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Abstract Concrete is considered as a homogeneous material from a design per-
spective. However, on a close examination, it is observed that concrete is hetero-
geneous, which consist of coarse aggregate and fine aggregate embedded in cement
paste. Further, there exists an interfacial region, which bonds the aggregate with the
cement paste. The strength of this interfacial transition zone (ITZ) depends on its
microstructural characteristics. This interfacial region neither possesses the prop-
erties of aggregate nor of the cement paste. Interface being the weakest zone, the
microcracks are likely to initiate here when the local major principal stress exceeds
the initial tensile strength of the interface. When these microcracks reach certain
critical length, it propagates and coalesces with the existing macrocrack to form a
major crack resulting in the failure of the bond. The microstructural character of the
interfacial zone governs the mode I crack propagation in conventional concrete. The
material behavior of concrete is influenced by the geometry, the spatial distribution,
and the material property of the individual constituents and their interactions. This
study aims at estimating the critical microcrack length using the principles of linear
elastic fracture mechanics (LEFM) by analyzing the crack opening displacement at
different scales. Also, a procedure to determine the material properties such as the
elastic modulus and fracture toughness at the interface by knowing the concrete mix
proportion is explained.
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1 Introduction

During mixing of concrete, the shearing stress exerted on the cement paste by the
aggregates tends to separate water from cement particles and results in a small
region around the aggregate particles with fewer cement particles termed as the ITZ
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[1]. The composition of this zone was found to be different from that of cement
paste as the density of cement particles was lesser than that of its surroundings.
Although several techniques such as X-ray diffraction, X-ray photoelectron spec-
troscopy, secondary ion mass spectroscopy, mercury intrusion porosimetry, optical
microscope, and electron microscope have been employed to study the ITZ, the
complete characterization of the distinctive features of this zone has still not been
achieved. The interface acts as a bridge between aggregate and the cement paste,
which neither possesses the properties of aggregate nor the cement paste.

Upon loading, microcracking initiates in the ITZ when the local major principal
stress exceeds the initial tensile strength of the interface [2]. Ansari [3] reported that
the macrocrack would occur only when the microcrack reaches a critical length.
This critical microcrack propagates and coalesces with existing macrocrack thereby
resulting in the failure of the bond. The stiffness of the interface decreases although
the individual components on either side of the interface possess high stiffness. This
is due to the presence of voids and microcracks in this region, which do not allow
the transfer of stress.

The packing and density of the cement particle around the aggregates define the
strength of the interfacial zone. The strength of an interface decides whether a crack
should grow around an aggregate particle or through the aggregate. Also, the
fracture energy of the interface is found to be less than that of the cement paste and
aggregate. The microstructural character of the interfacial zone governs the mode I
crack propagation in concrete [4]. Thus, the material behavior of concrete is
influenced by the geometry, the spatial distribution, and the material property of the
individual material constituents and their mutual interaction. Hence, the failure of
concrete structure can be viewed as a multiscale phenomenon, wherein the infor-
mation of the material properties at a microlevel can be used to determine the
system behavior at the macrolevel.

In this paper, the critical length of the microcrack present in the ITZ is estimated
using the principles of linear elastic fracture mechanics. This is achieved by relating
the crack opening displacements at two different scales, namely micro and macro.
A procedure to determine the material properties at the ITZ including the elastic
modulus and the fracture toughness by knowing the mix proportions of the
ingredients in concrete is explained. The critical microcrack length thus determined
can be treated as a material property and can be used further in predicting the
macroscopic behavior of concrete.

2 Critical Microcrack Length

The initiation and propagation of microcrack at the interface between the cement
paste and the aggregates are attributed to the toughness of the interface. In this
study, the critical microcrack length is a parameter, which is used to characterize the
interface. As the critical microcrack length increases, the toughness of the interface
increases. Thus, it influences the overall strength of concrete. The existence of
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microcrack and restraining stress at the macrocrack tip is a well-known fact. Upon
loading, the microcrack will initiate at the interface and later coalesce with the
existing macrocrack resulting in the crack increment. In this study, the critical
length of the microcrack is determined by analyzing a small element near the
macrocrack tip and along the interface between the cement paste and aggregate, as
depicted in Fig. 1.

The following assumptions are made in the derivation of the critical microcrack
length: (1) The microcrack grows in a direction perpendicular to the maximum
principal stress. (2) The initial microcrack length is assumed to be much smaller
than the size of the element considered. (3) The microcrack tip is sharp for linear
elastic fracture mechanics to be applied.

The stresses and displacement along the crack tip for this two-dimensional crack
problem are determined through an inverse method by making use of an Airy stress
function (Ф), which satisfies the biharmonic equation (∇2∇2 Ф = 0). The stresses
and strains in the polar coordinate system are further determined. Using these
strains, the displacements in the polar coordinate system are obtained as

Vr ¼ 1
2lmicro

X1
n¼0

rkn � kn þ 1ð ÞBn cos kn þ 1ð ÞhþDn cos kn � 1ð Þh 4
1þ vmicro

� kn þ 1ð Þ
� �� �

ð1Þ

Vh ¼ 1
2lmicro

X1
n¼0

rkn � kn þ 1ð ÞBn sin kn þ 1ð ÞhþDn sin kn � 1ð Þh 4
1þ vmicro

þ kn � 1ð Þ
� �� �

ð2Þ

In the above equations, lmicro and mmicro are the shear modulus and the Poisson’s
ratio of the interface, respectively, where the microcrack is likely to occur. The
microcrack present in the interface is assumed to be sharp in order to initiate the
crack propagation. The crack surface of the microcrack is considered as stress free,
and the corresponding boundary conditions along the upper surface denoted by (+)
and lower surface denoted by (−) are given by

Fig. 1 Representation of microcrack at interface
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rhh ¼ rrh ¼ 0; h ¼ �p ð3Þ

Assuming the microcrack to be very sharp, the microcrack angle attains a value
of p, and the characteristic equation reduces to sin(2knp) = 0. The roots of this
characteristic equation give the eigenvalues (kn = n/2; n = 0, ±1, ±2, …). The
crack-tip singularity is observed when the eigenvalue becomes 0.5. The displace-
ment field near the microcrack tip reduces to the following form

Vr ¼ r1=2

2lmicro
� 1

2
þ 1

� �
B1 cos

1
2
þ 1

� �
h� 1

2
þ 1

� �
D1 cos

1
2
� 1

� �
h

�

þ 4
1þ vmicro

� �
D1 cos

1
2
� 1

� �
h�

ð4Þ

Vr ¼ r1=2

2lmicro
� 1

2
þ 1

� �
B1 sin

1
2
þ 1

� �
hþ 1

2
� 1

� �
D1 sin

1
2
� 1

� �
h

�

þ 4
1þ vmicro

� �
D1 sin

1
2
� 1

� �
h�

ð5Þ

A relationship between B1 and D1 is obtained by substituting the eigenvalue into
the boundary condition (B1 = D1/3). This reduces the displacement field in terms of
one unknown parameter D1. Further, by defining D1 = K1/√(2p), the displacement
field becomes a function of stress intensity factor (K). The crack opening dis-
placement corresponding to the microcrack is determined by transforming the
displacement component perpendicular to the loading direction (V) into rectangular
coordinates by making use of the following transformation

V� ¼ Vr sin hð ÞþVh cos h ð6Þ

By substituting h = + b* and h = −b*, the displacement field along the upper
(V+) and the lower (V−) surface of the crack is obtained. The corresponding dis-
placement fields are given by

V þ ¼ Vr sin hð ÞþVh cos hð Þjh¼þ b� ð7Þ

V� ¼ Vr sin hð ÞþVh cos hð Þjh¼�b� ð8Þ

The following equation provides the corresponding microcrack opening dis-
placement (dmicro):

dmicro ¼ V þ � V� ð9Þ

dmicro ¼ 8

ffiffiffiffiffiffi
r
2p

r
K
E

ð10Þ
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As the microcrack initiates in the interfacial region, the stress intensity factor
(K), elasticity modulus (E), and r are replaced with KInterface, EInterface, and l/2 (as
the total length of microcrack is assumed to be l as in Fig. 2). When the microcrack
reaches a critical length (i.e., l = lc), the corresponding fracture toughness and crack
opening displacement reach their critical value (KIC

Interface, dc) and are given by,

dmicro ¼ 4

ffiffiffiffi
lc
p

r
KInterface
IC

EInterface ð11Þ

Microcracks are nucleated in concrete structure when the applied load reaches
80% of peak load. When the applied load reaches the peak load, the microcrack
becomes critical, and it coalesces with the macrocrack. Figure 2 represents the
existence of the microcrack at the macrocrack tip considered in this study.

The macrocrack length and the stress corresponding to the peak load (Ppeak) are
represented as the critical macrocrack length (ac) and peak stress (rp). The crack
length corresponding to the peak load is determined by knowing the crack mouth
opening displacement (dp) at the peak load. The following equation provides the
crack opening displacement at any point (x) along the macrocrack:

dmacro ¼ 4rpac
E

g2
ac
D

	 

g3

ac
D
;
x
ac

� �
ð12Þ

where E is the elastic modulus of concrete, D is the depth of the specimen, and the
geometric factors g2(ac/D) and g3(x/ac, ac/D) for beam specimen are taken from
standard reference [5]. From Fig. 2, it is clear that the crack opening displacement
due to the macrocrack at (x = ac − lc/2) will be equal to the crack opening dis-
placement due to the microcrack at r = lc/2. The critical microcrack length is
determined by equating both the crack opening displacements that are given by
Eqs. (11) and (12). The solution of the following equation gives the critical
microcrack length.

dmacro
x¼ ac�lc

2ð Þ ¼ dmicro
��� ���

r¼lc
2

ð13Þ

4rpac
E

g2
ac
D

	 

g3

ac
D
;
x
ac

� �
¼ 4

ffiffiffiffi
lc
p

r
KInterface
IC

EInterface ð14Þ

Fig. 2 Representation of
microcrack an macrocrack at
peak load
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As seen from the above equation, the critical microcrack length can be obtained
by knowing the fracture toughness and elastic modulus of the interfacial zone. The
procedure for estimating the interfacial properties is explained in the following
section.

3 Estimation of Interfacial Properties

3.1 Interfacial Fracture Toughness

The lower density of cement particles around the aggregates makes the interface
weaker. The initiation and propagation of a microcrack depend on the toughness of
the interface. Hillemier and Hilsdorf [6] conducted experiments and analytical
investigations to determine the fracture properties of hardened cement paste,
aggregate, and cement-paste interface. Huang and Li [7] considered the nucleation of
a crack along the interface of aggregate and mortar and derived a relation between
the effective toughness of the material and the mortar in terms of volume fractions by
considering the crack deflection and interfacial cracking effects, which is

KIC

Km
IC

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 0:87 Vf cað Þ� q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

1� p2
16Vf cað Þ 1� m2eff

� 
s

ð15Þ

where KIC is the fracture toughness of concrete, KIC
m is the fracture toughness of

mortar, Vf(ca) is the volume fraction of coarse aggregate, and meff is the Poisson’s
ratio of concrete. In this work, a relation between the toughness of matrix and
cement paste is derived by suitably modifying and replacing the fracture toughness
of concrete and mortar with those of mortar and cement paste. Also, the volume
fraction of coarse aggregate and Poisson’s ratio of concrete is replaced with that of
fine aggregate and Poisson’s ratio of mortar, which takes the form

Km
IC

Kcp
IC

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 0:87 Vf fað Þ� q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

1� p2
16Vf fað Þ 1� m2m

� 
s

ð16Þ

The fracture toughness of cement paste–aggregate interface is much lower than
that of cement paste. Hillemier and Hilsdorf [6] conducted experiments to deter-
mine the fracture toughness of the interface and the cement paste and observed the
toughness of the interface to be 0.4 times of the cement paste (i.e., KIC

Interface = 0.4
KIC
cp), which is used in the present study.
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3.2 Interfacial Elastic Modulus

The elastic modulus of the interface is another major parameter used to define the
critical microcrack length (lc) and is reported to be 0.7 times the elastic modulus of
cement paste (Ecp) [8] and is used in this study. Hashin [9] obtained a relation
between the elastic modulus of homogeneous material with and without inclusion,
based on volume fraction and modulus of the inclusion by considering the change
in the strain energy of a loaded homogeneous body due to the insertion of inho-
mogeneities using the variational theorems in the theory of elasticity. Accordingly,
the relation between the elastic modulus of concrete and mortar is expressed as,

E
Em

¼ Vf mð ÞEm þ 1þVf cað Þ� 
Eca

1þVf cað Þ� 
Em þVf mð ÞEca

ð17Þ

where Vf(m) and Vf(ca) are the volume fraction of mortar and coarse aggregate, and
E, Em, and Eca are the elastic modulus of concrete, mortar, and coarse aggregate,
respectively. The above equation can be simplified to the form,

Vf ðmÞE2
m þ 1þVf cað Þ� �

Em Eca � E½ � � Vf mð ÞEcaE ¼ 0 ð18Þ

The elastic modulus of the mortar is obtained by solving the above quadratic
equation. The relationship between the modulus of elasticity of mortar and cement
paste is obtained in a similar manner by replacing the material properties of con-
crete and mortar with the properties of mortar and cement paste. Also, the volume
fraction of coarse aggregate and mortar is replaced with those of fine aggregate and
cement paste. The modulus of elasticity of cement paste is determined by solving
the following quadratic equation.

Vf ðcpÞE2
cp þ 1þVf fað Þ� �

Ecp Efa � Em
� �� Vf cpð ÞEfaEm ¼ 0 ð19Þ

where Vf(cp) and Vf(fa) are the volume fraction of cement paste and fine aggregate,
and Em, Ecp, and Efa are the elastic modulus of mortar, cement paste, and fine
aggregate, respectively.

4 Analysis of Experimental Data

The interfacial properties, such as the modulus of elasticity and fracture toughness
and the critical microcrack length as discussed in the previous section, are evaluated
for normal strength concrete used by researchers in their experimental program. The
following experimental data are considered in this analysis: Bazant and Xu [10] and
Shah and Chandra Kishen [11]. In both research works mentioned above, tests have
been carried out on beams of three different sizes (designated as small, medium, and

Estimation of Critical Microcrack Length in Concrete … 153



large), which are geometrically similar under three-point bending. Table 1 shows
the dimensions of the beams, the peak stress, and the crack mouth opening dis-
placement (CMOD) at peak load. The material properties, including the fracture
toughness and elastic modulus as reported in these experimental works, are given in
Table 2. The mix proportion used in the experiments conducted by Bazant and Xu
[10] and Shah and Chandra Kishen [11] are 1:1.86:2.61:0.54 and 1:2:2:0.6,
respectively.

As discussed in the previous sections, the interfacial properties of concrete
depend on the volume fraction of each of its constituents. The interfacial fracture
toughness, the interfacial elastic modulus, and the critical microcrack length, cal-
culated using the above-mentioned procedure, are tabulated in Tables 2 and 3. It is
seen that the interface is the weaker region and is therefore more prone to cracking
and that justifies the analysis of the interfacial region. Furthermore, as reported in
the literature [5], if the interface is weaker than the coarse aggregates, the crack
propagates around the aggregate. In Table 2, it is also observed that for a particular
concrete mix, the computed interfacial properties remain constant.

As reported in Table 3, the critical microcrack length is found to be dependent
on the properties of the interface as well as the geometry of the specimen. Also, it is
found to be increasing with the size of the specimen, even though the interfacial
properties remain the same. Also, Mobasher et al. [12] have reported that 80% of
microcracks are smaller than 1.5 mm in length. The critical length of microcrack is
found to be comparable with the size of the fine aggregate and cement particles.
Further, the critical microcrack length is normalized with the depth of beam as
shown in Table 3. It is seen that this normalized value remains almost constant for a
given mix of concrete and could be treated as a material property.

Table 1 Geometry and material properties of specimens

Specimen
designation

Depth Span Thickness Stress at peak
load

CMOD at peak
load

D (mm) S (mm) B (mm) ru (MPa) dp (mm)

Small [11] 76 190 50 4.476 0.0567

Medium [11] 152 380 50 3.589 0.0743

Large [11] 304 760 50 3.338 0.0483

Small [10] 38.1 95 38.1 4.750 0.0270

Medium [10] 76.2 191 38.1 3.833 0.0354

Large [10] 152.4 381 38.1 3.364 0.0436

Table 2 Material properties of concrete and interfaces

Fracture toughness
(MPa√mm)

Elastic modulus (N/mm2) References

Concrete Interface Concrete Interface

KIC KIC
Interface E EInterface

44.6 16.76 30,000 5413.5 [11]

32.0 12.45 27,120 5488.7 [10]
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5 Conclusions

In this study, a critical microcrack length parameter is defined, and an expression is
derived by analyzing the crack opening displacement at micro- and macroscales.
The critical microcrack length is found to be dependent on the specimen size. Also,
it is observed that, for a particular mix of concrete, the ratio of critical microcrack
length to the specimen depth is found to be constant and can be used as a material
property. The critical microcrack thus determined can be further used in predicting
the macroscopic behavior of concrete.
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