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1 Introduction

During the past years, the consensus control of MASs has attracted many
researchers’ attention. In the beginning, the consensus problems of MASs with
first-order and second-order or high-order dynamics have been investigated from
severally different directions, such as communication delay, switching topology,
external disturbances in [1-3].

Afterwards researchers have worked out some results about heterogeneous
MASs. In [4], Wang discussed linear consensus protocol and input saturated con-
sensus protocol and obtained a sufficient condition of the system. In [5], the con-
sensus of heterogeneous MASs under bounded communication delays were studied.
The orther studies directions about consensus of heterogeneous MASs have been
investigated in [6]. In view of MASs is limited to computing ability, communi-
cation ability, energy reserves and other restrictions, research on MASs based on
event-triggered mechanism has attracted considerable attention. In [7], Lemmon
applied event-triggered mechanism to distributed networked control systems.
Meanwhile, research directions of the MASs about event-triggered mechanism have
been investigated in [8, 9].

In fact, there are several research on solving the cooperation of heterogeneous
MASs by event-triggered control. In [10], Huang investigated consensus problems
for two different dynamics: first and second-order integrators, but zeno behavior is
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not excluded theoretically. In [11], Yin and Yue investigated the consensus problem
for a set of discrete-time heterogeneous MASs.

Inspired by the above results, we consider a heterogeneous MASs, which
compose of first-order and second-order agent, and solve consensus problem based
on event-triggered mechanism. The contributions of this work are listed as follows.
(i) This work propose a novel event-triggered condition different from have pub-
lished articles in [10, 11] about the consensus problem of heterogeneous MASs,
which can reduce the number of communication. (ii) Control protocols based on
event-triggered mechanism are respectively designed for both leaderless and
leader-follower heterogeneous systems. Meanwhile, the zeno phenomenon is
excluded and a positive lower triggered bound will be found between two con-
secutive actuation updates.

2 Problem Formulation

Consider a heterogeneous MASs consisting of a group of » identical agents with a
communication graph G. Assume that there are m(m<n) first-order agents and
n — m second-order agents. The dynamics of the first-order agents can be described
as follows:

50 = w(n),i=1,2,....m, (1)

where x; € R, u; € R, denote the position state and control input of the ith first-order
agent and the second-order agents can be described as follows:

{g@(z) — (s

bi(t) = uile

where x; € R,v; € R,u; € R, denote the position state, velocity state and control
input of the ith second-order agent.

In a leader-follower consensus problem, the dynamics of the leader is described
by the following frist-order differential equation:

) i=m n
) +1,...,n, (2)

Xo(t) = vo (3)

where xy(7) € R,vp € R are the position state and velocity state.

3 Leaderless Consensus with Event-Triggered Control

An event-triggered heterogeneous MASs (1) and (2) consensus protocol of agent i
is designed as follows:
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w(t) = 3 ay(o(n) — xi(t))si = 1,2, .om

= (4)
ui(t) = =2puvi(te) + 1y ay(xi(te) — xi(t)),i=m+1,....n
jel

for t € [tx,tx+1),k ={0,1,...}. Where u > 0 is the control gain parameter and
will be determined in sequel. The system (1) and (2) with the protocol (4) can be
rewritten

5(0) = 3 ag(o(n) — xi(t))si = 1,2, ...om

jel
(@) =vi(t),i=m+1,...n (5)
Vi(t) = —2uwi(t) +M;aij(xj(fk) — xi(t))

Suppose that the event-times of all agents are modeled as a sequence #; for
k=1{0,1,...}. For agent i with dynamics (1) and (2), define measurement errors

(1)
- (6)
(1)
where V;(t) = v;(¢)/u+ x;(t). The event-times # are defined by the function
Sle(t), x(t), v(tx)) >0, which will be determined in sequel. Denote

Vs(t) = col(Vim41(t), Vm42(t), . . ., Vn (1)), ex(t) = col(ex(t), e2x(t), . . .emx(t))
ex.s(t) = CO](em+ l.x(t)7 em+2.x(t)7 -+ Cnx (0)7 e\?,s(t) = COl(em+ l,V(t)v em+2,§/(t)7 .. ~en,§'(t))

(7)

Let (1) = col[xs (), x,(2), Vs(2)],e(t) = collexs (1), exs(t), €5.5(¢)], then system (1)
and (2) can be transformed into the closed-loop system as follows:

{ x¢(t) = col(xy (), X2 (t), . . ..Xm(t)), Xs(t) = col(Xm+1(t), Xm+2(t), . . .. Xn(t))

Y1) = —F(1) + Je(r) (8)
L Ly, 0 Ly Ly, 0
F=1]0 iy~ | J=—] 0 0 0 (9)
L21 L22 - ,ulnfm ,ulnfm l/21 L22 - ,ulnfm ,Ltlnfm

Ly € R™™ Ly, € R’”X(”’”’),LZI € Rln—m)xm and are parts of

Ly L12}

Ly, € Ri=m*(n=m) 1 aplacian matrix is L =
Ly Lp
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Assume an undirected graph G(V, E, A) is connected, mean that L1,, = 0,, then
we can get

12Tn7m(—Fl//(t) +J€(I>) = 02

lT

r oW (1) = 02y (10)

Denote £(t) = (1) — wlay_m, where @ = (1/(2n —m)) 327" ;. From (10),

i=1
it is clear that o is a constant. Then the system (10) becomes

E(t) = —F&(t) + Je(t) (11)
We can get that lim y(f) = wly,—,, when lim &(¢) = 0,,_,,, that is mean
1—00 1—00
limxy;=w,i=1,2,..,nlimv,=w,i=m+1,m+2,...,n Because of
1—00 —00

vi(t) = vi(t) /u+x:(2), we can get lim v, =0,i =m+1,m+2,...,n, the consen-
1—00
sus problem of MASs (8) can be changed into the stability issue of system (11).

Theorem 1 Assume that the interconnection topology G associated with
multi-agent system (1)—(2) is connected. If there exist a symmetric positive definite
matrix P € R(Z””"V(z”””), and constants 1 > 0 such that

(Fy + uFy) P+ P(Fy 4 uF,) >0 (12)
event-triggered condition f(e(ty.), x(t;), v(tx)) = |le|]| — a% >0, and the
event-triggered consensus protocol (4), heterogeneous MASs (1) and (2) can
Ly Ly O 0 0 0
achieve consensus, where F1 = | 0 0 O0|,Fb=1|0 L, —IL,n,
L21 lQZ 0 0 _Infm Infm

Proof For system (1) and (2), construct following Lyapunov function candidate

V(&) =¢P¢ (13)

where P is a positive definited matrix.
Consider the derivative of V(&) and along the trajectory of (13) we can get

V(&) = ETPE+ ETPE
= — N (FTP+PF)¢ +2¢"Ple (14)
=—&'Qe+28"Ple
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where Q = FTP+PF, F = F; + kF,. Make the measurement error e to satisfy
lle]] < a%, with ¢ € (0, 1), from (12), Q is positive definite with k given in
(13), therefore

V(€) < — Amin(QIEI +22max (PYII[IE] I
= = [l (Amin (Q)[E]] = 22max (P) [ [ e]]) (15)

1 — 0)Ani ;
< (1 - )i QP < —wv@
From (15), we conclude that lin& &(r) =0. In other words, under the

t—

event-triggered consensus control protocol (4), MASs (1) and (2) achieves
consensus.

Theorem 2 In MASs (1) and (2) based on event-trigger mechanism of consensus
control protocol (4), and trigger function f(e(tx),x(t),v(t)), let K satisfy the
following expression K = 02/%%, the triggered time interval ty, .| — t; are

bounded by the time '

in(|17) — in( |
Imin =
#1 = 7]

(16)

Proof be similar to Tabuada [12] proofs that calculate the interval lower bound.
Based on measurement error ||e||, we can written as follows:

el

<

/lmin
_fain(Q) (17)
2max (P) V|

Let ¢(¢) = |le(r)]|/1|£(2)]|, we can get that when ¢(7) = a%, system will
be triggered, transfer state information and update control inputs. Take derivative of
¢(t), when the derivative of ¢(¢) become bigger, the inter event times become
shorter. So we can get the minimum inter-event times, when the derivative of ¢ ()
reach its maximum.Take the derivative of ¢ (1) = |le(?)]|/||£(?)]], we can get

Godlewl _d(re” e EE e
€O a2 el Pl

lelll €l HEN|E] el
< —
= Telli@l ™ TeEne

(18)

From the above analysis, the derivative of ¢(f) reach maximum when

¢ = (1+)(|F||+1|/]|¢). Solving the differential equations ¢(z), assume ¢ (¢, ¢)
is the solution differential equations, we can get the solution as follows:
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@+OWI=IFD — P
e
9(t: o) = 17 = oG ST

(19)

where e is natural constant, ¢ is the initial value of differential equations, C is the

constant of indefinite integral solutions. Because the system start first triggered, so

we can get ¢, = 0, and get into the equation, C = Hl;\(\wpll’ we can get

In(||F])

T VI (Rl

t = 20
9(t: o) 7] - e(t+7“1}ﬂwu)(\lf\|*\|FH) (20)
Let K = o#ﬁffﬁjn , solving the differential equation ¢(z, ¢,) leads to
n(UED -1 HHFH+KH1HH 1+ K7
Atonin = p(FD ~Indl “Ex T InGewm (21)

1E] =11 IE] =111

which is a positive bound due to the fact that ||F|| > ||J||, the proof is now finished.

4 Leader-Following Consensus with Event-Triggered
Control

Assumption 1 The state information of the leader can be measured in
continuous-time by the followers. An undirected graph G(V,E,A) is connected and
at least one agent is connected with the leader.

A control protocol for heterogeneous MASs (1)—(3) with an active leader is
designed

ui(t) = Xn:aij(x./‘(tk) —xi(tx)) +aio(xo(t) — xi(t)) +vo ()i = 1,2,...,m

jel
0) = o) =)+ L) = 5(4) @)
+(1i0()€0(l‘) — xi(tk)), i=m+1,...,n
denote the measurement errors
eix(t) = xi(t) — xi(1) (23)

ein(t) = vi(ty) — vi(1)

for t€ [, tev1),k={0,1,...}. The # are defined by function
fle(te), x(t), v(#)) = 0.
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Let H = L+ B, %i(t) = x;(t) — xo(2), vi(

t) = v;(t) — vo(r), based on the fact that
Hi(r) = Hx(t) — Blx(t), Hv(t) = Hv(t) — Blv,

t), MASs (1)—(3) can changed

X (1) (1) exs(1)
20 | = v 50 |+ w( e (24)
(1) V(1) evs(t)
Ly + By Ly 0 Ly + By Ly 0
U= 0 o I |l.w==| o 0 0
Ly Ly +Bs pthym Ly Ly +Bs iy
By = diag(ai0, a0, - - -, amo), Bs = diag(am 1 10, @m 1 2)0; - - - @n0)

Let &(1) = col(X(1) X,(1) V5(2)), e(t) = col(exs(t) exs(1) ey (1)), (23) expressed as

E(t) = —UE(t) + We(r) (25)

Theorem 3 Assume that the leader-follower topology G associated with MASs (1)—
(3) is connected. If there exist a symmetric positive definite matrix

P, € R(Z”””)X(Z””"), and constants 1 > 0 such that
U'PL+P.U>0 (26)
under the event-triggered condition

el ), v(n) = el - o572 Qe > 0 @)

and protocol (22), heterogeneous MASs (1)—(3) can achieve consensus.

Theorem 4 In MASs (1)-(3) based on event-trigger mechanism of consensus
control protocol (22), and trigger function (27), the triggered time interval

g )~min(QL)
Drmax (PL) W]
In([|U])~In(| LA ) )
ToT=Twll

o1 — e, K satisfy the following expression K = the inter-event

times are bounded by the time Aty =

5 Simulations

A leaderless heterogeneous MASs is showed on Fig. la. The communication
topology G has a globally vertex 5, 1 and 2 denote the first-order agents, 3, 4 and 5
denote the second-order agents. Each agent is governed by the controller (4). The
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Fig. 1 a Leaderless heterogeneous MASs. b The trajectories of position x;. ¢ The trajectories of
velocity v;. d Evolution of error signals for agent

parameters are given by k = 6 and ¢ = 0.8 for all agents. The initial positions and
velocities are randomly chosen within [—10, 10] and [0, 0.5].

Figure 1 we know that the leaderless heterogeneous MASs (1) and (2) with
consensus protocol (4) can solve consensus problem. Figure 1d shows that curve
le le] is

bounded by the threshold a% Figure 1d also shows consensus controllers

are illustrated for the four agents, whose event-driven update frequencies are
decreasing as time evolves, mean that the triggered time is getting longer as time
goes by.

6 Conclusion

An event-triggered consensus problem of heterogeneous MASs with leaderless and
leader-following was considered in this paper. The heterogeneous consensus con-
trollers have been proposed for all agents based on an event-triggered control
strategy. Some sufficient conditions for heterogeneous MASs consensus have been
solved. Numerical examples have been presented to verify the efficiency of pro-
posed controls. The consensus of heterogeneous MASs based on event-driven
under external disturb and communication delay will be researched in the future.
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