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Abstract. Like most geotechnical materials, frozen clay is a kind of multiphase
particulate composite, which makes the mechanical properties and behaviors
show great uncertainty and randomness, for that reason, it is more rational to
investigate constitutive relationship of frozen soil using a probabilistic approach
rather than a deterministic approach. This research cites previous uniaxial
experimental data and theoretical results of two kinds of permafrost for the three
temperature conditions. Based on Mohr-Coulomb failure criterion of geotech-
nical materials and rock damage model, a new statistical damage constitutive
model considering the effect of damage threshold is introduced. Finally, through
a series of fitting analysis and compared with previous models, it turns out that
the new model proposed by this paper can be better close to the test results and
reflect the characteristics of deformation for both the warm frozen clay and
warm ice-rich frozen clay. Particularly in the elastic stage and the post-peak
stage, the experimental and theoretical curves are much closer.
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1 Introduction

Frozen clay naturally formed in the cold region such as Tibetan, Greenland and
Northern Canada, which refers to all kinds of rocks and soils contains ice below 0 °C
and contains at least the following components: soil, ice, liquids, and gases. As is well
known, the mechanical properties of most of the geotechnical materials and artificial
composites change very little by the temperature. But, the frozen clay discussed in this
paper differs from other similar materials, because of the different mechanical prop-
erties between ice and liquid and they convert to each other easily with the temperature
changes (Ladanyi 2004). Many important projects are being built in such environment,
for example, the Qinghai-Tibetan Railway, almost half of which is built on warm
frozen permafrost (Cheng 2003). Here, ‘warm frozen permafrost ‘ indicates that the
temperature of ground is a little high, the range is about from 0 to −1.5 °C yearly.
‘ice-rich’ means that the ice content is a little high, it is about 25% or more. Due to the
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need of economic construction, more and more building project will be built in cold
area. Therefore, the engineering mechanical properties of frozen clay causes many
researchers’ attention, and some experiments were taken (Ladanyi 2004).

As the melting point of ice is 0 °C, it make the production of frozen soil samples
very difficult. But, there still exist some successful experiments on this subject. E.g, by
field experiment, Ma discovered that a small pressure applied on warm ice-rich frozen
soil would result in huge deformation (Ma 2006), the explanation of this phenomenon
can also explain the major reason of uneven subsidence setting and lots of fissures
along the roadbed of the QTR for the past decade. Besides, the relationship between
strengths and water contents is also studied, the compressive strength of this kind of
clay decrease linearly with the temperature increase. As a matter of fact, there are many
defects randomly distributed in these samples of water-bearing clay. Any deterministic
approach may be improper to be adopt in the research of constitutive relationships of
them. In the study of Lai et al. (Lai 2008), a mass of uniaxial tests were taken, at three
temperatures. Large numbers of stress-strain curves and experiment data were obtained.
Then, they introduced the statistical theory and continuous damage theory into the
research. Three distribution functions were substituted into the constitutive model to fit
the experiment data. After comparison, this model proved to be well in describing the
whole stress-strain process, and the Weibull distribution was best in three distribution
functions. Li, et al. put forward an optimized model (Li 2009), which was first intro-
duced by Krajcinovic et al. (Krajcinovic and Silva 2012), which regarded the
micro-element strength as stochastic variable. In their study, Failure criterions are used
to decide if the micro-element is damaged. It turned out that Li’s theory results is more
suitable to the fit the test data than Lai’s. But in their models, damage produced as soon
as load began to increase. Both of them did not take the linear elastic stage of defor-
mation into account. Li, et al. introduced the damage threshold for the first time when
they study the stress-strain curves of rock which has not been used in soil, results better
than previous research were obtained (Li 2012). In this study on frozen clay, the
influences of soil damage threshold is also taken into account. A new measurement
method more suitable to the micro-element strength of soil is established. Through
further research, this research aimed at reflecting the linear elastic deformation char-
acteristics of warm frozen soil in the low stress levels. Results shows that the new
model is closer to the test results than models of by Lai et al. and Li et al. (Lai 2008;
Li 2009).

2 The Establishment of Statistical Damage Constituted
Model

In this paper, based on the results of Lai et al. and Li et al., a new model is induced by
considering the damage threshold (Lai 2008; Li 2009).

At present, the statistical damage theory has been successfully applied to the
simulation of rock and soil deformation process, one of the key is to establishment of
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damage model. In accordance with the strain equivalence assumption of Lemaitre
(Lemaitre and Chaboche 1970), the stress-strain relationship can be written as:

½r0� ¼ ½r�=ð1� DÞ ¼ ½C�½e�=ð1� DÞ ð1Þ

The above expression can also be written as:

r1 ¼ ð1� DÞEe1 þ 2lr3 ð2Þ

Where ri is the macro nominal positive stress; r0i is microscopic stress on
undamaged elements or effective normal stress;E0 and E denote the macro nominal
elastic tensor and undamaged part; D is the damage factor, its definition is:

D ¼ Nt

N
ð3Þ

where N denotes all element, and Nt denotes the number of damaged element.
Equation (2) can also be written as the following form for the uniaxial compression

case:

ri ¼ ð1� DÞEei ð4Þ

2.1 The Change Rule of the Damage Factor

For the purpose of getting the better stress-strain model of warm frozen clay (WFC,
frozen content below 25% in permafrost) and warm ice-rich frozen clay (WIRFC, ice
content of more than 25% of frozen soil), it is necessary to discuss the change rule of
rock damage variable based on the experimental data, so the value of damage factor can
be understand. First of all, Eq. (2) can be transformed in the form of the expression
below:

D ¼ 1� r1 � 2lr3
Ee1

ð5Þ

Then, substitute the experiment data given by previous experiment of Lai et al. into
Eq. (5). So it is easy to calculate the corresponding damage factor D with any math-
ematical software. Thus, the D� e1 curves of different specimens can be plot, it can be
seen from Fig. 1 that:
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(1) When the axial deformation is small, the damage factor changes in the lack of
regularity, sometimes D is less than 0, this is obviously not in the reasonable value
range (0 � D � 1). When the deformation is quite small, the specimen is in a
linear elastic state and doesn’t produce damage. In this stage, D should be con-
stant to 0. This suggests that the effect of damage threshold has very important
practical significance.

(2) Followed by deformation increases, the damage factor or stress levels increase
from 0 to nearly 1. Because when the deformation or stress exceeds a certain
value, the material begins to yield to produce damage, and increases with
deformation or stress levels, the damage degree of WFC increase either.
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Fig. 1. Theoretical curves of D� e1

80 H. Xu et al.



(3) For specimens under different temperature, the damage threshold is also different,
and different ice and water content has also big influence. Of course, these dif-
ference nature is caused by the role of water and ice, besides, temperature is an
important external cause.

In a word, damage threshold is exist here. Before the threshold (i.e. the linear elastic
phase), no damage is produced with deformation, the damage does not begin to pro-
duce until the threshold, and it is closely related to temperature. Hence, the new
damage evolution model of WFC must be able to reflect the above-mentioned damage
evolution rules and characteristics.

2.2 The Establishment of Model Considering the Effect of Damage
Threshold

There are different ways to establish the damage evolution model, among them the
statistical theory is a relatively successful method, and the key lies in the reasonable
measurement of micro-element strength. Lai et al. (Lai 2008) proposed the measure-
ment of micro-element strength by axial strain, good results have been achieved.
However, the micro-element strength of soil is not simply determined by the defor-
mation size of a certain direction, but rather with the stress state. Li et al. adopt
Mohr - Coulomb failure criterion to describe the micro-element strength (Li 2009),
which is able to reflect the effect of stress state, and is more reasonable. The
Mohr-Coulomb failure criterion is;

F00 ¼ 1� sinuf

� �
r01 � 1þ sinuf

� �
r03 ¼ 2cf cosuf ð6Þ

where cf and uf denotes the cohesion and internal friction angle corresponding to the
yield stress. ‘F00’ is a more rational choice to express the microcosmic element strength
than e1, but still flawed. Equation (6) indicates that the damage begins to occur at the
moment of loading. In fact, the damage of WFC is not the case, it begins happen only
when the stress reaches a certain level. For this reason, a definition of F is proposed in
this paper:

F0 ¼ 1� sinuf

� �
r01 � 1þ sinuf

� �
r03 � k00 ð7Þ

where k00 means the threshold of a sample begins to produce damage.
Compare Eq. (6) with Eq. (7), it indicates that an initial constant must be deducted

by ‘F0’. The damage does not start to produce until F0 [ 0. When F0 � 0, material is in
the linear elastic deformation stage, and the damage variable is 0. The new definition of
F not only reflects the damage threshold problem, but also gives a reasonable point for
the starting point of damage. For the convenience of calculation, both sides of Eq. (7)
are divide by ‘1� sinu’. The final soil failure strength is obtained.

F ¼ F0=ð1� sinuÞ ¼ r01 � ar03 � k0 ð8Þ

where:a ¼ 1þ sinuf

1�sinuf
, k0¼k00=ð1� sinuÞ is constant.
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The following equations are obtained by simultaneous Eqs. (2) and (8):

F ¼ Ee1 r1 � ar3ð Þ
r1 � 2lr3

� k0 ð9Þ

Assuming that F obeys Weibull distribution, the new model is established:

D ¼ 1� exp � F
F0

� �mh i
F[ 0

0 F� 0

(
ð10Þ

where F0 and m are both unknown parameters.
Substituting Eq. (10) into (2), we have:

r1 ¼ Ee1 exp � F
F0

� �mh i
þ 2lr3 F[ 0

Ee1 þ 2lr3 F� 0

(
ð11Þ

Equation (11) represents the new constitutive model under triaxial loading condi-
tion. In the case of uniaxial loading, Eq. (11) can be written as:

r1 ¼ Ee1 exp � F
F0

� �mh i
F[ 0

Ee1 F� 0

(
ð12Þ

2.3 The Parameter Determination Method

Determination of parameters (E, F0, m and k0) is one of the critical process to obtain
complete model. There exists two main methods. Below is the regression method to
determine these parameters by the stress-strain curves of tests.

(1) For the determination of E, the linear regression method is used, based on the data
on the elastic stage of tests. This step is relatively simple to operate, and the
calculation process is omitted for space limitation.

(2) Substitute E, r1, r3 and e1 into Eq. (5), the damage variable D is obtained. when
D ¼ 0 and at the moment begins to increase (D value of the inflection point),
substitute the corresponding strain e1;D¼0 and stress r1;D¼0, r3 into Eq. (9), the
solution of k0 is as follows:

k0 ¼ Ee1;D¼0ðr1;D¼0 � ar3Þ
r1;D¼0 � 2lr3

ð13Þ

where e1;D¼0 and r1;D¼0 are the corresponding strain and stress at the inflection
point of D.

(3) Using the nonlinear regression method, the experiment data corresponding to
D[ 0 are fitted by the first formula of Eq. (11) to obtain F0 and m.

Through the above analysis, the model parameters E, F0, m and k0 are determined.
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3 Case Analysis and Discussion

This paper cites the experimental data of Lai et al. (Lai 2008), In their study, two
groups of specimens (as displayed in Fig. 1 (a, b), one group is WFC, the other one is
WIRFC) were made from clay and different amount of water, respectively 17.6% and
30.0% of total mass, which was randomly distributed in the specimens. In three dif-
ferent conditions (the temperature were, respectively −0.5 °C, −1.0 °C and − 2.0 °C),
50 samples for each group were prepared for uniaxial compression test by a MTS low
temperature testing machine. Detailed experimental information can be obtained by
consulting their paper.

Based on the above experiments data, the parameters E, F0, m and k0 are got
through numerical calculation. Substitute these parameters in to Eqs. (11) or (12), so
the new model considering the damage threshold for specimen under each condition is

(a) Failure form of WFC

(b) Failure form of WIRFC

Fig. 2. The experimental specimens
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able to be obtained. To prove consistency and exactness of the new model of this study,
this section select 12 representative test curves to be compared to the new model and
previous models used in frozen clays.

3.1 Analysis for WFC

Figures 3, 4 and 5 show the test data at three different temperature. After comparison
through numerical analysis, the new model shows a big advantage, especially in the
elastic stage, the experimental and new theoretical curves are much closed. At the peak
of the curves, the new model does not perform as well as the original model, but errors
are in the acceptable range. In the stage after the peak, the new model is much better,
and is significantly closer to the experimental data. Overall, the new model considering
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Fig. 3. Test and fit data of WFC in the case of T = − 0.5 °C
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damage threshold is a finer choice to describe the constitutive model of warm frozen
clay than other original theories. Moreover, we also discover that for warm frozen clay,
the higher the temperature, the smaller the elastic modulus and strength, which has
been found by some previous researchers (Haynes 1978). The parameters of three
models are listed in Table 1.
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Fig. 5. Test and fit data of WFC when T = − 2.0 °C

Table 1. Parameters of the average test values

Group Temperature E/MPa F0 m

Lai’s
model

Li’s
model

New
model

Lai’s model Li’s
model

New
model

Lai’s
model

Li’s
model

New
model

WFC −0.5 °C 43.78 56.765 50.43 0.04439 3.120 3.423 2.217 1.406 1.766

−1.0 °C 57.19 65.958 60.72 0.05323 4.904 4.525 1.890 1.483 1.631

−2.0 °C 66.99 79.189 75.33 0.05439 6.345 4.400 2.203 1.754 1.648

WIRFC −0.5 °C 894.71 849.711 1167 0.00004809 0.04336 0.01913 0.203 0.199 0.187

−1.0 °C 1042.62 1042.624 1334 0.0001003 0.09173 0.17906 0.216 0.208 0.200

−2.0 °C 1375.81 1371.813 2895 0.0002231 0.23572 0.04063 0.237 0.221 0.193
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3.2 Analysis for WIRFC

Figures 6, 7 and 8 shows the experimental and theoretical constitutive curves at three
different temperature. We can see that each model is able to describe constitutive
relationship of them under uniaxial condition, reason for that is the damage threshold is
zero in these six cases. However, Figs. 7(b) and 8(a, b) demonstrates that the test
curves is little different from those curves of original models, the new one can be much
more closed to the test data on the curve. All these curves illustrate that the constitutive
model of this kind of clay is ideal elastic-plastic, we can also come to this conclusion
from Fig. 2(b). In general, the new model is a finer choice to present constitutive model
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Fig. 6. Test and fit data of WIRFC in the case of T = − 0.5 °C
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of WIRFC than other original theories, although the advantage is not obvious. The
parameters of the three models are listed in Table 1.

Considering the threshold value for the rock damage problem is more realistic than
the method without considering the threshold value, because when the load is very
small, the specimen is only elastically deformed without damage. Only when the load
reaches a certain degree, the crack begins to develop and develop. Through the above
analysis, it is not difficult to find that the model of this paper is not only realistic in the
damage mechanism, but also fit the experimental data better for both WFC and
WIRFC.
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4 Conclusion and Discussions

Due to the complex structures and components of WFC and WIRFC, their mechanical
properties and behavior show great undeterminancy, the probability method is more
logical to explore the constitutive relationship of them. This paper establishes a new
model considering effect of damage threshold. In order to test the correctness of this new
model, a mass of test data of different condition for the two kinds of frozen clay obtained
by previous researchers and two theoretical models deduced by previous scholar are
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cited (Lai 2008; Li 2009). Firstly, the thresholds were calculated by analyzing the
experimental data, and then through the non-linear fitting method, we can see that the
theoretical curve agrees well with the experimental data after taking the damage
threshold into consideration. After comparison with the previous studies, the new model
of this paper can better fit the experimental data. Particularly in the elastic stage and
post-peak stage, the experimental and theoretical curves are much closed. Besides, the
model established in this paper can be applied to triaxial condition theoretically, but
further experiments are needed to support it.

More or less, the statistical distribution function has its limitation, it can’t fit the
post-yield stage of experiment curves well. The new model presented in this study is
not able to performance the constitutive behavior of the frozen clay at this stage
precisely either and can only be closer to the experiment value numerically, the results
shows better than previous models. It still deserves further study to explain the
post-yield mechanical properties of this clay. In summary, despite the shortcomings,
results shows that the model proposed by this paper is more appropriate for warm
frozen soil.
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