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Preface

This book gives a presentation of some current topics in theory of generalized
inverses. As this theory has long been a subject of study of various authors, many
of the problems and questions have been resolved. However, some have only been
either partially solved or remain still open to this day. It was our goal to use this
book to give a review of these efforts as well as to offer the reader possible
directions for further study in this area of mathematics as well as hints at possible
applications in different types of problems.

This book starts with definitions of various types of generalized inverses and
listing the many sorts of applications of them to different branches of both math-
ematics, but also to some other scientific disciplines, which is aimed at providing
motivation behind the study of this topic in general.

Chapter 2 gives an exposition of the so-called reverse order law problem, which is
originally posed by Greville as early as in 1960, who first considered it in the case of the
Moore—Penrose inverse of two matrices. This was followed by further research on this
subject branching in several directions: products with more than two matrices were
considered; different classes of generalized inverses were studied; different settings were
considered (operator algebras, C*-algebras, rings, etc.). We discuss the reverse order
law for K-inverses, when K € {{1},{1,2},{1,3},{1,2,3},{1,3,4}} in different
settings and present all recently published results on this subject as well as some
examples and open problems.

In the next chapter, we first consider problems on completions of operator
matrices and then proceed to present a particular approach to solving the problem
on the reverse order law for {1}-generalized inverses of operators acting on sep-
arable Hilbert spaces which involves some of the previous research on completions
of operator matrices to left and right invertibility. Although the reverse order law
problem for {1}-generalized inverses of matrices was completely resolved by 1998,
the corresponding problem for the operators on separable Hilbert spaces was only
solved in 2015. So, we thus demonstrate usability of results on completions of
operator matrices by showing how they can be applied to one of the topics in
generalized inverses of operators that has seen a great interest over the years. Also,
in Chap. 3, we consider the problem of existence of Drazin invertible completions
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of an upper triangular operator matrix and that of the invertibility of a linear
combination of operators on Hilbert spaces.

In Chap. 4, we shift our attention from the problem of invertibility a linear
combination of operators to that of some different types of generalized invertibility.
Special emphasis is put on Drazin and generalized Drazin invertibility of linear
combinations of idempotents, commutators, and anticommutators in Banach alge-
bras. Also, some related results are presented on the Moore—Penrose inverse of a
linear combination of commuting generalized and hypergeneralized projectors for
which certain formulae are considered.

The problem of finding representations of the Drazin inverse of a 2 x 2 block
matrix is of great significance primarily due to its applications in solving systems of
linear differential equations, linear difference equations, and perturbation theory
of the Drazin inverse. It was posed by S. Campbell in 1983, and it is still unsolved.
In Chap. 5, we present all the partial results on this subject that have been obtained
so far as well as the different methods and approaches used in obtaining them.

In the last chapter, we present some additive results for the Drazin inverse. Although
it was already even in 1958 that Drazin pointed out that computing the Drazin inverse
of a sum of two elements in a ring was not likely to be easy, this problem remains open
to this day even for matrices. It is precisely on this problem when considered in rings of
matrices and Banach algebras that we shall focus our attention here; i.e., under various

conditions, we will compute (P+ Q)" as a function of P, Q, P, and QP.

This book thus, as readers will surely see for themselves, only tackles some
of the current problems of the theory of generalized inverses, but the topics that
have been selected have also been thoroughly covered and a systematic presentation
given of relevant results obtained so far as well as of possible directions in further
research. We should mention that this book has come out as a result of a long and
successful collaboration between the authors. Also we were inspired by the work of
many colleagues as well as coauthors, some of the joint results with which appear in
this book, to whom we are thankful for the experience of working with. Finally, we
would like to thank professors Eric King-wah Chu from Monash University and
Vladimir Pavlovi¢ from the Faculty of Science and Mathematics, University of Nis§,
who read this book carefully and provided feedback during the writing process.

This work was supported by the National Natural Science Foundation of China
under grant 11771099 and International Cooperation Project of Shanghai Municipal
Science and Technology Commission under grant 16510711200, School of
Mathematical Sciences and Key Laboratory of Mathematics for Nonlinear Sciences,
Fudan University, and by the bilateral project between China and Serbia,
“Generalized inverses and its applications” no. 2—-15.

Nis, Serbia Dragana S. Cvetkovi¢ Ili¢
Shanghai, China Yimin Wei
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Chapter 1
Definitions and Motivations

1.1 Generalized Inverses: Definitions and Applications

The concept of generalized inverses seems to have been first mentioned in print in
1903 by Fredholm [1] who formulated a pseudoinverse for a linear integral operator
which is not invertible in the ordinary sense. One year later, in 1904 Hilbert [2] dis-
cussed generalized inverses of differential operators. The class of all pseudoinverses
was characterized in 1912 by Hurwitz [3] who used the finite dimensionality of the
null-space of Fredholm operators to give a simple algebraic construction. Generalized
inverses of differential and integral operators thus antedated the generalized inverses
of matrices whose existence was first noted by Moore [4, 5], who defined a unique
inverse, called by him the general reciprocal, for every finite matrix. Little notice was
taken of Moore’s discovery for 30 years after its first publication, during which time
generalized inverses were defined for matrices by Siegel [6, 7] and for operators by
Tseng [8—10], Murray and von Neumann [11], Atkinson [12, 13] and others. Revival
of interest in the subject in the 19505 centered around the least squares properties
of certain generalized inverses which were recognized by Bjerhammar [14, 15]. He
rediscovered Moore’s inverse and also observed the connection between generalized
inverses and solving linear systems. In 1955 Penrose [16] extended Bjerhammar’s
results and showed that the Moore’s inverse for a given matrix A is the unique matrix
X satisfying the four equations:

(DAXA=A () XAX=X () (AX)*=AX @) (XA)* = XA.

In honour of Moore and Penrose this unique inverse is now commonly called
the Moore-Penrose inverse. Evidently, the Moore-Penrose inverse of a nonsingular
matrix coincides with its ordinary inverse. Throughout the years the Moore-Penrose
inverse was intensively studied, one of the primary reasons for that being its useful-
ness in applications to dealing with diverse problems such as, for example, that of
solving systems of linear equations, which constitutes one of the basic but at the same
time most important applications of this type of generalized inverse. Over the years,

© Springer Nature Singapore Pte Ltd. 2017 1
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Developments in Mathematics 52, DOI 10.1007/978-981-10-6349-7_1
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right alongside this one, considerable attention in research was given to generalized
inverses that satisfy only some, but not all, of the four Penrose equations.

As we will be working with a number of different subsets of the above mentioned
set of four equations, we need some convenient notation for the generalized inverses
satisfying those certain specified equations: for any A, let A{i, j, ..., k} denote the
set of all matrices X which satisfy the equations (i), (j), ..., (k) from among the
equations (1)—(4). In this case X € A{i, j, ..., k}isa{i, j, ..., k}-inverse of A and is
denoted by A¢/-++% With this convention one obviously has A{1, 2, 3,4} = {AT}.

It is interesting to mention that about at the same time as Penrose, Rao [17], gave
a method of computing what is called the pseudoinverse of a singular matrix, and
applied it to solve normal equations with a singular matrix in the least squares theory
and to express the variances of estimators. The pseudoinverse defined by Rao did not
satisfy all the restrictions imposed by Moore and Penrose. It was therefore different
from the Moore-Penrose inverse, but was useful in providing a general theory of
least squares estimation without any restrictions on the rank of the observational
equations.

For various historical references in literature concerning the generalized Green’s
function and Green’s matrix for ordinary differential systems, in which the number
of independent boundary conditions is equal to the order of the system, the reader is
referred to paper of Rao [17], which was written before the author was aware of the
E. H. Moore’s general reciprocal. The construction of a generalized Green’s matrix
is considerably simplified with the use of the E. H. Moore’s general reciprocal in
designating the solution of certain algebraic equations expressing the boundary con-
ditions, and this procedure was employed by Bradley on a class of quasi-differential
equations [19], and on general compatible differential systems involving two-point
boundary conditions [20].

Since 1955 a great number of papers on various aspects of generalized inverses
and their applications have appeared. Generalized inverses pervade a wide range of
mathematical areas: matrix theory, operator theory, differential equations, numeri-
cal analysis, Markov chains, C*-algebras or rings. Numerous applications include
areas such as: statistics, cryptography, control theory, coding theory, incomplete data
recovery and robotics.

It is interesting to note that the applications that generalized inverses do have in
many areas of mathematics and otherwise seem to have extensively been pointed
out only in papers published in the 70s and 80s of the last century. Attesting to that
are the proceedings of an Advanced Seminar on Generalized Inverses and Applica-
tions held at the University of Wisconsin-Madison on October 8-10, 1973, where
we can find many applications of generalized inverses to analysis and operator equa-
tions, Numerical analysis and approximation methods, along with applications to
statistics and econometrics, optimization, system theory, and operations research. In
contemporary mathematics the theory of generalized inverses has been established
as a well known and generally accepted tool of wide applicability, a fact that is
no more anywhere explicitly being mentioned. The present text, which generally
speaking is mostly of theoretical character, will try to put a strong emphasis on those
problems that can in way or another extend the range of applications of generalized
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inverses. Such possibility of wide applications of this theory surely serving as a good
motivation for the reader, we will now list some of them together with appropriate
references.

As already mentioned, among some of the first applications of generalized
inverses, that at the same time actually motivated their introduction, were those was
related to problems concerning the Green’s function and Green’s matrix for ordinary
differential systems, integro-differential equations and boundary problems, iterative
methods for best approximate solutions of linear integral equations of Fredholm and
Volterra [21, 22]. Also they were used in theoretical treatment of linear differential-
algebraic equations with inconsistent initial conditions, inconsistent inhomogeneities
and undetermined solution components and applied to iterated functions [23]. Further
applications can be found as follows: in the constructions of algorithms for reproduc-
ing objects from their x-rays (see [24]), for the process of reconstruction of pictures
and objects from their projections (see [25-28]); in computerized tamography [29];
in sampling theory, a theory being a topic with applications in several other fields such
as signal and image processing, communication engineering, and information theory,
among others. Generalized inverses are one of the basic tools in the quasi-consistent
reconstructions, which are an extension of the consistent reconstructions (see [30]).
Then there are applications in public key cryptography (see [31]); in statistics (see
[32-36]); in electrical engineering [37, 38]; in control theory, specially in optimal
control of linear discrete systems, in optimal control of autonomous linear processes
with singular matrices in the quadratic cost functional, in control problem structure
and the numerical solution of linear singular systems, in control in biological sys-
tems, in controllability of linear dynamical systems, [39-55]; in robotics [56—62]; in
kinematic synthesis [63, 64]. The references we have listed are but a small portion of
the literature pertaining to various applications of generalized inverses, but we hope
that they will be sufficient to motivate the reader to further pursue the topics we have
presented and perhaps also some related to them.

1.2 Drazin Inverse and Generalized Drazin Inverse:
Definitions and Applications

In 1958, Drazin [65] introduced a different kind of a generalized inverse in associative
rings and semigroups that does not have the reflexivity property but commutes with
the element.

Definition 1.1 Leta, b be elements of a semigroup. An element b is a Drazin inverse
of a, written b = aP, if

bab=b, ab=ba, da"'b=d", (1.1)
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for some nonnegative integer k. The least nonnegative integer k for which these
equations hold is the Drazin index ind(a) of a. When ind(a) = 1, then the Drazin

inverse aP is called the group inverse and is denoted by a? or a*.

The Drazin inverse is one the most important concepts in ring theory (see [66]),
in particular in matrix theory and various of its applications [37, 67-70]. One of
the reason for this are its very nice spectral properties. For example, the nonzero
eigenvalues of the Drazin inverse are the reciprocals of the nonzero eigenvalues
of the given matrix, and the corresponding generalized eigenvectors have the same
grade [67].

Caradus [71], King [72] and Lay [73] investigated the Drazin inverse in the setting
of bounded linear operators on complex Banach spaces. It was proved by Caradus
[71] that abounded linear operator A on a complex Banach space has a Drazin inverse
if and only if 0 is a pole of the resolvent (\/ — A)~! of A; the order of the pole is
equal to the Drazin index of A. Marek and Zitny [74] gave a detailed treatment of
the Drazin inverse for operators as well as for elements of a Banach algebra. The
Drazin inverse of closed linear operators was investigated by Nashed and Zhao [69]
who then applied their results to singular evolution equations and partial differential
operators. Drazin [75] studied some extremal definitions of generalized inverses that
are more general than the original Drazin inverse.

The index of a matrix A, namely the least nonnegative integer k for which the
nullspaces of A% and A**! coincide, which is one of the key concepts in the theory
of Drazin inverses of matrices [37, 67], turns out to coincide with its Drazin index.

In operator theory, the notion corresponding to the index of a finite matrix is that
of the ascent (and descent) of a chain-finite bounded linear operator A (see [76, 77]).
An operator A is chain-finite with the ascent (=descent) k if and only if O is a pole
of the resolvent (A — A)~! of order k. If we want to translate results involving the
index or the chain-finiteness condition to a Banach algebra .7 with the unit 1 we
must interpret the index of a € .7 to be 0 if «a is invertible, and k if O is a pole of
(A — a)~! of order k. The set 7P consists of all ¢ € ./ such that aP exists.

The theory of Drazin inverses has seen a substantial growth over the past few
decades. It is a subject which is of great theoretical interest and finds applications in
a great many of various areas, including Statistics, Numerical analysis, Differential
equations, Population models, Cryptography, and Control theory, in solving singu-
lar, singularly perturbed differential equations and differential-algebriac equations,
asymptotic convergence of operator semigroups, multibody system dynamics, etc.

There is a huge applicability of the Drazin inverse to a wide variety of problems
in applied probability where a Markov chain is present either directly or indirectly
through some form of embedding. Markov chains are discrete stochastic processes
in which the probability of transition from one state to another is determined only
by the current state. They are characterized by their transition matrix P, where P;;
represents the probability of transition from the state i to the state j. By characterizing
the Drazin inverse of I/ — P, where P is the transition matrix of a finite irreducible
discrete time Markov chain, we can obtain general procedures for finding stationary
distributions, moments of the first passage time distributions, and asymptotic forms
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for the moments of the occupation-time random variables. It can be shown that
all known explicit methods for examining these problems can be expressed in this
generalized inverse framework. More generally, in the context of a Markov renewal
process setting, the aforementioned problems are also examined using generalized
inverses of I — P, where P is the transition matrix of the discrete time jump Markov
chain (for more information see [78—80]. In [37] we can find many applications of
the Drazin inverse involving Markov chains.

More generally, the group inverse has found applications involving expressions
for differentiation of eigenvectors and eigenvalues [8§1-85] as well as in the study of
M-matrices, graph theory, and general nonnegative matrices [38, 65, 86-95] and in
the analysis of Google’s PageRank system [96, 97]. Also, there has been a wealth of
new results concerning the use of the group inverse to characterize the sensitivity of
the stationary probabilities to perturbations in the underlying transition probabilities
(see [88, 96, 98-106]). Many applications of the group inverse in the theory of
Markov chains, Perron eigenvalue analysis and spectral graph theory can be found
in [107]. This motivates our study in Chaps.5 and 6.

For applications of the Drazin inverse in applied probability problems and in
statistics see [78, 79, 108, 109].

The concept of the generalized Drazin inverse in a Banach algebra was introduced
by Koliha [110]. The condition a — a’x € /™ from the definition of the Drazin
inverse, was replaced by a — a’x € @/ Hence, the generalized Drazin inverse of
a is the (unique) element x € &7 (written a%) which satisfies

xax =x, ax=xa, a—a’x .o/ (1.2)

It is interesting to mention that Harte also gave an alternative definition of a gener-
alized Drazin inverse in a ring [111-113]. These two concepts are equivalent in the
case when the ring is actually a Banach algebra. It is well known that a9 is unique
whenever it exists [110]. For many basic properties of the generalized Drazin inverse
see [110, 112-114].

The generalized Drazin and the Drazin inverse are used in solving equations with
constant coefficients to give an explicit representation of the set of solutions, and also
in solving singular systems of differential equations, singular, singularly perturbed
differential equations and differential-algebriac equations [18, 68, 69, 90, 115-121].
Some applications can also be found to various control problems.
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Chapter 2
Reverse Order Law

The problem of finding the generalized inverse of a product of matrices led to the
investigation of the so-called “reverse order law”. The reverse order law for many
types of generalized inverses has been the subject of intensive research over the years.
In the 1960s, Greville was the first to study it by considering the reverse order law
for the Moore-Penrose inverse and gave a necessary and sufficient condition for the
reverse order law

(AB)" = BT AT, 2.1)

to hold for matrices A and B. This was followed by further research on this subject
branching in several directions:

e Products with more than two matrices were considered;
e Different classes of generalized inverses were studied;
e Different settings were considered (operator algebras, C*-algebras, rings etc.)

Over the years this topic has been the subject of interest in various investiga-
tions. In this chapter we will set as our primary goal a chronological and systematic
presentation, thus taking into account both the time of publication and the level of
generalization, of all the published results covering this topic and to point to some
problems that are still open and the difficulties that one is faced with when attempt-
ing to solve them. Such an approach is intended to give the reader a clear picture of
the current status of the research concerning this topic and also some guidelines for
future research that they might be interested in doing.

We will discuss the reverse order laws for K-inverses when K € {{1}, {1, 2},
{1,3}, {1, 2, 3}, {1, 3, 4}} and present all recently published results on this subject as
well as some simple examples and open problems.

When we are talking about the reverse order law for the K-inverse, where K C
{1, 2,3, 4}, we are actually considering the following inclusions:

© Springer Nature Singapore Pte Ltd. 2017 11
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BK - AK C (AB)K,
(AB)K C BK - AK,
(AB)K = BK - AK.

The reverse order law problem for each of the above mentioned types of gen-
eralized inverses will receive special attention, and we will describe necessary and
sufficient conditions in various settings such as that of matrices, algebras of bounded
linear operators, C*-algebras and, when possible, in general rings. Beside presenting
to the reader some results that have large application, primarily in solving different
types of matrix and operator equations, they will have the opportunity to familiarize
themselves with the techniques that are used to generalize results obtained in the
case of matrices to more general settings such as those of algebras of bounded linear
operators, C*-algebras or rings.

2.1 Reverse Order Laws for {1}-Inverses

In this section, we address the question of when the reverse order laws for {1}-inverses
is valid. It is interesting that although the reverse order law has been considered for
many types of generalized inverses and from various aspects too, there are only a
few papers which are concerned with this problem for the {1}-inverse.

In his article, Rao [1] proves that if A and B are complex matrices such that AB
is defined, and if either A is of full column rank or B is of full row rank, then

B{1}A{1} < (AB){1}. 2.2)

After this, Pringle and Rayner [2], state incorrectly that any of the two conditions
from the Rao’s result (i.e., if A is of full column rank or B is of full row rank) imply
that

(AB){1} = B{1}A{l} (2.3)

which is noted in 1994 by Werner [3], who gives a simple counterexample to this
assertion and proves that for given matrices A and B of appropriate sizes, (2.2) holds
if and only if

N (A) € Z(B) or Z(B) S A (A),

where 4 (A) and Z(B) are the null space of A and the range of B, respectively.
It can easily be seen that Werner’s proof, when suitably modified, carries over to
operators on Hilbert spaces.

Theorem 2.1 Let A € B(H, *) and B € B(L, ) be regular operators such
that the product AB is also regular. Then B{1}A{1} C (AB){1} if and only if
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N (A) C Z(B) or AB = 0. (2.4)

Also he proves that (2.3) holds in particular in each of the following cases:

(i) A and B are both of full column rank
(i1) A and B are both of full row rank
(iii) A is nonsingular and/or B is nonsingular

but in general, the more difficult problem of finding equivalent descriptions of the
condition (2.3) still remains open. The next paper on this topic was by M. Wei [4]
where, using P-SVD of matrices A and B, some equivalents of (2.2) are derived
and compared with the conditions given by Werner and finally certain necessary and
sufficient conditions for (2.3) to hold are given.

Theorem 2.2 ([4]) Let A € C™" and B € C"*?. The following conditions are
equivalent:
1) (AB){1} = B{1}A{l1}
(i1) One of the following conditions hold:
(a) 1(AB) =0, n > min{m +1(B), p +1(A)},
(b) r(A) +r(B) —r(AB) =nand (r(A) = m orr(B) = p)

(iii) One of the following conditions hold:

(@) Z(B) € A (A), n > min{m +r(B), p +r(A)},
(b) A (A) C Z(B) and (r(A) = m orr(B) = p).

Let us now take a look at the following few examples.

Example 2.1 Tfm = nand A = I, then forany B € C"*? we have (AB){1} = B{1}
and A{1} = {I}, so (AB){1} = B{l1}A{1}, which can also be concluded from
Theorem 2.2,(iii)b.

Example 2.2 Let A = |:8 ii| and B = [(1) 8] Then evidently AB = 0 and from

Theorem 2.1 (or using the fact that (AB){1} = C>*?) we have that B{I1}A{l} C
(AB){1}. On the other hand, since

A{l}:“:a1 @ i|:a1,a2,a3e(C}

as 1— as
and
o,
B{l} = H:bz b2i| : b],bz,b_?, € (C] y
we can check that |:(1) _01 ] € (AB){1} can not be written as a product BV AM for

some AV € A{1} and BV € B{1}. This means that (AB){1} # B{1}A{1} which
can be checked also using Theorem 2.2.
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Also, the inclusion (2.2) in the case of the product of more than two matrices was
considered by M. Wei [4] by applying the multiple product singular value decompo-
sition.

Theorem 2.3 ([5]) Let A; € C™*mivt | =1, n, n > 3. The following conditions
are equivalent:

(1) An{l} : Anfl{l} e Al{l} c (AIAZ to An){l}
(i1) One of the following conditions hold:

(@) r(A;---A,) =0
(b) r(Ay---A) +r(Ajp1) —1(A1---Ajp) =mi, i =1,n—1

(iii) One of the following conditions hold:

(@) Z(Ajz1---A) S AN (Ay---A)), forsomei e{l,...,n— 1}
(b)y N(A---A) CSHAip1),i=1,n—1

Recently, the previous result was generalized by Nikolov-Radenkovi¢ [6] for bounded
linear operators on Hilbert spaces. We will give a proof of this result.

Theorem 2.4 ([6]) Let A; € B(Hiy\, H), i = 1,n, be such that A;, i = 1,n
and A1Ay---Aj, ] = 2,n, are regular operators. The following conditions are
equivalent:

D A1} Api {1} - Ar{l} © (A1 Ag -+~ A (L) .
(i1)) AjA,---A, :OOFJV(A] "'Aj—l) - %(Aj),forj =2,n
(i) AjAz--- Ay = 0o0r A{1} - Aga{1)--- Ar{1} © (A1 Ay -+~ AD{1), for k =
2,n.

Proof (i1) = (i) : If AjA,--- A, = 0, it is evident that (iii) holds. Suppose that
A1Ay--- A, #0and

N (A Aj_) SR(A)), for j =2,n. (2.5)

We will prove by induction on k that
A1} A {1} - - Ay{1} © (A1 Ay - - Ap {1} (2.6)
holds for k = 2, n. From (2.5) it follows that .4 (A;) € Z(A,) which by (2.4)
implies that (2.6) holds for k = 2. Suppose that (2.6) holds for k = [ — 1, where

le{2,3,...,n},ie,

A {1} - Ao {1} - - A{1) C (A1 Az - - AT 2.7
We prove that it must also hold for k = /. Since (2.5) holds for j = [, by (2.4) we

have
A{l} - (A1Ay - A_D{1} C (A1Ay - Al ADLTY, (2.8)
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which by (2.7) implies that (2.6) holds for k = [. Hence, by induction it follows that
(2.6) holds for k =2, n.

(iii) = (i) : This is evident.

(i) = (ii) : Suppose that A1A; --- A, # 0 and that n > 2 since the assertion in the
case n = 2 follows by Theorem 2.1. Let j € {3,4,...,n}andi € {1,2,...,j — 2}
be arbitrary. Then for arbitrary Afl) € A;{1} and AEI) € A;{1}, we have that

<A<”+<uﬂ. —A“>A )X> A(” ~A§”A1~-~An b, '

holds for every X € Z(, #11) and every Y € (11, 7). Substituting
X =0in(2.9), we get

AyA A Al AL (A Y (L = A AT AL - A AT (2.10)
AV ADA A, = A A, )
Subtracting (2.10) from (2.9), we get that

Af‘jl(lﬂﬂ - A‘”A )XA(') -Aﬁ“A1 - -~An =0.
Substituting ¥ = 0 in (2.11), we get
ArAy - A AL AL AT AT AT (o, — ATV ADX (2.12)
Al(yl...Agl)Al...Anzo, .
Finally, from (2.12) and (2.11), we get that
AAy - A AN A Y Ly — A AT)AY AT o)
L, — AV ANXAD, . APA .4, =0
holds for arbitrary X € #(J4, Hi11) and Y € B(H 41, 76).
Now, it follows that either
AAy - AAD AN =0 (2.14)
or
(Lg, — A;AN AL AL (Lo, — AV A) =0 (2.15)
or

AV L APA A, =0 (2.16)
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It is easy to see that (2.14) and (2.16) imply A A, - - - A, = 0 which is not the case,
s0 (2.15) must hold. Hence, for arbitrary j € {3,4,...,n}andi € {1,2, ..., j—2},
we have that

(L, — AJA ALY A AP A = (L, — A;AD ALY AT 217)
Let j € {2,3, ..., n}, be arbitrary. Then by (i) it follows that

AAy-- A AL - A

(AP + YLy, — A;A DAY + (L, — AP A, X). (2.18)
A;Bz"‘Asl)Al"'An = A A,

holds for arbitrary X € (-1, 7¢;) and Y € HB(H;, 7 1). Analogously to the
previous part of the proof, we get that for arbitrary j € {2, 3, ..., n}

(I, — A; A Ly, — ASD A2 = 0. (2.19)
Taking j = 2 in (2.19), we conclude that
N (A1) € Z(Ar). (2.20)
Now, choose arbitrary j € {3,4, ..., n}. Using (2.17) and (2.19), we have

AV =AY AVAD A A A A

2.21)
(1) (1) 4 (1)
— 71— AY, .-.A2 AVA A Ay A,
which implies that A4 (AjAy -+ Aj_1) € Z(A)). O
In [7] some necessary and sufficient conditions are given under which, in the matrix
case, for some (AB)V e (AB){1} satisfying some special conditions there exist
AD e A{1} and BY e B{1} such that (AB)(V = B AD:

Theorem 2.5 ([7]) Let A € C™*" and B € C"*? and let (AB)"V € (AB){1} be
arbitrarily given, and let

t((AB)V) = dim (Z((AB)Y) N A (B)) and
v((AB)D) = dim (Z([(AB)V]*) N A (A%)).
Then (AB)Y) € B{1}A{1} if and only if:

r((AB)") —t((AB)V) —v((AB)) > 1(A) 4+ r(B) — n.
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The reverse order law
(AB){1} € B{1}A{1} (2.22)

in the setting of matrices was completely solved in 1998 in [8], where using P-SVD
of matrices A and B it was proved that (2.22) holds if and only if

dim 4/ (A) — dim (4 (A) N Z(B)) > min {dim 4 (A*), dim .4 (B)} .

In [9], some other necessary and sufficient conditions for (2.22) to hold were pre-
sented without using SVD or P-SVD of matrices A and B, potentially allowing for
our purely algebraic proof to be generalized to more general settings:

Theorem 2.6 Let A € C"*" and B € C"*P. The following conditions are equiva-
lent:

(i) (AB){1} C B{1}A{l},
(ii) r(A) +r1(B) —n < 1(AB) — min{m — r(A), p — r(B)}.

Proof Since (i) is equivalent with
(B*A"{1} € A*{1}B*{1}, (2.23)
without loss of generality we can suppose throughout the proof that
min{m — r(A), p —r(B)} = m — r(A). (2.24)

Indeed, if this is not the case we can have (2.24) by simply replacing A with B* and
B with A*, given that m — r(A) = dim .4 (A*) and p — r(B) = dim ./ (B). Now,
assuming (2.24), we need to prove that (i) is equivalent withm —r(AB) < n —r(B).

Evidently, (i) is equivalent with the fact that for any (AB)D e (AB){1} there
exist AV € A{1} and B!V € B{1} such that

(AB)(I) = BMAD.

Using Lemma 1.1 from [9] (or the more general version of it—Lemma 3.5) as
well as appropriate notations used therein, (i) is equivalent with the fact that for
any (A1B)"" € (A1B)(1}, Zy € B(N (A*), Z#(BY)), Zs € B(Z(A), N (B))
and Z, € BN (A*), A (B)) there exist matrices Y, € B(N (B*), Z(B*)),

Ys € B(R#(B), V¥ (B)) and Yy € B(N (B*), #/(B)) and X = |:X1 X

X3 X4
H(A Z(B o
|:</VEA2)i| — [JVEB’E)} satisfying

A1 X1+ A2 X3 = Iz, (2.25)

such that
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[(AiB)D Z ] =[B]' 1L ] X (2.26)
[Z3 Z4 ] =[Ys V4] X. (2.27)

In general for fixed Y, the Eq.(2.26) is solvable for X and we have that the set of
solutions is given by

S= [ [BO‘] [(ABHD Z,] + (1— [%1][3;‘ Yz])W:

W IS Cnxm]

(2.28)
_ [ [31(A1B1)(1) — BiYL2Ws B1Z, — B1Y2W4} .

Ws Wy
Wi Wy | | Z(A) | | Z(B)
Wi Wa | | A (A%) N(BY) | ]

given that obviously |:l(?)l ] € [Bfl Yz] {l}

Thus (i) is equivalent with the existence of at least one X € S N A{1} for which the
Eq.(2.27) is solvable for [ Y3 Y4 ]. The solvability of Eq.(2.27) is equivalent with

[Z5 Zs](1 = xVX) =0, (2.29)

for some (any) XV e X{1}.
Hence (i) is equivalent with the existence of X € SN A{1} for which (2.29) holds.
Write X = [ K| K |, where

K, — [Bl(AlBl)(D _ B]Y2W3:| and Ky — [Blz2 - BIY2W41|'
W; Wy

Using Lemma 2.3 [10], we have that one inner inverse of X is given by X =
K" — K"K, TV Ry,
TDOR e
is equivalent with

}, where T = Ry, K, and Rx, = I — K, K" . Thus (2.29)

(Zy — Zs KV K)(I —TOT) =0, Z3(1 — K"K}) =0, (2.30)

for some TV e T{1}.

(i) = (ii): Taking (A;B))" = (A, B)), Z, = 0, Z3 = 0 and a left invertible Z,
(such Z4 exists since dim .4 (A*) < dim .4'(B)), by (2.30) we get that 7 must be
left invertible. Since T = P{A,(KIK{I)),%(K])KZ, we get that A4 (T) = {0} if and only
if A/ (K>) = {0} and Z(K;) N Z(K,) = {0}. The first condition, .4 (K;) = {0}
is satisfied if and only if 4" (W,) = {0}, which is possible only if dim .4/ (A*) <
dim .4 (B*). The second condition Z(K,) N Z(K>) = {0} (in the case when K|
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and K, are left invertible) is equivalent with .4/ (X) = {0}, i.e.,
A ([Bi(AB)TO])nA ([Ws Wa]) = {0} (2.31)

Thus .4 ((A1B))") N A (W3) = {0}, so the condition (2.31) is equivalent with
%(W3 |</V((AIB])%))0%(W4) = {0},WhICh is possible only when dim JV((A]B[)U-F
dim A (A*) < dim .4 (B*). Since dim .4 ((A; B;)") = r(A) — r(AB), we get that
m—r1(AB) <n—r1(B).

(i) = (i): Suppose (A B)V € (A B){1}, Z, € B(N (A*), Z(B*)), Z3 €
B(KH(A), N (B))and Zy € B(N (A*), A (B)) are given. We will show that there
exists a left-invertible matrix X € S N A{1}. Let Y = (A;B))V A, and W5 = X},
X . Z(B*)
x; | H(A) — N (B)

Theorem 2.7 from [11], we will show that there is some W, such that

where :| is an arbitrary right inverse of [Al Ay ] Using

(2.32)

X = Bi(A;B)Y B, Z,
o W3 Wy

is left invertible. It is easy to check that the first column of X" is left-invertible. Thus
it remains to check the inequality

n(Xo) < d(Ws) +dim (Z(W5) N Z((B1(A1B)"D)Y* |y, zey)  (2:33)

where X =

Bi1Z> Bi(A BV
0 W; ’

Note that

n(Xg) = n(Wy) + n((Bi (A BD)™)* |y s,2)
+ dim (Z(W5) N Z((B1 (A1 B |y (8,220))

and since n(Xo) = m — n + n(Xy), that (2.33) is equivalent with
m —n+n((Bi(A1B)")* |y s 2,) < 0. (2.34)

Asn((B1(A;B)")*) <r(B) —1(AB) andr(B) —r(AB) —n +m < 0, we get that
(2.34) holds for any (A;B;)" € (A;B)){1} and any Z, € B(N (A*), Z(B*)).

Now by Theorem 2.7 from [11] there is some W, such that X’ given by (2.32) is left
invertible. It is easy to see that

X — Bi(A1B)" — BiY,Ws  BiZ, — BiY,W,
- Ws Wy

is left invertible as well. O
Let us take a look at the following examples.
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Example 2.3 We will show that in the case when (ii) of Theorem 2.6 is not satisfied,
which means that (AB){1} ¢ B{1}A{1}, we can find a general form of the inner
inverses of AB, (AB)(" for which there does not exist AV and B such that

(AB)D = BWAD Let A = |:(1) 8] and B = |:(1) 8] Then evidently AB = 0 and

consequently (AB){1} = C*>*2. Since

A{1}= I|:1 a;i| .ap,a, as E(C]

and
_ b 1.
B{l}—[l:b2b3j|.b1,b2,b3€(:]

we can check that none of the matrices of the form |:8 S}], where w # 0, can be

written as a product BV AD for some A" € A{1} and BV € B{1}.

Example 2.4 1f A € C"™*" is left invertible and B € C"*?, then by Theorem 2.1 we
have that B{1}A{1} € (AB){1}. In this case (AB){1} = B{1}A{1} if and only if

r(B) <r(AB) —min{m —n, p —r(B)}.

The last inequality is satisfied if and only if m < n or r(B) = p. Since A € C"*"
is left invertible, we have n < m, so we can conclude that (AB){1} = B{1}A{1} if
and only if A is invertible (m = n) or B is left invertible.

In spite of the many results obtained by various authors the problem of settling the
reverse order law (2.22) for operators acting on separable Hilbert spaces remained
open until 2015. This was finally completely resolved by Pavlovic et al. [12] and this
was using some radically new approaches involving some of the previous research
on completions of operator matrices. These results will be presented in the Chap. 3.

2.2 Reverse Order Laws for {1, 2}-Inverses

In this section, we address all the known results so far results on the the reverse
order laws for {1, 2}- generalized inverses. Shinozaki and Sibuya [7] proved that for
matrices A, B such that the product AB is defined

(AB){L,2} € Bf1,2}A{l1, 2} (2.35)
always hold. To verify Shinozaki and Sibuya’s result in the case of regular bounded

linear operators on Hilbert spaces we will consider suitable representations of given
regular operators A € B(H, %) and B € B(L, ) to first prove the lemma
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given below. More precisely if A € B(J, %) and B € B(L, ) are arbitrary
regular operators, then using the following decompositions of the Hilbert spaces .Z,
S and A,

£ =RB")® N (B), H =R(B)DN(B), & =ZA) SN (A",

we have that the corresponding decompositions of A and B are given by
_ A1 A | | Z(B) H(A)
=[50 - LT )
| Bi10] . | Z(B" Z(B)
m=[ 5[50 - [ 75 )

R(B*)
N (B)

(2.36)

where Bj is an invertible operator and [A1 Az] : [ ] — Z(A) is a right

invertible operator. In that case AB is given by

LS #(A)

[AB O
AB‘[ 0 o}'[/(B)}_’[JV(A*)]'

Now, using decompositions given above, we have the following result.

Lemma 2.1 Let A € B, #) and B € B(L, H°) be regular operators given
by (2.36). Then

(i) an arbitrary {1, 2}-inverse of A is given by:
w520 [22)
where X1 and X3 satisfy
A1 X1+ Ay X3 = Iz,

and X, and X4 are of the form

X, =X 1A1Z + X1ArZ,,
Xy = X3A\Z, + X3A22>,

for some operators Z, € B(N (A*), Z(B)) and Z, € B(N (A*), N (BY)).
(ii) an arbitrary {1, 2}-inverse of B is given by:

a» _ [BY U N[ %2B) K (B*)
BT = [ v VBlUi| : [JV(B*)] - |:</V(B)]

where U € B(N (B*), Z(B*)) and V € B(#(B), .V (B)).
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(iii) if AB is regular, then an arbitrary {1, 2}-inverse of AB is given by:

a2 _ [(ABDI2 Y, [ Z(A) Z(B*)
(AB) _[ Y5 Y| |an| T s

where (A1 B2 € (A;B){1,2Yand Y;, i =2, 4 satisfy the following system
of the equations:

Y, = (A1 B)"PA B Ys,
Y3 = YV3A,B,(A,B)"?, (2.37)
Yy = Y3A B, Y>.

Proof (1) Without loss of generality, we can suppose that an arbitrary {1, 2}-inverse

of A is given by:
a2y _ | Xi Xa | | Z(A) Z(B)
A _[szzt][wm*)]*[mg*)]

FrorrﬁXA = Aand XAX = X, we get that X € A{1, 2} if and only if for X;,
i = 1, 4 the following equations

(A Xy + A XA = Ar, i=1,2 (2.38)
XA X1 +AX3)=X;, j=13 (2.39)
X1(A1 X2 + A2 Xy) = Xo, X3(A1Xo + AsXy) = Xy, (2.40)
are satisfied. Since S = [ A} Az ] : V(B) — Z(A) is aright invertible operator,

Z(B*)

: -1,
there exists S : Z(A) — |:JV(B)

:| such that [ A; A2 ] S = I 4. Notice that
(2.38) is equivalent to

[ A Az][ii][m A=A A]. (2.41)

Multiplying (2.41) by S ! from the right, we get that (2.41) is equivalent with
X .
[A] Az] |:X3:| = I%’(A), 1.€.,

ALX + AyXs = Iga). (2.42)

Note, that for X; and X3 which satisfy (2.42), (2.39) also holds. Condition (2.40) is

equivalent to
X1 X _ X>
e [5]
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ie.,
X |
("P)[xJ =0,
X1 . . ..
where P = [A1 As ] Since P is a projection,
X3
X | Z
x]-r2]
i.e.,

Xo | _ | XiAiZi + X1 Az 2y
X4 X3A1Z) + X3A27Z, |’

where Z, and Z, are operators from appropriate spaces.
(ii) Suppose that an arbitrary {1, 2}-inverse of B is given by:

gy _ [ S UL Z(B) N X (B*)
VWI| | /(B N (B) |’
From BB B = Bt follows that B;SB; = B; and since B; is invertible, S = Bl_l.
From B1YBB1? = B weeasily get W = V B, U, where U and V are operators

from appropriate spaces.
(iii) Let an arbitrary {1, 2}-inverse of AB be given by:

a2 _ | 2| | Z(A) Z(B*)
an@ =[] [ V] [ ]
From AB(AB)"?AB = AB, we get

A1B Y/AB, = A By, (2.43)

and from (AB)"?AB(AB)? = (AB)1?, we get

YA B Y, =Y, (2.44)
YiAB, Y, = Vs, (2.45)
YsA1 B Y, = Vs, (2.46)
Y3A 1B Y, = Yy (2.47)

Now, by (2.43) and (2.44), we get that ¥, € (A;Bj){l,2}. Substituting ¥, =
(A1B))? in (2.45), (2.46) and (2.47), we get (2.37). (]
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Finally, we will give the proof of the result of Shinozaki and Sibuya in the case
of regular bounded linear operators on Hilbert spaces the product of which is also
regular.

Theorem 2.7 Let A € B(H, * ) and B € B(L, H) be regular operators such
that AB is regular. Then

(AB){1,2} € B{l,2} - A{1,2}.

Proof Take an arbitrary (AB)"? e (AB){1,2}. We will show that there exist
A12 ¢ A{l1,2} and B"? ¢ B{1,2} such that (AB)"? = BUD A2 With-
out loss of generality, we can suppose that A and B are given by (2.36). By Lemma
2.1, we have that

ay _ [ABYI2 Y, [ 2(A) Z(B*)
(4B) _[ Y Yy | |y | T s ]

for (A;B))"? € (A B)){1,2} and some Y;, i = 2, 4 which satisfy system (2.37).
. | Z(B) . C . .

Since [Al Az] : |: A( B):| — Z(A) is aright invertible operator, there exists (not

. X X (B*) , /

unique in general) |:Xii| T R(A) — |:</V(B):| such that A1 X + A2 X} = Iza).

Since Bj is invertible, we have that (A B1)(A;B))"? A1 X| = A1 X|. Let X5 = X}
and X| = By (AlBl)(l*z)AlX’l. Obviously, A1 X + A2X3 = Iza). Now, let

c_[XxiaBn] T 24 ] [ 23
T X3 X34 B, || A (A% N (B*) |

B U [ %) #(B*)
b= [Y;Al Y3AlBlU] ‘ [,/V(B*)} - [JV(B)}’

where U = (4,B;)"? A,. We will show that C € A{1,2}, D € B{l, 2} and that
(AB)1? = DC.UsingLemma?2.1, wecancheckthat C € A{l,2}and D € B{l1, 2}.
To prove that (AB)!-? = DC, it suffices to show that the following system of the
equations is satisfied:

(A1B)"? = B 'X, + UX3,

Y, = B{'X|A\B, Y, + UX3A B Y»,

Y; =Y3A: X, + Y3A1B1UX3,

Yy = Y3A XA B\Y, 4+ Y3A B{UX3A, B, Y>.

The first equation is satisfied, since X| = By (A B;)"? (I — A, X3), while the other
three equations are satisfied by virtue of (2.37). (]
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The reverse inclusion of (2.35) was considered by De Pierro and M. Wei [8].
Using the product singular value decomposition of matrices they investigated when

B{1,2}A{1,2} € (AB){1, 2} (2.48)

is satisfied and proved the following:

Theorem 2.8 ([8]) Let A € C™*" and B € C"*P. The following conditions are
equivalent:

(1) B{l1,2}A{1,2} € (AB){1,2};
(i) A=00r B=0or r(B) =nor r(A) =n.

The following two examples are in order.

Example 2.5 In the case when (ii) of Theorem 2.8 is not satisfied, which means
that B{1, 2}A{1, 2} Q (AB){1, 2}, we can find particular reflexive inverses of A

and B, A? and B"-? such that BEP A2 € (AB){1,2}). Let A = |::} i] and

. Then evidently AB = 0 and consequently (AB){1, 2} = {0}. But for

ALY = |:(1) 8] and B2 = |:(1) 8], we have that B42 A1 =0 e (AB){l, 2).

Example 2.6 If A € C™" and B € C"*?, then B{1,2} - A{l,2} € (AB){1, 2}
implies B{1} - A{1} € (AB){1} (see Theorems.?2.1 and 2.8).

Using a completely different approaches, Cvetkovi¢-1li¢ and Nikolov [13]
improved the results from [8] and verified Shinozaki and Sibuya’s results in the
case of regular bounded linear operators on Hilbert spaces the product of which is
also regular. Notice that all the results stated in the sequel can be generalized to the
C*-algebra case.

Theorem 2.9 ([13]) Let A € B(H, %) and B € B(L, H) be such that A, B
and A B are regular operators. The following conditions are equivalent:

) B{1,2}- A{l1,2} < (AB){l, 2},
(i) A=00rB=0o0rAec B (A, H)orBe B (H, N).

Proof (i) = (ii) : If (i) holds, then evidently BFA™ € (AB)({1, 2}, so
ABB'ATAB = AB (2.49)

and
BTATABBTAT = BTAT. (2.50)

Since, for any X € B(# , ), AT+ (1 — ATA)XAAT € A(1, 2}, we get
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ABBT(A"+ (I — ATA)XAA")AB = AB,
which using (2.49) further implies that
ABB'(I — ATA)XAB =0,

forany X € B(x , 7).
Similarly, for any Y € B(s¢, %), B' + B'BY(I — BB") € B{1,2}, so

AB(B"+ B'BY(I — BB"))ATAB = AB,
which using (2.49) implies that
ABY(I — BB"HATAB =0,

forany Y € B, .2L).
Since, forany X € (A, 7)) and Y € B(A°, L), we have that

AB(B" + B"BY(I — BB")(A"+ (I — ATA)XAA")AB = AB,
using (2.49), (2.51) and (2.52), we get that
ABY(I — BB)Y(I — ATA)XAB =0,
forany X € B(H ', ) and Y € B(H, L). Now,
AB=0 or (I —BB")(I —ATA)=0.
Since, for any X € B(x, ),

BY'(AT+ (I — ATA)XAANHABBT (AT + (I — ATA)XAAT)
=B'(AT+ (I — ATA)XAAT)

using (2.50) we get that

BTATABB'(I — ATA)XAA" + B'(I — ATA)XABB' AT
+B'(I — ATA)XABB'(I — ATA)XAA" = BT(1 — ATA)XAA'.

2.51)

(2.52)

(2.53)

(2.54)

(2.55)

Now by (2.54), we get that the first and the third term on the left-hand side of (2.55)

are z€ro, so

B'(I — ATA)X(ABBTAT — AAT) =0,

forany X € #B(%, 7). Hence,
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B"=B'ATA or ABB'AT = AA".

Now, following (2.54) we have two cases:
Case 1.If AB = 0, then if BY = BTATA it follows that B = 0.If ABBTAT = AAT,
we easily get that A = 0.
Case 2.1f (I — BBT)(I — ATA) = 0, thenif B" = BTATA, it follows that ATA = I,
i.e., Aisleftinvertible. If ABBTAT = AAT, then multiplying (I — BB")(I—ATA) =
0, by A from the left, we get

A= ABB'".

Now, given that ATA and BB' commute, we have that BBT = I, i.e., B is right
invertible.

(i) = (1) : If A or B is zero, it is evident that (i) holds. Now, suppose that B
is right invertible and let BY? € B{l, 2} be arbitrary. Evidently, B""? is a right
inverse of B, i.e., BB"? = I. Then, for arbitrary A2 e A{1, 2},

ABBYY AN AR = AAVYAB = AB

and
BUD AU g pU2 41D — pU2) (1D 4 41D _ g1.2) 4(1.2)

If A is a left invertible operator, for any AY» e A{1, 2} we have that AP A =T,
Then, for arbitrary A2 e A{1,2} and B"? € B{l, 2},

ABB"? A" AB = ABB"?'B = AB

and
B2 412 g g2 41.2) — g2 pp12) 4(1.2) _ B(1.2) 4(1.)).

O
It is interesting to note that by the first part of the proof of Theorem2.9, we can
conclude that
B{1,2}- A{l,2} € (AB){1}

if and only if
AB=0 or (I —BBH(I—-ATA)=0

i.e.
AB =0 or A4 (A) C Z(B),

which is equivalent with B{1} - A{1} € (AB){1} (see [3, 14]).

The proof that (2.48) is always satisfied in the case of a multiple product of regular
operators is very similar to the one given in [5] (see [Theorem 4.1, [5]]) for the matrix
case. We give it here for completeness’ sake.



28 2 Reverse Order Law

Theorem 2.10 Ler A; € B(Hyy, H), be such that A;, i =1, nand A\ A, - - - Aj,
Jj = 2, n, are regular operators. Then

(A1Az--- AD{1, 2} € Apf1, 2} - Ay {1, 2} - Ag{1, 2} (2.56)

Proof Suppose that A; € B(Hiy, #),i = I,nand AjAy---Aj, j = 2,n, are
regular operators. We will prove that (2.56) holds by induction on n. For n = 2,
the assertion holds by virtue of Theorem 2.7. Now suppose this is true for 2 <
k <n.Fork=n+1,let AjA;--- Ay = B. Using again Theorem 2.7, we obtain
(BA+1){1,2} € A,11{1,2}B{1, 2}. From the induction hypothesis,

(Ap---AD{1,2) C A {1,2}--- A{1, 2},
So we get

(Al e AnAn+1){lv 2} - An+l{11 2}(A1 e An){lv 2}
C Apni{l, 2}A,{1, 2} - - A{1, 2}

O

The reverse inclusion of (2.56) in the case of matrices was considered by M. Wei
[4] who, applying the multiple product singular value decomposition (P-SVD), gave
necessary and sufficient conditions for

Anfl, 2} - Api{1,2} - A1, 2} € (A1 Az - - AT, 2}

Theorem 2.11 ([4]) Suppose that A; € C**i+1 | = 1,2, ...n. Then the following
conditions are equivalent:

1) An{1,2} - Api{1, 2} - Ar{1, 2} € (A1 Ay~ - AL, 2);
(i) One of the following conditions is satisfied:

(@) r(Ay---Ap) > Oandforeach j € {1,...,n—1}, A;is of full column rank

(b) r(Ar---Ay) > O0and foreach j € {2,...,n}, A is of full row rank

(c) 1(Ay---An) > 0 and there exists an integer q € {2, ...,n — 1} such that
foreach j € {1,...,q9 — 1}, A; is of full column rank and for each j €
{q,...,n}, Ajis of full row rank

(d) There exists an integer g € {1, ..., n}, such thatr(A,) = 0.

The generalization of the previous result for the case of bounded regular operators
on Hilbert spaces is given in [6] as follows:

Theorem 2.12 ([6]) Let A; € HB(Hiy1, H), be such that A;, i = 1,n and

A1Ay--- A}, j = 2,n are regular operators. The following conditions are equiva-
lent:

) An{1,2}- Ay, 2} - Arf{l, 2} = (A1 Az - - A){L, 2},
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(i) A, {1,2}- A, 1{1,2}--- A1{1,2} C (A1 Az -+ A){1, 2},
(iii) There exists an integer i, 1 <i < n, such that A; =0,

or

AjAy - A, #0and A; € B (A, HB), fori =2,n,

or

A1Ay-- Ay #0and A; € By (A, A, fori =T,n—1,
or

A1Ay .-+ A, # 0 and there exists an integer k, 2 < k <n — 1, such that A; €
B (A, ), fori =1,k — 1, and A; € B (A, ), fori =k + 1, n.

Proof (i) < (ii) : Follows from Theorem 2.10.

(i) = (iii) : We prove this by induction on n. For n = 2, this follows from
Theorem 2.9. Assume that (ii) = (iii) holds for n = k — 1; we will prove that the
implication still holds for n = k. Suppose that

Ar{1,2} - A1, 2} - - A {1, 2} © (A1 Az - - AL, 2} (2.57)
By virtue of Theorem 2.10, we have

Afl, 2} - (A1Ag -+ A1, 2} € (A1 Az - AT, 2} (2.58)
which by Theorem 2.9 implies that at least one of the following cases must hold true:
AjAy-- A1 =0o0or Ay=00r AjAy--- Ay € %;1(%,%)

or Ay € B (M, ).

Now, we will consider all these cases:
Case 1. A1A2 s Ak,1 = 0. Then A1A2 s AkflAk = 0 which by (ll) 1mphes

A{1,2) - Ay {1, 2} - A{1, 2} = {O). (2.59)
Let A" € A;{1,2},i =T,k — I be arbitrary. Then from (2.59) we have
AANY Al =, (2.60)
Since for any Z € B(H4, 1), AL + AL AcZ(Ly, — ArA}) € Ai{l, 2}, we get
(Al + AJ A Z (L — ALAD) ALY ALY A =,
which by (2.60) gives that A] A, ZA DAY ... A = 0. Now,

Ay=0 or AY...AlMP =o. (2.61)
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If Ay = 0, then (iii) holds. Suppose that A; # 0. Then A\"? A2 ... A2 = 0 for
arbitrary A" € A;{1,2},i =T,k — 1, implying

Aroi{1, 2} A 2{1,2} - - A{1, 2} = {0} C (A1Ay - - Ag2 A D{1, 2}, (2.62)

By the induction hypothesis, from (2.62) it follows that at least one of the following
conditions is satisfied:

(1) There existsi € {1,2,...,k — 1} such that A; =0,

2) Ai € B (S, A, i =1,k =2,

(3) A; € B, (M. A, i =2k — 1,

(4) There exists i € {1,2,...,k — 1} such that A; € B, (S, ;) for j =
l,i—land A; € B WA, H5), j=i+ 1, k—1.

If (1) holds, then (iii) is satisfied. Suppose that (2) is true. Since AjA, -+ - Ap—; =0
we get that A;_; = 0 so (iii) holds. If (3) holds, then from AjA;--- Ay = 0
we get that A; = 0. Suppose that (4) holds. Multiplying AjAy -+ Ag—1 = 0 by
Al AT .- A] from the left, we get

AiAisr - Ary = 0. (2.63)

Multiplying (2.63) by A£71A£72 e A;LH from the right we get A; = 0. Hence, (iii)
is satisfied.

Case 2. If Ay = 0, then (iii) obviously holds.

Case 3. Suppose that AjA;---Ap_; € %’l_l(%ﬁ(, 7). Then A,_ € %I_I(Jﬁ(,
H,_1). From Theorem 2.9, we have

(A1 A1, 2} © A{l, 2} A {1, 2},

so it follows that

(A1 AL, 2} - Aga{1, 2} - - - A1, 2}
C AL 2} Apn{1, 2} - Ag{LL 2} © (A Ay -+ - AL 2} (2.64)

By the induction hypothesis, from (2.64) it follows that at least one of the following
conditions is true:

(1) Thereexistsi € {1,2,...,k—2}suchthat A; =0or A;_1A; =0,

Q) A€ B (A, A, i=1k=2,

(3) A€ BN A, ), i =2,k =2, and Ay A € B (A, H—y),

(4')  There exists i € {1,2,...,k — 1} such that A; € L@l_l(jfﬁl,%) for
j = 1,i — 1 and Aj S e@;l(%J’»l,%), j = i+1,k—2and Ay_1A; €
BN (A1, A1),
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As before, we can check that in all these cases, (iii) is satisfied.
Case 4. Suppose that Ay € B, (11, 74). Then AkA,(cl’z) = I, for arbitrary
AN € A{1,2). Let A" € A;{1,2},i =T, k be arbitrary. Then
AlAy - AkA](clz)Al(cl_’zl) s A§1’2)A1A2 A= A1Ay - Ag (2.65)

and

AP ALY ATD A Ay A AP ALY LAY

2) 4.2 2
= AP ALY AT (2.66)

Multiplying (2.65) by A\"? from the right and (2.66) by A, from the left, we get

AAy - A ANTY AN AP A A A = A A A (2.67)

and
ALDALD - AVDA Ay A AL ALY A
=AMPAY) Al (2.68)
Evidently,
AL, 2} - Ago{1,2}- - Ay{1, 2} € (A1 Az - - Ap-){T, 2} (2.69)

By the induction hypothesis, from (2.69) it follows that at least one of the following
conditions is true:

(1”) Thereexistsi € {1,2,...,k — 1} such that A; = 0,

Q") A€ B (A, A, i =1,k =2,

(3" A€ BN A, H), i =2,k —1,

(4") Thereexistsi € {1,2,...,k — 1} suchthat A; %[1(%?+1,%) for j =
Li—land A; € B (A, A, j=i+1,k—1.

It is easy to check that in all these four cases (iii) is satisfied.

(i) = (i) : If AjAy--- A, = 0, then it is evident that (ii) holds. Suppose that
A1Ay--- A, #0and let A;l’z) e A{1,2),i=1,nbe arbitrary.

If A; € B (i1, H) fori =2, n, then A;A"? = I, fori =2, n. Now,
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1.2 1,2
AlAy - Ay A AT ALY Al

1,2 1,2 1,2
=AAy Ay A AP ATD 4D

n—1
' (2.70)
= AL A ANP AN = 4,402
From (2.70), it follows
AtAy - A AP ALY AT A A Ay = Ay A,
and

ATDALD L AD 4 A4, AT ATD 402 40D 4 (D)
50 A AN A € (A4, -+ A,){1, 2). Hence (ii) holds.
Analogously, if A; € %' (S, #7) for i = 1,n— 1 or if there exists k €
{2,..,n — 1} such that A; € B, '(Jy, ) fori = 1,k—1, and A; €
%r’l(%+1,<%€) fori = k+1,n, we can prove that Afll'2)Afl]_’21)~-~A§l’2) €
(A1A; - -+ Ap){1, 2}. Thus (i) holds. O

Since the proof of the previous result is algebraic, it can easily be generalized to C*-

algebras and rings. It is thus safe to say that the reverse order law for {1, 2}-inverses
has been completely solved.

2.3 Reverse Order Laws for {1, 3} and {1, 4}-Inverses

The reverse order laws for {1, 3} and {1, 4}-inverses were for the first time consid-
ered by M. Wei and Guo [15] in the matrix case. They presented some equivalent
conditions for

B{1,3}A{1, 3} € (AB){1, 3} (2.71)

and

(AB){1, 3} € B{l1,3}A{1, 3} (2.72)
obtained by applying the product singular value decomposition (P-SVD) of matrices.
Namely, in [15] they proved that for A € C"*" and B € C"*? one has B{l, 3} -
A{l1, 3} € (AB){l1, 3} if and only if

le =0and 214 =0

and that that (AB){1, 3} € B{1, 3} - A{1, 3} holds if and only if
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dlm(%(zM) = dlm(%(zlz, Z]4)), and

0 <min{p —ro,m—ri} <n—ri—r; —r(Zu),

where the submatrices Z,, Z4 and the constants ry, 5, 1’22 are described in the P-SVD
of matrices A and B given in Theorem 1.1 and Corollary 1.1 of [15].

Evidently a disadvantage of the results presented in [15] lies in the fact that the
necessary and sufficient conditions for (2.71) and (2.72) to be satisfied contain infor-
mation about the subblocks produced by P-SVD. In other words, they are dependent
on P-SVD. In order to overcome this shortcoming, two methods are employed. One
of the methods use certain operator matrix representations (see [16]) and the other
one is based on some maximal and minimal ranks of matrix expressions (see [17]).
Using these two different methods, in both of the papers [16, 17] it is proved that

B{1,3}A{l,3} C (AB){1,3} & Z(A*AB) € #(B)

but in the first one in the case of regular operators and in the second one in the setting
of matrices. These results are more elegant because they require no information
on the P-SVD. Note that in the matrix case Z(A*AB) C Z(B) is equivalent to
(B, A*AB) =1(B).

All these results were generalized in the paper of Cvetkovi¢-Ili¢ and Harte [18]
where purely algebraic necessary and sufficient conditions for (2.71) in C*-algebras
are offered, extending rank conditions for matrices and range conditions for Hilbert
space operators. To present the result form [18] and its proof, first we will introduce
some notations and give some preliminaries.

Let .o/ be a complex unital C*-algebra. Then we have the following characteriza-
tion of a{l, 3}, where a € .o/ is regular:

Lemma 2.2 Let a € </ be regular and b € /. Then b € a{l, 3} if and only if
a‘ab=a’.
Lemma 2.2 can be expressed by saying

a{l,3}={a"+ (1 —d'a)y : y € &}. (2.73)

Theorem 2.13 ([18]) Ifa, b € </ are suchthata, b, ab and a(1 — bb") are regular,
then the following conditions are equivalent:

(1) bbta*ab = a*ab,

(2') b{1,3}-afl,3} < (ab){1, 3},
3 b'a’ e (ab){l1, 3},

@) b'a’ e (ab){1,2,3).

Proof With p = bb', g = b'b and r = aa’, we have that b = [g 8] and a =
P

|:68 662 i| . Using Lemma 2.2 and (2.73), we see that arbitrary 51> € b{1, 3} canbe
rp
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b" 0

represented as b3 = |:
uv

] ,forsomeu € (1—q)«/ pandv € (1—q)</ (1—p),
q.p

ard™ 0

azd™ 0

that d € r</r is invertible in that subalgebra, (d)r_;{r =d" and dd” = d'd = r.

Also, again by (2.73), any a*¥ has the form a"? = a' + (1 — a’a)x, for some
X1 X2

. 1z
x = ie,ald =1 2] , where
RS P 324,y

as well as that a¥ = a*(aa®)" = [ i| , where d = ajaj + aya;. Remark
p.r

7] = a;‘dT +(1 - ai‘dTal)xl — aTdTa2x3,
2 =(1-— aideal)xz - ai‘d*azm,
3 = a;dT - a;‘dTalxl + 1 - a;dTaz)x3,

4 = —a;d"'alxz + (1 - a;dj'az)xét.

With these preliminaries, we turn to the four conditions of the statement; we will
show (1) = (2') = (3’) = (1) and then (') = (4) = (3).

(1) = (2'): Suppose that bb'a*ab = a*ab which is equivalent to aja; = 0, i.e.,
atay = 0. For arbitrary a!> and "3 we have that

a3 (13 . | aizia1b 0
abb*"a ab_|: 0 0 ,q.

Lets = ala}'. Since d € so/s + (1 — 5).Z (1 — s), we have that d € sof's + (1 —
s)e/ (1 — 5). Now, afd*az e s (s + (A —s5)d(1—5))-(—s5) = {0}
Hence, ajd’a, = 0, i.e., a5da; = 0.

Since,

ajz1a; = aladeaI +a;(1— ai‘d%al)xlal
= (d — wmay)d a; + (a — (d — axa3)d ar)xiay

=day,

it follows that abb"¥a""3ab = ab. To prove that abb"¥a"-? is Hermitian it is
sufficient to prove that a;z; is Hermitian and a;z, = 0. By computation, we get that
az; = alade = ala?‘(alai*)T which is Hermitian. Also,

a1z = (ag — alai‘dTal)xz - alaTdTazm
= (a1 — (d — ama3)d a))x;
= agai"dTalxg
=0.
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(2") = (3/): This is evident.

(3) = (1'):Fromabb’atab = abitfollowsthatala’fd";'al = a],i.e.,azaé‘d"'al =
0. Similarly, from (abba™* = abb'a’, we get that a]a]kdT is Hermitian. Now,
dTalai‘al = ay, i.e., axaja; = 0. Multiplying the last equality by ag from the left
side, we get aja; = 0 which is equivalent to the statement (1').

(4') = (3): This is obvious.

(') = (4): We need to prove that b'a'abb’a® = b'a™ which is equivalent to
biaid ajatd’ = b'a}d’. The last equality follows from the fact thatdaya} = s. O

Example 2.7 Let b € </ be right invertible. Then for any a € o7 such that a, ab are
regular, we have b{1, 3} - a{l, 3} < (ab){1, 3}.

Example 2.8 Let p,q € </ be orthogonal projections. Then g{1, 3} - p{1,3} <
(pg){1, 3} if and only if gpg = pq, which is equivalent with the fact that p and ¢
commute, which is in turn equivalent with the fact that pg is an orthogonal projection.

A similar result in the case K = {1, 4} follows from Theorem 2.13 by reversal of
products:

Theorem 2.14 Ifa, b € < are such that a, b, ba and (1 — a‘a)b are regular, then
the following conditions are equivalent:

1"y abb*a*a = abb*,

(2") b{1,4} -afl, 4} C (ab){1, 4},
(3") biat e (ab){l, 4},

@" bfat e (ab){1,2,4).

Example 2.9 Let a € of be left invertible. Then for any b € o7 such that b and ba
are regular, we have b{1, 4} - a{l, 4} C (ab){1, 4}.

Example 2.10 Let p, q € </ be orthogonal projections such that pg, (1 — p)q and
p(l — gq) are regular. Then ¢{1, 3} - p{1,3} € (pg){1, 3} if and only if ¢{1, 4} -
p{l,4} € (pg){1, 4} if and only if pqg is an orthogonal projection.

The inclusion (AB){1, 3} € B{l1, 3}A{1, 3} was considered by Liu and Yang [19]
in the matrix case.

Theorem 2.15 ([19]) Let A € C™*", B € C"**. Then (AB){1, 3} C B{1, 3}A{1, 3}
if and only if

r(A*AB B) +1(A) =r(AB) + min{r(A* B), max{n +r(A) —m,n +r(B) — k}}.

For (2.72), some equivalent conditions with the one given in [15, 19] can be found
in [20]:

Theorem 2.16 ([20]) Let A € C"™"™ and B € C"*k. Then the following conditions
are equivalent:
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(i) (AB){1,3} € B{1,3}- A{l, 3},
(i) (I — SSH((AB)' — BTAT) = 0 and r(C) > min{n — r(A), k — r(B)},

where S = BT (I — ATA)and C =T — ATA — ST8.
Notice that C = P_y (a)n.x(8+)> 80 1(C) = dim(A"(A) N A (B*)).

Example 2.11 Let A € C"™ be left invertible and B € C"™**. Then (AB){1, 3} C
B{1, 3} - A{1, 3} if and only if (AB)" = BTAT and either A is invertible or B is
left-invertible.

Corollary 2.1 Let A € C™" and B € C™*. Then the following conditions are
equivalent:

(i) (AB){1,3} < B{l,3} - A{1, 3},
(ii*) (I — SSH((AB)" — BTA") = 0, and at least one of the two conditions below
holds:

(@) r(C)>k—r1r(B), k—1(B) <n—r(A),
(®) r(C) =n—r1(A),k —1(B) = n —r(A),
where S = B"(I — ATA) and C =T — ATA — S78.

Example 2.12 Let A € C"™ and B € C™*. If m < n and m < k then
(AB){1, 3} g_ B{1,3} - A{l, 3}.

Open question: As we can see, in contrast to the case of inclusion (2.71) of which
Theorem 2.13 provides a purely algebraic characterization, none of the results we
have presented do so for the inclusion (2.72). To our knowledge no such results can
be found in literature so far, which leaves the formulated problem still unsolved.

The reverse order law problem for {1, 3} and {1, 4}-inverses, in the matrix setting,
was considered by M. Wei [4]. He obtained necessary and sufficient conditions for
the following inclusions to hold:

An{l, 3} Ayt {1, 3} -+ - Ay{1, 3} © (A1 Ay -+ - Ap){], 3}

and
Ap{l,4} - Ap i {1,4) - Ar{1,4) € (A1 Ay --- Ap){], 4}

by applying the multiple product singular value decomposition (P-SVD).

Using the next lemma, his results were generalized in [21] in the case of regular
bounded linear operators on Hilbert spaces and new simple conditions which involve
only ranges of operators were presented.

Lemma 2.3 Let A € B(H, *') be regular. Then

X € A{1,3} & A*AX = A*.
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Theorem 2.17 Let A; € B(F 4, F) be regular operators such that A1A, - -+ A,
is regular. The following are equivalent:

) Ap{1,3}- Apif1, 3} Ayfl, 3} € (A1 Az - - AL, 3},
(i) Z(A;A; |- ATA1Ay---Ay) € R(Ari), fork =T, n— 1.

Proof (i) = (i) : If A1 Az - - A, = 0, then

R(ALAy - ATA1Ay - Ay) = {0} € Z(Aky),

fork =1,n — 1, so (ii) holds. L
Assume now that AjA,--- A, # 0. Let A§1’3) € Ai{1,3},i = 1, n be arbitrary. By
Lemma 2.3 it follows that

(AAy-- A A Ay - A ATD AT A — (44,0 A% (274)

Leti € {1,2,...,n — 1} be arbitrary. Since, for arbitrary X € B(5, 7 11), we
have that A""Y + (I, — A" A;)X € A;{1, 3}, by Lemma 2.3 we have

(A1Ay--- A A1Ay--- A,
AGY (1 3>(A(1 3L (L., — (1 34 )X)A(l 3) Ail,B) 2.75)
= (A1A2~~A,,)*.

Substracting (2.74) from (2.75), we get that

(A1Ay--- A" A1A -+ Ay
ALY A<1 (U, — AL 3>A )XAD Al =0, (2.76)

From (2.76) it follows that
ALY A =0 (2.77)

or

(AiAs - A) A Ay A AN AN (1 — ATV Ay =0, (278)
If (2.77) holds, then from (2.74) it follows that A A, - - - A, = 0, which is a contra-
diction, so (2.78) must hold for arbitrary i € {1,2,...,n — 1}.

Condition (ii) is equivalent to

(AjAy- - A A1Ay - Ay Ay k+1A,, k+1

(2.79)
=(A1Ar- A)A1Ay - Ay, k=1,n—1.

Now, we will prove (2.79) by induction on k.
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From (2.78) and (2.74) it follows that

(AjAs - A AL Ay - A, A ALY

= (AjAr- - A) A Ay AATDAD A,
= (AjAr- - A) A Ay A AT ATV AN A, H A,
= (A1Ay- A A1 Ay AnAle’3)A,(11i31) . A§1’3)A1A2 Ay A,y

=(A1Ay---A)"A1Ar - Ay A,

so (2.79) holds for k = 1.
Assume now that (2.79) holds fork <[ <n,ie.,

(A1As- - A) AL As - Ay g Ay ALY 2.80)
=(A1Ar- - A A Ay Ay, k=1,2,...,1—1 ’

and prove that (2.79) is true for k = [. Using (2.80), we have

(A1As- - A AtAy - Ay Ap 111 AL 281

3 3
=(A1Ay- A AL Ay AnAle’3)Af,1_1) .. qul_ll].

Now, using (2.81) and (2.74), we get

(AtAs-- A A Ay - Ay A AN
=(A1Ay--- A A Ay Ay,

s0 (2.79) holds for k = .

(i) = (i) : Let A" € A;{1,3},i = T, n be arbitrary. Condition (ii) is equivalent
to

(A]A2An)*AlAZAn—kAn—k"r]Aill—’?lﬁ-l (2 82)
=(A1Ar- A ALAy Ay, k=1,2,...,n—1. ‘

Now, from (2.82) it follows
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(AtAz- - A AAr - Ay AL ATV ALY AT
= (A1Ay- - A A Ag - Apa A ALY ALY - AT

n—1

= (A1Ay- - A A Ay Ay A Al

= (A1Ay--- A" A ALY
= (A14y- - An)*-

Hence by Lemma 2.3 it follows that
ATIALY AT e (A4, AN, 3).
O

The next result follows from Theorem 2.17 by taking adjoints:

Theorem 2.18 Let A; € B(Hi, 1, H) be regular operators such that A1A; - - - A,
is regular. The following are equivalent:

1) An{l,4}- Ay {1, 4}--- A{1, 4} € (A1 A2--- AL, 4},

(11) %(Ak+1Ak+2 s AnAZA:71 s AT) - %’(A;:)fork = 1, n—1.

2.4 Reverse Order Laws for {1, 2, 3} and {1, 2, 4}-Inverses

The reverse order law for {1, 2, 3}-inverses for the matrix case was considered by
Xiong and Zheng [22]. They presented necessary and sufficient conditions under
which

B{1,2,3}A{1,2,3} C (AB){1,2,3) (2.83)

is satisfied. The method of the proof of their result, which will be stated below,
involved expressions for maximal and minimal ranks of the generalized Schur com-
plement.

Theorem 2.19 ([22]) Let A € C"*" and B € C"™**. Then the following statements
are equivalent:

(1) B{1,2,3}A{1,2,3} € (AB){l1, 2,3}

(i) r(B, A*AB) =1(B) andr(AB) = min {r(A),r(B)} =r(A)+r(B)—r (;*) .
This result was generalized to the C*-algebra case by Cvetkovié-Ili¢ and Harte [18]
using the following characterization of the set a{l, 2, 3}:

Lemma 2.4 Let a € o/ be regular and b € </. Then b € a{l, 2, 3} if and only if
a*ab = a* and baa’ = b.
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Theorem 2.20 ([18] Ifa, b € < are such that a, b, ab and a — abb’ are regular,
then the following conditions are equivalent:

(1) b{1,2,3}a{l,2,3} C (ab){l, 2, 3},
(i) bbTa*ab = a*ab and (bb" — (abb") abb™) ot (aa® — (ab)(ab)") = {0}.

_lar a2
anda—|:0 0] .
rp
b0

We have that b{1, 2,3} = “: i 0:| ue(l —q)mfp} and a' = a*(aa®)’ =
q.p

Proof Letp = bb’,q =b'bandr = aa’. Thenb = |:g 8:|
P

a;kd+ 0
aja1zi +ajaxzz = af, a;a121 + ayazz = as, 71 € pAr,z3 € (1 — p)/r}.

N

Hence x € b{l,2,3} - afl, 2,3} if and only if x = [l;;l 8
1

(1 — g)</ p and some z; € p</r such that for some z3 € (1 — p).oZr the following

hold:

aikd'i' 0
z3 0

} ,whered = aa +aa}. UsingLemma 2.4, a{1,2, 3} = [Z‘O] :
p.r p.r

i| for some u €
q.r

ajaizy +afarzz = af, daizy + ayarzz = aj. (2.84)

By Lemma 2.4, b{1, 2, 3}a(l, 2, 3} C (ab){l, 2, 3} if and only if

(ab)*(ab)b'"*? - a2 = (ab)*,
b(1.2,3) . a(1,2,3)(ab)(ab)+ — b(1,2,3) . a(1,2,3) (285)

hold for any a":>* and 513,
Now, using the matrix forms introduced above, we find that (2.85) is equivalent to
the following equalities:

(ab)*(ab)b'z) = (ab)*,

. (2.86)
z1(ab)(ab)' = z,
for any z; € p.o/r which satisfies (2.84).
(i) = (i) : Suppose that (ii) holds. Since bbTa*ab = a*ab, is equivalent to
asa; =0, i.e., afa, = 0, we have that (2.84) is equivalent to

alaizy = af, diarzz =a;.
Now, to prove that b{1, 2, 3}a{l, 2, 3} € (ab){l, 2, 3} it is sufficient to prove that

(2.86) holds forevery z; € p.o/r which satisfies the equationa;z; = a, alT. Denote the
set of all such z; by Z. Note that z; = bb'zaa" for some z € o7 which is a solution
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of the equation abb'zaa® = abb'(abb™)'. So, Z = {(abb")'aa’ + bb'yaa’ —
(abb")abb'yaa' : y € o).
The first equality from (2.86) is satisfied because for every z; € Z:

(ab)*(ab)b'z; = (a1b)*a1bb'z) = b*ataiz; = b*a} = (a1b)* = (ab)*.

Now, the second equality from (2.86) is equivalent to

(abb"Y'aa" + bbTyaa® — (abb")Tabb’yaa = (abb”)' (ab)(ab)’

. 2.87
+ bb'y(ab)(ab)’ — (abb") abb’y(ab)(ab). (257)

Since, (ab)(ab)’ = abb'(abb™)T, we get that (abb")(ab)(ab)’ = (abb")T =
(abb") aa’, so (2.87) is equivalent to

(bbT - (abb*)*(abb*)) y(aa* - (ab)(ab)T) =0

which holds since (bb" — (abb™)Tabb™) o7 (aa™ — (ab)(ab)™) = {0}.

(i) = (ii) : If (i) holds, then b'a™ € (ab){1, 2, 3}. Now, from abb’a’ab = ab,
it follows that alaTdTal = a, ie., aza;dTal = 0. Similarly, from (abbTay* =
abb'a’, we get that aja}d’ is Hermitian. Now, d'ajafa; = ai, ie., apaja; = 0.
Multiplying the last equality by az from the left side, we get aja; = 0 which is
equivalentto bb'a*ab = a*ab.Now, (2.86) holds forevery z; € p.</r which satisfies

the equation a,z; = ala}L. Hence, (bb’f - (abb*)“(ablf))y(azfr — (ab)(ab)T) =0,
forevery y € &, i.e., (bb" — (abb")Tabb") o/ (aa’™ — (ab)(ab)") = {0}. O

Note that if the algebra .o/ is prime, in the sense that
adb={0} = 0 € {a, b},
then the second half of condition (ii) of Theorem 2.20 is equivalent to
bb" — (abb")'abb" =0 or aa’ — (ab)(ab)’ = 0.

The C*-algebra of = () of operators on Hilbert space is prime, in particular
(Lemma 3 [23]) the matrix algebra. We thus have the following results.

Corollary 2.2 Let A € C™" and B € C"™ . Then the following statements are
equivalent:

() B{1,2,3}A{1,2,3} € (AB){l, 2,3},

(ii) BB'A*AB = A*AB and ((ABB")'ABB" = BB" or (AB)(AB)" = AAY).

Example 2.13 We will show that in the case when B{l,2,3}A{1,2,3} ¢
(AB)({1,2,3} we can find particular A>3 and B2 such that B1>9A01:23) ¢
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(AB){1,2,3}: Let A = |:(1) 8i| and B = |:(1) 8i| Then evidently AB = 0, which
implies (AB){1,2,3} = {0} and by Corollary 2.2 that B{1,2,3}A{1, 2, 3} g
10 01

(12,3) _ (12,3) _
(AB){1, 2, 3}. But for A =100 and B = [Od

complex number, we have that B(:23 A(0:23 =0 e (AB){1, 2, 3}.

], where d is any

Example 2.14 Let b € <f be right invertible and a € .o/ be regular such that ab
is regular. Then b{1, 2, 3} - a{l, 2,3} C (ab){1, 2, 3} if and only if either a is left
invertible or aa® = (ab)(ab)’.

Also, in [24] using some block-operator matrix techniques, the authors presented
some different conditions than the one presented in Corollary 2.2 for (2.83) to hold
in the case of linear bounded operators on Hilbert spaces:

Theorem 2.21 ([24]) Let A € B(H, # ) and B € B(L, ) be such that A, B,
AB are regular operators and AB # 0. The following conditions are equivalent:

(i) B{1,2,3}A{1,2,3} € (AB){1, 2, 3};
(i) Z(B) = Z(A*AB) ®* [#Z(B) N N (A)], Z(AB) = Z(A).

In the matrix case, in [25], it is shown that B{1, 2, 3} - A{1, 2,3} € (AB){l1, 2, 3}
implies B{1, 2, 3} - A{l, 2,3} = (AB){l, 2, 3}. Here we will present a completely
different proof which can easily be adapted to more general cases.

Theorem 2.22 Let A € C"™" and B € C™**. The following conditions are equiv-
alent:

(i) B{1,2,3}-A{1,2,3} € (AB){1,2,3},
(i) BB'A*AB = A*AB and ((ABB")'ABB" = BB" or (AB)(AB)" = AA"),
(iii) B{l,2,3}- A{1,2,3} = (AB){1,2,3}.

Proof (1) < (ii): Follows from Corollary 2.2.

(i) = (ii): Let P = BB", Q = B'Band R = AA". We have that A =
Ay + Ay, where A; = AP and A, = A(I — P). To prove (iii), take arbitrary
X € (AB){1, 2, 3}. We will show that there exist Y € B{1,2,3}and Z € A{l, 2, 3}
such that X = Y Z. Since X € (AB){l, 2, 3}, it is of the form X = QX R+ (I —
0)X3R, for some X; € C**" and X3 € CF** such that QX R € (A;B){1, 2, 3} and
(I — Q)X3ABX,R = (I — Q)X5R.
Let Z = BX;R+ A} and Y = B" + (I — Q)X3A,. We have B{1,2,3} = {B" +
(I—-QUP:U € Ckx”’}, so Y € B{l,2,3}. To prove that Z € A{l, 2, 3}, we
can check that the first three Penrose equations are satisfied using that AjA; = 0,
which follows from the condition BBTA*AB = A*AB. Since X = Y Z, it follows
that B{l, 2, 3} - A{l, 2,3} = (AB){l1, 2, 3}.

(iii) = (i): This is evident. ([l
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The opposite reverse order law

(AB){1,2,3) € B{1,2,3} - A{1,2, 3} (2.88)

on the set of matrices is considered in [25] where purely algebraic necessary and
sufficient conditions for (2.88) to hold are offered.

Theorem 2.23 ([25]) Let A € C"™ and B € C"**. The following conditions are
equivalent:

(i) (AB){1,2,3} C B{1,2,3}- A{l,2,3],
(i) (I — B(BT(I — ATA))")((AB)' — BTAT) =0

It is very important to remark that the results from Theorems 2.23 and 2.22 can
be generalized to the setting of bounded linear operators on Hilbert spaces and to
the C*-algebra setting by imposing the additional condition of regularity of suitable
elements.

Example 2.15 We will show that (AB){1,2,3} C B{l,2,3}A{1, 2,3} doesn’t
imply that B{1, 2, 3}A{1, 2,3} € (AB){l, 2, 3}, although the reverse implication

. _[10 _ 100 ; i |10
is always true. LetA_|:00i| andB_[lo].ThenewdentlyA _[00} and
01

B' = 00
2.23 that (AB){1, 2,3} € B{1, 2,3} - A{l, 2, 3}. On the other hand, neither of the
conditions (ABB")TABBT = BB™ and (AB)(AB)" = AAT is satisfied, so from
Theorem 2.22 it follows that B{1,2, 3}A{1, 2,3} ¢ (AB){1,2.3)

. So, we can check that (AB)T = BTAT, which implies by Theorem

By taking adjoints, we obtain analogous results for {1, 2, 4} — generalized inverses.

Theorem 2.24 Leta, b € < be such thata, b, ab and (1 —ata)b are regular. Then
the following conditions are equivalent:

@) b{l1,2,4}a{l,2,4} C (ab){1,2, 4}
(ii") afabb*a* = bb*a* and (a*a — a’ab(a’ab)") </ (b'b — (ab)' (ab)) = {0}.

Theorem 2.25 Let A € C"" and B € C"™ . Then the following statements are
equivalent:

(i) B{l,2,4}A{1,2,4} C (AB){1,2,4},
(i) ABB*ATA = ABB*and ((A"AB)(ATAB)" = A"Aor (AB)"(AB) = B'B),
(iii) B{l1,2,4}A{1,2,4} = (AB){1, 2,4},

Theorem 2.26 ([24]) Let 7, % and £ be Hilbert spaces and let A € B(H, X),
B € B(L, H) be such that Z#(A), Z(B) and % (AB) are closed and AB # O.
Then the following statements are equivalent:

(1) B{1,2,4}A{1,2,4} € (AB){1,2,4}.
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(i) Z#(A*) = Z(BB*A*) &+ [Z(A*) N N (B¥)], /' (AB) = A (B)
Theorem 2.27 Let A € C"™™ and B € C"**. The following conditions are equiv-

alent:

(i) (AB){1,2,4} C B{1,2,4}- A{l,2, 4],
(i) (AB)" — BTA"Y(I — ((I — BBHANHTAT) =0

2.5 Reverse Order Laws for {1, 3, 4}-Generalized Inverses

Reverse order laws for {1, 3, 4}-generalized inverses of matrices A € C"™ and
B € C"** were considered by Liu and Yang [26], who gave certain necessary and
sufficient conditions for

B{1,3,4}- A{1,3,4} € (AB){1, 3,4} (2.89)
and
(AB){1,3,4} € B{1, 3,4} - A{1, 3, 4}. (2.90)
Let
S N I o [ Py
B*A*A B*A*AB B*A*AA ABB
and

[ AA* ABB*A*
M =T| pxA* B*BR*A*

With this notations the following is proved:

Theorem 2.28 ([26]) Let A € C"™™ and B € C"**. Then the following conditions
are equivalent:

(1) B{l1,3,4}-A{1,3,4} C (AB){l1, 3,4},
(i) r(A) = min{nz, ny + k —r(B)}, r(B) = min{n;, n, + m —r(A)}.

Theorem 2.29 ([26]) Let A € C"™"™ and B € C"*k. Then the following conditions
are equivalent:

(i) (AB){1,3,4} C B{l, 3,4} - A{l, 3,4},
(ii) r(AB) = max{min{n;, n4}, min{fk —r(B),n —r(A)} — m + n; + n3}.

What the authors of [26] did not realize was that (AB){1, 3,4} € B{l, 3,4} -
A{l, 3,4} is actually equivalent to (AB){1, 3,4} = B{l, 3,4} - A{1, 3, 4}, which
was shown in [27] in the matrix case and later generalized in [28] to the C*-algebra
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setting. In the following theorem the proof of this factin C*-algebras will be presented
together with some necessary and sufficient conditions for (2.90) to hold.

Theorem 2.30 ([28]) Leta, b € o/ be suchthata, b, ab, a(1—bb") and (1—a’a)b
are generalized invertible. Then the following conditions are equivalent:

(i) (ab){l1,3,4} C b{1,3,4}-all, 3,4},
(ii) (ab){1, 3,4} =b{1,3,4}-a{l, 3,4},
(iii) (ab)" =b'a, (bTb—(ab)T(ab)),sa/(aaT—(ab)(ab)*) = {0} and the equation

(1 =b"b)z(1 —aa®y = (1 = b b)x(1 = s253) frea(1 — 51 s1)y(1 —aa®), (2.91)

is solvable for any 7 € <, where sy = 1 — (ab)'(ab), s, = (1 — bbHa',
e, =1 —a+aandfb =1-—bb.

To give a proof of Theorem 2.30, we will need some auxiliary results given as
follows:

Lemma 2.5 Let a € o/ be generalized invertible and b € <. Then the following
statements are equivalent:

(1) beafl,?3,4}
(2) a*ab = a* and baa* = a*.
(3) There exists y € < such that b = at + (1 - aTa)y(l —aah).

Proof (1) = (2) If b € a{l, 3, 4}, then

a*ab = a*(ab)* = (aba)* =a* and baa®™ = (aba)* = a”.

2) = (1) If a*ab = a* and baa*™ = a*, then

aba = aa‘aba = (a")*a*aba = (a")*a*a = a,
ab = b*a*ab = (ab)*(ab),
ba = baa*b* = (ba)(ba)*,

so, b € a{l, 3, 4}.

()= B)Ifbecafl,3,4),thenb € a{l,3},s0b =a’ + (1 —a'a)t, for some
t € o/. Then ba = a'a, so (1 —a'a)ta = 0. Put z = (1 — a'a)r. We have that z
is a solution of the equation za = 0, so z = y(1 — aa'), for some y € </. Now,
b=a"+ ({1 —-a'a)y(l —aa").

(3) = (1) This is evident. O

Now, let p = bb', g = b'b and r = aa’.

bt o

Remark 2.1 ByLemma?2.5, we getthatb{1, 3,4} = H 0 u

] ue(l—-—q)(1—p)
q.p

and
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_ aTdT 70 — a’fd+a1zZ — a’dea2Z4 )
a{ls 374} - [[a;d'r Z4 _ azﬁd%lllZz —a;dT02Z4 o . ZZ € pr{(l - r)7

e —pa(l— r)}.
Lemma 2.6 Leta,b € < be such that a, b, ab € <% and (ab)! = ba’. Then
(abb")" = b(ab)". (2.92)
Proofof Theorem2.30: (i) < (iii) : The factthat (ab){1, 3, 4} C b{1, 3, 4}-a{l, 3, 4}

is equivalent to the fact that for every (ab)":3* there exist a">*# and »> such
that (ab)(134) = p(:34) . q(139)

Since, ab = a(l)b 8] , by Lemma 2.5,
rq
s (' — (alb)T(Cllb)))’2i|
b 1, 3, 4 = + .
(ab)il, 3,4} “maa* — (ab)(ab)") Vi .

y = |:Y1 yz} et
Y3 Yal,,
where s = (a10)" + (1 — (alb)*(alb))yl (1 — (alb)(alb)T).
Now, using (ii) of Remark 2.1, we may conclude that (ab){1, 3,4} C b{1, 3,4} -
Y12

€ o/ ,thereexistu, z € of
Y3 Y4, ,

a{l, 3, 4} holds if and only if for arbitrary y = [

such that

@b)" + (1 — @b (@b))yi (1 — (@b)(aib)’) = b'ajd’,  (2.93)

(b'b — (a1b) (a1b))y> = b'(zo — ajd’arzo — ajd arzs), (2.94)
yi(aa® — (ab)(ab)") = (1 — b'byuaid", (2.95)
ya = (1 =b"D)u(zq — ajd'a1zo — aid arz), (2.96)

where zp = pz(1 —r)and z4 = (1 — p)z(1 —r).
The fact that the equation (2.93) holds for every y; € g.o7r is equivalent to

@by =bTa*d" =b'a’, (b'b — (ab)'(ab)) o (aa’ — (aby(ab)?) = {0}). (2.97)

Now, using Lemma 2.6 and the fact that (ab)" = b'a™ = a}d’a, = 0, we have that
the equations (2.94), (2.95) and (2.96), respectively have the forms:
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(1 = (ab)'(ab))b'by(1 — aa’) = (1 — (ab)'(ab))b’z(1 —aa’), (2.98)
(1 =b'p)ya(1 — bb")a" = (1 — b'b)u(l — bb")a", (2.99)
(1 =b'b)y(1 —aa®) = (1 = b'b)ufre,z(1 — aa’). (2.100)

It is evident that the equations (2.98) and (2.99) are solvable for any y € 7 and that
solutions of these equations are respectively, given by

z=by+t —sisin(l —aa’), u=ya+t—(1—>bbnsys],

for t,t, € /. Notice that s; € /7 because it is a projection and s, € /T since
a(l —bb") e s{1}.
Since abb™ = ab(ab)’a, we have that

a(l1=bbH(1 —a’a)(1 —bb") =0. (2.101)
Also, from aideal = 0, we get that
(1 =bb"H(1 —aa)(1 —bb")y =1 —bb"(1 —daa). (2.102)

Now, by (2.101) and (2.102), it follows that for z and u satisfying the equations (2.98)
and (2.99), respectively, the equation (2.100) is equivalent to

(1=b'b)y(1 —aa®y = (1 = b*b)2(1 = s25]) frea(1 = s]s)1 (1 — aa®).  (2.103)

Now, (i) holds if and only if (2.97) holds and for arbitrary y € o7 thereexistt;, t, € o/
such that the equation (2.103) is satisfied.

(i) = (ii) : If (i) holds, then there exist a("'3* and b(:3* such that (ab)" =
b1:3Hq139 Now, if we multiply the last equality by »'h from the left and by aa’
from the right, we get that (ab)’ = b'bb!3Ya13Yaa™ = bTbbTa’aa® = bTa’.
Now, by Theorem 2.32, we get that (ii) holds.

(i1) = (1) : This is evident. ([l

For matrices in the special case when k = n it was proved in [27] that the
solvability of the equation (2.91) is equivalent to the condition n < m. Hence, when
n > m then

(AB){1,3,4} € B{1,3,4} - A{1, 3,4]. (2.104)

The case n < m is treated in the next result.
Theorem 2.31 ([27]) Let A € C"™ and B € C™" and n < m. The following
conditions are equivalent:

() (AB){1,3,4} C B{1,3,4} - A{1,3,4),
(i) (AB)" = B'A"and (B =A"AB or A= ABB").
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Example 2.16 We will show that (AB){l1,3,4} € B{l,3,4} - A{1, 3,4} is not
equivalent with B{l, 3,4} - A{1, 3,4} <€ (AB){l,3,4}. Also, in the case when
(AB){1,3,4} ¢ B({1,3,4} - A{1, 3, 4}, for some (AB)13% we will find particu-
lar A03% and B(:34 such that (AB)(134 = BU3H A3 ¢ (AB){1, 2, 3): Let
A= |: (1) 8i| and B = |:(1) 8i| Then evidently AB = 0, which implies by Theorem
2.31that (AB){1, 3,4} ¢ B{l1,3,4}-A{l, 3,4}, and also that (AB){1, 3,4} = C>*2.
This further implies that B{1, 3,4} - A{1, 3,4} € (AB){1, 3, 4}. Since A{l, 3,4} =

{[(1) (c)] I c€ (C], B{1,3,4} = ”:2 (l)i| i de C] then for each bidiagonal matrix

of the form I:g f):| e (AB){l, 3,4}, there exist A"> and B34 such that

0x — p(1.34) 401,34
y 0 '

Example 2.17 1t can be shown that for A € C"*" and B € C™*k | the condition
min{n, k} < m is necessary for (AB){1, 3,4} € B{l1, 3,4} - A{l, 3, 4} to hold.

Recently, some algebraic conditions for B{l, 3,4} - A{1, 3,4} € (AB){l1, 3,4}
to hold in the matrix case were given in [27] and their generalization in the case
of C*-algebras in [28]. Here, we will present only the more general version in the
C*-algebra case.

Theorem 2.32 ([28]) Leta, b € <f be suchthata, b, ab, a(1 —bb") and (1 —a’a)b
are generalized invertible. Then the following conditions are equivalent:

() b{1,3,4}-a{l,3,4} C (ab){1, 3,4},
(i) bb'a*ab = a*ab and abb*a’a = abb*,
(iii) ba’ = (ab)'.

Proof (i) = (ii) Since b'a’™ € (ab){1, 3,4}, from abb'a’ab = ab it follows that
alaTdTal = aqa ie., azaz‘d*al = 0. Similarly, from (abba™* = abbTa®, we get
that ajajd’ is Hermitian. Now, d'ajafa, = ai, i.e., apaja; = 0. Multiplying the
last equality by a; from the left side, we get aja; = 0 which is equivalent to
bb'a*ab = a*ab. Similarly, we get that abb*a’a = abb*.

(i) = (i) The condition bb'a*ab = a*ab is equivalent to ajay =0,1e.,ajay =
0.Lets = ajal. Since d € s.o/s + (1 —s).a/ (1 —s), we have that d* € s.o/s + (1 —
s)/ (1 — 5). Now, ai‘d'raz e ds - (sds+ A - —s)) (1 -5 = {0}
Hence, a’fd*az =0,1ie., aé‘dTal =0.

For arbitrary a":3% and h1->% we have that

abb(134 4134 4p — ajaid’a;b 0
0 0]

Since
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aad’a; = (d — aya3)d'a; = ay,

it follows that abb"3Ya1-3Yab = ab. To prove that abb"¥ a3 is Hermitian
it is sufficient to prove that ajajd’ is Hermitian and a;(zo — a}d'a;z2) = 0. By
computation, we get that a1z, = ajajd’ = ajaj(aia})’ which is Hermitian. Also,

ayzy — alaTdTalzz = (al — (d — aza;)dTal)Zz =0.

Hence, b{1, 3,4} -a{l, 3,4} C (ab){1, 3}. Similarly, the condition abb*ata = abb*
implies that b{1, 3,4} - a{l, 3,4} C (ab){1, 4}, so (i) holds.

(i) = (iii) : It is sufficient to prove that 57a" is an outer inverse of ab. That is
equivalent to b*a]*d"'a]a’fa'+ = bTa’fa'+ which holds since ai‘d"'a]a;k =aj.

(iii) = (ii) : The proof of this part follows directly from the proof of the part
(1) = (). O
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Chapter 3
Completions of Operator Matrices
and Generalized Inverses

In this section we will discuss various problems of completions of operator matrices
and present an application of such results to some problems concerning generalized
inverses and to that of invertibility of linear combinations of operators. It is worth
mentioning that this very intensively studied topic of Operator theory finds large
application in the theory of generalized inverses.

Although the reverse order law for {1}-generalized inverses of matrices was com-
pletely resolved already by 1998, the corresponding problem for the operators on
separable Hilbert spaces was only solved in 2015. Namely, the reverse order law
for {1}-generalized inverses for the operators on separable Hilbert spaces was com-
pletely solved in the paper of Pavlovi¢ et al. [1]. One of the objective of this chapter
is to present the approach taken in resolving the reverse order law for {1}-generalized
inverses for the operators on separable Hilbert spaces which involves some of the
previous research on completions of operator matrices to left and right invertibility.

We will first go over some characteristic results on the problem of completions of
operator matrices, with a special emphasis on some instructive examples, and then
demonstrate usability of results of that type by showing how they can be applied to
one of the topics in generalized inverses of operators that has seen a great interest
over the years. Also, we will consider the existence of Drazin invertible completions
of an upper triangular operator matrix and applications of results on completions of
operator matrices to the problem of invertibility of a linear combination of operators
with the special emphasis on the set of projectors and orthogonal projectors.

© Springer Nature Singapore Pte Ltd. 2017 51
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3.1 Some Specific Problems of Completions of Operator
Matrices

Various aspects of operator matrices and their properties have long motivated
researchers in operator theory. Completion of partially given operator matrices to
operators of fixed prescribed type is an extensively studied area of operator theory,
which is a topic of many various currently undergoing investigations. In this section
we will consider only some specific problems from that field which will be usefull
later in finding necessary and sufficient conditions for the reverse order law for {1}-
generalized inverses for the operators on separable Hilbert spaces to hold. When we
talk about completion problems we usually consider the following three types of

operator matrices
v [ACT.[]_[”
cTloB| |x H |

o 15 (5[5

o =[27 (2] [7]

and for which the following three questions frequently arise:
Question 1: Is there an operator C € Z(¥, Z") (resp. X and X, Y) such that
Mc (resp. Mx and M x y)) is invertible (right invertible, left invertible, regular...) ?
Question 2: (.. 2, 0x(Mc) =? where o, is any type of spectrum such as
the point, continuous, residual, defect, left, right, essential, Weyl spectrum etc.
Question 3: For given operators A € Z(Z") and B € ZA(¥), is there an operator
C' € B, Z) such that

oMc)= [ ouMo),
CeB(Y, X)

where again o, is any type of spectrum?

In the case of the operator matrix M it is clear that 0 (M¢) C 0 (A) Uo(B). In
the following two examples we will show that this inclusion is sometimes actually
an equality, but that also it can be a proper one:

Example 3.1 If {g;}:2, is an orthonormal basis of ., define an operator By by

Byg1 =0,
Bogi =gi—1,1=2,3,...
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If { ;)72 is an orthonormal basis of .77, define an operator Ay by Ao f; = fi+1, i =
1,2,..., and an operator Cy by Cy = (-, g1) f1 from . into J#. Then it is easy to
see that o (Ag) = o (By) = {1 : |A| < 1}. But, in this case, M, is a unitary operator,
o(Mc,) € {A : |A] = 1}, so we have the inclusion o (M¢,) C 0(A) U o (B).

Example 3.2 If A € B(°) and B € HB(") are normal operators, then for any
CecRB(H,H),0(Mc)=o0(A)Uoc(B) (see Theorem 5 from [2]).

Also, the following example shows that the inclusion o,p(M¢) C ogp(A) U
0,p(B) may be strict in the case of the generalized Drazin spectrum:

Example 3.3 Define operators A, By, C; € %(l,) by

Axy, x2,x3,...) = (0, x1, x2, X3, ...),
Bi(x1, x2,x3,...) = (X2, X3, X4, ... ),
Ci(x1,x2,x3,...) = (x1,0,0,...).

Consider the operator

A
Mc=( C) LehLeh > Lo oo

0B
AC 0
=080 ) :LdbLb®lh—>5L&L®I,
000
B 0
where B = 00 Lh®lh —>bL@hL, C=(C1,0): LBl — I,

A direct calculation shows that

() o(Mc)={eC: Al =1}U{0}, 6(A)=0(B)={LeC: [A| <1}
(ii) ogp(Mc) = {4 € C : || = 1}U{0}, 0xp(A) = 0xp(B) = {2 € C = [A] < 1}.

On the other hand the inclusion o.(M¢) C 0.(A) U o.(B) is not true in general, in
the case of the continuous spectrum which will be shown in the next example:

Example 3.4 Let 7 = & = I,. Define the operators A, B, C by

A(xy, x2, X3, X4, ...) = (0,0, x1, x2, X3, X4, ...)
X4 X5 X6

)Z(Xs,ﬁaﬁ’%w--)

C(x1,x2, X3, X4, ...) = (x1,%,0,0,...),

B(xy, x2, X3, X4, . ..

AC
0B le@lz—)lz@lz.A

direct calculation shows that 0 € o.(M.), but0 ¢ oc(A) U oc(B) which implies
oc(Mc) € oc(A) Uoc(B).

for any x = (x,)52, € . Consider M¢c =
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Given operators A € Z(Z) and B € B(¥'), the question of existence of an
operator C € AB(x , 7) such that the operator matrix M¢ is invertible was con-
sidered for the first time in [2] in the case when 2~ and % are separable Hilbert
spaces. The results from [2] are generalized in [3] in the case of Banach spaces. In
[4], the same problem is considered in the case of Banach spaces and the set of all
C € B, Z) for which M¢ is invertible is completely described and additionally
the set of all C € A (¥, Z") such that M is invertible, denoted by S(A, B), is
completely described (in the case when 2~ and % are Banach spaces).

Theorem 3.1 ([4]) Let A € B(X") and B € B(¥) be given operators. The oper-
ator matrix Mc is invertible for some C € B(% , Z) if and only if

(1) A is left invertible,

(ii) B is right invertible,
(iii) A (B) = X |Z(A).
If conditions (i)—(iii) are satisfied, the set of all C € B(¥ , Z') such that M¢ is
invertible is given by

S(A,B) ={C e B, Z):C = [%1 COJ : [W«fB)} N [%’g)} ’

Cy is invertible, 7 = Z(A)® S and W = P & AN (B)}. (3.1)

In Remark 2.5 in [4], it is proved that if we take arbitrary but fixed decompositions
of Zand %, 2 =#(A)® .Y and ¥ = P & .V (B), then

_ G | Z A (A)
S(A,B)_{Ceﬁ(@,%).c_[QCJ,[C/V(B)}%[ P }

Cy is invertible}. 3.2)

Based on the above results and using the fact that the invertibility of Cs €
HB(N (B), ) simply means that P 5a)C|_y (p) is an injective operator with range
7, in the case of separable Hilbert spaces we have the following characterization of
invertibility of an upper triangular operator matrix:

Theorem 3.2 Let 77 and % be separable Hilbert spaces and let A € (),
B € B(X) and C € B(H , ) be given operators. The operator matrix |:3 g:|

is invertible if and only if A is left invertible, B is right invertible and Py z4)C| v (8)
is an injective operator with (closed) range ., where 7 = #(A) ® 7.

Aside from the existence of invertible completions of the aforementioned operator
matrix, the problems of existence of completions of the operator matrix M that are
Fredholm, semi-Fredholm, Kato, Browder etc. have subsequently been studied in
literature. In Sect. 3.4, we will consider such problem in the case of Drazin invertible
completions.
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Moving on, in [5] the problem is considered of completing an operator matrix

AC JH J4
M(x,y>=[xy]1[%p;]—>[%é} (3.3)

to left (right) invertibility in the case when A € Z(J#) and C € HB(s43, 74]) are
given and 741, % are separable Hilbert spaces.

Theorem 3.3 ([S]) Let M(x,y) be given by (3.3).

(1) If dim5 = oo, then there exist X € B(I, 76) and Y € PB(H5) such that
M x vy is left invertible.

(i) If dims?%5 < oo, then Mx.y) is left invertible for some operators X €
B(A, ) and Y € PB(A5) if and only if dimA ([A C|) < dims# and Z(A)

is closed.

Here, we will present a result of this type in the case when

AC JA HG

and J#, i = 1,4 are separable Hilbert spaces. So, we will give a modification of
Theorem 3.3 for the operator matrix M x,y) given by (3.4).

Theorem 3.4 Let M x y) be given by (3.4).

(1) If dimsZ; = oo, then there exist X € B(I, 74) and Y € B(54, H3) such
that M x yy is left invertible.

(ii) If dims4G < oo, then Mx y) is left invertible for some operators X €
B(H, ) and Y € B(6, ) if and only if dimA ([A C]) < dimJs%4 and
H(A) + Z(C) is closed.

Proof (i) If dim7%, = oo, then there exists a closed infinite dimensional subspace
of 4, ./ such that dim.#Z' = dim.74. Now, there exist left invertible operators
Ji: A0 — Mt and T 2 5 — M. Let

o[2Jom= (2] =[5 [2]

X =[0owun]: [//‘/Z/ﬂ — A, Y =[] 0]: [/Zﬂ — .

03] Lxv)=Lo7)

1.e., M(x,y) is left-invertible.

Now,
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(ii) Suppose that dim.77; < oo. If there exist regular X € AB(J4, 7;) and
Y € HB(3, ;) such that My yy is left invertible, from the fact that (M x y)) is
closed we get that

A* X* A* 0 0 Xx*
(e ]) == (& o))+ ((53)
. AC|\. . . .
is closed. It follows that % (|: 00 i|) is closed, i.e., Z(A) + Z(C) is closed since

74 8 ye|)s2 finite dimensional subspace. From the injectivity of M(x y), it

follows that 4" ([ A C]) N4 ([ X Y ]) = {0} which implies that
dimA ([A C]) <dims ([X Y])" < dims4.

For the converse, suppose that dim.4 ([ AC ]) < dimsZ; and Z(A) + Z(C) is

closed. SinceJV([A C]) = ® > ® K5, where ] = “:?)] 1Xx € JV(A)],

= [[(y)] :yeJV(C)] andlfg:{[f}}:xEJV(A)J',yEJV(C)J‘,Ax—FCy:O},

there exists a subspace .# of % such that dim.# = dim.#;. Then dim.Z* >
dim.#%; + dim.%5. Now, there exist left invertible operators J; : .4 (A) — .# and
L PN ([AC]) —> A+ Let

[0l [ 4 Vi
=[oo) [rat] - [4]

(Pt ([AC] M

Lol A -]

Now, as in Theorem 2.1 [5], we can check that Mx y) is left-invertible, i.e.,
we will prove that Z(Mx y)) is closed and My y) is injective. From the fact that
dim.7Z7 < oo and Kato’s lemma we have that Z (M x y)) is closed. On the other

FHEH!

Ax+Cy=0, Xx+Yy=0.

and

which is equivalent to
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Then it follows that y € P4 ([ A C ). Also, we have that Xx = Yy = 0 which
implies that y = 0. Thus, Ax = 0 which by definition of X implies that x = 0. This
proves that M x y) is injective. g

As for completions of an operator matrix

[acl.[#4] [
=35 ][] =[] o

where A € B(IA), B € B(54) and C € HAB(s4, 7) are given, the first to ever
address any kind of questions (for separable Hilbert spaces not necessarily of finite
dimension) related to it was Takahashi. More specifically, in his paper [6] he gave
necessary and sufficient conditions for the existence of X € %(7#]) such that My
is invertible.

Although Takahashi’s paper was published in 1995, there have only been several
papers since, namely [7, 9-14], which deal with various completions of the operator
matrix of the form M. Actually in [13] exactly the same problem was considered
as in [6] but using methods of geometrical structure of operators and in it some
necessary and sufficient conditions were given different than those from [6]. In [9]
the authors considered the problem of completions of My given by (3.5) to right
(left) invertibility in the case when A € B(J71), B € AB(H5) and C € B(56, 74)
are given.

Theorem 3.5 ([9]) Let A € B(I), B € B(I3) and C € B(F6, 7)) be given.
Then My is right invertible for some X € B(I, 765) ifand only if #(A)+Z(C) =
J and one of the following conditions holds:

(1) AN (A | C; F5) contains a non-compact operator,

@) M0=|:AC

0B is a right semi-Fredholm operator and

d(Mp) < n(A) + dim (Z(A) NZ(Clyw))

where N (A | C; 76) ={G € B(4, 74) : Z(AG) € Z(C)}.
Here we will present a result of this type in the case when

Ac) . [A4A] [
MX:[XBH%}%[%] (3.6)

and give a modification of Theorem 3.5 which shortens significantly one implication
of the original one. Since for the proof we need some auxiliary results, we begin by
stating these.

Lemma 3.1 ([15]) If 7 is an infinite dimensional Hilbert space, then T € ()
is compact if and only if Z(T) contains no closed infinite dimensional subspaces.



58 3 Completions of Operator Matrices and Generalized Inverses

Lemma 3.2 Let 7 and 54 be separable Hilbert spaces. If U C 764 and V C 7
are closed subspaces with dim U = dim V, then there exists T € B(Hq, 76) such
that /' (T) = U+, Z(T) = V and T|y : U — V is unitary. In particular, if
U = J4, then T is left invertible; if V = 5, then T is right invertible.

Lemma 3.3 ([9]) Let S € B(I4, 75), and let T be a closed linear operator from
26 into 76G. If Z(S) C D(T), then TS € B(I4, 785).

For Hilbert spaces %, i = 1,4 and operators A € HAB(Hq,#3) and C €
B(H5, 73), let

N(A|C; Hy) ={G € B(H, A7) : H(AG) € Z(C)).

It is well known that G € HB(;, 71) belongs to A (A | C; 3) if and only if
there exists H € %(;, 76) suchthat AG = CH.

Lemma 3.4 ([9]) Let A € B(HA, 74), B € B(H5, 7#4) and C € B(H5, 753) be
given operators. Assume that

My=M(A,B,C;0) = |:13 g]

is a right Fredholm operator on 76, @& 5. Then B is a right Fredholm operator,
Z(A) + Z(C|_yp)) is a closed subspace, and

d(My) = dim(Z(A) + Z(C|.y )" +d(B),
n(Mo) = n(A) + n(C|.y ) + dim(Z(A) N Z(C| v 5)))-

Finally, we will give a a modification of Theorem 3.5:

Theorem 3.6 Let A € B(, 753), B € B(5, ;) and C € B(45, H3) be
given. Then My is right invertible for some X € B(F4, 7¢,) if and only if Z(A) +
Z(C) = 74 and one of the following conditions holds:

(1) A (A | C; ) contains a non-compact operator,

2) My = |:A ¢ is a right semi-Fredholm operator and

0B
d(My) < n(A) + dim (%’(A) ﬂ%(Cu/(B))) .
Proof Suppose My given by (3.6) is right invertible for some X € B(J4, 7).

This implies that [A C] is right invertible and so Z(A) + Z(C) = J84. Let ¢, =
(A (C)N A (B))*. Then

A
_[Ao0cC]. L I3
=0 | v -]

2
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where A (C") N A (B") = {0}. Clearly
L _|AC] A G
MX_[XB’ : %, — A

is right invertible. Thus there is a bounded linear operator
EG] [4]_ [#4
FH| |7 ¥z

ACTITEGT [Ix 0
X B’ FH| | 0 Ly |
From AG + C'H = 0 it follows that Z(AG) € Z(C’) = Z(C) so, if G is a

non-compact operator then (1) holds. If on the other hand G is compact, then from
XG + B'H = 1, we see that B'H is a Fredholm operator and d(B'H) = n(B'H).

Since
I O(|AC'||EG| _|ILn O
—B'F I OB ||FH| | 0 BH

/!

¢ ] is a right Fredholm

such that

and B’H is a Fredholm operator, it follows that M = 0 B

operator. As Z(My) = % (M) the operator My is right Fredholm. Also

aoy =aony =a (| "5 0 |) = i =nmy

< I’Z(M(/)) =n(A)+n (Cl |JV(B/)) + dim (% (C/ |JV(B/)) ﬂ%(A))
= n(A) + dim (Z(A) N Z(Cl.y ) -

For the converse implication: If .4#"(A | C; %) contains a non-compact operator,
then 7] and .77 are infinite dimensional. By Lemma 3.1, there exists a closed
subspace .# C 7 with dim .#Z = dim 7%, = oo such that Z(A|_4) € Z(C),
and hence Z(AP 4) = #(A|y) < Z(C) <, where Ct : Z(C) & Z(C)* —
6 is defined to be 0 on Z(C)* and (C| 4 (cy:)~' on Z(C). This, together with
AP, € B(H, 543) and Lemma 3.3, shows that CYAP , € PB(H, 543). On the
other hand, it follows from Lemma 3.2 that there exists a right invertible operator
T € B(I4, 74) such that N (T) = .#*. Define an operator X € B(J4, 74) by

X=T+BC'AP,.

Then My is a right invertible operator. To prove that let u € J7 and v € 7 be
arbitrary. Since Z(A) + Z(C) = 4 and Z(A| ) € Z(C), there exist x; € .4+
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and y; € J74 such that Ax; 4+ Cy; = u. Also, by right invertibility of T, there exists
Xo € ./ such that Tx; = v — By;. Let xg = x| +x; and yo = y; — CT Ax,. Then

AC||[x| _|u
][]
This establishes right invertibility of My.

If (2) holds, put E = Z(A) + %Z(C| _4s)). From Lemma 3.4 and the right
Fredholmness of M, we can infer that B is a right Fredholm operator, E is closed
and dim E+ = d(My) — d(B) < oo. From Z(A) + Z(C) = 34 it follows that
H(PpC) = E+. Let G = (Pg.C)TEL and S = BG @ #(B)*. Then clearly
G € A (B)' and so dim E+ = dim G = dim BG. Therefore dim § = d(My).
On the other hand, since d(My) < n(A) + dim(Z(A) N Z(C|_x(p))). there exists
a subspace . C 4 with dim .# = d(M,) such that Z(A|.») < Z(C| v ).
From dim .#Z = dim S = d(M;) < oo and Lemma 3.2, there exists an operator
J : s — S suchthat /' (J) = .#* and J| 4 : .# — S is unitary. Define
X € B(s, 75) by

X=[(J):|I«%’i—>S®SL.

Then My as an operator from J4 @A (B)®G® (AN (B)*SG) into EGE-HSH S+
has the following operator matrix:

Ay C; C, Cs
0 0Cs 0
J 0 B, B;
0 0 0 B,

My =

where A (B)* © G = {y € 4 (B)* : y € G*}. Obviously, Cj is invertible. From
the right Fredholmness of B we can infer that B, is invertible. Thus there is an
invertible operator U € % (I, ) such that

A} C) Cy Cs A C; 00

_ 00C, 0| | 00Cs0
UMy =U J OB B| |7 000
00 0 B, 00 0 B

It follows that M is a right invertible operator if and only if

[AJ‘ %‘} SN (B)—> ESS,
is a right invertible operator.

Forany u € E and v € S, it follows from E = Z(A) + Z(C| v ), Z(Al.x) <
Z(C|.yp)) and the definition of J that there exist x; € .#, x, € .#* and y, €
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A (B) such that
Jxi=v, Axo +Cy; = u.

Since Z(A|.z) € Z(C| 4 »)), there exists y, € A4 (B) with
Ax; + Cy, =0.

Note that A = A : 4 — E,C; = C| 4 : A (B) - E and N (J) = A4+,

and hence
A Cy X1+x2| |u
J O |{yi+»]| |v]

From the argument above we get that M is a right invertible operator. (]

Remark 3.1 The condition (1) from the previous theorem is equivalent to the exis-
tence of a closed infinite dimensional subspace .# of J# such that Z (A | 4) <
Z(C).

As a corollary of Theorem 3.6 we have the following result concerning completions
to left invertibility, that parallels Theorem 2.7 [9].

Corollary 3.1 Let A € B(IA, 745), B € PB(5, H;) and C € B(5, H3) be
given. Then My is left invertible for some X € B(H1, 74) if and only if Z(B*) +
H(C*) = 7 and one of the following conditions holds:

(1) A (B*| C*; ) contains a non-compact operator,

2) My= |:A is a left semi-Fredholm operator and

C
0B

n(Mo) < d(B) +dim (Z(B*) N Z(C*|_y(a)) -

3.2 Applications of Completions of Operator Matrices
to Reverse Order Law for {1}-Inverses of Operators
on Hilbert Spaces

The reverse order law problem for {1}-inverses for operators acting on separable
Hilbert spaces was completely resolved in the paper [1] and this was done using a
radically new approach than in the recent papers on this subject, one that involves
some of the previous research on completions of operator matrices to left and right
invertibility. More exactly, the solution of this problem relies heavily on the results
on completions of operator matrices presented in Sect.3.1, so that the results of the
present section can in a way be regarded as an interesting application of the research
related to the topic of completions of operator matrices.
First, we will need the following observations.
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Let A € B(, %) and B € B(L, H) be arbitrary regular operators. Using the
following decompositions of the spaces ., % and .Z,

£ =%B")® N (B), H =RB)®N(B), X =HA) SN,

we have that the corresponding representations of operators A and B are given by
A Al Ay | Z(B) R Z(A)
0 0| N (B¥) N (AY) |7

3.7
s_[ Bi0]. [2B)] [ %®B) o
10 0f N (B) N (B*) |’

where By is invertible and [ Ay A; | [f/(fBi] — Z(A) is right invertible. In that
case the operator AB is given by
_[AB 0] [2%(BY) Z(A)
AB = [ 0 0} [/V(B) (A% | (3.8)

The following lemma gives a description of all the {1}-inverses of A, B and AB
in terms of their representations corresponding to appropriate decompositions of
spaces.

Lemma 3.5 Let A € B(H°, #) and B € B(L, H°) be regular operators given
by (3.7). Then

(1) an arbitrary {1}-inverse of A is given by:

X1 X H(A) Z(B)
) A2,
where X1 and X5 satisfy the following equality
A1 X1+ A X3 = Iz, (3.10)

and X,, X4 are arbitrary operators from appropriate spaces.
(ii) an arbitrary {1}-inverse of B is given by:

B'Y Z(B) H(B*)

1 — 1 2.

B _|: Ys Y4i| : |:JV(B*):| — |:JV(B) , (3.11)
where Y,, Y3 and Yy are arbitrary operators from appropriate spaces.

(iii) if AB is regular, then so is A B) and an arbitrary {1}-inverse of AB is given
by:



3.2 Applications of Completions of Operator Matrices to Reverse Order Law ... 63

o _[@By® 2] [ @A) | [#B)
(AB) —|: 7 Z. || van — N(B) |’ (3.12)

where (A1B))V € (A1B){1} and Z;, i = 2,4 are arbitrary operators from
appropriate spaces.

Proof (i) Suppose a {1}-inverse of A is given by:

AL — X1 Xo || Z(A) N Z(B)
TLXsXs || AN N(BY) |
From AXA = A we getthat X € A{1}if and only if X, and X3 satisfy the following
equations

(A1 X1+ A2 X3)Ar = Ay,
(A1 X1+ ArX3)As = A, (3.13)

% (B*)
A (B)
% (B*)
A (B)

Since S = [ A Az ] : [ ] — Z(A) is aright invertible operator, there exists

St Z(A) — [ ] such that [ Ay Ay ] S7' = Ia). Notice that (3.13) is

equivalent to
X
[A Az][xi][Al A=A A]. (3.14)

Multiplying (3.14) by S;! from the right, we get that (3.14) is equivalent with

X .
[Al AZ] |:X;:| = L%(A), 1.€.,

A1 X1+ A X5 = Ig. (3.15)

Note, that for X; and X3 which satisfy (3.15), (3.13) also holds.
(i1) Suppose that a {1}-inverse of B is given by:

o _ || | Z(B) H(B*)
b ‘[MHMB*)}*[MBJ'

From BB" B = Bitfollows that B, Y; By = B, andsince B; is invertible, ¥, = B;".
(iii) Suppose that a {1}-inverse of AB is given by:

o _ | Z1 22| | #(A) H(B*)
R AR v R i

From AB(AB)VAB = AB, we get
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A1B1Z1AB; = A By, (3.16)

and we also see that the operators Z,, Z3 and Z4 can be arbitrary. Now, from (3.16)
we see that Z; € (A By){1}. O

Lemma 3.6 Let K| € HB(7, 73) be left invertible and K, € B(56, 73) be
arbitrary. If (I — KlKl(]))Kz is left invertible for some inner inverse Kl(l) of K1, then

[K1 Kz] : |:f2:| — J is left invertible.

Proof By our assumptions there are X € (743, #1), an inner inverse K ](1) of K;
and Yy € B (4, 745) such that XK = I and Yy(I — KlKl(l))Kz = [. It is easily
verified that D [K 1 Kz] = I, where

_[X-XKY]. H
o=[*~§ ] ]

for Y = Yo(I — K, K\"). O

To enhance readability of the proof of our main result, we will first prove it under the
assumption that dim.4"(A*) < dim.4#"(B), then directly derive from that the version
in the remaining case dim.#"(B) < dim.4#"(A*), and finally simply combine the two
results in Theorem 3.10 in which no assumptions are made.

The following auxiliary theorem will play a key role in the proof of our main
result.

Theorem 3.7 Let regular operators A € B(H, X) and B € B(L, 7€) be given
by (3.7). If dimA"(A*) < dimA (B) and AB is regular, then the following condi-
tions are equivalent:

() (AB){1} € B{1}A{l},

(ii) For any (A\B)Y e (A\B){1} and Z, € B(N (A*), Z(B*)), there exist
operators W3 € B(#(A), N (B*)) with Z(I — A;W3) € Z(A,) and Wy €
B(N (A", N (B*)) such that

, [ BiABYY BiZy | [ %#(A) Z(B)
x_[ ) m]'[mm)}*[mm)} (3.17)

is left invertible,

(iii) For any (A1B)V e (A1B){1} and Z, € B(N (A*), Z(B*)), there exists
W5 € B(XZ(A), N (B*)) with Z(I — A, W3) C Z(A,) such that at least one
of the following two conditions is satisfied

(1) A (W5 | (B1(AB)YY*; A (A*)) contains a non-compact operator
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(1)
2) Xo= I:BI(AVIVBl) Blozzi| is a left-Fredholm operator and
3

n(Xo) < d(W3) +dim (Z(W5) N Z ((B1(A1BD)™)* |y (8, 22)) -

Proof Condition (i) states that for any (AB)V e (AB){1} there exist AV e A{1}
and BV € B{1} such that
(AB)(I) — BMAM

which is using Lemma 3.5, equivalent with the fact that for any (A;B;)" ¢

(A1B){1}, Z, € B(N(A*), Z(B*)), Z3 € B(H(A), N/ (B)) and Zy € B(N
(A*), A (B)), there exist Y, € B(N (B*), Z(B*)), Y3 € B(#(B), NV (B)), Y4 €

BN (B*), N (B)) and X = [)’2 ii] : [jgﬁz)} N [jggz)} satisfying
(3.10) such that

(AIB])(U Z2 _ Bl_l Y2 Xl X2
Z3 Zy| | Y3 Yy X3 X4 |’

ie.,

[(AiBHD Z, ] =[B;' 1] X (3.18)
[Z3 Z4 ] =[Y3 Y4 X. (3.19)

In general for arbitrary but fixed Y the Eq. (3.18) is solvable for X and the set of the
solutions is given by

S = [%‘} [(A4B)D Z,] + (1— [%][311 Yz])W:

W e B(x, 7))}
[ Bi(A1B)Y — BiY, W5 BiZ, — BiY>2 Wy |
= [ Wi W, : (3.20)

(W WL [ %A N Z(B)

| W3 Wy || A (AY) A(BY) ])°

Thus (i) is equivalent with the existence of at least one X € S N A{l} for
which the Eq.(3.19) is solvable for [Y3 Y4]. That is (i) holds if and only if for
any (A1B)" € (AiB){1}, Z, € B(N (A*), Z(BY)), Z3 € B(Z(A), N (B))
and Zy € B(N(A*), A (B)) there exist operators W3 € B(Z(A), N (B*)),
Wy, € RBN(AY), NV (B*)) and Y, € B(N(B*), Z(B*)) such that

1 _
K, = BI(A'BI)W BIY2W3] is a right inverse of [A1 Az] and the following
3

system
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Zy=[Y3 Y4] K, (3.21)
Zy =Y V4] Ks, (3.22)

BiZ, — B Y)Wy
W, ’

This is the reformulation of the condition (i) that we will use in proving the
implication (i) = (ii).

(i) = (i): Let (A,B))" € (AB){1} and Z, € B(N (A*), Z(B*)). Tak-
ing Z3 = 0 and a left invertible Zy € AB(AN(A*), A/ (B)) (such Z, exists
since dim./#"(A*) < dim.#'(B)), the condition (i) yields an operator [ K| K> | as
described above. Since the Egs. (3.21) and (3.22) have a common solution and K is
regular, we get that

is solvable for [ Y3 Y4 |, where K, =

Zy=W({I - KiK{")K,,

for some W € A (7, A (B)) and some (any) K 1(1). Left invertibility of Z, implies
left invertibility of T = (I — K;K\"”)K, which, given that K, is left invertible,
implies that X = [K 1 Kz] is a left invertible operator by Lemma 3.6. It can easily
be checked that X is left invertible if and only if

X = Bi(A1B)Y B, Z,
o Ws Wy

is left invertible.
Finally, [ Ay A, | Ky = I means just that

AB\YaWs = Ao W3 — (I — (A B)(A1B)Y)
which upon multiplication from the left by I — (A B)(A;B;)" gives
(I —(AB)(AB)") A;Ws =T — (A, B))(A B,

ie., Z(I — A;W3) C Z(A1By) = Z(A)).
(i) = (@): Let (A;B)"V e (AB){1}, Z, € B(N(A*), Z(BY)), Z3 €
B(H(A), NV (B)) and Z, € B(N (A*), A (B)) be arbitrary. By our assumption,
there are operators W3 and W, acting between appropriate spaces such that X’ given
by (3.17) is left invertible and Z(I — A, W3) € % (A B;). The latter condition
implies that for ¥, = (A, B A, the operator
X — |:B1(A131)(1)—31Y2W3 B1zz—BlY2W4i|’ (3.23)
W; W,
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is an inner inverse of A. Also X € § so (3.18) is satisfied. As before, left invertibility
of X’ implies left invertibility of X, so the Eq.(3.19) is solvable for [Y3 Yy ] Thus

[(Allil)(” Z] e B{1}A{1).

(i1) < (iii): This follows from Corollary 3.1. ([l
The following lemma of technical character will be needed later.

Lemma 3.7 Let ”
D:[A]AQ]Z[%]—)%

be a right invertible operator such that A, has closed range. Suppose 5 = M H
N (Ar) and 76 = H#(A) & N, with A and N closed, and let

(A0 [ (A1)
= 30): Lt |~ [79]

(1) An operator W : 75 — 76 satisfies Z(I — A, W) C Z(A,) if and only if it
has a representation

Wi W | | Z(AD M
W_|:W3 W4i|'|: % i|_>|:</V(A2)] (3.24)

where A;W] = 0and A;Wz = 1. There is at least one such operator.

(i) dimA” < dim.Z.
Proof (i) Suppose W is given by (3.24). From

Caw o [T AW =AW ] [ Z(AD Z(A1)
! AQW_[ — AW, I—A;WZ]'[ N ]_’[ N

we see that Z(I — A;W) € Z(A;) holds if and only if A,W; = 0and A,W, = 1I.
One such operator is obtained by taking W = X, where

X | a4
][]
is any right inverse of D.

(i1) The inequality follows from the fact that the existence of an operator W as in
(i) implies that A; . M — N isright invertible. It can also be trivially seen to hold
true directly, without any recourse to (i). (]

The following theorem gives necessary and sufficient conditions for the inclusion
(AB){1} € B{1}A{l1} to hold under the additional assumption that dim.4"(A*) <
dim.#"(B). As we will explain later, the main result is practically a direct conse-
quence of it.
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Theorem 3.8 Let regular operators A € B(H, ) and B € B(L, H) be given
by (3.7). Ifdim.A"(A*) < dim.4"(B) and A B is regular, then the following conditions
are equivalent:
(1) (AB){1} < B{1}A{1},
(i1) One of the following conditions is satisfied:

(a) dimA (B*) < oo and dim.A (A7) + dim.A4 (A*) < dim.4" (B*)

(b) dim.A"(B*) = oo and dim.A4 (A*) < dimJV(A;) + dim.A"(Ay),

where A; = PJV(AT)A2|(@(A;).
Proof (1) = (ii): We distinguish two cases:
Case 1. dim4"(B*) < oo. Using Theorems 3.7 and 3.4 we see that
dim ([ Bi(A1B)' BiZ2]) < dimt (B,

for any operator Z, which belongs to ZA(AN (A*), Z(B*)), since by our
assumption there always are W3 € ZB(Z(A), AV (B*)) and Wy € AB(N (AY),
A (B*)) such that X’ is left invertible. In particular, for Z, = 0 we have that
A ([BAB)Y BiZo]) = N (AD @ H(A4%), hence dimA (A]) + dim
N (A*) < dimA4 (B*). Thus (a) holds.

Case 2. dim.4# (B*) = oco. Taking Z, = 0 and (A;B;)") = (A, B;)" we obtain
an operator Wj such that Z(I — A, W3) € Z(A) for which one of the conditions
(1) and (2) from (iii) of Theorem 3.7 is satisfied. From Lemma 3.7, we know that

R ANEN) K(A3)
O ]l e

where A;L =0, A;J =1 and

A0 . [ %A H(A))
vl (B 100

If A(W5 | (By (A1 B;)")*) contains a non-compact operator, then there is a (closed)
infinite dimensional subspace .# of .4 (B*) such that

R (W5 |.a) S ((B](AIBI)T)*) =Z(A)). (3.26)
From (3.26) it follows that . C .4 ([ J* T* ]). Now
dimA” ([ J* T*]) < dimA" (J*) 4+ dim.A (Ay) = dim 4" (A3) + dim.4 (Ay),
since dim. A (J*) = dimJV(A;),given that J is arightinverse ofA;,so dimJV(A;)+

dim.4"(A,) = o0o. Thus (b) holds.
Suppose the condition (2) from (iii) of Theorem 3.7 holds. We have
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Z((Bi(AIB)Y |y (3122)) = Z(A1)

and also
(1)

and
AW N R ((B{(A B |y siza) = % ([L* K*] |./V([]* T*]))

The inclusion Z(I — A, W3) € Z(A,) implies that for Y» = (A;B;)V A, the first
column of the operator X given by (3.23) is left invertible. Thus the first column
of the operator X is also left invertible so A4 (Xy) = A (A*). Hence n(A*) <
n ([ J*T* ]) Now using A;J = I we get

n([J* T*]) =n(J*) 4+ n(T*) + dim(Z(J*) N Z(T*))
= dim.A/(A5) + dim.A (A»).

Again, (b) holds.

We now turn to establishing the implication (ii) = (i).

(a) = (i): We will show that condition (ii) from Theorem 3.7 is satisfied. Let
(A1B)" e (A B){1} and Z, € B(N (A*), Z(B*)) be given.

By Lemma 3.7, we can fix a right inverse J : A (A7) — Z(A}) of A; =
P,,V(AT)AZ@(A;). Consider

| JO| | A(AD K (A%)

wi=[g0]: e | = [VGD]
Using Lemma 3.7, we have that Z(I — A, W3) C Z(Ay).Put 4 = Z(W3) = Z(J).
Since J is left invertible, dim.#Z = dim.#"(A7}). Since dim.4#"(A}) +dim.4#"(A*) <
dimA (B*) < oo it follows that dim.A4 (A*) < dim.#Z~*, where .#Z~' is the
orthogonal complement of .# in .4 (B*). Hence there is a left invertible W, €
B(N (A¥), N (B*)) such that Z(W,) C .#+. We will show that X’ given by
(3.17) is left invertible.

To see that X’ has closed range suppose x,, € Z(A) and y, € A (A*) forn € N
are such that

By (AB)Vx, + B Zyy, — u, Wix, + Wyy, — v.
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Since Z(W4) € Z(W3)* and W, is left invertible, it follows that y, — y for some

€8}
y € A (A*). Using left invertibility of [ Bi(A1B1)

], we get that x, — x for some
W3

x € Z(A). Hence [ﬂ e Z(X)).

We now show that X’ is injective. If |:);:| € A (X'), then

Bi(A1B)Vx+ B1Zy =0
Wix + Way = 0.

Since 4 = #(W3) and Z(W,;) C .#* it follows that Wsx = W,y = 0. The
injectivity of W4 now gives y = 0 and so B, (A, B;)Mx = 0. The inclusion Z(I —
Ay W3) € Z(A)) = Z(AB;) implies

A1Bi (A BT — AaW3) =1 — A, W5

yielding x = 0.

(b) = (i): Let (A;B) € (A;By){1} and Z, € B(N (A*), Z(B*)) be given.
By Lemma 3.7 we have Z(I — A, W3) € Z(A,) for the operator W5 defined by
(325)where L =0, K =0and T = O and J : A (A]) — Z(A}) is any right
inverse of A; = P yanAa] 2(A3) (Lemma 3.7 guaranties that there is one).

Since J is a right inverse of A, we have that Z(J) & A (A,) = % (A3), so
dimZ(J)*+ = dim4#(A}) + dim.4 (A,), where Z(J)* is the orthogonal comple-
ment of Z(J) in A (B*). Hence there is a left invertible W, : A (A*) — A (B*)
such that Z(W,) € Z(J)*. That the operator X’ given by (3.17) is left invertible
can now be proved exactly as in (a) = (i).

‘We have thus shown that (ii) of Theorem 3.7 holds. ([l

A standard argument allows us to easily turn the previous theorem into one dealing
with the remaining case dim.4"(B) < dim.4"(A*).

Theorem 3.9 Let regular operators A € B(H, ) and B € B(L, H) be given
by(3.7). Ifdim.4 (B) < dim.A4 (A*) and AB is regular, then the following conditions
are equivalent:

(1) (AB){1} < B{1}A{1},

(i1) One of the following conditions is satisfied:

(a) dimA"(A) < oo and dim A (B}) + dimA"(B) < dim.A4"(A)
(b) dim.# (A) = oo and dim 4 (B) < dim.#(B,) + dim.# (By),

where By = Pog+B*|%(a+), B2 = Pogg-B*| 4 (a) and B, = Py 85y B2l % (B3)-

Proof Since (i) is equivalent with

(B*A*){1} € A*{1}B*{1}, (3.27)
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we can apply Theorem 3.8 to the operators B* and A* instead of A and B,
respectively. O

Combining Theorems 3.8 and 3.9 we are finally in the position to state the main
result of this section.

Theorem 3.10 Let regular operators A € B(H, %) and B € B(L, H) be
given by (3.7) and let AB be regular. Then the following conditions are equivalent:
(1) (AB){1} < B{1}A{1},

(i1) One of the following conditions is satisfied:

(a) dim.A (A*) < dim.A(B), dim.A"(A]) + dimA(A*) < dim. A (B*) and
dim.4 (B*) < oo,
(b) dimA (A*) < dimA (B), dim. A" (A*) < dimJV(A;) + dim 4" (A») and
dim.4 (B*) = oo,
(c) dimA(B) < dimA (A"), dimA (B}) + dimA (B) < dim.A"(A) and
dim.A"(A) < oo,
(d) dimA"(B) < dimA (A*), dimA (B) < dim,/V(Bg) + dim.A"(B;) and
dim.4 (A) = oo,

where A; = P:/V(AT)A2|%’(A’2‘)v Bl = P@(B*)B*lg(A*), Bz = R@(B*)B*|JV(A) Cll’ld
B, = Py 1) B2l %)

As a corollary of the previous theorem, in the case of matrices we have the
following already known result:

Corollary 3.2 Let A € C"*" and B € C"*P. The following conditions are equiva-
lent:

(1) (AB){1} < B{1}A{1},

(i) r(A) +r(B) —n <r(AB) —min{m — r(A), p — r(B)}.

3.3 Applications of Completions of Operator Matrices
to Invertibility of Linear Combination of Operators

In this section for given operators A, B € ZA(J¢), we consider the problem of
invertibility of the linear combination ¢ A + B, a, § € C \ {0} using the results
concerning the invertibility of an upper triangular operator matrix of the form M.
The motivation behind this section was the paper of G. Hai et al. [8] where the
invertibility of the linear combination «A + 8B, was considered in the case when
A, B € B(H) are regular operators and «, B € C \ {0} but also some recently
published papers (see [ 16—20]) which considered the independence of the invertibility
of the linear combination @ A + B8 B in the cases, when A, B € H(J) are projectors
or orthogonal projectors.

Here, we will consider the general case, without the assumptions that A, B €
PB(I) are closed range operators or that they belong to any particular classes of



72 3 Completions of Operator Matrices and Generalized Inverses

operators. As corollaries of our main result, we obtain results for certain special
classes of operators. Hence, we completely solve the problem of invertibility of the
linear combination ¢ A + BB in each of the following cases:

if A, B € B(H) are regular operators,

if A, B € B(5) are projectors or orthogonal projectors,
if Z(A) N Z(B) = {0}.

it #Z (APJV(B)) =Z(A)

if either one of A, B € A (J¢) is injective.

The following well-known lemma will be used throughout this section.

Lemma 3.8 Let # and N be subspaces of a Hilbert space 7. Then
(M + N =t

In the following theorem we will reduce the problem of invertibility of the linear
combination « A 4+ BB to an equivalent one which concerns the invertibility of a
certain upper triangular operator matrix. Of course, instead of the linear combination
one could have simply considered the sum A + B throughout the sequel.

Theorem 3.11 Let A, B € B(I) be given operators and o, B € C \ {0}. Then
oA + BB is invertible if and only if the following conditions hold:

i) A (A)NA(B) ={0}, Z(A) + Z(B) = A,
(i1) Al #(p) has a closed range,
(1) Po 2(Alyw) (@A + BB) |7 is an injective operator with range .7,

where Z(A) = Z(Al_y ) ® S T = B~ (%(A)) NP and # = N (B)D P.
Proof Let 77 = N (B) ® & = Z(A) ® 2 be decompositions of the space 7.

With respect to these decompositions the given operators A, B € () have the
following representations:

A A [4B) Z(A)
A= 4[] 7], -
_|OBy | | A(B) Z(A)

p= 28] [ @] [7] o

Take arbitrary o, 8 € C\ {0}. Using the above decompositions of A, B € B(), it
follows that the linear combination ¢ A 4 B B is invertible if and only if the operator

matrix v _
aAy aA, + BB | . (B) F(A)
[ gt }[ 9 i|—>[ P ] (3.30)
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is invertible. Using Theorem 3.2 we have that this holds if and only if the following
three conditions are satisfied:

(i) oA is left invertible
(i1) BB, is right invertible
(iii)) Py g4, (@A2 + BB1) |4 (8, is an injective operator with range .#, where
H(A) =X (A) ..

Evidently, (i) holds if and only if .4 (A) N .4 (B) = {0} and Z(A| 4 (s)) is closed.
Also, (ii) is satisfied if and only if %(PQ’MB) = 2. Since

H(PoyzayB) =2 & 2C Z(A)+X(B) & %(A) + X (B)=H

we have that (ii) is equivalent with Z(A) + Z(B) = .
To discuss the third condition notice that

N (B) = N (PogB) N 2 = B~ (Z(A) N 2
and let 7 = B! (%(A)) N . Evidently,

N (P, sy @Ay + BB)) | 7) = N (Ps s, (@A + BB) | 7)

and
R (P ) (@Ar+ BB)) | 7) = Z (Py a4, (@A + BB) | 7).

Hence, we can conclude that ¢ A + BB is invertible if and only if the following
conditions hold:

1) A (A)NA(B) = {0}, Z(A) + Z(B) = H,
(i) AP 4 () has closed range,
(iii) P 24, (@A + BB) |z is an injective operator with range .7

Notice that the second condition in (i), Z(A) + Z(B) = 4, can be replaced by
H(A) + Z(B) = 7 Suppose that (i) — (iii) are satisfied. Since

S =R (P ga,) @A+ BB)|7),
we have that
S CH(aA+BB)|7) +XZ(A) € Z(A) + XZ(B).
Now, Z(A) = Z(A,) ® . implies that Z(A) C % (A) + % (B). Hence, Z(A) +

Z(B) = 7. (Also, directly from the invertibility of « A + 8B, we can conclude
that Z(A) + Z(B) = 7). (I
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In the special case, when .# is the orthogonal complement of Z(A| ) =
R(AP () in Z(A) and & = A (B)*, applying Theorem 3.11 we get the fol-
lowing result:

Theorem 3.12 Let A, B € B(I) be given operators and o, B € C \ {0}. Then
oA + BB is invertible if and only if the following conditions hold:

i) A (A)NA(B)={0}, Z(A) + Z(B) = A,
(i1) A|_y(p) has a closed range,
(ili) Py (@A + BB) |7 is an injective operator with range .,

where S = R (AP.y )" N RZ(A) and T = N (PgayB) NN (B)-.

Evidently from the theorem given above, we can conclude that the invertibility of
the linear combination « A 4+ B is possible for some constants «, 8 € C \ {0} only
if

dimA (Pgay- B) N A (B): = dimZ (AP.y () N Z(A),

so we get the following result:

Corollary 3.3 Let A, B € B(H) be given operators. If
dim.A" (Pggaye B) N A (B): # dimZ (AP.y(5)) N Z(A),

then the linear combination « A + BB is not invertible for any a, § € C\ {0}.

Now we will reconsider the condition (iii) from Theorem 3.12, which says that
X Py (A4 BB)|7) = % and A (P (@A + BB)|7) = {0}. Suppose that
A, B € B(5¢) are given by (3.28) and (3.29), respectively, where .7 is the orthog-
onal complement of Z(A| y ) = Z(AP.y5) in Z(A), T = N (PguyB) N
A (B)*+ and & = ¥ (B)*. The first condition is equivalent with

H(A) = (AP y ) + Z(A)NZ ((aA + BB) PJV(B)L) , (3.31)

since Z (@A + BB) |z) = Z(A)NZ ((aA + BB) PL/V(B)L). The second condition
from (iii), A4 (Ps (@A + BB) | z) = {0} is equivalent with

N (aAy + BBy) N A (By) = {0},
Z (aAy+ BBy) | 7) NZ(AP 4 ) = {0}. (3.32)

Evidently the first condition from (3.32) is equivalent with
N (@A + BB)N A (B)* = {0}
while the second one is equivalent with

R (@A + BB) Py ) NZ(AP y () = {0}.
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Now, in view of the previous two conditions and (3.31), we can conclude that the
condition (iii) from Theorem 3.12 is equivalent with

A (A) = APy (5) ® Z(A) N Z (@A + BB) Py ()

and
N (@A + BB)N A (B)* = {0}

and we can formulate the following result:

Theorem 3.13 Let A, B € B(I¢) be given operators and o, § € C\ {0}. Then the
operator ¢ A + BB is invertible if and only if the following conditions hold:

(i) A (AN A (B) ={0}, Z(A) + % (B) = I,
(i) AP 4 (p) has closed range,
(iii) Z(A) = Z(AP y ) ® (A NZ (@A + BB) Pypy), N (@A+BB)N
N (B)*: = {0}.

In Theorems 3.11 and 3.12, the problem of invertibility of a linear combination of
two given operators is reduced to one in which yet another linear combination is
required to be injective and to have a prescribed range, which at first glance might
not strike the reader as much of an achievement. However, the conditions we have
obtained (those given in Theorems 3.11 and 3.12) lend themselves for applications
in further analysis of the initial problem for many special classes of operators where
they will lead to its complete solution.

Since the condition that A + 8B be nonsingular is symmetrical in A and B, we
can obtain new variants of the necessary and sufficient conditions in Theorems 3.11,
3.12 and 3.13 by interchanging the operators A and B in them.

Now, will be the focus of our attention on invertibility of linear combinations for
some special classes of operators using the above mentioned results:

(1) The problem of invertibility of « A + BB, in the case when A, B € A(J) are
regular operators and «, B € C\ {0} was considered in [9].

Theorem 3.14 ([9]) Let A, B € B () be given operators with closed ranges and
a, B € C\ {0}. The operator « A + BB is invertible if and only if the following
conditions hold:

(i) A (A)NA(B)={0}, Z(A)*F NZ(B)* = {0},
(ii") Both ATA(I — B'B) and (I — AA")BBT are closed range operators,
(iii') Py, (ocABTB + ﬂAATB) |« is an invertible,
where £ = (A*)' (Z(A*)NZ(B%)), # = B'(%(A)NZ%(B)) and P, €
B(A, L) is defined by Poyx = Pyx, x € H.

As a corollary of Theorem 3.12 we get some different conditions for the invert-
ibility of ¢ A 4+ B B than the ones given in [9]. First give the following lemma.
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Lemma 3.9 Let A, B € B(I7) be given operators. If A and B have closed ranges
then
G A (P%(A)LB) N A (B): =B ' (#Z(A)N AN (B! =B (#(A) NZ(B))
(i) Z(A)NZ% (Al”f/(za))L = (A" (Z(A*) N Z(B*))

Proof (i) The first equality is evident. Let x € B~ (#Z(A)) N A (B)*. Then
Bx € %#(A) and x = B'Bx. So, x € B (Z(A) N Z(B)). Now, suppose that
x € BT (#(A) N Z(B)). Then for some s, t € S we have that x = B'Bt = BT As
and Bt = As. Evidently, x € Z(B*) = .#(B)* and Bx = Bt = As € Z(A).

(ii)) Lety e Z(A) NZ (APJV(B))L. Theny = AATy and A*y = B"BA*y. Hence,
A*y = BTBA*y € Z(A*) N #(B*). Now

y=(A)*A*y = (A")*B'BA*y.
Now, suppose that x € (A*)" (Z(A*) N Z(B*)). Then for some s, t € # we have

that y = (A")*A*t = (A")*B*s and A*t = B*s. Evidently, y € Z(A) which
implies y = AATy. Now, we will prove that y € % (AR/V(B))L = N (PypA*):

B'BA*y = BTBA*(A")*B*s = B'BA"AB*s
= B'BATAA*t = B'BB*s = B*s
= A%t = A%y.

]

Now, in the case when A, B € Z(5¢) are closed range operators, from Theorem
3.12 we get the following:

Theorem 3.15 Let A, B € AB(I) be given closed range operators and o, B €
C\ {0}. Then a A + BB is invertible if and only if the following conditions hold:

i) A (A)NA(B) ={0}, Z(A) + Z(B) = I,
(i1) Al _y () has a closed range,
(i) Po (Al yw) (@A + BB) |7 is an injective operator with range .7,

where & = (A" (Z(A*) N Z(B*)) and T = BT (%(A) N Z(B)).

(2) The problem of invertibility of projections (idempotents) has been considered in
several papers. Coming from that line of research we can single out the result that the
invertibility of any linear combination « P 4+ 8Q, where o, 8 € C\ {0}, « + 8 # O,
is in fact equivalent to the invertibility of P + Q which means that it is independent
of the choice of the scalars « and 8. For the first time, this was realized by J.K.
Baksalary et al. [16] for the finite-dimesional case who proved that

aP + BQisnonsing. & Z(P(I—Q)NZ(QU — P)) =N (P)NAN(Q) = {0}
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and later generalized by Du et al. [21] to the case of idempotent operators on a Hilbert
space and finally by Koliha et al. [19] to the Banach algebra case, without giving any
necessary and sufficient conditions for the invertibility of « P + 8 Q. The necessary
and sufficient conditions for the invertibility of a linear combination of projections
P and Q on a Hilbert space are given later in another paper by Koliha et al. [17] (as
well as for the elements of a unital ring):

Theorem 3.16 ([17]) Let P, Q € ZB(I) be projections on a Hilbert space €.
Then the following conditions are equivalent:

(1) P + Q isinvertible.
(ii) The range of P + Q is closed and

Z(PYNZ(QU — P)) =N (P)NA(Q) = {0},
Z(P)NRQ* I = PY)) =N (P)NA(Q") = {0}.

In the case when P, Q € () are projections, applying Theorem 3.11 to the
decompositions 7 = N (Q) ® Z(Q) = Z(P) ® A (P) we get the main result
from [21], which says that the invertibility of the linear combination ¢ P + BQ is
independent of the choice of the scalars «, € C, but additionally we also obtain
necessary and sufficient conditions for the invertibility of the linear combination
o P + B Q which are different from those given in Theorem 3.16.

Theorem 3.17 Let P, Q € B(I) be given projections anda, B € C\{0}, a+ 8 #
0. Then o P + B Q is an invertible operator if and only if the following conditions
hold:

(i) A (P)NAN(Q) ={0}, Z(P) + Z(Q) = A,
(i) Z(P)=2(P)NZ(Q)®Z(P|.y ).

Proof Indeed, in this case the subspace .7 defined in Theorem 3.11 by .7 =
Q' (Z(P)) N Z(Q) is equal to .7 = Z(P) N Z(Q). Hence, for any x € .7,
we have that (¢« P + 8Q)x = (¢ + B)x which implies that the injectivity of operator
Py 2P|y (@P + BQ) | 7 is equivalent with Z(P| 4 (g)) N 7 = {0}. 1.,

Z(P|.y) NZ(Q) = {0}. (3.33)

Also, operator Py g (p| ) (@P + BQ) | 7 has range . if and only if ¥ C 7 +

Z(P|.y0)), which is equivalent with Z(P) = Z(P)NZ(Q) + Z(P|_x (o)) Now,
by (3.33), we have that

H(P)=R(P)NZ(Q) D Z(P|y)- (3.34)

Using (3.34), the fact that the intersection of two operator ranges is an operator

range and Theorem 2.3 [22], we conclude that Z(P|_y (o)) is closed. Now, the proof
follows by Theorem 3.11. ]
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Obviously, from Theorem 3.17 we get the following corollary:

Corollary 3.4 Let P, Q € B(I) be given projections anda, f € C\{0}, a+ 8 #
0. Then the invertibility of the linear combination a P + S Q is independent of the
choice of the scalars o, p € C\ {0}, a« + B # 0.

(3) The problem of invertibility of the linear combination « P + SQ when P and
Q are orthogonal projections has also received a lot of attention. In [20] Buckholtz
considers the special case when o + 8 = 1 and gives conditions under which the
difference of projections on a Hilbert space is invertible, as well as an explicit formula
for its inverse. In the paper of Koliha et al. [17], the invertibility of the sum of two
orthogonal projections was considered which is, as we already know, equivalent with
the invertibility of the linear combination « P + S Q:

Theorem 3.18 ([17]) Let P, Q € B(H) be orthogonal projections on a Hilbert
space F. Then the following conditions are equivalent:

(i) P + Q isinvertible,
(i) The range of P + Q is closed and

ZP)YNZ(QU — P)) =N (P)NA(Q) = {0}

Here, using Theorem 3.11 we obtain the following result:

Theorem 3.19 Let P, Q € B(S) be given orthogonal projections and a, f €
C\ {0}, a + B # 0. Then a P + BQ is an invertible operator if and only if Z(P) +
#(Q) = H.

Proof Notice that in the case when P, Q € #A(J¢) are orthogonal projections, the
subspaces . and .7 defined in Theorem 3.12 by . = % (P PJV(Q))L NZ(P) and

T =N (Pap)- Q) N A (Q)* coincide and .7 = T = Z(P) N Z(Q). Indeed, if
P, Q € B(5¢) are orthogonal projections, then

S =R (PPyp) NEP) =RPI — Q)" NZ(P)
=N (- Q)P)NZ(P)=R(P)NZ(Q)

and

T =N (Pap) Q) NAN(Q): =4 (I - P)O)NZ(Q)
=Z(P)NZ(Q).

Hence, forany x € 7, wehave that (¢ P+B0)x = (¢+B)x and P (e P+BQ)x =
(o 4+ B)x. So, the operator P (¢« P + BQ) | 7 from item (iii) of Theorem 3.12 is
an injective operator with range . if and only if « + 8 # 0. Also, the condition
Z(P) + Z(Q) = s implies A (P) N A (Q) = {0}. Now, from Theorem 3.12
we can conclude that in the case when P, Q € () are orthogonal projections,
o P + BQ is an invertible operator if and only if the following conditions hold:
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() Z(P)+ %Z(Q) = A,
(ii) PJ 4 (@) has closed range.

Notice that the condition (ii) that P|_y(g) has closed range can be replaced by
the condition that Z(P (I — Q)) is closed. By Proposition 2.4 [23], we have that
Z(P(I — Q)) is closed if and only if Z(P + Q) is closed, which is by Corollary 3
[22] equivalent with the fact that Z(P) + Z(Q) is closed. Since the condition (i)
guarantees closedness of Z(P) + % (Q), we conclude that condition (i) is necessary
and sufficient for the invertibility of « P + Q. 0.

If we compare Theorem 3.18 from [17] and our Theorem 3.19, it is evident that the
condition Z(P) N Z(Q(I — P)) = {0} is superfluous. In the following lemma we
will give an explanation for that:

Lemma 3.10 Let P, Q € B(H) be orthogonal projections on a Hilbert space F .
Then
Z(P)YNZ(QU — P)) ={0}.

Proof First, let us observe that
Z(P)YNZQU — P) =%(P)NZ#(QU — P)) N Z(Q).

So, it is sufficient to prove that Z(P) N Z(Q (I — P)) NZ(Q) = {0}. It can be easy
checked that

QU — P NZ(Q) =N (I = P)Q)NZ(Q) = Z(P) N A(Q),

implying that Z(P)N%Z(Q) € Z(Q(I—P))*,ie., Z(P)NZ(Q)NZ(Q(I — P)) =
{0}. 0

(4) Now we will consider the invertibility of the linear combination ¢ A + B for
given operators A, B € A(J¢) in two special cases: when Z(A) NZ%(B) = {0} and
when % (AP A ( 3>) = Z(A). In both of these two cases, beside giving necessary
and sufficient conditions for the the invertibility of « A + B B, we will conclude that
the invertibility of the linear combination « A + B is independent of the choice of
the scalars «, g € C \ {0}.

In the special case when A, B € () are such that Z(A) N Z(B) = {0} using
Theorem 3.12 we get the following:

Theorem 3.20 Let A, B € B(H) be given operators and a, f € C\{0}. If Z(A)N
Z(B) = {0}, then the operator « A + BB is invertible if and only if

H(A) D Z(B) =7, N(A) D N (B) =K. (3.35)

Proof Suppose that ¢ A 4+ BB is invertible. By Theorem 3.12, we have that Z(A) &
Z(B) = s which by Theorem 2.3 [22] gives that Z(A) and Z(B) are closed.
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Now Z(A) N Z(B) = {0} together with the fact that Z(A) is closed implies that
T =N (P%(A)J. B) N A (B)*+ = {0} which by the condition (iii) from Theorem
3.12 gives that . = Z (AP,V(B))l N Z%(A) = {0}. Hence, Z(A) = Z(AP ()
which implies that 4 (A)t € A (B) + A (A). So, # = N (B) + A (A). By
the condition (i) of Theorem 3.12, we have that A4 (A) N A (B) = {0}, so 57 =
AN (B) @ A (A). On the other hand suppose that (3.35) holds. Evidently, Z(A)
and Z(B) are closed and the first condition from Theorem 3.12 is satisfied. Also,
H(A) = A(K) = ANV (A) & N (B)) = A(N(B)) = Z(AP_y ), so (ii) of
Theorem 3.12 is satisfied. To conclude that (iii) of Theorem 3.12 is true, simply
notice that 7 = . = {0}. O

Similarly, we get the following:

Theorem 3.21 Let A, B € HB(I) be given operators and o, 8 € C \ {0}. If

X (APKA/(B)) = Z(A), then the operator a A + BB is invertible if and only if the
following conditions hold:

@) A (AN A (B)={0}, Z(A) ® #(B) = I,
(i1) AP 4 (p) has closed range.

Proof t # (APJV(B)) = % (A), then for . defined in Theorem 3.11 we have that
. = {0}. So the condition (iii) from Theorem 3.11 is satisfied if and only if 7 = {0},
ie., Z(A) N Z(B) = {0}. Now, the proof follows directly from Theorem 3.11. [

Corollary 3.5 Let A, B € HB(I) be given operators. If one of the conditions
Z(A)NRZ(B) = {0} and # (AP{/V(B)) = Z(A) holds, then the invertibility of the
linear combination o A+ B B is independent of the choice of the scalars «, B € C\{0}.

(5) Now we will consider the case when either one of the operators A, B € B(5¢)
is injective.

Since the condition ¢ A + BB is nonsingular is symmetrical in A and B, let us
suppose that B € A(J7) is injective:

Theorem 3.22 Let A, B € B(F€) be given operators such that B is injective and
a, B € C\ {0}. Then a A + BB is invertible if and only if the following conditions
hold:

(i) Z(A)+Z(B) =,
(i) (@A + BB) |z (@A) is an injective operator with range Z(A).

Considering some special classes of operators we have seen that the invertibility
of the linear combination ¢ A 4+ BB is independent of the choice of the scalars
a, B € C\ {0}. Another instance of this phenomenon is provided by the following
result.

Theorem 3.23 Let A, B € B(I) be given operators and «, B € C \ {0}. If there
exists a closed subspace & such that 7€ = N (B)® & and Al » = 0 or PzaB =
0, then the invertibility of the linear combination « A + BB is independent of the
choice of the scalars.
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Proof Using the representations (3.28) and (3.29) of the operators A and B, and
the representation (3.30) of « A + BB, from Theorem 3.11 the desired conclusion is
immediately reached. (]

3.4 Drazin Invertible Completion of an Upper Triangular
Operator Matrix

In this section we will consider the existence of a Drazin invertible completion of an
upper triangular operator matrix of the form

0a): 7] [7]
OB | |72 H|
where A € AB(J) and B € B(X') are given operators.

Throughout the section 77, %  are infinite dimensional separable complex Hilbert
spaces. For a given operator A € AB(H, %), we set n(A) = dim .4 (A) and
d(A) = dim Z(A)*.

Let us recall that for A € Z(J¢), the smallest nonnegative integer £ such that
N (A = 4 (A%) (resp. Z(AFH) = Z(A¥)), if one exists, is called the ascent
(resp. descent) of the operator A and is denoted by asc(A) (resp. dsc(A)); if there is
no such integer k, the operator A is said to be of infinite ascent (resp. infinite descent),
which is abbreviated by asc(A) = oo (resp. dsc(A) = 00). Also K(0,8) ={r € C:
|A] < 8} stands for the open disc with center O and radius §.

Anoperator A € B(H) is left Drazin invertible if asc(A) < oo and Z(ACAD+1)
is closed while A € () is right Drazin invertible if dsc(A) < oo and Z(A%W)

is closed.
The question of existence of Drazin invertible completions of the upper-triangular

operator matrix
Mo — AC| | H
cTlos| || T ]

was addressed in [24] where some sufficient conditions were given but the proof of
the result presented there is not correct as it is explained in [25].

Theorem 3.24 ([23)) Let 57 and ¥ be separable Hilbert spaces and A € B(H)
and B € B(K') be given operators such that

(1) A is left Drazin invertible,
(i) B is right Drazin invertible,
(iii) There exists a constant § > 0 such that d(A — A) = n(B — A), for every
A€ K(0,8)\ {0}.

Then there exists an operator C € B(K , F) such that M¢ is Drazin invertible.
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In order to give a correct proof of Theorem 3.24, we will first list some auxiliaries
results:

Two completely different proofs of the following lemma that will be extensively
used throughout the paper can be found in [26, 27]:

Lemma 3.11 For a Banach space Z°, a given nonnegative integer m and A €
B(L), the following conditions are equivalent:

(1) dsc(A) <m < oo,
(i) A (A™) +R(A") = 2, for everyn € N,
(iii) A (A™) + B(A") = X, for somen € N.

We will also need the following result which is proved in [27, 28].
Lemma 3.12 Let A € B(Z"). We have the following

(1) Ifdsc(A) = m < oo, then there exists a constant § > 0 such that for every
A€ K(0,0)\ {0}
(i) dsc(A—A)=d(A—X) =0,
(i) n(A — 1) =dim A (A) N Z(A™).
(2) Ifasc(A) =m < oo and R(A™RY is closed for some k > 1, then there exists
a constant § > 0 such that for every . € K (0, §) \ {0}:
(i) asc(A — 1) =n(A — 1) =0,
(i) d(A — A) = dim (%(A’")/%(Am“)) =dim (Z'/(Z(A) + N (A™))).

The following technical lemma will be used multiple times throughout this section.

Lemma 3.13 Suppose B € (') and p is a positive integer such that Z(B?) is
closed. If B is represented by

_|O0OBy | | A(B)YNZ(BP) N (B)NZ(B?)
b= [o BJ ' [(«/V(B) m%(BP))L} - [(JV(B) m%’(BP))L] - 539
then By and B, must satisfy the following two conditions:

(1) The restriction of B BéFl on N (sz ) is onto (equivalently: the restriction of
Bj to the subspace %(Bé’_l) N A (By) is onto)
(i) Z(B}) < Z(B"),
(i) Z(BY) N A (By) N A (By) = {0} (equivalently: the restriction of By to the
subspace Z(BY) N N (By) is injective).
Proof Put . := A (B) N Z(B?). To see that (i) is true, notice that if y € §

B B! 'x
then [g} = |: ! B}, :| for some x € .. To see that (ii) is true, notice that
2 X

p—1 p—1
for any x € St we have |:B(’)’xi| = I:BlBZ x] — |:B138 xi|, and that by
2

p—1
(i) we know that [3138 x] € Z(BP). Finally to show (iii), notice that if y €
%(Bf) N A (B) N A (B,) then y € . by (ii), and also y € .+, s0 y = 0. [l
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The following is a key lemma in the proof of our Theorem 3.24. Suppose that
A € HB(I) is a left Drazin invertible operator, B € (%) is an operator with
finite descent and suppose in addition that there exists a constant § > 0 such that
d(A — L) = n(B — A), forevery A € K(0,6) \ {0}. Note that if p is any integer
with p > max{asc(A4), dsc(B)}, then Z(A) + N (AP) = AW [R(ABN+])]
is a closed subspace of codimension equal to the dimension of the subspace
A (B) N Z(B?), by Lemma 3.12. Thus we can fix an invertible operator J €
B(N (B)YNZ(BP), (Z(A)+ .4 (AP)1). Indeed, if A (B)NZ(B?) is closed then
this is clear. If it is not, then it must be infinite dimensional and so must be the closed
subspace (Z(A) + ./ (AP))L. But then .4/ (B) N Z(BP) and (Z(A) + A (AP))1)
are both infinite dimensional separable Hilbert spaces and as such are isomorphic to
one another.

Lemma 3.14 Let A € B(H°), B € B(X) be given operators such that

(1) A is left Drazin invertible,
(i1) dsc(B) < 00,
(iii) There exists a constant § > 0 such that d(A — A) = n(B — A), for every
A€ K(0,8)\ {0}.

Let C € B(K , H) be given by

c-[70].[ #BNnZ%B) (Z(A) + N (AP)*
T100| | (A(B)NZ(BP)* H(A) + N (AP)

:| , (3.37)

where p € N is such that p > max{asc(A), dsc(B)} and J € B(N (B) N Z(BP),
(Z(A) + N (AP))Y) is any invertible operator. The following are equivalent:

() dsc(Mc) < p,
(ii) foranyx € S andy € K, there exist x' € F and y' € J& such that

APx = APHIX + APCY, (3.38)
and
y—By e /(C)NN(CB)N..NN(CB""HYn ¥ (BP). (3.39)

(i) # = RB)+ .4 (C)NN(CBYNN(CBXN---NN(CBP~YN N (BP).

Proof (1) < (ii) Since for any k € N

" AR AFIC + AF2CB + ...+ ACB*2 + CBM| [ o7 H
MC = 0 Bk | - x|

it follows that dsc(M¢) < p if and only if for any x € 7 and y € #, there exist
x" € 2 and y' € JZ such that
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APx + AP7'Cy + AP2CBy+ ...+ ACB" 2y + CB"" 'y =
AP 4+ APCy + AP7ICBy + ...+ ACBP~'y + CB?y' (3.40)
and B’y = B’y
The case p = 1isevident, so suppose that p > 1.If we suppose thatdsc(M¢) < p,by
the second equality in (3.32) we get that y — By’ € A4 (B”). Since Z(C) € Z(A)*,
by the first equality in (3.32) we get that y — By’ € .4 (CBP~') and
APx + AP7'Cy + AP 2CBy + ...+ ACB" %y =

p+1./ p / p—1 / p—1.7/ (34D
APT X 4+ APCy 4+ AP7°CBy 4+ ...+ ACBP" 'y,

By (3.41), we have that

AP APT2Cy4. +CBP 2y — (AP X'+ AP~ Cy +..+CBP~ 1Y) € ¥ (A) € N (AP)

which implies that CB?~2y — CBP~'y e N (AP) + #Z(A), ie., y — By €
A (CBP~?). Continuing in the same manner, we get that (3.39) holds. Now, by
(3.32) it follows that (3.31) is also satisfied.

If (i) holds, then evidently (3.32) is satisfied, i.e., dsc(M¢) < p.

(ii) = (iii) Evidently (3.39) implies (iii).

(iii) = (ii) Letx € s and y € JZ be arbitrary. Then there exists yy € % such that

y—Byye S/ (C)NN(CB)N...N N (CB”~YYyn ¥ (BP).
Let ¥ = Z(A) + 4 (AP). By the definition of the operator C, for given x there
exists ygo € A (B) NZ(BP) such that (I — Py )x = Jyg = Cyy. Since A (B)
is closed we have Byy = 0. Define y' = P 4 (5)-¥0 + Yoo- Then By’ = By and
Cy’ = Cygy which implies that

y—By e /(C)NN(CB)N..NN(CB"~"Yn ¥ (BP)
and that

(I—Py)x=Cy. (3.42)

Now, A?x = APCy’ + APPyx. Since Pox € Z(A) + N (AP) it follows that
APPox € Z#(APTY) so there exists x” € 42 such that AP Poox = APH!x’. Now,

APx = APTIx + APCY .

O

Now, we are ready to make clear which conditions on the operators A and B are
necessary for the existence of some C € B( , #) such that the operator M is
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Drazin invertible. Combining Lemma 2.6 from [29], Lemma 3.12 and Theorem 3.24,
we obtain the following result:

Theorem 3.25 Let A € B(I) and B € B(K") be given operators. If there exists
an operator C € B(K , F) such that M¢ is Drazin invertible, then the following
hold:

(1) asc(A) < oo,

(i) dsc(B) < oo,
(iii) There exists a constant § > O such that A — A is left invertible, B — A is right

invertible and

d(A =) =n(B — 1) =dimA (B) N Z(B*>*®),

for every A € K(0, 8) \ {0}.

We will show that the three conditions above together with the assumption that
both subspaces Z(A*A*1) and Z(B¥®)) are closed (thus meaning that A is
left Drazin invertible and B is right Drazin invertible) are actually sufficient for the
existence of a Drazin completion of the operator matrix in question.

In [16], the authors correctly showed that asc(M¢) < oo, for C € B(H ', H)
given by the following:

|70, SBNAB (Z(A) + N (AP))*

where p > max{asc(A), dsc(B)} and J is an invertible operator. However we will
show that the operator C as defined in (3.37) by the authors indeed does the trick.
To properly show that, we first give an equivalent description of when exactly the
operator M is Drazin invertible for this particular choice of C.

Theorem 3.26 Let A € B(H°), B € B(HX') be given operators such that

(1) A is left Drazin invertible,
(i) dsc(B) < oo,
(iii) There exists a constant § > 0 such that d(A — L) = n(B — A), for every
A€ K(0,98)\ {0}

Then Mc is Drazin invertible for C € B( , 7€) given by (3.37) if and only if
H =R(B)+ N (C)NAN(CBYNAN(CB)N---NAN(CB”"yNAN(BP).

Proof In [23] it is proved that asc(M¢) < p. Thus we can conclude that M¢ is
Drazin invertible if and only if dsc(M¢) < p. Now the assertion follows by Lemma
3.14. O

Remark If B € () is right Drazin invertible and is given by (3.36), where
p =dsc(B), and if C € AB( ', ) is given by (3.37), then
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N (ECO)NANCBYNANCBHN---NAN(CBPHYNn N (BP) =

. (3.44)
N (B)N A (BiBy)N---N A (BB )N AN (BY).

Indeed, this is a consequence of the following equalities:
N (C) =[N (BYNRZB, N (CBY) =[N (B)NRB)] &N (BB ),
the latter of which follows from the representation

CBt — 0JB B [ A4 (B)NZ(BP) N (Z(A) + N (AP)*
“10 0 | (A (B)NZ(BP))* F(A) + N (AP)

Since we make use of Lemma 3.13 in the following theorem, in contrast to the
previous auxiliary results here we must assume that B is right Drazin invertible.

Theorem 3.27 Let A € B(H°), B € B(K') be given operators such that

(1) A is left Drazin invertible,
(ii) B is right Drazin invertible,
(iii) There exists a constant § > 0 such that d(A — L) = n(B — A), for every
A€ K(0,98)\ {0}

Then Mc is Drazin invertible for C € B( ¢, ) given by (3.37).

Proof Let B be given by (3.36). Suppose first that p = 1. By Theorem 3.26, to prove
that M is Drazin invertible for C € ZB(¢, 7) given by (3.37) it is sufficient to
prove that 2 = Z(B) + A (C) N A (B). Since dsc(B) = 1, by Lemma 3.11 it
follows that .#" = Z(B) + A4 (B). Put ¥ = A4/ (B)NZ(B). As /' (B) = . &
N (B)NA(By),and . C Z(B), it follows that #~ = Z(B)+ .4 (B1) NN (By).
Since / (C)NA (B) = N (B))NAN(By),wehave & = Z(B)+.4 (C)NA(B).

Now, consider the case when p > 1. By Theorem 3.26, we have to prove that
K =RB)+ N C)NANCBNANCBHN---NAN(CB"HYn ¥ (BP)
which is by (3.44) from the preceding remark equivalent with
H = R(B)+ N (B) NN (B B)N---N.N(BB YN N (BL).
Since & = #(B) + ./ (B?), which is equivalent with
H =R (B)+ N (BB YN N (BD),
it is sufficient to prove that

N (BB YN (B C

. (3.45)
RZ(B) + N (B))N AN (BiBy) N---NA(BBy )N AN (BY).
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Take arbitrary x € .4 (ByBY~")N.# (BY).Now B, BY™> € (/' (B)NZ(B"))*,
N (BYNZ(B?)) so BlBé'_zx € N (B)NZ(B?). Lemma 6.13 says that the operator
Ble_1 € B((N (B)NZ(BP))*, A (B)NZ(BP)) maps the subspace .4/ (B3) onto
A (B) N Z(B"). Hence there exists y € .4 (BY) such that B; B! *x = B, B! 'y.
Now, x — B,y € /(313572) N JV(Blefl) N A (BY) which together with (ii) of
Lemma 6.13 gives thatx € %(B)+</V(BIB§72)O</V(BIB§’71)OJV(BZP). We have
thus shown that .4 (B, BY ™" N . (BY) € #(B) + .4 (B\BY ™) N.A (B,BY ") n
N (By).
Continuing in the same manner we further obtain consecutively

N (B\BY™n ./ (BB YNy (BY) €
Z(B) + N (BB )N A (BiBY )N A (B By~ NN (B)),

..., and finally

N (BiBy) N --- NN (BB N. N (BY) C
Z(B) + N (B) NN (BiB)N---N.N (BB NN (BD).

Taking into account all these inclusions, we immediately get (3.45). (|

Open question: We wonder if at least one of the conditions (if not both) (i) and
(i1) in Theorem 3.27 could be relaxed to the requirement that simply asc(A) < oo
and dsc(B) < oo, respectively?
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Chapter 4
Generalized Inverses and Idempotents

In the recent years, a number of researchers have focused their attention to questions
concerning ordinary invertibility of differences, sums and linear combinations of
idempotents (see [1-7]). Consequently, this topic was considered in some papers,
extending ordinary invertibility to Drazin invertibility, for instance [3, 8—13], and
differences and sums to linear combinations of idempotents [8—10, 13].

In this chapter, we will present related results on Drazin invertibility of the product
and difference of two idempotent operators, Drazin and generalized Drazin invert-
ibility of linear combinations of idempotents, commutators and anticommutators in
Banach algebras as well as on the Moore-Penrose inverse of a linear combination of
commuting generalized and hypergeneralized projectors.

4.1 Drazin Invertibility of the Product and Difference
of Two Idempotent Operators

The aim of this section is to present, using the spectral theory of linear operators, nec-
essary and sufficient conditions for Drazin invertibility of the product and difference
of two idempotents on an infinite dimensional Hilbert space.

Throughout this section, we assume that P, Q are idempotents in Z(5¢). The
matrix forms of P, Q with respect to the decomposition 57 = Z(P) & A (P) are

given by
_ 10 _ 101 O
P_[00i|, Q_|:Q3 Q4]' 4.1)

It is interesting to remark that without loss of generality, we can assume that one of
the operators P and Q is an orthogonal projection: If P and Q are idempotents, by
Lemma 1.1 [14], there exists an invertible operator S € () such that SPS “lig
an orthogonal projection. Hence, we can consider P} = SPS~!and Q; = SQS~!
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instead of P and Q. Obviously, Q; is an idempotent and Drazin invertibility of
PQ,P =+ Q, P+ Q— PQ isequivalent to Drazin invertibility of P;Q;, P, £ Q1,
Py + Q1 — Py Q1, respectively. So, from now on in the proofs we always assume that
P is an idempotent and Q is an orthogonal projection.

We shall begin with some lemmas, the first of which is proved in [15] (see also
[16, 17] for the finite dimensional case and [ 18] for the elements in a Banach algebra).

Lemmad.l IfA € B(Z) and B € B(¥) are Drazin invertible, C € B(Y , X")
and D € B(Z , %), then

AC AO]
M_|:OB:| andN—|:

are also Drazin invertible and

Ad S Bd 0 i
d d 4

o0 o0
where S = > (AY"T2CB"B™ + > ATA"C(BY9)"*? — AYCBY.

n=0 n=0
Lemma 4.2 Let M € B(H & K) have the operator matrix form
A B
M_(OC> (43)

If two of the elements M, A and C are Drazin invertible, then the third element is
also Drazin invertible. In particular, if B = 0, then M is Drazin invertible if and
only if A and C are Drazin invertible.

Proof The first part of the assertion is just a special case of Theorem 3.2 (ii) [18].
As for the second part we just have to note that if B = 0, then o (M) = o (A)
Uo(0). ]

The following lemma is proved in [19] for the finite dimensional case but the
proof is similar for bounded linear operators.

Lemma 4.3 Let M € 8(H ® K) have the operator matrix form

0A
M:(BO). 4.4)

Then M is Drazin invertible if and only if AB (or BA) is Drazin invertible. In this

case,
My — 0 (AB)YAY _ 0 A(BA)
“\BABY 0 “\(BAYB 0 :

In the following theorem, we can find some equivalents of Drazin invertibility
of P Q based on the facts that (P Q) U {0} = o (Q P) U {0} and that P is Drazin
invertible if and only if P* is Drazin invertible.
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Theorem 4.1 Let P be an idempotent and Q be an orthogonal projection in BB(F€).
The following statements are equivalent:

(1) P Q is Drazin invertible,

(2) QP is Drazin invertible,

(3) P QP is Drazin invertible,
(4) QP Q is Drazin invertible,
(5) P*Q is Drazin invertible,
(6) Q P* is Drazin invertible,
(7) P*Q P* is Drazin invertible,
(8) Q P*Q is Drazin invertible.

If in Theorem 4.1 we replace P and Q by I — P and I — Q, respectively, we get the
following:

Corollary 4.1 Let P be anidempotent and Q be an orthogonal projectionin B(C).
The following statements are equivalent:

(1) (I — P)(I — Q) is Drazin invertible,

(2) (I — Q) — P) is Drazin invertible,

3) (I — P)(I — Q)(I — P) is Drazin invertible,
@ (I — Q) — P)(I — Q) is Drazin invertible,
5) (I — P)*(I — Q) is Drazin invertible,

(6) (I — Q)(I — P)* is Drazin invertible,

(7Y (I — P)*(I — Q)({ — P)* is Drazin invertible,
&)U —0)U — P)<(I — Q) is Drazin invertible.

Lemma 4.4 Let A, B € B(I). Then I — AB is Drazin invertible if and only if
I — BA is Drazin invertible.

Proof Since, 0 (AB) U {0} = o (BA) U {0} the assertion follows. O

Let us remark that for ordinary invertibility the result analogous to that given by the
next theorem is proved in Theorem 3.2 [6].

Theorem 4.2 Let P, Q be idempotents in (). Then P — Q is Drazin invertible
ifand only if I — PQ and P + Q — P Q are Drazin invertible.

Proof The matrix forms of P, Q with respect to the decomposition 57 = Z(P) &
A (P) are given by (4.1). If I — PQ and P + Q — P Q are Drazin invertible, by
Lemma 4.2 we conclude that /gy — Q) is Drazin invertible in Z(P) and Qy is
Drazin invertible in .4#"(P). Since,

1-—0, 0

(P—Q)ZZ[ 0 QJ cZ(P)® N (P)—> Z(P)® N (P)
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and
(P =) ={}*:hea(P—Q) (4.5)

we have that P — Q is Drazin invertible.
If P — Q is Drazin invertible, by (4.5) we have that (P — Q)? is Drazin invertible.
Now, we can check that

(-popy=(P-0)Pt1-»p

also,by Lemma4.4, I — P Q is Drazin invertible. Similarly, from the Drazin invertibil-
ityof [ —P)—(I—Q) = —(P—Q),itfollowsthat [ —(/—P)(I—Q) = P+Q—PQ
is Drazin invertible. O

Also, we have the following result:

Corollary 4.2 Let P, Q be idempotents in B(F). The following statements are
equivalent:

(1) I — P Q is Drazin invertible,
(2) P — PQ is Drazin invertible,
(3) I — PQP is Drazin invertible,
(4) P — PQP is Drazin invertible,
(5) I — QP is Drazin invertible,
(6) Q — QP is Drazin invertible,
(7) I — QP Q is Drazin invertible,
(8) QO — QP Q is Drazin invertible.

Proof Using the matrix forms of P, Q given by (4.1), itis easy to see that (1) —(4) are
all equivalent to the fact that I py — Q; is Drazin invertible in Z(P). Analogously,
(5) — (8) are equivalent. Evidently, (1) is equivalent to (5). U

As before, if in Corollary 3.4 we replace P and Q by I — P and I — Q, respectively,
we have the following:

Corollary 4.3 Let P, Q be idempotents in B(F). The following statements are
equivalent:

(1) P + Q — PQ is Drazin invertible,

(2) Q — PQ is Drazin invertible,
B)P+U—-P)Q— (I — P)QP is Drazin invertible,
@) (I — P)Q(I — P) is Drazin invertible,

(5) P 4+ Q — QP is Drazin invertible,

(6) P — QP is Drazin invertible,

7O+ U - Q)P — (U — Q)PQ is Drazin invertible,
&) (I — Q)P(I — Q) is Drazin invertible.
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Corollary 4.4 (1) ([4]) Let P and Q be orthogonal projections in B(). Then the
conditions in Theorem 4.2, Corollary 4.2 and Corollary 4.3 are all equivalent to the
fact that P + Q is Drazin invertible.

(2) Let P, Q € B(H) be idempotents. Then P — Q is Drazin invertible if and only
if one of the conditions from Corollary 4.2 and one of the conditions from Corollary
4.3 hold.

4.2 Drazin and Generalized Drazin Invertibility
of Combinations of Idempotents, Commutators
and Anticommutators in Banach Algebra

The basic motivation for the results presented in this section was the result of Koliha
and Rakocevi¢ concerning invertibility of the difference and the sum of idempotents
in the setting of rings:

p—qeR™” < 1—pgeR™ and p+q e ™.

In this section, we will show that in the case of Drazin and generalized Drazin
invertibility in a Banach algebra <7 we have the equivalence between the following
three conditions

p—qed® p+qge® and 1 - pg e P.

More generally we will look at linear combinations «p + 8¢ and consider generalized
Drazin and Drazin invertibility of them.
For the sake of brevity we will sometimes use the terms ‘d-invertible’ and ‘D-
invertible’ for ‘Drazin invertible’ and ‘generalized Drazin invertible’, respectively.
First, we gather various known results we will rely on.

Lemma 4.5 [20] Leta € o/. Then a € </° if and only if O is not an accumulation
point of o(a), and a € /% if and only if O is not an essential singularity of the
resolvent (A — a)~! of a.

Lemma 4.6 Ifb,c € o/, then o (bc) \ {0} = o (cb) \ {0}. Further,

bce%qnilecbedqn", bcE%DecbedD,
bee ™ < cb e ™, be e 7% < cb e 9.
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Proof The spectral relation is well known; the rest follows from it on application of
the preceding lemma and the equation

AL —ch) ' =14c(h—be)'b, 1 #£0.

O

Combining the results of [21] on isolated spectral points and Exercise VII.5.21 in
[22] on poles of the resolvent (interpreted for elements of a Banach algebra in place
of operators), we obtain the following result.

Lemma 4.7 Leta € <7, let f be a function holomorphic in an open neighborhood
of o (a), and let f’l(O) No(a) = {11, ..., Ay} (afinite set). Then

f(a)G%D@ki—aedeoralliz1,...,m,
f@)e e r —ae A foralli=1,...,m.

If p € /%M, then each element a of .7 has a matrix representation

a= |20 here aj; = piap;. pr=p. pr=1—p. i, j=12.
ax ax |, ' '

Lemma 4.8 Leta € o/, p € /%™ § € {D, d}, and let

_[bd}
a = 0c .
p

If two of the elements a, b, c are in /%, then so is the third. In each case,

b u

5 __

=[5a]
P

with a uniquely determined u € p</ (1 — p).

Proof The case § = D follows from Theorem 2.3 of [18]. Let b and ¢ be Drazin
invertible. By the preceding part of the proof, a € 7P. Let k € N. Then

(b — bbbk uy T

D\\2k __
(a(l —aa~))™ = [ 0 (c(1 — cc¥y)F »

with a uniquely determined u; € p</(1 — p). If k > max{ind(b), ind(c)}, then
(b1 — bbM)* = 0 = (c(1 — cc®))¥, and (a(1 — aaP))* = 0 and aP = a9 with
ind(a) < 2max{ind(b), ind(c)}.

Next assume that a and ¢ are Drazin invertible. Again b € /P by the first part
of the proof. The matrix representation then ensures that (a(l — aa®))* =0 =
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(c(1 — cc¥)¥ implies (b(1 — bbP))* = 0, that is, b° = b9. We note that in this case
ind(b) < max{ind(a), ind(c)}. The case a, b € o/9is symmetric.

Remark 4.1 There is also a lower triangular version of the preceding lemma.

In the next lemma we extend Lemma 2.1 in [10] to the generalized Drazin inverse.
In our proof we succeed in avoiding the use of Cline’s formula (ba)D =b( (ab)D)za
originally employed in [10], which would require a proof for the generalized Drazin
inverse.

Lemmad4.9 Leta € o/, p € &/'%®" and let
y— [O b]
“lcO] "
P
If8 € {D,d}, then a € </° if and only if bc € </°, and in this case

S
a’ = [c(z?c)“ (bco) b} : (4.6)
14

Proof Let § = D. Let bc be D-invertible and let x be defined by the matrix on the
right-hand side of (4.6). A direct calculation shows that ax = xa and ax? = x.
Write w = a — a’x. Then

| Ou 2 |uv O
Y=lvol YEL 0 v |
P P

where u = b — be(be)Ph, v = ¢ — che(be)® and uv = be — (be)?(be)P. Since uv
is quasi-nilpotent by the definition of (be)®, vu is quasi-nilpotent by Lemma 4.6.
Hence w?, and also w, is quasi-nilpotent, and x is the D-inverse of a.

Conversely assume that @ is D-invertible. Then so is

2 [bc 0 :|
“=loeb]| -
p
and o (a®) \ {0} = o(bc) \ {0} = o(ch) \ {0}. This implies that bc and cb are

D-invertible.
. . . 0 (be)%
Let § = d. Suppose that bc is Drazin invertible and put x = d .
c(bc) 0 »

By computation, we get

et 0
CEHEL 0 coy ],
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0 C)k-H 0
0 (ch) k+1

= a%**1 Hence, a is Drazin invertible and a® = x. Moreover, ind(a) <
2ind(bc) + 1.

and xax = x. Since a**? = |: i| , for k = ind(bc) it follows that
p

a2k+2x

0 cb
conclude that bc and ¢b are Drazin invertible. O

. .. . . .. . . be 0O
If a is Drazin invertible, then a? is Drazin invertible. Since a2 = |: i| , We
p

Lemma 4.10 Let p, g € /' and leta, B € C\ {0}. If > € C\ {0, , B}, then
reo(p+Bg) = (I —a 'V =571 ea(pg). 4.7)
Proof Let ) € C\ {0, a, B}. Observe that
(1= "A=p)h—(ap+Bq)(1=p A=) = (1=~ W) (1="'2)=pg). (4.8)

This implies (4.7). O

Theorem 4.3 Let p,q € /"% and o, B € C\ {0}. If § € {D, d}, then
l-—pged® = ap+Bq e’ (4.9)

Proof Suppose that 1 — pg is D-invertible, and for a proof by contradiction
assume that 0 is an accumulation point of o(ap + Bg). There is a sequence
(X)) in o (ap + Bgq) \ {0} convergent to zero. According to the preceding lemma,
wy = (1 —a™'A,)(1 — B~'A,) is a sequence in o (pq) \ {1} convergent to 1; hence
(1 — ) isasequencein o (1 — pg) \ {0} convergent to O contrary to the assumption
about 1 — pq. This proves ap + Bq € </P.

Assume that | — pg € /% and write

u=1—-0—a'NA =" =@p) "Aa+s-1.

Taking into account (4.8) and the inclusion o (¢) C {0, 1} valid for any idempotent ¢,
we conclude that there is p > 0 such that

O—(ap+B) ' =0 =B "A—r ' A =pg—w) ' —a'A—p) 4.10)

for all A satisfying 0 < |A| < p. The resolvent (i — (1 — pg))~' has a pole at
u = 0. Expanding (1 — pg — 1)~! in a Laurent series at u = 0 and substituting
w = (eB)""A(a+ B — 1), we obtain the right hand side of (4.10) as a Laurent series
in A with only a finite number of nonzero terms in negative powers of A. Thus O is a
pole of the resolvent of ap + B¢, and ap + Bq is Drazin invertible. O

We now come to the main result which contrasts the case of the ordinary inverse.
In view of the following theorem, the generalized Drazin and Drazin invertibility
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of the linear combination ap + B¢ of idempotents are independent of the choice of
scalars , 8 € C\ {0}, and the case « + 8 = 0 is allowed.

Theorem 4.4 Let p,q € /"% o, 8 € C\ {0}, and § € {D, d}. Then
ap+pBge = 1—pged’
In particular,

p—qed® = p+qged® —1-pgeP,
p—qged— p+qge = 1-pge

Proof In view of the preceding theorem we only need to prove that p — g € .o7°
implies 1 — pg € «/°. For this we could turn to the proof of Lemma 3.1 in [5].
Instead, we offer an alternative proof based on a matrix representation which will
then be useful in the proof of the next theorem. Relative to the idempotent p,

_|pO _ a1 a2 o 2_|pP—a1 O |~
p—[oo],q—[%%],(p q)—[ 0 q4],1 pq—[ 0 1_p]~ (4.11)

Clearly p—q € </ ifand only if (p —gq)? € <7°. The implication p—q € &/° =
1 — pg € /° then follows from Lemma 4.8. O

Theorem 4.5 Let p, g € o/'%™ and let

Zi={p—-q, p+q. 1 —pq. p—pq, p—qp, 1 — pap. p— pqp}.
% =1{q—4qp. 9 —rq, 1 —qpq. 9 —qpq},

L ={p+q—prqg, p+q9—pqg—qp+par. 4 — pq —qp + pgp}

A ={p+q—-1,1+p—q. 1 —p+pq, pq, qp, 1 — p+ pap. pqp}.

Let § € {D, d}. If one of the elements of the set X1 U %> U L5 (resp. H) is in /°,
then they all are.

Proof Theorem 4.4 accounts for the first three elements of .%. For the rest of £}
use the matrix representations as in (4.11),

a1 —q o _|Pp=¢10
P Pq—|: 0 Oi|v P qp—|: 0:|

—q1 0 —q1 0
1—pqp=[p Oqll_p], p—pqp=[p 06“0],

and Lemma 4.8. %, is obtained from .Z] by interchanging p and ¢, and %5 by
replacing p by 1 — p and simultaneously g by 1—¢ in £} (note that (1—p)—(1—¢q) =
q — p). X is obtained from .Z| by replacing ¢ by 1 — q. O
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Further equivalences are obtained when we interchange p and g in JZ".

In the following result, for given idempotents p and ¢ in <, we consider the
generalized Drazin and Drazin invertibility of their commutator pg — ¢p and anti-
commutator pg + gp.

Theorem 4.6 Let p, g € /'™ and § € (D, d}. Then
pg—qp e A — pg+qpe A’ — (p—q e and pq € F°).
Proof (a) First we prove that
pg—qp e A — (p—q e ° and pg € F°).

Represent p and ¢ by matrices as in (4.11). Then

pq—qp=[ ) qz}
—q3 0 |’

By Lemma 4.9, pqg — gp € </° if and only if ¢2q3 € 27°. We have ¢2q3 = pq(1 —
p)ap = pgp(1—pgp) = f(pgp) with f (1) = A(1—1). Thus pg —qp € &° <
f(pgp) € &7°. Since f~'1(0) = {0, 1}, Lemma 4.7 implies that f(pgp) € «/° if
and only if pgp € /® and 1 — pgp € </°. The conclusion follows by Theorem 4.5
as pqp € A° <= pge P and 1 — pqp € &° < p —q € F°.

(b) Next we show that

pg+aped’ < (p+qeandl —p—qed’).

A straightforward check shows that pg + gp = f(p + g), where f(X) = A(A — 1).
Since f~'(0) = {0, 1}, Lemma4.7 saysthat f(p+q) € &% ifandonlyif p4+q € &7/°
and1 — p —q € &/°.

By Theorem 4.5, p—q € &/° & p+q € o/, andpg € &/° & 1—p—q €
a7%. This completes the proof of the theorem. (]

4.3 Some Results for Idempotent Operators on Banach
Spaces

Let 2 be a Banach space and #(Z") the Banach algebra of all bounded linear
operators on 2". We recall that an operator A € Z(%") is generalized Drazin
invertible if and only if A = A; @ A,, where A;, A, are bounded linear operators
acting on closed subspaces of 2", with A; invertible and A, quasi-nilpotent. If A,
is nilpotent, A is Drazin invertible.

Let P, Q € A(X) be idempotent. Relative to the space decomposition 2~ =
R (P) D N (P), where Z(P) and .4 (P) are the range and nullspace of P, we have
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L0 01 0>
P = , = .
[o 0] ¢ [Q3 04
Theorem 4.7 If P, Q € B(Z") are idempotent and § € {D, d}, then the following
conditions are equivalent:

(i) I — PQ is$-invertible.

(i) «P + BQ is §-invertible for any a, B € C\ {0}.
(iii) I} — Qg is 8-invertible in B(Z (P)).
(iv) Qg is 8-invertible in B(N (P)).

Proof The equivalence of (i) and (ii) follows from Theorem 4.4. For the proof of
(iii) and (iv), consider

ras[r 8] reomre-[82)

By Theorem 4.5, I — P Q is §-invertible if and only if P + Q — P Q is §-invertible.
Lemma 4.8 modified for operator matrices then shows that the §-invertibility of
I — P Q is equivalent to the §-invertibility of either I, — Q| or Q4 in the appropriate
spaces. The Drazin inverse case follows similarly. (]

Remark 4.2 1f Q € B(Z) is an idempotent with the operator matrix

| Q1 02
Q_|:Q3 QJ

relative to the space decomposition 2~ = 2 @ 22, then the generalized Drazin or
Drazin invertibility of I} — Q| and Qg4 are closely linked, in fact, one is generalized
Drazin or Drazin invertible if and only if the other is. This follows from the preceding
theorem when we define P as the projection in (%) with Z(P) = Z) and
N (P) = %5.

Remark 4.3 (i) For projections P, Q in a Hilbert space, Bottcher and Spitkovsky
[8] gave criteria for the Drazin invertibility of operators in the von Neumann algebra
generated by two orthogonal projections along with explicit representations for the
corresponding inverses.

(i1) Theorem 3.2 of [11] proves the equivalence of the Drazin invertibility of the
difference P — Q of two Hilbert space idempotent operators with the simultaneous
Drazin invertibility of P 4+ Q and I — P Q. This is now strengthened to provide the
equivalence of all three conditions.

For the commutator and anticommutator of P, Q we have the following result.

Theorem 4.8 Let P, Q € B(Z) be idempotent and let 5§ € {D, d}. Then the
following are equivalent:

(i) PQ — QP is §-invertible.
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(i) PQ + QP is é-invertible.
(iii) Both P — Q and P Q are §-invertible.

4.4 Moore-Penrose Inverse of a Linear Combination
of Commuting Generalized and Hypergeneralized
Projectors

The concepts of generalized and hypergeneralized projectors were introduced by
GroB3 and Trenkler [23] who presented interesting properties of these classes of
projectors. Some related results concerning this subject can be found in the papers
of Baksalary et al. [24], Baksalary [25], Baksalary et al. [26], Benitez [27] and
Stewart [28].

In this section we give a form for the Moore-Penrose inverse, i.e., the group inverse
of alinear combination ¢ A+c; B of two commuting generalized or hypergeneralized
projectors. Also, we study invertibility of ¢; A+ ¢, B and ¢; A + ¢, B+ ¢3C, where A,
B and C are commuting generalized or hypergeneralized projectors under various
conditions.

We use the notations C?', CO”, CEP, CZ* and CHC7 for the subsets of C"*" con-
sisting of projectors (idempotent matrices), orthogonal projectors (Hermitian idem-
potent matrices), EP (range-Hermitian) matrices, generalized and hypergeneralized
projectors, respectively, i.e.,

CP={AeC™: A=A},

COP ={AeC™: A’ = A= A%,

CEP = {AeC™ : Z(A) = Z(A)) = (A e C™" : AA" = AT A),
(CrCliP — {A e Cnxn . A2 — A*},

CHOP — (A eC™™: A7 = AT}

Baksalary et al. ([24]), proved that any generalized projector A € C!*" can be
represented by

_[ko7,.
A_U[OO]U, (4.12)

where U € C"™" is unitary and K € C"*" is such that K* = I, and K* = K~!. Any
hypergeneralized projector A € C!*" has the form

_[zk0],.
A—U|: 0 0 U, (4.13)
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where U € C™*" is unitary, >, = diag(oyl,,,...,0:1,,) is a diagonal matrix of
singular values of A,0y >0y > --- >0; >0, r|+r,+---+r,=rand K € C"*"
satisfies 3. K)? = I, and KK* = I,.

There are also some other very useful representations for generalized and hyper-
generalized projectors: Using the fact that any generalized projector A € C!*" is a
normal matrix, by the spectral theorem we have that A = Udiag(Aq, A2, ..., A,) U,
where U is a unitary matrix and &, j = 1, n are the eigenvalues of A. By Theorem
2.1 [27] we have that A; € {0, 1, w, w}, j = 1, n, where w = exp2mi/3. Hence,

A eCS” & A =Udiag(hs, Ao, ..., AU, (4.14)

where U* =U'and A; € (0, 1,0, @}, j = 1,n, w = exp2mi/3.
Similarly, for A € CH#” using the fact that A is EP-matrix, by Theorem 4.3.1
[29] we can conclude that

AeClP & A=UK @0)U", (4.15)

where U € C"*" is a unitary matrix and K € C"*" is invertible such that K S
where r =r(A).

From the above representations it is obvious that any generalized projector is a
hypergeneralized projector.

The following fact will be used very often:

IfX,Y € C"" and ¢y, ¢, € C, then

X}=vi=1, Xy=vXx=>
X +aV)AEX? = 1o XY + 3V = (¢} + ), (4.16)
In this section, we first present a form for the Moore-Penrose inverse, i.e., the group

inverse of c; A4c, B, where A, B are two commuting generalized or hypergeneralized
projectors and ¢y, ¢; € C \ {0} are such that ¢} + ¢3 # 0.

Theorem 4.9 Let A € C"™" and B € C"" be commuting hypergeneralized pro-
jectors, and let ¢y, c; € C\ {0} be such that cf + c% # 0. Then

1
(1A +c2B) =——— (cfAzB3 — ¢1c2AB + c§A3B2) + —AX1, — BY
cl+c 1

1 2 3
+ —BX(I, — A%). 4.17)
)

Furthermore, c1 A 4 ¢, B is invertible if and only if n = 1(A) +1(B) — r(AB) and
in this case (c1 A + caB) ! is given by (4.17).
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Proof Since A and B are two commuting EP-matrices, by Corollary 3.9 from [30],
we have that

A=UAI®A80,00U", B=UB ®0;® B, d0U",
where Ay, By € C™", A, € C**%, B, € C™! are invertible and A B; = B1A;. If in

addition A and B are hypergeneralized projectors, then A% = 313 =1, A% = I, and
B; = I,. Since

clA+ B = U((CIAI +cB) @Ay DBy 690)U*, (4.18)

we can use (4.16) to get the expression for (c; A + ¢, B)". Thus, by (4.16) we get that
c1A| + ¢ B is invertible and that

(ClA] +C231)71 = (C%A% — 01C2AlB| +C§Blz)

3 3
)+

Now, using that
L—A=UO0@0D &1, (115U, A’B>=UI, 00000 0)U*

and
In — B3 = U(O @ Ix @ O @ Iil—(r+t+.§'))U*’

we have
. 1 1
(c1A+ B =U(c1A + 2B~ ' @ C—A§ ® C—Bg ®0)U*
1 2

1 (22 252\ 43 p3
= (a —ccAB—i—cB)A*B‘
c?—i—cg ! 172 2

1 1
+ —A*(I, — B*) + —B*(I, — A%).
C1 2

Since A* = A and B* = B, we get that (4.17) holds. Also, it is evident that
r(A) =r+s,r(B) =r +tand r(AB) = r. So, the last summand in the direct
sum in (4.18) does not appear if and only if n = r(A) + r(B) — r(AB) which is a
necessary and sufficient condition for the invertibility of ¢c; A + ¢, B. ]

As a corollary we get that in the case when A is a hypergeneralized projector
and c¢1, 2 € C, ¢ # 0, ¢} + ¢ # 0, the linear combination c; 1, + c2A is always
invertible.

Theorem 4.10 Let A € C*™" be a hypergeneralized projector, ¢y, c; € C, ¢y # 0,
cf + c% # 0. Then c1 I, 4+ ¢, A is invertible and
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-1 _ 1 243 242 1 3
(cily + 2A)™ = 5 S| A” — A+ A% )+ — (L, — AY).
cl+c C1

We say that a family ¢ C C,, of matrices is commuting if each pair of elements of
the set ¢4 commutes under multiplication. If we consider a finite commuting family
{A;}", where all of the members are hypergeneralized projectors, then []', Af",

where ki, ...,k, € N, is also a hypergeneralized projector. Hence, we have the
following result:

Proposition 4.1 Let A; € C*", i = 1, m be pairwise commuting generalized or
hypergeneralized projectors, c1,cy € C, ¢ # 0, c? + cg #0andky,...,k, € N.
Then ci1, + > [, Af-(’ is invertible.

With the additional requirements of Theorem 4.9 it is possible to give a more
precise form of the Moore-Penrose inverse, i.e., the group inverse.

Corollary 4.5 Let cy,c; € C\ {0}. If A, B are commuting hypergeneralized pro-
Jjectors such that AB = 0, then

A R
(ciA+cB)' = —A“+ —B~. (4.19)
C1 C

In the next result, we present a form of Moore-Penrose inverse, i.e., the group
inverse of ¢; A™ + ¢, A, where m, k € N and A is a hypergeneralized projector. It is
a corollary of Theorem 4.9.

Corollary 4.6 Let A € C!*" be a hypergeneralized projector and let ¢, c; € C,
c? +C% #O0andm, k € N. Then

1
(A" + AT = ———(c]A™ — c1e A" + A7),
T4
AS’ =3 0’
where A' = 1 A, t =3 1 . Furthermore, ¢ A™ + ¢, A¥ is invertible if and only if
Az, t=32
A is invertible and in this case the inverse of c| A™ + ¢, A¥ is given by
(c1 A" 4+ c, AN~ = ! (cTA? — c1cr AT + 2 A”)
cf + cg ! '

where 2m =3 p, m + k =3 q and 2k =5 r.

Proof This follows from Theorem 4.9 and the fact that r(A”) = r(A), for any
peN O

As a corollary we get a result from [24]:
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Corollary 4.7 ([24]) Let A € C*" be a generalized projector and let ¢, c» € C,
¢} +¢3 # 0. Then

1

3

1A+ A% =
(1 2 ) C1+Cg

(TA? — 1A’ + 3 A).

Let us recall that for matrices A, B € C"", the matrix A is less than or equal to

the matrix B with respect to the star partial ordering, which is denoted by A ; B
(see [31)), if
A*A = A*B and AA* = BA*.

If A € CEP then for any B € C"™",

A<B & AB = A= BA.

In the next theorem, we present a form of Moore-Penrose inverse, i.e., the group
inverse of ¢; A™ 4 ¢, B¥ under the condition that A, B are generalized projectors and
AB = BA = A%, Remark that the same result holds if we suppose that A, B are
generalized projectors such that B — A € C¢” orif A € CEF, B € CHCP are such
that A < B.

Theorem 4.11 Letci,c; € C,ca #0,¢3 +¢3 #0andm, k e N. If A € C™" and
B e C™" are hypergeneralized projectors such that AB = BA = A?, then

(1 A™ + Csz)T =

1
—— (FAP" — creaA™TF + A%) + 732"(1,1 — A% (4.20)
Cy 2

1 T4
Al =0 B3 s=0
where A' =1 A,t=31 and B* = B,s=31.
AZ,IE32 BZ,SE32

Proof By Corollary 3.9 from [30] and the fact that AB = BA = A2, we have that
A=UA1 80, 900U*, B=U(B & B, ®0)U",
where Aj, B; € C"™", B, € C" are invertible and A;B; = B;A; = A?. Evidently

Aj = B;. If in addition A and B are hypergeneralized projectors, then A? = I, and
323 = I,. Hence,

clA™ + ¢, B* = U((clA’I" + oA @ aBle O)U*.
By (4.16), we get that ¢; AT + czA’f is invertible and that

1
(C]A’iﬂ + CQAIE)_I = M—&(C%A%m — C]CzArln+k + C%A%k)
1 2
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Now, using the equalities

A=UL®0o0U", B -~A*=U0a0U"
we have that (4.20) holds. O

Remark: If A € CEP| B € CHOP and A % B, we can conclude that B — A is a

hypergeneralized projector (if A and B are hypergeneralized projectors, then A ; B
or AB = A? = BA are sufficient for B — A to be a hypergeneralized projector (see
[23]).

Theorem 4.12 Let A € C*" and B € C"" be commuting hypergeneralized pro-
jectors. Let ¢y, ¢, € C\ {0}, c{’ + cg #0andm, k,l € N. Then

T

1

|:Am (C]Ak + CZB])i| — 5 = - (C%Az('n+k) _ CICZA(m+k)Bl + C%ASBZI)
GTa

+ iAZ(m-&-k)(In _ B3),
C1

A3t =30 B3 5s=30
where A' = 1 A, t=31 and BS=1{ B,s=31.
AZ,IE32 BZ,SE32

Proof The proof is similar to that of Theorem 4.11 and for that reason is left to the
reader. O

The following theorem presents necessary and sufficient conditions for the invert-
ibility of ¢; A 4+ c2 B 4+ ¢3C in the case when A, B, C are pairwise commuting hyper-
generalized projectors such that BC = 0 and ¢y, ¢z, ¢3 € C\ {0}, ¢§ +¢3 # 0,

3, .3
i +c3 #0.

Theorem 4.13 Let ¢y, 3, c3 € C\ {0}, c%—i—cg #0, cf +c§’ #0.IfA,B,C € C""
are pairwise commuting hypergeneralized projectors such that BC = 0, then the
following conditions are equivalent:

(1) c1A + c2 B + ¢3C is invertible,

(i) B3+ C? + A, — B> — C3) is invertible,

(iii) r(A(I, — B> — C®)) = n — (1(B) +r(C)).

Proof By [30, Corollary 3.9], we have that
B=UB &0, ®0U*, C=UQO,, ®C,®0)U", 4.21)

where B; € C"™", C; € C*** are invertible and U is unitary. Since B> = B' and
C? = C7, we get that B} = I, and C; = I,. Also, since A commutes with B and
C,itfollowsthat A = U(A; ® A, ® A3)U* where Ay, A,, Az are hypergeneralized
projectors and A1 By = BjAy, A2C) = C1A;.
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Now,
1A+ 2B +¢3C = U((clAl + 2B @ (c1As + 3Cp) @ c1A3)U*, (4.22)

so cjA + ¢cpB + ¢3C is invertible if and only if ¢;A; 4 ¢ By, 1Az + ¢3Cy and Aj
are invertible. By Proposition 4.1 we get that clAlBl2 + ¢, 1 is invertible. Now, by
ciAi+cBy = (c1 Ay 312 +c, 1) By it follows that ¢; A| + ¢, By is invertible. Similarly,
we get that ¢; A, + ¢3C, is invertible. Thus, ¢; A 4+ ¢, B + ¢3C is invertible if and only
if Az is invertible i.e., B3 4+ C3 + A(I, — B — C?) is invertible. Hence, (i) < (ii).
Also, we have that Aj is invertible if and only if r(A3) = n — (r + s) which is
equivalent with the fact thatr(A(I, — B> = C?) = n— (r +s) = n— (r(B) +1(C)).
So, (1) < (iii). O

Remark that from the proofs of Theorems 4.13 and 4.9, if one of the conditions
(i) — (iii) holds, we get the following formula for the inverse of ¢c;A 4+ ¢, B + ¢3C:

(c1A+c2B + C3C)71 =

|
(C%A233 — 12 AB + C%A3B2) + —B2(I, — AY)
c2

c? —|—c§
| 1
+ ﬁ(c%Azc3 — c1c3AC + c§A3c2) T+ =21, — A3
] +c3 c3
1 1
+— (B + Al - B =) - B -0,
c1

(4.23)

which will be useful later.
In the remainder of the section we will be concerned with the notion of star-
orthogonality which was introduced by Hestenes [32]. Let us recall that matrices

A, B € C" are star-orthogonal, which is denoted by A L B, if AB* = 0 and
A*B = 0. It is well-known that for A, B € CEP|

A1l B& AB=0& BA=0.

If A,B are hypergeneralized projectors, then A I B or AB = BA = 0 are sufficient
for A + B to be a hypergeneralized projector (see [23]).

Remark that the conclusion of Theorem 4.13 remains valid if we suppose that
A, B, C are pairwise commuting generalized projectors such that B + C € C¢” or

if A, B, C are pairwise commuting hypergeneralized projectors such that B J*_ C
with the same conditions for the scalars ¢y, ¢;, c3.
In the following theorem, under the assumption that ¢y, ¢z, ¢c3 € C, ¢ # 0,
c? + cg # 0, c? + cg # 0, we show that ¢, I,, 4+ ¢y A + c¢3 B is invertible, in the case
when A, B are commuting hypergeneralized projectors such that AB = 0. Remark
that the theorem remains true if we suppose that A, B are generalized projectors such
*

that A + B € CZ” or when A, B are hypergeneralized projectors such that A L B.
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Theorem 4.14 Letcy,cp,c3 € C ¢y #0, c% +c§ # 0, c? +c§ #0.IfA, B e C""
are commuting hypergeneralized projectors suchthat AB = 0, thencI,,+c,A+c3B
is invertible and

-1 1 243 242

(C1ly+ A+ c3B) ™ = ——— (clA — 1A + A )
cl+c
1

2 p3 2p2 3 3
—CB—CCB+CB)+—In—A — B).

c +c§( ! 1 3 cl( )

Proof The proof follows by Theorem 4.13 and (4.23). (]

Corollary 4.8 Letcy, ¢z, c3 € C\ {0}, c? +c§ #0, c? +cg #0.IfA, B,C € C""
are pairwise commuting hypergeneralized projectors such that BC = 0, then the
invertibility of ci A + ¢y B + ¢3C is independent of the choice of the scalars cy, c3, c3.

Corollary 4.9 Letcy,cy,c3 € C\{0}, ci+c3 #0,ci+cj #0.IfA, B,C € C"*"
are pairwise commuting generalized projectors such that B+C € CS* or A, B, C €

%
C"*" are pairwise commuting hypergeneralized projectors suchthat B 1 C, then the
invertibility of ci A + ¢3 B + ¢3C is independent of the choice of the scalars cy, c3, c3.
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Chapter 5
Drazin Inverse of a 2 x 2 Block Matrix

The problem of finding representations of the Drazin inverse of a 2 x 2 block matrix
is of great significance primarily due to its applications in solving systems of linear
differential equations, linear difference equations [1-4] and perturbation theory of
the Drazin inverse [5-7].

We begin by a brief exposition of an application of the Drazin inverse of a 2 x 2
block matrix: suppose that £, F € C"*" and that E is singular. Assume that there
exists a scalar p such that wE + F is invertible. Then the general solution of the
singular system of differential equations

ExX'(t)+ Fx(t) =0, t>1, (5.1)

is given by R
x(t) = e B ED R, (5.2)

where E = (WE + F)7'E, F = (WE 4+ F)"'F and g € C" (for more details see
[8D.

Now consider the following second-order system where G € C"*" is invertible,
Ex"(t) + Fx'(t) + Gx(1) = 0. (5.3)

Evidently there is a nonzero A such that A>E + AF + G is invertible. With x (¢) =
e*y(t), we have that (5.3) is equivalent to

(W2E+AF 4+ G)'Ey" (1) + W2E + AF + G)""(F + 2AE)y'(t) + y(t) = 0.

© Springer Nature Singapore Pte Ltd. 2017 109
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Upon letting w(t) = y'(¢) the above system becomes equivalent to the following

first-order system,
0—17[w] 107w 0
=7 5]+ v]l3)= 1) 5

E=0E+AF+G)'E, F=Q’E4+AF+G) "(F+2\E). (5.5)

where

As obviously ¢ |: % _FNI j| + |:(I) (I)i| is invertible for sufficiently small u, the previous
remarks about the system (5.1) apply. In order to express the solutions of (5.4)
explicitly in terms of E and F, we need to find an explicit representation for the
Drazin inverse of a 2 x 2 block matrix,

—1
=_| 1 —ul 0 —ul
E_[ME MF—}-I] [ME /LF}‘ (56)

Yet another differential equation example with the Drazin inverse of a 2 x 2 block
matrix is given in [9].

5.1 General Representations for the Drazin Inverse of a
2 x 2 Block Matrix

In 1979 Campbell and Meyer [2] posed the problem of finding an explicit represen-
tation for the Drazin inverse of a 2 x 2 complex block-matrix

A B
M:[CD], (5.7)

in terms of its blocks, where A and D are square matrices, not necessarily of the same
size. To this day no formula has still been found for MP without any side conditions
for the blocks of the matrix M. However, many papers studied special cases of this
open problem and offered a formula for MP under some specific conditions for the
blocks of M. Here we list some of them:

i) B=0(orC =0)(see[l0, 11]);
(ii)) BC =0,BD =0and DC = 0 (see [3]);
(i) BC =0,DC =0 (or BD = 0) and D is nilpotent (see [12]);
(iv) BC =0and DC =0 (see [13]);
(v) CB=0and AB=0(or CA =0)(see[13, 14]);
(vij BCA=0,BCB=0,DCA=0and DCB = 0 (see [15]);
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(vi) ABC =0,CBC =0,ABD =0and CBD =0 (see [15));
(vii) BCA =0,BCB=0,ABD =0and CBD = 0 (see [16]);
(ix) BCA=0,DCA=0,CBC=0,and CBD = 0 (see [16]);
x) BCA=0,BD =0and DC =0 (or BC is nilpotent) (see [17]);
(xi) BCA =0, DC =0 and D is nilpotent (see [17]);
(xii) ABC =0, DC = 0and BD = 0 (or BC is nilpotent, or D is nilpotent)
(see [18]);
(xiii) BCA =0and BD = 0 (see [19]);
xiv) ABC =0and DC =0 (or BD = 0) (see [19, 20]).

In this section we will derive expressions for MP under less restrictive assumptions
than those listed above.

First, we derive an explicit representation for M under the conditions BCA = 0,
DCA = 0and DCB = 0. Therefore we can see that the condition BCB = 0 from
[15] is superfluous.

Theorem 5.1 Let M be a matrix of the form (5.7) such that BCA =0, DCA =0
and DCB = 0. Then

AP + »C BY + AX,

MP =| wC+ CAX\C+ C(AP)?

D k)
_CAP(BY2D + ABwc P T C20

where

I = (Vivh + (AP)*V,) D+ A (ViwF + (AP)*V,) |, fork=0,1,  (5.8)

l)[*l
Vi= > ATAYBU, (5.9)
i=0
Ml_] . . el . .
Vy= D (AP B(D* 4+ CB)' D™ — > (AP)***B(CB)'Y, (5.10)
i=0 i=0

t271 Vz*l
¥ =(D*>+CB)P = Z(CB)”(CB)i(DD)2i+2 + Z((CB)D)"“DZ"D”, (5.11)
i=0 i=0

v = Ind(A?), 41 = Ind(D? 4+ CB), t, = Ind(CB) and v, = Ind(D?).

Proof Consider the splitting of matrix M

we[B)-[28] [0 =rve
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Since BCA = 0and DCA = 0 we get P?Q = 0 and QP Q = 0. Hence matrices
P and Q satisfy the conditions of Lemma 2.2 [21] and

(P+0)° =Y, +Y,+PQY (PP)>+ POPY,— POOP(PP)?>— PQP PP, (5.12)

where Y; and Y, are defined by

s—1 r—1
Yl — Z Qﬂ Qi(PD)i+l, Y2 — Z(QD)i+1 Pi Pﬂ. (513)

i=0 i=0

By one of the assumptions of the theorem DCB = 0, so we have that the matrix P
satisfies the conditions of Lemma 2.6 [21]. After applying Lemma 2.6 [21], we get

o
v - [(VID—i-AVl)C A" BY +A(V1D+AV1)] 5.4

vC YD

AP + (V,D + AV,)C BY — A"BY + A(V,D + AV,)
Y, = 0 0 , (5.15)

where V| and V, are defined by (5.9) and (5.10), respectively. After substituting
(5.14) and (5.15) into (5.12) and computing all the terms in (5.12) we obtain the
result. [l

As a direct corollary of the previous theorem, we get the following result.

Corollary 5.1 Let M be asin (5.7). If DCB = 0 and CA = 0, then

P — | A”+ ZoC BY + A%,
- wC wD ’

where Xy and ¥ are defined by (5.8) and (5.11), respectively.

Notice that Corollary 5.1, therefore Theorem 5.1 also, is a generalization of the result
about the representation for MP under the conditions CB = 0 and CA = 0 which
is given in [14].

The next result which is a corollary of Theorem 5.1, also follows using the splitting

M = |:8 g:| + |:2. Ig] := P 4+ Q and applying Lemmas 2.1 and 2.5 from [21].

Corollary 5.2 Let M be a matrix of the form (5.7). If BCA = 0 and DC = 0, then

P — A2 2B+ RD
“|c2 DP+CR |’


http://dx.doi.org/10.1007/978-981-10-6349-7_2
http://dx.doi.org/10.1007/978-981-10-6349-7_2
http://dx.doi.org/10.1007/978-981-10-6349-7_2
http://dx.doi.org/10.1007/978-981-10-6349-7_2
http://dx.doi.org/10.1007/978-981-10-6349-7_2
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where

R=(Ri+ R))D + ARy + R),

p2—1 w
Rl = Z A?T(A2 + Bc)lB(DD)21+4 _ ZQ(BC)ZB(DD)21+2,
i=0 i=0

v—1
R, = Z Q*2BD% DT,
i=0
Hh—1 v —1
2 =(A*+ BC)® =D (AP)(BC) (BO)™ + D A" A¥ ((BC)®)'™,
i=0 i=0

vy = Ind(D?), u, = Ind(A% + BC), t; = Ind(BC), v; = Ind(A?).

We remark that Corollary 5.2, hence also Theorem 5.1, is an extension of the results
from [17], where beside the conditions BCA = 0 and DC = 0 the additional con-
dition BD = 0 (or that D is nilpotent) is required.

Castro-Gonzilez et al. [17] gave an explicit representation for M under the
conditions BCA = 0, BD = 0 and that BC is nilpotent (or DC = 0). This result
was extended to the case when BCA = 0 and BD = 0 (see [19]). The following
theorem is a common extension of both of these results.

Theorem 5.2 Let M be a matrix of the form (5.7) such that BCA =0, ABD =0
and CBD = 0. Then

QB + BD(F\2 + (D°)*F»)B
A2 + B(F) + F) +B(DP)2 — BDP(CA + DO)2°B |, (5.16)
C2 + D(F + F) DP+(Fi+ F2)B

MP =

where

v—1
Fi =) D"D¥(CA+DC)R*?,
i=0

n2—1 2
F = Z (DP)?*+4(CA + DC)(A%* + BC)' (BC)™ — Z(DD)ZI'“(CA + DC)A* @2,
i=0 i=0

n—1 vi—1
Q= (A2 + BC)D — Z(AD)2i+2(BC)i(BC)n T Z AJTAZL’((BC)D)i+l7
i=0 i=0

v, = Ind(D?), u, = Ind(A% + BC).
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Proof If we split the matrix M as

AB] [oo]_
w256 [08] = rve

we have that QP Q = 0 and P?Q = 0. Hence, the matrices P and Q satisfy the
conditions of Lemma 2.2 [21]. Since BCA = 0, the matrix P satisfies the conditions
of Lemma 2.5 [21]. Using a method similar to that used in the proof of Theorem 5.1,
after applying Lemmas 2.2 and 2.5 from [21], we get that (5.16) holds. ]

In [16] a formula for MP is given under the conditions BCA = 0, DCA = 0,
CBD = 0 and CBC = 0. In the next theorem we offer a representation for MP°
under the conditions BCA = 0, DCA = 0 and CBD = 0, without the additional
condition CBC = 0.

Theorem 5.3 Let M be given by (5.7). If BCA = 0, DCA = 0and CBD =0,

then
AP + (G + Gy)C BI' + A(G1 + G»)
MP = I'C+ CA(G,I" + (AP)?*G,)C ,
+C(AP)2 — cAP(AB + BD)yr2c PT T C(G1+G2)
where
v —1
G = Z AT A¥(AB + BD)I"'*2, (5.17)
i=0
=1 A A 1 A .
G, = Z(AD)2’+4(AB+BD)(D2+CB)’(CB)” —Z(AD)2’+2(AB+BD)D2’ I,
i=0 i=0
(5.18)
nh—1 vy—1
I = Z(DD)Z’“(CB)"(CB)” + Z D™ D*((CB)P)'*!, (5.19)
i=0 i=0

v; = Ind(A?), u; = Ind(D? + CB), t, = Ind(CB) and v, = Ind(D?).
Proof Using the splitting of matrix M

0B A0
w=[0 5]+ [20]=rso

we get that conditions of Lemma 2.6 [21] are satisfied. Also, we have that the matrix
P satisfies the conditions of Lemma 2.7 [21]. Using these lemmas, we get that the
statement of the theorem is valid. O

We can see that Theorem 5.3 is an extension of the result from [13] giving a repre-
sentation for MP under the conditions CB = 0 and CA = 0.


http://dx.doi.org/10.1007/978-981-10-6349-7_2
http://dx.doi.org/10.1007/978-981-10-6349-7_2
http://dx.doi.org/10.1007/978-981-10-6349-7_2
http://dx.doi.org/10.1007/978-981-10-6349-7_2
http://dx.doi.org/10.1007/978-981-10-6349-7_2
http://dx.doi.org/10.1007/978-981-10-6349-7_2
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In [13] a representation for MP is offered under the conditions AB = 0 and
CB = 0. This result is extended in [15], where a formula for MP is given under the
conditions ABC =0, ABD =0, CBD = 0and CBC = 0. In our following result
we derive a representation for M D yunder the conditions ABC = 0, ABD = 0 and
C B D = 0, without the additional condition CBC = 0.

Theorem 5.4 Let M be a matrix of the form (5.7). If ABC = 0, ABD = 0 and
CBD =0, then

BI' + BO,;AB + (AP)?B

D ®

A7+ B —B(I'’CA+ DI'*C)APB |, (5.20)
I'C+ 6)A DP + ©yB

MP =

where

O = (Ki(APY* + IT'"Ky) A+ D (K1(AP)* + I'*Ky) | fork=0,1, (5.21)

=1 41
K, = Z D™(D? + CB)'C(AP)¥*+* — Z I'(CB)'C(AP)*+2, (5.22)
i=0 i=0
v —1
Ky =Y I'2CA¥ A", (5.23)

i=0
v = Ind(A2), 41 = Ind(D? + CB), t; = Ind(BC).

Proof We can split the matrix M as M = P + Q, where
AQ 0B
r=[50)-e=[es]
According to the assumptions of the theorem, we have that PQP = 0and P Q% = 0.
Hence we can apply Lemma 2.1 [21] and we have
(P+Q)° = V1412 +(Y1(PP)? + (Q)°Y2 — QP(PP)? — (Q)°PP) PO, (5.24)

where Y| and Y, are defined by (5.13). Since CBD = 0, the matrix Q satisfies the
conditions of Lemma 2.7 [21]. After applying Lemma 2.7 [21], we get

v — AP + B(K,A + DK)) 0 (525)
'Y | rc-rcA™ 4+ (K,A+DK)AO |’ :
_ B(K>A + DK5) BI'
= [FCA” + (K2A + DK>)A DF} ’ (5.26)


http://dx.doi.org/10.1007/978-981-10-6349-7_2
http://dx.doi.org/10.1007/978-981-10-6349-7_2
http://dx.doi.org/10.1007/978-981-10-6349-7_2
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where K; and K, are given by (5.22) and (5.23), respectively. Now, substituting
(5.26) and (5.25) into (5.24) we get that (5.20) holds. [l

Notice that Theorem 5.4 generalizes the result found in [21], where it is assumed
that ABC =0and BD = 0.

As another extension of a result from [13], where a formula for MP is given
under the conditions AB = 0 and CB = 0, we offer the following theorem and its
corollary.

Theorem 5.5 Let M be a matrix of the form (5.7). If ABC = 0, ABD = 0 and
DCB =0, then

BW + B(N,(AP)2 + ¥ N,)AB

D

ATH BN+ N2 upy2p pu2(CA+ DC)APB |, (527)
YC+ (N + NyA YD+ (N + Ny)B

MP =

where

ui—1 M
N = Z(CB)”(DZ+CB)"(CA+DC)(AD)2"+4—Z WD (CA+DC)(AP)?+2,
i=0 i=0
(5.28)

V]*l
N, = Z wiT2(CA + DC)A* A™, (5.29)
i=0

v; = Ind(A?), u; = Ind(D? + CB) and ¥ is defined by (5.11).

Proof Using the splitting

A0 0B
M=|:OO]+|:CD]:=P+Q,

we get that the matrices P and Q satisfy the conditions of Lemma 2.1 [21]. Further-
more, the matrix Q satisfies the conditions of Lemma 2.6 from [21]. After applying
these lemmas and computing, we get that (5.27) holds. (]

Cvetkovié and Milovanovi¢ [18] offered a representation for MP under the con-
ditions ABC = 0, DC = 0, along with a third condition BD = 0 (or that BC is
nilpotent, or that D is nilpotent). In [19] a formula for MP was given under the con-
ditions ABC = 0 and DC = 0, without any additional conditions. In our next result
we replace the second condition DC = 0 from [19] with two weaker conditions.


http://dx.doi.org/10.1007/978-981-10-6349-7_2
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Theorem 5.6 Let M be a matrix of the form (5.7), such that ABC =0, DCA =0
and DCB = 0. Then

5 @A—F(U];‘;Uz)c @B+ (U; + Uy)D
T ot S arcan 4 Biypoe POHCWHUD |
where
ral I3
Ui = > (BC)"(A*+ BC) (AB + BD)(D®)*** — " @ A% (AB + BD)(D")**?,
i=0 i=0

-1
U= > &"*2(AB+BD)D* D",
i=0
t—1 v —1
d = (A2 + BC)D — Z(Bc)n(BC)i(AD)ZH—Z + Z((BC)D)H—IA%AH,
i=0 i=0

vy = Ind(D?), j1r = Ind(A2 + BC), t; = Ind(BC) and v; = Ind(A?).

Proof If we split the matrix M as

00 AB]
w=[os]+[Ea]=rre

we have PQP = 0and P Q% = 0. Also, the matrix P satisfies conditions of Lemma
2.4 [21]. After applying Lemmas 2.1 and 2.4 from [21] and computing we get that
the statement of the theorem is valid. (]

Example 5.1 [15] Consider the block matrix M = [A B :|, where A = |:1 1],

cD 00
1 -1 11 00
r=loofe=[ih]o=[ 0]

We observe that BCA = 0, BCB = 0, DCA = 0 and DCB = 0. Hence, by
applying Theorem 5.1, we obtain

1-1-11
b _|0-200
MZ=11_5_22

1-7-33


http://dx.doi.org/10.1007/978-981-10-6349-7_2
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5.2 Representations for the Drazin Inverse of a 2 x 2 Block
Matrix Involving the Schur Complement

Let M be a2 x 2 complex block matrix given by

AC
M:[BD]’ (5.30)

where A and D are square matrices, not necessarily of the same size.

Definition 5.1 If M is given by (5.30), the generalized Schur complement of M, is
defined by
Z =D - BAPC.

In this section, we present some representations for the Drazin inverse of M, in terms
of its blocks under conditions that involve its generalized Schur complement. These
results will fall into two classes: those that assume that the Schur complement of M
is invertible and those where it is assumed to be to zero.

Throughout this section, we adopt some notation as follows. Let

K = A°C, H=BAP, I=HK, Z=D - BA"C, (5.31)

and
P =(—AAP)C, Q=B - APA). (5.32)

First, we will present some representations for MP in the case when the general-
ized Schur complement of M is invertible.

The Drazin inverse of a 2 x 2 block matrix in the case when the generalized
Schur complement Z = D — CAP B is invertible has been studied by Wei [22] and
Miao [23].

Theorem 5.7 ([22, 23]) Let M be given by (5.30). If
C(I—AAP)=0, ((I-A4AAP)B =0, (5.33)
and the generalized Schur complement Z = D — C AP B is invertible, then

D D -1 D _ 4D -1
MD:[A + APBZ 'CAP —APBZ } (5.34)

—z-lcAP z-!

Here, we will derive formulae for the Drazin inverse of a 2 x 2 block matrix under
conditions weaker than those in the theorem above.
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First we present an auxiliary additive result for the Drazin inverse:

Lemma 5.1 ([4]) Let P and Q be square matrices of the same order. If PQ = 0
and Q* = 0, then
(P+ Q)P = PP+ Q(PP)%

We introduce another simple lemma which will be used later.
Lemma5.2 Let M € C"*", G € C"*" and H € C"*™ be such that HG = I,, and
m > n. Then

(GMH)® = GMPH,

and

Ind(GMH) =0, if M isinvertible and m = n;
Ind(GMH) =1, if M is invertible and m > n;
Ind(GMH) = Ind(M), if M is singular.

Proof Notice that
r((GMH)?) =r(GM?H) =1(M?),

for any positive integer p. The case when M is invertible and m = n is trivial.
Let M be invertible and m > n. It is easy to verify that

r(GMH) =t(M) =n < m,

but
r((GMH)*) =r(M?) =r(M) =1(GMH).

Thus, Ind(GM H) = 1 and we can check that GM ~!' H is the group inverse of GM H.
Now we consider the case where M is singular (or Ind(M) = k > 0). We have

r(GMH) =1r(M) <n <m,
which implies Ind(GM H) > 0. Thus £ is the smallest positive integer such that
r(GM A = v (M) = 1(M") = r(GM A)Y).
In other words, Ind(GM H) = Ind(M) = k. It can be verified that

(GMH)X(GMPH)(GMH) = (GMH);
(GMPH)(GMH)(GMPH) = GMPH;
(GMH)(GMPH) = (GMPH)(GMH).

Therefore, (GMH)® = GMPH. O
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Suppose that A has a Jordan canonical form,

[z o0l,.
A_X[ON]X , (5.35)

where X and X' are invertible matrices, and N is nilpotent (for more details see [2,
24]). Then
>10

D _
A—X[o 0

} X', Ind(N) = Ind(A) = k. (5.36)
Let X and X! in (5.35) be partitioned compatibly as

X=[U U], X‘:[“ﬂ, (5.37)

where the column dimensions of U; and V}* are the same as that of X. Then the
following holds:

A=UZVi+UNV,, A°=U,x7'v,
AAP =U, vy, I—AAP =U,Vs. (5.38)

Using the notation in (5.37), let us define

[2] = [VIB] =X"'B, [0 Q:]:=[CU CU,]=CX.

V,B
Then
Y 0 P Vi0
M:[ég]z[%‘ %2(1)} 0O NP||Wo (5.39)
010D 01
and
100 X 0 P 100 Y PO
001 0O N P, 007 |=|0Q1 D Q,|. (5.40)
070 0,0, D 070 0 P, N
Next we define
Y PO
My :=| Q1 D Q>
0 P, N

From (5.39) and (5.40), we have that
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Notice that both M and M are square matrices of the same order and that the product

Vi 0 U 0U
017 |: Ol ] 02 :| is the identity matrix. Consequently, it follows from Lemma
V, 0

5.2 that

070 017]. (5.41)

Vio
U 0U,
0%

V, 0

Ind(M) = Ind(M;), MP = [

In order to get an explicit formula for M P by an application of Lemma 5.2, we
repartition M; as a 2 x 2 block matrix, i.e.,

ZPo ~
m=| 0o =% (542
0PN :
where 5 0
P ~ ~
F:[Q1 D‘} P =[0P], sz[Qz] (5.43)

Now, we can prove one of the main results of this section.

Theorem 5.8 Let M be given by (5.30). If
C(I—AA®YB=0, A —AA®)B=0, (5.44)

and Z = D — CAPB is invertible, then Ind(M) < Ind(A) + 1 and

b 0 (I — AAP)B — i 0 0
M_(I+[O 0 }R)R(I+§R+ C—aamaio| )

(5.45)
where k = Ind(A) and

(5.46)

R |A°+APBZ™ICAP —APBZ™
- —Z7'CAP z!

Proof We first convert (5.44) into an equivalent form in terms of matrices P, éz

and N. Using the identities in (5.38), we obtain

C(I — AAP)B = CU,V,B = Q,P»,
A(I — AAP)B = (U, XV, + UyNVy)U, Vo B = Uy N Ps.
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Then (5.44) is equivalent to
0,P,=0, NP,=0.

Recall that N is nilpotent. Applying Corollary 5.2 to M, in (5.42) yields

Ind(M;) < Ind(F) + Ind(N) + 1
and

D I o[, 5% ppyig ai

M, =[S}F [IZ(:)(F )TN ] (5.47)

where k = Ind(A), F is given by (5.43) and

S=PF’=[0P]FP, T:FDézzFD[QO }
2

Substituting (5.47) into (5.41), we have
U, 0 U Vo] w—
D _ 1 2 D 1 Dii i
M —([o [}+[O]S)F ([0 I}+Z{;(F Y TN [VgO])
k—1
U Vi 0 U, 0 o
— (1+[02}S[01 IDR(H[O‘ I]Z(;(FD) TN [VZO]) (5.48)
where
Jui0] p[Vi0
R_|:011|F [01]. (5.49)

It is easy to verify that

[ U> Vio] [0 —AAP)B

oo vi] [0

[U, 0 0 0
_OI}T[VZO]ZR[C(I—AAD)O]

(U, I — AAP)A" 0
_OZ]N[VZO]:[( 0) 0]' (5.50)

Equation (5.45) immediately follows from (5.48) and (5.50), where R is given by
(5.49).

It suffices to show that Ind(F) = 0 and that (5.46) follows from (5.49). As a matter
of fact, the Schur complement of F in (5.43), Z=D — Q,X~'P, =D — CAPBis
invertible by hypothesis. Then F is invertible and its index is zero. Applying Theorem
5.7 to F, we have
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Fl = [2_1 *_‘Z__llglzz_l_?lz_l _2—21512—1} . (5.51)
Substituting (5.51) into (5.49), we obtain
R_ [Ul(E" +X Pz 2 hvy —Uu P Zz! ] .
-Z7'0, 2"y, A
Now (5.46) follows from (5.38). ([l

Remark 5.2.1 We remark that (5.44) is weaker than (5.33). To see this in the case
when & = Ind(A) > 1, one could consider the following geometric interpretations
of these two conditions. Equation (5.33) in Theorem 5.7 means that Z(B) C Z(A*)
and A (A¥) c .4 (C) while (5.44) in Theorem 5.8 means that Z(B) C Z(A*1)
and that the projection of Z(B) on .4 (A¥) along Z(AF) is contained in .4 (C).

Two corollaries are easily derived from Theorem 5.8 by taking adjoints. If
A(I — AAP)B = 0 in (5.44) is replaced by C(/ — AAP)A = 0 (which means
that A4 (AK=1) C .#(C)) we have the following:

Corollary 5.3 Let M be given by (5.30). If
C(I—AA®YB=0, CUI-AAPA=0,
and Z = D — CAPB is invertible, then Ind(M) < Ind(A) + 1 and
b —[0A U —AADB] 1\ 0 0
M :(1+;[0 0 ]R )R(1+R[C(]_AAD)OD,
where k = Ind(A) and R is given by (5.46).

If the extra condition C(I — AAP)A = 0 is imposed in Theorem 5.8, then we
have a simpler formula for MP.

Corollary 5.4 Let M be given by (5.30). If
C(I—AAP)B=0, A(I—-AA®)B=0, C(I —AAP)A =0, (5.52)

and Z = D — CAPB is invertible, then Ind(M) < Ind(A) + 1 and

0 I
N AP + APBZ71CAP —APBZ~'|[I - APBZ7'C(I — AAP) 0
—Z71CAP z-! Z-'c(I — AAP) I
(5.53)

P — [1 — (I — AAP)BZ~'CAP (I — AAP)BZ"! }
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It is easy to see that Theorem 5.8 and Corollaries 5.3 and 5.4 are extensions of
Theorem 5.7. As consequences they entail many results related to the Drazin inverse
of a partitioned matrix in [22].

Below we will extend Theorem 5.7 and establish a new representation for MP.

Theorem 5.9 Let M be given by (5.30). Suppose P =0, Q =0, CZ°Z = C, and
ZPZB = B. Then

D Dr _ D
MD:[A +KZPH —-KZ } (5.54)

—ZPH zb

Proof Denote the right-hand side of (5.54) by X. Since

MX = AAP + AAPCZPBAP — CZPBAP —AAPCZP +CzP | [AAP 0O
~ | BAP + (D - 2)ZPBAP — DZPBAP —(D—-2)Z°+DZP || 0 zZP |’
and
APA + APCZPBAPA — APCZPB APC + APCZP(D — 7) — APCZPD
XM = DpAD D D D
—ZPBAPA + 7ZPB —Z°(D -2)+2Z°D

_[APA o
|1 o zPz |’
we thus obtain

D D D D Dy _ 4D D D
XMX:[A A(AP + APCZPBAP) —APAAPCZ }:x,

—7ZP77PBAP -7zPzz7P
It is not difficult to verify that for every m > Ind(A),

MerlX — Mm.

If Z= D — BAPC is invertible, then we have the following corollary:

Corollary 5.5 Let M be given by (5.30). Suppose P = 0, Q = 0, and Z is invertible.
Then

P — AP +KZ'"H —Kz7'"| _[AP0
- -Z'H z't ]7|Loo

} +Sz7'T, (5.55)

where S = |:_IKi|and T = [—H I].

We now turn our attention to the problem of finding representations for MP in the
case when the generalized Schur complement of M is zero, to which the remainder
of this section is devoted.
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Theorem 5.10 Let M be given by (5.30). Suppose P =0, Q = 0and Z = 0, and
CU+D)PU+TI)=C,I+T)I+T)PB=B.Then

b [U—KU+ MPH)AP(I — K(I +TPH) (I — K + TNPH)APK (1 + I')P
N (I+IPHAP(I —K(I 4+ T')PH) (I+ MPHAPK I + NP

D AP 0 D
=U-SU+T) T)[ 0 0](1—S(1+F) T). (5.56)

Proof Denote the right-hand side of (5.56) by X. By direct manipulations, we have

vx — | AAPU = K(I + I)PH) K(I +1I')°
- I-TrI+DPH rTUI+nP |’
and
oy |- KU+ IPH)APA K(I — (I + I)P)IN)
N (I+I)°H (I+ID)°r '
Since

KI-(I+D)Pr)=KUJ-I+DPU+I)+KI+DNP=KU+1I),
a similar argument leads to
(I-Td+I°H=U+I)P"H.

The relation I'(I + I')® = (I + I')PT" follows from the fact that (I + I')P is a
polynomial of I" [2, Theorem 7.5.1]. Thus M X = X M. Furthermore, we have

(XMX), = (I —KUI+I)PH[I — KU +I)PH]
+ K(I 4+ NP + MPH)YAP[I — K(I + MNP H]
=[I-2KU+TPH+KUI+DNPU+T -DHU+TPH
+ K(I + NP + MNPHIAP[I — K(I + NP H]
=[I - K+ P H]AP[I — K(I + NPH]
= (X)11,

and similarly (XM X), = (X),. Notice that

(I + IPH—(I+NPrd +rPH+rd+nrPd+nrPH
—(I+TPH—(I+PU+T — (I +PH+T U+ P +MPH
= (I + INPH,

Hence, we obtain

(XMX)y = (X)21, (XMX)»n = (X)2n,
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Thus
XMX = X.

Finally from P =0, Q =0and Z = 0, we get M = [[2i|A[I K], and

m I m—
M =[H:|(AE) 'A[1K], m=2.3,...

where E = I + K H. Now we have
1
MX = H] (AE)'A[T KX

= [111] (AEY**TAAP[I — K(I + NP H] [H (AEYTTAAPK (I + F)D]
(11 I
= i [H] (AE)*AAPA [H] (AEYXAK (I + I')Y(I + r)D]

_[[r ka | 1 k
- _[H](AE)A[H](AE) AKi|

= ML

Combining Corollary 5.5 and Theorem 5.10, we get the following:

Theorem 5.11 Let M be given by (5.30). Suppose P = 0, Q = 0, Ind(Z) = 1,
CU+DPU+nN=C,d+INUI+INPB=B DU+TPU+T)=Dand
I'Z =Z7ZI. Then

AP 0
00
+ SZ*T. (5.57)

MP = -SU-2"Z)I +I)PT) [ ] (I —SU+ )P —-zzHT1)

Proof Denote the right-hand side of (5.57) by X. We can verify that

MX — [ AAP[I — K(I +D)P(I - ZZHH] KU + NP — ZZ#)}

I—-U+D)YT+I)PUI—ZZHH I+ P —zz%
0 0
Tl a+ P - zz9H z2¢
and

M = [[1 —K(I—-ZZ%(U +T)PHAPA K(I —72ZH[1 — (I + NPU + r)]]

(I -2z +1PH (I -2z +nPr
0K —-2ZZ"(I +T)P
0 7%z )
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Since (I + I')P is a polynomial of I, I — ZZ%is a polynomial of Z, and from
ZI' =17, we get

(I+DPU—-2Z2H=U-272"27)1+T)P
and

[[—(+D)YI+D)PW0-22%=u-722)[1-U+ DU+ )],
rad+nN°a-zzH=ua-zz)a+nMPr.

Thus
MX =XM,

The proofs of XMX = X and M*'X = M* are analogous to that of
MX =XM. ([l

Remark 5.2.2 Using Theorem 1 of [12], we can replace the condition P = 0 and
QO =0with P =0or Q =0 in Theorems 5.9-5.11.

In Theorem 5.7, if the invertibility of the generalized Schur complement is re-
placed by the requirement that it is equal to zero, it is again possible to give a
representation of the Drazin inverse of M as follows.

Theorem 5.12 ([23]) Let M be given by (5.30). If
C(I—AAP)=0, (I —-AA®>)B=0,

and the generalized Schur complement Z = D — C AP B is equal to 0, then

MP = [C;D} [(AW)PPA[I APB], (5.58)

where W = AAP + APBC AP.

In order to mention one more expression for M D we will first introduce the notion
of the weighted Drazin inverse defined by Cline and Greville in [25].

Definition 5.2 For G € C"*" and W € C"*", the weighted Drazin inverse of G
with weight W, denoted by G, w, is defined as

Gaw = [(GW)PT*G. (5.59)

It is well-known that G4, is the unique matrix satisfying the following three equa-
tions:

(GW = (GW T GawW, Gaw=GiwWGWGaw GWGaw = GawWG,

where k = Ind(GW).
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If G € C*" and W = I, then the weighted Drazin inverse of G with weight [ is
the Drazin inverse of G, i.e.,

Gy =GP,

Thus, the weighted Drazin inverse of G with weight W is a generalization of the
notion of the Drazin inverse of a square matrix.

Theorem 5.13 Let M be given by (5.30) and let
W = AAP 4 APBCAP.

If the generalized Schur complement Z = D — C AP B is equal to 0, and

C(I—AA®YB=0, AU —AA®)B=0, (5.60)

then
Ind(M) < Ind(AW) + Ind(A) + 2, (5.61)

and

0 (I —AAP)B - 0 0
D __ - i+1
M _(1+[0 0 }RI)RI(IJFZ;‘R1 [C(I—AAD)AiO])’
(5.62)
where k = Ind(A),
I

R, = [CAD] Agw|1 APB], (5.63)

and Ay, = [(AW)P]?A is the weighted Drazin inverse of A with weight W.

o Ijéz
Ml_[Pz N}’

Proof Let

where 0
X P ~ ~
FZ[QIDI]’ P,=[0P], Q2=[Q2}

are as in (5.43). Using the same arguments as in the proof of Theorem 5.8 following
(5.50), we know that (5.60) implies

Ind(M) < Ind(F) + Ind(A) + 1, (5.64)

and that (5.62) is valid for R; given by

[0 p[Vi0
w=[U0]m 0] "



5.2 Representations for the Drazin Inverse of a 2 x 2 Block Matrix Involving ... 129
It suffices to derive (5.61) and (5.63) under the assumption Z = D — CAPB = 0.
We first show that (5.63) follows from (5.65). Note that X is invertible and
rank(F) = rank(X) since D — 01X ~'P, = D — CAPB =0 by our hypothe-
sis. It follows from ([2, Theorems 7.7.5 and 7.7.6]) that
Ind(F)=Ind[Z(I + X7 'PQ; 27 ] +1, (5.66)
and

FP = [ngl] [(zH? s[1 5P ], (5.67)

where H=1+X"'P0, 2.

Notice that
U 0 I [y
or7||lo, x|~ |caAP |~

[1 7P ] [‘(/)1 (I)} =V[1 APB].

Applying (5.38) yields

U XHV,=U XV, + U V,BCU 2"V
= (U, XV, + U,NVo)U, Vy + U ViBCU, V, APU, v,
= A(AAP + APBCAP) = AW.

By an application of Lemma 5.2, we obtain
D 2 2
U [(ZH)] Vi = [U(ZH)PV]” = [(U1ZHV)P] = [(AW)PT?. (5.68)

Then it follows from (5.65) and (5.67) that
1 D12 42 4D
R; = [CAD}[(AW) ]?PA*AP[I APB].
From (5.68) and Lemma 5.2 we have that

[((AW)PIPAAP = U\[(ZH)*IPViULV = Ul[(ZH) PV, = [(AW)PT2

Thus (5.63) follows immediately.
Finally, we show (5.61). By (5.64) and (5.66), we have

Ind(M) < Ind[Z(I + ' P, 0, ZY)] + Ind(A) + 2.
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By an application of Lemma 5.2, we obtain

Ind[X(/ + 27'P 0,2 )] <Ind[U, ZViUi(I + 7' P10, 27 V]
=Ind [A(AAP + APBCAP)] = Ind(AW),
which immediately leads to (5.61). ([l

Remark 5.2.3 The constraint on Z = D — CAPB in Theorem 5.8 or 5.13 (i.e., Z is
either invertible or zero) is essential in this section. It is an open problem to find an
explicit formula for MP in terms of A, B, C, D, A~! and DP in the case where A
is invertible and Z = D — CA~! B is a non-zero singular matrix.

If we replace A(I — AAP)B = 0 in (5.60) in Theorem 5.13 by C(I — AAP)A =0,
we obtain the following corollary by taking adjoints.

Corollary 5.6 Let M be given by (5.30) and let W = AAP + APBC AP. If for the
generalized Schur complement we have Z = D — CAPB = 0, and

C(I—-AAP)B=0, CU—-AA®)A=0,
then Ind(M) < Ind(AW) + Ind(A) + 2 and
CAT0 AT — AAD)B 0 0
D __ - i+1
M _(1+§[0 0 ]Rl )RI(HR‘[C(I—AAD)OD’
where k = Ind(A) and R, is given by (5.63) in Theorem 5.13.

If the condition C(] — AAP)A = 0 is added in Theorem 5.13, then we have a
simpler formula for MP.

Corollary 5.7 Let M be given by (5.30) and let W = AAP + APBCAP. IfZ =
D —CAPB =0and

C(I —AAP)B =0, AU —AAP)B=0, CU - AAP)A =0,
then Ind(M) < Ind(AW) + Ind(A) + 2 and

P [+ = AAPYBCAP A, w (I — AAP)BCAP A, wAPB
- 0 I
RS AqwAPBC(I — AAP) 0
"l cAPA, wAPBC(I — AAP) I |

where Ry is given by (5.63) in Theorem 5.13.

It is evident that Theorem 5.13 and Corollaries 5.4 and 5.7 are extensions of
Theorem 5.12.
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Example 5.2 [12] Consider a 2 x 2 block matrix M = |:2 gi|,where
01-11 45
01-11 34 —-14-20 33
A=lor-11|" B= |34 Cz[—23 1 0]’ D=[57]'
00 0 1 23
It is calculated that
0001 100 -1
0001 010 -1
D __ _ D _
A"=1oo001 | 17244 =1001-1
0001 000 O

Then D — CAPB = } (1) is nonsingular and (5.44) is satisfied. It is verified that

Ind(A) = 2 and Ind(M) = 3 satisfying Theorem 5.8. Equation (5.45) gives the exact
value of MP,

—106 734 —522 —126 —5 11

—37 255 —181 —44 -2 4

—37 255 —181 —44 -2 4

32 —224 160 38 1 -3

-6 47 =35 -7 1 0

-5 31 =21 -6 —-11

MP =

5.3 Generalized Drazin Inverse of Operator Matrices
on Banach Spaces

In this section we will consider the generalized Drazin inverse of a 2 x 2 operator
matrix
A B
M_(C D)’ (5.69)

where A € A(Z") and D € HB(¥) are generalized Drazin invertible and .2", % are
complex Banach spaces.

Generalized Drazin inverses of operator matrices have various applications in
singular differential and difference equations, Markov chains, and iterative methods
(see [1, 4, 8, 13, 17, 26-38]). Various formulae for M d appear frequently in con-
nection with many problems arising in diverse areas of research and have thus long
been studied [3, 12, 22, 39], but it is still an open problem to find an explicit formula
for M9 in the general case. Here, we list some explicit generalized Drazin inverse
formulae for a 2 x 2 operator matrix M under a number of different conditions.
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Throughout the section if T € B(2") is generalized Drazin invertible, then the
spectral idempotent 77 of T corresponding to {0} will be denoted by
T™ = I — TTY. The operator matrix form of 7' with respect to the space decompo-
sition X = A (T™) @ Z(T™) is given by T = T} @ T», where T} is invertible and
T, is quasi-nilpotent.

First we present an additive result for the generalized Drazin inverse of P + Q,
which is closely connected with the generalized Drazin inverse of a 2 x 2 operator
matrix.

Lemma 5.3 Let P and Q € B(Z") be generalized Drazin invertible.
(H (40 If PO = QP, then P + Q is generalized Drazin invertible if and only
if I + P9Q is generalized Drazin invertible. In this case we have

(P+0) =PI+ P00+ (I - 00% [Z(—Q)”(Pd)”] P
n=0

+0° [Z(Qd)"(—P)”} (I —PPY.

n=0

Q) ([41]) If PQ =0, then P + Q is generalized Drazin invertible and

oo [e.¢]
(P+0)=-00% [Z Q”(Pd)"] P4+ ¢ |:Z(Qd)”P”:| (1 — PPY).
n=0 n=0
Throughout this section, we will use the following notation

o0 o0
So = Z(Ad)”+2BD”(I —DDY, Ty= (- AAY Z A"B(DYY'*?, (5.70)
n=0 n=0

S=( - DDY z D'"C(AY'*?, T = Z(Dd)”+2CA”(I — AAY. (571
n=0 n=0

Using different splittings of the operator matrix M as M = P + Q, i.e., carefully
choosing the operators P and Q (the operator Q being fully determined by the choice
of the operator Q of course), and then imposing the one-sided condition P Q = 0 or
the two-sided condition P Q = Q P, we will then apply Lemma 5.3 to obtain various
explicit expressions for M d — (P + 0)9. This will be carried out in Theorems
5.14-5.18.

Theorem 5.14 Let A € B(X') and D € B(¥') be generalized Drazin invertible
and let M be given by (5.69).
() If BC =0and BD = 0, then M is generalized Drazin invertible, and
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Ad (AY?B
MY =
(S +7T —DYCAY DY+ (DIT + SAYB — DY(DIC + CAd)AdB) ’
2)If AB =0and CB =0, then M is generalized Drazin invertible and

S+ T — DIcAd DA

A B 0 0
P_(O O)’ Q_(C D)'
Forn > 1, then

. (A" A™'B . ( 0 0
(5 ") o= (phe o)

Since A and D are generalized Drazin invertible, using the assumptions from (1) and
Corollary 7.7.2 from [2], we have

a_ (AY (A9°B d_ 0 0

Now, forn > 1,

gy _ (((AD" (A9 B Ay _ 0 0
(P ) _( 0 O )7 (Q ) _((Dd)nJrlC (Dd)n)v

Mo — (Ad + B(DYT 4+ SAY) — BDY(DC + CcA%) A B(Dd)z)

Proof (1) Let

o)
(=00 [2 Qn(Pd)"} P= (—Ddé‘:d + —DdC(Xz;);B—}- SAdB) ’
and
o* [i(Qd)"P"} (1= PP% = (g DY — (Dd)QC(I)leB + DdTB) :
n=0
Since PQ = 0, by (2) from Lemma 5.3, we obtain

o0
QP | (I — PPY)
=0
B (Ad)2B
“\S+7-D%%AY DY+ (DIT + SAYB — DYDIC + CANAYB )"

M®=(I-00% [§ Q”(Pd)"} P94 Q¢ [

n=0
d
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A0 0 B .
2) Let P = c 0 and Q = 0 D).Smce AB =0and CB =0
we have PQ = 0. The proof then follows a similar argument as previously and is
therefore omitted. U

It is obvious that although the two previous formulae for MP in general apply under
different conditions, they coincide when B = 0. Next, we will present some formulae
valid if the blocks satisfy certain new requirements.

Theorem 5.15 Let A € B(Z) and D € B(¥) be generalized Drazin invertible
and let M be given by (5.69).
(HIfCA =0and CB =0, then M is generalized Drazin invertible, and

e — AY + (TyDY + A9S))C — AY(BDY + AYB)DYC Sy + Ty — A°BD?
- (Dd)ZC Dd :

2)If BC =0and DC = 0, then M is generalized Drazin invertible, and

e — Al So + To — AYB DY
“\ciah? DY+ C(TyDY+ A9Sy) — CAYBDY + A9B)DY |-

Proof (1) Observe that CA = 0 and CB = 0 implies A*C* = 0 and B*C* = 0.
Hence, M* is generalized Drazin invertible and by (2) in Theorem 5.14,

(M — [AY + (TyD? + A95,)C — AYBDY + A9B)DICT* [(DH2CT*
- (So + Ty — AYBDY)* (DY*

Consequently, we deduce that M is generalized Drazin invertible and obtain the
corresponding expression for M¢.
Item (2) can be proved in a similar manner. O

From Theorems 5.14 and 5.15, a number of results obtained in literature follow
as can be seen from the corollary below.

Corollary 5.8 Let A € B(Z") and D € B(¥) be generalized Drazin invertible
and let M be given by (5.69).
(O (3DIf BC =0,DC =0and BD = 0, then

Md _ Ad (Ad)ZB
“\ciahH? Dy cAadHB )

(2) ([12, Lemma 2.2]) If BC = 0, DC = 0 and D is quasi-nilpotent, then

0
Ad Z (Ad)n+ZBDn
Md — VI=OOO
C(Ad)Z CAd Z(Ad)nJrZBDn
n=0
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(3) (I3, 4, 42])) If C =0, then

e — A% S+ Ty — AYBDY
—\o0 D

4) ([3, 4, 42]) If B = 0, then

MY = (T +S dedCAd D()d) .
) (30 If BC =0and D = 0, then
e — ( Ad (A%?B )
C(AH?  Cc(A%’B
O

In the next three theorems to derive explicit expressions for M, the two-sided con-
dition is used.

Theorem 5.16 Let A € B(ZX') and D € B(¥') be generalized Drazin invertible
and M be given by (5.69).

(HIfBC =0,CB =0and DC = CA, then M is generalized Drazin invertible,
and

wio (A So + Ty — AYB D¢
“\—CcAH? DY+ CcAYA9B + BDYHDY — C(AYSy + TyDY) |-

) IfBC =0,CB =0and AB = BD, then M is generalized Drazin invertible,
and

o — A%+ BDY(CAY + DIC)AY — B(SAY 4+ DIT) —B(DY)?
- S+ T — DYCAd D :

(1) o-(20)

By (3) of Corollary 5.8, we have

Proof (1) Let

pd_ A% Sy + Ty — AYBDA
“\0 DY

and 09 = 0% = 0. From BC = 0,CB = 0 and DC = CA, we know that
PQ = QP.ByLemma 5.3, we obtain
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(P+ Q)= P?— (P
Note that A97, = 0 and SoD¥ = 0. Direct computations now leads to

(P4 Q)¢ = P4— Q(PY)?
B Al So + To — AYB DY
“\—cAY?* DY+ CAYAYB + BDYHD? — C(AYSy + T,DY) )

(2) This is done similarly as in the proof of (1). The details are omitted. O

Theorem 5.17 Let A € B(Z) and D € B(¥) be generalized Drazin invertible
and M be given by (5.69).

()IfBC=0,CB=0,CA(I —A") = —D")DC and AA™B = BDD~™,
then M is generalized Drazin invertible, and

Md—§ —AAT 0 " AY (AD2BDT + ATB(DY)? — A9B DI\
“ 4\ -¢c -DD7 0 D '

Q) IfCB=0,CA(I—A")=0,and AA™ B = 0, then M is generalized Drazin
invertible, and

Md_i A9 (A92BD™ 4+ ATB(DY? — AYBDI\"T fAAT 0 )"
- 0 DY C DD”

n=0

B)IfBC =0,(I—D")DC =0,and BDD™ = 0, then M is generalized Drazin
invertible, and

e — S (AAT 0 \'[AY (AY2BD™ + ATB(D%)? — A9BD\""
_Z C DD 0 DA :

n=0

Proof (1) Let

A’AY B AA™ 0
P_( 0 DZDd)’ Q_(C DD”)'
Then M = P + Q. We can show that Q9 = 0 by proving that Q is quasi-nilpotent

or using (4) in Corollary 5.8. By [2, Theorem 7.7.3], we have

d A% (AY?BD™ + AT B(DY)?* — AYB DM
P = 0 Dd .
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Since PQ = Q P, by Lemma (2) in 5.3 it follows that

(P+0) =3 (—0) (P9t
n=0

_§ —AA" 0 \'[AY (AY2BD™ + ATB(DY? — A9BDI\""!
=\ -c -DD" 0 D¢ '

(2) Choosing the same P and Q as in (1) we have that Q P = 0. Hence,

o0

(P+0)" = X (P)*1Q"
n=0
B i A9 (AY2BD™ + ATB(DY? — AYBDI\"T fAAT 0 )"
s\ D¢ C DD

(3) Choosing the same P and Q as in (1) we have that P Q = 0. Hence,

(P+0) = Q" (Poy!
n=0

(AA” 0 ) (Ad (AY2BD™ + A*B(DY)? — AdBDd)”+1

o0
=2\ ¢ Dppr 0 DA

n=0
O

Theorem 5.18 Let A € B(Z) and D € B(¥) be generalized Drazin invertible
and M be given by (5.69).

(OIfBC=0,CB=0,CA(I —A™) = D"DC, and ATAB = BD(I — D7),
then M is generalized Drazin invertible and

Ad So
d __ o)
ME=\r_ D™C(AY? DY — D"CAYSy+ > (—=DH"+'TB(DD™)"
n=0

)IfBC =0,BD(I —D™) =0,and D" DC = 0, then M is generalized Drazin
invertible and
Al So

d _ 00
ME=|r + D7C(A%? DY+ DTCAYSy + 3 (DY TB(DD™)"
n=0
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Proof Let

(AU —-A") B [ AAT 0
P‘( 0 DD”)’ Q—(c D(I—D’T))'

Evidently, M = P + Q. By (3) in Corollary 5.8,

n=0

00
d dyn+2 n N d To_
AY S (AN 2B DD (A 50)’ I—PPd=<A ASO)
0 0

d_ —
P = “\0o0 0 I

and by (4) in Corollary 5.8

0 0
ot [ = (00N, oot 1.0
=\ Sy +2carar pd | =\ 7 p9 ) “\-bpr D7 )"
n=0

(1) It is easy to verify that PQ = QP. Also SoDT = 0,TASy = 0, SoDY =0
and TAY =0, so

M® = PYUI+ PUO)?QQ + (I - Q0% [f(—Q)”(Pd)"] P¢

n=0

10 f(Q%"(—P)"] (1 — PP

n=0
_ (AT S (T +50* 0\ (0 0
~\0 o 0 1)\ pT D°D
o ! 0 %0: —AA™ 0 ' [@AHh (Aadns,
-pT D" )45\ -C —D*D¢ 0 0
+§ 0 0 —A2A9  —B \'[A" —AS,
= (Dd)nT (Dd)n+1 0 —DD™ 0 I
0 0
—D"C(AY? —D"CAYS, T DY+ > (=D *'TB(DD™)"
n=0
Al So

o0
T — D"C(AY? DY — D"CAYSy + > (=D ' TB(DD™)"
n=0
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(2) Since P Q = 0, we have

[e¢] o0

M= - 009 [ Q"(Pd)”} P94+ 09 [ (Qd)”P”} (I — PPY
n=0 n=0

_ I 0 00 AAT 0 n (AD)I‘H—] (AD)nSO
~\-DT D" §0 c D’D° 0 0

+3( 0 0 A2AY B \' (A" -AS
= (Dd)nT (Dd)n-H 0 DD”™ 0 I
0

A So ~
(D”C(Ad)z D”CAdSQ) T\ 1oy S (DY T B(DD™)"
n=0

Ad So
o0

T + D"C(A%? D9+ D"CAYSy+ > (D' TB(DD™)"
n=0

]

Assuming that A € A(Z") is generalized Drazin invertible and that the gener-
alized Schur complement S = D — C A9B is invertible, the next theorem gives a
representation for M d under some additional conditions. Denote X; = .4 (A™) and

X, = Z(A™). The operator
0 1
Iy=1& (1 O)

from X; & X, @& Y onto X; & Y @ X, is invertible. Then M as an operator on
X1 @ X, @Y has the following operator matrix form

A 0 B A1 B 0 A B
M=|0AB|=L"CDC]|L=I' (C° DO)IO, (5.72)
C,C, D 0 B, A, 00

where A is invertible and Dy = A, is quasi-nilpotent.

_ A O _ B, _ _ A By
Let A = (0 Az),B = (32)7 C = (C]Cz), Ay = (Cl Dl),

b= (¢

c and Cy = (O Bz) . With these notations the following can be proved.
2

Theorem 5.19 Let A € B(X) be generalized Drazin invertible, D € (%) and
M be given by (5.69). If

A"BC =0, CA"B=0, A"TAB=A"BD
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and S = D — CAYB is invertible, then M is generalized Drazin invertible,

a_[o (0 (I—-AAHBY o it 0 0
M —[R (0 0 )RHIJFEOR (C(I—AAd)A” 0)]

where d d 1 4d d 1
A°4+ A°BST'CA® —A°BS~
R = ( _g-1CAd g1 ) (5.73)
Proof Note that the Schur complement S can be expressed as
—1
d A 0 B, 1
S=D-CA B:D—(Cl Cz)( 6 0)(32) =D — C|A] B.
Since S and A; are invertible, we conclude that A is invertible and that
Aol (AT AT BISTICIATT —AT ByST
0 _S71C1A1_1 571
100 ATV ATIBISTIC AT 0 —AVIBISTY /10
= (O 0 I) 0 0 0 00
—S71C AT 0 5! 0 I
I 0
(0 n)(0 s
0 1
Also,
I 0
Aa(n+2) — (I 0 O) Rn+2 00
00 1 0 I

From A™ BC = 0, we have

(8 ?) (2) (C1C2) = (1320Cl BzOCQ) =0

Similarly, CA™B = 0 implies C;B, = 0 and ATAB = A"BD implies
A>B>, = B, D. Hence
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By Theorem 5.18 (1), we get

d
Ay B
d_ 7-1 0o Do
M™=1 (Co Do) lo

00
1 Aal Z‘Z)AS(IH_Z)BODS
- I- n= 1.
0 -2 —1 & —(n+2) n 0
—CoATE —CoAy' S Ay By D
n=0

Now we express By, Cy and Dy in terms of A, B, C and A9, We have

m=(8)ea-amn(?). op=0na(?)

Co=(01)(I—AAHB(01).

and

Direct calculation shows that

o0
100 Ay > Ay ByDy 100
M3={001 n=0 001
010) | —CoAj? —CoAy' S A" ByDE | \O 10
100 100 00\ 100
=[000])R[{000)—[07 )T —-AAHB(O0I)R*{000
0017 001 00 001
00
+|I—(01)U—-AAYB(00I)R
00
w [100 0
x> 1000 |R™*2|0]|CU—AAY)A" (8 (1) 8)
=0\ 007 I
B 0 (I—AAYHBY ,, [ 0 (I—-AAYHB
= _(0 0 R—i—_I— 0 0 R

© 0 0

XE)R +2(C(I—AAd)A" 0)
B 0 (I —AAYHB [ N 0 0

= [R_(o 0 )Rz} [+ 2R +1(C(I—AAO')A" 0)}‘

O

Using (2) from Theorem 5.18 and the notations from above, we can derive the
following result.
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Theorem 5.20 Let A € B(X) be generalized Drazin invertible, D € B(%) and
M be given by (5.69). Let R be defined by (5.73). If

BCA™ =0, CA"™B=0, CAA™ =DCA",

and S = D — C AYB invertible, then M is generalized Drazin invertible, and

o0 [e.¢]

d_ 0 A"(I —AAYBY Lut2 0 0 i3
M _R+ZO(0 0 R ZO 0 can(l—aa%g )R
Proof Using the notations from the proof of Theorem 5.19, we can show that

B()C() =0, C()B() =0, A()BO = By Dy.
By (2) from Theorem 5.18, we get

o0
100\ (Ay'=Bo > DiCoa, "™ 0\ /100
Md={001 n=0 0017

o0
0170 > DiCoA, " oJ\oro
n=0

=

100 100 0\ o 100

- (ooo)ze(ooo)—(o)czA"(I—AAd)B(OOI)R"+3(ooo)

0017 001 ;)] n=0 001
00

- 100

+> (01 | A" —AAHB(0O0T)R™2[ 000

n=0\ 00 001
_ (0 A" —AADHBY L S (0 0 i3
_R+n§o(0 0 K _,EO 0 CA"(I-AAYB R

O

Now, we consider the case when the generalized Schur complement S = D —
C AYB is equal to zero. We recall one result from [12].

Lemma 5.4 ([12, Theorem 1.2]) Let A € B(XZ") be generalized Drazin invertible,
D € B(¥) and let M be given by (5.69). Let W = AAY + AYBCAY. If AW is
generalized Drazin invertible,

CI—AAY =0, (I—-AAHYB=0
and if for the generalized Schur complement we have S = D — CAYB = 0, then M

is generalized Drazin invertible, and

M9 = (C{Ad) [((AW)] A (1 AYB).

In the following result, we present an expression for M9 using the weighted Drazin
inverse A, w of A with weight W = AAY + AYBCAC.
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Theorem 5.21 Let A € B(X) be generalized Drazin invertible, D € B(%) and
M be given by (5.69). Let W = AAY + AYBCAY. If AW is generalized Drazin
invertible,

A"TBC =0, CATB=0, ATAB=A"BD

and the generalized Schur complement S = D — CAYB = 0, then M is generalized
Drazin invertible, and

q_ 0 (I—AAYBY ., R 0 0
M —|:R()_(0 0 )R():| |:I+ZORO+ (C(I_AAd)An O)i|a

where
RO:(C;d)Ad,W(I A%B), W =AAY+A%BCA% (5.74)

Proof Following the proof of Theorem 5.18, notice that for the Schur complement
we have
S=D—-CA'B=D—C/A{'B, =0.

LetW, =1+ Al_l B, C Al_' . Since AW is generalized Drazin invertible, sois A; Wj.
Let (A))a.w, = [(A1W)9]* A;. By Lemma 5.4, we obtain

A, B 1

d _ 1 b1 Yg _ d.w d

AO_(C1 D1) _(C1A1d)A1 I(I Al Bl)
I 0

=((’)8(I))Ro 00
01

and
I 0
. 100\,
(AOd) +2=(0 0 I)R0+2 (O) 0
1

From A”BC =0,CA™B =0,and A"AB = A" BD,wehave ByCy =0, CoBy =0
and DyCy = CpAyp. By (1) from Theorem 5.16, we get
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[e.¢]
A (Ao®)"*?Bo D

d_ -1 (A BoYa, _ -1 =0

Mi=1" o o) o =15 . Io.
o ~Co(Ae")*  —CoAf 3. (Ae)"*Bo D}
n=0
100 Ad > (A2 By D} 100
={o0o01 "= 001
010) | —Co(AgH? —CoAd > (A" 2ByD; | \0 10
n=0

0 (I—AAYB x 0 0
w0 76 ) w1 Za (cu s o))

O
Using Lemma 5.21 and (2) in Theorem 5.8, we can prove the following theorem.

Theorem 5.22 Let A € B(X) be generalized Drazin invertible, D € B(%) and
M be given by (5.69). Let W = AAY + AYBCAY. If AW is generalized Drazin
invertible,

BCA™ =0, CA"TB=0, CAA™ = DCA”™

and for the generalized Schur complement we have S = D — CA9B = 0, then M is
generalized Drazin invertible, and

00 n d 00
d_ 0 A"(I—=AADBY ,ni2 0 0 03
. _RHEO(O 0 B2 o cana—annp )

where Ry is defined by (5.74).

Proof Similarly as in the proof of Theorem 5.20, we have
B()C() =0, C()B() =0, A()BO = By Dy.

By (2) of Theorem 5.8 and Lemma 5.21, we get

o0
100\ [ AS—Bo > DiCo(AH"™3 0\ /100
Mid=1001 n=0 0017

e ()
070 > DgCoA, 0 0710
n=0

_ S (0 A1 —AADBY pus2 (0 0 03
_R0+n§0(0 0 Ro™ =200 cang—aatyp ) Ro
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5.4 Representations for the Drazin Inverse of the Sum
P+Q+R+S

A representation for the Drazin inverse of a complex upper triangular block-matrix

A B
o)
which is known as the Hartwig-Shoaf-Meyer-Rose formula was given in [2, Theorem
7.7.1] and [11, 12] independantly.

In the literature, we can find numerous applications of the Hartwig-Shoaf-Meyer-
Rose formula, since it is an effective and basic tool for finding various explicit
representations for the Drazin inverse of block matrices and modified matrices in
particular. In this section we will extend the Hartwig-Shoaf-Meyer-Rose formula in
several ways.

For a 2 x 2 block matrix M = [gg], where A and C are square matrices of
different sizes in general, we consider the decompositionof M = P+ Q + R + S,

where
P=[35] o=[5e] R=[38]. s=[58]
We can check that P, Q, R and S satisfy the following relations:
PQ=QP =0, PS=SQ0=QR=RP=0, RP=5"=0. (5.75)
Motivated by this we introduce the following definition:

Definition 5.3 Let M € C"*". If there exist P, Q, R, S € C"*" satisfying (5.75)
such that M = P + Q + R + S, then the quadruple (P, Q, R, S) is called a pseudo-
block decomposition of M. Moreover, M is called the pseudo-block matrix corre-
sponding to (P, O, R, S).

It is obvious that a 2 x 2 block-matrix [f} g] has the pseudo-block decomposition

(Po, Qo Ro, 0), where Py =[49]. Qo =[02]. Ro =[5 ] and that then
R} =0, rank(Py+ Qo) = rank(Pp) + rank(Qy).

This is a very special kind of a pseudo-block decomposition of M.

One of the main goals of this section will be to find explicit formulae for (P + Q +
R)P, where (P, O, R,0)isa pseudo-block decomposition of the matrix P + Q + R
and to extend the Hartwig-Shoaf-Meyer-Rose formula in three aspects. Firstly, the
condition

rank(P + Q) = rank(P) + rank(Q)

will be removed. Secondly, the condition Ind(P + Q + R) > max{Ind(P), Ind(Q)}
will also be relaxed. Thirdly, the condition R*> = 0 will be replaced by RP = 0,
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i.e., that R is nilpotent. Also, we will find a formula for (P + Q + R + S)P under
some restrictions, where (P, Q, R, §) is a pseudo-block decomposition of the matrix
P + Q + R + S and generalize the Hartwig-Shoaf-Meyer-Rose formula to the case
S #0.

We begin by recalling an additive result for the sum of two matrices which will
be used later.

Lemma 5.5 ([12, Lemma 4], [4, Corollary 2.1]) Let P, Q, R € C"*" and RF =0.

k—1

(1) IFRP =0, then (R + P)? = PP + Z(PD)Z'“R",
i=1
k—1

() If QR =0, then (Q + R)” = Q" + > R'(Q")""".

i=l1

Now, we present a representation for the Drazin inverse of the pseudo-block matrix
P + O + R corresponding to (P, Q, R, 0) under some conditions.

Theorem 5.23 Let P, Q, R € C™ and let (P, Q, R, 0) be a pseudo-block
decomposition of M. Suppose that Ind(P) < 1, Ind(Q) < 1 and k = Ind(R) > 2.
Then the following hold:

(1) Ind(M) < Ind(R),

(2) Ind(M) < 1ifand only if

k=2 k=2
D (PH R - 00" + > (1 = PPHRIT(QF
i=1 j=1
k—3 k—i—2
=(I = PPHRUI — Q0"+ D > (PH R (N .  (576)

i=1 j=I

Furthermore, MP is given by

k k
MP = (PHYRT'I - 00"+ D> (- PPHRIT(QY
i=1 j=1
k—1 k—i
_ZZ(P#)iRi+j_](Q#)j- (577)

i=1 j=1
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Proof Denote the right-hand side of (5.77) by X. First, we will show that X = MP.,
Since

k—1

MX = [(pp#+Z<P#>"R"(1 00") - ZPP#R’(Q )

i=1 j=1
—i— k—1
Z (P#)iRi+j(Q#)j)] +00"+ > Ri(Qh (5.78)
j=1 j=1

k—1 k-1

= PP 400"+ > (PHR( - 00H + > (I - PPHRI (0"

i=1 j=1

HMT

k—

[

k—i—1
Z P#)lRlJrj(Q#)j

1

i

and
k—1 k-1
XM =PP'+ Q0"+ (PRI - 00" + D (1 — PPHR/(QY
i=1 j=1
k=2 k—i—1
. Z Z (PH R (0" (5.79)

i=1 j=1
we have that

MX = XM. (5.80)

We now prove that XM X = X. Let us denote the first, second and third term on the
right-hand side of (5.77) by X, X, and X3, respectively. Then X = X;| + X, — X3.
Expanding XM as (5.79), we obtain that

k-1 k=2 k—i—1
XMX, = (Q# + Z(I _ PP#)RJ(Q#)j+1 _ Z Z (P#)iRi+j(Q#)j+1)
j=1 i=1 j=1I
k=2 k—i—1

+ z Z (P*)| R (0%

i=1 j=1

k
=> (- PPHRT' (0.

J=1
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Hence
k k
XMX = > (PR - 00" + > (1 - PPHRIT' (0%
i=1 j=1
k=1 k—i

_ ZZ(P#)iRl#jfl(Q#)j.

i=1 j=1
Thus, XM X = X. Now we claim that
M x = Mk, (5.81)

In fact, by induction on / > 1, one can see that

-1 1—i
M =P + Q' +R+> > PIRQ. (5.82)

i=1 j=0

Notice that P(I — P P*) = 0, (I — Q Q%) = 0,and R* = R**!RP = 0. Combining
(5.82) and (5.78), we obtain

k—1 k=2 k—i—1
Mk+lX :(Pk + Zpk—iRi(I _ QQ#) _ Z Z Pk—iRi+_/(Q#)j)
i=1 j=I
-1 k=i k]—l k—1
+0 4+ ( Z PIR Q" 00" + 33 Pk’iRi+j(Q#)f) (5.83)
i=1 j=1

i=1

>¢..

o~
- o
?v-

—i
=Pk+Qk+ PjRiQkfifj
i=1j

I§
=}

=M*,
Hence, Ind(M) < Ind(R) and (5.77) is satisfied. Since

k=2
MPX =[P+ (PP'RU = 00" + X (PRI - 00")
-2 k— 3kl 11 2
— (Do PPRITQY £ D YR ) [+ 0 584
1 i=1 j=I
k—1
+[(R=RU = 00M) + 3 RI* (@]

Jj=1

a\

J
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k—2 k—2
= (P+ 0+ R+ (D PRI = 00N+ > (1 = PPHRI Q")
i=1 j=1
k—3 k—i—2
= (= PPHRU = 00N+ X DT (P RHT(QY),

i=1 j=I
it is evident that Ind(M) < 1 if and only if (5.76) holds. (I

Remark 5.4.1 The importance of Theorem 5.23 lies not only in representing the
Drazin inverse, but can also be very useful for the existence of the group inverse. If
we assume that Ind(R) < 2 (equivalently that R = 0, if (P, O, R, 0) is a pseudo-
block decomposition of M), and keep the remaining assumptions of Theorem 5.23,
then (5.77) still holds and gives an expression for the group inverse of M.

Finally, we present an explicit representation for the Drazin inverse of the pseudo-
block matrix P + Q + R corresponding to (P, Q, R, 0).

Theorem 5.24 Let P,Q,R € C™ and (P, Q,R, 0) be a pseudo-block
decomposition of M. Let k = Ind(R), [p = Ind(P), and Iy = Ind(Q). Then

k=1 k—i
MP = PP+ Q%= 3, > (PPYRTITIQY (5:85)
i=1 j=1
k—1 ig k=2 k—i—1
+ (ZZ(PD)H-H—IRin + Z Z (PD)m+i+lRi+j Qm—j)(] _ QQD)
i=1 j=0 i=1 j=I
' k=1 ip ' k=2 k—i—1
- PPD)(ZZ PjRi(QD)i+j+1 + Z Z meiRi+j(QD)m+j+1)’
i=1 j=0 i=1 j=I

whereip =min{lp — 1,m —i}andip = min{lp — 1, m — i}, and also

m—1 m—i
MP = PP+ QP = > (PP RHITH(QPY (5.86)
i=1 j=1
m—1 m—i m—2m—i—1
n (Z Z(PD)i+j+lRin + Z Z (PPym+it+] git Qm—j)(l — 00"
i=1 j=0 i=1 j=1
m—1 m—i m—2m—i—1
. PPP) ( PjRi(QD)i+j+l +Z Z Pm—iRi-&-j(QD)m-k—j+1)'

i=1 j=0 i=1 j=I

[
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Proof Using Lemma 5.5, we have

MP =[P+ (R+ Q)"

-1 Ip—1

=D (PP R+ Q)T+ D (I - PPP)PI(R+ Q1T (5.87)
t=0 t=0

where IT =1 — (R + Q)(R+ Q)P and ! = Ind(R + Q).
Similarly, we have

k—1 k=1
(R+0)° =2 RI(Q"™.  m=1-00"+2 R* Q"™
j=0

j=0

Since

! k—1
(R+0Q)'=> R0 [(R+0QPI* = Ri(Q")**,
i=0

j=0

substituting the above expressions in (5.87), by computing we obtain the expressions
from the theorem. ]

The following is an obvious corollary of Theorem 5.24 and contains as a special
case the Hartwig-Shoaf-Meyer-Rose formula.

Corollary 5.9 Let P, Q, R € C"™ and (P, Q, R, 0) be a pseudo-block decom-
position of M. Let I[p = Ind(P) and o = Ind(Q). If Ind(R) < 2 (i.e, R* = 0),
then

m—1
(P+Q+ R =P"+ 0" = PPRQ" + ( X_(P")**RQ/) (I — 00")
j=0
m—1
T - PPD)(Z PfR(QD)f+2) (5.88)
j=0

lp—1
—pPP 4 QP — PPROP + (LZ(PD)_H-ZRQ_I')(I — 00"
=0
Ip—1
+ (1= PP 3 PIRQDH).

j=0

Remark 5.4.2 For P =[493],0=[32]and R = [} 5], wehave that (P, O, R, 0)
is a pseudo-block decomposition of M = [‘3 5 ] So the Hartwig-Shoaf-Meyer-Rose
formula follows immediately from Corollary 5.9 taking into account that PP =

o §land @7 =[]



5.4 Representations for the Drazin Inverse of the Sum P + Q + R+ § 151

Corollary 5.10 (Hartwig-Shoaf-Meyer-Rose formula [2, Theorem 7.7.1], [11, 12])
Let M = [ § &] e Clmtmxtmim g e C*n, C € C™*™, [4=Ind(A) and lc=Ind(C).

Then b
b [AP X
M™ = [ 0 cP |’
where
le—1 =1
X = (Z(AD)HZBCJ')(I —CCP) 4 (I — AAD)(Z AfB(cD)f+2) — APBCP.
=0 j=0

Our next goal is to find some explicit representations for the Drazin inverse of a
pseudo-block matrix P + Q + R + S corresponding to (P, Q, R, S) under certain
assumptions. First, we need to list some auxiliary results for the case S = 0.

Lemma 5.6 Let P, Q, R € C"" and (P, Q, R, 0) be a pseudo-block decomposi-
tion of M. Then

(MP) =((P + 0+ R)
[—1 m—2m—i—1
Z(PD)I + (QD)[ + Z Z (PD)k+iRi+j(QD)]—k+j

k=1 i=1 j=1

_ i mz_l mz_i(PD)k-&-i—l RIHI=1(QP) K+
k=1 i=1 j=1
m—1 m—i m—2m—i—1
+(Z Z(PD)1+i+jRi 0 + Z Z (PPyl+m+ Riti Qm—j)(l — 00"
i=1 j=0 i=1 =1

m—1m—i m—2m—i—1

+( = PPOY( DD PIRIQPY T £ ST PRI (P,
i=1 j=0 i=1 j=1

foranyl > 2.

Proof By (5.86) in Theorem 5.24 and induction on /, the desired result follows after
careful verification. O

Theorem 5.25 Let P,Q,R € C™" and (P, Q,R,S) be a pseudo-block
decomposition of M such that SP = SR = 0. Then
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ls 1—1 m—1m—i
PD+ QD+Z(QD) Sl 1+Zz Z(PD)kJrleJrj(QD)l k+]S1 1
1=2 k=1 i=1 j=I1
ls m—1m—i
+ Z Z Z(PD)l+i+jRin(I _ QQD)SFl
I=1 i=1 j=0
ls m—1m—i
+ Zz Z(l _ PPD)PjRi(QD)lJriJerlfl
I=1 i=1 j=0
Is m—2m—i—1
+ Z Z Z (PD)l+m+iRi+j mej(l . QQD)S171 (5.89)
I=1 i=1 j=I
Is m—2m—i—1
+ Z Z Z (I o PPD)Pm—iRi+_i(QD)l+m+jSl—1

=1 i=1 j=I

_ ilemz_imz_i(PD)k+i—lRi+j—l(QD)l—k‘HSl—],
I=1 k=1 i=1 j=I

where lg = Ind(S). Replacing ls by an integer n (m > n > lg) in (5.89), the above
explicit representation still holds.

Proof From Lemma 5.5 and SP = SQ = SR = 0, it follows that

ls
P=(P+Q+R+ =D ((P+Q+RP) s (5.90)
=1

Combining (3.8) with Lemma 5.6, we get (5.89). O

Replacing the condition SP = SR = 0 in the above theorem by RS = 0S5 =0,
we can obtain a similar result.

Theorem 5.26 Let P, O, R € C"*™ and (P, Q, R,S) be a pseudo-block decompo-
sition of M such that RS = QS = 0. Then

Ils m—1m—i
M PD—‘rQ +ZSZ I(PD)I+Z Sl I(PD)I+1+1R1Q](I_QQ )
=1 i=1 j=0
Is -1 m—2m—i—1
+ZZZ Z Sl l(PD)k-HRH-j(Q )l k+j
1=2 k=1 i=1 j=I
ls m—1m—i
+ ZZ Z Sl—l(l _ PPD)P,/'Ri(QD)H-H-j

I=1 i=1 j=0
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ls m—2m—i—1

+ZZ Z SI-L(pPylmti piti gm=i(f — 0 QP) (5.91)
I=1 i=1 j=1
Ils m—2m—i—1

+ ZZ Z Slfl(l _ PPD)meiRiij(QD)IwLerj
I=1 i=1 j=1
ls l :
-2

I=1 k=1 i=1 j=

m—1m—i

Slfl(PD)k+i71Ri+jfl (QD)Z*/(#»]‘
1

where s = Ind(S). Replacing ls by any integer n (m > n > lg) in (5.91), the above
explicit representation still holds.

Proof The proof is similar to that of Theorem 5.25. (I

Specializing Theorem 5.25 to the case Ind(S) < 2 and Ind(R) < 2 (i.e., R? =
52 = 0), we have the following corollary.

Corollary 5.11 Let P, Q, R € C"™" and (P, Q, R,S) be a pseudo-block decom-
position of M such that SP = SR = 0 and S$* = R*> = 0. Then

MD= PD+ QD_ PDRQD+ ((QD)Z_ PDR(QD)Z_ (PD)ZRQD)S

m—1 m—1
+ D (PPYPRQI(I — QOP) + D (I = PPP)PIR(QP)Y (5.92)
Jj=0 j=0

m—1
+ 37 ((PPYFRQI(I = QOP) + (I — PPP)PIR(QP)H)s,

Jj=0
or alternatively,

MD — PD 4 QD _ PDRQD + ((QD)2 _ PDR(QD)2 _ (PD)ZRQD)S
lg—1 Ip—1
+ D (PPYTPRQII = Q0P) + D (I = PPP)PIR(QPY (5.93)
j=0 j=0
Ip—1 Ip—1
+ 2 (PPYIPRQIUI — 0QP)S + 3 (I = PPP)PIR(QP)TS,

j=0 j=0
where lp = Ind(P) and ly = Ind(Q). Furthermore,

Ind(M) < Ind(P) + Ind(Q) + 2. (5.94)
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Proof The formulae (5.92) and (5.93) are immediate from Theorem 5.25. All we
need to do now is to prove (5.94).
By induction on /, we have

-1

Ml+1 Pl+1+Ql+1+QS+ZPl lRQ +ZPl11RQS
i=0 i=0

for I > 1. Denote the five terms on the right-hand side of the above equality by Y;
(i =1,2,...,5), respectively, and put X = MP. Combining the above equality
with (5.93), for [ > [p + [y + 2, we obtain

MM =V X4+ X+ X+ X+ X =X+ HX+YX (5.95)
-1 -2
+ D PTTIRQIUI = Q0P + D PTTPRQIU — QQD)S]
Jj=0 j=0
-1
+ (Ql + Ql—ls) + I:(PIRQD +ZPZ—I+1RQI . QQD)
i=0
-2
+ (P'RQP?S + PI'RQPS + 3 PII2RQ" - 00P5) |
i=0
= M!

-1

since SX; = 0, SX5 =0, >, PI=/"'RQ/(I — QQP) = 0, P/(PP)/ = P!~ for
Jj=lo

! —max{Ind(P), 1} > j > 0,and Z P=I72RQJ(I — QQP)S = 0. Clearly, (5.94)

j=ly

follows from (5.95). ]

We now pay our attention to finding expressions for the Drazin inverse of a2 x 2
block matrix, M = [ 4 ] e C™*™ where A and C are square matrices.

Let P =[48].0=[02]. R=[05]and S =} H Considering the block
decomposition (P O, R, S) of M=P+Q0+R+S= g] the desired results
are derived from Corollary 5.11 and Theorem 5.26, respectively.

Corollary 5.12 Let M = [ ] e ¢ [ ,=Ind(A) and lc=Ind(C), where A and
C are square matrices. If DA = 0and DB = 0, then

P — A+ X,D X,
- (CD)ZD CD
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where

m—1
Z ((AD z+]+chj([ CD) + - AAD)AjB(CD)i+j+1)
j=0
i—1
_ Z(AD)]-HB(CD)i—j (596)
Jj=0
le] Ih—1
= (Z(AD)"+J’+‘BCJ‘)(1 —CCP) + (I - AAD)( > A.iB(CD)i+,/'+1)
Jj=0 =0
i—1
— Z(AD)‘i+lB(CD)i7j, (l — 1’ 2)

Jj=0
Furthermore,
Ind(M) < Ind(A) + Ind(C) + 2.

Corollary 5.13 ([13, Theorem 2.1]) Let M = [ ] e ¢ [,=Ind(A) and
le=Ind(C), where A and C are square matrices. If BD =0and CD =0, then

MP — AP X
| DAP)?*  CcP+ DX, |’

where X1 and X, are defined in (5.96). Furthermore,
Ind(M) < Ind(A) + Ind(C) + 2.

We conclude this section with the following example in which none of the results on
representations of MP using block decompositions of M can be applied to compute
MP but choosing a special pseudo-block decomposition of M does the job.

Example 5.3 Let

There are three block forms for M given as follows:

0 —66 0
Case (1):A=[8],B=[0,8,8],C=| —4-715 |,D =
—4 —-715 4

~
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8 0 8 8 -7 15 4 —4
Case(2):A=|:O Oi|’B=|:—6 6]’C:[—7 15:|,D=|:4_4:|.

0 8 8
0—-6|,B=| 6|,C=[15],D=[4, —4, —1T].
—4 =7 15

Case 3): A =

~ O

In each case, one can verify that DB # 0 and BD # 0. Thus the block matrix
version results in Corollaries 5.12 and 5.13 cannot apply to yield MP. Similarly, let
(P1, Q1, Ry, S)) be the block decompositions of M, where

o T A PO ) 0

We see that Theorems 5.25, 5.26 and Corollary 5.11, can neither be used to produce
MP, since S;R; # 0and RS, # 0.If we take a special pseudo-block decomposition
(Pa, Q2, Ry, $») of M as follows:

§-888 00 2 —2 08 00 00-2 2
0000 00-2 2 00 —44 00 0 0
Pr=1y 426 |"22=]00-2 2 |"'®2=]00-88["52=|00 1 -1
4-426 00-2 2 00-88 00 1 —1

then we can compute MP using Theorem 5.25. Indeed, one can verify that (P, Q,,
R», §») is a pseudo-block decomposition of M, as S, P, = 0 and S, R, = 0.

Leta] = (0,0,1,1),05 = (1,0,0,0), 5 = (—1,1,1,1), Bl = (4, —4,2,6),
BT = (8,—8,8,8),and BT = (0,0, —2, 2). We have

T D
PP = (1 f] +wap))’ = ([061, o] [/[;;T})
b2 8 —86 10
B g1 BT 1 10000
= [a1, o] [([ﬁi][al,azl)] [ﬂﬂ—ﬁ 4-43 5|
4 -43 5

2
and QP = (a3,33T)D = a3 [(,83Tot3)D] ,33T = 0. Hence by Theorem 5.25, we obtain
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152 m—1m—i o ) 152 m—2m—i—1 o .
MP=PP+ 3 3 D POMIRQIST £ T 3 (P R 0 s

I=1 i=1 j=0 =1 i=1 j=1
=P} + (PP)*Ry + (PY)* (Ry02 + R3)

8 —8610 04-66 00-22
_LJoooo| 1l ]ooo0oO 3 10000
256 4-435 2561 02 =33 1024 | 00 —11

4 —-435 02-33 00-11

32 —16 —6 70

1 0 0 00
1024 | 16 =8 =335 |’
16 —8 —3 35

since 0 = 0, I5, = Ind(S,) = 2 (since S3 = 0and S, # 0), m = 4, and R3 = 0,
025 =0, RyS, =0, 03 =0, and R?Q, = 0.
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Chapter 6
Additive Results for the Drazin Inverse

The Drazin inverse, introduced in [1], named after Michael P. Drazin in 1958 in the
setting of an abstract ring, is a kind of generalized inverse of a matrix. Many inter-
esting spectral properties of the Drazin inverse make it as a concept that is extremely
useful in various considerations in topics such as Markov chains, multibody sys-
tem dynamics, singular difference and differential equations, differential-algebraic
equations and numerical analysis ([1-6]).

In this chapter we will focus our attention on the behavior of the Drazin inverse
of a sum of two Drazin invertible elements in the setting of matrices as well as in
Banach algebras, where we will also consider the concept of the generalized Drazin
inverse. In 1958, while considering the question of Drazin invertibility of a sum of
two Drazin invertible elements of a ring Drazin proved that

(A+ E)P» = AP + EP

providedthat AE = E A = 0. After that this topic received considerable interest with
many authors working on this problem [4, 7-10], which in turn lead to a number
of different formulae for the Drazin inverse (A + E)P as a function of A, E, AP
and EP.

6.1 Additive Results for the Drazin Inverse

Although it was already even in 1958 that Drazin [1] pointed out that computing
the Drazin inverse of a sum of two elements in a ring was not likely to be easy, this
problem remains open to this day even for matrices. It is precisely this problem when
considered in rings of matrices that will be the subject of our interest in this section,
i.e., under various conditions we will compute (P + Q)P as a function of P, Q, PP
and QP. We will extend Drazin’s result in the sense that only one of the conditions
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PQ =0or PQ = QP is assumed. The results obtained will be then used to analyze
a special class of perturbations of the type A — X.

Throughout the section, we shall assume familiarity with the theory of Drazin
inverses (see [11]). Also, for A € C"*", we denote Z, = I — AAP.

First, we will give a representation of (P + Q)P under the condition PQ =0
which was considered in [10, Theorem 2.1]:

Theorem 6.1 Let P, Q € C™". If PQ = 0, then

(P+Q)° =1 —Q0°)I+QP°+---+ Q"' (PP)*'1PP
+ QP+ QPP 4+ (@} PEN — PPP), (61)

and

(P+O)(P+QP=U-00"[+QP°+---+ 0P 11PPP
+ QO + QPP + -+ (Q")*'P*" 111 — PPP) + QQ°PPP, (6.2)

where max{Ind(P), Ind(Q)} < k < Ind(P) + Ind(Q).

Proof Under the assumption P Q = 0, we have
PDQ:PQD:O, ZPQ:Q and PZQ:P (63)

Using Cline’s Formula [12], (AB)P = A[(BA)]*B, we have

v+ or = (i Q][];DD= . Q]([I; PQQT)Z[’I’]

Now, by Theorem 1 of [4], we have that
P07’ [P° O
Io| | R QP |’

R = _QDPD + ZQYk(PD)k+l + (QD)k+lYkZP

for
and
where max{Ind(P), Ind(Q)} < k < Ind(P) + Ind(Q).

Hence

D PD 0 ? P D D D D
P+0O)7"=1L2I\| g oP ;| =P +QRPP°+ QQ°RP +Q°.
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Substituting R in the above equality, we get (6.1). It is straightforward to prove (6.2)
from (6.1) and (6.3). O

Now we list some special cases of the previous result:

Corollary 6.1 Let P, Q € C"™" be such that PQ = 0 and let k be such that max{
Ind(P), Ind(Q)} < k < Ind(P) + Ind(Q).

() If Q is nilpotent, then (P + Q)® = PP 4+ Q(PP)> + ... + Q1 (PD)X.
(i) If Q* =0, then (P + Q)° = PP 4+ Q(PP)%
(iii) If P is nilpotent, then (P + Q)° = QP + (QP)?P + --- + (QP)* P*-1.
(iv) If P2 =0, then (P + Q)° = QP + (QP)’P.
V) If P*=P, then (P+Q)°=(I-00°)UI+Q0+ --+0“HP+
OP(I — P), and
(P+Q)PU—-P)=0°U-P).
i) If Q*=Q, then (P+QP=U-QP°+QU+P+---+ P
(I — PPP), and
I—-0)P+Q)P=U—-0)PP.
(vii) If PR =0, then (P + Q)PR = (I — QQP)PPR + QPR = QPR.

Theorem 6.1 may be used to obtain several additional perturbation results concerning
the matrix I' = A — X. Needless to say these are rather special, since addition and
inversion rarely mix. First a useful result.

Lemma 6.1 Let A, F,X € C”". IfAF = FAand FX = X, then
(AF — X)*X = (A—X)*X, forall keN. (6.4)
Proof Since AF = FA and (I — F)X = 0, we have that
(I — F)(A—X)x =o. (6.5)

Now the assertion is proved by induction. The case k = 1 is trivial. Suppose (AF —
X)*X = (A — X)kX. Then by (6.5),
(AF — X)"''X = (AF —= X)(A = X)*X = AF(A — X)X — X(A - X)X
=AA-X)X —X(A- X)X =A-x)'x0O

Now we present a perturbation result.

Corollary 6.2 Let A, F, X € C"™" and let F be an idempotent matrix which
commutes with A. Let I' = A — X and let max{Ind(A), Ind(X)} < k <Ind(A) +
Ind(X).If FX =Xand R=T'F = AF — XF, then
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k—1
(A—X)P=RP - Z(RD)"“X(I — FYA'(I — AAD)
i=0
k—2
+ (I + R°X)(I — F)AP — (I — RRP) Z(A —X)'X(I — F)(AP)'*2. (6.6)
i=0

Proof LetI’' =A—-X =P+ Q,whereP = A(l — F)and Q = AF — FX. Since
F?>=F wehavethat (/ — F)> =1 — Fand (I — F)® = (I — F). Since

PQ =A(I — F)(AF — FX) = A(I — F)AF = A’[(I — F)F] =0,
after applying Theorem 6.1 we get
(P+0Q)P=0U-00°)WVW+WUI-PP°)=T+1,
where V =[PP + Q(PP)* +--- + 0 1(PP)]and W = [QP + (QP)*P + - +
(O P11 Put Ty = (I — QOP)V and T, = W(I — P PP). So we see that we
need to compute QP and PP. The latter is easily found because A and F commute:
PP =[A(I — F)I°P = — F)AP, PPP = — F)AAP.
On the other hand, in order to compute 0oP, we split Q further as
Q=R-5,
where R=(A— X)F = AF — FXFand S = FX(I — F). Since
SR=FX(I — F)(FA— FXF)=FX[(I — F)F](A—XF) =0,
and S?> = FX[(I — F)F1X(I — F) = 0, by (iv) of Corollary 6.1 we get
Q= (=S +R)" =R"— (R")’S, Q0" = (R - $)[R” — (R")’S].

Since SRP = SR =0, it follows that QQP = RRP — RPS. Also, R°P =0,
because

RP = (AF — FXF)A(I — F) = (A — FX)[F(I — F)]A = 0.
So QPP = —(RP)’SP = —(RP)>X P. Similarly, since SRP = 0, we get

(Q°)*P = [R® — (RP)*S][—(R")*X P] = —(RP)’X P.



6.1 Additive Results for the Drazin Inverse 163

Repeating the process, we obtain
(QD)IHPt:—(RD)HZXPt, [:1’2’”.

which when substituted yields the second term:

W — PPP) =[RP — (R®)2S — (R’ xP — ... — (RD)*' x P11 — PPD)

= [RP — (RP)’X(I — F) — (RP)*XAU — F)--- — (RDY* 1 x A1 (1 - )]

— [RP — (RP?X (I — F) — (R®’*XA( — F)--- — (RDY*' XA 11 — F)1(I — F)AAP
k—1

= RP = > (R®)2X (1 — F)A'(I — AAP).

i=0

)

Let us next examine the first term
Ty =(I—QQ")V =[I—(RR”—R°)I[P°+ Q(P°)* +---+ 0" '(PP)"].

We compute the powers Q' (PP)'*! = (AF — X)/(I — F)(AP)*!. Fori =1,
this becomes (AF — X)(I — F)(AP)?> = —X (I — F)(AP)?, while for higher pow-
ers of i we may use Lemma 6.1 to obtain

Q'(PP)"*! = (AF — X)'"'(AF — X)(I — F)(AP)""!
=—(AF = X)'7'X(I — F)(A®)"' = —(A — X)""'X (I — F)(AP)'*!.

Now

SA—X)"'X=X(UI—-F)(A—-X)(A-X)?X
=XAUI -F)A-X)?X=...=XA"'"U-F)X=0

forall i, and RP(I — F) = (R°)*R(I — F) = (R°)*(A — X)[F(I — F)] = 0, so

Ty = (I — RRP + RPS)(1 — F)AP + (1 — RRP + RPS)[Q(PP)? + .- + 01 (PP)]
k—1
= 1[I+ RPX(I - F)](I — F)AP — (I — RRP) Z(A — X)"'x (1 — F)(AP) !
i=1
k=2
= (I +R°X)(I — F)AP — (I - RRP) Z(A — X)'X(I — F)(AP)'*+2,
i=0
completing the proof. O

Using the previous result we will analyze some special types of perturbations
of the matrix A — X. We shall thereby extend earlier work by several authors [13—
16] and partially solve a problem posed in 1975 by Campbell and Meyer [17], who
considered it difficult to establish norm estimates for the perturbation of the Drazin
inverse.
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In the following five special cases, we assume FX = X and R = AF — XF.
Case (1) XF = 0.

Clearly (RP)" = (AP)'F and S = X. Moreover (A — X)'FX = A'X fori > 0.
Thus (6.6) reduces to

k—1
(A—X)P = APF — Z(AD)"“XA"(I — AAD)
i=0
k—2
+ (I — F+ APX)AP — Z Al(I — AAP)X (AP 2. (6.7)
i=0

Case (la) XF =0and F = AAP.
If we in addition assume that F = AAP, then XAP = 0 and (6.7) is reduced to

k—1
(A—X)P = AP — Z(AD)"”XA". (6.8)
i=0

Case (Ib) XF =0and F = I — AAP.
In this case, AP X = 0 and (6.7) becomes

k—2
(A—X)P = AP — Z AT X (AP) 2, 6.9)
i=0

Case (2) F = AAP,
Now AAPX = X, R = A?AP(I — APX AAP) and (6.6) simplifies to

k—1
(A—X)P=RP - Z(RD)"+2XA"(1 — AAD). (6.10)
i=0

IfwesetU =1 — APXAAP and V =1 — AAPX AP, then UAP = APV and R =
A2APU = V A%AP. Now if we assume that U is invertible, then so will be V and
U~'AP = APV~! It is now easily verified that R¥ exists and

R* =U'AP = APV

In fact RR* = A2APUU'AP = AAP = APV-1VA2AP = R*R and R*R* =
RAAP = R and R*RR* = U7'APAAP = U~'AP = R*. We then have two sub-
cases.

Case (2a) F = AAP, and U = T — APX AAP is invertible.
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In this case, (6.10) is just

k—1
(A—X)P=R*— Z(R#)i+2XAi(I — AAD), (6.11)
i=0

where R = A?APU, R* = U7'AP. In general, (R*)' # U~(AP)'.

Remark 6.1.1 The matrix U = I — APX AAP is invertible if and only if I — APX
is invertible. This result generalizes the main results from [13-16].

Case 2b) F =1 — AAP.
We have APX = APF = 0, and (6.6) becomes

k=2
(A—X)® =RP 4+ (I + R°X)A® — (I — RR") Z(A — X)X (AP *2, (6.12)
i=0

where R = A(I — AAP) — (I — AAP)X (I — AADP).

Case (3) AAPXF = XFAAP = XF, U = I — APXF is invertible and (A F)*
exists.

Now R = AF — XF = AF — AAPFXF=AF(I — APXF)=AFU = VFA,
where V = I — X FAP. Furthermore AP FV = U AP F. We may now conclude that
U is invertible exactly when V is, in which case Y = U~'APF = APFVv~1

We then have RY = AFU(U 'APF) = AAPF = APFV-'(VFA) = YR.
Lastly,

YR =UT"APF(AAPF)=U'APF =Y

and R2Y = RAAPF = A2APF — AAPFXFAAP = A2APF — XF.
If (AF)* exists then AF = AF(AF)*AF = AFF*APAF = AFF*FAAP =
A?APF so R’Y = AF — XF = R, ie., Y = R* and (6.6) becomes

k—1
(A—X)P = R* — Z(R#)"“X(I — AAD)A" (6.13)
i=0

Case (4) FX = XF = X.
In this case, (6.6) reduces to

(A-—X)P=RP + (1 - F)AP. (6.14)

If in addition to F = AAP, the matrix U = I — AP X is invertible, this reduces
further to [15]

(A—X)P=RP =U~14AP. (6.15)

Case (5) If X = A2AP then I' is nilpotent and I'° = 0.
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Although Theorem 6.1 solves our problem under the assumption that P Q = 0,
the condition can be relaxed and the result therefore generalized as follows: Since

D\ ¥ ©\P _ _ D
P PO (TP PO _[Pe+of Tt P+t 0T
I 0 “\L7 ¢ L+t 00 | ’
we may extend the considerations above to the case when P(P 4+ 0)*~'Q = 0.
In fact

D
b PpPOTY [P PO TP
R (e AN
0oy PP+ O 0 PTP(P+ Q)3 PP+ 0Q)f30][P
’ P+ (P+O)* 10 (P+O)*7 (P+0O) 70 1]
This requires computation of [P(P + Q)*~'I° and [(P + Q)*~' Q]P, which may
actually be easier than that of (P + Q)P.

A second attempt to generalize Theorem 6.1 would be to assume only that P2 Q =
0. Needless to say, this is the best attempted via the block form, which in turn should
give a suitable formula.

Now, we will investigate explicit representations for the Drazin inverse (A + E)P
inthe case when AE = E A, which was consideredin [18, Theorem 2]. For A € C"*"
with Ind(A) = k and rank(A*) = r, there exists an nonsingular matrix P € C"*"
such that

_[Cc 07,
A_P|:0 N:|P , (6.16)

where C € C"™*" is a nonsingular matrix, N is nilpotent of index k and Ind(N) =
Ind(A) = k. In that case

—1
Asz[CO 8}1)1, (6.17)

If P = I, then the block-diagonal matrices A and AP are writtenas A = C @ N and
AP =Cc'@o.

Now we state the following result which was obtained by Hartwig and Shoaf [19]
and Meyer and Rose [20], since it will be used in the theorem to follow.

Theorem 6.2 If M = |:A C], where A € C"" and B € C"*™ with Ind(A) = k

0 B
ADX]

_ D _
and Ind(B) =1, then M° = |: 0 BD
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where

-1 k-1
X= |:Z(AD)"+2CB":| (I — BBP)+ (1 — AAD) [Z A"C(BD)””:| — APCBP.

n=0 n=0

Theorem 6.3 [fA, E € C"™", AE = EA and Ind(A) = k, then

k—1
(A+ E)P° = (I + APE)PAP + (1 — AAD) Z(ED)i+1(—A)"
i=0
= (I + APE)PAP + (I — AAP)EP[I + A1 — AAP)EP] !,

and
(A+ E’Y(A+ E)= U + APE)PAP(A + E) + (I — AAP)EEP.

Proof Let A € C"*" be given by (6.16). Without loss of generality, we assume that
P =T1and A = C & N, where C is invertible and N is nilpotent with N k' — 0. From
AE = EA, we have AKE = EAF. Now E = E,® E,, CE; = E,;C and NE, =
E,N. Hence

(A+E)® =(C+EN’® N+ E)°.

Since C and I + C~'E| commute, we get

(C+EN)P®0=U+C'EDPC'®0= (I +APE)PAP.

-1

> (=T)"if T¥ = 0. Applying Lemma 4 [19] we get (N +
i=0

Ey)P = EP(1 + EPN)~! and

k
Notice that (I + T)~! =
k—1 k—1
0@ EY(I+EYN)' = 0@ D (EY) ™ (=N)' = (1 = AAP) D (EP)* (=)
i=0 i=0
= (I + APE)PAP + (1 — AAP)EP[I + A(I — AAP)EP]".

Hence

k—1
(A4 E)P = (I + APE)PAP + (1 — AAD) Z(ED)"“(—A)"
i=0
= (I + APE)PAP + (I — AAP)EP[I + Al — AAP)EP] !,

and
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(A+ E)’(A+E)
k—1
= [(1 + APE)PAD 4 (1 — AAD) Z(ED)i’L'(—A)i](A +E)
i=0
k—1
= (I + APE)P(A+ E)A” + (I — AAP)EPA Y (EP)' (-A)
i=0
k—1
+(I — AAP)EPE > (EP) (- A)
i=0

k
=+ APE)’(A+ E)AP + (I — AAD)( — Z(ED)f(—A)f)
i=1

k—1
(I — AAD)(EDE - Z(ED)"(—A)")
i=1

= (I + APE)P(A + E)AP + (I — AAP)EEP. 0

From Theorem 6.3, we can see that the generalized Schur complement / + APE
[21] plays an important role in the representation of the Drazin inverse (A + E)P.
In some special cases, it is possible to give an expression for (I + APE)P.

Theorem 6.4 Let A, E € C"*" be such that AE = EA and let Ind(A) = k and
Ind(E) = 1.
(1) If APEP = 0, then

k—1 -1
(A+ E)° = (I — AAP) D (EP)* (=A) + D (—E) (AP (I — EEP).
i=0 i=0

k—1

(2) If APE = 0, then (A + E)® = AP + (I — AAP) 3 (EP)*1(—A)'.
i=0

(3) IfInd(A) = 1, then (A + E)P = (I + A*E)PA* + (I — AA*)EP.

Proof We use the notations from the proof of Theorem 6.3.
(1) If APEP = 0, then E| is nilpotent with E! = 0. So we have

-1
(I + APEPAP = (1 + C'E'CT @0 = D (—E)'(O) D @0
i=0
-1
= > (~E)(AP)*'(I — EEP).

i=0

The result now follows from Theorem 6.3.
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(2)=(3) Note that if APE =0, then E; = 0; if Ind(A) = 1, then N = 0. The
results follow directly from the proof of Theorem 6.3. O

Let A, E € C . If there exists a nonzero idempotent matrix P = P2 such that
AEP = EAP (or PAE = PEA), then A and E are partially commutative. For
A, E e C™, let A" =1 — AAP and Ind(A) = k and suppose E?=0. In [22],
Castro-Gonzélez proved that if A" E = E and AEA™ = 0, then

k k—1
(A+E)D:AD+ZAiE(AD)i+2+ZEAiE(AD)i+3.
i=0 i=0

But no representations of (A 4+ E)P assuming only partial commutativity are known.
Under the conditions A" E = Eand AEA™ = EAA”™, we are able to give an expres-
sion for (A + E)P.

Theorem 6.5 Let A € C"*" withInd(A) = k and E € C"*" be nilpotent of index 1.
IfEAD =0and ATAE = ATEA, then

k+1-2
(A+E)® = AP+ D" (AD)PET (),
i=0

where T (i) = (I — AAP) > ({)AjEi—j.
j=0

Proof Similarly as in the proof of Theorem 6.3,let A = C @& N, where C is invertible
and N is nilpotent with N*¥ = 0. It follows from EAP = 0 that E can be written as

E= |:8 lE?1i| with Eé =0.Alsoby ATAE = ATEA, we get E;N = NE,. Thus
2

i

(N+E) ®0=>" ({)NfE;‘f ®0=(—Aa") > ({)AjEi‘f = T3).

j=0 j=0

We observe that N + E; is nilpotent of index k +/ — 1. From Theorem 6.2, we
further obtain b
p_[C E _[ct X
(4+E) _[o N+E| =0 of

where

k-2 _ k=2 _ P
X=> CUEN+E) =3 c—<’+2>E1( > ()NIE; "). (6.18)
i=0 i=0 j=0
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Hence

. e v
AP+ > (AP ET() = Pard !
i=0 0 0

J

2 (f)NjE;j) } =(A+E)P.

O

The following result generalizes Theorems 6.3 and 6.5 to the case of partial
commutativity.

Theorem 6.6 Let A, E € C"" and Ind(A) = k. Also let Q € C"" be an idempo-
tent matrix such that QA = AQand EQ =0.If (I — Q)AE = (I — Q)EA, then

(A+E)° = QAP + (I — Q)W — QAPEW + QI — AAP) [kil A"EW"“}
i=0
h—1

+ 0 [Z(AD)”ZE(A + E)’} -0l - A+ E)W],
i=0
(6.19)

where W = (I + APE)PAP 4 (I — AAD)E(ED)M(—A)" and h= TInd
[(I — Q)(A + E)]. -
Proof Suppose that Q = I, @ 0—r)x(n—r)» Where r <n. If QA =AQ, EQ =
Oand (/ — Q)AE =1 — Q)EA, then A=A ® A, and E = [8 g;:| with
AyE, = E»A,. Using Theorems 6.2 and 6.3, we have
AP X
AEET=| 0 (4 ADENPAD + (1 — ArAD) S (DY (—Ary |

i=0

where

h—1
X = [Z(A?)’“El (A2 + Ez)’} [I — (A2 + E2)(Ay + Ep)P]
i=0
k—1
+(I — A1 AD) [Z AVE ((Ay + E2>D)"”} — AVE (A2 + E)°,
i=0

and Ind(A, + E») = h.

k=1
If we write ¥ = (I + APE)PAP + (1 — AAP) > (EP) T (—=A)', then (I — Q)
i=0
¥ =0 (A, + E;)P. We can simplify the expression for (A + E)P using the block
decomposition above. We deduce
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h—1
T1=0 [Z(ADY“E(A + E)'} (I - Ol —(A+ E)W]

i=0
h=1 A A
0 [Z (ADYF2Ei(Ay + Ez)’] [ = (Az + E2)(Ay + E)P]

i=0
0 0

ST i 57 4 Dyi+2
>, = QA” |:ZA’EW’+2:| _ 0 A7 >oA1El((A2 + E»)P)
i=0

’

Li=

0 0

0 APE (A + Ep)P ]
0 0 '

and X3 = QAPEY = [
Thus

A+EP =0A°+(U - Q¥ + X+ %, 2.

Now a few special cases follow immediately.

Corollary 6.3 Let A, E € C™" with Ind(A) = k and Ind(E) = L.
(DIFEA™ = 0and (I — A")AE = (I — A™)EA, then

k—1
(A+ E)® = AA®W + (1 — AAP) [Z AiElIJi+2:| ,
i=0

k=1

where W = (I + APE)PAP + (I — AAP) > (EP)+1(—A)'.
i=0

(2) If E is nilpotent, EA™ = E and AT AE = ATEA, then

k+1-2
(A+ E)° = AP + Z (APY*?E(A + E)'.
i=0

Proof We adopt the notations from Theorem 6.6.

(1) Let Q = I — AAP in Theorem 6.6 and apply QAP = 0 to (6.19).

(2) Let O = AAP in Theorem 6.6. Since EA™ = E, we obtain EAP = EA™
AP = 0.Thus (APE)? = APEAPE = 0and (I + APE)PAP = (I + APE)"1AP =
AP Note that E is nilpotent so that ¥ = AP. Hence

E(A+E)Y(I—-Q - (A+EW]|=EA+E)A" =E(A+E), for i>0.

The result follows directly from (6.19). m|

Let A be an n x n complex matrix and B = A + E be a perturbation of A. The
classical Bauer-Fike theorem on eigenvalue perturbation gives a bound on the dis-
tance between an eigenvalue w of B and the closest eigenvalue A of A, which is
required to be diagonalizable.
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Let A= XXX "!bean eigendecomposition, where X is a diagonal matrix, and
X is an eigenvector matrix. The Bauer-Fike theorem [23, Theorem Illa] states that
for any eigenvalue p of B, there exists an eigenvalue A of A such that |[u — A| <
k(X)||E||, where k(X) = || X]| | X"l is the condition number of X.

The relative perturbation version of the Bauer-Fike theorem [24, Corollary 2.2]
below requires, in addition, that A be invertible. That is, if A is diagonalizable and
invertible, then for any eigenvalue p of B, there exists an eigenvalue A of A such that

[ — Al

s k(XOIATE]. (6.20)

Without the assumption of diagonalizability and invertibility of A, we refine the
bound (6.20) under the condition that AE = EA.

Theorem 6.7 Let B = A + E € C"™" be such that A is not nilpotent and AE =
E A. For any eigenvalue 1u of B, there exists a nonzero eigenvalue A of A such that

[ — Al

D
i = p(ATE), (6.21)

where p(APE) is the spectral radius of APE.

Proof Assume that AE = E A and that A is not nilpotent. Then for any nonzero
eigenvalue A of A, there exits a common eigenvector x [25, p.250] such that

Ax = Ax, (A+ E)x = ux.

Therefore
D 1 D D D ,LL—)L
APx=—x,  APEx =AP(ux — Ax) = (u = WA x = ——x,
whence | N
n = D
< p(APE).
[A]

O
Recently, the perturbation of the Drazin inverse has been studied by several authors
(6, 9, 22, 26-33]). As one application of our results in Theorem 6.3, we can establish
upper bounds for the relative error || BP|| and || B® — AP||/||AP|| under the assump-
tion that AE = EA.

Theorem 6.8 I[f B = A+ E € C"", AE = EA and max{||APE||, |ATAEP|} <
1, then

AP | A7 EP||
—IAPE|| = 1— ||ATAEP]|

1B <
1
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and

IB° — AP IAPE| IAINE® |
< .
[AP] -~ 1—||APE| ~ 1—[|ATAEP|

Proof Note that the assumption max{||APE||, || AT AEP||} < 1 implies invertibility
of I + APE and I + A™ AEP. It follows directly from Theorem 6.3 that

IA

IBP|| < I|( + APE)""AP| + |ATEP[I + AAE"]™!|
| AP | ATEP|

T L—|IAPE| 1 ||ATAEP|’

and

I1B° — AP

IA

(I + APE)"'AP — AP|| + |[ATEP[I + ATAEP Y|
AT [ EP ||
1 — |ATAED|
- IAPE|[AP]  [[AAP||EP||
T 1—||[APE|| 1 —|JATAEDP]|
|APE|| IAINEP| AP
~ \1—||APE|  1—|JATAEDP]| '

(I + APE)"'APEAP| +

IA

O

Remark 6.1.2 For any non-zero eigenvalue p of the spectral set 0 (A + E), we
can estimate its lower bound: let 4 € 0 (A + E). We have 1/ € o[(A + E)P] and
[1/ul < pl(A+ E)°1 < (A + E)P, ie.,

= 1A+ By = 1 [ A IATEP] ]
= =V T e T 1= A AED]

Next we will apply Theorem 6.5 to obtain a perturbation bound in terms of AP
and & = B! — A! for some positive integer /.

Theorem 6.9 Let B=A + E € C"" with Ind(A) = k and Ind(B) = s. Denote
& = B! — Al, wherel = max{k, s}. Assume that the conditions in Theorem 6.5 hold.

Then
| BP — AP||

A S IBT AT = IAPY &I (6.22)

Proof Sincel = max{k, s}, using the notations in the proof of Theorem 6.5, we have

-1 -1 i o
I—1—i i [—1—i J i pi—J
&:B]_Al:[oig)c El((N+E2))j|:|:O,‘§)C El(_,z'o(i)NjEz )}

0 0 0 0
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Then
-1 i . ..
c-l o (C—I)H—l 0 0 ch—l—iEl(Z { NjEl—/)
AD+(AD)Z+1(§>Z:|: o O]+[ o 0} = j:O() 2
0 0
-1 i . .o
|:C] Z(C")"+2E1( > ({)NfE’Z_-’):| b
= i=0 i=o =B",
0 0
and
B 1y/ E I—1—i i (1) i i=J
10 chHo]|lo C’E]( ! N/E’)
AAP + (AP) & = 0 O] + |: 0 0:| i=0 Jj=0 :
- 0 0

i

> ONET) | o

-1
I Z(C—l)i-HEI (
i=0 J
0 0

0

We then have
IB® — AP| = [[(AP) T &)l < 1APII(APY &1,

and
|IB™ — A™|| = | BB® — AAP| = ||[(AP) &

The proof is complete. O

Generalizations of the results of this section to linear operators on Banach spaces
can be found in [9, 34-36] while their generalizations to Banach algebra elements
can be found in [37] and some will also be given in the next section where the
generalized Drazin inverse will be considered.

6.2 Additive Results for the Generalized Drazin Inverse
in Banach Algebra

Let .27 be a complex Banach algebra with the unit 1. By &7 ~!, &#™ o7 we denote
the sets of all invertible, nilpotent and quasi-nilpotent elements in <7, respectively.
Let us recall that the Drazin inverse of a € . [1] is the (unique) element x € &/
(denoted by aP) which satisfies

xax =x, ax=xa, a " x=a", (6.23)
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for some nonnegative integer k. The least such k is the index of a, denoted by ind(a).
When ind(a) = 1 then the Drazin inverse a® is called the group inverse and it is
denoted by a*. The conditions (6.23) are equivalent to

xax =x, ax=xa, a—a’xe g™ (6.24)

The concept of the generalized Drazin inverse in a Banach algebra was introduced
by Koliha [38]. The condition a — a’x € &/™ was replaced by a — a’x € /9.
Hence, the generalized Drazin inverse of a is the (unique) element x € o/ (written
a%) which satisfies

xax = x, ax=xa, a—a*xe M (6.25)

We mention that an alternative definition of the generalized Drazin inverse in a ring
is also given in [39—41]. These two concepts of the generalized Drazin inverse are
equivalent in the case when the ring is actually a complex Banach algebra with a unit.
It is well known that a9 is unique whenever it exists [38]. The set .o/ d consists of all
a € 4 such that a9 exists. For many interesting properties of the Drazin inverse see
[1, 38, 42].

This section is a continuation of the previous one with the difference that here we
investigate additive properties of the generalized Drazin inverse in a Banach algebra
and find explicit expressions for the generalized Drazin inverse of the sum a + b
under various conditions.

Hartwig et al. [10] for matrices and Djordjevi¢ and Wei [9] for operators used the
condition AB = 0 to derive a formula for (A + B)9. After that Castro and Koliha
[43] relaxed this hypothesis by assuming the following complimentary condition
symmetric in a, b € o9,

a*b=>b, ab®™ =a, b"aba" =0 (6.26)

thus generalizing the results from [9]. It is easy to see that ab = 0 implies (6.26), but
the converse is not true (see [43, Example 3.1]).

In the first part of the section we will find some new conditions, which are not
equivalent with the conditions from [43], allowing for the generalized Drazin inverse
of a + b to be expressed in terms of a, a%, b, b9, Itis interesting to note that in some
cases the same expression for (a + b)? are obtained as in [43]. In the rest of the
section we will generalize some recent results from [43].

Leta € o7 and let p € <7 be an idempotent (p = p?). Then we can write

a = pap + pa(l — p)+ (1 — p)ap + (1 — p)a(l — p)
and use the notations

ayy = pap, ap =pa(l—p), ay = (- p)ap, an = (- p)a(l—p).
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Every idempotent p € <7 induces a representation of an arbitrary element a € &/
given by the following matrix

_ pap pa(l — p) [anan
‘= |:(1 —p)ap (1 — p)a(l — p):|p - |:Cl21 a22]p' (6.27)

Let a™ be the spectral idempotent of a corresponding to {0}. It is well known that
a € o9 can be represented in the matrix form:

a:[“go},
azzp

relative to p = aa® = 1 — a™, where ay; is invertible in the algebra p.o7 p and ay; is
quasi-nilpotent in the algebra (1 — p).<Z (1 — p). Then the generalized Drazin inverse

is given by
—1
d__ | a4 0
“ _[ 0 OL‘

The following result is proved in [4, 20] for matrices, extended in [44] for a
bounded linear operator and in [43] for arbitrary elements in a Banach algebra.

Theorem 6.10 Let x, y € </ and

x_[ac] y_|:b0:|
Ob[7 cal, ,

relative to the idempotent p € < .
(1) Ifa e (paZp)®andb e (1 — p)aZ (1 — p))9, then x and y are Drazin invertible

and
d d
d__ a” u d__ b® 0
P (=p)
o0 o0
where u = > (a9 2cb"b™ + > a"a"c(b9)"? — adchC.
n=0 n=0

(2) Ifx € @Yanda € (pa p)°, thenb € (1 — p)/ (1 — p))dand x9, y9 are given
by (6.28).

We will need the following auxiliary result.

Lemma 6.2 Leta,b € &/ Ifab = ba orab =0, thena + b € o/
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Proof 1f ab = ba, we have that
pla+Db) < pla)+ pb),
which gives a + b € 79", The case when ab = 0 follows from the equation
A —a)(h=b) =1k — (a+D))
O

In view of the previous lemma, the first approach to the problem addressed in this
section was to replace the condition ab = Oused in [9, 10] by ab = ba. As expected,
this alone was not enough to derive a formula for (¢ 4+ b)9. We will thus impose the
following three conditions on a, b € </ d.

a=ab", b"ba"™ =b"b, b"a"ba =b"a"ab. (6.29)

Instead of the condition ab = ba we are thus assuming the weaker condition
b"a"ba = b"a"ab. Notice that

a=ab” & ab® =0 a C Fb", (6.30)
b ba™ =b"b < b"ba% =0 & Fb"b C a”, (6.31)
b"a"ba = b"a"ab & (ba — ab)</ C (b"a™)°, (6.32)

where foru € &/, u° ={x € & : ux =0}.
For matrices and bounded linear operators on a Banach space the conditions
(6.30)—(6.32) are equivalent to

N (BT) S N (a), N(@")ANbB"D), Rba-—ab) T N (b a").

Remark that, unlike the conditions (3.1) from [43], the conditions (6.29) are not
symmetric in a, b so our expression for (a 4+ b)® will not be symmetric in a, b.

In the next theorem, under the assumption that (6.29) holds, we can give an
expression for (a + b)9 as follows.
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Theorem 6.11 Leta, b € o7/9 be such that (6.29) is satisfied. Thena + b € /% and

(a+b)* =@+ 6N Pala +b)")a” (6.33)
n=0

_ ZZ(bd)n+2a(a + b)n(ad)kJer(a + b)k+1

n=0 k=0

00 o0
+ Z(bd)nJrZa(a + b)"adb _ Zbda(ad)nJer(a + b)"

n=0 n=0

Before proving Theorem 6.11, we first have to prove the special case of it given
below.

Theorem 6.12 Let a € &/ b € o/9 satisfy b™ab = b"ba and a = ab™. Then
(6.29) is satisfied, a + b € /% and

(@+b?=b"+> 0" a(a+b)". (6.34)
n=0

Proof First, suppose that b € <79 Then b™ = 1 and from b" ab = b™ ba we obtain
ab = ba. Using Lemma 6.2, a + b € 7% and (6.28) holds. Now, we assume that
b is not quasi-nilpotent and consider the matrix representations of a and b relative
to p =1—b". We have

b= by 0 | an an
o 0b o 4= dap) dyp ’
24, 21 »
where b, € (pe?/ p)~" and b, € (1 — p)Z (1 — p))¥ ¢ & From a = ab”, it
follows that a;; = 0 and a,; = 0. We denote a; = a;» and a» = a»>. Hence

| b a
a+b—[0a2+b2i|p.

The condition b"ab = b™ ba implies'that ab, = bra,. Hence, using Lemma 6.2,
we geta, + by € (1 — p)oZ/(1 — p))3 Now, by Theorem 6.10, we obtaina + b €
/% and

00
b;l z bl—(n+2)a1(a2 +b2)n
n=0

0 0

(a+b)?=
p

oo
— bd + Z(bd)rH*Za(a +b)n
n=0
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Let us observe that the expression for (a + b)® in (6.28) and that in (3.6) of
Theorem 3.3 in [43] are exactly the same. If we assume that ab = ba instead of
b™ab = b"ba, we get a much simpler expression for (a + b)9.

Corollary 6.4 Supposea € &/ b € /9 satisfy ab = ba and a = ab™. Then a +
b e o/%and

(a+b) =pY.

Proof From a = ab™, as we mentioned before, it follows that ab¥ = 0. Because the
Drazin inverse b9 is a double commutant of a, we have

(bd)n+2a(a +b) = a(bd)n+2(a +b)" =0.
0

Proof of Theorem 6.11: If b is quasi-nilpotent we can apply Theorem 6.12.
Hence, we assume that b is neither invertible nor quasi-nilpotent and consider the
matrix representations of @ and b relative to p = 1 — b™:

b= by 0 _ | an an
Tlob | T | anan
P P
where by € (po/p)~"and b, € ((1 — p)aZ(1 — p))?"!. As in the proof of Theorem
6.12, from a = ab™ it follows that

0 a) bl ay
a = , a+b=
|:0a2:|p |:0a2+b2 »
From the conditions b*a™ba = b*a™ab and b" ba™ = b™ b, we obtain af bra, =

a% ayb, and by = bya] . Now, from Theorem 6.12 it follows that (a; + b;) € ((1 —
p)< (1 — p))® and

oo
(a2 +b2)® = af + D (@) Pby(as + by)". (6.35)
n=0
By Theorem 6.10, we get

d__ bl_l u
(a+b) —[ 0 (a2+b2)di|p’

where u = z by "D ay(ay + by)"(ay + by)™ — by ay(ay 4+ by)® and by s the
inverse of b1 m the algebra p.o/ p. Using (6.35), we have



180 6 Additive Results for the Drazin Inverse

00
bf(””)a] (a + bz)n — ag _ Zb;(nJrZ)al (ar + bz)nagbz

Nk

u =

n=0 n=0

oo [o.¢]

DD ) " Pay(ar + )" @) Pha(ar + b)) — by larad

n=0 k=0
[e.¢]

= > byl ar@d) Phaar + by)".
n=0

By a straightforward manipulation, (6.33) follows. (I

Corollary 6.5 Suppose a,b € «/9 are such that ab = ba, a = ab™ and b™ =
ba™ = b"b. Thena + b € </% and

(a +b)? = .

If a is invertible and b is group invertible, then conditions (6.31) and (6.32) are
satisfied, so we only have to assume a = ab”™. In the remaining case when b is
invertible we get a = 0.

It is interesting to remark that conditions (6.26) and (6.29) are independent, i.e.,
neither of them implies the other, but in some cases the same expressions for (a + b)®
are obtained.

If we consider the algebra .27 of all complex 3 x 3 matrices and a, b € .« which
are given in the Example 3.1 [43], we can see that condition (6.26) is satisfied,
whereas condition (6.29) fails. In the following example we have the opposite case.
We construct a, b in the algebra o7 of all complex 3 x 3 matrices such that (6.29) is
satisfied but (6.26) is not. If we assume that ab = ba in Theorem 6.11 the expression
for (a + b)9 will be exactly the same as that in [43, Theorem 3.5] (which is Corollary
6.7 there).

Example 6.1 Let

100 010
a=(000}), b=1000
000 000
Then
000
at=1010
001

and b™ = 1. We can see that a = ab™, a"ab = a™ = ba and ba™ = b, i.e., (6.29)
holds. Also, a™b = 0 # b, so (6.26) is not satisfied.

In the rest of the section, we present a generalization of the results from [43].
We use some weaker conditions than those in [43]. For example in the next the-
orem, which generalizes [43, Theorem 3.3], we assume that ¢ = (1 — b™)(a +
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b)(1 — b™) € o/9 instead of ab™ = a. If ab™ = a, then e = (1 — b™)b = |:[i)1 8}
P

for p =1 —b" and ¥ = b9.
Theorem 6.13 Let b € <79 a € &/ be such that
e=1—-b")a+b)(1—-b")e % bTab=0.
Thena + b € /% and
o0
(a+b)* =+ > ()" Pab™ (a +b)".
n=0

Proof The case when b € &/ anil follows from Lemma 6.2. Hence, we assume that b
is not quasi-nilpotent. Then

b= by 0 | an an
B 0 b » 85 ap) dyp ’
21p p
where p = 1 — b™. From b"ab = 0 we have b"a(l — b™) =0, i.e., a; = 0. Put
ap = dajy,dxy = ap and dajp = as. Then,

a+b=|:al+b1 = i| .
p

0 a+b

Also, b™ab = 0 implies that ayhy = 0,s0as + by € ((1 — p).o/ (1 — p))3 accord-
ing to Lemma 6.2. Applying Theorem 6.10, we obtain

a_ [(ar+b)%u
(a+b) _[ O 0}pa

e8]
where u = > ((a; + b1)%)"2az(ar + by)".
n=0
By direct computation, we verify that

(a+b)*=e?+ > (%) Pab™ (a+b)".
n=0

Now, as a corollary we obtain Theorem 3.3 from [43].

Corollary 6.6 Letb € «/9 a € /9" and ab™ = a, b"ab = 0. Then a + b € o/9
and



182 6 Additive Results for the Drazin Inverse

@+ ="+ o Pata+b)y".
n=0

The next result is a generalization of [43, Theorem 3.5]. For simplicity, we use
the following notation:
e=(1—=b")a+b)(1—-b") e,
f=0=d"a+b(d—-a"),
A =1-d")d(l—a"),
ah = (1=b")(1-b"),
for given a, b € AY.
Theorem 6.14 Leta, b € o/9besuchthat (1 —a™)b(1 —a™) € /9, f € o/ and
eec i If
(1—-a")ba™ =0, b"aba™ =0, a" =a(l —b")a" =0,

thena + b € o/% and

(a+b)°=@®"+ D 0N aa+b))a" + D b"(@+b)'a"b(f) "
n=0 n=0

_ ZZ(bd)k-Ha(a + b)n+kaﬂb(f);{(]n+2) _ bdanb(f);{}l

n=0 k=0

= > " ala+b)"a"b(f) ) + ()
n=0

where by (f );{}l we denote the inverse of f in .

Proof Obviously, if a is invertible, then the statement of the theorem holds. If a is
quasi-nilpotent, then the result follows from Theorem 6.13. Hence, we assume that
a is neither invertible nor quasi-nilpotent. As in the proof of Theorem 6.11, we have

a:[al 0] b=|:b11b12]

0a], by b |,

where p=1—a", a; € (p/p)~" and a, € (1 — p)Z(1 — p))®!. From (1 —
a”)ba” = 0, we have that b12 = 0. Let b] = b]l, b22 = b2 and b21 = b3. Then,

a+b:[al+b] 0 i| .
14

by  a)+ b,
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The condition a” b™ aba™ = 0 expressed in the matrix form yields
00 a 01100
w7 T
v =0 ][5 0] [on]
10 0 100
B Obzﬂazbz - 00 ("

Similarly, a”a(1 — b™) = 0 implies that a,b7 = a,. From Corollary 6.6, we get
a+ b, € <79 and

o0
(ay + by)? = bg + Z(bg)"“az(az + by)".
n=0

Using Theorem 6.10, we obtaina + b € /% and

e 0
pyd = | @ +h ’
(@+8) |: u (az + by)° p
where
=" b3(a+by)"bs(f) ;"

n=0
o0 oo

=D > B ax(ar + b)) b3 ()P = bEbs(f)
n=0 k=0
o0

— > B P ay(ay + by)"bs(f) 4
n=0

By straightforward computation, the desired result follows. (I

Corollary 6.7 Suppose a, b € <9 satisfy condition (6.26). Then a + b € «/° and

(a+b)* =@+ D ()" Pala +b)Ha" + D b (a+b)"ba®)"
n=0 n=0

[o.¢] oo
_ ZZ(bd)k+la(a + b)n+kb(ad)(n+2) + bnad
n=0 k=0

00
_ Z(bd)”“a(a + b)”bad
n=0

Proof We have that f = (1 —a™)a, so (f),} = a°. O

Next we generalize the results from [45] to the Banach algebra case.
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Theorem 6.15 Let a,b € /% and ab = ba. Then a + b € /% if and only if 1 +
a%b € /9. In this case, we have

(@+b)* = a1 +a%)?bb® + (1 — bb%) [Z(—b)”(ad)”i| a®
n=0
+b° [Z(bd)”(—a)”] (1 —aa%),
n=0

and

(a+b)a+b)° = (@a® + ba®(1 + a®p)¥bb? + (1 — bbYaa®
+bb%(1 — aa®).

Moreover, if ||b||la®|| < 1 and ||a||||b%| < 1, then we have
IGa + ) —a’|| < 166 1a%] [II(1 + ab)?| + 1]

+1—bbY [Z ||(—b)"(ad>"||} lla®]

n=1

+1%| [Z ||(bd)”<—a>"||} 11— aa,

n=0

and
@+ b)(a+b)* —aa®| < [llaa® + ba®|||1(1 + a®D)?|| + 11 — 2aa®|] |6HY].

Proof Since a is generalized Drazin invertible, and

“= [a” O }
0 ano »
relative to p = 1 — a”, where ay; is invertible in the algebra p.<Zp and ay; is a
bi1 bpa
byi by p'
Fromab = ba,wehaveb;, = (a“);jz{pblzazz whichimpliesthatby, = (a“);;}p
byyay,, for arbitrary n € N. Since ay, is a quasi-nilpotent, we obtain b, = 0.

Similarly, from ab = ba it follows that by} = azzbzl(a”);;{p, i.e., by = 0. Also,
aibyy = byian and axnby = bypax.

quasi-nilpotent element of the algebra (1 — p).</(1 — p). Letb = [
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Since, b € 7% and o (b) = 0 (b1) peyp U (b2)(1-pyer(1—p), using Theorem 4.2
from [38], we deduce b, € po/ pand by € (1 — p)/ (1 — p),so by, by € o/ and
we can represent by; and by, as

T _ b 0
b11—|:0 b/zz]p]’ b22—|:0 by, pz,

where p; = 1 — bf, and p, = 1 — b3, b}, b, are invertible in the algebras p, <7 p;
and p,</ p, respectively, and b),, b}, are quasi-nilpotent. Since b;; commutes with
an invertible a;; and b, with a quasi-nilpotent a,,, we prove as before that

’ "
an =" an ="
0 a5, o 0 ay, .
1

Since pip = pp1 = pi, from the fact that a;; is invertible in the sub-algebra p.o/ p,
we prove that a}, and a), are invertible in the algebras p;./ p; and (p — p1)o (p —
p1), respectively. Also, af; and a}, are quasi-nilpotent, thus a/; commutes with b,
and a’; with b;, fori =1, 2.

Since a), is invertible and b, is quasi-nilpotent and they commute, we have
that (ahy) (L) er(1—pyyPaa i quasi-nilpotent, so (1 = p1) + (@h) gL ) o1 pyPha 18
invertible in (1 — p;)</(1 — py) and a}, + b}, € /9.

Similarly, we conclude thata{| + b}, € /9. Also,dy, + b}, is generalized Drazin
invertible.

Now, we obtain

a+b=aj + by +ay+ by +aj, + b +ay + b,

Since, a{; + b}, € p1#p and by, +af; + b}, + a5 + by, € (1 — p)d (1 — py)
we have

a+bed s (a;1 + b1, € A, agy+ by +aly b, + )y + b € 7).

Next, we inspect generalized Drazin invertibility of y = ab, + b5, + af, + b, +
ay, + by,. From pryp, = af, + b}, and (1 — po)y(1 — p2)y = a5, + by, +ay, +
bY,, we conclude

yed o (af, +b], € and ayy + by +aly + by € ).

Previously, we showed that /| + b}, € @79, so y € /9 if and only if z = a}, +
by, + aly + by, € /9. Noticethatz = pzp + (1 — p)z(1 — p), where pzp = a), +
by, € /%and (1 — p)z(1 — p) = a}, + by, € /%, 50z € «/9 Hence, y € o/ and
we obtain a + b € &/9 if and only if @}, + b}, € <79,
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Now,
(ay; + by = ayy (pr + (ail);llézfplblll)d = p1pa’(1+ah)*bbpp;.

From the first equation, we obtain

(a+b)? —a’ =a%1 + a%)%bb® + (1 — bbY) |:Z(—b)"(ad)"j| a¢
n=0

+b9 |:Z(bd)"(—a)”:| A — aa®) — a*

n=0
= a%( +a%)%b% — bb%a® + (1 — bbY) |:Z(—b)”(ad)”:| ad
n=1

+b° [Z(b%"(—a)"} (1 - aa.

n=0

Consequently, we have the estimates
@+ b —a? |l < 116 a®|l [I(1 + a®b)?| + 1]

+1(1 = bbY)| {Z I(=b)" (@%)" ||} lla®|

n=1

+pY] [Z ||<b")"(—a>"||] 11— aa®)],

n=0
and
@+ b)a+b)? —aa?| = l(@a® + ba®) (1 + a%b)¥bbY — bbYaa® + bbd(1 — aa?)]

= [laa® + ba®1 1 +a®)? + 1 = 200 ] 1667

Corollary 6.8 Leta,b € o/° be such that ab = ba and 1 + a%b € <7/9.
(1) If b is quasi-nilpotent, then

(a +b)d — Z(ad)n+l(_b)n — (1 +adb)71ad'
n=0

k—1
() Ifbk =0, then (a +b)°® = > (@' (=b)" = (1 +a%)'ad.
n=0
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(3) IfbF = b (k > 3), then b = b*~2 and
o0
(a+b9 = a1 +a9)9* 1 + 1 = b Had + 52| S (b9 (—a)" | (1 — aa®)
n=0
=a%(1 +a%)9* 1 + (1 — b Had + 21 + abk 291 — aa).

(4) Ifb> = b, then b4 = b and

oo
(a+b)9=a% +a")p+ (1 —b)a®+b I:Z(—a)”i| (1 — aa%)
n=0
=a%(1 +a¥%)9 + (1 — b)a® + b(1 + @)?(1 — aa?).
(5) If a*> = a and b> = b, then 1 + ab is invertible and a(1 + ab)™'b = %ab. In
this case,

(a+b)d=a(l+ab)"'b+b(1—a)+ (1 —ba
=a+b-— %ab.

Theorem 6.16 Let a, b € <79 be such that ||a%| < 1, a™ba™ = a™b and a™ ab =
a’ba.lfa™b € /9 thena + b € /9. In this case,

@+b)*=1+ah)"a® + (1 +a°h)~' (1 —aa®) D_(b*)" (-a)"
n=0

00 n+2
+ [Z ((1 + adb)_lad) b(1 — aa%)(a + b)"} (1 — aa®)

n=0

x [1 —(a+b)(1 — aa% Z(bd)”+l(—a)”j| .

n=0

Moreover, if la|||Ib%] < 1, |b|lla®] < 1 and ”f ““”z‘jj‘” la +b| < 1, then

laillael ||1 —aa®l > gty
Ia +b)* —a%|| < e — db” leb"l lall

N o¥ (LT S P TR T
e ——— a —daa
=\ T~ [la%|
o d d n+2
lla® ] [la°b |
1— d;3 b b n+1
+lI1 - aa’| [g(l_”adb” 1Bl lla + bl

o0
x [Z ||b"||"“||a||"} :
n=0
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Proof Since a € /9 and a”b(I — a™) = 0, we have that for p=1—-a"

[ a 0 _ b1 b3
= (50) o=(42) 63
P P
where a; is invertible in the algebra p.o/ p and a; is a quasi-nilpotent element of the
algebra (1 — p).«Z (1 — p). Also from a”ab = a” ba and the fact that a™b € 79, we

conclude that a>b, = bya, and b, € <79, It follows from ||a®b|| < 1 that 1 + a% is
invertible. Now, from Theorem 6.15, we have

(ar + bz)d — Z(bg)l1+l(_32)n~
n=0

Using Theorem 6.10, we get

g (a1 +by)~! N
(Cl + b) = 0 Z (bg)n-H (_az)n s
n=0 P

where

S = {Z(al +b1) " Pbs(ar + w} [1 —p— (a2 +by) D (BH"! (—az)”}

n=0 n=0

—(ar+b1)7'bs D 0" (—ar)".

n=0
We know that -
I:(m +0b1) 8 — —i—adb)_]ad
dp
and _
0 0 o
0 % (btzi)nJrl (—ay)" =a”" Z(bd)n+1 (—a)".
n=0 dp n=0

By computation we obtain



6.2 Additive Results for the Generalized Drazin Inverse in Banach Algebra 189

(8 g) - [Z (a+ a“b>‘1ad)n+2ba”(a + b)"} a
P n=0
x [1 — (a+b)a” Z(bd)'l“(—a)”]

n=0

[e.¢]
—(1+ adb)—ladban Z(bd)"ﬂ(—a)”.
n=0

Hence, we have

oo
(a +b)d — (1 +adb)71ad + (1 +adb)7laﬂ Z(bd)ﬂ+1(_a)n
n=0

+ |:§: ((1 + adb)’lad)nﬂba” (a + b)”:| a”

n=0

x [1 —(a+b)a” Y %" (—a)”:| )

n=0

If la|| 159 < 1, |&]lla%] < 1 and ”;‘ "'”‘;‘;f"” lla + b|| < 1, we obtain

la+b)? - al = | Z<adb>"ad+z(adb>”<1 aa“)Z(b%"“( —~a)"

n=0

o
+ [Z (Z(adb)”ad) b(1 — aa%)(a + b)":| (1 — aa%)

n=0 *n=0

x [1 — (@ +b)(1 —aa® Z(bd)”+l(—a)”:| H
n=0

lala®bll | 11— aa®ll ~ gy ot ’
< T ian T 1 Tasy 2 e Ial
n=0

0 n+2
la® ] [laB | \
+ [Z (m IBllla + B1" | 111 = aa®)|?

n=0

o ( lla®lllla®b] "2 ,
+(1 = aa®)|? [Z (m bl + b

n=0

x [Z 1! ||a||"} :

n=0
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Corollary 6.9 Let a € /% and b € o be such that |ba®|| < 1,a"b(1 —a™) =0
and a®ab = a” ba,

(1) Ifbaa® = 0 and b is quasi-nilpotent, then a + b € /% and

[e.¢]
(a+b)* =@ ba+b)" +a’.
n=0

(2) Ifa™b = ba™, 6(a™b) =0, thena + b € /% and
(a+b)¥=0+a%)'a% =a%(1 + ba% .

The following theorem is a generalization of Theorem 6.16 and Theorem 6
from [45].

Theorem 6.17 Let a, b € o/ and q be an idempotent such that aq = qa, (1 —
q)bqg =0, (ab — ba)qg = 0and (1 — q)(ab — ba) = 0.If (a + b)g and (1 — g)(a +
b) are generalized Drazin invertible, then a + b € </% and

(@+b)" =" §"*2gb(1 = q)(a+b)"(1 - q)[l ~(a+ b)S}
n=0

+[1 —(a+ b)Si|q > (@+b)'gh(1 — g)s"
n=0

+1 - 8gb)y(1 —q)S + Sq,

where
o0
S =a%(1 4+ a%)%bb? + (1 — bb%) [ (—b)"(ad)"+1]
o n=0 (6.37)
+ [ (bd)”“(—a)”] (1 —aa.

n=0
Proof The proof is a similar to that of Theorem 6.16. (]
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