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Preface

With the development in the last few decades, the theory of Function Spaces has
become a powerful tool in several areas of mathematical and physical sciences,
engineering etc. In particular, the concept of generalized functions (distributions)
enables to study Partial Differential Equations and Boundary Value Problems in a
much wider perspective. In order to deal with such problems, quite often, function
spaces and mapping properties of operators connected with corresponding norm
inequalities come into picture. With this in mind, an International Conference on
“Function Spaces and Inequalities” was organized under the leadership of Pankaj
Jain at South Asian University, New Delhi during December 11-15, 2015. The aim
of the conference was to bring together experts and young researchers working in
the field of Function Spaces and Inequalities to share their latest
interests/investigations. The topics covered in the conference include
(Variable/Grand/Small) Lebesgue Spaces, Orlicz Spaces, Lorentz Spaces, Sobolev
Spaces, Morrey Spaces, Sequence spaces, Weight Theory, Integral Operators of
Hardy Type, Sobolev Type Imbeddings, Function Algebras, Banach Algebras,
Spaces & Algebras of, Analytic Functions, Geometry of Banach Spaces, Isometries
of Function Spaces, (Weighted) Integral and Discrete Inequalities, Convexity
Theory, Harmonic Analysis.

Simultaneously, it was proposed to bring out an edited volume based on the
theme of the conference. This volume consists of original work as well as survey
articles on topics of Function Spaces and Inequalities by distinguished mathe-
maticians worldwide. The survey articles are self-contained and provide up-to-date
knowledge in the respective area. Contributions are also from those who could not
or did not attend the conference. All the articles are thoroughly refereed.

We express our deep gratitude to all the authors for their valuable contribution.
Also, we are thankful to the extremely talented mathematicians who contributed in
the reviewing process.

We owe a great debt of gratitude to Dr Kavita A Sharma, President, South Asian
University for her encouragement and support towards the organization of the
conference. We record our gratitude to National Board for Higher Mathematics
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(NBHM), Department of Science and Technology (DST) and South Asian
University for providing partial financial support for the conference.

New Delhi, India Pankaj Jain
Hans-Jiirgen Schmeisser
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The Fundamental Function of Certain
Interpolation Spaces Generated by N-Tuples
of Rearrangement-Invariant Spaces

Fernando Cobos and Luz M. Fernandez-Cabrera

Abstract In this paper we determine the fundamental function of the space obtained
by applying an exact interpolation functor of exponent é to an N-tuple of rearrange-
ment-invariant function spaces. Results apply to the extension of the real method
studied by Yoshikawa and Sparr, and to the extension of the complex method inves-
tigated by Lions and Favini. Moreover, we also consider the case of the general real
method for couples of spaces.

Keywords Rearrangement-invariant function spaces + Fundamental function -
Interpolation methods for n-tuples - General real method

1 Introduction

A number of important function spaces have the property that any two equimea-
surable functions have the same norm. These function spaces are called rearrange-
ment-invariant and form a class which includes Lebesgue spaces, Lorentz spaces,
Orlicz spaces and Marcinkiewicz spaces, among others (see [4, 12, 17, 18]). They
have a close connection with interpolation theory. In fact, the class of rearrangement-
invariant spaces coincides with the class of exact interpolation spaces between L
and L. See [7] or [4, Theorem II1.2.12].

The fundamental function ¢y of a rearrangement-invariant space X is an useful
tool to study X. The function pyx allows to characterize certain duality and sepa-
rability properties of X, as well as to compare X with Lorentz and Marcinkiewicz
spaces. See [4, 12, 17]. The fundamental function is also connected with the growth
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envelope function of X (see [16, 3.3]) and it plays an important role in the research
on optimal embeddings for generalized Besov spaces (see [3, 20]).

It has been shown by Haroske ([15], (3.5), page 98) that if X; and X, are
rearrangement-invariant spaces then the fundamental function of the real interpola-
tion space (X1, X»)g,q4 18 equivalent to g@ (t)ap X (#). In the present paper we extend
the result of Haroske to interpolation methods for N-tuples of Banach spaces which
are exact of exponent 0= (01, ...0y). This class of methods includes the extension
of the real method to N-tuples studied by Yoshikawa [25] and Sparr [23], and the
extension of the complex method to N-tuples of Lions [19] and Favini [13]. For any
method of this class we show that the fundamental function of the interpolated space
is equivalent to HIIV: | <p§(f, ).

As it is known, the sté:p from two to several spaces involves considerable diffi-
culties, to the effect that important results in interpolation theory for couples are no
longer true in general for N-tuples. Nevertheless, interpolation methods for N-tuples
still have important applications in function spaces as it can be seen, for example, in
the papers by Sparr [23], Asekritova and Krugljak [1] or Asekritova et al. [2].

We also determine the fundamental function of the interpolation space generated
from a couple of rearrangement-invariant spaces by means of the general real method
[6, 21].

2 Rearrangement-Invariant Spaces and Interpolation
Methods for N-Tuples

In what follows we assume that (£2, 1) is a o-finite measure space which is nonatomic
or completely atomic with all atoms having equal measure. In other words, (£2, 1)
is a resonant measure space in the sense of [4, Definition I1.2.3 and Theorem I1.2.7].

We denote by M the space of all (equivalent classes of) scalar-valued measurable
functions which are finite almost everywhere. The space M becomes a metrizable
topological vector space with the topology of convergence in measure on sets of
finite measure.

If f € M, we put f* for its non-increasing rearrangement defined on (0, 0o) by

@) =inf{0 > 0: u({x € 2 : |f(x)| > 0}) <1}.
The average function f** is given by
@) = / fr()ds.
It turns out that

(f+9 +s)< f*@t)+ f ), t,s>0
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but
f+97@®) <O +9g™@), t>0 (1)

(see [4, Proposition 2.1.7 and (3.10) in page 54]).

A Banach space (X, | - ||x) of functions in M is said to be a rearrangement-
invariant Banach function space (shortly r.i. space) over §2 if the following conditions
hold:

(P1) Whenever g €e M, f € X and |g| < |f]| p-a.e.theng € X and ||g||x < || flIx-

(P2) If0 < fu(w) 1 f(w) p-a.e. then || fullx 1 IIfllx- Weput || fllx = ooif f does
not belong to X.

(P3) xg € X forevery E C §2 with u(E) < oo.

(P4) For every E C §2 with u(E) < oo there is a constant cg > 0 such that
S 1fldp < cpll flix forevery f € X.

(PS) 11 fllx = llgllx whenever f* = g*.

The usual Lebesgue spaces L, = L,(£2, u), 1 < p < oo, are examples of r.i. spaces
[4, Proposition I1.1.8].
If X is an r.i. space over 2 then (see [4, Theorem I.1.4])

X —> M )

where — means continuougv embedding. Moreover, according to [4, Theorem
11.4.10], there is an r.i. space X over (0, oo) with the Lebesgue measure such that

I lx = 11/"1%- 3)

The fundamental function ¢y of an r.i. space X over £2 is defined by

ex (@) = lIxelx -

Here ¢ is any finite value belonging to the range of i and E is any subset of §2 with
E) =t.

Definition of ¢y is meaningful because given any other F' C §2 such that u(F) =
t, we have (XF)* = X0.) = (XE)* So |Ixellx = llxrllx by the rearrangement-
invariance of X (property (P5)).

The function py is increasing and continuous except perhaps at the origin, with
px () =0ifand only if t = 0, and x (¢)/1 is decreasing [4, Corollary I1.5.3].

We recall that in the case X = L, and (£2, i) being nonatomic, then its funda-
mental function is

@Lp(t):tl/p if 0<t<pu(2) and 1<p < oo,
0. (0)=0 and ¢, (t)=1 for 0 <1 < u(82).

If £2 = N with the counting measure then L,(N) = £, and
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@, (n)=n'"" for n=0,1,2,... and 1< p < oo,
0., (0)=0 and ¢, (n) =1 for n=1,2,....

Next we recall some constructions from interpolation theory.

Let A = (Ay, ..., Ay) be a Banach N-tuple, that is to say, N Banach spaces A
all of which are continuously embedded in some Hausdorff topological vector space
A.If N = 2, then we say that A = (A, A,) is a Banach couple.

Given any Banach N-tuple A, let £(A) = A; +---+ Ay and A(A) =

--MN Ay. These spaces become Banach spaces when normed by

N N
lallsc = inf{z lajlla, ca=> aj.a; € A,}
j=1 j=1

and
lall aay = max{llalla, : 1 < j < N}.
For any N-tuple of positive numbers 7 = (11, ..., ty), we define the K- and
J-functionals by

N N
K(.a) = K(.a: &) = inf{thHajHAj ca=>aja;¢ A,»},

J(t,a) = J (T, a; A) = max{tjllalla, : 1 < j < N}.

Note that each K -functional is a norm on X (A) which is equivalent to || - || s (- Any
J-functional is an equivalent norm to || - || ACA)- If N =2, then K((1,¢), ) [respec-
tively, J((1,1), )] coincides with the well-known Peetre’s K-functional K (¢, -)
[respectively, J-functional J (¢, -)].

A Banach space A is said to be an intermediate space with respect to the N-tuple
Aif A(A) = A — Z(A).

Let B = (By, ..., By) be another Banach N-tuple. We write 7 : A —> B to
mean that 7 is a linear operator from X (A) into ¥ (B) whose restriction to each A j
defines a bounded linear operator from A; into B; for j =1,..., N. We put

IT 55 =max {IT a5 [T lay.5y}-

Let A, B be Banach N-tuples and let A, B be intermediate spaces with respect to
A and B, respectively. We > say that A and B are interpolation spaces with respect to
A and B if given any T : A —> B, the restriction T : A —> B is bounded. When
A = B and A = B, then we say that A is an interpolation space with respect to A.

An interpolation method § is a procedure that associates to any Banach N-tuple
A an intermediate space F(A) with respect to A, such that given any other Banach
N-tuple B, we have that F(A) and F(B) are interpolation spaces with respect to A



The Fundamental Function of Certain Interpolation Spaces ... 5

and B. If this is the case, there exists a constant C > O such that forany 7 : A — B
it holds
ITlgcx),58 < Cmax{I Tl 5 :1<j<N}.

If C =1 we say that § is an exact interpolation functor. If there is an N-tuple of
numbers § = (6. ..., 0y) with0 < 6; < 1, 3%, 0; = 1, such that

N
6.
_ — < J
ITlsm.sm <[] IT14; 5,
j=1

for any N-tuples A, B and any operator T : A —> B, then we say that § is exact of
exponent 0. . _ .
Let §x(A) = ¥(A) and §4(A) = A(A). It is easy to check that

§x and F, are exact interpolation functors. 4)

Notethat,by (2),if Xy, ..., Xy areanyr.i. spacesover[?,theny =(X1,..., Xy)
is a Banach N-tuple. Besides, if X is an intermediate space with respect to the couple
(L1, Loo), then X is an r.i. space over §2 if and only if X is an exact interpolation
space with respect to the couple (L1, L) (see [4, Theorem II1.2.12]).

Next we recall some important examples of functors of exponent 6. Given two
N 0;

N-tuples of positive numbers 7, §, we write 7~? for the product [Ti=it; -

Definition 1 Let A = (Ay, ..., Ay) be a Banach N-tuple, let_l <q <ooand f =
(01, ...,0n) where 0 < 0; <1 and Z;V:I 0; = 1. The space Ay . consists of all
elements a € ¥ (A) having a finite norm

b - _\V
||a||;{_)w = (/v (;—HK(t,a))qu(t)) q

(the integral should be replaced by the supremum if ¢ = c0). Here 1 is the measure
(dtydts ...dty)/(tat3 - - - ty) supported on the set

V={tt5....t0)t; >0,2 < j <N} < RY.

The space Aj ., is formed by all elements a € £(A) which can be represented
as

a= [ ubanc) )
1%
where u(f) is a strongly measurable function with values in A(A) such that

( / (1 G.u@) dp®) " < oc. (©6)
Vv
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The norm in Z(;’ ¢:s 1s given by the infimum of the values (6) over all representations
(5) of a satisfying (6).

Spaces A GiK Ae 7 have been studied by Sparr [23], Yoshikawa [25] and other
authors (see [6, Sect10n4 7.1]). These spaces generalize the classical real interpo-
lation spaces (Aj, A2)g,, for Banach couples (see [4, 5, 24]). Indeed, given any
0 <0 < 1, we have

(A1, A2)(1-0,0),4:k = (A1, A2)(1-0,0),4:7 = (A1, A2)g g

with equivalence of norms.

Working with N-tuples with N > 2, we only have that Ae g Ae . The
converse embedding fails in general as it is shown in [11, 23, 25] However if the
N-tuple is formed by r.i. spaces X ; over §2, then

Xis oo, XN)gg = KXo oo, XN gk

(see [1, Lemma 1 and Theorem 1]).
It follows from [23, Theorems 4.2 and 4.4] that

K (é, q)- and J (0_, g)-methods are exact functors of exponent 6. (7)

The other main interpolation method for Banach couples is the complex method
(see[5, 24]). Next we describe its extension to Banach N-tuples which was suggested
by Lions [19] and studied in details by Favini [13]. We follow the presentation of
[11].

Let A be the collection of all z = (zy, ..., zy_1) € CY~! such that

N—1
O<Rezj<1,1<j<N-1 and 0<ZRer<1.
j=1

Forl1 <j <N —1,put
OAj={z€ A:Rezj =1, Rez; =0,k # j}

and .
OAy={z€ A:Rezx =0,1 <k <N —1}.

Given any Banach N-tuple A, we write H(A) for the space of all continuous and
bounded functions f : A —> X (A) such that

(i) f is holomorphicin A,

(if) foreach 1 < j <N, f:0A; — A; is continuous, bounded and vanishes at
infinity.
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We put
I £l = sup {Ilf(@)la; : 2 € dA;, 1 < j < N}.

Definition 2 Let A = (A, ..., Ay) be a Banach N-tuple and let 6=(0,...,0N
where 0 < 6; < 1 and Z?’Zl #; = 1. The space [A]; consists of all elements a €

Y (A) such that a = f(0y,...0y_1) for some f € H(A). We endow [A]; with the
norm

lallgzy, = inf {1 fllzgca = f(Ors ... 0n-1) =a, [ € H(A)}.
According to [13, Teorema 1], we have that
[ - 17 is an exact functor of exponent 6. )

In [13, 19, 23, 25] one can find examples of concrete interpolation spaces
generated by these methods. We just recall one here. Let 0 < 6y, 6, 85 < 1 with
Oy +0,+0s=1,1et1 < py, py,p3 <occandputl/p==0/p+0/ps+03/p3.
Then we have with equivalence of norms

LP = (Lﬂl’ LPz’ Lpa)(91~,92»63),q;/(
= (Lpl ’ LP:* LPs)(91,92»93),q:J
= [LPI s Lp,, L173](92»93)

(see [23, Theorems 8.1 and 8.3] and [19, page 1855]).

3 The Fundamental Function

As we have pointed out in Sect. 2, given any N r.i. spaces X, ..., Xy over £2, then
X = (X1, ..., Xn) is a Banach N-tuple which has M as containing space.

Lemmal Let X = (X1, ..., Xy) be an N-tuple of ri. spaces over 2. Then for
any N -tuple of positive numberst = (11, ..., ty) andany E C 2 with u(E) = s we
have that

K, xp) =min {t;0x,(s) : 1 < j < N}.

Proof By (P3) we have that xg € A(X). Hence
K, xp) <min{t;llxelx, : 1 <j < N}=min{t;ox,(s) : 1 < j < N}.
To check the converse inequality we follow the same idea as in [9, Lemma 5.1]. Let

X j be the r.i. space over (0, 0o) which corresponds to X ; through equality (3). Take
any representation yg = Zyzl fj with f; € X;. Forany y > 0, using (1) we get
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y y Y N ooy y N
| ear= [ (S pywax <X [ s = [ e,
-1 j=1 =1

0 0 j

Therefore, by [4, Lemma II1.7.5], there is a linear operator T : (? Iy oo X N) —>
= b ) N

(Xy,...Xy) suchthat Tz, 5, <1forl <j=<N, T(Zj:1 fj*) =X and T f7

is non-negative and decreasing for 1 < j < N. Since x5) = X5 = Z;V=1 Tfr, it

follows that T'f" = ¢;X(0,s) for some 0 < ¢; < 1 with Z;\’:l ¢; = 1. Hence

N N N
D ticiox, () = D tileixonlz, = D HITF I,
j=1 j=1 j=1

N N
< D 5l =D il fill, -
j=1 j=1

Consequently,
N N
min {t;ox,(s): 1 < j < N} =inf { > djtjp;(s):0<d; <1, d; =1}
j=1 j=1

N N
< D citipi(s) < D4l fillx, -
j=1 j=1

This yields that
min {t;ox,(s): 1 < j <N} < K@@ xp).

The proof is complete. (]

Next we establish the main result of the paper. Recall that two functions f, g
defined on [0, ©($2)] are said to be equivalent (in symbols, f ~ g) if there are con-
stants ¢y, ¢co > 0 such that

c1f(s) <gls) Zcaf(s), sel0,u(s2)].

Theorem 1 Let 6 = (0, ...0x) be an N-tuple of numbers with 0 < 0; < 1 and
ZII-V:] 0; = 1. Assume that § is an exact interpolation functor of exponent 0. Given
any N-tuple X = (X1, ..., Xy) of ri. spaces over 2, we have that F(X) is an r..
space over §2 and its fundamental function pgx, is equivalent to H?’:l g@?{/_ (s).

Proof Tt is easy to check that F(X) is an exact interpolation space with respect to
(L1(£2), Lo(£2)). Hence, it follows from [4, Theorem II1.2.12] that F(X) is an r.i.
space over £2. Let us estimate its fundamental function. Let K be the scalar field (K =
RorC). Take any a € A(X) and consider the operator T\ = \a with A\ € K. Then
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T:(K,...,K) — (X;,...,Xy)and ||T||K,Xj_= lallx,.Since (K, ..., K) =K
with equivalence of norms and § has exponent 6, we derive that there is a constant

¢ > 0 independent of a such that |la|lzx) < CH;\/:l ||a||i’j. Choose now a = xg
where E C 2 with u(E) = s. Then we obtain

N
0
Pz @) < c[]¥ o).

j=1

To check the converse inequality, take any a € F(X) and take any _positive num-
bers 1, ..., ty. Applying the Hahn-Banach theorem to the space X (X) normed by
K((1,t,...,ty), "), we can find a continuous linear functional f such that

f@=K((1,t,....ty),a) and |f(x)] < K((1,t2,...,tx), %), x € Z(X).

Since X ; < Z(Y) and this embedding hasnorm < ¢;, 2 < j < N, it follows that
f: X — (K, ..., K) with I fllx;xk <tjfor2<j<Nand|f|x, k=1 Using
that § is exact of exponent § we obtain that there is a constant C > 0, depending
only on the equivalence of norms in equality §(K, ..., K) = K such that

N
0.
K((Ltr....tn), ) = If @] < C [ Nlallz, -

j=2

This yields that
K((1,5,...,tn),a)
sup

12,...,tn>0 H?’:z lf/

Now takea = x g where E C §2 with i(E) = s andchooset; = ¢y, (s)/¢x;(s),2 <
Jj < N.Using Lemma 1 we derive

< Cllalzx) -

N

Cosmn®) = Clixelzm = [ [6" K.t ... tn). xE)
k=2

¥ min goxl(s) tipx,(s):2<j < N}

x (S)

[l

This completes the proof. (]

Corollary 1 Let 0 = (04, ...0x) be an N-tuple of numbers with 0 < 0; <1 and
Z;v:] 0; =1. Let X = (X1, ..., Xn) be an N-tuple of ri. spaces over §2 and let
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1 < g < oo. Then the fundamental functions of the r.i. spaces (X1, ... Xn)j ,.x and
[X1, ... Xnlp are equivalent to Hj-vzl @?/_ (s).

Writing down Corollary 1 for the case of the classical real method (X, X2)¢,4
we recover the result established by Haroske [15, (3.5), page 98].

Remark 1 Cobos and Peetre [10] showed another way to extend the real method to
N-tuples of Banach spaces. They introduced a J and a K interpolation functors by
using a convex polygon IT in the plane, an interior point («, 3) of Il and a scalar
parameter g € [1, oo]. The Banach spaces of the N-tuple should be now thought of
as sitting on the vertices of I1. If N = 3 and IT is the simplex {(0, 0), (1, 0), (0, 1)},
then the spaces generated by the methods of Cobos and Peetre coincide with A .y
and Z@' 4k - Butin general they are not interpolation functors of exponent 0 (see [8]).
Furthermore, on the contrary to the case of spaces of Yoshikawa and Sparr, given
an N-tuple of r.i. spaces over £2, the K and the J-spaces might be different. The
fundamental function of r.i. spaces generated by those methods have been studied in
[14].

As we have mentioned in Sect.2 after (4), any r.i. space X over £2 is an exact
interpolation space with respect to the couple (L, Lo,). However, applying the real
method to this couple we only obtain L, spaces and Lorentz L, , spaces. Namely,
(L1, Ls)gg =L, 4 if 1/p =1 — 0. The complex method only produce L, spaces.
In order to obtain all r.i. spaces, we should extend the definition of the real method
by replacing the weighted L, norm in Definition 1 by a more general lattice norm
(see [6, 22]). Next we recall this extension in the discrete form presented in [21].

Let I" be a Banach space of real-valued sequences with Z as index set. Suppose
that I" contains all sequences with only finite many non-zero coordinates, and that
whenever |£,,| < |n,,| foreachm € Z and (n,,) € I',then (§,) € I" and ||({,)r <
(M) || - Moreover, we assume that

(min(1,2™) e I" 9)

and
o0

Sup{ Z min(1, 27")[&] 2 (1) llr < 1} < 00. (10)

m=—0oQ

Definition 3 Given any Banach couple (A, A,), the K-space (A, A2)r.x is
formed by all those a € A; + A, such that (K(2",a)) € I'. We put ||all(a,, a,) .« =
I(KQ2™, a)llr-

The J-space (Aj, Ay)r.; consists of all elements @ € A; + A, which can be
represented as a = zoo u, (convergence in A; + A;) where (u,,) € A N A,

m=—0oQ

and (J(2™, u,,)) € I'. We set

o0

lalliaaor, = it 1@ w)lrca= > unl.

m=—0oQ
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It is not hard to check that the general J- and K -functors are exact. Hence, given
any r.i. spaces X, X, over §2, we have that (X, X»)r.x and (X, X») ., are also
r.i. spaces over §2.

If0 <60 < 1,1 <q <ooandI" = £,(27"), the space £, with the weight (27",
then

(A1, A2,y x = (A1, A2)g,a-mmy. g = (A1, A2)og

(see [5, 6, 24]).
In general, (A, A2)r.s # (A1, A2) .k, but we always have that

(A1, A))r.x = (A1, Ay (11)

(see [21, Lemma 2.4]).
As a direct consequence of Lemma 1 we obtain the following

Corollary 2 If X, X, are ri. spaces over 2, then the fundamental function of
(X1, Xo)rik is

SD(XhXZ)F:K(S) = ||(min(¢X1(s)’ ZmSDXZ(S)))Hr , 0<s< M(Q)

In order to relate Corollary 2 with Theorem 1 for couples, we shall consider shift
operators 7; on I, which are defined by 7.¢ = (&) for & = (&) € I

Proposition 1 Let X, X, be r.i. spaces over §2. There are positive constants ci, c;
such that for any 0 < s < ju(82) if we take k € 7 such that 2* < px,(s)/¢x, (s) <
2k+1 then we have

Cx,x)rx ) S crox OTllrr and ©x,(s) < cllT—kllr.r o, x)r., (5) -

Proof By Corollary 2 and (9) we get

x1 X (8) = [|(min(ex, (5), 2" ox, () [l
= ¢x, () [ (min(1, 2" px, (s)/0x, () -
< @x, ()| (min(1, 2" D) -
< ox, )7t |, | (min(1, 2) || -
<crex, Nl

On the other hand, let E € £2 with ©(E) = s and take any J-representation x g =
Z:;O:foo fm with (f) € X1 N X, and (J(Z’", fm)) € I'. By Lemma 1 we derive
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@x, (s) < min (px, (5), 2 Fpx, (5))

o0

=KQ* xe) < > KQ™ f)

m=—0Q

< > min(1, 27" IQ@", f)

m=—0Q
[e.0]

= > min(1,27")J Q2" fur)

m=—0Q

<al(JQ™ ™, fu-o)lr

where we have used (10) in the last inequality. Consequently,

ox,(8) < allT(J @™, fu)llr < callTllr,r I 2", fuDllr -

This implies that

ox,(8) < eallT—illrr o xr, (5) -

It follows from (11) that there is a constant ¢ > 0 such that

O, Xy () S cox xyrk(8), 0=<s < pu(f2). (12)

Therefore, writing down Proposition 1 and (12) for the special case I" = ¢, =0my,
where [|7¢ll¢, a-im).¢, 2-om) = 2%, we derive

1-0, 6
@(lexz)[q(zfsm);,( ~ ¢(X|,X2)£q(zfam);] ~ Px, Px,

which coincides with the estimate of Theorem 1 for the classical real method.

We finish the paper by computing the fundamental function of an space generated
by the general J-functor. We first recall that the associate space X’ of an r.i. space X
over £2 consists of all g € M such that o | fgldu < oo forevery f € X, equipped
with the norm

ol =sup{ [ 1fold: 151 <1}

It turns out that X’ is again an r.i. space over 2. For its fundamental function we
have that
px(t)px (t) =t forany finite ¢ € [0, u(£2)] (13)

(see [4, Theorem I1.5.2]).
Using the same arguments as in [14, Lemmata 3.1 and 3.3] we can derive the
following.
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Lemma 2 Let X, X, be ri. spaces over §2. Then the following equalities hold:

d
(@) J(t.g: X}, Xp) = sup f?'f?' P gex|nx).
fexi+x, K™, f1 X1, Xo)
d
(b) K(t,g; X}, X3) = sup Jo fgldn ge X+ X,

rexinx, J@N f Xy, Xo)

Let I"* be the collection of all real-valued sequences 7 = (),,) such that

o0

Il =sup { D7 1&um-nl < gl =1} < o0

m=—0Q

Proceeding as in [14, Theorem 3.4], from Lemma 2/(b) we obtain the following
characterization for the associate space of the J-space.

Theorem 2 Let X, X, be r.i. spaces over §2. Then

’
((Xu Xz)r;J) =X}, X5k -

Since X = X” with equal norms (see [4, Theorem 1.2.7]), we conclude from
Theorem 2 and (13) that the fundamental function of (X, X») ., is

-1

O, X (8) = H (min (ﬁ %)))

rs
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Sobolev Embeddings for Herz-Type
Triebel-Lizorkin Spaces

Douadi Drihem

Abstract In this paper we prove the Sobolev embeddings for Herz-type Triebel-
Lizorkin spaces, ) )
K:IlzJng s K;ll,PFgl

where the parameters «;, oy, 1, $2, 5, ¢, 1, p, 0 and 6 satisfy some suitable condi-
tions. An application we obtain new embeddings between Herz and Triebel-Lizorkin
spaces. Moreover, we present the Sobolev embeddings for Triebel-Lizorkin spaces
equipped with power weights. All these results cover the results on classical Triebel-
Lizorkin spaces.

Keywords Triebel-Lizorkin spaces - Herz spaces - Sobolev embedding

1 Introduction

Function spaces have been widely used in various areas of analysis such as harmonic
analysis and partial differential equations. In recent years, there has been increasing
interest in a new family of function spaces which generalize the Besov spaces and
Triebel-Lizorkin spaces. Some example of these spaces can be mentioned such as
Herz-type Triebel-Lizorkin spaces, K" F 5, that initially appeared in the papers of
J. Xu and D. Yang [19-21]. Several basic properties were established, such as the
Fourier analytical characterisation and lifting properties. When a« =0 and p = ¢
they coincide with the usual function spaces F, .

The interest in these spaces comes not only from theoretical reasons but also
from their applications to several classical problems in analysis. In [11], Lu and
Yang introduced the Herz-type Sobolev and Bessel potential spaces. They gave some

D. Drihem ()

Laboratory of Functional Analysis and Geometry of Spaces, Department of Mathematics, M’sila
University, P.O. Box 166, 28000 M’sila, Algeria

e-mail: douadidr@yahoo.fr

© Springer Nature Singapore Pte Ltd. 2017 15
P. Jain and H.-J. Schmeisser (eds.), Function Spaces and Inequalities,

Springer Proceedings in Mathematics & Statistics 206,

DOI 10.1007/978-981-10-6119-6_2



16 D. Drihem

applications to partial differential equations. Also in [17], Y. Tsutsui, studied the
Cauchy problem for Navier-Stokes equations on Herz spaces and weak Herz spaces.

Since the Sobolev embedding plays an important role in theory of function spaces
and PDE’s, the main aim of this paper is to prove the Sobolev embedding of spaces
K, 4 F ;- First we shall prove the Sobolev embeddings of associated sequence spaces.
Then, from the so-called (-transform characterization in the sense of Frazier and
Jawerth, we deduce the main result of this paper. As a consequence, we obtain
new Jawerth-Franke-type embeddings, the Sobolev embeddings for Triebel-Lizorkin
spaces equipped with power weights, new embeddings between Herz and Triebel-
Lizorkin spaces, and we present some remarks about the wavelet characterization
of Herz-Triebel-Lizorkin spaces. All these results generalize the existing classical
results on Triebel-Lizorkin spaces.

To recall the definition of these function spaces, we need some notation. For any
u>0keZwesetC(u)=1{xeR":u/2<|x| <u}andCy = C(2¥).Forx € R"
and r > 0 we denote by B(x, r) the open ball in R” with center x and radius r. Let
Xk, for k € Z, denote the characteristic function of the set C. The expression f ~ g
means that C g < f < c¢ g for some independent constants ¢, C and non-negative
functions f and g.

We denote by |§2| the n-dimensional Lebesgue measure of £2 € R”. For any
measurable subset £2 € R” the Lebesgue space L”(§2),0 < p < 0o, consists of all
measurable functions for which || f | L?($2)Il = ([, |f(x)|pdx)1/p <00,0<p<
ooand || f | L®(£2)] = ess-sup |f(x)| < co.If 2 = R” we put L”(R") = L? and

x€eR
ILf I LP@R)| = [l fIl,- The Hardy-Littlewood maximal operator M is defined on
locally integrable functions by

1
M = B — d
A igg |B(x, )| Jpe.r f ldy

and M, f = (/\/llf|’)l/t for any 0 < ¢ < 1. The symbol S(R") is used in place
of the set of all Schwartz functions ¢ on R" and we denote by S’(R") the dual
space of all tempered distributions on R”. We define the Fourier transform of a
function f € S(R") by F(f)(&) = 2m)™"/? [, e f (x)dx. Its inverse is denoted
by F~! f. Both F and F~! are extended to the dual Schwartz space &’ (R") in the
usual way.

Let Z" be the lattice of all points in R” with integer-valued components. If v € N
and m = (my, ..., m,) € Z" we denote Q, ,, the dyadic cube in R"

Qum =1{(x1, .., x) im; <2'x; <m; +1,i =1,2,...,n}.

By xv.» we denote the characteristic function of the cube Q, ;.

Given two quasi-Banach spaces X and Y, we write X — Y if X C Y and the
natural embedding of X in Y is continuous. We use ¢ as a generic positive constant,
i.e. a constant whose value may change from appearance to appearance.
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2 Function Spaces

We start by recalling the definition and some of the properties of the homogenous
Herz spaces K,,"".

Definition 1 Let a € R,0 < p, g < co. The homogeneous Herz space Ky is
defined by ) )
KPP ={f e LL R"\ {0} : || f | K"| < o0},

loc

where

: = 1/p
[ri&gr)=( 3 2 iradg)

k=—00
with the usual modifications made when p = oo and/or g = 0.

The spaces K,*¥ are quasi-Banach spaces and if min(p, ¢) > 1 then K7 are

Banach spaces. When a =0 and 0 < p = g < oo then Kg’p coincides with the
Lebesgue spaces L”. Various important results have been proved in the space I'{;Y P
under some assumptions on «, p and ¢g. The conditions —2 < o« < n(1 — ql), 1 <
q <oocand 0 < p < oo is crucial in the study of the boundedness of classical oper-
ators in K, 4" spaces. This fact was first realized by Li and Yang [8] with the proof
of the boundedness of the maximal function. The proof of the main result of this

section is based on the following result, see Tang and Yang [13].

Lemmal Letl < <o00,1l<g<ooand0 < p < oo.]f{fj}?‘;o is a sequence
of locally integrable functions on R" and —g <a<n(l— é), then

(o) | =l (Siar) |
Jj=0 =

A detailed discussion of the properties of these spaces my be found in the papers
[7, 9, 10], and references therein.

Now, we present the Fourier analytical definition of Herz-type Triebel-Lizorkin
spaces K(? "’ F} and recall their basic properties. We first need the concept of a
smooth dyadic resolution of unity. Let ¢y be a function in S(R") satisfying ¢o(x) = 1
for x| < 1 and ¢o(x) = 0 for |x| > 2. We put ¢;(x) = ¢p(27/x) — ¢p(2' x) for
Jj=1,2,3,...Then{¢;}en, is aresolution of unity, Z?o:o ¢j(x) = lforallx € R".
Thus we obtain the Littlewood-Paley decomposition f = Z?io F o j * f of all
f € §'(R") (convergence in &’ (R")).

We are now in a position to state the definition of Herz-type Triebel-Lizorkin
spaces.

Definition 2 Leto, s € R,0 < p,g < ooand0 < 3 < oo. The Herz-type Triebel-
Lizorkin space K;'" F 3 is the collection of all f € S'(R") such that
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Hf|K“"%H—H(Z2’”\f o rl) 1k <0 )

with the obvious modification if 5 = co.

Remark 1 Let s € R,0 < p,qg <00,0 < B <00 and a > —n/q. The spaces
Kg" F are independent of the particular choice of the smooth dyadic resolution

of unity ¢ J jeNo (in the sense of equivalent quasi-norms). In particular K; PR 5 are

quasi- Banach spaces and if p, g, 5 > 1, then K,? P F are Banach spaces. Further
results,concerning, for instance, lifting properties, Fourier multiplier and local means
characterizations can be found in [20-22, 24].

Now we give the definitions of the spaces B), ; and F, ;

Definition 3 (i) Lets € Rand 0 < p, 3 < oco. The Besov space B;ﬂ is the collec-
tion of all f € S'(R") such that

.8

|>f|Bw|>—(Zz“ﬂ||f o r]0)" <

j=0

(i) Lets e R,0 < p < 0o and 0 < (3 < oco. The Triebel-Lizorkin space F' ; g is the
collection of all f € S’(R") such that

71 E = H( T R

The theory of the spaces B), ;and F, ; has been developed in detail in [14-16] but
has a longer history already 1nclud1ng many contributors; we do not want to discuss
this here. Clearly, fors e R,0 < p < occand 0 < 8 < o0,

>0, s __
K,PF; =

Let us consider kg, k € S(R") and § > —1 an integer such that for an € > 0

| Fko(§)| > 0 for [£] < 2e 2)
|Fk(€)| > 0 for % < €] < 2¢ 3)

and
/ x%(x)dx =0 forany |a| <S. 4)

Here (2) and (3) are Tauberian conditions, while (4) are moment conditions on k.
We recall the notation
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k(x) =t7"k(t™ "), kj(x) =kp-i(x), for t € (0,00) and j e N.

Usually k; * f is called local mean. Let { f,},, be a sequence of positive measurable
functions. Let « € R,0 < p,g < oo and 0 < B < oo. We set

[t 1 &zmen] = | (Z1n)" 1 K]
v=0

The following result is from [23, Theorem 1].

Theorem 1 Leta,s e R,0< p,g <00,0< <00, a>—n/qands < S+ 1.
Then ) )
|7 1P| = |2k 101 Ko@)

I 5)
is equivalent quasi-norm on Kgng
We introduce the sequence spaces associated with the function spaces I'(; P F5. If
A={AmeC:veNy,meZ"},
a,s €R,0< p,g<oocand0 < [ < o0, we set

PR B H(i 2. 2”‘”"|>\v,m|“xu,m)l/ﬁ | kg"’”. ©6)

v=0 meZ"

Let @, ¢, ¢ and ¥ satisfy
Q. ¥, p, 1 e SR @)

—_— 5
suppF @, suppF¥ C B(0, 2) such that |[FD (&), | FE ()] > cif |§] < 3 (8)

and
suppFp, suppF1 C B(0,2)\B(0. 1/2) such that |Fo(§)]. |F$(©)] = ¢, (9)
if 2 < |¢| < 2 such that
W—@N@Himma—f@: I, eR,  (10)
j=1
where ¢ > 0. Recall that the ¢-transform S, is defined by setting (S, f)o,m =

(f7 (pm) where @m(x) - qj(x - m) and (Stpf)v,m - (f7 @v,m) where Pv,m (x) -
2v/2(2°x —m) and v € N. The inverse ¢-transform 7y, is defined by
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ToA= D" X%+ D D Moo,

mezn" v=1 meZ"

where A = {\,,, € C:v e Ny, m € Z"}, see [3].
Forasequence A = {\,,, e C:veNy,meZ"},0 <r <ooandafixedd > 0,

set |/\ |r 1
* v,h r
vom,rd — (Z v[D—v} _ D—v d)
S (142270 — 27vm])

and \*, = (X7, , € C:veNymeZ".

Lemma2 Let a,s cR,0<p<00,0<qg<00,0<B<00 d>n and o> —n/q.
Then
B

min(q. —ra Kg P13 ~ N1 K 75
q

Proof Obviously,

”)‘ | K;Wf/; ” = H /\;knin(q, gyl K;’pﬁf

Tora®
T+a

From Lemma A.2 of [3], we obtain

:’m’min(q,L 3).d =< CMa( Z |)\v,h|Xv,h) (x), xe Quv,ms

2] s b
gtao’
q
heZ"

where,
. n
0 <a <r=min(g, .——,3) < oo, da > nr

‘1+a

andc>Odependonlynandd.Letaz%—1 >0anda = then0 <a <r

and da > nr. Hence

<c

_r
1+2/2°

* S, p rS
min(q, g'jm,/ﬁ),d | Kq fﬂ

i a/f .
(ZM,;//{( Z 2vsﬁ|>\v,h|ﬁXv,h)) | K;x/aa,p/a
v=0 t

heZ

1/a

Observe that g > 1,9 > land 24 < aa < n(l — £). Applying Lemma 1 to esti-
. q q
mate the last expression by

S s . .
CH(Z Zszﬂl)\v,Mﬂxv_h) | K;Lp” =c|x| Ko ps I

v=0 heZ"

The proof of the lemma is thus complete. (]
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To prove the main results of this paper we need the following theorem.

Theorem 2 Let o, s e R,0<p <00,0<qg <00,0< < 00 and « >‘—n/q.
Suppose that ¢ and @ satisfy (7)~(10). The operators S, : Kg""F} — K" f3
and Ty, : K;’pfg — K7 F}j are bounded. Furthermore, T o S,, is the identity on
Ky

Proof Weuse the same arguments of [3, Theorem 2.2], see also [25, Theorem 2.1] and

[1, Theorem 3.12]. For any f € S'(R") we put sup(f) = {sup,,,(f) : v € Ng,m €
7"} where

sup(f) = sup |@y * f(y)]

Y€Qum

ifveN,meZ"and B
sup(f) = sup |® x f(y)]

0,m YEQom

if m € Z". For any v € Z,, we define the sequence inf,(f) = {inf, ,, (f) : v €
No, m € Z"} by setting

dnf (/) = sup{ inf |5, % S| 2 Quinn N Qun # W)

hezr YELv+vh

ifveN,meZ"and

inf (f) = sup{_inf @ * f(V)|: Oy N Qom # W}
0,m,7y hezn YEQyu

if m € Z". Here ;(x) = 2/"p(—2/x) and @ (x) = P(—x). As in Lemma A.5 of
[3], see also [1, 25] we obtain

linf, () 1 K2 f3] < el £ 1 Ky

foranys e R,0 < p,q < 00,0 < § <00, > —n/q and v > O sufficiently large.
Indeed, we have

inf, () | K37 f5] = ¢

( 2.2 jj%m(f)xj'—%m)m | K3 (o) H

mezn

Define a sequence {Aik}ieng.kezn Dy setting \; x = inf e, |5,-\:; * f(y)|and Ao =
infycp 1P * f(y)]. We have

Jinf (f) = sup{Ajn: Qjn N Qjorym # D)

J—=smy heZnr

and

inf (f) = sup{Aos: Qvn N Qom # 9}
0.m.y hezr
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Let h € Z" with Qj,h N Qj—/,m # 0 andj > 7. Then
Ajn X8 iy and Aoy < 2N L =7 (11)

forany z € Z" with Q; . N Q; » # ¥, where the constant ¢ > 0 does not depend

on j, h and z. Indeed, we observe

_ Ajih
(1+2/|277h —27iz])4

A (14271277 h — 277 z])%.

Letx € Q;,NQj_ymandy € Q; N Q;_ . Wehave
277h =27z < 27h — x|+ |x —y| + |y =277z S22 4207,

This implies (11). Hence

> inf (DXjmm =€ D N raXike J >

J=y.m,
mez" keZn

and

> dnf (Fxom = ¢ D NosraXods J =7
meZl keZr
with r = min(q, %a 0B) and d > n. Therefore,
[inf, () | K&P £5) < ¢ 275 \* ' | K&P(€g)].
Y q CR | — j,k,r,dquk i q B
kezr =

Notice that if j = v we replace A . ;Xjk by AG y .aX~.k- Applying Lemma 2 to
estimate this term by

cH ( Z 2js)\j,kxj,k) | I'(;’p(ﬁﬂ) H + CH Z A0k Xk | K;””’
kezr Iz kezr

9

which is bounded by

c” (2/‘%7;* f) | k;;’f'(z/g)” +ch§*f | K;;PH

J=
By Theorem 1, we obtain

inf, () 1 RGP 15| < e| £ 1 KGPES| < e £ 1 RGP

I

where we use the characterization of Herz-type Triebel-Lizorkin spaces by local
means. Applying Lemma A.4 of [3], see also Lemma 8.3 of [1], we obtain
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inf'y(f);knin(q, ’jra,g);y ~ Sup(f);knin(q, " B),y*

7 gt
Hence for v > 0 sufficiently large we obtain by applying Lemma 2,

”inf”l’(f);knin(q, "y | K;’pfé ” ~ ”inf”/(f) | K;Wf[; ”

T,
gta

and

| SUP(Hiin 5y | K57 S50 2 [ supCH) K 5]

I3 s
7 +a

forany s e R,0 < p,qg < 00,0 < 3 < oo and a > —n/q. Therefore,

linf, (/) | K7 5]~ | F L KgP B3| ~ || sup(f) | K7 £5)-

Use these estimates and repeating the proof of Theorem 2.2 in [3] or Theorem 2.1 in
[25] then complete the proof of Theorem 2. (]

Remark 2 From these to prove the embeddings
K{»"Fp? < K PFY

we need Only to pr()Ve
. ) . ,
Rf{lz sy ¢ K(Jl )4 ](;351

under the same restrictions on parameters s, 3, 1, ao, S, p, ¢, 3,71, 6.

We end this section with one more lemma, which is basically a consequence of
Hardy’s inequality in the sequence Lebesgue space ¢,.

Lemma3 Let0 <a < 1and0 < g < oo. Let {} be a sequences of positive real
numbers and denote 6; = z_];:() a"“e;andn, = zc;o:k a’~*e;, k € Ny. Then there
exists constant ¢ > 0 depending only on a and q such that

()" (T = (2"

k=0

3 Sobolev Embeddings for Spaces K;‘ P Fg

It is well-known that
5" 5
F, ;,zoo — Ev,lﬂ

ifs; —n/s =5, —n/q,where0 < g <s <oocand 0 < § < oo (see e.g. [14, The-
orem 2.7.1]). In this section we generalize these embeddings to Herz-type Triebel-
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Lizorkin spaces. We need the Sobolev embeddings properties of the above sequence
spaces.

Theorem 3 Let «y,an,s1,5 €R,0<s,r,p,qg <00,0< <00,y >—n/s
and oy > —n/q. We suppose that

S| —n/s —ap =8, —n/q — . (12)
Let0 <g<s<ooanday > ajor0) <s <q < ooand
a+n/q = o +n/s. (13)

Then ) )
K;’“ ;2 < K;’"”ﬁ,j‘, (14)

ifand only if 0 < r < p < 00, where

9 — B, if0<s<qg<ooandas+n/q =a;+n/s;
| oo, otherwise.

Proof We would like to mention that this embedding was proved in [2, Theorem 5.9]
under the restriction max (0, “q—”) < < (al + %) % — g. Here we use a different
method to omit this condition.

Step 1. Let us prove that 0 < r < p < oo is necessary. In the calculations below we
consider the 1-dimensional case for simplicity. For any v € Ny and N > 1, we put

)\N — 27(6‘17%*&1)0 ZIN:I Xi(zv_])3 if m= ]’
o 0, otherwise,

AV = (A, :veNy,m e Z}. We have

N Saq,p S|P e arkp - wiB AN 1/ 1/p P
[ Rer T = 3 2 (D 2 A )

k=—00 v=0 meZ s

‘We can rewrite the last statement as follows:

0 k N 1 g /3
> (X ati)
v=1

k=1-N
0
_ Z paikp ”2({-&-&1)(1—1())(171{ 1”{” =cN,
k=1-N 3

p

s

where the constant ¢ > 0 does not depend on N. Now
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N Fan,r 252 |7 - azkr = vs.0 \N |0 1/0
”/\ |Kq o ” - Z 2 (ZZ |)\u,1| Xv,l) Xk
0

k=—00 v=

r

q

Again we can rewrite the last statement as follows:

0
Zazkr (
k;N

— v=

N
’

1/6
2(52751+%+011)v9Xv,1) / Xk
1

q

p
=cN,
q

0
_ 2azkr

2(S2—S1 +:l+0’1)(1 —k)

X1—-k,1
k=1-N

where the constant ¢ > 0 does notdepend on N. If the embeddings (14) holds then for

any N € N, N7+ < C. Thus, we conclude that 0 < r < p < co must necessarily
hold by letting N — +o0.

Step 2. We consider the sufficiency of the conditions. First we consider 0 < ¢ < s <
oo and ap > «y. In view of the embedding £, < £, it is sufficient to prove that

K27 f32 > K& f5
By similarity, we only consider the case § = 1. Let A € K" f32. We have

r\ 1/r
)

cp+1 00

&z = (X 2 X2 T A

k=—o00 v=0 mezn
+( i kar izvsl z by X X r)l/r (15)
v,m Xv,m Xk s .
k=c,+2 v=0 mezr

Here ¢, = 1 + [log,(2+/n + 1)]. The first term can be estimated by
r) 1/r

r\ 1/r
)

cpt1 cn—k+1

C( Z 2’“”’ Z 2US1 Z )\v,va,ka

k=—00 v=0 mez"

cpt1 o0
+C( Z 2ka1r Z 2v Z >\v,111Xv,ka

k=—o00 v=c,—k+2 mez
=I+11.

Estimation of I. Letx € C; N Qy,y and y € Q. We have |x — y| < 2/n27% <
2~V and from this it follows that |y| < 27V 4 2k < 2ea=v+2 which implies that y
is located in some ball B(0, 2*~?*2). Then
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Do’ = 27 / Dol Yo (Ddy < 27 / Pl Xom ()Y,
]Rn

B (0,2"" —v+2)

ifx € C, N Qy,n and t > 0. Therefore for any x € Cy

> Pl um(n) =27 [ 3 Pl Xem )y

B(0,20nv42) =

mez"
nv !
=2 E |)\v,m|Xv,mXB(0,2t'n—u+2) ,
mezn"
Hence
cp—k+1

ark § vs E

2% H 2% )\vavakH
mezZ"

cp—k+1

< C2(a1+ )k Z 2V(S1+ )

We may choose ¢ > 0 such that } > max(é, é + %). Using (12) and Lemma 3 to

estimate /" by
Z |)‘v m |Xu mXB(O 2en— ”2)

B Z 2v(¥2—*—0/7+ r
mez"
o] P S

J)r/a
i<—v meZ"

czzvm ( Z 2,"”+(y2m sup Z 29 ]|)\] m|XJ mXi+e,+2

i<—v mez"

v,m Xv mXB(O 2%—1'*'2)
EZ)X

IA

IA

U)r/a

— ap. Again, we apply

n

by Holder’s inequality, with o = min(1,7) and 5 = 7 — :’7
Lemma 3 to obtain

,
reeS o ap S 2%\l gmXorrosa < NG 3]
i=0 I mezn

Estimation of 11. We see that it suffices to show that for any k < ¢, + 1

00
oUsI A H < Cx/q Zka2
Z Z v,m Xv,m Xk =

v=c,—k+2 mezr

ka

sup D> 2" Ay X XE, )

v>c, —k+2 meZn

=6,
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~ 1 n
where Cp={xeR":252 < |x| <22} and C = 2max(1§%, 22—1)
T T

This claim can be reformulated as showing that

kays $—s - s, s
/Ck 2 0 ( z 2 Z |Av,m|XU,m(x)) dx < 1.

v=c, —k+2 meZ"

The left-hand side can be rewritten as

9]
n_n s
5—x( 2v(;75)+(o¢17&2)(U+k)+usz+kaz |>\v " |Xu m(x)) dx
> >

v=c,—k+2 mez
° s
— v(E—2)tvsy+ko
= [ (0D 2 S A @) dx =T,
Cr v=c, —k+2 mez"

since ap > «vj. Letusprovethat 7, < 1foranyk < ¢, + 1. Our estimate use partially
some decomposition techniques already used in [18].

Case 1.8UD>. _piom Qusatkaz) X 1xy.m(x) < 4. In this case we obtain

q
n=C [ (5 sp 3 ) dx < 1
Ck

v>c, —k+2 meZn

Case 2. SUp,>. jiom 2usatkaz |\ 1y (X) > 6. We can distinguish two cases as
follows: -
e 6! SUPy> ¢, —kt2um Qusatkas [Av.m | Xv.m(x) = oo, then there is nothing to prove.
© 0 < SUP,=e _tiom 2" Ay i Xum (x) < 00. Let N € N be such that

nN (N+Dn
= -1 vsy+k
24 <6 sup E 2V Ny X (X)) <270,
v>c,—k+2

mez"

Subcase 2.1. k > ¢, — N + 2. We split the sum over v > ¢, — k + 2 into two parts,

00 N oo
v=c,—k+2 v=c,—k+2 v=N+1

Let x € Ct N Qym and y € Q. We have |x — y| < 2/n27% < 297V and from
this it follows that 2572 < |y| < 27V 4 2F < 2%*2 which implies that y is located
in Cy. Then

|)\v,m|q =2" |)\v,m|qu,m(y)dy <2 _ |)\v,m|qu,m(y)dy7
R» Cr

if x € Cx N Oy . But this immediately implies that
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> Pt =2 [ 3 Dol

Cy

mez" mez"
_ |14 (L —s2)qu—angk
- 2nv|| Z |)\v,m|Xv,mXCk || = 2% 4 2 5(1'
mez"
Therefore for any x € Cy
N N
_ n_n ' . n n
5 1 E 21)(5 q)+v.32+k0¢,_ Z |)\u,m|Xv,m(-x) < E 25 < C25N
v=c,—k+2 mezr v=c,—k
and
)
-1 L) tvsr+k
g7 D 2t R N X ()
v=N+1 meZ
00
n_nyN o —N)(E—")Fvsr+k
=269 5 2 2 =N)(§—7)tvsatkay Z |/\v,m|Xv,m(x)
v=N+1 mez"
<2070 sup DT 2R L (1)
v>c,—k+2 mezn
< C25V,
Hence

q
T, < C‘/ 2Ny < CS/ (5—1 sup > 2”S2+’W2|Av,m|xm(x)) dx < 1.
Cr Cy

v>c, —k+2 mezn

Subcase 2.2. k < ¢, — N + 2. We use the same of arguments as in Subcase 2.1, in
view of the fact that 302 - < D020

Estimate of (15). The arguments here are quite similar to those used in the estimation
of I1. This complete the proof of the first case.

Now we consider the case 0 < s < g < oo and oy +n/q > o) + n/s. We only
need to estimate the part 7;. Holder’s inequality implies that

00
n_n _ §
T, < H671 2 2(; R az)(v+k)2usz+ka2 2 |>\v,m|Xv,ka H
v=c,—k+2 mez a

s

—1 vy +ko _ —s
<o s 32| =
q

v>c,—k+2 —

where the last inequality follows by the fact that ay + n/q > a; + n/s. The remain-
ing case can be easily solved. The proof is complete. O



Sobolev Embeddings for Herz-Type Triebel-Lizorkin Spaces 29

As a corollary of Theorems 2 and 3, we have the following Sobolev embedding
for spaces K" F}.

Theorem 4 Let «y,a;,51,5 €R,0<5,9g<00,0<r<p<00,0<f<o0,
o) > —n/s and oy > —n/q. We suppose that

S| —n/s —ap =8, —n/q — .
Let0 <g<s<ooanday > ayor) <s <q < ooand
ary+n/q > a;+n/s.

Then
K;Z’ng2 s Kfl,I’F;;l’

where

) — B, if0<s<g<ooandoy+n/qg=ao+n/s;
] oo, otherwise.

Remark 3 'We would like to mention that (13) and sy —n/s — ) < s, —n/qg —

are necessary, see [2].

From Theorem 4 and the fact that f(?"‘ F 5‘ =F ;,lg we immediately arrive at the
following corollaries.

Corollary 1 Let 51,50 e R,0<s,g <00,51 —n/s=s,—n/qg—ay 0<r<
s<ooand 0 < B <oo. Let0 <qg<s<ooanda; >00r0<s <qg < oo and
ay +n/q >n/s. Then )

K;zz,ngz s Eys,lﬁ’
where

0 — B, if0<s <g<ooandoy;+n/qg=n/s;
00, otherwise.
Corollary 2 Let s;,50 € R,0<s,9g <00,81 —n/s —a; =5, —n/q,0<q <
p<ooand) < <o0. Let0<g<s<ooanda; <0o0r0<s <gqg < ooand
n/q > oy +n/s. Then )
FP < KOPFY,

where
B, if0<s<qg<ooandn/q = a; +n/s;
00, otherwise.

From the above corollaries and the fact that K;”*’Fz() =K g forl <rg<oo
and -2 <a<n— g, see [19] we obtain the following embeddings between Herz

q
and Triebel-Lizorkin spaces
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>0, S
Kq — Fsﬂ,

ifn/s —s;=n/g+ay,l<r<s<00,0<p<o00,and

n
l<g<s<oo and 0 <ap, <n——
or
n o n n
l<s<g<oo and ———<ay; <n——
s q q
or
n n
l<s<g<oo,ap=—-——— and [F=2.
s q
Again we obtain
52 sy, p
Fqﬂ;)Ks

holdsifn/s + oy =n/q — 52,0 <max(q,1) < p <oo(orl <g=p < 00),0 <
6 < oo and

0 < max(q,1) <s <oo and —E<a150.
s

or
n
l<s<g<oo and — - <a; <n/q—n/s
s

or
l<s<g<oo,a=n/q—n/s and 6 =2.

From the Jawerth-Franke embeddings we have

53 5 S1
Ft’oo > Bq,, > Fs,ﬂ’

if s1,8,53 € R, sy —n/s=s,—n/qg=s3—n/t,0<t<qg<s<ooand0<f
< 00, see [16, p. 60]. Using our results, we have the following useful consequences.

Corollary 3 Let s1,5:,53 € R,0<s5,q,t <00,8) —n/s =s, —n/q =s3—n/t
and 0 < (3 < oo. Then

Fh, = KS’SF;; — Fl5, 0<t<q<s<oo.

To prove this it is sufficient to take in Corollary 1, r = s and a, = 0. However
the desired embeddings are an immediate consequence of the fact that

53 2 _ 10,9 72 0,5 152
Fi = Fr = KMF2 < KO F2.

Corollary 4 Lets;, s e R,0 < 5,9 <00,51 —n/s =sy —n/q and 0 < 3 < oco.
Then



Sobolev Embeddings for Herz-Type Triebel-Lizorkin Spaces 31
K >0,
Fro,— KMF) — Fly, 0<qg<s<oo.

To prove this it is sufficient to take in Corollary 2, p = g and «; = 0. Then the
desired embeddings are an immediate consequence of the fact that

K >0,q 51 >0,5 7S1 __ 1S1
FP, < KMF) — KM F} = F),.

4 Applications

In this section, we give a simple application of Theorems 3 and 4.

Theorem 5 Lets € R,0 < p, q ﬁ < 00 and o > —n/q. Then there exists a linear
isomorphism T which maps K F 5 onto K P s 3- Moreover, there is an uncondi-

tional basis in K,? pFﬁ‘.

The mapping T is generated by an appropriate wavelet system. A proof of this the-
orem can be found in Xu [24] for the non-homogeneous Herz-type Triebel-Lizorkin
spaces and « > 0. This result is also true for the spaces K';’ng, with « > —n/q.
Indeed, the problem can be reduced to prove the K Pt f3-version of Lemma 3.5 in
Xu [24]. Therefore we need to recall the definition of molecules.

Definition 4 Let K, L € Ny and let M > 0. A K-times continuously differentiable
functiona € CX(R")iscalled [K, L, M]-molecule concentrated in Qy.m,if forsome
veNypandm € Z"

|ID%(x)] <21 +2¥|1x —=27"m)™, for O0<|a|<K,xeR" (16)

and if
/x“a(x)dx =0, for 0<|a|] < Landv > 1. (17)

R~

If the molecule a is concentrated in Q, ,,, that means if it fulfills (16) and (17),
then we will denote it by a,,,. For v = 0 or L = 0 there are no moment conditions
(17) required.

Now, we prove the K" Jf-version of Lemma 3.5 in Xu [24].

Lemma4 Lets e R,0 < p,q < 00,0 < 8 <ooanda > —n/q. Furthermore, let
K,L € Ny andlet M > 0 with

1
L>n|\—————-1)—1-s, K arbitrary and M large enough.
min(1, g, 3)
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If ayn are [K, L, M]-molecules concentrated in Q,,, and A={nmeC:ive
No,m € Z"} € K?’pfé, then the sum

o0
Z Z Av,mavm (18)
v=0 meZ"
converges in S'(R").

Proof We use the arguments of [16], see also [5]. Let p € S(R"). We get from the
moment conditions (17) for fixed v € Ny

D Xomom (p()dy

Rr mez
3 D27
> A2 a3 () = X - 27ty ZEE I gy
Rn mez" 18]<L 6
l—OO!
where C; = {y e R" : 2/~! < |y| < 2/} for any i € Z. Let us estimate the sum
0
> .- .. We use the Taylor expansion of ¢ up to order L — 1 with respect to the
I=—00

oft-points 27"m, we obtain

o) — 3 (3 — 2y 2IPE M) D XE )ﬂD;@,
|Bl<L |8|=L

with ¢ on the line segment joining y and 27"m. Since 1+ |y| < (1+ [£])
(1+ ]y — 2‘”m|), we estimate

3
|BI=L |BI=L '

<(+ly=2""m)" A+1ED S llplls,
<c+Iyh S+ |y—27m|)"*,

where S >0 is at our disposal. Let 0 <7 <min(l,q) =1+4¢ — #lq)
and  h=s+20¢—1) be such that n(l— i) +s>h>—1-L
Since a,, are [K,L,M]-molecules, then 27°*+D g, (y)| <2/v2-vd+1+h

(142" |y - 2‘“m’)_M. Therefore, The sum > - - - can be estimated by

I=—00
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0
e S ST x| (120 [y = 27 m )Y () Sdy.

i=7<>ocl_ mezZn
(19)
Since M can be taken large enough, by Lemma 4 in [5] we obtain

> e (1427 |y =27 m ) < eM( D [ X ) )

meZn mezpr

forany y € C; N Q,; with [ € Z". We split S into R+ T with R+ o <0 and T
large enough such that 7 > max(—R, qum)_ Then (19) is bounded by

c2rvas 3 2—’R/M > 2 Pl o ) 001+ 1y .

i=—00 mez"

Since we have in addition the factor (1 + |y|)~7, it follows by Holder’s inequality
that this expression is bounded by

¢ 0-v(L+1+R) Z - IR”M( Zzh”P\vmlxvm) Xi

i=—00 meZ "
< ¢ pvLHI+h) Z i@ +R) H D2 N o K2 ‘
i=—00 mez"
—0(LA1+h) || | P gh
<c?2 )\qu/t 00

where the first inequality follows by the boundedness of the Hardy-Littlewood max-
imal operator M on K B /fo Using a combination of the arguments used above, the
sum Z - can be estimated by ¢ 27V(+1+D ||)\|K;/f’ "] Since L+ 141 > 0,

the convergence of (18) is now clear by the embeddings

K‘”’f < Kq/t

see Theorem 3. The proof is completed. (]

Let w denote a positive, locally integrable function and 0 < p < oco. Then the
weighted Lebesgue space L? (R", w) contains all measurable functions such that

1/
1@ w] = ([ rwrewd)” <.
Rll

For ¢ € [1, 0o) we denote by A, the Muckenhoupt class of weights, and Ay =
Uy>14,. We refer to [4] for the general properties of these classes. Let w € A,
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se€R,0< g <o0and 0 < p < oco. We define weighted Triebel-Lizorkin spaces
F ;_ 5(R", w) to be the set of all distributions f € S’(R™) such that

I£1 PR w)||—H( 20 |7 1) - w|

j=0

is finite. In the limiting case 3 = oo the usual modification is required. The spaces
F?* ﬂ(R w) = F) $ /,(w) are independent of the particular choice of the smooth dyadic
resolutlon of umty {¢;j}en, appearing in their definitions. They are quasi-Banach
spaces (Banach spaces for p, g > 1), and

SR") = F, 5(w) — S'(R").
Moreover, for w =1 € A, we obtain the usual (unweighted) Triebel-Lizorkin

spaces. Let w,, be a power weight, i.e., w,(x) = |x|” with v > —n. Then in view of
the fact that L? = K 2‘1' , we have

I 1E ] ~ |71 KEF

Applying Corollary 4 in some particular cases yields the following embeddings.

Corollary 5 Lets;,s0 € R, 0<g <5 < 00,0 < 3 <00andw, (x) = |x|", w,,
(x) = |x|"2, with v > —n and v, > —n. We suppose that

n -+ vy n—+y
S1 — =S5 —
S
and
/9 = 1/s.
Then

F;.Zoo(wﬁ,z) s F’ ﬂ(w ).

Remark 4 We refer the reader to the recent paper [6] for further results about Sobolev
embeddings for weighted spaces of Besov type where the weight belongs to some
Muckenhoupt A, class. Notice that these results are given in [12, Theorem 1.2] but
under the restrictions 1 < g <s <00, 1 < < o0.
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Order Sharp Estimates for Monotone
Operators on Orlicz-Lorentz Classes

Mikhail L. Goldman

Abstract We consider the monotone operator P, which maps Orlicz-Lorentz class
Agp,, into some ideal space Y = Y (R,). Orlicz-Lorentz class is determined as
the cone of Lebesgue-measurable functions on R, = (0, co) having the decreas-
ing rearrangements that belong to weighted Orlicz space Lg , under some general
assumptions concerning properties of functions @ and v. We prove the reduction
theorems allowing reducing the estimates of the norm of operator P : Ag, — Y to
the estimates for its restriction on some cone of nonnegative step-functions in L ,.
Application of these results to identical operator mapping Ag , into the weighted
Lebesgue space Y = L (R4 ; g) gives the sharp description of the associate space
for A . The main results of this paper were announced in [20]. They develop the
results of our paper [19] related to the case of N-functions.

Keywords Monotone operators * Orlic—Lorentz classes

1 Some Properties of General Weighted Orlicz Spaces

This section contains the description of needed general properties of weighted Orlicz
spaces. Some of them (not all) are presented in different forms in the literature; see
for example the books of Krasnoselskii and Rutickii [1], Maligranda [2], Krein
et al. [3], and Bennett and Sharpley [11].

Definition 1 We denote as ® a class of functions @ : [0, c0) — [0, co] with
the following properties: @ (0) = 0; @ is increasing and left continuous on R,
@ (+00) = 0o; @ is neither identically zero nor identically infinite on R .
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For @ € ® we introduce
to =supfr €[0,00): @ () =0}; (D
to =inf{t € Ry : @ (t) = 00} 2)
(too = 00 is assumed if @ (1) < 0o, t € Ry). Then,
10 € [0,00); I € (0,00]; 1o < foo, 3)
D()=0, tel0,1], DPI)=00, >ty 4)

(the last in the case 7o, < 00).
Everywhere below we assume that

®ed, veM, v>0 almosteverywherein R,. 5)

Here, M = M (R,) is the set of all Lebesgue-measurable functions on R. For
A >0, f € M we denote

o0

() = / ® (A 1f ())v () dor, ©)

0
[ 7]y, =inf A>0: 00 () <1). (7)

Orlicz space Lg , is defined as the set of functions f € M : Hf”(m < 00.

Note that general concept of Orlicz—Lorentz spaces was developed by Kaminska
and Raynaud [12]. In this article there is a general definition of Orlicz-Lorentz spaces,
even with two weights, generated by an increasing function @. The necessary and
sufficient conditions are discussed there for the Minkowski functional to be a norm,
quasi-norm or the space to be linear.

The goal of this Section is to describe some needed general properties of Orlicz
spaces Lg ,. In particular, we would like to answer the following question. Let
ce Ry fieM, f, € Ly, Whatare the conditionson @ € @ such that the estimate

D) <ch(f), A>d|f],, (8)

implies that f; € Ly ,, and
|ills., <dl22ls, ©

with some constant d = d (¢) € R, not depending of fi, f>.
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Remark 1 Let @ € ®, c =d = 1 in the estimate (8). Then (9) is valid withd = 1.
Indeed, we have J) (f2) <1 for every A > || b2 ||q> ,» so that (8) = Jy (f1) < 1.

Therefore, A > | f1], ,- Thus, (9) follows withd = 1. Sowehaved = d (1) = 1 in
(8), (9). ’

Our nearest considerations will be devoted to the justification of this estimate for
c € (0, 1), which makes possible to obtain (9) with some d € (0, 1). To consider the
case ¢ € (1, co) we need some additional conditions on function @ € ®.

For ¢ € (0, 1) we assume that 7y = 0; to, = 00 in (1), and in (2). Let us denote

dc)=inf{d € (0,1]: & (dt) > cP (t), t € (0,00)}, ce€(0,1). (10)
For ¢ € (1, 00) we assume that

ot~ =0. (11)

o0

It means that at least one of the conditions 7y = 0; 7o, = o0 is fulfilled. We denote
by

d()=inf{d>1: ®dt)Z2cP (), 1 € (to,dfltoo)}, ce(l,o0) (12)
(under assumption (11), we have ty < d~'t., for any d > 1). It is clear that
ce(0,11=d(c) €[0,1]; ce(l,00)=d(c)e[l,ox].
For ¢ € (1, co) we denote by
O.={P eB: d() < oo}. (13)
Theorem 1 Let @ and v to satisfy the conditions (5), and c € Ry. If c € (0, 1) we
require that ty = 0; too = 00 in (1), (2); if ¢ € (1, 00) then (11), and the condition

@ € O, have to be fulfilled. Let d(1) = 1, and d(c) being determined by (10), (12)
for ¢ # 1. Then the inequality,

D) <en(fh), A>d© | f],, (14)

for functions f; € M, f, € Ly, implies

fieLloy, [fillg, <d@|rls, (15)

Corollary 1 Let 0 < ¢ < ¢ < 00; and the conditions (5) and (11) be fulfilled.
Moreover, if ¢y = min {cl_l, cz} € (0, 1), we require that t) = 0; to, = 00, if ¢ =
max {cfl, cz} > 1, then @ € O, is assumed. If

() <alx(fi) Sy (f2), (16)
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for every A > 0, then

fi€Lloy & fr€ Loy difi ||4,’U < ||f2||¢,,v < fi ||¢,v, (17)

where »
di=d(c;") ., da=d(c). (18)

see (10), (12).

We need some lemmas for the proof of Theorem 1.
Let f € Ly, f # 0. For ¢ € R, we define

Ap@©=(A>0: chh(f)<1). (19)

It follows from (6), and from the properties of @ € @ that J (f) decreases, and
it is right continuous as function of A. Therefore,

A @ #D= As () =[A(),0), As(c)=inf Ay (c). (20)

We have for ¢ € (0, 1]
A @D A (M) =0>0: O <Y=[|f],, ). @D

sothat A ¢ (c) # #. The following lemma gives more general nonempty — conditions
for Ay (c).

Lemma 1 Let the conditions (5) be fulfilled, let f € Lg ., f # 0. Then, the follow-
ing conclusions hold:

(1) if @ (+0) =0, then Ay (c) # ¥ for every c € R;
(2) if @ (+0) > O, then

- 4-1

c> | @ (+0) / vdx = As(c) =9, (22)
E(f)
- .|
c< | D HO0 / vdx = As(c) #9, (23)
E(f)

where
E(f)={x € Ry :0 < |f(x)] <oo}.
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Remark 2 1In the conditions of Lemma 1 we have,

0< BN <L Ae[[f]pp00). AHLOD. (24)
Therefore, the following limit exists

OgJoo(f):)\ETOOJ)\(f)gL (25)

In the proof of this lemma we particularly establish that

0< Joo (f) =  (+0) / vdx < 1. 26)
E(f)

Moreover, we will show that i (E (f)) = oo, and

D (+0) > 0= 0 < / vdx < @ (+0)", 27)
E(f)

because v > 0 almost everywhere.

Proof (of Lemma 1)
1. Denote

Eg(f)={xeRi: [f()I=0}, Ex(f)={xe€Ry: |f(x)|=o00}.

Then,
Ry =Ey(HUE(fH)UEx(f). (28)

For \ € [”f”(p’u, oo) we have,

o0

I (f) :=/¢> (A @) 0 dx < 1. (29)

0
It means that almost everywhere
DA f)v@x) <co=® (A f)]) <oo=|f(x)] <oo.  (30)
In the first implication, we take into account that v (x) > 0 almost everywhere,

and in the second one, we use the condition @ (+00) = co. From (30), it follows
that
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p(Es (f)) =0. @31
Moreover, f # 0= u(Ey (f)) < oo.
From here, and from (28) we see that  (E (f)) = 00, and

I(f) = / ® (A If(x)l)v(x)dx+/CD(A"If(x)I)v(x)dx. (32)
Eo(f) E(f)

For x € Eg(f) we have A™'|f (x)|=0= & (A\™"|f (x)]) =0 (recall that
@ (0) =0).
Therefore,

() = / ® (A1 (v () dox. (33)
E(f)

We see that
-1 -1
Ne[[£]g,00) =@ (1 @) v <@ ([£],, 1 ) v e Ly (R,
and A — +o0 implies
0<Af@WI=>0=0 M\ |f@)vE) —> @ (H0)v(x).
Therefore, we have by Lebesgue majored convergence theorem
S (f) = lim 5y (F) = +0) [ vdx.
—+00

E(f)

It proves (26).
2. If @ (+0) = O then, /\lim Jy (f) =0, so that for every ¢ € Ry we can find
— 400

A(c) € Ry, with J, (f) < ™', A > A(c). It means that Ay (c) #0.
3. Now, let @ (4+0) > 0. Note that J) (f) decreases in A\, therefore we have for
every A > 0 by (26) and (22),

cIr(f) 2 cls (f) =cD (+0) / vdx > 1= As(c) =0.
E(f)
By the conditions (23) with A — +o00, we have

Alim cIh(f) =cd (+0) / vdx < 1,
—+00
E(f)
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so that
AA() >0: ch(f) <1, AZA()= Af(c) #9.

Remark 3 Let ¢ € (0, 1] in the conditions of Lemma 1. Then, Af (¢) # @. Indeed,

by (26), 1

@ (4+0) / vdx >1,
E(f)
so that the assertions (23) are fulfilled for ¢ € (0, 1).If ¢ = 1 we also obtain A s (¢) #
# (see Remark 1).
Remark 4 Under assumptions of Lemma 1 let
—1
@ (+0)>0;,c=| @ (+0) / vdx € (1, 00) (34)

E(f)

(see (25) and (26)). Then both variants of the answer are possible. Let us give the
examples.

1. If @ (r) > @ (+0), t € R, then we have E (fy) = E; for function fy = xg
where E C R,,0 < u(E) < o0, and therefore

ey (fo) =c® (A_l)/v(x)dx > c® (—i—O)/v (x)dx = 1.
E

E

It means that Ay, (¢) = ¥.

2.Let30 >0: @ (t) = @ (4+0),t € (0,0).

Then we have A (c) # @ for every bounded function f. Indeed, let | f (x)| < M
almost everywhere. Then, A > M§~! = & ()\’1 | f (x)|) <@ (/\’IM) = @ (40),

cJy (f) < c® (+0) / vdx =1= Ay (c) D (M5!, 00).
E(f)
Let the conditions (5) be fulfilled, and f € Lg ,, f # 0. Denote
A(f;d)=inf{\>0: J,(df) < o0}. (35)

We have
e ld]f]g,00) = h@n <1, (36)

so that
A(fid) <d|f],, (37)
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Lemma 2 Let the conditions (5) be fulfilled, and c € (0, 1); tg =0, too = 00 in
(1), (2). Let d(c) be defined by (10). Then the following estimate holds for function
feleow f#0

ch(f) <h@f), AelA(f;d),00). (38)
with any d > d(c).
Proof We use formula (33). For x € E (f),d > d (c) we have by definition (10)

0< A f)l <oo=cd (N If @) <@ (A ldf (0)]),
so that
ch(f) = / cP (/\71 lf (X)\) v(x)dx < / @ ()\71 ldf (x)l) v(x)dx < Jx(@df).
E(f) E(f)

Corollary 2 From (36)—(38), it follows that \ € [d”f”q),v, oo) =chh(f) < 1,0
that
Ar(0) D [d||f||¢,v, oo) 40, Vd>d(c).

Thus,
A5 @2 [d© | f] g, 00) v

Lemma 3 Let the conditions (5) and (11) be fulfilled, and c € (1, 00), d (c¢) being

defined by (12) and ® € O,. Then, estimate (38) holds for function f € Lg,, f # 0,
with any d > d(c).

Proof For A > 0,d > d (c) we define
Go(f)=Go(f; ) ={x e R : A" [f (0] <o}, (40)
GH=G(f;iN={xeR:tp<A'|fW)| <00}, tw=00; (41
GUH=G(fiAhd)={xeR:to<A"|f (0] <d 1}, too <005 (42)
Go(f) ={x €Ry: |f ()] =00}, loo=00; (43)
Goo (f) =G (fsNd)={x € Ry : N [f ()| >d 't} 1o <00. (44)

Then,
Ry =Go(HUG(fHUG (f). (45)

We have according to (40) and (4),
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xe€Gy(fi= (AN f W) =0= / (A f @) v(x)dx =0. (46)
Go(f)
Further, A\ > A (f; d) implies J) (df) < oco. Therefore, almost everywhere
@ (A Hdf (D)) v(x) <oo= & (A df (x)]) < 0. 47)

Here we take into account that v (x) > 0 almost everywhere. Now, if 7., = oo then
@ (+00) = 00, and if 1o, < oo then @ (t) = 00, t > 1. Therefore, in both cases

x € Goo (f) = @ (A" df (x)]) = oo. (48)
From here, and from (47), it follows that

(G (f)) =0= / & (A f W) v)dx =0. (49)
Goo(f)

Now, (45), (46), and (49) imply
()= / @ (AT f @) v (x)dx. (50)
G(f)

Forx € G (f) wehavet = A7 | f (x)] € (fy, 00), if toc = 00,011 € (19, d™ "1 ]
if 1o < 00. By (12) we have ford > d (¢)

@) <Pdt), te(to,d 'tx). (51)

If 1oc < 00, this inequality is extended onto (fo, d '] by the limiting passage
with t — d~ 't (let us recall that @ is left continuous). Therefore,

c@ (N @) < (A df (0]), xeG(f), (52)

so that,

cn= [ co(Vlirm)vmd < [ @ (xar i) veods <s@n.
G(f) G

This proves estimate (38) .
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Proof (of Theorem 1) In the assumptions of this theorem, Remark 1 exhausts the case
= 1. For function f = f, € Lg,, f> # 0, we can apply Lemma 2 with ¢ € (0, 1),
or Lemma 3 with ¢ € (1, 00). In both cases we obtain (38) for f = f>. It is true in

particular for all A € [d ” N H B0 oo) because of (37). For such values of \, we have
inequality J) (df>) < 1. Therefore, by (14), and (38),

DD el () < h@f) <1 Aeld]f],,. ).

It means that,
Hfluqb,v < d||f2||¢_v, d>d().

Thus, the relations (15) follow.
Example 1 If @ (t) =1°,¢t € [0, 00), € > 0, then
10=0, fo=00, d(c)=c"% ceR,.
Example 2 Let @ (t) = e' — 1,1 € [0, 00). Then,
th=0, teo=00, ¢c>1=d(c)=c.
Example 3 Let® (1) =1In" (t + 1),t € [0, 00),y > 0.Then, ) = 0,7, = 00,d (¢) =

oo for every ¢ > 1. Indeed, if ¢ > 1, the inequality In” (df + 1) > cIn” (r 4+ 1) fails
for every d € R, whent € R, is big enough, because

. In" (dt + 1)
lim [——| =1
t>+oo | In7 (t+1)
Example 4 Let the condition (11) be fulfilled, lete > 0, and @ (¢) t~° 1 on (fy, fo).
Then,

c>1=d() <cl. (53)

Indeed, for every 1 € (o, c™/1)
@ (c7r) = (1) [@ () () ] = () [ 01 ] = e ().

It means that d (¢) < c¢'/=.

Example 5 Let the condition (11) be fulfilled, let p € (0, 1], and @ be p-convex on
[70, 1), that is for «, 5 € (0, 1], o + 37 = 1 the inequality holds

D (at+01)<a’@ @)+ PP (1), t, 7€ [l ). (54)
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If t < oo, then by passage to the limit this inequality is extended on [#y, 7 ]-
Thus, we have,
c>1=d()<cP. (55)

Indeed, (54) implies @ () t~7 1 on [fo, t), and the result of Example 4 is applica-
ble here.

Example 6 (Young function) Let @ : [0, oo) — [0, co] be the so-called Young func-

tion that is,
t

@ (1) =/30(T)dT, (56)

0

where ¢ : [0, 00) — [0, 0] is the decreasing and left-continuous function, and
i (0) =0, ¢ is neither identically zero, nor identically infinity on (0, co). Then,
@ € O, and 1y, t, being introduced for @ by (1) and (2), are the same as their
analogues for . We assume that (11) is satisfied. Function @ is convex on [fy, fo)
because 0 < ¢ 1. Thus, we can apply the conclusions of Example 5 with p = 1. In
particular,c > 1 = d (c) < c.

Theorem 2 Let the conditions (5) and (11) be fulfilled, and @ being p-convex on
[t0, txo) With some p € (0, 1]. Then, the following conclusions hold.

(1) The triangle inequality takes place in Ly ,: if f, g € Le,, then f 4+ g € Lo,
and

1/p
1£+alo, < (1715, +19l5,) " (57
(2) The quantity || f”qm is monotone quasi-norm (norm, if p = 1):

feM, 1f1<gelon=feLow |flo,<lols, 9

that has Fatou property:

foeM. 0< £t £ 1 f],, = tm ], 59)

n—oo

Conclusion. In the conditions of Theorem 2 L ,, forms ideal quasi-Banach space
having Fatou property (Banach space if p = 1, in particular in the case of Young
function @).

Proof (of Theorem 2) 1. Let f, g € Lg,,. Then, we have for all A > || ng’v, o=
lall5...
Do (F)= [ @ (P IF o) v dr < 1 (60)

Ry
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Ju (9) = / @ (P 1g ()] v (x)dx < 1. (61)

R+
Now, almost everywhere on R, (60), and (61) yield,
o (AIf @)+ @ (17 g ()]) < o0, (62)
because v (x) > 0 almost everywhere on R... Further, for ., = oo we denote
E(f)=1{x Ryt |f ()] < o0}, (63)
E(9)=1{xeRy: g < oo}, (64)
and for t,, < 0o we denote
E(f)y={xeR: X7 |f W) <t} (65)
E@)={xeR: X7 g0 < 1o} (66)
In both cases we have according to (62),

® ()\—l/p If (0)]) =00, xe€ R\E (f) = mes (R+\E (f)) =0,

@ (17 |g()]) =00, x € Ry\E (g) = mes (R+\E (9)) =0.

Therefore,
mes (RA\[E (NN E@)]) =0, 67)
T (f) = / @ (AP 0)) v (x) dx, (68)
E(f)NE(9)
T (9) = / @ (7 g (0)]) v (x) dx, (69)
E(f)NE(g)

T (f +9) = / DA+ PIf @) +g@Il)vx)dx.  (70)

E(f)NE(g)
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For @ € © the following inequality holds

O (A+p P If () +g@I) <
<O+ P IfF@OI+O+w P lg@)]). (71)

We define
a= NP+ B= O T

=X F @l =P gl
In this case a” + B7 = 1, and we have for x € E(f) N E(g)
t, 7 €[0,00), too=00; t,T7T€[0,tx], ls < O00.

Therefore, the estimate (54) is applicable for the right-hand side of (71). As the
result,

A+ PIf ) +gmI) <

A —1y H -1/
S5R® AW @) e (g @)

We integrate this inequality over the set E (f) N E (g), and take into account
formulas (68)—(70). Then,

I
Jogpr (f +9) < S (f) + mhl/n (9) - (72)

A
A+ p
From (72), (60), and (61), it follows that

1

Jogprr (f +9) < Nt =

+ 1.

A p
Thus,
If+9le, <O+m'7.

This inequality holds for all A, p, satisfying the conditions A\ > “ f ||i o 1=

H g ”Z) b Therefore, estimate (57) is valid.
2. Let us check the properties of quasi-norm.
For ¢ = 0 it is obvious that J) (cf) = J) (0) = 0, VA > 0, so that

||cf\|¢,v =inf(A>0: Jy(cf) <1} =0=|c| ||f||¢_v.
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For ¢ # 0 we have,

lef|lp, =infiA>0: Ji(cf) <V =inf{A>0: Jy(f) <1}
=inf{lclp>0: J, () <1} =lel|f],,
Thus, we have Hcf”q)m = |c| Hf”q),v for all € R.

Moreover, it is evident that f = 0 = || f || by = 0. Let us show the inverse. Let
7], =0 Then,

[fly,=infA>0: () <S=0=L(f)<LVA>0. (73)
Let us suppose that f is not equivalent to zero. Then,
e >0,ECR,: meskE >0;|f(x)]>e, x€E.

It means that for every A > 0

I (f) >/q>(x1 If @) v (x) dx > cp(xle)/v(x)dx. (74)

E E

We know that v (x) > 0 almost everywhere, and mesE > 0. Then, f v(x)dx >
E

0. Moreover, @ (A~'¢) 1 0o (A | 0). Thus, the right-hand side in (74) tends to +o0
if A | 0, that prevents to (73). Therefore, the above assumption fails, thatis f =0
almost everywhere on R, . These assertions together with triangle inequality (57)
show that the quantity H f || . has all properties of quasi-norm (norm if p = 1).

3. Let us prove the property of monotonicity for quasi-norm. The increasing of
function @ € @ implies that

Ifl<g= L)< (@, YA>0.

We have inequality J), (g) < 1 when\ > ||g}|¢ »9E Lg . Then,

DO <L A= gl = [flo. < l9ls. (75)

4. Now, we prove the Fatou property. Let f, € M., f, 1 f. Function @ € © is
increasing and left continuous, therefore @ (A" [ £, (x)[) * @ (A" | f (x)]) almost
everywhere. We can apply B. Levy monotone convergence theorem for every A > 0:

I =/<1> (A1 Gl)v () dx 1 /qb (A1 @) @) dx = Iy (/).
Ry

Ry
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(this conclusion is valid as well in the case J) (f) = o0). Then,
D) <Dy neN=|flly, <|flg, neN.

Denote
By =suwp || fu],, = lim | fu],,
neN

n—0o0o

Let us show that By = “f”q)‘v. Itis clear that B, < ”f”(p,v_ Suppose that B, <
| f] 4, Forany X e (Bf, f||¢’v) we have

A< | fllp, =inf{u>0: 2, () <1} = () > 1.
At the same time, for every n € N
A> | fall g, = D) < 1.

Thus,
I(f) = HILH(}O I (fw) <L

This contradiction shows that the above assumption was wrong. Thus, B =
1714
The following result is useful by the calculation of the norm of operator over

Orlicz space Lg .

Lemma 4 Let the condition (5) be fulfilled. Then, the following equivalence takes
place for f € M,

1 £p, <1 5 () =/<1> (If v @) dx < 1. (76)
0
Proof Obviously,
hH<t=|fl,, <1 (77

From the other side, we have

Ji (f)=1AiIr111A(f)- (78)
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Indeed, A | 1= @ (A7'[f (X)) * @ (| f (x)]) almost everywhere because of
increasing and left-continuity of function @ € ®. Then, by B. Levy monotone con-
vergence theorem

[e¢]

[easwvemar=tm [ @ (i @)ow s,
0

0

which gives (78). Consequently, if J; (f) > 1, we can find Ay > 1, such that
Jy, (f) > 1. Then, Jy (f) < 1= X > XAy (because of decreasing of Jy (f) by A).
Therefore,

Hf||¢’v =inf(A>0: Jy(f) <1} =X > 1.

Finally,
B =15 [l > 1

Together with (77), it implies the equivalence (76).

For the completeness, we formulate the results in the case of failure of the condi-
tions (11), namely when

to oo < 00 & 0 < 1y < 1o < 00. (79)
Lemma 5 In the conditions (5) the following estimates hold for function f € M,
ol oy <M1 WL, <t Al (80)

Proof Letty > 0,

f||Lx < 00. Then, we have for any A > to_1 || f”Loo that

Fl<fl,. =0 irm)<e (A rl,.) =0

almost everywhere by the property (4). Therefore, A > 1, ! || f “ .= Ih(f)=0,
that is N

|}f||¢,u =inf{A>0: J,(f) <1} < t(;‘]|f||Lx.

It gives the first estimate in (80). Further, let #,, < o0, ‘
|| f || o, We have J) (f) < co. Then, by analogy with the proof of (29), and (30) we

obtain that @ ()\‘1 |f (x)I) < oo almost everywhere. Thus, by (4) we conclude that
{x € Ry : A1 (X)] > 1o} is set of measure zero. It means that A" | f (x)| < oo
almost everywhere, and

f||q>’v < o0o. Forany \ >

D) <o= | f],. < M. @81)

It gives the second estimate in (80).
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Corollary 3 Let the conditions (5) and (79) be fulfilled. Then the two-sided estimate
takes place for every function f € M

o o, <171, <ol o (82)

showing that Ly, = Lo with the equivalence of the norms. Here Lo, = Lo, (R4)
is the space of all essentially bounded functions.

The above corollary shows that we lose the specific of Orlicz spaces in its condi-
tions.
Nevertheless, we formulate in this case the answer on the above posed question.

Lemma 6 Let the conditions (5) and (79) be fulfilled, and f| € M, f, € Lg . If for
every A > H 12 ||¢ , we have Jy (f1) < oo, then f| € Ly ,, and

[illo, <101l £ollg. (83)

so that we obtain inequality
. <teclfollo,

Proof We have J) (f1) < oo for every A > || b

| Al <t
Together with the first estimate in (80), it gives (83).

”tD,v

2 Discrete Weighted Orlicz Spaces

2.1. Here, we consider the discrete variants of Orlicz spaces. For it, we assume that
®ecO; B=1{Bu), BuecRi, meZ=1{0,+1,42,..}.  (84)

Denote
losg = {a ={au}, oy € R: “O‘“zm < oo},

where

lef, =infA>0: jx(@ <1}, @@= &N "loanl)sn. (85
.3

Let us formulate some discrete analogues of the results of Sect. 1. An analogue
of Theorem 1 is as follows.

Theorem 3 Let the conditions (84) be fulfilled; let c € R, and if ¢ € (0, 1), then
to=0;tc =00in (1), (2), ifc € (1,0) the (11) is fulfilled. Let d(1) = 1, d(c) is
determined by (10), and (12) for ¢ # 1, moreover, for ¢ € (1, 00) we assume that
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@ € O,. Let the following estimate holds for sequences o = {a,}, v = {7V}, where
b AS ld),v:
@) <ch). Azd@© |, - (86)

Then, o € lg y, and the inequality holds
la,,, <d@]~],, (87)

Corollary 4 Let the conditions (84) and (11) be fulfilled, let 0 < ¢; < ¢ < 00,
and o = {ay,}, v = {Ym}. Moreover, if co = min {cfl, cz} € (0, 1), then we require
to = 0; o = 00, if ¢ = max {cl_l, cz} > 1, then we require ® € ©,. Let

(M < (@) <y (), (88)
for every A > 0. Then the following estimates hold

di|,,, <lel,, <&, (89)

withdy = d (c;")", dy = d (c2), see (10), (12).
Now, we formulate an analogue of Theorem 2.

Theorem 4 Let the conditions (21) and (11) be fulfilled, and @ be p-convex on
[t0, ts0) for p € (0, 1]. Then the following conclusions hold.

(1) Triangle inequality takes place inlg . Namely, if & = {ap}, v = {vm}; a, v €
lp. g, then o + v € I g, and

1/p
o+l < (lalf,, +1817,) - (90)
(2) The quantity ||oz||lw is monotone quasi-norm (norm for p = 1):
|| < yms meZ; yelps= aclep, Ha”lw <,

that possess Fatou property: let o' = {a’fn}, Y ={Ym}, n € N, then

0< O/'m TAm(ntoo), meZ= ”’Y”lo..a - nlggo ||0/' ||la>.e’1.
Conclusion. In the conditions of Theorem 4. ly g forms discrete ideal quasi-
Banach space (Banach space for p = 1; particularly, when @ Young function is)
that possesses Fatou property.



Order Sharp Estimates for Monotone Operators on Orlicz—Lorentz Classes 55

Lemma 7 Let the condition (84) be fulfilled. Then the following equivalence takes
place:

lal,, <14 i@ =@ (anhf < 1.

2.2. To establish these discrete analogues of the results of Sect. 1, we can introduce
the sequence {yt,,} such that

pn < s R =UAns Ay = [, i) O

We define the weight function v € M, v > 0 satisfying the conditions
/ vdt = f3,. (92)
A”X

Then we restrict the considerations of Sect. I on the set of step-functions

Lo, = {f €Loy: f =D OmXa, Om € R} , (93)

where x »,, is the characteristic function of interval A,,. For such functions, we have
D =i@s [ flg,=lel, . o=} (94)

Indeed,

oo

nin=fentiropnd=3 .-
A

m
0 m

=> o\ |am|)/vdt =2 @ (A awl)Bn = r (@)
m A m

Now, all above-mentioned discrete formulas are the partial cases of corresponding
formulas of Sect. I applied to step-functions in Orlicz space.

2.3. Here, we describe one special discretization procedure for integral assertions
on the cone 2 of nonnegative decreasing functions in L ,:

Q={felo,: 0< [}, (95)
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We assume here that the weight function v satisfies the conditions

t
0< V() :=/vd7‘ <00, VteR,, (96)
0

Moreover, we assume that Vis strictly increasing, and
V (+00) = 0. o7

(the case V (+00) < oo we will consider separately). For fixed b > 1 we introduce
the sequence {y,,} by formulas

=V (D) & V() =b", meZ=1{0,£1,+2,...},  (98)

where V~! is the inverse function for the continuous increasing function V. Then,
the condition (91) is fulfilled, because

0< tim 1 lim u, =0; lim p, = oco. 99)
m——0o0

m—+00
Moreover, we introduce the cone of nonnegative step-functions

S=Lj,NLo, = {f €Loy: [ =D YmXa,: Yn>0.me z}; (100)

m

as well as the cone of nonnegative decreasing step-functions
ézgmiqb,v:[feLw: f£=2 anxa,: 0< oy ¢]. (101)
m

For f € £2 we determine step-functions fy, f| € 2:

for= D f (meD)Xa,.  fii= D f (m)Xa,. (102)

m

Then,
h<sr<h=|fle, <o, <o, (103)

(the left hand side inequality in (103) is valid everywhere on R, ). We use the equal-
ities (94) for step-functions fy and f. Then,

| follo, = Hewmsidl,, 5 Wfillg, = Hand],, o = fGuw). — (104)
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Here, according to (92), and (98),

ﬁm=/vdr=V(um+1)—vwm>=bm(b—1), meZ. (105

A

Remark 5 By the discretization (98)—(105) the shift-operators

+ [{’Ym}] = {’Vm-H} , T- [{’Ym}] = {me—l} (106)

are bounded as operators in /g 3.
It is a partial case of the following result.

Lemma8 Letb > 1;, ® € ®,;, B3 ={Bn}; On € Re, 1 < Bus1/Bn < b, me Z.
Then,
7] <1 | <de, (107)

where d (b) is the constant (12) withc = b > 1. If @ is convex function, we obtain the
estimates (107) with d (b) = b. In particular, it is true in the case of Young function
@ see Example 6.

Proof To obtain estimates (107) let us note that for every A > 0

I met) < @D s I Eymat) < bjn {ym)) - (108)

Indeed,

A@m) =D A )8 = D0 (7 ) B

meZ meZ

) =D e N ) B =D 0 (A 1yl) Bt

meZ meZ

and we obtain (108) by taking into account the conditions on § = {3,,}. From (108),
and (86), (87), it follows that

|7 a1, , = 1w}, , < O,
| 7= 1, , = Momidl,, , < d @ [, - (109)
If @ is convex, then d (b) = b. Thus, we come to estimates (107).
Let us apply estimate (107) to the sequence {v,,} = {a;,+1}. Then, by (104) we
have,

[l = ltendll,, <d® lonall,, =d® [ fl,, 10

Substituting of (110) into (103) implies the following conclusion.
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Conclusion Let b > 1; @ € O, weight v satisfies the conditions (96), (97). We
realize the discretization procedure (98)—(105) for function f € 2, see (95). Then,

d® " | Alo, <1 lo, < 16 (111

where d (b) was defined in (12) with ¢ = b > 1. Here f is the step-function, deter-
mined by, (102), that satisfies(104).

Remark 6 All the results of Sect.2.1 are carried over the discrete weighted Orlicz
spaces in which the conditionm € Z = {0, =1, &2, ...} is replaced by the condition
me Z~ ={0,—1, =2, ...} in the notations (84) and below. Thus, here we consider
the sequences o = {a,}, B = {Bn}, v = {ym}; m € Z~. The proofs for these dis-
crete formulas are the same as in Sect.2.2. Only, we have

1 =005y < Pmt1, ME LT

R+ = U Am7 Am = [Mma ,um-&-l) , meZ,

meZ-

(112)

in (91), and assume m € Z~ in (92)—(94).
2.4. Now, let us describe the discretization procedure for the cone (95) in the case

t [ee]
0< V() := / vdT <00, VYteR,, V(400):= / vdT < 00. (113)
0 0

Without loss of generality, we will assume that
V(1) =1. (114)

‘We follow the considerations of Sect. 2.3 with small modifications.
According to (114) we have,

b=V (+o00) > 1. (115)

We introduce the discretizing sequence {y,, } by formulas
p1 =00, py=V'(d"), meZ ={0,-1,-2,...}. (116)
Here, V! is the inverse function for the increasing continuous function V, so

that
V() =0", m=1,0,—1,-2,... (117)


http://dx.doi.org/10.1007/978-981-10-6119-6_2
http://dx.doi.org/10.1007/978-981-10-6119-6_2
http://dx.doi.org/10.1007/978-981-10-6119-6_2
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Then,
©.0)= [J An. [1.00) = 4,
ms (118)
Ry = U Ap, Ap= [,um» Hmt1) -
mezZ-

We introduce step-functions on R, connected with f € £2 by the decomposition
(118):

fO (t) = z Am+1X A, (t) ,

meZ-

(119)
L@ =D amxa, O, aw=f ().
mezZ-
Then,
fost<hi=lhle, <Iflo. < ils. (120)
For step-functions fj and f; we have,
[follo = tamsedlz, 2 [51]s, = [tands, - (121)
Here ﬁ = {/3m}m€Z*’
ﬁm=/vdt=V(um+1)—V(Mm)=bm b-=1, meZ", (122)
Am
and we denote for v = {7y, },,cz-
) =D & (A yl) Bus (123)
mezZ-
[}z, , = inf {A >0 (fmd) < 1} (124)

Let us mentioned that the notations (121)—(124) are slightly different from ones
in Sects. 2.1-2.3 introduced by (84), (85). Now we deal with one-sided sequences.

Remark 7 The next shift-operator is bounded in l_q;,g:

T [{Vm}] = {P)/mfl}mgz— . (125)
This is the partial case of the following result.

Lemma9 Letb > 1; @ € ®), and

ﬂ = {Bm}meZ* ’ ﬂm >0, 1< Bm//Bm—l <b, meZ .


http://dx.doi.org/10.1007/978-981-10-6119-6_2
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Then the following estimate holds for the norm of operator T_ : l_qj,/g 3 8
IT-] <d®, (126)

where d (b) is the constant (12) withc = b > 1. If @ is p-convex, we obtain estimate
(126) with d (b) = b'/?.
Proof Note that B B

Ix ym=—1}) < bjx {ym}) - (127)

Indeed,

A = D @ (A ) = D @ (A ) B

meZ- m<—1

and we obtain (127) by taking into account the conditions on 3 = {G,},,cz-- It
follows from (127), and (86), (87) (see also Remark 6)

|7 t0val1l;, , = [Om-1};, , < ® [, - (128)

If @ is p-convex, then d (b) = b'/P_ Thus, estimate (126) holds.
We apply (126) to the sequence {7,,} = {a,u+1}. Then, we have according to (121),

[ Aillo, = ey, , < d® Haw)l;,, =d® [ folg, (129

Substitution of (129) into (120) gives the following conclusion.

Proposition 1 Let us realize the discretization procedure (113)—(129) for function
f € 82. Then,

ORI PR Fi PR /) P (130)

where d (D) is determined by (12) with c = b > 1. Here, the equality (121) holds for
Sfunction fi (119).

3 Estimates for the Norm of Monotone Operator
on Cone 2

3.1 The Case of Nondegenerate Weight

We preserve all the notation of Sects. 1 and 2. Let (N, 9, ) be the measure-space
with non-negative full o-finite measure 7; let L = L (N, i, i) be the set of all 7-
measurable functions u : N — R; L™ = {u € L : u > 0}. Here, we assume point-
wise inequalities to be fulfilled n-almost everywhere. Let Y = Y (N, i, ) C L be
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an ideal space, that is Banach, or quasi-Banach space of measurable functions with
monotone norm, or quasi-norm H . || y SO that

ur € L, |ul <luzl, up €Y =u €Y, HLHHY ||142Hy (131)
General theory of ideal spaces in the normed case was considered in [3], one special
variant of such theory was developed in [11] on the base of concept of Banach
function spaces, that includes Orlicz spaces. Let P : MT — L™ be the so called
monotone operator, i.e.,

fheM', f<h p—ae = Pf<Ph n—ae. (132)

We define the norms of restrictions of operator P on the cones £2 (95), and Q
(101):

I1Plgny = Sup{||Pf||y fe2. | fly, < } (133)

[Pl =sw{lPsly: e

[ f gy <1} (134)

Lemma 10 Let the conditions (84) be fulfilled, b > 1; @ € ®,. We assume that
weight function satisfies (96) and (97), and realize the discretization procedure (98)—
(105) for function f € $2. The following estimates take place

1Plony <IPlomy <d®[P]gy, (135)
with d (b) determined in (12) forc = b > 1.

Proof The left-hand side inequality in (135) is obvious because of embedding Q2c
£2. From the other side, for every function f € §2, and for f; in (102), we have
f<fi=Pf<Pfl, and H N qu,u <d (b) Hf“(m (see the conclusion after the
proof of Lemma 8). Moreover,

feR=fi= f(mxa, €2

Consequently, for every f € §2

[271y < [PAly <1Ploeylfilo, <d@[Plsoy ] flo,  (136)

and

[Ploy =sup{lPs], : 1 <a® Py



62 M. L. Goldman

Now, we consider the norm of restriction on the cone S (100):

[Pls.y =swp {IPr]y: £ es. [ f],, <1} (137)

Theorem 5 Let the conditions of Lemma 10 be fulfilled. Then, the following two-
sided estimate takes place

O [Py < I Plony <d® [P],. (139)
where d (b) is determined by (12) with ¢ = b > 1, and
c)=d(co®); cob)=[bb-D""]>1 (139)
Proof Inequality (138) follows by (135), and by the analogous inequality
1Pl < 1Plsey < c® | Plonye (140)

The left inequality in (140) is obvious because of inclusion £ C S. Let us prove the
right one.
1. We introduce sup-operator A by formula Ay = a, where v = {Vn},yez; @ =

{am }m627 and

Q= sup ||, meZ. (141)
k>m

Let us prove the boundedness of operator A : Ip 3 — lp g With corresponding esti-
mate

|43l <e® ], (142

We assume that v € [y 5 (otherwise is nothing to prove). Let A > nyH los" Then,

A =D 0 (N ul)se < 1. (143)

kez
We have 3, = b* (b — 1) 1 o0, so that
(143) = @ (A" |[%l) = 0(k > +00). (144)
Let us show that for all non-zero terms of series

@) =D @ (A ap) B, (145)

meZ



Order Sharp Estimates for Monotone Operators on Orlicz—Lorentz Classes 63
the equalities hold
Jk(m): m <k(m) <oo, &N 'ay) =S N |veml)- (146)
For any € > 0 we have
K@) eZ: Nl <to+e, Vk=K (o). (147)

Here 1) is determined by (1) for @ € @. Indeed, if (147) fails, there exist ¢y > 0 and
subsequence of numbers k; — 00 such that

Mwl=zt0+e. jeN=o A" |w|) =@ +e)>0.
This contradicts to (144). Thus, (147) is valid. Moreover, for every m € Z, we have
@ (A ') #0 = A'ay, > fo. Therefore, if we sete = g, = 27" (A ayy — 19) > 0
then,
Al <to+e=2"" A" +10), k=K (em)).

according to (147). It means that  sup || < 2= (ay, + toN\) < uy. Thus,

K=K (2mr)
Qp = sup [ul = max  |xl.
k>m mgkgK(Em.)\)

Therefore, 3k (m) : m < k(m) < K (5,,1,A), Q= |’yk(m) | It follows from (145)
and (146), that

@ =0 (A vim]) B (148)

meZ

Moreover, all terms in (148) are finite because of (143). From (148), it follows that

N@ <D Bu D @M ul) =D @ (A ) D6

meZ k>m keZ m<k

But, 53, = b™t! — b™, so that

D b=t =co®) B, cob)=bb-1D".

m<k

As the result, we have estimate

(@) <o) D@ (X ) Be = co (b) jr (), (149)
keZ
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forall A > H*yHl ?.Here,co (b) > 1,sothatd (cy (b)) > 1, whered (c) is the constant

(12). It means that inequality (149) is true for A > d (co (b)) |7, - By Theorem 3,
it implies the estimate h
led,, <do®) ],

coinciding with (142).
2. Now, we denote v = {v,}, Ym = f (um) = 0, m € Z for every f € S. Then,

f=Foy =D mxa,
m

Further, we introduce «,,, = sup v, m € Z, and for @« = {«,,} consider function
k>m

fy = z AmXA,-
m

Then, f € 2, see (101), and

for < S Niwollow=lal,, <c® bl =c® ol 150

o0’
see (142). Therefore, for f = f,, € S there exists f(,) € §2 such that
Pf < Pfl; ”f(a)”qb,u <c(b) ||f||q),v'
Here, f(o) € 2, and we obtain for every function f € §

1211y < 1Pfaly < [Plaoylfwls, <c®[Playl s

This gives the second inequality in (140).

Remark 8 Theorem 5 discovers the main goal of the discretization procedure
(98)—(105). In this theorem, we reduce the estimates for the restriction of monotone
operator on the cone of nonnegative decreasing functions £2 to the estimates of this
operator on some set of nonnegative step-functions. In many cases, such reduction
admits to apply known results for step-functions or their pure discrete analogues for
obtaining needed estimates on the cone §2. Such approach we realize, for example,
in Sect.4 in the problem of description of associate norms.
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3.2 The Case of Degenerate Weight

We use all notation and assumptions of Sect.2.4, see (113)—(130). Introduce the
cones

20 = {a ={anlnez : 0< am 1 }; (151)
Q20 = [f =fo: fa)= Z amXa, (1); a € .QO] . (152)
mezZ-
Define i
[Py =sup {17l £ e @0l ], <1} (153)

Lemma 11 The following two-sided estimate holds in above notation and assump-
tions:

[Pl gy < [Plgny <d®[P]g, .y (154)

Here, d (b) is defined by (12) withc = b > 1.

Proof The left hand side inequality in (154) is evident because of inclusion Qo C 2.
From the other side we have f < fj; = Pf < Pfj, for every function f € 2, and
|| fi ||q) ) < d (b) || f||¢ e Now, let us take into account that

fe2= = fmxa, ) 2.

meZ~

Therefore,
[271y <[PAlly < 1Pl ylille, <d® [Plg sl fls, 159
Consequently,
[Plgy =sw{IPfly: e fl,, <t} <d®|P4 -

Now, we introduce the cone of nonnegative step-functions connected with the par-
ticipation in Sect.2.4:

SZ{foa: fa@ =" awxa, (0 o 20, meZ], (156)

meZ-

and consider the related norm of the restriction

[Pls., =sw{[Psl,: £eS |£],, <1} (157)


http://dx.doi.org/10.1007/978-981-10-6119-6_2
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Lemma 12 Define
c(by=d(cob): cob)=[bb-17"]>1

see (85). The following two-sided estimate holds in the notation and assumptions of
this Subsection:

[Py < [Plsay <c® [P,y (158)

Proof The left hand side inequality in (158) is evident because of inclusion £2y C S.
Let us prove the right one. We introduce the maximal operator B by the formula
By = a, where a = {ap )} pez-3 7 = {Vmbmez-» and

Q= max ||, meZ . (159)
kezZ- k>=m

Let us show the boundedness of operator B : lp 5 — lp 5. Lety € lp 5. Then, if
A=, - wehave jy (1) = X @ (A" %) B < 1 s0 that @ (A" |el) < o0,

keZ~
k € Z~. Moreover, recall that @ € @ is increasing, so that

@ (A 'ay) = max @ (A |yl) < Z @ (A" %el).

keZ—k>m
keZ—k>m

Then,

M@ =D @ (N an) B <
mezZ-
< Z ﬁm Z P (/\_1 |’Yk|) = Z @ ()\_l |’Yk|) Zﬁnr

meZ- keZ= k=m keZ- m<k

We have according to (122), 8,, = "™+ — b", and

D B =" = Breo (). (160)
m<k
Consequently,
@) <co®) D@ (A ) B =co®) jr () (161)
keZ-

This inequality gives

[{am};, , < d o@D [ty - (162)
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Now, we denote 7,, = f (tm) =0, m € Z~, for function f € §, so that f = iy

Further, we introduce, according to (159), a,,, = max ||, m € Z7. Then, a =
keZ— k>=m

{an) € R0, fo € 20, and
foz Foo N fallo, =lels,, <c® s, =c® Al 163)
From (163) it follows that for given f = f, € S there exits f, € §2o such that
PF< Pl fuloy <e® [ F],,
Consequently, for every f € S,

1271y <[[Praly < [Playlfalo, < c®1Plg /1o

This inequality gives the second estimate in (158).

4 The Associate Norm for the Cone of Nonnegative
Decreasing Functions In Weighted Orlicz Space

4.1 The Case of Nondegenerate Weight

We preserve all notations of Sects. 1-3, and apply the results of Sect. 3 in the impor-
tant partial case when ideal space Ycoincides with the weighted Lebesgue space
Li(Ry; g), g € M™, and monotone operator P is the identical operator. In this case

o0
HPHQ_)stup /fgdt: fe;|f oo STt =
0
o0
= sup /fgdt: fe2:hH<iy=|g| (164)
0

(see (133); let us recall the equivalence ”f”q) » S 1< Ji(f) <1, see (76)). It

means that the norm || ) “ oLy coincides in this case with the associate norm for the
cone £2 (95), equipped with the functional

o0

1) = /  (f)vdx.

0
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We have according to the results of Sect.3, Theorem 5,

[Plony =Py (165)
where in our case
||P”s_>y=Sup{Zamgm Doy 2 0; Z¢(am)ﬂm < 1], (166)
mezZ mezZ
and
gm=/gdt>0; ﬂmz/vdtzb’"(b—l), meZ. (167)
A A

Let us note that the norm (166) coincides with the discrete variant of Orlicz norm,
see [2]:

ltgm},, = sup[Zam gl = =05 D @ () B < 1], (168)

meZ meZ

Our nearest aim is to describe explicitly the norm (168) in terms of complementary
function ¥. We restrict ourselves with the case of Young function. Thus, let as in
Example 6, @ : [0, oo) — [0, co] be Young function that is,

1

D (1) = / p(T)dT, (169)

0

where ¢ : [0, 0c0) — [0, oo] is the decreasing and left-continuous function, and
¢ (0) =0, ¢ is neither identically zero, nor identically infinity on (0, co0). Let ¥
be the complementary Young function for @, that is

v ()= d 0, 0ol ;
Q) O/w(f) 7, 1 €[0,00]; (170)

Y(ry=inf{o: p(o) =71}, 7€]0,00].

Function 1) is left inverse for the left-continuous increasing function ¢. It has the
same general properties as (, so that ¥ is Young function too. Moreover, ¢ (o) =
inf {7 : ¥ (1) > o}, and @ in its turn is the complementary Young function for ¥
(see [11, p. 271]). It is well-known that
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¥ (t) =sup[st — D (5)];
520

st P(s)+ W (), s,tel0,00), (171)

and the equality takes place in (171) if and only if ¢ (s) = or ¢ (t) = s (see [11,
pp. 271-273]).

The next result is well-known in the theory of discrete weighted Orlicz spaces. It
is valid for any positive weight sequence, and plays the crucial role for equivalent
description of the Orlicz norm (168).

Theorem 6 Let @, and ¥ be the complementary Young functions, let 3 = {3y},
Bm € Ry, m € Z. Then, Orlicz norm (168) is equivalent to the norm

{8 gm},,, - (172)

Namely,
{8 am},, , < gt <2[{8a"an}ll, .- (173)

Corresponding notations of the discrete norms we introduced in (84), (85).

Conclusion. Let us formulate some results of our considerations.

Let @, and W be the complementary Young functions, let the conditions (96), and
(97) be fulfilled, and the discretization procedure (98)—(105) be realized. Then, the
following equivalence takes place for the norm (164)

lo|" = ondl,, . B=16u}s pu =ﬁ,;1/|g|dt. (174)
A

Now, our aim is to present this answer in the integral form.

Theorem 7 Let @, and ¥ be the complementary Young functions, let the conditions
(96), and (97) be fulfilled. The following two-sided estimate holds for the associate
norm (164) with fixed ) <a < 1 :

||g“/ = | pa (g)“lm =inf {A>0: /lI/ A o)y dt <1, (175)
0

pa(git) ==V (@)~ / lg (MldT, 0, )=V '@V @), teRy (176)

ba (1)

The norms (175) are equivalent for different values a € (0, 1).
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Here and below, we use the notation
A’:“B(:)Hc:c(a)e[l,oo):c’lgA/Bgc. (177)

Remark 9 Let us assume additionally that function @ in Theorem 7 satisfies A;-
condition, that is

ICe(l,00): @ (2t) < CP (1), VteR,. (178)
Then,
lol = v / g (ldr|,,- (179)
0

Proof (of Theorem T) We use the description (174) with b = a='/> > 1. Then, a =
b2, and

t

P < palgit)y =V () / lgldT < p), t €Ay, (180)
V-1V ()
where

om Hm+1
Py, = b~ / lgldT: pp=0b"" / lgldT. (181)

Mm—1 Hm—2

Therefore,

Fo(t) <pa(g;t) < Fi (1), teRy, (182)

where Fy, F) are step-functions
Fot) =D prxa, 0. Fi@®) = phxa, ®,

and
|Foly,, = I{entl,,,- [£1ly, = [{e} -

so that
e, < lee @y, < Hond - (183)

Thus, needed result (175) follows from the equivalence

e, = e, = Hondl, - (184)

It remains to prove (184). The equalities (174) and (181) show that
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P =b72 (b= 1) pui; (185)
P = Py + b0 + (b= 1) pur. (186)

Consequently,
Hendli,, =272 @ =D [ton-sd],,, <67 @ =D toul],,,. (187

ltonll,, =5 6= [}l <6007 )], 89

In the last inequality, we take into account the boundedness of shift-operators in ly, 3
with Young function ¥, and 5 = {3,,} in (105), see Remark 5 and Lemma 8. Thus,

[tom-i}],,., <bltendly, - Homit,, < e,
We have by (186),

o= ltenll,,, < 1A, (159)

b, < 1o, + 014, + @ = Do, (90)
Like (187), the estimate is valid

1eh i, < 2o,

We substitute this estimate into (190), take into account the inequality (187) and
obtain

i}, <3@=Dton],, -

Consequently,
=1 oy, < Hendli,, <3@ =D [ton}],, - (191

The estimates (187), (188), and (191) give the needed equivalence (184).
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5 The Case of Degenerated Weight Function

We use the results of Sect. 3.2 to estimate the norm of restriction of monotone operator
on the cone £2 in the case of degenerated weight. According to Lemmas 11, and 12,
the following two-sided estimate holds

[Pl oy = 1215y (192)

We apply these results in the special case, when the ideal space Y coincides with
the weighted Lebesgue space L (R,; g), g € M, and the monotone operator P
is identical operator. Recall that in this case H P || o_y coincides with the associate
norm to the cone 2, equipped with the functional

o0

1) = / ® (f)vdr,

0

and the following equality holds for H P || oy

1Pllsy = sup[ D ngn =00 D @ (o) B < 1]. (193)

meZ~ meZ~

Here,
gm=/gdt>0; ﬁm=/vdr=b""(b—1), meZ". (194)

Ap Ap

Note that the norm (193) coincides with the discrete variant of Orlicz norm; see [2]:

[{gm}

[/4)'_3 = Sup[ Z Ay |gm| : Ay 2 O; Z @ (am) ﬁm < ]] ) (195)

meZ- meZ-

Our nearest aim is to give the explicit description of the norm (195) in terms
of complementary Young function. Thus, let @ be Young function, and ¥ be its
complementary Young function.

We apply corresponding variant of Theorem 6, and obtain the equivalence of
Orlicz norm (195) to the norm

Namely,

H {Pm}”[m < ” {gm} T < 2” {pm}”l’ww}- (197)
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Here, .
” {Pm}”,’w = inf {/\ >0: ) ({pm}) < 1}; (198)
Alom) = D@ (N pl) B (199)
mezZ-

See the relating notations in (121)—(124).
Conclusions. Let us formulate some results of our considerations.
We introduce the discretizing sequence {{ty },,cz- by formulas

V(um) =0", meZ ={0,-1,-2,...} (200)

for fixed b > 1, and function V with the properties described in Sect.2.4.
We set 11 = 0o, and determine

A = [fms prmy1) s m € Z7; (201)

B =/vdr =" (b—1); pu= ﬂ,;l/|g|dr. (202)
Ap

Am

Further, we have the equivalence for the associate norm || g ||, (164)

lol = [toudl, . 8= 16} (203)

where ¥ is the complementary function for Young function @.
Now, our aim is to present this description in integral form.

Theorem 8 Let ¥ be the complementary function for Young function @, and weight
satisfies the conditions of Sect. 2.4, in particular,

V (+00) < 0. (204)
Denote
b=V (+o0)/V(1)>1,a=>b"2. (205)
Then, in the notation (176),
o0
lgl" = 1pa (@) x0.0 [y, + / lgld. (206)
V1@V (+00))

Proof Let us note that

P < Pa (G 1) X)) ) < plhy tE€A,, meZ . (207)


http://dx.doi.org/10.1007/978-981-10-6119-6_2
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Here, p;, = py = 0, and form < —1

Hm Hom+1

p, = bt / lgldT; pl =b"" / lgldT.

Hom—1 Hm—2

Then,
Fo(®) <pa(g:t)xon () <Fi (), te€Ry,

where Fy, F; are step-functions

Fo)= > phxa, 0. Fi@®) = D phxa, ®.

mezZ- mezZ-
and
[Foly, = et 7, 1F s, = 1o} 7,
so that
I{en}z, , < lpe @ xonly, < [{en},
Moreover,
{pm}meZ’ = {ﬁm}meZ* + {ﬁm}WIEZ_ ’
where
ﬁm=,0m,m<—1’l_)0=0; PAm=07m<—1,,50=PO-
Consequently,
ow 7, , = 11oudll, , + [{An} 5, ,-
Introduce
A, (g) = Pm - ! /||dt meZz"
" T8 T BT a8 ) T '
Note that,

[}z, =inf {2 >0: @ (3\p0) fo <1} = Ao (9) =

1
= TR 1)_1)/|9|dt_

(208)

(209)

(210)

@211)

212)

213)
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According to (210),

e}, + A= @) < pa (@) xon [y, + A1 (@) <
<[{enl;,, +A-1 (- (214)

Further, we will prove the equivalence
e, + A @ = [{ond s, = 1and;, (215)

Then, both parts of (214) will be equivalent to H {pm} H i (the second term in the
right hand side of (214) is subordinate to the first one). Consequently, we obtain

lpa (@ x|y, + A-1 (9) = [{Bu}];, -
Now, we take into account the estimate (212), and obtain the equivalence
100 @) x0.0 g, + A1 9 + A0 @ = [ 5, , + A0 @) = [{pul ],
According to (203), this is the needed estimate (206).

Thus, it remains to prove (215). We recall that pj = pj = 0. For m < —1 the
equalities (202), and (208) show that

P =b72 (b= 1) i (216)
P = Pt + b + (B = 1) . (217)

From (216) it follows,
Hondls,, <672 @ =D [(pn-sd;,, <67 =D Bl C18)
[tom}s,, = A @)+ [{e0} 7, (219)

In (218) we take into account the boundedness of shift operator in the space [y, 8
with Young function ¥, and 8 = {§,,} from (202); see Lemma 9. Therefore,

lon-131;, , < Blond;, -

To prove (219) we use the following chain of equalities (recall that py = p, = 0)

Ao =D W AN o) B = (A 50) B+ DL W (A )8

meZ~ m<=2
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In the second term we use the equality g, = b> (b — 1)~} Pppyr» M < —2 (see
(216)), so that

DT )= >, WA= 1) ) B =

m<—2 m<—2
= D> v oD p,)Bn =
m<—1
=b' > A B-1)7" )8 =
m<—1
=b"' DU (AT -1 p),) B
mezZ-

As the result we obtain,
I =@ (A 5o) Boa + 07 mpa ({0))) - (220)
Let A = max {Ay, A}, where
AN =inf{A>0:0 (A5 B <1—b""} =5 /@ (D),
o =inf {A>0:jo-upan ({p)}) < 1} =026 =D [{p};, -

Then, j\ ({p}) < 1, and (220) implies

[, < A=max 5w @, 2o-07" {4}, ] e

’fw.a

From the other side, we see by (220), that

g =¥ (N5 B =
= [{pn}l;,, =inf {A>0: & (A\15) By <1} =A41(9),

Together with (218), it gives inequality
[, > max [A @)@~ D7 el ] (222)

Inequalities (221) and (222) imply the two-sided estimate (219) with constants
depending on b, because p_; /¥~ (1) = A_| (g).
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Now, we will obtain the estimate (215). The equality (217) shows that
[{on} 7, , = @ =D o, ; (223)

[{o} s, < b} s, +2l{endli,, + @ =D lend]z, - @224)

The first term in (224) is not bigger than the second one because of the estimate
for the norm of shift operator. In its turn, the second term is not bigger than the third
one in view of the estimate (218). As the result we obtain,

I{on s, <3@=D[{Bull;, (225)

Estimates (223) and (225) imply the equivalence

[{on} s, , = 1tan), -

Together with (219) it gives (215), thus completing the proof of Theorem.

6 Applications to Weighted Orlicz-Lorentz Classes

Recall the notion of decreasing rearrangement for measurable function. Let My =
My (R.) be the subspace of functions f : Ry — R, measurable with respect to
Lebesgue measure i, finite almost everywhere, and such that distribution function
Ay is not identically infinity for f € My. Here,

A =plx e Ry [f ()] >y}, yeR,. (226)

Then, 0 < Ay |, Ay (y) = 0(y — +00). Consider the decreasing rearrange-
ment f* of function f,

A =inf{y € Ry : \;(y) <t}.1 € R;. (227)

We deal with Orlicz-Lorentz class A , related to Orlicz space Ly . For f € M
we define

/cp AL @)v () di, A > 0. (228)
0
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Here v € M ™, integration by Lebesgue measure and weight satisfies the condition
(8). Weighted Orlicz-Lorentz class A4 ,, consists of functions f € My (R4) such that
f* e L,,. We equip it by the functional

Ir*) g, =imf{A>0: n(f) <t} (229)

To deal with linear space Ag ,, it would be assumed additionally that weight
function V (8) satisfies A,-condition, that is

ICeR,: VQ)KCV (), VteR,. (230)

It is known that such assumption is necessary for the validity of triangle inequality
in Lorentz space; see for example [14]. Nevertheless, we need not estimate (230) in
our considerations. Anyway, we can consider class Ag , as the cone in My, that
consists of functions having finite values of functional (229). Here, we present the
analogous for the results of Sect.3 concerning estimates of the norms of monotone
operators over Orlicz-Lorentz classes. We recall some descriptions. Let (N, )i, 1)
be the measure space with nonnegative o-finite measure 7; as L = L (N, i, n) we
denote space of all n-measurable functions u : N — R; L™ = {u € L : u > 0}. Let
Y=Y, (N,)N,n) C L,i =1,2beideal spaces; P : MO+ (Ry) — L™ beamonotone
operator related to these spaces by the following condition: for & € §2

[Py, =sup {IPrly, £ e MR 17 =), (231)
We illustrate these conditions by two examples.
Example 7 Let P be identical operator on M(]L (Ry),
Yi=Li(Ry;9), geMi (Ry); Ya=Li(Ryg").

Then, the equality (231) reflects the well-known extremal property of decreasing
rearrangements; see [11, Sects. 2.3-2.8]):

o0 o0
sup /fgdt: feMS, f*=h =/hg*dt.
0 0

Example 8 Let Y be an ideal space, and monotone operator P : My (Ry) — LT
satisfies the condition

|Prll, < Prel,. feMd(Ry. (232)

Then, the equality (231) holds with Y} =Y, =Y.


http://dx.doi.org/10.1007/978-981-10-6119-6_2
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Indeed, f € My (Ry) = h:= f* € M{ (Ry), h* = h, and
|Pal, <sup{[Prl,: 7 My R, f* =},
From the other side, for every function f € M (Ry) : f* = h, we have accord-
ing to (232),
IPrly <lPflly = [Phly = sup{[[PFly : £ €My R 7 =h} <|[Ph,.
Remark 10 Example 8 covers, in particular, such operator as

o0

(Pf)(x):/k(x,T)f(T)dT, x €N, (233)

0

where k is nonnegative measurable function on N x Ry, and k (x, 7) is decreasing
and right continuous as function of 7 € R;.. Then, for f € M (R, ), and almost all
x € N, we obtain by the well-known Hardy’s lemma

[e¢] o]

P = [k nf ndr < [ ko dr = (Pr) .
0 0
Consequently, inequality (232) holds for every ideal space Y.

Proposition 2 Ler P : MO+ (R;) — L be monotone operator and equality (231)
be true. We define Ay, , = Ag , N My and introduce the norms

1Py oy =sup {IPr]y, £ e M RO 7], <1} (234)
[Plg .y, =su{|Pn],,: nea |a],,<1}. (235)

Then, these norms coincide to each other:
1Plas v =Py, (236)

Proof We use the equivalence

feMy;

Flo,<ten=rea: i, <1

and obtain
— . + * __ .
AL — - P R I = . N b S .
1Py oy, = 5w [sup ([ PFly, = £ &M Ry, £ =h}: he |n],,<1]

According to (231), the right hand side here coincides with || P || Qo
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Remark 11 This Proposition admits us to reduce estimates of the norm

|| p || A Sy, (234) to the estimates presented in Sects.3 and 4. In particular, by the
P

help of Example 7, we reduce the associate norm for function g € M on Orlicz—

Lorentz class to the associate norm for its decreasing rearrangement ¢g* on the cone
£2:

oo
loll, =sup { [ £iglar: £ e |51, <11 =lo'l"
0

Then, Theorem 7 and Remark 9 lead to the following result.

Theorem 9 Let the assumptions of Theorem 7 be fulfilled. Then,

o0

lol’ = [pa (4*)],, =inf {2 >0 /w(xlpa (¢ ))vnrdi <1}, @37
0

where p, was determined in (176). Norms (237) are equivalent for different values
a € (0,1).

Remark 12 Assume additionally that function @ satisfies A,-condition in
Theorem 9. Then,
t

MMQHVM”/QWﬂMLW (238)

0

Remark 13 In (237) and (238), we present some modifications of the result in [18]
that develop preceding results of paper [13]. Note that, in [13] formula (238) was
established under restriction that both functions @, and ¥ satisfy A,-condition.
Concerning duality problems for Orlicz, Lorentz, and Orlicz-Lorentz spaces see
also [2, 4, 15, 16].

Now, let us describe the modification of the above presented results.

Theorem 10 Let Y C L be some ideal space with quasi-norm “”Y’ letP:M"T —
L™ be a monotone operator satisfying the condition: there exists constant C € R
such that

IPrl, <clprey. feM™Ry). (239)

Y’

Then,
”P”Q—>Y < “P”A;_v—ﬁ < C”P||.Q—>Y‘ (240)

If C = 1in (239), then we have equality of the norms in (240).

Corollary 5 In the conditions of Theorem 10 we have

120y, ~v = P[5y
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For the proof of Theorem 10, let us note that (239) implies
Pal, <sp{|Prly : £ Mg R f =n}<Cleal,.  @an
Indeed, f € M (Ry) = h:= f*e M (Ry),h* =h, and
|Prl, <sup{[[Pfl,: feMy Ry, f*=h}.
From the other side, for any function f € Mo+ (Ry) : f* = h, we have by (239),

\pfly <clpf|, =c|phr|, =
= sup{||Pf||Y D feEMF(Ry), ff=h}< C||Ph||y.

Moreover, (241) implies (240). Indeed, we use equivalence
femy |fl,, <1eh=rea: i, <1
and obtain

1Play —y=swp[sup{IPFly: f €M Re). 1* =h}: heg ]y, <1].

Here, according to (241), the right hand side is estimated from below by

sup[”Ph”Y :he$2,

Mo, <1 =1Ploey

and, in addition, from above by the same value multiplied by C.

Example 9 Theorem 10 covers the case of Hardy—Littlewood maximal operator M :
M+ (R+) — M+ (R+)’ where

(Mf)(x):sup||A|1/f(T)dT: ACR;xe A,
A

and Y =Y (R;) is rearrangement invariant space (shortly: RIS). Indeed,
by Luxemburg representation theorem (see [11, Chap. 2, Theorem 4.10]), for every
RIS Y there exists unique RIS Y =Y (R;):

lolly = lg"ll7. g€ MR).
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Note that,
Mf) () =Mf* @) =17 / f*(rdr, teRy.
0
Then, [Mf |, = | M| 5. [Mf*], = [Mf*];.

It is known that 3C € R;: M f)* (x) < C M f*) (x); see [11, Chap. 2]. Conse-

quently,

My = [vp)*)y < cmre]y = clmre],.

This inequality coincides with the estimate (239) for operator P = M. Therefore,

Theorem 10 is applicable to this operator, and we come to equivalences

IMILy; .y =Mooy = My
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Complex Interpolation of Morrey Spaces

Denny Ivanal Hakim and Yoshihiro Sawano

Abstract In this article, we extend the previous results on the complex interpolation
of Morrey spaces to the case when0 < g < p < oo. We show that the space produced
by the first complex interpolation functor [MJ, M7/l is a subset of the Morrey
space M and it contains some closed subspaces of MJ. Meanwhile, we prove that
Morrey spaces are closed under the second complex interpolation functor. We also
present the complex interpolation of certain closed subspaces of Morrey spaces.

Keywords Morrey spaces - Complex interpolation

1 Introduction

We aim to show that our earlier results on the complex interpolation of Morrey space
M§’ [12, 13] carry over to the case when 0 < g < p < oco. In our earlier results,
we needed to restrict ourselves in the setting of 1 < g < p < co. We obtain some
descriptions of the first and the second Calderdén’s complex interpolation functors.
We also show that our results carry over to the case of metric measure spaces. To
this end, let us place ourselves in the setting of a separable metric measure space
(X, w) equipped with a o-finite measure p. We present the following definition of
the Morrey space M} (X, p) with0 < ¢ < p < oo.

D.I. Hakim (X)) - Y. Sawano

Department of Mathematics and Information Science, Tokyo Metropolitan University,
1-1 Minami-Ohsawa, Hachioji, Tokyo 192-0397, Japan

e-mail: dennyivanalhakim @ gmail.com

Y. Sawano
e-mail: yoshihiro-sawano@celery.ocn.ne.jp

© Springer Nature Singapore Pte Ltd. 2017 85
P. Jain and H.-J. Schmeisser (eds.), Function Spaces and Inequalities,

Springer Proceedings in Mathematics & Statistics 206,

DOI 10.1007/978-981-10-6119-6_4



86 D.I. Hakim and Y. Sawano

Definition 1 For 0 < ¢ < p < oo, the Morrey space M} (X) = MI(X, p) is
defined to be the set of all u-measurable functions f such that the quasi-norm

£ lagg ) = Sup u(B)r s ( / |f @) du(x))”
BCX B

is finite. Here, the supremum is taken over all balls B in X.

Based on the two complex interpolation functors by Calderén [5], we prove the
following theorems. The first result is on the first complex interpolation functor
whose definition we recall in Definition 3.

Theorem 1 Suppose that we have T parameters 6 € (0, 1), po, p1, P, 9o, q1, and g
satisfying 0 < qo < pp < 00,0 <q1 < p1 <00,0<qg <p <00,

1 1-0 0 1 1-0 0
+—, —= +—, and L= I
90 g1 p po P 2 R

If min(qo, q1) < 1, then we have the following inclusion:

{f e MI(X, ) ]\}l—l;noo If =X <ipi=my fllmg e, = 03
C [MP(X, ), MPN(X, 1)]lg © MP(X, ). (1)

Remark 1 In our previous result [13], we showed that the following identity holds
when min(qo, 1) > 1:

[ME (X, 1), M (X, )]y
={f¢€ MZ;(X’ W A}l_{noo If— X{%§|f|§N}f||M{I’(X,H) =0} (@
For the second interpolation functor, whose definition we recall in Definition 4,
we have the following result.

Theorem 2 Keep the same condition as Theorem 1. Then we can describe the
Calderon second complex interpolation as follows:

Mg (X, ), MEHX, w1 = MI(X, ). 3)

The related result about the interpolation of Morrey spaces can be traced back to a
certain generalization of the Riesz-Thorin interpolation theorem in [25].
Let 0 < 6 < 1.1In [8, p. 35] Cobos, Peetre, and Persson pointed out that

M, MPTy C M

q0°

aslongas1 < gy < pyp<o00,1 <g; <p; <oo,and 1 < g < p < oo satisfy
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1 1-0 0 1 1-0 0
+— —-= +—. )
p Po P1 q q0 q1

A counterexample by Blasco, Ruiz, and Vega [3, 22], shows that the interpolation
of linear operators on Morrey spaces might not hold if we assume the condition (4)
only. Using the counterexample by Ruiz and Vega in [22], Lemarié-Rieusset [15,
Theorem 3(ii)] showed that if an interpolation functor F satisfies

FIMP, MPTT = ME

q0°

under the condition (4), then
D _ar

Po P1

&)

holds. Lemarié-Rieusset [16] investigated the interpolation of Morrey spaces by the
second complex interpolation method and proved (3) for the case

min(qo, g1) > 1 and (X, )

is R" with the Lebesgue measure. Meanwhile, as for the interpolation result under (4)
and (5) by using the first complex interpolation functor by Calderén [5], Lu, Yang,
and Yuan obtained the following description:

P

[Mﬁo Mm] _MﬁomMle’f
g0 7 g 10 = Vlao a

in [17, Theorem 1.2]. Their result is in the setting of a metric measure space. The
generalization of the result of Lu et al. and Lemarié-Rieusset in the setting of gener-
alized Morrey spaces and generalized Orlicz-Morrey spaces can be seen in [12]. We
refer to [30] for complex interpolation of Morrey spaces, certain closed subspaces,
and the interpolation of smoothness Morrey spaces considered in [28, 29]. As for the
real interpolation results, Burenkov and Nursultanov obtained an interpolation result
in local Morrey spaces [4]. Their results are generalized by Nakai and Sobukawa to
the B,-setting [19]. Interpolation of variable Morrey spaces on quasi-metric spaces
was investigated in [18].

The interpolation on quasi-Banach spaces can be traced back to the paper by
Calderon and Zygmund [6], where the authors proved some generalizations of the
Riesz-Thorin interpolation theorem in the setting Lebesgue space L?, p € (0, 1).
Extensions of Calderén’s complex interpolation method in quasi-Banach space are
considered in [9, 14, 27]. In [27], Yuan considered the inner complex interpolation
space and proves the following result:

MPox MPUX i MPOYX A M (X ME (X, )
[ (10( 7,“)7 (11( ) ,U)]g qo( ,IU,) ql( s l’l’) ,

where [, ~]§) denotes the inner complex interpolation space.
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We employ the following notations for some closed subspaces of the Morrey space
ME(X, p):

Definition 2 Let0 < ¢ < p < 0o.Denote by LY(X, y) the set of all boundedly sup-

ported p-measurable functions. The spaces MY (X, ), MY (X, p), and MY (X, )
are defined as follows:

1. [12, p.299] the tilde space //\;IE(X, ) is defined to be

Ty ———M(X.,p)
MEX, ) = LX) "

where L2°(X, 1) denotes the set of all essentially bounded functions with
bounded support,
2. [30, Definition 2.23] the star space M7 (X, ) is defined to be M} (X, p) :=

MI](X,I,)
LOX. MK "

3. [7, (3.2)—(3.4)] the bar space M_g(é\,’, 1) is defined to be

—_— MD (X, 1)
M, ) o= L, ML, )

4. [23, Definition 4.3] the hat space /\/l5 (X, w) is defined to be

M) = (f € MIX. )

shim || fxe e r,) =0as im xg (x) =0a.e.x € X}
k—00 k—00

Following [13, Definition 1.5.6], we use W(X , i) unlike the paper [7].
One of the relation between these subspaces is as follows.

Lemma 1 [23, Theorem 4.6] For 0 <g < p < oo, we have ./\/lg(X, W) =
ME(X, .

We remark that the space /\75 is equal to the closure in Morrey spaces of the set of
all finite linear combination of the characteristic functions of sets of finite measure.
The setting in [23, Theorem 4.6] is X = R" with the Lebesgue measure and ¢ > 1.

We remark that our particular results on the first complex interpolation of closed
subspaces in [13] are the following identities:

[MP2, MP' g = [MP, MP' ]y = M, ©)

q

and

(M, M7 = [ fe Mgz tim e fllvg = 0} : ™
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where min(q, ¢;) > 1 and the parameters gy, q1, ¢, po, pP1, p and 6 satisfy the con-
dition in Theorem 3. Our aim in investigating the first complex interpolation of closed
subspace is to extend (6) and (7) for min(go, q;) < 1. More precisely, our result on
the complex interpolation of closed subspaces of Morrey spaces is given as follows:

Theorem 3 Keep the same assumption as in Theorem 1. Then we have
(i) Mg (X, w), ME(X, )]lg = M{X, p);
*
(i1) [f € Mé’(?ﬂ IOk 1\}£noo If— X{%g\f\gN}f”Mg(X,p) = 0]

C IMECX, 1), ME (X, )]y © MUK, )

(i) [f € M. < Jim 1L = sy S = 0]
C [MEX, 1), ME(X, )]s € MYX, p);

(v) [MIX. 1), M2 (X )]y = MB(X, ).

In Theorem 3(ii) and (iii) only one inclusion is obtained. This is because we
assume 0 < gp < pp < oo and 0 < g; < p; < oo only. If 1 < gy < pg < 00 and
1 < g < p; < oo, we have

[ME (X, ), M2, i)l = MU (X, 1) 0 MG! 2, gy om0 M !

and

[ME (X, 1), MIL(X, i)l = MER(X, 1) 0 MET (X, ) Mio oM,

where Xo'~? - X,% denotes the Calderén product of Xy and X . Thus, we can specify

* [ JEE—

[M (X, 1), MGl (X, )] and [MG (X, 1), M (X, 10)]o, see [11].

In Sect. 2, we shall recall the notion of the first and the second complex interpola-
tion functors. We also prove several lemmas related to the complex interpolation of
Lebesgue spaces in this section. The proof of Theorems 1 and 2 are given in Sect. 3.
We give the proof of Theorem 3 in Sect. 4.

2 Preliminaries

2.1 Complex Interpolation of Quasi-Banach Spaces

Now, we recall the notion of complex interpolations of quasi-Banach spaces. Let
S:={zeC:0<Re(z) <1}andS:={z e C : 0 <Re(z) < 1}. Forzg € Cand
n > 0, we define A(z9, 1) :={z € C: |z —2z0| <n}and A(zo,n) :={z€C: |z —
20l = 7}
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Definition 3 Let X be a quasi-Banach space.

L. Amap f: § — X is said to be analytic, if for any zo € S, there exist 1) € (0, 00)
and {h,}>2, C X such that A(zp,n) C S and that

fl@)= Zhn(z —z0)"
n=0

for all z € A(zo,n).

2. Amap f : S — X issaid to be bounded, if f(S) = {f(z) : z € S}is abounded
setin X.

3. A quasi-Banach space X is called analytically convex if there exists a positive
constant C such that, for any analytic function f : § — X with extends to a
X-valued continuous function on the closed strip S,

sup | f(2)llx < C sup | f(2)lx-
z€§ z€8\S

We recall the definition of the first complex interpolation functor.

Definition 4 Let X = (X,, X) be acompatible couple of quasi-Banach spaces such
that X + X is analytically convex.

1. The set F = F (X) = F(Xo, X,) is defined to be the set of all continuous func-
tions F : S — X + X such that

(a) F,restricted to S, is analytic and bounded in Xy + X;

(b) F(j+it)e X;forall j=0,1andt e R;

(c) the traces t € R+ F(j +it) € X; are bounded continuous functions for
all j =0, 1.

Endow F with the quasi-norm;

| Fll7 := max sup [| F(j + it)|x;-
J=0.1 1eRr

2. The first complex interpolation space [ X, X1]p with 6 € (0, 1) is defined by
[Xo, X11g:={F(0) : F e FX)}
The quasi-norm of f € [Xj, X;]y is given by
£ llixo.x01, := Inf{[| Fll = F € F(X), F(0) = f}.

We recall the definition of the second complex interpolation functor.

Definition 5 Let X = (X,, X) be acompatible couple of quasi-Banach spaces such
that Xy + X is analytically convex.



Complex Interpolation of Morrey Spaces 91

1. ThesetG = G(X) = G(Xo, X;) is defined to be the set of all functions G : § —
Xo + X such that

G(2)
(a) sup H e
z€$

>

Xo+X1

() G(-+ih) — G e F(X)forallh € R,
(c) The quasi-norm

IG(-+ih) — Gl
heR\{0} |h]

1Gllg =

is finite.

2. The second complex interpolation space [ X, X 117 with @ € (0, 1) is defined by
[Xo, X11” :={G'(0) : G € G}
The quasi-norm of g € [Xy, X 18 is given by

Igllix, x,0 == inf{IGllg : G € G(X), G'(B) = g}.

2.2 Some Lemmas on Lebesgue Spaces and Subharmonic
Functions

In this section, we recall some properties of the Lebesgue space L” (X, u) for p €
(0, 1) and subharmonic functions. The latter can be seen as a replacement of the
holomorphic functions which play an important role in the complex interpolation of
Banach spaces. We begin with the following lemma:

Lemma 2 Let E be a subset of X with finite measure and 0 < u < qy, qo < 00. If
f € L®(X, p) + L1 (X, p), then

I fxelLex y S WL wsrn .- (8)

Proof Recall that for f € L?(X, u) + L? (X, ), we define

1 f oo (x, 4L x, :=I0E(|] follzoox,m) + I fillLa x,m)-

where the couple ( fy, f1) moves over all decompositionof f: f = fy + f; with fj €
LP(X,pn) and f1 € LY (X, ). Let f € L(X, u) + L2 (X, ) and choose fj €
LP(X, p) and f1 € LT (X, p) such that f = fy + f1. Then
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Il fxelrxm S Ifoxelx,y + 1 fixelixw
S foxellco,y + 1 fixello
< W follwcx,y + Il fillLor .-

By taking the infimum over all decompositions f = fy, + fi, we get (8). (I

Now, we recall the definition and some properties of subharmonic functions.

Definition 6 [21, Definition 2.1.1] Let X be a topological space. A function H :
X — [—00, 00) is said to be upper semicontinuous, if the set H~'([—o0, \)) =
{xe X : H(x) < A\}isopenin X foreach A € R.

Definition 7 [21, Definition 2.2.1] Let U be an open subset of C. A function H :
U — [—o00, 00) is called subharmonic, if it is upper semicontinuous and satisfies
the local submean inequality, i.e., given w € U, there exists p = p,, > 0 such that

1 [ )
Hw) < — Hw+red:t (0<r <p).
2m 0

According to [21, Corollary 2.4.2], this property automatically yields the global
submean inequality. We shall use the following properties for subharmonic functions.

Theorem 4 [21, Theorem 2.2.2] If f is holomorphic on an open set U in C, then
log | f| is subharmonic on U.

Theorem 5 [21, p. 47, Exercise 4] Let H : U — [0, 00) be a function on an open
set U in C. Then log H is subharmonic if and only if H? is subharmonic on U for
each p > 0.

As a replacement of the three lines lemma, we invoke the following result for
subharmonic functions:

I_Jemma3 [26, p. 68, Lemma 2] [10, Lemma 1.3.8] Ler 0 € (0, 1). Lit H:
S — [—00, 00) be a subharmonic function on S which is continuous on S, and
sup |H (z)| < oo. Then we have

zeS
H©) = /_oo Po(8, 1) H (ir) aft+/_oo PO, VH(1 + it) dt
where
Po(0, 1) = sin(mf) and Py (6, 1) e sin(r6)

2(cosh(mt) — cos(mh)) 2(cosh(mt) + cos(mh))
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Proof For each z € S, define

93

Observe that g(z) € A(0, 1) and g~' (z) = % log ('““)) - Since Im (122 > 0 for

every z € A(0, 1), the function z € A(0, 1) — log (’(1+Z)) is holomorphic. There-

fore, g~'(z) is conformal map from A(0, 1) to S. For each z € A(0, 1), define
G(z) := H(g"'(2)). Since H(z) is subharmonic on S, we see that G(z) is sub-
harmonic on A(0, 1). Then, for every r € (0, p) with p < 1 and 0 < s < 27, we

have

) 1 2m p2 _ r2 )
G(re") < —/ > G(pe') dt.
2w Jo  p*—2prcos(t —s) +r?

For every p € (r/2, 1), we have

o —r? o —r?

G it
p? — 2prcos(t —s) + r? (pe’)

= (sup IH(Z)I)

zes

+2r
< (SHPIH(Z)I)—r

zes

—2pr +r?

Taking p 1 1, by the Lebesgue convergence theorem and continuity of G, we get

is 1 o 1 — r2 it
G@re’) < — G(e') dt.
27 Jo 1 —2rcos(t —s)+r?
For 6 € (0, 1), we have g(0) = —i li":i(nii)e), so, the solution of

rels = g@ (re(,1),s € (0,2m))

I+sin(0)’> 2

is (r,s) =
(76) T
(_ lj-()ssin('fr@)’ E) 0<(1/2,1).

(205, 3) 0e 1721
For these pairs, we have

1—r2
1 —2rcos(t —s) +r?

1 27 )
HO) = Gy0) < 5- / H (g~ (") di
™ Jo

and
1 —r? _ sin(md)

1 —2rcos(t —s)+r> 1+sintcos(mh)’
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SO
1 (" sin(76) R
H — —H !
0 = 27 /0 1 4 sinz cos(7#) (g7 (7)) dr
I sin(6)

— — —  _H(g (")) dt.
+27r » 1+ sintcos(mf) (g(e)

Fort € [0, 7],let 1 +iy = g~'(e"). Since ¢/’ = — tanh(7y) + isech(ry), we have

1 [7 sin(7wf)
21 Jo 14 sintcos(wf)

_1/°° sin(7wf) H( 4 i) d
"2 J_s cosh(my) + cos(mh) ) ay.

H(g ' (") dt ©)

By substitution iy = g~'(¢'") for t € [, 27], we also have

1 [ sin(m0) L 1 [ sin(76) ,
— ——————— —H(g (") dt = —/ H(iy) dy.
27w J. 14 sintcos(wd) 2 J_s cosh(my) — cos(mf)
(10)
By combining (9) and (10), we get the desired inequality. ([
A direct calculation shows
/ Py, t)dt=1—-16 (11
R
and
/ Pi0,t)dt =0. (12)
R

Related to the interpolation of Lebesgue spaces, we prove the following lemmas:

Lemmad4 Let0 <u < g < gy <ooand0 < 0 < 1. Define q by:

1 1-6 6

q q0 q1

If F € F(LP*(X, w), L"(X, 1)) and E is a measurable set with finite ji-measure,
then the function

K@) = /E (. 0 du(x)

is subharmonic on S, continuous and bounded on S.
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Proof Since f € L (X, p) + L9 (X, ) — xef € L*(X, p) is bounded, K is con-
tinuous and bounded on S. Thus, we need to show that

1 2 )
K(zo) < — / K (2o + re®) df (13)
2’/T 0

as long as (zp, ) € S x (0, 0o) satisfies A(zp, r) C A(zo,3r) C S. Since F is ana-
lytic, there exists a sequence {h,};2, C L% (X, u) + L9 (X, pt) such that

N
A}im sup || F(z) — Z ha(z = z0)" =0.
o0\ z€A(0,2r) n=0 L90 (X, 1) +L1 (X, 12)
According to Theorems 4 and 5, for each fixed x we have
N u 1 2‘[r N u
D ha() @ —20)"| < 5= / D ha(0) (@ — 20+ re’)"| do.
27T 0
n=0 n=0
Thus,
N u
[ Xm0 du (14)
E n=0

N

> ha(0) (@ =20 +re®)"| dp(x) db.
n=0

1 2
<51,
- 27 EJO

Note that the topology of L% (E, ) + L7 (E, ) is stronger than L*(E, w), due to
Lemma 2. Thus, we have

N u

K(z) = ngnoo/E Z,(;h"m(z —2z0)"| du(x) (15)

and
27 ) o | N ) “
K(zo +re'!)do = lim / / Zhn(x)(z —z0 4+ re'?y" du(x)de.
0 N—oo JE Jo s
(16)
Thus, we conclude (13) from (14), (15) and (16). (Il

Proposition 1 Let0 < g < qp < o0 and 0 < 0 < 1. Define g by:

1 1-6 86

q q0 q1
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If F € F(LY(X, pn), L (X, w)), then F(0) € L1(X, ) with the estimate

1 FDlLecx,y < NF N Fcwox,m, Lo x,m)- (17)
Proof Letu € (0,q). Setrg := %,y := 4 and r := . Then we have

IF DN 7ex, = NFOO N = Sup/ [F (0, )"h(x)dp(x), (18)
X

where 1 moves over all simple functions having L’ (X, y)-norm 1. With this in mind,
let us fix such an & and estimate

/ |F (0, x)|"h(x)dp(x).
X
Suppose h takes the form:

N
h = Z a4jXE;
j=1

where {E;}72, is a yi-measurable partition of X and a; > 0. We set

_ N 1 _
F(z,x) = Z(H(Ej) /E |F(z, x)|" du(x))XEj(x) (ze S, x € X).

J=1

Then we have
/IF(Q,X)I”h(X)dM(X)=/ F(0, x)h(x) dp(x). (19)
X X

Notice that F (-, x) is a subharmonic function on § and a continuous function on S,
since the mappings

1
u(E;)

zeS—

/ [F(z, x)|" dp(x)
Ej

enjoy the same property. By virtue of Theorem 5, log F (-, x) is also subharmonic on
S. By virtue of Lemma 3, we have

log F (6, x)g/ Py(0, 1) log F(it, x) dl—l—/Pl(H,t)logF(l—i-it,x) dt.
R R

By using Jensen’s inequality as well as (11) and (12), we have

F0,x) < fo0, )" f1(0, x)’
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where

fo(0, x) := L/ Fit, x)Py(0, 1) dt
1-6 Jg

and

1
f10, x) == /F(l +it,x)P1(0,1) dt.
By using Holder’s inequality, we have

IEO e < 1fo0, ) 0 £10, ) N ae o
< 1000 I e 11O - (20)

We use Holder’s inequality to obtain

/ [F(r, " du(y) < (/ |F(it, y)|% du(y)) ,
u(E; ),0

IE Gt oo < TF G 7w x,

u(E )

SO

for all + € R. As a consequence,

— 1 e
ollincesn < 77 [ IFGDuocr, Po6. 1) dr o
- R
1 N
= 1—O/R”F(”)”UO(X,;L)PO(& t) dt.

By a similar argument, we also have
1 .
il < ] IF L+ i) 70 x, P10, 1) dr. (22)

R

By combining (18)—(22) together, we obtain
1 1-6

”F(9, -)”Zq(x#) = (ﬁ/ ”F(l‘l)”Zqo(;(,#)PO(e, t) dt)

—0Jr

1 6
x (5/ IE QL+ i) [0 v P10, 1) dt) . (23)
R
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From (11) and (12) we learn

1-6 9
NFO, lrox, < (SUP | F(it, ')”L‘fU(X,u)) (SUP | F(L+it, )]z (x,#))
teR teR
< N FlF@o e, m, L9 (X, 0) (24)
as desired. O

Remark 2 One can compare (23) with its complex-valued version in [26, p. 68,
Lemma 2].

2.3 Some Inequalities in Complex Analysis

We invoke two important results from our earlier papers.
Lemma 5 [13] Foreachz € Sand N € N, define
P(+30)
Fn(2) == X1 <ip<mysgn(OLF R0/, (25)
Fno(2) == xqr<nyFn (), and Fy 1(2) = xq7-0Fn(2). (26)

Leta =2 —Z zecS weCwithz+weS, jel0,1},andt,ty € R. Then we
have the following inequalities:

|Fy.o(z +w) — Fyo(2)] < | f]7 (eMlaoeN — 1), 7)
|Fy.i(z +w) — Fy1(2)] < |7 (elamoeN — 1), (28)
A
|Fn(j +it)] < |f|7i (29)
and
|y +it) = Fy G +ito)] < (e(ﬂl‘ff’l)"""“g” - 1) ST G0y

Denote by L°(X, ) the set of all ;-measurable functions defined on X'. We invoke
the following lemma in [12].
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Lemma 6 Let py > py and f € L°(X, p). Define p: S — C, F : S — LY(X, p)
and G : § — LO(X, ) by:

S G31)
p(2) Do D1
F(2) = sgn(f) exp (L log Ifl) ze?). (32)
p(2)
1
G(z) = (z — 0)/ FO+ (zZ—0ndt (z€S), (33)
0

respectively. Define Fy, Fi, Gy, Gy : S — LY(X, ) by:

Fo(2) .= F@xyq=<1, F1(@ = FQ@QXq7-1) (34)

and
Go(z) == G@xyf=1y, G1() = GQ@X{f1>13- (35)

1. Foranyz € S, we have
|Fo@l < If1,  |F@I<|fIm, (36)
and
Go@)| < (L+ [2DIfI7. 1Gi(@)] < (1+IzDIf]7. (37)
2. Foranyz € Sandh € Cwithz + h € S, we have

Goz +w) — Go(@)| < [wl - |f1"% and [G1(z+w) — Gi()] < |w]- [ f]7.
(38)

3. For j =0,1andt; < ty, we have

G(j+in)—G(j+it)

< ﬁ 39
-, <I|fl (39)
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3 Proof of Theorems 1 and 2

In our proof, we often use the following scaling property of Morrey norms:

Lemma7 [20]If f € M (X, ) andg = % = %, then

L 3
=115 ey a0 |1F17

M (X0 My (o)

171

— l’]
‘Mfﬁ(x, ) = Il 0

We also prove that M5 (X, u) € ME(X, p) + ME(X, ).

Lemma 8 If f € MJ(X, p), g0 > q1, andg = % = %, then

A
PO I7 1

||f||M”0(X WAMIN (X ) = = ”f”/vl”(X ) + ”f”j\/l”(X 0

Proof Let f € MJ(X, ). Define fo := fxs<1y and fi := f — fo. From (4), it
follows that gy > g > ¢;. So,

||f||/\/1{;8(2(,ﬂ)+/\/1,’;11 (X.1) = ||f0||/v1”0()c 1) + ||f1 ”M”‘ (G

< |||f|"/%||Mm(X o N1 gt e
I’O [71
= 11 e+ 1 e

as desired. O

3.1 Proof of Theorem 1

To prove the first inclusion in (1), we use the following lemma:

Lemma9 Let f € MJ(X, p). Foreachz € S, define

F(2) = Sgn(f)|f|%(172>+%z
Then Fis : S — MU (X, p) + M (X, ) is analytic.

Pmof Let S. :={z € C : ¢ <Re(z) < 1 — ¢}. It suffices to show that Fs_: S, —
(X, ) + MG (X, p) is analytic for any € € (0, 1). Let

Fo2) = xq71<nF ), Fi(z) =F@) — Fo(z) (z€S).
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Let zo € S. be fixed. Define

= %min (Re(zg) — e, 1 — e —Re(zp), Re(zp), Re(1 — zp)) .

Then A(zg,n) C S.. Let a := ﬁ - p—o and u := min(1, go, g). For each n e NU
{0}, define
(alog|fD"
o i= F o) — 77— hY = hyxqpi<n. and hYD = hyxqps1)

2.
Notice that |hf)o)| < |f|v. Since

b 1
sup [t7logt| = —
1€(0,1) be

for any b > 0, it follows that forn > 1

0 2 o og [f1I”
| < a"xqp<nl f17 IfI“Re( 0=

i n
— "y Ifll ||f| n}0g|f||
nh
= e”(RezO)”n‘lﬂm
Therefore, h'? € M with
n
1237 gz = W”f”ﬁm .
Since
117 2 = 20" gy < I " < 2 ,||f||M,)(X o
and

00 nh u
Z(Znenny) < 00,
n=0 ’

we have > > 1A (z — zo)" II?AZO < 00, so for almost every x € X, we have
0
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D P ) = 20)" = Fozo)(x) Y| (alog|f(x)])"(z — z0)

!
"= n=0 n:
= Fy(z0) (x)e* 0 log /()
= Fy(z2)(x).
Consequently,
K u .
F@ =2 mPG=w"| = D G20 Iy >0
n=0 M n=K+1

as K — oo. By a similar argument, we also have

K
i (e)) n —
dim [ F12) = > P (2 = 20) =0.
n=0 M)
As a result,
o0
F(2) = Fo(2) + Fi(x) = > hu(z — 20)"
n=0
in Mg\ (X, p) + MG (X, ). m

Lemma 10 We have the following inclusion:

{f e M{(X, ) : ngnoo If =Xt <ipi=mp flmg e, = 03
c [Mf])(? (X9 /*L)v Mf;]l (‘){7 M)]@

Proof Suppose that [ € M,’; (X, p) satisfies
1\}i—I>noo If - X{%f\f\fN}f”Mf,’(X,y) =0. (40)
Define F(z) by (32). From (36), it follows that

||F(Z)||Mgg(x,ﬂ)+/\4511 (X, =< ||FO(Z)||M53(X,N) + || F (Z)”M{I’ll (X, )
L A
< AW g + A1 e
P p

_ 0 1
= 11 ey + 15 W e

50 SUp | F ()l a7 (e py+- M2 (0,p) < 09- According to (27) and (28), we have
z€S
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IF (2 +w) = F@mm . mi) e

) 111 |lwlalogN __
(IIfIIMp(X o 10 e M) (e 1)
V2
PO

M (X )

Hf X{&<IfI<N) fH y

+2 Hf ~Xig=ifi=mf M

and hence
lim || Fy(z +w) = Fy ()l gy ay = O-

By virtue of Lemma 9, we have F : S — M U (X) + MY (X) is analytic.

Let j € {0,1},¢,0 € R,and a := E — £ 'We use (30) to obtain

L
HEG i) = FG A+ i)l v e = (elrrollosN 1) IIfIIJ';L,g(X,“)

r
Pj

MG(X, )

+ Hf ~ X(h=ir1=m S

SO
hm [F( +i) = FG + i)l v, =0

Finally, by using (29), we obtain

max sup || F'(j +it)| < ||f|| , < o0.
=01 1o Ml (X 1) M’(X W S

In total, we have shown that F € (M (X, ), My (X, p)). Since f = F(6), we
have f € [MI(X, p), ME (X, 1)]p as desired. O

By applying Proposition 1, we have the following inclusion:

Lemma 11 We have the inclusion [ME (X, p), ML (X, w)]lg € ME(X, p).

Proof For f € [/\/l (X, ), M (X, w]e, pick  F Ef(M (X, W), ./\/l
(X, p)) such that f = F(#) and that

WE N oz vy i ey S I Taazo e a2 e (41)

Decompose F(z) into F(z) := Fy(z) + Fi(z), where Fy(z) € Mgg()(, @) and
Fi(z) € MU' (X, ). For every ball B C X, define

(o) = u(B) ' i (54 5) (o), (42)



104 D.I. Hakim and Y. Sawano

1=z z  (l=z, =z
G = u(B) % i (5 8) Ry, 43)
ﬁ+i,(l;z+i)
Gpi(2) i=p(B)n "m0 )y Fi(2). (44)
Since
1 _ 1,1 _1)R
1G 5.0l o < 1B T8 5By
and
(ki L)Re(-2)
G (@) Lor ey < p(B) N0 w0 @ IEV @ gt (0
we have

1G B (2)lLwox pwy+raxp) = C (IIFo(Z)IIMgg(X,H) + HFL @) | g (X,,t)) ,

where o

Cp = max (M(B)ﬁiﬁjL%iﬁ, M(B)7ﬁ+%7%+ﬁ) .
Consequently,
1G 8@ lLwx pyrrax.p = CBIF @m0 x iy M2 (xpy- 45)

Since F : § — My (X, p) + M/ (X, ) is bounded and continuous by virtue of
(45), we also have continuity of G : S — L®(X, ) + L9 (X, i) and

sup |G g(2) Lo x, py+L0 (x,) < OO.
z€S

Let zo € S, choose 0 < 1 <« 1 and { f,,}72, such that for z € A(zp, 17), we have
F@) = falz —z0)" (46)
n=0

in ME(X, p) + MEN(X, ). Write a := ,u(B)%_i and b := M(B)ﬁ_ﬁ. For each
k,n € NU {0}, we have

iz (lo(B/a))

k' XBfn

5 Ck,B ||ﬁl ”M,’;}? (X,/L)+M,I;l] (X, )
L0 (X, p)+L9 (X, 1)
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Letz € A(zp,n) and N € N. Then

N 2 l-z20p . .
Gp(2) = > >~ (og(b/a)) xs fulz = 20)"*
n=0 k=0 : L0 (X, p)+L9 (X 1)
N
= |a' b xs (F(z) =D falz - ZO)")
n=0

L0 (X, p)+LN (X, 1)

N
F(2) =D fulz —20)"

n=0

<Cp

MG (X )+ MG (X )

Consequently, from (46),

N oo
Jim 33" T dog(b/a)t xa fule — )" = Gy(o)

in LY(X, ) + L9 (X, p). Thus, Gg : S — L9(X, u) + L9 (X, p) is analytic.
For every t € R and j € {0, 1}, we have

1 _
1Ge(j +ilpsxy = m(B)" 4 IxpF (G + i) Lo
S NEG+iDl e, = TFFaz e mi ey 47

so, for each j € {0, 1}, the functiont € R — Gp(j +it) € L% (X, ) is bounded.
For a fixed #; € R and for every t € R, we have

1Gp(j+it) — Gp(j+it)lliyx,w
SIFG+in = FG A+ i)l

(L1411 in(Lt-Lt41t_ L1
FIEG + i) |uB) 5 m) — gy Gt )

:||F(j+l.l‘)—F(j+l‘tl)”M;’f_(X,#)

.((r—mlogu(B)(l 11 1))‘

sm{ ———m@X |\ —(— —+ — — — :
2 P14t 490 Do

tlgltll 1Gp(j+it) —Gp(j+it)llryx, =0.

F2EG + i)
J

As a result,

In total, we have shown that Gg € F (L% (X, ), LY (X, i)). As a consequence of
(17) and (47), we have

1G Oy = NGBl Fwn@.m.inxm = WFI @ mi ) (48)
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By taking the infimum over all F € F(M (X, u), My (X, p)) satisfying f =
F(0), we have

1_1
p(B)r |l fxpllLoey < ”f”lM"O(X,u),Mz',’f (Xl

490

Thus, taking the supremum over all balls B, we learn

||f||M{;(X,M) = ||f||[M{I’8(X,ﬂ,),M{;II .,
as desired. O

Remark 3 Note that by combining the argument in the proof of Lemma 11 and (23),
we have

. 1 . . 1-0
IO, Mgy < (m /R IGO0 ) Po®: 1) dr)

1 N f
x (5/R||F(1+n)||M‘,;]1(X,#)P1(0, D) dt) (49)

for every F € F(ML (X, p), MJI(X, ).

3.2 Proof of Theorem 2

Let
[ e MR, ), Mb1 (X, .

By the definition of the second complex interpolation functor, f is realized as f =
G'(0) for some G € G(MU (X, ), ML (X, ) with the estimate

||G( +ih) — G”}'(MZS(X,M),MZ;I‘ (X)) 5 |h| : ||f||[M{;8(X,,,,),M,’;Il (x,w1° (50)

forall h € R. For z € S and i € R\ {0}, write f;(z) := C&H0=CQ By virtue of
Lemma 11, we have f,(0) € M,’; (X, 1) and combining this with (50) yield

1 .
||fh(9)||/\/tg(x,#) 5 WHG(H +ih) — G(e)”[/\/lgg(?\f,u),/\/lf;ll (X, 01

A

= ||f||[Mé’8<X»m»Mé’# X,y - (51)
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Since %m(l) fn(@) = fin M (X, w) + /\/l L (X, n), we can choose a sequence of

positive numbers {/;};2, converging to zero such that
lim £, (6)(x) = f(x)
k— 00

for almost every x € X. Thus, by the Fatou property of M} (X, 1) and (51), we
obtain

Iz = 11m lnf e O Nz S 1 N iaazo ey izt e oy
implying that f € M} (X, p). 3
Conversely let f € /\/lf,’(/'\f, ). Define G(z) by (33). Foreachh e Rand z € S,
define
H,(z) .=G(z+ih) — G(2).

We shall prove that G € G(M (X, ), M (X, 1)) by showing the following chain
of lemmas:

Lemma 12 For all z € S, we have H,(2) € ME(X, p) + ME(X, p). More pre-

cisely, sup | Hy (z)||Mpu(X M) < OO, and
zeS

G(2)
1+ |z]

< 0. (52)
M (X, )+ M (X )

zeS
Proof In view of (37), we have

H G(2)
1+ |z]

0 " S ||f|| (X N) + ||f||Ml7(X N)
Mo (X, )+ Mg (X, 1)

From (38), it follows that

1 Dl agz0 ot ey < 1Go(@ + ih) = Go(@) | pzm e
TGz +ih) = Gi@ I mp g

< |h| (||f||;°4,,(x wt ||f||Xl4~<X ﬂ))

SO sup ||Hh(Z)||Mq°(X M () < OO O
z€S

Lemma 13 The function Hy, : S — ML + MDB! is continuous.



108 D.I. Hakim and Y. Sawano

Proof Letz € S and w € C be such that z + w € S. From (38), it follows that

490

L L

P P
| iz + w) = Hy @l pg S ol (Ilfll e HIF1 A'Ag(,(,m) .53
Consequently, 3}_% |Hy(z +w) — Hy (Z)||M!]3+Mj;} =0. (I

Lemma 14 The function Hy : S — ML + MPB! is analytic.

Proof Let a :=£}—£, e € (0, %), and S.:={z€S5:c<Re(@) <1—¢}. We
shall show that Hj, is analytic in S. For each zg € S., define

I .
7 = min (Re(zo) — €, 1 — & —Re(z0), Re(zo), Re(1 — z0)) .
Then, A(zo, 1) € S.. Let z € A(zg, n). Since

G(z)z/ZOF(w)dw—i—/zF(w)dw
0 z

20

= G(zo) +sgn(NHIf10 [ 11 dw

20

B az _ azo F — F
= G(20) + sgn(f)| 17 % =Gk + %

and
o0 1 n
F(2) = F(z0) = F(z0) (If1*¢™™ = 1) = F(z0) ) %(z —20)",
n=1 .

we have N
F(zo)(alog|f)"

G =G _ n+1_
(2) = G(z0) + § PRI
For each n € N U {0}, set
G(z0), n=0,

h hy = Xy =i,

n = 1 n—1 s
eV F(z),  n#0.

and
A" = X =1
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Let v = min(1, qo, q1). Since

u o0
0
< D Ul Iz = 20"
M:’;}? n=N+1

- (n— 1) 2\
<> (—n!(Re(ZO))e"l ||f||M577)

n=N+1

N
Go(x) — D hP(z — z)"

n=1

uq

ugq > nn u
< 4q0
S > ()
n=N

and >0 | (-2-)" < oo, we see that

N u
lim ||Go(z) — > h¥(z—z0)" =0.
lim [ Go(@) = > 1@ 20) ,,
= 3
By a similar argument, we also have
N u
lim |G (z) — Dz —z9)" =0.
lim 1G1(@) = > 1@~ 20) 0
n=l1 M2
q1

Consequently, G(z) = > ve o hy(z — 20)" in ME (X, p) + ME(X, p). Thus, G is
analytic in S.. Since ¢ is arbitrary, we have G is analytic in S, and so is Hj,. (]

Lemma 15 For each j =0, 1, we have
sup [| Hy (j +i0)l 0 < |B] - IIfIIj\ﬁlg- (54
teR %

Proof As a consequence of (39), foreach j =0, 1 and ¢t € R, we have

p Fa
. . ) . o ) _ . Pj
1 G 000 ey < V0N g gy = VL D gy (59)

as desired. O
Lemma 16 Let j € {0, 1}. Then the functiont € R +— H;(j + it) is continuous.
Proof Fixty e R.Let j =0, 1 and ¢t € R. By using (39), we get

r

IH (4 i0) = Hy (G + ito) ] s < 211 = 10] - IIfII;\itza(X 0 (56)
; HES

As aresult, thntl | Hy(j +it) — Hy(j +ito)|l \ s = O, as desired. O
—lo 4j
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4 Proof of Theorem 3

The proof of the first part of Theorem 3 is given as follows:

Proof (of Theorem 3 (i)) For any function f € [.//\—/l\g/é’(?(, ), ./\/151‘ (X, u)lp, choose

F e ]-"(/\/l (X, ), ./\/l | (X, ) such that f = F(#). For every R > 0 and some
fixed xo € X set
Eg :={|f| > R}U(X \ B(xo, R)).

Then x g, F € F(ME(X, ), MB!I (X, ). We apply (49) to have

) 1 o 1-0
e S Wi < (m /R IXEF GO g, Po6s 1) dt)
1 0
X (E/R lxe, F(1 +it)”;/151‘(x,mpl(9’ 1) dt) . (57)
Since F(it) € M C(X, p) = My (X, p) and Rlim XE,(x) =0, we have
— 00

Bim (1xe, FGOl gy ey = 0 (58)

As a consequence of (57), (58), ||XERF(it)||MF0(X w = FFpqe 0 (X0 M (X))

_ _ u
Po@. 1) dt = (L= O F Iy oy o aart

u
A||F||F(M58(X.;L),Mgf (X.10))
which follows from (11), we have

Rli_I};O IXEe fllAe ) =0, (59)

and hence f € M”(é\,’ .
Now, let f € /\/lq (X, ). By Lemma 1, we have f € MP(X ). Consequently,

A}Lmoo If— X{%g\f\gN}f”M;(X,u) =0. (60)

For z € §, define F(z) := sgn(f)| f]” (”0 "1) and Fy(2) := xqf1<13F (2). By using
the same argument as in the proof of Lemmas 9 and 10, we have F' € F (Mf,’g , M f;,‘ ).
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—

We shall show that F € F(MI (X, p), My (X, ). For R > 0 and some
fixed xo € X, we see that X g, r) Fo(z) € LZ(X, ). Since |Fy(z)| < |f|rfT) and
f e ME(X, p), we have

1F0(2) = XBoo. &) Fo@ o ey = IX10171> Ru\Boxo. R) Fo (D gz 1y

s
= IIf = xuri=rinso.p I G x .y = 0

—

as R — 00, so Fy(z) € ./\/lf;é’ (X, ). Combining this with

F & FIMINX, ), MJ! (X, 1),

P

we have F € F(M (X, p), M§ (X, p)), so

f = FO) € MY, ), M2 (X, )y

as desired. O

Now, we prove the second part of Theorem 3:

Proof (of Theorem 3 (ii)) Let f € MJ (X, u) be such that

Jim L = Xg<ipizm S gy =0

— 1=z, =z
For every z € §, set F(z) := sgn(f)|f|p( »0 +”1) and Fy(z) := xqr<13F (2). Based
on the proof of Lemma 10, we have F € F(MU (X, p), MJ (X, 1)). Let xg € X

> *k
be fixed and R > 0. Since |Fy(z)| < |f|r§T) and f € ./\/15()(, ), we have
1Fo(2) = XBwxo.R) Fo@ I o ey = IXa0\Bo. ) FO @ a2 ()

)

_ 0
- ”XX\B(XO’R)f”./\[ilg(X,ILL) - 0

*
as R — 00, 50 Fy(z) € MY(X, p).
Combining this with

Fe FIMPX, p), MJI(X, ),

we have .
Fe FIMPX, p), MJI(X, ),

s0 f = F(0) € IMPP(X, ), M (X, )]s
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* *
Let f e [MREWX, 0, MO(X, ]y and pick F e FOMEX, ), M)
(X, p)) such that f = F(6). By applying (49), for some fixed xo € X and for every
R > 0, we have

B, S g )

i ‘ . 1-0
< (m/RIIXX\Bofo.,R)F(”)||Mg’g(x.wp‘)(9’ ) dt)

1 . 0
x (5-/R”XX\B(X(),R)F(1+lt)||M2rll(X,#)P1(9, 1) dt) . 61)

*
Since F(it) € My (X, j1), we have lim || xx\5exo.0) F G0y = 0,50,
R—o0 g0 %>
Rll_)ﬂgo X\ B, R) Sz = 0.

by the Lebesgue convergence theorem as we did in (59).

*
Therefore, f € M} (X, ). O

Proof (of Theorem 3(iii)) Let f € MU (X, u1) be such that

Jim L f = X< nem Pl =0

For every z € 5, define F(z) := sgn(HI /1”5 *7) and Fy@) == xip1n FC@).

Observe that F € FME(X, ), MiH (X, ) and Fy(z) € MU (X, p) for each
z € S.Foreacht € R, we have

. . i
10 = Xuran=m Ol = 117 (1= 1 20) HM;’:;(X,H)

P
= 1— rn )
)f( Xir1<n'y

Po
M2 (X, 1)

P
Po

IA

’

F= fX[N";*?slflsN’;*?’
MG (X, )
S0
A}l_r)noo 1FGt) = xqrani<mF GOl azo x = 0-
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Therefore, F (it) € M o (X, p) forevery r € R. By combining Fy(z) € /\/l G (X, ),
F(it) € MJ(X, p), and F € F(ME (X, p), MY (X, 1)), we have

F e FIMR(X, ), MEPHX, ),
and hence f = F(f) e [./\/lp"(/'\’ ), Mo (X, 1)ls
Now, let

fe M, . MG, 1)]p.

Then there exists F € .7:(./\/1 O(X, ), MB(X, ) such that f = F(6). We use the
following identity (see [7]):

My =1feM!:lim sup IXeflimg =0
MO Bl gp <h

Let 4 > 0 be arbitrary and E C X be such that IXENAME ) = h. Then

Ixe F @)

1 o0 1-6
< (1—_9 /_OO ”XEF(”)”ngg Py(0,1) dt)

1 [ o
X (5/_00 IxeF(1 +it)llbj4511 Pi(0,1) dt)

1 e’} 1-60
=< (m /700 sup Ixe F GOy g Po(0, 1) dt) IF1I° .

FME M

2.
where E moves over all measurable sets such that ||xg|| M) S hr. Since
F(it) € /\/lqo, we have

tim (sup(lxe Fn aggy = E XD < A1) =0,
so by the Lebesgue convergence theorem,

tim (sup(lxe f e+ E 2 IXelaggen <)) =

Hence, f € M_g(?(, ). O
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Proof (of Theorem 3(iv)) By combining

[MP(X, ), MP(X, )lp S MP(X, )

and ) .
[ME (X, ), MY, )y © ME (X, ),
we have
[ME(X, ), M (X, e € ME(X, u)ﬂM”(X u)—M”(X ).
Meanwhile,
MP(X u)—[/\/l ) (X, ), M (X, ﬂ)]eC[M s (X, ), M (X, W] U
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Gagliardo-Nirenberg Inequalities for Spaces
with Dominating Mixed Derivatives

Dorothee D. Haroske and Hans-Jiirgen Schmeisser

Abstract We study inequalities of Gagliardo-Nirenberg type for scales of function
spaces with dominating mixed smoothness. This situation is more sophisticated than
in the classical isotropic case. We show that satisfying results can be obtained using
the concept of refined dominating mixed smoothness both in the case of Triebel-
Lizorkin and Besov-type spaces.

Keywords Gagliardo-Nirenberg inequalities - Function spaces with dominating
mixed derivatives - Refined logarithmic smoothness

1 Introduction

The nowadays classical Gagliardo-Nirenberg inequality says that for 1 < p, u <
o0, k e Ng, m e Nwithk <m

6
> IDP ALY < el fILRDI (DD AL, ®DI) ()
|Bl=k la|=m

for smooth functions f € C*°(R") with compact support. Here 6 = n% and % =

% + %. Using a homogeneity argument inequality (1) can be derived from

IFIWE @R < el FILa@DO £ I RY, 2

where W)'(R") denotes as usual the Sobolev space and where the parameters u,
p, v, 0 have the above meaning (see, for example [25], Theorem 1, even in the
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vector-valued case). Let us denote by Flqu(R”), 0<p<o00,0<g<oo,relR,the
Triebel-Lizorkin space (see, for example, [28]). Then inequality (2) is a consequence
of

IF1F) @I < el FIFR ®RIONFIF:, R (3)

whichholds forall f € F/o . (R") N F}  (R")if0 < po, pi < 00,0 < qo. q1. q <

00, —00 <rg<r; <00,0 <6 < 1and

(r, 1/p) = (1 = 0)(ro, 1/po) +0(r1, 1/p1). “4)

Inequality (3) is due to Oru [21] and can be found in the paper [2] by Brezis and
Mironescu. The remarkable fact in (3) is the independence of the parameters g, ¢
and ¢ (disregarding the constant). In particular, one can choose gy = g; = 0o which
corresponds to the largest spaces with respect to the parameter ¢ in the scale of spaces
Fy, (R™). Under the above assumptions condition (4) is also necessary as has been
proved in [6, 7], respectively, in the homogeneous case.

The situation is different in the case of Besov spaces B, , (R"). Necessary and
sufficient conditions for Gagliardo-Nirenberg inequalities within this scale can be
found again in [6] and [7], respectively. The main result reads as follows (see [7],
Theorem 4.1): Let0 <0 < 1,0 < g < 00,0 < p, po, p1 <00, —00 < F, 1o, 7] <

oo and let
n n n
——r=(1—9)(——ro)+9(——r1), 5)
p Po pP1
n n
ro——#rn——. (6)
Po P1
Then
1B, ;RIS IF1B o ®DICILIB R (7)
holds, if either
r<{1—0)ry+6r (8)
or
po=pirandr = (1 —0)rg+ry. 9)

For forerunners as well as for further types of Gagliardo-Nirenberg inequalities for
isotropic Besov and Triebel-Lizorkin spaces we refer, for example, to [18, 25, 30],
see also [12, 33]. Some more recent results concerning further types of function
spaces like (Musielak-)Orlicz spaces, Lorentz spaces, Morrey spaces, can be found
in [8, 13-16, 22, 31, 34, 35], but this list of references is by no means complete.
Here we are concerned with the analogous problem for function spaces with
dominating mixed smoothness. For simplicity let us consider the bivariate case.
We denote by S;’qF = S;’qF(Rz), 0<p<oo,0<gq<oo,reR, the Triebel-
Lizorkin space with dominating mixed smoothness as defined in [26], Chap. 2. Spaces
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of this type turned out to be very useful in multivariate approximation. For properties,
characterizations and applications we refer also to [23, 24, 32]. The counterpart of
(3) reads as

LF1Sh g Fll < e 1F1Sp o FIPNAIS), o FII°. (10)
It has been observed by Hansen in [9], Proposition 6.8.1 (see also [11],
Proposition 4.1), that inequality (10) holds true if, and only if, (4) is satisfied and

1—-6 0
+ —. (11
q0 q1

=<

S

In this “trivial” case (10) is a consequence of Holder’s inequality as we shall see
later on. In particular, we have g = oo if g9 = q; = oco. The situation turns out to
be different if we admit refined smoothness in the target space on the left-hand side
of (10). To this end we introduce in Sect.2 the spaces S;ZA (A € {B, F}), where
o € R refers to the exponent of refined logarithmic smoothness. First, we observe
the elementary embedding

Sy oo = Sy F

which holds if « < —1/g, 0 < g < oo. The price to pay for a better microscopic
parameter ¢ is a weaker (refined logarithmic) smoothness. The first aim of this paper
is to prove the Gagliardo-Nirenberg inequality

IFIS;SFI < cNFISR o FIN 1 1Sy o FI° (12)
for all parameters 0 < gg, g <00, 0 < g <ocand o < —zl provided that condi-
tion (4) is satisfied. This is an improvement with respect to the logarithmic smooth-
ness in the target space.

Secondly we shall be concerned with similar inequalities within the scale of Besov
spaces with dominating mixed smoothness.

The paper is organized as follows. In Sect.2 we introduce the function spaces
with dominating mixed smoothness under consideration and state some elementary
embeddings. Gagliardo-Nirenberg inequalities for spaces with dominating mixed
smoothness are treated in Sect.3. After preliminary considerations in Sect.3.1 we
deal with Triebel-Lizorkin spaces in Sect. 3.2 and with Besov spaces in Sect. 3.3. The
main results can be found in Theorem 11 (F-spaces) and Theorem 14 (B-spaces),
respectively.

The first draft of this paper was written while the second author visited our friend
and colleague Miroslav Krbec in Prague in 2011. This collaboration was stopped by
his sudden death in summer 2012. We returned to the project now and feel indebted
and grateful for Mirek’s contribution to the results.
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2 Function Spaces and Embeddings

‘We shall adopt the following general notation: N denotes the set of all natural num-
bers, Ng = N U {0}, R", n € N, denotes the n-dimensional real Euclidean space. For
areal number a let |a] denote its integer part. For convenience we use the convention
that 1/00 = 0. By ¢, ¢y, ¢3, etc. we denote positive constants independent of appro-
priate quantities, which may, however, depend on other parameters like smoothness,
dimension, regularity. For two non-negative expressions (i.e. functions or function-
als) A, B, the symbol A < B(or A > B)meansthat A < ¢ B(orc A > B).If A < B
and A 2 B, we write .4 ~ B and say that A and B are equivalent. Given two quasi-
Banach spaces X and Y, we write X — Y if X C Y and the natural embedding is
bounded.

Throughout the paper we shall use standard notation, e.g. F and F~! for the
Fourier transform and its inverse, resp., S(R") for the space of rapidly decreasing
C* functions on R" and S’ (R") for its dual, the space of tempered distributions.

The Lebesgue space L, = L,(R"),0 < p < oo, consists of all measurable func-
tions with finite (quasi-)norm

1/p
I/ IL,Il = (/R If(x)lpdx) ., 0<p<oo,

complemented by || f |Ls| = esssup|f(x)| when p = oo.

We briefly recall the definitions of the spaces that we work with in the sequel. Let
@o be a real-valued infinitely differentiable function on R” such that 0 < ¢y(x) < 1,
po(x) = 1if |x| <1, and ¢o(x) = 0if |x| > 2. Put

P1(x) = @o(x/2) — @o(x)
Pi(x) =277 ), j=2,3,.... (13)

Then .
Z(pj(x)zl, x € R".
j=0

The system of functions {¢;} ey, is called a smooth dyadic decomposition of the
unity in R".
Now let us recall the definitions of the spaces with dominating mixed derivatives.

Definition 1 Let0 < ¢ <00, —00 <r, @ < 00, and {¢;} jen, a smooth dyadic res-
olution of unity.
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(i) Let 0 < p < oco. The Besov space S;’ﬁ‘iB = S;;ffiB(R” x R™) consists of all
tempered distributions f € S'(R" x R") such that

1/q

[o¢] o0
1185 B = [ DD 129+ (L + k) fial Ly |10

j=0 k=0
is finite, where

[, ) =F g, @aF flx,y), x,yeR", jkeNy, (14
and in case of g = oo the usual modification is required,

IF1S5% Bl = sup 297971+ j) (1 4+ k) fixlLpll.
jkENo

(ii) LetO < p < oo.The Triebel-Lizorkin space S“" F = S’ & F (R" x R™) consists
of all tempered distributions f € S'(R" x R") such that

I £185% Fl = H(ii U1 4+ )2 (1 +k)aff'k(')|q)1/q‘LpH

=0 k=0

is finite, where again in case of ¢ = oo the usual modification is required.

Convention. We adopt the nowadays usual custom to write ;9 A, where A € {B, F},
instead of 79 B or ;% F, when both scales of spaces are meant simultaneously in
some Context

Remark 2 The above (quasi-)norms depend on the particular choice of {¢; }_‘,’-‘;0, but
(quasi-)norms corresponding to different decompositions with the above properties
(13) are equivalent. This can be proved in a similar way as in [26], Chap. 2.

If @ = 0, then the spaces coincide with the classical spaces with dominating mixed
smoothness, S;Oq =8, ,A, see [26], Chap. 2, and the references given therein. The
logarithmic refinement (a # 0) has been considered in [27] (in connection with
hyperbolic cross approximation for 1 < p < 00,1 < g < 00) and in [29] (related
to numerical integration). If the term 2U%0" (1 4 j)*(1 + k) is replaced by some
more general b ;, then the above spaces (for A = B) are special cases of spaces with
generalized smoothness studied in [17].

Remark 3 'We would like to point out that many of the arguments and results in
this short paper can be transferred more or less immediately to the more general
situation of spaces S;% B(R™ x R"), S7%F(R™ x R") which consist of all f €
S'(R™ x R™), m,n € N, such that
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IFIS G F

) 1/q
- H (ZZ iR A+ = F ! o) @ v F ] <->|q) Iy

j=0 k=0

is finite, where {¢;}7Z and {y/;}32, are smooth dyadic resolutions of unity in R and
R", respectively, and 0 < p < 00,0 <q <00, 7 = (r|,rn) e R%, @ = (a1, ay) €
R2. Similarly for Besov spaces SZ’gB, with the usual modification in case of g = 0o
Ifa = (0,0),m = (m,my) € N% and | < p < oo, then

ST FR™ x R")
= STWER" xR")
= {f e S@®R" xR"): DID} f € L,R" xR"), |B] <my, |y| <my)}.
If7 = (r;,72) € R?and 1 < p < oo, then

ST F(R™ x R")
STH(R™ x R")

[resmmxry: 7 a+ P2 a+md3rs]er,@ xrn},

where SZH (R™ x R™) is a Sobolev space with dominating mixed derivatives of
fractional order. Moreover, all spaces S;’ JAR" x R") can be characterized by
means of differences, local means, atoms or wavelets for certain ranges of parame-
ters For example, if r; > 0,i = 1,2,and 1 < p < o0, 1 < g < 00, then the spaces

p B(]R’” x R™) coincide with spaces introduced by Nikol’skii [19] (¢ = oco) and
Amanov [1] (¢ < 00), respectively. For more recent results with respect to atomic
and wavelet characterizations we refer to Hansen [9], Hansen, Sickel [10, 11] and
Vybiral [32].

As already mentioned in the introduction, spaces with dominating mixed smooth-
ness are closely related to multivariate approximation (hyperbolic cross, best m-term
approximation). A survey on this topic, based on the pioneering work by Temlyakov
and his co-authors, including a rather complete list of references, can be found in the
recent paper [3].

Similarly to the isotropic case (see, for example, [4]) one can develop a theory
of function spaces with generalized dominating mixed smoothness. A first step has
been done in [17] as far as spaces of Besov type and the Fourier analytic approach
is concerned. In [27] equivalent characterizations of S A have been proved for
1<p,gqg<ooandr > 0.

For simplicity we shall only deal withthecase m = n,ri=rn=r,a1 =a; =«
in this paper.
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Lemmad4 Let0 < p <00, 0<g <oo,r,aeR Ac{B,F}
(i) If 0 <qgo <q1 < o0, then

S A SY A

P.q0 p.qr”
(i) IfB > «a, then
r,p r,o
Sp,qA > Sp,qA.

(iii) 1f0<vgooand,3>a+§,then

r,p r,a
SyhA — S)TA. (15)
If g = 00, B = « is also admitted.

Proof While assertions (i) and (ii) are obvious in view of Definition 1, we insert a

short proof for (iii). In view of (i) it is sufficient to deal with v = oco. Let ¢ < oo,
A = F, recall notation (14). Then

' 1/q
1£18;5Fll = (ZZ 29471+ 1+ k)“fj,k<->|‘1) L,
k=0

55

1/q
(1+ ) Pa +k><“—“>"] IF1S; 5 F
j=0 k=0

oo o0
=0

provided (¢« — B)g < —1, thatis, f > o + é. The modifications in case of g = co
are clear.

O
result.

Application of Lemma4(iii) with 8 = 0 immediately leads to the following useful

Corollary 5 Let0 < p,g < oo, r,a € R. Then

S o0A = S0 A
ifa < —1/q.

We finally consider an embedding with different metrics

Lemma6 Let0<p<p<o00 —00<r<r<oo -—-o0o<a<0o 0<qg=<o0
and

(16)
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Then B
Sﬁ”qB — S;’,";B. (17)

Proof The proof follows exactly the same line of arguments as in [26], Chap. 2, for
the case o = 0. (]

3 Gagliardo-Nirenberg Inequalities

3.1 Preliminaries

We first collect some more or less immediate generalizations of the classical results
and the above embeddings, before we concentrate on the interesting case of refined
smoothness below.

We are interested in inequalities of type (10). First let us observe that (10) can be
proved rather easily with the help of Holder’s inequality.

Proposition7 Let0 < p; < oo (withp; <00 if A=F),0<q; <00, a;, 1 €R,
i=0,1,and0 <n<1.1If

(1/p,1/q,r,a) = (1 —n)(A/po, 1/q0, ro, @) + n(1/p1, 1/q1, r1, a1),

then
1 £18,5Al < | £1S70%0 A=) £S04 AT (18)

»q Po-q0 P1,q1
Proof For brevity we use (14) again,
fik@) =F 'lo; @ Ffl(x),  xeR"xR", (j, k) eNg,
and
laje (o) = [29%97(1 + H A +b)* fx(x)|
= 2001 4 (1 4+ fa0] T

X [2907 (1 ) (14 0@ @)

= bk () e ().
Using successively Holder’s inequality with

1— 1 1—
Ui Ui 7I+’7

1
p Po P1 q q0 q1
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we obtain
SR ql SR ql
H (ZZ |a,-k<-)|4) L[ = H (ZZ |b,-k(->|“—">‘f|c,k(->|"4) |LpH
j=0 k=0 j=0 k=0
00 00 lq;on 00 o0 %
=|(Z2meor) T (T2 wenor) e,
j=0 k=0 Jj=0 k=0
< Bk (YL py L) I e (DI L p, (L)
This yields (18) in case of A = F, the proof in case of A = B is similar. ([l

Remark 8 Note that (18) together with Corollary 5 implies

1S5 F I < el f1Sp o FII1LFIS), s FII” (19)

q Po,o0

for0 < g <oo,a <—1/q,0 <n < 1,and

1 1—n n
— = +—, r={0-mro+nr.
p Po pP1

This is an inequality of type (3) for spaces with dominating mixed smoothness. The
price which one has to pay is a certain (logarithmic) loss of smoothness in the target
space on the left-hand side.

The aim of the next subsection is to present an improvement of (19) with respect
to the parameter «, expressing the logarithmic tuning of the smoothness.

Proposition 9 Let0 < p;,q; <oo,r;, e R i =0,1,and0 < 6 < 1. Assume

r<{—0)ry+06r, (20)
1 1—-6 %
- < +—, 1)
q q0 q1
n n n
r——=0-=0)(ro——)+06(r1 ——). (22)
p Po P1
Then
118, , Bl < clI£1S%  BICIF1S , BI” . (23)

Proof We combine Lemma4 and Proposition 7: It follows from (20) and (22) that

n n n
1-0)—+0———={A=0)rg+0r—r=n=>0.
Po P1 p
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Consider
1 1 n 1—-0 0 1
—i=—+-= +—=>—,
p p n Po P1 p
and
Fi=r4+n=0-=0)rg+0r >r.
Then

- n ( 1 n) n
r—==r+n—n{\—+—-)=r——.
p p
Together with (17) this implies the embedding
85,8 S, ,B.

Taking into account (21) we find in the same way as in the proof of Proposition 7 the
inequality ~
I£18%, BIl < I1£1S% . BI'"CILFIS) , BIIY.

Combination with the above embedding leads to (23). (Il

3.2 Triebel-Lizorkin Spaces

Now we come to our main results: we obtain the counterpart of Proposition7 for
A = F for arbitrary parameters qo, g, but at the expense of some reduced logarithmic
smoothness. Our main technical tool will be the following estimate taken from Brezis
and Mironescu [2].

Lemma 10 ([2]) Let0 <0 < 1,0 < g < 00, —00 < g, 1| < 00 with rg # ry. If
r = (1 — 0)rg + Ory, then there exists some ¢ > 0 such that

127}, 16| < e[ {270di) e | {247 di tee ] (24)

Our first main result is the following.

Theorem 11 Let 0 < pg, p; < co with pg # p1, 0 < g < 00, —00 < ry, '] < 0O
withrg #ry,and 0 < 0 < 1. If

(r,1/p) = (1 = 0)(ro. 1/po) +0(r1., 1/p1),
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then 1
1 £1Spq™ FIl < clfIS? SENCNFIS) JFI° (25)

P0,00 p1,00
forall f € Sp F NS F.
Proof Put
oo 00 ) 1 1 q é
(ZZ U (L4 T+ 07 ()] )

j=0 k=0
1

= (Zth D@+ pa+k) fj,k(x)i")”

=0 jtk=¢
o) 1
q
_ (Z de)q) , (26)
=0

where 1

dy(x) = [ ST+ HUA+k) f,»,k(x)i"}”, € e No.

k=t
Using (24) we obtain for fixed x € R” x R”,
[{279de0}, 1t ]| < e [ {27}, 1] {210}, lee |
Furthermore, fori =0, 1,
[{2de@)}, lee | = sup 2“"[ >la+pEa+pE fj,k(xﬂ ‘I
€lNo

J+k=t

1
<csup sup 2<f'+k>’f|f,-,k<x)|( > a+pia +k>—i)'

teNy j+k=t vy
<c sup 2V £ 0l
(j.k)eN
where we used the estimate
DA+ HA+ 0~ 27)

jtk=e

with equivalence constants independent of £ € Ny; this will be shown below.
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It follows that

oo

(Z 2044, u)") 2o U Al 29 frao) ]

=0

Inserting this estimate into (26), taking the L ,-(quasi-)norms, and applying Holder’s
inequality with 11, =10 4 1? we obtain the des1red inequality (25).
To complete the proof we establish (27), let £ € N. We argue as follows,

1

DA+ HUa+k] Z[(I—H)(l t=pr

Jj+k=t
Le/2] 1
< 22[(1 + )0+l
\/* Le/2]
Z (1 JrJ)”2
< 2\/7/ < 4\/7 V144 <8.
We are done. O

Remark 12 A closer look shows that we can replace f;x(x) by (I + j)*(1+
k)* fjx(x) witharbitrary @ € Rin the above considerations. Hence under the assump-
tions of Theorem 11 we get

Po, %0 P1, 00

[718557 e F] < e [ r1spaF | | r1sp s F

forall f e S0 FNS) % F and any o € R. It is a natural, but still open question,

Po, 0
whether or not the exponent oa—1 / (2q) is optimal within the scale of spaces with

refined logarithmic smoothness S,,,qF .

3.3 Besov Spaces

We are interested in inequalities of type (7) in the sense of Theorem 11.
We begin with some preparation.

Lemma 13 Let0 < p <00, —00 < r < 00. Then

_L
fe S;,qz"B forall g, 0 <q < oo,
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if, and only if,
feS ‘B forall N € Ny.

In particular,

r—i =y — ’
[7185.4* B <15, Bl 11872 B] "

(28)

whereé:(l—n)N,0<n< L.
Proof Inequality (28) follows from Propositi0n7 for A = B, with py = p; = p,

ro=ri=r, qo_li,,ql 00, p = ,a1=0,andl—n=qLN.Indeed,
(I =mao + d=m= L
— (04 A = — — = — B
n)to + nNay n ) 2

and
1 1 1
I-n—+n—=0-nN=—.
q0 qi q

O

Theorem 14 Let 0 < p, po, p1 < 00,0 < g <00, —00 < 1,71y, < 00, and 0 <
6 < 1. We assume

n n
r——=(1—0)(r0——)+9(r1——), (29)
p Po P1
and
n n
ro——;érl——. (30)
Po P1
If either
po=pi=p and r = (1 —0)rg+ 6ry, 30
or
r<(l—60)ry+0r, (32)
then
171554 BIl < cll £15% L BICIL£1ST Bl (33)

forall f € Sp BNS) B.

P00

Proof We benefit from the lift property of the spaces S}, ¢, B which can be found in
[26], Chap. 2, for the case @ = 0, but the same proof Works if o # 0, too. So we may
choose for convenience rp = 0. We split the proof into two parts. First we consider
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the case p > max(py, p1) and secondly p < max(pg, p1). In both cases we follow
the arguments in [7], adapted to our situation with dominating mixed smoothness.

Step 1. Assume that pg = p; = p and r = 0ry, or p > max(po p1) and r < Ory.

In view of Lemma 13 it is sufficient to prove (33) for ¢ = 5;, where N € N is an

arbitrary natural number; we assume that N > 2. Let f « be as in Proposition 7.
We have

v 0o 00 ﬁ N
I£1S, 2" Bl (ZZ 200 (14 I A+ 07 | fialLy ||] )
j=0 k=0
> N N % N
= (Z 2"‘(1+j)*7(1+k>*7||fj.k|L,,||] )
=0 j+k=¢
o0 N
=(Zz ST+ DA+ R TI fal LY )
=0 Jjk=t
00 N
= (Zz“ Nd@(p)N) : (34)
=0
where
1 1 1 N
di(p) := ( >+ +k>—z||f,-,k|Lp||N) : (39)
k=t

Observe, that

N
sup 2"'dy(p) = sup( DA+ DT 4T ||f_,-,k|Lp||~)
ZENO ZGNQ J+k ¢

N
< sup( S a+pa +k>‘) 1£1S) Bl
£eNo k=t

SU£1S, Bl (36)

by equivalence (27).
Moreover, using Nikol’skii’s inequality we find

27dy(p) S 2 dy(pyy,  i=0, 1. 37)

Since ry = 0, we obtain

n n n n
Q(rl—r—i————):(l—e)(r—i-———)
P D1 po P
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— no_n — — n_ n
from (29). We put tp = r + o~ =rn—r4+ 5 — Then
0ty = (1 —0)1. (38)

We assume 71, fp > 0; the case #y, #; < 0 can be treated analogously. It follows from
(34) that

(257 dy, (p)]¥

[l
=
M e

=> . Z[zwde (p) -+ 29" dy, (p)I7

;=0 =0

R , 11
S D R (p) -2 dyy (IR 257y (p) - 297y ()] (7).
=>l>>ly

(39)

We have 6N € (0, N). There exists a k € {1,..., N} such that ON =« — 1 +a,
where 0 < a < 1. Using (37) and (38) we get

N Kk—1
[T2"dup) = [H 24, (p)] [257de, ()] [271 7y, (p)' 7]

i=1 i=1
N

x [ I1 2€irdzi(l7)i|

i=Kk+1

K—1
< [H 272t (p1>]2“'”2“"”dx<pl>“

i=1
N
x 250070 d, (po)' = x [ [] 2%, (PO)]

i=Kk+1

Now we apply (36) on the right-hand side to find that

N
[12de,(p) S Ar. - )1 F1S5  BIPVILFISH, o BIY™PY (40)

i=1

where
K—1 N

1\({]7 o 9£N) — (H 2—@[1‘1)2—&[1&1 . 24,([0(1—61)( H 25,‘[0). (41)

i=1 i=Kk+1
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Inserting (40) on the right-hand side of (39) we obtain

_N
2

N .
" < tr ! ra-h
A1 BIS D) [Hz de,(P)} Ay, ... b)) x

b =lo->ly —i=1

_1 _ _ 1
< ALFISY o BIP R £1S), o BIITOUY)

Po,00

N
H Z A(El,-..,eN)il’(l;;)Zzéir~1}]de/(p)lb}

b =lr>>Lly i=1

==

A

X |IFIS7  BIPI=® ) £180 B[00, (42)

P1,%0 P0,00

To derive (33) for g = % from (42) it suffices to prove

N
2

N
L T,
D AUl )V SN (p) SIFIST L BIY. (43)

1
>N
L1 >lr> >y i=l1

But this can be done in exactly the same way as in the proof of formula (2.26) in [7].
If ¢9, t; < 0, then we consider

Z ... in place of Z

Inzlyorzezt G202y

and proceed in the same way.
Step 2. Now we assume p < max(pg, p1),r < (1 —0)rg+ 6r;. By (29) we have
1 1—-6 0 . ( 1 1 ) 1 ( 1 1 )
- < + — and mn|{—,— )< —<max{—,— ).
Po P1 Po D1 p Po D1

Because of (30) we may assume without loss of generality that

n n
ro——<rp——.
Po P1
This implies (note that 0 < 6 < 1)
n n n
rn——<r——<r ——.
Po p P1
There exists an &y > 0 such that
n n n n n
r——<r—&f——<r——<r+e——<r— —

Po p p p P1
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forall ¢, 0 < & < &p. Hence we can find functions 6_(¢) and 6 (¢) such that

n n
(1 —06_(e) (Vo — —) +0_(e) (r1 - _) —r—e-=
Po P1

(1 -0, () (ro - 1) 16.(e) (r1 - i) —rte— 2.
Po P1 p

and

By virtue of (29) we have
0-(e) + 04 () _
5 =

0

forall €, 0 < ¢ < gy. Moreover,
lim6_(e) =lim6, () =6.
e—0 £—0

We have
r+p=0-0)rp+06r; wherep > 0.

The identity (47) implies that there exists an & > 0 such that
p
[(1 = 0)ro +0ry — [(1 = 0,(e))ro + 04 (e)r1]] < 5
for all ¢ < ¢;. Consequently,

4 p < (1= 0, ())ro + 0, () + g

and thus
r+e =< —=0.(e)ro+ 0, (e)r

for all ¢ < min(p/2, &;). Similarly, there exists an &, such that
[(1 = 0)ro+60r1 — [(1 —60_(e))ro +0_(e)r1ll < p
for all ¢ < &,. Hence

r—e<r=<{-=0_(e)ro+6_(e)r

133

(44)

(45)

(40)

(47)

(48)

(49)

for all ¢ < &,. Now we choose ¢ < min(gy, €1, &2, %) and formulae (44), (45), (48),

and (49) are simultaneously valid.
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In view of the result in Step 1 for 0 < g < o0, po=p1 =p,r1 =r —¢&,r) =

r—}—sand@:%wehave

=g r—e ok - 1
1£1Sp.q™ Bl S IF1S, o BIZ £S5 BII> (50)

P,

Taking into account formulae (44), (45), (48), (49), and Proposition 9, that is, inequal-
ity (23), we conclude

r—e i 1-6_(¢) r 0_(¢e)
1F1S, e BI S IFISH Bl I£1S,, Bl (51)
and
IF1S, B S ISR BN @lf1ST o BI*©. (52)
Combining (50)—(52) we get the desired inequality (33) because of (46). This com-
pletes the proof. (]
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Recent Trends in Grand Lebesgue Spaces

Pankaj Jain, Monika Singh and Arun Pal Singh

Abstract The aim of this paper is two fold. Since their inception in 1992, we collect
various generalizations of the grand Lebesgue spaces touching upon several of their
aspects such as properties, duality, equivalent norms etc. Also, we prove certain
new extrapolation results of the type of Rubio De Francia in the framework of fully
measurable grand Lebesgue spaces.

Keywords Banach function norm - Rearrangement invariant + Grand Lebesgue
space * Associate space + Small Lebesgue space - Extrapolation

1 Introduction

In the process of investigating the minimal hypothesis for the integrability of the
Jacobian, Iwaniec and Sbordone [25] in 1992, introduced a new type of spaces
called grand Lebesgue spaces, denoted by L™ (£2), n € N, £2 C R" being a bounded
domain.

Grand Lebesgue spaces have attracted many researchers during the last decade
and these spaces have been considered in various different aspects. To name a few
of them are: in the study of PDEs [26, 27, 53, 54], in the interpolation theory [15],
boundedness of various operators, e.g., Hardy operator and maximal operator [21],
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Hilbert transform [36], singular integrals [32, 35] and fractional integral operators
[47] etc. being studied on these spaces. Moreover, many other Lebesgue type spaces
have been generalized to their respective grand versions, e.g., grand Orlicz spaces
[6], grand Sobolev spaces [19], grand Bochner spaces [40] and grand Morrey spaces
[38] etc.

The purpose of the present article is two fold. First, we attempt to give a systematic
development of the theory of grand Lebesgue spaces, their properties and various
generalizations that have taken place till recently. Secondly, we give our contribution
in the study of these type of spaces by giving some extrapolation results and their
applications on a recent generalized version of grand Lebesgue spaces.

The space L™ (£2) consists of measurable finite almost everywhere (a.e.) functions
f defined on £2 for which

1/s
sup ((n — s)][ |f(t)|sdt) < 00,
I<s<n 2

where {,, f(t)dt = ﬁ [ f@®)at.
The space L™ (£2) is a Banach space with the norm

1/s
I fllLm(@) == sup ((H—S)élf(l)lsdl) :

I<s<n

In 1997, Greco, Iwaniec and Sbordone [24] generalized the spaces LM (£2) to
LP9(£2), defined to be the collection of measurable finite a.e. functions f defined
on £2 for which

1/(p—e)
Il fllLmoey == sup (597[ If(t)lpfdt) < 00, (D
J2

O<e<p—1

where 0 < 0 < coand 1 < p < oo. In that paper, the authors studied the existence
and uniqueness results for non-homogenous rn-harmonic type equations
divA(x, Vu) = p for A-harmonic operator with a Radon measure p. It has been
observed that in the theory of PDEs, the grand Lebesgue spaces L?-? are the appropri-
ate spaces for the existence, uniqueness and regularity problems of various non-linear
differential equations, see [18, 24].

The paper is organized as follows. In Sect. 2, we collect notations, terminology,
standard definitions and results which are needed in the subsequent sections, con-
sequently, making the text self contained as far as possible. Section3 contains the
results and theory concerning the associate space of the standard grand Lebesgue
space L) (£2), which is called the small Lebesgue space, and is obtained via an
auxiliary space. However, this auxiliary space and small space are seen to be equiva-
lent. This equivalence along with some related results are given in Sect.4. Section 5
contains recent developments in the theory of grand Lebesgue spaces, and finally
in Sect. 6, we prove some new extrapolation results for generalized grand Lebesgue
spaces.
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2 Preliminaries

Throughout the paper, unless otherwise specified, we shall be taking £2 € R" such
that the Lebesgue measure of £2 is finite, i.e., |£2| < oo, and using the following
notations / conventions:

e N := set of natural numbers

e [:=(0,1)

e M :=set of extended real valued measurable functions defined on £2

e M™T:=subset of M, consisting of nonnegative functions

e M, := set of finite a.e. measurable functions defined on 2

e M := subset of M, consisting of nonnegative functions

e |E| :=Lebesgue measure of E, E C §2

e g := the characteristic functionon E, E C £2

e C(°(£2) := the space of smooth functions with compact support in £2

e f, 1 f means that { f,} is nondecreasing sequence converging to f.

e C denotes a positive constant which may be different at different places.

e The relation A & B means that there exist positive constants ¢; and c,, such that
c1A < B < A.

Unless specified otherwise, our discussion will be on the set £2 and all the functions
will be extended real valued measurable, defined on £2.

In order not to disturb the flow of the text later, we collect below certain definitions
and results which are essential for this paper, and can easily be found in the literature,
e.g., one may refer to [3, 55].

Definition. A mapping p : M1 — [0, o] is called a Banach function norm if for
all f, g, f» € M*, n € N and for all measurable subsets E C £2, the following
properties hold:

p(f)=0ifand only if f =0 a.e. on £2

pAf) = Ap(f), for all scalars A > 0

p(f +9) = p(f) +p(9

If0 < g < f ae.in £2, then p(g) < p(f) (lattice property)

If0 < f, © f ae.in £2, then p(f,) 1 p(f) (Fatou property)

p(x) < 00

fE f(®dt < Cg p(f), for some constant Cr < oo, depending upon E and p, but
independent of f.

Definition. If p is a Banach function norm, then the space

X =X(p):={f € Mo:p(f]) < oo}

is called a Banach function space (BFS) with the norm || f||x := p(| f1).
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Definition. Let X be a BFS, then the closure in X of the set of bounded functions is
denoted by Xj.

Definition. A function f in a BFS X is said to have an absolutely continuous norm
in X if || fx,, llx — Oforevery sequence {E,}72 | of measurable sets in §2 satisfying
E, — @ ae. If all the functions in X have absolutely continuous norm, then the
space X is said to have absolutely continuous norm. By X,, we denote the set of all
functions in the BFS X having absolutely continuous norm.

Theorem 1 Let X be a BES, then X, C X, C X.

Definition. A Banach function norm p is said to be rearrangement invariant if
p(f1) = p(lgl) for every pair of equimeasurable functions f, g, i.e., ttr(A) = pg(N)
forall A > 0, where pir(N) :=|{t € £2 : | f(¢)| > A}|is the distribution function of

f.

Definition. If p is a rearrangement invariant Banach function norm, then X (p) is
called rearrangement invariant BF'S.

Definition. If p is a Banach function norm, then its associate norm p’ is defined on
M by

p'(g) :== sup /f(t)g(t)dt, geM*.
p(H<l J@

The BFS X (o) determined by the associate norm p’ is called the associate space of
the BFS X (p), and is denoted by X'.

Theorem 2 Every BES X, coincides with its second associate space X" .

Theorem 3 The Banach space dual X* of a BFS X, is isometrically isomorphic to
the associate space X' if and only if X has absolutely continuous norm.

Definition. Let X be a rearrangement invariant BFS. The function ¢x defined by
ox () = |lIxellx where E C 2 with |E| =t¢, t € (0,|82]), is called fundamental
function of X.

Theorem 4 Let X be a rearrangement invariant BF'S, then its associate space X' is
also rearrangement invariant and ¢x (t)px (t) =t forallt € (0, |$2]).

Theorem 5 A BFS X is reflexive if and only if both X and its associate space X'
have absolutely continuous norm.

Theorem 6 Let X be a rearrangement invariant BFS, then liI(I)l+ ox(t) =0 if and
—
only if X; = X',
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3 Grand Lebesgue Space and its Associate Space

Grand Lebesgue spaces L™ (£2) were initially defined for n € N and later generalized
to LP(£2), p > 1. However, the definition given by Greco, Iwaniec and Sbordone
[24] can be taken as the standard definition of grand Lebesgue spaces.

Let 1 < p < oo and £2 C R" be a bounded domain. Then the grand Lebesgue
space LP)(£2) is defined to be the collection of all f € M, for which

1/(p—¢)
I fllLre) == sup (5][ |f(t)|”_5dt) < 00.
I?)

O<e<p—1

It is a rearrangement invariant BFS and the following continuous embeddings
hold:
LP(2) C L7 (£2) C LP5(R2), for0 <e < p— 1.

Remark 1 The grand Lebesgue space L” (£2) is strictly larger than the Lebesgue
space L”(£2). For example, one may easily check that for £2 = I, the function

() =17, t € 2 belongs to L (£2) but is not in L”(£2).

Theorem 7 ([8, 23]) A measurable function [ € Lé’)(.Q) if

1/(p—¢)
li 0|Ped =0.
1im. (f—:fglf()l t) 0

Remark 2 The set of bounded functions is not dense in L?(£2), i.e., L,’)’)(.Q) #*

L) (£2). For example, take £2 = I, then the function f (1) = t_%, t € §2 belongs to
—c 1

LP(R2) but (¢ £, | £(0)17=2dt) /"™ = pi= = 0ase — 0, i, f ¢ LD (2).

Remark 3 Tt follows, in view of Theorem 1 and Remark 2 that L7 )(.Q) C LP(£2),
i.e., grand Lebesgue spaces do not have absolutely continuous norm.

Theorem 8 ([13]) Let ¢ (@) be the fundamental function of the space LP(£2).
Then we have

1 1 -1/p
GLn() = tr (log?) as t — 0T

Fiorenza, in [13] obtained the associate space of the space L (£2). In order to do
s0, he first introduced an intermediary space defined below:
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Definition. Let 1 < p < co. Then the auxiliary space of L?(£2), to be denoted by
L' (£2), is the space of all functions g € M, for which

o0

1/(p—e)
1 ’
gl o gy = inf > inf e (][ (g (1)) "2 dt) < 00,
gl =230 g i @
g € M

1 1 _
Where;—i—?—l.

Theorem 9 ([13]) The space L7 (R2) is a Banach space with lattice property.

The following continuous embeddings hold:
LP*7(2) € L¥(2) € L7 (2)
for all o > 0. In particular, we have that L>(£2) € L' (£2).

Definition. Let | < p < 0o. The small Lebesgue space, denoted by LP'(£2), is the
space of all functions g € M for which

gl Loy (@) = sup 11l Lo (@) < 00.
0 <9 =<lgl
v e L¥(R2)
Remark 4 Since || - ||, (@) has lattice property, it follows that
101 Lo @) < NgllLe ()
for all 1p € L (£2) such that 0 < ¢/ < |g|, which implies that
gl o2y < 9llLe (@)
On the other hand, for g € L(p/(.Q), we have
lgll Lo 2y = NgllLy ()

Consequently, for g € L' (£2), the norms | - Lo @y and || - || oy () are equivalent.

The following theorems give various properties of the space L”' (£2).

Theorem 10 ([13]) The small Lebesgue space LP' (2) is a Banach function space.
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Theorem 11 ([13]) For 1 < p < oo, the following Holder’s inequality holds:

][ fg =1 fller@ gl @)
2

forall f € LP(£2), g € LV (£2).
Theorem 12 ([13]) The space LP' (§2) is rearrangement invariant, and
(LP(22)) = LP(82).

Now, in view of Theorem 2, the following completes the search for the associate
space of the grand Lebesgue space L") (£2).

Theorem 13 ([13]) The space LP($2) is the associate space of L? (£2) and vice-
versa.

In view of the Remark 3 and Theorem 5, we have the following.
Theorem 14 ([13]) The spaces LP (2) and LP (£2) are non reflexive.
In view of Theorems 4 and 8, the following is obtained.
Theorem 15 ([13]) The fundamental function of LP (2) is

. 1\ 7
(ZSL/’)’(Q)(t) ~tr (ZOQ;) as t— 0+.

In view of Theorems 6, 15 and 8, we get the following easily:

Theorem 16 ([13]) The dual ofL,’;)(.Q) is isometrically isomorphic to LP' (82) and
the dual ofo)/(.Q) is isometrically isomorphic to LP (£2).

4 Equivalence of Small and Auxiliary Space

The small Lebesgue space L' (£2) being a BES (see Theorem 10), it possesses
Fatou property. Also note that the norm of the functions in the space L (£2) is
defined in terms of the norm in the auxiliary space L”'(£2). This observation leaves
apossibility if the later space also possesses the Fatou property and consequently, the
norm || - ||,y (g) can be written in the simplified way, i.e., in terms of || - || /(). This
was done using the “Levi’s theorem of monotone convergence for small Lebesgue
spaces” in [16]. Before stating the Levi’s theorem, first we state the following lemma:

Lemma 1l Forg € M, we have

[e¢]

1/(p—e)
. . _1 iy
”g”L(p’(_Q) ~ lngo Z mfpil g r= (][ (gk(t))(p 2 df) .
g= Zk:l Ok k=1 0<e="7 2

ngM(J)r
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Theorem 17 ([16]) Levi’s theorem of monotone convergence for small Lebesgue
spaces.

Let { f,,} be a monotone nondecreasing sequence such that
sup ”fm”L(P’(_Q) < o0.
m

Then, the function f = sup f,, is such that
m

G f e L7 (£2); (i) fm 1 f ae and (i) f,, — fin L7 ().

We have Lemma 1 for a smaller range of ¢, i.e.,0 < ¢ < T’ but we can have it

for an arbitrary o such that 0 < ¢ < o. More precisely, we have the following (the
proof given here should be compared with that one of Lemma 2 in [16]):

Lemma 2 Forl < p < 00, g € My, we have

[e.¢]

(p—ey
1 !
190 @y~ i 2 inf 77 (][ (ge (1)) 7~ dt)

gl = 201 gk =t 057 a

g € M

forO<o<p—1.

Proof Let0 <o < p—1.Fore € (o, p — 1), take)\_
that % + i = 1. Then by Holder’s inequality, we have

a), - and choose 1 such

T
9kl Lo-or (@) < NGkl Lo () |$2] =7 =o 2)

Now by using (2), we have

”g”L(p’(Q) = min [ inf ( inf

1 )
lgl= Zk 1 9k O<e=o |
. OO (p— s)’
inf inf
l91=3221 9 \ oo ]U<E<P ! |

> min inf inf ( ! )
lgl=2"%1 9 0<5<‘7 [£2]

OO
inf (
lg1=32221 9k \ (= lf’<‘<p 1\ [£2]

_L
7 gk ||L(p:)f(m) :
e~ p € HngL(p Y (Q))]
,L
P gkl v @ )
% %
quHL(p n)’(g)lgl(l’ (p—0)
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00 J
1 (p—2) 1
= min inf inf e 7= ||lgk iy s
[gl—zril * (,;0<s<o(|9|) el )(Q)>
ad I 1\ o7 L
— p—a —
inf o P (—) gkl 7 (p—oy x inf & P<Egr—o
lg1=3"321 g (kz_; 1£2] L @) |7 g<e<p
. . _1
=min1, inf & r—¢ (
o<e<p—1
[o'e) 1 _1
_ 1 (p=2)
x inf inf e =gkl fp-er (7)
9= 1 ok (; 0<c=o G ANTe]

00 1/(p—e)
= C(o, p) inf (2 inf ¢ 7 (][ (gk(t))(”’g)/dt) ) 3)
lgl =202 gk \imh 0<e=7 2

g € M
1
where C(o, p) = min [1, "’;” ] . Also, by the definition of infimum we have
i ] ey NV @
gl o oy < inf inf ¢ »= (][ (g (1)'P™F dt) .
@ lgl = 2021 9k =1 O<e=o 2
gk € Mg

Now, we are done by (3) and (4). O

Remark 5 Theorem 17 can also be proved on using Lemma?2 by making suitable
modifications.

As an application of Theorem 17, it can be proved that the space L' (£2) has

absolutely continuous norm, i.e., LY (2) = L¥ (£2). More precisely, we have the
following:

Theorem 18 ([16]) Let f € L% (£2) and let {En 152, be a sequence of measurable
sets in §2 such that

(i) 22E DEy...D2Ep...,
(ii) |En| — 0.

Then || f Xmll Lo (2) = 0.

The following holds:
Theorem 19 ([5]) The space L7 (2) is a BFS and LP' (2) = L7 (£2).

In view of Theorem 19, we get various interesting properties for the associate
space L' (£2) of L” (£2). To begin with, Theorems 18 and 1 give the following:

Theorem 20 ([5]) The set of bounded functions is dense in LP(2), ie., sz,(Q) =
L% ().
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Next, we have the following:

Theorem 21 ([5]) The dual of LP(2) is canonically isometrically isomorphic to
the associate space ofL(p’(.Q), ie.,

(L””(Q))* - (L””(Q))' — LP(9).

Proof The first equality is obtained by using Theorems 3 and 18, and the second
equality follows from Theorems 19 and 2. [J

Following theorem is a consequence of Theorems 19 and 14.
Theorem 22 ([5]) The spaces L) ($2) and L'P' (2) are non reflexive.
Theorems 19 and 12 give the following:

Theorem 23 ([5]) The spaces L? (2) and L'? (§2) are rearrangement invariant
spaces.

Recall the generalized grand Lebesgue space L”?(£2) having norm (1). Towards
the associate space of LP9($2), Capone and Fiorenza in [5] introduced the so called
generalized auxiliary space L7-?(£2), 6 > 0 which consists of all the functions
g € M{ such that

o0

1/(p—e)
[4 ~\
Igll Loy = inf Z inf & 7= (f (ge (1) P2 dz) )
g = ZISO:I O = O<e<p—1 o
gk € M(J)r

Note that for 6 =1, |lgll o) = I9llLw (@) and for 6 =0, gl weq) =
lgllLr ()

All the results mentioned in this section in regard to the auxiliary space L' (£2)
or the small Lebesgue space L”'(§2) were, in fact, proved in [5] for the generalized
auxiliary space L”?(£2) and the generalized small space L”"?(£2), which can be
defined in a way similar to as the space L”' (£2).

In 2004, Fiorenza and Karadzhov [14] found the equivalent, explicit expressions
for the norms of the small and grand Lebesgue spaces in terms of nonincreasing
rearrangement, namely, for | < p < oo, [2| =1

1 1/p dt
Il “/Q(l — logt)™"/” (/O (f*(s))”ds) - (5)

and

1 1/p
I f ooy = 0supl(l —logt)™/? ( / (f*(s))”ds) : (6)

<r<
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where f* is nonincreasing rearrangement of f.

Later in 2009, Fratta and Fiorenza [22] proved the above equivalence for
|- ooy and || - | Lmocey, € > 0, i.e., (5) and (6) for generalized spaces by using
elementary methods. More precisely, the method is based entirely on integral esti-
mates and asymptotic properties of Euler’s gamma function. It is worthy to mention
that by this method explicit estimate for constants can also be obtained.

In 2015, Rafeiro and Vargas [51] studied the compactness of subsets of more
general grand Lebesgue spaces L0 (£2), defined in next section. Here, we state the
result for L”)(£2) only. Succinctly, they proved the following.

Theorem 24 For 1 < p < oo, a subset F of Lg)(.Q), is relatively compact if and
only if the following conditions are satisfied (i) F is bounded in LP (2), and (ii)
limy o |70 f — fliLo2) = O uniformly for f € F, where T, denotes the translation
operator given as (1, f)(x) = f(x + h) for h € R" and Lg)(.Q) denotes the closure
of Cy° in LP(2).

In 1931 Kolmogorov [41], proved the necessary part of Theorem 24 in the setting
of classical L, spaces, by a simple and elegant contradiction argument. Instead, in
[51], the authors have taken a more of constructive approach.

5 Recent Advancements

As mentioned in Sect. 1, Greco, Iwaniec and Sbordone [24] generalized the grand
Lebesgue spaces L) (£2) to LPY(£2) by replacing € with?, § > 0. Very recently, in
2013, Capone, Formica and Giova [7] further generalized the grand Lebesgue spaces,
by replacing £/, § > 0 with a general measurable function §. They defined grand
Lebesgue spaces L”-9(£2) with respect to 6, to be the collection of all functions
f € M, for which

1/(p—e)
IflLns) = sup 677 (o) (][ If(t)l“dt) < 00,
2

O<e<p—1

where § € L*°(0, p — 1) is left continuous, —li%h 6(e)=0, 0<d<1and 5ﬁ(-)
is nondecreasing. c

Note that for 6(¢) = e, LP9(2) = LP(£2), and for 6(c) =, LM (2) =
LP-9(£2). Tt was proved in [7] that the spaces L?-9(£2) are BFSs, the spaces are
rearrangement invariant, include L”(£2) and are included in each one of the spaces
LP=5(£2), 0 < e < p — 1. Also, they proved that the equivalence

1 1/(p—e)
1 limsoy ~ sup 377 () (f |f(t)|p5dt)
Q

O<e<o
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holds for some 0 < o < p — 1. Moreover, the classical Hardy inequality in the
framework of these spaces was also proved.

The most recent general form of grand Lebesgue spaces, known at present, is
due to Anatriello and Fiorenza [2] who called their space a fully measurable grand
Lebesgue space, defined below.

For 2 = I, let p(-) € M be defined on £2 such that p(-) > 1 a.e., § € L>(£2),
0 >0 ae. and 0 < ||0]| =2y < 1. The fully measurable grand Lebesgue space,
denoted by L?I'90)(£2), consists of all measurable finite a.e. functions f defined on
£2 for which || fl Lrt1s0 2y = ppr1,s¢) (| f1) < 0o, where

P10 (L f1) = ess i;lpppm@(x)lf(')l)

and for each x € £2,

( / (6<x>|f<r>|>f’<x>dr)”” i1 < p(x) < oo
2
esssup(3(0)1 1)) if p(x) = oc.

P GO FO]) 1=

These spaces are rearrangement invariant BESs. In [2], some properties of the space
LPU190(2) have been established, and also, classical Hardy inequality has been
obtained in the context of these spaces.

Another direction in which the grand Lebesgue spaces have been generalized is
their weighted version, where by a weight we mean a positive, measurable finite a.e.
function defined on £2. In [21], Fiorenza, Gupta and Jain introduced the weighted
version of grand Lebesgue spaces: for I < p < oo and a weight w € L'(£2), they
defined

1/(p—2)
L{,’J)(.Q) = {f e My : ||f||L{;)(Q) = sup (E]é |f(t)|”*°"w(t)dt) < oo} .

O<e<p—1

These spaces are BFSs, and except for the trivial case when w is constant, are not
rearrangement invariant.

Remark 6 In the setting of Lebesgue spaces, for a weight w, wehave f € L (2) <
fw!/P € LP(£2). But this kind of equivalence does not hold in the case of weighted
grand Lebesgue spaces. Indeed, for §2 = I, if we take w(f) =, o > 0 and
f@) = 17, 08> —a—1, t € 2, then it can be easily checked that f € LQ(.Q)
but fw'/? ¢ LP ().

In literature, boundedness of different operators, viz., maximal operator, Hilbert
transform, singular integrals, fractional integral operators, Hardy operator and their
generalized forms etc. have been studied in the case of weighted L” spaces. The
boundedness of these operators have been characterized with the help of weight
classes like, A,- class, B)-class or some other likewise classes of weights. One
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may refer to [42] to have an idea of various such weight classes. In the literature,
we find that the efforts have been made by several people to make similar kind
of studies on weighted grand Lebesgue spaces or, generalized weighted versions
of grand Lebesgue spaces. For example, in [21, 36], the boundedness of maximal
operator and Hilbert operator have been characterized by A ,-class of weights in
the frame work of weighted grand Lebesgue spaces LY(2). Consequently, leading
us to the observation that the boundedness of these operators on L{;)(Q) spaces is
equivalent to their boundedness on L%, (§2) spaces. One may also refer to [10, 29,
32-35, 37, 45, 47] and the references therein.

Besides the above mentioned aspects of development for Lebesgue spaces leading
to grand Lebesgue spaces, people have also been working on developing the grand
versions of various other spaces and to study their properties. Some of them to men-
tion are: grand Sobolev spaces, grand Orlicz spaces, grand Morrey and grand grand
Morrey spaces, grand Lorentz spaces, grand Lebesgue spaces with variable expo-
nents, grand Bochner Lebesgue spaces, bilateral grand Lebesgue spaces, composed
grand Lebesgue spaces, iterated grand Lebesgue spaces and many more. For details,
one may refer to [1, 4, 6, 12, 17, 19, 20, 28, 31, 38-40, 43, 44, 46, 49, 50, 54] and
the references therein.

Althrough £2 has been a bounded open subset of R”, usually, £2 = /. But a very
natural question is that: what happens if [£2| = co? In fact, here it is a situation,
when the weighted version of grand Lebesgue spaces come to our rescue. Precisely,
in this direction, it is due to Samko and Umarkhadzhiev [52], who introduced grand
Lebesgue spaces on open sets £2 C R" with |£2] = oo, by controlling the integrability
of |f(x)|?~¢ at infinity by means of weight depending on . They showed that
the space L”(£2) could be defined on an arbitrary set of infinite measure in R" if
considered with weight introduced, and being dependent on the entity ¢.

6 Extrapolation Results and Applications

The motivation of this section comes from the following celebrity extrapolation result
of Rubio De Francia [11]: For some fixed ¢ > 1, if a sublinear operator 7 is bounded
in LL,(2) forall w € A,-class, then T is bounded in L] (§2) for every w € A,-class
forall 1 < s < oo. A similar result was proved in [9] for B,-class. Before mentioning
that result, let us fix some notations:

Throughout this section we take §2 = [. If there is no ambiguity, for simplicity
sake, we shall avoid using I at places where it should have occurred, e.g., we shall
write L} instead of L3 (1) and so on.

The weight class B, is defined for 0 < ¢ < oo as follows:

1 N\ r
B, = w:/ (;) w(t)dth/ w(t)dt, forall 0 <r<1l. (7)
r 0
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Also, we denote

. r U r\a
lwllg, = 1nf{C>0:/0 w(t)dt+/ (;) w(t) di

gc/ w(t)dt, for all 0<r<1}.
0

Observe that

@) llwlp, > 1;
(i) If w € By, then w € B, and [|w||p, < |w||, forg > s > 0;
(iii) If w € By, then there exists ¢ > 0 such that w € B,_, and

Collwlls,

wlp, = ———"/""—
bl = s el

where Cy, « (0 < « < 1) are universal constants and o <

allwls, *

Theorem 25 ([9]) Let ¢ be a nonnegative nondecreasing function defined on 1.
Assume that (f, g) is a pair of nonnegative nonincreasing functions on I. Let 0 <
5o < 00. Suppose for every w € By,

1
I fllze < o dQwlis)Igllpo,

then for every s > 0 and w € By the inequality

£l < Plwlls) gl

w

1
b=t e (L) (S )
0<n< 05 n 1— nx&

S0

holds, where

and Cyp > 0, o (0 < a < 1) being the universal constants.

These extrapolation results have been used to characterize the boundedness of
various integral operators in the framework of Lebesgue spaces.

In this section, we prove Theorem 25 in the setting of fully measurable weighted
grand Lebesgue spaces and investigate the boundedness of Hardy averaging operator
and Riemann-Liouville fractional operator.
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We define below the weighted version of fully measurable grand Lebesgue space:

Definition. Let p(-) € M, p(-) > lae.,d € L*, § > Oa.e., w be aweight such that
w € L. Then the space LZ[']’J('), called fully measurable weighted grand Lebesgue
space, is the space of all f € M for which

1AW oo = pprrserw(Lf1) < oo,

where
Ppl1.60).w (L) = ess Slup Pp).w( O f )
xXe

and foreach x € I,

( / (5(x>|f<r)|>ﬁ<x>w<r>dr)”” i1 < px) < oo
1
ess sup(3 ()1 (1) (1) if p(x) = oc.

Ppe)w (G =

The spaces Lﬁ[']'(s(‘) are non rearrangement invariant BFSs, except for the case
when w is constant, see Proposition 2.2 [30]. Also, the following continuous embed-
dings hold:

LP+ C Li[']"s(') C Llu’)(x) ae.for x el,

where p, := esssup p(x).
xel

Remark 7 If E C I, |E| > 0 and p(x) = p4 for x € E, then for f € M,

2110w (LD & pp.w (L fDs

where p,,. ., (] f|) is weighted L” norm of f with the exponent p_ . Consequently, it
suffices to consider the fully measurable weighted grand Lebesgue spaces only for
1 < px) < psae.onl.

The following lemma was proved in [30].

Lemma 3 Let p(-) € M be such that p(-) > 1 a.e., w € L™ be a weight, 6 € L™
and § > 0 a.e. Then for f € M™*

Ppl1o6.w(f) X esssup  ppeo.we) (0(x) £ (),
xep~H([7. p+])

forall T € [1, py). Le.,

esssup  Ppeo,w (0 f()) = ppr1.sey.w(f)
xep~([7, prD

<C esssup  pPpeow) (0@ f()

xep~ U7, p1 D)
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forall T € [1, py), where

C =maxql, esssup (x)———— u)i)2
vepiqry  M0lLegptar pny

=1
and wi = ([ wn)dt +1) 7 .
The following is the first main result of this section:

Theorem 26 Let i) be a nonnegative nondecreasing function defined on I. Let 1 <
so < 00. Let (f, g) be a pair of nonnegative, nonincreasing functions on I. Suppose
that for every w € By,

/f““(t)w(t)dt < w(llwllgxo)/g‘““(t)w(t)dt.
1 1
Then forevery p(-) € M, p(-) > la.e.andw € B, where p, < 00, the inequality

I fllppese < Cligll ppese
holds, where C is a positive constant depending on p(-), so, 6 and w.

Proof Letw € B, . Then by observation (iii), there exists a positive constant o > 0
such that w € B,,, _,. Take

Xo={xel:pir—0=<px)<py}

and
Yo={xel :1<pkx)<ps—oa}

If py — 0 =1, then X, = I and by monotonicity of the weight class B, with respect
to the index ¢, we have that w € B, for all x € I. Therefore, by Theorem 25, we
get B

1 £l < SAwla, gl

for x € I a.e., which implies
esssup 0 (x) || fll por < esssup o) (lwll,, gl po
xel xel )
ie.,

1l gaser < ess sup(llwlls,, gl o (8)

xel
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Now

1/p(x)
~ Collwll
_ : 1/s0 S_O 0 By
dj(”w”Bp(X)) N 0<n 4lnf 50 /(/) (77) (1 _ npx)ar® . )
S0

< p(«\‘)np(*)l\w\\gpm ” w ”Bp(x)

where Cyp > 0 and 0 < o < 1 are universal constants. Since p(x) > p. —o =1,

we have that [|w]|g,,, < [lw| s, forall x € I, so that

1/p(x)
. 15 (50 Collwll s,
inf ¥ n np(x)ar®
0<1< 1) \1 = 2O i

50
PP ol
- inf 1[}1/50 5_0 Collwll s,
B e 1 — Ly
<n=< prlwlp, n S0 B

for x € I a.e. Thus we have

_ , U (50 Collwlls
esssuptp(|wllg,,) <  inf (o' (—) T mE T
xel 0<n<——i—rn n 1- T”w”Bl

< 0
p+lwlip, -«

= C(sog, p+, W).

Hence from (8), we get

||f||L5I-l,6(-) < C(so, P+, w)||g||L5[-1.o‘(->.

If py — o > 1but|Y,| = 0, thenagain X, = [ a.e. and we get the required inequality
by arguing as above.

So, let us now assume that p,. — o > 1 and |Y,| # 0. Clearly | X,| > 0. Since
w € B, _,, by monotonicity of weight class B, with respect to the index g, we have
w € By forall x € X;. On using Lemma 3 and Theorem 25, for all x € X,;, we
have

£l Lperscr = €SS SUP ppxy,wey (6(x) ()
xel

= max [eSS SUP Ppry,w() (0(X) f (), €8S SUP Py (0(x) f(-))

xeY, xeX,

< max{C(0), 1}esssup ppe).we) (0(x) f ()

xeX,
= max{C(0), 1}esssup 3(x)ppco).w(f)

xeX,

< max{C(0), 1}esssup (§(x)pper.u(@Pwlz,.))

xeX,
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< max{C(0), 1}esssup (P([wlp,,)) ess SUP 0.0 (3(X)9())

xeX,
= C(Uv 51 w, P+, sO)”g”Ll/;[‘J"s("
< D@, w, p+, so)llgll o,

where for each fixed x € I, pp),w(f) denotes weighted L” norm of f, J(H wllg,,)
is the same as in (9) and

2
C(o) =ess supé(x)—(w;‘, _0)2,
xev, 10llLocx,y  T*

py—o-l

where w* = ([, w()dr + 1) =,

C(o,0,w, py,s0) = max{l, C(o)} x

1
e
. s Collwlls,, -
X lnf K 1 + wl/so (70) naP+—7 —
0
o<y n) 1 ey,

<
Pt
p- w o
P+l “BP+—U 0

and D(d, w, p4, so) = inf C(o, §, w, py, So)- O

In the above theorem, p; < oo. In order to study the situation when p, = oo,
let us denote

By = U Byx),
xep~!([1, p4])

and

lwlig, =inf {|wls,, : weByw}.

p(x)

In the framework of Lebesgue spaces, the following result is known:

Theorem 27 ([9]) Let ¥ be a nonnegative nondecreasing function defined on 1.
Let 0 < sg < 00. Let (f, g) be a pair of nonnegative, nonincreasing functions on I.
Suppose for every w € By

[ o < vawin) [ oo (10)

then for every s > 0 a.e. and w € By, the inequality
1/s . 1/s
( / f“(t)w(t)dt) < @) wl g’ ( / g%r)w(r)dr)
I I

We prove the following:

holds.



Recent Trends in Grand Lebesgue Spaces 155

Theorem 28 Let v be a nonnegative nondecreasing function defined on I. Let 1 <
5o < 00. Let (f, g) be a pair of nonnegative, nonincreasing functions on I. Suppose
for every w € By,

/f”(t)w(t)dt < 7,21(||w||3m)/g5°(t)w(t)dt (11)
I I
then forevery p(-) € M, p(-) > la.e.andw € B,, where p, = 00, the inequality

I £l perser < Cllgll pperso (12)
holds, where C is a positive constant depending on p(-), 9§, so and w.

Proof Letw € By, then there exists xy € p’l([l, p+]) suchthat w € By, with-
out loss of generality we may assume that p(xg) > 1. Therefore, there exists o > 0
such that w € B (x,)—s. Define

X, ={xel]|plxg) —oc =< px)<oo}

and
Y, ={xel|l <pkx)<pl —o}.

Now, on following the steps of Theorem 26, we get (12) with the constant C =
inf  D(5, w, p(xo), So). O

weB,,(x())

Remark 8 If, in Theorem 28, we replace (11) by (10) for every w € B, and some

1 < sy < 00, then we have Theorem 28 trivially.

Below, we apply Theorem 26 to study the boundedness of some integral opera-
tors in the framework of fully measurable grand Lebesgue spaces. To start with, we
consider the Hardy averaging operator (Af)(x) := % fg f(t)dt. In fact, the bound-
edness of this operator on fully measurable grand Lebesgue spaces has also been
proved in [30] (Theorem 5.2). Here, we give an alternate proof of Theorem 5.2 [30]
using Theorem 26.

First we mention the theorem which characterizes the boundedness of the Hardy
averaging operator on Lebesgue spaces by By-class of weights.

Theorem 29 ([48]) Let 1 < s < o0, then

IAf Nz, = Cllf s, 13)

w

holds for nonnegative, nonincreasing measurable functions f if and only if w € B;.

Remark 9 The constant C is same in both (13) and (7). Consequently, if we identify
(Af, f) as a pair of nonnegative nonincreasing functions in Theorem 26, then the
function % in that theorem is the identity function.
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We prove the following:

Theorem 30 Let p(-) € M™, p(:) > 1 a.e. and finite on I. Let p, < 00, § €
L*®,§>0a.e, lirg+ 0(x) = 0 and w be a weight in L*™. Then the inequality

IAS N prso < CIF Nl prao (14)

holds for all nonnegative nonincreasing measurable functions f if and only if w €
B, .
Proof For the sufficiency part, let f be any nonnegative nonincreasing measurable
function, then (Af, f) is a pair of nonnegative, nonincreasing measurable functions.
Hence by using Theorem 29, Remark 9 and Theorem 26, we get the inequality (14)
with constant

2
C(d, w, p+, so) = inf [ max| 1, esssup J(x)i(w; ,{,)2 X
4 0l zoecx,y  F

xeYy

1
o
, 0\ Colwlls,,
X inf 1+ e
0 — n) =1 ),
+-

P+=7
D4 v w
Pt Wwlg,

We get the necessary part from Theorem 5.3 [30]. (]

Remark. One may be interested to compare the constants in (14) and Theorem 5.3
in [30].

Next theorem gives the boundedness of Rg, the Riemann-Liouville fractional
operator, in the framework of fully measurable grand Lebesgue spaces, which is
defined as

Q)

Rsf)@) = | g

dt, 0<p<1.

Theorem 31 Let p(-) € M™, p(:) > 1 a.e. and finite on I. Let p, < 0, § €
L*®, 0 >0a.e, 11m 0(x) =0 and w be a weight in L™ such that fo w(t)dt >0

forall0 <r < 1 Then the inequality
IRs f Nl Lpraer < CILF Nl pirao (15)

holds for all nonnegative nonincreasing measurable functions f if and only if w €

B,..

Proof The following point-wise estimate of the fractional operator Rz for nonnega-
tive nonincreasing functions f is well known:

CiRsf(x) = Af(x) = CaRs f (x), (16)

where C; and C, are positive constants independent of x and f.
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We get the sufficiency part by using the first estimate in (16) and Theorem 30.
The necessary part can be obtained by using the right estimate of (16) and Theorem
30. (]

Remark 10 For the sufficiency part of Theorems 30 and 31 there is no need to assume
the extra condition on 4, i.e., lirgl+ 0(x) = 0 and finiteness of p(-) on 1.

Acknowledgements The first author acknowledges with thanks CSIR, India for the research sup-
port (Ref. No. 25(0242)/15/EMR-II).
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On Certain New Method to Construct
Weighted Hardy-Type Inequalities and Its
Application to the Sharp Hardy-Poincaré
Inequalities

Agnieszka Kalamajska and Iwona Skrzypczak

Abstract We apply the recent method of Drabek and the authors in order to construct
the Hardy—Poincaré—type inequalities

_ » e » \Y(p—=D—p
Conpr | 1617 (1 rl) (14 12177) dx

_» \(p—D
< [ |vep (1+|x|n—1) dx.
R”

Some of the derived inequalities are proven to hold with the best constants.

Keywords Degenerate PDEs - Nonlinear eigenvalue problems « p—harmonic PDEs *
p-Laplacian - Quasilinear PDEs

1 Introduction
In this paper we derive the family of inequalities

_ » p » \Vp=D-p
Conpr | 1617 (1 rl7) (14 12177) dx

p \Y(p—D
< [ ver (1+1x77) T dx
R)l

(D

involving parameters r > 0 and v € R, where £ is an arbitrary Lipschitz compactly
supported function defined on R”. The inequality (1) is proven to hold with the
optimal constant for the certain range of parameters.
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Inequalities having a similar form to (1), called the Hardy—Poincaré inequalities,
the improved Hardy inequalities, or the improved Hardy—Sobolev inequalities, are
of the particular importance in the study on nonlinear partial differential equations of
elliptic and parabolic type. The optimal constants in the inequalities indicate critical
values for existence or sharp rate of decay of solutions to nonlinear problems having
the form

ur(x,1) — Apu(x, 1) = Mu(x, t)|p_2u(x, Dfx) or —Apu(x) = )\|u(x)|P_2u(x)f(x),

for various approaches, see e.g. [1, 2, 6, 7, 12, 23, 24].
One of the well-known variants of the improved Hardy—Sobolev inequality

> :
Cl/ —dx + C; (/ |u|qu) 5/ |Vul|>dx
o x| Q Q

has been introduced in [6] in the study of qualitative properties of solutions to —Au =
A f (1) with convex and increasing function f.

Inequalities similar to (1), in the case p =2, v < 0, are of interest in the the-
ory of nonlinear diffusions. Namely, in several papers, e.g. [3-5], the estimates
for the constants in the inequalities were obtained and applied in the study on the rate
of convergence of solutions to fast diffusion equations

u, = Au™.

For example, [4, Theorem 1, p. 376] supplies the optimal constant for the inequality

,
IXIZ) dx,

1 -1
c [ 1> (D + —|x|2) dx < | Ve (D +
2y + 1 Rr

R 2y + 1]

while [5, Theorem 2] provides the optimal constant for

A [ 1P (1+1x) dx < [ IVER (14 1x) dx.
R" R"

In[23, Theorem 2.1], among the other inequalities, the authors study the following

one C
cl/ u? (1+—22) dxf/ |Vu|dx.
Q x| 2

The inequalities studied in [23] were used to investigate the well-possedness
of the parabolic problem with an unbounded potential V, namely u, = Au + V (x)u,
as well as to the associated spectral problem Au + V (x)u + pu = 0.

The optimal constant in the Hardy—type inequalities provides an information
in the spectral analysis for nonlinear eigenvalue problems in degenerate setting.
Indeed, the nontrivial nonnegative solution of the problem
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—div(w | Vu|P72Vu) = \jw |u|?2u,
involving certain weight functions wy, w, > 0, minimises the Rayleigh quotient

Volrd
A = inf [ Jae2lVoIrdx

= Lpe Wy (2,w)
Jgwriorax ¢ € MU (@)

Seee.g. [1, 7,9, 12, 23] for further studies on the related problems.

In the paper [13], the authors study the connection between the Hardy-type
inequalities with two radially symmetric weight functions and certain elliptic eigen-
value problems. In particular, [13] provides estimates on constants contributing to
the discussion from [3-5, 10, 21]. One of the inequalities supplied in [13, Theorem
2.13, part II] has the form

c | (a+blx|M2 §2dx§/ (a +b|x|*)? |VE dx.
Rr Rr

We apply the recent result from [11, Theorem 4.1] (see also [16, 19, 20] for
the related earlier results), providing the new method of construction of the general
Hardy—type inequalities

/ €17 01 (dx) < / Ve pa(d).
2 2

The measures y; and p, involve the nonnegative solution u : £2 — R to the partial
differential inequality (PDI) of the form

—Apqu > b(x)P(u),

where £2 € R” is an arbitrary open domain, p > 1, the operator A, ,u = div(a(x)
|Vu|P~2Vu) is the degenerate p—Laplacian involving a weight function a(:) : 2 —
[0, 00), b(-) is a measurable function defined on £2, and @ : [0, c0) — [0, 00) is
a given continuous function. We apply [11, Theorem 4.1] taking into account that
if ug(x) := (14 |x|”)~*, then we have

—Apuyita = Ci(1+ Calx [P (ua)’,

with certain parameters «, § € R. Some of the resulting inequalities are provided
with the optimal constants. This application is one another example of inequalities
that can be obtained via this recent method with the best constants. For the discussion
on the related optimal consequences of the result from [11, Theorem 4.1] see [11,
Remark 4.1] referring also to [8, 15, 20, 21].
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2 Preliminaries

Basic notation
In the sequel we assume that p > 1, £2 C R” is an open subset. By a(-) — p—
harmonic problems we understand those which involve degenerated p—Laplace oper-
ator
Apau = div(a(x)|Vu|p_2Vu), 2)

with some nonnegative function a(-). The derivatives which appear in (2) are under-
stood in the distributional sense. By D’(£2) we denote the space of distributions
defined on £2. If f is defined on £2, then by fx we understand a function defined
on R” which is equal to f on £2 and which is extended by O outside £2. We set
£~ :=min{f, 0}, f* := max{f, 0}. Moreover, every time when we deal with infi-
mum, we assume inf § = +o00.

Weighted Beppo Levi and Sobolev spaces The general method that we apply
requires the following setting discussed in details in [11].

Definition 1 (Class B,(£2)) Let M(£2) be the set of all Borel measurable real
functions defined on 2, W(£2) :={p € M(£2): 0 < p(x) < o0, fora.e. x € 2},
and let p > 1. We say that a weight o € W(£2) satisfies B,(§2)—condition (¢ €
B, (£2) for short) if o=V/P~D e L] (£2).

We define
Lg([)) = {u e M(£2) :/ olul? dx < oo] .
I?;

The Holder inequality shows that if p > 1 and g € B,(2), then L’

L} (£2),[17].
Assume that o(-) € B,(£2). We deal with the weighted Beppo Levi space

(£2) <

o.loc

LMP(2):={ueD): ou e LP(2)fori=1,...,n}.
0 Ix; 0

It can be shown that[ﬁ' P (2) C Wz (.Q) (seee.g. [18, Theorem 1, Sect. 1.1.2]). We
also consider local varlants of Beppo Levi spaces

Ou
QIUL(Q) —[ueD(.Q) —eL”(U)forz_l .,nandevery U CC £2.

Let us observe that /.Z olne(82) € whl(2).
Letgl() € W(Q) gz() € B,(£2). We consider the two—weighted Sobolev spaces

(2)=LE(2)N L;f(sz).

(91 02)
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5f of
T Ox,

Wil (@)= | € L @) 0 D@ @] o

with the norm [ flly1r g, = [ Flluz, @) + 1V Lty om0

It is known that when p > 1, 0;(-) € W(£2), 02(-) € B,(£2), then W(I(;IITQZ)(Q)

defined by (3) and equipped with the norm || - ||W1 e is a Banach space, [17].

When p; = 05, we deal with the usual welghted Sobolev space W1 P(£2).

By W(Ql o), o(£2) we denote the completion of C§°($2) in the space W( (£2) and

01,02)
lp

. 1,
we use the standard notation W glp, on.0(82) =W, "(82) when 01 = 0.

Degenerate p-Laplacian and differential 1nequality Assume that p > 1, a €
B,(22) N L}, .(£2) (see Definition 1), and u € LM (2). Thena|Vu|P~' e L! (2)

a loc loc
and so the weak divergence of a|Vu|?~2Vu € L} (£2, R") denoted by A, quis well
defined via the formula

loc

(Apqu, w) = (div (a|Vul|P>Vu) , w) :=—/ alVu|’7*Vu - Vwdx  (4)
2

where w € C§°(£2). Obviously, inthe case a = 1 the operator A, ,u reduces to the p—
Laplacian div (|Vu|P’2Vu), which coincides with the Laplace operator in the case
p = 2. We note that when u € £47(£2), formula (4) extends for w € W(lb’fl)’o(.Q),
whenever b € W (£2). Therefore, in that case A, ,u can be also treated as an element
of (W(Z,’;),O(Q))*, the dual to the Banach space W(IIJ’!’;)‘O(Q). We preserve the same
notation A, ,u for this functional extension of formula (4).

Our analysis is based on the following differential inequality.

Definition 2 Let a(:) € B,(2)NL
u(-) € Ea IOC(.Q) be nonnegative, @ : [0, c0) — [0, o) be a continuous function,
b(-) be measurable and the function @ (u(-))b(-) € L! (£2). Suppose further that for
every nonnegative compactly supported function w € Ly? (£2) one has

IOC(Q) be a given weight function,

loc

/QQD(u)b(x)w dx > —oo0.
We say that the partial differential inequality (PDI for short)
—Apqu = P(u)b(x),
holds if for every nonnegative compactly supported function w € o (£2) we have
(=4, qu, w) > / Dwm)b(x)wdx,
2

where (— A, ,u, w) is given by (4).
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Assumption A Let us consider the following three conditions.

(a,b) a(-) € L}OC(.Q) N B,(£2), b(-) is measurable;
(¥, g) The couple of continuous functions (¥, g) : (0, 00) x (0, 0c0) — (0, 00) X
(0, 00), where ¥ is Lipschitz on every closed interval in (0, c0), satisfy the

following compatibility conditions:

(i) the inequality
gOP' (1) < —CW¥ (1) ae. in (0, 00) (5)

holds with some constant C € R independent of ¢ and ¥ is monotone (not
necessarily strictly);
(i1) each of the functions

ts O@) =W (t)g” ' (t) and t — W (t)/g(t)

is nonincreasing or bounded in some neighborhood of 0.

(u) We assume that u € E;’ﬁm(ﬂ) is nonnegative, (a, b) holds, @ : [0, co) —
[0, 00) is a continuous function, such that for every nonnegative com-
pactly supported function w € £ (£2) one has Jo @@)b(x)wdx > —o0
and ®(u)b € L! (£2).

loc

We suppose that for the following set

A= [a eR: <Z>(u)b(x)+U;%|Vu|"7 >0 ae. in2N{u> 0}],

we have
oo :=inf A € R. (6)

Since inf ¥ = 400, A can be neither an empty set nor unbounded from below.
By Assumption A we mean the set of conditions (a)—(d) stated below.

(a) We suppose that (¥, g) and (u) hold. Parameter o satisfies oy < o < C, where
C is given by (5) and o by (6).

(b) We suppose that (¥, g) and («) hold. We assume that for every R > 0 we have
b+ () (PW) U)X (0<u<r) € L} (£2).

(c) We suppose that (¥, g) and (u) hold. When the set 2y := {x : u(x) = 0} has
a positive measure, then we assume that at least one of the following conditions
are satisfied x) @(0) =0, y) b(x)xge, =0, z) lim,_,o¥(s) =0.

(d) We suppose that (¥, g) and (u) hold. We assume that for any compact subset
K C 2 we have
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W (R) V)P a(x) dx "0,
KN{u=R/2}

W (R) @ (u)b(x) dx “=>0.
KN{u=R/2}

Let us recall [11, Theorem 4.1], which is our main tool.

Theorem 1 (Hardy—type inequality) Supposea € L,,.(2) N B,(£2), b € L;,.(£2).
Assume that 1 < p < oo and u € Ei’fw(ﬂ) is a nonnegative solution to the PDI
—A, i > @ (u)b(x) in the sense of Definition 2. Moreover, let Assumption A hold.

Then for every Lipschitz function £ € Lyr (£2) with compact support in §2 we

have

/ €17 1 (dx) < / Vel o),
2 2

where

pi(dx) = (¢ (w)b(x) + 0|VM|p;%X{u;e0}) Y ()X =0 dx,

p—1
p _
NZ(dx) = (—C — 0_) a(x)lI/(u)gp I(M)X(u>(),vu#()} dx.

3 Construction of the Hardy—Poincaré Inequalities
by Using the Barenblatt-Talenti Profiles

Here we focus on the application of Theorem 1 to derive some variants of the Hardy—
Poincaré inequalities. Our main goal is the following theorem.

Theorem 2 Assume that 1 < p < 00, 7 > 1—%,0<r<§+7§,

P

o0 = (1+ k7

) » \V(p—D—p
o1(x) = (1 +r|x|l’lT‘) (1 + lel’l-l)

)“/(pfl)

Then for every & € W(I‘p y(R"), we have

01,02

_ » . » \Vp=D-p
Compr [ 1607 (1 rixl ) (14 12177) dx

p (=D )
< [ |vep (1 +|x|n—') dx.
RYI

_ p—1 p—1 _
where C. , p =1 (,;111) (’y -1+ %(1 — r)) . Moreover, constant C.,,, , ,

is optimal when ~v > nr + 1 —%andwhen'y =1+n(-— %), r=1
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Remark 1 By our choice of the class of weight functions, Lipschitz compactly sup-
ported functions are dense in W(lg’ P (R"). Indeed, let £ € W(l’]’f o R") and

1, x| < 1,

o) = { —Ix|+2 1=k =20 6r@ =0 (%), &) = @),
0, 2 < |x|,

One shows that £ — & in W(lg’ ]p o (R") as R — o0o. Moreover, standard convolution

argument implies that every compactly supported function u € W(lg’l’f o (R") can be

approximated in W(lé;f o (R") by Lipschitz compactly supported functions.

The above statement can be compared with the following one obtained in [21],
which follows as the special case when one substitutes » = 1, and consequently one
has to assume that v > 1.

Theorem 3 ([21]) Suppose p > 1 and v > 1. Then, for every function
Lp p \ (p—D(y—-D p \ (p—Dv
Eew. " (R"), where v (x) = (1 + |x|n—1) , v (x) = (1 + Ix\l’—l) , we

(vi,v2)

have

~ P -1 , !
C”’""’/ (R I 5/ Vel [+ ] ax,
R? ;

. —~ y— p_l —~ .
with C,, , =n (p(p’—_ll)) . Moreover, for v >n+ 1 — %, the constant C, , ) is

optimal and it is achieved by function u(x) = (1 + |x| ,,%1)177_
The main idea of the proof of Theorem 2 is based on the fact that the Barenblatt—
Talenti profile (playing the crucial role in [22])

u,(x) = (1+[x”)7", neR, p'= ﬁ )
satisfy a certain PDE. Namely, we have the following results.
Lemmal Whenp >1,a> 0,5 € R, and u,, ug are as in (8) and

_ (a+D(p-1)+pp P (a+D(p-1)+5+1
n T «@ ’

Cp =n(ap)?~ ! =1

we have
— Apuytta = b(xX)P(u,), where b(x) = Ci(1+ Calx|”), @(s) =5°. (9)
Moreover, Assumption A is satisfied when
Us)=s", keR, g(s)=s, 090 <0<k,

(a+Dp-DH+p n
gy .= o —a—p/.
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Proof Equation (9) is satisfied due to Lemma 4 in Appendix. The verification of the
assumptions (a, b) and (¥, g) with k = C is left to the reader. To verify the condi-
tion (u#) we note that

a(x)

vy Va0l = Cull 4 Colx1P Vs (x) + 0Cauas(¥)[x[? (10)

b(x)®P(uy) + o

= s {C1 + (€162 + o Co)lxl" ]

where C;3 = (ap’)?, hence (u) is satisfied whenever C1C, 4+ 0C; > 0, equivalently

CiC, n—(a+h(p-DH+p)p
o=z — = - =09
Cs ap

!

To verify the condition (c) we note that £2p = {x : u,(x) = 0} = @J. The rest of
the assumptions are obviously satisfied.

Remark 2 Condition (1) cannot be satisifed, when « is negative.

As an important step we obtain certain family of inequalities, which—so far—do
not have the form (7) and is obtained as a direct application of Theorem 1, Lemma 1
and (10). The easy proof is left to the reader.

Lemma 2 Assume that 1 < p <oo, a >0, B€R, §:= w 0p 1=
tD=D+8 _ 0 - 5 o and
« ap’ — ’
1 —1 /
Cl = n(ap/)p—l’ C2 = 1 _ ((O[+ )(p )+/8)p z O, C3 — (ap/)p’
n
C 1 — !
B:=C2+o—3=1—(a+ )P+(0a ﬁ)P.
C, n n

Then for every compactly supported Lipschitz function £ € [Zé’p (£2), we have

e < [ e,
n R’l
where
, N\ (k—0)
11 (dx) = C (1 n B|x|”) (1 + |x|"’) dx,

p—1 Pl A a(k—p)+a—p3
(dx) = (2—= (1 + |x|P) dx.
KR—0

We are now to prove Theorem 2.

Proof According to the density argument from Remark 1, it suffices to prove inequal-
ity (7) for every Lipschitz compactly supported function.
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We apply Lemma 2. We fix parameters a > 0, 8 € R, ¢ > 0y, where oy =
oo(a, B) := tDp=D+5 (:’7 and consider linear mapping

«

@ 16 «@
T, 3: (o, —a— LT =

g (o oo)—>(p_la «@ o1 oo) o, 3(K) »
Easy computation shows that

. n
lnf{Ta,ﬁ(U) 1o = UO} =1- ; = Ymin»

itis achieved at o and it is independent of o and 3. Hence, forevery giveny > 1 — %,
we find x and o, such that 7,, 3(x) = v and K > o > 0y. Namely, we take

_ —1 3
p= B =Toh) = F——r+p—1+=.

sothat a(k — p) +a— B =(p — 1)yand

O_EA(aﬁﬁ)::[(a+1)(p—1)+ﬁ_ n p-—1 6)‘

—, —y+p—1+—
o ap o o

Note that for any o > 0 and 3 € R, the set A(«, (, 7y) is not empty, whenever v >
11— % According to Lemma 2 we have

[; o) ' / a( (:jf(')/) _6((1,‘6))
( s s s ) |§|I’ (1+B(0[, , )|X|p)(1+|x|17) 1 <
RVI '

A (P=Dy
< [ ver (14 )" s
Rn

for Lipschitz compactly supported £, where

_(a+Dp-D+p+1

§(a, B) := - ,
Blo.foy = 1 @ Dp  pr art
n n n
o € Ala, 8,7),
_ p—1

o (Tafé(v) —d(a, 6)) = (p—1y—p.

We compute the range of the function o — R, 3(0) := B(a, 3,0), when o €
A(a, 3, 7). Simple computation gives



On Certain New Method to Construct Weighted Hardy-Type Inequalities ... 171
p )
Rap (Ala, 8. 7)) = 0. —-(y = 1) = y()

and it does not depend on «, 3. Therefore, for any r € [0, y(7)) and any « > 0,
BeR, v>1-— %, we find o € A(a, 3, 7) such that B(a, 8, o) = r. Namely, we

choose ] /
U::U(a,ﬁ,r,fy)z(r_l_{_u_’_ﬁ_p)L/:
n n ) ap
n n a+ 1 —1
o ek beoD B
ap ap « «

Further computation gives

-1
k(a, B,7) — oo, B,r,7y) = p—{v -1+ 2(1 -},
a p

_ p p—1 n p—1
Cﬁ,,n,p’,=D(a,,6’,’y,g(a,ﬂ,r,~y)):n ’Y—l-l-—(l—r) .
p—1 p

This ends the proof of (7). )
Let us concentrate on the proof of the optimality of C , , .. We assume that
vy>nr+1— % Applying Lemma 1 when & := (1 — r)% + v —1, we get

—_ p—1 n
—Appta=Cynproiug  in R

Multiplying the above identity by u; and integrating over balls, then applying
Gauss—Ostrogradzki Theorem, we obtain

B(R) := (:’n/,n,p,,/ Qlug dx = —/ Ap UG - Usdx
{lx|<R} {lx|<R}

= / 02|Vug|? dx +/ 02|Vugs|”'uz dS =: A(R) + C(R),
{Ix|<R} {lx|=R}

where d S denotes the surface measure on the sphere S"~!(R). Simple computation
shows thatboth [, 01u? dx and [, 02|Vual|? dx are finite. So B(R) and A(R) con-
verge to Coy s Jgn 011l dx and to [, 02|Vug|? dx, respectively, via the Lebesgue
Dominated Convergence Theorem. Meanwhile C(R) converges to zero, because

C(R) ~ R RYP RU—Dn—=yp+1 pr=1) 5 +1=np" _. RE,

where L = (r — Dnp’'+n+ (1 —v)p’ < 0.

Let us focus now on the case of vy =nr 4+ 1 — %. We proceed by the similar
argument as in [21, Remark 4.2], considering & (y) := &£(¢y) and after the change of
variables x := ty, we lett — 0. Then we substitute v = ~yp. This gives the classical
Hardy inequality
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)4
/” ("’Cl(x—ﬁ)') 7 dx < = ! (VE@D? x ] dx.

%,n,p,r R"

= T %ﬁ The choice of ¥ = p + n(p — 1), equiva-
lentlyy=14+n(1 — %) (which implies » = 1), gives the inequality with a constant

= 1 = p’
T GAn-pr>

S U R
Whereé = = =0 =

3 upr
Fonpir

which is optimal in the classical Hardy inequality [14]. There-

% o i
fore, in this case the constant C , , - cannot be taken larger, so it is optimal. This
ends the proof of the statement.

Acknowledgements Both authors were supported by Polish NCN grant 2011/03/N/ST1/00111.

Appendix

We have the following two lemmas, which we apply to prove Lemma 1.

Lemma 3 Let
D, =N\, AeR", g>1, seR,
where the same notation is used also for n = 1. Then we have

D, (sA\) = @q(S)Q)q()\);
Dy (D (N) = Py—1yr—1)+1(N);
@,(s) = 577", whens > 0;
Vx| = q®4(x);

V&, (s) = (g — DIs|?™%
D2 (N) = A;
D,(x) - x = |x]9.

Using the above lemma, it is easy to verify the statements presented below.

Lemma4 When u, is given by (8), we have

Vua = (_OCP/)IMH(?C)(D;;’(X);
¢p(vua) = (pp(_ap/)u(oﬁl)(pfl) - X, ¢p(_ap/) = —Sgn(|a|P/)p_]§
Mﬁd)p(vuoz) = (pp(_ap/)u(a+l)(p71)+ﬁ s X5

/
n

_Ap,uﬁua = n®p(ap/) “ U+ (p—1)+5+1 [1 + C(oz,ﬁ,p,n)|-x|p:| , where

(@t Dp=D+H)p
n

Cappm =1
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Intrinsic Characterization and the Extension
Operator in Variable Exponent Function
Spaces on Special Lipschitz Domains

Henning Kempka

Abstract We study 2-microlocal Besov and Triebel-Lizorkin spaces with variable
exponents on special Lipschitz domains £2. These spaces are as usual defined by
restriction of the corresponding spaces on R”. In this paper we give two intrinsic
characterizations of these spaces using local means and the Peetre maximal operator.
Further, we construct a linear and bounded extension operator following the approach
done by Rychkov in (J Lond Math Soc 60(1):237-257, 1999, [14]), which at the end
also turns out to be universal.

Keywords 2-microlocal spaces * Besov spaces + Triebel-Lizorkin spaces - Variable
integrability - Restriction - Extension

1 Introduction

In this paper we study Besov Bp(, ,(.)(§2) and Triebel-Lizorkin spaces Fp.) (. (£2)
with variable exponents on special Lipschitz domains £2 C R", where

Q2 ={(,x) eR": x, > w(x)}

for a Lipschitz continuous function w : R"~! — R. Here the variable integrability
is defined with measurable functions p(-) and ¢(-) and the variable smoothness is
defined in the 2-microlocal sense using admissible weight sequences w = (w;) jen, .
see Sect. 2 for details.

Spaces of this type on R” have first been considered by Diening, Histd and
Roudenko in [4] and by the author in [10]. With also g (-) variable in the B-case they
have been studied by Almeida and Hésto in [2] and by the author and Vybiral in [12].

In this paper we obtain intrinsic characterizations of B} 4¢)(£2) and F}{ 4¢)(£2)
using local means and the Peetre maximal operator. Furthermore, a linear and
bounded extension operator from the spaces on 2 to the spaces on R” is constructed.
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In the whole work we rely very much on the paper of Rychkov [14] where the same
results have been shown for constant exponents, i.e. p(-) = p, g(-) = ¢ as constants
and w;(x) = 2/* with s € R. Surprisingly, all results remain true in the variable
setting. We refer again to [14] on an exhaustive history of such results.

For variable exponents there are not so many results on intrinsic characterizations
and on the extension operator known. An intrinsic characterization for our spaces
has been provided in [9] with the help of non smooth atomic characterizations. This
approach also works for more general domains than special Lipschitz domains.

If p(-) = p and g(-) = g are constants, then intrinsic characterizations and
an extension operator has been presented by Tyulenev in [21] in the Besov space
scale. This work also modified the proofs from Rychkov [14], but the focus in [21]
lies on more general domains and on more general weight sequences where also
Muckenhoupt weights are allowed as variable smoothness functions.

Further, in [5] Diening and Histo constructed with mollifiers an extension operator
for the Sobolev spaces W o=F ! (.2 from the halfspace R} to R"*+!. Also working
on the halfspace R”_, Noi showed in [13] the boundedness of the trace and extension
operator for the Besov and Triebel-Lizorkin spaces with variable exponents using
quarkonial decompositions.

The paper is structured as follows. We introduce in Sect.2 the necessary nota-
tion and the Besov and Triebel-Lizorkin spaces Bpy.) 4, (R") and Fj) 4 (R") with
variable exponents on R”. Further, we present there the important local means char-
acterization for these spaces. In Sect.3, we introduce special Lip-schitz domains
and introduce the spaces B, 4(.)(£2) and F}(,) () (§2) as usual by restrictions from
the corresponding spaces on R”. Section4 contains the main results of this paper.
Here we prove an intrinsic characterization using local means and define a linear and
bounded extension operator on By, 4(.)(§2) and F,) 4()(£2). This is complemented
by Sect.5, where an universal extension operator &, is constructed. Here the oper-
ator is not depending on the functions p(-), ¢(-) and the parameters of the weight
sequence «, o and ;.

2 Preliminaries

First of all, we introduce all necessary notation. As usual, we denote by R” the n-
dimensional Euclidean space, N denotes the set of natural numbers and we set Ny =
N U {0}. We write =~ £ if there exist two constants ¢, ¢c; > 0 with c1n < & < ).

Please be aware that ¢ > 0 is an universal constant and can change its value from
one line to another but is never depending on any variables used in the estimates,
except it is clearly noted. The Schwartz space S(IR") is the set of all infinitely often
differentiable functions on R” with rapid decay at infinity. Its topology is generated
by the seminorms



Intrinsic Characterization and the Extension Operator ... 177

I®lls = sup(1+Ix)* D 1D ().
e EE

By S'(R") we denote the dual space of S(R") containing all tempered distributions
on R". For f € S’'(R") we denote by fthe Fourier transform of f and by f the
inverse Fourier transform of f. For a function @ € S(R") we denote by Ly € Ny the
number of moment conditions the function provides, i.e. Ly is the highest number
with

/ @ (x)dx =0 with |3| < Lo, (1)

which can equivalently be written as
D’®(0) =0 with |3 < Lo.

Please note that for Ly = 0 the function @ does not have any moment condition.
If not otherwise stated, we define for a function @ € S(R") the dyadic dilates by
P;(x) = 2/"@(2/x) for j € N and any x € R". We remark that @, is not covered
by the construction above because it is usually realized with a different function @
which has different properties compared to @.

2.1 Besov and Triebel-Lizorkin Spaces with Variable
Exponents

Here we introduce the spaces which we are interested in. We study Besov and Triebel-
Lizorkin spaces with variable integrability and variable smoothness. We take advan-
tage of the concept of admissible weight sequences to define the variable smoothness.

Definition 1 For fixed real numbers o > 0 and o; < « the class of admissible
weights W, is the collection of all positive weight sequences w = (w;) jen, On
R" with:

(1) There exists a constant C > 0 such that for fixed j € Ny and arbitrary x, y € R”
0 < w;(x) < Cw;(y)(1+21x =y
(i1) For any x € R" and any j € Ny we have
2%w;(x) < wjgp(x) < 2%w;(x).
Let ¢y € S(R") be such that

wox) =1 if |x] <1 and supppy C {x € R" : |x]| <2} 2)
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Now define p(x) := @o(x) — ¢o(2x) and set ;(x) = @27 /x) forall j € N. Then
the sequence (¢;) jen, forms a smooth dyadic decomposition of unity, which means

o0
D pix)=1 forallx e R".
j=0

For an open set £2 C R” we denote by P(£2) the class of exponents, which
are measurable functions p : £2 — (c, oo] for some ¢ > 0. Let p € P(£2), then
pT = ess—sup, o p(x) and p~ := ess—inf,co p(x). The set Ly (£2) is the variable
exponent Lebesgue space, which consists of all measurable functions f such that for
some A > 0 the modular g,,(f/A) is finite. The modular is defined by

000 (f) = /Q )P dx + ess-sup,co_ | £ ().

Here 2, denotes the subset of £2 where p(x) = oo and 29 = 2 \ 2. The
Luxemburg (quasi-)norm of a function f € L ,.)(§2) is given by

| £1Lpy(82)| := inf [)\ >0 0p) (%) < 1].

In order to define the mixed spaces £,)(L ,.)(£2)), we need to define another
modular. For p, g € P(§2) and a sequence (f,),en, of complex-valued Lebesgue
measurable functions on 2, we define

qu(.)(L17(~J)(fy) = Zlnf IAI/ >0: Op) (%) =< 1] . (3)

v=0

If g7 < oo, then we can replace (3) by the simpler expression
oo
JUSHIREDY [1A199 1 L @), )
The (quasi-)norm in the £, (L »(.)(£2)) spaces is defined as usual by

. Jv
Lo 1 gy (Lpey(£2))|| = inf [M > 0% 06,0, (Ly) (Z <1t.

For the sake of completeness, we state also the definition of the space L,
(£g()(£2)). At first, one just takes the norm £,y of (f,(x)),en, for every x € £2
and then the L ,(,-norm with respect to x € £2, i.e.
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00 1/q(x)
| £l Loy gy (2)) | = H (Z |f,,(x>|q<*>) Ly (£2)
v=0

Finally, we also give the definition of smoothness spaces for the exponents. To
prove results for the spaces under consideration, like characterizations or the inde-
pendence of the decomposition of unity, we need this extra regularity conditions for
the exponents.

Definition 2 Let g € C(£2) be a continuous function on £2.
(i) We say that g is locally log-Hélder continuous, abbreviated g € C,°8(82), if
there exists cjog(g) > 0 such that

Clog(g)
+ 1/lx =yl

l[g(x) — g < log(e

holds for all x, y € £2.
(i) We say that g is globally log-Holder continuous, abbreviated g € C'°¢(£2), if g
is locally log-Holder continuous and there exists go, € R such that

Clog
X) — < —_
[g(x) — gool = log(e + [x])

holds for all x € £2.

The logarithmic Holder regularity classes turned out to be sufficient to have the
boundedness of the Hardy-Littlewood maximal operator on L ,.,(£2) and for further
properties we refer to [7] for details. We denote by p € P'°2 any exponent p € P(£2)
with0 < p~ < pT <ooand 1/p(-) € C°¢(2).

Remark 1 The class P'°¢ is denoted without underlying class £2. Having an exponent
in P(R") with 1/p € C'°2(R"), we can always restrict it to an exponent on £2.
Further by [7, Proposition 4.1.7] we can always extend an exponent p € P(£2) with
1/p € C°¢(£2) to an exponent p € P(R") with 1/p € C'°2(R") without changing
the numbers p*, p~, ps and cioe(1/p).

So, in abuse of notation we always write p € P°¢ and mean either the exponent on
R" or on £2, which share in any case the same properties.

Now, we are ready to give the definition of the variable exponent spaces which
we are interested in.

Definition 3 Let p, g € P2, (w;)jen, € W[jl’az and (¢;) jen, a smooth decompo-
sition of unity.

(i) The variable Besov space By, 4()(R") is the collection of all f € S'(R") with

Zq(.) (LPOGRH)) < Q.

| 718500 ®)] = H (w.,»<-> (v:7) <->)

JjeNy
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(ii) For p*, g™ < oo the variable Triebel-Lizorkin space Fp, 4 (R") is the col-
lection of all f € §'(R") with

1/9()
| FUES 00 @D = | [ D 1w ) (%‘f)v Olg() Ly (R")
=0
- ” (1,0 (217) ) L,,(.>(E,,(R"))H .
Jj€Ny

For brevity we write Ap) 4¢)(R") where either A = Bor A = F.

First definitions of these spaces have been given in [10] and with g (-) also variable
in the Besov case in [12]. Furthermore, there already exist a lot of characterizations
of these scales of spaces: namely by local means in [10], by atoms, molecules and
wavelets in [6, 11], by ball means of differences in [12] and recently by non-smooth
atoms in [8]. These characterizations also show the independence of the (quasi)norms
above of the chosen start function ¢y € S(R") for the decomposition of unity. If
one chooses 0 < p, g < oo as constants and sets w;(x) = 2J% with s € R then one
recovers the usual Besov and Triebel-Lizorkin spaces BIS, g (R™) and F' [S, g (R™) studied
in great detail in [17, 18, 20].

Furthermore, by choosing the weight sequence as w;(x) = 2/°% with s €

C,lgf (R") we obtain the scales of Besov and Triebel-Lizorkin spaces with variable

smoothness and integrability B*;.) ;,(R") and F*%).) ,(,(R") which have been stud-
ied in [2, 4].

2.2 Local Means Characterization

Our approach to obtain intrinsic characterizations and an extension operator for
Bpiy.q()(82) and F}, 4¢)(£2) for an special Lipschitz domain £2 C R” heavily relies
on the characterization by local means. To this end, we repeat this characteriza-
tion for our spaces under consideration from [10, 12]. The crucial tool will be the
Peetre maximal operator which assigns to each system (¥)ren, C S(R"), to each
distribution f € S’(R") and to each number a > 0 the following quantities

Y
(& fa(x) := sup (W ()

S T+ 120 =) x € R" and k € Ny. 5)

We start with two given functions ¥, ¥; € S(R"). We define

Wi(x) =29y 2U7Dx) forx € R"and j € N.
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The local means characterization for B 4¢)(R") and Fp{ 4y (R") from [10, 12]
then reads.

Proposition 1 Ler w = (wi)ren, € WS, 4, P19 € P2 and leta > 0, R € N

«

with R > «y. Further, let Wy, W belong to S(R") with

/ W (x)dx =0, for0<|3| <R, (6)

and
Wo(x)] >0 on {x e R": |x| <e} (7
Wi(x) >0 on {x eR":2/2 < |x| < 2¢} (8)

for some € > 0.
(i) Fora > p”—_ + clo9(1/q) + cvand all f € S'(R") we have

| F1Byo.qox ®D | 2 | (W x Hrwel Loy (Lpey @] = || (B Hawi | €g0) (Lpey RN -

(ii) For pt,q" <occanda > 5 + a we have for all f € S'(R")

n
min(p~,q~
| F1EY a0 R || 2 [ wi (@i s ] Lpey Egy R | 2 [ wi (B Fa| Lpey (Egiy ®D)]) -

The above local means characterization alone only ensures the independence of the
chosen decomposition of unity (p;) jen, if itis constructed as an, so called, admissible
pair, see [1, Sect.3]. But anyhow, since we also have further characterizations of
the spaces Ap) 4 (R") by atoms, wavelets and differences, the independence in
Definition 3 of the decomposition of unity is justified.

Remark 2 (i) One can rewrite (6) also in D‘elf/l (0) = O for all |3] < R or, using
our notation, in Ly, = R.

(i1) Later assertions are done with only one startfunction @y € D(§2) with
fR" @Do(x)dx # 0. From that function one constructs as usual @(x) =
Do(x) —27"Py(x/2) and sets @ (x) = 2"D (2x).

Since @y € D(£2) C S(R") is smooth, we can find an € > 0 such that
|<130(x)| >0 on {x € R": |x| < ¢} is satisfied. Further, also ®; € S(R")
fulfills |<131(x)| >0 on {x e R":¢/2 < |x| < 2¢} and therefore (7) and (8)
hold with @, and @, instead of the ¥, and ¥;. This also shows, that we can
take the functions @;(x) = 2/"®(2/x) = 2U~D"®,(2/"x) and P, as basic
functions in Proposition 1.
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3 Function Spaces on Special Lipschitz Domains

We say that 2 C R” with n > 2 is a special Lipschitz domain if it is open and there
exists a constant A > 0 with

2 ={(",x,) eR" : x, > wx)}
and w : R"~! — R is Lipschitz continuous
lwx) —w()] < Alx" =y

The function spaces from Sect.2.1 can be used to define them on domains with
the help of Definition 3 by restriction.

As usual D(£2) = C§°(£2) stands for the space of infinitely often differentiable
functions with compact support in £2. Let D’(£2) be the dual space of distributions
on £2. For g € §'(R") we denote by g|, its restriction to £2,

gle i le)(p) = g(p) forall p € D(£2).

Definition 4 Let £2 C R” be a special Lipschitz domain as above. Let p, g € P'°¢,
(w;j)jen, € W5, and (¢}) jen, be a smooth decomposition of unity.

ayp,an

(i) The variable Besov space BJ.) 4((£2) on £2 is the collection of all f € D'(£2)
such that there exists a g € By, 4()(R") with g|p = f. Furthermore

| £1 B0 ()| :=inf {|| gl Bjy g ®D | : gl = f}.

(i) For p*, g% < oo the variable Triebel-Lizorkin space Fp 4((§2) on 2 is the
collection of all f € D'(£2) such that there exists a g € Fp.) 4¢)(R") with
gle = f. Furthermore

| 1 F2 00 ()] == inf {|| gl F& 00 ®D) : gl = £}

Remark 3 Usually, one defines function spaces on bounded Lipschitz domains £2.
Then one reduces the proofs and assertions by the localization procedure to special
Lipschitz domains. This is done by covering 952 by finitely many balls B; and using
adecomposition of unity @; which is adapted to the balls B;. Finally, using pointwise
multipliers and rotations (diffeomorphisms) all occurring tasks can be reduced to the
case of special Lipschitz domains as described above, see [14, 19] for details.

To the best of the authors knowledge there are no results on diffeomorphisms
known if the exponents p(-), g(-) are not constant. So we concentrate our studies
only on special Lipschitz domains as above, and leave the case of bounded Lipschitz
domains for further research.
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4 Intrinsic Characterizations and the Extension Operator

In this section we prove our main results. We give an intrinsic characterization of the
spaces from Definition 4 with the help of an adapted Peetre maximal operator

(@ 2 (x) = sup — DX SO

S T+ Xy — 1)) x € £2 and k € Ny. ©)]

Here £2 C R" with n > 2 is a special Lipschitz domain i.e.
Q2 ={(",x,) eR" 1 x, > w(x)},

where

lwx) —w(y)| < Alx’ — | forallx’, y’ e R*"L.

By K we denote the cone adapted to the special Lipschitz domain with
K ={(',x,) e R": |x'| < A" 'x,}. (10)

This cone has the property that x + K € §2 for all x € £2 and we denote by
—K = {—x : x € K} the reflected cone. The crucial property is now that for all
v € D(—K) and all f € D’'(£2) the convolution (v * f)(x) = (y(x —-), f) is well
defined in §2, since suppy(x —-) C §2 forall x € £2.

Before coming to the intrinsic characterization and the extension operator we state
two useful results which are needed later on. First we need a version of Calderon
reproducing formula which was proved in [14, Proposition 2.1].

Lemma 1l Letr &y € D(—K) with fR" Do(x)dx # 0 be given. Further assume that
D(x) = Po(x) — 27" Dy (x/2) fulfills

/ ®(x)dx =0  for|f] < Lo. (11)
Then for any given Ly € Ny there exist functions Wy, ¥ € D(—K) with
/ W (x)dx =0  for|B] < Lu (12)

and for all f € D'(§2) we have the identity

f=D Wx®;xf inD (). (13)

j=0
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The second lemma is a Hardy type inequality for the mixed variable spaces. Its proof
can be found in [12, Lemma 9] and in [1, Lemma 3.4].

Lemma 2 Let p,qg € P(R") and § > 0. For a sequence (h;) jen, of measureable
functions we denote

Hy(x) = > 271"0p,x).
j=0

Then there exist constants Cy, Cy > 0 depending on p(-), q(-) and 6 with

| Hil £y (Lpo) | < Co il €gir (L) |
| Hil Ly (Cg) | < Co || Al Lpey @i -

Now we are ready to formulate our first main theorem about a linear extension
operator.

Theorem 1 Let p,q € P8 (with p™,q" < 00 in the F-case) and (w;)en, €
W{:]‘az. Further, let ®y € D(—K) with f Do(x)dx # 0 be given and we assume that
D(x) = Po(x) — 27Dy (x/2) satisfies Ly > ).

Construct ¥y, ¥ € D(—K) with Ly >
1 with

m +cog(1/q) + o — vy as in Lemma

j=0

For any g : 2 — R denote by gg, its extension from $2 to R" by zero. Then the map
E:D(2) - S'(R") with

fe D Wi (@)% f)g (14)

j=0

is a linear and bounded extension operator from Ay, 4)(£2) to Apiy ¢y (R™).

In more detail, the theorem claims that the series (14) converges in §'(R") for any
feA¥, () toan Ef € S'(R") with:

e £f|o = f in the sense of D'(£2);
o [EF1A% .00 @D < ¢ | F1A%).q0 ()] forany f € Aty 40 (52).

The theorem above is directly connected to the question of an intrinsic characteriza-
tion of the spaces Ap\.) 4()(£2), which will be solved in the next theorem.

Theorem 2 Let p,q € P8 and (w;)jen, € W . Further, let &y € D(—K) be

given with f Do(x)dx #0and Ly > ay, where @ (x) = Dp(x) — 27" Py(x/2).
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(i) Fora > p”—, + ciog(1/q) + v and any f € D'(£2)

[ 1 B80.a0r ] = | (@@ DEO) | oo Loir ()]

(ii) Fora > +ao, pt,qT <oocandany f € D'($2)

n
min(p~,q~)

X

|11 F a0 D ~ | 0@ 2O | Lo ar (20

1/q()
H Z|wk()<a> iy ()|"“) L, (2)|. (15

Proof Theorems 1 and 2 are so closely connected that they will both be proved in one
proof. As usual we restrict to the F-case and outline the necessary modifications for
the B-case. By Remark 2 we have the local means characterization from Proposition 1
with the functions @y and @; constructed from Py.

First step: We show H Il ;;’(A),q(_)(sz)|| > H (Z,fio |wk(')(‘p1ff)f(')|q('))l/q('))

L,(£2) || This is an easy consequence of the characterization from Proposition 1
using

(B ) (%) < (Dfgla(x) onLifgle = f.

Second step: We denote the right hand side of (15) by || f||. We show if the ¥ €
D(—K) from Lemma 1 satisfies Ly > a — a1, then for every f € D'(£2) with
|| f1I < oo the series in (14) converges in S’(R"). Furthermore, the limit £ f satisfies

Efle=f. Ef € Fiyqo®) and | Ef] Fpy a0 ®Y| < cll fII.

Having this proven, we see that this step actually proves Theorem 1 and gives us
the < estimate in (15) and therefore finishes the proof of Theorem 2 as well.

Substep 2.1: We denote by X = X% p() 4 the space of all sequences (97)jen, Of
measurable functions g; : R" — [0, oo) with

o 1/q()
gl = | [ D lw; 67140 Ly (R,
where

J
G/ (x) = sup g—(y)
yern (1427 ]x =y’
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We claim that if Ly > a — «;, then the series Zjio ;% g/ converges in S’'(R")
and we can find a constant ¢ > 0 such that for any sequence (¢g/) € X

o0
D Wi gl | Fio g0 ®D| < cllg)llx. (16)
Jj=0

To prove (16) we can use the same pointwise estimates as in the proof in [14].
By using the moment conditions on @ and ¥ we get using Taylors formula and the
compact support of @ and ¥

|y % W) % g/ (x)] < IﬁjGj(x)
with

2(lfj)(Lqﬁa)’ forj > ]

A .7
20-DLe, forj <1 &0

17 =/ (@ % W) (@I (1 +2/|z)"dz < c[
Rn

‘We use the properties of admissible weight sequences and get

2-G=D" for j >1

w(x) < cw;(x) izaz(l—j), for j <1

and obtain with § = min(Ly —a + a1, Lo — an) > 0

wi(0)| Py % Wi % g7 (x)] < cw; (x)27 110G (x). (18)

Now we use the same arguments as in [14] to finish the proof. If || (¢/) | x < oo,
then each ¢/ is a function of at most polynomial growth. Therefore we have ¥; * g/ €
S'(R") and with W, (x) = 2722w, (x) we obtain from (18)

00 1/q()
|| lI’j * gj| Fpi()')’q(')(Rn)“ <c (Z |22152|jl|5wj(.)Gj(,)‘q(‘)) Lp(.)(Rn)
1=0

00 N\ /4"
< C(Z |2721627\j71|(5|‘1 ) ” wj(-)Gj(~)| L,,(.)(R")“

1=0
<27 w;( VG O] Loy R < 271 (g)lx,

where we used |/ — j| > j — [l and £,- — {,,. Hence, Z?o:o W, * g/ converges in
S’'(R"™) due to Fp'?.),q(.)(R”) C S'(R") and we get from (18) the estimate
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w () | @ [ D Wwgl | 0] <e D27 P06 (). (19)
Jj=0 Jj=0

Now, using Lemma 2 with /1 (x) = w; (x)G/ (x) we conclude from (19)

o0
D Wi gl | FRo g0 RD| < cll(g)llx. (20)
Jj=0

Substep 2.2: Finally, we argue as follows to apply our general result (16) to the

: 1@+ )W)
extension operator from Theorem_ 1. If x € £2, then we have SUpy o m =
((Djf)f (x) by definition. If x ¢ £2 we can construct a pointx = (x/, 2w(x’) —x,) €
£ which is symmetric to x ¢ £2 with respect to 052 in the sense |X, — w(x')| =
|w(x") — x,|. Then, by |X — y| < Blx — y| forall y € §2, with B depending on the
Lipschitz constant A, we obtain sup,, % < (@1 ) (X) for x ¢ 2. So
we have the estimate

(@ % Neallx <c L,y ()| forall f e D'(2).

[eS) 1/q()
(Z lw ()@} )T <A)|‘1<‘>)

k=0

Combining this with (16), we have for all f € D'(§2) with || f]| < cothat £f €
S’'(R™) and

00 1/4(¢)
| E£1FE )00 ®D| < ¢ (Z lwi (YD £)F (~)|q<'>) Lp((£2)

k=0

Finally, the supports of ¥, and ¥ lie within —K and therefore we obtain using
Lemma 1

Efle =D Wi*x®j*f =1,

j=0

which completes the proof in the F-case.

Third step: We can use the same reasoning as above for the B-case. The only difference
is in the use of Proposition 1, where the condition on a > 0 is different in the B-case.
This also explains now the condition on Ly in Theorem 1, where we have just taken
a maximal value for a > 0. ]
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It is also possible to get an intrinsic characterization of Ay 4()(£2) by using just
the convolutions @; * f instead of the maximal functions (<D; )% as in the local
means characterization in Proposition 1. To that end, we introduce the space S'(£2)
as subspace of D’'(§2) by restriction as

S'(Q2):={f eD(2):3c;, My > 0with | { f,7) | < csllvllm,. Vv € D(£2)}
where

VI, = sup  [DPyMIA + [yD™.
YER,|BI=My

From [14, Proposition 3.1] we have the following characterization of this class.
Proposition 2 We have f € S'(§2) if and only if there exists a g € S'(R") such that
gle = f.

Remark 4 Since all appearing function spaces Aj()q()(§2) are also defined by
restriction we have A} 41 (£2) C S'(£2). Therefore, the proposition above shows
that it is no restriction to use f € S'(£2) instead of f € D'(£2).

Furthermore, we also need another lemma which can be seen as the replacement
for the boundedness of the Hardy-Littlewood maximal operator which is of no use
in our variable exponent spaces. We refer to [2, 4] for the proofs of this lemma.

Lemma 3 Let p,q € P and n,,,,(x) = 2" (1 +2"|x|)~"™.

(i) If p~ = land m > n + cio5(1/q), then there exists a constant ¢ > 0 such that
for all sequences (f,)yen, € Lg)(Lpy(R?))

| £ % Mo €aey (Lpoy RN < €| fil €ger (Lpey R -

(i) Ifl < p~ < pt <ococand1 < q~ < gt < oo and m > n, then there exists a
constant ¢ > 0 such that for all sequences (f,)ven, € Ly (g (R"))

| fo 5 1hm | Loy gy RN | < ¢ || ol Lpey gy R |-
Now, the local means intrinsic characterization for the spaces Aj(,) (. (§2) reads

as follows.

Theorem 3 Let p, g € P¢ and (w;) € W(‘;l’uz. Further, let @y € D(—K) be given
with f Do(x)dx # 0and Ly > oy, where @ (x) = Dp(x) — 27" Dy(x/2).

(i) Forall f € §'(2) we have

| £1BE a0y ()| & | (we(@i % HDieny| Loty (Lpr (2))]|
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(ii) For p*,q% < ooandall f € S§'(§2) we have

[e¢]

1/q4()
| 1 Fp.q0 @) = (Ziw(-)(@*f)(-ﬂ“”) Ly (2)

k=0

Proof Clearly, we want to take the intrinsic norm given in Theorem 2 as a starting
point. To use this characterization we need Ly > «; and choose suitable functions
Yy, ¥ which fulfill (1) with Ly > a — «;. Furthermore, we take the a > 0 as large
as needed in Theorem 2.

First step: The > inequality follows easily by observing (@ f )f (x) = (D *x fH(x).
Second step: One way to prove the < inequality would be to consult the proof of [12,
Theorem 13] and to modify everything from R” to £2. Instead we use formula (3.4)
in [14]

(e |(Px x YOI
. r (j—k)Lyr~kn
(@)% I < ¢S 20 REer /Q—(szlx_y')a,dy @

k=j
which was obtained by pointwise manipulations only. Here » > 0 and the constant
¢ > 0is independent of f € §'(£2),x € £2 and j € Nj.

Now, dividing (21) by (1+27|x — z|)* and using on the left hand side 1 42/ |y —
7] < (14 2/|x —z|)(1 4+ 27|x — y|) gives us by taking the supremum with respect
tox € 2

PRV 2<j—k>Lw2kn/ 1@ HOI
(@ N7 @) = C; o (14+2/]y — ZI)‘”dy

We multiply with w;(z)" and use the estimates (1 + 2¥|y — z|)* < 2&=Dar(] 4+
2|y — z)* and w;(z) < C2U~Pyw, (y)(1 + 2|y — z|)* and obtain

[e.¢]

. * )82 r (j—k)(Ly —a+ay)r~kn wlt(y)|((pk * f)(y)|r
(0, @@ NI @) e 2 ? /g 1+ 2y —zper

k=j

which can be rewritten with d = Ly —a + a7 > 0 in

[o.¢]
(xe@w; (z)(@}'-‘f)f(z))r <c z 2070 [(xqui (e * £)) * 1 (a—ayr | (2)-
Py
’ 22)
Now, we use the usual procedure to end the proof. In the F-case we choose r > 0
with 2= < r < min(p~, ¢7). This is possible due to the conditions of the theorem
andweget p/r,q/r € P2 withl < p~/r < p*/r <oo,1 <q~/r <q*/r < .
Applying the L (/- (€4~ (R")) norm on (22) we conclude by using Lemmas 2 and 3
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| wi@@; pE@|Lotn@)| = | (xe@u@@NE@) | Loy Eqor @)
< | (xawk (@i x ) % Mk a—arr | Lpysr Cgiyyr ®D)|
< ¢ | Cxawi(@icx )| Lpeyyr Ugeryr RD)]|
= e[ we@ex HILyo Eo @]
This finishes the proof in the F-case using Theorem 2. In the B-case the same reason-

ing by taking the £, (L p);(R")) norm of (22) works; only the parameter r > 0
has to be chosen as

n

a—a—cig(l/q)

<r < p~ where we used ciog(r/q) = rciog(1/9).

5 A Universal Extension Operator

The extension operator £ from Theorem 1 has the serious drawback that it only
works for special values of p(-), ¢(-) and «, oy, . This is due to the fact that all
conditions depend on the number of moments we have for the functions @ and V.
More precisely, we know that for fixed numbers of moments Ly, Ly the extension
operator works for

Ly > ap and Ly > + + cog(1/q) + a — ay.
min(p~, q~)
A good try to widen this region would be to choose @, ¥ € D(—K)withLy = Ly =
00, but clearly this is impossible. Fortunately, this can be done if @, ¥ € S(R")
which are not compactly supported in — K, but have support in —K and rapid decay
at infinity.

Theorem 4 (i) There exist functions @y, @, ¥y, ¥ € S(R") with supports in —K
with Ly = Ly = 00 and

f=D Wxdxf holdsforall f €S (82).
k=0

(ii) The map &, : §'(2) — S'(R") defined with the functions from (i) by

fHZWk*(‘Dk*f)Q

k=0

yields a linear bounded extension operator from Ap() 4()(82) to Ay q¢)(R")
Sfor all admissible exponents p(-), q(-) and (w;) jen, € WS

Qajp,ap”
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The proof of this theorem can be copied word by word from the proof of
[14, Theorem 4.1]. The crucial part there is to construct the needed functions
&y, D, ¥, ¥ e S(R") with supports in K = {(x',x,) € R" : |x| < A 'x,}
with Ly = Le = oo which consists in a modification of Stein’s function [16,
Sect. 6.3]. Finally, with that functions satisfying Calderon’s reproducing formula
one has to revisit the proof of Theorem 1. Actually, there is only one difficulty
to overcome: we estimated in (17) by using the compact support of the functions
Dy, @, ¥, ¥ € S(R"). Since we do not have any compact support of these func-
tions anymore we have to use [3, Lemma 2.1] and the same estimate (17) can be
achieved.
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The Boundedness of Sublinear Operators
in Weighted Morrey Spaces Defined on
Spaces of Homogeneous Type

Vakhtang Kokilashvili and Alexander Meskhi

Abstract The boundedness of sublinear integral operators in weighted Morrey
spaces defined on spaces of homogeneous type is established under the Mucken-
houpt conditions on weights. These operators involve Hardy-Littlewood and frac-
tional maximal operators, Calderén-Zygmund operators, potential operators, etc. The
boundedness problem for commutators of sublinear operators is also studied. Appli-
cations to estimates for hypoelliptic operators in weighted Morrey spaces defined on
nilpotent Lie groups are also given.

Keywords Sublinear operators - Weighted Morrey spaces - Spaces of homogeneous
type - Weighted inequality - Singular integrals - Fractional integrals - Homogeneous
groups * Hypoelliptic operators

1 Preliminaries

In the paper we establish the boundedness of sublinear integral operators and their
commutators in weighted Morrey spaces defined with respect to the Muckenhoupt
weights. The function spaces under consideration are defined on quasi—metric mea-
sure spaces with doubling measure (spaces of homogeneous type, briefly, SHT).
Generally speaking, sublinear operators involve many interesting operators of Har-
monic Analysis such as the Hardy-Littlewood maximal and Calderén-Zygmund oper-
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ators, C. Fefferman singular multipliers, R. Fefferman singular integrals, Ricci-Stein
oscillatory singular integrals, fractional integrals, the Bochner-Riesz means, etc. Sim-
ilar problems for Euclidean spaces were studied in [21] (see also [16] for the diago-
nal case). The boundedness of some operators in Morrey spaces with Muckenhoupt
weights via extrapolation techniques was established in [20].

Finally we give applications of some of the derived results to estimates for hypoel-
liptic operators in weighted Morrey spaces defined on homogeneous groups.

Morrey spaces LP* defined on Euclidean spaces were introduced in 1938 by C.
Morrey [14] in connection with regularity of solutions to partial differential equations,
and provided a useful tool in the regularity theory of PDEs. In [18] an overview of
various generalizations of Morrey spaces can be found. The boundedness of integral
operators of Harmonic Analysis in weighted Morrey spaces defined on Euclidean
spaces first was studied in [11].

Let (X, d, n) be a quasi-metric measure space (briefly, QMMS) with a quasi-
metric d and measure ;. A quasi-metric d is a functiond : X x X — [0, co) which
satisfies the following conditions:

(@)d(x,y) =0ifand only if x = y.

(b) There is a constant ap > 0 such that d(x, y) < aopd(y, x) forall x, y € X.

(c) There is a constant a; > 0 such that d(x, y) < a;(d(x,z) + d(z, y)) for all
x,y,z€X.

If u satisfies the doubling condition, i.e., if there is a positive constant b such that
forallx € X andr > 0,

uB(x,2r) <buB(x,r),

then QMMS (X, d, p) is called a space of homogeneous type (SHT).

It is known (see [12]) that for any quasi-metric space (X, d) there is a continuous
quasi-metric p on X which is equivalent to d such that all balls corresponding to p
are open in the topology induced by p, and there exist constants C and 6 € (0, 1)
such that for all x, y, z € X,

1p(x, 2) = p(y, D] < Cp e, ) (p(x, 2) + p(y. ) .

Without loss of generality we assume that d is continuous and all balls are open with
respect to d.

For the definition, examples and some properties of an SH T see, e.g., monographs
[4, 5, 22].

Let ¢ := diam(X) = sup, ,.x d(x, y). Notice that the condition £ < oo implies
that u(X) < oo. )

Definition 1 The triple (X, d, p) is called an RD-space if it is an SHT and p
satisfies the reverse doubling condition: there exist constants @, b > 1 such that for
allx e Xand 0 <r < {/a,

bu(B(x,r)) < uB(x,ar).
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Remark 1 (i) It is known that (X, d, ) is an RD-space if and only if itis an SHT

and there is a constant ¢ such that forallx € X and 0 < r < %,

B(x,cr)\B(x,r) #0, xe€X,

(for the proof we refer to see, e.g., [22], p. 11, Lemma 20, [8], Remark 1.2).

Throughout the paper we assume that (X, d, ) is an R D-space.

Let w; and w, be weight functions on X, i.e. a. e. positive and locally integrable
functions on X. The weighted Morrey space Mﬁiwa(X), 1<p<o00,0<A<l,is
defined as follows:

A — .
MO = {11 f g < 00

where 1
»

1
g0 = 520 | B/ £ OO 1w ()dpa(x)

Here B denotes a ball in X.

If w, = w, := w, then we denote Mﬁfwz(X) by Mﬁ‘A(X).

For a weight function w on X we denote by LX), 1 < p < 0o, the weak
weighted Lebesgue space which is defined with respect to the quasi-norm:

1/p
1l = swpa(w(ts € X : 1/ @) > o) < oo

We say that a weight function w belongs to the Muckenhoupt class A, (X), 1 <
r < oo, if

r—1
i, +=sup (/ﬁ /B w(X)du(X)) (ﬁ /B wl-’/mdu(x)) <,

where the supremum is taken over all balls B C X.
Further, w € A (X) if there is a positive constant C such that for all balls B C X,

1 / .
— [ wx)du(x) < C essinfpw(x).
w(B) ]

Itis easy to check that the condition w € A, (X) implies that the measure dv(x) =
w(x)dp(x) satisfies the doubling condition.
Notation:
£ denotes the diameter of the X set.
Bx,r)y:={yeX:dx,y) <r}.
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By c and C we denote various absolute positive constants, which may have different
values even in the same line.
p’ stands for the conjugate exponent 1/p + 1/p’ = 1.
By the symbol D(X) is denoted the class of bounded functions on X with compact
supports.
We denote aB := B(x, ar) for aball B := B(x, r) and constant a, k € Z.
a = aj (aj (ap + 1) + 1) with the quasi-metric constants ay and a;.
By (xg, 1) = {x € X :d(xp,x) < Ekr}.
Ap(xo, 1) := By(xg, r)\Br—1(x0, 1), k € Z, where x; is a point in X and @ is the
constant defined above.
Fl?r a ball B with radius » we denote by By the ball with the same center and radius
ar.
We denote by fp average of a function f: fp := ﬁ f Fx)dp(x).

B

Under the symbol f3 ,, we mean the average of f with respect to a weight function
w fow = g J FEwE)dpx);
B

For a weight p on X and a y-measurable set E, we denote p(E) := [ p(x)dju(x).
E

If u(X) < oo, we will assume that m is integer depending on » > 0 such that the
number d,, := sup,y d(xo, x) belongs to the interval [a™r, am ey if w(X) = oo,
then we will suppose that my = oo.

2 Diagonal Case

We will assume that a sublinear operator 7 defined on a class of measurable functions
f : X — R satisfies the condition: there is a positive constant ¢, such that for all
f € L'(X) with compact support and x ¢ supp f,

O
Tf(0)] < <o X/ (). (1)

In this case we write that T satisfies condition S(X).

We will also suppose that together with condition (1) the boundedness of 7" holds
in appropriate weighted Lebesgue space.

We say that a sublinear operator 7 satisfies the condition B, (X), 1 < r < oo, if
there is a positive constant C independent of f such that for every weight function
w e A (X),

ITfllLyx) < cllflle,x).  f € DX). 2

Further, a sublinear operator T satisfies B(X) if there is a positive constant C
independent of f such that for every weight function w € A;(X),

ITfll e < cllflleyeo.  f € DX).
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For example, conditions (1) and (2) (I < r < oo) are satisfied for the Hardy-
Littlewood maximal function

Mf(x) = sup :

du(y),
sup u(B)B/'f(y)' 1)

where the supremum is taken over all balls in X containing x, and singular integral
operators

Kf(x) = p-v-/k(x,y)f(y)du(y),

X

where k is the Calderon-Zygmund kernel (see also e.g., [5] Ch. 8 for the definition
of k): k : X x X\{(x,x) : x € X} - R is a measurable function satisfying the
conditions:

: c .

E}})IK(x,y)I S Badayy S YEX, x#Fy;

il

d(x, x1) 1
|K (x1, y)—K(x2, Y)[+IK(y, x1)—K(y, x2)] SCw( )

d(x2,y) ) pB(x2,d(x2,y))

for all xy, x, and y with d (x,, y) > Cd(xy, x3), where w is a positive non-decreasing
function on (0, oo) which satisfies the A, condition w(2¢) < cw(t) (¢ > 0) and the
Dini condition fol w(t)/t dt < oo. It is also assumed that k is such that K f exists
almost everywhere on X in the principal value sense for all f € L?(X) and that K
is bounded in L?(X).

Theorem1 Let1 < p < 00,0 < XA < 1, w € A,(X). Suppose that sublinear
operator T satisfies the conditions S(X) and B,(X). Then there is a positive constant
¢ such that the following inequality is true:

”Tf”M‘f)‘(X) = C”f”M‘f;A(X)v f € D(X) (3)

Further, if 0 < XA < 1, w € A|(X), the conditions S(X) and B(X) are satisfied
for a sublinear operator T, Then there is a positive constant ¢ such that for all
f € D(X), a > 0and balls B,

w(lr € BT > a}) = =11l w(B) @)

Proof Let u(X) = oo. We prove the strong-type inequality (3). The proof of (4) is
similar.
Let us take a ball B := B(x, ) with sufficiently small . Represent the function

fas f=jfi+ fwhere fi = fxgp and f2 = f — fi1.
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Due to condition (2), and the doubling condition for the measure dv(x) =
w(x)dpu(x) we have for f and B,

1 »
(W/B|Tf1(x)|/’w(X)dﬂ(X)) < Cllf lyporx)
w

Further, observe that if x € B and y € Ay (xg, r), kK > 2, then
pBi(xo, r) < CuB(xo, d(xo,y)) < CuB(x,d(x,y))

with the constant C depending on the quasi-metric constants for d. Consequently,
by condition (1) we have that

»

oL / TR w@dpE)

P

1 (o]
= wB/p / T gXAk(xU,m)(x)l”w(x)du(x)

! 1
S( (B))A/p( (/ |T(fXAk(xor))(x)|pw(x)du(x))
=2

<c Z (CBrCxo. D™ IF L (ar oy

(w(B)) P p

1 > B v
< CW ; (u(By(xo, 1))~ (/A Iflpwdﬂ)

1

X (/ w' =" (x)du(x))p,
A (xo,7)

i oo w(B(x(),I’)) );
< C P pA TR (v )
= Cllwliz, ool fll, 00; (w(Bk(XOsr))

k(x0.1)

b

1
< C”f”L{,);A(X) ”w”;‘,p(x)'

In the latter inequality we use the condition 0 < A < 1 and the fact that measure
dv(x) = w(x)dpu(x) satisfies the reverse doubling condition (it is doubling because
w e A,(X)).

If u(X) < oo, then we take a ball B := B(xo, r) with sufficiently small » and
use the same representation f = f; + fz In this case we take sums Zm°+ instead
of 272, and argue as in the case u(X) =
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3 Non-diagonal Case

Let 0 < a < 1. We say that a sublinear operator T, of fractional type satisfies the
condition S, (X) if there is a positive constant C such that for all functions f € L'(X)
with compact supports and all x ¢ supp f,

S
T f(x)] < C /M(B(x TR )

Like the diagonal case, we will also suppose that the sublinear operator T, is
bounded between appropriate weighted Lebesgue spaces.

Further, it can be checked easily that condition (5) is satisfied for fractional max-
imal function

M f(x) = sup ————

: (B), . / £ du(y),

and fractional integral operator

. f(y)
Lo f(x) = /X s dy) ©)

By the well-known one-weight characterization for fractional integrals (see [15]
for Euclidean spaces and e.g., [5], Chap. 6 for an SHT), the inequality

p

I(No OHwllzaxy < Cllfwlerxy, O<a<l1, 1<p<l/a, g= —ap’

where N, is I, or M, holds if and only if w € A, ,(X), i.e.

1 1 , arv
lwlla,, = sup (—/wq(x)du(x)) (—/w” (x)dp(x)) < Q.
B \uB J uB ,

It can be reformulated as follows: the inequality

INa(fu gy < CUF s

where N, is I, or M, holds if and only if u € A4, (X).
Further, let 0 < o < 1 and let 5 = 1 — a. Then N, is bounded from L! (X) to

L?°(X) if and only if

lwlla,, = sup (L/wq(x)du(x))(ess SUpg : ) <
. B \uB w(x)

B
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Definition2 Let0 < o < land 1 < r < 1/a. We set s = ——. We say that

1—ar"
a sublinear operator 7, satisfies the condition B, ,(X) if there exists a positive

constant C independent of f such that forevery weight w € A4/ (X) the inequality

1Ta(fw) Ny < Clfllyxy. f € D(X),

is fulfilled.

We say that a sublinear operator T, satisfies the condition Ea“(X )1l <r <
s < 0o, if it is bounded from L/, (X) to L}, (X) for every weight w € A, ,(X).
Further,let0 < o < 1l and let s = 1—1(1' An operator 7T, satisfies the condition

B..;(X) if is bounded from L' (X) to L3> (X).

Now we prove the next statement:

Theorem 2 Let 0 < o < land 1 < p < 1/a. We set ¢ = 12— Let sublinear
operator T, satisfy the conditions So(X) and By, ,(X). Suppose that 0 < A < 1

and that w € Ai4q/p(X). Then there is a constant ¢ > 0 such that for all f €
MG (X),
“Ta (fwa)”MzA(x) = C”f”M‘{’,’AI’/‘I(X)a f € D(X)

Proof We begin as in the proof of Theorem 1. We assume that ;1(X) = oo. The case
1(X) < oo follows as in the proof of that theorem.

Using the representation f = f; + f> with the same f; and f, as in the proof of
Theorem 1, we see that

1

1 L
—/\/q(/|Ta(fw&)(x)|qw(x),u(x))

(w(B)) J
1 / 7
< — | To (frw™) () 7w (x) pu( ))
@umY”(B o) eofwCont

1

1 q
+ — T ( “)()q()())-
QMmY”(Zl St fwnt
By the assumption,

ITo(fwHLexy < Clf -

Consequently, by using the doubling condition for the measure dv(x) = wd p(x)
we find that
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1

W (/ |T(y(f1 wa)(X)|qw(x)du(x))

<C

- » J »
(w(EB))A/q (/aB )P wi) u(x))

= C||f||M£~)‘I’/‘I(X)-

Further, we have

1

=— | To (fw® L)) () Tw () d ))q
(w(B))/\/q(/B Sfw kZ:;XA( DO w(x)d pu(x

1 0 .
= @) 2, (/ Tl wﬂxm,,))(xmw(x)dw)

[ee]

1 a—1 !
(w(B) Z( (B (xo, ”)) Ifw L Aw o
1 > o
() VT > (u(Bi(xo, 1)) ( /A

(w(B)

(/ w"”/"(x)du(x))p/
Ak (xo,7)
(w(B(xo, 1)) \ ¢ 4
¢ ”wiiw (X) Z (m) 17 gz

< C||w ||Z‘Hq/p,(x) ” f ”MSAAI:/I/(X).

IA

C

|

=C Ifl”wdu)

k(x0,1)

X

IA

In the latter inequality the condition 0 < A < 1 and the fact that the measure
dv(x) = w(x)du(x) is doubling (consequently it satisfies the reverse doubling
condition) are used.

Theorem 3 Let0 < o < land 1 < p < 1/a. We set ¢ = 5 L
0 < X < landthatw € A, ,(X). Let a sublinear operator T, satisfy the conditions
So(X) and B, 4(X). Then there is a positive constant ¢ such that

ITf e o0 = €l sy f € DOX). @

Further, if0 < a < l and g = 1 —, then there is a positive constant C such that
forall f € D(X), balls B C X and > 0, the inequality
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1/ C
wi({x € BT 01> a) = < Iy, o0 (0 (B) ®)

provided that w € Ay 4(X) and conditions S,(X) and B, 4(X) are satisfied for T,,.

Proof Strong-type inequality (7) is a consequence of Theorem 2 and the fact that
w € Ay (X) if and only if w'/? € A, ,(X). Weak type inequality (8) can be
obtained by repeating the arguments of the proof of Theorems 1 and 2. In this case
condition B, 4(X) is used instead of B, , ,(X).

Corollary 1 Let o, A, p, g and w satisfy the conditions of Theorem 3. Then estimate
(7) (resp. (8)) holds for the operator N,, where N, is either fractional integral
operator 1, or fractional maximal operator M.

4 Commutators

The space of functions of bounded mean oscillation, denoted by BMO(X, p), is the
set of all real-valued locally integrable functions such that

Il fllsMO(x. ) = [f(¥) = fBa.nldu(y) < oo, (9)

p —
xeX,0<r<t LB(X,7) JBer

where fp(. ) is the integral average over the ball B(x, r). BMO(X, 1) is a Banach
space with respect to the norm || - [[smo(x,) When we regard the space BMO as the
class of equivalent functions modulo additive constants.

Remark 2 In this remark, we give equivalent norms for functions in the space
BMO(X, 1), namely
(i) we can define an equivalent norm in BMO(X, u) as

1
I fllBMocx.y ~ sup  inf ——— [ f () —cldu(y), (10)
o xeX,0<r<t c€R uB(x,r) B(x,r)

(ii) the John-Nirenberg inequality (see e.g., [1]) gives us another equivalent norm
for BMO(X, u)-functions given by

1

1F () — fB(x,r)|pd,u()’)) Toan

Il fllemocx, ) ~  sup (—
g xeX,0<r<t /,[,B(x, r) B(x,r)

valid for 1 < p < oo, where fp stands for the integral average.

We denote by A (X) the class of weights w satisfying the condition: there are
positive constants C and ¢ such that for every ball B and measurable subset E C B
the inequality
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w(E) < C(LL(E))5 (12)
w(B) 1(B)

holds. The infimum of C for which (12) holds is denoted by ||w||eo-
Let U be an operator and b alocally integrable function. We define the commutator
Upf as

Upf =bU(f) = U(bS).

Commutators are very useful when studying problems related with regularity of
solutions of elliptic partial differential equations of the second order (see [3]).

For the sublinear operators 7" and 7, we will have the following assumptions on
their commutators 73 and 7, ;, respectively:

b —b
ool < e [ PR PO, o0 amp e a3)
X

pB(x, d(x, y))

Ib(x) — b )]
(uB(x,d(x, y))'

Tan f O] < C / du(y), x¢suwpp f. (14

X

The following statements are well-known (see [17] and [2] respectively):

Theorem A Let 1 < p < 0o, w € A,(X). If b € BMO(X, ), then the following
inequality holds with the positive constant independent of f € D(X):

Kb fllexy < Clibllsmocx, ool f s

where K is the Calderon-Zygmund operator on X.

Theorem B Let 1 < p < 00,0 < @ < 1/p. We set g = 171;( . Suppose that

w e A, (X). If b € BMO(X, 1), then the following inequality holds with the
positive constant independent of f:

lwlap fllzex)y < Clibllsmocx,wllwf L x)s

where 1, is the potential operator on X.
In fact, the latter results deal with the commutators of the type:

Sy fHx) = / FB(x) = b(y)"k(x, y)du(y),

R”

for appropriate kernel.
Now we formulate the main results of this section.

Theorem4 Let1 < p < 00,0 < A < 1, w e Ay(X), b € BMO(X, p). Let a
sublinear operator Ty, satisfy the conditions (13) and B, (X). Then there is a positive
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constant c independent of f such that
1T f gy < I gy £ € DX

Theorem 5 Let 1 < p < c0cand 0 < a < 1/p. We set q = 17[;,;' Let b €
BMO(X, 1), 0 < A < 1 and let w € Ai4q/p(X). Suppose that T, satisfies
conditions (14) and B, p 4(X). Then there is a positive constant c such that the

following inequality is true:

”Ta,b(fwn')”M:jyvA(X) = C||f||M£'A(X)’ f € D(X)

Theorem 6 Let1 < p <ocoand0 <o < 1/p. Wesetq = ~L—. Let0 < X < 1

l—ap*

and let b € BMO(X, ). Suppose that w € A, 4(X). Let T, , satisfy conditions (14)
and Ea, p,.q(X). Then the following inequality holds:

ITap iy ey = ClblBMocx. ool fllyrea x)s € DX)

with the positive constant C independent of f.
To prove the main results of this paper we need some auxiliary statements:

Lemmal [/]Let]l < p < oo. There exist positive constants C1 and C, independent
of band B C X such that

1 1/p
CilIbliBMox. ) < (m/ |b(x) —bB|”d,u(x)) < GolibliBmocx. - (15)
B

Remark 3 If p < 1, the second inequality of (15) still holds, because of Holder’s
inequality.

Lemma 2 Let w € A (X). Suppose that b € BMO(X, ). Then there are positive
constants C| and C, such that for all balls B C X, the following inequalities hold:

@
1
m/ |b(x) — bglw(x)du(x) < Cy; (16)
B
(ii)

1
w(B) / [b(x) — bp wlwx)du(x) < C. a7
B

Proof For (16) we refer e.g., [7] and [13]. Inequality (17) follows easily from (16)
by the following simple observation:
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/ [b(x) = bpwlwx)dpu(x) < / |b(x) — bplw(x)du(x) + w(B)|bp,, — bp]

> / G — bilw()dp().

B

The next lemma in Euclidean spaces is given in [10] (see P. 121).

Lemma 3 The following inequality holds for all b € BMO(X, p):
|bg, — bp| < kA|DbllBMO(X, 1)

where A := D'°29F1 D is the doubling constant.

Proof

1
|bg, — bp| = m‘ B/ (b(y) — bp,)du(y)

IA

A
m/ |b(y) — b, |[dp(y) < Allbllmocx. -

Further, taking this argument into account and by adding and subtracting the terms
bg,, bg,, etc. bp, , we get the desired result.

The next statement for Euclidean spaces was proved in [21].

Lemmad4 Let1l < p <ooand 0 < A < 1. Suppose that w € A. Then there is
a positive constant C such that for all f € M,ﬁ"\(X), all balls B := B(xg,r) the
inequality

o, -
(X\/ M(B(XO,d(xo,y))|bB"” b(y)ldu(y)) w(B)' ™ < C”f”M”(x)
Proof Applying Holder’s inequality we have
1/ O)l ),, o
——————|bp.w — b(y)|d B
(/ u(xo,d(xo,y))l B, WMldp(y) ) w(B)
X\aB
£ )] oo
b, —b(y)|d B
(Z/ u(B(xo,d(xO,y))| s = b)) N(Y)) w(B)
- p
“\ 2" Gam bgow — b(y)ld By~
B (; u(B(xo,akr))A/ 7.0 = b)) /‘(”) w(B)
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S 1/p
Pw(y)d
(z (B(xo,_k ))(/ Lf D1 w(y) u(y))

k=1

) ) /p'\ p
x( / |bB,w—b<y)|Pw(y>1Pdu(y)) )w(B)”

B(x.@"r))
o0

w(Bip)V?
< C||f||MpA(X)(Zm

k=1

) ) 1/p'\ p
x( / |bB,w—b(y)V’w(y)“"du(y)) )w(B)‘—A.

B(xo,a"r)

Further, it is easy to see that by adding and subtracting by, - we find that

) ) 1/p'
/ Ibaw — O w(y)' du(y))

B(xo.a"r)

1/p
= ( / |ka+1,w1*F' - b(y)|p wlip d#()’))

Byt

F by, v — bl (W7 Be) " =1 + b
By the fact that w7 € Ao (X) and Lemmas 1, 2 we find that
I < C||b||BM0(x,u)(x,w1*ﬂ’>(wlip/(BkH))l/p, = C(wlip,(BkH))l/p/'
Now Lemma 3 yields that
1bp,., . w-» —bewl <1bg, wi-v —bp, |+ 10, — bpl+|bp — bpul

1 1—p/
< w7 (B / 1b(y) = bp,. [w ™" (Mdp(y) + Atk + DlIbllBmocx.

By

(B)/|b()’) bplw(y)du(y) := I + I + Ds.

Observe that Lemma 2 yields that
L <C

and
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L <C.

In the latter inequality the fact that w'~?" € A »(X) is used. Consequently,
L < CAGKk+1) + 2w 7 (Biy)7.
Summarizing these inequalities we find that

— w(Bi )P ( / » l_p, )1/p’)p .
Ww(Ber)” o )
(ZM(B(XO,Ekr)) b0 — bW w(y) ™" dp(y) w(B)

k=t B(x0.a*r))

- C(Z (k + 1)w(B)<‘W")” <c

pan W (Byg)1-V/P

Proof of Theorem 4. Using the representation f = f| + f», where fi = fxas,
fo» = f — fi,and B := B(x, r), we have

/Ibe(X)I”w(X)du(X)
B
< C(/ 1Ty f1 ()P w(x)d pu(x) +/ Ibez(X)I”w(X)du(X)) =5+ D.
B B
By the hypothesis 7}, is bounded in L% (X). Therefore,

M (X)

I = C/ |f ) Pw)dpx) < CILFIY w(B)*.
aB

To estimate I first we observe thatif x € B and y ¢ aB, then

(B(xo, d(xo, y)) = C(B(x,d(x, y))

with a positive constant C independent of x, xo, y. Consequently, by condition (13)
we get

| 2O)1b(x) — b(y)]
M(B(x,d(x, y))

[f DI )p
¢ B dom b(x) — bg o|”
- ( / w(B(xo, d(x0,y)) n(y) ) 16(x) = bp.ul

p
T, f2(x)]7 < C( du(y))
X

X\aB

_ P
+C( / LfDIb(y) bB,w|du(y)) .
X\aB

(B (xo, d(xo, y))
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Hence,
£ ) » )
b= C( / md“(”) ( / Ib(x)—bg,w|fw(x)du<x))
X\aB B
£ W) b
+C(X\/B mlb(y>—bs,w|du(y)) w(B) i= Iy + In.

Observe that Lemma 4 yields that

Iy = CIf Iy w(B)™.

Further, observe that the condition w € A,(X) and Lemmas 1, 2 imply that

/Ib(x) — bpw|"wx)dp(x) = Cw(B)
B

with the positive constant C independent of B.
Consequently, this estimate together with the reverse doubling condition for the
measure dv(x) = w(x)dpu(x) yields that

> 1

p
- — p
Iy sc(§ B, / If(y)ldu(y)) E/ () — byl w (D))

k=1

o]

1 1 1/p
C p d B A p
= (zﬂ(BHl)(w(BkH)’\B/ IFOIPw) M(y)) w(Bit1)

k=1

) 1/p'\ p
X (/ w!™? dp(y)) ) /|b(x)_bB,w|Pw(x)d,u(x)
B

Bt
< Cllwlla,o0ll £17,.,,
> 1/p -1/p r
:L"(B/H-l) ( 1 / ) Y.
X w(y)dp(y) w(Biy)™?
(; pB) - \uBen J T !
k+1

x / 1Cx) — b Pw(¥)dja(x)
B

x (BY1=N/p\ P
<clsI (ZL) w(B)"

M 00\ & w (B -N/p

p A
< CUFIL s (B
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Summarizing these estimates we get

A
L= ClIFI, o wB)
which completes the proof of the theorem.
Proof of Theorem 5 is similar to that of Theorem 4; therefore we omit the proof.
Theorem 6 is a consequence of Theorem 5. Details are omitted (see also the comment
after Theorem 3).

5 Applications to Estimates for Hypoelliptic Operators

A homogeneous Lie group is a connected Lie group G endowed with a family of
automorphisms { D, };~¢ such that its Lie algebra g is homogeneous under §; = (D).
Let G be a homogeneous group with homogeneous dimension Q, the quasi-norm
x — r(x) and Haar measure dt = dx. Itis known that G is a space of homogeneous
type with the quasi-metric d(x, y) := r(xy~') and doubling measure dx (we refer
to e.g., [6] for definitions and properties of homogeneous groups). Heisenberg group
is one of the interesting examples of homogeneous group.

For a fixed basis (ey, ..., ¢,) in g. Denote by X; the left-invariant vector field
such that (X;)o = 0,,. If @ = (ay, ..., ) € N*, we set X* = X" ... X" By
Poincaré-Birkhoff-Witt theorem (see, e.g., [19], Theorem 4.1) if L is a left-invariant
differential operator on G, then L can be written in one and only one way as

L= Z ca X

lal<m

Let G be a homogeneous group. We say that a left-invariant differential operator
L is homogeneous of order p if L(f o d,) =t *(Lf) o ¢;. Poincaré-Birkhoff-Witt
theorem implies that a left-invariant differential operator L is homogeneous of order
wifandonlyif L = >, ,\_, caX®.

Let L be a linear differential operator with smooth coefficients on an open set U.
Denote by ' L, the transpose of L, the operator such that

/Lf(x)w(X)dx =/f(X)’L(X)dx,
U

U

for every test functions f, .
By the definition, L is hypoelliptic operator if U an open set in G and u is a
distribution on U such that Lu € C*°(U), then it follows that u € C*°(U) (see [9])
The following statements are known (for the proof see e.g., [19]):

Theorem C Let L be a left-invariant differential operator on G, homogeneous of
order i < Q. Assume that L and 'L are hypoelliptic. Then L has a global funda-
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mental solution, which is smooth away from the origin and homogeneous of order
— QO + p. This solution is a unique homogeneous fundamental solution.

Theorem D Let 0 < o < Q, K, be a distribution homogeneous of degree —Q +
a and continuous away from the origin. Then K, is a locally integrable function

satisfying

|Ko(x)] < T)e=a

for some C > 0.

Definition 3 We say that a weight function w on G satisfies the condition A, ,(G),
l<p<gqg<oo,if

1 1/q ) 1/p'
sup (—/wq(x)dx) (/w"’ (x)dx) < 0.
B \I|B| J ,

The main statements of this section read as follows:

Theorem 7 Let L be a left-invariant differential operator of order u, i < Q. Sup-
pose that both L and 'L are hypoelliptic operators. Let X1, --- , X,, be basis of g
consisting of homogeneous vector fields. Let X® = X*' - - - X% be homogeneous of
orderd(a), where 0 < d(a) < p. Further, let p—d(a) < %andletq = %.

Suppose thatw € A, 4. If f € D'(G), with compact support, then Lf € Mﬁ}ff){,q (G)

implies that X f € M) (G).

w9, w9

Theorem 8 LetL = ; X j be a homogeneous sub-Laplacian on a stratified group
G. Let conditions of Theorem 7 be satisfied corresponding to . = 2 and d(«) = 0, 1.
Then the inequality

X A < CJL Ap/d
I f”M;{‘qw(G) <Cl f”LZvF,]u/:‘II(G)

holds.

Proof of Theorem 7. Let K, be a homogeneous fundamental solution of L. By
Theorem C, K, exists, is unique and is homogeneous of order  — Q. Consequently,
X“K, is homogeneous of degree —Q + 11 — d(«) and is smooth away from the
origin. By Theorem D and Theorem 3 we have that (Lf) % (X“K,) € M Z}f}wq (G) if

Lf € MP;P/%(G). Taking ¢ = f — (Lf) * K.. Then since Lt = 0 we have that

1 € C*(G). Hence X f = X9 + (Lf) * (X“K,) belongs to MZ)L,A!wq(G).
Proof of Theorem 8. Since L is a sub-Laplacian, then (see e.g., [19]) we have
that f = (Lf) * K,, where K, is a fundamental solution of L. Hence, X f =

(Lf) % (X*K,) which implies the desired result by Theorem 3.
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Essentially Algebraic Composition Operators
on Lorentz Sequence Spaces with a Weight

Romesh Kumar, Ajay K. Sharma, Sumit Dubey and Shagoon Wasir

Abstract In this paper, we characterize the essentially algebraic composition oper-
ators on Lorentz sequence spaces with a weight. The techniques used in the proofs of
the results of this paper are essentially the same as in the work of Bottcher and Heidler
(Integr Eqn Oper Theory 15:389-411, 1992 [2], St. Petersburg Math J 5:1099-1119,
1994 [3]).

Keywords Composition operators -« Algebraic operators - Essentially algebraic
operators - Lorentz sequence spaces

1 Introduction

Let X = (X, X, u) be a o-finite complete measure space and let 7 : X — X be a
measurable transformation, that is, T~!(A) € ¥ forany A € X.If poT~'(A) =0
for each A € ¥ with u(A) = 0, then T is said to be non-singular.

Any non-singular measurable transformation T induces a linear operator C7 from
LY(X) into itself defined by

(Crf)@0) = foT(t) = f(T(1), teX, felLX),

where L°(X) denotes the linear space of all equivalence classes of X-measurable
functions on X. Here we identify any two functions that are equal p-almost every-
where on X.

Let M be the class of all functions f in L°(X) that are finite y-almost everywhere
on X. For f € My, we define the distribution function yi ¢ of f on (0, co) by

) = ulfx € X 1 [f ()] > A}
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and the decreasing rearrangement f* of f on (0, co) by

ff@) =inf{A > 0:p,N\) <r}
=sup{A > 0: pur(N) > t}.

The Lorentz space L?-4(u) is the set of all classes of X'-measurable functions f on
X such that the functional || f]|,, < 0o, where

© . dr )
(f @Pfr@)?—)"1 | ifl <p<oo,1<qg<oo
”f”pq: t

0
suptl/”f*(t) , ifl < p<o00,qg=o00.
t>0

Take X = N, ¥ = 2" and p({n}) = 1. Then the Lorentz sequence space £”¢ is the
set of all sequences a = {a,} € ¢, such that the functional ||a]|,, < oo, where

[o¢]
Q- m"Papin™HV | if1 < p <o0,1<q < oo
||a||pq = n=1
supn'/Pa*

SN ifl < p<o0,g=o00.
n>1

If we take X = N, ¥ = 2N and N — (0, co) is the weight function, then the
corresponding Lorentz sequence space with weight 1 is denoted by £/ and

o0
(Z(nl/Pa:u(n))q)l/q ,ifl<p<oo,1<g <o
||a||pq,u = n=1
supnl/”a:u(n) , if ] < p <o00,g=o00.

n>1

Note that the Lorentz spaces are quasi-normed linear spaces and the functional [|.|| ,4
isanormifandonlyifl <g < p <ocoor p =¢q = oo.
For any X-measurable set A of finite measure, we have

|| || _ (p/q)l/q(N(A))l/p . if1<p<oo,1§q<oo
Xallos = (uean v if1 < p < o0.q = oc.

For details about Lorentz space one can refer to [1, 4] and references therein.

Theorem 1 (Cf[[8], Theorem 2.3]). Let T : X — X be a non-singular measurable
transformation. Then T induces a bounded composition operator Cy on LP4 (1), 1 <
p < 00,1 < g < oo ifand only if there exists some constant M > 0 such that

poT ' (A) < Mu(A),
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foreach A € X. Moreover,

oT~1(A)
ICrll = sup (B
AeZ 0<p(A)<co  J(A)

For Orlicz spaces see [7, 10, 11] and for composition operators on Orlicz spaces one
canrefer to [5, 6, 11] and references therein. The work of this paper is motivated by
the interesting work of Bottcher and Heidler [2, 3].

Definition 1 Let C[z] denote the ring of univariate polynomials with complex coef-
ficients. A polynomial f(z) = a,z" + a,_12" "' + -+ + a1z + ag € C[z] is said to
be monic if a, = 1.

Definition 2 An operator U on a Banach Space B is said to be algebraic if there
is a non zero polynomial p(z) such that p(U) = 0 and U will be called essentially
algebraic if there is a non zero polynomial q(z) such that q(U) is compact.

Definition 3 The monic polynomial p(z) of the least degree such that p(U) is zero
is called the chracterstic polynomial of U.

Definition 4 The monic polynomials q(z) of the least degree such that q(U) is com-
pact is called the essentially chracterstic polynomial of U.

Let p, and g, represent the chracterstic and essentially chracterstic polynomials
associated with the linear operator U. Also for a polynomial p(z) € C[z], (p(z))
denotes the two sided ideal p(z)Clz].

Let B(X) be the collection of all bounded operators on a Banach space X and
KC(X) be the collection of all compact operators on X. B(X) is a Banach algebra
under the operator norm and /C(X) is a two sided ideal in B(X). Let 7 : B(X) —
B(X)/K(X) be the natural map of 5(X) onto the Calkin algebra B(X)/K(X). Let
alg(U) = {p(U) : p(z) € Clzl} and algn(U) = {p(7(U)) : p(z) € Clzl}. In case
alg(U) is finite dimensional, the alg(U ) is isomorphic to C[z]/(p,(z)) and is closed
subalgebra of B(X).Incasealgm(U) is finite dimensional, the al g7 (U') is isomorphic
to C[z]/(q.(z)) and is closed subalgebra of B(X)/K(X).The essential characteristic
polynomial of U is actually the characteristic polynomial of the Calkin image 7(U)
of U in the Calkin algebra B(X)/K(X). See [2, 3] for more details about the above
definitions and notations.

Algebraic and essentially algebraic composition operators on £7, 1 < p <00
are studied by Bottcher and Heidler [3] and these results were extended to Orlicz
spaces by Kumar and Kumar [9].
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2 Essentially Algebraic Composition Operators

In this section we study essentially algebraic composition operators. The set {n, T'(n),
T2(n), ...} is called the orbit of n. If the orbit of n € N is a finite set, then we define
the enter length entr(n) and the cycle length cycy (n) of the point n as

entr(n) = min{k e NU{0} : T*(n) = T**"™(n) for some m > 1}

and
cyer(n) = min{k € NU {0} : Threntr® )y = pentr® )},

If the orbit is infinite, then we take entr (n) = cycr(n) = oo.
The maximal enter length of the self map 7' : N — N is denoted by ent(T) and
defined by
ent(T) = sup entr(n)
neN

and the set of occuring periods or cycle lengths is
Per(T) = {k € N: N (T) # ¢},

where
Nu(T) ={n e N:enty(n) =0and cycr(n) =k}, (k>1).

In case |Ny(T)| = card(Ny(T)) = oo, we say that k is an essential period of T. The
set of all essential periods is denoted by Wper (T'). The set of all unessential periods
is defined as

Uper(T) = Per(T)\Wper(T)

and the set of all periodic points with unessential periods is the set
Ny(T) ={n € N:entr(n) = 0and cycr(n) € Uper(T)}.

The essential enter length Went(T) for the self-map 7 : N — N depends on decreas-
ing rearrangement ‘*’ and p. If the set

No(T) = {n € N: entr(n) > 1}

is finite, then we put Went(T) = 0. If Ny (7') is infinite, then we define Went(T) as the
minimal m € N such that the set

N*! =1{n € N:entr(n) > 1 and u(T~"(n)) > €}

m,e

is finite, for each € > 0.



Essentially Algebraic Composition Operators ... 217

In other words,
prm) o

neNy(T) u(n) ....(3.D

If there is no m € N such that the set Nf,{fé is finite, then we put Went(T) = oo
(Fig. 1).

Example 1 Let T : N — N be defined as:

_[x+lifx#5kkeN
T(x)_[x—3ifx=5k;keN'

Then entr(n) = 0 for alln € N\{Sk — 4 : k € N} and ent;y (5k —4) = 1 forall k €
N. Also cycy(n) =4 foralln € N.

Example 2 Let T : N — N be defined as:

2n if n is odd
T(x) = g ifniseven’

Then ent;r(2X2n — 1)) =k —1 and enty(2n —1) =0 for all n e N. Also
cycr(n) =2 foralln € N.

For details about the above discussions and definitions we refer to [2, 3] (Fig.2).
One can easily prove the following:-

Proposition 1 IfT : N — Nis any self-map such that Cr € L(¢5?) and Weni(T) =
m < oo, then

(T m)

neNo(1)  p(n) N

’

fork > m.

We shall denote the functional ||.[| 54, ,, Of end by ||.|| in the next part of the paper.

5k <+~—5k—1

| !

5k —4—5k —3 — 5k —2
Fig.1 (k e N)
2k —1) _, 2*1@2n—1) ..., 2@n—-1) ~—/— 2n—1

Fig.2 Forke N, n>1
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Lemma 1 Suppose that the set

Nu(T) = (n e N:entr(n) = 0 and cycr(n) > 1}

s>t

is infinite for some t € N. Let p(z) be a polynomial such that p(Cr) is compact. Then
degree (p(2)) > t.

Proof Consider a polynomial p(z) = p, + pi1z+ ... + pm_12" '+ 2™ and let
m < t. Suppose that the set N),;’s(T) is infinite. Then there are infinite number of
orbits of T each having length atleast t. Choose a point n; from each such orbit such
that

(T () < pu(T* (1)

for each £ > 0. So we obtain a sequence {n;} such that
(T () Y—h T (n)Yi—h = ¢, ifk # ¢

with cycr(ng) >t and p(ng) > p(T™(ny) for each k. For eachi € N, ;) € Eﬁ*"
and let .
(p/@) 1 (u(T™ (i)™ P X () (1),
ifl<p<oo, 1 <g<oo
NRIOES

(T (i) ™2 X 1 () (1),
ifl < p<oo0, g=o0.

for each n € N. Then ||X{7n || = 1 and

(/)Y )P D pixirm gy (T ().

j=0
ifl<p<oo,1<g<oo
PCTX(Tm (ny)} (1) =
m
(T )P " pixirm oy (T (),
j=0
if ]l < p <o0,qg=o00.
0 ifk £ ¢

=1 (p/@) (T ()P, ifk=10,1<p<oo,1<g<o0
((T™(n)) =7, ifk=4¢,1<p<o00,q=0c0.
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Note that p,, = 1.For 1 < p < 00,1 < g < oo and k # £, we have

oo

q
~ -~ 1
> [nl/p(P(CT)(X{T'”(nk)} —X{T'"(w)})(”))*“(n)] n

n=1

o) q
- - 1
> E |:nl/p|p(CT)(X{T”’(nk)} —nX{Tm(m)})(n)W(n):I -
n=1

1

1 ~

> (nk”’|p(cr>xm<nmu<nk|>)4n—
k

- 1

+ (né/p|p(CT)X{T”’(nk)}N(nZ)|)qn_

l
D._ p(ng) 1 p(ng) 1
= )Mo ) — 4 () ) —
q p(Tmm))'r” ny w(Tm(ne)VP” ny

z(nz/’fI +n21/p71) > 1 whenever ¢ > p.

v

This implies that || p(C1) (X(r7 ()} — X(T7@o})]| > 1, whenever g > p. Thus p(Cr)
can not be compact for g > p.

Similarly, for 1 < p < 0o, g = 0o and k # ¢, we can see that p(Cr) cannot be
compact.

Finally, we consider the case ¢ < p. In this case L”9 C L? and p|q > 1. For
1l <p<oo,1 <g<ooandk # ¢, we obtain

o0

2P Ky = Xirno) (1) ()0

n=1

o0
> Z [(P(Cr) (Xirm )y — X(T7(n0))) () | (1))
n=1

= [(P(Cr) X1 oy (i) | ()P + [(p(Cr) (X )y () 11(1))”

2yt Y @)
q p(Tm(ng)) — p(Tm(ng))

> (p/q)~ "M

= (q/p)""

>q/p.

This proves that p(Cr) can not be compact for g < p. |
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Lemma 2 Let the set
Ny(T) ={n € N :entr(n) = 0 and cycr(n) = s}

be infinite for some s € N. Further if p(z) is a polynomial such that p(Cr) is compact,
then z° — 1 divides p(z).

Proof Let p(z) = p, + p1z+ ... + p,z'. Then z* — 1 divides p(z) if and only if
Z pj=0 VvV £€{0,1,..,s—1}. We assume that z* — 1 does not divide

Jj+€=0(s)
p(z). Then there exists an integer £ and some ¢ > 0 such that

| Z pjl >c.

j+e=0(s)

Choose a sequence {ng}p2, from the infinite set Ny (T) such that cycy(n) =s,

() < p(Th(ng)) and {T7 (ne Yy N{T () }ig = ¢, k # L.
Take

oy = | P mi)) T g (), i1 < p <00, 1<g <00
{re} (M) ™ P Xy (), ifl <p<oo, g=o00

for each n € N. Then || X1l = 1 for each k.
Forl < p <00,1 <g <ooandk # £, we obtain
o0

> (P(Cr) Ry = X)) 2 "yl .

n=1

o0

q
- 1
> § (n”f’m(cn(x{nk}— m)(n)|’“‘( )) -

11
/p|(ZP1(X{m (T 1)) = Ty (T ey ) (m) L

j=0
> pixng (T )
,: |
= /" (p/) ™ () ™) P (T )

T 1
)77

(/" (/)™

\

L (et

v

> 1 whenever g > p.
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Thus, for 1 < p <ocoand 1 < g < oo, p(Cr) cannot be compact whenever g > p.
Asin the Lemma 1, we can see that p(Cr) can not be compact for g < p. Similarly,
forl < p <ooandg = oo, p(Cr) cannot be compact. |

Lemma 3 Suppose m = Went(T) > s and p(z) is a polynomial such that p(Cr) is
compact. Then z° divides p(z).

t
Proof Let p(2) = pn7™ + ... + p,zt = z pjzj be a polynomial with p,, # 0,
j=m
m < s. By Proposition 1, there is some ¢ > 0 such that the set

NUA(T) = (n € N enr ) = 1 and 270

m,c M(n) C}

is infinite. So, we can choose a sequence {n; )2, with the properties:

MT ")

c; ng#ny for k#4L, entr(m) > 1,
p(ne)

that is, ng % T/ (ny) for j > 1,nx = T/ (ny) ifk > €and j € {0, 1, ...,n — m}. As
in the Lemma 1, take

Co(n) = P/ ()P X (), i1 < p <00, 1 <g <00
i) () VP Xy (),  ifl <p<oo, g=00

and its norm is 1 in K;'jq for each k.
Now,

(/)1 (i)™ D" i (T (),

j=m
ifl<p<oo,l<g<oo

()7 " pi X (T7 (),

j=m
ifl < p<o0,g=0c0

P(Cr)Xny(n) =

0, ifneT ™y and £ <k
PP/ V()P ifne T™™(ny); 1 <p<oo, 1 <g<o0
P (i) ~17, ifneT™m); 1<p<oo, g=00
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Thus, for 1| < p <oo, 1 <g <ooand! < k, we obtain

Z(nl/p((P(Cr)(fé{nk} - ?{ng}))(n))*u(n))q%

- | Dl
n=1 R i(nl/”(l?(cr)(ff;nk}'— i{nf}))(n)m(n))q%
n=1 m
> Z (nl/p|(p(CT)(§|€;lk}|_ %{W}))(n)l,u(n))"%
neT—m(n, m
- Z( )(”l/p (p/q)l/ﬂf“f W))il/plpmm(n»q%
LS ]

(ume))VP " ny

\

s
p

¢ whenever g > p.

v

Thus, the set {p(Cr)X{n, : k € N} has no cluster point. So, for 1 < p < oo and
1 < g < o0, p(Cr)cannot be compact whenever ¢ > p. As in Lemma 1, one can
prove that p(Cr) cannot be compact for ¢ < p. Similarly, for 1 < p < oo and
q = 00, p(Cr) cannot be compact. |

Theorem 2 Let T : N — N be a self-map such that Cr € L(€}:4). Then the follow-
ing conditions are equivalent:

(i) dim(algm(Cr)) < o0;
(ii) Went(T) < oo, |Per(T)| < o0;
(iii) Went(T) < oo, |Wper(T)| < oo, |Ny(T)| < oo.

Further suppose that algm(Cy) is finite - dimensional Then
algm(Cr) = Clzl/(q(z)) for q(z) =z"Mien(z — )
where m = Went(T) and H = U G, Gr={\eC:X=1}.
keWper(T)
Proof Proof follows almost on similar lines as in [3]. |

Corollary 1 Let T : N — Nbe a self map. Then the following conditions are equiv-
alent :-

(i) Cr e K5,
(i) Cr € LUL?), algr(Cr) =Clzl/(2) = C;
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(iii) Cr € L(Zﬁ"’), |Per(T)| < oo, Wper(T) = ¢, Went(T) = 1,
uTm)

(iv) |Per(T)| < oo, Wper(T) = ¢, (T~ (n)) < oo andlim
neN u(n)

Corollary 2 If 1 is the counting measure, then every essentially composition
operator on £ is algebraic.

Proof Proof is on the similar lines as in [[3], Corollary 3.6] [ |

Example 3 The forward shift operator S on £7°9 is defined by

S(Z17 Z27 "') - (O’ Zl’ ZZ’ "')

Then for every non-zero element ’a’ in £7°9, we have ents(a) = cycs(a) = o0,
ent(S) = oo and for agp = (0,0, ..., ) in £79, we have ents(ag) = 0, cycs(ap) = 1.
Thus, Per(S) = {1}, Wper(S) = ¢, Uper(S) = {1} and Xy (S) = {ao}.
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Higher Dimensional Hardy-Type Inequalities

Santosh Kumari

Abstract We give necessary and sufficient conditions for certain multidimensional
Hardy inequalities over spherical cones. The inequalities involve adjoint Hardy oper-
ator. A mixed norm inequality has also been characterised.

Keywords Hardy operator - Adjoint Hardy operator - Mixed norm + Higher dimen-
sional inequalities

1 Introduction

Let Xy be the surface of the unit ball in RY, i.e., Xy = {x € R" : x| = 1}, where
|x| denotes the Euclidean norm of the vector x € R". Let By be a measurable subset
of ¥y and E C RN be a spherical cone, i.e.,

E={xeR"Y:x=50,0<s <00,0 € By}.
Let Sy, x € RY denote the part of E with radius < |x|, i.e.,

Sn, :{yeRN cy=s0,0<s <|x|,0 € By}
Further, we denote by aSy, a > 0, the part of E with radius < . Note that E =
Ua,-0aSy. For x € E \ {0}, we denote by |Sy,|, the volume of Sy, . The symbols

By, F,S M, |S M, | are defined similarly for an M-dimensional setting.
Consider a multidimensional Hardy operator Hy defined by

(Hg fH(x) = f()dy, x€E.
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In [10], Sinnamon studied the Hardy inequality

(/(HEf)q(X)wo(X)dX)q = C(/ f”(X)w(X)dX)p &)
E E

in terms of the standard one-dimensional inequality

( / M(ngx)wo(x)dx)q < C( / h gp(x>W(x>dx) " 2)
0 0

where H is the classical Hardy operator (Hf)(x) = fox f(®)dt, wy, w are weights
defined on E and W,, W are weights defined suitably on (0, 00).

Later this technique of studying Higher dimensional inequalities in terms of
one-dimensional inequalities was used in [3-5] for different operators, e.g., Hardy-
Steklov operator, Geometric mean operator etc. Using this technique, higher dimen-
sional compactness of Hardy operator and Hardy-Steklov operators were also
obtained in [4, 5].

In this paper, we shall give the same treatment to the adjoint of Hg given by

(HEF)(x) = / FO)dy.

\Sny

We shall show that the inequality (1) with Hg replaced by Hj, holds for all functions
f = 0if and only if the inequality (2) with H replaced by the adjoint of H, i.e.,

(H*9)(x) = / g(t)dt

holds for all functions g > 0. This result is proved in Sect. 2.
Next, consider the double sized multidimensional operator

(Her P = [ [ sindus
Sy Sw,
and its adjoint

(HE,Ff)(x,y)=/ / f(s, t)dtds .
E\Sy, J F\Sw,

In [3], the Hardy type inequality involving Hg r has been studied in terms of the
inequality involving the two dimensional operator

X y
(Hyg)(x, y) = / / o(s. Ddrds.
0 0
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In this paper, we study similar result for the operator Hj .. Finally, we consider a
mixed norm type inequality involving the operator H}; , and characterise it in terms
of another mixed norm inequality involving the adjoint operator H; given by

(Hz*g)(x,y)=/ / g(s, t)dtds.
x y

These results are proved in Sect. 3.

2 The Operator Hy,

We prove the following:

Theorem 1 Letl < p < 00,0 <gq < oo, E, Sy,, By be as defined above and w,
wq be weight functions on E. Then the inequality

(/ wo(X)(HEf)"(X)dX)q < C(/ w(x)f”(x)dX)ﬂ 3)
E E

holds for all f > 0 if and only if

1

( Wo<x><H*g)4<x>dx)q < c( / W(x)g%x)dx)" @)
0 0
holds for all g > 0 with
Wo(x0) = / wo(xox)xo™N 'dx’, X0 >0 (5)
By
I-p
W (x) = (/ wl_”,(xox’)on_ldx’) , xo > 0. (6)
By

Proof Suppose (4) holds. Fix a non-negative locally integrable function f : E — R
and define

9(xo) =/ f(xox")xo"dx!, xg > 0. (7
By

By making variable transformation x = xox’, where x € E, xo = |x| € (0, 00),x’ €
By and similarly s = sos’, we have
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(H ) (x) = / F(s)ds

E\SN,

o0
=/ f(sos")sd " ds'dso
X0 BN

o0
= / g(so)dso
Xo

= (H"g)(xo). ®)

Now, making variable transformation x = xox’, using (5), (8) and (4), we have

( /E wo(x)(HEf)q(x)dx)q=( /0 /B wo(xox’xH*g)q(xo)on“dx’dxo)q

= (/0 Wo(xo)(H*g)q(Xo)dXO)q

< C(/OQ W(xo)g”(xo)dxo)p.
0

Next, by using (7), applying Holder’s inequality for the inner integral and using (6),

we get
00 P 71,
(/ W (x0) ( f(xox’)xéVIdx/) dxo)
0 By
o0
C (/ W (x0) I fr (xox’)w(xox/)xév_ldx’]
0 By
X (/ wl”’(xox’)xév_ldx/) ' dxo) '
By
oo :
= C(/ / w(xox’)f”(xox/)x(l)v_]dx'dxo)
0o JBy

= C(/ w(x)fp(x)dx)p
E
and therefore (3) holds.

For the converse, assume that (3) holds. Fix a non-negative locally integrable
function g : (0, c0) — R and define f : E — R by

( / wo<x>(H;§f>q(x)dx)” <c
E

IA

fxox') = gxo) WP (xo)w' =7 (x0x), x0 >0, x’ € By.
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Note that
fxox)x) " ldx" = g(xo).
By

Therefore, as in the first part of the proof, we have

( / Wo<xo)(H*g>‘f<xo)dxo)" _ ( / wo<x><H§f>"(x>dx)".
0 E

Now, using (3) and then making use of (6) and (9), we have

( / Wo(Xo)(H*g)q(Xo)dxo)q < c( / w(X)f”(X)dx) '
0 E

o0
c ( / I7 (rox yw(xox)xg _ldx/dxo)
0 JBy

C(/ g7 (x0) WP (x0)
0
X (/ wl_p/(xox/)xéVIdx/)dxo)p
Bn
= C(/ W(xo)g”(xo)dxo) p,
0

i.e., (4) holds and the assertion is obtained.

»

The boundedness of the Hardy operator between the weighted Lebesgue spaces
is also well known. The following is the corresponding result.

Theorem A ([7, 8]) Let Wy, W be weight functions on (0, 00).
(i) For1 < p < q < oo, the inequality

1

(/ (/ g(t)dt) Wo(x)dx) < C(/ gp(x)W(x)dx)
0 X 0

holds for g > 0 if and only if

B* := sup (/X W()(y)dy)q(/oo Wl_p’(y)dy)p/ < 0. 9)
x>0 0 x
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Moreover, if C is the best possible constant then

B*5c§(1+i,)"(1+ﬂ)”3*.
P q

(ii) For0 < gq < p < oo, p > 1, the inequality holds for g > 0 if and only if

A" = ( /0 ( /0 Wo(y)dy)q( / W‘P’(y>dy)

. Moreover, if C is the best possible constant then

xr
7

r

! W‘P’(x)dx) < oo.
(10)

1
P

1

’ -7

qi(’”’)" A" <C<qi(p)7 A",
r

In view of Theorems 1 and A, the precise weight conditions for the inequality (3)
can be written. We do it in the following theorem:

Theorem 2 Let the assumptions of Theorem 1 be satisfied.

(a) For p < q, the inequality (3) holds if and only if (9) holds with Wy and W given,
respectively, by (5) and (6).

(b) For q < p, the inequality (3) holds if and only if (10) holds with Wy and W
given, respectively, by (5) and (6).

3 The Operator H ,"; p With Usual Norm and Mixed Norm

Here, we shall be considering cones in R" as well as in RY. Consider a double sized
multidimensional operator

(He.r f)(x. y) = /S ez

and its adjoint

(HE o f)(x,y) = / / F(s. deds
E\Su, J F\Sy,

Now, we prove the following result which characterises the boundedness of the
operator Hy, ;. In fact, the characterisation is obtained in terms of the boundedness
of the operator H;'.
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Theorem 3 Letl < p <00,0 <qg <ooandE, F, Sy, SN),, By, By be as defined
above and w, wy be weight functions on E x F. Then the inequality

1

( / / wo<x,y)(H;,Ffﬂ(x,y)dydx)" sc( / / w(x,y)f"(x,y)dydx)p
EJF EJF

Y

holds for all f > 0 if and only if

L o0 o0 )
(/0 /0 Wo(x,y)(HE‘g)q(x,y)dde)qEC(/O /0 W(x,y)g”(x,y)dde) (12)

holds for all g > 0 with
Wo(x0, yo) =/ / wo(xox’, yoy)xo™ "y ' dy'dx’, x0>0,y0>0
By J By
(13)

l-p
W (x0, yo) = (/ / w7 (xox’, YOy/)x(l)W—l}’(l)v_ldy/dx/) , x0>0,y>0.
By J By
(14)

Proof Suppose (12) holds. Fix a non-negative locally integrable function f : E X
F — R. Define

9(x0s Y0) = / Fox's yoy)xo oV ldydxs x99 >0 (1)
By J By

so that on making the changes of variables x = xox’ wherex € E,xy = |x| € (0, 0c0),
x" € By and similarly y = yoy', s = sos’, t = fpt’, we have

(Hg p f)(x,y) =/ / f (s, )dtds
E\Su, J F\Sy,
o o0
= / / / F(sos’, tot")sg 1~ dr' ds' dtod so
Yo

X0

By J By
o0 o0
=/ 9(s0, to)dtodso
X0 Yo

=(H; 9)(x0, Y0)- (16)
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Now, making variable transformations x = xox’, y = yo)y’, using (16), (13) and then
(12), we have

( / / wolx, y)(HE 5 )7 (x, y)dydx)q
(/ / / / wo (xox”, Yoy ) (H3 9)? (x0, yo)xg' 'y~ ldy/dx/dyodxo)
By J By

=(/ / Wo(xo,YO)(Hfg)q(xo,)’o)dYdeo)q
o Jo

o0 o0 717
sc( / / W(xo,yo)g%xo,yo)dyodxo) .
0 0

Next, we use (15), apply Holder’s inequality for the inner integral and then use (14)
to get

1

(/ / wo(x,y)(HEFf)"(x,y)dde)q
JEJF

S e P ?
C( / / W(xo,yo>( / / f(XOx/,yoy/)xéw_lyév_ldy/dx/) dyodxo)
0 By J By

o0
/ W (xo, yo)(/ / P (xox’, yoy w(xox', yoy')x(l)w_lyév_ldy'dx')
0 By J By

r 1
X {/ / =7 (xox’, Yoy )x 7Idy’dx/]p dyodxo) !
By J By
C(//w(x WP (&, y)dydx) .

Thus (11) holds.
To prove the converse, suppose (11) holds and fix a non-negative locally integrable
function g : (0, c0) x (0, 00) — R. Define f : E x F — R by

IA

| /\

fxox’, yoy') = g(xo, yo) WP~ (x0, yo)w! =7 (xox”, yoy"), (17)
X0, Yo > 0, X/ € BM, y/ S BN.

Then, using (17)

(/ S (xox’, yoy/)xéw_lyg_ldy,dxl) = g(x0, Y0)-
By J By
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Therefore, as in the first part of the proof, we have

( / / Wo (ros yo) (H3 )7 (xo. yo)dyodxo) "
0 0
_ ( / / wo(x,y)(H;,Ffm,y)dydx)".
EJF

Now, using (11) and then making use of (14) and (17), we have

1

( / / Woros yo) (3 ) (xo. yo>dyodxo)

( / / w(x, ) £ (x, y)dydx)
= C(/ / / f”(xox/,yoy’)w(xox’,yoy/)Xé”lyévldy’dX’dyodxo)p
0 0 By J By

o0 o0 ,
= C(/ / g7 (x0, Yo)W" (x0, yo)
o Jo
x / / w7 (xox’, yoy)xg" g 1dy/dx/dyocbc()) ’
By J By

1
= C(/ / W (xo, y0)g” (xo0, )’O)d)’deo)
o Jo

Thus (12) holds.

I/\

1

1

In order to obtain the precise weight conditions for the inequality (11), let us
mention that in [9], Sawyer obtained the following results in connection with the
operator H:

Theorem B Let 1 < p <g <oo and Wy, W be weight functions defined on
(0, o0) x (0, 00). Then the inequality

( /0 /0 (Hzg)q(x,wwo(x,y)dxdy)qsc( /O /0 W<x,y)g"<x,y)dxdy)” (18)

holds for g > 0 if and only if the following three conditions are satisfied:
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"00 o0 % X y ’ ﬁ
Co= sup (/ / Wo(s,t)dtds) (/ / wi-r (s,t)dtds) < 00,
x>0,y>0 x y 0 Jo

X y s t , q X y , %
/ / (/ / wi=r (U,T)deU) Wo(s,t)dtdsfcg(/ / wl=r (s,t)dtds) .

0 0 0 JO JO 0

o] (o] o] [ee] 17’ , , [} oo ;L//
/ / ( / / Wo(o, T)deU) W!'=P (s, t)ydtds < Cl ( / / Wo(s,t)dtds) )
x y s t X y

Note by using the duality arguments that the inequality (18) holds if and only if
the inequality

1

( /0 /0 (H5 )" (x, W' (x, y)dxdy)’

§C( / / Wo“"’(x,y)gq’<x,y>dxdy)" (19)
0 0

holds for g > 0. Consequently, using the variable transformation g = p’, p = ¢/,
W=7 = Wy and W, = W, we immediately have the following:

Theorem 4 Let 1 < p <q <00 and W,, W be weight functions on (0, 00) X
(0, 00). Then, the inequality

( /0 /0 wo(x,w(H;g)q(x,y)dydx)"sc( /0 /0 W<x,y)gf’<x,y)dydx)”

holds for all non-negative functions g if and only if the following three conditions
are satisfied:

1 1

Co= sup (/ / Wlfq(s,t)dtds)ﬁ(/x /'y Wo(s,t)dtds)q < 00, (20)
x>0,y>0 x y 0 Jo

4

Xy st P ’ xory a
/ / (// Wo (o, T)deO’) Wliq(s,l‘)dlds < Cg (/ / W()(S,Z)dl‘ds) s 2n
0Jo 0J0 0 Jo

q

o0 00 oo o0 q oo 00 P
/ / (/ / W' (o, r)dea) Wo(s,z)dzdsscg(/ / Wl‘q(s,t)dtds) .
x Jy Js Jt Jx Jy

(22)
Now, Theorems 3 and 4 immediately yield the following:

Theorem 5 Let the assumptions of Theorem3 be satisfied. Further, assume that
1 < p < q < oo. Then the inequality (11) holds if and only if (20), (21) and (22) are
satisfied with Wy and W given, respectively, by (13) and (14).

Remark 1 1t is of interest to obtain Theorem$5 for the case ¢ < p. Unfortunately,
the Sawyer’s result (Theorem B) is not available for this case.
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Next, we prove a mixed norm type inequality for the operator Hj; - the motivation
for which is derived from the papers [1, 2].

Theorem 6 Let0 < ¢g; <00, 1 < p; <00 (i =1,2)andlet w;, vy be weight func-
tions on E and w;, vy be weight functions on F. Then the inequality

q1 1

( /E wl(x)( /F <H;,Ff)42(x,y>wz(y)dy) : dx)q'

sc( / m(x)( / f”z(x,y)vz(y)dy) ”dx) : (23)
E F

holds for all f > 0 defined on E x F if and only if the inequality

q1

( /0 Wi (x0) ( /0 (H3 9)* (xo, )’O)Wz()’o)d)’o) dxo)

Pl

sc( / v1<xo)( / g“(xo,yo)vz(ywdyo)”dxo)” (24)
0 0

holds for all g > 0 with

Wi(xo) =/ wi (xox)xo™'dx’, x0 >0 (25)
By
Wa(y0) = / wa(yoy)yg ~'dy’, Yo>0  (26)
By
—p 1—=p1
Vi(xo) = ( / v, " (xox/)xoM_ldx/) , x0 >0 27)
Bum
- . I—p>
Va(yo) = (/ v, oY)y dy’) , yo>0  (28)
By

Proof Suppose (24) holds. Let x’ € By, and y’ € By. Fix a non-negative locally
integrable function f : E x F — R. Define

g(xo, yo) = / Fxox’, yoy ) xo™ tyoNTldy'dx’ xo, yo > 0 (29)
By J By

For x € E, we use polar coordinates x = xox’, xg = |x| € (0, 00), x € By and sim-
ilarly y = yoy', s = sos’, t = tpt’. Thus, we have
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(H o f)(xy) = / / Fs. drds
E\Su, J F\Sy,

=/ / / fsos's tot)sy 1 1t ds' dryd so

X0 Jyo By J By

o0 o0
=/ / g(s0, to)dtodsg
X0 Yo

=(H; 9)(x0, y0)- (30)

Therefore, using (27), Holder’s inequality, Minkowski’s integral inequality, (28),
Holder’s inequality to the inner integral and using (29), we get

. n |
(/ ”1(’0( / vz(y>ff’2<x,y>dy)”dx)’
E F
[e ] J rr 0
= (/ / (/ P2 (xox’, Y)UZ()’)dY) " v](xox/)xéwfldx/dx()) m
0 By F
»L

o ’ P2 NoM—=1 5 7
= (/ Vi (xo) (/ S (xox ,y)vz(y)dy) v (xox")xy' dx
JO By F

1-p} M—1 nt ﬁ
X (vl (xox)xy' dx’) dxo)
1 1

*© ’ Pr mM—1 5 n i
> (/ Vi (xo) / (/ fP(xox", yyua(y)dy ) xg dX) dxo

0 By F
= (/ Vi (XO)(/ (/ P2 (xox", yoyHva(yoy"

0 By 0 By

oy i L
P2
xyoN”dy/(x%‘)"Zdyo) dx/) dxo)”'
1

z( / v1<xo)( / ( / ( / f"Z(xoxCyoy/)vz(yoy’wé’*‘dy’)"
0 0 By By

X xéwfldx') dyo) dxo)
o0 0 / / NG N—1 / i
= ([ oo [ vaon( [ ([ rmeersoeon it
0 0 By By
Pr1 1

nNGN—1 / i M—1 / P 2 7t
X / v(yoy)yy dy') “xqg dx') dyo) dxo
By
o o N—1 M—1 s % ﬁ
> (/ Vi (xo)(/ Vz(yo)(/ / fxox', yoy') x yg dy'xg dx/) dyo) dXO)
Jo 0 By J By

1 1

00 00 tpTz Py
/0 Vl(xo)/o Va(y0)g"2 (x0, yo)dyo ) “dxo ) .
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Next, we use (24), (25), (26) and (30) to get

1

(/ wl()C)(/(HEF]‘)LIZ()C,y)u)z(y)dy)quJC)q1
E F
= (/ / wl(xox’)(/ (Hy 9)* (xo, yo)wz(yoy/)y(j)VIdy/dyo) N
0 Bu 0 By

1

q1

X xglldx’dxo)

= (/ Wi (Xo)(/ (H5 9)" (xo, yo)Wz(yo)dyo) " dxo) "
0 0
< C(/ Vl(xo)(/ V2(Y0)9p2(xo,y0)d)’o) N dxo) !
0 0

sc( / v1(X)( / vz(y)fm(x,wdy) ”dx) '
E F

Conversely, assume that (23) holds. Fix a locally integrable function g : (0, c0) X
(0, 00) — R and define f : E x FF — Rby

’ ’ h—1 1—p) , r—1 1—p' ,
Fxox’, y0y) = g(xo, YO) Vo o (vo)v, oy )V (xo)v; P (o),
where xg, yo > 0, x" € By, y' € By.Then (27) and (28) give
/ F(xox’, yoy)xo™yoN Tl dy'dx’ = g(xo, yo)
By J By

and consequently, we get

1

( / “w, (Xo)( / " 9 (x, yo>wz(yo>dyo)2dx)”
- ( A w1<x>( |tz e y)wm)dy)xdx);‘

< c( / vl(x)( R y)dy) l'gdx)”]'

= (/ /BM v1(XoX)[/ /B v2(30y") £ 7 (x0x’, Yoy )y 1dy/dyo]g

1

1
X xO 1dx/dxo)
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=c( / / 01 (xox) / 47 (x0, Y0V (30)
0 By 0

p 1

o P ’ ) P

x ( / v, ”2<yoy’>y5“dy’dyo) VP (o), pl(xox/)x(l)wldx/dxo) '
By

o /
= C(/ VP (xo)l / vi_p‘ (xox’)xéw_ldx’]
0 By

o0 l% 1
x (/ 97 (x0, Yo) Vz(yo)dyo) dxg'
0

o o BNk
- c( / Vi(xo) ( / VaG)g” (xo, yo)dy0> dxo)
0 0
and we are done.
Recently, in [6], the following result was proved:

Theorem C Let 1 < p; < 00,0 < g; <00, q; # 1 (i = 1,2) and let Wi, Wy, Vi,
Vy be weight functions on (0, 00). Assume, in addition, that either p; < p) < q or
P1 < q2 < qi1. Then the inequality

(/0 Wl(x)(/o (Hz*f)‘”(x,y)Wg(y)dy) ndx) "
< C( /0 4 (x)( /0 f“(x,ywz(y)dy) dx)”‘

holds for all measurable non-negative functions f defined on (0, co) x (0, 0co0) if
and only if the inequalities

(/DO (H*g)ql()C)Wl(x)d)c)ql < Cl(/oo g (x)Vl(x)a'x)pl
0 0

and

( /0 (H*h)qz()’)Wz(y)dy)qZSCz( /0 hPZ(y)vz(wdy)"

hold for all measurable non-negative functions g and h defined on (0, 00).

The above theorem suggests that the two dimensional mixed norm inequality can
be studied in terms of two one-dimensional inequalities. Consequently, in view of
Theorems 1, 4 and C, we obtain the following:
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Theorem 7 Letl < p; <00,0<¢q; <00,¢q; #1({ =1,2)and let w, wy, v1, vy
be weight functions on E. Assume in addition that either p1 < p» < qiorp; < q» <
q1- Then the inequality

1

( /E wl(X)( /F (H;Ff)m,wwz(y)dy) : dx)“'

P

EC( / vl(x)( / fpz(x’y)vz(Y)dy) "dx)
E F

holds for all measurable non-negative functions f defined on E x F if and only if
the inequalities

(/ (Hz )" (x)wl(x)dx) < C1(/ g" (X)v1(X)dX)
E E

and

( /F (H;h)‘“(y)wz(wdy) "’ Scz( /F hpz(Y)vz(y)d}’) :

hold for all measurable non-negative functions g and h defined, respectively, on E
and F.

Acknowledgements I acknowledge with thanks my supervisor Dr. Pankaj Jain for his motivation
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Recent Advances on Generalized
Trigonometric Systems in Higher Dimensions

Jan Lang and Osvaldo Méndez

Abstract We present a survey of current research on the basis properties of several
trigonometric systems in higher dimensions.

Keywords p-Laplacian - Generalized trigonometric functions * Riesz theorem -
Schauder basis - Multi-dimensional Fourier series

1 Introduction

In this work we address recent results (in fact, some of them haven’t been yet pub-
lished) regarding the construction of trigonometric bases in higher dimensions. It
is well known that the classical trigonometric functions emerge from the consid-
eration of, though intimately related, quite different mathematical situations, such
as extremal functions of the Sobolev embedding theorem, as eigenfunctions of the
classical Laplacian and as inverse functions of integrals of irrational expressions.

Though it is true that the above L?-based framework enjoys the enormous advan-
tages of linearity and of an underlying Hilbert-space structure, there is in principle
no impediment for analyzing the same situations in the context of an L? theory for
p € (1, 00). The authors were able to track the first attempts in this direction to
Lundberg (see [14]).

There are reasons for this undertaking beyond the mere interest in these general-
ized functions per se. Such generalized functions, it turns out, have recently proved
to play an undeniably important role in the spectral theory of non-linear operators
and in approximation theory, as they naturally appear in the study of s-numbers
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of Sobolev embeddings and of Hardy operators ([9]). They also appear in classical
studies of exact constants for integral operators (see: [11, 15]).

A variety of interesting properties of these trigonometric systems, such as the
generalized Pythagorean identities, have recently opened the door toward Fourier-
type analysis based on them. It is noteworthy that the Gibbs phenomenon does not
seem to occur in the context of this generalized L”-Fourier analysis in such form as
it does in the standard Fourier series, which could, in principle, make these functions
look amenable to the study of discontinuous signals.

2 Generalized Trigonometric Functions

We set about to survey very recent results involving basis properties of several sys-
tems of generalized trigonometric functions in higher dimensions, specifically the
sin,y, cos,, functions, the Lindqvist-Peetre functions and the Lindqvist-Peetre p-
exponential functions. We refer the reader to the body of the paper for the defini-
tions of these functions. We start by recalling same basic terms. For a real number
p € (1,00) and a bounded domain £2 C IR”, the eigenvalue problem for the p-
Laplacian

Ap() = div (|Vul? > Vu) (1)

is given by:
A,(u) = —Nu|"u. (2)

In particular, the eigenvalue problem for the Dirichlet p-Laplacian is obtained by
adjoining the subsidiary boundary condition

ulpe = 0.
The latter, in turn is a particular case of the eigenvalue problem for the Dirichlet
pq-Laplacian operator A, ,, p,q € (1, c0), which in one dimension takes up the

form:

— Apgu =~ (u|"~2u') = Alul*"u_in (0, 1),
u(0) = u(l) =0, (3)

whose connection to the present work will become apparent shortly.
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2.1 The Functions sin g, COS .

For 1 < p,q < oo, a system of generalized trigonometric functions can be defined
by setting:

sin) | x ::/ A —t9"YPdr , xe(0,1) 4)
0

and

1
Mg = 2/0 (1 —x9)77 dx. (5)

The function sin,, ; : [0, 7, , /2] — [0, 1] can be extended symmetrically about the
line x = 7T’T" into [22< .q]> as an odd function to the interval [—7, ,, 0] and finally
periodically from the interval [—7, 4, ) 4] t0 (—00, 00). In the sequel we set ), :=
Tp,p and sin, (x) := sin, ,(x) for 1 < p < co. We remark that the eigenvalues of

A, are given by (see [7])

-1
A = q(p—q)(zkﬂpq)q

pPq

and their associated eigenfunctions are

sin,, (k7 ,,x)
uk(x): P4q Pq

)

k7 pg

with k € IN (). In particular, the functions sin,(nm,x) , n € IN are eigenfunctions
of (2) on the interval (0, 1).

We observe in passing that natural extensions of the preceding definitions exist for
the full range (p, q) € [1, oo] x [1, oo]. Since the end-point cases fall beyond the
scope of this work, we omit every mention to the case when either of the subindexes
p or g is 1 or co. The reader is referred to [9] for more details in connection with
this remark.

2.2 The Generalized Trigonometric Functions
of Lindgqvist-Peetre Type

In [12, 13] Lindqvist and Peetre introduced generalized sine and cosine functions
(S1 and C., respectively) which, as it turns out, can be expressed in the following
way: !

8100 =siny (), Ci(x) = (cos, ,(0))" !, xeR, (6)

where, for the sake of simplicity, we have used the notation
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((:os,,,p/(x))F1 = |cos,,,p/(x)|pi2 oS, p (X).

Next, we summarize basic properties of these functions. For all x € R:

d B
—C () = —(8, ()" !

d _
81 = (C@)"
(Sp/(x))p + (Cp/(x))p =1

J. Lang and O. Méndez

)

Observe that 7, ,», 1 < p < 00, is equal to the area of the set S, enclosed by the

p’-circle, that is,
Sy ={(x,y) e R% x|” +[y|” <1}.

Set

Sp = 8o = {(x,y) € R% max(x], [y) < 1} if p=1.

For 1 < p; < p, < oo the obvious inequalities

max(|x[, [y]) < (Ix|” + [y|PHYP0 < (1x|72 + |y|P)YP < x| 4 |y

imply that
81 CSp €Sy, C S

Thus,
2L,y <4

(cf. [8, Lemma 2.4]). Moreover, the function

p+— T, is decreasing on (1, 00)

®)

€))

(10)

(1)

and the following estimate holds, for whose proof we refer the reader to [8, Propo-

sition 3.3]: 8100
1(x ,

2 <—L—=<1, xe/(0, 7T”—"’).

Tp.p by 2

2.3 The p-Exponential of Lindqvist and Peetre

We introduce the p-exponential function E:1 by
’

E%(iy) = C;,)(y)+iS%(y), y € R.

(12)

13)
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As usual, i stands for the imaginary unit and in the sequel we will use the standard
notation 7 for the complex conjugate of any complex number z.

For the record, we recall from standard functional analysis that a sequence (u ;)
in a Banach space X is said to be a Schauder basis (or simply a basis, if there is no
room for confusion, as it will be the case in the sequel) for X if for any x € X there
exists a unique sequence of scalars (x;) with x = > ° x;u;.

In what follows we denote a multi-index by k := (ky, ks, ..., k,) € IN" and
by k <1 we mean that k; </; for each 1 <i < n. It is well known that for

fel (=1, 1"

Hf = fll ke —0 (14)
k<l L’((—l,l)”)
as min{ly, [, ..., 1,} — oo (this type of convergence is known as convergence in

the Pringsheim sense), where as is customary the ordinary Fourier coefficients of f
will be written as

fA(kl, ka, ..., ky) = fxy, ..., x,) T e_z’ri]‘fx/dxl...dx,,. (15)
j=1
(=1L,

Since any f € L"((0, 1)) can be uniquely extended to (—1, 1)" as an odd func-
tion, it is readily concluded that

Theorem 1 For r € (1,00) and f € L"((0, 1)") the sine Fourier partial sums S
converge in L"-norm to f in the Pringsheim sense, i.e.:

||f - Sl”L'(((),l)”) —> 0 as min{ll, l2, ey ln} —> OO, (16)

wherel .= (1, 1>, ...,1,) € N,

S = Zf(kl, oo k) TG sin (kjx ;). (17)
k<l

and

f(kl, ka, ... k) :=2" . fxp, ..., )cn)Hj’.’=1 sin (mkjx;) dxy..dx,. (18)

Recently, in [10] the authors exhibited sufficient conditions on the subindexes p
and ¢ such that for each r € (1, 00), the systems

{sinp,q (nmp.qgx) Sinl’aq(mﬁl”f/y)}(n,m)eml (19)

and
{sin, 4 (n7, 4x) sing, o (M7, 4¥) sin, 4 (k7p 42)} P (20)
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constitute a basis for L”((0, 1)?) and L"((0, 1)%), respectively. The one dimensional
case has been extensively treated for example in [4, 8] among others.

In what follows we briefly describe the methods and ideas involved in the results
of [2, 3, 10].

The following theorems were obtained in [10].

Theorem 2 There exist real numbers py > 1, p1 > 2 such that for any r € (1, 00),
the system (19) is a basis for L"((0,1)*) if (p, q) € (po, 2) x (po,2) U (p1, 00) X
(p1, 00).

Theorem 3 There exists py > 6 such that for any r € (1, 00) the system (20) is a
basis for L"((0, 1)%) when (p, q) € (p2, 00) X (p2, 00).

(See Corollary 4 for the precise definition of py and p;). In order to proceed, it is
necessary to introduce some terminology. We set x = (x1, x2, ..., X,), x; € R for
Jj=1,2,...,n; fork € IN" we define the function gy , , € L"((0, )") by

8k, p.q (X) = IT;_; siny, 4 (mp gk ;x;); (21)
the corresponding Fourier coefficients are given by
S pgi, ... 1) =2" f[o,u” Hj'le sin, g (mp gkjx;) I sin (wlix;))dx  (22)
R— 1. .
=2 Hj:l fO Sy 4 (Wp,qijj) s (lexj) d)Cj.

It is easy to see that because of the symmetry of sin, , x about the vertical line
X =y 4/2, one has
gl,p,q (k) =0

when K has at least an even component. The next lemma is a direct consequence of
this observation.

Lemma 1
ék,p,q (ll’ ln) = n;‘l=15inp,q (kjﬂ-ﬁ,fl'x.f)(lj)
= IIj_sin, 4 (mp.ax;) (1K) (23)

iflj/k; is odd for all j € IN and O otherwise.

For the sake of completeness we state the following lemma which follows imme-
diately from Proposition 4.1 in [8]:

Lemma2 Letl < p,q < oo and m odd:

| FipaOm)] < 4/ o 4

The next lemma is a direct consequence of Proposition 4.2 in [8].
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Lemma3 For1 < p,q < oo, one has

$inp Ty (V(1) =7, (1) > 8/7%. 25)

Qeﬁnition 1 Forafunction f : [0, 1]" — R we define its extension as the function
f :10,00)" — R as follows:

fx) =—fQk—x) for x € IT}_[k;. k; + 1), k; € N",
and f = f on [0, 1)".
It is a matter of routine to verify that given r € (1, 0o), for each k € IN”, the map
My : L"((0, D)") — L"((0, D)) (26)

which is defined as My (g)(x):= g(xKk) is well defined, linear and in fact, an isom-
etry (i.e. we have ||Mk| = 1). Note that here xk = (x1, x2, ...x,,) (k1, ko, ...k,,) =
(x1ky, x2ko, ...x,k,). Let us set

Tpq(K) :=2" f(o N H’?Zl sin, 4 (mp gk;x;) sin (mk;x;) dx 27

=2" fo T}, siny 4 () gk jx;) sin (kjmx;) dx;
=15, 75,4(k)),

where T;’q(kj) = 2f01 sin, 4(mp 4X;) sin (k;mx;)dx;. Then the (linear) operator
T:L"(0,1)") — L"((0, 1)") which is defined by:

T(g) = > 7pq(R)My(g) (28)

kelN"

is well defined and bounded (just observe that >, n. 75,4 (K)| < 00).
Next we point out that

IT —id -7p gD <nlrp g Syt kot T35 g )+ -

(75 g P Xkiot kot T g k) 4+ Xk stk > 1k =1 Ty Th g K))

= X2 Qg O (252 ;qm)”’k (232750 )"
<30t Q)i (“T"" (L )) (“W (’T——l)>"
5(4’;5“)”[ Sw(F- 1) +(%- )] (29)
sy (7) ).

o
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Lemmad Forl <qg <q <oo, 1 < p < p' < oo, the function

-1

Sll’lp,q X

wix) = sin), x
P'q
is strictly increasing on (0, 1).
Proof See [10]
Corollary 1 If1 < p < p' <00, 1 < ¢q < q' < 00 one has

(i) 1 1
s1np,q X Sll’lp/q/ X

Tp.q Tp'.q'
forx € (0, 1).
(ii) If x € (0, 1/2), then

Sin g/ (T X)) < SiNp 4 () gX).

(iii) Uniformly on (0, 1):

1

sin;, s
1 < T g’ < ﬂ-P-,q
$ing X Tp'q'
Tp.q
Proof Claim (i) follows immediately since
’n’ ’ ’
-1 r
sin, (1) = —/—
P'.q P
and -
L1 _Tpgq
smp,q(l) =

With regard to (ii) it is sufficient to compare the inverse functions

.
sin_, (-
( p/’q ())
T g
~1
-
smp,q(-)
Tp.q

-1

and

(30)

€Y

(32)

(33)

on the interval (0, %) using the information provided by (i). Claim (iii) follows

from (i).
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Corollary2 Forl <p <2 1<gq <2,
g1 > 1.
Proof By virtue of (27) and Corollary 1 (ii), one has
Tpg (1) = I 7p (D75 (1) = (75 ,(1)"
= (2.Jy sinp.g (mp.qr) sin (zr) ) (34)
> (2 - sin? () dz)" ~ 1. (35)

Corollary 3 The system

{sinpq (k17 pgx1) SiN g (Ko T pgX2)... SiN g (knﬂl’qx”)}(k],kz,...k,,)e]N”
isabasisin L"((0, D" ifl < p<2,1<q<2and

272
Tpg < (7-[-2n _ 8n)1/n

or if either p > 2 orq > 2, and

16
Tpg < (7-(-211 _ 8'1)1/n :

Proof Both claims follow, respectively, from Lemma 3, Corollary 2, formula (29)
and the standard functional-analytic argument that if K is an operator with norm
strictly less than one on a Banach space X, then I 4 K is invertible on X.

Corollary 4 In particular, if py and p, are defined by the equalities

272

Tpy = e (po ~ 1.85) (36)
16

Tp, = sy (p1 ~ 2.33) 37

then
(i) for p =q € (po,2) U (p1, 00), the system
{sin, (mmpx) sin, (N7, Y)Y n,n)enN?

constitutes a basis for L ((0, 1)), r € (1, 00).
(ii) For p =gq, r € (1, 00) the system
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{sin, (mm,x) sin, (nm,y) sin, (K7 ,X)} gn.n,k)eN?
is a basis in L"((0, 1)%) for p > pa, where py ~ 6.5 is given by

16
7T[,2 = m (38)

Remark 1 Notice that
. 272
Iim ———— =2
Nn—>00 (ﬂ-Zn _ Sn)l/n

and that
16

2n — {n)l/n

Therefore the highest dimension n for which a conclusion can be reached using
Corollary 3isn = 3.

We will next establish that the basis property holds for any p € (po, 00), thus
improving Corollary 4. The following simple observation follows from the right-
hand-side inequality in Corollary 1 (iii): For 2 < p one has:

sin;l(x) < sin’l(x) (40)
on (0, 1). Since 7, < m, (40) forces the following relation between the inverse func-
tions, on the interval (0, 22):

sinx < sin, x, 41
which in turn implies the following estimate on (0, 1/2):
sin, (m,x) > sin (7,x). 42)

In conclusion,

7(p) = 4 [/ sin, (%) sin(rx) dx > 4 [} sin(m,x) sin(rx) dx ~ (43)

_ 1 . T—Tp _ 1 . T+Tp
=2 (w—w,, sin ( 5 ) o sin (—2 ))

_ dmpcos(mp/2)
T (mHmy)(m—mp) T ’}/(Tl'p).

Since A (X)
_ X cos (5
10 = (m 4+ x)(m — x)

is increasing in (m/2, ), 7, increases to 7 as p decreases to 2 and

li =1
Jim, () =1,
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it is immediate that if for any 6 > 0 and 7,- > 7/2 it held that
V() > 1 =96

it would follow that
y(m,) >1—=196

for any p with 2 < p < p*. On the other hand,

o 2 \_ 9 _ 8
m3) =7 ———— s .
T =T\ 2 335in 5 ) T 100 T 72
Thus,
(mp) = 7(p) %
f > —
TR =T o

for p € [2,2.33]. Since the inequality

4m, 27\ 2
is satisfied whenever m, < 3.17, i.e., whenever p < 2.33, one has the following
result:

Lemma 5 The system (19) is a basis for L" ((0, 1)2)f0r p =q € (po, 00).

We next move on to the basis properties of Lindqvist-Peetre functions as presented
in [2]. The authors prove the following Theorem along the same lines as the proof
of Corollary 3.

Theorem 4 Let p € (1, 00) and n € IN satisfy the inequality:
2

(5) -1=<(

Then the sequence {H;;ISL(’/T‘” [,/k,--)}k = (ki,..., k) e N" is a basis in
P ’
L"((0, D)*) for any r € (1, 00).

)". (45)

Tp,p'

Theorem 5 Let p € (1,00) andn € IN.

(i) The sequence {Sl(ﬁp,pr kx)}ke]N is a basis in L™ ((0, 1)) for any r € (1, 00).
(ii) There exists py > 1 such that, for every p € (pz, 00), the sequence
{S%(’]T[,’pf ki x1) S%(’ﬂ'[,'p' ko )62)}(,“’,{2)6]NZ is a basis in L ((0, 1)?) for any r €
(1, 00).
(iii) There exists p3 > 1 such that, for every p € (p3, 00), the sequence
{S%(’]T[,’pf ki x1) S%(ﬂ'[,'pf ko x7) S% (mp, p k3 x3)}(k1,k2.k3)E]N3 is a basis in
L"((0, 1)3)f0r anyr € (1, 00).
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Remark 2 Numerical computations yield the values

p2 = 2.89026,
exact up to the fifth decimal place and

p3 = 22.8508,

exact up to te fourth decimal place.

Proof (i): For any p € (1, c0) (by 10), m, ,» € [2, 4], which implies the validity of
condition (45). Thus, the assertion holds by Theorem 8.
(ii),(iii): Put

sm=(=—)" 46)

/

Tp.p

By (11), g is increasing and, using (10), we obtain
sup{g(p) : p € (1,00)} = 1. “47)
On the other hand, one has (see [2])
pn=inf {g(p) — (7?/8)"+1>0: p e (1,00} > 1. (48)

Thus, for any p > p,, due to (11), condition (45) is satisfied. Notice that for n > 3,
Pn = 00.

Theorem 6 Let p € (1, 00)andn € IN be so that the condition (45) is satisfied. Then
the sequence {(Ci(ﬂp,,,/-))k}k € IN" is a basis in L" ((0, 1)") for any r € (1, 00).
»

In the same spirit, the following Theorem is proved. We refer the interested reader
to [2] for the details:

Theorem 7 Let pi, p> be the numbers from Theorem 5.

(i) The sequence {H;’ZICI%(WI,J,/ ki.)}kz(k,,...k,,)e]N’ p € (1,00), is a basis in
L"((0, 1)) forany r € (1, 00).

(ii) The sequence {C%(ﬁp,p/ ki xl)C%(Wp,p/ ko XZ)}(kl,kg)eINz’ p € (p2,00), is a
basis in L" ((0, 1)) for any r € (1, 00).

(iii) The sequence {Ci (mp, p k1 X1) C% (), p k2 X2) C%(ﬂ'p,p/ k3 x3)}(k|,k2,k3)e11\13’

p € (p3, 00), is a basis in L" ((0, 1)) for any r € (1, 00).

In the same line of thought, an analog of the classical complex exponential function
is introduced in [3] and utilized to generate a basis for L ((—1, 1)). Specifically (as
usual, i denotes the imaginary unit and for z = a + i b, where a, b € R we write
7z = a — i b), we define the p-exponential function E 1 by the equality
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Ei(iy)=C.(»)+iS:(y), yeR. (49)
P P P

Lete(t) = %2 exp(i mt), t € R. We denote by

1
ex(t) =e(kt) = —=exp(imkt),t € R, k € ZZ; (50)

V2

and recall the standard fact that the system (e;) constitutes an orthonormal basis in
the complex Lebesgue space L2((—1, 1)). It follows that the family of functions

em(x) = €m, (x])~-~em,, (x)

=2"""exp(i mmxy) - - - exp(i Tm,x,), x € R", m € ZZ".

is an orthonormal basis in the complex Lebesgue space L>((—1, 1)"). For the proof
of the following result see Weisz [16]:

Lemma 6 Ler f € L"((—1, 1)*), where r € (1, 00). Denote

f(k):/ F) ex(x)dx, k=(ky,... ky) € ZZ". 51
(=1,1n"
Then R
f=>, fmen (52)
meZzZ"

in the Pringsheim sense.

Throughout this section assume that I < p < oo and put
px)=E.(m,,x), xekR. (53)

Since each ¢,, n € ZZ", is continuous, it has a Fourier expansion (52) with coeffi-
cients (51). That is,

Pa(x) = D Gal)ex(x), where @(k)=/ en(x) ex(x)dx.  (54)
keZz" =L

Due to the symmetry of ¢ = S%(ﬂp,pr-) = sin, , (mp, ,-) aboutt = 1/2, forevery
k = (kq, ..., k,) with some even k;, i € {1, ..., n}, we have ¢1(k) = 0 and
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Pn(k) =/ ©n(x) ex(x) dx
(=1,D"

= > Gim) enn (X) € (x) dx

mezZzZ" L1y

{@(m) if K, =m;n; foralli =1,..., n;

0 otherwise.

Let us put, form = (my,...,m,) € ZZ",

T = [ | 7, = Gr(m), (55)
j=1

where

1 - 1 1 ) )
ij:/ gp(xj)e(mjxj)dsz—/ p(x;) exp(—immx;)dx;, j=1,...,n.
0 V2 Jo

5 _(56)
_ Any function f on [—1, 1)", can be extended to f on IR" by setting f(x) =
fCk+x) for x=(x1,...,x,) € R", k= (ky,...,k,) € ZZ", such that
xje2k;j—1,2k; +1), j=1,...,n. Define the mapping &y : L' ((—1, D") —
L' ((—=1,1))",me ZZ",r € (1, 0), by

Em f(x) = f(mx) (57)

and note that &, (e) = emn. Just as in the preceding sections, one can show that &,
is a linear isometry, ||En|l = 1, and that the map T,

Tfx)= D TmEm f(X), (58)

melN”

is linear and bounded on L" ((—1, 1))", with the property that, for alln € ZZ",
T (en) = . (59)

It is sufficient to show that 7" is a homeomorphism, then it will follow that the
o, inherits from the e, the property of forming a basis in L"((—1, 1)") for every
r € (1, 00). In the following lemma we state a criteria for this operator 7' to be a
homeomorphism on L ((—1, 1)").

To this effect, the following statement is proved in [3]:

Tfx) =D ma1Ex1f (), (60)

kelN®
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Lemma 7 The following estimate holds:

87), 1
<y 1 e 61
|Tok—1] =< ol Ok 1) € (61)

Theorem 8 Let p € (1, 00) andn € IN be so that the condition(45) is satisfied. Then
the sequence {Hi”:lEl(i WP»P’ki'))}k:(kl k)ezzn is a basis in L"((—1, 1)") for any
r € (1, 00).

Proof Inequality (45) coupled with identity (60) in conjunction with standard
functional-analytic results imply that T is an isomorphism.

The following corollaries follow in the same spirit (the reader is referred to [3] for
the details):

Corollary 5 (case n = 1) Let p € (1, 00). The sequence {(E 1 (i wp,p/kx))};:iioo is
a basis in L"((—1, 1)) for any r € (1, 00).

Proof Forany p € (1, oo) (by (10)), 7, , € [2, 4], which implies the validity of con-
dition (45). Thus, the assertion holds by Theorem 4.

Corollary 6 (case n = 2) For p; as in Theorem 5, for every p € (p,, 00), the
sequence {E%(l'ﬂ'p’p/ ki xy) E%(l’ﬂ'p,p/ ko XZ)}(kl,kz)eINZ is a basis in L' ((—1, 1)?) for
anyr € (1, 00).

Corollary 7 (case n = 3) If p3 is as defined in Theorem 5, then for every p €

(p3, 00), the sequence {E% (p, p k1 X1) E%(ﬂp,p« ko x2) E%(ﬂp,pr k3 )63)}(1(“,(2.](3)6[NS

is a basis in L' (=1, 1)%) for any r € (1, c0).

3 Concluding Remarks

The two-dimensional generalized Fourier system opens the way for the use of non-
orthogonal systems in the treatment of signal processing, which conceivably could
be a valuable tool in studying image processing in the case of discontinuous gradient
(see [1, 5, 6]), due to the fact that generalized trigonometric functions have a lesser
degree of smoothness than the usual trigonometric functions (p = g = 2). In fact,
the smoothness of generalized trigonometric function can in principle, be controlled
by a suitable variation of the parameters p and q.
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Pointwise Multipliers
on Musielak-Orlicz-Morrey Spaces

Eiichi Nakai

Abstract In this paper we characterize pointwise multipliers from a Musielak-
Orlicz-Morrey space to another Musielak-Orlicz-Morrey space. The set of all point-
wise multipliers is also a Musielak-Orlicz-Morrey space.

Keywords Musielak-Orlicz space - Morrey space - Variable exponent - Pointwise
multiplier - Pointwise multiplication

1 Introduction

Let (£2, ) be a complete o-finite measure space. We denote by L°(£2) the set of
all measurable functions from £2 to R or C. Let E; and E; be subspaces of LO(£2).
We say that a function g € L°(£2) is a pointwise multiplier from E; to E», if the
pointwise multiplication fg is in E; for any f € E,. We denote by PWM(E|, E>)
the set of all pointwise multipliers from E; to E,. We abbreviate PWM(E, E) to
PWM(E).

For p € (0, oo], we denote by L”(§2) the usual Lebesgue spaces. It is well known
as Holder’s inequality that

I fgllr@) < Wf e @) lgliees @),
for1/p, = 1/p; + 1/p3 with p; € (0, 00],i = 1, 2, 3. This shows that

PWM(L' (£2), L (£2)) D L7 (£2).
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Conversely, we can show the reverse inclusion by using the closed graph theorem or
the uniform boundedness theorem. That is,

PWM(L" (2), L (2)) = LP(£2).

This equality was extended to Orlicz spaces by [7, 8], to Musielak-Orlicz spaces
by [18] and to Morrey spaces by [13, 14]. In this paper we further extend the equality
to Musielak-Orlicz-Morrey spaces. We treat wide class of Musielak-Orlicz-Morrey
spaces with generalized Young functions and growth functions, which include gen-
eralized Morrey spaces with variable exponent and variable growth condition. We
consider function spaces which are defined on a complete o -finite measure space with
a metric or a quasi-metric. For example, spaces of homogeneous type in the sense of
Coifman and Weiss [1, 2] or metric measure spaces with non-doubling measure. In
this paper we don’t always assume the doubling condition on the measure.

Recall that, for a normed or quasi-normed space E C L°(£2), we say that E has
the lattice (ideal) property if the following holds:

fEE hel @), h®|<|fWlaex = hek, |hle<Ifle
It is known that, if E has the lattice property and is complete, then
PWM(E) = L™(£2) and |lgllop = llgllL>(2)

where ||gllop is the operator norm of g € PWM(E) (see [8, 12, 19] for example).
In this paper we characterize pointwise multipliers from a Musielak-Orlicz-Morrey
space to another Musielak-Orlicz-Morrey space.

For Young functions and Orlicz and Musielak-Orlicz spaces, see [6, 10, 21, 23,
24, 26, 30], etc. For Morrey and Orlicz-Morrey spaces, see [9, 11, 15-17, 25, 28],
etc.

In the next section we give notion of Young functions and their generalization.
We state definitions and properties of Musielak-Orlicz and Musielak-Orlicz-Morrey
spaces in Sects. 3 and 4, respectively. Then we state main results in Sect. 5 and prove
them in Sect. 6.

2  Young Functions and Their Generalization

Let @ be the set of all functions @ : [0, co] — [0, co] such that

lim @) =®0) =0 and lim @ (1) = @(c0) = 0.
t—+0 t—>00

Let
a(@)=sup{t >0: @) =0}, b(P)=inf{r >0: D(t) = oo}
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Definition 1 A function @ € @ is called a Young function (or sometimes also called
an Orlicz function) if @ is nondecreasing on [0, o) and convex on [0, b(®)), and

lim @) = ®(b(P)) (< 0).
t—b(®)—0

We denote by @y the set of all Young functions. Any Young function is neither
identically zero nor identically infinity on (0, 0o). We define three subsets Y (i =
1, 2, 3) of Young functions as

YD — (@ € By : b(®) = o0},
y(2) = {@ S ¢y b(¢) < 00, ¢(b(¢)) = OO} s
VI = (@ e Dy : b(P) < 00, P(b(P)) < 00}.

Then we have the following properties of @ € @y:

() If ® € YD, then @ is absolutely continuous on any closed interval in [0, co)
by the convexity and nondecreasingness, and @ is bijective from [a(®), 00) to
[0, 00).
() If® € Y? then @ is absolutely continuous on any closed interval in [0, b(D)),
and @ is bijective from [a (D), b(P)) to [0, 00).
(iii) If @ € Y, then @ is absolutely continuous on [0, b(®)] and @ is bijective
from [a(®), b(P)] to [0, @ (b(D))].

Next we recall the generalized inverse of Young function @ in the sense of O’Neil
[22, Definition 1.2]. See also [29]. For a Young function @ and u € [0, oo], let

&) =inf{r > 0: ®(t) > u}, (1)

where inf ) = oo. Then @' (u) is finite for all u € [0, c0). If @ is bijective from
[0, 00) to itself, then @~ ! is the usual inverse function of @.
We have the following properties of @ € @y and its inverse:

(P1) & (@' (u)) < uforallu € [0, 00)andr < &' (& (1))if D (1) € [0, 00) (Prop-
erty 1.3 in [22]).

P2) @~ 1D (1)) =tif ®(r) € (0, 00).

P3) Ifd € YV UY®, then @ (@' (u)) = u for all u € [0, 00).

(P4) If ® € Y and 0 < § < 1, then there exists a Young function ¥ € J)® such
that b(®) = b(¥) and

Y (st) < @(t) <W(t) forallz € [0, 00).

Tosee (P4)weonly set¥ = @ + @, where we choose © € Y@ suchthata(®@) =
Sb(®) and b(O) = b(D).

Definition 2 Let @} be the set of all @ : £2 x [0, oo] — [0, co] such that @ (x, -)
is a Young function for every x € £2, and that @ (-, t) is measurable on §2 for every
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t € [0, oo]. Assume also that, for any subset A C §2 with finite measure, there exists
t € (0, 00) such that @ (-, t) x4 is integrable, where x4 is the characteristic function
of A.

Definition 3 (i) Let @y be the set of all @ € @ such that @ ((-)/¢) is in &y for
some £ € (0, 1].

(ii) Let @Y%, be the setof all @ : §2 x [0, 0o] — [0, 0o] such that @ (-, (-)!/%) is in
@7, for some £ € (0, 1].

If @ € @y, then it follows from the convexity and @ (0) = 0 that
D(ct) <c®(t) forall c € [0,1] and r € [0, 00). 2)
Hence, if ® € @5y and @ ((1)/) € &y with £ € (0, 1], then
@(ct) < ct@(r) forall c €[0,1]and € [0, 00). 3)
For @, ¥ € @, we write ® ~ W if there exists a positive constant C such that
&(C7') <Ww(r) < d(Ct) forallr € (0, c0).

For @, ¥ : 2 x [0, co] — [0, o], we also write @ ~ V¥ if there exists a positive
constant C such that

D(x, C’lt) <Y(x,t) < D(x,Cr) forall (x,7) € 2 x (0, ).

Definition 4 Let @y, ), @y and @, be the sets of all & € @ such that & ~ ¥
for some ¥ in @y, @}, Py and P, respectively.

For @ € @éy, we define also its generalized inverse with respect to ¢ by (1) for
each x and denote it by @', That is,

@ '(x,u) =inf{r > 0: P(x,1) > u}, (x,u) e 2 x [0, 00]. 4)

Then we have the following:

Ux, 1) =®x, 1Y) = o, u) = (@7 Hx, ), 6)
U(x,t/C) < P(x,1) <¥(x,Ct) = ¥ (x,u)/C <D '(x,u) < C¥ ' (x,u).
(6)

From (5) it follows that

)

D(x, @ (x,u) =¥ (x, ¥ (x,u)),
D (x, D(x, 1) = (W (x, W(x, tH)VE
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Therefore, if ® € ®%, and @ (-, (-)'/*) € @3 with £ € (0, 1], then, from the prop-
erties (P1)—(P3) we have the following:

(P1’) @(x, @ "(x,u)) <uforallu € [0,00)andx € X,and,r < &~ '(x, D(x, 1))
if @(x,t) € [0, 00).

(P2) @7 '(x,D(x,1) =tif ®(x,1) € (0, 00).

(P3) If o (x, ()6 e YO UYD, then & (x, @ '(x,u)) = u forall u € [0, 00).

For @ ¢ @UGY and x € £, let
a(@;x) =sup{t >0: DP(x,1) =0}, b(P;x)=inf{t >0: D(x,1) = oo}.

From the property (P4) we have the following:
(P4’) For any @ € ®{,, and 0 <38 < I, there exists ¥ € @/, such that
¥(x, ()7 e YD UY®D forall x € 2 and for some £ € (0, 1], and
U(x,8t) <@(x,t) <W¥(x,t) forall (x,1) € £ x [0, 00).

Tosee (P4’) weonly set¥ = @ + @, where we choose @ (x, t) by the following way:
Ifo(x, () e YD UYD then®(x, ) = 0.If D (x, (1)) € Y, thenO(x, ) €
VY@ such that a(@; x) = § b(P; x) and b(O; x) = b(P; x).

At the end of this section we state a lemma which is in [18].

Lemma 1l ([18]) Let @ € ®;,. For a subset A C 2 with 0 < u(A) < oo, let
QA1) = [, ?(x,1)du(x). Then @* € Pgy.

3 Musielak-Orlicz Spaces

Definition 5 (Musielak-Orlicz space) For a function @ € d_ﬁva, let

L% () = {f € LO(Q) :/ D(x,c|lf(x)])du(x) < oo for some ¢ > O],
Q
I fllLe o) =inf|k >0: /Q¢(x, |f§»_x)|) du(x) < 1].

Then |f(x)] < oo a.e.x € 2 for all f € L?(£2). By the assumption in Defini-
tion 2 any characteristic function of a subset of £2 with finite measure is in L? (£2).
Moreover, || - || ¢ is a quasi-norm, that is, there exists k € [1, oo) such that, for all
f, g € L®(£2) and a scalar c,

@ Nfllze@ =0, | flle@ =0« f=0,
1) llefllire) = lelll flize )
(i) | f +glleey < kUl fllLe) + lgllLe @)
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By the definition, if @ ~ ¥, then L? (£2) = LY (£2) with equivalent quasi-norms. If
@ e @, and d(, (1)) € dY with £ € (0, 1], then

If @ € @}, then || - || Lo (s) is a norm.
Musielak-Orlicz spaces satisfy the lattice property (ideal property):

(v) Ifg € L?(2)and | f| < |gla.e. 2, then f € L?(2)and || f | o (2) < IgllLe (-

Let @ € @¢,,. Then by the left-continuity of @ (x, ¢) with respect to ¢ and the
theory of the Lebesgue integral we have the following:

(vi) Ifsup; [ fillLo) <00, 0= fi < fo <+ — fae.§2, then f € L®(£2) and
im0 | fillLey = 1 fllLo ).

The property (vi) is called the Fatou property.

The properties of normed spaces of measurable functions, see [5, pp. 94-99]. By
using the method in [3, pp. 38—40] or [10, pp. 35-36], we can prove the following
proposition and lemma:

Proposition 1 Let @ € d_)vcy. Then L® (2) is complete.

Lemma 2 Let @ € @UGy. If a sequence { f;} converges in L?(2) to f, then there
exists a subsequence { fjx)} which converges w-almost everywhere to f.

The following theorem is known.

Theorem 1 ([18]) Let ®; € @UGy, i =1,2,3. Assume that there exists a positive
constant C such that

C'oy (e, ) <@ (x, )@ (x, 1) < CPy (x, 1) forall (x,1) € 2 x (0, 00).
(®)

Assume also that there exists W3 € Dy, such that
@3~ W and W) e YV UV, ©)

for some £ € (0, 1] and for any A C 2 with 0 < u(A) < oo, where lI/3A(t) =
[, Ws(x, t)d(x). Then

PWM(L? (2), L*(2)) = L*(2).

Moreover, the operator norm of g € PWM(L® (2), L®>(2)) is comparable to
||9||L<1’3(9)-

For a measurable set A C §2, we denote the characteristic function of A by x4.
A finitely simple function has the form

N

ZCkXAk,

k=1
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where N € N, ¢; € C,and A, are pairwise disjoint measurable sets with i (A;) < oo.
To prove Theorem 1 the following lemma was used.

Lemma 3 ([18]) Let @ € @, and P (-, )V € @Y for some € € (0, 1]. Assume
that @4 ()% € YD U Y forany A C 2 with 0 < (A) < oo, where (1) =
fA D (x,t)du(x). Then, for all finitely simple functions g such that g # 0,

/ ) (x, M) du(x)=1.
Q lgllze o)

We give the proof for convenience.

Proof We may assume that g > 0. Let

N

g= E CcXa, 0<ci<c<---<ecy,
k=1

0<u(Ap) <oco(k=1,2,...,N), and A; N Ay =0if j #k,

and let
@g(l)=/ D (x, [g(x)[t) dp(x), <1>Ak(t)=/ D(x,1)du(x).
2 Ax

Then
N

(1) = D DM (cxt),

k=1
and

a(®?) = mkina@/*k)/ck, b(®Y) = mkinb(<DA‘)/ck.

In this case ®9((-)!'/*) is continuous and convex on [0, b(®9)) and bijective from
(a(@9), b(DY)) to (0, c0). Since

lgllLe(e) = inf{A > 0: @I(1/2) < 1},

we have
DI(1/lgllire)) = 1.

This shows the conclusion. |

Remark 1 There exists @ € @} such that @ (x, -) € Y for all x € 2 and &% €
V3. Actually, let £2 = (0, 1) be the open interval in the real line with the Lebesgue
measure and take Young functions @ (x, t) for all x € £2 such that @(x, 1) = 1 and
@ (x, 1+ x) =2/x. This example is in [18].
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4 Musielak-Orlicz-Morrey Spaces

In this section we define Musielak-Orlicz-Morrey spaces on (X, d, n) which is a
complete o -finite measure space with a metric or a quasi-metric. More precisely, X
is a topological space endowed with a metric (or quasi-metric) d and a nonnegative
measure i such that

d(x,y) >0 and d(x,y) =0ifandonlyif x =y,
d(x,y) =d(y,x),
d(x,y) < K(d(x,z) +d(z,y)), (10)

the balls B(x,r) = {y € X : d(x, y) < r},r > 0, form a basis of neighborhoods of
the point x, u is defined on a o -algebra of subsets of X which contains the balls, and

0 < u(Bx,r)) < oo,

where K > 1 is a constant independent of x, y,z € X andr > 0. If K = 1, then d
is a metric.
If u satisfies the doubling condition, that is, there exists a positive constant C
such that
w(B(x,2r)) < Cu(B(x,r)) forallx € Xandr > 0, (11

then (X, d, u) is a space of homogeneous type introduced by Coifman and Weiss
[1, 2]. In this case, if w(X) < oo, then there exists a positive constant Ry such that

X = B(x, Ry) forallx € X, (12)

see [20, Lemma 5.1]. A space of homogeneous type (X,d,u) is called
Q-homogeneous (Q > 0), if there exists a positive constant C such that

C0 < (B, r) < Cr@ for |0 =7 =00 whemu(Xy=oo. g
0<r <Ry whenu(X) < oo,

where Ry is the constant in (12). For example, the Euclidean space R" with the
Lebesgue measure is n-homogeneous. In this paper we don’t always assume (11).

For ¢ : X x (0, 00) = (0, 00) and B = B(x, r), we write ¢ (B) = ¢ (x, r). For
aball B = B(x,r) and k > 0, we shall denote B(x, kr) by kB.

Definition 6 (Musielak-Orlicz-Morrey space) For @ € d_iva, ¢: X x (0,00) >
(0, 00), k € [1, 00) and a ball B, let

. R )]
1 fllo.gz = inf x>0.¢(KB)M(KB)/Ba>(x, - )du(x)sl],
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and let

L@9(X) ={f € LX) : | fllpeon x) < 00},
I fllz@snxy = sup || flle.p.x B
B

where the supremum is taken over all balls B. For x = 1, denote L®*#:(X) by
L@ (X) simply.

Then || - || @.s.0(x) is a quasi-norm and L®-¢) (X) is a quasi-Banach space (com-
plete quasi-normed space), since

Il fllo.g.c.8 = ISl B 1/ BB

which is a quasi-norm on the Musielak-Orlicz space L?(B) with the measure
w/(@(kB)u(kB)). If @ € @Y, then || - || L@s.(x) is @ norm and L9 (X) is a
Banach space.

By Lemma?2 we also have the following

Lemmad4 Let®d € d_ivcy, ¢ : X x(0,00) = (0,00) and k € [1, 00). If a sequence
{f;} converges in L'®9*)(X) to f, then there exists a subsequence { f;x} which
converges |L-almost everywhere to f.

Definition 7 Let p be a variable exponent, that is, it is a measurable function defined
on X valued in (0, co], and let

p— =essinf p(x), ps =esssup p(x). (14)
xeX xeXx

If &(x,1) =t"™ and p_ > 0, then @ € D), and @ (x, (-)">*11/7-)) € @Y. Here,
use the following interpretation:

oo _ 0, te]0,1],
oo, te(l,o0].

In this case, denote L(®%%)(X) by L7%0(X).

Definition 8 Let w be a weight function, that is, it is a measurable function defined
on X valued in (0, c0) a.e., and fA w(x)du(x) < oo for any A C X with finite
measure. If @ (x, 1) = "™ w(x) and p_ > 0, then & € ®7,. In this case, denote

L®99(X) by L (X).

Remark 2 If X = R" is the Euclidean space with the usual metric and a non-doubling
measure 1,1 < g < p < 00, (x,t) =t and ¢ (B) = u(B)~/? then L(*-¢)(R")
coincides with the Morrey space Mf; (x, ) introduced by Sawano and Tanaka [27].
To put it more precisely, they used cubes Q instead of balls B in [27].
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A function 0 : X x (0, 00) — (0, 00) is said to satisfy the doubling condition if
there exists a positive constant C such that

1 - O(x,r)
T 0(x,s)

< C forallx € Xandr,s € (0, 00) with — <

<2. (15

L | N

Ql
>
R —

For functions 8, k : X x (0, c0) — (0, 00), we write 0 ~ « if there exists a positive
constant C such that

1 O(x,r)
< < C forall (x,r) € X x (0, 00).
K(x,r)

Ql

By the definition we have the following.

Proposition 2 (i) If ¢(B) = 1/u(B), then L (X) coincides with the
Musielak-Orlicz space L® (X) for all k € [1, 00).

(ii) If ® ~ W and ¢ ~ ¥, then L@99(X) = L&V (X) with equivalent quasi-
norms.

(iii) If u satisfies the doubling condition (11) and ¢ satisfies the doubling condition
(15), then, for all k € [1, 00), L'®#)(X) = L®®(X) with equivalent quasi-
norms.

(iv) Assume that the Lebesgue differentiation theorem holds on (X, d, ), that is,
for any locally integrable function f, for pw-almost all x € X one can find a
sequence of balls {B(x, ry)}x with ry, — 0 such that

lim ————— d = )
o B 1) Jacen Fduly) = fx)
If ¢p(x, 1) = O0ask — oo foreach x € X, then L@ (X) = {0}.

(v) If there exists x € X such that ¢(x,r)u(B(x,r)) —> 0 as r — o0, then
L@%9(X) = {0}.

We can avoid the cases (iv) and (v) by use of ¢ € GV in Definition 10 bellow.

Definition 9 A function 6 : X x (0, 00) — (0, 00) is almost increasing (almost
decreasing) with respect to the order by ball inclusion if there exists a positive
constant C such that

0(B)) < CO(By) (0(By) > CO(B,)) for all balls By and B, with B; C B..

Definition 10 Let G' be the set of all ¢ : X x (0, 00) — (0, 0c0) such that ¢ is
almost decreasing with respect to the order by ball inclusion and ¢ (B) . (B) is almost
increasing with respect to the order by ball inclusion.

Example 1 (i) Let ¢(x,r) = u(B(x,7)))* and —1 <A < 0. Then ¢ is almost
decreasing with respect to the order by ball inclusion and ¢ (B)u(B) is almost
increasing with respect to the order by ball inclusion.
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(ii) Let A(-) be a variable exponent and A* is a constant, and let

e r<1/e,

<0, A <0,
(min(r, r.)*, r>1/e,  ~ *

¢(x,r) = {

where r, = sup{d(x,y) : x,y € X} € (0, oo]. If A(-) satisfies the local log-Holder
condition, that is, there exists a positive constant C such that

Ax) — for d(x,y) < 1/e,

A - -
O = fogt/atr, )

then ¢ satisfies the following two conditions:
¢(x,r) > ¢(x,s) for x e X, r <s,

and
¢(x,r) ~¢(y,r) for d(x,y) <r.

These show that ¢ is almost decreasing with respect to the order by ball inclusion.
Moreover, if (X, d, ) is a space of homogeneous type and Q-homogeneous, and if
A_ > —Q and A* > —Q, then ¢ (B)u(B) is almost increasing with respect to the
order by ball inclusion.

Remark 3 Let (X, d, ) be a space of homogeneous type and ¢ € G'. Then ¢ sat-
isfies the doubling condition.

By the above remark we have the following.

PropOSItlon 3 Let (X,d, ) be a space of homogeneous type. Assume that @ €
D yandg € G'. Then, forallk € [1, c0), L®$9)(X) = L P9 (X) with equivalent
quasi-norms.

Definition 11 (Hytonen [4]) A metric space (X, d) is called geometrically doubling
if there exists N € N such that any ball B(x, r) C X can be covered by at most N
balls B(x;,r/2).

The following proposition is a generalization of the result in [28].

Proposition 4 Let (X, d, j1) be a metric measure space and (X, d) be geometrically
doubling. Assume that ® € (PUGY and ¢ € G. Then, for k1, ks € (1, 00),

L(¢’¢’K')(X) — L((D’d)’KZ)(X)

with equivalent quasi-norms.
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Proof We may assume that ® € ®%, and @(-, (-)"/%) € @} with £ € (0, 1] by
Proposition2 (ii). Let «j,k; € (1,00) and «; < kp. Then u(k;B)¢(k1B) <
Cy (k2 B)¢ (k2 B) for some constant Cy, since ¢ € G”. Hence

[ fllL@ox) < Coll fllL@on x)-

Let § = (k; —1)/(ko + 1) € (0, 1). Then, any ball B(x,r) can be covered by at
most N6~ 192V balls B(x;, §r), see [4, Lemma?2.3]. Here, N is the integer in Defin-
ition 11. We may assume that B(x, r) N B(x;, ér) # @, that is, d(x, x;) <r + dr.
Then B(x;, k,0r) C B(x, kir). Using the properties of ¢ € G¥ and letting C =
(C¢N8_1°g2N)l/(, we have

1 q§( | f ()] )
X, ——— ) dux)
w(BQx, k1r)@(x, k1) Jpx,r Cll fllL@sw x)

1 1 |f (0l )
— O lx,—————)d
: c@zi:mmx,w))wx,w) e (" Fllpweao) 4

- LZ Cy (D(x, [ f ()]
- Ct — W(B(xi, k28r))(Xi, k287) J (v, 5r) |/l L@srx)

CyN§— 0N
< -
==

)du(x)
=1.

That is,
| fll@scxy < CNf Nl L@sm(x)-

This shows that L(®#)(X) = L(®$:%)(X) with equivalent quasi-norms. O

5 Main Results

In this section we characterize pointwise multipliers from a Musielak-Orlicz-Morrey
space to another Musielak-Orlicz-Morrey space.

5.1 Generalized Holder’s Inequality

In this subsection, we prove a generalized Holder’s inequality for Musielak-Orlicz-
Morrey spaces.
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Theorem 2 Let ®; € @l&y,dn X x (0,00) > (0,0)andk; € [1,00),i =1,2,3.
Assume that there exists a positive constant C such that

D7 (x, 1 (x, k)P (x, 13 (x, k3r)) < C D57 (x, teha(x, Kar))
forallx € X andr,t € (0, 00).

If max(xy, k3) < ko, then there exists a positive constant C' such that, for all f €
L(¢1,¢1,K1)(X) and g € L(4’3,¢3.K3)(X)’

I F gl L@rernxy < C/”f”L(d’lv“’l-’(l)(X)||g||L“”3~‘7’3"(3>(X)~

Remark 4 If @, € ®¢,, and @, (., ()Y%) € @Y with £, € (0, 1], then we can take
C’' = 2'%C in Theorem?2.

From Theorem 2 we have the following inclusion:
PWM(L((D' JP1.K1) (X), L (P2.92,12) (X)) D L(P3:03,K3) (X), (16)

and
llgllop < C'llgll L@sosen (x)s

where || gl|op is the operator norm of g € PWM(L®1:#140) (X)), L(P2:P2:k2) (X)),
From Theorem 2 we have the following corollaries immediately.

Corollary 1 Let ®; € q_)vcy andg; : X x (0,00) — (0,00),i =1,2,3,andletk €
[1, 00). Assume that there exists a positive constant C such that

&7 (x, 11 (x, 1) D3 (x, s (x, 1) < C Dy (x, 1o (x, 1)
forall x € X andr,t € (0, 00).

Then there exists a positive constant C' such that, for all f € L®*-9)(X) and
ge L(¢3’¢3‘K)(X),

||f9||u®zv¢z«)(x> = C/”f”L("’lv‘?’lv”)(X)||g||L“”3~"’3"‘)(X)‘
Corollary 2 Let ®; € ® gy and ®(()'/%) € &y witht; € (0, 1], and ¢; : (0, 00) —

(0,00),i =1,2,3, and let k € [1, 00). Assume that there exists a positive constant
C such that

D7 (11 (M) P (th3(r)) < C Dy (tha(r)) forall r,t € (0, 00).

If f € LX) and g € L®93(X), then fg € L*>%(X) and

1/¢
||fg||L‘“’2“”2v’(>(X) <2 /! 2C||f||L<“’1~¢1v~>(X)||9||L(“’3v¢3«K)(X)'



270 E. Nakai

Corollary 3 Let ®; € @y and @((-)'/%) € &y witht; € (0,1],i = 1,2, 3, and let
¢ :(0,00) = (0,00) and k € [1, 00). Assume that there exists a positive constant
C such that

o7 (1) < C (1) forall t € (0, 00).

If f € L9 (X) and g € L'P»%(X), then fg € L'®>%(X) and

1/¢
||fg||L<°’2-¢-'<)(X) <2 / ZC”f”L‘“’lvd’-“(X)”g”L("’S-‘f’v“(X)-

Corollary 4 Let p;(-) be variable exponents with 0 < (p;)_ < (p;)+ < 00, w; be
weights, and ¢; : X x (0,00) — (0,00), i =1, 2,3, and let k € [1, 00). Assume
that 1/p1(x) + 1/ p3(x) = 1/ p2(x) and that there exists a positive constant C such
that

(@1 0x, 1) /wi NP (@3 (x, 1) Jws ()P0 < C (o, 1) /wa (x)) /P2
forallx € X andr € (0, 00).

If f € LY (X) and g € LY (X), then fg € L% (X) and
1 gl grenn gy < 2/ CPIICY £ oo g 91 s

Remark 5 1f (X, d, ) is the Euclidean space R” with the Lebesgue measure, then
Corollary 2 is a generalization of [16, Theorem4.1]. If p; are constants, w; = 1 and
¢; : (0, 00) — (0, 00), then Corollary 4 is a generalization of the results in [13, 14].

5.2 Characterization of the Pointwise Multipliers

In this subsection we state the reverse inclusion to (16). As corollaries we characterize
the pointwise multipliers on Musielak-Orlicz-Morrey spaces.

Theorem 3 Let @; € @UGy, ¢; € G'andk; € [1,00),i = 1,2, 3. Assume that there
exists a positive constant C such that

D, (x, tr(x, kar)) < CO (x, 1y (x, k17)) D3 (x, 13 (x, ke37))
forallx € X andr,t € (0, 00),

and that ¢3/¢, is almost increasing with respect to the order by ball inclusion.
Assume also one of the following:

(i) @3 satisfies the A, condition, that is, there exists a positive constant Cg, such
that
DP3(x,2t) < Cop, P3(x,1) forallx € X andt € (0, 00).
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(ii) lim in)f( ¢3(x, r)u(B(x,r)) =00, ¢s(x,r) and nw(B(x,r)) are continuous
r—0o0 xe
with respect to x and r, and, for all balls B,

(a) any countable subset in B has an accumulation point in X,
(b) there exists Wy € ® gy satisfying g (()'/) € YO for some £ € (0, 1] such
that sup @3(x,t) < Wp(t) forallt, and,

xeB
(c¢) lim inf ¢3(x,r) = oo.
r—+0xeB
If ky < k3 and 3K2/<3 < ki, then
PWM(L(¢"¢"K1)(X), L(¢2‘¢2’K2)(X)) c L(¢3‘¢3‘K3)(X),

and there exists a positive constant C' such that

gl L@ssss9x) < C'llgllops
where ||gllop is the operator norm of g € PWM(L@191:4) (X)), L2924 (X)),

Remark 6 In Theorem 3 the assumption that ¢3 /¢, is almost increasing with respect
to the order by ball inclusion is necessary, see [14].

If ¢ € G" and ¢ satisfies the doubling condition, then o (x, tp(x,r)) ~
@~ (x, t¢(x,3K?r)). By Theorems2 and 3 we have the following corollary.

Corollary 5 Let &; € @UGY and ¢; € G¥, i = 1,2,3, and let k € [1, 00). Assume
that there exists a positive constant C such that
CTloy (x, 1¢(x, 1) < @7 (x, 1901 (x, 1) @3 (x, 13(x, 7))
< Cd?;l(x, tpr(x,r)) forallx € X andr,t € (0, 00),
and that ¢3/¢, is almost increasing with respect to the order by ball inclusion.

Assume also one of the conditions (i) and (ii) in Theorem 3. If ¢1 or ¢, satisfies the
doubling condition, then

PWM(L(¢"¢1’K)(X), L(¢2’¢2’K)(X)) — L(¢3’¢3’K)(X),

and the operator norm of g € PWM(L(‘DIJPI,K)(X)’ L@0259 (X)) is comparable to
”g”L(")Sv%-K)(X).

If ®(x,r)=r"®w(x) and 0 < p_ < p, < oo, then & satisfies the A,
condition.
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Corollary 6 Let p;(-) be variable exponents with 0 < (p;)— < (pi)+ < 00, w;
be weights and ¢; € G¥, i = 1,2,3, and let k € [1, 00). Assume that 1/p,(x) +
1/p3(x) = 1/ pa(x), that there exists a positive constant C such that

C™ (o (x, 1) Jwa ()72 < (g1 (x, 1) Jwi ()P (B3 (x, 1) ws (x)) P
< C (o (x, ) /wa (X)) forallx € X and r € (0, ),

and that ¢3/¢; is almost increasing with respect to the order by ball inclusion. If
(p3)+ < oo and if ¢y or ¢, satisfies the doubling condition, then

PWM(LI(I{’]"@’K)(X), Ll(liz,¢z,l<)(x)) — LS[{;3’¢3’K)(X)’

and the operator norm of g € PWM(LE ) (X), LL**%) (X)) is comparable to
19055411

By Remark 3 we have the following corollary.

Corollary 7 Let (X, d, ) be a space of homogeneous type, and let ®; € @UGY and
¢; € G', i = 1,2, 3. Assume that there exists a positive constant C such that

C'o 7 (x, tha(x, 7)) < @7 (x, 1y (x, 1)) D5 ' (x, tp3(x, 7))
< C@gl(x, tpr(x,r)) forallx € X andr,t € (0,0),

and that ¢3/¢, is almost increasing with respect to the order by ball inclusion.
Assume also one of the conditions (i) and (ii) in Theorem 3. Then

PWM(L(¢"¢')(X), L(¢2’¢2)(X)) — L(¢3’¢3)(X),

and the operator norm of g € PWM(L®9)(X), L(*>%) (X)) is comparable to
||g||L(">3v¢3)(X)-

By Example 1 (ii) we have the following corollary.

Corollary 8 Let (X, d, i) be a space of homogeneous type and Q-homogeneous.
Let p;(-) and X\;(-) be variable exponents with 0 < (p;)— < (p;)+ <ocoand —Q <
X)) < (X)) <0, w; beweights, i = 1,2, 3. Let A* be a constant with —Q < A* <
0, and let

phi ) r<ll/e,

¢i(x,r) = . e

(min(r, r))*, r > 1/e,
where r, = sup{d(x,y) : x,y € X} € (0, o0]. Assume that (p3)+ < oo, that A;(-),
i =1,2,3, are log-Holder continuous, and that
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1 1 . 1
1 T h® . @
M) As(x)  Aa(x)
pix)  p3(x)  pax)’
wl(x)l/p‘(x)w3(x)l/p3(") — wz(x)l/m(x),
A (x) = A (x),

forall x € X.

Then
(p1.¢1) (p2.92) — 7 (p3.93)
PWM(L 7" (X), L7 (X)) = L)% (X)),

and the operator norm of g € PWM(L,(fl"¢')(X), L,(,f’zz’d’Z)(X)) is comparable to

gl 505 (x)-

Let p(-) be a variable exponent, and let

O, 1y = | 1/ exp/17). 1€ 0. 1],
U | exper), t e (1, ool.

Here we use the following interpretation:

1/exp(1/t*) =0, te]0,1],
exp(t™) = oo, t e (1, 00].

If p. > 0,then ®@ € d_ﬁf,, see [18, Examples 3.2 and 3.5].

Corollary 9 Let X =R”, d(x,y) = |x — y| and u = wdx, where w is a weight
function and dx is the Lebesgue measure. Assume that there exist positive constants
¢y and ¢y such that c; < w(x) < ¢y a.e x € R". Let p;(-) be variable exponents with
0< (pi)- < (pi)y < o0, and let

1/exp(1/t7™), t €0, 1],

=1,2,3.
exp(17 ™), t € (1, 00,

¢i(x»f)=[

Let A be a constant with —1 < . < 0, and let ¢ (B) = w(B)*. Assume that (p3)4+ <
oo and that 1/ pi1(x) + 1/ p3(x) = 1/pa(x). Then

PWM(L(¢"¢)(X), L(®z-¢>)(x)) — L(¢3’¢)(X),

and the operator norm of g € PWNM(L®-®(X), L*>¥ (X)) is comparable to
||g||L(¢’3-¢)(X)-

For generalized Lebesgue spaces L”)(X) with variable exponent, we have the
following, which is a corollary of Theorem 1.
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Corollary 10 ([18]) Let p;(-) be variable exponents, i = 1,2, 3, and

Xoo ={x € X : p3(x) = oo}.
Assume that (p;)— > 0,i =1,2,3, SUP e x\ X0 p3(x) < oo and

1 1
PO mm ;o

forall x € X. (17)

Then
PWM(L”‘(')(X), Lm(')(X)) — Lm(‘)(X).

Moreover, the operator norm of g € PWM(L?' ) (X), LP*V (X)) is comparable to
||g||LP3<->(X)~

6 Proof of Main Results

In this section we prove Theorems 2 and 3. In this section, we write f < gorg 2 f
if f < Cg for some positive constant C.

Proof (Proof of Theorem 2) We follow the proof method of [22, Theorem 2.3]. We
may assume that ®; € @3, by Proposition2 (ii) and (6). Let ®,(-, (-)!/%) € &},
with ¢, € (0, 1]. We may also assume that || f|| ;@440 = ||gll ;. @3.03.49» = 1. For any
ball B and x € B, let

_ (<P1(x, [f(O)) Ps(x, |g(x)|))
f = max , .
¢1(k1B) ¢3(k3B)

We note that r < oo a.e. x € B, since fB Di(x, | f(x)Ddu(x) < w1 B)pi (k1 B)
and fB D3(x, |lg(x))du(x) < u(k3B)p3(k3B). From (P1’) and &, (x, |f(x)]) <
t¢p1 (k1 B) it follows that

|f)] < @7, @1 (x, [ f(0)) < @' (x, 161 (k1 B).
In the same way we have

lg(0)| < @3 (x, D3(x, |g(x)]) < @' (x, 13 (3 B)).
Hence, for a.e. x € B,

If()g(x)| < @' (x, 11 (k1 B)) Py (x, td3(k3B)) < C 5 ' (x, tr(k2 B)).
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Since @, (x, (-)'/%) is a Young function, by (3) and (P1’) we have

|f ()90l 1 [f ()9l
D, (X, W) = 5¢2 (x, T)

IA

1 1
32, &5 (x, thr (k2 B))) < 5162 (2B)

! (¢I(Xv [ D n D3(x, |g(x)])
2 ¢1(k1B) ¢3(k3B)

)¢2(K23)-

Therefore

| f(x)g(x)]
/B D, (Jﬁ W) du(x)

1 ¢>1(-x» |f(x)|) qu(X, |g(x)|)
Py —d —d B
= 2 ( B ¢i1(kc1B) w) + s $3(3B) u(x)) $2(k2B)

1
< E(N(KIB) + (k3 B))2 (k2 B)

< u(kaB)pa (k2 B),

since max(k, k3) < k». This shows

I 9ll0pricrn < 2VC.

Then we have the conclusion. O
To preove Theorem 3 we show the following two lemmas.

Lemmas$s Let® € @, and P (-, OV € @y witht € (0,1], ¢ € G¥ and3K%k <
k'. Let ¢(B)(By) < Cy ¢(Ba)u(By) for all balls By and B, with By C By. If
f € L'®99(X), f = 0 outside of some ball By, and

sup | fllegc8 =M,
BC3K2B,

then f € L®%<)(X) and
1/¢
I fll Lesunxy < C¢/ M.
Proof Let By = B(xy, rg). Foranyball B = B(x, r) with B N By # @,ifr < ry, then

B C 3K?B,, and then | fllogeB < flloges < M.Ifr > ro, then By C 3K?%B.
In this case we have k By C «’B and, by (3),
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0|
s ),? (’ 7 )d()

¢
< ¢ (k Bo) 1 (k Bo) 1 @(x, |f(x)|)d ) < 1.
Cp ¢ (' B) (' B) ju(k Bo)op (i Bo) M
Then we have the conclusion. O

Lemma 6 Assume the same condition as Theorem3. Let g be a simple function
and g = 0 outside of some ball B, = (x,r,). Then there exists a function f €
L@¢09) (X)) such that

||f||L‘¢Iv¢1"‘I’(X)||g||L‘¢3~"’3”‘3)(X) = C||fg||L‘¢2~4’2v’(2>(X)’ (13)
where C is a positive constant independent of g, f and B,.

Proof First note that g is in L(®3#3%9)(X) by the assumption. By Proposition2 (ii)
and (6) we may assume that @; € @, and &;(., ()4 e @Y with ¢; € (0, 1],
1=1,2,3.

Case (i): Assume that @5 satisfies the A, condition. Then @3(x, (-)1/%) e YD
for each x € X and @3 ((-)"/%) € YV forany A C X with 0 < u(A) < oo, where

o4 (t) = [, Ps(x, 1) dpu(x).
Take a ball By = B(xg, ro) such that

”g”L(‘pW’S‘KS)(X) = 2”9”@3,(153,1(3,30'

Then g/, is a simple function in the Musielak-Orlicz space L% (B,) with the measure
/(i (k3 Bo) (13 Bp)) and

9184 1223 (B, 10/ 65 3 Bo s By = NGl @3,65.3, 8o -

By Lemma3 we have

1
[ & (x,—'g( ) )du(x): 1.
@3 (13 Bo) (k3 Bo) J B, lgll®s, 65,45, B

Let

hix) = g0l )x%um (19)

—_— 3 X7 —_—
@3 (13 Bo) ( lgll L@s.os9 (x)

Then h|p, isin L'(By) and h(x) < oo a.e. Let

flx) = {qjl_l(X,(Pl(MBo)h(x)), 0 < h(x) < oo, 0)

0, h(x) = 0.
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Then, by (P1’),

¢1(K130)¢% ( lg(x)]

Di(x, f(x)) < s (s Bo) )xgo(x), ae. x € X.

s
||g||L(‘°3<¢3vK3)(X)

We will show that || f| @ se0x) S 1 and that || fgll Lo ) 2 gl L@sesen x)-
Then we have (18)

Now, for any ball B = B(x, r) with B C 3K?B,, since 3K?k3 < k|, we have
k3B C k1 By and

1

$1(c3B) (3 B) /B P15 SN dpe)
1 ¢1(x1 Bo) lg(x)]

= $160B)(sB) d3(sBo) S (x’ ||g||m3v¢3.~3>(X)) () )
_ $3(k3B) ¢1(k1Bo) 1 r ( lg(x)|
T 1,63 B) ¢3(k3Bo) 33 B)u(k3 B) Jp
_ 9303 B) d1(k1By) _ $3(k3B) ¢1(k1Bo) _
= ¢1(k3B) ¢3(k3By) ~ p1(k3B) p3(ki1By) ~

) dp(x)

s
||g||L“”3~¢3,K3)(X)

where we use the almost increasingness of ¢3/¢; in the last inequality. That is,

Sup ||f||¢1,¢1,K3,B 5 1'
BC3K?B,

By Lemma5 we have || fl @00 x) S 1.

Next we show | fgllp@rnm ) 2 IglL@ssc(x). We may assume that
Dy (x, ()V2) e YD U YD forall x € X by (P4’). If h(x) = 0, then f(x) = 0 and
D, (x, M) =0.If0 < h(x) < 00, then 0 < &3 (x, &) < Q.

||,(1||L(¢3»¢3AK3)(X) ||<(]HL<¢3‘¢3"‘3)(X)

Then by (P2’) we have

|f)g)l O (x, 1 (k1 B ()05 (x,<D3 (x lg(x)| ))

||g||L(®3«¢3~K3)(X) ' ||9||L<a>w3.x3)(X)
= & (x, ¢1 (k1 Bo)h (X)) P35 ' (x, 3 (13 Bo)h (x))
> C7 @y (x, g2 (ks Bo)h(x)),

and then, by (P3’),

®, (x Clf(x)g(x)]

, ) > ®y(x, ;' (x, $a (2 Bo)h(x))) = o lica Bo)h(x).
gl @303 (x)
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Hence, by «, < k3,

1 & ( Clf(x)gx)|
- {x, —————
(2 Bo)pa (12 By) J g,

1
h(x)d h(x)d
zu(KzBo) . (x) M(x)zu(/qBo) . (x) dp(x)

! 90| )
= ics Bo)s (k3 Bo) ¢ ) d . (21
w(x3Bo) s (k3 Bo) J g, ’ (x gl L339 (x) p(x).  (21)

) du(x)

' ||g||L(®3"P3y’(3)(X)

By the A, condition of @3 we have

1 ®, (x Clf(x)g()|

(k> B ) (162 Bo) d
(k2 Bo)dr (k2 Bo) J g, ) w(x)

s
||g||L<‘p3’¢3y’(3)(X)

1 lg(x)]
> X, ————— ) dux)
(k3 Bo)p3 (k3 Bo) J g, 21191l ®5,45,3, Bo

1
PN S S (x, ﬂ) dp(o) = 1.
(k3 Bo)p3 (k3 By) J g, g1l ®s.¢5,c3, B

Therefore, || fgll @ e 2 19l @035 and we have (18).
Case (ii): Assume (ii) in Theorem 3. Take a sequence of balls B, = B(x,, r,)
such that B, N B, # ¢ and that

§||g||L(“’3*4’3~”3)(X) < Nglles.gsies.Br < NGl ds.05.05.8, < -+ = gl L@sozmarx)-
By Lemma3 we have

lg(x)|

1
14(ie3 By ) b3 (ic3 B) /Bn ’ (x ||g||d>3,¢3,K3,B,,) #lx) (22)

By the assumption (ii) (b) there exists ¥ = Wy € @y satisfying ¥ ((-)/¢) € YO
such that sup @3(x, ) < ¥(t) for all . Then

X€EB,

X 2 o0
/ @5 (x, [g(x)] )du(x) 5/ !I/( lgll oo x) )d,u(x) - co.
B, lgllos.5.45. B, B, g1l L@so3.09 (x)

By the assumption lim in)f( ¢3(x, r)u(B(x, r)) = oo, we see that sup, r, < oo and
F—>00 xe

then all balls B, are subsets of some ball B,. Since 1in4}0 inf ¢3(x,r) = oo and
r—->+UxeB,
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9G]
B,) = d
$3(ksBn) <K3B)/ , ( ||g||¢3¢3K33,1) w0

2
< ( lgllL=cx) )d,u(x)
M(K3Bn) B.NB, g1l L@s.o39 (x)

2 -
~w (M) o
”g ” L(®3.93.63) (X))
we have inf,, r, > 0. Then, by the assumption (ii) (a) we can take a subsequence if we

need, (x,, r,) converges to some pgint (x, f~) with% € Xand7 > 0.Let B = B(x, 7).
Then w(x3B,)¢3(k3B,) — (k3 B)@s(k3B) by the assumption (ii), and

/ ¢3( |g(x)] )d (x)_)/%( |g(x)] )d,u(x).
B, ||g||<1>3 ¢3.k3,B, gl @s.05. “3)(X)

From (22) it follows that

%/ s (x, —|g(x)| )d//,(x) =1.
u(x3B)gp3(k3B) J & g1l @so3.0 (x)

Using B instead of By, we define h and f by (19) and (20), respectively. Then
by the same way as Case (i) we have | f| @0y S 1. By (21) we have
I fgllL@rdr0x) 2 N9l L@s.03.00(x. This shows (18). O

Proof (Proof of Theorem3) First note that, by Lemma4, each element of
PWM(L 19160 (X)), L(®29242) (X)) is a closed operator. Then it is a bounded oper-
ator by the closed graph theorem.
Let g € PWM(L @914 (X), L(®2%2#2) (X)). Let { B;} be an increasing sequence

of balls such that

o0

=(JB
j=1

Take a sequence {g;} of simple functions such that g; = 0 outside of B; and
0<gi<g<---—|glae.
Then g; € PWM(L @914 (X)), L(®29202) (X)) 0 L(®3:93:%3) (X)) and
g1l L@sosnnxy < Ng2llL@sosxy - o llgjllop = llgllop-

By Lemma6 there exist functions f; € L(®-¢1%)(X) such that

||fj||L(“’1v¢1«K1)(X)||gj||L<“’3«¢3v~3)(X) 5 ||fj9j||L<®z«¢zv~2>(X) = ”gj”Op”fj||L("’l<¢l~'(l)(X)-
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Then

|9 Il Lees.3.9 (x) S llgillop < llgllop-

By the Fatou property we get g € L(®3:93%3)(X) and

gl Lesesnxy S Nlgllop-

This is the desired conclusion. O
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The Fatou Property of Function Spaces, Heat
Kernels, Admissible Norms and Mapping
Properties

Hans Triebel

Abstract This paper deals with the Fatou property of some distinguished spaces in
the context of tempered distributions. We discuss the close connection with so-called
admissible norms, some of them are defined in terms of heat kernels. We illustrate
how the Fatou property can be used to prove mapping properties of some operators
in limiting situations.

Keywords Fatou property « Spaces of tempered distributions + Morrey spaces *
Lorentz spaces - Singular integral operators
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1 Aims and Motivations

Let S(R™) be the usual Schwartz space of all complex-valued rapidly decreasing
infinitely differentiable functions on the Euclidean n-space R". Let S'(R") be the
space of all tempered distributions in R", the dual of S(R"). Let D(R") = C{°(R")
be the collection of all f € S(R") with compact support in R". Let A(R") be a
quasi-normed space in §’(R") with A(R") < S’'(R") (continuous embedding). Then
A(R") is said to have the Fatou property if there is a positive constant ¢ such that

sup |lg; |A(R")|| <oo and g; > g in S'(R™) (D
JjeN

implies g € A(R") and

llg ARl < c supllg; |A(RM)]I. (2)
JjeN
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We are interested in the nowadays well-known inhomogeneous spaces A3, , (R"),
Ae{B,F},s € Rand 0 < p,g < oo, their tempered homogeneous counterparts
Z;,q (R"), related Lorentz spaces L, ,(R") and Morrey spaces L;(R”), H°L,(R")
as long as they fit in the framework of the dual pairing (S (R"), S’(R")) asking,
among other questions, of whether these spaces have the Fatou property. This paper
is a comment on some assertions in our recent publications [17-22] and [16]. We
assume that the reader is familiar with these spaces. Standard definitions will not
be repeated. Even worse we refer the reader to the (historical) references in the
just quoted publications restricting ourselves here to the bare minimum. We are
more interested in the interplay of what is already known complemented by a few
new aspects. The topics we have in mind are characterized by the key words in the
title. Let again A(R") < S'(R") be a quasi-Banach space. The related quasi-norm
|| - |A(R™)| is said to be admissible if any f € S’(R") can be tested of whether it
belongs to A(R™) or not (which means whether the related quasi-norm is finite or
infinite). Within a given fixed quasi-Banach space A(R") further equivalent quasi-
norms are called domestic. A simple but nevertheless illuminating example is the
Lebesgue space

L,(R") =F),(R"), 1<p<oo. 3)
Then
0 - 1/2
LFIES RO = | (D2 16 Y OF) 1L, R )
j=0
according to (15) below is an admissible norm whereas
1/p
17 1L = ([ 1 an) 5)
Rn

is adomestic norm. We discussed this point in greater detail in [19, Sect. 1.3, pp. 5, 6].
In the case of the inhomogeneous spaces A),  (R") the distinction between admissi-
ble, domestic and other types of norms as discussed in [ 19] might be somewhat pedan-

tic. But the situation is different for the tempered homogeneous spaces ;1 g (R") as
considered in[19, 21, 22] in the framework of the dual pairing (S (R™), S /(R”)) .Then
admissible quasi-norms in terms of heat kernels in Gauss-Weierstrass semi-groups
W, f, f € S'(R"), will play a central role. This has a long history going back to [12,
13]. But the recent interest comes from (linear and nonlinear) parabolic equations
including Navier—Stokes equations and PDE models of chemotaxis. We discussed
these points in [19-21] based on [17, 18]. This will not be repeated here. But these
applications suggest to ask for spaces satisfying the continuous embeddings

SR <> A3 (R") <> S'(R"),  S(R") <>A% (R") = S'(R").  (6)
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This is obvious for the inhomogeneous spaces Aj,  (R") but a severe restriction

for the tempered homogeneous spaces K;Q(R”) as treated in [19, 21]. If a space
A(R") is defined in terms of admissible quasi-norms then the Fatou property in the
context of the dual pairing (S (R, S’(R”)) is quite often a more or less immediate
consequence. One can take (4) or characterizations based on heat kernels as examples.
This is the case for all inhomogeneous spaces A), / (R") and all considered tempered

homogeneous spaces ,Z; 4(R") as will be detailed in Sect.2 below. But it applies
also to Lorentz spaces L, ,(R") and the Morrey spaces L;(R”), HC°L,(R"), after
the standard norms in terms of Lebesgue-measurable norms have been replaced by
suitable admissible norms partly based on duality as will be described in the Sects. 3
and 4 below.

The Fatou property can be used to study mapping properties of linear and also
non-linear operators. We describe a typical situation. Let A(R") and B(R") be two
quasi-Banach spaces such that

S(R") = A(R") — B(R") = S'(R"). @)
Let T be a linear operator acting continuously in B(R"),
T: B(R") — B(R"). ®)

One may ask whether the restriction of T to A(R") acts continuously in A(R").
Let A(R") be a space with the Fatou property assuming in addition that for any
f € A(R") there are functions f; € S(R") such that

sup | f; IARDI < cllf IARMDI,  f; > f in B(R"). €))

JeEN

This is a rather typical situation. One may think about atomic or wavelet decom-
positions where the related building blocks can be mollified. Then one may even
assume f; € D(R") = C§°(R") in (9). Let

ITf; AR < cllfi JARMDI,  j€N. (10)
If S(R") is dense in A(R") then one has
T: A(R") — A(R") (1D

by completion. If S(R") is not necessarily dense in A(R") then the Fatou property
of A(R") and the above assumptions ensure again (11). In other words, the Fatou
property may serve as a substitute if completion or other direct arguments do not
work. One may think about A(R") = A}, /(R") with max(p, ¢) = oo and suitable
spaces B(R") = A%  (R") with max(u, v) < oo (based on appropriate embeddings)

u,v

or A(R") = L, (R™) (Marcinkiewicz spaces) or A(R") = L,(R") (Morrey spaces)
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where the related spaces B(R") might be (weighted) L ,-spaces. We do not deal with
mapping properties of operators in detail, however we illustrate in Sect. 5 the above
comments by a few examples. But otherwise we are mainly interested in illuminating
the interplay of the Fatou property of some spaces and related admissible quasi-norms
in the context of the dual pairing (S(R"), S'(R")).

2 Tempered Spaces

If ¢ € S(R") then $ = F stands for the Fourier transform and ¢V = F~'¢ for
the inverse Fourier transform. Both are extended in the standard way to S’(R"). Let
o € S(R™) with

wo(x)=T1lif |x] <1 and @o(x) =0if |x| > 3/2, (12)

and let
Or(x) = o2 x) — po2*'x),  xe€R", keN, (13)

where N is the collection of all natural numbers. Let ¢ = {¢;}72.

Definition 1 Letn € N.
(i) Let0 < p <00,0<g <o00,s €R. Then B;,q (R™) is the collection of all f €
S’(R™) such that

Gl ~ 1/q
17185, (R = (3027 (op DY 1L, (RD[T) T < 00 (14)
j=0
(with the usual modification if g = 00).

(i) Let0 < p < 00,0 <g <o00,s5 € R. Then F;,’q(R") is the collection of all f €
S’(R™) such that

<00 (15)

115 D1 = [ (327, Y 0l) Ly R
j=0

(with the usual modification if g = 00).

Remark 1 This is the standard definition of the tempered inhomogeneous spaces
A, ,(RY) with A € {B, F}. The theory of these spaces and related (historical) ref-
erences may be found in [14-16]. All quasi-norms are admissible: Any f € S'(R")
can be tested if || f |A;’,qq(R”) [l is finite or not. Recall that A;,q (R™) is independent
of ¢ (equivalent quasi-norms). All spaces have the Fatou property: If 1) € S(R")
then

W@ =c(f9(x—2), feSERY, xeR" (16)
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This reduces (1), (2) with A(R") = A‘;y q(R”) to the classical measure-theoretical
Fatou property for L ,-spaces. The first detailed discussion had been given in [5]
where also the notation Fatou property in the context of distributions had been coined.
But this remarkable property had also been used before, at least implicitly, for exam-
ple in [6, 7].

The above spaces A}, ,(R") can also be introduced in terms of heat kernels what
will be of interest for our later considerations. Let w € S'(R"). Then

=y

1 _ 1 _ b=
Waw(x) = W/};n e 4 IU(y) dy = W(w,e 4 ), t>0, (17

x € R", is the well-known Gauss-Weierstrass semi-group which can be written on
the Fourier side as

Wa© =e"FB©),  ceRr", >0 (18)
The Fourier transform is taken with respect to the space variables x € R". Of

course, both (17), (18) must be interpreted in the context of S’(R"). But we
recall that (17) makes sense pointwise: It is the convolution of w € §’(R") and

W2
g (y) = (47rt)’”/2e_% € S(R™). In particular,
0o pn 2\N/2 n
wkg € CPRY, |wxg)W)| <c(1+x)""", xeR", (19
for some ¢, > 0 and some N € N. Let
s <0 and 0 < p,g <00 (with p < oofor F -spaces). (20)
Then
s n : -4 n dr\1/a
1718} RO = (| 17 IWLf LRI =) @
0

and
(22)

1153 (R = H(/O1 E WO ) e, ey

(usual modification if g = 0o) are admissible (characterizing) equivalent quasi-
norms in the respective spaces in the same understanding as in Remark 1 above.
This is essentially covered by [15, Theorem 2.6.4, p. 152]. With (17), (19) in place of
(16) it follows again that the above spaces A}, | (R") have the Fatou property reducing
this question to the classical measure-theoretical Fatou property for vector-valued
L ,-spaces. Of interest for us are the Holder-Zygmund spaces

C’(R") = B, o(R"), s<0, (23)
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which can be admissibly normed by

IFICS(RD = sup 2 |W, f(x)]. 24)

XER" O<t<l1

We extend (21), (22) with (20) to
s € R, and 0 < p,g <oo (p < oofor F -spaces). 25)

Let as usual 9"g = 0"g/Ot™, m € No = N U {0} with °g = g. Lets/2 <m €
Np. Then B;’q(R") is the collection of all f € S'(R") such that

b de\ /g
1 1BS, (Rl = Wi FIL (R + (/0 (W f 1L (R )

(26)
is finite and F, , (R") is the collection of all f € S’(R™) such that

1
1 13 R = WS L, RO+ | ([ el o )L

’ @7
is finite (usual modification if ¢ = o0o). This is covered by [15, Theorem 2.6.4,
p-152]. According to [15, Remark 2.6.4, p. 155] one can replace fol in (26), (27)
by Ji~ (supg,; by sup,. o) if s > max (0 n(l — 1)). In other words, (26) and (27)

are equivalent admissible quasi-norms in A  (R"). Using Oa'Ww = A"Ww =
W, A™w then one has by (17)

/11 1 m _l— n
0y W,w(x):W(A w,e  # ), t>0, xeR" (28)

This shows again that all spaces Aj,  (R") as introduced in Definition 1 have the
Fatou property.

The above tempered inhomogeneous spaces Aj, ,(R") can be introduced as in
Definition 1 or as the collection of all f € S'(R") such (26), (27) are finite. All
quasi-norms are admissible and the Fatou property according to (1), (2) can be
reduced to the classical Fatou property for (vector-valued) L ,-spaces for measurable
functions. Homogeneous spaces Asp (R™) within the dual pairing (S(R"), §'(R"))
had been discussed all the time, but the recent interest comes from applications to
some (nonlinear) PDEs, including Navier—Stokes equations. In [ 19, Chap. 2] we have
given a description of these homogeneous spaces A; ,(R") extending previous con-
siderations in [ 14, Chap. 5]. But these spaces and, even more, their applications suffer
from the ambiguity modulo polynomials. We introduced in [19, Chap. 3] and [21]

tempered homogeneous spaces Z; (R") within the dual pairing (S (R™), S’(R"))
(as the tempered inhomogeneous spaces Aj, /(R")) avoiding this shortcoming. In
contrast to the inhomogeneous spaces the Fourier-analytical counterpart of Defini-
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tion 1 with ¢/ (x) = g2/ x) — o(277*'x), j € Z (integers) is of no use for this
purpose. But the situation is different if one looks for admissible quasi-norms for

the tempered homogeneous spaces ;;Ap 4(R") based on heat kernels. We dealt with
these spaces in [19, Chap. 3] and [21] repeating now only a few aspects related to
admissible quasi-norms and the Fatou property. The homogeneous counterpart of

the Holder-Zygmund spaces according to (23), (24) are the Banach spaces C*S(R”),
s < 0, normed by

I 1CT (R = sup 172 |W, f(x)]. (29)

XER",t>0

It is again an admissible norm. Furthermore C*‘Y(R”) — S'(R") and C*‘Y(R”) has
the Fatou property by the same arguments as above. The left-hand side of (6) with

Zisp,q (R™) :5’3 (R™) requires —n < s < 0, [19] and, in particular, [21, Theorem 2.6].
Excluding limiting cases one needs now the restriction of s to the distinguished strip

—n<s—2=—ﬁ<0, 0<p<oo. (30)
p r

In particular 1 < r < oco. Under these restrictions one can now define the tem-

pered homogeneous spaces Z; ,(R") as follows. Recall that No = N U {0}, where
N stands for the natural numbers.

Definition 2 Letn € N.

(i) Let0 < p <00,0 <g < ooand

=5 ——. 3D
4
Lets/2 < m € Ny. Then é;’q(R”) collects all f € S'(R") such that

* *© s dr\ 1/ *
||f|B;,,,,<R">||m=(/0 r<’"*f>‘f|laf"wzf|Lp(R")||q7) TRFIE Ry

(32)
is finite (usual modification if g = 00).

(ii) Let 0 < p <00, 0 <g <00 and s,r as in (31). Let 5s/2 < m < Ny. Then
I*ij,’q(R") collects all f € S’(R") such that

* o0 dry Y/
71 E G R = ([ gl §) i

FIFICT T RY) (33)

is finite (usual modification if ¢ = 00).
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Remark 2 'We refer the reader again to [19] and [21, Definition 2.8]. One has always
(6) with Ze { 13, 1;«t }. Furthermore (32) are equivalent admissible quasi-norms in
B, (R") and (33) are equivalent admissible quasi-norms in %, ,(R"). Using again

(28) it follows by the same arguments as above that all spaces :}; 4(R") have the
Fatou property.

It seems to be reasonable to summarize the above comments. Recall that we
explained in (1), (2) what is meant by the Fatou property in the framework of
(S(R”), S’(R”)). As above a quasi-norm || - |[A(R™)|| is called admissible if any
f € S'(R") can be tested of whether it belongs to A(R") or not.

Theorem 1 Letn € N.

(i) The tempered inhomogeneous spaces Aj, ,(R") according to Definition 1 have
the Fatou property. The quasi-norms (14) and (26) are admissible in B;,q (R™). The
quasi-norms (15), (27) are admissible in F;,’q(R").

(ii) The tempered homogeneous spaces Z .q(R") according to Definition 2 have the
Fatou property. The quasi-norms (32) are admissible in 5 .q(R"). The quasi-norms
(33) are admissible in Ij:‘;,’q(R”).

Remark 3 Allis covered by the above considerations and references. There is essen-
tially nothing new compared with what is already known. But we wanted to collect
some aspects which are otherwise somewhat scattered in [16, 19, 21]. In particular
we tried to shed some light on the close connection between admissible quasi-norms
and the Fatou property as long as these quasi-norms are built on (vector-valued)
L ,-spaces.

3 Lorentz Spaces

We follow closely [19, Section 3.6] where we discussed some aspects of the Lorentz
spaces L, ,(R") in close connection with tempered homogeneous spaces as intro-
duced in Definition 2. One may consult [19, Definition 3.18, p.73].

Let f be a complex a.e. finite Lebesgue-measurable function in R". Then the dis-
tribution function /4 s (0) and the decreasing (which means non-increasing) rearrange-
ment f* of f are given by

ppo) ={x e R": |f()| >0}, 020, (34)

and
ff@) =inflo: pslo) <t}, t=0. (35)

Let0 <r < occand0 < u < oco.Then L, ,(R") collects all Lebesgue-measurable
functions such that
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00 o dey1/u
1 1L RO = ( /0 (" rw) ) < oo (36)

(with the usual modification if u = oo). Recall that L, ,(R") = L,(R"),0 < r < oo,
are the Lebesgue spaces. The standard references for the theory of Lorentz spaces
(and diverse generalizations) in the larger context of measure spaces are [2—4]. Our
interest in Lorentz spaces comes from their use in connection with both tempered

inhomogeneous spaces A7, (R") and tempered homogeneous spaces ;i;, ,(R"). We
refer the reader again to [19, Sects.3.6, 3.7] and the literature mentioned there. If
1 < r < oo then the spaces L, , (R") fitin the scheme of (S(R”), S’(R”)) as arefine-
ment of related Lebesgue spaces L,(R"). Then it makes sense to ask for the Fatou
property of these spaces and also for admissible (equivalent) quasi-norms. After-
wards (36) becomes a domestic quasi-norm again in generalization of (4), (5). The
Fatou property for L, ,(R") with 1 <r < 00, 0 < u < 0o, means in specification
of (1), (2) that there is a positive constant ¢ such that

sup llgx ILyu(RM| <00 and g — g in S'(R") (37)
keN

imply g € L, ,(R") and

g [Lru(R)I = ¢ sup llgk |Lyu (R (38)
keN

One should be aware that this is the Fatou property within the framework of
(S (R™), S’(R”)) and not in the context of Lebesgue-measurable functions in R”".
Although quite obvious we mention that the spaces L, , (R") fit in the above scheme.
They can be obtained by real interpolation

S(R") < Lyu(R") = (Lyy(R"). Ly, (R"),, <> S'(R"), (39)

I <rg<r<r <oo,where t = =0 4 & Tetp = {p;}52, be again the inhomo-

geneous dyadic resolution of unity accordirllg to (12), (13).

Theorem 2 The spaces L, ,(R") with 1 <r < 0o and 0 < u < 0o have the Fatou
property and

1 1Lea B~ (2 1eiD) OF) 1Lk (40)
i=0

are admissible equivalent quasi-norms.

Remark 4 This theorem is essentially covered by [19, Theorem 3.15, p.69] com-
plemented by the obvious assertion that the quasi-norms in (40) are admissible.
There one finds a detailed proof and also further properties of these spaces which are
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*
of interest in connection with some tempered homogeneous spaces A}, ,(R"). The
above assertions extend (3)—(5) from Lebesgue spaces to Lorentz spaces.

4 Morrey Spaces

We complement [18, Chap.2]. There one finds also detailed (historical) references
which will not be repeated here. In addition one may also consult the recent book
[1]. First we take over some material from [18].

Let L,(M),0 < p < oo, where M is a Lebesgue measurable subset of R", be the
usual Lebesgue spaces quasi-normed by

1/
1/ 1L, = (/M Feorrdx) (41

(obvious modification if p = oo). Let L,(R", w,) with 0 < p < 00 and w,(x) =
(14 |x|>)/2, v € R, be the weighted Lebesgue spaces, quasi-normed by

IfILp(R", w)ll = llws f L, (RMI. (42)

As above Z is the collection of all integers; and Z" where n € N (natural numbers)
denotes the lattice of all points m = (my, ..., m,) € R" withm € Z. Let Q;,, =
27/m +277(0, 1)" with j € Zandm € Z" be the usual dyadic cubes in R" with sides
of length 27/ parallel to the axes of coordinates and 2~/m as the lower left corner.
As usual LII;’C(R”) collects all locally p-integrable functions, thatis f € L,(M) for
any bounded Lebesgue measurable set M in R".

Definition 3 Letn € Nand 1 < p < oo.
(i) Let —n/p <r < 0. Then L;(R”) collects all f € LIIj’C(R") such that

IFILL R = sup  2/5FY £ L, Q) < oo (43)

JeZ MeZ"

Furthermore Z »(R") is the completion of D(R") = Ci°(R") in L’ (R").
(ii) Let —n < ¢ < —n/p. Then H?L,(R") collects all » € §'(R") which can be
represented as

h= > huu. supphsu C Osu. (44)
JeZ MeZ
such that
> 275F Ny L Q) < oo (45)
JeZ,MezZ

Furthermore,
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| HOL,y(RM | =inf D" 2/C* |y [Ly(Qrm)ll (46)

JeZ,MezZ"
where the infimum is taken over all representations (44), (45).

Remark 5 Part (i) coincides with [18, Definition 2.1(ii), p. 7] and part (ii) with [18,
Definition 2.3(ii), p.9]. Usually L;(R”) = L"L,(R") are called (global) Morrey
spaces and H?L ,(R") are related dual Morrey spaces. In [18] we dealt also with
local Morrey spaces and related local dual Morrey spaces. This will not be done
here. According to [18, (2.8), (2.42), pp. 8, 13] one has

L,(R") =L,""(R") =L ,"/"(R") = H"/"L,(R"). 47)
We wish to deal with the above spaces in the framework of the dual pairing
(S (R"), S ’(R")) . This has been done in detail in [18]. In particular (44) with (45) con-

verges in some L, (R"), specified below, with 1 < u < p < oo, and hence in §’(R").
We repeat some related assertions. As usual ﬁ + pi = 1 where | < p < oo. Duality

must always be interpreted in the framework of the dual pairing (S(R”), S’(R”)).

Proposition 1 (i) Let
n n
l<p<oo, ——<r<0, ru=-n and v< —— —r. 48)
4
Then L',(R") are Banach spaces, 1 < p <u < 0o and
S(R") — L,(R") — L'p(R”) — L,(R", w,) — S'(R"). (49)

Letr + 0= —n.Then —n < ¢ < —ﬁ and

L (R = H°L,(R". (50)
(ii) Let
n n
l<p<oo, —n<pop<-——, ou=-n and v> —. 51
p

Then H®L ,(R") are Banach spaces, 1 <u < p and
S(R") < L,(R", w,) — H°L,(R") = L,(R") — S'(R"). (52)

Furthermore D(R"), S(R") and L ,(R", w.) aredensein H°L ,(R"). Letr + o =
—n. Then —% <r < 0and

HCL,(R") = L', (R"). (53)
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Remark 6 These assertions are covered by [ 18, Theorems 2.8,2.19, Proposition 2.10,
pp. 16, 19, 25]. There one finds detailed proofs and related references including [8,
9]. In particular (53) makes sense in (S(R”), S’(R”)) because S(R") is dense in
HCL ,(R"). This justifies also (50).

We wish to complement the above assertions asking for admissible norms and
the Fatou property. Recall that a norm is called admissible if any f € S’(R") can be
tested of whether it belongs to the corresponding space or not. The Fatou property
has been described by (1), (2) where A(R") is now one of the above spaces.

Theorem 3 Letn € N.
(i) The spaces L', (R") with 1 < p < 00, —n/p <r < 0 have the Fatou property.
Furthermore

sup {I(f, @)l = € S(R"), lp |HLy(RM| < 1} (54)

withr 4+ o = —n and é + # = 1 is an equivalent admissible norm in L",,(R”).

(ii) The spaces Z’,‘)(R”) with 1 < p < oo, —n/p <r < 0 do not have the Fatou

property.
(iii) The spaces H°L ,(R") with1 < p < 00, —n < ¢ < —n/ p have the Fatou prop-
erty. Furthermore

sup {|(f. ©)| : @ € S(R"), llp L, (RM] <1} (55)
with r + o = —n is an equivalent admissible norm in H°L ,(R").
Proof Step 1. Proposition 1(i) and Definition 3 imply that S(R") is dense in Ii; (R™).
Then part (iii) follows from the duality (50). Similarly one obtains part (i) from the

duality (53) using that S(R") is dense in H?L ,, (R").
Step 2. We prove part (ii). Let

Q1= Qum =2""M+2770,1", €N, (56)
be disjoint cubes Q , y C Q = (0, 1)" where J; € N, with J; < J, < --- and suit-
ably chosen M! € Z". Let

L
=D N2"¢.  LeN, (57)
1=1

with
o =p(2"(x—x")), 1eN, (58)

where x/ is the center of Q;,0 < ¢ € S(R"),

PO =1, @) =0if x| = 1/2. (59)
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Furthermore let A = {);}]2 | where either \; = 1 or \; = —1. This is a modifica-
tion of a corresponding construction in [18, p.23]. By the same arguments as there
one obtains

freLn(R",  sup | £ IL) (RN < o0 (60)
LeN
uniformly in A and
o0
A= ZA, 277 g e L (RM). (61)
=1

With K > L one has

K K
”f[? _ fZ\ |Lp(Rn)||p 5 c Z 27/”]727]1/1 —c Z 27./1(n+rp) S szL(nJrrp)
I=L+1 I=L+1
(62)
where we used rp 4+ n > 0. In particular
fir— f* in L,(R") < S'(R") if L — oo. (63)

The set of all f* is non-countable, having the cardinality of R. Furthermore by
the same arguments as in [18, (2.101), p.24] there is a number ¢ > 0 such that

LY = LR = ¢ (64)

for all sequences !, A2 with A! # A2, If one assumes that z;(R”) has the Fatou
property then it follows from (60), (63), (64) that { £} is a non-separable subset of

Z ; (R™). But (49) shows that Z ;,(R") is a separable Banach space. This contradiction

proves that Z;(R") has not the Fatou property.

Remark 7 The idea to employ duality to find admissible norms in some function
spaces as in (54), (55) is not new. It had already been used in [5] to show that
Lo (R") as the dual of L{(R") has the Fatou property using in addition that S(R")
is dense in L (R"). We hinted in [19, p. 113] on this possibility in connection with
some homogeneous spaces A‘;’ ,(R™). It is also helpful in some limiting situations

for tempered homogeneous spaces Zj, ,(R") as introduced in [21, Definition 2.8].
The Fatou property as considered in this paper must always be understood in the
framework of the dual pairing (S(R”), S’(R”)) as described in (1), (2). But for
spaces consisting entirely of regular distributions one may ask for Fatou properties
in the context of Lebesgue-measurable functions. This applies in particular to the
Morrey spaces L, (R") and H?L ,(R") as introduced in Definition 3. Then one has
the embeddings according to Proposition 1. Whereas such a measure-theoretical
version of the Fatou property does not cause any problems for the spaces L, (R") the
situation for the spaces H?L ,(R") seems to be different. But a direct detailed study
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and an affirmative answer of this question may be found in [10], extended in [11] to
Morrey spaces based on more general measures. In our case one has the inclusions
(49), (52) which show that these two types of Fatou properties are closely related to
each other.

S Mapping Properties, Revisited

We described at the end of Sect. 1 how the Fatou property can be used to ensure some
mapping properties if completion by smooth functions does not work. We illuminate
these somewhat cryptical comments having a closer look at Calderén-Zygmund
operators 7,

(Tf)(x) =lim .Q(y—/lyl) f(x —y)dy, x €R" a.e. (65)
€0 YER" |y|=e |y|"
where2 <n e N,
RecC'({y: Iyl=1}), R(o)do = 0. (66)

lol=1

Ifl <p<ooand —% <vy<n(l-— %) then T is a linear and bounded map in

L,(R", w,),normed by (42). Details and references may be found in [18, Sect.2.5.1,
(2.75), Remark 2.11, pp. 19, 20, 30, 31]. Letagain | < p < ocand —n/p <r < 0.

Then Tp €L 7,(R") if € S(R") and
IT@IL(RM < clle Ly (RDI. ¢ € SRY). (67)
This follows from [18, Theorem 2.22, p.32] and (49). Let now A(R") = L;,(R”) and
B = L,(R", w,) with —% <7< —% — r. Then (7) follows from (49). By the above
comments one has (8). Recall that S(R") is dense in B(R") = L,(R", w,). For any
f € AR") = L;(R”) one finds f; € S(R") with (9), whereas (10) is covered by
(67). The Fatou property of A(R") = L;(R”) according to Theorem 3(i) ensures
now (11), that is
T : L;(R”) > L;(R”), l<p<oo, —n/p<r<0, (68)

and the a.e. pointwise representation (65). The assertion itself is already known and
covered by [18, Theorem 2.22, Proposition 2.25, pp. 32, 37] where we proved first

T: L(R) <L (R"), 1l<p<oo, —n/p<r=<0, (69)

and afterwards by the duality assertions (50), (53)
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T: HC°L,(R")— H°L,(R"), l<p<oo, —n<p<-—-n/p (70)

and (68). The above arguments may be considered as an alternative way to justify
(68) using the Fatou property of the underlying spaces according to Theorem 3.
But we inserted these discussions mainly to illustrate the possible use of the Fatou
property if completion via smooth functions or other direct arguments do not work.
Another typical example might be pointwise multiplications, in particular point-
wise multipliers m(-) € Lo (R") in, say, A(R") = A;’q(R”) with max(p, q) = oo,

that is
Tf=mQG)f, fe€AR". (71

Since S(R") isnotdense in A(R") one cannot argue by completion. By embedding
there are spaces B(R") = A7  (R", w,) with max(u, v) < oo and suitable weights

w,y(x) =1+ [x1)7%, v e R ensuring (7). In addition S(R") is dense in B(R")
such that (8) with T as in (71) can be defined by completion. As for (9) one may
think about smoothed wavelets or atoms. If it is possible to justify (10) then the Fatou
property for A}, (R") ensures (11).

The above examples show that the Fatou property of underlying spaces is useful
if direct definitions of the the operators T considered are not possible (or unclear)

and completion arguments are not available.
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A Survey on Some Variable Function Spaces

Dachun Yang, Wen Yuan and Cigiang Zhuo

Abstract This article is devoted to presenting a recapitulative introduction of some
recent progresses, obtained by the authors and their collaborators, on the theory
of variable function spaces including the variable Hardy spaces (associated with
operators), the variable weak Hardy spaces and the variable Besov-type and Triebel-
Lizorkin-type spaces.

Keywords Hardy space  Besov space * Triebel-Lizorkin space -+ Variable exponent
(January 20, 2017)

1 Introduction

In recent decades, there was a rapidly increasing number of articles dealing with
function spaces with variable exponents as well as their wide applications to har-
monic analysis (see, for example, [20, 57, 67, 76, 89, 92] for variable Hardy-type
spaces and their applications; [3, 4, 23, 25-27, 86, 87] for variable Besov-type
and Triebel-Lizorkin-type spaces as well as their applications and [19, 46—48] for
some other variable function spaces, including variable Lebesgue spaces, and their
applications, especially, in the study on the boundedness of operators), partial dif-
ferential equations (see, for example, [8, 9, 17, 19, 22, 30, 31]) and potential theory
(see, for example, [6, 22, 39]). Apart from theoretical considerations, the function
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spaces with variable exponents also have interesting applications in fluid dynamics
[1, 65], image processing [14] and variational calculus [2, 32, 40, 41, 66]. The study
of variable exponent function spaces, especially the variable Lebesgue space, can
be traced back to Birnbaum-Orlicz [11] and Orlicz [63] (see also Luxemburg [55]
and Nakano [58, 59]), but the modern development started with the articles [49] of
Kovacik and Rékosnik and [32] of Fan and Zhao as well as [18] of Cruz-Uribe and
[21] of Diening.

Particularly, Nakai and Sawano [57] introduced the variable Hardy space
HP®(R") and established its atomic characterization which was further applied to
consider the dual space of such a Hardy space. The theory of variable Hardy spaces
extends that of variable Lebesgue spaces and that of the classical Hardy spaces.
Later, Sawano [67] improved the atomic characterizations of the space H?")(R")
from [57] and gave more applications including the boundedness of the fractional
integral operator and some commutators. After that, Zhuo et al. [92] established
some intrinsic square function characterizations of H”)(R") including characteri-
zations via the intrinsic Lusin area function, the intrinsic g-function and the intrinsic
gx-function. Independent of [57], Cruz-Uribe and Wang [20] also investigated the
variable Hardy space with some slightly weaker assumptions on p(-) than those used
in [57], and obtained an atomic decomposition of such a variable Hardy space, which,
in spirit, is more close to the atomic decomposition for weighted Hardy spaces due
to Stromberg and Torchinsky [70] than the classical atomic decomposition. Also, the
Riesz characterizations of the variable Hardy space in [20] were established in [85].
Very recently, in [89], the theory of the variable Hardy space on Euclidean spaces
was further generalized into the setting of RD-spaces introduced in [38], namely,
metric measure spaces whose measures satisfy both doubling and inverse doubling
conditions. For more information on RD-spaces, we refer the reader to [38, 83].

As another generalization of variable Lebesgue spaces and Hardy spaces, the vari-
able weak Hardy space was introduced very recently by Yan et al. in [76]. Recall
that the weak Hardy spaces with constant exponents naturally appear when studying
the boundedness of some operators on the classical Hardy spaces H”(R") in the
critical case, and also serve as intermediate spaces when studying the real interpo-
lation between the Hardy space H”(R") and the space L*°(R"). In [76], several
equivalent characterizations of variable weak Hardy spaces, via maximal functions
and Littlewood-Paley square functions, and the boundedness of Calderén-Zygmund-
type operators including the critical case on those variable weak Hardy spaces were
established.

On the other hand, via the Lusin area function, the variable Hardy spaces H Lp 0 (R™)
associated with linear operators L on L?(R") whose heat kernels satisfying certain
pointwise upper bound were introduced and studied in [84] and their molecular char-
acterizations and dual spaces were also obtained in [84]. Very recently, under the
assumption that L is a non-negative self-adjoint operator and satisfies the Gaussian
upper bound estimates, Zhuo and Yang in [90] further established several maximal
function characterizations of H; © (R™) by first obtaining their atomic characteriza-
tions. Moreover, variable Hardy spaces associated with operators satisfying Davies-
Gaffney estimates were also introduced and investigated in [82]. Recall that, when
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p(-) is a constant, these Hardy spaces associated with operators were originally intro-
duced in [7, 28, 29, 75] and further studied in many other articles (see, for example,
[42-44, 68, 78]).

Along a different line of study on variable function spaces, Xu [72, 73] stud-
ied Besov spaces B;(-), q(R") and Triebel-Lizorkin spaces F' ;(A)’ q(R”) with variable
exponent p(-) but fixed g and s. As was well known from the trace theorem (see, for
example, [37, Theorem 11.1]) and Sobolev-type theorem (see, for example, [71, The-
orem 2.7.1]) of classical function spaces, the smoothness and the integrability often
interact with each other. However, the unification of both trace theorems and Sobolev-
type embeddings does not hold true on function spaces with only one variable index;
for example, the trace space of the Sobolev space WX (R") is no longer a space of
the same type (see [22]). To overcome this problem, Diening et al. [23] introduced
the variable Triebel-Lizorkin space F ;8 a0 (R™) via first mixing up the concepts of
function spaces with variable smoothness and variable integrability. Later, Almeida
and Hasto [4] introduced the Besov space with variable smoothness and integrability
B;(()) q(,)(R”). It turns out that these spaces behave nicely with respect to the trace
operator (see [23, Theorem 3.13], [5, Theorem 5.2] and [60, Theorem 5.1]).

Based on the Besov-type and the Triebel-Lizorkin-type spaces (see [79, 80, 88])
and the variable Besov and Triebel-Lizorkin spaces (see [4, 23]), the authors in [86,
87] introduced the Besov-type and the Triebel-Lizorkin-type spaces with variable
smoothness and integrability, which makes a further step in completing the unification
process of function spaces with variable smoothness and integrability. The authors
also established their equivalent characterizations in terms of the Peetre maximal
function and atoms in [86, 87], and further obtained trace theorems corresponding
to these spaces.

The main purpose of this survey is to make a recapitulative introduction of some
recent progresses, obtained by the authors and their collaborators, on the theory
of variable function spaces including the variable Hardy spaces (associated with
operators), the variable weak Hardy spaces and the variable Besov-type and Triebel-
Lizorkin-type spaces.

On the other hand, in order to solve some endpoint or sharp problems of analysis,
some more general Musielak-Orlicz-type function spaces were introduced (see [50,
56, 77]). These spaces are defined via growth functions which may vary in both
the spatial variables and the growth variable. Therefore, by selecting some special
growth functions, Musielak-Orlicz-type spaces may contain the corresponding vari-
able function spaces as special cases. In this survey, we also further clarify their
relationships.

Due to the rapid development of the variable function spaces and their applications,
we surely ignore some important progresses by choosing to focus on our own works;
please see, for example, the monographs [19, 22, 46, 47] and their references for
more progresses.

The layout of this article is as follows.

In Sect. 2, we make conventions on notions and notation.

In Sect. 3, we recall some equivalent characterizations of variable Hardy spaces by
means of Riesz transforms and (intrinsic) square functions, including the (intrinsic)
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Littlewood-Paley g-function, the (intrinsic) Lusin area function and the (intrinsic)
gx-function.

In Sect.4, we give a brief introduction of the variable weak Hardy space includ-
ing their various equivalent characterizations via radial or non-tangential maximal
functions, atoms, molecules and Littlewood-Paley square functions, the boundedness
of some Calderén-Zygmund operators and the real interpolation space between the
variable Hardy space and the space L*°(R").

Section 5 is devoted to presenting some properties of Triebel-Lizorkin-type and
Besov-type spaces with variable exponents, such as some basic embeddings, char-
acterizations via atoms and Peetre maximal functions, and trace theorems.

In Sect. 6, we recall some results of variable Hardy spaces associated with opera-
tors, which mainly include the characterizations via atoms, molecules and maximal
functions, their dual spaces and the boundedness of fractional integrals.

Finally, in Sect. 7, as the end of this article, we make further notes about variable
function spaces including some open questions.

2 Notions and Notation

In what follows, let N := {1,2, ...} and Z, := N U {0}. Let 0, denote the origin of
R" and |a| the maximal integer not bigger than a € R. Forany 3 := (81, ..., 0,) €
Z:let |B] == By + -~ + 3, and

of — i ﬁl... 2\"
T\ ox; ox,)

For any subset £ C R”, we use x g to denote its characteristic function. The sym-
bol f < g means that there exists a positive constant C, independent of the main
parameters, such that f < Cg.If f < g < f, then we write f ~ g.

Forany r € (0, oo), denote by L .(R") the set of all locally r-integrable functions
on R" and, for any measurable set E C R", by L"(E) the set of all r-integrable
functions f on E. For any s € Z,, C*(R") denotes the set of all functions having
continuous classical derivatives up to order s. Let RTI = R”" x (0, o0) and, for any

x e R,

rx)={(y.1neR*: |y—x| <tk

Let Z(R") be the set of all polynomials on R” and, for any r € Z,, &, (R")
the set of all polynomials on R" with order not bigger than r. Let S(R") be the
space of all Schwartz functions on R" equipped with the well-known classical topol-
ogy and S’'(R") its topological dual space equipped with the weak-* topology. The
space S (R") is defined to be the set of all Schwartz functions ¢ satisfying that
fR" w(x)xYdx =0 for all multi-indices v € Z" , equipped with the same topol-
ogy as S(R"), and S’ (R") its topological dual space equipped with the weak-x
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topology. For any f € S(R") or §’'(R"), we use fto denote its Fourier transform.
For any ¢ € S(R") and j € Z, let

@i () =220 ). (1)

A measurable function p(-) : R" — (0, oo] is called a variable exponent. For
any variable exponent p(-), let

p_ = essﬂ%nf p(x), py :=esssupp(x) (2)
xeR?

xeR?

and

p=min{p_, 1}. 3)

Denote by P(R") the collection of all variable exponents p(-) satisfying 0 < p_ <
p+ < oo.Forany p(-) € P(R") and x € R", define the function ¢, ) by setting, for
any t € [0, 00),

PO if p(x) € (0, 00),
Cpo () = 0 if p(x) =ocandt € [0, 1],
oo if p(x) =ocoandt € (1, 00).

Then the variable exponent modular associated to p(-) on R” is defined by setting, for
any measurable function f, 0, (f) 1= fRn ©pe) (| f (x)]) dx and the corresponding
variable Lebesgue space LP) (R") is defined to be the set of all measurable functions
fsuchthat g,y (f/A) < ooforsome A € (0, 00), equipped with the Luxemburg (also
called Luxemburg-Nakano) quasi-norm

1f oy o= inf {A € (0,00) : gp) (F/N) — < 1}.

In particular, if 0 < p_ < py < 00, then 0,()(f) = [p. | f ()P dx.

Recall that a measurable function p(-) is said to satisfy the local log-Holder
continuity condition, denoted by p(-) € C¥(R™), if there exists a positive constant
Ciog(p) such that, for any x, y € R",

Clog(p)
+1/lx =D’

Ip() =PI =4 “4)
og(e

and p(-) is said to satisfy the global log-Holder continuity condition, denoted by
p() € C°(RM), if p(-) € c}fjg(w) and there exist a positive constant Co, and a

C
constant p., € R such that, for any x € R”,

| <
[p(x) — pool Togte + [x])
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3 The Variable Hardy Space

In this section, we first recall the definition of variable Hardy spaces H?")(R")
introduced in [20, 57] and then present their equivalent characterizations via Riesz
transforms and (intrinsic) square functions established recently in [85, 92]. For more
characterizations and properties of H PO (R™), we refer the reader to [20, 57, 67].

3.1 Definition of the Variable Hardy Space

In what follows, for any N € N, let

a, e, |al, |B|<N xeR"

Fn(RY) = ’z/) e SR : sup sup [x“9%)(x)| < 1] .

For any ¢ € S(R"), t € (0, 00) and £ € R", let

(&) = 17"(&/1). ®)

Then, for any f € S'(R"), its radial grand maximal function fy , is defined by
setting, for any x € R”,

fu+() = sup sup |fxeh(x)]. (6)
PpeFy(R") te(0,00)

Recall that the Hardy-Littlewood maximal operator M is defined by setting, for
any f € Ll (R") and x € R",

loc

1
M(Hx) = Sup—/ [fnldy, )
Bax |Bl Jp

where the supremum is taken over all balls B of R” containing x.

Definition 1 Let p(-) € P(R") satisfy 0 < p_ < p;, < oo with p_ and p, as in
(2). Assume that there exists py € (0, p_) such that the maximal operator M in
(7) is bounded on L?V/P(R"). Let N € (2= +n + 1, 00). Then the variable Hardy

space HP)(R") is defined to be the set of all f € S'(R") suchthat [ , € LPY(R"),
equipped with the quasi-norm

”f”HPU(R") = ||f1$,+||LP(~>(R~)~

Remark 1 (1) If p(-) € C¢(R") with 1 < p— < p4+ < oo, then the operator M
is bounded on L?) (R").
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(ii) It was proved in [20, Theorem 3.1] that the variable Hardy space H?)(R") is
independent of the choice of N € (10 +n+1,00).

(iii) The variable Hardy space was first studied by Nakai and Sawano in [57] and,
independently, by Cruz-Uribe and Wang in [20]. It should be pointed out that,
in [57], instead of the assumption that the maximal operator M is bounded
on LPO/Po(R™), the variable exponent p(-) is required to belong to C'°¢(R"),
while, in [20], p(-) just satisfies the assumption as in Definition 1, which is a
little weaker than that in [57] by (i) of this remark, together with the observation
that, if p(-) € C'°¢(R"), then p(-)/po € C'°2(R").

(iv) Let ¢ : R" x [0, 00) — [0, c0) be a Musielak-Orlicz growth function as in
[50]. Then Ky [50] introduced the Musielak-Orlicz Hardy space H¥ (R"); see
also the monograph [77] for a complete survey on the real-variable theory of
Musielak-Orlicz Hardy spaces. Recall that the Musielak-Orlicz space L¥(R")
is defined to be the set of all measurable functions on R” such that

| £l ey :=inf[/\e(0,oo): /R <p(x,|f(x)|/)\)dx§1] < 00.

Observe that, if
o(x, 1) =P forall (x,1) € R" x [0, 00), (8)

then H¥(R") = H?Y(R"). However, a general Musielak-Orlicz function ¢
satisfying all assumptions in [50] may not have the form as in (8). On the other
hand, it was proved in [81, Remark 2.23(iii)] that there exists a variable exponent
function p(-) belonging to C'°2(R") and hence satisfying the assumptions of
Definition 1, but #”¢) is not a uniform Muckenhoupt weight which was required
in [50]. Thus, in general, the Musielak-Orlicz Hardy H¥(R") in [50] and the
variable Hardy space H” O (R™) in [20, 57] can not cover each other. Moreover,
if the Musielak-Orlicz function in [50] is of the form as in (8), then the space
H?(R") in this case from [50] is covered by the space H”")(R") from [20],
since, in this case, there exists py € (0, p_) such that the maximal operator M
in (7) is bounded on L?"/Po(R™).

3.2 Characterizations via Riesz Transforms and (Intrinsic)
Square Functions

Recall that, for any j € {1, ..., n}, the j-th Riesz transform is usually defined by
setting, for any f € S(R") and x € R",

Ry () = fim Co [ Y

fx—=y)dy,
(yeRe: [yl>o) [y[PH
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here and hereafter, 6 — 01 means that§ € (0, c0) and§ — 0, C() := F(ﬂ[(”%ﬁ%z) and
I" denotes the Gamma function.

Recall that a distribution f € S'(R") is called a distribution restricted at infinity if
there exists a positive number r € (1, oo) large enough such that, for any ¢ € S(R"),
fx¢ e L"(R"). Moreover, if f is a distribution restricted at infinity, then, for any
Je{l,...,n}, R;j(f)is well defined as a distribution (see [69, p. 123]).

The following conclusion is just [85, Theorem 1.5].

Theorem 1 Let p(-) € P(R") be as in Definition I with p_ € ("n;l, 00), f € S'(R")
and ¢ € S(R") satisfy fR,, ¢(x)dx = 1, where p_ is as in (2). Then the following
items are equivalent:
() feH'RY;
(1) f is a distribution restricted at infinity and there exists a positive constant A,
such that, for any € € (0, 00),

Lf % Gell o + D IR () % Gellro ey < A, ©)

j=1

where ¢, is as in (5) with t replaced by e.

Moreover, || fllpgro@en ~ inf{A; 1 Ay satisfies (9)} with the equivalent positive
constants independent of f and e. Furthermore, if p_ € [1, 00), then (9) can be
replaced by

Aoy + D IR (Pl rogen < Ar.

j=1

We also have the following conclusion, which was established in
[85, Theorem 1.6].

Theorem 2 Let

m e NN[2, 00)
and p(-) be as in Definition 1 with p_ € (}H’f;l_l, 00), where p_ is as in (2), and let
feS@R") and ¢ € S(R") satisfy f]R,, ¢(x)dx = 1. Then the following items are
equivalent:

(i) feHOMRY;
(1) f is a distribution restricted at infinity and there exists a positive constant A,
such that, for any € € (0, 00),

m n
If * el + D, D IR, Ri(f) * bllpo@n < Az (10)

k=1 ji, ..., k=1

Moreover, || fll gro ey ~ inf{Ay 1 A, satisfies (10)} with the equivalent positive
constants independent of f and e.
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To state the (intrinsic) square function characterizations of H”") (R"), we first
recall some notions. Let ¢ € S(R"). Then, for any distribution f, the Littlewood-
Paley g-function gy4(f), the Lusin area function Sy(f) and the Littlewood-Paley
gx-function gj, é( f), with A € (0, 00), of f are defined, respectively, by setting, for
any x € R”,

00 dr 112
9o(F)(x) = [/0 |f*¢f<x)|27t} :

o0 dydt)'?
SH () = [ / / 6% FOP fﬂt]
0 JiyeRn: |y—x|<t} t

An %
. . o t , dydt
9y, x) = [/0 / (—z o yl) | % f(¥)] pras] ] -

The following conclusions come from [92, Theorem 1.4 and Corollary 1.5].

and

Theorem 3 Let p(-) € C°%(R") satisfy 0 < p_ < p, < oo with p_ and p, as in
(2). Let ¢ € S(R") be a radial real-valued function satisfying

supp ¢ C (€ e R" 1 1/2 < |¢] <2}

and, for any 3/5 < |&] <5/3, |$(f)| > constant > 0. Then f € HPOR") if and
onlyif f € S.,(R")and S5(f) € LPO(R"); moreover, there exists a positive constant
C, independent of f, such that

~1
CTSs(H ero®ny < N1 flarom@y < ClISe(OIl Lro@ny-

The above conclusion remains true if Sy(f) is replaced, respectively, by g4(f)
and gj’g(f) with A € (1 4+ 2/min{2, p_}, 00).

Remark 2 'We point out that the conclusion of Theorem 3 is understood in the follow-
ing sense: if f € HP®(R"), then f € S. (R") and there exists a positive constant
C such that, for any f € HPOR"), [|S5( /)| Lro@ey < CIl f | oo s conversely, if
f e SR and S4(f) € L’V (R"), then there exists a unique extension f € S'(R")
such that, forany 1 € Soo(R"), (f, h) = (f, h) and || f | pro @y = CISo(f) I ro ey
with C being a positive constant independent of f. In this sense, we identify f with f.

For any a € (0, 1] and s € Z, let C, ;(R") be the family of all functions ¢ €
C*(R") such that supp¢ C {x e R" : |x| < 1}, fR,, ¢(x)x”dx = 0 for any v € Z,
and |y| < s and, for any v € Z", with |v| = s, and any x|, x; € R", |0"¢(xy) —
0"Pp(x2)| < lxr — x|

Forany f € L} (R") and (y, 1) € R™", let

loc

Aas()(y, 1) :== sup |f * ¢ (y)| with ¢, asin (5).
$€Ca (R
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Then the intrinsic g-function g, s(f), the intrinsic Lusin area function S, ;(f) and

the intrinsic g\-function g3 , ((f), with A € (0, 00), of f are defined, respectively,
by setting, for any x € R”",

0o L dr\?
Gos(S)(x) == [/0 [Aas(H)(x, D] 7} ,

o0 dydr)"?
Sus ())(x) = [ / / [Aas (NG D] Lf]
0 J{yeRr: |y—x|<t} t

and

i = /00/ - np e N
g/\,a,s(f)(x) = A . (m) as(H. 1) prEs] .

These intrinsic square functions, when s = 0, were originally introduced by Wilson
[74], which were further generalized to s € Z, by Liang and Yang [51].
Recall that f € S'(R") is said to vanish weakly at infinity if, for every ¢ € S(R"),
f*x¢, — 0in S'(R") as t — oo, where ¢, is as in (5); see, for example, [35, p.50].
‘We now recall the notion of the Campanato space with variable exponent, which
was introduced by Nakai and Sawano in [57].

Definition 2 Let p(-) € P(R"), s be anonnegative integer and g € [1, 00). Then the
variable Campanato space L () s(R") is defined to be the set of all f € L{ (R")
such that

1
|0 1 ‘ '
I fllz, @ = sup ———— | — [ [f(x) = P, f(x)|9dx| < oo,
2.p0.s R") ocr IIxollrowy LIl Jo ¢

where the supremum is taken over all cubes Q of R" and P, g denotes the unique
polynomial P € Z;(R") such that, for any 7 € Z;(R"),

/ LF(x) — PCo)JA(Gx) dx = 0,
0

The following intrinsic square function characterizations of H”")(R") were
obtained in [92, Theorems 1.8 and 1.10 and Corollary 1.9].

Theorem 4 Let p(-) € C°¢(R") and 0 < p_ < py < 1 with p_ and p, as in (2).
Assume that o € (0,1], s € Zy and p_ € (n/(n + a +s), 1]. Then f € HPO(R")
if and only if f € (L1 ), s(R"))*, the dual space of Li ) s(R"), f vanishes
weakly at infinity and g, ;(f) € LPY) (R"); moreover, it holds true that 1 f 1 ro @y ~
lga.s ()l Lro ey With the equivalent positive constants independent of f.

The above conclusion remains true if g, s (f) is replaced, respectively, by S, s(f)
and g3 ., ((f) with A € 3+ 2(a + s)/n, 00).
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We end this section by the following remark.

Remark 3 In [89], Zhuo et al. introduced Hardy spaces with variable exponents
on RD-spaces with infinite measure via the grand maximal function, which is a
generalization of variable Hardy spaces on Euclidean spaces, and then characterized
these spaces by means of the non-tangential maximal function or the dyadic maximal
function. The characterizations of these spaces in terms of atoms or Littlewood-Paley
functions were also established in this article. As applications, in [89], an Olsen’s
inequality related to the fractional integral operator and the boundedness of singular
integral operators and quasi-Banach valued sublinear operators on these spaces were
presented. Finally, a duality theory of these spaces was also developed.

4 The Variable Weak Hardy Space

In this section, we recall some properties of the variable weak Hardy space introduced
and studied in [76, 91] and begin with the following definition.

Definition 3 Let p(-) € P(R") satisfy0 < p_ < p, < oo with p_ and p, asin (2).

(i) The variable weak Lebesgue space WLPO (R") is defined to be the set of all
measurable functions f such that

< Q.

I fllwero@ny == sup « ||X{xeR": \f(x)\>a}|Lp(.>(Rn)
€(0,00)

«

(i) Let p(-) € C"°2(R") and N € (% +n + 1, 00) be a positive integer, where p
is as in (3). Then the variable weak Hardy space, denoted by WHP® (R"), is

defined to be the set of all f € S'(R") such that f3 , € WLPY (R"), equipped
with the quasi-norm

”f”WHI’U(R") = ||f1fr,+||WLv(~>(Rn)v
where fy | is asin (6).

Remark 4 (i) It was proved in [76, Theorem 3.7] that the variable weak Hardy
space WHPO (R") is independent of the choice of N € (5 +n+1,00). If

p(-) = p € (0, 1], then the space WH?")(R") is just the classical weak Hardy
space WH? (R") studied in [33, 34, 53] (see also [52]).

(i1) Recall that Liang et al. [52] introduced the weak Musielak-Orlicz Hardy
space WH ¥ (R"), with a Musielak-Orlicz growth function ¢ : R" x [0, 00) —
[0, 00), via the weak Musielak-Orlicz space WL¥(R") which is defined as the
set of all measurable functions f such that
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1 f llw Loy

:=inf { A € (0,00) : sup / @(x,g)dxgl < 00.
{xeR": | f(x)|>a} A

ae(0,00)

Observe that, when ¢ is as in (8), then WL¥(R") = WLPO(R") (see [76,
Remark 2.8]) and hence WH?(R") = WH?") (R"). However, in general, the
weak Musielak-Orlicz Hardy space WH¥(R") in [52] and the variable weak
Hardy space WH?" (R") in [76] do not cover each other. For the reason, we
refer the reader to [76, Remark 2.14(iii)] (see also Remark 1(iv)).

4.1 Egquivalent Characterizations

This subsection presents several equivalent characterizations of WH?) (R") via max-
imal functions, atoms, molecules and Littlewood-Paley square functions.

Let ¢ € S(R") and I]R" P(x)dx # 0. Then the radial maximal function {7 (f)
of f € S'(R") associated to v is defined by setting, for any x € R”,

PL()(x) == S(:;p : [f b (x)],

where 1), is as in (5) with ¢ replaced by .

A distribution f € S'(R") is called a bounded distribution if, for any ¢ € S(R"),
f * ¢ € L*(R"). For abounded distribution f, its non-tangential maximal function,
with respect to Poisson kernels { P, },¢(,c0), is defined by setting, for any x € R”,

N(Hx) = sup |f* Pr(y)l,

te(0,00), |y—x|<t
where, for any r € (0, c0) and x € R",

I'(n+11/2) t
TN/ (12 4 |x|2) (D2

P (x) :=

Theorem 5 Let p(-) € C'°2(R"). Suppose that N € (% +n+1,00) is a positive
integer, where p is as in (3). Then the following items are mutually equivalent:
() f € WHPO®RY), namely, f € S'(R") and vy € WLPO(R");
(i) f is a bounded distribution and N'(f) € WLPO (R");
(iii) f € S'(R™) and there exists ap € S(R") satisfying fR” P(x)dx = 1 such that
PYi(f) € WLPOR™).

Moreover, for any f € WHPO (R™), it holds true that
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||f1\>‘},+||WLP<')(R") ~ ”N(f)“WLP(')(]R") ~ ||¢i(f)||wu(->(w),

where the equivalent positive constants are independent of f.

We next recall the definitions of the variable weak atomic Hardy space and the
variable weak molecular Hardy space.

Definition 4 Let p(-) € C'°2(R") with0 < p_ < p, < o0,

se(l—n—l,oo)ﬁZ+
p—

and g € (1, oo], where p_ and p, are as in (2).

(i) A measurable function a on R” is called a (p(-), g, s)-atom if there exists a ball
B such that supp a C B, ||a||e@n) < |B|1/‘1||XB||Z,3(,)(R,,) and, for any a € 7"}
with |a| <'s, [, a(x)x*dx = 0.

(ii) The variable weak atomic Hardy space WHE "4* (R") is defined as the space
of all f € S'(R") which can be decomposed as f =2 ;7 > iy A, jai,j in
S'(R™), where {g; j}iez, jen is a sequence of (p(-), ¢, s)-atoms, associated with
balls {B; j}icz, jen, satisfying that there exists a positive constant ¢ € (0, 1]
such that, for any x € R" and i € Z, ZjeN Xep,,(x) < A with A being a
positive constant independent of x and i and, for any i € Z and j € N,
A= A2 X8, lLro @ with A being a positive constant independent of i
and j. Moreover, for any f € WHE 4 (R"), define

1/p

. Aijxs,;
1/ s oy = inf | sup Z[—“ |

| Lien I oo LPO(RM)

where the infimum is taken over all decompositions of f as above and p is as
in (3).

Definition 5 Let g € (1, 00], p(-) € C'°2(R") with0 < p_ < p, < o0,

s € (L —n—1,00) N Zywithp_andp,asin2.1x,
p

and € € (0, 00).

(i) A measurable function m is called a (p(-), q, s, €)-molecule associated with
some ball B C R" if, for each j € N,

—j 1 -1
IlmllLew, @y = 277 WU (B IXBI L po gy

where Uy(B) := B and, forany j € N, U;(B) := (2/ B)\(2/~' B) and, for any
B e Zt with |8] <'s, [g. m(x)xdx = 0.
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(i1) The variable weak molecular Hardy space WHﬂ;l)’q’”(R”) is defined as the
spaceof all f € §'(R") which canbe decomposed as f = >, .7 > ey i, jMi,j
in §'(R"), where {m; j}icz jen is a sequence of (p(-), ¢, s, €)-molecules asso-
ciated with balls {B; }icz, jers \ij := A2'||xp,, |l Lo gy With A being a posi-
tive constant independent of i, j, and there exist positive constants A and C
such that, for any i € Z and x € R", > jen XCB, (x) < A. Moreover, for any

f € WHE T (R"), define

mol
1/p

AijXB, 2
1 »J i.j
Il £ Il yypyreasc oy 2= Inf | sup [— ’
WH_ o1 (R") ic7 % ”XB,’.,’ ||L,;(»)(Rn)
LPO(Rn)
where the infimum is taken over all decompositions of f as above and p is as
in (3).

The following conclusion was established in [76, Theorems 4.4 and 5.3].

Theorem 6 Let p(-) € C°*(R") with 0 < p_ < p; < 00, ¢ € (max{py, 1}, 0],
s€(5-—n—1,00)NZyande € (n+ s+ 1,00), where p_ and p, are as in (2).
Then

WHLGH (R") = WHPO (R") = WHEG 4 (R")

with equivalent quasi-norms.

In[76, Theorems 6.1, 6.2 and 6.3], the authors established the following equivalent
characterizations of WH ) (R").

Theorem 7 Let p(-) € C'2(R") satisfy 0 < p_ < p, < 0o, where p_ and p,. are
as in (2). Let ¢ € S(R") be a radial function satisfying

suppp C {x e R" : |x| < 1},

fR" ¢(x)x7 dx = 0 for any v € ZI, with || < maX{LP"T —n — 1], 0} and, for any
EeR"\{0,}, [T 160> % = 1. Then f € WHPO(R") if and only if f € S'(R"),
f vanishes weakly at infinity and Ss(f) € WLPO (R"). Moreover, for any f €
WHPO(R"),

~1
CISs (N Nwero@®y < I flwaro @y < CISe() lwrro ®eys

where C is a positive constant independent of f.
The above conclusion remains true if S;(f) is replaced, respectively, by g4(f)

and g ,(f) with A € (1 + m, ).
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4.2 Applications to Calderon-Zygmund Operators

In this subsection, we give some applications of WH?®) (IR") to the boundedness of
some Calderén-Zygmund operators.

Recall that, for any given ¢ € (0, 1], a convolutional 6-type Calderén-Zygmund
operator T means that: T is a linear bounded operator on L?(R™) with kernel k €
S’ (R™) coinciding with a locally integrable function on R"\{0,} and satisfying that,
for any x, y € R" with |x| > 2]y]|,

lk(x —y) —k(x)| < Ci
Y 7 |x|nto
and, for any f € L>(R"), Tf(x) =k * f(x).
The following conclusion is just [76, Theorem 7.3].

Theorem 8 Let p(-) : R" — (0, 1] belong to C*°¢(R") and § € (0, 1]. Let T be a
convolutional §-type Calderon-Zygmund operator. If p_ € [ /5, 1] with p_ asin (2),
then T has a unique extension on HP®) (R") and, moreover, for any f € HPO(R"),

T fllwero @y < Clf N Ero®ey

where C is a positive constant independent of f.

Remark5 (i) If p(-) = p € (0, 1], then WH?O (R") = WHP(R"). In this case,

Theorem 8 indicates that, if 6 € (0, 1], p = n”ﬁ and T is a convolutional §-type

Calderén-Zygmund operator, then 7T is bounded from H 5 (R") to WH 5 (R"),
which is just [53, Theorem 1] (see also [52, Theorem 5.2]). Here n"ﬁ is called the
critical index. Thus, the boundedness of the Calderén-Zygmund operator from
HPO@RY) to WHPO (R") obtained in Theorem 8 includes the critical case.

(i) Here we point out that, although § € (0, 1) is required in [76, Theorem 7.3], by
an argument similar to that used in the proof of [52, Theorem 5.2], we conclude
that the conclusion of [76, Theorem 7.3] also holds true for 6 = 1.

Recall that, for any given v € (0, 00), a linear operator T is called a y-order
Calderén-Zygmund operator if T is bounded on L*(R") and its kernel

k: R" x RHYO\{(x,x): x e R"} - C
satisfies that, for any a € Z, with |a] < [y]and x, y, z € R”
with|x — y| > 2|y — z|,

ly _prm

Ok y) = ke, 9 = €7

)
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here and hereafter, [v] denotes the maximal integer smaller than v and, for any
f € L*(R") having compact support and x ¢ supp f,

Tf(x) = / k(e y) f () dy.
supp f

For any given m € N, an operator T is said to satisfy the vanishing moment con-
dition up to order m if, for any a € L*>(R") with compact support satisfying that, for
any 3 € Z" with |8 < m, [g, a(x)x” dx = 0,itholds true that [, x’Ta(x) dx = 0.

We also state the following conclusion, which, when v € (0, 00)\N, is just [76,
Theorem 7.5] and, when v € N, can be proved by an argument similar to that used
in the proof of [76, Theorem 7.5], the details being omitted.

Theorem 9 Let p(-) : R" — (0, 1] belong to C'og(R™) andy € (0,00). Let T be a
~y-order Calderon-Zygmund operator and have the vanishing moment condition up to
order [¥1. If [y] < n(p% — 1) <~ with p_asin (2), then T has a unique extension
on HPO/(R") and, moreover; forany f &€ HPO(R"), IITf llwgso ey < CIlf ooz,
where C is a positive constant independent of f.

n
n+vy

Comparing with Remark 5(1), we know that
Calder6n-Zygmund operator.

is the critical index of the ~-order

4.3 Real Interpolation Between HP)(R") and L>(R")

In this subsection, we give another application of WH”®) (R") to the real interpolation
between the variable Hardy space H”")(R") and the space L>(R") (see [91]).

We first recall some basic notions about the theory of real interpolation (see [10]).
Let (Xo, X1) be a compatible couple of quasi-normed spaces, namely, X, and X are
two quasi-normed linear spaces which are continuously embedded into some large
topological vector space. Let

Xo + X, Z={f0~|—f11 foGXoandf] e X }.

For any t € (0, 00), the Peetre K -functional K (t, f; Xo, X1) on X¢ + X is defined
by setting, for any f € Xy + X,

K(t, f; Xo, X1) == inf{|| follx, + 2l fillx, = f = fo+ f1, fo € Xoand fi € Xi}.

Then, for any 0 € (0, 1) and g € (0, oo], the real interpolation space (Xo, X1)g,q
between X and X is defined as

(X0, X1)og :={f € Xo+ X1 : IIfllog < o0},

where, for any f € Xo + X,
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o0 g di 1/q

[/ {t7°K @, f; Xo, X1} 7} if g € (0, 00),
0

sup t’(’K(t,f; Xo, X1) if g = oo.

te(0,00)

1fllo.q ==

Theorem 10 Let p(-) € C'°¢(R") and 6 € (0, 1). Then it holds true that

(HPOR"), L®(R")g00 = WHPO (R, D

1 _ 10
where 5 = 70"

As a consequence of Theorem 10 and [57, Lemma 3.1], we immediately obtain
the following conclusion.

Corollary 1 Let p(-) € C°¢(R™). If p_ € (1, 00) with p_ as in (2), then
WHPO(R") = WL?“(R")
with equivalent quasi-norms.

Remark 6 (1) When p(-) = p € (0, 1), Theorem 10 goes back to [33, Theorem
1], which states that

(HP(R"), L®(R"))g,00 = WHP'I"O@®R"), 0 € (0, 1).
(i) When p(-) =1, (11) becomes
(H'(R"), L®(R"))g 0o = WHI"O®R") = WLVI=O®R™), 6 € (0, 1),

which was presented in [64, (2)].
(iii)) When p(-) = p € (1, 00), (11) is a special case of [64, Theorem 7], namely,

(LP(R™), L (R"))p.00 = WLP/I=O(@®R™), 6 € (0, 1).

S Besov-Type and Triebel-Lizorkin-Type Spaces with
Variable Exponents

In this section, we make an introduction of Besov-type and Triebel-Lizorkin-type
spaces with variable exponents, which were introduced and studied in [86, 87].
These two kinds of spaces are generalizations of Besov and Triebel-Lizorkin spaces
with variable exponents, which were, respectively, introduced in [4, 23] and further
studied in [24, 60-62].
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5.1 Definitions and Some Basic Embeddings

We begin with the following notation and notions.
For any j € Z and k € Z", denote by Q j; the dyadic cube 27/([0, 1)" 4+ k) and
L(Q i) its side length. Let Q :=={Qji : j € Z, k € 2"},
Q" :={0eQ: Q) =1}
and, for any Q € Q, jo 1= —log, £(Q).
Let G (R’jf‘) be the set of all measurable functions ¢ : R’f' — (0, 00) having

the following properties: there exist positive constants ¢; and ¢, such that, for any
x € R"and r € (0, 00),

eyl d(x,2r) < (x, 1) < c1(x, 2r) (12)
and, for any x, y € R" and r € (0, o0) with |[x — y| <r,

5 oy, r) < x, 1) < 20y, 7).

In the following, for any cube Q := Q(x,r) withx € R" and r € (0, 00), let

P(Q) = P(Q(x, 1)) = (x,r).

Recall that a pair (¢, @) of functions on R” is said to be admissible if p, @ €
S(R") satisfy

’

W] W

3
< < 2] and |p(£)| > constant > 0 when s < <

N =

supp @ C [f eR":
and

—_ ~ 5
supp® C {€ e R": [£] <2} and |@(&)| > constant > O when |£] < 3
We first recall the following mixed Lebesgue-sequence space £9¢)(LPO(R™)),
which was introduced by Almeida and Hasto [4].

Definition 6 Let p, ¢ € P(R") and E be a measurable subset of R”. Then the mixed
Lebesgue-sequence space 19 (LPY)(E)) is defined to be the set of all sequences
{ fu}ven of functions in L?®)(E) such that

”{fu}ueN”eq(-)(Lp(-)(E))
= inf {)\ € (0,00) : 0ea0) (LPO) ({vaE//\}veN) < ]} < 00,

where, for any sequence {g,},cn of measurable functions,
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0eso oy ({guhven) 1= D inf {11, € (0,00) 0y (90/pa/ 1) < 1}
veN

with the convention A/ = 1 for any \ € (0, c0).

We now recall the definitions of Besov-type and Triebel-Lizorkin-type spaces
with variable exponents as follows (see [87, Definition 2.12] and [86, Definition
1.4]).

Definition 7 Let (¢, @) be a pair of admissible functions on R”. Let
s € C(R") N L®(R"),

€ GR My and p, g € P(R") N C¢(R").

(i) Then the Besov-type space with variable exponents, B;((',))”(Z(_) (R™), is defined to
be the set of all f € S'(R") such that

— )
1 g e 7= S0P, W,) |27 910) % £1} i

<
24O (LPO(P))

where, when j = 0, g is replaced by @, and the supremum is taken over all
dyadic cubes P in R".

(i) If0 < p_ < py <ocand0 < g_ < g4+ < ocowith p_and py asin(2) and g_
and g, asin (2) via replaced p by g, then the Triebel-Lizorkin-type space with
variable exponents, FS () q ( ,(R"), is defined to be the set of all f € S’(R"™) such

that
171 Fpiao®)
1 - ﬁ
is(. ©
'= sup ——— 21501, % O] < o0,
PeQ ¢(P) Z [ ! ]

Jj=max{jp,0}
LPO(P)

where, when j = 0, g is replaced by @, and the supremum is taken over all
dyadic cubes P in R".

In what follows, we use the symbol A;(())‘;( ,(R") to denote either F YE i ;’( ,(R") or
BS()@

20, q(,)(R”). Notice that, when A = F, we always require 0 < p_ < p; < oo and
0<g- <gqy <o0.

Remark 7 (i) The spaces Ab( ), d; (,(R") are independent of the choice of the admis-
sible function pairs (¢, CD) see [86, Corollary 2.4] and [87, Corollary 3.5].
(i) If ¢(Q) := 1 for any cube Q of R”, then

?()O n S() n QN n S() n
B,y g ®) =B, ,RY) and F 0 (RY) = F,0 . [RY),
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where F ;E § a0) (R™) and B;((:)), 70) (R™) denote the variable Besov space (see [4]),
respectively, the variable Triebel-Lizorkin space (see [23]).

(iii) Here, it should be pointed out that, when considered the variable Besov space
in [4], the authors assumed that %, 3 € C'¢(R"), which seems to be weaker
than that of Definition 7(i). Indeed, let p € P(R"). If p, € (0, 00), then p €
C'°¢(R") if and only if 1 € C'2(R"); if p, = oo, then p € C'°¢(R") implies
p(x) = oo forany x € R" and hence 1 € Cl2(R").

(iv) When p, ¢, s are constant exponents and ¢(Q) := |Q|” with 7 € [0, co) for
any cube Q, then

By ®) = By (RY and F(70(RY) = Fy @),
where the symbols B}7 (R") and F}7 (R") denote, respectively, the inhomo-
geneous Besov-type and Triebel- leorkm -type spaces introduced in [88]. We
also recall that the homogeneous Besov-type and Triebel-Lizorkin-type spaces
were introduced in [79, 80] and, moreover, when 7 = 0, they are the classical
Besov and Triebel-Lizorkin spaces (see [36, 37, 71]).

(v) Recall that Yang et al. [81] introduced the Musielak-Orlicz Besov-type and
Triebel-Lizorkin-type spaces via Musielak-Orlicz functions. By some argu-
ments similar to those used in [81, Remark 2.23], we conclude that the Musielak-
Orlicz Besov-type and Triebel-Lizorkin-type spaces in [81] and the Besov-type
and the Triebel-Lizorkin-type spaces with variable exponents in [86, 87] do not
cover each other.

The following conclusions come from [87, Propositions 4.1 and 5.6] and [86,
Proposition 3.20].

Proposition 1 Let ¢ € GR'M), s, 59, 51 € C5(R") N L®(R"),
p. 4. Q. q1 € PR") N CERM).

Q) Ifgo < qu, then A% (R") <> A0 (R™).

(1) If p+, q+ € (0, 00) with p, and q+ as in Definition 7, then

s(-),¢ n NOR] n s(), o n
B, mintpe). g1 B = Fuii0 oy R = B antpe, gy R

In particular, if p, € (0, 00), then B;((',))”i()(]R”) = ;8 ﬁ( J(RM).
(iii) SR") = AT (R — S'R").
Proposition 2 Let ¢ € GR™), po, p1, q € P(R") mclog(R") and so, 1 €
Cllgf(R”) N L>®(R™). Let, forany x € R”", so(x) — =s51(x) —

s0(x). Then Aph (R > A}CLY (R,
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5.2 Several Equivalent Characterizations

In this subsection, we present several equivalent characterizations of the spaces

A;((‘,))’(Z(.) (R™), via atoms and Peetre maximal functions, and begin with the defin-

itions of atoms and sequence spaces corresponding to A‘;(('_))’z(_)(R").

Definition 8 Let K € Z,, L € Z and R € N. A measurable function ap on R”"
is called a (K, L)-smooth atom supported near Q := Qj; € Q, where j € Z and
k € 7", if supp ag C 30, [p. x7ag(x)dx =0 for any € Z! with |y| < L when
j € N and, for any multi-index o € Z'}, with |a| < K, [0%ag(x)| < 2Ual+n/2)j for
any x € R".

Definition 9 Let ¢, p(-), g(-) and s(-) be as in Definition 7. Then the sequence
spaces f;((f;:j(,)(R”) and b;((',))’,q;(,)(R”) are, respectively, defined to be the set of all
sequences 7 := {fp}peo+ C C such that

1
q¢)

1 5O 1 q()

o —[Q+1]

H| 506 s = SUP ——— wtal)

11y = 300 oo 130 1017 Hiele
QcPp, QeQ*

LPO(P)

and

4| PRIOK: i
g0 | eny

01
= > 1o igxg
QcP.QeQ_*
(Q)=2"J

sup ——
peg ¢(P)
J=max{jp.0} |l g2 (LPO (P))
are finite, where the suprema are taken over all dyadic cubes P in R".

s().9

For the presentation simplicity, we also use a PO (-

) (R™) to denote

either f;f:;:j(.)(R")O” b;((.))’,i(~) (R").

The following atomic characterizations of the spaces A;((',))”‘Z(_)
(R™) were established in [86, Theorem 3.8] and [87, Theorem 5.9], respectively.

Theorem 11 Let p, q, s and ¢ be as in Definition 7. Let s_ and s, be as in (2) with
p replaced by s.

(1) Let K € (s + max{0, log, ¢}, oo) and
L e (n/min{l, p_,q_} —n—s_,00) for F—space

or
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L € (n/min{l, p_} —n —s_,00) for B—space.

Suppose that {mg}oeco- are (K, L)-smooth atoms and t = {tg}geco- €
;J(())a;( y(R™). Then f := ZQEQ* tomg converges in S'(R") and
||f||A’;(('.))’Z(.)(R/x) = C”t” v()o()(Rn

with C being a positive constant independent of t.
(i1) Conversely, if f € A‘;(('.))’Z(.) (R™), then, for any given K, L € Z., there exist
a sequence t 1= {tp}peor C C and a sequence {agp}peco- of (K, L)-smooth

atoms such that f = 3", o. toag in S'(R") and
Ilase @y = CUFIare @

with C being a positive constant independent of f.

Let (p, @) be a pair of admissible functions. Recall that the Peetre maximal
functionof f € §’'(R") is defined by setting, forany j € Z,,a € (0, 00) and x € R",

lpj * f(x+ ¥l
(@5 Flax) = sup L0
ye]R" (1 4271y
where ¢y is replaced by @ and ¢; with j € Nis as in (1).
Then we have the following conclusion, which was established in
[86, Theorem 3.11].

Theorem 12 Let p, q, s and ¢ be as in Definition 7. Let

n
el — +1 Clos($), ,
(mm{p_,q_} log2 €1+ Clog () °O)

where p_ and q_ are as in Definition 7, ¢ is as in (12) and Cioe(s) as in (4) with

p replacedbys.Then f € FAE; f()(R” Yifandonly if f € §'(R") and||f||*v(,o &’y <
17()4()
o0,

where

1
o0 70
1

is(-) o % (O]
I Ve oy = S0 oo | 2 [0 @50

l’ ‘I . .
Jj=max{jp,0}
LrO(P)

Moreover, for any f € Fvgij()(R”), ”f”F;Ej;‘Z(_)(R” [l 0 with the equiv-

Fpao®D

alent positive constants independent of f.

For the Besov-type spaces with variable exponents, their Peetre maximal function
characterizations were also obtained in [87, Theorem 5.1]. Here, for any f € S’ (R"),
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j€Zy,ac(0,00)and x € R", define

2isM . %
*a 2]5()f)(x) — Sup |90 f(y)|’
yerr (1+27]x — y]e
where ¢y is replaced by @ and ¢; with j € Nis as in (1), which is also called the
Peetre maximal function of f.

Theorem 13 Let p, q, s, ¢ be as in Definition 7 and a € ([n +log, ¢1]/p-, 00),
where ¢y is as in (12). Then f € B R™) if and only if f € S'(R") and

P().q()
1100 &) is finite, where
F() q()

||f|| B0 (R =

ﬁ( 2q ()

e @0 )

: H
sup —— .
PeQ ¢(P) Jjzmax{jp,0} 240 (LPO)(PY)

Moreover, for any f € B (R™), ||f||B;<(r_>)A2(_)(Rn ||f||*mo with the equiv-

P40) Byt
alent positive constants independent of f.

R")

As applications of Theorems 12 and 13, we have two equivalent quasi-norms of
the spaces A;(())(’; 0 (R™) (see [86, Theorem 3.12], respectively, [87, Theorem 5.5]).
To state them, let (¢, @) be a pair of admissible functions. For any f € S’(R"), let

L
q()

s 1 - (e q()
f‘Fmp ( n)‘ — 2500 % f) ,
H P()q() . Peg &(P) Z(;[ ®j |
LPO(P)
ORI N IO,
HﬂBl’(‘)’q(')(R ) 1 ?25 B(P) H {27y f|}f20 0(LPO(P))

and

|7 |Foae @

‘ 1= sup sup | Q1™ [(Q)I ™ X ol e @, % £ ()]

QeQ xeQ
—. é()¢> n
—"f By0g0 ®D -

where (g is replaced by @, ; with j € Nis as in (1) and ¢, as in (1) with j
replaced by j.

Theorem 14 Let p, q, s, ¢ be as in Definition 7 with p € (0, 00), where p is as

in (2). Let p_ be as in (2) and ¢y as in (12).

(i) Assume that ¢; € (0,2"/P+). Then f € Aj}(‘?)’j(_)(R") if and only if f € S'(R")
and the quasi-norm ||f|A;(())Z( y (RNl < 00; moreover, there exists a positive
constant C, independent of f, such that
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-1 s(), ¢ n
||f||A;,(('A))'2(A)(R”) = Hf ‘AP(A)’q(A)(R )

< 3d
‘1 - C”f”A;(«))',;(‘)(R")'

(i) Assume that ¢, € (0, 2’"”;)). Then f € A;(('_))’,(‘;(_)(R") ifand only if f € S'(R")
s(), o

and the quasi-norm ||f|AP(A) q(A)(R")Hg < 00; moreover, there exists a positive
constant C, independent of f, such that

-1 s(), ¢ n
10y = | F A0 RY)

|, < ClflLpoe oy

P).q

5.3 A Trace Theorem

In this subsection, we present the properties of the trace operator on spaces
A;((',))’Q;(.) (R™) obtained in [86, 87] and begin with some notation.
For~measurable functions p, ¢, s and a set function ¢ being as in Definition 7, let

A;%%))’i 0 (R"=1) denote either the Besov-type or the Triebel-Lizorkin- type spaces

with variable exponents p (-, 0), ¢ (-, 0) and s (-, 0) on R"~ L' {0}, WhereqSls defined
by setting, for any cube Q of R*—! ¢(Q) = ¢(Q x [0, E(Q)) In what follows, let
R” :=R"" x [0, 00) and R" :=R""! x (—o00, 0].

Let f € A;((‘,))‘!q;(,)(R”). Then, by Theorem 11, we have f =3, 5. fpdo in
S’'(R™) and

{0} geor 00 @y = = Clfllgoe @y
where C is a positive constant independent of f and, foreach Q € 9Q*,typ € Candag

is a smooth atom of A;(('?)’!d; (,(R"). Define the trace of f by setting, for any X eR!,

Te(f)(®) = Y toag(X,0). (13)
Qe

This definition of Tr(f) is determined canonically for any f € A;(('_))’.i (,)(]R"), since
the actual construction of ay in the proof of Theorem 11 implies that fpag is
obtained canonically. Moreover, the summation in (13) converges in S'(R"~!) (see
[86, Lemma 4.3] and [87, Lemma 6.3]) and the trace operator is well defined.

The trace theorem is stated as follows; see [86, Theorem 4.1] and [87, Theorem

6.1].

Theorem 15 Let n > 2, p, g € P(R") N C(R"), s € C\¥(R") N L®(R") and
¢ € Q(Rﬁ_+l). Let p_ be as in (2) and s_ as in (2) with p replaced by s. If

=00 i ]
s — -1 — —1|>0,
min(1, p_)
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then c -
5006 mny _ P00 5m0 9 a1
TrF, 00 R = Foro) pc0 R

and -
TrB»V(‘)q@ (Rn) _ BSC’0)7W’¢(RH—1).

P()q() - T pC0),q¢0)

6 The Variable Hardy Spaces Associated with Operators

The purpose of this section is to make an introduction of the variable Hardy spaces
associated with operators introduced and investigated in [84, 90]. We first make the
following two assumptions on the operator L considered in this section.

Assumption 1 Assume that the operator L is one-to-one, has dense range in L*(R")
and a bounded H® functional calculus on L?(R").

Assumption 2 The kernels {K,};c0.00) Of {e"L}lg(O,oc) are bounded measurable
functions on R" x R" and satisfy that, for any x, y € R”,

_n |x — ¥l
K (x, y)| <t 9( ly , (14)

tm

where m is a positive constant and g is a positive, bounded and decreasing function
satisfying that, for some ¢ € (0, 00),

rll)nolo r"Teg(r) = 0. (15)

Forany 3 € (0, 00),let M(IR") be the set of all functions f € L2 _(R") satisfying

loc

12
|f(x0)]?
o = R e 00.
LS 1 ey I/R T+ [x["+P x <

We point out that the space M g(R") was introduced by Duong and Yan in [28] and
it is a Banach space under the norm || - || o1,z Let

(L) := sup{e € (0, 00) : (14) and (15) hold true} (16)

and

ny | Moy (R if O(L) < oo,
MED =1 U s Ma®?) if (L) = 00,

Lets € Z,.Forany f € M(R") and (x,1t) € IRT], let
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P f(x):=fx)— I —e™) T fx) and Qy,f(x):= (L) e f(x).

For any function f € L?(R"), define the Lusin area function S;(f) by setting,
for any x € R",

» dydt)"?
SL(fHx) = [/ |Q0«t”’f(y)| el ]
I'(x) t

Definition 10 Let L be an operator satisfying Assumptions 1 and 2, and p(-) €
Clo¢(R") satisfy 0 < p_ < py < 1 with p_and p, asin (2). A function f € L>(R")
is said to be in H/"(R") if S.(f) € LPO(R"); moreover, define | Fllygpo ey =
1S ()l Lro@ny . Then the variable Hardy space associated with the operator L,
denoted by H/”(R"), is defined to be the completion of H”(R") in the quasi-
norm || - ||H£(->(Rn).

Remark 8 Let ¢ : R" x [0, c0) — [0, 00) be a growth function as in [50] and L
an operator satisfying the reinforced off-diagonal estimates in [12]. Then Bui et al.
[12] introduced the Musielak-Orlicz-Hardy space associated with the operator L via
the Lusin area function. By the same reason as that used in Remark 1(iv), we find
that Musielak-Orlicz-Hardy spaces associated with operators in [12] and variable
exponent Hardy spaces associated with operators in [84] do not cover each other
(see also [84, Remark 2.8]).

6.1 The Molecular Characterization and the Duality

In what follows, for any g € (0, 00), let Lq(R'jr“) be the set of all g-integrable

functions on R'fl and LfOC(R"jl) the set of all locally q-integrable functions on

R”jl. For any p(-) € P(R"), let

so := L(n/m)(1/p- — D], a7

namely, sy denotes the largest integer not bigger than %(p% — 1), where p_ is as in

(2).
Let m be asin (14) and s € [sp, 00). Let Cy, ) be a positive constant, depending
on m and s, such that

= ) -2 —omso1 A1
Cin.s) t e (I—e)» - = 1.
0

Let g € (0, 00). Recall that the rent space T, (R'fl) is defined to be the set of all
measurable functions g on R such that
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dydt |'?

- 2

||9||724(R1+‘) = H I/r(-) lg(y, Dl prNS] ]
Lq(R”)

Let 7y (R be the set of all functions in 75 (R"*") with compact supports and
define the operator 7, by setting, for any f € Ty (R}"') and x € R",

o d
T (f)(x) = C(m,s)/o Qyon (I — Py o) (f (-, 1)) (x) Tt

‘We now recall the notion of the molecule introduced in [84, Definition 3.11]. In
what follows, for any (y, 1) € R%™, let B(y, 1) := {x e R" : |x —y| < t}.

Definition 11 Let p(-) € C'°2(R") with0 < p_ < p, < l and s € [so, 00) with so
asin (17), where p_ and p, are as in (2). A measurable function e on R" is called a
(p(), s, L)-molecule if a(x) = 7, (a)(x) for any x € R”, where a is a measurable
function on R"*! such that suppa € Q := {(y,1) € R : B(y, 1) C Q} for some
cube Q C R” and forany g € (1, 00),

1 —1
< 101"1Ix ol Lo -
L4(R")

dl 1/2
la(y, )| ]
["(0 n+1

When itis necessary to specify the cube Q, thenaiscalleda (p(-), s, L)-molecule
associated with Q.

The molecular characterization of H f © (R™) is stated as follows (see [84, Theorem
3.13)).

Theorem 16 Let p(-) € C'°2(R") satisfy
0 < <1 and € " 1
< - — —7 b
P==Pr+= ==\ vew
and s € [sy, 00) with p., p_, O(L) and s, respectively, as in (2), (16) and (17).

G If f e Hf(')(R”), then there exist {\j}jen C C and a sequence {a}jen of
(p(-), s, L)-molecules, respectively, associated with cubes {Q ;};en such that
f=2 nAjajin Hf(')(R”) and

IS 1=

Nilxo, 1%
B({Ajaj}jen) = Z [W
v LINQjllro@e

LPO (R?)
SC”f”H[(')(Rn) (18)

with C being a positive constant independent of f and p as in (3).
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(ii) Suppose that {\¢}ien C C and {aglen is a family of (p(-), s, L)-molecules
satisfying B({\couken) < 00. Then D" . Aoy converges in Hf(')(R”) and

Z /\kOék

keN

< CB({ M ken)
HPO®r)

with C being a positive constant independent of { \r o }ren-

To present the duality of H; (')(R"), we need to recall the following BMO-type
space associated with the operator L and the variable exponent p(-) (see [84, Defin-
ition 4.1]).

Definition 12 Let L satisfy Assumptions 1 and 2, p(-) € C'°¢(R") satisfy 0 < p_ <
p+ < lands € [sy, 00), where p_, p. and s¢ are, respectively, as in (2) and (17).
Then the BMO-type space BMO;(_)’ 1 (R") is defined to be the set of all functions
f € M(R") such that ||f||BM0;(_)>L(Rn) < 00, where

10|/ > 2
IfllBmo,, , ) = SUp ———— [/ [f(x) = Py, oy [ (X)] dx]
ocr IIxollzro®ny | Jo

and the supremum is taken over all cubes Q of R".

In what follows, for any s € [sg, 00) with s¢ as in (17) and p(-) € P(R"), denote
by H Lp(h)n (R™) the set of all finite linear combinations of (p(-), s, L)-molecules. For
any f € H qu(é)n (R™), its quasi-norm is defined by

N
£ 170 oy = inf B((Ajo)il): NeN, f=> XNajt.

Jj=1

where B({\ jaj}gvzl) is as in (18) and the infimum is taken over all finite molecular
decompositions of f.
Now we present the following dual theorem established in [84, Theorem 4.3].

Theorem 17 Let p(-) € C'¢(R") satisfy py € (0, 1]and p_ € (#(L), 1] with p.,
p_ and O(L), respectively, as in (2) and (16). Let 5o be as in (17) and L* denote the
adjoint operator of L on L*(R"™). Then (HLP(‘) (R"))* coincides with BMO}) , ;. (R")
in the following sense:
1) Ifge BMO‘;’(,), 1+ (R™), then the linear mapping £, which is initially defined on
HP'% (R by
()= [ gk dx, (19)

R~

extends to a bounded linear functional on H} (')(R”) and
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161l 1770 Ry < Cllg im0, . rys

where C is a positive constant independent of g.
(ii) Conversely, let £ be a bounded linear functional on H f (‘)(R”). Then £ has the

form as in (19) with a unique g € BMOP() 1+ (R") forany f e Hf’(ﬁ)n(R”) and

llsmon .y < CHEN 0 gy

(), L*
where C is a positive constant independent of €.

We also present the boundedness of the fractional integrals on these Hardy spaces,
which was obtained in [84, Theorem 5.9]. Recall that, for any v € (0, %) with m as
in Assumption 1, the generalized fractional integral L~ associated with L is defined
by setting, for any f € L*>(R") and x € R",

L)) = %7) / T e () () d.
0

Theorem 18 Let L satisfy Assumptlons I and 2, v€(0,;) with m as in

Assumption 1, p(-) € C'°¢(R") satisfy +9(L) <p_-<py=<l wzth p—, p+ and

G(L) respectively, as in (2) and (16). Assume that q(-) is defined by setting
1

q(x) =3 m’for any x € R". Then the fractional integral L™ maps Hp()(]R”)

continuously into HZ( )(R").

6.2 Atomic and Maximal Function Characterizations

In this subsection, we recall the equivalent characterizations of H Lp © (R™) via atoms
and maximal functions established in [90]. In the following, we assume that L is a
densely defined linear operator on L?(IR") and satisfies the following assumptions:

Assumption 3 L is non-negative and self-adjoint;

Assumption 4 The kernels { K}, of the semigroup {e~'L},. satisfy the Gaussian
upper bound estimates, namely, there exist positive constants C and ¢ such that, for
any ¢ € (0,00) and x, y € R”,

Koyl = S exp |- E22E]
— /2 ct

Definition 13 Let g € (1, 00] and M € N, L satisfy Assumptions 3 and 4, p(-) €
Clo¢(R") satisfy 0 < p_ < p, < 1 with p_ and p, asin (2).
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(I) Let D(LY) be the domain of LM and Q C R" a cube. A function ac € L7 (R")
is called a (p(-), g, M) -atom associated with the cube Q if there exists a
function b € D(LM) such that

(i) = LMband, forany j € {0, 1, ..., M}, supp (L'b) C Q;
(i1) forany j € {0, 1, ..., M},

IEDT LY bllaqen < LT Q1 lIx 0 o gy

where £(Q) denotes the side length of Q.

(1) Let f € L?>(R"). Then
f=> \a; (20)

jeN

is called an atomic (p(-), q, M) -representation of f if {A;}jen C C and
{oj}jen are (p(-), g, M) -atoms, respectively, associated with cubes {Q;}jen
of R" such that (20) converges in L?(R") and

p(x)/p-

. p-
[ [he ] e
R jeN

Ixo; lro @

(1) Let

HP(')JI (Rn)

L,at,M
= {f € L*(R") : f has an atomic (p(-), g, M)L-representation}

be equipped with the quasi-norm || f|| HPO (R which is defined by

inf { B{{Ajaj}jen) : Z/\jaj is an atomic
jeN

(p(-), g, M) -representation of f],

where B({\ja}jen) is as in (18) and the infimum is taken over all the atomic
(p(-), g, M) -representations of f as above. The atomic variable exponent
Hardy space HJ')%,(R") is then defined to be the completion of the set

Hif'a)t'fj\,,(R”) with respect to the quasi-norm || - || HPO4 @)
The following conclusion is just [90, Theorem 1.8].

Theorem 19 Let p(-) € C¢(R") with 0 < p-<ps+ =<1 ge(,o0], Me
(g[p% — 1], 00) "N and L be a linear operator on L*(R") satisfying Assumptions
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3 and 4, where p_ and p. are as in (2). Then Hf(diz,, (R™) and Hf(')(R") coincide
with equivalent quasi-norms.

Recall that, if L is a non-negative self-adjoint operator on L?(RR"), then, for any
bounded Borel measurable function F : [0, co) — C, the operator F (L), defined
by the formula

F(L) = /oo F)AEL(N),
0

where E;(\) denotes the spectral decomposition associated with L, is bounded
from L2(R") to L2(R") (see, for example, [42]). Particularly, if ¢ € S(R) is an even
function, then, for any ¢ € (0, 0o), the operator gb(tﬁ) is bounded on LZ(R”).

Definition 14 (i) Let ¢ € S(R) be an even function with ¢(0) = 1 and L an oper-
ator satisfying Assumptions 3 and 4. For any a € (0, o) and f € L*(R"), the
non-tangential maximal function of f is defined by setting, for any x € R”,

O 5o ()x) = sup oV LY ()] .

te(0,00), |y—x|<at

A function f € L*(R") is said to be in the set HY"“(R") if ¢*  (f) €

L,max L,V.,a
LPO)(R™); moreover, define ||f||Hf,(;n);§‘”(R”> =6} 9. ()l Lro @ Then the vari-

able exponent Hardy space H'"*“(R") is defined to be the completion of

L ,max
HP(')JDﬂ

L.max (R") with respect to the quasi-norm || -

g oy

Particularly, when ¢(x) := e for any x € R, use f}  to denote ¢7 ()
and, in this case, denote H} .2 (R") simply by H}) (R").

(i) Forany f € L?*(R"), define the grand non-tangential maximal function of f by

setting, for any x € R", G7 ,(f)(x) := SUP4e ) PL.v.1 (f)(x), where F(RR)
denotes the set of all even functions ¢ € S(R) satisfying ¢(0) # 0 and

N
Z/(l + Y
k=0 /B

with N being a large enough positive integer depending on p_ and n. Then

the variable exponent Hardy space H, f_(r'g;if(R") is defined in the same way as

HPO 24 Ry byt with ?7 ¢.(f) replaced by G} ,(f).

L,max

d*(x)

dxk

2
‘ dx <1

The following conclusion was proved in [90, Theorem 1.11], which, when p(-) =
p € (0, 1), coincides with [68, Theorem 1.4 and Corollary 3.2].

Theorem 20 Let p(-) € C'¢(R") with p, € (0, 1], g € (1, 00],

=Gl )
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and L be a linear operator on L*(R") satisfying Assumptions 3 and 4, where p_
and py are as in (2). Then, for any a € (0, 00) and ¢ as in Definition 14, the spaces
Hf(dzz,, @®R"), H' )T (R") and H'):>“ (R") coincide with equivalent quasi-norms.

L,max L,max

Definition 15 (i) Let ¢ € S(R) be an even function with ¢(0) = 1. For any
f e L>(R") and x € R", let @7 (f)(x) := Sup;c(0,00) Iqb(t«/Z)(f)(x)l. Partic-
ularly, when ¢(x) := e for any x € R, use f;, to denote ¢ , (f). The
variable exponent radial Hardy space H ,_p‘(r';d (R™) is defined in the same way as
HYO2(R") but with ¢ o (f) replaced by f; .

L,max
(i) Forany f € L>(R")and x € R", let g1 (Hx) = SUPserw) P14 (f)(x). The
variable exponent radial Hardy space H f’(r';"jf(R") is defined in the same way

as H»:“(R") but with ¢ , ,(f) replaced by G5 _ (f).

L,max

Theorem 21 Let p(-) € C°¢(R") withO < p_ < p, < 1, where p_ and p,. are as
in (2), and let L be a linear operator on L*>(R") satisfying Assumptions 3 and 4
and assume that there exist positive constants C and p € (0, 1] such that, for any
t € (0,00) and x, y1, y» € R",

C |y1—»n|"
I"/2 tu/Z

|K[(y17-x) - KI(stx)| S

Ifq € (1,00] and
1
Me[— —1],00NN,
2 p_

then the spaces Hf’(z;:j,qu (R™), Hf(rﬁax (R™) and Hf(;;d(R”) coincide with equivalent
quasi-norms.

Theorem 21 was proved in [90, Theorem 1.17]. Combining Theorems 19, 20
and 21, we immediately obtain the following conclusion.

Corollary 2 Let p(-), L, g and M be as in Theorem 21. Then, for any a € (0, 00)
and ¢ being as in Definition 14, the spaces HLP(')(R”), Hff;”ﬁ,l (R™), HP-04 (R™),

L ,max
HP('),]:

Lomax R, H Lp(n)ld (R") and H fﬁgf(ﬂ%") coincide with equivalent quasi-norms.

At the end of this section, we give the following remark.

Remark 9 Let L be a one-to-one operator of type w on L*(R"), with w € [0, 7/2),
which has a bounded holomorphic functional calculus and satisfies Davies-Gaffney
estimates. Let p(-) : R" — (0, 1] belong to C log(R™). Then Yang et al. [82] intro-
duced and investigated the variable Hardy space H; © (R™) associated with L, which
is a generalization of the variable Hardy space associated with operator whose heat
kernel satisfies certain pointwise upper bounded in [84, 90].
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7 Further Notes

Although the theory of variable function spaces has achieved great progress since
1990s, there still exist a lot of unsolved interesting questions related to this subject.
We finish this survey with some of such open questions as follows:

(1) In [38], Han, Miiller and Yang systematically developed a theory of Besov and
Triebel-Lizorkin spaces on RD-spaces. On the other hand, as was mentioned in
the introduction and Remark 3, a theory of variable Hardy spaces on RD-space
was recently established in [89]. Inspired by these, it is natural to ask whether
or not one can develop variable Besov and Triebel-Lizorkin spaces and, more
general, variable Besov-type and Triebel-Lizorkin-type spaces on RD-spaces
or even on spaces of homogeneous type in the sense of Coifman and Weiss ([15,
16])?

(i1) In recent years, Besov and Triebel-Lizorkin spaces associated with operators
have attracted certain attentions; see, for example, [13, 45, 54]. It is interesting
to establish the corresponding variable theory.

(iii) Notice that the condition p(-) € C\°*(R") implies that p(-) is a continuous

loc
function. It would be very interesting to know whether or not one can develop

variable Besov and Triebel-Lizorkin spaces for some discontinuous variable
exponent functions.
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