Chapter 10 ®)
An Energy-Preserving and Symmetric ez
Scheme for Nonlinear Hamiltonian Wave
Equations

In this chapter, we derive and analyse an energy-preserving and symmetric scheme
for nonlinear Hamiltonian wave equations, which can exactly preserve the energy
of the underlying Hamiltonian wave equations. To this end, we first define and dis-
cuss the bounded operator-argument functions on the underlying domain. We then
introduce an operator-variation-of-constants formula, based on which we present an
energy-preserving scheme for nonlinear Hamiltonian wave equations. The scheme
preserves the energy of the original continuous Hamiltonian system exactly. In com-
parison with the existing work on this topic, such as the well-known Average Vector
Field (AVF) formula for Hamiltonian ordinary differential equations, the energy-
preserving scheme avoids the semi-discretisation of spatial derivatives and exactly
preserves the Hamiltonian of the original continuous Hamiltonian wave equation.
This point is very significant in comparison with the AVF formula, since the AVF
formula can preserve only the energy of Hamiltonian ordinary differential equations.
Hence, the main theme of this chapter is to establish a scheme which can exactly
preserve the energy of the nonlinear Hamiltonian wave equation. The chapter is also
accompanied by some examples.

10.1 Introduction

Nonlinear wave or heat equations arise frequently in a wide variety of applications,
which can usually be expressed in suitable nonlinear Hamiltonian forms, and par-
tial differential equations with a Hamiltonian structure are important in the study
of solitons. Hamiltonian systems have some characteristic properties such as inner
symmetries and energy conservation. However, there are no general methods guar-
anteed to find closed form solutions to nonlinear Hamiltonian systems. Over the last
20 years, geometric numerical integration has become an important area of numeri-
cal analysis and scientific computing. Structure-preserving integrators have received
much attention in recent years and have applications in many areas of physics, such
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as molecular dynamics, fluid dynamics, celestial mechanics, and particle acceler-
ators. An integrator is said to be structure-preserving if it preserves one or more
physical/geometric properties of the system exactly. In this chapter, we pay attention
to an energy-preserving scheme for the nonlinear Hamiltonian wave equation of the
form

Uy — a*Au = S, =1,

(10.1)
u(x, o) = @1(x), u(x, 10) = 2(x),
where A = 92, and f(u) = —V’(u) is the negative derivative of a potential function
V (1) with respect to u.
The nonlinear wave equation (10.1) in this chapter is assumed to be subject to the
following periodic boundary condition

ulx,t)y=ulx+1,1), (10.2)

where I is the fundamental period in x.

It is known that A is an unbounded operator which is not defined for every v €
L*([x, x + I']).Inorder to model periodic boundary conditions, we restrict ourselves
to the case where A is defined on the domain

D(A) ={v(x): Vv e L2([x, x+ ') andv(x) =v(x + I')}. (10.3)

We consider (10.1) with independent variables (x, t) € [x;, x,] x {t > f} and
suppose that I” = x, — x; is the period. Let v = (u, p)T with p = u,. The nonlinear
wave equation (10.1) can be thought of as an infinite dimensional Hamiltonian system
of the form

SH
hv=J—, Vve A (10.4)
Y%
This is equivalent to
ur=p,
e =a’Au+ f(u), (10.5)

u(x, to) = g1(x), p(x,to) = p2(x),

where the Hamiltonian

1 [
H(u, p) := E/ [p* + a*u +2V(w)]dx (10.6)
X1

is defined on the infinite dimensional “phase-space” % := ¥ x L*([x;, x,]), where
YV = {u cu e H' ([x;, x,]) and u(x;) = u(x,)}, and the non-degenerate antisymmet-
ric operator J represents a symplectic structure: the variables v = (u, p)T are “Dar-
boux coordinates” (see, €.g. [1]). The Hamiltonian system (10.4) preserves the energy
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(or the Hamiltonian) because J is skew-adjoint with respect to the L? inner product,
ie.,

X,
/ uJudx =0, Yu e A. (10.7)

X1

The conservation of the energy (or the Hamiltonian) is one of the most important
properties of the nonlinear Hamiltonian wave equation (10.1), i.e.

E(t)= %/ (17 (e, ) + @*ul(x, 1) + 2V (u(x, 1)) ]dx = E(t),  (10.8)

X

or
H(u, p)=Hu. p)|,_,. (10.9)

for the Hamiltonian system (10.5).

The nonlinear Hamiltonian wave equation (10.1) arises in a wide variety of appli-
cation areas in science and engineering such as nonlinear optics, solid state physics
and quantum field theory. Its description and understanding are of great importance
both from the theoretical and practical point of view, and it has been investigated by
many authors (see, e.g. [2, 8-11, 18, 26, 28, 35, 38]). This equation is the relativistic
version of the Schrodinger equation [6, 7, 30]. Such a problem appears naturally in
the study of some nonlinear dynamical problems of mathematical physics, includ-
ing radiation theory, general relativity, the scattering and stability of kinks, vortices,
and other coherent structures. This equation is the basis of much work in studying
solitons and condensed matter physics, in investigating the interaction of solitons in
collisionless plasma and the recurrence of initial states, in lattice dynamics, and in
examining nonlinear phenomena.

Many authors have investigated energy preservation for semi-discrete Hamilto-
nian wave equations via classical spatial discretisation approximations. Usually, the
semi-discrete systems are of the form

(10.10)
y(to) = yo, ¥ (t0) =y},

{ Y6+ My(t) = g(v(1), 1 € [0, T,
where M € R"™ ™ is a positive and semi-definite matrix (not necessarily diagonal
or symmetric, in general). The solution of the system (10.10) exhibits nonlinear
oscillations. When such oscillations occur, effective ODE solvers for (10.10) can be
used, such as Gautschi-type methods (see, e.g. [16]), trigonometric Fourier colloca-
tion methods (see, e.g. [34]), and extended Runge—Kutta—Nystrom (ERKN) methods
(see, e.g. [42, 43]). With regard to the discrete energy-preserving method, the AVF
formula is very popular (see, e.g. [3, 19, 21-25, 40]). However, the AVF formula
cannot exactly preserve the energy of the original continuous Hamiltonian wave
equation. In general, the discrete energy is different from the original energy of the
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continuous Hamiltonian wave equations. This means that the AVF formula based
on classical discrete approximations cannot preserve the energy of the Hamiltonian
wave equations exactly. This motivates an energy-preserving scheme for nonlinear
Hamiltonian wave equations, which can exactly preserve the energy of the nonlin-
ears Hamiltonian wave equation (10.1). It should be noted that, in this chapter, all
essential analytical features are present in the one-dimensional case (10.1), although
the discussions are equally valid for high-dimensional nonlinear Hamiltonian wave
equations.

The outline of this chapter is as follows. Some preliminaries are given in Sect. 10.2.
In Sect. 10.3, we introduce an operator-variation-of-constants formula for the non-
linear Hamiltonian wave equation (10.1), which is an analytical expression of the
solution to the nonlinear Hamiltonian wave equation (10.1) expressed in a nonlin-
ear integral equation. We then dicuss an energy-preserving scheme and analyse its
properties in Sect. 10.4. Some illustrative examples are presented in Sect. 10.5. The
last section is devoted to conclusions.

10.2 Preliminaries

This section presents some preliminaries in order to gain an insight into an exact
energy-preserving scheme for the nonlinear Hamiltonian wave equation (10.1) sub-
ject to the periodic boundary condition (10.2).

To begin with, we define the following operator-argument functions:

S k

A .
$;(A) :Z(2k—+j)!’ Jj=01,.... (10.11)

k=0

For example, A is the Laplace operator defined on D(A) in (10.3) and in this case,
the operators defined by (10.11) is bounded on the subspace under the Sobolev norm
Il - llz212 (see, e.g. [17, 20]). Accordingly, ¢;(A) for j =0, 1,...1in (10.11) are
called operator-argument functions. Besides, A can also be related to alinear mapping
such as a positive semi-definite matrix M € R"*” and in this particular case of A =
—M, (10.11) reduces to the matrix-valued functions which have been widely used in
ARKN methods (Adapted Runge—Kutta—Nystrom methods) and ERKN (Extended
Runge—Kutta—Nystrom methods) methods for the numerical solution of oscillatory
or highly oscillatory differential equations (see, e.g. [12—14, 29, 31, 32, 40, 41, 43,
441). These kinds of oscillatory problems have received a great deal of attention in
the last few years (see, e.g. [4, 1417, 34]).

In this chapter, some useful properties of these operator-argument functions are
only sketched below for the sake of brevity.

Theorem 10.1 For a symmetric negative (semi) definite operator A, the bounded
¢-functions defined by (10.11) satisfy (9.10)—(9.14) in Chap. 9 and
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do(m?a® A)po(n*a® A) + mna® Apy (m*a* A) gy (n>a® A) = ¢o((m + n)?a® A),
mao(n>a> A)g1 (m*a® A) + ngo(m?a® Ay (n>a® A) = (m + n)¢1 ((m + n)?a> A).
(10.12)

Proof These results are evident. ([

Theorem 10.2 Suppose that A is a Laplacian defined on the domain D(A). The
bounded operator-argument functions ¢y and ¢, defined by (10.11) satisfy (9.9) in
Chap. 9.

Proof The results have been shown in Chap. 9. ]

Some properties of the periodic functions are stated blow.

Theorem 10.3 Assuming that u(x,t), v(x, t) are any sufficiently smooth periodic
functions with respect to the variable x, i.e. u(x + I',t) = u(x,t), and I' is the
fundamental period, then the following properties hold:

(i) Forallk,1 =0,1, ..., we have

Fux + 1) = *u(x, 1), dux+ 1) =dlux,1). (10.13)

(ii) Applying integration by parts to the periodic functions u(x, t), v(x, t) yields

/ af"u(x,t).v(x,z)dxzf u(x, 1) - 3%v(x, r)dx,
X

X
/ Ay x, 1) - v(x, H)dx = —/ u(x, ) - 3% v(x, nydx, k=0,1,2,...,

N . (10.14)
where the length x, — x; of the interval [x;, x,] is the period I" or any nonnegative
integer multiple of I'.

(iii) For any function f(-), the composite function f (u (x, t)) is also a periodic
function with respect to the variable x, and the fundamental period is I'.

10.3 Operator-Variation-of-Constants Formula
for Nonlinear Hamiltonian Wave Equations

The next theorem presents the operator-variation-of-constants formula for the non-
linear Hamiltonian wave equation (10.1).

Theorem 10.4 If f (u) is continuous in (10.1) and A is the Laplace operator defined
onthe subspace D(A) C L?, then the exact solution of (10.1) and its derivative satisfy
the following equations
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u(x, ) = ¢o((t — to)*a* Ayu(x, to) + (t — to)1 ((t — t0)*a* A)u, (x, to)

+ / t — O)¢i((t — O)*a*A) f(9)de,

fo

up(x, 1) = (t — to)a” Ay ((t — t0)*a> A)u(x, 10) + ¢o((t — 10)°a” A)u, (x, 1o)

+ / do((1 — 0)2a>A) F(0)de,

(10.15)
for x € [x1, x,], ty, t € (—00, +00), where f({) = f(u(x, ;‘)), and the bounded
operator-argument functions ¢o(-) and ¢, (-) are defined by (10.11).

Proof (10.15) solves the Eq. (10.1) exactly. In fact, this can be verified by directly
inserting the formula (10.15) into the wave equation (10.1). The details of the proof
for this theorem can be found in Appendix A of this chapter. (]

Moreover, it can be proved that the operator-variation-of-constants formula
(10.15) for the nonlinear Hamiltonian wave equation (10.1) is completely consis-
tent with Dirichlet boundary conditions, Neumann boundary conditions, and Robin
boundary conditions, respectively, under suitable assumptions. Readers are referred
to the recent papers by Wu et al. [37, 39].

Letu"(x) = u(x, t,) and u} (x) = u,(x, t,) represent the exact solution of (10.1)
and its derivative with respect to ¢ at t = ¢,. It follows immediately from (10.15)
with the change of variable £ = 1, 4 hz that

W (x) = ¢go(h2a> A)u™(x) + hepy (h2a> A)ul (x)

12 [ (= 2)¢ ((1 = 2)2h%a>A) f(u(x, 1, + h2))dz,
u ™ (x) = ha? Apy (h2a® A)u™(x) + ¢o(h*a® A)ul (x)

+h [ ¢o((1 — 2*h2a®A) f (u(x, 1, + h2))dz,

(10.16)

where £ is a time stepsize.

It is noted that the Eq.(10.15) or (10.16) is not a closed-form solution to the
nonlinear Hamiltonian wave equation (10.1), but a nonlinear integral equation. In
order to gain an energy-preserving scheme for (10.1), a further analysis based on
(10.16) is still required.
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10.4 Exact Energy-Preserving Scheme for Nonlinear
Hamiltonian Wave Equations

In this section we establish an exact energy-preserving scheme for nonlinear Hamil-
tonian wave equations.

In light of the operator-variation-of-constants formula (10.16), it is natural to
consider the following scheme:

{ U (x) = ¢go(h*a? A)u" (x) + hey (h*a* A)ul! (x) + b1, (x), (10.17)

ul ™ (x) = ha* Agy (h*a* A)u" (x) + ¢o(h*a® A)ul (x) + hlr(x),

where & is the stepsize, and I, (x), I>(x) are undetermined functions such that the
following condition of energy preservation

E(ty41) = E(t,) or H@"', p"™™=H@u", p"),

is satisfied exactly, where p = u,. It follows from (10.17) that

{ uz“(x) = qbo(hzazA)uﬁ (x) 4+ ho, ¢y (hZaZA)u;’(x) + h20. 1 (%), (10.18)

MI;—H(X) — haza.x¢1 (h2a2A)u;(x) + ¢O(h2a2A)u;1(x) + h[2(x)

To begin with, we compute

H@™', pthy = H@'™ u) = %/ " [ () + @ (1) + 2V (™! (1)) ]dx.

: (10.19)
Inserting (10.18) into (10.19), a careful calculation yields

H@u"t!, uf‘“) = % / ' [(Po(hzazA)u;l ~¢o(h2a2A)u;1 +a2h8X¢1(h2a2A)u7 ~h31y¢1(h2u2A)u7]dx

X1

2 Xy
+ % / [ha*d. 1 (R2a” A)u't - hox g (h*a* Al + do(hPa® A)u't - do(h2a” A)u't]dx
X
+/ ' [hu26X¢1(h2u2A)uﬁ ~¢o(h2a2A)u7 + az(t)o(hzazA)uﬁ ~h8x¢1(h2(12A)u7]dx
X1

X
+%/ [go(h*a® A} - hIr(x) + a*hdedy (hPa® A)ul! - W29, 1) (x) ]dx
Xl

+ad® /x, [hdcp1 (hPa A)ut - hI(x) + o (R2a* A)u’ (x) - 23, Iy (x) ]dx
Xy

+%/ ' [hzlz(x)~12(x)+a2h48X11(x)‘Bxll(x)]dx—i-/ ' V" (x))dx.
X/ X1

(10.20)
Applying Theorem 10.3 to (10.20) gives
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1 Xr
H@"™ ™y = E/ [#5(h*a* A) — h?a® AgT (h?a* A)Jul! - ul!dx

Xr
/ [¢§(h2a2A) — hzazAd)f(hzazA)]uﬁ - ulydx
X
Xr
+a*h | [ox¢1(h*a® A)go(h*a® A) — go(h*a* A)dpy (BPa” A)ult - ulldx

X

+/ [po(h*a*A)u} - hIp(x) + a*hdy ¢y (R2a” A)ul - h*8, 11 (x)]dx

+a2/ [hdxg1 (h*a” A)u - hIp(x) + ¢o(hPa® A)ult(x) - h*dx 1y (x)]dx

1

+ / [hzlz(x).Iz(x)+a2h4axll(x).Bxh(x)]dx-i-/ "Vt ().

x| X1
(10.21)

| =

On noticing Theorem 10.1, (10.21) reduces to

H@" ul*hy = % [ [} ()2 + a® W (x))? +2V (u" (x)) Jdx

x|
Xr

+/ [po(R2a*A)ul - hIr(x) + a*hdcgr (BPa” A)ul - h*3, 11 (x)]dx
X

+a? /“‘7’ [h8x¢l (hZQZA)M: ~hil(x) + ¢O(h2612A)u;(x) ) hzaxll (x)]dx
X

+ % /x' [P L) - L) +a®h*9, 1 (x) - 31y (x)]dx + /x,- [V@"™™ (x)) = V(" (x))]dx.

. K (10.22)
In what follows, we calculate

V'th — vt = / dv(d —ou" + ru"'H / @t —uny. F(A =" + ru"'H)d
0

A (M}H—l _ un) . va
(10.23)
where |
If = / f((l — T)Mn + TMn_H)dT.
0
The first equation of (10.17) gives
u"(x) — u" (x) = [po(h*a* A) — I]u" (x) + hepy (hPa® A)ul (x) + h* I (x) (10.24)

= h*a*d, o (h*a® A)u' (x) + hy (hPa® A)ul (x) + h* I (x).
Inserting (10.24) into (10.23) yields
V™) = vy = —h*a*d, ¢ (h*a* Al (x) - Iy — hepy (h*a* A)ul (x) - T — h* [ (x) - I .
(10.25)

Then the scheme (10.22) can be rewritten by
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H@™!, iy = %/:r [(] (x))* + a” (W} (x))* + 2V (@" (x))]dx + Z" (10.26)

= HW" u}) + 7",
where
R" =h /X, [po(h?a® A)ul (x) - I (x) + a*h*d 1 (RPa* A)ul* - 9.1y (x) — ¢ (hPa® A)ul (x) - Iy ]dx
X7
+ a’h? /X' [8:1 (R2a” A)ut - L(x) + do(hPa> A)u't (x) - 81y (x) — deda (hPa® A)ult (x) - Iy ]dx
x|

+ hzf ' [%(Iz(x) L) +H2a8 1 (x) 011 () = D (x) - I dx.

(10.27)
It follows from the results of Theorem 10.3 that

F" = h /X' [¢o(h*a*A) L (x) — h*a® Agy (h*a” A) Iy (x) — ¢y (h*a* A) 7] - ulf (x)dx

X1

+a*h? /x,- [Ag1 (RPa* A) L (x) — Ago(h*a? A) 11 (x) — Aga(h*a* A)I ¢ ] - u't (x)dx

X1

X q
+ hZ/ [E(Iz(x) ch(x) = h*a®AL(x) - [ (x)) — L1(x) - I7]dx.

1 (10.28)
The above analysis gives the following important theorem immediately.

Theorem 10.5  The scheme (10.17) exactly preserves the energy (10.8) or the
Hamiltonian (10.9), i.e.,

E(ty) = E(t,) or H@"™, p"™Y=H@w", p"), n=0,1,..., (10.29)
if and only if #" = 0.

Based on Theorem 10.1, the following theorem gives a sufficient condition for
the scheme (10.17) to be energy-preserving exactly.

Theorem 10.6 If

1
Li(x) = ¢o(h*a* A) /0 F(A = Du"(x) + ru" ' (x0))d,
(10.30)

1
L(x) = ¢1(h*a*A) /0 F(A = Du"(x) + T (x))dr,

then the scheme (10.17) exactly preserves the energy (10.8) or the Hamiltonian
(10.9).

Proof Ttis clear from (10.28) that if the following three equations
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po(h*a* A) L (x) — W*a> Agy (WPa”> A) 1 (x) = ¢ (h*a”A) I, (10.31)
o1 (hPa* A) L (x) — go(h*a* A) I, (x) = ¢ (h*a* A) Iy, (10.32)
I v
3 / (L(x) - L(x) = BPa® AL (x) - I;(x))dx = / Li(x)-Ipdx,  (10.33)
X X1
are satisfied, then #" = 0 forn =0, 1, .... Hence, we have

E(ty41) = E(t,) or H@"™, p"™" = Hw", p").

The difference of (10.31) times ¢;(h?a®A) and (10.32) times ¢ (h*a*A) is
[03(h%a® A) — h?a® A3 (h?a® A) |11 (x) = [¢7 (h*a® A) — do(h*a® A) o (R2a® A) 1.
Likewise, the difference of (10.31) times ¢0(h2a2A) and (10.32) times

h’a’¢, (h2a2A) gives

[¢5(h?a*A) — h?a* Ag7 (h*a” A) | L (x)
= [po(h*a* A)¢1 (h*a*A) — h*a® Ay (h*a® A) gy (h*a*A) 1.

Using Theorem 10.1, we obtain
Li(x) = o(h*a*A)ly, L(x) = ¢ (h*a*A)I;. (10.34)

It can be verified that under the condition (10.34) and Theorem 10.2, the equation
(10.33) is also valid. Therefore, (10.30) are sufficient conditions for (10.17) to be an
energy-preserving scheme. (]

We are now in a position to present the following energy-preserving scheme for
Hamiltonian PDEs.

Definition 10.1 The exact energy-preserving scheme for the nonlinear Hamiltonian
wave equation (10.1) is defined by

u" (x) = go(h*a> A)u" (x) + hepy (h*a® A)uf (x)
1
+ h2¢2(h2a2A)/ F(A = Du"(x) + Tu" (x0))dx,
0

10.35
uf“(x) = ha’A¢, (hzazA)u”(x) + ¢0(h2a2A)u:'(x) ( )

1
+ hey (h*a*A) / £ =ou"x) + tu (x))dr,
0

where 4 > 0 is a time stepsize, ¢o(h?a>A), ¢1(h*a*A), and ¢, (h*a® A) are bounded
operator-argument functions defined by (10.11).
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Since there is a very close similarity between the behaviour of solutions of
reversible and Hamiltonian systems [27], in what follows, we show the symmetry of
the energy-preserving scheme (10.35).

Theorem 10.7 The energy-preserving scheme (10.35) is symmetric in time.

Proof 1t follows from exchanging u"*!(x) <> u"(x), u"*!(x) <> u"(x) and replac-
ing h by —h in (10.35) that

W (x) = go(h2a> A)u" (x) — hpy (Wa> A+ (x)

1
+ h2¢2(h2a2A)/ £ =D (x) + Tu" (x))dr,
0

ul (x) = —ha® Agy (h*a* A)u" ' (x) + g (RPa® A)ut' (x) (1030
— hey (h*a*A) /01 £ =D (x) + T (x))dr.
From (10.36) and Theorem 10.1, it follows that
u" ™ (x) = go(h*a> A)u" (x) + hey (h*a® A)uf (x)
+ ¢y (ha” A) fl F(A =" (x) + T (x))dr,
0 (10.37)

uf“(x) = ha*A¢, (hzazA)u" x) + d)o(hzaZA)u;’(x)

1
+ he (h*a*A) f F(A = ou" M (x) + tu" (x))dr.
0

Letting £ = 1 — 7, we have

1

1
/ F(A =" (x) + u" (x))dr = / FET0) 4+ (1 — & (x))dg
0 0
1
=/ (=" (x) 4 tu" (x0))dr,
0
which shows (10.37) is exactly the same as (10.35).

Therefore, the conclusion of the theorem is proved. O

Remark 10.1 The extension of the scheme (10.35) to the general high-dimensional
nonlinear Hamiltonian wave equation

{un(x, H—dAuX, )= fuX,n), XeRCR 1n<t=T, (10.38)

u(X, 10) = ¢1(X), u (X, 10) = 92(X), x€2U082,

with the corresponding periodic boundary conditions, is straightforward (see [20]),
where
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d
A=>"0r.
i=1

Remark 10.2 Tt is noted that the new approach described above for dealing with
(10.1) is totally different from classical discrete approximations such as variational
methods, and the method of lines (see, e.g. [26]), since the semidiscretisation of the
spatial derivative is now avoided. Compared with classical discrete approximations,
this approach to solving (10.1) is exact for the space variable x.

Remark 10.3 1t can be observed that when the solution of the initial-boundary value
problem (10.1) and (10.2) is independent of the spatial variable x, the system (10.1)
becomes a Hamiltonian ordinary differential equation and, in this case, (10.35)
reduces to the average vector field (AVF) method. Besides, when the spatial interval
is divided into a set of finite points with a fixed spatial stepsize via the classical dis-
crete approximations, then the — A is replaced by a symmetric semi-definite positive
matrix which is from a discrete operator, such as the second-order central difference
operator, (10.35) reduces to the adapted average vector field (AAVF) methods [44].
In other words, the exact energy-preserving scheme (10.35) is an essential extension
of AVF to Hamiltonian wave equations based on the operator-variation-of-constants
formula (10.15).

Theorem 10.8 IfV = V(au), where a # 0, then

-1
w1 (x) — u(x)

1
/ F((1 = ") + T () de = (Ve @) = Vi @)
0

Proof

1 1
/ £ =" () + T (x))de = f/ V! (o((1 = D" () + T () )de
0 0
7(1 | dV(oz((l — D (x) + m"+1(x)))
a (u 1 (x) — un(x)) _/0 dr
~1

(V (au"+1(x)) - V(au” (x))>,

dr

= u"*l(x) _ u”(x)

From Theorem 10.8 we obtain the main result of this chapter.

Theorem 10.9 An exact energy-preserving and symmetric scheme for the nonlinear
Hamiltonian wave equation (10.1) is given by

u"t(x) = go(h*a” A)u" (x) + hey (h*a” A)u] (x) — h*¢py (h*a® A) J, (x),
ul ™ (x) = ha* Agy (BPa® A)u" (x) + ¢o(h*a* A)ul! (x) — hey (h*a® A)J, (x),
(10.39)
where h > 0 is a time stepsize, do(h2a’A), ¢y (h2a* A), ¢r(h*a®A) are bounded
operator-argument functions defined by (10.11), and
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1% (u”“(x)) — V(u" (x))

urH—l (X) —yn (x)

Jo(x) = (10.40)

Here, it can be observed that, if u"™'(x) — u" (x) = 0, then J,(x) in (10.39) is g,
which can be understood as

dV(u”(x))

Jn(x) = du

= —f(u”(x)). (10.41)
Proof The conclusion of the theorem can be proved directly by applying Theorem
10.8 to the energy-preserving scheme (10.35). ([

Theorem 10.9 establishes the exact energy-preserving scheme (10.39) for the
nonlinear Hamiltonian wave equation (10.1) with the periodic boundary condition
(10.2). In the special case f(u) = a(x), thatis V(1) = —a(x)u + B(x) and J,,(x) =
—o(x), the formula (10.39) yields the exact solution of the underlying problem.

If f(u) =0, then (10.1) becomes the homogeneous linear wave equation:

Uy —a’*Au =0,

(10.42)
u(x, fo) = @1(x), u;(x,t0) = @2(x),

and accordingly, from Theorem 10.1, (10.39) reduces to

u"(x) = go(h*a> A)u" (x) + hey (h*a® A)uf (x)
= go((n + 1*h*a*> A)p1(x) + (0 + Dhei ((n + D*h*a® A)pa (),
u/ " (x) = ha* Agy (h*a® A)u" (x) + ¢o(h*a” A)ul (x)
= (n+ Dha?Adi ((n + 1)*h2a* A) g1 (x) + do((n + 1)*h2a> A (x),
(10.43)
which exactly integrates the homogeneous linear wave equation (10.42). This implies
that (10.43) possesses an additional advantage of energy preservation and quadratic
invariant preservation for the homogeneous wave equation (10.42). Besides, com-
pared with the well-known D’ Alembert, Poisson and Kirchhoff formulas, the for-
mula (10.43) is independent of the computation of integrals and presents an exact
closed-form solution to (10.42).

10.5 TIllustrative Examples

With regard to applications of the scheme (10.39) or (10.43), we now give some
illustrative examples.

Problem 10.1 Consider the homogeneous linear wave equation



264 10 An Energy-Preserving and Symmetric Scheme ...

Uyp = Uxx, X € (O, 2), t > 0,

1 (10.44)
u(x,0) =sin(wrx), u;(x,0) = ) sin(x),

subject to the periodic boundary conditions u(L,t) = u(0,t) where the period
L=2.

After a careful calculation, it is easy to see that (10.43) directly gives the analytic
solution of Problem 10.1 and its derivative

u(x,t) = sin(mwx) cos(mt) — L sin(rr x) sin(rt),
o ' (10.45)
u;(x,t) = —msin(wx)sin(wt) — 5 sin(rx) cos(irt),

on noticing that
52

¢o(t )s1n(7tx) = sin(wx) cos(mt),

1 I . .
tp(t —)( 5 sm(nx)) = ~om sin(rx) sin(7rt),

and

52
¢1 (2 —) sin(wx) = —m sin(wrx) sin(rwt).

Problem 10.2 We consider the following two dimensional homogenous periodic
wave equation

(10.46)

Uy — az(u“ +uy,) =0, (x,y) €(0,2) x(0,2),7r >0,
ul;—o = sin(3wx) sin(4my), u,l;— =0.

Applying the formula (10.43) (A = 8)% + 8y2 in this case) to (10.46) leads to

2 2 . .

ulx,y, t) = t“a“A)sin(3wx) sin(4wy),

(x,y,1) ¢o(2 )22( .) ( .y) (10.47)
u,(x,y, t) =ta"A¢p; (t a A) sin(3wx) sin(4my).

It follows from a simple calculation that
, v, 1) =sin(3 in(4 51),
u(x,y,t) = sin( J"rx) sin( J"ry) cos( .) (10.48)
u;(x,y,t) = —=5sin(3wx) sin(4my) sin(5¢).

Problem 10.3  Consider the following non-homogeneous linear periodic wave
equation
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b4 bid
Uy — Uyy = COSX, xe(—,Zn—i——), t >0,

4 4 (10.49)
ul;—o = sinx, u;|,—o = 0.
Applying (10.39) to (10.49) gives
2 . 2 2
u(x,t) = t“A)sinx +t t“A)cosx,
(x, 1) = o )2 | #a( 2) (10.50)
u;(x, 1) =tAp(t"A)sinx + tgp (1~ A) cos x.
Then a simple calculation yields
u(x,t) = (sinx — cos x) cost -+ cos x,
0 =( . ) . (10.51)
u;(x,t) = —(sinx — cosx)sint,

which is exactly the solution of the problem (10.49).

Remark 10.4 The main purpose of this chapter is to establish a general framework
for an exact energy-preserving scheme for nonlinear Hamiltonian wave equations,
although we cannot achieve a closed-form solution for the nonlinear Hamiltonian
wave equation (10.1). Consequently, we do not consider further computational issues
in detail in this chapter.

10.6 Conclusions and Discussions

Energy-preserving schemes have a long history, and can date back to Courant,
Friedrichs, and Lewy’s work [5]. In this chapter, we considered the properties of
energy-preserving schemes and presented an exact energy-preserving scheme for
the nonlinear Hamiltonian wave equation (10.1) equipped with the periodic bound-
ary condition (10.2), which is in fact identical to the infinite dimensional nonlinear
Hamiltonian system (10.4) or (10.5). We first defined the bounded operator-argument
functions (10.11) and analysed their properties, then established an operator-
variation-of-constants formula for the nonlinear Hamiltonian wave equation (10.1).
The proposed energy-preserving scheme is based on the operator-variation-of-
constants formula which avoids the semidiscretisation of the spatial derivative and
exactly preserves the energy of the original continuous Hamiltonian wave equa-
tion (10.1). This energy-preserving scheme (10.35) is a significant generalisation of
the AVF formula and the AAVF formula (see, e.g. [33, 40]) as stated in Remark
10.3, since both the AVF formula and AAVF formula can preserve only the semi-
discrete energy of the continuation Hamiltonian PDEs (10.1). In fact, both the AVF
formula and AAVF formula are designed specially for Hamiltonian ordinary differ-
ential equations. In applications, such Hamiltonian ODEs in time can be obtained
from Hamiltonian PDEs by the discretisation of the spatial derivative via classical
discrete approximations such as variational methods, and the method of lines. Fur-
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thermore, we have also derived an exact energy-preserving and symmetric scheme
(10.39) for the nonlinear Hamiltonian wave equation (10.1) with the periodic bound-
ary condition (10.2), which avoids the evaluation of the integral

1
/ F(A = Du"(x) + ru" ™ (x))de
0

in the exact energy-preserving scheme (10.35). Therefore, we have in fact derived an
exact energy-preserving and symmetric scheme (10.39) for the nonlinear Hamilto-
nian wave equation (10.1), although the closed form solution to (10.1) is not acces-
sible (even though it exists).

Last but not least, the extension of scheme (10.35) to the general high-dimensional
nonlinear wave equation (10.38) is straightforward, as stated in Remark 10.1. All
essential analytical features presented for (10.1) are applicable to high-dimensional
nonlinear Hamiltonian wave equations (10.38).

It should also be noted that the operator-variation-of-constants formula for wave
equations makes it possible to systematically incorporate the inner structure prop-
erties of the original continuous system into numerical schemes in the design of
structure-preserving integrators for nonlinear wave equations. Chapter 11 will try to
demonstrate this point.

The material of this chapter is based on the work by Wu and Liu [36].
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