Gromov-Witten Invariants on the Products
of Almost Contact Metric Manifolds

Yong Seung Cho

Abstract We investigate Gromov—Witten invariants and quantum cohomologies on
the products of almost contact metric manifolds. The product of two cosymplectic
manifolds has a Kihler structure. We compute some cohomology classes of compact
cosymplectic manifolds and show that any compact simply connected Kihler man-
ifold cannot be a product of two cosymplectic manifolds. On the products we get
some geometric properties, Gromov—Witten invariants and quantum cohomologies.
We have some relations between Gromov—Witten invariants of the products and the
ones of two cosymplectic manifolds.

1 Introduction

Let M be a real (2n + 1)-dimensional smooth manifold and X (M) the Lie algebra
of smooth vector fields on M. An almost co-complex structure on M is defined by a
smooth (1, 1)-tensor field ¢, a smooth vector field &, and a smooth 1-form n on M
such that 9> = —1 + n ® £, n(&) = 1, where I denotes the identity transformation
of the tangent bundle 7 M. Manifolds with an almost co-complex structure (¢, &, 1)
are called almost contact manifolds. An almost contact manifold (M, ¢, &, n) with
a Riemannian metric tensor g such that

glpX,9Y) =g(X,Y) —n(X)n(Y)
for all X,Y € X(M) is called an almost contact metric manifold, and denote it by

(M, g, ¢, &, n). An almost contact metric manifold has its structure group of the form
U(n) & (1), and the fundamental 2-form ¢ defined by

¢(X,Y) =g(X,pY)

Y.S. Cho (X)

Department of Mathematics, Ewha Womans University, 52, Ewhayeodae-gil,
Seodaemun-gu, Seoul 03760, Republic of Korea

e-mail: yescho@ewha.ac.kr

© Springer Nature Singapore Pte Ltd. 2017 165
Y.J. Suh et al. (eds.), Hermitian—Grassmannian Submanifolds,

Springer Proceedings in Mathematics & Statistics 203,

DOI 10.1007/978-981-10-5556-0_14



166 Y.S. Cho

forall X, Y € X(M). An almost cosymplectic structure (1, ¢) on M is called cosym-
plecticif dn = 0 = d¢, in this case M is called an almost co-Kéhler manifold. When
¢ = dn the associated almost cosymplectic structure is called a contact structure on
M and M an almost Sasakian manifold. The Nijenhuis tensor N, of ¢ is the (1, 2)-
tensor field defined by

Ny(X,Y) = [pX, Y] - [X, Y] — ¢[X, Y] — ¢[eX, Y]

forall X,Y € X(M), where [ X, Y] is the Lie bracket of X and Y. An almost cocom-
plex structure (¢, &, n) is called integrable if N, = 0, and normal if N, +2dn ® & =
0. An integrable almost cocomplex structure is called a cocomplex structure. An inte-
grable almost co-Kéhler manifold is called a co-Kéhler manifold, while a Sasakian
manifold is a normal almost Sasakian manifold. In this paper we follow definitions
and notations on almost contact metric manifolds in the references [1-4].

Let (M, g, w, J) be a symplectic manifold with an almost complex structure J
which is compatible with a symplectic structure w. To study symplectic manifolds
many geometers [5—7] have studied the theory of pseudo-holomorphic maps from
a Riemann surface to M. Let A € Hy(M; Z) be an integral homology class, and
M, (M, A, J) be the moduli space of stable J-holomorphic maps which represent
A from a Riemann surface with genus g and k marked points to M. The moduli spaces
define the Gromov—Witten invariants via evaluation maps. Using the Gromov—Witten
invariants we can define quantum product on cohomologies and have the quantum
cohomology ring Q H*(M; A) [6, 7] with coefficients in some Novikov ring A. In
[8, 9] we have studied Gromov—Witten invariants and quantum cohomologies on
symplectic manifolds, in [10] geodesic surface congruences. We have extended the
notion of pseudo-holomorphic map in symplectic manifolds to the one of pseudo-
co-holomorphic map in almost contact metric manifolds. We have had some results
on Gromov—Witten type invariants and quantum type cohomologies on contact man-
ifolds [2], and on the products of cosymplectic manifolds and circle [11].

In this paper we consider the products of almost contact metric manifolds. On the
products we investigate some geometric structures, Gromov—Witten invariants, and
quantum cohomologies. In Sect.2, we induce the fundamental 2-form and almost
complex structure on the product of two almost contact metric manifolds. In partic-
ular, the product of two cosymplectic manifolds is Kihler. In Sect. 3, we have some
topological properties of the product of two cosymplectic manifolds. We show that
the cosymplectic structure (1, ¢) of a compact cosymplectic manifold contributes to
each Betti numbers. As a consequence we have that any compact simply connected
Kihler manifold can not be a product of two cosymplectic manifolds. In Sect. 4, we
study Gromow-Witten invariants on the product of two cosymplectic manifolds. We
show that the Gromov—Witten invariant of the product is equal to the product of
Gromov—Witten type invariants of two cosymplectic manifolds.
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2 The Product of Two Almost Contact Metric Manifolds

Let (Ml.Z”"H, gi, i, &, i, ¢i), i = 1,2, be almost contact metric manifolds. Then
the product M := M| x M, is a smooth manifold of dimension 2n, where n = n; +
ny + 1. Let g be a Riemannian metric on M defined by

g((X1, X2), (Y1, 12)) = g1(X1, Y1) + g2(X2, 12)

for every (X1, X»), (Y1, Y2) € X(M), and J a (1, 1)-tensor field on M defined by

J (X1, X2) = (@1 X1 — n2(X2)é1, 02 X5 + n1(X1)é2)

for every (X, X2) € X(M).
The tangent bundles are decomposed as

TMy =2 ® (&), TMy=2,® (&),

where 7; = {X € TM; | mi(X) =0}, 22 = {X € TMy | n2(X) =0}, and (§;),i =
1, 2 are trivial real line bundles on M;.

Lemma 1 Let M be the product of almost contact metric manifolds M, and M.
Then we have

(1) TM ~ 2, ® P, @ (&, &) is isomorphic to a sum of complex vector bundles.

(2) J>=-1I.
(3) J=q@ron D, J=q@yon D, and J := @3 on (&1, &), where p3(§1) = & and

»3(&) = —&1.
4) g=J%g.
Proof By the definitions of the almost contact metric manifold, the metric g, and the
(1, 1)-tensor J, we can easily prove Lemma 1. (I

By Lemma 1 the product of two almost contact metric manifolds is an almost
complex manifold. The fundamental 2-form on the product M is given by

P (X1, Xo), (Y1, Y2)) = g((Xy, X2), J (Y1, Y2))
for every (X, X»), (Y1, Y2) € X(M).
Lemma 2 The fundamental 2-form ¢ on the product M is
p=¢1+d—m AN
Proof For every (X, X»), (Y1, Y2) € X(M),

(X1, X2), (Y1, 12)) = g((X1, X2), J (Y1, 12))
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= g((X1, X2), (o1 Y1 — m(Y2)é1, 2Y2 + n1(Y1)é2))

= g1 (X1, p1Y1 — m(X2)81) + g2(X2, 2 Y2 + mi(Y1)é2)

= g1(X1, g1 Y1) — m(X2)g1(X1, 1) + 82(X2, 2¥2) + m1(Y1)82(X2, 62)
= ¢1(X1, Y1) + ¢ (X2, Y2) — m(X2)m (X1) + mi(Y1)n2(X2)

= (1 + ¢2 — m A ) (X4, X2), (Y1, 2)).

Thus we have ¢ = ¢ + ¢ — 1 A 1. 0

Recall that an almost contact metric manifold (M, g, ¢, &, n, ¢) is almost cosym-
plectic or almost co-Kihler (cosymplectic or co-Kihler) if and only if dn = 0 = d¢
(dn=0=d¢ = N,), respectively.

Theorem 1 Let (Mf"’“, g, i, &, i, i), 1 = 1,2, be almost contact metric man-
ifolds and (MZ”, g, J, @) their product, where n = ny + ny + 1. Then we have

(1) if M;, i = 1,2, are almost cosymplectic, then M is symplectic.
(2) if M;, i = 1,2, are cosymplectic, then M is Kdhler.

Proof By Lemma 1, the product (M, g, J, ¢) is an almost complex manifold. By
Lemma 2 the fundamental 2-form on the product is ¢ = ¢1 + ¢ + 12 A 1.
The exterior derivative of ¢ is

d¢ =do +deo +dn Ay — 2 Adny.

(1) Let M;,i = 1, 2, be almost cosymplectic. Thend¢; = 0 =dn;,i = 1, 2. and so
d¢ = 0. Thus ¢ is closed. The n times exterior product of ¢ is

=@ +d+m AN =¢U AP Am AN

which does not vanish on M.
Thus the fundamental 2-form ¢ is a nondegenerate closed 2-form on M.

(2) Let M;,i = 1, 2, be cosymplectic. Then by (1) M is symplectic and J is almost
complex structure J is compatible with ¢.
Since the Nigenhuis tensor on M; is N, = 0,7 = 1, 2, the Nijenhuis tensor N
on M is zero. Thus (M, g, J, ¢) is Kéhler.

O

Remark 1 The odd dimensional spheres S>"'+! and 2!, n; > 0, are contact. The
product §?"*! x §212+1 js a complex manifold but not symplectic [12].
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3 The Product of Two Cosymplectic Manifolds

Let (M>"*! g, ¢, £, 1, ¢) be a cosymplectic manifold, and v the Levi-Civita con-
nection which is compatible with the metric g. Define Two operators L and A on M
by the exterior product L = ¢(¢) and the interior product A = ¢(¢).

Recall the cohomologies of cosymplectic manifolds.

Lemma 3 ([1]) For a cosymplectic manifold (M, g, ¢, &, 1, ¢)

(1) vx¢ =0 forevery X € X(M).
(2) L commutes with the Laplace-Beltrami operator A.
(3) L maps the space of harmonic p-forms into the space of harmonic (p + 2)-forms.

Theorem 2 ([1]) Let (M***', g, 0, £, 1, ¢) be a compact cosymplectic manifold.
Then the each Betti number B; (M) of M is nonzero, i.e.,

B;(M)#0 i=0,1,...,2n+ 1.

Recall the topology of compact cosymplectic manifolds. Since the fundamental
2-form ¢ satisfies 7 x¢ = 0 for every X € X(M) we have d¢ = 0 and d*¢ = 0.
Thus A¢ = (d*d + dd*)¢ = 0, and ¢ is harmonic.

Suppose ¢? is harmonic, then we have

A" = A(L¢P) = L(A¢P) = L(0) =0.
Thus ¢?*! is harmonic for every p.

Since ¢" # 0 and ¢” # O for every 1 < p < n, the Betti numbers B,,(M) # 0,
0 < p < n. By Poincaré duality the odd dimensional Betti numbers

Bypr1(M) #0, 0<p=<n.

Let{&, e, pe; | i =1,...,n}bealocal p-basisand {n, w;, 0! | i =1,...,n}its
dual basis in M. Then we have

n
¢ = E wi N o},
i=1

* *
" =nloy AO] A+ Awy Aw),

x@" =nlk (W AW] A Awy Awy) = nln,

and ¢" A 7 is a nowhere vanishing (2n + 1)-form.
Since the Hodge star * operator commutes to A, i.e., *xA = Ax,

n!An = Anln = A x¢" = xA¢" =0 = 0.

Thus the 1 is a nonzero harmonic 1-form in M.
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Forevery 1 < p < n,since A(¢” An) = (AdP) An+ ¢P A (An) = 0,the p” A
n are nonzero harmonic (2p + 1)-forms.

Theorem 3 Let (M*"+!, g, ¢, &, 1, ¢) be a compact cosymplectic manifold.
Then we have

(1) the cohomology classes, 1,1, ¢, ¢ An, ¢>, ..., d" ¢" Ay contribute the Betti
numbers B;(M), i =0, ...,2n + 1, respectively.

(2) every Morse function f : M — R has critical points more than n + 2 points
such that there are critical points x, € M of f satisfying indy(xy) =k for k =
0,1,...,2n+ 1.

Let (M*", gi, ¢i, &, ni, ¢;) be compact cosymplectic manifolds, i = 1,2 and
(M =M, x M», g, J, ¢) the product of M; and M,. By Theorem 1 M is a Kihler
manifold. By the Kiinneth Theorem the cohomology of M is

H*(M,Q) = H*(M,, Q) ® H"(M>, Q).

The k-dimensional cohomology of M is

H'M, Q) = > H"M,Q & H* (M, Q.

ky+ky=k

and the kth Betti number of M,

Bu(M)= " By (M)Bi,(My).
ki +koy=k

By Theorem 3 the first Betti number of M is B;(M) = B;(M,) + B,(M;) > 2.

Theorem 4 Let M be a product of two compact cosymplectic manifolds.
Then the By (M) is even and greater than or equal to 2.

Theorem 5 A compact simply connected Kihler manifold cannot be the product of
two cosymplectic manifolds.

4 Gromov-—Witten Invariants on the Products

Let (M?"*! gi @i, &, i, ¢1), i = 1,2, compact cosymplectic manifolds and &; =
{X e TM; | n;(X) =0},i = 1, 2, the distribution bundles associated with n; on M;,
respectively. As in Sect.2 we denote (M, g, J, ¢) the product of M; and M,. We
decompose the tangent bundle 7'M into three complex subbundles as follows:


http://dx.doi.org/10.1007/978-981-10-5556-0_2
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J

TM =2,® 2, ® (&, &) TM =2, ® 2, ® (&1, &)

\/

M7

for every (X1, X2, 161, 1262) € 21 ® 2, & (61, &)-

In the decomposition (2, ¢1), (%5, ¢2), ((£1, &), @3) are Hermitian vector bun-
dles of rank ny, ny, and 1, respectively. By the Kiinneth formula the 2-dimensional
homology of M is

Hy(M) = Hy(My) ® Hy(M>) & (Hi (M) ® H1(M>)).
The first Chern class of M is

ci(TM) = ci(D)) + ci(D) + i1 (&1, &)
= ci(D) + c1(D),

where (€1, &) is a trivial complex line bundle.

Assume that an integral curve of &; in M; is a circle Sl.l, i = 1, 2. Then the torus
T := Sl1 X 521 C M, x M, is an integral surface of {£], &} whose tangent bundle is
T = (&1, &). For example, M; = N; X Si1 are the products of Kihler manifolds N;
and circles S}, i = 1,2 [11].

Let A € H,(M) be decomposed as A = A + A, + Az, where Ay € Hy(M,),
A2 (S HQ(MQ), A3 (S] H](M]) ® H](Mz) and let T . M— M, M, T,i= 1, 2, 3
be the projections, respectively. Recall that a smoothmap u : (¥, j) — (M, J) from
a Riemann surface (%, j) to (M, J) is J-holomorphic if du o j = J o du. For each
i =1,2,3the map u; := m; ou is ¢;-holomorphic if du; o j = ¢; o du,.

Lemmad4 A smoothmapu : (X, j) — (M, J) is J-holomorphic if and only if u; :
(2, j) > (M;, J;)is@;-holomorphici = 1,2, 3, where (M3, J3) = (T, ¢3) and J =
1@ desonTM =29 & D, & (&1, &)

Let Mos(M; A, J) :={u:(2,j)— (M, J) |uis J-holomorphic, u,([X]) =
A} be the moduli space of stable J-holomorphic maps from a sphere with 3 marked

points to M which represent the 2-dimensional homology class A.
Note that there is no nontrivial rational map to a torus [5, 9].

Lemma 5 The moduli space of T is

T ifA=0

Mos(T; A, ¢3) = ¢ otherwise.

Theorem 6 (1) The moduli space My 3(M; A, J) is a compact stratified space of
dimension 2[c1(Z1)A| + c1 (D) A, + nl.
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(2) If A3 = O, then there is a canonical homeomorphism
Mos(M; A, J) — Mos3(M; Ar, 1) x Mo3(Ma; Az, 2) X T

Proof (1) By the stability of J-holomorphic maps the moduli space My 3(M; A, J)
is compact. The dimension of My 3(M; A, J) is

dim 90 3(M; A, J) = 2c1(TM)A + 2n
= 2(c1(®1) +c1(D2) +c1 (&1, 20N (A1 + Az + A3) +2(n) +np + 1)
= 2c1 (DAL +2n1) + 2c1(D2)Ar +2n2) + 2
= dim My 3(M2; Az, ¢2) +dim My 3(My; Ay, ¢1) +dim T.

(2) By Lemmas 4 and 5, (2) is clear. O

There are the canonical evaluation maps given by as follows:

ev:Mos(M; A, J) — M>, ev([u; z1, 22, z3]) = (u(z1), u(z2), u(z3)),
evi : Mos(My; Ay, 1) — M;,  ev([un; 21, 22, 231) = (u1(21), u1(22), u1(23)),
evy : Mo3(Ma; Az, 2) — M5, ev([ua; 21, 22, 231) = (Ua2(21), u2(22), u2(23)),

evs : Mos(T; Az, @3) — T°, evs([us; z1, 22, z3]) = (u3(21), u3(22), u3(z3)).

The Gromov—Witten invariants are defined by

oo HA (M) — Q, A ) =/ evi(a),
’ ' Mo 5 (M:A,])
PN HY (MY > Q. @ () = / evi(ay),
Mo 3(Mi;A1,@1)
PYIE M) > QDY () = / vi(e),
Mo3(M2;Az,02)
T, Az, 3 T, A3,
LM HN T 5 Q) = /T vl (@s),

By Lemma 5 we have

Lemma 6 [f Ay = 0, then the Gromov-Witten invariants of T are
(DOT,SAB'% cHY(T?) — Q, ‘poT,éA}'% (31 ® a3 @ az3) = /(0131 Uz Uass),
T
where az; € H*(T),i = 1,2, 3.

Theorem 7 Under the above assumptions we have

M.AJ Mi.AL M. Ay,
Dy @@ @ az) = Py () - By 3 () / evi(as),
T
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where o € H*(Mf), oy € H*(Mg’), oz € H*(T?), and A; = 0.

Proof Leta; € H"(M3), ap € H(M3), and a3 € H*(T?), where d; = dim 901 3
(M;; A, ¢i) = 2¢i(Z;) + 2n;, i = 1, 2. Then we have

@ggA’J(a1 Quy®wz) = / evi(ar @ ar ® as)
Moz (M,A,J)

= / evi(ap) - evs(aa) - evs (o)
Mo3(M1,A1,¢1) M3 (M2, Az, ¢2) Mo,3(7,0,93)

= @ (o) - B3 () - / evi(as).
T

O
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