Chapter 6
Additive Results for the Drazin Inverse

The Drazin inverse, introduced in [1], named after Michael P. Drazin in 1958 in the
setting of an abstract ring, is a kind of generalized inverse of a matrix. Many inter-
esting spectral properties of the Drazin inverse make it as a concept that is extremely
useful in various considerations in topics such as Markov chains, multibody sys-
tem dynamics, singular difference and differential equations, differential-algebraic
equations and numerical analysis ([1-6]).

In this chapter we will focus our attention on the behavior of the Drazin inverse
of a sum of two Drazin invertible elements in the setting of matrices as well as in
Banach algebras, where we will also consider the concept of the generalized Drazin
inverse. In 1958, while considering the question of Drazin invertibility of a sum of
two Drazin invertible elements of a ring Drazin proved that

(A+ E)P» = AP + EP

providedthat AE = E A = 0. After that this topic received considerable interest with
many authors working on this problem [4, 7-10], which in turn lead to a number
of different formulae for the Drazin inverse (A + E)P as a function of A, E, AP
and EP.

6.1 Additive Results for the Drazin Inverse

Although it was already even in 1958 that Drazin [1] pointed out that computing
the Drazin inverse of a sum of two elements in a ring was not likely to be easy, this
problem remains open to this day even for matrices. It is precisely this problem when
considered in rings of matrices that will be the subject of our interest in this section,
i.e., under various conditions we will compute (P + Q)P as a function of P, Q, PP
and QP. We will extend Drazin’s result in the sense that only one of the conditions
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PQ =0or PQ = QP is assumed. The results obtained will be then used to analyze
a special class of perturbations of the type A — X.

Throughout the section, we shall assume familiarity with the theory of Drazin
inverses (see [11]). Also, for A € C"*", we denote Z, = I — AAP.

First, we will give a representation of (P + Q)P under the condition PQ =0
which was considered in [10, Theorem 2.1]:

Theorem 6.1 Let P, Q € C™". If PQ = 0, then

(P+Q)° =1 —Q0°)I+QP°+---+ Q"' (PP)*'1PP
+ QP+ QPP 4+ (@} PEN — PPP), (61)

and

(P+O)(P+QP=U-00"[+QP°+---+ 0P 11PPP
+ QO + QPP + -+ (Q")*'P*" 111 — PPP) + QQ°PPP, (6.2)

where max{Ind(P), Ind(Q)} < k < Ind(P) + Ind(Q).

Proof Under the assumption P Q = 0, we have
PDQ:PQD:O, ZPQ:Q and PZQ:P (63)

Using Cline’s Formula [12], (AB)P = A[(BA)]*B, we have

v+ or = (i Q][];DD= . Q]([I; PQQT)Z[’I’]

Now, by Theorem 1 of [4], we have that
P07’ [P° O
Io| | R QP |’

R = _QDPD + ZQYk(PD)k+l + (QD)k+lYkZP

for
and
where max{Ind(P), Ind(Q)} < k < Ind(P) + Ind(Q).

Hence

D PD 0 ? P D D D D
P+0O)7"=1L2I\| g oP ;| =P +QRPP°+ QQ°RP +Q°.
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Substituting R in the above equality, we get (6.1). It is straightforward to prove (6.2)
from (6.1) and (6.3). O

Now we list some special cases of the previous result:

Corollary 6.1 Let P, Q € C"™" be such that PQ = 0 and let k be such that max{
Ind(P), Ind(Q)} < k < Ind(P) + Ind(Q).

() If Q is nilpotent, then (P + Q)® = PP 4+ Q(PP)> + ... + Q1 (PD)X.
(i) If Q* =0, then (P + Q)° = PP 4+ Q(PP)%
(iii) If P is nilpotent, then (P + Q)° = QP + (QP)?P + --- + (QP)* P*-1.
(iv) If P2 =0, then (P + Q)° = QP + (QP)’P.
V) If P*=P, then (P+Q)°=(I-00°)UI+Q0+ --+0“HP+
OP(I — P), and
(P+Q)PU—-P)=0°U-P).
i) If Q*=Q, then (P+QP=U-QP°+QU+P+---+ P
(I — PPP), and
I—-0)P+Q)P=U—-0)PP.
(vii) If PR =0, then (P + Q)PR = (I — QQP)PPR + QPR = QPR.

Theorem 6.1 may be used to obtain several additional perturbation results concerning
the matrix I' = A — X. Needless to say these are rather special, since addition and
inversion rarely mix. First a useful result.

Lemma 6.1 Let A, F,X € C”". IfAF = FAand FX = X, then
(AF — X)*X = (A—X)*X, forall keN. (6.4)
Proof Since AF = FA and (I — F)X = 0, we have that
(I — F)(A—X)x =o. (6.5)

Now the assertion is proved by induction. The case k = 1 is trivial. Suppose (AF —
X)*X = (A — X)kX. Then by (6.5),
(AF — X)"''X = (AF —= X)(A = X)*X = AF(A — X)X — X(A - X)X
=AA-X)X —X(A- X)X =A-x)'x0O

Now we present a perturbation result.

Corollary 6.2 Let A, F, X € C"™" and let F be an idempotent matrix which
commutes with A. Let I' = A — X and let max{Ind(A), Ind(X)} < k <Ind(A) +
Ind(X).If FX =Xand R=T'F = AF — XF, then
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k—1
(A—X)P=RP - Z(RD)"“X(I — FYA'(I — AAD)
i=0
k—2
+ (I + R°X)(I — F)AP — (I — RRP) Z(A —X)'X(I — F)(AP)'*2. (6.6)
i=0

Proof LetI’' =A—-X =P+ Q,whereP = A(l — F)and Q = AF — FX. Since
F?>=F wehavethat (/ — F)> =1 — Fand (I — F)® = (I — F). Since

PQ =A(I — F)(AF — FX) = A(I — F)AF = A’[(I — F)F] =0,
after applying Theorem 6.1 we get
(P+0Q)P=0U-00°)WVW+WUI-PP°)=T+1,
where V =[PP + Q(PP)* +--- + 0 1(PP)]and W = [QP + (QP)*P + - +
(O P11 Put Ty = (I — QOP)V and T, = W(I — P PP). So we see that we
need to compute QP and PP. The latter is easily found because A and F commute:
PP =[A(I — F)I°P = — F)AP, PPP = — F)AAP.
On the other hand, in order to compute 0oP, we split Q further as
Q=R-5,
where R=(A— X)F = AF — FXFand S = FX(I — F). Since
SR=FX(I — F)(FA— FXF)=FX[(I — F)F](A—XF) =0,
and S?> = FX[(I — F)F1X(I — F) = 0, by (iv) of Corollary 6.1 we get
Q= (=S +R)" =R"— (R")’S, Q0" = (R - $)[R” — (R")’S].

Since SRP = SR =0, it follows that QQP = RRP — RPS. Also, R°P =0,
because

RP = (AF — FXF)A(I — F) = (A — FX)[F(I — F)]A = 0.
So QPP = —(RP)’SP = —(RP)>X P. Similarly, since SRP = 0, we get

(Q°)*P = [R® — (RP)*S][—(R")*X P] = —(RP)’X P.
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Repeating the process, we obtain
(QD)IHPt:—(RD)HZXPt, [:1’2’”.

which when substituted yields the second term:

W — PPP) =[RP — (R®)2S — (R’ xP — ... — (RD)*' x P11 — PPD)

= [RP — (RP)’X(I — F) — (RP)*XAU — F)--- — (RDY* 1 x A1 (1 - )]

— [RP — (RP?X (I — F) — (R®’*XA( — F)--- — (RDY*' XA 11 — F)1(I — F)AAP
k—1

= RP = > (R®)2X (1 — F)A'(I — AAP).

i=0

)

Let us next examine the first term
Ty =(I—QQ")V =[I—(RR”—R°)I[P°+ Q(P°)* +---+ 0" '(PP)"].

We compute the powers Q' (PP)'*! = (AF — X)/(I — F)(AP)*!. Fori =1,
this becomes (AF — X)(I — F)(AP)?> = —X (I — F)(AP)?, while for higher pow-
ers of i we may use Lemma 6.1 to obtain

Q'(PP)"*! = (AF — X)'"'(AF — X)(I — F)(AP)""!
=—(AF = X)'7'X(I — F)(A®)"' = —(A — X)""'X (I — F)(AP)'*!.

Now

SA—X)"'X=X(UI—-F)(A—-X)(A-X)?X
=XAUI -F)A-X)?X=...=XA"'"U-F)X=0

forall i, and RP(I — F) = (R°)*R(I — F) = (R°)*(A — X)[F(I — F)] = 0, so

Ty = (I — RRP + RPS)(1 — F)AP + (1 — RRP + RPS)[Q(PP)? + .- + 01 (PP)]
k—1
= 1[I+ RPX(I - F)](I — F)AP — (I — RRP) Z(A — X)"'x (1 — F)(AP) !
i=1
k=2
= (I +R°X)(I — F)AP — (I - RRP) Z(A — X)'X(I — F)(AP)'*+2,
i=0
completing the proof. O

Using the previous result we will analyze some special types of perturbations
of the matrix A — X. We shall thereby extend earlier work by several authors [13—
16] and partially solve a problem posed in 1975 by Campbell and Meyer [17], who
considered it difficult to establish norm estimates for the perturbation of the Drazin
inverse.
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In the following five special cases, we assume FX = X and R = AF — XF.
Case (1) XF = 0.

Clearly (RP)" = (AP)'F and S = X. Moreover (A — X)'FX = A'X fori > 0.
Thus (6.6) reduces to

k—1
(A—X)P = APF — Z(AD)"“XA"(I — AAD)
i=0
k—2
+ (I — F+ APX)AP — Z Al(I — AAP)X (AP 2. (6.7)
i=0

Case (la) XF =0and F = AAP.
If we in addition assume that F = AAP, then XAP = 0 and (6.7) is reduced to

k—1
(A—X)P = AP — Z(AD)"”XA". (6.8)
i=0

Case (Ib) XF =0and F = I — AAP.
In this case, AP X = 0 and (6.7) becomes

k—2
(A—X)P = AP — Z AT X (AP) 2, 6.9)
i=0

Case (2) F = AAP,
Now AAPX = X, R = A?AP(I — APX AAP) and (6.6) simplifies to

k—1
(A—X)P=RP - Z(RD)"+2XA"(1 — AAD). (6.10)
i=0

IfwesetU =1 — APXAAP and V =1 — AAPX AP, then UAP = APV and R =
A2APU = V A%AP. Now if we assume that U is invertible, then so will be V and
U~'AP = APV~! It is now easily verified that R¥ exists and

R* =U'AP = APV

In fact RR* = A2APUU'AP = AAP = APV-1VA2AP = R*R and R*R* =
RAAP = R and R*RR* = U7'APAAP = U~'AP = R*. We then have two sub-
cases.

Case (2a) F = AAP, and U = T — APX AAP is invertible.
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In this case, (6.10) is just

k—1
(A—X)P=R*— Z(R#)i+2XAi(I — AAD), (6.11)
i=0

where R = A?APU, R* = U7'AP. In general, (R*)' # U~(AP)'.

Remark 6.1.1 The matrix U = I — APX AAP is invertible if and only if I — APX
is invertible. This result generalizes the main results from [13-16].

Case 2b) F =1 — AAP.
We have APX = APF = 0, and (6.6) becomes

k=2
(A—X)® =RP 4+ (I + R°X)A® — (I — RR") Z(A — X)X (AP *2, (6.12)
i=0

where R = A(I — AAP) — (I — AAP)X (I — AADP).

Case (3) AAPXF = XFAAP = XF, U = I — APXF is invertible and (A F)*
exists.

Now R = AF — XF = AF — AAPFXF=AF(I — APXF)=AFU = VFA,
where V = I — X FAP. Furthermore AP FV = U AP F. We may now conclude that
U is invertible exactly when V is, in which case Y = U~'APF = APFVv~1

We then have RY = AFU(U 'APF) = AAPF = APFV-'(VFA) = YR.
Lastly,

YR =UT"APF(AAPF)=U'APF =Y

and R2Y = RAAPF = A2APF — AAPFXFAAP = A2APF — XF.
If (AF)* exists then AF = AF(AF)*AF = AFF*APAF = AFF*FAAP =
A?APF so R’Y = AF — XF = R, ie., Y = R* and (6.6) becomes

k—1
(A—X)P = R* — Z(R#)"“X(I — AAD)A" (6.13)
i=0

Case (4) FX = XF = X.
In this case, (6.6) reduces to

(A-—X)P=RP + (1 - F)AP. (6.14)

If in addition to F = AAP, the matrix U = I — AP X is invertible, this reduces
further to [15]

(A—X)P=RP =U~14AP. (6.15)

Case (5) If X = A2AP then I' is nilpotent and I'° = 0.
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Although Theorem 6.1 solves our problem under the assumption that P Q = 0,
the condition can be relaxed and the result therefore generalized as follows: Since

D\ ¥ ©\P _ _ D
P PO (TP PO _[Pe+of Tt P+t 0T
I 0 “\L7 ¢ L+t 00 | ’
we may extend the considerations above to the case when P(P 4+ 0)*~'Q = 0.
In fact

D
b PpPOTY [P PO TP
R (e AN
0oy PP+ O 0 PTP(P+ Q)3 PP+ 0Q)f30][P
’ P+ (P+O)* 10 (P+O)*7 (P+0O) 70 1]
This requires computation of [P(P + Q)*~'I° and [(P + Q)*~' Q]P, which may
actually be easier than that of (P + Q)P.

A second attempt to generalize Theorem 6.1 would be to assume only that P2 Q =
0. Needless to say, this is the best attempted via the block form, which in turn should
give a suitable formula.

Now, we will investigate explicit representations for the Drazin inverse (A + E)P
inthe case when AE = E A, which was consideredin [18, Theorem 2]. For A € C"*"
with Ind(A) = k and rank(A*) = r, there exists an nonsingular matrix P € C"*"
such that

_[Cc 07,
A_P|:0 N:|P , (6.16)

where C € C"™*" is a nonsingular matrix, N is nilpotent of index k and Ind(N) =
Ind(A) = k. In that case

—1
Asz[CO 8}1)1, (6.17)

If P = I, then the block-diagonal matrices A and AP are writtenas A = C @ N and
AP =Cc'@o.

Now we state the following result which was obtained by Hartwig and Shoaf [19]
and Meyer and Rose [20], since it will be used in the theorem to follow.

Theorem 6.2 If M = |:A C], where A € C"" and B € C"*™ with Ind(A) = k

0 B
ADX]

_ D _
and Ind(B) =1, then M° = |: 0 BD
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where

-1 k-1
X= |:Z(AD)"+2CB":| (I — BBP)+ (1 — AAD) [Z A"C(BD)””:| — APCBP.

n=0 n=0

Theorem 6.3 [fA, E € C"™", AE = EA and Ind(A) = k, then

k—1
(A+ E)P° = (I + APE)PAP + (1 — AAD) Z(ED)i+1(—A)"
i=0
= (I + APE)PAP + (I — AAP)EP[I + A1 — AAP)EP] !,

and
(A+ E’Y(A+ E)= U + APE)PAP(A + E) + (I — AAP)EEP.

Proof Let A € C"*" be given by (6.16). Without loss of generality, we assume that
P =T1and A = C & N, where C is invertible and N is nilpotent with N k' — 0. From
AE = EA, we have AKE = EAF. Now E = E,® E,, CE; = E,;C and NE, =
E,N. Hence

(A+E)® =(C+EN’® N+ E)°.

Since C and I + C~'E| commute, we get

(C+EN)P®0=U+C'EDPC'®0= (I +APE)PAP.

-1

> (=T)"if T¥ = 0. Applying Lemma 4 [19] we get (N +
i=0

Ey)P = EP(1 + EPN)~! and

k
Notice that (I + T)~! =
k—1 k—1
0@ EY(I+EYN)' = 0@ D (EY) ™ (=N)' = (1 = AAP) D (EP)* (=)
i=0 i=0
= (I + APE)PAP + (1 — AAP)EP[I + A(I — AAP)EP]".

Hence

k—1
(A4 E)P = (I + APE)PAP + (1 — AAD) Z(ED)"“(—A)"
i=0
= (I + APE)PAP + (I — AAP)EP[I + Al — AAP)EP] !,

and



168 6 Additive Results for the Drazin Inverse

(A+ E)’(A+E)
k—1
= [(1 + APE)PAD 4 (1 — AAD) Z(ED)i’L'(—A)i](A +E)
i=0
k—1
= (I + APE)P(A+ E)A” + (I — AAP)EPA Y (EP)' (-A)
i=0
k—1
+(I — AAP)EPE > (EP) (- A)
i=0

k
=+ APE)’(A+ E)AP + (I — AAD)( — Z(ED)f(—A)f)
i=1

k—1
(I — AAD)(EDE - Z(ED)"(—A)")
i=1

= (I + APE)P(A + E)AP + (I — AAP)EEP. 0

From Theorem 6.3, we can see that the generalized Schur complement / + APE
[21] plays an important role in the representation of the Drazin inverse (A + E)P.
In some special cases, it is possible to give an expression for (I + APE)P.

Theorem 6.4 Let A, E € C"*" be such that AE = EA and let Ind(A) = k and
Ind(E) = 1.
(1) If APEP = 0, then

k—1 -1
(A+ E)° = (I — AAP) D (EP)* (=A) + D (—E) (AP (I — EEP).
i=0 i=0

k—1

(2) If APE = 0, then (A + E)® = AP + (I — AAP) 3 (EP)*1(—A)'.
i=0

(3) IfInd(A) = 1, then (A + E)P = (I + A*E)PA* + (I — AA*)EP.

Proof We use the notations from the proof of Theorem 6.3.
(1) If APEP = 0, then E| is nilpotent with E! = 0. So we have

-1
(I + APEPAP = (1 + C'E'CT @0 = D (—E)'(O) D @0
i=0
-1
= > (~E)(AP)*'(I — EEP).

i=0

The result now follows from Theorem 6.3.
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(2)=(3) Note that if APE =0, then E; = 0; if Ind(A) = 1, then N = 0. The
results follow directly from the proof of Theorem 6.3. O

Let A, E € C . If there exists a nonzero idempotent matrix P = P2 such that
AEP = EAP (or PAE = PEA), then A and E are partially commutative. For
A, E e C™, let A" =1 — AAP and Ind(A) = k and suppose E?=0. In [22],
Castro-Gonzélez proved that if A" E = E and AEA™ = 0, then

k k—1
(A+E)D:AD+ZAiE(AD)i+2+ZEAiE(AD)i+3.
i=0 i=0

But no representations of (A 4+ E)P assuming only partial commutativity are known.
Under the conditions A" E = Eand AEA™ = EAA”™, we are able to give an expres-
sion for (A + E)P.

Theorem 6.5 Let A € C"*" withInd(A) = k and E € C"*" be nilpotent of index 1.
IfEAD =0and ATAE = ATEA, then

k+1-2
(A+E)® = AP+ D" (AD)PET (),
i=0

where T (i) = (I — AAP) > ({)AjEi—j.
j=0

Proof Similarly as in the proof of Theorem 6.3,let A = C @& N, where C is invertible
and N is nilpotent with N*¥ = 0. It follows from EAP = 0 that E can be written as

E= |:8 lE?1i| with Eé =0.Alsoby ATAE = ATEA, we get E;N = NE,. Thus
2

i

(N+E) ®0=>" ({)NfE;‘f ®0=(—Aa") > ({)AjEi‘f = T3).

j=0 j=0

We observe that N + E; is nilpotent of index k +/ — 1. From Theorem 6.2, we
further obtain b
p_[C E _[ct X
(4+E) _[o N+E| =0 of

where

k-2 _ k=2 _ P
X=> CUEN+E) =3 c—<’+2>E1( > ()NIE; "). (6.18)
i=0 i=0 j=0
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Hence

. e v
AP+ > (AP ET() = Pard !
i=0 0 0

J

2 (f)NjE;j) } =(A+E)P.

O

The following result generalizes Theorems 6.3 and 6.5 to the case of partial
commutativity.

Theorem 6.6 Let A, E € C"" and Ind(A) = k. Also let Q € C"" be an idempo-
tent matrix such that QA = AQand EQ =0.If (I — Q)AE = (I — Q)EA, then

(A+E)° = QAP + (I — Q)W — QAPEW + QI — AAP) [kil A"EW"“}
i=0
h—1

+ 0 [Z(AD)”ZE(A + E)’} -0l - A+ E)W],
i=0
(6.19)

where W = (I + APE)PAP 4 (I — AAD)E(ED)M(—A)" and h= TInd
[(I — Q)(A + E)]. -
Proof Suppose that Q = I, @ 0—r)x(n—r)» Where r <n. If QA =AQ, EQ =
Oand (/ — Q)AE =1 — Q)EA, then A=A ® A, and E = [8 g;:| with
AyE, = E»A,. Using Theorems 6.2 and 6.3, we have
AP X
AEET=| 0 (4 ADENPAD + (1 — ArAD) S (DY (—Ary |

i=0

where

h—1
X = [Z(A?)’“El (A2 + Ez)’} [I — (A2 + E2)(Ay + Ep)P]
i=0
k—1
+(I — A1 AD) [Z AVE ((Ay + E2>D)"”} — AVE (A2 + E)°,
i=0

and Ind(A, + E») = h.

k=1
If we write ¥ = (I + APE)PAP + (1 — AAP) > (EP) T (—=A)', then (I — Q)
i=0
¥ =0 (A, + E;)P. We can simplify the expression for (A + E)P using the block
decomposition above. We deduce
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h—1
T1=0 [Z(ADY“E(A + E)'} (I - Ol —(A+ E)W]

i=0
h=1 A A
0 [Z (ADYF2Ei(Ay + Ez)’] [ = (Az + E2)(Ay + E)P]

i=0
0 0

ST i 57 4 Dyi+2
>, = QA” |:ZA’EW’+2:| _ 0 A7 >oA1El((A2 + E»)P)
i=0

’

Li=

0 0

0 APE (A + Ep)P ]
0 0 '

and X3 = QAPEY = [
Thus

A+EP =0A°+(U - Q¥ + X+ %, 2.

Now a few special cases follow immediately.

Corollary 6.3 Let A, E € C™" with Ind(A) = k and Ind(E) = L.
(DIFEA™ = 0and (I — A")AE = (I — A™)EA, then

k—1
(A+ E)® = AA®W + (1 — AAP) [Z AiElIJi+2:| ,
i=0

k=1

where W = (I + APE)PAP + (I — AAP) > (EP)+1(—A)'.
i=0

(2) If E is nilpotent, EA™ = E and AT AE = ATEA, then

k+1-2
(A+ E)° = AP + Z (APY*?E(A + E)'.
i=0

Proof We adopt the notations from Theorem 6.6.

(1) Let Q = I — AAP in Theorem 6.6 and apply QAP = 0 to (6.19).

(2) Let O = AAP in Theorem 6.6. Since EA™ = E, we obtain EAP = EA™
AP = 0.Thus (APE)? = APEAPE = 0and (I + APE)PAP = (I + APE)"1AP =
AP Note that E is nilpotent so that ¥ = AP. Hence

E(A+E)Y(I—-Q - (A+EW]|=EA+E)A" =E(A+E), for i>0.

The result follows directly from (6.19). m|

Let A be an n x n complex matrix and B = A + E be a perturbation of A. The
classical Bauer-Fike theorem on eigenvalue perturbation gives a bound on the dis-
tance between an eigenvalue w of B and the closest eigenvalue A of A, which is
required to be diagonalizable.
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Let A= XXX "!bean eigendecomposition, where X is a diagonal matrix, and
X is an eigenvector matrix. The Bauer-Fike theorem [23, Theorem Illa] states that
for any eigenvalue p of B, there exists an eigenvalue A of A such that |[u — A| <
k(X)||E||, where k(X) = || X]| | X"l is the condition number of X.

The relative perturbation version of the Bauer-Fike theorem [24, Corollary 2.2]
below requires, in addition, that A be invertible. That is, if A is diagonalizable and
invertible, then for any eigenvalue p of B, there exists an eigenvalue A of A such that

[ — Al

s k(XOIATE]. (6.20)

Without the assumption of diagonalizability and invertibility of A, we refine the
bound (6.20) under the condition that AE = EA.

Theorem 6.7 Let B = A + E € C"™" be such that A is not nilpotent and AE =
E A. For any eigenvalue 1u of B, there exists a nonzero eigenvalue A of A such that

[ — Al

D
i = p(ATE), (6.21)

where p(APE) is the spectral radius of APE.

Proof Assume that AE = E A and that A is not nilpotent. Then for any nonzero
eigenvalue A of A, there exits a common eigenvector x [25, p.250] such that

Ax = Ax, (A+ E)x = ux.

Therefore
D 1 D D D ,LL—)L
APx=—x,  APEx =AP(ux — Ax) = (u = WA x = ——x,
whence | N
n = D
< p(APE).
[A]

O
Recently, the perturbation of the Drazin inverse has been studied by several authors
(6, 9, 22, 26-33]). As one application of our results in Theorem 6.3, we can establish
upper bounds for the relative error || BP|| and || B® — AP||/||AP|| under the assump-
tion that AE = EA.

Theorem 6.8 I[f B = A+ E € C"", AE = EA and max{||APE||, |ATAEP|} <
1, then

AP | A7 EP||
—IAPE|| = 1— ||ATAEP]|

1B <
1
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and

IB° — AP IAPE| IAINE® |
< .
[AP] -~ 1—||APE| ~ 1—[|ATAEP|

Proof Note that the assumption max{||APE||, || AT AEP||} < 1 implies invertibility
of I + APE and I + A™ AEP. It follows directly from Theorem 6.3 that

IA

IBP|| < I|( + APE)""AP| + |ATEP[I + AAE"]™!|
| AP | ATEP|

T L—|IAPE| 1 ||ATAEP|’

and

I1B° — AP

IA

(I + APE)"'AP — AP|| + |[ATEP[I + ATAEP Y|
AT [ EP ||
1 — |ATAED|
- IAPE|[AP]  [[AAP||EP||
T 1—||[APE|| 1 —|JATAEDP]|
|APE|| IAINEP| AP
~ \1—||APE|  1—|JATAEDP]| '

(I + APE)"'APEAP| +

IA

O

Remark 6.1.2 For any non-zero eigenvalue p of the spectral set 0 (A + E), we
can estimate its lower bound: let 4 € 0 (A + E). We have 1/ € o[(A + E)P] and
[1/ul < pl(A+ E)°1 < (A + E)P, ie.,

= 1A+ By = 1 [ A IATEP] ]
= =V T e T 1= A AED]

Next we will apply Theorem 6.5 to obtain a perturbation bound in terms of AP
and & = B! — A! for some positive integer /.

Theorem 6.9 Let B=A + E € C"" with Ind(A) = k and Ind(B) = s. Denote
& = B! — Al, wherel = max{k, s}. Assume that the conditions in Theorem 6.5 hold.

Then
| BP — AP||

A S IBT AT = IAPY &I (6.22)

Proof Sincel = max{k, s}, using the notations in the proof of Theorem 6.5, we have

-1 -1 i o
I—1—i i [—1—i J i pi—J
&:B]_Al:[oig)c El((N+E2))j|:|:O,‘§)C El(_,z'o(i)NjEz )}

0 0 0 0
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Then
-1 i . ..
c-l o (C—I)H—l 0 0 ch—l—iEl(Z { NjEl—/)
AD+(AD)Z+1(§>Z:|: o O]+[ o 0} = j:O() 2
0 0
-1 i . .o
|:C] Z(C")"+2E1( > ({)NfE’Z_-’):| b
= i=0 i=o =B",
0 0
and
B 1y/ E I—1—i i (1) i i=J
10 chHo]|lo C’E]( ! N/E’)
AAP + (AP) & = 0 O] + |: 0 0:| i=0 Jj=0 :
- 0 0

i

> ONET) | o

-1
I Z(C—l)i-HEI (
i=0 J
0 0

0

We then have
IB® — AP| = [[(AP) T &)l < 1APII(APY &1,

and
|IB™ — A™|| = | BB® — AAP| = ||[(AP) &

The proof is complete. O

Generalizations of the results of this section to linear operators on Banach spaces
can be found in [9, 34-36] while their generalizations to Banach algebra elements
can be found in [37] and some will also be given in the next section where the
generalized Drazin inverse will be considered.

6.2 Additive Results for the Generalized Drazin Inverse
in Banach Algebra

Let .27 be a complex Banach algebra with the unit 1. By &7 ~!, &#™ o7 we denote
the sets of all invertible, nilpotent and quasi-nilpotent elements in <7, respectively.
Let us recall that the Drazin inverse of a € . [1] is the (unique) element x € &/
(denoted by aP) which satisfies

xax =x, ax=xa, a " x=a", (6.23)
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for some nonnegative integer k. The least such k is the index of a, denoted by ind(a).
When ind(a) = 1 then the Drazin inverse a® is called the group inverse and it is
denoted by a*. The conditions (6.23) are equivalent to

xax =x, ax=xa, a—a’xe g™ (6.24)

The concept of the generalized Drazin inverse in a Banach algebra was introduced
by Koliha [38]. The condition a — a’x € &/™ was replaced by a — a’x € /9.
Hence, the generalized Drazin inverse of a is the (unique) element x € o/ (written
a%) which satisfies

xax = x, ax=xa, a—a*xe M (6.25)

We mention that an alternative definition of the generalized Drazin inverse in a ring
is also given in [39—41]. These two concepts of the generalized Drazin inverse are
equivalent in the case when the ring is actually a complex Banach algebra with a unit.
It is well known that a9 is unique whenever it exists [38]. The set .o/ d consists of all
a € 4 such that a9 exists. For many interesting properties of the Drazin inverse see
[1, 38, 42].

This section is a continuation of the previous one with the difference that here we
investigate additive properties of the generalized Drazin inverse in a Banach algebra
and find explicit expressions for the generalized Drazin inverse of the sum a + b
under various conditions.

Hartwig et al. [10] for matrices and Djordjevi¢ and Wei [9] for operators used the
condition AB = 0 to derive a formula for (A + B)9. After that Castro and Koliha
[43] relaxed this hypothesis by assuming the following complimentary condition
symmetric in a, b € o9,

a*b=>b, ab®™ =a, b"aba" =0 (6.26)

thus generalizing the results from [9]. It is easy to see that ab = 0 implies (6.26), but
the converse is not true (see [43, Example 3.1]).

In the first part of the section we will find some new conditions, which are not
equivalent with the conditions from [43], allowing for the generalized Drazin inverse
of a + b to be expressed in terms of a, a%, b, b9, Itis interesting to note that in some
cases the same expression for (a + b)? are obtained as in [43]. In the rest of the
section we will generalize some recent results from [43].

Leta € o7 and let p € <7 be an idempotent (p = p?). Then we can write

a = pap + pa(l — p)+ (1 — p)ap + (1 — p)a(l — p)
and use the notations

ayy = pap, ap =pa(l—p), ay = (- p)ap, an = (- p)a(l—p).
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Every idempotent p € <7 induces a representation of an arbitrary element a € &/
given by the following matrix

_ pap pa(l — p) [anan
‘= |:(1 —p)ap (1 — p)a(l — p):|p - |:Cl21 a22]p' (6.27)

Let a™ be the spectral idempotent of a corresponding to {0}. It is well known that
a € o9 can be represented in the matrix form:

a:[“go},
azzp

relative to p = aa® = 1 — a™, where ay; is invertible in the algebra p.o7 p and ay; is
quasi-nilpotent in the algebra (1 — p).<Z (1 — p). Then the generalized Drazin inverse

is given by
—1
d__ | a4 0
“ _[ 0 OL‘

The following result is proved in [4, 20] for matrices, extended in [44] for a
bounded linear operator and in [43] for arbitrary elements in a Banach algebra.

Theorem 6.10 Let x, y € </ and

x_[ac] y_|:b0:|
Ob[7 cal, ,

relative to the idempotent p € < .
(1) Ifa e (paZp)®andb e (1 — p)aZ (1 — p))9, then x and y are Drazin invertible

and
d d
d__ a” u d__ b® 0
P (=p)
o0 o0
where u = > (a9 2cb"b™ + > a"a"c(b9)"? — adchC.
n=0 n=0

(2) Ifx € @Yanda € (pa p)°, thenb € (1 — p)/ (1 — p))dand x9, y9 are given
by (6.28).

We will need the following auxiliary result.

Lemma 6.2 Leta,b € &/ Ifab = ba orab =0, thena + b € o/
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Proof 1f ab = ba, we have that
pla+Db) < pla)+ pb),
which gives a + b € 79", The case when ab = 0 follows from the equation
A —a)(h=b) =1k — (a+D))
O

In view of the previous lemma, the first approach to the problem addressed in this
section was to replace the condition ab = Oused in [9, 10] by ab = ba. As expected,
this alone was not enough to derive a formula for (¢ 4+ b)9. We will thus impose the
following three conditions on a, b € </ d.

a=ab", b"ba"™ =b"b, b"a"ba =b"a"ab. (6.29)

Instead of the condition ab = ba we are thus assuming the weaker condition
b"a"ba = b"a"ab. Notice that

a=ab” & ab® =0 a C Fb", (6.30)
b ba™ =b"b < b"ba% =0 & Fb"b C a”, (6.31)
b"a"ba = b"a"ab & (ba — ab)</ C (b"a™)°, (6.32)

where foru € &/, u° ={x € & : ux =0}.
For matrices and bounded linear operators on a Banach space the conditions
(6.30)—(6.32) are equivalent to

N (BT) S N (a), N(@")ANbB"D), Rba-—ab) T N (b a").

Remark that, unlike the conditions (3.1) from [43], the conditions (6.29) are not
symmetric in a, b so our expression for (a 4+ b)® will not be symmetric in a, b.

In the next theorem, under the assumption that (6.29) holds, we can give an
expression for (a + b)9 as follows.
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Theorem 6.11 Leta, b € o7/9 be such that (6.29) is satisfied. Thena + b € /% and

(a+b)* =@+ 6N Pala +b)")a” (6.33)
n=0

_ ZZ(bd)n+2a(a + b)n(ad)kJer(a + b)k+1

n=0 k=0

00 o0
+ Z(bd)nJrZa(a + b)"adb _ Zbda(ad)nJer(a + b)"

n=0 n=0

Before proving Theorem 6.11, we first have to prove the special case of it given
below.

Theorem 6.12 Let a € &/ b € o/9 satisfy b™ab = b"ba and a = ab™. Then
(6.29) is satisfied, a + b € /% and

(@+b?=b"+> 0" a(a+b)". (6.34)
n=0

Proof First, suppose that b € <79 Then b™ = 1 and from b" ab = b™ ba we obtain
ab = ba. Using Lemma 6.2, a + b € 7% and (6.28) holds. Now, we assume that
b is not quasi-nilpotent and consider the matrix representations of a and b relative
to p =1—b". We have

b= by 0 | an an
o 0b o 4= dap) dyp ’
24, 21 »
where b, € (pe?/ p)~" and b, € (1 — p)Z (1 — p))¥ ¢ & From a = ab”, it
follows that a;; = 0 and a,; = 0. We denote a; = a;» and a» = a»>. Hence

| b a
a+b—[0a2+b2i|p.

The condition b"ab = b™ ba implies'that ab, = bra,. Hence, using Lemma 6.2,
we geta, + by € (1 — p)oZ/(1 — p))3 Now, by Theorem 6.10, we obtaina + b €
/% and

00
b;l z bl—(n+2)a1(a2 +b2)n
n=0

0 0

(a+b)?=
p

oo
— bd + Z(bd)rH*Za(a +b)n
n=0
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Let us observe that the expression for (a + b)® in (6.28) and that in (3.6) of
Theorem 3.3 in [43] are exactly the same. If we assume that ab = ba instead of
b™ab = b"ba, we get a much simpler expression for (a + b)9.

Corollary 6.4 Supposea € &/ b € /9 satisfy ab = ba and a = ab™. Then a +
b e o/%and

(a+b) =pY.

Proof From a = ab™, as we mentioned before, it follows that ab¥ = 0. Because the
Drazin inverse b9 is a double commutant of a, we have

(bd)n+2a(a +b) = a(bd)n+2(a +b)" =0.
0

Proof of Theorem 6.11: If b is quasi-nilpotent we can apply Theorem 6.12.
Hence, we assume that b is neither invertible nor quasi-nilpotent and consider the
matrix representations of @ and b relative to p = 1 — b™:

b= by 0 _ | an an
Tlob | T | anan
P P
where by € (po/p)~"and b, € ((1 — p)aZ(1 — p))?"!. As in the proof of Theorem
6.12, from a = ab™ it follows that

0 a) bl ay
a = , a+b=
|:0a2:|p |:0a2+b2 »
From the conditions b*a™ba = b*a™ab and b" ba™ = b™ b, we obtain af bra, =

a% ayb, and by = bya] . Now, from Theorem 6.12 it follows that (a; + b;) € ((1 —
p)< (1 — p))® and

oo
(a2 +b2)® = af + D (@) Pby(as + by)". (6.35)
n=0
By Theorem 6.10, we get

d__ bl_l u
(a+b) —[ 0 (a2+b2)di|p’

where u = z by "D ay(ay + by)"(ay + by)™ — by ay(ay 4+ by)® and by s the
inverse of b1 m the algebra p.o/ p. Using (6.35), we have
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00
bf(””)a] (a + bz)n — ag _ Zb;(nJrZ)al (ar + bz)nagbz

Nk

u =

n=0 n=0

oo [o.¢]

DD ) " Pay(ar + )" @) Pha(ar + b)) — by larad

n=0 k=0
[e.¢]

= > byl ar@d) Phaar + by)".
n=0

By a straightforward manipulation, (6.33) follows. (I

Corollary 6.5 Suppose a,b € «/9 are such that ab = ba, a = ab™ and b™ =
ba™ = b"b. Thena + b € </% and

(a +b)? = .

If a is invertible and b is group invertible, then conditions (6.31) and (6.32) are
satisfied, so we only have to assume a = ab”™. In the remaining case when b is
invertible we get a = 0.

It is interesting to remark that conditions (6.26) and (6.29) are independent, i.e.,
neither of them implies the other, but in some cases the same expressions for (a + b)®
are obtained.

If we consider the algebra .27 of all complex 3 x 3 matrices and a, b € .« which
are given in the Example 3.1 [43], we can see that condition (6.26) is satisfied,
whereas condition (6.29) fails. In the following example we have the opposite case.
We construct a, b in the algebra o7 of all complex 3 x 3 matrices such that (6.29) is
satisfied but (6.26) is not. If we assume that ab = ba in Theorem 6.11 the expression
for (a + b)9 will be exactly the same as that in [43, Theorem 3.5] (which is Corollary
6.7 there).

Example 6.1 Let

100 010
a=(000}), b=1000
000 000
Then
000
at=1010
001

and b™ = 1. We can see that a = ab™, a"ab = a™ = ba and ba™ = b, i.e., (6.29)
holds. Also, a™b = 0 # b, so (6.26) is not satisfied.

In the rest of the section, we present a generalization of the results from [43].
We use some weaker conditions than those in [43]. For example in the next the-
orem, which generalizes [43, Theorem 3.3], we assume that ¢ = (1 — b™)(a +
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b)(1 — b™) € o/9 instead of ab™ = a. If ab™ = a, then e = (1 — b™)b = |:[i)1 8}
P

for p =1 —b" and ¥ = b9.
Theorem 6.13 Let b € <79 a € &/ be such that
e=1—-b")a+b)(1—-b")e % bTab=0.
Thena + b € /% and
o0
(a+b)* =+ > ()" Pab™ (a +b)".
n=0

Proof The case when b € &/ anil follows from Lemma 6.2. Hence, we assume that b
is not quasi-nilpotent. Then

b= by 0 | an an
B 0 b » 85 ap) dyp ’
21p p
where p = 1 — b™. From b"ab = 0 we have b"a(l — b™) =0, i.e., a; = 0. Put
ap = dajy,dxy = ap and dajp = as. Then,

a+b=|:al+b1 = i| .
p

0 a+b

Also, b™ab = 0 implies that ayhy = 0,s0as + by € ((1 — p).o/ (1 — p))3 accord-
ing to Lemma 6.2. Applying Theorem 6.10, we obtain

a_ [(ar+b)%u
(a+b) _[ O 0}pa

e8]
where u = > ((a; + b1)%)"2az(ar + by)".
n=0
By direct computation, we verify that

(a+b)*=e?+ > (%) Pab™ (a+b)".
n=0

Now, as a corollary we obtain Theorem 3.3 from [43].

Corollary 6.6 Letb € «/9 a € /9" and ab™ = a, b"ab = 0. Then a + b € o/9
and
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@+ ="+ o Pata+b)y".
n=0

The next result is a generalization of [43, Theorem 3.5]. For simplicity, we use
the following notation:
e=(1—=b")a+b)(1—-b") e,
f=0=d"a+b(d—-a"),
A =1-d")d(l—a"),
ah = (1=b")(1-b"),
for given a, b € AY.
Theorem 6.14 Leta, b € o/9besuchthat (1 —a™)b(1 —a™) € /9, f € o/ and
eec i If
(1—-a")ba™ =0, b"aba™ =0, a" =a(l —b")a" =0,

thena + b € o/% and

(a+b)°=@®"+ D 0N aa+b))a" + D b"(@+b)'a"b(f) "
n=0 n=0

_ ZZ(bd)k-Ha(a + b)n+kaﬂb(f);{(]n+2) _ bdanb(f);{}l

n=0 k=0

= > " ala+b)"a"b(f) ) + ()
n=0

where by (f );{}l we denote the inverse of f in .

Proof Obviously, if a is invertible, then the statement of the theorem holds. If a is
quasi-nilpotent, then the result follows from Theorem 6.13. Hence, we assume that
a is neither invertible nor quasi-nilpotent. As in the proof of Theorem 6.11, we have

a:[al 0] b=|:b11b12]

0a], by b |,

where p=1—a", a; € (p/p)~" and a, € (1 — p)Z(1 — p))®!. From (1 —
a”)ba” = 0, we have that b12 = 0. Let b] = b]l, b22 = b2 and b21 = b3. Then,

a+b:[al+b] 0 i| .
14

by  a)+ b,
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The condition a” b™ aba™ = 0 expressed in the matrix form yields
00 a 01100
w7 T
v =0 ][5 0] [on]
10 0 100
B Obzﬂazbz - 00 ("

Similarly, a”a(1 — b™) = 0 implies that a,b7 = a,. From Corollary 6.6, we get
a+ b, € <79 and

o0
(ay + by)? = bg + Z(bg)"“az(az + by)".
n=0

Using Theorem 6.10, we obtaina + b € /% and

e 0
pyd = | @ +h ’
(@+8) |: u (az + by)° p
where
=" b3(a+by)"bs(f) ;"

n=0
o0 oo

=D > B ax(ar + b)) b3 ()P = bEbs(f)
n=0 k=0
o0

— > B P ay(ay + by)"bs(f) 4
n=0

By straightforward computation, the desired result follows. (I

Corollary 6.7 Suppose a, b € <9 satisfy condition (6.26). Then a + b € «/° and

(a+b)* =@+ D ()" Pala +b)Ha" + D b (a+b)"ba®)"
n=0 n=0

[o.¢] oo
_ ZZ(bd)k+la(a + b)n+kb(ad)(n+2) + bnad
n=0 k=0

00
_ Z(bd)”“a(a + b)”bad
n=0

Proof We have that f = (1 —a™)a, so (f),} = a°. O

Next we generalize the results from [45] to the Banach algebra case.
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Theorem 6.15 Let a,b € /% and ab = ba. Then a + b € /% if and only if 1 +
a%b € /9. In this case, we have

(@+b)* = a1 +a%)?bb® + (1 — bb%) [Z(—b)”(ad)”i| a®
n=0
+b° [Z(bd)”(—a)”] (1 —aa%),
n=0

and

(a+b)a+b)° = (@a® + ba®(1 + a®p)¥bb? + (1 — bbYaa®
+bb%(1 — aa®).

Moreover, if ||b||la®|| < 1 and ||a||||b%| < 1, then we have
IGa + ) —a’|| < 166 1a%] [II(1 + ab)?| + 1]

+1—bbY [Z ||(—b)"(ad>"||} lla®]

n=1

+1%| [Z ||(bd)”<—a>"||} 11— aa,

n=0

and
@+ b)(a+b)* —aa®| < [llaa® + ba®|||1(1 + a®D)?|| + 11 — 2aa®|] |6HY].

Proof Since a is generalized Drazin invertible, and

“= [a” O }
0 ano »
relative to p = 1 — a”, where ay; is invertible in the algebra p.<Zp and ay; is a
bi1 bpa
byi by p'
Fromab = ba,wehaveb;, = (a“);jz{pblzazz whichimpliesthatby, = (a“);;}p
byyay,, for arbitrary n € N. Since ay, is a quasi-nilpotent, we obtain b, = 0.

Similarly, from ab = ba it follows that by} = azzbzl(a”);;{p, i.e., by = 0. Also,
aibyy = byian and axnby = bypax.

quasi-nilpotent element of the algebra (1 — p).</(1 — p). Letb = [
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Since, b € 7% and o (b) = 0 (b1) peyp U (b2)(1-pyer(1—p), using Theorem 4.2
from [38], we deduce b, € po/ pand by € (1 — p)/ (1 — p),so by, by € o/ and
we can represent by; and by, as

T _ b 0
b11—|:0 b/zz]p]’ b22—|:0 by, pz,

where p; = 1 — bf, and p, = 1 — b3, b}, b, are invertible in the algebras p, <7 p;
and p,</ p, respectively, and b),, b}, are quasi-nilpotent. Since b;; commutes with
an invertible a;; and b, with a quasi-nilpotent a,,, we prove as before that

’ "
an =" an ="
0 a5, o 0 ay, .
1

Since pip = pp1 = pi, from the fact that a;; is invertible in the sub-algebra p.o/ p,
we prove that a}, and a), are invertible in the algebras p;./ p; and (p — p1)o (p —
p1), respectively. Also, af; and a}, are quasi-nilpotent, thus a/; commutes with b,
and a’; with b;, fori =1, 2.

Since a), is invertible and b, is quasi-nilpotent and they commute, we have
that (ahy) (L) er(1—pyyPaa i quasi-nilpotent, so (1 = p1) + (@h) gL ) o1 pyPha 18
invertible in (1 — p;)</(1 — py) and a}, + b}, € /9.

Similarly, we conclude thata{| + b}, € /9. Also,dy, + b}, is generalized Drazin
invertible.

Now, we obtain

a+b=aj + by +ay+ by +aj, + b +ay + b,

Since, a{; + b}, € p1#p and by, +af; + b}, + a5 + by, € (1 — p)d (1 — py)
we have

a+bed s (a;1 + b1, € A, agy+ by +aly b, + )y + b € 7).

Next, we inspect generalized Drazin invertibility of y = ab, + b5, + af, + b, +
ay, + by,. From pryp, = af, + b}, and (1 — po)y(1 — p2)y = a5, + by, +ay, +
bY,, we conclude

yed o (af, +b], € and ayy + by +aly + by € ).

Previously, we showed that /| + b}, € @79, so y € /9 if and only if z = a}, +
by, + aly + by, € /9. Noticethatz = pzp + (1 — p)z(1 — p), where pzp = a), +
by, € /%and (1 — p)z(1 — p) = a}, + by, € /%, 50z € «/9 Hence, y € o/ and
we obtain a + b € &/9 if and only if @}, + b}, € <79,
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Now,
(ay; + by = ayy (pr + (ail);llézfplblll)d = p1pa’(1+ah)*bbpp;.

From the first equation, we obtain

(a+b)? —a’ =a%1 + a%)%bb® + (1 — bbY) |:Z(—b)"(ad)"j| a¢
n=0

+b9 |:Z(bd)"(—a)”:| A — aa®) — a*

n=0
= a%( +a%)%b% — bb%a® + (1 — bbY) |:Z(—b)”(ad)”:| ad
n=1

+b° [Z(b%"(—a)"} (1 - aa.

n=0

Consequently, we have the estimates
@+ b —a? |l < 116 a®|l [I(1 + a®b)?| + 1]

+1(1 = bbY)| {Z I(=b)" (@%)" ||} lla®|

n=1

+pY] [Z ||<b")"(—a>"||] 11— aa®)],

n=0
and
@+ b)a+b)? —aa?| = l(@a® + ba®) (1 + a%b)¥bbY — bbYaa® + bbd(1 — aa?)]

= [laa® + ba®1 1 +a®)? + 1 = 200 ] 1667

Corollary 6.8 Leta,b € o/° be such that ab = ba and 1 + a%b € <7/9.
(1) If b is quasi-nilpotent, then

(a +b)d — Z(ad)n+l(_b)n — (1 +adb)71ad'
n=0

k—1
() Ifbk =0, then (a +b)°® = > (@' (=b)" = (1 +a%)'ad.
n=0



6.2 Additive Results for the Generalized Drazin Inverse in Banach Algebra 187
(3) IfbF = b (k > 3), then b = b*~2 and
o0
(a+b9 = a1 +a9)9* 1 + 1 = b Had + 52| S (b9 (—a)" | (1 — aa®)
n=0
=a%(1 +a%)9* 1 + (1 — b Had + 21 + abk 291 — aa).

(4) Ifb> = b, then b4 = b and

oo
(a+b)9=a% +a")p+ (1 —b)a®+b I:Z(—a)”i| (1 — aa%)
n=0
=a%(1 +a¥%)9 + (1 — b)a® + b(1 + @)?(1 — aa?).
(5) If a*> = a and b> = b, then 1 + ab is invertible and a(1 + ab)™'b = %ab. In
this case,

(a+b)d=a(l+ab)"'b+b(1—a)+ (1 —ba
=a+b-— %ab.

Theorem 6.16 Let a, b € <79 be such that ||a%| < 1, a™ba™ = a™b and a™ ab =
a’ba.lfa™b € /9 thena + b € /9. In this case,

@+b)*=1+ah)"a® + (1 +a°h)~' (1 —aa®) D_(b*)" (-a)"
n=0

00 n+2
+ [Z ((1 + adb)_lad) b(1 — aa%)(a + b)"} (1 — aa®)

n=0

x [1 —(a+b)(1 — aa% Z(bd)”+l(—a)”j| .

n=0

Moreover, if la|||Ib%] < 1, |b|lla®] < 1 and ”f ““”z‘jj‘” la +b| < 1, then

laillael ||1 —aa®l > gty
Ia +b)* —a%|| < e — db” leb"l lall

N o¥ (LT S P TR T
e ——— a —daa
=\ T~ [la%|
o d d n+2
lla® ] [la°b |
1— d;3 b b n+1
+lI1 - aa’| [g(l_”adb” 1Bl lla + bl

o0
x [Z ||b"||"“||a||"} :
n=0
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Proof Since a € /9 and a”b(I — a™) = 0, we have that for p=1—-a"

[ a 0 _ b1 b3
= (50) o=(42) 63
P P
where a; is invertible in the algebra p.o/ p and a; is a quasi-nilpotent element of the
algebra (1 — p).«Z (1 — p). Also from a”ab = a” ba and the fact that a™b € 79, we

conclude that a>b, = bya, and b, € <79, It follows from ||a®b|| < 1 that 1 + a% is
invertible. Now, from Theorem 6.15, we have

(ar + bz)d — Z(bg)l1+l(_32)n~
n=0

Using Theorem 6.10, we get

g (a1 +by)~! N
(Cl + b) = 0 Z (bg)n-H (_az)n s
n=0 P

where

S = {Z(al +b1) " Pbs(ar + w} [1 —p— (a2 +by) D (BH"! (—az)”}

n=0 n=0

—(ar+b1)7'bs D 0" (—ar)".

n=0
We know that -
I:(m +0b1) 8 — —i—adb)_]ad
dp
and _
0 0 o
0 % (btzi)nJrl (—ay)" =a”" Z(bd)n+1 (—a)".
n=0 dp n=0

By computation we obtain
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(8 g) - [Z (a+ a“b>‘1ad)n+2ba”(a + b)"} a
P n=0
x [1 — (a+b)a” Z(bd)'l“(—a)”]

n=0

[e.¢]
—(1+ adb)—ladban Z(bd)"ﬂ(—a)”.
n=0

Hence, we have

oo
(a +b)d — (1 +adb)71ad + (1 +adb)7laﬂ Z(bd)ﬂ+1(_a)n
n=0

+ |:§: ((1 + adb)’lad)nﬂba” (a + b)”:| a”

n=0

x [1 —(a+b)a” Y %" (—a)”:| )

n=0

If la|| 159 < 1, |&]lla%] < 1 and ”;‘ "'”‘;‘;f"” lla + b|| < 1, we obtain

la+b)? - al = | Z<adb>"ad+z(adb>”<1 aa“)Z(b%"“( —~a)"

n=0

o
+ [Z (Z(adb)”ad) b(1 — aa%)(a + b)":| (1 — aa%)

n=0 *n=0

x [1 — (@ +b)(1 —aa® Z(bd)”+l(—a)”:| H
n=0

lala®bll | 11— aa®ll ~ gy ot ’
< T ian T 1 Tasy 2 e Ial
n=0

0 n+2
la® ] [laB | \
+ [Z (m IBllla + B1" | 111 = aa®)|?

n=0

o ( lla®lllla®b] "2 ,
+(1 = aa®)|? [Z (m bl + b

n=0

x [Z 1! ||a||"} :

n=0
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Corollary 6.9 Let a € /% and b € o be such that |ba®|| < 1,a"b(1 —a™) =0
and a®ab = a” ba,

(1) Ifbaa® = 0 and b is quasi-nilpotent, then a + b € /% and

[e.¢]
(a+b)* =@ ba+b)" +a’.
n=0

(2) Ifa™b = ba™, 6(a™b) =0, thena + b € /% and
(a+b)¥=0+a%)'a% =a%(1 + ba% .

The following theorem is a generalization of Theorem 6.16 and Theorem 6
from [45].

Theorem 6.17 Let a, b € o/ and q be an idempotent such that aq = qa, (1 —
q)bqg =0, (ab — ba)qg = 0and (1 — q)(ab — ba) = 0.If (a + b)g and (1 — g)(a +
b) are generalized Drazin invertible, then a + b € </% and

(@+b)" =" §"*2gb(1 = q)(a+b)"(1 - q)[l ~(a+ b)S}
n=0

+[1 —(a+ b)Si|q > (@+b)'gh(1 — g)s"
n=0

+1 - 8gb)y(1 —q)S + Sq,

where
o0
S =a%(1 4+ a%)%bb? + (1 — bb%) [ (—b)"(ad)"+1]
o n=0 (6.37)
+ [ (bd)”“(—a)”] (1 —aa.

n=0
Proof The proof is a similar to that of Theorem 6.16. (]
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