major crack in the SFRC specimen also
developed in the same region. However, the width and the extent of the crack were
much smaller than what was observed in the RC test specimen. Distributed
microcracks, more in numbers were also visible in the SFRC specimen but the
damage intensity was much lower. The RC specimen underwent greater crushing
and cracking in comparison to the SFRC specimen, which was held together due to
the bridging action of the steel fibres present.

4 Conclusions

An experimental investigation was carried out on two geometrically identical
coupling beam specimens (i.e., RC and SFRC) under the displacement-controlled
slow-cyclic loading. The main parameters studied were the hysteretic response and
lateral stiffness. Based on this study, the following conclusions can be drawn:

• Both SFRC and RC specimen attained the 6% drift level. However, in terms of
the crack width, lateral strength and initiation of reinforcement yielding the
SFRC specimen performed better than the RC specimen.

• The SFRC beam was able to withstand a greater peak load of 143.9 kN as
compared to the RC beam which could only withstand 125.4 kN. The SFRC
beam performed 14.8% better in this aspect.

• The number of cracks in the SFRC members was more in number but was minor
and was distributed more or less uniformly in the stressed region of the speci-
men, showing the bridging action of the steel fibers.

• The failure pattern for both specimens was observed at the mid-region, in
between the double-beam arrangement.

• The double-beam reinforcement arrangement proves to be an effective alterna-
tive in place for the diagonally reinforced coupling beam.
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Structural Health Monitoring



Nonlinear System Identification
of Breathing Crack Using Empirical
Slow-Flow Model

J. Prawin and A. Rama Mohan Rao

Abstract Most of the existing SHM damage detection methodologies are based on
the changes in the system parameters estimated by the linear model fitted to the
structure. However, real-life structures exhibit nonlinearity even in their healthy
state due to complex joints, interfaces, etc. Nonlinear identification and damage
identification are very challenging inverse engineering problems. In this paper, a
nonlinear system identification methodology using empirical Slow-Flow Model has
been presented. A dynamical system described by slowly varying amplitudes and
phases is obtained through performing partition between slow and flow dynamics of
the system using the well known complexification-averaging technique. By using
the theoretical link between the measured instantaneous parameters through Hilbert
transform and slow-flow equations of a system, the system parameters are identified
using the classical least square procedure. A numerical simulation study has been
conducted on a beam with breathing crack to demonstrate the effectiveness of the
proposed algorithm.

Keywords Nonlinear system � Hilbert transform � Slow-flow model
Breathing crack

1 Introduction

Damage sometimes manifests itself as the introduction of nonlinearity into a linear
system. The damage that introduces nonlinearity into structures includes
post-buckled structures (duffing nonlinearity), fatigue or breathing cracks (bilinear
stiffness effect), and rattling joints (impacting systems with discontinuities).
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Damage detection can be significantly enhanced if one accounts for nonlinear
characteristics of the structure during extraction of damage sensitive feature [1–4].

A complete list of nonlinear identification techniques developed is very
exhaustive and hence to give a reasonable flavor of the range of techniques
developed a few of them, with a reasonable success, are mentioned here. The
comprehensive list of techniques includes time-series models [5], reverse path
spectral methods [6], describing function [7], Volterra and Wiener series [8],
adaptive Volterra filter [9], meta-heuristic algorithms [10], time–frequency analysis
[11, 12] and so on.

In this paper, a nonlinear system identification method based on correspondence
between the analytical and empirical slow-flow equation of the dynamics of the
systems is presented. This nonlinear system identification technique using empirical
slow-flow model requires only input–output measurement and need not know about
the type of nonlinearities present in the system. A numerical simulation study has
been carried out on a beam with breathing crack and investigations carried out in
this paper clearly indicate that the empirical slow-flow method is an effective
scheme for nonlinear parameter estimation even with noisy measurements.

2 Nonlinear System Identification Using Empirical
Slow-Flow Model

The slow-flow-based system identification technique (SFMI) is based on multiscale
dynamic partitions and the direct analysis of the measured time history response
without any knowledge about the system [13]. It partitions the system response in
terms of slow and fast components. Generally, a time history response of a structure
is composed of a number of well-separated dominant frequency components called
fast frequencies of the response and slow dynamic components that are represented
by the slowly varying modulations of the fast-frequency components.

The slow-flow model of a nonlinear system provides a good approximation to
the original dynamic system and also it governs the long-term behavior of the
response. The reduced slow-flow model is easier to analyze than the traditional
equations of motion and its parameters such as slowly varying amplitudes and
phases provide clear-cut information about the characteristics of the system than the
original time history response. This is usually performed by Complexification-
Averaging (Cx-A) technique [14].

On the other hand, Hilbert transform to the actual time history response can be
applied in order to obtain the instantaneous parameters such as instantaneous
amplitude and instantaneous phase/instantaneous frequency. These can be easily
related to the slow-flow model parameters obtained analytically through
complexification-averaging technique from which the system parameters can be
obtained.
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3 Complexification-Averaging (Cx-A) Technique

The actual time history response is decomposed into slow and fast dynamics
components using the Complexification-Averaging (Cx-A) technique

The Complexification-Averaging Method (CX-A) basically involves the fol-
lowing four steps:

(i) complexification of the equations of motion
(ii) partition of the dynamics into slow and fast component
(iii) averaging of the fast-varying terms and
(iv) extraction of the slow-flow variables from the averaged system.

In order to demonstrate the method, a nonlinear single degree of a system
exhibiting a polynomial form of nonlinearity up to fourth order is considered.

€xþ c _xþ k1xþ k2x
2 þ k3x

3 þ k4x
4 ¼ 0

with xð0Þ ¼ X; _xð0Þ ¼ 0;m ¼ 1
ð1Þ

For complexification, complex change of variable WðtÞ ¼ _xðtÞþ jxxðtÞ is carried
out

x ¼ W�W0

2jx
; _x ¼ W�W0

2
; €xðtÞ ¼ _W� jx

W�W0

2
ð2Þ

where superscript 0 indicates complex conjugate.
The equation of motion (Eq. 1) in terms of complex variable (Eq. 2) can be

written as

_W� jx
WþW0

2
þ c

WþW0

2
þ k1

W�W0

2jx
þ k2

W�W0

2jx

� �2

þ k3
W�W0

2jx

� �3

þ k4
W�W0

2jx

� �4

¼ 0

ð3Þ

The second step of the partitioning of the dynamics W(t) = u(t)ejxt into slow,
u(t), and fast, ejxt, components having a single frequency with modulated ampli-
tude and phase is performed.

By averaging out the fast-frequency component, ejxt, Eq. (3) is transformed into
Eq. (5) with the help of Eq. (4) by eliminating higher order terms (square-, cubic-,
and fourth-order terms)

_W ¼ _ue
jxt þujxejxt ð4Þ
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_uþ jx
u
2
þ c

u
2
� jk1u

2x
þ k2

2x2 uj ju

� 3jk3
8x3 uj j2u� k4

4x4 uj j3u ¼ 0
ð5Þ

On carrying out the third step of CX-A, the equation of motion represents an
approximation to the actual dynamics. After averaging, the corresponding envelope
and phase variables will be extracted by rewriting the variable u(t) in polar form,
u(t) = a(t)ejb(t) as

_aþ ja _bþ jxa
2

þ ca
2
� jk1a

2x
þ k2a2

2x2

� 3jk3a3

8x3 � k4a4

4x4 ¼ 0

ð6Þ

The real and the imaginary parts of Eq. (6) are

_aþ ca
2

þ k2a2

2x2 �
k4a4

4x4 ¼ 0 ð7aÞ

_bþ x
2
� k1
2x

� 3k3a2

8x3 ¼ 0 ð7bÞ

The boundary conditions can be determined by

u tð Þ ¼ a tð Þejb tð Þ ð8Þ

WðtÞ ¼ uðtÞejxt ¼ _xðtÞþ jxxðtÞ ð9Þ

Hence b(t) = p/2 and a(0) = Xx
On solving the real and the imaginary part (Eq. 7), the slow-flow parameters can

be obtained as

aðtÞ ¼ Xxe½�
ct
2�

k2 t
2

2x2
þ k4 t

4

4x4
� ð10aÞ

bðtÞ ¼ 3k3X2

8xc
ð1� e�ctÞ � x

2
� k1
2x

� �
tþ p

2
ð10bÞ

Therefore, Eqs. (10a) and (10b) are the approximate and simplified slow-flow
equations of the considered dynamical system. The system response predicted by
the Cx-A method can be written in general form as
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xðtÞ ¼ aðtÞ
x

sinðxtþ bðtÞÞ ð11Þ

which shows that the total phase variable is h = xtþ bðtÞ;
The slow-flow model of the system after performing Cx-A is given by

xðtÞ ¼ aðtÞ
x

sinðxtþ bðtÞÞ

where aðtÞ ¼ Xxe �ct
2�

k2 t
2

2x2
þ k4 t

4

4x4

� �
and bðtÞ ¼ 3k3X2

8xc
ð1� e�ctÞ � x

2
� k1
2x

� �
tþ p

2

ð12Þ

It is recommended to use the sub- and super-harmonics instead of frequency ‘x’
during partitioning for systems exhibiting strong nonlinearities to improve the
predictive capacity of the Cx-A model.

4 Numerical Study—Breathing Crack Problem

A cantilever beam with a breathing crack is considered as an example as shown in
Fig. 1. The breathing crack introduces bilinear stiffness effect corresponding to the
opening and closing state. The equation of motion (bilinear oscillator) of the beam
with a breathing crack can be written as

Fig. 1 Cantilever beam with
breathing crack
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m€xðtÞþ c _xðtÞþ g½xðtÞ� ¼ f ðtÞ; gðxÞ ¼ akx x� 0
kx x\0

�
ð13Þ

where g(x) is the restoring force and m, k, c, and f are the mass, stiffness, damping,
and force respectively. The stiffness ratio a is defined as the ratio of squares of the
cracked frequency to uncracked frequency. It lies in the range 0 � a � 1. The
bilinear frequency xB of the undamped free vibration of bilinear oscillator [15] is
given by

xB ¼ 2x0x1

ðx0 þx1Þ ¼
2

ffiffiffi
a

p
ð1þ ffiffiffi

a
p Þx0 ð14Þ

where x0 and x1 are the natural frequencies of the uncracked and cracked beam,
respectively, k and k′ (k0 ¼ ak) are the stiffness of the uncracked and cracked states
of the beam.

In the present work, the bilinear nature of the beam with a breathing crack is
approximated by an amplitude dependent polynomial model of order 4 using the
Weierstrass Approximation theorem [16]. Then a slow-flow model is established
for the approximated polynomial system through Cx-A technique and its slowly
varying parameters are determined.

The Weierstrass approximation theorem states that: “If f(x) is a continuous
real-valued function on [a, b] and if any e > 0 is given, then there exists a poly-
nomial P(x) on [a, b] such that |f(x)-P(x)| < e for all x e [a, b]. Since the restoring
force g(x) is a continuous function of displacement x, it can be well approximated
by a polynomial.”

The restoring force of the fourth-order-approximated polynomial-type nonlinear
system is given by

m€xðtÞþ c _xðtÞþ g_½xðtÞ� ¼ f ðtÞwithbg½xðtÞ�
¼ g0 þ c1kxþ c2kx

2 þ c3kx
3 þ c4kx

4
ð15Þ

where g0 indicates the constant term and can be neglected when no static force is
applied to the structure and k indicates the uncracked stiffness and c1kx represents
the linear component and the additional higher order terms indicate the nonlinear
components of the approximated polynomial nonlinear system. The coefficients, c1,
c2, c3, c4 are evaluated by minimizing the error function E between the actual and
approximated polynomial nonlinear system using the above-mentioned Weierstrass
approximation theorem in the domain [–X, X] as

Eðc1; c2; c3; c4Þ ¼
ZX
�X

g½xðtÞ� � ĝ½xðtÞ�g2dx; ð16Þ
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@E
@ci

¼ 0; for i ¼ 1; 2; 3; 4 ð17Þ

By applying the above equation, the coefficients are obtained [17, 18] as

c1 ¼ ð1þ aÞ
2

; c2 ¼ � 105ð1�aÞ
128X

; c3 ¼ 0; c4 ¼ 105ð1�aÞ
256X3 ð18Þ

The actual system equation of motion is given by

€yðtÞþ 23:5619 _yðtÞþ 3:5e4 ð0:75Þ|fflffl{zfflffl}
a

yðtÞ ¼ 0; y0¼ 0:25; _y0 ¼ 0 ð19Þ

where a is the stiffness ratio varying between 0 and 1 such that a = 1 for x(t) < 0
and a < 1 for x(t) � 0. Further, the system can be idealized as a system with
polynomial terms having coefficients up to fourth order depending on the value of
the stiffness ratio, as discussed earlier.

€yðtÞþ 23:5619 _yðtÞþ 3:5e04c1yðtÞþ 3:5e04c2y2ðtÞ
þ 3:5e04c3y3ðtÞþ 3:5e04c4y4ðtÞ ¼ 0

ð20Þ

The value of X is chosen as 2e-4 for this problem.
The system parameters considered are m = 1, c = 23.5619 Ns/m, k = 3.5e4. The

time history responses are measured using Runge–Kutta integration scheme. The
natural frequency of the system is found to be 30 Hz. The nonlinear system
response will exhibit sub- and super-harmonics of excitation frequency into addi-
tion to the fundamental harmonic.

The displacement time history response obtained using Runge–Kutta
(RK) integration scheme and the corresponding power spectrum (PSD) of the actual
system are shown in Fig. 2. The white Gaussian noise in the form of signal to noise
ratio (SNR = 50) is added to the time history response before processing. It can be
observed from Fig. 2b that the spectrum exhibits peaks at the excitation frequency
and at second and fourth-order super-harmonic resonances. This clearly indicates
the presence of nonlinearity in the structure.

Hilbert Transform (HT) on the displacement time history response can be
applied to obtain the instantaneous amplitude and instantaneous frequency. The
Hilbert transform of response x(t) can be defined as

�xðtÞ ¼ HTðxðtÞÞ ¼ 1
p
PV

Z1
�1

xðsÞ
t � s

ds ð22Þ

where PV indicates the principal Cauchy value. The corresponding analytical signal
z(t) is then given by
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zðtÞ ¼ xðtÞþ i�xðtÞ ¼ AðtÞeihðtÞ ð23Þ

AðtÞ ¼ ½xðtÞ�2 þ ½�xðtÞ�2
	 
h i1=2

ð24aÞ

xðtÞ ¼ dhðtÞ
dt

; hðtÞ ¼ tan�1 �xðtÞ
xðtÞ ð24bÞ

where A(t) is instantaneous amplitude, hðtÞ is the phase angle and xðtÞ is the
instantaneous frequency.

The instantaneous parameters (i.e., instantaneous amplitude and instantaneous
frequency) obtained using HT of time history response is shown in Fig. 3a, b
respectively. Once the instantaneous parameters are obtained through the Hilbert
transform, it can be easily related to the slow-flow equations of the system.

Through Slow-Flow Model Identification, the instantaneous phase given in
Eq. (10b) after eliminating k3 (i.e. c3 = 0) becomes
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Fig. 2 a Displacement time
history response; b power
spectrum of breathing crack
problem
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bðtÞ ¼ � x
2
� k1
2x

� �
tþ p

2
ð25Þ

The slow-flow instantaneous phase equation (Eq. 25) obtained through
complexification-averaging and the Hilbert transform (Eq. 24) are compared. As
the system frequency and mass are known a priori, the time-dependent linear
stiffness coefficient k1 can be estimated. A single value of k1 is then estimated using
the least square procedure. The final single value of k1 is then related to stiffness
ratio a and then the value is determined.

Further, the instantaneous amplitudes given in Eqs. (10a) and (24a) are com-
pared and the system damping parameter is estimated using the least square
procedure.

The identified system parameters are shown in Table 1. It can be verified from
Table 1 that the parameters obtained using slow-flow model compare well with the
actual parameters even with measurement noise. The extension of the slow-flow
model formulations to multi-degree of freedom is rather straightforward and
Hilbert–Huang Transform (HHT) is used instead of HT for instantaneous parameter
extraction. The advantage of the slow-flow model technique is that it is applicable
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for both linear and nonlinear systems which might include systems with smooth and
non-smooth nonlinearities

5 Conclusion

In this paper, the physics-based interpretation of instantaneous parameters derived
using Hilbert transform and the slow-flow equation of the dynamics of the system is
demonstrated. Based on the correspondence between the HT approach and
slow-flow model, a nonlinear system identification strategy using the empirical
slow-flow model in the time domain is presented. The analysis is based on input–
output response measurements of the system and is applicable for both smooth and
non-smooth nonlinear systems. The Hilbert transform approach gives sharper fre-
quency and time resolutions compared to other time–frequency decomposition and
helps in accurate estimation of instantaneous parameters for strongly nonlinear
systems.

The extension of the approach to multi-degree of freedom is rather straightfor-
ward and Hilbert–Huang transform needs to perform on the time history response
instead of Hilbert transform.

Numerical investigations have been carried out to verify the presented empirical
slow-flow model for nonlinear parameter estimation by solving a beam with a
single-edged breathing crack problem. Numerical studies presented in this paper
clearly indicate that the proposed identification strategy using slow-flow model can
identify nonlinear coefficients accurately even with noisy measurements.
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Analytical Investigations on Structural
Damage Identification Using Torsional
Wave Propagation

K. Varun Kumar, T. Jothi Saravanan, N. Gopalakrishnan
and K. M. Mini

Abstract Damage identification of the concrete pile element through torsional
wave propagation technique is studied in this paper. Concrete pile foundations are
often prevalent in all engineering structures and their safety is paramount for
obviating the failure. Damage detection and estimation in a substructure is difficult
because the visual image of the substructure and its condition is not acknowledged
and, therefore, the state of the structure or foundation can be inferred solely through
its static and dynamic response which is usually carried out by using Pile Integrity
Testing (PIT), includes axial wave propagation approach. This paper explores a
novel idea on damage identification of the concrete pile element through torsional
wave propagation technique using analytical study. Structural damage is induced in
the concrete pile elements by varying the cross-sectional area along the length and
the position of the damage is also varied. Analytical simulations are performed
using Abaqus dynamic explicit analysis under pulse-echo configuration method.
The effect of reduction of area (or an increase of area) causes a reduction in
stiffness, as well as mass and thus torsional impedance, is not altered to a great
extent. In the case of uniform wave propagation, the transient pulse is preserved and
the response is quiet and hence the damage identification is very easy when
compared to dispersive flexural wave propagation. Hence, the elapsed time of the
reflected pulse can be a simple indicator of the location of the damage.
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Keywords Wave propagation � Structural health monitoring � Damage detection
Pulse-echo method � Abaqus

1 Introduction

Structural Health Monitoring (SHM) is the practice of monitoring the structure over
its lifetime to detect the changes in the structural properties that may indicate a
reduction in the performance. SHM process involves observation of a system over
time using periodically sampled dynamic response measurements from an array of
sensors, the extraction of damage-sensitive features from these measurements, and
the statistical analysis of these features so as to determine the current state of system
health [1]. SHM is an emerging technology which has its application in various
fields like aerospace, buildings, bridges, offshore structures, underground struc-
tures, ships and many more industries [2–5]. The damage is defined as changes to
the material and/or geometric properties of a structural system, including changes to
the boundary conditions and system connectivity, which in turn affect the system’s
performance. Damage detection is carried out by monitoring the structure [6],
nondestructive testing (NDT) [7], and damage prognosis [8].

Among all NDT tools, wave propagation tools play a vital role in identifying the
damage. It is a transient dynamic phenomenon resulting from short duration
loadings like gust, birds hit, tool drops, etc., which have very high-frequency
content. The dynamic characteristics of the structures at high frequency are well
understood with the help of wave propagation studies. Wave propagation-based
automatic SHM techniques are widely adopted in the nuclear and aerospace
industry. But, these techniques are not in a well-matured state of development for
civil engineering structures. Hence, enough importance is to be given in these areas
of research so that an automatic alert and warning system can be designed for
critical and important civil engineering structures.

Damage identification using the response of wave propagations are discussed [9–
13]. This is based on the assumption that the damages or discontinuities disturb the
propagation of the waves in a structure. Wave propagation techniques are very
effective because the wave travels for long range and depends on operating frequency,
elastic properties of the material, material thickness, and density. Damage identifica-
tion using spectral finite element method is discussed in some literature [14, 15].

Pile foundation not only transfers load but also enables the construction activities
in low bearing capacity soils and controls the level of soil settlement. The integrity
of the pile is directly related to the safety of the super-structure. So, there is a need
for monitoring the health and safety of pile from time to time. Early damage
identification can provide a possibility of finding and repairing the defects. The
concept of wave propagation involves dynamic impedance and whenever a wave
confronts a changing impedance (due to loss of stiffness or mass addition), a
reflecting wave is produced with the total strain energy forked as reflected as well as
refracted portions. The ratio of reflected wave to the incident wave is managed by
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the impedance change and hence the position of the damage could be evaluated.
Many researchers used conventional finite element method for damage identifica-
tion and still need to be explored. This paper deals with damage identification of a
concrete pile element using torsional wave propagation approach and is studied
through numerical simulations using Abaqus dynamic explicit analysis under
pulse-echo configuration method. In particular, detection of damage in form of
discontinuity of cross-section is identified by analyzing wave speeds and reflections
from the recorded velocity signals.

2 Basics of Wave Propagation

When a structure is subjected to dynamic loads, it will experience the stresses of
varying degrees of severity depending upon the magnitude of the load and its
duration. If the variation of the load is of larger duration (order of seconds), the
intensity of the load felt by the structure will be lower and such problems come
under the category of structural dynamics. For those problems, two parameters,
namely, natural frequency and normal mode shapes are significant. The main dif-
ference between wave propagation and classical structural dynamics arises due to
higher frequency content in the primary case. Wave propagation is a transient phase
of dynamic response before the ongoing wave and the incoming wave superimpose
over each other to give a standing wave pattern. The ratio of reflected wave to the
incident wave is controlled by the change in the impedance and hence the position
of the damage and its magnitude could be quantified. Hence, wave propagation
mechanics becomes handy for damage detection and diagnosis. Wave propagation
through a prismatic bar element can be derived and the second-order partial dif-
ferential equation which governs the process can be written as

V2
p
@2u
@x2

� @2u
@t2

¼ 0 ð1Þ

Vp ¼
ffiffiffiffiffiffi

EA
qA

s

¼
ffiffiffiffi

E
q

s

ð2Þ

where u, x are displacement and coordinate in the longitudinal (axial) direction, Vp

is phase velocity in axial direction and E, q, A: modulus of elasticity, mass density,
and area of the rod (bar) element. Similarly, the velocity of the shear wave, Vs (also
represented as ‘c’) is given by

Vs ¼
ffiffiffiffi

G
q

s

ð3Þ

where G is the modulus of rigidity.
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Modulus of elasticity and modulus of rigidity are related by the equation

E ¼ 2Gð1þ lÞ ð4Þ

where ‘l’ represents a number called Poisson’s ratio given to the particular
material.

By substituting Eq. (4) in (3), the velocity of the shear wave is given by

Vs ¼
ffiffiffiffi

G
q

s

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E
2ð1þ lÞq

s

ð5Þ

3 Analytical Investigation

A simplified model of five pile elements, namely, No damage pile, pile 1, pile 2,
pile 3, and pile 4 with different cross-sectional enlargements and decrements at
different locations have been analyzed using Abaqus dynamic explicit analysis
under pulse-echo configuration method. The modeling of pile elements in Abaqus is
shown in Fig. 1. All the pile elements are having a length of 6 m. No damage pile is
of size 0.2 � 0.2 m along the full length.

The description of all the pile elements is as follows:

• Pile 1: The depth of the specimen-1 is 0.1 m for the center 1 m length (reduction
in c/s area)

• Pile 2: The depth of the specimen-2 is 0.1 m for the center 1 m length from 1 m
from the toe (reduction in c/s area)

• Pile3: The depth of the specimen-3 is 0.3 m for the center 1 m length (increase
in c/s area)

• Pile 4: The depth of the specimen-4 is 0.3 m for the center 1 m length from 1 m
from the toe (increase in c/s area)

The grade of the concrete and steel used for modeling in Abaqus is M20 and
Fe415 respectively. Poisson’s ratio is assumed as 0.15 for concrete. The load is
applied at the corner ends of the face so as to create torsion wave in the pile
element. The loading of the pile element is shown in Fig. 2. The reflected waves
from the damages or defects or toe are sensed by the sensors present at the head
of the pile. The speed of the wave calculated from Eq. (5) is found to be 1965 m/s.

3.1 Pulse-Echo Method

In this method, the head of the pile is given as load at the corner ends, and the
sensor is located at the head. The input excitation of the pile element is shown in
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(a) No Damage Pile (b) Pile 1

(c) Pile 2 (d) Pile 3

(e) Pile 4

Fig. 1 3D view of the pile elements modeled in Abaqus

Fig. 2 Loading of the pile
element
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Fig. 3. When the pile element is loaded, downward compressive waves are gen-
erated which travels with a velocity (c) along the pile and reflects from damages or
defects or toe. When this initial wave encounters a change in the c/s (structural
discontinuity) at a depth ‘x’, it reflects an upward traveling wave and it is observed
at a time which is equal to twice the distance between the pile head and change in
c/s divided by the velocity of the wave (2x/c).

The sensor which is located at the head of the pile senses the waves and the
velocity time profiles are noted down for the whole duration.

4 Results and Discussions

The velocity–time profiles obtained in pulse-echo method are presented in Fig. 4.
The location of the damages calculated based on the reflected times and wave
velocity are tabulated in Table 1.

In Fig. 4b–c, after the initial damage there is a decrement in the c/s at some
distance and thus the wave travels upwards, after 1 m length again the c/s increases
and thus the wave travels in the downward direction. Similarly, in Fig. 4d–e after
the initial damage there comes the increment in the c/s at some distance and thus
the wave travels downwards, after 1 m length again the c/s decreases and thus the
wave travels in the upward direction. From Table 1, for no damage pile, the end of
the pile (toe) is identified as 5.92 m, but the actual length is 6 m. Similarly, all other
damages of the remaining piles are identified accurately with ±0.15 m precision.

5 Conclusions

In this paper, damage identification of a pile element using torsional wave propa-
gation technique is studied through analytical testing (using pulse-echo configu-
ration method) by Abaqus dynamic explicit analysis. The location of the damage is

Fig. 3 Input excitation
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identified by the wave scattering from elements of impedance change. The wave
scattering denotes both wave reflection (coming back to the source) and wave
refraction (going away from the source). In specific, the damages are detected by
analyzing the wave reflections and velocity of the wave. The increase in the
magnitude of the reflected pulses with increasing damage can be calibrated to
quantify the damage magnitude. Pulse shape being preserved in the reflected pulses
in the un-damaged prismatic pile, coming out of the analytical study illustrates the

(a) No  damage pile

(b) Pile 1

(c) Pile 2

Fig. 4 Velocity–time profile for pulse-echo configuration method
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phenomenon of uniform wave propagation. So, the proposed method is suitable and
compatible for damage detection. It is suggested that the presented approach shall
be suitable for exact damage detection, as the impedance around the structural
discontinuity varies and so does the energy of propagating and reflecting waves.

(d) Pile 3

(e) Pile 4

Fig. 4 (continued)

Table 1 Damage locations identified by pulse-echo method

Specimen
name

Incident
(ms)

Damage
reflection 1
(ms)

Location
(m)

Damage
reflection 2
(ms)

Location
(m)

Toe
reflection
(ms)

Location
(m)

No
damage
Pile

0 – – – – 6.03 5.92

Pile 1 0 2.56 2.51 3.72 3.64 6.20 6.09

Pile 2 0 4.05 3.97 5.19 5.09 6.14 6.03

Pile 3 0 2.58 2.53 3.65 3.58 6.15 6.04

Pile 4 0 4.03 3.95 5.13 5.04 6.13 6.02
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Damage Assessment in Composites
Using Frequency Discrimination
of Acoustic Emission Signals

Sanjay Sengupta, Aloke Kumar Datta and Pijush Topdar

Abstract For assessment of damages in real time for the layered composite plates,
which have gained wide acceptance in weight-sensitive engineering structures,
acoustic emission (AE) signals captured at different locations of the plate can be
used. For such structures, damages such as delamination, matrix cracking, fibre
failure, etc., which may not be detected visually can be identified by discrimination
of the frequency content of the response AE signals and can be used for structural
health monitoring purpose. In this study, an attempt is made to utilise frequency
content of the AE response caused due to the damage as a discriminating factor for
determining different modes of failures in multi-layered composite plates using
Finite Element (FE) technique. Numerical examples are solved. The results show
that the source frequency has a telling effect on the frequency content of the
response signals which can be used for discrimination of flexural, i.e. out-of-plane
and extensional, i.e. in-plane modes.

Keywords Acoustic emission � Structural health monitoring � Finite element
Frequency content

1 Introduction

Assessment of damages in real time is crucial for safety and reliability of every
engineering structure. In recent years layered composites like fibre-reinforced
laminated composite (FRLC) plates have gained wide acceptance in
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weight-sensitive engineering structures. Damages such as delamination, matrix
cracking, fibre failure, etc., which may not be detected visually, can occur in
composite plates. Interestingly, such damages emit acoustic waves that travel
through the material as flexural plate wave and extensional plate wave. Analysis of
such acoustic emission (AE) signals, captured at different locations of the plate, can
be used for structural health monitoring (SHM) of the composite structures [1].
There are instances in the literature where the frequency of AE signals is used to
identify failure modes of plates. Literature reveals that a number of researchers have
attempted to utilise frequency content of AE signals as a discriminating factor for
damage assessment [2–4]. However, such studies are limited to isotropic and
single-layer anisotropic plates where the responses are obtained from experiments.

In this work, an attempt is made to utilise frequency content of the AE response
caused due to the damage as discriminating factor for determining different modes
of failures in multi-layered composite plates using Finite Element (FE) technique,
where single-layer anisotropic plate is only a special case. Modelling such layered
plates is challenging as material properties may vary from one layer to another
across the plate-thickness and transverse shear stress continuity at the interface of
two consecutive layers of different materials must be maintained while modelling
the in-plane displacement fields. To address this difficulty, a generalised refined
plate theory (RPT) as proposed by Cho and Parmerter [5] is used to model the
displacement field. A four-node higher order C1 continuous element [6] is used
such that the structural behaviour of the plates, as mentioned earlier, under simu-
lated AE source can be predicted realistically. This RPT is 2D FE approach and is
very generic in nature as it can accommodate variation in material property in any
direction, variety of boundary conditions, thickness ratios and aspect ratios of the
plate. The effect of source frequency in the response is studied through solving
different numerical examples using finite element method for anisotropic and lay-
ered composites using a software code that is specifically developed to implement
the present formulation. Fast Fourier Transform (FFT) is used on the time domain
displacement response to get the frequency domain response. Results are presented
for single-layer anisotropic and multi-layered composite plates for assessment of
damages due to simulated high-frequency forcing functions in the frequency
domain. The results show that the source frequency has a telling effect on the
frequency content of the response signals which can be used for discrimination of
flexural, i.e. out-of-plane and extensional, i.e. in-plane mode.

2 Mathematical Formulations

A mathematical model is proposed which is very generic in nature and computa-
tionally efficient as suggested by Cho and Parmerter [5] for this study. The basis of
AE technique in damage detection has been elaborated in the paper. In this tech-
nique, structural damage is studied in real time. Signal generated due to damage
developed is considered in the present modelling. However, due to non-availability
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of exact signal corresponding to a particular type of damage in a structure,
researcher normally adapts the signal generated by pencil lead break which is
widely available in the literature. Here to make the study little bit realistic and to
develop workable model an example signal, i.e. sinusoidal signal having high
frequency has been considered. The 3D view of the plate considered for analysis is
shown in Fig. 1. Displacements at the reference plane (mid-plane of the plate) along
x axis, y axis and z axis are represented as u, v and w respectively. The variation of
in-plane displacements across the plate thickness is expressed as a combination of
linearly varying zigzag component and a cubically varying continuous component.
The transverse displacement is taken to be constant over the plate thickness.
A rectangular element having four nodes at its four corners is used considering
eight degrees of freedom u; v;w;w;x;w;y;w;xy; cx; cy at each node. The field variables
u; v; cx and cy are approximated by bi-linear interpolation functions whereas the
transverse displacement w is approximated by bi-cubic interpolation function.

The Hamilton’s variation principle of dynamics is applied to get the equation of
motion of the system. For an element, if df g is the nodal displacement vector,
considering the effect of damping, the equation of motion for an element may be
expressed as

Me½ � €d
n o

þ Ce½ � _d
n o

þ Ke½ � df g ¼ Rf g ð1Þ

The element-level mass matrix Me½ �, damping matrix Ce½ � and stiffness matrix
Ke½ � and load vector Rf g for all the elements can be computed and assembled
together to form the system-level mass matrix [M], damping matrix [C], stiffness
matrix [K] and load vector {F} for the entire structure. The equation of motion for
the system may be expressed as

M½ � €D
n o

þ C½ � _D
n o

þ K½ � Df g ¼ Ff g ð2Þ

where Df g is the global displacement vector for the entire plate. The governing
equation of dynamic response, i.e. (Eq. 2) can be solved by direct time integration
scheme following Newmark’s b method, which is an explicit time integration
technique [7].

Fig. 1 3D view of the plate
along with axis system
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The model proposed in this case is a linear model. The present simulated study is
free from nonlinearity phenomena as well as noise. However, the formulation is
very general in nature which can incorporate the effect of the above factors. The
time domain responses are simply transformed from time domain to frequency
domain using Fast Fourier Transform (FFT). The emphasis is given on the total
energy content in the frequency data for discrimination rather than the peaks of the
FFT data.

3 Numerical Examples and Discussion

3.1 Preliminary Remarks

Numerical examples are solved, where the damage is simulated by a forcing
function of high frequency. A sinusoidal function having a frequency of 100 and
500 kHz is considered for the purpose where the duration of the force is 150 ls
following Eaton et al. [4]. To obtain the flexural AE waveforms, the forcing
function is applied out of the plane, i.e. in the transverse direction of the plate and to
obtain the extensional AE waveforms the forcing function is applied along in-plane
direction in all cases. Rectangular plate geometry is used with simply supported
boundary condition along all the edges. Displacement, velocity and acceleration at
initial time were considered as zero. Damping is not considered. The time step used
for a solution using Newmark’s-b method is taken as 0.164 ls and the value of
a and w are taken as 0.25 and 0.50 respectively.

3.2 Example 1

To validate the present model, initially, a lamina of AS4/3502 graphite/epoxy of
size 0.254 � 0.1524 � 0.00254 m is considered. The material properties used as
reported by Prosser et al. [3] and are as follows:

Density: 1550 kg/m3,

C11 = 147.1 GPa, C12 = 4.11 GPa, C13 = C12

C22 = 10.59 GPa, C23 = 3.09 GPa, C33 = C22

C44 = 3.75 GPa, C55: 5.97 GPa, C66 = C55

The source is positioned at x = 0.0508 m and y = 0.0762 m. The responses are
obtained at a distance 0.0762 m from the source along the longer side of the plate,
i.e. along x-direction. The frequency responses to 100 and 500 kHz sinusoidal
driving pulses in the out-of-plane directions are shown in Fig. 2. The frequency
responses to similar driving pulses in the in-plane direction are presented in Fig. 3.
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(a) 

(b) 

Fig. 2 FFT data of displacement response due to out-of-plane AE source causing flexural or
asymmetric mode. a 100 kHz frequency sinusoidal source and b 500 kHz frequency sinusoidal
source
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(a) 

(b) 

Fig. 3 FFT data of displacement response due to in-plane AE source causing extensional or
symmetric mode. a 100 kHz frequency sinusoidal source and b 500 kHz frequency sinusoidal
source
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The response to 100 kHz driving pulse shows that most of the energy is con-
tained below 100 kHz. As the frequency of the driving pulse increases to 500 kHz,
the frequency content of the response expands to higher frequencies. However, with
500 kHz driving pulse, it is observed that most of the energy is contained within
500 kHz and very little energy is seen above 600 kHz. It is also observed from the
above figures that for 100 or 500 kHz driving pulse, the flexural or asymmetric
mode contains more energy below 100 kHz than that of the extensional or sym-
metric mode. The findings match favourably with those obtained from experiments
in Ref. [4]. Hence, it is apparent that by discrimination of the frequency contents of
a response signal, the failure mode of damage may be assessed.

3.3 Example 2

In the previous examples, the present model is validated for single-layered aniso-
tropic material. In this example, the present model is used to further study the
two-layer composite plate [0/90] of graphite/epoxy. The plate dimension and
material properties are same as in Example 1.

The source is positioned at x = 0.0508 m and y = 0.0762 m. The flexural or
asymmetric mode AE waveforms are obtained at a distance 0.0762 and 0.127 m
from the source along the longer side of the plate, i.e. along x-direction due to
simulated out of plane 100 and 500 kHz sinusoidal pulse.

The frequency responses to 100 kHz sinusoidal driving pulse in the out-of-plane
directions, i.e. the frequency responses of the flexural AE waveforms are shown in
Fig. 4. Figure 4a shows a response at 0.0762 m from source and Fig. 4b shows the
same at 0.127 m from source.

The frequency responses to 500 kHz sinusoidal driving pulse in the out-of-plane
directions, i.e. the frequency responses of the flexural AE waveforms are shown in
Fig. 5. Figure 5a shows a response at 0.0762 m from source and Fig. 5b shows the
same at 0.127 m from source.

For the multi-layer plate, it is also observed that due to 100 kHz pulse the most
of the energy for the frequency responses is contained below 100 kHz. This is true
both for the responses at 0.0762 m (near filed) and 0.127 m (far filed). For 500 kHz
driving pulse, it is observed that for the near field almost no energy is contained at
the level of 500 kHz and beyond 500 kHz. For the far field, some energy is found
to be contained in the region of 500 kHz. However, the amplitudes are very low
compared to the near-field response. Moreover, for the flexural AE waveforms, it
can be observed that energy content in the response due to 100 kHz driving pulse is
much higher than that of the energy content observed for 500 kHz driving pulse.
Hence, it is apparent that by discrimination of the frequency contents of response
signals, an idea can be obtained about the frequency content of the driving pulse.
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(a) 

(b) 

Fig. 4 FFT data of displacement response due to out of plane AE source causing flexural or
asymmetric mode due to 100 kHz sinusoidal source. a 0.0762 m from source and b 0.127 m from
the source
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(a) 

(b) 

Fig. 5 FFT data of displacement response due to out of plane AE source causing flexural or
asymmetric mode due to 500 kHz sinusoidal source. a 0.0762 m from source and b 0.127 m from
the source
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3.4 Example 3

In Example 2, the present model is used to study the two-layer composite plate [0/
90] of graphite/epoxy for flexural or out-of-plane AE response. In this example, the
present model is used to study the extensional or symmetric mode AE response.
The plate dimension and material properties are kept same as in Example 2.

The source is positioned at x = 0.0508 m and y = 0.0762 m. The extensional/
symmetric AE waveforms are obtained at a distance 0.0762 and 0.127 m from the
source along the longer side of the plate, i.e. along x-direction due to simulated
in-plane 100 and 500 kHz sinusoidal pulse.

The frequency responses to 100 kHz sinusoidal driving pulse in the in-plane
directions, i.e. the frequency responses of the extensional AE waveforms are shown
in Fig. 6. Figure 6a shows a response at 0.0762 m from source and Fig. 6b shows
the same at 0.127 m from source.

The frequency responses to 500 kHz sinusoidal driving pulse in the out-of-plane
directions, i.e. the frequency responses of the extensional AE waveforms are shown
in Fig. 7. Figure 7a shows a response at 0.0762 m from source and Fig. 7b shows
the same at 0.127 m from source.

For the multi-layer plate, it is also observed that due to 100 kHz pulse most of
the energy for the frequency responses is contained below 100 kHz. This is true
both for the responses at 0.0762 m (near filed) and 0.127 m (far filed). However, it
is observed that the amplitudes are much lesser than that of the flexural AE
waveforms.

For 500 kHz driving pulse, it is observed that for the near field as well as for the
far filed some energy is contained in the 500 kHz zone. However, beyond 500 kHz
not much energy is found. The energy content is found to be quite less than that of
the flexural AE waveforms and extensional AE waveforms due to 100 kHz in-plane
driving pulse.

From the above, it can be said that the frequency response due to extensional AE
waveforms contain much less energy than the flexural AE waveforms for
multi-layer composite plates. Also, due to the change of the nature of the driving
pulse, i.e. the source the frequency responses are changing and thus frequency
response has a telling effect on the discrimination of damages which causes AE.

The available results in existing literature, e.g. the experimental work done by
Eaton et al. [4] depicts a similar trend as is obtained from the present mathematical
model.

4 Concluding Remarks

Acoustic emission (AE) can be used for in-service structural health monitoring of
composite structures. Composite material components are approximated as
plate-like structures due to their laminated nature. In this work, an attempt has been
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(a) 

(b) 

Fig. 6 FFT data of displacement response due to out of plane AE source causing extensional or
symmetric mode due to 100 kHz sinusoidal source. a 0.0762 m from source and b 0.127 m from
the source
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(a) 

(b) 

Fig. 7 FFT data of displacement response due to out of plane AE source causing extensional or
symmetric mode due to 500 kHz sinusoidal source. a 0.0762 m from source and b 0.127 m from
the source
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made to utilise frequency content of the response caused due to AE signals as
discriminating factor for determining different modes of failures in composites.
A generalised refined plate theory is used for modelling. Single-layer anisotropic as
well as multi-layer composite plates are studied under different high-frequency AE
like out of plane and in-plane simulated pulse. Frequency responses are obtained
and compared to discriminate the simulated damage condition.

The response to 100 kHz driving pulse shows that most of the energy is con-
tained below 100 kHz. As the frequency of the driving pulse increases to 500 kHz,
the frequency content of the response expands to higher frequencies. However, with
500 kHz driving pulse, it is observed that most of the energy is contained within
500 kHz and very little energy is seen above 600 kHz. For 100 or 500 kHz driving
pulse, the flexural or asymmetric mode contains more energy below 100 kHz than
that of the extensional or symmetric mode.

The results show that the source frequency has a telling effect on the frequency
content of the response signals which can be used for discrimination of flexural, i.e.
out of plane and extensional, i.e. in-plane mode. The present formulation is very
general in nature and can, after minor modifications, incorporate the effect of
nonlinearity and noise.
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Handling Environmental
and Operational Variations
in Structural Health Monitoring

K. Lakshmi and A. Rama Mohan Rao

Abstract Handling environmental and operational variability is currently the major
challenge in successfully implementing the structural health monitoring techniques
on real structures especially civil structures like bridges. Even though several
methods are proposed in the literature to handle the environmental variability, it still
remains an active area of research. In this paper, we present a damage diagnostic
technique capable of handling environmental variability is presented. The method
proposed is based on time series and we combine time series (AR-ARX) model
with cointegration techniques to isolate the effects of environmental and operational
variability in the measured acceleration time history signals. Numerical and
experimental verification of the proposed algorithm is presented in this paper.

Keywords Damage diagnostic techniques � Structural health monitoring
Environmental variability � Cointegration � AR-ARX model

1 Introduction

From past two decades, researchers around the globe have paid great attention
towards the development of a variety of damage diagnostic techniques for structural
health monitoring due to their significance in the safety assessment of engineering
structures. Majority of earlier damage diagnostic techniques are mainly focused on
evaluating damage features from modal properties of the structures like natural
frequency, modal curvatures, modal flexibility, modal strain energy, frequency
response functions, Ritz vectors, etc., [1]. Even though most of these techniques
work well during numerical simulations and lab-level experimentation, they found
to be ineffective for practical implementation on real structures under variable
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operational and environmental conditions. This is mainly due to the fact that the
damage features are often masked by these environmental and operational vari-
abilities. In view of this, signal processing techniques like multivariate analysis [2],
time series models [3–5], time–frequency and time scale analysis [6], can be tuned
to handle the environmental and operational variability are gaining popularity. The
other major advantage of these time series and time–frequency models are that they
are highly adaptive for implementation on wireless smart sensor networks (WSSN).
The changes in operational and environmental conditions [7] is highly profound in
the context of civil infrastructure monitoring programs, as the measured structural
responses of a structure in operational condition are exposed to daily and seasonal
variations, due to the wind, temperature loading and operational loadings (i.e. traffic
loads on bridges). In such cases, any changes in the structural responses due to the
occurrence or the progression of damage can be easily masked by the nonstationary
dynamic and quasi-static responses exhibited due to the presence of the variability.

As it is considered to be intuitive that the temperature variability is capable of
changing the material property of a structure, the effects due to temperature on the
measured dynamical structural responses have been discussed in several studies. In
order to isolate the changes due to temperature from the damage, at present, two
approaches are being followed. The first approach employs a physics-based model
to predict the response of healthy (baseline) structure over its operational range
under various environmental conditions. However, reliable physics-based models
are often very difficult or impossible to obtain for complex structures. Alternatively,
a data-driven model can be created through experimental measurements of the
baseline structure. However, this requires a very large database to create a model
valid under various operational and environmental conditions. The second approach
tries to measure the factors concerned with operational/environmental variations
such as wind speed, moisture levels, temperature, live loads, as well as the struc-
tural response at various locations. Parameterization of the normal condition of the
structure in terms of a function of different operational and environmental condi-
tions is performed. Popularly, novelty detection procedures can be employed with
such parameterized model to detect the deviations of the measured structural
responses from the normal condition that corresponds to the appropriate operational
and environmental conditions.

In this paper, we propose an output-only damage diagnostic technique for
detecting and locating the damage on the structure by combining time series model
with the cointegration technique. The cointegration technique [8] is used in the
proposed damage diagnostic algorithm to handle the environmental and/or opera-
tional variability. The effectiveness of the proposed damage diagnostic algorithm is
verified through numerical simulation studies considering environmental variability
as well as experimental studies conducted in the lab simulating environmental
variability.
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2 Handling Environmental Variability Combining Time
Series Models with Cointegration

2.1 Cointegration Technique

In most of the techniques proposed for SHM, the features obtained from the
responses of the system under observation, are tested to determine whether sig-
nificant changes in the features extracted are related to damage or not. As men-
tioned, operational and environmental variability or other nonstationary influences
can indicate significant changes in the features extracted that are not due to damage.
Recently, cointegration from econometrics [9] was proposed as a viable solution to
handle the problems associated with environmental variability. ‘Cointegration’, is
defined as a property of a multivariate nonstationary time series. If an arbitrary
linear combination, a1x1ðtÞþ . . .þ anxmðtÞ, of a m-dimensional time series exhibits
stationarity, then the said m-dimensional time series is said to be cointegrated. The
coefficients form a ‘cointegrating vector’ and the combination is called a ‘cointe-
grating relation’. Multiple cointegrating relations are possible among the variables.
The approach used for the analysis is adopted mainly based on the Johansen’s
procedure [10], which is capable of finding the cointegrating vector that results in
the stationary combination of the variables.

It can be noted that the “degree of nonstationarity” of the cointegrated time series
is same. The “degree of nonstationarity” is otherwise known and understood as the
“order of integration” of the time series. By the process of differencing, a time series
which is nonstationary is integrated to form a stationary one. The order of inte-
gration is found to be the number of differences required to become stationary and it
can be estimated by a stationarity test. To test the stationarity, the Augmented
Dickey–Fuller (ADF) test [11] is used. The ADF test procedure uses the
least-squares methods to estimate the parameters in Eq. (1) for the process xi and
the difference operator, D.

DxðtÞ ¼ dxðt � 1Þþ
Xp�1

j¼1

ajDxðt � jÞþ~eðtÞ ð1Þ

Then null hypothesis d = 0 is tested using the test statistic:

td ¼ d̂
rd

ð2Þ

where the least-squares estimate of d is d̂ and rd is the variance of the parameter
estimate, with critical values, similar to conducting a t-test. The hypothesis is said to
be rejected at the level g; if td\tg, where tg is the critical value. If the hypothesis
gets accepted, then it can be understood that the root of the time series is unity and
is I(1). And if the hypothesis gets rejected, the test is repeated for DxðtÞ and now, if
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the hypothesis is accepted, then xðtÞ becomes an I(2) nonstationary sequence. This
process is continued till the order of integration of the time series is found. If the
model is to be extended for deterministic trends or shifts, it is required to employ
additional test statistics and hypotheses. After confirming the order of integration of
the interested variables, cointegration analysis is carried out using the variables of
the same order. The Johansen procedure [10], is popularly used to obtain the
possible linear combination of the variables which are ‘most’ stationary, for few set
of nonstationary variables. This process uses the maximum likelihood argument to
obtain the estimation of the cointegrating vectors for I(1) variables. The Johansen
procedure is a complex theory and is not discussed here in detail. However, the
essential steps to carry out the Johansen procedure are discussed for completion.
The Johansen procedure starts with the fitting of the variables of interest to a Vector
Auto-Regressive (VAR) model, of the following form:

xðtÞf g ¼ C1½ � xðt � 1Þf gþ C2½ � xðt � 2Þf g
þ � � � þ Cp

� �
xðt � pÞf gþ ~eðtÞf g ð3Þ

where p, the most suitable model order, is obtained by an Akaike Information
Criterion(AIC) or from any of the similar procedures. The cointegrating vectors are
present in the matrix ½n� in the vector error correction model (VECM) as follows

z0ðtÞf g ¼ x½ �½n�T z1ðtÞf gþ W½ � z2ðtÞf gþ eðtÞf g ð4Þ

where fz0ðtÞg ¼ fDxðtÞg; fz1ðtÞg ¼ fxðt � 1Þg; fz2ðtÞg ¼ ffDxðt � 1ÞgT; fDxðt�
2ÞgT; fDxðt � pÞgT; fDTgTgT ½W� ¼ ½½A1�; ½A2�; . . .; ½Ap�1�; ½U��, fDTgT is a deter-
ministic trend term. It should be noted that the following regression residuals
fr0ðtÞg and fr1ðtÞg are to be evaluated first, to find ½n�;

Z0ðtÞf g¼ M1½ � Z2ðtÞf gþ r0ðtÞf g ð5Þ

Z1ðtÞf g ¼ M2½ � Z2ðtÞf gþ r1ðtÞf g ð6Þ

Once the residuals are found, then the product moment matrices are defined as

Kjk
� �¼ 1

N

PN
t¼1

rjðtÞ
� �

rkðtÞf gT j; k ¼ 0; 1 ð7Þ

At last, the cointegrating vectors are obtained from the generalized eigenvalue
problem, of the moment matrices, as follows:

k0 K11½ �� K10½ � K00½ ��1 K01½ �
� �

mf g¼ 0 ð8Þ

The eigenvectors corresponding to the largest eigenvalue become the cointe-
grating vector that results in the best stationarity state, out of combining the original
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variables. More details on cointegration can be found in Refs. [9, 10]. The
implementation of the cointegration technique in practice for SHM involves the
establishment of the cointegrating vectors using data from the undamaged structure
during the training period. When a new data arises, it is projected on the cointe-
grating vector obtained earlier and observed for the stationarity of the combination.
On introduction of any damage, this stationarity is lost and the combination
becomes nonstationary. This gives the time instant of damage and time series
analysis is carried out using AR-ARX model on the data after damage to find the
spatial location of damage. The complete damage detection process combining time
series models with cointegration is shown in Fig. 1.

2.2 Time Series Analysis

Once the time series is cointegrated, it becomes stationary and free from environ-
mental and operational effects but preserves all the damage features. Subsequently,
AR-ARX model is used for damage diagnostics of the cointegrated time series x(t).
For an acceleration time series x(t) of each channel in the subsets of reference data,
an AR model is constructed with ‘P’ AR terms as

xðtÞ ¼
Xp

j¼1

/xjxðt � jÞþ exðtÞ ð9Þ

where / denotes the AR coefficients and ex denotes the prediction errors. With an
assumption that the error ex tð Þ, between the measurement and the prediction

Healthy datasets 
for training

Augmented Dickey 
Fuller test

Johansen Procedure to 
get Cointegrating vector

Project current data onto 
the Cointegrating vector 

to get residual time series

Time series analysis
AR-ARX Damage index

Fig. 1 Flowchart of the
proposed technique using
cointegration to handle
environmental variability

Handling Environmental and Operational Variations … 1115



obtained by AR model is primarily due to the external unknown input, an ARX
model is used to reconstruct the input–output relationship between ex tð Þ and x tð Þ as
follows.

xðtÞ ¼
Xa
i¼1

aixðt � iÞþ
Xb
j¼1

bjexðt � jÞþ exðtÞ ð10Þ

where exðtÞ indicates the prediction error of the ARX(a, b) model fitted to the ex tð Þ
and x tð Þ pair.

Now, the accuracy of ARX(a, b) model, estimated in Eq. (10), is investigated in
reproducing the input/output relationship of ey tð Þ and a current data subset, y(t).

eyðtÞ ¼ yðtÞ �
Xa
i¼1

aiyðt � iÞþ
Xb
j¼1

bjeyðt � jÞ ð11Þ

where ey tð Þ is considered to be an approximation of the system input estimated from
Eq. (9) for a current data subset. ai and bj coefficients are related to x(t) and
obtained from Eq. (10).

The probability density function (PDF) curves are constructed using the residual
errors obtained from ARX model for the time series data at each node and they
follow a Gaussian distribution. Further, the PDF curve constructed using the
residual errors obtained for the time history data measured at a node near the
damage location is found to be more dispersed than the corresponding time history
data before damage. Similarly, the peak of the PDF curve related to data with
structural damage is also much lesser in comparison with healthy PDF curve. The
details of PDF curves drawn for time history data at a typical node with
the structure both in healthy state and also with damage is shown in Fig. 2. The

Fig. 2 PDFs of residual
errors of healthy and damage
data from a sensor near an
arbitrary damage location
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difference in the PDF curves is exploited to arrive at a damage index. The damage
index is defined as

DI PDF ¼ fc 1�q=2ð Þ ¼ �fc q=2ð Þ
fc max

ð12Þ

3 Numerical Studies

3.1 Simply Supported Beam

The simply supported beam girder, with a span of 6 m as shown in Fig. 3 is
considered as a numerically simulated example to verify the effectiveness of the
cointegration in handling the environmental variability. The generated baseline data
is divided into 80 subsets and varied levels of measurement noise (i.e. SNR values
varying between 40 and 60) is added to each subset of data to simulate the noise
and other uncertainties in the measurements. A random temperature in the range of
−15 to 50 °C is simulated while generating the baseline subset data. Each subset of
baseline data consists of 500 samples. The healthy data generated is partitioned into
30 subsets. These subsets (signals) are with varying levels of noise, environmental
conditions and also obtained with random input excitation. Similarly, 30 current
data subsets (i.e. 15 s data) are generated with varied temperature, operational loads
and measurement noise. The current data is a combination of the data from a
healthy structure and the data with simulated damage on the structure in predefined
elements. Hypothetical damage scenarios are simulated by reducing the stiffness of
4th element by 25%, after obtaining 20,000 samples of current data (i.e. after 10 s).
Out of 30 current subsets, last 10 subsets are considered to be obtained from the
structure after damage.

Initially, the healthy data subsets are subjected to the Augmented Dickey–Fuller
test and then to the Johanson’s procedure to obtain the cointegrating vector. This is
the training phase and the current data subsets are employed in the testing phase to
diagnose the damage. The first cointegrating vector obtained from the training
phase is projected onto the current data subsets to purge of the environmental and
operational variability. This produces a cointegrated time series vector which must
be stationary. Figure 4 shows the cointegrated vector of a training data subset
(500 samples) and a current data subset (500 samples) from the healthy structure.
From the figure, it can be observed that the cointegrated time series of the current

6m
Elastic Modulus = 205 GPa ; Cross sectional Area = 0.225m ;

;

2

Mass Density = 7850 Kg/m3 Moment of Inertia = 0.000562 m4

Fig. 3 Simply supported beam
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data subset is stationary and follows a similar trend of the training data subset.
When the 21st subset is subjected to damage detection, the cointegrated time series
of the current data subset departs from that of the training subset indicating the
presence of damage. This is shown clearly in Fig. 5. The time instant of damage can
be obtained from the index number of the subset which is being investigated for
damage.

Once the presence of damage is indicated, the time series analysis is performed
after normalisation [4] of data to evaluate the damage index of every sensor using
AR-ARX model errors. The PDF-based damage index described in the earlier
section is employed to determine the spatial location of damage. Figure 6a, b show
the damage index of the subset when diagnosed with and without the cointegration
procedure to handle the environmental variability respectively. The damage indices
are shown in Fig. 6, clearly, indicating the spatial location of damage as element
number 4.
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Fig. 4 Cointegrated residual
of a healthy current data
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Fig. 5 Cointegrated residual
of current data with damage
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4 Experimental Verification

Laboratory experimental studies in CSIR-Structural Engineering Research Centre
(SERC) are carried out to validate the ability of the proposed damage diagnostic
algorithm. The test structure considered is a simply supported RCC beam with
dimensions: span length-3000 mm, Width-165 mm and Depth-200 mm and is
shown in Fig. 7. The beam is instrumented with 16 MEMS accelerometers, placed
spatially at equal distances along the beam to obtain acceleration time history data.
In order to simulate the ambient vibration on the beam, a hydraulic actuator,
applying the random and harmonic loadings at the centre of the beam is used. The
loading frequencies, as well as amplitude, is varied during each set of measure-
ments to simulate operational variability. Similarly, in order to simulate the envi-
ronmental variability, small masses are randomly placed on the beam for each set of
measurements. Damage in the form of a crack is inflicted at one- third of a span of
the beam from the left support and after collecting time history measurements,
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Fig. 6 Damage indices
obtained using time series
model with and without
cointegration
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another damage is inflicted at one-third of the beam from right support. The damage
indices obtained using the proposed damage diagnostic technique for both the
single and multiple damage scenarios are shown in Fig. 8. From Fig. 8, it can be

Fig. 7 Experimental setup
for the verification of the
proposed damage diagnostic
algorithm
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Fig. 8 Damage indices of
single and multiple damage
scenarios of the simply
supported RCC beam
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seen that the cointegration purges the effect of the environmental variability and
enables the damage index DI_PDF to locate single as well as multiple damages
effectively.

5 Conclusion

In this paper, a novel damage diagnostic technique, combining cointegration with
AR-ARX model to handle environmental and operational variability is presented.
The proposed damage diagnostic algorithm is verified using both numerically
simulated examples as well as using experimental results. The studies presented in
this paper clearly indicated that the proposed technique is effective in identifying
the time instant as well as the spatial location of damage and it can handle the
measurement noise apart from environmental and operational variability quite
effectively.

Acknowledgements This paper is being published with the permission of the Director,
CSIR-Structural Engineering Research Centre (SERC), Chennai.
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Influence of Curing on Acoustic
Emission Characteristics of Plain
Concrete Subjected to Uniaxial
Compression

Richa Priyadarshi, Isha Narsaria, K. P. Sreejaya and R. Vidya Sagar

Abstract Acoustic emissions (AE) released during the uniaxial compression
testing of cylindrical plain concrete specimens were analysed to study the fracture
process by the computation of b-value of Gutenberg–Richter relation. Also, the
influence of curing of plain concrete on AE characteristics like energy and cumu-
lative count has been studied. The b-value decreased suddenly at *96% of failure
stress. Also, the lateral shift towards left was observed in b-value based on the
concrete compressive strength. The cumulative AE count at different stages of
loading can be useful to study the crack propagation. Also, the crack pattern
emerged on the test specimen near the peak stress was analysed using the locations
of the AE events recorded. At the time of ultimate failure, shear cracks were
observed.
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1 Introduction

Concrete is a quasi-brittle material. It is widely used in the construction of many
structures like bridges, dams, buildings, etc. There is a necessity to monitor and
assess the performance as well as the safety of concrete structures. AE monitoring
technique is one of the powerful methods to study fracture process in concrete
structures [1]. It is important to understand the initiation of internal cracks in
concrete and their propagation with increasing load.

Acoustic emission is the phenomena where transient elastic waves are generated
by the rapid release of energy from localized sources within a material under stress.
It is the process of emission and propagation of stress waves generated from local
irreversible changes in the material. In concrete, during fracture process, the AE
energy will be released in the form of stress waves which propagate in the material.
These stress waves can be detected on the surface of the material by mounting
piezoelectric transducers which convert the mechanical waves into electrical sig-
nals. AE occurs at locations where there is a chance of new permanent deformations
developed due to high stresses.

The AE monitoring method is one of the non-destructive testing (NDT) methods
in which the recorded parameters of AE wave can be utilized for detecting damage
in concrete structures.

b-value analysis is used to process and interpret the AE data obtained from the
monitoring of a structure. It is used to study the fracture process of the concrete and
measure the severity of a damage.

According to Gutenberg–Richter empirical relation [G–R relation] as shown in
Eq. (1), the b-value is defined as the log-linear slope of the frequency–magnitude
distribution of the earthquakes [2, 3].

log10 N ¼ a�bM ð1Þ

where M is Richter magnitude of the earthquakes; N is the number of earthquakes
having a magnitude greater than M, a and b are constants. b-value is an important
parameter used to study the occurrence of earthquakes and is widely used in
seismology [1].

Analogous to the occurrence of earthquakes, frequency of waves having higher
amplitude AE is less and low-amplitude AE waves are more during fracture process in
concrete. b-value can also be computed in the case of AE monitoring technique. Based
on the extent of damage in the concrete structure, AE signals of different amplitude are
generated by micro or macrocracks. Microcracks having small amplitude are gener-
ated in large number, whereas macrocracks having larger amplitude are lesser in
number. The G–R relation can be modified in case of AE technique as shown in
Eq. (2)
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log10 N ¼ a� b
AdB

20

� �
ð2Þ

where N is the incremental frequency (i.e., the number of AE events or hits with an
amplitude greater than the threshold amplitude, a and b are constants. b-value is
defined as the ‘log-linear slope of the frequency–amplitude distribution’ of AE [2].
When a reinforced concrete (RC) beam is subjected to flexure, it undergoes both
compressive and tensile stresses. If the strain in the tension steel exceeds the
allowable limit, then the crack propagates from the tension zone to the compression
zone. Hence, the study of fracture of concrete in compression is required.
Parametric study of Acoustic Emission is important to establish a relation between
the failure mechanism with various AE parameters. The damage severity can be
assessed based on following relations: (1) Significant changes in AE parameters
during various stages of cracking namely, initiation, propagation and coalescence of
cracks (2) Nature of crack (microcrack and macrocrack) to assess the severity of
damage, especially post ultimate load (3) Brittleness of concrete (4) Mode of failure
of the material (Shear or tensile).

2 Experimental Program

2.1 Materials and Test Specimens

Uniaxial compression tests were conducted using cylindrical concrete specimens
(150 mm dia X 300 mm height) on 7th, 14th and 28th day. 10 concrete specimens
were designed for M25 according to IS 10262:2009. The concrete mixture pro-
portion details are given in Table 1. Specimens were cast and later cured at the
room temperature.

Table 1 Concrete mixture
proportions (kg/m3)

Property

Cement (53 Grade; OPC) 426

Coarse aggregate 12.5 mm 455

20 mm 682.6

Fine aggregate 612.6

Water 192

Water/binder ratio 0.45

Compressive strength (MPa) 7th day 27

14th day 28.25

28th day 33.4
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2.2 Test Setup

Compression tests were conducted under displacement control at a rate of
0.002 mm/s using servo-controlled hydraulic testing machine of capacity 1200 kN.
Simultaneously, the various AE parameters were recorded using an 8 channel
PC-based AE system (Spartan of PAC, USA). The test setup is shown in Fig. 1.

2.3 AE Monitoring System

A 8-channel AE monitoring system was used to record the released AE.
Resonant-type AE sensors (57 kHz) were mounted on the specimen. An equilateral
triangular grid layout of AE sensors is used as shown in Fig. 2a, b. The AE
threshold was set at 39 dB with floating value of 6 dB. The sensors were mounted
in a triangular grid so that the whole specimen can be covered and the detected
signals do not overlap hence, minimizing the error.

3 Results and Discussion

3.1 AE-Based b-Value Analysis

Uniaxial compressive tests were carried out on a group of 3 similar and identical
specimens each on 7th, 14th and 28th day. AE-based b-value was calculated by
using Eq. (2). A group of 100 hits was taken to reduce the computation effort.
b-value has an inverse relation with the amplitude of the AE signal detected as
discussed. On superimposing the b-value versus time graph with load versus time
graph, a pattern can be observed which explains the fracture mechanism in con-
crete. It is shown in Fig. 3.

AE Data acquisition 
system Specimen with 

attached sensors

Testing 
machine

Fig. 1 Experimental setup in
Structures laboratory, Civil
Engineering Department, IISc
Bangalore
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In the initial stages of loading, a gradual increase in b-value is observed varying
from 0.5 to 4 which encounters a sudden drop at *96% of the peak load. On
further increase in loading until the final collapse of the specimen, the variation of
b-value is only from 1.0 to 1.5. A high b-value arises due to low-amplitude hits in

Fig. 3 Variation of b-value with time [tested on 14th day; b-value is smoothened by taking the
mean of five and overlapped in the same plot]

(a)

(b)

Fig. 2 a View of the cylindrical specimen showing the position of the sensors. b Top view of the
cylindrical specimen mounted with AE sensors. [S3 to S8 indicates sensors]
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large number representing new crack formation and slow crack growth, whereas a
low b-value indicates faster or unstable crack growth accompanied by relatively
high amplitude AE [4]. The crack growth is characterized by coalescence of
microcracks. After the peak load is attained, macrocracks are visible resulting in
low b-values.

The similar pattern of decrease in b-value is observed for 7th-day and 28th-day
specimen as in 14th-day specimen. Through Fig. 4, a relation between b-value with
the age of concrete has been tried to establish. A shift in b-value curve towards left
is observed due to change in the compressive strength of concrete. As brittleness of
concrete increases with the curing period, less high-energy AE events are generated,
hence lower b-value after the peak load is observed.

The shifting of the time for attainment of peak stress indicates the increase in the
brittleness of the concrete [5]. It can be observed that the concrete of age 7th day is
more ductile in nature while the concrete age of 28 days is more brittle as shown in
Fig. 5.

The time at which the specimen failed for 7th-, 14th- and 28th- day test was
2733 s, 2600 s and 1818 s respectively. The 7th-day concrete is capable of bearing
less stress than 28th-day concrete but it can bear it for longer period of time due to
its ductile nature. The dotted line in the Fig. 5 indicates the 14th-day response,
which shows lesser softening than the former one. As 28th-day concrete is more
brittle in nature, it attained the peak stress before the other two and showed a

Fig. 4 Variation of b-value
with the curing

Fig. 5 Variation of
compressive strength with
curing period
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sudden decrease in the post-peak region. It is observed that when the concrete is
more brittle, softening of concrete after post peak is less. Though Fig. 5 does not
establish any new result but it confirm previously known facts.

3.2 Analysis of Cumulative AE Counts

AE count is the number of threshold crossings of an AE signal. On ageing, the
cumulative count is found to shift towards left as stress level changes. It indicates
that as macrocracking is more in the brittle material upon loading, it results in
higher cumulative AE count.

The AE count recorded during the test can be divided into three phases namely
(i) silent period, (ii) swift growth period and (iii) surge period (Fig. 6a, b, c) on the
basis of change of slope of the cumulative count with time.

In silent period, AE counts are very less in number due to the occurrence of
microcracks. The cracks are stable as the coarse aggregates prevent the formation of
macrocracks. Also, the rate of change of the cumulative count is very small. In swift
growth period, due to increase in stress, number of AE counts also increased but not
significantly. It can be distinguished from the silent period by considering the
change in the slope of the graph. While in the surge period, as the peak stress is
reached, number of AE count has increased suddenly. Duration of surge period is
increased with the age of concrete as the concrete has become more brittle.

The cumulative AE count increased with the age of the concrete due to increase
in the strength of the concrete. It can be observed from Fig. 6a–c that as brittleness
of concrete increased, duration of surge period decreased and rate of increment of
counts increases. As near to peak load, microcracks coalesces to form macrocrack,
less number of high amplitude AE are emitted and rate of threshold crossing
reduced. At peak stress predominantly macrocracks are present, surge period
increases with ageing of concrete. Also, it is observed from Fig. 6c is that even after
reaching peak stress at t = 934 s, the specimen resist more stress. The reason may
be due to aggregate inter-locking. The slope of the cumulative AE count also
changed twice once at t = 934 s and other at t = 1050 s, strengthening the occur-
rence of surge period. It shows that on attaining ultimate load, there is an increase in
AE count.

3.3 Variation of AE Energy

AE energy can be defined as the total elastic transient energy released by an
emission event. AE energy is more sensitive to amplitude and duration of an AE
signal than AE count. Also, it is less dependent on frequency and threshold of AE
signal. It can be considered a better measure to interpret the magnitude of the source
rather than counts. Figure 7a, b, c, shows the variation of AE energy released with
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time and the stress applied. All the three graphs depict that there is no significant
AE energy present before the peak stress, hence the formation of microcracks.

Considering the distribution of AE energy over time of 28th day as shown in
Fig. 7, there is a sharp increase of AE energy which indicates the formation of
macrocracks (shear cracks) with a tremendous energy of 22,274 V2-s. At this
instant, microcracks have coalesced leading to the opening of microcracks. Also
there is a difference between the initial AE energy of 1.0873e–03 V2-s, close to zero
and ultimate AE energy 22,274 V2-s. Also, it is clear that higher AE energy of
signals indicates the onset of critical cracks. Hence, the AE energy can be used to
assess the severity of a damage.

Table 2 shows the variation of cumulative AE energy with the curing period. AE
energy with higher values could be related to brittle fracture, whereas a lower value

(a)

(b)

(c)

Fig. 6 Variation of
cumulative AE count on a 7th
day, b 14th day, c 28th day
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(a)

(b)

(c)

Fig. 7 Variation of AE
energy with time on a 7th
day, b 14th day, c 28th day

Table 2 AE energy recorded
at various curing periods

Curing period (days) Cumulative AE energy (V2-s)

7 12005363

14 16448577

28 17752361
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of AE energy indicates propagation of stable ductile crack. From Table 2, an
increase in the cumulative AE energy with curing period of the concrete can show
the increase in brittleness of the concrete with its curing period.

The amount of AE energy released depends on the size of the crack formed and
crack propagation. The AE amplitude is proportional to the area of new surface
formed and crack velocity. If the crack occurring is a sudden discrete one, it
produces high amplitude signal than a slow creeping advance of the crack tip. Up to
peak stress, the AE released is low compared to that released after the peak stress.
The predominance of sudden discrete cracks can be assessed near to peak stress.

3.4 Crack Pattern

Identification of cracking mode can be studied based on the AE parameters like rise
angle (RA) and average frequency (AF). The rise angle is the ratio between rise
time and peak amplitude. Rise time is the time required to reach peak amplitude
after the first threshold crossing. AF is the ratio of AE count and peak amplitude.
The cracking mode can be identified based on the above parameters.

Mode-I fracture is dominated by tensile cracks. In the initial parts of loading,
longitudinal waves propagate in concrete test specimen since they are fast. Tensile
cracks are characterized by low RA and high AF. They are also appeared as vertical
cracks, while shear cracks are diagonal in nature and having high rise angle and low
average frequency. Mode-II cracks are characterized as shear cracks.

Shear cracks are expected to cause global failure. As delay is there in attaining
maximum energy, shear cracks occur in later stages [3]. Due to the formation of
vertical and diagonal cracks, plain concrete fails. It can be observed from Fig. 8 that
post peak time period has a shear crack formation.

Figure 8 shows the event location on the longitudinal section of the specimen
PC-14b, after peak stress is reached, as observed in the AEwin software. The
analysis has been done by replaying the data of the events recorded by all the
channels on plotting X-Y position graph during selected time intervals. In the initial
stages of loading, vertical tensile cracks were formed. The development of diagonal

Fig. 8 Post peak
(1050–2000 s)
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shear cracks was observed after some time. The ultimate failure occurred due to the
formation of shear cracks in the specimen under uniaxial compression.

Figure 9 shows the comparison between the crack pattern observed on the test
specimen and the crack pattern obtained by plotting x, y and z-position of the
events recorded by the sensors mounted on the specimen. The graph has been
plotted using PAC AEwin Software by replaying the recorded AE data. It replicates
the cracks observed during the test on the test specimen and AE event locations.

The cracks enclosed by black circle both on the specimen after the test and the
graph shows the diagonal or the shear cracks. The cracks enclosed by a blue circle
show the vertical or the tensile cracks. A similar pattern of diagonal and vertical
cracks is observed which justifies the observed and calculated results of the dis-
locations occurring on the specimen.

4 Conclusions

This paper presents an analysis of concrete specimen under uniaxial compression
by acoustic emission method.

1. b-value was found to drop suddenly indicating unstable and faster crack growth
near to peak load whereas high b-value indicates large number of small AE hits
causing stable and slower propagation of crack. As concrete becomes brittle on
ageing less high-energy AE events are generated hence lower b-value after peak
load, causing the b-value plot to shift laterally (Fig. 4).

2. As high AE energy signals indicate onset of critical cracks, formation of
macrocracks near to peak stress can be observed from Fig. 7. Thus the severity

Vertical cracks/ Tensile cracks

Diagonal cracks/ Shear cracksFig. 9 Crack pattern
observed in the experiment
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of the damage can be assessed from the AE energy released during Acoustic
Emission testing.

3. Lower AE energy indicates stable ductile crack propagation. For brittle fracture,
AE energy will be high causing audible crackling noise. On ageing AE energy is
found to increase. Hence a shift is observed in cumulative AE energy from 7th
day to 28th day (Table 2).

4. Through the AE cumulative count versus time plot, it can be said that the crack
formation in concrete can be divided into three phases, namely silent period,
swift growth period and surge period on the basis of the rate of change of slope.
Also, the duration of surge period increases with the age of concrete due to the
accumulation of stress.

5. Different modes of failure namely, tensile and shear failure can be observed on
the specimen in the form of vertical and diagonal cracks respectively. Also, the
same can be verified by plotting x and y coordinates of events detected by the
AE sensors mounted on the specimen.
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Size-Dependent Wave Propagation
Response in Nanoscale Beams Using
Spectral Finite Element Method
Incorporating Surface Energy Effects

N. Khandelwal and S. Kapuria

Abstract In this paper, 1D spectral finite element (SFE) formulation is developed
for studying wave propagation response of nanoscale beams, considering the
Gurtin-Murdoch continuum model accounting for surface energy effects. The
numerical results obtained from the developed SFE for beam static deflection and
natural frequencies are compared with the analytical results available in the liter-
ature. Numerical results for wave propagation analysis in beams for tone burst
signal and impulse signal are also presented, considering surface energy effect, and
compared with the beam theory without the surface energy effects. It is observed
that nanoscale beam wave response shows a significant influence of the surface
energy effect, which also explains the size-dependent behaviour.

Keywords Wave propagation � Spectral finite element � Root mean square
deviation

1 Introduction

Dynamic analysis of the engineering structures is governed by either low-frequency
loading or high-frequency loading. High-frequency loading comes under the cat-
egory of wave propagation [1]. The frequency content in the high-frequency
loading can vary in the range of KHz to GHz and many modes participate in the
analysis of wave propagation response. To capture the effect of every mode of
structure in high-frequency loading, finite element meshing of the structure should
be very dense and size of each element should be in the order of the wavelength of
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the signal. This results in large system size even for 1D structure, hence conven-
tional FEM becomes time consuming when applied to high-frequency excitation
problems [2] and not helpful for online structural health monitoring which demands
for short computation time.

Spectral finite element method (SFEM) is a numerical method that has evolved
in recent years, to solve high-frequency loading problems. The SFEM is a com-
putational technique that basically combines two different numerical techniques that
is spectral methods and the finite element method (FEM). Two types of approaches
are used in SFEM. The first one is based on the frequency domain defined by
Bescos and Narayanan [3] and the second one is in the time domain given by Patera
[4]. The SFEM proposed by Beskos and Narayanan [3] is basically the FEM
formulated in the frequency domain. In Beskos and Narayanan [3] approach, the
time domain solution obtained from frequency domain involve inverse Laplace
transform. The use of Laplace transform for solution of wave equation is limited
because of difficulty in performing inverse transformation which makes complex
structures difficult to solve by this approach and the application of this approach in
the wave propagation analysis of anisotropic and inhomogenous structure has not
been well documented in the available literature [1]. The SFEM, proposed by Patera
[4], is a weighted residual method like the conventional FEM and discretize the
whole structure into small elements. However, it uses high-order interpolation
functions with a numerical integration rule known as a nodal quadrature, where
integration points coincide with nodal points. Kudela et al. [2] use the Patera [4]
approach to solve wave propagation modelling in 1D structures. In Komatitsch
et al. [5, 6] extend the same approach to 2D and 3D fully anisotropic media.

Application of nanoscale beams is most commonly found in NEMS-based
sensor and actuator devices. These NEMS devices contribute to the wide diversity
of applications such as sensors, medical diagnostics, displays, and data storage [7].
Dynamic analysis is highly important for design and manufacturing of nanoelec-
tromechanical system (NEMS). The behaviour of nanoscale beams is size depen-
dent, which cannot be modelled by classical beam theory. It has been reported that
the size-dependent behaviour can be essentially influenced by the surface energy
effect, which is prominent in the nanoscale.

Incorporation of surface energy into the continuum mechanics was first proposed
by Gurtin and Murdoch [8]. In their study, the surface was assumed as zero
thickness deformation membrane fully bonded to the bulk material of the structure.
The equilibrium and generalized Young–Laplace equations and own constitutive
relations were used. Lim and He [9] developed a model based on the Gurtin–
Murdoch continuum theory to analyse the nonlinear deformation of a thin nanoscale
film under bending. Liu and Rajapakse [10] presented a generalized mechanistic
model, incorporating surface energy effects based on Gurtin-Murdoch continuum
theory, for thick and thin nanoscale beam. Their work presents analytical solutions
for the static response under different loading and boundary conditions, as well as
the solution of free vibrations of such beams. From their study, it was concluded
that classical beam theory are not suitable for modelling beams with higher surface
residual stress and surface elastic moduli. Liu et al. [11] presented a 1D finite
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element modelling of beams accounting surface energy effect based on
Gurtin-Murdoch theory.

In this paper, Galerkin-type SFE is developed for obtaining the wave propaga-
tion response of nanoscale Timoshenko beams considering the surface energy
effect. It employs the model developed by Liu and Rajapakse [10] based on
Gurtin-Murdoch surface elasticity theory. SFEM second approach proposed by
Patera has been used for beam modelling. Wave propagation response is analysed
under the different type of high-frequency loading (tone burst signal and Impulse
signal). The results are compared with those obtained without the surface energy
effect.

2 Spectral Finite Element Method

There are two techniques, h refinement and p refinement, which are used in con-
ventional FEM to solve high-frequency loading problems.

In h refinement techniques, the number of elements used for discretization is
increased, while the order of interpolation polynomial remains fixed within each
element, but as the number of element increases, the computation time also
increases, making this approach inconvenient for the high-frequency loading
problems. In p refinement techniques, the number of elements used for dis-
cretization remains same while the polynomial interpolation order increases within
each element to improve the accuracy of finite element method. Conventional FEM
uses a set of local shape functions within each element defined by Lagrange
interpolation polynomial having evenly spaced nodes. As the order of Lagrange
interpolation polynomial, having evenly distributed nodes, increases, oscillations
arise near the ends of the interpolation domain [12] making the p refinement
technique unsuitable for high-frequency loading problem. Definition of ith
Lagrange interpolation polynomial is given by Eq. (1) which exhibit a property
define by Eq. (2), where dij denotes Kronecker delta.

wiðnÞ ¼
ðn� n1Þ. . .ðn� ni�1Þðn� niþ 1Þ. . .ðn� npþ 1Þ
ðni � n1Þ. . .ðni � ni�1Þðni � niþ 1Þ. . .ðni � npþ 1Þ

ð1Þ

wiðnjÞ ¼ dij ð2Þ

This oscillation problem can be removed by SFEM. The SFE formulation for the
stiffness and mass matrix is similar as conventional FE formulation [2], only change
lies in the shape functions. Shape functions within an element are defined by
Lagrange interpolation polynomial w, as defined in the case of conventional FE, but
it consists of unevenly distributed nodes. These unevenly distributed nodes are
obtained using the roots of the first derivative of the Legendre polynomials [12],
defined in Eq. (3), over the interval of the n axis, subjected to the constraints that
the first node is placed at n1 = 1 and the last node is placed at nr+1 = 1, where r is
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the order of the Legendre polynomial. The main reason for adopting the roots of the
derivative of the Legendre polynomials is that the values of interpolation functions
are guaranteed to vary in the range [−1, 1], independent of the order of the poly-
nomial [12].

ð1� n2ÞL0rðnÞ ¼ 0 ð3Þ

where L0rðnÞ is the first derivative of Legendre polynomial of order r.
Nodal quadrature weights wi are defined from Eq. (4).

wi ¼ 2

pðp� 1Þ½Lp�1ðniÞ�2
i 2 1; . . . ; p; p ¼ Pþ 1 ð4Þ

Lagrange polynomial, having unevenly spaced nodes, when combined with
nodal quadrature integration rule leads to diagonal form of mass matrix which
reflect in the reduction of complexity and cost of algorithm [2].

In this paper, 8-noded spectral element is used within the formulation whose
node locations and weightage is given in Table 1.

3 Spectral Finite Element Formulation of Beams
Considering Surface Energy Effect

Consider a beam as shown in Fig. 1 having A and S as area and perimeter of cross
section respectively. Surface energy model used in the formulation is based on the
Gurtin-Murdoch theory [8].

Surface of the beam is assumed as zero thickness elastic membrane fully adhere
to its bulk. Bulk material of the beam is governed by assuming plane stress con-
dition with rxx, rzz, rxz as non-zero stress and exx, ezz, exz as non-zero strain. Surface
of the beam is governed by generalized Young–Laplace equations.

Table 1 Node locations and
their weightage

Node no. Node location Node weightage

1.
2.
3.
4.
5.
6.
7.
8.

−1.0000
−0.8717
−0.5917
−0.2092
0.2092
0.5917
0.8717
1.0000

0.0357
0.2107
0.3411
0.4125
0.4125
0.3411
0.2107
0.0357
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sxx ¼ s0 þð2l0 þ k0Þu;x and szx ¼ s0v;x ð5Þ

where s0 is the unconstrained residual surface stress on the surface, and l0 and k0
are the Laplace surface constants, which can be determined experimentally from an
atomistic model.

The free body diagram of beam element having length as △x is shown in Fig. 2
subjected to arbitrary distributed transverse load q. M and Q denote the internal
moment and the shear force respectively. Ti = rijnj are the contact traction force to
provide the interaction between surface and bulk material of beam.

The bending moment and vertical forces equilibrium equations for beam element
imposing Timoshenko theory is given by Eqs. (6) and (7) (see [11]).

GjAðv;xx þ/;x Þþ s0s
�v;xx �qðxÞ ¼ ðqAþ q0s

�Þ€v ð6Þ

½EI þð2l0 þ k0ÞI��/; xxþ 2tIs0
H

v;xxx

� GjAðv;x þ/Þ ¼ ðqIþ q0I
�Þ€/þ 2tIq0

H
€v;x

ð7Þ

where E is the Young modulus, I is the area moment of inertia, t is the Poisson’s
ratio, q is the mass density of the bulk and j is the shear correction factor. v and /
are the transverse and angular displacement of the beam an q0 is the mass density of
surface. I� ¼ R

z2ds is the perimeter moment of inertia, and s� ¼ R
ds. In case of

beams with a rectangular cross section of depth 2 h and width b, these relations are
defined as given by Eq. (8).

Fig. 1 Geometry of
rectangular beam and its
coordinate system

Fig. 2 Free body diagram of
a beam element
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I ¼ 2bh3=3; I� ¼ 2bh2 þ 4h3=3
S� ¼ 2b; H ¼ 2h

ð8Þ

If the surface effects are not taken into the consideration (i.e. l0, k0, q0 and s0 are
zero), then Eqs. (6) and (7) reduce to the governing equations of the classical beam
theory. On applying the Galerkin approach in Eqs. (6), (7), by using �v and �/ as
assumed weight functions, lead to the weighted residual statement given by Eq. (9).

ZL

0

ðGjAðv;xx þ/;x Þþ ð½EI þð2l0 þ k0ÞI��/;xx þ s0s
�v;xxf

�qðxÞÞ�vþ 2tIs0
H

v;xxx �GjAðv;x þ/ÞÞ�/
�
dx

¼
ZL

0

ðqAþ q0I
�Þ€/þ 2tIq0

H
€v;x Þ�/

� �
dx

ð9Þ

On applying integration by parts rule to Eq. (9) results in the weak formulation
as given by Eq. (10).

ZL

0

GjAðv;x þ/Þð�v;x þ �/Þþ ½EIþð2l0 þ k0ÞI��/;x �/;x
�

þ 2tIs0
H

v;xx �/;x þ s0s
�v;x �v;x þ qðxÞ�v

�
dx� ðQ�vþM�/Þ��L0

¼
ZL
0

ðqAþ q0s
�Þ€v�v� ððqIþ q0I

�Þ€/þ 2tIq0
H

€v;x Þ�/
� �

dx

ð10Þ

where shear force (Q) and bending moment (M) can be expressed as

QT ¼ GjAðv;x þ/Þþ s0s�v;x

MT ¼ ½EI þð2l0 þ k0ÞI��/;x þ 2tIs0
H

v;xx
ð11Þ

To simplify the formulation, assume weight function �v and �/ the same as v and
/ respectively.

Elemental stiffness matrixes are obtained from the left-hand side of Eq. (10).

Ke ¼ Ke
1 þKe

2 þKe
3 þKe

4 ð12Þ
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where

Ke
1 ¼

ZL

0

GjA
dv
dx

þ/

� �
dv
dx

þ/

� �
dx

Ke
2 ¼

ZL

0

½EI þð2l0 þ k0ÞI�� d/dx
d/
dx

dx

Ke
3 ¼

ZL

0

2tIs0
H

d2v
dx2

d/
dx

dx

Ke
4 ¼

ZL

0

s0s
� dv
dx

dv
dx

dx

ð13Þ

Elemental mass matrices are obtained from the right hand side of Eq. (10):

Me ¼ Me
1 þMe

2 þMe
3 ð14Þ

where

Me
1 ¼

ZL
0

½qAþ q0s
�� d2v

dt2

� �
vdx

Me
2 ¼

ZL
0

½qIþ q0I
�� d2/

dt2

� �
/dx

Me
3 ¼

ZL
0

2tIq0
H

d3v
dx dt2

� �
/dx

ð15Þ

For an element subjected to a transverse load q(x), the force vector becomes

Fe ¼
ZL

0

qðxÞ v dx ð16Þ

To derive the desired form of stiffness and mass matrix using the SFE method
for the beam considered in the formulation, 8-noded spectral element is used with
two degree of freedom per node (v and /) as shown in Fig. 3.
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The element nodal displacement vector is

ve ¼ ½v1 /1 v2 /1 . . .: v8 /8�T ð17Þ

The element generalized displacements v and / are interpolated, using same
interpolation functions wi (i = 1, 2, … , 8), within each element as

v

/

( )
¼ w1 0 w2 0 . . . w8 0

0 w1 0 w2 . . . 0 w8

� 	
½v1 /1. . .v8 /8�T ð18Þ

The element generalized displacements v and / and its derivatives can be
independently written as

v ¼ N1ðxÞve dv
dx

¼ B1ðxÞve d2v
dx2

¼ B11ðxÞve ð19Þ

/ ¼ N1ðxÞve d/
dx

¼ B1ðxÞve d2/
dx2

¼ B11ðxÞve ð20Þ

Substitute Eqs. (19)–(20) into Eqs. (13)–(16), map the spectral element (Xe)
from the x-axis to the standard domain k = [− 1, 1] of the parametric n axis, and
applying nodal quadrature integration rule will result in the elemental stiffness,
mass matrix and force vector in the following form as shown in Eqs. (21)–(23).

In Eq. (21)–(22), formulation is shown for only first term of elemental stiffness
and mass matrix, formulation for other terms can be obtained in the same way.

Elemental stiffness matrix as

Ke
1 ¼

ZL

0

ðB1ðxÞve þN2ðxÞveÞT ½GjA�ðB1ðxÞve þN2ðxÞveÞdx

�
X8
i¼1

wiðB1ðniÞve þN2ðniÞveÞT ½GjA�ðB1ðniÞve þN2ðniÞveÞ detðJðniÞÞ
ð21Þ

Elemental mass matrix as

Me
1 ¼

ZL
0

ðN1ðxÞ€veÞT ½qAþ q0s
��ðN1ðxÞveÞdx

�
X8
i¼1

wiðN1ðniÞ€veÞT ½qAþ q0s
��ðN1ðniÞveÞ detðJðniÞÞ

ð22Þ

Fig. 3 8-noded spectral
beam element
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Elemental force vector as

Fe ¼
ZL

0

ðN1ðxÞveÞTqðxÞ dx

�
X8
i¼1

wiðN1ðniÞveÞTqðniÞ detðJðniÞÞ
ð23Þ

where wi is nodal quadrature weights and J is the jacobian associated with the
mapping from the element Xe to the reference domain k. The assembly of element
stiffness matrix, mass matrix and nodal force vector yield the global equilibrium
equation as

M€XþKX ¼ F ð24Þ

whereM, K, F, X are global stiffness matrix, global mass matrix, nodal force vector
and displacement vector respectively. Newmark-beta scheme is used to solve the
Equilibrium Eq. (24). Initial displacements, initial velocities and damping are
assumed to be zero in the numerical simulations.

4 Numerical Results

4.1 Validation of Spectral Finite Element Formulation

To verify the accuracy of spectral finite element formulation in the surface energy
model, static transverse deflections ðvÞ and natural frequencies of Al beam are
computed and these compared with the analytical results presented by Liu and
Rajapakse [11]. Bulk material properties and surface parameters for an Al beam are
taken from Liu and Rajapakse [11] is presented in Table 2. Beam was assumed as a
homogenous and an isotropic having geometric parameters: Length (L) = 50 nm,
Width (b) = 3 nm, and depth (2 h) = 6 nm. Solutions are presented for cantilever
beam under end point load (P). The normalized deflection VE

P ¼ v=P for Al beam
with surface model and classical theory is shown in Fig. 4.

First four natural frequencies corresponding to different modes also has been
calculated for Al cantilever and compared with those presented by Liu and
Rajapakse [11]. These frequencies are presented in Table 3. From Fig. 4 and

Table 2 Material properties Material E (GPa) t µ (N/m)

Al 90 0.23 −5.4251

k0 (N/m) s0 (N/m) q (Kg/m3) q0 (Kg/m
3)

3.4939 0.5689 2.7 � 103 5.46 � 10−7
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Table 3, it is clear that developed SFE method completely agree with the analytical
results presented by Liu and Rajapakse [11]. It is found that there is an increase in
the natural frequency of the system for the first mode when accounting surface
energy effect in contrast to classical theory because stiffness contributions due to the
surface elasticity is higher than the bulk bending stiffness (EI) of the system while
for higher modes the bulk bending stiffness becomes the dominant factor.

4.2 Wave Propagation Analysis Using Spectral Finite
Element Formulation

In order to analyse wave propagation in beam based on the proposed method, two
examples are carried out by using two different transverse force excitation signals at
the tip of the cantilever beam, tone burst pulse signal and impulse signal. To
observe the surface effect in the wave propagation analysis of the beam, the length
of beam considered here varies from nanoscale to milliscale. Al beam has been
considered for analysis having bulk and surface properties same as defined earlier.

4.2.1 Wave Propagation Analysis Using Tone Burst Pulse Signal

Cantilever beam is subjected to a five-cycle tone burst excitation at frequency Fs,
which varies according to the length of beam, and is shown in Fig. 5. Tone burst
pulse was generated using Hanning window modulated with sinusoidal signal. In
Fig. 5, Te = a*TLi, Fs = FLi*(1/a), where a, is the ratio of the length of beam (L) to
the reference length of beam (Li) termed as normalized length ratio. TLi and FLi are

Fig. 4 Comparison of
Normalized deflection under
point load between SFEM
method and analytical result
presented by Liu and
Rajapakse [11]

Table 3 Natural frequencies
of Al nano-beam

Method Frequency (GHz)

Mode 1 Mode 2 Mode 3

SFEM (Surface) 2.619 12.605 31.290

Analytical (Surface) 2.620 12.600 31.240

SFEM (Classical) 2.214 13.075 33.797

Analytical (Classical) 2.210 13.050 33.740
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time duration of a Hanning window and central frequency, respectively, at reference
beam length (Li). Time window of the analysis also varies according to length of
beam given as TT = a*Ts, where Ts is the time window of the analysis used in
reference length of beam (Li). Step time (△t) of the analysis, for different beam, is
taken as △t = (Ts/100) s. Wave propagation analysis has been done by considering
the reference beam length (Li) as 100 nm. The width and depth of beam depend on
the length of the beam as L/100 and L/100 respectively. Pulse signal parameter
considered at reference length (Li) are TLi = 2.5 � 10−11 s, FLi = 20 � 1010 Hz
and Ts = 17.5 � 10−11 s respectively.

Figure 6 show the comparison between the classical beam theory and the surface
energy model, at the mid-point of the beam, for different length of beam. The results
have been compared at various lengths of the beam varying from nanoscale to
milliscale.

In Fig. 6, at beam length 100 nm and 10 lm, four wave packet appears for
classical theory: starting from left, first wave packet corresponds to the excited
signal and second wave packet is reflection of first wave packet from the clamp end
of the beam, third wave packet is the reflection of second wave packet from free end
and last packet is the reflection of third packet from clamped end, while in surface
energy model, for beam length 100 nm, only two wave packets appear, and at the
beam length 10 lm, four wave packets appear which suggest that group velocity of
wave signal at nanoscale in surface energy model is lesser in comparison to the
group velocity in classical theory. All these wave packets in wave propagation are
obtained corresponding to the first mode. Figure 7 has been plotted between Root
mean square deviation (RMSD) of transverse velocity in surface energy model with
respect to classical theory and normalized length ratio, at mid-point of the beam. It
can be seen from Fig. 7 that as the length of beam increases, the effect of the surface
energy decreases. It is suggesting that the surface energy effect is more significant at
the nanoscale.

Fig. 5 Tone burst pulse
signal in time and frequency
domain

Fig. 6 Comparison of
transverse velocity at
mid-point of the beam of
length: a 100 nm, b 10 lm
under five-cycle tone burst
excitation
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4.2.2 Wave Propagation Analysis Using Impulse Signal

Cantilever beam is also excited with an impulse signal, whose pulse duration varies
for the different length of the beam, is shown in Fig. 8. In Fig. 8, Ts = a*TsLi and
Te = a*TeLi are the loading and unloading time of impulse signal, respectively, for
different lengths of beam (L); TsLi, TeLi are the loading and unloading time of
impulse signal, respectively, used in the case of reference beam length (Li).
TT = a*TTLi is the total time window of the analysis used for beam length (L); TTLi
is the total time window of the analysis used in case of reference beam length (Li).
In the case of impulse signal, wave propagation analysis has been done by
considering the beam reference length (Li) as 400 nm. Width and depth of the beam
depend on the length of the beam as L/100 and L/1000 respectively. Pulse signal
parameter considered at reference length are TsLi = 16 � 10−11 s,
TeLi = 24 � 10−11 Hz and TTLi = 320 � 10−11 s respectively.

Figure 9 shows the comparison between the classical beam theory and the surface
energy model for transverse velocity at free end of the beam. The results have been
compared at various lengths of the beam varying from nanoscale to milliscale.

Fig. 7 RMSD of transverse
velocity as a function of
normalized length ratio

Fig. 8 Impulse force
excitation signal

Fig. 9 Comparison of
transverse at free end of the
beam of various lengths (L) in
impulse loading
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5 Conclusion

A spectral finite element formulation, considering the surface energy effect, has
been derived from Galerkin weightage residual method to investigate the wave
propagation effect in the beam. The Spectral finite element formulation is verified
by the analytical results under static loading and free vibration cases presented by
Liu and Rajapakse [11]. Finally, wave propagation study in beam has been carried
out, by taking into account the surface energy effect and the result thus obtained
were compared with classical theory. From the study, it was found that surface
energy effect is more significant at nanoscale and surface effect reduces, as the
length of beam increases. It is difficult to make general conclusion about the critical
length, after which classical theory and surface energy model give the same result,
because critical length is not fixed and it varies according to the type of loading
applied. The SFEM model developed in this paper provide an efficient tool for the
design of nanoscale devices.
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Reconstruction of Faulty Sensor Data
in Time Domain

A. Rama Mohan Rao, K. Lakshmi and Harshil Khimesara

Abstract The reliability and consistency of structural health monitoring system
will be compromised due to lack of reliable data at crucial nodes. It may be due to
sensor faults or due to non-placement of sensors at some inaccessible points.
Several research efforts are made towards sensor fault diagnosis. In this paper, we
propose a method for reconstruction of the faulty sensor data or at nodes where
sensors are not placed due to inaccessibility, but still crucial for structural health
assessment. The proposed data reconstruction technique makes use of the empirical
mode decomposition technique being popularly used during Hilbert–Huang trans-
formation. Numerical studies have been carried out to evaluate the proposed
reconstruction method.

Keywords Structural health monitoring � Sensor fault � Empirical mode decom-
position � Intermittency criteria � Measurement noise � Data reconstruction

1 Introduction

The civil engineering structures like bridges are exposed to varied levels of impact
loads during their service life and the structural degradation takes place due to
ageing. Hence structural health monitoring (SHM) systems are being deployed on
important structures for continuous online monitoring and integrity assessment.
SHM typically uses the data (typically acceleration time history) obtained from the
sensors placed spatially on the structure to detect abnormal changes in the structural
condition. To ensure consistent and reliable monitoring of these civil structures,
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we must ensure that sensor network installed on the structure must operate accu-
rately. However, during continuous online structural health monitoring, the accu-
racy and also dependability of these sensor networks can be affected due to
malfunctioning of some sensors in the network, environmental impacts and also due
to harsh weather conditions. In order to overcome this, several sensor fault diag-
nostic techniques have been proposed in the literature based on principal compo-
nent analysis [1], null subspace-based technique [2], MMSE algorithm [3], modal
filters [4], etc. Apart from them, techniques based multi-level concept and also
employing meta-heuristic algorithms [5, 6] that are suitable for fast detection and
isolation are also reported in the literature. Once the faulty sensors are isolated, we
need to reconstruct the data at these faulty locations in order to correctly interpret
using various advanced signal processing techniques or feature extraction methods.
Apart from this due to economic reasons, in order to bring down the cost of SHM,
we may place sensors rather sparsely than actually required and also we may skip
placing sensors at important places due to lack of accessibility. Hence, sensor data
reconstruction is a very critical component in the SHM.

2 Previous Work

Using the concept of transmissibility, a method for reconstruction of response at
inaccessible spatial locations of a structure is proposed by Ribeiro et al. [7]. From
the known responses at accessible spatial locations of the structure, a transmissi-
bility matrix can be formulated for reconstructing the responses at unknown loca-
tions. However, we need to know responses at a minimum number of spatial
locations in order to form transmissibility matrix and reconstruct the responses at
locations of our interest [8]. A method is proposed by Kammer [9] to extrapolate
the signals measured at accessible locations to locations which are not accessible.
However, here we need to perform a free vibration test to record the responses at
convenient spatial locations on the structure and also at inaccessible points. Both
due to time as well economic considerations, it rather difficult to perform such tests
on a practical civil engineering structure which are spatially large. Law [10] has
proposed a technique in the frequency domain using transmissibility to reconstruct
the dynamic response either in full structure or a substructure. Since this method
works in the frequency domain, the reconstructed data in frequency domain need to
be converted into the time domain by using inverse Fourier transform. The trun-
cation errors during transformation effect the accuracy of reconstruction and apart
from this it involves additional computational burden.

In the present work, we propose a technique for reconstruction of dynamic
response using empirical mode decomposition (EMD) [11, 12] and also using finite
element model of the structure. We make use of the dynamic time history responses
measured at spatial locations which are accessible and also ensure that the sensor
placed is not faulty. We decompose the measured time history response into IMFs
using EMD. These IMFs represent the modal time history responses at the chosen
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spatial location. We arrive at the modal responses at any spatial locations, where the
sensor is faulty by making use of the IMFs obtained from measured responses and a
simple transformation function derived using the mode shapes of the structure.

In contrast to the earlier studies using the transmissibility concept, we can
perform all the computations in the time domain using the proposed reconstruction
algorithm. Since we use an improved version of EMD with intermittency and a
simple transformation equation at modal level, the proposed technique is compu-
tationally very effective. Hence this can be effectively employed for real-time
continuous health monitoring. Apart from this, this technique can be used for
various dynamic response reconstructions based on the different types of sensor
measurements, i.e. dynamic displacement or dynamic strain, if displacement
transducers or strain gauges are employed on the structure.

3 Empirical Mode Decomposition

Empirical mode decomposition as its name suggests is an empirical method. The
aim of this method is to decompose the complicated (nonlinear and/or nonsta-
tionary) time history response signal into a series of oscillating components obeying
some basic properties, called intrinsic mode functions (IMFs). The basic principle
here is to decompose any signal x(t) into a set of band-limited functions, which are
zero mean oscillatory components called the IMFs. Each IMF satisfies two basic
criteria: (1) In the whole data set, the number of extrema and the number of zero
crossings are same or differ at most by one; and (2) at any point, mean value defined
by the local maxima and the envelope defined by the local minima is zero. EMD is
realised through an empirical process called sifting. The sifting process works as
follows: we first identify the local maxima and minima of the measured time history
response x(t) and use cubic spline interpolation to connect these points in order to
generate upper and lower envelopes. We later compute the mean of the upper and
lower envelopes and subtract from the time history x(t). The difference between the
original time history and the mean value, c1, is called the first IMF, if it satisfies the
two basic criteria discussed above. We repeat the same sifting process on the new
time history obtained after subtracting the C1 component from the original time
history data in order to generate the second IMF. This process is repeated to
generate the IMFs till the residue becomes a monotonic function or less than
specified convergence level. We can reconstruct the original time history x(t) by
summing up all the IMFs and the final residue.

xðtÞ ¼
Xn

j¼1

CjðtÞþ rnðtÞ ð1Þ
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4 Empirical Mode Decomposition with Intermittency

The conventional sifting process discussed in the earlier section has limitations and
generally will not produce IMFs, which should ideally be the complete, adaptive
and almost orthogonal decomposition of the original time history signal. The main
reason for this is that the spline fitting process involved in sifting generates large
swings near the ends of the signal. These swings propagate inside and corrupt the
whole signal resulting in generating poor IMFs during sifting process. This will be
predominant especially when low-frequency components are present in the signal.
Apart from this, in the signals with closely spaced frequency components, the
modal perturbation phenomena are too prominent to be ignored and it results in the
bad sifting of EMD. The IMFs thus generated will generally cover more than one
modal frequency and can also have some pseudo-components. In order to overcome
these limitations, several EMD techniques are proposed in the literature and EMD
with intermittency criteria is popular among them.

Initially, EMD with intermittency criteria was proposed by Huang et al. [12] to
locate the intermittent components of the signal. Alternatively, an approach was
proposed by Gao et al. [13] using the Teager–Kaiser energy operator to locate the
intermittent components of the signal. Subsequently, several other researchers have
investigated on improving the EMD for generating IMFs. Since our objective is to
generate the IMFs and to ensure that each of the IMF generated, represent the
individual modal response, we have implemented the EMD with intermittency
criteria in a different form as given below.

Our objective in the present work is to decompose the response signal into IMFS
such that each IMF represents one single modal response. In order to accomplish
this, we impose an intermittent frequency fi in the sifting process in order to ensure
that each of the IMFs generated to represent the modal response and contains only
one frequency component. We use a bandpass filter during the sifting process to
remove all the frequency components which are lower or greater than fi from an
IMF. We can obtain the frequency components related to each resonant frequency
of the structure using FFT. The dominant frequency band covered in the Fourier
spectrum (i.e. corresponding to participating modal components of the structure)
will be partitioned into several (say m) subdomains. The centre of each subdomain
represents the resonant frequency f 0j with the upper lower limits of each subdomain

(i.e. f uj and f lj (j = 1, 2,…, m) are defined as (1 ± 5%) f 0j . Accordingly, the resonant
frequency band covered in Fourier spectrum will be divided into m subdomains as
follows:

Xj ¼ jf jfi � f � fjþ 1
� �

j ¼ 1; 2; . . .; m ð2Þ

The original signal which is a wideband signal is filtered into a number of
narrowband signals by using bandpass filter by considering the boundaries of each
subdomain as the sweep starting and sweep-ending frequency.
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Each of the IMF contains the frequency components of the original signal and is
almost an orthogonal representation of the signal. Therefore, it will have a relatively
good correlation with the original signal. Therefore, we use a selection criterion
based on the correlation coefficient, li, (i = 1, 2, …, n), of each of the ‘n’ IMFs
with the signal. In order to preserve some of the real IMFs with low amplitude, we
normalise the signal and also the IMFs before computing the correlation coeffi-
cients. In order to differentiate the true IMFs from pseudo IMFs, we use the cor-
relation coefficients with a threshold g is defined as

g ¼ maxðliÞ=j ði ¼ 1; . . .; nÞ ð3Þ

where j is an assumed empirical factor and should be greater than 1.0. We retain
the IMFs, if li � g, otherwise, we eliminate by adding to the residue. The main
objective here is to guarantee that the selected IMFs include all the resonant modes
to be extracted and have no pseudo-components. In the present work, j is assumed
as 10.0. Apart from this, we use the signal extension method employing time series
to eliminate the end effects of IMFs generated. Due to the paucity of space, the
complete details are not furnished in this paper.

5 Modal-Level Transformation and Superposition

The dynamic equilibrium equation for n-degrees of freedom system with its mass
and stiffness and damping matrices represented by M, K and C, respectively, can be
written as

M €UþC _UþKU ¼ FðtÞ
withUð0Þ ¼ 0 and _Uð0Þ ¼ 0

ð4Þ

where U; _U; €U are the displacement, velocity and acceleration vectors respectively.
F(t) is the force vector. By solving the associated eigenvalue problem, we can
obtain the mode shape matrix, / of size n � n. We can use finite element analysis
with mass, stiffness and damping matrices obtained using model updating.
Alternatively, we can obtain the modes shapes employing operational modal
analysis techniques with measured time history responses of the structure. Once the
mode shape matrix is obtained. We can construct the following transformation
equation to estimate the missing modal time history response.

diuðtÞ ¼ /iu

/im
dimðtÞ ð5Þ

where dðtÞ is the modal time history response and subscript i stands for mode shape
number. While subscript m refers to the spatial location (degrees of freedom) at
which the response is measured and u refers to the unmeasured spatial location,
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where the time history response need to be reconstructed. Using Eq. (5), the modal
time history response diuðtÞ at any unmeasured location can be computed using the
modal time history response at measured location. The modal time history response
at any measured location can be obtained from the IMFs generated using empirical
mode decomposition. Once all the modal time history responses at the unmeasured
spatial location are computed using the transformation equation given in (5), we can
compute the time history response through modal summation procedure. It may be
noted that the procedure outlined here is simple and efficient and depends rather
heavily on the effectiveness of the EMD procedure.

It should be mentioned here that the proposed method is not suitable to recon-
struct dynamic responses if the structure is excited by periodic external forces. For
the excitation force, which has a deterministic frequency (such as periodic excita-
tion), the frequency component from the excitation will be dominant during the
excitation duration. Since the proposed method is based on a simple transformation
and is extrapolating mode shape based on the frequency distribution in Fourier
spectra, this may not account for the contributions from these frequency compo-
nents as they are not associated with any mode. However, for stochastic excitations,
such as vibrations induced by ambient wind and earthquakes, the forces are con-
sidered to be random. Even for such cases, the proposed method is expected to
reconstruct dynamic responses pretty accurately.

6 Numerical Studies

The effectiveness of the proposed response reconstruction technique using empir-
ical mode decomposition and also its accuracy is investigated by solving several
numerical examples. In this paper, we present the studies carried out on a simply
supported beam. Even though experimental verification of the proposed technique
has been carried out, it is not presented here due to the paucity of space. The
accuracy of the proposed method is investigated using several influencing param-
eters like measurement noise, sensor numbers, sensor location, and also damping.
Mean squared error (MSE) and mean relative error (RE) are the two metrics
employed in the present work to evaluate the accuracy of the proposed method and
they are defined as

MSEð€xÞ ¼ 1
m

X

t¼1;2;...m

½€xaðtÞ � €xrðtÞ�2 ð6Þ

mean REð€xÞ ¼ 1
m

X

t¼1;2;...m

€xaðtÞ � €xrðtÞ
€xrðtÞ

����
���� ð7Þ

where ‘m’ refers to the number of samples (or time steps) in the acceleration time
history response and superscripts ‘a’ and ‘r’ refer to the actual and reconstructed
time history responses.
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A simply supported beam girder, shown in Fig. 1, is considered as the numerical
example to demonstrate the effectiveness of the proposed method of response recon-
struction. The girder has a span of length 10 m and cross‐Section 0.3 m � 0.6 m. The
modulus of elasticity and density of the material of the beam are 34,500 N/mm2 and
2400 kg/m3 respectively. The Raleigh damping for first and second modes are con-
sidered as 0.01 and0.01 respectively. Thebeam is idealised using20beamelements for
the present investigations. The first five natural frequencies of the system are 8.785,
35.142, 79.072, 140.583 and 219.196 Hz. A random load is applied at node 12 of the
beam.

In order to test the accuracy of the proposed method, it is assumed that there is
no sensor at node-8 and we require to compute the acceleration time history
response at node-8 using the measured time history response at node-12. The time
history response of node-12 is subjected to EMD with intermittency criteria in order
to obtain modal time history responses. For this problem, we have considered four
IMFs for reconstructing the time history response at node-8. Figure 2 shows the
theoretical time history response at node-8 and also the reconstructed time history
response. It can be observed that the reconstructed time history response is corre-
lating very well with the theoretical response. Mean squared error (MSE) and mean
relative error (RE) are the two metrics employed to evaluate the performance of the
proposed reconstructing algorithm. The mean square error is found to be 0.00254
and the relative error is found to be 0.0128, which appears to be pretty good. The
Fourier spectra of the theoretical (true) as well as reconstructed data is shown
in Fig. 3.

In order to investigate the effect of measurement noise on the performance of the
proposed response reconstruction method, we add white Gaussian noise of 5% to
the acceleration time history data of the reference node at 12 and the reconstructed
time history data for node-7 is shown in Fig. 4. It can be observed from the plots

Fig. 1 Simply supported beam girder
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Fig. 2 Reconstructed
acceleration time history
response of simply supported
beam at node-8 using the
response at node-12
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shown in Fig. 4 that the proposed reconstruction algorithms work well even in the
presence of measurement noise. The Fourier spectra comparisons are shown in
Fig. 5. The mean square error and the relative error recorded for varied levels of
measurement noise are presented in Table 1. We can observe from the results
presented in Table 1 that the mean square error (MSE) is within 0.15 and mean
relative error (RE) is within 0.10 even when the measurement noise is 10%.
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In order to investigate the performance of the proposed reconstruction algorithm
with a high level of damping, 10% of damping is considered. The reference node is
considered as 12 and the node-3, which close to the support is considered for
reconstruction of the time history. The reconstruction of acceleration time history is
evaluated using the proposed algorithm for node-3 and the reconstructed results are
compared with theoretical time history response and the details are furnished in
Fig. 6. The amplitude of the measured acceleration signal reduces rapidly due to the
induced high damping ratio as shown in Fig. 6. Good correlation of the recon-
structed and theoretical time history responses can be observed. Therefore, it can be
concluded that the proposed response history reconstruction approach can work
effectively for the cases where the damping ratios are high. For this test case, the
mean square error is found to be 0.000426 and the relative mean error is found to be
0.00162.

Predicting the time history response near the mid-span of the simply supported
beam from measurements taken near the support may be more difficult. In order to
investigate the influence of the sensor location on the proposed method, the mea-
surements were taken near the support (i.e., node-2) are used to reconstruct the
acceleration time history responses near the mid-span, i.e. node-10. Four IMFs have
been used for reconstructing the dynamic responses. The true acceleration time
history responses near the mid-span, i.e. at node-10 and reconstructed responses
using the measurements at a node (node-2) near the support are shown in Fig. 7. It
can be observed from Fig. 7 that there is good agreement between the reconstructed
response and the true time history response.

Table 1 MSE and mean
relative error of reconstructed
time history response at
node-8 using measured
response at node-12 with
varied noise levels

Noise (%) 0 2 5 10

MSE 0.00214 0.00354 0.00426 0.00788

Mean RE 0.0112 0.0208 0.0418 0.0967
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However, in a real situation, each acceleration sensor may have an intrinsic
measurement noise and this noise is independent of the actual measured time
history responses of the target system. Therefore, the signal-to-noise ratio of a
sensor is likely to vary with the spatial location of the structure. In view of this,
spatial locations on a structure where the responses are with relatively low
amplitude, i.e. measured response from an accelerometer placed closer to the
support of the beam likely to have low signal-to-noise ratio when compared to the
signal measured from the accelerometer close to the mid-span. This is due to
the fact that noise will be same in both cases, but the signal amplitude makes the
difference. Signal-to-noise ratio (SNR) measured at a node close to the supports will
obviously be much smaller than the signal of the node near the mid-span of simply
supported beam. In order to simulate this on the responses obtained from simply
supported beam, a Gaussian pulse process with a standard deviation of 1.20 is
generated and are added to the responses at all sensor locations. Using this
noise-corrupted signals, efforts are made to reconstruct the signal at mid-span, i.e. at
node-10 using the signal at node-2 using the proposed algorithm. The reconstructed
results found to be totally different from the actual response. The details could not
be presented here figuratively due to the paucity of space. As mentioned earlier, this
is due to low signal to noise ratio of the sensor near the support when compared to
the sensor at mid-span. Hence, it may be concluded that it is certainly difficult to
reconstruct the responses at a spatial location where the signal is expected to be
with high amplitude using the signal with low amplitude. This needs to be kept in
mind while choosing the responses to use for reconstruction. We will encounter
similar sort of problems if we choose the signal from a sensor which is placed at
nodes of the structure. The reconstructed results may be inaccurate as the responses
obtained at nodal points of the structure will not be able to capture all the excited
modes.
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7 Conclusions

In this paper, we present a dynamic time history response reconstruction technique
using empirical mode decomposition technique and also performing a simple
transformation using modal responses and finally the response is reconstructed
using the modal responses at the desired node, where the response time history is
sought. We use EMD with intermittency criterion to avoid mode mixing in gen-
erated IMFs and also the signal extension method using time series in order to
eliminate the issues related to end effects while generating IMFs. Numerical sim-
ulation studies have been carried out by solving a simply supported beam girder to
demonstrate the effectiveness of the proposed method. The major advantage of the
proposed method is that we use the measured time history responses directly in the
time domain. Hence we do not need to perform inverse transformations unlike the
other classical methods developed using transmissibility concept. This will help in
minimising the errors associated with inverse FFT and also reduces the computa-
tional cost. Influence of sensor locations, high damping and the influence of
measurement noise on the accuracy of the reconstructed responses using the pro-
posed method are investigated in detail. Numerical studies presented in this paper
clearly indicate that the proposed method can produce accurate results for signal
even with high damping and also measurement noise.
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A Novel Method for Vibration-Based
Damage Detection in Structures Using
Marginal Hilbert Spectrum

Timir Baran Roy, Srishti Banerji, Soraj Kumar Panigrahi,
Ajay Chourasia, Lucia Tirca and Ashutosh Bagchi

Abstract This vibration-based method for Structural Health Monitoring (SHM)
utilizes the dynamic response of a structure measured using a set of sensors to
identify the modal properties and potential structural damage. Signal processing
tools are widely used for analyzing and diagnosing these response signals. Change
in the dynamic characteristics of a structure can provide an indication of damage.
However, a direct comparison of the vibration signals or modal properties at dif-
ferent periods of time may not be sufficient to identify the damages and their
locations. Therefore, it is important to analyze the vibration signals to extract the
morphologies of the changes in these response signals and correlate them with the
types, location and magnitude of structural damage. In the proposed method of
damage detection, first, the response signals are decomposed into intrinsic mode
functions (IMF) using empirical mode decomposition (EMD) technique. Those
IMFs are then processed with Hilbert–Huang transform (HHT) to obtain their
corresponding Hilbert spectra, which allows the estimation of the time-varying
instantaneous properties of those response signals. Then a marginal Hilbert spec-
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trum (MHS)-based technique has been applied on the Hilbert spectrum coefficients
to calculate associated damage indices (DI). The proposed method was tested using
experimental tests conducted on a cantilever steel beam prototype at the CBRI
laboratory, Roorkee, India, and a three-storey steel frame at Concordia University,
Canada. The damage locations were determined by comparing the DIs of the
damaged steel beam and frame with that of the corresponding baseline (undam-
aged) structures.

Keywords Structural health monitoring (SHM) � Damage detection
Intrinsic mode functions (IMF) � Empirical mode decomposition (EMD)
Marginal Hilbert spectrum (MHS) � Damage indices (DI)

1 Introduction

Structural Health Monitoring (SHM) implies real-time monitoring of structures to
detect damages arising from the changes in the structural behavior. The structural
response parameters, such as strain, acceleration, etc., are measured using different
sensors installed at the critical locations in the structures. SHM constitutes of set of
processes including data acquisition, data processing, damage-sensitive features
extraction and decision making for damage localization and severity assessment.
Due to the complexity of the raw structural response data acquired from the sensors,
meaningful diagnosis is important, which requires efficient tools, like signal pro-
cessing. Acquired data from the structure is usually nonlinear and nonstationary.
Various damage detection algorithms including mode shape curvature, damage
detection based on flexibility matrix, wavelet transform, Hilbert–Huang transform,
neural network, machine learning, data mining are used in SHM.

Hilbert–Huang Transform (HHT) is considered to be the only method which can
be used for processing the structural responses by truly preserving their nonlinear
and nonstationary features [1]. Earlier studies have shown the applicability of this
method in simple structures, and its application in civil engineering structures needs
further exploration. This paper proposes and validates damage indices based on
Marginal Hilbert Spectrum (MHS) and Normalized Cumulative Marginal Hilbert
Spectrum (NCMHS) curves developed by using HHT [1]. The details of the
methods and damage indices are explained in the following sections. Two case
studies have been considered for this research; the first one is an experimental
prototype of a cantilever steel beam tested at CBRI laboratory, Roorkee, India and
the second one is a prototype of a three-storey steel frame tested at Concordia
University, Canada. In these cases, the data were acquired at different sampling
rates, and damage was simulated at various locations by changing the stiffness and/
or mass. The results show that the method can effectively detect damages and locate
their positions.
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1.1 Background

Developed by Huang et al. [2], the Empirical Mode Decomposition (EMD)
method is based on the concept of signal decomposition into different Intrinsic
Mode Functions or Oscillations (IMFs) [2]. This adaptive approach can be
applied to any time-history signal for decomposition without energy leakage or
loss of signal. Performing Hilbert transform on IMFs, instantaneous parameters as
functions of time such as amplitudes and frequencies are obtained that provide
identification of fundamental nonlinear and nonstationary features of a vibration
signal [3].

The IMFs represent the oscillation mode of the structural response data and have
to satisfy two necessary conditions: (1) the number of extrema and the number of
zero crossings must be either equal or different at most by one in the entire data set
under consideration; and (2) at any point, the mean value of the envelope defined by
the local maxima and the envelope by the local minima is zero [3].

The original signal can be reconstructed as the sum of all the IMFs. The next
step is to apply the Hilbert transform to obtain the analytic signal Z(t), which can be
defined as [3]

Z tð Þ ¼ X tð Þþ iY tð Þ ¼ a tð Þei hðtÞ ð1Þ

where X(t) is the response time series signal and Y(t) is the Hilbert transform of X(t).
This determines the instantaneous amplitude, phase and frequency of the signal

as follows [3]:

Amplitude; A tð Þ ¼ X2 þ Y2� �0:5 ð2Þ

Phase; h tð Þ ¼ arctan Y tð Þð Þ= X tð Þð Þ ð3Þ

Frequency; x tð Þ ¼ dh tð Þð Þ=dt ð4Þ

The Hilbert–Huang Transform (HHT) plot is defined using these instantaneous
parameters in time–frequency plane with amplitude contoured on it. This distri-
bution is known as the Hilbert Spectrum, H(x, t). Further, Marginal Hilbert
Spectrum (MHS), h(x) is described as [3]

h xð Þ ¼
Z T

0
H x; tð Þ dt ð5Þ

where T is the total data length.
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1.2 Damage Detection Method

MHS shows the total amplitude contribution from each frequency component of the
signal. The amplitude of MHS is dependent on the input energy of the system. For
damage detection in the structure under different scenarios, consistency of MHS
amplitude is necessary before and after damage. In order to achieve this,
Normalized Marginal Hilbert Spectrum (NMHS) curve is constructed by normal-
izing the MHS curve and removing the effect of varying input energy [1].
The NMHS curves represent the energy distribution between vibrating modes of the
structure which change with damage. The NMHS curve is plotted utilizing discrete
sensor data which is nonsmooth in nature. As suggested by Ghazi et al. [1], the
cumulative sum of a curve represents its smoothness and monotonically increasing
function while preserving its energy and physics [1]. Such a curve is easier to be
dealt with, mathematically. The cumulative curve of MHS is termed as Cumulative
Marginal Hilbert Spectrum (CMHS). Again, it requires normalization for the sake
of consistent input energy criteria for damage detection. The resulting curve is
Normalized Cumulative Marginal Hilbert Spectrum (NCMHS) curve. The damage
indices are calculated in this paper utilizing NCMHS curves with their applications
which are discussed in the rest of the sections [4].

1.3 Damage Indices

Damage indices are calculated at different sensor locations providing a measure of
level of damage at those locations. The damage indicators are higher within the
proximity of the damage. The detection of damage metrics are based on the dis-
crepancies from the responses of the intact structure [4]. The peaks of NMHS curve
represent the dominant frequency components in the structural response signal
which undergo shifting when subjected to damage. This change in the distribution
of NMHS curves is captured in Damage Index. Damage Index based on NCMHS
is used in the present work to testify its accuracy and applicability which is
represented as [4]

Damage Index ¼
X

Area between damaged and undamagedNCMHSj j
� �

= Area of undamagedNCMHSð Þ
ð6Þ

The areas between the NCMHS curves of the undamaged and damaged sce-
narios of the structure depict the energy transfer between the vibrating modes with
its variation due to damage. This ratio is always less than unity. So in order to
increase the prominence of the damage index, the values are magnified by a con-
stant factor depending on the dataset [4].
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2 Case Study

For the present work, two different structures have been chosen as case study
problems, a steel cantilever beam and a three-storey steel frame, which are
described in the following:

2.1 Cantilever Steel Beam Prototype

The HHT method is tested on a cantilever steel beam prototype of length 1.02 m,
which was tested at the CBRI laboratory, Roorkee, India. The details of geometry
and dimensions are shown in Fig. 1, and its properties are presented in Table 1.

The beam was instrumented with 5 wireless sensors as shown in Fig. 2. Both
forced and ambient vibration test were performed. To simulate the damage, a
known mass was added, instead of reducing the stiffness. The position of the added
mass was changed to simulate different scenarios of damage. In forced vibration
test, the beam was excited using an impact hammer by striking the beam at different
points to capture all the major modes of vibration. The sampling rate of the sensors
was chosen to be 256 Hz. Table 2 shows different modal frequencies determined
from the test before adding the additional mass to simulate damage to the beam.

The instrumentation scheme for the beam is shown in Fig. 2. The beam is
instrumented with acceleration sensors at five locations as shown in Fig. 2. Two
damage locations are considered for this beam; one is at 0.75 m from the fixed end
and the other is 0.415 m from the fixed end.

Fig. 1 Beam section details

Table 1 Properties of the beam section

Material properties and dimensions

Length (mm) 1020

Width (mm) 65

Thickness (mm) 10

Elastic modulus (MPa) 2.10 � 105

Density (kg/m3) 7.800 � 103

Poisson’s ratio (m) 0.3
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In the first case, the damage was simulated by assigning 50 g mass at 0.75 m
from the fixed end and in the second case the damage was simulated by using 50 g
mass at 0.415 m from the fixed end.

2.2 Frame Structure Prototype

A small-scale frame structure, made of galvanized steel, as shown in Fig. 3, was built
for experimental study at Structures Laboratory, Concordia University, Canada for
damage detection. The steel frame is fixed to the base using concrete to depict it as a
three-storey structure model. Its geometry and dimensions are presented in Table 3.
This frame structure was instrumented with wireless sensors to record the vibration
data (acceleration) at three different points at the storey level under undamaged and
damaged scenarios. The frame was struck at the top using an impact hammer in order
to study its vibration characteristics [5]. The test was repeated for vibration along both
the horizontal axes (long and short). Since the stiffness is same in both directions, the
vibration properties were found to be almost identical in both directions.

The first three modal frequencies obtained from the sensor data are shown in
Table 4.

Each level of the frame is rectangular in shape and bolted with the angle section
columns in all four directions. Two bolts at each corner were used with a total of
eight bolts for one level.

To induce damage at a particular level, all the eight boltswere loosened as shown in
Fig. 4. Two damage scenarios were considered, “D1” orDamage 1 at the top floor and
“D2” signifying Damage 2 s in the middle floor. The frame consists of three levels

Fig. 2 Sensor locations in the beam prototype

Table 2 Modal frequencies of the intact beam

First three modes

First 7.23 Hz

Second 44.53 Hz

Three 126.11 Hz
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Fig. 3 Frame structure

Table 3 Frame structure Dimensions of the frame prototype

Height 1.40 m

Length 0.60 m

Width 0.27 m

Table 4 Modal frequencies
of the intact frame

First three modes

First 8 Hz

Second 37.5 Hz

Three 94 Hz

Fig. 4 Damage scenario in
frame structure [5]
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portraying a building with three floors. The wireless sensors were placed at the center
of each floor to record the vibration data. “Microstrain” Wireless G-Link
Accelerometers were used for data collection at a sampling rate of 512 Hz.

3 Results and Discussion

The aim of this study is to localize damage accurately without any loss of nonlinear
and nonstationary features of the structural response. Damagemetrics calculated from
NMHS and NCMHS curves capture the effect of damage at each sensor location.
Damage detection is achieved by comparing the NMHS and NCMHS curves of
damage scenarioswith that of intact structural condition. The locationwith the highest
value of damage index signifies the location of structural damage.

The damage indices and their detection results are demonstrated in this section.
The first step for Hilbert–Huang transform is to decompose the response signal into

(a)

IMFs at 491 sensor data for intact structure
(b) 

IMFs of the top floor sensor data for intact structure

Fig. 5 IMFs of the intact
structure; a beam and b frame
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its IMFs by EMD, as shown in Fig. 5 [2]. The IMFs of sensor location 491 for the
beam and top floor sensor for the frame for the intact state are shown in Fig. 6. The
IMFs are mono-component signals which admit well-behaved Hilbert transform
providing the amplitude and frequency variation with respect to time shown in the
HHT plot Fig. 6. The time integral of HHT provides the MHS curve, which is a
measure of the amplitude contribution from each frequency value. It is the cumu-
lative amplitude over the distribution in a probabilistic sense.

The cumulative function smoothens the MHS curve, and by normalizing its
cumulative sum, it maintains a consistent input energy in the structural system.
NCMHS plots for both the intact and damaged structures at the sensor location 491
for the beam and D1 damage condition for the frame are shown in Fig. 7.

Finally, the damage indices have been calculated by comparing the areas under
the NCMHS curves in both the cases. Damage indices for the beam model in both
the cases are shown in Table 5.

Damage indices for the frame structure in both the damage cases are shown in
Table 6.

(a) 

HHT plot for sensor location 491 for beam
(b) 

HHT plot top floor intact frame structure

Fig. 6 HHT plot
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(a)

NCMHS comparison for the beam prototype

(b)

NCMHS comparison for the frame prototype

Fig. 7 NCMHS comparison for the intact and damaged structures

Table 5 Damage indices for the beam

Damage indices for damage location 0.415 m

493 0.95

492 1.15

491 1.27

490 0.85

43,492 0.75

Damage indices for damage location 0.75 m

493 0.74

492 0.85

491 1.40

490 1.37

43,492 0.91
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4 Conclusions

The fundamental objective of this research is to examine and utilize HHT technique
for observing nonlinear and nonstationary information of a structure. The HHT
method preserves the nonlinear and nonstationary components of a response signal.
The EMD procedure disintegrates the signal into Intrinsic Mode Functions (IMFs)
which admit well-behaved Hilbert Transform to estimate components like fre-
quency and amplitude of the signal. The cumulative amplitude contribution of
frequencies in the signal is measured by marginal Hilbert spectrum curves. The
energy distribution changes with damage in the structure. The differences in area
under the curves between the Normalized Cumulative Marginal Hilbert Spectrum
(NCMHS) of the intact and the damaged structure generate the damage metric. This
method is accurate to detect and localize damage. The test results indicate that the
proposed method is feasible and effective. Also, development of computational
effort, application of HHT on full-scale structures, improved signal processing
tools; damage sensitive features for multi-damage scenarios represent future
challenges.
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