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Abstract In Formal Concept Analysis, stability is an important utility measure to

rank concepts. However, computation of stability is considered to be a hard prob-

lem. Efficient algorithms having good bounds to estimate stability holds promise. In

this paper, an effective graph-based technique is proposed to estimate stability. Our

estimation algorithm has a polynomial time complexity of O(|A|2) where |A| is the

number of vertices.
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1 Introduction

Formal Concept Analysis (FCA) acquires grouping called formal concepts from

Boolean data comprising objects and attributes [1]. A formal concept is a pair com-

prising a. extent—containing the objects which belong to the concept, and b. intent—

include all the properties and meanings which apply to all objects in the extent [2].

The set of all formal concepts of a given context forms a complete lattice, called the

concept lattice. However, such approaches using concept lattices often encounter

the problem of the exponential growth rate of concepts in the lattice with the size of
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the context [3, 4]. A measure to rank concepts is often used; thereby only relevant

concepts are retained.

In this regard, ‘stability’ was introduced as one such ranking measure [1]. How-

ever, the computation of stability is proven to be an NP-complete problem [5, 6].

One of the best known algorithms was proposed by Obiedkov et. al [7] whose com-

plexity is itself quadratic to the size of the lattice. Therefore, efficient algorithms to

estimate stability hold promise. Although there exist many algorithms to estimate

stability in literature [5, 8, 9], there lacks an efficient method having good bounds

to estimate stability index. In this paper, a new technique is proposed to estimate

the stability of a formal concept exploiting results on bounds for counting cliques in

spectral graphs.

2 Terminology and Main Definitions

2.1 Formal Concept Analysis

Formal Concept Analysis was first developed by Wille [10] and is implemented in

many fields like psychology, sociology, anthropology, medicine, biology, linguistics,

computer sciences, mathematics and industrial engineering [11]. Here we briefly

present some basic definitions of FCA [10, 12]. The root of FCA is a formal context

from which concepts are generated and are organized in a hierarchical order in the

form of a lattice. Formal context is a triple (G,M, I) where G denotes the set of

objects, M is the set of attributes and I is a binary relation between G and M, i.e.

I ⊆ G ×M. (g,m) ∈ I indicates that object g has the property (attribute) m. If A ⊆ G
and B ⊆ M, then the following derivation operators produce the Galois connection:

A′ = {m ∈ M|(g,m) ∈ I,∀g ∈ A} (1)

(the set of attributes common to the object set in A)

B′ = {g ∈ G|(g,m) ∈ I,∀m ∈ B} (2)

(the set of objects common to the attribute set in B)

A formal concept of the formal context (G,M, I) is a pair (A,B) where A ⊆ G and

B ⊆ M, satisfying A′ = B and B′ = A. We also have a property A′′ = A and B′′ = B
where (.)′′ is the closure operator. Thus, a formal concept consists of a set A (extent

of the concept) and a set B (intent of the concept) such that all the objects in A share

a common attribute set B.

A partial order relation ≤, showing the subconcept–superconcept hierarchy is

present in the set 𝛽(G,M, I) = {(A,B)|A′ = B andB′ = A}. It is defined by (A1,B1) ≤
(A2,B2) iff A1 ⊆ A2 and B2 ⊆ B1. A complete lattice is formed by 𝛽(G,M, I) satisfy-

ing ≤.
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2.2 Stability

Stability was first introduced in [5, 6], it was later revised in [7, 13] and is defined

as follows:

Definition 1 Let 𝛤 = (G,M, I) be a formal context and (A,B) be a formal concept

of 𝛤 ; then the stability of the concept 𝛾(A,B) is defined as

𝛾(A,B) = ∣ {X ⊆ A|X′ = B} ∣
2|A|

(3)

Stability measures how much a concept intent depends on objects (extent) of the

concept. It is to be noticed that stability index is between 0 and 1.

As enumerating stability is an NP-complete problem, estimation to compute sta-

bility was done by Buzmakov et al. in their paper [8]. They obtained an estimated

lower bound and upper bound on the value of the stability index and merged both

together. This amalgamation was termed is ‘bounding method’. But the tightness of

the bound cannot be ensured. Monte Carlo approximation was first discussed in [9]

but it was found to be less efficient than the bounding method.

It is to be mentioned that the state of art methods exploit the ordering property

of the lattice where the lattice is created at the outset, and then the stability of a

superconcept is estimated with the help of the subconcepts. It would be better if only

the stable concepts are projected at the onset, and only then, the lattice is generated

with only those stable concepts.

Our approach to estimate stability involves the reduction of the stability function,

i.e. the set {X ⊆ A|X′ = B} of a concept (A, B) to a graph problem to estimate the

stability index of that concept without taking the subconcepts into consideration.

3 Our Approach to Estimate Stability

The stability index is mapped to a graph F. A reduced graph F of F is taken by

deleting some particular vertices and edges. More than one connected component

could be a result of the action. Our goal is now to find the total number of cliques

in each connected component and finally summing them to get the total number of

cliques in F.

Before proceeding, we would like to give symbols which we will be frequently

using. For a given concept (A,B) in a context 𝛾 = (G,M, I):

1. A is a set of objects {a1, a2,… , an} and Ak is the subset of k objects of A.

2. |A| denotes the cardinality of A.

3. 2A denotes the power set of A.

4. B is the set of attributes/properties common to the set A.
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Fig. 1 Mapping of the

stability index of concept

({1,2,3} {a,b,g}) of the

context ‘Living Beings and

Water’ [12] to a graph is

shown, where ‘solid circles’

represent Vstb,

‘dashed-circles’ represent

Vstb, ‘solid lines’ represent

Estb and ‘dashed-lines’

represent Estb

1

2 3

Lemma 1 Let 𝛤 = (G,M, I) be a formal context and (A,B) be a formal concept of
𝛤 ; then the stability of the concept (A, B); can also be expressed as

𝛾(A,B) = 1 − ∣ {X ⊆ A|X′ ≠ B} ∣
2|A|

(4)

We now map our problem of computing the stability of a concept (A, B) to a

graph problem.

Let F = (V ,E) be a graph having the ordered pair (V ,E) as the set of vertices and

edges, respectively. For any concept (A,B), each object ai of A correspond to a vertex

V of the graph F. Therefore vertex set of F is V = {a1, a2,… , an}. All the vertices

of F are mutually connected to form a complete graph.

We now have the following definitions:

Definition 2 A vertex ai ∈ Vstb, iff a′i = B. If a′i ≠ B then ai ∈ Vstb (refer Fig. 1).

Definition 3 An edge (ai, aj) ∈ Estb, iff {ai, aj}′ = B, i ≠ j. Otherwise; (ai, aj) ∈
Estb (refer Fig. 1).

The set of Vstb vertices can further be classified into two sets- Vstbe and Vstbn . Vstbe
are incident to at least one Estb edge. And Vstbn are the Vstb vertices which are not

adjacent to any Estb edge.

We state a proposition from Hui-lai Zhi et al. in [14].

Proposition 1 [14] Let 𝛤 = (G, M, I) be a context, and (A, B) be a concept of the
𝛤 . For any s ⊆ A, if s′ = B then g′ = B for all s ⊆ g ⊆ A.

Observation 1 Edges between a Vstb vertex and any other vertex are always Estb
edge.

It should be noted that an Estb edge may also exist between two Vstb vertices.

The vertices and edges can also be termed as 1-cliques and 2-cliques, respectively.

A clique can be defined as a maximal complete subgraph of a given graph [15].

A clique of size k is called a k-clique. 1-cliques corresponds to vertices, 2-cliques to

edges and 3-cliques to 3-cycles (triangles).
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Observation 2 Let (A, B) be a concept of 𝛤 and Ak is a subset of k objects of A. If
there is at least one Estb edge in the k-clique formed from Ak, then A′

k = B.

Observation 3 Let the graph F be reduced to F by deleting all Vstb vertices and Estb
edges. For any subset Ak of the reduced graph, A′

k ≠ B.

Observation 4 After deletion of Vstb vertices and Estb edges; the stability index com-
puted from the reduced graph F ⊆ F will be same as the stability index calculated
from the complete graph.

Now, in the subgraph F consisting of Vstb and Estb as the set of vertices and edges,

respectively, there could be more than one connected components. A connected com-
ponent of an undirected graph is a subgraph, satisfying the criteria where edges con-

nect any two vertices of the subgraph and the same is not connected to any other

vertices belonging to the supergraph.

There is a linear time algorithm to compute the connected components in a

graph [16]. And for each concept, we have to find the Vstb vertices and Estb edges

which will form one or more connected components graph and for each such compo-

nent, we have to find the total number of cliques which will finally result in the total

number of cliques in the whole graph. But finding the total number of cliques in a

graph takes exponential time [15]. Bollobás and Nikiforov [17], Nikiforov [18] have

provided an estimate of the largest eigenvalue of the adjacency matrix of a graph

based on the number of cliques using the idea of number of walks.

We have the following result by Nikiforov [17]:

Result 1 [17] Let F be a graph, where ̂Zi denote the count of all i-cliques of F and
𝜆 be the largest eigenvalue of the adjacency matrix of F. Then for every graph F and
r ≥ 2

𝜆

r+1
≤ (r + 1) ̂Zr+1 +

r∑

s=2
(s − 1) ̂Zs𝜆r+1−s (5)

Lemma 2 Given any formal context 𝛤 = (G, M, I) where (A, B) is a concept of
the 𝛤 , then the set ({X ⊆ A|X′ ≠ B}) of the concept (A, B) can always be reduced
to a unique graph which will consist of one or many n-vertex, connected component
graph.

Theorem 1 Given any formal context 𝛤 = (G, M, I) and (A, B) is a concept of the
𝛤 ; the stability index 𝛾(A,B) is at most 1 − {| ̂Z(min)|+|Vstbn |+1}

2|A|
where | ̂Z(min)| is the

minimum number of cliques of the graph F.

Theorem 2 Given any formal context 𝛤 = (G, M, I) and (A, B) is a concept of the
𝛤 ; the stability index 𝛾(A,B) is at least 1 − {| ̂Z(max)|+|Vstbn |+1}

2|A|
where | ̂Z(max)| is the

maximum number of cliques of the graph F.

Theorems 1 and 2 give new upper and lower bounds to the stability index. We

now present the procedure formally in Algorithm 1.
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Algorithm 1 Stability Index

Compute stability indexes of all concepts of a given formal context 𝛤 = (G,M, I)
Input: Formal Context

Output: Stability Indexes of all concepts

1: procedure CALCULATE–STABILITY

2: for each concept ∈ 𝛤 do
3: Find the set of Vstb (Vstbe and Vstbn ) and Estb at the generation time of each concept.

4: Find the connected components (CC) of the graph taking Vstbe and Estb as the set of

vertices and edges, respectively [16].

5: for each connected component (CC) do
6: Create adjacency matrix D of the vertices.

7: Compute 𝜆.

8: Compute ̂Z(maxi) and ̂Z(mini)
9: end for

10: Compute ̂Z(max) and ̂Z(min)
11: Compute the upper bound and lower bound of stability index as in Theorems 1 and 2.

12: end for
13: end procedure

4 Time Complexity and Performance Analysis

The asymptotic time complexity of creating a lattice of formal concepts using

FCA algorithms like Fast Close by One (FCbO) is O(|G|2|M|L) [19], where |G|
is the number of objects, |M| is the number of attributes and L is the number

of concepts. The time complexity of finding connected components in a graph is

O(|V| + |E|) [16]. Also, the time complexity of finding the largest eigenvalue of an

adjacency matrix is O(|V|2) where |V| and |E| are the number of vertices and edges

in a (V, E)-graph.

Thus, our proposed method has a time complexity (finding the stability of all

concepts in the lattice) of O(|G|2|M|L + L|A|2) where |A| is the number of vertices

in the reduced graph F of a concept. And the time complexity of finding stability of

a single concept is O(|A|2).
The bounds were tested (Figs. 2 and 3) against the ‘bounding method’ [8] dis-

cussed earlier. It was found that our algorithm results in stricter bounds in case of

small concepts having high stability whereas the bounding method is not giving good

estimation. With the increase in the number of concepts (large concepts), it is seen

that both bounds are portraying relatively similar results. But in case of concepts

having very low stability or as in our case after the graph formation, the eigenvalue

is large (𝜆 = n − 1) being a complete graph (Kn); our bounds do not give good results

(because of the characteristic polynomial). So if (𝜆 = n − 1), we do not compute the

stability, as it will be a very low and of little use.
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Fig. 2 Lower bound and upper bound comparison of the context ‘Living Beings and Water’ [12]
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Fig. 3 Lower bound and upper bound comparison of the context ‘Tea Ladies’ [20]

5 Conclusion

Estimation of stability index for a formal concept is a hard problem. We have put

forward an algorithm exploiting results from spectral graph theory to estimate sta-

bility. Its strength lies in the fact that it does not take the ordering property of the

lattice into consideration and each concept is treated individually. Our algorithm has

a polynomial time complexity of O(|A|2) where |A| is the number of vertices in the

reduced graph F of a concept.

As the estimation of the stability index is found to be dependent on the estimation

of total clique counts, so in future, better estimation of the latter will result in even

better bounds for stability.
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