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1 Introduction

During recent few years, omnidirectional mobile robots have been widely applied in
different fields of society, such as the mobile platform, factory automation, logistics
transportation, military affairs and environmental exploration. Comparing with the
nonholonomic robots such as car-like mobile robots, the omnidirectional mobile
robot have the ability of three degree-of-freedom motion in the plane, which can
provide the superior maneuvering capability. Tracking control problems of omni-
directional mobile robots, which have attracted the interest of many researchers, are
significant in the practical application.

Many control methods have been proposed such as sliding mode control [1],
fuzzy control [2], adaptive control [3], model predictive control [4] and their
combinations. Due to the ideal assumptions and the complex environment, model
uncertainties and external disturbances are significant factors which have effects on
the tracking performance, and these factors should be considered during designing
the control strategy. An adaptive fuzzy terminal sliding-mode tracking controller for
omnidirectional mobile robots with system uncertainties and external disturbances
was presented in [5], in which the adaptive estimation scheme was used to adjust
parameter vector and the switching law of sliding mode with fuzzy logic was given
to constitute the control strategy. Alakshendra [6] proposed an adaptive
higher-order sliding mode controller for the trajectory tracking based on dynamics
with unknown bounded uncertainties, and the adaptive law was designed.
Comparing with the PID controller and the adaptive robust sliding mode controller,
this control strategy had better tracking performance. Moreover, system parameters
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of dynamics are assumed unknown, and the adaptive sliding mode controller with
smooth switching law was designed to handle structured and unstructured uncer-
tainties in [7], in which this controller was able to improve tracking behaviors and
avoid the singularity of control inputs. In practical engineering applications, in
order to guarantee the safety or meet requirements of the operating environment,
state constraints of omnidirectional mobile robots should be taken into account.
A novel adaptive control strategy was proposed for nonlinear pure-feedback sys-
tems in [8], and the BLF with tracking errors was introduced to avoid violating the
state constraints. In [9], an adaptive neural network was employed to approximate
dynamic model of the uncertain robot system, and the control method was given
based on barrier Lyapunov method to ensure the boundedness of all signals, thus,
state constraints held all the time and the tracking error would be tuned into a
sufficiently small compact set with suitable parameters of controller.

This paper mainly focuses on the tracking problem of omnidirectional mobile
robots with state constraints. The adaptive law is designed for unknown bounded
disturbances caused by simplified assumptions of dynamics and complex envi-
ronment, so that the reliability, stability, robustness and safety of trajectory tracking
are improved. And the controller based on barrier Lyapunov function guarantees
the full-state constraints which indicates that the states will never exceed the lim-
itations. All signals in the closed-loop system are proved to be uniformly bounded
and stability of tracking is guaranteed. Comparing with existing results, this paper
contributes to the novel solution of states constraints of omnidirectional mobile
robots with disturbances.

The rest of the paper is organized as follows. The Sect. 2 introduces the kine-
matic model and the dynamic model of the three-wheel omnidirectional mobile
robots with model uncertainties and external disturbances. In the Sect. 3, the
controller with the adaptive law based on barrier Lyapunov function is given, and
the stability of tracking system is analyzed. The simulation is presented to show the
validity of the control strategy in Sect. 4. In the end, the Sect. 5 summarizes the
whole paper and draws the conclusions.

2 Kinematics and Dynamics of Omnidirectional Mobile
Robots

As shown in Fig. 1, the three-wheel omnidirectional mobile robot, which is com-
posed of three omnidirectional wheels, servo driving systems, and the control motion
control card, is considered in this paper. The kinematic model is shown as Eq. (1).
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XwOYw represents the world coordinate and XmOmYm is the coordinate system of
the mobile robot. The position of the center of the robot in Cartesian coordinates is
ðx; yÞ and h is the robot orientation in world coordinate. ðvx; vyÞ here denotes robot’s
longitudinal velocity and transverse velocity, and x represents the rotate speed of
the robot. L is the plane distance from the center of the robot to the center of the
omnidirectional wheel. The driving force from the driving wheel can be described
as Diði ¼ 1; 2; 3Þ. F is the resultant force of driving forces and / is the direction
angle of the resultant force. As a matter of fact, the kinematics of all kinds of
omnidirectional robots can be expressed as Eq. (1).

The dynamics of this kind of three-wheel omnidirectional mobile robot can be
derived by using Newton’ Second Law. The Eq. (2) can be obtained with similar
derivation process in [6].
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According to the kinematics (1) and dynamics (2), we can describe the motion of
omnidirectional mobile robots as

_x1 ¼ JðhÞx2
_x2 ¼ Ax2 þ a2Sðx2ÞþBs

ð3Þ

where the variables and parameters are defined as follows:

x1 ¼ ðx; y; hÞT ; x2 ¼ ðvx; vy;xÞT ; Sðx2Þ ¼ ðxvy;�xvx; 0ÞT ; s ¼ ðs1; s2; s3ÞT ;
A ¼ diagfa1; a1; a3g; a1 ¼ �3c=ð3Ix þ 2mr2Þ; a2 ¼ 2mr2=ð3Ix þ 2mr2Þ;
a3 ¼ �3cL2=ð3IxL2 þ Ivr

2Þ; b1 ¼ kr=ð3Ix þ 2mr2Þ; b2 ¼ krL=ð3IxL2 þ Ivr
2Þ;
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Fig. 1 The structure of
three-wheel structure of the
robot (left) and the force
analysis (right)
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Assume that each wheel has the same property and the same size. m is the mass
of the robot and Iv is the moment of Inertia of the robot. The moment of each wheel
can be defined as Iw, and r is the radius of the wheel. Besides, c denotes the viscous
friction factor of the wheel and k represents the gain factor of the driving wheel.
The input torques are described as si.

Considering the model uncertainties and external disturbance, we can get the
dynamics as _x2 ¼ ðAþDAÞx2 þða2 þDa2ÞSðx2Þþ ðBþDBÞsþwðx; tÞ. In order to
deal with this problem, we define dðx; tÞ ¼ DAx2 þDa2Sðx2ÞþDBsþwðx; tÞ where
dðx; tÞ ¼ ðd1; d2; d3ÞT and the boundedness d of dðx; tÞ is unknown with dij j � dt.
Thus, the robot system with model uncertainties and external disturbance can be
expressed as (4).

_x1 ¼ JðhÞx2
_x2 ¼ Ax2 þ a2Sðx2ÞþBsþ dðx; tÞ ð4Þ

The tracking control problem with full-state constraints is that suitable control
law should be designed to track the desired trajectory ðxd ; yd; hdÞ and the state
constraints xj j\kx; yj j\ky; hj j\kh; vxj j\kvx; vy

�� ��\kvy; xj j\kx are not violated,

where kc1 ¼ ðkx; ky; khÞT ; kv1 ¼ ðkvx; kvy; kxÞT are positive constants. Assume that
the desired trajectory satisfies xdj j � kxd\kx; ydj j � kyd\ky; hdj j � khd\kh;

vxdj j � kvxd\kvx; vyd
�� ��� kvyd\kvy; xdj j � kxd\kx, where kc2 ¼ ðkxd; kyd; khdÞT ;

kv2 ¼ ðkvxd; kvyd; kxdÞT are positive constants.

3 Controller Design

Consider the kinematics and dynamics of the robot (4). An adaptive controller
based on barrier Lyapunov method is given to handle the full-state constraints and
disturbances. Two inequalities are given as follows.

0� xj j � x tan hðexÞ� l
e

ðe[ 0; l ¼ e�ðlþ 1ÞÞ ð5Þ

log
k2

k2 � x2
� x2

k2 � x2
ð xj j\kÞ ð6Þ

Denote z11 ¼ x� xd; z12 ¼ y� yd; z13 ¼ h� hd , z21 ¼ vx � a11; z22 ¼ vy � a12;
z23 ¼ x� a13, which also can be expressed as z1 ¼ x1 � x1d ; z2 ¼ x2 � a1. Choose a
barrier Lyapunov function as
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V1 ¼ 1
2

X3
i¼1

log
k21i

k21i � z21i
ð7Þ

where k1 ¼ ðk11; k12; k13ÞT ¼ kc1j j � kc2j j are positive constants. Differentiating

Eq. (7) will lead to _V1 ¼
P3
i¼1

z1i _z1i
k21i�z21i

and _z1 ¼ JðhÞðz2 þ a1Þ � ð _xd; _yd ; _xdÞT . Design
the auxiliary variables as a1 ¼ JTðhÞ½ð _xd; _yd; _hdÞT � ðka1z11; ka2z12; ka3z13ÞT �, where
kaiði ¼ 1; 2; 3Þ are positive constants, thus we can obtain

_V1 ¼
X3
i¼1

z1i _z1i
k21i � z21i

¼�
X3
i¼1

kaiz21i
k21i � z21i

þ
X3
i¼1

z1iJiðhÞz2
k21i � z21i

ð8Þ

In order to deal with the disturbances, we denote the unknown boundary as
d ¼ dt, and the estimate error is described as ~d ¼ d̂ � d. Then we choose a barrier
Lyapunov function based on (7).

V2 ¼ V1 þ 1
2

X3
i¼1

log
k22i

k22i � z22i
þ 1

2
~d2 ð9Þ

It is obviously to get _z2 ¼ Ax2 þ a2Sðx2ÞþBsþ dðx; tÞ � _a1 by differentiating
z2. And we get _a1 ¼ _JTðhÞ½ð _xd ; _yd; _hdÞT � ðka1z11; ka2z12; ka3z13ÞT � þ JTðhÞ
½ð€xd;€yd; €hdÞT �ðka1 _z11; ka2 _z12; ka3 _z13ÞT �. Design the input torques as follows.

s ¼ �B�1½Kbz2 þAx2 þ a2Sðx2Þþ d̂ tanhðez2Þþ ðh1; h2; h3ÞT � _a1�
h1 ¼ ðk221 � z221Þð

z11 cos h
k211 � z211

þ z12 sin h
k212 � z212

Þ

h2 ¼ ðk222 � z222Þð�
z11 sin h
k211 � z211

þ z12 cos h
k212 � z212

Þ

h3 ¼ z13ðk223 � z223Þ
k213 � z213

ð10Þ

Kb ¼ diagfkb1; kb2; kb3g and kbi [ 0ði ¼ 1; 2; 3Þ. Differentiate the Eq. (9) and
substitute (10) into _V2. We can obtain the (11) following dij j � d and the inequality
(5).

_V2 � �
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�
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The adaptive law is designed for unknown boundary as Eq. (12).

_̂d ¼
X3
i¼1

z2i tan hðez2iÞ
k22i � z22i

� cdd̂ ð12Þ

Substituting the adaptive law (12) and the inequality (6) into (11) will lead to the
inequality (13) with the equation ~dd̂ ¼ ð~d2 þ d̂2 � d2Þ=2.

_V2 � �
X3
i¼1

½log kaik21iz
2
1i

k21i � z21i
þ log

kbik22iz
2
2i

k22i � z22i
� � cd

2
~d2 þ l

e

X3
i¼1

d
k22i � z22i

þ cd
2
d2 ð13Þ

Therefore, (13) can be expressed as (14), and we can draw the theorem.

_V2 � � qV2 þC

q ¼ minf2kaik21i; 2kbik22i; cdgði ¼ 1; 2; 3Þ

C ¼ l
e

X3
i¼1

d
k22i � z22i

þ cd
2
d2

ð14Þ

Theorem 1 For the system (4) of omnidirectional mobile robots with full-state
constraints, if the initial conditions satisfy z1ið0Þ 2 X1 , f z1ij j\k1i; i ¼ 1; 2; 3g
and z2ið0Þ 2 X2 , f z2ij j\k2i; i ¼ 1; 2; 3g, all signals fz1i; z2i; d; i ¼ 1; 2; 3g will be
uniformly bounded with the controller (10) and the adaptive law (12). And the state
constraints will never be violated with suitable parameters, which means
x1j j\kc1; x2j j\kv1. The tracking error will converge to a sufficiently small com-
pact set to zero with large e and small cd .

4 Simulation Results

The parameter values of the system model are Iv ¼ 11:25 kgm2; Iw ¼
0:02108 kgm2; m ¼ 9:4 kg; c ¼ 5:983� 10�6 kgm2=s; k ¼ 1:0; L ¼ 0:178m; r ¼
0:0245m. Initial positions of robot are ðxð0Þ; yð0Þ; hð0Þ ¼ ð�0:5; 0:2; 0:1Þ and the
desired trajectory can be described as xd ¼ 0:75 sinð2pt=45Þyd ¼ sinð4pt=45Þ and
hr ¼ p cosðpt=16Þ=4. Besides, the parameters are chosen as k1 ¼ ð0:2; 0:5; pÞT ;
k2 ¼ ð0:2; 0:4; 0:2ÞT ; kai ¼ 1:5; kbi ¼ 2:0; d̂0 ¼ 0:2; e ¼ 3:0; l ¼ 0:2785; cd ¼
4; k11 ¼ 0:6; k12 ¼ 0:3; k13 ¼ 0:8; k21 ¼ k22 ¼ k23 ¼ 1:2. The disturbance is
expressed as diðx; tÞ ¼ 0:05 cosðt=50Þ.

Figure 2 shown that the z1i and z2i will are bounded. z1i will converge to a
enough small compact set, which means the tracking errors will be sufficiently
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small. The tracking trajectory, input torques, the adaptive parameter are shown in
Fig. 3. Simulation results validate the effectiveness of the proposed method.

5 Conclusions

In this paper, trajectory tracking of omnidirectional mobile robots with full-state
constraints was considered. The control scheme combined the barrier Lyapunov
function with adaptive technique to achieve the great tracking performance subject

Fig. 2 Tracking errors of z1i and z2i using the proposed controller with the adaptive law

Fig. 3 Tracking trajectory, input torques, the adaptive parameter and the tendency of a1i
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to state constraints. An adaptive estimation law was proposed for disturbances of
dynamics in practical systems to improve the robustness of control systems.
Meanwhile, the stability of the closed-loop system was analyzed. And simulation
results demonstrated the efficiency and availability of the proposed control strategy.
In future work, input saturations of robots should be considered to satisfy the real
system, and more complicated situations, such as time delay and time-varying state
constraints, can be researched to achieve superior tracking performance.
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